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A NEW APPROACH TO THE OPTIMIZATION PROBLEM

Jodo Ferreira do Amaral!

Abstract

A new approach to the problem of optimization is developed using tools such as the concepts of aggregate and of
combined functions. The solving of a simple problem of calculus of variations with inequality constraints illustrates

the potentiality of this new method.

Keywords: optimization, calculus of variations, convexity, quasi-convexity

JEL classification: C61, C65

| Introduction

The problem of optimization that is described as the maximization of a functional
defined on the space of real functions of real variables is often too simplified in its

formulation.

The usual presentation of the problem includes a functional J : U—R where (U, |I.1I) is

the Banach space of real functions and a set V c U (Céa, 1971 p. 61).
The problem is presented as
Find sup J(u) for all the u € V cU

This formulation may be enriched in order to contemplate, for example, the situation

where the set V is determined by inequality constraints.

This paper presents a new formulation that for a particular situation (maximization and
quasi-convex functionals) describes a simple process in order to solve a problem of

calculus of variations with inequality constraints.

To develop the solution of the problem we need some auxiliary concepts. Actually it

would be fair to say that the main intention of the paper is to develop some new (in the
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present context) concepts that can be useful for solving a maximization problems. This
means that the development of the concepts takes a large proportion of the paper and
that is why some patience is required from the reader before arriving to the real solving
of problems. However we hope that the development of the concepts will be interesting

in its own right.

Section 1l is devoted to the presentation of those auxiliary concepts. Section 111 solves a
general problem of maximization and section 1V is devoted to the solution of a specific
problem of calculus of variations with inequality constraints.

Il Preliminary concepts
1 Atomizable and non-atomizable functions
1.1 Atomizable functions

Let X be the space of real functions of real variable defined on a set A of real numbers

and consider the set L of functions F: X —X.

For each x of X let y = F(x) be the value of F at x and consider the following function
F* F*: F(X) X A—R that to each y of F(X) and each t of A associates the real number
y(t). We represent this number with the symbols y(z) = F*(x, t) = F(x)(t) .

Before defining the concept of atomizable function we define the following relation

between functions:

Definition 1 (Equivalence). Let g: R>—>R be a real function defined on R?. We say that
F €L and g € C where C is the set of real functions of R? are equivalent on A if F(x)(t)
= g(x(t), t) for each x of X defined on A and all the t of A.

Remark 1. The function may depend on other functions y if these don’t depend on the
variable x, for instance if F is such that F(x) = u.x? where u is the function of L such
that u(t) = t for all t . For each t the value of the equivalent function in this case is ¢
such that g(x(t), t) = tx(t)2.

Remark 2. Obviously if the function F has an equivalent function on A this is unique.

We can now define atomizable function in the strong sense.



Definition 2 (Atomizable function in the strong sense). A function F such that it has an

equivalent function g is an atomizable function in the strong sense.

This concept is a particular case of the concept we used in a previous paper (Amaral,
2007) that we called atomizable but that we now define as atomizable in the weak

Sense:

Definition 3 (Atomizable function in the weak sense). F is atomizable in the weak sense
if and only if F(X)(t*) = F(zxe) )(t*) for all the zx) such that zxe)(t*) = x(t*).

It is easy to see that an atomizable in the strong sense is atomizable in the weak sense:

Suppose that F(x) is atomizable in the strong sense. It has an equivalent function, that is
for each t* of A we have F(x)(t*) = g(x(t*), t*) = gz« (t*), t*) for all the zy¢+ such that
Zy(to) (%) = x(t*).

But as F(zxw)(t*) = g(zxw)(t*), t*) because F it is atomizable in the strong sense we

have

F(zx) (t*) = F(X)(t*) for all the zx+) such that zy)(t*) = x(t*) and F is atomizable in
the weak sense.

However we can prove the equivalence of the two concepts, if the following axiom is

valid.

Axiom For each y = F(x) and each t, the value y(t) depends strictly on the value of t

and on the values of the function x at numbers t* of A, the same numbers for all the x.
Theorem 1. If the axiom is valid both concepts of atomizable functions coincide.
Proof

We need to prove that if the axiom is valid a function atomizable in the weak sense is

also atomizable in the strong sense.

Suppose that F(X)(t*) = F(zxa) )(t*) with X(t*) = zx@+)(t*) and that there exists a #**#
t* belonging to A such that

FOOE) = O({x(t%), x(t*)}, %)= Fzxe)(t*) = O{X(1%), zxe) ()}, 1)



But as the equality F(x)(t*) = F(zxe )(t*) is valid for all the zye such that zyg« = x(t*)
then for z = zx¢+ + h with any h such that 4(?) # 0 for ¢ # ¢* and h(t*) = 0 we have,

F (2@ )(t%)= O (X(1%), 2xwy (%), ) = F(2)(t*) = 0{(x(t"), z(t**), t*})

AS z(t**) £ zyax) (1**), for all the ¢** # ¢* this is not possible so that F(zx+ )(t*) and
consequently F(x)(t*) don’t depend on any other value x(t**) different from x(t*).
Therefore F(x)(t) = g(x(t), t). o

1.2 Non-atomizable functions
Non-atomizable functions and aggregates

Definition 4 (Non-atomizable functions). Non-atomizable functions are the functions
that verify the axiom and are not atomizable.

Two important species of non-atomizable functions are respectively those that are based

on a correspondence of sets and those based on correspondence of aggregates.

It is now necessary to define the concept of aggregate (later on in this section, p.16,
more on aggregates). Given a function f defined on A we represent the aggregate of A
under f as f*(A).

Consider a set A of real numbers t and let f be a real function that to each t of A

associates an element f(t) of the set R.

Definition 5 (Aggregate). The aggregate f*(A) is the collection of elements f(t), such
that for this collection , if f(t) = f(t*) (according to the relation of equality of real
numbers) with z # ¢* , f(t) and f(t*) are considered as distinct elements of the collection.

For this reason an aggregate is not a set.

Later on we will see examples of relations and operations on aggregates. For the time

being it is sufficient to define the relation of belonging and inclusion.

Definition 6 (Belonging). The element x belongs to the aggregate f*(A), x &€ f*(A), if

and only if there exists one and only one t of A such that x = f(t) .

Definition 7 (Inclusion). f*(C) < f*(D) if and only if for every x belonging to *(C), x
belongs to f*(D).



Remark 1. We use the same symbols of the relations of sets although the concept of

aggregate and set do not coincide.

Remark 2. Obviously f*(C) cf*(D) if and only if C D, but for image-sets the double
inclusion is not true. It is true that C < D implies f(C) < f(D), but the reciprocal is not

always true.

With these concepts we may define disjoint aggregates, that is aggregates that have no

common element (in the sense of element of an aggregate).

Obviously if C and D are disjoint sets so are the aggregates *(C) and f*(D) and the

reciprocal is also true (again, this is not always true for image sets).
Set functions, aggregate functions, mixed functions and non-atomizable functions

We may define real aggregate functions in a similar way as real set functions, that is as

functions p
w: 2°® R taking real values u[x*(C)].

If we have a function F defined on a set X of real functions of real variable and taking

values in X that is

F: xXeX—-yeX

we may define the aggregate function p with real values u[F(x)*(C)].

A more general concept is the concept of mixed set/aggregate functions that is X
wi 2F0° A x A R

with real values

u[F(x)*(C), D] with C, D €2”.

Especially important is the particular case C = D.

Finally we can define mixed aggregate/point functions as

w: 250 A x 4 — R with real values u[F(x)*(C), t].

This allows us to define non-atomizable functions in terms of aggregates.



Definition 8 (Non-atomizable functions in terms of aggregates). A non-atomizable
function F : F(x) X 4 —R in terms of aggregates is a mixed aggregate/point function
such that for each t of A we have

F(X)(t) = u[x*(B(1)), t] with t €B(t), B(t) € 2" the same for every x
The function u is

w. 2®x 4 — R and it is a mixed aggregate/point function defined for each x*(B(t))
and each t of A.

Note that x is based on a correspondence ¢t — B(t), B(t) € 2.

Definition 9 (Non-atomizable functions in terms of sets). The definition is the same as

Definition 8 replacing aggregate by set.

These two definitions verify the conditions of the axiom on page 3 and the difference of
both definitions from atomizable functions with values F(x)(t) =g(x(t),t) is readily seen
since, for a non-atomizable function, for each t it is determinant the set x(B(t)) or the
aggregate x*(B(t)) whereas for an atomizable function is determinant only the number
X(t). This of course is the justification for the name ‘“atomizable functions”. These
functions, for each t have their values determined by each “atom” x(t), something that is

not the case for non-atomizable functions.

These are the basic cases of non-atomizable functions. More complex cases are those

where we have the real values

FO)(®) = uDx*(B(1), x(B(D)), 1]

However these cases are not met again in this paper.

A definition that may be useful in some applications is the definition of continuity.

Definition 10 (Continuity). A non-atomizable function F in terms of sets (the same for
aggregates) such that F(x)(t) = u[x(B(t)),t] is continuous in the non-empty and closed
set A if and only if it is defined on all elements of A and

lim—. u[X(B(t)),t] = u[x(B(a)),a] for each a €A.

We have the following theorem for non-atomizable functions in terms of sets.



Theorem 2. Let x be continuous in A closed and non-empty. It is necessary for F to be

continuous that the correspondence 4 — 2*® is upper semi-continuous at each t of A.
Proof

Suppose that 4 — 2*® was not upper semi-continuous. Then we would have an a*€ A
such that for a sequence {X(tn)} with x(tn) €x(B(tn)) and lim X(tn) t—a* = x(a*), x(a*) &
X(B(a*)) so that a* ¢ B(a*). Then F(x) would not be continuous in A because u[X(B(t)),t]

would not be defined for t = a*.o

Remark. The theorem may be generalized to aggregates if the concept of upper semi-

continuity is defined for correspondences of aggregates.

We will come back to aggregates later on in section. But before that it is necessary to

define concepts of quasi-convexity and convexity.
2 Quasi-convexity and convexity
2.1 Atomizable functions

We begin by considering atomizable functions of two variables (x,y) both being real

functions of real variable t.

Definition 11 (Quasi-convexity). Let C? be the set of all the pairs of functions (u,v) that
are convex linear combinations u = Ax1 +(1- A)x2 v = Ay1 +(1- 1)y for all the 1 of C
suchthat 0 <A1 <1 (thatis 0 <A®) <1 forall thetof A), and all the x1, x2, y1, y1
belonging to C. A function f: C? ¢ X2 —X is quasi-convex in C? if and only if for each
4-uple x1, x2, y1 e y 2 of functions of C, with x = Axy +(1- A)x2 , y = Ay1 +(1- A)y2 and for

all functions A of X such that 0 <A <7 we have

S(x(), y(t) <max {f(x1(t),y1(t)), f(x2(t),y=(t))}, for each t de A.

Remark 1. The function v is not necessarily the derivative of u although in a lot of cases

this does happen.

Remark 2. A set that verifies the properties of C? (or for any other number of variables)
is called a strong convex set or s-convex set. We could call it a convex set, as a
generalization of the common concept of convex set. However most of the interesting

properties of convex sets (for example those related to the concept of segment) do not



apply to s-convex sets. That is why we prefer to designate them by a different name. Of

course a s-convex set is a convex set.

Definition 11.a (Convexity). A function f: C>— R defined on the s-convex set C? is

convex if and only if under the same conditions of the previous definition we have

F(0),0(1) < A Fxa(0),y1(0)+(1- A(1)) Fx2(t).y2(t)) for each t of A.

Remark 1. The usual definition of quasi-convex or convex function is a particular case

of the antecedent when the A(t) are constant functions of t.

Remark 2. If a function with values f(x,y) is quasi-convex or convex this does not mean
that the corresponding composed function F: R —R with F(t) = f{x(t), y(t)) is quasi-

convex or convex.

For example, the function f(x,y) = x? + x"2 (where X" is the derivative of x) is convex but
with x(#) = log t, t > 0, F(t)=(log t)*>+(1/t)? F is not convex for sufficient large values of
t.

We can prove the following theorem.

Theorem 3. Let f be non-decreasing with x and non-decreasing with y in a s-convex set.
If x(t) e y(t) are non-decreasing real functions of t defined on an interval A, F(t) is

guasi-convex.

Remark. f(x,y) is non-decreasing with x if and only if for all the 2 > 0 (that is such that
h(t) >0 for all the t of A) we have f(x+h, y) > f(x,y)

(that is, f(x(t)+h(t), y(t) > fix(t), y(t)) for all the t of A).

Proof

Consider t, t2, t1 < t2 and one t belonging to [t1, t2].

Since x and y are non-decreasing we have x(z) <x(t2) and y(t) <y(t2) so that

X < X(t2) and y < y(t2) where x(t2) and y(t2) are constant functions, that is x(t2)(t) = x(t2)
for all the t.

As f (x, y) is non-decreasing in x and y we have for every t



(), y@) < f(x(2)(1), yt2)(®) = f(x(t2), y(t2))
That is, for every t of A, F(1) < F(r2) = max{F(t1), F(t2)} and F(t) is quasi-convex.o
We have the following theorem concerning convex functions.

Theorem 4. If f is convex and non-decreasing in x and y in a s-convex set and if x(t)

and y(t) are convex functions, F(t) is a convex function in the interval A.
Proof

Consider to and t1, a real number x, 0 <u <1 and the corresponding t* , t* =uto + (1-

it

As x(t) and y(t) are convex in A we have
x(1%)< ux(to) + (1-p)x(ta)

y(*)< py(to) + (1-)y(tr)

Therefore given the fact that f is non-decreasing in x and y we have for the following

constant functions g, x(to), X(t), y(to) and y(tv),

fx@).y*) < flux)(t*) + (L-)x(t)(E), wy(o)(t*) + (1-w)yt)(t*)= flux(to) + (1-
X(t), uy(to) + (L-)y(t))

Due to the convexity of f we have

fx (9).y(t%)) < flux(to) + (19X (ta), my(to) + (L-)y(ty) < pf(x(to), y(to)) + (1-4) F(x(ta),
y(t))

That is F(t*) < uF(to)+(1-x)F(t1).0

Remark. In the particular case where y = ¢(x), is important not to confound the quasi-

convexity of f that is defined by

f(2 x1 +(1-2)x2, 29 (1) +(1-A)p(x2)) < max {f(X1, ¢ (X1)), f(X2, ¢ (X2))}

with the relation f(ix1 +(1-A)x2, p(Ax1 +(1-A)%2)) < max{f(x1, ¢ (X1), f(X2, ¢ (x2)} which is

something different.

Related to this we have the following theorem.



Theorem 5. If f is quasi-convex and non-decreasing in ¢(x), where ¢ is convex we have
f(x, o(x)) < max {f{x1, ¢ (1), f(x2, ¢ (x2))}-

Proof

As ¢ is convex we have g(x) <1 ¢ (x1) +(1-1) ¢(x2) and since f is non-decreasing in ¢

we have for x1 e X2 and any x = Ax1 + (1-A)xz,

f(x, p(x) < £ x1 +(1-2)x2, 4 ¢ (x1) +(1-2) p(X2))

But as f is quasi-convex

f (L x1 +(1-A)x2, Ap(x1) +(1-4) p(x2)) <max {f(x1, ¢ (x1), (X2, ¢ (X2))}
so that

f(x, p(x) < max {f{x1, ¢ (x1), f(x2, ¢ (x2))}. O

Later on (section I11) we consider a specific case where ¢ is not necessarily convex but

where

f(x, p(x)< f{x1, ¢ (X1), f(X2, @ (x2)) is still valid.

Let us look now to non-atomizable functions.

2.2 Quasi-convex non-atomizable functions in one variable

We define the concept for aggregates (for sets the definition would be analogous)

Definition 12 (Quasi-convexity). Let F(x)(t) = u[x*(B(t)),t] be a non-atomizable
function in terms of aggregates. Let x1, X2 be real functions belonging to a s-convex set
Cand 1 (0 < 4 <1)withx=/x1 (1- )x2 . F(x) defined on C is quasi-convex if and only
if foreachtof A

F(x)(t) <max {F(x1)(t), F(x2)(t)} that is

ulx*B),1] <maxiu [x1*(BO).L] , x [x*(BO).t]}-

This is the essential of quasi-convexity and convexity that is needed for the study of

maximization in the context we have determined in the Introduction.

We introduce now another concept.

10



3 Combined functions-n (CF-n)
3.1.Definition. Equivalence 1 and 2

Let X be a set of real functions of a real variable and B a closed interval B = [to t1]. Let

{Ai}, i=1,...n be a partition of B in n disjoint sets.
Definition 13 (Combined functions-n and generated set).

a) z is a CF-n (combined function-n) in A if and only if for a partition {Ai}, and for each

tof Aiwe have z(t) = xi(t), where x; are functions belonging to X
b) The set of all the z is the set generated by X and it is represented by X*(X)
¢) the natural number n is the degree of the CF.

It is possible to define a wide set of properties and operations for CF-n. For our
purposes in this paper it is sufficient to develop the case CF-2, that is functions z
defined on A such that for a partition A = A1 A2 with Ar and Az disjoint sets there exist
X1, X2 of X such that z(t) = x1(t) for all the t of A1 and z(t) = x2(t) for all the t of A,.

We use the following evident notation to represent functions CF-2
z = (x1, A, X2, A2)

Remark. Until otherwise stated both the two sets of the partition are considered non-

empty sets.
Definition 14 (Equivalence-1, equivalence-2 and equality).

The CF-2 function z* is equivalent-1 to the function z = (x1, A1, X2, A2) if there is a
partition Cy, Cz of A such that

z * = (x1, Cq, X2, Ca2).

The CF-2 function z* is equivalent -2 to z if and only if
z = (x1, A1, X2, A2)

z * = (y1, Ay, Y2, A2).

It is to verify that each of these relations is a relation of equivalence.

11



Now the definition of equality
For z = (X1, A1, X2, A2) and w = (y1, Cy, y2, C2)
w =z ifand only if Aj=Cjandx; =y;fori=1,2.

Remark. Note that we consider as two different CF-2 the functions (x, A1, X, A2) and (x,
Cy, X, Co)if Ai £ Gi.

Evidently two CF-2 are equal if and only if they are equivalent-1 and equivalent-2.
Let us develop these concepts.

3.2 Functions equivalent -1

Sum and product

When we have two equivalent-1 CF-2 functions defined in the same set A we may

define a sum and a product of those functions.

Definition 15 (Sum). Let z and z* be two functions equivalents-1 with z defined on the

partition A = A; UA2 and z* defined on a different partition A = C1UC; , with
Ai# Cis1. The sum z**=z J,'f z* is the function z** such that
z¥* = (x1, (AN C1) U (A2N C2), X2, (A1N C2) U (A2N C1)).

Note that as can be easily checked with Aj # Ciz1, {(A1N C1) U (A2N C2), (A1N C2) U
(A2N C1)} is a partition of A in two non-empty sets so that z**is equivalent-1 to z and

Z*.
It is also easy to see that the operation is commutative and associative.

The following operation could be designated by multiplication but can be reduced to the

previous as we will see.

Definition 15.a (Product). Let z and z* be two equivalent-1functions with z defined on
A = A;UA2 and z* defined on a different partition A = C1UCz. The product z**=z e z*

is defined as

z¥* = (x1, (A1UCy N (42U C2), X2, (A1UC2) N (42U Cy))

12



Note that again {(A1U C1) N (42U C2), (A1UCz) N (42U Cy} is a partition of A, so

that z** is an equivalent-1 to z and z*.

Symmetric and null elements

The symmetric element of z = (x1, A1, X2, A2) is represented by —z such that

-2 = (X1, A2, X2, A1)

Obviously - (-z) =z and - (z 3k z*)= z 3k (%)

On the other hand we have z e z* = - (z 3k z*) as the following identities show
zez* = (x1, (AtUCy) N (A2UC2), X2, (A1UC2) N (42U Cy)) =

= (X1, (AtN 42) U(A1 N C2) UC1N A2) U(C1 N C2), X2 (A1N A2) U (A1NCy) U
C2N 42) U(C2 N C1)) = (X1, (A1N C2) U(A2UC1), X2 (A1UC1) N (42U Co))=
= - (329,

Therefore as mentioned above the product reduces to a sum, after we define symmetric

elements.

On the other hand as - (z 9k z%)= z 3k (-z*) we can also write
z@z¥= z%'f (-2%)

and this allows us to eliminate the operation of multiplication.

Till now we considered only non-empty sets. It is time now to introduce the possibility

of empty sets. This can be done through the definition of null elements.
Null elements

For each pair x1, x2 there are two null elements defined respectively by

0=(x1, A, X2, &)
and
-0 = (X1, g, x2, A)

13



Note that this is just an operational definition since it makes no sense to say that a
function of a point is defined on the empty set, but is a concept that has the advantage of

extending the definition of the sum to the case where Ai = Cix1.

JL . —
_Z_IrZ__

If we define for a natural number m

N | TR
Z3FZ9r--3r 2 With m terms,

mz
we have mz =0 if m is even and mz = z if m is odd and other similar results for -0.
Unit elements

It is important to define unitary elements. The definition is such that there is a unitary

element for each element t de A.

We define the unitary element 1 for the value of t as
1(t) = (x1, A-{t}, x2, {t})

Consider

z = (x1, A, X2, A2),

if t € A1 we have

z3E 1) = (x1, [(ANA-{D] U (R2N{L})], x2, [(AN{HYU (AN (A-{ED] = (x, As-{t}x2,
A2UAt})

and if t € Az,

zaR 1) = (xo, Ac U{t}, %o, Az -{E}).

14



In each of the cases this operation transfers one element of A from one of the sets to the
other set.

For each t we have

21t =- zdF 1)

Let us now look at equivalent-2 functions.

3.3 Operations with CF-2 equivalent-2.Integration and aggregates

Generally when the functions are defined on the same partition, {A1, A2} of a given set
A, that is when we have equivalent-2 functions, if f represents a function of functions,

op represents a binary operation and if

Z« = (x1, A1, X2, A2)

Z¥* = (y1, A1, Y2, A2)

we have respectively

fz*) = (f(x1), A, f(x2), A2)

z = op(z¥, z*%) = (op(x1,y1), A1, 0Pp(X2,y2), A2)

In what concerns integration if X1 and xz, are integrable functions of t we define
[az* dt = [axa dt +ln X2 dt.

Aggregates and CF-2

For aggregates if z = (x1, A1, X2, A2) we have obviously
7*(A) = x1*(A1) Ux2*(A2) and

f(z)*(A) = f(x1)* (A1) UT(x2)*(A2)

We have also the following theorem

Theorem 6. Let X be a s-convex set of functions defined on a set A. Then for each
partition {Ai} the set X*({Ai}) of all the equivalent-2 CF-2 functions is s-convex.

Proof

15



Let x* = (X1, At X2, A2) and y*= (y1, A1, ¥2, A2) belonging to X*({Ai}) and z*=ix* + (1-
A)y*. Then as we have seen regarding binary operations

7* =(Ax1+(1-1)y1, A, Axo+(1-1)y2, A2)

As X is a s-convex set, Axi+(1-1)y: and Axo+(1-1)y2 belong to X so that z* belongs to
X*({Ai}).0

Distance between equivalent-2 functions

Metric issues are important since the space of real functions with real variables is a rich
metric space. Based on this fact we can define a distance for equivalent-2 functions.

Consider a partition of A, {A1, A2} and suppose that for each pair (x,y) of functions of
the set X we define two distances on each set of the partition, designated respectively by

da1 and da2. The values dai(X,y) and da2(x,y) are dependent, respectively on A1 and A>.

Definition 16 (Distance). We may define for each A = A1U A2, where none of the sets is
empty, for each pair of elements of X* and for equivalent-2 functions w e z with w= (wq,

A1, Wz, Az) and z =(z1, A1, X2, A2), the distance between w and z on the set A as
daw,z) = da1(W,21) + da2(wo,z2).

Remark 1. It is easy to verify that da(w,z) is indeed a distance. Note also that dai (x,y) is
not the restriction of da to a subspace since dai (X,y) = 0 does not imply da(x,y) = 0. We

say that daiis a contraction of daand da an expansion of dai.

Remark 2. We assume that if Ai = {t}, dai(wi,zi) = d*(wi(t),zi(t)) where d* is a distance
defined on R.

It is now time to return to the concept of aggregate for further developments.
4 Aggregates and sets
Recall the concept of aggregate.

Consider a set A of elements t and a function f that to each t of A associates a certain

element of the image set f(A).

The aggregate f(A)* is the collection of elements f(t) for each t of A, such that if f(t) =
f(t*) when ¢ #¢*, f(t) and f(t*) are considered distinct elements of the collection.
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4.1 Homologous aggregates and sets

It is useful to avoid possible confusions when we use the concepts of aggregates and

sets.

Let A and B be two sets and x: 4—B a function for which we calculate for each C c A
the set x(C) cx(B) and the aggregate x*(C) < x*(B).

Definition 17 (Homologous). x*(C) is homologous to the set x(C) and we represent this
fact by x*(C)—x(C) if for any t and t* of C such that t # t* we have x(t) # x(t*). We use
the convention x*(g) < x(#) and x*({u}) < x({u}) for all the u of A.

Let Fx c 2* be the family of all the sets C < A such that x*(C)«<x(C).
We have the following simple theorem

Theorem 7. If C € Fx then for any C1c C we have C1 € Fx.

and the corollary

Corollary If C €Fy, then for any D of 2%, CND and C-D €Fx.

Remark . Obviously there is always a function H : 2"®— 2® gych that H(x*(C)) =
x(C) for each C of 2% But there is no inverse function unless the respective

correspondence is restricted to the family Fy.
The following theorem applies to real functions.

Theorem 8. If x is a continuous real function of real variable defined on the closed
interval A we have x*(4)«>x(A) if and only if x is strictly monotonous (increasing or

decreasing).
Proof
Suppose that x*(A)«<>x(4).

Then if t # ¢* x(z) # x(t*). Suppose that t < t* and x(t) < x(t*) and that there were t**

and t*** with t** < t*** such that x(t**) > x(t***).

Consider the case t < t* < t**< t***_|f x(t**) > x(t*) then x(t*) < x(t**) and x(t***) <

X(t**) so that given the continuity of x(t), for a > 0 such that x(t**) — x(t*) > a and
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X(t**) — x(t***) > a there would exist t* and t**, t* # " such that x(t") = x(t*") =
X(t**) - a, something that is not possible. The same argument with the necessary
adaptations for x(t**) < x(t*) and for any other case since there will always be t* that is
not a extreme of the interval and a & > 0 such that for two t** and t™**, t" # " we

have x(t*) = x(t™) = x(t") — a.

The reciprocal is obvious. Note that for the reciprocal to be true it is not necessary to

suppose that x is continuous.o

This theorem is important because shows that this relation between homologous
aggregates and sets happens in a very specific situation. For most of the cases there is a
real risk of confounding the two concepts.

We continue now with the case of real functions.
4.2 The case of real functions of real variable

The particular case of aggregates that we are going to use is the case where AcR and X

is a set of real functions of real variable defined on A.

For each function x of X, x(A) is the image set of A and x*(A) is the aggregate of all the
values x(t) for all the t of A.

The study of aggregates may proceed in three directions:
a) focus on a function x and study the aggregates x*(B) corresponding to sets BcA

b) focus on a set A and study the aggregates x*(4), y*(4),... for the corresponding

functions of X.

c) consider simultaneously different aggregates and different functions
4.2 a) the same function and different sets and aggregates

Consider all the sets that are elements of the family 2.

We start by recalling the relation of belonging.

Belonging
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An element r belongs to the aggregate x*(B) if and only if there is t of B such that r =

X(1).

Remark. Note that the elements r aren’t plain real numbers. They are characterized not
only by a value corresponding to a real number but also by a value of t, that creates a
new order relation L (not the order of the set R) defined by x(z) L x(¢*) if and only it t <
t*. The ontology of aggregates and their elements is an interesting topic in its own right

but it is not the object of the present paper.

Empty aggregate

x*(B) is empty if and only if B is the empty set and it is designated by x*(2).
Complement

The aggregate of all the elements r = x(t*) for all the t* of A not belonging to B is the
complement of x*(B) and it is designated by —x*(B) or by x*(A-B). Note that the same
real number my belong to x(B) and to x(A-B) but this is by definition impossible for any

element and the corresponding aggregates x*(B) and x*(A-B).
Inclusion (see p.4)

x*(B)c x*(C) if and only if for every x(t) belonging to x*(B) x(t) belongs x*(C). It is
easy to see that x*(B) cx*(C) ifand only if B cC.

Equality

x*(B) = x*(C) if and only if x*(B) cx*(C) and x*(C) cx*(B).
Obviously x*(B) = x*(C) ifand only if B=C

Union and intersection

Given B and C we define:

Union of the two aggregates, x*(B) v x*(C) is the aggregate of all the elements that
belong to x*(B) or to x*(C).We have always x*(B) v x*(C) = x*(B v C) (this can be

generalized for any number finite or infinite of sets).
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Intersection of the two aggregates, x*@B) N x*(C) is the aggregate of all the elements
that belong to x*(B) and to x*(B). We have always x*(B) N x*(C) = x*(B N C) (again,
this can be generalized for any number finite or infinite of sets).

Remark. Note that regarding intersection if x(B) is the image set of B, then it is not
always true that x(B) N x(C) = x(B N C).

Obviously x*(B) N—x*(B) = x*(4).

Difference

We define x*(B) — x*(C) = x*(B) N—x*(C) = x*(B - C).
Analysis of aggregate functions

Let u: 2R with real values u[x*(C)].

We can develop an analysis of real aggregate functions in a manner similar to the
analysis of set functions. We exemplify briefly.

Let F < 2" be a family of subsets of A and x*[F] the family of the aggregates x*(B) for
all the B of F.

It is easy to verify that if F is a ring of sets (or a o-ring) the same is true for the family
x*[F].

More generally if the family F is characterized by a property P such that op (E.)
belongs to F where op(E,) is a set that is the result of an operation op on any number of
sets E, of F and if op*(x*(E«)) = x*(op(E.)) where op* is the corresponding operation

for aggregates, then x*[F] has the property P applied to aggregates.

Other properties could be defined and it is possible to define measures of aggregates.
For instance if 1 is a measure defined on the sets of F we may define a measure A* on

the family x*(F) putting
2*¥(x*(C)) = A(C).

It easy to see that it is a measure, that is, non-negative o-additive and such that
2*(x*(4))=0.
4.2b) The same set and different functions
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We focus now on a given set and look at the aggregates x*(4), y*(4), ...

Note that if x*(4) # y*(4) we cannot have x*(A) c y*(A) neither y*(A) c x*(A) so that

the relation of inclusion doesn’t apply to this case. However we can define
Definition 18 (partial order that is not the relation of inclusion).
x*(4) <y*(4) if and only if for any t of A, x(2) <y(?).

Remark. In this definition since t is the same in the two members of the inequality it is

the usual order defined for real numbers that matters and not the relation L (p. 19).
Equality

x*(A) =y*(A) if and only if x(t) = y(t) for every t of A or equivalently,

if and only if x*(4) <y*(4) and y*(4) <x*(A).

Operations with real numbers

These operations are easily defined. Two examples are sufficient to illustrate the

procedure

X*(4) + y*(4) =(x+y)*(4).

Or , being 4 a real number

Ax*(A)= (2 X)*(A).

We have now the following lemma that will be used later

Lemma. If x(t) <y(?) for all the values t € ACR then for all the functions u defined on
A is necessary and sufficient for u to be u = Ax + (1-1)y for a certain 4, 0 <A </ that
we have x*(4) < u*(A4) <y*(A).

Proof

If u=Ax+ (1-1)y we have for every t x(z) <u(t) <y(t) so that x*(4) <u*(A4) <y*(A).
Reciprocally if for each t x(2) <u(t) <y(t) we have u(t) = x(t) + A(t)[y(t) —x(t)] with
0 <A(t) <I . Then A1 is the function that we were looking for.o

Remark. Similar results could be proved for other situations.

21



We have also the following theorem

Theorem 9. Let u be defined on A and X be the set of all the functions x defined on A
such that x*(4) <u*(4) (u*(4) < x*(A)). Then X is a s-convex set.

The proof is obvious.
Metric

We may define a metric between the pairs x*(A), y*(A)... provided that there is a

distance da(x,y) defined for all the functions defined on A.
We put simply
D(x*(4),y*(4)) = da(xy).

It easy to verify that is really a distance so that the family of all the aggregates x*(A),
y*(A)... can be easily be endowed with a useful structure of metric space. Note that this
cannot be done for the family of image sets x(A), y(A),... because it may easily happen
that x(A) = y(A) with x #v.

A final important concept has to do with continuity of aggregates relative to mixed

functions based on functions F:X—JX.

Definition 19 (Continuity). Let x be a real mixed aggregate/set function defined on the
aggregate F(x)*(B) for all the x of X and on a given set B < A. The function x is
continuous at the function a € X if and only if for any ¢ > 0 there exits ¢ > 0 such that
for all the x such that //x - a// < ¢ we have | u[F(X)*(B)]- u/F(a)*(B)] | < 6.

4.2 c) Different sets and different functions
Definition of equality

x*(A) = y*(B) if an only if x(t) = y(t) and A=B
Definition of partial order

If A is a non-empty set and {A1, A2} is a partition of A, we have x*(A1)) U w*(A2) <
y*(A1) Uz*(A2) if and only if x(2) <y() for all the t of A1 and w(z) <z(z) for all the t
of Az .
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4.2 d) Analysis of aggregate functions

We have already seen (p. 21) the possibility of defining measures for aggregates. The
concept of additivity when the aggregates depend on real functions plays an important
role in the analysis of real aggregate functions. We begin by the definition,

Definition 20 (Additivity). A real function of aggregate x is additive if for every x of X
being F(x)*(A) and F(x)*(B) disjoint aggregates we have

uF()*(A) UFX)*(B)] = u(F()*(A) + u(F(x)*(B)) -

Remark 1. An example is one where y is the integral. In the case of a CF-2 (see p. 15) if
z¥*= (F(x), A, F(x), B) we have Jacg z**dt =[a F(x) dt + [s F(x)dt .

Remark 2 For each x we always have u[F(x)*(A) U F(x)*(B)] = u[F(X)*(A uB)], so
that if x is additive,

ulF)*(A UB)] = u[F(X)*(A)] + u[F()*(B)].

Definition 21 (Additivity fin terms of aggregates/sets). For a function x that is mixed

aggregate/set given A and B disjoint sets the property of additivity is defined as
u[F()*(A) UF(X)*(B), A UB)] = u[F(x)*(A), Al + u[F(x)*(B), B] that is
u[F()*(A UB), A UB] = u[F(x)*(A), Al + u[F(x)*(B), B].

Other properties may be important.

One example is sub-additivity. In the case where p is a mixed aggregate/set function, u

is sub-additive if

u[F)*(A) UF(X)*(B), A UB)] <u[F(x)*(A), Al + u[F(x)*(B), B]

for any A and B not necessarily disjoint.

A more restricted sub-additivity may be defined for A and B disjoints only
Example of sub-additivity for disjoints aggregate/sets.

Consider F the identity function, that is F(x) = x for every x of X and x with values
uDxX*(A), A1 = alx*(A), A)l.p[x*(A), Al
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where a and ¢ are additive functions such that their non-zero values have different

signs, that is

a[x*(A), A)].¢/x*(B), B] <0

If A and B are disjoint we have

u[x*A UB), A UB] = a/x*(4 UB),A UBJ .p/x*(4 UB), A UB] =

= o[x*(A4), A)].o[x*(4), A] + a[x*(4), A)].o[x*(B), B+ a[x*(B), B)].o[x*(4), A] +
a/x*(B), B)].¢[(x*(B), B]

As o and ¢ have values with different signs, all the terms of the sum are non-positive so
that

u[x*(4 UB), A UB] <ufx*(4), A] + u[x*(B), B]
so that  is sub-additive for disjoint aggregates/sets.
4.2 e) Pseudo-monotony and quasi-convexity non-atomizable functions

It is possible to establish a characterization of quasi-convexity (see p. 10) for certain
non-atomizable functions based upon the following definition of pseudo-monotony

Definition 22 (Non-decreasing pseudo-monotony in terms of aggregates). The non-
atomizable (in terms of aggregates) function ¢ is non-decreasing pseudo-monotonous if
and only if given two aggregates x*(E(t)) and y*(E(t)) belonging to the domain of o,
such that x*(E(t)) <y*(E(t)) we have o[x*(E(t)), t] < o[y*(E(t)), t] for each t of A.

Remark. It is important not to confound pseudo-monotony with monotony of set or
aggregate functions, for example E € G = u(E) < u(G)

We have the following important theorem for non-atomizable functions that provides a

link between quasi-convexity and pseudo-monotony.

Theorem 10. The real function F with values F(x)(2) = o[x*(B(t)), t], B(t) c A, t € B(t),
XE X, X s-convex is quasi-convex if ¢ is non-decreasing pseudo-monotonous in terms of

aggregates in the set X.

Proof
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Note in the first place that the property of non-decreasing pseudo-monotony of o, in
terms of aggregates means that for each t of A and each pair of functions y; and y» of X
such that y*1(B(t)) > y*2 (B(t)) we have

oly*1(B().1] = F(yy)(1) =2 F(y2)(®) = aly*2(B(1)).].

On the other hand for each t of A and for any x1, xo of X, with x = 4 x1 + (1- 2)x2 we

have

x(t) < max{(x1(t) X2(t)}.

Let A = A1U Az where A; is the set of all the t of A such that xi(t) > x2(t) and A the set
of all the t of A such that xa(t) > xa(t) .

Then, for each t of A1NB(?) we have for any x = 1 X1 +(1- A)x2, x(2) <x1(t) and for each t
of A2NB(1), x(t) <xot).

Therefore, according to the definition of non-decreasing pseudo-monotony in terms of
aggregates we have x*(A1N B(t)) <x*1(A1NB(t)) for each t of AN B(t) and x*(A2N B(t))
<x2*(A2N B(t)) for each t of A>N B(t).

As o is non-decreasing pseudo-monotonous in terms of aggregates, for each t of A1NB(?)
we have F(x)(t) < F(x1)(t) and for each t of A2NB(t) we have F(x)(t) < F(x2)(t), so that
for each t of (A1N B(t)) U (A2 NB(t)) = B(t) (since by assumption B(t) < A) we have

F(x)(t) <max{(F(x1)(t) ,F(x2)(1)}.

But as we assume that for each t of A, t €B(t), we finally have for each t of A and each x
= Ax1 +(1- D)x2

F(x)(1) < max{(F(x:)(t), F(x2)(t)}.0
Pseudo-monotony for mixed aggregate/set functions

The definition of pseudo-monotony can be easily generalized for mixed aggregate/set

functions:

Definition 23 (Non-decreasing pseudo-monotony for mixed terms aggreate/set). The
real mixed aggregate/set real function x has the property of non-decreasing pseudo-

monotony if and only if given two aggregates belonging to the domain of u, x*(A4) and
y*(A) such that x*(4) < y*(A) we have u/x*(4), A)] < u[y*(A), A].
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Simplification of the notation

In what follows if we consider a mixed function with values u[F(x)*(B), B] we simplify
the notation putting u[F(x)*(B)].

This ends the introduction of complementary concepts. We proceed now to section |11

that is to the formulation of the maximization problem under some specific conditions.

111 Maximization

5 One variable

5.1 Solving the maximization problem
The entities

Consider the following entities:

a) Real functions of real variable t, continuous and differentiable, designated by X, vy, z

,... with values x(t), y(t), z(t) ... defined on aset A cR

b) The set X of all the previous functions and another set X*(n)(X) that is the set of all

the CF-n functions generated by X.

c) A number m of constraints for each function x of X, each constraint represented by a
proposition m;i(x), being X N M; the set of functions of X for which mi(x) is true. That is
X N (NM;), i=1,...m - assumed to be non-empty — is the set of the x of X that verify all
the constraints. To simplify the notation we designate this set by X N M.

d) The set X N M; and the corresponding set X*(n)(X N M), that is the set of all the CF-
n generated by the set X NM;. It is assumed that X N M is a s-convex set.

e) A function F: X*n)(X NM;) —X, atomizable (we’ll consider later on non-atomizable
functions) and the real function F(x) : A—R with values F(x)(t), defined for all the t of
A.

f) A real mixed aggregate/set function based on real number sets designated by u
defined on the aggregate F(x)*(B) and on the set B, for all the B €2* and all the x of (X
N Mi). As 24 < 2R is the family of all the subsets of A we have u: 2F®0*® x 24 . R
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Remark. The symbol 2F®*® represents the family of all the aggregates F(x)*(B) for
each B < A. As we have seen at page 19 that B < A is equivalent to F(x)*(B) c
F(x)*(A) the definition is coherent

We may now state the problem

The problem

Find x*= (x*1, Ag,...x*, An) € X*(n)(X NM;),such that:

2i=1" u[FO<*i)*(Ai)] = max x e x+mona {u[F(X)*(A)]}for any partition of A
and such that for all the p < n max xe.xp) s {w[F(X)*(A)]} may not exist.

Remark. This second condition means that n is the minimum degree of CF that is
needed to guarantee that we find the maximum (as we‘ll see later on this degree

depends in general on the number of restrictions m;i(x)).
Why this problem?

Usually the problems of maximization try to find the maximizing function in the set (X
NAM;) and not in the set X*(n) (X NM;i). As sometimes this is not possible we try to find
the maximizing function in the set X*() (X NM;) that is in some sense the “nearest” one
to the set (XN ;). Nearest in the sense that at most n -1 equalities x; = X;j are necessary
to obtain a x of (X NA) from x*= (x1, Ay, ...xn, An).

If we designate by X* the set of all the x* of X* such that x1 = x> for all the partitions of
A the proximity of the sets X*-X* and X* may be easily attested by the fact that in a
great number of cases the separation between the sets vanishes (not the Hausdorff
distance but the separation S defined by S(C,D) = inf{xec, yep d(X,y)}), for example if the
set X is such that for each x of X exists a t of A such that there is a sequence y, of

elements of X distinct of x such that lim,—« yn(t) = X(t).

Let us prove this for n = 2. If the condition applies we have S(X*- X™, X*) = 0. Consider
a sequence of functions z,, belonging to X*-X*, z, = (x, A-{t}, yn,{t}) with x # y» and
limy—w yn(t) = x(t) for some t. Consider x* of X* x* = (x , A-{t}, x ,{t}). Using the
concept of distance defined at page 16,
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da(zn, X*) = da-gg (X, X) + dgg(X, yn) = d(x(t), yn(t)) for every t , where the distance of the
right member is the distance between real numbers. But for one of these t inf {d(x(t),
yn(t)}= 0 so that for the sequence {zn} of functions of X*-X* inf {da (zn, X*)}= 0 that is ,
S(X*-X*, X*) = 0.

Solving the problem for the simplest case, n=2 and m=1 (that is one restriction only)
For this case we have the following theorem

Theorem 11. If:

a) F is quasi-convex on the s-convex set X N M;

b) « is defined on all the aggregates determined by subsets of A and is non-decreasing

pseudo-monotonous and additive in terms of aggregates/sets
c) there is only one restriction that is of the type x1 <x <x»

Then there are two disjoint sets A1, A2 such that A1 U A2 = A and for all the CF-2 x* of
the set X*(X N M) we have

max x~ e x+cxnui) L [FX*)*(A)]}= u[F(x1)*(A)]+ u[F(x2)*(A2)]

Remark 1. The set A is considered constant (until we proceed later on with the

sensitivity analysis)

Remark 2. Obviously for the set X N M; to be s-convex it is sufficient that X and each

My are s-convex since the intersection of s-convex sets is a s-convex set.
Proof of the theorem

There is only one restriction X1 <x <Xz

so that for each x verifying the restriction we have

X= Axy +(1- A)x2

with 4 = (x2 - X)/(x2 - x1) for every t such that xo(?) # x1(t)

As F(x) is quasi-convex we have

F(x) <max [F(x1),F(x2)]
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Let A1 be the set of elements of A for which F(x1) > F(x2) and A2 =A - A the set of

elements of A for which F(x2) > F(xq).

Then for every x of X N M we have F(x) < F(x1) for all the elements of A; and F(x) <
F(x2) for all the elements of A, that is in terms of aggregates

FO)*(A) < F(x1)*(A1) and F(x)*(A2) < F(x2)*(A2)

As 1 is non-decreasing pseudo-monotonous and additive in terms of aggregates and sets

we have

ulFO)*(A) 1= wlFO)*(A) U F)*(A) 1 = w[F)*(A)] +[F()*(Au)] =
ulF(x)*(A))] + ulF(x2)*(A2)]

Let us show now that for any other x**= (x3, B1, X4, B2) belonging to X*(X N M) with

B1UB2=A the inequality is still verified.

We have

B1=(BiN A2 U(B1N A1)

Bo = (B2N A1) U (B2N A2)

so that

F(x3)*(B1) = F(x3)* (B1 N A2) UF(x3)* (B1N A1)

F(xa)*(B2) = F(x4)* (B2NA1) UF(Xa)* (B2NA42)

and

uF(xa)*(B)] = ulF(xe)*(BiNd2)]+u[F(xs)*(BiNdy] < wu[F(x1)*(BiN41)] +
#[F(x2)*(B1N42)]

#lF(xa)*(B2)] = p[F(xa)*(B2NA1)]+u[F(xa)*(B2NAd2)] < u[F(x1)*(B2NA2)]  +
#[F(x2)*(B2N42)]

Adding the two members

ulFO)*(Ba)]  +  wlF(xa)*(B2)] = {u[F(x)*(BiN4)] +  u[F(xa)*(B2NA1)]}+
{u[F(x2)*(B1NA2)] + u[F(x2)*(B2NA2)]} = u[F(x1)*(A)] + u[F(x2)*(A2)]
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Therefore for any function of x** of X*(XXNM) we have u[F(x**)*(A)]} <
U[F(x)*(A)]+ u[F(x2)*(A2)]. As (X1, A1, X2, A2) belongs to X*(XNM) the theorem is

proved.o

Remark 1. It is the fact that we can use properties of x such as pseudo-monotony and
additivity in terms of aggregates and sets that makes it helpful to use the concept of

aggregate in maximization problems.

Remark 2. If instead of assuming that p is additive we had assumed that it was sub-

additive as the example of page 23 the inequality

ulFxa)*(B)] +  wu[F(xa)*(B2)] < {u[F(x)*(BiN41)] +  u[F(x2)*(B2NA1)]}+
{ulF(x2)*(BiN42)] + u[F(x2)*(B2N42)]}

would still be valid although we can’t prove the theorem.
5.2 Sensitivity analysis of the values of the maximum

The intention of this section is to calculate the change of the maximum values when

there are changes in the set A or in the set X*.
We consider accordingly two types of sensitivity analysis.
First type: change in the set A

Suppose that set A changes to a new set B of real numbers. In most cases the set
(XNas) will also change so that we have to consider new sets (X N M*j) and X**(XN
M*;) respectively.

Let u[F(x**)(A)] be the maximum u[F(x*1)(A)]+ u[F(x*2)(A-A1)] = maxx e x+xnumi)
{u[F)(A)]} and u[F(x*)(B)] the maximum u[F(x*1)(B1)]+ u[F(x*2)(A-B1)] = maxy«
ex=+anmr) {u[F(X)(B)]}-

we have the following theorem

Theorem 12. With the assumptions of theorem relatively to F and ¢ and assuming that
the functional J associated to u is Gateaux-differentiable in the directions of the

following expression we have
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ulFOce)*(Ad)] + u[FOc2)*(A2)] - ulF(x*3)*(Bu)] - ulF(x*2)*(B2)] = u[F(x*1)*(AJ)] +
ulFO2)*(A2)] - ulF(x*1)*(B1)] - u[F(x*2)*(B2)] +

Du[F(x*3+01(X*1-X*3), X*1-X*3)*(A1NB1)]+ Du[F(x*3+62(x*1-X*3), X*1-X*3)*(B1-Ar)] +
Du[F(X*a+01(X*2-X*4),X*2-X*4)*(A1NB1) | + Du[F(X*s+602(X*2-X*4), X*2-X*4)*(B1-A1)].

Remark 1. Functional J associated to u is the functional J: X—R with J(y) = u

[F(y)*(B)]

Remark 2. Dy is the Gateaux differential of J. It is well known that if J is Gateaux-

differentiable at the point y; in the direction yi - y» we have for a certain , 0 < 6 <1
J(y1)-J(y2) = I (y2+6(y1-y2), y1-y2) that is in our notation

u[F(y1)*(B)] - ulF(y2)*(B) 1 = DulF(y2+0(y1-y2), y1-y2)*(B)].

Proof of the theorem

Consider the first difference u[F(x*1)*(A)] - u[F(x*3)*(B1)].

As 1 is additive we have

plFx*)*(A)] - wulF(x*3)*(B1)] = w[FO*)*(AiNB)] + u[F(x*1)*(A1-B1)] -
ulF(x*3)*(B1-A1)] - u[F(x*3)*( AiNB1)] =

pulF*)*(AiNB)]+u[F(x*1)*(A-B1)] + wu[F(x*1)*(Bi-A1)] - wp[F(x*1)*(Bi-A1)] -
ulF(x*3)*(B1-A1)] - u[F(x*3)*( AiNB1)] =

ulF(x*1)*(A1NB1)]- u[F(x*3)*( AtNB1)]+ u[F(x*1)*(A1-B1)] - u[F(x*1)*(B1-A1)] +
+ u[F(x*1)*(B1-A1)] - u[F(x*3)*(B1-A1)] =

1) u[F(x*1)*(Ar-Ba)] - u[F(x*1)*(B1-A1)] + Du[F(x*s+01(x*1-X*3), X*1-X*3)*(A1NB1)] +
Du[F(X*3+62(X*1-X*3), X*1-X*3)(B1-A1)]

But

ulFOF1)*(A1-B1)] = u[F(x*1)*(A1)] - u[F(x*1)*(A1NB1)]
pulFOF1)*(B1-A1)] = u[F(x*1)*(B1)] - u[F(x*1)*( A1NB1)]

So that subtracting both members of the two equalities we get
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pIFO*2)*(A1-B1)] - u[F(x*1)*(B1-As)] = u[F(x*1)*(A1)] - u[F(x*1)*(B1)]
Substituting in 1) we obtain

uIFOF)*(A)]- u[F(x*3)*(B1)] = ulF(*1)*(A1)] - u[F(x*1)*(B1)]+ Dul[F(x*3+01(x*1-
X*3), X*1-X*3)*(A1NB1)]+ Du[F(x*3+02(x*1-X*3), X*1-X*3)*((B1-A1)].

For the second difference , u[F(x*2)*(A2)]- u[F(x*4)*(B2)],
in the same way we get

ulF(x*2)*(A2)]- ulF(x*a)*(B2)] = ulF(x*2)*(A2)]- u[F(x*2)*(B2)]+ Du[F(x*s+03(x*2-
X*4), X*2-X*4)*(A2NB2)] + Du[F(X*4+0s(X*2-X*1), X*2-Xx*4)*((B2-A2)]

and finally summing the two differences
A = p[FOce)* (AT + u[F(x2)*(A2)]- u[F(x*3)*(Ba)] - u[F(x*4)*(B2)] =

=u[F(x*1)* (A1)l [F(x*1)* (Bo)] +Du[F(x*s+01(X*1-X*3) X*1-X*3)* (A1 B1)] +
DulF(x*3+02(X*1-X*3), X*1-x*3)*(B1-A1)] +

+u[F(x*2)* (A2)]-u[F(x*2)* (B2)] +Dul[F (x*a+03(X*2-X*1), X*2-X*4)*(A2NB2)] +
Du[F(x*s+04(X*2-X*4), X*2-X*4)*(B2-A2)] =

pLF O * (AT + ulF(x*2)*(A2)]- u[F(x*1)*(B1)] - u[F(x*2)*(B2)] +
Du[F(x*3+01(X*1-X*3),X*1-x*3)*(A1NB1)] + Du[F(x*3+02(X*1-X*3), X*1-X*3)*(B1-A1)] +

Du[F(x*s+03(X*2-X*4) X*2-X*2)*(A2NB2) ]|+ Du[F(X*s+0s(x*2-x*s), X*2-x*4)*(B2-A2)],as

we had to prove.o

When all the Du are non-negative (non-positive) with at least one positive (negative) we

have

4> (<) ulFOF)*(A)]+ ulFO2)* (A2)]-u[F(x*1)*(B)] - u[F(x*2)*(B2)

When A1=B: and A>=B; , that is when it is the set of constraints only that changes we

have
A = Du[F(x*3+01(X*1-X*3),X*1-X*3)* (A1) | + Du[F (X*4+63(X*2-X*1) X*2-x*4) *(A2)].

Second type : transferring one element from A; to A2
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Let x**= (x1,A1,x2,A2) such that u[F(x**)*(A)] = max x e x+xnui) {u[FX*)*(A)]}=
pLF(a)*(An)]+ p[F(x2)*(A2)]

In may be important for certain cases determine if transferring one element t from A; to

A (or vice-versa) will change the value of the maximum.
We have x*** = x** 4L 7t)

and we check if u[F(x***)*(A)] = u[F(x2)*(A-{t})] + u[F(x2)*(A2At})] is equal or less
than  u[F(x)*(A)]+ u[F(x2)*(A2)], that is if u/Fac**E 10)*(A)] is < or = to
u[FO**)*(A)] and the same for 1*(t). This can be done also for an iteration of the

operation
X = xD 2k 77)
Degree of approximation and economic decision

The analysis of the level of approximation can be done in two ways: one calculates the
difference of the maximum to the value of a function equivalent-2 to the maximizing
function and the second relatively to the proximity of the set X*-X* to X™ as we have

exemplify at page 28.

Considering the first way, let x** be the maximizing function and another CF-2

function equivalent-2 to x**, y = (y1,A1,y2,A2) satisfying the constraints. We obtain the

difference

ulF)*(A)] + ulFOR)*(A2)] - wlF(y)*(A)] +

uIFO=* (AT - wlF()*(A)]
ulF(y2)*(A2)]

and using the definition of distance given at page 16 we can compare the two quantities
{ulFO=)*(A)] - u[F(y)*(A)1} and [(das(xa,y1)+ daz(x2,y2)].

This can be a useful indicator for taking economic decisions when there is a benefit
associated to the value of u[F(x**)*(A)] - u[F(y)*(A)]} and a cost associated to the
distance between the two functions.

In what concerns the approximation of the solutions when calculated for functions y

such that y:=y» we can obtain some information in specific cases.
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If X NMi, is such that x; <y <x2, which is a s-convex set we may write for any y, y =
AX1+(1-A)x2 with 0 <A <I

so that
da(y, x**) = daz (y, X0)+ daz2 (y,x2) = M(1- 2)(X1-X2) a1 + MA(X1-X2) /a2

Even if x** is such that xi1# X2 if we chose appropriate functions 1 we can obtain better
approximations of x** to the functions of X NA. This is the case where the values A(t)
are near 1 for the every t of A; and near O for every t of A> — provided of course that the
properties of 1 respect the conditions that allow x to belong X N M; (conditions of
continuity or of differentiability, for example). It is the failure to verify these conditions
that makes it impossible in most cases to have for a given x** a y of X N M; such that
da(y, x**) =0.

6 Generalization for two variables

We can generalize the problem of maximization assuming the existence of a function o,
¢ : X— X and of a function F: X X X— X.

The new problem is to find (x*1, A1, x*2, A —A1) such that

uFOCL, o(xc*1))*(A1)] + u[F(x*2, p(x*2))*(A-A1)] = maxxer-xnmi{ulF(x, p(x))*(A)]}

A very important particular case of this kind of problem is the one where X is the set of
continuous and derivable real functions in A c R and ¢ is such that for each xe X, ¢(x)

is the derivative of function x.

However in this more general formulation some additional assumptions are needed

regarding the function F.

We have seen above (theorem 5 p. 10) that for ¢ convex and F quasi-convex we obtain
F(x, ¢(x)) < max {F(x, ¢ (X1), F(X2, ¢ (x2))}. This allows us to prove the following

theorem.

Theorem 13. If F is quasi-convex and non-decreasing monotonous in ¢(X) where ¢ is

convex and if the assumptions of theorem 11 regarding i apply, we have the result:

ulFOCL, o(x*1))*(An)] + u[F(x*2, p(x*2))*(A-Ar)]= maxxex+crmmm{ulF (X, 9(x))*(A)]}-
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Proof

As F is quasi-convex

F(X, p(x)) < max {F(x1, ¢ (x1), F(X2, ¢ (x2)}

And from here the proof follows as in theorem 11.o

Another example is the one for each ¢ (Axi+(1-A)x2) = @A)(X1 —X2) + 4 ¢ (X1) +(1-1)

o(x2) (which is verified if ¢ is the operation of differentiation of x)

Theorem 14. If the set of constraints is given by x1 <x <X», and other constraints that
imply ¢ (1)<0 (¢ (4) >0 ) for any possible 1, with 0 <1 <1 and if p(Ax1 +(1-A)x2) =
p(A)(x1 —x2) + 1 ¢ (x1) +(1-1) o(x2) and F is quasi-convex and non-increasing (non-

decreasing) in ¢ then if the assumptions of theorem 11 regarding u apply we have
uIFOc1, o)) *(A)] + u[F(x*2, o(x*2))* (A-A1)]= maxxex+anmi{ulF (X, (X)*(A)1}-

Proof

For any possible x = /x1 +(1-4)x2 we have

F(x, 9(x)) = F(X, p(1)(x1=X2) + A (x1) +(1-2)p(x2))

Given the assumptions, ¢(4)(Xx1 —X2) >0 and F is non-increasing in ¢ so that

F(x, o(x) <F(x, dp(x1) +(1-A)p(x2))

As F is quasi-convex we have

F(x, 2p(x1) +(1-2)p(x2)) < max {F(x1, p(x1)), F(x2, p(x2)})

so that F(X, ¢(x)) < max {F(x1, ¢ (X1), F(X2, ¢ (x2)} and the proof follows as in theorem
11.o

7 Maximization and non-atomizable functions

Theorem 11 is easily generalized for a quasi-convex non-atomizable function F and for
a p with the properties of the theorem. By theorem 10 if F(x)(z) = o[x*(B(t)),t] it is
sufficient to have o pseudo-monotonous non-decreasing to have F(x) quasi-convex and

the proof proceeds as in theorem 11.
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IV A problem of calculus of variations with inequality constraints
The problem

Let f be a real function integrable over A = /1 t1] with arguments x(t) and x"(t), where

X(t) is a continuous real function with second order derivatives at all the elements of A.
Let X be the set of those functions.

Consider the problem:

Calculate sup x Ja f(x(t) X" (t))dt, with 4 = /1, t1]

subject to the restrictions ri < g(x(z), x'(t)) <r2

X(to) = Xo

In terms of the previous notation we have F : X?> — X, where ¢ is the operation of
derivation, the values of F are F(x, x") = f(x, X") where the set F(x, x")*(A) is the
aggregate of all the elements f(x(t), x"(t)) for all the t of A and the mixed aggregate/set
function x such that u[F(x, X')*(A)] = [a f(x(t) X" (t)) dt.

Note that this formulation applies only to atomizable functions F.

We have two sets Mi that is the set of all the x that verify g(x(z), x'(¢)) < r2 and the set of
all the x that verify r1< g(x(t), X" (t)).

In the particular case that we solve the double inequality ri< g(x(?), x(2)) < r2 is given

by

Cl) ri<x'(t) - mx(t) <rz

We join one more constraint given by
C2) X" (t)—mx'(t) >0

So that there are in fact three sets M;.

The set X* is the set of all the CF-2 generated by the set X of continuous functions with

second order derivatives.
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The problem is :
Assumptions

Let N M, i=1,2,3 be the set of all the functions X that verify simultaneously the

constraints

r<x’(t) - mx(t) <r

X)) —mx'(t) >0

and let X*/X(NM;)] be the set of CF-2 generated by X N M.

Consider the function f: X2—.X with values f(x, x"), such that

a) for each t the function f takes the value f(x, x")(z) = f[x(t), X" (1)]

b) itis defined on A = [0, t1]

c) is continuous in A

d) is quasi-convex on the set of all the linear combinations of functions of X

e) f is assumed non-increasing in X', that is f(x, x") > f(x, X" + h) for any function h of
Xsuch that 2 > 0 (that is , 4(z) > 0 for all the values t of A). ~

Problem
Find x*of X*(X N M;) such that

[a Oc<(t) x*" ())dt = max x e { [a F(x(t) X () dt}

where (see p. 15) Ja fOx*(t) x*(t))dt represents the sum Ja1 f(x(t) X1'(2)dt + Ina f(x2(t)
X2"(t))dt for x* = (x1, A, X2, A2).

The solution is given by the following theorem

Theorem 15. Under the previous conditions the maximum of the integral Ja f(x(t)
X (t))dt on the generated set X*(X N M) is given [s f(xi(t), X 1(®)dt + [a & f(Xa(t),
X2"(t))dt where B is the set of all the t of A such that f(x1(z), x'(2)) < f(x2(t), x2"(t)) for all
the x of (X N Mi) and xu(t) and x2(t) are respectively the solutions of the differential

equations
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XE) —mx"(t) =r1 (=r2), m#0.

Remark. It is necessary to impose the condition for F(t) being defined on all the
elements of the set A because the fact that x(t) and x"(t) are defined on a set that contains
A is not sufficient to ensure that F is defined on A. For example if f(x, x’(z)) = log
X(t)+x"(t) with x(t)=log t and A =[0.5, 2] the domain of F(t) would not include the
elements 7 < /. We may have the inverse situation where the domain of F(t) includes the
intersection of the domain of x(t) and x"(t). For example if f{x, x") = &+ X" and x(?) =
log t, the domain of F(t) is the set of all the numbers different from 0 but the

intersection of the domains if x(t) and x"(t) is the set of all the positive numbers.
Proof

Let us begin by characterizing the functions that belong to N A4, i=1,2,3
The two restrictions C1) and C2) may be put in the form

X(t) —mx’'(t) = 0(t), r. <O(t) <rz,

where 0°(¢) > 0, that is 6 is non-decreasing .

The solutions xi1(t) (x2(t)), are given by

X(t) —mx(t) =ri (=r2) m+#0

that is,

x1(t) = (Xo + ra/m) €™ — ry/m

X2(t) = (Xo + ra/m) €™t — rp/m

where xo = x(to).

It is easy to see that x1(to) = X2(to) and Xu1(t) < x2(t) (provided that m #0 ) for all the 7 #
fo.

For any function x of (XNA;) we have
X(t) — mx"(t) = 4(t)

and the solution is
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X(t) = e™/Jfn 1 0 () @ ™dz + X0 e™ ]

We can now prove the following lemma (see theorem 14 for a similar result).
Lemma 1. Under the previous conditions and for each t of A we have

X(t) =A(t)xe(t) + (L-A())x2(t) with 0 <A(r) <1l and A" (t) <0.

Proof

Obviously the equality is verified for t = to.

For any other t of A ¢# to we can represent by A(t) the quotient

1) A(t) =[xa(t) @)1/ Dx2(t) —x2(t)] =

=[ (rz/m)e™™) — (ro/m) - e™ [11, g Ox)e™ de]/ [(r2—rz) (€™ -1)/m]

As ri<4(t) <r. we have obviously 0 <A(t) <I

Moreover we have 1°(¢) < 0 for all the t. From 1) with a simple calculation we have
) =[r2-60(t*) 1/ (r2—r1)

where O(t*), with to<¢* <t is the mean point of the integral .

As we assume 6'(z) > 0, 6(t*) is non-decreasing so that A(t) is non-increasing, that is

2’(t) <0 and this completes the proof .o

Let’s us now prove a second lemma

Lemma 2. If fis quasi-convex for any of X we have for each t of [to, t1]
f(x(t), x(t)) < max {f(xu(t), x"1(t)), f(xa(t), x2"(1)}.

Proof

For each t # 1o

a) X(t) = A(t)xa(t) + (1-A(t))x2(t)

as f is quasi-convex, we have for each t

f(x(®), AQx1" (1) + (L-AO)X 2(1) < max {fxa(D), X (1), F(xa(t), X2(D)}
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And from a) we can write for each t
X(t) = AOX 1(t) + (1-A(0))X 2(t) + 2" (O (xa(t) - x2(t))

As x1(t) < xa(t) and by Lemma 1 1'(¢) < 0, we have for each t
A (O)(xa(t) - X2(2) 2 0

As f is non-increasing relatively to x”, we have for each ¢ # 1o

f(x(t), X' (1)) < fAOx(t) + (L-A0)x2(t), ADX 1(t) + (L-A(D))X 2(2) < max {f(xa(t), X 1(t)),
f(x2(t), X" 2()}.

When t = to we have Xxi(to) = x2(to) = X(to) and obviously the inequality is verified.
Then for all the t of A

Jox@, x'(1) <max {ftxa(t), X'a(1)), f(xa(t), X2(t))}

as we had to prove.o

With these two lemmas we may prove

Theorem 16. Under the conditions of the lemmas

max /a f(x(t), X" (t)) dt = Js f(x2 (t), X2 () dt +]as f(x1 (1), X 1(t)) dt

Where B is the set of all the t de [to t1] such that f(xu(t), x1" (1)) <f(x2(t), X2"(t)).
Proof

First let us verify that f is integrable over B (and therefore over A-B).

As we assume that F(t)= f(x(t), X"(t)) as a function of t is continuous in A (actually it
would be enough for this purpose to assume that Fi(t) = f(xu(t), X"1(t)) and Fo(t) =
f(x2(t), X 2(t))) are continuous in A), F1(t) and F(t) are continuous in B so that they are
Borel-measurable and the set B of all the t such Fi(t) < F»(t) is Borel-measurable

(Konig, 1997 pag 130). Then the integral on B and the integral on A exist.

We have now to prove that for any other z = (x*, C, x**, A-C) of X*(XNAMi) we have
o fx*(0), x*" (1) dt + Jac flx**(@), x**'(1) dt < [ & f(xa(t), X2'(t)) dt + [as f(xa(t), X2 "(t))
dt
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If z belongs to X that is if x* = x** the result is obvious due to lemma 2.

If x*# x** let us consider the partition of A: (BNC) U (BN A-C)UA-BNC) UA-BNA-
C)

Due to lemma 2 we have

[ snc fe*(0), x*'@) dt +Hapnac [, x**'(1) dt <] snc f(xa(t), X2'(2) dt +Hasnac
f(xa(t), x1"(t)) dt

[(apinc foc*@), x*'(t) dt oo fix**@), x**'(1) dt <[pnuc) fxa(t), X2'@) dt+Jannc
f(xa(t), x1"(t)) dt

Summing the two inequalities we obtain the result that solves our problem o
The set of constraints

We have already mentioned (p. 28) that the minimum p of CF-p is generally dependent

on the number of constraints.

Let us see an example with constraints similar to C1) e C2).

Suppose that there were two additional restrictions

C3) r2< x(t) —nx'(t) <rs n#0,m

C4) X7(t) —nx(t) >0

Using the same process of the proof of theorem we have for ¢ # #o

C) x(t) =(1-A(t))xa(t) + A(t)xa(t) with 0 <A(2) <1, A" (t) <0, and Xa(t) > xu(t)
d) x(t) =(L-z(t))xa(t) + ze(t)xa(t) with 0 <pu() <1, (1)< 0 and xa(t) > x3(t)
So that (1-A(t)xa(t) + AD)x2(t)= (L-(®)xa(t) + x(t)xXa(t)

and A(t)= [(xa(t) xs(0))/ (x2(t) xa(O)] u(t) + [(xa(t) xa (D)) (xa(t) —xa(1))]
To have A(z) <I is necessary that [(xa(t) —x1(t))/ (x2(t) —x1(2))] <I so that xz(2) > x3(t).

Using the same process to solve in order to u(t), we get [(x1(t) —xa(t))/ (xa(t) x3(2))] <1

and xa(z) > x1(t) so that we have the following possibilities for any té& (to, t1]
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X1 Sx3<Xx2<Xx4,X1 <x35x4 <Xx2, X3s<X1< X2<X4 O X3 <x1<Xx4 <X2.

The problems where one of this inequalities is not verified for one t, t&to, t1] are

unsolvable because the set X is empty.

Note that as m # n as times goes by the exponential function with exponent max(m,n)
prevails so that for t sufficiently large the problem has no solution. This may be

important to explain some situations where there is a rupture at a given point in time.
If X is non-empty we have

f(a(t), X 1(t) <flxa(t), X a(t)) for tof B f(xa(t), X 1(t) > f(xa(t), X 2(t)) for t of A-B
f(xa(t), X"a(1) < fixa(t), X'a(t)) for tof C f(xs(t), X"a(t) > f(xa(t), X"4(t)) for t of A-C

For each t of Ex= (BNC) F6e(t), x' (1) < min (fea(t), X 2(8),50(0) X (1)
Foreachtof E2=BN(A-C)  fix(®), x'(1)) <min (f{x2(t), X 2(t)), f(xa(t), X"3(t))
Foreachtof Es = (AB)NC  fx(®), x (1) <min (fxs(®), X 1(t)), T(xa(t), X a(0)
For each t of E4 = (A-B) N(4-C) fix(), x'(1) <min (ffxa(t), X 1(t), F(xa(t), X 3(t))

On the other side for each Ei we have E;i = F1jUF2i where F1i ={t: f(xj(t), X j(z)) <f(x«(t),
X k(t))} and Fai ={t: f(xj(t), X'j(t)) >f(x«(t), Xk(t))} .

Of course some of the F may be empty.
Therefore the maximum value will be
J=Zi* [ei Hi dt

where the H; are the functions corresponding to the minima in the second members of

the inequalities.,

That means that it makes sense in many cases with two set of constraints Cz and Cs to
work with a set X* of functions CF-4 because we have no guarantee that functions CF-

p with p < 4 will solve the problem.

Conclusion
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The main goal of this paper was to illustrate the use of some new (in this context)
concepts for approaching the problem of maximization of one functional with inequality
constraints. The method was successful but the problem solved was indeed a very
simple one, dealing with quasi-convexity and maximization where ’boundary” solutions
are to be expected. Further research should seek to determine if the method is useful for

other situations.
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