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ABSTRACT

We undertake an asymptotic study of a second Painlevé hierarchy based
on the Jimbo-Miwa Lax pair in the limit as the independent variable
approaches infinity. The hierarchy is defined by an infinite sequence of
non-linear ordinary differential equations, indexed by order, with the
classical second Painlevé equation as the first member. We investigate
general and special asymptotic behaviours admitted by each equation
in the hierarchy. We show that the general asymptotic behaviour is
described by two related hyperelliptic functions, where the genus of the
functions increases with each member of the hierarchy, and we prove
that there exist special families of solutions which are represented by
algebraic formal power series. For specific values of the constants which
appear in the higher-order second Painlevé equations, exact solutions are
also constructed.

Particular attention is given to the fourth-order analogue of the classical
second Painlevé equation. In this case, the general asymptotic behaviour
is given to leading-order by two related genus-2 hyperelliptic functions.
These functions are characterised by four complex parameters which
depend on the independent variable through the perturbation terms of
the leading-order equations, and we investigate how these parameters
change with respect to this variable. We also show that the fourth-order
equation admits two classes of algebraic formal power series and that
there exist families of true solutions with these behaviours in specified
sectors of the complex plane, as well as unique solutions in extended
sectors.

To complement our asymptotic study of higher-order Painlevé equa-
tions, we consider a new setting in which classical Painlevé equations
arise. We study reaction-diffusion equations with quadratic and cubic
source terms, with a spatio-temporal dependence included in those terms,
and show that solutions of these equations are given by first and second

Painlevé transcendents.
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INTRODUCTION

This thesis investigates general and special asymptotic behaviours admit-
ted by higher-order Painlevé equations. These equations, and associated
Painlevé hierarchies, appear in a range of problems in applied mathemat-
ics and mathematical physics, as well as in pure mathematical research.
We study a second Painlevé hierarchy based on the Jimbo-Miwa Lax
pair in the limit as the independent variable approaches infinity. Our
work builds upon the foundations of established asymptotic results for
the classical second Painlevé equation. Before performing our analysis,
we begin with a survey of these classical results and an outline of the

precise problem that we will address in this thesis.

1.1 CLASSICAL RESULTS

The asymptotics of the classical second Painlevé equation
Pr: Yoo = 20° + 2y + |z| — oo, « = constant,

have been widely studied. Pyy first appeared in the classification work
of Painlevé in 1900-02 [54, 55], and in 1913-14, Boutroux [7, 8] reported
all possible local asymptotic behaviours of the Py; transcendent near
infinity. Boutroux gave the transformation z = %x?’/ 2 y(x) = Vau(z)

which maps Py; to

1
Usy = 2u3 +u+ — (200 + 3u) +

P 0.2 (L.1)

The generic solution of equation (1.1), to leading-order in the limit as

|z| — oo, is described by a Jacobi elliptic function which satisfies

v =vt 4+ 02 4+ E,

PSS

for constant E. It follows that v(z) is implicitly defined by the integral

equation

v(z) ds

o /P(s;E) -

z— ¢, P(s;E) = s* + s> + E,



1.1 CLASSICAL RESULTS

where ¢ is the position of a zero of v(z) and the path of integration avoids
the singularities of the integrand. The leading-order elliptic function
solutions v(z) are characterised by the parameters E and ¢.

To describe the asymptotic behaviour of a particular solution u(z) of
equation (1.1), beyond the local neighbourhood of the initial point zg at
which it is considered, it is necessary to investigate how the parameters

I considered the

E and ¢ change as z is varied near this point. Boutroux
discrete change in E as z is moved from zy along a sequence of points
{zn}, n > 0, each separated by a period of the leading-order elliptic

function w,, as defined at that point:

ds

Wn = Zn4+1 — 2n, wn:fiv
PV P(5§ En)

where E,, = E(z,) for E(2,) = u.(2,) — u(2,)* — u(2,)?, and p is any

(1.2)

contour enclosing two of the branch points of the integrand. He found
Enir— By = — @l 4 022, @y = }4 JP(sE) ds, (1.3)
P

and argued that at any point z,, for which the sequence {z,} admits

infinite extension, E is determined from the transcendental equation
?{\/84+82+E:O, (1.4)
P

that is, w = 0, where @ is equal to @,, (1.3) with E,, = E. This result
expands the leading-order elliptic function estimate v(z) beyond the local
neighbourhood of the initial point zy to a larger domain of order z. An
extended overview of these results is given in [22] and [37].

The complete description of the generic elliptic function asymptotics of
P11 was obtained by Joshi and Kruskal [31, 32]. They solved the connection
problem for Pyp, relating the asymptotic behaviour of a solution along
different paths of approach to infinity. By investigating the parameters
E and ¢ through the method of multiple-scales, they showed that the
solution u(z) of equation (1.1) satisfies

. ORI
— =2+ pw; + vwa +t, t=0(z""), 1.5
0 VP(s;E)
in the interior of each quadrant in the z-plane. In this description, E is

determined from (1.4), p and v are complex constants, and w; and wq

1 Boutroux performed this calculation for Pr, however the approach for Pyy is identical.



1.1 CLASSICAL RESULTS

denote the two periods,

ds ,
w; ?i NI i=1,2, (1.6)
of the elliptic function behaviour.? These asymptotic results are globally
valid - the constants p and v, and the periods w; and ws, undergo
specified jumps across the real and imaginary axes.?

While the generic elliptic function solution is known to possess poles
in every neighbourhood of infinity in the complex plane, there are special
families of solutions that do not have poles in every subsector of such
a neighbourhood. Boutroux proved the existence of two one-parameter
families of solutions of Py that he called tronguée, and of six unique

solutions called tri-tronquée. The solutions are asymptotic to

y(z) = (‘;)1/2 (14 0@ 3/20-9)) (1.7)

y(@) = — (1+0@™2079)) (1.8)

for e > 0, in particular annular sectors of the plane as |z| — oo. There

exists zg # 0, such that the tronquée solutions are pole-free in the sectors
Q= {z € Cl| || > |zo|, (k — 1)7/3 < argz < (k+ 1)7/3},

where £ =0, ...,5. Boutroux identified that each such sector is bisected
by a ray given by argx = kn/3, and that no poles are present beyond a
circle of some finite radius along such a ray. Similarly, the tri-tronquée
solutions are pole-free in extended sectors 2 U Qo within which lie
three bisectors of the original sectors.

Boutroux also pointed out that the elliptic asymptotics degenerate into
trigonometric asymptotics for arg z in a small neighbourhood of the rays
argz = km /3. Note that the boundaries of the sectors of validity of each

description (1.5), given by the real and imaginary axes in the z-plane,

Note that wy and w2 (1.6) denote individual periods at any point z with E defined
by (1.4), whereas wy, (1.2) denotes either of the elliptic function periods at the point
zn with Ep, = E(zn).

Although we do not solve a connection problem in this work, we mention Joshi and
Kruskal (J&K) because they utilised a direct method to derive their results, rather
than solving the associated linear problem. We take a similar approach throughout this
work, deriving results from the non-linear equations rather than the linear problems.
We also note that the work of J&K builds upon that of McCoy, Tracy, and Wu [46, 47|,
Ablowitz and Segur [1], and Hastings and McLeod [25] who solved the connection
problem for a special case of Py, and that in both [1, 25| results from inverse scattering
are used.



1.2 JIMBO-MIWA SECOND PAINLEVE HIERARCHY

correspond to these special rays in the z-plane via the Boutroux trans-
formation z = %x?’/ 2. This shows the connection between the domains of

validity of the general and special asymptotic behaviours.

1.2 JIMBO-MIWA SECOND PAINLEVE HIERARCHY

Py is one of six classical Painlevé equations (Py - Pyr) which are regarded
as completely integrable because they can be solved through an associated
system of linear equations. Py has two well-known linear problems, or
Lax pairs, given by Flaschka and Newell (FN) in [21], and Jimbo and
Miwa (JM) in [28]. The FN and JM linear problems for Py are both

given by 2 X 2 matrix systems of the form

O\ = F, (1.9a)
9,V = GU, (1.9b)

where the coefficient matrices F and G are analytic in « and rational in
A. The compatibility of the linear problem (1.9) is 05, ¥ = 0, ¥, and
this yields the following condition:

0,F — 0,G + [F,G] =0, (1.10)

where [, | is the usual matrix commutator. In each case (FN or JM) the
constraint (1.10) is satisfied by Py; or an equivalent system. Importantly,
the matrices F in the two problems differ in their dependence on the
spectral parameter \; the FN equation (1.9a) has an irregular singular-
ity of rank three at infinity and a regular singularity at zero, whereas
the JM equation (1.9a) has a single rank three singularity at infinity.
Given this singularity structure there does not exist an algebraic gauge
transformation between these two systems, however an invertible integral
transformation between the FN and JM linear problems is given in [34].

Pyr is also the first member of two infinite hierarchies of ODEs, which
arise as symmetry reductions of two different PDE hierarchies: the modi-
fied KAV hierarchy, and a dispersive water wave hierarchy. The reduction
of these equations and their associated linear problems are given explicitly
in [29] and [23], respectively. For Pyy, it is important to recognise that
the two reductions lead to each of the two different linear problems given
by Flaschka and Newell, and Jimbo and Miwa (see [24]). We therefore
distinguish the two hierarchies by those names, and denote them FN
P™ and JM P\,

There are many recent investigations of higher-order analogues of



1.2 JIMBO-MIWA SECOND PAINLEVE HIERARCHY

Painlevé equations. Cosgrove [15, 16] completed a classification study
of a class of fourth- and fifth-order ODEs with the Painlevé property,
and reported equations that define new higher-order transcendents, as
well as equations that are solved in terms of known special functions.
Other studies have focussed on the extension of the numerous properties
of the classical Painlevé equations to the equation hierarchies. For the
Flaschka-Newell second Painlevé hierarchy, Backlund transformations
and special integrals were studied in [13], rational solutions and their
related special polynomials in [12, 17], and the Hamiltonian structure of
the hierarchy in [45].

The asymptotic behaviour of the Jimbo-Miwa second Painlevé hierarchy
has been examined by the group of Kawai and Takei, for example in
[35, 50]. They study the asymptotic behaviour, for an introduced large
parameter, of instanton (0-parameter) solutions of JM P%?), as well as
P{" and FN P\ Their method of ezact WKB analysis is based on
Borel summation of WKB solutions. In this work, we also undertake an
asymptotic study the Jimbo-Miwa hierarchy, but we consider a different
asymptotic limit and a different method of analysis.

We concentrate on the Jimbo-Miwa hierarchy in the limit as the
independent variable approaches infinity. We initially focus on the second

member of the Jimbo-Miwa hierarchy

Uz —3uuw+u3+6uv—|—4g xz =0,
JM P ’ (1.11)
Vax + Juvy + 302 + 3u?v = 4,

and then we consider the general class of equations: for each integer
n>1,JM Pﬁl) is defined by two nth-order ODEs

IMPY a4 270 (2,007 =270, a,)7 (1.12)
where g,+1 # 0 and «,, are constants, a,, is defined recursively by

a, = ran_1, ag = (u,v)7, (1.13)
and r is the matrix operator

- 2
o | v . (1.14)

20— 07w, u+ 0, — 07 tu,
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The first member of the hierarchy

— 2 —
M P e b 20t 202 =0, (1.15)
Ve + 2uv = 20,

is equivalent to Py in w, and P34 (of [26]) in v. Similarly, the system JM

Pg) (1.11) is equivalent to a fourth-order scalar equation in u

2 3u?,  2u? 8 5
FTI—— Mallawr | Moy HMg 5u Uy + 295tz | “uu?
U 2u Upy U 2 (1.16)
8 2 8 5 8¢g2 2 ’
_ 093Uy + o9tz 9.5 8gzru® — 12u (200 + g3) + o95%

u? i 2

It is interesting to note that this equation also appears in other studies. In
particular, it appears in a study of caustic-type limits of PDEs [36], and
in [41] in a discussion of higher-order equations which admit hyperelliptic
functions as asymptotic behaviours. Equation (1.16) is quite different
to the other fourth-order analogue of Py, or the second member of the
Flaschka-Newell hierarchy,

FN PP . e — 1002000 — 10yy> +65° = 2y + 0n. (1.17)

Thus, an important open question (to be revisited) is whether these
two equations are related through a transformation of variables, or even
whether they admit the same types of qualitative asymptotic behaviours

in the limit as |z| — co.

1.2.1  Hyperelliptic asymptotics

In addition to the elliptic asymptotics of Py, the first five classical
Painlevé equations all have general asymptotic behaviours described
by elliptic functions. Furthermore, there are a number of studies which
indicate that this asymptotic structure admits a natural extension to
higher-order Painlevé equations. Drach [18] demonstrated that the station-
ary reductions of the KdV hierarchy are solved in terms of hyperelliptic
functions, where the genus of the functions increases with each member
of the hierarchy. In [29], Joshi reviewed this construction and showed
that the large parameter limit of FN Pgl) is solved by the stationary
solutions of the KdV hierarchy. Littlewood [41] investigated a particular
fourth-order Painlevé transcendent through its associated linear prob-
lem, and formulated solutions with hyperelliptic (genus-2) asymptotics.

Equation (1.16) is explicitly identified in [41] as possessing hyperelliptic
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asymptotics, however the form of the hyperelliptic solution is not given.
In this work we study the general asymptotic behaviour of each equation
in the Jimbo-Miwa hierarchy, in the large independent variable limit, and
show that the leading-order behaviour of JM P%?) is described by two
related hyperelliptic functions of genus-n. We construct the explicit form
of the asymptotics in each case via the method of Drach [18] applied
to the compatibility condition of the associated scalar linear problem.
The construction of the generic asymptotics of the hierarchy would not
be possible without linear theory - the compatibility condition of the
linearisation scheme is used critically in the derivation of these results.
Matrix and scalar linear problems for JM P%;’) are both given in [23],
where the process for moving between the two types of problems is also

discussed. The scalar linear problem for JM Pgb) is given by the system

Yoo = f1), (1.18a)

where the coefficient functions f and h,, are given by

f=0- %u)z—i—%um—v, (1.19a)
n—1

By = A" 427" a1 (20", by = gogiha, (1.19b)
=0

where a; 1 denotes the first component of a; (1.13), and (u,v) solves JM
P%?) (1.12) with constant g,41. The compatibility of (1.18) is Opzat) =
Oxzo% and this yields the following condition:

For n =1 and n = 2, (1.19b) implies

hi= A+ 1u, i = gahu, (1.21)
EQ =\ 4+ %u)\ + i (—um +u?+ 211) , ?LQ = g3hs, (1.22)

and the constraint (1.20) is satisfied by the systems (1.15) and (1.11),
respectively.

The generic asymptotic results that we derive for JM Pg?) lead to
complex analytic information about the solutions to the equations. This
is particularly useful for the Painlevé equations because the solutions are
highly transcendental functions whose explicit analytic properties have
been difficult to deduce.
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1.2.2  Algebraic asymptotics

Further to the study of the generic asymptotics of JM Pgb) we consider
special asymptotic behaviours admitted by the equations in this hierarchy.
As mentioned, Painlevé equations and hierarchies appear in many areas
of mathematical physics, and are of particular interest in the study of
string equations of certain matrix models [48] and of gradient catastrophe
in wave equations, including the focusing non-linear Schrédinger equation
[20]. Remarkably, the physically important solutions in these settings
turn out to be those that are pole-free, or tronquée, in certain sectors.
As well as the tronquée solutions derived by Boutroux for P; and
Py, tronquée-type solutions of FN P%?) were considered by Joshi and
Mazzocco [33]. In this work, we derive all possible algebraic asymptotic
behaviours admitted by JM P%?). For the fourth-order equation, solutions
with these behaviours are shown to extend the notion of Boutroux’s tron-
quée and tri-tronquée solutions to higher-tronquée cases. We construct
the solutions by direct analysis of the governing non-linear equations
using the method of dominant balances [5]. To address questions of
existence and uniqueness we utilise classical results from asymptotic

theory.

1.2.3  Special solutions

As a corollary to the asymptotic study of the hierarchy we investigate
special solutions of JM P%?) which are valid for particular values of the
parameter c«.,. For arbitrary values of the constants, solutions of the
Painlevé equations cannot be written in terms of classical special functions
(by definition). However when the parameters take special values, each
equation Py - Pyr admits special solutions which are expressed in terms
of such functions. It is well known that the second Painlevé equation
admits two classes of special solutions. When « equals an integer, Py;
can be solved by rational functions, and when « equals a half-integer,
Py has a one-parameter family of solutions written in terms of Airy
functions. In each class, an infinite sequence of solutions is generated
from compositions of Backlund transformations applied to two seed, or
immediately accessible, solutions [51]. We investigate seed solutions of

JM P%?) which extend these two special solutions through the hierarchy.
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1.3 NEW APPLICATION

The widespread appearance of the Painlevé transcendents in applied
mathematics has afforded them the status of new non-linear special
functions. Since the prominent work of Ablowitz and Segur [1], which
demonstrated the connection between Painlevé equations and completely
integrable systems, there has been significant research in the area of
Painlevé analysis.* In addition to the asymptotic study described above,
we explore a new connection between the first and second Painlevé
equations and variable coefficient reaction-diffusion equations.

We consider generalised Fisher and Nagumo-type reaction-diffusion
equations, which include a spatio-temporal dependence in the coefficient
functions of their source terms. These equations are ubiquitous in the
study of biological and physical systems, and in this work we show that
solutions to such reaction-diffusion equations can be written in terms
of the classical first and second Painlevé transcendents. An original
feature of our analysis is that the coefficient functions are also solutions
of differential equations, including the Painlevé equations. We do not
assume any special boundary or initial conditions, so that the solutions
we derive can be used to investigate the dynamics of any system of

interest in the investigated class.

1.4 SYNOPSIS

This document is divided into four parts. The first two parts are devoted to
the asymptotic study of the Jimbo-Miwa hierarchy and Part iii (Chapter
8) is dedicated to the new application, described in §1.3. An extended
introduction to this topic is given in Chapter 8, which is largely self-
contained. Part iv (Chapter 9) offers brief concluding remarks.

In Part i we focus on the fourth-order system JM Pg) (1.11). We
show in Chapter 2 that JM Pg) admits special asymptotic behaviours
given by algebraic formal power series. The size and orientation of the
sectors of validity of these asymptotic behaviours, and the number of
free parameters in the asymptotic descriptions, are all given explicitly.
In Chapter 3 we consider the general dominant asymptotic behaviour of
JM Pg) and derive leading-order solutions expressed in terms of genus-2
hyperelliptic functions. We also analyse the behaviour of the parameters

in the defining hyperelliptic functions, thus making the first steps toward

In the introduction to the recent special edition of J. Phys. A. celebrating 100 years
of Pyt [14], Clarkson et al provide an excellent overview of the current state of the
area.
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extending the locally valid leading-order asymptotics to a wider domain
of validity.

In Part ii we continue this dual asymptotic analysis of the general
and special behaviours for the entire Jimbo-Miwa hierarchy. Further
insight into the structure of the hierarchy and associated linear problem
is provided in Chapter 4. This underpins the asymptotic analysis of
the subsequent chapters; in Chapter 5 we examine special asymptotic
behaviours of JM Pﬁl) and in Chapter 6 we interrogate the general
asymptotic behaviour. Concluding Part ii, in Chapter 7 we present
special solutions of the hierarchy which are valid for particular values of

the parameter.

10



Part T

ASYMPTOTIC STUDY OF THE
FOURTH-ORDER JIMBO-MIWA SECOND
PAINLEVE EQUATION



TRONQUEE SOLUTIONS

2.1 ABSTRACT

In this chapter we begin our asymptotic study of the fourth-order Jimbo-
Miwa second Painlevé equation. We prove that there are two families of
algebraic formal power series solutions and that there exist true solutions
with these behaviours in sectors o of the complex plane. Given o we also
prove that there exists a wider sector ¥ D ¢ in which there exists a unique
solution in each family. These provide the analogue of Boutroux’s tri-
tronquée solutions for the classical second Painlevé equation. Surprisingly,
they also extend beyond the tri-tronquée solutions, in that we find penta-,
hepta-, ennea-, and hendeca-tronquée solutions. We proceed by direct
analysis of the non-linear equations and provide explicit details on the
asymptotic expansion of the solutions, as well as the size and orientation
of the sectors of validity of these descriptions.

The plan of the chapter is as follows. We construct formal solutions
in §2.2 and prove their existence in §2.3. In §2.4, we prove that a subset
of these solutions is unique and suggest a naming convention of these
new solutions in §2.5. We conclude with a discussion in §2.6, where we
note the differences between the asymptotic behaviours admitted by the

Flaschka-Newell and Jimbo-Miwa fourth-order second Painlevé equations.

2.2 FORMAL SOLUTIONS

Proposition 2.1.1 In the limit as |z| — oo, the system of equations JM

Pg) (1.11) admits two families of formal solutions:

00 ;i
UAjf = W) (—4g3x)1/3 Z U (2.2a)
io (¢1/3)
4@2 > bz
e . 2.2b
VA, j,f 3(4.1]2»(7493:17)2/3 ; (1‘1/3)4” ( )

1 Note that we use the same counter for propositions, remarks, theorems, and equations
in this document.

12



2.2 FORMAL SOLUTIONS

and

49393 1/3 oo d;
UB,j.f = Wj <5 ) Z R (2.3a)

—~ (x1/3)4i )

49337 2/3 oo e;
= () Ty o 2:3b)

P ($1/3)4i )

where wg? =1,7=1,2,3, a0 = by =dyp =eg = 1, and a,, b;, d;, and e;

are constants determined by substitution.

Proof. The solutions in Proposition 2.1 are readily constructed by making

use of the Boutroux transformation of variables
w=a2"3U, v=2*%V, 2= %1:4/3, (2.4)

in the system (1.11), where U and V are functions of z. This change of
variables is chosen such that there is a maximum number of dominant
terms in the transformed equations (see [31]).2 Written in Boutroux

coordinates,

U

827 L, (29)
(6UV +5V.) + <,

3
U.. =3UU. + U +6UV +4g3 = — (U* — U.) +

daz 1

V., +3UV, +3V? 4+ 3U%V = -

the equations reveal which terms are dominant in the limit as |z| — oo.

In this case two algebraic leading-order balances are possible:

Case a: (U,V)=
Case B: (U, V)=

~—  —
i
—~ o~
S G
—~ o~
[ -
=
S G
o~
= N
~— |
~— -
~
~—

Formal solutions of (2.5) corresponding to these balances take the form

Case A: U(z) =c Zuiz*i, V(z)= ;—QZ Zviz*i, (2.6)
i=0 0% =0
o ) o0 )

Case B: U(z)=c¢ Zuiz_z, V(z) = -2 Zviz_l, (2.7)
i=0 i=0

where ¢y and ¢; are given by
3_ _ 3 _
o = —4g3, ¢y =4g3/5, (2.8)

and u;,v; are constants determined by substitution in each case with

We have already encountered a Boutroux change of variables for P11, and we will
often use this kind of transformation in our subsequent work.

13



2.3 EXISTENCE OF TRUE SOLUTIONS

ug = vp = 1. Returning to the original coordinates via (2.4), these formal
solutions are written as in Proposition 2.1, where the subscripts A and B

match the cases defined above. O

2.3 EXISTENCE OF TRUE SOLUTIONS

Proposition 2.9. Given any xg € C such that |zg| > 1, define the

sectors

km
OA kB = {x € C| |z] > |xol, T < arg(z —xzg) < 1

o),

(2k+1)

7
OBk = {x € Cl|z| > |zof, g <arg(r — xzp) <

where 3 =1or 2, and k£ =0,...,7. Then the following hold:

1. There exist two-parameter solutions of JM Pg ) whose asymptotic
behaviour as |z| — oo is given by (2.2) or (2.3) in the respective
sectors oa i3 and o k.

(2)

11

2. There exist one-parameter solutions of JM P;;’ whose asymptotic

behaviour as |z| — oo is given by (2.2) in the sectors o 3.

Proof. We prove the result in the transformed z coordinates, and then
apply (2.4) to obtain the required results in terms of x. To prove the
existence of actual solutions with behaviour (2.6) or (2.7), we employ

Wasow’s main asymptotic existence theorem, given below.

Theorem 2.10. [62] Let S be an open sector of the complex z-plane
with vertex at the origin and a positive central angle not exceeding
7/(qg + 1) (¢ a nonneagtive integer). Let F(z,Y) be an n-dimensional
vector function of z and the n-dimensional vector Y with the following

properties.

A. F(z,Y) is a polynomial in the components Y; of Y, j =1,...,n,
with coefficients that are holomorphic in z in the region z € S and

0 < 2o < |z| < o0, for zy constant.

B. The coefficients of the polynomial F(z,Y) have asymptotic series

in powers of 271, as z — oo, in S.

c. If Fj(2,Y) denotes the components of F(z,Y) then all eigenvalues
Aj, j=1,...,n of the Jacobian matrix

OF;
lim (J ) , (2.11)
{Z—égo Nk ly—o }

14



2.3 EXISTENCE OF TRUE SOLUTIONS

are different from zero.
D. The differential equation

ay
1— =F(z,Y 2.12
1 = F(Y) (212)

is formally satisfied by a power series of the form
>yt (2.13)
r=1

Then there exists, for sufficiently large z € S, a solution of y = ¢(z) of
(2.12) such that, in every proper subsector of S,

(z) ~ iyrz_r, z — 0. (2.14)
r=1

The hypotheses of this theorem require that the system of equations
under consideration is formally satisfied by an asymptotic expansion of
the form (2.13), where we note that the expansion begins with the index
1 and not 0. Given the expansions (2.6) and (2.7), we therefore make the
following change of variables.

Case A: Let (U, V) be a solution of (2.5) which is asymptotic to (2.6),
and define U = U — ¢g and V = V. Then, (U, V) solves the system

U.. — 3coU, +3c2U + 6¢oV + (3(7(1 LUV + (73) — 0z,
~ - o, o (2.15)
Voo + 3¢V + 362V + <3UVZ +3V2 4 302V + GCOUV> =0(zY),

and has a formal expansion given by
Uz)=Y =", V()= iz (2.16)
i=1 i=1

for constants u; and ;.
Case B: Let (U,V) be a solution of (2.5) which is asymptotic to (2.7),
and define U =U — ¢y and V =V + c?. Then, ([7, 17) solves the system

ﬁzz — 301(72 + 60117 — 30%(7

+ (3(7(1 +6UV +U> + 3c1(7‘2) =0z,
_ _ . ~ (2.17)
V.. +3c1V, — 363V — 663U

+ (30V. +3V2 4 30°V + 66,0V - 36302) = 0(="),

15



2.3 EXISTENCE OF TRUE SOLUTIONS

and has a formal solution given by (2.16).
Following Wasow’s theorem, we rewrite each system of two second-order

equations (2.15) and (2.17), as a system of four first-order equations

dYy

ay 1
dz

z

where the components of the vector Y are Y| = 17, Yy, = \7, Y3 = (72,,
and Y, = V.. We then construct the Jacobian of F(z,Y) evaluated at

Y =0 as |z] — oo. For Case A we find

0 0 1 0
0 0 0 1

Ja = , (2.18)
730(2) *600 300 0

0 =32 0 -3¢

and similarly for Case B,

0 0 1 0

1
m=|2 00 : (2.19)

30% —6c1 3 0

6c;  3c? 0 =3

Let Aa, A, denote the eigenvalues of the matrices Ja, Jg. Scaling
1= Aa/co we obtain

Case A: gy = V3exp(in/6) = —Tiz = —us = Tz, (2.20)

where i = v/—1 and the overbar denotes complex conjugation, and scaling

v = Ap/c; we find

Case B: v =1/3(5 —V5)/2 = —us,

vy =1/3(6+V5)/2 = —u4.

Since each eigenvalue is non-zero, all the hypotheses of Wasow’s theo-

(2.21)

rem 2.10 are fulfilled. This proves the existence of true solutions with
behaviours that are valid in sectors in the complex z-plane with a central
angle less than 7. Applying the Boutroux transformation (2.4) gives
corresponding sectors of validity in the z-plane. These sectors have an an-
gular opening less than 37 /4, as given by o4 3 and o in Proposition
2.9.

16



2.3 EXISTENCE OF TRUE SOLUTIONS

We now turn to the determination of the precise sectors of validity.

These sectors are determined by exponential terms which occur beyond
all orders in the asymptotic description of the solutions (see [27]). Let
(Uo, Vo) be a solution of (2.5) with asymptotic behaviour (2.6) or (2.7)

and perturb this solution as follows:
U=Uy+U, V=V+V, (2.22)

where (U, V) < 1. Substitute (2.22) into equations (2.5). Using the
asymptotic behaviour of (Uy, Vy), given by (2.6) or (2.7), we find that the
perturbation term must satisfy equations (2.15) and (2.17) respectively,
with (U, V) — (U, V) in each case. Since (U, V) < 1, the linear terms
in the equations are dominant; and hence to determine the asymptotic
behaviour of (U, V) it is sufficient to consider only these terms. For Case

A these are

Uzz — SCOﬁZ + 30317 + 600‘7 =0z,
‘A/ZZ + 300‘72 + 368‘7 =0z,

and for Case B,

Uzz — 301[7Z + 601\7 — 30?[/]\ =0z,
Vo4 3c1V. — 33V — 683U = O(z71).

Proceeding as above, we write these systems of second-order equations

as systems of first-order equations

dy =1
= K(2)Y K(z) = —K; 2.2
0 (2)Y, (@J+;y“ (2.23)

where Y is a column vector with components Y; = ﬁ, Yo = ‘A/, Y3 = ﬁz,
and Y, = ‘A/Z, and K(z) is a matrix of asymptotically expanded coefficients,
where the Jacobian matrix J is defined by Ja (2.18) or Jg (2.19) in each
case. The asymptotic behaviour of solutions to (2.23) is found using the

following theorem.

Theorem 2.24. [62] Let S be an open sector of the z-plane with vertex
at the origin and a positive central angle not exceeding 7/(¢ + 1). Let

K(z) be an n-by-n matrix function holomorphic in S for zp < z < oo and

17



2.3 EXISTENCE OF TRUE SOLUTIONS

admitting in S a uniformly asymptotic power series
o0
K(z) ~ ZAT,&*T, Z — 00, z€es.
r=0

Assume that all eigenvalues \j, j = 1,...,n of Ag are distinct. Then the

differential equation

ay
—1Z1 —K(2)Y
1= =KE)Y,

possesses a fundamental matrix solution of the form
Y(z) = H(2)2P exp(Q(2)). (2.25)

Here Q(2) is a diagonal matrix whose diagonal elements are polynomials

of degree ¢ + 1. The leading term of Q(z) is

2a+1

qg+1

diag()\l, )\2, ey )\n)

D is a constant diagonal matrix, and the matrix H(z) has in S an

asymptotic expansion

H(z) ~> Hiz™",  [z[ — o0,  detHo#0.
=0

By Theorem 2.24, the asymptotic behaviour of solutions Y to (2.23)
is given by (2.25) with ¢ = 0 and n = 4. Extracting the asymptotic
behaviour of (U, V) from Y given by (2.25), we obtain

4
(ﬁ(z)7 ‘?(z))T ~ Z Ciexp(A;z), (2.26)

where \; are the distinct eigenvalues of J, the Jacobian matrix given in
(2.23), and C; is a vector with two arbitrary constant components.

This resultant asymptotic behaviour for (ZA] , ‘A/) must be consistent
with the original assumption that (U, V) < 1. This is the case only if
R(X;z) < 0or C; =0, for each ¢ in (2.26). The sectors defined by those z
for which R(A;z) < 0 are

Sig={z€C|a;+2r <arg(z) <a;+ 2+ )7}, 1€Z, (2.27)

where a; = 7/2—¢; and ¢; = arg \;. In each sector S;; the corresponding

constant C; is free. If two sectors overlap, then in the sector of overlap

18



2.3 EXISTENCE OF TRUE SOLUTIONS

two constants are free. The orientation of the sectors is determined by
a;, and hence by the eigenvalues A;. Thus, using the specific values of a;
together with the transformation (2.4) we obtain the sectors o4 ;g and
0B,k, and the corresponding number of free parameters of the solutions

in these sectors. This concludes the proof of Proposition 2.9. O

Remark 2.28. Note that the eigenvalues of J denoted X in (2.26) and
thereafter correspond to the eigenvalues of Jo which are Ap in Case A,
and the eigenvalues of Jg which are Ag in Case B. Also, while there
appear to be no visible free parameters in the asymptotic expansions
(2.2) and (2.3), the perturbation (2.26) implies that solutions with these
behaviours have parameters hidden beyond all orders as coefficients of

exponentially small terms.

In order to make clear the statement in Proposition 2.9, let us now
construct the sectors of validity of some one- and two- parameter solutions

of JM P%IQ ) whose asymptotic behaviour as |x| — oo is given by (2.2).

Example 2.29. Consider the eigenvalues for Case A. Recall that Aa ;
cop; where pi; are given by (2.20). Since ¢§ = —4g3 (2.8) we have three
sub-cases to explore, corresponding to the roots cy. These roots are
1. {/Agzel™, 2. {/Agze /3 and 3. ¢/4gse'™/3. Choose g3 to be real and
positive, without loss of generality, and let K = v/3&4gs. Set Ay = A.

Then the eigenvalues corresponding to the first two roots ¢y are

Sub-case 1: A\ = kexp(—5in/6) = —Ag = —A3 = A4,
Sub-case 2: Ay = kexp(—in/6) = A3 A3 = kexp(in/2) = — A4,

and we have omitted Sub-case 3 as it is not required for this example.
The sectors of validity (2.27) are expressed in terms of a; = 7/2 — ¢,

where ¢; = arg \;. For the sub-cases above we have

Sub-case 1: a; =4n/3, ax = 27/3, a3 =7/3, ay = —7/3,

Sub-case 2: a1 =27/3, a2 =0, ag = —7/3, ag = 7.

Consider the sectors given by (2.27) in the z-plane (using (2.4)). For
simplicity, take [ = 0 and include a superscript to denote the sub-case

we are considering. For Sub-case 1 we have

Sgg ={z € C| 7 < arg(z) < Tr/4},
Sé}g ={z € C| n/2 < arg(z) < 5m/4},
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2.4 UNIQUE SOLUTIONS

S’?(,}g ={z e C|n/4 < arg(z) <7},
Si}g ={z € C| Tr/4 < arg(z) < 7/2}.

In the region A := Sé}g we have R(A2z) < 0 while R(A;2) > 0, R(A32) > 0,
and R(Agz) > 0. Thus ¢z is free while ¢; = ¢5 = ¢4 = 0. In the region
B:= Sé,lg N Sé’lg we have (A22) < 0 and R(A32z) < 0 while R(A1z) >0
and R(A4z) > 0. Thus ¢2 and c3 are free while ¢; = ¢4 = 0.

For Sub-case 2 we have

S’fg ={z € C| /2 < arg(z) < 5m/4},

5;23 = {33 € (C| 0 < arg(z) < 371'/4}7

S:g?g ={z € C| Tn/4 < arg(z) < 7/2},

ng = {z € C| 3n/4 < arg(z) < 3m/2}.
In the region C := ng N Sé?g we have R(A12) < 0 and R(A22) < 0 while
R(A32) > 0 and R(N\4z) > 0 so that ¢; and ¢y are free while c3 = ¢4 = 0.

Each of the regions we have highlighted: A, B, and C, is bounded on

one side by argx = 7/2. While region B has twice the angular width of
C, each allows a two-parameter solution of the form (2.2). Furthermore,
in region A there exists a one-parameter family of solutions asymptotic
to (2.2).

Denote the solutions defined in Proposition 2.9 as follows:

(uaj,vay)  ~  (uajf vajr), (uBj,vB;) ~ (uBjf,VB,jf)-
TEOA 4 5 TEOR

2.4 UNIQUE SOLUTIONS

Proposition 2.30. Given zy # 0, the true solutions (ua j,va ;) and

(uB,j,uB,;) are unique in the respective sectors

k k )
YAk = {m € (C’ |z| > |zol Zﬂ <arg(z — o) < <+4ﬁ’”)ﬂ-}’
2k + 1 2k + 13
Sh = {g; e |z > |zol, % < arg(z — z0) < (+8>77}

where k = 0, ..., 7. For each k, j takes two values j1, j2 € {1,2,3}, j1 # Ja,
and (;, =4 and [ j, = 5. If j € {j1,72} for both k and k + 1 then
ﬂk,j =4 and Bk+17j = 5

Proof. We prove the result in the transformed z coordinates and then

apply (2.4) to obtain the required results in terms of x. For some choice
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2.4 UNIQUE SOLUTIONS

of 4 and [, define the following two sectors:
§i7l,i€ = {z eC |ai tet2n<argz<a; e+ 20+ 1)71'},

which are related to S;; (2.27) by an angular rotation by +e, € < 1. Let

(U1, V1) and (Us, Vo) be two solutions whose asymptotic behaviour is

known to be (2.6) or (2.7) in the respective sectors §i,z,+e and §¢+1,l7_6.

Define the overlap of these two sectors as
Site=Sii+eNSit1,,—c

We have two pieces of information we can exploit. Firstly, the two

solutions have the same asymptotic behaviour for z € §1,1,5~ Thus,

(W, T) = Uy —Us, Vi = Va) = o(z"™), (2.31)

|z|— o0
zE€Si1,e

for all positive integers m. Secondly, since (U, V) and (Us, Va) are both
solutions of (2.5), their difference (W, T') must satisfy the system of linear
ODEs

W.. = 3U\W. + (=3Us,. + 6Vo + UL + Uy Uz + U3 ) W + 6UL T
3 1
5L (U + U)W = W,) + gW;

(2.32)
Tyo + UsT, + (3(Ur + U)Vi + Vi) W+ (3(Vi + Vo) +3U3) T

- —4% (6VAW + 6UT + 5T.) + 8%T.

In this system, the asymptotic expansions of the coefficients of (W, T),
and derivatives of these terms, are known; both (U, Vi) and (Us, Va)
are given by (2.6) or (2.7) for Case A and Case B respectively. Thus
(2.32) is a linear system which can be rewritten in the form (2.23) and
hence solved by (2.25). We recall that in (2.23), J is the Jacobian matrix
defined by Ja (2.18) or Jg (2.19) in each case. Extracting the asymptotic
behaviour of (W, T) from Y given by (2.25) we obtain

4
(W, )" ~ > Crexp(Arz), 2 € Sipe, (2.33)
r=1

where )\, are the eigenvalues of Ja or Jg, and C, are free vector constants.
The two expressions for the asymptotic behaviour of (W, T), (2.31) and
(2.33), must be consistent. Since a; = 7/2 — ¢; and ¢; = arg \;, it is clear
that for each r in (2.33) there exists some z in 5“,6 for which R(\,.z) > 0.
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2.5 TRONQUEE SOLUTIONS

Thus (2.31) and (2.33) are consistent only if each C, in (2.33) is set to
zero. This gives (U, V1) = (Ua, V2) in §i’l,5. The sector of validity for the
asymptotic behaviour can be analytically continued into the extended
sector S; ;1 U S;q1,. O

2.5 TRONQUEE SOLUTIONS

The families of solutions defined by Proposition 2.9 are the analogue of
Boutroux’s tronquée solutions of Py, while the 24 solutions defined by
Proposition 2.30 (16 asymptotic to (2.2), 8 to (2.3)) are the analogue of
the tri-tronquée solutions. The properties of the solutions of JM P%IQ ) are
summarised in Table 1. In particular, the number of special rays internal
to the sectors of validity are given with a corresponding name suggested,

in the spirit of Boutroux’s tronquée and tri-tronquée solutions.

Table 1: Tronquée solutions of JM Pg)

Case A
Parameters 2 2 1 0 0
Sector Opening /4 /2 3n/4 T 5m/4
Internal Rays 1 3 5 7 9
Tronquée Prefix - tri- penta- hepta- ennea-
Case B
Parameters 2 0
Sector Opening | 37/4 3m/2
Internal Rays 5 11
Tronquée Prefix | penta- hendeca-

2.6 DISCUSSION

This chapter has demonstrated the existence of new types of tronquée
solutions of JM P%IQ ) which extend the results obtained by Boutroux for
the classical first and second Painlevé equations. Interestingly, we note
that while the alternative fourth-order second Painlevé equation FN Pg)
(1.17) does not admit these new types of tronquée solutions, it does
admit another variation: bi-tronquée solutions (in the nomenclature of
§2.5).

A further qualitative difference between the two fourth-order equations
is the form of the asymptotic expansions of the solutions. In contrast to

the expansions for JM Pg) given by (2.2) and (2.3), those for FN Pg)
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(1.17) are given in [33] as

v@) = (5)" (14 0@r0-9)), (2.34)
y(z) = —%‘ (1+0@240-9), (2.35)

for € > 0. In particular, we note that an asymptotic expansion of the
form y(x) ~ 1, which is admitted by Py; and each FN Pgl) is not valid

for either u(x) or v(z) in JM Pg). This expansion does arise in the next

member of the Jimbo-Miwa hierarchy, JM Pﬁg):

—U3e + 2Upp + Uy, + 3ui — 6bvu, — 6u2um
+ut 4+ 12020 + 6v% + 8xgs = 0,
Vaz + AUz + 20Uzm + 2ugvy + 6V0, + 6ulv,

+ 4u3v + 12uv? = 8as.
This system admits three possible algebraic expansions of the form
u(z) = ug (1 + 0(35_5/4(1_6))) , v(x) = vo (1 + O(x_5/4(1“‘))) ,

with leading-order behaviours given by?

uo = (—8gax)"*, wo = —203 (—8gaz) ", (2.36)
1
Uy = (24g4x/7)1/4, =3 (24g4x/7)1/2, (2.37)
— (2a3 + g4) 1/2
=—F— =(—4 3 . 2.38
Uo Ggar) (—4g4z/3) (2.38)

It is straightforward to show that the asymptotic expansions for wu(x)
in the system of equations JM P§12 ™1 are comparable to those of FN
P%Im), given in [33].

Another interesting result follows from the degeneracy of ug given in

(2.38). If a3 = —g4/2, then a special solution of the system JM Pg’) is
u(x) = Oa EJ\JXE = 6@\2 + 2941:7 a3 = _94/27

where ¥ = —v/2, and the equation for v(z) is equivalent to the classical
first Painlevé equation. In Chapter 7 we show that similar results hold
between all the odd (n > 3) members of the Jimbo-Miwa hierarchy and

the equations of the first Painlevé hierarchy.

These behaviours are derived in Chapter 5 via the method presented in §2.2.
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2.6 DISCUSSION

(2)

In the next chapter we continue our Boutroux-inspired study of JM Py;”.

Instead of the special algebraic asymptotics considered thus far, we turn

our attention to the general asymptotic behaviour of the transcendent.
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HYPERELLIPTIC ASYMPTOTICS

3.1 ABSTRACT

In this chapter we study the general asymptotic behaviour of the fourth-
order Jimbo-Miwa second Painlevé equation. We show that the general
asymptotic behaviour at any point is given to leading-order by two
related hyperelliptic functions of genus-2. There are four parameters in
our description of the solution: two energy parameters E; and Eg, and
two phase parameters. We concentrate on E; and E; and investigate
how they evolve as the independent variable is changed near the point
at infinity. E; and Es are shown to be bounded, and special values of
these parameters for which the hyperelliptic behaviour degenerates are
identified. We also examine the relationship between E; and Es and
some complete hyperelliptic integrals, and derive a set of PDEs satisfied
by these integrals. As a corollary to our asymptotic study in the large
independent variable limit, we also report large parameter asymptotics
of IM PV,

The plan of the chapter is as follows. We construct leading-order
solutions in §3.2 and examine the impact of the correction terms in
§3.3. In §3.4 we derive some relations between hyperelliptic integrals
and a set of PDEs satisfied by these integrals. Degenerate behaviour is
considered in §3.5 and we report the large parameter asymptotics in §3.6.

We conclude with a discussion in §3.7.

3.2 LEADING-ORDER ASYMPTOTICS

Proposition 3.1. Let v1(z) and 72(z) be defined by the inversion of
the hyperelliptic integrals

Y1 ds Y2 ds

/0 ) + ; 2o co, (3.2a)
s ds 2 sds

/0 oM /0 O (3.20)
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where P is the sixth-degree polynomial
P(s) = 4s° + 4gs® + SE1s + 1 (E2 + 493 , (3.3)

and ¢y, c1, E; and E; are constants to leading-order. In the limit as
|z| — oo the general asymptotic behaviour of JM Pg) (1.11) is given in

terms of Boutroux coordinates (2.4) where U(z) and V(z) denote the

following functions:
U==2(m+7)+0(E1, (3.4a)

V=—(m+m),-20+nr2+7%)+0E"). (3.4b)

3.2.1 Proof of Proposition 3.1 by direct analysis

Proof. To construct the asymptotics of (1.11) for large = we make the
Boutroux change of variables (2.4) so that the governing equations are

given by (2.5). Let Az and Ag 2 denote the terms

Azy =U.. —3UU. + U’ +6UY, (3.5a)
Agp =V..+3UV, +3V?+3U°V, (3.5b)

and Kz ; and Kz o denote the terms

3 U
K = - 2 z S 9 .
21 = (U*-U.)+ o (3.6a)
Kos = ——— (6UV 4 5V.) + (3.6b)
227 Ty, i 822" ’
Then (2.5) becomes
Az1 +4g3 = Ko, (3.7a)
Az =3azz™ " + K. (3.7b)
Use the following integrating factors:
(MlaNl):(‘/tszz)v (383.)
(Mg, No) = (V, +2UV)., (—U, + U? +2UV),), (3.8b)

to define two (leading-order) first integrals

E, = /‘2\4z (Ag’l + 493) + NZ‘AQ’Q dz, 1=1,2. (39)
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The integrating factors (3.8) are chosen so that each expression (3.9) is
given locally, that is, without integrals. For example, setting n = 1 in

(3.9) gives the integrand

M (Agq +4g3) + N1Ag 2
=U., V., +U. V., +6UVV, +3U,V? + UV, + 3UU.V +4g5V.,
=0, (U.V. +3UV? + UV +4g3V),

such that E; is given by
Ey = U.V, +3UV? + UV + 4g3V. (3.10a)
Similarly, Es is given by

Ey = V24 V. (U + 6UV — UU.) +2V° - 3V2 (U, - 3U%)

. , , (3.10D)
+V (2U* = 3U%U. + UZ) + 495 (V. + 2UV).

The generic leading-order asymptotic behaviour of (3.7) is determined

from the system
Ag’l + 493 =0, A2’2 =0, (311)

since Ko and Ky can be shown to be O(z71).! Together with the
definition (3.9), equations (3.11) imply that E; and Eg are constant to
leading-order.

We require a change of variables which maps the system (3.10) to a
canonical set of equations for which we can identify the solution. Suppose

U(z) and V(z) are given by

U=-2(I1+T5), (3.12a)
V=-1(U.+U?) +2I'Ty, (3.12Db)

for two functions I'y(z) and I'y(z). Then U, is given by the derivative of
(3.12a), and V; is given by

V., = (U, +20U,) +2(I'1Ty),,

1
-2
=1 (UU. —U® = 6UV —4gs) + 2(TiT2), — 3Ka1,  (3.13)

The calculations in this chapter are entirely formal; when estimates of asymptotic
size are made we do not provide proofs of our results. Given that we go on to study a
hierarchy of equations, the formal method is advantageous as it is easily applicable to
all the equations in the hierarchy. Rigourous justification of asymptotic results for
the classical second Painleve equation are given in [30], for example.
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where we have replaced the second derivative U,, using its definition
from (3.7a) with (3.5a), and Ko is given by (3.6a). Sequentially replace
V., V, U, then U in (3.10) to yield

Ey = 2(T; —Ta) (I — Tg), (T1 +T),

: 3.14a
- oy (=19 40 (1 - 18) + 7 (3140)
E; =4(T; —T2) (F1 (I‘Q)Z2 — (Fl)z2 Fz)
161 Ty 5 s s o ) (3.14b)
oty (1 -T5) 405 (11 - T3) — g + T

where (T'1), and (I'2). denote the derivatives of 'y and T's with respect
to z. The terms 7; and 73 can be shown to be O(z71), and they take

the form
T =Ko (I +T1y),, To= %K2,1 (Kg,1 +8(I'I2),) .

To leading-order as |z| — oo the general asymptotic behaviour of the

system (3.14) is determined from

Ey =2(Ty —Tg) (' —Ty), (T1 +T2),

3.15a
- (O T9) (- T) (3152)
Ey =4(Iy —Ty) (n ([2).2 — (I)) 2 1“2)
16T\ Ty, L . (3.15b)
- (T, —Ty) ((T7 =T3) +gs (T —T3)) —4g5,

since 7; and 73 are O(z~1). Multiply (3.15a) by 2I'; and add the resulting
equation to (3.15b) to eliminate (I').2. Solve for (I'1),? to yield

P(Ty)

(), = m7

(3.16a)
where P is the polynomial (3.3). Similarly, multiply (3.15a) by 2I's and
add the resulting equation to (3.15b) to eliminate (I';),2. Solve for (I'z),?
to yield

P(I'y)

2 j—
(FQ)Z - (F2 —1—‘1>2.

(3.16D)

In each equation (3.16), take square roots with the following choice of
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3.2 LEADING-ORDER ASYMPTOTICS

signs:
T), = @53%7 (3.17a)
(T2), = (Ff_a;fl))- (3.17D)

Divide (3.17a) by \/P(I'y) and (3.17b) by 1/ P(I'2), and add the resulting
equations to give

(), (Ia),  _
VP({[T1)  /P(Ts)

Similarly, divide (3.17a) by 4/P(T'1)/I'y and (3.17b) by y/P(I'2)/T'2, and

add the resulting equations to give

(3.18a)

(), Tao(l2),

= (3.18b)
VP[I1)  /P(I)
Integrate (3.18a) and (3.18b) (with respect to z) to obtain
r r
v ds 2 ds
— 1 — =y, (3.19a)
/0 VP(s) o VP(s)
Fl F2
s ds s ds
+ =z+4c, (3.19Db)
/0 P(s) 0o P(s)
where ¢y and ¢; are arbitrary constants of integration.
On comparison of (3.2) and (3.19) we conclude that
Fi=m+0(E"), To=m+0(:"), (3:20)

where the correction terms arise because the system of equations (3.15),
from which (3.19) is derived, is correct only to leading-order. Substitute
(3.20) into (3.12) to obtain the solution (3.4). O

We now present an alternative proof of Proposition 3.1 which proceeds
via analysis of the compatibility condition (1.20) of the associated linear
problem (1.18). This approach follows that of Drach [18] (see also [29]),
and has the advantage of explaining a number of steps in our previous
proof. For example, the ansatz (3.12) is explicitly identified via this
approach. In Chapter 6, Drach’s method is used to construct solutions
of every equation in the Jimbo-Miwa hierarchy, and so it is prudent to

see the method applied to a particular case here.

29



3.2 LEADING-ORDER ASYMPTOTICS

3.2.2  Proof of Proposition 3.1 by the method of Drach

Proof. Consider the compatibility condition of the scalar linear problem

for JM Pg) given in Chapter 1 by equation (1.20) with n = 2, where the

functions f and hs are defined by (1.19a) and (1.22), respectively. Recall
the Boutroux change of variables (2.4), and in addition let the spectral

variable be transformed as follows:
A=z, (3.21)

After applying the change of variables (2.4) and (3.21), equation (1.20),

for n = 2, is mapped to
(HZ)zzz —4F (HQ)Z - 2-7:27_(2 = RZ; (322)
where F and Hy are given by

F=(p-i0)+1iv.-V, (3.23a)

Hy =12+ 3Up+ 3 (-U.+U*+2V),  Hy=gsHa. (3.23b)

The right-hand side of (3.22) can be shown to be O(z7!) and takes the
form

t1 ty  tz 1y
Ro = > 4 2 3.24
e=_+t 3t st (3.24)

where t; = r;u +s; for ¢ = 1,2,3, with

r1 = (16g3) "' (10U.., — 18V., — 21UU., + 6UV, — TU?
+ 30VU, + 6U>U. — 24V? — 6U*V + 3U* + 12g5U) ,

and t4 = (6493)71(—5[]).
To leading-order as |z| — oo the general asymptotic behaviour of

equation (3.22) is determined from

(HQ)zzz —4F (HQ)Z —2F.Hy = 0, (325)
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3.2 LEADING-ORDER ASYMPTOTICS

since Ro is O(z~1). Multiply equation (3.25) by 2Hs and integrate with

respect to z to yield
Ho(Ha).. — (Ha)? — 4F(Ha)? + P(u) = 0, (3.26)

where Hy is defined by (3.23b), and P(y) is an arbitrary integration
function. Given F and H, are polynomial in p, equation (3.26) implies
that P is polynomial in u. In addition, on relating the highest degree

terms in this equation we find that P is of degree 6 so that
N 6
P(u)=> pi',  ps=0, (3.27)
i=0

for constants p;.

To find the coefficients of the polynomial P, substitute (3.23) and
(3.27) into equation (3.26) and balance powers of p. The highest degree
coefficients are given by

pl i pg =4, (3.28a)

pt pa=0, (3.28b)

where the equation at ;° is automatically satisfied since we set ps = 0 in
(3.27). At lower powers of p we find

PP ps=—Ag, (3.29a)
PP pa=2"1(0:A01 — 2As), (3.29b)

where Ag; and Ago are given by (3.5). These terms also satisfy the
leading-order equations (3.11), so that the coefficients (3.29) simplify as

follows:

p3 = 493, p2 =0. (3.30)
At the two lowest powers of u we have
poopr=27" {2E1 + U (0:A21 — 2A22) — 2V (Ag1 + 493)} . (3.31a)

W0 pp =273 {2E2 +1AZ, 4 (<UL + U2 42V) (0.A01 — 2A05)

—2(V. +20V) (Agy + 493)} , (3.31b)

where E; and Es are given by (3.10) and are constant to leading-order.
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3.2 LEADING-ORDER ASYMPTOTICS

For these coefficients, equations (3.11) imply

Ei, (3.32a)
(E2 +4g3) . (3.32b)

Bl= Nl

p1 =
Po =
Substitute the full set of coefficients (3.28), (3.30) and (3.32), into the

generic form of the polynomial (3.27) to find P=pP (3.3). Thus equation

(3.26) is rewritten as
2Ho(Ha)sz — (Ha)? — 4F (Ha) + P(n) = 0. (3:33)

Notice that at points where H, vanishes, equation (3.33) implies
(ﬁz)z = P(u). Thus to construct hyperelliptic behaviour it is useful to

rewrite H in the following factorised form:
Ha = (1 —Gi(2)) (n— Ga(2)), (3.34)

for two functions Gi(z) and Ga(z), and then evaluate equation (3.33) at
the zeros of Hs. Set 1 = Gy and p = Go in (3.33) to give

(G1)

: (3.352)
(G2)

P(G1),
P(G»), (3.35b)

(G2 — G1)* (Ga)

(G1 — G2)* (G1).

respectively. Divide each equation (3.35) by (G1 —Ga)? to yield the system
(3.16) with T'y = Gy and T'y = Gs. Given (3.20) it follows that

Gi=m+0E"), G=7+0@E". (3.36)
Substitute (3.36) into (3.34) to yield
Ha = (n—n(2) (1 —72(2)), (3.37)

up to O(z~1). Compare the two definitions of Hs (3.23b) and (3.37), to

obtain the leading-order relations
—mtw) =30, mpe=i(U.+U*+2V),

from which (3.4) follows. O

Remark 3.38. Equations (3.32) are particularly useful as they define the
first-integrals E; and Ey (3.10) to leading-order. If we multiply equation
(3.32a) by 2 and then differentiate, the integrating factors M; and N;

(3.8a) are equal to the coefficients of U,, and V,,, respectively. Similarly
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3.2 LEADING-ORDER ASYMPTOTICS

for (Mg, Ng)

Proposition 3.1 shows that the general asymptotic behaviour of JM
P%Iz ) is described by two related hyperelliptic functions of genus-2. While
the individual functions 71 (z) and ~2(z) are multivalued, each having
moveable quadratic branch points, the symmetric combinations (3.4a)
and (3.4b) of these functions and their derivatives are meromorphic [15].
These globally meromorphic functions, constructed from functions given
by the inversion of hyperelliptic integrals, are hyperelliptic functions.

To avoid the multivalued description of v; and 5 these functions are
generally considered as functions of two complex variables (see [4, 43],
for example). To see this, replace ¢y and z + ¢; on the right-hand side of
equations (3.2) with ¢; and (s respectively, and use these new variables

as arguments for v; and -z,

Y1 ds Y2 ds

| VPO e VRE (335
s ds 72 s ds

/0 20 Jr/o ) = (s. (3.39Db)

In this formulation, v; and ~- are single valued functions of {; and (s,

and possess a system of four independent periods (w;, €2;) where

wj:fi, Q]:f sds_ 1934, (3.40)
 VPG)  VPG)

and p; is a contour which encloses two of the branch points of 1/1/P(s).
Let (w, ) = (wj, ;) denote any of the four period systems with cor-
responding p = p;. Then the functions v; and 7, satisfy the following

periodic relations:

71(C1,62) =11 (G +w, G2 +Q),

(3.41)
Y2(C15C2) = 72(C1 +w, G2 + Q).

Indeed, any symmetric combination of these functions also has this
property.

Given that we are considering the asymptotic behaviour of an ODE,
we will retain the single variable description given in Proposition 3.1. In
[41], it is suggested that the second independent variable may manifest
through one of the parameters as or g3, however we do not pursue this

idea here.
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3.3 NEXT TO LEADING-ORDER ASYMPTOTICS

3.3 NEXT TO LEADING-ORDER ASYMPTOTICS

Counsider the four parameters ¢y, c1, E; and Es which characterise the
description of the leading-order hyperelliptic function solutions given in
Proposition 3.1. Since the full governing equations are (3.7), on differen-
tiating the expressions for the parameters E; (3.9) the correction terms

give

dE;
E == MiKQJ + N7 (730&2271 + K272) 5 ) 1, 2,

or, in powers of 2z~

€, S S dE S S

Py LR PP e

where &1 and Ss are given by

S =8U,V, — 3U*V, +6UVU, — 12a5U,,
S, =U.V+UV.,

and S3 and Sy are given by

S3 = 10V2 + 20UV, (—4U, +4U? + 21V)

+3V (2U7 — 3U.V — TUU. + 15UV + 5U*)

+4g3 (5V. + 6UV) — 12as (2V, — UU, + 6UV + U® + 4g3) ,
Sy =2VV, = UV, + UU.V + 3UV? = 2U°V + 4g3V.

Therefore as z changes the two parameters E; and Es will change. Since
¢o and ¢q, defined by (3.2), are written in terms of E; and E; through
the polynomial P, these parameters also change with z. Thus each
hyperelliptic function behaviour is only locally-valid.

To extend this domain of validity, we need to understand how the
parameters in the local description change when the initial point, at
which they are considered, is varied. To analyse these changes, we first
examine the discrete change in E; and E; as z is varied near the point at
infinity. We perform this calculation in three steps. To begin, we study
the change in E; and Es as z is varied between any two points zy and 2.
We assume no relation between the points, or between the values of the

functions that we consider at these points.

Proposition 3.42. Let zp > 1 and z; > 1 denote two points in C and
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3.3 NEXT TO LEADING-ORDER ASYMPTOTICS

set dyp = z1 — zo9. Then the parameter E; satisfies

3 5 (do
AE;(2) = 1 ( Hi(z1) — H1(20)) 1 <z0> Ei1(20)
693 n(=) g3 g (1) g3 g (343)
e O o,
<0 71(20) P(s) v2(20) P(s)
where AE;(29) = E1(z1) — E1(20) and Hy = F; — 2¢g3U where
Fi = —daU + 3 (UV. +2VU.), (3.44)
and the parameter E, satisfies
3 3 (dy
AEQ(ZO) = 7472:0 ( HQ(Zl) — HQ(Z())) — 5 (Z()) ( EQ(Z()) + 8g§>
3.45
244s /71(21) st ds n 72(21) g4 g }+0( 72) ( )
_ 2 - z20°),
<0 y(z0) VP(8) v2(20) P(s)
where AEs(29) = E2(z1) — Ea(z0) and
Hy = Fy — 2g5 (2V — 2U, + U?) , (3.46)
Fo = —day (~U, + U? +2V
? 2 ) (3.47)

+ 1 (-UPV +9UV? — UV, +4VV, 4+ 8g3V) .

Proof. Although the difference equations in the proposition are written in
the transformed coordinates, they are more simply derived by returning

to the original coordinates. The governing equations are (1.11), or

as,1 +4g3x =0, (3.48a)
az2 = day, (3.48Db)

where az; and a2 denote the terms

a1 = Uy — 3utly + u® + 6uw, (3.49)
321 = Uge + 3uv, + +3u’v + 3v°. (3.50)

Given (3.48) it follows that

m1 (32,1 + 4g3x) +nq (32,2 — 4042) =0, (3513.)
0,

mo (32,1 + 493.’17) + no (32,2 — 40(2) = (351b)
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3.3 NEXT TO LEADING-ORDER ASYMPTOTICS

for any (mq,n1) and (mae, ns). Informed by (3.8) we choose

(mlanl) = (’Uwyum);

(ma,n2) = (Vg + 2uv), (—uy + u® + 2uv),),

then integrate (3.51a) to yield

T r1
[uawaC + 3v%u 4+ udv + 4g3xv — 4a2u} f o 493/ v dx,
T T

o 0

and integrate (3.51b) to give

[vi — ULV + UV, + u%m + vui — 3v2ux

— 3utvuy + 20% + 9uv? + 2utv + dgsz (v, + 2uv)

T T1
—4a (—uw +u’+ 2U) } f o 493/ Ve + 2uv dz,
x

o 0

(3.52a)
(3.52b)

(3.53a)

(3.53b)

for any choice of zy and x;. This process is familiar from the first proof

of Proposition 3.1 in §3.2.1.

Apply the Boutroux transformation (2.4) to equation (3.53a), but leave

the coefficients in terms of x as follows:
1

[zs/g Ev(2) + 2% Gi(2) = O (gfl)] ,

Zo

and similarly for equation (3.53Db),

Z1

[132 Ea(z) + 23 Gy(2) = O (x72/3)}

Zo

In (3.54a) and (3.54b), E; and E, are defined by (3.10) and

Gi(z) = Fi(z) — 4g3l:(2), 1=1,2,

(3.54a)

(3.54b)

(3.55)

where F; and Fy are given by (3.44) and (3.47) respectively, and |I; and

l> denote the integrals

i) = [ V() de,
a(:) = [ VO +2U(OV(C) de.
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3.3 NEXT TO LEADING-ORDER ASYMPTOTICS

Evaluate (3.54a) at the two endpoints and divide by xf/ % to give

( Ei(z1) — <i(1)>5/3 E1(20)>

(3.56a)
1 zo\'/? -8/3 _1_-5/3
+ F G1(2’1) - (331> Gl(Zo) = O (ZEl ,1‘0 1‘1 ) .
Similarly, evaluate (3.54b) and divide by 22 to give
2o\ 2
<E2(z1) - <O> E2(20)>
T
(3.56b)

1 T 2/3 B ) i
+F <G1(Zl) <.’L'(1)> G1(20)> :0(1,1 8/3,.?602/31’1 2) .

1

Given the relationship between z and z (2.4), and given dy = 21 — 2o,
we can rewrite the coefficients in equations (3.56a) and (3.56b) in terms

of dy and 2y only. Equations (3.56a) and (3.56b) become

5

AEy (z0) = _73 (Gi(21) = Gaan) - 2 (do

ZO) Ei(20) + O (2°), (3.57a)

AB>(20) = 7> ((Gale) ~ Galan) — 5 (d> Ex(z0) + O (5?) . (3.57)

20 0

The left-hand sides of (3.57a) and (3.57b) are precisely the differences
we want to investigate. Let us turn our attention to the terms G; (3.55).

For G; we have

Gi(21) — Gi(z0) = (F1(21) — F1(20)) — 495 (I1(21) — 1(20)) ,

— (Fu(1) — Fi(20)) — g5 / v d, (358)

where F; is given by (3.44) and the integrand V' can be recast to leading-

order as follows:

V() =10 —2(m —7) " (3 —3),

by (3.4) and then as

. e 7 () }
V() = LU, —2 L
(¢ =3t {ww) VPO2)
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3.3 NEXT TO LEADING-ORDER ASYMPTOTICS

using (3.17) with (3.20). Integrate to yield

21 N 7(21) 3 v2(21) 3
/ V(C)dC=1[Ur—2/ 8d8—2/ s s
20 2L s yi(z0) VP(8) v2(z0) V/P(8)

Similarly, for Gy we have

62(21) — GQ(Z())

= (Fae1) — Fa(an)) s [ V{0 + 20OV de

20

(3.59)

where the integral can be rewritten as follows:

[ v+ 2wovio ac

DN | =

20

1(z0) P(S)

to leading-order. Substitute the expanded integrals into (3.58) and (3.59),
then substitute the resulting expressions for G; into equations (3.57a)

and (3.57b) to obtain (3.43) and (3.45), respectively. O

Proposition 3.42 provides a first expression for the discrete change in
E; and E5 as z is varied between two arbitrary points zg and z;. We use

this result at points zg, 21 where 7; and ~» take on the same values.

Proposition 3.60. Assume that there exist two points z; > 1 and
zo > 1 in C for which

71(20) =71(21),  72(20) = 72(21). (3.61)

Then the parameters E; and E, satisfy

1 (5

AEl = —; {4d0E1 + 1293\1’3} + @ (20_2) s (362&)
0
L3 2 —2

AE; = ——{ Zdo ( Es + 893) 48030, b + O (52),  (3.62b)
0

where dy = 21 — 29,

st ds

\IJi = T s { 37
p VP(s)

and each term on the right-hand side of (3.62) is evaluated at zg.

(3.63)

z m(z1) 4 v2(z1) 4
[QV—QUZJFU2 1—293d0—4/ s~ ds _4/ sds
v v2(z0) P(s)
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3.3 NEXT TO LEADING-ORDER ASYMPTOTICS

Proof. Given 71 and ~, satisfy (3.2), on differentiating we have

(7). N (72), _0 71(’71)z+72(’72)z_

\/P(%) \/P(Wz) 7 \/P(Vl) \/P(Vz)

and hence

)

P(n)

(). = =) (3.64)

_ P(n)
n). = (v2—m)

To leading-order, the right-hand sides of each equation in (3.64) only
depend on 77 and vz, thus (3.61) implies

(M), = (m). : (72), = (12), ;

zZ=z1 Z=Z0 Z=Zz1 Z=Z0

up to O(z5'). By (3.4), U, V and U, can all be written exclusively in
terms of v1, 2, (71), and (y2),. Given (3.4b) and (3.64), V. can also be

expressed this way. Thus

(3.65)

up to Oz h).

Consider equations (3.43) and (3.45) subject to (3.65). In these equa-
tions, the terms Hy; and Hs are expressed in terms of U, V, U, and V,
such that (3.65) implies

Hl(zl) - H1(20) = O(Zal), HQ(Zl) — H2<ZO) = O(Zal) (366)

In addition, the integral terms in (3.43) and (3.45) simplify as follows:

vi(z1) iy
/ S8y, j=1,2, i=3,4, (3.67)
vi(z0) V/P(8)

where U3 and ¥y are defined by (3.63). Given (3.66) and (3.67), the
difference equations (3.43) and (3.45) are rewritten as (3.62a) and (3.62D),
respectively. O

Proposition 3.60 provides a second expression for the difference in
E; and E,, between two points zy and z; where the functions ~; and
o satisfy (3.61). Return to the defining integrals (3.2). Although the
functions 71 (z) and ~2(z) are not periodic in z in general, they do take the
same value when we simultaneously add to z and ¢y the corresponding

periods Q; and w; (3.40). Since ¢y does not appear explicitly in the
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3.3 NEXT TO LEADING-ORDER ASYMPTOTICS

description of the parameters E; and E> we set

71(20) = 71(20 +Q),  72(20) = 72(20 + Q), (3.68)

in these expressions, with an implied updating of the parameter ¢y. Thus
there does exist a point z; such that (3.61) holds, namely z; = 2o+ Q. In
(3.68), we use Q to denote any of the four components ; of the period
system (wj, ;) (3.40).2 We do the same for w, such that these terms are
defined by

:f;fj(s), 0= ﬁsﬁé)’ (3.69)

where p = p; denotes any of the four independent contours enclosing
two of the branch points of the integrands. We use this notation in the
remainder of the chapter.

Given (3.68) we can rewrite (3.62) in terms of complete elliptic integrals
using the following definitions. Let w and Q denote two hyperelliptic

integrals of the second kind
o= 7( JPG) ds, G = f s\/P(s) ds. (3.70)
2 P

These integrals satisfy the differential relations

o o

0 =422 -8 71
9E,’ w 88E2’ (3.71a)
o0 o0

Uy =422 Q=8 71

27 TOE,) 8352’ (3.71b)

where W5 denotes another hyperelliptic integral of the first kind given by
(3.63) with i = 2.

Proposition 3.72. Let zg > 1 and z; > 1 denote two points in C
where (3.68) holds. Then E; and E, satisfy the difference equations

AE;(z) = f% { 8w + T1} +0(2%), (3.73a)
AEs(z0) = _Zio (10047} + 007, (3.73b)

where T; and Ts are given by

)
Ok,

ow

T, = -5k 9E,’

— 12 (Ea + 4g3)

This means there are four points z; for which z1 = z9 + 2, however we do not
differentiate between these points, or the different periods, in this work.
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o0 o0
Ty = —10Ela—E1 — 3 (3E2 + 8¢3) P

and each term on the right-hand side of (3.73) is evaluated at 2.

Proof. Since z1 = zg + Q and dy = z1 — z9 we can replace dy with Q in

equations (3.62) to give

1

AE; = —Z {ZQEl + 1293\113} + O (ZJZ) s (3743)
0
1 (3 . L

AEy = —— <20 (Ex+83) +480a%a p + O (557) . (3.74D)
0

Let us now construct equations satisfied by U3 and W, using integration

by parts applied to w and Q. To do so it is useful to note the following:

_!

P'(s) = ~

{ 6P(s) — 12g3s® — 3E15 — 6 (1E, +9§)} )

which is a consequence of (3.3). Apply integration by parts to @,

~ 1 [ sP'(s)ds
= P - = =
¢ [S (S)]P 2J, VP(s)
1
= —5{6&—1293‘1’3—%&9_6(%'52"‘9?%) w}, (3.75)

and then to ﬁ,

1 ~
=~ {60 - 120501 - 3E0: - 6 (3B + g3) 0} (3.76)

On the right-hand side of (3.75) replace the terms 2 and w with derivatives
of @ using (3.71a), and in (3.76) replace the terms ¥y and Q with

derivatives of Q using (3.71b). This yields the following expressions:

1 5 o 05
o= 4{693\113+5E18El+6(E2+4g3)aE2}, (3.77)
~ 1 o9 2 00

Solve (3.77) for ¥3 and substitute the result into (3.74a). Replace 2
using (3.71a) to give (3.73a). Solve (3.78) for ¥, and substitute the result
into (3.74b). Replace Q using (3.71b) to give (3.73b). O

Thus we have derived the discrete change in E; and E; as z is varied

from some initial point zg through a distance of a period of the leading-
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order hyperelliptic function, as defined at that point.

Remark 3.79. Recall the equations and definitions in (1.2), (1.3) and
(1.4) for the classical second Painlevé equation. The difference equations
(3.73) for E; and E, are analogous to (1.3) for the single parameter E in
the leading-order elliptic function of Pyr. In the case of Py, Boutroux used
(1.3), together with the fact that E is bounded, to derive the condition
(1.4) from which E is determined. The condition can be derived in an
alternative way as follows.

The difference equation in (1.3) implies that E is slowly-varying up to
O(z;?), that is, it changes by very small amounts over short distances
and only varies significantly over large z. Hence the distance of a period
W, = Zp4+1 — zn 1S small on the scale of the independent variable. Thus
if we divide the difference equation in (1.3) by w,, then the resulting
left-hand side can be considered as an averaged derivative over a large
distance, in the sense of Whitham [63] (see also [38, 42]). That is,

dE (D

@ W -2
=+ 0(7), (3.80)

where we use the same notation E to represent the averaged quantity, and

w and W are equal to w,, and @, respectively, with E, = E. Set E,, = E

in the definitions in (1.2) and (1.3). Then it follows that d/dE = w.

Thus on multiplying equation (3.80) by w and dividing by @ we obtain
d(log ®)/dz ~ —z~1 from which it follows that ® — 0 as |z| — co.

Let us conclude our study of E; and E; by following an analogous
argument based on the averaging method to show that these parameters

are bounded.
Proposition 3.81. E; and E; are bounded.

Proof. It was shown in Proposition 3.72 that E; and Es satisfy the
difference equations (3.74). These equations imply that E; and Eg are
slowly varying up to O(zy 2), such that if we divide these equations by

Q) =2z — 29 to give

AE, 1 (5 Uy s

) 20{4 1+ g3Q}+O(2’0 )a (383)
AE, 1 (3 9 Uy —2

=2 _—ZO{Q(E2+Sg3)+48939}+0(20 ). (3.82b)

then the left-hand side of (3.82a) and (3.82b) can be considered as

averaged derivatives for E; and Es, as discussed above. This leads to the
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3.3 NEXT TO LEADING-ORDER ASYMPTOTICS

ODEs
dE]_ N 1(5 \113 -2
dz__z{4E1+12939}+0(z )a (3'833)
dE> 13 9 Uy -2
e LI CRL O R J SO B

where we have used the same notation E; and Es to represent the averaged
quantities.

For some z € C assume that E; > 1 and consider (3.83a) subject to
this condition. In particular, consider the integrals W3 and 2. Let the
integral variable in the definition of ¥3 (3.63) and € (3.69) be scaled as
s = E%/ °t. Then the polynomial (3.3) which appears in these definitions

is given by
P(t) = B { 4t (87 +1) + 0 (JE1I ) },
and U3 and () take the respective forms

3 dt _
U=l ¢ T L0 <|E1| 2/5) ,
O- E;1/57{ tdt Lo (|E1|_4/5> _
p Ly

The ratio of these terms is ¥3/Q = O(|E;|?/%). Therefore for E; > 1,
equation (3.83a) gives

dE4 5 _ 2/5

s R (9( 2 |E )

dz 4z + @R

This equation implies E; ~ 275/ from which the first result follows.
Similarly, for some z € C and bounded g3, assume that Es > 1 and

consider (3.83b) subject to this condition. Scale the integration variable

in the definition of ¥, (3.63) and  (3.69) as s = Eé/6t, so that in this

case the polynomial (3.3) is
P(t) = E2 { 4 (16° +1) + 0 (|Ea| %) },
and the integrals W, and () take the respective forms

t* dt _
nm o),
P/ 3 (160 +1)
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3.4 RELATIONS BETWEEN HYPERELLIPTIC INTEGRALS

- tdt -
Q=E, 1/6f7 +0 (\Eg\ 2/3) .
P /% (1615 4 1)

The ratio of these terms is W,/Q = O(|Eg|'/?). Therefore for Ey > 1,
equation (3.83b) gives
dEq 3

2= 75E2 o) ()272, |E2|1/2) '

This equation implies E ~ 273/2 from which the second result follows.

O

3.4 RELATIONS BETWEEN HYPERELLIPTIC INTEGRALS

In this section we construct PDEs which are satisfied by the complete
elliptic integrals given in (3.70), with &(Ey, E5) and Q(Eq, E3) considered
as functions of the parameters through the polynomial (3.3). Define the
complete hyperelliptic integrals of the third-kind

st ds

=P —— . i=0,...,5. (3.84)
pp(s)3/2

Then we have the following relations:

= (I)z = - )
OE;’ 88E2

;g =—4 (3.85a)

where U; is given by (3.63) for ¢ = 0,...,5, with w = ¥ and Q = ¥, by
(3.69). Together, the relations (3.71) and (3.85a) imply

%% 2%
P, = 322~ Dy = —64-— .
1=-3 OE,0E,’ 0=-6 OE2’ (3.85D)
920 920

Return to equations (3.77) and (3.78). We want to express U5 and ¥y
in terms of & and using integration by parts. To do so, it is useful to
note the following:

1
P'(s) = o { 65°P(s) —3gsP(s) — 5E1s* — 6 (§E2 — g3) &°

+ 393E1s+ 393 ($E1 + 9%)} )
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3.4 RELATIONS BETWEEN HYPERELLIPTIC INTEGRALS

which is a consequence of (3.3). Apply integration by parts to ¥3 to give

4\ﬁ 7{ ’

1
= é { 6\113 - 3ggQ - gE1@4 —6 (iEQ - gg) (I)3

U3 =

+ 293E1®1 + 395 (§E2 + 93) ‘Do} :
Next, integrate ¥, by parts to give
5 N if s5P'(s) ds
5\/P(s) 10 J, P(s)3/2 "’

1
- { 69y — 3gaWy — JE D5 — 6 (LE, — g3) @y

v, =

+ %gsElq’z + 393 (%EZ Jrgg) <I’1} .

In these expressions for W3 and ¥y, replace Q using (3.71a), Us using
(3.71b), and each ®; using (3.85) to yield

1 (3'(4} 8\113 2 8\113

Uy = 12 10E; — + 12 (E5; — 4 —

8 2{ 935, +10B1 g, T12 (B2 —403) 5
0w 0w (3.86)

— = 40%) —=

4393 9E,0E, 4893 (E2 + 493) OE2 },

1 Bl A oV,

— ] 199,80 984 4 19 (Ey — 4g2) T4

\:[14 1 { 12936E + 10E1 8E1 + ( 2 ) 8E2
(3.87)

82Q o 020

Solve (3.77) for U5 and substitute the result, and derivatives, into (3.86).

Similarly, solve (3.78) for W, and substitute the result, and derivatives,

into (3.87). The resulting equations are

(D1 +5Dy+4)w =0, (3.883.)
(D1 + 7Dy 4 10) Q2 = 0, (3.88D)

where D; and Dy denote the partial differential operators

) 82 5 82

Dy = 25E7 —— + 12E; (5E2 + 12¢3) ~o—

OE? OEEy
o2 5 (3.89)

4¢: 144
+ 36E; (E2 + 4g3) 982 + 14493 — 95,
0

Dy = BE, -0 — 6B, (3.90)

OE; OEs
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The PDEs for & and Q are analogous to the Legendre ODE derived in

[31] (Appendix B.2) for the complete elliptic integral @ related to Pyy.

In that case, the singular points of the ODE correspond to special values
of the parameter E for which the generic elliptic behaviour degenerates
to trigonometric behaviour. In the PDEs for & and Q (3.88) this kind
of singular behaviour manifests on the characteristic curves. For (3.88a)

and (3.88b) the characteristic curves are

2/3
c+E = (:|:4g3 + 4/ 5Es + 369%) (:!:693 + 4/ 5By + 36g§) s (391)

for any constants cy.
Observe that, given (3.89) and (3.90), the PDEs (3.88) are almost

equidimensional, or of Cauchy-Euler type. Substitute the ansatz
w = ET"EY, (3.92)

into equation (3.88a), and divide the resulting equation by @ given by
(3.92). We find

144g3n

(n2—16n—|—4)+(m+n){

+ 10 (5m + 7n — 10)} =0. (3.93)
2

Setting m = —n in (3.93) we find that n must satisfy n? — 16n + 4 = 0,

and thus a special class of solutions to (3.88a) is given by
5= R E]ER 4 kB ER, my =2 (4 + \/15) . (3.94)

for two arbitrary constants k1 and k9. Similarly, a special class of solutions
to (3.88b) is given by

Q=K E["ES" + KoE P ER, pr_ =9+ VT, (3.95)

where K1 and Ko are arbitrary constants. It is surprising that E; and Eg
are arbitrary in these special solutions. Given that w and Q are defined
by (3.70), we would expect that any exact expression of these terms
would correspond to a degeneracy of the integrand for special values of

E, and E,, as discussed below.

3.5 DEGENERATE SOLUTIONS

The hyperelliptic solution of JM Pg ) admit several cases of degeneracy

to simpler functions. For special values of E; and Es the polynomial P
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3.5 DEGENERATE SOLUTIONS

(3.3) has double or triple roots, and in these cases some of the branch
points in the hyperelliptic integrals merge. To find these degeneracies,

consider the derivatives of the polynomial (3.3),

P'(s) = 125%(2s% + g3) + 3E1, PO (s) = 24(20s° + g3),
P"(s) = 24s(55> + g3), PW(s) = 144052
Since g3 # 0, it is clear that there are no possible sextic, quintic, or

quartic roots. Triple roots occur when the second derivative equals zero,

that is, when s = 0 or s% = —g3/5. Substitute s = 0 into the conditions

P’(s) = 0 and then P(s) =0 to give

Ey =0, Ey=—4g2. (3.96a)
Substitute s = (—g3/5)/% into P'(s) = 0 and P(s) = 0 to yield

Ey = 295(~36/5) (—93/5)"/",  Ea2 = —36/5, (3.96D)

Double roots occur when P’(s) and P(s) both equal zero. If we let so

denote a double root then
Ey = —24s3 (253 +g3), E» =16s3 (5s5 +2¢3) —4g3.  (3.96¢)

Recall the PDEs for & and € (3.88). The special values of E; and
Es (3.96a) correspond to a vanishing of all the highest derivative terms
in the PDEs for & and Q (3.88). The values in (3.96b) correspond to
the parabolic case, where there is only one family of characteristics for
the PDEs instead of the two given by (3.91). The special values (3.96¢)
correspond to the c_ characteristic with c_ = (—5/3)(5/2)%/2.

Subject to the conditions (3.96), the polynomial (3.3) takes the follow-

ing simplified forms. For s3 = 0 and s3 = (—g3/5)"/3,

P(s) =4(s —s3)" (5° + 3535 + 6535 + (1053 + g3)) , (3.97)
and for any double root so,
P(s) = (s — 52)° (aas* + azs® + azs® + ays + ag) , (3.98)
where the coefficients in the second factor are
ag =4, az = 8sy, ag = 128%7 ap = 165%4—493, ag = 205‘214—88293.

When P is given by (3.97) or (3.98), the hyperelliptic functions that we
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3.6 LARGE PARAMETER LIMIT

have constructed degenerate to elliptic functions.

3.6 LARGE PARAMETER LIMIT

In addition to the large independent variable asymptotics considered

thus far, we can also construct the asymptotics of JM Pg) in the limit

as |as| — oo. In this case, the generic solutions of JM Pg) take the form
u = a%MU(z), v = oé/QV(z), z = a%“m,

where U(z) and V (z) are given by

U=—-2(F1+7)+0(a3 1), (3.99a)
V=—+%).-2( +1%2+7%) + O(ay '), (3.99b)

where 71 and 7, are determined from the inversion of the hyperelliptic

integrals
/’71 ds N 2 ds .,
o VQ() Jo Q) T
/% s ds . 72 g ds —tes
o VQ(s) Jo /Q(s) ’

where the polynomial @ is given by
Q(s) = 4s° — 45% + 1Eys + LBy, (3.100)

and co, c3, El and Eg are constants to leading-order.

These solutions can be derived from equation (3.26) as in §3.2.2 for the
large z limit. Although we will not provide full details of the construction
of the solutions (3.99), we will show how to derive (3.100). Recall that in
equation (3.26) the coefficients of the generic polynomial P (3.27) are
given by (3.28), (3.29), and (3.31), and to determine these coefficients
precisely we used the governing leading-order equations (3.11) to simplify
expressions (3.29) and (3.31). In the large as limit, the leading-order
equations are Ag ; = 0 and Ag 5 = 4 so that in this case, equations (3.28),
(3.29), and (3.31) yield

p6:47 ])4:07 p3207 p2:_47 pIZ%Eh pOZ%EQu
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3.7 DISCUSSION

where El and Eg are related to E; and E; by

E; = E, — 4¢3V +4U, (3.101)
Ey = Ey —4gs (V. +2UV) +4 (U, + U +2V). (3.102)

Hence P (3.27) is equal to @ (3.100).

3.7 DISCUSSION

This chapter presented the leading-order general asymptotic behaviour
of JM Pg) in terms of two related genus-2 hyperelliptic functions. We
have shown that the elliptic function behaviour of the classical second
Painlevé transcendent admits a natural extension to the higher-order
equations in the Jimbo-Miwa hierarchy. However, unlike their elliptic
counterparts, the explicit calculation of the hyperelliptic functions via
inversion of the defining integrals is difficult to deduce, in particular for
computational usage (see [59], for example).

In further analogy with the study of the classical equation, we examined
the two parameters E; and E; which characterise the leading-order
hyperelliptic function solutions. Our analysis of the discrete change in
E; and Es, as z is varied across a period of the hyperelliptic functions,
provides a starting point for the extension of the derived locally-valid
solutions to a wider domain of asymptotic validity. Further investigations
of the degeneration of the hyperelliptic behaviour for special values of
E, and E; would also be of interest for future study. In particular, there
should be a connection between the special rays identified in the analysis
of the tronquée solutions in Chapter 2 and these behaviours.

With regard to the remaining investigations in this thesis, we note that
the integrating factors (m;,n;) (3.52) can be rewritten in terms of the
components of lower-order members of the Jimbo-Miwa hierarchy. The

definition (1.13) implies ag = (ao.1,20,2)” and a; = (a1,1,a1,2)7 where
2
ag,l1 = U, Qag2 =70, ai1= —Uz+u’ +2v, arz=v;+2uv,

and a; + 2¢2(1,0)T = 2a,(0,1)T defines JM Pg) (1.15). In this notation,
the integrating factors (3.52) are

(mlanl) = (30,2,30,1)9;,

(m2»n2) = (31,2,31,1)x7

where the subscript x implies differentiation of both elements. A similar
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result holds for the integrating factors (M;, N;), expressed in Boutroux
coordinates. The reason for this rewriting is that these expressions can
be generalised for the entire hierarchy of equations, to be explored in
Chapter 6.

This chapter concludes our investigation of JM Pg). Part i provides an
extension of the classical results for Py to this fourth-order analogue. We
now turn our attention to the asymptotic study of the entire Jimbo-Miwa

hierarchy.
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Part 11

ASYMPTOTIC STUDY OF THE JIMBO-MIWA
SECOND PAINLEVE HIERARCHY



STRUCTURE OF THE HIERARCHY AND
ASSOCIATED LINEAR PROBLEM

4.1 ABSTRACT

In this chapter we construct the equations that will be used to determine
the asymptotic behaviour of the Jimbo-Miwa hierarchy. For the fourth-
order system JM Pg) considered in Part i, the governing non-linear
equations and the coeflicient terms in the associated linear problem are
all given explicitly. The analogous equations and terms for JM sz) are
defined recursively. In §4.2 we derive a more explicit form of the system
of governing non-linear equations JM Pgl) from the recursive definition
given in Chapter 1. We apply a Boutroux transformation of variables
to this new system in §4.3 to yield the equations studied in Chapter
5. In §4.4 we apply the same change of variables, with an additional
transformation of the spectral parameter, to the compatibility condition
of the scalar linear problem for JM Pgb). This provides the equation that
we study in Chapter 6.

4.2 MORE EXPLICIT FORM

Consider a, in the definition of the hierarchy (1.12). This expression
satisfies the recurrence relation and initial condition (1.13) from which

we can generate a; and ag,

a; = (—ug + u? + 20, v, + 2uv)T,

as = (Uge — uu, + u® + 6uv, Vyy + 3uvy + 307 + 3uQU)T7

and an infinite sequence of such expressions, each of which is a collection

of non-derivative and derivative terms. Let
b, =bn(u,v), cn=cp(ty...,Un,v,...,0,), (4.1)

denote these terms, where u,, = 9nzu and v, = Op.v, such that a,, can

be decomposed as follows:

a, =b, +c,. (4.2)
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Substitute (4.2) into (1.13), noting (4.1), to give

bn+1 = rlbn, (43)
Cnt1 = raby +rc,, (4.4)

where the initial conditions are by = (u,v)? and ¢y = 0, r is given by

(1.14), and ry and ry are the operators

r=r—ry, ro = —% 0 . (4-5)

0 0

Given (4.3) and (4.4) we propose forms for b, and c,, and test their
validity.

Proposition 4.6. Let b, = (b, 1,b,2)7. Then,

[n/2] o
bn1 = Z an u" T 2 (4.7a)
i=0
[n/2]+1 o
bra= »_ bniu" 20 (4.7b)
i=1

where a,, ; and by, ; are defined by

) -
an,i*m, i=0,...,(n+1)/2, (4.8a)
bn,i = (n+1)! i=1,...,(n+2)/2. (4.8b)

PTG — Di(n+ 2 — 20)

Proof. The proof is by induction, using (4.3). The calculation is straight-

forward after noting the relations

An+1,i = Qn,g +2bn,ia 1= O,...,(n+2)/2,
bptit1 = (2= G+ 1)) an; +bnipr, i=0,...,(n+1)/2,

which follow from (4.8) with the end point conditions b, o =0, a, ; =0,
and b, ;, =0, for j = (n+2)/2 and k = (n + 3)/2. O

Proposition 4.9. Let u,, = ((—1)"u,,v,)7,

Cp = Uy +dy, (4.10)
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and d,, = (dp,.1,dp 2)7. Then,

k kn—1,1 In—1
dn,l = E ckO;-n’kn—l;l07~~~;l7L—1uOO U UOO U (4.11&)
k
dro=S"2 = o gk gl (4.11b)
n,2 — K0yeesBn—1,00,0sln1 20 s Un—1 Y0 - Un_1> .
K

where k and k denote the following conditions:

. ko<n—1, lh<[n/2]-1, (412)

+ 0
R+ D=n+2  k<n—-1, lh<[n/2]-1,  (413)

c and ¢ are constants, and k, [, k, and [ are multi-indices with norms

Ry = 3G+ Dks, (1) = G+ 2 (4.14)
=0 =0
n—1 n—1

B =3 (+Dki, @)= (i+2). (4.15)
i=0 =0

Proof. The proof is by induction, using (4.4). Given the generic form
provided for d,,, the proof is straightforward - all that needs to be checked
are the conditions on the norms (4.12) and (4.13). O

Remark 4.16. While the generic form provided for d,, (4.11) is suffi-
cient to conduct most of the following calculations, knowing the term
highlighted below will assist in the determination of the leading-order
asymptotics. Substitute (4.10) into (4.4) to give

Up41 = MUy,

dn+1 =n (Un + dn) + ro (bn + dn) . (417)

Send n to (n — 1) in (4.17) and substitute (4.5). Consider the second

component of d,,,
dn,2 = aﬂ;bn—l,Q + i1, (418)

where t; represents the omitted terms in d,, o for which the precise form
is not required. Let n be odd and set j = (n + 1)/2. Then, substitute
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(4.7b) into equation (4.18) to yield

dno = 0pby_1,07 +ta,
= jb7L—1,jUj71Uz + t27

_ 1 j—1
= §bn7j7)j Ve + tQ,

where we have used the identity 2jb,_1; = b, ;, which follows from
(481’)), to simplify, and to =t + 0, (bn_l)g — bn_l)jvj).

The above propositions and remark provide a more explicit form of the
term a,, in the governing equations (1.12). However while written in these
coordinates it is not clear which terms in the equations balance in the

limit as |x| — oo. This is rectified by the following change of variables.

4.3 BOUTROUX TRANSFORMATION

Let U,, = 0,,.U and V,, = 0,,,V denote the mth-order derivatives of
U(z) and V(z) with respect to z.

Proposition 4.19. For each n > 1, the Boutroux transformation

uw=z""U(z), (4.20a)
v =gV (), (4.20b)
z = Bant2/ (041 g — (n+1)/(n+2), (4.20c)

maps JM sz) (1.12) to

An+ 2" 1(1,0)7 = 2"Ba,271(0,1)T + K, (4.21)
where A,, equals a,, (1.13) subject to

r=2, Un=Un, Um="Vn, (4.22)
and K,, is an O(z~!) polynomial in 2~ 1.

Proof. Substitute (4.2) and (4.10) into (1.12) to give

Up +dp + by, 4+ 2701 (2,007 =270, )T (4.23)

We must consider the transformation of the three terms u,,, d,,, and b,.

Directly substitute v and v given by (4.20) into the components of b,
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(4.7) to give

0
b, = Xana Xp = ‘ y (424)
0 42/ (n+D)

where B,, equals b, subject to (4.22).

Let us now show by induction that
Zf gD/ (nt)=(m=i) gy (4.25)

Zg g (i+2)/ (D) =(m=i) 7 (4.26)

for constants fn, i, gm,; where fr, = gmm =1. For m =1, set fio =
(n+1)"!and g1 0 = 2(n + 1)~! to obtain the result. Let

(Y s
Im,i = n+1 )

and suppose (4.25) is valid for some m > 1. For (m + 1):

Um+1 = Z fm,ia:r (xjm’iUi) 3
=0

m
=3 fa (jmﬂjm,i—lUi + mJT,L,i+1/(n+1)UiH) ’
=0

= fni (@m0 Us + 2?0 Uy )
i=0
m—+1

= E Jma1,i2?m 0 Uy,

=0

where we have used 9, = 2/ (*19, by equation (4.20c), and have set

fm+1,i = fm,idmyi + fm,i—1. Similarly for vy,.
For m = n, equations (4.25) and (4.26) imply that

Up =%, (Up — Hy) (4.27)

where U,, equals u,, subject to (4.22), x,, is given in (4.24), and H,, =
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4.3 BOUTROUX TRANSFORMATION
— ((=1)"in, 7)" where
n—1 _
- zfn,i( (n2)/t0)) Z 260 (4.289)
i =0
(i-n) !
D = Zg ( (n+2) (n+1))

Gni2 MV (4.28b)
=0

=

The coefficients f, ;, gn,; and ﬁw-, Gn.; are related by

B(i_n)fn,i = fn,i7 ﬁ(z n)./g\n i = 9n,iy

and z and S are defined in (4.20c). It is clear from (4.28) that H,, is of
O(z~1) and is polynomial in 2~ 1.

km and vlm in d,, ;1 where

Consider the transformation of each term u
0 <m < (n—1). For a given m, let i, denote the index in the sum
(4.25), and j,, the index in the sum (4.26) such that 0 < 4, < m and
0 < jm < m. Let v1 ,, and 72, be the exponents of x in uﬁl and vﬁn
respectively, subject to the transformation (4.20). Then (4.25) implies

that

tm +1 .
Yim = ( - (m - Zm)) kma

n+1
m—+1 n+2 .
_(n+1>km—<n+1>(m—zm)km, (4.29)

and (4.26) implies that

m—+ 2 n+2
_ — m — Jm) b, 4.
2, <n+1> <n+1>( Jm) (4.30)

Let 3 be the exponent of z in a generic term in d,, ;. This term is given

by the sum of 7, , and vz ,, over all possible m,

Z ’Ylm+72m
m=0

Substitute (4.29) and (4.30) into this expression and simplify using (4.12)
and (4.14) to give

- n+2 .
V3= ntl 1,
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where k1 denotes the sum

n—1

K=Y { (1 — i) ko + (M0 —jm)lm}. (4.31)

m=1

Similarly, let the exponent of = in a generic term in d,, 2 be 4. Then,

n+2 n+2
= - — 4.32
V4 n+1 <n+ 1> K2, ( )

where k9 denotes the sum

n—1

= { (m —€m) o + (m - }m) Tm} , (4.33)
m=1
andOS/i\m Smandogfm <m.
Thus, subject to the Boutroux transformation (4.20), every term in d,,

has the prefactor
(@72, 27" = x, (x%*l?x“’("”)/("“))T,
— x (B2, g2 ) T (4.34)

where z and (3 are defined in (4.20c), and x,, is given in (4.24). If

~

im,jm,gm,jm =mforallm=0,...,(n—1), then k1 = k3 = 0. Thus,
dp = xn (Dyy — J0), (4.35)

where D,, equals d,, subject to (4.22), and J,, denotes all additional terms
from the chain rule described above, where kq and ko are non-zero. Thus
by (4.31) and (4.33), for those elements in J,, we have k; € N and ko € N,
and hence J,, is an O(z7!) polynomial in z71.

Substitute (4.24), (4.27), and (4.35) into (4.23). Left-multiply the

resulting expression by x,, ! to recover
Up + D, + B, +2%g,41(1,0)7 =2"Ba,,271(0,1)T +K,,, (4.36)

where K,, = H,, + J,. As in (4.2) and (4.10) set A,, = B, + C,, and
Cn, = U, + D,,. The result (4.21) follows directly from (4.36). O

Remark 4.37. Given the definition of A,, in terms of a,, in Proposition
4.19, equation (1.13) implies that A,, satisfies the recurrence relation and

initial condition

An+1 - RAna AO = (U7 V)Ta (438)
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4.3 BOUTROUX TRANSFORMATION

where the operator R equals r (1.14) subject to (4.22),

-9, )
ro| U0 . (4.39)

2V -0V, U+0,-0;'U,

The expanded form of the transformed equations (4.36) provides almost
enough detail to determine the leading-order algebraic asymptotics in
the next chapter. In order to completely determine these behaviours we

require further insight into the term K, » where K,, = (K,, 1,K,, 2)7.

Lemma 4.40. For n even, K,, o does not include a term of the form
B1VP22=1 and for all n, K,,2 does not include a term of the form

B3 UP+z=1 for non-zero constants 31, B2, 33 and Ba.

Proof. Recall that K, = H,, + J,,. Given H,, = — ((—1)”ﬁn,ﬁn)T where
iy, and Uy, are given by (4.28), it is clear that H,, » does not contain the
terms given in the proposition. Consider J,, 2. Equation (4.34) implies
that the generic exponent of z in J,, 2 is —ka. If kK2 = 1 then equation

(4.33) imposes the following condition on Zn, /fm, E,m and 1,

nz_:l { (m f?m) Fom + (m f}m) Tm} ~1. (4.41)

Assume that there exists a term in J,, o of O(z71) and containing V'

only; that is, derivatives of V', U, and derivatives of U do not appear.

Then for all m, Ep =0 (as all u terms and derivatives must be absent

before transformation), and j,, = 0 (as all V derivatives are absent).

Thus by equation (4.41) we have

n—1
> mily, = 1. (4.42)
m=1

Since lAm > 0, equation (4.42) is satisfied only iflAl =1 and Zm = 0 for

m=2,...,(n—1). Under these conditions equation (4.15) implies
(k) =0, (1) =2lp+3.

Then, by equation (4.13)

~ 1 ~
10:”2 . I <[n/2] -1, (4.43)

which holds only for n odd. Thus for n even there is no such term in J,, o,

and hence K, 5.
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4.4 LINEAR PROBLEM

Assume that there exists a term in J,, o of O(z71) and containing
U only. Then for all m, Im =0 (as all v terms and derivatives must
be absent before transformation) and i =0 (as all U derivatives are

absent). Thus by equation (4.41) we have
> mky, = 1. (4.44)

Since Em > 0, equation (4.44) is satisfied only if El =1 and Em =0 for
m=2,...,(n—1). Under these conditions equation (4.15) implies

o~

k) =ko+2,  ({)=0.
Then, by equation (4.13)
7€\O =n, 7€\O <n-— 1u

which is a contradiction. Thus there is no such term in J,, 2, and hence
Kn,2- O

Remark 4.45. Consider the term in d,, » which we highlighted in Remark
4.16. Subject to (4.20) this term transforms as follows:
. . 2 .
1 -1, _ +2 +1)1 -1
§bn)j’l)j Vyp = .’E(n )/ (n )§bn)j (V] ‘/z + MZV7> 5 (446)
where we recall that n is odd and j = (n + 1)/2. This term contributes
B1VP22=1 to Kr,2 where

(n—l—l).

b i
fr=——= B2 = >

(4.47)

Note that the exponent of v in %bn) j v3~ 1w, is consistent with the necessary
condition (4.43) derived in Lemma 4.40.

Together, Proposition 4.19, Lemma 4.40 and Remark 4.45 provide
all the necessary details about the transformed system of governing
equations that is required in Chapter 5. The equations for analysis in

Chapter 6 are obtained below.

4.4 LINEAR PROBLEM

In this section we transform the compatibility condition of the scalar

linear problem for JM Pgl) given in Chapter 1 by equation (1.20), where
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4.4 LINEAR PROBLEM

the functions f and h,, are defined by (1.19). This process is similar to
that presented in §3.2.2 for the fourth-order equation.

Proposition 4.48. For each n > 1, the extended Boutroux transforma-

tion given by (4.20) and

p=a Yty (4.49)
maps equation (1.20) to

(Hn)... — 4F (Hn), — 2F. Hn = R, (4.50)

where F and H,, equal f and h,, respectively, subject to (4.22), and
R, =0(z71).

Proof. Consider hy, (1.19b) and the components a; ; of this term. Propo-
sition 4.19 provides that, subject to the change of variables (4.20), a, 1
is given by a, 1 = x (A,1 — K,,1). Following the argument given in the
proof of Proposition 4.19, it is straightforward to show that the same

change of variables applied to a; ; gives
ai,l = Jf(i+1)/(n+1) (Ai,l — Ki,l) , Z = O, ceey N
Hence, subject to (4.20) and (4.49), h, (1.19b) is mapped to
By = 2™ Y (H, 4+ 1,), (4.51)
where t; is given by
n—1 )
tp=-27" Z Ki1 (Q,Lt)n_l_z s U1 = gngata,
i=0
and is order 27! since each K; 1 = O(z7!). Similarly, subject to (4.20)

and (4.49), f (1.19a) is mapped to

U

— 2/(n+1) - 7
f=x (.7:+t2), to 2(n+2)z.

(4.52)

The change of independent variables (4.20c) and (4.49) imply the

relations

_—1/(nt1) _ . 1/(n41) R
o=z Ou, O =2 {52 (n+2)zaﬂ},

such that, given (4.51) and (4.52), it follows that the derivatives of these
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4.4 LINEAR PROBLEM

terms are mapped to

(h"’L)z =z ((Hn)z + t3) ) fI = xS/(nJ’_l) (-7:2 + t5) 9
(h’”)wwx = x(n+3)/(n+1) ((H’n) + t4) ) f)\ = xl/(n+1) (fu + tG) 9

zZzZZ

where t3, 14,15, ts are all O(z~1). Substitute these transformed expressions

into (1.20) to recover (4.50) where
Rn = —ts+4(ta (Hy), +t3F) =2 (01 F, — tsHy) — Bz (Fu +t6)

for 8 and z given by (4.20c¢). O

The dominant terms in equation (4.50) are

since R,, = O(z~1). Multiply (4.53) by 2H,, and integrate to give

YH(Hp)ze — (Hp)? — 4F(Ho)? + P() =0, Hp = gns1Hn, (4.54a)

where P(y) is an arbitrary integration function and

F=p+3Up+5(-U.+U*+2V), (4.54b)
Ho=p"+27"> A (2u)" " (4.54c)
=0

The system (4.54) is analysed in Chapter 6.
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ALGEBRAIC ASYMPTOTICS

5.1 ABSTRACT

In Chapter 2 we found new types of tronquée solutions of the fourth-order
Jimbo-Miwa second Painlevé equation. These solutions were shown to
be asymptotic to algebraic formal power series in particular sectors of
the complex plane. In this chapter we derive solutions with algebraic
asymptotics for the entire Jimbo-Miwa hierarchy. We find three possible
classes of solutions and for each class we prove that true solutions with
these behaviours exist in sectors of the complex plane of a specified
angular opening. For one case, we obtain explicit results which detail
the precise sectors of validity and the number of free parameters in the
asymptotic descriptions that are valid in these sectors. At each level n of
the hierarchy we find families of m-parameter solutions for m =1,...,n,
as well as unique solutions.

Many of the elements of analysis will be familiar from Chapter 2. We
construct three types of formal solutions in §5.2, and prove existence
of true solutions in §5.3. In §5.4 and §5.5 we derive sectors of validity
first for families of solutions, and then for unique solutions within these
families. We conclude with a discussion in §5.6. Throughout this chapter

n is an integer greater than unity.

5.2 FORMAL SOLUTIONS

Theorem 5.1. In the limit as || — oo, JM Pgl) admits three possible

classes of formal solutions of the form

up =g Yty a0, (5.2a)
=0

vp =00 Y Vg ga D/ (D) (5.2b)
=0
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5.2 FORMAL SOLUTIONS

for constants wy, ;, Vp,; and uy,0 = vy, = 1, where

Case A:  (ug,v0) = (uA,j, VA j)s (5.3a)
Case B: (uo,v0) = (uB,j,VB,j)s n>2 (5.3b)
Case ¢:  (ug,v0) = (uc,j,vc,;), n odd, (5.3¢)

for j=1,...,(n+1). The leading-order behaviours are given by

UAj = Wy (—2"gpgr2) /Y (5.4a)
Ma,, ] n/(n+1)
i 5.4b
YA (n+1w? <2”gn+1x> ’ (5.4b)
gnge e\ /0D
quj = wj ( S (63) ) ’ (55&)
gz YD
2 n+
UB,j = C3wj (‘S'H(Cg)> 3 (55b)
_(2an + 9n+1)
ug ; = —22n T Intl) 5.6a
= et Da (5:62)
_9on " 2/(n+1)
ve,j = w? (g HI) : (5.6b)
Qn,(n+1)/2

where o, and g, 11 are the arbitrary constants in the hierarchy definition.

w;““l =1 and c¢3 denotes any solution of
/2] }
To(cs) =0,  Toles)= Y buitach, (5.7)
i=0

where Sy, (c3) is the polynomial

2l
Snles) = Z A, iC. (5.8)
=0

The constants ay; and b, ; are defined in (4.8).

Proof. Consider the governing equations in Boutroux coordinates given
by (4.21). In the limit as |z| — oo the generic asymptotic balance for
this equation is A, ~ —2"(g,+1,0)T. However, if we demand that U and

V' have algebraic asymptotics in this limit then

U>Ui>U;>» - > U,
V>Vi>Vh>--->V,.
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5.2 FORMAL SOLUTIONS

That is, the functions U and V are larger than their derivatives. Hence
the dominant terms in the governing equations are the non-derivative
terms. In the expanded expression of the transformed governing equations
given by (4.36) these terms are denoted B,,.

On inspection of (4.36) we deduce three possible algebraic leading-order

balances,
(U, V) = ((9(1), O(zfl)) , (5.9a)
(U, V) =(0(1),0(1)), n > 2, (5.9b)
(U, V)= (0(z"1),0(1)), n odd, (5.9¢)

Let B, = (By,1,Bn2)7. Then, corresponding to the three cases above
we obtain the following asymptotic relations. The first equation in the

system (4.36) implies

an,0U" T ~ =2"gp 44, (5.10a)
Bn,l ~ —2n9n+1, (510b)
an,jVj ~ _2ngn+17 (5100)

where j = (n+ 1)/2 and the terms on the left-hand side of (5.10a) and
(5.10c) are extracted from B, 1 (that is, (4.7a) with (4.22)). For n even,
B,,1 does not contain a term without U, and hence relation (5.10c) (and
balance (5.9¢)) is not valid in this case.

The second equation of (4.36) implies the asymptotic relations

b U™V ~ 2" Bay 2t (5.11a)
Bn,2 ~ 0, (5.11b)
b, UV ~ (2" Ban, — BiV7) 271, (5.11c)

where j = (n+1)/2, (3 is given in (4.20c), and the terms on the left-hand
side of (5.11a) and (5.11c) are extracted from B, o (that is, (4.7b) with
(4.22)). (5.11b) is taken to mean that the multiple terms in B,, 5 balance
with one another. For n = 1, B,, » contains only one term, and hence
relation (5.11b) (and balance (5.9b)) is not valid in this case. The term
BV in (5.11c) is specified in Remark 4.45. Lemma 4.40 implies that
there is no additional term on the right-hand side of (5.11a).

Relations (5.10a) and (5.11a) imply leading-order asymptotics

(Ua,Va) = (co,c1271), (5.12)
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5.2 FORMAL SOLUTIONS

where ¢y and ¢; denote the following constants:

co = (=2"gn41)"/ "V, (5.13a)
— 0 Co

L =—-. 5.13b

' (n+2)gnt1 ( )

Relations (5.10b) and (5.11b) imply leading-order asymptotics
(Us, Vi) = (ca, c3c3), (5.14)

where co denotes the following constant:

n /(n+1)
—2"gn41 !
= | == 5.15
C2 ( Sn(Cg) ) ) ( )

where ¢z and S,,(c3) are defined in (5.7) and (5.8). Finally, relations
(5.10c) and (5.11c) imply leading-order asymptotics

(Uc, Vo) = (caz™ !, e5), (5.16)

where ¢4 and c5 denote the following constants:

-1 (n+ Day,
= ]_ .1
Cyq S ( + j!gn+1 > 5 (5 73.)
_Qn(j!)an+1 1/3
= _— . 1
@ ( (n+1)! (5.17b)

where j = (n+1)/2.
By Proposition 4.19, all terms in equations (4.36) are polynomial in z71.
Hence formal solutions corresponding to these leading-order behaviours

are of the form

oo o0
U=UyY Upiz™', V=W Ve, (5.18)
=0 1=0

where x denotes A, B, or C corresponding to (5.12), (5.14), and (5.16)
respectively. Uy, ;, V,,; are constants with U, o =V, o0 = 1. Returning to
the original coordinates via (4.20) gives the three classes of solution in
Theorem 5.1. O

Remark 5.19. In Theorem 5.1, for cases A and B there are (n+1) leading-
order behaviours corresponding to the different roots of w™*! = 1. For
Case C there are (n 4+ 1)/2, where n is odd. It is necessary to distinguish
between these behaviours in discussions of uniqueness. In addition, given

cs denotes any root of the polynomial 7,,(cs) (5.7) there are possibly
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5.3 EXISTENCE OF TRUE SOLUTIONS

[n/2] choices of this constant in the description of Case B.

5.3 EXISTENCE OF TRUE SOLUTIONS

Let U= (U,V)T and U,, = 9,,,U with Uy = U, unless otherwise stated.

Theorem 5.20. There exist true solutions of JM Pgl) whose asymptotic

behaviour as |z| — oo is given by (5.2) with

A. (5.3a) and (5.4)

B. (5.3b) and (5.5)

¢. (5.3¢) and (5.6)
in sectors of the complex z-plane with an angular opening less than
0=(n+1)/(n+2)r.

Proof. The proof follows from the subsequent propositions. Propositions
5.65, 5.69, and 5.75 (corresponding to cases A, B, C), show that the
assumptions of Proposition 5.21 are fulfilled. The results of Proposition
5.21, subject to the inversion of the Boutroux transformation (4.20),

imply the theorem. O

We first determine conditions for the existence of true solutions of JM
Pﬁl) which are asymptotic to generic algebraic formal power series, rather
than one of the specific cases identified in Theorem 5.1. We proceed in
the Boutroux coordinate system for which the governing equations are
(4.21) and the formal solutions take the form (5.18).

Proposition 5.21. Let U be a solution of (4.21) which is asymptotic to
(5.18) and define

U=u-u, (5.22)
where U denotes the O(1) terms of U. Let

'&n = An |U:0 5 (523)

and let An denote the Fréchet derivative of An with respect to fJ, applied

to U as follows:

A, =A/U. (5.24)
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5.3 EXISTENCE OF TRUE SOLUTIONS

Let /&n be written as

~ O -1 0

An = UnUn - ZJiUiflv g = s (525)
i=1 0 1

~ —1)"d; S (=D

5= (O s GOy oy (5.26)

Ik i Ik s

where j; = 2¢ — 1 and k; = 2¢. Finally, let J denote the 2n x 2n matrix

00 10 0
01 0
J=[:++ o0 -~ o] (5.27)
00 o 0 1
5 Jn

where each J; is a 2 X 2 matrix with components

i dinn,
U O e T = T (5.28)

ke ko ke

If all the eigenvalues of J are non-zero then there exist true solutions of
(4.21) which are asymptotic to (5.18) in sectors of the complex z-plane

with an angular opening less than .

Proof. As in the proof of Proposition 2.9, to prove the existence of true
solutions we employ Wasow’s existence theorem 2.10. Recall that the
hypotheses of this theorem require that the system of equations under
consideration is formally satisfied by an asymptotic expansion of the form
(2.13), where the expansion begins with the index 1 and not 0. Given
our expansions are of the form (5.18) we require the change of variables
(5.22) in order to use the theorem.
Substitute (5.22) into (4.21) to give

Ap+An+2"gni1(1,07 =K, (5.29)
where A, is given by (5.23), A, = A, + O(U2) where A, is given by
(5.24), and K,, = O (z71). Substitute (5.22) into (5.18) to give

U(z) = Zﬁizﬂ', V(z) = Zﬁizﬂ-. (5.30)

=1
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5.3 EXISTENCE OF TRUE SOLUTIONS

By definition, A,, satisfies the system

An +2"gni (1,007 = 0. (5.31)
Then equations (5.29) and (5.31) imply that U solves the system

A, =K, K,=00z", A,=A,+0(U?, (5.32)

and has a formal expansion with components given by (5.30). These
expansions are of the required form for the theorem.
Rewrite the system of two nth-order equations (5.32) as a system of 2n

first-order equations 0,Y = F, where the vector F admits an expansion

o0

F(=Y) = FolY) + 3 FilY), (5.33)

=1

and the components of Y are

Yor1=Up 1, vor=Vier, k=1,...,n.

Following Theorem 2.10, construct the Jacobian of F evaluated at Y =0
as |z| — oo,
OF;

. ( > 8F01]
lim — =
|zl =00 \ OUk |y—0 Oy

where each F; denotes a component of F with j =1,...,2n.

(5.34)

)
Y=0

Since the expression in (5.34) is evaluated at Y = 0 only those terms in
Fo which are linear in Y will contribute. In view of the above construction,
Fo is derived from the O(1) terms in equation (5.32), that is, from A,,. In
addition, the terms which are linear in Y are derived from the terms in
(5.32) which are linear in U, that is, A,. Finally, given equations (5.26) -
(5.28) it is clear that

MWk |y—o

Hence, if each eigenvalue of J (5.27) is non-zero then all the hypotheses
of Theorem 2.10 are fulfilled. This proves existence of true solutions with
behaviours that are valid in sectors of the complex z-plane with a central

angle less than . O

The conditions of Proposition 5.21 need to be tested for the three

classes of solution given in Theorem 5.1. Before we perform such a test
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5.3 EXISTENCE OF TRUE SOLUTIONS

we need to know the matrix J or equivalently the expression Kn The
next proposition provides two recurrence relations for ;&n which can be

used to examine any proposed forms of this term.

Proposition 5.35. Let R and R denote the matrix operators
R=R[y_gy (5.36)
~ o ~\ "1/
R= (RU) : (5.37)

where R is given by (4.39) and ’ denotes the Fréchet derivative with

respect to U. Then, /&n satisfies the recurrence relations

Ani1 =RA, +RA,, (5.38)
Roer — RA, + RRA, . (5.39)
where A, is given by (5.23).

Proof. Replace n with (n + 1) in equations (5.23) and (5.24) to give

o

An+1 = An+1 ‘U:U ) (540&)
Ant1 = AL, (5.40b)

and substitute (5.23), (5.36) and (5.40a) into the recurrence relation in

(4.38) evaluated at U = U to yield
Ani1 = RA,. (5.41)

Given (5.41), rewrite equation (5.40b) as follows:

!~

Ani1 = (ﬁﬂn) U,
= R0+ (RO)'A,,
=RA, +RA,,
where we have used (5.24) and (5.37) to simplify. This equation is precisely
(5.38). Repeat the process to yield (5.39). O
Remark 5.42. Given (4.39), (5.36), and (5.37), R is given by

ekt
Il

~ ~ B (5.43)
2V - 971V, U - o7\,

z

Recall that cases A and B are valid for all n > 2 (Case A is also valid
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5.3 EXISTENCE OF TRUE SOLUTIONS

for n = 1) whereas Case C is valid only for n odd. We therefore use the

two-point recurrence relation (5.38) to test the proposed form of A, for

cases A and B, and the three-point recurrence relation (5.39) for Case c.

Proposition 5.44. Case A: A,, is given by (5.25) subject to

‘]jnaji = (_1)lfn,l7 Jjn,k'q', = _27i+1fn,i+1;

(5.45)
Jkn,jq‘, = 07 Jkn,ji = 7fn,1l'
fori=1,...,n, where f, ; and ~; are defined as
(n+1)! F1-i :
ni = - T Z, :].,...7 1, 5'46
Tn, z!(n—|—1—z)!CO ! (n+1) (5.46)
=3 (14 (1)), (5.47)

and ¢ satisfies (5.13a).

Proof. The leading-order asymptotics in this case are given by (5.12)
so that U = (¢o,0)". Given the definition of A, (5.23), and using the
asymptotic relations (5.10a) and (5.11a), we find A,, = (cpt, O)T. Thus
the recurrence relation for A, (5.38) is rewritten as

_ s ~ . —9, 2
Ani1=RA, +c0,  R= [ : (5.48)

0 co+ 0,

where we have used (5.43). Note the equation: fr41,i+1 = fn,i + Ccofnit1,
which follows from (5.46). Then it is straightforward to show by induction,
using (5.48), that A,, is given by (5.25) subject to (5.45). O

Proposition 5.49. Case B: A, is given by (5.25) subject to

i = (=1)"Qni, i ks = —2%i+19nit1,

) (5.50)
ki = —26563%i41%9ni+1,  Jknjs = —Cnjie

for i = 1,...,n, where v; is defined by (5.47), and c¢p and ¢z by (5.15)

and (5.7) respectively. For i =1,... n,
n+1\ i1
Qn,i = i Co 7Dn,i> (551)

Pri = Zdn,i,jc‘é, (5.52)
j=0

d . ([i/2)!(n+1 =)
md T G 21— 2j — i)

(5.53)

with Qn,n+1 =1.
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5.3 EXISTENCE OF TRUE SOLUTIONS

Proof. The leading-order asymptotics in this case are given by (5.14) so
that U = (c2, 0303)T. Given the definition of A, (5.23), and using the
asymptotic relations (5.10b) and (5.11b), we find A,, = (Anyl,An,g)T has
components
Ani=0 Ans= —>—Be;0
n,1 — Xn,0; n,2 — n+ 26263 n+1,2;
where Q,, ; is given by (5.51). Thus the recurrence relation for A, (5.38)

is rewritten as

. - - . —a. 2
Anii=RA,+Q,0U, R=[? : (5.54)

2c3cs e+ 0,

where we have used (5.43). Note the equation:

Quiti = Onjic1 + 2Qni + 4ce3vit1Qn it (5.55)

which follows from (5.51). Then it is straightforward to show by induction,
using (5.54), that A, is given by (5.25) subject to (5.50). O

Proposition 5.56. Case C: A, is given by (5.25) subject to

Jjnodi = Vi€nis Jjn ke = —2%ir1€n,it1, (5.57)

i ji = —2C5Vit16n,i+1,  Jknji = —Viln-
for i =1,...,n, where v; is defined by (5.47), ¢5 by (5.17b), and

R )
€n,i = = 1)/2)!((n4f1 SRR i=1,...,(n+1). (5.58)

Proof. The leading-order asymptotics in this case are given by (5.16)
so that U = (0,¢5)". Given the definition of A, (5.23), and using the
asymptotic relations (5.10¢) and (5.11c), we find A,, = (€n,0,0)T, where
en,; is defined by (5.58). Thus the recurrence relation for A, (5.39) is

rewritten as
l’&n+2 = IOQQKH + €n,0 (0’ [71 +7 [7) R (559)
where ¢ is defined in (5.25), R2 and 7 are given by

o [P tdes 0 __ [0 2

0 83 + 405 205 0
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5.3 EXISTENCE OF TRUE SOLUTIONS

and we have used (5.43) and

-0, 2
205 8Z

IO?:

Note the equation: e,12,; = €, i—2 + 4csey, 4, which follows from (5.58).

Then it is straightforward to show by induction, using (5.59), that A,, is
given by (5.25) subject to (5.57). O

Propositions 5.44, 5.49, and 5.56 provide the form of /&n for the three
classes of solution of interest. Given A,, we can use equations (5.26) - (5.28)
to construct J. In order to interrogate the assumptions of Proposition

5.21 we turn our attention to the eigenvalues of J.

Proposition 5.60. Let the eigenvalues of J be A and set

pr=—\"+ Zn: Ji g AT (5.61a)
=1
po = —A" + ikakiAi‘l, (5.61b)
i=1
p3 = i:ijkiAifl, (5.61c)
i=1
P4 = Zn:.]kmji /\iil. (561d)
=1

Then the characteristic equation of J is

p(A) =0,  p=pip2— psps (5.62)

Proof. Let M = J— AZ and let M = J— AT denote the upper-triangular
form of M, where J has the same structure as J given in (5.27), but with
jj =0forj=1,...,(n—1), and

Jjnsin dinkn
n — R
0 Ji, k.

)

By elementary operations on J, we find that the components of J,, are

Jjnjn = AT (A + 1), (5.63a)
Jjokn = A""ps, (5.63b)
jkn,kn = AT (N + po — papapr ), (5.63c)
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5.3 EXISTENCE OF TRUE SOLUTIONS

where p1, p2, p3, and p4 are defined by (5.61). The characteristic equation
for J is simply detM =detM = 0 which is

XD (3,5, = A) (Tewks = A) =0, (5.64)
Substitute (5.63) into (5.64) to obtain the result (5.62). O

Surprisingly, for Case A we can solve the (2n)th-degree characteristic

polynomial to obtain an explicit expression for the eigenvalues.

Proposition 5.65. Case A: the eigenvalues of J are

A = £2icosin6; expif;, 0; = (nif oL (5.66)

where i =+/—1, j =1,...,n, and ¢ is given in (5.13a).

Proof. Substitute (5.45) into (5.61a) and (5.61b) to give, respectively,
(71)7171,01 _ (71)n>\n + Z(il)ifl‘fn,i/\ifl’
i=1

—p2= A"+ an,i/\i_lv

i=1

and substitute (5.45) into (5.61d) to give ps = 0. For such p;, (5.62)

implies that the characteristic equation for the eigenvalues is

{(_1)71)\71 + i(_l)i_lfn,i)\i_l} {)\n + i fn,i)\i_l} =0.
i=1

i=1

Use the definition of f,, ; (5.46) to rewrite this equation as
((1 F) 1) ((1 )M - 1) =0,  A#0,  (5.67)

where A\, = A\/cp.
Equation (5.67) implies that

14 A, = exp 2i6);, (5.68)
where 6, is defined in (5.66) and i = v/—1. Rearrange (5.68) to give

Ao = exp2i0; — 1,
= expif; (expif; — exp (—ib;)),

= 2isinf; expib;.
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5.3 EXISTENCE OF TRUE SOLUTIONS

From this expression use A\ = ¢g), to obtain the result (5.66). O
Proposition 5.69. Case B: the eigenvalues of J are all non-zero.

Proof. Assume that J has a zero eigenvalue, that is p(0) = 0. Set A =0
n (5.61) and substitute (5.50) to give

p1(0) = (=1)""Q, 1, (5.70a)
p2(0) = —Qy 1, (5.70b)
p3(0) = 2(=1)"*1Q,, 5, (5.70¢)
p4(0) = —2¢5¢3Qn 2, (5.70d)

where Q,, 1 and Q,, » are defined by equation (5.51). Substitute (5.70)

into equation (5.62) and take the square root to give

On,1 = £2¢2/c39n 2. (5.71)
Eliminate ¢o from (5.71) using (5.51) to give

P = E£n/c3Pp 2, (5.72)

where P, 1 and P, o are defined by (5.52).

Let us now show that cs is real and negative. Recall the definition
of ¢z (5.7). Firstly, c3 # 0 since b, 1 # 0 by (4.8b). Next, rewrite the
polynomial 7;,(c3) (5.7) using (4.8b) to give

_ a2 (n+1)! 1\
Tl =7 2 G <W) | (65:73)

Set a = —(n + 1) and rewrite (5.73) as follows:

[n/2] n—2j
n 1 MNa+n—3j) (1
To(es) = (1)} e (E=)
= 3 eyl (4
Then formula (22.3.4) of [3] implies
_ n,.n/2 ~(a) _ 1 -
T,(c3) = (-1)"cy/"Ci¥(x), 2=—, a=-(n+1), (5.74)

where Cy(La)(l‘) denotes the nth Gegenbauer polynomial with parameter
«. Theorem 3 of [19] (see also [57]) states: for o < (1 — n), all roots of
C,(La)(x) lie on the imaginary axis. Given (5.74) this implies that all roots

of 7,,(¢c3) are real and negative (since c3 # 0).
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Since cg is negative \/c3 is purely imaginary. All other terms in (5.72)
are real. Thus (5.72) holds only if P,, 1 = P2 = 0. It is straightforward
to show that ged(7,,Pr,1) = 1 and hence P, 1 # 0, since 7,(c3) = 0.
Thus equation (5.72) is not consistent and hence our initial assumption

is incorrect. O
Proposition 5.75. Case C: the eigenvalues of J are all non-zero.

Proof. Substituting (5.57) into (5.61) gives

p1=—Ap(A) = p2, p3=—Ap(N), pa=—2cs5p()), (5.76)
where p(A) is given by
(n—1)/2

P = D enzipal (5.77)
=0

Given (5.76), equation (5.62) implies that the characteristic polynomial

in this case is
(A% +4cs5) p(A)* = 0. (5.78)

By (5.17b) and (5.58), ¢5 and e, 2 are non-zero and thus A = 0 is not a

root of equation (5.78). O

5.4 SECTORS OF VALIDITY

The results of Proposition 5.21 imply the existence of true solutions in
sectors of the complex plane of a particular size. We now investigate
the orientation of the sectors and the number of free parameters in the
asymptotic description of the true solutions in these sectors. For the

remainder of the chapter we choose g,4+1 to be real and positive.

Theorem 5.79. Given any z¢ € C such that |zg| > 1, for each n > 1

and m = 1,...,n, define the sectors
R km k+ﬁn,m ™
Om,k = {Jj € (C| |$| > |$0| s m < arg(x—a:o) < ((n<|»2))}7
km k+ﬁn,m+1 ™
Ok = {{[; c (C| || > |zo], m < arg(z —xg) < ((714—2))},

where k =0,...,(2n —1) and f,, ,, = (n —m) + 1. Then the following
hold:
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5.4 SECTORS OF VALIDITY

1. There exist families of m-parameter solutions of JM Pgl), for m =
2,...,n, whose asymptotic behaviour as |z| — oo is given by (5.2)

with (5.3a) and (5.4) in the sectors oy, 1 and o, k-

2. There exists a family of one-parameter solutions of JM Pﬁl) whose

asymptotic behaviour as |z| — oo is given by (5.2) with (5.3a) and

(5.4) in the sectors oy k.

Proof. The proof follows from Propositions 5.65 (above) and 5.80 (below).

In particular, Proposition 5.65 provides an explicit expression for the
eigenvalues of J in this case. From this expression it is clear that the
eigenvalues are distinct, which in turn shows that the assumption of
Proposition 5.80 is fulfilled. The results of Proposition 5.80 subject to
the Boutroux transformation (4.20) imply the theorem. O

As in the previous section, we present our argument in the transformed

Boutroux coordinates.

Proposition 5.80. If J (5.27) is diagonalisable, then solutions of (4.21)
which are asymptotic to (5.18) are valid in the following sectors of the

complex z-plane:
Sii={2€C| pi+2nr <arg(z) < ;i + 2+ )7}, l€Z, (581)

where p; = /2 — ¢4, ¢; = arg \;, and \; are the eigenvalues of J. In each
sector there is at least one free parameter hidden beyond all orders in

the asymptotic description of the solution.

Proof. Let Uy be a formal solution of (4.21) with components given by

(5.18). Perturb this solution as follows:
U=Uy+U, U<, (5.82)

and recall that U denotes the O(1) part of Ug. Then subject to (5.82),
the defining equation (4.21) is

An+ A 427 (10,0 = 0 (571,02,
where A, is given by (5.23) and
A, = A0, (5.83)

where ’ denotes the Fréchet derivative with respect to U. On noting (5.31)
and U < 1 it follows that the asymptotic behaviour of U is found by
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solving the ODE

>)

n+ 0T =0 (5.84)
Let Y be a vector of 2n components
yoic1 = Uic1, yoi=Vie1, i=1,...,n.

Then the system of two nth-order equations (5.84) can be rewritten as a

system of 2n first-order equations
a2,Y = KY, (5.85)

where K is a matrix of asymptotically expanded coefficients

1
K= Kw—Z;Ki.
=1

The above construction of the first-order system (5.85) is familiar from
the proof of Proposition 5.21, where we showed that in the system (5.33)
the following holds: 0.F |\ _, = J. Given (5.24) and (5.83), it is clear
that Kn = Kn |g_g and hence by the same reasoning as previously made

we find Ko = J. Thus we can rewrite the system (5.85) as
0.Y = KY = i l (5.86)
’ Pl

For diagonalisable J, a fundamental matrix solution of (5.86) is given
in Theorem 2.24 by (2.25) where each matrix H, D, and Q is 2n-by-2n
in this case. Extracting the asymptotic behaviour of U from Y given by
(2.25) we obtain

U~ Ciexp(hiz). (5.87)

where each C; is a vector of two arbitrary constants and )\; are the
eigenvalues of J. This argument is familiar from Chapter 2.

The asymptotic behaviour found for U (5.87) must be consistent with
the original assumption that U < 1. This is only the case if R(\;z) <0
or C; =0, for each ¢ in (5.87). The sectors defined by those z for which
R(Niz) <0 are S;; (5.81). In each sector S;; the corresponding constant
C; is free. If two sectors overlap, then in the sector of overlap two constants

are free, and so on. The orientation of the sectors S; ; (5.81) is determined
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5.4 SECTORS OF VALIDITY

by ¢; and hence by the eigenvalues of J. O

For for Case A, we showed in Proposition 5.65 that the eigenvalues of J
are distinct, and thus the assumptions of Proposition 5.80 are immediately

satisfied. Consider Case C.
Proposition 5.88. Case C: J is diagonalisable.

Proof. In this case, n is odd and the eigenvalues of J satisfy the charac-
teristic equation (5.78) where p(A) is defined by (5.77). The proof of the

proposition is in three parts. We first show that
1. XA = 2i,/c5s and A = —2i,/c5 are not roots of p(\); and,
2. p(A) has no repeated roots,

from which we conclude that J has two distinct eigenvalues +2i,/c5, and
(n — 1) eigenvalues of multiplicity two, which correspond to the simple
roots of p(A). We then show that

3. for each repeated eigenvalue of J there exist two linearly independent

eigenvectors.

To prove 1, substitute the definition of e, 2;42 (5.58) into equation
(5.77) to yield

P = 2ve)" ™ (2): 5 x (A)

G () e

and rewrite this polynomial as follows:

F(a,b;c; 2), (5.89)

(n—1) 3 S
5 0 €T 5 27 1e’ (5.90)

Note that since n is odd, b is a negative integer and the series is indeed
terminating. Assume that A\ = £2i,/c5 is a root of p(A). Then (5.89) and
(5.90) imply F(a,b;c;1) = 0. But

T'(c)T(c—a—10)

Fla.biel) = 5o e 1)

(see for example [3]) which is clearly non-zero. Thus our assumption is
incorrect and A = £2i,/¢5 is a not root of p(\).
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5.4 SECTORS OF VALIDITY

To prove 2, we use the polynomial Euclidean algorithm to calculate

ged(p, p') where ” denotes differentiation with respect to A\. We find
L p= B\ + 11,
2. p' = BaAry + 12,
3. 11 = PB3Arg + 13,

where 71 and ro are polynomials in A given by

(n—3)/2
T = Z (1= 2jB1)gn A%,
=0
(n—3)/2 '
ro= Y (2gn; — Bo(1 = 2(j — 1)B1)gn,j—1) X7,
j=1
where g, ; = cé”i*"emgj“ and (1, B2, B3, and r3 are the following
constants:
1 (n—1)2 n
B = n—1 B2 = Ta 53**m7 3 = gn,0-

This implies ged(p, p’) = gn,0. Since g, o is a non-zero constant, p and p’
have no common factors and hence p has no repeated roots.

To prove 3, we note that the repeated eigenvalues of J correspond to
roots of p(A). Let A9 denote a root of p(A\) so that

p(No) = 0. (5.91)

Let w and w denote vectors with 2n components

~

Woj5-1 = /\{)—n = wyj, Wa; = 0= ’L/l}gj_l, (592)

for j=1,...,n. By (5.92), w and @ are clearly linearly independent. Let
M = J — M. For A = )¢ denote the product of M with w and @ as

follows:

Muw=(mq,...,ma)", (5.93a)
M@ = (... ¢e)" . (5.93b)

Recall that J is given by (5.27). Thus by (5.27) and (5.92), the components
of (5.93) are

mj =X (M) + N =0,

mj:O,
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for j =1,...,(2n — 2) and the remaining components are given by
Man—1 =Xy "p1(Xo),  man = A5 "pa(No), (5.94)
mZn—l = A(1)_np3(A0)7 an - A(l)_an(AO), (595)

where p; is given in (5.61). By (5.76), each p;(\) is equal to ¢;p()) for
constant ¢;. Thus by (5.91) each term in (5.94) and (5.95) is zero and
hence M w =M w = 0. O

Remark 5.96. Proposition 5.88 shows that the assumptions of Propo-
sition 5.80 are fulfilled for Case ¢ and therefore the sectors of validity
of the asymptotic descriptions are given by (5.81). We note that these
sectors are implicitly defined in terms of the eigenvalues of J, which arise

as the solution of equation (5.78) in this case.

Conjecture 5.97. Case B: J is diagonalisable.

5.5 UNIQUE SOLUTIONS
Denote the one-parameter solutions defined in Theorem 5.79 as follows:

(Ut,A,jyvt,A,j)lav‘:oo(Uf»'Uf) luo=ua., -
TEOo] K
Theorem 5.98. Given zy # 0, the true solutions (ut a j,v¢ a,;) are
unique in the sectors
km (k + B )7‘(}
Yri =3z €Cl|z| > |xo|, ——= < arg(zx — ) < ———22— + |
i = {a € Cllal > ool T <argo - a0 < EE02

where k =0,...,(2n+ 3). For each k, j takes n distinct values j1, ..., jn,
from {1,...,(n+ 1)}, and By j, =n+1+1LIf j € {j1,...,jn} for both
k and k + 1 then ,6167]' = 6k+1,j —1.

Proof. The result follows from propositions 5.65 (above) and 5.99 (below).
O

By Proposition 5.80, the families of solutions asymptotic to (5.18) in
sectors (5.81) contain at least one parameter C; hidden beyond all orders.
We now ask in which sectors of the plane there exists a unique solution

asymptotic to (5.18).

Proposition 5.99. If J is diagonalisable then there exist unique solutions
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of (4.21) which are asymptotic to (5.18) in sectors
Tig = Sii USit1,, (5.100)
where S;; and S;;1, are given by (5.81) for each ¢ and .
Proof. For some choice of ¢ and [, define the following two sectors:
gi,l,ie = {z eC |<pi tet2r <argz <@, e+ (20 + 1)7r} ,

which are related to S;; (5.81) by angular rotation by +e, ¢ < 1. Let
U; and Us be two solutions whose asymptotic behaviour is known to be
(5.18) in the respective sectors §i,l7+€ and §i+17ly_€. Define the overlap

of these two sectors as
Site=Sii+eNSit1,,—c

We have two pieces of information we can exploit. Firstly, the two

solutions have the same asymptotic behaviour for z € S;i,l,e' Thus,

W:i=U;—Uy = o(z™™)
|z] o0
z€§i,z,e

: (5.101)

for all positive integers m. Secondly, since U; and Uy are both solutions
of (4.21), their difference W must satisfy the system of ODEs

An ly—y, = An lyy, = OGTH. (5.102)

Rearrange the first equation in (5.101) for Uy to obtain U; = Us + W,

and substitute this expression into equation (5.102) to yield
(An |U=U2)/W = O(Zilvw2)v (5103)

where ’ denotes the Fréchet derivative with respect to Us. This kind of
system is familiar from our earlier proofs. In particular, if we replace Ug
with its asymptotic behaviour (5.18) then (5.103) is identical to equation
(5.84) with U — W. In equation (5.103) we can ignore the contribution
of higher-degree W terms since W = o(z~™) for all m € N. Thus the
asymptotic behaviour of W can be derived from those terms in (5.103)
which are linear in W, or equivalently from a system of the form (5.86),
which is solved by (2.25) where each matrix H, D, and Q is 2n-by-2n in
this case.

Extracting the asymptotic behaviour of W from Y given by (2.25), we
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obtain

2n
W ~ z:exp(/\,ﬂz)c,«7 z € §i7575, (5.104)

r=1

where \,. are the eigenvalues of J and C, are free vector constants. The
two expressions for the asymptotic behaviour of W, (5.101) and (5.104),

must be consistent. Since ¢; = /2 — ¢; and ¢; = arg \;, it is clear that

for each r in (5.104) there exists some z in §i’l,6 for which £(A,2z) > 0.

Thus (5.101) and (5.104) are consistent only if each C, in (5.104) is
set to zero. This gives U; = Us in §i,l7e. The sector of validity for the
asymptotic behaviour can be analytically continued into the extended

sector S; ; U S;y1,. This argument is familiar from Chapter 2. O

Remark 5.105. Given Proposition 5.88, the assumption of Proposition
5.99 is fulfilled for Case ¢. Thus we can construct sectors of validity
(5.100) in which there is a unique solution for Case ¢. We note that these
sectors are implicitly defined in terms of the eigenvalues of J, which arise

as the solution of equation (5.78) in this case.

5.6 DISCUSSION

This chapter provided a comprehensive structure for the analysis of
solutions with algebraic asymptotics. Our methods can be applied to
any member of the Jimbo-Miwa hierarchy, and indeed to any hierarchy
which is defined recursively by two nth-order non-linear ODEs. We found
three classes of special asymptotic behaviours of JM P%?) and proved
that there exist true solutions with these behaviours in sectors of the
complex z-plane of a specified angular opening. We explicitly determined
the sectors of validity (that is, orientation as well as size) for families of
solutions, and unique solutions, in one of these cases. The solutions cannot
be characterised via the naming convention of Boutroux as discussed for
the fourth-order equation in §2.5, as this requires an explicit expression
for the sectors of validity in all cases.

It is interesting to note that the formal solution denoted Case B does
not appear for the classical equation, and that Case C is valid only for the
odd members of the hierarchy. Thus it is only for JM PS) that all three
asymptotic behaviours given in Theorem 5.1 are initially valid - these
behaviours are written explicitly in the discussion in §2.6. Let us revisit
the following claim that we made in that discussion: that the algebraic

asymptotic expansions for u(x) in the system of equations JM Pg m—1)
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are comparable to those of FN Pﬂn), given in [33]. Theorem 5.1 shows

that JM Pgmfl) admits three possible algebraic expansions of the form

u(r) = uo (1 + O(x_ﬁ(l_e))> , v(z) = o (1 + O(x—n(l—e))> 7

for Kk = (2m +1)/(2m) and € > 0 where

wp ~ TV @)y g (@m=1)/(2m)

wo ~ V™ g~ 2t

ug ~ 1, vo ~ /™.

Let y(x) denote the solution of FN P%}n). Then in [33], it was shown that

y(z) admits two possible expansions of the form
y(x) = o (1 + (9(:17’”(1’6))) ;

where yo ~ /(™) and yy ~ 2~!, and our claim therefore holds. Thus
in terms of the algebraic asymptotics, for m > 1 there is a relationship
between the odd (2m — 1) members of the Jimbo-Miwa hierarchy and
all members m of the Flaschka-Newell hierarchy, rather than a direct
correspondence between equations at the same level of the two hierarchies.

We now consider the general asymptotic behaviours admitted by equa-

tions in the Jimbo-Miwa hierarchy.
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HYPERELLIPTIC ASYMPTOTICS

6.1 ABSTRACT

We conclude our asymptotic study of the Jimbo-Miwa hierarchy by
considering the most general asymptotic behaviour admitted by JM P;?).
We find that the general asymptotic behaviour of the solutions at each
level of the hierarchy are described to leading-order by two related genus-
n hyperelliptic functions, and we construct these functions explicitly in
this chapter. This result provides a natural extension of the classical
elliptic function (genus-1) solutions for Py; and the genus-2 hyperelliptic

function solutions derived for JM Pg) in Chapter 3.

6.2 LEADING-ORDER ASYMPTOTICS

Proposition 6.1. Let v1(2),...,7v,(2) be defined by the inversion of
the hyperelliptic integrals

Vi Skd

S
= Ck,
j=17°° \/P(S)

n Yi en—1
Z/ s ds z 4 cp—1, (6.2b)
o VP(s

M=

k=0,....,n—2, (6.2a)

~—

<.
Il
—_

where ¢, ..., c,_1 are n arbitrary constants of integration, and P is the

(2n + 2)th-degree polynomial

P(s) = Z pis’, P2n+1 =0, (6.3)

where n of the coefficients p; are arbitrary. In the limit as |2| — oo the
general asymptotic behaviour of JM sz) is given in terms of Boutroux
coordinates (4.20) where U(z) and V(z) denote the functions

U=-2> 7+0(z", (6.4a)
i=1
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V=—

n
1=

n 2 n
(7), —2 (Z %) +23 7 +0ETY. (6.4b)
i=1 ij=1

i£j

1

Proof. The solutions are constructed from the leading-order equation
(4.54a) following Drach’s method presented in §3.2.2. Consider equation
(4.54a). Given F (4.54b) and H,, (4.54c) are both polynomial in x it
follows that P is polynomial in g. By balancing the highest degree terms
in (4.54a) we find that P is a (2n + 2)th-degree polynomial, and hence
P = P (6.3). Thus equation (4.54a) is rewritten as

OHn (Hn)zz — (Hp)?2 — AF (Hp)? + P(p) = 0. (6.5)

Rewrite H,, (4.54c) in factorised form as follows:

Ho=[T(n—6), (6.6)

1=

—

for n functions G;(z). Evaluate equation (6.5) at points where H, (6.6)

vanishes, that is u = G;, to obtain a system of n ODEs for Gj,

)16 -6 =PG). j=1..n. (67)
!

Qi

Take the square root of (6.7) and rewrite as follows:

e molle-o. °
i)

Let Si denote the sum

Se=> 2L k=0,...,(n—1), (6.9)
— P;
j=1
then Sy, is given by
Se =0, k=0,....,(n—2), (6.10a)
Spoq =1 (6.10b)

The identities (6.10a) and (6.10b) follow from a formula for the inverse
of the Vandermonde matrix [44, 61]. Substitute (6.9) into (6.10a) and
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(6.10b), and replace 1/P; using (6.8) to yield

G5 (G5)
£ =0, k=0,...,(n—2), (6.11a)
VG

> TRG) P(9))

=1

=1. (6.11Db)

<.

fck, k=0,...,n—2, (6.12a)

> [ 76

s 1
/ B tens, (6.12b)
0o (5

M: i M:

~

<.
Il
—

for integration constants co, ..., c,—1. On comparison of (6.2) and (6.12)

we conclude that
Gi=~; +0(zh), j=1,...,n, (6.13)

where the correction terms arise because the equation (6.5), from which
(6.12) is derived, is correct only to leading-order.
Substitute (6.13) into (6.6) to yield

=Tt (6.14)

=1

up to O(z71). The two definitions of H,,, (4.54c) and (6.14), must be
consistent. Equate (4.54c) and (6.14) and balance powers of u to give
the leading-order relations

pOr 27 A0 ==y pt 27%A0 =) vy (6.15)
; =
iJ?éj

Recall that Ag; and A;; are given by
Ao =U,  A=-U.+U>+2V, (6.16)

then substitute (6.16) into (6.15) and rearrange to give (6.4).

There are presently (3n+2) constants in our description of the solution:
n integration constants ¢ and (2n+2) coefficients p;. Since the governing
system of equations JM P(n) is (2n)th-order we require that (n + 2) of

the coefficients p; are prescribed. This leaves n arbitrary coefficients, as
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6.2 LEADING-ORDER ASYMPTOTICS

stated in the proposition. O

Proposition 6.1 shows that the leading-order solutions of JM Pgl)
are given by two hyperelliptic functions of genus-n. The symmetric
combination of the functions v; and the derivatives (v;), in the expressions
for U and V' (6.4) ensure that these functions are meromorphic. Such
globally meromorphic functions, which are constructed from functions
that arise from the inversion of hyperelliptic integrals, are hyperelliptic
functions. The genus g of these functions is calculated from the degree d
of the polynomial (6.3) with g = (d — 2)/2.

Remark 6.17. While the two definitions of H,, (4.54c) and (6.6) have
been shown to be consistent at powers of u' and u° in the proof of

Proposition 6.1, at higher powers of p we find the following relations:

27(k+1)Ak,1 = (_1)k+1 Z%l Vi B=2,00 (n—1),

where the sum is over multiple indices i1,...,%; where i; runs from
1 ton and i # 4, for all ,m € {1,...,k}. In addition, although
we have considered equation (6.5) at each zero of 7—~£n in the proof of
Proposition 6.1, we have not considered the consistency of this equation
when F (4.54b), H,, (4.54c), and P (6.3) are substituted. These concerns
are resolved provided the (n + 2) conditions on the coefficients of the

polynomial P are imposed.

Conjecture 6.18. The (n + 2) conditions on the coefficients of P are

DPont2 =4,
p;i =0, i=(Mn+2),...,2n,
Pn+1 = 49n41,

Remark 6.19. Given the conditions in Conjecture 6.18, there are n

arbitrary coefficients in the polynomial P (6.3).

Conjecture 6.20. Let (M;, N;) denote the integrating factors

Mi = (Aiflﬁz) Nl = (Aiflﬁl) 1= ]., ey (621)

z? z?

Then the n arbitrary coefficients of P define the following leading-order
first integrals for JM Pg?):

Enﬂ' = /Ml (An,l + 2ngn+1) + NZ’An72 dZ, 1= ]., ey (622)
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where each (6.22) is written locally and is related to p; by

pi=2E, Ly =1, 1, (6.23a)

po =22"%" (En,n + (2"_1gn+1)2) : (6.23b)

Remark 6.24. Drach [18] explicitly identified this split between the
highest and lowest coefficients of P. It is easily understood by returning
to the leading-order compatibility condition (4.53). This equation is of
degree (n +2) in p and defines JM P;?). Recall that in order to obtain
(4.54a) from (4.53), we use the integrating factor 2H - which is an nth-
degree polynomial. Hence the n additional degrees of freedom must define
first integrals. In fact, the first integrals (6.22) are equivalent to equations
(6.11), given (6.4), (6.13) and (6.23).

The precise expressions for p; given in conjectures 6.18 and 6.20 can
be obtained by substituting F (4.54b), H,, (4.54c), and P (6.3) into
equation (6.5) and balancing powers of p - the coefficients pa, 2 and
P2, are easily derived in this way. However given (6.5) is non-linear in
ﬁn, and given the definition of ﬁn in terms of A;; (4.54c), it follows

that for i = (n +2),...,(2n — 1), at any power u’ the expression for p;

is an algebraic function of Ag 1,...,A2,41-i,1, and derivatives of these
terms. Similarly, for i = 0,...,(n + 1), at u the expression for p; is an
algebraic function of Ag1,...,A,—1,1, and derivatives of these terms. To

simplify such expressions, note that the defining recurrence relation for

A; = (A;1,Ai2)T (4.38) can be rewritten in terms of A, ; as follows:
(Ai1), = (U. +2U00.)Ai_11 +DA; 21, (6.25)
where D is the differential operator
D=0?-3(2U.+U?+4V)_ - (2U. + U +4V) 0..

However given the relation (6.25) is only second-order, the expressions
for p;, which are given by a function of possibly all of A 1,...An—11,
and their derivatives, are not easy to simplify in general.

The definition of the first integrals (6.22) and integrating factors (6.21)
is familiar from our study of the fourth-order case in Chapter 3. They
also appear in the definition of the terms A,,. Equations (4.38) and (4.39)
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imply that the second component of A, 41 is given by

Apti2 =doAn1 + JoAn,z - / (Ao2), An1 + (Ao1), An2 dz,

= doA, 1 + JoAn,z +2"gn+1A0,2 — En 1,

where dy = 2V and Elvo =U +0,, and E, 1 is given by (6.22). In addition,
the first-order recurrence relation (4.38) implies a sequence of recurrence

relations
An+l = Ri+1An_i, 1= 0,...77’7,.
For i =1 and i = 2 we find, respectively,

Ant12=diAp_11+ Cfiv1Anf1,2 +2"gn11A12 — Ep o,
Anti12 =doAp_21 + JzAn—272 +2"gn41A22 —Ep3 + T,

where T = 2A0’2 (2”gn+1Ao,2 - En,l)a and

dy =2(V,+20V),
di = (<U. + U +2V) + 2V + 200, + 3,
dy =2 (Vor 43UV, 4+ 3V? + 3U°V) +2V> + V.0, + 2V 2,
dy = (U, — 3UU, +6UV + U®) +2(V, +20V) + 2UV
+ (3U% +4V) 0. + 3U07 + 0.

Therefore if we express A,41,2 in terms of A,_;; and A,,_; 2 for ¢ =

0,...,(n—1), then the term E, ;11 also appears in these expressions.

6.3 DISCUSSION

In this chapter we constructed the general leading-order behaviour of
each equation JM Pgl) in terms of two related genus-n hyperelliptic
functions. The results presented here are consistent with the solutions
derived in Chapter 3 for JM Pg). Moreover, they show that the elliptic
function behaviour of the classical second Painlevé transcendent admits a
natural extension to all of the higher-order equations in the Jimbo-Miwa
hierarchy. Together with the results of Chapter 5, which describe the

), we have obtained a

special asymptotic behaviours admitted by JM sz
detailed picture of the asymptotic structure of the hierarchy. We complete
our study of the Jimbo-Miwa hierarchy with an investigation of special

solutions which arise for particular values of the parameter a.,.
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SPECIAL SOLUTIONS

7.1 ABSTRACT

In §2.6 we identified a special solution of the sixth-order Jimbo-Miwa
second Painlevé equation JM P;?) given in terms of the classical first
Painlevé equation Py. This solution was found by considering a degenera-
tion of the leading-order algebraic asymptotics. In this chapter we derive
special solutions for the entire Jimbo-Miwa hierarchy by considering a
degeneration of the asymptotics derived in Chapter 5. We prove that

2m—+1
P

for each m > 1 special solutions of JM are expressed in terms

of solutions of equations in the first Painlevé hierarchy P%m). Special

solutions given in terms of hyper-Airy functions are also presented.

7.2 PRELIMINARIES

Before presenting our results, we define the first Painlevé hierarchy and
the hyper-Airy equations.
For each m > 1 the first Painlevé hierarchy is defined by a (2m)th-order

scalar ordinary differential equation

P dy[w] + 22" gz =0, (7.1)
where d,,, is determined by the Lenard recursion relation

Ondmy1[w] = (02 — 8wd, — 4w,) dp[w], do[w] = —w.  (7.2)

The P; hierarchy is derived from a reduction of the KdV hierarchy
through the mKdV hierarchy in [40]. The presentation above is given in
[60], except for the coefficient of & which we have chosen for convenience.

Equation (7.2) implies

di[w] = —wee + 6w, (7.3)
daw] = —way + 20wWw,, + 10w2 — 40w, (7.4)
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such that (7.1) gives

P%l) D W = 6w + 2g3x,
Pf) D Wy = 20Wws, + lOwi — 40w + 8gs.

The classical Airy equation is the second-order linear ordinary dif-
ferential equation ¢, + x¢ = 0. For n > 1 define a hierarchy of Airy

equations, or hyper-Airy equations (see [5]), as
AW ()" gy + 2" =0, dprr =00, (7.5)

where the coefficient of x and the alternating sign of the highest derivative
are chosen for convenience. Set n = 1 in (7.5) to recover the classical

equation with a scaled coefficient of x.

7.3 RESULTS

Recall the three leading-order asymptotic behaviours (5.4), (5.5) and
(5.6), derived for JM sz) in Chapter 5. For special values of o, some
components of the leading-order terms are equal to zero: if «,, = f% In+1
then uc ; = 0 by (5.6a), and if a,, = 0 then v ; = 0 by (5.4b). Here
we ask: what are the solutions of JM Pg‘) corresponding to these two

leading-order degeneracies.

Proposition 7.6. For m > 1 there exist special solutions of JM Pgmﬂ)
given by
u =0, v = —2w, o = —%gnﬂ, (7.7)

where w(zx) solves Pim).

Proof. Let n = 2m + 1. Substitute a,, = —3gn+1 and u = 0 into (1.12)

to give
an +2" g1 (22, 1)T =0, (7.8)
where a,, is defined recursively by

dp41 = M, ap = (Oa U)T’ (79)
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and the operator r (1.14) takes the form

_9, 2
r= 0 . (7.10)

20— 9, v, 0O,
Equations (7.9) and (7.10) imply the second-order recurrence relation
anio = ra,, (7.11a)

92 +2 (20— 0 \v, 0
2 (O5+2(v—0T) . (7.11b)

ra1 92 +2 (20— 07 vy)
where ro; is given by
ro1 = Oy (21} — 3;1%) — (2’0 — 3;111,@) Op-
Let us show by induction (on m) that the components of a,, satisfy

an = (an,lyam?)Ta an

)

2 = %8wan,1~ (712)

The m = 1 case is trivial to check. Suppose (7.12) is valid for some m > 1
then the (m + 1) result follows immediately from (7.11).
Given (7.12), the system (7.8) is equivalent to the system

an,1+ 2"gpi1x =0, (7.13a)
where a,, ; is defined recursively by
Ant2,1 = r1,13n,1, ag1 = 200 + 61}2, (713b)

and ry ; is given by

ra=02+2(2v—0,"v,). (7.13¢)
Set v = —2w and a,; = id,[w] where n = 2m + 1. Then (7.13) is
equivalent to the definition of P{™ given by (7.1) and (7.2). O

Proposition 7.14. For n > 1 special solutions of JM Pgl) are given by
U= —p, v =0, a, =0, (7.15)

where p(z) = ¢, /¢ and ¢(z) solves A",
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Proof. Substitute (7.15) into (1.12) to give

an +2"gns1(2,0)7 =0, (7.16)
where a,, is defined recursively by

Api1 = rag, ap = (—¢,0)", (7.17)

and the operator r (1.14) takes the form

0, — 2
r= 4 . (7.18)

0 —p+9; 0,

Let us show by induction that the components of a,, satisfy

an,1 = (—1)"“%, an2=0. (7.19)

an = (an,la an,2>Ta

The n =1 case is trivial to check. Assume (7.19) holds for some n > 1
then by (7.17) and (7.18) the claim is immediately true for (n+1). Given
(7.19) the system (7.16) is equivalent to (7.5). O

A related solution is easily derived by substituting o, = —g,+1 and
v = u, into (1.12). For n = 1 we find
Uy +u? + 229, =0,
M P . ,
Oy (um +u® + 23:92) =0,

and for n = 2 we have

M p@ . Uy + Suty + us + 4xgs =0,
1 Oy (um + 3uuy + ud + 4:vgg) =0.

Via the same procedure as in the proof above, these equations can be

linearised and the solution generalised for the entire hierarchy of equations.

This gives another special solution
u=a, V= Uy, Qp = —Gn+1, (7.20)
where @(x) = @, /P and P(z) solves an alternative hyper-Airy equation

By +2"gnp12® =0, @,y ="
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7.4 DISCUSSION

The special solutions of JM Pgb) presented in this chapter complement
the well known special solutions of Py1. Possible future work could involve
generating a sequence of solutions for different values of the parameter
a, via Backlund transformations applied to these seed solutions. This
work would be analogous to existing studies of the classical Painlevé
equations. Bécklund transformations for the fourth-order equation JM
Pg) are given in [58], where the solutions (7.15) and (7.20) (for n = 2)
are constructed by considering the conditions under which the given
transformations break down.

The solutions (7.7), which are expressed in terms of equations in the
first Painlevé hierarchy, are particularly interesting. Potentially these
special solutions are more appropriately considered as coalescence limits
of higher-order Painlevé equations, as in [56]. In this case, the reduction

of the linear problem, from JM Pgmﬂ) to P%m), may fit into a scheme

analogous to the one presented in [52] for the classical Painlevé equations.

This concludes our study of JM Pgb). In the last part of this thesis we
derive exact solutions of a particular class of reaction-diffusion equations

which are given in terms of classical Painlevé transcendents.
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Part III

APPLICATION



NEW SOLUTIONS OF VARIABLE COEFFICIENT
REACTION-DIFFUSION EQUATIONS

8.1 ABSTRACT

In this chapter we return to the classical Painlevé equations and show
how they arise in the study of reaction-diffusion equations. We consider
reaction-diffusion equations that include a spatio-temporal dependence
in the source terms and show that solutions are given in terms of the
classical Painlevé transcendents. We consider reaction-diffusion equations
with cubic and quadratic source terms. A feature of our analysis is
that the coefficient functions are also solutions of differential equations,
including the Painlevé equations. Special cases arise with elliptic functions
as solutions. Additional solutions given in terms of equations that are
not integrable are also considered. Solutions are constructed using a Lie

symmetry approach.

8.2 INTRODUCTION

In this chapter we study solutions of the following two reaction-diffusion

equations:
U = Ugpq + qo(x, )u — u?, (8.1)
Up = Uge + q1(x, t)u + go(z, t)u2 —ud. (8.2)

The coefficient functions ¢;(z,t), ¢ = 0, 1,2, are not specified explicitly at
the outset, but are chosen to satisfy particular equations which enable
exact solution of equations (8.1) and (8.2). The motivating equations for
this work are the standard reaction-diffusion equations with quadratic
and cubic source terms. These equations are ubiquitous in biological and
physical systems (see [10, 49, 53], for example) and take the following

form: Fisher’s equation

Up = Ugy + u(l — u),
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and the Nagumo and Huxley-type equations respectively,
Ut = Uz + (1 — u)(u — a), Up = Ugy + u? (1 — u),

where a is constant. By generalising the Fisher and Nagumo equations

to include variable coefficients, we arrive at equations (8.1) and (8.2).

Equations of Huxley-type with spatial heterogeneity included in the

source terms are considered in [9], and will not be treated in this study.

Our main observation concerning equation (8.1) is the following: letting
u(z,t) = n(z,t) + 3q(z,1), (8.3)

in equation (8.1) with gy = ¢ yields
M+ 30 = (ew —1%) + 3 (Gox + 30°) | (8.4)

where we note that the n and ¢ terms are additively separated. Thus, if

we require that ¢ satisfies the equation
Gt = Qzx + %qQ + k)(l‘,t), (85)
for an arbitrary function k, then (8.4) implies that n must satisfy

Nt = Nex — 772 - %k(xvt) (86)

Equations (8.5) and (8.6) can be solved independently, and then the
solutions to (8.1) can be reconstructed via (8.3).

In §8.3.1 we carry out symmetry analysis of equation (8.1) to justify
this observation. We find that equation (8.1) has no non-trivial classical

symmetries unless ¢ satisfies equation (8.5). Furthermore, the form of

the transformation (8.3) is explicitly identified in the symmetry analysis.

We thus find that symmetry analysis of equation (8.1) leads directly
to symmetry analysis of equations (8.5) and (8.6). These equations are
reduced to ordinary differential equations by exploiting their invariance
under found symmetries. In §8.3.2 an analogous approach is followed for
equation (8.2).

We find that the reduced ordinary differential equations corresponding
to (8.1) and (8.2) are explicitly linked with equations of the respective

forms

yax = 6y° + f(N), (8.7)
v =20 + 9Ny + h(N), (8.8)
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where y = y(A). It is well known that these equations are integrable,
provided the functions f and ¢ are linear, and A is constant. In §8.4.1
and §8.4.2, we restrict our attention to these cases, and express exact
solutions to the reaction-diffusion equations (8.1) and (8.2) in terms of
solutions of associated integrable ordinary differential equations of the
form (8.7) and (8.8).

The first and second Painlevé equations are examples of integrable
equations of the form (8.7) and (8.8), respectively. For y = y(\) and «

constant the equations are written as

PI : Y\ = 6y2 + )\, (89)
Piu: mwa=2y"+\y+oa. (8.10)

We provide solutions to equations (8.1) and (8.2) in terms of these classical
Painlevé transcendents. The recognition of the connection between the
Painlevé equations (8.9) and (8.10) and variable-coefficient reaction-
diffusion equations of the form (8.1) and (8.2) is believed to be new.
Solutions to equations (8.1) and (8.2) are also given in terms of Weier-
strass and Jacobi elliptic functions. These functions solve the autonomous
forms of equations (8.7) and (8.8) respectively. In [2], travelling wave
solutions to Fisher’s equation are given in terms of Weierstrass elliptic
functions. These solutions are obtained by demanding that the reduced
ordinary differential equation passes the Painlevé test (see [39]). This
restricts the wave speed to a particular value. The solutions that we
construct for the generalised Fisher type equation (8.1) include this
as a special case. Other investigations of reaction-diffusion equations
which have found Jacobi elliptic function solutions are: [9], where a spa-
tial dependence is included in a Huxley-type equation, and [11], where
reaction-diffusion equations with non-linear diffusion are considered. In
both cases the solutions are constructed using non-classical symmetry
methods. The simpler classical symmetry approach followed in this study
produces not only elliptic function solutions, but also Painlevé transcen-
dent solutions. The coefficient functions ¢;(z, t) afford a degree of freedom

to equations (8.1) and (8.2) which makes them amenable to study.

8.3 SYMMETRY ANALYSIS

In this section we use symmetry analysis to systematically construct
solutions to the partial differential equations (8.1) and (8.2). We follow

the classical approach, which determines the forms of X (x, ¢, u), T'(x,t, u),
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and U(z,t,u) for which the equation of interest is invariant under the

point transformations

r1 =+ X (x,t,u) + O(e?),
ty =t 4 €T(x,t,u) + O(e?),
up = u+ eU(z,t,u) + O(e?),

for € < 1. These point transformations form a group with generator
I'=X(z,t,u)0; + T(x,t,u)0: + U(x,t,u)dy, (8.11)

and the invariants of the group, denoted F', are solutions of the equation
I'F = 0. These invariants are used to construct similarity solutions of
equations (8.1) and (8.2) in terms of solutions to ordinary differential

equations (see [6]).

8.3.1 Quadratic case

Let go = q. Equation (8.1) has no non-trivial classical symmetries if ¢ is

free. Fix ¢ as a solution to equation (8.5) where k satisfies
(1 + Ses) ky + (2 + est) ke + 2e3k = 0, (8.12)

and c¢1, co, c3 are arbitrary parameters. Equation (8.1) is invariant under
a three parameter Lie group of point symmetries with group operator
(8.11) where

X(z) =c1+ 3esz,  T(t) =2+ cst,

(8.13)
Uz, t,u) = 3 {(c1 + 3e32) o + (2o + cst) o} — 3 (u— Lq) .
If k satisfies (8.12) with ¢; — ¢i43
(ca + 2cow) kg + (c5 + cot) ke + 2c6k = 0, (8.14)

then equation (8.5) is also invariant under a three parameter Lie group
of point symmetries. In this case u — ¢ and U — @ in equation (8.11),

and
X(z) = ca + 3c6, T(t) = cs + cot, Q(q) = —ceq. (8.15)

X and T are identical in (8.13) and (8.15), thus each invariant of
the independent variables (z,t) holds for both equations (8.1) and (8.5).



8.3

SYMMETRY ANALYSIS

Table 2: Reductions of the independent variables

Case Reduction c1,c4 Co,C5 cC3,C6 | Invariant
(1) Stationary 0 1 0 x
(2) Travelling Wave c 1 0 z=x—ct
(3)  Scaling Reduction 0 0 1 ¢ =a/t'/?

These invariants are constructed from linear combinations of the group
operators I'; associated with each constant ¢; in (8.13) or (8.15). We
explore three standard combinations, as detailed in Table 2, where c¢ is
an arbitrary constant.

By (8.13), the solution to equation (8.1) is given by (8.3) where

()
C2 —+ Cgt’

n(z,t) = (8.16)

and 7(*) is a function of the respective invariant for each case given in

Table 2. Similarly by (8.15), the solution to equation (8.5) is

q(+)
cs + CGt ’

q(z,t) = (8.17)
where ¢(*) is a function of each respective invariant. Let Case (ij) denote
Case (7) applied to (8.16), and Case (j) applied to (8.17), where i,j €
{1,2,3}. For these cases, Table 3 provides the explicit form of (8.16) and
(8.17), the equations satisfied by the reduced functions 7j(x) and G(x),
and the corresponding reductions of k, the solution of (8.12) or (8.14).

A; and B; denote equations which are given in Table 4.

Table 3: Reductions of n(x,t), ¢(z,t), and k(z,t)

Case n(z,t) 7(x) k(x,t) | Case q(z,t) (%) k~(x, t)
(15):  #lz) A kj(x) (i1):  q(=x) B ki(x)
(2): A=) A k(s | @2 d(x) By ki(2)
(37): () As  Fh(Q) | (3): 1d(O)  Bs  Eki(Q)

Remark 8.18. Note that each equation A; in Table 4 is a reduction of
(8.6), and each B; is a reduction of (8.5).

The reduced form of the solution (8.3) is constructed from the indi-
vidual reduced forms for n and ¢ given in Table 3. In each case, the

corresponding form of k& must be consistent. Table 5 details any restric-
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Table 4: 7(x) and G(%)
Av: e — 77 ( )
Ao fato,—iP =3

equations

kj(2)
Az e+ 5Chc =P+ =5
B : sz+2§2+k() 0
Bo: Gortoed+ i@ +ki(z)=0

Bs: e+ 5Cac+ 36 +q+ki(¢) =0

I

(€)

t

tions that are required for consistency. In this table, a, b, d, and e are

arbitrary constants.

Table 5: Restrictions on k()

Case I;j(*) ki(x) | Case I;j(*) ki(x) | Case I;j(*) Fi (%)
(11):  free  free | (21): a a (31): C% b
(12): d d (22):  free  free | (32): 0 0
(13): & & (23): 0 0 (33):  free  free

Remark 8.19. In cases (23) and (32) we have set ky = k3 = 0. Other
functional forms satisfying k;(z) = k;(¢)/t> do not give rise to exact

solutions in §8.4.1.

Example 8.20. Case (3j): When ¢; = ¢o = 0 and ¢3 = 1, solving (8.12)

gives
k) =k;(Q)/2,  (=a/t'/, (8.21)

with &;(¢) an arbitrary function. Hence we obtain the (partial) scaling

reduction
u(e,t) = 4i(Q) + 3q(z,t),  (==z/t"?, (8.22)

where 7)({) satisfies equation Az, and ¢(z,t) satisfies equation (8.5).

Example 8.23. Case (i1): When ¢4 = ¢ = 0, and ¢5 = 1, solving (8.14)

gives

k(w,t) = ki(x), (8.24)
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with k; (x) an arbitrary function. Hence we obtain the stationary reduction

q(z,t) = q(x), (8.25)
where ¢(z) satisfies equation Bj.

Example 8.26. Case (31): Equations (8.22) and (8.25) imply that

Equations (8.21) and (8.24) imply that
Q) =b/¢", hs(x) =b/a",

where b is an arbitrary constant.

8.3.2 Clubic case

Let g2 = ¢. Equation (8.2) has no non-trivial classical symmetries if ¢

and ¢, are free. Fix ¢ as a solution to the following equation:
qt = Qzax — %q3+l(x7t)Q+k(xvt)7 (827)
and fix ¢; as a function of g as follows:

ql('r7 t) - l(.T, t) - %q(xat)Qa
where k and [ satisfy

(01 + %C3$> ki + (co + cst) ke + %c;),k =0, (8.28)
(01 + %c&x) lo + (c2 + est) ly + 3l =0, -

and c¢1, co, c3 are arbitrary parameters. Equation (8.2) is invariant under
the three parameter Lie group of point symmetries with group operator
(8.11) where

X(z) =c1+ 3czz,  T(t) = ca+cst,
U(I,t,u) = % {(Cl + %631’) gz + (02 + Cgt)} — %Cg (u — %q) .

If k and [ satisfy equations (8.28) with ¢; — c¢;43

(04 + %CG.’E) ky + (c5 + ct) ke + %Cﬁk =0,
(04 + %c(;x) lo + (c5 + cot) It + c6l = 0,
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8.3 SYMMETRY ANALYSIS

Table 6: Reductions of n(z,t), q(x,t), I(z,t), and k(z,t)
Case  n(z,t) 0(x) l(xt) k(z,t)

(15): @) Ci Le) k()
25):  dz)  Ca Lz k(2)
() m=i€) G Q) @k
(i1): q(x) D, li(z) Ei(x)
(i2): q(2) Do li(2) ki(2)
(@) 7md¢) Ds Q) FEkiQ)

Cri law — i1° + ()i} = 3K (2)
Cot flaw+cils — i+ 1(2)7] = 3k;(2)
Cs: e + 5CTc — 7° + 5(21(¢) + )it = 3k,(0)
Di: Goo— 33 +1i(2)G+ ki(z) =0

Dot Goxtcde — 36 +1i(2)i + ki(2) =0

D3 Gec+ 560 — 56° + 326+ 1)§+ ki(¢) =0

then equation (8.27) is also invariant under a three parameter Lie group
of point symmetries. In this case u — ¢ and U — @ in equation (8.11),

and
X(z)=cs+ %Cﬁft, T(t) = 5 + cgt, Qq) = —%cﬁq. (8.30)

By (8.29), the solution to equation (8.2) is given by

7(*)

U(.’L‘,t) = 77(33775) + %q(aj?t)a 77(37,75) = Wv

where 7j(*) is a function of the respective invariant for each case given in
Table 2. Similarly by (8.30), the solution to equation (8.27) is

q(+)

q(x,t) = (CETDRE

where G(*) is a function of each respective invariant. From here we proceed
as in the quadratic case. Our results are summarised in Tables 6 - 8,

where a,b,d, e and a, 13, ci, é are arbitrary constants.
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Table 8: Restrictions on k(x) and (%)

8.4 EXACT SOLUTIONS

Case kj(x) ki(x) | Case kj(x) ki(x) | Case kj(x) ki(%)
(11):  free  free | (21): a a B1): & -
(12): d d (22):  free  free | (32): 0 0
(13): 5 & (23): 0 0 (33):  free  free

Case [j(x) [Li(x) | Case [;j(x) Li(x) | Case [j(x) [i(%)
(11):  free  free | (21): & a B1): & 5
(12): d (22):  free  free | (32): 0 0
(13): & & | (23): o0 0 (33):  free  free

8.4 EXACT SOLUTIONS

8.4.1 Quadratic case

Table 3 summarises all possible solutions by reduction of (8.1) to the
equations in Table 4. We now investigate when these equations can be
solved in terms of a first Painlevé transcendent or a Weierstrass elliptic

function.

Transformations

Let % denote z, z, or (, let l;:,-,l;:j = l;, and set

(%) = 6 (L7(x)" y(\) = 8(%), (8.31a)
a(+) = =2 {6 (£7()* 500 — (=)} (8.31b)
k() = 12 (2 ()" £ = B(), (8.31c)

where A = v(x) and 0(x), 5(x), and v(x) are given in Table 9 where
pa(¢) = ¢* +40¢* — 200.
Then, each equation in Table 4 transforms to (8.7), or (8.7) with y — §.

Solutions

Recall the restrictions placed on k in Table 5, and the transformation
between k and f (8.31c). In order to solve equation (8.7) we additionally
require that f be linear. This is possible in five cases, and exact solutions

for these cases are given in Table 10. In Table 10, P; denotes a solution of



8.4 EXACT SOLUTIONS

Table 9: Terms in the transformations (8.31)

Equations * I(x) B(x) ()
A By T 0 0 T
Ay By z 3c%/25 18¢* /625 exp(—cz/5)

A3 Bs ¢ p2(Q)/100  9p4(¢)/5000 V5Emerf(¢/(2v/5))

Table 10: Exact solutions of transformed equations

Case Solution y(\) Solution §(\) A
x

(11)  Pror p(\g2,93) Prorp(X;g2,33)

(12) p(2:b,g3) 9(X;0,33) 7(2)
(21) P(A; 0, g3) o(;0,93) 7(2)
(22) Pror p(\;g2,93) Prorp(Xge,ds) 7(2)
(33)  Pror p(Ag2,93) Prorp(Xigz,93) 7(C)

the first Painlevé equation (8.9), and p(A; g, g3) denotes the Weierstrass
elliptic function which satisfies

©x = 40° — g2 — 3.
In Table 10, g2, g3, and g3 are free constants, and b = 3¢*/625.

Remark 8.32. In each Case (i7), the solution to (8.1) can be written
concisely as a difference of first Painlevé transcendents or elliptic functions,

as follows:

(1) ule,t) = 6{y(@) - §(@)},
(22) u(wt) =6 (Lry(2)*{ A}, A=9(2),
(33) u(w,t) = t(du ) N}, A =70,

where (%) is given in Table 9, and z, ¢ are given in Table 2. These
solutions are constructed from the reductions given in Table 3 and the
transformations (8.31). The corresponding form of ¢(z,t) is found in the

same way.
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8.4 EXACT SOLUTIONS

Table 11: Terms in the transformations (8.33) and (8.34)

Equations * B(*) (%)
C; Dy T 0 T
Cy Dy 2 2¢2/9 —3exp(—cz/3)/c

CsDs ¢ (¢2—6)/18 Bmerf((/(2v3))

8.4.2 Cubic case

Table 6 summarises all possible solutions by reduction of (8.2) to the
equations in Table 7. We now investigate when these equations can be
solved in terms of a second Painlevé transcendent or a Jacobi elliptic

function.

Transformations

Let * denote x, z, or (, let l%i,fcj = /NC, ii,lj =1, and set

7(x) = V2 (7 () y(), (8.33a)
a(*) = 32 (Er(+) (), (8.33b)

I(%) = — (L7(x)* g(\) + B(%), (8.34a)
3v2 (Lry()) B (N), (8.34b)

I
—~

*
~—

I

where A = 7(x), and ((*) are given in Table 11. Then each equation
in Table 7 transforms to (8.8) with hy = h, or (8.8) with y — ¢ and
hy = —h.

Solutions

Recall the restrictions placed on k and [ in Table 8, and the transforma-
tions between [ and g, and k and hy (8.34). In order to solve equation
(8.8) we additionally require that g be linear and hy constant. This is
possible in five cases, and exact solutions for these cases are given in
Table 12. In this table we denote the solution to Pyy (8.10) as y(A) =
Prr(A\; @), and the solution to the elliptic equation (8.8) with g(A\) =b
and h(A) = d for arbitrary constants b, d, as y(\) = JE(A;b,d). The
exact expression of the solution in terms of the standard Jacobi elliptic

functions depends on the value of the constants b and d (see [3]).
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8.5 DISCUSSION

Table 12: Exact solutions of transformed equations
Case Solution y(\) Solution §(\) A
Piu(A ) or JE(A;b,d)  Pr(A;—a) or JE(A; b, —d) x

(11)

(12) JE(x; —2¢2/9,0) JE(\;0,0) (2)
(21) JE(X; 0,0) JE(z; —2¢%/9,0) v(2)
(22) ()
(33) (©)

Piu(Aa) or JE(A;b,d)  Pr(A;a) or JE(A;b,—d) v
Pu(A;a) or JE(A;b,d)  Pr(A;a) or JE(A;b,—d) (¢

8.5 DISCUSSION

In this chapter we have found five exact solutions to each of the variable-
coefficient reaction-diffusion equations (8.1) and (8.2). These were con-
structed by forcing the reduced ordinary differential equations associated
with (8.1) and (8.2) to be integrable. The symmetry analysis also revealed
solutions given in terms of non-integrable ordinary differential equations,
cases (13), (23), (31) and (32), which remain to be explored. The exact
solutions we have found are given in terms of Painlevé transcendents or
elliptic functions. The initial conditions for the Painlevé transcendents,
and the parameter for Py;, have not been specified here. Similarly, the
invariants go and g3 in the Weierstrass elliptic function solutions, and the
constants b and d describing the Jacobi elliptic function solutions, have
been left arbitrary in many cases. Based on this work, the specific dy-
namics of these systems can be investigated for any choice of parameters
that is of interest.

While precise applications of this work are yet to be explored, it is
hoped that these results can be realised in terms that are biologically or
physically significant. One area of particular relevance is ecology, where
spatial and/or temporal environmental and biotic features of different
species need to be incorporated into reaction-diffusion models [10].

An interesting question arises as to whether there is a connection
between higher-order Painlevé equations and systems of reaction-diffusion
equations. A starting point for extension of these results is the fourth-
order second Painleve equation JM P%Iz) (1.11), studied in Part i, which

can be considered as a stationary reduction of the following system of
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8.5 DISCUSSION

reaction-diffusion equations:

Up + Ugy — SUUL + ud + 6uv + 4xgs = 0,
Vs 4 Vop + 3uvy + 302 + 3u?v = 4das.

The pole free solutions derived in Chapter 2 could be of use in describing

physically meaningful solutions of this system in particular domains.

109



Part IV

CONCLUSION



CONCLUDING REMARKS

In this thesis we have obtained a detailed description of the asymptotic
behaviour of the Jimbo-Miwa second Painlevé hierarchy in the limit as
the independent variable approaches infinity. The study was motivated
by Boutroux’s classical investigation of special tronquée solutions and
general elliptic asymptotics admitted by the second Painlevé equation,
and by recent interest in higher-order Painlevé equations and hierarchies.

Our most substantial results were derived for the fourth-order Jimbo-
Miwa second Painlevé equation, examined in Part i. In Chapter 2 we
demonstrated the existence of new types of higher-tronquée solutions of
this equation. These solutions were shown to be asymptotic to two types
of algebraic formal power series, and we provided explicit details on the
size and orientation of sectors in the complex plane where such asymptotic
descriptions are valid. We found two-, one- and zero-parameter tronquée
solutions.

In Chapter 3 we constructed the general, four-parameter, asymptotic
behaviour of the fourth-order Jimbo-Miwa second Painlevé equation. We
showed that the general asymptotic behaviour is described to leading-
order by two related genus-2 hyperelliptic functions. Together, these
higher-tronquée solutions and hyperelliptic function asymptotics show
that the asymptotic behaviour of the classical second Painlevé equation
admits a natural extension to higher-order equations in the Jimbo-Miwa
hierarchy.

In addition to the leading-order study of the general asymptotic be-
haviour of the fourth-order equation, we investigated two energy-type
parameters in the hyperelliptic functions. These parameters were shown
to satisfy particular difference equations over a period of the leading-
order hyperelliptic functions and, using an averaging method, they were
also shown to be bounded. Such results provide a foundation for future
extension of the locally-valid hyperelliptic asymptotics to a wider domain
of validity. A related problem, also for future study, is to establish a
connection between the cases of degeneracy of the hyperelliptic function
behaviours and the special rays in the complex plane identified in the
analysis of the tronquée solutions.

In Part ii we studied the asymptotic behaviour of the entire Jimbo-

Miwa hierarchy. The structure of each in equation in the hierarchy was
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expounded in Chapter 4, and special and general asymptotic behaviours
of these equations were considered in Chapters 5 and 6, respectively. We
derived three classes of special asymptotic behaviours and proved that
there exist true solutions with these behaviours in particular sectors of
the complex plane. For one class of algebraic behaviours, at each level
n of the Jimbo-Miwa hierarchy we found n-, (n — 1)-, ..., one- and
zero-parameter solutions. In addition to these special asymptotics, we
constructed the general, 2n-parameter, leading-order behaviour of the
equations in the hierarchy in terms of two related genus-n hyperelliptic
functions. Concluding Part ii, in Chapter 7 we derived exact special
solutions for the higher-order second Painlevé equations for particular
values of the parameter.

In our investigation of the Jimbo-Miwa second Painlevé hiearchy we
highlighted a number of connections with other higher-order Painlevé
equations. Interestingly, we encountered different behaviours in the alge-
braic asymptotics and exact special solutions at even and odd levels of
the hierarchy. For the odd members of the hierarchy, the exact solutions
were expressed in terms of equations in the first Painlevé hierarchy, and
for all members, solutions were given in terms of hyper-Airy functions.
In particular, we found that the special solutions at odd levels (2m + 1)
of the Jimbo-Miwa second Painlevé hiearchy are given in terms of equa-
tions at each level m of the first Painlevé hierarchy. We also showed
that there is a relationship between the types of algebraic asymptotic
behaviours admitted at odd levels (2m — 1) of the Jimbo-Miwa hierarchy,
and at each level m of the Flaschka-Newell hierarchy, rather than a
direct correspondence between the equations at the same level of the
two hierarchies. For further study, the relationships between different
higher-order equations should be analysed via a more rigourous approach
through a transformation of variables or coalescence limits.

In Part iii we identified a connection between variable-coeflicient reac-
tion diffusion equations and classical Painlevé equations. In Chapter 8 we
found five exact solutions to two classes of reaction-diffusion equations,
with quadratic or cubic source terms, and these solutions were expressed
by first or second Painlevé transcendents. Future work could include
an investigation of a related connection between higher-order Painlevé

equations and systems of variable coefficient reaction-diffusion equations.
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