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Abstract: A novel photonic fractional-order temporal differentiator is
proposed based on the inverse Raman scattering (IRS) in the side-coupled
silicon microring resonator. By controlling the power of the pump light-
wave, the intracavity loss is adjusted and the coupling state of the microring
resonator can be changed, so the continuously tunable differentiation order
is achieved. The influences of input pulse width on the differentiation order
and the output deviation are discussed. Due to the narrow bandwidth of IRS
in silicon, the intracavity loss can be adjusted on a specific resonance while
keeping the adjacent resonances undisturbed. It can be expected that the
proposed scheme has the potential to realize different differentiation orders
simultaneously at different resonant wavelengths.

©2015 Optical Society of America

OCIS codes: (200.4740) Optical processing; (130.3120) Integrated optics devices; (190.5650)
Raman effect; (320.5540) Pulse shaping.
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1. Introduction

With the rapid development of high-speed optical communication networks, all-optical signal
processing technology is an effect approach to overcome the inherent speed limitations of
conventional electronics. The temporal photonic differentiator is a basic element which can
implement the time derivative of the complex envelope of the input optical pulse. It can be
used in a wide range of applications, such as ultrafast all-optical computing [1], pulse shaping
and coding [2—4], dark-soliton detection [5], and Hermite-Gaussian waveforms generation [6].
Different schemes have been proposed to realize the temporal differentiation based on the
interferometers, fiber gratings, programmable pulse shapers, photonic crystal nanocavities,
and microring resonators [7—13]. In particular, the silicon based microring resonator has been
considered as a promising scheme with the advantages of compactness, mature fabrication,
and photonic-electronic integration [12—15].

In addition to the regular integer-order temporal differentiator, the fractional-order
differentiator has also attracted considerable research interest [16-21]. It has been recently
demonstrated that the fractional-order differentiation can be implemented by using the under-
coupled and over-coupled microring resonators [19,20]. However, the differentiation order
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can only be tuned electrically in the scheme reported in [20], which limits the response speed.
In [19], the differentiation order is controlled by the polarization state of the input light-wave.
As the polarization convertor and the multimode interference (MMI) coupler are required in
this scheme, the device complexity is increased.

In the inverse Raman scattering (IRS) process, light at the anti-Stokes wavelength is
strongly attenuated in the presence of an intense pump [22]. In silicon, IRS has already been
used for wavelength-selective all-optical switching, where the intracavity loss of an optical
resonator is precisely controlled in real time [23-25]. In this paper, a novel fractional-order
temporal differentiator is proposed in a microring resonator on the silicon-on-insulator (SOI)
platform. The coupling coefficient of the resonator is kept constant, while the intracavity loss
is adjusted by the pump intensity using the IRS effect. Thus, the continually tunable
differentiation order can be realized. By increasing the pump power continuously from 60
mW to 95 mW, the Gaussian pulse with a full width at half-maximum (FWHM) of 50 ps can
be differentiated with the order from 1.6 to 0.3, and the output deviation from an ideal
fractional-order differentiator is maintained less than 5%. Due to the narrow bandwidth of
IRS in silicon, the adjustment of intracavity loss can be implemented on a specific resonance
while leaving the adjacent resonances undisturbed. As a result, the proposed scheme has the
potential to achieve different differentiation orders simultaneously at different resonant
wavelengths. Furthermore, the effects of input pulse width on the differentiation order and the
average deviation are discussed in detail, which have not been analyzed in previous literatures
on the microring-based fractional-order differentiators.

2. Operational principle

For an input signal x(¢), the n th-order differentiator with an output dx"(¢)/dt" can be
considered as an optical filter. The transfer function H, (V) is given by [16,18]:

H (v)=(@i2nv)"
| 127v ] expinz/2) v>0 (1)
|272v " exp(=inz/2) v <0

where ne R*, v =(w—®,)/2x is the baseband frequency, @ is the optical frequency, and
w, is the carrier frequency. It can be seen that the amplitude response is | 27V |*, and the

phase response has a phase shift of nz across @, . The transfer function can be approximately

implemented using the all-pass microring resonator, as illustrated in Fig. 1. The intensity
transmission 7' and the phase response @ of an all-pass microring resonator are given by
[26-28]:

2 2 2
_ T —2rtcosg+r

T'=— = 2 20
1-2rtcos@+rtc

E
O =arg £
El

1
rsin rTsin
=7+ ¢@+arctan [—qjj +arctan (—qj],

2)

3)
T—rcosg 1—-r7cos¢

where r is the transmission coefficient of the coupling region, ¢ = BL is the round-trip
phase shift with the circumference L and the propagation constant S , and
T =exp(—a(w)L /2) is the round-trip amplitude transmission with the power loss coefficient
o . As shown in Fig. 2, the critical-coupled microring, where » =7 , can provide a phase shift
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of 7 across the resonance. Therefore, when the wavelength of input optical pulse coincides
with one of the resonance, a microring resonator operating at the critical coupling condition
can be used as a first-order differentiator. In addition, as the phase shifts of smaller and
greater than 7 can be achieved when r>7 and r <7 are satisfied respectively, the
fractional-order differentiator with 0 <n <2 can be implemented using the under-coupled
and the over-coupled microring resonators.

Control light
Signal pulse

—
E, E,

Fig. 1. Schematic illustration of the fractional-order temporal differentiator realized by the IRS
effect in the side-coupled microring resonator.

Transmission
Phase response

0.0 I &, I ! 1 L
1438.5 1439.0 1439.5 1440.0 1440.5 1438.5 1439.0 1439.5 1440.0 1440.5
Wavelength (nm) Wavelength (nm)

Fig. 2. (a) Intensity transmission and (b) phase response for the microring resonator with
r=0.83 and varying values of 7 .

In the IRS process, anti-Stokes photons are transferred to the pump, which leads to an
attenuation of the anti-Stokes light-wave. In silicon, the anti-Stokes wavelength is blue-shifted
by 15.6 THz with respect to the pump wavelength, and the bandwidth of spectral loss is 105
GHz [22,25]. The IRS process is governed by the generalized nonlinear Schrodinger equation
(NLSE) in [22]. However, the loss coefficient ¢, induced by IRS near the anti-Stokes

frequency @, can be simplified and described as [25]:

FZ
S 1, )
(w-w,) /4x” +T7

o (1) =

where I', =105 GHz, [ is the pump intensity, and g, =7 cm/GW is the Raman gain
coefficient when the pump wavelength is 1550 nm. In our scheme illustrated in Fig. 1, the
radius of the microring is optimized so that both the pump and the signal wavelengths are on
resonance. Due to the field enhancement effect at the resonant wavelengths, the pump
intensity is much larger in the ring than that in the straight waveguide. Thus, the IRS process
only occurs in the resonator, and can be neglected outside the ring. The intracavity intensity
can be calculated by / =MP, / 4, , where P, is the input pump power, 4, is the effective

mode area of the pump, and M =(1—r")/(1-r7)’ is the power enhancement factor at the
pump wavelength [29,30].

#233705 - $15.00 USD Received 3 Feb 2015; revised 15 Apr 2015; accepted 16 Apr 2015; published 21 Apr 2015
© 2015 OSA 4 May 2015 | Vol. 23, No. 9 | DOI:10.1364/0OE.23.011141 | OPTICS EXPRESS 11144



In the absence of the pump light-wave, as the signal power is rather small, the power loss
in the microring resonator is mainly caused by the linear loss of the bended waveguide, i.e.
a=co, . However, when the pump and the signal light-waves are launched into the
waveguide simultaneously, the intense pump light-wave will result in the nonlinear processes,
such as the Kerr effect, IRS, two-photon absorption (TPA), free carrier absorption (FCA), and
free carrier dispersion (FCD). Beside IRS, TPA and FCA lead to an additional attenuation of
the signal light-wave, while the Kerr effect and FCD cause a change of the refractive index
[31]. Therefore, the power loss coefficient at the signal wavelength in the microring resonator
can be written as o =, + &, + 0, + ., where ¢, is the linear loss coefficient, o, =24,,,1

and o, are caused by TPA and FCA respectively, and f,,, =0.45 cm/GW is the TPA
coefficient. In addition, the FCA loss coefficient can be calculated by
o, =1.45x107' (4 / 4,,)* N, where 4, =1550 nm, A is the signal wavelength, the free

carrier density N obeys the rate equation ON /dt = f,,,I° / (2h@,)-N/7,, and 7, is the

effective carrier lifetime [31,32]. By adopting the reverse-biased p-i-n structures, the free
carrier lifetime can be decreased significantly, so that FCA and FCD are both reduced [33].
The refractive index change induced by FCD can be cancelled out by the Kerr effect, so the
resonant wavelength is kept constant [23-25].

3. Results and discussion

In this work, the silicon waveguides have a cross section of 450 nm x 250 nm. The TE
polarized pump and the TM polarized signal are launched at 1556.1 nm and 1439.5 nm,
respectively. The TE-TM pump-signal combination can reduce the difference of coupling
coefficients at the two wavelengths, while increase the Raman induced loss by a factor of 1.5
[25]. A microring with the radius R =50 pm is used, so both the pump and the signal are on
resonance. In the absence of the pump, the microring resonator is over-coupled at the signal
wavelength with o, =10.77 dB/cm and » =0.83 . As the coupling strength and the linear
loss coefficient are related to the wavelength and the polarization state, the resonator is
operated near the critical coupling condition at the pump wavelength with ¢, =5 dB/cm and

r=0.97 [25,34]. The free carrier lifetime is 7, =50 ps.

1.0 150 1.0 150

120 = 120 =
E E
L 2
o o
0.8 90 = 0.8 %0 =
— o +o+oatoy § o + o+ oo g
e i Oy Al o ;P s=-o togto 155 5
= -
> >
© ©
o o
0.6 30 8 0.6 30 8
£ £

L 1 1 1 L L 1 1 1 0 L 1 1 1 1 L 1 1 1 0

0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200

Pump light power (mW) Pump light power (mW)

Fig. 3. T and intracavity loss at (a) 1439.5 nm and (b) 1442.3 nm as functions of the pump
light power. The dashed lines depict the intracavity loss induced by all the mechanisms except
IRS, and the solid lines include all the optical losses in the resonator.

Figure 2 shows the power transmission and the phase response of the microring resonator.
When the difference between r and 7 is increased, the slope of phase response across the
resonance and the resonant attenuation are both decreased. Moreover, the 3-dB bandwidth of
the transmission spectrum is increased with the decrease of 7 .
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Fig. 4. Comparisons between the outputs of the proposed differentiator and the time-reversed
ideal differentiator with (a) n=0.4,(b) n=0.7,(c) n=1,(d) n=1.2, and (¢) n=1.5. The
FWHM of the input Gaussian pulse is 50 ps.

As mentioned above, for the continuous-wave pump, ¢, and ¢, are proportional to /

and I° respectively, and ¢, is much smaller than ¢, . When the pump light-wave is injected

into the resonator, as shown in Fig. 3(a), the intracavity loss at the signal wavelength is nearly
linear with respect to the pump power, which indicates the signal attenuation is predominated
by the IRS effect. With the increase of the pump power, the round-trip amplitude transmission
coefficient 7 is decreased, and the coupling state at the signal wavelength will be altered
from the over-coupled regime to the critical-coupled regime, and then to the under-coupled
regime.

The effect of pump light-wave on the intracavity loss at 1442.3 nm is shown in Fig. 3(b),
where 1442.3 nm is the resonance adjacent to the anti-Stokes wavelength. The bandwidth of
IRS is much smaller than the free spectral range (FSR) of the microring resonator. Therefore,
the optical loss induced by IRS is decreased significantly compared with that at the anti-
Stokes wavelength. The optical loss induced by TPA and FCA is kept almost constant within
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the FSR. Thus, for the resonances which do not coincide with the anti-Stokes wavelength, it
can be seen that TPA and FCA plays an important role in the intracavity loss.

When a Gaussian pulse with a temporal FWHM of 50 ps is launched into the resonator as
the signal, by properly adjusting the pump power, differentiated pulses with the order n = 0.4,
0.7, 1, 1.2, and 1.5 can be generated as shown in Fig. 4. Compared with the outputs of the
time-reversed ideal differentiators, it can be seen that the waveform deviation is relevant to
the differentiation order n . A good agreement can be observed when the differentiation order
is close to 1. In addition, the waveform deviation with n >1 is greater than that with n<1.
The dependence of waveform deviation on the differentiation order will be further discussed
in the later part of this section.

The effect of pump power on the differentiation order is described in Fig. 5. When the
pump power is varied from 60 mW to 95 mW, the input pulse with FWHM = 50 ps can be
differentiated with the order from 1.6 to 0.3. There is approximately a linear correlation
between the pump power and the differentiation order with n>1. When n<1, the
differentiation order is decreased more and more slowly with the increase of the pump power.
Besides, under the critical coupling condition where » =7 =0.83, the differentiation order is
equal to n=1 for all the input signal pulses with FWHM 2> 50 ps. However, a small
discrepancy from the differentiation order n =1 can be observed for the input pulse with
FWHM =20 ps.

The differentiation order is also affected by the pulse width of the input signal light-wave.
The input with larger pulse width has less bandwidth in its spectrum. If the input spectrum is
concentrated more densely to one of the resonances, the output will be more sensitive to the
change of resonator response which is induced by the variation of 7. Therefore, when the
input pulse width is increased, the curve in Fig. 5 becomes steeper indicating the
differentiation order is more sensitive to the pump power. In practical applications, we can
increase the input pulse width to reduce the required variation range of the pump power. On
the contrary, decreasing the input pulse width is beneficial to improve the tuning accuracy of
the differentiation order.

16 % - FWHM = 120 ps ] 0.85
<@ FWHM = 80 ps
= 14} wome FWHM = 50 ps ] 0.84
] | e FWHM = 20 ps
-‘g 1.2 “ ¥ E _________________________ —0.83
5 10} {0.82
5
3 -
£ 08l {081
o B
9 4 {o.80
£ 0.6 - ; } A ol i
a : ey
0.4+ Criticallcoupled"‘n.‘ "—.,'. . L 1 0.79
Over coupled Y Under coupled -
0:2 — : ' 0.78
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Control light power (mW)

Fig. 5. Differentiation order as function of the pump power and the input pulse width. To
indicate the coupling state of the microring resonator, the correspondence of the pump power
and the round-trip amplitude transmission coefficient is also presented.

As seen from Fig. 5, one pump power can correspond to more than one differentiation
orders due to the variation of the input pulse width. This phenomenon can be attributed to two
factors. One is the insufficient bandwidth of the microring resonator. Figure 6(a) shows the
output under the critical coupling condition for various input pulse widths. A discrepancy
from the first-order differentiator can be observed for the input pulse with FWHM = 20 ps,
where the two peaks of the output have different maximums. In fact, the output can be fitted
using an ideal fractional-order differentiator with n=0.94 . It is noteworthy that this
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discrepancy will not emerge when the input pulse width exceeds FWHM = 50 ps. On the
resonance, the critical-coupled microring resonator is quite ideal for the first-order
differentiator, as the transmission is completely repressed and the phase is shifted by exact 7
radians with almost infinite slope. Hence, it can be deduced that the discrepancy in Fig. 6(a) is
derived from the insufficient bandwidth of the resonator. The bandwidth can be increased by
decreasing R and r, while greater pump power will be required to achieve the same
differentiation order. The second factor is the response of the over-coupled and under-coupled
microring resonator does not perfectly coincide with that of an ideal fractional-order
differentiator. The transmission of the resonator cannot be attenuated to 0 on the resonance.
Furthermore, the phase response is more crucial where the slope of the phase shift across the
resonance declines with the increase of |»—7|. In Fig. 6(b), the differentiation orders with
7=0.834 are n=1.11 and n=1.2 for the input pulses with FWHM = 50 ps and FWHM =
80 ps, respectively. When 7=0.816, the differentiation orders are n=0.64 and n=0.5 for
these pulse widths as shown in Fig. 6(c). The differentiation orders for the input pulse with
FWHM = 20 ps are n=1 and n=0.77 in Fig. 6(b) and Fig. 6(c) respectively, which are
affected by both of the two factors simultaneously.
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Fig. 6. Output of the proposed differentiator for various input pulse widths with (a) 7=0.834 ,
(b) 7=0.83,and (c) 7=0.816.

To quantitatively evaluate the performance of the proposed fractional-order differentiator,
the average deviation D, can be defined as the mean absolute deviation between the outputs

of the ideal and the microring-based differentiators [8]:

D, =%£|PMR (O)- P(0)dr, 5)
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where P,,(¢f) and P(¢) are both normalized output powers. In this work, to guarantee the

successive output pulses do not overlap with each other, the time repetition period of the input
waveform is 7 = 6X FWHM , where FWHM is the input pulse width.

6 T T T T T T ¥ T A T
_ e FWHM = 120 ps A
X 5f o~ FWHM=80ps E
= «m FWHM = 50 ps
D% " w4 FWHM = 20 ps
c
L
=
8
>
()
e
Q
(=]
©
1
(]
>
4
0 1 1 1 i

0.4 0.6 0.8 1.0 1.2 1.4 1.6
Differentiation order n

Fig. 7. Effects of the differentiation order and the input pulse width on the average deviation in
the proposed differentiator.

The average deviation of the proposed differentiator for various input pulse widths is
presented in Fig. 7. To demonstrate the effect of differentiation order on the average
deviation, we focus on the curve for the input FWHM = 80 ps, where the bandwidth of the
microring resonator is sufficient for the input pulse. As discussed before, the critical-coupled
microring resonator has the most similar spectral response compared to the ideal
differentiator, so the average deviation has a minimum at » =1. With the differentiation order
departing from 1, the spectral response of the resonator deteriorates more and more seriously
from the ideal fractional-order differentiator, so the average deviation is increased. Quite
interestingly, the average deviation has a local maximum near n = 0.6 . As seen from Fig. 4(a)
and Fig. 4(b), when n <1, the deviation is mainly derived from the minor peak of the output,
while the minor peak of output pulse for the ideal differentiator declines with the decrease of
n . The discrepancy of spectral response promotes the growth of the deviation, and on the
contrary, the declining of the minor peak of output diminishes the average deviation. Thus,
the two effects counteract with each other, and form the local maximum of the average
deviation. However, when n >1, the average deviation is monotonous with respect to the
differentiation order 7 .

Figure 7 also depicts the effect of input pulse width on the average deviation. With the
decrease of the input FWHM, the minimum of the deviation curve is increased, while the
differentiation order corresponding to the minimum deviation is reduced. In addition,
although less deviation can be obtained for small differentiation orders, the deviation with
n>1 will be increased. Hence, there is a trade-off for the deviations with small and large
differentiation orders. For the input FWHM 2> 50 ps where sufficient bandwidth can be
provided by the microring resonator, the curve shift caused by the input pulse width is
inconspicuous. It can be seen that the deviation curves for input FWHM = 80 ps and FWHM
=120 ps are almost coincident with each other. In this case, compared to Fig. 5, although the
required pump power is varied with the input pulse width to achieve a particular
differentiation order n, the average deviation D, can be held relatively constant.

ave
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Fig. 8. Output of the proposed differentiator when the signal wavelength is shifted to 1439.51
nm. The differentiation orderis # =0.5, n=1,and n =1.5, respectively.

As discussed before, in the microring-based differentiator, the signal wavelength should
coincide with one of the resonant wavelengths. However, the resonant wavelengths can be
shifted by many factors, such as the light intensity, the free carrier density, and the thermal
effect. To analyze the effect of resonance shift on the output waveform, without loss of
generality, we assume the resonant wavelength is kept at 1439.5 nm, and the anti-Stokes
signal pulses are launched at 1439.51 nm. The differentiated pulses with n=0.5, n=1, and
n=1.5 are depicted in Fig. 8. When the signal is detuned from the resonance, it can be seen
that the optical power cannot drop to zero in the notch part of the output waveform.
Therefore, to reduce the output deviation of the microring-based differentiator, it is crucial to
decrease the mismatch between the signal and the resonant wavelength.
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Fig. 9. The 1.23-order differentiated pulse at 1439.5 nm and the 0.49-order differentiated pulse
at 1442.3 nm, where the 50 mW and 70 mW pump light-waves are launched at 1556.1 nm and
1559.2 nm simultaneously. The FWHM of the input Gaussian pulses is 50 ps.

As shown in Fig. 3(b), due to the narrow bandwidth of IRS, the intracavity loss induced by
IRS is rather small except for the anti-Stokes resonance. Thus, different differentiation orders
can be realized simultaneously at different resonant wavelengths by launching multiple pump
light-waves. For instance, two pump light-waves at A, =1556.1 nm and A,, =1559.2 nm

are injected into the resonator with the power P, =50 mW and FP,, =70 mW. As shown in
Fig. 9, when the Gaussian pulses with FWHM = 50 ps are launched as the anti-Stokes input
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signals, the 1.23-order differentiated pulse can be obtained at 1439.5 nm with the average
deviation D, =2.7% , and at the same time, the 0.49-order differentiated pulse can be

obtained at 1442.3 nm with D, =2.0% . The TPA process occurs between the signal and

each pump light-wave, and the free carrier is generated by both of the pump light-waves.
Therefore, compared with the signal-pump configuration with P, =50 mW or P, =70

mW, the intracavity loss is increased and the differentiation order is decreased. Besides, the
four-wave mixing (FWM) effect is negligible, as the signal wavelengths are far from its gain-
bandwidth.

4. Conclusion

In summary, using the IRS effect in silicon waveguide, a novel photonic fractional-order
temporal differentiator is proposed based on the side-coupled microng resonator. By
controlling the power of the pump light-wave, the intracavity loss is adjusted, and the
coupling state of the microring resonator can be changed. Thus, the differentiation order can
be tuned continuously. As the microring resonator has limited bandwidth and non-ideal
spectral response as a fractional-order differentiator, the required pump power is varied with
the input pulse width to obtain a particular differentiation order. In addition, with the increase
of the input pulse width, the differentiation order becomes more sensitive to the variation of
pump power. Compared with the output of an ideal fractional-order differentiator, the average
deviation is minimal when the differentiation order is close to 1. The average deviation is
monotonous with respect to the differentiation order when n>1, while it has a local
maximum when n <1. While altering the input pulse width, the correspondence between the
average deviation and the differentiation order is shifted, and there is a trade-off for the
deviations with small and large differentiation orders. However, the shift is inconspicuous
when sufficient bandwidth can be provided by the microring resonator. The proposed scheme
offers a new approach to realize the optically tunable fractional-order differentiation in the
microring resonator. The narrow attenuation bandwidth of the IRS process in silicon provides
the potential to achieve different differentiation orders simultaneously at different resonant
wavelengths. Furthermore, this work has discussed the influencing factors on the
differentiation order and the average deviation, which can be applied to all the fractional-
order differentiators based on microring resonators.
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