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Abstract 
 

This paper reports fracture assessments of large-scale straight pipes and elbows of various pipe 
diameters and crack sizes.  The assessments estimate the load for ductile fracture initiation using the 
failure assessment diagram method.  Recent solutions in the literature for stress intensity factor and 
limit load provide the analysis inputs.  An assessment of constraint effects is also performed using 
recent solutions for elastic T-stress.  It is found that predictions of initiation load are close to the 
experimental values for straight pipes under pure bending.  For elbows, there is generally increased 
conservatism in the sense that the experimental loads are greater than those predicted.  The effects of 
constraint are found not to be a major contributor to the initiation fracture assessments but may have 
some influence on the ductile crack extension. 

 
Keywords: Pipe, elbow, crack, failure assessment diagram, fracture 
 
1 Introduction 
 
In a wide range of industries, the structural integrity assessment of piping components containing 
defects is required to demonstrate safe and reliable operation. For example, leak-before-break (LBB) 
assessments of primary piping systems of some nuclear power plant assume the presence of cracks and 
demonstrate that such cracks lead to detectable leakage before pipe burst. There have been many 
studies addressing the defect tolerance of piping components, some addressing the influence of defects 
on the collapse load, others addressing fracture using linear and non-linear fracture mechanics. This 
has led to the inclusion of procedures for assessment of piping components within more general 
fracture assessment approaches such as R6 [1], BS7910 [2], API 579 [3], RSE-M [4] and others. 
 
Large-scale experimental validation of the methods for assessment of piping components is available.  
For example, recently Zhu and Leis [5] examined the burst pressure prediction of over 100 uncracked 
pipes while Bedairi et al. [6] examined the influence of corrosion defects on fracture.  Another study 
involved a large number of large-scale tests on straight pipes and elbows of various pipe sizes and 
crack configurations subjected to different loading conditions, as summarised by Chattopadhyay et al. 
[7, 8] and assessed recently in [9].  
 
Although analyses of pipes and elbows have been available for some years, the major closed form 
inputs into fitness-for-service assessments, such as limit load and stress intensity factor solutions for 
pipes and elbows, are still being improved. The limit load solution for defective pipes, despite decades 
of research, are still being refined. For example, solutions have recently been developed for thick-
walled cylinders with circumferential surface defects under any combination of axial force, global 
bending moment and internal pressure [10, 11].  
 
The pipe geometry is relatively simple and can be solved semi-analytically. However, the elbow 
geometry brings additional challenges. For instance, there is a lack of accurate solutions for elastic 
stress distributions in defect-free elbows loaded by internal pressure or in-plane bending moment and 
research is being continued in this area [12, 13]. Usually the elbow cross-section is considered to be 
circular with uniform wall thickness. In practice, according to [14, 15, 16, 17] the elbow cross-section 
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both elastic solutions and the collapse load. However, recently it has been shown that for some cracked 
pipe bends, an estimate of J for non-uniform section thickness can be made using the average thickness 
[18].  Therefore, the geometry of the components analysed in this study has been considered with no 
geometrical deviations. 
  
Limit load solutions in this paper are based on an elastic-perfectly plastic material assumption. Limit 
loads for component may be obtained from an equilibrium stress distribution which satisfies the 
chosen yield criterion. Various yield criteria, such as Tresca, von Mises and twin shear stress can be 
employed. Attempts to include material hardening properties into limit load solutions have also started 
to appear in the literature [19]. However, the influence of chosen yield criterion is more significant 
then strain hardening exponent. Therefore, as can be seen from the review [20], the limit load solution 
is presented as a function of component and crack geometry only. 
 

 

This paper revisits the experimental data on large-scale piping components of Chattopadhyay et al. [7, 
8].  Although these data have been assessed using a number of fracture mechanics approaches as 
discussed in [9], recently there have been developments in both stress intensity factor, T-stress and 
limit load solutions for defective straight pipes and elbows [21-27].  This paper therefore uses these 
up-to-date solutions in conjunction with selected data from [7, 8] to examine the accuracy of codified 
fracture assessment procedures.  First, Section 2 briefly summarises the experimental data, both from 
large-scale tests and related small-scale materials tests.  Then, Section 3 presents the analytical inputs 
to be used in the fracture assessments of Section 4.  Section 5 discusses the results before conclusions 
of the study are given in Section 6. 
 
2 Summary of Experimental Data 
 
2.1 Materials data from small-scale tests 
 
Materials data have been obtained from standard tensile tests and compact tension (CT) and three-
point bend (TPB) specimens for the SA 333 Grade 6 carbon steel used in the pipe and elbow tests.  
Results are presented in Table 1; the tensile and fracture toughness data depend on the diameter of the 
pipe used. Initiation fracture toughness values were obtained using stretch zone width (SZW) 
measurements at a crack growth of a∆ =0.2mm.  For the larger diameter pipes, fracture toughness data, 
as measured on both CT and TPB specimens, showed some variability as indicated in Table 1.  The 
lower values in bold in the table are used for the baseline fracture assessments of the large-scale 
component tests which are described next. 
 

Table 1. Properies of SA 333 Grade 6 steel as a function of pipe diameter 
 

Outer diameter 0D , mm 219 406 460 610 
Young’s modulus, E , GPa 203 203 203 203 

Poisson’s ratio, ν  0.3 0.3 0.3 0.3 
Yield stress, yσ , MPa 288 312 302 323 

Ultimate tensile stress, uσ , 

MPa 

420 459 517 496 

Initiation fracture toughness, 

2.0J , N/mm 
(measured at a SZW of 

0.2mm) 
 

220 
(TPB 

a/W=0.51) 

236 
(TPB 

a/W=0.2) 

253 (CT 
a/W=0.45) 
349 (TPB 

a/W=0.54 ) 

228 (TPB 
a/W=0.26) 
375 (CT 

a/W=0.56) 
351 (TPB 
a/W=0.62) 
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2.2.1 Circumferentially through-wall cracked pipes 
 
Fracture tests were carried out on cracked pipes and elbows under quasi-static monotonic loading. In 
total 45 tests consisting of 27 pipes of various sizes (200–400mm diameter) with surface and through-
wall circumferential cracks of various angles (30–150°), and 18 elbows of various sizes (200–400 mm 
pipe diameter) with through-wall cracks of various angles (60–120°), locations 
(extrados/intrados/crown) and configurations (circumferential/axial) were loaded under in-plane 
bending.  Additional tests also addressed combined bending and pressure.  Of these tests, results for 
eight straight pipes and 13 elbows are used here for validation of the newly developed equations in 
[21-25]. More details of the tests are described in [7, 8].  
 
Six pipes of SA333 Grade 6 steel were tested under static four-point bending as shown schematically 
in Figure 1. These 6 pipes denoted as SPBMTWC (Table 2) were fatigue pre-cracked. Two tests 
denoted as PRSPTWC8 (Table 2) were conducted under combined four-point bending and internal 
pressure, with the pressure applied first and then cracks sealed to ensure the pressure was maintained 
as the bending load was increased. These two pipes were not fatigue pre-cracked and had V-shape 
notches. Values of the total load applied to the pipes, the load-line displacement and crack 
length/growth were recorded during each test.  The experimental load-displacement curves are shown 
in Figure 2.  On each curve, the point of crack initiation is identified as the load at a ductile crack 
growth of 0.2mm, consistent with the fracture toughness data listed in Table 1. 
 

 
Fig. 1 (a) Loading configuration for the pipe tests, where Outer Span (OS) is distance between the supports and Inner Span 

(IS) is distance between the loading points; (b) Cross sectional view of a pipe with a through-wall crack 
 

 
The geometries of the cracked pipes in terms of the outer diameter, 0D , thickness, t , mean radius, mR

, and total crack angle of the circumferential cracks, θ2 , are given in Table 2.  Measurements of the 
inner (IS) and outer span (OS) dimensions and the experimental initiation loads, ex

2.0P , determined at a 

crack extension of 0.2mm as shown in Figure 2, are also presented in Table 2.  
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Fig. 2 Experimental load-line displacement (LLD) curves versus applied load, P, for each of the straight pipe tests, 

including the identified crack initiation points 
 

Table 2. Dimensions of large-scale pipe tests and experimental values of initiation load at crack 
growth of 0.2mm 

 
 
 

Test 
Number 

 
 

Loading 
type 

 
 

Outer 
Diameter 

0D , mm 

 
 

Thickness 
t , mm 

 
 

t
Rm  

Outer 
Span 
OS, 
mm 

Inner 
Span 
IS, 
mm 

 
Total 
crack 
angle 

θ2  

 
 

π
θ

 

Experimental 
initiation 

load 
ex
2.0P  , kN 

( a∆
=0.2mm) 

SPBMTWC8-1  
 
 

Four-
Point 
Bend 

219 15.15 6.73 4000 1480 65.6° 0.18 199.1 
SPBMTWC8-2 219 15.10 6.75 4000 1480 93.9° 0.26 155.9 
SPBMTWC8-3 219 15.29 6.66 4000 1480 126.4° 0.35 122.2 
SPBMTWC16-

1 406 32.38 5.77 5820 1480 96.0° 0.27 529.2 

SPBMTWC16-
2 406 32.15 5.81 5820 1480 126.3° 0.35 399.3 

SPBMTWC16-
3 406 32.36 

5.77 
 

5820 1480 157.8° 0.44 288.4 

PRSPTWC8-1 Four-
Point 
Bend 

+ 
internal 
pressure 

219 18.2 5.52 3374 990 90.52° 0.25 240.8 

PRSPTWC8-3 219 18.5 5.42 3480 990 152.8° 0.42 100.3 

 
 
2.2.2 Circumferentially through-wall cracked elbows 
 
Thirteen 90 degree elbows of SA333 Grade 6 steel with circumferential through-wall cracks, either at 
the intrados or extrados, were tested by applying static in-plane bending moment. The elbows which 
were cracked at the extrados were tested under closing mode and those cracked at the intrados were 
tested under opening mode.  Straight pipes were welded to each side of an elbow and to flanges, bolted 
to circular plates, for connection to the loading.  Fig. 3 is a schematic of an elbow test set up. 
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Fig. 3 Loading configuration of an elbow, under in plane bending moment: a) crack at extrados – closing mode, b) 

crack at intrados – opening mode; c) test set up 

 
 
Table 3. Dimensions of elbows and experimental values of initiation load at crack growth of 
0.2mm 
 

 
 

Test 
Number 

 
Outer 

Diameter 

0D , mm 

 
 

Thickness 
t , mm 

 
 

t
Rm  

 
 

λ  

 
Bend 

Radius 

bR , 

mm 

Moment 
Arm 

length 
L , 

mm 

 
Total 
crack 
angle 

θ2  

 
 

π
θ

 

Experimental 
initiation 

load 
ex
2.0P  , kN 

a∆ =0.2mm 
ELTWIN8-1 219 19.1 5.23 0.40 207 825.72 94.96° 0.26 113.0 
ELTWIN8-2 219 18.8 5.32 0.39 207 825.72 125.16° 0.35 89.7 
ELTWIN16-1 406 36.43 5.07 0.65 609 840.22 95.89° 0.27 647.6 
ELTWIN16-2 406 36.85 5.01 0.66 609 840.22 122.79° 0.34 594.3 

ELTWCIN18-2 460 52.2 3.91 0.86 685.5 1240 119.6° 0.33 1117.6 
ELTWCIN18-1 460 51.1 4.00 0.84 685.5 1210 151.9° 0.42 668.0 
ELTWCIN24-3 610 39.7 7.18 0.45 915 1150 118.3° 0.33 1321.3 
ELTWEX8-4 219 19.3 5.17 0.40 207 825.72 98.24° 0.27 125.0 
ELTWEX16-3 406 35.06 5.29 0.62 609 840.22 64.85° 0.18 1382.1 
ELTWEX16-4 406 35.7 5.19 0.63 609 840.22 94.11° 0.26 1004.2 
ELTWEX16-5 406 37.6 4.90 0.67 609 840.22 124° 0.34 748.4 

ELTWCEXC24-
2 

610 39.9 7.14 0.45 915 1120 119.3° 0.33 1824.7 

ELTWCEXC24-
1 

610 40.6 7.01 0.46 915 1120 148.4° 0.41 1411.2 

 
 
The geometric properties of the elbows are given in Table 3 and are similar to those of the straight 
pipes but additionally include the bend radius, bR  and the elbow factor, λ , defined by  

 
2
mb R/tR=λ        (1) 

 
Where the test number contains “IN”, the elbows were cracked at the intrados and elbows cracked at 
the extrados have test numbers which contain “EX”.  It is important to note that the 18 and 24 inch 
elbows from Table 3 were not fatigue pre-cracked and had V-shape notches. The experimental loading 
arrangement is given in terms of the moment arm length, L , shown in Figure 3. Values of crack 
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displacement curves shown in Figures 4 and 5 for opening and closing bending modes, respectively. 
 

 
Fig. 4 Experimental load-line displacement (LLD) curves versus applied load, P, for each of the elbow tests under opening 

mode, including the identified crack initiation points 
 
 

 
Fig.5 Experimental load-line displacement (LLD) curves versus applied load, P, for each of the elbow tests under closing 

mode, including the identified crack initiation points 
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3.1 Stress Intensity Factor Solutions   
 
3.1.1 Stress intensity factor solutions for circumferentially through-wall cracked pipes under in-
plane bending moment and internal pressure 
 
In order to apply failure assessment diagram methods to the cracked pipes, it is necessary to evaluate 
the stress intensity factor, IK . The following solution for bending moment [1, 28] was used: 
 

aFK bbIb πσ=    (2) 

 
where the bending stress, bσ , is defined in terms of the bending moment bM  as 

 
[ ]tR/M 2

mbb π=σ    (3) 

 
The correction function, bF , in equation (2) is 

 





















π
θ+









π
θ+=

24.45.1

b 6422.25967.4A1F      for   55.00 ≤
π
θ<   (4) 

 
where 

( )[ ] 25.0
m 25.0t/R125.0A −=      for   10t/R5 m ≤≤    (5) 

 
The stress intensity factor solution for internal pressure is given in terms of the corresponding axial 
stress 
 
 

( )
p

tR2
2/tR

m

2
m

t

−=σ       (6) 

 as [1, 15]: 
 

aFK ttIt πσ=       (7) 

 
where the correction function, tF , in equation (7) is 

 





















π
θ+









π
θ+=

24.45.1

t 773.183303.5A1F      for   55.00 ≤
π
θ<    (8) 

 
where A  is again given by equation (5). 
 
For each pipe the values of the ratios t/Rm  and πθ /

 
are included in Table 2.  All the pipes tested are 

within the validity limits on t/Rm  and πθ /  in eqns (4, 5, 8). 
 
3.1.2 Stress intensity factor solutions for circumferentially through-wall cracked elbows under 
in-plane bending moment 
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been used: 
 

aFK bbIb πσ=       (9) 

 
where the bending stress, bσ , is again given by equation (3).  Values for the correction function bF  are 

presented in tabular form in [21] for particular elbow sizes as functions of t/Rm , mb R/R  and πθ / .  

The solutions for bF  which cover the range of elbows tested are presented in Tables 4 and 5, as 

functions of the ratios t/Rm , πθ/  and mb R/R , the first two of which are included in Table 3 for each 

elbow, and  t/RR/R mmb λ=  can be deduced from Table 3.  Values are only given for solutions 

where the crack fully opens (see [21]).  The values of t/Rm , πθ /  and mb R/R  in Tables 4 and 5 

cover the full range of elbows tested. 
 
Table 4.  Values of the function Fb for a crack at the centre of the elbow extrados - closing mode 
 

t/Rm  mb R/R  
πθ /  

0.1 0.2 0.3 0.5 
 
3 

2 0.609 0.856 1.189 2.176 
3 0.751 0.978 1.280 2.219 
4 0.846 1.057 1.336 2.239 

 
5 

2 0.374 0.722 1.231 2.601 
3 0.570 0.901 1.347 2.541 
4 0.727 1.036 1.429 2.512 

 
10 

2 - - 1.119 3.509 
3 - 0.505 1.322 3.287 
4 0.273 0.749 1.481 3.131 

 
 
 
Table 5.  Values of the function Fb for a crack at the centre of the elbow intrados - opening mode 

 

t/Rm  mb R/R  
πθ /  

0.1 0.2 0.3 0.5 
 
3 

2 1.037 1.335 1.706 2.726 
3 1.072 1.305 1.616 2.593 
4 1.076 1.275 1.558 2.517 

 
5 

2 0.765 1.257 1.884 3.313 
3 0.892 1.288 1.783 3.068 
4 0.964 1.281 1.703 2.918 

 
10 

2 - 0.792 2.02 4.625 
3 0.359 0.993 1.996 4.193 
4 0.510 1.099 1.930 3.896 

 
 
 
3.2 Limit Load Solutions   
 
3.2.1 Limit load solutions for circumferentially through-wall cracked pipes under combined 
four-point bending and internal pressure 
 
For combined bending moment and internal pressure, a limit load is given by Lei et al [24] and the 
limit moment, LM , depends on the limit pressure, Lp , according to the following: 
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m121y

2
mL R/t12/11R/t12/11sinAsinAAtR2M −−+θ−β−σ=   (10) 

 
where 
 

( )( )[ ]

( )( )[ ]

( )[ ] ( )( )[ ]

( )[ ] ( )( )[ ] 2
p

4
mpm1

2
p

4
mpm1

2
m

y

mL
p

1

2
mp

21

1

n3R/t12/11nR/t1A

n3R/t12/11nR/t1A

R/t12/11
t2
Rp

n

A

R/t12/11n
1

AA
A

−−−−=

−−+−=

−
σ

=











 −
−

π
θ−

−
π=β

    (11) 

 
where the solution must satisfy π≤θ+β  (which it does for the cases examined here) and the ratio of 
the limit moment and limit pressure must equal the ratio of applied moment and pressure, i.e. 
 
 

LL p/pM/M =       (12) 
 

Note that although the pipes were loaded under constant pressure followed by increasing bending 
moment, the value of the limit load parameter, Lr of eqn (13) below, corresponding to the experimental 
load at crack initiation, is evaluated from values of bending moment and pressure which satisfy eqn 
(12) so that  

LLr p/pM/ML ==        (13) 
 

This can require iteration to solve eqns (10) and (11).  Similarly, the evaluation of predicted initiation 
moment can require iteration so that equation (13) is satisfied with p=10MPa.  For the majority of 
cases in Table 2 where p=0, the solution simplifies to 
 

( ) ( )[ ] ( )( )[ ]2
my

2
mL R/t12/11sin2/12/costR4M +θ−θσ=    (14) 

 
 
3.2.2 Limit load solutions for circumferentially through-wall cracked elbows under in-plane 
bending 
 
3.2.2.1 Closing mode 
 
The limit moment for a defective pipe bend is taken as the product of the limit moment for an un-
cracked elbow LuM and a weakening factor Χ : 

 
Χ= LuL MM        (15) 

 
 
The solution for a defect free elbow under closing moment was recently developed in [22]: 
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22.0

1

1     for                  
22.0

1

M
M

1

313.1

1

)R/R(12.0028.1

p
L

Lu
mb

   (16) 

 
where p

LM  is the limit moment for the uncracked straight pipe: 
 

y
2
m

p
L tR4M σ=        (17) 

 
and λ  is the elbow factor defined in eqn (1). 
 
The weakening factor due to the presence of the crack is [23]: 
 









≤πθ≤πθ−

<πθ≤πθ−
<πθ≤

=Χ

0.1/5.0    for                     )/1(12.3

5.0/21.0   for                   )/(1.244.1

21.0/0       for                                       0.1

3

   (18) 

 
 

The values of the ratio πθ /  and  λ  are included in Table 3 for each elbow tested. 
 
3.2.2.2 Opening mode 
 
The limit moment solution for a defective pipe bend is again taken as the product of the solution for an 
un-cracked elbow LuM and a weakening factor Χ  as in eqn (15).  The solution for a defect free elbow 

under opening moment was again recently developed in [22] as: 
 

0.11.0        for            )ln(2502.08908.0M/M p
LLu ≤λ≤λ+=   (19) 

 
where the uncracked straight pipe limit moment is again given by eqn (17).  The weakening factor due 
to the presence of the crack in this case is [29]: 
 

41.0/125.0   for                   )/(8108.1127.1 <πθ≤πθ−=Χ   (20) 
 

3.3 Constraint parameter solutions for straight pipes 
 
In order to assess whether loss of constraint is relevant to the pipe fracture assessments, values of the 
elastic T-stress were calculated following the solutions presented in [25].  There normalised T-stress 
solutions are given in the form: 
 

10
6

8
5

6
4

4
3

2
21 )/(C)/(C)/(C)/(C)/(CC/T πθ+πθ+πθ+πθ+πθ+=σ   (21) 

 
where the solutions are normalised by )tR/(M 2

mπ=σ  in bending and for pressure by )tR2/(P ma π=σ  

where Pa is the end load due to the pressure.  The coefficients )61i( Ci −=  in eqn (21) are functions 

of the radius to thickness ratio t/Rm  : 
 

2
m2im1i0ii )t/R((C)t/R(CCC ++=     (22) 

 
where the coefficients  Cij  are given in Table 6. 
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i Constraint Coefficient 

0iC  Ci1 2iC  

 
 

tension 

1 -0.9613 -0.0062 0.0003 
2 1.0457 0.8247 -0.0278 
3 33.671 -22.126 0.5365 
4 -210.6 120.23 -1.5892 
5 852.45 -322.72 0.2417 
6 -1272 351.17 3.9989 

 
 

bending 

1 -0.934 -0.01 0.0005 
2 4.3575 1.2671 -0.0451 
3 74.273 -35.312 0.9889 
4 -680.39 266.98 -6.3389 
5 2688.6 -957.82 20.135 
6 -3852.8 1325 -25.744 

 
 
4. Defect Assessment  
  
4.1 R6 Option 1 defect assessment procedure 
 
 
The failure assessment diagram (FAD) approach is used in R6 [1] and also in a number of other codes 
[2-3].  The FAD uses the parameters rL  and rK , which are defined for ductile initiation assessments 
by 
 

) ,a(M/ML y0Lbr σ=       (23) 

and 
)a(K/KK 0matIr =       (24) 

 
 
where 0a  is the initial crack size and )a(K 0mat  is the initiation fracture toughness. The initiation 

fracture toughness in the form of J-integral at 0.2mm crack growth, 2.0J , can be found in Table 1. The 

experimental initiation load is presented in Tables 2 and 7 for pipes and in Table 8 for elbows. For 
combined pressure and bending, IK  is the total stress intensity factor for the combined loading and 

rL  may be defined from eqn (23) or from the pressure ratio as in eqn (13).  The limit load, ML, for 
pipes is calculated using eqn (10) and for elbows using eqn (15). The stress intensity factor, KI, for 
pipes is calculated from eqns (2) and (7) and for elbows from eqn (9). The bending moment, Mb, for 
pipes and elbows is defined from the applied load: for pipes 2/)ISOS(PM b −= (see Table 2 and 

Fig.1), for elbows PLM b ⋅= (see Table 3 and Fig. 3 for L). Crack initiation is conceded when the 

values of rK  and rL  lie on the R6 Option 1 failure assessment curve 
 

)]L6.0exp(7.03.0[)L5.01(K 6
r

5.02
rr −++= −     (25) 

 
or reach the cut-off 
 

yuy
max
rr 2/)(LL σσ+σ==       (26) 

 
Material yield and ultimate stress values can be found from Table 1. 
 



M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT4.2 Defect assessment results for straight pipes 
 
For the 6 straight pipes under pure bending, the predicted initiation loads are compared with the 
experimental initiation loads in Table 7.  Also included in the table are the values of L r  and K r  at the 
predicted initiation loads.  Figure 6 shows the assessment points (L r , K r ) evaluated at the 
experimental initiation loads and the predicted initiation loads, plotted on the FAD.  Of course, the 
assessment points for the predicted loads lie on the failure assessment curve.  It can be seen that the 
predicted initiation loads are close to the experimental loads, with the percentage differences given in 
Table 7, and that ductile initiation occurs before plastic collapse. 
 
Table 7 also includes the predicted initiation loads for the two pipes tested under combined pressure 
and bending, with again assessment points (rL , K r ) evaluated at the experimental and predicted  
initiation loads, plotted on the FAD of Figure 6.  As noted, in Section 3.2.1, some iteration is needed to 
evaluate rL  for the applied ratio of pressure and bending.  It can be seen from Table 7 that the 
experimental initiation loads exceed the predicted values by about 30% and that ductile initiation 
occurs close to plastic collapse.  This is discussed further in Section 6, as are the normalised T-stress 
solutions which are given in Table 7.  
 
   

Table 7. Comparison of experimental and predicted initiation loads for pipes 
 

Test Number 

Experimental 
Initiation Load 

ex
2.0P  , kN 

Predicted Initiation 
Load 

P0.2
p  , kN 

Difference, % 

100
P

)PP(
ex
2.0

ex
2.0

p
2.0 −

 

Normalised 
T-stress at P0.2

ex, 
T /σy  

L r  rK  rL  rK  

SPBMTWC8-1 
199.1 186.6 

-6.3 -0.72 
1.0027 0.6779 0.9399 0.6353 

SPBMTWC8-2 
155.9 142.6 

-8.6 -0.58 
0.9830 0.7483 0.8986 0.6840 

SPBMTWC8-3 
122.2 104.7 

-14.3 -0.43 
1.0374 0.8106 0.8891 0.6946 

SPBMTWC16-1 
529.2 539.9 

2.0 -0.56 
0.7483 0.7951 0.7634 0.8110 

SPBMTWC16-2 
399.3 397.2 

-0.5 -0.39 
0.7586 0.8220 0.7546 0.8175 

SPBMTWC16-3 
288.4 289.6 

0.4 -0.17 
0.7857 0.7874 0.7892 0.7907 

PRSPTWC8-1 
240.8 173.6 

-27.9 -0.65 
1.2741 0.871 0.9458 0.6281 

PRSPTWC8-3 
100.3 79.1 

-21.2 -0.25 
1.2167 0.6846 1.0144 0.5397 
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Fig. 6 Circumferentially through-wall cracked pipes. Predicted and experimental initiation load points (∆a=0.2 mm) on 

FAD   
 
For the 6 through-wall cracked pipes under pure bending, initiation occurred before maximum load, as 
shown in Figure 2, and measurements of ductile crack extension as a function of load beyond initiation 
are available. These experimental crack growth versus load data have been converted to J-a∆  tearing 
resistance curves by assuming that the experimental points lie on the Option 1 R6 curve, similar to the 
points on the FAD in Figure 6.  However, in this case, this leads not to predicted loads but to predicted 
material J values. These predicted J values are plotted versus the experimental crack growth 
measurements in Fig. 7, where triangles represent the three 406 mm diameter pipes and circles 
represent the three 209 mm diameter pipes. It can be seen that that the circles and triangles form two 
separate areas, as illustrated by the dotted lines which bound the respective data.  These results are 
discussed in Section 6. 

 

 
Fig. 7 Predicted J-∆a resistance curves for the straight pipes under pure bending  
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4.3. Defect assessment results for elbows 
 
For the 13 elbows under opening and closing bending, the predicted ductile initiation loads are 
compared with the experimental initiation loads in Table 8.  Also included in the table are the values of 
L r  and K r  at the predicted initiation loads.  Figures 8 and 9 show the assessment points (L r , K r ) 
evaluated at the experimental and predicted initiation loads, plotted on the FAD.  It can be seen that 
the predicted initiation loads generally exceed the experimental loads, with the percentage differences 
given in Table 7, and that ductile initiation occurs before plastic collapse, although often close to 

1L r = .  The results are discussed further in Section 6. 
 

Table 8. Comparison of experimental and predicted initiation loads for elbows 
 

 
 

Test Number 

Experimental Initiation 
Load 

P0.2
ex , kN 

Predicted Initiation Load 

P0.2
p  , kN 

 
Difference, % 
(P0.2

p − P0.2
ex)

P0.2
ex 100 

L r  K r  L r  K r  

ELTWIN8-1 113.0 114.3 
1.1 

0.9344 0.6219 0.9451 0.6289 
ELTWIN8-2 89.7 80.4 -10.4 

0.9872 0.7808 0.8846 0.6995 
ELTWIN16-1 647.6 734.6 13.4 

0.6783 0.7110 0.7694 0.8065 
ELTWIN16-2 594.3 544.8 -8.3 

0.7781 0.9223 0.7133 0.8454 
ELTCWIN18-2 1117.6 691.6 -38.1 

1.1711 1.3546 0.7247 0.8381 
ELTCWIN18-1 668.0 482.2 -27.8 

1.0116 1.1565 0.7301 0.8345 
ELTCWIN24-3 1321.3 846.4 -35.9 

0.9448 1.4063 0.6052 0.9007 
ELTWEX8-4 125.0 140.4 12.3 

0.9184 0.4601 1.0316 0.5168 
ELTWEX16-3 1382.1 1209.3 -12.5 

1.0424 0.6864 0.9677 0.6005 
ELTWEX16-4 1004.2 927.8 -7.6 

0.8814 0.8326 0.8144 0.7692 
ELTWEX16-5 748.4 690.1 -7.8 

0.7642 0.9225 0.7047 0.8506 
ELTWCEX-C-24-2 1824.7 1106.2 -39.4 

1.1033 1.4367 0.6688 0.8709 
ELTWCEX-C-24-1 1411.2 767.4 -45.6 

1.0772 1.6705 0.5858 0.9084 
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Fig. 8 Circumferentially through-wall cracked elbows under opening mode. Predicted and experimental initiation load 

points (∆a=0.2 mm) on FAD 
 
 

 
Fig. 9 Circumferentially through-wall cracked elbows under closing mode. Predicted and experimental initiation load 

points (∆a=0.2 mm) on FAD  
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Although the elbow solutions in Sections 3.1.2 and 3.2.2 have been obtained from modern finite 
element analyses, these analyses were for pure bending.  In contrast, the loading in Figure 3 induces a 
combination of bending and tension or compression at the mid-section of the elbow, as a force is 
applied through the servo-hydraulic actuator.  Therefore, finite element (FE) simulations have been 
performed to assess the influence of the loading on the stress distribution at the mid-section of a 
defect-free elbow. Elastic FE analyses were performed using the commercial software ABAQUS. Two 
different loading cases were simulated: moment created by rotation and moment created by a 
concentrated force. In both cases, the geometry of the ELTWEX8-4 elbow without a defect was 
subjected to the same magnitude of in-plane closing bending moment, but applied in two different 
ways. 
 
In order to induce pure in-plane bending, rotation was applied to the ends of an elbow using the MPC 
(multi-point constraint) constraint type option within ABAQUS. The end surfaces of the elbow were 
constrained by one master node located in the middle of the cross section. Then rotation was applied to 
the master node. This constraint type allows rotation to be transferred from the master node via 
constrained slave surfaces to the elbow. The MPC option ensures that the rotated end surfaces remain 
straight during bending.  In order to reproduce the test conditions of Figure 3c, a concentrated force 
and pin-type constraint were used. The concentrated force was applied to the master point at the end of 
the elbow. The pin type constraint was applied to the master node at the other end of the elbow.   
 
The material was considered as isotropic elastic. The values of Young’s modulus and Poisson’s ratio 
were taken as 203 GPa and 0.3, respectively. 
 
 20-node quadratic brick elements with full integration (element type C3D20 within ABAQUS ) were 
used for both cases. A full model of the elbow was used. Fig. 10 shows the FE mesh of a quarter of the 
elbow. The model has four element layers through the thickness.  

 
Fig. 10 The mesh of quarter model 

 
In [13], mesh sensitivity analyses of an elbow subjected by in-plane bending moment have been 
reported. It was shown that the use of four layers of elements through the thickness is sufficient for 
elbow analysis. In the analyses reported here, the elbow cross-section was divided into 344 elements 
along the circumferential direction. 
  
The stress distribution at the mid-section of the elbow is presented in Fig. 11 and Fig. 12. In these 
figures the start of each curve corresponds to the extrados point. The position at any point around the 
mid-section is described by the angle φ. The stress values were taken from each of 345 nodes along the 
external perimeter of the cross-section. Fig. 11 shows the axial and Fig. 12 the circumferential stress 
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bending moment and that from a bending moment created by a concentrated force. Therefore, it is 
concluded that the closed form limit load and stress intensity factor solutions developed for pure 
bending (see sections 3.1.2, 3.2.2.1 and 3.2.2.2) are applicable to elbows loaded as shown in Fig. 3c.   
 
 

 
Fig. 11 Longitudinal stress distribution along external perimeter of elbow at mid-section 

 
 

 
Fig. 12 Circumferential stress distribution along external perimeter of elbow at mid-section 
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Consider, first, the six through-wall cracked straight pipes under pure bending (tests denoted 
SPBMTWC).  It can be seen from Table 7 and Figure 6 that the predicted loads for ductile initiation 
are generally close to the experimental values.  On average, the predicted initiation loads are a little 
under 5% less than the experimental initiation loads, although for one test the under-prediction is about 
15%.  The predictions are highly accurate for the pipes with outer diameter Do=406mm (tests denoted 
SPBMTWC16) and more conservative for the smaller diameter pipes (diameter Do=219mm, tests 
denoted SPBMTWC8).  There is no clear systematic effect of crack size.  As t/Rm  is similar for the 
two pipe diameters (see Table 2), the T-stress is predominantly a function of crack size (angle) and 
there is higher normalised constraint loss for smaller cracks (test SPBMTWC8-1 has the lowest value 
of πθ / , see Table 2).  There is no systematic effect of constraint loss on the ductile initiation load, 
consistent with the work of Hancock et al. [30] and others.   
 
A greater effect of constraint loss would, however, be expected on ductile tearing and maximum load 
assessments.  Although ductile tearing data are not available for the material of the six through-wall 
cracked straight pipes under pure bending, such data have been inferred in Section 4.2 by assuming 
that the R6 Option 1 curve is accurate and the results are shown in Figure 7.  It can be seen that there is 
a clear difference between the inferred tearing curves for the 209 mm diameter pipes and those for the 
406mm diameter pipes.  There are two possible reasons for this.  The first is that the resistance curve 
simply reflects the different materials of the two pipe diameters.  Although the tensile and initiation 
fracture toughness data in Table 1 show some differences, these are less than 10% whereas the J-
resistance values in Figure 7 differ by about a factor of 2 at larger crack extensions. This suggests that 
there may be greater constraint loss in the smaller diameter pipes than in the larger diameter pipes, 
leading to the higher resistance curves.  Although clear systematic trends are not shown by the T-stress 
solutions in Table 7 at the initiation loads, the absolute values for the 209mm diameter pipes are on 
average about 50% higher (i.e. T-stress values are more negative) than those for the 406mm diameter 
pipes.  This suggests that there is an influence of constraint loss on the ductile crack growth observed 
in the pipes, although this is the subject of ongoing study. 
 
Secondly, consider the two through-wall cracked straight pipes under combined pressure and bending 
(tests denoted PRSPTWC8).  Here the predicted initiation loads are about 30% below the experimental 
values for both tests (see Table 7 and Figure 6).  Indeed, ductile initiation in both tests occurs close to 
the plastic collapse load, as defined by the cut-off L r = L r

max .  It can be seen from Table 7 that the 
constraint loss in these tests is not significantly different from the tests in pure bending and therefore 
the increased experimental initiation loads can not be explained in terms of constraint loss. However, 
the cracks in these two tests were not fatigue pre-cracked under bending, as in the other tests 
considered above, and this is the most likely explanation for the increased ductile initiation loads in 
these tests.  
 
Next, consider the elbow tests with intrados cracks under opening mode bending (Table 8 and Figure 
8, tests denoted ELTWIN).  For the pipe diameters of 219mm and 406mm (denoted ELTWIN8 and 
ELTWIN16 directly comparable to the straight pipe tests), the experimental initiation loads are on 
average very close to the predicted initiation loads, although with increased scatter (about ±10% 
between predicted and experimental values).  For the elbows with larger pipe diameters of Do

=460mm, 610mm (denoted ELTWIN18 and ELTWIN24), the predicted initiation loads are 
significantly below the experimental initiation loads (by 28%-38%).  However, the larger diameter 
elbows were not fatigue pre-cracked and had V-shape notches and, as noted in Section 2.1, there is 
some uncertainty about the fracture toughness for these larger diameter pipes and the values of 
initiation fracture toughness, J0.2, can exceed the bold values in Table 1, used in the assessments, by 
40%-60%.  Had the higher values of initiation fracture toughness from Table 2 been used, then the 
values of K r  at the experimental initiation loads would have been reduced by 20%-30%.  Although the 
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would have been comparable to that for the smaller diameter pipes. 
 
Finally, consider the elbow tests with extrados cracks under closing mode bending (Table 8 and Figure 
9, tests denoted ELTWEX).  For these tests, the trends are very similar to those of the elbow tests 
under opening mode bending.  For the smaller pipe diameters (denoted ELTWEX8 and ELTWEX16), 
the experimental initiation loads are on average very close to the predicted initiation loads but 
predictions for the larger diameter elbows (denoted ELTWCEXC-24) are conservative by about 40%. 
 
As with the straight pipe tests under combined pressure and bending (PRSPTWC8), the larger 
diameter (D0= 460mm and 610mm) elbows were not fatigue pre-cracked. Instead, they were tested 
with fabricated notches. The explanation for the experimentally high loads for ductile initiation 
relative to the prediction is therefore also likely to be due to the sharpness of the initial defect. 
 
Recognising that there is some experimental uncertainty in detecting the initiation load in large-scale 
tests, it can be seen that where the fracture toughness is well known, the predicted initiation loads are 
on average close to the experimental initiation loads, with a tendency for some small conservatism and 
greater scatter in elbow tests than in straight pipes under bending.  At ductile initiation, there does not 
appear to be any systematic effect of constraint loss, as might be evidenced by an effect of crack size 
for example.  For larger diameter elbows there is some uncertainty about the appropriate value of 
fracture toughness and the use of a lower estimate leads to increased conservatism in assessments in 
these cases. It appears that there may be an influence of constraint loss on the ductile crack growth 
observed in the tests, although this is the subject of ongoing study. 
 
 
7 Conclusions 
 
This paper has presented assessments of the loads for ductile fracture initiation in 21 large-scale piping 
tests, consisting of 8 straight pipes and 13 elbows.  It has been shown that the use of modern solutions 
for stress intensity factor and limit load, recently presented in the literature, in conjunction with 
standard failure assessment diagram methods, leads to generally accurate assessments of the loads for 
ductile crack initiation, with a tendency for some small conservatism and greater scatter in elbow tests 
than in straight pipes under bending. Some limited analysis, suggests that constraint loss is not a major 
contributor to the initiation fracture assessments but may have some influence on the ductile crack 
extension. 
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HIGHLIGHTS 

 

• This paper presents assessments of the loads for ductile fracture initiation in 21 large-
scale piping tests, consisting of 8 straight pipes and 13 elbows. 

• It has been shown that the use of modern solutions for stress intensity factor and limit 
load, recently presented in the literature, in conjunction with standard failure 
assessment diagram methods, leads to generally accurate assessments of the loads for 
ductile crack initiation. 

• The effects of constraint are found not to be a major contributor to the initiation 
fracture assessments. 


