QUATERNION KAHLER FLAT MANIFOLDS

ISABEL G.DOTTI AND ROBERTO J. MIATELLO

1. INTRODUCTION

In this paper we give a method to construct quaternion-Kéhler compact
flat manifolds. Given any Bieberbach group I' with holonomy group F and
translation lattice A and ¢ : F' — R™/A, a 1-cocycle modulo A, we form dgT’,
a Bieberbach group of dimension 2n, having holonomy group F' and such
that the holonomy group commutes with an invariant orthogonal complex
structure J on R". As a second step, we enlarge dsI' into a Bieberbach
group with holonomy group F' X Zo, in such a way that the new element of
order 2 in the holonomy group anticommutes with J. By applying either of
these procedures twice, we obtain families of hyperkéhler flat manifolds and
quaternion Kéahler flat manifolds.

In order for the second construction to work, we need a normality condi-
tion and a result in [6], therefore we will need to restrict ourselves to certain
Bieberbach groups with holonomy group F ~ Z’Qf. However, the family of
such Bieberbach groups is still very large (see Section 2). Our main result is
Theorem 3.5 (see also Corollary 3.6) which will be used in Section 4 to give
many families of quaternion Kéhler manifolds of dimensions n > 8, which
admit no Kéhler structure (see Example 4.1) or no hyperkéhler structure
(see Example 4.2). This will follow from the explicit calculation of the Betti
numbers of the manifolds involved.

2. CERTAIN BIEBERBACH GROUPS WITH HOLONOMY GROUP Z&

A Bieberbach group I is a crystallographic group (i.e. a discrete cocom-
pact subgroup of I(R™)) which is torsion-free. Hence the action of T" on
R™ is without fixed points and the quotient Mp := I'\R" is a compact flat
Riemannian manifold with fundamental group I'. If v € R™, let L, denote
translation by v. By Bieberbach’s first theorem, if I' is a crystallographic
group then A = {v : L, € I'} is a lattice in R”. The translation lattice
Ly ={L,:v € A} is a normal and maximal abelian subgroup of I" and the
quotient F' := LA\I" is a finite group which represents the linear holonomy
group of the flat Riemannian manifold Mr and is called the holonomy group
of I. We will usually write A in place of L throughout this paper.

Any element v € I(R™) decomposes uniquely v = BLy, with B € O(n)
and b € R™ and the lattice A is B-stable for each BL;, € I'. The restriction
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to I' of the canonical projection from I(R™) to O(n), mapping BL; to B, has
kernel A and the image is a finite subgroup of O(n), called the point group
of I'. We shall often identify the holonomy group £ with the point group
of I'. The action of F' on A defines an integral representation of F', usually
called the holonomy representation.

In this paper, for technical reasons, we will be working only with Bieber-
bach groups with holonomy group Z’g . In Section 3 we will make use of the
following result from [6], Proposition 2.1 (see also [9], Proposition 1.1).

Proposition 2.1. Assume thatT' = (y1,...,vk, A) is a subgroup of Aff (R™),
with ; = B;iLy,, b; € R, B; € Gl(n,R) such that (B,...,B,) ~ 75 and A
is a lattice in R™ stable by the B;’s. Then I' is torsion-free with translation
lattice A if and only if the following two conditions hold:
(i) For each pairi,j, 1 <i,j <k, (B;—Id)b; —(Bj—Id)b; € A.
(ii) For each I = (i1,...,is) with 1 < i3 < ig < -+ < iy < k, let
BilLbil e BisLbis = BILb(I) S F, with B[ = Bil N Blg and b([) =
B;, ... Bigbh + B, ... Bigbig + -+ Bisbis—l + bis' Then

(B + Id)b(I) € A \ (B; + Id) A.

Finally, if T satisfies conditions (i) and (ii), then I' is isomorphic to a
Bieberbach group with holonomy group F ~ Zg.

Remark 2.2. We note that the statement in [6] asserts only the sufficiency
of conditions (i), (ii) for T" to be torsion-free with translation lattice A, but
the converse can be proved, essentially, by reversing the argument given
there. Also, although the result in [6] is stated for subgroups of I(R"™), its
proof is valid under the more general conditions above.

We will use a family of Bieberbach groups, introduced in [12] for F ~ 73,
that will play a main role in the construction of quaternion flat manifolds
in the next section.

Definition 2.3. Let I' be a Bieberbach group with holonomy group F' ~ Z’§
and translation lattice A. Then I is in class F if b € %A, for any BL, € T,
and there is a decomposition of A: A =>77_| A; @ St Apyi, where A; =
Zegj—1 ® Zegj (1 < j <), Ay = Zegyy (for 1 < i < t) are F-stable and
the holonomy action is given as follows.

For each BLy € I'and 1 < 5 < r, By, is either +Id, or the map +V,
where V' exchanges epj_1 and ey; and, if 1 < i < ¢, then Beg,1; = £eor 4.
Furthermore, each A; is F-indecomposable, that is, for each j there is some
B € F which acts by £V on A;.

Remark 2.4. We note that if v = BL, € T' with B € O(n), b € R",
we may write b = bt + b~ where Bb® = £b% and since F ~ Z§, then
v = L(pt1app = Lop+, hence 2b" € A. However, it may be the case that
2b~ ¢ A, so we need the assumption that 2b € A. It can be shown that if the
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holonomy representation is diagonal (i.e. 7 = 0) then I can be conjugated
in I(R™) to a group I such that 2b € A for each ~, so in this case this
assumption is not necessary (see [9], Section 1). It follows from the known
classification (see [1]) that it is also not needed in low dimensions n < 4.

Although Definition 2.3 may seem rather restrictive, we shall next list
many known examples of Bieberbach groups satisfying those conditions,
showing that the family F is actually very large.

Example 2.5. We first use the known classification in low dimensions to
describe the Bieberbach groups with holonomy group Z& for n < 4. We
refer to [1], p. 408, for a full list of fixed-point-free crystallographic groups
in dimensions < 4.

If n = 2, the only non-abelian Bieberbach group is, up to conjugation by
¥ in Aff(R™), the Klein bottle group: T' = <BL%1,A> where Be; = e1, Beg =
—ey. Thus F' ~ Zy and r=0.

If n = 3, there are 3 Bieberbach groups with F' ~ Zs, two of them
with diagonal holonomy (see [14] or [1]). Namely, I'; = <BlLe71,A>,F2 =

1 1
(BsLey,A),Ts = (BsLeg, A), where Blz[ o 71}, Bgz[ —1J,and

Bs; = [V 1] , where V interchanges e; and es. Also, there are 3 Bieberbach

groups with holonomy group Z3, all of them with diagonal holonomy rep-
resentation, namely: 'y = <B1L%1,BQL%3,A>, I'y = (BlL%,BgL52+63,A),
2

I's = (BlL%l,BiLm,A/X)7 where By, By are as before and B} = [_1 1 1}.
Here I's is the so caﬁed Hantzsche-Wendt group.

If n = 4 there are 5 groups with F' = Zs (3 of them with r = 0 and 2 with
r = 1). They correspond to families II, IIT in [1], p 408. Also, there are 26
groups with F ~ Z2, 21 of them in F, where 8 are of diagonal type (r = 0)
and 13 have r = 1. There are five groups which have a more complicated
holonomy representation and are not in class F. These are denoted by
IV/04/01/04/005 (p.83), IV/04/01/06/004 (p.84), V/05/01/06/006 (p.90),
V/05/01/07/004 (p.90), V/05/01/10/004 (p.90) in [1]. We note that, out
of the 26 groups with holonomy group Z3, 17 belong to family IV and 9 to
family V of the list in [1], p 408. Finally, still for n = 4, there are 12 groups
with F' ~ Z3, all of them in F, with diagonal holonomy representation and
all non-orientable (they all belong to family V in [1], p.408).

Example 2.6. The groups studied in [6], Section 3, have F' = Zk, and
belong to family F, for all n > 5,2 < k < n — 3. Also, in the case when
F ~ 72, a subfamily of F is considered in [11] (see also [5]) and it is shown
that its cardinality grows polynomially with n. On the other hand, the
Hantzsche-Wendt groups in [8] have F' =~ ZJ~! (n odd) they are of diagonal
type, and their number h(n) grows exponentially with n.
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Example 2.7. We now give an example to show that for each n,r,t with
n = 2r +t, there exists a Bieberbach group I';.; belonging to family F, with
holonomy group F =~ Zg“fl and where r,t play the role of r, ¢ in Definition
2.3. We let A be the canonical lattice, decomposed as in Definition 2.3.
For 1 < h <rlet By € O(n) be such that Bha, = Vi and Bpegyii =
earti, for 1 < j <1, 1 < i < t. Let B, € O(n) be such that Bje; =

(—1)%2r+kie;, for 1 < k <t—1,1 <i < n. Choose by = %,..., bp_1 =
€2r— 1+62r b 62r+1 b/ _ 62r+2 b/ __ €2r43 __ €én
- 2 t 1= 2+
SetF,t_(BhLbh,B Ly, A 1<h<r 1<k<t— 1)

It is not hard to verify that I',.; satisfies conditions (i), (ii) of Proposition
2.1 and defines a torsion free group with translation lattice A which belongs
to family F.

Remark 2.8. In the previous examples we listed Bieberbach groups with
holonomy group Zg which are in class F, except only for the 5 groups listed in
Example 2.5 for n = 4, which have holonomy group Z2. On the other hand,
Nazarova has shown that Z% has indecomposable integral representations
with arbitrarily large rank ([10]). Using these representations one can obtain
Bieberbach groups with holonomy group Z3 for any n > 5, which are not in
the class F (see also [12], where all Bieberbach groups with holonomy group
Z3 and n = 5 are classified).

3. CONSTRUCTION OF QUATERNION KAHLER FLAT MANIFOLDS.

A Riemannian manifold is quaternion Kdhler if its holonomy group is
contained in Sp(n)Sp(1). It is known that quaternion Kéhler manifolds
are Einstein, so the scalar curvature s splits these manifolds according to
whether s > 0, s = 0 or s < 0. Ricci flat quaternion Kéahler manifolds
include hyperkéhler manifolds, that is, those with full holonomy group con-
tained in Sp(n). Such a manifold can be characterized by the existence of
a pair of integrable anticommuting complex structures, compatible with re-
spect to the Riemannian metric, and parallel with respect to the Levi-Civita
connection.

The simplest model of hyperké&hler manifolds (and in particular, of quater-
nion Kihler manifolds) is provided by R*" with the standard flat metric
and a pair J, K of orthogonal anticommuting complex structures. This hy-
perkiihler structure descends to the 4n-torus T := A\R*", for any lattice A
in R4 If Mp = T'\R*" is a compact flat manifold such that the holonomy
action of F' = A\I" centralizes (resp. normalizes) the algebra generated by
J, K, then My inherits a hyperkéhler (resp. quaternion Kéhler) structure.

In [3] we introduced a ”doubling” procedure for Bieberbach groups which
allows to produce many flat hyperkahler (even Clifford Kéhler) manifolds.
In particular, we showed that any finite group is the holonomy group of a
hyperkahler flat manifold. The main goal of this paper is to give a variant
of this construction which produces quaternion Kéhler manifolds which are
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generically not Kéhler. The construction will apply to a large family of
Bieberbach groups, including those in family F (see Section 2). A similar
construction should work for Bieberbach groups with more general holonomy
groups (using for instance Proposition 1.1 in [MR2]). However, the family to
be considered will be sufficiently large to give many rather simple examples
of quaternion Kahler flat manifolds which admit no Kéahler structure.

Let T' be a Bieberbach group with holonomy group F' and translation
lattice A C R™. Let ¢ : FF — R" be a 1l-cocycle modulo A, that is, ¢
satisfies ¢(B1B2) = By '¢(B1) + ¢(Bz), modulo A, for each By, By € F.
Then ¢ defines a cohomology class in H'(F;R"/A) ~ H?(F;A) and one
may associate to ¢ a crystallographic group with holonomy group F' and
translation lattice A. Furthermore, this group is torsion-free if and only if
the class of ¢ is a special class (see [4]).

Definition 3.1. Let I be a Bieberbach group with holonomy group F' and
translation lattice A C R™. Let ¢ : FF — R” be any 1l-cocycle modulo A.
We let dyI' be the subgroup of I(R?") generated by elements of the form
[g %] L(d)(B),b) and L()\“u), for y = BL, € I' and ()\,,u) ceADA.

Proposition 3.2. (compare with [3], Theorem 3.1) Let T', ¢ and dyI' be as
in Definition 3.1. Then

(i) dyT" is a Bieberbach group with holonomy group F, translation lattice
A& A and dyD'\R?" is a Kdihler compact flat manifold.

(i) If T\R™ has a locally invariant Kdhler structure, then d,I'\R®" is
hyperkéhler. In particular, if ¢' : F — R?®™ is any 1-cocycle modulo A @ A,
then dgy d¢F\R4n s hyperkdahler. Any finite group is the holonomy group of
a hyperkahler compact flat manifold.

Proof. Given any two elements 01,02 € dgI’ with 6; = [Eél ng] Lig(B1),b1)s
by = [EE’? él] L(4(B3).b2), We have 0102 = [31032 31032} L((B1B2).b(B1 B2) L)
where b(B1B3) = B;lbl + by and p, ' € A.

This implies, since A is B-stable for each BL; € I', that a generic element
in dgI" can be written § = [’g Jg] L(¢(B)+Ab+p), for some BLy € I', A, i € A.
Furthermore we have a homomorphism ) : dgI' — F' defined by () = B,
having kernel A @ A. It follows that d4I' is a crystallographic subgroup of
I(R?") with holonomy group F and translation lattice A @ A. Furthermore
there is an exact sequence of groups

l-A—-dyl' =T =1

where the second map is given by § — v = BLyL,,, which has kernel A& {0},
where § = []g Jg] L(4(B)+-2p+p)> @s above.
This implies that d4I" is torsion-free, since I' and A are torsion-free.
Furthermore, the O(2n)-component of any element in dsI" commutes with
the complex structure Jo, in R?® given by Jo,(v1,v2) = (v, —v1), thus
dgT'\R?" is a Kéhler compact flat manifold. If I\R™ is already Kéhler, that
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is, if the holonomy action of F' commutes with J;,, a translation invariant
complex structure on R", we put Jj, = {J” _ ], getting a second com-

plex structure which anticommutes with Js,, hence we have a hyperkahler
structure on 72". Since the holonomy action of dgI" commutes with both
Jon, and J4 it follows that d¢F\R2” is hyperkahler. This says in particular,
that for any Bieberbach group T, if ¢’ is as in (ii) in the statement, then
d¢/d¢I‘\]R4" is hyperkahler. Since by a wellknown theorem of Auslander-
Kuranishi (see [14], for instance) any finite group is the holonomy group of
a compact flat manifold, it follows that any finite group is the holonomy
group of a hyperkéhler compact flat manifold.

Remark 3.3. In this paper we shall work mostly with the choice ¢ = 0 and
we shall then write dyI". Other natural choice is to let ¢ be the 1-cocycle
associated to I, as in [3]; we denote dyI" by dI' in this case.

It is clear that the procedure in (ii) of Proposition 3.2 can be iterated.
If we assume that ¢ = 0, for simplicity, and we set dy'I' = dodgb_ll“, we
get that dj'T" is a Bieberbach subgroup of I(R?"") with holonomy group
F, diagonal holonomy representation and translation lattice A @ --- @ A.

T
Furthermore the holonomy representation commutes with m anticommuting
complex structures on R?"", hence djj'T\R?"" has a Clifford structure of
order m (compare [3], 3.1).

We wish to enlarge dg4l' into a Bieberbach group dg4I' in such a way
that some element in the holonomy group of d, 4I' anticommutes with the
complex structure Jy, in R?”. Once this is done, then by repeating the
procedure twice, we shall get a Bieberbach group such that any element in
the holonomy group will either commute or anticommute with each one of a
pair of anticommuting complex structures, hence the quotient manifold will
be a quaternion Kahler flat manifold which in general, will not be Kéhler.
In Theorem 3.5 we will show that this can be done for a class of Bieberbach
groups with holonomy group Z’§ which includes any group I' € F (Section
2).

Definition 3.4. Let I' be a Bieberbach group with holonomy group F' >~ Z’g,
with translation lattice A and such that b € %A for any v = BL, € T'. Let
¢ : F — R" be a 1-cocycle modulo A. Set E, = [Id —Id] € I(R?™). Set
dg¢(L',v) = (dl', EnLy ), where v € R™.

As we shall see, under rather general conditions, dq 4(I', v) contains d4I" as
anormal subgroup of index 2, hence if v € R™ can be chosen so that d, 4(I", v)
is torsion free, My () Will be a compact flat manifold with holonomy
group F' x Zo having as a double cover the Kéhler manifold My oT (see
Definition 3.1). Furthermore F' commutes with J, but E,, only anticommutes
with J. If we use this construction twice we will get a Bieberbach group
dg(l“,v,u) = dgg(dge(T,v),u) C I(R'™) such that the holonomy group



QUATERNION KAHLER FLAT MANIFOLDS 7

normalizes two anticommuting complex structures, Ji,Jo, on R*”, hence
dg (I',v,u)\R*" will be a quaternion Kihler manifold. Thus, our main goal
will be to give conditions on v € R™ that ensure that d, 4(I',v) is torsion
free. We also note that if n is even, My_ ) will always be orientable.

Theorem 3.5. Let I', ¢ be as in Definition 3.4. Then
(i) If v € R™ is such that 2v € A and satisfies

(B —Id)v € A for each v = BLy €T,

then dy 41" is a crystallographic group with translation lattice A © A

and holonomy group ZSH. Furthermore, dg 41" is torsion-free if and
only if v ¢ A and for each v = BLy, € T’ we have:

(B + Id)(¢(B) +v) € A\ (B + Id)A, or (B — Id)b ¢ (B — Id)A.

(ii) If every element in the holonomy group F commutes or anticom-
mutes with a translation invariant complex structure and v satisfies
the conditions in (i), then dy (T, v)\R*" is quaternion Kdhler.

(iii) If v satisfies the conditions in (i) we have that B1(dgs(T,v)\R*") =
B1(T\R™) and Ba(dy (L, v)\R*) = 265(d, 4(T',v)\R*). Hence, if
B1(T\R™) is odd, or if f2(T\R™) = 0 and if F' satisfies the condition
in (ii), then dy s(T,v)\R*" is quaternion Kdhler and not Kdihler.

(iv) Assume ¢ = 0 and I' € F (see Definition 2.1). Then the vector
v = 337 | e; satisfies the conditions in (i), hence dgo(T,v) is a
Bieberbach group. Furthermore, dgo(I,v) € F.

Proof. We first show that dyI" is a normal subgroup of index 2 of dg 4(I", v).
We note that for any v = BL, € I', we have:

B . _[B
En%@)[ B] Lig(syb) (Enlw,0) :[ B} Lg(B),b) Lpwr)

with p = (B — Id)v, u/ = —2b. Now pu,p/ € A by the choice of v and T,
hence dy4I' is a normal subgroup of dg4(I',v). Furthermore, since 2v € A,
any element in d, 4(I',v) can be written uniquely in one of the following
forms:

B
(1) [ B} Lig(By+aptny [

with \,\' € A, v = BL, € I'. This implies that if we map the elements
of the second (resp. first) type to —1 (resp. 1) we get an epimorphism
7 dge(I',v) — Zy with kernel dgI'. Thus, there is an exact sequence

1 = del' = dg (I, v) = Zy — 1,

hence dg 4(I',v) is a crystallographic group.
The general expression of the elements of dg 4(I',v) given in (1) ensures
that the translation lattice of I is A ® A and the holonomy group is F' X Z.
We now find conditions on v, I" for dg 4(I',v) to be torsion-free. Proposi-
tion 2.1 (ii) requires that 2v € A \ 2A and secondly (using the general form

B
_ B] Lg(B)+v+x,—b+x)
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(1) of an element in dg 4(I", v) which is not in d4I'), that for any BL, € T
one of the following holds:

(B +Id)(¢(B) +v) € A\ (B+Id)A or (B —Id)b e A\ (B — Id)A.

Since we know that (B + Id)b € A (' has translation lattice A) and 2b
lies in A, the previous condition is equivalent to the one asserted in (i).

The proof of (ii) is the same as the one given in the proof of the analogous
assertion in Proposition 3.2, (i).

In order to prove (iv), we will need some general properties of the elements
of I' € F. We keep the notation from Section 2 (see Definition 2.3).

(a) For any BLy € T', By, = £Id or £V, for 1 < j < r. Indeed, since
for any j there is some element B'Ly € I' which acts by £V on A; and
B commutes with B’, then B, must commute with V/, hence the only
possibilities are Bjy, = ®Id or B)y, = £V, since B’ € O(n). Furthermore,
Be?r+i = :|:62r+i, for 1 < ) <t.

(b) Since 2b € A for any BL; € T' then, modulo A, we have that 2b =
E?:{t aje;, with a; = 0,1 for all j. We claim that agj_1 = agj for 1 < j <,
that is:

1 1
(2) b= §Z cj(egj—1 +ez5) + 5 Z di€2r+i
j=1 i=1

for some coefficients ¢;,d; in {0,1}, for all j. We note that this expression
implies in particular that (B £ Id)b € A.

Let p; denote the projection onto A; according to the decomposition in
Definition 2.2. To show that b can be written as in (2) we note that if
BL;, € T satisfies By, = £V, then, the projection p of b on A; must be
either 0, or %%Jre”, modulo A. Indeed, since (B + Id)p;jb € A, one can not
have p;b equal to 5+ or <L .

Now we assume that j is such that B acts on Aj by 1. Let B'Ly € T’
be so that B" acts on Aj by £V. We have seen already that p;b is either 0
or =LY Since BLyB'Lyy = BB' Lpiy1y, we have that (BB’ + Id)(B'b+
b') € A. We claim that this implies that p;b is either 0 or % Since
(BB’ +1d) acts on Aj by £V + Id, then we have that, mod A,

p;(BB + Id)(B'b+ V) = (B + B')pjb+ (BB' + Id)p;b’ = (I + £V )p;b,
since (£B' + Id)p;b’ € A. It thus follows that (£V + £Id)p;b € A, and this
clearly implies that, modulo A, p;b is either 0 or % as asserted. This

concludes the proof of (b).

(c) For any BL, € T', b = b* + b~ where Bb* = 4b*; now T torsion-
free implies b # 0 (otherwise (BLy)? = Id). Furthermore, b* must have a
nonzero projection onto some A; (1 < j <r) where B acts by Id, or it must
have a nonzero projection onto some space Reg,y; (1 < i < t), where egq4;
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is fixed by B. To prove this assertion we note that if p;b := % and
B|Aj = 4V, then pj(B + Id)b = (ezj_l + 62]‘) = (B + Id)egj_l S (B + Id)A,
if B acts by V, or else p;(B + Id)b = 0, if B acts by —V. This says that for
this j, p;b™ does not satisfy condition (ii) in Proposition 2.1. Therefore b
must necessarily have some nonzero projection of the form asserted above.

Now we are in a position to prove (iv) in the theorem. If we choose v =
i S22t e;, then 2v € A\2A. Furthermore by (c), (B+Id)|, = 2Id, for some
1 < j <r,orelse B+Id fixes eg; for some 1 < ¢ < t. In the first case we see
that pj(B + Id)v = egj_1 + e; which is not in (B4 Id)A; = Z2(eg;j—1 + e25).
In the second case, po,ti(B + Id)v = egpy; ¢ (B + Id)Ze; = Z2e;. Thus,
this choice of v satisfies all the conditions in (i) of the theorem, for T" to be
torsion-free. Hence (iv) is proved.

Concerning (iii), we note that by [7], the Betti numbers of a compact

flat manifold with fundamental group I' are given by 3;(Mr) = dim A/ R”F,
where the F-invariants are taken with respect to the rational holonomy
action of F. We note that the action over Q is always diagonal, for I
with holonomy group Z§. Thus £;(Mr) is the dimension of the space of
F-fixed vectors in R™. In our case, since E, acts by —Id on each e; for
n+1<1i < 2n, it follows that Bl(qu&,qp) = [1(Mr). The assertion on g is
checked similarly, by observing that the F' x Zs-fixed vectors on A2R?" are
obtained by taking the exterior product of two vectors v, v’ lying both either
in 7 Re;, or in 272111 Re;, and where v, v’ are such that each element in F
acts by multiplication either by 1, or by -1, on both of v,v’. This concludes
the proof of the theorem.

Corollary 3.6. In the notation of Theorem 3.5, assume v € R™ is such
that dg (T, v) is a Bieberbach group. Let ¢’ be a cocycle on F modulo A &
A. If u € R?®™ can be chosen so that dg7¢7¢/(F,v,u) = dg,p (dg,e(T,v),u)
is torsion-free, then the quotient of R*™ by dzyd)’(ﬂ(lj,v,u) s a quaternion
Kahler manifold. In particular, if I' is a Bieberbach group in F and we
take ¢ = 0, v = > 1 e; and u = Z?Z%H ei, then dyo(I',v) € F and

dzoyo(lﬂ, v,u)\R* is a quaternion Kdihler manifold.

Remark 3.7. As it will be seen in the next section (see Examples 4.1, 4.2)
the vector v satisfying the conditions in the theorem is by no means unique,
in general.

Remark 3.8. Properties (b) and (c) in the proof of Theorem 3.5 imply that
for any I' € F with holonomy group Z5, the relation k& < 7+t must hold. In-
deed, by (c), the subgroup S of %A generated by {b: BL, € T", for some B €
O(n)} coincides with the subgroup generated by {b; : 1 < i < k}, in the
notation of Proposition 2.1. Hence if F' ~ Z&, then S has rank at most
k. Now, it is easy to see that since I' is torsion-free, b;; + --- + b;, # 0,
mod A, hence the rank must be exactly k. Furthermore, it follows from
(b) in the theorem, that S is contained in the subgroup S,; generated by
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{%,% :1 <j <r1<i<t}, which has rank r +¢t. We also
note that if r = 0, then S can not have rank ¢, since F' ~ Z!, would imply
—Id € F, hence I' can not be torsion-free. Therefore we must have k <t—1,
if r = 0. Actually, all examples known to us indicate that any I' € F should
satisfy the relation k < r 4+t — 1. If this relation held, it would then follow
that the rank of S is at most r +¢ — 1. We note that, since the groups I, ;
in Example 2.7 satisfy k = r +t — 1, a better inequality than £k <r +¢t—1
can not be obtained.

4. QUATERNION KAHLER FLAT MANIFOLDS OF LOW DIMENSIONS

We will now illustrate the construction and results in the previous section
by looking at several particular Bieberbach groups in low dimensions. In
almost all cases we will use ¢ = 0 and we will write dg,o (T',v,u) in place of
dg,0(dg,0(I',v),u). Furthermore it will be convenient, for any C' in O(n), to
denote by C’ € O(2n) the matrix ¢’ = [¢ ,]. Also, C” € O(4n) will have
a similar meaning and A, will denote the canonical lattice in R™.

Example 4.1. We let first I' be the Klein bottle Bieberbach group, for
n = 2. By applying dg o twice to I', we shall obtain several 8-dimensional
compact flat manifolds with holonomy group Z3 which are quaternion Kéhler
and not Kéahler. This will follow from the explicit computation of the real
cohomology.

We take T' = (BLp, Ag), where B = [1 ], b = %1 Then T\R? is a
Klein bottle. If v = %(mlel + maeg), my, mg € Z, then

dq,O(R U) = <B/Lb’7 E2L(v,0)7A4>7

1 1
with B’:[ -1 ] EQZ[ v }andb’:eg.
. . 2

We wish to find all m;, ma € Z such that the conditions in (i) of Theorem
3.5 are satisfied, so that d, (I, v) is torsion-free.

The first condition in (i) clearly holds for any choice of v since (B —Id)v =
—mges € Ay, Furthermore, v € %A \ A if and only if at least one of the m;’s
is odd. We also need that (B + Id)v = mye; ¢ (B + Id)Ay = Z2e;, hence

my must be odd. Thus, the possible solutions, modulo As are vy = & and

vo = % By computing the first integral homology groups in both cases,
one can show that these solutions lead to flat manifolds non homeomorphic

to each other.
We now form dgvo(F,vi,u) with 7 = 1,2 and v = %Z?:l mje;, with
m; € Z to be determined. Again we need that at least one of the m;s be

odd. We now consider the second condition in (i) for each choice of v.
We have that
€1

dio (F, 5,’&) = <B//Le77, EéL%i, E4 L(u,O)? A8>
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e1t+e
dg,o <F, ! 5 2,'LL> = <B//L877; EéLES;Le(H E4 L(u,0)7 A8>

where
1
—1
! 1

" __ — /o

B" = . Eb =
—1
1
-1

Ids
—Id2
Id>
—1Ids

 [1dy
Ea = [ IdJ :

The first condition in (i) is clearly satisfied in both cases, for any choice of
u € %A, since the matrices B’, F5 are diagonal. For the second condition we
also need:

(B' + Id)u = mye1 + mgeg & (B + Id)Ay = Z2ey & Z2e3),
(Ey + Id)u = myey + moes & (Eo + Id)Ay = Z2e1 @ Z2e3),
(B/EQ + Id)u = mie; + myeyq ¢ (B/EQ + Id)Ay = Z2e1 © Z2ey).

These conditions are satisfied if and only if, either m; is odd, or if each
one of ma, m3 and my are odd. This yields the following solutions modulo
Ay: either u = ug = elzeQ, where eq = 3. €j and @ runs through all
subsets of {2,3,4}, or u = v := w We get 9 distinct solutions, the
same set for both choices v = v1,v = vo. It will be convenient to order the
subsets @ as follows: 0, {2}, {3}, {4}, {2,3}{2,4}{3,4},{2,3,4} and then to
set u; = ug, for j = 1,...,8 according to this ordering, letting ug = w’.

In this way we obtain 18 Bieberbach groups I'; ; := dg’o(l“,vi,uj) with
1<:i<2,1<j5 <09, so that the quotients FM\RB are quaternion Kéahler
manifolds. We note that none of these manifolds is Kéhler, since for all
i,j, ﬁl(I‘i,j\RE‘) = ,31(F\R2) =1 and IBQ(FZ'J\RS) = Qﬁg(F\RQ) = 0, by (111)
in Theorem 3.5. We also note that some of the groups may possibly be
isomorphic to each other, however we will see later that many of them are
pairwise non isomorphic, by computing I'; ;/[I'; j, I'; ;] in each case.

We shall first determine all Betti numbers, by giving generators of AhR8F,
for 1 < h <8.

It is clear that the space of F-invariants in R® is spanned by e; and
furthermore A2R8Y = 0. If h = 3, it is easy to see that a basis for the
F-invariants is given by e3 Aes Aey,ea Aes Aeg,es Aeg/Aeg,ea NesAeg, ez A
er Neg,eq Neg Ner,eq Nes Aeg, hence 3 = 35 = 7.

By Poincaré duality we have that y(I'; j\R®) = 2—28+282—283+04 = 0,
hence (since 1 = 1,82 = 0,03 = 7) we get B4 = 203 = 14. We may check
this value by finding a basis for the F-invariants in A*R8. This is given
by vectors of the form e; A e; A ey A e, with {4,j,k,1} running through
the sets {1,3,5,7}, {2,4,6,8}, {1,2,5,6},{3,4,7,8}, {2,3,5,8},{1,2,3,4},
{5,6,7,8},{1,3,6,8},{1,2,7,8},{2,4,5,7}, {1,4,6,7},{2,3,6,7}, {2,4,5,7}
and {1,4,5,8}.

Summing up, we get that the Poincaré polynomial of each one of the flat
manifolds I'; ;\R® is p(t) = 1+t + 7¢3 + 14 + 75 + 17 + 5.
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We thus have 2-fold coverings M, a2r — Mr,;, where M d42r is hyperkahler,
by Proposition 3.2, and M, ; does not admit any Kahler structure, since
B1(Mr, ;) =1, for all 4, 5.

To conclude this example, we shall show that many of the manifolds
Mpr,; are non homeomorphic to each other, by computing the first integral
homology groups, Hy(Mr,;,Z) = T'i;/[I'ij, L'yj].

We first consider the case when ¢ = 1,5 # 9. Set v = B//L%,"}/Q =
EQL%, Y3 = EqLeiveq with Q C {2,3,4} and eg = ZjEQ ej. We have that

2
(s Le, ) = Lae,, if ¥ = BLy and Bey, = —ey. Also, we compute that
(3) [717 '72] = Le77 [717 '73} = Le7+(B”—Id)eTQ’ [727 '73} = Le5+(Eé_[d)67Q'

We note that eg) := (B" — Id)<¢ and eg == (B3 — Id)<¢ equal minus the
orthogonal projections of eg onto the spaces Res 4+ Res and Res + Rey,

respectively. If j =9, then v3 = EyLcy+es+e, and the commutation relations
2

are the same as in the case when j = 8, since e; is fixed by B”, E}, and FEj.
We therefore have, for 1 < j <9,

[Fl,j7rl,j] = <L€77Le7+eéaLe5+e’QaL2ej 1 F 1>

Taking into account that v = Le,,73 = Le;, 75 = Leyyeq (resp. V2 =
Leytestes if j =9), we determine the groups I'y ;/[I'1 5, T'1 ;] =~ Hi1(Mr, ;,Z)
for each 1 < j < 9. These are given in the following table:

’ Q ‘ [FLP Fl,j] ‘ H, (MFLij) ‘

@ <L677L657L26]' ] 7é 1> Z@Z;

{2} (Ley, Ley, Les, Lae, 1 j # 1) 77
{3} (Lezs Lestes, Ler 1j#1) LZOLs® Zg

{4} <L673L643L657L2€j ] 7£ 1> Z@Zg
{27 3} <L677 Ley, Leges, L2ej (JF 1> Ly Zg
{2,4} (Ley, Leytess Lestess Loe, : 5 #1) | Z® 2y ® L3
{37 4} <L67’ Ley; Lestey, L25j LJF 1> L& Ly & Zg
{27 3, 4} <L677 L62+647 L65+63+64> L2€j : ] 7& 1> Ly Zg
J=9 | (Lers Lestess Lestesteas Lae; - j #1) | Z& Z?L b Z%

We thus get 5 different values for Hy(Mr, ;,Z), namely Z © Zh, with
h=6,7,72®7%s®7Z5 with k =5,6 and Z ® Z2 © Z3.
We now consider the case of I'y j. Then~y; = B’/L%, Yo = EbLesteq, 73 =
2

EyLei+eq with Q C {2,3,4} and eg = - gej, if 1 <j < 8. If j =9, then
2
Y3 = EqLeytes+es . We have that [y, Le, | = Lo, , if v = BLj, and Bey, = —e,.

2
Also, we compute that

(4> [717 72] = L—€7—667 [717 ’73] = Le7+e£’27 ['727 73] = L65+66+6b



QUATERNION KAHLER FLAT MANIFOLDS 13
We have
[F27j7 F27j] = <L€7+667 L87+€g27 Le5+66+e’Q7 Ler : ] 7é 1>7

and furthermore, 72 = Le;, 753 = Legies, V3 = Leyteg, 1 < j < 8 and
Y3 = Leytestess if 7 = 9. We thus get that the groups I'y /[T j, T2 ] ~
Hy(Mr, ;,7) are as given in the following table:

L Q | [C2,,T2,5] | H1(Mr,;,Z) |
0 (Lertess Lers Legteqs Lae; - j #1) Z&® Zg
{2} (Lertes Lertess Lestes L2e,‘ tj# L) L& Ly ® Zg
{3} <L€7+€6’ L677 L65+66+esa L2€j : ] 75 1> L& Ly & Zg
{4} (Lertess Legtes Legtestess Ler J#1) L Zgl ® Z%
{23} (Lertes Lertess Lesveotes, Loe; : 5 7 1) LOLi DLy

{2’4} <L67+eav L67+62+e4v L55+56+647 Ler : ] 7& 1> Z® ZZ D Z%
{374} <L€7+66’ L€7+e4a L€5+66+e4+637 L26j J 7& 1> Z & Zi ® Z%
{273a4} <L€7+66a L€7+62+e47 L€5+36+€3+e47 L2€j : ] 7& 1> Z® ZAQL @ Z%
J=9 <L€7+€67 Le7+ez+e47 L€5+€6+€3+€47 L2€j s 1> Z® Zi 5% Z%

In this case we see that, in addition to the groups obtained in the case
1 =1, we get the group Z & Zi <) Zg’. Thus, among the 18 groups obtained,
6 of them have different first integral homology groups. Actually, most of
the groups I'; ; should be pairwise non-isomorphic. To check this one should
verify whether the cohomology classes in H?(F, A) corresponding to different
I'; j’s are semilinearly equivalent (see [4], Theorem 2.2).

Example 4.2. We now apply d, o to I'1,I's, two 4-dimensional Bieberbach
groups with holonomy group Zsz, such that I';\R* has a locally invariant
Kahler structure, for ¢ = 1,2. The resulting manifolds will not admit a
hyperkahler structure.

Let ' be the Klein-bottle group from Example 4.1. We set

e3
5

It is clear that I'y is torsion-free and Kahler (see Proposition 3.2 (i)) and the
same is true of I'y since (A + Id)a = e3 ¢ (A + Id)Ay = Z(ey + e2) & Z2es.
To see that I's is Kéhler we note that if ) = % H _11] then conjugation of

Iy =dl = (B'Lea, Ay), Ta=(ALg, Ay), with A= [Vl _1}, a=

1
Aby Q1 = [Q IdQ} yields A; = [ -1 ] Since the complex structure
-1

Jy = [7?(12 132} commutes with Ay, then J := QflJle commutes with A.
We note that @) is orthogonal.

We now determine all vectors v € R* such that d, o(T';,v) are Bieberbach
groups, ¢ = 1,2. By Theorem 3.5 (iii), v = %Z% e; has this property for
both I'1,I's. As in Example 4.1 we set v = %Z? m;e; and look for the values
of m; € {0,1} so that (i) in Theorem 3.5 holds. Clearly (B’ — Id)v € A4 for
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any v of this form. However (A — Id)v € A4 implies that both my, mo must
have the same parity.

The second condition in (i) will be satisfied for I';,I'9, if and only if,
respectively,

(B/ + Id)v = mie; + mases §Z (B/ + Id)A4 = Z2e1 P Z2es

(A+Idyy = ™ ;“ M2 gy L ; M2

This implies that the solutions for I'; are the vectors v such that mq or
mg is odd, that is, all vectors of the form v = %Q, where eg = ZjEQ ej with
Q C{1,2,3,4}, Q # 0,{2},{4},{2,4} (a total of 12 solutions).

In the case of I's, the solutions are the vectors such that m; and ms have
the same parity and ms is odd, that is, v = %Q, where @ is one of {3}, {3,4},
{1,2,3}, {1,2,3,4} (4 solutions).

For simplicity we shall write I'; ¢ := dg,0(I';,v) where i = 1,2 and Q C
{1,2,3,4} is such that v = %Q satisfies the conditions above, so that I'; ,, is
torsion-free. The real cohomology is the same for all manifolds dq,OFi,Q\RS,
i = 1,2, since the holonomy representation over Q is the same in all cases.

The Betti numbers are as usual given by 3, = dimAh]RSF, 1 < h <8. Clearly
the fixed space for h = 1 and h = 2 is generated, respectively, by {ej,es}
and by {e1 A es,ea Aeq,e5 AN ey and eg A eg}. For h = 3, the invariants are
obtained by taking exterior products of the form e; A e;j A e, where either all
three, or one, of 7, j, k are < 4. In the first case we get the vectors e; Aea Aey
and eg A e3 A eq, while in the second there are 2(;) = 12 possibilities, hence
B3 = 14. Similarly, we compute that 34 = 1 + 42 + 22 + 1 = 22. Thus,
the Poincaré polynomial of the manifolds dq70Fi7Q\R8, 1 = 1,2 is given by
p(t) = 142t +412 + 1413 +22¢* + 14¢° 4+ 415+ 2t +¢®. We note that the Euler
characteristic equals x =2 —201 +20: — 203+ 841 =2—44+8—-28+22 =0,
as it should be.

We conclude this example by computing the first integral homology groups
of the manifolds d, oI o\R®, i = 1, 2.

We have that Fl,v = <B//L%7,E4LU,A8>, FZU = <A/L%7, E4LU, A8>, where

as usual A’ = [6‘ g] . Furthermore we compute that

ea+mses §Lf (A+Id)A4 = Z(61+62)@Z263.

[B"Ler, EoL) = L [A'Ler, BaLy) = L

er—p(eq)’ er—p'(eqQ)’

where p,p’ denote the orthogonal projections onto Res + Rey and Rey re-
spectively, for ¢ = 1,2. Hence we get that

[Fl,vu Fl,v] = <Le7fp(eQ)7 Ler 0 7& L, 3>7

[FQ,vy FQ,U] = <Le77p’(eQ)7 L2(61762)7 L2€j g 7& 3>

Since p(eq) = 0 (resp. p'(eg) = 0) if and only if @ C {1,3} (resp. Q@ = {3}
or @ = {1,2,3}) and taking into account that v§ = Le,, 7§ = Le, and
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(AL G4 )2 = Le., we conclude that

7’ & L§ if @ C{er,e3}
Pro/ 1 Tl = { ROL®L] ifQ ¢ {eres)

VARV if4¢Q
F0/[F20, T2l = { Z’0Z, 0Ly ifdeqQ.
We finally note that, if " is the Klein bottle group we have 2-fold coverings
Mgzr — M, ,, where Mgz is hyperkahler and Mr, , is Kéhler and not
hyperkéhler, since 1 (Mr, ,) = 2 is not divisible by 4.

Example 4.3. In the examples discussed so far, the group I' considered
lies in the family F. However, examination of particular cases shows that
the construction also applies to many groups I' not in F. We shall see in
this last example that, for some choice of ¢, there exists a vector v so that
conditions (i) in Theorem 3.5 are satisfied for all flat manifolds of dimension
n = 4, having holonomy group Z3, which do not lie in family . We note,
however, that in one case there will be no solution if we choose ¢ = 0.

The groups in dimension n = 4, which are not in class F are listed as
IV:04/01/04/005, IV:04/01/06,/004, V:05/01/06/006, V:05/01/10/004 and
V:05/01/07/004 in [1], but for simplicity, we shall denote them respectively
by I';, 1 <i < 5. WehaveI'; = (A;L,,, BiLy,, A4), where A4 is the canonical
lattice in Ry and A;, B;, a;, b; are given respectively as follows:

199 8
_ 1 __ e _ _ e
A = 80??}, a; = 3, Bl—{00—1—1:|? by =%
L0000 -1 000 1
(690 0 096 0 4
€ € €.
Ay = 001 0 |» a2:737 By=1|g0-10] by = 224
000 —1 000 1
ro —110 01-10
_|-1 010 e1+esz+e _ 010 O e1te
Az = 0010]7“3 134,B3—{_110 0]753 =572
L0 0 0-1 000 —1
010 0 10-10
_ 1100 O __ e3+te _|01-10 _ e
As= 1001 o}a a 5 B—{oo1 0], by =%
1000 —1 00 0 —1
(69 0 1 + 01 9 %
_ € €, . — — __ €
As = 0010:|7 as =2, B5—|:oo_1_1:|7 b5—71
L00 0 -1 00 0 1

We shall next show that in all cases except one, if we take ¢ = 0, there
exists v satisfying the conditions in Theorem 3.5, (i).

We note that 2b € A for any BL;, € T';, in all five cases. Also, (i) requires
that (4; — Id)v and (B; — Id)v lie in A, for 1 <4 < 5 and this will impose
some restrictions on v in each case. We note that, if (A; —Id)v and (B; —Id)v
lie in A, then (A;B; — Id)v = A;(B; — Id)v + (A; — Id)v € A. The second
condition in (i) requires that for each BL, € T; (1 < ¢ < 5) we have
(B+Id)v ¢ (B+ Id)A or (B —1d)b ¢ (B — Id)A. We set v = %E?Zl mje;
with m; € Z and at least one of the m;’s odd. We note that, since only the
class of v modulo A matters, we may assume that m; = 0,1 for each i. For
each I';,1 <7 < 5 one computes:
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Case of I'y:
(A; — Id)v
(Bl — Id)v
(A1 + Id)v
(A1 + Id)A
(By + Id)v
i,

m4, 0, myg, —2my)

—2mg — my,0)

(—
(0,
(2m1 my, 2ma, 2mg + my, 0)

(2n1 — ng, 2n9,2n3 + n4,0) : n; € Z}
(

(

2m1, 27TI2, —Mmy, QTTM)

B + Id 2n1, QTZQ, —nNy, 277,4) VIS Z}

A1By + Id)’l} (2m1 My, 2Ma, My, 0)

(AlBl + Id)A = {(2?11 — N4, 2Nn92, Ny, 0) VS Z}
We see that the first equation implies that m4 must be even. If furthermore
mg is odd, all conditions in (i) of Theorem 3.5 hold. For instance v = % is
a solution.

Il
,_HI\D\H,_A_‘NM—‘I\D\HMM—*

Case of I's:
(As — Id)v = $(m4, 0,0, —2my)
(B2 — Id)v = $(m3,0,—2mg,0)
(Ag + Id)v = %(le + my, 2ma, 2ms3, 0)
(Ag + Id)A = {(2711 + ngq, 2n9, 2n3, 0) n; € Z}
(By + Id)v = %(le + ms, 2ma, 0, 2my)
(By + Id)A = {(2n1 + ns, 2ng, 0, 2n4) n; € Z}
(A2B2 + Id) = (2m1 + m3 + my, 2mo, 0, 0)

(A2B2 + Id)A = {(2n1 + ng + ng, 2n9, 0, 0) 1nj € Z}

We see that the first and second equations imply that mg3 and m4 must be
even and the second condition in (i) of Theorem 3.5 forces mso to be odd.
These are the only conditions on v. The vector v = £ is a solution.

2
Case of I's:

(Ag — Id)v = %( —meo + m3, —mq — ma + ms, 0, 2m4)
<B3—Id)1)= %( m1+m2—m3,0 m1+m2—m3,—2m4)
(As + Id)v = %(ml ma + ms, —mq + mg + ms, 2ms, 0)

(Ag + Id)A = {(m — ng + ng, —n1 + n2 + n3, 2ns, 0) tny € Z}

(B3 + Id)v = %(ml + mg — ms, 2meo, —my + mo + mg, 0)

(B3 + Id)A = {(m + ng — ng3, 2ng, —n1 + ng +n3,0) : n; € Z}
(A3B3 + Id) = (0, —m1 + mg + m3, —m1 + mg + ma, 2m4)
(Ang + Id)A {(0, —ni1 + N9 + N3, —N1 + N9 + N3, 2714) tn; € Z}

Now the first two equations imply that mq 4+ meo 4+ mg3 is even and we easily

see that if we take v = w, all conditions in Theorem 3.5 are satisfied.
Case of I'y:
( 4 — Id)v = %(Tng — mi,my — mg,o, —2m4)
(By — Id)v = %(—mg, —mg, —2ms, —2my)
(A4+Id) = %(m1+m27m1+m272m3)0)
(A4+Id) {(nl + no, Ny +n2,2n3,0) I EZ}
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(By + Id)v = £(2my — mg3, 2ms — ms,0,0)

(B4 + Id)A = (2711 —ns,2ns —ns, 0, 0) VTS Z}
(A4By + Id)v = %(le — my, 2ma, 2ms + my, 0)
(A4By + Id)A = {(2n1 — n4,2n2,n4,0) : nj € Z}

(Ag — Id)ag = (0,0,0,—1) ¢ (A4 — Id)A, (B4 — Id)by = 0.
We see in this case that the first two equations impose many restrictions,
namely, m1, me must have the same parity and ms must be even. On the
other hand, one immediately sees that for any v which satisfies these restric-
tions, one has that (B4 + Id)v € (B4 + Id)A. Hence there is no v in this case
which verifies all conditions. (We note that, since (A4 — Id)ay ¢ (Ag — Id)A,
we need not check the condition on (A4 + Id)v.) However, we shall see that
if we form dyI', with ¢ the 1-cocycle associated to I' (see Remark 3.3), then
there is a solution. We have:

(A4 + Id)(v + CL4) = %(ml +ma, m1 +mo, 2ms + 2, 0) ¢ (A4 + Id)A =

{(n1 4+ n2,n1 + no,2n3,0) : nj € Z}, since m3 is even.

<B4 + Id)(’l) + b4) = %(le —ms3+ 2,2mo —ms, 0, 0) ¢ (B4 + Id)A =

{(2n1 —n3,2n2 —n3,0,0) : nj € Z} for any choice of v, since m; and

mgo have the same parity.

(A4B4—|—Id)(v+bA4B4) = %(ml +mo+ms, my+mao+ms, 0, 2m4+2) ¢

(AyBy + Id)A = {(n1 +n2 — n3,n1 +n2 —n3,0,2n4) : n; € Z}, if we

choose v = % (here ba,p, = Byas + by).

We note that v = % is the only solution to all equations.

Case of I's:

(A5 — Id)v = %(m4,m4, —2mg, —2my)

(Bs — Id)v = 3(0, —2ma — my, —2m3 — my, 2my)
(As + Id)v = $(2mq + ma, 2ma + my, 0,0)

(A5 + Id)A = {(2711 + 14, 2n92 + 1y, 0, 0) 1ny € Z}
(Bs + Id)v = %(le, —my, —my, 2my)

(B5 + Id)A = {(2n1, —Ny4, —N4, 2714) VIS Z}

(A5Bs + Id)v = 5(2mq + ma, 0, 2m3 + my, 0)

<A5B5 + Id)A = {(27&1 + ng4,0,2n3 + ng, 0) 1n; € Z}

We see that the first equation implies that my is even. We may take mq =1
and mgo = 0 and all conditions in (i) of Theorem 3.5 are satisfied. Hence

v = % is a solution. We note in particular that (AsBs + Id)G = e1 ¢

(A5Bs5 + Id)A, since 2n1 + ng and 2n3 + ny always have the same parity.
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