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Abstract

In general, the logarithmic mean of two positive integers need not be an integer. Hence, the loga-
rithmic mean is to be an integer; we use either flooring or ceiling function. The logarithmic mean
labeling of graphs have been defined in which the edge labels may be assigned by either flooring
function or ceiling function. In this, we establish the logarithmic mean labeling on graphs by con-
sidering the edge labels obtained only from the flooring function. A logarithmic mean labeling of
a graph G with q edges is an injective function from the vertex set of G to 1, 2, 3,..., g+1 such that
the edge labels obtained from the flooring function of logarithmic mean of the vertex labels of the
end vertices of each edge are all distinct, and the set of edge labels is 1, 2, 3,..., q. A graph is said
to be a logarithmic mean graph if it admits a logarithmic mean labeling. In this paper, we study the
logarithmic meanness of some ladder related graphs.

Keywords: Graph; Graph labeling; Vertex labeling; Edge labeling; Logarithmic mean labeling;
Logarithmic mean graph; Ladder graph; Corona of ladder graph

MSC 2010 No.: 05C25; 05C78

1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E)
be a graph with p vertices and ¢ edges. For notations and terminology, the readers are referred to
the book of Harary (1972). For a detailed survey on graph labeling, we refer the book of Gallian
(2019).
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The study of graceful graphs and graceful labeling methods was first introduced by Rosa (1967).
The concept of mean labeling was first introduced and developed by Somasundaram and Ponraj
(2003). Further, it was studied by Vasuki et al. (2009, 2010, 2011). Vaidya and Lekha Bijukumar
(2010) discussed the mean labeling of some graph operations. The concept of F'-Geometric mean
labeling was first introduced and developed by Durai Baskar and Arockiaraj (2015, 2017). Amutha
(2006) discussed the existence of certain types of graph labelings of step graphs.

Motivated by the works of so many authors in the area of graph labeling, we introduced a new
type of labeling called logarithmic mean labeling. In this paper, we have discussed the logarithmic
meanness of some ladder related graphs.

2. Preliminaries

In this section, some basic definitions which are to be used in the subsequent sections have been
discussed.

Definition 2.1.

A graph G consists of a pair (V, E') where V' is a non-empty finite set of vertices and £ is a set of
unordered pair of elements of V, called edges of G.

Definition 2.2.

A walk of a graph G is an alternating sequence of vertices and edges v, €1, V1, ..., Up_1, €n, Uy, be-
ginning and ending with vertices, in which each edge is incident with the two vertices immediately
preceding and following it. This walk joins vy and v, and it is called a vy — v,, walk. A walk is
called a path if all the vertices and edges are distinct and a path on n vertices is denoted by P,.

Definition 2.3.

The degree of a vertex v in a graph GG, denoted by deg v, is the number of edges incident with v.
A vertex v in G is called an end vertex (or pendant vertex) if deg v = 1. An edge incident to a
pendant vertex is called a pendant edge.

Definition 2.4.

G ® S, is the graph obtained from G by attaching m pendant vertices at each vertex of G.

Definition 2.5.

Let G; and G be any two graphs with p; and p, vertices respectively. Then the Cartesian product
G1 X G has pyps vertices which are {(u, v) : u € G1,v € Go}. The edges are obtained as follows:
(u1,v1) and (ug, v9) are adjacent in Gy X Gy if either u; = uy and vy and v, are adjacent in G
or uy and uy are adjacent in Gy and v; = vy. The ladder graph L,, is a graph obtained from the
Cartesian product of P, and P,.
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Definition 2.6.

The triangular ladder T'L,,,n > 2 is a graph obtained by completing the ladder L,, by the edges
u;v;1 for 1 <4 < n — 1, where L, is the graph P, X P,,.

Definition 2.7.

The slanting ladder SL, is a graph that consists of two copies of P, having vertex set
{u; : 1 <i<n}Y{v;:1<i<n} and edge set is formed by adjoining u;y; and v; for all

1< <n—1.
Definition 2.8.
Let P, be a path on n vertices denoted by u; 1,41 2,u13,...,u;, and with n — 1 edges denoted
by e1, e, ..., e,—1 Where ¢; is the edge joining the vertices u; ; and u; ;1. On each edge e;, erect

a ladder with n — (i — 1) steps including the edge e;, fori = 1,2,3,...,n — 1. The graph thus
obtained is called a one sided step graph and it is denoted by S7T,.

Definition 2.9.

Let P, be a path on 2n vertices uy 1, u12,U13, - .., U1 2, and with 2n — 1 edges e, eg, ..., €2,1
where e; is the edge joining the vertices u; ; and u; ;+1. On each edge e;, we erect a ladder with
‘2+ 1" steps including the edge e;, forz = 1,2, 3, ..., n and on each e; erect a ladder with 2n+41—1

steps including e;, fori = n + 1,n + 2,...,2n — 1. The graph thus obtained is called a double
sided step graph and it is denoted by 2575,,.

Definition 2.10.

A function f is called a logarithmic mean labeling of a graph G(V, E) if f : V(G) —
{1,2,3,...,q + 1} is injective and the induced function f* : F(G) — {1,2,3,...,q} defined
as
* f v _f u
oty — | A0 = )
In f(v) = In f(u)

is bijective. A graph that admits a logarithmic mean labeling is called a logarithmic mean graph.

J , for alluv € E(G),

Example 2.11.

A logarithmic mean graph of a graph K; — e is shown below.
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In this paper, we have discussed the logarithmic mean labeling of the ladder graphs L,, for n > 2,
L,® S, forn>2andm <2,TL, forn>2,TL,® S, forn>2andm <2, SL, forn > 2,
SL, ® S, forn > 2and m < 2, step graph S7T,, and double sided step graph 2575,,.

3. Main Results

Theorem 3.1.

The ladder graph L,, is a logarithmic mean graph, for n > 2.

Proof:

Let uy, us,us, ..., u, and vy, vy, vs, ..., v, be the vertices of the ladder L,, = P, X P». Then, L,
has 2n vertices and 3n — 2 edges.

Define f : V(L) — {1,2,3,...,3n — 1} as follows:
flu;)) =3i—1, for1 <i<mn,
flv))=3i—2, forl <i<n.
The induced edge labeling is as follows:
ff(ujuigr) = 3i, for 1 <i<n-—1,
ff(vivigr) =3t —1, for1 <i<n-—1,
[ (uv;) =3i =2, for1 <i<n.

Hence, f is a logarithmic mean labeling of the ladder L,,. Thus, the ladder L,, is a logarithmic

mean graph, forn > 2. [
2 4 3. g A o 11 1 14 15 17
1 4 ) 10 13 16
| 2 4 I 7 8 10 11 43 14 ¢

Figure 1. A logarithmic mean labeling of the ladder Lg

Theorem 3.2.
The graph L,, ® S,, is a logarithmic mean graph for n > 2 and m < 2.

Proof:

Let uy,us, ..., u, and vy, vy, ..., v, be the vertices of L,,. Let wgi), wg), e wﬁ,?and xgi), :cg), ey xg,?

be the pendent vertices attached at each vertex u; and v; of the ladder L,,, for 1 < ¢ < n. Then, the

https://digitalcommons.pvamu.edu/aam/vol15/iss1/17



Baskar: Logarithmic Mean Labeling of Some Ladder Related Graphs

300 A. Durai Baskar

edge setis E(L, o S;,) = {wjuir1,vivi01 0 1 <i<n—1}U{uw; : 1 gign}u{uiw§i) 1<
ign,lgjgm}u{vimgi):1§i§n,1§j§m}.

Case(i) m=1.

Define f : V(L, ® S1) — {1,2,3,...,5n — 1} as follows:

f(u1> =3,

flu;) =5i—3, for2 <i<mn,
f(vl> =4,

f(vi) =51 —2, for2 <i<mn,
f(wii)) =b5i—4, forl <i<n,
fai”) =2,

Then the induced edge labeling is obtained as follows.
frluuip) =51 —1, for1 <i<n-—1,
ff(vvipr) =50, for1 <i<n-—1,

ff(ugv) =3

[ (uv;) = bi — 3, for2 <i <n,
(uw1 )="5i—4, forl <i<mn,
(lel ):2

(lel )=5i—2, for2 <i<n.

Case (ii) m = 2.
Define f : V(L, ® S2) — {1,2,3,...,

3, i=1,
flu;)) =< 7i—2, 2<i<mnandiiseven,
7i—5, 2<i1<nand¢isodd,

5, i=1,
fv;)) = 7i—4, 2<i<nandiiseven,
7i—1, 2<i<mnandiisodd,

| 1, i=1,
Fwiy={7i—3, 2<i<nandiiseven,
7t —6, 2<i<mnandiisodd,

| 2, i=1,
f(wg)): 7i—1, 2<i<mnandiiseven,
7i—4, 2<i<nandiisodd,

Published by Digital Commons @PVAMU,

7n — 1} as follows.



Applications and Applied Mathematics: An International Journal (AAM), Vol. 15 [], Iss. 1, Art. 17

AAM: Intern. J., Vol. 15, Issue 1 (June 2020)

4,

f(ai?) =S Ti—6,
i — 3,
6.

f(28)) = 7i—5,
i — 2,

1<i <2,
3 <7 <mnand1iseven,
3<i<nandi¢isodd,

1=1,
2 <4 <mnandiiseven,
2<7<nand7isodd.

Then, the induced edge labeling is obtained as follows:

* 67
f (uiui+1) = {72 o 1’

i=1,
2<i<n-—1,

301

o) =T, for1 <i<n-—1,
[ (uv;)) =Ti—4, for1 <i<n,

ol )y 7, — 3,
.f(ulq'Ul)_{?Z_(a7

1 <7 <mnand¢is even,
1<i:<nand?isodd,

f*(u-w(i)) | 7i—2, 1<i<nandiiseven,
2 )=\ 7i—5, 1<i<nandiisodd,
i) = 7i—6, 1<i<mnandiiseven,
17\ 7i—3, 1<i<nandiisodd,

1 <7 <nandzis even,

SN0 (22
f(vzx2)_{7i_27 1 <i<mnandiisodd.

Hence, f is a logarithmic mean labeling of the graph L, ® S,,. Thus, the graph L,, ® S,, is a

logarithmic mean graph for n > 2 and m < 2. n
1 p 6 pll 916 21 26 P31 36
. : 26 31 36
1 6 1 a .
it 4 T 0O 12 14 |17 19 22 24 27 20 132 34 97
i
3 ? 12 17 2 G 32 ar
5 10 15 20 25 30 <, QR T
: 38
: 8 13 18 23 28 33
9 . i 18 23 28 33 .
2 0 014 » 10 » 4 ®29 > 34 » 30

Figure 2. A logarithmic mean labeling of Lg ® S1

Theorem 3.3.

The triangular Ladder T'L,, is a logarithmic mean graph for n > 2.

https://digitalcommons.pvamu.edu/aam/vol15/iss1/17
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1725 2720 3139 4143 15
16 2\ 26 20Y /30 30% /4o 43 [44
20 27 34 41
16 26 30 10 44
17 24 31 38 45
20 21 |24 28 (34 35 (38 42 | g
/ :
19 2% \23 32 \33 36/ 37 46/ \ 47
19 22 23 32 33 36 37 46 47
Figure 3. A logarithmic mean labeling of L7 ® S2
Proof:
Let {uy,us, ..., Uy, v1,0,...,0,} be the vertex set of T'L,, and {uwu;11;1 < i < n—1} U

{vivig1;1 <i <n—1}U{wv;1 <i < n}U{wvi;1 <i < n— 1} be the edge set of T'L,,.

Then, T'L,, has 2n vertices and 4n — 3 edges.

Define f : V(TL,) — {1,2,3,...,4n — 2} as follows.

flu))=4i—1, for1 <i<n-—1,
fluy) =4n —2,
fv;)) =4i—3, for1 <i<n.
The induced edge labeling is as follows.
fr(ujuigr) = 4i, for 1 <i<n-—1,
[ (uv;) = 4i— 3, for1 <i<mn,
ffuwip) =4 —1, for1 <i<n-—1,
f*<'l}i’Ui+1> =47 — 2, for 1 < 1 <n-— 1.

Hence, f is a logarithmic mean labeling of 7'L,,. Thus, the Triangular Ladder 7'L,, is a logarithmic

mean graph, for n > 2.

% g @ g 1 1 15 16 19 20 23 94 27 98 30
3 7 19 23 i
! 5 o N |3\ |1y 21 25 N7 |29
1 2 5 6 9 10 13 14 17 18 o 22 725 26 29

Figure 4. A logarithmic mean labeling of 7'Lg

Theorem 3.4.

The graph T'L,, ® S,, is a logarithmic mean graph for n > 2 and m < 2.

Published by Digital Commons @PVAMU,
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Proof:

Let ul,uQ, e, Up and  vy,v9,...,v, be the vertices of TL,. Let w§i),w§i), ...,wﬁ,i)
and xl ,xg), e ngl) be the pendent vertices attached at each vertex u; and v; of the ladder L,,,
forl < <n.

Then, the edge set is E(TL, o S, )—{uzuzﬂ,vzvzﬂ 1<i<n—1}U{ww;: 1 <i<n}uU
{uiwj(-) 1<i<n,1<j<m}uU{vr; @ 1<i<n,1<j<m}U{uw,:1<i<n-—1}

Case (i) m = 1.
Define f : V(TL, ® S1) — {1,2,3,...,6n — 2} as follows.

flu;)) =6i—2, for1 <i<mn,
f(v;)) =60 —4, for1l <i<mn,
Fwty =6i—3, for1 <i<n,

F@)y =6i -5, for 1 <i<n.

Then, the induced edge labeling is obtained as follows:
fr(ujuigr) = 6i, for 1 <i<n-—1,
o) =61 —2, for1 <i<n-—1,
(uvz+1)—6z—1 forl1 <i<n-—1,
(uzvl) —4, forl1 <i<n,
)
)

—3, forl1 <i<n,

—5, forl <i<n.

S (wi wl

(lel

Case (i) m = 2.
Define f : V(TL, ® S3) — {1,2,3,...,8n — 2} as follows.

f(ur) =5,
flu;)) =8i—5, for2 <i<mn,
f(U1>:37
f(v;)) =8i—3, for2 <i<mn,
) =4,

Fw™y=8i—7, for2 <i<n,
wiy =8i—6, for2 <i<n,

flar) =1,
f(xﬁ”) =8 —4, for2 <i<n,

https://digitalcommons.pvamu.edu/aam/vol15/iss1/17
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fay)) =2
f(xg)) =8i—2, for2 <i<n.
Then, the induced edge labeling is obtained as follows:
fr(uug) =7,
fruuip) =8i—2, for2 <i<n-—1,
f*(U1712 6,
fH(vivig
[ (uiv;
J(urvy

f*(uwiﬂ

8i, for2 <i<n-—1,
8 — 5, forl <i<mn,
8,
81

S N N N N

—1,for2<i<n-—1,

f* () =4,
f*(uiwgi)) =8i—7, for2 <i <n,

1wy =5,
f*(uiwéi)) =8i — 6, for 2 <i < n,

frat?) =1,
f*('uia;gi)) =8i—4, for2<i<n,

fray’) =2,
f*(vixg)) =8i—3, for2 <i<n.

Hence, f is a logarithmic mean labeling of the graph T'L,, ® S,,,. Thus, the graph T'L,, ® .S, is a

logarithmic mean graph for n > 2 and m < 2. n
3 9 15 21 27 33 39 45
= = ’ y v
1 9 15 21 27 33 39 45
10 16, 22 28 34 40
4 6 12 18 24 30 36 42 =
5 1 7 23 29 35 j
2 O s 14 20 26 32 8 ¥ |
A 4 10 16 22 28 34 40
< 8 14 20 26 32 38 a4
1 7 13 19 25 B1 37 43
. . . . g . . s
1 7 13 19 25 31 37 43

Figure 5. A logarithmic Mean labeling of T'Lg o S1

Published by Digital Commons @PVAMU,
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4 6 9 10 17 I8 25 26 33 M o4 42 49 50
4 5 9 0 17 18 2 26 33 34 41 42 49 50

: 7 1 1 19N 2 2 30 35|\ 38 43\ 46 o

8 1l 5 23 3 hs N9 7

3 19 27 35 43 51

y 6 13 16 2 24 29 32 37 40 hs 48 -
/ 2 |%\ 2% 21 2% 29 3%\?? J,/ 45 52 3
1 2z 12 14 20 22 98 30 36 38 44 46 52 54

Figure 6. A logarithmic Mean labeling of T'L7 o So

Theorem 3.5.

The graph SL,, is a logarithmic mean graph for n > 2.

Proof:

Let the vertex set of SL, be {uj,us,...,up,v1,0s,...,0,} and the edge set of SL, be
{ujuig;1 < i <n—1}U {1 < i < n—1} U{vui;1 < i < n—1}. Then, SL,
has 2n vertices and 3n — 3 edges.

Define f : V(SL,) — {1,2,3,...,3n — 2} as follows.

flu) =1,
flu;)) =31 —4, for2 <i<n,
fv;)=3i, for1 <i<n-—1,
f(vn) =3n —

Then the induced edge labeling is obtained as follows.

fruug) =1,

[ (uiwipr) =3i— 3, for2 <i<n-—1,
(v,vl+1):3z+l for1 <i<n-—2,
f (vp—1v,) = 3n —

ff(vivigr) = 3i — 1, for1<z§n—1.

Hence, f is a logarithmic mean labeling of SL,,. Thus, the slanting ladder SL,, is a logarithmic
mean graph for n > 2. n

Theorem 3.6.

The graph SL,, ® S,, is a logarithmic mean graph for n > 2 and m < 2.

https://digitalcommons.pvamu.edu/aam/vol15/iss1/17
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3 6 8 9 1112 14 45
2 3 5 16 19 2] 21 ’)’)
Figure 7. A logarithmic Mean labeling of SLg
Proof:
Let u;, us, ..., U, and vy, v, ..., v, be the vertices of SL,,. Let wgl), wél), wt and xgl), :vg), D)

be the pendent vertices attached at each vertex u; and v; of the ladder L,,, for 1 < ¢ < n. Then, the
edge setis F(SL,05S,,) = {uzuzﬂ,vzvlﬂ 1 <i<n—1}U{vu1:1<i<n-— 1}U{uiw§-z) :

1<i<n 1<‘7<m}u{vZ 1<i<n,1<j<m}

Case (i) m=1andn > 3.
Define f : V(SL, ® S1) — {1,2,3,...,5n — 2} as follows.

flu) =2,

f(u;) =5i—6, for2 <i<n,
f(v;) =5i, for1 <i<n-—1
f(vn):5n_27
f<w§”>=1,

fa) =1,
f@)y=5i+1, for2<i<n-—1,
f@™y =5n 3.

Then the induced edge labeling is obtained as follows:

2 =1
[ (uuigr) = { ' ! N

5t —4, 2<i<n-—1,

ff(vvig1) =51 +2, for1 <i<mn—2
f*(vp_1v,) = 5n — 4,

ff(viuigr) =5t —1, for1 <i<n-—1,
(i) =1,

f*(u,-wgi)) =5i—7, for2 <i<n,
f*(vixgi)) 5i, for1 <i<mn—1,
f*(vnxgn)) =bHn — 3.

Published by Digital Commons @PVAMU,

11



Applications and Applied Mathematics: An International Journal (AAM), Vol. 15 [], Iss. 1, Art. 17

AAM: Intern. J., Vol. 15, Issue 1 (June 2020)

Case (ii) m =2andn > 3.

Define f : V(SL, ® Sz) — {1,2,3,...,7n — 2} as follows:

21+ 1,
71— 9,
n — 10,
Flun) = {7n—9,
8,
T7i—1,
n — 13,
Fon2) = {7n — 15,
f(vn—l) =T — 5,
f(v,) =Tn -3,
L
(iy ) 61 =38,
f(wl ) - 7 — 7’
7i — 10,
(n)y _ J Tn—11,
f(wl )_ {771-10,
4 4i — 2,
fwd’) =3 7i -5,
7, — 8,
(n)y | Tm—717,
f(wQ )_ {7n—8,
Fat) =< 7i,
7 — 3,
(n—2)y ) Tn—12,
f(xl )_{7n_17’
(n-1)y ) Tn =38,
f(xl ) - {7n 7,
f(@i”) =T -4,
4 11,
fa) =T+,
T — 2,

https://digitalcommons.pvamu.edu/aam/vol15/iss1/17

1< <2,
3<17<mn-—1and7iseven,
3<i<n-—1landisodd,
n 1S even,

nis odd ,

1=1,
2<i<n-—3andiiseven,
2<i<n-—3andiisodd,
n 1S even,

nis odd ,

1=1,

2 < <3,

4 <3<mn-—1and7iseven,
4<i<n-—1and7isodd,
n 1S even,

nis odd ,

1< <2,
3<17<mn-—1and7iseven,
3<t1<n-—1landzisodd,
n is even,

nisodd,

1 =1,

2 <3¢ <n-—3andiiseven,
2<i<n-—3andisodd,
n 18 even,

nis odd ,

n 1s even,
nisodd ,

1=1,
2<i<n-—3andiiseven,
2<1<n-—3and7isodd,

12
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-2y _ [ Tn—9, niseven,
f(xs )_{7n—16, nisodd ,
flay' ™) = —6,
flag”) = -2
Then, the induced edge labeling is obtained as follows:
. Cf4i—1, 1<i<2,
f(UiUi+1)_{7Z'_5, 3<i1<n-2,
4 - ™ — 14, niseven,
Up—1Un) = ™ — 12, nisodd,
. - 1]_, 1= ]-7
f(vivi-i-l)_{?i_l_g’ 2<i<n-3,
. [T —10, niseven,
[ (vp—avp_1) = {771 — 11, mnisodd,

f(vp_1v,) = Tn =5,

ff(viuig) =Ti—1, for1 <i<n-—1,

L,
o 6i — 8,
frlu’) =3 5 7

7i — 10,

. n n— 11,
/ (unwg )) = {

n — 10,
| 3i— 1,
f*(uiwg)) =< 7i—6,
i — 9,

f*(unwén)) =Tn—9,

F* (vnoal™D) = {

1 =1,

2<1 <3,

4 <i<mn-—1and:iseven,
4<i<n-—1andisodd,

n 1s even,
nisodd,
1<i<2,
3<¢<mn-—1andiiseven,
3<1<n-—1andzisodd,

1=1,
2<i<n-—3and:iseven,
2<i<n-—3andiisodd,

n — 13,
n— 17,

n 1s even,
nisodd,

f* (vn,lxgnfl)) =Tn—1,

Published by Digital Commons @PVAMU,
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9, i=1,
f*(vixéi)) =< 7i+1, 2<i<n-—3andiiseven,
7i—2, 2<i:1<n-—3andzisodd,
x (n-2)y ) Tm—12, niseven,
Fnary™ ") = {771 — 16, nisodd,

a8y =T — 6,
F(vazi™) = Tn — 3.

Case (iii) m =1,2andn = 2.

(=)

L=

Figure 8. A logarithmic mean labeling of SLo ® S1 and SLo ® S2

Hence, f is a logarithmic mean labeling of the graph SL, ® S,,. Thus, the graph SL, ® 5, is a
logarithmic mean graph for n > 2 and m < 2. m

18
1{
G

19

I
e o

1 3
2 ]

5 13
a{ 13
5 11
] 14
9 1
10 15
12 17
) 15 2
11 16

1€

20

1
4
7
10 0

—

21

;o ©
=1 —y

Figure 9. A logarithmic Mean labeling of SLg o S

Theorem 3.7.
The graph ST, is a logarithmic mean graph for n > 2.

Proof:
Let U1, U1,2, U135 .- s UL p, U271, U22,U23,...,U2p,U31,U32,U33,...,U3n—1,Uq1,Uq2,
Ugg, .- Usp—2,--.,Un1, Uy be the vertices of the step graph ST,,.

https://digitalcommons.pvamu.edu/aam/vol15/iss1/17
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1 610 1391 23 25 2735 37 41 45
\/\/L\A&%g\/.mhm 1[]4\%

6
1 . ; : A 5
/Y 1/&/\? ﬂ‘sﬂ 4/&4%\> a/\
9 11 14 15 19 28 29 32 3344 4748 50 52 54

Figure 10. A logarithmic Mean labeling of SLg o S

In w; ;,7 denotes the row (counted from bottom to top) and j denotes the column (counted from

left to right) in which the vertex occurs.

Define f : V(ST,) — {1,2,3,...,n? +n — 1} as follows.
fluij)=m+1—i)*+j—1,for2<i<nand1<j<n+2-i,
flur;)=n*+j—1,for1 <j<n.

The induced edge labeling is as follows.

ffuuijo) =m+1—d)+j—1,for2<i<nandl1<j<n+1-—i,
frlupjurjo)=n*+j—1,for1 <j<n-—1,
[(uijuipr ) =m+1—i)n—i)+j—1, for1<i<n—-land1<j<n+1-—i.

Hence, f is a logarithmic mean labeling of S7T;,. Thus the graph ST, is a logarithmic mean graph,
forn > 2. n

Theorem 3.8.

The graph 2575, is a logarithmic mean graph, for n > 2.

Proof:
Let Up,1, U1,2, U135« - o5 Ul ip, U201, U22, U2 3, - -« 5 U2 20, U3 1, U3 2, U3 3, -+ -, U3 2n—2, U471, U4 2,
Uag, .- Us2n—a,- -, Untl,1, Unt1,2 DE the vertices of the double sided step graph 2575,,.

In u; ;,7 denotes the row (counted from bottom to top) and j denotes the column (counted from
left to right) in which the vertex occurs.
Define f : V(25Ty,) — {1,2,3,...,2n* + 3n} as follows,

2n+n+1+4+2(G—1), 1<j<n,
f(ul,j): 2 _9(i ;
2n*+3n—2(j—n—-1),n+1<j < 2n,

for2<i<nand2<j7<n-+2—1,
fluij)=2n+1—i)2+(n+2-14)+2( —2),

Published by Digital Commons @PVAMU, 15
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1
2 3
4 5
4 : 6
6 ! 8
1
5 u 1010 11 a4
12 13 14 15
i 13 g
16 16 18 18 19 19 20
20 21 22 23 24
" 25 26 26 21 2 8 28 129 29 .
10 31 37 33 34 35
16 36 31 31 38 38 39 39 p 40 41 41 1
42 44 45 46 48
42 & 44 47
49 5
49 s 0 5 S 52 52 53 B 5 4 55

Figure 11. A logarithmic mean labeling of ST%

for2<i<nandn+3—1<j5<2n+3— 2,

fluiy) = (n+1—i)2+3(n+1—i)—2(@'+j_n_3)’

flugy) =2n* +n —2,

fluin) =2n+2—i)2 +n—i for3<i<n+1,
f(ui,2n+4—zi)=2(n+2—l) +n+1—14, for2<i<n+1.

The induced edge labeling is as follows,

P ) = 2 +n+1+2(j-1),1<j<mn,
MR T 902 430 —2(j —n), n+1<j<2n-—1,

for2<i<n—land2<j57<n+2—1,
fruiuije) =2n+1—10) 4+ (n+2—1i) +2(j — 2),
for2<i<n—landn+3—1<j<2n+2— 21,
ffuiuije) =2n+1—i)°+3n+1—4)—2(Gi+j—n—2),

F(Winnss—oitiv1onia—o2i) =2(n+1—4)* + (n+1—1), for2 <i <n,

f*<un,2un,3) = 47
[ (Unt11Uns12) = 1,

f*(u1,1u2,1) = 2n2 +n — 17

https://digitalcommons.pvamu.edu/aam/vol15/iss1/17
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[ (ur2nu2.0n) = 2n* +n,
[ (uiguivr1) =2(n+1— i) 4+n—i for2<i<n,
(g 11z ) = 2n? —n+1+2(5 —2), 2<j<n,
Y20 = Y24 —2-2G—n—1),n+1<j<2n—1,
for2<i<n—-—land3<j<n+2—1,
f*(ul-7jui+1’j_1) = 2(TL + 1-— Z)2 — (n + 2 — Z) + 2(] — 2),
for2<i<n—landn+3—1<j<2n+2— 2,
Fruiguign ) =2+ 1= + (n+3—i) = 2(i+j —n—1),
f(uiauig) =2(n+1—4i)>+3(n+1—1i), for2<i<n,
F(Winnss_oilionia2i) =2n+1—i)> +3(n+1—id)+1, for2<i <n.

Hence, f is a logarithmic mean labeling of 2575,,. Thus, the graph 2575, is a logarithmic mean
graph, forn > 2. n

(=]

9 7 8 10
i 14 1 111313 14 12 JI2 15 ,,
20 16 18 19 17 21

U 27 22 22 24 24 (26 26 [27 25 (9523 |73 28

15 29 31 33 34 32 30 36

44 37 37 139 39 J41 41 43 43 144 42 (4040 M0 38 R4S o,

53
54 46 48 50 52 s3 51 49 47 55

56 56 58 58 60 60 g2 62 64 64 65 63 63 61 g1 59 59 57 57

Figure 12. A logarithmic mean labeling of 25779

4. Conclusion

In this paper, I have analyzed the Logarithmic mean labeling of some ladder related graphs such as
ladder graph, corona of ladder, triangular ladder graph, corona of triangular ladder, slanting ladder
graph, corona of slanting ladder, one sided step graph and two sided step graphs. Herewith I am
going to propose the following open problems to the readers for further research work in this.

Open Problem 1.
Find a sub graph of a graph in which the graph is not a Logarithmic mean graph.

Open Problem 2.
Find a necessary condition for a graph to be a Logarithmic mean graph.

Published by Digital Commons @PVAMU,
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