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1 | INTRODUCTION

Stochastic systems have been applied to model practical prob-
lems in many fields such as science and technology, information
engineering, social economy and so on. As an important type
of stochastic systems, hybrid stochastic differential equations
(SDEs; also known as SDEs with Markovian switching) can well
describe the actual systems whose structures and parameters ate
suddenly changed. Therefore, hybrid SDEs have been studied
by many reseachers (see, e.g. [1-5]).

Stabilization is one of the hot topics in the research of
hybrid stochastic systems (see, e.g. [6, 7]). That is, to design
a feedback control in the drift part to make the given system
become stable. Regular feedback controls are designed based
on the continuous-time observations of current state x(#)
(see, e.g [1, 3, 4, 8]). To reduce the high cost of continuous-time
state observations, Mao [9] introduced the feedback controls
based on discrete-time state observations to stabilize the given
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This paper mainly investigates stabilization of hybrid stochastic differential equations
(SDEs) via periodically intermittent feedback controls based on discrete-time state obset-
vations with a time delay. First, by using the theory of M-matrix and intermittent con-
trol strategy, we establish sufficient conditions for the stability of hybrid SDEs. Then, we
prove the intermittent stabilization for a given unstable nonlinear hybrid SDE by compat-
ison theorem. Two numerical examples atre discussed to support our results of theoretical

hybrid stochastic system. Mao et al. [10] improved method
to study the discrete-time state feedback control system, and
stabilize a given hybrid stochastic systems in the sense of
mean-square exponential stability. You et al. [11] discussed not
only stability of controlled systems in the sense of mean-square
exponential stability (as Mao does), but also /7, stability and
asymptotic stability in mean square and other senses. Dong [12]
discussed almost sure exponential stabilization by stochastic
feedback control based on discrete-time observations. However
in real life, there is a time lag between state observations and
true value of the current system states. Chen et al. [13] studied
stabilization of hybrid neutral stochastic differential delay equa-
tions by delay feedback control. Mao et al. [14] and Hu et al.
[15] investigated stabilization of hybrid SDEs by delay feedback
control. Li et al. [16] discussed the high non-linear hybrid
stochastic delay differential equations by Lyapunov function.
Qiu et al. [17] and Zhu et al. [18] took both discrete time and
delay into account when designing the controller, they studied
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exponential stability problem of hybrid SDEs by feedback con-
trol based on discrete-time state observations with a time delay.
Song et al. [19] studied stabilization based on discrete-time
observations of state and mode.

In order to reduce the cost of continuous working time of the
controller, intermittent control is an efficient strategy to stabi-
lize the unstable systems (see, e.g. [20, 21]). Intermittent con-
trol divides time into two parts: working time and rest time.
The controller runs at working time, closes at rest. In other
words, the controlled system can be regarded as a transforma-
tion between the closed loop system and the open loop system.
Obviously, it reduces the control cost in practical application; At
the same time, it improves the control efficiency and operability.
Zhang et al. [22] applied intermittent stochastic noise to stabi-
lize the non-linear differential equation, and established a class
of theory about intermittent stochastic disturbance stability. Ren
et al. [23] showed the quasi-sure exponential stabilization of
non-linear differential equations via intermittent G-Brownian
motion. Liu et al. [24, 25] investigated the stochastic stabiliza-
tion based on the intermittent control strategy with discrete-
time feedback or time delay feedback. Mao et al. [20] studied the
stabilization by intermittent control for hybrid stochastic diffet-
ential delay equations. Yin et al. [27] discussed the almost sute
exponential stabilization of non-linear differential equations by
intermittent stochastic perturbation with jumps. Recently, inter-
mittent control has been applied in many fields, such as complex
network (see, e.g. [28-30]), multi-agent system (see, e.g. [31]),
synchronization of memory neural network (see, e.g. [32]) and
so on.

In order to obtain better control effect, more and more schol-
ars have studied the stabilization problem of using hybrid strat-
egy (also known as two or more control strategies at the same
time, see, e.g. [29, 31]). Here, we take both discrete-time state
observation with delay and intermittent control strategy into
account when designing the controller, there are rare literatures
on this topic.

The hybrid design strategy of controller is very novel and
it has not been applied to stabilize an unstable non-linear
hybrid stochastic system. We will design the feedback controller
based on discrete-time state observations, time delay and the
intermittent control strategy. Taking both the observation time
lag and the observation frequency into account, we can make
the decision on designing the controller. Under the different
assumptions, we will prove the controlled hybrid system is
exponential stable by some stochastic analysis techniques and
dynamical property.

The rest of the paper is organized as follows. In Section 2, we
introduce some preliminaties. In Section 3, we investigate the
intermittent stabilization for hybrid stochastic systems by feed-
back controls based on discrete-time state observations with
time delay. While in Section 4 we give two examples to illustrate
our theory.

2 | PRELIMINARIES

Herte, let (Q, F,{F,},>0, P) be a complete probability space with
a filtration {F,},5( satisfying the usual condition. Let B(#) =

(By(#), ., B,(#))" be an m-dimensional Brownian motion
defined on the probability space. Let 7(¢),# > 0 denote a right-
continuous Markov chain on the probability apace taking val-
ues in a finite state space S = {1,2,..., N} with the generator

I' = (v;;) nxv given by

YA+ o), i # j,
Pir¢t +4) = jlrt) = i} =
L+7y,0 +0d), i = J,

where A > 0. Here Vi > 0 is the transition rate from 7 to ; if
i# jwhiley; = — Zi#/ 7:;- We assume that the Markov chain
r(+) is independent of the Brownian motion B(+).

Let 7 be a positive number. Denote by C([—7, 0], R")
the family of continuous functions & : [—7(,0] = R" with
the norm ||€|| = SUP_; < |€(x)|. For p>0 and 7 >0,
Li,/ ([=70,0]; R”) denote the family of all F,-measurable
C([—7¢,0], B")-valued random variables & = {§(x) : —7, <
x < 0} such that E||€] |/) < oo, where E is the expectation with

respect to the probability measure P.
Consider an unstable hybrid SDE:

dxe(t) = f(x(t), r(t), t)dt + g(x(t), r(t), 1)dB(t), 2.1)

on ¢ > 0 with initial value on x(0) = x; and r(0) = ry, where
fiIR'XSXR, > R and gt R" XS X R, = R™ for the
unstable hybrid SDE (2.1), we aim to design the control func-
tion with some time delay 7, > 0 and the gap of the discrete-
time state observation T > 0 to make it stable. Moreover, we will
combine stabilization technology with the intermittent control
strategy, Thus, the controlled system is as follows:

dc(t) = (f (), (), 1) + 0(x(8,), (1), 1)L (7))t
+g(x(t), r(¢), 1)dB(t), 2.2)

where §, = [¢/T]T — T and

[Se]
](l) = Z [[i/E,f;‘F@A) (i)
£=0

t, = kA, A>0and 6 € [0,1].
Noting we naturally impose the initial data
x(w) 1 =19 L u<0=£§ € C([—70,0]; R"andr(0) = ry € S.
(2.3)

Here, the coefficients are assumed to satisfy the following
assumption.

Assumption 2.1. There exist three positive constants 1, 35,
and 85 such that

|fCeist) = fOnis )] < Bilx =)l
(e, 65 1) = u(y, 4, )| < Bale =),
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for all x,y € R" and 7/ € §, we assume that f(0,7,7) =0, Let
#(0,7,¢) = 0,4(0,7,7) = 0 forall # > 0.
We see this assumption implies y=max(a; +4,), C;=ming;, C=maxg. (34
i€S €S i€S

Lf G, i )] < Brlxl,

lgCx, 4, 2)] < B3]

|%(X’ Zyl‘)l S ﬁlely

(2.4

3 | MAIN RESULTS

The stabilization problem by intermittent feedback controls
based on discrete-time observations with a time delay could be
transferred to the classic stabilization problem by intermittent
feedback controls without discrete-time observations state and
delay, the form of function is as follows (3.1). In [15], Hu et al.
used this approach to build up the connection between the delay
feedback control and the control function without delay.

dt) = (fO@),r@), 1) +u(y@), r(t), 1)1 (2))dr
+g0(@), r(t),1)dB(?), (3.1)

where
I(t) = Z [[/k,zk_+6A) ®).
£=0
t, = kN A>0,and 6 € [0, 1].

Assumption 3.1. Let p > 0, assume that there are nonnegative
numbers 4;, A, and @, 7 € 5, such that

A :
X u(x,1,t
X h7) )<—b-

2 =T
||

and

1 : 1 . 2
— (x7 F e, iy 1) + =gl 7, z‘)|2> - flng(x, L0 <a,
| 2 2|

forall (x,7,7) € (R" — {0}) X § X R,.

Assumption 3.2. There is a constant p > 0 such that the IV X
N matrix

Ap) = diag(P1(P)s - PN () = T (32
is a non-singular M-matrix, where
pi(p) = Aip-
Define
@100 = AT DA, . DT (3.3)

Remark 3.3. Under Assumption 2.1, y(#; 5y, ry, fy) denotes the
solution of the hybrid stochastic system (3.1), we can hence
highlight a significant property given in Mao [[3], Lemma 5.1],
which then leads to

PO 0. 70,00) 0 om 12 0)=1.

For all (x,7,7) € (R” —{0}) X § X R, that is, if any initial
solution of system (3.1) is a non-zero state, almost all the
trajectories of system (3.1) will never converge to the ofi-
gin. Thus. Lyapunov functions can be chosen in a variety of
ways.

1

Lemma 3.4. Under Assumptions 3.1 and 3.2, when 1 — \AURS

v C2
0 < 1 (pyC, > 1 is almost impossible), the solution of the controlled sys-
tem has the property that

lim sup }/0g([E[)/(f)|p) <0.

t—>00

Therefore, the controlled SDE (3.1) is exponentially stable in 1.7,
Proof. We first consider y(#) #0 as for any # >0 (see [3],

Lemma 5.1 on page 164). Define a function 7 @ (R — {0}) X
SX Ry by V (,4,0) = @,

1000ty =gl #(ﬂ (F0rir1) + (0, i DI ()

@-
2|

210y~ Sy 0

N
+ Z 7///¢/ I};'P,
=1

when 7 € [, 4 + 6A), 1 =1,

N
LV (i) <= @A + D v,9,b1

/=1

N
<-pl <P;(P)§0z' - Z 7;‘/%‘) .
J=1

However, by (3.3) and (3.2)

N
PP — Z%ﬂ’j =1
J=1
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Hence
, » p, 1 1 -
LV (y,i,0) S =pl" = =@,pl" - — <==1V(0,1), (3.5
Pi G

when 7 € (fk + GA, lk+1)5 = O,

N
LI (,4,8) < giphla; + Z vy@, bV
j=1
N
<@ —A)ppbl” + Z Vi, Iyl
J=1

IV
< prble; = plipiyl” + Z Vil

J=1
1\7
< prbl’e; = I? (P;‘(P)(Pz' - ZJ’;‘/@/) .

J=1

Since

N
PP, — Z}’zj/% =1,
J=1

LV (3,0, 1) < ;DI py — DIP = @b ( Py — %)
<p - —> 0, 0). (3.6)

From (3.5) and (3.6), we get

. 1 1 .
LV (y,i, 1) < [—af(f) + <P7/— a) ( —f(f))] V0, 4)

For each integer d > 1, define a stopping time p, = inf{t >
# : |y@®)| = d}. Cleatly, p; — o0 almost surely as 4 — oo. For
t > ty, #y = 0, the generalized It6 formula shows that

T S PN B
E[V0¢ Apa. e AR Jo g ko0 o]

tAPy 51 1
= EV (o, 1) + E / RGO+ =Tl
0
<LVQ(J) r(s) — [——[(f) + < by - —> ¢ —](«‘))]

X T (y(s), r(s))) ds
We have

E|1VO¢ APt Apa)e

_/Ur/\pd[—il(x)+(p}’—é)ﬂ—[(f))ldf]

< EV (0, 1),

when d = o0, we get

Ly — -1
E 1 00), re B GO

S EV ()/0, 7‘0) .
This implies

/—L/.r -1 —1(s))]ds
Cl[ED’(f)VSCz[ED’olPe/“[ o T O

Let #,=#A, £> N, —(i<

-2

—(—9 < —@ + (py — —)(1 —0), hence when ¢ € [#, £A +

@A) let
/f <——1 I(s) + < - —) ( —[(x)))
0 @ 7

<py—L>f—py(k6A+f—,éA)
(-t — o) ka— L —ia

1
< (pr— G —py6> t,

when ¢ € [£A + OA, 7441),

¢ 1 .
/0 <—52](f) oy =)= 1(0)) ds
= <p —%)i—py(é+1)6A
2
“(m-2)
Y == |1 = o
1
< <]7)/—Ez—p)/9>t.
C;
EpOl < él}/ol”wp{(py—c%—py@)z}.
This implies

EpOP < Glholre™.

We have

11— 00

lim sup — /og(ﬂfb(t |?) < <p7/ - Ci —py@) <0
2
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Lemma 3.5. When Assumptions 2.1, 3.1, 3.2 and Lemma 3.4 hold,
then the solution of the controlled system has the property that

1
lim sup ;/o(g[)/(t)l <0, a.s.

=00

Therefore, the controlled SDIE is almost surely exponentially stable.

Proof. Applying Ito formula again on |y(#)|?, gives

Ep®)I? < bO)”

' 1 ’
+ [E/ PIJ(J)V)[ S0 (f 06 7)) + #((), r( (1))
0 [yl

2-p
2@t

1
+5120(), re)?) = )" 20s), r(f))lz] ds.

By Assumption 3.1, however when 7 € [f, 7, + OA), 1 =1,

L)l <h )1 — Ap / bV,
0

when # € [t, + 0A,7,44),1 =0,

D@l <O + op / bl
0

By (3.4), we have

sup Ep@I” <hOF +yp [ sup Ep@lids.  (3.7)

0<s<t 0 0<u<s

The well-known Gronwall inequality yields that

sup E[y(s)l” < [y(O)1 exply pe}- 3-8)

0<s<t

By (3.7) and (3.8), we have

A
/ sup Ely)lds = (exply A} — 1y~ = YO
0

0<u<s

Hence, by Holder inequality, we have

/ sup E|y(»)|%ds < </ sup [E[y(%)lf’d;)
0 O0<u<s 0 O0<u<s

=(exply pA} — 1) Py =252/ PE[y(0) |2
(3.9)

Let £ be any non-negative integer. We first prove the following
equation for p = 2, we have

[E( sup Iy(f)|2> < 3Ep@)l +3[E/ | (1fOo@),r@®),1)

Sy A

+u(y(), rENI @) 1dr)?

2
+3[E<; ji? /g(”(f)”(f),f)dB(;)>.

By Assumption 2.1, we can obtain that

(3.10)

A
[E< sup Iy(f)|2> < 3Ep©O)? +3A/ E(/0@),r@),0
0

0<r<A

+ 1uO@), rENI @)t
A

+12 / ElgG(), (1), O dr < 3E[(O)]

0

A
+ (3087 + 1263) / E(ly()|?)dr

0
+ 365 /
0

< 3EPO) + (3087 + 3A65 + 1263)

A
sup E|y(s)|?dr.

X /
0 0<Zs<#

A
sup E|y(s)|?dr

0<s<t

By (3.9), we have

E < sup W)F) < 3E|y(0)|?
0<r<A
+ (3087 + 3AB2 + 1282)
x (exply pis} — 1)y =200 52y 0)

Which means

E (&“EA |y<r>|ﬁ) < GEpO)).
Where

Cy =3+ BAB; +3A85 + 1263) (exply pA} — 1)2/ Py=2lpy=2s,

Repeating the above procedure, we get

fE( sup b’(f)|p> < GEp@EB)P.
IASIL(H)A
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By Chebyshev inequality, we get

P sup l}’(f)V) > e—().5)7z'A < C4€—().5)71A[Eb}(0)|p'
AL (E+)A

By Borel-Cantelli Lemma show that for almost all w € Q, there
is a positive integer 7y = 7y(w) such that

sup  |y(@)|? < OB Vi > gy, aus.

IASI<(H)A
So, for almost all w € Q,

0.57iA

1
;logly(f)ls—m, NS+ DA, as

We have

1
lim sup = log |y(#)| £ —0.57 < 0, a.s.
t—o0
To prove Theorem 3.8, we present some lemmas.
Lemma 3.6. When Assumption 2.1 holds, for any T > 0 such that

sup  Elx@)|” < Hy(p T, THE[xO)]17,

OS/ST"'Tl

(3.11)
[E< sup |x<f>|ﬁ>SHZ@,n,TﬂEnx(mHP, (3.12)
0<r<T+T14

sup E ( sup (7 +u) — x<f>|ﬁ> < Hy(p, 7y, TE|x(O)I17,
0</<T 0<u<t,

(3.13)
where

Hpy, T) =

|
A

NI

YA
1
7 (33)

Hz(P,T1,T) 4

Hy(p,1y, T)

3011+ 7y pBo) T HTOPBIHOS DB +Bo)

? :
X Tf(ﬁf+5§)+<m> iy p22,

{3(1 + 211ﬁ2)5<7'+fl)2<ﬁ1+0.Sﬁ§+252)

}P/2

X[T7 (67 + B +4TiB3l} T, € (0,2).

Proof. We first prove (3.11) for p > 2, and we only consider the
deterministic data § € C(|—14,0], R"), where T; = Ty + T, by
the 1t6 formula, we have

Elx(@)|? < |x(0)|?
+E / P2 x(s) [, 8) + 0.5(p — 1)g(x, )] ds
0

+ [E/ Plx@1P (e (8))1 (s)ds.
0

By Assumption 2.1, we have

Elx()” <lx(0))”

+ (0B +05p(p— DPIE / (o) e
0

+E / DBl B
0

(1 + 7, pBo)e T HTOPEHOSG-VBHBop) > o)

a +2T1‘32)]’/2€p(T+f1)(ﬁ1+0.55§+252)’ € 0,2),

[ 6+ ) B+ (6T + 1)) B+ (6(T + ) B

;7;2
(T +1,) 2 BLIX (L +1108,)

(e(]‘+11)ﬁ(ﬁ1+0.5(p—1)ﬁ§+5zﬁ) _ 1)(61])_'_ 0.5p(p — 1)5§P+/72,32)_1, »>2,

{(3+ 6T +1)B3) + [6(T + )BT + 6(T +11)B; + 12(T +1)B3]

. . /2
X (1 + 21, B) (AT HVEOEE) ooy ag) L pe 0,2),

\
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Since
Ix@I7 @) < (0= Dlx(@) + |x(8)17-

Note that
t
[ en@ras [i s eswra<aExol
0 —T1<u<s

'
+/ sup E|x(w)|Pds. (3.14)
0o 0

<u<s

Hence, we have

sup  E|x@)|? <(1 + 11 pB,)E||x(0)]”

—T1<u<t

+(pB1 + 0.5p(p — 1)B5 + £°B>)

‘
X/ sup E|x(u)| ds.
0

0<u<s

The well-known Gronwall inequality yields

sup  E|x@)|?

0<u<T+7;

< (147 po) T HTIEHOSOOBHRIE )], (3.15)
For p € (0,2), we have
E (Ix()IP1F0) < (1 + 27, By)e T HT02E 0SB4 2B || (0 2.
Then
E(lx(1)|1Fo) SE(Ix()IPI1Fo))??

<(1+ 7,28, 2T HTOIE OSBRI | 0],

The proof of the assertion (3.11) is complete. Let us proceed to
prove the second assertion.

Let us proceed to prove the second assertion, It is easy to
show from (3.10) and (3.14) that

E( sup |x(9)1)

0<s<T+1

< 37 Elx(O))
T+14
+(3(T+T1))/’_12”_1/ E(lfee(s) r(s), )1
0

+ |u(x(8), r)(O))dr

~

SN Y

1 P3 2 T+1
+ 3h <m> (T +1) 2 / Elg(x(®), r(2), £)|Pdr

0

< 3UEINO) + [B(T + 1) 12 Bl

3

+ 301 < 2 >E (T+r1)/77213f]/7%1 E(|x()|)dr
2p—2 3/,

T+1q
+ 3(T + rl))P—12P—15§ / sup  E|x(#)|’ds

0 —T71<u<s
< G+ BT + 1)) 2 BDE|x(0))
F[OT + )27 B+ BT + 1))

3

2 2
+ 3071 <2pp_2> (T +71y) 2 B

T+14
X / sup E|x(u)| ds.
0

0<u<s

By (3.15), we have

E sup  |x(s)|?
0<s<T+1¢

< (31 + 6 + Ty B Bl I

+ [<6<T + 1)) B+ (6T + 1) B

2
3 2 2
+3/7 <2pp__2> (T +1y) 2 BQ’]
X (1471 po) (T HTPEHRD — 1) (ap+ p72) 7 Ellx(0)] 17

<{G" + (6(T + 1) BD)
+ [<6<T + 1)) B+ (6(T + 1))

3

2 2
vt () e

X (1 + 7y po) (¢ HT0PEH05G-DB+B2p) _ 1)
Bip+0.5p(p = D3 + o) Elx(0)| 7.

For p € (0, 2), we have

[E< sup |X(f)|2|7°o>
0<s<T+1

< (34 O +1))B7) + [(6(T +11))B;

+ (O6(T + 11)B5 + 12(T + 11)B3]

x (1 +27,8,) (62(T+r])(,61 +0.562+26,) _ 1)

(28, + B2 +48,) " EllxO)|I.
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Then

/2
[E< sup |X(f)|P|Fo)S<[E( sup |x<f>|2|m>
0<s<T+14 0<s<T+1¢

< {6+ + 0B + 6T + )8}
+ (6(T +10)B5 + 12(T + q)ﬁi]

x (1+ 21,1’82)(62(T+11)(51+O.5/3§+2ﬁ2) _ 1)

1y 2/?
(28 + B2 +46,) " | EllxO)IP.

The proof is complete. [l

Similarly, we show the third assertion. Using It6 formula,

Holder inequality and Burkholder—Davis—Gundy give

E < sup |x(z 4+ u) — x(l)|/’>

0<u<t,

7y +7
< Gryyip) / Elx()l/ds + Gy~ 8! / Elx(@)/ds
1 1

p3 g 2 1471
+ 3771 < > 7’ ﬁé)/ E|x(s)|?ds
t

20— 1)
3 g 2 1+1y
2(;)_ 1)) [ ﬁf)[ E|ox(s)| ds

< (Gry)y '8+ 37! <
141,
+ony g [ EG)Va,
t
Forany 7 < s £ ¢ + 7y, using inequality (3.15) gives that
Elx(@)l < (147, pB)e 78030 DEEDE| | )],

Elx@)|? < (1 + T1P‘82)5<’+71_TL»)P(ﬁ1+()<5(P_1)ﬁ%+ﬁ2P)[EI|X(O)||P.

Therefore, we have

sup [E( sup |x(t+ﬂ)—x(z‘)|p>

0<r<T 0<n<t,

< 371 + 1, pB,)e T PBHOS (=D +B21)

pf’y
20-1)

X [T (B + B5) + ( ) ! BIElx(0)]]7.

For p € (0,2), we have

sup E <()sup |xc(z + u) — x(f)|2>

0T <u<Tt|

<301+ 2T1ﬁ2)€(7‘+1,)2(ﬁ1+().5/3§+252)

X [T7 (B + B5) + 47, B31E]|x(0) ]

Then

sup E < sup |x( 4 #) — x(f)|p>

0T 0<u<Tt)

< {3(1 + 21162)€(T+11)2(,31 +0.585+26,)

x [2282 + B2 + 47,82 Y Bl )17

Lemma 3.7. When Assumption 2.1 hold and T > 0, let y(¢; xy, 1, 0) =

(), Then, fort € [0, T + T1] such that
Elx(®) =0V < Hy(p, T, THE[x O,
where

BT + T Hy (b Ty, T)

(ST

_?
(T+7,) " 2 BS+6" BT+,

El

150 p—l(ﬁ(ﬁ—1>)
Xe[s B +3 B

Hy(p,T,T) =1
(6B3(T +1,)* H; (2,7, T)

)
x A BT ) € (0,2)

H;(p, T, T') has been defined in Lemma 3.6.

Proof.
x(#) =) =/Ot(f(><(~f)) = fO))ds
+ /0 l(%(X(&)) — u(y(5)1 (s)ds
+ A l(g(X(f)) —80(9)))dB(s)-
Thus

Elx(@®) =)l

<@yt / Elf((0) = SO IPds + 3y

0

/ Elu(x(8,)) — #(y(s)|Pds
0

(P — 1)
+ 37 1(—2 >

SRS

=2

rz / Elg(x(9)) — g0(s) 1 ds
0

< (3l‘)p_lﬁf/ El(s) =) ds

0

+ (6118 < / E|x(8.,) — x(s)|2ds
0

p>2.
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! unique root to the following equation:
+ / Elx(s) —y(;)lhf;)
0 ca+ T1P1,82)0'5p2 eﬁ]’(ﬁl+0-5(ﬁ1—1)ﬁ§+ﬁ2[)1)
+ 2/3(2;’H4(p, 7, 1)+ Hy(p, 71, 7)) =1.  (3.16)

2
-1 2 p2 !
$3 (%) /58 [ Ero -0
0

>

Gry gl + 3! <p<p )>2 5”

+ (61)1’_1/35] / Elx(s) —y()lPds
0

+ (618 / Elx(8,) — x(s)|7ds.
0
Let ®(¢) = E|x(#) — y(*)|?, we have

?
2 p=2

+ (61)! /3§] / D (5)ds
0

+ (61 By (T + T)Hs (71, TIEN(O) 1.
By the Gronwall inequality, we have

Elx() —y(@)” < 62Y~ By(T + 1) H3(p, 71, T)
P 2
y e[@ﬂf’—lﬁfﬁf’—w@ﬁf% BL+N BT +)

E||x(O)|1? < /"' BU(T + 1) Hy(p, 71, T)

r
1 ph gt [ 20D\ 2 -1
L () e gl g (T + 1) E|xO)] |-

Let us consider the case when p € (0,2). Similarly to how
Lemma 3.6 was proved. For # € [0,7 + 7¢], we can show
that

Elx(?) —y)l? <6B5(T + 1) H3(2,71, T)

PEHTHT)T B BT | (02

The proof is therefore complete. N

Theorem 3.8. Let Assumptions 2. 7 3.1 aﬂd 3.2 hold. Choose a free
parameter § € (0,1) and take T = - log(—) Let T > 0 be the

Where py =2V p, po =2Ap, p=0V (p—1), and p> 0, then
Soreach Ty € (0,T*), we can choose a period of the z'ntermz'ltmi control A
such that A = (T + 2t)) /Nty and 0 € (1 — — 1) in order for

the controlled system (2.2) to be exponentially stable in pz‘/a moment and in
probability one.

Proof. We will simple write FH;(p,7y,7)=FH; and
Hy(p, 71, T) = H,. Fix 11 € (0,7%) and the initial data (2.3),
For simplicity, we write x(#; &, 7, 0) = x(2), r(t;n,0) = r(t)
for #>0. Likewise, we write y(ty + 757, x(Tq), 7(T1)) =
(T + 7). By Lemmas 3.4 and 3.0, let py =2V p, pp =2 A p,

Cl - mm;e s Pis CZ max;eg @;, we have

Ely(z, + )17

C . C 22
sgj[Elym)lPe-” < gja RN ADE (3.17)

F12B +0-5(ﬁ1—1)ﬁ§+/321>1)[|§| (0] 2777

Moreover, by the eclementary inequality (2 + b)? < 22(a” +
W) for any @,6>0 and p=0V (p— 1), we have E|x(t; +
NP <Ely(r + T)I? + Elx(t) + T') = y(t; + T)|”. By (3.17)

and Lemma 3.7, we have
G iz}
Elx(ry + )7 <27 o+ T1p1P2) 2
1

€T1/>(/31+0-5(/J1—1)ﬁ32+/3z/’1)€—}7T +H4) Ellx©O)]]”. (3.18)
On the other hand, by Lemma 3.6, we have
Ellxoe, + 7117 < 22(Elx(z; + 1)
+E(sup |x(t;+ T)—x@+71+ 1))

()S%ST[

< 2 (Elx(ey + TP + ILE[xO)17). (319

Insert (3.18) into (3.19). Let { = 22'?)%6_774, we obtain that
gl

n
Elloe, 47117 < €1+ T p1 ) 2 F1PBIHOS DB+

+ 2P Hy + H3)|E||x(0)]|7. (3.20)

But, as Ty < 7%, we see from (3.16) that

22 2 0 .
(A +TipBo)2 FL12B1H05( =15 +Fap1) 4 2P(2PH, + H) < 1.
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We may therefore write

QL+ By) 3 FBIHOSO DB+ Ba)

+2PPHy + Hy) = ¢ACTHT)

for some 4 > 0. We see from (3.20) that

Ellxtye, 47117 < A CTHDE]x(0)] 17, (3.21)

Let us proceed to consider the solution x(#) on# > 271 + 7.

There exists a Ty and a positive constant /V such that 7" +
2ty = NAT;. By the flow property, this can be regarded as
the solution of Equation (2.2) with the initial data xpar, and
r(INATy) at 7 = NAT. In the same way as above, we can show
that

Ellxonar, 12 < eNATE | |xyac, |17
By (3.21), this implies

Ellxonac, |17 < e VATE]1x0)] 2.
Repeating this procedure, we have

Ellxenac, 1 < e ANAIE1x0)] .

Forall £ =1,2,.... Now, by Lemma 3.6, we have

E sup E|x(#)]|?
ENAT) <r<(+1)NAT,

< Hy(p, 71, NAT, — 1)) VAT [x(0)] |2, (3.22)

forall £=0,1,2,.... Hence, for € [kNATy, (£ + 1)NAT{],
1
L logElx()1)

< logUh (71, NAT, — T)E||x(0)||”) — #ANAT,
- ENAT, '

This implies
. 1
lim sup — log E|x(#)]? < —A.

=00 t

Using Markov inequality and (3.22), we get

P sul |X(f) |p > e—().:’)k/L’\VAfl
ANAT <r<(B+H1)NAT)

< Hy(p, 71, NAT; — 7)) HNATE| |(0)] |2,

for all £ > 0. By the Borel-Cantelli Lemma, we can obtain that
for almost all @ € £, there exists an integer &) = £)(w) such
that

sup |X(f) |]7 < e—().5k/11VAT1 ,
ENAT <t<(k+H1)NAT

for any £ > £y (w). This implies that

lim sup 1 log(|x(#, w)|) < —ip,

1—>00 z 2
for almost all w € Q. The proof is therefore complete. |
4 | SIMULATIONS

We present two numerical examples in this section to support
our theoretical results.

Example 4.1. Consider a hybrid SDE
dx(t) = f(x(2), r())dt + g(ox(t), r(2))dB(¢), 4.1)

Let R(#) be a Markov chain with the state space § = {1,2}
and the generator is
-1 1
=7 4)

initial value x(0) = 2, 7(0) = 1, where

S, 1) = 0.1x, g(x, 1) = 0.2, (4.2)

£, 2) = 0.2x, g(x, 2) = 0.3x. (4.3)

It is obvious that the hybrid SDE is unstable (see Figure 1). In
our example, we will design a control function # : RX S — R

defined by
u(x, 1) = —=0.4x, u(x,2) = —0.3x.
It is straightforward to show that Assumption 2.1 is satisfied

with 81 = 0.2, 8, = 0.5, B3 = 0.5. Then, we choose p = 0.99,
itis easy to see that 44, 45, ay, &y in Assumption 3.1 are

l1 = 02, AZ = Ol, C(] = 02, CCZ = 0.3.

The matrix defined by (3.2) as
1.198 -1
A= < -1 1.099 ) ’

which is a nonsingular M-matrix. By (3.3), we have ¢; =
6.9425, ¢, = 6.6298, since C; = 6.9425, C; = 6.6298,y = 0.4,
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FIGURE 1 The computer simulation of the sample paths of the Markov
chain and the solution of the unstable hybrid SDE (2.1) with the initial data
x(0) = 2 and r(0) = 1 using the Euler—Maruyama method with step size

0.01

0 10 20 30 40 50 60 70 80 90 100

50 60 70 80 90 100

FIGURE 3 The computer simulation of the sample paths of the Markov
chain and the solution of the controlled hybrid SDE (2.2) with the initial data
x(t) =14 cos(#) for # € [1072,0] and 7(0) = 1 using the Euler—Maruyama
method with step size 107

TABLE 1 Four cases of different 6
’ ' I I 6 7 T T*
0.85 0.0846 0.7775 42125 107>
0.90 0.1044 0.6298 1.1031 x 10~
0.95 0.1240 0.5304 1.9177 x 10~
1 ! L L L ! 0.99 0.1435 0.4584 2.8470 x 107*

FIGURE 2  The computer simulation of the sample paths of the Markov
chain and the solution of the controlled hybrid SDE (3.1) with the initial data
x(0) = 2 and (0) = 1 using the Euler—Maruyama method with step size

0.01

by Lemma 3.4, we can conclude that if 8 € (0.636, 1), then the
controlled SDE (3.1) has exponential stability property. Figure 2
shows that the system is stable if the intermittent parameters
6 = 0.9. Besides, our aim is to use the discrete-time feedback
control with delay time. For this purpose, we choose 8 = 0.9,
and ¢ = 0.9, by Lemma 3.4, we get 7 = 0.1044, so we compute
T = 0.6298, then Equation (3.16) becomes

0.9(1 + 1) 43187+ 77,(0.99, 74, 0.6298)

+ F5(0.99,7,0.6298) = 1,

which has the unique positive root 7% = 1.1031 X 10~ (which
is about microseconds if the time unit is of year). By The-
orem 3.8, we can conclude that the controlled system (2.2)
is almost surely exponentially stable provided 7; < 1.1031 X
1074, we let(t, 7o) = (107%,107>) and A = 107> (see Figure 3).
The computer simulation supports this theoretical result cleatly.

When 6 = 0.85,0.9,0.95,0.99, the calculation shows that
delay time changes along with the intermittent parameters 6.
The larger the intermittent parameter value 8 is, the longer time
is taken to control. The larger the value T is, the frequency of
control is less. We can choose the different values of 8 according
to the actual situation (see Table 1).

Example 4.2. Consider the two-dimensional hybrid SDEs

dx(t) = f(x(t), r(t))dt + g(x(2), r(2))dB(). 4.4

Let R(#) be a Markov chain with the state space S = {1,2}

and the generator is
-1 1

initial value x1(0) = 2, x,(0) = 2, r(0) = 1, where
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2 T T TABLE 2 Four cases of different 6 values
€15 e 7 T T
1 L 1 0.85 0.0626 0.7566 1.9265%107*
0 10 20 30 40 50 60 70 80 90 100 4
i 0.90 0.0725 0.6528 3.0171 X 10
40 T T T T T T T T T 0.95 0.0823 0.5751 3.7453 x 10~
= ook ] 0.99 0.0903 0.5243 5.1235x 107+
x
0 n T L . ) . L ) .
0 10 20 30 40 50 60 70 80 90 100
t 2 T T .
15

0 10 20 30 40 50 60 70 80 90 100

FIGURE 4 The computer simulation of the sample paths of the Markov
chain and the solution of the unstable hybrid SDE (2.1) with the initial data
x1(0) = 2, 5,(0) = 2 and r(0) = 1 using the Euler—Maruyama method with
step size 0.01

0 10 20 30 40 50 60 70 80 90 100

X1(t)

0 10 20 30 40 50 60 70 80 90 100

X2(t)
L

0 10 20 30 40 50 60 70 80 90 100

FIGURE 5 The computer simulation of the sample paths of the Markov
chain and the solution of the controlled hybrid SDE (3.1) with the initial data
x1(0) = 2, x,(0) = 2and (0) = 1 using the Euler—Maruyama method with
step size 0.01

1 0.5x, 1 0
Xy = 5 X = )
Jea 1) —0.5x; + 0.01x, g 1) —0.4x,
4.5)
, 0.02x, ,
Xy = ) X =
4.6

From Figute 4, we know the hybrid SDE is unstable, we will
design a control function # : RZ X § — R? defined by

0 10 20 30 40 50 60 70 80 90 100

0 10 20 30 40 50 60 70 80 90 100

0 10 20 30 40 50 60 70 80 90 100

FIGURE 6 The computer simulation of the sample paths of the Markov
chain and the solution of the controlled hybrid SDE (2.2) with the initial data
x(t) =1+ cos(?) for # € [107%,0] and r(0) = 1 using the Euler—Maruyama
method with step size 107>

—01X1 —0.1X1
#e 1) = 0.1x, )
—0.1x,

By Assumption 2.1, we have §; = 0.6, 8, = 0.2, 3 = 0.5.
Then, we choose p = 0.99 the same as example 4.1, it is easy to
see that Ay, 45, a, &, in Assumption 3.1 are

/11 = 009, 12 = 01, a = 001, A, = 0.1.
The matrix is defined by (3.2) as
1.0891 —1
S\ =2 2,099

By (3.3), we have ¢ = 10.8394, ¢, = 10.8003, since C; =
10.8394, C; = 10.8003, y = 0.2, by Lemma 3.4, we can con-
clude that if 8 € (0.534, 1), then the controlled SDE (3.1) has
exponential stability property. Figure 5 shows that the system
is stable if the intermittent parameters 6 = 0.9. To use the
discrete-time feedback control with delay, we choose 8 = 0.9,
and ¢ = 0.9, by Lemma 3.4, we get 7 = 0.0725, so we compute



JIANG ET AL.

2051

T = 0.6528, then Equation (3.16) becomes

0.9(1 + 0.47,) 04935113750 4 17,099, 74, 0.6528)

+715(0.99,T,,0.6528) = 1,

which has the unique positive root 7% = 3.0171 X 10™* (which
is about microseconds if the time unit is of year). By
Theorem 3.8, we can conclude that the controlled system
(2.2) is almost surely exponentially stable provided 7; <
3.0171 X 107 we let (T, 7)) = (107%,107>) and A = 107> (see
Figure 6). The computer simulation supports this theoretical
result clearly. We consider when 6 = 0.85,0.9,0.95,0.99, the
calculation shows that delay time changes along with the inter-
mittent parameters 6 (see Table 2).

5 | CONCLUSION

Here, we have discussed the stabilization of continuous-time
hybrid SDEs by intermittent feedback controls based on discrete-time
state observations with a time delay. The stabilities here mainly
refer to exponential stability in pth moment and almost sure.
We point out that the problems become harder when we take
discrete-time state observation, time delay feedback and the
intermittent control strategy into consideration at the same
time. Finally, we obtain the upper bound of (7, 7)) and inter-
mittent parameter 8. Two examples and computer simulations
are illustrated to support our theory.
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