P s
;;”9((9(?)’% Applications and Applied Mathematics: An International
g

- Journal (AAM)
Volume 15 | Issue 1 Article 5
6-2020

Stability of regular thin shell wormholes supported by VDW
quintessence

A. Eid
Imam Mohammad Ibn Saud Islamic University (IMSIU)

Follow this and additional works at: https://digitalcommons.pvamu.edu/aam

b Part of the Applied Mathematics Commons, and the Cosmology, Relativity, and Gravity Commons

Recommended Citation

Eid, A. (2020). Stability of regular thin shell wormholes supported by VDW quintessence, Applications and
Applied Mathematics: An International Journal (AAM), Vol. 15, Iss. 1, Article 5.

Available at: https://digitalcommons.pvamu.edu/aam/vol15/iss1/5

This Article is brought to you for free and open access by Digital Commons @PVAMU. It has been accepted for
inclusion in Applications and Applied Mathematics: An International Journal (AAM) by an authorized editor of
Digital Commons @PVAMU. For more information, please contact hvkoshy@pvamu.edu.


https://digitalcommons.pvamu.edu/aam
https://digitalcommons.pvamu.edu/aam
https://digitalcommons.pvamu.edu/aam/vol15
https://digitalcommons.pvamu.edu/aam/vol15/iss1
https://digitalcommons.pvamu.edu/aam/vol15/iss1/5
https://digitalcommons.pvamu.edu/aam?utm_source=digitalcommons.pvamu.edu%2Faam%2Fvol15%2Fiss1%2F5&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/115?utm_source=digitalcommons.pvamu.edu%2Faam%2Fvol15%2Fiss1%2F5&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/129?utm_source=digitalcommons.pvamu.edu%2Faam%2Fvol15%2Fiss1%2F5&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.pvamu.edu/aam/vol15/iss1/5?utm_source=digitalcommons.pvamu.edu%2Faam%2Fvol15%2Fiss1%2F5&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:hvkoshy@pvamu.edu

Eid: Stability of regular thin shell wormholes

pm— Auvailable at
"'\ http://pvamu.edu/aam Applications and Applied
&d%i; Appl. Appl. Math. Mathematics:
3 _“__} ISSN: 1932-9466 An International Journal
Qs (AAM)

Vol. 15, Issue 1 (June 2020), pp. 69 - 76

Stability of regular thin shell wormholes supported by VDW
guintessence

A. Eid

Department of Physics
Collage of Science
Imam Mohammad Ibn Saud Islamic University (IMSIU)
Riyadh, KSA
and
Department of Astronomy
Faculty of Science
Cairo University
Giza, Egypt
amaid@imamu.edu.sa; aeid06@yahoo.com;

Received: December 16, 2019; Accepted: March 7, 2020

Abstract

The dynamical equations of motion for a thin shell wormhole from regular black holes that
are supported by Van der Waals (VDW) quintessence equation of state (EoS) are constructed,
through cut and -paste technique. The linearized stability of regular wormhole is derived. The
presences of unstable and stable static solutions with different value of some parameters are
analyzed.
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1. Introduction

In the general relativity framework, black hole (BH) solutions of Schwarzschild,
Reissner-Nordstrom and Kerr-Newman include curvature singularity beyond their event
horizons. The extensive understanding of BH requires singularity free solutions. The regular
or nonsingular black hole is BHs possessing regular centers. Bardeen (1968) proposed a
theoretical method for constructing the preceding regular BH. This type of regular BH has
both event and Cauchy horizons, but without a singularity. Later, many regular BH solutions
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were based on Bardeen’s proposal (Ayon-Beato and Garcia (1998), Borde (1994), Bronnikov
(2001)). Hayward (2006) analyzed the static regular black holes.

The accelerated expansion of the universe can be explained by the existence of dark energy.
There exist a several models represent the dark energy, namely, Cosmological constant,
Sahni and Starobinsky (2000), Van der Waals (VDW) Quintessence, Caldwell et al. (1998),
Dissipative matter fluid, Sen et al. (2001) , Chaplygin gas, Bento et al. (2002), Phantom
energy, Stefanicic (2005), Tracker field, Zlatev et al. (1999), K-essence, malguarti et al.
(2003), tachyon matter, Das and Kar (2005). Further, Bronnikov and Fabris (2006) studied
regular black holes and phantom wormhole.

Recently, Halilsoy et al. (2014) discussed the regular Hayward black hole. Sharif and Iftikhar
(2015) analyzed the scalar thin shell dynamics for a class of regular BHs. Sharif and Mumtaz
(2017) investigated the stability of thin shell wormholes from regular ABG black hole. Eid
(2019) studied the stability of a regular black holes thin shell wormhole in Reissner-
Nordstrom - De Sitter space-time.

Herein, the stability of regular thin shell wormholes (RTSW) supported by VDW
quintessence equation of state (EoS) is investigated. The paper is organized in the following
format. In Section 2 the dynamics of regular wormhole from black hole is discussed. The
linearized stability analysis is given in Section 3. Briefly discussion is given in Section 4.
Finally, a general conclusion is providing in Section 5.

2. Dynamics of wormhole from regular black holes

Beato and Garcia (1999) derived a new regular exact black hole solution which comes from
the action using nonlinear electrodynamics coupled to general relativity, this action is given

by:
S Y _ 4
I=—[\-g [R—L(F)]d*x, (1)
where R is the scalar of curvature, g = det|g,,| and L(F) is the non-linear
electrodynamics Lagrangian, F,, is the Maxwell field tensor, F is the contracted Maxwell
scalar (F = F;’). The Beato-Garcia metric, Beato and Garcia (1999), derived from action (1)

given by:

ds? = —H(r)dt?> + H"Y(r)dr? + r2(d6? + sin?6 d¢?), (2)
where ]

H(r) =1-2"+ 2 tanh (zjn ) (3)

where m is the gravitational mass, q is the charge of the black hole. This black hole has
two event horizons r_ and r, whenever g < 1.05 m. Let the parametric equation of the
shell be » = R(7), and R(t) described the time evolution of the shell. The induced metric
on the hypersurface X is written as:

ds? = —d1? + R?(1)(d8? + sin?0 d¢?), (4)

where t is the proper time on the shell. Applied Darmois — Israel formalism, Israel (1966),

https://digitalcommons.pvamu.edu/aam/vol15/iss1/5



Eid: Stability of regular thin shell wormholes

AAM: Intern. J., Vol. 15, Issue 1 (June 2020) 71

to the matter at X, the extrinsic curvature is defined by:

£t (22 oy xR
Kij =y (6€ia§f T Faﬁ agt agi) R ©)

where n;—; are the unit normal 4-vector. The Lanczos equations are given by:
-1
tij = 87([1(1'1'] - [K] gij), (6)

where [K] is the trace of [K;;| = K% — K;; and ¢;; is the surface stress-energy tensor on
the hypersurface Z, t} = diag(—o,pg,0,), Where p and o are the pressure and the
surface energy density, Sen et al. (2001). The Lanczos equations becomes:

o =—[kg], )

p == (K1 + [KE)). (8)

These equations become:

o= %\/RZ +H(R) , 9)

__ 2RR+2R%*+2H(R)+RH'(R)
8mR R%2+H(R)

, (10)

where dot and prime mean derivatives with respect to t and R, respectively. The van der
Waals (VDW) equation of state, Capozziello et al. (2002), is given by:

__Yo _ 2
p—l_ﬁa ao”, (11)

where a, and y are parameters of the VDW fluid. In the limiting case (a,) — 0, one

recovers the dark energy with Chaplygin gas EoS ( p = yo ,y < —1/3). Insert equations (9)
and (10) into equation (11), the dynamical equation becomes:

nR(2RR + 2R? + 2H + RH') (2nR + pVRZ + H) +2(R? + H)
X {4yn2R2 + 2nRavR? + H + aB(R? + H)} = 0. (12)

It is convenient to define the parameter space of the problem using a, 8,v,q and m as free
parameters.

3. Linearized stability analyses
The dynamical equation (12) for the static solution (where R = R = 0), becomes:

nR(2H + RH")(2nR + BVH) + 2H{4yn?R? + 2nRaVH + afH} = 0. (13)
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The surface energy density and pressure are given in the static case by:

O'=__1\/ﬁ,p=2H+RH (14)

2nR 8nRVH'

The conservation equation with equations (6, 14) can be defined as:
d dA
EAG-I_pE_O’ (15)

where A = 4mR? is the area of the wormhole throat. This equation describes the continuity
equation and can be written in the form:

L=-2(o+p (16)
And will take the following form:

Ro' = —2(o +p). a7
From equation (9), the dynamical equation of motion of the thin shell wormhole, becomes:

R+ V(R)=0, (18)
where V(R) is known as the effective potential function given by:

V(R) = H(R) — 4m?R?a?, (19)
Differentiating this equation:

V'(R) = H'(R) + 8n%Ra (0 + 2p). (20)
Taking the first derivative with respect to R of equation (11) and using equation (17) to get:

2
1-fo

o +2p = o {1 + [y — 2a0 + B(p + 3a02)]}. (21)

The Taylor series expansion of V(R) up to second order around R, is given by:

VR) = S2eobp(R—R)" , by ="C2 (22)
The second derivative of V(R) is given by:
V'"(R) = H' —8n%(c + 2p)? — 16m%0 (0 + p)(1 + 2x2), (23)

where y2 =p’/a’ is the square of sound velocity. The stability of static solutions at R = R-
requires V(R.) =0 and V'(R.) = 0, while V"' (R.) becomes:
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H'? H H' 2R2 4 4RaVH H
V'(R)=H"+——|-1+ Lﬁm +o |1+ “g;mﬁ ]
2TL'R(1+m) 27T2R2<1+m>
2p2
_2_}21 14 4ym?R +4nRa\/ﬁ+Z(fc/§H+nRﬁ\/ﬁ (24)
2n2R2(1+ﬁ)
The surface energy density and pressure (14) can be written in the form:
— 2
oo = — 1—2—m+2—mtanh(q—) , (25)
2TTR- Ro Ro 2mRo
2m  2m, q? q? 2< q? )
1 TR Ro°anh(2mRo> Ro? Sech”\ zm.
po= 4R 2 2 (26)
° 1 m*zm*“anh( q )
Ro ' Ro 2mRo

Using equations (13) and (24), the dynamical equation and the second derivative of the
effective potential, become:

4y(mR-)? |1 — 2m + 2m tanh a +2(mR-)?*( 1 — a + 2ap <1 - 2m>
R Ro m R.? R

2mRo o
x|1- 2R_m + Ai?m tanh <2:Ian>l + <2(nq)2 +2 (2R_m)2 aﬁ) tanh? <2767112R>
+J1 — ZR—T:I + ZR—Ttanh (#ZRO) {ZnﬁRo [1 — g + gtanh (%)] + I"} =0, 27)
where
' = 4naR- ll — ZRm + ZRm tanh (2:5}?)] —nf ;I: sech? <2:1112R>'

and

Am q2 4q2 qZ qZ qZ
144 Rc _ _ 1 1 _ 2
V" (R-) X [tanh <2mRo> l + X -y tanh TR sech TR

(TR:)? 0 212
o 0%t o (W) (P+P+2BLRY), (28)

where

_ 2 _2m 2Zm q? q? 2 q°
® = 2(nR-)* + mBLR.,, O = re i Etanh (W) — Esech (M)’

_ 2 2 — _2m  Zm _a*_
W = 4y(nR.)? + 4maLR. + 3afl? , L= J1 ™+ 22 tanh (ZmRD) ,

So that, R? = —%V”(Ro)(R — R-)? + O[(R — R-)3]. The regular TSW is stable under radial

perturbations if V''(R.) > 0, and unstable when V" (R.) < 0. From equation (23), the
square of sound velocity x? is given by:
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2 _ RE(2H"-HT'H'?) 1
4(2H—R-H") 2 (29)

for V'"(R.) > 0 and

Br= it (2 2 [t tank ()] + ), (30)

2 2(2L2-BR.)

where

Y = @ [1 _ tanh (q—z)] sech? (%),

Ro 4MmRo 2MmRo

for V"(R.) = 0. The variation of y? versus R. is plotted in figures (1- 3) with different
values of q,y,B,a and m as free parameters.
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Figure 1. Stability regions RTSW correspondingto a =1,=1,q=09 and m=1
with different values of y.y =1, (b) y =0.4, (c) y = —0.4 ; where S denoted
to the stability regions
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Figure 2. Stability regions RTSW correspondingto a=1,=1,q=0.4 and m =1
with different values of y. y=1,(b) y = 0.4, (c) y = —0.4; where S denoted
to the stability regions
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Figure 3. Stability regions RTSW correspondingto a =1, =1,q=0.4 and m = 0.5
with different values of y. y=1,(b) y = 0.4, (c) y = —0.4 ; where S denoted
to the stability regions

4. Discussion

The stability regions have been plotted in the form of parameter y?versus R.. Figures 1-3
show the stability regions with different values of free parameters in Van der Waals (VDW)
quintessence EoS. Therefore, the stability region happens when the charge |q| is slightly
smaller than the mass. This result is similar to the result of Eid (2019).

5. Conclusions

The TSW dynamics from regular BH with Van der Waals (VDW) quintessence EoS is
derived, using the cut and paste technique. Such kind of EoS can describe the cosmic
expansion of the universe without the presence of exotic fluid. Also, Van der Waals (VDW)
quintessence fluids can reduce the usage of exotic matter.

The stability analysis of RTSW has been carried out about the static equilibrium solution.
From the stability conditions (29-30) the regular TSW is stable if V''(R.) > 0, while for
V'"(R.) < 0, the static solution is unstable. The output of RTSW can be either stable or
unstable, depending on the mass m, the parameters gq,y, 8, aand the initial position R. of
the dynamical shell.

Acknowledgement

The author is very grateful to the editor and the referee for carefully reading the paper and
for their comments and suggestions, which have improved the paper.

Published by Digital Commons @PVAMU,



Applications and Applied Mathematics: An International Journal (AAM), Vol. 15 [], Iss. 1, Art. 5

76 A. Eid

REFERENCES

Ayon-Beato, E. and Garcia, A. (1998). Regular black hole in general relativity coupled to
nonlinear electrodynamics, Phys. Rev. Lett., Vol.80, No. 23, pp. 5056-5059

Bardeen, J.M. (1968). Non-singular General Relativistic Gravitational Collapse: In Proceeding of
the international conference GRS, Thilisi, USSR, Georgia, pp. 174-180.

Beato, A. and Garcia, A. (1999). New regular black hole solution from nonlinear
electrodynamics, Physics Letters B. 464, pp. 25- 29.

Bento, M. C., Bertolami, O. and Sen,A. A.(2002). Generalized Chaplygin Gas, Accelerated
Expansion and Dark Energy-Matter Unification, Phys. Rev. D. 66, pp. 0435071-
0435075.

Borde,A. (1994).0Open and closed universes, initial singularities, and inflation, Phys. Rev. D. 50,
pp. 36921- 36926.

Bronnikov, K. A. (2001). Regular magnetic black holes and monopoles from nonlinear
electrodynamics, Phys. Rev. D. 63, pp. 0440051- 0440056 .

Bronnikov, K. A. and Fabris, J. C. (2006). Regular phantom black holes, Phys. Rev. Lett. 96, pp.
2511011-2511015.

Caldwell, R., Dave, R. and Steinhardt, P. J. (1998). Cosmological imprint of an energy component
with general equation of State, Phys. Rev. Lett. 80, pp. 15821-15826.

Capozziello, S., De Martino ,S. and Falanga, M. (2002).Van der Waals quintessence, Physics
Letters A. 299, pp. 494-498.

Das, A. and Kar, S. (2005). The Ellis wormhole with tachyon matter, Class. Quantum Grav. 22,
pp. 3045-3054.

Eid, A. (2019). The stability of a regular black holes thin shell wormhole in Reissner-
Nordstrom - De Sitter space-time, AAM: An International Journal, 14, Issue 2,
pp.1040-1051.

Halilsoy, M., Ovgunand, A., and Mazharimousavi, S. H. (2014). Thin shell wormholes from the
regular Hayward black hole, Eur. Phys. J., Vol.74, pp. 27961-27967.

Hayward, S. A. (2006). Formation and evaporation of nonsingular black holes, Phys. Rev. Lett.,
96, pp. 0311011-0311014.

Israel,W. (1966). Singular hypersurfaces and thin shells in general relativity, Nuovo Cimento B.,
44, pp. 1-14.

Malguarti, M., Copeland, E. J. and Liddle, A. R. (2003). K-essence and the coincidence
problem, Phys. Rev. D. 68, pp. 0235121-0235128.

Sahni, V. and. Starobinsky, A. A. (2000). The case for a positive cosmological A-term, Int. J.
Mod. Phys. D. 9, pp. 373-443.

Sharif, M., and Iftikhar, S. (2015). Dynamics of scalar thin shell for a class of regular black holes,
Astrophys. Space Sci., 356, pp.89-101.

Sharif, M. and Mumta, S. (2017). Stability of thin-shell wormholes from a regular ABG black
hole, Eur. Phys. J. Plus, 132, pp. 2602-2613.

Sen, A. A, Sen, S. and Sethi, S. (2001). Dissipative fluid in Brans-Dicke theory and late time
acceleration, Phys. Rev. D. 63, pp. 1075011- 1075017

Stefancic, H. (2005). Dark energy transition between quintessence and phantom regimes: An
equation of state analysis, Phys. Rev. D. 71, pp. 1240361-1240368.

Zlatev, I, Wang, L. and Steinhardt, P. J. (1999). Quintessence, Cosmic coincidence, and
thecosmological constant, Phys. Rev. Lett. 82, pp. 8961-8965.

https://digitalcommons.pvamu.edu/aam/vol15/iss1/5


http://www.sciencedirect.com/science/article/pii/S0370269399010382
http://www.sciencedirect.com/science/article/pii/S0370269399010382
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.63.044005
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.63.044005
http://www.sciencedirect.com/science/article/pii/S0375960102007533
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.63.107501
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.63.107501

	Stability of regular thin shell wormholes supported by VDW quintessence
	Recommended Citation

	tmp.1617115659.pdf.Xp6bt

