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Abstract. We discuss the dynamical quantum systems which turn out to be bi-unitary with
respect to the same alternative Hermitian structures in a infinite-dimensional complex Hilbert
space. We give a necessary and sufficient condition so that the Hermitian structures are in
generic position. Finally the transformations of the bi-unitary group are explicitly obtained.
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1 Introduction

In the study of bi-Hamiltonian systems (see ref. [1] for quantum systems) one
starts with a given dynamics and looks for alternative Hamiltonian descriptions.
In this paper, we deal with the “inverse problem” recently considered by some
of us in different combinations [2]. We start with two Hermitian structures on
complex Hilbert spaces arising from two admissible triples in the corresponding
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real Hilbert space and look for all dynamical quantum systems which turn out
to be bi-unitary with respect to them. However, we limit ourselves to consider
here the case of admissible triples sharing the same complex structure. This
study is a preliminary step to generalize some results in Ref. [3], to the infinite-
dimensional case.

This paper is organized as follows. In sec. 2 we show how to construct an
admissible Hermitian structure (admissible triple) on a real Hilbert space start-
ing from a metric tensor and a complex structure [3]. Moreover we show how
to recover a Hermitian scalar product after the complexification of the Hilbert
space. In sec. 3, we briefly discuss the bi-unitary group in the case of finite di-
mensional spaces and relate the genericity condition of the Hermitian structures
with the cyclicity of the corresponding connecting Hermitian operator. In sec.
4, we discuss bi-unitary groups in the infinite-dimensional case, showing how
the direct integral decomposition of the Hilbert space with respect to a normed
ring is a suitable theoretical tool to deal with such a problem [4]. In particular
we show how this decomposition with respect to the bicommutant of the op-
erator connecting two Hermitian structures can be constructed and used for a
full comparison of the two Hermitian structures. In sec. 5, we prove that the
component spaces in the decomposition are unidimensional if and only if the
Hermitian structures are in generic position, what allows to conclude that all
the generic bi-unitary quantum systems commute. This construction resembles
that of the algebra one obtains for completely integrable systems by means of
the recursion operator [5]. Moreover, the bi-unitary group is explicitly exhib-
ited both in the generic and non generic case. Finally, in the last section, some
concluding remarks are posed.

2 Admissible Hermitian structures on the Hilbert

space

Let us show that given a metric tensor g and a complex structure J in
a infinite-dimensional real Hilbert space HR, one can construct an admissible
Hermitian structure h on HR which becomes an Hermitian scalar product in a
corresponding complex Hilbert space H.

Given a couple g and J on HR, we can always construct out of them an
admissible couple gs, J where gs is defined in the following way

gs =:
1

2
{g(J., J.) + g(., .)}, (1)

which will be positive and nondegenerate if g is positive and nondegenerate. The
metric gs and J are admissible in the sense that J is an anti-Hermitian operator
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with respect to gs. Hereafter we drop s in gs. Such an admissible couple may be
completed defining a symplectic structure ω on HR as

ω = g ◦ J.

Then the triple (g, J, ω) is admissible.

It is possible to obtain an admissible triple even starting from g and ω. In
fact by Riesz’s theorem a nonsingular linear operator B exists such that

ω(x, y) = g(Bx, y) (2)

and the antisymmetry of ω together with symmetry of g imply that

g(Bx, y) = −g(x,By) (3)

so B is skew-Hermitian and −B2 > 0. Then a (symmetric) non-negative square
root of B, R,will be injective and densely defined. So R−1 is well defined [6] and
putting J =: BR−1 and

gω(., .) =: g(R., .) (4)

we recover

ω(x, y) = g(Bx, y) = gω(Jx, y) (5)

and in conclusion the triple (gω, J, ω) is admissible. In other words J is or-
thogonal and symplectic and also infinitesimally orthogonal and infinitesimally
symplectic, i.e. it is unitary and skew-Hermitian: J † = −J, J2 = −1.

Now, from a metric tensor g and an admissible symplectic form ω, an Her-
mitian structure on HR can be obtained. This is a map h : HR × HR → R2

defined as follows

h : (x, y) 7−→ (g(x, y), ω(x, y)). (6)

Equivalently (and having in mind a quantum system) one can complexify HR

by defining, for any complex number z = α+ iβ and any vector x:

z.x = (α+ iβ)x =: αx+ Jβx. (7)

Then h becomes an Hermitian scalar product, linear in the second factor,
on this complex Hilbert space H, and we get

h(x, y) = g(x, y) + ig(Jx, y). (8)
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3 Bi-unitary descriptions in H
In quantum mechanics the Hilbert space H is given as a complex vector

space. Now we consider on H two different Hermitian structures, coming from
two admissible triples (g1, J1, ω1) and (g2, J2, ω2) on HR with the same complex
structure: J1 = J2 = J . The assumption J1 = J2 implies that the corresponding
Hermitian structures on H are compatible, in the sense that the group of bi-
unitary transformations is non void. [3]

Denoting with h1(., .) and h2(., .) the Hermitian structures given on H (both
linear, for instance, in the second factor), we search for the group that leaves
both h1 and h2 invariant, that is the bi-unitary group.

Again by Riesz’s theorem a bounded, positive operator G may be defined,
which is self-adjoint both with respect to h1 and h2, as

h2(x, y) = h1(Gx, y) ∀x, y ∈ H. (9)

Moreover, any bi-unitary operator U must commute with G. Indeed

h2(x, U
†GUy) = h2(Ux,GUy) = h1(Ux,Uy) =

h1(x, y) = h2(Gx, y) = h2(x,Gy)

and from this

U †GU = G, [G,U ] = 0. (10)

Therefore the group of bi-unitary operators belongs to the commutant G′ of the
operator G.

Let us discuss the bi-unitary group when H is finite-dimensional. In this case
G is diagonalizable and the two Hermitian structures result proportional in each
eigenspace of G via the eigenvalue. Then the group of bi-unitary transformations
is

U(n1) × U(n2) × · · · × U(nk) n1 + n2 + · · · + nk = n = dimH,

where nl denotes the degeneracy of the l-th eigenvalue of G.

In finite-dimensional complex Hilbert spaces the following definition can be
stated [3]:

1 Definition. Two Hermitian forms are in generic position iff the eigenval-
ues of G are nondegenerate.
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Then, if h1 and h2 are in generic position the group of bi-unitary transfor-
mations becomes

U(1) × U(1) × · · · × U(1)︸ ︷︷ ︸ .

n factors

In other words this means that G generates a complete set of observables.
Now we show that:
Two Hermitian forms are in generic position if and only if their connecting

operator G is cyclic.
In fact the non singular operator G has a discrete spectrum and is diagonal-

izable, so when h1 and h2 are in generic position G admits n distinct eigenvalues
λk. Let now {ek} be the eigenvector basis of G and {µk} an n-ple of nonzero
complex numbers. Then the vector

x0 = µkek (11)

is a cyclic vector for G, that is the vectors x0, Gx0, . . . , G
n−1x0 are n linearly

independent vectors. In fact one obtains

Gmx0 = µkλmk ek, (12)

and the coefficient determinant is given by

(
∏

k

µk)V (λ1, . . . , λn), (13)

where V denotes the Vandermonde determinant which is different from zero
when all the eigenvalues λk are distinct. The converse is also true.

4 Infinite-dimensional case

Now we deal with the infinite-dimensional case, when the connecting op-
erator G may have a point part and a continuum part in its spectrum. As to
the point part, the bi-unitary group is U(n1) × U(n2) × · · · where now nl can
also be ∞. When G admits a continuum spectrum, the characterization of the
bi-unitary group is more involved and suitable mathematical tools are needed,
such as spectral theory of operators and theory of rings of operators in Hilbert
spaces. In particular in the infinite-dimensional case definition 1 of generic po-
sition of two Hermitian forms is no more valid and has to be generalized in the
following way [3]:
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2 Definition. Two Hermitian forms are in generic position iff G′′ = G′,
that is when the bicommutant G′′ coincides with the commutant G′ of G.

First of all, observe that the commutant G′ and the bicommutant G′′ of
the operator G are weakly closed rings of bounded operators in the ring of all
bounded operators B(H) on H and G′′ ⊂ G′. Let E0 be the principal identity of
a set S ⊂ B(H): by definition E0 is the projection operator on the orthogonal
complement of the set KerS ∩KerS† and satisfies for all A ∈ S the following
relation:

E0A = AE0 = A. (14)

It can be proved [4] that the minimal weakly closed ring R(S) containing S
is the strongest closure of the ring Ra∗(S), which is the minimal ring containing
S ∪ S†. R(S) contains only those elements A ∈ S ′′ which satisfy the above
condition (14).

Now, by the spectral theorem we express the selfadjoint operator G in terms
of its spectral family {P (λ)}:

G =

∫

∆
λdP (λ) (15)

where ∆ = [a, b] is a closed interval containing the entire spectrum of G. More-
over, the positiveness of G ensures that KerG = 0. This implies that 1 ∈ R(G)
and hence R(G) ≡ G′′. Therefore G′′ is commutative (in fact R(G) is the w-
closure of the symmetric commutative subring G in the ring of B(H)).

We recall that each commutative weakly closed ring of operators C in the
Hilbert space corresponds to a direct integral of Hilbert spaces.

The following theorems hold [4]:

3 Theorem. To each direct integral of Hilbert spaces

H =

∫

∆
Hλdσ(λ),

with respect to a measure σ there corresponds a commutative weakly closed ring
C = L∞

σ (∆) where to each ϕ ∈ L∞
σ (∆) there corresponds the operator Lϕ :

(Lϕξ) = ϕ(λ)ξλ where ξ ∈ H, ξλ ∈ Hλ and ||Lϕ|| = ||ϕ||.
Vice versa:

4 Theorem. To each commutative weakly closed ring C of operators in a
Hilbert space H there corresponds a decomposition of H into a direct integral,
for which C is the set of operators of the form Lϕ, ϕ ∈ L∞.
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From the previous theorems we get that the weakly closed commutative ring
R(G) corresponds to a decomposition of the Hilbert space H into the direct
integral

H =

∫

∆
Hλdσ(λ), (16)

where ∆ = [a, b] is the entire spectrum of the positive selfadjoint operator G.

The measure σ(λ) is obtained by the spectral family {P (λ)} and cyclic
vectors in the usual way. Now every operator A belonging to the commutant G′

is representable in the form of a direct integral of operators

A =

∫

∆
A(λ) . dσ(λ), (17)

where A(λ) is, for almost all λ, a bounded operator in Hλ.

Every operator B of the bicommutant G′′ = R(G) is then a multiplication
by a number b(λ) on Hλ for almost all λ.

Thus the bi-unitary transformations are in general a direct integral of unitary
operators U(λ) acting on Hλ.

5 Bi-unitary group transformations

More insight can be gained by a more specific analysis of the direct integral
decomposition.

Let G′(λ) be the totality of all the operators A(λ) corresponding to G′,
for fixed λ. Then as R(G) is a maximal commutative ring in itself, we may
conclude [7] that the family G′(λ) is irreducible for almost all λ, and the direct
integral of H with respect to R(G) can be written as follows

H =

∫

∆
Hλdσ(λ) =

∑

k

⊕Hk =
∑

k

⊕
∫

∆k

Hλdσ(λ), (18)

where now the spectrum ∆ decomposes into a sum of finite or countable number
of measurable sets ∆k, such that for λ ∈ ∆k the spaces Hλ have constant
dimension k (k can be ∞). Then any operator A belonging to the commutant
G′ is representable as follows:

A =
∑

k

⊕
∫

∆k

A(λ) . dσ(λ). (19)

As a consequence of Eq. (18), remembering that every operator B of G′′ = R(G)
is a multiplication by a number b(λ) on Hλ, we get the following result:



180 G. Marmo, G. Scolarici, A. Simoni, F. Ventriglia

5 Proposition. Let two Hermitian structures h1 and h2 be given on the
Hilbert space H. Then there exists a decomposition of H into a direct integral of
Hilbert spaces Hλ, of dimension k, such that in each space Hλ, h1 and h2 are
proportional: h2 = λh1.

Proposition 5 partially generalizes the Lemma in Ref. [3] to the case of
infinite-dimensional complex Hilbert spaces H. This result belongs to the con-
stellation of propositions connected with the so called “Quadratic Hamiltonian
theorems”. [8]

As a consequence of Proposition 5, the elements U of the bi-unitary group
can be written as follows (see Eq. (19)):

U =
∑

k

⊕
∫

∆k

Uk(λ) . dσ(λ), (20)

where Uk : ∆k → U(Hλ), that is Uk(λ) is an element of the unitary group
U(Hλ) on the spaces Hλ of dimension k.

Moreover, when the Hermitian forms are in generic position the following
statement holds:

6 Proposition. The component spaces Hλ of the decomposition of H into
a direct integral with respect to R(G) are unidimensional if and only if the two
Hermitian forms h1 and h2 are in generic position.

Proof. Let us suppose that two Hermitian forms are given in generic po-
sition, then by definition R(G) = G′′ = G′, therefore G′ must be commutative.
Hence the totality of all irreducibles operators A(λ) corresponding to G′ are
unidimensional, then dimHλ = 1 for all λ ∈ ∆.

In order to prove the converse, observe that if R(G) = G′′ 6= G′, there exists a
non zero subset ∆0 of ∆ such that for λ ∈ ∆0 the totality of irreducible operators
A(λ) corresponding to G′ is not commutative. Hence dimHλ 6= 1. QED

Proposition 6 fully generalizes the Proposition in Ref. [3] to the case of
infinite-dimensional complex Hilbert space, so that we can say that all the
generic different admissible quantum dynamical systems are pairwise commut-
ing.

Finally, Proposition 6 implies that the unitary operators Uk(λ) in Eq. (20),
reduce to a multiplication by a phase factor eiϕ(λ) on Hλ for almost all λ, so
that the elements of the bi-unitary group read

U =

∫

∆
eiϕ(λ) . dσ(λ). (21)
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6 Concluding remarks

In this paper we have shown how to extend to the more realistic case of
infinite dimensions our results of a previous paper dealing mainly with finite
level quantum systems.

Our approach shows how to deal with “pencils of compatible Poisson Brack-
ets” [9] in the framework of quantum systems.

Our formulation is already in a form suitable to deal with quantum electro-
dynamics.

We hope to be able to extend these results to the evolutionary equations for
classical and quantum field theories.
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