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Abstract

In their article [25], Wu-Chung Hsiang and Wu Yi Hsiang write on pages 224 and 231
the following.

"Due to the existence of natural linear actions on Fuclidean spaces, spheres and disks, it
1s quite fair to say that they are the best testing spaces in the study of differentiable transformation
groups (...) We share the prevailing conviction that the study of differentiable actions on these
best testing spaces is probably still the most important topic in transformation groups.”

The thesis concerns exotic smooth actions of finite groups on manifolds. We focus on
actions on spheres with one and two fixed points. The exoticism means that the actions are not
equivalent to linear ones. An important problem is, on one hand, exlcuding of the exotic actions,
and, on the other hand, the constructions of them. For two fixed point actions of a finite group
G on a sphere, we focus on these cases where the tangent spaces at the two fixed points have
non-isomorphic RG-module structures.

The first subject of our research are exclusions of smooth one fixed point actions of finite
groups on spheres. We develop a strategy of excluding of such actions on spheres of a given
dimension. The strategy relies on homological properties of the fixed point data and intersection
theory. We provide new algebraic conditions, sufficient to exclude one fixed point actions. We
present an algorithm which, by verifying the appropriate sufficient conditions (both described in
this thesis, and the conditions obtained earlier by Morimoto and Tamura [41] and Borowiecka
and the author [5,6]), allows us to exclude the actions in question. This algorithm, implemented
in GAP |23, provides new exclusion results.

This thesis is also concerned with two fixed point actions on spheres having non-isomorphic
RG-module structures on the tangent spaces at the fixed points, which are defined by differentia-
tion of the action. The question about the existence of such actions was raised by Smith [65] who
asked whether for a finite group G acting smoothly on a sphere with exactly two fixed points,
the RG-module structures induced on the tangent spaces at the two fixed points, are always iso-
morphic to each other. There is a conjecture of Laitinen [29] which predicts the negative answer
to the Smith question for groups satisfying certain algebraic conditions. Although not true in
general, the conjecture holds for many families of finite groups. Still, the Laitinen Conjecture
remains unsettled for various families of groups. Our main result of this part is indicating a new
infinite family of finite groups for which the Laitinen Conjecture holds.
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Abstrakt

W artykule |25, Wu-Chung Hsiang oraz Wu Yi Hsiang pisza na stronach 224 i 231 w
sposob nastepujacy.

»Ze wzgledu na istnienie naturalnych dzialan lintowych na przestrzeniach euklidesowych,
sferach i dyskach, mozna uczciwie powiedzieé, ze sq one najlepszymi przestrzeniami testowymi w
badaniu rézniczkowalnych grup przeksztateen (...) Podzielamy powszechne przekonanie, ze badanie
rozniczkowalnych dziatan na tych najlepszych przestrzeniach testowych jest prawdopodobnie ciggle
najwazniejszym zagadnieniem dotyczgcym grup przeksztatcen."

Praca dotyczy egzotycznych gtadkich dziatani grup skoriczonych na rozmaitosciach. Sku-
piamy sie na dziataniach na sferach z jednym, badZz dwoma punktami staltymi. Wspomniana
egzotyka oznacza, ze dzialania nie sa rownowazne z liniowymi. Waznym zagadnieniem jest, z
jednej strony, wykluczanie egzotycznych dzialari, a z drugiej ich konstrukcja. W przypadku dzi-
atani grupy skoriczonej G na sferze z dwoma punktami statymi, rozwazamy te przypadki, gdzie
przestrzenie styczne w punktach statych maja nieizomorficzne struktury RG-moduléw.

Pierwszym tematem naszych badan jest wykluczanie gladkich dziatari grup skonczonych
na sferach z jednym punktem statym. Podajemy strategie wykluczania dziatan z jednym punktem
stalym na sferach o zadanym wymiarze. Strategia ta polega na wykorzystaniu wtasnosci homo-
logicznych danych dotyczacych punktéw statych oraz uzycia teorii przecieé. Podajemy nowe alge-
braiczne warunki, wystarczajace do wykluczania dziatan z jednym punktem stalym. Przedstaw-
iamy algorytm, ktory, poprzez weryfikacje odpowiednich wystarczajacych warunkéow (opisanych
zar6wno w tej pracy, jak i warunkow uzyskanych wezesniej przez Morimoto i Tamure [41] oraz
Borowiecka i autora [5}(6]), pozwala nam wykluczy¢ rozwazane dziatania. Wspomniany algorytm,
zaimplementowany w jezyku GAP [23|, daje nowe wyniki wykluczajace.

Praca dotyczy rowniez dziatan z dwoma punktami statymi na sferach, dla ktoérych struk-
tury RG-moduléw na przestrzeniach stycznych w punktach statych zdefiniowane za pomoca
rozniczkowania dziatania nie sa ze soba izomorficzne. Pytanie dotyczace takich dziatan zostato
zadane przez Smitha [65], ktory zapytal, czy dla grupy skoriczonej G dzialajacej w sposob
gtadki na sferze z doktadnie dwoma punktami statymi, struktury RG-modutéw zaindukowane na
przestrzeniach stycznych w punktach stalych sa izomorficzne. Hipoteza Laitinena [29] sugeruje
negatywna odpowiedz na pytanie Smitha dla grup spetniajacych okreslone warunki algebraiczne.
Chociaz wspomniana hipoteza nie jest prawdziwa w petnej ogélnosci, zachodzi ona jednak dla sz-
eregu grup skoriczonych. Hipoteza Laitinena pozostaje nierozstrzygnieta dla r6znych rodzin grup.
Naszym gtéwnym wynikiem tej czesci rozprawy jest wskazanie nowej nieskoriczonej rodziny grup
skoriczonych, dla ktérych zachodzi hipoteza Laitinena.
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Chapter 1

Introduction

All groups occurring in the thesis are assumed to be finite. Since we deal mostly with
smooth actions, without mentioning it explicitly, we assume that manifolds and group actions
are smooth. If smoothness is not required, we note this explicitly. Throughout, unless stated
otherwise, by an R-homology sphere (R is the coefficient ring), we mean any closed manifold M
with the R-homology of a sphere. If R = Z, we skip the coefficient ring and say briefly that M
is a homology sphere. Analogously, a homotopy sphere is a closed manifold homotopy equivalent
to a sphere.

Let G be a group acting on a manifold M. We are interested in the cases when the fixed
point data of the action of G on M reveals some atypical properties. Our goal is to follow the
spirit of the following question.

Assume G can act on a manifold M with specific properties, and with fixed point data
satisfying some exotic conditions. What are the dimensions of manifolds M admitting actions of
G, which satisfy the exotic conditions?

In this work, we deal with answering the question above for one fixed point actions
on spheres. Apart from that, we consider also two fixed point actions of groups on spheres with
distinct local behaviour around the two fixed points. In this case, we focus mostly on the existence
of such actions, instead of indicating the dimensions of the spheres in question.

The groups admitting one fixed point actions on spheres are already characterized. The
characterization is a combined work of several mathematicians through years 1977 — 1998, in-
cluding Stein, Petrie, Laitinen, Morimoto, Oliver, and Pawatowski. Groups admitting one fixed
point actions on spheres are known to be Oliver groups. The notion of Oliver group (coined
by Laitinen and Morimoto) is recalled in [28]. According to Oliver [44], a finite group G has a
smooth fixed point free action on a disk if and only if G is an Oliver group. Similarly, by the
work of Laitinen and Morimoto [28|, a finite group G has a smooth one fixed point action on a
sphere if and only if GG is an Oliver group. This allows us to use each of the group action property
of G as the definition of an Oliver group.

The research on finding the dimensions of spheres which admit one fixed point actions
of Oliver groups is getting more and more advanced lately. One should mention the remarkable
result which is a combined work of Morimoto [35|, Furuta 22|, Buchdahl, Kwasik and Schultz [9].
This result states that if G acts with one fixed point on S™, then n > 6. Due to the work of
Bak, Katsushiro and Morimoto (see [3,/4,/42]), we can give the full classification of dimensions
admitting such an exoticism for G = As, the alternating group on five letters. It turns out that
As admits one fixed point actions on S™ whenever n > 6. There is also a result of Borowiecka |5]
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which excludes effective one fixed point actions of G on S® for G' = SL(2,5), the group of 2 x 2
matrices with entries in the field of 5 elements. The joint article of Borowiecka and the author [6]
generalizes the methods used in [5] and applies this generalization for more Oliver groups and
dimensions of spheres. In 2018, further exclusions were obtained by Morimoto and Tamura [41].
They showed that S5, the symmetric group on five letters, does not admit a one fixed point
actions on S™ whenever n € {7,8,9,13}. The analogous statement for SL(2,5) and n € {6,8,9}
was also shown in [41]. In this thesis, we extend these exclusion results to increase their efficiency.
We establish an algorithm for exclusion of one fixed point actions on spheres. This algorithm uses
essentially our three new results from this thesis. Suppose ¥ is a homology sphere with a group
G acting on it and, for H < G, denote by C'(H) the connected component of the fixed point set
Y containing X in the case the fixed point set £ is connected. Using these assumptions and
notations, we can present the announced results below — the details are described in chapter

Theorem 1.1. (cf. Theorem Suppose that Hy and Hy are non-Oliver subgroups of G which
generate G and suppose P is a prime power order subgroup of Hy N Hy. If there exists x € X¢
with dim T, (2F) = 0, then X is a two point set.

Theorem 1.2. (cf. Theorem Assume XY is connected. Suppose there exist subgroups Hy, Hy <
G with (Hy, Hy) = G such that the submanifold C(H;) is of positive dimension fori =1,2. More-
over, assume there is a p-subgroup P < Hy N Hy for some prime p such that

dim C'(H,) 4 dim C(H,) = dim ¥

Suppose further that at least one of the following conditions hold.

(1) P is of 2-power order.
(2) The orders of Hy and Hy are odd.

(3) P is normal in Hy and Ha, and the orders of Hy/P and Ha/P are odd.

Then ¢ cannot consist of a single point.

Theorem 1.3. (cf. Theorem [5.10) Assumme L& decomposes into the connected components
Ci,...,Cx. Suppose there exist subgroups Hi,Hs < G with (Hy1,Hs) = G such that for any
connected component Cj, j =1,...,k, the submanifold C;(H;) which is the connected component
of SHi containing Cj, is of positive dimension for i = 1,2. Moreover, assume there is a p-subgroup
P < Hy N Hy for some prime p such that for any j =1, ...k,

dim C;(Hy) + dim C;(Hy) = dim %
Suppose further that at least one of the following conditions hold.

(1) P is of order which is a power of 2.
(2) The orders of Hy and Hy are odd.
(3) P is normal in Hy and Ha, and the orders of Hy/P and Ha/P are odd.
Then ¢ cannot consist of odd number of points.
In chapter , also, using the GAP software 23|, we present new results obtained from

the application of the exclusion algorithm. As a corollary from these exclusion results we can
formulate the following.
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Theorem 1.4. (cf. Theorem [5.29) An Oliver group G cannot act on S™ with exactly one fized
point, provided:

en==06 andGE{C’ng4,Cg X Sy, 53 X Ay, Cs NF7},

e n="7and G € {C3 x S4,S3 x Ay, S5,C5 x Fr},

n =38 and G € {C3 x Sy, S3 x Ay,Cs x Sy, S5,Cs x Fr},

n=9 and G € {S5,Cs x Fr},

e n =10 and G € {C3 x Sy, S5 x Ay}.

The question concerning two fixed point actions on spheres mentioned at the beginning
was firstly posed by Smith in 1960 [65, pp. 406, the footnote|. He asked whether for a group
G acting on a sphere with exactly two fixed points, the RG-module structures at the tangent
spaces at the two fixed points (defined by the differentiation of the action) are always isomorphic.
The Smith question can be exhaustively answered once we know the so called Smith set of G,
defined for actions on (homotopy) spheres. Then, the answer to the Smith question for G depends
only on the triviality of Sm(G), the Smith set of G — this answer is affirmative if and only if
Sm(G) = 0. A lot of interesting results concerning the structure of the Smith sets were obtained
during the last 10 years. In favorable cases, we can show that the list of dimensions of spheres
admitting exotic actions in the Smith question is finite. Our main result on the Smith question
concerns a conjecture of Laitinen which predicts circumstances under which the answer to the
Smith question is negative. This conjecture remains still unsettled for the so called special Oliver
groups. We indicate a new infinite family of special Oliver groups for which this conjecture holds.
The groups (denoted in this thesis by Gy 4) are certain semidirect products of cyclic groups of
order ¢ and dihedral groups of order 2pq for certain primes p and ¢. The main result can be
stated as follows (for the precise statement of the Laitinen Conjecture, as well, as for the concept
of being P-matched and Smith equivalent, and the definition of the Laitinen number, A(G), we
refer the reader to chapter [7)).

Theorem 1.5. (cf. Theorem For any two odd primes p and q such that q|(p — 1), Gpq is
a special Oliver group with N(Gpq4) > 2, possessing pairs of non-isomorphic P-matched Smith
equivalent RG,, ,-modules.

The contents is organized as follows. In the first part, we setup the necessary theoretical
background for understanding the most important results presented here. In the second chapter
(the first one is the Introduction), we present the exposition of representation and intersection
theories needed for our purposes. The first section is a collection of notions from representation
theory. We cite here the result which states, for a given group G, that F'G-modules are determined
by their characters if F' is the field of characteristic zero. Also, we indicate how to read off the
characters of real irreducible representations from complex ones. Further, we cover the necessary
ideas from intersection theory. This includes intersection product and intersection number. We
conclude this section with a helpful relation between these two ideas. In the third chapter, we
recall concepts concerning group actions on manifolds and point out several useful properties of
these actions. The first section contains basic notions on this topic. We recall that fixed point sets
of group actions on manifolds are their submanifolds. Next, we look closer at tangent spaces at
fixed points. Using the actions by differentiation, the spaces can be equipped with group module
structures, linking the world of group actions on manifolds with representation theory. We state
the Slice Theorem [2] which asserts in particular that, if G acts on M with fixed point p € M,
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then there exists a G-invariant open neighborhood of p which is G-equivariantly diffeomorphic
to T,M. Then, we look at linear actions on disks and spheres. We recall their properties in
the context of atypical actions studied here. In a separate section, we recall the result of Smith
concerning homological structure of fixed point sets for p-groups. The last section of the third
chapter introduces the Riemannian structure on manifolds and uses it to prove that if a G-action
on a manifold M with a fixed point p is effective, then the G-action on T}, M determined by its
RG-module structure, becomes effective as well.

The second part of the thesis deals with studying the dimensions of spheres admitting
one fixed point actions of groups. The first chapter is a survey on groups admitting one fixed
actions on spheres. In the first section, we present an algebraic characterization of Oliver groups
and show examples of classes of groups which have this property. Next, we say some words about
the history of answering of the question which groups admit one fixed point actions on spheres.
We mention here the final result on this problem that a group G admits such an action if and
only if G is an Oliver group. In the second part of this section, we give an overview of the results
on dimensions of spheres admitting such exoticism for several Oliver groups. In the next chapter,
we present a strategy of excluding of one fixed point actions on spheres. We present here an
algorithm for excluding of one fixed point actions for a given Oliver group G and dimension
n > 0. The algorithm uses three types of conditions sufficient for nonexistence of one fixed point
actions on spheres. The first one comes from the study of the Euler characteristic of fixed point
sets for certain subgroups. This restriction becomes effective, once we assume that particular
fixed point sets are finite. In the next section, we formulate the second restriction condition. It
utilizes the link between intersection form and the intersection number mentioned in the first
part of the thesis. The third restriction is the generalization of results obtained by Morimoto
and Tamura [41] for the cases of the symmetric and alternating groups on five letters, and the
group SL(2,5). This restriction is essentially based on examination of subgroups of index two.
In the another section, we focus on the additional restriction, once we assume that the action
is effective. We use here the result that, in such a case, the tangent space at the fixed point is
a faithful group module. We collect the restrictions to derive an algorithm for excluding of one
fixed point actions on spheres. Finally, in a separate section, we present new results. By applying
of the already mentioned exclusion algorithm, we show how to exclude one fixed point actions of
Oliver groups on spheres of certain dimensions.

The last part of this thesis concerns the Smith question. In the first chapter, we provide
the reader with an overview of the most important results concerning answering this question.
We mention here classes of groups for which the answer to the Smith question is affirmative
(respectively negative). We give here also definitions of algebraic concepts related to Smith
sets. These ideas include, among others, the primary group and the reduced primary group. In
favorable cases of groups, the reduced primary group turns out to be the subset of the Smith set,
or even more, turns out to be equal to the Smith set. This allows us to establish lower bounds
for the dimensions of spheres admitting exotic actions, as described in the Smith question. On
the other hand, if we take for example G = Can, the cyclic group of order 2" (which is a group
providing a negative to the Smith question), then the result of Bredon |7, Theorem II| states that
there exists an integer Br(n) > 0 such that for all £ > Br(n), there does not exist an exotic action
on S*, as in the Smith question. This shows how the discussed answers may differ and that they
depend strongly on the acting group structure itself. The last chapter contains the main results
of this part of the thesis. We present here our latest result on the Laitinen Conjecture which
predicts negative answer to the Smith question for Oliver groups satisfying certain algebraic
properties. We indicate a new family of Oliver groups satisfying this conjecture (cf. Theorem
and Theorem . We also refer the reader to our article containing these results [32].
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The Framework






Chapter 2

Preliminaries

In this chapter we collect results on representation theory of groups and intersection
theory. We describe how to determine the real irreducible representations from complex ones. We
remind the formula for fixed point dimensions and the characters of the induced representations.
The main result from intersection theory mentioned here is the equality between the intersection
number of two submanifolds (which is defined in a geometric manner) and the intersection
product of cohomology classes determined by such submanifolds.

2.1 Representation theory

Here we recall some classical results from representation theory which will be useful for
our purposes. In the first part, we present how characters determine representations for fields of
characteristic zero. Then, we show, how to read off real irreducible group modules from complex
ones.

Throughout this section, unless stated otherwise, let G be a group and F a field.

2.1.1 Characters over fields of characteristic zero

A very useful invariant of F'G-modules constitute their characters. We recall here the
proof of the theorem, that if F'is of characteristic zero, then the characters determine F'G-modules
up to isomorphism. The proof of this fact can be found in classical books from representation
theory, see for example |15]. Nevertheless, we present it here as well.

Let us remind the necessary facts for the proof of the theorem. First of them is the
theorem of Maschke, see [27, 8.1. Theorem| — the version presented there assumes F' = R, C but
the theorem works in a slightly more general version for fields of characteristic not dividing the
group order.

Theorem 2.1. Assume F is of characteristic not dividing |G|. Let V' be an FG-module and U
its submodule. Then, there exists a submodule W <V such that V =U & W.

The proof remains the same, since the only point where the assumption about F' comes
into play is the fact that ‘—Cl;' > gequ =u for any u € U (if we didn’t assume this, then char(F")
could divide |G| and, in such a case the sum on the left hand side would cancel out). In particular,
we get the following corollary from the theorem of Maschke,
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Corollary 2.2. Let F be a field of characteristic zero and let V' be an FG-module. Then, we
can express V' as the direct sum of irreducible F'G-modules in the following way, which is unique
up to isomorphism of FG-modules,

VauVide.. dapVy,

where Vi, ..., Vi are irreducible FG-modules, aq, ..., ar are non-negative integers and mW denotes
the m-fold direct sum of an FG-module W.

Now, let us denote by gi,...,gx € G the representatives of all the distinct conjugacy
classes of GG. Let

Xy = (¢ (91)s X1 (k)5 - X = (X (91)5 5 X, (9K))s

that is x1, ..., xx are the vectors given by the characters of irreducible representations of G over
F (we identify the characters with the vector of their values on conjugacy classes). Then, the
folllowing holds.

Theorem 2.3. [15, (30.12) Theorem| If char(F) = 0, then the vectors xy,...,Xx,, are linearly
independent in F*,

As a corollary from the above theorem, we get the desired result that characters determine
FG-modules. It is obvious from the definitions of characters that they are additive with respect
to direct sums.

Corollary 2.4. |15, (30.14) Corollary| Let U and V be two FG-modules, where F' has charac-
teristic zero. Denote by x; and x,, the characters of U and V' respectively. Then

U=V e xy =Xy

The assumption concerning the characteristic of F' cannot be omitted. It can be illustrated
with the following example.

Example 2.5. Let F' = [F, = (a), the field on p letters for some prime p. Consider the
representations p and 7 given by p(a) = I(mp) and 7(a) = I(np), where m # n € Z4 and
I(k) denotes the k x k identity matrix. Obviously, p and 7 are not equivalent and define thus
non-isomorphic FG-modules. On the other hand, their traces are equal to zero, since we are in
characteristic p.

2.1.2 Determining real irreducible representations from complex ones

By the previous subsection, we know that, for F' with char(F) = 0, FG-modules can
be determined up to isomorphism by their characters. Therefore, instead of describing explicitly
of irreducible real representations of G, it is sufficient for us to consider their characters. Here
we recall, how to compute the characters of irreducible RG-modules, once the irreducible CG-
modules are known. This is of great importance for us, since we have to work just with RG-
modules.

Let V be an irreducible CG-module with character x. There are three mutually exclusive

possibilities (see |61, Proposition 38]).

(1) There is no nonzero invariant bilinear form on V. In this case x(g) is not real for some g € G.
Moreover, the character 2 Re(x) = x + X is the character of an irreducible RG-module.



2. Preliminaries

(2) There is a nonzero symmetric invariant bilinear form on V. Then x is realizable over R, that
is, the RG-module V' is isomorphic (as CG-module) to some RG-module.

(3) There exists a nonzero skew-symmetric invariant bilinear form on V' — in such a case, y is
real but not realizable over R and 2y is the character of some irreducible RG-module.

Furthermore, every irreducible RG-module can be obtained in one of the three ways described
above, see |61, pp. 108|.

It turns out that for the determination of irreducible RG-modules, the concept of Frobenius-
Schur indicator is very useful. It is defined below.

Definition 2.6. [61] The Frobenius-Schur indicator of a CG-module V' with character x is
defined to be
1
‘00 = g7 > x(g?).

geG

For irreducible CG-modules, the Frobenius-Schur indicator can take one of the three values: 0,
1 or —1, see |61, pp. 109, Proposition 39|. The following theorem allows us to deduce existence
of appropriate bilinear forms on irreducible CG-modules with the help of the Frobenius-Schur
indicator.

Theorem 2.7. [27, 23.16 Theorem| Let V' be an irreducible CG-module with character x. Then,
the following statements hold.

(1) «(x) = 0 if and only if there is no nonzero invariant bilinear form on V,
(2) u(x) =1 if and only if there exists a nonzero symmetric bilinear form on V,

(3) t(x) = —1 if and only if there is a nonzero skew-symmetric bilinear form on V.

Thus, we may determine characters of irreducible RG-modules from complex ones as
follows. We look at all irreducible complex characters y and compute their Frobenius-Schur
indicators ¢(x). These indicators contain information about which one of the characters from
X, 2 Re(x) is a character of an irreducible RG-module. The set of so obtained characters (we omit
repetitions — the characters of the form 2 Re(x) appear twice — once for the irreducible complex
character y and second for ¥ which is irreducible as well) is the complete list of characters of
real irreducible representations.

2.1.3 Three useful formulas

This subsection is a collection of results which have much utility for us and they involve
characters of group representations. We recall here the formula for the dimension of fixed point
sets for actions of subgroups of G on RG-modules V. We mention also the easy to check character
criterion for a module to be faithful. The last theorem we quote here concerns computation of
the induced characters.

Let V be an RG-module and H < G be a subgroup of G. We would like to compute
the dimension of the fixed point subspace V. Since V' can be considered in a natural way as a
CG-module, the real dimension of V¥ considered as a vector space over R is equal to the complex
dimension of V¥ considered as a vector space over C. The latter is given by the following.
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Theorem 2.8. [15L|18] The dimension of the fixed point set of the action of H on a CG-module
V is given by the formula

1
dim VH = 7 > xy (),
A e
where x,, denotes the character of V.

The next result gives the necessary and sufficient condition for a CG-module to be faith-
ful. Obviously, this applies for RG-modules as well, since we can consider them as CG-modules
too.

Theorem 2.9. |27, 13.11 Theorem]| Let V' be a CG-module with character x. Then V is faithful
if and only if the only element g € G with x(g) = x(1) is g = 1.

Since we will be considering induced representations, let us introduce the definition of
induced modules. Suppose H < G is a subgroup of a group G. Let F be a field and V an FH-
module. Having an F'H-module structure on a vector space V over F' is the same as defining a
linear action of H on V. We define a linear action of G on a vector space W which is a [G : H]-
fold cartesian product of V' in the following way. Assume ayq, ..., ar are representatives of the left
cosets of H in G. Take g € G and w = (v1,...,v;) € vk = yIG:H] Then, for any i = 1,..., k,
ga; = as(jyh; for uniquely determined h; € H and a permutation o € Si. The action of the
element g € G on w € W is defined as follows.

quw = g(vl, ...,’Uk) = (h0_1(1)vg_1(1), ceny h0—1(k)’ug—1(k)).

The vector space W together with this linear action of G constitute the induced F'G-module
of V from H to G. We donote this FG-module by Ind% (V). If x is the character of V (in case
F =R, C), then we denote by Ind%(x) the character of Ind% (V).

Below we cite the theorem on how to compute the characters from the ones we induce
from.

Theorem 2.10. |27, 21.23 Proposition| Let H < G and x be a character of a CH-module V.
Suppose g € G and denote by (g) its conjugacy class. Then, we have two possibilities.

(1) If HN (g) = 0, then Ind% (x)(g) = 0.
(2) If HN(g) # 0, then

hi) X (o)
S (x)(9) = [Cog)| (20 g XUm)
where Ci () denotes the centralizer in K of x and hy, ..., hy, are the representatives of all the

distinct conjugacy classes in H of the elements of the set H N (g).

2.2 Intersection theory

In this section, we recall the concept of an intersection number of two submanifolds
and its relationship to their (co)homological properties (this relationship involves the Kronecker
pairing). As such, the intersection number turns out to be a homotopy invariant — homotopic
configurations yield equal intersection numbers. In the first part we introduce the setup. Next,
we focus on the case when the manifolds are oriented and then we formulate the relationship for
the general case. We illustrate the theory with explicit computations.

10
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2.2.1 The setup

We proceed in the spirit of [16]. Manifolds to be considered may have boundary and are
assumed to be connected and compact unless stated otherwise.

Assume M is a manifold of dimension m and A, B C M its submanifolds — B without
boundary and A possibly with boundary contained in the boundary of M. Let a, b be the dimen-
sions of A and B respectively and suppose that A and B are of complementary dimensions, that
is, a + b = m. Moreover, assume that A and B are transverse in M, i.e. for any point x € AN B,
we have

span({1,A,T,B}) = T, M.

2.2.2 The oriented case

Assume that A, B and M are oriented. Let us define the intersection number of A and
Bin M.

Take any x € AN B. Since A, B and M are oriented, this means that the equivalence
classes of bases of T, A, T, B and T, M are chosen (two bases with the positive determinant
of the change-of-base matrix between them are called equivalent). Let B, 4, B p and By as be
representatives of these equivalence classes of bases of T, A, T,,B and T, M respectively. Denote
by k(x) the sign of the change-of-base matrix from the ordered basis {By 4, Bz g} to By wm.

Definition 2.11. We define the oriented intersection number of A and B in M as

A-B= Z K(x).

r€ANB
Since A and B are oriented, we have the fundamental classes [A, 0A] € H,(A,0A) and [B] €
Hy(B). They induce elements [A, 0A],, = (i4)«([A4,04]) € H,(M,0M) and [B],; = (i )*([B]) €

Hy(M), whereiy: (A, 0A) C (M,0M) and ig: B C M are the inclusions. Denote by @ € H®(M)
and B € H*(M,0M) the Poincaré duals to [A, dA],,; and [B],, respectively.

Theorem 2.12. [16, Theorem 10.32] The oriented intersection number of A and B in M can
be expressed via the Kronecker pairing in the following way,

A-B = (aup.[M, oM]),
where [M,0M] € H,,(M,0M) is the fundamental class of M.
Remark 2.13. For any k£ = 0, ..., m the bilinear form
X: H*(M) x H™*(M,0M) = H™(M,0M) = Z

determined by the cup product is called the oriented intersection product on M.

2.2.3 The general case

Let us now turn to the general case, when we do not know whether A, B and M are
orientable. We would like to obtain a similar relation to that from Theorem It is possible
to get an analogous correspondence if one considers homology and cohomology groups with
coefficients in Zs.

11
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Definition 2.14. We define unoriented intersection number of A and B in M as

A-B=]ANDB| (mod 2).

Analogously as in the oriented case, we can consider the fundamental classes [A, 0A] € H,(A, 0A;Zs)
and [B] € Hy(B;Zsa). These classes induce elements [A, 0A|yr = (i4)«([A, 0A]) € Ho(M,0M; Zs)
and [Bly = (ip)«([B]) € Hy(M;Zs). Let a € H®(M;Zs) and B € HY(M,0M;Zs) be the
Poincaré duals to [A,0A]y and [B]y respectively. The link between unoriented intersection
number and (co)homological properties of A, B and M can be stated in the following way.

Theorem 2.15. |16, Exercise 180]
A-B= <06UB, [M78M]>

where [M,0M] € Hp(M,0M;Zs) denotes the fundamental class of M and (-,-) denotes the
Kronecker pairing of cohomology and homology with coefficients in Zs.

Remark 2.16. Analogously as in Remark we have for any k£ = 0, ...,m the bilinear form
A H¥(M; Zs) x H™ 5 (M, 0M; Zy) = H™ (M, OM; Zy) = Zo.

We call the form above the unoriented intersection product on M.

The rest of this subsection is devoted to the proof of Theorem [2.15] The proof borrows
substantially from the proof of Theorem which can be found in [16].

We will need the Thom isomorphism theorem.

Theorem 2.17. [16, Theorem 10.28] Let n > 1 and
R" — FE — B

be a real vector bundle with Ey C E being the complement of the zero section B — E, b— 0 € Ey,
where Ey denotes the fiber over b € B.

Then, there is a unique class w € H"(E, Ey; Za) such that the inclusion of pairs,
i: (Ep, (Eo)p) — (E, Eo) ((Eo)p denotes the fiber over b of the fiber bundle Ey — B), induces a
map
Hn(E, Eo; Zg) — Hn(Eb, (Eo)b; Zg) = 7o

which takes u to the unique non-zero element. Moreover, u has the property that the cup product
map

H™(B;Z9) — H"W™(E, Ey; Z2), a+>aUu

s an isomorphism for all m > 0.

If we assume that E — B is orientable, then we can say even more. Namely, there exists
a unique (up to sign) classw € H¥(E, Eqo; Z) such that the inclusion i induces the homomorphism

H"(E, Eo;Z) — H"(Ey, (Eo)y; Z) = Z
which takes w to the generator. Moreover, w has the property that the cup product map

H™(B;Z) — H"™(E,Ey;Z), a~ aUT

12
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s an isomorphism for all m > 0.

Proof of Theorem[2.15. Since all homology and cohomology groups which appear in the proof
have coefficients in Zs, we omit the coefficient group.

Let £ — B be the normal bundle to B in M. We know by the tubular neihghourhood
theorem [24] that E can be embedded as a neighbourhood of B in M, where B itself corresponds
to the zero section. Give E a metric. Using the tubular neighbourhood theorem [24] and the fact
that A and B are transverse in M, we can find € > 0 small enough such that the disk bundle
D(E) of radius ¢ intersects A in precisely |A N B| disks D,, one for each p € AN B. Each D, is
isotopic in D(FE) to the fiber D(E),. Making € small enough if necessary, we can find an isotopy
from UpcanpD)p to UpcanD(E)p.

In this case two isotopies, of Dy, to D(E)p, and of Dy, to D(E)p, in-
terfere — we have to shrink D(E).

Let us remind the isotopy extension theorem.

Theorem 2.18. |24 p. 180, 1.3. Theorem| Let X C Y be a compact submanifold of a manifold
Y and H: X xI —'Y anisotopy (i.e. H restricted to { X} x {t} is an embedding for anyt € I). If
H(X xI) CY\9Y, then H extends to a diffeotopyY xI —'Y (i.e. isotopy being diffeomorphism
when restricted to {Y'} x {t} for anyt € I).

Using this theorem, we can extend the isotopy from UpcanpD)p to UpcanD(E), to a
diffeotopy M x I — M. Notice that all the operations we performed to that moment did not
affect the Kronecker pairing («U S, [M, dM]). Moreover, these perturbations did not change A-B
as well. Therefore, we may assume that A intersects D(FE) precisely in the union of fibers over
intersection points p € AN B,

AND(E) = UpcanD(E)p.

Put D = D(FE) from now on. By the Thom isomorphism theorem [2.17, we can find a unique
Thom class u € H*(D,0D) such that

Uu: H¥(B) — H*%(D, D)

is an isomorphism for all k so that the restriction of u to the fiber D), satisfies u|p, = [Dp, 0Dp]*,
where [D,,0D,]|* is the Poincaré dual in the cohomology of (D,,dD)) to the unique non-zero
element [D,,0D,] € Hy(D,,0D,) = Zs, that is

(ulp,, [Dp, 0Dyp]) = 1.

Let [B]}, € H*(D) be the Poincaré dual (in D) to [B]p = i+([B]) € Hy(D) (i: B C D denotes the
inclusion). From we conclude that [B]}, Uu generates H™ (D, dD), so [B]}, Uu = [D, dD]*.

13
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Using the properties of U and N-products and Kronecker pairing, we have

I = ((D,aD),[D,aD)) = (Bl U, [D, D))
= ([B]puu)N[D,0D]=[B]pnN(un[D,dD])
= <[B}*Daum [D,GDD,

so uN[D,0D] = [B]p € Hy(D).
Let us now prove the auxiliary

Proposition 2.19. The inclusion i1: (D,0D) C (M, M \ Int(D)) induces isomorphisms in
homology and cohomology.

Proof. Let r be the radius of the disk bundle D of E. Take r’ > r such that the disk bundle D’
of E with radius r’ does not have any self-intersection points in M. Hence, the inclusion D’ C M
is an embedding. Moreover, the inclusions i: (D,0D) C (D’,0D) and 9D C D’ \ Int(D) are

homotopy equivalences. Therefore, the inclusion
i': (D',0D) C (D', D"\ Int(D))
induces isomorphisms in (co)homology. We show that the inclusion
i": (D', D'\ Int(D)) C (M, M \ Int(D))

comes from an excision and thus induces isomorphisms in (co)homology. It would mean that iy,
being the composition 7" o 7’ 0 7 induces such isomorphisms as well.

Set X = M, A= M\Int(D) and Z = M\ D'. Then D'\Int(D) = A\ Z and D' = X\ Z,
the closure Z = M \ (D) € M \ D = Int(A) and the inclusion i": (X \ Z, A\ Z) C (X, A) is an
excision. Hence (i").: Ho (X \ Z,A\ Z) — H,(X,A) and (i")*: H"(X,A) - H* (X \ Z,A\ 2)

are isomorphisms. O

It follows from the proposition above that the inclusion

i1: (D,0D) C (M, M \ Int(D))
induces isomorphisms in (co)homology. Hence, H, (M, M \ Int D) = Z,. Moreover, the inclu-
sions (M,0M) — (M,M \ {p}) and (M, M \ Int D) — (M, M \ {p}) induce isomorphisms in
(co)homology. Thus, the inclusion

ig: (M,0M) C (M, M \ Int(D))
induces the isomorphism

(i2)x: Hy(M,0M) — H,(M, M \ Int(D)).

Hence (since we do not have to bother with signs as the coefficient field is Zs),

(01)«([D,0D]) = [M, M \ Int(D)] = (ia)«([M, dM]).

Cap product is natural — in the sense that for any map of pairs f: (X,C) — (Y, D), the following
diagram commutes

14
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H*(X,C) X Hp(X,C) —— Hp_ 1 (X)

fﬁ f{ lf*

H*(Y, D) x Hyn(Y, D) —"— Hpy_(Y)

(here the homomorphism f,: Hy,_(X) = Hp,—;(Y) is induced from the map f with forgetting
the information about C' and D, that is from the map X — Y, 2 — f(z)). Fixing ¢ € H,,,(X, C),
we get a commutative diagram

H*(X,C) —— H,, (X))

" |
Nfu(e)

H*(Y,D) — Hp,—i(Y).

Hence, by the equality (u|p,,[Dp, 0D,]) = 1, we get a commutative diagram

X N[D, dD]
H*(D,dD) Hp—i(D)

iTT l(iD)*
N[M, M \ Int(D)]
H*(M, M \ Int(D)) ————— Hy (M)

:| Ti
N[M, OM)]
H*(M,dM) Hyy (M),

where ip: D C M is the inclusion. Let j* = i o (i})™': H¥(M,0M) — H¥(D,0D). Take
x € H*(D,dD). It follows from the diagram above that

(ip)«(z N[D,dD]) = j*(x) N [M,OM].
Hence, evaluating j* on the Thom class, we o obtain

()N [M,0M] = (ip)s(un[D,dD]) =
= (ip)«([B]p) = (ip)«([B]) € Hy(M),

where ip: B C M denotes the inclusion. Therefore, the Poincaré dual § to (ig)«([B]) in M is
equal to j*(u).

We can think of j* as being induced by the quotient map j: M/OM — D/0D (we use
identifications H"(X,C) = H"(X/C) and H,(X,C) = H,(X/C), so we have a corresponding
homomorphism j,: Hy(M,0M) — Hy(D,0D). Recall that A is a submanifold of M of dimension
a and the union of the disks D, is the intersection of A with the disk bundle D(E) . If [4, DAy €
H,(M,0M) is the image of the fundamental class [A,0A] € H,(A,0A) in Hy(M,0M), then

J=([A, 0A] ) = Z [Dyp, 0Dy).

peEANB
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Hence,

(U B, [M,0M]) aUj*(u), [M,0M]) = (5" (u) Ua) N [M,0M]
()N (an[M,0M]) = 7" (u) N [A, 0A]m

77 (u), [A; 0A]n) = (u, j«([A; OA]ar))

= Z (u, [Dp, ODp]).

pEANB

I
—~ .~

The latter expression is equal, by the equality (u|p,,[Dp, dDp]) = 1, to the value

Z 1=A-B

peEANB

and the proof is finished. O

2.2.4 Examples of calculating of intersection numbers

This paragraph contains examples of calculations of intersection numbers. We will see,
in particular, that every integer can be realized as the intersection number of some manifolds.

We use the notations from the previous subsections. In all examples to be considered the
submanifolds are one-dimensional (either interval or circle). Let us mark the first submanifold
(denoted by A) with blue color and the second one (denoted by B) with green color. When
oriented intersection number is considered, we introduce the following two possible crossing
types of such submanifolds.

type (1) type (2)

The convention we use to calculate intersection numbers is that we add one when we encounter
a crossing of type (1) and subtract one by crossings of type (2). We use the same symbols as
introduced in subsections [2.2.2] and [2.2.3| (in particular, this concerns the Poincaré duals @, §
and «, ). We can arrange orientations to be consistent with that convention in any of examples
below.

Example 2.20. Take M = D?>, A= D' and B = S'. Let A, B and M be arranged as follows.

16
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M = D?

Figure 2.1: Calculating intersection number of D' and S' in D?.

Then A-B = 3 —3 = 0. In fact, there is no other possibility — the first cohomology
groups, H'(D? 0D?) = H'(S?) and H'(D?) are rivial, so the Poincaré duals, @ and j are zero
and

A-B=(@uUp,[M,oM])=(0U0,[M,0M]) =0
no matter how we choose the orientations.

Example 2.21. In this example we consider configurations of two circles in the torus with
arbitrary intersection numbers.

To obtain intersection number 0, it just suffices to embed two non-intersecting copies of
S1in the torus. Let us deal with the cases when intersection numbers are non-zero. Put M = T2,
the two-dimensional torus and A = S', B = S! be two circles embedded in it. We show how to
embed A and B in M to obtain any integer n as their intersection number. Let us first consider
the case when n = 2. Let A and B be embedded as in the following picture.

Figure 2.2: Calculating the intersection number of two circles in a torus (visualization).

In this situation the blue curve winded two times around the torus. This circle intersected
twice with the green one in crossing of type (1) yielding the intersection number n = 2. Before
we generalize this to any integer n # 0, let us look at the plane model of the situation from

Figure 2.2
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Figure 2.3: Calculating the intersection number of two circles in a torus (plane model).
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Figure 2.4: Obtaining non-zero integers as the intersection number of two circles in a torus.

We can generalize the case n = 2 by winding the blue curve |n| times around the green
and potentially changing the orientation on the green curve to obtain negative integer numbers.

Example 2.22. Let us see an example of the unoriented case. Take M = RP?, the real projective
plane, and A = S' and B = S™.

Since there is no choice for orientations in this case, we have have to consider the un-
oriented intersection number. If A and B are two non-intersecting circles in M, then their in-
tersection number is 0. On the other hand, if A and B intersect in precisely one point, their
intersection number is 1.

18



Chapter 3

Group actions on manifolds

This chapter contains a review of results on group actions on manifolds. We include here
some classical theorems such as the tubular neighbourhood theorem in the equivariant setting
and the Slice Theorem [2]. The chapter is concluded with the proof of the well-known fact that
effective actions on manifolds induce faithful group module structures on tangent spaces at fixed
points.

3.1 Basic properties

In this section we recall well-known properties of group actions on manifolds. The aim
of the first paragraph is to show that the fixed point set has the structure of a manifold. In
case of an isolated fixed point, using the Slice Theorem, we conclude that there is an equivariant
diffeomorphism between a neighbourhood of the fixed point and the tangent space at this point.
As a corollary, linear actions on spheres which have two isolated fixed points must have isomorphic
representations on tangent spaces at the fixed points. Thus, the actions from the introduction,
i.e. the actions with one fixed point on spheres and with two fixed points on spheres and non-
equivalent group module structures at the tangent spaces at the fixed points, cannot be equivalent
to linear actions. Therefore we justify the name exotic attributed to them.

3.1.1 Fixed point sets

Assume G acts on a manifold M (we denote it by G ~ M). Let us comment on the fact
that M©, the fixed point set of the action of G on M, is a submanifold of M. The main tool we
use for this purpose is the following equivariant version of the tubular neighbourhood theorem.

Theorem 3.1. |8, 2.2. Theorem, p. 306 If A is a closed invariant submanifold of M, then there
exists a real G-vector bundle E — A and a G-equivariant diffeomorphism f : E — U, where U
s some open neighbourhood of A in M.

Corollary 3.2. The fized point set M is a submanifold of M.
To prove the corollary above, we apply Theorem to the real vector bundle over a

single point and then use the fact that the fixed point sets of group actions on vector spaces are
their subspaces.

Let us introduce the following definition of the dimension of the fixed point set.
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Definition 3.3. The dimension of the fized point set ME (denoted by dim(M%)) is the mai-
mum from the dimensions of connected components of MC.

If we assume further that M is compact, this will imply compactness of M%. Indeed, if
we take any g € G, then the fixed point set M9 is closed (by our implicit assumption on the
smoothness of the action). Since M is the intersection of such fixed point sets over all g € G,
we conclude that M is closed. As a closed subset of a compact space, it has to be compact as
well.

3.1.2 Tangent spaces at fixed points

In this subsection we define the action on tangent spaces at fixed points induced from
the action on the manifold. Since the action on the tangent space is given by the differential, it
turns out to be a linear action and hence defines a real group module structure on the tangent
space. Using the Slice Theorem, we can translate the local behaviour of actions on manifolds
around fixed points to the induced actions on tangent spaces at these points.

Let G be a group acting on a manifold M, where each g € GG acts by some diffeomorphism
0g: M — M. Assume that @ € M is fixed by all 6,. In this case, the differentials D(6,), are
linear automorphisms of T, M, and we can define the operation * on the tangent space as follows.

x: GxT,M — T,M
(g,v) = gxv=D(0y)(v).

Since the differential is a linear map such that the differential of the composition is the composi-
tion of differentials, and the differential of the identity is the identity map on the tangent space,
it follows * defines a linear action of G on T, M and thus an RG-module structure on T, M. With
this, we can formulate the Slice Theorem now. It is a corollary from the equivariant tubular
neighbourhood theorem (see Theorem applied for the case when a G-invariant submanifold
is a single point.

Theorem 3.4 (Slice Theorem). |2, Theorem 1.2.1| There exists a G-invariant neighbourhood
U of x in M and a G-diffeomorphism f: U — T,.M, where the action of G on T, M 1is given by
*.
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3. Group actions on manifolds

Figure 3.1: An illustration of the Slice Theorem. The equivariant diffeomorphism is given by the
exponential map (this map is defined in section [3.3]).

3.1.3 Linear actions on disks and spheres

Linear actions on disks and spheres behave in a more rigid manner than the general
smooth actions. This rigidity prevents linear actions with one fixed point on spheres, fixed point
free actions on disks and actions on spheres with exactly two fixed points and non-isomorphic
tangent module structures at the fixed points. We explain this phenomenon in this subsection.
Before we do this, we bring the definition of linear actions on disks and spheres and their prop-
erties.

Definition 3.5. We say that a group G acts linearly on a disk D with n = dim D if there
exists a real vector space Vp of dimension n with a linear action of G on this space such that
D = D(Vp) is the unit disk of Vp and this disk is the G-invariant subspace of Vp.

Definition 3.6. We say that a group G acts linearly on a sphere S with n = dim S if there
exists a real vector space Vg of dimension n+ 1 with a linear action of G on this space such that
S = S(Vs) is the unit sphere of Vg and this sphere is the G-invariant subspace of Vg.

In the definitions above, given a G-vector space V, D(V) and S(V') mean the representation
disk and the representation sphere respectively. Moreover, both Vp and Vg are considered as
G-manifolds with manifold structures given by the standard dot product.

Proposition 3.7. Assume M is either a disk or a sphere. If G acts linearly on M with the fized
point set finite, then MC consists of two points for M being a sphere and of a single point if M
1s a disk.

Proof. Racall first the general property of fixed point sets of invariant subspaces.

Fact 3.8. If X is a topological G-space and A C X its invariant subspace, then A® = AN XC.

Going back to the proof of Proposition assume G acts linearly on M for some n > 0. We
may identify M with its embedding into some real vector space V of dimension m + 1 where
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m = dim M. It follows from Fact the fixed point set MC is the intersection of M with
some vector subspace W < V since the fixed point sets of linear actions on vector spaces are
their subspaces. The Proposition follows now because the intersections of spheres and disks
embedded in real vector spaces are also spheres and disks respectively — if M is finite, then it
has to consist of two points in case M = S™ and of one point when M = D™. O

We see therefore that linear actions on spheres with exactly one fixed point are not
possible. This justifies the exoticism of such actions for the more general smooth case.

Let us now pay attention to linear actions on spheres with exactly two fixed points. We
show that linearity forces the tangent modules at the fixed points to be isomorphic. Assume
G acts linearly on S = S™ for some n > 0. This means that S = S(V) for some real vector
space V endowed with a linear G-action. Note that V = Vg @ V&, where Vg is the orthogonal
complement to the fixed point subspace V. Suppose that G acts on S with two fixed points
x,y € S C V. It follows from Fact that {z,y} =S¢ = SNV, Since S is a sphere, the only
possibility to obtain two point set as S¢ is when V' is a one dimensional subspace — it intersects
then the sphere in two points. Hence V.= Vg @ 1g and S = S(V) = S(Vg @ 1), where 15 is
the trivial RG-module. Note that the RG-module structures at tangent spaces T,,S(Vgz @ R) and
T,5(Vg @ R) are isomorphic.

Summarizing, we can formulate the corollary below.

Corollary 3.9. If G acts linearly on a sphere 3 with exactly two fized points x and y, then the
tangent spaces T% and T3 are isomorphic as RG-modules.

3.2 Homological structure of fixed point sets for p-groups

Assume G is a group of order which is a power of a prime number p. Let us note first
that if G is of prime power order, then it is not possible to obtain empty fixed point set. This
follows from the Smith theory (see [6264]). Smith proved that fixed point sets of prime power
order groups on Zjy,-homology spheres and disks have rigid homological properties.

Theorem 3.10. [62H64] If X is a topological G-space then the following statements hold.

(1) If X is has mod-p homology of a point, then so has XC. In particular, XC is nonempty.

(2) If X has mod-p homology of a sphere, then either so has X& or XC is empty.

3.3 Effective actions and Riemannian manifolds

We recall here that effective actions on manifolds induce faithful group module structures
on tangent spaces at fixed points. This can be proved using the existence of invariant Riemannian
metric on equivariant manifolds.

Assume that G ~ M is a group action on a compact manifold M. Then, the action
G ~ M is properly discontinuous, that is the set Ax = {g € G|gK N K # 0} is finite for any
compact K C M, since G is finite. Therefore we can find a G-invariant Riemannian metric on
M.

Let p € M% and suppose that the action of G on M is effective. Endow M with a
G-invariant Riemannian metric. Denoting by exp,: T,M — M the exponential map (sending

22



3. Group actions on manifolds

v € Tp,M to v,(1), where 7, is the unique (maximal) geodesic with +,(0) = p and 7/(0) = v) we
have the following result.

Proposition 3.11. exp,: T, M — M is G-equivariant.

Proof. Pick g € G. From the definition of G ~ M, for any « € M, we have gz = 6,(z) for some
diffeomorphism 6,. Moreover, our metric is G-invariant, so 6, preserves distance. By [52 p.143,
Proposition 21. (2)] we have a commutative diagram

Degvp
LM —— Ty M =T,M

eprJ Jexp(;g (r) = XPp
0

M ————— M.

Summing up, from the commutativity of the diagram above, we get for any v € T,M

gexpy,(v) = (0, 0 exp,,)(v) = (exp), 0 Dby p)(v) = exp,(gv),

and exp,, is G-equivariant. O

Now, we are ready to prove the announced result.

Proposition 3.12. The RG-module structure induced on Tp,M s faithful.

Proof. We know that the structure of an RG-module is induced on T,,M by differentials, gv =
Db, ,(v) for any v € T,M, g € G, where G ~ M is given by a monomorphism §: G — Diff (M),
g — 0.

Let us choose a G-invariant metric on M. Assume for the converse that gv = v for some
1# g € G and any v € T,M. Since M is compact, it follows that it has to be geodesically
complete [52, p. 118, Lemma 8.]. Then, the corollary from the proof of the Hopf-Rinow theorem
[56, pp. 137-138, Theorem 16.] tells us that for any ¢ € M there exists v € T,M such that
exp,(v) = q. Thus, exp,: T,M — M is surjective. It follows by Proposition that exp, is
G-equivariant.

Take any x € M. Then, by the surjectivity of exp,, we infer that there exists v, € T, M
for which exp,(v;) = x. The G-equivariance of exp, tells us in this case that

T = exp,(vs) = exp,(gvs) = gexp,(v;) = gz.

Hence, g acts on M in a trivial way as well which contradicts the assumption on effectiveness of
G~ M.

Thus, it is not possible to exist 1 # g € G with gv = v for any v € T, M what had to be
proved. O
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One fixed point actions on spheres
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Chapter 4

Groups admitting one fixed point
actions on spheres

We cover here the topic of groups admitting one fixed point actions on spheres. We recall
briefly the history of finding the groups acting in that way. We finish with the theorem of Laitinen
and Morimoto which characterizes groups admitting one fixed point actions on spheres. These
groups turn out to be the Oliver groups. We end this chapter with a survey of results concerning
the dimensions of spheres admitting one fixed point actions.

4.1 Oliver groups

Using the results of Oliver, Laitinen and Morimoto [28}/44,45|, we can introduce the
following definition.

Definition 4.1. A group G is an Oliver group if it admits fized point free action on a disk.

We provide an algebraic characterization of Oliver groups (see [44,/46-48|) and give ex-
amples of them.

The following theorem provides an algebraic necessary and sufficient condition for G to
be Oliver.

Theorem 4.2. [44,|46H48| G is an Oliver group if and only if G does not contain a sequence
of subgroups P < H < G such that P and G/H are of prime power order groups and H/P is a
cyclic group.

From the theorem above, we see that the first subclass of Oliver groups are nonsolvable
groups. This class contains the smallest Oliver group which is As, the alternating group on 5
letters (this group has 60 elements), see [48|. Concerning solvable groups, the smallest such groups
are of order 72. These groups are A4 x S3 and Sy x C3, the direct products of alternating groups on
4 letters with symmetric group on 3 letters and of symmetric group on 4 letters with cyclic group
of order 3 respectively. Important subclass of solvable groups are abelian groups. Using Theorem
we conclude that an abelian group is Oliver if and only if it contains at least three noncyclic
Sylow subgroups. Thus, the smallest commutative Oliver group is 022 X C’§ X Cg =~ (O3 x C3g of
order 900.

The class of Oliver groups is closed under the operation of taking overgroups. This follows
from the definition of Oliver groups. Assume H < G is an Oliver subgroup of G and D", n > 0,
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4. Groups admitting one fixed point actions on spheres

be an H-disk without fixed points. Inducing the action from H to G, we get a G-action on the
|G : H]-fold Cartesian product D™ x ... x D™ which is G-equivalent to the action of G on the disk
D = DIGHIn_ Gince the induction preserves the fixed point sets, the G-action on D is without
fixed points as well showing that G is an Oliver group.

4.2 Historical overview

We recall in this place the chronological development of results on groups admitting one
fixed point actions on spheres. The research has been already completed in 1998 — the groups
admitting such actions are precisely Oliver groups.

Before we begin with reminding the results, let us comment that every group G admitting
one fixed point action on a sphere is an Oliver group. This follows directly from the Slice Theorem
(see Theorem : cutting out a G-invariant neighbourhood of the fixed point from the sphere,
we obtain a fixed point free GG-action on a disk. Therefore, the whole effort came for the proof of
the converse statement, that is every Oliver group admits one fixed point action on a sphere.

In 1946, Montgomery and Samelson [34] conjectured that it was unlikely for a group to
act with one fixed point on a sphere. The first result denying this conjecture were actions of
SL(2,5) x C,, on S” for n such that ged(120,n) = 1. In particular, SL(2,5) can act with one
fixed point on seven-dimensional sphere. In 1977, constructions of these actions were obtained
by Stein [66]. Next important conclusion was due to Petrie [56] in 1982. He showed that any
abelian Oliver group of odd order admits one fixed point action on some sphere.

The final answer on determining the groups which can act with one fixed point on spheres
was established in '90s by three mathematicians: Laitinen, Morimoto and Pawatowski. They
showed in their joint article [29] from 1995 that every nonsolvable group has a one fixed point
action on some sphere. Eventually, this was generalized in 1998 to any Oliver group by Laitinen
and Morimoto [28], yielding the following theorem.

Theorem 4.3. (Laitinen-Morimoto, [28|) A group G can act with exactly one fixred point on a
sphere if and only if G is an Oliver group.

4.2.1 Dimensions of spheres

This paragraph contains a survey of results on establishing dimensions of spheres admit-
ting one fixed point actions for given Oliver groups.

Let us focus first on the following question.

Question 4.4. What is the lowest dimension dp;, of a sphere on which there exists a one fized
point action of some Oliver group G ¢

Obviously, one should not forget about the already mentioned result of Stein who con-
structed actions of SL(2,5) x C,, on S7 for n coprime to 120. This showed that the lowest
dimension (d,;n) of a sphere admitting such actions could be 7. Ten years later, in 1987, Mori-
moto proved [35] that the smallest Oliver group, that is As, can act on S% with one fixed point
and thus lowered d,,;, to be at most 6. In 1989, Furuta [22] determined there nonexistence of one
fixed point actions of groups on homotopy 4-spheres which preserved orientation. Independently,
a similar result was obtained in the same year by De Michelis [17]. The paper of Morimoto [35]
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4. Groups admitting one fixed point actions on spheres

from 1987 showed that, once we have the exclusion result for 4-dimensional spheres, we can con-
clude that dyu;, # 4. The combined effort of Furuta, De Michelis and Morimoto limited d;;, to
be 5 or 6. The final answer to the Question [£.4] was given in 1990 — it was proved that dp, = 6.
This ultimate step was done by Buchdahl, Kwasik and Schultz |9] who additionally were able to
exclude 5 from the candidates for d,;.

The general question about dimensions of spheres admitting one fixed point actions of
given Oliver groups remains, however, still unsolved. We have to our disposal partial results for
certain Oliver groups or even some subclasses of them. Nevertheless, the complete answer seems
to be quite far away since the admissible dimensions of spheres depend strongly on acting groups.
The effort goes for establishing dimension lists for particular Oliver groups for one fixed point
actions on spheres.

Lest us note the case of As. This is the only case of Oliver group with the complete list of
dimensions of spheres determined. In the view of the fact that lowest possible dimension is 6, this
group turns out to admit all possible dimensions n, that is n > 6. This conclusion was obtained by
Bak and Morimoto in a sequence of papers on equivariant surgery. First, Morimoto [36] showed
in 1987 that A5 can act on S™ with one fixed point whenever n = 12,15,16 or n > 18. The joint
work of Bak and Morimoto [3] from 1990 proved that As; admits one fixed point action on S7.
Further, the second author showed one year later that n = 4k + 6 or n = 9 + 4k, k > 0, are
dimensions of spheres such actions, see [37|. This left us with dimension 8 to check — all other
dimensions were positively verified. In 2005, the final step was done by Bak and Morimoto [4].
They confirmed existence of one fixed point As-action on S® and formulated the following.

Theorem 4.5. (Bak-Morimoto, [4]) As admits one fixed point action on S™ whenever n > 6.

For a more general situation, the case of nonsolvable groups, the genaral construction of
Laitinen, Morimoto and Pawalowski [29] called the "Deleting-inseting theorem" (which we shall
consider in more details in the third park of this thesis) allowed to indicate admissible dimensions
of spheres depending on a given nonsolvable group itself. Denoting by G°' the smallest normal
subgroup of a nonsolvable group G for which G/G*° is solvable, they showed existence of one
fixed point actions of G' on spheres of dimensions I(|G| — |G/G*|) for any [ > 6.

It turned out that for many Oliver groups the lists of admissible dimensions are more
modest than for As. In 2018, Morimoto and Tamura excluded one fixed point actions on spheres
for S5 and SL(2,5) and dimensions 7, 8,9, 13 and 6, 8,9 respectively. Earlier there were obtained
exclusions of effective one fixed point actions. In 2016, Borowiecka showed that SL(2,5) can-
not act in that way on S®. This result was generalized two years later in a joint article of
Borowiecka with the author [6]. Using GAP |23| computations applied to the generalized exclu-
sion method described in this thesis, we were able to exclude new dimensions varying within the
set {6,7,8,9,10} for most of Oliver groups of order up to 126.

29






Chapter 5

Exclusion algorithm

We present in this chapter a strategy of excluding of one fixed point actions on spheres.
Assume we are given a group G and an RG-module V. We would like to extract conditions from
which we can deduce that there is no one fixed point action of G on S™ with n = dim V' such
that the RG-module structure induced on the tangent space at at the fixed point is isomorphic
to V.

The exclusion method can be divided into three stages. The first two stages are con-
cerned with restricting the action to the family of certain subgroups. The first stage constitute
restrictions coming from looking at finite fixed point sets for actions of certain subgroups. We
make a remark how these restrictions simplify in the case of exclusions of group actions on
disks with positive even number of fixed points. The second constraints are due to intersection
properties of analogous higher-dimensional fixed point sets. These restrictions were developed by
Agnieszka Borowiecka and the author in [5] and [6]. The third stage is the examination of index
two subgroups and their fixed point properties. This method was developed first by Morimoto
and Tamura in their joint paper from 2018, see [41]. They used it for exclusions of group actions
on spheres with odd number of fixed points for the case of S5 and SL(2,5). In this thesis we
try, for the first time, to combine the aforementioned obstructions for one fixed point actions on
spheres to increase efficiency of excluding of such exoticism. Using GAP |23| computations we
were able to obtain new exclusion results.

5.1 Discrete fixed point set restriction

This section describes the first strategy which we shall use to exclude the existence of
one fixed point actions on spheres. In fact, this strategy works for the exclusions of the more
general case of actions with odd number of fixed points. For an Oliver group G acting on a
homology sphere 3, we try to find two non-Oliver subgroups which generate a given Oliver
group under consideration. Once such subgroups H, K are found and there exists a prime power
order subgroup P < H N K such that % is finite, we can exclude the case that the considered
action has odd number of fixed points.

After |41], let us introduce the following notation (variables denoted by p and ¢ in the
definitions below are primes or equal to 1).

e G — the class of groups G for which there exists a sequence of subgroups P < H < G such
that P is a p-group, G/H is a ¢-group and H/P is cyclic (apart from p and ¢ prime we
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5. Exclusion algorithm

allow them to be one — in these cases H/P or G/H are the trivial groups).
.« g1=1,0L
°*§= Upﬁq Gp-
e Gl(G) - the intersection of G} with the set of all subgroups of G.
e GI(G) — the intersection of G¢ with the set of all subgroups of G.
e G(G) — the intersection of G with the set of all subgroups of G.

Remark 5.1. Note that a group G is an Oliver if and only if it does not belong to G.

We will need a result of Morimoto and Tamura concering Euler characteristics of fixed point sets
for certain subgroups.

Proposition 5.2. (Morimoto-Tamura, [41, Proposition 2.4.|) If ¥ is a homology sphere with an
action of a group G and xo € X, then the following hold.

(1) x(27) =14 (=)= 70 for any H € G1(G),

(2) x(ZH) =1+ (=1)dmT= ") (mod q) for any H € GU(G).

Using the proposition above, we can formulate now the main theorem allowing one to
exclude the existence of one fixed point actions on spheres by the examination of fixed point sets
of certain subgroups.

Theorem 5.3. (cf. Theorem Assume a group G acts on a homology sphere Y. Suppose there
exist non-Oliver subgroups Hy, Ho < G which generate G and that there is a prime power order
subgroup P < Hy N Hy. If there exists x € £& with dim T,,(XF) = 0, then £ is a two point set.

Proof. Since P is a p-group, we deduce from the Smith theory that X is a Zyp-homology sphere
(see Theorem [3.10)). Since ¥ is finite, it consists of exactly two points. Thus, X1 and $#2 are
also finite and have Euler characteristics equal to their cardinalities.

Assume X¢ = {z}. Therefore, the Euler charcteristics of #1 and %2 are at least 1.
It follows then by Proposition that x(X#) = 2 for i = 1,2. Since G = (Hy, Hs), we have
»C¢ =My = 2P which contradicts the assumption that £¢ consists of one point. O

Remark 5.4. We can apply the Smith Theory to the case of the actions on homology disks.
More precisely, there is an almost straightforward sufficient condition to exclude the existence of
actions of a group GG on a homology disk A with positive even number of fixed points. Namely,
if z € AY and there exists a subgroup P < G of prime power order such that dim 7, A" = 0,
then A% is a one point set. Indeed, from the Smith Theory, we know that AP is a homology
disk. Therefore A” is a one point set, for dim T, A” = 0. Since §} # A C AP, we conclude that
A% = AP and A% contains a single point. Note that, in comparison to the case of actions on
homology spheres described in Theorem [5.3] we do not need the subgroups Hy and Hs of G.
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5.2 Intersection number restriction

Let us focus here on the second type of obstructions to one fixed point actions on spheres.
We look here for subgroups which satisfy similar algebraic properties as for the first exclusion
technique (we do not need here to assume that they are not Oliver subgroups). The dimension
conditions look, however, a bit different here — we are particularly interested in fixed point sets
of positive dimensions which are transverse to each other. We show that this does not allow one
fixed point actions on spheres.

In the second part of this section, we provide analogous results for the exclusions of
actions on spheres with odd number of fixed points with the usage of intersection number.

5.2.1 One fixed point actions

Before we proceed, let us introduce some notation. Assume a group G acts on a manifold
M with the connected fixed point set. For a subgroup H < G, we denote by C'(H) the connected
component of M containing M. The following lemma (from the joint paper with Borowiecka
[6]) gives the sufficient conditions for the transversality of the fixed point sets for subgroups.

Lemma 5.5. [6, Lemma 3.1.] Assume that G acts on a manifold M with the connected fized
point set. Suppose there exist subgroups Hy, Hy < G and H < Hy N Hy such that

(1) (Hi, Hz) =G,
(2) dim C(H;) + dim C(Hs) — dim M€ = dim C(H).

Then MH and M2 are transverse in M.

Another ingredient of the exclusion theorem is the orientability of Z,-homology spheres
for any prime p.

Lemma 5.6. Any Z,-homology sphere is orientable.

Proof. Suppose ¥ is a Zj,-homology sphere which is not orientable, i.e. H,(X;Z) = 0 for n =
dim X. By the Universal Coefficient Theorem the following sequence is exact for k =1,...,n

0— Hp(X;,Z) ® Zp, — Hyp(%;Zy) — Tor(Hy_1(%;Z2), Zy) — 0.
Since Hy(3;Z,) vanish for 0 < k < n, we have
Hi(S52) © Zy = Tor(Hy (S5 2), Zy) = 0

and consequently
Hy(32) =22, @ ... Ly,
where ged(gg 4, p) = 1.

For k = n, we have H,(X;Z) = 0 by our assumption. Hence, by the exactness of the
sequence

0 — Hp (S Zy) — Tor(Hy_1(SZ), Zy) — 0,

we conclude that
Tor(Hp—1(3;2), Zy) = Zy,.
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On the other hand,

Tor(Hp-1(3;2),Zy) = Tor(anfm ©...0 anﬂ,zn,l  Lp)
= Tor(Zg, 11> Zp) D ... & Tor(aniun_1 ,Zyp) = 0.

O

Corollary 5.7. Assume %, is a Zy-homology sphere for some prime number p. Let o« € H*(¥,;7Z)
and B € Hb(Zp;Z) be such that a,b > 0 and a +b = dim¥,. Then the cup product o« U 3 €
HdimzP(Ep; Z) is zero. The same holds if p = 2 and we substitute the coefficient ring by Zs.

Proof. Suppose ¥, is a Zj,-homology sphere for some prime number p and «, 8 are as in the
statement of the corollary. It follows from the proof of Lemma that both H*(X,;Z) and
HY(X,;Z) are finite. Thus, o and 3 are of finite orders and aU 8 € H4™ > (3,1 Z) is zero for %,
is orientable by Lemma [5.6{ which means H4™r (%, Z) & 7.

In the case p = 2 and the coefficient ring Z, the situation becomes trivial as H%(X,; Z2)

HY(%,;Z2) = 0. O

We can prove now the main theorem of this section. This is an improvement of |6,
Theorem 3.2.].

Theorem 5.8. (cf. Theorem Let G be a group acting on a homology sphere 3 with the
connected fized point set. Suppose there exist subgroups Hy, Hy < G with (Hy,Hs) = G such
that the submanifold C(H;) is of positive dimension for i = 1,2. Moreover, assume there is a
p-subgroup P < Hi N Hy for some prime p such thatlﬂ

dim C(H) 4 dim C(H;) = dim =7

Suppose further that at least one of the following conditions hold.

(1) P is of order which is a power of 2.
(2) The orders of Hy and Hy are odd.

(3) P is normal in Hy and Hs, and the orders of Hi/P and Hy/P are odd.
Then XY cannot consist of a single point.

Proof. Suppose X¢ is a one point set. Then, since the subgroups H; and Hy generate G, ¢ =
»H w2 = O(Hy) N C(H,). Notice by Lemma that ©H1 and 272 are transverse in X

Assume that P is a 2-group. Since C(H;) and C(H3) are of complementary dimensions
in 7 it follows then that we have a well-defined unoriented intersection number of C(Hy) and
C(Hs) in XF. For i = 1,2 denote by [C(H;)] € Hgim c(m,) (C(H;); Zg) the fundamental class.
Consider the natural inclusions C(H;) <+ ©F and identify these fundamental classes with their
images in Hgjm o Hi)(EP ; Z3) induced from these inclusions. Let ¢; and ¢y be the corresponding
classes under the Poincaré duality. Then, we get by Theorem [2.15|

C(Hl) . C(HQ) = <Cl U ca, [EPD (1)

'dim X is well-defined for from the Smith theory, we know that X is connected as a Z,-homology sphere.
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We know by Corollary H that the cup product ¢; U ¢y is the zero element in H*(XF: Zy). Thus,
by (1)), we get C(Hy) - C(Hz) = 0 which is a contradiction.

Now, suppose the second or the third case from the assumptions of the Theorem holds.
We shall prove the statement in these cases using the oriented intersection numbers in a similar
way as the first case. The matter of proper definition of these numbers becomes a little bit
more subtle, however. We have to ensure orientability of 1 and 2. We know from the Smith
Theory that X is a Z,-homology sphere. Hence, by Lemma P is orientable. If the orders of
Hy and Hj are odd, we conclude from |8, p. 175, 2.1 Theorem| that 31 and X2 are orientable.
In the case when P is normal in H; and Hs and the orders of Hi/P and Hs/P are odd, we
notice that for i = 1,2

EHi _ (EP)Hz’/P’

and, since 7 is orientable, it suffices to apply the same argument as in the previous case to
state the orientability of 1 and ¥#2. Therefore we have a well-defined intersection number
of C(Hi) and C(Hs) in ©F. Analogously as in the Zs-case, for i = 1,2, denote by [C(H;)] €
Hgim c(n,)(C(H;); Z) the fundamental class and identify these fundamental classes with their im-
ages in Haim c(m;) (¥F;7Z) induced from the natural inclusions. Let ¢; and ¢z be the corresponding

classes under the Poincaré duality. It follows by Corollarythat cqUc € H dim 5¥ (XF) is zero.
Hence, from Theorem [2.12] we have

C(H1) - C(Hz) = (c1 Uea, [B7]) = (0,[27]) = 0.

On the other hand, since |[X¢| = 1, we have C(H;) - C(Hs) = £1. A contradiction. O

5.2.2 Actions with odd number of fixed points

If we want to exclude the existence of actions with odd number of fixed points, we need
a slight generalization of Lemma [5.5

Lemma 5.9. Assume G acts on a smooth manifold M with MC decomposing into the connected
components C, ..., Cr. Suppose there exist subgroups Hi, Ho < G and H < Hy N Hy such that
for any connected component C;, j = 1,....k, the following holds

(1) <H1 UH2> =G,

(2) diij(Hl) + diij(HQ) — diij = dimC(H),

where, for a given K < G, C;(K) stands for the connected component of MX containing Cj.
Then M and M2 are transverse in M.

Proof. Since H; and Hy generate G, we have MT1 N M2 = MY, Choose z € MTinMH2 = MG,
We must show

dim T, M™ + dim T, M*2 — dim (T, M™ N T, M) = dim T, MH. (1)

Let C;(H;) and C;(Hs) be the connected components of M1 and M2 respectively which
contain z. The following equality holds from the dimension assumption applied to C;(H;) and
Cj(Ha).

dim T, M™ + dim T, M*2 — dim (T, M™ N T, M) = dim T, M ¥
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Therefore, it suffices to prove
(M MH2) = 7, M 0 T, M2

to get . The proof of the equality above is the same as presented in the proof of |6, Lemma
3.1.] and we refer the reader to it. O

Now, we are ready to prove an analogue of Theorem [5.§ concerning actions on spheres
with odd number of fixed points.

Theorem 5.10. (cf. Theorem Let G be a group acting on a homology sphere X with
nonempty X¢ decomposing into the connected components C4,...,Cy. Suppose there exist sub-
groups Hy, Hy < G with (Hy,H2) = G such that for any connected component Cj, j = 1,...,k,
the submanifold C;j(H;) which is the connected component of SHi containing Cj, s of positive
dimension for i = 1,2. Moreover, assume there is a p-subgroup P < Hy N Hy for some prime p
such that for any j =1,....k

dim C;j(Hy) + dim C;(Ha) = dim %7
Suppose further that at least one of the following conditions hold.

(1) P is of order which is a power of 2.
(2) The orders of Hy and Hy are odd.

(3) P is normal in Hy and Hs, and the orders of Hi/P and Hy/P are odd.

Then ¢ cannot consist of odd number of points.

Proof. Since the subgroups H; and Hy generate G, we have ¢ = 21 0 272 Writing this with
the usage of connected components, C;(H;), we get

2= |J GuH)NCLU) = || C.(H) NG, (Hy). (1)
j1,92=1,....k m=1,...,l

Assume X consists of odd number of points. It follows then by that for some j € {1,...,k},
the intersection Cj(Hy) N C;(Hz) contains odd number of points. By Lemma we conclude
that 1 and $2 are transverse in £, Introducing the notation C(H;) = C;(H;) and C(Hz) =
Cj(Hz2), we can repeat then the arguments from the proof of Theorem — the only difference
is that instead of getting +1 as the appropriate intersection number of C'(H;) and C(Hs) in X,
we can infer that this number is odd — the proof still holds since the corresponding Kronecker
pairings vanish exactly as in the proof of Theorem O

Remark 5.11. In order to exclude the existence of one fixed point G-actions on spheres or
G-actions on spheres with odd number of fixed points, it suffices to find subgroups Hi, Hy < G
satisfying the assumptions of Theorem or Theorem [5.10| respectively. In the case of one fixed
point actions, this is because when X is disconnected, then it cannot consist of a single point,
and, in the case of the actions with odd number of fixed points — when X¢ is an empty set, then
it cannot consist of odd number of points.
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Verifying the dimension conditions from Theorem for every connected component
C;(H;) may be quite troublesome. However, in favorable cases, we can infer that all C;(H;)’s have
the same dimension. This involves examination of fixed point dimension properties for actions
of p-subgroups where p can be any prime number.

Let G be a group and Pi,..., P, be representatives of conjugacy classes of subgroups
of G which contain subgroup of prime power order. Let L = (Vi,...,V}) be a list of mutually
non-isomorphic irreducible RG-modules and put

d171 d172 - dl,l

d d oood
DL(G) _ 2,1 2,2 2,1 ’

gy dg2 ... diy

where d; ; = dim VjPi. Assume G acts on a Z-homology sphere 3 and suppose that for any

z € X, the tangential representation at x decomposes into the direct sum of irreducible RG-
modules from the set {V1,...,V;}.

Proposition 5.12. If rank(Dr(G)) = I, then for any x,y € X, the tangent spaces T,Y and
T,% are isomorphic as RG-modules.

Proof. Assume rank(Dr(G)) = [ and take any z,y € X¢. By assumption, we can express the
RG-module structures at the tangent spaces at  and y as follows.

T.YX=Z2aV1e.0qV;
and
TyZ] =2hVio...ebV;

for some non-negative integers ay,...,a; and by,...,b; (recall that for an RG-module V, mV
denotes the m-fold direct sum of V). We must show that the above decompositions of tangent
spaces are identical, that is a; = b; for i = 1,..., L.

By the Smith theory we know that %% is a Z,,-homology sphere, where || is a power
of a prime number p;. Thus, 7%’s are connected or are two point sets. Thus, the dimension of
¥ % is equal to the fixed point dimensions (7,%)"% and (7,X)", since either both x and y lie in
¥ and dim(7, %)% = dim(T,2)" or dim(7, %)% = dim(T,%)F = 0. Since d; ; = dim VjP", we
can rewrite the equality dim(7,%)F = dim(7,¥)% in terms of the coefficients a;, b and d; ; in
the following way.

di71a1 + ...+ di,lal = Cli,lbl +...+ d@lbl.

Therefore, we get the following homogeneous equation system

d171(a1 — bl) + ...+ ClLl(CLl — bl) =0

Since rank(Dp,(G)) =, it follows from that the homogeneous system above has a unique solution
aj—bj:Othatisaj:bjforalllgjgl. O

In particular, we get.

Corollary 5.13. If rank(D(G)) = I, then for any z,y € ¢ and H < G the dimensions of
tangent spaces TpyXH and TyZH are equal.
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Thus, if the assumptions of the corollary above are satisfied and L is the list of all
nontrivial real irreducible RG-modules, then it suffices to check the dimension condition for only
one arbitrary chosen connected component C;(H;) in Theorem in order to state that ¢
cannot consist of odd number of points.

Notation. In the case when L is the list of all irreducible RG-modules, we put Dg = D (G).
Moreover, we denote by rg the number of real irreducible representations of G diminished by
one (since the trivial module cannot be the summand of a group module structure occuring at
the tangent space at the unique fixed point for postulated one fixed point actions on spheres).

5.3 Index two restriction

In this section, we recall briefly the results of Morimoto and Tamura [41] which are based
on the examination of index two subgroups and their fixed point sets. These results allow us to
exclude group actions on spheres with one and odd number of fixed points.

Let G be a group and H its subgroup equal to the intersection of all subgroups of G of
index at most two. The first restriction tells us that a group G cannot act with one fixed point
on a sphere with positive-dimensional tangent space to the fixed point set of H at the fixed point
of the G-action.

Lemma 5.14. (Morimoto, [38, Lemma 2.1|) Let ¥ be a Z-homology sphere with a G-action. If

»C consists of a single point xg, then dim Ty, X = 0.

The second result asserts that index two subgroups satisfying certain algebraic conditions
inherit the property of admitting actions on spheres with odd number of fixed points from the
bigger group. This result goes back to [41, Proposition 2.10].

Lemma 5.15. Let K be an index two subgroup of G satisfying the following conditions.

(1) Ewvery element of K is of prime power order.

(2) There is no element of K of order divisible by 8.
Then, if € is finite and contains odd number of points, the same holds for .

Proof. The same as in |41]. O

5.4 Effective one fixed point actions on spheres

Problem 5.16. For a given Oliver group G determine the dimensions of spheres which admit
effective one fized point actions of G.

It is known that the list of groups admitting one fixed point actions on spheres and
the analogous list of groups admitting effective actions are the same — both lists contain Oliver
groups (see the paper of Laitinen and Morimoto [28]). Therefore, the problem of determining the
dimensions of spheres on which a given Oliver group can act with one fixed point can be phrased
in an effective and non-effective way. To author’s knowledge, these problems may potentially
differ. In particular, we do not know in general that if an Oliver group G acts with one fixed
point on S™, then it can act effectively in such a way on S™ as well.
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Consider a specific dimension n > 6 on which we would like to exclude effective one fixed
point action of a given Oliver group G. It follows from Proposition [3.12] that if such a G-action
exists, then the RG-module structure of the tangent space at the fixed point is faithful. If one
is interested only in effective one fixed point actions, we may restrict our attention to faithful
RG-modules — it is important, however, to do this at the appropriate moment (we comment on
this in the subsequent chapter, see Remark .

We can use the information about groups for which we could exclude effective one fixed
point actions on spheres, to exclude the noneffective ones too. Assume G is (an Oliver) group
and consider an RG-module V' of dimension n, which we would like to exclude as a candidate
for the tangent module structure at the postulated fixed point of G-action on S™. Denote by
Ker(V) the kernel of V', that is the normal subgroup of G consisting of those elements g € G
which act trivially on V. Note, that in case G acts with exactly one fixed point zg on S™ with
tangent module, T,,S™, isomorphic to V, then the quotient G/ Ker(V) acts effectively on S™
and (§™)&/Ker(V) — {24} and the G/ Ker(V)-action on V is faithful (V can be considered as
well as a faithful R(G/ Ker(V))-module). Therefore, if we know that the group G/ Ker(V) is not
an Oliver group, or if it is not the case, then at least we could exclude faithful one fixed point
actions of G/ Ker(V) on S™, then we can exclude the situation in which V' occurs as the tangent
module 7, S™. Hence, we can refine our exclusion strategy in the general (non-faithful) case by
such a consideration of kernels of modules for which we could not exclude one fixed point actions
to this point.

5.5 Exclusion algorithm

In this section we present an algorithm for the exclusion of one fixed point actions of
Oliver groups on spheres. Given an Oliver group G and a dimension n > 6, the algorithm checks
sufficient conditions to exclude the existence of one fixed point action of G on S™. The strategy
is to consider every n-dimensional RG-module V' as a candidate for the RG-module structure on
tangent space to S™ at the postulated single fixed point xg. We check the conditions from the
restriction strategies from sections and [5.3] — any of those are satisfied, we know that
V' cannot occur as the RG-module structure on 7;,5™. More precisely, our algorithm provides
us with a list of RG-modules which can potentially occur at T;,S™ (that is which could not be
excluded).

Let n > 6 and m be integers. We would like to apply the exclusion strategies for all Oliver
groups of order up to m concerning actions on S™. We divide the algorithm into two parts. The
first is responsible for verifying the conditions for actions with odd number of fixed points. For a
given group G (not necessarily an Oliver group), we consider all n-dimensional RG-modules and
establish M N,qq(n, G), the list of those n-dimensional RG-modules for which we were not able to
exclude the existence of actions on S™ with odd number of fixed points and the tangent space at
one of the fixed points isomorphic to such modules. We compute M N,4q(n, G) for a certain list of
groups GG derived from the list of all Oliver groups of order up to m. An important aspect of this
procedure is that when computing M N,qq4(n, G) we base already on the contents of M N,qq(n, H)
for certain index two subgroups H of G. It is therefore important to start with the groups of the
smallest orders. The second part utilizes the exclusion results of the first part (the contents of
M Nyq4(n, G) for all Oliver groups G of order up to m) and checks additionally the conditions
applying exclusively to one fixed point actions. As a result, for every Oliver group of order up
to m we obtain the list M Nype(n, G) containing the RG-modules which could not be excluded
by either of the restriction strategies. Optionally, once we are interested in the faithful case, we
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compute at the end the lists M N Fy,e(n, G) € M Nype(n, G) containing those RG-modules from
M Nope(n, G) which are faithful.

We can summarize the whole process in the following simplified schema.

Part 1
Input:
e n > 6 — an integer being the dimension of spheres to consider,
e m > (0 — an integer which is the maximum order of Oliver groups to consider.
Output:
e MN,i4(n,G)’s for G varying within the range of Oliver groups of order up to m.
Part 11
Input:
e n > 6 — an integer being the dimension of spheres to consider,
e m > (0 — an integer which is the maximum order of Oliver groups to consider,
e MN,y4(n,G)’s for G varying within the range of Oliver groups of order up to m.
Output:

® M Nype(n, G)’s for G varying within the range of Oliver groups of order up to m,

e (optionally) M N F,,.(n,G)’s for G varying within the range of Oliver groups of
order up to m.

For all Oliver groups G of order up to m, we iterate over all n-dimensional RG-
modules which are contained in M N,q44(n,G) and check the conditions for every of
the considered restriction strategies. If these conditions are not satisfied for any of the
strategies, then we add the considered RG-modules to M Nype(n, G).

Notation. For the convenience, let us denote by MT,,.(n,G) the list of n-dimensional RG-
modules which occur at the tangent space to S™ at the fixed point of some one fixed point
action on S™. Analogously, let MT,qq(n,G) be the list of n-dimensional RG-modules which
occur at the tangent spaces to S™ at one of the points of some action on S™ with odd num-
ber of fixed points. Of course, MT,nc(n,G) C M Nope(n, G), MT,qq(n, G) € M Nygq(n,G) and
MTone(n,G) C MT,qq(n,G). The list containing all RG-modules of dimension n will be denoted
by M(n,G).

To express our results more efficiently, we introduce further the following definitions.
Throughout, we assume that G is a group.

Definition 5.17. We call a triple ((P), (H1), (H2)) of conjugacy classes of subgrops of G a good
triple of type A if Hy, Hy are non-Oliver subgroups of G, (Hi,Hs) = G and P is a prime
power order subgroup of Hy N Hy.

Definition 5.18. A triple ((P), (H1),(H2)) of conjugacy classes of subgrops of G is called a
good triple of type B if Hy, Hy are any subgroups of G, (Hy, Hs) = G and P is a prime power
order subgroup of Hy N Hy and at least one of the following conditions hold.

(1) P is of order which is a power of 2.
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(2) The orders of Hy and Hy are odd.
(3) P is normal in Hy and Hs, and the orders of Hi/P and Hy/P are odd.

Let us denote by A(G) and B(G) the subsets of good triples of types A and B respectively.
Moreover, we denote by Iy(G) the subgroup being the intersection of all subgroups of index
at most two of G and by Z»(G) the subset of all subgroups of G of index two satisfying the
assumptions of Lemma [5.15]

5.5.1 The first part

We give here the pseudocodes of functions excluding the existence of actions on spheres
with odd number of fixed points. Before we do that, we formulate the corollaries from exclusion
strategies described earlier. This corollaries refer directly to group modules and translate the
conditions of group actions on spheres to conditions concerning the group modules. Given a
group G and an RG-module V', we would like to establish conditions which would allow us to
exclude V' from MT,44(n,G).

Assume G is an Oliver group and V is an n-dimensional RG-module we would like to
exclude from MT,44(n, G).

Let us begin with the discrete fixed point set restriction. As a corollary from the Smith
theory, we know that the fixed points sets of the actions of groups of prime power order on ho-
mology spheres are connected or finite. Thus their dimension can be expressed as the appropriate
fixed point dimension of V.

Corollary 5.19. Let ((P), (H1),(H2)) be a good subgroup triple of type A of a group G. Suppose
that dim VF = 0. Then V- & MT,q4(n,G).

Proof. For the converse, assume V' € MT,44(n,G). Then there exists an action of G on S™ with
odd number of fixed points. Moreover, for one of the fixed points, say xg, we have T,,,S" =V as
RG-modules. Since dim V¥ = 0, we conclude that dim 7}, S™ = 0. Thus, we get a contradiction
by Theorem O

Now, let us consider the intersection number restriction. Put L = (Vi,...,V}) be the
complete list of nontrivial irreducible RG-modules (in this case | = r¢ and Dr(G) = Dg — see
the definitions on pages (37| and . If it turns out that rank(Dg) = rg, then we can formulate
the restriction condition for V' to be contained in MT,qq(n, G).

Corollary 5.20. Assume rank(D¢g) = rg and suppose there exists ((P),(H1),(Hz2)), a good
triple of type B, such that dim V1 and dim VH2 are positive and

dim VP + dim V2 = dim V7?.

Then V- & MT,44(n,G).

Proof. Assume that there exists an action of G on S™ with odd number of fixed points and
the fixed point z¢ for which 7;,S™ is isomorphic as RG-module to V. Since rank(Dg) = r¢, it
follows by Corollary that (S™)"1, as well as (S™)H2, has equal dimensions of its connected
components. Thus, it follows that the assumptions of Theorem [5.10]are satisfied for the considered
action of G on S™. We conclude from this theorem that this action cannot have odd number of
fixed points. A contradiction. O
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In order to exclude an action of G' on S™ with odd number of fixed points, we have
to show that every n-dimensional RG-module V' does not belong to MT,44(n,G). Checking
the assumptions of the two corollaries above can be made more efficient. It suffices to look at
subgroup triples being the representatives of different good triples of both types. Indeed, the
following holds.

Proposition 5.21. If V is an RG-module and H and H' are conjugate subgroups of G, then

dim V" = dim V¥,

Proof. Since H' and H are conjugate, there exists an element g € G such that H' = gHg™!.
This means that any A’ € H’' can be expressed in as b’ = ghg™! for the unique h € H. On the
other hand, by Theorem we have

1 / 1 !/
|H'| Z Xv(h):ﬁ Z Xy (R,

h'eH'’ h'eH’'

dimVH =

where x,, denotes the character of V. Since for any h' € H' we have h' = ghg~! for the unique
h, it follows then from the equality above that

. / 1 _
dim V7 = ﬁ Z Xy (ghg b,
heH

Characters are conjugate invariant functions from G to R, so x, (ghg™') = Xy (h) for any h € H.
From this and Theorem applied once again, we conclude that

1

. / 1 _ .
dim VH = Il Z Xy (ghg D= Il Z Xy (h) = dim V¥,
heH heH

Index two subgroups restriction provides us also with an exclusion corollary involving only
the group G. More precisely, as an application of Lemma [5.15 we get the following corollary.

Corollary 5.22. Assume G contains a subgroup H such that |G : H] = 2, M Nygq(n,H) = 0
and the following conditions hold.

(1) Ewvery element of H is of prime power order.

(2) There is no element of H of order divisible by 8.
Then M Nygq(n, G) = 0.

Below, we present the pseudocode of the function which computes M Nyq4(n,G) for
a given dimension n and an Oliver group G. Apart from n and G, this function requires an
additional parameter L which is a list of groups, intended to be the groups for which we excluded
actions on S™ with odd number of fixed points.
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function ModulesNotExcludedOdd(n, G, L)
for H € 75(G) do
if H € L then
return ()
MNOdd(n7 G) — M(n, G)
for Ve M(n,G) do
for ((P), (Hy), (Hy)) € A(G) do
if dim V¥ =0 then
MNodd(n, G) — MNodd(n, G) \ {V}
if rank(D¢) = rg then
for ((P), (Hy), (Hz)) € B(G) do
if dim VA1 + dim V2 = dim V" and
dim VA . dim V2 > 0 then

MNodd(n, G) — MNodd(na G) \ {V}
return M N,qq(n,G)

We would like to calculate M N,qq(n,G) for all Oliver groups G of order up to a fixed
integer m. We achieve this by computing M N,44(n, G) for Oliver groups G starting from those
with the smallest orders. The following function computes the lists M Nyqq4(n, G) for given n > 6
and all Oliver groups of order up to m (we denote this list by oliverGroupsUpToOrder M and
assume it is already sorted according to the order).

function ModulesN ot ExcludedOddUpT oOrder(n, m)
result « ()
groupsExcludedOdd <
for G € oliverGroupsUpToOrder M do
result[G] <— ModulesN ot ExcludedOdd(n, G, groups ExcludedOdd)
if result|G] = () then

groupsExcludedOdd < groupsFExcludedOdd U {G}
return result

Remark 5.23. In the procedure above we can in fact iterate over all groups G up to a given
order (not necessarily Oliver groups) — the strategy works in the general setup. We present this
version of pseudocode, however, since the computations involving all groups up to a given order
become time consuming. One can define an arbitrary subsets of subgroups (up to a given order)
to iterate over. This can give potentially better results.

5.5.2 The second part

We present here pseudocodes of functions concerning exclusions of one fixed point actions
on spheres. As in the case of actions with odd number of fixed points, we formulate first the
necessary corollaries from all the considered strategies in order to be able to exclude group
modules from M Ny,e(n, G) for a given dimension n and an Oliver group G. We use the computed
lists M Nygq(n, G) from the first part.

In order to be able to obtain additional exclusion results different from those obtained
from the first part, we need to look at restrictions applying exclusively to one fixed point actions.
Such restrictions are provided by Theorem [5.§] and Lemma The following two corollaries
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from these two results allow us to exclude an RG-module V' from MT,,.(n,G) for a given
dimension n and an Oliver group G.

Corollary 5.24. Suppose there exists good triple of type B, ((P), (H1), (Hs)), such that dim V1
and dim V2 are positive and

dim V' 4 dim VH2 = dim V7.

Then V & MTyne(n, G).

Proof. A direct application of Theorem O

Remark 5.25. It makes sense to use the theorem above only in the case when rank(Dg) < r¢
since then we cannot apply Corollary

Corollary 5.26. If dim V2(&) > 0, then V ¢ MTone(n,G).
Proof. A direct application of Lemma [5.14] O

Having this, we are able to establish the main exclusion function. For all Oliver groups G
of order up to a fixed integer m, this function checks the assumptions of the corollaries above and
excludes RG-modules from M N,y (n, G) if these assumptions are satisfied for such modules. We
use here the results from the first part — we can restrict our attention to RG-modules belonging
to M Nogq(n, G). The pseudocode of the function is presented below.

function ModulesN ot ExcludedOneUpToOrder(n, m)
M Noyqq < ModulesN ot ExcludedOddUpT oOrder(n, m)
result < ModulesN ot ExcludedOddUpT oOrder(n, m)
for G € oliverGroupsUpToOrder M do
for V € MNOdd[G] do
for ((P),(Hy),(H2)) € B(G) do
if dim V7t + dim V2 = dim V? and
dim V1 . dim V#2 > 0 then
result|G] < result[G] \ {V'}

if dim V/2(%) > 0 then
result|G] < result[G] \ {V'}
MNF,[G] < 0
for V € result|G] do
if V is faithful then
MNF,,e[G] + MNF,,.|GlU{V}
Stepl M Nype < result
for G € oliverGroupsUpToOrder M do
for V € Stepl M Noyy|G] do
if G/(Ker(V)) is not an Oliver group or, otherwise, M N F,,,.[G] is empty then
result|G| < result|G] \ {V'}

return result

Algorithm 5.1: The exclusion algorithm — the function above computes the list of group modules
for which we were not able to exclude the existence of one fixed point action. This list is computed
for all Oliver groups G up to order m.
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Remark 5.27. Note that in the function ModulesN ot ExcludedOddUpT oOrder(n,m) we ap-
ply the result of Morimoto and Tamura (see Lemma . Using this result, we can infer the
nonexistence of actions of a group G on spheres with odd number of fixed points, once we know
that there are no such actions for a suitable index two subgroup of G. This assumption, however,
does not necessarily concern effective actions, therefore we can work with the result of Morimoto
and Tamura in the general (possibly non-faithful) case only. Thus, when considering the faithful
case, we can restrict our attention to faithful modules, but we have to do it in the appropriate
moment, that is after iterating over all RG-modules from M N,44[G].

Remark 5.28. In the the exclusion algorithm (Algorithm [5.1)) we used also the excluded faithful
one fixed point actions in order to exclude the general (non-faithful) case — this part begins from
the line "Stepl M Ny, < result". The explanation of this restrictions was described in the last
paragraph of Section

The implementation of the exclusion algorithm described in this section is available
at [33].

5.6 Exclusion results

We collect here the results obtained from the application of the exclusion algorithm for
certain Oliver groups. Next, we illustrate the work of exclusion algorithm on the example of Ss.

Theorem 5.29. The following tables present the exclusion results for the first 8 Oliver groups™*
for dimensions of spheres varying from 6 to 10. The green color indicates that we could exclude
a given odd or one fized point action.

e dimension n = 6

G~ | IM(n,G)| | IMNoaa(n, G)| | IMNone(n, G)| | [MN Fone(n, G)|
03 X 54 37 12 0 0
03 A 54 49 9 0 0
Sg X A4 36 12 0 0
SL(2,5) 3 3 0
Ss 6 1 1 1
CQ X A5 19 11 7 4
Cg X F7 27 8 0 0

e dimensionn =7

G~ | IM(n,G)| | IMNoaa(n, G)| | IMNone(n, G)| | [MN Fone(n, G)|
03 X 54 51 36 1 1
Cg A 54 69 17 0 0
S3 X Ay 50 36 0 0
SL(2,5) 6 6 4
Ss 6 1 0 0
Cy x As 27 17 4 2
Cg X F7 27 23 0 0
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e dimension n =8

G~ | IM(n, @) | [MNoga(n, G)| | M Nope(n, G)| | IMN Fope(n, G)|
C3 x Sy 88 42 0 0
C3 xSy 120 18 0 0
Sg X A4 84 42 0 0
SL(2,5) 9 5 2 0
S5 9 1 0 0
CQ X A5 38 25 4 2
Cg X F7 58 26 0 0
e dimension n =9
G~ | IM(n,G)| | IMNoaa(n, G)| | IMNone(n, G)| | [MN Fone(n, G)|
03 X 54 122 91 4 4
Cg A 54 166 45 4 4
S3 X Ay 116 89 4 4
SL(2,5) 7 7 4 0
Ss 13 1 0 0
Cy x As 62 44 16 12
Cs % Fr 58 53 0 0
e dimension n = 10
o~ | IM(n,G)| | IMNoga(n, G)| | IMNope(n, G)| | [MN Fope(n, G)|
03 X S4 191 109 2 2
Cg X S4 262 46 0 0
S3 x Ay 178 107 0 0
SL(2,5) 10 10 9 6
S5 18 3 2 2
02 X A5 85 63 14 11
C3 x Fr 113 60 1 1

* The list includes the following groups (we add also their idies from the GAP 23| SmallGroup
Library — the id is presented in brackets [,]): C3x Sy——[72,42], C3xS,—[72,43], Sgx Ay—[72,44],
SL(2,5) — [120,5], S5 — [120,34], Cy x As — [120,35], C3 x F; = [126,9], where F,, ¢ — prime
power, denotes the Frobenius group Fq x qu. We exclude As from the list since, by the work of
Morimoto, we know that this group admits one fized point actions on spheres of dimension n
whenever n > 6.

5.6.1 Example — the case of 5;

Consider the case G = S5 = SmallGroup(120, 34) and n = 7. We show how the exclusion
algorithms work in the general case when there is no restriction on the action to be faithful. It
will turn out that M N,qq(n,G) is non-zero but M Ny,e(n,G) is zero. Thus, G does not admit
one fixed point action on S™ if n = 7. Those results were obtained by GAP computations (see
author’s implementation [33]).

In general, the cojugacy classes of symmetric group S,, are determined by their cycle
lengths. That is, each sequance of integers (ki,..., k) such that k; > ... > k,, and k; + ... +

46



5. Exclusion algorithm

km = n determines the conjugacy class of 5, consisting of permutations wihch decompose into
compositions of m cyclces of length ki, ..., k., respectively. Thus, G has the following conjugacy
classes.

e ] = (id) consisting of the identity element,
1 2) ) which contains 10 elements elements of order 2,
1 2) (3 4) ) which contains 15 elements of order 2,

1 2 3) ) which contains 20 elements of order 3,

(

(

(

(1 2 3 4)) which contains 30 elements of order 4,

(1 2 3 4 5)) which contains 24 clements of order 5,
(

1 2 3) (4 5) ) which contains 20 elements of order 6.

We compute the real nontrivial irreducible characters of G.

C1 C21 C22 C3 C4 C5 Cg
X1 1 -1 1 1 -1 1 -1
Xaq | 4 -2 0 1 0o -1 1
X472 4 2 0 1 0o -1 1
X51 |5 1 1 -1 -1 0 1
X572 5 -1 1 -1 1 0 -1
X6 6 0 -2 0 1 0

G has 19 conjugacy classes of subgroups.

e d; which unique representative is isomorphic to the trivial group,

e d 1 with representative (1 2)> isomorphic to Co,

2) (3

((1 2 3

(
e dy o with representative <( ) isomorphic to Csy,

e d3 with representative ( ) ) isomorphic to Cs,

e d4 1 with representative ((1 3) ( ) (1 4) (2 3)> isomorphic to Cy x Oy,
e dy o with representative ((1 2 4 3) isomorphic to Cy,

e d43 with representative <(1 4) ( )) isomorphic to Cy x Cj,
e d5 with representative (1 2 3 4 5)) isomorphic to Cj,

o dg 1 with representative ((1 2) , (1 2 3)> isomorphic to S,

5),(1 2 3)) isomorphic to S,

((
e dg o with representative ((1 3)
e dg 3 with representative <(

(4
1 4) (2 ) isomorphic to Cg,
e dg with representative (3 4) , (1 4) ( ) isomorphic to Dsg,
(@ 3)(

e djp with representative ( 2 4) (1 2 5 4 3)) isomorphic to Dy,
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dy2,1 with representative <(1 2 3) , (1 4) (2 3)) isomorphic to Ay,

d12,2 with representative ((1 2),(3 5 4),(4 5)) isomorphic to Dsa,

doo with representative ((1 3) (4 5) , (1 2 4 3)) isomorphic to Fj, the Frobenius
group of order 20,

da4 with representative ((1 3 2),(2 5 4),(1 2 4 3)) isomorphic to Sy,

deo with representative ((1 4) (2 3),(2 5 4)) isomorphic As,

d120 with the only representative isomorphic to G.

Note that there is only one subgroup H of G of index 2 which is isomorphic to A5 and constitutes
the class dgy (hence Io(G) = H). The following table shows the fixed point dimensions of the
nontrivial irreducible characters for all subgroups of G.

di doy doo d3 dsy dap diz ds dsy1  de2
X1 1 0 1 1 1 0 0 1 0 1
X0 |4 1 2 2 1 1 0 0 0 1
X4’2 4 3 2 2 1 1 2 0 2 1
X515 3 3 1 2 1 2 1 1 1
X5’2 5 2 3 1 2 2 1 1 0 1
Xg 6 3 2 2 0 1 1 2 1 0
de3 dg dio di21 dizp doo dos deo di2o
X1 0 0 1 1 0 0 0 1 0
X1 |1 0 0 0 1 0 0 0 0
Xyo | 1 1 0 1 1 0 1 0 0
Xsi|1 1 1 0 1 0 0 0 0
X520 1 1 0 0 1 0 0 0
Xs 1 0 0 0 0 0 0 0 0

Put L = {X1, X41,X42,X51,X52, X¢}. The conjugacy classes of subgroups of G containing
p-subgroups are: di, da 1, do2, d3, da,1, da2, dy3, ds and dg. Therefore

(@) I Sl GEITENTENG
W NN WwH—Oo
N W WD N~
N~ = NN~
O = O =
_ N == =O
— = NN = O
N = = O N =
O R~ = = O

and rank(Dr(G)) = 6 which is equal to the number of nontrivial real irreducible characters of

G.

Let us analyze now all possible characters X which can occur as characters of tangent
module to S™ at the fixed point (denoted by V') and exclude the corresponding postulated one
fixed point actions. There are 6 such characters.
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5. Exclusion algorithm

o X = T7Xq; take

Hi = ((2 3),(1 4))€dygs,
Hy, = ((2 3),(2 4 (3 b)) eds,
P = <(2 3)>€d271.

Then (Hy, Hy) = G and dimV? = 0 and, by Corollary we conclude that V ¢
M Nuaa(G).

e X =3X1+ X471; take

Hi = ((2 3),(2 4)(3 5))€ds,
Hy = ((4 5),(1 2 3),(1 2))€dpy,
P = ((4 5),(2 3))€dsgs.
As in the previous case, (Hy, Ho) = G and dim V¥ =0, and V ¢ M N,qq(G).
e X =3X4 —|—X4’2; take
H, = <(1 2)> cda,

Hy = ((2 5)(3 4),(2 4)(3 b)) €day,
P = <id>€d1.

Then (Hy, H2) = G and dim V1 + dimV#2 = 34+ 4 = 7 = dim VP Therefore, V ¢
M N,q4(G) by Corollary |5.20}

o X =2X,+X5; take Hy, Hy and P from the previous case. Similarly, dim VHE L dim V2 =
34+4=7=dimV" and V ¢ MN,(G).

e X =2X,4 —|—X5’2; take

H, = <(2 4) (3 5)>€d272,
Hy = ((1 2 3 4))€day,
P = (id>€d1.

Then (Hi, Hs) = G and dim V1t + dim V2 = 5 +2 = 7 = dim V" and, again, V ¢
M N,q4(G) by Corollary |5.20}

e X = X; + Xg; then dim V2@ =1 and V ¢ MN,,.(G) by Corollary However, we
cannot state that V' ¢ M N,44(G), since Corollary concerns exclusively one fixed point
actions on spheres.
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Chapter 6

Answering the Smith question

This chapter contains a survey of results concerning the question formulated by Smith
in 1960.

Question 6.1. [65, footnote on p. 406] Assume a group G acts with two fized points x and y
on a sphere S™, n > 0. Are the tangent spaces T,;S™ and T,S™ isomorphic as RG-modules?

First we present the cases of actions when the answer to the question is affirmative.
Further, we describe negative answers to the question between year 1978 and 1992. Since more
recent results are connected to two fixed point actions on disks, we cover this topic in a separate
section. Afterwards, we return to the Smith problem and describe some aspects concerning
computations of Smith sets which are fundamental concept of the modern theory. This part of
the thesis is based on the recent survey of Pawatowski [51].

For convenience, an action of a group G on a homotopy sphere ¥ of dimension n with
exactly two fixed points and non-isomorphic tangent module structures at the two fixed points
will be refered as Smith exotic (G,n)-action. We may shorten it to just Smith exotic G-action
or even Smith exotic action if a group G and dimension n can be inferred from the context. We
also call X a Smith exotic G-sphere.

6.1 Affirmative answers

In this section we present the cases of groups for which the affirmative answer to the
Smith question is known, in chronological order.

One of the first answers was given by Atiyah and Bott in 1968 [1|. They excluded the
existence of Smith exotic actions of cyclic groups of odd prime orders. Two years earlier Milnor [31]
provided an affirmative answer for all groups in the special case of semi-free actions (that is,
actions with isotropy subgroups being trivial or the whole group). In 1969 an interesting property
was discovered by Bredon [7, Theorem II, p. 518| for cyclic groups of order being the power of
2. We obtain the following corollaries from the result of Bredon.

Theorem 6.2. |51, Theorem 1.3.1] Assume G is a cyclic 2-group G acting on a homotopy sphere
Y of dimension n. Then, for any two points x,y € X, the difference Tp% — Ty% is divisible by
21 for some unbounded increasing function f: N — N.

Corollary 6.3. |51, Corollary 1.3.2] Assume G is a cyclic group of order 2% with k > 1. Then,
there exists an integer Br(k) with the property that for any G-action on a homotopy sphere ¥ of
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6. Answering the Smith question

dimension at least Br(k) and arbitrary fized points x,y € XY, the tangent spaces T, and T,
are isomorphic as RG-modules.

From the corollary above, we conclude that there does not exists Smith exotic Cyx-spheres
of dimensions greater or equal Br(k).

Using the results of Atiyah and Bott [1|, Sanchez [60] was able to obtain a result con-
cerning actions of odd order groups satisfying some restrictions for fixed point sets of the actions
of subgroups.

Theorem 6.4. (Sanchez, 1976, |60, Theorem 4.10]) Assume a group G of odd order acts on
a homology sphere % with two fived points x and y. Suppose that for any H < G we have
SH = {z,y} or S is connected. Then T,% and T,% are isomorphic as RG-modules.

We can prove the following.

Corollary 6.5. |51, Corollary 1.4.2] Assume that every element of a group G is of odd prime
power order. If G acts on a homology sphere with ¢ = x,y, then T,> and T,% are isomorphic
as RG-modules.

For the next affirmative result, let us recall that a group G acts pseudofreely on a manifold
M if for any g € G the fixed point set M9 is a discrete subset of M.

Theorem 6.6. (Illman, 1982, [26]) There are no pseudofree Smith exotic (G, n)-actions for any
group G and n > 5.

A similar statement concerning Smith exotic Ca,-actions on odd-dimensional spheres for
odd n was proved in 1988 by Suh.

Theorem 6.7. (Suh, 1988, [68, Corollary B|) For any odd positive integers n and k there does
not exist Smith exotic (Cap, 2k + 1)-actions.

6.2 Negative answers

In the years 1978-1985 Dovermann, Petrie and Randall developed the equivariant surgery
programme with the aim to construct group actions on manifolds with prescribed homotopy type
(see [20,2153-59] for the details). Their methods allowed to obtain the following negative results

Theorem 6.8. (Petrie-Randall, 1985, |58, Theorem A’|) If G is an abelian group of odd order
with at least four noncyclic Sylow subgroups, then there is a Smith exotic G-action.

In the meantime, between 1980 and 1982, Cappell and Shaneson [104/11] were condutcing
rearearch concerning Smith problem for cyclic groups.

Theorem 6.9. (Cappell-Shaneson, 1980, [10, Theorem 2|) If G = Cy, where k > 2, then there
exist Smith exotic (G,9)-actions.

Theorem 6.10. (Cappell-Shaneson, 1980, [10, Corollary 1A|) Let G = C,,, where n # 4 is
divisible by 4 and by at least one odd number greater than 1. There exist Smith exotic (G,2l+1)-
actions for any l > 4.
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6. Answering the Smith question

Theoremprovides an exotic Smith action of Cg on S°. It can be proved using character
theory arguments that Cy is the group admitting Smith exotic actions of minimal order. Moreover,
it belongs to the folklore knowledge that 9 is the minimal dimension of the Smith exotic sphere.

Further results of Dovermann, Cho, Suh and Washington from the period 1984 — 1989
showed that for certain cyclic, dihedral and quaternion groups, there exist Smith exotic actions
on homotopy spheres, see [12-14,19,67]. The following results were obtained by the induction
procedure for appropriate group modules developed by Cho [14].

Theorem 6.11. (Cho, 1985, [12]) The generalized quaternion group of order 28+, Q. = (a, b|b* =
azkfl,azk = 1,bab™! = a™1), admits Smith exotic actions provided k > 19.

Theorem 6.12. (Cho, 1988, [13, Theorem A]) There exists a Smith exotic action of the dihedral
group of order 2™, for a sufficiently large m.

6.3 Two fixed point actions on disks

Smith exotic actions are closely related to two fixed point actions on disks with non-
isomorphic group module structures on the tangent spaces at the fixed points. Since there shall
be no confusion, we call these actions just exotic two fixed point actions on disks. In this section,
we recall a few results concerning such actions. Throughout the following two sections, we assume
that G is a group.

Definition 6.13. [51, Definition 2.4.2] We call two RG-modules U and V Oliver-equivalent
if there exists an exotic two fixed action on a disk with tangent spaces at the two fized points
tsomorphic to U and V' respectively.

Let us denote by RO(G) the real representation group of a group G, that is the abelian
group which is the result of applying the Grothendieck construcion to the semigroup of all RG-
modules with the operation of direct sum. For a given subgroup H < G and an RG-module
V, let us denote by Res% (V) the module V considered as the RH-module, that is the restric-
tion of the G-action on V' to the H-action on V. This induces the restriction homomorphism,
Res%: RO(G) — RO(G), U — V  Res%(U) — Res% (V).

Definition 6.14. The primary group of G, denoted by PO(G), is the subgroup of all elements
U -V € RO(G) such that Res@(U) =2 Res@ (V) for any subgroup P < G of prime power order.

The reduced primary group of G, denoted by %(G), is the subgroup of PO(G) consisting of
all elements U —V € PO(G) such that UY = V¢ = {0}.

It follows from the Smith theory that for any Oliver-equivalent RG-modules U and V' we have
U —V € PO(G). The second article of Oliver provides also the converse result.

Theorem 6.15. (Oliver, [43, Theorem 0.4]) IfU -V € 15\6(6}’) for some RG-modules U and V,
then there exists an RG-module W such that U @ W and V& W are Oliver-equivalent.

Corollary 6.16. |51, Theorem 2.4.3] An element of RO(G) is of the form U — V for some
Oliver-equivalent RG-modules U and V if and only if U =V € PO(G).

It turns out that the rank of the reduced primary group can be expressed in terms of Laitinen
number. Before we do that, let us recall the definition of a real conjugacy class and of the Laitinen
number.
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6. Answering the Smith question

Definition 6.17. The real conjugacy class of an element g € G 1is the union of conjugacy
classes ()T = (g) U (¢~ Y). The Laitinen number of G, denoted by \(G), is the number of
distinct real conjugacy classes of G whose representatives are not of prime power order.

The result concerning the rank of primary groups reads as follows.

Theorem 6.18. (Laitinen-Pawatowski, |30, Lemma 2.1|) The following holds.

(1) If \(G) =0, then PO(G) = 0.
(2) If M(G) > 1, then rank(PO(G)) = A(G) and rank(PO(G)) = A(G) — 1.

6.4 Smith sets

The central object related to the modern approaches to the Smith question is the (pri-
mary) Smith set.

Definition 6.19. The Smith set of a group G, denoted Sm(G), is the set of elements U —V €
RO(G) such that there exists a two fized point action on some homotopy sphere with the RG-
modules structures at the tangent spaces at the two fixed points isomorphic to UG W and VW
respectively for some RG-module W.

Definition 6.20. The primary Smith set of G is the intersection of Sm(G) and %(G) We
denote it by PSm(G).

The following theorem provides sufficient conditions for a group to have equal ordinary and
primary Smith sets.

Theorem 6.21. [30, p. 304] |49, p. 853] [50, Definition 2.4] If G has no element of order 8
or, otherwise, if for any element g € G of order 28, k > 3, then Sm(G) = PSm(G). Moreover,
Sm(G) = PSm(G) if at least one of the following conditions hold.

1

(1) g or g+ is conjugate to an odd power of g.

(2) dim W9 > 0 for every irreducible RG-module W .

On the other hand, if G is a perfect group, then the primary Smith set of G equals the reduced
primary group, PO(G), see [51, Corollary 4.1.6].

Corollary 6.22. If G is a perfect group satisfying the assumptions of Theorem then
Sm(G) = PO(G).

For a perfect group G, the Smith set, Sm(G), is trivial (consists of one element) whenever
A(G) € {0,1} and it is infinite if A(G) > 2. Therefore there exists Smith exotic G-action if and
only if A(G) > 2.

Remark 6.23. In the case a group G satisfies the assumptions of the corollary above, we have
a natural lower bound for dimension of spheres admitting Smith exotic actions of G. This lower

bound is the number min{dim U|U — V € PO(G)}.

For more detailed survey on results concerning the Smith sets, we refer the reader to [51].
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Chapter 7

New family of groups satisfying the
Laitinen Conjecture

In this chapter we study the Laitinen Conjecture which proposes negative answers to the
Smith question. We present the result concerning a new infinite family of groups which satisfy
this conjecture. The contents of this chapter is also contained in our latest publication [32]. Let
us provide the reader with the necessary background now.

Assume G is a group. Let us call two RG-modules U and V' Smith equivalent if U = T, (X)
and V = T} (X) as RG-modules, for a smooth action of G on a homotopy sphere ¥ with exactly
two fixed points x and y. We say that the Laitinen Condition is satisfied for G acting smoothly
on a homotopy sphere ¥ with ¢ = {x,}, if £9 is connected for any g € G of order 2¥, where
k> 3.

The Laitinen Conjecture proposes negative answers to the Smith question concerning

actions on homotopy spheres. The conjecture reads as follows.

Conjecture 7.1. [30, Appendix| If G is an Oliver group with AN(G) > 2, then there exist
non-isomorphic RG-modules U and V which are Smith equivalent and the action of G on the
homotopy sphere in question satisfies the Laitinen Condition.

The converse conclusion is always true [30] and Conjecture is known to be true in
the following cases, [51].

(1) G is of odd order (and thus, by the Feit-Thompson Theorem, G is solvable).

(2) G has a cyclic quotient of odd composite order (for example, G is a nilpotent group with
three or more noncyclic Sylow subgroups).

(3) G is a nonsolvable group not isomorphic to Aut(4g) (in the case where G = Aut(Ag), the
Laitinen Conjecture is false by [38]).

(4) G satisfies the Sumi G™l-condition (the condition is defined below).

For a prime p, let us use the notation OP(G) for the smallest normal subgroup of G with G/OP(G)
a p-group. A subgroup H of a group G is called large if OP(G) < H for some prime p. We denote by
L(G) the family of all large subgroups of G. Let us call G a gap group if there exists an RG-module
V such that for any P < H < G with P of prime power order, we have dim V' > 2dim VH#
and for any L € £(G), dim V% = 0 holds. Denote by G™! the smallest normal subgroup of G
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7. New family of groups satisfying the Laitinen Conjecture

such that G/G™! is nilpotent. We say that G satisfies the Sumi G™'-condition if there exist two
elements a, b € G of composite order which are not real conjugate in G, the equality aG™! = bG1!
holds and at least one of the following statements holds.

e |a| and |b| are even and the involutions of the cyclic subgroups (a) and (b) are conjugate
in G.

e ¢ and b belong to the same gap subgroup of G.

Therefore, in checking the Laitinen Conjecture, we shall focus on finite solvable Oliver
groups (G of even order, such that each cyclic quotient of (G is either of even or of prime power order
and G does not satisfy the Sumi G™l-condition. We refer to such a group G as a special Oliver
group. In general, however, Conjecture is not true. It fails for example for G = Aut(Ag) 38|
or G =53 x Ay (see [50] for more counterexamples).

We say that two RG-modules U and V are P-matched if for any subgroup P < G of
prime power order, the restrictions Res%(U) and Res%(V) are isomorphic as P-modules. In other
words, U and V' are P-matched if and only if U — V € PO(G).

In 2018, Pawalowski [51] proposed the following problem.

Problem 7.2. For which special Oliver groups G with \(G) > 2, there exist pairs of P-matched
and Smith equivalent RG-modules which are not isomorphic to each other?

Some examples of special Oliver groups G with A(G) > 2 such that no RG-modules in
question exist were already given in |50]. We present here a certain infinite family of special
Oliver groups with primary numbers at least 2, possessing pairs of P-matched Smith equivalent
RG-modules which are not isomorphic.

Suppose p and ¢ are odd prime numbers such that ¢|(p — 1). Let Dgp, be the dihedral
group of order 2pg and C, be the cyclic group of order g. These groups have the following
presentations.

Dapg = {a,bla?? =b?> = 1,bab=a"t) and C,;= {(c[c?=1).

Let v be a primitive root modulo p which is not divisible by ¢ (in case g|v, just take p+ v instead
of v which is also a primitive root modulo p). Let w be the remainder of v®~1@=1)/¢ modulo
pq. Note that w = 1 (mod ¢) and the order of w modulo p is q. Therefore w # 1 (mod pq)
and w? = 1 (mod pq) by the Chinese Reminder Theorem. Consider the automorphism 7 of
Dyy,q given by 7(a) = a* and 7(b) = b. The order of 7 is ¢q. Thus, we have a homomorphism
o: Cy = Aut(Dapg), c — 7. Define G, 4 as the following semidirect product.

Gp,g = Dapg Xy Cy
The main theorem of this chapter can be stated as follows.

Theorem 7.3. (cf. Theorem For any two odd primes p and q such that q|(p — 1), Gp 4 is
a special Oliver group with N(Gpq) > 2, possessing pairs of non-isomorphic P-matched Smith
equivalent RG), 4-modules.

Remark 7.4. Note that the theorem above confirms the Laitinen Conjecture for G)4’s since
the Laitinen Condition is naturally satisfied due to the lack of elements of order divisible by 8
in Gp4’s.

o8
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Remark 7.5. In the case where ¢ =2, N = {(a?,1)|s = 0,...,p — 1} is a normal subgroup of
G)p,q isomorphic to the cyclic group of order p, such that the quotient G, 4/N is a 2-group. Thus,
Gp,q is not an Oliver group. Moreover, any nontrivial element of G), 4 is of order 2, 4, or p, where
p is an odd prime. Therefore, by elementary character theory arguments and the result of Atiyah
and Bott [1, Thm. 7.15], any two Smith equivalent RG), ;-modules are isomorphic.

Fix odd primes p and ¢ such that ¢|(p — 1). For a better presentation of the material, let
us introduce additionally the following symbols and concepts (G denotes a finite group).

e An RG-module V is said to satisfy the weak gap condition if for any P < H < G such that
P is of prime power order, we have dim V¥ > 2dim V.

e POZ(G) — the subgroup of PO(G) containing elements which can be written as U — V for
some RG-modules U and V satisfying the weak gap condition and such that dim W% = 0
for any L € L(G) and W =U, V.

° Npq

e Ind%: PO(H) — PO(G) — the induction homomorphism defined for any subgroup H < G
by the formula U — V + Ind%(U) — Ind%(V), where Ind% (W) denotes the induced RG-
module from the RH-module W. This is a well-defined map since, if U and V' are P-matched
RH-modules, then so are Ind%(U) — Ind% (V) as RG-modules (we comment on this fact in
the subsequent part).

2 — the unique subgroup of G 4 of index 2.

The chapter is organized as follows. First, we show that POVEV(Npqz) # 0. In the next section, we
prove that G4 is a special Oliver group with A(Gp4) > 2. The third section provides, for any
finite groups H < G, the necessary and sufficient condition for Ind%: PO(H) — PO(G) to be a
monomorphism. Finally, we prove Theorem using the properties of the induction from N,
to Gpq.

7.1 Nontriviality of a specific primary group

Note that N, = {(a,e™|l = 0,....,pg — 1,m = 0,....,q — 1}. Recall that Gy, is the
semidirect product of Dgy,, and Cj defined by the homomorphism ¢: C; — Aut(Ds,,) which
sends the generator ¢ of Cy to the automorphism 7 of Da,q such that 7(a) = a* and 7(b) = b,
where w is so chosen number from the set {1, ...,pg—1} that w # 1 (mod pq) and w? = 1 (mod pgq).
Thus, we have

(1,¢)(a, 1)(1,¢)7 = (1,¢)(a, 1)1, ¢ = (1,¢)(a, 1) = (a¥,1).

Thus, under the identifications a <> (a, 1) and ¢ <> (1,¢), N,

g2 can be presented as

N

g2 = (a,claP? = ¢ = 1,cac™t = a").

Let

Ny = (e B.ylat = B = 4" = LyBy ™" = 5,0 = fa, ary = o).
Then N’q2 is isomorphic to the direct product of C; = (aa? = 1) with the Frobenius group £, ,
generated by (8 and 7.

Lemma 7.6. Let f: ngqz — Npg2 be given by f(a) = aP, f(B) = a? and f(y) = c. Then f is a
group isomorphism.

99



7. New family of groups satisfying the Laitinen Conjecture

Proof. Note that f is a well-defined group homomorphism. Indeed, f(a?) = a?? = 1, f(pP) =
@ =1, f(4) = 8 = 1, f(38r)) = cate! = (cac)t = a0 = f(5), f(aB) = P = aT*P =
f(Ba), flyay™') = caPc™! = aP* = aP = f(a). The equality aP = aP follows from the fact that
pq|p(w — 1) since w = 1 (mod q).

Take any a'c™ e Npg2. Since p and q are different primes, we can find z,y € Z such that
1=xp+yq and
f(alx/@ly,ym) — aplxaqucm — al(:peryq)Cm — alcm'

Hence f is surjective. Let us prove that it is injective as well. Suppose f(a*SYc™) = 1. Then
aP*t ™ =1 which is the case only if pg|(pz + qy) and m is divisible by ¢. Since p|pz and q|qy,
it follows that p|qy and g|px and this means p|y and ¢|z. As a consequence, a*3Yy™ =1 and f
has the trivial kernel. O

Put v = w (mod p) and, according to our assumptions, let p—1 = gr. Assume vy, ..., v, are
the representatives of the cosets of (u) in the multiplicative group Z;. Let (8%7) = {8%°|s € (u)}
and (") = {0 < m <p-—1}forall 1 <j<rand1l <n <gq-— 1. Following |27, 25.10
Theorem| the conjugacy classes of F), , are as follows.

class 1 B9 (6"
representative order 1 P q
size 1 q D

# of classes of a given type | 1 T q—1

Table 7.1: Conjugacy classes of Fj, ;.

Let o4, = Zse(u> pfor = 0,..,p—1,t =1,..,r, where (, = e?™ . We have r

nonlinear irreducible characters of F}, ; given by x+(5%) = 0¢4 and x4(y") =0forx =0,...,p—1,
t=1,..,7rand n=1,...,g — 1. They are presented in the table below.

(1) (8%9) (")
0

X1 q O1,v;

Xr q Oru; 0
Table 7.2: Nonlinear irreducible characters of Fj, .

The following table contains the nonlinear irreducible characters of N,,2 = Cy X F 4.

g (L) (1,8%) (1,9 (&),8%) (4™ (al,1)
9] 1 P q Pq q q
1(9)] 1 q p q p 1
# (9) 1 r ¢g—1 (¢=1r (¢g—1)* q¢-1
ws,t = Ps X Xt q Ot,v; 0 (l]sa't,vj 0 QC(ZJS

Table 7.3: Nonlinear irreducible characters of Npqz.
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Let Np = {(1,8%)|s =0, ...,p—1}. Obviously, N, is a normal subgroup of N,,,2 isomorphic
to Cp.

Lemma 7.7. O%(N,,2) = N, and OP(N,2) = Npp2. As a result, all L € L(Ny2) contain N, as
a subgroup.

Proof. 1t is obvious that O%(N,;2) = N,. We show that there is no normal subgroup of N, of
order ¢ which would conclude the proof.

Suppose for the converse that N is a normal subgroup of N, of order ¢%. There exists
g € N of order q. Since N < N2, we have (g) € N. We know by Table that g belongs
to one of the following conjugacy classes: ((1,7™)), ((a!,4™)) or ((f,1)). Suppose g € ((1,7™))
for some ng € {1,...,¢ — 1}. Since {(1,7™")n = 0,...,q — 1} = ((1,7™)) < N, it follows that
each class ((1,7™)) is contained in N. This yields at least p(q — 1) > ¢* elements in N. A
contradiction. Let g € ((a!0,+™)) for some lp,ng € {1,...,q¢ — 1}. Then, similarly as before,
considering ((a!0,70)) < N yields at least p(q — 1) > ¢? elements in N and we can exclude this
case as well. Thus, all elements of order q of N belong to one of the classes ((a!, 1)). From Table
[7-3] follows that there are ¢ — 1 elements in these classes altogether. Moreover, every element of

N different from the identity is of order ¢. This yields |N| = ¢ which is also a contradiction. [

Since characters of any group G determine F'G-modules up to isomorphism for /' = R, C,
we shall use the same symbols for the characters and the F'G-modules determined by them.
Moreover, if x is the character of G' determined by some F'G-module, then by dim x we mean
the fixed point dimension over F' for a subgroup H acting on this FG-module. Note that in case
X is a character of some RG-module then all such fixed point dimensions over R are equal as
considered over C — we can treat y as a character of a CG-module as well.

Lemma 7.8. Let s # 0 and H be a subgroup of N,,2 of order p or ¢®. Then dim wft =0 for

anyt=1,..,r.

Proof. Suppose |H| = p. Then H = N, and it follows from Table [7.3| that

1 1 1 “— 1 = TIVLTS
dlm¢sH¢ = |H|Z¢S’t(h):p(Q+;0t’I):p(q+z Z e2mivt /P)

heH z=1 se(u)
1 P 1
= g+ 3 ) = (g4 30 (-1) =0
p s€(u) z=1 p s€(u)

(The last equality holds since there are ¢ elements in (u) by the definition of ).

If |[H| = ¢, then, since the only nonzero values of s, on elements of order q are taken
for the classes (o, 1), it follows that

_ 1, = N 1
dimy?, < ?(CHZ Is I) = sletalg-1)=1
=1

and dim ¢!, = 0. O

Corollary 7.9. If s # 0, then 2Res; is an RN,z2-module satisfying the weak gap condition
and such that dim(2Re )" =0 for any L € L(N,z2).
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Proof. From the properties of real and complex irreducible representations, we know that 2 Re 9 ¢
is the character of a real irreducible N -module since 95 is not real-valued. Take any L €
L(Np,2). We know by Lemma that N, < L. Thus, by Lemma we get

dim(2 Re s )" = dim( + sp)* = 2dim ok, < 2dimy)7 =
It remains to show that 2Re),; satisfies the weak gap condition. By means of Lemma , this
boils down to proving that

dim(2Re ;) > 2dim(2Re s )7

for any subgroup H < N2 of order q. Then there exists h € H which has one of the forms: h =
(1,9™), h = (al,4™) or h = (a!, 1) for some I,n € {1,...,q—1}. Since s 1(1,7") = s 1(al,4™) = 0
by Table we have in the first and in the second case

1
Qdim(2R6¢57t)H:2~2-dim¢g —4.-.g=4
’ q

In the second case, since zps,t(al, 1) = qg“és and s # 0, it follows that

q—1

<q+qZCéf>=4~;<q+q-<—1>>=o.

=1

1
2dim(2Re )" =2-2-dimyl, =4 -

s

Thus, we get
dim(2Re s ) = 2¢ > 4 > 2dim(2Reths ).

O

Lemma 7.10. Let s # 0. Then, for any t = 1,...,r, the RG-modules U = 2Res; and V =
2Re g5t are not isomorphic and P-matched.

Proof. 1t follows from Table [7.3] that U and V are P-matched. Note that U = ps X x; and
V = Pps X x¢. By the similar computation as in the proof of Lemma we establish ¢(x¢), the
Frobenius-Schur indicator of character y;.

) = e 3 e = o (a4 3 ueh) = o (0 Y o)

p—1 o .
. — rx — —({. 5 -
for from the proof of Lemma we know that ) 0~ oy q. Thus, x; is not real-valued
and we can take x = 0,...,p — 1 such that Im(x¢(5%)) # 0. Now, take [ = 1,...,¢ — 1 and put
g = (a, B*). Clearly, g is an element of order pg. Then, U(g), the character of U evaluated on g
is equal to the number

Ulg) = 2Retss(g) =2Re(ps(a’)xe(57))
= 2(Re(ps(a')) Re(x¢(57)) — Im(ps(a)) Im(x¢(67))).-

Analogously, V(g), the character of V' evaluated on g is equal to

V(g) = 2Re @Z)qfs,t(g) = 2Re(ps(al)Xt(ﬂz))
= 2(Re(ps(a’)) Re(x:(8)) + Im(ps(a)) Im(x(5")))
# Ulg).

Corollary 7.11. POVLV(Npqz) is nonzero.
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7.2 G,, is a special Oliver group with \(G,,) > 2

We divide the material contained in this section into three parts. In the first, we determine
conjugacy classes of G, . Using this, we show that A\(Gp ) > 2. In the next part, we establish all
normal subgroups of G, ; and infer the necessary information concerning the quotients of G 4.
Finally, we use the performed computations to prove that G, 4 is an example of a special Oliver

group.

7.2.1 Conjugacy classes of G,

Any element of G, is either of the form z1 = (ba!,c™) or z2 = (a!,c™) for some

[l=0,...,pg—1and m =0, ...,g — 1. In the first case, its inverse a:l_l = (bal“’_
the second x, ! = (a7 " ™).

,¢~ ™), while in

Let g € G} 4. We have the following possibilities.

(1) g = (balo,c™). Then
371937;1 — (bal(l-l-me)—lowm’Cmo) and x2gx51 — (ba—l(1+wm0)+l0wm’cmo)‘

Note that the expression [(1 4+ w™°) — [ow™ can take any remainder modulo pg. Since w =
1 (mod q), it follows that I(1 + w™0) — [pw™ = 2] — Iy (mod ¢) and substituting subsequent
values for [ = 0,...,pg — 1, we can obtain any pair of remainders of (1 + w"™°) — Iy modulo
p and ¢ (this follows since 1 + w™° cannot be divisible by p for w™ % 1 (mod p) because
w™ =1 (mod p) holds if and only if mg is divisible by (p — 1)/2 which is not possible if
mo € {1,...,g — 1}). We conclude then from the Chinese Remainder Theorem, that for any
' =0,...,pq — 1, there exist [ = 0, ..., pg — 1 such that [(1 4 w™) — [ow® = I(1 +w™) — Iy =
I’ (mod pq). Therefore
(9) = {(ba!, ™)l =0,...,pqg — 1}.

Note that (b, ™)™ = (b",c™0). Hence |g| = 2q if mo # 0 and |g| = 2 if mp = 0.
(2) g = (alo, ™), where mg # 0. Then
T =1 _ ( l(w™0—1)—lpw™ _.mo d =1 _ ( —l(w™0—1)+lpw™ _mgo
1921 = (a ,¢™) and  xagz, = (a , Mo,

We have [(w™0 — 1) — lpw™ = —lp (mod ¢) and substituting subsequent values for [, we can
achieve all remainders modulo p of [(w™® — 1) — [pw™ (W™ % 1 (mod p) since otherwise
mo had to be divisible by p — 1 which is not possible in the considered case). If ry is the
remainder modulo q of [y, it follows then that

(9) = {(a™Tl Moy (a0t ¢mo)|l=0,...,p—1}.

For any n > 0

m (n—1)m, 1 ﬂ
gn — (alo(l—I—w 0+4.. 4w 0)7cm0) — (ao =0 ’Cnmo)‘

Thus q||g|. On the other hand p| 11__“:Jq$00 since 1 — w?™ ig divisible by pg and p t 1 — w™o.
Moreover, 1 +w™ + ... +w@~Dm0 = ¢ = 0 (mod q), so pgq 111L5Jq:Oo and thus ¢? = (1,1) from
which we conclude |g| = g.
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7. New family of groups satisfying the Laitinen Conjecture

(3) g = (@, 1). The computations of conjugacy class elements reduce then to
zigeyt = (a7 1) and  a9gxyt = (alo¥™)1).

If p t Iy, then all the numbers from the set S;, = {£lpw™|m = 0,...,q — 1} give distinct
remainders modulo p — this follows from the definition of w. Thus, we have (p — 1)/2 such
conjugacy classes, each with 2¢ elements and

(9) = {(a"",1), (@™, 1)|m =0, ..., — 1}
Moreover, for any n > 0, g" = (a™°, 1), so |g| = pq if ¢ { o and |g| = p if q|lo.

If p|lo and q 1 ly, then the set Sy, reduces to two elements, (a',1) and (a%,1). We have
(¢ — 1)/2 such classes and

(9) = {(d",1),(a7,1)} and g =gq.

Finally, the last class left is the class of the identity element, (¢) = {(1,1)}.

The following table summarizes the information about the conjugacy classes of G, and orders
of its elements (recall that r = (p — 1)/q).

g | (1,1) B E;, Cn Dsm F, B, Ay
9] 1 2 p q q q 2q Pq
(9)] 1 pg 2¢ p 2p 2 pq 2q

#@ | 1 1 3 g=1 %q-1? %(g-1) g-1 3(g—1r

Table 7.4: Conjugacy classes of Gp 4.

where
= (b7 1)7 ES = (aqS’ 1)78 = 17 7p 17
Cpn=(1,c"),m=1,..,q—1, Dgy=(a*c"),m=1,...q—1,q1s,
Fs=(a?®1),s=1,....q—1, By, = (b,c™),m=1,....q— 1,

Al = (alv 1)7p7q )[ l.

Lemma 7.12. A(Gpq) = 3(q — 1)(r +1). Thus M(Gp4) > 2.

Proof. We establish first the real conjugacy classes of G, whose elements are not of prime power
order. Let g € G be such an element. Obviously, we can consider only those g which are the
distinguished representatives of conjugacy classes. It follows from Table that g € (By,) or
g € (A;) for some m = 1,...,g — 1 and [ not divisible by p and ¢. In the first case, g = (b, ™)
and g 1 = (b,c™™), s0 (g) # (¢g'). This yields (¢ — 1)/2 real conjugacy classes of the form
(B ) = (Bm) U (By—m) for any m = 1,..., (¢ — 1)/2. In case g € (4;), we have g = (a!,1) and
g~ = (a7!, 1) and g is conjugate to g 1,

(b, 1)(a", )0, )7 = (a™, 1),
Thus, each of the classes (A4;) constitute the real conjugacy class. Therefore

Ya—1)+ (g1

5 : Lo+,

)‘(Gpvq) = 9
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7. New family of groups satisfying the Laitinen Conjecture

7.2.2 Normal subgroups and quotients of G,

Lemma 7.13. If N < G, then |N| € {1,p,q,pq, 2pq, pg?, 2pq*}.

Proof. |G| has the following set of divisors

{1,2,p,4,2p,2q,p9, 4%, 2pq, 2¢°, pq*, 2pq*}.

We show that |N| ¢ {2,2p,2q,q¢% 2¢*}. Assume 2||N|. Then there is some element of order 2
in N. Since N is a normal subgroup of Gy, 4, it follows from Table that (B) C N and thus
|N| > pq. Observe that pg > 2,2p, 2q, 2¢>. Hence |N| ¢ {2,2p,2q,2¢°}.

Now, suppose |[N| = ¢%. We conclude from Table that N < N,,2. However, this
possibility was already excluded in the proof of Lemma [7.7] O

Consider the following subgroups of G/ 4.

Nopg = {(bsal, 1)e=0,1,1=0,...,pg— 1} N, ={(a%,1)|s=0,....,p—1}
N, = {(a**,1)|s=0,...,q — 1} Ny ={(a D[l =0,..,pg—1}

and
2 s m
Ny = {(a®,c™)[s =0,...,p—1,m=0,..,q — 1}.

Lemma 7.14. Npq2,N2pq,NI}q,Ngq,Np and Ny are the only proper normal subgroups of Gp 4.

Moreover, Nopg = Dapg, Nl}q = Cpgs Ngq = Fpq Np =Cp and Ny = (.

Proof. Tt follows from Table [7.4] that all the subgroups mentioned in the Lemma consist of the
whole conjugacy classes and thus are normal. Clearly, Noyq = Doy, N;q = Cpg, Ngq = [, 4 (since
Ngq is not abelian and the unique nonabelian group of order pq is Fj ), N, = C}, and N, = C,,.
We show that there are no other proper normal subgroups in Gp 4.

Assume for the converse that there exists a proper normal subgroup N of Gy, ; such that

N & {Np, Ny, N}, N2, Napg, N2 }. From Lemma we have

pq’ = 'pq’

\N| € {p,q,pq,2pq, pq*}.

If [N| = pg?, then the only possibility is N = N2 which is a contradiction.

Suppose |N| = 2pq. Then there exists an element of order 2 contained in N. Thus,
(B) € N. Since N # Ny, it follows that g = (z,c¢™) € N for some z € Dy, and m # 0. Since
(1,1) € N, (B) € N and [{(1,1)} U (B)| = pg + 1, it follows that |(g)| < pg. We conclude then
from Table that g € (Cy,) or g € (D) for some s not divisible by ¢. Thus C,,, € N or
D, € N. Suppose Ds,, € N. Then, for n > 1,

nfl)m)

ng _ (a5(1+wm+...+w( Cnm)

and Dy, = Dy, (nm (mod ¢)) for any n =1,...,¢—1, where s, # 0 and (nm (mod ¢)) denotes the
remainder of nm modulo ¢. Hence S = (D5 m)U(Ds,, (2m (mod q)))YU--U(Ds,_1 ((g=1)m (mod q))) S
N. However, |S| = 2p(¢ — 1) > pq. A contradiction. This means that C,, € N. Therefore
(Cm) < N and thus, forany m = 1,...,¢—1, (Cy,) € N. On the other hand, [(C1)U...U(Cy—1)| =
p(¢ — 1) < pg — 1 which means that Dg,, € N for some m # 0 and ¢ { s which we have already
excluded.
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7. New family of groups satisfying the Laitinen Conjecture

Assume |N| = pg. Then N has no element of order 2 and, since N # N;q, Cn € N or
Dy, € N for some m # 0 and ¢ { s. The latter case implies |[N| > pg. Thus Cy,, € N. Suppose
that one of the elements A; or Fs is contained in N for some p,q tl and s = 1,...,q — 1. If
A; € N, we obtain a contradiction for this leads to |[N| > pq (for (4;) = N, ). If Fy € N, then
(F1) U ...U (Fy—1) € N. On the other hand, there exist an element of order p in N and we

conclude from Table that (E1) U...U (Ep—1) € N. Thus,

q—1 qg—1 p—1
N = @ nruJe)uJE) vl E)
r=1 s=1 t=1

1 1
= 1+4pg-1)+2-5(¢-1)+2¢- 5r=pg+q—1>pg.
Thus, we obtain a contradiction. Hence
N={11}U(C1)U..U(Cpu1) U(E1) U ..U (Ep1) = N2,

which contradicts our assumption.

Let |[N| = ¢ and g € N be an element of order ¢. If g € (Cy,) or g € (Ds,y,) for some
m # 0 and g { s, we conclude from Table that this implies |[N| > ¢. Thus, g € (F5) which
means that it is impossible that N # N,.

If IN| = p, Table leads immediately to a contradiction. O]

Corollary 7.15. OP(G)q) = Gpq, OUGpq) = Nopg and O*(Gpq) = N,
L(Gp,q) = {Napgs Npg2: Gpg}-

qg2- Therefore, we have

Since Gy 4 is the semidirect product of Dgp, and Cy, it can be presented as follows.
Gpqg = (a,b,cla? = b =1,bab™ ! = a1, 4 cac™! = a¥, cbe™t = b)
Thus, we can identify a with (a,1), b with (b,1) and ¢ with (1, ¢).
Lemma 7.16. GP:Q/NZ}Q = Oy, Gp,q/Ngq = Doy, Gpg/Np = Cy x Doy and Gy, 4/Ny is a group
not of prime power order which is not nilpotent.

Proof. Define @), : Gpq — Cog = (d|d* = 1) by @} (a) =1, ¢} (b) = d?, @}, (c) = d*. Obviously

Ppg(@77) = @1, (b*) = (c?) = @, (baba) = 1
and
ga}gq(cacfl) = ga}gq(a”) = gp}oq(cbcflbfl) =1

and cp;q is a well-defined group homomorphism. It is easy to observe that Ker gp%,q = N;q and
that o}, is surjective. Thus Gp /N, , = Caq.

Let @2,: Gpg — Dog = (d,e|d? = e = 1,ede = d™') be given by ¢2, (a) = d, ©2,(b) =€
and cpf,q(c) = 1. We have

Pog(aPT) = 3 (%) = (1) = i, (baba) = gy, (cbe™ 107" =1

and
gogq(cacfl) =d=d" = gogq(a“’).
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Thus gozz,q is a well-defined epimorphism. Moreover,
bale™ e Kergo?,q sed=1c=0ql,m=0,...q—1

and Kergogq ={(a?,c™)|s=0,...p—1,m=0,...,q — 1} = Ngq.

Put ¢p: Gpg — Cy X Dog = (d|d? = 1) x (e, fle? = f2 =1, fef = e 1), ppla) = (1,¢),
©p(b) = (1, f) and ¢,(c) = (d,1). Obviously,

pp(aP?) = @p(bz) = pp(c?) = pp(baba) = ‘Pp(Cbc_lb_1> =(L,1).

Moreover, @,(cac™!) = (1,e) = (1,e*) = ¢,(a®) since i = 1 (mod ¢q). Since w = 1 (mod q),
it follows that (1,e*) = (1,e). Hence ¢, is a well-defined homomorphism. Obviously, ¢, is
surjective and b%alc™ € Ker(p,) if and only if I and m are divisible by ¢ and & = 0. Therefore
Ker(pp) = {a?|s =0,...,p— 1} = N,,.

Since the order of G, ,/N, equals 2pg, Gy 4/Ng is not of prime power order. Suppose
for the converse that Gy, /N, is nilpotent. This means that G, ,/Ny is the direct product of its
Sylows and, since |G, 4/Ng| is the product of three distinct primes, we conclude that G, /Ny
has to be cyclic. Let dN, be the generator of G, ,/N,. If d = (ba',c™) for some [ = 0, ...,pq — 1
and m = 0,...,q — 1, then |d| < 2¢ and it follows that (dN,)** =1 in G, ,/N,. This contradicts
that G, /N, is of order pg. Thus, d = (a',c¢™). If m # 0, then d? = (1,1) and we obtain a
contradiction. Hence, d = (a!, 1). In this case, however, dP = (a?!, 1) € N, which leads, again, to
a contradiction. O

7.2.3 G,, is a special Oliver group

We will need the following results of Sumi.

Theorem 7.17. |71, Theorem 1.2] Let G be a group with no large subgroup of prime power
order. Moreover, suppose that [G: O*(Q)] = 2 and OP°(G) # G for a unique odd prime py and
that G does not have an element of order divisible by 4 and there is an element g € G of order
2 not belonging to O?(G) such that 2|0%(Cg(g))| > |Calg)| and O?(Ca(g)) is a po-group. Then
G is not a gap group.

Lemma 7.18. |70, p.35, first paragraph| If G is a group which has a large subgroup of prime
power order, then G is not a gap group.

Lemma 7.19. [69, pp. 982,984| For any n > 3, the dihedral group Da, is not a gap group.

Now, we can prove the following.

Lemma 7.20. N!

pqr Nopgs Npg2 and Gp 4 are not gap groups.

Proof. Let us prove that G, is not a gap group by means of Theorem By Corollary
and the fact that G, , does not have an element of order divisible by 4, it suffices to show
that there exists an element g € G, of order 2 not belonging to 0O?(G,,) = Npq2 such that
2|0%(Cq,.,(9))] > |Caq,.,(g9)| and O*(Cg, ,(9)) is a g-group. We show that this holds for g = (b,1).
We have

(b°a’, ¢™)(b,1) = (b, 1)(b°a!, c™) < (b°a'b, c™) = (b'Ted!, ™)
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which holds if and only if I = 0. Thus Cg, (9) = {(b°,c¢")|e = 0,1,m = 0,...,q — 1} = Cy.
Obviously O?(Coq) = Cy is a g-group and the inequality 2|0*(Cg, ,(9))| > |Caq,,(g)| holds.
Hence G, 4 is not a gap group.

Note that both Nz}q and N, contain NN, as a normal subgroup (since N, < G 4). Thus
O1(N,,) = O4(N,z2) = N, and N, is a large subgroup for both N}, and N,2. Hence, we get
from Lemma [7.18| that N}}q and N2 are not gap groups.

The statement for Napq is the direct corollary from Lemma [7.19} O

Lemma 7.21. G4 has no cyclic quotient of odd composite order and G4 does not satisfy the
Sums ng}}-condition.

Proof. 1t follows by Lemma and Lemma that Gy, 4 has no cyclic quotient of odd com-
posite order. It follows by Lemma that Gg’iq = Nz}q. Assume :EN]}Q = yN;q for some ele-
ments z,y € Gp, of even order. This means that x = (ba!,¢™) and y = (ba!’, ™) for some
LI!=0,...,pqg—1and m,m' =0,...,¢g — 1 and

-1 Vo™=~ m—m/ 1
xy = (a ,C ) € Ny,

Thus m’ = m and (z) = (y) by Table[7.4]

Suppose there exist 2’,y" € G, 4 of composite order such that one of them, say 2/, is of
odd order. Then 2’ € Nz}q by Table (7.4} Thus, the only subgroups of G, ; which can contain both
2’ and 3 must have Nz}q as a subgroup. These subgroups are precisely Nplq, Nopg, Npgz and G 4.
We showed in Lemma [7.20] that they are not gap groups. This shows that G, does not satisfy

the Sumi Gg%-condition. O

Lemma 7.22. Np. has no normal subgroup P of prime power order such that the quotient
N2/ P is cyclic. The same statement holds for Nap,.

Proof. Suppose that P < N2 and N,.2/P is cyclic. Then |P| € {1,p,q,¢*}. If |P| = 1, then
Npp2/P = N, and we obtain a contradiction. The case |P| = ¢? is not possible by the proof of
Lemma

Let |P| = g and N,,2/P = (gP) for some g € N,2. If g & (A;) for any [ not divisible by p
and ¢, then, by Table , || < p which is a contradiction since |N,,2/P| = pq. Suppose g € (4;)
for some [ not divisible by p and ¢. It follows by Table that precisely one of the elements C1,
Fy1 or Dy, for some s and m not divisible by ¢, is the generator of P. It follows by Table
that C; cannot be the generator of P. Indeed, by Lemma C1 corresponds in N 1/7 2 to (1,7),
which yields at least p(¢ — 1) elements in P (P contains the whole conjugacy classes) which is
a contradiction. In the case F; = (aP,1) generates P, notice that ¢" € (Fy) = P if and only if
p|n which yields |N,,2/P| = p and a contradiction. Thus P = (Ds ). Since Ds,, corresponds
in N, to (al,y™) for some I € {1,...,q — 1}, it follows from Table m that |P| > ¢ which is a
contradiction.

Suppose |P| = p. In this case, however, it follows from Lemma and Table that
P = N,. Suppose N,,2/P = {((a',c™)P). As before, |[N,,2/P| < q in case m # 0, which is not
possible. If N,,2/P = ((a!,1)P), then (a',1)? = (a?,1) € N, and, again, [N,z/P| < q.

Assume that there exists P < Ny, of prime power order such that Na,,/P is cyclic.
Then |P| € {1,2,p, q}. Obviously, P cannot be the trivial subgroup and, since there is no normal
subgroup of order 2 in Ny, it follows that |P| € {p, ¢}. This means that P is a subgroup of NI}q.
If |P| = p, then P = {(a%,1)|s = 0,...,p—1}. Since |(ba',1)| = 2 for any [ = 0, ..., pg—1, it follows

68



7. New family of groups satisfying the Laitinen Conjecture

that Nope/P = ((al,1)P). Suppose (a!,1)"P = (ba",1)P for some n > 0 and I’ = 0,...,pq — 1.
This means that (ba" ~™,1) = (ba',1)(a},1)~" € P. A contradiction which implies that Ny, /P
is not cyclic. The case |P| = ¢ is analogous. O

Lemma 7.23. G), 4 is a special Oliver group.

Proof. Obviously, G 4 is not of odd order. Since Doy, and C, are solvable groups, it follows
that G4, as the semidirect product of Dgp, and Cy, is solvable as well. Moreover, by Lemma
@ we know that G, has no cyclic quotient of odd composite order and does not satisfy the
Sumi Ggfé-condition. Thus, we only have to show that G, , is an Oliver group. Suppose for the
converse that this is not true. Then, there exist subgroups P < H < G, 4 such that G, ,/H and
P are of prime power orders and H/P is cyclic. Then, by Lemma , |H| € {2pq, pg?, 2pq®}
and thus, by Lemma H € {Napg, Npg2, Gp g} However, by Lemmas m |7_16| and m it
follows that neither of the groups Nap,, N,.2 and Gp 4 has a normal subgroup of prime power

pq
order such that the quotient by it is cyclic. This concludes the proof. O

7.3 Injectivity of the induction for primary groups

Assume H is a subgroup of a group G and consider the induction homomorphism
Ind%: RO(H) — RO(G), U =V = Ind%(U) — Ind% (V)
and its restriction to PO(H ), that is
md%: PO(H) — PO(G).

Let s denote the number of real conjugacy classes of G which have nonzero intersection with H
and whose elements are not of prime power order. Put t = \(H) = rank(PO(H)) and let m be
the number of real conjugacy classes of G. Obviously, s < t.

Consider the image Im(Indg: PO(H) — PO(G)). Clearly, it is a torsion-free subgroup
of PO(G) and let 7 be its rank. Thus, Ind%: PO(H) — PO(G) is a monomorphism if and only
ifr==t.

If A is a matrix with entries in the field K, then we denote by rankg (A) the rank of A
over K.

Lemma 7.24. Assume A € GL(n,C) is of finite order. Then tr(A™1) = tr(A).

Lemma 7.25. The rank of Im(Ind%: PO(H) — PO(G)) is at most s, that is 7 < s.

Proof. Pick the bases € = {e1,...,e:} and € = {€],...,e},} of PO(H) and PO(G) respectively
(t' = AM(G)). We use the column convention for elements from PO(H) and PO(G) — we represent
them as t x 1 and ¢/ x 1 vectors respectively, where the coordinates are given by the bases € and
¢’ accordingly. The induction map is a linear map and denote by M its matrix form in bases €
and €.

Let (g1)%, ..., (g#)* be the ordered list of all real conjugacy classes of G’ whose elements
are not of prime power order and let y be the map which evaluates the characters of the elements
of PO(G) on the classes (g;)* for i = 1,...,t'. Note by Lemma that y is well-defined and

x: PO(G) = R
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5}(91)
5; — :
Eg(gt')
Let X = (xij)1<ij<v be the matrix of x, that is x;; = €/(g;). Clearly, rankg(X) = ¢. Consider
the composition
Ind§

x oInd%: PO(H) — PO(G) X RY.

The matrix of x o Ind% is a t’ x t matrix A = (aij)1<i<r,1<j<¢ given by A = XM. Thus,
aij = Ind%(;)(gi) for 1 <i <t and 1 < j < t. Tt follows from Theoremthat rankg(A) < s.
On the other hand, since rankg(X) = t/, it follows that rankg(M) = rankg(A). Therefore
rankg (M) < s.

Now, since M is an integer matrix and R is an extension of Q, we conclude that the real
rank of M equals its rational rank, that is rankg(M) = rankg(M) = r’. We show that r = 7/
which would mean that r < s and would complete the proof.

Obviously, r > /. Let V. = (¢},...,e},). Take any r’ + 1 elements v1,...,v,741 from
Im(Ind%: PO(H) — PO(G)). They can be considered as vectors from V. Note that they are
linearly dependent (over Q), since the dimension of Im(Ind%: PO(H) — PO(G)) considered as
a subspace of V equals r’. Let

101 + o + Q101 =0 (1)

be a nontrivial combination. Suppose {,,...,;, } is the set of all nonzero coefficients and
ai; = pj/q;, where pj,q; € Z\ {0} for 1 < j < k. Multiplying both sides of equality by
q1...qk, we get a nontrivial integer combination of v;’s. Thus r <’ and, as a result, r =7". [

Lemma 7.26. Ind%: PO(H) — PO(G) is a monomorphism if and only if (h)é NH = (h)5 for

any h € H not of prime power order.

Proof. Suppose that for any h € H not of prime power order we have (h)g NH= (h)ﬁ Let a1
and x5 be two different elements of PO(H). We must show that Ind%(z;) # Ind% (). There
exists h € H not of prime power order with z1(h) # z2(h). We have two possibilities. The first
one is when (h)y = (h™ 1)y = (h)z;E N H. Thus

(MWeNH=hYenH=(RhENH=(h)F;=(h)u
and it follows by Theorem that

mdf (z1)(h) = {e&ita(h)  and  Tndf(z2)(h) = {6 s (h).

Therefore Ind% (z1)(h) # Ind% (z2)(h) since z1(h) # x2(h). In the second possibility, we have
(Mg # (W Y)y. If (h)g N H = (h)y, we have already proved the assertion. Assume (h)g C
(h)a N H. Note that

(e H)U (e nH) = (hgNH = (h)g U (h™")a.

Clearly (b ')y C (h™1)g N H, which in connection with (h)y € (h)g N H gives from the

equalities above (h)gNH = (h"1)¢NH = (h)g U (h~1)y. Note that |Cy(h)| = |Cy(h~1)|. Thus
by Theorem and Lemma we get

Indf (z1)(h) = 2{6E0z1 (k) and  Tndf(w2)(h) = 2{cE0 as(h).
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Thus Ind% (z1)(h) # Ind% (z2)(h).

We prove now the converse. Suppose Ind%: PO(H) — PO(G) is a monomorphism.
Assume for the contrary that there exists h € H not of prime power order with (h)é NH #
(h)%. Then (h)E € (h)é N H and thus s < t. Hence, it follows by Lemma that we have
rank(Im(Ind%: PO(H) — PO(G))) < t and Ind§: PO(H) — PO(G) is not injective which is a
contradiction with our assumption. O

Corollary 7.27. Assume N is a normal subgroup of G. Then Ind%: PO(N) — PO(G) is a
monomorphism if and only if (n)é = (n)]j\tf for any n € N not of prime power order.

Corollary 7.28. Ind%’q : PO(Nyp2) — PO(Gypy) is a monomorphism.

q2

Proof. By Corollary it suffices to show that for any n € N,,,2 not of prime power order, we
have (n)épq = (n)ﬁ ,- We know by Table that n has to be of order pqg and n = (a’, 1) for
’ pq

some [ not divisible by p and ¢. From the proof of Lemma we know that n=! = (a*l, 1) and
n are conjugate in G, 4. Thus (n)gp .= (n)g,.,- On the other hand n and n™! are not conjugate

in Np.2. Otherwise, there would exists (a”,¢™') such that
(@, c™)(a, 1)@, ™) = (a7, ).

Thus (aliM/, 1) = (a~",1) which cannot be true since [i"™ =1 # —I (mod q) for ¢ { I. Therefore
(n_l)Npqz # (n)Npq2 and it follows by Table that \(ni)Nmzl = 2¢. On the other hand,

](n)épq| = |(n)a,,| = 2¢, and the assertion follows. O

7.4 Proof of Theorem [7.3

Let H < G be a subgroup of a group G. Assume that U and V are two RH-modules
satisfying the weak gap condition and such that dim W% = 0 for any L € £L(H) and W = U, V.
Then, by [40, Lemma 1.2, Lemma 1.7], the RG-modules Ind% (U) and Ind% (V) satisfy the weak
gap condition and dim W’F = 0 for any L € £(G) and W’ = Ind%(U), Ind% (V). In particular,
we have

d%(PO%(H)) C POX(G).
Let us recall the following result which is a corollary from [39, Theorem 1.6].

Theorem 7.29. Let G be an Oliver group and U and V two P-matched RG-modules satisfying
the weak gap condition and such that dim U* = dim V¥ = 0 for any L € L(G). Then there exists
an RG-module W such that U @ W and V & W are Smith equivalent.

Hence, as a corollary from the discussion above, we get the following theorem.

Theorem 7.30. Let H be a subgroup of an Oliver group G. Any element of PO‘%(H) s repre-
sentable as the difference U —V in RO(H) of P-matched RH-modules U and V' satisfying the
weak gap condition and the condition that dim UY = dim V¥ = 0 for any L € L(H). For these
RH-modules U and V, there exists an RG-module W such that the RG-modules Tnd% (U) & W
and Ind% (V) @ W are Smith equivalent.

We can prove now the main theorem of this section.
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Proof of Theorem[7.3. Lemmas and tell us that G, 4 is a special Oliver group with
primary number at least 2. By Corollary [7.11] there exist non-isomorphic RG) -modules U

and V with U — V € PO4(N,2). Thus, by Corollary [7.28] Ind (U) and Ind3"* (V) are not
Pq pq

isomorphic RG), ;-modules. Clearly, U and V' can be chosen to satisfy the weak gap condition
and such that dim U* = dim V¥ = 0 for any L € L(N,,2). Therefore, by Theorem it follows

that there exists an RG) ,-module W such that Imdgp’q2 (U)@e W and Indg‘j’q2 (V)@ W are Smith
prq prq
equivalent. Obviously, these modules are not isomorphic. O
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Notation

e Algebraic topology:

— OM — the boundary of a manifold M ......... .. .. ... .. .. p
— Hy(X,A; R),H*(X, A; R) — homology and cohomology of the pair (X, A) with

coefficients in R, when A = (), we omit A and if R =7, we omit R ............. p
— [M],[M,0M] - fundamental class of a manifold M — without and with

boundary respectively . ... ... ... ... . p]]
— a U B — the cup product of cohomology classes cand 8 ........................ pl1d]
— (+,+) — the Kronecker pairing ..............ooiiiuiiiiiiiii i, )
— X — the oriented intersection product ................... .. i p
— X — the unoriented intersection product ........... ... .. . i )
— Int(X) — the interior of the topological space X ........................... ... p

e Geometry and group actions:

— X& — the fixed point set of the G-action on X ........... ..., p@
— T, M — the tangent space at point x to the manifold M ........................ pl1d]
— R () p
— A - B — oriented intersection number ......... ... .. p
— A - B — unoriented intersection number........... ... p[12
— D(F) — disk bundle of the bundle E .......... ... ... i p
— G ~ M — the action of a group G on a manifold M ............................ p[I9
— D(0) — differential of the transformation 6............... .. ... .. .. .. ... p
— exp,, — exponential map at point p ... )
O (H ) oo p

e Abstract and linear algebra:

— mW — m-fold direct sum of W .. .. ... .. . pf
— char(F') — characteristic of the field F'....... .. ... ... ... i pf3l
— dim VH — the dimension of the fixed point space VH ... . ... ... ... ... p
— span(A) — the linear span of A ... ... ... . p
— Tor(A, B) — the Tor functor applied to he pair (A, B) ..., p
— DG e p
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tr(A) — the trace of the matrix A ... ... ... . .. pl69]

e Representation theory:

X — the conjugate of the character x....... ... ... pl
Re(x) — the real part of the character x .............. oo, pig
t(x) — the Frobenius-Schur indicator of the character x.......................... p@
Ind% (V) — the induced module of V from H to G'................ccoiiiiin... p
Ker(V) — the kernel of module V... ... ..o i p
RO(G) — the representation group of G ..., p
Resg — the restriction homomorphism from G to H ............................ p
PO(G) — the primary group of G..... ...t )
F(S(G) — the reduced primary group of G ............ . P
PO (G o p
Cn = T pl60

e Group theory:

H <G - Hisasubgroupof the group G.............ccoiiiiiiiiiiii... pPl
[G : H] — the index of the subgroup H in G .......... .. ..., p
Ck () — the centralizer in K of @ ... p
H <4 G - H is a normal subgroup of the group G............................... pl27]
G*°! — the smallest normal subgroup of G such that G/G*! is solvable.......... p
G2, GG, GHG), GUG), G(G) e pp.
(Hy, Hy) — the subgroup generated by the subgroups Hy and Hy ............... p
rg — the number of real irreducible representations of G diminished by 1....... p-
A(G), B(G) — good subgroup triples of G of type A and B respectively......... p
I5(G) — the intersection subgroups of G of index at most 2 .................... p.
SmallGroup(n, k) — the group of order n and id k from the

GAP SmallGroup LIDrary .. ......ooini p 6]
(9)F = (9) U (g7") — the real conjugacy class of g................coooiiiiiiinn.. P
A(G) — the Laitinen number of G ........ ... . i i p
G™! — the smallest normal subgroup of G such that G/G™! is nilpotent......... p
OP(@G) — the smallest normal subgroup of G such that G/OP(G) is a p-group ... p
L(G) — the family of large subgroups of G......... ... .. i i P
N %, H — the semidirect product of N and H defined by the homomorphism

O H = AUt(IN) o p
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M N e D
O MINF oo D
M T e e pld0|
— MMy G oo p

Smith problem:

— Sm(G) — the Smith set of the group G .......... ... .. ... .. p
— PSm(G) — the primary Smith set of the group G ............... ... ... p
— Br(k) — the Bredon number of k ........ ... . p
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