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Abstract

A twin edge coloring of a graph G is meant a proper edge coloring of G whose colors come
from the integers modulo k that induce a proper vertex coloring in which the color of a vertex is
the sum of the colors of its incident edges. The minimum k for which G has a twin edge
coloring is the twin chromatic index of G. In this paper, I compute twin chromatic index of total
graph of path and cycle also construct some special graphs with twin chromatic index is
maximum degree plus two.

Keywords: Edge coloring; Vertex coloring; Twin chromatic index; Path; Cycle; Total graph;
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1. Introduction

Let G be an undirected finite simple graph. Edge colorings have appeared in a variety of
contexts in graph theory. For more than a quarter century, edge colorings have been studied
that induce vertex colorings in some manner. Andrews et al. (2014, 2015) obtained the twin
chromatic indexes of path, complete graph, cycle, complete bipartite graph, Petersen graph,
grids, prisms, trees with small maximum degree and propose twin edge coloring conjecture.
Johnston et al. (2014) obtained an upper bound for the twin chromatic index of a graph.
Rajarajachozhan et al. (2016) obtained twin edge colorings of certain square graphs and
product graphs.

A proper vertex-coloring of G is an assignment from a given set of colors to the set of vertices
of G, where adjacent vertices are colored differently. The minimum number of colors needed
in a proper vertex-coloring of G is the chromatic number of G. A proper edge-coloring of G
is an assignment from a given set of colors to the set of edges of G, where adjacent edges are
colored differently. The minimum number of colors needed in a proper edge-coloring of G is
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the chromatic index of G.

For a connected graph G of order at least 3, let ¢ be a function from edges of G to integers
modulo k be a proper edge k-coloring of G. A vertex k-coloring be a function from vertex of
G to integers modulo k is defined by the set of edges of G incident with a vertex v and the
indicated sum is computed in integers modulo k. If the induced vertex k-coloring is proper,
then, c is called a twin edge k-coloring of G. The minimum k for which G has a twin edge
k-coloring is called the twin chromatic index of G. Since a twin edge coloring is not only a
proper edge-coloring of G but induces a proper vertex-coloring of G.

2. Preliminaries
In this paper, the following notations will be used:

The vertex set of G is denoted by V(G).

The edge set of G is denoted by E(G).

The total graph of G is denoted by T (G).

The maximum degree of G is denoted by A(G) or A.

The neighborhood of u is denoted by N (u) or N(u).

The chromatic number of G and it is denoted by x(G).

The chromatic index of G and it is denoted by y '(G).

The twin chromatic index of G and it is denoted by y ':(G) or y ';.

Conjecture 2.1. [Andrews et al. (2014)]

If G is a connected graph of order at least 3 that is not a 5-cycle, then, y '+(G) <2+
A(G).

The total graph of a graph G, is the graph whose vertex setis V(G) U E(G) and two vertices
are adjacent whenever they are either adjacent or incident in G.

Let
V(T(Pm)) = {v, Vs, oo, U} U {Uug, Uy, oo, U1 -
E(T(Ry) = {vivj41:i € {1,2,.... m — 1}} U {wyu;41:i € {1,2,..., m — 2}} U
{viui: i € {1,2, e, m = 1}} U {uivH_l: i € {1,2, e, m — 1}}
V(T(Crn)) = {v1, V2, oo, U} U {ug, Uy, oor, U}
E(T(Cp)) = {(viviy: i €{1,2, .., mPP U {wyuy4q:i € {1,2,..., m}} U
{viui:i €{1,2, ...,m}} U {uile:i €{1,2, ...,m}},
where

Ums1 = Vp aNd Uppyq = Us.
3. Twin chromatic index of total graph

Proposition 3.1.

x "((T(P) = 3.

https://digitalcommons.pvamu.edu/aam/vol15/iss1/18
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Proof:
Since T(P,) = K; and y '.(K3) = 3. Hence, ¥y "((T(P,)) = 3. n

Proposition 3.2.
x t(T(Ps)) = 4
Proof:

Define c: E(T(P3)) — Z, as follows:

c(v1vp) =0, c(vv3) =1, c(vyuy) =1,
c(uyvz) = 2, c(vaup) =3,
c(uyv3) =2, and c(uquy) = 0.
The induced vertex-coloring are: o.(v;) =1, o.(vy) =2, a.(v3) =3, g.(uy) =3, and
o.(u;) = 1. Since o, is a proper vertex-coloring. Thus, c¢ is a twin edge 4-coloring of
T(Ps;). Hence, y '.(T(P5)) = 4. [
Theorem 3.1.
If n >4, then, y ".(T(B,)) = 5.
Proof:
Casel. n=0 (mod 6).
Define c: E(T(B,)) — Zs as follows:

Forie{l12,..,n—2}

0, if i is odd,
c(Vivi1) = {1, if i is even. (3.)
c(Vp-1vn) = 4. (3.2)
Forie{l,2,..,n—2}
_ (0, if i is odd,
c(uittis1) = {1, if i is even. (3.3)

Forie{l1,2,..,n—2}

3, if i=0 (mod 3),
c(viu;)) =42, if i=1 (mod 3), (3.4)
4, if i=2 (mod 3).
c(Vp-1Un-1) = 2. (3.5)

Forie{l12,..,n—2}
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4, if i=0 (mod 3),
c(uiviy1) =43, if i=1 (mod 3),
2, if i=2 (mod 3).
c(Up-1Vn) = 0.
From equation (3.1) to (3.7), by construction, c is a proper edge-coloring.
The induced vertex-coloring are:
oc(v1) = 2.

For i € {2,3,4,..,n— 2},

—_

, if i=0 (mod 3),
o.(v;)) =142, if i=1 (mod 3),
, if i=2 (mod 3).

w

0.(Vp_1) =0, and a.(v,) = 4.
oc(up) = 0.

For i € {2,3,4,..,n — 2},
3, if i=0 (mod 3),
o.(u;)) =41, if i=1 (mod 3),
2, if i=2 (mod 3).

oc(Up-1) = 3.

317

(3.6)

3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

Observe equation (3.8) to (3.13), o, is a proper vertex-coloring. Thus, ¢ is a twin edge

5-coloring of T(B,).

Case2. n=1 (mod 6).

Define c: E(T(B,)) — Zs as follows:
Forie{l12,..,n—1}

(v, )_{0, if i is odd,
L) T if i is even.

)

Forie{l1,2,..,n—2}
cuy )_{0, if i is odd,
A1) 71 if i is even.
Forie {12, .., n—1}
3, if i=0 (mod 3),
c(viu;)) =<2, if i=1 (mod 3),
4, if i=2 (mod 3).

Forie{l1,2,..,n—2}
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4, if i=0 (mod 3),
c(uiviz1) =43, if i=1 (mod 3), (3.17)
2, if i=2 (mod 3).
c(Up_1vy) = 2. (3.18)
From equation (3.14) to (3.18), by construction, c is a proper edge-coloring.
The induced vertex-coloring are:

o.(vy) = 2. (3.19)

For i € {2,3,4,..,n—1},

l—\

if i=0 (mod 3),
o.(v;)) =142, if i=1 (mod 3), (3.20)

3, if i=2 (mod 3).
o.(v,) = 3. (3.21)
o.(uy) = 0. (3.22)
For i € {2,3,4,..,n— 2},
3, if i=0 (mod 3),

o.(u;)) =<1, if i=1 (mod 3), (3.23)
, if i=2 (mod 3).

N

o.(up_1) = 0. (3.24)

Observe equation (3.19) to (3.24), o, is a proper vertex-coloring. Thus, ¢ is a twin edge
5-coloring of T (B,).

Case3. n=2,4,5 (mod 6).
Define c: E(T(P,)) — Zs as follows:

Forie {12, .., n—1}

0, if i is odd,
c(Vivi1) = {1, if i is even. (3.25)
Forie{l12,..,n—2}
_ (0, if i is odd,
c(uittis1) = {1, if i is even. (3.26)

Forie {12, .., n—1}
3, if i=0 (mod 3),
c(viu;)) =42, if i=1 (mod 3), (3.27)
4, if i=2 (mod 3).
Forie {12, .., n—1}
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4, if i=0 (mod 3),
c(uiviy1) =43, if i=1 (mod 3), (3.28)
2, if i=2 (mod 3).
See equation (3.25) to (3.28), by construction, c is a proper edge-coloring.
The induced vertex-coloring are:
o.(vp) = 2. (3.29)
For i € {2,3,4,..,n — 1},
1, if i=0 (mod 3),
o.(v;)) =12, if i=1 (mod 3), (3.30)
3, if i=2 (mod 3).
(3, if n=2 (mod 6),
9c(Vn) _{4, if n=4 (mod 6) or n=5 (mod 6). (3.31)
o.(uy) = 0. (3.32)
For i € {2,3,4,...,n— 2},
3, if i=0 (mod 3),
o.(u;)) =41, if i=1 (mod 3), (3.33)
2, if i=2 (mod 3);
1, ifn=1 (mod 6),
0.(Up—1) =143, if n=3 (mod 6), (3.34)

0, if n=4 (mod 6).

Observe equation (3.29) to (3.34), o, is a proper vertex-coloring. Thus, ¢ is a twin edge
5-coloring of T(B,).

Case4. n =3 (mod 6).
Define c: E(T(B,)) — Zs as follows:

Forie {12, .., n—1}

0, if i is odd,
c(Wivis1) :{1 if i is even. (3.35)
Forie{l12,..,n—2}
0, if i is odd,
c(uittis1) :{1 if i is even. (3.36)
Forie{l12,..,n—1},
3, if i=0 (mod 3),
c(viu;)) =42, if i=1 (mod 3), (3.37)
4, if i=2 (mod 3).

https://digitalcommons.pvamu.edu/aam/vol15/iss1/18
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Forie{12,..,n—2}

N

, if i=0 (mod 3),
c(uiviy1) =43, if i=1 (mod 3), (3.38)
, if i=2 (mod 3).

N

c(Up_1vp) = 3. (3.39)
See equation (3.35) to (3.39), by construction, c is a proper edge-coloring.

The induced vertex-coloring are:

o.(v) = 2. (3.40)
For i € {2,3,4,..,n— 1},
1, if i=0 (mod 3),
o.(v;) =12, if i=1 (mod 3), (3.41)
3, if i=2 (mod 3).
Gc(vn) = 4. (342)
oc(ug) = 0. (3.43)

For i € {2,3,4,..,n — 2},
3, if i=0 (mod 3),
o.(u;)) =41, if i=1 (mod 3), (3.44)
2, if i=2 (mod 3).

o.(Up_1) = 2. (3.45)
Observe equation (3.40) to (3.45), o, is a proper vertex-coloring. Thus, ¢ is a twin edge
5-coloring of T(B,). Hence, y '.(T(B,)) = 5.
|
Theorem 3.2.
If n>1, then, x '¢(T(Cs,)) = 5.
Proof:
Define c: E(T(Cs,,)) — Zsg as follows.
For i€ {1,2,...,3n},

2, if i=0 (mod 3),

c(viviy1) =10, if i=1 (mod 3), (3.46)
1, if i=2 (mod 3).
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1, if i=0 (mod 3),
c(uiujz1) =132, if i=1 (mod 3), (3.47)
0, if i=2 (mod 3).
c(vju;) =3, and c(u;viyq) = 4. (3.48)
See equation (3.46) to (3.48), by construction, c is a proper edge-coloring.

The induced vertex-coloring are.

For i € {1,2,...,3n},

0, if i=0 (mod 3),

o.(v;)) =44, if i=1 (mod 3), (3.49)
3, if i=2 (mod 3).
3, if i=0 (mod 3),

o.(u;) =40, if i=1 (mod 3), (3.50)

4, if i=2 (mod 3).

Observe equation (3.49) and (3.50), o, is a proper vertex-coloring. Thus, ¢ is a twin edge
5-coloring of T(Cs,). Hence, y ";(T(C3,)) =5. m

Theorem 3.3.

If n>1, then, y "+(T(C4n)) = 5.
Proof:

Define c: E(T(C4y,)) — Zs as follows:

For i € {1,2,...,4n},

3, if i=0 (mod 4)

_ )0, if i=1 (mod 4),

2, if i=3 (mod 4).

2, if i=0 (mod 4),

)3, if i=1 (mod 4),
c(Uitiy1) = {o, if i=2 (mod 4), (3.52)

1, if i=3 (mod 4).

0, if i=0 (mod 4),

)1, if i=1 (mod 4),
c(viw) = 2 ifi=2 (mod 4) (3.53)

3, if i=3 (mod 4).
c(ujviyq) = 4. (3.54)

https://digitalcommons.pvamu.edu/aam/vol15/iss1/18
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See equation (3.51) to (3.54), by construction, c is a proper edge-coloring.
The induced vertex-coloring are.
For i € {1,2,...,4n},

(4, if i=0 (mod 4),

)3, if i=1 (mod 4),
O-C(vl') = 9 2’ lf l = (mOd 4)’ (355)

\0, if i=3 (mod 4).

(2, if i=0 (mod 4),

)0, if i=1 (mod 4),

\3, if i=3 (mod 4).

Observe equation (3.55) and (3.56), o, is a proper vertex-coloring. Thus, c¢ is a twin edge
5-coloring of T(C,,). Hence, y '1(T(C4,)) = 5.

Theorem 3.4.
If n>1, then, ¥ '+(T(Csy)) = 5.
Proof:

Define c: E(T(Csy,)) — Zs as follows.
For i € {1,2,...,5n},

(4, if i=0 (mod 5),
0, if i=1 (mod 5),
c(viviz1) =11, if i=2 (mod 5), (3.57)
2, if i=3 (mod 5),
\3, if i=4 (mod 5).

(2, if i=0 (mod 5),
3, if i=1 (mod 5),
c(ujujzq) =14, if i=2 (mod 5), (3.58)
0, if i=3 (mod 5),
\1, if i=4 (mod 5).

, if i=0 (mod 5),

if i=3 (mod 5),

0

1, if i=1 (mod 5),

c(viu;)) =<2, if i=2 (mod 5), (3.59)

3,
4, if i=4 (mod 5).
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(3

|4,

c(uiviy1) =10,
1,

2,

See equation (3.57) to (3.60), by construction, c is a proper edge-coloring.

The induced vertex-coloring are.

4, if
3, if
oc(vi) =42, if

For i € {1,2,...,5n},

2
1, if
0, if
(1, if
0, if
o.(u;)) =44, |if
L3, if
2, if

if i=0 (mod 5),
if i=1 (mod 5),
if i=2 (mod 5),
if i=3 (mod 5),
if i=4 (mod 5).

~L L L e~

~.

B wWw N R O

o

(mod
(mod
(mod
(mod
(mod

(mod
(mod
(mod
(mod
(mod

5),
5),
5),
5),
5).

5),
5),
5),
5),
5).

323

(3.60)

(3.61)

(3.62)

Observe equation (3.61) and (3.62), o, is a proper vertex-coloring. Thus, ¢ is a twin edge

5-coloring of T(Cs,). Hence, ¥ ':(T(Csy)) = 5.
Conjecture 3.1.

Forany n >3, y ',(T(C,)) =5.

4. Twin chromatic index of total graph with nowhere-zero coloring

A twin edge coloring ¢ of a graph G isa nowhere-zero coloring if c(e) # 0 for each edge

e of G.

Proposition 4.1.

The nowhere-zero twin chromatic index of T (P,) is 4.

Proof:

Define c: E(T(P,)) — Z4 — {0} as follows: c(vyv,) =1, c(viuy) = 2, and c(uyv,) = 3.
The induced vertex-coloring are: o.(v;) =3, o.(v,) =0, and o.(u;) = 1. Since o, is a
proper vertex-coloring. Thus, ¢ is a nowhere-zero twin edge 4-coloring T(P,). Hence,

x '((T(P) = 4.
|

Proposition 4.2.

https://digitalcommons.pvamu.edu/aam/vol15/iss1/18
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The nowhere-zero twin chromatic index of T(P;) is 6.
Proof:

Define c:E(T(P;)) = Z¢ — {0} as follows: c(vivy) =1, c(uyuy) =1, c(vyvs) =2,
c(viuy) = 2, c(uyvy) =3, c(vyuy) =4, and c(u,v3) = 5. The induced vertex-coloring
are: o.(v1) =3, a.(vy) =4, o.(v3) =1, o.(u;) =0, and o.(u,) = 4. Since o, is a
proper vertex-coloring. Thus, ¢ is a nowhere-zero twin edge 6-coloring T (P;). Therefore,
x "t(T(Ps)) < 6.

Since A(T(P;)) =4, then, we prove that y '.(T(P;)) #5. Suppose y '(T(P;)) =5,
then, assume c(vv,) =1, c(v,v3) = 2, c(uyvy) = 3, and c(vyuy) = 4.

Four possibility:

c(viuy) = 2, c(uyuy) =1, and c(uyvz) = 3: then, a.(vy) = a.(v3) = 0.
c(viug) =4, c(uuy) =1, and c(uyvz) = 3:

Then, o.(v1) = 0.(v2) = 0.(v3) = 0 and o.(uy) = o.(uz) = 3.
c(viuy) =4, c(uyuy) = 2, and c(uyv3) = 1: then, o.(v,) = a.(v,) = 0.
c(viuy) =4, c(uuy) = 2, and c(uyvz) = 3:

Then, o.(v1) = 0.(v2) = 0.(v3) = 0 and o.(uy) = o.(uz) = 4.

Therefore, y '.(T(P;)) = 6. Hence, xy '.(T(P;)) = 6. ]
Theorem 4.1.

If n > 4, the nowhere-zero twin chromatic index of T(PB,) is 6.

Proof:

Casel. n=0 (mod 6)
Define c: E(T(P,)) = Zs — {0} as follows.

Forie{l1,2,..,n—2}

(1, if i is odd,
c(Vivi1) = {2, if i is even. (4.1)
c(Vp-1vy) = 3. (4.2)
Forie{l1,2,..,n—3}
1, if i is odd,
c(uittive) = {2, if i is even. (4.3)
c(Un-zUn-1) = 5. (4.4)
4.4

Forie{l,2,..,n—2}
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4, if i=0 (mod 3),
c(vju;) =43, if i=1 (mod 3), (4.5)
5, if i=2 (mod 3).

c(Vp-1Un-1) = 1.
(4.6)

Forie{12,..,n—2}
5, if i=0 (mod 3),
c(uiviz1) =44, if i=1 (mod 3), 4.7
3, if i=2 (mod 3).
c(Up_1vy) = 2. (4.8)
See equation (4.1) to (4.8), by construction, c is a proper edge-coloring.
The induced vertex-coloring are:
o.(v1) = 4. (4.9)
For i € {2,3,4,..,n — 2},
if i=0 (mod 3),

4,
o.(v;)) =145 if i=1 (mod 3), (4.10)
0, if i=2 (mod 3).

0.(Vp_1) =4, and o.(v,) = 5. (4.11)
o.(uy) = 2. (4.12)
For i € {2,3,4,...,n— 3},
0, if i=0 (mod 3),
o.(u;)) =44, if i=1 (mod 3), (4.13)
5 if i=2 (mod 3).
o.(Up—») =1, and o,.(up_1) = 2. (4.14)

Observe equation (4.9) to (4.14), o. is a proper vertex-coloring. Thus, ¢ is a nowhere-zero
twin edge 6-coloring of T'(B,).

Case2. n=1 (mod 6).
Define c: E(T(B,)) — Zs — {0} as follows:
Forie{l12,..,n—1},

1, if i is odd,

c(Vivis1) ={2, if i is even. (4.15)

Forie{l,2,..,n—2}

https://digitalcommons.pvamu.edu/aam/vol15/iss1/18
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c(Uiip1) = {

Forie{12,..,n—1}

-

c(viyy) =

LW oA

Forie{12,..,n—2}

c(Uiviyg) =94

w

c(Up-1vp) = 3.

See equation (4.15) to (4.19), by construction, c is a proper edge-coloring.

The induced vertex-coloring are:

if i is odd,
if i is even.

if i=0 (mod 3),
if i=1 (mod 3),
if i=2 (mod 3).

if i=0 (mod 3),
if i=1 (mod 3),
if i=2 (mod 3).

oc(v1) = 4.
For i € {2,3,4,..,n—1},
4, if i=0 (mod 3),
o.(v;)) =145, if i=1 (mod 3),
0, if i=2 (mod 3).
o.(vy) = 5.
oc(uy) = 2.
For i € {2,3,4,...,n— 2},
0, if i=0 (mod 3)
o.(u;)) =44, if i=1 (mod 3),
5, if i=2 (mod 3).

)

o:(Up-1) = 2.

Observe equation (4.20) to (4.25), o, is a proper vertex-coloring.

Thus, ¢ is a nowhere-zero twin edge 6-coloring of T'(B,).

Case3. n=2 (mod 6).
Define c: E(T(P,)) = Z¢ — {0} as follows.

Forie{l12,..,n—1},

Published by Digital Commons @PVAMU,
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(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)
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1, if i is odd,
c(ViVis1) = {2, if i is even. (4.26)
Forie{l1,2,..,n—2}
1, if i is odd,
c(uttiyy) = {2, if i is even. (4.27)

Forie{12,..,n—1}

4, if i=0 (mod 3),
c(viu;) =43, if i=1 (mod 3), (4.28)
5, if i=2 (mod 3).
Forie{12,..,n—2}
5, if i=0 (mod 3),

c(uiviz1) =44, if i=1 (mod 3), (4.29)
, if i=2 (mod 3).

w

c(Up_1vy) = 5. (4.30)
See equation (4.26) to (4.30), by construction, c is a proper edge-coloring.
The induced vertex-coloring are:
o.(vy) = 4. (4.31)

For i € {2,3,4,..,n— 1},

>

if i=0 (mod 3),
o.(v;)) =145, if i=1 (mod 3), (4.32)

0, if i=2 (mod 3).
o.(v,) = 0. (4.33)
o.(uy) = 2. (4.34)
For i € {2,3,4,..,n— 2},
0, if i=0 (mod 3),

o.(u;)) =44, if i=1 (mod 3), (4.35)
, if i=2 (mod 3).

%2

oc(Up-1) = 4. (4.36)

Observe equation (4.31) to (4.36), o, is a proper vertex-coloring. Thus, ¢ is a nowhere-zero
twin edge 6-coloring of T(PB,).

Case4. n=3,5 (mod 6).

Define c: E(T(B,)) — Z¢ — {0} as follows.
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Forie {12, .., n—1}

Forie{l1,2,..,n—2}

c(Uiliyq) = {

Forie{12,..,n—1}

4,
c(viyy) =43,
5,
Forie{l1,2,..,n—1}
5,
c(uvig1) =4
3,

See equation (4.37) to (4.40), by construction,

The induced vertex-coloring are:

o.(v1) = 4.
For i € {2,3,4,..,n—1},
4,
oc(v;) =15,
0,
0,
oc(vy) = {5
oc(uy) = 2.
For i € {2,3,4,..,n— 2},
0,
O-C(ui) = 4'
5,
2,
Uc(un—l) = {3

1, if i is odd,
c(ViViy1) = 2

, if i is even.

1, if i is odd,
2, if i is even.

if i=0 (mod 3),
if i=1 (mod 3),
if i=2 (mod 3).

if i=0 (mod 3),
if i=1 (mod 3),
if i=2 (mod 3).

c is a proper edge-coloring.

if i=0 (mod 3),
if i=1 (mod 3),
if i=2 (mod 3).

if n=5 ( mod 6),
if n=3 ( mod 6).

if i=0 (mod3),
if i=1 (mod3),
if i =2 (mod3).

if n=5 (mod 6),
if n=3 (mod 6).

S. Anantharaman

(4.37)

(4.38)

(4.39)

(4.40)

(4.42)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

Observe equation (4.41) to (4.46), o, is a proper vertex-coloring. Thus, ¢ is a nowhere-zero

twin edge 6-coloring of T'(B,).

Case5. n =4 (mod 6)

Published by Digital Commons @PVAMU,
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Define c: E(T(B,)) = Z¢ — {0} as follows:

Forie{l1,2,..,n—2}

(1, if i is odd,
c(ViVir1) _{2, if i is even. (4.47)
c(Vp_1Vn) = 4.(4.48)
Forie{12,..,n—2}
(1, if i is odd,
€ (uitis1) _{2, if i is even. (4.49)
Forie{l1,2,..,n—2}
4, if i=0 (mod 3),
c(viu;)) =43, if i=1 (mod 3), (4.50)
5, if i=2 (mod 3).
c(Vp-1Up-1) = 1. (4.51)

Forie{l1,2,..,n—1}
5, if i=0 (mod 3),
c(uvip1) =14, if i=1 (mod 3), (4.52)
3, if i=2 (mod 3).
See equation (4.47) to (4.52), by construction, c is a proper edge-coloring.
The induced vertex-coloring are:
o.(vp) = 4. (4.53)
For i €{2,34,..,n—1},
4, if i=0 (mod 3),
o.(v;)) =<5, if i=1 (mod 3), (4.54)
0, if i=2 (mod 3).
o.(vy) = 3. (4.55)
oc(ug) = 2. (4.56)
For i € {2,3,4,...,n— 2},
0, if i=0 (mod 3),
o.(u;)) =<4, if i=1 (mod 3), (4.57)
5, if i=2 (mod 3).
o.(Up_1) = 2. (4.58)

Observe equation (4.53) to (4.58), o, is a proper vertex-coloring. Thus, ¢ is a nowhere-zero
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twin edge 6-coloring of T(B,). Hence, y '((T(B)) = 6. m

Theorem 4.2.

If n > 1, the nowhere-zero twin chromatic index of T(Cs,) is 6.

Proof:

Define c: E(T(C5,)) = Z¢ — {0} as follows:

For i € {1,2,...,3n},

See equation (4.59) to (4.62), by construction, c is a proper edge-coloring.

3,
c(iviy1) =41,
2,
2,
c(ujtip1) =143,
1,

c(viu) = 4,

c(uvi41) = 5.

The induced vertex-coloring are.

For i € {1,2,...,3n},

=N

o.(vy) =

R

N O

oc(u;) =

)

1,

if i=0 (mod
if i=1 (mod
if i=2 (mod
if i=0 (mod
if i=1 (mod
if i=2 (mod

Anantharaman: Twin edge coloring of total graph

3),
3),
3).

3),
3),
3).

if i=0 (mod 3),
if i=1 (mod 3),
if i=2 (mod 3).
if i=0 (mod 3),
if i=1 (mod 3),
if i=2 (mod 3).

S. Anantharaman

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

Observe equation (4.63) and (4.64), o, is a proper vertex-coloring. Thus, c is a nowhere-zero
twin edge 6-coloring of T(Cs,). Hence, y '1(T(C3,)) = 6. m

Theorem 4.3.

If n > 1, the nowhere-zero twin chromatic index of T'(Cy,) is 6.

Proof:

Define c: E(T(Cy4y)) = Zg — {0} as follows.

For i € {1,2,..,4n},

Published by Digital Commons @PVAMU,
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4,
1
c(ViViy1) = {2
3

c(Uuipq) = {

c(viyy) =

~-

~

-

N =AW

~

AW N Ut

-

c(uivi41) = 5.

See equation (4.65) to (4.68), by construction, c is a proper edge-coloring.

The induced vertex-coloring are.

For i€ {1,2,..,4n},

1,
0,
O-C(vi) =9 5
\2,
5,
2,
O-C(ul') =9 1
0

)

if i=0 (mod 4),
if i=1 (mod 4),
if i=2 (mod 4),
if i=3 (mod 4).

if i=0 (mod 4),
if i=1 (mod 4),
if i=2 (mod 4),
if i=3 (mod 4).

if i=0 (mod 4),
if i=1 (mod 4),
if i=2 (mod 4),
if i=3 (mod 4);

if
if
if
if

if
if
if
if

i=0 (mod 4),

i=1 (mod 4),
i =2 (mod 4),
i=3 (mod 4).
i=0 (mod 4),

i=1 (mod 4),
i =2 (mod 4),
i =3 (mod 4).

331

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)

(4.70)

Observe equation (4.69) and (4.70), o, is a proper vertex-coloring. Thus, ¢ is a nowhere-zero
twin edge 6-coloring of T(C,,,). Hence, ¥ '1(T(C4y)) = 6. m

Theorem 4.4.

If n > 1, the nowhere-zero twin chromatic index of T(Cs,,) is 6.

Proof:
Define c: E(T(Csy,)) = Z¢ — {0} as follows.

For i € {1,2,...,5n},
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(5
[1,
c(ViViy1) =142,
3,

s

(3

|4,

c(Uitir1) =45,
1,

2,

)

1
2,
c(viu;) =13,
4,
5,
(4
h
c(uiviy1) =41,

2,
3,

See equation (4.71) to (4.74), by construction, c is a proper edge-coloring.

The induced vertex-coloring are.

For i € {1,2,...,5n},

oc(vi) =45,

Gc(ui) = 3 1'

if i=0 (mod 5),
if i=1 (mod 5),
if i=2 (mod 5),
if i=3 (mod 5),
if i=4 (mod 5).

if i=0 (mod 5),
if i=1 (mod 5),
if i=2 (mod 5),
if i=3 (mod 5),
if i=4 (mod 5).

if i=0 (mod 5),
if i=1 (mod 5),
if i=2 (mod 5),
if i=3 (mod 5),
if i=4 (mod 5).

if
if
if
if
if

if
if
if
if
if

if i=0 (mod 5),
if i=1 (mod 5),
if i=2 (mod 5),
if i=3 (mod 5),
if i=4 (mod 5).

(mod 5),
(mod 5),
(mod 5),
(mod 5),
(mod 5).

i i . i e~
i aemm
B w N R O

i=0 (mod 5),
i=1 (mod 5),
=2 (mod 5),
i =3 (mod 5),
i =4 (mod 5).

Observe equation (4.75) and (4.76), o, is a proper vertex-coloring.

S. Anantharaman

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

Thus, ¢ is a nowhere-zero twin edge 6-coloring of T(Cs,,). Hence, x "1(T(Csy,)) = 6. m

Conjecture 4.1.
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For any n > 3, the nowhere-zero twin chromatic index of T(C,,) is 6.

5. Graphs with twin chromatic index A + 2

Problem 4.1. [ Rajarajachozhan et al. (2016) ]

333

If possible to find a twin edge (2 + A4)-coloring of K,,,,; — E(H), where H is atriangle-free

2-factor of Ky, 1.

Tables 1, 2 3 and 4 below yield, respectively, twin edge 10-coloring of K;; — E(Cy;), twin
edge 12-coloring of K;3 — E(C;3), twin edge 14-coloring of K,z — E(C;5), and twin edge

16-coloring of Ky, — E(Cy7).

Table 1. A twin edge 10-coloring of Ky; — E(Cy4), Where V(Ky;) = {vg, 4, ..., V10} and Cy; =

VoV Vy ... V1gVg

v, v, v, Vs v, Vs e v, Vg Vo V1o
Vo - - 1 6 0 2 3 5 7 9 -
vy - - - 9 8 0 5 7 3 1 2
v, 1 - - - 7 8 9 0 4 2 5
Vs 6 9 - - - 7 1 2 5 3 4
Uy 0 8 7 - 2 3 6 4 9
Vs 2 0 8 7 - - - 4 9 5 6
Ve 3 5 9 1 2 - - - 8 6 7
v, 5 7 0 2 3 4 - - 8 1
Vg 7 3 4 5 6 9 8 - - 0
Vg 9 1 2 3 4 5 6 8 - - -
V1o - 2 5 4 9 6 7 1 0 - -
Table 2. A twin edge 12-coloring of K;3 — E(Cy3), Where V(K;3) = {vg, vy, ..., V1,} and Cy3 =
VoV Vy ... V12Vg
-I 2 2 v, Vg Uy Vg Vg v, Vg Vg V1o V11 U1y
ve | - - 2 3 | 10] s 8 5 4 0 9 | 11 | -
121 - - - 4 5 8 3 2 11 9 10 7 6
v, | 2 - - - 3 4 | 11 ] o 5 8 1 6 | 10
V3 3 4 - - - 7 5 1 8 6 11 10 2
v, | 10 | s 3 - - - 0o | 4 6 2 8 1 9
Vg 6 8 4 7 - - - 10 3 5 0 2 11
ve | 8 3 [ 11| 5 0 - - - 9 7 6 4 1
vy 5 2 0 1 4 10 - - - 11 7 8 3
ve | 4 | 11 | 5 8 6 3 9 - - - 2 0 7
Vg 0 9 8 6 2 5 7 11 - - - 3 4
ve | 9 | 10 | 1 | 11 | 8 0 6 7 2 - - - 5
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V11 11 7 6 10 1 2 4 8 0 3 - - -
V1g - 6 10 2 9 11 3 7 4 5 - -

Table 3. A twin edge 14-coloring of K5 — E(Cy5), Where V(K;5) = {vg, vy, ..., V14} and Cys =

q Vo U1 V2 V3 Vg Us Ve V7 Vg Vo | Vio | V11 | V12 | Vi3 | V1s
vy - - 13 12 11 8 9 10 7 6 5 4 3 2 -
12 - - - 13 12 11 10 9 8 7 6 5 4 3 2
v, 13 - - - 10 9 8 7 6 5 4 3 2 1 12
Vs 12 13 - - - 10 7 6 5 4 3 2 1 9 8
Uy 11 12 10 - - - 6 5 2 3 9 8 7 4
vg 8 11 9 10 - - 4 3 2 1 7 6 12 0
Vg 9 10 8 7 6 - - 4 1 2 12 11 0 5
vy 10 9 7 6 5 4 - - - 12 11 8 13 1
Vg 7 8 6 5 2 3 4 - - - 0 1 12 11 10
Vg 6 7 5 4 3 2 1 12 - - - 9 10 8 11
V1o 5 6 4 3 9 1 2 11 0 - - - 13 10 7
Vi1 4 5 3 2 8 12 0 1 9 - - - 6 13
V1o 3 4 2 1 0 6 11 8 12 10 13 - - - 9
Vi3 2 3 1 9 7 12 0 13 11 8 10 6 - - -
Vi - 2 12 8 4 0 5 1 10 11 7 13 9 - -

Table 4. Atwin edge 16-coloring of Ky, — E(Cy5), Where V(Ky;) = {vg, V1, ..., V16} and Cy; =
VoV1Vy ... V1gVp

” Vo | V1 | Vo | V3 | vy | Vs | Vg | V7 | Vg | Vo | Vig | Vi1 | V12 | Vi3 | Via | Vis | Vis
Vo - - 13|12 | 11 | 10 | 9 8 7 0 1 2 3 4 5 6 -
vy - - - 1 0 2 3 4 5 6 |13 ]12 | 11| 10| 9 8 7
v, | 13 | - - - 2 3 14| 5 6 1 |12 (11 ] 10| 9 8 7 0
vy |12 | 1 - - - 0 5 6 | 13|11 ] 10| 9 8 7 114 2 3
v, | 11| O 2 - - - 15| 1 |12 | 10 | 5 8 7 |1 13] 3 4 9
ve | 10 | 2 3 0 - - - 11| 1 | 12| 8 7 9 5 4 | 15 | 13
ve | 9 3 |14 | 5 |15 | - - - 0 2 7 (10 | 13| 8 | 11| 1 | 12
v, | 8 4 5 6 1 |11 - - - 9 2 0 |14 ] 12 | 13 | 10 | 15
vg | 7 5 6 |13 ]12 | 1 0 - - - 4 3 2 |11 (15| 9 | 14
ve | O 6 1 |11 |10 |12 | 2 9 - - - 15| 5 3 7 |13 ] 8
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vio| 1 |13 ] 12 |10 | 5 8 7 2 4 - - - | 15| 6 0 3 | 11
vy | 2 | 12111 9 8 711010 3 |15 - - - 114 ) 1 5 6
v, 3 |11 |10 | 8 7 9 | 13|14 | 2 5 |15 | - - - 6 | 12 | 4
vz | 4 |10 9 7 | 13] 5 8 |12 | 11| 3 6 | 14| - - - 0 2
Vg | 5 9 8 | 14| 3 4 |11 | 13| 15| 7 0 1 6 - - - | 10
Vs | 6 8 7 2 4 |15 1 |10 | 9 | 13| 3 5112 ] 0 - - -
Vig | - 7 0 3 9 |13 |12 (15| 14| 8 |11 | 6 4 2 | 10| - -

| strongly feel that finding graphs with x’. = 2 + A or obtaining special classes of graphs with
X't = 2+ A isdifficult.

6. Conclusion

The study of twin edge-coloring of total graph of path and cycle are important due to its
applications in many real life problems. In this paper, | investigated the twin edge-chromatic
index of total graph of path and cycle only, also two problems in section 3 and 4 complete
solution are perfect upper bound is not easy one. The investigation of analogous results for
different graphs and different operation of above families of graph are still open.
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