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Abstract. This article is about hyperelastic deformations of plates (planar domains) which
minimize a neohookean-type energy. Particularly, we investigate a stored energy functional intro-
duced by J. M. Ball [Proc. Roy. Soc. Edinb. Sect. A, 88 (1981), pp. 315-328|. The mappings under
consideration are Sobolev homeomorphisms and their weak limits. They are monotone in the sense
of C. B. Morrey. One major advantage of adopting monotone Sobolev mappings lies in the existence
of the energy-minimal deformations. However, injectivity is inevitably lost, so an obvious question
to ask is, what are the largest subsets of the reference configuration on which minimal deformations
remain injective? The fact that such subsets have full measure should be compared with the notion
of global invertibility, which deals with subsets of the deformed configuration instead. In this con-
nection we present a Cantor-type construction to show that both the branch set and its image may
have positive area. Another novelty of our approach lies in allowing the elastic deformations to be
free along the boundary, known as frictionless problems.
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1. Introduction. We study hyperelastic deformations of neohookean materials
in planar domains called plates. These problems are motivated by recent remarkable
relations between geometric function theory [3, 17, 18, 34] and the theory of nonlin-
ear elasticity [1, 4, 9]. Both theories are governed by variational principles. Here we
confine ourselves to deformations of bounded Lipschitz domains X,Y C R? ~ C of
finite connectivity. The general theory of hyperelasticity deals with Sobolev home-

omorphisms h: X 2% Y of nonnegative Jacobian determinant, Jj 4 JetDh > 0,
which minimize a given stored energy functional

gln) &L / E (|Dh|,det Dh) dz, where E: Ry x Ry — R.
X

The stored energy function F: Ry x Ry — R is determined by the elastic and me-
chanical properties of the material.

Here the 2 x 2-matrix Dh € R2*? is referred to as the deformation gradient, and
|DR| denotes its Hilbert—Schmidt norm. We are largely concerned with orientation-
preserving homeomorphisms h: X 2% Y of the Sobolev class #1?(X, C), denoted by
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HP(X,Y), as well as their weak and strong limits. If p > 2, then every h € P (X)Y)
extends continuously up to the boundary, still denoted by h: X — Y; see [22].

The term neohookean refers to a stored energy function E which increases to
infinity when Jj, approaches zero. The neohookean materials have gained a lot of
interest in mathematical models of nonlinear elasticity [7, 8, 11, 13, 16, 32, 33, 35]. In
particular, one minimizes functionals which are composed by the sum of the .#?-norm
of the deformation gradient and a nonlinear function of .Jp; see [36]. A more general
model example takes the form

1
(1.1) Eg[h]_/bemer(dech)q dz, p>1landq>0.

Throughout this paper we tacitly assume that the class of admissible homeomorphisms
is nonempty; that is, there is h € J#P(X,Y) such that Eg[h] < 00. In particular, X
and Y are of the same topological type. As a first step toward understanding the
existence problems we shall accept the weak limits of energy-minimizing sequences of
homeomorphisms as legitimate deformations. Thus, we allow so-called weak interpen-
etration of matter; precisely, squeezing of the material can occur. This changes the
nature of the minimization problem to the extent that the minimal energy (usually
attained) can be strictly smaller than the infimum energy among homeomorphisms.
In a seminal work of Ball [5], injectivity properties were studied for pure displace-
ment problems. That is, the admissible deformations are specified a priori on the
entire boundary of the reference configuration X. More specifically, choose and fix
p e HP(X)Y), p > 2, and introduce the following class of admissible deformations:
Ar &L {(he ¢X,C)n#'?(X,C): J(z,h) >0 ae., h = on dX}.
Ball [5] proved the following:
e If p > 2 and ¢ > 0, then there exist an energy-minimal map h, € AP such
that
Eb[ho] = hienjp AR

e For every h € AP with p > 2, the following set has full measure:
(1.2) Y, & {y € h(X): h™*(y) is a single point} C Y.

This result has been referred to as global invertibility for two reasons: because Yj, has
full measure in Y and because any minimizer h, on restriction to h;!(Yj,) becomes
injective. For further generalizations of the global invertibility result when p > 2, we
refer the reader to [14].

Ciarlet and Necas [10] studied mixed boundary value problems (the displacement
is prescribed only on a portion of the boundary of the reference configuration X). In
their mixed problems, the pure displacement condition A = ¢ on 0X is replaced by

(1.3) /X det Dh(z) dz < [h(X)|.

They showed that the minimizers of EL, p > 2, subject to such class of deformations
are globally invertible.

Usually, in geometric function theory, the boundary values of homeomorphisms h
are not given. For example, extremal Teichmiiller quasiconformal mappings are not
prescribed on the boundary; the boundary does not even exist for compact Riemann
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surfaces. In nonlinear elasticity, this is interpreted as saying that the elastic deforma-
tions are allowed to slip along the boundary, known as frictionless problems [4, 6, 9, 10].

Our goal is to enlarge the class of homeomorphisms (as little as possible) to ensure
the existence of minimizers in that class. The right way is to adopt the monotone
Sobolev mappings [25]. Indeed, that this class is a bare minimal enlargement of home-
omorphisms follows from a Sobolev variant of the classical Young’s approximation
theorem. Its classical topological setting asserts that a continuous map between com-
pact oriented topological 2-manifolds (such as plates and thin films) is monotone if
and only if it is a uniform limit of homeomorphisms. Monotonicity, the concept of
Morrey [30], simply means that for a continuous h: X — Y, the preimage h~1(C) of
a continuum (a connected set) C' C Y is a continuum in X. The above-mentioned
Sobolev variant reads as follows.

THEOREM 1.1 (approximation by Sobolev homeomorphisms ([25])). Let X and
Y be bounded Lipschitz planar domains. Suppose that h: X 2% Y is a monotone
Sobolev mapping in W 1P(X,R?), 1 < p < co. Then h can be approzimated in norm

onto

topology of W 1P(X,R?) (and uniformly) by homeomorphisms h; : X =% Y.

Let us introduce the notation .Z? (X,Y) for the class of orientation-preserving
monotone mappings h: X 2% Y in #1P(X,C). We say that a mapping h is orien-
tation preserving if det Dh > 0 a.e. Our first result guarantees the existence of a
minimizer of neohookean energy among Sobolev monotone deformations.

THEOREM 1.2. Let p > 2 and ¢ > 0. Then there exists ho € #P(X,Y) such that

(1.4) EP[ho) =  inf__EZ[h].
he.ar(X,Y)

All the evidence points to the following.

CONJECTURE 1.3. Every minimizer ho € #P(X,Y) in (1.4) is a homeomor-
phism.

For example, this conjecture is confirmed when X and Y are circular annuli;
see [21]. Also, the conjecture is valid if X =Y, in which case it is relatively easy to
see that the identity map minimizes the energy; see Example 3.1. However, it is not
known whether the identity map minimizes the neohookean energy El when p < 2.
It is worth noting that this is not the case for the p-harmonic energy; see (3.2).

We give an affirmative answer to these questions for neohookean materials whose
associated energy integrand grows sufficiently fast. Precisely, we have the following.

THEOREM 1.4. Let p > 2 and q > 1 such that % + % < 1. Then there exists a
homeomorphism h, € P (X,Y) such that

EP[h.] = inf EZ[R] = inf EP[h].
alhel he.ar(XT) ol h€ AP (X,Y) ol

The existence of monotone minimizer h, is ensured by Theorem 1.2, and the fact
that ho is a homeomorphism follows from the next result.

THEOREM 1.5. Let p > 2 and q > p%. If h e . #P(X,Y) and
1
(1.5) / <th + Jq) dz < oo for every compact subset Q € X,
Q h

onto

then h: X 22 Y is a homeomorphism.
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Remark 1.6. Theorem 1.5 also holds for p = 2 and ¢ = oo, in which case the
locally finite energy condition (1.5) should be stated as

/|Dh|2dx < oo and Z(X).
X

det Dh ©

That is, det Dh(z) > & > 0 with a constant C = ||.J; *{| g (x).-

Theorem 1.5 is sharp; namely, it fails if 0 < ¢ < -£5, as the following example

p—2’
shows.

Ezample 1.7. For 0 < q < 1)%2, there exists a noninjective h € .#?(X,Y) with
EP[A] < oo.

This example raises a question about partial injectivity of h € .#P7(X,Y) with
Ef[h] < oo when 0 < g < ;5. First, we have the following.

onto

THEOREM 1.8. Suppose that a monotone map h: X 2% Y of Sobolev class
#12(X,C) has positive Jacobian determinant a.e. Then
e h is globally invertible in the sense of (1.2);
e in addition, there exists X, of full measure in X such that h restricted to Xp,
18 injective.
In particular, every minimizer h, in Theorem 1.2 is globally invertible in the sense
of (1.2).
Next in line is the study of the branch set

B def {z € X: h fails to be homeomorphic near =}

and its image h(Bp). Recall that for the Dirichlet energy, the branch set of the
energy-minimal mapping h € .#%(X,Y) may have a positive area, whereas h(B) C
Y (actually a nonconvex part of 9Y) [12, 23]. We show, however, that under the
assumptions of Example 1.7, both the branch set and also the image of the branch
set may have a positive area. Recall that if ¢ > 1)%2 > 0, then any monotone map h
with EP[h] < oo is injective by Theorem 1.5.

Ezample 1.9. If 0 < ¢ < ﬁ, then there exists h € .#7(X,Y) with EP[h] < oo
such that [Bp,| > 0 and |h(By)| > 0.
Our example is based on a Cantor-type construction; see section 6 for the con-

struction.
Returning to Conjecture 1.3, with the aid of the complex partial derivatives,

h, = % and hz = %, we express the energy as
-1
(16) €0 = [ [200. + hsP?) + (f? = hef?) ] .

Clearly, one cannot perform outer variations he = h + 7, with n € €2°(X), as they
live out the class of monotone Sobolev mappings .#?(X,Y). Thus, we lose the Euler—
Lagrange equation, which is the major source of difficulty here. Such a difficulty is
widely recognized in the theory of nonlinear elasticity. This forces us to rely on the
inner variation of the independent variable z. = z + e7(z), where 7 € €>°(X,R?).
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The inner variational equation for the minimizer takes the form

0 p 1+g¢ 0 27—
1.7 — |(1—=)|DhlP = 2p — ||Dh|P™*h hz|;
(17) 52 | (L= 5 10m+ 2558 | = 20 2 (1Dhp27he]
see formula (2.6), page 648 in [20].
Here, the complex partial derivatives % and % are understood in the sense of
distributions. For p = 2 and ¢ = 1, this simplifies as
0 0 1
1.8 2— [h:hz] = — | ——| . ith E3[h] < co.
(18) a7 [h=h=] = 3, [dech] with Ej[n] < oo

Let us name (1.7) and (1.8) neohookean Hopf systems.

It is worth noting that monotone Lipschitz solutions to the neohookean Hopf sys-
tem (1.8) are homeomorphisms. In this connection we recall that for the Dirichlet
energy, the inner-stationary solutions are always Lipschitz continuous; see [20]. Ac-
tually, a solution of (1.8) in .Z*(X,Y) will turn out to be a homeomorphism. This
follows from the next result, simply by taking p =2 and g = 1.

THEOREM 1.10. Consider a monotone mapping h: X 2% Y of finite neohookean
energy:

Eg[h]:/x(|Dh|p+J,:q)dx, p>1 and ¢>0.

Assume that h € 7//1’S(X, R?) for some s > f]i + 2 and s > p satisfies the equation

loc

(1.7). Then h is a homeomorphism of X onto Y.
2. Preliminaries.

2.1. Monotone in the sense of Lebesgue. There are several notions com-
monly known in literature as monotonicity. To avoid confusion we use the term mono-
tone in the sense of Lebesgue for one of these. This notion goes back to Lebesgue [29]
in 1907.

DEFINITION 2.1. Let X be an open subset of R%. A continuous mapping h: X —
R? 4s monotone in the sense of Lebesgue if for every open set Q C X we have

(2.1) diam k() = diam h(09).

Note that for a real-valued function, (2.1) can be stated as

(2.2) minh = minh (minimum principle)
Q o0

(2.3) max h = max h (maximum principle).
Q

2.2. Modulus of continuity and conformal energy. In the next lemma, X
and Y are f-connected Lipschitz domains in R?; see [26, Lemma 4.3].

LEMMA 2.2. To every pair (X,Y) of ¢-connected bounded Lipschitz domains, £ >
2, there corresponds a constant C = C(X,Y) such that for h € #*(X,Y) and £ > 2
we have

C - [4|Dh?
log (1 + diamX ) ’

(24) |h($1) — h(l’2)|2 < x1,To € X,

lz1—2]

whenever h € #*(X,Y) and x1 # z2 in X.
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Remark 2.3. Inequality (2.4) fails when £ = 1 and p = 2. For this, consider a
sequence of the Mobius transformations hy: D 2% D, k= 1,2, ...

z+a
hii(2) = £

= , O<ap<l1 d 0.
1T ars ak and ap

The mappings are fixed at two boundary points,
hk(l) =1 and hk(—l) = —1,

and are equiintegrable:

/|th|:2/Jh({E)d(E=27f.
X X

The sequence hy,: D 2% D approaches the constant mapping h(z) = 1. Obviously, we
are losing equicontinuity of the boundary mappings hy: 0D 2% 9D, in contradiction
with (2.4).

2.3. Change of variables formula. We say that h: X — C satisfies the Lusin
(N) condition if for every E C X such that |E| = 0 we have |h(E)| = 0.

LEMMA 2.4. Suppose that h € #*%(X,C) with J, > 0 a.e. Then h satisfies the
Lusin (N) condition.

Lemma 2.4 follows because a monotone mapping in the sense of Lebesgue in the
Sobolev class Wlif (X, C) satisfies the Lusin (N) condition; see, e.g., [15, Lemma 1.2].
On the other hand, a mapping h € #%%(X,C) with J, > 0 a.e. is monotone in the
sense of Lebesgue; see [19, Proposition 4.1]. The Lusin property is very important, as

it allows us to obtain the change of variables formula; see [18, Theorem 6.3.2].

LEMMA 2.5. Let h: X — C be a mapping in the Sobolev class #1*(X,C) with
Jn(x) > 0 for almost every x in X. If n is a nonnegative Borel measurable function
on C and A a Borel measurable set in X, then

(2.5) /A n(h()) Jn(z) dz = / n(y) N (g, 4) dy,

h(A)
where Ny (y, A) denotes the cardinality of the set {x € A: h(z) = y}.

2.4. Weak compactness of Jacobians.

LEMMA 2.6. Let X be a domain in C and hy, € #12(X,C) a sequence of mappings
with J(x,hi) = 0 a.e. in X converging weakly in #12(X,C) to h € #12(X,C). Then
the Jacobians J(x,hy) converge weakly in 4L (X) to J(z,h) and J(z,h) >0 a.e. in
X. Precisely,

lenolo X(p(x)J(x,hk)dz:/Xga(x)J(x,h)dx

for every ¢ € £°(X) with compact support.
For a proof of this lemma we refer the reader to [18, Theorem 8.4.2].

2.5. Polyconvexity of neohookean integrand. The remarkable feature of
the neohookean energy is the polyconvexity of its integrand. Instead of the general
definition [4, 31], let us confine ourselves, as a consequence, to the so-called gradient
inequalities.
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Let p > 2 and g > 0. For arbitrary square matrices A € R?*2 and A, € R?*2, we
have

P P
2 2

AP — | A.P = (JAP)* — (|4 (JA) 571 (AP — 1402

285 P
) “ 9
> £ AP 2 2(As, A= Aoy = (p|Ao" Ao A= A,

where (-, ) stands for the scalar product of matrices.
For arbitrary positive numbers J and J,, we have
1 1 q

ﬁ_Tg/F(JO_J).

Next we show that the lower semicontinuity of neohookean integral follows from the
above gradient inequalities.

LEMMA 2.7. Let X be a domain in C, p = 2 and q > 0. Suppose that hy €
#1P(X,C) is a sequence of mappings with J(x,hy) > 0 a.e. in X converging weakly
in #1P(X,C) to he #'?(X,C) and Eb[hy] < E < co. Then

Ep (] < lim inf Ef[h] .

Proof. Choose and fix a positive number € and a compact subset F' € X. The
above gradient inequalities imply

/F[|th(az)|p+[5+J(x,hk)]‘q] —/F[|Dh(x)|p+[5+J(:c,h)]_q]
> /F (| Dh(2)[P~2Dh(x), Dhy(x) — Dh(z)) dz
J(x,h) — J(x, hy)
+ /F [e + J(x, h)]at! dz

Now letting k — oo, the first integral term goes to zero because Dhy — Dh — 0 weakly
in .£P(F), whereas |Dh|P~2Dh belongs to the dual space of .#?(F). Concerning the
last integral term, we appeal to Lemma 2.6 on weak compactness of the Jacobian
determinants. Accordingly,

J(:E, h) — J(.’t, hk)
dz — 0
L~k+J®ﬁW“ S
where our test function p(z) = % < 1 lies in £°°(X) and has compact

support. We thus have an estimate
/ DR + [ + J(z, 1)) 7] da
F
< lim inf / (I Dhi(@)P + [ + (b)) 7] da
k—oo Jp
< lim inf/ [[Dh(z)|P + [J (2, hy)] "] do = liminf EP[hy] < co.
k—oo  Jx k— o0

Consider a sequence {e;} of positive numbers converging to zero and an increasing
sequence of compact subsets Fy C F» C ... with |J F,, = X. Thus,

/ [IDR(@) + [en + I, )]~ dz < lim inf E}ffs] < oo

n
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Letting n — oo, by the monotone convergence theorem, the desired estimate EL[h] <
liminfy o E) [hg] follows. 1]

3. The case of X =Y. When X =Y, the identity map is a natural candidate
for the minimizer. The case 1 < p < 2, however, offers further challenges. First of all,
when p > 2 we have the following.

onto

Ezxample 3.1. The identity mapping h, = Id: X = X minimizes the neohookean
energy Efl when p > 2 and ¢ > 0 subject to all homeomorphisms in P (X, X). In
fact, this follows from the inequality

(3.1) EP[R] > (2% +1)|X| = EP[ho]  for all h € #P(X,X).

The proof of this inequality is obtained by the methods of free Lagrangians. A
free Lagrangian is a special case of null Lagrangian [4]. This is a nonlinear differential
2-form defined on Sobolev homeomorphisms h: X 2% Y whose integral depends only
on the homotopy class of h; see [23]. The simplest free Lagrangians is the area form
det Dh(z)dz for h € #1P(X,X) with p > 2. This is a key player in the proof of (3.1).
The unavailability of the area form is exactly why our arguments for Theorem 1.5
do not apply when p < 2. Nevertheless, it is not clear whether (3.1) remains valid
for p < 2. In [28] it is shown that the identity mapping h* = Id: D, **% D, from
the punctured disk D, = {z € C: 0 < |z] < 1} onto itself does not minimize the
p-harmonic energy when 1 < p < p; for some 1 < p; < 2. Namely,

3.2 inf Dh Pdz < Dh* Pdz.
(3.2) it [1Dh@)P o < [ Db @) da

Let us point out that the identity mapping is always a minimizer in the class of radially
symmetric homeomorphisms.

Q—

Proof of Example 3.1. First, applying Young’s inequality ab < %Jr%, +L =1,

we observe a pointwise inequality

=

IDhJP > p2°% |DhJ? — (p—2)2°7 .

Equality occurs if | Dh|? = 2. Then Hadamard’s inequality |Dh|? > 2.J},, J;, = det Dh,
yields

p— 2
IDhJP > p2"7° [Jh —1+ } .
p
Again, we have the equality when h = Id. Hence,

1 p— p— 1
DR + 25 > (p2°7° =) Ju = (p—22"F +aJu+ 7.
h h

where qJp + % > q + 1. Therefore,
h
1 p=2 p=2
DR + = > (p2"" —q) n— (=227 +q+1.
h
This gives us a desired estimate of the stored energy integrand by means of free
Lagrangians, namely, J; and a constant function. Integrating over the domain X =Y,

the claimed estimate (3.1) follows. Equality occurs for the identity map and only for
isometries h: X 2<% X. O
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4. Proof of Theorem 1.8.

Proof. Step 1. (|Yn| = |Y]). First, since h € #12(X,C) and Jy(z) > 0 a.e.,
Lemma 2.5 gives

(4.1) /XJ;L(:U)dac:/YNh(y,X)dy7

where Nj,(y, X) denotes the cardinality of the set {z € X: h(z) = y}.
Second, for an orientation-preserving homeomorphism g: X % Y in the Sobolev
class #12(X, C), we have

(4.2) /X J,(x) de = |Y].

Now combining this with Theorem 1.1 and Lemma 2.6 for an orientation-preserving
monotone h: X % Y in #12(X, C), we have

(4.3) /XJh(x) dz = |Y|.

Therefore, by (4.1) and (4.3) for a monotone h: X 2% Y in #%2(X, C) with J;(z) > 0
a.e. in X, we obtain Np(y,X) = 1 for a.e. y in Y; that is, |Y,| = |Y|. Since Y is a
Lipschitz domain, it holds that |0Y| = 0.

Step 2. (|Xn| = |X|). The claim is that |h=(Y})| = |X|. Indeed, according to

Lemma 2.5, we have
X\h=1(Yr)

Furthermore, since Jp,(x) > 0 a.e. in X, we have |X\ h=1(Y,)| = 0. 0

5. Constructing Example 1.7.
Proof of Exzample 1.7. Consider the rectangles X = (—1,1) x (=2,2) = Y. To

construct a monotone map h: X 2% Y, we choose and fix parameters a > —%;

b>1— 1 such that a +b < +. This choice is possible because 0 < ¢ < p%. The map
in question is defined by the rule

h(z,y) = (u(z,y),v(z,y)), where

u(z,y) = z|z|* for —1<x <1,

{ymb for|y] < 1,
’U(SC, )Z

(2= |2]")y + 2(J2* — 1) for1 < |y| < 2.

It is worth noting that for z fixed the function y — v(z,y) is linear in each of the
following intervals: y € [—1,1], y € [1,2], and y € [—2, —1]; see Figure 1. Clearly, we
have

hH(0,0) =T {(0,9): Iyl < 1}.

Outside this interval, h is a bijection h: X \ T 2% Y \ {(0,0)}. Its inverse h=1: Y \
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Fic. 1.

{(0,0)} 22 X\ T takes the form f(u,v) = ((u,v),y(u,v)), where
z(u,v) = ulu| T, —1<u<l,

vE2(1 — |ulTH)
b
y(u,v) = 2 — |u|Tra

v|u|1%1 whenever |v| < |u|1+%

b .
whenever + v > |u|TH, respectively,

Thereby, h is a monotone map because h=1(0,0) = I and outside this interval h is an
injective.

Concerning the energy of h, because of symmetries it is enough to evaluate the
energy over the rectangle (0,1) x (0,2). The formula takes the form

E (1) :4/01 Uol E(x,y)dy+/12 E(x,y)dy] dz,

E(z,y) = [Dh(z,y)[" +

where

— fi = 0.
TGy Y

Consider two cases:
Case 1. 0 <y <1,s0

b

u(z,y) = 2T, sou, = (a+ 1)z® and u, =0,
v(z,y) = by, 0 v, = ba’" 1y and vy = a°.

Hence, | Dh(x,y)|? < Cx®+2®~DP and Jy,(2,y) = upv, —uyv, = ugv, = (a+1)z070.
Since ap > —1 and (b— 1)p > —1, we have

11
/ / |Dh(z,y)[Pdedy < co.
o Jo
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On the other hand, Jy,(x,y)? = (a + 1)2z(¢+94. Since a + b < %, we have
/ / dz dy
I (z,y)4
In conclusion, the energy over the square 0 < z < 1, 0 < y < 1 is finite.
Case2. 1 <y <2, s0

u(x,y) =z, 80 Uy = (a+ 1)z and u, =0
v(z,y) =2y — 2ty +22° -2, sowv, =bx*"1(2 —y) and v, =2 — 2°.
Hence,
|Dh(z,y)|” < Ca® + 2*~1P,
Tn(2,Y) = upvy — uyvy = upvy = (a+ 1)z*(2 — 2°) > (a + 1)2°
As in Case 1,

1o
/ / |Dh(z,y)Pdxdy < co.
0o Jo
On the other hand,

// dz dy //dxdy
Jn(z,y)4 S a+1 %

because aq < (a + b)q < 1. In conclusion, EP[h] < oo, as desired. 0

of finite energy which equals the identity on the vertical sides of the rectangle X
[-1,1] x [—2,2]. However, restricted to the horizontal sides, it is not the identity; it
takes the form

5.1. An extension. We just have constructed a monotone map h: X 222 Y

h(z,2) = (z|z|*,2) and h(x,—2) = (z]z|*,—2)for —1 <z < 1.

We shall still need a map that is equal to the identity on the entire boundary. For
this reason we extend h to a map h: X 2% Y, where X = Y = [-1,1] x [=3,3], by
the rule
(elzl*3—y) + aly—2), y)  when2<y<3,
(5.1) h(z,y) = h(z,y) when —2 <
(elel*3+y) — 2y +2),y) when —3<

Clearly, b is monotone and equal to the identity on OX. Just as in the computation
above, we see that El [h] < co. Proceeding further in this direction, we may extend
h to the square S def [—4,4] x [—4,4] by letting it be equal to the identity outside
X. Let us record this in the following lemma.

LEMMA 5.1. For every p > 2 and 0 < q < #, there exists a noninjective
monotone map ® € AP (S,S) of finite EP -energy, which is the identity near the
boundary of S. Precisely, we have the following average energy:

(5.2) EV[®] = ﬁ/s [|D(I’(y)|p+ m dy P 00,

where |S| =16 is the area of the square S = [—4,4] x [—4,4].
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5.1.1. Rescaling. Formula (5.2) can be rescaled to an arbitrary square @ C R?
in place of S. Let us discuss it in a somewhat greater context. Choose and fix a
prototype energy integral over a square S C R? centered at the origin and of side
length L:

(5.3) £10) 2 = [ BDBE)ay.

This integral is assumed to exist for some adequate mappings ® : S 2% S | ®(0) = 0.
Note that the stored-energy integrand depends solely on the deformation gradient
D®. Now take any square Q centered at a € R? and of side length /. Then the

mapping

e L L
(5.4) hg : Q == @, defined by hQ(a:)ga—FL(I)(g(x—a)),
has the same average energy as ®:
1
(5.5) lhgl = — / E(Dho(z))de = &[d)].
Q| Jq

This is an obvious consequence of the chain rule Dhg(x) = D®(y), where y =

L(x — a) is a variable used as a substitution in the integral (5.3). For later use, it
should be noted that if ® is monotone, then so is hg . Also, if ® is the identity map

near JS, then sois hg near 0Q).
6. Cantor-type construction of Example 1.9.

6.1. Construction of Cantor set. We shall work with closed squares whose
sides are parallel to the standard coordinate axes of R?, but most of the definitions
and formulas will be coordinate free.

6.1.1. Cornersquares. Suppose we are given a square Q C R? and a parameter
0<e<l1. Writeit as Q =1 x J, where I,J C R are closed intervals of the same
length ¢ = |I| = |J|. These might be called, respectively, the horizontal and the
vertical factors of (. The notation eI and eJ will stand for the intervals of the
same centers but e-times smaller in length, respectively. Cutting them out from [
and J gives the decompositions

INel=1_UI; and J\eJ=J UJ"

into the left and the right, as well as into the lower and the upper subintervals. Note
that we suppressed the explicit dependence on & in the notation. This parameter
will be determined later during our induction procedure. Now the Cartesian product
consists of four subsquares:

(I\el)x (J\eJ) = QT Ut uUQ-Z UQ;.
Explicitly, we have the formulas

QF L xut, Qf L1 wgt, Qr 1wy, Q¥ <.

Each of these subsquares touches exactly one corner of @), which motivates our calling
i, .0, Q7 the cornersquares of @, more precisely, the first generation of
cornersquares. We shall also spot the so-called centersquare of @, defined by £@Q =

el x eJ ; see the left-hand side of Figure 2.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/01/21 to 128.214.204.168. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

A NEOHOOKEAN MODEL OF PLATES 521

Qt QT it foums (O NG 1 1 I I
| |
QI QL |eiz Qi; | | | 1
Q=C o 1| |zt @1 A ) A \
| |
QC Q7 Q- Q| |- Q7% T 1 T I
Q€ FQ Qi € F2(Q) Rk, € R

Cornersquares of the first, second and third generation
The branch set will develop in the black centersquares

Fia. 2. Cornersquares as building blocs for a Cantor-type construction.

6.1.2. Second generation of cornersquares. Choose another positive ¢-
parameter, say, € = €2. Then every cornersquare of () gives rise to its own four
cornersquares determined by this parameter; see the middle part of Figure 2. In this
way we obtain 16 cornersquares of so-called second generation. According to our

notation, these are

++ ottt o+t— ot+—
++ Y- W Wig

QYT Qff Qf- Qf;
Q-1 Q- Q- Q=%
Q1T Q7Y Q7 Q%

See also the third generation of 64 cornersquares in the right-hand side of Figure

6.1.3. The induction procedure. Fix a sequence of ¢ -parameters rapidly de-
creasing to 0, say, (e1,€2,...) with g, =47". We begin with the base 1 x 1 square
Q C R? and the first e- parameter equal to ;. This gives us the first generation of
four cornersquares Q5! C Q, where both indices run over the set {+, —}. We let
F1 denote this family of cornersquares.

In the second step we take €5 as the e-parameter and look at the cornersquares of
every lel . Denote them by lel 5122 C lel , where ag, 83 € {4+, —}. They form the
family F5 of second generation. More generally, given the family F,, of cornersquares
Qi B2rbin Q Bzt o 1 we take £,41 as the e-parameter and adopt to

the family 7,41 the e-cornersquares of Q5! gé/zyn , namely,

Qﬂlﬁ?:"'vﬂn+ QBIBZM")B”“F B1 B2, — B1 B2y, — € Fpir.

a1 ag,...,0n+ aq 02,...,0p— Qa1 02,...,0p— ) a1 ag,...,0n+

Thus, Fy, 41 consists of 4"T! cornersquares denoted by lel gi%‘;%’lﬂ . This process
continues indefinitely.

6.1.4. The size of squares in F, and their total area. Let us compare
the side length of squares in F,; with those in F,,. Every member of F,4; is a
cornersquare of a @ € F,, via the parameter € = ¢,,1. Let ¢ denote the side length
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of Q. We remove from (@ its centersquare €. Thus, each of the remaining four
cornersquares has side length 2(1—¢€)¢. For n =1, this equals 3(1—¢€;). Hence, by
induction, the side length of squares in F,, equals ﬁ(l e1)(1—e2) - (1—en) < 5.
We have 4™ such squares. This sums up to the total area of the union

(1—e1)*(1 —e9)* - (1 — &)

6.1.5. The Cantor set. We have a decreasing sequence of compact sets | J F; 2
UF2 2,...,2 UFn,.... Cantor’s theorem tells us that their intersection is not

empty:
def m (U . )
The measure of this Cantor set is positive:

(6.1) IC| = lim

n—oo

= H(l —Ek)2 > 0.

The latter inequality is a consequence of > p- | x < co. Every point in C is obtained
as the intersection of exactly one decreasing sequence of the form

Qai 20010 2 -+ 2 Qe
An obvious consequence of this is the following.

LEMMA 6.1. Every open set that intersects C contains a square, say, Q € F,,
for sufficiently large n, which, in turn, contains its centersquare £,Q C Q.

The idea behind this lemma is a monotone mapping h : Q 2% Q@ whose branch
set will materialize in the centersquares.

6.2. A monotone map h : Q =3 Q. We let ¢ denote the family of cen-
tersquares of all generations. From now on, the need will not arise for the explicit
dependence on multi-indices in the notation of centersquares. For every Q € ¥, we
have a monotone map hg : @ % @ defined by Formula (5.4) with & given in
Lemma 5.1. Thus, the average EZ -energy of hg does not depend on ) and equals
E. In particular,

62 [1Dhe@prar < [ (1@ + Pho@) 7 )dr = Q1B

Recall that hg equals the identity map near 9¢). Now we can define the map
h e . #P(Q,Q) that is hunted by Example 1.9.

DEFINITION 6.2. We define the map h: Q == Q by setting

(6.3) h(z) = {hQ(m) whenever ¢ € Q € ¢,

T otherwise.

Let us subtract the identity map:

def
(6.4) hz) -z = {hQ( z) —x = fo(z) whenever z € Q €9,
0 otherwise.
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One advantage of using this is that fg € 7/01’7” (Q). Actually, fo vanishes near 0Q).
We have the infinite series

h(m)fx:ZfQ(z), in which Z/Q|Dpr < o00.

Qe¥ Qe¥

This latter inequality is due to the estimate (6.2). Now comes a general fact (rather
folklore) about Sobolev functions.

LEMMA 6.3. Let Q C R™ be a bounded domain and Q; C Q,i = 1,2,...,
disjoint open subsets. Suppose we are given functions f; € 7/01”’((2,;) such that
Yoici Jo, IDfi(2)[P dz < oo. Then the function

) h Q.
f(z) = filx)  w ene\{er x € Qy,
0 otherwise

lies in the space ¥, P(Q).

We conclude that h € #*P(Q,Q) with p > 2 and, as such, is continuous on
Q. As regards monotonicity, for each square (continuum) Q € ¢, the mapping
h: Q 2 @ is monotone, and h is the identity outside those continua. This is
enough to conclude that A : Q 2% Q is monotone. We leave the details to the
reader.

Finally, every point of the Cantor set C belongs to the branch set of h. Indeed,
by Lemma 6.1, any neighborhood of this point contains a square @ € ¢ in which
h = hg fails to be injective. Thus, the branch set B}, contains the Cantor set C and,
therefore, has positive measure. On the other hand, by the very definition, h(z) = x
on C. Therefore, h(B},) also contains C, so h(B},) has positive measure as well.

Remark 6.4. The branch set Bj consists precisely of the Cantor set C and ver-
tical segments in the centersquares ) € ¢, which are squeezed to the centers. This
makes it clear that h(Bj) = C. It should be noted that the branch set B, can have
nearly full measure. This follows from the formula (6.1) by letting 5, > 0 arbitrarily
small.

The proof of Example 1.9 is complete.

6.3. Greater generality. We are now in a position to appreciate a more general
approach to the construction presented above. Let us begin with an arbitrary bounded
discrete set G of points in R? whose limit set, denoted by C, has positive area; see
Figure 3. Clearly, G is necessarily countable. Moreover, CU G is a compact subset
of a bounded domain 2 C R?. Given a point in G, we may (and do) choose a square
Q C Q\ C centered at this point and small enough so that the family of all such
squares, denoted as before by ¢, is disjoint. Analogously to Lemma 6.1, every open
set that intersects C contains a square in ¥ .

To every Q € ¢ there corresponds a monotone map hg : Q == @ equal to the
identity near 9Q . Recall the inequality (6.2):

(6.5) /Q|DhQ(m)|pdx </Q(DhQ(x)|p F lng (@) )da = [QIE.
This yields

> /Q|DhQ(m)pdx <> Eflhg] =E ) |Q| <E|Q| < .

Qe¥ QeY QeY
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F1G. 3. Squares approaching the limit set.

It is precisely this property that one needs to infer g € #17(Q)N€(Q). Exactly the
same way as in Formula (6.3), we define a map g: Q % Q by the rule

(6.6)

ho(x whenever © € Q € ¥,
o(x) = { 2 o req
x otherwise.

Then we conclude in much the same way that g € .#7(Q,Q), Ef[g] < oo, |By| >0,
and |g(By)| > 0.

7. Proof of Theorem 1.2. Let X and Y be /-connected bounded Lipschitz
domains in ]Rj Consider a family F of Sobolev orientation-preserving monotone
mappings h: X 2% Y such that

(7.1) gméomw+%><E

forall h € F. Here X,Y, p > 2, ¢ > 0, and F < oo are fixed.

LEMMA 7.1. The family F is equicontinuous. Precisely, there is a constant C
such that

C-E

(7:2) [A(@1) = h(w2)* <
log (1 + ﬁ)

for all h € F and distinct points x,xs € X.

Proof. Since J;, > 0 almost everywhere in X, we have h € .#?(X,Y). Now, for
proving (7.2) we may assume (equivalently) that h € 2#7(X,Y) with EP[h] < oo,
thanks to Theorem 1.1. If X is multiple connected ¢ > 2, then the modulus of
continuity estimate (7.2) simply follows from the fact that the Dirichlet energy of h is
uniformly bounded by the value of neohookean energy F; see Lemma 2.2. Therefore,
it suffices to consider the case of simply connected domains and p = 2. It is worth
recalling that if ¢ = 1, then [;|Dh|? < E is not enough to imply (7.2); see Remark 2.3.

Let £ =1 and p = 2. We may assume without loss of generality that X =D =Y.
Indeed, for any bounded Lipschitz domain Y, there exists a global bi-Lipschitz change
of variables ®: C — C for which ®(Y) is the unit disk. Since the finiteness of the
E?I—energy is preserved under a bi-Lipschitz change of variables in both the target Y

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/01/21 to 128.214.204.168. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

A NEOHOOKEAN MODEL OF PLATES 525

and the domain X, we assume that X and Y are unit disks. Choose and fix any disk
B = B(z,,0) € X. We have, for every h € F,

IV
Bl = [
B JT

T 1\ 7 .
< (/ Jh) (/ q) < (B - B
B B‘]h

|h(B)| > |B\Q#E7% constant independent of h € F.

Hence,

Choose and fix € > 0 such that the annulus
A, ={yeY: dist(y,dY) < ¢}

has measure smaller than |B|%1E7% Thus, h(B) ¢ A., and therefore there is a
point @ € B € X such that |h(a)] < 1 —e. In other words, for every h € F we can
find a point a € X, with |a] < 1—4, and b = h(a) € Y, with |b] < 1 —e. Now consider
conformal mappings ¢: X 2% X, ¢(a) = 0, and ¢: Y — Y, 9 (b) = 0. Both mappings
are bi-Lipschitz with bi-Lipschitz constants independent of @ and b. Thus, the energy
Yohoyp: X 2% Y is controlled from above by that of & uniformly in F. Therefore, we
may (and do) assume that h(0) = 0. This leads us to the case of a homeomorphism
h: D\ {0} == D\ {0}, that is, between doubly connected domains. Finally, the

inequality (7.2) follows from Lemma 2.2, completing the proof of Lemma 7.1. ]

Proof of Theorem 1.2. We apply the direct method in the calculus of variations.
For that we take a minimizing sequence hy € .#P(X,Y) of the neohookean energy =4
which converges weakly to h, in #1'P(X, C). Note that here we also used our standing
assumption that the class of admissible homeomorphisms is nonempty. Therefore, by
Lemma 2.7 we have

(7.3) E?[ho] < liminf EP[hy] =  inf__ EZ[A].
ko0 he.r(X,Y)

Since Eb[hx] < E < oo for every k € N and hy, — ho weakly in #w1P(X,C), applying
Lemma 7.1 we see that the sequence hy, also converges uniformly to h, in X. Now the

onto

mapping ho, being a uniform limit of monotone mappings Ay, : X 22, Y, is a monotone
map from X onto Y. Therefore, ho € #Z7(X,Y). Combining this with (7.3) we have

EPfho] <  inf__ EP[A] < EP[R.],
he.?(X,Y)

finishing the proof of Theorem 1.2. a
8. Proof of Theorem 1.5.

Proof. First we are going to estimate the distortion function

def |Dh(x 2
< ) 2 I

by using Young’s inequality:

ABC < aAs + BB +40%, A,B,C>0;0,8,7>0, a+B+~=1,
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where we add here to the convention that vC 5 =0 for ~ = 0. The pointwise estimate
of J, by means of the energy integrand reads as, when p > 2,

2 11 2 1
2., (z) < Dh”++<1>~1
h(@) p| | qJy P q

2 11 2 1
<p|Dh|P++<1——q>Jifh.

qJy p
Hence,
1
Jn < |Dh|P + 77 = E(|Dh|,det Dh) .
h

Integrating over €2 we obtain

|02y = /Q%/h(x)dx < 00.

For Remark 1.6 concerning the case p = 2 and g = oo, we argue as follows:

|Dh|? ¢ 2
= g 7D .
Hh 27, 2| h|
Hence,
/jif <g/|Dh|2<oo
T 2 ' 0

In either case p > 2 or p = 2, we see that the map h € #12(Q,R?) has integrable
distortion. It is known [27] that such mappings h: Q — R? are discrete and open. In
particular, h(), being an open subset of Y, is contained in Y. Next, we show that
h: Q == h(Q) is injective. To this effect, suppose, to the contrary, that h(z1) =
h(z2) def Yo € h(Q) for some points x1 # w9 in Q. The preimage h=!(y,) under the
map h: X 2 Y is a continuum in X which contains z1, zo € Q. This contradicts
discreteness of h: Q — R2.

Since 2 € X is arbitrary, it follows that h: X 2= h(X) is a homeomorphism as
well. Finally, it remains to show that h(X) = Y. Certainly, h(X), being an open
subset of Y, is contained in Y.

Suppose there is yo € Y \ h(X). But yo € Y = h(X), so yo = h(z,) for some
2o € X. On the other hand, the map h: X 2% Y, being monotone, takes OX onto
0Y. This means that z, ¢ 0X because h(z,) = yo ¢ Y.

In conclusion,
h(X) =Y.

9. Proof of Theorem 1.10.

Proof. First, note that s > p and |Dh|* € 4! (X). The idea of the proof is to
infer from (1.7) that

1 sq

(9.1) — e 42 (X).
Jh,
For this purpose, consider the functions
14
(9.2) o= (1-2)ipnr+ —L e 1),
h
(9.3) U = 2p|Dh|P~ 2T hs € £7.(X,C), where r = ; >1.
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Equation (1.7) reads as
(9.4) ®- = ¥, in the sense of distributions.

We first observe the following.
LEMMA 9.1. For every subdomain 2 € X compactly contained in X, it holds that

Be L),

Proof of Lemma 9.1. Choose and fix a function A € C§°(X) which equals 1 in a
neighborhood of 2 C X. Then consider the expression defined in the entire complex
plane by the rule

(9.5) AD — SAY,
where S: Z7(C) — £"(C) is the Beurling—Ahlfors transform
1 f(&)dg
sz:——// for f € Z7(C).
sne=-= [ [T ©
The following identity is characteristic of Beurling—Ahlfors transform:

) )
55 (S) = - f for f € £7(C).

The complex derivatives are understood in the sense of distributions. We may (and
do) apply this identity to f = AW. Differentiating the expression (9.5) with respect
to Z yields

B) ) )
i AP — SAT] = % AD] — p [AV]

= )\Eq) + )\(I)z - )\Z\IJ - )\‘I’Z

= Az® — A\, ¥ =0 in a neighborhood of Q.

Here we used (9.4) and the fact the A = 1 in a neighborhood of Q. Thus, by Weyl’s
lemma, the function

H =)0 - S\U
is holomorphic in a neighborhood of Q C X, so H € .£" (). In this neighborhood we

express H as

The latter integral, being the Beurling—Ahlfors transform of AW € #"(C), represents
a function in .£"(C). In conclusion, ® € .£"(Q). O

Now it follows by (9.2) that J, ¢ € £ (), as claimed in (9.1). Combining this

loc

with the assumption |Dh|* € Z! (X), we have

/Q(\Dh\s +J;s?q) < o0,

where 2 € X, s > 2, and % 2> 725. We are now in a position to apply Theorem 1.5

for s in place of p and sp—q in place of q. Therefore,

h: X ooy y

is a homeomorphism. 0
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