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Introduction

This thesis consists of two papers,

o The approzimate and the Clarke subdifferentials can be different every-
where (J. Math. Anal. Appl. 347 (2008) 652-658)

e Porosity and the Darbouz property of Fréchet derivatives (to appear in
Real Anal. Exchange) which is joint work with O. Kurka.

The paper The approximate and the Clarke subdifferentials can be different ev-
erywhere deals with two important objects in nonsmooth analysis, the approx-
imate subdifferential and the Clarke subdifferential. For n > 2 we construct
a Lipschitz function on R™ for which these two subdifferentials are different at
every point x € R™. This completely answers question by A.D. loffe whether
the approximate and the Clarke subdifferentials must generically coincide (see
[3]), which was partially answered by G. Katriel in [4](difference on a set of pos-
itive measure) and by D. Borwein, J.M. Borwein and X. Wang in [1](difference
almost everywhere).

For f a Lipschitz function on an open set U C R"™ the lower Dini derivative
of f at x € U in a direction v € R" is defined by

iy e (@ t) — (=)
D f(x) = lig(l)gf " .

The Dini subdifferential of f at x is

O f(x) ={a* e R": (x",v) < D f(x) for all v € R"}.

The approximate subdifferential of f at x is

0o f(x) =limsup 0~ f(z) = ﬂ U 0~ f(2).

e r>0zeB(x,r)

And finally, the Clarke subdifferential of f at x is

Ocf(x) = conv(9, f(x)).

This means that we are actually looking for a function, for which 9, f(z) is
nonconvex. We work on a special set open U which is interior of a equilateral
triangle and prove the following:

There is a Lipschitz function f on U such that
(A) for any x € U there is a direction v such that D, f(x) < —

(B) for any x € U we have {2v1,2vq,2v3} C 0, f(x).
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Where v1,v2 and v3 are nonzero vectors such that the set conv({vy, v, v3})

contains 0. This means that 9. f(z) contains 0 for every x € U, but any point in

0, f () must have norm at least ﬁi



To obtain function F : R? — R with 9,F(x) # 0.F(x) for every = € R? we
just take a diffeomorphism ¢ : R? — U and then put F = fo. And finally, for
such function F,, on R" n > 2 we put F,,(z1,22,...,2,) = F(x1,z2).

The main idea of the construction is to take supremum of suitable system of
functions with pyramid shaped graph (multipliers of distance function to equi-
lateral triangles) which have the property that have great directional derivative
in some direction at every point and convex hull of possible derivatives in the
points of differentiability contains 0.

In the second paper Porosity and the Darboux property of Fréchet derivatives
we prove one implication of characterization of sets M C R¢ without isolated
points and with connected interior on which for every (relative) Fréchet deriva-
tive f the set f(M) is connected. We prove necessarity of the condition which
was proved as sufficient by P. Holicky, C. E. Weil and L. Zaji¢ek in general
Banach space in [2].

By Fréchet derivative of a function f : B — R, where B is a subset of a
Banach space X with no isolated points, we mean a function g : B — X* for

which
i L@ = fla)—gla)@—a) _,

v 2eD Jo—al

for each a € B. A set A in a real Banach space X is said to be porous at a € X
if there are ¢ > 0 and z,, € X, ,, # a, with 2, — a such that ¢ A whenever
n €N and ||z — z,| < clla—z,]|.

The result is based on the observation how can the Fréchet derivatives be-
have in the boundary points of the set. P. Holicky, C. E. Weil and L. Zajicek
proved the following lemma:

Lemma. Let X be a real Banach space, G C X open, a € 0G and let X \ G
be porous at a. Let M := G U {a} and suppose that g : M — X* is a Fréchet
derivative of a function f: M — R on M. Then (a, g(a)) belongs to the closure
of the graph of g|lc in X x X*. In particular, g(a) € g(G).

Our key result is to prove the reverse of this fact in euclidean spaces. The
proof is divided into three main steps. First of all we construct just Lipschitz
function ¢ : R — R with good behaving directional derivatives on the comple-
ment of some special class of discrete sets which are not porous at the origin
and for which ¢'(0) exists and is equal to 0. These sets are of form

D=JriDy,
€N
where

D, = {(:vl,...,acd) € d([~1,1]%) : 2pay, ..., 2pza € Z}, peN,

for suitable sequences p; /" co and r; N\, 0. The statement we need is the fol-
lowing:



For every x € R4\ (D U {0}), there is a direction v € R4, || = 1, and
a neighbourhood U, of x such that g—f(y) > 1/2 for almost every y € U,.

Main idea of the construction of such function is, roughly speaking, to make
¢ oscillating on the faces of cubes r;[—1,1]¢ with big derivative in the directions
of the face, and use the points in 7;D,, as possible points of nondifferentiability
to avoid small derivatives in possible stationary points. Between sets r;0[—1, 1]¢
we make ¢ oscillating with big derivative in the "radius" direction.

In the second step, we use mollifications of these Lipschitz functions to ob-
tain counterexample for our special class of sets. More presicely, we prove prove
the following statement

There is a Lipschitz function F : R — R with properties
1. F'(0) =0,
2. F'(x) exists and |F'(z)| > 1/(4Vd) whenever x € R?\ (D U {0}).

The function F' is obtained simply by formula
Fla) = [ olo+5@uvtdy. « R\ (DU{0)

for suitable 6 € C'(R%\ (D U {0})), where §(z) depends on the diameter of the
corresponding neighborhood U, and % is usual mollification kernel.

And finally, for a general set M which is not porous at some point, we
construct a suitable diffeomorphism which maps some of our special sets into
M and using composition of that diffeomorphism and the counterexample on
that special set, we obtain counterexample for M.

The question whether the condition is necessary in every Banach space re-
mains still open.
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Abstract

We prove that, for a Lipschitz function on R™, n > 2, the approximate
and the Clarke subdifferentials can differ everywhere. This completely
answers a question by A.D. Ioffe, which was partially answered by G.
Katriel.

1 Introduction

The approximate subdifferential and the Clarke subdifferential are two impor-
tant objects in nonsmooth analysis. In [3], A.D. Ioffe posed the question,
whether the approximate and the Clarke subdifferentials must generically coin-
cide.

Let us recall the definition of the approximate and the Clarke subdifferen-
tials for a Lipschitz function on R™ (more general definitions for more general
functions will not be needed here).

Let f be a Lipschitz function on an open set U C R™. The lower Dini
derivative of f at z € U in a direction v € R" is defined by

i e tv) = f(2)
D f(x) = ltrgéilf n .

The Dini subdifferential of f at x is
0" f(x) ={a™ e R": (z",v) < D f(x) for all v € R"}.

The approximate subdifferential of f at x is

Ouf(x) =limsup 0~ f(z) = ﬂ U 0~ f(2).

o r>0zeB(x,r)

Finally, the Clarke subdifferential of f at z is

O (x) = conv(Da f (2))-



In a measure sense, loffe’s question was answered by G. Katriel in [4] (pos-
itively in R and negatively in the higher dimensions). In their paper [1], D.
Borwein, J.M. Borwein and X. Wang improved this result proving that there is
a Lipschitz function on R™ (n > 2) such that these two subdifferentials are dif-
ferent almost everywhere. Katriel also asked, if the approximate and the Clarke
subdifferentials must be equal on a dense G set. In our paper we will construct
a Lipschitz function f on R™, n > 2, such that 9, f(x) # O.f(x) for each z € R™.
This gives a negative answer to Katriel’s question and also a definitive negative
answer to loffe’s question.

2 Preliminaries

We will use the following standard notation.

We denote by conv A the convex hull of a set A. For z € R™ and r» > 0
we use B(x,r) for an open ball with a center x and a radius r. We say that a
function is K-Lipschitz if it is Lipschitz with a constant K. We use (x, y) for the
inner product of z,y € R".

We will also need the following special definitions and notions.
We denote by T the closed triangle in R? with the vertices (1,0), (—1,0)

and (0,v/3) and U will be the interior of T. Put v; = (0,1), vy = (@, —1) and

vy = (fg,f%). For i € {1,2,3} and n € N put v = (2 — )v;. 7 will be the
system of all closed triangles T" C U with the sides parallel to the sides of the
triangle T.

For T €T or T =T and i € {1,2,3} we denote by s the (closed) side of
the triangle T" which is orthogonal to the vector v;. The vertex which is opposite
to the side s% will be denoted by ¢4 and cr will be the centroid of the triangle
T. Put th. = conv{cr, ¢} and tr = th UtZ U3,

For n € N, J” will be the function on T defined by

J(z) = (2 — 1/n) dist(x, dU).

Let f be a function on U, let V be an open subset of U, n € Nand i € {1, 2, 3}.
We will say that f is of the type A} on V, if it is positive on V and there is an
a € R such that f(z) = a + (x,v]) for each x € V. The function f is said to be
of the type A™ on V' if it is of the type A? on V for some i € {1,2,3}.

Let f be a function on U, let G be an open subset of U and n € N. We will
say that f is of the type V" on the set G if for each x € G there is an open set
V C G with z € V such that f is of the type A™ on V.

For T €T or T =T and n € N define the function J3 : U — R by

Ji () = (2—1/n)dist(z,0T) forxeTNU
=0 forx e U\T.

We will need the following easy geometrical facts.



(G1) For T € 7 and n € N, the function J% is of the type A} (A} or A%)
on the interior of the triangle with the sides sk, t2., 3. (52,5 t3. or s5.,th, 12.).
The set
{(z.9) e TxR:0 <y < Jp(z)}

is a closed pyramid with a base T' x {0}. Similar facts hold for the functions J"
and JZ.

(G2) By a simple geometrical argument, choosing x € U, n € N and putting
T,={T €T :cr=ux}, we have

J(z) = J2(z) = Yggg J3(x).

(G3) Defining f™(z) = (v}, z), an easy computation shows that the set
fret: fra) < ()}
is a triangle Ty with the vertices p* = (0,b,), p* = (1,0), p*> = (—1,0), where

V32—
2 3- (2(n1+1) + %)

Moreover, if T € 7 and « € R, define

Fo={zeT: f"(z)+a<Jr ()}
(G3a) In the case f"(cr) +a = J (cr) we have

fz) = frler) J (@) = T (er)
|z — cp| |z — ep|

for each z € T\ {er}. So f*(x) > J"1(x) for each z € T'\ {cr}. In particuar,
the set F, consists exactly of the one point cp.

(G3b) If f™(cr)+a < Jpt (cr) and f"+a > 0 on T the set F, is homothetic
to Tp. Denote this homothety by S (the one with S(F,) = Tp). It has the
property that for each z,y € F,, we have

I (@) — 7 y)  TH(S() — TTH(S(y))
|z =yl 1S(z) = S(y)|

We will need the following two easy lemmas.

Lemma 1. Let f be a Lipschitz function on an open set V. C R?, x € V and
a € R. Suppose that for any n € N there is an x,, € V such that |x — z,| < %

and
fle) = @) _

f—

Then there is a direction v € R? with |v| = 1 and such that D, f(x) < a.

10



Proof. Put v, = é":i‘ . Due to the compactness of the unit sphere in R?, there
is a unit vector v € R? and a subsequence {v,, }72, of the sequence {v,}3
such that

lim v,, =v.

k—o00

So it is sufficient to use the well known fact that (since f is Lipschitz) we have

D, f(z) = liminf o+ tu) = fl@) .

v
t—0t, u—v t

O

Lemma 2. Letn € N and let f and g be two Lipschitz functions on an open
set V.CR" let f <gonV and x € V. Suppose that f(x) = g(x). Then we
have 0~ f(x) C 0~ g(z).

Proof. The Lemma directly follows from the obvious fact that D, f(xz) <
D g(x) for any direction v € R™. O

3 Main result

Lemma 3. Let f be a 2-Lipschitz function on U, let r > 0, w € U and n € N.
Suppose that f is of the type A" on V = B(w,r) and f < J™ on U. Then there
is a 2-Lipschitz function f: U — R and an open set G C 'V such that, denoting
W ={xeV:f(x)> flx)}, the following conditions hold:

(i) weW,

(i) WCV,

(ii) f < f<JvH,

(iv) G C W and G is dense in W,

(v) f is of the type V"' on G,

(vi) for each x € OG thereis ay € V\G , y # x, such that conv{z,y}NG = (),
conv{z,y} CV and for each z € conv{z,y} \ {z} we have

fe) - f@) 1
YN &

(vii) for each x € G there is a y € OG such that

fy) —flo) _ 1
ly—z = 43’

(viti) there are y1,y2,ys € OG such that vlm'l € 5"]7(%).

11



Proof. By the symmetry, we can suppose that f is of the type A} on V. So for
some « € R, we have f(z) = (v, x) + o for each x € V. Let 7, be the system
of the triangles from 7 with the centroid w. Due to fact (G2) we have

flw) < J"(w) < J" T (w) = ﬁgg I (w).

So there is a triangle T* € T, such that J7:*(w) > f(w) and so we can choose
T € T, with J2T (w) = f(w). For I € N, let 7' be the triangle with the
vertices ¢} = w + (1 + %)(qu — w). By geometrical fact (G3a), the inequality
(v, y) + a > J(y) holds for each y € T\ {w}. So there is some I, € N
such that for each [ > Iy we have T € T, and (v}, y) +a > 0 for all y € T.
Obviously, J27 N\, J#*! uniformly on U and f(w) = JET (w) < J4 (w).
This implies that the sets W, ={z € V : J;if“l(z) > (v, 2) + a} are nonempty
and W, = {w}. We used the fact that W; = {z € V : J"(2) > (v}, 2) + a}.
Thus we can choose l; > lp with W;, C V. Put

= o flx) for x € U\ Wy,
f(x)—{ JiH (x)  for x e W, l

Th

and G = W, \ tu, . Then for any x € U we have

v sup @) = 7@

<2
y—e T =y

and so f is 2-Lipschitz on U (see [2], 2.2.7 ).
Properties (i)-(iv) are clear and (v) holds by geometrical fact (G1). Put

V32—

b, = . ,
2 3_(2(nl+1) +%)

pl = (O’bn)’ p2 = (1,0)7 p3 = (_]—70)3

st = conv{p?,p®}, s% = conv{p', p3}, s3 = conv{p!,p?} and for i € {1,2,3} set
t' = conv{p’, c7}. Denote by T} the closed triangle with vertices p*, p?, p*. Note
that

G=W, ={zeV:J452) > f(2)}.

Th

By geometrical fact LG3b), there is a homothety S : G — T, with the property
that for each z,y € G we have

fla) = fly) _ T (S(x) = T (S(y))
|z =yl 1S(z) = S(y)l

Turn to (vi). Choose x € dG. We have

SOG) =s' U\ {P"H U\ {P*H U E\ {p'H U\ {p*H) UE\ {p°)).

12



Suppose that S(z) € s'. There is an a > 0 such that z — av; € V. Put y =
x — awy. Then for any z € conv{x,y} \ {z} we have

In the case S(z) € s\ {p*} put y = S~1(p?). For z € conv{z,y} \ {z} we have

f(z) = f(@) _(8(z), 07) = (S(),v1) _ (p°, o) — (P, 07)
|z — | 15(2) = S(z)] p® —p!
(2- )b, 1

Vb2 +1 -

IN

43

We use the fact that % < b, < V3. If S(x) € s3\ {p?} put y = S~(p?). Just
as in the previous case, for each z € conv{z,y} \ {z} we have

f(2) = J@) _(S(2),07) = (S(@),07) _ (b, 01) — (0", 01)
|z — x| 15(2) = S(=)| p* — p'|
R

Vb2 +1 43

If S(z) € t'\ {p'} for i € {1,2,3} put y = S(p’). In these cases we have

Fe =)

|2 — 2|

1 )s' 7r< 1
m—- < ——-=,
n+1 6 =~ 4V3

provided z € conv{z,y} \ {z}.

Turn to (vii). To prove it, choose x € G. Using geometrical observation (G1),
we have G = G1 UG2 UG53 such that f is of the type A?H on GG; and the set G,
(G5 or G3) is the interior of the triangle with sides S=1(s!), S~1(¢2), S~1(#3),
(S71(s%), S~ (), S7L(t3) or S71(s3),S7L(¢h), S71(t?)). For x € Gy, with i €
{1,2,3}, choose y € s* C OG with x — y parallel to the vector v;. Then we have

fo)—f@ 1 _ 1
ly—az| 2+nJrlS 43"

It remains to verify (viii). Put

2 3 1 3 1 2
ylzsfl(p +p ) y2:sfl(p +p ) and ngSq(p +p )

2 2 2
To complete the proof, it is sufficient to use Lemma 2 and the fact that v}"** €
O~ I3 (i) O

Lemma 4. There is a sequence {f,}52 1 of 2-Lipschitz functions on U and
a sequence {G,}22, of open sets in U such that the following conditions hold:

13



(1) Gy, is dense in U,
(2) for n > 1 we have G,, C G,—1,
(8) for n > 1 we have f, = fr_1 on U\ Gp_1,
(4) fn is of the type V™ on the set Gy,
(5) for n > 1 we have fr_1 < fr, on U,
(6)0< fo<J" on U,
(7) if n > 1 then for any © € G, there is an z, € U\ Gy, such that
|z —zn| < L and
fn(zn) — fo(@) < _ 1

|y — 2| - 4\/3’

(8) for x € U\ G,, and | € N there is an 2} € U\ G,, such that |v — z}'| < }

and
fn(x?)ffn(l‘) < 1
2f —x| T 4V3
(9) if n > 1 then for any x € U there are y7,y5,y5 € U\ G, such that
|z —y?| < L and v € 0~ fu(y?) fori € {1,2,3}.

Proof. The sequences {f,}>2; and {G,,}52; will be constructed inductively.
Put f; = J% and G; = U \ t;. In the case n = 1 conditions (1) and (6) are

clear, the condition (4) holds by (G1). To prove (8), choose x € U\ G = t;NU

and [ € N. By the symmetry we can suppose that z € t%ﬂU. Choose z; € t%ﬂU

with f(z) > f(z;) and |# — 2| < }. Since an easy computation shows that

Jilx) — fi(z) 0T 1 < 1

|z — | 6 27 43
we are done.

Now suppose that, for some ¢ > 1, the functions fi,..., f;—1 and the sets
G1,...,G4—1 have been constructed. The function f, and the set G, will be
obtained by the following inductive procedure using Lemma 3.

Choose a dense sequence {an,}5°_; in G4—1. We will construct 2-Lipschitz
functions fé“ : U — R and open sets G’; for k=0,1,....

Put fg = fq—1 and G2 = (). Suppose that we already have the functions

(9, ce fé“*l and the sets Gg, cee G’;fl such that the set H* := Gq,l\Uf;OI G_lq
is nonempty and the sets G_é, e G’;‘l are pairwise disjoint. Choose the minimal
m such that a,, € H* and find

1
0<r, < min(dist(am, 8Hk), 4—)
q
Then f,—1 is of the type A%~ on B(am,rx) and so we can use Lemma 3 for
f=fs—1, w=anm, r=r; and n = ¢ — 1. Lemma 3 provides us with a function
f and a set G such that conditions (i)-(viii) hold. Put fé“ = f and G’; =G.
Define

k k
=su and G, = | l G~
Ta hen Ja -

14



Then f, is 2-Lipschitz as a supremum of 2-Lipschitz functions. Note that the
sets {GE}72 are pairwise disjoint and by (iv) we have G D W O G%, where
Wtf ={r eU: ff(x) > fe—1(z)} for k = 1,2,.... In particular, the sets
{VV;C }72 | are pairwise disjoint as well and for any ! € N we have

() {zeU: filx)=fo(x)}=U\|JW}.
k#l

Moreover, we have

(xx) {xeU: feur(x) = folx)} = U\ U Wf'

keN

It remains to verify the validity of conditions (1)-(9) for n = ¢. Property (1)
holds due to the fact that

Gno|JGE o H{am} 2G0T,

Conditions (2) and (3) are clear. Condition (4) holds by (v), condition (5) by
(iii) and condition (6) by the induction hypothesis and (iii). To prove (7), choose
x € Gy,. There is some k € N such that z € GX. Due to (vii) from Lemma 3,
there is an z,, € G C 0G,, such that

fol@n) = fu(x) _ fa(aa) = fi(2) 1

< — .
|27 — ] |z — ] - 4\/§

So we are done because

1 1
— | <diamGE < — < —.
|z, — x| < diam nS5o <o
Now turn to (8). Choose z € U\ G, andl € N. If z € U\ G,,—; we are done
due to the induction hypothesis. So we can suppose = € G,,—1 \ G,,. There are
two possibilities, either there is a ko € N such that z € G¥ or z ¢ G_’fL for each
k e N.
In the first case, using condition (vi) from Lemma 3, we can find y € U,
y # x, such that conv{z,y} C G,,—1 \ GF and |z — y| < }, and we have

n"(2) = fa°(2)

1
- < - for each z € conv{z,y} \ {z}.

43

Now, by (x), it is sufficient to find an 27 € conv{z,y} \ ({2} UlUy, WE). But
this is clearly possible, since the set conv{z,y} \ {} cannot be covered by the
pairwise disjoint open sets W/, k # ko, unless there is some k; # ko such that

conv{z,y} \ {x} € W', This contradicts the fact that the sets G = WX and

GEk' = Wk are disjoint.

15



In the second case there is some 0 < o <  and some i € {1,2,3} such that
conv{z,z — av;} C G,—1 and for any 0 < § < o we have

foa(@ = Bvi) = faa(z) _ IS < 1
Ié] n—1 43

So, by (x*), it is sufficient to find ]" € conv{z, z — av;} \ ({x} U,y WE). But
just as in the previous case, the set conv{z,y} \ {} cannot be covered by the
pairwise disjoint open sets W’ unless there is some k; such that conv{z,y}\
{z} € Wk, This is a contradiction with the fact that = ¢ G = Wi,

To complete the proof, it remains to verify (9). Choose x € U and find
m € N such that |z — a,,| < % There is k£ € N such that a,,, € GE. Due to
the fact that diam Gk < 5, we have OGE C B(z, 1) and it suffices to use (viii)
from Lemma 3. O

Proposition 5. There is a Lipschitz function f on U such that
(A) for any x € U there is a direction v such that D, f(x) < 74%/5,

(B) for any x € U we have {2v1,2vq,2v3} C 0, f(x).

Proof. Let {f,}32, and {G,}52; be the sequences from Lemma 4. Put f =
sup fn. Then f is 2-Lipschitz as a supremum of 2-Lipschitz functions (it is finite
by (6)). Let « € U. To prove (A), it is sufficient (by Lemma 1) to show that for
any [ € N, [ > 1, there is a & € B(«z, %) with

f&) —f@) 1

& —xl T 43

Condition (7) (for z € G;) or (8) (for x € U \ G;) implies that there is a
& €U\ Gy (& =z or & = x} respectively) such that |§ — z| < 1 and

fil§) — filz) <1

& —x] T 4v3

Properties (3) and (5) give f(&) = fi(&) and f(z) > fi(x) and so we are
done. Turn to (B). Choose m € N. Condition (9) provides us with y7™, y5*, y§* €
B(z, L) N (U \ Gp) such that v[™ € 9~ f,(y) for i € {1,2,3}. Using (3), we
have f(y!™) = fm(y/) for i € {1,2,3}. To finish the proof it suffices to use
Lemma 2 and the fact that v/* — 2v; for m — oo and i € {1, 2, 3}. O

Theorem 6. There is a Lipschitz function f on U such that O, f(x) #
Ocf(x) for each z € U.

implies that 0 & 0, f (). On the other hand, (B) implies that 0 € conv(9, f(x))

Proof. Let f be the function from Proposition 5. Firstly, observe that (A)
Ocf (). O
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Corollary 7. For n > 2 there is a Lipschitz function F,, on R™ such that
Oaf(2) # O.f(x) for each x € R™.

Proof. Let f be the function from Theorem 6. Choose some ® : R? — U
C'—diffeomorphism and put 5 = f o ®. Using chain rule for the Dini subdiffer-
ential (see for example [5], 3.20) we obtain that for any = € R?

R = | vy @

y€I~ f(2(w))

So (by continuity of ®') the same equality holds for the approximate subdifferen-
tial and we are done for n = 2. If n > 2 it is sufficient to put F, (z1,22,...,Zn) =
FQ (331 y 1‘2). |:|

Remark 8. In fact, the Proposition 5. gives that for some constant C' > 0
the (Hausdorff) distance of 9, f(x) and 9. f(z) is greater than C for each x € U.
In the proof of Corollary 7. this property fails because of application of the
diffeomorphism. If we want to obtain such function on the whole space, one
way to do it is to begin the construction with a suitable affine function (for
emample x — (x,v1)) instead of J% and then make simillar piramide procedure
on the whole space.

Acknowledgement. [ would like to thank Prof. Ludék Zajicek for helpful
discussions on the topic and many useful remarks.

References

[1] D. Borwein, J.M. Borwein, X. Wang, Approzimate subgradients and
coderivatives in R™, Set-Valued Anal. 4 (1996), 375-398.

[2] H. Federer, Geometric measure theory, Springer—Verlag(1969).

[3] A.D. Toffe, Approzimate subdifferentials and applications. I. The finite-
dimensional case, Trans. Amer. Math. Soc. 281 (1984), 398-416.

[4] G. Katriel, Are the approximate and the Clarke subgradients generically
equal?, J. Math. Anal. Appl. 193 (1995), 588-593.

[5] J.-P. Penot, Calcul Sous-Differentiel et Optimisation, J. Func. Anal. 27
(1978), 248-276.

17



Porosity and the Darboux property of Fréchet
derivatives

Ondiej Kurka*and Dusan Pokorny{
Department of Mathematical Analysis,
Faculty of Mathematics and Physics,
Charles University, Sokolovska 83, 186 75 Prague 8, Czech Republic
(e-mail: ondrej.kurka@mff.cuni.cz, dpokorny@karlin.mff.cuni.cz)

Abstract

We study a relation between the porosity of sets in Euclidean spaces
and the Darboux property of (relative) Fréchet derivatives.

1 Introduction and main result

A set A in a real Banach space X is said to be porous at a € X if there are
¢>0and z, € X, z, # a, with 2,, — a such that ¢ A whenever n € N and
lx — zn|| < ¢|la — x,||. Let B C X be non-empty without isolated points and
f: B — R be given. We say that g : B — X* is a (relative) Fréchet derivative

of f on B if
i 1@ = fla)—gla)@—a) _,
r—a, t€B ||.’E — a”

for each a € B.
The following two results have appeared in [1].

Lemma 1.1 Let X be a real Banach space, G C X open, a € 0G and let X \ G
be porous at a. Let M := G U {a} and suppose that g : M — X* is a Fréchet
derivative of a function f: M — R on M. Then (a, g(a)) belongs to the closure
of the graph of g|lg in X x X*. In particular, g(a) € g(G).

Theorem 1.2 Let X be a real Banach space and B C X be non-empty such
that the interior of B is connected and X \ B is porous at every a € BN 0B.
Let g : B — X* be a Fréchet derivative of a function f: B — R on B. Then
the graph of g is a connected subset of X x X*. In particular, g(B) is connected
in X*.

*The research was supported by grant 201/06/0198 of the Grant Agency of the Czech
Republic
TThe research was supported by grant 201/07/0388 of the Grant Agency of the Czech
Republic
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In this paper, we prove converses of these results in the case of Euclidean
spaces. Proposition 4.2 below corresponds with Lemma 1.1, while the following
theorem corresponds with Theorem 1.2.

Theorem 1.3 Let B C R? be non-empty without isolated points such that
the interior of B is connected. Then the following assertions are equivalent:

(i) R?\ B is porous at every a € BN JB.

(ii) The graph of g is connected whenever g is a Fréchet derivative of a func-
tion f: B— R on B.

(iii) g(B) is connected whenever g is a Fréchet deriative of a function f :
B — R on B.

Proof. (i) = (ii) follows from Theorem 1.2 and (ii) = (iii) is clear. Let (i) do
not hold. There is a € B such that R%\ B is not porous at a. By Proposition 4.2
below, there is f : R — R, Fréchet differentiable on B, such that f’(a) = 0
and |f'(u)] > 1 for any u € B\ {a}. Then g = f’|p is a Fréchet derivative
of f|g on B and 0 is an isolated point of g(B). Thus (iii) does not hold, and
the remaining (iii) = (i) is proved. O

2 Preliminaries

Let d € N be fixed throughout the whole paper. We denote by |z| the Euclidean
norm of x € R? and by B(z,r) the open ball around x with radius r > 0. We
fix ¥ a mollification kernel, i.e. a function with properties

1) ¢ € C=(RY),

)9 >0on B(0,1) and ¢ = 0 on R?\ B(0,1),

) v(x) =p(y) if |z] = [yl,

) Jpath = 1.

Lemma 2.1 Let Q C R? be open and p : @ — (0,00) be a continuous function.
Let ¢ > 0. Then there is § € CY(Q) satisfying 0 < § < p on , Lipschitz
with the constant ¢ on Q.

2
3
4

Proof. Let {By}ren be a covering of by open balls such that By, C 2 for each
k € N. Put my, = min, 5 p(z). Then the desired function is

Z %\pfm
k=1

where Uy, : Q — [0, 1) is a continuously differentiable function such that ¥j > 0
on By, ¥, =0on Q\ By and |U}| < ¢/my on Q. O

Lemma 2.2 Let Q C R be open, p € LI _(RY) and let § € C1(Q) be positive
on . Then, for the function F : Q) — R defined as

Fa) = [ ol + 8@ dy

we have F € C1(Q).
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Proof. We note first that F' can be equivalently expressed as

where

G(x):/Rdga(t)Ht(:c)dt and Ht(x):zz;(”g(;)t).

Fix z € Q and a direction v € R?. We will prove that

L ‘g—f(x) exists and
oG 0H,
@)= [ e e

II. the mapping

OH,
g @(t)ﬁ

(s)dt

is continuous at z.
Choose € > 0 such that B(z,e¢) C  and put

= U B(s,6(s)).

s€B(x,e)

Note that, for s € B(x,¢) and t € R4\ T, we have 28t(s) = 0. Moreover,

ov
the function (s,t) — %Hyt (s) is continuous on the compact set B(x,e) x I', and

so there is a constant C' > 0 with |92 (s)| < C for (s,t) € B(z,e) x I'. So

om,

‘go(t) ov

()] < Cxr (@)l

for s € B(z,¢) and t € R%, where yr is the characteristic function of the set I'.
Now, since xr|¢| € L}(R?), I and II are consequences of the standard theorems
on integral depending on parameter.

We proved, in particular, that the partial derivatives of G are continuous
on Q, and so G € C}(2). Immediately, F' € C1(Q) as well. O

Lemma 2.3 Let L, K > 0. Let ¢ : R — R be a function which is Lipschitz
with the constant L, let @ C RY an open set and let § € CY(Q) be positive
and Lipschitz with the constant K/L. Suppose that, for each x € §, there is
vy € RY v, | =1, such that gT“’(y) > 2K for almost every y € B(x,d(x)). Then
the function ’

Fa) = [ ola+ dani)dy

belongs to C1(Q) and |F'(z)| > K for each x € Q. Moreover, F is Lipschitz.
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Proof. First, note that F' € C1(Q) due to Lemma 2.2. Now, choose z € Q and
a sequence {\,} of non-zero real numbers with X\, — 0. Since F' € C}(Q), it is
sufficient to write

or . Flx+4 A\vg) — F(x)
av, @) = Jim, N
: Pz + Apve + (2 + Mra)y) — oz + 6(2)y)
g J N, bly)dy
. (@ 4+ Apvp + 6(x + An)y) — @(z + Ay + 0(2)y)
> lim inf d
Zliminf | N, U(y) dy
o P&+ A +6(2)y) — (2 + 5(z)y)
lim inf d
+ lim in /Rd N, U(y) dy
stint [ PR 20
n—oo Rd n
e 9@ A +0(2)y) — e + 6(2)y)
lim inf d
+/Rd im in N, P(y) dy
K 0
> [ crpblvwdrs [ S e dy
R B(0,1)\N 9Vx

> / Klylb(y) dy + / 2K (y) dy
B(0,1) B(0,1)\N

> / Ki(y)dy = K,
B(0,1)

where N has measure 0. We could use the Fatou lemma because

P&+ Anve + 0(2)y) — p(z + 4(2)y)
An

Y(y) > —Li(y)

for n € N and y € R%.
To prove that F'is Lipschitz, we write

F() = PO < [l 8uy) = o0+ 500y
< [ Ll v+ 1560) = 5]y (w)dy

< | (Lu=v[+ Klu—v[ly))¢(y)dy

d

%\§

( )(LIU — v+ Klu —v[ly))¢(y)dy
0,1

(L + K)|u—v[¢(y)dy = (L + K)|u — .

I
o

<

—

B(0,1)
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Lemma 2.4 Let (P, p) be a metric space and functions s,t : P — R be bounded
by Mg, M; on P. Then the function st is Lipschitz with the constant ML +
ML in the case that s,t are Lipschitz with the constants Lg, Ly.

Proof. We have

s(z)t(z) — s(y)t(y)| <|s(z)t(z) — s(z)t(y)] + [s(z)t(y) — s(y)t(y)]
=[s(@)[[t(z) — ty)| + [tW)ls(x) — s(y)|
<M Lio(x,y) + M Lso(z, y)
for z,y € P. O

3 Functions on special domains
Let r;, s, € R,p; € N for i € N satisfying
oy >r9g > >0,

e pp <p2 <

o 7; — 0,

® D, — OO

Si—8i41 ‘ _ 1

Ti—Ti41
ri 1

Ti—=Ti+1 Pi

<2,

be fixed throughout this section. We put

D, = {(ml,...,xd) € d([-1,11%) : 2pxy, ..., 2pxy € Z}, p €N,

D= JrD,,
ieN
In this section, we denote
[#]] = [|z]loc = max{|z1],. .., |zal}

for z = (21,...,7q4) € R

Lemma 3.1 There is a Lipschitz function F : R — R with properties
1. F'(0) =0,

2. F'(x) exists and |F'(z)| > 1/(4Vd) whenever z € R*\ (D U {0}).
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The whole section is dedicated to the proof of this lemma.
Define

h(z) = dist(x,Z), ho(z) =dist(x, {—p1,...,0,...,p1}), z€R,

g(x1,...,2q) = Zh(zj), go(1,. .-, 2q) = Zho(:cj), (z1,...,2q4) € RY,

j=1 j=1
gi(x) = t_lg(ta;), gro(x) = tLgo tr), x¢€ R?, ¢ > 0.
Put C =1+ 4d. For z € R?, define

0, x =0,
@)= 4 T (Csit g5 (@)
+::—_7Ui”1 (Csip1 + Ipit1/risa (2)), ripr < x| <7,
051 +gpl/rl,O(x)a r < Hl‘”

Claim 3.2 ¢(z)/||z]| — 0 as x — 0.

Proof. For z € R and i € N with 7,41 < ||z|| < r;, we obtain

]l = 7it1
p@)| < PR (O gy ()]
T = Tit1
r; — ||
+ 7 || H HCsH_l +gpi+1/ri+1 (J}))
T = Tit1
S C(|SZ| + |gpz/’l‘L (l‘)| + C|Si+1| + |gpi+1/’r‘i+1(x)‘
r; d e d
< Clsil + =5 + Clsipa] + ==,
Di 2 Dit1 2
|<P($)|§|80(ff)‘ < % +C5i+1‘+i rnd, 1d
[l Tit1 Ty Ty Tit1 !l PiTit12  piy1 2

The properties of the sequences r;, s; and p; guarantee that the right side con-
verges to 0 as i tends to co. U

Claim 3.3 ¢ is Lipschitz.

Proof. Obviously, h is Lipschitz with the constant 1 and g,g; are Lipschitz
with the constant d on R? (all the Lipschitz constants in the proof are with re-
spect to || - ). Fixi € Nand put U = {z € R? : r;11 < ||lz| < r;}. We will
investigate separately the functions

x| — r, — ||z
or(x) = Izl = iy oy 7i =l Csinn,
Ty = Tit1 Ti = Tit1
=zl =i
pa(x) = E—— Ipi/ri (T),
ri — [l
903(37) = mgpi+1/ri+1(x)a
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which satisfy that ¢1 + @2 + @3 =@ on U. For x,y € U, we have

p1(z) = p1(y) = C(ll=]| - IIyH)¢7
Ti+1

K3

and thus |p1(z) — ¢1(y)| < Cllz — y||. It follows from Lemma 2.4 that o2, @3
are Lipschitz with the constants

rid 1 d T d 1
Pi27i —Tig1 Pit1 27 — Tig1

on U. Together, we get that ¢ is Lipschitz with the constant C'+4d on U. Even,
¢ is Lipschitz with this constant on U = {x € R? : r;1; < ||z|| < r;} because
limg .. zev @(x) = Csi + gp, /r,(2) = @(2) whenever ||z|| = r;.

We have proved that ¢ is Lipschitz with the constant C' + 4d on {x € R% :
rit1 < |jz|| < 7} for every i € N. It is also Lipschitz with this constant
(in fact, Lipschitz with the constant d) on {x € R% : r; < ||z||}. Considering
the continuity of ¢ at 0 (Claim 3.2), we see that ¢ is Lipschitz with the constant
C + 4d on R4. O

Fix k € {1,...,d} and i € N and differentiate  on the set {z € R? : ;1 <
]| <7, [lz]| = zx > [z;] for j # k}:

T — T i T, — T T i
o(z) = el I 2 (C’ + ig(&x)) + k (C’sH_l + A=Y g(p—z+1x)>,
Ty — Tit1 bi T Ti —Tit1 Di+1 Tig1

Op Tk —Tit1,, Di Ti — Tk o, Ditl .

—(x) = ———h (—xj) 4+ ——h —xj), Jj#k,

axj Ty — Tit1 T Ty — Tit1 Ti+1

0 Tk — Tit1 ; T — Tk i1

' (.Z‘) _ i+ h'(&xk) 4+ n Di+ xk)

Oxy, Ty — Tit1 T Ty — Tit1 Ti+1

8; — Sit1 1 T4 ; 1 Tit1 i+1
Lo i+ n —lg(&x)— i+ g Pi+ "

Ty —Tit1 Ti =Ti+1Pi Ty Ti = Ti+1 Pi+1 Tit+1

(if the derivatives of h exist). For almost every x with 11 < [|z|| < r; and
|z|| = zx > |z;| for j # k, we obtain

6(,0 S; — Si+1 830 ’ ‘
> - - E
81/1( ) 2z Ty — i1 8xk 8351

> ¢ I ri &x ‘_ L 7Tip1 Pidr, ‘
Ty — Tit1 Pi Ty = Tit1 Pi+1 Tit1
— Ti+1 r, —x i+1
_Z‘ i+ h/ j) - i k B Di+ .73])’
Ty — Tit1 7”z‘ — Ty — Tl Ti+1
> C - 4d =1,

where v,, denotes (((s; — si+1)/(ri — rit1))/||z]])z.
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Claim 3.4 For every x € R?\ (DU {0}), there is a direction v € R, ||v|| = 1,
and a neighborhood U, of x such that g—f(y) > 1/2 for almost every y € U,.

Proof. Due to the symmetry, we may suppose that z; > 0,5 =1,...,d.

Consider cases:

(1) Let ||z|| = r; for some ¢ € N,i > 2. As x ¢ r;D,,,, there is j € {1,...,d}
such that 2p;x;/r; ¢ Z. Denote 7 = h/(p;x;/r;) € {—1,1} and choose ¢ > 0
such that ¢ < (1/4) min{r; — rij1,7-1 — ri},2e < r; —x; and b/ (pia/r;) = 7
whenever |z;—a| < e. Put v =7e; and U, = {y € R : ||y—=z| < &}. For almost
every Y= (y1,...,Ya) € Uy, there is k € {1,...,d} such that ||y|| = yx > |y,|
for j* # k and the derivatives h’(p”lyj) and h’(p’ Ly;) exist (in such a case,

k # j because yr, > ||z|| —e = r; —e > x; + & > y,; by the choice of ). So,

for almost every y = (y1,...,y4) € U, with |ly|| < r;, we have (for some k)
&P 3<P Ye —Tit1,,/Pi Ti — Yk Pi+1
= =0 (Zy) + n :
5 W =5 W) o Gy T T ()
_ Yk Tt g Ti Z Yk g pi+1yj)
Ti = Tit1 i —Tit1  Titl
> Ye —Tit1 Ti — Yk
Ti = Tiv1  Ti— Titl
r — iyl Ty — Ti41
while, for almost every y = (y1,...,y4) € U, with |ly|| > r;, we have (for some
k)
Iy ¢ Yo —Ti g, Pic1 — Yk,
5'1/(y) 8%( y) Tri_lfrl- (ri_lyj)—i—Tn 1— T (rl J)
— YT T h/(piflyj 4 Ti—1 — Yk
Tio1 =T Tl Ti—1 = T§
> Ti-1 —Ys Yk — T4
Tio1 =T Ti-1 — Ty
Ti—1 — T4 Ti—1 =T
(2) Let ||z|| = r1. In this case, the procedure is similar to the procedure

of (1) (choosing j, 7, e, v and U, as in (1), we have g‘p( ) > 1/2 for almost every

y = (y1,---,ya) € Uy with ||y|| <7 and we can easily check that g—f(y) =1
for every y = (y1,...,yq) € Uy with ||y|| > r1).
(3) Let riy1 < ||z|| < r; for some i € N. We define

V={ye RY:rir < |yl < ris lyll = e > I}ljg(lyﬂ for some k}.

We supposed that x; > 0,5 = 1,...,d. Therefore, V is a neighbourhood of =.
We have

¢ ¢ / / B
EoR y) = ayy()+so(y)(vmfvy)Zl*l@(y)\lvm vyl
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for almost every y € V, where v, and v, denote (((s; — si+1)/(ri —rit1))/|lz|))x
and (((s; — si+1)/(ri —ri+1))/llyll)y, as above. Now, the existence of an appro-
priate U, follows from the continuity of y — v, and from Claim 3.3.

(4) Let ||z|| > r1. We choose a k with z; > 1 and take U, = {(y1,...,yq) €
R?: y;, > 71 }. If v denotes ey, then

8‘»0 _ 89171/?”1,0 _ b1 o
o) = 2 ) — (B =1

for every y € U,. O

Now, for every z € R?\ (DU{0}), we define p(x) as the supremum of numbers
r < |x| for which there is v € R?, |v| < 1, such that g—f(y) > 1/(2V/d) for almost
every y € B(z,r). By Claim 3.4, p > 0 on R?\ (D U {0}). Obviously, p is
Lipschitz (with the constant 1 with respect to | - |). By Claim 3.3, we can
take L > 0 such that ¢ is Lipschitz with the constant L (with respect to |- ).
By Lemma 2.1, there is § € C1(R?\ (D U {0})) satisfying 0 < § < p, Lipschitz
with the constant 1/(4v/dL). We define F on R\ (D U {0}) first by

Fla) = [ ola+d@mity, =R\ (DU{0}),

By Lemma 2.3 (applied on K = 1/(4v/d)), F is Lipschitz and differentiable
on RY\ (D U {0}) and property 2. from Lemma 3.1 is satisfied. We extend F
on R? to be Lipschitz. Property 1. follows now from Claim 3.2 and from

sup |F(x)] < sup sup  |o(t)| < sup  |p(t)]

z€B(0,r) z€B(0,7)\(DU{0}) teB(z,6(x)) teB(0,2r)

for » > 0. This completes the proof of Lemma 3.1.

4 General case

Lemma 4.1 Let 7 > 0 and 2,y € R? be such that |x — y| < r/2. Then there
is a diffeomorphism U : R¢ — R? Lipschitz with the constant 2, such that
U(u) =u foru € R\ B(z,r), ¥(y) =z and |[vo ¥ (u)| > 2|v| for any u € R?
and v € (RY)*.

Proof. Without loss of generality = 0, y = (|y[,0,0,...,0) and » = 1. Let
¢ : [0,00) — R be a function which is differentiable everywhere in (0,00) and
right differentiable at 0 such that ¢(0) = |y|, #({) = 0 for £ > 1, ¢/, (0) = 0 and
|¢'(£)] < 1/2 for £ > 0. Define ® : R? — R and © : R? — R? by

O(s) =o(|s|]) and O(s) = (s1 + ®(s),s2,...,54),

where s = (s1,52,...,54) € R% Now, O is a diffeomorphism on R? which is
identity on R?\ B(0,1) and ©(0) = y. Put ¥ = ©~!. For s € R and t € (R%)*,
we have 3

[to®(s)| = |t +t(e1)®(s)| < §|t|
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Moreover, for s, s’ € R?, we have
1
10(s) = O(s)| = |s = &' = [(s) = 2(s)] = S|s = &

So |[vo W' (u)| > 2|v| for u € RY, v € (R?)*, and ¥ is Lipschitz with the constant
2. O

Proposition 4.2 Leta € RY and E C R?\{a} be a set which is not porous at a.
Then there is a Lipschitz function f : R* — R, Fréchet differentiable on R\ E,
such that f'(a) =0 and |f'(u)| > 1 for any u € R\ (E U {a}).

Proof. Without loss of generality a = 0. Put I = [~1,1]% Since E is not
porous at 0, there is, for any k& € N, some minimal n; € N such that, for any
r € (0,27"], rI C E+ B(0,7/10%). Put

k(n) = max k for n>mn
nE<n ’

1 101
Tn,l

1= ﬁ — 2n+1—102k(n) and Pn,l = 102]@(77,)71 for [ = 07 ey 102]6(”)71 — 1.

Rearrange 7, ; into the decreasing sequence {r;}2; and {p;}$2, be the sequence
of the corresponding p,, ;’s. Put

51=0 and ;41 =s; + (=) (r; —rpq) for i > 1.
Note that s; =0 and s;11 = r; — ry31 if 4 is odd. One can compute that

i 1 101 i 10
Ty — Tit1 Di 102k(n) T 102k(n)

for the n € N and [ € {0,...,102*(®~1 _ 1} corresponding to i, and so

T 1 LT
sup — ' <2 and lim Tl
Ti = Tit1 Pi n—oo Ty
Moreover,
S; — S S; 10
Z72"r1‘:1 and —lST for all i € N,
Ty — Tit1 T 10 (n)

and so s;/r; — 0 for ¢ — oo. Let F be a function which Lemma 3.1 gives
for these r;’s and p;’s.

Now, choose = € r;D,,,. There are some n and ! such that r; = r,; and
Di = Dn,. So there is some u, € E with | — u,| < rnyl/lo%(”). Put B, =
B(x,2r,,/10() and, by Lemma 4.1, choose a diffeomorphism ¥, : R — R?,
Lipschitz with the constant 2, which is identity on R?\ B, and maps u, onto =
such that |vo W, (u)| > 2[v| for any u € R? and v € (R?)*. Let z1, 22 be
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distinct elements of D = | J;cy i Dp, With the corresponding 7y, 1,, Pny iys Tnosls
and py, 1,. We may suppose that r,, ;, > 7y,.,. Then

Tnq,l Tnq,l
_ > nh 1,0
o1 = @] 2 5 102k(n1)
Pry,ly
if 7, 1, = o, and

oy > 10 > "'n.,0 Tna,l
nz,la = oni+1 . 102k(n1) — 7 102k(n1) = T 102k(n1)

|21 — 22| > Ty iy

if 7, 1, > Tho.l,- In both cases,

Tny,ly 27““1,11 27"712’[2

102k(n1) 102k(n1) 102k(n2)

|zy — a9 > 5

So B,, N B,, = 0 and we can define a one-to-one mapping ¥ : R? — R?,
differentiable on R?\ {0} and Lipschitz with the constant 2, by

i { W) ue B,
AR Y if u € R\ U,cp Be

Put f = (6\/E)F o U. Since f is a composition of Lipschitz mappings, it is
Lipschitz. We have ¥ =!(D) C E, and thus f is differentiable everywhere in R%\
E. For u € RY\ (B U{0}), we have

/()] = (6VA)E' (¥ (u) 0 ¥'(w)| = 3 (6VA)|F'(¥(u))] > 1

Wl N

by property 2. of the function F. Finally, f'(0) = 0. It follows from property 1.
and from

F(B(0,r)) = (6Vd)F(¥(B(0,r))) C (6Vd)F(B(0,2r))
for every r > 0. O

We are grateful to Professor Ludék Zajicek for valuable remarks and also
for suggesting the characterization of sets where Fréchet derivatives have Dar-
boux property (Theorem 1.3) which easily follows from our Proposition 4.2. We
thank to Professor Miroslav Zeleny for the idea of mollification by convolution
with a variable kernel.
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