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Abstract

This dissertation concerns the numerical approximations of solutions of fully nonlinear sec-
ond order partial differential equations (PDEs). The numerical methods and analysis are
based on a new concept of weak solutions called moment solutions, which unlike viscos-
ity solutions, are defined by a constructive method called the vanishing moment method.
The main idea of the vanishing moment method is to approximate fully nonlinear sec-
ond order PDEs by a family of fourth order quasi-linear PDEs. Because the method is
constructive, we can develop a wealth of convergent numerical discretization methods to
approximate fully nonlinear second order PDEs. We first study the numerical approxima-
tion of the prototypical second order fully nonlinear PDE, the Monge-Ampere equation,
det(D?u) = f (> 0), using C'! finite element methods, spectral Galerkin methods, mixed
finite element methods, and a nonconforming Morley finite element method. We then
generalize the analysis to other fully nonlinear second order PDEs including the nonlinear
balance equation, a nonlinear formulation of the semigeostrophic flow equations, and the

equation of prescribed Gauss curvature.
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Chapter 1

Introduction

1.1 Prelude

Fully nonlinear partial differential equations (PDEs) are those PDEs which depend non-
linearly on the highest order derivatives of unknown functions. These PDEs arise in many
areas of science and engineering such as kinetic theory, materials science, differential geom-
etry, general relativity, optimal control, mass transportation, image processing, computer
vision, meteorology, and semigeostrophic fluid dynamics. In the case of second order equa-

tions, the general form is given by
F(D*u, Du,u,z) =0, (1.1)

where D?u(z) and Du(z) denote the Hessian and gradient of u at x, respectively.
Examples of such equations include (cf. [57])
o The Monge-Ampére equation

det(D?u) = f. (1.2)

e The equation of prescribed Gauss curvature

det(D*u) = K(1 + | Dul?)"%". (1.3)
e The Bellman equation
;Ig/(Lyu — f,) =0. (1.4)

The goal of this dissertation is to develop and analyze various numerical methods to
approximate the viscosity solutions of (1.1) whenever such solutions exist (cf. Definition
1.2.2). Specifically, we use the Monge-Ampeére equation to develop our ideas and methods,

and then generalize these results to other nonlinear PDEs.



1.2 Viscosity Solutions

Because of the full nonlinearity in (1.1), the standard weak solution theory based on the
integration by parts approach does not work and other notions of weak solutions must be
sought. Much progress has been made in the latter half of the 20th century concerning this
issue after the introduction of viscosity solutions. In 1983, Crandall and Lions introduced
the notion of viscosity solutions and used the vanishing viscosity method to show existence

of a solution for the Hamilton-Jacobi equation:
ut + F(Du,u,z) =0 (x,t) € R™ x (0, 00). (1.5)

The vanishing viscosity method is defined by approximating the Hamilton-Jacobi equa-

tion by the following regularized, second-order quasi-linear PDE:
uj + F(Duf,u,z) — eAut =0 (x,t) € R" x (0, 00). (1.6)

It was shown that there exists a unique solution u¢ to the regularized Cauchy problem
that converges locally and uniformly to a continuous function u which is defined to be
a viscosity solution of the Hamilton-Jacobi equation [30]. To establish uniqueness, the

following intrinsic definition of viscosity solutions was also proposed [31]:

Definition 1.2.1. Let F: R" xR xQ — R and g : 92 — R be continuous functions, and

consider the following problem:

F(Du,u,x) =0 in €, (1.7)
u=g on 0N2. (1.8)

(i) u € C(Q) is called a viscosity subsolution of (1.7)—(1.8) if u‘aﬂ = g, and for every

Cl function ¢(z) such that u — ¢ has a local mazimum at xo € Q, there holds
F(Dep(20), p(20), x0) < 0.

(ii) u € C°(R) is called a viscosity supersolution of (1.7)-(1.8) ifu}aﬂ = g, and for every
C' function @(x) such that u — ¢ has a local minimum at xo € S, there holds

F(Dg(x0), ¢(x0), x0) 2 0.

(iii) u € C°(R) is called a viscosity solution of (1.9)—(1.10) if it is both a viscosity subso-

lution and supersolution.

Clearly, the above definition is not variational as it is based on a “differentiation by

2



parts” approach. In addition, the word “viscosity” loses its original meaning in the def-
inition. However, it was shown [30, 31] that every viscosity solution constructed by the
vanishing viscosity method is an intrinsic viscosity solution. A reason to favor the intrinsic
differentiation by parts definition is that the definition and the notion of viscosity solutions

can be readily extended to fully nonlinear second order PDEs as follows:

Definition 1.2.2. Let FF: R x R" xR x Q — R and g : 90 — R be continuous

functions, and consider the following problem:

F(D?*u, Du,u,z) =0 in §, (1.9)
u=g on 0f. (1.10)

(i) u € C°(Q) is called a viscosity subsolution of (1.9)—(1.10) if u|aQ =g, and for every

C? function ¢(x) such that u — ¢ has a local mazimum at xq € 0, there holds
F(D?*¢(x0), Dp(x0), ¢ (x0), 7o) < 0.

(ii) u € C°(Q) is called a viscosity supersolution of (1.9)-(1.10) if “‘69 = g, and for

every C? function o(z) such that w — ¢ has a local minimum at o € €2, there holds
F(D*p(x0), Dp(x0), (x0), o) > 0.

(iii) u € CO(Q) is called a viscosity solution of (1.9)—(1.10) if it is both a viscosity subso-

lution and supersolution.

Remark 1.2.3. Without loss of generality, we may assume that u(zg) = p(xo) whenever
u — @ achieves a local maximum or local minimum at xg € Q in Definition 1.2.2. There-
fore in an informally setting, u is a viscosity solution if for every smooth function ¢ that
“touches” the graph of u from above at xq, F(D*p(xq), Do(x0), ¢(x0),20) < 0, and if ¢
“touches” the graph of u from below at xo, then F(D?p(z0), Dp(xo), p(z0),20) > 0 (see
Figure 1.1).

In the case of fully nonlinear first oder PDEs, tremendous progress has been made in
the past three decades in both PDE theory and numerical methods. A rich PDE viscosity
solution theory has been established, and a wealth of efficient and robust numerical meth-
ods and algorithms have been developed and implemented [9, 22, 28, 33, 81, 82, 83, 87].
However, in the case of fully nonlinear second order PDEs, the setting is remarkably differ-
ent. On the one hand, viscosity solution theory has been extended to second order PDEs
with great success [32, 64, 65], but on the other hand, numerical solutions for general fully

nonlinear second order PDEs is mostly an untouched area.

3



u(zp) = (o)

F(D?p(z0), Dyp(x0), ¢(20), 20) = 0

F(DZW(IDL Dfp(ﬂg), @(10)5 IU) <0

Figure 1.1: A Geometric interpretation of viscosity solutions.

There are several reasons for this lack of progress in numerical methods. First, the most
obvious difficulty is the full nonlinearity in the equation. Second, solutions to fully nonlinear
second order equations are often only unique in a certain class of functions, and this
conditional uniqueness is very difficult to handle numerically. Lastly, the non-variational
nature of viscosity solution theory poses a daunting challenge for computing these solutions
because it is impossible to directly approximate viscosity solutions using any Galerkin-
type numerical methods including finite element methods, spectral Galerkin methods, and
discontinuous Galerkin methods, which are all based on variational formulations of PDEs.
In addition, it is extremely difficult (if all possible) to mimic the differentiation by parts
approach at the discrete level, so there is little hope to develop a discrete viscosity solution

theory.

1.3 The Monge-Ampere Equation

The research presented in this dissertation will focus mainly on the Dirichlet problem for

a prototypical fully nonlinear second order PDE, namely the Monge-Ampere equation:

det(D?u(z)) = f(z) in ©, (1.11)
u=g on 012, (1.12)

where det(D?u(x)) denotes the determinant of D?u at x. It is known that for non-strictly
convex domain, €2, the above problem does not have classical solutions in general even if
f,g, and 09 are smooth [57]. However, classical results of A. D. Aleksandrov state that
the Dirichlet problem with f > 0 has a unique generalized solution in the class of convex
functions [2, 60]. We note that other nonconvex solutions of (1.11)—(1.12) might exist even

when f > 0. We also note that Monge-Ampere (1.11) is only elliptic in the class of convex



functions [57].
It is clear that equation (1.11) is of the form (1.1) with

F(D*u(z), Du(x),u(z), z) = f(x) — det(D?u(z)).

Since the solution of (1.11) is only unique in the class of convex functions, the definition

of the viscosity solution of (1.11) reads as follows [32]:
Definition 1.3.1. Suppose f € C°(Q) with f > 0 in Q.

(i) A conver function u € C°(Q) is called a viscosity subsolution of (1.11)-(1.12) if
u‘aﬂ = g, and for every C? function ¢(z) such that u — ¢ has a local mazimum at
xo € Q, there holds

det(D%*p(xq) > f(z0).

(i) A convex function u € C°(Q) is called a viscosity supersolution of (1.11)-(1.12) if
u‘aQ = g, and for every C? function p(x) such that u — ¢ has a local minimum at
xg € (2, there holds

det(D%p(w0) < f(x0).

(iii) A convex function u € C°(Q) is called a viscosity solution of (1.11)-(1.12) if it is

both a viscosity subsolution and supersolution.

Remark 1.3.2. It has been shown that Aleksandrov’s generalized solution of the Monge-

Ampeére is equivalent to the convex viscosity solution (cf. [60]).

Noting det(D?(—u)) = det(D?u) in the case n is even, we give the following notion of

concave viscosity solutions for the Monge-Ampere equation.

Definition 1.3.3. Suppose n is even, f € CO(Q), and f > 0 in Q. A concave function
@ € C°(R) is called a concave viscosity solution of (1.11) if @ := —u, where u is the convex

viscosity solution of

det(D%u) = f in Q,
U= —g on 0f2.

1.4 Contributions and Related Works

The research presented in this dissertation mainly consists of results reported in [50]—
[53],[78]. It also contains some new results which have not yet been reported. In [50],

the vanishing moment method is introduced (cf. Chapter 2) as a platform to solve fully



nonlinear second order PDEs using Galerkin type methods. Various formulations are pre-
sented. [52] is devoted to studying both finite element and spectral Galerkin methods
for the Monge-Ampere equation, [51] analyzes the Monge-Ampere equation using mixed
finite elements, and [78] studies the finite element approximation of the Monge-Ampeére
equation using the nonconforming Morley element. [53] develops a fully discrete modified
characteristic finite element method for a nonlinear formulation of the semigeostrophic flow
equations. We give a detailed account of the analysis of these papers as well as give addi-
tional numerical examples, especially in three dimensions. We also develop finite element
formulations to approximate other second-order fully nonlinear PDEs such as the nonlinear
balance equation, and the equation of prescribed Gauss curvature.

A few results on numerical approximations of second order nonlinear PDEs have re-
cently been reported which we now summarize. Oliker and Prussner [80] constructed a
finite difference scheme for computing Aleksandrov measure induced by D?u in 2-D and
obtained the solution of problem (1.11)—(1.12) as a by-product. The scheme is very geo-
metric and difficult to use and to generalize to other fully nonlinear second order PDEs.
Baginski and Whitaker [6] introduced a finite difference scheme for the Gauss curvature
equation (1.3) in 2-D by mimicking the continuation method (which is used to prove exis-
tence of the PDE) at the discrete level. Dean and Glowinski [39] presented an augmented
Lagrange multiplier method and a least squares method for the Monge-Ampére equation
and Pucci’s equation in 2-D by treating the nonlinear equations as a constraint and using a
variational principle to select a particular solution. However, it is unclear how the solutions
of their methods relate to viscosity solutions. In [8], Barles and Souganidis showed that
any monotone, stable, and consistent finite difference scheme converges to the viscosity
solution provided that there exists a comparison principle for the limiting equation. Their
results provide a guideline for constructing convergent finite difference methods, but it did
not address how to construct such a scheme. Oberman [79] constructed a wide stencil
difference scheme for nonlinear elliptic PDEs which can be written as functions of eigen-
values of the Hessian matrix. It was proved that the finite difference scheme satisfies the
convergence criterion established by Barles and Souganidis. Finally, Bohmer [13] recently
introduced a projection method using C" finite element functions for a certain class of fully
nonlinear second order elliptic PDEs. Numerical experiments were reported in [80, 6, 79],

but convergence analysis was not addressed except in [79, 13].

1.5 Applications and Impacts

Fully nonlinear second order PDEs arise in many areas of science including astrophysics,
economics, shape optimization, meteorology, general relativity, and biomedical computing.

Advancements in the applications of these areas largely depends on solving their underlying



equations. Despite their importance, little progress has been made in numerically solving
these PDEs. Therefore, the results presented here are expected to have a significant impact
on advancing many of these application areas.

Previous numerical algorithms for fully nonlinear second order PDEs are mostly heuris-
tic methods that are tailored for specific equations. In contrast, we give a general framework
to construct and numerically solve fully nonlinear second order PDEs (cf. Chapters 2, 9,
and 10). We provide a new notion of weak solutions and then give a detailed exposition
in constructing and analyzing various type of Galerkin-type methods. We especially give
considerable attention to the Monge-Ampere equation (Chapters 3-6), the prototypical
fully nonlinear second order PDE. However, we expect that the results presented in this

dissertation can be generalized to a large class of fully nonlinear PDEs.

1.6 Dissertation Organization

The dissertation is organized as follows. In Chapter 2, we introduce the vanishing moment
method and the notion of moment solutions for fully nonlinear second order PDEs. We
summarize the findings of [49] which analyzes this method applied to the Monge-Ampeére
equation. In Chapters 3-6, we approximate the Monge-Ampere equation via its vanishing
moment regularization (2.8)—(2.10). In Chapter 3, we study conforming finite element
methods in 2-D and 3-D. The Argyris finite element is specifically considered although the
analysis applies to any C! element. In Chapter 4, we extend the analysis of Chapter 3 to
spectral Galerkin methods. In Chapter 5, we derive a Hermann-Myoshi type mixed method
formulation for (2.8)—(2.10) and analyze the error of the numerical solution. In Chapter 6
we consider the numerical approximation of (2.8)—(2.10) using the nonconforming Morley
element. In Chapter 7, we consider the numerical approximation of the nonlinear balance
equation which arises in meteorology. Chapter 8 is devoted to studying the numerical
approximation of the semigeostrophic flow equations in a fully nonlinear formulation which
consists of the Monge-Ampére equation and the transport equation. Chapter 9 builds upon
Chapter 3, where the analysis of C'! finite elements is extended to general fully nonlinear
second order PDEs satisfying certain structure conditions. Numerical approximations of
the equation of prescribed Gauss curvature (1.3) is given as a specific example. Finally,
in Chapter 10, we comment on further applications of the vanishing moment method and

future directions we will pursue.



1.7 Mathematical Software and Implementation

We used the finite element method software package COMSOL Multiphysics [29] to run
all of the numerical tests in Chapters 3,5,7,8, and 9, and used the programming lan-
guage MATLAB [72] to develop code for the numerical experiments found in Chapter
6. For more information on these software packages see http://www.comsol.com/ and
http://www.mathworks.com/. To solve the resulting nonlinear algebraic system for each
test, we used a damped Newton method and used the direct linear solver UMFPACK [38]
within each Newton iteration. We ran the experiments on a workstation with an Intel Core
2 Duo rated at 2.4 GHz.

1.8 General Notation

Standard space notations are adopted in this dissertation. n denotes the spatial dimension
which will be restricted to the cases n = 2 and n = 3. Q and U will denote open, bounded,

convex domains in R” unless otherwise stated. The L?-inner product is defined by
(v,w) = / v owdx Yo, w € L*(Q),
Q

where ‘¢’ refers to either multiplication, dot product, or tensor product. We define the

L?-inner product over the boundary 99 as

(v, w)gq ::/ vowds Yo,w e L*09).
o0N

We use (-,-) to denote the pairing between a Banach space X and its duel X* (except in
the case X = L?(Q)). We denote the L?-norm by

=

lellz2 = llellr2 @) = (@, ¢)

For m >0, p > 1, let W™P(Q) denote the Sobolev space
WmP(Q) = {p € LP(Q); D € IP(Q), |a] < m)

endowed with the norm

RS

lellwns = lelwma@ = | D 1D,

laj<m



We denote the Hilbert spaces W™2(Q) by H™(f) and often write H™ = H™(Q). In

particular || - || gm := || - [[gm(q). We also define the Sobolev semi-norms
1
p
elwms = llwmo@) == | D 1D,
|a|=m
When p = 2, we write |¢|gm := |@|wm». Finally, C' is used to denote a generic € and h-

independent positive constant, and all constants are chapter-independent unless otherwise

specified.



Chapter 2

The Vanishing Moment Method

2.1 Motivation

In contrast with the enormous advances in PDE theory for second order fully nonlinear
PDEs, numerical approximations of this class of PDEs is essentially an untouched area.
There are three main reasons for the lack of progress. The obvious difficulty is the non-
linearity of the PDE. Second is the conditional uniqueness. Recall that solutions to fully
nonlinear PDEs are usually only unique in a certain class of functions. Thus, regardless of
what numerical scheme is used to approximate (1.1), the resulting algebraic system would
not only be difficult to solve, it would also be difficult to determine which solution one
is approximating. Finally and most importantly, the notion of viscosity solutions is not
variational and difficult to mimic at the discrete level.

To overcome the above difficulties, we introduce a new notion of solutions for fully
nonlinear second order PDEs called moment solutions, and a constructive method called
the vanishing moment method which mimics the vanishing viscosity method. Recall that
the existence of the viscosity solution was first proved by Crandall and Lions [30] using
the vanishing viscosity method for the Hamilton-Jacobi equations. A simple but crucial
observation is that the essence of the the vanishing viscosity method involves approximating
a lower order fully nonlinear PDE by a family of quasilinear higher order PDEs. This
observation motivates us to apply the above principle to second order PDEs (1.1). That

is, we approximate fully nonlinear second order PDEs

F(D?*u,Du,u,z) =0  inQ, (2.1)
u=g on 012, (2.2)

10



by the following higher order quasilinear PDEs:

G (D"u) + F(D*u¢, Du,uf,x) =0 in Q, (2.3)
u =g on 01}, (2.4)

where r > 3, € > 0, and {G.} is a family of suitably chosen linear or quasilinear differential

operators of order r [50] .

Definition 2.1.1. Suppose that u® € H?*(Q)NC° () solves problem (2.3)~(2.7). lim_,o+ u,
if it exists, is called a weak (resp. strong) moment solution to problem (2.1)—(2.2) if the
convergence holds in H'-weak (resp. H?-weak) topology. We call this limiting process the

vanishing moment method.

All of the second order PDEs considered in this dissertation are elliptic, and thus,
it is intuitively better to choose G.(D"u‘) to be elliptic. Since an elliptic operator is
necessarily of even order, the lowest order of (2.3) is » = 4. When thinking of fourth
order elliptic operators, the biharmonic operator stands out immediately. Furthermore, we
require G. — 0 in some reasonable sense as ¢ — 07. Making use of these observations, for

the continuation of the dissertation, we set
Ge(D™uf) = eA%uf, (2.5)
and (2.3) becomes
eA%u¢ + F(D*uf, Duf,u, z) = 0. (2.6)

Noting Dirichlet boundary condition (2.4) is not sufficient for well-posedness, an addi-
tional boundary condition must be imposed. Several boundary conditions could be used
for this purpose. Physically, any additional boundary condition will introduce a bound-
ary layer, so a better choice would be one which minimizes the boundary layer. Thus, in

addition to (2.4), we propose the use of one of the following boundary conditions:

OAu
on

Auf =c¢., or =¢Ce, O D*u‘n-np=rc. on 09Q, (2.7)

where n denotes the outward unit normal to 02. In summary, the vanishing moment
method consists of approximating the Dirichlet problem (2.1)—(2.2) by the quasilinear
fourth order boundary value problem (2.6),(2.4),(2.7).

Remark 2.1.2. We note that the first two boundary conditions in (2.7), which are natu-

ral boundary conditions, have an advantage in PDE convergence analysis. Also, the first

11



boundary condition in (2.7) is better suited for conforming and nonconforming finite ele-
ment methods, where as the last boundary condition in (2.7) fits naturally with the mized
finite element formulation. Also, we comment that c. = € will be used in most parts of this

dissertation.

Remark 2.1.3. When n = 2 in mechanical applications, u¢ often stands for the vertical
displacement of a plate, and D*u is the moment tensor. In the weak formulation, the
biharmonic term becomes €(D?*u, D?*v) which should vanish as € — 07. This is the reason
we call lim,_,g+ u® a moment solution and call the limiting process the vanishing moment
method.

2.2  Vanishing Moment Approximation for the Monge-Ampere
Equation
Applying the vanishing moment method to the Monge-Ampere equation and choosing the

first boundary condition in (2.7), we approximate (1.11)—(1.12) by the following fourth

order quasilinear problem:

—eA%u + det(D?*uf) = f (> 0) in Q, (2.8)
u‘=g on 012, (2.9)
Auf =e€ on 0f). (2.10)

Multiplying equation (2.8) by a function v € H?(2) N H(Q), integrating by parts, and

using Green’s formula we have

(f,v) = —e(A%uf, v) + (det(D?uf),v)
= e(D(Auf), Dv) + (det(D?uf),v)

= —¢(Auf, Av) + (det(D*uf),v) + ¢ <Au€, 81}>
M/ aq

= —e(Auf, Av) + (det(D*uf),v) + <€2, 81}> .
M/ a0

Using this identity, we give the following definition.

Definition 2.2.1. We define u¢ € H%(Q) to be a solution of (2.8)~(2.10) if u¢ = g on O
and

9 Ov

—e(Auf, Av) + (det(D*uc),v) = (f,v) — <€ ¥

> Yo € H*(Q) N H(Q).
oN

12



We remark that for a Lipschitz domain €, the embedding H?(Q) «— C°(Q) holds, and

hence, u¢ = g on 9€) makes sense.

2.2.1 PDE Results and Assumptions

We now summarize the results of [49] which concerns the well-posedness of (2.8)—(2.10).

Theorem 2.2.2. In the case n = 2 there ezists a unique solution u¢ to (2.8)—(2.10) for
all € > 0. Furthermore, u¢ converges to u pointwise and H'-weakly as ¢ — 0%, where
u denotes the unique viscosity solution of (1.11)—(1.12). Moreover, the following bounds
hold:

1—j . c i .

lullgs = O(e ) (= 1,2,3), [luwse = O("7) (j = 1,2), (2.11)
- € _1

12| 2 = O(e™), 19> = O(e™2),

where ®¢ = cof(D?uf), denotes the cofactor matriz of D>uc.

Remark 2.2.3. We note that (strong) convergence in H' and H? has not been proven,
nor have any rates of convergence been shown. We address all of these issues in Sections
3.4, 5.5, and 6.5.

Remark 2.2.4. We note that the results of Theorem 2.2.2 were proved in the case n = 2
and Au¢ = € a.e on 9). However, throughout this dissertation, we will assume that
Theorem 2.2.2 hold for n = 3 and the boundary condition replaced by D*un-n = €. That

1s for every € > 0, there exists a unique solution u€ that solves

—eA?uf 4 det(D*uf) = f (> 0) in €, (2.12)
u- =g on 092, (2.13)
D*ufn-n=c¢ on 092, (2.14)

and u converges pointwise and H'-weakly to u, the unique convex viscosity solution of
(1.11)-(1.12). In Section 5.4, we will find that this assumption (which will be used often in
Chapter 5) is most likely to be true.

Next, we extend the methodology of the vanishing moment method to approximate the
other solution of (1.11)—(1.12) in the case n = 2. Recall, in the case n is even, we can

define the notion of a concave solution of the Monge-Ampere equation, which we denote

13



by @ (cf. Definition 1.3.3). We approximate 4 by @€, where @ solves

€A% + det(D?*uf) = f in Q, (2.15)
=g on 012, (2.16)
Al = —e on 0f). (2.17)

Definition 2.2.5. We define a¢ € H2(Q) to be a solution of (2.15)—(2.17) if i = g on
002 and

9 OV

e(AT, Av) + (det(D?*ac),v) = (f,v) — <e o

> Yo € HA(Q) N H(Q).
onN

We have the following result.

Theorem 2.2.6. When n = 2, there exists a unique solution u¢ to (2.15)—(2.17). Further-
more, 1€ is strictly concave for each € > 0, and @€ converges to @ pointwise and H'-weakly

as € — 0%, where @ is the concave viscosity solution of (1.11)—(1.12).

Proof. Tt is easy to see that @€ is the solution to (2.15)—(2.17) if and only if u€ := —a€ is
the unique convex solution to (2.8)—(2.10) with g replaced by —g. That is, u® satisfies

—eA%u° + det(D?u) = f in Q,
ut = —g on 0f),
Auf =e€ on 0f2.

Thus, the first assertion holds by Theorem 2.2.2. Also, u€ is strictly convex implies that
1€ is strictly concave.

Finally, let u denote the unique convex viscosity solution of (1.11)—(1.12) with g re-

placed by —g. We note that % = —u and u€ converges to u pointwise and H'-weakly as
€ — 01 by Theorem 2.2.2. Since i€ = —u¢, then @€ converges to @ pointwise and H '-weakly,
and the proof is complete. O

With these results in place, we can now use existing numerical discretization meth-
ods devoted for the biharmonic problem to approximate the second order fully nonlinear
Monge-Ampere equation. Chapters 3—6 are concerned with this analysis. In Chapter 3, we
approximate (2.8)-(2.10) using C! finite elements. The Argyris finite element is specifically
considered, although the analysis applies to any C'! element. Chapter 4 extends the work of
Chapter 3 to spectral Galerkin methods. In Chapter 5, we approximate (2.12)—(2.14) using
Hermann-Myoshi mixed finite element methods. Next, in Chapter 6, we solve (2.8)—(2.10)
using the n-dimensional Morley element which was recently introduced in [74]. Finally, we

note by Theorems 2.2.2 and 2.2.6, we have an easy way to choose which solution of the

14



Monge-Ampere equation we are approximating by computing (2.8)—(2.10) or (2.15)—(2.17).

We briefly touch upon this issue again in Section 3.5.
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Chapter 3

C! Finite Element Methods for the
Monge-Ampere Equation

The goal of this chapter is to develop and analyze conforming finite element methods
that approximate the solution of (2.8)-(2.10) in 2-D and 3-D. As a result, we will obtain
convergent methods to approximate the convex viscosity solution of the Monge-Ampere
problem (1.11)—(1.12). When deriving error estimates, we are particularly interested in
obtaining error bounds that show explicit dependence on e. Argyris finite element methods
are specifically considered in this chapter, although our analysis applies to any C' finite
element method such as Bogner-Fox-Schmit and Hsieh-Clough-Tocher elements (cf. [27,
17]) when n = 2.

We note that finite element approximations of fourth order PDEs, in particular, the
biharmonic equation, were carried out extensively in 1970’s in the two-dimensional case
[27], and have attracted renewed interests lately for generalizing the well-known 2-D finite
elements to the 3-D case (cf. [90, 93, 94]). All these methods can be readily adapted
to discretize problem (2.8)—(2.10) although their convergence analysis do not come easy
because of the strong nonlinearity of the PDE (2.8).

To overcome this difficulty, we use a fixed point technique which makes strong use of the
stability property of the linearized problem which is analyzed in Section 3.2. By doing so, in
Section 3.3, we obtain optimal order error estimates in the energy norm as well as in the L?-
norm and H'-norm. Section 3.4 studies the approximation results when the data is slightly
changed in the discretization. We may think of this perturbation of data as the effect of
numerical quadrature, but the analysis will also be useful in Chapter 8 when we study the
semigeostrophic flow equations. Section 3.5 studies the finite element approximation of
(2.15)—(2.17) in n = 2 which in turn approximates the concave solution of (1.11)—(1.12).
The results in this section will follow directly from the analysis of Section 3.3. Finally,

Section 3.6 presents a number of numerical experiments to validate the theoretical error
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estimate results in 2-D. We then present a detailed computational study for determining
the “best” choice of mesh size h in terms of € in order to achieve the optimal rates of
convergence and for estimating the rate of convergence for both u —uj, and u —u* in terms

of powers of e.

3.1 Formulation of Finite Element Methods

We first introduce the following space notation:
V= H*(Q), Vo := H*(Q) N Hy(Q), Vy,:={veV; vlpg =g}

Based on Definition 2.2.1, we define the variational formulation of (2.8)-(2.10) as fol-
lows: Find u® € Vj such that

ov
—e(Auf, Av et(D?uf),v) = v) — (2, — v . .
(A, 80) + (det(D*u)0) = (.0) = { n>m welh (1)

Remark 3.1.1. We note

n

det(D%uf) = Loe prye = 1 Z@?ﬂ j=1,2,..n
n n Y Ox;0z Ty

=1

where ®¢ = cof(D?uf) is the cofactor matriz of D?*u¢. Thus, using the divergence free
property of cofactor matrices (cf. Lemma A.0.1), we can define the following alternative

variational formulation for problem (2.8)—(2.10):

1
—e(Auf, Av) — —(®°Duf, Dv) = (f,v) — <€2, 3U> Yo e V. (3.2)
n o/ sa
However, we shall not use the above weak formulation in this dissertation.

To formulate the finite element method, let 75 be a quasiuniform triangular or rectan-
gular partition of 2 if n = 2 or a quasiuniform tetrahedral or 3-D rectangular mesh if n = 3
with mesh size h € (0,1). Let V" C V denote a conforming finite element space consisting

of piecewise polynomial functions of degree (> 5) such that for any v € VN H*(Q) (s > 3)
inf ||v—wpllgs <A ollgs, 7=0,1,2, £=min{r+1,s}. (3.3)
U}LEVh

We recall that r = 5 in the case of the Argyris element (cf. [27, 17]). Let

Vih = {vn € V" vploa = g}, Ve' = {vn € V"5 wplaq = 0}.

17



Based on the weak formulation (3.1), we define our finite element method as follows:
Find uj, € V;]h such that

2 8'Uh

—e(Auf, Avy) + (det(D?uf,), vp) = (f,vn) — <e on

> Yo, € Vg (3.4)
oN

Let u® be the solution to (3.1) and wuj, the solution of (3.4). The main task of this
chapter is derive optimal order error estimates for u® — uj,. To this end, we first need to
prove existence and uniqueness of uj,. Both tasks are not easy due to the strong nonlinearity
in (3.4). Unlike the continuous PDE case where u¢ is assumed to be convex for all €, it is
not clear whether uj preserves the convexity even for small h and e. Without a guarantee
of convexity for uj, it would be difficult to establish any stability result for uj. This is
the main obstacle for proving existence and uniqueness for (3.4). In addition, again due
to the strong nonlinearity, the standard perturbation technique for deriving error estimate
for numerical approximations of mildly nonlinear problems does work. To overcome these
difficulties, we use a combined linearization and fixed point technique. We note that by
using this technique, we are able to simultaneously prove existence and uniqueness for uj,
and also derive the desired error estimates. In the next two sections, we shall give a detailed

account of this technique and apply it to problem (3.4).

3.2 Linearization and its Finite Element Approximation

To analyze (3.4), we shall study the linearization of (2.8) to build the required technical
tools.
3.2.1 Linearization

For a given smooth function w and ¢ € R, there holds (cf. [24])
det(D?(u€ + tw)) = det(D?*u) + ttr(®°D?*w) + - - - + t"det(D?w). (3.5)
Thus, the linearization of
ME(uf) := eA*uf — det(D?uf)
at the solution u is given by

MeE(uc — Me€(uf
Lyc(w) : = lim (u” + tw) ()
t—0 t
= eA%w — ¢ : D*w
= eA?w — div(®°Dw),

(3.6)
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where we have used Lemma A.0.1 to get the last equality. Next, we have for any v,w €
HE ()

(Lue(w),v) = (eA?w — div(®°Dw), v)
= (—eDAw + ®*Dw, Dv)
= e¢(Aw, Av) + (®°Dw, Dv)
= —e(Dw, D(Av)) + (Dw, Do)
= (w, eA%v — div(®Dv))
= (w, Lye(v)).
Hence Lye is self-adjoint, that is, (Lye(w),v) = (w, Lic(v)) = (w, Ly (v)) Yo,w € HZ(),

where L} is the adjoint operator of L.

Given ¢ € V', we now consider the following linear problem:

Ly(v) =¢ in, (3.7)
v=0 on 0, (3.8)
Av =1 on . (3.9)

Multiplying (3.7) by a test function w € Vj and integrating over 2 we get the following
weak formulation for (3.7)-(3.9): Find v € V{ such that

Blv, w] = (p,w) — <¢7 8n> Yuw € Vo, (3.10)

where

Blv,w] := e/ AvAw dx +/ ®“Dv - Dw dz. (3.11)
Q Q
The next theorem ensures the well-posedness of the above variational problem.

Theorem 3.2.1. Suppose 00 € C%1. Then for every p € Vi and ¢ € H_%@Q) there

exists a unique v € Vy such that
Blv,w] = (¢, w) - <¢7 8n> Yw € Vp. (3.12)

Furthermore, there exists a constant C1(e) = O(e™1) such that

(3.13)

[l > < Cile) (1ellrrgnz)~ + ell¥l
H™2(69)
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Proof. By (2.11), we have [|®€]|;2 < Ce 2. Thus, we bound Blv, w] as follows:
_1 _1
|Blo, wl| < €| Av]| 2| Aw][ 2 + Ce™2 || Do pa|| Dwl| s < Ce™= o]l g2 [[w] g2,

where we have used Sobolev’s inequality, noting H(Q2) — L*(Q) for 1 <n < 4.
To obtain coercivity, we note that since u¢ is strictly convex, D?u¢ is positive definite.
Thus, &€ is positive definite. Therefore, there exists 8 > 0 such that

0 0
Blv,v] > e Av||7z + 0]l DvllLe > el AvllZz + 51 Doll72 + 55072,

where we have used Poincaré’s inequality. Since 2 is convex, we have ||v|| g2 < C||Av||z2
[17]. Thus,

Blv,v] > Ca(e)l|vl, (3.14)
where Ca(e) := Cmin{e, 0} = O(e).

Next, we confirm that G(w) = (p,w) — <¢, %’;>89 is a bounded linear functional.
Clearly, G is linear. Also,

Gw)| < el mpnmzy-lwlla +el¥ll, -1 (3.15)

(092) H on HHz (62)

< llellrgnmzy-lwll g2 + €Cll| w2,

H™3(60)

where we have used the trace inequality [44, p.258]. Noting ¢ € Vi, v € H *%(89), G is
bounded.
Thus, by the Lax-Milgram Theorem [44, p. 297], for every ¢ € Vi and ¢ € H*%(GQ),

there exists a unique v € V{y such that
ow
Blv,w] = (p,w) — € 1, — Yw € V.
To obtain (3.13), we use (3.14) and (3.15) to get

el < Ca(e) (Nellarinmaye + el (3.16)

H™ 3 (092) >
where C}(¢) = CCy ' (e) = O(e7). O
We now improve the above results in the case when the data is smoother.

Theorem 3.2.2. Suppose ¢ € H-1(Q), ¥ € H%(({)Q), and 0Q € C. Then v € H3(Q) N
H}(Q), and if » =0, the following bound holds:

[vllgs < Ce (Il -1 (3.17)
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Furthermore, if ¢ € L*(Q), ¢ € H%(aﬂ), and 99 € C?, then v € HY(Q) N HY(), and
if v =0, we have the following bound:

[ollzs < Ce™? ol 2. (3.18)

Proof. The assertions that v € H3(Q)NH () and v € H*(Q)NHE () follow from standard
elliptic theory [44, 57, 58]. Thus, we only have to show bounds (3.17) and (3.18).
Suppose ¢ € H~1(Q) and ¢ = 0. Multiplying (3.7) by v, integrating over €2, and using

Lemma A.0.1, we have
€(Av, Av) + (®°Dv, Dv) = (p,v).
Next, we use Poincaré’s inequality to obtain

el|Av||Z2 + 01 Dvll7e < lllla-1llvllan
< Cllelg-1llDvll 2

Thus,
[Dvl| 2 < Cllell -1 (3.19)
Multiplying (3.7) by Awv, integrating, and using (2.11),(3.19), we have

€| D(Av)|72 = (¢, Av) + (€“Dv, D(Av))
< llela-llAvllay + (19 oo [[ Dol 2| D(Av) [ 2
< C(llella-1 + e[ Dvll2) 1D (Av) | 2
< CeHlpllg-11D(AV)] 2

Thus,
ID(A)| 2 < Ce |l g1,

and (3.17) follows from Poincaré’s inequality.
Next, suppose ¢ € L?(Q). Multiplying (3.7) by A2v, integrating, and using Theorem
3.2.1, we get

e A%||25 = (p, A%v) + (@€ : D*v, A%)
< C(llellze + 12°) 2= [ Dol 12) | A%V 2
< Cllellze + e ID?wll 2) [|A%0]| 2
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< CC1(e)eH lpll 2 1A% 2.
Thus,
1A%0] 2 < CC1(e)e [l < Ce™? ||l 2

O

Next, we note that Theorem 3.2.1 can be extended to the case of nonhomogeneous

boundary data which is shown in the following theorem.

Theorem 3.2.3. For every ¢ € V*, £ € H%(aﬂ), Y € H_%(aﬁ), there exists a unique
v €V such that

Lyc(v) =¢  inQ,

v=¢§ on 0, (3.20)
Av =1 on 0.
Furthermore, we have the estimate
[ollrz < Ca(0) (el +€ 21l oy + NV b o) (321)

where C3(e) = O(e™1).

Proof. Let w = v — 0, where 0 € V is an extension of £&. We then seek w € Vj such that

Blw, z] = (p, z) — <7,/J, 877>8Q — BJ0, 2] Vz € Vp. (3.22)

From the proof of Theorem 3.2.1, it suffices to show H(z) := (p, z) — €(%, g—;> — BJ0, 2]

is a bounded linear functional. Trivially, H is linear and

_L1.
[H ()] < llell a2y l1zl g2 + el 9l IDz|| v+ Ce 28] gz | 2]| a2 (3.23)

H?8(2

< C (el + €l -3 g + € I 43 ) 1212

H? (99)

Thus, H(-) is bounded. Therefore, by the Lax-Milgram Theorem for every ¢ € V*, £ €
H%@Q), (OIS H_%(('?Q) there exists a unique solution w solving (3.22). It follows that
there exists a unique solution, v, solving (3.20).

To get (3.21), we use (3.23) with z = w and the coercivity of B[, -] to get

Cof@llwlEe < € (Il + ellvll -y oy + € HElLg ) 0l
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Thus,

Ca@llell 2 < C (Ul + vl -y “||5||H2 o) + C2(loll2

< O (lpllrzy + ellvl -y o +€ 21043 ey ) -

From this inequality, we get (3.21). O

3.2.2 Finite Element Approximation of Linearized Problem

Let Voh C Vj be one of the finite-dimensional subspaces of V{ as defined in Section 3.1 (e.g.
Argyris finite element), and v € Vj denote the solution of (3.10). Based on the variational
equation (3.10), our finite element method for (3.7) is defined as seeking v, € Vi such that

owy,
Blvp, wp] = (¢, wn) — <¢7 > Yy, € V. (3.24)
M /o0
Our objective in this section is to first prove existence and uniqueness for problem

(3.24) and then derive optimal order error estimates in various norms.

Theorem 3.2.4. Suppose v € Vo N H*() (s > 3). Then there exists a unique v, € V'

satisfying (3.24). Furthermore, we have the following estimates:

lvnllm2(0) < Cs(e) (H@H(Hlmm + 1l -y 39)) (3.25)
[v = vl 20y < Ca(Oh2|[v]l ey (3.26)
[v = vonllmr (@) < Cs(Oh M [v]l prege). (3.27)
o = vallr2@) < Cole)h||vl| e (3.28)

where £ := min{r + 1,5}, C3(e) = (1), Cule) = 0(67%), Cs(e) = O(e7%), and Cg(e) =
O(e7)

Proof. Estimate (3.25) follows immediately by setting w, = vy in (3.24) and using the
coercivity of the bilinear form B[, -].

To derive the error in the H%-norm, we use the error equation,

Blv —vp,wp] =0 thEVOh.
Using the coercivity of B[, -], we have
Cs(€)|Jv — vp||}2 < Blv — vp, v — vp] = Blv — vp, v] — Blv — vy, vp) (3.29)

= Blv — vp,v] = Blv — v, v — Ipv],
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where Ipv denotes the finite element interpolant of v onto Voh. Noting
B(v —vp,v — Iyv) < O3 ||v — v 2 lv — Lol e,
we use standard interpolation theory (cf. Theorems A.0.2 and A.0.3) to get
v = vallz2 < CCy (e 2o — Tyvl 2 < Cal@)h2[v] e

Thus, (3.26) holds.

Next, we derive the error in H'-norm using a standard duality argument.

en := v — vy, and consider the following auxillary problem:

Ly (¢) = Aey, in Q,
=0 on 0f),
Ap=0 on 0f).

Using (3.17), we have
1]l s < Ce™?[|Aen| -1

Since [|Aep||g-1 = sup{(Aep, w)| w € H(Q), |[w|z < 1}, we have

(Aen, w) = (Dep, Dw) < |[Dey| 2| Dwl| g2 < ||Depl|z2]lw]| gt = [|Denl| 2.

It follows that
6]l s < Ce 2| Aepl| -1 < Ce || Dey |2

Thus,
HDehH%ﬂ = <A€h, eh> = B[¢a eh] = B[Eh, ¢] = B[eha ¢ - Ih¢]
_1
< Ce2||¢ — Ingl g2llenll 2
_1
< Ce zh| 9| msllenll m2
5
< Ce zh||Dep| 2|len]| g2
Hence,

_s
[Denll2 < Cem>hllen] g2

Combining the above inequality with (3.26), we get (3.27).
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To derive the error in the L?-norm, we consider the following problem:

Lys(¢) = ey, in Q,
on 0,
on 0f).

Using (3.18), we have
Igllze < Ce®flenll 2.

Thus,
lenll> = Bl¢, en] = Blen, ¢ = Blen, ¢ — In¢)
_1
< Cez|enllp2ll¢ — Indll
_1
< Ce 2 1?|lep 2 19| s
_z
< Cezh?|len| m2llenl| 2
Dividing by ||ep| 2, we get (3.28). The proof is complete. O

3.3 Finite Element Method for Problem (3.4)

The goal of this section is to derive optimal order error estimates for the finite element
method (3.4). Because of the small parameter € in (3.4), we cannot absorb the strong
nonlinearity in the biharmonic term, and as a result, we cannot derive error estimates
directly. Furthermore, there is no guarantee that the solution (if it exists) is convex even
for small € and h, which makes it difficult to obtain any type of stability result.

To circumvent these difficulties, we use a fixed point technique which relies on the
stability properties of the linearized problem studied in the previous section. To this end,
we define a linear operator T}, : Vgh — Vgh as follows: For any vy, € Vgh, define Ty, (vp) € Vgh

to be the solution of following problem:

Blon — Th(vn), wn] = e(Avy, Awy) — (det(D*vp), wp) (3.30)

0
+(f,wh)—<2 wh> Yy, € V.
o0

€ ,787’]

By Theorem 3.2.1, Tj(vy) is uniquely defined for all vy, € V;]h. Notice that the right-
hand side of (3.30) is the residual of v;, to equation (3.4), and hence, any fixed point vy, of
the mapping T}, (i.e. Th(vy) = vp) is a solution to problem (3.4) and vice-versa. In what

follows, we shall show that the mapping T}, has a unique fixed point in a small neighborhood
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of Ipu€, the finite element interpolant of ue.

Next, we set
Bu(p) == {vn € Vs |lvn — Iyu| g2 < p},

and for the continuation of the chapter, we assume u¢ € H*(Q) (s > 3) and set { =
min{r + 1, s}.

Lemma 3.3.1. There exists a constant C7(€) = O(e%(l_”)) (n =2,3) such that
[ Thut — Ty (Ihu) || g2 < Cr(€)R*=2||uf]| ge. (3.31)

Proof. To simplify notation, let wj = Iu® — T ([puc), af := Iyu® — uf, and denote [pu*
to be the standard mollification of Ipu®. Then using the mean value theorem and Lemma
A.0.1, we have

Blwt,ws] = e(A(Ipuc), Awt) — (det(D2(Ihu)) — f,ws) — <8, 35;7’3>69 (3.32)

= e(AaS, Aw) + (det(D?uc) — det(D*(Ihu)), ws)
= ¢(AaS, Aw) + (det(D?uc) — det(D*(IuH)), ws)
— (det(D*(Inuf)) — det(D*(Ihu ")), wf,)
= e(Aa’, Aus) + (B¢ : (D%uf — D*(I,u ")), ws)
— (det(D?(Inuf)) — det(D*(Ihu ")), wf,)
= e(Aa®, Awp) — (&°D(uf — Lu™), Do)
— (det(D*(Inuf)) — det(D*(Ipu ")), wj,)
< el Aaf| 2| Awf || 2 + Cl1O°| 2 [|u — TnusH | g2 | |12

+ || det(D?(Iu)) — det(D?(Ipu*)| g2l | 2,

where ®¢ = cof(7 D?(Iu“*) + (1 — 7) D?u¢) for some 7 € [0, 1], and we have used a Sobolev
inequality.

Next, when n = 2, we bound ||®¢|| 2 as follows:

19 2 = [lcof(r D* (Iu™*) + (1 — 7) D*uf)|| 2 (3.33)
= |rD*(Iu*) 4+ (1 — 7)D?u|| 12
<D (Ihu) || 2 + [|1D*u 2 + | D (Ihus) — D*(Ihu*)|| 12
< C||D*u| 12 + | D> (Inu€) — D*(TnuH)|| 2
< O3 + ||D2(Iyut) — DX (Iyu")| g,

where we have used (2.11).
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When n = 3, we note that
|‘i>§j\ = |cof(1 D*(Iu®") + (1 — 7)D?*uf);j| = | det (TDZ(Ihue’“)‘ij +(1— T)D2u€’ij) l,

where DQUE‘U denotes the resulting 2 x 2 matrix after deleting the i** row and j** column
of D?uf. We can thus conclude that

= 2
()] <2 max (|r(D*(Iyu™"))se + (1= 7)(D*u)st)
sFU,t#]

< C max (I(D2u)af? + D2 (1) — DA(Ipu)f?)
SFL L]
< C (ID*uf|[ee + |[1D* (Iu) — D (Lyu")|[7) -
Hence, by (2.11)
81,2 < Ce + | DA(Lyu) — DA(Iyu) 3 (3.34)

Using bounds (3.33)—(3.34) into (3.32) and setting ;. — 0 we obtain

5=3n
Blwp, wi] < €l|Aa’(| 2| Awpll L2 + Ce>[laf]| L2 wh [ 2
3n

5—
<Ce 2

[l || 2|, || a2
Using the coercivity of the bilinear form B, -] we obtain
il < CCTH O 2 0| 2 < Cex =R |uc .
The proof is complete. O
Lemma 3.3.2. There exists an hg > 0 such that for h < hg there exists py € (0,1) such

that the mapping Ty, is a contracting mapping in the ball By, (po) with a contraction factor

%. That is, for any vy, wy € By(po), there holds

1
| Th(vn) — Th(wn) || g2 < §||’Uh — wp | g2 (3.35)

Proof. Let vy, wy € Br(po) and zp, € Voh. Using the definition of Ty (vy,) and Ty (wp,), we
have

B[Ty,(vp,) — Ty(wp), zn) = Blvp, — wp, 2p] + €(A(wp, — vp,), Azp)
— (det(D?wy,) + det(D?vy), z1)
= (®°D(vp, —wp), Dzp) + (det(DQUh) — det(D?wy,), 1) -
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Adding and subtracting det(D?v}), det(D?w)), where vy, w) denote the standard

mollifications of vy and wy, respectively, yields

B[Ty(v,) — Th(wp,), 2]
= (®°(Dvy, — Dwy,), Dzy) + (det(D?vy,) — det(D?wy), 2)
= (®°(Dvy, — Dwy,), Dz) + (det(D*vl) — det(D*w}), 23)
+ (det(D?vp,) — det(D*0l), zp,) + (det(D*w}') — det(D*wp,), z)
= (®°(Dvy, — Dwp), Dzp) + (¥4 : (D*v} — D*w}), 2)
+ (det(D?vp,) — det(D*0l)), zp,) + (det(D*w}') — det(D*wy,), z1),

where W) = cof(D?v} + r(D*wl — D*})), 7 € [0,1].
Using Lemma A.0.1 we have
B[T(vn) — Th(wn), 21] (3.36)

= ((®° — })(Dvy, — Dwy), Dzy) + (V) (Dvy, — Dv}'), Dzp,)
+ (WH(Dw) — Dwy,), zp,) + (det(D?vy) — det(D*v})), 23)
+ (det(D*w})) — det(D*wy), zp)

< {10 = Wl — wnle s + 19 2l [ — of 1
+ ||wp, — w|| g2] + [||det(D?vy,) — det(D?*ol)]| L2
+ l[det(D?wy) — det(D?wf)| 2] 12 22 }-

where we have used a Sobolev inequality.

Next, we derive an upper bound for ||®¢ — W|| 2 when n = 2 as follows:

@€ — TH|| 2 = [[cof(D*uc) — cof(D*vf! + 7(D*wlf — D*0}))| 12
= |D*u — (D*v}! + 7(D*wl! — D*0}))| 12
< [|D*u = D*(Ipus)|| 2 + | D*(Thus) — D2vp| 2
2 D% — Dol s + [ D%wn — Dl e + D0y — Duwnl e
< C(h 2 |[w e + po + [|1D?vn — D0 || 2 + (| D?wp, — D*wh|2).

When n = 3, we note

||(®€ — \IIZ)Z']'HLQ = HCOf(D2u6) — Cof(D2vZ + T(D2w}’f - DQUz))HLz
= det(DQUE‘ij) — det(Dzv,’ﬂij + T(D2wZ|U — D%Z‘z‘j))HLQ?

where we have used the same notation as in Lemma 3.3.1. Thus, using the mean value
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theorem,
(@€ = Th)ijll L2 = Rk (D2“6‘zj - (DZUZ}U + T(D%ZL!U - D%Z‘z’j)))””’
where AV = cof(DQUEIij+)\(D2vmij+7'(D2wZ‘ij —D%Z‘ij))) € R?*2, )\ € [0,1]. Bounding

|A¥]| L, we have

IAY | oo = fJeof(D*uf|; + N(D?vy |, + 7(D*wy], . — D*up] )|z

- HDQue{ + )\ D2 ‘Z] +T(D2 ’ij o D2U‘u‘ ))HLOO

hlij
3
< C(HDQuEHLm + HDquh — D2vh\|Loo + ||D2wﬁ — DzwhHLoo +h 2p0),

where we have used the triangle inequality followed by the inverse inequality (A.21). Con-
tinuing,

(2 = Th)ijll 2
< [|A9)| s | D2 — (D20, + 7(D*w| . = Dof| )iz
fC@D%wwﬂWD%ﬁ—D%wmﬂwD%%—D%muw+n%m)
x <HD2u€ — D*0l!| 2 + || D*wff — D%gHL2>
< C(|| D2 |1 + | D*f — D2upl oo + [|D?wf = D2wpllpos + b3 po )
X (hZ_QHUGHHZ + po + | Doy, — D*vl!|| 12 + || D*wi) — DQwhHLQ).

It follows that

@€ — Wl 2 < C(||D2u5\|Loo + || D*v} — D*vp| o + || Dl — D*wp || 1

_3 _
+ 58 p0) (A2 e + po + [DPon — D22 + | D}t — D2un 12 )

Applying these bounds of || @€ — |2 to (3.36), setting u — 0, and noting (2.11) we
obtain

n _3 oy e
BTy (vn) — Th(wp), 2] < C (27" + (n = 2)h™2po) (K2 ||u|| e + po)llvn — whl| mr2 || 20 | 172

Using the coercivity of B[], we have
1Tk (vh) = Th(wa)|| g2 (3.37)
e+ (n —2 h_%po o e
< 0 = 2200 ) (e + po)lon — ol
Ca(e)
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1 1
Set hg = O ( Cale) )272 in the n = 2 case and hg = O ( Cale)e ) “? in the n = 3 case.

[ luell e

Fix h < hg, and set py = O(C3(€)) when n = 2 and py = O (min{eCs(e), eh%}) when n = 3.
Then it follows from (3.37)

1
| Th(vn) — Th(wn) |l g2 < §||Uh — wp| g2 Yo, wy, € Br(po)-
Il

Remark 3.3.3. Noting in the two dimensional case that pg does not depend on h, we can
strengthen Lemma 3.3.2 by stating that there exists hg > 0 and pg > 0 such that for all
h < hg, Ty, is a contracting mapping in the ball By, (po).

We are now in position to state the first main theorem in this chapter.

Theorem 3.3.4. There exists hy > 0 such that for h < hy, there exists a unique solution
u, of (3.4) in the ball By(p1), where p1 = 2C7(e)h*2||uc||e. Moreover, there exists a
constant Cg(€) = O(e%(l_")) (n = 2,3) such that

[u = uf |l g2 < Cs()h 2 ||u|| e (3.38)

1

5 7—2
Proof. In the case n =2, set hy = O (E?) . It follows that for h < hq,

lluell e
p1 = 2Co ()N |uc | g < Ce2hS2|u| e < Cee.

1 2
For the n = 3 case, set hy = O (min{ (W) 2 , (L> 2T }) Then for h < hy
H

TTre
p1 = 2C7()h' 2 ||ul| e < Ce A2 ||uf]| e < C€2,
and
p1 = 205 (M2 [u e < CHE (€730, T [[u | ge) < Chbe.

Thus, we conclude that p; < pg in both cases. We also note that h; < hg forn =2, n = 3.
Let v, € By(p1). Using the triangle inequality and Lemmas 3.3.1 and 3.3.2 we have

1 Thu — Th(vn) g2 < [[Tnus — Th(Inus) || g2 + (| Th (Ipu€) — Th(vn) || g2

_ 1 1 1
< Crl W Ajul e + 51Tt = vl < 5+ 5 = pu.

Hence, T} (vy) € Bp(p1). In addition, from Lemma 3.3.2 we know that T}, is a contracting
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mapping. Thus, the Brouwer Fixed Point Theorem [57] guarantees that T} has a unique
fixed point uj, € By(p1), which is the unique solution to (3.4).

To derive the error estimate (3.38), we use the triangle inequality to get

[u® —up |l g2 < [lu = Tpus|| g2 + [hut — uj, | g2
< CR 2 |ul| e + p1 = Cs(e) 2 |ul| e,

where Cg(e) := CC7(€). The proof is complete. O

Theorem 3.3.5. In addition to the hypothesis of Theorem 3.5.4, assume that the linearized
equation is H*-reqular. Then there holds

Jut = w2 < Co(e) (€ ER Y|l pze + 2R 30C () Juc3e ), (3.39)

where Cy(e) = Cg(e)e 3 = O(e_%(H”)).
Proof. Let €, := u® — u§, and uy* denote a standard mollification of u§. We note that e,

satisfies the following error equation:
e(Aes,, Avp) + (det(D?uf)) — det(D*uc),vp) =0 Vo, € V. (3.40)
Using (3.40), the mean value theorem, and Lemma A.0.1 we have

0 = e(Aej, Avy) + (det(D*u*) — det(D?uc), vp) (3.41)
+ (det(D?us) — det(D*us™), vp)
= e(Aef, Avy) — (D (us" — uf), Duy) + (det(D?uf,) — det(D?ui™), vp),

where ®¢ = cof(D?u;" + 7(D?u¢ — D?u"")), 7 € [0,1]. We note that we have abused the
notation of ®¢ by using different definitions in different proofs.
Next, The H*regular assumption implies that there exists a unique solution to the

following problem (cf. Theorem 3.2.1) :

Ly (¥) = ¢, in €, (3.42)
=0 on 012,
Ay =0 on 0f2.

Moreover, there holds
[l s < Ol 2 (3.43)
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Thus, using (3.42) and (3.41), we have

llef |72 = (efr eh) = e(Ack,, Av) + (9D, Def)

= €(Aej, A(Y — Iny)) + (2 Dejy, D(¢ — Iny) + e(Aej,, A(Ini)))
+ (®“Dej, D(Int)) — e(Aefy, A(Intbn)) — (2D(u — up), D(Iny)))
— (det(D?uf) — det(D?us*), Int)

= €(Aej,, A(Y — Inv)) + (2“Dej,, D(¢ — Inv))
+ (9Dej, — D (uf — us™), D(Inv)) — (det(D?us,) — det(D2u”), Inap)

= e(Aejy, Ay — Iny)) + (9°Def,, D(Y — Ingh)) + (B — ) Dejy, D(Iny)))
+ (2D (u* — us), D(In)) + (det(D*us™) — det(D?us,), Inv)

< el|Aep |2 [[AG) — In) || 22 + Cl1 | p2lleq || 2 [¢ = Int) || 2
+ C||@° — [ 2 l€f, | 2 [n | 172 + CIDE L2 ™ — i | 2 | 0t
+ [ det(D?uf,) — det(D*u™)[| g2 Inw | 2,

where we have used Sobolev’s inequality.

Next, using (3.3) we obtain

lef 72 < C{6h2|!62HH2 + h2(|R% 2 €|z + (| 9€ — @l 2 €, a2 (3.44)
1 2 llup” — Iz + [ldet(D?uf,) — det(D*u E’“)HL2}||1/1||H4
We now bound ||®¢ — ®¢|| ;2 when n = 2 as follows:
|@€ — ®¢|| 12 = ||cof(D?*uf) — cof(D*u + 7(D*uf — D2uf"))| 12 (3.45)
= |D?*u¢ — D*upt + 7(D*up* — D*u)|| 2

< 2||D*u — D?ufy|| 2 + 2||D*uj, — D*up”|| 12
< 2C5(e)R 2| uf || e + 2|| D?uf, — DPu*

‘L2 .
When n = 3, we have (using similar techniques found in Lemma 3.3.2)

(@€ = &)l L2 = [lcof(D?u;) — cof((D*up* + 7(D*u — D*u E’“))ij)HLz
= || det( D%ﬂ. det(D2 up|;

+ 7( D2u€’ ’ )| 12
= AV (D?uf|,; — (D*up™|, + 7(D?uf],; — \ NP
< 2| AY|| oo || D% ~ DQUhﬂ”H

< 2| A7 || oo (| D*uf — D?u[|2 + | D*uf, — D*u”||2)),
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where A¥Y = cof(DQUE’ L+ )\(Dzu;’“‘u + T(DQUE’ = DQUZ“’ ))). We note that we have
i ] ) [
abused the notation of A¥ by defining it differently in two proofs.
Bounding ||A¥|p~, we note A¥ € R?*2. Thus,
|AY]| oo = ||cof(D2ue‘ij + )\(DZUZ’“‘U + T(D2U6’ij — DQUZ’“’U)))HLOO
< [ D poo + || D?ug || o
< D% | + A2 D% 2 4 | D = D o
§ _Z € € )
< (e hE + Co(OF | e + 1D, — D2t o)
< C(e'h™ 2 + || D?uf, — DS | o).
where we have used the triangle inequality, the inverse inequality, (2.11), and the fact for
h < hy, Cs()h' ™2 |[uf|| e = O(e~Y).
It follows that
&€ — 8|2 < C(e 7 A% + | D2uS" — D?us,| 1<) (3.46)
x (I[D?*u = D?uf || 2 + || D?uf, — D*ug"|| 2)
< C’(e*llf% + | D*up* — D*uf || oo )
X (Cg(e)hK’QHUGHHz + || D?uf, — D2t || p2).
Substituting (3.45)—(3.46) into (3.44), setting u — 0, and applying Theorem 3.3.4, we
obtain
_ _3
leflle < C{€h2 + 2@ 2 + Rt 2"Czs(é)lllfllm}H62||H2H¢HH4

< C{ el ]l e + TR ECHE [l e I
Finally, using (3.43) yields
1 3
22 < CCs(e)e™ (73R sl e + R~ =57Ci (@) o) el

Dividing by [|€5 ||z gives (3.39) with Cy := CCg(e)e 3. O

Remark 3.3.6. We note that 20 — 1 — %n > { provided that r > %n and u® € HH%"(Q).
Thus, we obtain optimal error estimates in the L?-norm provided that the exact solution is

regqular enough.
We end this section by showing optimal error estimates in the H'-norm.

Theorem 3.3.7. Assume that the linearized equation is H®-reqular. Then there exists an
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he > 0 such that for h < min{hq, ho}, there holds
les ]l < R Cro(e)|ul|l e, (3.47)

where Co(€) 1= C’C’g(é)f’% = O(e*(”%”))_

Proof. Let i be the unique solution to the following problem:

Lyc(¢) = —Aej, in Q,

Y =0 on 0f),
Ay =0 on 0f).
such that
[l gs < Ce?|| Dej, | - (3.48)

Using the same techniques and notation as in Theorem 3.3.5, we have for h < hy

|Def |72 = e(Aéf,, Avp) + (9 Dep, Dej,)

= €(Aej,, A(Y — Iny)) + (2°Dej,, D(¢ — InY) + e(Aej,, A(Ipy))
+ (D Dejy, D(Inyh)) — e(Aef,, A(Ipy)) — (DD (u — uy™), D(Iny)))
— (det(D?uf) — det(D?uy™), Intp)

= e(Aej, A(Y — Iny)) + (2“Dej,, D(v — Ip))
+ (9 Dej, — DD (uf — uy™), D(In1)))
— (det(D?us) — det(Dzu;’“), In)

= e(Aej,, Ay — Iny)) + (°Dej, D(Y — Ingh)) + (9 — @) Def,, D(I1)))
+ (®D(ui* — u), D(Inah)) + (det(D?*us™) — det(D?uf), Inib)

< e[| A}, || L2 [| AW — In) || L2 + Cl| €| 2| € |2 v — Tnt) || g2
+ C||@° — ®|| 2| Def, || 2| D(In) || o
+ O D] g2 fluy” — uf | g2l n ]| 12
+ [|det(D%uj,) — det(D*u™)|| g2 Ine | 2

< C{ehHeZHHz + || L2lle |2 + (|9 — || 2| Def | 2

+ 1@l el — uf |l 22 + | det(D?uj,) - det(DQUE“)HLZ}IIIZJIIHs-
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Using bounds (3.45)—(3.46), (2.11), Theorem 3.3.4, and setting u — 0, yields

_1 — _3
IDef 172 < O(ehllefll e + € 2 hllef | 2 + Cs(e)e® R 2" [uf| e | Dl g2) 119 rs

< CCs(e) (2R~ 4 @757 D o) [ e [ -
Using (3.48), we have

|Des 12 < COs()e (73R + 7 R1750 D 2 ) | e

N o :
Let hy = O W . From the definition of Cs(e), it follows that for h <
H
min{hq, ho}
|Defllzs < h ' Ca(e)e 2 [lu| e
Using Poincaré’s inequality, we obtain (3.47). O

3.4 Finite Element Method with Data Perturbations

In this section, we analyze the problem of finding 45, € V;]h such that

—e(AGS, Avy) + (det(D?a5), vp) = (f,vn) — <62, 3”’1> : (3.49)
M / a0
where f = f+0f and §f is some small perturbation of f.

The reason to study such a problem is twofold. First, we note that (f,vp) in (3.4) is
never computed exactly, but rather some numerical quadrature is used. Thus, we may
think of § f as some quadrature error, and we must determine whether this error will affect
the convergence rate of u® — 4j5,. Second, we will find this analysis useful when we study
the semigeostrophic equations in Chapter 8.

To study (3.49), we use similar techniques in the previous section. First, we define the

linear operator Tf as follows. Given v, € Vgh, define Tf(vh) : Vgh — Vgh such that

B['I}h — Tf('l}h), ’U)h] = e(Avh, Awh) — (det(Dzvh), wh) (3.50)
+ (fv wp,) — <627 awh> Ywy, € Voh.
M / a0

We then have the following lemma.
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Lemma 3.4.1. There exists constants Cy1(e) = O(e%(k")), Ci2(€) = O(e71), such that
HZnut = Tp(Ihu) |2 < Cra(e)h 2 |ul e + Cra(e)|of | 2. (3.51)

Proof. Let wj, = Inu® — Tf(Ihue)* and af = Ipu® — u¢. By definition, we have

Bl wh] = e(A(Inuc), Awf) — (det(DX(Iput)) — fuf) < a”fl>
on 1)

= e(AaS, Awf) + (det(D?uf) — det(D?(Ihul)), ws) + (f — f,wf).
By the proof of Lemma 3.3.1, we have

5—3n
2 [l g2 llwh | a2

e(Aaf, Aut) + (det(D2u) — det(D2(Iyut)), w,i)‘ < Ce
Using this bound, and the coercivity of B[, -], we get

— 5=3n
il < Ce (e = a2 + 1 f11s-2)

< Cru()h' 2| e + Crz(e) |0 f | -2

O

Lemma 3.4.2. For h < hg, Tf is a a contracting mapping in the ball Bp(po) with a

1

contraction factor 5, where ho, po are defined in Lemma 3.5.2.

Proof. The proof immediately follows from Lemma 3.3.2 using the fact that for any vy, wy, €

B[Tj(vn) — Ti(wn), 2n] = B[Th(v) — Th(wh), 2] Yz, € Vi

With these two lemmas in hand, we have the following result.

Theorem 3.4.3. Suppose ||6f||z—2 = O(e?) in the case n = 2, and
N0f|lg—2 = O(min{eS,th%}) when n = 3. Then for h < hy, there exists a unique solu-
tion, U5 to (3.49), where hy is defined in Theorem 8.8.4. Moreover, there exists constants

Cis(e) = O(e21=™)), Chy(e) = O(e™Y) such that

lu = af )l < Cra()h 2|l e + Cra(e)|6f | - (3.52)

*We note, we have abused the notation of wy,, defining it differently in two different proofs of this chapter.

36



Proof. Let pa = 2(C11(e)h*~2||uc|| ge + C12(€)[|6 f|| g2 ). Then from the hypotheses and the
definition of hy, pg, we have ps < po if h < hy. Thus, using Lemmas 3.4.1 and 3.4.2, we
have for any vy, € By, (p2)

11w = Tp(on)ll g2 < [ Inu = Tp(Ipu)l| gz + 1T (Inu’) — Tp(vn) || a2
_ 1
< Cnh e + Cra(O)10f 112 + 5 | I — vnll a2

P2 P2
< = 4 = = po.
f2+2 P2

Thus, T f(Uh) € Br(p2), and it follows that T has a unique fixed point, @j,, which is a

solution to (3.49). Furthermore, we have

u® — [l g2 < [Ju® — Tput|| g2 + [ Tpu — G4 || g2
< Ch'72||uf| ge + po
< Ous(€)|[u] e + Cra(@)[|0.f || r—2-
Il

Theorem 3.4.4. In addition to the hypotheses of Theorem 3.4.3, assume that the linearized
equation is H*-reqular. Then the following bound holds:

[uf — a2 < 06_3{013(6)6_%%!“6\!1{4 + (€2 Ca(e)h? + 1) |6 f|| > (3.53)

+ 0 [Cr ()| e + 014(6)”5f\|H_2]2}. (3.54)

Proof. To derive the L?-error, we use techniques similar to that of Theorem 3.3.5. Let

éj, == u® — uj5. We find that éj satisfies the following error equation:

e(AE, Avy,) + (det(D?a5) — det(D?u€),vy) + (f — f,vp) =0 Yoy, € V.

Letting 222’“ denote a standard mollification of 4} , we have using the mean value theorem
and Lemma A.0.1.

(A&, Avy) — (9°D(a5" — u€), Duy,) (3.55)
+ (det(D%a5) — det(D?ag™),vn) + (f — fon) =0 Vo, € V',

where &€ = cof(D*a" + 7(D*u — D*uy*)), 7€ [0,1].
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Next, we let 1» € H* be the solution to the following problem:

=0 on 0},
AYp =0 on 0f),
with
1]l < O] 2. (3.56)
Using (3.55), we have
|k l7z = e(Aéh,, Av) + (@ Dy, Dé;) (3.57)

= e(Ae),, A(y — Iny)) + (2°Déj, D(Y — Iny)) + e(Aéy, A(Ipy))
+ (2°Dé5,, D(Inv)) — e(Aé5, A(Iyipy)) — (2D(u — "), D(Ipv)))
— (det(D?af,) — det(D*ap"), Ingp) — (f — f, Int))
= €(Aé, A(Y — Tny)) + (®°Déj, D(v — Ingh)) + (9 Déf, — &°D(u — "), D(Ini)))
— (det(D?df,) — det(D?*ap"), Inyp) — (f — f, Int)
= €(Aé,, A(Y — Iny)) + (9°Déj,, D(y — Ingh)) + ((9° — ) Déj, D(In))
+(®°D(ap" — a5), D(Iny)) + (det(D*ap*) — det(Da), Inyp) — (f — £, In)
< el Aé, [z |A(Y — In)| 2 + Cl| @ L2ll€G ] a2 [ — Int || 52
+ C||®° — | 2|5, | a2 | Tt || s + OO 2l — a5 || g2 || T3] 2
+ [|det(D?uf,) — det(D*ug™ )| g2 | In 0l 2 + 116 f 1| g2 [ 1n3 || a2
< C{6h2||éhHH2 + 12| 2 llé5 | 2 + (| @€ — || 2 €5, ] 2
19 2l = it 2 + [ldet(D?a5) — det(Dag" )|z + 13 F |- f 1]l
< cfe n2leg I + 19— &) o1&l e + 16 p2lla — a5 1o

+ l[det(D?if,) — det(D2a") |2 + 116 sr-2 6l s
For the case n = 2, we have

|@€ — | 12 = [|cof(D?u€) — cof(D*ag" + 7(D*af — D*as™)) || 2 (3.58)
= |D*u¢ — (D*ap" + v(D*a — D*a5")) | 12
< 2(| D% = D*aj | 2 + | D*a5, — " || 12)
< 2(Cua(OR 2 e + Cua(€) 01152 + |1 D%

38



where AY = cof(D?u¢ ‘ + X(D?u T

When n = 3, we have

1@ — )35 2 = llcof(D*uf;) — cof((D*ag" + r(D*uc — D2ﬂ€’“))ij)\|L2
= || det D2u€|. det(DQAE’“ i

4 7( D2u€’ ’ )| 2
||A” D2u€| Ae’“‘ + T DQUE’ ’ )| 72
< 2| A7 oo || D?uf — DQUZ’”HH

< 2Y|AY|| oo (|| D?uf — D2 |2 + | D*af, — D" 12),

2,€ 216
i (D% ‘ij -D “;M‘m)))
Bounding ||[A¥| -, we note A” € R?*2, Thus,

A9 || oo = ||cof( (D?u|,; + MD*az"

2, € 2 ~€,
i+ (D] = D2t )|z
< | D*uf oo + || D"

| oo

< || Due | + Ch=3 [ Duf | 12 + | D25 = Du 1o

< C( 3 + gl 3 e+ Cua()h™ 3 61l r-= + | D2, — D)
< C(e'h™? + || D%, — D25 || ),

where we have used [|0f]| -2 = O(ezh%) and 013(6)hz_%HuEHHe = O(e7 1) for h < hy.

Using these bounds, we have

|® — &€||;2 < C(e 'h™2 + || D%, — D*5"|| 1) (3.59)
X (||D2 € — D*a|| 2 + | D*as, — Dzﬁ;’“”w)

1)

% (Cra(@n 2 uf e + Cra(@)10F |1z + | D%, — D2 | 12).

< C< “1p75 4+ || D%, — D"

Using (3.58)—(3.59) into (3.57), setting u — 0, and applying (3.56), we obtain

~ _1 ~
65122 < C{e 2Rz + 16112
R (Cra (R e + Crale) 181l r—2) el 1l
— _1 ~
< B2 es g + 116 -2

+ 2R (Crg(e )he_QHUEHHZ+014(6)”5fHH*2)HéhHHQ}Hé;L”L2-

Dividing by ||é,||z2 and using (3.52) yields
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85122 < Ce*{ Cra()e 3 Ju g + (73 Cra(e)h? + 1) 8f ] -2
+ TR [Crg(OR 2w e + Cra(e)0f 2]}
The proof is complete. O

We end this section with a bound in the H!-norm.

Theorem 3.4.5. In addition to the hypothesis of Theorem 3.4.3, assume that the lin-

3n—6

earized problem is H3-regular. Moreover, assume ||0f|g—2 = O(€**h™2 ). Then for
h < min{hy, he}, the following bound holds:
Jut =l < Ce?(Crgl)e 2wl e + (Crale)e Fh+1)|8fllg-2).  (3.60)

Proof. We use the same technique of the proof of Theorem 3.4.4. Let ¢y € H? be the

solution to the following problem:

Luc() = —A&  in Q,

Y= on 0f),
AY =0 on 0f),
with
1]l s < Ce™?|| DE; || 2. (3.61)

Using a similar calculation as in Theorem 3.4.4, we have

1De§132 < ellAe 2 1AW — Tz + ClIR 21 el — Tnto e
Y0 — & 2| D2 [ D) + IS g 57 — e | Tt
+ || det(D?i) — det(D% )| 2 | Tntbl 2 + 167 -2 12t
< c{e el e + 19° — & ol Do + 18 calli — il o

+ || det(Da5,) — det(D*ay*) | 12 + ||5f||H—2}H?/)HHs-

Using bounds (3.58)—(3.59), setting p — 0, using Theorem 3.4.3, and (3.61), we get
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IDExI3: < C{ Cral)e B us e + (Cra()e3h 4+ D116 f -2
—_n 6—3n _ € ~
+ R (Cra (R 2 e + Cral€) |81l —2) I1DE 2 1
< Ce{Cry()e R T g+ (Cra(e)e™ 2+ 1) 1|

(Cus(h" 2|l ge + Cra(e)I5f | =) IIDéhIILZ}HDéZHL2

6—3n
2

+ e "h

3n—6

Using the definition of hg, it follows that for h < min{hy, ho} and ||6 f|| -2 = O(e"1h ™2

we have

1Dz < O (Cra()e 20~ e + (Cua(€)e™3h+ D]|3f -2,

and (3.60) follows from Poincaré’s inequality. O

3.5 Comments on the Finite Element Approximation of Con-
cave Viscosity Solutions

All of the analysis above was devoted to the existence of a solution to (3.4) and derive error
estimates of ||u® — uj || in various norms, where u° is the unique solution of (2.8)-(2.10)
which converges to the unique convex viscosity solution of (1.11)-(1.12) as e — 0%,

We comment on the finite element approximation of the solution of (2.15)—(2.17) in 2-D
which approximates the concave viscosity solution of (1.11)-(1.12) (cf. Definition 1.3.3).
We denote by @€ the solution of (2.15)-(2.17). First, we use Definition 2.2.5 to define the

variational formulation of (2.15)—(2.17) as follows:
Find @¢ € V; such that

e(ATS, Av) + (det(D?a),v) = (f,v) — <€2, aU> Yv € V. (3.62)
M/ a0

Based on (3.62), we define the finite element formulation as to find @, € V,* such that

e(Aa;,Avh>+<det<D2az>,vh>=<f,vh>—<62,%1jj>m v eVl (3.63)

Before we state our results, we introduce the following additional space notation.
h h
Vg ={veV, v‘aﬂz—g}, V2 = {v, €V vh‘agz—g}.
We then have the following theorem.
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Theorem 3.5.1. Assume n = 2 and the hypothesis in Theorems 3.3.4,3.3.5, and 3.8.7
hold. Then for h < min{hy, ha} there exists a unique solution solving (3.63). Moreover,

we have the following error estimates.

@ = @l < Cs()n e (3.64)

@ = @l < Croh @ e (3.65)
e~ _1 e Ay ~e

@ = iz < Cole) (€ 2R Y@l e + Cu()n* a1 ). (3.66)

Proof. We first note,
det(D%vy,) = det(D*(—vy)) Yo, € V!, VK € T,

Thus, it is clear that @, is a solution to (3.63) if and only if 4§ = —u§, where uj, € V_hg is
a solution to (3.4). Thus, existence and uniqueness of uj follows from Theorem (3.3.4).
Next, we let u® € V_g4 be the solution to (2.8)-(2.10) (with g replaced by —g). We then

have
i€ — g2 = [| — u + || 2 < Ca(€)h' 2 ||uc| e = Ca(€)h" 2| gre.

Thus, (3.64) holds. (3.65) and (3.66) are obtained similarly. O

3.6 Numerical Experiments and Rates of Convergence

In this section, we provide several 2-D numerical experiments to gauge the efficiency of the
finite element method developed in the previous sections. We numerically find the “best”
choice of the mesh size h in terms of €, and rates of convergence for both u—u® and u® —uj,.

All tests given below are done on the domain Q = (0,1)2.

Test 3.1

For this test, we calculate ||u — uj || for fixed h = 0.009, while varying € in order to

approximate |u — u¢||, where u is the viscosity solution of (1.11)—(1.12). We use the

Argyris element and set to solve problem (3.4) with the following test functions and data:
(a) u = e@i+73)/2, F=(1+22422)elited)/2 g eitad)/2

(b) u = a7} + 3, f=24ai, g =i+ 3.

(€) u=—1/(2 — (22 + 23)), f:(2—(x%2+x2))2’ g=—\/(2— (27 +123)).




The computed solution is compared to the exact solution in Figures 3.1-3.3. We also
compute the error ||u — uj|| and plot the results in Figure 3.4. The figure shows that
lu — uf||g2 = O(ei). Since we have fixed h very small, we then argue |u — uf||z2 ~
|u—uf, || g2 = O(e%). Based on this heuristic argument, we predict that ||u—u¢|| g2 = O(e%).
Similarly, from Figure 3.4, we see that ||u — u||;2 = O(e) and [|u — u||z1 ~ O(e%).

We note that the test function in (c) was also used by the authors in [39]. Because u
lacks H? regularity (u € W1P(Q), where p € [1,4)), the method presented in [39] fails to
produce accurate approximations. However, as seen from these tests, it appears that this
regularity is not needed using the vanishing moment method, and the convergence rate of

lu — || is unaffected.

Test 3.2

This test is exactly the same as Test 3.1, but now we use a test function that is not convex.

u=ye-Gtrad). f= g 9= Ve-Ghrad)

As we can see from Figures 3.5-3.7, the solution diverges for positive ¢ and converges

for negative € as expected (cf. Theorems 2.2.6, 3.5.1). Also, from Figure 3.6, we see that

the computed solution converges at the same rate as in Test 1.

Test 3.3

The purpose of this test is to calculate the rate of convergence of |[u¢ — uj|| for fixed e
in various norms. As in Test 3.1, we use the Argyris element and solve problem (3.4)
with boundary condition Au¢ = € on 92 being replaced by Au = ¢ on 9€2. We use the

following test functions:

(a) u¢ = 2028 + 2§, £€ = 18000z 25 — €(720022 + 36023),
g = 202§ + x5, ¢° = 60027 + 3023.
(b) u® = xysinzy + xosinxy, f€=(2cosx; —x1sinwy)(2cosze — xosinxs)
— e(xysinxzy — 4 coswy + w9 sinxy — 4 cos xs),

¢¢ = x1sinxy + xosinxy, ¢ = 2cosxy — x1sinxy + 2cos Ty — T Sin Ta.

After recording the error, we divided each norm by the power of h expected to be the
convergence rate by the analysis in Section 3.3. As seen by Table 3.1, the error converges

faster than anticipated in all the norms.
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Max: 2.718

Min: 1.00

Figure 3.1: Test 3.1a. Computed solution (top) and exact solution (bottom). e
0.0125, h = 0.009
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Max: 2.00

Figure 3.2: Test 3.1b. Computed solution (top) and exact solution (bottom). e
0.0125, h = 0.009
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Max: -0.0511

-1.4
Min: -1.414

Min: -1.414

Figure 3.3: Test 3.1c. Computed solution (top) and exact solution (bottom). e
0.0125, h = 0.009
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Test 3.1

—Test3.1a
f—Test3.1b
——Test 3.1¢c

L2 Error

Test 3.1

F——Test3.1a
——Test3.1b
—=—Test 3.1c

H1 Error

Test3.1

[ Test3.1a
——Test3.1b
—=—Test 3.1c

H2 Error

Figure 3.4: Test 3.1. Change of ||u — uj || w.r.t. € (h = 0.009)
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Hl Error

H’ Error

10

Figure 3.5: Test 3.2. Diverging L%-error (top) H'-error (middle) and H?-error (bottom).

(e >0).

Test 3.2

10° 10
£
Test 3.2
10° 10
I3
Test 3.2
10° 10
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Test 3.2

L2 Error

10 -10

Test 3.2

H1 Error
=
1

Test3.2

(=]
L

1 i4

-10 -10

Figure 3.6: Test 3.2: Change of ||u — uj|| w.r.t. € (h =0.009, € < 0).
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Figure 3.7: Test 3.2. Computed solution using € = 0.05 (top), € = —0.05 (middle) and
exact solution (bottom)
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Table 3.1: Test 3.3.

Change of ||u® — uj|| w.r.t. h (e =0.001)

h

Tu—upllL2
§

Mw—uh g
5

Tu”—up g2
4

Test 3.3a

0.083

h
122.4232319

h
668.897675

h
3522.069268

0.050

69.34721174

317.3313846

1872.077947

0.031

43.96086573

200.4928789

1116.396482

0.023

41.81926563

167.8666007

969.5028297

0.015

27.01059961

104.3140517

618.4873284

0.012

19.88119861

70.07682598

438.4809442

Test 3.3b

0.083

0.062935746

0.122290283

0.863654524

0.050

0.033106867

0.06091104

0.435387754

0.031

0.021321831

0.038607272

0.271545609

0.023

0.019597137

0.034099981

0.232558269

0.015

0.012157901

0.021431653

0.145647654

0.012

0.008152235

0.014239078

0.099470776
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Test 3.4

In this section, we fix a relation between € and h to determine a “best” choice for h in
terms of € such that the global error u — uj, is the same convergence rate as that of u — u*.

We solve problem (3.4) with the following test functions and parameters.

(a) u=wai+a3,  f=24ai, g =i+ 3.

(b) u=20z% + 25, f=18000x1{z;, g =20z0+ 5.

To see which relation gives the sought-after convergence rate, we compare the data with
a function, y = Bx®, where o = 1 in the L%-case, a = % in the H'-case and o = i in the
H?-case. The constant, 3, is determined using a least squares fitting algorithm based on
the data.

Figures B.1-B.2 and B.5-B.6 (in Appendix) show that when h = €2, |u—wuf,| L2 = O(e)
and [ju — uf,|| g2 = O(e%). We can conclude from the data that the relation i = €2 is the
“best choice” for h in terms of €. It can also be seen from Figures B.3-B.4 that when h = ¢,

3
lu = |1 = O(e).
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Chapter 4

Spectral Methods for the
Monge-Ampere Equation

The goal of this chapter is to construct and analyze spectral Galerkin methods to approx-
imate the solution to (2.8)—(2.10) in 2-D and 3-D. As a result, we will obtain convergent
spectral methods to approximate the unique convex viscosity solution of the Monge-Ampere
equation (1.11)—(1.12). We note that spectral Galerkin methods, as the name implies, are
based on the variational formulation of the PDE. However, unlike finite element methods
which use low-degree piecewise polynomials with small support as basis functions, spec-
tral methods use high-degree global polynomials as basis functions. As a result, spectral
Galerkin methods have considerable advantages and disadvantages compared to standard
finite elements.

One advantage of spectral methods is the possibility of exponential convergence given
that the function which is being approximated is smooth. These methods are also appealing
due to their ability and ease to compute high order (global) derivatives. However, we note
that spectral methods can only be practically used on rectangular domains. Also, the basis
functions must be chosen carefully to minimize round-off errors, and because evaluation of
polynomials of high degree is an unstable numerical procedure.

As in Chapter 3, we are interested in obtaining optimal error bounds of the computed
solution that show explicit dependence on the parameter e. We mention that the strategy
and analysis presented in this chapter mirrors the work done in Chapter 3 (Sections 3.1
3.3). That is, we employ a combined linearization and fixed point strategy to handle the
strong nonlinearity in (2.8). To this end, we study the spectral Galerkin approximation of
the linearized problem in Section 4.2. Using the stability property of the linearization, in
Section 4.3 we derive optimal error estimates in the energy norm, as well as in the H! and

L2-norms.
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4.1 Formulation of Spectral Galerkin Method

We adopt the same space notation as in Chapter 3, that is,

V= H*(Q), Vo := H*(Q) N Hy (), Vg :={v € V; vloa = g}.

To formulate the spectral Galerkin method, we assume 2 is a rectangular domain. Let
L; denote the 4t order Legendre polynomial of a single variable and define the following
finite dimensional spaces: For Ny, > 2 (£ =1,2,3), let N =3, N, and define

VN = span{Lo(x), Lo(x), ..., Ly (z)} when n =1,
VN = span{Li(2)L;(y); 1 <i < Ny, 1<5 < Ny} when n =2,
VN o =span{L;(x)L;(y)Li(2); 1<i < Npy, 1<j <Ny, 1<k<N,} whenn=3.

Next, we give the following additional space notation:
ViV = {uy € VI, UN|8Q:0}, VgN = {oy € VV; UN’(?QZQ}.
It is well-known that V¥ has the following approximation property (cf. [12]):

inf v —on|lgi < CNI7H g, 0<j<min{t,N}, t=min{s, N+1}. (4.1)
vn€eV
for any v € VN H*().

Based on the weak formulation (3.1), our spectral Galerkin method is defined as seeking
ufy € VgN such that for any vy € ViV

—e(Auly, Avy) + (det(D*ufy),vn) = (f,vn) — <62, aaUN> : (4.2)

/o0
Remark 4.1.1. We note that the Galerkin methods (3.4) and (4.2) have the exact same
structure. The key difference is the definition of the finite dimensional spaces V" and VN
However, as seen from (3.3) and (4.1), both of these spaces have similar approximation
properties if we use the relation h = % Because of these similarities, the strategy to show

optimal error estimates of u® — u%, will be similar to that of Chapter 3.

4.2 Linearization and its Spectral Galerkin Approximation

As in Chapter 3, we first study the linearization of (2.8) in order to analyze equation
(4.2). Since derivation and existence of the linearized problem (3.7)-(3.9) was already
established in Chapter 3 (cf. Theorems 3.2.1, 3.2.2, and 3.2.3), we only have to study its
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spectral Galerkin approximation. That is, we study the spectral Galerkin approximation

of the following problem:

Ly(v) =¢ in, (4.3)
v=0 on 0, (4.4)
Av =1 on 0. (4.5)

Based on the variational equation (3.10), we define the spectral Galerkin method for
(4.3)-(4.5) as seeking vy € V¥ such that

0
Blon,wn] = (o, wn) +¢€ <?/), :;;V> Ywy € V5, (4.6)

where B, ] is defined by (3.11).
It is clear from the proof of Theorem 3.2.4 and (3.3), (4.1) (with the relation h = %),

that the following error estimates hold.

Theorem 4.2.1. Suppose v € VoNH?*(2) (s > 3) is the solution to (4.3)—(4.5). Then there

exrists a unique VN € VON satisfying (4.6). Furthermore, we have the following estimates:

lonllizey < C5(9) (lellnm: + 180,350 ) (47)
lo = owllzr2) < Cal)h 2ol e, (48)
v = vl ) < Cs(€)R vl greqy, (4.9)
v = vnllr2@) < Cole)h vl req), (4.10)

where £ = min{N + 1, s}, and the constants C;(e) (i = 3,4,5,6) have the same order as in
Theorem 3.2.4, that is,

4.3 Error Analysis for Spectral Galerkin Method (4.2)

The goal of this section is to derive optimal order error estimates for the spectral Galerkin
method (4.2). Asin Chapter 3, we employ a fixed point technique which will simultaneously
provide existence, uniqueness and optimal error estimates in the energy norm.

We first define the linear operator Tl : VQN — VgN such that for any vy € V;]N , Tn(vw)
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denotes the solution to the following problem:

B[UN — TN(UN), wN] = E(AUN, AwN) — (det(D2vN), U)N) (4.11)

2 8UHV

_ N
T (f,ww) < - >8Q v € V.

It is easy to see that the right hand side of (4.11) is the residual of (4.2). Thus, the specific
goal of this section is show that Tx has a unique fixed point in a small neighborhood of

Inu®, where Inu® denotes the spectral Galerkin interpolant of u¢. Next, we set
By (p) = {on € VN 0V, |lox — Inu g2 < p}.

For the continuation of the chapter, we assume u® € H*(Q2) (s > 3) and set ¢ =
min{N + 1, s}. Our first result measures the effect of the mapping T applied towards the
center of the ball By,.

Lemma 4.3.1. There exists a constant C7(€) = O(e%(l_")) >0 (n=2,3) such that
[nus = T (Ivu) |2 < Cr(e)h =[] - (4.12)
Proof. Following the proof of Lemma 3.3.1, we can derive

BlIyu® — Ty (Inu®), INu® — Ty (Inu)]
< e|A(Inu® —u)|| 2 [AUInu — TN (Inu©))ll L2
5=3n € € € €
+ Ce 2 ||INu —TN(INU )HH?HINU —Uu ||H2

< O™ | Inu — T (Inus)|| 2 1 nus — ul| g2

Thus, using the coercivity of B[, -], we have

N2 e

5—3n
HINU€ — TN(INUE)HH2 < CCz_l(E)ET”INUG — U,EHH2 < 0051(6)6

where we have used (4.1), and Cy(e) is defined in Section 3.2, that is Ca(¢) = C'min{e, 6}.
Thus, (4.12) holds with C7(e) = CCy Y(e)e 2 = O(e21=M), 0

Lemma 4.3.2. There exists an Ny > 0 such that for N > Ny, there exists a pg such that
0 < po <1 and for any vy, wn € By(po), there holds

1
TN (vn) — Tn(wn )| g1 < §||UN —wn | g2 (4.13)

Proof. Using the same techniques used in the proof of Lemma 3.3.2, we can derive that for
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any vy, wy € By(po), z € VON

B[Tn(vn) — Tn(wn), 2N]
_ 3 _
< C(E" 4+ (n—2)N2po) (N*Yuc| e + po) lon — wiv ||zl 2 | a2

Thus, using the coercivity of the bilinear form B[, -], we get

62_”+(n—2)N%p0 o e
ITiv(ow) = Ttom)le < (g5 ) (Ve + o) lon = e

1 _1

L € €
When n = 2, we set Ny = O (Hu HHZ)g_2 =0 (Hu e ) =2 and set Ng = O [l e ) 7=2

Ca(e) € €2
in the three dimensional case. Fix N > Ny and set pg = O(C2(€e)) when n = 2 and

po =0 (min{ng(e), eN_%}) when n = 3.
It follows that

1
|T(vn) — T(wn) || g2 < §||UN —wy|| 2.

We now state the first main result of this chapter.

Theorem 4.3.3. There exists an N1 > 0 such that for N > Ni, there exists a unique
solution u; to (4.2) in the ball By (p1) where p1 = 2C7(€)N2~||u¢|| ;e. Moreover, there
exists a constant Cg(e) = O(e%(l_”)) such that

lu = ufy ||z < Cs(e) N>~ Jlu| e (4.14)

1
Proof. In the two dimensional case, we set N; = O (e*g Hu€||He) . Then for N > Ny,

p1 = 20 ()N u | o < Ce 3 NP |u|| e < Ce.

1 2
In the three dimensional case, we set N; = (max { (e usl o) =2, (e H|us|| ge) 27 }) .
Then for N > Ny,

p1 = 207(e) N> ||u|| e < Ce NP~ u|| e < C€,

2
pr=2C7 (N ||| e < CN™2 <e3Nf“ Huf|ym> < ON~3e.

Thus, we conclude p; < pg for these choices of Ni. We also note that N1 > Ny. Next, let

o7



vy € By(p1) and use Lemmas 4.3.1 and 4.3.2 to obtain

Mnu® =T (on) > < [Inu® = TUnu) gz + [T Unu) = T(on) |2

1
< Cr(e)N**Jlus| e + 5 IHvu® = on| g2

P11 pP1
<=4 =)
_2-1-2 P1

Thus, Tn(vy) € By (p1). Using the Brouwer Fixed Point Theorem, we conclude T
has a unique fixed point, u$, € By(p1), which is the unique solution to (4.2). To derive

(4.14), we use the triangle inequality.

Juf = wlle < lu = Ll + v = iyl

< ON2u e + p1 < Cs(€) N> Ju| e,
where Cs(e) = CCq(e) = O(e21-). 0
Theorem 4.3.4. Assuming that the linearized equation is H*-reqular, we have for N > N;
luf — uilzz < Cole) (AN u e + ECo(ON I s]Z,) . (415)

where Cy(€) = Ce3Cs(e).

Proof. The proof is exactly as the one presented in Theorem 3.3.5 with the relation h = +

and using (3.3),(4.1).

a =l

Theorem 4.3.5. Assume that the linearized equation is H®-reqular. Then there exists an
Ny > 0 such that for N > max{Ni, Na}, there holds

lu® —uy [l < N'“Crole) ][] e (4.16)

where Co(€) = Cg(e)e_g.

Proof. Using the same methods used in the proof of Theorem 3.3.7, we can derive

ID(u — ufy)|l 2 < CCs(e)e (e 2N 4 N2 Y D(u — uly) | g2) ]| gre-

_ 2
Set No = O (||UE||H66%(3_5”)) 24279 Then for N > max{Ni, N2} and using the

Poincaré’s inequality, we have

i = iyl < N'CCs(e)e™ e
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Chapter 5

Mixed Finite Element Methods for
the Monge-Ampere Equation

The goal of this chapter is to approximate the Monge-Ampere equation by constructing a
family of Hermann-Myoshi mixed finite elements that approximate the solution of (2.12)—
(2.14). The mixed formulation is based on rewriting (2.12) as a system of two second-order
PDEs by introducing an additional variable that we call o¢. By breaking equation (2.12)
as a system, we are able to approximate (2.12) using only C°-elements, opposed to C'-
elements (used in Chapter 3) which are computationally expensive.

We note that the theory of mixed finite element methods have been extensively de-
veloped in the seventies and eighties for biharmonic problems in 2-D (cf. [27], [17]). We
generalize these well-known results to three-dimensional biharmonic problems and other
fourth order quasilinear PDEs.

The chapter is organized as follows. In Section 5.1, we derive the mixed formulation
for problem (2.12) and propose a family of Hermmann-Myoshi type mixed finite element
methods for approximating (2.12). In Section 5.2, we analyze he mixed finite element
approximations of the linearized problem (3.7)—(3.8), which will play an important role for
the error analysis in Section 5.3. In Section 5.3, we derive optimal order error estimates in
the H! norm. Our main ideas are to adapt a fixed point argument and to make strong use
of the stability property of the linearized problem and its finite element approximations.
In Section 5.4, we present computational experiments which confirm the theory presented
in the previous sections and also compare the numerical results with the results in Chapter
3. We give a numerical study for determining the “best” choice of mesh size, h, in terms
of €, and estimate rates of convergence for both u — uj and u — u® in terms of powers of e.
Finally, in Section 5.5, we comment on possible ways to improve the theory presented in
Section 5.3.
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5.1 Formulation

We note the Hessian matrix, D?u¢, appears in (2.12) in a nonlinear fashion. Thus, we
cannot use Au¢ alone as our additional variable, but rather, we are forced to use o€ := D?u¢
as a new variable. Because of this, we rule out the family of Ciarlet-Raviart mixed finite
element methods (which use Au as the new variable). On the other hand, this observation
suggests we try Hermann-Miyoshi mixed elements.

To define the mixed variational formulation for problem (2.12) — (2.14), we rewrite the

PDE into a system of two second order equations.

o — D*uf =0, (5.1)
— eAtr(o) + det(c€) = f. (5.2)

Next, we define the following function spaces:

Vi={ve H(Q)}, Vy o= {v € H'(Q);v]on = g},
Vo := {v € H'(Q);v|on = 0}, W= {un e V", pij = pji},
We:={p e W un-nlaa = e}, Wo = {ne W, un-nlag = 0}.

We have abused the definition of V', for we have defined it differently in Chapters 3 and 4.
To derive a weak formulation for (5.1) — (5.2), we multiply (5.2) by v € Vj, integrate
over §2, and integrate by parts to get

€ /Q D(tx(c%)) - Dvdz + /Q det(o%)vda = /Q fodz. (5.3)

Next, we note

n n 80 81)

" Bus 9
Dt D“_Z ZZ 020 agi
9%uc 82u€ d%u
- Z div < 0x;0x1 0x;0xs 8:5183:,1) ox; ; div ( 81‘1

= div(c€) - Do,

where (0¢)? denotes the i*" row of o*.

Using this identity into (5.3), we obtain

6/Qdiv(05)-Dvd:r—l—/gdet(oe)vd:v:/ﬂfvdx. (5.4)
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Let p € Wy. Multiplying (5.1) by u, integrating over €2 and integrating by parts yields

/ o¢ : pdx + / Duf - div(p)dx — / pDuc - nds =0, (5.5)
Q Q oN

where o€ : = Z o5jhig-
b= 1
Letting {7(}7! denote the standard basis for the tangent space of 9, we have

/BQ puDu - nds = / o 77 Z (@) (5.6)

where we have used the boundary condition un-n = 0 on 9. Using (5.6) in (5.5), we have

dg
/ Mdm—k/Du ~div(p dx—Z/ pn - ¢ )ds (5.7)

Based on (5.4) and (5.7) we define the variational formulation for (5.1)—(5.2) as follows:
Find (uf,0¢) € V; x W, such that

(0%, 1) + (div(p), Du®) = (g, m)oa V€ W, (5-8)
(div(c),v) + e L(det(c°),v) = (f,v) Yv € W, (5.9)

where

n—1
- dg .1
(9, m)oq = Z(m,ﬂn “Ti) a0 fe= ;f

i=1
Remark 5.1.1. Using the identities in Remark 3.1.1, we can define the following alterna-

tive variational formulation for (5.1)-(5.2):

(0%, 1) + (div(p), Duc) = (g, 1) Y € W,

(div(e€), Dv) — i(<I>€Du€,Dv) = (f%v) Yv € Vp,

en

where again, ¢ denotes the cofactor matriz of o€ = D?uf.

Let 7}, be a quasiuniform triangular or rectangular mesh if n = 2 and be a quasiuniform
tetrahedral or 3-D rectangular mesh if n = 3 in the domain Q. Let V* C H'(Q) be the

Lagrange finite element space consisting of continuous piecewise polynomials of degree

61



k (> 2) associated with the mesh 7. Let
Vi=vtnv, Vo=V,

Wh= [V, Wg = [V 0 W,

The Hermann-Miyoshi type mixed finite element methods is as follows: Find (uj,,0},) €
V;]h x W} such that

(wa ﬂh) + (div<,uh)7 DU;L) = <ga Nh>8§2 vﬂh € W(?? (510)
(div(cs), Dvy) + € *(det(a5), vn) = (f€, ) Yo, € V. (5.11)

Throughout this chapter, we assume (o€, u¢) is the solution to (5.8) — (5.9). Our goal is
to prove there exists a solution, (o7}, uj,), to (5.10) — (5.11) and then estimate ||c€— o7 || and
|u® — uj,|| in various norms. To do this, we first analyze the linearization of (5.8) — (5.9)

and its mixed finite element approximation.

5.2 Linearized Problem and its Mixed Finite Element Ap-

proximations

To build the necessary machinery and technical tools, in this section we shall derive and
study the linearization of (5.8)-(5.9) and its mixed finite element approximations.
5.2.1 Derivation of Linearized Problem

As in Chapter 3, we consider the linear problem (3.7)-(3.8), but with an alternative bound-

ary condition.

Lyc(w) = ¢ in Q, (5.12)
w=0 on 09, (5.13)
D*wn-n=0 on 012, (5.14)

where
Luye(w) = —eA%w + div(®°Dw).

To introduce a mixed formulation for (5.12)-(5.14), we rewrite the PDE as

x — D*w =0, (5.15)
—eAtr(x) + div(®°Dw) = . (5.16)
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Its variational formulation is then defined as follows: Given ¢ € H~1(Q), find (x,w) €
Wy x Vp such that

(O 1) + (div(p), Dw) = 0 Y € Wo, (5.17)
(div(x), Dv) — € 1(®*Dw, Dv) = € (g, v) Yo € V. (5.18)

It is not hard to show that if (x,w) solves (5.17)-(5.18) then w € H3(Q) should be a
(weak) solution of the fourth order linear PDE

—eA?w + div(®Dw) = ¢. (5.19)

On the other hand, by standard elliptic theory for linear PDEs (cf. [67, 44, 57]), we know
that if o € H~1(Q), then the solution w € H3(f) so that y = D*w € [Hl(Q)]nxn. It is
then direct to verify that (x,w) is a solution to (5.17)-(5.18).

5.2.2 Mixed Finite Element Approximations of the Linearized Problem

Our finite element method for (5.17)-(5.18) is defined as seeking (x5, ws) € W x V! such
that

(Xn» i) + (div(pp), Dwy) = 0 Viun € W, (5.20)
(div(xs), Dvp) — € Y@ Dwy,, Dvy) = € (i, vp) Yo, € V. (5.21)

Our objective in this section is to first prove existence and uniqueness for problem
(5.20)-(5.21) and then derive error estimates in various norms. First, we prove the following

inf-sup condition for the finite element pair (Woh , Voh).

Lemma 5.2.1. For every vy, € Voh, there exists a constant 8 > 0, independent of h, such

that
(div(uh) y D’Uh)
sup —_—

ol > Bllvnll - (5.22)
HhGW({L Uhl|H?

Proof. Given vy, € Vbh, set up = Inxnvp, where I, «, denotes the n x n identity matrix.
Then (div(us), Do) = |Dupl22 > Blloall3 = Bllvallgllpsllgr, where we have used the

Poincaré inequality. O

Remark 5.2.2. By [47, Proposition 1], (5.22) implies that there exists a linear operator
I, : W — W" such that

(div( — Hpp), Dvy) =0 Yo, € VI, (5.23)
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and for p € W N [H3(Q)]"*", s > 1, there holds
e = TMapell gy < CHE e 5 =0,1, 1 <€<min{k+1,s}. (5.24)

We note that the above results were proved in the 2-D case in [47]. However, they also hold
in the 3-D case as (5.22) holds in 3-D.

Theorem 5.2.3. For any ¢ € Vi, there exists a unique solution (xp,wn) € Wé‘ X Voh to
problem (5.20)-(5.21).

Proof. Since we are in the finite dimensional case and the problem is linear, it suffices to

show uniqueness. Thus, suppose (xp,wp) € Wé‘ X Voh solves

(Xn, pn) + (div(pn), Dwp) =0 Vi € W',
(div(xn), Dvp) — € (@ Dwy, Dvp) =0 Vo, € Vi

Let pup = xn, vn = wp, and subtract the two equations to obtain
(Xn> Xn) + € (@ Dwy, Dwy,) = 0.
Since u€ is strictly convex, then ®€ is positive definite. Thus, there exists 8 > 0 such that
Ixnl1Z2 + €10l Dwp |72 < 0.

Hence, x5, = 0, Dw, = 0, and since wh’aQ = 0, we conclude that w; = 0. The result
follows. o

Theorem 5.2.4. Let (x,w) € [H*(Q)]"*" N Wy x H*(Q) N Vy (s > 3) be the solution to
(5.17)-(5.18) and (xn, wr) € W x VJ solve (5.20)~(5.21). Let ¢ = min{k + 1,s}, and
assume that the linearized problem (5.12)~(5.14) is H*-regular. Then the following bounds
hold:

_3 . 0_
I~ xallze < Ce R (Il + [l o) (5.25)
_3 .9
I = xallzs < Ce3h 3 (Il + [l e) (5.26)
lw —wnllie < O B (Il e + ol e). (5.27)

Moreover, for k > 3 there also holds

lw —whllzz < Ce R (Ixll ge + lwl| re)- (5.28)
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Proof. Let Inw denote the standard finite element interpolant of w in Voh. Then

(IIpx = Xhs pn) + (div(pn), D(Ipw — wp)) (5.29)
= (Hpx — X, ) + (div(pa), D(Ipw — w)),
(div(Ipx — xa), Dop) — € 1 (2“D(Iw — wy), Duy,) (5.30)

= —e 1 (®“D(Ihyw — w), Dvy,).
Let pp = — xp and v, = Iyw — wy, and subtract (5.30) from (5.29) to get

(X — xa, Tax — xn) + € (@D (Iyw — wy), D(Iyw — wy))
= (Tpx = X, Tx = xa) + (div(ITax — xn), D(Ihaw — w))
+ € (@ D(Ihw — w), D(Iyw — wy,)).

Thus,

ITIhx — xall72 + € 1O D(Ihw — wp)]|7
< Mex = XNl 2T x — xall 2 + Hax = Xall g [[D(Thw — w) | g2
+ Ce 2 D(Ihw — w)| 2| D(Inw — wy)|| 2

< M = xll 2 1Thx = xallzz + Ch™H[Tx — xallz2 | D (Ihw — w)| 2
+Ce || D(Iyw — w)l| 2| D(Inw — w2,

where we have used the inverse inequality (A.21).

Using Cauchy’s inequality and rearranging terms yields

ITThx = xall72 + €D (Unw — w172 (5.31)
< C(IMpx = xll72 + 272 Ihw — wlffp + €| Iyw — wlf7n).

Hence, by the standard interpolation results (cf. Theorem A.0.2), we have

— _3
TTnx = xallzz < C(IMax = xllzz + h 7 [ Ihw — wllg + €2 [ hw — wl| 1)
_3.4_
< Ce2h 2 (Il e + llwll o),

which by the triangle inequality gets

[
Ix = xallzz < Ce 202 (lIxll e + llwll e )-
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The above estimate and the inverse inequality yield

Ix = xullmr < lIx = x|l g + 1TIax — xall g
< lIlx = Wpxllg + A7 Tx — xallz2
_3.p_
< Ce 2h 3 (|l ge + [|lwl| ge)-

Next, from (5.31) we have

— _3
ID(Inw —wp)ll 2 < VeC(|lx = Mpxllzz +h ™ w — Lywl g + € 2 [lw — Tyw] 1)
< Ce R 2 (Il e + wllgre) - (5.32)

To derive (5.27), we consider the following auxiliary problem: Find z € H?(Q) N HZ(Q)
such that

—eA?z + div(®°Dz) = —A(w — wy,) in Q,
D%*zn-n=0 on 0.

By hypothesis, there exists a unique solution z € HZ () N H3(Q) and (cf. Theorem 3.2.2)
Izl s < Ce?|A(w —w) g1 < Ce™?[[D(w —wy)| 2. (5.33)
Setting k = D?z, it is easy to verify that (k,z) € Wy x Vj satisfy

(K, p) + (div(p), Dz) =0 V€ W,
(div(k), Dv) — e 1 (@°Dz, Dv) = ¢ *(D(w — wy,), Dv) Yo € Vp.

We also see that (5.20)—(5.21) produce the following error equations:

(X = Xh> pn) + (div(pn ), D(w — wp)) =0 Vi € W, (5.34)
(div(x — xn), Dvp) — € 1(®°D(w — wy), Dvy) = 0 Yo, € V. (5.35)

Thus,

e M D(w — wp)|72 = (div(s), D(w — wy)) — € (®Dz, D(w — wy))
= (div(k — Hpk), D(w — wy)) — et (@°Dz, D(w — wy,))
+ (div(ITpk), D(w — wp))
= (div(k — k), D(w — Iyw)) — 671(‘I>EDZ, D(w — wy))
+ (xn — X, k)
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= (div(k — Hpk), D(w — Ihw)) — et (®°Dz, D(w — wp))
+ (xn — X Ipk = K) + (xn — X, K)
= (div(k — Hpk), D(w — Ihw)) — e_l(q)eDz, D(w — wy))
+ (xn — X, Hpk — &) + (div(x — xa), Dz)
= (div(k — Ipk), D(w — Iyw)) + (xp — X, pk — K)
+ (div(x = xn), D(z = Inz)) — ¢ (®°D(w — wy), D(z — I52))
< |ldiv(s — Tl 2l D(w — T 2 + 1 — xll 22 T — sl 22
T ldiv(x — i)l 1D — T2l oo
+C2D (= — 1)l | D(w — w2
< C(ID0w ~ )2 + Bln - X2 + B2 div(x — )12

+ €202 D(w — w2 ) |12l -
Then, by (5.25),(5.26),(5.32), and (5.33), we have

1D (w = wp)ll 2 < Ce B (|Ixll e + l[wl] gre)-

Thus, (5.27) holds.

To derive the L?-norm estimate for w—wy,, we consider the following auxiliary problem:
Find (k, z) € Wy x Vp such that

(k, 1) + (div(p), Dz) =0 Y e W,
(div(k), Dv) — e_l(q)EDz, Dv) = e Hw — wp,v) Vv € V.

By hypothesis, we have (cf. Theorem 3.2.2)

|2]| g2 < 0673Hw — wp|| 2. (5.36)

We then have

e_le — whH%Q = (div(/@), D(w — wh)) — ! (<I>€D(w — wh),Dz)
= (div(Ilpk), D(w — wy)) — € 1(®°D(w — wy), Dz)
+ (div(k — IIzk), D(w — wy,)
= (xn — X, Ipk) — € H(®Dz, D(w — wp,))
+ (div(k — k), D(w — Inw))
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= (xn — X, 5) + (xn — X, IIpk — K)
— e Y(®°Dz, D(w — wy)) + (div(k — k), D(w — Iyw))
= (div(x — xn), Dz) — e {(®°D(w — wy,), Dz)
+ (Xn = X, nk — K) + (div(s — 1K), D(w — Tyw))
= (div(x = xa), D(z = Inz)) — € 1(P°D(w — wp), D(z — I2))
+ (Xn = X, nk — k) + (div(s — 1K), D(w — Tyw))
< (ldiv(x = xn)llz2 + Ce?|D(w — wp)|2) || D(z — In2)]| 2
+ [Ixn = X2 Mps = £l g2 + |div(s = k)| L2 | D(w — Thw)]| 2
< CR* (Ix = xullgr + € 2llw — wall g ) 2 s
+CP?|xn — xll 2 I8l 2 + Chllw — Iyw| g |5l g2
< Ce O ([Ixll e + llwllgre) 121 s

—9,14
< Ce hE ([Ixlgre + lwllge) lw — whl| 2.

where we have used (5.25),(5.26),(5.27), (5.36), and the assumption k& > 3. Dividing the
above inequality by ||w — wp]| 2, we get (5.28). The proof is complete. O

Remark 5.2.5. By Theorem 3.2.2, the hypothesis concerning the regularity of the lin-
earized problem in Theorem 5.2.4 holds provided 092 € C*.

5.3 Error Analysis for Finite Element Method (5.10)—(5.11)

The goal of this section is to derive error estimates for the finite element method (5.10)—

(5.11). Our first step is to define the following mapping.

Definition 5.3.1. Let T : Weh X Vgh — Weh X Vgh be a linear mapping such that for any
(1> o) € WE VR, T(pn,vn) = (T (s o), T® (s, vn)) satisfies

(,uh - T(l)(uh, ’Uh), Hh) + (diV(/ih), D(’Uh — T(z) (/Lh, Uh))) (5.37)
= (1, kn) + (div(sp), Dvg) — (g, knYon Vi € W,
(div(pn, — TW (un,vp)), Dzp) — € (9°D(vp, — T@ (g, vp)), D2g) (5.38)

= (div(un), Dzn) + €' (det(un), ) — (f2n)  Vau € Vo.

By Theorem 5.2.3, we conclude that T'(up, vy,) is well-defined. Clearly, any fixed point
(Xn,wp,) of the mapping T' (i.e., T(xn,wn) = (Xn,wp)) is a solution to problem (5.10)—
(5.11), and vice-versa. Similar to Chapters 3 and 4, we show that the mapping 7" has a
unique fixed point in a small neighborhood of (I0€, Iu®). However, the analysis of the

mixed finite element method proves to be more difficult than the aforementioned chapters.
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The most obvious additional difficulty is that the mapping consists of two functions; one a
scalar function, the other a symmetric tensor function. Moreover, for any pairing (up, vp)
near the fixed point, the Hessian of the scalar function vy has to be in some sense close to

the tensor function uj in order for T' to be a contracting mapping. To this end, we define

1
Sn(p) : = {(nsvn) € WE X Vs |l — Ino®|| 2 + €2 o — Inul[| g < p},
Ly, - = {(,uh,vh) S Weh X vah; (,uh,/i'h) + (diV(/ih),Dvh) = <§, Hh>aQ Vkp € Wél},
Bn(p) : = Si(p) N Zp.

We also assume o€ € H*(Q2) and set £ := min{k + 1, s}.
The next lemma measures the distance between the center of Sy (p) and its image under

the mapping 7' (compare to Lemmas 3.3.1 and 4.3.1).

Lemma 5.3.2. Suppose that the linearized problem (5.12)—(5.14) is H3-regular. Then the

mapping T satisfies the following estimates:

Hno® =T (Ino, Iyu)|| < Crle)h > ([lo | e + ul| e). (5.39)
Hno® = TN (Lo, Inu) g2 < Co(Oh 2 (o[l ge + ]l e (5.40)
1Znu = TP (Ino, Iiu) |l < Ca(e)h " ([0 gze + u ] re), (5.41)

4—3n —2—-3n

where C(€), Ca(e) = O(e > ), and C3(e) =0(e™ 2z ), (n=2,3).

Proof. We divide the proof into four steps.
Step 1: To ease notation we set wj, = 1,0 =T (I,0¢, Iuc), S5 = Tuc—T® (Ipo€, Inuc).
By the definition of 7' we have for any (up,vy) € W x V!

(Whs 1) + (div(pn), Dsj,) = (Ino, pn) + (div(pn), D(Inu)) = (g, pn)on,
(div(w;,), Dvp) — € 1(®Dsj,, Dvy) = (div(I,0°), Dvy) + € (det(I,o%), vp) — (£, vp).

It follows from (5.8)—(5.9) that for any (up,,vy) € Wl x V!

(wh i) + (div(ps), Dsy,) = (Ino® — o, ) + (div(un), D(Ipu — u)), (5.42)
(div(wy), Dvp) — € (@ Dsy, Dvy) = (div(Ino® — 0¢), Dvy,) (5.43)
et (det(I0¢) — det(c), vp).

Letting vy, = s§, up = wj, in (5.42)-(5.43), subtracting the two equations and using the
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mean value theorem, we get

(wh,,why) + € H(2°Dsy,, Dsy,) = (Ino — o, wf) + (div(
+ (div(c® = 140°), Dsj,) + € (det(0€) — det(I0), s,)

(

)

where € = cof(7I,0¢ + (1 — 7)o€) for 7 € [0, 1].
Step 2: The case n = 2. Since V€ is a 2 X 2 matrix whose entries are same as those of
TIho + (1 — 7)o (up to sign), we have by (2.11)
|19 2 = ||cof(TIno® + (1 — 7)o%)| 2 = |TIho® + (1 — 7)o 12
€ € € _1
S Nnollzz + lloll2 < Cllo®|lz2 = O(e™2).
Step 3: The case n = 3. Note that (¥¢);; = (cof(rI0+ (1 —7)0%));; = det(T10;; +

(1—7)0¢sj), where o¢|;; denotes the 2 x 2 matrix after deleting the ith row and jth column

of o¢. We can thus conclude that

()] <2 max (|7(Iho%)e+ (1= 7)(0%)atl)”
SHEULFE]

< C € 2 < C € 200'
< Sggij!(a )stl” < Cllof[lz

Thus, (2.11) implies that
1]l 2 < Cllo[Ze = O(™).

Step 4: Using the estimates of || U€|| 2, we have

lwillZe + € 01 Ds}I 72 < Hno = o2 lwillzz + il | DUInu — )| 2

3
+ 1h0® = o [ Dsp |2 + Ce2 |0 = Ino® || g |15 |

where we have used Sobolev inequality. It follows from Poincaré’s inequality, Cauchy’s

inequality, and the inverse inequality that

lwillFe + € Ollsi I < Ce“ I Iho® — o3 + CllwhllmlHhu —ullm  (5.44)

< CM IR 0|17 + ChT wh |l 2 [ T — u g
Hence,

lofllFe + e MsillFn < Ce4 2o + CR*H [ue |3
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Therefore,
/—
lwillze < Cale)h 2 (lo e + l[u )

which by the inverse inequality yields
/—
lwllz < Cr(ORT (o[l e + llull re)-
Next, from (5.42) we have

(div(pn), Dsy) < llwill2llpnllLz + [ 1n0® = o[ 2|l 12
+ [ldiv () | L2 [ D(Inu® — )|l 2
< CO ()N (Il gze + Il e lpanl -

It follows from (5.22) that
IDsf 2 < CCo(e)n 2 (|0 e + )
To prove (5.41), let (k, z) be the solution to the following problem:

(K, p) + (div(p), Dz) =0 YV € W,
(div(k), Dv) — e {(®°Dz, Dv) = ¢ (DsS,, Dv) Yo € 1.

By hypothesis, there exists such a z satisfying (cf. Theorem 3.2.2)
2]l s < Ce 2| Dsjy |l 2.
We then have

e | Dsg |32 = (div(k), Ds,) — e 1 (®°Dz, Ds,)
= (div([,k), DsS) — e L(®°Dz, DsS)
—(w§, k) — € 1 (@ Dz, Ds) + (I,0¢ — 0, TIyk)
+ (div(Tpk), D(Ipu® — uf))

— (W) + (w5 — Tlys) — (8D, D)
+ (Ino€ — o, k) + (div(llyk), D(Ipu — u))
= (div(wy,), Dz) — € 1(®°Ds5, Dz) + (wf, & — k)
+ (Ipo® — 0, k) + (div(IIyk), D(Ipu — uf))
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= (div(w§), D(z — Iy2)) — € H(®°DsS, D(z — I2)) + (wp, & — Hpk)
+ (Ipo® — o, k) + (div(Ilk), D(Ipu — u®))
+ (div(c® — I40°), Inz) + € Y(det(c€) — det(I;,0°), I, 2)
< [l div(wi) |21 D(z = In2) || 2 + € 1| @€ oo | D} || 12| D (2 — In2)| 2
w2 — Tsllze + 1n0 — 0%l 2Tkl 2o
i (TT) | 2 | DDy — )
+ldiv(o — Tuo®) | g2l sl gz + O™ 0 z2llo — Tuo® [ | Tzl
< CR2 (il + € 21D ) 1ol o
+ C R (2 2 + Tzl ) o e
+ Chllwill 218l 1 + OB |0l e Tkl L2 + OB H[Tw |l e
< COp(e)e 2R (|ful e + o[l ge) 12 s
< COp(e)e = (Jlu| e + o) o) | D || 2

Dividing by || Dsj,|| 2 and applying the Poincaré inequality, we get (5.41). The proof is
complete. ]

The next lemma shows the contractive property of the mapping 7' (compare to Lemmas
3.3.2 and 4.3.2).

Lemma 5.3.3. There ezists an hg > 0 such that for h < hg, there exists a pg € (0,1) such

that T is a contracting mapping in the ball By (po). That is, for any (un,vn), (Xn,wn) €
Br(po) there holds

1TD (pn, 0n) = TO (xn wi) || 12 + € 2| T (s vn) = T (xny wi) | 110 (5.46)

_1
< 5 (e = xnllpz + €2 [lon — wallm)-

N

Proof. We divide the proof into five steps.

Step 1: To ease notation, let
TW o= TW (g, v) — T (xp,wp), TP o= T (g, vp) — T (x, wp).
By the definition of T we get

(T, 5y )+ (div(kp), D(TP)) =0 Vry, € W, (5.47)
(div(TW), Dzp,) — e 1 (@°D(T®), Dzy,) (5.48)
= 671((<I)ED(U)}1 —vp), Dzp,) + (det(xn) — det(pn), 2n))  Va € V.
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Letting z;, = T and «;, = TM, subtracting (5.48) from (5.47), and using the mean value

theorem we have (n = 2,3)

(1M, 7MWy + Y@ DT?), DT<2>)
-1 ‘IDED ’Uh — ’U)h) )

( + (det(up) — det(xn), T(z)))

(®°D(vy, — wy), DTP) +

( +
T2

(
- (W, (pn — xn), TP))
(
)

! D : (up — xn), T?)

(
(
((®“D(vy, — wy), D )
+ (T — ) : (un — xn), T?))
“H((div(®T®), D(v, — wp)) + (e — xn, TP)
+ (U = @) < (un — xn), T?))
e ((div(ITp(®T®)), Dy, = wn)) + (ptn = xn, ®T)
+ ((¥n — ‘I’e) (tn — xn), T®))
e ((@T® — (@ TP,y — xn) + (Tn — @)« (1 — xa), T@))
e (12T —T0,(®TP)|| 2l itn — Xl 2

+ Ol W, — @ g2l — xall 21T )
<eM(oT® - (‘I>E T |2l n = Xl 2
+ |log b 2" h*2" | Wy, — |2 llan — xall 21Tl

where ¥y, = cof(up + 7(xn — pn)), 7 € [0,1]. We have used the inverse inequality to get
the last inequality above.
Step 2: The case of n = 2. We bound ||®€ — Wy || ;2 as follows:

[ — Wp| 2 = ||lcof(0®) — cof(pn + 7(xn — pn)) |l 2
= [|o = pn — 7(xn — pn) |l 2
<o = Iho\l g2 + 1ho® — pull 2 + lIxn — pallr2
< C (|0l e + po).-

Step 3: The case of n = 3. To bound ||®° — U}||2 in this case, we first write

(2 — Wh)ijllz2 = [[(cof(0)ij) — cof(un + T(xn — 1n))ijl 22
= ||det(o|ij) — det(unli; + 7(Xnlis — pnlig))l 22,

where we have used the same notation found in Lemma 5.3.2. Using the mean value
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theorem,

(2 — Wp)ijllp2 = [[det(o€]s;) — det(pnli; + T(xnlij — pnlii))|lz2
= [[AY 2 (0li; — pnliy — T(Xnlis — palig)) |l 22
< A9 poe llolij — palij — 7(xulis — plij)l 22,

where AY = COf(O'E’Z‘j + )\(N’z‘j — T(Xh’z‘j — /J‘ij) — O'E’z‘j)), A E [O, 1].
On noting that AY € R?*2, we have

IA9 [ oo = [[cof(o]ij + Auliy — 7(xnlis — p2lis) = 0ij)ll e
= [loij + Mulij — 7(Xnlij — #liz) — o%lig)| o
< C(|lo Nl + kol + b~ po)
< (B0l + B2 o),

where we have used the inverse inequality and (2.11). Combining the above estimates gives

€ — € _3 €
(@ = wa)isllze < O+ B Yo | ge + b2 po)lo|sj — penlis — 7 (Cxnlis — panlis)ll 2
< C( o g+ 5 o) (R llo“ll e + o) -

Step 4: We now bound ||®T(?) — I, (®T?)|| ;2 as follows:

[T —T0,(@TP)| 7. < Ch?|STH|3,
= CR2(|oT@|3, + | D@T@)]3.)
< CR*([@T@3. + |@DT@|3, + | DHTA2,)
< CR2 (|31 TP 34 + [0 oo | DTP |3, + | DE| 35| TP |36)
< CR(| 3 ITP 30 + 91 [ DTP32 + [ DO 3173
< CR2 (|||} + 1 D2°)135) | DT |3
< Ce o n3|DT?|3,,

where we have used Sobolev’s inequality followed by Poincaré’s inequality. Thus,
|9T® — 10, (@°T®)| 2 < Ce 1 [ DT 2.

Step 5: Substituting all estimates from Steps 2—4 into Step 1, and using the fact that
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®€ is positive definite, we obtain for n = 2,3
1Tz + €10 DT 7.
< Ce! (e—%h +log b "2 B2 (7 + )0 | e + B2 p0)" (WL 0| e + po))

% (=l 2| T )

< C( B+ M loghl 2 R (7 + 0l ge + B3 p0)" P (W0 e + ) )
x (llen = xall 2| DT 12 )
Using Cauchy’s inequality we get
17O g2 + €2 | T 1
<C _19 _1 3_mpqg 2=n 0 e _3 n—2
<Cie zh+e z|loghl’ "h™z (e '+ h'||o||ge + B2 po)

X (R llo“ e + po) Fllan = xal 2

=

19

For the n = 2 case, we choose hy = O(e12) such that |log h0|ﬁh0 < (ﬁ) . For
H
llo<ll e

3 51
the n = 3 case, we choose hy = O (min{eg, (52> }) Fixing h < hg, we set

po = O(e%\ log h|7%) in the n = 2 case and pg = O(e%h%) in the n = 3 case. We then have

the following estimate:

_1 1
ITW 2 + € 2T g < Sl = xall 2
1 _1
< 5 (ln = xallz + €2 llon — wall 1)
The proof is complete. O

We now state the first main theorem of this chapter.

Theorem 5.3.4. Suppose that the linearized problem is H>-reqular. Then there exists an
hy > 0 such that for h < min{hg, h1}, there exists a unique solution (o}, us) to (5.10)-(5.11)
in the ball By,(p1), where p1 = 2(Ca(e)h* 2 + 67503(6)1%_1) (o€l zre + l|ull e ). Moreover,

I S € — € €
lo€ = a2 + € 2 [[u = uf g1 < Cal)h2 ([0l e + |l 1ze) (5.49)
lo® = ol < Cs(@R > (lo e + 1 e), (5.50)
1 (=3-3n)
where Cy(e),C5(e) = O(e 2C3(e)) = O(e 2 ).
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Proof. Let (pup,vp) € Br(p1). In the two dimensional case, choose h; such that

1
-2
h|log h| 7D < C ( Ve )>

Co(e)(lloll gre + llucl e

and

1
1

€ —1
hi|log h|2=D) < C < > .
|log A G @l e + Telaze)

For the three dimensional case, we choose hi such that

3
€2

20-5 €2 73
h <O mln{<cg<e><uaeum+\|ueum>> (com ) )

Then for h < hy, we have p; < pg. Thus, using the triangle inequality and Lemmas 5.3.2

and 5.3.3 we get

1
12h0° = T (pn, vp) || 22 + €2 | Tyus — TP (g, o) | < |1 1no® — T (10, Tud)|| 2
+ 7O (I, ) = TO G, ) 2 + €| I = T (I, L) |
+ e 3| T (Lo, Tu) — T (pn, on) |10

1 _
< (Co(e)h 2 + € 2C3(e)h ) (0| e + |[uc]| )
1 _1
+ §(|Uhcf6 — pnllpz + € 2 || Iyut — o)
< % + % =p1 <L

So T(up,vp) € Bp(p1). Clearly, T is a continuous mapping. Thus, 7" has a unique fixed
point (o}, uj5,) € Bp(p1) which is the unique solution to (5.10)-(5.11).

Next, we use the triangle inequality to get

o€ — ol + € 2 u — ufll g < o€ — Inotll 2 + [ Ino — |2
e (lu® = Inucllgr + [ Tpus — || )
<p1+ Che*l(HUeHHff + [Juf] gre)
< Ca(@n 2 ([l zze + [[u e
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Finally, using the inverse inequality we have

lo = ol < llo° = Io [l s + |12 — o5
< o = Il + Ch | Iho — o512
< CH Yoy + Ch 4y

ef
< Co (3 ([l e + [l re)-

O]

Remark 5.3.5. Comparing with error estimates for the linearized problem in Theorem
5.2.4, we see that the above H'-error for the scalar variable is not optimal. Next, we shall
employ a similar duality argument as used in the proof of Theorem 5.2.4 to show that the

estimate can be improved to optimal order.

Theorem 5.3.6. Under the same hypothesis of Theorem 5.3.4 there holds
| —us || g1 < Ce? (e’% (Cy(e) —i—C'5(e))he*1 +C4(6)61’"h2£’4> (”O'GHHZ + ||u€HHe) (5.51)

Proof. The regularity assumption implies that there exists (k, z) € Wy x Vo N H3(2) such
that

(k, p) + (div(p), Dz) =0 Y € W, (5.52)
(div(k), Dv) — e 1(®°Dz, Dv) = ¢ 1 (D(uf — uf), Dv) Yv € W, (5.53)

with
2l s < Ce2(ID(u — ufy)| 2 (5.54)

It is easy to check that 0 — o} and u® — uj, satisfy the following error equations:

(0 — o, pp) + (div(pp), D(u —uy)) =0 Yy, € W, (5.55)
(div(c® — %), Dup) + € Hdet(o€) — det(of),vs) = 0 Yo, € V. (5.56)

By (5.52)-(5.56) and the mean value theorem we get

e D —uf)||72 = (div(k), D(u¢ — uf)) — e 1 (@°Dz, D(uf — uj,))
= (div(Ilpk), D(u —uf,)) — € (@D(u — uf,), Dz) + (div(k — k), D(u® — uj,))
= (0, — 0, k) — e 1 (@°D(u — uf), Dz) + (div(k — k), D(u® — uj))
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— (g]i — 0, ;g) ! ((I)eD(uE — uf), Dz)
+ (div(k — Izk), D(u€ — Ihu)) + (of, — 0, Hpk — k)
= (div(c — 0},), Dz) — 1( ‘D(uf — uj},), Dz)

+ (div(k — k), D(u® — Iyu)) + (0, — 0, pk — K)
= (div(c® — 0},), D(z — In2)) — ( ‘D(uf —uf,), D(z — Ipz))
+ (div(k — k), D(u® — Ihyu)) + (0, — 0, pk — K)
1(det( ) — det(oy,), Ihz) —€ (<I>€D(u€ —uf,), D(Iy2))
= (div(oE —0},), D(z — In2)) — ( ‘D(u —up,), D(z — I2))

+ (div(k — k), D
—e (U (0°—0

(u€ = Iyue)) + (of, — 0, Ik — K)

i), Inz) — e 1 (@°D(u — uf), D(I,2)),

where W€ = cof(c + 7(0j, — 0¢)) for 7 € [0,1]. We note we have abused the notation of W¢
defining it differently in two different proofs.

Next, we note that

(U : (0 = 0},), [nz) + (PD(u — uj), D(Ix2))
= (®°: (6° = 0},), Inz) + (div(®Lp2), D(u® — uj)) + (€= @) : (0 — 07,), In2)
= (0 = 0}), ®Ipz) + (div(IIL(®Ih2)), D(u® — uj)) + (€ — @) : (0 — 07,), In2)
+ (div(®“Tpz — I (P112)), D(uf — Ihu))
= (0 = 0}, ®Ipz — R (PTp2)) + (¥ — @) : (6 — 07,), In2)
+ (div(® Iz — My (@142)), D(u — Lhu)).

Using this identity and using the same technique used in Step 4 of Lemma 5.3.3, we have

eilHD(uE — ui)”%g = (div(a6 —07),D(z — Ihz)) — ! (<I>€D(u6 —uj),D(z — Ihz))
+ (@ =) (0 = 05), Tnz) + (0 = 07, (8T, 2) — 0°2)
+ (div(IL, (@1 2) — ®I2), D(u — Ihue))} + (o}, — 0, Hpk — k)
+ (div(k — Izk), D(u — Inuc))
< (Jiv(o — of)l2 + O 2D )l 2) 1Dz~ 1y2) 2
+Ce (|0 = ¥ p2]lo® = ol 22l + [lo® — o || 2| TTh (@I 2) — D Lnz]| 2
+ [|div (I, (®Tp2) — @ Inz)|| 2| D (s — Dyu)|lp2) + 15 — a2 llo — ol 2
+ [|div(s — pw) || L2 [ D(u = Tput)|| 2
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< CR (|0 = ofll g + €2l = )12l

+ O (|0 = W 20 = oIz + hllot = oIz + luf = Tnuellg) 2] s

+ Chllo = o 2llsl i+ Clu = o]
< {3 (Cule) + ()T (oL + I ze) + € 2Ca(R 2@ — W2 |2l s
< ce2{e 5 (Cie) + C5 ()R (0 e + T 10)

+ 2Ca(R 0 — W2 I D(wt = ) 2

We now bound ||[®€ — U€¢||;2 separately for the cases n = 2 and n = 3. First, when

n = 2 we have

| = 92 = floof(r") — cof(o, + 7(o" = 7)) |12
= |0 = (o}, + (0 — o},)) |l 2

< Ca( )2 (o e + llu re).
Second, when n = 3, on noting that

[(®€ — ¥);5 = [(cof(c°))ij — (cof(a, + 7(0° — o},)))is]
= |det(0[ij) — det(o“[ij + T(0 i — opliz))I;

and using the mean value theorem we get

1(T)i5 — (@ijllze = (L= 7)AY = (055 — o5 ]ij) || 22

< |AY]| = [lo i — oflisl 2
where A% = cof(c®|ij + (o5 |ij — 0¢|ij)) for A € [0,1]. Since A¥ € R?*2, then
IAY | Lo = Nlo“lis + Moqlis — olij)llzoe < Cllo||z = O(e™).
Thus,
19 — W€ 2 < Cal@)® " h 2 (|| e + | re)-
Finally, combining the above estimates, we obtain
ID(u — )z < O (€3 (Cale) + Co(NA" + " Cul@n =) (o e + o)

O
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Remark 5.3.7. We note that 2(¢ —2) > ¢ —1 for k > 2. Thus, we have obtained optimal

error estimates in the H-norm.

5.4 Numerical Experiments and Rates of Convergence

In this section, we provide several 2-D and 3-D numerical experiments to gauge the effi-
ciency of the mixed finite element method developed in the previous sections, and we also
compare the results with those found in Chapter 3. We numerically determine the “best”
choice of the mesh size h in terms of ¢, and rates of convergence for both v —u® and v —uj,.
All tests given below are done on domain 2 = (0,1)" (n = 2,3). We like to remark that the
2-D mixed finite element methods we tested are often 10-20 times faster than the Argyris

finite element method studied in Chapter 3.

Test 5.1

For this test, we calculate ||u —uj || for fixed h = 0.009, while varying e in order to estimate
||lu — uf||. We the use quadratic Lagrange element, and set to solve problem (5.8)—(5.9)

with the following test functions:

x2+x2 T +ac2 x2+x2
@u=e 2, f=Q0+at+ad)e =, g=e 7,
(b)u:lel—i_x%? f:2x1a g:lel—i_x%a

12 IQ IZ 12 1_2 932
(C) u==e L 22+ 37 f = (1 —|—l‘1 +x2 +x ) %(mz+y2+z2)’ g — 6%7
(d)u:x%—i-x%—i-m%, =23, gzaz%—i—x%—i—x%,

1 1
() u= (w1 + a3 +a3), [f=3627a3, g =51 + a3 + x3).

After having computed the error, we plot the results in Figure 5.1 for the two dimen-
sional tests and Figure 5.2 for the three dimensional tests. We also plot the computed solu-
tion and corresponding errors in Figures 5.3-5.4. The figures show that |jo—o7j |2 = O(e%)
in both the two dimensional and three dimensional case. Since h is very small, we expect
lu —u g2 = ||lo—of |2 = O(e%). Based on this heuristic argument, we predict that
lu —u||g2 = O(ei). Similarly, from Figures 5.1 and 5.2 we see that ||u — u||;2 =~ O(e)
and ||u — u|| g ~ O(e%). We note that these are the same rates of convergence found in
Test 3.1 in Section 3.6
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Figure 5.1: Test 5.1 (2-D). Change of ||u — uj || w.r.t. e.
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Figure 5.2: Test 5.1 (3-D). Change of ||[u — uj || w.r.t. e.
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Max: 2.718

2.6

2.4

2.2

1.8

1.6

1.4
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1
Min: 1.00

Max: 1.664e-3
x1073

1.6

Min: -2.914e-6

Figure 5.3: Test 5.1a. Computed solution (top) and error (bottom). € = 0.0125, h = 0.009
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0
Min: -9.038e-8

Max: 2.24e-3
x1073

Min: -9.274e-5

Figure 5.4: Test 5.1b. Computed solution (top) and error (bottom). € = 0.0125, h = 0.009
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Test 5.2

The purpose of this test is to calculate the rate of convergence of ||u® — uj || for fixed € in
various norms. We use the quadratic Lagrange element for both variables and solve problem
(5.8)(5.9) with boundary condition D?un -1 = € on 99 being replaced by D?u‘n-n = ¢

on 0f) and using the following test functions:

(a) u = 2029 + 5, f€ = 18000z7z3 — €(72003 4 36023),
g = 2025 + 2§, ¢° = 6007} + 302373,
(b) u® = xysinx; + xosinzy, €= (2cosxzy — x1sinxy)(2cosxe — xosinxy)
— €(xysinzy —4cosxy + xasinxy — 4 cosza),

g = zy1sinzy + xosinze, ¢ = (2cosxy — xlsinxl)n% + (2cos g — x9sin acg)n%,

(c) uf = af + o} + a3, fe=8,
g = af + a3+ a3, ¢° = 20} + 205 + 203,

(d) uf = 27 + 23 + a5, [ = —€8640x2% 4 720223,
g€ = xf + 23 4 2§, ¢° = 122207 4 203 4 3013.

After having computed the error in different norms, we divided each value by a power of
h expected to be the convergence rate by the analysis in Section 5.3. As seen from Tables 5.1
and 5.2 the error converges exactly as expected in the H'-norm, but o}, appears to converge
one order of h better than the analysis shows (in 2-D/quadratic case). In addition, the
error seems to converge optimally in the L?-norm although a theoretical proof of such a
result has not yet been proved. We talk about these findings in the next section, and

discuss ways to improve the analysis in Section 5.3 to correspond to the numerical tests.

Table 5.1: Test 5.2 (2-D): Change of ||u — uj || w.r.t. h (e = 0.001)

h Mu®=upllpe | Mu=upllys | Mot=opll2

3 2
Test 5.2a | 0.1 4.3328494 33.561367 0.83(};958
0.05 | 4.3607192 | 33.782835 | 0.2378385
0.033 | 4.3657346 | 33.818929 | 0.1152246
0.025 | 4.3675102 | 33.832290 | 0.0699180
0.02 | 4.3683359 | 33.838088 | 0.0479970

Test 5.2b | 0.1 0.0134917 | 0.1045140 | 0.0006866
0.05 | 0.0134978 | 0.1045561 | 0.0002399
0.033 | 0.013499 0.1045638 | 0.0001301
0.025 | 0.0134994 | 0.1045666 | 8.436E-05
0.02 | 0.0134996 | 0.1045678 | 6.029E-05
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Table 5.2: Test 5.2 (3-D): Change of ||u — uj || w.r.t. h (e =0.001)

h

e — g

[ — ||

lo€ — oplle>

Tu—upllL2
3

Tu—upllg
2

Test 5.2¢ | 0.17 | 0.04647 0.2456175 0.7568817 1.54%7769 1.4189674
0.12 | 0.0224646 0.1715080 0.8748965 1.5659655 | 1.4319419
0.074 | 0.0079533 0.1036339 0.8388694 1.4536629 | 1.401069
0.059 | 0.0051257 0.080715 0.6612057 1.4935865 | 1.3778199
0.039 | 0.0019731 0.0528109 0.5852905 1.2968491 | 1.3539134
0.031 | 0.0011300 0.0416893 0.5282357 1.1770106 | 1.3454285
0.021 | 0.0004444 0.0284367 0.4817416 0.9851921 | 1.3388245
Test 5.2d | 0.17 | 0.104110518 | 0.8719690 3.9052875 3.4649376 | 5.0303878
0.12 | 0.0545618 0.6803014 3.9245544 3.8033947 | 5.6799218
0.074 | 0.0197350 0.426235 3.7512680 3.6070523 | 5.762455
0.059 | 0.013048 0.3398852 3.330496 3.8020875 | 5.8018648
0.039 | 0.0075652 0.2291658 3.2466388 4.9723099 | 5.8751179
0.031 | 0.0084335 0.1848377 3.0434380 8.7837988 | 5.9652200
0.02 | 0.0090064 0.1356318 3.0204549 19.963717 | 6.3856484
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Test 5.3

In this test, we fix a relation between € and h, and then determine the “best” choice for
h in terms of € such that the global error u — uj, has the same convergence rate as that of

u — u®. We solve problem (5.8)—(5.9) with the following test functions:

(a) u =z + 23, f = 2422, =z} + 23.

(b) u = 2028 + 25, f=18000x1x3, g =209 + 5.

To see which relation gives the sought-after convergence rate, we compare the data with
a function, y = #z®, where a = 1 in the L?-case, o = % in the H'-case, and a = % in the
H?-case. The constant, 3 is determined using a least squares fitting algorithm based on
the data.

As seen in the figures in the Appendix, the best h—e relation depends on which norm one
considers. Figures B.7-B.8 and B.11-B.12 indicate that when h = €z, lu — uj || 2 = O(e)
and |lo — o}|2 = O(e%). It can also be seen from Figures B.9-B.10 that when h = ¢,

3
lu = uj, |1 = O(ex).

5.5 Concluding Remarks

In Section 5.4 (Test 5.2), the rate of convergence of ||o€ — o in the L? and H'! norms
appears to converge faster than what is proved in Section 5.3 which is a very interesting
phenomenon considering we have obtained error estimates similar to the Hermann-Myoshi
method applied to the linear biharmonic equation [47]; estimates that are sharp in practice.
We now wish to explain how the analysis in Section 5.3 could be improved upon to correlate
to the numerical tests.

A careful study of Theorem 5.3.4 shows that the error bound of ||c¢ — o7} || depends on
the definition of p;. Moreover, the definition of p; depends on the results proved in Lemma
5.3.2. Thus, in order to get a better estimate on the error of o}, we need to improve the
results of this Lemma.

To do so, we notice that (I0¢, Iyu) & Zy. It then seems plausible that we could obtain
better estimates if we choose functions in Zj as the center of the ball, S,(p). This in fact
proves to be the case. However, we require the following assumption that has yet to be
shown.

Suppose there exists (67 ,15,) € Zp, such that

lo® = G5ll.2 + Pllo® — 65l < OB (llo] e + ) (5.57)
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Next, we redefine Sy, (p) and By (p) as follows:

e _1 e
Su(p) = {(pn,vn) € WX VI Nl — 65|l p2 + € 2 |lon — @5, | i < p},
Br(p) = Su(p) N Zp,.

We then have the following result.

Proposition 5.5.1. Assume that (5.57) holds. Then under the same hypothesis of Theo-

rem 5.3.4, we have

lo® = afllze < Co()h™ ™ (ol e + llu e, (5.58)
lo® = ol < Cr(©R 2 ([lo [l e + llu ge)- (5.59)

Proof. We divide the proof into three steps.

Step 1: Image of Center of Ball
As in Lemma 5.3.2, we ease notation by setting w, = 7} — T(l)(&;,ﬁfb), sp = Uy —
T®@) (55, as). By the definition of 7' and Zy,, we have for any uj, € W, v, € V!

(wn, ttn) + (div(pn), Dsp) = 0
(div(wp), Dvp) — € 1(®“Dsp, Dvy) = (div(Gf, — o), Dup,) + €' (det(575,) — det(o©), vy).
Set v, = sp, un = wp, subtract the two equations, and use the mean value theorem to
get
(wh,wn) + € 1D Dsy,, Dsy) = (div(e® — &%), Dsp,) + € (¥ : (0 — G5, s1,),

where W€ is the same as in Lemma 5.3.2, replacing I,0¢ by &} . Considering (5.57), the

bounds of W€ are the same as in Lemma 5.3.2. Thus, we have

— ~ 31— ~
lwonl72 + €01 Dsnll72 < llo® = &5 1 Dsnll 2 + Ce2 |0 = 55| llsn |l

< Ce2)6¢ — 55 || i || Dl -

Using (5.57), Cauchy-Schwarz, and Poincare’s inequality, we have

lwnllzz + €2 [snllm < Ce 2 R ([0 e + lu g7e)- (5.60)
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Step 2: Contraction Property

We claim that the results of Lemma 5.3.3 hold for the new definition of By. Indeed,
the proof is exactly the same except in bounding || — Ay||z2 in Steps 2-3. However,
considering (5.57), the same bounds hold, and thus, we have that there exists an hg > 0
that for h < hg, T is a contracting mapping in the ball By, (pg) with a contraction factor %,

where hg and pg are defined in Lemma 5.3.3.

Step 3: Finishing up
Let ps = 206%}%71. For n = 2, choose hy > 0 such that

holloghsr <o — <o\
2| log ha|1-¢ < .
1o e + [[ue]| gre

For the case n = 3, choose hs such that

2

3n—1 20—3
€ 2
hy < C | = - .
o€l e + [luc|] e

Then h < min{hg, he} implies p2 < pp.
Thus, using (5.46) and (5.60), we have for any (pp, vn) € Bp(p2),

~ 7l - O % U
165, = T Guns o)l 22 + € 2 g, = T (un, vn) | n < 116 = T (65, %5,) 12
~ ~ _l Y 7 U
+ 70 (55, 5) — TO (un, on) | 2 + €2 [[af, — T (55, 5,) |
+ e 3| T (55, a5) — T (un, vn) | i

4—

< O (|0 + [l )

1 ~€ L1~
+§(||Uh—/~LhHL2+6 2||af, — vpll )

P2 P2
<=4 == < 1.
_2+2 P2

From this result, we can conclude that that (o7, uj) € By(p2).

Thus,

o€ —opllL2 < |lo€ =6}l + 1167, — opll L2
< Ch (|0 e + ull ) + p2
‘- € €
< Ch1Cs(e) (|0 e + [Jus]| ge ).
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Finally, using the inverse inequality, we have

o€ — ol < o€ — 5l + 155 — ol
< Ch ([0 e + lusllgge) + B po
< CR*2C(e) (|0 e + [l e

4—3n

We note by the definition of py that Cg(e) = C7(e) = O(e 2
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Chapter 6

A Nonconforming Morley Finite
Element Method for the
Monge-Ampere Equation

The specific goal of this chapter is to develop and analyze a nonconforming Morley finite
element method to approximate the solution of (2.8)—(2.10), which in turn will approx-
imate the unique convex viscosity solution of (1.11)—(1.12). As in Chapters 3-5, when
deriving error estimates of the proposed numerical method, we are particularly interested
in obtaining error bounds that show explicit dependence on e.

The motivation to use the Morley finite element to approximate (2.8)—(2.10) is that it
has the least number of degrees of freedom on each element for fourth order problems, as
its basis functions consist of only quadratic polynomials [74, 76, 89]. As a result, using
Morley elements results in only a third of the amount of degrees of freedom compared to
fifth order Argyris elements. Therefore, the total computation time is considerably shorter.

The rest of the chapter is organized as follows. In Section 6.1, we introduce the Morley
finite element as defined in [74], where the well-known two dimensional Morley element
is generalized to any dimension in a canonical fashion. We then define the variational
formulation of (2.8)—(2.10) and the nonconforming finite element method based upon the
weak formulation. In Section 6.2, we state certain properties of the Morley finite element
which will play a crucial role in the analysis in Sections 6.3 and 6.4. In Section 6.3, we study
the approximation of linearization of problem (2.8) using the Morley finite element. The
results of this section are used in the error analysis for the numerical method presented in
Section 6.1. The main results of the chapter are presented in Section 6.4, where we prove
existence, uniqueness, and optimal error estimates in the energy norm for the proposed

nonconforming finite element scheme. Our main idea is to use a fixed point technique
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using the strong stability properties of the linearized problem established in Section 6.3.
From this result, we are also able to employ a duality argument to obtain optimal order
error estimates in the broken H'-norm. Finally, we end the chapter with several numerical
tests, comparing the results of our tests with those in Chapters 3 and 5 and validating the

analysis presented in the previous sections.

6.1 The Morely Element and Finite Element Formulation

In this section, we give the precise definition of our finite element formulation. First, we

adopt the space notation of Chapter 3, that is,
Vi=H*Q), Vo:=H(Q)NH;(Q), Vy:={veV;vl,,=g}

Before defining the variational formulation of (2.8)—(2.10), we first provide the following

technical lemma.

Lemma 6.1.1. Let n denote the unit outward normal of 9. Then, there exists an orthog-
onal frame of the tangent space of 082 such that for u,v sufficiently smooth and v‘ag =0,
there holds the following identity (n = 2,3):

n—1
2 u
(Au, Av) = (D*u, D*v Z< () 877>

Proof. First, we write [48]

(Au,Av):(Dzu,D2v)+<aDu,Dv> —<Au,8v> ,
on o0 M/ s

0

%Du = D2u17
- n—1 o%u (4) (i)\t o%u ) ' o 92u .
_; <8(7-(i))2(7' )(7) +m((T )(m)" + (n)(T ))+8?72(77)(77)>7,

_nzl Pu_ ) O%u
~ 2 \ortay” T on?”

Since U’aﬂ =0

v

DU’BQ 77’8(2’
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and we have

0%u ov
2. 12
(Au, Av) = (D*u, D v)—i—<a2 Au, 877>

The case n = 2: In the two dimensional case, we take 7 = (12, —11). We then have

2.,
(Au, Av) = (D*u, D*v) + <8 - A Ov >
o0N

a2~ %oy
= (DQU,D2v)+<22§(n%—1)+Z22( 1)+2({%812§3:2771n2,g:;>80,
= (D?u, D*v) — <221772 + g:m — 28512;32771772, g:;>m,
2

The case n = 3: If n3 +n? > 0 take

(g m
ViR +nd /nd+n?

min2 mn3
= (VB = e |-
V3 + 13

\/772‘|‘7]3

Otherwise let

M =(0,1,0),
2 = (0,0,1).

We note that with this choice of tangental vectors, the following identities hold:

() () <ot
() + () ok
e

() + () = 4
SO O
(1) (1)+7_1() (2) _ ——
D) D~
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Thus,

0%u ov
Au, Av) = (D*u, D*v +<—Au,>
(A, Av) = ( )+ (G~ A

0%u, o 0*u
(m — 1)+ 87:%

= (D*u, D*v) + < o7

0%u ov
2y Y2y
(73 )+ 0272 (5 — 1), 877>8£2

49 9%u n 0*u n 9%u @
le Do min2 78:51 O3 nin3 D79013 2m3, an 0
0%u 9%u 9%u ov
— (D?*u. D?*v) — { Z=(p2 2y, YU 2 2y, GU, 9 2y Ov
(D*u, D*v) <ax§ (n2 +m3) + 923 (n1 +m3) + 023 (n1 +m3), 8n>m
4o 9%u i d%u . d%u @
7(%1 Do nin2 7&61 O3 nin3 7&@2 O3 1273, an o0

n—1

Pu v
—(DZU,DQv)—Z<.,> .
“\O(T)279n [y,

i=
[

Multiplying (2.8) by v € Vp, integrating over €2, and integrating by parts, and using

Lemma 6.1.1 we make the following identity:

(f,v) = —e(A%uf, v) + (det(D?u), v) (6.1)
= ¢(D(Au), Dv) + (det(D*uc),v)

= —€(Auf, Av) + (det(D?uc),v) + { €2, ov
M/ o

0? 0
= —e(D*uf, D*v) + (det(D?*uf),v) + 6<8—Tg + ¢, 872>8Q’
Here and for the continuation of the chapter, we shall omit the summation of tangential
derivatives for notation convenience.
Based on (6.1), we define the variational formulation of (2.8)-(2.10) as to find u® € Vj,
such that

2
— (D%, D) + (det(D%uc),v) = (f,v) — {% te, gz>m YoeVy  (6.2)
Let 7, be a quasiuniform triangular mesh of € if n = 2 or a quasiuniform tetrahedral
mesh if n = 3 with mesh size h € (0,1). Let K be a n—simplex with n + 1 vertices which
we will denote by a; (1 <i <n). Let F; (1 <j <n+ 1) denote the (n — 1)-dimensional
subsimplex of K (without vertices), b; denote the barycenter of Fj, and Sj; (1 <i < j <
n + 1) be the (n — 2)-dimensional subsimplex without a; and a; as its vertices. Next, we

let &, denote the set of all (n — 1)-dimensional subsimplexes in the mesh 7, and define
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the set of interior and boundary (n — 1)-dimensional subsimplexes as follows:
g ={F; FnoQ =0},
= {F; FnoQ#0}.
For given K € Tp, set
En(K):={Feé&,; FCoK},

ENK) i = E(K)NE,
ELK) - = E(K) N &), = En(K)\ER(K

Let (K, Pg,X k) be the n-dimensional Morley element defined in [74], that is,

1. K, an n—dimensional simplex,
2. Px = Py(K), the space of quadratic polynomials on K,

3. Yk, the linear independent functionals, {¢f wJK }, such that for v, € P,

iy

gbljvh |S/ vpdo 1<i<j<n+1,
ij
ovy, ovy, )
= b.: 1 <9< 1
QJZ)J (Uh) |F| anF $ anF](J) —j_n+ )

where ds and do are the (n — 1) and (n — 2) dimensional Lebesgue measures respec-
tively, and 7np; denotes the outward normal of the (n — 1)-dimensional subsimplex,
F;. We have used the fact that vy is quadratic to obtain the last equality. The two

and three dimensional Morley element are depicted in Figure 6.1.

Remark 6.1.2. In the two dimensional case,

oK () =wn(ar)  k#i, k#j Vo, € P

Remark 6.1.3. The Morley element of n—dimension is Px-unisolvent [74, Lemma 2],
and the following bound holds for all v € H?(K):

v — Igvlgmy < CR* ™ olgsry  m=0,1,2,3, (6.3)

where I is the standard interpolation operator.

Let V" be the finite element space corresponding to the Morley element defined above,
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- —

Figure 6.1: The two (left) and three (right) dimensional Morley element. Solid circles
indicate function value evaluation, arrows indicate normal derivative evaluation, and open
circles indicate function average evaluation.

and let

Vit e ={on € V" ¢f5 () = 0 V(i j) with 02N S;; # 0},
Vo= {on € VP 95 (vn) = 65 (9) V(i, j) with 92N S;; # 0}
Based on (6.2), we define our finite element method as follows: Find uj, € Vgh such that

Z { — e(D?uf,, D*vp) i + (det(Dgue),vh)K} (6.4)
KeT,

d%g Ovy, h
= (f,vp) — + € Yo, € Vy'.
(fsvn) —e Z <8 T2 817F>F h="o

Fegb
where
D*v, D*w) / D*v: D*wdx = / d
(D%, v e = ;1 81'38:(}] 8%8.@] “
9?g
5 = d s —_— . =
(v,w) p /Fvw s o7
and { } ! denotes an orthogonal frame of the tangent space of F.

Let uf be the solution to (6.2) and uj the solution to (6.4). The main goals of this
chapter are to prove existence and uniqueness of uj and to also show optimal order error
estimates of u®—wuj . To realize these goals, we use a combined linearization and fixed point

technique similar to the one employed in Chapters 3 and 4.
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6.2 Properties of the Morley Element

Before studying the finite approximation of the linearization of (2.8), we first state certain
properties of the Morley element which will used in both Sections 6.3 and 6.4.

For v, € V" and K € Ty, let U,If be the continuous extension of v;, from the interior of
K to OK. Given any (n — 1)-dimensional subsimplex F', define the jumps of vj, across F'

as follows:

[vh]:viﬁ—v}[fi F=0KtNoK~,
[vp] = v F =0K*non.
We then have the following lemma [74].

Lemma 6.2.1. If F is a common (n — 1)-dimensional subsimplex of K™ and K™, then
for all v, € V", a € R™

/ [Dup - a ds = 0. (6.5)
F

We note that (6.5) does not hold for F' € 52 even for v, € VJ'. However, we do have

the following useful result.

Lemma 6.2.2. For any v, € V" and F € %, we have

/ D ge_o = 1,..,n—1. (6.6)
F

Proof. Given F € &?, let Sy, ..., S, denote the (n — 2)-dimensional subsimplexes of F, and
ns; the unit outward normal of Sj. We then have for any vy, € Voh, 1=1,...,n—1

ovp, (i) vy, =~ (i) /
— . ——ds + T NS, vpdo = 0.
/F 87’1(;) o F Onr ]Z: G S; "

O]

Next, we introduce the mesh-dependent norms and semi-norms for v‘ w EHM(K)VK €
T

Hvayh = Z HU”?-IM(K) ) ‘v’m,h = Z "Uﬁ{m(K)

KeTy, KeT,

The next lemma is a consequence of the proof of [74, Lemma 6].
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Lemma 6.2.3. For any vy, € Voh, there exists vg € HE(Q) with Uo‘K € P(K) VK € T
such that

‘Uh — Uo‘mﬁ S ChQ_m"l}h‘Q’h m = 0, 1, 2, (6.7)

where C' is independent of the mesh parameter h.

Next, with Lemma 6.2.3 in hand, we are immediately able to derive a Poincaré-type

inequality in the mesh-dependent norm.

Lemma 6.2.4. There exists a constant C > 0 independent of h such that

lwalin < llonllin < Cloplin Vo, € V- (6.8)

Proof. Given vy, € V', let vg € H}(€2) be the linear interpolant of v, such that (6.7) holds.
We then have

lvnllzz < [lvollze + llvn — vol| 2
< C(lvolgr + B |vnlan)
< C(Jvnlin + |vn — ol + h2|vrlan)
< C(Jvnli,p + hlog
< Clugl1,n,

2,h)

where we have used the inverse inequality. O

6.3 Finite Element Approximation of the Linearized Prob-
lem
To prove existence, uniqueness, and error estimates of the finite element method (6.4),

we first study the linearization of (2.8) at the solution u¢. That is, for given ¢ € L?(Q),
veH 3 (09)), we now consider the following problem:

Lyc(v) = ¢ in €, (6.9)
v=20 on 012, (6.10)
Av =1 on 01}, (6.11)

where Lyc(v) = eA%v — ®¢ : D?v, and ®¢ = cof(D?uc).
Existence and uniqueness for problem (6.9)—(6.11) were shown in Chapter 3 (cf. The-

orems 3.2.1, 3.2.2, and 3.2.3). Thus, in this section, we are only concerned with the finite
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element approximation of (6.9)—(6.11) using the Morley finite element.
To define the variational formulation of (6.9)—(6.11), we first define the following bilin-

ear form:
a(v,w) := e(D*v, D*w) + (®°Dv, Dw).

The variational formulation is then defined as seeking v € V|, such that

a“(v, w) = (p,w) + <w, n> Vi € Vi

Based on the variational formulation, we define the finite element method of (6.9)-
(6.11) as to find vy, € V' such that

a (ono 0n) = (i) + Z<w,8wh> Yy, € V', (6.12)

onr
Fegd g
where

Uh, wh Z { Uh, D2wh)K -+ ((I)GDU}L, th)K} .
KeTy,

We then have the following theorem.

Theorem 6.3.1. There erists a unique solution to (6.12). Moreover, if ¢ € L*(Q),
v € H3(Q), where v is unique solution to (6.9)—(6.11), then there exists a constant Cy
independent of € and h such that the following bound holds:

o= vallon < Cre B ol + ellvllms + bllglz2 . (6.13)

Proof. Noting u€ is strictly convex, ®¢ is positive definite, and therefore there exists a
constant 6 > 0 such that (®°Dw, Dw)g > HHDwH%Q(K) Vw € HY(K), K € T;,. Thus, by
Lemma 6.2.4, we have

aj, (wp, wp) > CﬁHwhH%,h?

and it follows that there exists a unique vy, € V{* solving (6.12).

To derive (6.13), we use Strang’s Second Lemma [27] to conclude

. Ef(w
lv —vpll2n < Ce_l{ inf |[jv—wpll2n+ sup M}, (6.14)
’LUhGVO thV’L ||whH2,h
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where

For wy, € Vi, let wy € H} () be the linear interpolant such that (6.7) holds. Integrating
by parts, we obtain

((pvwh) = (GAQU — 0 DQU’wU) + (SO,U)h - ’LUO)
= —e(D(Av), Dwy) + (9 Dv, Dwy) + (p, wp — wo)

= Z { — e(D(Av), Dwp) g + (®€Dv, Dwp) g
KeTy,

— (eD(Av) — ®“Dv, D(wgy — wh))K} + (o, wp — wop)

= aj, (v, wp) — Z {(eD(Av) — ®“Dv, D(wo — wp)) K

KeT,
2 9 9
) 6Fe%:(K) <<Av ' ST; #>F - <377i§ﬂv’ 88171')1?>F)}
+ (¢, wp, — wo).
Thus,
E(wp) = G*(v,wp) + H (v, wp, wo), (6.15)
where

He (v, wp,wp) : = (¢, wg —wp) + Z (eD(Av) — ®°Dv, D(wo — wp)) K,
KeTy,

Coumi=e 3 { ¥ (aos S50

KeTn,  Fegl (K)

- X (o gt

FEELK) OnpTE OTR

Bounding H¢(v, wp, wp), we use (2.11) to derive

(0,0, w0)] < C{llglz2llwo — wnllza + (ellollms + ¢ lollzn) o — wnllin ) (6.16)

< C{nlellvllms + e olm) + B2 @l ez §lwnllz
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To bound G¢(v,wy,), we let Pp : L?>(F) — Po(F) denote the constant L2-projection.
Using Lemmas 6.2.1 and 6.2.2, we make the following identity:

G (v, wy) = (6.17)

9%v 9%v, Owy, owy,
¢ Avt TV pp(av+ 20), 900 p (DR
K;'h { Fe%;(K) < ors or”” onr ong > F

821) 822} 8wh 6wh
- L S Wy S AN Y
F%:(K) OnpoTE F(anFaTF) T F(aTF)>F}
Thus,
‘GE(U,’LU}L)‘ < CGhHUHH3HwhH2,h' (618)
Combining (6.15), (6.16), and (6.18)

B wi)| < Ch(eH ol + (ol + hllelz) }

\whHgyh. (6.19)
Completing the proof, we use (6.14), (6.3), and (6.19) to obtain

lo = vnlla < C L wllmr + ellvllms + bliglza -

6.4 Finite Element Approximation of (6.4)

In this section, we provide our main results, where we show existence and error estimates of
the solution to (6.4). Asin Chapters 3—5, the strategy to prove these results is to use a fixed
point argument that relies on the stability properties of the linearized problem. However,
there are subtile but important differences between the analysis presented here and the fixed
point arguments in the aforementioned chapters. Namely, the finite element space V" is not
part of the energy space, and as a result, interior edge integrals appear when integrating
by parts. To overcome this additional difficulty, we use the approximation properties
established in Lemmas 6.2.3, 6.2.2, and 6.2.1 to bound these extra terms appropriately.
As a first step in proving existence, we define a linear operator Th; : Vgh — Vgh such

that for given vy, € Vgh, T (vy) is the solution to the following problem:
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h(vh — T (vp), Z { Uh, D2wh)K — (det(Dzvh),wh)K}
KeT,

0? 0
+ (f,wp) — € Z <87’§+€’8:;>F'

By Theorem 6.3.1, Ty is well-defined. We also see that any fixed point of Ty (i.e.
T (vp) = vp) will be a solution to (6.4) and vice-versa. The main task of this section is
to show T has a unique fixed point in a small neighborhood of u¢. To prove this, we first

give the following definition:
B (p) := {vn € V5 [[Inu —vnll2n < p},

where Iuf € Vgh is defined such that Ihu€|K = IKu6|K VK € 7y,

We then have the following lemma.

Lemma 6.4.1. The following bound holds (n = 2,3):
| T = Tag () lon < Co (€2 hlfuc s + B2 A% 12), (6.20)

where the constant, Ca, is independent of € and the mesh parameter h.

Proof. Let wj, := Inu® — Ty (Ipu) and of := u® — Iu. By the definition of T, we have
for any wy, € Voh,

aj, (wy,, wp) Z {e(D*(Ihuc), D*wy) g — (det(D*(Ipuf)), wn) K }
KeT,

b (o) —e 0 (284 By |

Fegb F I
Let wo € HL(Q) be the linear interpolant of wy, such that (6.7) holds. We then have

(f,wp) = —e(A2u€,wh) + (det(Dzue), wp)

= Z { — e(D*uf, D*wy) k¢ + (det(D*uc), wp,) k

KeT,
32 €9 82 € 9
we 3 (a0 T 5t (e 0 )

+ F(u, wp, wo),
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where

Fe(u, wp, wo) == e(A%u, wy — wy) + € Z (D(Auf), D(wo — wp)) k-
KeT,

Thus,

G;L (w;w wh)

-y { — (D€, D*wp) i + (det(D?uf) — det(D(Ihu)), wh)K}
KeTy,

+ G (u,wp) + F(us, wp, wp),

where G¢(+,-) is defined in Theorem 6.3.1.
We bound F€(uf, wp,wy) as follows:

[P wny w0)| < CLell A0 g2 wo = wnll g2 + ellu g o — wi

"

< Ce{nlull s + P2 12 Hllwn o
Next, we use the mean value theorem to conclude that for any K € 7j,
(det(D?u€) — det(D?(I,u)), wp) ik = (% : D2aC, wp) K,

where @5 := cof(D?*u — 7xac) for some 7 € [0, 1].

For n = 2, we have
T _1
9% | 2(x) < ClID*ul| 2y < Ce 2.

In the case n = 3, we have

195l 2(x0) < ClID? 3oy < Ce2.

(6.21)

(6.22)

(6.23)

(6.24)

Thus, using (6.21)—(6.24), (6.3), (6.18), and a Sobolev inequality, we can derive the

following inequality:
1(5_
|afy (why wn) | < C(2P7*Whl|u| s + eh® (| A%u|| 12) [[wp2,b-

Finally, using the coercivity of aj (-, -), we obtain (6.20).

O]

Remark 6.4.2. By (2.11), we have ||[uf||ys = O(e™1), and we can bound ||A%uf||;2 as

follows:

1A% 3, < Ce2(IF 13 + | det(Du)|32) < Ce 2 (113 + |1 D2 3) < e
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Thus,

§ —n € €
[ Thus — Tor (Inu)l|2,n < Co (€27 huc|| s + b2 A% 2)
< 03(65(1—371)}1 + 6—(n+1)h2)’

with 03 = CCQ

Lemma 6.4.3. There exists a constant Cy independent of h and € such that the following

estimate holds for all vy, wp, € Bp(p) (n =2,3):

1T (wn) = T (vn)l2,n (6.25)
3 \n— _
< Cue (e + 173 p)" 2 (e h + p) ||wh — vall2n.

Proof. Let vy, wy, € Bp(p), and to ease notation, let oy := wp, — vy. Using the definition of

Ty and the mean value theorem, we have for any z, € Voh,

ap,(Tans (wp)=Tar(vn), 2n)

= {(CIfDoh,Dzh)K + (det(D*wy,) — det(D%h),zh)K}
KeTy,

= Z {(@6Dah,Dzh)K+(\IlK:DQUh,zh)K},
KETh

where Wy := cof(D?wy, — 7 D?0y,), 7k € [0,1].
For fixed 2, € Vi, let 20 € H() be its linear interpolant defined in Lemma 6.2.3.
Using Lemma A.0.1 and (2.11), we integrate by parts to obtain

ap(Tnr(wn) — Taa(vn), 2n) (6.26)

= {(@ED%? Dzo)k + (Vi : D%, 21) K + (9 Doy, D(z, — Zo))K}

KeT,
= Z {((\IJK — @) : D%oyp,, 21) K + (B¢ : D?op,, 21 — 20) K

KETh

+(®° Do, D(zn —20))x + >, (®Doy - np, ZO>F}
Fegl (K)
<O D0 110 = Uicllpzgro) + € ')
KeT,

+‘ Z Z <<I> Doy, - T]F,Zo> ’

KeT, Fe€j (K)
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For the case n = 2, we have

19 — Wil L2 () = llcof(D*u) — cof(D*wy, — Ti D*o)|| L2k

= [|D*u — (D*wy, — 7 D*0n) || p2(x0) -
Thus,

> 19 = Ukllpaxy < C(hlulllgs + p) < C(e ' h+p). (6.27)
KeTy,

For the case n = 3, let D2u6‘ij denote the resulting 2 x 2 matrix after deleting the

it row and j** column of D?uf. Then for i,j = 1,2,3, K € T, we use the mean value

theorem to obtain
(@€ = Wk )ijll 2 () = || det(D?uc|,) — det(D*wnl,; — 7 D?on ;) c2xc)
A s (D, — (D2, — e D2on)) Lz
where Aifz = COf(DQUE‘ij + /\%(DQwh‘ij - TKDQUh‘Z,j)), )\i}]{‘ € [0,1]. Since A% € R**2 we

have

ST ST A ey £ C(e7T +R72p),
KeTy, i,5=1

where we have used the triangle inequality, inverse inequality, and (2.11). Thus,

S 16 — Uicllpag) < e+ h2p) (bl s + ) (6.28)
KETh

<C(e +h73p) (e h+p).

To bound the last term in (6.26), we denote Pr(Dvy,) € R", Prp(®¢) € R™*" such that

(PF(Dvh))k - PF((?;Z) k=1,..n,
<PF(<I>E)>M = Pp (%) k(=1,..,n.

Using Lemma 6.2.1, we make the following identity:
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> > (Do -np,z0)p

KeT, Fegi (K)

=Y % (@ - Pe@)(Dan — Pe(Do)) e z0)

KEeT), Fe€i (K)

+ <PF((I)E)(DO'h - PF(DO'h) *MFE,20 — PF(Z())>F}

Thus,
S X (Do e )| < CHIO (6.29)
KeTh Fegl (K)
In the case n = 2, we have
19 g1 = [l s < Ot (6.30)
and for the case n = 3,
12 i1 < CID* e poe [l s < Ce™. (6.31)
Finally, using (6.26)—(6.31) and the coercivity of aj (-,-), we have
I7(n) = Twn)llon < C {7 +h73p)" 2 h+ p) + he' " Hon 2
<Ce (e +h72p)" (e h+ p) lonllo -
O

Theorem 6.4.4. There exists an hy > 0 such that for h < hy, there exists a unique

solution to (6.4). Furthermore, we have the following estimate (n = 2,3):

3 2 € €
[ = uflon < Cs (€2 hllu s + B A% 2). (6.32)

7 2
Proof. Let hy = min{%, 2\/%} when n =2, hy = (ﬁ) when n = 3, and set
po = 2Co (€2 h|ue| s + B2|| A2 12).

Then for h < hy, v, € Bp(po), we use Lemma 6.4.3, and Remark 6.4.2 to obtain
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| T (Inu) — Taa(vn)ll2,n
< Che et + h_%po)"_Q(e_lh + po) [ Inu® — vnl2,n
< Cye (et + 4036_4h_%)n_2
X (eilh + 2C3(e%(1*3")h + 67("+1)h2)) | Ipu — vp|2.n
< C5Cye? (5036_4]1_%)”_2 (365(1_3”% + e_("+1)h2) [ Tpu — vp|2,n

1
< §Hfhu6 — Up2,h-
Hence, using Lemma 6.4.1,

[ Thu® — Thar(vp)ll2n < [ Tnus — Tag(Tpu)|l2,n + | T (Inu€) — Tar(vn)|l2,n

1
< (2 hu s + W2 A% 12) + Sl v = vnlz

pPo . Po
< =2 =
—2+2

Po-

Thus, Ty maps By, (po) into By (po), and therefore, Ths has a unique fixed point in By, (pg)

which is a solution to (6.4). To derive the error estimate, we use the triangle inequality to

get
Juf —ufll2,n < [lu® = Tnul2,n + [ Tau® — ujll2,n
< Chl|u||gs + po
< C(2 M h|uf| s + W2 A% 12).
The proof is complete ]

Theorem 6.4.5. Under the same hypotheses of Theorem 6.4.4, there exists constants
Cs(€) > 0, Cy(e) > 0 such that the following estimate hold in the case n = 2:

€ — |l < Cole) (€ 2h2[|u s + B3| A%uc ) (6.33)
§ € €
+ Cr(e) (€2 hl|us| s + R3[| A% 12)”.

Proof. We break the proof into five separate steps.

Step 1. The error equation:
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Let ef := u® — uj, and note for any vy, € Voh, w € HE(Q) we have

(f,vn) = —e(A%uS, vp) + (det(D*uc), vp)
= e(A%u, w) + (det(D?u), vp,) — e(A%u€, v, — w)

== {_ e(D2uf, D?up) k¢ + (det(D2u), vp) i
KeTy,

. 0% 0 Put 0
+€FE§K) <<Au +£%,$>F_ <aanTF’£>F)}

+ F(uf, vp, w).
Thus, for any w € H}(f2), there holds the following error equation:

Z {- e(D?ef, D*vp) i + (det(D?*uf) — det(D?us,), U)K }
KeT,

+ G (u,vp) + F(us,vp,w) =0 Yoy, € Voh.
Thus, using the mean value theorem, we have for all v, € Voh, w € HE(Q)

Z { — e(D*, D*vp) g + (Y : D%e,0p) i | + G(uS, vp) + F(us, vp,w) =0, (6.34)
KeT,

where T4 = cof(D?*u¢ — Txec) Tk € [0, 1].
Step 2. A duality argument:
Next, denote ej, := Iye® = Inu® — uj € Voh to be the interpolant of e into Voh, and let

e§ € H}(2) be the linear interpolant of e as defined in Lemma 6.2.3.
Let v € H3(Q) N HL () be the solution to the following problem:

Ly (v) = —Aeg in Q,
v=20 on 0,
Av =0 on Jf).

Assuming 052 is smooth, it follows from standard elliptic regularity theory that there exists

such a v, and furthermore (cf. Theorem 3.2.2)

[l s < Ce 2| Aef|lg-1 < Ce?|| Deg| 2 (6.35)
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Recalling af = u¢ — Ipuc, we use Lemma A.0.1 and integrate by parts to obtain

| Deg||32 = e(A%v, ef) — (@ : D*0,¢ef) = —e(D(Av), De§) + (®°Dwv, Defj)

= Z {E(DQU,DQCE)K—F (®°Dw, Dey,)
KeTy,

+ (®°Dv, D(ef — ) — e(D(Av), (e — e5))x | — G (v, €f)

-y {e(D%,D?e;)K + (9°Dv, De) e — (8¢ Dv, Da) (6.36)
KeT,

+ (®°Dw, D(ef — i) — e(D(Av), D€ — €)x | — G (v, ).

Step 3: Bounding the last four terms in (6.36):

By (6.3),(6.7), and a Sobolev inequality, we bound the third, fourth, and fifth term in
(6.36) as follows:

‘ 3 { — (@ Dv, Do) + (8 Dw, D(ef — ¢£)) (6.37)
KeT,

~ e(D(Av), D€~ ¢5))x }|
< C @< 2 l1Dv ) oo (a1 p + llef — e
< Ce3 (Be |2 + h2[|us | o) [ol] -

1h) + Celleg — ej,

|1 all0l| s

Using (6.18), we also have

‘Ge(v, 62)‘ < Cehlle*

2,0V | i3 (6.38)

Step 4: Bounding the first two terms in (6.36)
To bound the first two terms in the last line of (6.36), we write

3 {e(D%,D%;)K + (<I>€D66,DU)K} (6.39)
KeTy,
-y {e(DZU,DQe‘E)K + (B De, Dv) i — e(D%a, D%)K}
KeT,
= aj,(e,v) — Z {E(Dzae,DQU)K - Z <<I>€De€.nF,U>F}
KeTy,

Fe&l(K)

= aj, (e, Inv) + aj, (e, v — Ipv)

— Z {e(DZOf,DZv)Kf Z <<I)ED€€-T]F,U>F},

KEeT, Fegi (K)
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where

= Z {e(D%,v) Kk — (®°: D%, v)K }.

KeT,

To bound the fourth term in (6.39), we have

Z Z <<I)€D€E'77F,U>F

KeTh Fegl (K)

=3 3 U@ - Pe(@)(De — Pr(De)) ),

KeTh Fegi (K)

+ (Pp(®)(Def — Pp(De)) - np, v — PF(U)>F}.

Thus,

> > (@ Det ) | < CRIIE e llellne (6.40)
KeTh Fegl (K)

To bound the third term in (6.39), we use the identity

—€ Z (D*v, D% = ¢ Z (D(Av), Do)k — G(v, af).

KeTy, KeTy,

Thus,

€

S (D, DQaE)K’ < Ceh?||u| s ||0]| g5 (6.41)
KeTy,

Bounding the second term in (6.39), we have
|5, (e, v — Iyv)| < Ce2hlef|a o]l s (6.42)
To bound aj, (e, Iv), we use (6.34) to conclude

a5 (e, Inv) = > {E(DzeeaDQ(Ihv))K — (@ DQ@E,IhU)K}
KeTy,

= > (T = @) : D2 Iyo) g + G(us, Iyw) + F(u, Iyv, ).
KeTy,

In the case n = 2, we have for each K € 7y,

IT% — @ 2(r0) = Tr I D% r2(x) < 11D%€ p2(0)-
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Thus,

|3 (0% — @) s D, o) | < Clle 3 llelle- (6.43)
KeT,

Next, since u¢ € H3(Q), v € H*(Q2), we have the following identity:
G (uf, Ipv) = G*(uf, Inv — v).
Therefore, by (6.22) and (6.18),
|F€(us, Tv,v) + G(us, Ipv)|

< Ce((Ilo = vl p + bllo = Tnvllzp) o + o = Tooll 2 1A% 2)
< Ce(R2lfu s + B2 A% 2) 0] -

(6.44)

Thus, combining (6.39)—(6.44), we bound the first two terms in the last line of (6.36)
as follows:

‘ 3 {e(D%,Dze;)K+(CI)GDeE,Dv)KH (6.45)
KeT,

-1 € €
< C((10 N + € 2)hllelon + e

3+ e(h2usll s + B2 A% g2) ) o] -
Step 5: Combining Steps 2-4:
Combining (6.36)—(6.38), (6.45), and (6.35) we obtain

_1
IDegIZ < C{ (78 + 191 )h + lleflla) et

2,h
(B2 ] g + B3| A% 2) ol

< Ce2{ (75 + @ p)h + et

20 ll€l2,n

(B2 ] + B3| A% 2) I D 2.

Dividing by ||Def|| 12, using Theorem 6.4.4, and applying Poincaré’s inequality, we have

— _1 € 3 —-n € €
legllmr < Ce 2{(6 24 [ @ 51) O5 (€20 B2 [u | s + B3] A% 2)

+ C3 (ARl o + A2 A% 12)* |-
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Thus, using the inequality

lell1n < Cllepllin < Cllegllar

we obtain (6.33) with Cg(e) = 0056_2(67% + | @¢||z1) = O(e73) and Cr(e) = CC2e72 =
O(e7?).
O

Remark 6.4.6. The reason we strict ourselves to the case n = 2 in Theorem 6.4.5 is
that we are currently unable to estimate the term || T — || 12(x) = ||cof (D?uf — Txce€) —
cof(DQUE)HLz(K) in the three dimensional case. Doing so would require optimal error esti-
mates of || D*uf — D?u§,|| oy or || D?uf — D2u€||L4(K) VK € T.

6.5 Numerical Experiments and Rates of Convergence

In this section, we provide several 2-D experiments to gauge the efficiency of the finite
element method developed in the previous sections. We also compare the results with
the tests in Chapters 3 and 5, where (2.8)—(2.10) was approximated by C! and quadratic
mixed finite element methods, respectively. All of the tests given below are computed on
the domain Q = (0,1)%.

We emphasize the considerable advantage of using the Morley finite element to ap-
proximate (2.8)—(2.10), as the resulting algebraic system is much smaller than any C-
conforming finite element method or mixed finite element method. Table 6.1 lists the
resulting number of unknowns after discretizing (2.8)—(2.10) using the finite element meth-
ods presented in Chapters 3 and 5 and the finite element method developed in this chapter.

As we can see from the table, the use of mixed finite element methods to approximate
(2.8)—(2.10) results in roughly four times more unknowns than that of using Morley ele-
ments. Also, by Table 6.1, we can expect to have at least 2.5 times more unknowns using

any C'-conforming finite element (e.g. Argyris) compared to the Morley element.

Table 6.1: Approximate number of DOF’s on domain © = (0, 1)2 using the Argyris element,
quadratic mixed finite elements, and the Morley element.

h Argyris | Mixed Method | Morley
0.25 | 351 425 129

0.1 1947 2978 801
0.05 | 7489 12351 3201
0.025 | 29372 50299 12801
0.01 181420 | 317741 80001
0.005 | 722834 | 1275479 320001
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Test 6.1:

In this test, we calculate ||u — ug| for fixed h = 0.0277, while varying e in order to

approximate the error ||u — u€||. We set to solve problem (6.4) with the following data:

z%«kz% 2 2 2+ 2 I%+I%
(a)u=e 2, f=0+a7+x3)e" 1772, g=¢ 2

2, 2 2, 2
(b) u = 27 + w3, [ =4, g =1+ 3.

After computing the error, we plot to results in Figures 6.2 and 6.3 to estimate the rate
of convergence in e for each norm. Figure 6.2 clearly shows |lu — uj||z2 and ||[u — uf | Lo
converge linearly in €, where as Figure 6.3 shows |u—uj |1 5 = O(e%) and [u—uf|ap = O(e%).
Since we have fixed h small, we would expect ||u—u||r~ = O(e), ||u—u|| 2 = O(e), ||u—
ull g~ O(e%), and |lu — u||g2 ~ O(e%). We note that these are the same rates of
convergence found in both Chapters 3 and 5 (cf. Tests 3.1 and 5.1).

Test 6.2:

The purpose of this test is to calculate the rate of convergence of ||u—uj || for fixed e = 0.01
in various norms. As in Test 6.1, we solve problem (6.4), but with the boundary condition

Auﬂ an = € replaced by Aue‘ a0 = ¢°- We use the following test functions and data:

z%«km%

(a) u"=e 2", FO=(1+ 23 + ad)etite3
z2+z2
— e(8+8(a +23) + 2073 + 2t + 2d)e 7,
€ LJﬂg ¢e (2 2 2) LJFI%
g =e 2 R = —|—(L‘1—|-[IJ2€ 2
1
() = (et rad), = oded— e
1

€

9

ot +a3), ¢ =a] +a3

:ﬁ(

After calculating the error, we divide each norm by the power of h expected to be the
convergence rate by the analysis of the previous section. As seen by Table 6.2, we have
|u¢ — u§ |l2.n = O(h) and |Ju® — u§||1., = O(h?) as expected. The tests also indicate that
|u€ — u || L= = O(h?) although a theoretical proof has yet to be developed.
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Test 6.1

—Test 6.1a
—Test 6.1b

1" Error

Test 6.1

——Test B6.1a

10 | ~—Test6.1b |

i

L2 Error

107}

Figure 6.2: Test 6.1: L™ errors (top) and L? errors (bottom) w.r.t. € (h = 0.0277).
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Test 6.1

—Test 6.1a
—Test 6.1b

g
&
"
10" 1
10° 10"
£
Test 6.1
——Test B.1a I I
—Test 6.1b
5
&
m
114
u]
10 | 1 |
10° 10"

Figure 6.3: Test 6.1: H! errors (top) and H? errors (bottom) w.r.t. € (h = 0.0277).
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Table 6.2: Test 6.2: Change of ||u® — uj || w.r.t. h (e = 0.01).

h

[w®—uj,llLoo
h2

Mw—upll 2

[u—upl1,n
2

[u—upl2.n

Test 6.2a

0.2357

0.109941429

h2
0.046356469

h
0.481550276

h
1.339301103

0.1286

0.121488987

0.057427881

0.565240816

1.497037325

0.0884

0.125419729

0.062162169

0.608255615

1.602056335

0.0673

0.124684001

0.066041256

0.639762523

1.696395691

0.0544

0.125689338

0.066075097

0.634235105

1.721571324

0.0456

0.12058518

0.067607341

0.645972799

1.664270614

0.0393

0.124267558

0.068792935

0.662004934

1.765003053

0.0345

0.12357908

0.067011132

0.646318

1.740322609

0.0277

0.121948677

0.067393033

0.657561026

1.761516606

Test 6.2b

0.2357

0.034175275

0.015383995

0.186182611

0.473255325

0.1286

0.031703427

0.014626955

0.199801547

0.515604588

0.0884

0.028603018

0.013479966

0.201015796

0.526897059

0.0673

0.028139068

0.01345244

0.205462666

0.526926152

0.0544

0.025931282

0.013110943

0.198485483

0.535665257

0.0456

0.025002886

0.012984765

0.198695753

0.542492982

0.0393

0.024538845

0.012852139

0.202843657

0.537316285

0.0345

0.025692081

0.012972065

0.200772947

0.544215362

0.0277

0.023954437

0.013189277

0.204616247

0.543368231
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Test 6.3:

This test is exactly the same as Test 6.1, but we now use the following data:

We note that in this case, there exists a unique convex viscosity solution, but there does
not exist a classical solution (cf. [39], [60]). Figure 6.4 displays the computed solution
using € = 0.005, h = 0.0393, and it clearly shows that the vanishing moment method

approximation correctly captures the convex viscosity solution.

Computed u: e=0.005

Figure 6.4: Test 6.3: Computed solution. € = 0.005, A = 0.0393.
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Chapter 7

Finite Element Methods for the

Nonlinear Balance Equation

The nonlinear balance equation is a Monge-Ampere type equation that models two dimen-
sional geostrophic wind [91], which is the wind resulting from the exact balance between
the Coriolis force and the pressure gradient force. Although the true wind almost always
differs from the geostrophic wind due to friction and centrifugal forces, geostrophic flow
can be a valuable first approximation. The goal of this chapter is to apply the methodology
of the vanishing moment method to the nonlinear balance equation, and then analyze its
finite element approximation.

The chapter is organized as follows. In Section 7.1 we derive the nonlinear balance
equation, starting with the geostrophic balance and the f-plane momentum equations.
In Section 7.2, we provide the theoretical background and PDE analysis of the nonlin-
ear balance equation. We find that if an ellipticity condition is satisfied, then under a
suitable change of variables, the nonlinear balance equation can be written as an elliptic
Monge-Ampere equation. Making use of this observation, we directly apply the analysis
of Chapters 3—6 to approximate the nonlinear balance equation in Section 7.3. Finally
in Section 7.4, we provide numerical examples showing the effectiveness of the methods

developed in the previous sections.

7.1 Derivation of the Nonlinear Balance Equation

To derive the nonlinear balance equation, we follow the presentation in [91]. Let Q C R?
be an open bounded, convex domain and set u := (u1 uz) to be the horizontal wind, where
u is composed of the uj velocity in the east-west (x1) direction and the ug velocity in the
north-south (z3) direction. Let f be the Coriolis parameter (assumed to be constant) so

that (fu) is the Coriolis force, and let p be the pressure. To start, we state the geostrophic
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balance, which describes the balance between the pressure gradient force and the Coriolis

force in the horizontal directions:
Dp = fu™, (7.1)

where ut := (ug, —u;). Taking the divergence of (7.1), we obtain

duy O
Ap:fmwuw:f<£2—ag>. (7.2)

While equation (7.2) is useful for pointwise estimation, it does not include any type of
centrifugal force and is therefore only used to approximate straight flows. Furthermore,
the dynamics of the fluids are missing in the description. A more accurate representation is

given by the f-plane momentum equations, which is a version of the Boussinesq equations:

Du
divu =0 Q x (0,7, (7.4)
where D 9

denotes the material derivative.
Remark 7.1.1. Fquation (7.3) can be written as

ot T, T a0, T on

Ous Ousy Ouo op
F R T P

Taking the divergence of (7.3) and using (7.4), we obtain

0 0 8U1 8 0 BUQ 8u2
— — - — —= A
0= at(leu)—i—al(ulal-i- fu2> 82<16 +uQ82+fu1>+ P

= % 2+ % 2+26u18u2+ %_%
8:r1 81’2 8.%'2 8901 83}2 81‘1
32u1 82u2 82Ul
A
+ < 835% + 89518332) +uz (3:618:102 8:62 ) +tap
— % 2+ % 2+28ulau2+ %_%
8331 aCIZQ 8:62 (9.7:1 851,’2 (9.7:1

o 81‘1 61’1 8.%'2 2 61’2 8351 81’2
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8u1 2 8U2 2 8U1 8UQ 8’LL1 8U2
=|-— — 2— — - — Ap. 7.5
<al‘1) + <8x2 + 8.752 8%1 + f 8%2 8%1 + P ( )
Next, since the flow is two dimensional, we can write the velocity u in terms of its

stream function,

__9 _ oY
Ul = 871*27 U = 8$1 . (76)
Using identity (7.6) in (7.5) results in the nonlinear balance equation:
Oy N\ PP (P Y
—2 p R i) —Ap=0
<8x18x2> T o +f<82+8m1) p=5
that is,
2 f 1
det(D?y) + §Aw — §Ap =0. (7.7)

7.2 Theoretical Results

In this section, we show that many properties and results of the Monge-Ampere equation
can be migrated to the nonlinear balance equation.

Before we proceed, we assume the following ellipticity condition holds:
L.
Ap + §f > 0. (7.8)

The reasons to assume this condition are twofold; one is analytical, while the other has
physical significance, as we now explain.
Let 1) solve (7.7), and set ¢ = ¢ + {(:ﬂ% + x3). We then have

—A + 42 = det(D*)) + gmw + = (7.9)
2
= det(D%(p ~ L@t + a3 + Lo - Tt v adn + L

(B 0)(Fe I\ (P Y S (Pe P s
N 8:@ 2 83:% 2 0x10x2 8x1 6:E2 4
= det(D%p).

Thus, we have converted the nonlinear balance equation for 1 into the Monge-Ampere
equation for . Also, by the ellipticity condition (7.8), the left-hand side of (7.9) is positive,
and therefore there exists a unique convex viscosity solution. We now show that a viscosity
solution of (7.9) corresponds to a viscosity solution of (7.7).

For given p € H'(Q) and f with Ap + %fQ > 0, let » € C°(Q) be a convex viscosity
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solution of (7.9), and set ¢» = p— %(zf +23) € C°(Q). Suppose 1) — ¢ has a local maximum
at 2V € Q for some ¢ € C?(2). Set & = ¢+£(ac%+:c%) € C%(Q) and note that p—& = 1 — ¢,
and thus ¢ — ¢ has a local maximum at z°. From the definition of viscosity solutions (cf.
Definition 1.3.1), we have

2 2
S 8p(a0) + L < det(D6(z0) = det(D*(a)) + 5 Ag(an) + L

Similarly, if ¢ — ¢ has a local minimum at 2, then

%Ap(xo) > det(D%p(2")) + gAqb(mo)-

It follows that 1 is a viscosity solution of (7.7) such that ¢ + {(w% + 23) is convex. We
note that 1 is not necessarily a convex function. Also, we recall that there exist exactly
two solutions to the Monge-Ampere equation in two dimensions; one being convex, the
other concave. It immediately follows that there exists a unique solution v to (7.7) such
that ¢ + {(:C% + x3) is concave.

The physical importance of the ellipticity condition (7.8) can be seen by noting that

(7.7) can be rewritten as follows:

AV A %\ f?
<2 +ax3> (2+ axg) = gArt (amlam) My

[y 9% [ 8%
’j[‘h.U.S7 (§+Bix%) and <§+875L‘§

vorticity, (f +V xu) = (f + Av), will either be positive or negative in the whole domain.

2
Ap + fz. (7.10)

Y

1
2
) have the same sign by (7.8). Hence, the absolute

The solution with positive absolute vorticity (i.e. the solution such that ) + {(sc% + 22)
is convex) corresponds to the solution in the Northern Hemisphere, where as the solution
that has negative absolute vorticity (i.e. the solution such that ¢ + {(az% + 23) is concave)

corresponds to the solution in the Southern Hemisphere [91].

7.2.1 Vanishing Moment Approximation

Let 1 be the viscosity solution of (7.7) with prescribed Dirichlet boundary condition 1/)‘ 80 =
g such that ¢ + {(ﬁ + 3) is convex. That is, v satisfies (in the viscosity sense)

det(D%) + %mﬁ _ %Ap in O, (7.11)
Y=g on 0f. (7.12)
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Let ¢ be the corresponding viscosity solution to (7.9) with prescribed Dirichlet bound-

ary conditions (in the viscosity sense) ¢| o0 =9+ £($% + x3), that is

2

1
det(D?%p) = 5Ap +7 in Q, (7.13)
Y=g+ g(az% + 23) on 0N. (7.14)

Employing the vanishing moment methodology developed in Chapter 2, we approximate

p by ¢, where ¢ solves

1 2
—€eA?p¢ + det(D%¢°) = §Ap + T in Q, (7.15)
s=gtieitad)  onon, (7.16)
Ap =c¢ on 0€). (7.17)

Applying the PDE results of Chapter 2 to (7.15)—(7.17), making the substitution

€ € f
v =9t = P+ a3), (7.18)
and noting
A? (ﬁ(x? + w%)) =0, AP =Ap -,

we have the following result.

Theorem 7.2.1. Suppose p € HY(Q), the ellipticity condition (7.8) holds, and v is the
unique viscosity solution to (7.11)—(7.12) such that 1) + {(x% + 22) is conver. Then for

every € > 0, there exists a unique solution to the following problem:

—eA%YE + det(D2) + gmﬁ - %Ap in Q, (7.19)
V=g on 99, (7.20)
A =e—f on 0N. (7.21)
Furthermore,
€ i 2 2\ -
Y-+ 4( 1+ x3) is convex for each € > 0,

¢ — ¢ unifomly as e — 0T,
V¢ — o in HY(Q) as e — 0T
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Remark 7.2.2. Theorem 7.2.1 provides a direct way to approrimate the viscosity solution
of (7.11)=(7.12) wvia the vanishing moment approximation (7.19)—(7.21). We could then
develop several finite element and spectral Galerkin methods based on this approximation
to construct convergent schemes for the nonlinear balance equation. However, a simpler
approach in both analysis and practice is to compute (7.15)—(7.17) using the numerical
methods analyzed in Chapters 3—6 and then make the substitution (7.18). This is the path

we take.

7.3 Finite Element Formulations and Analysis

In this section we apply the results of Chapters 3—6 to construct convergent numerical
methods for problem (7.15)—(7.17). By making the substitution (7.18), we obtain approx-
imated solutions for the nonlinear balance equation.

In what follows, we let 7j, be a quasiuniform triangular (or rectangular in the case of

C! finite element or mixed finite element methods) mesh of € with mesh size h € (0, 1).

7.3.1 (' Finite Element Methods

In this section, we construct and analyze C! finite element methods to approximate the
solution to (7.15)—(7.17) which in turn approximates the viscosity solution to the nonlinear
balance equation (7.11)—(7.12) via the substitution (7.18).
To derive the finite element formulation of (7.15)—(7.17), we let V" and V be the
C'-conforming finite element spaces of degree r (> 5) defined in Chapter 3. Define
f

‘zih ={v, eVl "Uh‘aQ =g+ Z( 1+a3)}, Vgh = {vp eV ”h‘aQ =9}

We define the finite element method for (7.15)—(7.17) as seeking ¢, € f/gh such that

— e(Apj,, Avy) + (det(D? ), va) (7.22)

= i(fZ,vh) 2 O

1
— —(Dp, Duy) — = I
2( b, Uh) <6 ) 877 >3Q \V/’Uh € VE)

Setting 5, = ¢f, — %(w% +3) € Vgh and applying the analysis of Chapter 3 to (7.22)
(cf. Theorems 3.3.4, 3.3.5, and 3.3.7) give us the following results.

Theorem 7.3.1. Suppose p € H'(Q), the ellipticity condition holds, and suppose ¢ €
H3(Q) (s > 3) is the unique solution to (7.15)—(7.17) and v is the unique solution to
(7.19)~(7.21). Furthermore, assume that the linearized problem, (3.7)~(3.9) is H* regular.
Then there exists an hg > 0 such that for h < hg, there exists a unique @5, € f/gh solving
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(7.22).  Furthermore, by setting ¢; = @) — {(x% + x3), we obtain the following error

estimates:
1 — 0 ||z < Ce2h 2| | e (7.23)
1 — ¥l < Ce B0 e, (7.24)
9 — W[l < Ce 3 (RE) o | e + € R4 1200 ), (7.25)

where ¢ = min{r + 1, s}.

Remark 7.3.2. A similar bound holds for spectral Galerkin methods by using the relation
h = % and setting ¢ = min{N+1, s}, where N denotes the polynomial degree in the spectral
element space (cf. Chapter 4).

7.3.2 Mixed Finite Element Methods

We treat the mixed finite element method analysis similarly. Let Voh, Vgh, Wh, Wél be the
Lagrange finite element spaces of degree k (> 2) defined in Chapter 5, and let

> f
Vgh ={vevh U}BQ =g+ Z(x% + 23)}.
We define the mixed finite element formulation for (7.15)—(7.17) as finding (kj,¢}) €

Wh x f/gh such that

(s ) + (@), DE) = (g4 L2 4 a2)) im0 (726)
(div(kS,), Dop) + e} (det(k5.), vn) = i( 2.0 — %(Dp, Dup). (7.27)

Applying the analysis of Chapter 5 to (7.26)—(7.27), and making the substitutions
v5, = ¢f — {(m% + 23) and of = K — nggg, we have the following result (cf. Theorems

5.3.4 and 5.3.6).

Theorem 7.3.3. Suppose p € HY(Q) and the ellipticity condition holds. Let o € H5T2(Q)
be the unique solution to (7.15)—(7.17) and let ¥ be the unique solution to (7.19)—(7.21).
Set k¢ = D%¢¢ and 0¢ = D*). Then there exists an hy > 0 such that for h < hy, there

evists a unique solution, (k5,15) € W x ‘7gh, solving (7.26)—(7.27). Furthermore, setting

¥5, = @5 — %(1‘% + 23), of = K, — IQ><2£, we have the following estimates:

_9.9_
lo = ofllze < Ce 3R (1wl e + [l 1) (7.28)
€ € 7& - € €
lo = ol < Ce 3R 3 (Il e + 16 ). (7.29)
_ _ _1 _ 2
lo¢ = Gl < CeT R (IR N e + 6 ze) + € 2R (1l e + 1l e)®), (7.30)
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where ¢ = min{k + 1, s}.

7.3.3 A Nonconforming Morley Finite Element Method

We end this section with a nonconforming Morley finite element method for problem (7.15)—
(7.17). Let V" and V! be the finite element spaces corresponding to the Morley element
defined in Chapter 6, and let
‘N/gh = {v, eVl vh‘m =g+ g( T4+ 23)1, Vgh ={v, eVl vh‘m =g}
We define the nonconforming finite element method for (7.15)—(7.17) as seeking ¢, € f/gh
such that for all vy, € V!

> { - D24 Do) + (det(D265), v b (7.31)
KeT,

1 1 02 f dup,
= (f2n)—5 > (Dp,Dup)k — Y <2(g + 2 (2 + 2d)) + e, > .

4 2 54 S NPT one ) »

Making the substitution 5 = ¢ + {(w% + x3) and applying Theorems 6.4.4 and 6.4.5

gives us the following results.

Theorem 7.3.4. Suppose p € HY(Q), the ellipticity condition holds, and ¢ € H*(S)
is the unique solution to (7.15)—(7.17). Furthermore, assume that the linearized problem,

(3.7)-(3.9) is H® regular. Then there exists an ho > 0 such that for h < ha, there exists a

unique ©j € f/gh solving (7.31). Furthermore, by setting ¢5, = ¢ — £($% + 22), we have

the following error estimates:

-3 € €
[ = ¥hllzn < C( 2RIl s + b2 A% 2) (7.32)
_ _3 € €
[0 — P ll1n < Ce (e 202 gs + h3(| A%pc| ) (7.33)
+ e (e Th||¢ | s + P2 A% 12)”

7.4 Numerical Experiments and Rates of Convergence

In this section we show the efficiency and accuracy of the moment method to approxi-
mate the nonlinear balance equation using mixed finite element methods developed in the

previous section.
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Test 7.1

In this test we fix A = 0.013 and vary € to approximate ||t — ¢¢|| in various norms. We
first compute (K€, ¢5,) using the mixed method formulation (7.26)—(7.27) with Lagrange

quadratic elements and then make the substitution

Ui=eh L@t rad),  of =l

We set Q = (0,1) x (0,1) and for simplicity, set f =2 and F = %Ap. We note that the
ellipticity condition is now F' + 1 > 0, and that 1) satisfies

det(D*y) + Ay =F  inQ,
Y=y on 0.

We use the following test functions and parameters.

() v = 32t + 2B, F = 3(ad + o) + 60303 + 403 + a3),
(b)¢zrl2‘{+%x§—%x§, F=xa(af+1) -1,

(c) 1/12%2%411—}-%33%—56%, F=(z34+1)(z —1) — 1,

@ o =pettgd-23,  F=@+Dm-g) -1

We note that the first two test functions satisfy the ellipticity condition. The third test
function does not satisfy the ellipticity condition anywhere in €2, where as the fourth test
function satisfies the ellipticity condition for xo > %

After finding the error, we divide by various powers of € to estimate the rate at which
each norm converges. As seen in Figure 7.1, when the ellipticity condition holds, ||t —
P52 = O (€), | —5 |l = O(e1), and |o — o5 llr2 = O(e%) as expected (cf. Tests 3.1,
5.1, and 6.1). Since we have fixed h small, we can predict that ||t — ¢¢|| behaves similarly.

However, when the ellipticity condition is violated, convergence is not guaranteed. This

is seen in Figure 7.2. The error |[¢) — || diverges as ¢ — 07.

Test 7.2

For this test, we first compute ¢ using the finite element formulation (7.22). We then

recover an approximation of the velocity field u by using the following identity:
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Test 7.1
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Figure 7.1: Tests 7.1a and 7.1b. Change of ||[¢ — ¢} || w.r.t. € (h = 0.017)

127



L? Ervor
=)

2

Sigma L * Error

Figure 7.2: Tests 7.1c and 7.1d. Change of || — 45 || w.r.t. € (h = 0.017)
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We let Q = (0,1) x (0,1), and use the following function parameters:

p = sin(7z) sin(7y), [ =2m, g="0.

We then plot the computed velocity field in Figure 7.3 with parameters ¢ = 0.01 and

h = 0.05.

Computed Velocity Field
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Figure 7.3: Tests 7.2. Computed velocity field with e = 0.01, h = 0.05
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Chapter 8

Finite Element Methods for the

Semigeostrophic Flow Equations

The semi-geostrophic equations, derived by B.J. Hoskins [63], are used in meteorology to
model slowly varying flows constrained by rotation and stratification. They can be consid-
ered as an approximation of the Euler equations and are thought to be an efficient model
to describe front formation ([69, 36]). Under certain assumptions and in some appropri-
ately chosen curve coordinates, they can be formulated as a coupled system consisting of
the Monge-Ampeére equation and the transport equation. The derivation of the nonlinear
system is presented in Section 8.1. The goal of this chapter is to formulate and analyze
numerical methods of the nonlinear formulation.

To achieve this goal in Section 8.2, we apply the vanishing moment methodology pre-
sented in Chapter 2, and then state certain assumptions about this approximation. In
Section 8.3, we formulate a modified characteristic finite element method based upon the
vanishing moment approximation. In Section 8.4, we show optimal order error estimates
of the proposed finite element method under certain time-stepping and mesh constraints.
The main idea of the proof is to use an inductive argument that is based on the results of
Section 3.3. Finally, in Section 8.5, we provide numerical tests to validate the analysis in

the previous section and reinforce certain assumptions we have made.

8.1 Derivation of the Nonlinear Formulation

To introduce the three dimensional semigeostrophic equations formulated as a coupled
Monge-Ampere/transport problem, we suppose a fluid is moving inside a bounded open

domain Q C R? satisfying the following incompressible Boussinesq equations which are a
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version of the incompressible Euler equations:

D
ﬁ? +Dp = fut - %geg in  x (0,77, (8.1)
D
Fﬁ =0 in Q x (0,7, (8.2)
divu=0 in Q x (0,77, (8.3)
u=20 on 0§ x [0,T7, (8.4)

where e3 := (0,0,1), u = (u1,u2,us) is the velocity field, p is the pressure, p is the
temperature of the atmosphere or the density of the ocean water, and pg is a reference

value of p. Also,

D 0

=z _ = .D
Di "o

denotes the material derivative, and
ut = (ug, —u1,0).

Remark 8.1.1. Omitting the gravitational term in (8.1)—(8.4), the flow becomes two di-
mensional, and we obtain the f-plane momentum equations (7.3)—(7.4) introduced in Chap-
ter 7.

Ignoring the material derivative in (8.1), we have

Dyp = fu*, (8.5)
Jp p
et 8.6
Oxs Po (8.6)
where 5 5
Dy i=(—,—,0).
H (8361’ 8x2’0>

Equation (8.5) is the three dimensional geostrophic balance (see equation (7.1) for the
two dimensional version), and equation (8.6) is known as the hydrostatic balance, which
describes the balance between the pressure gradient force and the gravitational force in the

vertical direction.

Remark 8.1.2. The geostrophic balance (8.5) is equivalent to
ug = _f_lDva

where
up = (u1,u2,0), D*p = (Dp)*
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The geostrophic and hydrostatic balances give very simple relations between the pres-
sure field and the velocity field. However, the dynamics of the fluids are missing in the
description. To overcome this limitation, J. B. Hoskins [63] proposed so-called semi-
geostrophic approximation which is based on replacing the material derivative of the full
in (8.1), where

velocity % by the material derivative of the geostrophic wind D[;ltg
u, = —f'Dhp. (8.7)

This then leads to the following semigeostrophic flow equations (in the primitive variables):

5 +Dnp = fut in Q x (0,7, (8.8)
Jp p .

— = in Q x (0,7, 8.9
==Ly 0.7 89)
br_y in O x (0,7] (8.10)

T = in , 1Y, .
divu = in Q x (0,77, (8.11)
u= on 02 x (0, 7. (8.12)

Remark 8.1.3. Using (u')* = —uy and (Dyp)* = Dp, equation (8.8) can be written

as

€1

Duy  po, 8.13
Dt + D p=—fupy. (8.13)

There are no explicit dynamic equations for u in the above semigeostrophic flow model,
but rather (8.8) is now an evolution equation for Dp. However, we note that the full velocity

u still appears in the material derivative,

Duy _ 9u,
Dt Ot

+ (u- D)u,.

Should u- D be replaced by u, - D in the material derivative, the resulting model is known
as the quasi-geostrophic flow equations (cf. [71]).

Due to the peculiar structure of the semigeostrophic flow equations, it is difficult to
analyze and to numerically solve the equations. The first successful analytical approach
is one based on a fully nonlinear reformulation, which was first proposed in [16] and was
further developed in [10, 69] (see [34] for a different approach). The main idea of the
reformulation is to use time-dependent curved coordinates so the resulting system becomes
partially decoupled. The trade-off is the presence of stronger nonlinearity in the new

formulation.
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The derivation of the fully nonlinear reformulation starts with introducing the geopo-

tential
-2 1 2
vi=7f p+§\:cH] , (8.14)
and geostrophic transformation
& := Dy (8.15)
Here, zg := (21, %2,0). Using the definition of u, and equation (8.9), we have
®:=f2Dp+ay=fDyp- %geg +ag = fup - pﬁogeg + .

Calculating the material derivative of ® and using (8.8), (8.10), (8.13) we have

Do

D _ DUy gesDp  Day
Dt

Dt po Dt Dt
1

Du
=Sy

= —fﬁlDJ‘p.
= flz— o).

(8.16)

Next, for any = € €, let X (z,t) denote the fluid particle trajectory originating from x,
that is,

dX (x,t

AX@ Y (X)) Y0,
dt

X(x,0) = z.

Define the composite function

We then have from (8.16)

oV (z,t)

o = (X (@) - (z,t))*t. (8.18)

Next, the incompressibility assumption (8.10) implies X is volume preserving, and

therefore
det(DX) =1,
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which is equivalent to

/g(X(x,t))dx:/g(x)dx e} (8.19)
Q

Q

To summarize, we have reduced (8.8)—(8.11) into (8.17)—(8.19). It is easy to see that
U(z,t) is not unique because one has a freedom in choosing the geopotential 1. However,
Cullen, Norbury, and Purser [35] (also see [36, 10, 69]) discovered the so-called Cullen-
Norbury-Purser principle which says that ¥(z,t) must minimize the geostrophic energy at
each time t. A consequence of this minimum energy principle is that the geopotential
must be a convex function. Using the assumption that 1 is convex and Brenier’s polar
factorization theorem [16], Brenier and Benamou [10] proved existence of such a convex
function ¢ and a measure preserving mapping X which solves (8.17)—(8.19).

Continuing, we let «a(y,t)dy be the image measure of the Lebesgue measure dz by
U(z,t), that is

/ 9(U(z, 1)) = / gWaly,dy Vg e CoR).
Q R3

We note that the image measure a(y, t)dy is the push-forward Wydx of dx by ¥(z,t), and
a(y,t) is the density of Wydzx with respect to the Lebesgue measure dy.
Assuming 1 is sufficiently regular, it follows from (8.17) and (8.19) that

/g(\Il(x,t))dmz/g(Di/J(X(Lt),t))d:z::/g(Dw(x,t))da: Vg e C.(R?). (8.20)
Q Q Q

Using a change of variable y = D1i)(z,t) on the right and the definition of a(y,t)dy on the

left we obtain
| swatdy = [ glwdi= [ g@)det(D? @)y Vg e CRY),
R3 R3 R3
where * denotes the Legendre transform of v, that is,

Vv (y,t) = 81618(37 cy —Y(x, t)) (8.21)

Hence (a, ") satisfy the following Monge-Ampere equation:

a(y,t) = det(D*¢*(y,t)).

For a convex function 1 and by a property of the Legendre transform we have Dy*(y,t) =
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x € Q for all y € R™. Hence
Dy* C Q.

Finally, for any w € C°([—1,T]; R3), it follows from integration by parts and (8.18)
that

—/Qw(\Il(ac,O),O)dx:/OT/QCdedt
= /T/{Dw(\ll(x,t),t) i) + 8w(w(w’t)’t)}da:dt
0o Ja

ot ot

T w(W(z
= / / {Dw(\ll(x,t),t) f(X () — U(x, 1)t + W} dxdt.
0 Q

Making the change of variable y = Dt (x,t) and using the definition of a(y, t)dy we obtain

T
/0 /Rg{ﬁw((?@;,t) + fv(y,t)- Dw(%t)}oz(y, t) dydt + /RS w(y,0)a(y,0)dy =0, (8.22)

where oY* OY*
-—_ - - = * B J_
v = (3:1:2 x2,T1 o1, ’O) (Dw a:) '
Hence,
wgi’w + div(v(y, t)aly, 1)) =0,

with the assumption f = 1.
In summary, (¢*, «) satisfy the following coupled system consisting of the Monge-

Ampere equation and the transport equation:

det(D*y*) = a in R3 x (0, T, (8.23)
g—j + div(va) =0 in R3 x (0,7, (8.24)
afz,0) =ay  in R®x {t =0}, (8.25)

Dy* C Q. (8.26)

Remark 8.1.4. As a comparison, the two-dimensional incompressible Euler equations (in
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the vorticity-stream function formulation) has the form

Ap=w in Q x (0,7,
(?;: + div(uw) =0 in Q x (0,7,
u= (Do)t

Clearly, the main difference is that ¢-equation above is a linear equation while ¥* in (8.23)

is a fully nonlinear equation.

We now cite the following existence and regularity results for (8.23)—(8.26). The proof

can be found in [11]

Theorem 8.1.5. Let €0,Q C R3 be two bounded Lipschitz domain. Suppose further
that ap € LP(R3) with ap > 0, supp(ag) C Qo, and fﬂo ap(z)dr = |Q|. Then for any
T>0,p>1, (8.23)(8.26) has a weak solution (*,«) in the sense of (8.20) and (8.22).
Furthermore, there exists an R > 0 such that supp(a(x,t)) C Br(0) for allt € [0,T] and

a € L*([0,T]; LP(Bgr(0))) nonnegative,
¢ € L®([0,T); Wh(Q))  convex in physical space,
Y* € L°([0, T); WH(R?)  convex in dual space.

The main task for the rest of this chapter is to formulate and analyze numerical methods
for the system (8.23)—(8.26). We remark that since o and ¢* are not physical variables,
one needs to recover the physical variables u and p from a and *. This can be done by
first constructing the geopotential ¢ from its Legendre transform *. Numerically, this
can be done by fast inverse Legendre transform algorithms [70]. Second, one recovers the
pressure field p from the geopotential ¥ using (8.14). Third, one obtains the geostrophic
wind uy and the full velocity field u from the pressure field p using (8.7).

We conclude this section by remarking that in the case that the gravity is omitted, the
flow becomes two-dimensional. Repeating the derivation of this section and dropping the
third component of all vectors, we then obtained a two dimensional semigeostrophic flow
model which has exactly the same form as (8.23)—(8.26) except that the definition of v

becomes

8.2 Vanishing Moment Approximation

By inspecting the above system, one easily observes that there are three clear difficulties

for approximating the solution of (8.23)—(8.26). First, the equations are posed over an
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unbounded domain, which makes numerically solving the system infeasible. The second
difficulty is the full nonlinearity in equation (8.23). Third, equation (8.25) imposes a
nonstandard constraint on the solution *, which often is called the second kind boundary
condition for ¥* in the PDE community (cf. [10, 36]).

As a first step to approximate the solution of the above system, we solve (8.23)—(8.26)
over a finite and convex domain, U C R?3. For the second difficulty, we employ the vanishing
moment methodology introduced in Chapter 2 and approximate the fully nonlinear system

(8.23) by the following quasilinear problem:

—eA?° 4 det(D*Y) = af in U x (0,77, (8.27)
8; + div(va) = 0 in U x (0,7, (8.28)
af(z,0) = ap(x) in R3 x {t = 0}, (8.29)

where € > 0 and
ve = (Dy* - z)t.

System (8.27)—(8.29) is under-constrained, so extra constraints are required to ensure

uniqueness. To this end, we impose the following conditions:

8 €

8157 =0 onUx(0,1], (8.30)
6?56 =0 on U x (0,7, (8.31)
(¥51) =0 te(0,T] (8.32)

We remark that the choice of (8.30) intends to minimize the “reflection” due to the
introduction of the finite computational domain U. It can be regarded as a simple radi-
ation boundary condition. An additional consequence of (8.30) is that it also effectively
overcomes the third difficulty, which is caused by the nonstandard constraint (8.26) for
solving system (8.23)—(8.26). Finally, (8.32) is a mathematical technique for selecting a
unique function from a class of functions differing from each other by an additive constant.

Since (8.27)—(8.32) is a quasilinear system, we can define weak solutions in the usual

way using integration by parts.

Definition 8.2.1. A pair of functions (¢, ac) € L>((0,T); H*(U)) x L*((0,T); HX(U)) N
HY((0,T); L*>(U)) is called a weak solution to (8.27)~(8.32) if they satisfy the following
integral identities for almost every t € (0,T):
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—e(AY€, Av) + (det(D?*%),v) = (a,v) + (>, v)oy Yo € H*(U), (8.33)
<%,w) + (v Da,w) =0 vw e HY(U), (8.34)
(a“(-,0),2) = (ao, 2) Vz e LA(U), (8.35)

(¥, 1) =0, (8.36)

where we have used the fact that divve® = 0.

For the continuation of the paper, we assume that there exists a unique solution to
(8.27)—(8.32) such that ¢(z,t) is convex, af(x,t) > 0, and supp a(z,t) C Br(0) C U
for all t € [0,T]. We also assume ¢ € L2((0,7); H*(U)) (s > 3), a € L*((0,T); H?(U))
(p > 2), and that the following bounds hold (cf. (2.11)) for almost all ¢ € [0, 7]

[0 Dl =0(€) (1 =1,2,3), @ (1)]|z~ = O(c ™), (8.37)
I Ollwae =0 ) (1=1,2),  lla‘(t)lwre = O(™), (8.38)

where ®¢ = cof(D?1)¢) denotes the cofactor matrix of D?1¢.
The following lemma provides a key assertion, that is, a“(x,t) > 0in U x [0, T] provided
that ag(z) > 0 in R"(n = 2,3). The proof can be found in [53].

Lemma 8.2.2. Suppose (af, ) is a regular solution of (8.27)—(8.32). Assume ag(z) >0
inR™(n=2,3). Then a(x,t) > 0inUx[0,T]. Furthermore, if g is compactly supported,
then af(+,t) is also compactly supported for allt € [0,T].

The remainder of this chapter is concerned with formulating and analyzing a modified
characteristic finite element method for problem (8.27)—(8.32). The proposed method ap-
proximates the elliptic equation for ¢ by conforming finite element methods (cf. [27, 17]
and Chapter 3) and discretizes the transport equation for a by a modified characteristic
method due to Douglas and Russell [42]. When deriving error estimates, we are particularly

interested in the explicit dependence on ¢ for the proposed numerical method.

8.3 Formulation of a Modified Characteristic Finite Element
Method

Let 7, be a quasiuniform triangulation or rectangular partition of U with mesh size
h € (0,1) and V* c H2?(U) denote a conforming finite element space (such as Ar-
gyris, Bell, Bogner—Fox—Schmit, and Hsieh—Clough—Tocher finite element spaces [27] when
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n = 2) consisting of piecewise polynomial functions of degree r (> 5) such that for any
ve H(U) (s > 3)

inf v —wpllgs <A ollgs, 5 =0,1,2; £ =min{r + 1, s}.
vaVh

Let W" be a finite dimensional subspace of H'(U)) consisting of piecewise polynomials of
degree k (> 1) associated with the mesh 7p,.

Set
8’1)h
Vi vh. 7‘ - V= Vs (vn, 1) = 0},
Po={omevhs Grl=0 V= (o e W 1) =0)
1,ve n
W3 = {wy, € W wh‘aU = 0}, T = i—H\zEP c R"L
We then have 5 9 ) 5
g (D=~ (Y v D).
ar T <8t’ > ‘ﬁ1+|ve|2(8t+v )
Hence, we have
daf 1 dac
- Y et €. Daf) =0 8.39
ar w/1+\v€!2<at v a) ’ (8.39)

where we have used the fact that divv® = 0.
Next, for a fixed positive integer M, let At := % and t,, := mAtform =0,1,2,--- | M.
For any x € U, let T := x — v(x, t)At. It follows from Taylor’s formula that (cf. [40, 42])
0af(x,ty)  af(x,tm) — a (T, tm—1)

. = A + O(At) form=1,2,---, M. (8.40)

Borrowing ideas from [40, 42], we propose the following modified characteristic finite
element method for problem (8.27)—(8.32):

Step 1: Let a% be the finite element interpolation or the elliptic projection of «y.

Step 2: For m=0,1,2,... M, find (w,’f,a;l”“) € V" x W} such that

—e(AYT, Avy) + (det(D?P), vp) = (o}, vp) + <62,'Uh>8U Yo, € VI, (8.41)

("t — @ wy) =0 Ywy, € W, (8.43)
where
ap' = oy (Zyh), Tp = x — vy At, vt = (DY — x) L.
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Let (¢, af) be the solution of (8.27)—(8.32) and (¢}, ") be the solution of (8.41)-
(8.43). In the subsequent sections we prove existence and uniqueness for (¢}, o)) and
provide optimal order error estimates for 1¢(t,,) — ;" and a(t,,) — o} under certain mesh
and time stepping constraints. To this end, we first use the results of Section 3.4, where
finite element approximations of the Monge-Ampere equation with small perturbations of
the data was studied. The results of this section enables us to bound the error ¥°(t,,) — ;"
in terms of of the error a“(t,,) —a}". With this result in hand, we use an inductive argument
in Section 8.4 to get the desired error estimates for both 1¢(¢,,) — ¢ and a“(t,,) — o}

8.4 Error Analysis for Finite Element Method (8.41)—(8.43)

In this section, we provide the main results of the chapter, where we obtain optimal error
estimates of both ||¢)°—15 || and ||a—a¢|| under certain time stepping and mesh constraints.
First, we note Theorems 3.4.3 and 3.4.5 immediately give us the following result.

Theorem 8.4.1. Assume that we have [[a(ty) — aft||g-2 = O(e”+1h3n2_6). Then for

h < min{hy, ha}, there exists a unique solution, ;" to (8.41), where hy is defined in
Theorem 3.3.4, and hsy is defined in Theorem 3.4.5, that is

e n=2
hy = 1<l e N N

O(min{ (i) (Faems) ™ 1) =3
hy = O(Eé(sn_& )2”“

19N L2 o,77: 1)

where { = min{r + 1, s}.
Moreover, there exists constants C1(€) = 0(6%(17”)), Ca(e) = O(e™ 1Y), such that

[ (tm) = 3l < Cr()R 2[4 (tm) | e + Ca(O)la (tm) — 0} -2 (8.44)
46 (tm) — 971 < Ce™(Ca)e™ 3HE 5 () | (8.45)
+ (Cale)e 2+ 1)ja(tm) — ofll).

Remark 8.4.2. Let hg = O(e
have for h < min{hy, ho, hs}

). Then under the same hypotheses of Theorem 8.4.1, we

[ () = il < Ce2(Calee ERT Y (bl e + 10 (tm) = 0fll—2) . (3.46)

Before proving our main result, we comment on the error estimates of the elliptic

projection of af, which we denote by a;, € Wé‘. Letting w = af — ay, then it is well-known
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that the following bounds hold [42, 41].

lwll 2 qo,m;22) + lwell 20,1722 (8.47)
+ h(HwHL2([O,T];H1) + Hthm([O,T];Hl)) < Chj{HOéEHB([O,T];HJ) + Haﬂ’L?([o,T};Hj)},
lw(®)|lwree < CH 7 au(t)|| i for a.e. t € [0,T),

where j = min{k + 1, p}.

Using these results, we have the following lemma.

Lemma 8.4.3. Suppose k > 3. Then there exists a constant C > 0, such that for any
m=0,1,... M,

o™ -2 < CH*2 [0 (tm) | 1 - (8.48)

Proof. We use a standard duality argument to prove (8.48). For arbitrary ¢ € H2(U), let
wy € H*(U) be the unique solution to

—Aw¢ = (Z) in U,
wg =0 on OU.

Since U is assumed to be smooth, we have ||wy| g1 < C||¢| g2. Thus, for any t,, €
[0,T] and any wj, € W,

(wm7¢) = _(wvaw¢) = (Dwm,Dw¢)
= (D™, D(wy — wp)) < 0™ || g1 [|wy — wall g

< CW M| (tm) | 1 1wy — wh| 1.

Thus, for appropriate choice of wy, € W(;L (say wp, = Ipwg, the finite element interpolant

of w onto W), we have
(@™, 0) < Ch 2 [la (tm) | i lwgll e < CRF2 ([0 (tn) 1113 10 2

Dividing by ||¢|| g2 and noting ¢ was arbitrary, we obtain (8.48). O

With this result in hand, we are able to present an inductive argument that will give

us uniqueness and the sought after error estimates.
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Theorem 8.4.4. There exists hy such that for h < min{hq, ha, h3, ha} there exists Aty > 0
such that for At < min{Aty, h?} the following error estimates hold:

UL o (tm) — ap'llp2 < 03(6){AtHOé?THL%[o,T]xR:’r) (8.49)
+ 1 [l || 2oy + g | 2o, 19,19
+ Cal R 1Y | 2 o.mran)
olhax [ (tm) — i g2 < 05(6){At||0<?THL2([o,T]xR3) (8.50)
+ 1 [HaenL?([o,T];Hﬂ') + ||a§||L2([0,T];HJ')]
+ CoOR 2 2 o) |
o Lhax, [ (tm) — V3l < 06(6){AtHa?THL?([o,T]xRS) (8.51)
+ W [0l 2o, 7y 119y + N1l 20,7709
+ Co(OR ™ | qo ey
where
. 0?%ac . 0af 1
oL = W’ oy = W, 03(6) = O(E ),
Cile) = O(e72@H) - C5(e) = O(72), Cole) = O(e7?),
¢ =min{r + 1, s}, j =min{k + 1, p}.

Proof. We break the proof up into five steps.
Step 1: The proof is based on two induction hypotheses, where we assume for m =
0,1,..., k,

3n—6

| (tm) — @l g2 = O("Th*T"), (8.52)
ID*¢j e = O(e7) (8.53)

We now show that the case kK = 0 holds. Letting

6n—l—l 2373%
%—0( ) |
o]l s

and using (8.47), we have for h < hj

llao — | -2 < CHI*2|lag|| s < Ce™h™5
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_2

1o 20—7

Next, by Theorem 8.4.1, there exists ¢ solving (8.41). Noting hy < C (W) )
H

we have for h < min{hq, ha, hs},

_3 .
ID*¢hllzee < [D*(0)[|z + h™2 | D*$(0) — D¢y 12
3
< Ot + W ECUON 2 (0) | e + Ca() o — afllz2))
207 .
< C(e_l + Cr(e)h 2 ||(0) || e + Cg(e)h3+2||a8\|Hj)> < Ce L.
The remaining four steps are devoted to show that the estimates hold for general k at

the end of the proof
Step 2: Let £ = o' —ap'. By (8.43) and (8.28), a straight-forward calculation shows,

(§m+1 o Em7 €m+1) (QZL-H ah 7ngrl) (854)
= (Atas(tmer) = (g™ —ap), €"7)
= (At ol (tmyr) — (@ (tmy1) — O (tm)), ™)
+ (wm—i-l _ wm,gm-‘rl),

where €7 1= £™(T), @ (tm) := a(Tn,tm), and TP == W™(Tp,).
We now bound the right hand side of (8.54). To bound the first term, we write

Atag(x, tmy1) — (O{E(Cﬂ,tm+1) — of(a’:,tm))
= At of(z, tyt1) — (@(2, tms1) — (T, tm)) + (a(Th, tm) — (T, tm)).

Using the identity

(@tm+1)
At ol (z,tmi1) — (a(, tmy1) — (T, 1)) = /( V0z(T) = Zp|2 + (1) — tm)? oS dr.
Tyt
and (8.37), we obtain
1880 (1) — (0 (tms) — @ (6)) 22 (8.55)
(z,tm+1) 2
:/ VIa(r) — 3P+ (7) — P o dr| do
(-73 tTVL)
Tthrl 2
< At/ VIVE(tm+1)]? + ‘/ adeT‘ dx
(Zytm)

xtm«!»l 2
< CAL||v(tmar ”Lw/ / ol |“drda
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= CAL|[v(tmi1) Lo ‘|a'€rr‘|%2([tm,tm+1]xR”)

2 2
< CA oz 172 1] xR

where @(ty,) = a(Z, tm).

Next, since
1
a(ZTp,tm) — (T, ty,) = / Daf(zp + s(T — &), tm) - (T — Tp)ds,
0
we have
[@(tm) — @ (tm)l|72 (8.56)
1 2
= / / Da(zp + s(T — Tp), tm) - (T — fh)ds‘ dx
ntJ0

:At2/

< Ao () [fy1e VR — v (tm) 172

< C ALV = V< (t) |22

1 2
/ Do (@ + 5(& — 1), ) - (V' v (tm))ds|
0

Using (8.55)—(8.56), we can bound the the first term of the right hand side of (8.54) as

follows:

(At O‘—er(tm—&-l) - (ae(tm—i-l) - ae(tm))a’fm+1) (8'57)

_ 1
< CAt2(Ha’7”7"|%2([tm7tm+1]XRn) +€ 2||th — Ve(tm)Hiz) + é”gm+1|’%2
To bound the second term of the right hand side of (8.54), we write

W (@) — W™ (2h)

= (wm+1(az) - wm(l‘)) + (wm(x) — wm(a?“)) + (wm(a_c) — wm(a_ch)).

We then have

tm+l 2
o = w2, s/ / wn(t)at] da (8.58)
R 'Jt,,

tm+1
<ot [ [ o) P
" S tm

2
= AtfwtlZa((t 41 xR7)-
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Next, we bound w™(z) — w™(Z) by noting
1
(@) =" (@) = [ Dt (o - 0) - (- )ds
0
1
= At/ Dw™(x 4+ s(x — x)) - v¥(ty)ds.
0
It follows that
o™ () = @™ |72 < CAR |V (tm) | Foo o™ |71 < CAL[lw™ |71, (8.59)

with @™ = W™ (7).

Finally, we bound w"(Z) — w™(Z}) using the identity
1
Ww(Z) — W (Zp) = At/ Dw™(z + s(Tp, — &) - (VE(tm) — Vi')ds,
0
yielding

[&™ = @™ 22 < CALIW™ 2y [V (tm) — VEIIZ: (8.60)

< CAR |V (tm) = Vi’ 172

Combining (8.58)—(8.60), we bound the second term on the right hand side of (8.54)

as follows:

(@ =™, ™) < O At g areny + AL 2 (8.61)

[tmytmjtl}

1
+ ARV (t) = Vi IE2) + 5lE 2

Step 3: To get a lower bound of (§™+1 — &m &Mt let F,(z) = x — Atvi*(z). We

then have

2,/m 92,/m 2 1m 2 m 2 m
det(JFm):l—f-AtQ(l—i—awhawh ¢y, )2_(3% L P )>’

(9:1:% 8$% B (Bxlc%zg 8:5% axg

where Jp, denotes the Jacobian of F),. Letting Ats = O(e), we can conclude from the
induction hypotheses that for At < Aty, Fy, is invertible and det(Jp-1) =1+ Ce2A¢2.

From this result, we get

€772 = (1 + Ce2At%) €717 (8.62)
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Thus, using the inequality

1
—(@*—y?) <

5 (2 =y + (z—y)?) = (z — y)z,

N

we have
S N P (Gt T B () (8.63)

(€™M 172 — (1 + Ce2A8)[€™][72).

NN -

Step 4: Combining (8.54), (8.57), (8.61), (8.63), and using the induction hypotheses

with Theorem 8.4.1, we have
e — e

< CA¥ (671HQ;H%Q([tm,th]an) e W™ F e vh - Ve(tm)”%2)
+ CA Wil T2 (1 )y + C€ AL (7|72

< Ce_z{Af2(||04§T||2LQ([tm,tm+1]an) + W™ 3 + IvE = Vﬁ(tm)”iQ)
A2 ey + AEET

< 0672{At2<||a;T||2L2([tm,tm+1]><R”) + [l
+ e (CH) e R T2 (tn) |3 + [l (tm) — a;yu%,,z))

o At crr) + ALNE 2 -
Using the inequality ||a(ty,) — ot ||g-2 < [|a(tm) — a2 < €7 |2 + [|w™] 2 yields
€712 — €722 < Ce2{ A2 (o Waqe s operry + o™
€O ) e ) + Al 1) i)
+ AR em 2, )
Applying the summation operator anzo and noting £ = 0, we have

1€ 113, < Ce_Q{AtQHafrTH%?([O,T}XR?’) + At(€_4||w\|%2([o,T];H1)

+ e SCHORH 20 2 o ey + 220,71k )

k
+eIAR Y (e )
m=0
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Using the discrete Gronwall inequality, we get

_ g Akt )
1€7 |2 < Ce! (14 €2At) {AtHaTTHm([o,T}an) (8.64)
+ VAt<€_2HwHL2([o,T];H1)
_5 1
+ BN T W o ey + lwtll 2o mrme ) -
Let Aty = O(e?). Then for At < min{Ats, h?}, we have using (8.64), the triangle
inequality, and (8.47),
la (tryr) — 2 (8.65)
< 03(6){AtHaifHLmo,T]an) + 1 (a2 o,y m9) + Nkl z2qgo,77:009))

+ Cal R Y | 2 o.rraay -

Thus, by Theorem 8.4.1, we have the following bounds:

1 (trer) = 03 e (8.66)
< Col)Ca(){ Atllas (o myxrey + b (0 2o ryms) + g 2o zysan)
+ C4(E)héH¢6HL2([0,T];HZ)} + Cl(e)hg_Q”w€"L2([O,T};H2)
< 05(6){Af\|0é§7||L2([o,T]an) + W (ol g2 qo.rpsmy + 1l 2o,y
+ 04(6)#_2HW”B([O,T];HZ)}>
[ (1) = p (8.67)
< 067203(6){AtHa?THm([mT]an) + 0 (o 2o,y + Nkl p2qo.rp:m9))
+ Cal eV 2oaryarey } + CECH QR W 2oy
< 06(6){AtHO“ErTHLQ([O,T]xR”) + W (ol 2 qo.rpsm) + 16l 2o, 7y.209)
+ CalR M 4| o) |-

Step 5: We now verify the induction hypotheses. Let C7(e) = 03(6)(||066||L2([0’T];Hj) +
g || L2 po,13;1y ) » Cs(€) = Cale) VNl 2o 1112 and

n4+1 3n—6
Aty=0 <Th
Cs(e) s L2 jo,r) xR

ool (5557 ) )

147




Thus, for h < hg and At < Aty, we have by (8.65),(8.66), and (8.37),

o (tsn) — a2 < CeFIR™

_3 c
120 e < ID% (ten) e + OB 3 D2 (41) — D212
_ _3 e
< O+ hECs({ Atllat 2 oy

+ 1 (N 2o, 119y + Nkl z2qpo,mp:00)) + 04(6)h£_2HwEHLZ([O,T];HE)}

< e L

Therefore, the induction hypotheses (8.52)—(8.53) hold, and the proof is complete by
setting hy = min{h5, h6} and At = min{AtQ, Ats, At4}.
O

Remark 8.4.5. Recalling the definitions of V? and W, we require k > r—2 > 3 in order

to obtain optimal error estimates.

8.5 Numerical Experiments and Rates of Convergence

In this section, we shall present several 2-D numerical tests to gauge the effectiveness of
the modified characteristic finite element method, and to verify the error estimates of the
previous section. The first four tests are performed on the domain U = (0,1)2, while the
fifth test uses U = (0,6)2. In all five tests, the fifth degree Argyris plate finite element is

used for V", and the cubic Lagrange element is used for W".

Test 8.1

The purpose of this test is twofold. First, we compute aj® and ;" to view certain properties
of these two functions. Specifically, we are interested if aj', Av}*, and det(Dzwzn) are
strictly positive for m = 0,1, ..., M. Second, we calculate ||¢* —4;"|| and ||a — ag, || for fixed
h and At in order to approximate ||¢)* — || and |Ja — af||. We set to solve (8.41)—(8.43),
but with the right-hand side of (8.43) being replaced by (F,wy), and V{* and W[ being
replaced by VgI;Lv and W where

gnN?’

%’le(t) 1= {vh evh %l;;l‘aU =gn, (vp,1) = c(t)}, c(t) = (¥*, 1),

W;‘D(t) = {wy, € Wl wh‘aU =gp}.
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We use the following test functions and parameters:

(a) ¢ = t(af + 23), a = 4t2
gN = 2t(x1v1 + x210), gp = 4%,
F = 8&t.

(b) ¥* = et@i+ad)/2 a=t2(1+t(a? + x%))et(:rf+x§)’
gN = tet(m%”%)ﬂ(xlyl + 1), g = £2(1 + t(2? + x%))et(mfﬂg),

F = t(2+4t(a] + 3) + 2 (af + 23)) ! 71H2),

We plot o', Ay, and det(D?u}") for both ¢, = 0.5 and t,, = 1 with h = 0.05,
At = 0.1 in Figures 8.1-8.4. As seen in the figures, all three quantities are positive for
both values of t,,. This observation supports the assumption that a“(t) > 0 and °(¢) is
strictly convex for all t € [0, 7.

Next, we plot the errors versus € at t,, = 0.25 in Figures 8.5 and 8.6. The figures show
[0*(tm) — V7| g2 = O(e%), and since we have set both h and At very small, these results
suggest that [|{*(tm) — ¥ (tm)||m2 = O(ei). Similarly, we argue ||[¢*(ty) — ¥ (tm)||m =
O(e%) and ||¢Y*(tm) — ¥(tm)||z2 = O(€) based on our results. We note that these are the
same convergence results found in Chapters 3-6, where the single Monge-Ampeére equation
was considered. We also notice that this test suggests that ||a(t,) — a(tm)|| 2 may not

converge, which suggests that the convergence can only be possible in a weaker norm such
as H72(Q).

Test 8.2

The goal of this test is to calculate the rate of convergence of ||1)*(t;,) — 3| and || (tm) —
a’|| for fixed € and h while varying At. We use the same domain and finite element spaces

as in Test 8.1, and set to solve (8.41)(8.43), but with the right-hand side of (8.41) being
replaced by (aj',vp) + €(¢%, vp)ou, and the right-hand side of (8.43) being replaced by
(F¢, wp). Also, Vlh and W(? are replaced by ‘/g%\, and I/Vgh?v7 where

0
‘/g}]év(t) = {Uh € Vh; %‘8(] = gje\/'a (Uhv 1) = Ce(t)}a Ce(t) = (,(/)e’ 1))

Wghz)(t) = {U)h S W(?, wh‘aU = ng}
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3.996
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Figure 8.1: Test 8.1a: Computed o at ¢y = 0.5 and ¢ty = 1. At = 0.1, h = 0.05.
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3.999
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Figure 8.2: Test 8.1a: Computed determinant (top) and Laplacian (bottom) at t3; = 0.5
(left) and tpr = 1 (right). At =0.1, h = 0.05.
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Max: 22,167

22

13

716

114

[

Min: 1.00

Max: 1,359

Min: 0,250

Figure 8.3: Test 8.1b: Computed af, at tpy = 0.5 (top) and ¢ty = 1. At =0.1, h = 0.05.
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Max ;0,998 Max: 16,264

M

n: 1,034

Max : 9.686

Min: 1.032 Min:2.034

Figure 8.4: Test 8.1b: Computed determinant (top) and Laplacian (bottom) at ¢ty = 0.5
(left) and tpr = 1 (right). At =0.1, h = 0.05.
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Test 8.1
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Figure 8.5: Test 8.1: Change of ||1* (tar) =M || w.r.t. . h = 0.023, At = 0.0005, tpr = 0.25.
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Test 8.1
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Figure 8.6: Test 8.1: Change of |[1* (tar) =M || w.r.t. . h = 0.023, At = 0.0005, tpr = 0.25.
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We use the following test functions and parameters:

(a) ¢ = t(z] + 23), af = 412,
gy = 2t(z1m + z2m2), g5 = 4%
F© =8t, ¢ =0.
(b) ¥ = et(I%+JB§)/27 of — t2(1 I t(z% 4 x%))et(ﬁﬂg)
— O (S 4 81(ad 4 a8) + (0 + 2)?),
gy = te' T2 (@ L o), gh = 21+ t(ad + 23))el D),

— et2e!@)/2(8 4+ 8t (22 + 22) + £2(22 + 22)?),

F€ = t(2 + 475(33% + J,‘%) + tQ(x% 4 J,‘%)2)et(w%+x§)

t
_ %et(ﬂc%er%)/Q (32 + 56(;5% + x%)t 4 16t2(x% + JI%)Q 1 t3(x% " x§)3)7
6 = (401t + 18 (e + 23)) i + (40at? + ot (2} + a3)) ) e!eTHoD/2,

We plot the data in Figures 8.7 and 8.8. As seen from the figures, the convergence of
lac(tar) — a2 and [[9(tar) — ¥ is at least of order At in all norms.

Test 8.3

This test is exactly the same as in Test 8.2, but we now fix At and € and vary h. We
use the same test functions and parameters as in the previous test and plot the errors in
Figures 8.9 and 8.10. We can conclude from Tests 8.2 and 8.3 that the convergence rate is
dominated by At, as the figures show little change in the errors of ||a(ta) — ad| L2 and

|4€(tar) — 12 || as h varies. These results coincide with the conclusions of Theorem 8.4.4.

Test 8.4

We again solve the same problem in Test 8.2 and use the same test functions, but we now
fix € and set At = h2. The errors at time t3; = 0.25 are plotted verses At in Figures 8.11
and 8.12. We see that the figures are similar to Figures 8.7 and 8.8. This result is expected
since we have concluded that h has very little contribution to the error estimate in relation
to At.
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Figure 8.7: Test 8.2: Change of [|1¢(tar) — ¢ || w.r.t. At. h=0.05, ¢ = 0.01, t5y = 0.25.

157



Test 8.2

— Test82a
107} —Test 82b

M.z
h"H
3

(s ]

ity )4

2
Test 8.2

—~ Test82a
—Test 82b

—_
Ou
[}
T

;2

i
h

168t -0

o
O|
(N
T

Figure 8.8: Test 8.2: Change of [|1¢(tar) — ¥ || w.r.t. At. h=0.05, e = 0.01, t5y = 0.25.
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Test 8.3
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Figure 8.9: Test 8.3: Change of [|[¢¢(tar) — M| wrt. h. € =0.01, At = 0.005, tpr = 0.25.
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Figure 8.10: Test 8.3: Change of ||1(tpr) — M || w.r.t. h. e = 0.01, At = 0.005, tpy = 0.25.
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Figure 8.11: Test 8.4: Change of ||[¢(tar) — M| wrt. At =h2 e =0.01, tpr = 0.25.
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Figure 8.12: Test 8.4: Change of [|[¢(tpr) — M| wrt. At =h2 e =0.01, tp = 0.25.
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Test 8.5
For this test, we solve problem (8.41)—(8.43) with domain U = (0, 6)? and initial condition

1
aop(r) = gX[2,4}x[2.25,3.75] (4 —z1)(z1 — 2)(3.75 — 22) (72 — 2.25),

where X[2 4]x[2.25,3.75] denotes the characteristic function of the set [2,4] x [2.25,3.75]. We
comment that the exact solution of this problem is unknown. We plot the computed «o}"
and ;" at times t,, = 0, t,, = 0.05, and ¢, = 0.1, and ¢, = 0.15 in Figure 8.13 with
parameters At = 0.001, h = 0.05, and € = 0.01. As expected, the figure shows that aj* > 0

and ;" is convex for all m.

163
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Figure 8.13: Test 8.5: Computed o} (left) and ;" (right) at ¢,, = 0 (top), t, = 0.05
(middle), and ¢,, = 0.1 (bottom). At = 0.01, h = 0.05, ¢ =0.01
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Chapter 9

C! Finite Element Methods for
General Fully Nonlinear Second
Order PDEs

Motivated by the results obtained in Chapter 3 for the Monge-Ampere equation, we now
analyze C'! finite element approximations for general fully nonlinear second order PDEs
(1.1). To do so, we employ the same vanishing moment methodology described in Chapter

2. That is, we approximate the fully nonlinear second order PDE

F(D?*u, Du,u,z) =0 in Q, (9.1)
u=g on 092, (9.2)

by the following fourth order quasi-linear PDE:

G(u) := eA%u + F(D*u, Du, uf,z) =0 in Q (e > 0), (9.3)
u =g on 01}, (9.4)
Auf =e€ on 0f. (9.5)

We assume there exists a unique solution to (9.3)—(9.5) and would like to construct and
analyze finite element methods to approximate u¢ using a class of C'! finite elements such
as Argyris, Bogner-Fox-Schmit, and Hsieh-Clough-Tocher elements (cf. [27]).

To achieve this goal, we use the analysis in Chapter 3 as a guide. First in Section 9.1,
we define the variational formulation of (9.3)—(9.5) and finite element method based upon
the variational formulation. Next, we make certain assumptions about the properties of
F which will play a crucial role in the analysis of the chapter. In Section 9.2, we show

existence of solutions of the linearized PDE operator and prove stability and convergence
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results of its finite element approximation. The main results of the chapter are found
in Section 9.3, where we use a fixed point argument to simultaneously show existence,
uniqueness, and convergence of the finite element approximation of (9.3)—(9.5). Finally, in
Section 9.4, we apply the preceding analysis towards specific fully nonlinear second order
PDEs.

9.1 Formulation of Finite Element Methods and Assump-

tions
Let V := H?(2), and for notational convenience, we let || - ||y be the standard Sobolev
norm, that is, ||v||y := ||v||g2 Vv € V. We also define the following subspace and subset of

V.
Voi={vevV; v}aQ:O}, Vg i={veV,; v‘agzg}. (9.6)
Multiplying (9.3) by v € Vj, integrating over 2, and integrating by parts yields

e(AuS, Av) + (F(D*u¢, Duf,uf, x),v) = { €, o . (9.7)
M/ a0

Based on (9.7), we define the variational formulation of (9.3)-(9.5) as to find u¢ € V, such

that

e(Auc, Av) + (F(D*uf, Duf,uf, z),v) = ( €, v Yo € V. (9.8)
M/ pa

Let 75, be a quasiuniform triangular or rectangular partition of Q if n = 2 or a qua-
siuniform tetrahedral or 3D-rectangular mesh if n = 3. Let V" C V be a conforming
finite element space consisting of piecewise polynomials of degree r such that for any
veVNH*(Q), we have

inf [lv—opllws < Chfollge §=0,1,2,  ¢=min{s,r+1}. (9.9)
eV
Let

Vi = {on € V5 0] yq =0}, V' i={un € V5 0]y = g}

Based on (9.8), we define the finite element formulation of (9.3)—(9.5) as to find uj, € Vgh
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such that

2 8Uh

e(Aus, Avp)+(F(D*uS, Du§, us,, ), vp,) = <€ o

> Vo, € Vg (9.10)
o0

Let u¢ be the solution to (9.8) and let uj, be the solution to (9.10). The main goal of
this chapter is to prove existence and uniqueness for problem (9.10) and also derive error
estimates of u® — uj in the energy norm. To achieve these goals, we generalize the analysis
of Chapter 3 for F € C1(R™ ", R", R, Q) satisfying certain structure conditions. First, we

give the following additional notation:

F:(rpzz)e R"xR" xR xQ— R F.(r Zx)(v)-—zn:aFﬂ
b ’ rhp s o ] drij Ox;0x;’
Fp(ﬁpa Z, SC)(?)) = ; gpi 88;17 E.(r,p,z,z)(v) := 88;;1)7

F'(r,p, z,z)(v) := F.(r,p, z,2)(v) + F,(r,p, 2,2) (v) + Fy(r,p, 2, 2)(v),
F(v) := F(D*v, Dv,v,z), F'lw](v) := F'(D*w, Dw,w, z)(v),
Glw](v) := eA%v + F'[w](v).

Next, it is essential in the analysis that we assume the following conditions:

(A1) There exists g > 0 such that for all € € (0,¢), there exists a unique solution to
(9.3)-(9.5) with u¢ € H5(Q) (s > 3).

(A2) The operator (GL[uf])* (the adjoint of G.[uf]) is an isomorphism from Vj to V. That
is for all ¢ € Vi, there exists v € Vj such that

(Gelu])"(v), w) = (p,w)  Vw e Th. (9.11)

Furthermore, there exists positive constants C (¢), y(€) such that the following Garding

inequality holds:
(Ge[u](v),0) > Cr(ellvll = v(O)vll7: Vo€ Va, (9.12)
and there exists C2(€) > 0 such that

IF [ullvvs < Cale), (9.13)
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(A4)

(A5)

9.2

where

F/ € " F/ €
e i sup IEE@Iv (), )
vev vy vevwev ||vllvilwlly

Moreover, there exists p > 2 and Cg(e) > 0 such that if ¢ € L?(Q) and v € Vj
satisfies (9.11), then v € HP(2) and

[0l < Cr(€)|l#llL2-

There exists a Banach space Y with V* C Y ¢ V and a constant C' > 0 such that

|E [yl

sup <C, (9.14)
vey  ylly
where
F/ « F/
e i sup IEBI@v P (0), )
vev  |lvllv vevwev |[vllvwlv

There exist 45, € Vgh and constants Cs(€), Cy(€) > 0 independent of h such that

luf — @[y < Cs()h 2w ge €= min{r + 1,5}, (9.15)
[aglly < Cale)f|uc]ly- (9.16)

There exists a constant 6 > 0, such that for any v, € Vgh with [|uf, —wy||v < 9, there
holds

1F" [u] = F'[wa] vy < L(e, h)[|u — wpllv, (9.17)
where L(e,h) = L(e, h,n,Q, 6, u).

Analysis of the Linearized Problem and its Finite Ele-

ment Approximation

To construct the necessary tools to analyze finite element method (9.10), we first study

finite element approximation of the linearization of (9.3).
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9.2.1 Linearization

For given ¢ € V| and ¢ € H 7%(8(2), we consider the following linear problem:

GLlu)(v) = ¢ in Q, (9.18)
v=20 on 01}, (9.19)
Av =1 on 0. (9.20)

Multiplying the equation G.[u¢] by w € Vjp, integrating over 2, and integrating by parts,

we obtain

(GLuf](v), w) = e(Av, Aw) 4+ (F'[uf](v), w) — € <Ava §5>m .

Based on this calculation, we define the weak formulation of (9.18)—(9.20) as to find v € V)
such that

Be[v,w] = (p,w) + € <¢, (Z:;]>8Q Yw € W, (9.21)

where
Be[v,w] := e(Av, Aw) + (F'[uf](v), w).

In view of assumptions (A1)-(A2), we immediately have the following theorem.

Theorem 9.2.1. Assume assumptions (A1)—(A2) hold. Then there exists a unique solution
v € Vy to (9.21). Furthermore, there exists Cs(e) > 0 such that

I0[IF < Cs(e)(llellv+ + el (9.22)

H % (asz)> ‘

Proof. From the Garding-type inequality (9.12) and the fact (GL[u])" is injective on Vj,
it follows that G.[uf] is a an isomorphism from V) to V' using a Fredholm alternative
argument [1, Theorem 8.5].

We now claim that there exists C(€) such that ||v][z2 < C(€)||¢||v+. If not, there would
exist sequences {pr}32, C V5 and {vi}32, C Vp such that

(Gelu(vg),w) = (pr,w) — w eV,
but

lokllz2 > Flloxllv--
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Without loss of generality, we may as well suppose ||vg||z2 = 1 (and therefore ||@g|ly+ — 0
as k — 00). In light of (9.12), {v;}72, is bounded in Vj. Therefore by compactness, there

exists a subsequence {vg; }32, and v € Vj such that

vp; — v weakly in Vp, (9.23)
vy, — v in Hy(Q). (9.24)
Therefore,
(Gel[u(v),w) =0 Vw e W,

Since GL[u] is an isomorphism, v = 0. However (9.24) implies that ||v||z2 = 1, a contra-
diction.
Hence there exists C(e) such that [|v]|z2 < C(€)||¢| v+, and therefore by (9.12) and a

trace inequality, we have

CLONol < el Av]Za + (F[u)w), v) +A(Ollv]
= Bufo, o] +1(O)]Jo]%
_ v 2
—w@vwh<wwm>m+w@wﬂp

< (lellv= + Celly|| +7(€)C (o)l

H™3(09) ve)lvllv-

Dividing by Cy(e)||v|v, we obtain (9.22) with Cs(e) = C(e)Cy (e)7(e). O

9.2.2 Finite Element Approximation

Let Voh be one of the finite dimensional subspaces of Vj) as defined in Section 9.1. Based
on the variational formulation (9.21), we define the finite element method for (9.18)—(9.20)
as to find vy, € Voh such that

)
Be[vn, wh] = (o, wn) + ¢ <¢, (;”"> Yy, € V. (9.25)
/o0

Using a modification of the well-known Schatz’s argument (cf. [17, Theorem 5.7.6]), we

obtain the following result.

Theorem 9.2.2. Let assumptions (A1)—(A2) hold and suppose that v € H*(Q) (s > 3) is
the unique solution to (9.21). Then for h < hg, there exists a unique solution vy, € Voh to
(9.25), where

1

B Cl (6) 2p—4
%C(@&wywwg ' (5:26)
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Furthermore, there holds the following inequalities:

Jonlly < Co@)(liellv- + ellel -y ) (927)
o = enlly < CrOh* 2ol (9:28)
o = enllze < Ca(@h*7~" ol e, (929)

where
Cr7(e) = CCHe)Cale), Cs(e) = CCyHe)C3(e)Crle), ¢ =min{s,r + 1}.

Proof. To show existence, we begin by deriving estimates for a solution v, to (9.25) that

may exist. We start with the error equation:
B.Jv — vp,wp] =0 Ywy, € Voh.
Then using (9.12) and (9.13), we have for any wy, € Vg

C1(€)[lv — vnlf3
< €| A(v = on)|17> + (F'[u)(v — vn), v — vn) + (&) llv — val75
= Be[v — v, v — vp] + y(€)lv — vnl|72
= Be[v — vp, v — wp] +y(e)|Jv — vp 172
< el|A(v = vp) [ 2| (A(v — wp) | L2
+ [ F'wllvvello = vallvllo — willv +~(e)llo — vall72

< CCO(e)llv = vnllv v — whlly +v(e)]lv — vnl 7.
Thus, by (9.9)
Cr(e)lo = wall} < CCTCR(R* vl Fe +(e)llv — onl 72 (9.30)
Next, we let w € Vp N HP(Q) be the solution to the following problem:
(Giu])” (w),2) = (v —wp,2) ¥z €V,
with

lwllze < Cr(e)[[v — vnll L2 (9-31)
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We then have for any wy, € V!

lv = wall72 = (Ge[u])*(w), (v — vp))
= (G[u](v — vp), w)
= Be[v — vp, w]
= B[v — vp, w — wp]

< CCy(e)[lv = vnllv]lw — wpllv-
Consequently from (9.9) and (9.31)

v — vp|[F2 < CC2(e)hP2|lv — vpl|v |w]| e

< COe)Cr(N2||v — vplv[|v — vpll 2,
and thus,
lv = vnllz2 < CC2(e)Cr(e)h? ™2 v —vplv-
Applying the inequality (9.32) into (9.30) gives us

Ci()[lv — vl < CCyH(e)C
<ccri(ec

N o

(O ol e + (el — vl 72

N o

Thus, for A < hg
Cu(e)llv = vnll} < CCH ()T ()R [vll3e,
and therefore (cf. (9.32))

lo = wnlly < COTH(E)Ca()A" 2|0l e,
lo = vnll 2 < COTH()CE ()RR u]| e

(9.32)

()R> ol + CO3()CR() V(€A™ v — vallF-

So far, we have been under the assumption that there exists a solution v,. We now

consider the question of existence and uniqueness. First since the problem is linear and

in a finite dimensional setting, existence and uniqueness are equivalent.

Now suppose

¢ =0, ¥ =0. In light of (9.22), we have v = 0, and therefore, (9.28) implies v, = 0 as well

provided h is sufficiently small. In particular, this means that (9.25) has unique solutions

for h < hg. Finally, (9.27) follows from (9.22) and (9.28).
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9.3 Finite Element Approximation of (9.21)

In this section, we give the main results of the chapter. First, we define an operator
T: Vgh — Vgh such that for a given vy € Vgh, T'(vp,) is the solution to the following linear

problem:

Be[vp, — T(vp), wy] = e(Avp, Awp,) + (F(vp), wp) — <(—: "y

> Yw, € V. (9.33)
o0

In view of Theorem 9.2.2, T' is well-defined provided assumptions (A1)-(A2) hold and
h < hg. The goal now is to show that 7'(-) has a unique fixed point in a neighborhood of

u€, which will be a solution to (9.10). To this end, we set

Br(p) :={vp € V;]h; llon, — g, llv < p}s

where 45, is defined by (A4).

Let £ = min{s,r 4 1}, where r is the polynomial degree of the finite element space V"
and s is defined by (A1l). The following lemma bounds the distance between the center of
By, and T'(uj,).

Lemma 9.3.1. Let assumptions (Al)—(A4) hold. Then there exists an hy > 0 such that
for h < min{hg, h1},

15, — T(@;)llv < Co(e)n"2|u|l e, (9.34)

where Cy(e) = CC3(e)Ca(€)Co(€)||u||y -

Proof. Let af = uj — u®. Using the definition of 7' and the mean value theorem, we have

for any 2, € VI

© oy
€(Daf, Azy) + (F() — F(u), )
e(Aaf, Azp) + (F'[](a), 2n),

B, — T(), 2n) = (A, Az) + (F(ii), 1) — < 2 azh>m (9.35)

where £ = 4§, — Ta“ for some 7 € [0, 1].
In light of (9.27), we have

[ay, = T(ug)llv < Cs(e)llellv- (9.36)

173



where ¢ = eAZa° + F'[¢](af) and A? is the discrete biharmonic operator, that is,

<A%wh, Zh> = (Awh, Azh) — Awh, % Ywy, zp, € Voh.
M / a0
Using (A3) and (A4), we have
(ps2n) = e(Aas, Azp) + (F'[E](af), 2n) (9.37)

< €| Aaf| 2| Azl 2 + [IFE (@) Iv=llznllv

< (e + O)Ely lasllvl[znllv
< CC[uly [lecflv llznllv-

Next using a density argument, we can choose h; such that for h < hq,

H90||V* = sup <(Pvz> <2 su <‘107 Zh>'
zevo 12lv = L eve lanllv

Therefore by (9.36) and (9.37),
l[ag, = T(ap)llv < Cs(e)llllve
< CCy(e)Co () [[ully lla“llv
< CC3(e)Ca(€)Co( )2 s Iy [[uc]| re-
O

Lemma 9.3.2. Suppose assumptions (Al)—(Ab5) hold. Suppose further that L(e,h) =
o(h*=%). Then there exists an hy > 0 such that for h < min{hg,h1,h2}, the operator
T is a contracting mapping in the ball By (po), where pg = O (min{&, (Cg(e)L(e, h))_1}>.

Proof. Using the definition of T', we have for any vy, wy, € B(po), zn € V',

BE[T(Uh) — T(wh), Zh] = BE[Uh, Zh} — Bg[wh7 Zh] + 6(A(wh - Uh), Azh)
+ (F(wn) — F(vn), 2n)
= (F'[u)(vn — wn), zn) + (F(wn) — F(vn), 2).-

Using the mean value theorem, we obtain

B[T(v) — T(wp), zn) = (F'[u)(vn — wp), zn) + (F(wp) — F(vn), 2n)
(F'[uc] = F'[€]) (v — wn), 2n),
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where & = wy, + 7(vp, — wp) for some 7 € [0,1]. Here, we have abused the notation of &,

defining it differently in two different proofs.
By (9.27), there holds

1T (vn) = T(wa)llv < Co(e) ]

Vi,

where ¢ = (F'[uf] — F'[£])(vy, — wp).
Noting po < 6, it follows from (A5) that for any 2;, € V'

(p, 2n) = (F'[u] = F'[¢](vn — wh), 2n)
< ||F'[u] = F'[€]llvvellon — wrllvznllv

< L(e, h)|Ju® = &|lv|lon — wrllv]znllv-

Next using the triangle inequality, we have

[u® = &llv < lu — wllv + [[vn — wr|lv
< lu = agllv + 2||ay, — wrllv + lvn — g |lv

< OB 72| 7 + 3po,

and therefore,

(9, 2n) < CL(e,h) (W 2[[u e + po) v — wallv llznlv-

It follows from (9.38) and (9.39) that for h < min{hg, h1}

1T (vn) = T(wn)llv < Co(e)llllv-

<260 mp (28
anevy l2nllv

< CCs(e) (e, h) (W2 ||u[| gz + po) lon — wallv

Choosing hs such that
1
ha = O (Cs(€) L(€, ha)|u|| re) >
we have

1
1T (vn) — T'(wp)[lv < 5th — wpllv-
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With these two lemmas in hand, we can now derive the main results of the chapter.

Theorem 9.3.3. Under the same hypotheses of Lemma 9.3.2, there exists hs > 0 such that
for h < min{hg, hy, ha, hs}, there exists a unique solution to (9.10). Furthermore, there

holds the following error estimate:
[l = llv < Cro(€)h" 2 |u|| e, (9.40)

with Cip(e) = CCy(e) = C3(€)Ca(€)Cs(€)||ully. Moreover, there exists hy > 0 such that
fO?” h < min{ho, hl, hg, ]’Lg, h4}

= w2 < Cua(e) (Bl e + Lie, W) Cro(h* ), (9.41)

where C11(e) = CCho(e)Cr(e).

Proof. Let p1 := 2Cy(€)h*=2||u¢|| ¢, and choose hz > 0 such that

- (min{4, (Ce(e)L(e, hs)) '} =
M_O( Co(l ) -

Then for h < hg, we have p; < pp.
Thus for A < min{hog, h1, ha, hs}, we use Lemmas 9.3.1 and 9.3.2 to conclude that for

any vy, € By(p1),

g, = T(vn)|lv < |laj, — T(ap)llv + 1T'(ay,) — T'(vn)|lv
_ 1, .
< Co(e)h' 2[|uf]| e + gl = vnllv
< P1 P1

_?—1-?:91-

Hence, T" maps By, (p1) into By (p1). Since T is a contraction mapping in By (p1), 17" has
a unique fixed point in By, (p1), which is the unique solution to (9.10). To derive the error

estimate (9.40), we use the triangle inequality to get

|u® —upllv < [lu® —agllv + (|, — upllv
< CR*72||uf| e + ;1
< Cro(€)h 2 ||u| ge.

To obtain the L? error estimate (9.41), we start with the error equation:

(AeS, Avy) + (F(uf) — F(uf,),vp) =0 Yoy, € Vi,
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where e} := u® — uj. Using the mean value theorem, we obtain
(A, Avy) + (F'[€](e5),vp) =0 Vo, € VI, (9.42)

where £ = u® — 7ej, for some 7 € [0,1]. Again, we have abused the notation of &, defining
it differently in different proofs.

Next, let w € HP(Q2) N Vj be the solution to the following auxiliary problem:

(Gelu])"(w), 2) = (€f,,2) Yz €W,

with

[wll e < Cr(€)lleql2- (9-43)

Using (9.42), we then have for any wy, € V!

lefllZe = (GeluD)* (w), e5) (9.44)

[ , w]
[eh’ w— wh] + E(Aehv Awh) <F/ [ue] (62)7 wh>
Be[ef,, w — wp] + ((F'[u] = F'[¢]) (e},), wn)

< COy(O)llenllvllw = whlly + [1F[u] = FE]lvv-llegllv llwallv-

Let

1
5 =)
hi— 0 () |
Cro(€)[|uc| e
Then by (9.40) for h < hy

[u = €llv = Tllellv < 0.
Therefore for appropriate choice of wy, in (9.44), we have for h < min{hg, hi, ho, hs, ha},

les2 < ¢ (Caln"2llenlly + L, Ml ) ol

< COR() (CalOR 2 lenlly + Lie, eI} ) el
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Thus,
lesllz2 < CCrie) (Co(h" 2 enllv + Lie, )l 1)
< CCro()Cr(e) (Cal DR | e + Lie, ) Cro()h*— |u[3e ).
O

Remark 9.3.4. H'-norm error estimates can be obtained from their L? and H?-norm

errors by using norm interpolation techniques [17, Theorem 14.3.12].

9.4 Examples

9.4.1 Monge-Ampere Equation

A detailed analysis of the Monge-Ampeére case was carried out in Chapter 3, where we
proved optimal error estimates in the energy norm. We now apply the results of the
previous section to verify that we reach the same conclusions.

Recall in the case of the Monge-Ampeére equation, we have

F(u) = F(D*u, Du,u,u) = f — det(D?u),
F'[v)(w) = —cof(D?v) : D*w.

Therefore, (9.3)—(9.5) become

— A%y 4 det(D%uf) = f in Q, (9.45)
u‘ =g on 052, (9.46)
Auf =¢€ on 01}, (9.47)

and the finite element method for (9.45)—(9.47) (cf. (9.10)) is to find uj, € Vgh such that

0
— e(Auf, Avy) + (det(D?u,), vn) = (f,0n) - < a"> : (9.48)
/o0
The linearization of G, at the solution uf is

GLuf](v) = €A%y — ¢ : D*v = eA%v — div(®°Dv),

where ®¢ denotes the cofactor matrix of D?u¢, and we have used Lemma A.0.1 to get the
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last equality. Finally, the bilinear form B.[-, -] becomes
B [v,w] = e(Av, Aw) + (®°Dv, Dw).
By Theorems 2.2.2, 3.2.1, and 3.2.2, assumptions (Al)-(A2) are true with

Cile) = O(e), Cale) = O(72), ~(e) =0,
p=4, Cr(e) =0(e™h), Cs(e) =0(e7h), Cgle) =O0(eh).

The goal of this section is to prove conditions (A3)—(A5) hold and derive the explicit
dependence of constants C;(e), §, and L(e, h) on e. For the reader’s convenience, we recall
the bounds stated in Chapter 2:

1_V . E _' .
[ul s = O =) (5 =1,2,3), [[u]lyiee = O(' ) (j =1,2), (9.49)
1
19| 2 = O(eY), 19| 12 = O(™7),

where ®¢ = cof(D?u¢), denotes the cofactor matrix of D?u¢.
To confirm (A3), we take Y = H?(Q) with || - ||y = || - ||g2 for the case n = 2, and
Y = W2>(Q) with ||- ||y = ||+ ||}z for the case n = 3. Applying Lemma A.0.1, a Sobolev

inequality, and an argument involving mollifiers (similar to Lemma 3.3.2), yields

IF ylllvve 17" [y] (v) || v~
sup +——————— = sup sup ———————
gey  lylly yevvev  lylly[lvllv

|(cof(D?%y) : D?v, w)|
= sup sup sup
yeyvevwev  Yllyllvllv(wllyv
(cof(Dy) Do, Dw)|
= sup sup sup
yey vevwev  ylly lvllv]wllv
2
< s 1D
vey  ylly

)<c

Thus, (A3) holds. We also note by (9.49)
[uclly < Cez(—3m). (9.50)

Next, (A4) holds by setting u$ = Ipu®, where Iuc is the standard finite element
h

interpolant of uf. It follows from standard interpolation theory [27, 17] that Cs(e) =
O(1), Ca(e) = O(1). Thus,

Cy(e) = CC3(e)Cule)Co(e)||ucly = O(ez1=™).
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To verify (A5), we derive the following identity for any vy € Vgh:

|| (cof(D?u€) — cof(D?vy)) : D*wl|

V*
I [u] = F'[vn][lvy+ = sup
weV [[wllv
— sup sup |((cof(D?*uf) — cof(D?vy,))Dw, Dz)|
weV zeV [wllvll2llv

< C|lcof(D?uf) — cof(D?uvp) || 2.
It follows for n = 2,
1F [u] = F'[vp]lvv+ < Cllu® — vl

Thus, L(e,h) = O(1) in the case n = 2. For the n = 3 case, we use the same notation as

Lemma 3.3.2 to conclude by the mean value theorem that for any ¢, =1,2,3

leof(D%u);; — cof(D%uy) 12 = || det(D?u],,) — det(D%uy )12
= HAU : (Dzue‘w - Dzvh‘ij)HLQ
- HAij||L°°HD2“€‘ij - DQUh‘inL2
< A7 || oo = wn v,
where A¥ = cof(DzuE‘ij +T(D2Uh|ij — D?uf|;;)) for some 7 € [0,1]. Noting AY € R**2, we

have ||A%| e < C||u¢ + vp||yp2.0. Thus, for any § > 0 and v, € V* with a5 — vy <6,
w g h

we have using the inverse inequality and (9.49)

1F' 7] = F'lun]llvve < Cllu + vnllwzee |u® — onlly

<C(e '+ h_%é)va —vpllv.

Thus L(e,h) = O(e ! + h_%) in the three dimensional case. We note L(e, h) = o(h?>™*)
provided ¢ > %
Next, using (9.50) yields

u = g llv < Cro(e)h*2[u| e < CCy( DN |us| e < Ce2 R 2| e (9:51)
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Finally, by (9.41)

= w22 < Cua() (CalOR P~ sl e + Lie, )Cro( Bl ) (9.52)
< CCwCr(e) (€ h|u g + Les H)Crole) | )

< CeCro(e) (€ ER e + XTI Co ) Jul e ).

We note that the error estimates (9.51)—(9.52) are exactly the conclusions of Theorems
3.3.4 and 3.3.5.

9.4.2 The Equation of Prescribed Gauss Curvature

For given K > 0, the equation of prescribed Gauss Curvature is as follows:

det(D*u) = K (1 + |Dul>)"s  in Q, (9.53)
u=g on €. (9.54)

Equation (9.53) is a fully nonlinear Monge-Ampere-type equation which arises in differential
geometry. Indeed, given a manifold which is the graph of a function v embedded in R**1,
the Gauss curvature of the manifold (the product of the principal curvatures) is given by
det(D?u)

n+2 °

K=—"22 2
(1+ |Dul?) 2

It is known [59] that there exists a constant K* > 0 such that for each K € [0, K*),
problem (9.53)-(9.54) has a unique convex viscosity solution. Theoretically, it is very
difficult to give an accurate estimate for the upper bound K*. This then calls for help
from accurate numerical methods. Indeed, the methodology and analysis of the vanishing
moment method works very well for solving this problem and for estimating K*.

In the case of the equation of prescribed Gauss curvature, we have

F(D?*u, Du,u,z) = K(1 + \Du!Q)nT+2 — det(D?u)
F'lv](w) = K(n + 2)(1 + |Dv[?) 2 Dv° - Dw — cof (D*v) : D*w.

Therefore, (9.3)—(9.5) becomes

— A% 4+ det(D?u) — K(1+ |Du)?) 2 =0  in Q, (9.55)
u® =g on 01}, (9.56)
Auf =€ on 01, (9.57)
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and the finite element method for (9.55)-(9.57) (cf. (9.10)) is to find uj, € Vgh such that
— e(Auf, Avy) + (det(D?u$), vp) (9.58)
n 0
— K((1+ |Du )" vp) = — <62, ”h> .
m / a0
We also note that the linearization of G, at the solution u¢ is
Gluf)(v) = €A%y — div(®°Dv) + K (n + 2)(1 + |Duf[?)2 Du® - Dv,
where ®¢ denotes the cofactor matrix of D?u¢. The associated bilinear form is
Be[v,w] = e(Av, Aw) + (®°Dv, Dw) + K (n+2)((1+ |Duf|?)2 Dus - Dv,w).

For the continuation of this chapter, we assume there exists a unique convex solution
to (9.55)—(9.57). Furthermore, we assume that bounds (9.49) hold for the solution of
(9.55)—(9.57). We consider if assumptions (A2)—(A3) hold.

We first prove the following identity.

Lemma 9.4.1. For any w € Vy, there holds

([1+ [Du?]? Du - Dw, w) (9.59)

(w?, [1+ | Du?]? Auc + n[l + [ Du?) "7 Asouc),

1
2
where Ay s the infinite Laplace operator, that is,
Aot := D*uDuf - Duf.
Proof. Integrating by parts, we obtain
([1+ |Du?]? Dus - Dw, w)

= ([1 +[Du|?] % Duf, D <“;2>)

n i 0 na ¢
_ —%(wQ, [1+ [Ducl?] 2Aue> - ;(w,; 50t |Duf|2)5a%>.

1=
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Expanding the last term yields

"9 n Ou’ ne2 e 02Ut Ouf Out
1+ |Dufl?) 2 == = n(1 + |Duf|®) "=
;axi( D) Gy = IDUT) = ) 5 ow, 0w, B,

i,j=1
= n(1+ [Du?) T Aot

Thus,
n 1 n n—
([1+ ]DuEIQ] 2 Duf - Dw,w) = —§(w2, 1+ |Du!]2 Au¢ +n[l + ]DuEIQ]TZAOOuE).

O]

Since u€ is convex, both Auf and A, uc are positive, leading to the following corollary.

Corollary 9.4.2. For any w € Vy there holds
([1+ [Du?] ? Duf - Dw,w) <0

with equality only holding for w = 0.

Now we are ready to show that a Garding-type inequality (9.12) holds. Since u€ is

convex, there exists a constant # > 0 such that

el Av||72 + (F'[u](v), v) (9.60)
= €| Av||2; + (9 Dv, Dv) + K (n + 2)((1 + | Duc[?) 2 Duc - Dv,v)
> el|Av|72 + 0] Dvl[72 — K(n +2)| (1 + [Du[*)? Du - Do, v)]
> Cu(@)llvllF — K (n +2)| (1 + [Du[?) Du - Do,v)].

Bounding the last term in the above expression, we use (9.49) and Lemma 9.4.1 to

obtain

| K (n+2)((1+ [Du[*) 2 Du - Do, v)| (9.61)
K(n+2)

= = (0% [+ | Duf)F A 41+ 1Du|2] "2 Ao

< K(n+2)
- 2
< Cllollza (1Au]| o + [[Aseucz<)

ol 72 (| D[ | Auc e+ nll Duc| 722 Asous| L)

= (e)llvll72.
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Using bound (9.61) in (9.60), we immediately obtain
Cu(vl} < el AvlTa + (F'[u(v), v) +(e)l|v][72-
Next, for any v, w € Vj, we have using (9.49)

(F'[uf](v),w) = (®°Dv, Dw) + K(n + 2)((1 + |Duf|?)2 Dus - Dv,w)
_1 € 20,,€
< Ce2ollvllwllv + K (n +2)(1+ [[u[f.00) 2 lulwree o]l g ] 22
1
< Cez|llvfwlv

= Ca(llvllwllv-

Therefore, we reach the following conclusion.

Proposition 9.4.3. Suppose (Gé[ue])* is an isomorphism from Vo to V', that is for all
@ € V' there exists v € Vo such that

(Gelu])™ (v),w) = {p,w)  Vw e V). (9.62)

Furthermore, suppose that there exists p > 2 and Cr(e) > 0 such that if ¢ € L*(Q) and
v € Vp satisfies (9.62) then v € HP(Q)) and

[0l e < Cr(€)]l@] L2 (9.63)

Then assumption (A2) holds.
To confirm (A3), we take Y = H?() with norm || -[|y = || [|[g2 4[| [}1.4 in the n =2
case, and let Y = W2°°(Q) with norm |- ||y = || [[22.c + |- 31,6 in the n = 3 case. Here,

we used the Sobolev embeddings

H*(Q) = WH(Q) n=2,
W2(Q) — Wh(Q)  n=3.

Applying Lemma A.0.1 yields

s E vy
p
yey  lylly
f(D?y) : D? - K N1+ | DuI2)5 Dy - D
:supsupsucho( y) v, 2) (n+2){(1+|Dy|*)2 Dy - Dv, z)|
yeY veV zeV ylly lollvll=[lv
f(D?y)Dv, Dz) — K 2)((1 + |Dy|2)2 Dy - D
— sup sup sup |(cof(D%y)Dv, Dz) — K (n + 2)((1 + |Dy|?)2 Dy - Dv, z)|
yeY veV zeV ylly lollvllzlv
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< ¢ (sup supsup 1ALzl + K 0 10+ 1Dy Dy - Dol el
ML R FRENER

< 0 (sup sup sup 12D izl el + Ko+ DDl ol
B S P FRENER

< C(upsupsup 1PNl + K0 DDy bl vl
ML R FRERER

< 0(up 10Tz + Kl DDyl

BV Il

<C.

Thus, (A3) holds. We also note ||uf|ly < Cle2(5=3m),
Next (A4) holds by setting 5 = Iu® and using standard interpolation theory. We also
trivially have Cs(€), Cy(e) = O(1) and

Co(€) = CC3(e)Cu(€)Co(€)||ullly = O(C(e)eG=3M).
To verify condition (A5), we first make the following calculation.

| F'[u] — F'[og]|| vy

= {sup | (cof(D?u) — cof(D?vy)) : D*w
weV

— K(n+2)[(1+ |DuP)E Dus — (1+|Doal®)E Do) - Duol /]y

= sup sup{ | ((cof(D*uf) — cof(D*vy)) Dw, Dx)
weV zeV

— K(n+2)([(1 +|Du)E Dut — (1+ [Doaf?)E Dvp] - Dw, 2)[} /w12
< C||cof(D*uc) — cof(D?vp,)|| 12
1+ |Duf?)2 Du¢ — (1 + |Dwy|?) 2 Doy - Dw,
+K(n+2)supsup’([( |[Dutl")z Duf — ( | Dui[”) Uh] wz)‘
weV eV [[w|[v[lz[lv
< C’{||cof(D2uE) — cof(D?up)| 12

I [(1 + |Du€\2)%Du6 —(1+ \Dth)%Dvh} - Dwl| 1
+ sup }

weV l|wl|v

For the case n = 2, we have

(14 |Duf|?)2 Duf — (1 + |Duvy|?)2 Dy,
= (1 + | Duf|*)(Duf — Dup,) + (Du — Duy,) - (Duf 4 Dwy,) Duy,.

Thus using a Sobolev inequality and (9.49), we have for any 6 > 0 and v, € Vgh with
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|u® —vplly <6

I[(1 + [ Duf[*)2 Du — (1 + [Dvn|*) 2 D] - Dwl||

I[(1 + |Du?)(Du — Duy) + (Du — Dvy) - (Du + Dvy)Dop,| - Dw|| 1
C(I1 + [DuP|l 2 + [(DuS + Dup) - Dop||2) || Duf — Dv|| ]| Dw]| s
C(1+ [[u +opllF) [us = ollv [w]lv
C(1+ 6% [u = vllv[[w]|v.

IN A

IN

Thus,

|F'[u] = F'lolllvy < C{Jleof(D?u) = cof(D20)l|p2 + (1 + 8%)[Juf — vllv |
< C(1+0%)|u — vy

Therefore, (A5) holds with L(e, h) = O(1) in the two dimensional case.

For the case n = 3, we use the mean value theorem to get

(14 |Duf|)2 Duf — (1 + | Doy |2)2 Doy,
— (1+|Duc?)2(Du — Dug) + [(1 + |Du?)2 — (1 + |Dvy|?)?] Doy,
— (1+|Duc?)2 (Duf — Duy) + [3(1 + | D€|?)2 DE - (Duf — Duy)] Doy,

where £ = u€ 4+ 7(v — u€) for some 7 € [0, 1].

Using this identity, (9.49), and the fact L% < H' for n = 3, we have assuming 6 < 1
1[4 [DuP)? Dus = (14 |Def?)2 Dvy] - Dw|
1[(1 + [Ducl?)2 (Du — Duy) + (3(1 + |DE?)2 DE - (Duf — Duy,)) D] - Duwl| 1
< |1 + | Duc )3 | 2| Du — Dupl s | D 4
+ 3]l Dwp o] Dut — Dupo]|(1 + | DE)2 | DE[|[ Donlll 5
1L+ D)2 2 + (1 + |D€|2)%\D§|!DvhHng)Hue — vpllv[lwllv
L+ [|Duf[[76 + | D€ Dualll, 3 + D€ Donlll g ) llu® = vnllv|wlly

o

c(

c(1+ HMMmemmwmmwu—%www
C(e 2 + (Il + 1€ onllv) llut — vnlivllwliy
C(
C(
C(

ININ N IA

IN

1+ ||UEHV+5+HUEHV+53)(Hu5\lv+5))Hu — vpllvllwlly
1+ (e” 3 +9) (6_5 —|—6))||u6—vh||v\|w||v

IN

IN

€24 e 25) |u® — vp|v]jw|lv.
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Thus, using the same argument as used in the Monge-Ampere analysis above, we have

IF] ~ Folvw- < C{leof D) — cof( D)+ (72 + = 3a) Ju — il }
< Ol + ol + (72 + €50) flu v

<C(e?+ hT26 + 6_%5) lu® — vpl|v.

Thus, (A5) holds in the three dimensional case with L(e,h) = C(e 2 + hfg). We note
L(e, h) = o(h*7*) provided £ > I.
Gathering up our results, and applying Theorem 9.3.3, we make the following conclu-

sion.

Theorem 9.4.4. Suppose (GL[uf])* is an isomorphism from Vi to Vi, and that there
exists p > 2 and Cr(e) > 0 such that if v € Vi satisfies (9.62) then v € HP(Q) and the
bound (9.63) holds. Then for h sufficiently small, there exists a unique solution to (9.58).

Furthermore, there exists positive constants Ci2(€), Ci3(e) such that

[u = ufly < Cra(e)h" 2 ||uc]| ge,

Jut = willze < Cusle) (AP g+ 2R E0 0y () 2, ).

9.5 Numerical Experiments and Rates of Convergence

In this section, we provide several 2-D numerical experiments to gauge the efficiency of the
finite element methods developed in the previous sections. Since we have already conducted
numerical experiments for the Monge-Ampere equation in Chapter 3 (cf. Section 3.6), we

are specifically interested in approximating the equation of prescribed Gauss curvature.

Test 9.1

In this test, we fix h = 0.024 in order to study the behavior of u. Notably, we are interested
if there exists a solution to (9.55)—(9.57) and whether ||u — u¢|| — 0 as ¢ — 07. To this
end, we solve the following problem: find uj € Vgh such that

— e(Auj,, Avy) + (det(D?uf,), vp)

- K(+ D) F ) = (o) = (52
7 80
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Here, we take V" to be the Argyris finite element space and Q = (0,1)2.

following test functions and parameters:

2 2
() u=e"7,

f=Q+z-12+ w%)eﬁﬂﬁg —-0.1(1+ (x%+m%)e”5%+xg)2,

12+12
9:61227 K =0.1.
(b) u = cos(y/x1m) 4 cos(y/zam),

2 3

We use the

f= %(331_5 sin(y/z17m) — xl—lﬂ'cos(\/arr)) (332_% sin(y/z2m) — 56‘2_17TCOS(\/£7T))

2

—0.025(1 + %(xl_l sin(y/Z1m) + oy sin?(y/azr))),

g = cos(y/xz1m) + cos(y/xam), K =0.025.

The computed solution is compared to the exact solution in Figure 9.1. As seen from

Figure 9.1, the behavior of ||u—uj || behaves similarly to that of the Monge-Ampere equation
(cf. Tests 3.1 and 5.1) in that [ju —uf|[z2 = O(€), ||u —uf || g1 = O(e%), and ||u — uj || g2 =

O(ei). Since we have fixed h very small, we expect that ||u — u¢|| behaves similarly.

Test 9.2

The purpose of this test is to calculate the rate of convergence of ||u — uj || for fixed e

in various norms. As in Test 9.1, we use Argyris elements and solve problem (9.58) with

boundary condition Au® = € on 02 being replaced by Au® = ¢ on 92. We use the

following test functions and data:

(@) =5, o= (et +ad)e T - 01(L+ (of + ad)ettheR)?
—e(4(1+ 22 +22) + (2+ 22 + x§)2)ez%+2722 :
g = e%;%’ ¢ = (2422 + a:%)ex%;x%,
K =0.1.
(b) u = é(w% +ag)t, = T(6ta3(af + af) + 15x15 (2 + x3) + 200928 + 2 + 257)
—0.1(1 4 23(2? + 23) + 23 (22 + 23)5)? — 288¢(2? + 22)?,
=@ rad) o =8+ ad)
K =0.1.
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Test 9.1

—Test 8.1a I

[—Test 9.1b

Test 9.1

——Test 9.1a I
——Test 9.1b

Test 9.1

——Test 9.1a I
——Test 9.1b

H2 Error

Figure 9.1: Test 9.1. Change of ||u — uj || w.r.t. € (h = 0.024)
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Table 9.1: Test 9.2: Change of ||u® — uj || w.r.t. h (e =0.01)

h Mu"—wpllpz | Mu'=wpllgr | Mui=u,lye
7,6 L5 BA
Test 9.2a | 0.083 | 0.8550556 | 2.1834919 | 15.655336
0.05 | 0.6712376 | 1.6932808 | 12.28983
0.031 | 0.5649840 | 1.3817137 | 9.998401
0.024 | 0.5717870 | 1.3629 9.344284
0.016 | 0.4016084 | 0.9571877 | 6.6707473
Test 9.2b | 0.083 | 19.351388 | 48.506286 | 334.35795
0.05 | 14.167003 | 35.054243 | 247.87093
0.031 | 11.363703 | 27.634275 | 196.08477
0.024 | 11.305043 | 26.313195 | 180.61956
0.016 | 8.0321681 | 18.411873 | 127.12244

We record the results in Table 9.1. The data clearly indicates that |u® — uj | g2 =

O(h*) as expected from the previous section. We also see that ||u¢ — us| ;2 = O(h®) and

|u€ — us || gn = O(h®), although a theoretical proof has not been shown for these rates of

convergence. We note that these rates of convergence are comparable to the numerical

experiments for the Monge-Ampere equation (cf. Test 3.2).

Test 9.3

For this test, we use our numerical method to approximate K* and compare our results

with those found in [6], where the method of continuity (which was used to prove existence

of the equation of prescribed Gauss curvature) was implemented at the discrete level. We

compute (9.55)—(9.57) with the following Dirichlet boundary conditions and domains as

used in [6]:
(a) g = /1 —af —y?
(b)gzl—x%—x%,
(c)g=1
(d) g =1/1—2F —y?
(e)g: —l’% 1’%,
() g

Q
Q
Q
Q
Q
Q

(_
(_
(_
(_
(_
(_

0.57,0.57)%

0.57,0.57).

0.57,0.57)2.

0.72,0.72) x (—0.36,0.36).
)
)

0.72,0.72) x (—0.36,0.36).
0.72,0.72) x (—0.36,0.36).

We remark that for the above choice of data, the solution of the prescribed Gauss

curvature equation is concave, and so we set € < 0 in order to approximate the solution

(cf. Test 3.2). Table 9.2 compares our results and those of [6]. We also plot the computed
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Table 9.2: Test 9.3. Computed K* with e = —0.001, h = 0.031

Computed K* | K* in [6]
Test 9.3a | 2.07 2.10
Test 9.3b | 2.2 2.24
,| Test 9.3c | 1.95 1.85
Test 9.3d | 2.68 2.61
Test 9.3e | 2.71 2.73
Test 9.3f | 2.2 2.27

solution of Test 9.3a for K-values 0.5,1,1.5 and 2.07 in Figure 9.2. Tables 9.2 shows that

our numerical method gives comparable values to those computed in [6].
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Figure 9.2: Test 9.3a. Compute solution for K-values 0.5 (top left), 1 (top right), 1.5
(bottom left), and 2.07 (bottom right). e = —0.001 (h = 0.024)
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Chapter 10
Summary and Future Directions

The research presented in this dissertation developed and analyzed various numerical meth-
ods to approximate the viscosity solutions of fully nonlinear second order PDEs. We in-
troduced a new notion of weak solutions for these types of PDEs called moment solutions
which is based on the vanishing moment method, which unlike viscosity solutions are con-
structive by definition. The notion of moment solutions and the vanishing moment method
are exactly in the same spirit as the original notion of viscosity solutions and the vanishing
viscosity method proposed by Crandall and Lions in [30] for the Hamilton-Jacobi equations.

We concentrated on the Dirichlet problem for a prototypical fully nonlinear second
order PDE, namely the Monge-Ampere equation. We presented four classes of numerical
methods towards this equation, showing existence, uniqueness, and optimal error estimates
in each case. We then extended this work to other problems including the nonlinear balance
equation and a nonlinear formulation of the semigeostrophic flow equations. Because fully
nonlinear second order PDEs appear in many application areas, and the numerical approx-
imation of these types of problems is a relatively untouched area, the results presented in
this work are expected to have a significant impact in the scientific community.

As expected, the research effort has created more work to be done than could reasonably
be achieved in the time frame to complete the dissertation. There are many possible

extensions and unanswered questions of this research which we now touch upon.

10.1 A General Moment Solution Theory

Recall (cf. Chapter 2) that the principle of the vanishing moment method is to approximate

second order fully nonlinear PDEs

F(D?*u,Du,u,z) =0  inQ, (10.1)
u=g on 012, (10.2)
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by the following higher order quasilinear PDEs:

G.(D"uf) + F(D*uf, Duf, Duf,u,z) = 0 in Q, (10.3)
u =g on 012, (10.4)
OAu*
Au=c¢.,, or 6u =¢, or D%*un-n=c ondQ, (10.5)
n

where {G} is a family of suitably chosen linear or quasilinear differential operators of order
r > 3. We call lim,_,g+ u¢ (if it exists) a moment solution to problem (10.1)—(10.2).

To establish a complete theory of moment solutions and the vanishing moment method
for fully nonlinear second order PDEs, there are many issues that must be addressed

including
e How to choose the operator G.?7
e Is there a unique solution to (10.3)—(10.5)?
e Does the limit lim,_, o+ u€ always exist, and if it does, what is the rate of convergence?
e How do moment solutions relate to viscosity solutions?

In the case of the Monge-Ampere equation
F(D?u, Du,u,z) = f(z) — det(D?*u(z)),

it has been shown [49] that there exists a unique moment solution to (10.3)—(10.5) with
G (D*u) = eA?uf. Furthermore, the moment solution and the convex viscosity solution
of the Monge-Ampere equation coincide. However, the proof of this result relies heavily
on the structure of the Monge-Ampeére equation, specifically, writing the Monge-Ampeére

equation in terms of eigenvalues of the Hessian of D?u¢ and using the identities
n n
det(D?uf) = H XS, Aut = Z A
i=1 i=1

For these reasons, it is not clear how to generalize this result to general nonlinear operators,
F(D*u, Du,u, ).

10.2 Discontinuous Galerkin Methods for Fully Nonlinear
Second Order Equations

Discontinuous Galerkin (DG) methods are promising numerical methods for computing

fully nonlinear second order PDEs via the vanishing moment method. The advantage of
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such a method lies in the fact that there are no continuity requirements across the interfaces
of the elements, and hence, arbitrarily high order polynomials and unstructured meshes can
be used [7, 5]. Also, the test and trial spaces are easy to construct, and DG methods can
easily handle inhomogeneous boundary conditions and curved boundaries. In this section,
we formulate a symmetric interior penalty discontinuous Galerkin type formulation for
problem (10.3)-(10.5) with G¢(D"u¢) = eA%uf and ¢, = e.

First, we introduce the following notation. Let 7; be a quasiuniform triangular or
rectangular partition of  if n = 2 or a quasiuniform tetrahedral or 3-D rectangular mesh
if n = 3 with mesh size h € (0,1). Let K be an n—dimensional simplex with n+ 1 vertices,
and let F; (1 < j <n+ 1) denote the (n — 1)-dimensional subsimplex of K. Next, we let
&, denote the set of all (n — 1)-dimensional subsimplexes in the mesh 7, and define the

set of interior and boundary (n — 1)-dimensional subsimplexes as follows:

El.={Fe&,; Fnoq=10},
EP  ={Fec&; FNoQ+#0}).

Define the energy space

En = H H4(K)a
KeTy,

and its finite element subspace

vi = 1 B,

KeT,

where P,.(K) denotes the space of polynomials of degree r on K.

For any F' € EFIL there are two triangles K+ and K~ such that ' = 0K+ NdK~. For
any v € HY(K*) N H(K™), define the jumps and averages of v across e as follows:
7

[UHF:” F_Ui‘F’ {U}‘F:%(UJrlF—i_Ui’F)’

+

where v = U‘Kﬂ vT o= U|K,. Let nr denote the unit normal of F' pointing from K~

to KT and let {Tl(;i)}?:_ll denote an orthogonal frame of the tangent space of OF. For
v € H?*(K')N H?(K~) define the jumps and averages of g—g and % across e as follows:

| oy o )| (oo
on|lr  omplr  OnplF’ onflr  2\0onplr  Onplr)’

@’ _"Zl ot v o | _1”21 vty o
or F—i:1 aTg) Fl’ or F—QZ,:1 a,réj)
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Likewise, for v € H3(KT) N H3(K~), we define the jumps and averages of aan;’n and a 55 as
[ 9t 020~
} P ; (67( )377 ‘F B 8T(i)8T]F‘F> ’
= 2 4 9 _
{67877} P (87-6( )UanF‘F+ af( ;jan | > |
2

_ nz_:l 9t Ov~
F < ‘ F’
F) '

OTg)aT(i) r 87’1&‘)
n—1
62U+ 0%v~
(T35 (Gl
If e € P, then there exists Kt such that e = 0K N 9. Denote 1 to be the unit
normal of e that points outside of K+, and for any v € H'(K™) set

l—|

=1

PROPRG

W] p =" {v}[p=v"p
For v € H?(K™) set
ol - gu Qo) ikl
on|lr  onplF’ onr | 1lF OnplF
ov L oot ov oot
S-E, (S5
and for v € H3(K™)
[620]’ _nzzl 0%t ‘ { ov }‘ _nz:l 0%t ‘
oTon — (97'( )877 oron J |F = 87;;)87]}7 7
821)] 92t {621)} g2t
[87'2 ’F ; aTg)aTg) F or? ‘F ; 8TS)3TS) F

Multiplying (2.4) by v, € V" and integrating by parts, we obtain (see Lemma 6.1.1)

0 = e(A%uf, vp) + (F(D?*uf, Duf,u, z), vp) (10.6)
OAu*
= Z (e(DzuE,Dzv)K + (F(D?uf, Du, uf, ), vp) i + € <u’ vh>
KeTy, 877K oK

. oup /) Pu Do “—/ 9uc  ow,
oK 1 TK Nk OTx' | s i=1 Tk 9Tk oK

1=
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= Z (6(D2UC,D2U}L)K+( (D?uf, Duf, uf, ), vp,) K)
KeT,

e ({5 ), (o a2 ) [5Gl [320),)

= Z (e(Dgue,DQUh)K—l—(F(D2uE Duf,u, x), vy K)
KETh

(), (25} 320,

. 0%uf ovy, 0%g Ouy
e <{A“ ! 072}’[077]>F_6 2 <”wan>F

Fegl Fegp

Here, {TK }" 1 and ng denote the an orthogonal tangent frame and unit normal vector of

0K, respectively. We have also assumed u€ is sufficiently smooth in the above calculation,
so that

82 € 82 € /
F_|:87'2:|‘F_|:67'877:| ‘F_O VE € &

Defining

Ape(v,w) = Y (D, DPw)x + (F(D*v, Do,v,), w)ic ).
KeTy,

st = = (({50h )+ ({an b [5),)
e (faes 2L 2

Fegl

we may write (10.6) as follows:

9%g 0
Ah,g(ue,vh) + Jh,e(ue7 vp) = € E <€ + o9 Uh>
F

or2’ 9
Fegp K

We now make some modifications in order to provide the bilinear form with certain

desirable properties, namely symmetry and coercivity in the higher order linear terms.
First, we note

o 0Awy, dg 0%y
Jh,€(vhau ) =€ Z (<g7 877 >F+ <87_a 87‘67’]>F>7

Fegp
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and
Ape(u,vp) + Jp (U, vp) + Jhe(vp, u)

B 0%g Ouy, 0Avy, dg 0%y,
=<2 <<6+072’877>F+<g’3n >F+<awawn>p>‘

Feep

Next, we penalize the jump terms by introducing the following bilinear form:

o) = 3 (g o b+t {[52] [54]) )

Fe&y
ov ow
= ot (5] [50)),
Feel on n F

where ~; (i = 1,2,3) are positive constants independent of h and hp = diam(F).

We then have the following identity:
Ah,e(ue, Uh) + Jh,e(ue, Uh) + thg(vh, ue) + JZ(UE, Uh) = F(’Uh),

where

0%g Ovy, 0Awvy, _3
F(Uh)— Z <6<6—|—87_2,677>F+<g,6 o +’Y1hF Uh>

Fegp
dg 0%y _10vy,
* <a7’€amn”2hF ).

These calculations motivate the following discontinuous Galerkin formulation for prob-
lem (10.3)—(10.5): Find u§ € V;" such that

F

ay (uf,vn) = Fi(vp) Vo € V], (10.7)
where

azﬁ(u;,vh) = E (e(DQUE, D?uvp)k + (F(D*u,, Dus, uz,x),vh)K>
KeTy,

e 2 (s ), (e (55 }), ({5} [52)),

e [5] {5 ), v it [52]. [52]), )
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5 (o S ), (28] oo 22,
o [2].[22]),)

Remark 10.2.1. Assuming o = 73, it is easy to check that the bilinear form azve(-, -) can

be written as follows:

ay (uf,vp) = Z <6(D2u2,D2vh)K + (F(Dzuz,Duz,uZ,x),vh)K>
KeTy,

* 2 U ), e ({550 )), (U o),

Fegl

el {5 )), 2o [57]), ([ o),

o (us] lonl) p + 2k (D) (Do ) + 3 (e <8§§ h>

Feegp

n . OAvyy n 62u; % n ousj, 0%y,
A\ o /e ‘ oron’ Ot [ ‘ or 0t/

3, . _1 /Ouj, Ov
+’Yth3 <uhvvh>F+’Y2hF1 <(‘37-h’8:> )
F

We expect that the analysis of the DG scheme (10.7) to be nontrivial due to the
nonlinearity in the bilinear form ap, ¢(+, -). Also of importance is determining the relationship
between v and € in order for the associated linearized problem to be coercive, and what

role they play in a priori error estimates.

10.3 Numerical Methods for the Optimal Mass Transport
Problem

The original mass transport problem, proposed by Gaspard Monge in the 18th century,
questions the optimal way to move soil to an excavation with minimal transportation cost,
i.e., the total distance that the soil is moved, at an infinitesimal level, should be minimal
[75]. A modern version of this problem was later formulated and studied by Kantorovich
in 1942 leading to the famous Monge-Kantorovich (MK) problem [66], which has received
considerable attention in recent years [3, 4, 45, 46, 85]. In general, the MK problem asks
the following: Given two sets of equal volume, find the optimal mass-preserving mapping
between them, where optimality is measured by a given positive cost density.

In a modern setting, the mass transport problem is described as follows. Let f; and fo
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be density functions satisfying the mass balance condition:

/Xfl(w)d:vZ/Yfz(y)dy,

where X = supp(f1), Y = supp(f2). Let

S = {s :R" - R™; /S_I(E) fi(z)dx = /Efg(y)dy VE Borel}

be the admissible set of mappings, and ¢ : R® x R” — R™ be the cost density. For s € S,
define

1= | closa)ila)do

to be the total work of the mapping s. The optimal mass transport problem is then defined

as seeking s* € § that minimizes the total work
I[s*] < Is] Vs € S. (10.8)
We note by definition that s € S implies
[ ots@ni@s = [ o) veecw).

It can then be shown [11] that this mass-preserving condition implies s satisfies

fa(s(z)) det(Ds(x)) = fi(x) Vr e X, (10.9)
s(X) CY. (10.10)
For the case c(x,y) = |z — y|?, it can be shown under reasonable conditions that there
exists an optimal mapping satisfying (10.8) with s* = D¢* for some convex function

©* : X — R [56, 45]. Substituting this identity into (10.9)—(10.10), we obtain the following
Monge-Ampere-type equation:

fo(Dg*(x)) det(D?p*(z)) = fi(x) Vo e X, (10.11)
Dy*(X) C Y. (10.12)

It is then possible to apply the vanishing moment methodology developed in Chapter
2 and approximate the nonlinear PDE (10.11) by the following regularized PDE:

fi(z)

—€ 2 € e 2 (1)) =
A%y + det(D?*¢(z)) (Do (@)

=: f(¢5, ). (10.13)
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Generalizations of the numerical methods developed in Chapters 3-6 and 9 can then be

used to approximate (10.13) to compute the optimal mapping.

10.4 Numerical Methods for Parabolic Fully Nonlinear Sec-
ond Order Equations

There are several different versions of legitimate parabolic generalizations to elliptic PDE
(10.1) (cf. [68, 95]). In this section, we shall only consider the following widely studied

class of fully nonlinear second order parabolic PDEs:

0
F(D2u, Du,u, z,t) + 8—? —0, (10.14)
Clearly, this is the most natural parabolic generalization to equation (10.1). For exam-

ple, the corresponding parabolic Monge-Ampere type equation reads as
det(D*u) — — = f > 0. (10.15)

In the past two decades the viscosity solution theory has been well developed for equa-
tions (10.14) and (10.15) (cf. [68, 95, 61]). On the other hand, numerical approximation
to these fully nonlinear parabolic PDEs is a completely untouched area. To the best of our
knowledge, no numerical result (in fact, no attempt) is known in the literature.

As in Chapter 2, we can define the notion of moment solutions using the vanishing mo-
ment methodology for initial and initial-boundary value problems for (10.14). Mimicking
the derivation of Chapter 2, we propose the following vanishing moment approximations
to (10.14) and (10.15), respectively,

ouf

eA%u¢ + F(D*uf, Duf,u, 2,t) + 5 = 0, (10.16)
2 € 2, € du’
—eA*u® + det(D"uf) — 5 = f. (10.17)

We note that each of the above equations is now a semi-ilinear fourth order parabolic
PDEs.

By adopting the method of lines approach, generalizations of the numerical methods
discussed in previous Chapters to the corresponding parabolic equations (10.16) and (10.17)
are standard (cf. [43, 48] and the references therein). Assuming that an implicit time
stepping method such as the backward Euler and the Crank-Nicolson schemes are used for
time discretization, then at each time step we only need to solve a fully nonlinear elliptic
equation of the form (10.3). As a result, all numerical methods discussed in Chapters

3-6 immediately apply. However, it should be pointed out that the convergence and error
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analysis of all fully discrete schemes are expected to be harder, in particular, establishing
error estimates which depend on €' polynomially instead of exponentially will be very

challenging.

10.5 Fast Solvers for Fully Nonlinear Second Order Equa-

tions

As expected, the discretization of (10.3) using any of the methods presented in this disser-
tation results in a large sparse nonlinear system. Thus, an efficient nonlinear solver must
be employed to exploit this sparsity in its design and implementation. The most attractive
solver for the discretization of (10.3) is Newton’s method due to its ease of use and rel-
atively fast rate of convergence. However, Newton’s method requires a good initial guess
for the algorithm to converge. To obtain a good initial guess and to speed up convergence,
we propose a multi-resolution strategy, where we use solutions with larger values of € as
its initial guess for the case of smaller €. In fact, we have used this method in many of
the numerical tests in this dissertation, but we have not rigorously studied its convergence
properties nor obtained optimal values of ¢ to make this method efficient.

Within each Newton iteration, a linear solver must be invoked. Direct solver techniques
such as Gaussian elimination are too costly and destroy sparsity due to fill-in, and therefore
linear iterative solvers become attractive. Unfortunately, the resulting algebraic system
in the discretization of (10.3) is expected to be very ill-conditioned. In fact, using any
standard discretization method for the biharmonic equation, the condition number of the
resulting system is of order O(h~*), where h denotes the mesh parameter in the numerical
method. Worse yet, we expect that the parameter ¢ would cause the condition number to
blow up further as e — 0". As aresult, standard iterative methods such as Gauss-Seidel and
the Jacobi method will be very inefficient. However, linear systems of elliptic finite element
methods can be solved in optimal computational order by multigrid methods, where by
optimal, the computational cost is linear with respect to the unknowns. Furthermore, the
convergence rate does not deteriorate when the discretization is refined. Another option to
solve the linear system within each Newton iteration is the use of domain decomposition
methods. The principle of domain decomposition methods is to divide the domain into
overlapping or nonoverlapping subdomains in order to construct a preconditioner. In most
cases, the resulting matrix has a condition number independent of the mesh parameter, and
thus, one can apply iterative methods to achieve computational efficiency. We note there
are many multigrid and domain decomposition methods for different discretizations for the
biharmonic equation [14, 19, 20, 21, 62]. It then seems plausible to adapt these established

solvers to the nonlinear equation (10.3), and as a result, we would obtain computationally
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efficient solvers to compute fully nonlinear second order PDEs.
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Appendix A: Useful Results

In this section, we state many well-known results that are used throughout the dissertation.
The first concerns the divergence-free row property for the cofactor matrices. The proof of

the lemma can be found in [44, p. 440].

Lemma A.0.1. Let v = (vi,v2, -+ ,v,) : Q@ — R™ be given a vector-valued function, and
assume v € [C2(Q)]™. Then the cofactor matriz cof(Dv) of the gradient matriz Dv of v

satisfies the following row divergence-free property:
)
div(cof(Dv)); = ; GTU]-(COf(DV))U =0 fori=1,2,---,nm, (A.18)

where (cof(Dv)); and (cof(Dv));; denote respectively the ith row and the (i, j)-entry of
cof(Dv).

The next theorem bounds the interpolation error for affine families of finite elements.

Theorem A.0.2 ([27], Theorem 3.1.6). Let there be a regular affine family of finite ele-
ments (K, Px, X ) whose reference finite element (K, P, %) satisfies the following:

o WHIP(K) — C°(K),
o WHHLP(K) s WM (K),
e Pi(K)C PcCcWm™iK),

where P, denotes the space of polynomials of degree less than or equal to k. Then there
exists a constant C, such that for all finite elements K in the family, and all functions
v e WHLP(K),

1_1
H'U — [K'UHWm,q(K) S Chn(q P)hk+1im‘vlwk+1,p([{)7 (Alg)

where Ixv denotes the standard interpolation operator of v.

We note that the Argyris finite element used in Chapter 3 is not affine-equivalent. Thus,

we need the following result.

Theorem A.0.3 ([27], Theorem 6.1.1). A regular family of Argyris triangles is almost-
affine. That is, for all p € [1,00] and all pairs (m,q) with m > 0 and q € [1,00] compatible
with the inclusion WOP(K) « W™4(K), there exists a constant C independent of K such

that for all v € WOP(K),
(=LY 6_m
v — Ixcv|lwmagiy < CR™ ™2 RO 0] o0 x)- (A.20)
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Theorem A.0.4 (The Inverse Inequality — [27], Theorem 3.2.6). Let 7;, denote a regular
family of triangulations, and suppose all the finite elements (K, Px,Xf) are affine equiv-
alent to a single reference finite element (K, P, f]) Suppose that for two pairs (£,r) and
(m,q) with £,m > 0 and (r,q) € [1,00] such that £ < m and P ¢ WE(K) N W™4(K).

Then there exists a constant C' > 0 such that for all vy, in the finite elements space,

q

n(i_ly -
Y ol | < Ch IR ST ol | (A.21)
KeTy, KeTy,

S =

Theorem A.0.5 (Brouwer’s Fixed Point Theorem - [44], p.441). Assume

u: B(0,1) — B(0,1)
is continuous, where B(0,1) denotes the closed unit ball in R™. Then u has a fized point,
that is, there exists a point x € B(0,1) with u(x) = x.

Remark A.0.6. We note that Brouwer’s Theorem can be extended to continuous mappings

of closed convex bodies in an n—dimensional topological vector space.

Theorem A.0.7 (Trace Theorem I - [44] p.258). Assume € is bounded and 09 is C'.

Then for p € [1,00], there exists a bounded linear operator
T:WhP(Q) — LP(09Q)

such that Tu = u}aﬂ if ue WHP(Q) N C°(Q) and | Tl 1r50) < Cllullyrs-

Theorem A.0.8 (Trace Theorem II - [17], Theorem 1.6.6). Suppose that Q@ has a Lipschitz
boundary, and that p is a real number in the range 1 < p < co. Then there is a constant,

C, such that

1

[E Yo e WHP(Q).

1—1
10|l Le(ay < Cllvll g, " [lv

Theorem A.0.9 (Poincare’s Inequality). If Q is a bounded domain that can be written as
a finite union of domains that are star-shaped with respect to a ball there, then there is a
constant C < oo such that

lollwie < Clolwis — YWP ().
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Test3.4a: e=h"®

0.014

—— Data

0,012l —¥=1:932

Test3.4a: e=h
0.14

—— Data

04p.——¥=1370x

01r

0.08r

L Error

Q.06

0.02-

6] 001 002 003 004 005 006 007 008

£

Test 3.4a: £ =h’
0.25 T T T T

—— Data

——y=0.8011x

L% Error

(905 01 015 02 0.25

Figure B.1: Test 3.4a. L? Error of uj,
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Test3.4b: e=h'"?

0.06

—— Daté
—y=7.422x

Test3.4b: e=h

04

—— Data

0901 002 003 004 005 006 007 008 009

£

Test 3.4b: £=h®
1 T T T T
—— Data

00l y=2748x

o %.1 015 02 0.25 03 035

Figure B.2: Test 3.4b. L? Error of uj,
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Test3.4a: e=h"®

012

——Data
——y=0.8942¢>*

H' Error

Test3.4a: e=h

07

— DEIlla
o6l y=1.565:>"

Hl Error

6] 001 002 003 004 005 006 007 008

€

Test 3.4a: £ =h’
1 T T
—— Data

09l —y=1684x

34

Hl Error

0.05 0.1 0.15 0.2 0.25 03

Figure B.3: Test 3.4a. H' Error of uj,
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Test3.4b: e=h'"?
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