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Morse—Bott split symplectic homology

Luis Diogo and Samuel T. Lisi

®
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Abstract. We associate a chain complex to a Liouville domain (W, d)
whose boundary Y admits a Boothby—Wang contact form (i.e. is a pre-
quantization space). The differential counts Floer cylinders with cas-
cades in the completion W of W, in the spirit of Morse-Bott homology
(Bourgeois in A Morse-Bott approach to contact homology, Ph.D. The-
sis. ProQuest LLC, Stanford University, Ann Arbor 2002; Frauenfelder
in Int Math Res Notices 42:2179-2269, 2004; Bourgeois and Oancea in
Duke Math J 146(1), 71-174, 2009). The homology of this complex is
the symplectic homology of W (Diogo and Lisi in J Topol 12:966-1029,
2019). Let X be obtained from W by collapsing the boundary Y along
Reeb orbits, giving a codimension two symplectic submanifold ¥. Under
monotonicity assumptions on X and ¥, we show that for generic data,
the differential in our chain complex counts elements of moduli spaces
of cascades that are transverse. Furthermore, by some index estimates,
we show that very few combinatorial types of cascades can appear in

the differential.
Mathematics Subject Classification. 53D40, 53D42.
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1. Introduction and statement of main results

In this paper, we define Morse-Bott split symplectic homology theory for
Liouville manifolds W of finite-type whose boundary Y = 0W is a prequan-
tization space. This is inspired by the construction of Bourgeois and Oancea
for positive symplectic homology, SH™ [8]. Our main result is that we obtain
transversality for all the relevant moduli spaces and thus have a well-defined
theory. This is obtained by means of generic choice of the geometric data, as
opposed to using abstract perturbations. This is an important preliminary
step in the computation of this chain complex in [13]. Furthermore, in [13], we
justify that the homology of this complex is indeed the symplectic homology
of W.

The main purpose of this definition of a split version of symplectic
homology is to enable computations in certain examples. For instance, we
expect to be able to compute symplectic homology for completions W of X\,
where both X and ¥ are smooth projective complete intersections. Many of
these examples fit in our framework and additionally enough is known about
their Gromov—Witten invariants for the computation to be possible. In [13,
Part 4], we illustrate our results by computing the well-known symplectic
homology of T*S2.

In the following, we consider a 2n-dimensional Liouville domain (W, d\)
with OW = Y. Denoting by o = A|y the contact form on the boundary
induced by the Liouville form A, we require that « is a Boothby—Wang con-
tact form, i.e. its Reeb vector field induces a free S! action. Such a contact
manifold is also called a prequantization space. We let £2"~2 denote the quo-
tient by the Reeb vector field, and we note that da descends to a symplectic
form wy; on the quotient. It follows that there exists a closed symplectic man-
ifold (X,w) for which ¥ is a codimension 2 symplectic submanifold, Poincaré
dual to a multiple of w, with the property that (X\X,w) is symplectomorphic
to (W\Y,d\). See Proposition 2.1 for a more detailed description of this, or
see [21, Proposition 5]. We can think of X as the symplectic cut of W along Y.

We let (W, d)\) be the completion of W, obtained by attaching a cylin-
drical end R x Y, and take a Hamiltonian H: R x Y — R with a growth
condition (see Definition 3.1 for details). This Hamiltonian will have Morse—
Bott families of 1-periodic orbits, and we then use the formalism of cascades
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(similar in style to the Morse-Bott theories of [5,19,27]) to construct a Morse—
Bott Floer homology associated with H. We also consider configurations that
interact between R x Y and W, as in [8].

In Sect. 3, we introduce the chain complex for split symplectic homol-
ogy, and in Sect. 4 we describe the moduli spaces that are relevant to the
differential. The chain complex will be generated by critical points of aux-
iliary Morse functions associated with our Morse-Bott manifolds of orbits.
The differential will be obtained from moduli spaces of Floer cylinders with
cascades together with asymptotic boundary conditions given in terms of the
auxiliary Morse functions.

We then prove three main results. The first is a transversality theorem
for “simple cascades”. These are elements of the relevant moduli spaces that
are also somewhere injective when projected to Y. This result holds without
any monotonicity assumptions. A more precise formulation is provided in
Proposition 5.9.

Theorem 1.1. Simple Floer cylinders with cascades in W and RxY are trans-
verse for a co-meagre set of compatible, Reeb-invariant and cylindrical almost
complex structures on (W, d\).

Theorem 1.1 builds on a transversality theorem for moduli spaces of
spheres in X and in ¥, which may be of independent interest. This construc-
tion is somewhat analogous to the strings of pearls that Biran and Cornea
study in the Lagrangian case [3]. Our result builds essentially on results from
[29]. A more precise formulation is given in Proposition 5.26.

Theorem 1.2. For a generic compatible almost complex structure, moduli
spaces of somewhere injective spheres in % and of somewhere injective spheres
in X with order of contact constraints at %, connected by gradient trajecto-
ries, are transverse assuming no two spheres have the same image.

The third result builds on these two to describe the moduli spaces that
are relevant under suitable monotonicity assumptions on X and . In par-
ticular, the differential is computed from only four types of simple cascades.
See Propositions 6.2 and 6.3 for more details.

Theorem 1.3. Assume that (X,w) is spherically monotone with monotonic-
ity constant Tx and assume that ¥ C X is Poincaré dual to Kw with
Tx > K > 0.

Then the split Floer homology of W is well defined, and does not depend
on the choice of Hamiltonian or of compatible, Reeb-invariant and cylindrical
almost complex structure on W (in a co-meagre set of such almost complex
structures).

The only moduli spaces of split Floer cylinders with cascades that count
in the differential are the following:

(0) Morse trajectories in'Y or in W;

(1) Floer cylinders in RxY, projecting to non-trivial spheres in 3, and with
asymptotics constrained by descending/ascending manifolds of critical
points in Y ;
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(2) holomorphic planes in W that converge to a generic Reeb orbit in'Y;

(3) holomorphic planes in W constrained to have a marked point in the
descending manifold of a Morse function in W and whose asymptotic
limit is constrained by the auziliary Morse function on the manifold of
orbits in Y.

We remark that Cases (2) and (3) are non-trivial cascades, but their
components in R x Y lie in fibres of R x Y — 3. This is formulated more
precisely in Propositions 6.2 and 6.3. See Figs. 4, 5 and 6 for a depiction of
Cases (1)—(3).

The paper concludes with a discussion of orientations of the moduli
spaces of cascades contributing to the differential, in Sect. 7.

2. Setup

We now provide details of the classes of Liouville manifolds for which we
prove transversality in split Floer homology.
We begin by summarizing some constructions from [13], specifically

Proposition 2.1 [13, Lemma 2.2]. Let (W,d\) be a Liowville domain with
boundary Y = OW. Assume that o := |y has a Reeb vector field generating
a free S' action.

Then if ¥ is the quotient of Y by the S action, and ws, is the symplectic
form induced from da, there exists a symplectic manifold (X,w) with ¥ C X
so that w|y, = wx, with the following properties:

(i) (X\X,w) is symplectomorphic to (W\OW,d\);

(i) [2] € Han—2(X;Q) is Poincaré dual to [Kw] € H*(X;Q) for some
K >0;

(iil) if NX denotes the symplectic normal bundle to ¥ in X, equipped with
a Hermitian structure (and hence symplectic structure), there exist a
neighbourhood U of the 0-section in NX and a symplectic embedding
p: U — X. By shrinkingU as necessary, we may arrange that @ extends
to an embedding of U. g

Definition 2.2. Let X, w, Y, ws, and NX be as in Proposition 2.1.

Fix a Hermitian line bundle structure on the symplectic normal bundle
m: N¥ — X. A Hermitian connection on NX can be encoded in terms of a
connection 1-form © € Q'(N¥\X) with the property that d® = —K7*dws..
Fix such a Hermitian connection 1-form ©.

Since N is a Hermitian line bundle, we have the action of U(1) on the
bundle by rotation in the C-fibres. The infinitesimal generator of this action
is a vector field on which © evaluates to 1.

Let p: NX — [0, 4+00) denote the norm in N'¥ measured with respect to
the Hermitian metric. Then, for each z € NX\X, let &, = (ker ©, Nkerdp) C
T,NX. We may then extend the distribution &, smoothly to the 0-section by
defining &, =T, Y if x € X.

Notice that this gives a splitting T, N¥ = kerdnr & £, and dml¢: & —
T (22 is a symplectic isomorphism.
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Any almost complex structure Jx; on X can then be lifted to an almost
complex structure on N3 by taking it to be the linearization of the bundle
complex structure on kerdrn and to be the pull-back of Jyx to £, by the
isomorphism d7: & — T 2.

We refer to any almost complex structure obtained in this way as a
bundle almost complex structure on N.

Define the open set V = X\p(U). We will later perturb our almost
complex structures in V.

Proposition 2.3 [13, Lemma 2.6]. Let W, Y, A\, a, X, ¥ and o: U — X be
as in Proposition 2.1.

Then there exists a diffeomorphism ¢¥: W — X\X with the following
properties:

(i) if Jx in a compatible almost complex structure on X that restricts to
w(U) as the push-forward by ¢ of a bundle almost complex structure,
then ¥*Jx is a compatible almost complex structure on W that is cylin-
drical and Reeb-invariant on W\W;

(ii) of Jw is a compatible almost complex structure on W, cylindrical and
Reeb invariant on W\W , then the push-forward 1. Jyw extends to an
almost complex structure Jx on X and Js = Jx|x is also given by
restricting Jw to a parallel copy of {c} XY for some ¢ > 0, and taking
the quotient by the Reeb S* action.

Furthermore, ¥ may be taken to be radial, in the sense that for (r,y)
[ro, +00) XY in the cylindrical end of W, ro sufficiently large, then ¥(r,y)
(p(r),y) € NX\X.

Note that the diffeomorphism % is not symplectic.
In Sect. 6.1, we impose additional conditions of monotonicity. These will
also be relevant to the grading given in Definition 3.4.

Ol m

Definition 2.4. Given a symplectic manifold (X?" w) and a codimension-2
symplectic submanifold ¥2"~2 C X, say that (X, X,w) is a monotone triple
if
(i) X is spherically monotone: there exists a constant 7x > 0 so that for
each spherical homology class A € Hy (X), w(A) = mx{c1(TX), A);
(ii) [¥] € H2p—2(X;Q) is Poincaré dual to [Kw] for some K > 0 with
Tx > K.

In this case, we write wy = wls.

Observe that Condition (ii) implies that (X, wy) is spherically monotone,
monotonicity constant 7 = 7x — K.

We then obtain the following useful characterization of Jy,-holomorphic
planes in W (see also [23]):

Lemma 2.5 [13, Lemma 2.6]. Under the diffeomorphism of Proposition 2.3,
finite energy Jyw -holomorphic planes in W correspond to Jx-holomorphic
spheres in X with a single intersection with 2. The order of contact gives the
multiplicity of the Reeb orbit to which the plane converges.
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Proof. Under the map v, a finite energy Jy -plane in W gives a Jx-plane in
X\X. By the fact that 1 is radial, the restriction of ¥*A to the cylindrical
end [rg,4+00) x Y takes the form g(r)a for some function g with ¢’ > 0 and
lim, o g(r) = 1. It follows then that the integral of *d\ over the plane is
dominated by its Hofer energy as given in [10, Section 5.3]. Hence, the image
of the plane under the map is a plane in X\X with finite w-area.

It follows then that the singularity at oo is removable by Gromov’s
removal of singularities theorem, and thus the plane admits an extension to
a Jx-holomorphic sphere. The order of contact follows from considering the
winding around ¥ of a loop near the puncture. O

We now formalize the class of almost complex structures that will be
relevant to this paper.

Definition 2.6. An admissible almost complex structure Jx on X is compat-
ible with w and its restriction to ¢(Uf) is the push-forward by ¢ of a bundle
almost complex structure on NX.

An almost complex structure Jy on (W,d\) is admissible if Jy =
*Jx for an admissible Jx. In particular, such almost complex structures
are cylindrical and Reeb-invariant on W\W.

A compatible almost complex structure Jy on the symplectization Rx Y
is admissible if Jy is cylindrical and Reeb-invariant.

In the following, we will identify W with X\¥ by means of the diffeo-
morphism v and identify the corresponding almost complex structures. By an
abuse of notation, we will both write 7x: Y — X to denote the quotient map
that collapses the Reeb fibres, and m5;: Rx Y — X to denote the composition
of this projection with the projection to Y.

Definition 2.7. Denote the space of almost complex structures in ¥ that are
compatible with wy by Js.

Let Jy denote the space of admissible almost complex structures on
R x Y. Then the projection dry induces a diffeomorphism between Jy and
Is.

Let Jw denote the space of admissible almost complex structures on
W. By Proposition 2.3, for any Jy € Jw, we obtain an almost complex
structure Jy.

Denote this map by P: Jw — Js. This map is surjective and open by
Proposition 2.3. For any given Jx, € Js, P~1(Jx) consist of almost complex
structures on W that differ in W, or equivalently, can be identified (using )
with almost complex structures on X that differ in V = X \p(U).

3. The chain complex

We will now describe the chain complex for the split symplectic homology
associated with W.

Definition 3.1. Let h: (0,+00) — R be a smooth function with the following
properties:
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h(e")

by,

—A(vk)

FIGURE 1. An admissible Hamiltonian and the graphical
procedure for computing the action of a periodic orbit

p) — +00 as p — 00;
"(p) >0 for p > 2.

An admissible Hamiltonian H: R x Y — R is given by H(r,y) = h(e").
Since this Hamiltonian H(r,y) = 0 for all r < In2, we will also take H = 0
on W when considering cascades with components in W. See Fig. 1.

Since w = d(e” &) on Ry x Y, the Hamiltonian vector field associated
with H is h'(e")R, where R is the Reeb vector field associated with «. The
fibres of Y — X are periodic Reeb orbits. Their minimal periods are Ty :=
fﬂ_gl(p) a, for p € 3. The 1-periodic orbits of H are thus of two types:

(1) constant orbits: one for each point in W and at each point in
(—o0,log2] x Y CR xY;

(2) non-constant orbits: for each k € Z,, there is a Y-family of 1-periodic
X p-orbits, contained in the level set Y := {by} x Y, for the unique
br > log?2 such that h/(e’*) = kTy. Each point in Y} is the starting
point of one such orbit.

Remark 3.2. Notice that these Hamiltonians are Morse-Bott non-degenerate
except at {log 2} x Y. These orbits will not play a role because they can never
arise as boundaries of relevant moduli spaces (see [13, Lemma 4.8]).

Recall that a family of periodic Hamiltonian orbits for a time-dependent
Hamiltonian vector field is said to be Morse—Bott non-degenerate if the con-
nected components of the space of parametrized 1-periodic orbits form man-
ifolds, and the tangent space of the family of orbits at a point is given by
the eigenspace of 1 for the corresponding Poincaré return map. (Morse non-
degeneracy requires the return map not to have 1 as an eigenvalue and hence
such periodic orbits must be isolated.)

We also fix some auxiliary data, consisting of Morse functions and vector
fields. Fix throughout a Morse function fy;: ¥ — R and a gradient-like vector
field Zy, € X(X), which means that 2|dfs|? < dfs(Zs) < c|dfs|? for some
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constant ¢ > 0. Denote the time-t flow of Zy; by gptzz. Given p € Crit(fy),
its stable and unstable manifolds (or ascending and descending manifolds,
respectively) are

W) = {a.e 3 fim 30 =} W20 = {a e 3 im_e30) =

(3.1)
Notice the sign of time in the flow, so that these are the stable/unstable man-
ifolds for the flow of the negative gradient. We further require that (fs, Zs)
be a Morse-Smale pair, i.e. that all stable and unstable manifolds of Zx
intersect transversally.

The contact distribution £ defines an Ehresmann connection on the
circle bundle S' < Y — . Denote the horizontal lift of Zs, by 7475 €
X(Y). We fix a Morse function fy:Y — R and a gradient-like vector field
Zy € X(Y) such that (fy,Zy) is a Morse-Smale pair and the vector field
Zy — w5 Zx is vertical (tangent to the S!-fibres). Under these assumptions,
flow lines of Zy project under 7y, to flow lines of Zs;.

Observe that critical points of fy must lie in the fibres above the critical
points of f5; (and these are zeros of Zy and Zs;, respectively). For notational
simplicity, we suppose that fy has two critical points in each fibre. In the
following, given a critical point for fx, p € 3, we denote the two critical
points in the fibre above p by p and p, the fibrewise maximum and fibrewise
minimum of fy, respectively.

We will denote by M (p) the Morse index of a critical point p € ¥ of fx,
and by M (p) = M(p) + i(p) the Morse index of the critical point = p or
p =p of fy. The fibrewise index has i(p) = 1 and i(p) = 0.

Fix also a Morse function fy and a gradient-like vector field Zy, on W,
such that (fw, Zw) is a Morse-Smale pair and Zy restricted to [0,00) x ¥
is the constant vector field 0,., where r is the coordinate function on the first
factor. We denote also by (fw,Zw) the Morse-Smale pair that is induced
on X\X by the diffeomorphism in Lemma 2.5. Denote by M (x) the Morse
index of x € Crit(fw) with respect to fy .

We now define the Morse-Bott symplectic chain complex of W and H.
Recall that for every k > 0, each point in Yy := {bp} x Y C RT x Y is the
starting point of a 1-periodic orbit of X g, which covers k times its underlying
Reeb orbit.

For each critical point p = p or p = p of fy, there is a generator
corresponding to the pair (k,p). We will denote this generator by pg. The
complex is then given by

SC. - D D Zwp | o D zw|. 62

k>0 peCrit(fx) zeCrit(fw)

Definition 3.3. The Hamiltonian action of a loop v: S' = R x Y is

Ay) = / (A — HAt),



Vol. 21 (2019) Morse-Bott split symplectic homology Page 9 of 77 77

In particular, A(y) = 0 for any constant orbit 7, and for any orbit
Y € Yy, we have
A(ve) = e B/ (") — h(e®) > 0, (3.3)
where by, is the unique solution to the equation h/(e?*) = kT, as above. The
action of 7y is the negative of the y-intercept of the tangent line to the graph
of h at e’. See Fig. 1. The convexity of h implies that A(7;) is monotone
increasing in k.

3.1. Gradings
We will now define the gradings of the generators. For this, we will assume
that (X, X, w) is a monotone triple as in Definition 2.4.

Definition 3.4. For a critical point p of fy, and a multiplicity &, we define
TX — K

Pr| = M(P) +1—n+2 keR, (3.4)

where we recall that 7x is the monotonicity constant of X and ¢;(NX) =
[sz].
For a critical point x of fy,, we define

|z| =n — M(z). (3.5)

Finally, for convenience, we introduce an index similar to the SFT grad-
ing for the Reeb orbits to which a split Floer cylinder converges at augmen-
tation punctures. If  is such a Reeb orbit, it is a k-fold cover of a fibre of
Y — ¥ for some k. We then define its index to be

_ Tfo
I7lo = 2+2< I )k (3.6)

The justifications of these gradings comes from analyzing the Conley—
Zehnder indices of the 1-periodic Hamiltonian orbits. These are defined for
Morse non-degenerate Hamiltonian/Reeb orbits, using a trivialization of TW
or of T(RxY") over the orbit. See Definition 5.19 for the Morse-Bott analogue,
and also [2, Section 3]; [22]. The first key observation is that the Conley—
Zehnder index of an orbit only depends on the trivialization of the complex
line bundle L := AZTW over the orbit.

For a constant orbit, we may take a constant trivialization, and applying
Definition 5.19, we obtain the Conley—Zehnder index of the constant orbit to
be —n+ (2n — M(x)) =n — M(z).

A non-constant orbit v in R X Y projects to a point in X. From this,
we may take a “constant” trivialization of v*¢ by taking the horizontal lift
of a constant trivialization of Ty (). Then by considering the linearized
Hamiltonian flow in the vertical direction, we obtain the Conley-Zehnder
index of the corresponding generator py to be

CZo(pr) = M(P) +1 —n. (3.7)

The Conley—Zehnder index is computed using the splitting of T(R x V) =
(R®RR) @ &. The contribution to the index is given by #(p) in the vertical
R @ RR direction, and by M (p) + 1 — n in the horizontal £ direction. Notice
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that this index does not explicitly depend on the covering multiplicity k of
the orbit.

Notice also that Y may be capped off by the normal disk bundle over
Y, and each orbit bounds a disk fibre. The trivialization induced by the
fibre differs from the constant trivialization only in a k-fold winding in the
RO, & RR direction. The resulting Conley—Zehnder index of pj, for this triv-
ialization induced by the disk fibre is then M(p) + 1 — n — 2k. We refer to
this trivialization as the normal bundle trivialization.

Now, suppose that v is the k-fold cover a simple Reeb orbit v, and
suppose it is contractible in W. Denote by B a disk in W whose boundary
is v,. As we pointed out, 7 is also the boundary of a k-fold cover of a fibre
of the normal bundle to ¥ in X. This cover of a fibre can be concatenated
with B to produce a spherical homology class B € H5(X) such that the
intersection B e ¥ = k > 0. Conversely, note that any B € H5 (X) such that
B e =k gives rise to a disk B bounding <. The complex line bundle L| 4
is trivial since B is a disk. This induces a trivialization of L over Y&, which
can be identified with a trivialization of L®* over . We refer to this as the
trivialization induced by B.

The relative winding of the trivialization of L over -, induced by B and
the normal bundle trivialization considered above is given by (¢ (L), B) since
this represents the obstruction to extending the trivialization of L over B to
all of B. Recall that ¢1(L) = ¢;(TX).

Putting this together, we obtain that the Conley—Zehnder index of the
orbit with respect to the trivialization induced by the disk B is given by

CZY (Pr) = M(P) +1—n — 2k + 2(c,(TX), B). (3.8)

Finally, we obtain the grading from Eq. (3.4) using the spherical monotonicity
of X and the fact that k = B e [X] = Kw(B).

CZW () =M®P)+1—n+2rx — K)w(B)

. K
:M(ﬁ)+1—n+2(TXK )k

Note that this expression does not depend on the choice of spherical class B.

This formula holds when k € w(m2(X)), and we extend it as a fractional
grading for all k € Z. (This corresponds to the fractional SFT grading from
[16, Section 2.9.1].)

Finally, we compare our gradings with those described by Seidel [38] and
generalized by McLean [30] (the latter considers Reeb orbits, but there is an
analogous construction for Hamiltonian orbits) in the case that ¢, (TW) €
Hy(W;Z) is torsion, so Ne¢i(TW) = 0 for a suitable choice of N > 0. Note
that in our setting, this holds if X is monotone (and not just spherically
monotone) and ¥ is Poincaré dual to a multiple of w.

First, we describe the Seidel-McLean approach. Recall that L = A™TW.
We choose a global trivialization of LY over W. This exists since ¢1(L) is
N-torsion in H?(W;Z). Then for any orbit ~, we consider the (complex) rank
nN bundle over v given by v*TW @ --- @ y*TW. Denote this by v*(TW).
Notice that the determinant of this bundle is precisely v*(L®") and thus has
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a trivialization already chosen. We now choose any trivialization of TW®
whose determinant matches the trivialization of v*(L®™). For any such triv-
ialization, the linearized flow d¢; @ d¢; @ --- ® dgy: TWN — TW gives a
path of symplectic matrices. This gives a a Conley—Zehnder index, which we
denote by CZren~ (7). Notice that this Conley—Zehnder index depends only
on the trivialization of LY and not on the further trivialization of TW?.
The Seidel-McLean grading is then defined to be

SM(y) = % CZpeon (7).

We now observe some immediate consequences of this construction. First
of all, given a null-homologous orbit in W, a capping surface induces a trivi-
alization of L over the orbit, unique up to homotopy, namely a trivialization
that extends across the surface. This implies that there is a homotopically
unique trivialization of L&Y over the orbit, hence the Seidel-McLean grading
matches the Conley—Zehnder index induced by the trivialization coming from
the capping surface, for null-homologous orbits. (Notice that because ¢q (L)
is torsion, it does not matter which surface we use.) Thus, if - is an orbit
such that 4, bounds a disk B, (as discussed above, see notably Eq. (3.8)),

CZy (Pr) = SM(py)-

We now consider an orbit v, that is an m-fold cover of a simple orbit
~v. We may trivialize TW over v by the constant trivialization discussed
previously. This induces a trivialization of L over 7. By taking the N-fold
tensor power, we obtain a trivialization of L®" over . This has some winding
w € Z relative to the reference trivialization of L®Y over all of W (used above
to define the Seidel-McLean grading). Under iteration of the orbit, we obtain
a relative winding of mw between the constant trivialization and the reference
trivialization. From this, we obtain

NCZO(ﬁm) = CZL®N (’Ym) + 2muw.

Now, it follows from this that

- - - K

o ~ Tx—K B
—SM(pm)—l—?(K + N) m.

As previously observed, CZ}/{V and SM are equal whenever m is in the image
of c1(TX): m(X) — Z, so it follows that

CZy (bm) = SM(pm)
for all m, as claimed.

The index (3.6) of the Reeb orbit was introduced for convenience in writ-
ing formulas for expected dimensions of moduli spaces. It comes from similar
considerations for the Conley—Zehnder index of the Reeb orbit, together with
the n — 3 shift coming from the grading of SF'T. In particular, the Fredholm
index for an unparametrized holomorphic plane in W asymptotic to the closed
Reeb orbit vg (free to move in its Morse-Bott family) will be given by |vo|.
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Remark 3.5. Even though the idea of a fractional grading may seem unnatu-
ral at first, it can be thought of as a way of keeping track of some information
about the homotopy classes of the Hamiltonian orbits.

Indeed, there can only be a Floer cylinder connecting two Hamiltonian
orbits if the difference of their degrees is an integer. Hence, one could write
the symplectic homology as a direct sum indexed by the fractional parts of
the degrees. Alternatively, one could also decompose it as a direct sum over
homotopy classes of Hamiltonian orbits, as done, for instance, in [9].

4. Split symplectic homology moduli spaces

In this section, we describe the moduli spaces of cascades that contribute to
the differential in the Morse—Bott split symplectic homology of W.

We also define auxiliary moduli spaces of spherical “chains of pearls”
in ¥ and in X. (These are familiar objects, reminiscent of ones considered in
the literature for Floer homology of compact symplectic manifolds [3,32,33].)

4.1. Split Floer cylinders with cascades

We now identify the moduli spaces of split Floer cylinders with cascades we
use to define the differential on the chain complex (3.2).

First, we define the basic building blocks: split Floer cylinders. We
consider two types of basic split Floer cylinders: one connecting two non-
constant 1-periodic Hamiltonian orbits and one that connects a non-constant
1-periodic orbit to a constant one (in W).

Notice that we may identify a 1-periodic orbit of H with its starting
point, and in this way, we have an identification between Y; and the set of
(parametrized) 1-periodic orbits of H that have covering multiplicity k over
the underlying simple periodic orbit.

Definition 4.1. Let x4 € Y, be l-periodic orbits of Xz in R x Y. A split
Floer cylinder from x_ to x, consists of a map 9 = (b,v): Rx SI\I' = Rx Y,
where I' = {21,..., 2} C Rx St is a (possibly empty) finite subset, together
with equivalence classes [U;] of Jy -holomorphic planes U; : C — W for each
z; € T', such that

e ¥ satisfies Floer’s equation
0517 + Jy(@tf} - XH(’TJ» = 0; (41)

o limg 400 0(8,.) = @y;

e if I' # @, then, for conformal parametrizations ¢; : (—00,0] x St —
R x S1\{z1,..., 2zx} of neighbourhoods of the z;, lims_, o 9(pi(s,.)) =
(—o00,7:(.)), where the ; are periodic Reeb orbits in Y;

e for each Reeb orbit ~; above, U; : C — W is asymptotic to (400, 7;).
We consider U; up to the action of Aut(C).

Call ¢ the upper level of the split Floer cylinder.

See Figs. 4 and 5 for an illustration (ignore the horizontal segments in
the figures, which represent gradient flow lines).
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Definition 4.2. Let . € Y, for some ki, and let x_ € W. A split Floer
cylinder from x_ to x, consists of 91 = (b,v): R x SI\I' — R x Y (where
I'={z,...,2r} CRx S!isa (possibly empty) finite subset), 79: R x S1 —
W, and equivalence classes [U;] of Jy -holomorphic planes U; : C — W for
each z; € T, such that

01 solves Eq. (4.1);

U9 is Jy-holomorphic;

lmg 00 D1(S,.) = Ty

limg—, 0o 01(s8,.) = (—00,7(+)), for some Reeb orbit v in Y;

limg_ 400 To(s,.) = (+00,7(+)), where 7 is the same Reeb orbit;
limg_, o To(s,.) = x_;

if T' # @, then, for conformal parametrizations ¢; : (—o0,0] x S* —
R x S™\{21,..., 2k} of neighbourhoods of the z;, lims_, _ 9(pi(s,.)) =
(—00,7:(.)), where the v; are periodic Reeb orbits in Y;

e for each Reeb orbit «; above, U; : C — W is asymptotic to (4+00,7;).
We consider U; up to the action of Aut(C).

Call v1 the upper level of this split Floer cylinder.

See Fig. 6 for an illustration.

For the upper levels of split Floer cylinders in R x Y, we introduce
a suitable form of energy, a hybrid between the standard Floer energy and
the Hofer energy used in symplectizations. Recall that the Hofer energy of
a punctured pseudoholomorphic curve u in the symplectization of Y with
contact form « is given by

sup {/ w*d(a) |Y: R — [0, 1] smooth and non—decreasing} .

In a symplectic manifold either compact or convex at infinity, the standard
Floer energy of a cylinder ©: R x S — W is given by

/ﬁ*w — 0"dH Adt.

In our situation, however, the target manifold is R x Y, which has a concave
end. We, therefore, need to combine these two types of energy.

Definition 4.3. Consider a Hamiltonian H: R X Y — R so that dH has sup-
port in [R,00) X Y, for some R € R.

Let g be the set of all non-decreasing smooth functions ¢: R — [0, 00)
such that ¢(r) =€" for r > R.

The hybrid energy Er of o: R x S'\I' — R x Y solving Floer’s equation
(4.1) is then given by

Egr(v) = sup/ 0" (d(vpa) —dH A dt). (4.2)
ed JRx ST
Notice that this is equivalent to partitioning R x S'\I' = Sy U Sy, so
that Sy = 97 1([R, +00) x V) and S; = S\ So. Then © has finite hybrid energy
if and only if 9|g, has finite Floer energy and o|g, has finite Hofer energy.



77 Page 14 of 77 L. Diogo, S. T. Lisi JFPTA

Equivalently, v has finite hybrid energy if and only if the punctures
{#£o00} UT can be partitioned into I'r and I'c (with 400 € T'p, I' C I'c and
—oo either in I'p or in '), such that in a neighbourhood of each puncture in
I'r, the map v is asymptotic to a Hamiltonian trajectory and in a neighbour-
hood of each puncture in I'¢, the map is proper and negatively asymptotic
to an orbit cylinder in R x Y. This follows from a variation on the arguments
in [10, Proposition 5.13, Lemma 5.15]. We will use the following notation
to denote the Hamiltonian orbits to which such a punctured cylinder v is
asymptotic:

(4o00,t) = lim o(s,t)
O(—o0,t) = lim o(s,t) if —oo€lp.

§——00

Instead, if —oo € ', we will write v(—o00,t) = limy_,_ v(s,t) for the Reeb
orbit in Y that the curve converges to. Notice that since the cylinder is
parametrized, the asymptotic limit is parametrized as well. Since there is
an ambiguity of the S' parametrization of the Reeb orbits to which v is
asymptotic at punctures z € I', we will avoid using the analogous notation
at punctures in I'.

We now define a split Floer cylinder with cascades between two genera-
tors of the chain complex (3.2).

Definition 4.4. Fix N > 0. Let Sy, S1,...,Sy be a collection of connected
spaces of orbits, with Sy = Y, or Sp = W, and S; =Y, for 1 <i¢ < N. Let
(fi,Zi), i =0,...,N be the pair of Morse function and gradient-like vector
field of f2 = fy, Zl = Zy if Sz = Yki and fz = —fw, Zz = —ZW if Sl =W.

Let « be a critical point of fy and y a critical point of fx (so z and y
are generators of the chain complex (3.2)).

A Floer cylinder with 0 cascades (N = 0), from x to y, consists of a
positive gradient trajectory v: R — S, such that v(—o0) = x, v(+00) =y
and v = Zy(v).

A Floer cylinder with N cascades, N > 1, from x to y, consists of the
following data:

(i) N —1 length parameters [; > 0,i=1,...,N — 1;

(ii) two half-infinite gradient trajectories, vy: (—o0,0] — Sy and vy :
[0,400) — Sy with vy(—o0) = z, vn(+00) = y and ¥, = Z;(v;) for
1 =0or N;

(iii) N—1 gradient trajectories v; defined on intervals of length I;, v;: [0,1;] —
S; fori=1,..., N — 1 such that ©; = Z;(v;);

(iv) N non-trivial split Floer cylinders from v;_1(l;_1) € S;—1 to v;(0) € S;
where we take [y = 0.

In the case of a Floer cylinder with NV > 1 cascades, we refer to the non-trivial
Floer cylinders v; as sublevels. Notice that if Sy (and thus all S;) is of the
form Yy, all the split Floer cylinders are as in Definition 4.1. If Sy = W, then
the bottom-most level is a split Floer cylinder as in Definition 4.2.

See Fig. 2 for a schematic illustration.
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U1 Ug U3 w

FIGURE 2. A split Floer cylinder with three cascades

Definition 4.5. We refer to the punctures I' appearing in Definitions 4.1
and 4.2 as augmentation punctures. The corresponding Jy holomorphic
planes, U;: C — W are referred to as augmentation planes. This terminology
is by analogy to linearized contact homology, where rigid planes of this type
give an (algebraic) augmentation of the full contact homology differential.

Remark 4.6. Notice that the hybrid energy of each sublevel must be non-
negative. Since we require that the sublevels are non-trivial, it follows that any
such cascade with collections of orbits S; = Yy,, ¢ =1,..., N and Sy = Yy,
or, if Sg = W, with kg = 0, we must have that the sequence of multiplicities
is monotone increasing ko < k1 < --- < kn.

By a standard SFT-type compactness argument, the Floer—Gromov—
Hofer compactification of a moduli space of split Floer cylinders with cascades
will consist of several possible configurations. The length parameters can go
to 0 or to oo (in the latter case, corresponding to a Morse-type breaking of
the gradient trajectory). The split Floer cylinders can break at Hamiltonian
orbits, thus increasing the number of cascades but with a length parameter
of 0. They can also split off a holomorphic building with levels in R x Y
and in W. We will see that this latter degeneration cannot occur in low-
dimensional moduli spaces, at least under our monotonicity assumptions. For
energy reasons, these Floer cylinders with cascades will not break at constant
Hamiltonian trajectories in (—oo,log2] X Y (see [13, Lemma 4.8]).

We now define the split Floer differential 0 on the chain complex (3.2).
Given generators x,y, denote by
Mun(@,y; Jw)

the space of split Floer cylinders with N cascades from x to y (with negative
end at x and positive end at y).
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For N > 1, this moduli space My n(x,y; Jw) has an RY action by
domain automorphisms corresponding to R-translation of the domain cylin-
ders R x S'. When N = 0, this moduli space is of gradient trajectories, and
also admits an R reparametrization action.

When |z| = |y| — 1, these moduli spaces will be rigid modulo these
actions. See Remark 5.10.

We now define

Oy = Z # (Mupo(z,y; Jw)/R)x

lz|=]y|—1

+ D i#(MH,N(%y;Jw/RN)x. (4.3)

jo|=ly| -1 N=1

We call 0 the split Floer differential on (3.2).

5. Transversality for the Floer and holomorphic moduli spaces

In this section, we will build the transversality theory needed for the Floer
cylinders with cascades that appear in the split Floer differential as in Eq.
(4.3). In the process, we will also discuss transversality for pseudoholomorphic
curves in X and in ¥, which will be necessary for the proof of our main result.

5.1. Statements of transversality results

Before stating the main result of this section, we will introduce some defini-
tions allowing us to relate transversality for split Floer cylinders with cascades
to transversality problems for spheres in 3 and in X with various constraints.

Lemma 5.1. Let o: Rx SI\I' — RxY be a finite hybrid energy Floer cylinder
in R XY (as in Definition 4.3), converging to a Hamiltonian orbit in the
manifolds Y, at 400 and converging at —oo either to a Hamiltonian orbit
in the manifold Y_ or to a Reeb orbit at {—oco} X Y, and with finitely many
punctures at T C R x S converging to Reeb orbits in {—oco} x Y. Then the
projection w00 extends to a smooth Js-holomorphic sphere ms,0t: CP! — 3.

Proof. The projection 7y, 0 ¥ is Jx-holomorphic on R x S' since H is admis-
sible (as in Definition 3.1). The result now follows from Gromov’s removal of
singularities theorem together with the finiteness of the energy of s 00. [

To describe the projection to ¥ of the levels of a split Floer cylinder
with N cascades that map to R x Y, we introduce the following;:

Definition 5.2. A chain of pearls from q to p, where p and ¢ are critical points
of fs, consists of the following:

e N > 0 parametrized Jx-holomorphic spheres w; in ¥ with two distin-
guished marked points at 0 and oo and a possibly empty collection of
additional marked points z1, .. ., z; on the union of the N domains (dis-
tinct from 0 or oo in each of the N spherical domains); the spheres are
either non-constant or contain at least one additional marked point;
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FIGURE 3. A chain of four pearls from ¢ to p with three
marked points

e if N =0, an infinite positive flow trajectory of Zy, from q to p; if N > 1,
a half-infinite trajectory of Zs, from ¢ to wy(0), a half-infinite trajectory
of Zy, from wy(c0) to p;

e if N > 1, positive length parameters [;,7 = 1,...,N — 1, so that
0l (wi(00)) = wip1(0), i =1,...,N — 1.

See Fig. 3. If such a chain of pearls is the projection to ¥ of the com-
ponents in R x Y is a split Floer cylinder, then the additional marked points
in the pseudoholomorphic spheres correspond to augmentation punctures in
the Floer cylinders, where they converge to cylinders over Reeb orbits that
are capped by planes in W.

Notice that the geometric configuration of two spheres touching at a
critical point of fs. admits an interpretation as a chain of pearls in ¥ since
the critical point is the image of any positive length flow line with that initial
condition.

Definition 5.3. A chain of pearls with a sphere in X from x to p, where x is

a critical point of fy and p is a critical point of fs;, consists of the following:

e N > 1 parametrized Jy-holomorphic spheres w; in ¥ with two dis-

tinguished marked points at 0 and co and a possibly empty collection

of additional marked points z1,..., 2 on the union of the N domains
(distinct from 0 or co);

e a parametrized non-constant Jx-holomorphic sphere v in X;

e a half-infinite trajectory of Zyx from wy(c0) to p, a half-infinite trajec-
tory of —Zx from x to v(0) (where Zx is the push-forward of Zy by
the inverse of the map from Lemma 2.5);

e positive length trajectories of Zx from w;(co) to w;+1(0) for i =
1,...,N—1;

e the sphere in X touches the first sphere in 3: w;(0) = v(400);

e the spheres wo,...,wy satisfy the stability condition that they are
either non-constant or contain at least one of the additional marked
points (v is automatically non-constant and w, is allowed to be con-
stant and unstable).

Definition 5.4. An augmented chain of pearls [or an augmented chain of pearls
with a sphere in X] is a chain of pearls [or chain of pearls with a sphere
in X| together with k equivalence classes [U;] of Jx-holomorphic spheres
Up: CP' - X,i=1,...,k, with the following additional properties:

e for each z € CP!, U;(2) € ¥ if and only if z = oo;
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e if the puncture 2; is in the domain of the holomorphic sphere wj, : CP* —
¥, then wj, () = U;(00);

e cach U; is considered up to the action of Aut(CP!, 00) = Aut(C), that
is, as an unparametrized sphere.

From Lemmas 5.1 and 2.5 and the fact that the trajectories of Zy cover
trajectories of Zy, it follows that a Floer cylinder with N cascades projects
to a chain of pearls or a chain of pearls with a sphere in X. Additionally,
again by Lemma 2.5, if any of the sublevels have augmentation planes, then
those correspond to spheres in X passing through ¥ at the images of the
corresponding marked points in the chain of pearls.

Observe that we allow the sphere w; to be unstable in the definition of
a chain of pearls in ¥ with a sphere in X. The case in which w; is a constant
curve without marked points corresponds to the situation in which the cor-
responding Floer cascade contains a non-trivial Floer cylinder ©; contained
in a single fibre of R x Y — ¥, and has the asymptotic limits 9 (4o00,t) on
a Hamiltonian orbit and ©;(—o00,t) on a closed Reeb orbit in {—oc} x Y.
The Floer cylinder 97 in R x Y is non-trivial and hence stable, whereas the
corresponding sphere w; in ¥ is unstable. Since we do not quotient by auto-
morphisms (yet), this does not pose a problem. (See Fig. 6 and Proposition 6.3
below, where this situation is analysed.)

Definition 5.5. A chain of pearls in X is simple if each sphere is either simple
(i.e. not multiply covered, [29, Section 2.5]) or is constant, and if the image
of no sphere is contained in the image of another. If the chain of pearls has
a sphere v in X, we require v to be somewhere injective (but the first sphere
in ¥ is allowed to be constant, with image contained in the image of v).

An augmented chain of pearls is simple if the chain of pearls is simple
and the augmentation spheres in X are somewhere injective, none has image
contained in the fixed open neighbourhood (/) and no sphere in X has
image contained in the image of another sphere in X.

Remark 5.6. Recall that a chain of pearls with a sphere in X has a distin-
guished sphere v in X for which v(0) is on the descending manifold of a
critical point x of fy,. By the construction of fy, this forces the image of v
to intersect the complement of the tubular neighbourhood of 3. As we revisit
in Remark 6.7, Fredholm index considerations related to monotonicity will
force the augmentation planes/spheres to leave the tubular neighbourhood.

Remark 5.7. Notice that our condition on a simple chain of pearls is slightly
different than the condition imposed in [29, Section 6.1], with regard to con-
stant spheres. For a chain of pearls to be simple by our definition, constant
spheres may not be contained in another sphere, constant or not. In [29],
there is no such condition on constant spheres.

Definition 5.8. Given a finite hybrid energy Floer cylinder with N cascades,
we obtain an augmented chain of pearls (possibly with a sphere in X) by the
following construction:
(1) cylinders in R x Y are projected to X: by Lemma 5.1 these form holo-
morphic spheres in ¥;
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(2) planes in W are interpreted as spheres in X by Lemma 2.5;
(3) flow lines of the gradient-like vector field Zy are projected to flow lines
of Zz.

We refer to this augmented chain of pearls in ¥ (possibly with a sphere in
X) as the projection of the Floer cylinder with N cascades.

A finite hybrid energy Floer cylinder with N cascades is simple if the
projected chain of pearls is simple.

Given generators z,y of the chain complex (3.2), denote by
M;I,N(xa Y JW)

the space of simple split Floer cylinders with N cascades from x to y. Recall
that if x or y is in Rx Y, the corresponding generator is described by a critical
point p of fy (which can be either p or p), together with a multiplicity k. If
instead, x or y is in W, it corresponds to a critical point of fyr. Note that
when both z,y are generators in R x Y, the moduli space M7, y(z,y; Jw)
will depend on Jy only insofar as augmentation planes appear, otherwise it

depends only on Jy.

Proposition 5.9. There exists a residual set Ty’ C Jw of almost complex

structures such that for each Jw € Jy?, My n(x,y; Jw) is a manifold.
If N =0, and thus x,y are generators in R X Y, then x = qi, y = Pk
for the same multiplicity k, and

dimg My o(qk, Pk; Jw) = [Pr| — |kl
If N > 1, and xz,y are generators in R xY, then x = qx_, y = pr, and
dime My n(G_ Prs s Jw) = [Prs | = |@r_ | + N — 1.
Finally, if t € W and y € R x Y, then x € Crit(fw), y = pr and
dimg M7y n (2, Pk Jw) = [px| — |z + N.

reg

Furthermore, the image P(Jy,?) C Jx (recall Definition 2.7) is residual
and consists of almost complex structures that are regular for simple pseudo-
holomorphic spheres in X.

The two different formulas involving N reflect the fact that N counts
the number of cylinders in R x Y. In the case of a Floer cascade that descends
to W, there are, therefore, N + 1 cylinders in the cascade.

Remark 5.10. These index formulas justify that the moduli spaces are rigid
(modulo their R, RY and RN*! actions) when the index difference is 1,
which then justifies the definition of the differential given in Eq. (4.3). Indeed,
observe that the case N = 0 corresponds to a pure Morse configuration and
does not depend on any almost complex structure. We count rigid flow lines
modulo the R action, and thus require |y| — || = 1. For generators z,y in
R xY, we consider these N cylinders modulo the R action on each one, giving
an RN action. From this, a rigid configuration has |y| — [z| + N —1 = N. For
the case with x € W, we have N +1 cylinders in the Floer cascade, so we have
a rigid configuration modulo the RN¥*! action when N + 1 = |y| — |z| + N.
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The split Floer differential 9, introduced in Eq. (4.3) was defined by
counting elements in Mg n(x,y; Jw). We will see in Propositions 6.2 and 6.3
that our monotonicity assumptions imply that this is equivalent to counting
simple configurations in M}ELN(:E, y; Jw ).

The rest of this section will be devoted to the proof of Proposition 5.9.
It will proceed in the following steps:

e Section 5.2 describes the Fredholm setup for Floer cylinders with cas-
cades. On a first reading, it can be skipped and used as a reference. In
Sect. 5.2.1, we discuss the necessary function spaces and linear theory
for the Morse-Bott problems. Then Sect. 5.2.2 splits the linearization
of the Floer operator in such a way as to split the transversality prob-
lem into two problems. The first is a Cauchy-Riemann operator acting
on sections of a complex line bundle, and it is transverse for topolog-
ical reasons (automatic transversality). The second is a transversality
problem for a Cauchy—Riemann operator in X.

e Section 5.3 adapts the transversality arguments from [29] to obtain
transversality for chains of pearls in 3.

e Section 5.4 shows transversality for the components of the cascades con-
tained in W. This problem is translated into the equivalent problem of
obtaining transversality for spheres in X with order of contact condi-
tions at X, together with evaluation maps. The main technical point is
an extension of the transversality results from [12].

e Finally, Sect. 5.5 uses the splitting from Sect. 5.2.2 to lift the transversal-
ity results in 3 to obtain transversality for Floer cylinders with cascades,
and to finish the proof of Proposition 5.9.

5.2. A Fredholm theory for Floer cylinders with cascades

5.2.1. A Fredholm theory for Morse-Bott asymptotics. In this section, we
collect some facts about Cauchy—Riemann operators on Hermitian vector
bundles over punctured Riemann surfaces, specifically in the context of degen-
erate asymptotic operators. These facts can mostly be found in the literature,
but not in a unified way. The main reference for these results is [37]. Addi-
tional references include [1, Sections 2.1-2.3], [7,25,37,41].

We begin by introducing some Sobolev spaces of sections of appropriate
bundles. Let I' € R x S* be a finite set of punctures and denote R x S'\T'
by S. Write I'y = {400} and I'_ = {—oco} UT. Consider, for each puncture
z € T, exponential cylindrical polar coordinates of the form (—oo, —1] x S —
R x SN\I': p +in — 2 + ee?™ (P Choose € > 0 sufficiently small; these
are embeddings and that the image of these embeddings for any two different
punctures are disjoint.

Let E — S be a (complex) rank n Hermitian vector bundle over S
together with a preferred set of trivializations in a small neighbourhood of
I'U {#00}. While the bundle E over S is trivial if there is at least one punc-
ture, this is no longer the case once we specify these preferred trivializations
near I'U {£o0}. We, therefore, associate a first Chern number to this bundle
relative to the asymptotic trivializations. There are several equivalent defini-
tions. One approach is to consider the complex determinant bundle AZE. The
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trivialization of E at infinity gives a trivialization of this determinant bundle
at infinity, and we can now count zeros of a generic section of ARE that is
constant (with respect to the prescribed trivializations) near the punctures.
We denote this Chern number by ¢;(F), but emphasize that it depends on
the choice of these trivializations near the punctures.

Since we cannot specify where an augmentation puncture appears when
we stretch the neck on a Floer cylinder, we should have the punctures in T’
free to move on the domain R x S'. This creates a problem when we try
to linearize the Floer operator in a family of domains where the positions
of the punctures are not fixed. We will instead consider a 2#I" parameter
family of almost complex structures on R x S, but fix the location of the
punctures. Specify a fixed collection I' of punctures on R x S' and, for any
other collection of augmentation punctures, choose an isotopy with compact
support from the new punctures to the fixed ones. We take the push-forward
of the standard complex structure in R x S! by the final map of the isotopy,
to produce a family of complex structures on R x S', which can be assumed
standard near I' and outside of a compact set.

For cach z € I, let 3.: S — [0, +00) be a function supported in a small
neighbourhood of z, with 3.(p,n) = —p near the puncture (where (p,n) are
cylindrical polar coordinates near z, as above). Similarly, let 8, : R x S1 —
[0, 4+00) be supported in a region where s is sufficiently large and 51 (s,t) = s
for s large enough. Let 3_: R x S' — [0, +00) have support near —oo, and
B-(s,t) = —s for s sufficiently small.

In many situations, it will be convenient to consider the function

Bi=> B+ + B4 (5.1)

zel

Finally, on the punctured cylinder S, we take the measure induced by
an area form on S that has the form ds A dt for |s| large and that has the
form dpAdn in the cylinder polar coordinates near each puncture in I'. Notice
that pairing this with the domain complex structure induces a metric on S
for which the vector field 9,,, defined near a puncture in I' by the exponential
cylindrical polar coordinates, has norm comparable to 1.

Given a vector of weights 0: T'U {#00} — R, we define WP (S, E) to
be the space of sections u of E for which

wex920:40-B-+64 5 c W17P(57E)

(with respect to the measure and metric described above). Note that these
sections decay exponentially fast at the punctures where § > 0 and are
allowed to have exponential growth at punctures where 6 < 0. We can simi-
larly define L7%(S, E). While these definitions involve making various choices,
the resulting metrics are strongly equivalent. In practice, we will typically
take p > 2 to obtain continuity of the sections. By a similar construction, we
may define W™P9 as well.

We will say that a differential operator D: I'(E) — T(A®'T*S @ E) is
a Cauchy—Riemann operator if it is a real linear Cauchy—Riemann operator
[29, Definition C.1.5] such that, near +oco, it takes the form:
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(Da)% = %U + J(s, t)%a + A(s, t)o, (5.2)
where J(s,t) is a smooth function on R* x S with values in almost complex
structures on C™ compatible with the standard symplectic form, and A(s,t)
takes values in real matrices on R2"” = C". We further impose that these
functions converge uniformly as s — oo, J(s,t) — J,(t) and A(s,t) —
A, (t), where A,(t) is a loop of self-adjoint matrices. We impose the same
conditions near punctures z € T', using the local coordinates (p, n) instead of
(s,t) in (5.2).

A Cauchy Riemann operator D: T'(E) — T'(A%'T*S ® E) acting on
smooth sections induces an operator on various Sobolev spaces of sections.
Of particular importance for us will be that for any vector of weights 6: I' U
{xo0} — R, D induces an operator

D: WP (S E) — LPA(S, A" TS © E)

as well as operators D: WHP9 — TWFk=1p9 In the following, we will not
emphasize the distinction and refer to the operators W1P9 — [P0 ag
Cauchy—Riemann operators. For generic weight vectors, these operators will
be Fredholm as formulated precisely in Theorem 5.16 below.

Associated with a Cauchy—Riemann operator D, we obtain asymptotic
operators at each puncture in I' U {£oo} by

d
dt
This is a densely defined unbounded self-adjoint operator on L?(S!, R?").
Let 0(A,) C R denote its spectrum. This will consist of a discrete set of
eigenvalues. If an asymptotic operator A, does not have 0 in its spectrum, we
say the asymptotic operator is non-degenerate. If all the asymptotic operators
are non-degenerate, we say D itself is non-degenerate.

Note that we obtain a path of symplectic matrices associated with the
asymptotic operator A, by finding the fundamental matrix ® to the ODE
%m = J,(t)A,(t)xz. The asymptotic operator is non-degenerate if and only
if the time-1 flow of the ODE does not have 1 in the spectrum. We will
consider a description of the Conley—Zehnder index in terms of properties of
the asymptotic operator itself [24, Lemmas 3.4, 3.5, 3.6, 3.9].

A, =—J.(t) A, (t).

Remark 5.11. An asymptotic operator induces a path of symplectic matrices,
and this identification (understood correctly) is a homotopy equivalence. This
will allow us to associate a Conley—Zehnder index to a periodic orbit of a
Hamiltonian vector field, given a trivialization of the tangent bundle along
the orbit. To do so, we take the linearized flow map, which defines a path
®: [0,1] — Sp(2n) with respect to the fixed trivialization. If we fix a path
of almost complex structures, this path of symplectic matrices satisfies an
ODE as in the previous paragraph, which in turn specifies an asymptotic
operator. The Conley—Zehnder index of the Hamiltonian orbit is by definition
the Conley—Zehnder index of this asymptotic operator. This is homotopic to
the asymptotic operator coming from the linearized Floer operator.
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Proposition 5.12. Suppose A, is non-degenerate and E is a rank 1 vector
bundle.

Ifu: S' — C is an eigenfunction of A, corresponding to the eigenvalue
A, it must be nowhere vanishing. The winding number of u is then the degree
of the map ﬁ: St — St Any two eigenfunctions corresponding to the same
eigenvalue A have the same winding number. This is then referred to as the
winding number of the eigenvalue, and is denoted by w(\).

The function w: o(A,) — Z is non-decreasing in A and is surjective. If
AL are eigenvalues so that A\— < 0 < Ay and there are no eigenvalues in the

interval (A_, A1), then
CZ(A.) = w(A_) + w(Ay).
O

This formulation will be the most useful for our calculations. Further-
more, in the case of a higher rank bundle, we use the axiomatic description,
see, for instance, [24, Theorem 3.1] to observe that CZ(A ) is invariant under
deformations for which 0 is never in the spectrum, and that if the operator
can be decomposed as the direct sum of operators, then the Conley—Zehnder
index is additive.

The following computation is useful at several points in the paper. It
can often be combined with Proposition 5.12 to compute Conley-Zehnder
indices of interest.

Lemma 5.13. Given a constant C > 0, the spectrum o(A¢c) of the operator

_ 4 (O 0\ ipa p(al
Ac._—zd—(o 0).W (5',C) — L7(S",C)

is the set

1 1

Y _ 2 21.2 I 2 21.2

{2(0 C+167Tk)|k€Z}U{2<C+\/C +167rk)|kez}.

If X\ is an eigenvalue associated with k € Z, then the winding number of the
corresponding eigenvector is |k| if X > 0 and —|k| if X < 0. If C =0, then all
eigenvalues have multiplicity 2 (see Table 1). If C > 0, then the same is true
except for the eigenvalues —C and 0, corresponding to k = 0 above, both of
which have multiplicity 1 (see Table 2).

In particular, the o(Ag) = 2nZ and the winding number of 27k is k.

Proof. An eigenvector v : S' — C of A¢ with eigenvalue A solves the equa-

tion
(0 1 v — ¢ 0 V=& 0= 0 —A v
1 0 0 O N \C+ A 0 '
Computing the eigenvalues of the matrix on the right, and requiring that
they be of the form 2nik, k € Z (since v(t+1) = v(t)), yields the result. O
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TABLE 1. Eigenvalues of Ay

eigenvalues oo | —Am | 27 | 0| 27 | 47
multiplicities . 2 2 212 | 2
winding numbers | ... | =2 | =1 |0 | 1 | 2

TABLE 2. Eigenvalues of A¢ in increasing order, if C' > 0

eigenvalues | ... | 2 (-C —+/C?+167%) | —=C | 0| 3 (=C +/C? + 167?)
multiplicities | ... 2 1 2
winding #s | ... -1 0 1

o =

Corollary 5.14. Take C > 0 and 6 > 0 such that [—6,0]No(A¢c) = {0}. Then

0 if C >0
CZ(A +9) = d CZL(Ac—-9d)=1
(A +9) {_1 oo CrAc—9)
For any n > 0, taking
d

—ig s WHP(ST,C") — LP(S,C),

we have
CZ —ig +6) =Fn
dt -

Proof. The case n = 1 follows from Proposition 5.12 and Lemma 5.13. The
case of general n uses the additivity of CZ under direct sums. O

Definition 5.15. A key observation for our computations of Fredholm indices
(as noted, for instance, in [25]) is that a Cauchy-Riemann operator

D: WhP4(S E) — LPY(S, A% T*S @ E)
with asymptotic operators A, is conjugate to the Cauchy—Riemann operator
D°: WY'P(S,E) — LP(S,A"'T*S ® E)
DS = o2 0:8:(5) D o= 20:8:(5)

This has asymptotic operators AS = A + ., which are non-degenerate and
where the sign is positive at positive punctures and negative at negative
punctures. We refer to these as the d-perturbed asymptotic operators.

Notice that the operator D? depends on the choice of cut-off functions
8.,z € TU{zxoo}. A different choice of cut-off function will give an operator
that differs only by a compact operator. This is thus of secondary importance
for what we discuss here.

Note that with the sign conventions that we have chosen, a positive
weight 6, > 0 always corresponds to the constraint of exponential decay
at the puncture. A negative weight J, < 0 always corresponds to allowing
exponential growth.
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Theorem 5.16. Let 0: I' U {£oo} — R such that =0, ¢ o(A.) for positive
punctures z € I'y and such that 40, ¢ o(A.) for negative punctures z € T _.
Then the Cauchy—Riemann operator

D: WhPO(8 E) — LPO(S,A%'T*S @ E)

with asymptotic operators A, z € T'U {£o0} is Fredholm and its index is
given by

Ind(D,d) = nxg +2c1(E)+ Y CZ(A.+05.)— Y CZL(A. —6.).
zel'y zel'_

This observation about the conjugation of the weighted operator to the
non-degenerate case, combined with Riemann—-Roch for punctured domains
(see, for instance, [25, Theorem 2.8], [37, Theorem 3.3.11], [42, Theorem 5.4])
gives the following.

Now, a useful fact for us is a description of how the Conley—Zehnder
index changes as a weight crosses the spectrum of the operator:

Lemma 5.17. Let § > 0 with [—6,+d] No(A,) = {0}. Then
CZ(A, —6) — CZ(A, + ) = dim(ker A,).
O

For a proof (using the spectral flow idea of [35]), see, for instance, [40,
Proposition 4.5.22].

To obtain a result that is useful for our moduli spaces of cascades asymp-
totic to Morse-Bott families of orbits, we consider the following modification
of our function spaces.

To each puncture, we associate a subspace of the kernel of the corre-
sponding asymptotic operator, which we denote by V,,z € I', V_,V, and
write V for this collection. Then for each puncture z € I' and also 00, we
associate a smooth bump function pu,, g4, supported near and identically 1
even nearer to its puncture. We then define

Wyt (8, E) = {fue WP(S,E)|3c. e Vo, z€T,c_ €V ey €V,

oc
such that u — Zcz,uz —c_p_ —cypy € WHPO(S E)Y.
(5.3)

We remark that we are using the asymptotic cylindrical coordinates near
I" and the asymptotic trivialization of E to define the local sections c, ..

In this paper, we are primarily concerned with Cauchy—Riemann opera-
tors defined on § = Rx S* and on S = R x S"\{P} (a cylinder with one addi-
tional negative puncture). In the case of R x S, we will write V = (V_; V),
and in the case of R x S'\{P}, we will write V = (V_, Vp; V). (The negative
punctures are enumerated first, and separated from the positive puncture by
a semicolon.)

Observe that since the vector spaces V, are in the kernel of the corre-
sponding asymptotic operators, for any choice of V and any vector of weights
0, we have that the Cauchy—Riemann operator D can be extended to

D: WP (8, E) — LPY(S, A T*S © E).
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Let dimV, denote the dimension of the vector space V, and let
codimV, = dim (ker A,/V,). Combining Theorem 5.16 with Lemma 5.17,

we have

Theorem 5.18. Let 6 > 0 be sufficiently small that, for each puncture z €
TU{+too}, [-4,8]Nc(A,) C {0}. For each z € T, fix a subspace V, C ker A ..
Denote the collection of all V, by V.

Then the operator

D: WP (8, E) — L7 (8, A% T* S @ E)
is Fredholm, and its Fredholm index is given by

Ind(D) = nyg +2c1(E) + Y (CZ(A, +6) + dim(V2))

zel'y

— > (CZ(A. +0) + codim(V2)).
zel'_

In applications where there are Morse-Bott manifolds of orbits, we will
typically take V, to be the tangent space to the descending manifold of a
critical point p, on the manifold of orbits at a positive puncture, and V, will
be the tangent space to ascending manifold of a critical point p, at a negative
puncture. In either case, the contribution to Ind(D) of dim V. or of codim V.
will be the Morse index of the appropriate critical point. This motivates the
following definition.

Definition 5.19. Let § > 0 be sufficiently small. If p, is a critical point of an
auxiliary Morse function on the manifold of orbits associated with z, then
the Conley—Zehnder index of the pair (A, p,) is

CZ(A.,p:) = CZ(A; +6) + M(p),
where M (p,) is the Morse index of p,.

In this case, we can write the Fredholm index as

Ind(D) = nxg +2c1(E) + Y CZ(A.,p.) — Y CZ(A.,p.).
zel'y zel'_

We conclude with a lemma that is particularly useful when applying
the automatic transversality result [41, Proposition 4.22]. The lemma states
that the Fredholm index of an operator with a small negative weight at a
puncture is the same as that of the corresponding operator with a small
positive weight at that puncture, if the puncture is decorated with the kernel
of the corresponding asymptotic operator. The former indices are used in [41,
Proposition 4.22], whereas the latter can be computed using Theorem 5.18.
Additionally, the latter arises naturally in the linearization of the nonlinear
problem.

We first learned this result from Wendl [40]. We give a proof of this for-
mulation since it is slightly stronger than what we have found in the literature
(and is still not as strong as can be proved.)
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Lemma 5.20. Let D be a Cauchy—Riemann operator. Fix a puncture zy €
I'U {£o0}.

Let § and &' be vectors of sufficiently small weights so that the differential
operator induces a Fredholm operator on WP and on Wl’p"s', and 05, >0
and 0%, < 0, the interval [67, ,0.,]No(A.,) = {0}, and for each z € TU{+£o0}
with z # zo, the weights §, = 0%..

Let 'V be the trivial vector space at each puncture other than zo and let
V., be the kernel of the asymptotic operator A, at zp.

Then the induced operators

Ds: WiP9($, E) — LPA (S, A% TS ® E)
Dy : WhP9' (S E) — LPY (8, A%'T*S @ E)
have the same Fredholm index and their kernels and cokernels are isomorphic.

Proof. The main idea of the lemma is contained in [40, Proposition 4.5.22],
which contains a proof of the equality of Fredholm indices. See also the very
closely related [43, Proposition 3.15].

Note that W\l,’p"s(S, E) is a subspace of W% (S E), and thus the
kernel of Dy is contained in the kernel of Dy .

Now, by a linear version of the analysis done in [25,39], any element of
the kernel of Ds converges exponentially fast at zy to an eigenfunction of
the asymptotic operator, with exponential rate governed by the eigenvalue
(in this case 0). Therefore, any element of the kernel of Ds must converge
exponentially fast to an element of the kernel of the asymptotic operator at
zo. Hence, the kernel of Dy is contained in the kernel of Ds.

We conclude that the kernels of the two operators may be identified.
Since their Fredholm indices are the same, their cokernels are also isomorphic.

O

5.2.2. The linearization at a Floer solution. The first step in the proof of
Proposition 5.9 is to set up the appropriate Fredholm problem. Given a Floer
solution 9: R x SI\I' — R x Y, we consider exponentially weighted Sobolev
spaces of sections of the pull-back bundle 7*T'(R x Y') since the asymptotic
limits are (Morse-Bott) degenerate. For § > 0, we denote by WP (R x
ST, v*T(R x Y)) the space of sections that decay exponentially like e~0I*!
near the punctures (also in cylindrical coordinates near the punctures I'), as
in the previous section.

We similarly define W™ P9 sections with exponential decay/growth. The
following results will not depend on m except in the case of jet conditions
considered in Sect. 5.4, where m will need to be sufficiently large that the
order of contact condition can be defined.

To consider a parametric family of punctured cylinders in which the
asymptotic limits move in their Morse-Bott families, we let V be a collection
of vector spaces, associating with each puncture z € I' U {£oo} a vector
subspace V. of the tangent space to the corresponding Morse-Bott family
of orbits. For 6 > 0, we then consider the space of sections le,’p ’5(R X
SN\, v*T(R xY)) that converge exponentially at each puncture z to a vector
in the corresponding vector space V..



77 Page 28 of 77 L. Diogo, S. T. Lisi JFPTA

Remark 5.21. In this paper, we will not always be careful to specify how
small § has to be. It is worth pointing out that there is no value of § that
works for all moduli spaces. The reason is that we need |0] to be smaller
than the absolute value of all eigenvalues in the spectra of the relevant lin-
earized operators. Lemma 5.13 computes the spectrum of a number of these
relevant asymptotic operators, and as we see in Table 2, the smallest posi-
tive eigenvalue % (—C +VC?%+ 167r2) becomes arbitrarily small as C' — oo.
As will become clear from Lemma 5.22 and Eq. (5.5), the relevant value for
C here is h”(e’*)ebr, which can become arbitrarily large as the multiplicity
k — oo. Since the relevant moduli spaces in the differential involve connecting
orbits of bounded multiplicities, for any given moduli space, we may choose
0 sufficiently small.

We now adapt an observation first used in [6,15] to show that the lin-
earization of the Floer operator is upper triangular with respect to the split-
ting of T(R x Y') as (R ® RR) @ £. We then describe the non-zero blocks in
this upper triangular presentation of the operator. The two diagonal terms
are of special importance: one will be a Cauchy—Riemann operator acting on
sections of a complex line bundle, and the other can be identified with the
linearization of the Cauchy—Riemann operator for spheres in X.

We now explain this construction in more detail. Let 9: R x ST\I' —
R x Y be a Floer solution with punctures I'. The Hamiltonian need not be
admissible, but needs to be radial (i.e. depending only on r, the symplectiza-
tion variable). The almost complex structure Jy is assumed to be admissible.
We consider three possible cases for the asymptotics of such a curve.

In the first case, v is asymptotic to a closed Hamiltonian orbit at
0(+400, ), to a closed Hamiltonian orbit at o(—o0,t), and with negative ends
converging to Reeb orbits at the punctures in I'. The second case has v
asymptotic to a closed Hamiltonian orbit at o(+o0,t), but with negative
ends converging to Reeb orbits in {—oo} x Y at {—oo} UT. These two cases
correspond to an upper level of a split Floer cylinder as in Definitions 4.1
and 4.2, respectively.

The third case we consider is most directly applicable to studying holo-
morphic curves in R X Y: © has a positive cylindrical end at 400 converging to
a Reeb orbit in {400} x Y, and has negative cylindrical ends at the punctures
{—o0}UT". For such a curve, we may assume that H is identically 0, and thus
this example includes Jy-holomorphic curves. This is of independent interest,
and is useful in [13]. Part of this was sketched in [16, Section 2.9.2].

Let w = 7y 0 o: CP' — X be the smooth extension of the projection
of ¥ to the divisor (as given by Lemma 2.5). The linearized projection dmry
induces an isomorphism of complex vector bundles

7 (TR xY)) = (RSRR) G w*TE.

To see this, note that for each point p € Y, dmy induces a symplectic iso-
morphism (§,,da) = (T, )%, Kws). By the Reeb invariance of the almost
complex structure (and thus S'-invariance under rotation in the fibre), this
then gives a complex vector bundle isomorphism.
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Let V associate with each puncture z € I' U {£o0} the tangent space
to Y if the corresponding limit of © is a closed Hamiltonian orbit and the
tangent space to R x Y if the corresponding limit of ¢ is a closed Reeb orbit.
As will be clearer shortly, this is associating with each puncture the entirety
of the kernel of the corresponding asymptotic operator.

Let

Dy: WP (*T(R x Y)) — L7 (Hom™ (T(R x S\TI'), 7*T(R x Y)))

(5.4)
be the linearization of the nonlinear Floer operator at the solution o, for
0 > 0 sufficiently small. The vector spaces V correspond to allowing the
asymptotic limits to move in their Morse-Bott families. We have then a

linearized evaluation map at the punctures with values in &.e(+o01urV-
Let

DZ: WP (w*TY) — LP(Hom" ! (TCP, w*TY))

be the linearized Cauchy—Riemann operator in ¥ at the holomorphic sphere
w. We also have the linearized Cauchy—Riemann operator DE at the holo-
morphic cylinder s 4 it — w(e*"+1)) = 75(9(s,t)). Then (75 0 0)*TE =
w*TY|gyxs1\r is a Hermitian vector bundle over R x SI\I'. Let Vs be the
kernels of the asymptotic operators of DE at each of the punctures, 00 and
I'. (These are explicitly given by Vs(—00) = Tyy0)%, Va(+00) = Ty()X,
Vs (2) = Ty(z)% for each marked point z € I'.) We consider this operator
acting on the space of sections

DY Wyl (w* TS px g1 r) — LP (Hom” (T(R x S'\T), w* TS|y sm\r))-

The operator DZ is Fredholm independently of the weight, but DE is only
Fredholm when the weight § is not an integer multiple of 27. Furthermore,
by combining [43, Proposition 3.15] with Lemma 5.20, for 0 < § < 2, these
operators have the same Fredholm index and their kernels and cokernels
are isomorphic by the map induced by restricting a section of w*T% to the
punctured cylinder.

Finally, define Dg by

DS: WyP* (R x SN\T',C) — L7 (Hom" ! (T(R x S"\I'),C))

h//(eb) et 0 (5.5)
0 0 E,

where Vg associates the vector space iR with the punctures at which ¢ con-
verges to a closed Hamiltonian orbit and associates the vector space C at
punctures at which v converges with a closed Reeb orbit. Notice that again
these are chosen so that they precisely give the kernels of the corresponding
asymptotic operators of Dg.

(DSF)(0s) = Fy +iF, + (

Lemma 5.22. The isomorphism 0*T(R x V) =2 (R @ RR) @ w*TY induces a

decomposition:
DS M
Ds = < 0 Dg,)
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where M is a multiplication operator that evaluates on Oy to a fibrewise linear
map M: w*TY — R @ RR, decaying at the punctures. (In particular, M is
compact.) Furthermore, if w = 7s, 0 ¥ is non-constant, then M is pointwise
surjective except at finitely many points.

Proof. In our setting, the nonlinear Floer operator takes the form of the
left-hand side of the equation:
do + Jy (0)dvoi— h'(e")R® dt + h'(e")9, @ ds = 0.
Write o = (b,v): R x S'\I' — R x Y. If we apply dr to the previous
equation, and use the fact that dr o Jy = —a, we get
db—v*aoi+ b (e)ds = 0.

Denoting by m¢: T'Y — & the projection along the Reeb vector field, we
get
medo + Jy(’f))ﬂ'gd.f}Oi =0. (5.6)
Let g be the metric on R x Y given by g = dr? + o? + da(-, Jy-). This
metric is Jy-invariant. Let V be the Levi-Civita connection for g. Let V be
the Levi-Civita connection on 7’3 for the metric wx (-, Jx-).

Then it follows that the linearization Dy applied to a section ( of
*T(R x Y') satisfies

DiC (0.) = Vol + Iy (Vi + (Vedy (5)) 05 = Vel Iy Xa) ()
= Vol + y @OV + (Vedy (8) 05+ Ve (B ()0)rmye (5.7)

Notice that 6& = 0 since g is a product metric. We have then
V(W (€)0,) |rep = B () €® dr (),
Observe also that for any vector field V' in T'Y, there is a unique hori-

zontal lift V to YV with ‘EheNproperty oz(f/) = 0. For any two vector fields V'
and W in TX since da(V, W) = Kws(V, W), we have the following;:

—_~—

[V, W] = [V, W] = Kws(V,W)R.

From this, it follows that the Levi-Civita connection V satisfies the
following identities:

- K
VW =Yy W — Zwn(V.W)R
ViR =0

~ 1 -
VRV:_§JYV

A simple computation using the Reeb-flow invariance of Jy and the
torsion-free property of the connection gives

Vo, Jy =0=Vgly.

We will now compute D¢ (9s), first when ¢ = 10,4+ (R = ({1 +i¢2) 0y,
and then when ( is a section of v*¢.
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For the first computation, it suffices to notice the following two identi-
ties:

D30, (95) = 1" (") e® D,
D3R (0s) = 0.
It follows then from the Leibniz rule that we have
Dy(C1 +iG2) r (95) = (Cs +iG) + (R (e")e¢r) O, = DT (C1 + i) 0r(95)-
Now consider the case when ( is a section of v*¢, and is thus the lift

¢ = 7 of a section n of w*T'3. We compute

~ =~ 1

VSR = vﬂ-gvsR = *ijyﬂ'gvs

- — K 1
vs< = Vw_ﬂ? - 3w2(wsﬂ7)R - 50&
and similarly for %t. We then obtain the following covariant derivatives of
Jy, where W is a section of v*¢:

(US)JY<7

\V; N = 1
(VCJY)ar = V<R — Jngar = —§JYC
\V, N = 1
(VCJY)R = _vfar - JYV(:R = —54'

(Vedy)W = Ve(Jy W) — Jy VW

K —— K
=V,JsW — 50.)2(77, Jz;W)R —Jy (VnW — ?wz (’17, W)R>

—~

K K
= (anE)W - Ewg(m Jz;W)R - Ew;;(’m W)ar
It follows then
DiC (8s) = ViC + Jy Vil + (Ve y )Ty

1 K 1
= Vsn — ia(vs)JyC — sz(ws,n)R + Jy Vin + ia(vt)C

K 1 1
+ ?WE(wtvn)ar - §btJYC - ia(vt)(f + (Vs )wy

K K
- ng(?% Jewy) R — ng(mw)ar

—

= Dgn + Kwys,(wg,n)0r — Kws(ws,n)R.

(Note that we use the fact that 94+ Jy@; + h'(e?)d, = 0 in the cancellations.)
Writing ¢ = ({4, (p) under the isomorphism o*T(R x V) = (R @ RR) &
w* T3, we obtain the decomposition:

Dt @)= (e Dot} (&) @

Our calculations now establish that D,, = Dg and Dy, = 0, Dy, =
Dg, and Dgp((0s) = Kws(wt, 72¢)0, — Kws(ws, ms¢)R. Observe that in
particular, Dy is a pointwise linear map from 9*¢|, to R, & RR. The map
is surjective except at critical points of the pseudoholomorphic map w, of
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which there are finitely many if w is non-constant. The decay claim follows
since w converges to a point, and thus its derivatives decay exponentially
fast. O

Remark 5.23. Notice that for each puncture z € {+oo} UT, if v(¢) denotes
the corresponding asymptotic Hamiltonian or Reeb orbit, the previous result
allows us to identify V. with T, )Y at a Hamiltonian orbit and with R x
T,0)Y at a Reeb orbit.

Lemma 5.24. Leto: RxSI\I' — RxY be a finite hybrid energy Floer cylinder
with punctures T'.

Then the operator DS defined in Eq.(5.5) is Fredholm for § > 0 suffi-
ciently small.

The restriction

DE|wips: WHPO(R x SN\T, C) — LP° (Hom"” ! (T(R x S*\I),C))

has Fredholm index —1 — 2#IL if the positive puncture at +00 converges to
a closed Hamiltonian orbit and has Fredholm index —2 — 241 if the positive
puncture converges to Reeb orbit at +00 X Y.

If v converges at both +0o to closed Hamiltonian orbits, then

DS: Wy’ (R x SN\, C) — L7 (Hom® ! (T(R x S'\I'),C))

has Fredholm index 1 and is surjective.

If, instead, v converges at +o0o to a closed Hamiltonian orbit, and at
—00 to a closed Reeb orbit in {—oc} x Y, then DS has Fredholm index 2 and
18 surjective.

Finally, if v converges at 00 to closed Reeb orbits in {+oco} x Y, then
DS has Fredholm index 2 and is surjective.

In all three cases, the kernel of Dg contains the constant section i, which
can be identified with the Reeb vector field.

Proof. We will apply the punctured Riemann—Roch Theorems 5.16 and 5.18.
For this, we need to compute the Conley—Zehnder indices of the appropri-
ately perturbed asymptotic operators. We will first identify the (Morse-Bott
degenerate) asymptotic operators at each of the punctures, and then apply
Corollary 5.14 to obtain the Conley—Zehnder indices of the +d-perturbed
operators.

Recall from Remark 5.21 that we have |§] > 0 smaller than the spectral
gap for any of these punctures.

To consider the operator DS: Wy”® — LP?, it will be convenient to
consider a related operator with the same formula, but on the much larger
space of functions with exponential growth. By a slight abuse of notation, we
will use the same name:

DS whe=0 [0

1( b\ b
(DEF)(0,) = Fy +iFy + (h (%)e 8) F
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Then the kernel and cokernel of the operator acting on the spaces of sections
with exponential growth can be identified with the kernel and cokernel of the
operator acting on W\l,’f’(s, by Lemma 5.20.

First, consider the case when v converges to a closed Hamiltonian orbit
in {bL} x Y as s — do0. Then the asymptotic operator associated with DS

at f+oo is given by
o .d h"(eP+)eb+ 0
A =—ig — ( 0 0)

In the case of d-exponential decay, the relevant asymptotic operators are
given by A, + 0 at the positive puncture +o0o and by A_ — ¢ at the negative
puncture —oo. In the case of d-exponential growth, the relevant asymptotic
operators are A, — 0 and A_ + §, respectively.

For the case of exponential decay, Corollary 5.14 then gives the Conley—
Zehnder index of 0 for A + ¢ and of 1 for A_ — 4.

In the case of exponential growth, Corollary 5.14 gives instead that the
Conley—Zehnder index of Ay —§ is 1 and that of A_ +§ is 0.

Associated with a Reeb puncture at oo or at P € I', we have the
asymptotic operator

d

i TR
Writing o = (b,v): R x SI\I' = R x Y, we have b — —oo at both types of
negative punctures and b — +oco at the positive puncture.

As above, in the case of exponential decay, the relevant asymptotic
operators are —i% + 0 at a positive puncture and —i% — 0 at a negative
puncture. Again, by Corollary 5.14, we obtain a Conley—Zehnder index of —1
at +o0o and a Conley—Zehnder indices of 1 at a negative puncture (—oo or
Pel).

If, instead, we consider exponential growth, we obtain Conley—Zehnder
indices of +1 at positive punctures and —1 at negative punctures.

Applying now the punctured Riemann—Roch theorem 5.16, and using
the fact that the Euler characteristic of the punctured cylinder is —#I", we
obtain that the Fredholm index of

DE|yips: WHPO(R x SI\T, C) — LP° (Hom" ! (T'(R x S'\I'), C))
is given by
—HT —c—1—#T = —c—1—2#T,

where ¢ = 0 if the positive puncture converges to a Hamiltonian orbit, and
¢ =1 if the positive puncture converges to a Reeb orbit at +o0o, as claimed.

The injectivity of Dg restricted to W1hP4 follows from automatic
transversality, applying [41, Proposition 2.2]. The criterion involves the
adjusted Chern number [41, Equations (2.4) and (2.5)]. In our situation,
there are 1 — ¢ punctures with even Conley—Zehnder index. This adjusted
Chern number then becomes
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1
c1(B, 1, Ar) = §(Ind(Dg|W1,p,a) — 24+ #T)
:%(—c—l—Z#F—Q—i—(l—c)):—#F—l—c<0

as necessary to apply [41, Proposition 2.2].
Now, applying Theorem 5.18, we compute that the Fredholm index of

DS : WP (R x S'\I',C) — L (Hom”!(T(R x S'\I'),C))
is given by

0 if v(—o0) converges to a Hamiltonian orbit
—#T+1 — (—#1) - 1 0l o0) comvers .
-1 if 9(—o0) converges to a Reeb orbit

=1 or 2, depending on the negative end of 2.

Furthermore, the fact that the curve has genus 0 and one puncture with
even Conley—Zehnder index precisely if lims_,_ o, v is a Hamiltonian orbit
implies that

(&1 (Ea lv AF)
fia-241=0 if 9(—o0) converges to a Hamiltonian orbit
B 1(2-2)=0 if 9(—o0) converges to a Reeb orbit.

In either case, the adjusted Chern number is less than the Fredholm index.
Therefore, DS satisfies the automatic transversality criterion and is thus sur-
jective, as wanted.

It follows immediately from the expression for Dg that the constant
is in the kernel. Recalling that C = 9*(R @ RR) in the splitting given by
Lemma 5.22, we then may identify this constant with the Reeb vector field
R. O

To summarize the results of this section, by Lemma 5.22, a punctured
Floer cylinder in R x S? is regular if the operators Dg and DE) are surjective.
Surjectivity of the latter is equivalent to surjectivity of DZ. Lemma 5.24
gives the surjectivity of Dg. It thus remains to study transversality for D2,
specifically with respect to the evaluation maps that will allow us to define
the moduli spaces of chains of pearls in ¥ (see Sect. 5.3). Additionally, we
need to consider transversality for moduli spaces of planes in W asymptotic
to Reeb orbits in Y, or equivalently, the moduli spaces of spheres in X with
an order of contact condition at 3 (see Sect. 5.4).

5.3. Transversality for chains of pearls in ¥

In this section and the next, we show that for generic almost complex struc-
ture (in a sense to be made precise), the moduli spaces of chains of pearls
and moduli spaces of chains of pearls with spheres in X (possibly augmented
as well) are transverse. We begin with the definition of several moduli spaces
that will be useful.
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Definition 5.25. Let Jy € Jx be an almost complex structure compatible
with wy. Given p, ¢ € Crit(fx) and a finite collection A4, ..., Ax € Ho(3;Z),
let

Mis((Ar, ... AN) g p; Ts)

denote the space of simple chains of pearls in ¥ from ¢ to p (see Definition 5.5),
such that (w;).[CP!] = A;, with k marked points.
Let

MZ,E((A17 .. .,AN); JZ)

denote the moduli space of N parametrized Jy-holomorphic spheres in X,
representing the classes A;,7 = 1,..., N, with k& marked points, also satis-
fying the simplicity criterion of Definition 5.5, i.e. so each sphere is either
somewhere injective or constant, each constant sphere has at least one aug-
mentation marked point, and no sphere has image contained in the image of
another.

For Jw € Jw, let Js = P(Jw) be the corresponding almost complex
structure in Jx and Jx the corresponding almost complex structure on X.
Define

MZ,(X,E)((B;AD <. 'uAN);xvpa JW)

to be the moduli space of simple chains of pearls in ¥ with a sphere in
X (as in Definitions 5.3 and 5.5), where = is a critical point of fyr and
p is a critical point of f5, and representing the spherical homology classes
[w] = A; € Hy(X;Z), i = 1,...,N and [v] = B € Hy(X;Z)\0. In the

following, we will write
l=BeX =Kuw(B)

which is the order of contact of v with X.
Let

MZ,(X,E)((B; Al, ey AN); Jw)

denote the moduli space of N parametrized Jx-holomorphic spheres in 3, rep-
resenting the classes A;, and of a Jx-holomorphic sphere in X representing
the class B with order of contact [ = BeX = Kw(B), also satisfying the sim-
plicity criterion of Definition 5.5, i.e. so each sphere in ¥ is either somewhere
injective or constant (if constant, it has at least one augmentation marked
point), no image of a sphere in ¥ is contained in the image of another and
the image of the sphere in X is not contained in the tubular neighbourhood
o(U) of ¥. Furthermore, the spheres in ¥ have k& marked points.
Let

M%X((B1,Ba,...,By); Jw)

denote the moduli space of k unparametrized Jx-holomorphic spheres in X,
where each sphere is somewhere injective, no image of a sphere is contained
in the image of another sphere, and so the image of each sphere is not con-
tained in the tubular neighbourhood ¢(U) of X, and such that each sphere
intersects ¥ only at oo € CP! with order of contact B; e ¥.. We can think of
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an unparametrized sphere as an equivalence class of parametrized spheres,
modulo the action of Aut(CP?, 0c0) = Aut(C) on the domain.
Finally, let

z,E((Ala cee 7AN)7 (Bl7 cee ’Bk);(bp; JW)

denote the moduli space of simple augmented chains of pearls in ¥ with &k
unparametrized augmentation planes, and let

Mz,(X,Z)((B;Alv s 7AN)7 (317 s 7Bk);xap; JW)

denote the moduli space of simple augmented chains of pearls with a sphere
in X. (See Definitions 5.4 and 5.5.)

To apply the Sard—Smale Theorem, we need to consider Banach spaces
of almost complex structures, so we let Js., Jyy, be the space of C"-regular
almost complex structures otherwise satisfying the conditions of being in Jy,
Jw. We impose 7 > 2 and in general will require r to be sufficiently large
that the Sard-Smale theorem holds (this will depend on the Fredholm indices
associated with the collection of homology classes and will also depend on
the order of contact to ¥ for the spheres in X).

For each of these moduli spaces, we also consider the corresponding uni-
versal moduli spaces as we vary the almost complex structure. For instance,
we denote by Mj, 5((A1, ..., An), J5;) the moduli space of pairs (w)Xy, Js)
with Js € J& and (w;)Y, € MZ7E((A1, o AN Ts).

The main goal of this section and of the next is to prove that these
moduli spaces of simple chains of pearls are transverse for generic almost
complex structures. This is analogous to [29, Theorem 6.2.6], and indeed, the
transversality theorem of McDuff-Salamon will be a key ingredient of our
proof. Their Theorem 6.2.6 is about transversality of the universal evalua-
tion map to a specific submanifold AF of the target, whereas our work in
this section establishes transversality to some other submanifolds. We will,
furthermore, require an extension of the results from [12] (see Sect. 5.4), and
an additional technical transversality point needed to be able to consider the
lifted problem in R x Y.

Proposition 5.26. There is a residual set Jy? C Jw such that Jg 9 =
P(Jw?) is a residual set in Js; and such that for all Jyx € J9 and
Jw € Ty’ p € Crit(fs), ¢ € Crit(fs) and x € Crit(fw), the mod-
uli spacest’Z((Al,...,AN);q,p; Jz),M;(X,E)((B;Al,...,AN);:z:,p, Jw),
M%Z((Al,...,AN),(Bl,...,Bk);q,p;JW) and M%(X,Z)((B;Al,...,AN);

(B1,...,Bg);z,p; Jw) are manifolds. Their dimensions are
dim My 5((A1,..., AN);q,p; Js) = M(p)
N
+) 2(ci(T%), Ai) — M(q) + N — 1+ 2k,
i=1
dim Mz,(X,E)((B7 A17 sy AN)7 z,p, JW)
N

= M(p)+ ) _2(ci(TT), A;) +2((c1 (TX),B) — Be X)) + M(x)
i=1
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—2(n—1)+ N —1+2k,
dim MZ,E((AD . '3AN)’ (Bla e 7Bk)aq7p7 JW)

N
= M(p)+) 2(ci(T%), Ai) — M(q) + N — 1

i=1
k
+ (2(a1(TX),B;) — 2B; o ¥),
=1

dim M;(X s ((Bs Av,... AN); (Brs - - Be)s 2, ps Jw)
N
= M(p)+)_2(ai(T%), A)+2((c1(TX), B) = Be¥) + M(x) —2(n — 1)

=1
+N—1+Z (c1(TX),B;) —2B; o),

where M (p) and M(q) are the Morse indices of p,q € Crit(fs) and M(x) is
the Morse index of x € Crit(fw).

Proposition 5.27. [29, Proposition 6.2.7] M} o((A1,...,An); T%) s a
Banach manifold.

We will also make use of the following definition and proposition, the
latter of which we prove in the next section.

Definition 5.28. There is a universal evaluation map
evy: My s((Ar,. ., An); Ts) — n2N
(w1, ...,wN) — (w1(0), w1 (00), w2(0), ws(c0), ..., wx(0)).
Similarly, we have
evx s My x50 ((Bi A1, An); Jw) — X x 2N+
(v,w1,...,wy) — (v(0),v(00), w1 (0), w1 (c0), wa(0),..., wy(c0)),

where v is the holomorphic sphere in X and the w; are the spheres in 3.
We have an evaluation map coming from simple collections of spheres
in X:

evi: M ((By, By, ..., Br); Jiy) — BF
(v1,...,0K) — (v1(00), v2(00), ..., vE(0)).

For spheres in X, we also obtain evaluation maps at the augmentation punc-
tures

evy: My (A, .. AN); T5) — o
and
v M x5y (B A, AN); Ty) — S5,

We refer to these three maps denoted ev® as augmentation evaluation maps.



77 Page 38 of 77 L. Diogo, S. T. Lisi JFPTA

Proposition 5.29. Let By, ..., By be spherical classes in Ho(X;Z). Let
r > max B; e X + 2.
K3

The universal moduli space M% ((Bu, ..., By); Jfy) is a Banach mani-
fold and the evaluation maps

evl: My ((B1,...,B); Ji) — 28 (f1, for ooy fr) = (f1(00), ..., fr(00))
evy,s: Mx((Bo); Jw) — X x X f — (f(0), f(c0))
are submersions.

Recall that we have chosen a Morse function fy: ¥ — R and a corre-
sponding gradient-like vector field Zy, such that (fx, Zx) is a Morse-Smale
pair. The time-t flow of Zx is denoted by ¢ and the stable (ascending)
W (q) and unstable (descending) manifolds W (p) were defined in Eq. (3.1).
(Note that these are the stable/unstable manifolds for the negative gradient
flow.)

Definition 5.30. The flow diagonal in 3 x ¥ associated with the pair (fs, Zx)
is

Apy = {(w,y) € (B\ Crit(fs))” |3t > 050 y = ¢, (2) ],
where Crit(fy;) is the set of critical points of f.

We will now establish transversality of the evaluation maps to appropri-
ate products of stable/unstable manifolds, critical points, diagonals and flow
diagonals. By [29, Proposition 6.2.8], the key difficulty will be to deal with
constant spheres. For this, we will need the following lemma about evaluation
maps intersecting with the flow diagonals.

Lemma 5.31. Suppose fo: Mg — X and f1: My — X are submersions.
Then

F: Mo x My — °
(mo, m1) = (fo(mo), fi(ma), fr(m1))
is transverse to Ay, x {p} for each point p € X.

Proof. Suppose F(mg,m1) = (z,p,p) € Ay, x {p}. Then there exists t so

that ¢, () = ¢4 (fo(mo)) = fi(m1) = p.
Notice that

E = {(d¢E; (p)v,v)[v € T} C Tipp)Dss-
For notational simplicity, we write ® = dqﬁgé (p)-
It follows then that
dF(mg,my) - T(Mo x My) + (E©0)
= {(dfolmovo + Pw,d f1lm,v1 + w,dfi|m,v1) [ v0 € Ty, Mo,
v1 € Ty My, w € T,X}
=TYXeTYxaTX

using the surjectivity of dfy, dfi. This then establishes the result since E C
)Afz : [
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From this, we now obtain the following:

Lemma 5.32. Suppose My and B are manifolds and there is a map
ev=(ev_,evi): My — BxX

that is transverse to A X pt, for a submanifold A of B and for all points
pt € X. Suppose also that My is a manifold with a submersion e: My — X.
Then the map

eAVZM()XMl—>B><23
(m7 n) = (ev— (m)7 evy (m)a e(n)a e(n))
is transverse to A x Ay, x pt, for all points pt € X.

Proof. We apply the previous lemma, using fo = evy and f; = e. Then
ev(m,n) = (ev_(m), F(m,n)). The transversality to A x Ay, x pt follows by
the transversality of F' to Ay, X pt together with the transversality of ev_
to A. O

Lemma 5.33. Let N > 1, and let Ay,..., AN be spherical homology classes
in X and let B be a spherical homology class in X.

Suppose that S C L2VN=2 s obtained by taking the product of some
number of copies of Ay, C $? and of the complementary number of copies
of {(p,p) |p € Crit(fs)} C X2, in arbitrary order. Let A C %% denote the
diagonal.

Then if Zil A; # 0, the universal evaluation map

eve: Mis((Ar, ..., Ax); JE) — 2V

is transverse to the submanifold {x} x S x {y} for all x,y € X.
If B # 0, the universal evaluation map

ovxs: Mi x5 (Bi Ao An ) Tiy) — X x 520
is transverse to the submanifold {x} x A x S x {y} for any z € X, y € X.

Proof. We consider the case of M, v, in detail since the argument is essentially
the same for Mz’( X5 though notationally more cumbersome.

Suppose that ((v1,...,vn),J) € M} s((A1,..., An); Js) is in the pre-
image of {z} x S x {y}. Write S = S1 x Sa X -+ x Sy_1, where each S; C %2
is either the flow diagonal or the set of critical points.

Notice that the simplicity condition then requires that if some sphere
v; is constant, 1 < i < N, we must have that S;_; and 5; are flow diagonals.
If vy is constant, then Sy is a flow diagonal and if vy is constant, Sy_1 is a
flow diagonal.

We will proceed by induction on N. The case N = 1 follows from [29,
Proposition 3.4.2].

Now, for the inductive argument, we suppose the result holds for any
S ¢ R2N=1=2 of the form specified, and for any k > 0, for any collection of
N — 1 spherical classes, not all of which are zero.
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Let now Aj,...,An be spherical homology classes, not all of which
are zero. Notice that each of these homology classes is represented by a Jx-
holomorphic sphere, and thus has ws(A;) > 0 for each ¢. In particular then,
for such spherical classes, for any 1 < a < b < N, A, Agy1..., 4, are not
all zero if and only if Zs:a A; # 0. Then at least one of Ay,...,Ay_1 or
As, ..., Ay is a collection of spheres satisfying the hypotheses of the lemma.
For simplicity of notation, let us assume that Ay + --- + Ay_1 # 0. Let
So = S1 X Sy x -+ x Sy_o. Let k = kg + kny where ky is the number of
marked points we consider on the last sphere. By the induction hypothesis,
we have that the evaluation map

MZO,E((AM ce ,AN,I); JET) N EQ(N—I)

is transverse to pt x Sy X pt. Denote this map by evy.

Notice that MZ,Z((AM . 7AN>; ._727:) - M2072(<A1, . 7AN71)§ jé) X
M; 5 (An; T%). Let then evy: M (A, ..., Ax); J%) — B2 be the eval-
uation at 0 and oo in the Nth sphere. We, therefore, have

evs: My 5((As,..., AN); ) — 52V

given by evy = (evg,evy).

If Ay # 0, the result follows again from [29, Proposition 3.4.2].

If, instead, Ay = 0, we have from above that Sy_1 = Ay,. Notice that
the evaluation map of constant spheres on ¥ has image on the diagonal in
3 x X. The result now follows by applying Lemma 5.32.

The case with a sphere in X follows a nearly identical induction argu-
ment, though the base case consists of a single sphere in X. The required
submersion to X x ¥ now follows from Proposition 5.29, and the induction
proceeds as before. O

Proposition 5.34. Let N > 0. Suppose that S C X2V =2 is obtained by taking
the product of some number of copies of Ay, C X2 and of the complementary
number of copies of {(p,p) |p € Crit(fs)} C X2, in arbitrary order.

Let A C ¥ x X denote the diagonal and let Ay denote the diagonal XF
in XF x ¥k,

Let p, q be critical points of fs; and let x be a critical point of fu .

Then the universal evaluation maps together with augmentation evalu-
atton maps

evy X evy X evyy: My o((Ay, ..., An); Ts) x MX (B, ..., Be); Jyy)
N N S M
evy mxevyxevy: My v o ((BiAr, ..., An); Ty ) X MX (B, - - . Bi); Tw)
— X x 22VFL o yF o ok
are transverse to, respectively,
Wi(q) x S x Wii(p) x Ay,
Wi(z) x A x S x Wg(p) x Ag.
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Proof. We will consider only the first case, the second being analogous. Notice
first that by Proposition 5.29 the augmentation evaluation map

evg: My ((Bi,...,Br); Jiy) — £F
is a submersion. It suffices, therefore, to prove that
evy: Mj s ((A1, ..., AN); T5)) — n2N

is transverse to Wi(q) x S x W¥(p).

The proposition follows immediately if at least one of the A;, i =
1,..., N is non-zero, or if we are considering the case of a chain of pearls
with a sphere in X, by applying Lemma 5.33.

The only case then that must be examined is that of a chain of pearls
entirely in ¥ with all spheres constant. In this case, the evaluation map from
the moduli space M,";)E((O, 0,...,0), 7y ) factors through the evaluation map

{(21,...,zN)€ZN|zZ-:zj - i:j}xJVTV—>22N.

Transversality follows from the Morse-Smale condition on the gradient-
like vector field Zs,. This gives that the intersection of Wg(q) and W¥(p) is
transverse, and hence that the diagonal in 3 x 3 is transverse to W& (q) x
W¥(p), which is what we need when N = 1. The case of N > 2 is similar,
using the description of the tangent space to the flow diagonal at (x,y) € Ay,
such that ¢% (z) =y for some t > 0, as

Tiau)Dyse = {(udgptzz (x)v+cZs(y)) |v e TpE,c € R} C T,X & T3,
O

Proposition 5.34 can be combined with standard Sard—Smale arguments,
the fact that P: Jj, — Js; is an open and surjective map and Taubes’s
method for passing to smooth almost complex structures (see for instance
[29, Theorem 6.2.6]) to give the following proposition:

Proposition 5.35. There exist residual sets of almost complex structures
T’ C Jw and T30 = P(TJyY), so that for fized Jw € Ty’ and
Jy, = P(Jw), the restrictions of the evaluation maps evs, X evgk x evy and
evx s X eve X evy to

M s (A1, AN) ) x MX((Br,.- .., By)sJw)  and
M;(X,z])((B;Ala- .. ,AN);Jw) X M}((Bl, .. ,Bk);Jw),

respectively, are transverse to the submanifolds of Proposition 5.34.

The transversality statement of the main result of this section, Proposi-
tion 5.26 now follows. The dimension formulas follow from usual index argu-
ments, combining Riemann—-Roch with contributions from the constraints
imposed by the evaluation maps.
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5.4. Transversality for spheres in X with order of contact constraints in X

We will now consider transversality for a chain of pearls with a sphere in X.
We will extend the results from Section 6 in [12]. In that paper, Cieliebak
and Mohnke prove that the moduli space of simple curves not contained in X,
with a condition on the order of contact with 3, can be made transverse by
a perturbation of the almost complex structure away from Y. We will extend
this result to show that additionally the evaluation map to ¥ at the point of
contact can be made transverse. This can be useful, for instance, to define
relative Gromov—Witten invariants with constraints on homology classes in
>,

Recall that ¥ is a symplectic divisor and N is its symplectic normal
bundle equipped with a Hermitian structure. Keeping in mind the discussion
in Sect. 2 (in particular the identification of X\ with W in Lemma 2.5),
we will by an abuse of notation identify an almost complex struture on W
with the corresponding almost complex structure on X. We have fixed a
symplectic neighbourhood ¢: U — X where ¢: U — X is an embedding.
From Definition 2.7, we require that all Jx € Jw have that Jx is standard
in the image ¢(U) C X of this neighbourhood.

Fix an almost complex structure Jy € Jw. We may suppose that
P(Jy) € Jx is an almost complex structure in the residual set J5,Y given by
Proposition 5.26, though this is not strictly speaking necessary.

Let V := X\¢(U). Following Cieliebak-Mohnke [12], let J(V) be the
set of all almost complex structures on X compatible with w that are equal
to Jo on @(U). Similarly, we will let 7" (V) be the compatible almost complex
structures of C" regularity.

To define the order of contact, consider an almost complex structure
Jx € Jw and a Jx-holomorphic sphere f: CP! — X with f(0) € %, an
isolated intersection. Choose coordinates s 4+ it = z € C on the domain and
local coordinates near f(0) € ¥ on the target, such that f(0) € ¥ C X
corresponds to 0 € C"~! = C"~! x {0} ¢ C"~! x C. Write m¢: C* — C for
projection onto the last coordinate (which is to be thought of as normal to
Y). Assume also that Jx(0) = ¢. Then f has contact of order [ at 0 if the
vector of all partial derivatives of orders 1 through [ (denoted by d' f(0)) has
trivial projection to C. We can write this condition as d' f(0) € T} )%. We
define then the order of contact at an arbitrary point in CP' by precomposing
with a Mobius transformation. (This is well defined, by [12, Lemma 6.4].)

Define the space of simple pseudoholomorphic maps into X that have
order of contact [ at co to a point in ¥ to be

Mo xs (Tw) = A{(f, Jx) € W™P(CP', X) x Jw |04y f =0,
f() € 5, d'f(00) € T(o) %,
f simple, f~1(V) # @},

where we require m > [ 4+ 2. Note that our notation differs somewhat from
the notation in [12].

In this section, we need to have a higher regularity on our Sobolev spaces
to make sense of the order of contact condition. For the remaining moduli
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spaces, for simplicity of notation, we have taken m = 1, where this is not a
problem. Notice that by elliptic regularity, the moduli spaces themselves are
manifolds of smooth maps, and are independent of the choice of m. This only
affects the classes of deformations we consider in setting up the Fredholm
theory.

In this section, we will prove Proposition 5.29, which was stated and
used above:
Proposition 5.29. Let By, ..., By be spherical classes in Ho(X;7Z). Let

r > maxB; e X + 2.

The universal moduli space M% ((Bu, ..., Bg); Jy) is a Banach mani-
fold and the evaluation maps

evi: M5 ((Br, ..., Br); Tiy) — S 0 (fi, fau ooy fr) = (f1(00), .., fr(00))
evx,z: Mx((Bo); Jw) — X x 3 f = (f(0), f(0))

are submersions.

Notice that it suffices to prove this when considering only pairs (f, Jx) €
M ((Bo); Jyyy) with the additional condition that Jx € J" (V).

We also observe that if | = By e X, we have that M% ((Bo); Jw) C
M 4 (x5 (Iw) for each k < . Furthermore, M ((Bo); Jw ) is a connected
component of M7, o (Jw). This observation will enable us to obtain the
result by inducting on k.

The proposition will follow by a modification of the proof given in [12,
Section 6]. Instead of reproducing their proof, we indicate the necessary mod-
ifications. To be as consistent as possible with their notation, we consider the
point of contact with 3 to be at 0.

Consider a Jx-holomorphic map f: CP* — X such that f(0) € ¥ with
order of contact {. In the notation of [12], we are interested in the case of only
one component Z = Y. We will obtain transversality of the evaluation map
at 0 by varying Jy freely in the complement of our chosen neighbourhood of
the divisor, V = X\o(U).

The linearized Cauchy—Riemann operator at f with respect to a torsion-
free connection is

(D8)(2) = Vs&(2) + Ix (f(2)) Vi€ (2) + (Ve(o) Ix (£(2))) fe(2)-

At a coordinate chart around z = 0, we can specialize to the standard
Euclidean connection in R?" = C" (which preserves C"~! along C"1), we
get

(Df&)(2) = &s(2) + Ix (f(2))6e(2) + A(2)€(2),
where
A(2)§(2) = (De(2) Ix (f(2))) fe(z)

(see also page 317 in [12]).
We need the following adaptation of Corollary 6.2 in [12].
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Lemma 5.36. Suppose (f,Jx) € M v 5)(Ty) with Jx € T"(V), r =2 m.
After choosing local coordinates, suppose f(0) € ¥ and in coordinates

around f(0), ¥ is mapped to C"~1 and is thus preserved by Jx.
Denote the unit disk by D? and let &: (D*,0) — (C™,0) be such that

Dyé = 0. Given 0 < k < 1, if £(0) € C*~1, d*=1¢(0) € C"~! and 2£(0) €
Cn=1, then d*€(0) € Cn—L.

Proof. We need to show that %(O) e C" ! for all 0 < i < k. It will be
convenient to use multi-index notation for partial derivatives, and denote the
previous expression by D*~%9¢(0). The case i = 0 is part of the hypotheses

of the lemma. For the induction step, note that Dy§ = 0 combined with the
product rule implies that

DEIE() = Jx(f(2)) | DETHHe(z) + Y0 DI (f(2)DE(2)
B

+ 3 DY A(2)D7¢(2)
o, B

Here, @ and 8 are multi-indices such that « = (a1, a2) for 0 < ay < k—14,0 <
as <i—1,a# (0,0) and o + 8 = (k — 4,4). Similarly, @’ and ' are multi-
indices such that o/ = (a},a}) for 0 < af < k—4,0 < ay <i—1 and
o + " = (k—1i,i —1). The hypotheses of the lemma and the induction
hypothesis imply that the derivatives of £ on the right-hand side take values
in Ty)%. The fact that Jx and V preserve C"! along C"!, and that
d'f(0) € T't(0)%, implies the induction step. O

We now prove the key property of the linearized evaluation map:
Proposition 5.37. For m —2/p > 1, r > m, the universal evaluation map
evx,s: M:o,z,(x,z:) (Jw) — %

(f;Jx) — f(0)
is a submersion.
Proof. We show that for every 0 < k <, and (f,Jx) € M7, v 5)(T"(V)),
(devx s)(r.70 Tt Mook, (x) (T (V) = Ty)®
(& Y) —£(0)
is surjective. By Lemma 6.5 in [12],
T Mo (x5 (T (V) = {(&,Y) € TEW™P(CPY, X) x Ty 7 (V) |
1 .
Dy§+ 5Y(f)odfoj =0,
£(0) € Ty(0)%, d"¢(0) € Ty() T}

We argue by induction on k. The case k = 0 is a special case of Proposition
3.4.2 in [29]. We assume that the claim is true for £ — 1 and prove it for k.
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Take any v € Tyy¥. By induction, there is (£1,Y1) € Tif sy
M;7k_1)(x72)(jT(V)) such that (devx x)(f,y) (&, Y1) =v and d¥71£;(0) €
Ty 0)S- Let now & € TyW™?(CP', X) be given by

~ Sk k
) =~ o (576 ) O

where §: C — [0, 1] is a smooth function that is identically 1 near 0 and has
compact support contained in C\ f~*(V). Writing

(Df€)(2) = &(2) +i&i(2) + (Jx (f(2)) = 1)&(2) + A(2)E(2),
we have (D;£)(0) = 0 and d*~1(D;£)(0) = 0 (this follows the fact that
£,+i€& = O near 0). By Lemma 6.6 in [12], there is (£,Y) € TyW™P(CP*, X)x
Ty J(V) such that £(0) = 0, d*(£)(0) = 0 and

1. . .
Dy&+ Y (f)odfoj=—Dyt.
Let now & =& +§~+£and Y, =Y; + Y. We have
1
Di&a+ 3Ya(f) odf 0 =0

as well as &(0) = v, d""1(&)(0) € TyE and mc (%fg) (0) = 0.
Lemma 5.36 implies that d*(£)(0) € Ty)S; hence, (&,Y2) € T(fuy)
M1 (x5 (T ). This completes the proof. O

Observe now that by combining this with standard arguments (see, for
instance, [29, Proposition 3.4.2], which is also used in the proof of Proposi-
tion 5.26 above), we obtain the transversality for the evaluation at a point,
taking values in X. This finishes the proof of Proposition 5.29.

5.5. Proof of Proposition 5.9

We are now ready to complete the proof of Proposition 5.9. To this end, we
will show that the transversality problem for a cascade reduces to the already
solved transversality problem for chains of pearls. The two key ingredients of
this are the splitting of the linearized operator given by Lemma 5.22 and a
careful study of the flow diagonal in Y x Y.

Recall from Definition 2.7 that Jy denotes the space of compatible,
cylindrical, Reeb—invariant almost complex structures on R x Y. These are
obtained as lifts of the almost complex structures in Js;. Let Jy°? be the set
of almost complex structures on R x Y that are lifts of the almost complex
structures in J5.“? (see Proposition 5.35).

Recall from Definition 2.7 and from Proposition 2.3, if Jy € Jw is an
almost complex structure on W that is of the type we consider, it induces
an almost complex structure P(Jy ) = Jy € Jx. The restriction of Jy to
the cylindrical end of W, Jy, is then a translation and Reeb-flow invariant
almost complex structure on R x Y that has drygJy = Jydry.

Recall that the biholomorphism 3: W — X\¥ given in Lemma 2.5
allows us to identify holomorphic planes in W with holomorphic spheres in
X. In the following, we will suppress the distinction when convenient.
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Recall also that by the definition of an admissible Hamiltonian (Defini-
tion 3.1), for each non-negative integer m, there exists a unique b, so that
Rh'(ebm) = m. Then Y, = {b,,} xY C RxY is the corresponding Morse-Bott
family of 1-periodic Hamiltonian orbits that wind m times around the fibre
of Y — .

We now define moduli spaces of Floer cylinders, from which we will
extract the moduli spaces of cascades by imposing the gradient flow line
conditions. First, we define the moduli spaces relevant to the differential
connecting two generators in R x Y. Then, we will define the moduli spaces
relevant to the differential connecting to a critical point in W.

Definition 5.38. Let N > 1,let Ay,..., Ay € H(3;Z) be spherical homology
classes. Let Jy € Jy.

Define M i goyie i, ((A1,..., AN); Jy) to be a set of tuples of punc-
tured cylinders (01, ...,0x) with the following properties:

(1) There is a partition of ' = T'; U--- U Ty of k augmentation marked
points with

i Rx SN[ = R x Y

so that ©; is a finite hybrid energy punctured Floer cylinder. For each
zj € T, there is a positive integer multiplicity k(z;). Let v; denote the
projection to Y.

(2) There is an increasing list of N + 1 multiplicities from k_ to k:

k‘_zk‘o<k‘1<k’2<"'</€]\[:k‘+

such that, for each 4, the cylinder o; has multiplicities k; and k;_1 at
+o0, i.e. ﬂi(—‘rOO, ) € Yki,ﬁi(—oo, ) eV ..

(3) The Floer cylinders 9; are simple in the sense that their projections to
> are either somewhere injective or constant, if constant, they have at
least one augmentation puncture, and their images are not contained
one in the other.

(4) For each ¢, and for every puncture z; € I';, the augmentation puncture
has a limit whose multiplicity is given by k(z;); i.e. lim, o v;i(2; +
e?7(P+i9)) is a Reeb orbit of multiplicity k(z;).

(5) The projections of the Floer cylinders to ¥ represent the homology
classes A;,i =1,...,N;ie. (mx(;)Y; € Mi((A1,...,ANn), Js).

Let B € H5(X;Z) be a spherical homology class, B # 0. Let Jy be an
almost complex structure on W as given by Lemma 2.5, matching Jy on the
cylindrical end.

Definition 5.39. Define the moduli space
M ewie, (Bi A, AN Jw)

to consist of tuples

('170,’[]17...,111\[)

with the properties
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(1) The map 9g: R x S — W is a finite energy holomorphic cylinder with
removable singularity at —oo.

(2) There is a partition of I' = I'; U --- U T'y of k£ augmentation marked
points with

P Rx SN[ = R x Y, i>1,

so that each v; is a finite hybrid energy punctured Floer cylinder. For
each z; € T, there is a positive integer multiplicity k(z;). Denote by v;
the projection of ¥; to Y.

(3) There is an increasing list of N + 1 multiplicities:

ko <k <ky<-- <kn=k;t.

(4) For each i > 1, and for every puncture z; € I';, the augmentation punc-
ture has a limit whose multiplicity is given by k(z;), i.e. lim, . v;(2;+
e?7(P+i9)) is a Reeb orbit of multiplicity k(z;).

(5) The Floer cylinders o; for ¢ > 1 are simple, in the strong sense that the
projections to 3 are somewhere injective or constant, and have images
not contained one in the other. The cylinder 7y is somewhere injective
in W.

(6) The projections of the Floer cylinders to ¥ represent the homology
classes A;,i = 1,...,N;ie ms(3;)Y, € M;((B; A1,..., AN), Jw).

(7) After identifying 0y with a holomorphic sphere in X, 9y represents the
homology class B € Hy(X;Z).

(8) The cylinder ¥; has multiplicity k1 at +oo and o1(400, ) € Yi,. At
—00, U7 converges to a Reeb orbit in {—oco} x Y. This Reeb orbit has
multiplicity ko.

(9) For each i > 2, the cylinder ¢; has multiplicities k; and k;—; at too:
1~}7;(+OO, ) S Yki,ﬁi(—oo, ) S Yki—l'

(10) The cylinder 9y converges at +00 to a Reeb orbit of multiplicity ko.

Observe that these moduli spaces are non-empty only if for each ¢ =
N

P 5

KW(Ai) = k1 — ki—l — Z k(Z)

zel;

Furthermore, for M7 ; -, we must also have
Be X = Kw(B) = ko.

Note also that these moduli spaces have a large number of connected compo-
nents, where different components have different partitions of I' or different
intermediate multiplicities.

Identifying holomorphic spheres in X with finite energy Jy -planes in W,
we consider also the moduli space of holomorphic planes M*% ((Bi, ..., B);
Jw) as in Definition 5.25.

The space M7y, gyy ((A1,..., An); Jy) consists of N-tuples of some-
where injective punctured Floer cylinders in R x Y. Similarly, M7, .y, consist
of N-tuples of punctured Floer cylinders in R x Y together with a holomor-
phic plane in W (which we can, therefore, also interpret as a holomorphic
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sphere in X). The cylinders and the eventual plane have asymptotics with
matching multiplicities, but are otherwise unconstrained. These two moduli
spaces, MY ; gy y and Mj . 4 fail to be simple split Floer cylinders with
cascades (as in Definition 5.8) in two ways: they are missing the gradient tra-
jectory constraints on their asymptotic evaluation maps, and they are missing
their augmentation planes. To impose these conditions, we will need to study
these evaluation maps and establish their transversality.

Proposition 5.40. For Jy € Jy°7, Mj;; guy ((A1,..., AN); Jy) is a mani-
fold of dimension

N
N@n—1)+ Y 2(c1(T%), A;) + 2k.
For Jw € Jy?, My w (B Ax, ..., An); Jw) is a manifold of dimen-
ston

N
N@n—1)+2n+1+ 2(ci(TS), A;) +2({c1(TX), B) — B e X)) + 2k.

=1

Proof. Consider first the case of cylinders in R x Y. Let
(617 cee ,f}N) € M?’I,k,RXY ((Ala s ’AN); JY) :

Recall from Proposition 5.26 that for Jy, € 75, we have transversality
for D for each sphere w; = 75 (v;).

Let 6 > 0 be sufficiently small. For each i = 1,..., N, by Lemma 5.24,
Dgi is surjective when considered on W1 ~% (with exponential growth), and

has Fredholm index 1. The operator considered instead on the space W\l,’p ’6,
with V_o = Vi = iR and Vp = C for any puncture P on the domain of v;,
has the same kernel and cokernel by Lemma 5.20. Thus, the operator, acting
on sections free to move in the Morse-Bott family of orbits, is surjective and
has index 1.

Since the operator Dy, is upper triangular from Lemma 5.22, and its
diagonal components are both surjective, the operator is surjective. Since the
Fredholm index is the sum of these, each component v; contributes an index
of 1 +2n—24+2 <Cl (TE), Az> + ka =2n—1+4+2 <01(TZ), Az> + 2]{,‘“ where ki
is the number of punctures.

We now consider the case of a collection

(’Do,f)l, e ,QNJN) S M;I,k,W ((B;Al, R 7/1]\/); Jw) .

The same consideration as previously gives that 0o, ..., Uy are transverse and
each contributes an index of 2n — 1 + 2 (¢1(TY), A;) + 2k;, where k; is the
number of punctures. For the component 01, again applying Lemma 5.22 and
applying Lemma 5.24 in the case where the —oo end of the cylinder converges
to a Reeb orbit at {—oo} X Y, we obtain that the vertical Fredholm operator
is surjective and has index 2. The linearized Floer operator at v; is then
surjective and has index 2n + 2 (¢;(T'X), A1) + 2k1. By Lemma 2.5, the plane
7g can be identified with a sphere in X with an order of contact [ = B e X
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with X. Its Fredholm index is 2n + 2({c; (T X), B) — ). The total Fredholm
index is, therefore,
N
(N=1)@n—1)+2n+2n+ Y 2(c1(TT), A;)

+2((c1(TX),B) — Be %) + 2k.

For both cases, the result now follows from the implicit function theo-
rem. 0

It now suffices to prove the transversality of evaluation maps to the
products of stable/unstable manifolds and flow diagonals, and also transver-
sality of the augmentation evaluation maps, to obtain the constraints com-
ing from pseudo-gradient flow lines. Indeed, let (¥1,...,7n) be a collec-
tion of N cylinders in M7 gy g, ((A1,..., An); Jy). Write each of the
0;: Rx St — RxY as apair 9; = (b;, v;). We then have asymptotic evaluation
maps

evy : M;—I,k,RXY;k_,k+ (A1, AN dy) — y2N
(01,...,0n) = (limg, oo v1(8, 1), lims—, 4 oo v1(8, 1), ...,
im0 v (8, 1), lims 400 UN (S, 1)) . (5.8)

If (D0, 01,...,ON) € My ((B; Ax, ..., An); Jw ), we have
Swy: My pwa, (BiAr,... An); Jw) — W x Y2NH

r—+00 §——00

(’l~)0,1~)1,...,1~)1\[)l—> (’[)0(0), lim 7Ty’170(T+Z‘0), lim vl(s,l),...,

lim vy (s, 1)) .

s——+00
(5.9)

These maps are C'' smooth, which follows from exploiting the asymp-
totic expansion of a Floer cylinder near its asymptotic limit, as described by
[39]. Details for this are given in [17].

We also have augmentation evaluation maps. For each puncture zg € T,
there exists an index ¢ € {1,..., N} so that the augmentation puncture zg
is a puncture in the domain of v;. For this augmentation puncture, we have
the asymptotic evaluation map v; — lim,_,,, = (v;(2)) € 3. Combining all
of these evaluation maps over all punctures in I', we obtain

&%1 M?{,k,RxY;k,,m ((Ar,..., AN); Jy) — z*
evsy: My wik, ((BsAv, .. AN Jw) — ¥k,

Note that these maps are C' smooth, either by [17] or by combining [43,
Proposition 3.15] with the smoothness for the evaluation map for closed
spheres.

Define the flow diagonalin Y XY to be

ﬁfy = {(z,y) € (Y\ Crit(fy))? : 3t > 0 s.t. oy (@) =y},
where Crit(fy) is the set of critical points of fy.
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Let p,§ € Y be critical points of fy and let W (p), W (¢) be the
unstable/stable manifolds of p, ¢, as in (3.1).

We may now describe the moduli space of simple split Floer cylinders
from gp_ to Py, as the unions of the fibre products of these moduli spaces
under the asymptotic evaluation maps and augmentation evaluation maps.
For notational convenience, we write

Vi My e rxyik gy (Ao AN Jy) x MX (B, ..., Br)i Jw)

— V2N x5k x oF (5.10)

(V,v) = (evy (V),6v5(V), evy(v)) .

Write Ase C X% x ¥* to denote the diagonal X¥. Then define

M*H(Qk,,ﬁkp (Ala ceey AN)a (Bla ey Bk)y JW)
- N—-1
(W@ x (Bn)" < WEG) < A )

From this, we have

M;I,N(dk,,ﬁkpjw)
= U U U M@ s (Ar o An) (Bry o B ).

(At An) k20 (By,....By)
(5.11)
Similarly, if @ € W is a critical point of fy, and letting Wiy, (z) be the
descending manifold of x in W for the gradient-like vector field —Zy,, we
define

ev: My pwa, (Bs A1, AN); Jw) X MX((Bi, ..., Br); Jw)
— W x Y2NHL 5k o P
(00, V), v) = (eVwy (00, V), ev5(V), evy(v)) .
Then define
M (x, pr,; (B; Ay, ..., AN), (By, ..., Br); Jw)

1 ~ N—-1
=& (ng(x) % A x (Afy) X W (5) x A2k> .
Finally, we obtain
My n (@, Pry 5 Iw)

= U U U Mupe:(BA,...,Ax),(Bi,..., Br): Jw).
(B;Ay,...,An) k=0 (By,...,By)
(5.12)
To establish transversality for our moduli spaces, it then becomes nec-
essary to show transversality of the evaluation maps to these products of
descending/ascending manifolds, diagonals and flow diagonals. Recall the
space of almost complex structures Jj;-? given in Proposition 5.35. We
denoted by Jy“Y the space of cylindrical almost complex structures on R x Y’
obtained from restrictions of elements in Jy;7?. The following result will pro-
vide the final step in the proof of Proposition 5.9.
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Proposition 5.41. Let Jyw € Jy? and let Jy € Jy™9 be the induced almost
complex structure on R x Y.

Let §,p denote critical points of fy, and let x be a critical point of fuw
in W. Let ky and k_ be non-negative multiplicities, ky > k_.

Let Aq, ..., AN be spherical homology classes in X, let B, By, ..., By be
spherical homology classes in X, k > 0.

Let ACY xY and Ase C SF x SF be the diagonals.

Then

(1) the evaluation map
EVy X 6Vy X evs:: M*H,k,RxY;k,,kJr (A1,  AN); Jy)
XM ((By,...,B); Jw) — Y2V x 5k x 5k
1s transverse to the submanifold
We@ x (Bg) X W) x A
(2) the evaluation map
vy X vy x evi: My, ((BsAx, ..o AN); Jw)
XM ((B1,...,By); Jw) — W x Y2NFL o sk 5o 3ok

1s transverse to the submanifold
- - N—1 ~
W (z) x A x (Afy) X WE(B) X A

To prove this proposition, we will need a better description of the rela-
tionship between the moduli spaces of spheres in ¥, and the moduli spaces
of Floer cylinders in R x Y (or in W).

Lemma 5.42. The maps
T Mg grxyi ks (A1 AN Jy) = My s((Ax,. o An); Js)
szwi M?{,k,w;h (B; Ay, ..., AN)s Jw) — MZ,X,E((BiAlw"?AN); Jw)
induced by ms: R XY — X are submersions. The fibres have a locally free
(SYN torus action by constant rotation by the action of the Reeb vector field.
Proof. We will study the case of
T Mgy (A1, AN) Jy) = M s (A1, .., An); Js)

in detail. The case with a sphere in X follows by the same argument with a
small notational change. It also suffices to consider the case with N = 1 since
moduli spaces with more spheres are open subsets of products of these.
Suppose 7x(0) = w with o € My gy p, (AJy) and w €
272(14; Jx). Recall the splitting of the linearized Floer operator at 0, given

in Lemma 5.22 as
_(DF M
»={0o bpz2)

By definition, T3, M} 5,(A) = ker DZ and T Mk rxyie g, (Aidy) =
ker D5. By Lemma 5.24, DS is surjective. It follows then that any section



77 Page 52 of 77 L. Diogo, S. T. Lisi JFPTA

Co of w*TY that is in the kernel of D2 can be lifted to a section ((1,(p) of
*TY = (R®RR) ® w*TY that is in the kernel of Dj.

Notice now that dms(¢1, (o) = (o, establishing that the evaluation map
is a submersion.

Also observe that S! acts on the curve ¥ by the Reeb flow. By the Reeb
invariance of Jy and of the admissible Hamiltonian H, the rotated curve is in
the same fibre of 7T£A. Furthermore, for small rotation parameter, the curve
will be distinct (as a parametrized curve) from 9. O

The next result justifies why it was reasonable to assume k; > k_ in
Proposition 5.41. The fact that ky # k_ will also be used below.

Lemma 5.43. Let A := [w] € Hay(%;Z), where w: CP! — X is the continuous
extension of mx o ¥. Assume that either A # 0 or I' # @. Then ki > k_.

Proof. Denote by w*Y the pull-back under w of the S'-bundle Y — ¥. The
map ¥ gives a section s of w*Y, defined in the complement of T" U {0, oco}.
By [11, Theorem 11.16], the Euler number [, e(w*Y’) (where e is the Euler
class) is the sum of the local degrees of the section s at the points in I'U{0, co}.

Denote the multiplicities of the periodic Xpg-orbits zi(t) =
limg 400 v(s,t) by ki, respectively, and denote the multiplicities of the
asymptotic Reeb orbits at the punctures z1,...,2, € [' by k1, ..., k,, respec-
tively. The positive integers ki and k; are the absolute values of the degrees
of s at the respective points. Taking signs into account, we get

/ e(w'Y)=ky —k_ —ky — - —kp,.
CP!

We will show that this quantity is non-negative. We have

/(CP1 e(w*Y) - /(CIP’l w*e(Y - E) - /(C]P’l U)*B(NE),

where NX is the normal bundle to ¥ in Y. Now, e(NX) = s* Th(NX),
where s: ¥ — NX is the zero section and Th(NX) is the Thom class of
N3 [11, Proposition 6.41]. If j: N¥ — X is a tubular neighbourhood, then
j« Th(NY) = PD([X]) = [Kw] € H?(X;R) [11, Equation (6.23)]. If ¢: ¥ —
X is the inclusion, then

/ w*e(NX) = / w*s* Th(NX) = / w*t* j, Th(NX)
CP? CP! CP!

= / w ' Kw=Kw(A) >0
cpt

since K > 0 and w is a Jx-holomorphic sphere. We conclude that
ky —k_ —ky—-—kn=Kw(A) >0.

If A # 0, we get a strict inequality. If A = 0, we get an equality, but the

assumptions of the lemma imply that Y." k; > 0. In either case, we get
ky > k_, as wanted. O

1=
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Recall that the gradient-like vector field Zy has the property that
dnsZy = Zx. Also recall that we may use the contact form « as a con-
nection to lift vector fields from ¥ to vector fields on Y, tangent to &. If V' is
a vector field on X, we write 75,V = V to be the vector field on Y’ uniquely
determined by the conditions a(V) = 0, drsV = V. This extends as well to
lifting vector fields on 3 x ¥ to vector fields on Y x Y.

Lemma 5.44. The flow diagonal in'Y satisfies

ms(Ap) C A U{(p,p) | p € Crit(fx)}.

Let (z,7) € ﬁfy and x = wx(Z), y = m=(y). Let t > 0 be so that
§ = Y, (T). Then if v =y, we have x € Crit(fs) and

= {(aR +v,bR + m5dpy _drsv) € TY ® TY |a,b € R and a(v) = 0}.
5.13)

If x #y, then (x,y) € Ay,. Then there exists a positive g = g(Z,7) > 0
so that

—~

Te5Ap =R(R,gR) @ H, (5.14)
where the subspace H is such that drs|y: H — TAy, induces a linear iso-
morphism.

Proof. Observe first that if x = 75, we have

Te¢ly, (2) = ¢, ().
This gives drs dol, (Z) = dipl, dmrs(Z). From this, it follows that def, (Z)R
is a multiple of the Reeb vector field. Observe also that ¢? 7, and o 7, are both
orientation-preserving diffeomorphisms for all ¢. We, therefore, obtain that
if y = ¢Y_(x), %, induces a diffeomorphism between the fibres 7" (z) —
75 ' (y). Additionally, we must have then that de?. (Z)Ris a positive multiple
of the Reeb vector field. Let g(#,9) > 0 such that dy, (Z)R = g(Z,7)R.
In general, if § = ¢, (&), we have

T(i’g)AfY = {(v,dgozy( v+ cZy(9)) |v e T,Y,ceR}. (5.15)

Consider first the case of x = y. Then both & and ¢ are in the same
fibre of Y — ¥. By definition of the flow diagonal, there exists ¢ > 0 so that
¢%. (¥) = 7, and hence Zy is vertical, Zs;(x) = 0. It follows that € Crity,,.

From this, it now follows that 75 (Af,) € Ag, U{(p,p) |p € Crit(fs)}.

We now consider the consequences of Eq. (5.15) in this case of x = y.
Any v € T,Y may be written as vy + aR where a(vg) = 0. Furthermore,
since x = y € Crit(fy), and by definition, neither & nor § are critical points
of fy, we obtain that Zy () is a non-zero multiple of the Reeb vector field.
Equation (5.13) now follows from the fact that drse?, (Z) = dpf,_(z)drs.

We now consider when z # y. Let H = {(v,d¢% (Z)v+cZy (§) | a(v) =
0}. Then

drs(H) = {(v, dpl, (z)v + cZs) |v € L5} = TAy,.
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By assumption, y is not a critical point of fs;, so dmy; induces an isomorphism.
The decomposition of TAy, now follows immediately from the definition of
g and from Eq. (5.15). O

Proof of Proposition 5.41. We consider first the case of
vy : ME,k,RxY;k,,m (A1, An)idy) — Y2,
Suppose that v = (01,...,98) € My pyyi x, (A1, AN dy).
For each i =1,... N, let §; = 9;(—00,0) € Y and Z; = 0;(400,0) € Y, with
g1 € Wi (q), 2y € Wy (D)
(Zi,Gir1) € Apy  for 1<i< N —1.
Let w; = mx(9;) and x; = 7s(Z;), y; = m=(y;). Then it follows that
y1 € W(g),zn € Wii(p)
(i, yir1) € Ary, U{(p,p)|p € Crit(fx)} forl<i< N -1
Let S C ¥2V~2 be the appropriate product of a number of copies of Ay,
and of {(p,p)|p € Crit(fx)}. By Proposition 5.35, the evaluation map on

Ms((Aq, ..., AN); Jy) is transverse to S.
Then by the previous lemma,

TS Cdny (TQOW}S/((D X T(:ihﬂz)zfy X X T(a”cthﬂN)Efy X TjNW#(ﬁ)) .

It suffices, therefore, to obtain transversality in the vertical direction.
Notice that by rotating by the action of the Reeb vector field on ¥;, we obtain
that the image of dev contains the subspace

{(a1R,a1R, asR, asR, ... ,anyR,anR)|(ay,...,an) € RN} C (TY)*.

In the case of the chain of pearls in Y, each of the spheres w;,i =
1,..., N must either be non-constant or have a non-trivial collection of
augmentation punctures. Then, by Lemma 5.43, each punctured cylinder
0; has different multiplicities k:;r ,k; at *oo. The moduli space of k Floer
cylinders has an (S')*-action by rotation of the domains of the cylin-
ders. Linearizing this action, it follows that the image of deévy (9;) contains
(k—R,k+R) € Ty,Y @ T;,Y. While this holds for each i = 1,..., N, we only
require such a vector for one cylinder. Then, by taking this in the case of
i = 1, we see that the following N + 1 vertical vectors in (RR)*V c TY?2¥
are in the image of the linearized evaluation map (the first two obtained by
combining the two Reeb actions on v, the remainder by the Reeb action on
0y 1 2 2):

(R,0,0,...,0),

(0,R,0,...,0),
(0,0,R,R,0,0,...,0),
(0,0,0,0,R, R,0,...,0),

(0,0,...,0, R, R).
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By the previous lemma, the tangent space Tz, g, +1)£ ¢y contains at
least the vertical vector (R, g;R), where g; := ¢(Z;,9it+1) > 0, for each 1 <
i < N — 1. In the vertical direction, this then contains the following N — 1
vectors:

(07 Ra glR707 s 70)a
(0,0,0, R, g2R,0,...,0)

(07 s 707R7 gN—lRa 0)

We now observe that this collection of 2V vectors spans (RR)*V. This
establishes that évy defined on My poyip g, ((A1,..., An);Jy) is trans-
verse to Wi (g) x ﬁ?’y X W (p).

We now consider the case of

Swy s Mi g, (BiAv,.. An);Jw) — W x YL

We will show this evaluation map is transverse to
~ - ~ N—-1
S =W (2) x A x (Afy) x W ().

As before, it suffices to show transversality in a vertical direction, since,
by Proposition 5.35, the projections to X, ¥ are transverse. More precisely,
let S C W x X x £2V be of the form S = W4 (z) x A x S’ x Wg(p), where
S" € ¥2N=2 ig a product of some number of Ay, and of {(p,p) |p € Crit(fs)}

so that T'S C T'dwy(S). Proposition 5.35 gives transversality of evyyy to S.
Notice that the tangent space TS contains at least the following vertical

vectors (we put 0 in the first component since TW has no vertical direction):
(0,R,R,0,0,...,0)
(0,0,0,R,g1R,0,...,0)

(0,...,0,R,gn_1R,0).

Let (01,01,...,0N) € M e wik, - The plane o1 converges to a Reeb
orbit of multiplicity [ = B e .. Observe that domain rotation on the plane
¥y then gives that (0,IR,0,...,0) € TW @ TY @& TY?" is in the image of
déevyyy .

As before, the Reeb rotation on each of the punctured cylinders
¥1,...,0n gives that the following vertical vectors are in the image of devyy,y:

(0,0, R, R,0,0,...,0,0)
(0,0,0,0,R, R, ...,0,0)
(0,0,0,0,...,0,R, R).

We notice then that these vectors span 0 ® (RR)QN —1. 50 it follows that the
evaluation map is transverse to S.
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Finally, the transversality of the evaluation maps at augmentation punc-
tures comes from the fact that the augmentation evaluation maps

eNV% X GV%Z M?—I,k,RXY;k,,kur ((Ah . ,AN); Jy) X M}((Bh . ,Bk); Jw)
— Zk X Zk
evy, X eve: M*H7k,W;k+ ((B; Ay, ..., AN); Jw) x M% (B, ..., Bk); Jw)
— 2k x 3k
factor through the evaluation maps
ev® x ev®: My 5((Ar, ..., An)iJs) x MX((B1,...,By);Jw) — 52 and
ev® xev®s My x5y ((B; A1, ..o, AN)s Jw) x M5 ((By, ..., Bi); Jw) — X7,

The required transversality for these maps is given by Proposition 5.35. Fur-
thermore, these evaluation maps are invariant under the domain and Reeb
rotations used to obtain transversality for evy and for évyyy in the vertical
directions, so the transversality follows immediately. O

6. Monotonicity and the differential

The results of the previous section show that the moduli spaces of Floer
cylinders with cascades that project to simple chains of pearls are transverse.

We will now assume that (X, ¥, w) is a monotone triple, as in Defini-
tion 2.4, to show that these moduli spaces are sufficient for the purposes
of defining the split Floer differential. Recall that this yields that (X,w) is
spherically monotone, with ¢;1(TX) = 7x|[w] on spherical homology classes
for some 7x > 0, and AeX = Kw(A) for some fixed K > 0 and every spher-
ical homology class A in X. It is further assumed that 7 := 7x — K > 0,
which implies that (3, ws, = w|y) is spherically monotone with monotonicity
constant 7x.

6.1. Index inequalities from monotonicity and transversality

First, we consider the Fredholm index contributions of a plane in W that
could appear as an augmentation plane, to obtain some bounds on the pos-
sible indices.

Lemma 6.1. If v: C — W is a Jy holomorphic plane asymptotic to a given
closed Reeb orbit v in'Y, the Fredholm index for the deformations of v (as
an unparameterized curve) keeping v fized is |y|o and it is non-negative. Fur-
thermore, if v is multiply covered, this Fredholm index is at least 2.

Proof. The fact that the Fredholm index Ind(v) in the statement is given by
|7]o as in (3.6) can be seen using Theorem 5.18. On the other hand, thinking
of v as giving a Jx-holomorphic sphere in homology class B € H(X;Z),
with an order of contact B e ¥ with X, we see that

Ind(v) =2({c1(TX),B) — BeX — 1) = 2(txw(B) — Kw(B) — 1).
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FIGURE 4. Option (1) in Proposition 6.2, call it Case 1

Since the plane is holomorphic, the class B has w(B) > 0. By our monotonic-
ity assumptions, we have

Txw(B) — Kw(B) = (1x — K)w(B) > 0.

Finally, since 7xw(B) = (¢1(TX),B) € Z and Kw(B) = Be X € Z, we have
that Txw(B) — Kw(B) > 0 is an integer, and is thus at least 1.

It, therefore, follows that Ind(v) > 0.

Suppose now that v is a k-fold cover of an underlying simple holomorphic
plane vg, representing classes B = kBy and By, respectively. Then

Ind(v) + 2 = 2(tx — K)w(kBoy) = k(Ind(vg) + 2).
Hence, Ind(v) > 2(k — 1). O

Proposition 6.2. Any Floer cascade appearing in the differential, connecting
two periodic orbits in R X Y, must be one of the following configurations:

(0) An index 1 gradient trajectory in Y without any (non-constant) holo-
morphic components and without any augmentation punctures.

(1) A smooth cylinder in R XY without any augmentation punctures and a
non-trivial projection to 3. The positive puncture converges to an orbit
Pr,. and the negative puncture converges to an orbit qi._. The difference
in multiplicities of the orbits is given by ky — k_ = Kw(A), where
A € Hy(3;7Z) is the homology class represented by the projection of the
cylinder to X. See Fig. 4.

(2) A cylinder with one augmentation puncture and whose projection to 3 is
trivial. The positive puncture converges to an orbit py, and the negative
puncture converges to an orbit qi_. The augmentation plane has index
0. If B € Hy(X;Z) is the class represented by the augmentation plane,
then the difference in multiplicities is given by ky — k_ = Kw(B). Fur-
thermore, p and ¢ are critical points of fy contained in the same fibre
of Y — X, which we can write as ¢ = p. See Fig. 5.

Proof. Consider a cascade with N levels and k augmentation planes appear-
ing in the differential dpy, = --- + qu_ + ---. Let Ay,..., Ay € Hz(X)
denote the homology classes of the projections to 3, let By, ..., By € Ha(X)
denote the homology classes corresponding to the augmentation planes. Let
viyi = 1,...,k denote the limits at the augmentation punctures, and let k;
denote their multiplicities. Let A = Zfil A;.
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Pk,

ﬁk, RxY

U@W

FIGURE 5. Option (2) in Proposition 6.2, call it Case 2

We, therefore, have ki — k_ — Z?Zl ki = Kw(A) = K@T(XT#. We
also have k; = B; ¢ ¥ = Kw(B;). Notice then that |v;|o = 2(c1(TX), B;) —
2B e % — 2.

We, therefore, have

1= |pe, | —lge_| =i(p) + M(p) —i(q) — M(q)

T K k T K
X — X —
+2 % k+fk_f§ ki | +2 % E k;

j=1 j=1

k
= i(p) + M(p) —i(q) — M(q) +2(c1(T%), A) + 2k + Y _ [5l0. (6.1)

j=1

By Lemma 6.1, we have that for each j =1,...,k, |v;lo > 0.

Consider the chain of pearls in 3 obtained by projecting the upper level
of this split Floer trajectory to X. By Proposition 5.26, if this is a simple
chain of pearls, it has Fredholm index

Is := M(p) + 2(c1(TS), A) — M(q) + N — 1+ 2k.

If the chain of pearls is not simple, by monotonicity, we have that the index
is at least as large as the index of the underlying simple chain of pearls.

Now let Ny be the number of sublevels that project to constant curves in
3 and let N7 be the number of sublevels that project to non-constant curves
in ¥, N = Ny + N;. Note that by the stability condition, each cylinder
that projects to a constant curve in X must have at least one augmentation
puncture, so Ny < k.

By transversality for simple chains of pearls (Proposition 5.26), we
obtain the inequality

Iy > 2N, + 2k
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by considering the two-dimensional automorphism group for the N; non-
constant spheres and by considering the 2k-parameter family of moving aug-
mentation marked points on the domains.

Combining with Eq. (6.1), we obtain

k
L=i(p) i@ + (Is = N+ 1)+ Y |rlo

j=1
k
1> (i(p) — (@ + 1) +2N1 +2k =N+ yjlo
j=1
k
12 (i(p) —i(@ +1) + N1+ k+ (k= No) + > _ |lo-
j=1

Observe now that each term on the right-hand-side of the inequality is non-
negative. In particular, there is at most one augmentation plane (k < 1) and
if there is one, it must have |y1]o = 2(c1(T'X), B1) —2B1 X — 2 =0 (so the
augmentation plane cannot be multiply covered, by Lemma 6.1).

We can further write

1> (i(p) —i(q) + 1) + N1+ k+ (k. — No).

Notice that N1 + 2k — Ny > N.

This inequality can be satisfied in one of the following ways:

(0) N = 0. Then, either i(p) = i(q) or p = p and ¢ = §. Since N = 0, this
is a pure Morse differential term.

(1) Ny =1, Ngo = k=0 and p = p, ¢ = ¢. This case corresponds to a
non-constant sphere in ¥ without any augmentation punctures.

(2) Ny =0,k =1, Ng =1, and p = p, ¢ = ¢. In this case, the Floer
cylinder has one augmentation puncture, and projects to a constant in
Y,s0oq=pe€E. O

We now consider the possible terms in the differential that connect non-
constant Hamiltonian trajectories in R x Y to Morse critical points in X.

Proposition 6.3. Any Floer cascade appearing in the differential, connecting
a non-constant Hamiltonian orbit py, in R XY to a Morse critical point x
in W, consists of two levels. The upper level, in R XY, projects to a point in
Y and is a cylinder asymptotic at +oo to an orbit Pr, and at —oo to a Reeb
orbit v in {—oo} x Y. This 7 is the parametrized Reeb orbit associated with
Dk -

The lower level is a holomorphic plane in W converging to the
parametrized orbit v at oo and with 0 mapping to the descending manifold of
the critical point x. As a parametrized curve, this has Fredholm index 1. See
Fig. 6.

Proof. Suppose such a cascade occurs in the differential, connecting the non-
constant orbit px, to the critical point z in the filling W.



77 Page 60 of 77 L. Diogo, S. T. Lisi JFPTA
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FI1GURE 6. Configuration as in Proposition 6.3, call it Case 3

Let N be the number of cylinders in R x Y that appear in the split
Floer cylinder. Let A; € Ho(X),i = 1,..., N, denote the spherical classes
represented by the projections of these cylinders to . Let A = Zi\il A;.

Let k be the number of augmentation planes, and let B; € Ho(X), j
1,...,k be the corresponding spherical homology classes in X. Let v;,j =
1,...,k, be the corresponding Reeb orbits with multiplicities k; = B; e ¥ =
KW(BJ').

Let B € H2(X) be the spherical homology class in X represented by
the lower level vy in W, connecting to the critical point x. Let k_ = B e X
be the multiplicity of the orbit to which the plane v converges. As before, we
have

k
ky =k = ki = Kw(A).
j=1
We then have
1= ‘§k+| - |$‘
=i(p)+M(p)+1—2n+ M(x)
T K b b
.-
+2 k+—k:_—ij+k_+ij
Jj=1 Jj=1
=i(p)+ M(p)+1—2n+ M(z) 4+ 2(c1(TX), A) + 2(c1 (T X), B)
k
—2Be X +2k+ Y jlo. (6.2)
j=1

Projecting to X, we obtain a chain of pearls with a sphere in X. Let Ny
be the number of constant spheres in ¥ and let N7 be the number of non-
constant spheres in 3, N = Ny + N;y. Notice that each non-constant sphere
in ¥ has a two-parameter family of automorphisms, and each augmentation
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marked point can be moved in a two-parameter family. Furthermore, the
holomorphic sphere vy also has a two-parameter family of automorphisms.
By passing to a simple underlying chain of pearls as necessary, and applying
monotonicity and Proposition 5.26 (to M (XAz)((B5 A, .. AN) 2D Tw)),
we obtain
Iy = M(p) + 2(c1(T%), A) + 2 ({c21(TX), B) — Be X)
+ M(z)—2n+1+ N + 2k
> 2N + 2k + 2.

We now combine the inequality with Eq. (6.2):

k
1=i(P)+Ix = N+ _ |l
j=1
k
12 i(p) + 2N +2k+2 - No— Ni+ > blo
j=1

k
0>i(p)+ N1+ k+(k+1—No)+ > o
j=1
Notice that we have Ny < k + 1 since the first sphere in the chain of pearls
with a sphere in X is allowed to be constant without any marked points.
This observation together with Lemma 6.1 gives that each term on the right-
hand-side of the inequality is non-negative. It follows, therefore, that each
term must vanish: Ny =0, Ng = 1, £k = 0 and p = p. Notice that the Floer
cylinder in R x Y is contained in a single fibre of R x Y — X, so the marker
condition coming from p can be interpreted as a marker condition on the
holomorphic plane vy (via the parametrized Reeb orbit  in the statement).
Without the marker condition, vy has Fredholm index 2, and thus with the
marker constraint, it has index 1. O

Remark 6.4. Similar analysis applied to continuation maps gives that our
construction does not depend on the choices of almost complex structure Jy,
Jw or of the auxiliary Morse functions and gradient-like vector fields.

In general, 9% = 0 is obtained through analyzing gluing and considering
the boundary of 1-dimensional moduli spaces. In our situation, if additionally
fx and fw are assumed to be lacunary (i.e. have no critical points of consec-
utive indices), all contributions to the differential of an orbit p are either of
the form g or constant orbits. This automatically gives that 9% = 0 for split
symplectic homology.

Case (2) in Proposition 6.2 allows for the existence of augmented con-
figurations contributing to the symplectic homology differential. We will now
adapt an argument originally due to Biran and Khanevsky [4] to show that
if W is a Weinstein domain (or equivalently, if W is a Weinstein manifold
of finite-type), and ¥ has minimal Chern number at least 2, then there can
only be rigid augmentation planes if the isotropic skeleton has codimension
at most 2 (in particular, dimg X = 2n < 4).
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Lemma 6.5. If W is a Weinstein domain with isotropic skeleton of real codi-
mension at least 3, then X is symplectically aspherical if and only if 3 is.

Furthermore, any symplectic sphere in X is in the image of the inclu-
sion

151 () — ma(X).

Proof. The trivial direction is that if there exists a spherical class A € (%)
with w(A) > 0, then 2, A € m2(X) and still has positive area.

We will now prove that any symplectic sphere in X is in the image of
the inclusion. Let C C W be the isotropic skeleton of W. Notice that by
following the flow of the Liouville vector field on W, we obtain that W\C
is symplectomorphic to a piece of the symplectization (—oo,a) x Y. Thus,
we have that X\C' is an open subset of a symplectic disk bundle over 3
(the normal bundle to ¥ in X). We denote this bundle’s projection map by
m: X\C — X.

Suppose A € mo(X) is a spherical class with w(A) > 0. By hypothesis,
the skeleton C' is of codimension at least 3. We may, therefore, perturb A in
a neighbourhood of the skeleton so that it does not intersect the skeleton C'.
If t: ¥ — X and j: X\C — X are the inclusion maps, then wy = *w and
t o is homotopic to j. This implies that wx(A) = wx(m.A), and the result
follows. 0

Lemma 6.6. Suppose W is a Weinstein domain with isotropic skeleton of real
codimension at least 8 and X has minimal Chern number at least 2. Then,
there do not exist any augmentation planes.

Proof. Recall from Proposition 6.2 that an augmentation plane in the class
B must have index 0, so 0 = 2({¢1 (T X), B) —BeX —1). Now, (¢1(TX), B) —
BeY = (7x — K)w(B) > 1. Thus, the augmentation plane can only exist if
there is a spherical class B with (7x — K)w(B) = 1.

By applying Lemma 6.5, we have B = 1, A, where A € m(X) is a
spherical class in X.

Now observe that (¢;(TX), A) + (c1(NX), A) = (c1(T'X), A), so we have
(c1(T%), Ay = (tx — K)ws(A). Hence, 1 = (1x — K)w(A) = (c1(TX), A).
This contradicts the assumption that the minimal Chern number of ¥ is at
least 2, so the augmentation plane cannot exist. O

Remark 6.7. Observe that this lemma applies more generally: if ¥ has mini-
mal Chern number at least 2, then an augmentation plane cannot represent
a spherical class in the image of 2,: m(X) — m2(X).

Additionally, we have that an augmentation plane cannot have image
entirely contained in ¢(U). Indeed, any holomorphic sphere contained in ¢ (/)
will have index too high to be an augmentation plane: the Jx-holomorphic
sphere with image in ¢(U) automatically comes in a two-parameter family
(corresponding to the C* action on the normal bundle to ). To make this
argument more precise, we use our index computations. Suppose a sphere in

p(U) is an augmentation plane. It then represents a class 1, A with A € Ho(X).
By the same index argument as in Lemma 6.6, 1 = (¢1(TX), A). Since the
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image is assumed to be in (i), the projection of the curve to ¥ is Jy-
holomorphic. The index of this projection is given by —4+2(c; (T'X), A) = —2.
This must be non-negative; however, since the projection is Jx-holomorphic,
and represents an indecomposable homology class. This contradiction then
rules this possibility out.

Remark 6.8. The dichotomy between ¥ with minimal Chern number equal to
1 and bigger than 1 is also explored in upcoming joint work of the first named
author with D. Tonkonog, R. Vianna and W. Wu, studying the effect of the
Biran circle bundle construction on superpotentials of monotone Lagrangian
submanifolds [14].

7. Orientations

To orient our moduli spaces, we will take the point of view of coherent ori-
entations, which is implemented in the Morse-Bott setting in [5,9]. Some
authors [36,44] have used the alternative approach of canonical orientations.
We find it more straightforward to use coherent orientations in our compu-
tations, especially since there are very few choices involved. Notice also that
if one has a canonical orientation scheme, it is possible to extract a coherent
orientation from this by making choices of preferred orientations of certain
capping operators.

The geometry of our specific situation allows us to avoid some of the
technical difficulties present in the general Morse-Bott situation. In particu-
lar, we have two key features that make our analysis more straightforward.
First of all, we do not have any “bad” orbits appearing in our setting (recall
from Sect. 3.1 that, if we take a “constant” trivialization, the Conley—Zehnder
index does not depend on covering multiplicity). For another, the manifolds
of orbits are all orientable, and are even oriented quite naturally by the sym-
plectic/contact structures that exist on them.

We now recall the general method for obtaining signs in Floer homology,
as first introduced in [18] and since generalized. First of all, over the space
of all Fredholm Cauchy—Riemann operators, there is a determinant bundle.
A choice of a section of this bundle then induces an orientation on moduli
spaces of holomorphic curves. This (together with some additional choices in
the Morse-Bott situation) allows us to orient all moduli spaces that occur in
Floer homology. On the other hand, configurations that are counted in the
differential have a natural R-action on them by reparametrization, which also
induces an orientation on these moduli spaces. The sign of such a term in the
differential is positive if they agree and negative if they disagree.

7.1. Orienting the moduli spaces of curves

We now explain the first part of this method: how to orient the moduli
spaces of Floer punctured cylinders, but without considering their constraints
coming from evaluation maps. We begin by sketching the situation for the
non-degenerate case and then discuss the modifications needed for the Morse—
Bott situation.
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First, consider all Cauchy-Riemann operators on Hermitian vector bun-
dles over punctured spheres with fixed trivializations near the punctures
E — S, as described in Sect. 5.2.1. For a given Hermitian vector bundle with
fixed trivializations near the punctures and fixed, non-degenerate, asymptotic
operators, the space of all Cauchy-Riemann operators with these asymptotic
operators is contractible. Each such operator induces a Fredholm operator
D: WYP(S,E) — LP(S,A%'T*S @ E). There exists a line bundle over this
space of Fredholm operators called the determinant line bundle and its fibre
over an operator D is given by

det D = (A™* ker D) ®g (A™** coker D)*.

(See for instance [45].) An orientation corresponds to a nowhere vanishing
continuous section of this determinant bundle over the space of Cauchy—
Riemann operators (topologized in a way compatible with the discrete topol-
ogy on the space of asymptotic operators).

In the case of non-degenerate operators, an orientation is coherent if
it respects the gluing operation on Cauchy—Riemann operators, considered
as operators D: WhP(S, E) — LP(S,A>'T*S @ E). Indeed, given two such
operators

D: WYP(S,E) — LP(S,A"'T*S @ E)
and
D' WP (&' E') — LP(S' A% T*S' ® E')

that have a matching asymptotic operator at a positive puncture for D and a
negative puncture for D', we may form a glued surface S#5’, a glued bundle
E#E — S#5’, and a glued operator

D#D': WYP(S#S', E#E") — LP(S#S, AV T*(S#S") @ (E#E")).

This operator is not unique, but depends on a contractible family of choices,
in particular on a gluing parameter. If the operators D and D’ are both sur-
jective, this is explicitly constructed by a map ker D @ ker D’ — ker(D#D’),
which we take to be orientation preserving. After stabilizing operators that
are not surjective, we obtain a map det D ® det D’ — det(D#D’), which we
require to be orientation preserving in a coherent orientation scheme. (See,
for instance, [7] and [18, Section 3].) Thus, an orientation of D and an ori-
entation of D’ induce an orientation of D#D’. We will refer to this as the
gluing property for coherent orientations.

In our setting, we also require the coherent orientation to have the
following two properties:

e the orientation of the direct sum of two operators is the tensor product
of their orientations,
e the orientation of a complex linear operator is its canonical orientation.

Finally, we extend this coherent orientation to Cauchy—Riemann opera-
tors with possibly degenerate asymptotics, but acting on weighted spaces so
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they are still Fredholm. Let § be a vector of weights, 6: I' U {00} — R so
that

D: WhP(8 E) — LPO(S,A%'T*S @ E)

is a Fredholm Cauchy—Riemann operator. The operator is then conjugate to
a non-degenerate operator D°: Wl’P(S,E) — LP(S,AO’lT*S ® E) as given
in Definition 5.15. For fixed §, recall that D? is not unique, but depends on a
contractible family of choices (of cut-off functions). The resulting orientation
of D is then independent of the choices involved.

An orientation of D°: WhP(S, E) — LP(S,A%'T*S @ E) induces an
orientation of D: WP9(S, E) — LP¥(S, A% T*S @ E) by this conjugation.

From [7,18], [16, Section 1.8], a coherent orientation of the determi-
nant bundle over non-degenerate Cauchy—Riemann operators exists and may
be specified by choosing a preferred section of the determinant bundle over
certain capping operators. These are operators whose domain is the once
punctured sphere C (where the puncture is positive), with a trivial Hermit-
ian vector bundle over them and specified asymptotic operator. To achieve
the two properties listed above, it suffices to enforce them on these capping
operators since the linear gluing operation described in [18] respects direct
sums and complex linearity.

We now describe how we orient capping operators for the relevant
asymptotic operators. By Lemma 5.22; the linearized operator associated
with a Floer cylinder © is a compact perturbation of a split operator D%@Dg,
where w = 7y, o 0. There is also a corresponding splitting of the asymptotic
operators at the asymptotic limits. In particular, Dg has complex linear
asymptotic operators, and thus is a compact perturbation of a complex linear
Cauchy—Riemann operator. Hence, its orientation is induced by the canoni-
cal one, and is independent of choice of trivialization or of capping operator
(which may always be taken to be complex linear).

We are left with the task of orienting operators with the same asymp-
totic operators as Dg. By Lemma 5.24, if v converges at both +oo to a
closed Hamiltonian orbit, with 6 > 0 sufficiently small (see Remark 5.21),
the operator

DS: WP (R x S',C) — L7 (Hom" (T(R x §*),C))

has Fredholm index 1, is surjective and its kernel contains an element that
can be identified with the Reeb vector field. We may identify the kernel (and
cokernel) of this operator with those of

DE: WhP=I(R x §1,C) — LP 7 (Hom” (T'(R x S'),C)).

At +oo, the —d-perturbed asymptotic operators (see Definition 5.15)
associated with DS are

= (J(i + (h”(ebig)ebi +0 f&)) . (7.1)

(The asymptotic operator at a Reeb orbit at —oo is just —J-% and is —§

di
perturbed to give —(J & — §).)

A

H_
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We now choose capping operators for the Ay, which determines an
orientation of DS by the coherent orientation scheme.

Lemma 7.1. Let § > 0 be sufficiently small. There is a choice of capping
operators with orientations for the asymptotic operators Ay above, such that
the orientation induced on

DS: WP (R x §',C) — L7~ (Hom™ (T(R x S'),C))

identifies the Reeb vector field as positively oriented. (Recall that we have
identified RO, @ RR with C.)

Proof. Recall that for each b > 0 satisfying h/(e’*) = k € Z,, we have a
Y-parametric family of 1-periodic Hamiltonian orbits. We can associate to
each of these orbits two operators A, as in (7.1). We will define capping
operators

®i: WHP(C,C) — LP(Hom™ (T(C), C))

with these asymptotic operators.
We first define two families of auxiliary Fredholm operators. For each
k>0,

Vs WHP(R x S1,C) — LP(Hom™! (T (R x "), C))

is an operator given by

W (F)(0,) = o+ iF, + (“(5%‘ ’ _05> F,
where the function a: R — R is such that lim,_, . a(s) = h”(e")e’ and
lim,_, o a(s) = A" (e’ )e’. Let now

Zp: WHP(R x S, C) — LP(Hom”*(T(R x S'),C))

be an operator given by

1"( ,bi\ bk
E3(F)(9s) = Fy +iF, + (h (e )60 +4(s) 5(05)> F,
where §: R — R is such that lims_, o 6(s) = —d < 0 and lims_, 4 d(s) = 0.

The operators Wy are isomorphisms (in particular, they are canoni-
cally oriented). This follows from an argument analogous to the proof of
Lemma 5.24. A version of the same argument implies that the operators
Zk are Fredholm of index 1 and surjective, and that their kernels contain
elements that can be identified with the Reeb vector field.

Now, pick an arbitrary capping operator ®; . Define ®, for k£ > 1 by
gluing ®; #¥y.. Define ®; for all k > 0 by gluing ®; #Zy. For these choices
of capping operators, Dg are oriented in the direction of the Reeb flow, as
wanted. g

We will now discuss how to orient

Ds: WP(S,C) — L'9(8,T*S @ C)
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for 6 > 0 and small, where V is the collection of kernels of the asymptotic
operators at the punctures. On the one hand, we have an orientation for

D_s: WhP=9(§,C) — LY ~%(§,T*S © C),

where Ds is the same Cauchy—Riemann operator, i.e. it is the restriction of
D_; to its domain. From Lemma 5.20, determinant bundles of Ds and D_s
are isomorphic, which then induces an orientation on Ds. On the other hand,
Dy is a finite dimensional stabilization of D5|W01,p,5 (stabilized by @&V,), also
inducing an orientation of the determinant bundle of Dg. In the remainder of
this section, we will verify these orientations are the same for suitable choices.
This will then prove to be useful in analyzing the situation with constraints
in Sect. 7.2.

Lemma 7.2. Let A be a degenerate asymptotic operator, let V' be its kernel
and let § > 0 be chosen small enough that [—6,0] No(A) = {0}.

Then, the kernel of % —A: WhP=9(R x §1,C") — LP 9 (R x S,C")
consists of constant maps with values in V', and its cokernel is trivial.

In particular, an orientation of this operator corresponds to an orienta-
tion of V.

Proof. The proof follows from expanding L?(S',C") in a Hilbert basis given
by eigenvectors of the asymptotic operator A seen as an elliptic self-adjoint
unbounded operator on L?(S!,C"). Then, the kernel of % — A is spanned by
solutions of the form e** v(t), where v(t) is an eigenfunction for the eigenvalue
A. Since we require exponential growth of rate §, this forces —9 < A < 6. The
result for the kernel now follows since 0 is the only such eigenvalue.

The statement about the cokernel now follows from similar analysis of
the adjoint operator. Indeed, the adjoint is —% — A, and so non-zero elements
of its kernel will take a similar form, but with A < —§ and A > §, showing no
such element exists. O

We thank Chris Wendl and Richard Siefring for suggesting this argu-
ment. See also [31, Theorem 10.4.19].

Up to this point, we have coherent orientations for Cauchy—Riemann
operators acting on spaces with weights

D: W9 (S E) — LPY(S, A" TS @ E).

We now consider orientations for operators free to move in subspaces of
the kernels of the relevant asymptotic operators. Let D be a Cauchy-
Riemann operator on the punctured cylinder S = R x § \I'. Let 6 be a
vector of sufficiently small weights that for each puncture zg € T' U {00},
[—[02, 102 [N (A4,) C {0}. Fix a collection of subspaces V so at each punc-
ture zg € {*oo} UT with d,, > 0, V,, C ker A,,. If 6,, < 0, set V,, = 0.
Then, the corresponding operator

Ds: WP (S, E) — LP° (8, A%'T*S @ E)
is Fredholm. This is then the operator that corresponds to having exponential

convergence to an element of V, at the puncture z € I' U {£oo} (and with
appropriate behaviour at punctures with §, > 0).
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Let DY: WhP4(S E) — LP9(S, A%'T*S ® E) be the restriction of this
operator to the subspace where all sections decay to 0 at punctures for which
6, > 0.

Given a choice of ordering of the punctures in I' = {z1,..., z;, }, we have
the following map:

det V_o @ TIT, det V,, ® det DY ® det Voo — det Ds, (7.2)
where det V,, = A™**V,,.

Definition 7.3. Suppose 6, V, Ds and D§ as above. Given orientations of
Vi and assuming that V, is a complex linear vector space for each z € T', an
orientation of Dg induces an orientation on Dgs. We define then the orientation
on D;s and hence on D to be such that this map is orientation preserving.

Finally, we verify that this orientation of Ds is consistent with the one
induced from Lemma 5.20.

Lemma 7.4. Let D be a Cauchy—Riemann operator on the punctured cylinder
S =R x SN\T, and let zp € {£oo} UT, §, &' and V as in Lemma 5.20.
Suppose furthermore that the asymptotic operator at each puncture in I' is
complex linear. For each puncture z € T U{xo0}, let V, = ker A, be oriented
by Lemma 7.2.

Then, for a coherent orientation, the orientation of

Ds: WP (S, E) — LP° (8, A%'T*S @ E)
from Definition 7.3 agrees with the orientation of the operator
Dy : WP (S E) — LPY (S, A%'T*S @ E)
via the identification of kernel and cokernel given by Lemma5.20.

Proof. For notational simplicity, we will consider the case zg = +oo. The
other cases will be similar, aside from a reordering of the terms.

Let Dy = & — Aot WHPTI(R x S1,C") — LP (R x S1,C").

Let DY: W1P9(S, E) — LP9(S,A%'T*S @ F) be the restriction of Dj
to the space of sections decaying to 0 at each puncture with §, > 0.

Observe now that Ds is homotopic to the glued operator D{#D. . By
Lemma 7.2, the determinant bundle of D is det V, o. By the gluing property
for coherent orientations, the gluing map

det D @ det D, — det Dg

is orientation preserving.
By Definition 7.3, we have the following map is orientation preserving:

det DY ® det Vo, — det Ds.

The result now follows since, by hypothesis and Lemma 7.2, det V, o is
assumed to be oriented by det D . O
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We remark here that our asymptotic operators are either complex linear
or have a kernel that is naturally identified with the Reeb vector field or with
the tangent space to the contact manifold Y. The Reeb vector field and
the contact form on Y induce orientations on these asymptotic operators,
which are compatible with the choices of orientations of capping operators in
Lemma 7.1.

We have now oriented the operators Dg and DE acting on spaces of
sections free to move in their Morse—Bott families. Since the linearized Floer
operator is a compact perturbation of their direct sum, we get induced ori-
entations on the transverse moduli spaces of Floer cylinders with punctures.

7.2. Orientations with constraints

We have now explained how to orient all of the moduli spaces of punctured
cylinders with ends free to move in the corresponding Morse-Bott families
of orbits. This is not yet sufficient to orient our moduli spaces of cascades.
The additional ingredient necessary is to orient moduli spaces of holomor-
phic curves with constraints on their asymptotic evaluation maps, with the
asymptotic evaluation map constrained to lie in stable/unstable manifolds of
critical points of the auxiliary Morse functions, or, in the case of multilevel
cascades, constrained to lie in [flow] diagonals in manifolds of orbits.

Let us begin by stating the convention in [9] for how to orient a fibre
sum (which agrees with [28, Convention 7.2.(b)]).

Definition 7.5. Given linear maps between oriented vector spaces f;: V; —
W, i = 1,2, such that f; — fo: Vi3 & Vo — W is surjective, the fibre sum
orientation on Vi &y, Vo = ker(fi — f2) is such that
(1) f1 — f2 induces an isomorphism (V; & Va)/ker(f1 — f2) — W which
changes orientations by (—1)dim Vz-dim W
(2) where a quotient U/V of oriented vector spaces is oriented in such a
way that the isomorphism V @ (U/V) — U (associated with a section
of the quotient short exact sequence) preserves orientations.

One key property of this orientation convention for fibre sums is that
it is associative (this property specifies the orientation convention almost
uniquely, as explained in [28, Remark 7.6.iii] and [34]; this was pointed out
to us by Maksim Maydanskiy).

To orient our constrained moduli spaces, we follow the point of view in
the literature [3,5,9,20,36]. Specifically, we begin by orienting moduli spaces
of unconstrained Floer cylinders as in the previous section, by the chosen
coherent orientation of Cauchy—Riemann operators with free asymptotics.
We also fix orientations on all stable and unstable manifolds of the relevant
manifolds of orbits (see the next section for more details), as well as on the
relevant diagonals and flow diagonals. Then, we orient the moduli spaces of
Floer cylinders with cascades by the rule that the asymptotic constraints are
obtained as fibre products over descending and ascending manifolds of the
Morse functions in the manifolds of orbits Y; and W and as fibre products
over flow diagonals and diagonals in Y; x Y} and in Y x Y. The fibre products
are oriented using Definition 7.5. For this scheme to induce a differential,
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FIGURE 7. An interior point of the moduli space of cascades

we then need the orientations of the various boundary components of these
moduli spaces of cascades to be consistent.

Observe that in a general Morse-Bott situation, there are additional
orientation difficulties that are not present in our problem. Specifically, [5,9,
36] have to deal with parametric families of asymptotic operators that move
in the space of asymptotic operators of fixed degeneracy. In our problem,
the asymptotic operators of Dg are constant on each Morse—Bott family of
orbits, dramatically simplifying the problem to consider.

We also notice another key feature regarding cascades: suppose that v_
and 74 are two (punctured) cylinders so the asymptotic limit of o_ at +oo
matches the asymptotic limit of v at —oo, as in the centre of Fig. 7. Let z
denote the limit of ¥_ at —oo and let y denote the limit of 04 at +o0o. This
configuration can arise in two ways. It appears in the compactification of the
space of cylinders with negative end in the Morse-Bott family of orbits that
includes x and positive end in the Morse-Bott family of orbits that includes
y (right in the figure). It also appears as the limit of a two level cascade as
the length of the finite length flow line goes to 0 (left in the figure). The key
point of a Morse—Bott orientation scheme is that the orientations should be
such that the broken configuration of (0_, 0, ) should appear as an interior
point of the moduli space. We now sketch the key point that is developed in
greater detail in [36, Section 8.4] (and in greater generality, and with totally
real boundary conditions):

Lemma 7.6. The coherent orientation of the Cauchy—Riemann operator that
corresponds to gluing v and 04 is the opposite of the orientation induced as
the boundary of the fibre sum orientation of v+ over the flow diagonal.

Sketch of proof. The linearized operator that describes the tangent space to
the moduli space of pairs (0_,04) with matching asymptotic 9_(400) =
04 (—00) € Sp is naturally given by:

Dy © Dy, : WHPO(S_ E)a AaWhP9(S, Ey)
— LIPS, AT S_ @ E_) @ LPO(S4, A% T*S, @ F.),

where § > 0 imposes exponential decay (for a weight chosen smaller than the
spectral gap, as in Remark 5.21) and where A C T'Sy & T'Sy is the diagonal.

(7.3)
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Notice that A is naturally isomorphic to T'Sy and can be oriented as the image
of the map x — (x,z). Let A be the (degenerate) asymptotic operator at the
shared orbit.! After the conjugation described in Definition 5.15, we obtain
non-degenerate operators Dy and Dj . that have asymptotic operators A+4
and A — 9, respectively. If we consider now a J-perturbed Cauchy—Riemann
operator coming from the linearization at a trivial orbit cylinder, T' := 05 —
A + f(s), with f(s) = +0 near —oco and f(s) = —0 near 400, we obtain
an operator with trivial cokernel and whose kernel is identified with T'Sq
(by Lemma 7.2). This allows us to identify the Dj_ @ Dg, in (7.3) with the
triple (.Di)i,T, ﬁ1~,+). This triple can be glued to obtain the linearization of
the space of cylinders with one fewer cascade, so this is naturally oriented as
the boundary.

Similarly, by taking the fibre product over the diagonal, we see this as
oriented with the opposite orientation of the boundary of the flow diagonal,
which is oriented as [0, 00) X A. This allows us to conclude that our orientation
scheme is coherent with respect to the additional breakings that appear in
the Morse-Bott setting. 0

7.3. A calculation of signs

Having now explained the general framework of our orientations, let us now
give an explicit description of the signs associated with a Floer cylinder with
cascades contributing to the differential. By Propositions 6.2 and 6.3, there
are four types of contributions to the differential, referred to as Cases 0
through 3. We will explain how to determine the signs in each case.

In Case 0, we have gradient flow lines of Morse-Smale pairs (f, Z) on
manifolds of orbits, which can either be (fy,Zy) on Y or (—fw,—Zw) on
W (see Definition 4.4). Let us stipulate the orientation conventions for Morse
homology that we will use. The Morse complex of a Morse-Smale pair (f, Z)
on a manifold S is generated by critical points of f and the differential 9y is
such that, given p € Crit(f),

95(p) = > #(W5(g) " Ws(p)) /R) g (7.4)
q€eCrit(f)
inds(p)—indy(q)=1
In this formula, we use the notation of (3.1) for critical manifolds of Z. Note
that they intersect transversely, by the Morse—Smale assumption.

We need to make sense of the signed count in the formula. We will be
interested in the cases where S is X, Y or W, all of which are oriented (by
their chosen symplectic, contact and symplectic forms, respectively). If we
fix an orientation on a critical manifold at a critical point p, then we get
an induced orientation on the other critical manifold, by imposing that the
splitting

T,Ws5(p) ® T,Ws (p) = T, (7.5)

ITechnically, to define this requires a trivialization of ¢ along this orbit. In our setting the
asymptotic operator is complex linear in the £ direction, so this choice does not matter.
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preserves orientations. Pick orientations on all unstable manifolds of ¥ and
W. For all p € Crit(fy), we will assume that the orientations on critical
submanifolds of ¥ and Y are such that the restrictions of 7x: Y — ¥ to

Wi(p) — W(p) and Wy (p) — W(p) (7.6)

are orientation-preserving diffeomorphisms.
If v: R — S is a rigid flow line from ¢ to p (critical points of consecutive
indices), then it induces a diffeomorphism onto its image

V(R) € W5(g) N W5 (p)-

The source R has its usual orientation, corresponding to increasing values of
time in the orbit v, and the image W5(¢)NW¥(p) is a transverse intersection,
and can be oriented in such a way that the splitting

TWg(p) =T(W3(q) N Ws(p)) & TWS(q) (7.7)

is orientation-preserving (see [26, Equation (2)] for a similar convention).
The flow line ~ contributes to # (W5(q) N W¥(p))/R) in (7.4) positively
iff it preserves orientations. The Case 0 contribution of a flow line to the
symplectic homology differential is the same as its contribution to the Morse
differential.

Let us now consider Case 1, which is more interesting. Recall that such
configurations consist of a Floer cylinder without augmentation punctures,
together with two flow lines of Zy at the ends. Suppose that the Floer cylinder
converges to orbits of multiplicities k+ at £00. Such a cylinder is an element
of the space MYy pyy i g, (A5 Jy), for some A € Hy(3;Z).

Cylinders with cascades that contribute to the differential in Case 1
are elements of spaces Mj; 1 (qk_, Pk, Jw), for p # q € Crit(fs) (recall the
notation in (5.11)). These spaces are unions of fibre products

WY(@) Xev Mo rxy s iy (A dy) Xev Wy (D) (7.8)
defined with respect to the inclusion maps
Wy (9), Wy (p) =Y
and the evaluation maps from (5.8)
vy My orxyik kb, (A1 dy) =Y XY,

for appropriate A € H5(3;7Z). Recall the discussion of Case 0 above, which
included a specification of orientations on all critical submanifolds of Y. We
use the fibre sum convention (in Definition 7.5) to orient the fibre product
(7.8).

Observe now that if My | (qk_,Pk,;Jw) is one-dimensional, then its
tangent space at every point is generated by the infinitesimal translation in
the s-direction on the domain of the Floer cylinder. This induces an orienta-
tion on My (qk_, P, ; Jw). Comparing this orientation with the one defined
above with the fibre sum rule, we get the sign of such a contribution to the
split symplectic homology differential.

We adapt the argument above to associate a sign to a contribu-
tion to the differential in Case 2. Such cascades are elements of spaces
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My (ks Dry s Jw), for p € Crit(fs). The analogue of (7.8) is now (using
the notation of (5.10)):

W3 (5) Xev (M (Bi ) X Mig 1 gy i (03 9)) Xow WD) (7.9)

Notice that in this case we also need capping operators for augmentation
punctures. The asymptotic operators at such punctures are
d
dt’
which are complex linear. We may, therefore, take (canonically oriented) com-
plex linear capping operators at these punctures. We can now orient the fibre
product (7.9) using the fibre sum convention. The sign of such a contribu-
tion to the differential is obtained by comparing this orientation with the one
induced by s-translation on the domain of the punctured Floer cylinder in
M1 mxyik ke, (05 y).

Finally, Case 3 Floer cylinders with cascades that contribute to the
differential are elements of MY | (@, pr ; Jw ), which are unions of fibre prod-
ucts

A=-J

Wi (@) Xev (Mg, (B3 0); Jw) Xew A) Xow Wi ().

The relevant evaluation maps are given by factors of évyyy in (5.9). It will
be useful to write an alternative description of this fibre product. Recall
that My o .., ((B,0);Jw) is a space of pairs (Tg,01) with the following
properties. The simple Jy-holomorphic cylinder ©p: R x S' — W has a
removable singularity at —oo, defining a pseudoholomorphic sphere in X in
class B € Hy(X;Z), with order of contact k1 = BeX at co. Denote the space
of such cylinders by M3 (B; Jw ). The Floer cylinder o;: R x ST — R x Y
converges at +00 to a Hamiltonian orbit of multiplicity £y and at —oco to a
Reeb orbit of the same multiplicity in {—oco} X Y. It projects to a constant in
2. Denote the space of such cylinders by M7, ko (0; Jy). We have evaluation
maps
(evl,evl): My (B;Jw) = W xY and
(ev?,evi): ik (05 0y) =Y xY
and can write
Mz owik, (B, 0); Jw) = My (B; Jw) x M., (05 Jy)

and

M?—I,O,W;lg_ ((Bv 0)7 JW) Xev E = MB(B7 JW)ev}*_ X evz'_M*H,k+ (Oa JY)
We now rewrite the Case 3 contributions to the differential as

W{%/(l’) ><ev17 (M;I(B, JVV)ev}F X ev%ME,k+ (Oa JY)) ><ev?F W;(ﬁ), (710)

which is oriented using coherent orientations on the spaces of cylinders and
the fibre sum orientation convention.

The space M¥;(B; JW)ev}F X ov2 My 1, (05 Jy) has an action of Ry xRy,
where the one-dimensional real vector space R; acts by s-translation on the
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domain of the cylinder in W and Ry acts by s-translation on the domain of
the cylinder in R x Y. The sign of a Case 3 contribution to the differential
is obtained by comparing the coherent/fibre product orientation on (7.10)
with the usual orientation on R; x Ry, corresponding to s-translation on the
domain of vy followed by s-translation on the domain of v .
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