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ABSTRACT
Voids are promising cosmological probes. Nevertheless, every cosmological test based on
voids must necessarily employ methods to identify them in redshift space. Therefore, redshift-
space distortions (RSD) and the Alcock-Paczyński effect (AP) have an impact on the void
identification process itself generating distortion patterns in observations. Using a spherical
void finder, we developed a statistical and theoretical framework to describe physically the
connection between the identification in real and redshift space. We found that redshift-space
voids above the shot noise level have a unique real-space counterpart spanning the same region
of space, they are systematically bigger and their centres are preferentially shifted along the
line of sight. The expansion effect is a by-product of RSD induced by tracer dynamics at scales
around the void radius, whereas the off-centring effect constitutes a different class of RSD
induced at larger scales by the global dynamics of the whole region containing the void. The
volume of voids is also altered by the fiducial cosmology assumed to measure distances, this is
the AP change of volume. These three systematics have an impact on cosmological statistics. In
this work, we focus on the void size function. We developed a theoretical framework to model
these effects and tested it with a numerical simulation, recovering the statistical properties of
the abundance of voids in real space. This description depends strongly on cosmology. Hence,
we lay the foundations for improvements in current models of the abundance of voids in order
to obtain unbiased cosmological constraints from redshift surveys.

Key words: large-scale structure of Universe – galaxies: distances and redshifts – methods:
data analysis, statistical – cosmological parameters

1 INTRODUCTION

Cosmic voids are vast underdense regions. Since they are the largest
observable structures, voids are proving to be powerful cosmolog-
ical laboratories, as they encode information about the expansion
history and geometry of the Universe. This is very valuable, since
one of the major goals of modern cosmology is to understand the
nature of the accelerated expansion of space, which is believed to
be caused by a dark energy component.

Voids offer two special advantages over the high density
regime, which make them attractive to theoretical modelling and
observational test designing. On the one hand, void dynamics can

★ E-mail: cmcorrea@unc.edu.ar (CMC)

be treated linearly, assuming spherical symmetry for the velocity
and density fields. In this way, it is easier to model systematics
such as redshift-space distortions (Paz et al. 2013; Hamaus et al.
2015; Cai et al. 2016; Hamaus et al. 2016; Achitouv 2017; Achitouv
et al. 2017; Chuang et al. 2017; Hamaus et al. 2017; Hawken et al.
2017; Achitouv 2019; Correa et al. 2019; Nadathur& Percival 2019;
Nadathur et al. 2019a,b; Hawken et al. 2020). On the other hand,
modified gravity theories predict deviations from general relativity
to be most pronounced in these unscreened low density environ-
ments (Bos et al. 2012; Li et al. 2012; Clampitt et al. 2013; Clifton
et al. 2012; Barreira et al. 2015; Cai et al. 2015; Lam et al. 2015;
Zivick et al. 2015; Achitouv 2016; Joyce et al. 2016; Koyama 2016;
Cautun et al. 2018; Falck et al. 2018; Sahlén & Silk 2018; Davies
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2 Correa et al.

et al. 2019; Paillas et al. 2019). These theories offer alternative
explanations for the dark energy problem.

Regarding the exploitation of voids as cosmological probes,
there are two primary statistics: the void size function and the void-
galaxy correlation function. The void size function (Sheth & van
de Weygaert 2004; Furlanetto & Piran 2006; Jennings et al. 2013;
Achitouv et al. 2015; Pisani et al. 2015; Ronconi & Marulli 2017;
Contarini et al. 2019; Ronconi et al. 2019; Verza et al. 2019, here-
after VSF), describes the abundance of voids, and can be modelled
using the excursion set formalism combined with the spherical ex-
pansion of matter underdensities derived from perturbation theory.
The void-galaxy correlation function (hereafter VGCF), on the other
hand, characterises the void density field when considered at small
to intermediate scales (i.e. the one void term). For the moment,
there is not a first-principle model for it. There are, however, many
parametric and empirical ones in the literature (e.g. Paz et al. 2013;
Hamaus et al. 2014; Nadathur et al. 2016; Correa et al. 2019).

Both, the VSF and the VGCF, are primarily affected by two
redshift-space systematics. The first is a dynamical effect, the
redshift-space distortions (Kaiser 1987, hereafter RSD). This ef-
fect is caused by the peculiar velocities of matter tracers, which
manifest in observations as an additional and indistinguishable con-
tribution to the measured redshifts, which in turn induce a distorted
estimation of the line-of-sight (hereafter LOS) coordinates. The sec-
ond is a geometrical effect, the Alcock-Paczyński effect (Alcock &
Paczynski 1979, hereafter AP), caused by the selection of a fidu-
cial cosmology when transforming observables from a catalogue
(angles and redshifts) into a Mpc-scale. These systematics can be
physically modelled and are cosmology dependent. Therefore, they
are a source of valuable information when designing cosmological
tests. For instance, RSD in the VGCF can be modelled with the
Gaussian streaming model (Paz et al. 2013; Cai et al. 2016; Achi-
touv 2017; Achitouv et al. 2017; Chuang et al. 2017; Hamaus et al.
2017; Hawken et al. 2017; Achitouv 2019; Nadathur & Percival
2019; Nadathur et al. 2019b; Hawken et al. 2020). For a full mod-
elling taking into account both RSD and the AP effect, see Hamaus
et al. (2015, 2016); Correa et al. (2019) and Nadathur et al. (2019a).
In Correa et al. (2019), in addition, we explain a third important
systematic: the mixing of scales due to the binning scheme used to
measure the VGCF.

There are different classes of void finders (see the seminal pa-
per of Colberg et al. 2008 for a thorough comparison of different
methods). In our case, we use the so called spherical void finder
(Padilla et al. 2005), based on the integrated density contrast of un-
derdense regions assuming spherical symmetry (we use in this work
the modified version of Ruiz et al. 2015). As examples of different
techniques, see Neyrinck 2008 for the commonly used ZOBOV void
finder based on the watershed algorithm, and Elyiv et al. 2015 for
a method based on the dynamical properties of tracers. Despite the
intrinsic differences between the available methods, since in general
they are based on the density and dynamics of matter tracers, it is
expected that RSD and the AP effect also affect void properties.
This was specially noted in Nadathur et al. (2019a) and Nadathur
et al. (2019b), where they show that there are four hypotheses com-
monly assumed when modelling RSD, which are only valid for
voids identified in real space, and are violated for voids identified
in redshift space. Specifically, these hypotheses are: (1) conserva-
tion of void number, (2) isotropy of the density field, (3) isotropy
of the velocity field, and (4) invariability of void centre positions.
In Nadathur et al. (2019b), they explain that this problem can be
tackled in two different ways: (i) using a reconstruction technique
(Eisenstein et al. 2007), or (ii) analysing physically the void finding

mechanism. They focused on the first approach. Reconstruction is
an algorithm to recover the real-space positions of galaxies from
redshift space based on the Zel’dovich approximation. This tech-
nique has been used for BAOs analyses as well. The idea is to apply
the reconstruction before performing the void finding step. As this
is a cosmology dependent procedure, it can be used to measure the
growth rate factor if the reconstruction plus the void finding step
are applied iteratively.

In this paper, instead, we focus on the second approach, namely,
we analyse the void findingmethod in order to understand physically
the redshift-space systematics affecting voids. To do this, we use a
spherical void finder and make a statistical comparison between the
resulting real and redshift-space voids. We find two relevant results.
First, there is a one-to-one relationship between voids. This means
that each redshift-space void has a unique real-space counterpart
and vice versa, spanning the same region of space. In this sense,
condition (1) of void number conservation is not violated. This
is a consequence of our void definition: voids are large spherical
regions with very low integrated density, and hence, mostly expand-
ing. Second, redshift-space voids are systematically bigger than their
real-space counterparts, and their centre positions are shifted pref-
erentially along the LOS. These phenomenons can be attributed to
two physical effects: expansion and off-centring, which in turn, can
be theoretically described based on both tracer and void dynamics.
Moreover, this description depends strongly on cosmology.

This paper is the first of two publications concerning the im-
pact of redshift-space effects in voids on cosmological statistics.
Here, we study the void size function. We leave the implications of
these effects on the void-galaxy correlation function for the second
part. Up to our knowledge, this is the first time that redshift-space
systematics on the VSF are treated. The community has concen-
trated their efforts on modelling the true underlying real-space VSF
with the excursion set formalism. The intention of this work is to
lay the foundations for a full modelling, leaving for future inves-
tigation to link both developments. In view of the new generation
of spectroscopic surveys, such as the Baryon Oscillation Spectro-
scopic Survey (Dawson et al. 2013, BOSS), and the future Dark
Energy Spectroscopic Instrument Survey (Levi et al. 2013, DESI)
and Euclid (Laureĳs et al. 2011), which will probe our Universe
covering a volume and a redshift range without precedents, it is
extremely important to detect and model all the z-space systemat-
ics that affect the spatial distribution of galaxies in order to obtain
unbiased cosmological constraints. In this sense, the z-space effects
studied in this work must be incorporated in any analysis of RSD
around voids in order to successfully exploit these cosmic structures
as cosmological probes. Furthermore, besides its cosmological im-
portance, these z-space systematics encode key information about
the structural and dynamical nature of voids.

This paper is organised as follows. In Section 2, we describe
the data set, that is, the numerical N-body simulation and the void
catalogues. In Section 3, we explain the bĳective mapping between
real and redshift-space voids. In Section 4, we explain theoretically
the expansion and off-centring effects, along with the additional
AP change of volume. Then, in Section 5, we provide a statistical
analysis confirming them. After that, in Section 6, we analyse the
implications of these effects on the VSF as a cosmological test.
Finally, we summarize and discuss our results in Section 7.

MNRAS 000, 1–16 (2020)
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2 DATA SET

2.1 Simulation setup

We used the Millennium XXL N-body simulation (Angulo et al.
2012, hereafterMXXL)which extends the previousMillennium and
Millennium-II simulations (Springel et al. 2005; Boylan-Kolchin
et al. 2009) and follows the evolution of 67203 dark matter particles
inside a cubic box of length 3000 ℎ−1Mpc. The particle mass is
8.46 × 109 ℎ−1M� in a flat ΛCDM cosmology with the same cos-
mological parameters as the previous runs: Ω𝑚 = 0.25, ΩΛ = 0.75,
Ω𝑏 = 0.045, Ωa = 0.0, ℎ = 0.731, 𝑛𝑠 = 1.0 and 𝜎8 = 0.9. We used
the snapshot belonging to redshift 𝑧 = 0.99, which will be assumed
as the mean redshift of the sample.

Dark matter haloes were chosen as tracers, which were identi-
fied as groups of more than 60 particles using a friends-of-friends
algorithmwith a linking length parameter of 0.2 times themean inter
particle separation.We selected a lowermass cut of 5×1011 ℎ−1M� ,
finding in this way 136, 688, 808 haloes.

Positions 𝒙 = (𝑥1, 𝑥2, 𝑥3) [ℎ−1Mpc] and peculiar velocities
𝒗 = (𝑣1, 𝑣2, 𝑣3) [km/s] of haloes in real space were available to
quantify the effects of distortions. In order to generate RSD, we
treated the 𝑥3-axis of the simulation box as the LOS direction,
assuming the distant observer approximation, where changes in
the LOS direction with the observed angles on the plane of the
sky (hereafter POS) can be neglected. For the purposes of this
work, this is a fair assumption for two main reasons. On the one
hand, the redshift of the snapshot is far enough considering that
we only analyse void-centric distances less than 40 ℎ−1Mpc. On
the other hand, although the box length is large, we treat it as the
simplest mock, with no intention to treat observational systematics
nor light cone effects. The volume of the simulation simply allows
to have a large sample of voids to detect the different redshift-space
systematics. We applied the following equation to shift the LOS
coordinates of haloes from real to redshift space:

𝑥3 = 𝑥3 + 𝑣3
(1 + 𝑧)
𝐻 (𝑧) , (1)

where 𝑥3 denotes the shifted 𝑥3-coordinate, and 𝐻 (𝑧) is the Hubble
parameter, which for a flat-ΛCDM cosmology can be expressed in
terms of the cosmological parameters as follows:

𝐻 (𝑧) = 100 ℎ
√︃
Ω𝑚 (1 + 𝑧)3 +ΩΛ. (2)

For our flat case,

ΩΛ = 1 −Ω𝑚. (3)

2.2 Void catalogues

We applied the spherical void finder described in Ruiz et al. (2015),
which is a modified version of the algorithm of Padilla et al. (2005).
Since the goal of this paper is to understand the implications of
redshift-space systematics on void identification, we detail below
the steps of this procedure:

(i) A Voronoi tessellation is performed to obtain an estimation of
the density field: each halo has an associated cell with volume𝑉cell,
and a density given by the inverse of that volume: 𝜌cell = 1/𝑉cell.
We used a parallel version of the public library voro++ (Rycroft

1 The Hubble constant is parametrised as 𝐻0 = 100 ℎ km s−1 Mpc−1.
All distances and masses are expressed in units of ℎ−1Mpc and ℎ−1M�
respectively.

2009).

(ii) A first selection of underdense regions is done by selecting all
Voronoi cells which satisfy the criterion 𝛿cell := 𝜌cell/�̄�−1 < −0.7,
where �̄� is the mean number density of haloes. Each underdense
cell is considered the centre of a potential void.

(iii) Centred on each candidate, the integrated density contrast
Δ(𝑟) = 𝛿(< 𝑟) is computed in spheres of increasing radius 𝑟 until
the overall density contrast satisfies a redshift dependent threshold
of Δid = −0.853 for 𝑧 = 0.99, obtained from the spherical collapse
model (Gunn & Gott 1972; Lilje & Lahav 1991) by fixing a final
spherical perturbation of Δid = −0.9 for 𝑧 = 0. The choice of Δid
is motivated by previous studies that use voids identified from
biased tracers, namely, haloes or galaxies. For dark matter voids
(Sheth & van de Weygaert 2004; Jennings et al. 2013), there is a
theoretical threshold: Δid = −0.8, that corresponds to the moment
of shell-crossing in the expansion process, which is taken as the
moment of void formation. However, it is not trivial to extrapolate
this value for the case of voids identified from biased tracers. Some
studies provide a firm evidence about a linear bias relation between
dark matter and tracer voids (Furlanetto & Piran 2006; Pollina
et al. 2017, 2018, 2019; Contarini et al. 2019). As pointed out by
Contarini et al. (2019), assuming that dark matter and tracer voids
have the same radii when the phenomenon of shell-crossing occurs,
implies that the latter have a lower embedded density contrast.
Therefore, if the bias is greater than 1, then the density contrast
can reach values so low that the phenomenon of shell-crossing
might not even happen. Hence, it is a common practice to define
voids as empty as possible. Previous works using the spherical void
finder have demonstrated that choosing Δid = −0.9 for 𝑧 = 0 (and
extrapolating this value to the corresponding redshift according
to the spherical collapse model), give a sample of voids with a
well characterised dynamics and suitable for cosmological studies
(Ceccarelli et al. 2013; Paz et al. 2013; Correa et al. 2019).

(iv) Once these first void candidates are identified, step (iii) is
repeated, but starting in a randomly displaced centre proportional
to 0.25 times the radius of the candidate. Then, the void centre
is updated to a new position if the new radius is larger than the
previous one. This process is repeated iteratively until convergence
to a sphere with maximum radius is achieved. We adopted the
criterion that the optimal sphere is obtained if the algorithm can not
find a bigger one during a lapse of 50 iterations. This normally takes
between 200 and 300 iterations in total. In this way, this procedure
mimics a random walk around the original centre in order to obtain
the largest possible sphere in that localminimumof the density field.

(v) Finally, the list of void candidates is cleaned so that each
resulting sphere does not overlap with any other. This cleaning is
done by ordering the list of candidates by size and starting from
the largest one. The final result is a catalogue of non-overlapping
spherical voids with radii 𝑅v and overall density contrast Δ(𝑅v) =
Δid.

We applied the void finder in two ways, resulting in two types
of catalogues. In the first case, we adopted the same cosmology of
the MXXL simulation in order to compute distances and densities,
needed in void definition. In turn, we performed the identification
both in real and redshift space (hereafter r-space and z-space re-
spectively), in order to study the impact of RSD. We will refer to
these catalogues as the true-cosmology (TC) void catalogues.

MNRAS 000, 1–16 (2020)
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In the second case, we modified the simulation coordinate
system according to two different cosmologies, in order to study the
impact of the combined RSD and AP effects. Specifically, we fixed
all the MXXL global parameters with the exception ofΩ𝑚 andΩΛ,
for which a lower and an upper fiducial values for Ω𝑚 were chosen:
Ω𝑙
𝑚 = 0.20 and Ω𝑢

𝑚 = 0.30, in such a way that the cosmology was
still flat, i.e., Eq. (3) was still valid. In this case, the identification
was only performed in z-space (see Section 6 for more details).
We will refer to these catalogues as the fiducial-cosmology (FC)
void catalogues. Table 1 shows the main characteristics of the void
catalogues and selected samples used in this work.

3 BĲECTIVE MAPPING

Webegin the analysis with a visual inspection of r-space and z-space
voids. Fig. 1 shows two slices of theMXXL simulation box using the
TC void catalogues. The aim of this section is to study the impact of
RSD alone, postponing the analysis of the combined RSD and AP
effects until Section 6, where we will use the FC void catalogues.
The left panel is a slice in the range 500 ≤ 𝑥1/ℎ−1Mpc ≤ 1000,
500 ≤ 𝑥2/ℎ−1Mpc ≤ 1000 and 95 ≤ 𝑥3/ℎ−1Mpc ≤ 105. Hence, it
is a representation of the POS distribution of haloes and voids. Here,
r-space void centres are represented with blue dots, whereas z-space
centres,with red squares. The right panel, on the other hand, is a slice
in the range 500 ≤ 𝑥1/ℎ−1Mpc ≤ 1000, 95 ≤ 𝑥2/ℎ−1Mpc ≤ 105
and 500 ≤ 𝑥3/ℎ−1Mpc ≤ 1000, i.e. it shows the LOS distribution
of haloes and voids. From the figure, it is clear that z-space and
r-space voids approximately span the same regions of space.

In order to link r-space and z-space voids, we looked for their
correspondence by cross-correlating both catalogues. Specifically,
for each z-space centre, we picked the nearest r-space centre with
the condition that it must lay inside 1 𝑅zsv (𝑅rsv and 𝑅zsv will denote
r-space and z-space radii respectively). Then, we filtered those voids
if no partner could be found. Note that this z-space−→ r-space map-
ping is a well defined function, since the condition of the nearest
r-space neighbour assigns only one object to each z-space void. Fur-
thermore, this mapping is also injective, since the non-overlapping
condition implies that each r-space void can only be reached by a
single z-space one. Even further, the filtering condition guarantees
then a one-to-one relationship between z-space and r-space voids.
For this reason, these voids constitute what we call the bĳective
samples (TC-rs-b and TC-zs-b in Table 1). Note that, by construc-
tion, these samples have the same number of elements. Moreover,
it is ensured in this way that a void and its associated counterpart
span the same region of space. In order to distinguish the bĳective
samples from the entire catalogues, we will refer to the last ones
as the full samples (TC-rs-f and TC-zs-f in Table 1). Going back
to Fig. 1, bĳective voids are represented with circles around their
centres, which correspond to the intersections of the spherical voids
with the mid-plane of the slice. The rest are voids of the full samples
without a partner in the other space.

In order to enquire deeper into the relation between r-space
and z-space voids, the left panel of Fig. 2 shows the void size
functions of the four TC void samples (r-space and z-space, with
their full and bĳective versions). The VSFs were computed from
the radius distribution of each sample, expressing the void counts as
comoving differential number densities, 𝑑𝑛v, and normalising them
by the logarithmic sizes of the radius bins, 𝑑ln𝑅v. The solid lines
represent the abundances of the full samples, both in r-space (blue)
and z-space (red), whereas the dashed lines, the abundances of the
bĳective samples. In all cases, the error bands were calculated from

Poisson errors in the void counting process. The vertical dashed
line represents the median of the z-space full sample, and will serve
as a reference line throughout the work. This value is equal to
13.26 ℎ−1Mpc (2.28 in units of the mean interparticle separation.)
The qualitative behaviour of the VSFs is consistent with previous
studies, where we can distinguish twomain behaviours separated by
the vertical line: (i) on the left, small voids dominated by shot noise,
and (ii) on the right, large voids decreasing their number as the radius
increaseswith a functional shape similar to those predicted by theory
(see Sheth & van deWeygaert 2004 and Jennings et al. 2013). Small
voids, in this sense, are not reliable for any cosmological analysis,
hence, we will mainly focus on large voids throughout this work.

Note that the full and bĳective abundances (solid and dashed
lines) tend to the same values as the radius increases. This means
that the loss of voids in the z-space −→ r-space mapping is only
significant in the region dominated by shot noise, whereas all large
and relevant voids are conserved. This is better shown in the right-
upper panel of Fig. 2, where we present the corresponding frac-
tional differences of void counts between the full and bĳective
samples: Δ𝑁v/𝑁v = (𝑁bijv − 𝑁fullv )/𝑁fullv . For all radii of inter-
est, the loss of voids decreases as the radius increases, being less
than 25% (Δ𝑁v/𝑁v < 0.25) in the worst case. We arrive here at the
first and one of the most important conclusions of this work: large
voids identified in an observational catalogue are true voids, i.e.,
they have a real-space counterpart. Therefore, it is valid to treat the
full and bĳective samples indistinctly in their properties.

Comparing now the r-space and z-space abundances (blue and
red lines), it is clear that they are very different. In particular, the
corresponding fractional differences Δ𝑁v/𝑁v = (𝑁zsv − 𝑁rsv )/𝑁rsv
(right-lower panel) increase as the radius increases, and can be very
high for the largest sizes. However, in the context of the bĳective
mapping, this means that these differences can only be attributed to
some physical effect that voids suffer when they are mapped from
r-space into z-space. In particular, note that for each radius, z-space
voids are systematically bigger than their r-space counterparts. This
hints of an expansion effect.

4 THEORETICAL FRAMEWORK

The goal of this section is to study theoretically the possible physical
mechanisms responsible of the transformation of r-space voids into
their associated z-space counterparts. We will do this in the context
of the four hypotheses commonly assumed to model RSD around
voids noticed by Nadathur et al. (2019b), which are only valid for
voids identified in real-space, but are violated for voids identified in
redshift-space:

(1) void number conservation,
(2) isotropy of the density field,
(3) isotropy of the velocity field,
(4) invariability of centre positions.

In next section, wewill provide statistical evidence of the framework
developed here.

4.1 Void number conservation

Strictly speaking, condition (1) of void number conservation is
violated. This is evident for the r-space and z-space full samples,
since they have different number of voids (see Table 1) and different
void abundances (Fig. 2). Nevertheless, condition (1) is not violated
in the context of the bĳective mapping that we defined. This is

MNRAS 000, 1–16 (2020)



Redshift-space effects in voids I 5

●

●
●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●
●

●

●

●
●

●

●

●

●

● ●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ●
●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ● ●

●

●

●● ●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

50
0

60
0

70
0

80
0

90
0

10
00

500 600 700 800 900 1000

x1 [ h−1 Mpc ]

x 2
 [ 

h−1
 M

pc
 ]

● r−space
z−space

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

● ●

●

●

●

●

●

●●

●

●

●

●

●

●

● ●

●

●

●

●●

● ●

●

● ●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

50
0

60
0

70
0

80
0

90
0

10
00

500 600 700 800 900 1000
x1 [ h−1 Mpc ]

x 3
[h

−1
M

pc
]

Figure 1. Slices of the Millennium XXL simulation box showing the distribution of haloes and voids from the TC samples of Table 1. Real-space
void centres are represented with blue dots, whereas redshift-space centres, with red squares. Bĳective voids, in turn, are represented with circles, the
intersections of the spherical voids with the mid-plane of the slice. Left panel. Slice in the range 500 ≤ 𝑥1/ℎ−1Mpc ≤ 1000, 500 ≤ 𝑥2/ℎ−1Mpc ≤ 1000 and
95 ≤ 𝑥3/ℎ−1Mpc ≤ 105, a representation of the plane-of-sky distribution. Right panel. Slice in the range 500 ≤ 𝑥1/ℎ−1Mpc ≤ 1000, 95 ≤ 𝑥2/ℎ−1Mpc ≤ 105
and 500 ≤ 𝑥3/ℎ−1Mpc ≤ 1000, a representation of the line-of-sight distribution. Bĳective voids span the same regions in both spaces. Voids expand and their
centres shift when they are mapped from r-space into z-space.
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Figure 2. Left panel. Void size functions of the TC void samples. The solid lines represent the VSFs of the full samples, both in r-space (blue) and z-space
(red). The dashed lines, the VSFs of the bĳective samples. The vertical dashed line is the median of the z-space full sample (TC-zs-f), which separates the small
voids dominated by shot noise (on the left) from the large ones relevant for cosmological analyses (on the right). Right-upper panel. Fractional differences of
void counts between the bĳective and full samples. It quantifies the void loss in the z-space −→ r-space mapping. Note that large voids are almost bĳective.
Right-lower panel. Fractional differences of void counts between the z-space and r-space samples.
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6 Correa et al.

Table 1. Main characteristics of the void samples used in this work. From left to right: sample name, catalogue type, cosmology used in void definition,
Ω𝑚 choice, space where the identification was performed, completeness regarding the bĳective filtering, number of voids, and type of systematics taken into
account.

Sample Catalogue Cosmology Ω𝑚 Space Completeness Number of voids Systematics

TC-rs-f TC MXXL 0.25 r-space full 463,690 none
TC-rs-b TC MXXL 0.25 r-space bĳective 318,784 none
TC-zs-f TC MXXL 0.25 z-space full 455,482 RSD
TC-zs-b TC MXXL 0.25 z-space bĳective 318,784 RSD
FC-l FC Fiducial 0.20 z-space full 375,560 AP + RSD
FC-u FC Fiducial 0.30 z-space full 526,552 AP + RSD

supported by two reasons. First, bĳective voids are, by definition,
the same entities spanning the same regions of space. This is why
the bĳective samples have the same number of voids. Second, large
and relevant voids are conserved after this mapping.

4.2 Expansion effect

In Section 3 we showed that z-space voids are systematically bigger
than their r-space counterparts. This suggests that voids expand
when they are mapped from r-space into z-space. The left panel
of Fig. 3 depicts schematically this expansion effect. A spherical
r-space void of radius 𝑅rsv (represented with a blue solid circle
with some galaxies), appears elongated along the LOS in z-space
due to the RSD induced by the LOS components of the peculiar
velocities of the tracers surrounding it. The r-space sphere has been
transformed into a z-space ellipsoid (orange dashed ellipse in the
figure) with semi-axes (𝑠⊥, 𝑠 ‖), where 𝑠⊥ is the POS semi-axis
(equal for both 𝑥1 and 𝑥2 directions), and 𝑠 ‖ , the LOS semi-axis.

We derive now analytical expressions for the semi-axes. We
will assume that RSD do not affect the void dimensions across the
POS. Hence, we can consider that 𝑠⊥ = 𝑅rsv . An expression for 𝑠 ‖ ,
on the other hand, can be obtained by means of Eq. (1) adapted for
the case of void-centric comoving distances:

𝑟 ‖ = 𝑟 ‖ + 𝑣 ‖
(1 + 𝑧)
𝐻 (𝑧) , (4)

where 𝑟 ‖ , 𝑟 ‖ and 𝑣 ‖ are the void-centric analogues of 𝑥3, 𝑥3 and
𝑣3 in that equation. In this case, 𝑟 ‖ and 𝑟 ‖ must be replaced by
𝑠 ‖ and 𝑅rsv respectively. The next ingredient is an expression for
𝑣 ‖ , which can be obtained from the void-centric velocity profile
characterising the peculiar velocity field around voids. This can be
derived following linear theory via mass conservation up to linear
order in density and assuming spherical symmetry (Peebles 1976;
Paz et al. 2013; Hamaus et al. 2015, 2016; Correa et al. 2019):

𝑣(𝑟) = −1
3

𝐻 (𝑧)
(1 + 𝑧) 𝛽(𝑧)𝑟Δ(𝑟), (5)

where Δ(𝑟) is the integrated density contrast profile characterising
the density field around voids, and 𝛽(𝑧) = 𝑓 (𝑧)/𝑏, the ratio between
the logarithmic growth rate of density perturbations, 𝑓 (𝑧), and the
linear tracer-mass bias parameter, 𝑏. In this profile, 𝑣 ‖ = 𝑣(𝑟 ‖) =

𝑣(𝑅rsv ), for which Δ(𝑟) must be evaluated at 𝑟 = 𝑅rsv , which in turn
is equal to the threshold of void identification: Δ(𝑅rsv ) = Δid (see
Section 2.2, where we introduced the quantity Δ(𝑟)). In this way,
combining Eqs. (4) and (5) with the mentioned replacements, we
get an expression for 𝑠 ‖ :

𝑠 ‖ = 𝑅rsv

(
1 − 1
3
𝛽(𝑧)Δid

)
. (6)

Note that here, we assumed the validity of hypotheses (2) and (3)
concerning the isotropy of the density and velocity fields in r-space
in order to explain a z-space phenomenon, even if this isotropy is
no longer valid for z-space voids.

Our void finder identifies spherical regions instead of ellip-
soidal zones. Hence, as a first ansatz, wewill assume that the z-space
spherical voids enclose the same volume of the ellipsoids. This is
also depicted in the left panel of Fig. 3 with a red solid circle. Call-
ing 𝑅zsv the radius of this equivalent sphere, equating both volumes,
and using Eq. (6), it is straightforward to get an expression for 𝑅zsv :

𝑅zsv = 𝑞𝑠RSD𝑅
rs
v , 𝑞𝑠RSD =

3

√︂
1 − 1
3
𝛽(𝑧)Δid. (7)

Note that the theoretical factor 𝑞𝑠RSD is independent of the scale,
it is only a constant of proportionality. Moreover, it has a cosmo-
logical dependence, since it depends on 𝛽. To get an explicit value
for 𝑞𝑠RSD, we need the corresponding values of Δid and 𝛽(𝑧). As
specified in Section 2.2, Δid = −0.853 for 𝑧 = 0.99. The value of 𝛽
corresponding to the MXXL simulation was obtained following the
procedure of Correa et al. (2019) by fitting Eq. (5) to a measured
r-space velocity profile with a Levenberg-Marquardt algorithm, get-
ting in this way a value of 𝛽 = 0.65. With these two quantities, we
have 𝑞𝑠RSD = 1.058. Note that 𝑞𝑠RSD > 1, hence 𝑅zsv > 𝑅rsv , which
is in agreement with our assumption that voids expand when they
are mapped from r-space into z-space.

In reality, the actual value of 𝑅zsv is expected to lay between
𝑅rsv and 𝑠 ‖ (Eq. 6): 𝑅rsv ≤ 𝑅zsv ≤ 𝑠 ‖ . In order to test for possible
deviations in the predictions of Eq. (7), we also considered a more
general approach by introducing a variable 𝛿𝑅v that quantifies the
variation in radius:

𝛿𝑅v :=
𝑅zsv − 𝑅rsv
𝑠 ‖ − 𝑅rsv

. (8)

Considering that 𝑞RSD := 𝑅zsv /𝑅rsv and combining Eqs. (8) and (6),
we obtain the following linear relation:

𝑞RSD = 1 − 1
3
𝛿𝑅v𝛽(𝑧)Δid. (9)

Note that 𝑞RSD ≥ 1 always, since Δid < 0. Therefore, 𝛿𝑅v is
expected to lay in the range [0, 1]. In the limits, 𝛿𝑅v = 0 (𝑞RSD = 1)
corresponds to the unlikely case of no expansion at all 𝑅zsv = 𝑅rsv ,
whereas 𝛿𝑅v = 1 (𝑞RSD = 1.185) corresponds to the case where
the z-space void is characterized by a sphere with radius 𝑅zsv = 𝑠 ‖ .
This last case is also unlikely because it would mean that RSD affect
the dimensions of voids equally in all directions. In particular, the
theoretical prediction of Eq. (7) corresponds to the case 𝛿𝑅𝑠

v =

0.315.
In Section 5 we will see that the theoretical prediction 𝑞𝑠RSD

fits very well the median of the overall 𝑅zsv /𝑅rsv ratio distribution
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Figure 3. Schematic illustration of the three z-space effects in voids. In all panels, a hypothetical spherical r-space void of radius 𝑅rsv is represented with a blue
solid circle with some galaxies. The LOS direction is vertical. Left panel. Expansion effect. The r-space void appears elongated along the LOS in z-space with
LOS semi-axis 𝑠‖ (orange dashed ellipse). The void finder identifies an equivalent sphere of radius 𝑅zsv (red solid circle). This effect is a by-product of tracer
dynamics at scales around the void radius (t-RSD).Middle panel. AP change of volume. The r-space void is distorted into an ellipsoid with LOS semi-axis 𝑠fid‖
and POS semi-axis 𝑠fid⊥ (orange dashed ellipse). The void finder identifies an equivalent sphere of radius 𝑅fidv (red solid circle). This is a geometrical effect
caused by the selection of a fiducial cosmology in order to transform the observable dimensions of the void, an angular radius Δ\ and a redshift radius Δ𝑧,
into a Mpc-scale (no t-RSD are included here for a better comprehension). Right panel. Off-centring effect. The r-space void centre appears shifted along the
LOS in z-space. This effect is a by-product of void dynamics (v-RSD), i.e. the global dynamics of the whole region containing the void. The three effects can
be treated independently.

(see Fig. 4). However, we found that larger voids respond better
to the value 𝛿𝑅𝑙

v = 0.5, i.e., to a z-space radius that is the mean
between 𝑅rsv and 𝑠 ‖ . We will discuss these aspects in more details in
Sections 5 and 6. In this way, we get a prediction slightly different
from Eq. (7):

𝑅zsv = 𝑞𝑙RSD𝑅
rs
v , 𝑞𝑙RSD = 1 − 1

6
𝛽(𝑧)Δid, (10)

with an explicit value of 𝑞𝑙RSD = 1.092.
The discrepancies between Eqs. (7) and (10) can be attributed

to the way in which the void finder performs the average spherical
integration of the density field of an ellipsoidal underdense region.
Hence, the optimal value of 𝑞RSD depends on the shape and slope of
the real-space density profiles in the inner parts of voids. We leave
for a future investigation a deeper analysis about the derivation of
𝑞RSD considering these aspects.

4.3 Alcock-Paczyński change of volume

Up to here, a true distance scale was implicitly assumed. Note
however that the only information available from observational cat-
alogues are angular positions and redshifts of astrophysical objects
like galaxies. These observables must be transformed into a Mpc-
scale, which involves the use of a fiducial cosmology. A deviation
between the true and fiducial cosmologies will lead to additional
distortions in the spatial distribution of galaxies. This is a manifes-
tation of the AP effect, and will also affect the volume of voids. To
understand this effect, let us consider the distribution of galaxies in
r-space (free of RSD) for the following analysis.

The size of a spherical void can be quantified by a POS angu-
lar radius Δ\, and a LOS redshift radius Δ𝑧. These observables are
related to physical dimensions (𝑅v⊥, 𝑅v‖) by the following trans-
formation equations:

𝑅v⊥ = 𝐷M (𝑧)Δ\, 𝑅v‖ =
𝑑𝐷M
𝑑𝑧

(𝑧)Δ𝑧 = 𝑐

𝐻 (𝑧)Δ𝑧, (11)

where 𝐷M is the comoving angular diameter distance. Hence, the
pair of Eqs. (11) depend on cosmology through the Hubble pa-
rameter (Eq. 2). Note that if one knew the true cosmology, then
it would not be necessary to distinguish between the POS and
LOS dimensions. Both would be equal to the r-space void radius:
𝑅rsv = 𝑅v‖ = 𝑅v⊥. However, assuming a fiducial cosmology leads
to discrepancies between both quantities, and a spherical void will
appear as an ellipsoid in the underlying coordinate system. Nev-
ertheless, unlike the RSD-ellipsoids from the expansion effect, the
AP-ellipsoids are distorted in both the POS and LOS directions.
Even more, the net result is not necessary an expansion, it can also
be a contraction, it all depends on the chosen cosmology. This addi-
tional AP change of volume is depicted schematically in the middle
panel of Fig. 3.

We can describe these AP distortions following a similar ap-
proach to that used for the expansion effect. Considering that the
AP-ellipsoid has semi-axes (𝑠fid⊥ , 𝑠fid‖ ), given by Eqs. (11) with fidu-
cial values𝐻fid and𝐷fidM , then a direct comparisonwith (𝑅

true
v⊥ , 𝑅truev‖ )

leads to the following relations:

𝑠fid⊥ = 𝑞⊥AP𝑅
true
v⊥ , 𝑠fid‖ = 𝑞

‖
AP𝑅

true
v‖ , (12)

where

𝑞⊥AP =
𝐷fidM (𝑧)
𝐷trueM (𝑧)

, 𝑞
‖
AP =

ℎtrueYtrue (𝑧)
ℎfidYfid (𝑧)

. (13)

Here, Y(𝑧) is the square root term of Eq. (2), and we adopted
the index "true" to refer to quantities based on the true underlying
cosmology. Finally, considering the equivalent sphere with the same
volume of the ellipsoid, and calling 𝑅fidv this new radius, we get an
expression similar to Eq. (7):

𝑅fidv = 𝑞AP𝑅
rs
v , 𝑞AP =

3
√︃
(𝑞⊥AP)

2𝑞 ‖AP. (14)

Like the RSD factor, 𝑞AP is also a constant of proportionality
and cosmology dependent. However, there is an interesting differ-
ence between them. The AP factor depends only on the background
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cosmological parameters, whereas the RSD factor depends only on
𝛽. Therefore, 𝑞AP encodes information about the expansion history
and geometry of the Universe, whereas 𝑞RSD, about the growth rate
of cosmic structures.

In the development of Section 6 we will need explicit values of
the 𝑞AP factors for the FC void catalogues defined in Section 2.2. For
the FC-l catalogue, withΩ𝑙

𝑚 = 0.20, we get a value of 𝑞𝑙AP = 1.046.
For the FC-u catalogue, with Ω𝑢

𝑚 = 0.30, a value of 𝑞𝑢AP = 0.960.
Note that 𝑞𝑙AP > 1 for the former, hence according to Eq. (14) it is
expected an expansion of the fiducial voids. Conversely, 𝑞𝑢AP < 1
for the latter, hence it is expected a contraction.

4.4 Combined AP and RSD contributions

The volume of a void will be affected by the combined contribu-
tions of the AP and RSD effects, which are indistinguishable in
observations. A priori, it is not trivial to ensure that both effects
can be treated independently as we did. However, in Section 6 we
will provide evidence of this. From a theoretical point of view, the
fact that the 𝑞RSD and 𝑞AP factors encode different cosmological
information is a good sign of this assumption.

Assuming this independence, we can relate the z-space and
r-space void radii making a two-step correction: first, we apply
Eq. (14) to correct for the AP effect, and then, we apply Eq. (7) (or
Eq. 10) to correct for the RSD expansion effect:

𝑅zsv = 𝑞AP 𝑞RSD 𝑅rsv . (15)

4.5 Off-centring effect

A simple visual inspection of Fig. 1 shows that z-space void cen-
tres are shifted with respect to their r-space counterparts. This off-
centring is a direct consequence of the failure of hypothesis (4) con-
cerning the invariability of centre positions when voids are mapped
from r-space into z-space. Nadathur et al. (2019b) remarks that
this hypothesis is equivalent to assuming that void positions do not
suffer RSD themselves. On the other hand, Lambas et al. (2016),
Ceccarelli et al. (2016) and Lares et al. (2017) demonstrated that
voids move as whole entities with a net velocity 𝑽v. Inspired by
these results, then the off-centring effect can be simply understood
as a new kind of RSD induced by void dynamics, and therefore it is
expected that void centres appear shifted along the LOS when they
are identified in z-space, in the same way as tracers do. The right
panel of Fig. 3 depicts schematically this effect. We will provide a
solid evidence of this effect in Section 5.2.

We can make an analytical prediction of this effect consider-
ing it as a dynamical phenomenon. The void finder used in this
work provides the positions 𝑿v = (𝑋v1, 𝑋v2, 𝑋v3) [ℎ−1Mpc] and
peculiar velocities𝑽v = (𝑉v1, 𝑉v2, 𝑉v3) [km/s] of void centres (see
Section 5 for more details about how the velocities were calculated).
Therefore, in order to account for the LOS shifting of centres, it is
only necessary to write an expression equivalent to Eq. (1) for voids:

�̃�v3 = 𝑋v3 +𝑉v3
(1 + 𝑧)
𝐻 (𝑧) , (16)

where �̃�v3 denotes the shifted 𝑋v3-coordinate. As was the case
of Section 4.4, it is not trivial to know if the expansion and off-
centring effects are independent from each other. In Section 5.3
we will provide evidence of this. In this way, Eq. (4) is still valid,
provided that 𝑟 ‖ = |𝑋v3 − 𝑥3 | and 𝑣 ‖ = |𝑉v3 − 𝑣3 |.

Note that the expansion effect is a by-product of RSD induced

by tracer dynamics at scales around the void radius. At these scales,
the velocity field of tracers responds to a divergence originated in
the local density minimum located at the void. On the other hand,
the off-centering effect is a result of RSD induced at larger scales.
Its source is the bulk motion of galaxy tracers in the whole region
containing the void following the large scale dynamics of the grav-
itational field (Lares et al. 2017). This last aspect resembles a void
dynamics, that presents itself as a different kind of RSD. Therefore,
it is expected that both effects leave a footprint on cosmological
statistics such as the void size function and the void-galaxy correla-
tion function. Hereafter, wewill refer to both as the t-RSD expansion
effect and the v-RSD off-centring effect, hinting at their different
nature: t for tracer dynamics, and v for void dynamics.

5 STATISTICAL ANALYSIS

The statistical analysis of this section aims to provide evidence
about the t-RSD expansion effect and the v-RSD off-centring effect
introduced in last section. In next section, we will complete the
analysis incorporating the additional AP change of volume. For this
reason, we will continue using the TC catalogues, specifically the
bĳective samples (TC-rs-b and TC-zs-b in Table 1).

This analysis is based on correlations between three statistics
that characterise the volume alteration and movement of a void: (i)
z-space to r-space radius ratio 𝑅zsv /𝑅rsv , (ii) z-space displacement of
the centre 𝒅v = (𝑑v1, 𝑑v2, 𝑑v3), and (iii) r-space net velocity 𝑽v =
(𝑉v1, 𝑉v2, 𝑉v3). Specifically, 𝒅v was calculated as the displacement
of a void centre in going from r-space into z-space normalised to
the r-space radius:

𝒅v =
�̃�v − 𝑿v

𝑅rsv
, (17)

whereas 𝑽v was computed summing all the individual velocities of
haloes inside a spherical shell with dimensions 0.8 ≤ 𝑟/𝑅rsv ≤ 1.2.
This velocity is an unbiased and fair estimation of the bulk flow
velocity of the void, as was demonstrated in Lambas et al. (2016)
(see their Fig. 1).

5.1 Correlations between r-space and z-space void radii

The left panel of Fig. 4 shows the 2D distribution (𝑅rsv , 𝛿𝑅v) as
a heat map. From blue to red, the colours span from low to high
void counts 𝑁v. These counts are presented in a logarithmic scale
in order to highlight the patterns of the distribution at different
scales. The right axis shows the equivalent scale based on the ratio
𝑅zsv /𝑅rsv , related to 𝛿𝑅v via Eq. (9). In order to study the evolution
of this distribution with void radius, we computed the median and
interquartile range (IQR) taking bins ofwidth 2 ℎ−1Mpc in the range
10 ≤ 𝑅rsv /ℎ−1Mpc ≤ 32. This is shown by black dots with error
bars. The horizontal dashed and solid lines indicate the predictions
of Eqs. (7) (𝛿𝑅𝑠

v = 0.315, 𝑞𝑠RSD = 1.058) and (10) (𝛿𝑅𝑙
v = 0.5,

𝑞𝑙RSD = 1.092) respectively. Note that 𝑞𝑠RSD is a better predictor
of the median for smaller voids, whereas 𝑞𝑙RSD is more suitable for
larger voids, the ones more interesting for cosmological studies.

The right panel of Fig. 4 shows the 2D distribution (𝑅rsv , 𝑅zsv ).
There is a clear linear trend between both radii, whose slope can
be correctly described by the RSD factors 𝑞𝑠RSD (dashed line) and
𝑞𝑙RSD (solid line). As before, 𝑞

𝑙
RSD is more suitable for larger voids.

From this analysis, we arrive at the second important conclu-
sion of this work: voids expand when they are mapped from r-space
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into z-space, and this expansion can be statistically quantified as an
increment in void radius by a factor 𝑞RSD (𝑞𝑠RSD for smaller voids
or 𝑞𝑙RSD for larger voids). These results give support to the t-RSD
expansion effect postulated in Section 4.2.

5.2 Correlations between displacement of centres and net
velocity

Fig. 5 shows the 2D distribution ( |𝑽v |, |𝒅v |), where the moduli
of these vectors were taken. This distribution contains information
about the dynamics of voids as whole entities. The cross in the
figure indicates the mode of the 2D distribution, which shows that
voids tend to move with a speed of 290 km/s, and their centres tend
to displace an amount of 0.17 𝑅rsv . It is clear then, that voids can not
be considered at rest.

Concerning the velocities, Fig. 6 shows the distribution of the
components of 𝑽v along the three directions of the simulation box.
They show Gaussian shapes, centred at 0 km/s, with a dispersion
of 231 km/s. This was expected, since there is not any privileged
direction of motion for voids in simulations.

Concerning the displacements, the left panel of Fig. 7 shows
the distribution of the components of 𝒅v along the three directions
of the simulation box. They all show Gaussian shapes centred at 0.
However, unlike velocities, displacements are different depending
on the direction. On the one hand, the POS distributions (green
dotted and blue dashed lines) are almost identical, as expected, with
a dispersion of 0.25. On the other hand, the LOS distribution (red
solid line) has a dispersion of 0.3. Nevertheless, after correcting the
LOS displacements with Eq. (16), the POS distribution is recovered,
as shown in the right panel. These distributions reflect a residual
and isotropic displacement that can be attributed to Poisson noise
when the void finder tries to localise the optimum centre (step iv in
Section 2.2).

The phenomenon described in the last paragraph is more ev-
ident in the left panel of Fig. 8, where the 2D LOS distribution
(𝑉v3, 𝑑v3) is shown. There is a linear trend between both quanti-
ties, which is correctly described by Eq. (16) represented by the
dashed line. Specifically, the slope of this line is given by the term
(1+𝑧)/𝐻 (𝑧). The right panel of Fig. 8 shows that after correcting the
LOS displacements with this equation, the correlation disappears,
leading to a 2D distribution that is almost identical to the corre-
sponding ones of the POS components, (𝑉v1, 𝑑v1) and (𝑉v2, 𝑑v2)
(not shown here).

From this analysis, we arrive at the third important conclu-
sion of this work: void centres shift preferentially along the LOS
when they are mapped from r-space into z-space, and this displace-
ment can be statistically quantified by means of Eq. (16). These
results give support to the v-RSD off-centring effect postulated in
Section 4.5.

5.3 Cross correlations

Since the ratio 𝑅zsv /𝑅rsv (or equivalently 𝛿𝑅v) characterises the
change of volume in voids, the statistical analysis of Section 5.1 gave
support to the t-RSD expansion effect postulated in Section 4.2. On
the other hand, as the displacement 𝒅v and velocity 𝑽v characterise
the movement of voids, the statistical analysis of Section 5.2 gave
support to the v-RSD expansion effect postulated in Section 4.5.
It only remains to test if both effects are statistically independent
by looking for cross correlations between these quantities. Fig. 9
shows the 2D LOS distributions (𝑑v3, 𝑅zsv /𝑅rsv ) (left panel) and

(𝑉v3, 𝑅zsv /𝑅rsv ) (right panel). The horizontal lines are the theoretical
predictions 𝑞𝑠RSD (dashed) and 𝑞𝑙RSD (solid). No correlations can
be seen, giving support to the postulated independence. It is worth
mentioning that the analogue POS distributions (not shown here):
(𝑑v1, 𝑅zsv /𝑅rsv ), (𝑑v2, 𝑅zsv /𝑅rsv ), (𝑉v1, 𝑅zsv /𝑅rsv ) and (𝑉v2, 𝑅zsv /𝑅rsv )
show a similar behaviour. These results allowus to interpret the large
scale dynamics of the whole region containing the void (v-RSD) as
decoupled from the dynamics of the galaxies at scales of the void
radius (t-RSD). This also suggests that potential distortion patterns
in observations due to these two effects can be treated separately.
This is the fourth important conclusion of this work.

6 IMPACT ON THE VOID SIZE FUNCTION

This section has a double intention. On the one hand, we will fin-
ish the analysis of the last section incorporating the additional AP
change of volume not treated yet. On the other hand, we will study
the impact of all the z-space effects on the void size function. For
this reason, we turn now to the FC void catalogues, fully affected
by z-space systematics (see Table 1).

6.1 Generalities of the VSF modelling

We start with some generalities concerning the VSFmodelling. The
real-space VSF can be modelled using the excursion set formalism
combined with the spherical expansion of matter underdensities
derived from perturbation theory (Sheth & van de Weygaert 2004).
This model is analogous to that used to describe the abundance of
dark matter haloes. Contrary to the case of haloes, which collapse,
voids expand (void-in-void mode). Hence, this formalism uses an
underdense barrier to take into account the abundance of voids. This
value is taken from the moment of shell-crossing in the expansion
process. However, this is not the complete picture. There are some
voids embedded in an overdense shell shrinking due to gravitational
collapse. This is the void-in-cloud mode. Therefore, in order to take
into account this mode too, the overdense barrier corresponding to
collapse is also added in the excursion set theory.

There are two main approaches for this modelling: the Sheth
& van de Weygaert (2004, SvdW) model, and the Jennings et al.
(2013, Vdn) model. The key assumption of the former is isolated
expansion, namely, it assumes that the comoving number density
is conserved during expansion. However, this leads to a cumulative
volume fraction of voids that exceeds unity. In order to fix this
problem, the latter assumes that, instead of the number density, the
comoving volume fraction is conserved during expansion.

It is important to highlight that both models are only applicable
to dark matter voids. Halo or galaxy voids are substantially different
in their statistical properties. Nevertheless, many authors claim that
both types of voids can still be related to each other with a linear
bias approach (Furlanetto & Piran 2006; Pollina et al. 2017, 2018;
Chan et al. 2019; Contarini et al. 2019; Fang et al. 2019; Pollina
et al. 2019; Schuster et al. 2019; Chan et al. 2020), and hence, the
SvdW and Vdn models are still valid. Such a model should fit the
r-space abundances of Fig. 2 (blue lines).

In practice, z-space galaxy voids are used in observations.
Therefore, the z-space systematics proposed in this work are ex-
pected to have a strong impact on the VSF. We will tackle this prob-
lematic using the theoretical machinery developed in Section 4. As
we explained there, this framework depends strongly on cosmology,
hence it must be combined with the excursion set formalism in order
to obtain unbiased cosmological constraints from redshift surveys.
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Figure 4. Left panel. 2D distribution (𝑅rsv , 𝛿𝑅v) shown as a heat map. From blue to red, the colours span from low to high number of void counts in a
logarithmic scale. The right axis shows the equivalent scale based on the ratio 𝑅zsv /𝑅rsv , related to 𝛿𝑅v via Eq. (9). The black dots with error bars show the
evolution of the median and interquartile range (IQR) of this distribution with void radius. The horizontal dashed and solid lines indicate the predictions of
Eqs. (7) (𝛿𝑅𝑠

v = 0.315, 𝑞𝑠
RSD = 1.058) and (10) (𝛿𝑅𝑙

v = 0.5, 𝑞𝑙
RSD = 1.092) respectively. Right panel. 2D distribution (𝑅rsv , 𝑅zsv ) . There is a linear trend,

whose slope is correctly described by the RSD factors 𝑞𝑠
RSD (dashed line) and 𝑞

𝑙
RSD (solid line). In both panels, it is clear that 𝑞

𝑠
RSD is a better predictor of the

median for smaller voids, whereas 𝑞𝑙
RSD is more suitable for the larger ones. This analysis constitutes a statistical demonstration of the t-RSD expansion effect.
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In this way, we lay the foundations for a complete treatment of the
VSF modelling, leaving for a future investigation a full analysis
combining both developments.
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6.2 Alcock-Paczyński correction

The left panel of Fig. 10 shows the void abundances of the two
FC void samples, which are fully affected by z-space systematics,
and hence, mimic two possible observational measurements. The
VSF of the FC-l sample, which assumes a lower fiducial value with
respect to that of the simulation (Ω𝑙

𝑚 = 0.20) is represented with a
green dot-dashed line, whereas the VSF of the FC-u sample, which

assumes an upper fiducial value (Ω𝑢
𝑚 = 0.30), with a purple dashed

line. The goal of this section is to verify if the theoretical framework
developed in Section 4 allows to correct these abundances curves in
order to recover the true underlying r-space one, unaffected by any of
the z-space systematics (blue solid line in the plot, corresponding
to the TC-rs-f sample). To do this, it is sufficient to correct each
void radius just applying Eq. (15), using the values of the AP and
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Figure 9. 2D distributions (𝑑v3, 𝑅zsv /𝑅rsv ) (left panel) and (𝑉v3, 𝑅zsv /𝑅rsv ) (right panel). The horizontal lines are the theoretical predictions 𝑞𝑠
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dashed) and 𝑞𝑙
RSD (Eq. 10, solid). No correlations can be seen in both panels, suggesting that the t-RSD expansion effect and the v-RSD off-centring effect are

statistically independent.

RSD factors that we have derived: 𝑞𝑙RSD = 1.092, 𝑞𝑙AP = 1.046 and
𝑞𝑢AP = 0.960.

Instead of performing this correction directly, we will split it
in a two-step procedure in order to discuss the different physical
mechanisms involved. In this subsection, we discuss the first step,
correcting for the AP change of volume with the AP factors. In the
next subsection, we will discuss the second step, correcting for the
t-RSD expansion effect with the RSD factor. Therefore, the goal
of this subsection is to recover the z-space VSF which is affected
by RSD but unaffected by the AP effect (red solid line in the plot,
corresponding to the TC-zs-f sample). This correction is shown in
the right panel of Fig. 10.

The first aspect clearly seen in the left panel of Fig. 10 when
comparing the abundances of the FC-l and FC-u samples with re-
spect to the z-space VSF of reference, is that a higher VSF is ob-
tained when a lower value of Ω𝑚 is assumed, whereas the opposite
behaviour occurs when a higher value of Ω𝑚 is assumed. In the
context of the bĳective mapping, this means that the FC-l voids
are systematically bigger, whereas the FC-u voids are smaller. This
is in agreement with our discussion in Section 4.3, where we ex-
pected an AP-expansion for the FC-l voids since 𝑞𝑙AP > 1, and an
AP-contraction for the FC-u void since 𝑞𝑢AP < 1. Note that after
correcting for the AP change of volume (right panel), both curves
coincide with the z-space VSF of reference remarkably well for all
radii of interest. This is better appreciated by looking at the lower
panels, where we show the corresponding fractional differences of
void counts Δ𝑁v/𝑁v = (𝑁FCv − 𝑁zsv )/𝑁zsv as an indicator of the
quality of the correction. Note that after the correction, the differ-
ences between the fiducial and the z-space abundances are reduced
to Δ𝑁v/𝑁v < 0.2 in the worst case. Furthermore, this is also a
clear signature that this effect is independent of the other z-space
systematics.

We arrive here at the fifth important conclusion of this work:
the volume of voids is also affected by the cosmological metric

assumed to measure distances, which manifests as an overall expan-
sion or contraction, depending on the chosen fiducial parameters.
Moreover, this effect is independent of any other z-space system-
atics, and can be statistically quantified as a change of radius by a
factor 𝑞AP. These results give support to the AP change of volume
postulated in Section 4.3.

6.3 Expansion effect correction

In this subsection, we discuss the second step of the correction:
the t-RSD expansion effect. The goal now is to recover the r-
space VSF of reference. This is shown in Fig. 11. The left panel
is the same as the right panel of Fig. 10, except for the fact that
the fractional differences are referred now to the r-space sample:
Δ𝑁v/𝑁v = (𝑁FCv − 𝑁rsv )/𝑁rsv . The right panel shows the correction
per se. This is satisfactory for all radii of interest, although there
are some appreciable deviations at the smallest scales. Note that the
large differences between z-space and r-space voids, already noted
in Fig. 2, which can be Δ𝑁v/𝑁v > 4 at the largest scales, have been
reduced to Δ𝑁v/𝑁v < 0.8 in the worst case.

For the analysis up to here, we have used the full r-space and z-
space samples as references (TC-rs-f andTC-zs-f respectively). This
was motivated by the fact that, in the spirit of the bĳective mapping
analysis, the full and bĳective samples can be treated indistinctly.
Moreover, we have used Eq. (10) (with 𝑞𝑙RSD) to correct for the
expansion effect instead of Eq. (7) (with 𝑞𝑠RSD). In order to test
the impact of the impurity of the reference samples regarding the
bĳective filtering, and the performance of both RSD factors, we
repeated the analysis of the last paragraph using now the bĳective
r-space and z-space samples as references (TC-rs-b and TC-zs-b
respectively). As the AP correction works well at all scales, we
have put aside the FC void samples, and only focused on correcting
the bĳective z-space VSF towards the r-space one. This is shown
in Fig. 12. Note that the z-space VSF (red dashed line) and the
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Figure 10. Alcock-Paczyński correction of void abundances. Left panel. VSFs of the FC void samples. The VSF of the FC-l sample, which assumes a fiducial
value of Ω𝑙

𝑚 = 0.20, is represented with a green dot-dashed line, whereas the VSF of the FC-u sample, which assumes a fiducial value of Ω𝑢
𝑚 = 0.30, is

represented with a purple dashed line. By way of comparison, the VSF of the TC full r-space and z-space samples (blue and red solid lines respectively) are
also shown as references. The corresponding fractional differences of void counts between the FC samples and the TC z-space sample are shown in the lower
panel. Right panel. The same as the left panel, but after correcting the FC abundances for the AP change of volume.

r-space VSF (blue dashed line) are the same as in Fig. 2. The
brown dot-dashed line represents the correction made with 𝑞𝑠RSD,
whereas the orange dot-dashed one, the correction with 𝑞𝑙RSD. Two
conclusions can be made. First, 𝑞𝑙RSD performs better than 𝑞

𝑠
RSD,

specially at larger scales. This confirms our suggestion that 𝑞𝑙RSD
is more suitable than 𝑞𝑠RSD for larger voids, the ones of interest
for cosmological analyses. Second, unlike Fig. 11, there are not
appreciable deviations at small scales. Therefore, these deviations
can be attributed to the contamination of non-bĳective voids in the
full samples at these scales.

6.4 Free of off-centring effect

The achievements of the correction process proves another impor-
tant fact: the VSF is unaffected by the v-RSD off-centring effect.
This was implicitly assumed in the two-step correction, and consti-
tutes the sixth important conclusion of this work.

In summary, the only two necessary ingredients to correct
an observational VSF are the 𝑞AP and 𝑞RSD factors, which relate
void radii in r-space and z-space. As we discussed previously, these
factors are only two constants of proportionality, independent of the
scale, and strongly cosmology dependent: 𝑞AP depends only on the
background cosmological parameters, whereas 𝑞RSD depends only
on 𝛽, encoding different cosmological information in a decoupled
way. Therefore, the framework developed in this work must be
combined with the excursion set used to model void abundances
in order to obtain unbiased cosmological constraints from redshift
surveys. This is the seventh and last important conclusion of this
work.

7 CONCLUSIONS

Cosmic voids are promising cosmological probes provided that the
z-space systematics that affect their properties are properly treated.
One approach is to use a reconstruction technique to recover the r-
space position of tracers before applying the void finding step.While
this method has proved to be accurate in recovering the r-space
void statistics, such as the void size function and the void-galaxy
correlation function, and in extracting cosmological information
from them, it looses the physical information about the structure
and dynamics of voids that manifest when they are identified in
z-space.

In this work, we explored an alternative approach: we anal-
ysed the void finding method in order to understand physically the
underlying z-space systematics. We used a spherical void finder
and made a statistical comparison between the resulting real and
redshift-space voids, in the context of the four hypotheses com-
monly assumed to model RSD around voids, which are only valid
for voids identified in r-space, and are violated for those identified
in z-space: (1) void number conservation, (2) isotropy of the density
field, (3) isotropy of the velocity field, and (4) invariability of centre
positions.

The main conclusions of this work can be summarised in the
following statements.

1. There is a bĳective mapping between z-space and r-space
voids at scales not dominated by shot noise. This means that each
z-space void has a unique r-space counterpart spanning the same
region of space and vice-versa. In this context, condition (1) of void
number conservation is not violated.
2. Voids in z-space are systematically bigger than their r-space

counterparts. This can be understood as an expansion effect and
statistically quantified as an increment in void radius by a constant
factor 𝑞𝑠RSD (Eq. 7). Actually, the slightly modified factor 𝑞

𝑙
RSD
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Figure 11. t-RSD expansion effect correction of void abundances. Left panel. The same as the right panel of Fig. 10, except for the fact that the fractional
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in Fig. 2. The brown dot-dashed line represents the correction using Eq. (7)
with the factor 𝑞𝑠

RSD. The orange dot-dashed line represents the correction
using Eq. (10) with the factor 𝑞𝑙

RSD. Lower panel. Fractional differences of
void counts between the uncorrected and corrected z-space samples with
respect to the r-space one, showing the effectiveness of the correction. Note
that 𝑞𝑙

RSD performs better than 𝑞
𝑠
RSD. A comparison with Fig. 11 demon-

strates that the deviations at small radii are due to the contamination of
non-bĳective voids at these scales.

(Eq. 10) has proved to be more suitable for larger voids, the ones
of interest for cosmological studies. For this analysis, we assumed
the validity of hypotheses (2) and (3) concerning the isotropy of the
density and velocity fields in r-space in order to explain a z-space
phenomenon, even if this isotropy is no longer valid for z-space
voids. This expansion effect is a by-product of the RSD induced by
tracer dynamics (t-RSD) at scales around the void radius.
3. Void centres are systematically shifted along the LOS when

they are identified in z-space. It is a direct consequence of the
violation of hypothesis (4) concerning the invariability of centre
positions. This off-centring effect can be statistically quantified by
means of Eq. (16). Hence, it constitutes a different class of RSD
induced by large scale flows in the matter distribution. Interpreting
voids as whole entities moving in space with a net velocity, this
effect can be thought as a by-product of the RSD induced by void
dynamics (v-RSD).
4. The expansion and off-centring effects are statistically inde-

pendent, since they manifest in observations as two uncoupled ef-
fects.
5. The volume of voids is also altered by the fiducial cosmology

assumed to transform angular positions and redshifts into distances,
which manifests itself as an overall expansion or contraction, de-
pending on the chosen fiducial parameters. This is the AP change
of volume. Moreover, this effect is independent of the other two
z-space systematics, and can be statistically quantified as a change
of radius by a constant factor 𝑞AP (Eq. 14). Therefore, all z-space
systematics of this paper can be treated separately.
6. The void size function is affected by the t-RSD expansion

effect and the AP change of volume, but it is free of the v-RSD off-
centring effect. Therefore, an observational VSF can be corrected
in order to recover the true underlying r-space VSF by a simple
two-step correction given by Eq. (15).
7 The AP and RSD constant factors are strongly cosmology

dependent: 𝑞AP depends only on the background cosmological pa-
rameters, whereas 𝑞RSD depends only on 𝛽, encoding in this way
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different cosmological information in a decoupled way. The former
encodes information about the expansion history and geometry of
the Universe, whereas the latter, about the growth rate of cosmic
structures. Therefore, the framework developed in this work must
be combined with the excursion set theory used to model void abun-
dances in order to obtain unbiased cosmological constraints from
redshift surveys.

Although the VSF is unaffected by the v-RSD off-centring ef-
fect, this is not the case for the void-galaxy correlation function. In
a follow-up paper (Correa et al. in prep.), we will show that this
effect plays a significant role, inducing new distortion patterns in
observations. In the literature, only t-RSD are taken into account
when modelling this statistic. The z-space effects studied in this
work must be incorporated in any analysis of RSD around voids
in order to successfully exploit these cosmic structures as cosmo-
logical probes. This is particularly important in view of the new
generation of spectroscopic surveys, such as BOSS, DESI and Eu-
clid, which will probe our Universe covering a volume and a redshift
range without precedents. Even more, besides its cosmological im-
portance, these z-space systematics encode key information about
the structural and dynamical nature of voids.
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