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Chapter 1

Introduction

1.1 Historic overview

Throughout this thesis, let p be a prime and Zp the ring of p-adic integers. In his
seminal papers [Iw 1] and [Iw 2] Kenkichi Iwasawa introduced the theory of Galois ex-
tensions K∞ of number fields K such that Gal(K∞/K) ∼= Zp – so called Zp-extensions.
In 1959, he intensively studied the structure of Γ-modules, where Γ ∼= Zp [Iw 1]. The
main focus lay on discrete abelian modules. As discrete abelian modules are in Pon-
tryagin’s sense dual to compact abelian modules, he was able to derive results on
compact abelian groups. In particular, he used his module theoretic results to derive
an asymptotic formula for the size of the p-class group of the intermediate fields Kn

of degree pn of a Zp-extension K∞/K.

Theorem. [Iw 1] Let pen be the order of the p-class group of Kn. There are invariants
µ, λ and ν such that

en = λn+ pnµ+ ν (1.1)

for all n large enough.

In the following years, Iwasawa developed his theory of Zp-extensions further
[Iw 2]. One of the main results of his work is the description of the maximal p-
abelian p-ramified extension M∞ of a number field containing the p-th roots of unity
(the 4-th roots if p = 2) in terms of Kummer-radicals and as a module over the ring
of formal power series in one indeterminate and with coefficients in Zp.

In general the main interest of Iwasawa theory is to understand arithmetic and
asymptotic properties along the different subfields of degree pn in Zp-extensions
K∞/K for example class groups, certain Galois groups and units. More recent studies
involve objects like Selmer groups of abelian varieties along Zp-extensions.

As already Iwasawa pointed out it is relatively easy to see that each number field
has at least one Zp-extension. This so called cyclotomic Zp-extension is constructed
as follows: Let L∞ = ∪n∈NK(ζpn). Then Gal(L∞/K) ∼= Z×p ∼= W × Zp, where W

denotes a finite abelian group. If we define K∞ = LW∞ , we obtain a Zp-extension of
K. It is an interesting question how many Zp-extensions a fixed number field has.
Leopoldt’s conjecture predicts:

7



8 CHAPTER 1. INTRODUCTION

Conjecture (Leopoldt’s Conjecture). An arbitrary number field has 1 + r2 linearly
independent Zp-extensions, where r2 is the number of pairs of complex conjugate
embeddings of K.

It is well known that any number field admits at least r2 + 1 independent Zp-
extensions. So Leopoldt’s conjecture can be formulated as the statement that there
are not more than r2 + 1 independnet Zp-extensions. Leopoldt’s conjecture has been
proved for abelian extensions of Q and abelian extensions of imaginary quadratic
fields by works of Brumer [Br] and Ax [Ax] based on Baker’s results on linear forms
in logarithms. As a consequence, an imaginary quadratic field K has exactly two
independent Zp-extensions. If p splits in K/Q into two factors p and p then there exist
exactly two independent Zp extensions, one unramified outside p and one unramified
outside p, respectively. We will refer to the extension unramfied outside p as the split
prime Zp-extension. In the bigger part of this thesis we will mainly consider the two
Zp-extensions described above: The split prime Zp-extension and the cyclotomic one.

1.2 Notations and auxiliary results

We will always write τ for a topological generator of Gal(K∞/K) and define T = τ−1
as well as the ring of formal power series Λ = Zp[[T ]]. Let S be the set of primes
that ramify in K∞/K and let Mn be the maximal p-abelian extension of Kn that is
unramified outside S. We define Xn = Gal(Mn/K∞). We define M∞ as the maximal
p-abelian extension of K∞ that is unramified outside S. Clearly,

X∞ := Gal(M∞/K∞) = lim
∞←n

Xn.

Note that the fields Mn are Galois over Kn by maximality. Hence, there is a well
defined action of Gal(K∞/K) on Xn, inducing an action of Λ on Xn. Thus, X∞ is
a Λ-module. Even though Iwasawa theory provides powerful tools to describe the
Λ-module structure of X∞ the most common context to use these tools is the one of
class groups: Let An be the p-class group of Kn and Hn be the p-Hilbert class field
of Kn. By class field theory we obtain an isomorphism

An ∼= Gal(Hn/Kn)

as well as
A∞ = lim

∞←n
An ∼= Gal(H∞/K∞). (1.2)

As before we can deduce that Hn is Galois over K and A∞ is a Λ-module. In the
Iwasawa theoretic description of A∞ frequent use is made of the isomorphism (1.2).
Apart from the class group, there are various other algebraic objects that have a Galois
theoretic interpretation via class field theory, for example the global and local units,
which we define as follows: Let sn be the number of prime ideals in Kn that ramify
in K∞/Kn. We denote these ramified primes by Pn,i for 1 ≤ i ≤ sn. Consider the
completions Kn,i of Kn at Pn,i. Then there exists a uniformizer πn,i in Kn,i generating
the maximal ideal of the ring of integers O(Kn,i). Let Un,i ⊂ Kn,i be the units that
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are congruent to 1 modulo πn,i and let Vn,i ⊂ Kn,i be the subgroup of roots of unity
whose order is coprime to p. Then we get a decomposition K×n,i = πZn,i ·Un,i ·Vn,i. We
define the local units Un as the product Un =

∏sn
i=1 Un,i. Let En be the group of units

in O(Kn) that are congruent to 1 modulo
∏s0
i=1 P0,i. We can embed En diagonally

into Un. Let En = ∩m∈NEnUp
m

n be the p-adic closure of En in Un. By class field
theory we have an Artin homomorphism

φn : Un → Gal(Mn/Hn)

inducing an isomorphism

φn : Un/En → Gal(Mn/Hn).

We define U∞ = lim∞←n Un, U∞,i = lim∞←n Un,i and E∞ = lim∞←nEn , where the
projective limit is taken with respect to the norms Nn,n−1 : Kn → Kn−1. Then we
obtain an isomorphism

U∞/E∞ ∼= lim
∞←n

Un/En.

As the norms Nn,n−1 : Un → Un−1 are compatible with the natural restrictions

Gal(Mn/Hn)→ Gal(Mn−1/Hn−1)

this induces an Artin homomorphism

φ : U∞ → Gal(M∞/H∞)

and an isomorphism
φ : U∞/E∞ → Gal(M∞/H∞).

To underline how powerful Artin’s isomorphism is we will consider the following

Example 1.2.1. Let p > 2 and K be an abelian extension of Q containing ζp such
that K and K(ζp2) are of class number 1 (e.g p = 5 and K = Q(ζ5)). Let Kn be the
intermediate layers of the cyclotomic Zp-extension K∞/K and assume that each Kn

contains only one prime above p. It is easy to show that in this case the class number
of Kn is coprime to p for all n. Hence, Un/En ∼= Gal(Mn/Kn). Let e ∈ Upn∩E. Then
Kn(e1/p)/Kn is an unramifed Galois extension. As |An| is coprime to p it follows that
e ∈ Ep and Upn ∩ E = E. Therefore, (Un/E)+ ∼= Zp and M+

∞ = K∞.

To study the structure of the groups X∞ and A∞ as Λ-modules in more generality
we need the following

Definition 1.2.2. Let hi be primes of height one in Λ. We call a Λ-module X
elementary if there are indices ei such that

X ∼= Λe0 ⊕ Λ/he11 ⊕ · · · ⊕ Λ/hekk .

Let X and Y be two Λ-modules. We call a Λ-homomorphism f : X → Y a pseudo
isomorphism if the kernel and the cokernel are finite.
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It is well known that every noetherian Λ-module is pseudo isomorphic to an ele-
mentary Λ-module. To verify that our Λ-modules of interest are noetherian we can
use the following Lemma due to Nakayama [Wash, Lemma 13.16].

Lemma 1.2.3. Let X be a compact Λ-module. Then the following are equivalent:

i) X is a noetherian Λ-module.

ii) X/(p, T )X is finite.

It is easy to verify that X∞ and A∞ satisfy ii). As A∞ is Λ-torsion we see that
in this case e0 = 0. In general the possible candidates for the hi are

1.) h = (p)

2.) h = (f) is a distinguished polynomial.

If M is a noetherian Λ-torsion module and fi is one of the distinguished polynomials
occurring in the corresponding elementary Λ-module, then we denote by M(fi) the
fi rational part, i.e. the maximal submodule that is annihilated by a power of fi.

Let E be any elementary Λ-module then we define the Iwasawa invariants associ-
ated to E as follows:

Definition 1.2.4. Let Vλ = {i | hi = (f) for a distinguished polynomial f} and
Vµ = {i | hi = (p)}. Then we define

µ(E) =
∑
i∈Vµ

ei

λ(E) =
∑
i∈Vλ

deg(hi)ei.

We define the characteristic ideal of E as the product
∏k
i=1 h

ei
i .

As the elementary Λ-module associated to a Λ-torsion module X is unique, we
define µ(X) = µ(E) and λ(X) = λ(E). Note that these invariants are precisely
the ones that appeared in (1.1). If Xn is finite for all n it is easy to show that a
formula similar to (1.1) holds for the size of Xn. One intermediate step in proving
such identities is to write Xn and An as quotients of X∞ and A∞, respectively. To
do so we define the polynomials

ωn(T ) = (T + 1)p
n − 1

νn,m(T ) =
ωn(T )

ωm(T )
for n ≥ m ≥ 0.

Recall that T = τ − 1. Hence, we can rewrite ωn as τp
n − 1. The element τp

n
is a

topological generator for Γp
n

= Gal(K∞/Kn). So if we replace the base field K by
Kn and define the Iwasawa algebra Λ′ with respect to the Zp-extension K∞/Kn, then
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we obtain Λ′ ∼= Zp[[ωn(T )]]. It is easy to see that ωn(T ) = (ωm(T ) + 1)p
n−m − 1.

Therefore,

νn,m(T ) =

pn−m∑
k=0

(τp
m

)k

which is the norm Nn,m : Kn → Km for n ≥ m.

Note that Mn is the maximal abelian extension of Kn contained in M∞. Hence,

Xn
∼= Gal(Mn/K∞) = X∞/ωnX∞

for all n large enough. If we want to derive a similar relation for A∞ and An the
situation is slightly more complicated. There is a submodule Y ⊂ A∞ and an index
n0 such that An is isomorphic to A∞/νn,n0Y for all n large enough [Iw 2, Theorem
6]. We will use this result for example in Chapter 6. So in both cases the elementary
Λ-module does not only determine the structure of the modules X∞ and A∞ but also
provides information about the (finite) abelian groups Xn and An.

1.3 Structure of the thesis

In Chapters 2 and 3 we will study the split prime Zp-extension of an imaginary
quadratic field K and a rational prime p which splits in K into two distinct primes
p and p. Recall that the split prime Zp-extension, denoted by K∞, is unramified
outside p. Let L be an arbitrary finite abelian extension of K. Define L∞ = K∞L
and Γ = Gal(L∞/L).

Let M∞ be the maximal p-abelian extension of L∞ that is unramified outside
the primes in L∞ lying above p. The module X(L∞) := Gal(M∞/L∞) becomes a
Zp[[Γ]]-module under conjugation. Hence, we can view it as a module over Zp[[T ]]
under a fixed isomorphism Zp[[Γ]] ∼= Zp[[T ]]. For every n ≥ 0, we let Ln denote the
unique extension of L of degree pn with Ln ⊂ L∞. Then Ln is an abelian extension
of the imaginary quadratic field K, so, by the Baker-Brumer theorem [Ax, Br], the
p-adic Leopoldt conjecture holds for the intermediate fields Ln – meaning that there
is exactly one Zp-extension unramified outside p above Ln. It follows that X(L∞) is
a Zp[[T ]]-torsion module and hence it has a well-defined characteristic polynomial of
the form pµ ·f(T ) for some non-negative integer µ and some distinguished polynomial
f ∈ Zp[[T ]].

In Chapter 2 we shall generalize work of Leila Schneps [Sch] to prove a result
which is equivalent to the assertion that the µ-invariant of X(L∞) is zero.

In Chapter 3 we specialize our focus to the case p = 2 and consider the Iwasawa
Main Conjecture in the above setting.

In both chapters we will frequently use an elliptic curve E defined over a certain
finite abelian extension of K. But elliptic curves and more generally abelian varieties
do not only play an important role in Iwasawa theory as a tool to prove results like
Theorem 2.1.1, they are of their own independent interest. Greenberg and Vatsal
introduced the study of the Iwasawa invariants of elliptic curves defined over Q with
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good ordinary reduction at p [Gre-Vat] . They considered the p-primary part of
the Selmer groups over Q∞ (the unique Zp-extension of Q) and proved that the µ-
invariants of isogenous curves vanish simultaneously. In Chapter 4 we will prove an
analogous result for general abelian varieties and their fine Selmer groups.

In the parts II and III of this thesis we will only consider the cyclotomic Zp-
extension. This is the Zp-extension studied the most by Iwasawa himself. One of the
main advantageous properties of this Zp-extension is the fact that it is – assuming
that Leopoldt’s conjecture holds – the only one that is a CM field – as long as the
base field K is a CM field. Similar as for the split prime Zp-extension one expects
the following behavior of the µ-invariants.

Conjecture. The µ-invariant of the projective limit of the p-class groups of the in-
termediate fields Kn, denoted by A∞, vanishes (i.e. that the characteristic ideal of
A∞ is a distinguished polynomial).

As for the split prime Zp-extension this is known for abelian extensions of Q
([Fe-Wa] or [Si]). In fact, the proof we give for Theorem 2.1.1 is a generalization
of Sinnott’s proof for the cyclotomic Zp-extension. Using cyclotomic units instead of
elliptic units, one can formulate an Iwasawa Main conjecture – analogously to the one
considered in Part I – relating characteristic ideals of class groups to the characteristic
ideal of the quotient of the units modulo the cyclotomic units anlong the cyclotomic
Zp-extension (see for example [Ru 3]).

In Chapter 6 we describe some consequences of the failure of the Leopoldt conjec-
ture and the µ = 0 conjecture for general CM fields. The ideas presented in Chapter
6 rely on analyzing certain Galois cohomology groups and radicals of finite Kummer
extensions.

For any CM field K we let j denote the complex conjugation of K. The homo-
morphism j acts naturally on the p-Sylow subgroup of the class group of K, denoted
by A, and if p > 2 it induces a decomposition A = (1 + j)A⊕ (1− j)A. To abbreviate
notation we will also write A+ = (1 + j)A and A− = (1 − j)A. Let Kn be the in-
termediate fields of the cyclotomic Zp-extension of K and denote by An the p-Sylow
subgroup of the class group of Kn. Greenberg stated in his thesis the following

Conjecture. [Gre 1] Let K be a totally real field. Then the size of A+
n is uniformly

bounded.

Greenberg gave examples of infinite families of totally real quadratic fields satis-
fying this conjecture [Gre 3]. But the conjecture remains open in full generality.

In view of Greenberg’s conjecture – but also independent of it – it is of particular
interest to study the structure of A−n (here An denotes the p-Sylow subgroup of the
class group of Kn) and of A−∞ = lim∞←nA

−
n . In Chapter 5 we study the Gross

and the Gross-Kuz’min conjecture. The Gross conjecture predicts that the maximal
submodule of A−∞ annihilated by T is finite. The Gross-Kuz’min conjecture is a
generalization of the Gross Conjecture for number fields that are not CM .

We will give equivalent formulations of both conjectures in terms of class field
theory and explain some applications of this equivalent formulation for CM fields.
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In the last part of the thesis we turn our attention back to the CM number
fields. For p > 2 one major advantage of minus parts of class groups is that they
are complementable as Λ-modules and therefore induce a class field H−n such that
Gal(H−n /Kn) ∼= A−n . So even without assuming Greenberg’s conjecture it is relatively
comfortable to work with the minus part of the class groups. Unfortunately, this
complementability does not hold for p = 2. In Chapter 7 we will give an alternative
definition for the minus part which allows us to define a corresponding class field
even in the case p = 2. Consequently, we are able to derive several results, which are
known for minus class groups for p > 2, for p = 2 as well. For example we show that
the minus class group is capitulation free.

This result is one of the main ingredients to compute the 2-class groups for the
cyclotmic Zp-extension of certain biquadratic number fields as we will do in Chapter
8.
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Chapter 2

The split prime µ-conjecture

Acknowledgments

This Chapter is joint work with Vlad Crişan and also part of his Ph.D. thesis. This
work was published in the Asian Journal of Mathematics [Cr-M]. We thank Prof.
John Coates for giving us this problem and for his support.

2.1 General setup and statement of the split prime µ-
conjecture

Let K be an imaginary quadratic field and p a rational prime which splits in K into
two distinct primes p and p, respectively. By global class field theory, there exists a
unique Zp-extension K∞/K that is unramified outside p. Let L be a finite abelian
extension of K. We call L∞ := L ·K∞ the split prime Zp-extension of L corresponding
to p. It is an abelian extension of K. We shall fix the prime p once and for all and
omit explicit reference to it whenever it is clear from the context. We regard all our
number fields as subfields of an algebraic closure Q of Q; we also fix an embedding of
Q into C and an embedding of Q into Cp which induces the prime p, respectively.

Let M∞ be the maximal p-abelian extension of L∞ that is unramified outside the
primes in L∞ lying above p. By a standard maximality argument, M∞/K is a Galois
extension. Hence, if we denote Γ := Gal(L∞/L), then X(L∞) := Gal(M∞/L∞)
becomes a Zp[[Γ]]-module in the natural way, and hence a module over Zp[[T ]] (the
power series ring over Zp with indeterminate T ), under an isomorphism Zp[[Γ]] ∼=
Zp[[T ]] obtained via a fixed topological generator for Γ. For every n ≥ 0, we let
Ln denote the unique extension of L of degree pn with Ln ⊂ L∞. Then Ln is
an abelian extension of the imaginary quadratic field K, so, by the Baker-Brumer
theorem, the p-adic Leopoldt conjecture holds for the intermediate fields Ln, i.e.
Ln admits exactly one Zp-extension unramified outside p. It follows that X(L∞)
is a Zp[[T ]]-torsion module and hence it has a well-defined (up to units in Zp[[T ]])
characteristic polynomial of the form pµ ·f(T ) for some non-negative integer µ (called
the µ-invariant of X(L∞)) and some distinguished polynomial f ∈ Zp[[T ]]. Note that

17
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X(L∞) is finitely generated as a Zp-module if and only if µ = 0. The aim of this
chapter is to prove the following

Theorem 2.1.1. The Zp[[T ]]-module X(L∞) is a finitely generated Zp-module.

Theorem 2.1.1 was previously proved by Schneps ([Sch, Theorem III]) for L = K,
K of class number 1, p ≥ 5 and by Gillard ([Gil 2, Theorem I.2]) for any L abelian
over K, p ≥ 5. Recently, Choi, Kezuka, Li ([C-K-L]) and Oukhaba, Viguié ([O-V])
have independently worked towards completing the proof of the theorem for the cases
p = 2 and p = 3. In [C-K-L], the result is proved for p = 2, K = Q(

√
−q) with q ≡ 7

(mod 8) and L=Hilbert class field of K, while in [O-V] the result is proved for p = 2, 3
and any L, extending the methods in [Gil 2]. The purpose of this chapter is to give
a comprehensive and rather elementary proof for all fields L abelian over K and all
primes p.

Before we discuss our approach for proving Theorem 2.1.1, we give a useful re-
duction step.

Lemma 2.1.2. Let J/L be a finite Galois extension of order p and let J∞/J and
L∞/L be the split prime Zp-extensions of J and L, respectively, so that J∞ = L∞J.
If X(L∞) is a finitely generated Zp-module, then X(J∞) is also a finitely generated
Zp-module.

Proof. Let σ denote a generator of the Galois group G := Gal(J∞/L∞). Then X(J∞)
is a Zp[G]-module under the natural action. Let F be the maximal abelian extension
of L∞ contained in M(J∞) (the maximal p-abelian extension of J∞ unramified outside
p). Then

R := Gal(F/J∞) ∼= X(J∞)/(σ − 1)X(J∞).

By Nakayama’s lemma, it suffices to prove that R is finitely generated. Define the
set

S = {primes in L∞ coprime to p and ramified in J∞/L∞}.

We know a priori that S is finite. If S = ∅, we obtain M(L∞) = F; in this case, R is
finitely generated over Zp since X(L∞) is.

If S is not empty, consider for every prime q ∈ S its inertia group Iq in Gal(F/L∞).
Since F/J∞ is unramified at each q ∈ S it follows that Iq ∩ R = {0}. Thus, Iq is
cyclic of order p. Let I be the group generated by all the Iq’s and let F′ = FI . Then
[F : F′] ≤ p|S|. The field F′ is contained in M(L∞). It follows that Gal(F′/L∞) is
finitely generated and hence so is R.

Corollary 2.1.3. Let L be a finite abelian extension of K and J/L a finite p-solvable
extension. Then X(J∞) is finitely generated as Zp-module.

Proof. This is a direct consequence of Theorem 2.1.1 and Lemma 2.1.2.
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For an integral ideal a of K, we let K(a) denote the ray class field modulo a and
we let ωa be the number of roots of unity in K which are 1 modulo a. We claim
that it suffices to prove Theorem 2.1.1 when L is of the form L = K(fp) (respectively
L = K(fp2) for p = 2), where f = (f) is a principal integral ideal of OK coprime to
p with ωf = 1 (the last condition holds for any f 6= (1) upon replacing f by fm for a
sufficiently large m). Indeed, first note that if J/L is an arbitrary abelian extension
and J∞ = J · L∞, then M(L∞) · J∞ ⊂ M(J∞). In particular, if X(J∞) is a finitely
generated Zp-module, so is X(L∞). This allows us to assume that L = K(fpn) where
f is as above and n is a positive integer. By class field theory and Chinese remainder
theorem, for every n ≥ 1 one has

Gal (K(fpn)/K(f)) ∼= (Z/pnZ)× .

Combining Lemma 2.1.2 with our previous observations, it follows that for any
prime p, it suffices to consider fields L of the form L = K(fp) (resp. L = K(fp2) when
p = 2), with f = (f) as above.

We let F := K(f), and for any n ≥ 0, we define

Fn = K(fpn), F∞ =
⋃
n≥0

Fn.

Having reduced the problem to the case L = K(fp) (resp. L = K(fp2) when p = 2),
one then has L∞ = F∞, and we shall subsequently work with F∞. We let H(K) be
the Hilbert class field of K and t ≥ 0 be such that

Kt = H(K) ∩K∞.

We also define the groups

G = Gal(F/K), H = Gal(F∞/K∞), G = Gal(F∞/F) ∼= Z×p .

The diagram of fields and corresponding Galois groups is given below.

M(L∞)

K∞ L∞ = F∞

Kt H(K) F L

K

X(L∞)

H

Γ

G

Γ′
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We shall now summarize our strategy for proving Theorem 2.1.1. Firstly, notice
that M(F∞)/K is a Galois extension. Secondly, since Gal(K∞/K) ∼= Zp, it follows
that there exists an isomorphism

Gal(F∞/K) ∼= H × Γ′, where Γ′ ∼= Gal(K∞/K).

We fix once and for all such an isomorphism, which allows us to identify Γ′ with a
subgroup of Gal(F∞/K). By abusing notation, we shall also call this subgroup Γ′. For
each character χ of H one can consider the largest quotient of X(F∞) on which H acts
through χ. We denote this quotient by X(F∞)χ. The Main conjecture for X(F∞),
formulated by Coates and Wiles in [Co-Wi 3] predicts that for all characters χ of H,
the characteristic ideal of X(F∞)χ can be generated by the power series corresponding
to a p-adic L-function. We will discuss this formulation of the Main conjecture in
more detail in Chapter 3. In the present chapter we are only interested in establishing
a correspondence between the µ-invariants of certain p-adic L-functions and the µ-
invariant of X(F∞). More precisely, our method of proof will be to construct for every
χ a p-adic L-function Lp,f(s, χ) and show that the µ-invariant of each Lp,f(s, χ) is zero;
we will then show that the sum of all µ-invariants µ (Lp,f(s, χ)) is the same as the
µ-invariant of X(F∞), which will establish Theorem 2.1.1. While some of the results
that we prove have a correspondent (or even generalizations) in the aforementioned
articles, our approach for constructing the p-adic L-functions uses only properties
of certain rational functions on elliptic curves, which makes the exposition more
elementary.

The construction of the p-adic L-functions Lp,f(s, χ) is the first main building
block in the proof of Theorem 2.1.1 and is carried out in detail in Section 2.2. In
[Co-Go], building on techniques previously developed in [Co-Wi 2] and [Co-Wi 3],
Coates and Goldstein presented a recipe for constructing the p-adic L-functions, pro-
vided one has an elliptic curve defined over a number field F containing K, which has
complex multiplication by the ring of integers of K and for which F(Etors)/K is an
abelian extension. We shall follow closely this approach for constructing the p-adic
L-functions, extending it to our general setting. The first step will thus be to prove
that when F = K(f) with f as above, one can construct a suitable elliptic curve E/F.

For the vanishing of µ for the p-adic L-functions Lp,f(s, χ), we will extend the
argument given by Schneps in [Sch], where she uses the elliptic analogue of Sinnott’s
beautiful proof of µ = 0 for the cyclotomic Zp-extension of abelian number fields
(earlier proved by Ferrero and Washington in [Fe-Wa]).

2.2 Construction of the p-adic L-function

2.2.1 Existence of a suitable elliptic curve

As before, we let f = (f) be an integral ideal of K coprime to p and for which ωf = 1.
As above, we let F = K(f) and we let G = Gal(F/K). For a number field M, we let
IM denote the group of ideles of M. We begin by proving the following.
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Lemma 2.2.1. There exists an elliptic curve E/F which satisfies the following prop-
erties.

a) E has CM by the ring of integers OK of K;

b) F (Etors) is an abelian extension of K;

c) E has good reduction at primes in F lying above p.

Proof. Let H = K(1) be the Hilbert class field of K. Every elliptic curve A/H has
an associated j-invariant jA and a Grössencharacter ψA/H : IH → K∗, where K∗
denotes the multiplicative group of K. The invariant jA lies in a finite set J of
possible candidates with |J | = h (the class number of K) and ψA/H is a continuous
homomorphism whose restriction to H∗ ⊂ IH is the norm map. Gross proved in
[Gro 02, Theorem 9.1.3] that given a pair (j, ψ) with j ∈ J and ψ : IH → K∗ a
continuous homomorphism whose restriction to H∗ is the norm, there exists an elliptic
curve E0 defined over H, having complex multiplication by OK, with j(E0) = j and
whose Grössencharacter ψE0/H is precisely ψ. Consider thus an element j ∈ J and an
elliptic curve E0 defined over H with complex multiplication by OK with j(E0) = j.
Since H ⊂ F, we can regard our curve E0 as defined over F. We shall modify this
elliptic curve E0/F to satisfy all the required conditions. We begin by constructing
an elliptic curve satisfying a) and b).

Let ψE0/F be the associated Grössencharacter to E0/F. Shimura proved in [Shi,
Theorem 7.44] that the existence of an elliptic curve E/F satisfying b) is equivalent
to the existence of a Grössencharacter ϕ of K of infinity type (1, 0), for which

ψE/F = ϕ ◦NF/K.

Let ϕ be a Grössencharacter of K of infinity type (1, 0) and conductor f (recall that
ωf = 1). Let ψ = ϕ ◦ NF/K. Then χ := ψ

ψE0/F
: IF → K∗ has the property that

χ(F∗) = 1. Therefore, under the reciprocity map of class field theory, we can regard
χ as a homomorphism χ : Gal(Fab/F) → K∗. Since the Galois group Gal(Fab/F) is
compact, it follows that the image of χ must lie in the finite multiplicative group
O×K . In particular, χ is a character of finite order. Furthermore, O∗K ⊂ Isom(E0),
where Isom(E0) denotes the group of Q-automorphisms of E0. Thus, we can view
the character χ as a map χ : Gal(Fab/F) → Isom(E0). A moment’s thought shows
that χ is a 1-cocycle, hence it defines an isomorphism class of elliptic curves defined
over F which has the same j-invariant as E0 (see [Gro 02, Section 3.3]). It follows
that the twist Eχ0 is an elliptic curve defined over F, with the same j-invariant as E0

and by [Gro 02, Lemma 9.2.5],1 one has that

ψEχ0 /F = χ · ψE0/F = ϕ ◦NF/K.

It follows that if we set E = Eχ0 , the curve E satisfies the properties a) and b).

1Gross only proves this when f = 1, but the result is true in general-see for example [Sil 2, Exercise
II.2.25].
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Finally, once we have an elliptic curve satisfying conditions a) and b), part c)
follows from the fact that f is coprime to p and the primes of bad reduction are
precisely the primes dividing the conductor of ψE/F.

We now fix a Grössencharacter φ of K of conductor f and infinity type (1, 0) and
let E/F be an elliptic curve satisfying the conditions in Lemma 2.2.1 for which its
Grössencharacter ψE/F satisfies

ψE/F = φ ◦NF/K.

Since E has good reduction at the primes in F lying above p, there exists a generalized
Weierstrass model for E with p-integral coefficients in F

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6, (2.1)

for which the discriminant ∆(E) is coprime to any prime in F above p. Note that the
model (2.1) is minimal at all primes lying above p. The Neron differential attached
to the above model is

ω =
dx

2y + a1x+ a3
.

We fix once and for all such a generalized model and differential ω for E. We also let
L denote the period lattice determined by the pair (E,ω).

For an element a ∈ OK, we identify a with the endomorphism of E whose differ-
ential is a and let Ea denote the kernel of this endomorphism; for an ideal a of K, we
let Ea denote

Ea =
⋂
a∈a

Ea.

With these notations, it is proved in [Co-Go, Lemma 3] that for any n ≥ 0, one
has F (Epn) = Fn.

For any σ ∈ Gal(F/K), we will write Eσ (resp. ωσ) for the curve (resp. the dif-
ferential) obtained by applying σ to the equation (2.1) of E (resp. to ω). Since
F(Etors)/K is an abelian extension of K, it follows that for any σ ∈ Gal(F/K),
one has ψEσ/F = ψE/F. Moreover, as the F-isogeny class of E/F is determined by
the Grössencharacter of E/F, it follows that all the Galois conjugates of E are F-
isogeneous. Let a be any ideal in OK coprime to f and let σa denote its Artin symbol
in Gal(F/K). For an element σ ∈ Gal(F/K), we let Lσ be the lattice associated with
Eσ. The Weierstrass isomorphism M(z,Lσa) : C/Lσa → Eσa(C) is given by

z →
(
℘Lσa (z)− bσa ,

1

2

(
℘′Lσa (z)− aσa1

(
℘Lσa (z)− bσa

)
− aσa3

))
,

where ℘Lσa is the Weierstrass ℘-function of Lσa and bσa =
(aσa1 )

2
+4aσa2

12 .
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By the main theorem of complex multiplication, for any such a and any σ in
Gal(F/K) there exists a unique isogeny ησ(a) : Eσ → Eσσa defined over F, of degree
N(a), which satisfies

σa(u) = ησ(a)(u),

for any u ∈ Eσg , where (g, a) = 1. The kernel of this isogeny is precisely Eσa (see
[Co-Go, proof of Lemma 4] ). From now on, we shall write η(b) and ηa(b) for the
isogenies ηe(b) : E → Eσb and ησa(b) : Eσa → Eσaσb , respectively. As explained in
[Co-Go, p. 341], there exists a unique Λ(a) ∈ F∗ such that

ωσa ◦ η(a) = Λ(a)ω, (2.2)

which can also be written as

η(a) ◦M(z,L) =M (Λ(a)z,Lσa) . (2.3)

Note that Λ satisfies the cocycle condition

Λ(ab) = Λ(a)σ(b)Λ(b). (2.4)

It follows that we can extend the definition of Λ to the set of all fractional ideals
coprime to f so that (2.4) remains valid. Moreover, when a is integral with σa = 1,
we obtain further that Λ(a) = φ(a) (see [dS, p. 42] for details). The choice of the
embedding of F in C gives a non-zero complex number Ω∞ ∈ C (which is well-defined
up to multiplication by a root of unity in K) such that L = Ω∞OK (see the discussion
before relation (13) in [Co-Go]). Furthermore, it is proved in [Co-Go, p. 342], that
for any integral ideal a coprime to f one has the relation

Λ(a)Ω∞a−1 = Lσa . (2.5)

Let v be the prime in F lying above p which is induced by our fixed embedding of
Q into Cp and let mv denote the maximal ideal of O(Fv). Let Ip be the ring of integers
in the completion of the maximal unramified extension of Fv. Let π be a generator
of the prime ideal of Ip. Then Ip/πIp has characteristic p and is algebraically closed.
Lubin showed in [Lu, Corollary 4.3.3] that if the reduction at π of a formal group has
height one, then it is isomorphic to the formal multiplicative group over Ip. We recall
that E has good reduction at every w above p. In particular, it has good reduction
at v. For each σ ∈ G, let Êσ,v denote the formal group giving the kernel of reduction
modulo v on the elliptic curve Eσ/F (see [Sil 1, Proposition V.2.2]). Note that Êσ,v

is a relative Lubin-Tate formal group in the sense of de Shalit ([dS, Chapter I] and
[dS, Lemma II.1.10]). Since we chose a p-minimal model for E, a parameter for the

formal group Êσ,v is given by
tσ = −xσ/yσ.

When σ is the identity, we shall simply write Êv, t, etc. Since p splits in K and p
is a prime of good reduction, the reduction of E modulo v is injective on the set Ep.
It follows that the reduction of E modulo v has to contain p-torsion points, which
implies that the reduction of E modulo v has height 1 (see [Sil 1, Theorem V.3.1].)
We obtain the following result.
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Lemma 2.2.2. There exists an isomorphism βv between the formal multiplicative
group Ĝm and the formal group Êv, which can be written as a power series t =
βv(w) ∈ Ip[[w]] .

As noted in [Co-Go], the isomorphism in Lemma 2.2.2 is unique up to composition
with an automorphism of Ĝm over Ip and the group of automorphism of Ĝm over
Ip can be identified with Z×p . We fix once and for all an isomorphism βv(w) and
we let Ωv denote the coefficient of w in βv(w). In particular, it follows that Ωv is
a unit in Ip. For an integral ideal a of K coprime to f, the isogeny η(a) induces a
homomorphism

η̂(a) : Êv → Êσa,v,

which is defined over O(Fv). When a is coprime to fp, it becomes an isomorphism.

It follows that one can construct an isomorphism βva = η̂(a) ◦ βv between Ĝm and

Êσa,v. We also let Ωa,v be the coefficient of w in βva (w). As proven for example in
[Co-Go, Lemma 6], the relation between Ωv and Ωa,v is given by

Ωa,v = Λ(a)Ωv. (2.6)

We also let Ĝa denote the formal additive group. One has the following commuta-
tive diagram of formal groups, in which we denoted by Log the isomorphism between
Ĝm and Ĝa:

Ĝm Êv Êv,σa

Ĝa Ĝa

βv

Log

η̂(a)

M

·Λ(a)

Ma

2.2.2 The basic rational functions

We will now introduce the basic rational functions for the elliptic curve E/F, as given
in [Co]. To motivate the choice of the rational functions that we introduce, we need
some additional notations.

For any 2-dimensional lattice L we define

s2(L) = lim
s↘0

∑
w∈L\{0}

w−2 · |w|−2s, A(L) =
1

π
Area(C/L),

and
η(z, L) = A(L)−1z + s2(L)z.

With these notations, we define the θ-function for the lattice L by

θ(z, L) = ∆(L) exp(−6η(z, L)z)σ(z, L)12,

where σ(z, L) is the Weierstrass σ-function of L.
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For every non-trivial ideal m of K and any σ ∈ Gal(K(m)/K), Robert’s invariant
is defined by ϕm(σ) = θ(1,mc−1)m, where m is the least positive integer in m∩Z and

σ =
(
K(m)/K

c

)
. As proved for example in [dS, Chapter II Section 2.4], one has the

identity

ϕm(1)
N(a)−

(
K(m)/K

a

)
=

(
θ(1,m)N(a)

θ(1, a−1m)

)m
. (2.7)

For an integral ideal m of K and a character χ, we define the L-series of χ with

modulus m by

Lm(χ, s) =
∑

χ(a)N(a)−s,

where the sum is over all integral ideals a coprime to m. The following theorem proved
in [Sie, Theorem 9] (see also [dS, Chapter II, Theorem 5.1]) gives a useful relation
between global L-functions and logarithms of Robert-invariants.

Theorem 2.2.3. Let m be an non-trivial integral ideal of K and let χ be a character
of finite order of conductor m. Let L∞,m(χ, s) = (2π)−sΓ(s)Lm(χ, s). Then

L∞,m(χ, 0) =
−1

12mωm

∑
σ∈Gal(K(m)/K)

χ(σ) log |ϕm(σ)|2,

where m is the smallest positive integer in m∩Z and log denotes the standard logarithm
function on R.

In the same way in which in the class number formula the product
∏
χ
L(χ, 1) can

be expressed in terms of the class number, the discriminant and the regulator of the
field, it turns out that the product∏

χ

1

12mωm

∑
σ∈Gal(K(m)/K)

χ(σ) logϕm(σ) (p-adic logarithm here)

can also be expressed in terms of the p-part of the class number, the p-adic regulator
and the p-adic discriminant of the field. On the other hand, Coates and Wiles proved
in [Co-Wi 1, Theorem 11] a relation between the µ-invariant of the Galois group
Gal(M(F∞)/F∞) and these p-adic quantities (see Corollary 2.4.2 in Section 2.4 for
the precise statement). In view of these facts, our aim is to prove a p-adic analogue of
Theorem 2.2.3. Since we construct our p-adic L-function using rational functions on
the elliptic curve, we will need these rational functions to have a form closely related
to the Robert’s invariant.

We recall that G = Gal(F/K). For σ ∈ G, we let Pσ denote a generic point on Eσ

and let x(Pσ) denote its x-coordinate in the model (2.1). By abuse of notation, if u
denotes a rational function on Eσ, we shall write u(z) for u ◦M(z,Lσ).
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For any α ∈ OK that is non-zero, coprime to 6 and not a unit, we define the
rational function ξα,σ(Pσ) on Eσ by

ξα,σ(Pσ) = cσ(α)
∏

S∈Vα,σ

(x(Pσ)− x(S)) ,

where Vα,σ is any set of representatives of the non-zero α-division points on Eσ modulo

{±1} and cσ(α) is a canonical 12th root in F of the quotient ∆(α−1Lσ)/∆(Lσ)NK/Q(α)

(here ∆ stands for the Ramanujan’s ∆-function)-see [Co, Appendix, Proposition 1]
and [Co, Appendix, Theorem 8].

The following identity, which is proved for example in [Go-Sch, Theorem 1.9],
shows the connection between our rational function and the Theta function (compare
with (2.7)):

ξα,σ(z)12 =
θ
(
z, α−1Lσ

)
θ (z,Lσ)N(α)

. (2.8)

An important result about the rational functions defined above is that their loga-
rithmic derivatives can be related to special values of Hecke L-functions attached to
φk. To state this result, we will need some additional definitions.

Let Q be the point on E given by the image of ρ := Ω∞/f under the Weierstrass
isomorphism. Then Q becomes a primitive f -torsion point on E. Let σ ∈ Gal(F/K)
be arbitrary and let a be an integral ideal coprime to αf such that σa = σ. We define

ξα,σ,Q(z) = ξα,σ(z + Λ(a)ρ),

and denote the corresponding rational function on Eσ by ξα,σ,Q(Pσ). Note that while
Λ(a) does depend on the choice of the ideal a, the definition of ξα,σ,Q(z) depends only
on the Artin symbol σa and not on the choice of a. It is proved in [Co, Theorem 4]
that for any integral ideal b coprime to αf one has the identity

ξα,σσb (ησ(b)(Pσ)) =
∏
U∈Eσb

ξα,σ(Pσ ⊕ U), (2.9)

where ⊕ denotes the usual addition operation on the elliptic curve.
It follows that

ξα,σσb,Q (ησ(b)(Pσ)) =
∏
U∈Eσb

ξα,σ,Q (Pσ ⊕ U) . (2.10)

For every n ≥ 0, we fix once and for all a primitive pnth root of unity ζpn such

that ζp
pn+1 = ζpn . For a fixed n ≥ 0, we can regard Ĝm as defined over Ip[ζpn ]. Then

ζpn − 1 becomes a pn-torsion point on Ĝm and for an integral ideal a coprime to αfp,

βva maps ζpn − 1 to a pn-torsion point on Êσa,v. Let zn be a corresponding primitive
pn-torsion point for the lattice Lσa . We define wn similarly by starting with the map
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βv instead. In particular, by (2.3), it follows that zn ≡ Λ(a)wn (mod Lσa). Since
wn is a primitive pn-torsion point for L and ρ is primitive an f-torsion point for L, it
follows that wn + ρ is a pnf-torsion point for L. In particular, we can write

Ω−1
∞ (wn + ρ) = qn/p

nf,

for some integral ideal qn in OK coprime to pf.

For an arbitrary abelian extension M/K, if ϕ : IK → C is a Grössencharacter
whose conductor divides the conductor of M/K, we let ϕ also denote the associated
function on the group of ideals of K coprime to the conductor of M/K. Then for an
ideal c of K, the partial Hecke L-function is defined by

L

(
ϕ,

(
M/K
c

)
, s

)
=
∑
a

ϕ(a)/N(a)s,

where
(
M/K
c

)
denotes the Artin symbol of c in Gal(M/K) and the sum ranges over

all integral ideals a of K that are coprime to the conductor of M/K and satisfy(
M/K
a

)
=
(
M/K
c

)
.

We can now prove the promised connection between our rational functions and
special values of L-functions. To simplify notations, for a character % defined on ideals
of K, we will simply write %(α) for %((α)), whenever α ∈ K. From now on, we will
also view all Grössencharacters φ as functions on the ideals of K.

Proposition 2.2.4. Let φ denote the fixed Grössencharacter of K for which we have
ψE/F = φ ◦NF/K. Let n ≥ 0 be an integer and let qn and zn be constructed as above.
Let σ be an arbitrary element in Gal(Fn/K) and let a be an integral ideal of K prime

to f such that
(
Fn/K

a

)
= σ. Then for any α coprime to fp and any positive integer k

one has(
d

dz

)k
log (ξα,σ,Q(z))|z=zn =

(
−fφ(apn)

Ω∞Λ(a)

)k
(k − 1)! ·(

N(α)L

(
φ
k
,

(
Fn/K
qna

)
, k

)
− φk(α)L

(
φ
k
,

(
Fn/K
qna(α)

)
, k

))
.

Remark 2.2.5. We note that the definition of ξα,σ,Q(z) depends only on the re-
striction of σ to Gal(F/K), but that the point zn does depend on the element σ in
Gal(Fn/K) we choose. Also, the above relation implies directly that the right hand
side is independent of the choice of the ideal a, since the left hand side is.

Proof. When n = 0, this is [Co-Go, Theorem 5]. For the general case, we will follow a
similar approach. Our main reference for the following definitions is [Go-Sch, Section
1]. For every positive integer k and every lattice L we define the function

Hk(z, s, L) =
∑
ω∈L

(z + ω)k

|z + ω|2s
,



28 CHAPTER 2. THE SPLIT PRIME µ-CONJECTURE

for any Re(s) > k/2 + 1. As noted in [Go-Sch], this function has an analytic con-
tinuation over the whole s-plane. We also let E∗k(z, L) be the value of Hk(z, s, L) at
s = k.

We define
θ̃(z, L) = exp(−s2(L)z2/2)σ(z, L),

where σ(z, L) is the Weierstrass σ-function of L.

Using (2.8), it follows that

ξ2
α,σ(z) =

(
cσ(α)

θ̃(z, α−1Lσ)

θ̃(z,Lσ)N(α)

)2

.

It is also proved in [Go-Sch, Corollary 1.7] that for any z0 ∈ C \ L one has

d

dz
log θ̃(z + z0, L) = z0A(L)−1 +

∞∑
k=1

(−1)k−1E∗k(z0, L)zk−1. (2.11)

If we let z = z̃ + zn, then one has(
d
dz

)k
log ξα,σ,Q(z)|z=zn =

(
d
dz̃

)k
log ξα,σ(z̃ + zn + Λ(a)ρ)|z̃=0 . (2.12)

Combining (2.11) and (2.12), it follows that(
d

dz̃

)k
log ξα,σ(z̃ + zn + Λ(a)ρ)|z̃=0

=

(
d

dz̃

)k−1
 ∞∑
j=1

(−z̃)j−1E∗j (zn + Λ(a)ρ, α−1Lσ)

∣∣∣∣∣∣
z̃=0

−
(
d

dz̃

)k−1
 ∞∑
j=1

(−z̃)j−1N(α)E∗j (zn + Λ(a)ρ,Lσ)

∣∣∣∣∣∣
z̃=0

= (k − 1)!(−1)k
(
E∗k (zn + Λ(a)ρ,Lσ) ·N(α)− αkE∗k (α(zn + Λ(a)ρ),Lσ)

)
.

The final ingredient that we need is the relation between Hk(z, s, L) and the partial
Hecke L-function. One can easily show (see for example [Go-Sch, Proposition 5.5] or
[dS, Chapter II, Proposition 3.5]) that

E∗k(Λ(a)(wn + ρ),Lσ) =

(
φ(aqn)

(wn + ρ)Λ(a)

)k
L

(
φ
k
,

(
Fn/K
aqn

)
, k

)
, (2.13)

and similarly

E∗k(αΛ(a)(wn + ρ),Lσ) =

(
φ(aqn(α))

(α)(wn + ρ)Λ(a)

)k
L

(
φ
k
,

(
Fn/K
aqn(α)

)
, k

)
.(2.14)

Using (2.13) and (2.14), and noting that φk(qn)(wn + ρ)−k = φk(pn)(fΩ−1
∞ )k, our

result follows.



2.2. CONSTRUCTION OF THE P -ADIC L-FUNCTION 29

We now define the following sets of integral ideals of K that we will use throughout
the rest of this chapter. For every n ≥ 0, we let Cn be a set of integral ideals a of OK
coprime to fp with the property that as a ranges over Cn, the set of Artin symbols(
Fn/K

a

)
covers each element in Gal(Fn/K) exactly once.

For each σ ∈ G, we let a ∈ C0 be such that
(
F/K
a

)
= σ and define

Yα,a(Pσ) =
ξα,σ,Q(Pσ)p

ξα,σσp,Q(ησ(p)(Pσ))
,

and we let Yα,a(z) stand for the corresponding elliptic function for the lattice Lσa .
Using (2.9), it follows that ∏

R∈Eσp

Yα,a (Pσ ⊕R) = 1. (2.15)

By a slight abuse of notation, we will also write Yα,a(tσa) for the tσa-expansion of
Yα,a(z). The following lemma is the key step in constructing a measure on Gal(F∞/K)
using our rational functions.

Lemma 2.2.6. For an integral ideal a of OK coprime to f, let σa denote the Artin
symbol of a in Gal(F/K). Then the series Yα,a(tσa) lies in 1 +mv[[tσa ]] and the series
hα,a(tσa) := 1

p log(Yα,a(tσa)) has coefficients in O(Fv).

Proof. The following proof is a straightforward extension of similar results proved
in the literature (see for example [Co-Go, Lemma 9] or [Co-Wi 2, Lemma 23]). Let

η̂σa(p) : Êσa,v → Êσaσp,v be the formal power series induced by ησa(p). As p splits
completely in K, we have N(p) = p, hence

η̂σa(p)(tσa) ≡ tpσa (mod mv).

Let mα,σa(tσa) be the development of the rational function ξα,σa,Q(Pσa) as a power
series in tσa . Given

mα,σa(tσa) =
∑
n≥0

cnt
n
σa ,

it follows that

mα,σaσp

(
η̂σa(p)(tσa)

)
≡
∑
n≥0

cpnt
pn
σa ≡ m

p
α,σa(tσa) (mod mv).

Since mα,σa(tσa) is a unit (see for example the proof of [Co-Wi 2, Lemma 23]), it
follows that Yα,a(tσ) ≡ 1 (mod mv), which completes our proof.



30 CHAPTER 2. THE SPLIT PRIME µ-CONJECTURE

2.2.3 The p-adic L-function

We will now show how the results we obtained in the previous section can be used
for constructing a measure on Gal(F∞/K) with respect to which we define our p-adic
L-function. We begin by recalling some basic definitions and properties of measures.

For any prime p, the group Z×p has a decomposition

Z×p = V × U,

where V is the group consisting of the (p−1)th roots of unity in Zp (resp. {±1} when
p = 2) and U = 1 + pZp (resp. 1 + 4Z2 when p = 2). For an element α ∈ Z×p , we
denote by 〈α〉 its projection onto the second factor. If we fix a topological generator
u of U , then the map x→ ux gives an isomorphism of topological groups between Zp
and U .

Let G be a profinite group and let A be the ring of integers of a complete subfield
of Cp. We let ΛA(G) denote the ring of A-valued measures defined on G, where the
product is given by the usual convolution of measures. If G is finite, there is an
isomorphism ΛA(G) ∼= A[G] given by

ν →
∑
σ∈G

ν({σ})σ,

while for an infinite profinite group there is an isomorphism ΛA(G) ∼= A[[G]] under
the usual inverse limits taken over the normal subgroups of finite index:

ΛA(G) = lim←−ΛA(G/H) ∼= lim←−A[G/H] = A[[G]].

For a general profinite abelian group G, following de Shalit, we define a pseudo-
measure on G to be any element in the localization of ΛA(G) with respect to the
set of non-zero divisors (see [dS, Section I.3.1]). Given a measure ν on G and any
compact subset O of G, we can define the measure ν|O on G by restricting ν to O
and extending it by 0. Our main interests will be in the cases when G = Gal(F∞/K)
and G = Zp, respectively.

When G = Zp, there is an isomorphism ΛA(Zp) ∼= A[[w]] due to Mahler, given by
associating to a measure ν the element∫

Zp

(1 + w)xdν.

By our previous observation, for O ⊆ Zp compact open, there is a natural inclusion
ΛA(O) ↪→ ΛA(Zp). For the particular case when O = Z×p , if F (w) is the power series
associated with ν, we know by [Si, Lemma 1.1] that the power series associated with
ν|Z×p is

ν|Z×p → F (w)− 1

p

∑
ζp=1

F (ζ(1 + w)− 1). (2.16)
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Throughout this chapter, we shall use ν∗ to denote the measure ν|Z×p .

For a measure ν ∈ ΛA(Zp) and a ∈ Z×p we define the measure ν ◦ a by ν ◦ a(O) =
ν(aO) for any O ⊆ Zp compact open. It then follows that

ν ◦ a|O = ν|aO ◦ a. (2.17)

Moreover, if F (w) is the power series associated with ν, then the power series associ-
ated with ν ◦ a is

ν ◦ a→ F
(
(1 + w)−a − 1

)
. (2.18)

We can now proceed to the construction of our measure. For every a ∈ C0, we
define Bα,a(w) = hα,a (βva (w)). By Lemma 2.2.6, the series Bα,a(w) lies in Ip[[w]], so
it corresponds to a measure να,a ∈ ΛIp(Zp). The identity (2.15) combined with the
aforementioned lemma from [Si] implies that the measure να,a is actually supported
on Z×p .

Let Ψp : Gal(F∞/F) → Z×p be the isomorphism giving the action of Gal(F∞/F)
on the p-power division points of E. Under this isomorphism, the measure να,a can
be regarded as an element of ΛIp(Gal(F∞/F )). Notice that for any k ≥ 0, one has∫

Gal(F∞/F)

Ψk
pdνα,a = DkBα,a(w)|w=0,

where D = (1 + w) d
dw . If we let exp denote the isomorphism Ĝa → Ĝm, the substi-

tution w = exp(z)− 1 yields further∫
Gal(F∞/F)

Ψp(x)kdνα,a =
( d
dz

)k
Bα,a(exp(z)− 1)|z=0

= Ωk
a,v

( d
dz

)k
Bα,a(exp(z/Ωa,v)− 1)|z=0.

More generally, if we are interested in evaluating Dk Bα,a(w)|w=w1
, we can make

the substitution w1 = exp(z1/Ωa,v)− 1, and noting that

βva (exp(z/Ωa,v)− 1) =M (z,Lσa) ,

it follows that under the substitution induced by multiplication by Λ(a)

Dk Bα,a(w)|w=w1
= Ωk

a,vΛ(a)−k
(
d

dz

)k 1

p
log Yα,a (M (Λ(a)z,Lσa))|z=z̃1 .(2.19)

For every a ∈ C0, we constructed a measure να,a ∈ ΛIp (G). For every such a, we
let να,a ◦ σa denote the pushforward measure on σ−1

a G induced by σa, and we extend
να,a ◦ σa to a measure on Gal(F∞/K) by 0. Consider now

να :=
∑
a∈C0

να,a ◦ σa.
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Then να becomes an Ip-valued measure on Gal(F∞/K).

Weil showed in [We] that, under our fixed embedding Q ↪→ Cp, the character φ
can be extended continuously to a character

φ̃ : Gal(F∞/K)→ C×p ,

which satisfies the property that φ̃
((

F∞/K
a

))
= φ(a), for any ideal a in K coprime

to fp. Furthermore, for any σ ∈ G one has φ̃(σ) = Ψp(σ) (see [Co-Go, p. 352] for
details). By a slight abuse of notation, we will simply write φ for φ̃, since it will
always be clear from the context what φ stands for.

The rest of the work we do in this section follows closely the exposition in [dS,
Chapter II, Section 4].

Lemma 2.2.7. a) Let χ be a character of Gal(F/K). Then for every k ≥ 0 one has∫
Gal(F∞/K)

χφk dνα =

(
1− χφk(p)

p

)∑
a∈C0

Ωk
a,vχφ

k(σ−1
a )

(
d

dz

)k
log ξα,σa,Q(z)|z=0 .

b) Let n ≥ 1 be a positive integer and assume χ is a character of Gal(Fn/K) with the
property that pn is the exact power of p dividing its conductor. We define the Gauss
sum

τ(χ) =
1

pn

∑
γ∈Gal(Fn/F)

χ(γ)ζ
−Ψp(γ)
pn .

Then for every k ≥ 0 one has∫
Gal(F∞/K)

χφk dνα

= τ(χ)
∑
a∈Cn

Ωk
a,vχφ

k(σ−1
a )

(
d

dz

)k
log ξα,σa,Q(z)|z=M−1◦βva (ζpn−1) .

Proof. This result is the analogue of [dS, Chapter II, Theorem 4.7] and [dS, Chapter
II, Theorem 4.8]. For part a), using the fact that φ and Ψp coincide on Gal(F∞/F),
it follows that∫

Gal(F∞/F)

φkdνα ◦ σ−1
a

= Ωk
a,v

(
d

dz

)k
Bα,a

(
exp

(
z

Ωa,v

)
− 1

)∣∣∣∣
z=0

= Ωk
a,v

(
d

dz̃

)k 1

p
log Yα,a(z̃)|z̃=0

= Ωk
a,v

(
d

dz̃

)k (
log ξα,σa,Q(z̃)− 1

p
log ξα,σaσp,Q (Λ(p)σa z̃)

)∣∣∣∣
z̃=0

.
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It follows that∫
Gal(F∞/K)

χφkdνα

=
∑
a∈C0

χφk(σ−1
a )Ωk

a,v

(
d

dz̃

)k (
log ξα,σa,Q(z̃)− 1

p
log ξα,σaσp,Q (Λ(p)σa z̃)

)∣∣∣∣
z̃=0

.

Reordering the sum

S :=
∑
a∈C0

Ωk
a,vχφ

k(σ−1
a )

(
d

dz̃

)k 1

p
log ξα,σaσp,Q (Λ(p)σa z̃))

∣∣∣∣
z̃=0

according to a′ = ap and using the fact that Ωk
ap,v = Ωk

a,v (Λ(p)σa)k (see (2.6)), it
follows that

S =
χφk(p)

p

∑
a∈C0

Ωk
a,vχφ

k(σ−1
a )

(
d

dz

)k
log ξα,σa,Q(z)|z=0 .

This completes the proof of part a).

For part b), we use a similar strategy. For b ∈ Cn, we let σb denote the Artin
symbol of b in Gal(Fn/K) and we define

Bα,b(w) = hα,b (βvb (w)) .

We will perform similar computations as above. For a character χ of Gal(Fn/K) for
which n is the exact power of p dividing its conductor we have∫

Gal(F∞/K)

χφkdνα =
∑
b∈Cn

χφk(σ−1
b )

∫
Gal(F∞/Fn)

φkdνα ◦ σ−1
b .

Again, using the fact that φ and Ψp act in the same way on Gal(F∞/F), it follows
that ∫

Gal(F∞/Fn)

φkdνα ◦ σ−1
b =

∫
Gal(F∞/Fn)

Ψk
pdνα ◦ σ−1

b .

Using the fact that the indicator function of 1+pnZp is 1
pn

pn−1∑
j=0

ζ
(x−1)j
pn , it follows that

∫
Gal(F∞/Fn)

Ψk
pdνα ◦ σ−1

b =
1

pn

pn−1∑
j=0

Dk Bα,b(w)|
w=ζjpn−1

ζ−jpn .

To simplify the writing, we define

Rα,b(w) := log ξα,σb|F,Q(βvb (w)).
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We recall that the measure associated with Bα,b(w) is obtained by restricting the
measure associated with Rα,b(w) to Z×p . In particular, if we restrict the measure
associated with Bα,b(w) to the subgroup 1 + pnZp of Z×p , we obtain the restriction to
1+pnZp of the measure associated with Rα,b(w). Hence the quantity we are interested
in computing is given by

1

pn

pn−1∑
j=0

Dk Rα,b(w)|
w=ζjpn−1

ζ−jpn ,

which can be rewritten as

1

pn

∑
j:p-j

Dk Rα,b(w)|
w=ζjpn−1

· ζ−jpn +
1

pn

∑
j:p|j

Dk Rα,b(w)|
w=ζjpn−1

· ζ−jpn .

A simple check using the definitions shows that

Dk Rα,b(w)|
w=ζjpn−1

= Ψp(γ)−kDk Rα,bj (w)
∣∣
w=ζpn−1

,

where γ ∈ Gal(F∞/F) is such that γ(ζpn) = ζjpn (i.e. Ψp(γ) ≡ j (mod pn)) and bj is

the unique ideal in K with the property that
(
F∞/K
bj

)
=
(
F∞/K

b

)
γ. It follows that

1

pn

∑
j:p-j

Dk Rα,b(w)|
w=ζjpn−1

· ζ−jpn = Ψp(γ)−k
1

pn

∑
j:p-j

Dk Rα,bj (w)
∣∣
w=ζpn−1

ζ−jpn .

Moreover, when we consider the expression

∑
b∈Cn

χφk(σ−1
b )

1

pn

∑
p|j

Dk Rα,b(w)|
w=ζjpn−1

· ζ−jpn ,

notice that if c ∈ Cn is such that σc fixes K(fpn−1) (i.e. σc defines an element in
Gal(F∞/K(fpn−1)), then

Dk Rα,ac(w)|w=ζa
pn−1−1 = Ψp(c)

kDk Rα,a(w)|w=ζa
pn−1−1 .

Furthermore, since n is the exact power of p dividing the conductor of χ, it follows
that ∑

σ∈Gal(Fn/Fn−1)

χ(σ) = 0.

If we partition the elements in Cn according to cosets modulo the group Gal(F∞/K(fpn−1)),
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we get ∑
b∈Cn

χφk(σ−1
b )

1

pn

∑
p|j

Dk Rα,b(w)|
w=ζjpn−1

· ζ−jpn

=
∑
b∈Cn

χφk(σ−1
b )

1

pn

pn−1−1∑
a=0

Dk Rα,b(w)|w=ζa
pn−1−1 · ζ

−a
pn−1

=
∑

c∈Cn−1

∑
d∈Cn

σd∈Gal(F∞/Fn−1)

χφk(σ−1
c σ−1

d )
1

pn

pn−1−1∑
a=0

Dk Rα,cd(w)|w=ζa
pn−1−1 · ζ

−a
pn−1

= 0.

Finally,∑
b∈Cn

χφk(σ−1
b )

1

pn

∑
j:p-j

Dk Rα,bj (w)
∣∣
w=ζpn−1

ζ−jpn Ψp(γ)−k

=
∑
b′∈Cn

Dk Rα,b′(w)
∣∣
w=ζpn−1

1

pn

∑
b′=bγ

χφk(σ−1
b )Ψp(γ)−kζ

−Ψp(γ)
pn

=
∑
b′∈Cn

Dk Rα,b′(w)
∣∣
w=ζpn−1

1

pn
χφk(σ−1

b′ )
∑

γ∈Gal(Fn/F)

χ(γ)ζ
−Ψp(γ)
pn

= τ(χ)
∑
b∈Cn

χφk(σ−1
b )Dk Rα,b(w)|w=ζpn−1 ,

with τ(χ) defined as in the statement. Using (2.19), part b) follows.

Let n ≥ 0 be an integer and let χ be a character whose conductor divides fpn

and with the property that n is the exact power of p in its conductor. Consider the
character ε = χφk and the set

S =

{
γ ∈ Gal (K(fpnp∞)/K) : γ|K(fp∞) =

(
K(fp∞)/K

pn

)}
.

We define the sum G(ε) as

G(ε) =
φk(pn)

pn

∑
γ∈S

χ(γ)ζ−γpn .

We note that G(ε) is well-defined, since ζpn ∈ K(fpnp∞). We also know (see for

example [Go-Sch, Lemma 4.9]) that G(ε) lies in a CM field and that G(ε)G(ε) =
pn(k−1).

Theorem 2.2.8. Let χ, ε and G(ε) be defined as above. Then there exists a p-adic
unit uχ depending on χ such that for all k ≥ 1 one has∫

Gal(F∞/K)

ε dνα =
Ωk
v

Ωk
∞

(k − 1)!(−1)kfkuχG(ε)

(
1− ε(p)

p

)
(N(α)− ε(α)) · Lf(ε, k).
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Proof. When n = 0, by Proposition 2.2.4 and Lemma 2.2.7 a), it follows that∫
Gal(F∞/K)

χφkdνα =
Ωk
v

Ωk
∞

(k − 1)!(−1)kfk
(

1− χφk(p)

p

)
·

∑
a∈C0

χφk(σ−1
a )φk(a)

(
N(α)L(φ, σa, k)− φk(α)L(φ

k
, σa(α), k)

)
The sum in the right hand side can be further rewritten as∑

a∈C0

χφk(σ−1
a )φk(a)(N(α)− χφk(α))L

(
φ
k
, σa, k

)
= (N(α)− ε(α))Lf

(
φ
k
χ−1, k

)
.

When n ≥ 1, using Proposition 2.2.4 and Lemma 2.2.7 b), it follows in a similar

manner that ∫
Gal(F∞/K)

χφkdνα

=

(
−Ωvf

Ω∞

)k
(k − 1)!φk(pn)τ(χ)χ(qn)(N(α)− ε(α))Lf(φ

k
χ−1, k).

Let q′n be a prime in K with the property that

N(q′n) ≡ 1 (mod pn) and

(
F(pn)/K

q′n

)
=

(
F(pn)/K

pn

)
.

With this choice of q′n, it is proved in [dS, p. 75] that χ(q′n)φk(pn)τ(χ) = G(ε). If we
set uχ = χ(qn)/χ(q′n), then uχ is clearly a p-adic unit and since G(ε) = 1 for n = 0,
the result follows.

We now have all the ingredients for proving the main theorem in the construction
of the p-adic L-functions. We recall that H = Gal(F∞/K∞). Let m = |H| and let
Dp = Ip (µm), the ring obtained by adjoining the mth roots of unity to Ip.

Theorem 2.2.9. There exists a unique measure ν on Gal(F∞/K) taking values in
Dp such that for any ε = φkχ, with k ≥ 1 and χ a character of conductor dividing
fpn for some n ≥ 0, one has

Ω−kv

∫
Gal(F∞/K)

ε dν = Ω−k∞ (−1)k(k − 1)!fkuχG(ε)

(
1− ε(p)

p

)
Lf(ε, k),

with uχ as defined in the proof of Theorem 2.2.8.
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Proof. The following proof is exactly the same argument as the one given in [dS,
Chapter II, Theorem 4.12], but we redo it here for the convenience of the reader. We
first note that for α1 and α2 coprime to pf, it follows from Theorem 2.2.8 that

να1

(
N(α2)− σ(α2)

)
= να2

(
N(α1)− σ(α1)

)
(equality as measures), (2.20)

where for an integral ideal a of K coprime to fp, σa stands for the Artin symbol of
a in Gal(F∞/K). Indeed, by Theorem 2.2.8 we know that the integrals of the two
measures against any character of the form ε = φχ with χ a character of finite order
are the same. Since the set of such characters φχ separates measures, it follows that
the two measures are equal, as claimed.

We recall that we have a decomposition

Gal(F∞/K) = H × Γ′,

with H = Gal(F∞/K∞) and Γ′ ∼= Gal(K∞/K). One then has an isomorphism

D[[Gal(F∞/K)]] ∼= D[[Γ′]][H] ∼= D[[X]][H].

Moreover, there exists an isomorphism

Q⊗D[[Gal(F∞/K)]] ∼= Q⊗D[[Γ′]]m,

given by sending element 1⊗λ ∈ Q⊗D[[Gal(F∞/K)]] to 1⊗ (θ1(λ), . . . θm(λ)), where
θ1, . . . , θm are the characters of H.

For any character θ of H and α ∈ OK non-unit and coprime to 6fp, one has

θ
(
σ(α) −N(α)

)
= θ

(
σ(α)

∣∣
H

)
· σ(α)

∣∣
Γ′
−N(α).

Notice also that for any such α, the element σ(α)

∣∣
Γ′

is non-trivial and that θ
(
σ(α)

∣∣
H

)
is a root of unity. In particular, one has that θ

(
σ(α) −N(α)

)
is a non-zero divisor in

D[[Gal(F∞/K)]].

In view of (2.20), in order to prove that να/(N(α)− σ(α)) is an integral measure,
it suffices to prove that as we range over the elements α ∈ OK such that α is non-unit
and coprime to 6fp, one has that the gcd of the polynomials θ(σ(α)−N(α)) ∈ Dp[[X]]
is 1. To this end, we let m ≥ 0 be the unique integer, such that ζpm ∈ F∞, but
ζpm+1 6∈ F∞. Then, for any element γ′ × g ∈ Γ′ ×H fixing H(ζpm), any u ∈ 1 + pmZp
and any n ≥ m, one can find αn ∈ OK such that{

σ(αn)

∣∣
Fn

= (γ′ × g)|Fn
N(αn) ≡ u (mod pn).

It follows that the sequence θ(σ(αn)−N(αn)) approximate θ(g)(1+X)a−u, for some
a ∈ pmZp. It is now easy to see that as we range a and u, the series θ(g)(1 +X)a− u
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cannot have a common divisor, which shows that θ(σ(α)−N(α)) | θ(να). In particular,
there exists νθ ∈ Dp[[Γ

′]] such that

θ
(
σ(α) −N(α)

)
· νθ = θ(να),

for any α ∈ OK non-unit and coprime to fp.

Let eθ = 1
m

∑
g∈H

θ(g)g−1 and consider

ν =
∑
θ∈Ĥ

νθeθ.

Then mν is a measure satisfying

ν · (σ(α) −N(α)) = να.

To finish, we argue that ν is itself a measure as follows. Assume by contradiction
that this was not the case. Let D◦p be the maximal ideal in Dp. Choose an element
µ ∈ Dp[[Gal(F∞/K)]] such that µ 6∈ D◦p [[Gal(F∞/K)]] and

µ = cν, but µ
(
N(α)− σ(α))

)
∈ D◦p .

We decompose µ as

µ =
∑
g∈H

µg · g, µg ∈ Dp[[Γ
′]].

Since µ 6∈ D◦p [[Gal(F∞/K)]], we can assume without loss of generality that µ1 6∈
D◦p [[Gal(F∞/K)]]. Then(

σ(α) −N(α)
)
· µ =

∑
g∈H

(
µhgσ(α)

∣∣
Γ′
−N(α)µg

)
g,

where h =
(
σ(α)

∣∣
H

)−1
. It follows that

µhg ≡ µgN(α)
(
σ(α)

∣∣
Γ′

)−1
(mod D◦p [[Gal(F∞/K)]]), for all g ∈ H.

If d is the order of h, it follows that

µ1

(
1−

(
N(α)

(
σ(α)

∣∣
Γ′

)−1
)d)

≡ 0 (mod D◦p [[Gal(F∞/K)]]).

Since µ1 6∈ D◦p [[Gal(F∞/K)]], it follows that

N(α)d ≡
(
σ(α)

∣∣
Γ′

)d
(mod D◦p [[Gal(F∞/K)]]),

which is a contradiction. The conclusion follows.
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So far, we constructed a measure ν on Gal(F∞/K) with values in Dp. There is an
implicit dependence of ν on f, since F∞ = K(fp∞). For later purposes, we will need
to be able to define measures (or pseudo-measures) for integral ideals g | f. For such
an ideal g, we define the pseudo-measure ν(g) on Gal(K(gp∞)/K) by

ν(g) := ν(f)|Gal(K(gp∞)/K)

∏
l|f
l-g

(
1−

(
σl|K(gp∞)

)−1
)−1

, (2.21)

where ν(f)|Gal(K(gp∞)/K) is the measure on Gal(K(gp∞)/K) induced from ν(f). We
note that whenever g is such that ωg = 1, the ν(g) we defined above is the same as
the measure we would have obtained by constructing ν(g) directly, using the same
methods we used for constructing ν(f) (compare also with the comments from [dS,
Theorem II.4.12], the assumption that f should be principal was mainly imposed to
ease the computations). It follows that whenever g 6= (1), ν(g) is a measure, while
for g = 1 we have that ν(1) is a pseudo-measure, but for any topological generator γ
of Γ′, (1− γ)ν(1) is also a measure.

Definition 2.2.10. For any integral ideal g | f and any character χ of the group
Gal(K(gp∞)/K), we define the p-adic L-function by

Lp,g(χ) =


∫

Gal(K(gp∞)/K)

χ−1dν(g) if g 6= (1) or χ 6= 1∫
Gal(K(gp∞)/K)

1 d ((1− γ)ν((1)) if g = (1) and χ = 1,

where γ is a topological generator of Γ′.

Theorem 2.2.11. Let m be a non-trivial integral ideal of K of the form m = hpn,
for some h | f and a positive integer n with the property that for any prime ideal l

dividing f, the Artin symbol
(
K(pn)/K

l

)
is non-trivial. Let χ be a character of finite

order whose conductor divides m with the property that pn is the exact power of n
dividing the conductor of χ. We define

Lp,m(χ) = Lp,h(χ),

with Lp,h(χ) as defined in Definition 2.2.10. Then one has

Lp,m(χ) = − 1

12mωm
uχG(χ−1)

∑
σ∈Gal(K(m)/K)

χ(σ) logϕm(σ),

where uχ and G(χ) are as in Theorem 2.2.8, m is the smallest positive integer in
m ∩ Z, and ωm denotes the number of roots of unity in K which are 1 modulo m.

Proof. The case when m = fpn is an easy computation using Lemma 2.2.7, Theo-
rem 2.2.9 and (2.7). For the general case, for an integral ideal g of K and a character
ϑ of Gal(K(g)/K), we define

Tg(ϑ) = − 1

12gωg
G(ϑ−1)

∑
σ∈Gal(K(g)/K)

ϑ(σ) logϕg(σ).
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It is proved in [Ku-La, Chapter 11, Theorem 2.1] that for two ideals g | g′, and ϑ a
character of Gal(K(g)/K), one has

Tg′(ϑ) =
∏
l|g′
l-g

(1− χ(l))Tg(ϑ). (2.22)

The general case follows from our definition of Lp,m, the relation (2.22) and the fact
that the character χ acts non-trivially on each prime dividing f.

We can now define the p-adic L-function associated with a character χ of H.

Definition 2.2.12. We recall that we fixed a decomposition

Gal(F∞/K) = Γ′ ×H,

where Γ′ ∼= Gal(K∞/K) and H = Gal(F∞/K∞). We also fix a topological generator
γ of Γ′ and an isomorphism

κ : Γ′ → 1 + qZp,

where q = p if p is odd and q = 4 otherwise. Let χ be a character of H and let gχ be
the prime to p-part of its conductor. We define the p-adic L-function of the character
χ as

Lp(s, χ) =

∫
Gal(K(gχp∞)/K)

χ−1κsdν(gχ) if χ 6= 1;

Lp(s, χ) =

∫
Gal(K(p∞)/K)

χ−1κs d ((1− γ)ν(1)) if χ = 1.

2.3 The vanishing of the µ-invariant of the p-adic L-
function

We recall that our strategy for proving that the Iwasawa’s µ-invariant of X(F∞) is
zero is to associate to each p-adic L-function Lp(s, χ) a certain invariant (called the
µ-invariant of Lp(s, χ)), prove that this invariant is zero for each χ, and then show
that the sum over all µ(Lp(s, χ)) coincides with µ (X(F∞)).

We will now define the µ-invariant of Lp(s, χ). Let F (w) be an element in Dp[[w]].
By Weierstrass preparation theorem, F (w) can be written as F (w) = U(w)π′mg(w),
where π′ is a uniformizer of Dp, U(w) is a unit in Dp[[w]], g(w) is a distinguished
polynomial and m is a non-negative integer. Then one defines µ(F ) = m.

Fix now a character χ of H. It is well-known that Lp(s, χ) is an Iwasawa function,
i.e. there exists G̃(w,χ) ∈ Dp[[w]] such that

G̃(us − 1, χ) = Lp(s, χ),



2.3. THE VANISHINGOF THE µ-INVARIANTOF THE P -ADIC L-FUNCTION41

where u = κ(γ), with κ and γ as in Definition 2.2.12. We define

µ (Lp(s, χ)) = µ
(
G̃(w,χ)

)
.

The main theorem of this section is the following.

Theorem 2.3.1. For every prime p, and for every character χ of H we have

µ (Lp(s, χ)) = 0.

For our approach, it will be more convenient to work with the µ-invariant associ-
ated with the function

Lp,f(s, χ) :=

∫
Gal(F∞/K)

χ−1κsdν.

We first notice that if Gf(w,χ) is the power series associated with Lp,f(s, χ), then
µ(Gf(w,χ)) = 0 implies µ(G̃(w,χ)) = 0. To show that µ (Gf(w,χ)) = 0 it will be in
turn easier to use Theorem 2.2.8. To this end, we also fix some α ∈ OK non-unit and
coprime to 6pf and let G(w,χ) ∈ Dp[[w]] be defined as

G(us − 1, χ) =

∫
Gal(F∞/K)

χ−1κsdνα.

We note that by Theorem 2.2.9, there exists a power series hχ(w) ∈ Dp[[w]] such that

hχ(w)Gf(w,χ) = G(w,χ).

Therefore, in order to prove Theorem 2.3.1, it suffices to show that µ (G(w,χ)) = 0.

We recall that t ≥ 0 was chosen such that

H(K) ∩K∞ = Kt,

where H(K) denotes the Hilbert p-class field of K. We define the following sets

R1 = {coset representatives of Gal(L∞/F) in Gal(L∞/Kt)};
R2 = {coset representatives of Gal(L∞/Kt) in Gal(L∞/K)}.

Notice that we can choose the elements in R1 to lie in H and the elements in R2

to lie in the subgroup Γ′ of Gal(L∞/K). We fix such a choice for both R1 and R2.
Then the set

R = {σ1σ2 : σ1 ∈ R1, σ2 ∈ R2}

is a complete set of coset representatives for Gal(L∞/F) in Gal(L∞/K). We also let
ω denote the Teichmüller character of Zp and let i ≥ 0 be such that χ−1 acts on
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Gal(L/F) like ωi. Define χ0 as the character that coincides with χ−1 on Γ. Note that

χ0 is of finite order and only non-trivial if Γ′p
t

6= Γ. Then one has

G(us − 1, χ) =
∑
σ∈R

χ−1κs(σ)

∫
G

χ−1κsdνα ◦ σ

=
∑
σ1∈R1

χ−1(σ1)
∑
σ2∈R2

κs(σ2)

∫
G

ωiχ0κ
sdνα ◦ σ.

Since the quantities χ−1(σ1) are independent of s, we obtain further

G(us − 1, χ) =
∑
σ2∈R2

κs(σ2)

∫
G
ωiχ0κ

sd

 ∑
σ1∈R1

χ−1(σ1)να ◦ σ

 . (2.23)

We will now introduce the notion of a Γ-transform. Let p be a prime and let µ be
a measure on Z×p taking values in Dp. For 0 ≤ i ≤ p − 2 (i = 0, 1 when p = 2), we
define the ith Γ-transform of the measure µ by

Γ(i)
µ (s) =

∫
Z×p

ωi(x)〈x〉sdµ.

Let G(i)(w, µ) ∈ Dp[[w]] be the Iwasawa function corresponding to Γ
(i)
µ . Note that

{κs(σ2) : σ2 ∈ R2} corresponds to the set of power series {(1+w)j : j = 0 . . . , pt−1}.
Using the isomorphism G ∼= Z×p and that Gal(F∞/L) = Gal(K∞/K)p

t
, it follows by

the above computations that one has

G(w,χ) =

pt−1∑
j=0

(1 + w)jG(i)(χ0(γ′0)(1 + w)p
t − 1,

∑
σ1∈R1

χ−1(σ1)να ◦ σ), (2.24)

where γ′0 is a topological generator of Γ such that κ(γ′0) = up
t
.

We will now explain how, in order to prove that µ(G(w,χ)) = 0, it suffices to show
that the µ-invariant of any summand in the right hand side of (2.24) is zero. For
this, we will use the following general lemma, which is also proved in [Gil 1, Lemma
2.10.2], but we redo the proof here for the convenience of the reader.

Lemma 2.3.2. For every j = 0, . . . , pt− 1, let fj(w) ∈ Dp[[w]] be a power series and
consider the series

f(w) =

pt−1∑
j=1

(1 + w)jfj((1 + w)p
t − 1).

Then one has µ(f(w)) ≤ µ(fj((1 + w)p
t − 1)), for any j = 0, . . . , pt − 1.

Proof. For every j = 0, . . . , pt − 1, we let ν̃j denote the measure associated with fj
and we also denote by ν̃ the measure associated with f . We first notice that∫

Zp

(1 + w)j+p
txdν̃j(x) = (1 + w)jfj((1 + w)p

t − 1).
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On the other hand, there exists a bijection between Zp and j + ptZp, and under this
bijection, the measure ν̃j corresponds to a measure νj on j + ptZp. One then has the
equality ∫

Zp

(1 + w)j+p
txdν̃j(x) =

∫
j+ptZp

(1 + w)xdνj(x).

In particular, this shows that for every j, the series (1+w)jfj((1+w)p
t−1) corresponds

to a measure supported on j + ptZp.
Moreover, we note that if π′ divides the power series associated to the measure

ν̃, it must divide the power series associated to restriction of ν̃ to j + ptZp for any j,
which by above is exactly νj . This completes our proof.

By taking

fj((1 + w)p
t − 1) = G(i)

χ0(γ′0)(1 + w)p
t − 1,

∑
σ1∈R1

χ−1(σ1)να ◦ σ

 ,

it follows from Lemma 2.3.2 that if for σ2 = 1 one has

µ

G(i)

χ0(γ′0)(1 + w)p
t − 1,

∑
σ1∈R1

χ−1(σ1)να ◦ σ1

 = 0, (2.25)

then µ (G(w,χ)) = 0. In view of (2.25), we note that

µ

G(i)

χ0(γ′0)(1 + w)p
t − 1,

∑
σ1∈R1

χ−1(σ1)να ◦ σ1


= µ

G(i)

w, ∑
σ1∈R1

χ−1(σ1)να ◦ σ1

 .

To see this, note that χ0(γ′0) is a p-power root of unity. Hence χ0(γ′0)(1 + w)p
t − 1

is a distinguished polynomial. Thus, if we let G(i)
(
w,
∑

σ1∈R1
χ−1(σ1)να ◦ σ1

)
=

π′mP (w)U(w) for a distinguished polynomial P (w) and a unit U(w), it follows that
the polynomial P (χ0(γ′0)(1+w)p

t−1) is again distinguished and U(χ0(γ′0)(1+w)p
t−1)

is again a unit. Hence the two µ-invariants match. To be able to make further
progress, we will need some further properties of Γ-transforms. For a Dp-valued
measure µ with corresponding power series Fµ(w) in Ip[[w]], we denote by Dµ the
measure corresponding to DFµ(w), where we recall that D = (1 + w) d

dw . Then one
has the following result.

Lemma 2.3.3. For any prime p and any i as above, one has

Γ(i)
µ (s) = Γ

(i−1)
Dµ (s− 1),

where the quantity i− 1 should be read modulo p− 1 (resp. modulo p for p = 2).
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Proof. The result is well-known for p odd. For p = 2, the proof is similar and we
provide it below. For integers s ≡ 1 (mod 2), one has∫

Z×2

〈x〉sdµ =

∫
Z×2

xsω(x)dµ

=

∫
1+4Z2

xsdµ−
∫

−1+4Z2

xsdµ

=

∫
1+4Z2

xs−1d(Dµ)−
∫

−1+4Z2

xs−1d(Dµ)

=

∫
Z×2

xs−1ω(x)d(Dµ)

=

∫
Z×2
〈x〉s−1ω(x)d(Dµ).

The cases when s ≡ 0 (mod 2) and i 6= 0 are proved in a similar way. Since Z is
dense in Z2, the result follows by a simple continuity argument.

In view of Lemma Lemma 2.3.3 we obtain

G(i)

w, ∑
σ1∈R1

χ−1(σ1)να ◦ σ1

 = G(i−1)

w + 1

u
− 1, D

∑
σ1∈R1

χ−1(σ1)να ◦ σ1


The polynimial w+1

u − 1 is again distinguished, as u ≡ 1 mod p. So we are left to
prove that

µ

G(i−1)

w,D ∑
σ1∈R1

χ−1(σ1)να ◦ σ1

 = 0 (2.26)

To prove (2.25), we will need the following important result, which is essentially
[Sch, Theorem I]. We recall that βv(w) ∈ Ip[[w]] is the isomorphism βv : Ĝm → Êv

defined in Lemma 2.2.2.

Theorem 2.3.4. Let λ : Zp → Dp be a measure whose associated power series is of
the form R(βv(w)), for some rational function R on E with coefficients in a finite
extension of O(Fv). Let W be the group of roots of unity contained in K. Then

µ
(

Γ
(i)
λ (s)

)
= µ

(∑
v∈W

ωi(v)λ∗ ◦ (v)

)
,

where λ∗ denotes the measure λ|Z×p .
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The work done by Schneps in [Sch] has a great degree of generality, which makes
the arguments easy to adapt to our situation. For convenience of the reader, we will
redo the main arguments from her proof (following the same notations as in [Sch] as
much as possible) and also discuss the cases p = 2, 3 that are left out from her work,
but can be easily included. As the proof is up to minor modification exactly the same
as in [Sch, Theorem I], the author decided to give it in an extra section at the end of
this chapter and to proceed with the proof of Theorem 2.3.1 here.

Using Theorem 2.3.4 and the above observation, we are left to prove that

µ

(∑
v∈W

ω(i−1)(v)λ∗ ◦ (v)

)
= 0, where λ = D

∑
σ1∈R1

χ−1(σ1)να ◦ σ1.

Let C′ ⊂ C0 be such that

{χ(σa) : a ∈ C′} = {χ(σ1) : σ1 ∈ R1}.

Then, by the definition of να, one has

λ =
∑
a∈C′

χ(σa)Dνα,a.

We now have all the ingredients required to prove Theorem 2.3.1.

Proof of Theorem 2.3.1. By construction, DBα,a corresponds to the rational function
on E given by

1

p
Ωv

d

dz
log

(
ξα,σa(η(a)(P ⊕Q))p

ξα,σaσp (η(ap)(P ⊕Q))

)
.

Since
ξα,σa (η(a)(P ⊕Q)) =

∏
R∈Ea

ξα,e(P ⊕Q⊕R),

it follows that

1

p
Ωv

d

dz
log

(
ξα,σa(η(a)(P ⊕Q))p

ξα,σaσp (η(ap)(P ⊕Q))

)
= A(P )−B(P ),

where

A(P ) =
1

2p
Ωvp

∑
R∈Ea

∑
M∈Eα\{0}

x′(P ⊕Q⊕R)

x(P ⊕Q⊕R)− x(M)

 ,

and

B(P ) =
1

2p
Ωv

 ∑
R∈Eap

∑
M∈Eα\{0}

x′(P ⊕Q⊕R)

x(P ⊕Q⊕R)− x(M)

 .

We first study the term A(P ). The possible poles are at points P satisfying

P ∈ {M 	R	Q : M ∈ Eα, R ∈ Ea},
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where for two points S, T on the elliptic curve, we denoted by S	T the point S⊕(	T ),
where 	T denotes the inverse of T with respect to ⊕.

To compute the residues, we note that the t-expansions of x and y are

x =
1

t2
− c1

t
− c2 +O(t), y =

−1

t3
+
d1

t2
+
d2

t
+ d3 +O(t),

for some constants c1, c2, d1, d2, d3 (see [Sil 1, p. 113]). It follows that the residue at
P = 	Q	R is equal to

1

2p
Ωv · p (N(α)− 1) (−2) = −Ωv (N(α)− 1) .

When p | N(α)− 1, which for example always happens for p = 2 due to the condition
(α, 6) = 1, this residue vanishes when reduced modulo π′. However, when M 6= O,

the Laurent expansion of x′(P⊕Q⊕R)
x(P⊕Q⊕R)−x(M) around M 	Q	 R has leading coefficient

1. Using the symmetry of the x-function, it follows that the residue at a point of the
form M 	 Q 	 R with M 6= O is Ωv, and Ωv is coprime to p, so this residue never
vanishes modulo π′.

We now turn our attention to B(P ). We claim that this term does not have poles.
To see this, note that B(P ) is obtained from a Dp-valued measure supported on pZp.
Since all its possible poles have integral residues and every point in Ep reduces to O,
the restriction of these residues modulo π′ vanishes, and the claim follows.

Let us now go back to the sum∑
v∈W

ω(i−1)(v)

(∑
a∈C′

χ(σa)Dνα,a

)
◦ (v).

We established that the set of poles of Dνα,a always contains the set

Pa = {M 	Q	R : M ∈ Eα \ {O}, R ∈ Ea}.

The key property that we will use is that the reduction modulo p is injective on Pa
for every a, and thus also on the set

P :=
⋃
a∈C′
Pa.

Since W consists of the roots of unity in K, a simple check shows that for any distinct
v1, v2 ∈W one has

{v1 · P : P ∈ P} ∩ {v2 · P : P ∈ P} = ∅.

Indeed, if
v1 (M1 	Q	R1) = v2 (M2 	Q	R2) ,

for some M1,M2 ∈ Eα, R1 ∈ Ea1 , R2 ∈ Ea2 , then we can choose non-zero elements
β1 ∈ a1 and β2 ∈ a2 such that

β1R1 = β2R2 = O.
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It then follows that v1αβ1β2Q = v2αβ1β2Q. Since Q is a primitive f -torsion point
and (αβ1β2, f) = 1, it follows that v1 ≡ v2 (mod f). But since ωf = 1, we deduce that
v1 = v2.

We conclude that the expression
∑
v∈W

ω(i−1)(v)

(∑
a∈C′

χ(σa)Dνα,a

)
◦ (v) has poles

at every point of the form v ·P for v ∈W , P ∈ P. If P is of the form P = M 	Q	R
with M 6= O and R 6= O, then the residue at v · P is ωi−1(v−1)χ(σa)Ωv, for some
a ∈ C′. Since the expression ωi−1(v−1)χ(σa)Ωv is non-zero modulo π′, it follows that
our sum ∑

v∈W
ω(i−1)(v)

(∑
a∈C′

χ(σa)Dνα,a

)
◦ (v)

has non-trivial poles when it is reduced modulo π′ and thus its µ-invariant must be
0. This completes the proof of the fact that

µ (Lp,f(s, χ)) = 0,

and hence, of Theorem 2.3.1.

2.4 Proof of the split prime µ-conjecture

For every n ≥ 2, we let M(Fn) denote the maximal p-abelian extension of Fn unram-
ified outside the primes in Fn lying above p and we denote by H(Fn) the p-Hilbert
class field of Fn. Since Fn is an abelian extension of an imaginary quadratic field,
Leopoldt’s conjecture holds for the field Fn and thus M(Fn)/F∞ is a finite extension.
Since we fixed an isomorphism Gal(F∞/K) ∼= H×Γ′, we can regard Gal(M(F∞)/F∞)
as a module over Zp[[Γ′]]. We also recall that t ≥ 0 is defined by

H(K) ∩K∞ = Kt,

where H(K) stands for the Hilbert class field of K. Then, if we denote Γ := Gal(F∞/L),
it follows that the image of Γ in Γ′ under restriction to K∞ is Γ′p

t
. With these nota-

tions, one has the following formula of Iwasawa, valid for all sufficiently large n:

ordp ([M(Fn) : F∞]) = pn+t−1−eµ+ λ(n− 1− e) + c, (2.27)

where e = 0 if p is odd and e = 1 otherwise, µ (resp. λ) is the µ-invariant (resp.
λ-invariant) of X(F∞) as a Zp[[Γ′]]-module, and c is a constant independent of n.

For the purpose of the following result, we will work with some fixed n ≥ 2. For a
prime P in Fn lying above p, we let Un,P denote the group of principal units in Fn,P ,
the completion of Fn at P. We also let

Un =
∏
P|p

Un,P , Φn =
∏
P|p

Fn,P .

There exists a canonical embedding Ψ : Fn ↪→ Φn. Let En denote group of units in
Fn which are 1 modulo every prime P lying above p. Notice that if e ∈ O(Fn)×, then
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eNFn/Q(P)−1 ∈ En, so En has finite index in O(Fn) and this index is coprime to p.
Then Ψ(En) ⊂ Un and we let En denote the closure of En in Un.

Since the prime p = 2 plays a special role, we will use the same notations as
before, letting q = p when p is odd and q = 4 when p = 2. With this notation,
we let Dn be the Zp-submodule of Un generated by En and (1 + q). To compute
ordp ([M(Fn) : F∞]), we will need several results from class field theory. Our main
reference for the following exposition is [Co-Wi 1].

Let Cn denote the idéle class group of Fn and

Yn :=
⋂
m≥n

NFm/Fn(Cm).

By class field theory, there exists an isomorphism of Zp-modules

(Yn ∩ Un) /En ∼= Gal (M(Fn)/H(Fn) · F∞) .

Since the extension F∞/Fn is totally ramified above p, it follows that the field H(Fn)∩
F∞ = Fn, and therefore, in view of the above isomorphism, one obtains that

ordp ([M(Fn) : F∞]) = ordp
(
h(Fn) ·

[
Yn ∩ Un : En

])
,

where h(Fn) denotes the class number of Fn. It is proved in [Co-Wi 1, Lemma 5] that

one has Yn∩Un = ker
(
NΦn/Kp

∣∣
Un

)
. It is also not difficult to show that NΦn/Kp

(Un) =

1 + qpn−1O(Kp) (see [Co-Wi 1, Lemma 6]). It follows that NΦn/Kp
(En) = 1. Using

this, it follows that NΦn/Kp
(Dn) = 1 + qpn+d−1O(Kp), where d := ordp ([F : K]). It

follows that the diagram

1 En Dn 1 + qpn+d−1O(Kp) 1

1 Yn ∩ Un Un 1 + qpn−1O(Kp) 1

NΦn/Kp

NΦn/Kp

has exact rows and the vertical maps are injective. It follows that[
Yn ∩ Un : En

]
=

[Un : Dn]

pd
.

Using the same methods as in the proof of [Co-Wi 1, Lemma 9], one can show that

ordp ([Un : Dn]) = ordp

 qpn+d−1Rp(Fn)

ω(Fn) ·
√

∆p(Fn/K))
·
∏
P|p

(
NFn/Q(P)

)−1

 ,

where ω(Fn) denotes the number of roots of unity in Fn, Rp(Fn) is the p-adic regulator
of Fn and ∆p(Fn/K) is the p-part of the relative discriminant of the extension Fn/K.

It will be convenient for further purposes to express the p-adic valuation of(
NFn/Q(P)

)−1
in terms of the one of 1− 1

NFn/Q(P) . But this is straightforward, since
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for any prime ideal P in Fn lying above p one has that NFn/Q(P)− 1 is coprime to p,
so the two valuations we are interested in are equal.

Putting everything together, we obtain the following result, which is a simple
extension of [Co-Wi 1, Theorem 11].

Proposition 2.4.1. With the notations as above, one has

ordp ([M(Fn) : F∞]) = ordp

qpn−1h(Fn)Rp(Fn)

ω(Fn)
√

∆p(Fn/K)

∏
P|p

(
1− 1

NFn/Q(P)

) .

Combining Proposition 2.4.1 with (2.27), one immediately deduces the following
(see also [dS, Chapter III, Corollary 2.8]).

Corollary 2.4.2. If G ∈ Zp[[Γ′]] is a characteristic power series for the Galois group
Gal(M(F∞)/F∞), then for all sufficiently large n one has

µ(G)pt+n−2−e(p− 1) + λ(G)

= 1 + ordp

[
h (Fn)Rp (Fn)

ω (Fn)
√

∆p (Fn/K)
/

h (Fn−1)Rp (Fn−1)

ω (Fn−1)
√

∆p (Fn−1/K)

]
.

The rest of this section is dedicated to showing how this formula relates to special
values of our p-adic L-function. Consider the isomorphism Dp[[Γ

′]] ∼= Dp[[w]], and

for ρ any character of Γ′ of finite order, we write level(ρ) = m if ρ
(

(Γ′)p
m
)

= 1,

but ρ
(

(Γ′)p
m−1
)
6= 1. We will need the following simple result, which is proved for

example in [dS, Chapter III, Lemma 2.9].

Lemma 2.4.3. For any power series F ∈ Dp[[w]] and all sufficiently large n, one has
the following equality 2

µ (F ) pn+t−1(p− 1) + λ(F ) = ordp

 ∏
level(ρ)=t+n

ρ(F )

 ,

where ρ(F ) means that the action of ρ is extended to Dp[[Γ
′]] by linearity and ordp is

the valuation on Cp normalized by taking ordp(p) = 1.

We will also need the following result, proved in [dS, Chapter III, Proposition
2.10].

Proposition 2.4.4. For any ramified character ε of Gal(F∞/K), we let g be the
conductor of ε and g the least positive integer in g ∩ Z. We define G(ε) as in Theo-
rem 2.2.8 and we define Sp(ε) by

Sp(ε) = − 1

12gωg

∑
σ∈Gal(K(g)/K)

ε−1(σ) logϕg(σ).

2Here the µ-invariant is normalized with respect to the absolute ramification index e′ in Dp.
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Let An be the collection of all ε for which n is the exact power of p dividing their
conductor. Then for all sufficiently large n one has

ordp

( ∏
ε∈An

G(ε)Sp(ε)

)

= ordp

[
h (Fn)Rp (Fn)

ω (Fn)
√

∆p (Fn/K)
/

h (Fn−1)Rp (Fn−1)

ω (Fn−1)
√

∆p (Fn−1/K)

]
.

Let now χ be a character of H and recall that

Lp(s, χ) =

∫
Gal(K(gχp∞)/K)

χ−1κsdν(gχ) if χ 6= 1;

Lp(s, χ) =

∫
Gal(K(p∞)/K)

χ−1κs(1− γ)dν(1) if χ = 1.

We define F (w,χ) ∈ Dp[[w]] to be the corresponding Iwasawa function. Then, using
Theorem 2.2.11, for a character ρ of Γ′ of sufficiently large finite order, one has

ρ(F (w,χ−1)) ∼

{
G(χρ)Sp(χρ) if χ 6= 1;

(ρ(γ0)− 1)G(χρ)Sp(χρ) if χ = 1,

where u ∼ v denotes the fact that u/v is a p-adic unit. Let

F =
∏
χ∈Ĥ

F (w,χ).

It follows that for all sufficiently large n one has∏
level(ρ)=t+n

ρ(F ) ∼ p
∏
ε=χρ

level(ρ)=t+n

G(ε)Sp(ε), (2.28)

since in the product on the right hand side we range over all χ (including χ = 1) and∏
level(ρ)=t+n

(ρ(γ0)− 1) = p.

Using (2.28), Corollary 2.4.2, Lemma 2.4.3 and Proposition 2.4.4, we have thus proved

Theorem 2.4.5. λ(F ) = λ(G) and µ(F ) = µ(G)

From this we can deduce the main result of this chapter.

Proof of Theorem 2.1.1. From Theorem 2.4.5 it follows that

µ(F ) = µ (Gal(M(F∞)/F∞)) .

In Theorem 2.3.1 we proved that µ (Lp(s, χ)) = 0. It follows that

µ (Gal(M(F∞)/F∞)) = 0,

which completes the proof of the main theorem of this chapter.
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2.5 Proof of Schneps’ theorem

For the proof of Theorem 2.3.4, we will need two independence results (Theorem
II and Theorem III in [Sch]). These two theorems are the ‘hard work’ in adapting
Sinnott’s independence result from the cyclotomic case (see Section 3 from [Si]). To
state what these results are, we need in turn some additional notations.

We begin by noting that if r = |W |, then r = 2 except for K = Q(i) and K =
Q(i
√

3) when we have r = 4 and r = 6, respectively. Note that in the two exceptional
cases we cannot have p = 2 or p = 3 since these primes do not split in either field.

For the proof, we will distinguish between the cases p = 2 and p > 2. The
following notations are used for p > 2. Let m = (p − 1)/r and α1, . . . , αn be a basis
for the OK-module generated by the (p−1)th roots of unity in Zp. For 1 ≤ j ≤ m we
choose representatives εj for the (p − 1)th roots of unity modulo W . It follows that
there exist aij ∈ OK such that

εj =
n∑
i=1

aijαi, 1 ≤ j ≤ m. (2.29)

Let β̃v(w) ∈ Fp be the reduction of βv(w) modulo π (the maximal ideal of Ip)
and we let ε̂ be the formal group of Ẽ, the reduction of E modulo π. We fix an
indeterminate T and extend the field of definition of Ẽ to the field of fractions of
B := Fp[[T ]]. From now on, we will also view B as the underlying set for Ĝm

in characteristic p. With this setup, it follows that β̃v converges to a value on ε̂
whenever the image of w lies in (T ), the maximal ideal of B.

For every α ∈ Zp there exists a unique power series [α](t) such that [α](t) ≡ αt

(mod deg 2) and [α](t) is an endomorphism of Ê (see Proposition I.1.5 in [dS]). We

will write [̃α](t) for the reduction of [α](t) modulo π.

With the positive integer n defined as above, we consider

En := E × E × · · · × E︸ ︷︷ ︸
n times E

and let t1, . . . , tn be the copies of the parameter t arising from the coordinate projec-
tions En → E. Let F(En) be the field of rational functions on this abelian variety,
written as Laurent expansions at t1, . . . , tn, and define

D := F(En) ∩ Dp[[t1, . . . , tn]].

Analogously, we let Ẽn be the product of n copies of Ẽ, and we also define D̃ =
F(Ẽn) ∩B[[t1, . . . , tn]].

We can now state the aforementioned independence results.

Proposition 2.5.1. For 1 ≤ j ≤ m, let Φj : Ẽn → Ẽ be the map given by

Φj(P1, . . . , Pn) =
n∑
i=1

aijPi,
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and assume that r1, . . . , rm are rational functions on Ẽ with the property that

m∑
j=1

rj (Φj(x)) = 0, for all x ∈ Ẽn.

Then each rj is a constant function on Ẽ.

Proposition 2.5.2. Let Θ : B[[t1, . . . , tn]]→ B[[t]] be the map given by

Θ(ti) = [̃αi](t).

Then the restriction of Θ to D̃ is injective, i.e. if r ∈ D̃ is such that

r
(

[̃αi](t), . . . , [̃αn](t)
)

= 0,

then r ≡ 0.

We will also need the following auxiliary lemma, which is the content of the
Proposition proved on page 25 in [Sch].

Lemma 2.5.3. If C is any compact-open set in Zp, then for λ as in the statement
of Theorem 2.3.4 one has that the power series associated with λ|C has the form
RC (βv(w)), where RC is also a rational function on E.

Armed with the above results, we can proceed to the proof of Theorem 2.3.4.

Proof of Theorem 2.3.4. We treat first the case p ≥ 3. For every 0 ≤ i ≤ p − 2 we
define a measure

κi =
∑
ζ∈W

ωi(ζ)λ∗ ◦ (ζ).

By Lemma 2.5.3, λ∗ is associated with a rational function R∗ (βv(w)), hence λ∗ ◦ (ζ)
is associated with R∗

(
[ζ−1] (βv(w))

)
. It follows that κi is associated with a rational

function in βv(w) on E. Furthermore, one has

Γ(i)
κi (s) =

∑
ζ∈W

ωi(ζ)

∫
Z∗p

〈x〉sωi(x)dλ∗ ◦ (ζ)

=
∑
ζ∈W

ωi(ζ)

∫
Z∗p

〈
ζ−1x

〉s
ωi
(
ζ−1x

)
dλ∗

=
∑
ζ∈W

ωi(ζ)ωi(ζ−1)

∫
Z∗p

〈x〉sωi(x)dλ

= rΓ
(i)
λ (s).

Since we are in the case p ≥ 3 and r ∈ {2, 4, 6}, with r 6= 6 when p = 3, it follows
that

µ
(

Γ
(i)
λ (s)

)
= µ

(
Γ(i)
κi (s)

)
.



2.5. PROOF OF SCHNEPS’ THEOREM 53

It therefore suffices to prove that

µ(κi) = µ
(

Γ(i)
κi (s)

)
.

First notice that if the power series associated with κi is divisible by π′, then so is the

power series associated with
∑
ε∈V

εiκi ◦ ε|U (see (2.18)), hence Γ
(i)
κi (s) is also divisible

by π′.

Conversely, assume that π′ divides the power series associated with the measure∑
ε∈V

εiκi ◦ ε|U . By (2.17), it follows that π′ divides the power series associated with

the measure

r
m∑
j=1

ε−ij κi|(ε−1
j U) ◦

(
ε−1
j

)
.

Let Fj(β
v(w)) be the power series corresponding to the measure ε−ij κi|(ε−1

j U). It

follows that
m∑
j=1

Fj (βv ((1 + w)εj − 1)) ≡ 0 (mod π′Dp[[w]]).

If we let F̃j be the reduction of Fj modulo π′, it follows that

m∑
j=1

F̃j

(
[̃εj ] · β̃v(w)

)
= 0.

We now define the function Φj : Ẽn → Ẽ by

Φj(t1, . . . , tn) =
n∑
i=1

[̃aij ](ti),

where aij ∈ OK are the quantities defined in (2.29). Then

m∑
j=1

F̃j

(
[̃εj ] · β̃v(w)

)
=

m∑
i=1

F̃j

(
Φj

(
[̃α1](t), . . . , [̃αn](t)

))
= 0.

By Proposition 2.5.2, it follows that
m∑
j=1

F̃j ◦ Φj is identically zero on Ẽn, hence, by

Proposition 2.5.1, it follows that

m∑
j=1

Fj ≡ 0 (mod π′Dp[[w]]).
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By definition, Fj(P ) is the rational function on E corresponding to the measure
ε−ij κi|(ε−1

j U), so

κi =
m∑
j=1

∑
ζ∈W

ζi κi|(ε−1
j U) ◦ (ζ)

=
∑
ζ∈W

 m∑
j=1

εijζ
iFj(ζP )

 .

It follows that π′ divides κi.

We have thus established that the divisibility of κi by π′ is equivalent to the

divisibility of Γ
(i)
κi (s) by π′, which completes the proof in the case p ≥ 3.

Finally, when p = 2, we saw that we cannot have K = Q(i) or K = Q(i
√

3),
hence r = 2. Following the trick from the proof of Theorem 1 in [Si], we note
that it suffices to prove Theorem 2.3.4 when λ = λ∗ and ωi(−1)λ ◦ (−1) = λ (for,
if λ corresponds to a rational function, then so does γ := λ∗ + ωi(−1)λ∗ ◦ (−1)

and one has the identities γ = γ∗, γ ◦ (−1) = ωi(−1)γ, Γ
(i)
γ (s) = 2Γ

(i)
λ (s) and

γ∗ + ωi(−1)γ∗ ◦ (−1) = 2(λ∗ + ωi(−1)λ∗ ◦ (−1)). We can also assume that λ is
not divisible by π′, since replacing λ by 1

π′λ (when π′ divides λ) decreases both µ-
invariants in the statement of Theorem 2.3.4 by 1. We are then left to prove that

µ
(

Γ
(i)
λ (s)

)
= 1, i.e. that µ (Lλ,i(w)) = 1, where

Lλ,i(us − 1) =

∫
Z×p

ωi(x)〈x〉sdλ.

We use the same strategy as in the case p ≥ 3. Let G(w) be the power series associated

with λ|1+4Z2
. By abuse of notation we will also use G(w) for the corresponding power

series on Zp. Using λ = λ∗ and ωi(−1)λ ◦ (−1) = λ, it follows that∫
Z×p

ωi(x)〈x〉sdλ = 2

∫
1+4Z2

ωi(x)xsdλ = 2G(us − 1).

Assume by contradiction that µ(G(w)) > 0. But then µ(G ◦ (−1)) > 0, and since
λ = λ∗, it follows that G ◦ (−1) corresponds to λ|−1+4Z2

. Since

λ = λ∗ = λ|1+4Z2
+ λ|−1+4Z2

,

it follows that µ(λ) > 0, contradicting our previous assumption that µ(λ) = 0. This
completes the proof.



Chapter 3

The main conjecture for p = 2

3.1 Statement of the Main conjecture and reduction steps

We mentioned already in the previous chapter the Main conjecture that predicts that
one can write the characteristic ideal of X(L∞)χ in terms of p-adic L-functions. We
will give a precise statement of the conjecture below in Theorem 3.1.1 and reformulate
it in terms of the L-functions we constructed in Chapter 2 in Theorem 3.1.3. The
Main conjecture was stated by Coates and Wiles [Co-Wi 3] as on open question. In
the following years the conjecture was subsequently proved for p ≥ 3 by work of
Rubin and Bley (see below for details). Therefore, we will restrict to the case p = 2
for the rest of this chapter.

As before K is an imaginary quadratic field in which p = 2 splits into two distinct
primes p and p and K∞ is the unique Z2-extension K∞/K which is unramified outside
p. Let L = K(fpm) for some m and as before L∞ = K∞L. We define Ln as the unique
subextension such that [Ln : L] = 2n. We will denote the Euler system of elliptic
units in Ln by Cn.

Let f be coprime to p and K ⊂ L′ ⊂ L be an abelian extension such that L is the
smallest ray class field of the type K(fpm) containing L′. Analogous to L∞ we let
L′∞ = K∞L′ and L′n be the intermediate fields. Let Un be the local units congruent
to 1 in L′n modulo the primes above p and U∞ = lim∞←n Un. We define the elliptic
units in L′n by Cn(L′) = NLn/L′n(Cn) (from a certain n on the conductor of L′n will
grow in p-steps as n tends to infinity). Let En be the units of L′n congruent to 1
modulo p and define E∞ = lim∞←nEn. We define further C∞ = lim∞←nCn, where
the overline denotes in both cases the p-adic closure of the groups En and Cn ∩ Un,
respectively (i.e. we embed the groups C and E in the local units and consider their
topological closure). We denote by An the 2-part of the class group of L′n and define
A∞ = lim∞←nAn. Recall that M∞ is the maximal 2-abelian p-ramified extension of
L′∞. We will use the notation X := Gal(M∞/L′∞).

We fix a decomposition Gal(L′∞/K) ∼= H × Γ′, where H = Gal(L′∞/K∞) and
Γ′ ∼= Gal(K∞/K). Let χ be a character of H and M an arbitrary Λ := Z2[[Γ′ ×H]]-
module1. Let Z2(χ) be the extension of Z2 generated by the values of χ and define

1Note that we defined Λ to be the ring of formal power series Zp[[T ]] in all other chapters. The

55
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Mχ = M ⊗Z2[H] Z2(χ). So Mχ is the largest quotient on which H acts via χ. The
modules Mχ are Λχ ∼= Z2(χ)[[T ]]-modules, where T = γ−1 for a topological generator
γ of Γ′. It is easy to verify that X, A∞, E∞ and C∞ are Λ-modules. The main aim of
this chapter is to understand their structure in more detail, i.e. to prove the following

Theorem 3.1.1 (Main conjecture). For any abelian extension L′/K we have

Char(A∞,χ) = Char((E∞/C∞)χ) and Char(Xχ) = Char((U∞/C∞)χ).

Choose an ideal f coprime to p such that L′∞ ⊂ K(p∞f). Define the group Γ̃ =

Gal(L′∞/L′∞ ∩ K(fp2)) ∼= Zp. If we consider the field (L′∞)Γ̃, we obtain an abelian
extension of K contained in K(fp2). As the projective limit does not depend on the
finite level we start with, we can without loss of generality assume that L′ ⊂ K(fp2)
for a suitable ideal f being coprime to p. To prove the main result we will further
need the following useful reduction step: Let f′ be a principal ideal coprime to p in K
such that ωf′ = 1, where ωf′ denotes the number of roots of unity of K congruent to
1 mod f′.

Lemma 3.1.2. If Theorem 3.1.1 holds for K(f′p∞) := ∪n∈NK(f′pn), then it holds for
every L′∞.

Note that Char((U∞/C∞)χ) can be seen as the Iwasawa-function F (w,χ) asso-
ciated to the p-adic L-function Lp(s, χ) defined as in the previous chapter (compare
with Corollary 3.4.3). So we could reformulate the second statement of Theorem 3.1.1
for L = K(fp2) as follows.

Theorem 3.1.3. We have

Char(Xχ) = F (w,χ−1).

Theorem 3.1.1 was addressed before by Rubin in [Ru 1] and [Ru 2] for p ≥ 3
and [L′ : K] coprime to p. Bley proved the conjecture in [Bl] for p ≥ 3 and general
ray class fields L′ under the assumption that the class number of K is coprime to
p. Furthermore, there are various papers on the λ and µ-invariants and on divisor
relations between (E∞/C∞)χ and A∞,χ under different assumptions (for example
[Ou] and [Vi-1]). Viguié actually proves the distribution relation we need in [Vi-2].The
proof presented here is selfcontained and reduces everything to ray class fields of
conductor fp2. This makes some of the arguments easier. We will underline along the
course of the present chapter where our proof differs from Viguié’s.

The most recent work on this problem is due to Kezuka [Ke 2] for K = Q(
√
−q),

where q is a prime congruent to 7 modulo 8. She proves the full Main conjecture,
including the definition of the pseudo-measure necessary for the definition of the p-
adic L-function, in the case L′ is the Hilbert class field of K and for all primes p such
that p is split in K and coprime to the class number of K. Note that in Kezuka’s case
the definition of K ensures that K has odd class number - so her proof includes the

definition Λ := Z2[[Γ′ ×H]] will only be used in this particular chapter.
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prime p = 2. In this chapter we drop the assumption that the class number has to be
odd and allow [L : K] to be even, i.e. we give a complete proof of the Main conjecture
as stated in Theorem 3.1.1 for p = 2 and any finite abelian extension L/K.

Our proof will follow closely the methods developed by Rubin and generalized
by Bley and Kezuka. Using properties of the Euler system of elliptic units devel-
oped by Rubin and Tchebotarev’s Theorem we will prove that Char(A∞,χ) divides
Char((E∞/C∞)χ). We will finish the proof by showing that they are generated by
polynomials of the same degree and hence are equal.

An analoge of the relation between the Galois groups Γ′ and Gal(L∞/K) explained
in Section 3.3.2 holds for p ≥ 3 as well. Thus, all results of Section 3.3.2 can be proven
for general p and L as well. In fact most of them are in [Bl]. Combining the results
from Section 3.3.2 with the analogous statements in Section 3.3.1 for p ≥ 3 one can
extend the proof given here to general ray class fields L and any prime p without
the assumption that the class number of K has to be coprime to p. It is not stated
here for the general case as it is given in [Bl] up to the slight modification in Section
3.3.2 and to avoid technical case distinctions for example in section 3.3.1, where the
statements for p ≥ 3 and p = 2 are actually different.

3.2 Proof of the reduction step

As a first step we will prove Lemma 3.1.2.

Proof of Lemma 3.1.2. Let M ∈ {A∞, U∞/C∞, E∞/C∞, X}. We use the notation
M(K(f′p∞)) to make the field we are working with clear. Let χ be a character
of Gal(L′∞/K∞). By inflation χ is also a character of Gal(K(f′p∞)/K∞). In par-
ticular, it is trivial on Gal(K(f′p∞)/L′∞). As f′ is coprime to p and none of the
characteristic ideals is divisible by 2 (this follows from Theorem 3.1.1 for K(f′p∞)
and the fact that Char(X) and Char(A∞) are not divisible by 2 as shown in The-
orem 2.1.1 and Corollary 3.3.22) M(K(f′p∞))χ is pseudo isomorphic to the norm
NK(f′p∞)/L′∞M(K(f′p∞))χ, which is pseudo isomorphic to M(L′∞)χ. Thus, we obtain
Char(M(L′∞)χ) = Char(M(K(f′p∞)χ).

So for the rest of the chapter we will only consider the case L = K(fp2) for f being
coprime to p, principal and such that ωf = 1. Define Fn = K(fpn) and note that
Ln = Fn+2. We will use the notation F0 = F = K(f).

3.3 Elliptic units and Euler systems

Let E, σ and ξα,σ be the elliptic curve, the Galois elements and the rational functions
defined in chapter 2. It is well known that for every m torsion point P σm on Eσ

the elements ξα,σ(P σm) are contained in K(m) (see [dS, Proposition II 2.4] and the
appendix of [Co]). The following proposition will be very useful in the course of our
proof.
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Proposition 3.3.1. Let m be an ideal coprime to α and P ∈ Eσm a primitive m-
division point. Let r be a prime coprime to f such that m = rm′ with ωm′ = 1. Then

NK(m)/K(m′)ξα,σ(P ) =

{
ξα,σσr(ησ(r)P ) r | m′

ξα,σσr(ησ(r)P )1−Frob−1
r r - m′

.

Proof. This proof follows [Ke 1, Proposition 4.3.2]. The unit group O× = O(K)× has
exactly two elements. Hence, the map O× → (O/m′)× is injective. It follows that
the kernel of the projection

φ : (O/m)×/O× → (O/m′)×/O×

is isomorphic to the kernel of

φ′ : (O/m)× → (O/m′)×.

Hence,

[K(m) : K(m′)] =

{
Nr− 1 r - m′

Nr r | m′
.

The conjugates of P under Gal(K(m)/K(m′)) are the set

{P +Q | Q ∈ Eσr such that P +Q /∈ Eσm′}

if r - m′ and
{P +Q | Q ∈ Eσr }

if r | m′. In the first case there is exactly one r-torsion point Q0 such that P +Q0 is
contained in Eσm′ . We obtain

ξα,σ(P +Q0)NK(m)/K(m′)ξα,σ(P ) =
∏
Q∈Eσr

ξα,σ(P +Q) = ξα,σσr(ησ(r)P ).

By the definition of η we obtain further that

ξα,σ(P +Q0)Frobr = ξα,σσr(ησ(r)(P +Q0)) = ξα,σσr(ησ(r)P ),

which implies the claim in this case.

In the case r | m we obtain the claim directly from

NK(m)/K(m′)ξα,σ(P ) =
∏
Q∈Eσr

ξα,σ(P +Q) = ξα,σσr(ησ(r)P ).

Before we can define our Euler system we still need one further concept. Let Sn,l
be the set of square free ideals of O that are only divisible by prime ideals q satisfying
the following two conditions
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i) q is totally split in Ln = K(fpn+2)

ii) Nq ≡ 1 mod 2l+1.

With these notations we can prove the following lemma.

Lemma 3.3.2. Let Hn = K(pn+2). Given a prime q in Sn,l there exists a cyclic
extension Hn(q)/Hn of degree 2l inside HnK(q). Furthermore, Hn(q)/Hn is totally
ramified at the primes above q and unramified outside q. Let V be any subfield Hn ⊂
V ⊂ Ln and V(q) = Hn(q)V then Gal(V(q)/V) ∼= Gal(Hn(q)/Hn) and the ramification
behavior is the same.

Note that from now on K(q) denotes a ray class field of conductor q, while we
denote for any V 6= K the field constructed in Lemma 3.3.2 by V(q).

Proof. As q is unramified in Hn/K it follows that K(q) ∩ Hn = K(1) ∩ Hn = K(1).
Hence, Gal(HnK(q)/Hn) = Gal(K(q)/K(1)) ∼= (O/q)×/O×. As |O×| = 2 and Nq ≡ 1
mod 2l+1 we can extract a cyclic extension of degree 2l over Hn. By definition q is
totally ramified in Hn(q)/Hn and the extension is unramified outside q. The rest of
the claim is an immediate consequence of the fact that q is unramified in Ln.

If r =
∏

qi with qi distinct primes in Sn,l then we define V(r) as the compositum
of the V(qi).

Having this in place we can define Euler systems.

Definition 3.3.3. Let α be a non-trivial principal ideal in K coprime to 6f and let
Sn,l,α be the set of ideals in Sn,l that are coprime to α. An Euler system is a set of
global elements

{ασ(n, r) | n ≥ 0, r ∈ Sn,l,α, σ ∈ Gal(K(fp2)/K)}

satisfying

i) ασ(n, r) ∈ Ln(r)× is a global unit in Ln(r) for r 6= (1).

ii) If q is a prime such that qr ∈ Sn,l,α, then

NLn(rq)/Ln(r)(α
σ(n, rq)) = ασ(n, r)Frobq−1.

iii) ασ(n, rq) ≡ ασ(n, r)(Nq−1)/2l mod λ for every prime λ above q.

Note that if we fix σ and n and let only r vary we obtain an Euler system in the
sense of [Ru 2] for the field Ln. So in Rubin’s language our Euler-System is a system
of Euler systems indexed by the pairs (σ, n).

We now give a precise definition of the elliptic units.
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Definition 3.3.4. Let g | f be a non-trivial ideal. We define the elliptic units Cg,n

in Ln as the group of units (they are units by [dS, Chapter II Proposition 2.4 iii)])
generated by all the ξα,σ,Qg(P σn+2), where Qg is a primitive g division point and P σn is
a pn-torsion point on Eσ. If g = (1), we define C(1),n as the group generated by all
the units of the form

∏s
i=1 ξαi,σ(P σn+2)mi with

∑s
i=1mi(Nαi − 1) = 0 (they are units

by [dS, Chapter II Exercise 2.4]) and by all elements ξα,σ(P σn+2)τ−1, where τ lies in
Gal(Ln/K) (they are units due to [dS, Chapter II Exercise 2.4 and Proposition 2.4 i)].
We define further the group Cg,∞ = lim∞←nCg,n and the group C∞(g) =

∏
h|gCh,∞.

We will also use the notation Cn and C∞ instead of Cn(g) and C∞(g) if the conductor
is clear form the context.

This allows us to prove the following Lemma.

Lemma 3.3.5. For every u ∈ Cg,n there exists an Euler system such that ασ(n, 1) =
u.

Proof. As the properties defining an Euler-system are multiplicative it suffices to
consider the case of u being one of the generators, i.e. u = ξα,σ(P σn+2 +Qg). Assume
first that g 6= (1) and let Vn = K(gpn+2). Define

ασ(n, r) = NK(gpn+2r)/Vn(r)ξα,σ(P σn+2 +Qg +
∑
l|r

Ql),

where l denotes primes in Sl,n,α. Then ασ(n, 1) = u. It remains to show that
α generates an Euler system. Using that σq = 1 and that Gal(Ln(rq)/Ln(r)) =
Gal(Vn(rq)/Vn(r)) we obtain by Proposition 3.3.1:

NLn(rq)/Ln(r)(α
σ(n, rq)) = NVn(rq)/Vn(r)NK(gpn+2rq)/Vn(rq)ξα,σ(P σn+2 +Qg +

∑
l|rq

Ql)

= NK(gpn+2r)/Vn(r)NK(gpn+2rq)/K(gpn+2r)ξα,σ(P σn+2 +Qg +
∑
l|rq

Ql)

= NK(gpn+2r)/Vn(r)ξα,σσq(ησ(q)(P σn+2 +Qg +
∑
l|rq

Ql))
1−Frob−1

q

= NK(gpn+2r)/Vn(r)ξα,σ(P σn+2 +Qg +
∑
l|r

Ql)
Frobq(1−Frob−1

q )

= (ασ(n, r))Frobq−1.

It remains to check property iii): The group Gal(K(gpn+2rq)/Vn(rq)K(gpn+2r)) acts
only on the q-torsion points. By definition we obtain that

|Gal(K(gpn+2rq)/Vn(rq)K(gpn+2r))| = (Nq− 1)/2l

due to the fact that K(pn+2g) 6= K is non-trivial. Using the fact that q-torsion points
reduce to zero modulo λ and that Gal(K(gpn+2rq)/Vn(rq)) restricts surjectively to
Gal(K(gpn+2r)/Vn(r)) the claim is an easy consequence of the definitions.

If g = (1), let Vn = K(pn+2) and choose ασ(n, r) = NK(pn+2r)/Vn(r)(
∏s
i=1 ξαi,σ(P σn+2+∑

l|rQl)
mi) or ασ(n, r) = NK(pn+2r)/Vn(r)ξα,σ(P σn+2 +

∑
l|rQl))

τ−1 and proceed as
above.
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For every prime q ∈ Sn,l we fix a generator τq of Gq = Gal(Ln(q)/Ln) and define
the following group ring elements

Nq =
2l−1∑
i=0

τ iq Dq =
2l−1∑
i=0

iτ iq.

For r =
∏s
k=1 qk we define Dr =

∑s
k=1Dqk ∈ Z[Gal(Ln(r)/Ln)].

With these definitions we have the following

Lemma 3.3.6. [Ru 2, Proposition 2.2] For every Euler system ασ(n, r) there exists
a canonical map

κ : Sn,l,α → L×n /(L×n )2l

such that κ(r) = (ασ(n, r))Dr mod (Ln(r))2l.

For every prime ideal q ∈ Sn,l of K we define the free group of ideals in Ln

Iq = ⊕Q|qZQ = Z[Gal(Ln/K)]Q.

For every y ∈ L×n denote by [y]q the coset of the principal ideal (y) in Iq/2
lIq. Let Q̃

be a prime above Q in Ln(q) and note that for every x ∈ Ln(q)× the element x1−τq

lies in (O(Ln(q))/Q̃)×. As O(Ln(q))/Q̃ ∼= O(Ln)/Q there is a well defined image
x1−τq in (O(Ln)/Q)×. Thus, we can define a map

Ln(q)× → (O(Ln)/Q)×/((O(Ln)/Q)×)2l x 7→ (x1−τq)1/d,

where d = (Nq − 1)/2l. This map is surjective and the kernel of this map consists
precisely of the elements whose Q̃ valuation is divisible by 2l. Let now w be an
element in (O(Ln)/Q)×/((O(Ln)/Q)×)2l and let x be a preimage. Define

lQ(w) = ordQ̃(x) mod 2l ∈ Z/2lZ.

Note that lQ is a well defined isomorphism. Thus, we can define

ϕq : (O(Ln)/q)×/((O(Ln)/q)×)2l → Iq/I
2l

q w 7→
∑
Q|q

lQ(w)Q.

With these notations we have the following

Proposition 3.3.7. [Ru 2, Proposition 2.4] Let ασ(n, r) be an Euler system and κ
be the map defined in Lemma 3.3.6. Let r 6= (1) be an ideal in Sn,l,α and q be a prime
in K. Then

i) If q - r, then [κ(r)]q = 0.

ii) Assume that q | r and r/q 6= (1). Then [κ(r)]q = ϕq(κ(r/q))

iii) Assume that r = q and that the Q-valuation of (ασ(n, (1))) is divisible by 2l for
all Q above q in Ln. Then [κ(r)]q = ϕq(κ(r/q)).
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Note that Rubin does not distinguish between the cases ii) and iii). But as Bley [Bl,
Proposition 3.3] points out, the extra assumption in iii) is necessary.

Let y be any element in the kernel of [·]q. Then y = B2lC, where B is an ideal
only divisible by primes above q and C is coprime to q. Let (β) = BD for some ideal

D coprime to q. Then y = β2lu and u is coprime to q. In particular, u is a unit at
all ideals above q. Thus, ϕq(u) is well defined and we can extend ϕq on ker([·]q).

3.3.1 An application of Tchebotarev’s theorem

This section follows ideas of Bley in [Bl] and of Greither in [Gr]. The main goal of
this section is to prove the following Theorem.

Theorem 3.3.8. Let M = Ln for some n and write G = Gal(M/K). Assume that pc

is the precise power of p dividing the conductor of the extension M/K. Let M = 2l

for some l and let W ⊂M×/(M×)M be a finite Z[G]-module. Assume that there is a
Z[G]- homomorphism ψ : W → Z/MZ[G]. Let C ∈ A(M) be an arbitrary ideal class.
Then there are infinitely many primes Q in M satisfying:

i) [Q] = 23c+4C.

ii) If q = Q ∩K, then Nq ≡ 1 mod 2M and q is totally split in M.

iii) For all w ∈ W one has [w]q = 0 and there exists a unit u in Z/MZ such that
ϕq(w) = 23c+4uψ(w)Q.

A similar result was also proved by Viguié in [Vi-2] including the case p = 2. As
our result is slightly different from Viguié’s and to underline the technical differences
for the case p = 2 in more detail we give a complete proof here. The proof of
Theorem 3.3.8 relies on several lemmas which we will prove in the following. We fix
the following notation: Let H be the Hilbert class field of M and define M′ = M(ζ2M )
and M′′ = M′(W 1/M ).

Lemma 3.3.9. [H ∩M′ : M] ≤ 2c−1 if c ≥ 1. The extension H ∩M′/M is trivial if
c = 0.

Proof. As 2 is totally split in K/Q the ideal p is totally ramified in K(ζ2M )/K and
the ramification index is M . If c = 0, then M/K is unramified at p and M′/M is
totally ramified at all primes above p. Hence, M′ ∩ H = M and the claim follows in
this case. Assume now that c ≥ 1, then the ramification index of p in M/K is at most
|(O(K)/pc)×|. Hence, the ramification index of every divisor of p in M′/M is at least
M/2c−1. In particular, [M′ : M′ ∩H] ≥ M/2c−1. Using that [M′ : M] ≤ M it follows
that [H ∩M′ : M] ≤ 2c−1.

Lemma 3.3.10. If c = 0, then the group Gal(M′′ ∩ H/M) is annihilated by 4. If
c ≥ 1, then Gal(M′′ ∩ H/M) is annihilated by 22c. In both cases it is annihilated by
22c+2.
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Proof. By definition we have [K(ζ2M ) : M ∩ K(ζ2M )] ≥ min(M,M/2c−1). Consider
first the case c ≥ 1. As Gal(K(ζ2M )/K) ∼= Z/2Z×Z/(M/2)Z we can choose an element
j in Gal(K(ζ2M )/M∩K(ζ2M )) of order M/2c. Choose r ∈ Z such that j(ζ2M ) = ζr2M .
It follows that rM/2c ≡ 1 mod 2M and rb 6≡ 1 mod 2M for every 0 < b < M/2c.
The element j has a lift to Gal(M′/M) of the same order. Let W ′ ⊂ M′×/(M′×)M

be the Kummer-radical of M′′/M′. Let σ be an element in Gal(M′′/M′) and α in M′′
such that αM = w for some representative w ∈ M of a class w ∈ W ′. By Kummer-
theory there exists an even integer tw such that σ(α) = ζtw2Mα. We have a well defined
non-degenerate Kummer pairing

〈·, ·〉 : W ′ ×Gal(M′′/M′)→ 〈ζ2M 〉, 〈w, σ〉 7→ σ(w1/M )

w1/M
.

By definition h(W ′) = W ′ for every h ∈ Gal(M′/M). For every element h in
Gal(M′/M) we have 〈h(w), hσh−1〉 = h〈w, σ〉 [Gu, Theorem 1.26]. Recall from the
definitions that ζtw2M = 〈w, σ〉. Clearly, every class in W ′ has a representative in M.
In particular, Gal(M′/M) acts trivially on W ′. We obtain

ζrtw2M = j(ζtw2M ) = j〈w, σ〉 = 〈jw, jσj−1〉 = 〈w, jσj−1〉.

This implies that jσj−1(α) = ζrtw2Mα. As we can do this argument for every element
w ∈W ′, we obtain

jσj−1 = σr. (3.1)

The extension (M′′ ∩ HM′)/M is clearly abelian. Hence Gal(M′/M) acts trivially
on the group H = Gal(M′′ ∩ HM′/M′). Together with (3.1) this implies that H is
annihilated by r − 1. On the other hand it is a Kummer extension of exponent at
most M . Therefore, H is annihilated by 2d = gcd(M, r − 1). Then r ≡ 1 mod 2d.

Assume now that r2v−d ≡ 1 mod 2v for some v ≥ d. Then r2v+1−d ≡ 1 mod 2v+1.
This shows that r2l+1−d ≡ 1 mod 2l+1. Recall that M = 2l and that rb 6≡ 1 mod 2M
for all 0 < b < M/2c. It follows that M/2c | 2M/2d and c ≥ d − 1. Therefore 2c+1

annihilates H. There is a natural surjective projection

H → Gal(M′′ ∩H/M′ ∩H).

Using Lemma 3.3.9 this gives the claim in the case c 6= 0.

In the case c = 0 we choose j of order M/2. Then rM/2 ≡ 1 mod 2M and rb 6≡ 1
mod 2M for all 0 < b < M/2. Using the same arguments as above but this time for
c = 1 we obtain that the extension M′′ ∩ HM′/M′ is annihilated by 4. This implies
the claim in the case c = 0.

Using the Kummer pairing we see that there is a homomorphism

F : Gal(M′′/M′)→ Hom(W, ζM )

given by F (σ)(w) = σ(w1/M )/w1/M .

Lemma 3.3.11. 2c+2 annihilates the cokernel of F .
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For every finite abelian group G′ and every G′-module Z we denote by H1(G′, Z)
the usual group cohomology, i.e. the quotient of cocycles by coboundaries. If G′ is
cyclic we will define the Tate cohomology groups Ĥ0(G′, Z) = ZG

′
/Z
∑
g∈G′ g and

Ĥ1(G′, Z) = ker(
∑

g∈G′ g |Z)/Zg0−1, where g0 is a generator of G′. Note that

Ĥ1(G′, Z) ∼= H1(G′, Z) for cyclic groups G′. To avoid using two different notations
for the same object we will always use the notation H1(G′, Z) as it can be used for
non-cyclic groups as well.

Proof. Let W ′ be the image of W in M′/(M′)M . By Kummer duality we have
Hom(W ′, 〈ζM 〉) ∼= Gal(M′′/M′). Let f : (M×)/(M×)M → (M′×)/(M′×)M be the nat-
ural map. Using the exact sequence

0→ ker(f)→W →W ′ → 0

we obtain a second exact sequence

Hom(W ′, 〈ζM 〉)→ Hom(W, 〈ζM 〉)→ Hom(ker(f), 〈ζM 〉).

Hence, to prove the lemma it suffices to prove that the kernel of f is annihilated by
2c+2. Let u ∈ ker(f) and choose an element v ∈ M′ such that u = vM . We define
δv : Gal(M′/M)→ 〈ζM 〉 by δv(g) = g(v)/v. As

δv(gh) = gh(v)/g(v) · g(v)/v = δv(g) · gδv(h),

it follows that δv is a cocycle. Note that v is unique up to M -th roots of unity. If we
choose v′ = vζcM , we obtain δv′(g) = g(v)/v ·g(ζcM )/ζcM . Hence, δv is uniquely defined
up to coboundaries and δv has a well defined image in H1(Gal(M′/M), 〈ζM 〉). Thus,
we have an injective map ker(f) ↪→ H1(Gal(M′/M), 〈ζM 〉). Therefore, it suffices to
bound H1(Gal(M′/M), 〈ζM 〉). If the group Gal(M′/M) is cyclic, we see that 〈ζM 〉 has
a trivial Herbrandt quotient. So it suffices to consider

|Ĥ0(Gal(M′/M), 〈ζM 〉)| ≤ |〈ζM 〉 ∩M| ≤ 2c+1.

If Gal(M′/M) is not cyclic then it is isomorphic to ∆ × Cr where Cr is cyclic and
∆ ∼= Z/2Z. Consider the exact sequence

H1(∆, 〈ζCrM 〉)→ H1(Gal(M′/M), 〈ζM 〉)→ H1(Cr, 〈ζM 〉).

The last term is annihilated by 2c+1, while the first one is annihilated by 2. Thus,
we obtain that the middle term is annihilated by 2c+2 proving the lemma.

Now we have all ingredients to prove Theorem 3.3.8.

of Theorem 3.3.8. Consider the map ι : (Z/MZ)[G]→ 〈ζM 〉 defined by
∑
aσσ → ζa1

M .
Then ι ◦ ψ ∈ Hom(W, 〈ζM 〉). Using Lemma 3.3.11 we see that 2c+2(ι ◦ ψ) has a

preimage γ in Gal(M′′/M′). Let γ1 = 2c+2
(

C
H/M

)
and choose δ ∈ Gal(M′′H/M) such

that δ |H= 22c+2γ1 and δ |M′′= 22c+2γ. Note that this is possible as Gal(M′′ ∩H/M)
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is annihilated by 22c+2 due to Lemma 3.3.10. Using Tchebotarev’s Theorem we can
find infinitely many primes Q ∈M of degree 1 such that(

Q

M′′H/M

)
= conjugacy class of δ.

As δ |M′= 22c+2γ |M′= id we see that Q is totally split in M′/M. Let q = Q ∩ K.
Then q is totally split in M′/K and Nq ≡ 1 mod 2M . Further δ |H= 22c+2γ1 |H=

23c+4
(

C
H/M

)
. It follows that [Q] = 23c+4C. It remains to prove point iii) of the

Theorem. To do so we note that

ordQ(23c+4ψ(w)Q) ≡ 0 mod M ⇔ 23c+4ι ◦ ψ(w) = 1.

Using that γ is the preimage of 2c+2ι ◦ ψ we see that

23c+4ι ◦ ψ(w) = 1⇔ (22c+2γ)w1/M/w1/M = 1.

As one of the ideals above Q in M′′ has 22c+2γ ∈ Gal(M′′/M) as Frobenius homo-
morphism, we see that

ordQ(23c+4ψ(w)Q) ≡ 0 mod M ⇔ w is an M -th power modulo Q.

w is an M -th power in M′′ and Q is not ramified in M′′/M. Therefore, [(w)]q = 0.
By definition ordQ(ϕq(w)) = 0 ⇔ w is an M -th power modulo Q. It follows that
ordQ(23c+4ψ(w)Q) = u′ordQ(ϕq(w)) for some unit u′. From this the claim follows as
in [Ru 3, page 403].

3.3.2 The χ-components on the class group and on E/C

Recall that we fixed a decomposition Gal(L∞/K) ∼= Γ′ ×H with H = Gal(L∞/K∞).
Let γ′ be a topological generator of Γ′. To simplify notation we will use the notation
γ′n for the element γ′2

n
. Let Γ = Gal(L∞/L). There exists a power of 2 such that Γ′2

m

is contained in Gal(L∞/L). In particular L∞/LΓ′2
m

∞ is totally ramified at all primes

above p and Γ′2
m+n

= Γ2m
′+n

for some m′ ≤ m independent of n. Recall that An

denotes the class group of Ln, i. e. γ′2
m+n−m′

acts trivial on An and Ln for n ≥ m′.
We fixed the notations Λ = lim∞←n Zp[[Gal(Ln/K)]] and A∞ = lim∞←nAn. Let χ
be a character of H. Then A∞,χ and (E∞/C∞)χ are Λχ-modules. Let Λχ,n be the
quotient of Λχ by 1 − γ′n. In particular, there are polynomials gi in Λχ (powers of
irreducible polynomials) and a pseudo isomorphism

A∞,χ ∼
k⊕
i=1

Λχ/gi, (3.2)

with finite kernel and cokernel.

Lemma 3.3.12. The kernel of the multiplication of (1−γ′n) on A∞ is finite for every
n.
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Proof. This follows directly from the fact that all finite subextensions of L∞/K are
abelian over K and that the p-adic Leopoldt conjecture holds for any abelian extension
of K. In particular, the p-adic Leopoldt conjecture holds for every field Ln (see [Ru 1,
page 705] for more details).

Lemma 3.3.13. Let χ be a character of H and n ≥ m′. Then there is a Λχ,n
homomorphism

Aχ,n →
k⊕
i=1

Λχ,m+n−m′/(gi),

with uniformly bounded cokernel. Here, gi is the restriction of gi to level n.

Proof. This proof is very similar to [Gr, Lemma 3.10]: By [Wash, page 281] the
module An is isomorphic to A∞/νm+n−m′,mY for some submodule Y . Consider the
map

φn : A∞/(1− γ′m+n−m′)A∞ → An.

By definition, the kernel is isomorphic to νm+n−m′,mY/(1 − γ′m+n−m′)A∞, which is
bounded by the size of Y/(1 − γ′m)A∞ ≤ A∞/(1 − γ′m)A∞. By Lemma 3.3.12 this
quotient is finite and the kernel of φn is uniformly bounded. Thus, the kernel of the
natural projections

A∞,χ/(1− γ′m+n−m′)A∞,χ → Aχ,n

is uniformly bounded and we can deduce the claim from (3.2).

Let Γ′n2,n1
= Γ′2

n1/Γ′2
n2 for n2 > n1. Recall that Γ′2

n
fixes the field Lm′+n−m for

n > m. Hence Gal(Ln2−m+m′/Ln1−m+m′) = Γ′n2,n1
.

Lemma 3.3.14. Let E′m′+n2−m be the p-units in Lm′+n2−m. Then we have that

|H1(Γ′n2,n1
, E′m′+n2−m)| is uniformly bounded for n2 ≥ n1 ≥ m.

Iwasawa [Iw 2, page 267] proves the same result for the group of the p-units instead
of the p-units.

Proof. Let A′n = An/Bn where Bn is the group generated by the ideal classes of
the ideals above p for all n. Then the capitulation kernel Cn2,n1 of the natural
homomorphism

A′n1+m′−m → A′n2+m′−m

is uniformly bounded for all n2 ≥ n1 ≥ m. This can be seen as in [Iw 2, Theorem 10]
using the corresponding definition of A′n. If we can show that

Cn2,n1
∼= H1(Γ′n2,n1

, E′m′+n2−m)

we are done. Let a ∈ Cn2,n1 and a = cBn1+m′−m. Let a be an ideal in c. Then there
is some γ ∈ Ln2−m+m′ such that (γ) = AB, where B is only divisible by ideals above

p. Recall that τ = γ′2
n1

is a generator for Γ′n2,n1 . Thus, γτ−1 ∈ E′n2+m′−m. Note

that the image of γτ−1 in H1(Γ′n2,n1
, E′m′+n2−m) is independent of the choice of c, A
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and γ. If γτ−1 ∈ E′τ−1
n2+m′−m, then γ = ηα with α ∈ Ln1+m′−m and η ∈ E′n2+m′−m.

We obtain that a is trivial. Hence, we have an injective homomorphism

Cn2,n1 → H1(Γ′n2,n1
, E′m′+n2−m).

It remains to show that it is surjective. Let e ∈ E′m′+n2−m lie in the kernel of the norm
N : Ln2+m′−m → Ln1+m′−m. Then there is some element γ ∈ Ln2+m′−m such that
e = γ1−τ . As ideal we see that (γ) = AB for some ideal A that is a lift from Ln1+m′−m
and some ramified ideal B. Let c = [A] and a = cBn1+m′−m. Then a ∈ Cn2,n1 and a
is a preimage of the image of e in H1(Γ′n2,n1

, E′m′+n2−m).

As a consequence we obtain:

Lemma 3.3.15. There is a constant k such that

|(1− γ′m)H1(Γ′n2,n1
, Em′+n2−m)| ≤ 2k and |(1− γ′m)Ĥ0(Γ′n2,n1

, Em′+n2−m)| ≤ 2k

for any pair (n1, n2) with n2 > n1 ≥ m.

Proof. The proof follows the ideas of [Ru 1, Lemma 1.2]. But it is restated here as
we use weaker assumptions. Let Em′+n2−m be the units of Lm′+n2−m and Rm′+n2−m
be the Z-free group defined by the exact sequence

0→ Em′+n2−m → E′m′+n2−m → Rm′+n2−m → 0.

As L∞/Lm′ is totally ramified we see that Γ′m acts trivially on Rm′+n2−m. We know
from Lemma 3.3.14 that |H1(Γ′n2,n1

, E′m′+n2−m)| is uniformly bounded. Further, we
have the exact sequence

Ĥ0(Γ′n2,n1
, Rm′+n2−m)→ H1(Γ′n2,n1

, Em′+n2−m)→ H1(Γ′n2,n1
, E′m′+n2−m).

The first term is annihilated by 1 − γ′m and the last term is uniformly bounded. It
follows that (1− γ′m)H1(Γ′n2,n1

, Em′+n2−m) is uniformly bounded.

It is an immediate consequence from [Ja, V Theorem 2.5] that q(E′m′+n2−m) =

2(n2−n1)(1−s), where s is the number of primes above p. Thus,

2(n2−n1)(s−1)|H1(Γ′n2,n1
, E′m′+n2−m)| = |Ĥ0(Γ′n2,n1

, E′m′+n2−m)|.

Consider the surjective map Ĥ0(Γ′n2,n1
, E′m′+n2−m)→ Nn1,mE

′
m′+n1−m/Nn2,mE

′
m′+n2−m

induced by Nn1,m = (γ′n1
− 1)/(γ′m − 1). Using that Nn1,m(1 − γ′m) = (1 − γ′n1

) and
that Γ′2

n1 is precisely the group fixing Lm′+n1−m we see that the subgroup

((1− γ′m)E′m′+n1−m +Nn2,n1E
′
m′+n2−m)/Nn2,n1E

′
m′+n2−m

is certainly contained in the kernel. Note that Nn1,mE
′
m′+n1−m/Nn2,mE

′
m′+n2−m is

the kernel of the natural map Ĥ0(Γ′n2,m, E
′
m′+n2−m)→ Ĥ0(Γ′n1,m, E

′
m′+n1−m). Thus,

we obtain:

|(1− γ′m)Ĥ0(Γ′n2,n1
, E′m′+n2−m)| ≤

|Ĥ0(Γ′n2,n1
, E′m′+n2−m)||Ĥ0(Γ′n1,m, E

′
m′+n1−m)|

|Ĥ0(Γ′n2,m, E
′
m′+n2−m)|

≤ 2(n2−n1)(s−1)+k2(n1−m)(s−1)+k

2(n2−m)(s−1)
= 22k,
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where 2k is the uniform bound on H1(Γ′n2,n1
, E′m′+n2−m). It is easy to verify that

the natural map Ĥ0(Γ′n2,n1
, Em′+n2−m) → Ĥ0(Γ′n2,n1

, E′m′+n2−m) is an injection. As
|(O(Ln)/P)×| is coprime to 2 for every prime ideal P above p, the claim follows.

Lemma 3.3.16. Let n ≥ m′ and consider the projection

πn : E∞/(1− γ′m+n−m′)E∞ → En.

There exists an integer k such that 2k(1−γ′m) annihilates the kernel and the cokernel
of πn for all n ≥ m′.

Proof. We have an exact sequence

lim
∞←n′

H1(Γ′m+n′−m′,m+n−m′ , En′)→

→E∞/(1− γ′m+n−m′)E∞ → En → lim
∞←n′

Ĥ0(Γ′m+n′−m′,m+n−m′ , En).

Then the first and the last term of the above sequence are annihilated by 2k(1−γ′m)
due to Lemma 3.3.15.

Lemma 3.3.17. Let U∞ be defined as in the introduction. Then we have

i) U∞ ⊗Zp Qp
∼= Λ⊗Zp Qp and

ii) U∞,χ ⊗Zp Qp
∼= Λχ ⊗Zp Qp.

Proof. Claim i) follows as in [Bl, Lemma 3.5 Claim 2]. Bley gives two references for
this proof. Note that the second one is only stated for p > 2 but the proof works for
p = 2 as well (we will actually give the details in Lemma 3.4.1).

Claim ii) can be proved as follows:

U∞ ⊗Zp Zp(χ)⊗Zp Qp
∼= Λ⊗Zp Zp(χ)⊗Zp Qp.

Let Iχ ⊂ Z(χ)[H] be the module generated by σ − χ(σ) for σ ∈ H. It is an easy
verification that

U∞ ⊗Zp Zp(χ)⊗Zp Qp/Iχ(U∞ ⊗Zp Zp(χ)⊗Zp Qp)
∼= Λ⊗Zp Zp(χ)⊗Zp Qp/Iχ(Λ⊗Zp Zp(χ)⊗Zp Qp).

It is proved in [Ts, Lemma 2.1] that Mχ
∼= (M⊗Zp Zp(χ))/Iχ(M⊗Zp Zp(χ)). Further,

for any module M we see that

M ⊗Zp Zp(χ)⊗Zp Qp/Iχ(M ⊗Zp Zp(χ)⊗Zp Qp)

= (M ⊗Zp Zp(χ)/I(χ)(M ⊗Zp Zp(χ)))⊗Zp Qp = Mχ ⊗Zp Qp.

Using this for U∞ and Λ the second claim follows.
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Lemma 3.3.18. Let hχ be the characteristic ideal of (E∞/C∞)χ and n ≥ m. Then
there exist constants n0, c1 and c2 independent of n, a divisor h′χ of hχ and a
Gal(Lm′+n−m/K)-homomorphism

ϑm′+n−m : Em′+n−m,χ → Λn,χ

such that

i) h′χ is prime to 1− γ′v for all v,

ii) (γ′n0
− 1)c12c2h′χΛn,χ ⊂ ϑm′+n−m(im(Cm′+n−m,χ)), where im(Cm′+n−m,χ) de-

notes the image of Cm′+n−m,χ in Em′+n−m,χ.

Proof. From the second claim of Lemma 3.3.17 and the fact that Λχ ⊗Zp Qp is a
principal ideal domain we obtain that the submodule E∞,χ ⊗Zp Qp is free cyclic over
the ring Λχ⊗Zp Qp. We obtain a pseudo isomorphism f : E∞,χ → Λχ⊕M, whereM
is an elementary Λχ-module of finite exponent. Let p denote the natural projection
of Λχ ⊕M→ Λχ. Let α = p ◦ f . Consider the following diagram

0 E∞,χ E∞,χ 0

0 M Λχ
⊕
M Λχ 0

f α

p

It is immediate that the kernel of α is annihilated by some power of 2 and that the
cokernel of α is finite.

Consider the map

π′n : E∞/(1− γ′n)→ Em′+n−m.

Note that π′n = πn+m′−m. The rest of the proof is exactly the same as [Bl, Lemma
3.5]; we just have to substitute En by Em′+n−m due to the index shift we defined at
the beginning of the present section. Further, we have to write (1 − γ′m) instead of
(1 − γ′) in all computations due to the fact that Lemma 3.3.16 is weaker than the
corresponding claim in Bley’s case, meaning that m = 0 in his setting. We still give
a complete proof below for the convenience of the reader.

Let Wm′+n−m be the image of π′n in Em′+n−m and define

T = TorZp[H]( Coker (π′n),Zp(χ)).

Then we obtain the following two exact sequences:

T Wm′+n−m,χ Em′+n−m,χ Coker (π′n)χ 0

ker(π′n)χ E∞,χ/(1− γ′n)E∞,χ Wm′+n−m,χ 0 .
π′n

=
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Let π′n,χ be the compositum of π′n and β : Wm′+n−m,χ → Em′+n−m,χ. Then we obtain

0→ ker(π′n,χ)→ E∞,χ/(1− γ′n)E∞,χ → Em′+n−m,χ → Coker (π′n)χ → 0

It is immediate from Lemma 3.3.16 that the cokernel of π′n,χ is annihilated by 2k(1−
γ′m). In the next step we also want to bound the size of ker(π′n,χ). Let therefore

e ∈ ker(π′n,χ). Then π′n(e) lies in the image of T and π′n((1 − γ′m)2ke) = 0. Hence,

(1−γ′m)2ke lies in the image of ker(π′n)χ in E∞,χ/(1−γ′n)E∞,χ. Thus, Lemma 3.3.16
implies that (1 − γ′m)222ke = 0. Therefore, (1 − γ′m)222k annihilates the kernel and
the cokernel of π′n,χ.

We are no able to construct the homomorphism ϑm′+n−m: Let e ∈ Em′+n−m,χ.
Then (1 − γ′m)222ke has a preimage z in E∞,χ/(1 − γ′n)E∞,χ and therefore also in
E∞,χ. By abuse of notation we denote both preimages by z. Define

ϑm′+n−m(e) = (1− γ′m)222kα(z) mod (1− γ′n)Λχ.

As the definition of ϑm′+n−m depends a priori on the choice of z, we first have to
check that ϑm′+n−m is well defined. Assume that z′ is another preimage, then the
image of z − z′ in E∞,χ/(1− γ′n)E∞,χ lies in the kernel of π′n,χ. In particular,

(1− γ′m)222k(z − z′) ∈ (1− γ′n)E∞,χ

and ϑm′+n−m is indeed well defined.
From the exact sequence 0 → C∞ → E∞ → E∞/C∞ → 0 we obtain an embed-

ding
E∞,χ/im(C∞,χ) ↪→ (E∞/C∞)χ.

As hχ(E∞/C∞)χ is finite the same holds for the quotients hχ(E∞,χ/im(C∞,χ)) and
hχ(α(E∞,χ)/α(im(C∞,χ))). Due to the definition of α we can find an integer s such
that 2s ∈ α(E∞,χ) and such that 2shχα(E∞,χ) ⊂ α(im(C∞,χ)). Hence 22shχ lies in
α(im(C∞,χ)). Choose z ∈ im(C∞,χ) such that α(z) = 22shχ. Then we obtain

22s+4k(1− γ′m)4hχ = 24k(1− γ′m)4α(z).

Let zm′+n−m = π′n,χ(z) ∈ im(Cm′+n−m,χ). Clearly, a preimage of 22k(1−γ′m)2zm′+n−m
is 22k(1− γ′m)2z. Then we obtain

ϑm′+n−m(zm′+n−m) = 24k(1− γ′m)4α(z) = 24k(1− γ′m)22shχ.

Note that (1− γ′n) | (1− γ′n′) for all n′ ≥ n. In particular, there is an n ≥ m and an
c1 such that hχ(1− γ′m)4 | h′χ(1− γ′n0

)c1 . From this the claim is immediate.

Lemma 3.3.19. Let M = Ln for some n and let ∆ be a subgroup of G = Gal(M/K).
Let χ be a character of ∆, M = 2l and A =

∏s
i=1 qi ∈ Sn,l. Let Q be a divisor of qs

in M and let C = [Q] the ideal class of Q. Let B ⊂ A(M) be the subgroup generated
by ideals dividing q1, . . . , qs−1. Let x ∈ M×/(M×)M be such that [x]r = 0 for all
(r,A) = 1. Let W ⊂ M×/(M×)M be the Zp[G]-submodule generated by x. Assume
that there are elements E, η, g ∈ Zp[G] such that
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i) E · annZp[G](Cχ) ⊂ gZp[G]χ, where Cχ is the image of C in (A/B)χ.

ii) Zp[G]χ/g(Zp[G])χ is finite.

iii) M ≥ |Aχ(M)||η((Iqs/MIqs)/[W ]qs)χ|.

Then there exists a G-homomorphism

ψ : Wχ → (Z/MZ)[G]χ

such that gψ(x)Qχ = (Eη[x]qs)χ in (Iqs/MIqs)χ.

Proof. This is [Bl, Lemma 3.8]. The proof is the same as [Gr, Lemma 3.12].

To prove the central theorem of this section we need the following lemma.

Lemma 3.3.20. [Gr, Lemma 3.13] Let ∆ be any finite group and N a Zp[∆]-module.
Let χ be a character of ∆ and n : N → Nχ the natural projection. Then there exists
a Zp[∆]-homomorphism

εχ : Nχ → N

such that n ◦ εχ = |∆|.

Let q be an element in Sn,l and A in Iq. Then there is an element vQ(A) in
Z/2lZ[Gal(Ln/K)] such that A = vQ(A)Q. We will use this notation in the follow-
ing theorem, which allows us to relate the characteristic ideal of Aχ to the one of
(E∞/C∞)χ. The proof follows the ideas of [Bl].

Theorem 3.3.21. Let M = Ln and G = Gal(M/K) for n large enough. Let χ be
a character of H ⊂ Gal(M/K). For 1 ≤ i ≤ k let Ci ∈ Aχ(M) = Aχ be such that

t(Ci) = (0, 0, · · · , 2c3 , 0 · · · , 0) in
⊕k

i=1 Λχ,m+n−m′/(gi) where t is the map defined in
Lemma 3.3.13 and 2c3 annihilates the cokernel. Let Ck+1 in Aχ be arbitrary. Let
d = 3c + 4, where c is defined in Theorem 3.3.8. Then there are prime ideals Qi in
M such that

i) [Qi]χ = 2dCi.

ii) qi = Qi ∩K is in Sn,n.

iii) one has

(vQ1(κ(q1))χ = u1|H|(γ′n0
− 1)c12d+c2h′χ mod 2n (3.3)

(gi−1vQi(κ(q1q2 . . . qi))χ (3.4)

= ui|H|(γ′n0
− 1)c

i−1
1 22d+c3(vQi−1(κ(q1 . . . qi−1))χ mod 2n for 2 ≤ i ≤ k + 1.

Proof. By Lemma 3.3.18 there exists an element ξ′ in im(Cn,χ) with the property
ϑn(ξ′) = (1 − γ′n0

)c12c2h′χ. By approximating ξ′ with a global elliptic unit we can
find ξ ∈ Cn such that ϑn(ξ) = (1 − γ′n0

)c12c2h′χ mod MΛχ,m+n−m′ . We can apply
Lemma 3.3.5 to find an Euler system ασ(n, r) such that ασ(n, (1)) = ξ. Let i = 1
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and C be a preimage of Ci under the map An → Aχ,n. Choose M = 2n and W =
O(M)×/(O(M)×)M . Consider

ψ : W → Z/MZ[G] x 7→ (εχ ◦ ϑn)(xv),

where v is such that xv ∈ En for all x and εχ is defined as in Lemma 3.3.20. Then
Theorem 3.3.8 implies that we can find an ideal Q1 satisfying i) and ii). We know
further from Theorem 3.3.8 that ϕq1(w) = 2duψ(w)Q1. As ασ(n, (1)) is a unit we
can apply Proposition 3.3.72 and obtain

vQ1(κ(q1))Q1 = [κ(q1)]q1 = ϕq1(κ(1))

= ϕq1(ξ) = 2duψ(ξ)Q1 = 2duvεχ((γ′n0
− 1)c12c2h′χ)Q1 mod 2n.

Projecting to the χ component and using the definition of εχ we get (3.3).
We will now define the ideals Qi inductively. Assume that we have already found

the ideals Q1, . . . Qi−1 and let ai−1 =
∏i−1
j=1 qj . Using point iii) recursively we see∏

j≤i−2

gj(vQi−1(κ(ai−1))χ = |H|i−1u2(i−2)(2d+c3)+d+c2(γ′n0
− 1)c1+

∑i−2
j=1 c

j
1h′χ.

Let Di = |H|i−1u2(i−2)(2d+c3)+d+c2 . By enlarging c1 we can assume that c1 +
∑i−2

j=1 c
j
1

is bounded by ci−1
1 and set ti = ci−1

1 . It follows that vQi−1(κ(ai−1))χ | Dih
′
χ(γ′n0

−1)ti .
Define N = (γ′n0

− 1)ti(Iqi−1/(MIqi−1 + Zp[G][κ(ai−1)]qi−1)χ). As h′χ is coprime to
every γ′n − 1 we see that Λχ,m+n−m′/h

′
χ is finite and further

|N | ≤ |Λχ,m+n−m′/Di||Λχ,m+n−m′/h
′
χ|.

Choose now 2l = M > max(|Aχ(M)||Λχ,m+n−m′/Di||Λχ,m+n−m′/h
′
χ|, 2n). We want

to apply Lemma 3.3.19 with E = 2c3+d, η = (γ′n0
− 1)ti , g = gi−1, A = ai−1, and

x = κ(ai−1). To do so we have to check the assumptions. It follows directly from
Proposition 3.3.7 i) that [x]r = 0 for all r coprime to ai−1. We now have to check the
conditions i)-iii) from Lemma 3.3.19.

i) By definition Cχ = [Qi−1]χ = 2dCi−1. The annihilator of t(C) is given by
gi−1/(2

c3+d, gi−1). As property i) holds for all Qj with j ≤ i− 2 we obtain that
E · annZp[G](Cχ) ⊂ gi−1Zp[G]χ.

ii) It is immediate from Lemma 3.3.13 that Zp[G]χ/gZp[G]χ is finite.

iii) M > |Aχ||N | = |Aχ||η(
Iqi−1/(MIqi−1 )

Zp[G][κ(ai−1)]qi−1
)χ|.

Thus, we obtain a homomorphism

ψi : Wχ → Z/MZ[G]χ

2We have to ensure that q1 lies in the domain of κ, i.e. q1 has to satisfy a certain coprimality
condition. As Theorem 3.3.8 gives us infinitely many primes we can just assume that q1 lies in the
domain of κ.
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with gi−1ψi(κ(ai−1)) = (2c3+d(γ′n0
− 1)tivQi−1(κ(ai−1)))χ. Let Πχ be the projection

W →Wχ and define ψ = εχ ◦ψi ◦Πχ. Let M be as in the previous paragraph and C
a preimage of Ci. Then Theorem 3.3.8 gives us a prime ideal Qi satisfying i) and ii)
(recall that 2n |M). Further, ϕqi(κ(ai−1)) = 2duψ(κ(ai−1))Qi. Then we obtain

vQi(κ(q1 . . . qi))Qi = [κ(q1 . . . qi)]qi = ϕqi(κ(q1 . . . qi−1))

= 2duψ(κ(ai−1))Qi.

Projecting to the χ-component and using the definition of ψi we obtain

(gi−1vQi(κ(q1q2 . . . qi))χ = ui|H|(γ′n0
− 1)c

i−1
1 22d+c3(vQi−1(κ(q1 . . . qi−1))χ,

which finishes the proof.

To derive a relation between hχ and
∏s
i=1 gi we need the following result:

Corollary 3.3.22. Let M be a finite abelian extension of K and consider H/K∞M
(the maximal p-abelian unramified extension of K∞M). Then A∞ = Gal(H/K∞M)
is finitely generated as a Zp-module

Proof. Gal(H/K∞M) is a quotient ofGal(M∞/K∞M). The latter is finitely generated
due to Theorem 2.1.1.

Theorem 3.3.23. Char(A∞,χ) | Char((E∞/C∞)χ).

Proof. The main argument of this proof is analogous to [Wash, page 371]. From
(3.3) and (3.4) we obtain that

∏k
i=1 givQk+1

(κ(q1 . . . qk+1))χ = ηh′χ mod 2n, where

η = ũ|H|k+12k(2d+c3)+d+c2(γ′n0
− 1)c1+

∑k
j=1 c

j
1 for some unit ũ. It follows that

∏k
i=1 gi

divides ηh′χ in Λχ,m+n−m′/2
nΛχ,m+n−m′ . For every n we can find an element zn

such that
∏k
i=1 gizn = ηh′χ in Λχ,m+n−m′/2

nΛχ,m+n−m′ . The zn’s have a convergent

subsequence and we obtain that
∏k
i=1 gi | ηh′χ in Λχ. By Lemma 3.3.12 and Corollary

3.3.22 Char(A∞,χ) is coprime to η and the claim follows.

Remark 3.3.24. Viguié proves in [Vi-2] as well that there is a power of 2 such
that Char(A∞,χ) | 2vChar((E∞/C∞)χ). Using Corollary 3.3.22 this implies Theorem
3.3.23. He follows the proofs of Bley very closely as well but he uses a slightly different
version of Theorem 3.3.8 and does not use the relation between Γ and Γ′ in the same
manner as we did here in Section 3.3.2 to construct the homorphism ϑn.

Corollary 3.3.25. Char(A∞) | Char(E∞/C∞)

Proof. As Theorem 3.3.23 holds for all characters and Char(A∞) is coprime to 2 this
is immediate.
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3.4 Characteristic ideals and the Main conjecture

Consider the exact sequence

0→ E∞/C∞ → U∞/C∞ → X → A∞ → 0,

where X = Gal(M∞/L∞). Then

Char(A∞)Char(U∞/C∞) = Char(X)Char(E∞/C∞). (3.5)

From Corollary 3.3.25 we deduce

Char(X) | Char(U∞/C∞). (3.6)

In the following we will establish a relation between p-adic L-functions and elliptic
units to show that Char(X) is in fact equal to Char(U∞/C∞).

Let u ∈ U∞ and let gu(w) be the Coleman power series of u (see [dS, I Theorem
2.2]). Let g̃u(W ) = log gu(W ) − 1

p

∑
w∈Êp

log gu(W ⊕ w). There exists a measure νu

on Z×p having g̃u ◦ βv as characteristic series [dS, I 3.4]. Recall that Dp = Ip(ζm) and
let Λ(Dp,Γ

′ ×H) be the algebra of Dp-valued measures on Γ′ ×H. Define

ι(f) : U∞ → Λ(Ip,Γ′ ×H) ⊂ Λ(Dp,Γ
′ ×H), u 7→

∑
σ∈Gal(F/K)

νσu ◦ σ.

Note that this construction of measures coincides with the one from Chapter 2 for
elliptic units.

Lemma 3.4.1. ι(f) induces a homomorphism ι(f) : U∞⊗̂ZpIp → Λ(Ip,Γ′ × H) that
is a pseudo isomorphism.

Proof. By [dS, I Theorem 3.7] it suffices to prove that the completion of L∞ at
all primes above p contains only finitely many 2-power roots of unity. But this
follows from [Ke 1, proof of Proposition 4.3.10] (see also [dS, Chapter III, Proposition
1.3]).

For every g | f there is a map ι(g) : U∞(K(gp∞))→ Λ(Ip,Gal(K(gp∞/K))). Note
that there are natural restriction and corestriction maps πf,g and ηf,g such that πf,g ◦
ι(f) = ι(g) ◦ Nf,g and ι(f) ◦ inclusion = ηf,g ◦ ι(g), where inclusion is the natural
map U∞(K(gp∞)) → U∞ (see [dS, page 100] for details). If we want to apply the
characters of H to the images of ι(f) we have to extend the ring of definition for our
measure to Dp.

Proposition 3.4.2. Let χ be a character of H of conductor dividing gp2 such that
the prime to p-part of the conductor is g. Then Char(U∞/C∞)χ = χ(ν(g)) if χ is
non-trivial and Char(U∞/C∞)χ = (γ′ − 1)χ(ν(1)) if χ is trivial.
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Proof. Analogous to [dS, III Lemma 1.10]. In view of Lemma 3.4.1 and due to the
fact that characteristic ideals are well behaved under extensions of scalars, it suffices
to determine the image of χ◦ι(C∞). As the conductor of χ divides gp2 and is divisible
by g it follows that χ◦ι(f)(C∞(f)) = χ◦πf,g◦ι(f)(C∞(f)) = χ◦ι(g)Nf,gC∞(f). Assume
first that g 6= (1). It is immediate that

∑
σ∈Gal(K(gp∞))/K(hp∞)) χ(σ) = 0 for any ideal

h | g different from g. Hence,

χ ◦ ι(g)(Cg,∞) = χ ◦ ι(g)(C∞(g)). (3.7)

If ωg = 1, we can construct the measure ν(g) as in Chapter 2 and obtain that
ι(g)(Cg) is the ideal generated by J ν(g), where J is the ideal generated by all the
µα := Nα − σα. If ωg 6= 1 there exists an integer k such that ωgk = 1 and then we

can define the measure ν(gk). But by (2.21) we have that ν(g) is just the restriction
of ν(gk) and Ngk,g is surjective on the elliptic units. So in both cases the image under
ι(g) is precisely J ν(g).

If the norm Nf,g : C∞(f)→ C∞(g) is not surjective, it follows that the cokernel of

the module χ◦ι(g)◦Nf,g(C∞(f)) in χ◦ι(g)(C∞(g)) is annihilated by [K(fp∞) : K(gp∞)]
and the product

∏
l|f,l-g(1− χ(σl)σ

−1
l |Γ′). These elements are certainly coprime and

we see that χ ◦ ι(f)(C∞(f)) ∼ χ ◦ ι(g)(Cg,∞) due to (3.7), where A ∼ B means that
A and B are pseudo isomorphic. But the χ(µα) are coprime due to the proof of
Theorem 2.2.9 and the claim follows for g 6= (1).

Assume now that g = (1). Let τ ∈ Gal(K(pn)/K) then the elements ξα,σ(P σn )τ−1

are norms of elliptic units from K(hpn), where h is a prime having Artin symbol
τ−1 in Gal(K(pn)/K). It follows that a projective sequence of elements ξα,σ(P σn )τ−1

(all with the same τ) corresponds to the measure µα(τ − 1)ν(1) ◦ σ−1 under ι(1).
Consider now a generator of the form

∏s
i=1 ξαi,σ(P σn )mi with

∑
mi(Nαi − 1) = 0.

Let νπ be the measure corresponding to a sequence of such products. Then we
obtain ((τ − 1)νπ) ◦ σ =

∑
miµαi(τ − 1)ν(1). As (τ − 1)ν(1) is not contained in

the augmentation of Λ(Dp,Gal(K(p∞)/K)) we obtain that the ideal generated by
the

∑
miµαi is contained in the augmentation ideal and that the ideal generated by

ι((1))(C(1),∞) is pseudo isomorphic to Aν((1)), where A denotes the augmentation
of Λ(Dp,Gal(K(p∞)/K)). Analogously to the case g 6= (1) we can conclude that
χ ◦ ι((1)) ◦Nf,(1)(C∞(f)) is pseudo isomorphic to χ ◦ ι((1))(C(1),∞). Hence, it suffices

to consider the image χ ◦ ι((1))(C(1),∞). If χ is a non-trivial character, then χ(A)

contains χ(τ) − 1 as well as γ′ − 1. Thus χ ◦ ι((1))(C(1),∞) ∼ χ(ν(1)). If χ is the

trivial character, then χ ◦ ι((1))(C(1),∞) is generated by (γ′ − 1)χ(ν(1)).

Corollary 3.4.3. Let F (w,χ) be the Iwasawa function associated to Lp(s, χ) defined
in Definition 2.2.12. Then Char((U∞/C∞)χ) = F (w,χ−1).

Proof. Let g be such that the conductor of χ is divisible by g and divides gp2. By
Proposition 3.4.2 we see that the characteristic ideal of (U∞/C∞)χ is given by χ(ν(g))
if χ is non-trivial and (1 − γ′)χ(ν(1)) if χ is trivial. But these are precisely the
measures used to define Lp(s, χ

−1). Let Gg be Gal(K(gp∞)/K). Then we have the
identity

∫
Gg κ

sχd(1− γ)eν(g) =
∫

Γ′ κ
sd(1− γ)eχ(ν(g)), where e = 1 if χ is trivial and

e = 0 in all other cases, the claim follows.
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3.4.1 Proof of the Main conjecture

In this section we use all the results proved before to prove the main conjecture.

Lemma 3.4.4. Char(X) = Char(U∞/C∞) and Char(A∞,χ) = (E∞/C∞)χ.

Proof. The first claim follows directly from (3.6), Corollary 3.4.3 and Theorem 2.4.5.
From (3.5) we also obtain that Char(A∞) = Char(E∞/C∞). Further Theorem 3.3.23
establishes that Char(A∞,χ) divides Char(E∞/C∞)χ. Both together imply the second
claim.

This has also the following consequence:

Theorem 3.4.5. Char(Xχ) = Char((U∞/C∞)χ) for any χ.

Proof. For any Λ-module we denote by Mχ the largest submodule in M ⊗Zp Zp(χ)
on which H acts via χ. By [Ts, page 5] there exists a homomorphism between Mχ

and Mχ such that the kernel and the cokernel are annihilated by |H|. As none of
the characteristic ideals involved is divisible by 2 we can consider the characteristic
ideals of Mχ instead of Mχ for any M in {A∞, U∞/C∞, X,E∞/C∞}. The sequence

0→ (E∞/C∞)χ → (U∞/C∞)χ → Xχ

is exact. Let eχ in Qp(χ)[H] be the idempotent induced by the character χ. Then
eχ|H| is an element in Zp(χ)[H]. In particular, eχ|H|M ⊂ Mχ. It follows that the
cokernel of the natural homomorphism φχ : Xχ → Aχ∞ is annihilated by |H|. As A∞
has bounded rank it follows that Coker (φχ) is finite. The module ker(φχ) equals
Xχ ∩ im(U∞/C∞). Again the exponent of Xχ ∩ im((U∞/C∞))/im((U∞/C∞)χ) is
bounded by |H|. Hence, Char(Aχ∞)Char(im((U∞/C∞)χ) = Char(Xχ). Using the
exactness of the sequence above we obtain

Char(Aχ∞)Char((U∞/C∞)χ) = Char((E∞/C∞)χ)Char(Xχ).

The claim follows now from Lemma 3.4.4.

The second claim of Lemma 3.4.4 and Theorem 3.4.5 prove Theorem 3.1.1 for L∞.
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4.1 Iwasawa theory of elliptic curves

Let K be a number field, p a rational prime and A an abelian variety defined over
K. Let Σ be a set of primes in K containing all places above p and all primes at
which A has bad reduction. If p = 2, we assume that Σ contains the infinite primes
as well. We write QΣ for the maximal Galois extension of Q unramified outside Σ.
Recall that Q∞ denotes the unique Zp-extension of Q. To simplify notation we write
H1(QΣ/Q∞, ·) for H1(Gal(QΣ/Q∞), ·) and H1(K, ·) for H1(GK, ·), where GK denotes
the absolute Galois group of K. For any number field K and any finite prime v ∈ K
we write Kv for the completion of K at v.

Assume now that E is an elliptic curve defined over Q. Let T = lim∞←nE[pn] be
the Tate-module of E and V = T ⊗Qp. Note that V is a two dimensional Qp-vector
space. Then we have that V/A ∼= E[p∞] as GQ-modules. Let Ẽ be the reduction of
E modulo p. We define

C = ker(E[p∞]→ Ẽ[p∞])

and D = A/C. We define further the local condition Hv(Q∞,v, E[p∞]) as follows:

Hv(Q∞,v, E[p∞]) =

{∏
η|vH

1(Q∞,η, E[p∞]) v 6= p

H1(Q∞,ηp , E[p∞])/Lηp v = p
,

with Lηp = ker(H1(Q∞,v, E[p∞] → H1(Iηp , D)), where Iηp denotes the inertia sub-
group of ηp the place above p in Q∞. Then the p-primary Selmer group is defined
as

Sel(Q∞) = ker(H1(QΣ/Q∞, E[p∞])→
∏
v∈Σ

Hv(Q∞,v, E[p∞]).

77
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These Selmer groups are Λ-modules and each element is annihilated by some ωn.
For any discrete Zp-module M , we define the Pontryagin dual of M as

M∨ = Homcont(M,Qp/Zp)

(i.e. the set of continuous homomorphisms). In particular, we can plug in our Selmer
groups defined above for M and obtain that their Pontryagin duals are compact
noetherian torsion Λ-modules [Kat]. Recall from chapter 1 that M is pseduo isomor-
phic to a Λ-module of the form

k⊕
i=1

Λ/pei
⊕ s⊕

j=1

Λ/fj(T )dj ,

for irreducible distinguished polynomials fj(T ). To simplify notation we write µ(E)
and λ(E) for the µ- and λ-invariants of the Pontryagin dual of the Selmer group. As
one of their main results Greenberg and Vatsal obtain [Gre-Vat, Theorem 1.4]:

Theorem 4.1.1. Let E1 and E2 be modular elliptic curves defined over Q. Assume
that E1[p] ∼= E2[p] as GQ-modules. Then µ(E1) = 0 if and only if µ(E2) = 0. If both
µ-invariants vanish then λ(E1) = λ(E2).

Remark 4.1.2. The above theorem is stated as in [Gre-Vat]. Due to the modularity
theorem we know that all elliptic curves defined over Q are modular. Therefore, the
above theorem is true for all elliptic curves defined over Q.

Theorems of this form have been generalized to various settings, i.e. for the su-
persingular reduction case and plus/minus Selmer groups by Kim [Kim], for general
modular forms in the supersingular setting by Hattley and Lei [Ha-Le] and by Ramdo-
rai and Ray for elliptic curves of semistable reduction over a number field F [Ra-Ra].
There are further generalizations due to Hattley, Lei and Vigni ([Ha-Le-Vi]) using the
anticyclotomic instead of the cyclotomic Zp-extension, but we will not go into details
here. Interested readers my consult [Ha-Le-Vi].

4.2 µ and λ-invariants of isogenous varieties

In contrast to the works mentioned above we will focus on fine Selmer groups. These
are much ”smaller” then the Selmer groups considered by Greenberg and Vatsal or
Ramdorai and Ray. On the one hand this allows us to work with arbitrary Zp-
extensions instead of the cyclotomic one. On the other hand it also forces us to
impose stronger assumptions on our abelian varieties, i.e. we require that A(Kv)[p]
is trivial for all v ∈ Σ.

Let K be a global field, A an abelian variety defined over K and a p a prime
number.

Definition 4.2.1. Let Σ be a set of places of K containing all the places above p and
all places where A has bad reduction (if p = 2 then Σ should also contain the infinite
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places). We define the (p-primary part of the) fine Selmer group of A over K as

Sel0,A(K) = ker

(
H1(KΣ/K, A[p∞]) −→

∏
v∈Σ

H1(Kv, A[p∞])

)
,

where KΣ denotes the maximal algebraic pro-p-extension of K which is unramified
outside of Σ . Further, we define the pi-fine Selmer groups, i ∈ N, as

Sel0,A[pi](K) = ker

(
H1(KΣ/K, A[pi]) −→

∏
v∈Σ

H1(Kv, A[pi])

)
.

Note that both definition depends a priori on the choice of the set Σ. If K∞ is
the cyclotomic Zp-extension of a number field or if Σ contains all infinite primes then
the fine Selmer group is independent of the choice of Σ and can be rewritten as

Sel0,A(K) = ker

(
H1(K, A[p∞]) −→

∏
v

H1(Kv, A[p∞])

)
,

where the product on the right hand side runs over all places of K [Ra-Wi][Li-Mu].
From now an we assume that K is a number field and consider a Zp-extension K∞/K
with intermediate fields Kn. The extension K∞/K is unramified outside p. In partic-
ular, K∞ ⊂ KΣ. By maximality (Kn)Σ is Galois over K and (Kn)Σ = KΣ. Therefore,
SelA(Kn) is a subgroup of H1(KΣ/K, A[p∞]). We denote the corresponding Pontrya-
gin duals by

Y (Kn)
n = Sel0,A(Kn)∨,

and define the projective limits

Y
(K∞)
A = lim

∞←n
Y (Kn)
n

with respect to the corestriction maps.
Our aim in this Chapter is to prove the following Theorem

Theorem 4.2.2. Let p ≥ 3. Consider two abelian varieties, A1 and A2, defined over
the number field K. Let Σ be a set of primes containing all primes above p and all
primes at which either A1 or A2 has bad reduction. Assume that Ai(K)[p] = {0}
and that moreover Ai(Kv)[p] = {0} for every v ∈ Σ and i ∈ {1, 2}. Let K∞/K be

a Zp-extension. We assume that the modules Y
(K∞)
Ai

are noetherian Λ-torsion for

1 ≤ i ≤ 2. Let l be an integer such that plY
(K∞)
A1

has finite p-rank.
Then the following statements hold.

a) If A1[pl] ∼= A2[pl] as GK-modules, then µ(Y
(K∞)
A1

) ≤ µ(Y
(K∞)
A2

).

b) If A1[pl] ∼= A2[pl] for some l such that both plY
(K∞)
A1

and plY
(K∞)
A1

have finite p-rank,

then µ(Y
(K∞)
A1

) = µ(Y
(K∞)
A2

).

c) If A1[pl+1] ∼= A2[pl+1] then µ(Y
(K∞)
A1

) = µ(Y
(K∞)
A2

). In particular, if A1[p] ∼= A2[p],

then µ(Y
(K∞)
A1

) = 0⇐⇒ µ(Y
(K∞)
A2

) = 0.
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d) Let l′ be minimal such that pl
′
Y

(K∞)
A1

is Zp-free. Assume that A1[pl
′+1] ∼= A2[pl

′+1].

Then λ(Y
(K∞)
A1

) ≥ λ(Y
(K∞)
A2

).

e) Let l′ be as in the previous point. Assume that A1[pl
′+1] ∼= A2[pl

′+1]. If pl
′
Y

(K∞)
A1

is Zp-free as well, we obtain λ(Y
(K∞)
A1

) = λ(Y
(K∞)
A2

).

The second part of statment c) is proved in [Ra-Ra] for elliptic curves of good
ordinary reduction at p and the p-primary Selmer group. Barman and Saikia proved
the analogous result for Theorem 4.2.2 points a) and c) for Q∞ and elliptic curves
with good ordinary reduction [Ba-Sa].

The assumption that Y
(K∞)
A is Λ-torsion is a non-trivial condition. If A is an

elliptic curve then it is equivalent to H2(KΣ/K∞, A[p∞]) = 0 [Ma]. The condition
that H2(KΣ/K∞, A[p∞]) is trivial is often referred to as weak Leopoldt conjecture.

To prove our theorem we need the following auxiliary lemmas:

Lemma 4.2.3. Let X be a finitely generated torsion Λ-module. Then

µ(X) =
∞∑
i=0

Fp[[T ]]-rank(piX/pi+1X).

Proof. This statement is well-known (e.g. [Ve, Section 3.4]), but we reprove it here
for the convenience of the reader. Let E be the unique elementary Λ-module that is
pseudo isomorphic to X. Thus, we can write E =

⊕s
i=1 Λ/(pei)⊕Eλ for a Λ-module

Eλ which is a finitely generated free Zp-module. Then

µ(X) = µ(E) =
∞∑
i=0

|{k | ek > i}| =
∞∑
i=0

Fp[[T ]]-rank(piX/pi+1X)

because

Fp[[T ]]-rank(piX/pi+1X) = Fp[[T ]]-rank(piE/pi+1E) = |{k | ek ≥ i+ 1}|

for every i ∈ N.

Lemma 4.2.4. Let A be an abelian variety defined over K and let Σ be as in Theorem
4.2.2. Assume that A(K)[p] = {0} and that moreover A(Kv)[p] = {0} for every v ∈ Σ.
Then we have for every n and every i ∈ N, i ≥ 1

Sel0,A(Kn)[pi] ∼= Sel0,A[pi](Kn).

Furthermore, we obtain

Y
(K∞)
A /piY

(K∞)
A

∼= lim
∞←n

Sel0,A[pi](Kn)∨.

Proof. We know by assumption that A(K)[p] = {0}. Note that K∞/K is a pro-p-
extensions and we obtain that H0(Kn, A[p∞]) = {0} [Ne-Sc-Wi, Corollary (1.6.13)]
for all n. Since the extension K∞(A[p∞])/Kn is unramified outside Σ (see for example
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[Gre 5, page 258]), we can easily see that H0(KΣ/Kn, A[p∞]) = 0. Now consider the
exact sequence

0 −→ A[pi] −→ A[p∞]
pi−→ A[p∞] −→ 0.

Taking the KΣ/Kn-cohomology we obtain a second exact sequence

0 −→ H1(KΣ/Kn, A[pi]) −→ H1(KΣ/Kn, A[p∞]) −→ H1(KΣ/Kn, A[p∞]),

where the last homomorphism is multiplication by pi. Hence, we obtain the isomor-
phism

H1(KΣ/Kn, A[pi]) ∼= H1(KΣ/K∞, A[p∞])[pi].

Let w be a place in Kn above a prime v in Σ. Using the same reasoning as above we
can show that

H1(Kn,w, A[pi]) ∼= H1(Kn,w, A[p∞])[pi].

Hence, we obtain the following commutative diagram

H1(KΣ/Kn, A[pi]) H1(KΣ/Kn, A[p∞])[pi]

∏
v∈Σ

∏
w|vH

1(Kn,w, A[pi])
∏
v∈Σ

∏
w|vH

1(Kn,w, A[p∞])[pi].

∼=

∼=

Now the first claim is immediate for every finite level n. For the second claim note
that Y Kn

A /piY Kn
A
∼= (Sel0,A(Kn)[pi])∨. Using the isomorphism proved in the first half

of the lemma and taking the projective limit finishes the proof.

Lemma 4.2.5. Let A1 and A2 be two abelian varieties defined over K. Let Z1 and
Z2 be equal to A1[pi] and A2[pi] for some i ∈ N. We assume that Z1 and Z2 are
isomorphic as GK-modules. Then Sel0,Z1(Kn) ∼= Sel0,Z2(Kn) for all n.

Proof. Let φ : Z1 −→ Z2 be a GK-module homomorphism. As K(Ai[p
∞])/K is

unramfied outside Σ, we can interpret φ as a Gal(KΣ/K)-isomorphism. Then φ
induces an isomorphism

φ : H1(KΣ/Kn, Z1) −→ H1(KΣ/Kn, Z2)

of GK-modules.

For any prime w of Kn, the inclusion GKw ↪→ GK of the local absolute Galois
group at the completion Kn,w of K∞ at w, induces an isomorphism

H1(Kn,w, Z1) −→ H1(Kn,w, Z2).

The claim follows now via a commutative diagram as in the proof of Lemma 4.2.4.
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Proof of Theorem 4.2.2. Let Zj = Sel0,A(K∞)(Aj). Let l be such that plY K∞
A1

is of
finite p-rank. By Lemma 4.2.3 we obtain that

µ(Y
(K∞)
A1

) =
∞∑
i=0

Fp[[T ]]-rank(piY
(K∞)
A1

/pi+1Y
(K∞)
A1

)

=
l−1∑
i=0

Fp[[T ]]-rank(piY
(K∞)
A1

/pi+1Y
(K∞)
A1

). (4.1)

By Lemma 4.2.4 we have

piY
(K∞)
Aj

/pi+1Y
(K∞)
Aj

∼= lim
∞←n

Sel0,Aj [pi+1](Kn)∨/ lim
∞←n

Sel0,Aj [pi](Kn)∨.

Using that A1[pl] ∼= A2[pl], Lemma 4.2.5 implies that

Sel0,A1[pi](Kn) ∼= Sel0,A2[pi](Kn)

for 1 ≤ i ≤ l and all n. Using (4.1), we may conclude that

µ(Y
(K∞)
A1

) =

l−1∑
i=0

Fp[[T ]]-rank(piY
(K∞)
A1

/pi+1Y
(K∞)
A1

)

=
l−1∑
i=0

Fp[[T ]]-rank(piY
(K∞)
A2

/pi+1Y
(K∞)
A2

) (4.2)

≤
∞∑
i=0

Fp[[T ]]-rank(piY
(K∞)
A2

/pi+1Y
(K∞)
A2

) = µ(Y
(K∞)
A2

).

If plY
(K∞)
A2

is also of finite p-rank, then we can exchange the roles of A1 and A2 and
obtain equality of µ-invariants, which concludes the proof of points a) and b)

Now we prove assertion c). If A1[pl+1] ∼= A2[pl+1] then

plY
(K∞)
A1

/pl+1Y K∞
A1

∼= lim
∞←n

Sel0,A1[pl+1](Kn)∨/ lim
∞←n

Sel0,A1[pl](Kn)∨

∼= lim
∞←n

Sel0,A2[pl+1](Kn)∨/ lim
∞←n

Sel0,A2[pl](K∞)∨

∼= plY
(K∞)
A2

/pl+1Y
(K∞)
A2

.

As the left hand side is a finitely generated Fp-module (i.e. it is finite), the same
holds for the right hand side. So the inequality in (4.2) becomes an equality.

For assertions d) and e) note that under the assumption of these two points

p-rank(pl
′
Y

(K∞)
A1

) = λ(Y
(K∞)
A1

). From this it is immediate that |pl′Y (K∞)
A1

/pl
′+1Y K∞

A1
| =

p
λ(Y

(K∞)
A1

)
. Let m ≥ 0 be minimal such that pl

′+mY
(K∞)
A2

is Zp-free. Then we obtain

p
λ(Y

(K∞)
A2

)
= |pl′+mY (K∞)

A2
/pl
′+m+1Y

(K∞)
A1

|

≤ |pl′Y (K∞)
A2

/pl
′+1Y

(K∞)
A1

| = p
λ(Y

(K∞)
A1

)

If m = 0 this inequality becomes an equality which finishes the proof of the Theorem.



Part II

Classical Conjectures in Iwasawa
theory
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Chapter 5

The Gross and the
Gross-Kuz’min conjecture

Let K be a number field and p > 2 a rational prime. Let K∞/K be the cyclotomic
Zp-extension of K and Kn the intermediate fields (i.e. [Kn : K] = pn). Recall
that we denote the p-class group of Kn by An. Let Bn be the subgroup generated
by ideal classes containing a prime above p. We define A′n = An/Bn. The norms
Nn,n−1 : Kn → Kn−1 induce homomorphisms

Nn,n−1 : An → An−1

and
Nn,n−1 : A′n → A′n−1.

This allows us to define the projective limits A∞ = lim∞←nAn and A′∞ = lim∞←nA
′
n

with respect to the norms Nn,n−1. As p > 2, we obtain in the CM case a decompo-
sition A′∞ = A′+∞ ⊕ A′

−
∞. For any Λ-module we denote the T -torsion by M [T ] and

the maximal submodule annihilated by some power of T by M(T ). The aim of this
Chapter is to study the Gross conjecture for p > 2. Gross formulated the conjec-
ture originally in terms of a certain p-adic map [Gro 1]. Later, in a joint paper with
Federer he proved that his conjecture is equivalent to the following statement.

Conjecture 5.0.1. If K is a CM field then

A′
−
∞[T ] is finite.

In the present chapter we will develop a Galois theoretic interpretation of this
conjecture for CM fields K, that contain ζp and for which all primes above p are
totally ramified in K∞/K. To state this alternative formulation we first have to
introduce some more notation.

Let sn be the number of primes above p in Kn and Pn,i for 1 ≤ i ≤ sn be the
primes above p in Kn. Recall that we can decompose the complete field K×n,Pn,i as

πZn,iUn,iVn,i, where πn,i is a uniformizer for the maximal ideal of O(Kn,Pn,i), the group
Vn,i denotes the roots of unity of order coprime to p and Un,i describes the local units

85



86 CHAPTER 5. THE GROSS AND THE GROSS-KUZ’MIN CONJECTURE

that are congruent to 1 modulo πn,i. As in the introduction we define Un =
∏sn
i=1 Un,i.

If K contains the p-th roots of unity, then Kn contains ζpn and Un,i has a pn-torsion
subgroup. Let Wn,i be the Zp-torsion of Un,i. We define Wn =

∏sn
i=1Wn,i and

W = lim∞←nWn as well as Wi = lim∞←nWn,i. We will denote the intersection

W ∩ E∞ by Ŵ and thep-power roots of unity in the field Kn by R(Kn).
Recall that M∞ denotes the maximal p-abelian p-ramified extension of K∞ and

that H∞ denotes the maximal p-abelian unramified extension of K∞. Different from
previous sections we will denote the whole group of units by En here. From the
definition of the Artin homomorphism we obtain that

W/Ŵ ∼= φ(W ) ⊂ Gal(M∞/H∞).

This subgroup will play a crucial role in our proof. We are in particular interested
in its action on certain subextensions of M∞ denoted by ΩE and ΩE′ . We define
ΩE as the extension of K∞ generated by adjoining arbitrarily high p-power roots of
the elements En for all n. Let E′n be the p-units of Kn. Then we define ΩE′ as the
extension obtained by adjoining arbitrarily high roots of E′n.

The last bit of notation we introduce here is the Iwasawa involution: Let σ be an
arbitrary element in Gal(K∞/K). Then there is a unique p-adic integer χ(σ) forming
a p-adic character (the cyclotomic character) on Gal(K∞/K) with values in Z×p (if
ζp ∈ K even in 1 + pZp) such that

σ(ζpn) = ζ
χ(σ)
pn for all n ≥ 1.

The Iwasawa involution is defined via σ∗ = χ(σ)σ−1. Let M be a Λ-module. We will
denote the Λ-module on which τ acts via τ∗ by M• ( see also [Iw 2, page 278]). We
will say that two Λ-modules M1 and M2 are dual to each other under the Iwasawa
involution if M•1 and M2 are pseudo isomorphic. Using all this notation we can state
our Galois theoretic formulation of the Gross conjecture

Theorem 5.0.2. Let K be a CM field containing the p-th roots of unity. Assume
that K∞/K is totally ramified at all primes above p. The Gross conjecture is true if
and only if (U∞/E∞W )+[T ∗] is finite. Further, if the Gross conjecture holds, then
Gal(ΩE′/ΩE)+ is naturally pseudo isomorphic to W+.

Kuz’min formulated in 1972 a hypothesis for arbitrary number fields whose validity
implies the Gross conjecture for CM fields [Ku 1]. We will refer to this generalized
conjecture as the Gross-Kuz’min conjecture.

Conjecture 5.0.3. Let K be an arbitrary number field. Then

A′∞[T ] is finite.

For the Gross-Kuz’min conjecture we will prove a result similar to Theorem 5.0.2:

Theorem 5.0.4. Assume that K contains ζp and that all primes above p are totally
ramified in K∞/K. If the Gross-Kuz’min conjecture holds for K then the quotient
(φ(U∞)/φ(W ))(T ∗) is finite. If conversely (φ(U∞)/φ(W ))(T ∗) is finite and Leopoldt’s
conjecture holds for K then the Gross-Kuz’min conjecture holds for K.
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One main ingredient in the proofs of Theorem 5.0.2 and Theorem 5.0.4 is the
fact that the Λ-modules A+

∞[T ∗] and A∞[T ∗] are finite. While one can prove the first
assertion without additional assumptions, the second one is an equivalent formulation
of Leopoldt’s conjecture. As far as the author knows the Gross-Kuz’min conjecture
is known in the following cases:1

� Greenberg proved that the Gross-Kuz’min conjecture holds for all abelian ex-
tensions K/Q [Gre 2].

� If K contains exactly one prime above p, then the Gross-Kuz’min conjecture
follows from Chevalley’s Theorem (c.f. [La, Chapter 13 Lemma 4.1]).

� Let K/Q be a Galois extension such that the decomposition group Dp of some
prime above p is normal in Gal(K/Q) = G. Assume that only terms of the
form Mn(R) with n ≤ 2 and division fields R occur in the Artin-Wedderburn
decomposition of the group ring Qp[G/Dp]. Then Jaulent showed that the
Gross-Kuz’min conjecture holds for K [Jau 1].

� Let K be a number field containing an imaginary quadratic field such that
Gal(K/Q) is isomorphic to S4. Assume that the decomposition group of some
prime above p is a 3-Sylow subgroup. Kuz’min showed that then the Gross-
Kuz’min conjecture holds.[Ku 2].

� Kleine proved that if K contains exactly two primes above p then the Gross-
Kuz’min conjecture holds [Kl 2].

We will first give some preliminaries that are needed for both conjectures before we
can give the proofs of Theorems 5.0.2 and 5.0.4.

5.1 Preliminaries for both conjectures

Assume in the following that p is an odd rational prime and K is a number field
containing ζp and that all primes above p are totally ramified in K∞/K. In particular,
the number of primes sn above p in Kn is equal to a constant s independent of n.
Recall that we denote by Pi,n the prime ideals in Kn. Without loss of generality we
can assume that Nn,n−1(Pn,i) = Pn−1,i.

5.1.1 Ideal classes as radicals

One main building block in our analysis of the Gross and the Gross-Kuz’min conjec-
ture is to use ideal classes as radicals over ΩE . As a first step we need a more precise
description of ΩE/K∞.

Lemma 5.1.1. Let ΩE,l be the maximal subextension of ΩE/K∞ of exponent pl. Then

the Kummer-radical of ΩE,l is K×∞
pl

(
⋃
n∈NEn)/K×∞

pl
. In particular, if α ∈ K×∞ and

α1/pl ∈ ΩE, then there is a unit e ∈ K∞ and an element γ ∈ K∞ such that α = γp
l
e.

1We do not claim that this list is complete.
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Proof. Let K = K×∞ ⊗Z Qp/Zp and let x = α ⊗ p−a be an element in K. Let Kab be
the maximal p-abelian extension of K∞ and G = Gal(Kab/K∞). Iwasawa shows that
there is a natural Kummer pairing

〈·, ·〉 : K×G→ R(K∞)

such that 〈α⊗ p−a, σ〉 = σ( pa
√
α)/ pa

√
α. Let Gal(Kab/ΩE)⊥ denote the annihilator of

Gal(Kab/ΩE) with respect to this pairing. Iwasawa shows that Gal(Kab/ΩE)⊥ consist
of the elements e⊗ p−a with a ≥ 0 and e ∈ ∪n∈NEn [Iw 2, pages 271-274]. It is easy
to see that Gal(Kab/ΩE)⊥[pl] consists of the elements e ⊗ p−a with 0 ≤ a ≤ l and
e ∈

⋃
n∈NEn. As the homomorphism

{e⊗ p−a | a ≤ l} → K×∞
pl

(
⋃
n∈N

En)/K×∞
pl
, e⊗ p−a 7→ ep

l−a

is an isomorphism the first claim is immediate.
Assume that α satisfys the assumptions of the second claim, then α1/pl ∈ ΩE,l and

α ∈ K∞∩Ωpl

E,l. By Kummer-theory [Ne 1, Chapter IV Theorem 3.3] we obtain that α

has a trivial image in K×∞
pl

(
⋃
n∈NEn)/K×∞

pl
. In particular, α ∈ K×∞

pl
(
⋃
n∈NEn).

Theorem 5.1.2. Let M be the Zp-torsion submodule of Gal(M∞/ΩE). Let c be such

that Ap
c

∞ does not contain Zp-torsion. Then there is a map

f : Ap
c

∞ → {Zp-subextensions of MM∞ /ΩE}

that is compatible with the action of τ (a topological generator of Gal(K∞/K)). The
map f has the following properties:

a) The field f(a · b) is contained in the compositum of f(a) and f(b).

b) For each Zp-extension L contained in the compositum of f(a) and f(b) there is
an element c in aZp · bZp such that f(c) = L.

c) The map f is rank preserving: If C ⊂ Ap
c

∞ is a group of Zp-rank k, then the
compositum M of the fields f(x) for x ∈ C is a Zkp-extension over ΩE.

d) Let a = (an)n∈N be a sequence in B∞ ∩ Ap
c

∞. Then f(a) is a Zp-extension in
ΩE′/ΩE.

To prove the above theorem we will need the following results on finite p-groups.
Results of this form have been used by Preda Mihăilescu in various forms. We will
reprove them here for the convenience of the reader.

Lemma 5.1.3. Let A and B be finite abelian p-groups written additively, such that

p−rank(A) = p−rank(B) = p−rank(pA) = r. (5.1)

The groups are endowed with two Zp-linear maps N : B → A and ι : A→ B such that
N ◦ ι : A→ A is the map corresponding to multiplication by p while N is surjective.
Then we have ι(A) = pB and B[p] = ι(A)[p].
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Proof. Since A and B have the same p-rank, the modules A/pA and B/pB have
the same dimension as Fp-vector spaces. Furthermore, the induced homomorphism
Ñ : B/pB → A/pA is surjective. Hence, it has to be an isomorphism. Define
ι̃ : A/pA → B/pB to be the map induced by ι. Thus, there is a well defined map
Ñ ◦ ι̃ : A/pA → A/pA induced by multiplication by p. The multiplication by p
on A/pA is the zero map. Since Ñ is an isomorphism we obtain that ι̃ is the zero
map. Therefore ι(A) ⊂ pB. To obtain equality, we need the following inequalities of
p-ranks.

r = p−rank(B) ≥ p−rank(pB) ≥ p−rank(N(pB)) = p−rank(pA) = r.

Hence, we see that p−rank(pB) = p−rank(B) = p−rank(A) = p−rank(pA). Again
we have that pA/p2A and pB/p2B have the same dimension as Fp-vector spaces. N
induces a map N̂ : pB/p2B → pA/p2A which is surjective and therefore an isomor-
phism. Let ι̂ : A/pA→ pB/p2B be the map induced by ι. Then

N̂ ◦ ι̂ : A/pA→ pA/p2A

is the homorphism induced by multiplication by p. Since both groups have the same
p-rank, it is in fact an isomorphism. But N̂ is an isomorphism and hence ι̂ is an
isomorphism. That means, in particular, that ι(A) contains a set of generators of pB.
Thus, ι(A) = pB. We proved above that p−rank(pB) = p−rank(B). This implies

r = p−rank(B[p]) = p−rank(B) = p−rank(pB) = p−rank(ι(A)) = p−rank((ι(A))[p]).

Due to the equality (ι(A))[p] = (pB)[p] ⊆ B[p], and since both are Fp-vector spaces
of equal dimension, it follows that B[p] = (pB)[p] = (ι(A))[p].

In the case when there is a group G acting on B, we have the following stronger
form of the above lemma.

Corollary 5.1.4. Let A,B,N and ι be like in the previous lemma. Assume that there
is a cyclic group G = 〈τ〉 of order p acting on B, such that ν = ι ◦N =

∑p−1
i=0 τ

i and
τ fixes ι(A). Then ν = ·p is the multiplication by p map and ι(N(x)) = px for all
x ∈ B.

Proof. Let T = τ − 1. Then we obtain ν = p +
(
p
2

)
T + O(T 2). From Lemma 5.1.3,

we know that ι(A) = pB. Since τ fixes ι(A), it follows that Tpy = 0 for all y ∈ B. In
particular, we have Ty ∈ B[p] ⊂ pB. We conclude that pTy = T 2y = 0. We can now
compute νx for arbitrary x ∈ B explicitly, according to the previous expansion of ν.

νx = px+ Tp
p− 1

2
x+ xO(T 2) = px.

This completes the proof.

We cannot apply these results directly to the modules An as we cannot guarantee
that the condition (5.1) is satisfied for An and An+1. In order to modify A∞ such
that we can apply Lemma 5.1.3 we need the following result.
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Lemma 5.1.5. Let c be a constant such that Ap
c

∞ does not contain Zp-torsion. Then

Ap
c

∞ projects onto Ap
c

n and there is an n′0 such that the natural lifts ιn,n+1 are injective

on Ap
c

n for all n ≥ n′0.

Proof. This proof follows the ideas of [Gre 6, proposition 2.5.2], which shows that
the capitulation kernel is isomorphic to the maximal finite submodule of A∞. For
the convenience of the reader we reprove this fact here. Let xn ∈ Ap

c

n be a class that
capitulates in Am for some m ≥ n. As Ak = A∞/νk,0Y for some submodule Y of

A∞, we can write the element xn ∈ Ap
c

n as the coclass y + νn,0Y for some element
y ∈ A∞[νm,n]. But K∞/K is totally ramified at all primes above p. Hence, the
characteristic polynomial of A∞ is coprime to νm,n for all n and m. Therefore, y lies

in the maximal finite Λ-submodule of A∞. By the choice of c we know that Ap
c

∞ does
not contain Zp-torsion. Let Z be the maximal finite submodule of A∞. Then, from a

certain n on the images of Z and of Ap
c

∞ in An are disjoint and the claim follows.

Let n′0 and c be as in Lemma 5.1.5, choose n0 ≥ n′0 large enough such that for all

n ≥ n0 the ranks of Ap
c

n and Ap
c+1

n are both equal to the same constant independent of
n. The quotient Gal(Kn/Kn−1) = Γp

n−1
/Γp

n
acts naturally on An. Thus, we obtain

the following

Corollary 5.1.6. Let (an)n∈N be a norm coherent sequence in Ap
c

∞. Then

ιn,n+l(an) = ap
l

n+l

for all n ≥ n0 and all l ∈ N0.

Proof. This is just a repetitive application of Corollary 5.1.4 in this concrete context.

Now we have all ingredients to prove Theorem 5.1.2.

Proof of Theorem 5.1.2. Let c be defined as before. Let n ≥ n0, an ∈ Ap
c

n and

An ∈ an. Let (αn) = A
ord(an)
n . Then ΩE(α

1/ord(an)
n )/ΩE is unramified outside p and

non-trivial (see [Wash, Exercise 9.1 and pages 294-295]). As the lift ιn,m : Ap
c

n → Ap
c

m

is injective for all m ≥ n, Lemma 5.1.1 implies that [ΩE(α
1/ord(an)
n ) : ΩE ] = ord(an).

Note that ΩE(α
1/ord(an)
n )/ΩE does not depend on the choice of αn or An but on an.

Let an+1 ∈ Ap
c

n+1 such that Nn+1,n(an+1) = an. Using Corollary 5.1.6 we see that
ιn,n+1(an) = apn+1. Hence, there is a principal ideal (γ) such that An = (γ)Apn+1.

It follows that A
ord(an)
n = A

ord(an+1)
n+1 (γ)ord(an). Therefore, the two elements α

1/ord(an)
n

and α
1/ord(an)
n+1 generate the same extension over ΩE and the sequence (an)n∈N defines

a Zp-extension over ΩE . If we act with τ on an, we obtain τ(ΩE(α
1/ord(an)
n )) =

ΩE(τ(αn)1/ord(an)). This defines the map f from Theorem 5.1.2.
Note that a and ac define the same Zp-extension for any c ∈ Zp \ {0} even if

they generate different extensions at finite levels. Let Ma,b be the compositum of the
extensions f(a) and f(b). There are constants ca, cb and ca,b such that

ord(an)ca = cbord(bn) = ca,bord(an · bn)
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for all n large enough. Let (αn) = A
ord(an)
n , (βn) = B

ord(bn)
n and (γn) = (AnBn)ord(an·bn).

It follows that (γ
ca,b
n ) = (αn)ca(βn)cb . Hence, f(a ·b) is contained in Ma,b which proves

property a).
To prove property b) let L ⊂ Ma,b be a Zp-extension over ΩE . If f(a) = f(b),

there is nothing to prove. Therefore we can assume that f(a) ∩ f(b) = Ma,b,f is a
finite extension of ΩE . Let n ≥ n0 be minimal such that

ord(an), ord(bn) ≥ [Ma,b,f : ΩE ] = pl.

Comparing radicals we obtain that (αn) = (βcn)(γ)p
l

for some c coprime to p and

A
ord(an)/pl

n /B
c·ord(bn)/pl

n is a principal ideal in K∞. As ιn,m : Ap
c

n → Ap
c

m is injective
for m ≥ n ≥ n0, we see that it is already a principal ideal in Kn. Assume that
ord(an) ≥ ord(bn) and define b′ = aord(an)/ord(bn)/bc. Then b′n is a class of order at

most ord(bn)/pl. Let pv = ord(b′n). Then A
ord(an)/ord(bn)·pv
n /Bcpv

n = (γ′). This implies
(αn)/(βn)c = (γ′)ord(bn)/pv and

pl = [Ma,b,f : ΩE ] ≥ ord(bn)/pv.

It is immediate that pv ≥ ord(bn)/pl and we obtain indeed ord(b′n) = ord(bn)/pl.

As Ma,b,f = ΩE(α
1/ord(an)
n ) ∩ ΩE(β

1/ord(bn)
n ) it follows that

[ΩE(α1/ord(an)
n , β1/ord(bn)

n ) : ΩE ]

= [ΩE(α1/ord(an)
n , β1/ord(bn)

n ) : Ma,b,f ][Ma.b,f : ΩE ]

= pl · ord(an)/pl · ord(bn)/pl

= ord(an) · ord(bn)/pl.

Let B′n be an ideal in b′n and (β′n) = B′ord(b′n)
n . We obtain

ΩE(α1/ord(an)
n , β′n

1/ord(b′n)
) = ΩE(α1/ord(an)

n , β1/ord(bn)
n ).

As ord(b′n) = ord(bn)/pl, we see that

[ΩE(α1/ord(an)
n , β′n

1/ord(b′n)
) : ΩE ] = ord(b′n) · ord(an)

and
ΩE(α1/ord(an)

n ) ∩ ΩE(β′n
1/ord(b′n)

) = ΩE .

The fields ΩE(α
1/ord(an)
n ) and ΩE(β′1/ord(b′n)

n ) contain the unique subextensions of
degree p of f(a)/ΩE and f(b′)/ΩE , respectively. This implies that f(a)∩ f(b′) = ΩE .
As aZpbZp = aZpb′Zp we can assume that f(a) and f(b) intersect only in ΩE and that
ord(an) ≥ ord(bn).

Let Ma,b,n = ΩE(α
1/ord(bn)
n , β

1/ord(bn)
n ) be the maximal subextension of exponent

ord(bn) in Ma,b/ΩE . Let γn ∈ αZ
nβ

Z
n be the radical for the unique subextension

L ∩Ma,b,n of degree ord(bn) over ΩE . As ideals we obtain the following equality

(γn) = (βn)c1,n(αn)c2,n . (5.2)
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The integers c1,n and c2,n are unique modulo ord(bn) and at least one of them is

not divisible by p. It follows that (γn) = C
ord(bn)
n with Cn = A

c2,nord(an)/ord(bn)
n B

c1,n
n .

As the equation (5.2) can be formulated for every level n we see that ci,n ≡ ci,n+1

mod ord(bn). Hence, in the limit we obtain p-adic integers c1 and c2 such that [Cn] =
bc1n · ac2n . As f(a) 6= f(b), the class [Cn] ∈ Ap

c

n is non-trivial. Let c = (cn)n∈N. Then
f(c) is the field L. This proves property b).

It remains to show properties c) and d). We will therefore first determine which
elements have the same image under f and then conclude the proof by a rank com-
putation. Assume that f(a) = f(b) and that ord(an) ≥ ord(bn) for all n large
enough. By comparing radicals at finite level we obtain (αn) = (βn)cn(γ)ord(bn). Note
that cn is a p-adic unit uniquely defined modulo ord(bn). As before we can con-
clude cn ≡ cn+1 mod ord(bn). Hence, we can assume that cn is 1. It follows that

Bn = A
ord(an)/ord(bn)
n (γ) and that bn = a

ord(an)/ord(bn)
n . As ord(an)/ord(bn) is a con-

stant k independent of n we see that ak = b, i.e. the group generated by a and b has
Zp-rank 1.

Let X be a subgroup of Ap
c

∞ of Zp-rank t and MX the compositum of all Zp-
extensions f(a) for a ∈ X. Then the claim we just proved implies together with
properties a) and b) that MX/ΩE is a Ztp-extension, i.e f preserves Zp-ranks of
subgroups. This proves property c). If we take f((an)n∈N) for a sequence (an)n∈N in
Ap

c

∞ ∩B∞, we clearly obtain subextensions of ΩE′ proving property d).

5.1.2 The structure of Gal(ΩE′/ΩE)

In this section we will describe the structure of the extension ΩE′/ΩE focusing on
the radicals of this extension. We start by recalling Iwasawa’s results: Iwasawa
investigated the structure of the group Gal(ΩE′/K∞) and proved (cf. [Iw 2, Theorems
15, 17])

Gal(ΩE′/K∞) ∼ Λ[K:Q]/2 ⊕ Λ-torsion (5.3)

as well as

Gal(M∞/K∞) ∼ Λ[K:Q]/2 ⊕ Λ-torsion. (5.4)

We denote the Λ-torsion submodule of Gal(ΩE′/K∞) by Z. Iwasawa proved that
Z is a Zp-free group of rank s − 1. In the proof of [Iw 2, Theorem 15] Iwasawa
considered X = Gal(ΩE′/K∞)•. He showed that

X/ωnX ∼= Z[K:Q]/2+s−1
p ⊕ (uniformly bounded group)

for all n ≥ n0. Here n0 is the minimal index such that K∞/Kn0 is totally ramified at
all primes above p (see [Iw 2, Section 3.4]). In our case we have n0 = 0. It follows
that X is pseudo isomorphic to Λ[K:Q]/2 ⊕ (Λ/T )s−1. By the definition of X we see

that Z ∼ (Λ/T ∗)s−1. Noting that W is annihilated by T ∗ and that W/Ŵ has Zp-rank

s− 1 (see Lemma 5.1.16) it is a natural question whether W/Ŵ is pseudo isomorphic
to Z under Artin’s isomorphism. In fact our central theorem on the Gross-Kuz’min
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conjecture shows that the answer to this question is positive if the Gross-Kuz’min
conjecture holds.

As a next step we want to describe ΩE′/ΩE in terms of radicals.

Remark 5.1.7. Let b = (bn)n∈N ∈ B∞. If b generates an infinite Zp-module, then
there are constants k and n0 such that ord(bn) = pk+n for all n ≥ n0.

In the following lemma we construct a Zp-extension in ΩE′/ΩE directly from a
sequence in B∞. The difference to the construction in Theorem 5.1.2 is that this time
the Zp-extension is constructed for every element of infinite order in B∞ and not only

for elements in B∞ ∩ Ap
c

∞, where c is the constant defined in Theorem 5.1.2. Having
this Lemma at hand will ease our work later on when we want to prove Theorem
5.0.2 and Theorem 5.0.4.

Lemma 5.1.8. Let (bn)n∈N ∈ B∞ be a norm coherent sequence generating an infinite
Zp-module. Let Bn be an ideal in bn only divisible by primes above p and (βn) =

B
ord(bn)
n . Let n0 be minimal such that ord(bn) = pord(bn−1) for all n ≥ n0 + 1, then

∪n≥n0ΩE(β
1/ord(bn)
n )/ΩE is a Zp-extension.

Proof. Let c be as in Theorem 5.1.2. Then 0 6= bp
c ∈ Ap

c

∞. As f(b) is a Zp-extension

of ΩE we see that there is an index n′0 ≥ n0 such that ΩE(β
1/pord(bn)

n ) is a non-trivial

extension of ΩE for all n ≥ n′0. By definition we have (βn+1) = B
ord(bn+1)
n+1 . By

definition Bn(γ) = Nn+1,n(Bn+1) = Bp
n+1. Then βn+1 = βn(γ)ord(bn)e for some

unit e and some γ in Kn+1. It follows that ΩE(β
1/ord(bn)
n ) = ΩE(β

1/ord(bn+1)
n+1 ). Thus,⋃

n≥n0
ΩE(β

1/ord(bn)
n ) defines a Zp-extension over ΩE .

We have already seen that f(bp
c
) ⊂ ΩE′ for every element b ∈ B∞. The goal of

the rest of this section is to prove that the compositum of all such extensions f(b) is
not only a subfield of ΩE′ but is already equal to ΩE′ .

Remark 5.1.9. Consider η ∈ Nn+l,n(E′n+l). Let η′ be such that Nn+l,n(η′) = η. As

η′T is a unit, we see that η = η′p
l

e for a global unit e and a p-unit η′ ∈ Kn+l. Hence,
η1/pl ∈ ΩE.

Using Remark 5.1.9 and Theorem 5.1.2 we obtain the following result.

Lemma 5.1.10. Let B∞ = lim∞←nBn and let r be the unique integer such that
B∞ ∼= Zrp × (finite group). Then Gal(ΩE′/ΩE) has Zp-rank r.

Proof. Clearly, Zp-rank(B∞ ∩ Ap
c

∞) = r. From points c) and d) of Theorem 5.1.2 we
obtain that the Zp-rank of ΩE′/ΩE is at least r.

Let Fn be the free abelian group generated by the primes above p in Kn. Then
the norms induce isomorphisms:

Nn+1,n : Fn+1 → ι(Fn),
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where ι denotes the ideal lift from level n to level n + 1. Let pk be the exponent of
the Zp-torsion part of B∞. Then

Nn+1,n : F p
k

n+1 → ι(F p
k

n )

is bijective as well. Further, there is a natural homomorphism Rn : F p
k

n → Bn, whose
image has p-rank r for n large enough. Choose r generators fi for 1 ≤ i ≤ r of

F p
k

n such that their images under Rn generate Rn(F p
k

n ) as abelian group. There are

generators e1, . . . , er of F p
k

n and integers αi such that fi = eαii for 1 ≤ i ≤ r. Then
we have Rn(fi) = Rn(ei)

αi . Thus, the αi are coprime to p and Rn(ei) and Rn(fi)

generate the same group in Rn(F p
k

n ). So without loss of generality we can assume

fi = ei. We can complete this set to a set of Z-generators of F p
k

n by choosing s − r
elements in the kernel of Rn. It follows that F p

k

n decomposes as abelian group into

F
(1)
n ⊕F (2)

n , where F
(1)
n is generated by r non-principal ideals generating the image of

F p
k

n in Bn and F
(2)
n is contained in the kernel of Rn. F

(2)
n has p-rank s−r and consists

only of principal ideals. Let l be arbitrary. As we can find such a decomposition for

all levels n + l we can choose F
(2)
n such that Nn+l,n(F

(2)
n+l) = F

(2)
n . By Remark 5.1.9

it follows that η1/pl ∈ ΩE for all η such that (η) ∈ F (2)
n .

Let now (η) ∈ Fn be arbitrary. Note that (η)p
k ∈ F (1)

n ⊕ F (2)
n . Assume that there

is a p-power pv such that (η)p
v ∈ F (2)

n . As F
(1)
n does not contain p-torsion, we see that

v ≤ k. There is a natural map ϕ : E′p
k

n → F p
k

n . Clearly, ϕ(E′p
k

n )/(ϕ(E′p
k

n )
⋂
F

(2)
n ) has

p-rank at most r. It follows that the group Gal(ΩE(E′n
pk−l)/ΩE) has p-rank at most

r. As this holds for all l and n we see that Gal(ΩE′/ΩE) has Zp-rank at most r.

Using Lemma 5.1.10 we can prove the following property of the map f defined in
Theorem 5.1.2.

Lemma 5.1.11. The map f is surjective.

Proof. Note that by Lemma 5.1.10 the Zp-rank of ΩE′/ΩE is exactly r = λ(B∞).

Hence, by property c) and d) the compositum T of all extensions f(b) for b in Ap
c

∞∩B∞
generates a subextension of ΩE′ of finite index. By [Iw 2, Theorem 15] Gal(ΩE′/K∞)
does not contain Zp-torsion and we have T = ΩE′ . Therefore, f induces a map

f ′ : (A′∞)p
c → {Zp-subextensions of MM∞ /ΩE′}.

By [Iw 2, Theorem 16] A′∞ is pseudo isomorphic to Gal(M∞/ΩE′)
•. Then

λ(A′∞) = λ(A′
pc

∞) = λ(Gal(M∞/ΩE′)
•) = λ(Gal(M∞/ΩE′)).

Since f preserves the Zp-rank of subgroups the same holds for f ′, and the claim
follows from the fact that Gal(MM∞ /K∞) does not contain Zp-torsion.
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Remark 5.1.12. Consider a Λ-submodule C in Ap
c

∞ and the compositum of the cor-
responding Zp-extensions M ⊂ M∞. Then M is Galois over K. Note that if C is
annihilated by f(T ) then Gal(M/ΩE) is annihilated by f(T ∗) and vice versa. To
simplify notation we will also write f(C) for M.

5.1.3 Homomorphisms between A′∞[T ] and p-units

A main building block in our results on the Gross and the Gross-Kuz’min conjecture
is that we can identify elements in A′n[T ] with certain coclasses in the p-units E′0 of K.
Note that our construction of these homomorphisms is very similiar to Greenberg’s
construction for the abelian case [Gre 2].

Lemma 5.1.13. There is a well defined homomorphism of abelian groups

ψn : A′n[T ]→ E′0/Nn,0(E′n),

whose kernel is the subgroup ι0,n(A0)Bn/Bn. Furthermore, we have

Im(ψn) = E′0 ∩Nn,0(K×n )/Nn,0(E′n).

Proof. Let a ∈ A′n[T ], c ∈ An be such that a = cBn and let An ∈ c be an ideal. Then
we obtain ATn =

∏s
i=1 P

ai
n,i(αn) for some integers ai and some αn in Kn. The norm

Nn,0(αn) lies in the group of p-units of K. Let ψn(a) = Nn,0(αn)Nn,0(E′n). Note that
the image of Nn,0(αn) in E′0/Nn,0(E′n) does neither depend on the representative An
in c nor on the choice of the generator α. Thus, ψn is a well defined homomorphism.

Assume that an lies in the kernel of ψn then we can write Nn,0(αn) = Nn,0(η) for
some element η ∈ E′n. We obtain by Hilbert’s Theorem 90 that there is an element γ
in Kn such that αn = ηγT . It follows that ATn = (γT )(η)

∏s
i=1 P

ai
n,i. Hence, there are

integers bi such that (An/γ)T =
∏s
i=1 P

bi
n,i. Taking the norm to K shows that all the

bi are equal to zero. Therefore, An/(γ) is a fractional ideal annihilated by T . Hence,
it is the product of primes above p and a lift of an ideal from K. The class [An]Bn
lies in ι0,n(A0)Bn/Bn. On the other hand ι0,n(A0)Bn/Bn lies in the kernel of ψn.

Let now y ∈ Nn,0(K×n ) ∩ E′0 and let y = Nn,0(α′) for some α′ ∈ Kn. Then
Hilbert’s Theorem 90 for ideals implies (α′) = AT

∏s
i=1 P

ai
n,i for some integers ai and

an ideal A in Kn. It follows that the class [A]Bn lies in A′n[T ]. Therefore, we see that
Im(ψn) = E′0 ∩Nn,0(K×n )/Nn,0(E′n).

Lemma 5.1.14. The maps ψn induce an injective homomorphism

ψ : A′∞[T ]→ lim
∞←n

E′0 ∩Nn,0(K×n )/Nn,0(E′n).

Proof. Let (an)n∈N be a sequence in A′∞[T ]. Let an = cnBn and an+1 = cn+1Bn+1.
Choose An ∈ cn and An+1 ∈ cn+1. Then there is an ideal B in Kn only divisible
by ideals above p such that Nn+1,n(An+1) = An(γ)(B). Let (αn)

∏s
i=1 P

ai,n
n,i = ATn

and (αn+1)
∏s
i=1 P

ai,n+1

n+1,i = ATn+1 be defined as above. Then there is a p-unit η in E′n
such that Nn+1,n(αn+1) = αnηγ

T . It follows that Nn+1,0(αn+1) = Nn,0(αn)Nn,0(η).
Hence, Nn+1,0(αn+1) and Nn,0(αn) define the same class in E′0 ∩Nn,0(K×n )/Nn,0(E′n).
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Note that E′0∩Nn,0(K×n ) ⊂ E′0∩Nn−1,0(K×n−1) and that there is a natural restric-
tion homomorphism of quotients

E′0 ∩Nn,0(K×n )/Nn,0(E′n)→ E′0 ∩Nn−1,0(K×n )/Nn−1,0(E′n).

As we showed above the elements (Nn,0(αn))n∈N define a coherent sequence with
respect to these restrictions. Hence, they give an element in

lim
∞←n

E′0 ∩Nn,0(K×n )/Nn,0(E′n).

As there are no non-trivial norm coherent sequences in lim∞←n ι0,n(A0)Bn/Bn,
Lemma 5.1.13 implies that the map ψ induced by the ψn is injective.

In the course of this chapter we will also need a second homomorphism constructed
below.

Lemma 5.1.15. There are well defined homomorphisms

T̂n : A′n[T ]→ Bn for all n ≥ 0

and
T̂ : A′∞[T ]→ B∞.

Proof. Let a ∈ A′n[T ], then there is a class c ∈ An such that a = cBn. Define
T̂n(a) = Tc. As TBn = {0} the map T̂n is well defined. The same definition works
at level infinity.

5.1.4 Consequences of the weak Leopoldt conjecture

It is well known that the weak Leopoldt conjecture holds for the cyclotomic Zp-
extension of number fields K. This fact has the following useful consequence for
us.

Lemma 5.1.16. Recall that W = lim∞←nWn is the projective limit of the p-power
roots of unity in Un and that Ŵ = W ∩ E∞. Then we have

Zp-rank(W/Ŵ ) = s− 1.

In particular, we obtain Ŵ = lim∞←nR(Kn), where R(Kn) denotes the p-power roots
of unity of Kn.

Proof. As Zp-rank(lim∞←nR(Kn)) = 1 we see that s − 1 is an upper bound for the

Zp-rank of W/Ŵ . If Leopoldt’s conjecture holds for Kn for all n there is nothing
to prove. Let {ei}1≤i≤pnr2−1 be a set of fundamental units of Kn and assume that∏r2pn−1
i=1 eaii = 1 for some elements ai ∈ Zp not all equal to zero, i.e. Kn has positive

Leopoldt defect. The units ei are a subset of a set of fundamental units for Kn+l for
all l ≥ 0. By choosing n large enough we can assume that Kn and Kn+l have the same
Leopoldt defect. It follows that the only non-trivial elements in Ŵn+l/W (Kn+l) are
represented by linear combinations of e1 . . . er2pn−1. Consider a linear combination

z =
∏pnr2−1
i=1 ebii ∈ Wn+l. Then we see that ωnz = 1 and z ∈ Wn+l[ωn] = Wn. Hence,

Ŵn+l
∼= W (Kn+l)×(group of uniformly bounded order). Thus, in the projective limit

we obtain that the Zp-rank of Ŵ is 1 and Ŵ = lim∞←nW (Kn).
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5.1.5 Local extensions

To use the full power of the idelic class field theory later we first have to understand
local Kummer conditions in more detail.

Lemma 5.1.17. Let N̂n,i ⊂ Un,i be a maximal Zp-free subgroup of the universal norms
which are defined as

⋂
m≥nNm,n(K×m,i). Let πn,i be a uniformizer of the maximal

ideal of Kn,i that is a universal norm for the tower K∞,i/Kn,i. Then the group Wn,i

acts trivially on the extension Kn,i((N̂n,i)π
Z
n,iWn,i)

1/pn). If α ∈ Kn,i has a non-

trivial image in the quotient Kn,i/(Kpn

n,iN̂n,iWn,iπ
Z
n,i) then Wn,i acts non-trivially on

the extension Kn,i(α
1/pn) .

Proof. As the elements in N̂n,iπ
Z
n,iWn,i are universal norms their Artin symbols act

trivially on the cyclotomic Zp-extension of Kn,i. By [Ne 1, Chapter 5 Proposition

3.2 (iv)] the group Wn,i acts trivially on Kn,i((N̂n,iπ
Z
n,iWn,i)

1/pn). If α is as in the
assumptions, then α has a non-trivial Artin symbol in the extension K2n,i/Kn,i. Again
by [Ne 1, Chapter 5 Proposition 3.2 (iv)] the group Wn,i acts non-trivially on the
extension Kn,i(α

1/pn).

Remark 5.1.18. By definition π0,i is a universal norm. Thus, π0,i lies in the sub-

group πZn,iN̂n,iVn,iWn,i.

5.2 The Gross conjecture

In this section we will prove Theorem 5.0.2. Recall that we denoted the Λ-torsion
submodule of Gal(ΩE′/K∞) by Z. With this notation one can reformulate Theorem
5.0.2 as follows.

Theorem 5.2.1. The Gross conjecture holds for a CM field K if and only if φ(W+) ∼
Z+ under Artin’s isomorphism.

This equivalent formulation (Theorem 5.0.2) allows us to prove the Gross conjec-
ture in the following cases (cf. Section 5.2.3):

Theorem 5.2.2. Assume that K is CM , contains ζp and that K∞/K is totally ram-
ified at all primes above p. Let p1, . . . , pt be the primes above p in K+. Let s′ ≤ t be
the number of primes above p that split in K/K+.

1.) Assume that p1 splits in K/K+ and that pi is unsplit in K/K+ for 2 ≤ i ≤ t.
Then the Gross conjecture holds for K.

2.) a.) Assume that s′ = 2. Let the primes above p that are not fixed by the complex
conjugation be P1, . . . ,P4 and assume that P2k = P2k−1 for k ∈ {1, 2}.
Assume that there is an automorphism σ : K→ K such that σ(P1) = P3.
Assume that either σ2(P1) = P1 or that p ≡ 3 mod 4. Then the Gross
conjecture holds for K. In particular, the Gross conjecture holds for K if
there is a subfield M ⊂ K such that s′(M) = 1 and [K : M] = 2.
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b.) Let q be an odd prime different from p and assume s′ = q. Let the primes
above p that are not fixed by the complex conjugation be P1, . . . ,P2s′ and
assume that P2k = P2k−1 for k ∈ {1, 2 . . . s′}. Assume that there is an
automorphism σ : K→ K acting transitively on the set of pairs of complex
conjugate primes above p. Assume that the cyclotomic polynomials φs′(x)
and φ2s′(x) are irreducible in Qp[x]. Then the Gross conjecture holds for
K.

The above theorem adds additional cases to the following known ones:

� Let K be a CM number field satisfying Leopoldt’s conjecture such that the
prime p is totally split in K/Q. Then the Gross conjecture holds for K. (cf.
[Ho-Kl]).

� Let K be a CM field such that there is a totally real subfieldR with |Gal(K/R)| =
2km with k ≥ 1. Assume that K/R is abelian and that there is a prime P above
p such that RP = Qp and such that P is totally split in K/R. Assume further
that all other primes above p in K+ are unsplit in K/K+. Then the Gross
conjecture holds for K (cf.[Ho-Kl]).

Remark 5.2.3. In fact one can deduce point 1.) of Theorem 5.2.2 directly from
the work of Hofer and Kleine: In the setting of the theorem one can show that the
Gross order of vanishing conjecture holds for the unique non-trivial character χ of
Gal(K/K+) [Ho-Kl, Remark 2.11 (3)]. As the Gross order of vanishing conjecture for
χ is equivalent to the Gross conjecture [Ho-Kl, Theorem A], one can deduce the Gross
conjecture2 for K. Our proof will not use this equivalence and is purely algebraic. That
Gross’ conjecture holds under the premises of Theorem 5.2.2 point 1.) can also be seen
relatively easily from Gross’ original formulation of the conjecture. The second point
of the theorem cannot be deduced directly from these results and uses the equivalent
formulation of Theorem 5.0.2.

As a further direct consequence of Theorem 5.0.2 we obtain

Corollary 5.2.4. Assume that K satisfies the assumptions of Theorem 5.0.2. Let
L/K be a finite extension such that Ln and Kn have the same number of pairs of
complex conjugate primes above p for all n. Assume that L is a CM field as well. If
the Gross conjecture holds for K, then it holds for L.

In Corollary 5.2.4 we allow that the primes above p that are fixed by the complex
conjugation split in Ln/Kn. Therefore, Theorem 5.2.4 is a a generalization of the
following theorem which was proved implicitly by Greenberg [Gre 2] and reproved
by Jaulent [Jau 2]. Jaulent actually proves the statement for the Gross-Kuz’min
conjecture but one can easily specialize to the 1− j-component in the CM -case. One
could also obtain Theorem 5.2.4 relatively easily by using Gross’s original formulation
in terms of p-adic regulators of p-units.

Theorem 5.2.5. If K is a CM field such that the Gross conjecture holds for K then it
also holds for any CM extension of K in which all primes above p are undecomposed.

2I thank Sören Kleine for pointing this out to me
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5.2.1 The failure of the Gross conjecture in terms of potentially
ramified extensions

In this section we will consider CM number fields K containing ζp with the property
that all primes above p are totally ramified in K∞/K. We will describe the non-
validity of the Gross conjecture in terms of ΩE and ΩE′ .

Theorem 5.2.6. If the restriction of φ(W+) to Gal(Ω+
E′/K∞) generates a subgroup

of finite index in Gal(Ω+
E′/K∞), then the Gross conjecture holds for K.

Let e ∈ En for some n. Then e1−j is a root of unity. It follows that the im-
age of e1−j in K∞/Kpm

∞ is trivial for all m. As this holds for all units we see that
Gal(ΩE/K∞)1+j is the trivial group. In particular, φ(W+) acts trivially on ΩE .
Hence, φ(W+) generates a priori a subgroup of Gal(M∞/ΩE)+ and by restriction in
Gal(ΩE′/ΩE)+ ∼= Gal(Ω+

E′/K∞) ∼ (Λ/T ∗)k for some integer k.

Recall that we defined the maps ψn (Lemma 5.1.13), ψ (Lemma 5.1.14) and T̂
(Lemma 5.1.15) in Section 5.1.3.

Lemma 5.2.7. The map T̂ : A′∞[T ] → B∞ is injective on A′−∞[T ]. In particular,
A−∞[T ] = B−∞

Proof. Let a = (an)n∈N ∈ A′−∞[T ] be a non-trivial element. Note that for all
n ≥ m ≥ 0 the cohomology group Ĥ1(E′n,Gal(Kn/Km))1−j is trivial. Indeed,
ker(Nn,m) ∩ E′n ⊂ En and E′n

1−j ∩ En consists only of roots of unity in Kn. But

Ĥ1(R(Kn),Gal(Kn/Km)) is trivial [Wash, Lemma 13.27] which implies the claim.
Then [Iw 2, Theorem 12]3 implies that the lift ιm,n : A′m

− → A′n
− is injective. As

Tan = 0 for all n the homomorphism ιm,n ◦Nn,m acts as multiplication by pn−m on
an. Together with the injectivity of ιm,n we obtain that ord(an) = pn−mord(am). In

particular, ord(an) diverges to infinity. Let bn = T̂nan. We have to show that bn 6= 1
for all n. Assume by contradiction that bn = 1 and let as before an = cnBn and An
in cn. Then we have ATn = (αn). Without loss of generality we can assume that αn
lies in K1−j

n . There is a natural embedding

E0/Nn,0(En)→ E′0/Nn,0(E′n).

It follows that the class of Nn,0(αn) in E′0/Nn,0(E′n) lies in E0/Nn,0(E′n) ∩E0. As all
p-power roots of unity are norms of roots of unity of level n, we see that the group
(E0/Nn,0(E′n) ∩ E0)1−j is trivial. Hence, an lies in the kernel of ψn for all n and by
Lemma 5.1.13 we see that an lies in ι0,n(A0)Bn/Bn. Therefore, an has uniformly

bounded order in contradiction with the choice of a. This proves the injectivity of T̂ .
Clearly, B−∞ ⊂ A−∞[T ]. Consider the composite map

A−∞[T ]→ A′
−
∞[T ]→ B−∞

induced by T̂ . By construction A−∞[T ] gets mapped to zero, i.e. the image of A−∞[T ]
in A′−∞[T ] lies in the kernel of T̂ . Hence, we obtain A−∞[T ] = B−∞.

3Iwasawa constructed an isomorphism Ĥ1(E′n,Gal(Kn/Km)) ∼= ker(ιm,n : A′m → A′n). One can
easily restrict this isomorphism to minus parts.
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As B−∞ does not contain a finite submodule, Lemma 5.2.7 has the following simple
consequence.

Corollary 5.2.8. If B−∞ is trivial then the Gross conjecture holds for K.

Ultimately we want to use ψn(A′−n [T ]) as radicals over ΩE and we will do so in
Lemma 5.2.12. As a first step we make the following observation.

Remark 5.2.9. Let a ∈ A′−∞[T ] and b = T̂ a. Let, as in the proof of Lemma 5.1.13,
an = cnBn and An ∈ cn. Then ATn = (αn)Bn for an ideal Bn in bn only divisible

by primes above p. Let (βn) = B
ord(bn)
n . Then there are constants c and c′ such that

(βn)c = (Nn,0(αn))c
′
.

Note that there is a canonical decomposition B∞ = B+
∞ ⊕ B−∞. We denote the

Zp-rank of B−∞ by r− and the one of B+
∞ by r+. Then r = r− + r+. Let s′ be the

number of primes above p in K+ that are split in K/K+. Let Y = Gal(M∞/ΩE). As
T̂ is injective on A′−∞[T ], the number s′ is a natural upper bound on the rank of A′−∞.

Lemma 5.2.10. We have (Y + ∩ φ(U∞/E∞))[T ∗] ∼ φ(W+). Further, r− = s′ and
Zp-rank((Y + ∩ φ(U∞/E∞))[T ∗]) = s′.

Proof. Let l be maximal such that ζpn+l ∈ Kn for all n ≥ 0. We fix n for a moment.
For each natural number k we can find elements xk,i ∈ Kn such that xk,i ≡ ζpn+l

mod Pk
n,i and xk,i ≡ 1 mod Pk

n,v for all v 6= i. If j(Pn,i) = Pn,i, we see that

j(xi,k) ≡ ζ−1
pn+l mod Pk

n,i and j(xi,k) ≡ 1 mod Pk
n,v for all v 6= i. We obtain that

x1+j
i,k ≡ 1 mod Pk

n,v for all v and W 1+j
i = {1}. If j(Pn,i) 6= Pn,i, it follows that

j(xk,i) ≡ 1 mod Pk
n,i. Let Pn,i+s′ = j(Pn,i). In this case x1+j

k,i ≡ ζpn+l mod Pk
n,i

and x1+j
k,i ≡ ζ−1

pn+l mod Pk
n,i+s′ , while x1+j

k,i ≡ 1 mod Pk
n,v for v /∈ {i, i + s′}. Note

that the group Wi ×Wi+s′ has Zp-rank 2. By the above computation we obtain that
(Wi ×Wi+s′)

1+j has Zp-rank 1. Then the Zp-rank of W+ is s′.
Clearly, we have Zp-rank(B−∞) = r− ≤ s′. By Lemma 5.2.7 we know that A−∞[T ] =

B−∞. Let F = MT ∗Y+Y −
∞ . By Proposition 5.1.2, Lemma 5.1.11 and Remark 5.1.12 the

extension M/f(A−∞[T ]p
c
) is finite. As the Zp-rank of B−∞[T ] is r−, we see that the

Zp-rank of Y +(T ∗)/T ∗Y +(T ∗) is also r−. It follows that Zp-rank(Y +[T ∗]) = r−. In
particular, the rank of (φ(U∞/E∞)

⋂
Y +)[T ∗] is bounded by r−.

As Gal(ΩE/K∞) is annihilated by 1 + j, we see that φ(W+) = φ(W )1+j fixes ΩE .

Therefore, φ(W+) is a subgroup of Y +. As Ŵ 1+j = {1} (compare with (5.1.16))

we see W+
⋂
Ŵ = {1}. We obtain an isomorphism φ(W+) ∼= W+ and both have

Zp-rank s′. We obtain the following inequality of Zp-ranks

r− ≤ s′ = Zp-rank(W+) ≤ Zp-rank(φ(U∞/E∞)
⋂
Y +[T ∗]) ≤ r−.

It follows that s′ = r−. We conclude that

(φ(U∞/E∞)
⋂
Y +)[T ∗] ∼ φ(W+).
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As an immediate consequence we obtain

Corollary 5.2.11. We have

Ω+
E′ =

⋃
n∈N

K∞(E′0
(1−j)/pn

).

Furthermore, we have K∞((Nn,0(E′n) ∩ E′0
1−j)1/pn) = K∞.

Proof. The extension
⋃
n∈NK∞(E′0

(1−j)/pn)/K∞ is a Zs′p extension that is contained

in Ω+
E′ . As Zp-rank(Gal(ΩE′/ΩE)+) = s′ = r− and as Gal(ΩE/K∞) is annihilated

by 1 + j, we obtain that Ω+
E′/
⋃
n∈NK∞(E′0

(1−j)/pn) is a finite extension. Since
Gal(ΩE′/K∞) does not contain Zp-torsion [Iw 2, Theorem 15], this implies that

Ω+
E′ =

⋃
n∈NK∞(E′0

(1−j)/pn).

Let now e ∈ Nn,0(E′n) ∩ E′1−j0 , i.e. Nn,0(η) = e. By Remark 5.1.9 we have that
e1/pn ∈ ΩE . As e1+j = 1 we see that e1/pn ∈ Ω+

E′ ∩ ΩE = K∞, which implies the
claim.

Lemma 5.2.12. Each non-trivial sequence ψ(a) = (Nn,0(αn))n∈N in lim∞←n ψn(A′−n [T ])
defines a Zp-extension in Ω+

E′/K∞.

Proof. Let a = (a′)1−j . Then we see that ψn(a) = ψn(a′n
1−j) = (ψn(a′n))1−j . Hence,

ψn(a) defines a well defined class in E′0
1−j/(Nn,0(E′n) ∩ E′0

1−j). By Corollary 5.2.11

we see that K∞((Nn,0(E′n) ∩ E′0
1−j)1/pn) = K∞ and

⋃
n∈NK∞(Nn,0(αn)1/pn) defines

indeed a Zp-cyclic extension over K∞. Let b = T̂ a, Bn ∈ bn and B
ord(bn)
n = (βn). Let

αn be as in Remark 5.2.9. and (Nn,0(αn))c
′

= (βn)c (see Remark 5.2.9). Without

loss of generality we can assume that β1+j
n = 1. Let l(n) = min(pn, ord(bn)). We

obtain that ΩE(Nn,0(αn)c
′/l(n)) = ΩE(β

c/l(n)
n ). Note that there is an n0 such that for

all n ≥ n0 we have p · l(n) = l(n+ 1) and ord(bn)/l(n) = ord(bn0)/l(n0). By Lemma
5.1.8 we get that ⋃

n≥n0

ΩE(Nn,0(αn)c
′/l(n)) =

⋃
n≥n0

ΩE(βc/l(n)
n )

defines a Zp-extension in ΩE′/ΩE . As⋃
n∈N

ΩE(Nn,0(αn)c
′/l(n)) = ΩE

⋃
n∈N

K∞(Nn,0(αn)c
′/l(n))

and
⋃
n∈NK∞(Nn,0(αn)c

′/l(n)) ⊂M+
∞, the claim follows.

The Zp-extension we constructed in the above lemma is the extension f(b), where

b = T̂ (a). The reason that we used b directly to construct a Zp-extension and not the
map f is that we want to spare us technical index shifts at finite level in the above
proof.

Using Lemma 5.1.17 we can now show that the extensions constructed in Lemma
5.2.12 are in fact fixed by φ(W+).
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Proof of Theorem 5.2.6. Assume that the Gross conjecture is false for K. Then we
can choose a non-trivial element (Nn,0(αn))n∈N ∈ ψ(A′−∞[T ]). Define the field

F =
⋃
n≥n0

K∞(Nn,0(αn)1/l(n))

as in Lemma 5.2.12. Note that for large n and every prime P0,i above p in K and
Pn,i in Kn we have

Nn,0(K×n,i) ⊂ π
Z
0,i × N̂0,i ×W0,i × Up

n

0,i × V0,i ⊂ πZm,i × N̂m,i ×Wm,i × Vm,i × Up
n

m,i

for some uniformizer π0,i (see also Lemma 5.1.17 for the definition of π0,i and Re-
mark 5.1.18) and all m ≥ 0. Let δn ∈ Nn,0(Kn) be a representative for ψn(an)

in (E′0)1−j/(Nn,0(E′n) ∩ E′0
1−j). By Corollary 5.2.11 we have K∞(Nn,0(αn)1/l(n)) =

K∞(δ
1/l(n)
n ), by Lemma 5.1.17 we obtain that for m ≥ n and all 1 ≤ i ≤ s, the group

φ(Wm,i) acts trivially on the field Kn(δ
1/l(n)
n ). Note that ∪n≥n0K∞(δ

1/pl(n)

n ) = F.
Hence, the group φ(W+) acts by restriction trivially on F and it follows that the
restriction of φ(W+) to Gal(Ω+

E′/K∞) does not generate a subgroup of finite index
in Gal(Ω+

E′/K∞)+.

5.2.2 Proof of Theorem 5.0.2

In this section we will prove Theorem 5.0.2. As before we consider CM extensions
K/Q containing ζp and with the property that all primes above p are totally ramified
in K∞/K. For these extensions we can use Theorem 5.2.6.

Lemma 5.2.13. We have
A+
∞(T ∗) is finite.

Proof. Assume that A+
∞(T ∗) is infinite. Using Theorem 5.1.2, Lemma 5.1.11 and

Remark 5.1.12 we obtain that Gal(M∞/ΩE)−(T ) is infinite. Let L = MTY+Y +

∞ .

Hence, Gal(L/ΩE) is as abelian group pseudo isomorphic to Zλ(L/ΩE)
p . Note that by

(5.3), (5.4) and the fact that T ∗Z = {0}, we have Gal(ΩE/K∞) ∼ Λr2 ⊕ (Λ/T ∗)v for
some v ≥ 0 . As Gal(L/ΩE) is annihilated by T , we obtain

Gal(L/K∞) ∼ Λr2 ⊕ (Λ/T )v ⊕ (Λ/T ∗)k

for some v ≥ 1. Further, (1+j) annihilates Gal(L/K∞). Consider M0∩L (recall that
M0 is the maximal p-abelian, p-ramified extension of K). Then we have the following
short exact sequence

1→ Gal(L ∩M0/K∞)→ Gal(L ∩M0/K)→ Gal(K∞/K)→ 1.

Note that Gal(L ∩M0/K∞) = Gal(L/K∞)/TGal(L/K∞) has Zp-rank r2 + v and is
annihilated by (1+j). As we have U(K)/E0

∼= Gal(M0/H(K)), it follows that U(K)−

has Zp-rank at least r2 + v. It is easy to see 4 that U(K)− has Zp-rank r2 = [K : Q]/2
in contradiction with v ≥ 1.

4As U(K) is pseudo isomorphic to Z[K:Q]
p while U(K)+ ∼= U(K+) is pseudo isomorphic to Z[K:Q]/2

p

we obtain that U(K)− is pseudo-isomorphic to Zr2p .
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Now we have all ingredients to prove the central theorem of this section.

Proof of Theorem 5.0.2. Assume first that (U∞/E∞W )+[T ∗] is finite. Then Lemma
5.2.10 implies that (Y + ∩ φ(U∞/E∞))(T ∗) ∼ φ(W+). Assume in addition that the
Gross conjecture is false. Then Theorem 5.2.6 implies that the restriction of φ(W+) to
Gal(Ω+

E′/K∞) does not generate a subgroup of finite index in Gal(Ω+
E′/K∞). Denote

Gal(Ω+
E′/K∞) by Q. Define

F ⊂ Ω+
E′
φ(W+)

as the maximal subfield such that Gal(F/K∞) is Zp-free. By Theorem 5.2.6 the
extension F/K∞ has positive Zp-rank.

ΩE′

Ω+
E′

F

K∞

φ(W+)|
Ω+
E′

Q

Let X = Gal(F/K∞). Then we have X = X+. Recall that Y = Gal(M∞/ΩE).
Note that Y + ∼= Gal(M∞/K∞)+. As φ(W+) fixes F and (Y + ∩ φ(U∞/E∞))(T ∗) ∼
φ(W+) we obtain that F/F∩H∞ is finite. Since F/K∞ is Zp-free, we obtain F ⊂ H∞.
Then there is a subgroup C ⊂ A+(T ∗) surjecting to a subgroup of finite index in
Gal(F/K∞). Therefore, A+(T ∗) is infinite, yielding a contradiction to Lemma 5.2.13.
So if (U∞/E∞W )+[T ∗] is finite then the Gross conjecture holds for K.

It remains to show the second implication. Assume that the Gross conjecture is
true. The injectivity of T̂ (Lemma 5.2.7) and the fact that A−∞ does not contain a finite
submodule [Wash, Proposition 13.28] imply that A−∞(T ) = B−∞. It is easy to see that
the fixed field of T ∗Y +Y − in (ΩEH∞ ∩ΩE′) is a finite extension of ΩE . Indeed, if it
was infinite, the group A+

∞(T ∗) would also be infinite yielding a contradiction. Hence,
Gal(ΩE′/ΩE)+ is pseudo isomorphic to a quotient of φ(U∞/E∞). By Theorem 5.1.2,
Lemma 5.1.11 and Remark 5.1.12 it follows that φ(U∞/E∞)+(T ∗) ⊂ Y + is pseudo iso-
morphic to Gal(ΩE′/ΩE)+ under Artin’s isomorphism. As T ∗Gal(ΩE′/ΩE) is trivial,
we conclude that (U∞/E∞)+(T ∗) ∼ (U∞/E∞)+[T ∗] ∼W+ ∼ Gal(ΩE′/ΩE)+.

Having proved Theorem 5.0.2 we can proceed with the proof of Corollary 5.2.4.

proof of Corollary 5.2.4. Let N be the norm from Ln to Kn for all n. Assume that
the Gross conjecture is false for L. By Theorem 5.0.2 the group (U∞/E∞W )+[T ∗]
is infinite. By Lemma 5.2.10 we have (U∞/E∞)+[T ∗] ∼ W+. Hence, there is an
element u = (u1+j

n )n∈N such that u(T ∗)2 ∈ E∞ but uT
∗
/∈ E∞. It follows that

N(u) is a local unit in U∞(K) such that N(u)(T ∗)2 ∈ E∞. Let w ∈ W+ be such
that uT

∗ ≡ w mod E∞. Then N(uT
∗
) ≡ N(w) mod N(E∞). Let πi : U∞ →
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U∞,i. If j(Pn,i) = Pn,i for all n then πi(W
+) = {1}. Let Pn,i 6= j(Pn,i). Then

Pn,i is totally undecomposed in Ln/Kn by assumption. Hence, N acts as raising to
the power [L : K] on πi(W

+). Thus, there is a canonical isomorphism N(W+) ∼=
W+. Further, we see that W+ ∩ E∞(K) = {1} and that N(w) does not lie in
E∞(K). Therefore, N(u)T

∗
is not an element in E∞(K). By [Iw 2, Theorem 18]

the group Gal(M∞(K∞)/K∞) does not contain a finite submodule. It follows that
(ΛN(u)E∞(K))/E∞(K) is pseudo isomorphic to Λ/(T ∗)2. As (U∞(K)/E∞(K))− ∼
Λr2⊕T ∗-torsion this yields a contradiction to the fact that the Gross conjecture holds
for K.

5.2.3 Applications

Assume that K contains ζp and is such that K∞/K is totally ramified at all primes
above p. Recall that we denote by π0,i a generator of the maximal ideal in K0,i

that is a universal norm for K∞,i/K0,i. Let ιi : K → K0,i be the natural embed-
ding. Let vi : K0,i → Z be the π0,i-adic valuation map. For every e ∈ E′0 we define

wi(e) ∈ V0,i to be the element such that ιi(e)/(π
vi(e)
0,i wi(e)) ∈ U0,i. Define κi(e) =

ιi(e)/π
vi(e)
0,i wi(e) and let κ : E′0 → U0 be be defined via κ(e) = (κi(e))1≤i≤s ∈ U0. Let

Ẽ =
⋂
n∈NNn,0(K×n ) be the universal norms in K0. Then we know Ẽ ⊂ E′0 by [Jau 2,

page 546].

Lemma 5.2.14. The group

E′
1−j
0 ∩ Ẽ is finite

Proof. p is a universal norm and the Z-rank of Ẽ/Ẽ ∩E0 is at most 1 [Kl 2, Lemma
3.5]. Hence, Ẽ/(E0 ∩ Ẽ)pZ is finite and Ẽ ∩ E′1−j0 is finite as well.

Let Ũn be the universal norms in Un and define θi : U0,i → K0,i via θi(ui) =
logp(NK0,i/Qp(ui)). Let θ : U0 →

∏s
i=1 K0,i be the Zp-linear map obtained from the

θi, i.e. if u = (u1, . . . , us) then θ(u) = (θ1(u1), . . . , θs(us)). The kernel of θ is Ũ0

[Jau 2, page 548]. Note that the Hasse-Norm-principle implies that a p-unit e is
a universal norm if and only if it is a universal norm at every prime above p, i.e.
e ∈ Ẽ ⇔ κ(e) ∈ Ũ0. By Lemma 5.2.14 we see that the set {e ∈ E′1−j0 | κ(e) ∈ Ũ0} is

finite. Hence, (θ ◦ κ) |E′01−j has finite kernel and the Z-rank of θ ◦ κ(E′1−j0 ) is s′.

Remark 5.2.15. Note that θ ◦ κ coincides with the homomorphism λp that Gross
defined to state his original conjecture [Gro 1, Conjecture 1.15]. In his definition
Gross did not divide by wi(e) in each component. But as logp(ζ) = 0 for every root
of unity, we obtain λp(u) = θ ◦ κ(u).

Lemma 5.2.16. Let z ∈ E′1−j0 \R(K0). Then φ(W+) generates a subgroup of finite
index in Gal(

⋃
n∈NK∞(z1/pn)/K∞).

Proof. Let Z be the Z-module generated by z. By Lemma 5.2.14 and the definition
of θ we see that the Zp-rank of the p-adic closure θ ◦ κ(Z) is equal to 1.
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By local class field theory Nn,0(Un,i) are the elements with trivial Artin-symbol in

Kn,i/K0,i. These are exactly the elements in W0,iŨ0,iU
pn

0,i . From this we obtain that

Nn,0(Un) = Up
n

0 Ũ0W0. An element in the kernel Nn,0 |Un has a trivial Artin-symbol
in K∞/Kn and is therefore a universal norm. We obtain that Un = U0ŨnWn.

For every k there exists an n such that κ(z) has order pk in Un/U
pn
n ŨnWn. By

Lemma 5.1.17 we obtain that for n large enough there exists an i such that φ(Wn,i)
acts non-trivially on Kn,i(κ(z)1/pn).

Recall from Lemma 5.1.17 that the group φ(Wn,i) acts trivially on the field exten-

sion Kn,i((πn,iŨn,iWn,iVn,i)
1/pn). As κi(z) = ιi(z)/π

vi(z)
0,i wi(z) we obtain that φ(Wn,i)

acts non-trivially on Kn,i(z
1/pn)/Kn,i.

Hence, K∞,z =
⋃
n∈NK∞(z1/pn) defines a Zp-extension over K∞ that is annihi-

lated by 1− j and not fixed by φ(W ). As every non-trivial subgroup has finite index
in Zp, it follows that the restriction of φ(W ) to Gal(K∞,z/K∞) generates a subgroup
of finite index.

Theorem 5.2.17. If s′ = 1 the Gross conjecture holds for K.

Proof. Let π1 ∈ K be a generator of P
ord(b1,0)
1,0 . It follows from Corollary that 5.2.11⋃

n∈N ΩE(π
(1−j)/pn
1 ) = Ω+

E′ .
Together with Lemma 5.2.16 we obtain that φ(W+) generates by restriction the

group Gal(Ω+
E′/K∞) up to finite index, i.e. W+ ∼= φ(W+) ∼ Gal(Ω+

E′/K∞) ∼
Gal(ΩE′/ΩE)+. Hence,

χ : W+ → (U∞/E∞U
T ∗
∞ )+

has a finite kernel. By Lemma 5.2.10 and the fact that φ(U∞/E∞)+ fixes ΩE we see
that φ(W+) ∼ φ(U∞/E∞)+(T ∗). Using that φ is an isomorphism and that the kernel
of χ is finite, we obtain that (U∞/E∞W )+[T ∗] is finite and the claim follows from
Theorem 5.0.2.

Outside of the s′ = 1 case we have to make sure that Z-independent elements in
E′0

1−j stay independent when we apply θ ◦κ and take the p-adic closure in the image.
In the following we will use group ring theoretic results to ensure this condition holds
for certain extensions.

Theorem 5.2.18. 1.) Assume that s′ = 2. Let the primes above p that are not
fixed by the complex conjugation be P1, . . . ,P4 and assume that P2k = P2k−1

for k ∈ {1, 2}. Assume that there is an automorphism σ : K → K such that
σ(P1) = P3 and such that either σ2(P1) = P1 or that p ≡ 3 mod 4.Then the
Gross conjecture holds for K. In particular, the Gross conjecture holds for K if
there is a subfield M ⊂ K such that s′(M) = 1 and [K : M] = 2.

2.) Let q be an odd prime different from p and assume s′ = q. Let the primes above
p that are not fixed by the complex conjugation be P1, . . . ,P2s′ and assume
that P2k = P2k−1 for k ∈ {1, 2 . . . s′}. Assume that there is an automorphism
σ : K → K acting transitively on the set of pairs of complex conjugate primes
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above p in K. Assume that the cyclotomic polynomials φs′(x) and φ2s′(x) are
irreducible in Qp. Then the Gross conjecture holds for K.

Remark 5.2.19. By the definition of σ we see that σs
′
(P1) ∈ {P1,P2}. So the

minimal k such that σk fixes P1 is either s′ or 2s′.

To prove the above theorem we need the following two auxiliary lemmata on group
rings.

Lemma 5.2.20. Let f(x) ∈ Z[x] be a monic polynomial that is irreducible in Qp[x].
Let R = Zp[x]/(f(x)). Then each non-zero R-submodule of R has finite index in R.

Proof. Let 0 6= α ∈ R and consider Rα. Then Rα ∼= Zp[x]/I, where I is an ideal in
Zp[x]. Clearly f(x) ∈ I. If I is generated by f(x) then Rα and R have the same
rank as Zp-modules and Rα has finite index in R. If I 6= (f(x)) we can find an
element g(x) ∈ I that is coprime to f(x). Then there are polynomials u(x), v(x)
such that u(x)f(x) + v(x)g(x) = a ∈ Zp. Hence, a annihilates α and Rα contains
Zp-torsion. But the ring R is Zp-torsion free yielding a contradiction. Hence, I is
always generated by f(x) and the claim follows.

Lemma 5.2.21. Let s′ be an odd prime coprime to p and assume that the cyclotomic
polynomials φs′(x) and φ2s′(x) are irreducible in Qp[x]. Let R = Zp[x]/(xs

′ − 1) and
R′ = Zp[x]/(xs

′
+ 1). Then we have the following decompositions:

1.) R = R1 ⊕ R2, where R1 = φs′(x)R ∼= Zp[x]/(x− 1) and R2 = (s′ − φs′(x))R ∼=
Zp[x]/(φs′(x)) and

2.) R′ = R′1⊕R′2, where R′1 = φ2s′(x)R′ ∼= Zp[x]/(x+1) and R′2 = (s′−φ2s′(x))R′ ∼=
Zp[x]/(φ2s′(x)).

In both cases every non-zero submodule of R (resp. of R′) is of finite index in R,R1

or R2 (resp. in R′1, R
′
2 or R′).

Proof. The elements 1
s′φs′(x) and 1

s′φ2s′(x) are idempotents in R and R′, respectively.
As s′ is a unit in Zp, this gives the desired decompositions. Clearly, we have

φs′(x)(Zp[x]/(xs
′−1)) ∼= Zp[x]/(x−1) and φ2s′(x)(Zp[x]/(xs

′
+1)) ∼= Zp[x]/(x+1).

The modules (s′−φs′(x))R and (s′−φ2s′(x))R′ are annihilated by φs′(x) and φ2s′(x),
respectively. Then by the cyclicity of the modules R2 and R′2, and by the irre-
ducibility of φs′(x) and φ2s′(x) we obtain the isomorphism R2

∼= Zp[x]/φs′(x) and
R′2
∼= Zp[x]/φ2s′(x) finishing the proof of points 1.) and 2.).
Let now A be a non-zero submodule of R. Then we can use the idempotents

1
s′φs′(x) and 1

s′ (s
′ − φs′(x)) to decompose A = A1 ⊕ A2 as R-modules with A1 ⊂ R1

and A2 ⊂ R2. Then by Lemma 5.2.20 A1 has finite index in R1 or A2 has finite index
in R2. If A1 = 0 or A2 = 0, then A = A2 or A = A1, respectively. If A1 6= 0 6= A2,
then A has finite index in R. We can prove the result for submodules A′ of R′

analogously.
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Proof of Theorem 5.2.18. Let σ′ be a lift of σ to K∞. By Corollary 5.2.11 there are s′

elements π1, π3 . . . , π2s′−1 ∈ E′0 such that
⋃
n∈NK∞(π

(1−j)/pn
1 , π

(1−j)/pn
3 , . . . , π

(1−j)/pn
2s′−1 )

equals Ω+
E′ . Without loss of generality we can assume that σk(π1) = π2(k+1)−1 for

1 ≤ k ≤ s′ − 1. Let QW be the restriction of φ(W+) to Gal(Ω+
E′/K∞) and consider

(Ω+
E′)

QW . The group QW is invariant under the action of σ′.
Define the Kummer-radical

Rn = (π
(1−j)Z
1 π

(1−j)Z
3 . . . π

(1−j)Z
2s′−1 )/(π

(1−j)Z
1 π

(1−j)Z
3 . . . π

(1−j)Z
2s′−1 ∩Kpn

∞ )

and define the projective limit R∞ = lim∞←nRn. The automorphism σ′ acts natu-
rally on Rn and R∞. Let R′n ⊂ Rn be the radical of

K∞(π
(1−j)/pn
1 , π

(1−j)/pn
3 , . . . , π

(1−j)/pn
2s′−1 ) ∩ (Ω+

E′)
QW .

Then R′∞ = lim∞←nR
′
n defines a σ′-invariant submodule of R∞ (meaning that σ′

maps R′∞ to itself but might have a non-trivial action element wise).
Assume first that s′ = 2. If σ2(P1) = P1 then σ2(π1−j

1 ) = π1−j
1 w for some root of

unity w. Hence, (σ′)2 acts trivially on R∞ and every Zp[σ′] submodule of R∞ of Zp-
rank one has finite index in R

(1−σ)/2
∞ or in R

(1+σ)/2
∞ . As 2 is a unit in Zp the elements

π
(1−j)(1±σ)
1 generate these Zp[σ′]-submodules. Hence, if (Ω+

E′)
QW is a Zp-extension of

K∞, then

(Ω+
E′)

QW = K∞(π
(1−j)(1±σ)/p∞

1 )

which is impossible by Lemma 5.2.16. It remains the case that R′∞ has finite index
in R∞. But by Lemma 5.2.16 φ(W ) does not act trivially on Ω+

E′ (take for example

z = π1−j
1 ). It follows that QW generates Gal(Ω+

E′/K∞) up to finite index.

If σ2(P1) 6= P1, we obtain that σ2P1 = P2 and σ2(π1−j
1 ) = πj−1

1 w for some root
of unity w. It follows that (σ′)2 acts on R∞ as −1. Hence we obtain an isomorphism
R∞ ∼= Zp[x]/(x2 + 1). We assumed that p ≡ 3 mod 4 in this case and obtain that
every Zp[σ′] submodule of R∞ has finite index in R∞. As QW does not act trivially
on Ω+

E′ by Lemma 5.2.16 we obtain again that QW generates Gal(Ω+
E′/K∞) up to

finite index in both cases and we can proceed as in the proof of Theorem 5.2.17.
Assume now that s′ 6= 2 and that σs

′
(P1) = P1. Then we have an isomorphism

R∞ ∼= Zp[x]/(xs
′ − 1). By Lemma 5.2.21 R′∞ ∩ R1 = φs′(x)R′∞ has finite index in

R1 or R′∞ ∩ R2 = (s′ − φs′(x))R′∞ has finite index in R2. The modules R1 and R2

are generated by π
(1−j)φs′ (x)
1 and π

(1−j)(s′−φs′ )
1 , respectively. Let π be one of these

generators. Then by Lemma 5.2.16, QW acts non-trivially on K∞(π1/p∞) and we
obtain that QW generates Gal(Ω+

E′/K∞) up to finite index.

If σs
′
(P1) 6= P1, we see that R∞ ∼= Zp[x]/(xs

′
+ 1). Then R′∞ ∩ R′1 has finite

index in R′1 or R′∞ ∩ R′2 has finite index in R′2. The generators of R′1 and R′2 are

π
(1−j)φ2s′ (x)
1 and π

(1−j)(s′−φ2s′ )
1 , respectively. As in the case that σs

′
(P1) = P1 we

obtain that QW generates Gal(Ω+
E′/K∞) up to finite index and we can proceed as in

the proof of Theorem 5.2.17.

Together Theorem 5.2.17 and Theorem 5.2.18 imply Theorem 5.2.2.
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5.3 Gross-Kuz’min conjecture

The aim of this section is to prove an equivalent formulation of the Gross-Kuz’min
conjecture for number fields as we did in the last section for the Gross conjecture.
So in this section we will no longer restrict ourselves to the CM case. It turns out
that if we assume Leopoldt’s conjecture, we get a condition very similar to the one
we proved for the Gross conjecture, i.e Theorem 5.0.4.

Theorem. Assume that K contains ζp and that all primes above p are totally ramified
in K∞/K. If the Gross-Kuz’min conjecture holds for K (i.e. A′∞[T ] is finite), then
(φ(U∞)/φ(W ))(T ∗) is finite. If conversely (φ(U∞)/φ(W ))(T ∗) is finite and Leopoldt’s
conjecture holds for K, then the Gross-Kuz’min conjecture holds for K.

Proof of the first implication of the theorem. Assume that the Gross-Kuz’min conjec-
ture holds for K. Then by Theorem 5.1.2, Lemma 5.1.11 and Remark 5.1.12 we see
that Gal(M∞/ΩE′)(T

∗) is finite. In particular, φ(U∞)(T ∗) ∩Gal(M∞/ΩE′) is finite.
Hence, the natural restriction homomorphism

φ(U∞)(T ∗)→ Gal(ΩE′/K∞)

has a finite kernel. As the Λ-torsion submodule Z of Gal(ΩE′/K∞) is annihilated by
T ∗ and of Zp-rank s−1, we see that T ∗(φ(U∞)(T ∗)) is finite and Zp-rank(φ(U∞)(T ∗)) =
s− 1. It follows that φ(U∞)(T ∗) ∼ φ(W ).

Remark 5.3.1. If K is a CM field then (U∞/E∞W )− = U−∞/W
− does not con-

tain T ∗-torsion. Hence, in this case (φ(U∞)/φ(W ))(T ∗) being finite is equivalent to
(U∞/WE∞)+(T ∗) being finite. (U∞/WE∞)+(T ∗) being finite implies Gross’ con-
jecture by Theorem 5.0.2. Assuming Leopoldt’s conjecture in addition implies the
Gross-Kuz’min conjecture trivially.

Let us now prove some preliminary results to enable us to show the second implica-
tion of Theorem 5.0.4. Recall that Z denotes the torsion submodule of Gal(ΩE′/K∞).

Lemma 5.3.2. Assume that (φ(U∞)/φ(W ))(T ∗) is finite and that Leopoldt’s conjec-
ture holds for K. Then φ(W ) generates by restriction a subgroup of finite index in
Gal(ΩE′/Ω̃), where Ω̃ = MZ

∞.

Proof. We will first show that A∞(T ∗) is finite. Assume that it is infinite, then by
Theorem 5.1.2, Lemma 5.1.11 and Remark 5.1.12 Gal(M∞/ΩE′)(T ) is infinite. It
follows that the quotient Gal(M∞/K∞)/TGal(M∞/K∞) has Zp-rank r2 + v, where

v = Zp-rank(Ap
c

∞[T ∗]) (c is the constant of Theorem 5.1.2). Using the exact sequence

0→ Gal(M∞/K∞)/TGal(M∞/K∞)→ Gal(M0/K)→ Gal(K∞/K)→ 0

we obtain that Gal(M0/K) has Zp-rank r2 + 1 + v yielding a contradiction to the
validity of Leopoldt’s conjecture. So A(T ∗) is finite.

Let T be the Λ-torsion submodule of φ(U∞). It follows that Gal(ΩE′/Ω̃) is canon-
ically pseudo isomorphic to a quotient of T /T T ∗ of Zp-rank s− 1. Recall that φ(W )
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has Zp-rank s−1. As (φ(U∞)/φ(W ))(T ∗) is finite, φ(W ) generates a subgroup of the
same rank in the quotient T /T T ∗ . From this the claim follows.

Remark 5.3.3. If K is in addition to the assumptions of Lemma 5.3.2 a CM field,
then φ(W+) ∼ Gal(ΩE′/ΩE) and φ(W−) ∼ Gal(ΩE/Ω̃). To see this recall that
ΩE′/ΩE is a Zrp-extension (see Lemma 5.1.10). As B+

∞ is finite, it follows that r = r−.
Thus,we have Gal(ΩE′/ΩE) = Gal(ΩE′/ΩE)+. As Gal(ΩE/K∞) = Gal(ΩE/K∞)−,
the claim follows.

For the rest of this section we will make the following assumption:

Assumption 5.3.4. K satisfies Leopoldt’s conjecture and (φ(U∞)/φ(W ))(T ∗) is fi-
nite.

Lemma 5.3.5. Let K ⊂ L ⊂M be a tower of local abelian extensions such that M/K
is finite. Let φK and φL denote the corresponding local Artin isomorphisms. Then
the following diagram commutes.

L× Gal(M/L)

K× Gal(M/K)ab

N

φL

res

φK

,

where Gab denotes the abelianization of the group G, res is the natural restriction
and N is the norm from L to K.

Proof. This is a well known result. As the author did not find this particular formu-
lation in any textbook we will reprove it here. By [Iw 3, Theorem 6.9] the diagram
commutes when we replace M by Lab, the maximal abelian extension of L. As

Gal(Lab/L) Gal(M/L)

Gal(Kab/K) Gal(M/K)ab

res

res

res

res

,

commutes, the claim is immediate.

For the remainder of this section we will denote the group Gal(ΩE/K∞) by X and
Gal(ΩE′/K∞) by Y . By Lemma 5.1.10 we have that Zp-rank(Y/T ∗Y ) = r2 + s − 1
and that Y/X has Zp-rank r. We obtain that Zp-rank(X/T ∗X) = r2 + s − 1 − r.
By Lemma 5.3.2 the subgroup of X/T ∗X generated by the restriction of φ(W ) is
precisely of Zp-rank s−1−r. Let ΩT ∗ be defined as the maximal Zp-free subextension

of ΩT ∗X
E /K∞. Then Gal(ΩT ∗/Ω

φ(W )
T ∗ ) is annihilated by T ∗ and of Zp-rank s− 1− r.
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Let X = Gal(ΩT ∗/K∞). Then X is annihilated by T ∗ and Zp-free.

ΩE′

ΩE

K∞ Ω
φ(W )
T ∗ ΩT ∗

K

X

Y

For any field L we denote by P (L) the group of principal ideals generated by
p-units. There is a natural map ϑn : E′0 → P (K)/Nn,0(P (Kn)). Let Ẽn = ker(ϑn).
Let ϑ : E′0 → P (K)/

⋂
n∈NNn,0(P (Kn)) and Ẽ = ker(ϑ). Note that there are con-

stant k and c (c coprime to p) such that (ϑ(E′0))p
kc ∼= Zr. We have already seen in

the proof of Lemma 5.1.10 that (ϑ(E′0))cp
k

defines the radical for ΩE′/ΩE . Hence,
ΩT ∗/K∞(Ẽ1/p∞) is a finite extension. As Gal(ΩT ∗/K∞) is Zp-torsion free we obtain
that ΩT ∗ = K∞(Ẽ1/p∞). In particular,

the exponent of Gal(ΩT ∗ ∩Mn/K∞(Ẽ1/pn)) is uniformly bounded. (5.5)

We obtain the following diagram

K∞(Ẽ1/pn) ΩT ∗ ∩Mn

K∞(Ẽ1/pn)φ(Wn) (ΩT ∗ ∩Mn)φ(Wn)

bounded exponent

bounded exponent

.

Remark 5.3.6. Note that

Gal(K∞(Ẽ1/pn)/K∞(Ẽ1/pn)φ(Wn)) ∼= Gal(Kn(Ẽ1/pn)/Kn(Ẽ1/pn)φ(Wn)).

Indeed, the natural restriction homomorphism is surjective as

K∞(Ẽ1/pn)φ(Wn) ∩Kn(Ẽ1/pn) = Kn(Ẽ1/pn)φ(Wn)

and it is injective as

K∞(Ẽ1/pn) = K∞Kn(Ẽ1/pn) ⊂ Kn(Ẽ1/pn)K∞(Ẽ1/pn)φ(Wn).

Lemma 5.3.7. Under Assumption 5.3.4 there are constants ci and an index n0 such
that the quotient Ẽ/Ẽ ∩Nn,0(K×n ) contains a subgroup of the form

∏s−r−1
i=1 Z/pn−ciZ

for all n ≥ n0.
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Proof. Let e ∈ Ẽ \ Nn,0(K×n ) and let ιi(e) ∈ K0,i be the corresponding embedding
for 1 ≤ i ≤ s. Then there exists an i such that ιi(e) /∈ Nn,0(K×n,i). Hence, the
Artin-symbol of ιi(e) ∈ Gal(Kn,i/K0,i) is non-trivial. If we see ιi(e) as element in
Kn,i we obtain by Lemma 5.3.5 that the Artin-symbol of ιi(e) in Gal(K2n,i/Kn,i) is
non-trivial and by [Ne 1, Chapter 5 Proposition 3.2 (iv)] φ(Wn,i) acts non-trivially
on Kn,i(e

1/pn). Thus, Kn(e1/pn) is not fixed by φ(Wn). If conversely e ∈ Nn,0(K×n ),
then the Artin-symbol of ιi(e) seen as element in Kn,i fixes K2n,i (again by Lemma
5.3.5). Hence, φ(Wn,i) acts trivially on Kn,i(e

1/pn) for all i and therefore φ(Wn) acts
trivially on Kn(e1/pn). It follows that Ẽ/(Ẽ ∩Nn,0(K×n )) is canonically isomorphic to
the Kummer-radical for the extension Kn(Ẽ1/pn)/Kn(Ẽ1/pn)φ(Wn). As the extension
Kn(Ẽ1/pn)/Kn(Ẽ1/pn)φ(Wn) is finite, we will show that the corresponding Galois group
contains a subgroup of the desired form, then Ẽ/(Ẽ ∩Nn,0(K×n )) will contain such a
subgroup automatically.

To simplify notation we write Gn = Gal((ΩT ∗ ∩Mn)/(ΩT ∗ ∩Mn)φ(Wn)) and Hn =
Gal(Kn(Ẽ1/pn)/Kn(Ẽ1/pn)φ(Wn)). Consider the natural restriction homomorphism

∆n : Gn → Hn.

Note that Gal((ΩT ∗∩Mn)/(ΩT ∗∩Mn)φ(Wn)) is an abelian group of uniformly bounded
rank. From equation (5.5) and Remark 5.3.6 we obtain that the kernel of ∆n is
uniformly bounded. From the fact that

Kn(Ẽ1/pn) ∩ (ΩT ∗ ∩Mn)φ(Wn) = Kn(Ẽ1/pn)φ(Wn)

we see that ∆n is surjective.

Let pw be an upper bound for the size of the groups ker(∆n). Then we obtain an
isomorphism

∆′n : Gn/Gn[pw]→ Hn/∆n(Gn[pw]).

Using that Gal(Mn∩ΩT ∗/K∞) ∼= Gal(ΩT ∗/K∞)/ωnGal(ΩT ∗/K∞), the structure the-
orem for noetherian Λ-torsion modules implies that for all n large enough we have

|Gal(Mn ∩ ΩT ∗/K∞)| = pn(r2+s−1−r)+c as well as |Gal(Mn ∩ Ω
φ(W )
T ∗ /K∞)| = pnr2+d

for some constants c and d. As Ω
φ(W )
T ∗ ∩ Mn = (ΩT ∗ ∩ Mn)φ(Wn), we see that

|Gn| = pn(s−1−r)+c′ for some constant c′. As the p-rank of Gn is s − 1 − r and
ord(gn+1) ≤ pord(gn) for all g ∈ Gal(ΩT ∗ ∩Mn/Kn) and all n large enough, there
are constants ci independent of n such that Gn/Gn[pw] contains a subgroup of the
form

∏s−r−1
i=1 Z/pn−ciZ. Hence, the finite abelian group Hn contains a subgroup of

the form
∏s−r−1
i=1 Z/pn−ciZ.

Let Γn = Γ/Γp
n

and τ be a topological generator of Γ. Recall that we define for
every Γn-module M the Tate-cohomology groups

Ĥ1(M,Γn) =
Ker(NKn/K |M )

(τ − 1)M
and Ĥ0(M,Γn) =

ker(τ − 1 |M )

NKn/K(M)
.

In the next lemma we describe the cohomology group Ĥ0(En,Γn) in more detail.



112 CHAPTER 5. THE GROSS AND THE GROSS-KUZ’MIN CONJECTURE

Lemma 5.3.8. There is a constant k independent of n such that for all n large
enough |Ĥ0(En,Γn)| = pn(s−1−r)+k.

Proof. Consider the exact sequence

0→ En → E′n → E′n/En → 0.

As all primes above p are totally ramified in K∞/K, we see that Ĥ1(E′n/En,Γn) = 0.
We obtain an exact sequence

Ĥ1(En,Γn)→ Ĥ1(E′n,Γn)→ 0.

Using that Ĥ1(E′n,Γn) is uniformly bounded independent of n ([Iw 2, page 267]) it
suffices to compute the size of the kernel of the first homomorphism. This kernel
is precisely E′n

T /E′Tn . We obtain an isomorphism P (Kn)/P (K) ∼= E′n
T /ETn given

by (π) 7→ πT . Indeed, if πT = eT then π/e ∈ K and (π) = (π/e) ∈ P (K). Let
πT ∈ E′n

T , then (π) is in fact a preimage. So the map constructed above is indeed an
isomorphism. Next we want to show that P (Kn)/P (K) has size pk+n(s−r) for some
constant k independent of n. Let Z(Kn) be the free abelian group generated by the
ideals above p and let Bn be the subgroup of An generated by the ideals only divisible
by primes above p. Consider the following commutative diagram with exact rows.

0 P (K) Z(K) B0 0

0 P (Kn) Z(Kn) Bn 0

.

The lifts P (K) → P (Kn) and Z(K) → Z(Kn) are injective. From the snake lemma
we obtain

|P (Kn)/P (K)| = | ker(B0 → Bn)| |Z(Kn)/Z(K)|
|Bn/ι(B0)|

=
|B0|
|Bn|
|Z(Kn)/Z(K)|.

As |Z(Kn)/Z(K)| = pns and |Bn| = pnr+c for n large enough and some constant c,
we obtain |P (Kn)/P (K)| = pk+n(s−r) . As the Herbrand quotient q(En) equals pn,
the lemma follows.

There is a natural map δn : Ĥ0(En,Γn) → Ẽ/Ẽ ∩Nn,0(K×n ): Let ε be in Ẽ \ E0.
Then there is a an element π ∈ K×n such that (ε) = (Nn,0(π)). It follows that there is
a unit e ∈ E0 such that eε ∈ Nn,0(K×n ). Hence, the homomorphism δn is surjective.
This implies the following.

Lemma 5.3.9. Under Assumption 5.3.4 there is an index n0 such that for all n ≥ n0

the group Ĥ0(En,Γn) contains a subgroup of the form
∏s−r−1
i=1 Z/pn−ciZ and the index

of this subgroup in Ĥ0(En,Γn) is uniformly bounded. Further, | ker(δn)| is uniformly
bounded.
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Proof. By Lemma 5.3.7 the group Ẽ/Ẽ ∩Nn,0(K×n ) contains a subgroup of the form∏s−r−1
i=1 Z/pn−ciZ. As δn is surjective, the same follows for Ĥ0(En,Γn). By Lemma

5.3.8 it follows that the index of this subgroup in Ĥ0(En,Γn) is uniformly bounded
and also that the kernel of δn is uniformly bounded.

Lemma 5.3.10. Under assumption 5.3.4 the homomorphism T̂ : A′∞[T ∗]→ B∞ de-
fined as in Lemma 5.1.15 has the following property.

ker(T̂ ) is finite.

Proof. Let an = cnBn and assume that T̂ an = bn = 1. Let A ∈ cn. Then AT = (α).
It follows that Nn,0(α) ∈ E0 and hence Nn,0(α)Nn,0(En) ∈ ker(δn). By Lemma 5.3.9
we obtain that there is a constant c independent of n such that Nn,0(α)p

c ∈ Nn,0(En)

and therefore ap
c

n ∈ ker(ψn) for all n (here ψn is defined as in Lemma 5.1.13). Hence,
ap

c
= 0 by Lemma 5.1.14. As A′[T ] has finite rank as Zp-module, this gives the

claim.

As an immediate corollary we obtain

Corollary 5.3.11. If B∞ is finite and Assumption 5.3.4 holds for K, then the Gross-
Kuz’min conjecture holds.

Remark 5.3.12. Let a ∈ A′∞[T ] generate an infinite Zp-module and let b = T̂ a. Let
an = cnBn and An ∈ cn as in the proof of Lemma 5.1.13. Then we can write ATn =

(αn)Bn for an ideal Bn in bn only divisible by primes above p. Let (βn) = B
ord(bn)
n .

Then there are constants c and c′ such that (βn)c = (Nn,0(αn))c
′
.

Note that this is Remark 5.2.9. But this time we do not restrict to the minus part
but to a cyclic subgroup on which T̂ is injective.

Now we have all ingredients to finish the proof of Theorem 5.0.4.

Proof of Theorem 5.0.4 – second implication. Let a ∈ A′∞[T ] be a class of infinite
order. Then by Lemma 5.3.10 T̂ acts injectively on Zpa. By Remark 5.1.9 we see

that ΩE(Nn,0(E′n)1/pn) = ΩE . Let b = T̂ a, Bn ∈ bn and B
ord(bn)
n = (βn). Let αn

be as in Remark 5.3.12. Then we have (Nn,0(αn))c
′

= (βn)c (see Remark 5.3.12).

Let l(n) = min(pn, ord(bn)). We obtain that ΩE(Nn,0(αn)c
′/l(n)) = ΩE(β

c/l(n)
n ). Note

that there is an n0 such that for all n ≥ n0 we have p·l(n) = l(n+1) and ord(bn)/l(n) =
ord(bn0)/l(n0). By Lemma 5.1.8 we get that

F =
⋃
n≥n0

ΩE(Nn,0(αn)c
′/l(n)) =

⋃
n≥n0

ΩE(βc/l(n)
n )

defines a Zp-extension in ΩE′/ΩE . As in the proof of Theorem 5.2.6 we have

Nn,0(K×n,i) ⊂ π
Z
0,i × N̂0,i ×W0,i × Up

n

0,i × V0,i ⊂ πZm,i × N̂m,i ×Wm,i × Vm,i × Up
n

m,i

for all m ≥ 0. Let δn ∈ Nn,0(Kn) be a representative for ψn(an) ∈ E′0/Nn,0(E′n).

Recall from Remark 5.1.9 that ΩE(Nn,0(αn)1/l(n)) = ΩE(δ
1/l(n)
n ). By Lemma 5.1.17
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we obtain that φ(Wm,i) acts trivially on the field Kn(δ
1/l(n)
n ) for all m ≥ n and 1 ≤ i ≤

s. LetWE ⊂W be the maximal subgroup such that φ(WE) fixes ΩE . LetWE,m be the
maximal subgroup of Wm such that φ(WE,m) fixes ΩE∩Mm. It follows that φ(WE,m)

fixes (ΩE∩Mn)(δ
1/l(n)
n ) for all m ≥ n. Using that

⋃
n≥n0

(ΩE∩Mn)(δ
1/l(n)
n ) = F we see

that φ(WE) fixes M. But by Lemma 5.3.2 φ(W ) generates by restriction a subgroup
of finite index in Gal(ΩE′/Ω̃). In particular, φ(WE) generates Gal(ΩE′/ΩE) up to
finite index, yielding a contradiction to the existence of F.

5.4 Outlook

If we want to apply our equivalent formulation of the Gross-Kuz’min conjecture to
construct fields in which the Gross-Kuz’min conjecture holds, we have two major
obstacles:

� We do not have a canonical extension Ω+
E′/K∞ such that ΩE′ = ΩEΩ+

E′ . We
can still find a Zrp extension with this property but it depends on the choice of
the p-units we take as generators for the radical.

� If we want to verify that (U∞/E∞W )(T ∗) is finite it is no longer sufficient to
consider ΩE′/ΩE . In fact we have seen above that, if the Gross conjecture is
true, there is a non-trivial action of φ(W ) on ΩE and it is not clear how one
can describe the radical of ΩE/Ω

Z
E and how W acts on it.



Chapter 6

A conditional proof of
Leopoldt’s conjecture

The results in this chapter stem from joint work with Preda Mihăilescu torwards
a proof of Leopoldt’s conjecture. Preda Mihăilescu recently gave a much simpler
proof of Theorem 6.2.1 not using group cohomology but a simple counting argument
instead. We still provide a full proof here as the author is convinced that the analysis
of the cohomology groups gives additional insight.

Throughout this section we will assume that p > 2 and K is a CM number field.
Let K∞/K be a CM Zp-extension. Let An be the p-class group of the field Kn and
define A∞ = lim∞←nAn. It is well known that A−∞ is a finitely generated Λ-torsion
module and pseudo isomorphic to a module of the form

k⊕
i=1

Λ/pei
⊕ s⊕

j=1

Λ/fj(T )dj

for irreducible distinguished polynomials fj(T ). As in Chapter 1 we define µ(A−∞) =∑k
i=1 ei and λ(A−∞) =

∑s
j=1 deg(fj(T ))dj . We will refer to the following conjecture

as µ = 0 conjecture:

Conjecture 6.0.1. For any CM Zp-extension of a number field K we have

µ(A−∞) = 0.

If K∞ is the cyclotomic Zp-extension and if ζp ∈ K it is well known [Wash,
Proposition 13.24] that µ(A∞) = 0 if and only if µ(A−∞) = 0. Note that the cyclotomic
Zp-extension is the only CM Zp-extension of K, if K satisfies Leopoldt’s conjecture
(we give the precise statement below). To abbreviate notation we will also write µ
and µ− for µ(A∞) and µ(A−∞), respectively.

The second conjecture we want to consider in this chapter is the Leopoldt conjec-
ture:

Conjecture 6.0.2 (Leopoldt’s conjecture). Let E be the units of K and E their
p-adic closure in U . Then Zp-rank(E) = Z-rank(E).

115
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This conjecture can be reformulated as follows.

Conjecture 6.0.3 (Leopoldt’s conjecture – second statement). K admits exactly
r2 + 1 independent Zp-extensions, where r2 denotes the number of pairs of complex
conjugate embeddings of K.

It is easy to show that each number fields has at least r2 + 1 independent Zp-
extensions. Thus, to prove Leopoldt’s conjecture it suffices to prove that r2 + 1 is an
upper bound.

Both conjectures, the Leopoldt conjecture and the µ = 0 conjecture have the
property that they remain false under finite extensions of the base field. These results
are folklore and were already known by Iwasawa [Iw 2].

Lemma 6.0.4. Let L/K be a finite Galois extension of CM number fields. Assume
that the Leopoldt conjecture or the µ = 0 conjecture does not hold for K. Then they
do not hold for L.

To analyze the Leopoldt conjecture more carefully we need the following reformu-
lation of the Leopoldt conjecture.

Lemma 6.0.5. Let K be a CM number field. Then the Leopoldt conjecture fails for
K if and only if K admits at least two CM Zp-extensions.

Proof. Let U be the local units of K as defined in the introduction and E the closure
of the image of the group of units of K in U . Let M be the maximal p-ramified, p-
abelian extension of K and H the p-Hilbert class field of K. Then by [Wash, Corollary
13.6] and the definition of U

Gal(M/H) ∼= U/E.

U has Zp-rank 2r2 = [K : Q] and E has the rank r2 − 1 − δ, where δ denotes the
Leopoldt defect. δ is a non-negative integer and vanishes if and only if the Leopoldt
conjecture is true for K. As usual, let j denote the complex conjugation then E1−j is
a finite group and we see that Zp-rank(U1−j/(U1−j ∩E)) = Zp-rank(U1−j) = r2. As
p 6= 2 there is a decomposition U = U1−j ⊕ U1+j and we see that there are exactly
1 + δ independent Zp-extensions that are fixed by U1−j . Let M be the compositum
of these Zp-extensions then Gal(M/H) is annihilated by (1− j). Let M+ ⊂M be the
maximal subextension of M that is abelian over K+, the maximal real subfield of K.
Then Gal(M+/K+) has Zp-rank 1 + δ and all Zp-extensions in M+K are indeed CM
extensions.

Now we have all ingredients to prove Lemma 6.0.4.

Proof of Lemma 6.0.4. Assume first that the Leopoldt conjecture is false for K. Then
K admits at least two CM Zp-extension (one of these extensions is the cyclotomic
Zp-extension). As L/K is finite the same holds for L.

Assume now that the µ = 0 conjecture is false for K and recall that H−∞ = HA+
∞∞ .

We have a short exact sequence

0→ Gal(H−∞(K)L∞/L∞)→ Gal(H−∞(K)L∞/K∞)→ Gal(L∞/K∞)→ 0
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As Gal(H−∞(K)/K∞) is a quotient of Gal(H−∞(K)L∞/K∞) and Gal(H−∞(K)/K∞) has
infinite p-rank, the same holds for Gal(H−∞(K)L∞/K∞). The term Gal(L∞/K∞) is
finite by assumption. Therefore, Gal(H−∞(K)L∞/L∞) has a positive µ-invariant. As
Gal(H−∞(K)L∞/L∞) is a quotient of Gal(H−∞(L)/L∞) the same follows for the group
Gal(H−∞(L)/L∞).

In view of Lemma 6.0.4 we impose the following conditions on our base field K:

� K is a CM field and Galois over Q.

� ζp ∈ K.

� The cyclotomic Zp-extension of K is totally ramified at all ideals above p.

6.1 Radicals and their cohomologies

Vlad Crişan developed in his thesis the theory of projective radicals for Zp-free Galois
extensions F/K∞ of finite rank [Cr]. In the following we will show that it is also
possible to construct projective radicals for extensions of µ-type, i.e. for extensions
of finite exponent but infinite rank.

Assume that ζpk ∈ K. Let L/K be a finite Kummer extension of exponent pk.
Let K′ ⊂ K be a subfield such that L/K′ and K/K′ are Galois. There is a natural
action of Γ = Gal(K/K′) on X = Gal(L/K). Let B be the Kummer-radical of L/K.
Then Γ acts naturally on B as well. We write X ↔ B to indicate that B is the
Kummer-radical for an extension with Galois group X and vice versa. There is a
canonical non-degenerate Kummer pairing

〈·, ·〉 : B ×X → µpk

such that 〈ρ, x〉 = x(ρ1/pk )

ρ1/pk
. Consider the canonical restriction of the cyclotomic

character

χ : Γ→ (Z/pkZ)×, γ(ζpk) = ζ
χ(γ)

pk
.

Note that 〈γρ, x〉 = 〈ρ, χ(γ)γ−1x〉 (this is a simple reformulation of the equivariance
of the Kummer pairing [Gu, Theorem 1.26]). To simplify notation we write γ∗ =
χ(γ)γ−1. Thus, ∗ induces an involution on the group ring (Z/pk)[Γ]. With these
definitions, we have the following relations:

Lemma 6.1.1. Let f ∈ (Z/pk)[Γ]. Then f : X → X induces a group homomorphism
and we obtain

|X| =|fX| · |X[f ]| = |B| = |B[f∗]| · |f∗B|, (6.1)

B[f∗]↔X/fX (6.2)

B/f∗B ↔X[f ]. (6.3)
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Proof. Since X ∼= B as Zp-modules, we obviously have |X| = |B|. The other two
equalities in (6.1) follow directly from the isomorphism theorem for finite modules.
Next we prove (6.2). Let L′ = LfX be the field fixed by fX. Let Bf ⊂ B be the
Kummer radical of L′. For every fx ∈ fX and every ρ ∈ Bf we obtain

1 = 〈ρ, fx〉 = 〈f∗ρ, x〉

As this holds for all x ∈ X we see that X acts trivially on K((f∗Bf )1/pk). The pairing
is non-degenerate and we obtain that f∗Bf = {0} as well as Bf ⊂ B[f∗]. Let now
ρ ∈ B[f∗] then

〈ρ, fx〉 = 〈f∗ρ, x〉 = 1.

So fX acts trivially on K(B[f∗]1/p
k
) which implies B[f∗] ⊂ Bf . Hence, Bf = B[f∗]

and (6.2) follows.

For (6.3) define L′ = LX[f ] and let B′f ⊂ B be the radical of L′/K. There is a
natural homomorphism

B → L′/L′p
k

,

whose kernel is B′f . Therefore, X[f ] ↔ B/B′f . It remains to show that B′f = f∗B.
Let f∗ρ ∈ f∗B and x ∈ X[f ] then

〈f∗ρ, x〉 = 〈ρ, fx〉 = 1.

As this holds for all ρ ∈ B we see that X[f ] acts trivially on K((f∗B)1/pk). Hence,

f∗B ⊂ B′f . Let L̃ = K((f∗B)1/pk) ⊂ L′ and let Y ⊂ X be the fixing group of L̃. Let
f∗ρ ∈ f∗B and x ∈ Y . Then

1 = 〈f∗ρ, x〉 = 〈ρ, fx〉

As this holds for all ρ, the non-degeneracy of the pairing implies that fx = 0. Hence,
Y ⊂ X[f ] and L′ = LX[f ] ⊂ L̃ = LY . We showed already that L̃ ⊂ L′. Thus, we
obtain equality and indeed (6.3).

Assume for the remainder of this section that K/K′ is cyclic. Let γ be a generator.

Then we can write the algebraic norm as N =
∑[K:K′]

i=1 γi and ∆ = γ − 1. The Tate

cohomologies of Ĥ i(Γ, X), i = 0, 1 are defined as usual:

Ĥ0(Γ, X) =
X[∆]

NX
, Ĥ1(Γ, X) =

X[N ]

∆X
.

To use the correspondence we proved in Lemma 6.1.1 we define the cohomologies for
B with respect to the twisted action:

Ĥ0(Γ, B) =
B[∆∗]

N∗B
, Ĥ1(Γ, B) =

B[N∗]

∆∗B
.

With these definition, we deduce from Lemma 6.1.1
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Corollary 6.1.2. We have the following relations:

Ĥ0(Γ, B)↔ Ĥ1(Γ, X) and Ĥ1(Γ, B)↔ Ĥ0(Γ, X). (6.4)

Proof. Consider the fields L′ = LX[∆] ⊆ L′′ = LNX . We obtain

Gal(L′′/L′) ∼= X[∆]/NX ∼= Ĥ0(Γ, X). (6.5)

In view of (6.2) we have,
Gal(L′′/K)↔ B[N∗].

There is a natural homomorphism

B → L′/L′p
k

. (6.6)

By (6.3) we know that X[∆]↔ B/∆∗B. Therefore, the kernel of the natural projec-
tion (6.6) is ∆∗B and we obtain

Gal(L′/K)↔ ∆∗B.

Hence,
Gal(L′′/L′)↔ B[N∗]/∆∗B ∼= Ĥ1(Γ, B).

Together with (6.5) we obtain Ĥ1(Γ, B)↔ Ĥ0(Γ, X).
For the second implication consider L′ = LX[N ] ⊆ L′′ = L∆X . Then

Gal(L′′/L′) ∼= X[N ]/∆X = Ĥ1(Γ, X)

We know from (6.2) that Gal(L′′/K) ∼= X/∆X ↔ B[∆∗]. From (6.3) we have

X[N ]↔ B/N∗B.

Hence, N∗B is the kernel of the natural map B → L′/L′pk . Therefore,

Gal(L′/K)↔ N∗B.

We obtain
Gal(L′′/L′)↔ B[∆∗]/N∗B ∼= Ĥ0(Γ, B).

We want to apply these general results to indicate that we can define norm co-
herent radicals for µ-type subfields of H∞/K∞. Let Hµ be the maximal subextension
of H−∞ such that X = Gal(Hµ/K∞) is of finite exponent and does not contain a
finite Λ-submodule. Let Mk be the maximal p-abelian p-ramified extension of Kk

and M−k the fixed field under the pluspart. We define Hk = Hµ ∩M−k for all k and
Xk = Gal(Hk/Kk). Note that Xk = X/ωkX. The multiplication with νk,k+v induces
a homomorphism

ψk,k+v : Xk → Xk+v.
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As X does not contain νk,k+v-torsion this homomorphism is injective. Let

φk,k+v : Xk+v → Xk

be the natural restriction homomorphism. Let

·νk,k+v : Xk+v → Xk+v

be the homomorphism on Xk+v sending x to νk,k+vx. Clearly ·νk,k+v = ψk,k+v◦φk,k+v.
As ψk,k+v is injective and ker(φk,k+v) = ωkXk+v we see that ker(·νk,k+v) = ωkXk+v.

The exponent of Xk is uniformly bounded by pl. Assume that there is an index n0

such that Kn contains µpl for all n ≥ n0. Note that ωn ≡ −τp
n
ω∗n mod pn, where τ

is a topological generator of Gal(K∞/K). So we can choose n0 large enough such that
ωn ≡ −τp

n
ω∗n mod pl for all n ≥ n0. Let Bn be the radical of Hn/Kn. As K∞/Kn

is disjoint to Hn/Kn we see that the natural homomorhism Bn → Bn′ is injective for
all n′ ≥ n ≥ n0.

Lemma 6.1.3. For n′ ≥ n > n0 we have Bn′ [ωn] = Bn and Bn = Nn′,n(Bn′).

Proof. Let ρ ∈ Kn′ be a representative of a class z in Bn′ . As by Kummer duality
B1−j
n′ = 1 and p 6= 2 we can assume that ρ1−j = 1. Then Nn′,n(ρ) ∈ Kn and

Wn = Kn(Nn′,n(ρ)1/pl)/Kn is abelian over Kn. As Hn′/Kn is Galois we see that
Wn ⊂ Hn′ . Hence, Wn/Kn is unramified outside p and WnK∞ ⊂ Hµ. Therefore,
Wn ⊂ Hn. This shows that Nn′,n(B′n) ⊂ Bn for all possible choices of n and n′.

We have already seen that ker(νn,n′ | Xn′) = ωnXn′ . As νn,n′ =
∑

g∈Gal(Kn′/Kn) g

it follows that Ĥ1(Gal(Kn′/Kn), Xn′) = 0. By Lemma 6.1.2 this implies that the
group Ĥ0(Gal(Kn′/Kn), Bn′) is trivial. Thus, Bn′ [ω

∗
n] = N∗n′,n(Bn′). As ωn ≡ −τp

n
ω∗n

mod pl and νn,n′ =
∑

g∈Gal(Kn′/Kn) g ≡
∑

g∈Gal(Kn′/Kn) χ(g−1)g = ν∗n,n′ we see that

Bn′ [ωn] = Bn′ [ω
∗
n] = Nn′,n(Bn′).

Therefore,
Bn ⊂ Bn′ [ωn] = Nn′,n(Bn′) ⊂ Bn

from which the claim is immediate.

Remark 6.1.4. The condition that Kn contains µpl for n large enough is trivially
satisfied for the cyclotomic Zp-extension of a number field containing the p-th roots
of unity. If K∞ is not the cyclotomic Zp-extension, i.e. a Leopoldt defect extension
then the extension K∞(ζpl)/K∞ is finite. So we can just replace K by K(ζpl) and K∞
by K∞(ζpl).

6.2 Thaine lifts

We know already that if the µ-conjecture or the Leopoldt conjecture are false for a
certain number field then they remain false upon shifting the base field K by a finite
Galois extension. Nevertheless these shifts enable us to use group cohomological tools
on our obstruction fields. Using these shifts we will prove the following
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Theorem 6.2.1. If µ(A−∞) = 0 for all CM Zp-extensions, then Leopoldt’s conjecture
holds for K.

6.2.1 The split Thaine lift

Assume that Leopoldt’s conjecture does not hold for K. Let K∞ be the cyclotomic
Zp-extensions of K with intermediate fields Kn. In the following we will show that we
can construct a finite shift of K and a CM Zp-extension L∞ such that µ(A−∞) > 0.
Let N > 1 and choose a principal prime Q in KN that is totally split in KN/Q and
inert in K∞/KN . Let Ω+

N be the compositum of all CM Zp-extensions of K containing
KN . Clearly, K∞ ⊂ Ω+

N .

Lemma 6.2.2. We have

Zp-rank(Gal(Ω+
N/K)) > 1.

Proof. Let K′∞ 6= K∞ be a CM Zp-extension of K that is independent from the
cyclotomic one. Such an extension exists as the Leopoldt conjecture is false for K
(see lemma 6.0.5). Then G = Gal(K∞K′∞/K) ∼= Z2

p. Clearly, KN ⊂ (K∞K′∞)p
mG for

all m ≥ N . Define L′N = KN . We will inductively construct cyclic extensions L′m of
K such that

LN ⊂ L′N+1 ⊂ · · · ⊂ L′m ⊂ . . .

and such that L′m ∩ K∞ = KN . Assume that we have already defined the field L′m.
Let H ⊂ G/pmG be the subgroup fixing L′m. According to [Kl 1, page 42-43] there
are exactly p+1 cyclic subgroups H ′ in G/pm+1G that restrict to H under the natural
projection

G/pm+1G→ G/pmG.

If m = N choose H ′ such that the fixed field of H in (K∞K′∞)p
N+1G is not equal

to KN+1. If m > N choose one arbitrary group among the possible candidates for
H ′. Define L′m+1 as the fixed field of H ′ in (K∞K′∞)p

m+1G. Then the extension
L′∞ =

⋃
m≥N L′m defines a Zp-extension of K such that L′∞ ∩K∞ = KN . This proves

that there are at least two independent Zp-extensions that contain KN .

Clearly, Ω+
N/K is unramified outside p. Let D(Q) be the decomposition group of

Q in Gal(Ω+
N/KN ). Let q be the rational prime below Q. As any finite extension of

Qp admits only one unramified Zp-extension we see that D(Q) ∼= Zp. In particular,
there is a Zp-extension K′∞ ⊂ Ω+

N such that Q is totally split in K′∞/KN . Let τ be a
topological generator of Gal(K′∞/KN ) and define the Iwasawa algebra Λ with respect
to τ .

Let q be a rational prime below Q. Then we see that q ≡ 1 mod pN . So we can
extract a subfield F of degree p in Q(ζq)/Q. Define Ln = K′nF and L∞ = K′∞F. Let
Φ = Gal(Ln/K′n) and let σ be a generator. Define, as usual, s = σ − 1 and N =∑p−1

i=0 σ
i. In the following we want to analyze the cohomology groups Ĥ0(Φ, A−n (L)).

To simplify notation we will write A−n for A−(Ln). For each n we fix an ideal Qn
above Q in K′n and an ideal Q̃n above Qn in Ln. Without loss of generality we can
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assume that the Qn and the Q̃n form a norm coherent sequence. We obtain the
following lower bound on the size of the cohomology groups.

Lemma 6.2.3. We have

|Ĥ0(Φ, A−n )| = |Ĥ1(Φ, A−n )| ≥ ppn−N for all n ≥ N.

Further, Ĥ0(Φ, A−n ) contains a Λ-cyclic submodule generated by the class of Q̃1−j
n

that is isomorphic to Λ/(p, ωn−N ).

Proof. As a first step we will show that Ĥ0(Φ, A−n ) is generated by B−n , the submodule
of A−n generated by the primes above q. Let a ∈ A−n (Ln) such that asn = 1. Let A be
an ideal in a and As = (ξ). By definition N (ξ1−j) = µ′ for some root of unity µ′ in
Kn. Let l be maximal such that KN contains the pl-th roots of unity. Then K′n,Qn ∼=
KN,Q. As Q is inert in K∞/KN it follows that ζpl+1 /∈ KN,Q

∼= K′n,Qn . As Ln/Kn is
tamely ramified the Hasse norm principle implies that W (Kn) ∩ N (Ln) = W (Kn)p.
Then there is a root of unity µ such that N (ξ1−j/µ) = 1. Hence, ξ1−j/µ = ws

for some w ∈ Ln. As ideals we obtain (ξ1−j) = ws. Therefore (A1−j/w)s = 1 and
A1−j/w is a product of ramified primes and ideals of O(Kn). Hence, a1−j = a2 lies in
BnιKn,Ln(A1−j(Kn)) which proves that Ĥ0(Φ, A−n ) is indeed generated by the image
of B−n .

Let t ∈ (Λ/ωn−N )\p(Λ/ωn−N ) and assume that the ideal class [Q̃
(1−j)t
n ] has trivial

image in Ĥ0(Φ, A−n ). Then there is an ideal A in K′n and an element w′ ∈ Ln such
that

Q̃(1−j)t
n = A(w′).

As Qn is ramified in Ln/K′n we see that w′s(1−j) = ζ is a root of unity. Let w = w′1−j

then we obtain wσ
p

= ζpw = w and we see that ζ is a p-th root of unity. If ζ = 1

then w ∈ K′n, which is impossible as Q̃
2(1−j)t
n is not an ideal from K′n. It remains the

case that ζ is a primitive p-th root of unity. Then wp ∈ K′n is the Kummer-radical
of the extension Ln/K′n. Hence, as ideal, (w)p = QA′p, where Q is divisible by all
primes above q in K′n but is not divisible by any p-th power, while A′ is an arbitrary
ideal in K′n. Taking p-th roots we obtain

Q̃2(1−j)t
n = A1−jA′Q1/p.

Note that Q1/p is well defined as ideal of Ln. The right hand side is divisible by all
ideals above q, while the left hand side is only divisible by the Gal(K′n/K′N )-conjugates

of Q̃n yielding a contradiction. Hence, Ĥ0(Φ, A−n ) contains a submodule isomorphic
to Λ/(p, ωn−N )Λ generated by the class of Q̃1−j

n . As A−n is finite the vanishing of the
Herbrand quotient completes the proof.

Lemma 6.2.4. We have

µ(A−∞(L)) > 0.
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Proof. The ideals Q̃n form a norm coherent sequence. Let b ∈ A−∞ be the element
such that bn = [Q̃1−j

n ]. By definition sb = 0 and pb ∈ ι(A−∞(K′∞)). Consider the
natural homomorphism

ψ : Λ/pΛb→ Ĥ0(Φ, A−∞).

If we are able to show that this map is injective we are done. Assume by contrary
that T kb+ Λpb ∈ ker(ψ) then T kbn ∈ ι(A−(K′n)) for all n. If pn−N > k this yields a
contradiction to Lemma 6.2.3.

Now we are able to prove Theorem 6.2.1

Proof of Theorem 6.2.1. Recall that L∞/K is a CM Zp-extension. By Lemma 6.2.4
we know that it has positive µ-invariant. But this contradicts our assumption that µ
vanishes for every CM Zp-extension and any number field L.
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Part III

2-class groups of CM fields
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Chapter 7

Capitulation for the cyclotomic
extensions and p = 2

7.1 Introduction to the capitulation problem

Let K and L be number fields such that K ⊂ L. Let O(K) and O(L) denote the
rings of algebraic integers. Define I(K) and I(L) as the groups of fractional ideals,
respectively. There is a natural homomorphism

φ : I(K)→ I(L)

given by A → AO(L). Let Cl(K) and Cl(L) denote the class groups of K and L, re-
spectively. The homomorphism defined above induces an homomorphism on the class
groups φ′ : Cl(K)→ Cl(L). It is an interesting question whether this homomorphism
is injective.

We say that an ideal A ⊂ K capitulates in L/K if A is non-principal in K and
becomes principal in L. Note that for a class a in the class group of K an ideal A ∈ a
capitulates if and only if every ideal B ∈ a capitulates. Let K be a CM field and,
as before, Q∞ be the only Zp-extension of Q. Let K∞ = KQ∞ with intermediate
fields Kn. Let An be the p-class group of Kn. Let j denote the complex conjugation
of K. For p 6= 2 one defines the idempotents 1

2(1 − j) and 1
2(1 + j) in Zp[G] where

G denotes the automorphisms acting on the CM field K. The minus part is given
by 1

2(1− j)An and the plus part is given by 1
2(1 + j)An. In particular, we obtain an

isomorphism A−n
∼= An/A

+
n . For p = 2 we cannot work with this definition as 1

2 /∈ Z2.

In most textbooks the minus part for p = 2 is defined as Â−n = {a ∈ An | ja = a−1}
and the plus part as Â+

n = {a ∈ An | ja = a}.
It is a well known fact that for any prime p 6= 2 there is no capitulation on Â−n .

The proof (as given for example in Washington [Wash, Proposition 13.26]) uses the
fact that a capitulated class should have order 2 which confirms the claim in the case
p 6= 2. In order to prove results for p = 2 which are known for p 6= 2 we introduce a
slightly different definition.

Definition 7.1.1. Let p be a prime, K be a CM number field and A be its p-class
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group. We call fractional ideal a real if j(a) = a. We define the group

A+ = {a ∈ A | a contains a real ideal}.

We define further A− = A/A+. For the cyclotomic Zp-extension we denote by A+
n

the plus part of the p-class group of Kn and by A−n the minus part. We denote the
projective limit by A∞ = lim∞←nAn and A−∞ = lim∞←nA

−
n .

For p 6= 2 one has A+ = (1 + j)A = {a ∈ A | ja = a}, since there is a decompo-
sition A = (1 − j)A ⊕ (1 + j)A. Hence, for p 6= 2 the definition by idempotents and
the one given above are equivalent.

The purpose of this chapter is to investigate the minus part for all primes including
p = 2. Most results in this chapter stem from the author’s Master’s thesis and are
published in [Mu]. Only Corollary 7.3.2, Lemma 7.4.5 and its corollary as well as
subsection 7.5 are results which have not been published before. We also present a
new and less complicated proof of Proposition 7.4.2 and reformulate the proofs in
Section 7.2 for all primes and not only for p = 2 as the author did in [Mu]. Only in
Sections 7.3 and 7.4 we restrict ourselves to the case p = 2. In section 7.3 we motivate
our alternative definition of the minus part and in Section 7.4 we prove a result that
is well known for p ≥ 3 for the prime p = 2.

7.2 The capitulation question

The main purpose of this section is to prove that there is no finite submodule in A−∞
if K contains a primitive p-th roots of unity ζp (i =

√
−1 if p = 2). This is a well

known result for p 6= 2, but it is not a priori clear for p = 2.
We fix a rational prime p. Hence, all class groups occurring in this section denoted

by A are p-groups. Let L be a CM field containing ζp (i if p = 2) and let furthermore
L2 = L[ζ ′] where ζ ′ is a pk-th root of unity such that ζ ′p ∈ L but ζ ′ is not. Denote a
generator of Gal(L2/L) by τ and let N denote the algebraic norm from L2 to L.

For the proofs in this section we shall use the following auxiliary lemma whose
proof is inspired by [Wash, Lemma 13.27]. But Washington proves the statement
only for odd primes.

Lemma 7.2.1. Denote the roots of unity of L by W and the one of L2 by W2. If ν
is in W2 ∩ ker(N ), then there is an ν2 ∈W2 such that ν = ντ−1

2 .

Proof. Consider the sequence

1→W2 ∩ ker(N )→W2 →W → 1,

where the map from W2 → W is the norm N . The roots of unity of L have the
structure 〈ζ ′p〉 × 〈ζt〉 with t coprime to p. Then N (ζ ′) = (−1)p−1ζ ′p and N (ζt) = ζpt
is a primitive t-th root of unity. As 〈ζ ′〉 × 〈ζt〉 ⊂ W2 we obtain that the norm is
surjective and the sequence is exact. Consider furthermore

1→W →W2 →W τ−1
2 → 1,
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where τ is a generator of Gal(L2/L). Then we get

|W τ−1
2 | = |W2|/|W | = |W2 ∩ ker(N )|

and since W τ−1
1 is contained in W2 ∩ ker(N ), we get equality.

Lemma 7.2.2. The map ι : A(L)− → A(L2)− is injective, where ι is the map induced
by the ideal lift from L to L2. If p ≥ 3 and M/L is an arbitrary Kummer-extension of
degree p, then the capitulation kernel ι : A(L)− → A(M)− is cyclic of order dividing
p.

Proof. Assume that there is a class x ∈ A(L)− such that ι(x) = 1 in A(L2)−. Let
a be an ideal class such that x = aA(L)+. We obtain that ι(a) ∈ A(L2)+. Let now
A be an ideal in a. Then we can find a real ideal C ⊂ L2 such that ι(A)C = (α) is
principal. Then we have ι(A)/ι(A) = (α/α) and

ν = (α/α)τ−1 = ατ−1/ατ−1

is a unit of absolute value 1 and norm 1, hence it is a root of unity of norm 1.
According to Lemma 7.2.1 there is a root of unity ν2 such that ν = ντ−1

2 . Then

(α/α · ν−1
2 )τ−1 = 1.

Therefore, γ = α/α·ν−1
2 is in L and A/A = (γ). Since |γ| = 1, we have 1+γ = (1+γ)γ.

Choose r ∈ L+ such that v = r(1 + γ) is integral. Then A/A = (v/v) and (v) = AC
for a real ideal C. Therefore, a contains a real ideal. Hence, a is in A(L)+ and x = 1
in A(L)−.

Assume now that p ≥ 3 and let x ∈ A(L)− be such that ι(x) = 1 ∈ A−(M). As
p ≥ 3 we can write A−(L) = (1 − j)A(L) and (1 − j) acts as multiplication by 2
on A−n . Let A ∈ x. Then we obtain that ι(A/A) = (α/α). Let β ∈ L be such that
(β) = Ap. Then there is a root of unity µ such that α(1−j)p = β1−jµ. Without loss of
generality we can assume that µ has p-power order. We can further assume that L
and M have the same p-power roots of unity. Otherwise, we have M = L2 and we see
immediately that there is no capitulation. We obtain that α(1−j)p ∈ L which implies
that α(1−j)p is the Kummer radical for M/L. As the Kummer radical is unique up
to (L×)p we see that the the capitulation kernel is cyclic and that its size is bounded
by p.

Note that the new definition of the minus class groups provides – compared to
standard textbooks – a shorter and less computational proof of the fact that ι is
injective.

Corollary 7.2.3. Let K be a CM field containing ζp (i if p = 2) and let Kn be the
intermediate fields of the cyclotomic Zp-extension of K. Let A−n be the minus part of
the 2-class group of Kn. Then the lift ιn,n+1 : A−n → A−n+1 is injective.
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Proof. By renumbering our fields we can assume that Kn = QnK, where Qn is the
n-th intermediate field in the unique cyclotomic Zp-extension of Q. If K contains ζp
(i if p = 2) then Kn contains ζpn+e+1 , where e = 1 if p = 2 and e = 0 otherwise.
Since K is a CM field, the fields Kn and Kn+1 satisfy the assumptions on L and L2

as above. Hence, we can apply Lemma 7.2.2 with L = Kn and L2 = Kn+1.

If p = 2 then there could be capitulation on Â−n . To show that our new definition
of the minus part is necessary to obtain a capitulation free minus part we give the
following example [Mu, Example 2.4]

Example 7.2.4. Let K = Q(i,
√

10). Then K1 = Q(i,
√

10,
√

2) is the first step in
the cyclotomic Z2-extension of K. Consider the ideal A = (

√
10, 5) in K. Let a = [A].

Then A2 = (5) and ja = a. This implies a2 = 1 and ja = a−1. Then (
√

10, 5) = (
√

5)
is principal in K1. It follows by genus theory that (

√
10, 5) is not principal in K. Thus,

a is a capitulated class.

Note that in this example the first step in the cyclotomic Z2-extension is unram-
ified. But ramification is not a condition needed in the proof of Theorem 7.2.2.

Theorem 7.2.5. There is no finite submodule in A−∞ if K is a CM field containing
ζp (i if p = 2).

Proof. Analogously to [Wash, Proposition 13.28]. Let τ be a generator of Gal(K∞/K)
and assume that there is a finite submodule D. Then, there is an n ∈ N such that τn

acts as the identity on D. But then for all m ≥ n we have ιm,m+1 ◦Nm+1,m(xm+1) =
xpm+1 for all x ∈ D. In particular for every x ∈ D we can choose m large enough such
that xm 6= 0 and ord(xm) = ord(xm+1). But then ιm,m+1(xm) has the same order as
xm, since ιm,m+1 is injective on the minus part. This implies that xm+1 and xpm+1

have the same order yielding a contradiction. Hence there is no finite module D.

7.3 Capitulation in {a ∈ A | ja = a−1}
Let L, L2 and A be defined as in the previous section. In this section we investigate
classes in {a ∈ An | ja = a−1} which lie in the kernel of the ideal lift. It turns out
that these classes lie in A+ as we will prove in Theorem 7.3.1. In the case p 6= 2 one
has the equality A− = {a ∈ A | ja = a−1}. Hence there are no such classes. But the
question remains for p = 2.

Theorem 7.3.1. [Mu, Theorem 3.7] Let p = 2. If a class a in Â− = {a ∈ A | ja =
a−1} is in the kernel of the lift ιL,L2, then it belongs to A+. In particular, in the
2-cyclotomic tower of a CM field containing i every such class belongs to A+

n .

Clearly, if a class a satisfies the assumptions of the above theorem then it is of
order dividing 2. But that means that a = a−1 = ja. Therefore, we get a ∈ Â+ =
{a ∈ An | ja = a} as well. Hence, the kernel of the lift lies in the intersection Â+∩Â−.
In particular, the theorem shows that it lies in A+ ∩ Â+ ∩ Â− = A+[2] since A+ is
contained in Â+. Further, this theorem can serve a as a motivation for our definition
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of A−n and A+
n . In the definition of A−n we take the quotient by a subgroup containing

all the possible capitulation.

Corollary 7.3.2. Let p = 2 and K∞/K be the cyclotomic Z2-extension of K with
intermediate fields Kn. Let An be the 2-class group of Kn. There exists an index n0

such that we have the following property for all n ≥ n0: If a class a in Â−n = {a ∈
An | ja = a−1} lies in the kernel of the lift ιKn,Kn+1, then it belongs to A+

n ∩ Â−n \2Â−n
for n ≥ n0. In particular, the maximal finite submodule of Â−n has exponent 2.

Proof. By [Fe, Theorem 8.8] there is a constant n0 such that the lift ιKn,Kn+1 is

injective on A1−j
n for n ≥ n0. As 2Â−n ⊂ A1−j

n the claim follows from Theorem
7.3.1.

7.4 Boundedness of the rank of A−∞ and A∞

The purpose of this section is to show that the rank of A∞ is uniformly bounded if
and only if the rank of A−∞ is uniformly bounded. This result is well known if we
replace A−∞ by Â−∞ and assume that ζp ∈ K [Wash, Proposition 13.24]. As A−∞

∼= Â−∞
for p ≥ 3, we only consider p = 2 in this section. We fix a CM number field K and
let Kn be the intermediate fields of the cyclotomic Z2-extension thereof. Denote as
before the 2-class group of Kn by An. Note that in [Mu] we assumed that K contains
i. In the following we will show that this assumption is not necessary.

Remark 7.4.1. Let Q be the product of all primes in K+ that ramify in K/K+. Then
every ramified ideal in Kn/K+

n divides Q. As the number of primes in K+
n dividing

Q is uniformly bounded, we see that the 2-rank of A+
n /ιK+

n ,Kn(A(K+
n )) is uniformly

bounded.

The goal of this section is to prove the following Proposition:

Proposition 7.4.2. The rank of An is uniformly bounded if and only if the rank of
A−n is uniformly bounded.

Recall from Chapter 1 that the noetherian torsion Λ-module A−∞ (here we have
Λ = Z2[[T ]]) is pseudo isomorphic to a module of the form

s⊕
i=1

Λ/2ei
⊕ k⊕

j=1

Λ/(fj(T ))dj .

The Λ-modules A−n have uniformly bounded rank if and only if µ =
∑s

i=1 ei = 0

The proof of Proposition 7.4.2 consists of the following two lemmas:

Lemma 7.4.3. An has uniformly bounded rank if and only if A−n and A+
n [2] have

uniformly bounded rank.
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Proof. Let Â−n = {a ∈ An | ja = a−1} be the classical plus part. Clearly, if the rank of
An is uniformly bounded, then the ranks of A+

n [2] and of A−n are uniformly bounded.
For the other direction one can use a result of Washington [Wash, Proposition 10.12]:

2-rank(A(K+
n )) ≤ 1 + 2-rank(Â−n ). (7.1)

There is a natural map φ : Â−n → A−n and

x ∈ Ker(φ)⇔ x ∈ A+
n ∩ {x | jx = x−1} = A+

n [2].

This implies 2-rank(Â−n ) ≤ 2-rank(A−n ) + 2-rank(A+
n [2]).

Since we assumed that 2-rank(A−n ) and 2-rank(A+
n [2]) are uniformly bounded,

we can conclude that 2-rank(A+
n ) is uniformly bounded, due to (7.1) and Remark

7.4.1. Then the rank of An is uniformly bounded, due to 2-rank(An) ≤ 2-rank(A−n ) +
2-rank(A+

n ).

K∞/K+
∞ is an extension of degree 2 ramified at all infinite primes. Hence, the natu-

ral normA∞ → A∞(K+
∞) is surjective. Note thatA

(1+j)
∞ = ιK+

∞,K∞◦NK∞/K+
∞

(A∞(K+)).

Hence, by Remark 7.4.1 we see that A+
∞/A

(1+j)
∞ is of finite rank.

Lemma 7.4.4. If 2-rank(A+
n ) is unbounded then 2-rank(A−n ) is unbounded.

Proof. Let a ∈ A+
∞ be a class such that Λa has unbounded rank. We know that the

maximal submodule of finite exponent in A+
∞ is pseudo isomorphic to E =

⊕k
i=1 Λ/pei

[Wash, Theorem 13.12]. Without loss of generality we can assume that e1 ≥ ei for
all i and that the image of a in E has order pe1 . By multiplying with a distinguished
polynomial f(T ) we can assume that ord(a) = pe1 and that a ∈ A1+j

∞ . Let c be such
that c1+j = a. Clearly, Λc generates a submodule of A∞ of infinite rank.

Let φ : A∞ → A−∞ be the natural map. Assume that there is a distinguished
polynomial h(T ) such that φ(h(T )c) = 0. Then h(T )c = b for some b in A+

∞. But
then h(T )a = b2. Clearly b generates a Λ-submodule of infinite rank and for every
distinguished polynomial g(T ) we have ord(g(T )b) = 2ord(g(T )h(T )a) = 2ord(a),
yielding a contradiction to the choice of a and e1 ≥ ei. Therefore, there is no such
polynomial h(T ) and the rank of Λc is infinite in A−∞.

Now we can prove Proposition 7.4.2.

Proof. One implication is clear. For the other one we know from Lemma 7.4.4
that 2-rank(A−n ) being bounded implies that Zp-rank(A+

n ) is bounded. In partic-
ular 2-rank(A+

n [2]) is uniformly bounded. We can now use Lemma 7.4.3 and get that
2-rank(An) is uniformly bounded.

In the following result we prove a relation between the µ-invariant of A−∞ and Â+
∞.

Lemma 7.4.5. For every n we have

A−n [2] ∼= Â+
n /A

+
n .
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Proof. Consider the following commutative diagram

0 A+
n An A−n 0

0 Â+
n An A1−j

n 0

The middle vertical map is an isomorphism, the left vertical map is injective and the
right vertical map is the multiplication by 1 − j and is surjective. Its kernel is the
group A−n [2]. Then the snake Lemma gives us the isomorphism A−n [2] ∼= Â+

n /A
+
n .

Corollary 7.4.6. We obtain

µ(A−∞) > 0⇔ µ(Â+
∞) > 0.

Proof. If µ(Â+
∞) > 0 then µ(A∞) > 0 and by Proposition 7.4.2 we see that µ(A−∞) > 0.

If conversely µ(A−∞) > 0, then we see by Lemma 7.4.5 that Â+
n /A

+
n has unbounded

rank. Hence, the 2-rank of Â+
n is unbounded and µ(Â+

∞) > 0.

7.5 Further applications and properties

Assume that K is a CM number field containing ζp (i if p = 2). Let as before K∞ be
the cyclotomic Zp-extension of K and Kn the intermediate fields. The results in this
section require our new definition of plus and minus parts to obtain class fields that
have A−n as Galois group.

Theorem 7.5.1. Assume that Greenberg’s conjecture holds for K, i.e. that the class
number of K+

n is uniformly bounded independent of n, then H−∞ := HA+
∞∞ is contained

in ΩE.

This is proved for p ≥ 3 under the additional assumption that An(K+
n ) is trivial

for all n in [La, Chapter 6 Theorem 4.2]. As we are only assuming that A+
n is finite

for all n we give a full proof here. In Theorem 8.3.5 we will provide a family of
triquadratic fields such that Greenberg’s conjecture holds for p = 2. Further families
of quadratic and quartic extensions in which Greenberg’s conjecture holds for p = 2
are given in [Miz] and [Kum].

Proof. Let α1/pt ∈ H−∞ and α ∈ K∞. As Gal(H−∞/K∞) is annihilated by 1 + j we

see that for every σ ∈ Gal(H−∞/K∞) we have jσj = σ−1. Hence1, σ(α1/pt) = ζα1/pt

Thus, σ fixes α′ = α1/pt/α1/pt and α′ ∈ K∞. As NK∞/K+
∞

(α′) = 1 we see that there

is an element β ∈ K∞ such that α(1−j) = βp
t(1−j). If we substitute α by α/βp

t
, we

can assume that α is real.
Assume that α1/pt /∈ ΩE and choose n ≥ t minimal such that α ∈ Kn and such that

Kn(α1/pt)/Kn is unramified. Then (α) = Ap
t

for some non-trivial ideal A that is fixed

1The overline stands for one fixed complex conjugation in Gal(H∞/K+
∞). Note that this lift is not

unique.
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by j. Hence, α1/pt induces a well defined class in A+
n . Note that A+

n /ιK+
n ,Kn(A(K+

n ))
is generated by the classes of ramified primes. Since K contains ζp (ı if p = 2) we
see that Kn/K+

n is unramified outside p. Hence, A+
n /ιK+

n ,Kn(A(K+
n )) has uniformly

bounded rank. Let b ∈ A+
n \ιK+

n ,Kn(A(K+
n )). We see that b2 ∈ ιK+

n ,Kn(A(K+
n )). Hence,

our assumption that Greenberg’s conjecture holds for Kn implies that the size of A+
n

is uniformly bounded. In particular, there is a k such that pkA+
n is trivial.

We want to show that H−∞/H−∞ ∩ ΩE is an extension of finite exponent: If t ≤ k
for all possible α, there is nothing to prove. Assume now that there is an element
α1/pt such that t > k. Then we have α = βp

t−k
e for some unit e. We see that

K∞(α1/pt−k) = K∞(ep
t−k

) ⊂ ΩE . Hence, the extension H−∞/H−∞ ∩ ΩE is indeed of
finite exponent bounded by pk.

Let H−∞,µ be the fixed field under the maximal Λ-submodule of A−∞ of finite p-
rank. Let H−n,µ be the intersection of H−∞,µ and Hn. As this is an extension of
uniformly bounded exponent we can assume that it is a Kummer extension. Let
R ⊂ K×n ⊗Z Qp/Zp such that for every α ⊗ p−t in R the element α1/pt lies in H−n,µ.

Then we can conclude as before that α = (A)p
t

for a non-trivial ideal that is fixed
by j. We obtain a well defined homomorphism R → A+

n . If α ⊗ p−t lies in the
kernel of this homorphism, then α1/pt lies in ΩE . As the size of A+

n is uniformly
bounded we see that H−n,µ/H−n,µ ∩ ΩE is a uniformly bounded extension. It follows
that H−∞,µ/H−∞,µ∩ΩE is a finite extension. We obtain the following equality (we allow
the values in the following equation to be infinite. We will actually see in the next
paragraph that all the terms are finite)

[H−∞ : H−∞ ∩ ΩE ] = [H−∞ : (H−∞ ∩ ΩE)H−∞,µ] · [(H−∞ ∩ ΩE)H−∞,µ : H−∞ ∩ ΩE ]

Recall that pkGal(H−∞/H−∞ ∩ ΩE) is trivial and that by definition Gal(H−∞/H−∞,µ) is
of finite rank. So we obtain that [H−∞ : (H−∞ ∩ ΩE)H−∞,µ] is finite. Note that

[(H−∞ ∩ ΩE)H−∞,µ : H−∞ ∩ ΩE ] ≤ [H−∞,µ : H−∞,µ ∩ ΩE ] <∞.

Hence, H−∞/H−∞ ∩ ΩE is a finite extension and Gal(H−∞/H−∞ ∩ ΩE) is a finite
Λ-submodule of A−∞. But this is impossible by Theorem 7.2.5.

The next Theorem does not really require our alternative definition of the plus
and minus parts, but it is one of the rare cases where the results for p = 2 are actually
stronger then for p ≥ 3.

Theorem 7.5.2. Assume that p = 2. Let Mn be the maximal 2-abelian 2-ramified
extension of Q(ζ2n) and Xn its Galois group over Q(ζ2n). Then Xn is cyclic as
Zp[Gal(Q(ζpn)/Q)]-module.

Proof. The proof follows closely the ideas of [Wash, Theorem 10.14] for odd p. By
[Wash, Theorem 10.4 b)] we know that the class number of Q(ζ2n) is coprime to 2 for
all n . Let L′ be the maximal abelian 2-ramified extension of Q(ζ2n) of exponent 2
and let A be the class group of Q(ζ2n). Let B be the Kummer-radical of L′/Q(ζ2n).
Let b ∈ Q(ζ2n) be a representative of a class in B. Then (b) = B2(1 − ζ2n)d for
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some ideal B coprime to 2. We obtain a well defined homomorphism φ : B → A[2]
assigning bQ(ζ2n) to the ideal class [B]. Since A[2] is trivial we see that φ is the zero
homomorphism. As h(Q(ζ2n)+) is coprime to 2 we obtain from [Wash, Theorems 8.1
and 8.2] that (1− ζ2n) is a Zp[Gal(Q(ζ2n)/Q)] generator of ker(φ) = B.

Let H ′ = Gal(L′/Q(ζ2n)). By definition we have a non degenerate pairing

H ′ ×B →W2.

Let b1 be a generator for B and let us complete it to a F2-basis b1, . . . br such
that there are elements gi ∈ Gal(Q(ζ2n)/Q) such that gib1 = bi. Then we can choose
elements hi such that 〈hi, bj〉 = (−1)δi,j . Let H ′1 be the subgroup generated by
h1 under Zp[Gal(Q(ζ2n)/Q)] and assume that H ′1 6= H ′. Then there is an element
b =

∏
bxii such that 〈h, b〉 = 1 for all h ∈ H ′1. Then we have

1 = 〈hgi1 , b〉 = 〈h1, b
g−1
i 〉 = (−1)xi .

Hence, xi = 0 for all i and we see that H ′ is cyclic. As H ′ = Xn/2Xn the claim
follows.

Remark 7.5.3. If p ≥ 3 and if Vandiver’s conjecture holds for Q(ζp) (i.e. the class
number of Q(ζp)

+ is coprime to p) one can show that Xn/(1 + j)Xn is cyclic [Wash,
Theorem 10.14].
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Chapter 8

The Structure of the 2-class
group
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8.1 2-class groups along the cyclotomic Zp-extensions

Let L0 be a quadratic extension of Q and Ln the intermediate fields of the cyclotomic
Z2-extension of L0(i). In this chapter we want to compute the 2-class group of Ln
explicitly for certain classes of base fields L0 and corresponding fields Ln. To simplify
notation and to avoid unnecessary index shifts we will write Kn for the field Q(ζ2n+2)
in this chapter (where ζm denotes a m-th primitive root of unity). Note that Ln is
the compositum of Kn and L0. A crucial step in this context is to determine the
Iwasawa invariants of A∞ and the maximal finite submodule.

Let F be an arbitrary finite extension of Q, and F∞ the cyclotomic Z2-extension
thereof. Let H∞ be the maximal 2-abelian unramified extension of F∞. Let Fn ⊂ F∞
be the unique subfield such that [Fn : F] = 2n. By class field theory we have an
isomorphism

X := Gal(H∞/F∞) ∼= lim
∞←n

An,

where An denotes the 2-class group of Fn. For a topological generator τ of Gal(F∞/F)
we define the Iwasawa algebra Λ = Z2[[T ]] with respect to T = τ − 1. The natural
action of τ on An turns X into a Λ-module. As explained in Chapter 1, X is a
Λ-torsion module and pseudo isomorphic to a module of the form

s⊕
i=1

Λ/2ei
⊕ t⊕

j=1

Λ/fj(T )dj ,
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for distinguished irreducible polynomials fj(T ). The Ferrero-Washington theorem
shows that all the ei = 0 if F/Q is abelian [Fe-Wa].

In this chapter we will concentrate on CM fields of the following form: Let n ≥ 0
be a natural number, d be an odd square-free integer and Ln,d := Q(ζ2n+2 ,

√
d). We

will use results by Azizi, Chems-Eddin and Zekhnini on the rank of the 2-class group
of Ln,d, the layers of the Z2-extension of some special Dirichlet fields of the form
L0,d = Q(

√
d,
√
−1) (cf. [A-C-Z1, C-A-Z, C]). Combining them with the results form

the previous chapter we obtain our central theorem. Li, Ouyang, Xu and Zhang
computed the 2-class groups of Ln,d for d being a prime congruent to 3 (mod 8), 5
(mod 8) and 7 (mod 16) (cf. [L-Y-X-Z]) but the family of extensions we consider
here is disjoint to the one considered by Li, Ouyang, Xu and Zhang.

Throughout this chapter we denote by h2(d) the 2-class number of the quadratic
field Q(

√
d). Further, we fix the following notation:

� Let p be an odd prime and a an integer then we denote the quadratic Legendre
Symbol by (ap ).

� If p ≡ 1 (mod 4) is a prime and (ap ) = 1, then we define (ap )4 = ±1 ≡ a
p−1

4

(mod p). This symbol is 1 if a is a 4-th power modulo p and −1 otherwise. Note
that this symbol is only defined on the set of quadratic residues. In contrast to
the quartic residue symbol taking values in the 4-th roots of unity the symbol

(ap )4 = ±1 ≡ a
p−1

4 is multiplicative.

� If a ≡ 1 (mod 8) we define (a2 )4 = (−1)
a−1

8 .

� Let K be a finite abelian extension of Q and p a prime in O(K). Let α, β ∈ Kp.

Then we write (α,βp ) for the Hilbert symbol of α in the extension Kp(β
1/2)/Kp,

i.e. (α, β
p

)
= σα(β1/2)/β1/2,

where σα denotes the local Artin-symbol of α. Note that (α,βp ) = 1 if and only

if α lies in the image of the norm N : Kp(β
1/2)→ Kp.

� Ek are the units in the CM field k,

� Qk denotes the Hasse’s unit index of k, i.e. the index [Ek : Ek+W ], where W
denotes the roots of unity in k.

� q(L1,d) := (EL1,d
:
∏
iEki), where ki are the quadratic subfields of L1,d.

� Kn = Q(ζ2n+2) ⊂ Ln,d.

The main aim of this chapter is to prove the following

Theorem 8.1.1. Let d be a positive square-free integer and n ≥ 1 be an integer.

a) Assume d has one of the following forms:
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• d = p, for a prime p ≡ 9 (mod 16) such that (2
p)4 = 1,

• d = pq, for two distinct primes p ≡ q ≡ 3 (mod 8).

Then the 2-class group of Ln,d is isomorphic to Z/2n+r−2Z×Z/2Z for a con-
stant r such that 2r = h2(−2d).

b) Let d = pq, for two primes p and q such that p ≡ −q ≡ 5 (mod 8). Then the
2-class group of Ln,d is isomorphic to Z/2n+r−2Z for a constant r such that
2r = 2 · h2(−pq). Further, Greenberg’s conjecture holds for the field L+

n,d, i.e.

the 2-class number of L+
n,d is uniformly bounded.

In the last section of this chapter we apply Theorem 8.1.1 to describe the 2-class
groups of the layers of the cyclotomic Z2-extension K∞ of some imaginary quadratic
field K. The cyclotomic Z2-extension of imaginary quadratic fields were already
investigated by Mizusawa [Miz]. In contrast to our results Mizusawa described the
Galois group of the maximal unramified pro 2 extension of K∞ while we describe the
class group at every finite level n.

Theorem 8.1.2. Let d be a positive square-free integer and n ≥ 1. Let K0,d =
Q(
√
−d) and define the field Kn,d as the n-th layer of the cyclotomic Z2-extension of

K0,d.

a) Let d have one of the following forms:

• d = p for a prime p ≡ 9 (mod 16) such that (2
p)4 = 1.

• d = pq for two different primes p ≡ q ≡ 3 (mod 8),

Let 2r = h2(−2d). Then the 2-class group of Kn,d is isomorphic to Z/2Z ×
Z/2n+r−1Z.

b) Assume that d = pq is the product of two primes p ≡ −q ≡ 5 (mod 8) and let
2r = 2 · h2(−pq). Then the 2-class group of Kn,d is isomorphic to Z/2n+r−1Z.

8.2 Some preliminary results on the minus part of the
2-class group

Denote, as before, by An the 2-Sylow subgroup of the class group of the intermediate
fields Ln. The complex conjugation of L0, denoted by j, acts on An as well as on
the projective limit A∞ = lim∞←nAn. As in the previous chapter we define A+

n as
the group of strongly ambiguous classes with respect to the extension Ln/L+

n and

A−n = An/A
+
n . As in Chapter 7 we denote the subgroup {a ∈ An | ja = −a} by Â−n .

Analogously to A∞ we define A−∞ = lim∞←nA
−
n and Â−∞ = lim∞←n Â

−
n . We will

frequently need the following two lemmata on the Iwasawa invariants of A−∞.

Lemma 8.2.1. We have λ(A−∞) ≥ 2-rank(A−n ) for all n ≥ 0.
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Proof. By Theorem 7.2.5 there is no finite submodule in A−∞. As µ(A−∞) = 0 the
2-rank and λ-invariant of A−∞ are equal. Since L∞/L0 is totally ramified the claim is
immediate.

Lemma 8.2.2. We have

λ(A−∞) = λ(Â−∞).

Proof. Note that 2A∞ ⊂ (1 + j)A∞ + (1 − j)A∞ ⊂ A∞. Clearly, all elements in
(1 + j)A∞ are strongly ambiguous. Thus, if we consider the projection

π : A∞ → A−∞

we see that (1+j)A∞ lies in the kernel of π. On the other hand j(1−j)a = −(1−j)a.
So if a class in (1−j)A∞ is strongly ambiguous with respect to the extension K∞/K+

∞
then it is of order dividing 2. As µ(A∞) = 0 we obtain that (1− j)A∞ intersects the
kernel of π only in a finite submodule. It follows that

λ(A−∞) = λ((1− j)A∞).

Note that 2Â−∞ ⊂ (1− j)A−∞ ⊂ Â−∞. Hence, we see that

λ(A−∞) = λ(Â−∞).

8.3 Preliminaries on the fields Ln,d and L+
n,d

To determine the structure of the 2-class groups along a cyclotomic tower the λ-
invariants of An are of particular interest. In the sequel we will consider the modules
A∞ defined for different base fields F. To simplify notation we will also write λ(F)
for λ(A∞(F)) and λ−(F) for λ(A−∞(F)). We will use the same abbreviated notations
µ−(F) and µ(F) for µ(A−∞(F)) and µ(A∞(F)), respectively. The following theorem is
a useful tool to compute λ− for the family of fields we are interested in.

Theorem 8.3.1 (Kida’s formula). [Ki, Theorem 3] Let F′ and F be CM fields and
F′/F a finite 2 extension. Assume that µ−(F) = 0. Then

λ−(F′)− δ(F′) = [F′∞ : F∞]
(
λ−(F )− δ(F)

)
+
∑

(eβ − 1)−
∑

(eβ+ − 1),

where for any CM field K the variable δ(K) takes the values 1 or 0 according to
whether K∞ contains the 4-th roots of unity or not. The eβ is the ramification index
of a prime β in F′∞/F∞ coprime to 2 and eβ+ is the ramification index for a prime

coprime to 2 in F′+∞/F+
∞.

Note that Kida proves Theorem 8.3.1 for λ(Â−∞). But due to Lemma 8.2.2 this
λ-invariant equals the λ-invariant of A−∞.
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Theorem 8.3.2. Assume that d is the product of r primes congruent to 7 or 9
(mod 16) and s primes congruent to 3 or 5 (mod 8). Then

λ− = 2r + s− 1.

Proof. Let F′ = L0,d = Q(
√
d,
√
−1) and K0 = F = Q(

√
−1). Then δ(F) = δ(F′) = 1

and λ−(F) = 0. The only primes that ramify in F′∞/F∞ and F′+∞/F+
∞ are the primes

dividing d.
Every prime congruent to 7 or 9 modulo 16 splits into 4 primes in Kn for n large

enough, while it splits only into 2 primes in K+
n (see [C, Proposition 1]). Primes

congruent to 3 or 5 modulo 8 decompose into 2 primes in Kn, while K+
n contains only

one prime above p (see [C-A-Z, Proposition 2]). As [F′∞ : F∞] = [F′+∞ : F+
∞] = 2 either

eβ = eβ+ = 1 or eβ = eβ+ = 2. Plugging all of this into Kida’s formula we obtain

λ− − 1 = 2(0− 1) + 4r + 2s− 2r − s = 2r + s− 2

and the claim follows.

The above result determines λ− for a certain family of fields L0,d. As we are
interested in the whole 2-class group and not only in its minus part we also need to
understand the plus part in the cases we consider in Theorem 8.1.1.

Theorem 8.3.3. Let d be an odd square-free integer and n ≥ 1. Then, the class
number of L+

n,d is odd if and only if d takes one of the following forms

a) d = q1q2 where the qi ≡ 3 (mod 4) and q1 or q2 ≡ 3 (mod 8).

b) d is a prime congruent to 3 (mod 4).

c) d is a prime congruent to 5 (mod 8).

d) d is a prime congruent to 1 (mod 8) and (2
p)4(p2)4 = −1.

Proof. The extension L+
n+1,d/L

+
n,d is a quadratic extension that ramifies only at the

prime ideals above 2 of L+
n,d for all n ≥ 1. Let H(L+

n,d) be the 2-Hilbert class field

of L+
n,d and Xn its Galois group over L+

n,d. Let Y be the Λ-submodule of X∞ =
lim∞←nXn such that X0

∼= X∞/Y . Then Xn
∼= X∞/νn,0Y [Wash, Lemma 13.18]. In

particular, if Xn is trivial then X∞ = νn,0X∞ and X∞ is indeed trivial by Nakayama’s
lemma. Hence, the class number of L+

1,d being odd implies that the class number of

L+
n,d is odd. The converse follows from Theorem 10.1 of [Wash] and the fact that the

extension L+
n+1,d/L

+
n,d is totally ramified. Hence, the class number of L+

n,d is odd if

and only if the class number of L+
1,d = Q(

√
2,
√
d) is odd. See [Co-Hu, pp. 155-157]

and [Fr, p. 78] for the rest.

Theorem 8.3.4. Let d > 2 be an odd square-free integer and n ≥ 1 a positive integer.
Then the 2-class group of Ln,d is cyclic non-trivial if and only if d takes one of the
following forms:
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a) d is a prime congruent to 7 (mod 16).

b) d = pq, where p and q are two primes such that q ≡ 3 (mod 8) and p ≡ 5
(mod 8).

Proof. If d is not a prime congruent to 7 (mod 8) then the 2-class group of Ln,d is
cyclic non-trivial if and only if d = pq, where p and q satisfy the assumptions of point
b) [C-A-Z, Theorem 6]. For the rest of the proof we consider only the case d = p ≡ 7
(mod 8) and distinguish two cases:

� Suppose that p is congruent to 15 (mod 16) and let σ denote its Frobenius
homomorphism in Gal(Q(ζ16)/Q). Then σ(ζ16) = σp(ζ16) by the definition
of the Frobenius homomorphism. Let H be the group generated by σ. Then
p is totally split in Q(ζ16)H/Q. Since p ≡ 15 (mod 16), σ is the complex
conjugation. Hence, p is totally split in Q(ζ16)+/Q and inert in Q(ζ16)/Q(ζ16)+.

In particular, there are 4 primes of K2 lying over p. Then, by the ambiguous
class number formula [Qi 2, Lemma 2.4], we obtain that 2-rank(Cl(L2,d)) =
4− 1− e, where e is defined by 2e = [EK2 : EK2 ∩ N (L∗2,d)]. The unit group of

K2 is given by EK2 = 〈ζ16, ξ3, ξ5, ξ7〉, where ξk = ζ
(1−k)/2
16

1−ζk16
1−ζ16

. Let N ′ be the

norm from K2 to K+
2 . Since p is inert in K2/K+

2 we obtain for k = 3, 5 or 7(
ξk, p

pK2

)
=

(
N ′(ξk), p

pK+
2

)
=

(
ξ2
k, p

pK+
2

)
= 1.

Hence, the units ξk have a trivial Artin-symbol in K2(
√
p)pK2

/K2pK2
. In par-

ticular, these units are norms from K2(
√
p)pK2

= K2pK2
(
√
d). As L2,d/K2 is

unramified outside p, the Hasse norm principle implies that ξk ∈ EK2 ∩N (L∗2,d)
Then e is bounded by 1 and 2-rank(Cl(L2,d)) ≥ 4−1−1 = 2. Hence, the 2-class
group of Ln,d is not cyclic.

� Suppose now that p is congruent to 7 (mod 16), then by Theorem 8.3.3, the
class number of L+

n,d is odd. Since the primes above 2 are unramified in Ln,p/L+
n,p

for n large enough, all strongly ambiguous ideals in Ln,d are actually ideals from
L+
n,d and the 2-rank of An is bounded by λ−. By [A-C-Z1, Theorem 4.4], the

2-class group of L1,d is cyclic non-trivial and by Theorem 8.3.2 we have λ− = 1
which completes the proof.

Theorem 8.3.5. Assume that d takes one of the forms of Theorem 8.3.4. Then
λ = 1 and Greenberg’s conjecture holds for L+

n,d.

Note that Greenberg’s conjecture follows immediately from Theorem 8.3.3 if d is
a prime congruent to 7 (mod 16). If d = pq where p and q are primes such that p ≡ 5
(mod 8) and q ≡ 3 (mod 8) we obtain that Greenberg’s conjecture holds but the 2
class group of L+

n,d is non-trivial. The case d = pq is also proved in [Oz-Ta].
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Proof. By Theorem 8.3.4 the 2-class group of Ln,d is cyclic. By Theorem 8.3.2, we
have λ− = 1. Thus, λ = λ− = 1 and the first claim follows

For the second claim recall from Lemma 8.2.2 that λ(Â−∞) = λ(A−∞). Note that

the groups Â−n ∩ A+
n are of exponent 2. So if we know that the 2-class group of

Ln,d is cyclic and that λ(Â−∞) = 1, then A+
n contains at most 2 elements. As the

capitulation kernel An(L+
n,d) → An(Ln,d) contains at most 2 elements due to [Wash,

Theorem 10.3], we see that the 2-class group of L+
n,d is uniformly bounded.

In order to prove our main result (Theorem 8.1.1) we will also need [C-A-Z,
Theorem 5] and [C, Theorem 1] which are summarized in the following Theorem.

Theorem 8.3.6. Let n ≥ 1 and assume that d takes one of the following forms:

a) d = pq, for two distinct primes p and q congruent to 3 (mod 8).

b) d, is a prime congruent to 9 (mod 16).

Then the rank of the 2-class group of Ln,d is 2.

8.4 Proof of the Structure Theorem

We will first compute the cardinality of h2(L1,d) and then use this result to prove
Theorem 8.1.1.

Lemma 8.4.1. Let d be an odd positive square-free integer. We have:

a) h2(L1,d) = 2 · h2(−d), if d = pq, for two distinct primes p ≡ 5 (mod 8) and
q ≡ 3 (mod 8).

b) h2(L1,d) = h2(−2d), if d = pq, for two distinct primes p ≡ q ≡ 3 (mod 8) or
d = p for a prime p such that p ≡ 9 (mod 16) and (2

p)4 = 1.

Proof. The proof is basically a computation in units and class number formulas.

a) Denote by ε2pq the fundamental unit of the quadratic field Q(
√

2pq). We have
ε2pq = x+ y

√
2pq for some integers x and y. Since ε2pq has a positive norm we

obtain x2 − 2pqy2 = 1. Thus x2 − 1 = 2pqy2. Set y = y1y2 for yi ∈ Z. Assume
for a moment that {

x± 1 = y2
1

x∓ 1 = 2pqy2
2.

Then it follows that 1 =
(
y2
1
p

)
=
(
x±1
p

)
=
(
x∓1±2

p

)
=
(
±2
p

)
=
(

2
p

)
= −1,

which is impossible. So x± 1 is not square in N. From the third and the fourth
item of [A-Z-T, Proposition 3.3], we deduce that q(L1,d) = 4. By Kuroda’s class
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number formula (cf. [Wa, p. 201]), we have

h2(L1,d) =
1

25
q(L1,d)h2(pq)h2(−pq)h2(2pq)h2(−2qp)h2(2)h2(−2)h2(−1)

=
1

25
q(L1,d)h2(pq)h2(−pq)h2(2pq)h2(−2qp)

=
1

25
· 4 · 2 · h2(−pq) · 2 · 4

= 2 · h2(−pq),

which proves the first claim.

b) Suppose now that d is the product of two primes p and q that congruent to 3
mod 8 then we obtain the desired result by [A-C-Z2, Corollary 2]. If d = p is a
prime congruent to 9 (mod 16) the result follows from the proof of Theorem 1
of [A-C-Z2, p. 7].

Now we have all ingredients to provide a partial proof of our first main Theorem:

Theorem 8.4.2. Let d be of one of the following forms:

� d = p be a prime congruent to 9 (mod 16) and assume that (2
p)4 = 1.

� d = pq for two primes congruent to 3 (mod 8).

Let 2r = h2(−2d).Then for n ≥ 1 the 2-class group of Ln,d is isomorphic to the group
Z/2Z× Z/2n+r−2Z. In the projective limit we obtain Z2 ×Z/2Z.

Note that Theorem 8.4.2 is point a) of Theorem 8.1.1

Proof. By Theorem 8.3.6 we know that the 2-rank of the 2-class group of Ln,d equals
2 for n ≥ 1. Furthermore, we have λ− = 1 due to Theorem 8.3.2, and h2(L1,d) = 2r

by Lemma 8.4.1. By Theorem 8.3.3 the class number of L+
n,d is odd for all n. As there

is no capitulation in A−n according to Theorem 7.3.1 and λ− = 1, we see that A−n has
rank one for n large enough (see also Lemma 8.2.1). This implies that the second
generator of the 2-class group of Ln,d is a class of a ramified prime in Ln,d/L+

n,d. As

the class number of L+
n,d is odd, these ramified classes have order 2 and we obtain

that the 2-class group of Ln,d is isomorphic to Z/2Z× Z/2lnZ.
Let E be the elementary Λ-module associated to A∞. Then according to [Wash,

page 282-283] νn,0E = 2νn−1,0E for all n ≥ 2. Indeed, νn,0 = νn,n−1νn−1,0. As E has
Z2-rank 1, we know that T acts as 2v on E for some v ∈ Z2. For n ≥ 2 we have
νn,n−1 = (T + 1)2n−1 − 1 + 2. For n ≥ 2 the term (T + 1)2n−1 − 1 = T 2n−1

+ O(2T )
acts as 4v′ on E for some v′ ∈ Z2. Hence, νn,n−1 acts as 2(1 + 2v′) = 2u on E for
some unit u ∈ Z2 and all n ≥ 2.

Consequently,

|E/νn,0E| = |E/2n−1E||E/ν1,0E| = 2n−1+c′



8.4. PROOF OF THE STRUCTURE THEOREM 145

for n ≥ 1 and some constant c′ ≥ 1 independent of n. Note that we can rewrite
this as |E/νn,0E| = 2n+c. Since E has only one Z2-generator we can assume that
the pseudo-isomorphism φ : A∞ → E is surjective. The maximal finite submodule
of A∞ is generated by the classes (cn)n∈N of the ramified primes above 2. Let τ be
a generator of Gal(Ld,∞/L0,d). Then τ(cn) = cn as the primes above 2 are totally
ramified in L∞,d/L0,d. It follows that Tcn = 0. Using that νn,0 is coprime to the
characteristic ideal of A∞ for all n, we obtain for every n ≥ 1 that the kernel of
φ : A∞/νn,0A∞ → E/νn,0E is isomorphic to the maximal finite submodule in A∞
and contains 2 elements. Let Y be such that A∞/Y ∼= A0. Then An ∼= A∞/νn,0Y
(see [Wash, page 281]). We obtain

|An| = |A∞/νn,0Y | = |A∞/νn,0A∞||νn,0A∞/νn,0Y | = 2n+c+1|νn,0A∞/νn,0Y | for n ≥ 1.

As the maximal finite submodule in A∞ is annihilated by νn,0, we see that the size of
νn,0A∞/νn,0Y is constant independent of n. Hence, we obtain that the 2-class group
of Ln,d is of size 2n+ν for all n ≥ 1. Using that h2(L1,d) = 2r, we obtain ν = r − 1.
This yields 2 · 2ln = 2n+r−1 and we obtain ln = n + r − 2. Noting that Ln,d is the
n-th step of the cyclotomic Z2-extension of L0,d finishes the proof of the first claim.
As the direct term Z/2Z is norm coherent the second claim is immediate.

Corollary 8.4.3. Let d be of one of the following two forms:

a) d = p a prime congruent to 9 (mod 16) and assume that (2
p)4 = 1,

b) d = pq for two distinct primes congruent to 3 (mod 8).

If d takes the first form, set p = u2−2v2 where u and v are two positive integers such
that u ≡ 1 (mod 8).
If d takes the second form set (pq ) = 1 and let the integers X,Y, k, l and m be such that

2q = k2X2 + 2lXY + 2mY 2 and p = l2− 2k2m (see [Ka, p. 356] for their existence).
For all n ≥ 1, we have:

a) If d is of the first form, then the 2-class group of Ln,d is isomorphic to Z/2Z×
Z/2n+1Z, if and only if (up )4 = −1.

Outside of this particular case it is isomorphic to the group Z/2Z×Z/2n+r−2Z,
where r ≥ 4 was defined in Theorem 8.4.2.

b) If d is of the second form then the 2-class group of Ln,d is isomorphic to the
group Z/2Z×Z/2n+1Z if and only if ( −2

|X+lY |) = −1.

Outside of this case it is isomorphic to Z/2Z × Z/2n+r−2Z, where r ≥ 4 was
defined in Theorem 8.4.2.

Proof. By Lemma 8.4.1 we know that h2(L1,d) = h2(−2d). Since the 2-rank of
Cl(L1,d) equals 2 and |Cl2(Ln,d)| 6= 4 (see [A-C-Z1, Theorem 5.7]) it follows that
h2(−2d) is divisible by 8. Thus if d is as in point a) [L-W 1, Theorem 2] shows that
h2(−2d) is not divisible by 16 and we obtain r = 3.

If d is in the second case then [Ka, pp. 356-357]) implies that h2(−2d) is not
divisible by 16 and again r = 3.
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Let us give the following example for Corollary 1.

Example 8.4.4. � Set p = 89, u = 17 and v = 10. We have p = u2 − 2v2 and(
2
p

)
4

= −
(
u
p

)
4

= 1. So the 2-class group of Ln,p is isomorphic to Z/2Z ×
Z/2n+1Z for all n ≥ 1.

� Let p = 11, q = 19, k = 1, l = 3, m = −1, X = 4 and Y = 1. We have:

p = l2 − 2k2m and 2q = k2X2 + 2lXY + 2mY 2. Since
(
−2

|X+lY |

)
=
(−2

7

)
= −1.

By Corollary 8.4.3 2-class group of Ln,p is isomorphic to Z/2Z×Z/2n+1Z for
all n ≥ 1.

Now we finish the proof of Theorem 8.1.1.

Theorem 8.4.5. Assume that d = pq is the product of two primes p ≡ −q ≡ 5
(mod 8) and 2r = 2 ·h2(−pq). Then for n ≥ 1 the 2-class group of Ln,d is isomorphic
to Z/2n+r−1Z.

Note that this is point 2 of Theorem 8.1.1.

Proof. We know already from Theorem 8.3.4 that the 2-class group of Ln,d is cyclic,
and by Theorem 8.3.2 we know that λ(L0,d) = 1. In particular, the module A∞ does
not contain a finite submodule and is hence isomorphic to its elementary module E.
Let Y be defined as in the proof of Theorem 8.4.2, then there is no νn,0-torsion and
we obtain that the size of νn,0A∞/νn,0Y is constant independent of n. As before we
obtain |An| = |A∞/νn,0A∞||νn,0A∞/νn,0Y | = 2n+d. In particular, Iwasawa’s formula
holds for all n ≥ 1. Hence, h2(L1,d) = 2r = 21+ν and ν = r − 1. From this the claim
follows.

Corollary 8.4.6. Let d = pq be the product of two primes p and q such that p ≡
−q ≡ 5 (mod 8). Then for all n ≥ 1, we have

a) If (pq ) = −1, the 2-class group of Ln,d is isomorphic to Z/2n+1Z.

b) If (pq ) = 1 and ( qp)4 = 1, the 2-class group of Ln,d is isomorphic to Z/2n+2Z.

Outside of these two cases, the 2-class group of Ln,d is isomorphic to Z/2n+r−1Z,
where r ≥ 4 was defined in Theorem 8.4.5.

Proof. Assume that d is of the first form. By [Co-Hu, 19.6 Corollary] we have
h2(−pq) ≡ 2 (mod 4). Hence, r = 2. If d is of the second form we know that
Cl2(Q(

√
−d)) is cyclic and divisible by 4 [Qi 1, page 1427]. As p ≡ 5 mod 8 we see

that (2
p) = −1 and therefore (4

p)4 = −1. Then (4q
p ) = −1 and [Qi 1, Theorem 3.9]

implies that h2(−pq) is not divisible by 8. Hence, h2(−pq) = 4 and r = 3.

For the above corollary we provide the following

Example 8.4.7. � Let d = 13 · 19. We have
(

13
19

)
= −1. So the 2-class group of

Ln,p is isomorphic to Z/2n+1Z for all n ≥ 1.
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� Let d = 5 · 11. We have
(

5
11

)
= 1 and

(
11
5

)
4

= 1. So the 2-class group of Ln,p
is isomorphic to Z/2n+2Z for all n ≥ 1.

Let now X ′, Y ′ and Z be three positive integers satisfying the Legendre equation

pX ′2 + qY ′2 − Z2 = 0 (8.1)

such that

(X ′, Y ′) = (Y ′, Z) = (Z ′, X ′) = (p, Y ′Z) = (q,X ′Z) = 1, (8.2)

and

X ′ odd, Y ′ even and Z ≡ 1 (mod 4). (8.3)

(see [L-W2] for more details)

Corollary 8.4.8. Let d = pq be the product of two primes p and q satisfying p ≡
−q ≡ 5 (mod 8), (pq ) = 1 and (−qp )4 = 1. Let X ′, Y ′ and Z be three positive

integers satisfying equation (8.1) and the conditions (8.2) and (8.3). If (Zp )4 6= (2X′

Z ),

the 2-class group of Ln,d is isomorphic to Z/2n+3Z. Otherwise, it is isomorphic to
Z/2n+r−1Z, for r ≥ 5 defined as in Theorem 8.4.5.

Proof. It is immediate that the assumptions of Corollary 8.4.6 are not satisfied.
Hence, we have r ≥ 4. By [L-W2, Theorem 2] h2(−pq) is divisible by 16 if and

only if
(
Z
p

)
4

=
(

2X′

Z

)
. Hence if (Zp )4 6= (2X′

Z ) we get 4 ≤ r < 5. Otherwise we obtain

that 2 · 16 | 2r and r ≥ 5.

Now we close this section with some numerical examples illustrating the above
corollary

Example 8.4.9. � Let p = 5, q = 19 and d = −pq. Then X ′ = 1, Y ′ = 2 and
Z = 9 are solutions of equation (8.1) satisfying the condition (8.2) and (8.3).
Furthermore, (9

5)4 = −(2
9) = −1. Thus, the 2-class group of Ln,d is isomorphic

to Z/2n+3Z.

� Let p = 37, q = 11 and d = −pq = −407. Then X ′ = 1, Y ′ = 56518 and
Z = 187449 are solutions of equation (8.1) satisfying the condition (8.2) and
(8.3). Furthermore, (187449

37 )4 = ( 2
187449) = 1. Thus, the 2-class group of Ln,d is

isomorphic to Z/2n+r−1Z for some r ≥ 5. Indeed with these settings r = 5 (see
[L-W2, p. 230]).

8.5 Applications

Note that Theorem 7.3.1 and Theorem 7.2.5 only hold for CM fields containing the
4-th root of unity i. Therefore, we cannot compute the 2-class groups of layers of the
cyclotomic Z2-extension of imaginary quadratic fields using the same techniques as
in the proof of Theorem 8.1.1. But we can still use Theorem 8.4.2 to deduce results
on the class field tower of imaginary quadratic fields.
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Ln,d

Kn L+
n,d Kn,d

K+
n

Figure 8.1: Subfields of Ln,d/K+
n .

Theorem 8.5.1. Let d be a positive square-free integer and r such that 2r = h2(−2d).
Let K0,d = Q(

√
−d) and denote by Kn,d the n-th step of the cyclotomic Z2-extension

of K0,d. Suppose that d takes one of the following forms:

a) d = pq, for two distinct primes p and q congruent to 3 (mod 8).

b) d = p, for a prime p ≡ 9 (mod 16) such that that (2
p)4 = 1.

Then for all n ≥ 1 the 2-class group of Kn,d is isomorphic to Z/2Z× Z/2n+r−1Z. In
the projective limit we obtain Z2 ×Z/2Z.

Note that this is point 1 of Theorem 8.1.2.

Proof. Let Kn = Q(ζ2n+2) and Kn,d = Q(ζ2n+2 +ζ−1
2n+2 ,

√
−d) = K+

n (
√
−d) (see Figure

8.1). By the class number formula (cf. [Le 1, Proposition 3 and equation (1)]) we
have:

h2(Ln,d) =
QLn,d

QKnQKn,d
·

µLn,d
µKnµKn,d

·
h2(Kn)h2(Kn,d)h2(L+

n,d)

h2(K+
n )2

.

It is known that h2(Kn) = 1 and by Theorems 8.3.3 and 8.4.2 we have h2(L+
n,d) = 1

and h2(Ln,d) = 2n+r−1, respectively. Therefore

2 · 2n+r−1 =
QLn,d

QKnQKn,d
· h2(Kn,d). (8.4)

It is also known that QKn = 1. Let k = Q(i,
√
d). As the natural norm

NL1,d/k : WL1,d
/W 2

L1,d
→Wk/W

2
k

is surjective, we obtain that QL1,d
divides Qk (cf. [Le 1, Proposition 1]). Since

Qk = 1 (cf. [Az, p. 19] and the proof of [A-C-Z2, Lemma 4]), we have QL1 = 1.
Since NLn,d/Ln−1,d

: WLn,d/W
2
Ln →WLn−1/W

2
Ln−1

is onto, it follows that QLn,d divides
QLn−1,d

. Thus, by induction QLn,d = 1.
Note that the extensions Kn,d are essentially ramified (cf. [Le 1, p. 349]) for

all n ≥ 1. Since µKn,d = 2 we obtain QKn,d = 1 by [Le 1, Theorem 1] . Hence,
h2(Kn,d) = 2n+r for all n ≥ 1. Since the rank of the 2-class group of K1,d equals 2 (cf.
[M-C-R, Proposition 4]) and the 2-class group of Kn,d is of type (2, 2•) for n large
enough (cf [Miz, p. 119]), we achieve the result.
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Now using Theorem 8.4.5 we can finish the proof of Theorem 8.1.2.

Theorem 8.5.2. Assume that d = pq is the product of two primes p ≡ −q ≡ 5
(mod 8) and 2r = 2 · h2(−pq). Let K0,d = Q(

√
−d) and denote for n ≥ 3 by Kn,d the

n-th step of the cyclotomic Z2-extension of K0,d. Then for n ≥ 1 the 2-class group of
Kn,d is isomorphic to Z/2n+r−1Z.

Note that this is point 2 of Theorem 8.1.2

Proof. We keep similar notations and proceed as in the proof of Theorem 8.5.1. Note
that by [A-C-Z2, Proposition 3], we have h2(L+

n,d) = 2. So as above we obtain

h2(Ln,d) =
QLn,d

QKnQKn,d
·

µLn,d
µKnµKn,d

·
h2(Kn)h2(Kn,d)h2(L+

n,d)

h2(K+
n )2

·

Thus,

2n+r−1 =
1

1 · 1
· 2n

2n · 2
·

1 · h2(Kn,d) · 2
1

·

It follows that h2(Kn,d) = 2n+r−1 for all n. Since Ln,d/Kn,d is ramified, it is obvi-
ous that 2-rank(Cl(Kn,d)) ≤ 2-rank(Cl(Ln,d)) = 1 (Theorem 8.4.5). In particular,
Cl(Kn,d) is cyclic.
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