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Lie-central derivations, Lie-centroids and Lie-stem
Leibniz algebras

By GUY ROGER BIYOGMAM (Milledgeville), JOSE MANUEL CASAS (Pontevedra)
and NATALIA PACHECO REGO (Barcelos)

Abstract. In this paper, we introduce the notion of a Lie-derivation. This con-
cept generalizes derivations for non-Lie Leibniz algebras. We study these Lie-derivations
in the case where their image is contained in the Lie-center, and call them Lie-central
derivations. We provide a characterization of Lie-stem Leibniz algebras by their Lie-
central derivations, and prove several properties of the Lie algebra of Lie-central deriva-
tions for Lie-nilpotent Leibniz algebras of class 2. We also introduce ID.-Lie-derivations.
An ID,-Lie-derivation of a Leibniz algebra g is a Lie-derivation of g in which the image
is contained in the second term of the lower Lie-central series of g, and which vanishes
on Lie-central elements. We provide an upper bound for the dimension of the Lie alge-
bra IDY®(g) of ID.-Lie-derivation of g, and prove that the sets IDY®(g) and IDY®(q) are
isomorphic for any two Lie-isoclinic Leibniz algebras g and q.

1. Introduction

Studies such as the work of DIXMIER [13], LEGER [16] and TOGO [20]-[23]
about the structure of a Lie algebra £ and its relationship with the properties of
the Lie algebra of derivations of £ have been conducted by several authors. A clas-
sical problem concerning the algebra of derivations is to determine necessary and
sufficient conditions under which subalgebras of the algebra of derivations coin-
cide. For example, the coincidence of the subalgebra of central derivations with

Mathematics Subject Classification: 17A32, 17A36, 17B40.

Key words and phrases: Lie-derivation, Lie-center, Lie-stem Leibniz algebra, Lie-central deriva-
tion, Lie-centroid, almost inner Lie-derivation.

The second author was supported by Agencia Estatal de Investigacién (Spain), grant MTM2016-
79661-P (AEI/FEDER, UE, support included).



218 G. R. Biyogmam, J. M. Casas and N. Pacheco Rego

the algebra of derivations of a Lie algebra was studied in [21]. Also, centroids
play important roles in the study of extended affine Lie algebras [2], in the in-
vestigations of the Brauer groups and division algebras, in the classification of
algebras or in the structure theory of algebras. Almost inner derivations arise
in many contexts of algebra, number theory or geometry, for instance, they play
an important role in the study of isospectral deformations of compact solvman-
ifolds [15]; the paper [6] is dedicated to studying almost inner derivations of Lie
algebras.

Our aim in this paper is to conduct an analogue study by investigating various
concepts of derivations on Leibniz algebras. Our study relies on the relative
notions of these derivations; derivations relative to the Liezation functor (—)ie :
Leib — Lie, which assigns to a Leibniz algebra g the Lie algebra g, ., where Leib
denotes the category of Leibniz algebras, and Lie denotes the category of Lie
algebras.

The approached properties are closely related to the relative notions of central
extension in a semi-abelian category with respect to a Birkhoff subcategory (see
[11] and [14]). A recent research line deals with the development of absolute
properties of Leibniz algebras (absolute are the usual properties and it means
relative to the abelianization functor) in the relative setting (with respect to the
Liezation functor); in general, absolute properties have the corresponding relative
ones, but not all absolute properties immediately hold in the relative case, so new
requirements are needed as it can be seen in the papers [3]-[5], [8], [10] and [19].

In order to develop a systematic study of derivations in the relative set-
ting, we organize the paper as follows. In Section 2, we provide some background
on relative notions with respect to the Liezation functor. We define the sets of

Lie

Lie-derivations Der-®(g) and central Lie-derivations Der:

(g) for a non-Lie Leib-
niz algebra g. It is worth mentioning that the absolute derivations are also Lie-
derivations. In Section 3, we characterize Lie-stem Leibniz algebras using their
Lie-central derivations. Using Lie-isoclinism, we prove several results on the Lie
algebra of Lie-central derivations of Lie-nilpotent Leibniz algebras of class two.
Le(g) is abelian if and only if Zi(g) = v5¢(g),
under the assumption that g is a finite dimensional Lie-nilpotent Leibniz algebra

Specifically, we prove that Der

of class 2. In Section 4, we define the Lie-centroid T'"¢(g) of g and prove several of
its basic properties. In particular, we study its relationship with the Lie-algebra
Der-®(g). In Section 5, we study the set IDX®(g) of ID,-Lie-derivations of a Leib-
Lie

niz algebra g and its subalgebra Der,

(g) of almost inner Lie-derivations of g.
Similarly to the result of TOGO [22] on derivations of Lie algebras, we provide

necessary and sufficient conditions on a finite dimensional Leibniz algebra g for
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Lie
z
niz algebras are Lie-isoclinic, then their sets of ID,-Lie-derivations are isomorphic.

the subalgebras Der.'®(g) and ID.(g) to be equal. We also prove that if two Leib-
This isomorphism also holds for their sets of almost inner Lie-derivations. We es-
tablish several results on almost inner Lie-derivations, similarly to the Lie algebra
case [6]. Finally, we provide an upper bound of the dimension of 1D, (g) by means
of the dimension of [g, g]Le.

2. Preliminaries on Leibniz algebras

Let K be a fixed field of characteristic different from 2. Throughout the
paper, all vector spaces and tensor products are considered over K.

A Leibniz algebra [17]-[18] is a vector space g equipped with a bilinear map
[-,—]: g X g — g, usually called the Leibniz bracket of g, satisfying the Leibniz
identity:

[z, [y, 2] = [[@, 9], 2] — [[2. 2], 9], z,y,2€0.

In fact, this definition corresponds to the notion of right Leibniz algebra,
which means that the right operator R,: g — g, R.(y) = [y, z], is a derivation.
Correspondingly, the notion of left Leibniz algebra is associated with the fact that
the left operation L,: g — g, L.(y) = [z,y], is a derivation, which means that
the identity [[z,y], 2] = [z, [y, 2]] — [, [z, #]] holds for all z,y,z € g. The passage
from the right to the left Leibniz algebra can be done considering the new bracket
operation [z,y]" = [y, z]. Throughout this paper, we only consider right Leibniz
algebras.

A subalgebra b of a Leibniz algebra g is said to be a left (resp. right) ideal
of g if [h,g] € b (resp. [g,h] € h), for all h € b, g € g. If b is both a left and
a right ideal, then b is called a two-sided ideal of g. In this case, g/h naturally
inherits a Leibniz algebra structure.

Given a Leibniz algebra g, we denote by g*"" the subspace of g spanned by
all elements of the form [z,z], € g. It is clear that the quotient g,,. = g/g*™
is a Lie algebra. This defines the so-called Liezation functor (—)ie : Leib — Lie,
which assigns to a Leibniz algebra g the Lie algebra g,, . Moreover, the canonical
epimorphism g — g,,. is universal among all homomorphisms from g to a Lie
algebra, implying that the Liezation functor is left adjoint to the inclusion functor
Lie < Leib.

Given a Leibniz algebra g, we define the bracket

[—, —lie: 90— 9, by [z,ylie = [z, y] +[y,2], forzyeg.
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Let m, n be two-sided ideals of a Leibniz algebra g. The following notions
come from [10], which were derived from [11].
The Lie-commutator of m and n is the two-sided ideal of g:

[m, n]iie = ({[m, n]lie,m € m,n € n}).
The Lie-center of the Leibniz algebra g is the two-sided ideal
ZLie(g) = {Z € g| [gaz]lic =0forall g€ g}
The Lie-centralizer of m and n over g is
C;ie(m,n) ={g<€g]| [g.me €n, for allm € m} .

Obviously, C5®(g,0) = Ziie(g).

The right-center of a Leibniz algebra g is the two-sided ideal Z"(g) = {« €
g | [y,z] = 0 for all y € g}. The left-center of a Leibniz algebra g is the set
Zg) ={z € g | [x,y] = 0 for all y € g}, which might not even be a subalgebra.
Z(g) = Z'(g) N Z"(g) is called the center of g, which is a two-sided ideal of g.

Definition 2.1 ([10]). Let n be a two-sided ideal of a Leibniz algebra g. The
lower Lie-central series of g relative to n is the sequence
e S] ,y;_iE(g’n) Sl e S] Véie(g,n) S] Pyll_ie(gan)
of two-sided ideals of g defined inductively by

JHe(gm) =n and AH(g.n) = hE (@), glues 02 2.

We use the notation v-¢(g) instead of yH¢(g,g), 1 <i < n.

If ¢ : g — q is a homomorphism of Leibniz such that ¢(m) C n, where m is
a two-sided ideal of g, and n a two-sided ideal of q, then ¢(y-¢(g, m)) C vHe(q,n),
© > 1.

Definition 2.2. The Leibniz algebra g is said to be Lie-nilpotent relative to n

of class ¢ if 5% (g,n) = 0 and v5*(g,n) # 0.

Definition 2.3 ([10]). The upper Lie-central series of a Leibniz algebra g is
the sequence of two-sided ideals, called i-Lie centers, ¢ = 0,1,2,...,

25%(g) Q21 (g) Q- T ZH(g) T -+
defined inductively by

Z(I)'ie(g) =0 and Zl!‘ie(g) = Cléie(g?zz!_fl(g))v i Z L.
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Theorem 2.4 ([10, Theorem 4]). A Leibniz algebra g is Lie-nilpotent of
class c if and only if ZL®(g) = g and Z1',(g) # g.

Definition 2.5 ([8, Definition 2.8]). Let m be a subset of a Leibniz algebra g.
The Lie-normalizer of m is the subset of g:

Ny(m) = {g € g | [g.m], [m, g] € m,for all m € m}.

Definition 2.6 ([10, Proposition 1]). An exact sequence of Leibniz algebras
0 —n—g2q— 0issaid to be a Lie-central extension if [g, n]_ie = 0, equiva-
lentIY7 nC ZLie(g)'

Definition 2.7. A linear map d : g — g of a Leibniz algebra (g, [—, —]) is said
to be a Lie-derivation if for all z,y € g, the following condition holds:

([, yhie) = [d(x), ylie + [z, d(y)]tie-

We denote by Der®(g) the set of all Lie-derivations of a Leibniz algebra g,
which can be equipped with a structure of Lie algebra by means of the usual
bracket [dy,ds] = dy ody —daody, for all dy,ds € DerL'e(g).

Ezample 2.8. The absolute derivations, that is the linear maps d: g — g such
that d([z,y]) = [d(z), y] + [z, d(y)], are also Lie-derivations, since:

d([xvyhie) = d([x,y] + [yvx]) = [d(x)ay]lie + [x’d(y)]lim for all z,y € g. (1)

In particular, for a fixed x € g, the inner derivation R,: g — g, R.(y) = [y, z],
for all y € g, is a Lie-derivation, so it gives rise to the following identity:

[[y7 Z]lieax] = [[ywx]v Zhie + [ya [Zax]]lie7 for all x,Yy S g.

However, there are Lie-derivations which are not derivations. For instance,
every linear map d: g — g is a Lie-derivation for any Lie algebra g, but it is not
a derivation in general.

Definition 2.9. A Lie-derivation d : g — g of a Leibniz algebra g is said to be
a Lie-central derivation if its image is contained in the Lie-center of g.

Remark 2.10. The absolute notion corresponding to Definition 2.9 is the so-
called central derivation, that is a derivation d : g — g whose image is contained
in the center of g. Obviously, every central derivation is a Lie-central derivation.
However, the converse is not true as the following example shows. Let g be the
two-dimensional Leibniz algebra with basis {e, f} and bracket operation given by
le, f] = —[f,e] = e [12]. Then the inner derivation R, is a Lie-central derivation,
but it is not central in general.
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We denote the set of all Lie-central derivations of a Leibniz algebra g by
Dert®(g). Obviously, Der-(g) is a subalgebra of Der"®(g), and every element
of Dert®(g) annihilates 75(g). One has that Der®(g) = Cpertie(g) (R4 L)(9)),
where L(g) = {L. | © € g}, L, denotes the left multiplication operator L, (y) =
[z,y], R(g) = {Rs | x € g} and Cy(m) = {z € g | [x,y] =0 = [y, z], for all y € m},
the absolute centralizer of an ideal m over the Leibniz algebra g.

Let A and B be two Leibniz algebras, and denote by T(A, B) the set of all
linear transformations from A to B. Clearly, T(A, B) endowed with the bracket
[f,g9](x) = [f(z), g(x)] is an abelian Leibniz algebra if B is also an abelian Leibniz
algebra.

Consider the Lie-central extensions (g) : 0 = n 5 g 5 q — 0 and (g;) : 0 —
niﬁgiﬁqi—)O,izl,Z.

Let C : q x q — [g,9]Lie be given by C(q1,92) = [91, g2)iie, Where 7(g;) =
¢, J = 1,2, the Lie-commutator map associated to the extension (g). In a similar
way are defined the Lie-commutator maps C; corresponding to the extensions
(9:),i=1,2.

Note that if q is a Lie algebra, then 7([g, g]Lie) = 0, hence [g, g]Lie C n = x(n).

Definition 2.11 (|3, Definition 3.1]). The Lie-central extensions (g1) and (g2)
are said to be Lie-isoclinic when there exist isomorphisms 7 : q; — g2 and € :
[61,081]Lie — [82, 82]Lie such that the following diagram is commutative:

c
41 X q1 — [91, 01]Lie (2)
anl ii

Cs

2 X (2 —> [92792]Lie

The pair (n,€) is called a Lie-isoclinism from (g;) to (g2), and it will be
denoted by (1,€) : (91) = (g2)-

Let g be a Leibniz algebra. Then we can construct the following Lie-central
extension:

(eg) : 0= Ziie(g) — 8% 0/ Zuie(g) — 0. (3)

Definition 2.12 ([3, Definition 3.3]). Let g and q be Leibniz algebras. Then
g and q are said to be Lie-isoclinic when (ey) and (e4) are Lie-isoclinic Lie-central
extensions.

A Lie-isoclinism (7, &) from (eq) to (eq) is also called a Lie-isoclinism from g
to g, denoted by (n,€) : g ~ q.
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Proposition 2.13 ([3, Proposition 3.4]). For a Lie-isoclinism (n,€) : (g1) ~
(g2), the following statements hold:

(a) n induces an isomorphism 1’ : g1/Z1e(81) — 92/Z1ie(92), and (', ) is a Lie-
isoclinism from g1 to go.

(b) x1(n1) = Ziie(g1) if and only if x2(n2) = Ziie(g2)-

Definition 2.14 ([19, Definition 4]). A Lie-stem Leibniz algebra is a Leibniz
algebra g such that Z;e(g) C [g, 8]Lie-

Theorems 1 and 2 in [19] prove that every Lie-isoclinic family of Leibniz alge-
bras contains at least one Lie-stem Leibniz algebra, which is of minimal dimension
if it has finite dimension.

3. Lie-stem Leibniz algebras and Lie-central derivations

Proposition 3.1. If g is a Lie-stem Leibniz algebra, then DerLie(g) is

an abelian Lie algebra.

PROOF. Since Der-®(g) is a subalgebra of Der"(g), it is enough to show
that [dy,dy] = 0 for all di,ds € Der-®(g). First, we notice that if d € Der-(g),
then d([z,y]ie) = 0 for all z,y € g, since d(z),d(y) € Ziie(g). So in particular,
d(Ziie(g)) = 0, since Ziie(g) C [g, glLie, as g is a Lie-stem Leibniz algebra. Now
let di,dy € Dert®(g) and z € g. Then dy(x),ds(z) € Ziie(g), which implies that

[dl, dQ](.’E) = d1 (dg(.’b)) - dz(dl (SL’)) = 0. Hence [dhdg] =0. O

Lie(

The converse of the above result is not true in general. Indeed, let g be
Lie
z

any Lie algebra. Then Zii(g) = g, and so Der;(g) is an abelian Lie algebra.

However, g is not a Lie-stem Leibniz algebra, since Ziie(g) = g 0 = [g, g]Lie-

Proposition 3.2. Let g be a Lie-nilpotent finite dimensional Leibniz algebra
such that v5'®(g) # 0. Then Der-(g) is abelian if and only if g is a Lie-stem Leibniz

algebra.

PrROOF. We only need to prove the converse of Proposition 3.1. Assume
that g is not a Lie-stem Leibniz algebra. Then, there is some 21 € Z|;(g) such
that z; ¢ [g,0]Le. Since g is a Lie-nilpotent Leibniz algebra and ~5®(g) # 0,
it follows that Zi;e(g) N [g, g]Lie # 0. Now, let H := (2z1)* be the complement of
the subspace spanned by z1, and let 20 € Zie(g) N [, 8]Lie, 22 # 0. Consider d;
(da, respectively) as the linear transformation of g vanishing on H and mapping
21 t0 21 (21 to 22, respectively). Clearly, d; and ds are Lie-central derivations, and
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dy and dy do not commute, since [dy, d2](z1) = d1(d2(z1)) —da(d1(21)) = —22 # 0.
Therefore, Der';'e(g) is not abelian. This completes the proof. O

Lemma 3.3. Let (n,£) be a Lie-isoclinism between the Leibniz algebras g
and q. If g is a Lie-stem Leibniz algebra, then & maps Zyie(g) onto Ziie(q)N[q, q]Lie-

PROOF. Since Ziie(g) C [g, 9]Lie, an element z of Zj(g) can be written as
z= Z/\i (T3, Vil oo With A; € Kand @,y € g,i=1,...,n.

i=1

Let ' : 9/Z1ie(8) — a/Z1ie(q), 0" (xi + Ziie(9)) = () + Zie(q) and 0’ (yi+
Ziie(8)) = n(yi)+ Ziie(q),i = 1,. .., n, be the isomorphism provided by [3, Propo-
sition 3.4]. Then

§(2) + Ziie(a) = ¢ (Z)\z £ Z/z'hie> + Ziie(a) = D _Ni€ [0, vilye + Zie(q)

i=1 =1

=Y X))o + Zuie(a) =o' <Z/\z [, yilje + Zue(E)) = Ziie().-
=1

i=1
The surjective property can be easily established. ([

Proposition 3.4. Let g and q be two Lie-isoclinic Leibniz algebras, and
Lie

g be a Lie-stem Leibniz algebra. Then every d € Der;(g) induces a Lie-central

derivation d* of q. Moreover, the map d — d* is a monomorphism from Derti® (9)

into DerS(q).

PROOF. Let (17,&) be a Lie-isoclinism between g and g, and let d € Der-*(g).
Then for any y € q, we have y+ Zie(q) = n(x + Zie(g)) for some x € g, since 7 is
bijective. Now consider the map d* : ¢ — q defined by d*(y) = £(d(x)), which is
well-defined, since d(Ziie(g)) = 0 as Ziie(g) C [g, glLie- Moreover, d* € Der-(q),
since d(z) € Ziie(g) and £(d(z)) € Ziie(q) N [9, q]Lie by Lemma 3.3. Observe that
d* is a Lie-derivation, since d*([y1,y2]ie) = &(d([x1, z2]e)) = £([d(21), Ta]te +
[21,d(z2)]ie) = £(0+0) = 0 and [y1, d*(y2)]iie + [d*(y1), y2l1ie = 0, since d*(y1),
d*(y2) € Ziie(q)-

Clearly, the map ¢ : d — d* is linear and one-to-one, since £ an isomorphism.
To show that ¢ is compatible with the Lie-bracket, let dq,ds € Derlz‘ie(g). Then
for 4,5 = 1,2, we have d;(g) C Ziie(g) C [g, 9luie and d;([g, gluie) = 0. As a con-
sequence, on the one hand [dy,ds] = dida — dad; = 0, and thus [dy,ds]* = 0,
as & is an isomorphism. On the other hand, df(q) C Zie(q) N [q, q]Lie. So
d;(d;(q)) = 0, by definition of d}, and thus [d}, d5] = djd; — d3d} = 0. Therefore,
o([d1, dz]) = [¢(d1), #(dz2)]. This completes the proof. O
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Lemma 3.5. For any Lie-stem Leibniz algebra g, there is a Lie algebra
isomorphism Der"'e(g) ~T ([g o ZL,e(g)) .

PROOF. Let d 6 Der"'e( ), then d(g) € Ziie(g), and thus d([g, g]Lie) = 0. So d
induces the map 2 Q]L 24 Ziie(g) defined by ag(z +[g, gliie) = d(z). Now define

the map 3: DerS®(g) — T ([g i Ziie(g )) by 8(d) = ag. Clearly,  is a linear
map, which is one-to-one by definition of ay .

B is onto, since for a given d* € T ([g ol Z._,e(g)>, there exists a linear
map d : g — Zuelg), d = d* om, where 7 : g — ﬁ is the canonical
projection, such that f(d) = d*. Finally, d € Der-(g), since d([z,y]ic) =
d*([r(x), 7(y)]ie) = d*(0) = 0. On the other hand, [d(z),y|ie + [, d(y)|ie =
[d*(7(2)), Y]iie + [@, d*(7(y))]sie = 0, since d*(m(z)),d*(7(y)) € Ziie(g). To finish,
we show that B([d1,ds]) = [B(d1), B(dy)] for all dy,dy € Dert®(g). Indeed, let
x € g. It is clear that [([d1,d2])(7(x)) = o4, 4, (7(x)) = [d1,d2](x) = 0, since
d1(9),d2(g) € Ziie(9) C [9, 8]Lie and d1([g, g]Lie) = d2([g, g]Lie) = 0. On the other
hand, [B(d1), B(d2)](7(2)) = |oa,, aa,|(7(x)) = aq,(d2(2)) — aq,(di(z)) = 0,
since ag, ([g,8]Lie) = 0 = a4, ([g, 8]Lie)- Hence B([d1,d2]) = [B(d1), B(d2)]. This
completes the proof. O

Lle(

Corollary 3.6. For any arbitrary Leibniz algebra q, the Lie algebra Der.'*(q)

has a central subalgebra n isomorphic to T ([ , Zie(9 )) for some Lie-stem

9,9]Lic’
Leibniz algebra g Lie-isoclinic to q. Moreover, each element of n sends Ziie(q) to

the zero subalgebra.

PRrROOF. By [5, Corollary 4.1], there is a Lie-stem Leibniz algebra g that
is Lie-isoclinic to g. Denote this Lie-isoclinism by (n,&). Now, by the proof of
Proposition 3.4, n := {d* | d € Der-*(g)} is a subalgebra of Der-(q) isomorphic
to Dert®(g). Moreover, n is a central subalgebra of Der-(q). Indeed, let dy € n
and d; € Dert®(q). Then for any y € q, we have by definition, d(y) = &(do(z))
with ma(y) = (m(2)). So di(di(y)) = 0, since d(a)  Zuiela) N [4,aluie by
Lemma 3.3, and d; ([q, q]Lie) = 0. Also, di(ZLie(q)) = 0, since 7 is one-to-one and &
is a homomorphism. In particular, dj(di(y)) = 0, since d1(q) C Ziie(q). Therefore
[d§,d1] = 0. Moreover, for any df € n, we have di(Ziie(q)) = 0 as mentioned
above. To complete the proof, notice that Dert®(g) = T ([g o Z._,e(g)) due to
Lemma 3.5.

Lemma 3.7. Let g and q be two Lie-isoclinic Leibniz algebras. If g is Lie-
nilpotent of class ¢, then so is q.
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PRrOOF. Notice that for all g € g and z1,22,...,7; € g, and setting ¢ :=
t+ Zie(g), t = g,21,x2,...,x;, we have
[, Z1]iie, T2lties - - - Tiltie = [[[9> Z1]tie, T2]ties - - - » Tiltie + ZLie(8)-

So g € 2 (g) if and only if g + Ziie(g) € Z7°(9/Z1ie(0))- Thus 2% (9)/Zie(9)
= ZHe(g/Z1ie(g)). If (n,€) is the Lie-isoclinism between g and g, as 7 is an iso-
morphism, we have

n(Z1(9)/Zie(a)) = n(Z7°(9/ZLie(9))) = Z1*(a/ZLie(a))-
It follows that

0/2H (g) = 2l o /7l

~ L|e
25 (0)/Zuele) | 2 (0) /() )

Now, assume that g is Lie-nilpotent of class c¢. Then ZL¢(g) = g. So q/ZL(q) =
9/2°(g) =0, implying that Z£'*(q) =q. Also, g/ 2L (9) #0 <= a/Z(a) #0.
Hence q is also Lie-nilpotent of class c. O

Corollary 3.8. Let q be a Lie-nilpotent Leibniz algebra of class 2. Then
Dert(q) has a central subalgebra isomorphic to T (ZTS(T;)’ [q, q]._;e) containing
(R+L)(a).

PRrROOF. By [5, Corollary 4.1], there is a Lie-stem Leibniz algebra g Lie-
isoclinic to q. Denote this Lie-isoclinism by (7, £). Since q is a Lie-nilpotent Leibniz

3
algebra of class 2, so is g, due to to Lemma 3.7. Then Zi;.(g) = (g, 8]uie = [d) 9] Lie;
7
o g o o~ q .
and - gh.e = e = ZL.e .So T ([g ol ZL,e(g)) ~T (Zue(q) g, q]L,e> . There-

fore Dert®(q) has a central subalgebra n isomorphic to T' (—q(—), [q, q]Lie), due to

to Corollary 3.6. Moreover, the map ( : f‘m — T (ZL| oL ,[as q]Lie) defined by
T+ ZLie(Q) — C(:E + ZLie(q)) : ZLj( ) [q q}Lle with C(w + ZLle( ))(y + ZLie(q)) =
[, Y]iie, 18 a well-defined one-to-one linear map, since for all z, 2’ € q,
-1 € Ziie(q) &= [z —2",ylie=0 forallyeq
<~ [‘Ta y]lie = [x/ay]lie for all yeq
= (@) (y + Zue()) = C(2")(y + Ziie(q)) forally€q
= (@) =((@).
Here we use the notation T = x + Z;e(q).

Finally, (R + L)() = Im(¢) € T ( 7% 4. alui ). since C(F)(@) = [z, e =
[x,y] + [y,x] :Lw(y)+Rw(y)' U
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For any Leibniz algebra g with 75*¢(g) abelian, we put

K(g) :==[)Ker (f : 9= 5°(a)) -

Lemma 3.9. Let q be a Lie-nilpotent Leibniz algebra of class 2. Then
73(a) = K(a)-
PROOF. Let f: q — ~5'(q) be a homomorphism of Leibniz algebras. Then

for all q1,¢2 € q, we have f([q1,q2]uie) = [f(a1), f(@2)lie € [v2°(q);75"(@)]ie <
75€(q) = 0 as q is Lie-nilpotent of class 2. So 75*¢(q) C Ker(f). Therefore 5*(q) C
K(q), since f is arbitrary.

For the reverse inclusion, we proceed by contradiction. Let x € K(q) such
that = ¢ 45*®(q), and let h be the complement of (x) in q. Then b is a maximal
subalgebra of q. So either h + 15®(q) = b or b + ~v5(q) = g. The latter is not

possible. Indeed, if b +15°(q) = q, then 75*(q) = ~5°(h +~5°(q)) S 45°(h) +

yL€(q). But since q is a Lie-nilpotent Leibniz algebra of class 2, it gives v5'(q) = 0,
which implies that 75(q) = 75(h), and thus q = b +75(q) = b+ 15(h) = b,
a contradiction. So we have b +14(q) = b, and thus +5*®(q) C b, which implies

that b is a two-sided ideal of q. Now, choose gy € ~5(q), and consider the
mapping f : q — 75'®(q) defined by h + azx + aqg. Clearly, f is a well-defined
homomorphism of Leibniz algebras, and Ker(f) = §. This is a contradiction, since

r € K(q) and = ¢ h. Thus K(q) C ~5'(q). O
Theorem 3.10. Let q be a Lie-nilpotent Leibniz algebra of class 2. Then
Z (Dert ZT( 9 . [a, ;e),
(Pert*@) =7zl

Lie
z

PROOF. By the proof of Corollary 3.8, Der;'°(q) has a central subalgebra n

isomorphic to T' (ﬁ(q), [q, q]Lie) , where n := {d* | d € Der5®(g)} for some Lie-
stem Leibniz algebra g Lie-isoclinic to q. Denote this Lie-isoclinism by (), ).
It remains to show that Z (Der';ie(q)) C n, that is, given T € Z (Der';ie(q)) )

we must find d € Der-®(g) such that T = d*.

First, we claim that T'(q) C K(q). Indeed, let f : ¢ — [q,q]Le be a ho-
momorphism of Leibniz algebras. Then consider the mapping t; : ¢ — q de-
fined by t;(z) = f(2). Clearly, t; € Der®(q), since t;(q) C [q,que = Zuie(q)
as ¢ is a Lie-nilpotent Leibniz algebra of class 2. So [T,tf] = 0, and thus
f(T(z)) = ty(T(2)) = T(ty(z)) = 0 for all z € q, since tf(z) € [q,q]Le and
T([9,q)uie) = 0 as T € Der-®(q). Therefore T(q) C Ker(f). Hence T(q) C K(q),
since f is arbitrary, which proves the claim.
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It follows from Lemma 3.9 that T'(q) C [q, q]Lie- Now, for any x € g, we have
T+ Ziie(g) = 17y + ZLie(q)) for some y € q, since 7 is bijective. Consider the
map d : g — g defined by 2 +— £~ (T (y)). Clearly, d is well-defined, and it is easy
to show that d € Der-®(g), since T(q) C [q,q]Lie = Ziie(q). Hence T = d*. This
completes the proof. ([

Corollary 3.11. Let q be a finite dimensional Lie-nilpotent Leibniz algebra
of class 2. Then Der-(q) is abelian if and only if v5'(q) = Ziie(q).

PROOF. Assume that 75'(q) = Zii(q), then by Proposition 3.2, Der-®(q) is

Lie
(q)
is an abelian Lie algebra. Then, again by Proposition 3.2, q is a Lie-stem Leibniz

algebra. This implies by Lemma 3.5 that DerL'e( )= T (WL'e( L , Zie(q )) . Also,
by Theorem 3.10, Der-®(q) = Z (Der"'e(q)) >T (ZT?@ 7'2-'3(q)) . It follows that

abelian, since q is a Lie-stem Leibniz algebra. Conversely, suppose that Der;

T( L,e(q),ZL,e(q)> ~T (ZLle(q) y'g'e(q)) . Now, let K be the K-vector subspace

complement of Zj;e(q) in 75*(q). We claim that K = 0. Indeed, since as vector
spaces ZLie(q) @ K = 74®(q), it holds

r( o) =7 (G s o1 (k).
As ﬁ — Vg,ﬂ(q) by the Snake Lemma, it follows that T( ROL 'y'g"e(q)) =
T( L,e(q),ZL.e(q)> is isomorphic to a subalgebra of T (Z (q),ZL.e(q)>. Hence
T (%, K) = 0. This completes the proof. O

Example 3.12. The following is an example of a Leibniz algebra satisfying
the requirements of Corollary 3.11.

Let g be the three-dimensional Leibniz algebra with basis {aj, as,a3} and
bracket operation given by [az,as] = [a3,a3] = a1 and zero elsewhere (see alge-
bra 2 (c) in [9]). It is easy to check that 75®(q) = Ziie(q) =< {a1} >.

4. Lie-central derivations and Lie-centroids

Definition 4.1. The Lie-centroid of a Leibniz algebra g is the set of all linear
maps d : g — g satisfying the identities

d([z, y)ie = [d(2), Yliie = [z, d(Y)]1ie

for all ,y € g. We denote this set by T"¢(g).
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Proposition 4.2. For any Leibniz algebra g, I'-'®(g) is a subalgebra of End(g)
such that Der-®(g) = Der™®(g) N TUe(g).

PROOF. Assume that d € Der®(g) NTY¢(g). For all 2,y € g, we have that
0([,yle) = [d(z),glte + [, d(y) ] on the other hand, d([z, yle) = [, d()]ie.
hence [d(z), y]ie = 0 for any y € g, that is d(z) € ZLi(g)-

Conversely, Der-(g) is a subalgebra of Der"®(g), and for any d € Der-*(g),

we have d([z, y]lie) = [d(:l?), yhie + [‘T7 d(y)]lie =0, since [d(l‘), y]lie =0, [.’L’, d(y)]lie =0,
for any z,y € g, hence d € T'"'¢(g). O

Proposition 4.3. Let g be a Leibniz algebra. For any d € Der"®(g) and
¢ € THe(g), the following statements hold:
(a) Der™(g) C Npesti(g) (I4(g))-
(b) do ¢ e T'Ve(g) if and only if ¢ o d € Der-*(g).
(c) do ¢ € Der(g) if and only if [d, ¢] € Der-(g).

z

PROOF. (a) Straightforward verification.
(b) Assume d o ¢ € T'Y®(g). Then

[¢7 d]([l‘, yhie) = ((ZS © d) ['T’a y]lie) - (d 0 ¢)([x7 y]lie)

[ ) Ylie + [#, (0 d) (Y)]e — [(d 0 @) (x), Ylie

= [[¢. d|(z), yliie + [z, (¢ 0 d) (¥)]y;e
[¢, d](] )]

(bv d}( xvy]lie) + [{,C, ((b © d) (y

(z

lie *

Therefore [z, (¢ o d) (y)]};, = 0. Similarly, [(d o ¢) (x), y]ie = 0.
Conversely, assume ¢od € DerS®(g). Then [d, ¢]([z, Y]iie) = (dod)([z, ylie) —

(@0 d)([; Ylie), hence (d o d)([z, ylie) = [d; ¢([2, yluie), since (¢ o d)([z; y]ie) = 0.
Now it is a routine task to check that [d, ¢] € I'Y'®(g), which completes the proof.

(¢) Assume do¢ € Der""®(g). A direct computation shows that [¢,d] € THe(g).
On the other hand, it is easy to check that [d, ] € Der"®(g), therefore [¢,d] =
— [d, ¢] € T'Ve(g) N Der"®(g). Proposition 4.2 completes the proof.

Conversely, assume [d, ¢| € DerS®(g), then (do¢) ([, ylie) = [d, @] ([, Y]ie) +
(pod) ([x,yhic) = (¢ od) ([x,y|ie). Now it is easy to check that ¢ o d is a Lie-
derivation of g. O

Definition 4.4. Let m be a two-sided ideal of a Leibniz algebra g. Then m is
said to be I'M¢(g)-invariant if ¢(m) C m for all p € TH¢(g).
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Proposition 4.5. Let g be a Leibniz algebra and m be a two-sided ideal
of g. The following statements hold:
(a) C§®(m,0) is invariant under T"¢(g).
(b) Every Lie-perfect two-sided ideal m (m = ~5*®(m)) of g is invariant under
FLie(g).

PROOF. (a) Let g € C"Q;ie(m, 0) and o € TH¢(g), then ¢ (g) € C'ﬁie(m, 0), since
[90 (g) 7m]lie = Sa[gam]lie = Oa for all m € m.
(b) Let m be a Lie-perfect two-sided ideal of g and let ¢ € I'Y(g). Then

any € m can be written as x = > A\j[my1, Mialiie, M41, M2 € M, hence ¢ (x) =
i=1

n
Do Aile (man) , masliie € m. O
i=1

Theorem 4.6. Let m be a nonzero I'Y*®(g)-invariant two-sided ideal of a Leib-
niz algebra g, V(m) = {¢ € T"(g) | o(m) = 0} and W = Hom (&, C{*(m,0)).
Define
T(m) = {f ew | f[Tv y]lic = [f(T)a?]lic = [Ea f(y)]hc}
with T = x +m and §J = y +m. Then the following statements hold:

(a) T(m) is a vector subspace of W isomorphic to V (m).
(b) IfTHe(m) = K.ldy, then THe(g) = K.ldy @ V(m) as vector spaces.

PrOOF. (a) Define a: V(m) — T'(m) by a () (x +m) = ¢ (x).

Obviously, « is an injective, well-defined linear map and it is onto. Indeed,
for every f € T(m), set o5 : g—> 9, ¢s(x) = f(x+m), forall z € g. It is
easy to check that ¢; € T'Me(g) and ¢;(m) = 0, so ¢; € V(m). Moreover,
a(pf) (z+m) = pf () = f(z +m).

(b) If T (m) = K.ldw, then for all ¢ € I'™¢(g), we get 1|, = A.ldw, for some
ArekK

If 1 # A.ldg, define ¢ : g — g by ¢ (x) = Az, then ¢ € T'V(g) and o) — ¢ €
V(m). Clearly, v = ¢ + (¢ — ¢) € K.ldg + V(m). Furthermore, it is evident that
K.ldg NV (m) = 0, which completes the proof. O

Corollary 4.7. IfK is a field of characteristic zero, then the following equal-
ities hold:

Der;(g) = V(15*(s)) = T(7%"(0))-

PROOF. If d € Der®(g), then d € Der“®(g) N T\ ¢(g) by Proposition 4.2,

z

s0 [d (), ylie = [z, d(y)]1ie = 0, hence d € V(75"*(g))-
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Conversely, if d € V(15(g)), then d € T (g) and d([z,y]ie) = 0, so
d([z.ylie) = [d(x) . yhe = [z.d@)e = 0. Hence d([z,ylie) = [d (), yle +
[, d (y)]iie = 0, which implies that d € Der5(g).

The second equality is provided by Theorem 4.6, since ~5'(g) is T'te(g)-

invariant. O

Theorem 4.8. Let g be a Leibniz algebra such that g = g1 @ g2, where g1,
g2 are two-sided ideals of g. Then the following isomorphism of K-vector spaces
holds:

I\Lie(g) ~ FLie(g1) o I\Lie(g2) o Cl @ 027

where C; = {p € Hom(gi,9;) | ¢(8:) C Ziie(g;) and @(v5(gi)) = 0 for 1 < i #
J <2}

PROOF. Let m; : ¢ — g; be the canonical projection for ¢ = 1,2. Then
m1,m2 € IHe(g) and m1 + mo = Id.

So we have for € T'He(g) that ¢ = 7 0@om +T1 0Oy +T0POT| +Tr0POTs.

Note that 7; o ¢ o 7; € THe(g) for 4,7 = 1,2. So, by the above equality it
follows that

I'He(g) = mIYe(g)m ® mIYe(g)m ® maI'e(g)m ® el (g)mo

as vector spaces. Indeed, it is enough to show that m; T\ (g)m,NmTHe(g)mr; = 0 for
i,j,k,1 =1,2, such that (i, ) # (k,[). For instance, moI'“*®(g)m N THe(g)my = 0,
since for any 8 € moI'M®(g)m; N mI'Me(g)ma, there are some fi, f» € TV¢(g) such
that 8 =mg o0 fiom =m o fooms, and then §(z) =m0 faomy(x) =m0 fa0
o (e (z)) = ma 0 fiom (w2 (x)) =m0 f1 (0) =0, for all z € g. Hence 8 = 0.
Other cases can be checked in a similar way.

Now put FLie(g)ij = mI'Ye(g)m;, i,7 = 1,2. We claim that the following
isomorphisms of vector spaces hold:

T (), = TH(g), TH(g)55 = TH¥(ga), TH¥(g),5 2 o, THe(a)yy = .

For ¢ € T'"*(g),;, we have ¢ (g2) = 0, so ¢|g, € I'"®(g1). Now, considering
I'te(g;) as a subalgebra of T'Y'®(g) such that for any ¢y € T'Y'®(g;), ¢ vanishes
on go, that is, po (z1) = o (22), ©o (x2) =0, for all 1 € g; and x2 € go. Then
¢o € THe(g) and ¢y € T'"¢(g),,. Therefore, I'“*(g),, = I'"*(g;) by means of the
isomorphism o : TH¢(g),, — T'"e(gy1), 0 (@) = g, , for all ¢ € THe(g), ;.

The isomorphism I'M¢(g),, 2 I'Y*®(gy) can be proved in an analogous way.
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We now prove that I'Y(g),, 2 Cs. Indeed, for any ¢ € THe(g),,, there exists
a o € THe(g) such that ¢ = 71 0 g o ma. For xy, = (z},72) € g, where zi € g;,
i1=1,2, k=1,2, we have

@ ([z1, m2]1ie) = m1 0 o 0 T2 ([T1, T2]iie) = 71 © Yo © T2 ([(35%@%)7 (Cﬁéng)]lie)
= m1¥0 ([xim%]ne) =m ([300 (96?) 7963]11'3) =0,

hence ¢(v5®(g)) = 0. On the other hand, [ (%1),Z2])1e = ¢ ([71, Z2]1ie) = 0, so,
(g) C Ziie(g) and p(75"(g)) = 0. .

It follows that ¢4, (92) C Ziie(g1) and ¢|g, (v5(g2)) = 0, hence ¢|q, € Cs.

Conversely, for ¢ € Cs, expanding ¢ on g by ¢ (g1) = 0, we have m opomy =
¢, and so ¢ € I'Y¢(g),,. Hence I''®(g),, = Ca, by means of the isomorphism
7 :TH(g);y — Ca, 7 () = ¢g, for all p €THe(g) .

Similarly, it can be proved that I'M®(g),, 2C}, which completes the proof. [J

5. IDYe_derivations

Definition 5.1. A Lie-derivation d : g — ¢ is said to be an ID-Lie-derivation
if d(g) C 75®(g). The set of all ID-Lie-derivations of g is denoted by ID®(g).

An ID-Lie-derivation d : g — g is said to be an ID,-Lie-derivation if d vanishes
on the Lie-central elements of g. The set of all ID,-Lie-derivations of g is denoted
by ID;*(g).

It is obvious that ID"¢(g) and IDY®(g) are subalgebras of Der""®(g) and
g x g
Der.(g) C ID:*(g) C ID"*(g), (4)

where Der®(g) is the subspace of Der“®(g) given by {d € Der"(g) | d(z) €
[, gliie; YV € g}. These kinds of derivations are called almost inner Lie-derivations

of g.

Ezxample 5.2. Let g be the three-dimensional Leibniz algebra with basis
{a1,a2,as} and bracket operation given by [as,as] = [as, az] = a1 and zero else-
where (algebra 2 (c) in [9]). The right multiplication Lie-derivations R,z € g,
are examples of almost inner Lie-derivations.

Definition 5.3. An almost inner Lie-derivation d is said to be a central almost
inner Lie-derivation if there exists an z € Z!(g) such that (d — R,)(g) C Ziie(g)-

We denote the K-vector space of all central almost inner Lie-derivations by
Dert(g).

cz
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Theorem 5.4. Let g and q be two Lie-isoclinic Leibniz algebras. Then
* g = * '
IDLle( ) ~ IDLle(q)

PROOF. Let (1, €) be the Lie-isoclinism between g and g, and let o € ID(g).
Consider the map (, : q — q defined by (4 (y) := £(a(z)), where y + Ziie(q) =
n(x + Ziie(g)). Clearly, (, is a well-defined linear map, since a and ¢ are linear
maps, and if y € Z1;(q), then z € Z;(g), and thus (,(y) = &(a(z)) = ((0) = 0.
To show that (, is a Lie-derivation, let y;,y2 € ¢q and x1,z9 € g such that
Yi + Ziie(q) = n(zi + Ziie(9)), i =1,2. Then

Ca([y1, y2hie) = &(a([z1, 22]1ic))
= &([a(z1), 2]ie) + £([x1, a(x2)|1ie) by [3, Prop. 3.8]
&(a(1)), y2luie + Y1, §(a(2))hie

=
= [Ca(y1), Y2ltie + [y1, Ca(y2)]tie-

Moreover, since a(g) C v5'®(g) and ¢ is an isomorphism, it follows that (,(q) €
~ALie(q). Therefore ¢, € IDY®(q). Now consider the map ¢ : IDY(g) — IDY(q)
defined by ((a) = (,. We claim that & is a Lie-homomorphism. Indeed, for
a1,y € IDY(g), we have for all y € q and 2 € g such that y + Zi(q) =

n(x + Ziie(9)),

C(len, 2])(y) = Clar,a01 (W) = E(lon, 2] (2)) = E(an (a2(2)) — az(an(2)))
= (a1 (az(2))) — &(az(a1(x)))
= Cay (€(@2(2)) = Cay (§(ai(z)) Dby [3,Prop. 3.8]
= Ca1 (Caz (¥) = Cas (Cas (1) = [Cars Cal(y) = [Can), C(a2)](y).

Hence (([on,a2]) = [¢(a),¢(az)]. Conversely, let 5 € IDY*(q). By using the
inverse Lie-isoclinism (n~!,£71), we similarly construct a homomorphism ¢’ :
IDI*(q) — IDL*(g) defined by ¢'(8) = j, where (j(x) = € 1(B(y)) with y +
Z0ie(q) = 0@ + Zuie(@)). Tt is clear that (¢’ 0 O)(a)(x) = ¢'(C(a)) (&) = ¢l () =
()W) = € (Caly)) = € 1(E(a(®))) = alw). So ¢ 0 ¢ = Idypueq)- Similarly,
one shows that ¢ o (" = Id|ptie(q). Therefore IDL*(g) = IDY(q). O

Corollary 5.5. Let g and q be two Lie-isoclinic Leibniz algebras. Then
Der,"(g) 2 Der,“(q).

PROOF. Let (1, £) be the Lie-isoclinism between g and g, and let a € Der5®(g).
Consider again the map (, : ¢ — q defined by (,(y) := &(a(z)), where y +
Ziie(q) = n(x 4+ ZLie(g)), given in the proof of Theorem 5.4. Since a(z) € [, glie



234 G. R. Biyogmam, J. M. Casas and N. Pacheco Rego

and & is an isomorphism, it is clear that (,(y) € [y,qlie for all ¥y € g. So
(o € Dert®(q). So the restriction (|Dertie(g) Der®(g) — Der-®(q) of the map ¢ in

the proof of Theorem 5.4 to Der-™
inverse Lie-isoclinism (n~!,£71), one obtains a homomorphism by taking the re-
Der-®(q) — Der-(g) of the map ¢’ in the proof of Theorem 5.4

C

- %(g) is a homomorphism. Similarly, by using the

.. , )
striction <|Der'-,ie(q) :

to Der5®(q). It is clear that ¢ o Clperte(q) = !dDertie(q) a0 ¢’ 0 perti(g) = Idperie(q)-
Therefore Der-®(g) 2 Der-(q). O
For any d € Der®(g), the map ¢q : % — Z1ie(g) given by ¥4(g+75(g)) =

d(g) is a linear map. It is easy to show that the linear map 1 : DerLie(g) —

z

T (’YL%(E)’ Z._ie(g)>, ¥(d) = 1g, is bijective. Therefore, for any finite dimensional
2

Leibniz algebra g, dim(Der;ie(g)) = dim (T (%, ZLie(9)>)~

Corollary 5.6. Let g be a finite dimensional Leibniz algebra such that
[9,0] = 75(g) and Zue(g) € Z"(g). Then IDY%(g) = Der-®(g) if and only if
75°(8) = Ziie(0)-

PROOF. Assume that 75'®(g) = Ziie(g). It is clear that for all d € Der-®(g),
one has that d(g) C Zi(g) if and only if d(g) C ~5®(g) and d(ZLe(g)) =
d(~5®(g)) = 0. Therefore ID5(g) = Der-(g).

Conversely, assume that IDY(g) = Der-®(g). Then, since [g, g] = 75*(g) and
Ziie(g) C Z"(g), it follows that the map R, : g — g, R:(y) = [y, 2], is a Lie-
derivation. Moreover, it is easy to check that R, € IDY®(g) = Der-*(g), hence
R.(y) € Ziie(g), for all y € g. Therefore Z5(g) = g, and thus g is Lie-nilpotent
of class 2 by Theorem 2.4. Now, by [5, Corollary 4.1], there is a Lie-stem Leibniz
algebra q Lie-isoclinic to g. Denote this Lie-isoclinism by (n,£). Since g is a Lie-
nilpotent Leibniz algebra of class 2, so is ¢, due to Lemma 3.7. This implies

§ n
that [g,glLe = [d0,d]Lie = ZLie(q), and Zuf(g) = ZL:(q) = [q;']ue. It follows from

Theorem 5.4, the first implication and Lemma 3.5 that

dim(Der;*(g)) = dim(ID;*(g)) = dim(ID}*(q)) = dim(Der.*(q))

— g g Y ( Lie >
=dim (T [ =——, g, 9lLie = dim ( Z(Der; .
(1 (525 o)) (Dert(g))
The latter equality is due to Theorem 3.10, since g is Lie-nilpotent of class 2.

Therefore Der-®(g) is abelian. We now conclude by Corollary 3.11 that v5*¢(g) =
Zie(9)- O
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Remark 5.7. Let us observe that the requirements [g, g] =~5*(g) and Z_i(g) €
Z"(g) in Corollary 5.6 are not needed in the absolute case, but in our relative set-
ting they are absolutely necessary as the following counterexample shows. Let g
be the four-dimensional complex Leibniz algebra with basis {a1,as,as,a4} and
bracket operation given by [a1,as] = —[ag,a1] = a4;[as,as] = a4 and zero else-
where (class R in [1, Theorem 3.2]). It is easy to check that [g,g] = ({as}) =
25¢(a), Zuie(g) = ({a1,az, a}) and 27 (g) = ({as}).

Consider the Lie-derivation R,,, which belongs to Der-(g). However, R,, ¢
IDY"(g), since R,, does not vanish on Ziie(g).

Ezample 5.8. The three-dimensional complex Leibniz algebra with basis
{a1,a2,a3} and bracket operation given by [az,as] = 7va1,7 € C;laz,as] =
[as,a3] = a; and zero elsewhere (class 2 (a) in [9]) satisfies the requirements
of Corollary 5.6, since [g,g] = 75"(g) = Ziic(8) = Z7(g) = ({a1}).

Theorem 5.9. Let g be a Leibniz algebra such that v5(g) is finite dimen-

sional and ﬁ is generated by p elements. Then

dim(ID}*(g)) < p - dim(v5*(g)).

PrOOF. Consider the map « : IDY%(g) — T (ﬁ(g), ’y'gie(g)) defined by d —
d* such that d*(z+ Ziie(g)) = d(x). Then « is a well-defined injective linear map.
It follows that dim(ID5®(g)) < dim (T (ﬁ 'y'2-ie(g))) =p-dim(se(g) O

Ezxample 5.10. Now we present two examples illustrating the inequality in
Theorem 5.9.

(a) Let g be the three-dimensional Leibniz algebra with basis {a1,as,as} and
bracket operation given by [ag,as] = —[as, as] = as, [as,as3] = a; and zero
elsewhere (class 2 (f) in [9]).

It is an easy task to check that ﬁ(g) = ({@s}), hence the number of
generators is p = 1. Moreover, v5'(g) = ({a1}). Also, it can be checked that
an element de IDiie (g) is represented by a matrix of the form

o o o©
o o O
o o

Hence dim(ID(g)) =1 < 1-1.
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(b) Let g be the four-dimensional Leibniz algebra with basis {a1, as, a3, as} and
bracket operation given by [a1,as4] = ai,[as,a4] = az and zero elsewhere
(class Rg in [7, Theorem 2.7]).

It is an easy task to check that ﬁ(m = ({@1,a2,a4}), hence the number
of generators is p = 3. Moreover, 15(g) = ({a1,as}). Also, it can be checked
that an element d € ID5(g) is represented by a matrix of the form

aj;  ai2 0 0
a21 a2 0 0
0 0 0 0
0 0 0 O

Hence dim(ID5®(g)) =4 < 3 - 2.

Corollary 5.11. Let g be a Leibniz algebra such that Z"(g) = Zie(9),

[9, 9] = 14(g) is finite dimensional and ﬁ(m is generated by p elements. Then

. g : Lie
dim < p-dim .
(75) v dimtE @)

PROOF. Under these hypotheses, we have from the proof of Corollary 5.6 that
R, € IDY®(g) for all 2 € g. Now, consider the K-linear map £ : ﬁ(g) — ID5e(g)
defined by « + Ziie(g) — R, which is an injective well-defined linear map, since

Ker(B) = ZZL;((%)) = 0. Hence dim (ﬁ(g)) < dim (IDiie(g)) Now Theorem 5.9

completes the proof. O

Ezxample 5.12. The three-dimensional non-Lie Leibniz algebra with basis
{a1,az2,a3} and bracket operation [as,as] = a1 and zero elsewhere (class 2 (b)
in [9]) satisfies the requirements of Corollary 5.11.

Definition 5.13. A Leibniz algebra g of dimension n is said to be Lie-filiform
(or 1-Lie-filiform) if dim(y-¢(g)) =n —1i,2 <i < n.

Lie-filiform Leibniz algebras are Lie-nilpotent Leibniz algebras of class n — 1.

Corollary 5.14. Let g be an n-dimensional Leibniz algebra such that Z"(g)
= Ziie(g) € Z'g) and it attains the upper bound of Corollary 5.11. If g is
Lie-filiform, then n = 3.

PROOF. If g is Lie-filiform, then dim(y5"®(g)) = n — 2, n > 2. Then we have
p = dim (ﬁ@) = p-dim(y5*(g)) = p(n — 2), which implies that n = 3. O
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Remark 5.15. Example 5.12 provides a Lie-filiform Leibniz algebra which
illustrates Corollary 5.14.

Proposition 5.16. Let g be a Leibniz algebra. Then the following state-
ments hold:

(a) Let d € Der5®(g). Then d(g) C v5(g), d(Ziie(g)) = 0 and d(n) C n for every
two-sided ideal n of g.

For d € Der-®(g), there exists an z € Z'(g) such that dipyie(qy = R

) 2l ()"
(c) If g is 2-step Lie-nilpotent, then Der-®(g) = Der-®(g).
(d) If Zuie(9) = 0, then Der.%(g) C R(g) and R(Z'(g)) C Der,(g).
(e) If g is Lie-nilpotent, then Der-*(g) is Lie-nilpotent and all d € Der-(g) are

nilpotent.

(f) Der'®(g @ ¢') = Der®(g) @ Der-®(g'), for any Leibniz algebras g and g'.

(&

PROOF. (a) For any z € g, we have d(z) € [z, g]Lie C [0, 0]Lie; if € Zie(g),
then d(z) = [z,y]1e = 0, for all y € g; d(n) C [n, g]rie C n.
(b) Let d € Der-®(g), then there exists 2 € Z'(g) such that (d — R,)(g) C

Ziie(g). Since d — R, is a Lie-derivation, we have

(d = Ra)([y, 2liie) = [(d — Ra)(y), 2]ie + [y, (d — Ra)(2)]1ie = 0,
and thus d([y, zlie) = R ([y, 2]ue), for all y, z € g. Hence d te(g) = Rajpte(g)-

(c) Notice that if g is 2-step Lie-nilpotent, then 75*(g) C Zi;e(g). So for all
d € Der®(g), any = € Z!(g) and y € g, we have d(y) € [y, g]Lie C 75(8) € Ziie(g)
and Ry (y) = [y,2] = [y, Zhie € 157(8) € Zuie(g). Therefore (d— Ry)(a) C Zuw(g).
and thus d € Dert(g).

(d) Assume that Zye(g) = 0. Then for all d € Der-®(g), there exists an
x € Z'(g) such that (d — R,)(g) = 0, i.e., d = R, € R(g). So Der-®(g) C R(g).
The second inclusion can be easily checked.

(e) If g is Lie-nilpotent of class ¢, then v, (g) = 0. So for any d € Der-®(g),
d(z) € [z,glue € 75*(g). One inductively proves that d(z) € 7L (g), d°(z) =
d(d°=(z)) € [d° " (z), glie € V5E1(9) = 0. So d is nilpotent.

Also, a routine inductive argument shows that 'ychl(Derlc‘ie(g))(g) -
L (g) = 0. So 7L, (Dert®(g)) = 0, and thus Der-®(g) is Lie-nilpotent.

(f) For any d € Deri®(g @ ¢'), it is clear that dg € Dert®(g) and dg €
Der-®(g’). Conversely, for d € Der-®(g) and d’ € Der-®(g’), one easily shows
that the mapping d”’ : g ¢’ — g ® g defined by d’(z,2’) := (d(x),d'(z")) is
a Lie-derivation such that for (z,z') € g® ¢, we have d"(z,2") = (d(z),d'(z)) €
([, glLies [/, §']Lie) = [(z,2"), g ® ¢']Lie by definition of the bracket of gdg’. O
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