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We establish the status of the Weyl double copy relation for radiative solutions of the vacuum
Einstein equations. We show that all type N vacuum solutions, which describe the radiation region
of isolated gravitational systems with appropriate fall-off for the matter fields, admit a degenerate
Maxwell field that squares to give the Weyl tensor. The converse statement also holds, i.e. if there
exists a degenerate Maxwell field on a curved background, then the background is type N. This
relation defines a scalar that satisfies the wave equation on the background. We show that for non-
twisting radiative solutions, the Maxwell field and the scalar also satisfy the Maxwell equation and
the wave equation on Minkowski spacetime. Hence, non-twisting solutions have a straightforward

double copy interpretation.

The discovery of gravitational waves @] one hundred
years after Einstein formulated his general theory of rel-
ativity has led to an exciting new area of gravitational
physics with possible important prospects for observa-
tional astrophysics; a development that has been antici-
pated eagerly for half a century E] An important the-
oretical breakthrough in this direction will include an
efficient and cost-effective method of generating gravi-
tational wave templates; waveforms computed from the
theory to be compared with observed waveforms B, @],
see ﬂ:ﬁ—?,@] for recent reviews. Amongst the myriad ap-
proaches proposed to facilitate the easier and less time-
consuming generation of templates is one ﬂﬂ, @] based
on techniques adapted from string theory and supergrav-
ity scattering amplitude calculations, in particular the
double copy method ], which describes gravita-
tional amplitudes as a kind of inner product of gauge
theory amplitudes (hence “double copy”).

While initially found at the level of scattering ampli-
tude relations, the double copy also exists at the level
of classical solutions, including beyond perturbation the-
ory for certain classes of spacetimes. One class of solu-
tions for which a double copy relation exists is (multi)
Kerr-Schild solutions, which can be thought of as exact
perturbative (around Minkowski) gravitational solutions
ﬂﬂ, ] The correspondence between the double copy
relations for scattering amplitudes and for classical solu-

tions has been verified in various works @@], see ﬂﬁ,
@] for earlier ideas in this direction. Of particular inter-
est in the present paper is the Weyl double copy relation
that exists for vacuum type D solutions and pp-waves

|. This relation is best expressed in spinor lan-
guage @] In the type D case, it can be shown that the
Weyl spinor W apcp = (—292) /4@ 45 Pcp) with ®ap
a non-degenerate Maxwell spinor and ®? = 48 4 5. Of
particular significance is the fact that the Maxwell spinor
also solves the Maxwell equation on Minkowski space-
time [31]. Furthermore, ®1/2 solves the wave equation on
Minkowski spacetime. What lies behind these relations
is the existence of the well-known hidden symmetry for
type D vacuum solutions as expressed by the existence of

a Killing 2-spinor [29, [33]. See [34-149] for related works.

In this paper, we extend the curved Weyl double copy
relation to all type N vacuum solutions, which describe
the radiation region of isolated gravitational systems. In
particular, we show that ¥ apcp = 5’71(1)(,43(1)0,3) with
® 45 a degenerate Maxwell spinor and S some scalar
that in particular satisfies the wave equation on the
curved background. For non-twisting radiative space-
times, the Maxwell field and the scalar field also solve the
Maxwell equation and the wave equation, respectively, on
Minkowski spacetime. This establishes the Weyl double
copy in the sense of ﬂﬂ] for this large class of spacetimes.
Notice that, while the double copy for scattering ampli-
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tudes involves two copies of non-Abelian gauge theory,
the first step in that procedure is to consider the double
copy of the asymptotic states, which for linearised gauge
theory are solutions to the Maxwell equation. The fact
that certain exact gravity solutions can be interpreted as
a double copy of a Maxwell field means that they should
be interpreted as coherent states, an exact extension of
the linearised asymptotic states in scattering amplitudes.
For twisting spacetimes, the Maxwell field and the scalar
depend generically on the metric functions. Hence, they
are solutions only on the curved spacetime. However,
the standard double copy interpretation applies at the
linearised level. This may be indicative of the fact that
twisting solutions have an intrinsic non-Abelian nature.

As a necessary step in extending the exact classical
double copy tools to gravitational wave physics, we pro-
vide a systematic understanding of the status of the dou-
ble copy for radiative solutions, beyond the most special
example of pp-waves. This study reveals interesting dif-
ferences with the Weyl double copy for type D solutions.
In particular, the construction does not lead to a unique
Maxwell field, since there is functional freedom associ-
ated to the scalar S. In the cases where the Maxwell
field can be thought of as living in Minkowski spacetime,
i.e. for non-twisting solutions, it would be interesting to
use novel approaches, e.g. [50-52], to relate this new con-
struction to the double copy for scattering amplitudes, as
has been done for certain type D solutions.

SPINOR CALCULUS

The homomorphism between the Lorentz group and
SL(2, C) can be used to convert spacetime indices p, v, . . .

into spinor A,B,... = {1,2} and conjugate spinor
A, B,...={1,2} indices, using the Van der Waerden ma-
trices o ., which are constructed from the identity and

Pauli matrices. It is convenient to work in a spinor basis
{04,142} with e4po?t® = 1. In this basis, eap = 2004t R
and can be used to lower indices ¥4 = ¥Pepa . Simi-
larly, 14 = eAB 4. Associated with the spin basis is a
null frame (¢, n, m,m) |53], so that

Juv = 2[(#17,,,) + 2m(#ml,). (1)

Our notation follows [54]. For a vacuum spacetime, the
curvature is given by the Weyl tensor. Its spinorial ver-
sion is fully determined by the totally symmetric Weyl
spinor ¥ 4peop (and its complex conjugate), which satis-
fies the Bianchi identity

VA 4pop = 0. (2)

Similarly, a solution of the Maxwell equation can be writ-
ten in terms of a symmetric 2-spinor ® 45 that solves

VAA(I)AB = 0. (3)

For type N solutions, choosing a spinor basis
adapted to the principal null direction (PND)
0* ~ 0404, the Newman-Penrose (NP) Weyl scalars,
which correspond to various components of the
Weyl spinor in the spinor basis, all vanish except
U, = U poptdiBCpP = ntm'nPm°Cy,pe and  the
Weyl spinor takes the simple form

Yapcp = VY4040B0c0pD. 4)

WEYL DOUBLE COPY

In spinor language, the curved background Weyl dou-
ble copy relation is

1
Vapep = g ®ap®ep); (5)

for some scalar S and Maxwell spinor ® 45. Note that
®4p satisfies the Maxwell equation (B) in the fixed
curved background metric, but it is viewed as a test field
that does not back-react on the geometry. From (@), it
follows that the NP Maxwell scalars all vanish except ®,
and we have ®sp = P2 040p). Thus the type N double
copy relation is

Wy = g ()" (6)
The Maxwell 2-spinor is degenerate, which means that
the electromagnetic field is null, i.e. the electric and mag-
netic fields are perpendicular and of equal magnitude. An
example of a null electromagnetic field is that of a plane
electromagnetic wave in flat spacetime. Now we must
consider whether such a relation (B exists. Expanding
out the Bianchi identity (2]) by substituting () gives two
equations:
0aVA0g Uy +404.BVA% 5 — 1408 VA%5 =0 (7)
and 040%V440p = 0. The second equation is equivalent
to the statement that the null congruence generated by
the PND is geodesic, x = 0, and shear-free, o = 0 [55],
which follow from the Goldberg-Sachs theorem [56]. Ex-
panding out the Maxwell equation in a similar fashion
gives

oAVAA log @5 + 20ALBVAAOB — LAOBVAAOB =0, (8)

as well as the same equation above that is equivalent to
k = o = 0. Now, substituting ¥, = (®5)?/S into () and
simplifying this using (8] gives

OAVAA log S — LAOBVAAOB =0. (9)

There is a clear structure in equations ([7)—(@), where the
coefficient of the middle term is the rank of the respective
spinor. Equation (@) translates, using 6,4 and 74, to

£-ViogS —p=0, m-VlegS —71=0, (10)



where p and 7 are NP spin coefficients [57]. p
parametrises the expansion and twist of the null congru-
ence generated by ¢, while 7 parametrises the transport
of ¢ along the flow generated by n. A simple calculation
shows that the integrability condition on the equations
(I0) is satisfied, which means that they are simple inte-
gral equations that can always be solved. Thus, we are
guaranteed the existence of a scalar S satisfying these
equations, which then gives a Maxwell field ®5 = /Wy S.
In tensor language, this Maxwell spinor translates to a
field strength (called the ‘single copy’) of the form

F =30 Am’ + 3,0 A, (11)

where £ denotes the 1-form ¢ = £,dx", and similarly
for m® and 7m”. This establishes the curved Weyl double
copy for type N vacuum solutions.

Furthermore, it is simple to show using (@) that S
solves the wave equation

0S =V, VA8 = 2045V4 ;VEAS =0, (12)

The real scalar field in the double copy construction
(called the ‘zero-th copy’) is the real part of S.

These results mirror those that exist for type D solu-
tions. In order to investigate whether the Maxwell field
and the scalar field also satisfy the equations of motion on
Minkowski spacetime, we investigate the different classes
of type N solutions in turn.

TYPE N VACUUM SOLUTIONS

Type N vacuum solutions are classified in terms of the
optical properties of the congruence generated by the
PND, i.e. by the values of the optical scalars; see e.g.
[54]. We have k = o = 0, as mentioned before; the prop-
erties that remain are parametrised by the spin coefficient
p = —(© 4 iw), where © denotes the expansion of the
congruence and w denotes its twist. The different cases
lead to three distinct classes of solutions:

e Kundt solutions: ® = 0, which implies that w =0
[58].

e Robinson-Trautman solutions: © # 0, w = 0.
e Twisting solutions: © # 0, w # 0.

Choosing a null frame for which ¢ is the PND, so that
Uy = U, = Uy = U3 = 0, we consider each case sepa-
rately.

Kundt solutions

There are two kinds of type N Kundt solutions,
both corresponding to plane-fronted wave solutions

[59]. Plane-fronted waves with parallel propagation (pp-
waves) are given by the metric

ds* = —2du (dv + Hdu) + 2dzdz, (13)

with H(u,z,%2) = f(u,z) + f(u, 2) for general functions
f. Choosing

(=08, n=0y,—Hd, m=a,, (14)

one has p = 7 =0 and so (I0) implies S = S(u, z), while
the Weyl scalar U4 = 92 f, so (@) implies that

By = \/02f S(u, 7). (15)

The other class of plane-fronted waves is given by
ds® = —2du (dv +Wdz + Wds + Hdu) + 2dzdz, (16)

with W (v, 2,2) = —2v (2 + z) ! and
02
H(u,v,2,2) = [f(u,2) + f(u,2)] (z + 2) — m;

again f(u, z) is arbitrary. Choosing
0=0y, n=0,— (H+WW)d, + W, + W0, m= 0.,

one has p = 0, 7 = 28 = —(z+ 2)7', so ([0) gives
S ={((u,2)/(z + z). The Weyl scalar ¥, = (z + z) 02 f,
so (@) implies that

By = \/O2f((u,2). (17)

Given that the only non-zero components of F),, are
for uv = [uz] and [uZ], the simple form of the relevant
components of g*” and the fact that g = 1 give

V=

1
—=0, (V9] 9" 9" Fyor
Vgl ( )
=0, ("N Fps) = 0. (18)

On the other hand, S does not depend on f(u,z) or
f(u, 2), meaning that it must solve the wave equation
on any member of the family. In particular, it solves
the wave equation on Minkowski spacetime. This im-
plies that the Maxwell and the scalar fields also satisfy
their equations on Minkowski spacetime, establishing the

Weyl double copy for type N Kundt solutions.

Robinson-Trautman solutions

Type N Robinson-Trautman solutions take the form
160]

2 2
ds® = —H du® — 2du dr + % dz dz, (19)



with H(u,r, z,z) = k—2r 9, log P (where k = 0,£1) and
2P%0,0; log P(u, z,2) = k. Choosing

6287“7 nzau_%Ha’r‘; m:_g(?Zv (20)

one has p = —r~1, 7 =0, so (I0) gives S = —((u, 2)/r.

Now Uy = —PTQ(?U (8%3), so (B) determines that

@ = = \[ou.2) 0, (22P/P) )

As an example, consider Robinson-Trautman solutions
with & = 0 in (T3). Writing P = " we have 0,0: W =0
and hence W = w(u, z) + w(u, z), implying that ¥, =
—P?/r 0,[02w(u, Z) + (051 (u, 2)?]. We can obtain type
N solutions of the Maxwell equation in the Robinson-
Trautman background by taking

A =~(u, z, 2) du, (22)

where 8.0: v = 0 and hence v = h(u, 2) + h(u, z). Thus
from (1)) we have ®; = —P/r 0z h(u, z). Plugging into
[©) we have
1 _
002w (u,2) + (9z0(u, 2)) = —— (9:h(u,2))", (23)
and so indeed we have that S = —(/r, where ( is a

function only of u and Z, as required in the general result
stated above.

As with Kundt solutions, the only non-zero compo-
nents of F),,, are for pv = [uz] and [uZz]. As before, using
the fact that \/m =72 /P? and the relevant components
of g"¥, it can be shown that ([I8) holds. Once again,
S is independent of P and solves the wave equation on
any member of the family (), including Minkowski.
Hence, both F,, and S satisfy their equations also on
the flat background, establishing the Weyl double copy
for Robinson-Trautman solutions.

Twisting solutions

Type N solutions with non-vanishing twist are more
complicated, with only one explicit solution known [61].
The general metric is given by [62]

ds? = —2(du + Ldz + Ldz) [dr +Wdz+Wdz  (24)

+H(du+Ldz+Edz)}+—

p~l=—(r+i¥), 2i%(u,zz) = P*(0L—-0L),
W(u,r,2,2) =p L0, L +i0%, 0=0,— L0,

1
H(u,r 2,%z) = §K — 10y log P,

4

with K = 2P?R [0(dlog P — 9,,L)] . There exists a resid-
ual gauge freedom to choose P = 1, but we shall not yet
impose this choice. The solution is determined by the
complex scalar L, which satisfies

YK + P?R [90% — 20,LO% — £0,0L] =0, 09I =0,

and 9,1 # 0, with I = 9(dlog P—3,,L)+(0log P—0,,L)?.
Choosing

(=0, n=0,—HO, m=—Pp@d—W0,), (25)

p is as defined above, while 7 = 0. Equation (IQ) then
implies that S = p x(u, 2, Z), with x satisfying

Ox — 0L x=0. (26)

Defining new coordinates (v, w) = (I, z), the above equa-
tion can be solved using the method of characteristics
(I = constant correspond to the characteristics)

5I(u,z))(v1w/)>< BL(u,w/)]dw/

x(w,w) = ¢(1) el L5 e (ar)

with ¢(I) arbitrary. The Weyl scalar ¥4 = p P29, I, and
so (6) implies

Oy = pP /0T x(u,z,2). (28)

Only one twisting type N solution, found by Hauser
[61], is known explicitly. The metric functions are given
by
u

P= (24272 f(t), tfmv

L =2i(z+ z),

where f satisfies 16(1 + t2) f”(t) + 3f(t) = 0, which is a
hypergeometric equation, and I turns out to be given by

3
I= Sy~ (29)
The solution to (I0) is
S =pcI) , (30)

where ((I) is arbitrary. As expected, this is consistent
with the general result [27). The Weyl scalar is ¥y =
(2i/3) pP? I?, implying that

2i¢(D)
o0

Oy =pPI (31)

As a further remark about the twisting type N solu-
tions, we note that if the gauge freedom to set P =1 is
employed, the metric is specified purely in terms of the
function L(u, z, z), and the type N and Ricci flat condi-
tions may be succinctly condensed down to just

oI =0, $(0000L) =0, where I=-0,0L. (32)



The Weyl curvature is given by ¥4 = p 9, 1.

In contrast to non-twisting solutions, the second equal-
ity in (I8)) does not hold for twisting solutions. Therefore,
while there is a curved Weyl double copy relation, in this
case it does not translate to a relation where the Maxwell
field and the scalar can be thought of as Minkowski fields,
unless we consider all the fields (gravity, Maxwell and
scalar) at the linearised level.

NON-UNIQUENESS

In all the cases above, neither the Maxwell field nor the
scalar field are uniquely determined. They are fixed only
up to an arbitrary function of some of the coordinates,
which we are free to choose. This contrasts with the Weyl
double copy for vacuum type D solutions, for which, in a
spinor basis adapted to the principal null directions, we
have S2 (@2)3/2 o« Uy, where the proportionality is
up to complex parameters [31]; hence the Maxwell and
scalar fields are functionally fixed. This feature is related
to the fact that vacuum type D spacetimes are fully de-
termined up to a few parameters, whereas vacuum type
N spacetimes (of any class, as seen above) have functional
freedom. By analogy, there is additional freedom in the
Maxwell and scalar fields in the curved background.

In considering a special choice, we may ask whether
it is possible to choose ®5 and S to be given by specific
powers of Wy, as in the type D case, i.e. there exists some
constant a such that ®; oc (U4)® and S o< (¥4)%*~ 1. The
functional dependence of the results above implies that
this possibility holds only for Kundt solutions. For pp-
waves, the power is actually undetermined, i.e. the rela-
tion above holds for any a. A simple choice is a = 1/2,
where S is constant, and in fact this choice implies that
Maxwell plane waves double copy to gravitational plane
waves (®o and Uy are functions of u only). For the other
plane-fronted Kundt solutions, such a relation is possi-
ble for a = 0, in which case S x (V4)~!. Analogously
simple choices for the other type N classes are: S o 1/r
for Robinson-Trautman solutions and .S o p for twisting
solutions.

Interestingly, pp-waves are the only type N solutions
admitting a Killing 2-spinor |30], another feature that
they share with type D solutions.

A twistorial version of the Weyl double copy is given
n [63], focusing on type D but also introducing some
type III cases, at least at the linearised level. It would
be interesting to study whether this twistorial version
explains the non-uniqueness of the type N Weyl double
copy found here.
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