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Abstract

For parity-conserving fermionic chains, we review how to associate Zs-indices to ground states
in finite systems with quadratic and higher-order interactions as well as to quasifree ground states
on the infinite CAR algebra. It is shown that the Zs-valued spectral flow provides a topological
obstruction for two systems to have the same Zs-index. A rudimentary definition of a Zs-phase
label for a class of parity-invariant and pure ground states of the one-dimensional infinite CAR
algebra is also provided. Ground states with differing phase labels cannot be connected without a

closing of the spectral gap of the infinite GNS Hamiltonian. MSC2010: 81T75, 81V70, 58J30
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1 Introduction

Rigorous analysis of condensed matter systems using topological methods has made substantial progress
in the past 10-15 years. Topological insulators and superconductors have shown that invariants from
differential topology (and their extensions in noncommutative geometry) give rise to stable and novel
physical phenomena, see [62] for references.

There have also been significant developments in the analytical understanding of gapped ground
states of many-body spin systems and their relation to topological order. Improved Lieb—Robinson
bounds and the area law for the decay of entanglement entropy [38] are among many non-trivial
results concerning properties of uniformly gapped ground states of frustration-free spin systems [10,
11, 12, 56]. See [54] for a comprehensive review. In dimensions greater than one, where braiding
may occur, analytic results are much harder to obtain, though important examples such as Kitaev’s
toric code [45] can be treated within the framework of frustration-free ground states. Newer methods
for higher-dimensional spin systems are also in development [26]. There has also been several results
concerning stability of topological invariants such as the Hall conductance in interacting fermion
systems [7, 8, 9, 35, 40, 50].

There have been efforts in the physics community to connect these two areas of topological physics
via the study of interacting topological phases. While a precise characterisation of interacting phases
remains in development, following a proposal of Kitaev, it is currently expected that symmetry pro-
tected topological (SPT) phases of gapped ground states are described using a generalised cohomology
theory [34, 64, 69]. Roughly speaking, such theories construct a homotopy group of deformation classes
of invertible topological field theories or short-range entangled states with specified additional input,
e.g. symmetries and dimension. For the case of fermions, which we focus on in this manuscript, Zo-
graded tensor networks provide a convenient toolset to construct such field theories, see [20, 21, 37, 66].



The goals of this paper are much more modest. Our aim is to review the Zs-index associated to one-
dimensional fermionic ground states considered by Kitaev [44] as an indication of Majorana fermions
at the boundary of one-dimensional superconducting wires. This Zo-phase label is now regarded as
the one-dimensional SPT phase of gapped and parity-symmetric fermionic systems without additional
symmetries. While some properties of infinite systems and the thermodynamic limit can be obtained
by a careful treatment of finite systems, rigourous studies of infinite fermionic systems directly are less
common. One reason is that ground states in infinite systems are generally understood via techniques
from operator algebras and, as such, require a more involved framework.

The Zso-indices for ground states of finite fermionic chains with quadratic and higher-order inter-
actions are first reviewed. We also consider Zs-indices for quasifree ground states of infinite systems,
which generalise the finite-dimensional Zs-index. The exposition on quasifree ground states is closely
related to work by Araki, Evans and Matsui on the XY -chain and the phase transition of the 2-
dimensional Ising model [1, 2, 3]. Many have noted that the quadratic finite Kitaev chain is the same
as the quantum Ising chain under the Jordan—-Wigner transform. But a more systematic treatment on
the connections between spin chains in quantum statistical mechanics and fermionic gapped ground
state phases, particularly in infinite systems, appears to be absent in the literature. As such, these
concepts are reviewed in detail.

A key connection is also shown between the Zs-ground state index and the Zo-valued spectral flow
recently studied in [24]. (Let us stress that the Zo-valued spectral flow is unrelated to the spectral
flow of the quasiadiabatic evolution of ground states [54], see Section 2.2.) Indeed for finite quadratic
chains and quasifree ground states of the CAR algebra, the Zs-valued spectral flow is shown to encode
the topological obstruction for two Hamiltonians to have the same Zs-ground state index. For systems
with periodic or anti-periodic boundary conditions, this topological obstruction can be detected via
the insertion of a flux quanta through a local cell and the associated Zs-valued spectral flow. Finite
chains with twisted boundary conditions as studied in [43] also provide an example. We remark that
fermionic interactions with periodic or anti-periodic boundary conditions become highly non-local if
one takes the Jordan—Wigner transformation and considers the corresponding bosonic Hamiltonian.
Therefore, such Hamiltonians will in general violate the Local Topological Quantum Order condition
used in [49, 52] to show stability of a ground state gap.

One of the motivations to study flux insertions is to analyse topological properties of Hamilto-
nians and their ground states. By connecting flux insertion to Zs-spectral flow, an index-theoretic
construction, the topological nature of the ground states under consideration becomes manifest. Flux
insertion has also been used in higher-dimensional systems to construct a many-body index for charge
transport [8] as well as show the stability of the Hall conductance under interactions [7]. These ob-
servations open a potential pathway to study topological invariants of higher dimensional interacting
systems of fermions by inserting (non-abelian) monopoles as in [25, 27].

While much of the manuscript is review, we do provide a candidate for a Zo-index of pure, gapped
and parity-invariant ground states on the one-dimensional infinite CAR algebra that can be used as
a phase label. To the best of our knowledge, the construction is new, though it heavily relies on
the split property of one-dimensional ground states [47, 48] as well as the infinite Jordan—Wigner
transform [32, Chapter 6.5]. The use of the split property as a tool to characterise ground state SPT
phases was first noted by Ogata [57]. Results from [54] give tools to show basic stability properties of
this index, including invariance under a C'-path of uniformly gapped Hamiltonians satisfying extra
compatibility conditions. We also show that if two gapped ground states have differing phase labels,



then the spectral gap of the infinite GNS Hamiltonian must close for paths of ground states connecting
the two systems. This gives us some confidence that the suggested phase label is a useful one.

Outline

Section 2 gives a brief summary of the operator algebra approach to fermionic ground states and the
Zo-valued spectral flow. The paper is then divided into 2 relatively distinct parts corresponding to
finite and infinite chains, where the characterisation of the ground state changes from the lowest-energy
eigenvector to the operator algebraic definition.

Section 3 considers finite chains with Hamiltonians quadratic in the creation and annihilation
operators. In this setting, the Zs-index is defined as the homotopy type of a Bogoliubov transformation
that diagonalises the Hamiltonian. The example of the Kitaev Hamiltonian is studied in detail. While
the ground state Zo-index can in principle be defined for any positive quadratic Hamiltonian, it is in
general much easier to compute for closed chains with periodic or anti-periodic boundary conditions.
For chains with open boundary conditions, different phases can be differentiated by the existence or
non-existence of Majorana boundary states. We also show that the Zs-valued spectral flow gives a
topological obstruction for two Hamiltonians to have the same Zo-index. The Martingale method is
also used to show a uniformly bounded ground state energy gap for a large class of model Hamiltonians.
For the case of closed chains, the insertion of a flux can close this gap and implement a non-trivial
Zo-valued spectral flow. The Kitaev chain with twisted boundary conditions is such an example.

Higher order interactions on finite chains are studied in Section 4. A Zs-index for higher order
interactions cannot be directly defined, but one can instead consider the ground state parity or Hamil-
tonians that can be connected to quadratic systems by a C!-path with a uniformly bounded ground
state gap. We mostly focus on the solvable Kitaev Hamiltonian with a quartic interaction studied
in [42]. We consider a closed chain, where a local 7-flux will induce a Za-phase change of ground states
with a uniformly bounded ground state energy gap.

Section 5 considers infinite systems and ground states of the CAR algebra that come from quasifree
dynamics, where equivalence of quasifree states is determined by a Hilbert-Schmidt condition. This
condition is used to derive a Zso-index map for Bogoliubov transformations between systems with
different quasifree dynamics. This infinite Zs-index gives a natural generalisation of the Zs-index
defined for finite quadratic chains. As in the finite-dimensional case, the Zo-valued spectral flow gives
a topological obstruction for two ground states to have the same index. In particular, a non-trivial
Zo-valued spectral flow between gapped quasifree ground states will cause the ground state gap of the
infinite GNS Hamiltonian to close.

Finally, a Zs-index is defined in Section 6 for a class of pure and parity-invariant states of the CAR
algebra of a one-dimensional lattice. We first review the Jordan—Wigner transform and show how for
quasifree states the Zo-index is connected to the purity of the ground state of the Pauli algebra of
spins. This example then motivates our more general definition of the Zs-phase label, which we show
is well-defined for pure states satisfying the split property. The new Zs-index does not arise as a
skew-adjoint Fredholm operator with a Zs-index in general, but the two indices coincide when they
are both defined. Elementary properties of this new Zs-index are then shown, in particular that the
ground state gap must close on paths connecting ground states of differing phase label. We conclude
with some comments on future research directions.



2 Preliminaries

2.1 Ground states of fermionic systems

We will assume some familiarity with the C*-algebraic approach to quantum statistical mechanics. A
standard reference is [17, 18]. An overview of modern techniques can be found in [54]. We first recall
the CAR algebra for general (potentially infinite) systems. Let H be a separable Hilbert space. The
CAR algebra A®(H) is the C*-algebra generated by the identity and elements a(v), v € H such that
v — a(v) is anti-linear and with anti-commutation relations

{a(v1),a(v2)} = 0, {a(v1),a(v2)"} = (v1,v2)3

If H = ¢*(A) for A a countable set, then by taking the standard basis {d;};ea of £2(A), we can simplify
the definition of A = A (¢2(A)) as the universal C*-algebra generated by the elements {a;} e
with {a;,a,} =0 and {a;,a;} = J;1 1, see [18, Section 5.2.2] for example.

If A’ C A there is a natural embedding A" C AR". In particular, if we let Py(A) denote the set
of finite subsets of A, there is the quasilocal structure
I ~ Tacary. ¢" T r
AR 2 (A e, 5 (APee. = |J AT
XePo(A)

The CAR algebra A“(H) comes equipped with the parity automorphism © defined by

One has ©2 = Id. If H = (?(A), then by the quasilocal structure © is the unique extension of the
automorphism Oy, X € Py(A), such that

Ox(a) = PaP, P=(—1)%iex4%

for all @ € A", see Section 3.5. The parity gives a decomposition AT (H) = AT (H)Y @ A (H)L,
where O(a) = (—1)a for a € A (H)/. Elements in A (H)°? and A" (H)! are called even and odd
respectively.

Let us now restrict our attention to H = ¢2(A) and AS*". An interaction ® for a fermionic lattice
is a map ® : Py(A) — A" such that ®(X)* = &(X) for all X € Py(A). An interaction is called even
if its range is in (A$")°. Even interactions are much better behaved with respect to Lieb-Robinson
bounds, see [19, 53].

Given an interaction ® and a finite set X, one can define the local Hamiltonian

HY = ) o).

YCcX

An even interaction ® is called frustration-free if ® has finite range and for all X € Py(A)

inf o(HY) = > inf o(®(Y)) .
YCX

That is, the ground state of H?} is simultaneously a ground state of all (Y, Y C X.



While one can only define the Hamiltonian of an interaction on finite subsets, the infinite system
can be studied by examining the dynamics generated by the Hamiltonian

ﬁ,gx(a) = tHx ge—itHx , teR, ac A" .

As X converges to A, one can guarantee that BtX converges to a strongly continuous automorphism
Br € Aut(AR") for all t € R if the interaction ® satisfies the (fermionic) Lieb-Robinson bound [53, 19].
To obtain such bounds, we require the set A to have a metric and our interaction to have mild decay
properties as the distance between points increases. If A = Z" and the interaction is finite range with
a uniform bound on the coefficients, then the automorphism g; exists for all ¢ € R.

Let us now fix an infinite dynamics, i.e. a strongly continuous map § : R — Aut(AF"). A state
is a positive and continuous linear functional w : AP — C such that w(lagr) = 1c. Let § be the

generator of the dynamics 3. Then w is by definition a ground state on A" with respect to 3 if

—iw(a*6(a)) > 0, a€ Dom(d). (1)

The set of ground states with respect to a fixed action § forms a convex and compact set with respect
to the weak *-topology.

One can also consider the GNS triple (7, hw, €,) associated to a ground state w. Equation (1)
implies that w o 3; = w for all ¢ € R. Therefore, there is a unitary operator Ug, on b, such that
m,00 = AdUﬁt o 7,. Hence we obtain a 1-parameter group of unitaries acting on b,. Thus, applying
Stone’s theorem, there is a self-adjoint operator h,, such that

ethom,(a)e e = 7,(B(a)) , e, = Q. ,

which implies that Q, is a 0-energy eigenvector for h,,. Furthermore, Equation (1) implies that h,, > 0
so (), is a minimal eigenvector for h,,.

car

Definition 2.1 A ground state w on (A", B) is called gapped if there is a constant v > 0 such that
o (he) N (0,7) = 0.

For a unique ground state w, the property of being gapped is equivalent (see e.g. [48]) to the
condition that there is a v > 0 such that

—iw(a*d(a)) > y(wla'a) — w(@)]?),  a€ (AF"oc. -

Proposition 2.2 ([53]) Let X € Py(A) and HS be a finite-range Hamiltonian satisfying a Lieb—
Robinson bound. If the spectral gap between lowest-energy eigenvalue of H?} and the next-lowest
eigenvalue is uniformly bounded in |X|, then the weak x-limit of the finite-volume ground states is a
gapped ground state on AF".

Suppose that w is a ©-invariant state on A", namely w o © = w. Then there exists a self-adjoint

unitary ¥ on the GNS space b, with the properties

Yrp(a)X = 7m,(0(a)), XQ, = Q.
Furthermore, we can decompose the GNS space
A 1 . -
ho = b @b, b = S+ (-D)'D)he = m((AF)) % -

If the system is finite and wx on A" is given by wx(a) = (¥|al)), then wy is parity invariant if |¢)

is even or odd under P. In particular, a parity-invariant state on A$" need not come from only even

lowest-energy eigenvectors.



2.2 The Zsy-valued spectral flow

We now review the Zs-valued spectral flow defined in [24] as a real analogue of the Z-valued spectral
flow defined by Atiyah—Patodi—Singer [4] and developed by Phillips [61]. The Z-valued spectral flow
gives a concrete expression for the isomorphism m (Fred$*(Hc)) = Z with Fred$*(#Hc) the self-adjoint
Fredholm operators on a complex Hilbert space and with essential spectrum above and below 0. In
contrast, the Zs-valued spectral flow measures the isomorphism 1 (Freds*(Hg)) = Z, with Fred$*(Hg)
the skew-adjoint Fredholm operators on a real Hilbert space with essential spectrum above and below
the real axis.

Unfortunately, the term ‘spectral flow’ already appears in the study of stability properties of
gapped ground states [54]. This spectral flow is distinct from the spectral flow considered by Atiyah—
Patodi—Singer and Phillips. In this work, we will only focus on the Zs-valued spectral flow and to
reduce ambiguity will always include the Zs in the terminology.

Finite dimensions

Let RY be a real finite-dimensional Hilbert space with Ty and T} invertible skew-adjoint matrices. By
standard results in linear algebra, there exists an invertible matrix A € GL(RY) such that T} = ATy A*.
The Zy-valued spectral flow detects if the orientation of the eigenvectors are inverted along the straight-
line path connecting Ty to 17.

Definition 2.3 Let Ty and T3 be invertible skew-adjoint operators on a finite-dimensional real Hilbert
space and let Ty = ATy A* with invertible A. The Zo-valued spectral flow of the straight-line path is
given by

Sfa(t € [0,1] = (1 —t)Tp +tT1) = sgndet(A) € Zy={-1,1}.

It is also simply denoted by Sfa(Ty,T1).

While the Zs-valued spectral flow is defined on a real Hilbert space, we can also consider operators
on complex Hilbert spaces that respect a fixed real structure.

Remark 2.4 Let us give more justification for the name Zso-spectral flow. In the case of a complex
Hilbert space, the Z-valued spectral flow counts the eigenvalue crossings though 0 (with sign) of paths
of self-adjoint matrices or Fredholm operators. In the case of skew-adjoint matrices and Fredholm
operators on real Hilbert spaces, there is a symmetry of the spectrum about the real axis, o(T') = o(T).
In particular, any eigenvalue crossings through 0 will be double degenerate and the Z-valued spectral
flow will vanish. Instead the Zo-valued spectral flow measures if there is a parity change of the
eigenvectors at the double degenerate crossing points. See [24] for more information. o

Infinite dimensions

We follow the approach of [24, Section 5-6]. Fix a separable and real Hilbert space Hg. A complex
structure on a real Hilbert space is a skew-adjoint unitary

J € B(Hg) , J = T, J? = —1y.

We define the Zs-valued spectral flow via a Zs-index map on pairs of skew-adjoint unitaries. To set
notation, given the real Hilbert space Hg, we let O(Hg) be the orthogonal operators on Hg, K(HR)
be the compact operators and Q = B(Hr)/K(Hr) the Calkin algebra.



Proposition 2.5 ([24], Proposition 5.2) Consider the space
J(Hr) = {(Jo,J1) € OHg) : Ji = —Ji, ||Jo— Jillo < 2}
with the norm topology. The map
J(Hr) 3 (Jo, i) = Inda(Jo, Ji) = (—1)zdmKertlo+h) ¢ 7,
18 continuous.
The above proposition is stated in [24] with the bound ||.Jo— Ji||g < §, but we note that the result

holds for ||.Jo — Ji||o < 2, see [16, Proposition 4.3] or [30, Section 5] for a proof.

If Hpg is finite-dimensional, then any pair of complex structures (Jo, J1) is an element of J(Hg)
and
(_1)%dimKer(Jo+J1) — sgndet(A) , J = AJgA* .

Therefore the Zs-index map recovers the finite-dimensional Zs-valued spectral flow.

Now consider a norm-continuous path [0,1] 3 ¢t ~— T} € Fred$<(Hg) with Ty and T} invertible.
One can consider the path J; = Tt\Tt\*l, where if T}, has a non-trivial kernel, .J;, is completed by an
arbitrary complex structure on its kernel to give a path of complex structures in B(Hg). The path J;
is not continuous in B(Hg) but is continuous in Q. The Zs-index map from Proposition 2.5 is now
used to define the Zs-valued spectral flow.

Definition 2.6 Let {T}}icj0,1) be a norm-continuous path in Fred$X(Hr) with Ty and Ty invertible.
Let J; = Ty|Ty|~' and partition the interval 0 =ty < t; < --- < t, = 1 such that e, — Tt 1 lle < 2.
The Zo-valued spectral flow is given by

no1

Sfa(t €[0,1] » T) = (—1)== 2 Rt ly) ez, = (o101}
Let us list the key properties of the Zs-valued spectral flow.

Theorem 2.7 ([24]) (i) The map Sfs is independent of the choice of partition in the definition.

(ii) (Concatenation) If {T}}ejo,1) and {Ti}iep,2) are continuous paths in FredS®(Hg) with invertible
endpoints, then

Sfa(t € 10,2] = Ty) = Sfa(t €[0,1] = T,) x Sfa(t € [1,2] = T) .

(iii) (Homotopy invariance) Let {Ti}ic(0,1) and {Tt}te[o,l] be continuous paths in FredS(Hg) with
invertible endpoints such that Ty = Ty and Ty = Ty. If the two paths are connected by a
continuous homotopy leaving endpoints fized, then Sfa(t € [0,1] — T3) = Sfa(t € [0, 1] — T}).

(iv) The map Sfy on loops in Fred*(Hg) is a homotopy invariant and induces an isomorphism
71 (Freds*(Hg)) = Z».

Lastly, let us note that there is also an isomorphism m; (Fred$<(Hg)) = KO~2(pt) [5]. Hence the
Zo-valued spectral flow also has a K-theoretic interpretation.



3 Finite quadratic chains

3.1 Basic setup

In this section, A will denote a finite set with cardinality |A|. We consider the fermionic Fock space
Fa = F(CAl) of antisymmetric tensors in the full Fock space @, (C!A)®". For any j € A, the creation
and annihilation operators, a}f and a;, satisfy the anticommutation relations

{a;f,ai} = (51'7]‘ 1, {aj,ai} =0.
A standard way to rewrite the Fock space is
FCN) = @, F(P({3}) = C- &C.

Here ® is the Zs-graded tensor product of Zs-graded vector spaces, where for V= V9 @ V! and
W=WYe W, VW is Zs-graded with

Vew) 2 vViewleview!, (Vew) 2 View'aVieWw’.

Returning to the fermionic Fock space, F(¢2({j})) = C? consists of two states, one is the empty and
one the occupied state given by [§2;) and a}[€2;) respectively. The vacuum of the whole chain is then

Q) = ®jeal)).
For the time being, we will restrict ourselves to Hamiltonians on F = F(C/A) that are quadratic
in the creation and annihilation operators, i.e.

H), = Z hj,ka;ak + ﬁj,kajak + Adjoint .
J,kEN

There there is a Bogoluibov—de Gennes (BdG) representation of this Hamiltonian. Introducing the
column vectors a = (a;)ca and a* = (a;) jea one then has the formal equation

H, = %(a a) Hy (:‘) + Te(h) 1%, . 2)

We will neglect the constant Tr(h) 1z, as it is, at most, a shift in energy. The BAG Hamiltonian
H)y acts on the particle-hole space H,;, = ¢*(A) ® C? and automatically has the (even) particle-hole
symmetry (PHS)

K*H K = ~Hy, K=1&a, (3)

This means, in particular, that the off-diagonal entry of the BAG Hamiltonian is an anti-symmetric
matrix.

Suppose that ¢ € H,, is a non-vanishing zero-energy eigenvector of Hy. Such a vector ¢ necessarily
satisfies K¢ = ¢ (after a phase was absorbed). Associated to this vector is an operator

w=o(e)

where ¢' = (¢ )* is the transpose. The operator by, is self-adjoint and squares to 1 if [|¢|| = 1. Thus by
is a so-called Majorana operator. By construction, it commutes with Hy. For kernels with degeneracy,
Majorana operators can be constructed for each zero-energy state.



3.2 Bogoliubov transformation

We recall methods for diagonalising quadratic Hamiltonians by canonical transformations following
standard treatments, e.g. [15] or [28]. The PHS (3) of the Hamiltonian can be interpreted as follows:
1 H is in the Lie algebra of the group

G = {AeGLHu) : K*AK = A} .
Let U, = G NU(H,») denote the unitaries in this group:
Uy = {W EGL(H,) : W=W", K*WK=W} .
We remark that the group U, is naturally isomorphic to the orthogonal matrices on the real Hilbert

space HE = {¢p € H,, : K¢ = 1}. Namely, for O, the set of n x n real and orthogonal matrices

ph
C*U,C = Oy, C =272 (1 Z,1> (4)
1 —1

by means of relations C* = C~! and CTC = K with K as in (3). Now, given W € U,,,, one can define

0)-+()

The particular form of W assures that 0 and ?* are indeed mutually adjoint and that the CAR relations
for 9 and ?* hold. A standard question is now whether (5) can be implemented by a unitary opertor
Uw on Fock space in the sense that
0 = U?/V aUyp .

(Note that Uy is not quadratic in a.) For a finite system, this is always possible, but in infinite
dimension one has to impose a condition. It is sufficient to require off-diagonal entries of W to be
Hilbert-Schmidt [63, 55]. Then the unitary Uy is called a Bogoliubov transformation, while W is
usually called the associated canonical transformation. Hence U, is also called the group of canonical
transformations.

Now, suppose that |[A| = L < oo and Hj has the eigenvalues {F1, E,...,Er} with 0 < E; <
.-+ < Ep, (taking a shift if necessary to ensure that all eigenvalues are non-negative). Then the BdG
Hamiltonian Hj can be diagonalised by a canonical transformation W € U, see e.g. [15, 28],

Er
E 0
W HA\W* = E = . .
A (0 —E) ; . (6)
Ep

Using this particular canonical transformation, one has

Hy — % (a* a) WHW HAW* W



Rewriting Equation (7) using the CAR operations,

H, = ZEj (050, —0,0;) = ZEj (2000, — 1) .
jeA jeA

Therefore, because E; > 0, any vector that is eliminated by all the 9; with F; > 0 is a ground state
of Hp. In particular, if 9109 --01|t) is non-zero, then it is a non-trivial ground state of Hy. Using
Lemma 3.5 below, it can be shown that such non-zero vectors exist.

3.3 Majorana representation

Recall Equation (4), where C*U,,C = Osr. Let us extend this idea slightly and include a phase

factor. Define
aj

ig* o — Zg .
a;, 27 = —rez2a;+e

-0
. —_ 15 . -
52171 = e2ay +e 3

for all j € A. They satisfy the Clifford relations

b; = b;, {[Jj,bi} = 20;;1,

and one readily checks
boj_1b2; = 2i(—aja; + 31),
bojbaji1 — boj-1bajio = 2i(aj a5 +ajajy1), (8)
b2;bojt1 + baj—1bajre = 2i(ei9aj+1aj + e_waja;fﬂ) ]
This also implies
ib2b2j1 = —aj 05 — afager +ePajai + e al, 0 9)

We can now write any quadratic Hamiltonian using the operators {b;}. Let b., = (b2;);>1 and
boa = (bgj_l)jzl be the column vectors of Majorana’s with even and odd index respectively with
J— bod
b= (bev)’ Then

1 a 1 eig efi% ei% 0
b = 2205 , Cy; =272 A A = C* ) .
o \a* o _iels jeTia 0 eis

One now obtains the Majorana representation of the Hamiltonian

2L
Hy = > ajpbjbe = 5b6°Apb, (10)
Ji.k=1
where the transpose b’ is a row vector and Ay = —% Cy Hy Cy is real and skew-symmetric.
Let us consider the diagonalisation of the operator Ay = —% Cy Hy Cy. Following standard treat-

ments, e.g. [15], there is an orthogonal matrix V' € Oqr, V- = C;WCy for W € U, such that

., (0 E
VANV* = (_E 0). (11)
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Then

1 1 0 F 7~ 0 FEY\ -
H _ - t *VA * _ tv* _ =t t
A QbV AV*VDb 2[1 (—E O)Vb 2[1 (—E 0)[1,

where b = Vb and {b, 32£1 also satisfy the Clifford relations. Hence
L ~ ~
Hy = i) Ejby; 1by
j=1

and the ground state space of Hy is determined by the —1 eigenspaces of the commuting self-adjoint
unitaries {iﬁzj_lfngj}f:l. These eigenstates can be written out similar to the end of Section 3.2.
Furthermore, we note that

dimKer(Hp) = 1dimKer(A,) .

3.4 Kitaev’s Z,-index for finite quadratic Hamiltonians

Definition 3.1 ([44]) The Kitaev index of a strictly positive quadratic Hamiltonian Hy = Sb'Axb
1s defined as the sign of the Pfaffian

J(Hp) = sgnPf(A4y) .

Diagonalising the Hamiltonian as in (11) and using properties of the Pfaffian,

0 E L
Pf(Ay) = det(V) Pf <_E 0) = det(V)jl;[lEj.

If Hy is strictly positive (so Hp has a spectral gap around 0), then the Pfaffian is well-defined and its
sign is determined by the sign of det(V'). Furthermore, since V- = CyWCjy for W € U, as in (6),

j(Hp) = sgnPf(Ax) = sgndet(V) = sgndet(WW), (12)
which implies that j(Hy) is independent of the parameter 6.
Remark 3.2 The Kitaev index is connected to the Zs-valued spectral flow in finite dimensions by
JHE) = Sfa(iHp, WiHAW™) = Sfa(Ap, VAAVY), (13)
as tHy is an invertible operator on the real Hilbert space HE‘ ={w e H,y : Kb =1} o

Proposition 3.3 Let Hx(0) and Hx(1) be quadratic and strictly positive Hamiltonians on F(CL).
Then j(Ha(0)) = j(Ha(1)) if and only if Sf2(Ax(0), Ax(1)) = 1.

Proof. Recall that j(Ha(k)) = sgndet(Vy) = sgnPf(Aa(k)) with Vj the orthogonal matrix that
diagonalises Aj (k) for k = 0, 1. Because Hx (0) and H (1) are strictly positive, we can homotopy each
E; to 1 without changing the sign of the Pfaffian. Having flattened the spectrum of the Hamiltonians,
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both AA(0) and Ax(1) will have the diagonal form Vi Ax(k)V)* = J =1 ®i02, k =0, 1. Thus the
concatenation property of Zs-valued spectral flow implies that

Sfo(An(0), Ap(1)) = Sfa(Ax(0), ) Sfa(J, Ax(1)) .

Because Sfy(Ap(k),J) = sgndet(Vy) = j(Ha(k)) for & = 0, 1, ¢f. Equation (13), the Zg-valued
spectral flow is non-trivial if and only if j(HA(0)) # j(Ha(1)). O

We therefore see that the (finite-dimensional) Zg-valued spectral flow gives a topological obstruc-
tion for two Hamiltonians to have the same Zs-phase.

Proposition 3.4 Let Hx(0) and Hp(1) be quadratic and strictly positive Hamiltonians and suppose
Sfa(Aa(0), Ax(1)) = —1. Then along the path [0,1] > t — Ha(t) connecting the Hamiltonians, there
is some tg € (0,1) such that Hy(to) has a 0-energy state.

Proof. To every t € [0,1] there is an A (t) associated to H (t) by Equation (10) and the Zg-valued
spectral flow is determined by the path Ax(t). If the Zg-valued spectral flow is non-trivial, then there
is some tg such that A (tp) has at least a double degenerate 0-eigenvalue (see Remark 2.4). Because
the eigenvalues of A, determine the spectrum of Hy, in particular dim Ker(Hy) = %dim Ker(Ap), it
follows that Hx(to) has at least one O-energy state. O

Combining the two previous propositions, if follows that if j(HA(0)) # j(Ha(1)), then the two
Hamiltonians cannot be continuously connected without the appearance of a Majorana operator from

a zero-energy state. We will give an example of a non-trivial Zs-spectral flow via a flux insertion in
Section 3.10.

3.5 The parity operator

The (fermionic and not spatial) parity operator is defined by
P = (_1)N )

where N = Z]L:1 a‘a; is the fermionic number operator on the chain A = [1, L]. It is a self-adjoint
unitary:

PP =1, P*=7P,
and hence introduces a grading on the Fock space. Any Hamiltonian that is an even polynomial in
the in the creation and annihilation operators a} and a; will commute with the parity operator and
be of even degree. This includes higher-order interactions. Indeed, using

* o * o . * —a. * ;. *
(_1)akak — TR0k em(l apap) _— _eimaga _emakak7

one obtains

P U.j P = — aj .
In this form, the parity symmetry is a subgroup of the U(1)-charge conservation symmetry. As 9;, b;
and b; are all linear combinations of a and a*’s, one also has

Po;P = —0;, PbP=—-bj, PbP = —bj,
Using (8), we can express
L L L

P = H(_l)a;aj _ H(_l)%(1+ib2j—1b2j) — H(_Z b2j—1b2j)a (14)

Jj=1 J=1 Jj=1

where in the last step it was used that the i by;_1bs; are commuting self-adjoint unitaries.
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3.6 The Kitaev model on an open chain

Let us fix a finite chain A = {1,..., L} and consider the Hamiltonian on F, given by

L-1 L
HE = Z (—w(afajp +ajy05) + Aajajn +Adf,af) + uZ(a;aj - 1. (15)
j=1 =1

Here w,n € R and A = |Ale?® € C. As the operator HEY is quadratic, we can write the associated
BdG Hamiltonian H, on the particle-hole space H,;, = C* ® C%:

w [ —w(S+S)—pu A(S* - S)
Hy' = ( A(S — S5%) w(S+S*)+u) ' (16)

Here S is the right shift on C with open boundary conditions:

1 0
The BAG Hamiltonian shows that HK“ models a p-wave interaction.

Case: w = A =0 (trivial chain)

Let us study the Kitaev chain in a few cases where the solutions are explicit. First, we consider the
case w = A =0 and so

boj_1b2; .
1

N =

L

L
HY" = p) (afa;—3) =
Jj=1 J

If 4 > 0, then the energy of HY'® is minimized by any state |¢) such that a;[s)) = 0. Therefore, if
> 0, fermionic vacuum |Q2) gives the unique ground state.
Case: =0, w =|A| (non-trivial chain and quantum Ising model)

In the case = 0 and A = e"’w, the Hamiltonian takes the particularly simple form in the Majorana
representation, namely with (9)

L—1 L—1
Kit * * i6 —i0 _* * .
H" =w E ( — 00541 — 05,105 +evaja;41 +e aj+1aj) = 1w E szbgj_H . (17)
=1 j=1

The Kitaev Hamiltonian with w = |A| can be directly mapped to the quantum Ising chain via the

Jordan—Wigner transform. Namely, using the notation az/ Y/% to denote operators analogous to the
Pauli matrices at site k € {1,..., L}, we define

s j—1 . j—1
e _ (il ok ) ot Y o— (™ 2h1 %0k ) g 7 — 9q*aq; —
o = (e aj , o; = (e aj;, oj = 2aja; — 1.

14



Then for J, = w and h = %, the Hamiltonian becomes

L—-1 L
spin _ E T _r E : z
j=1 j—1

The Hamiltonian Hf{)in describes a quantum Ising chain. For completeness, we also recall the inverse
Jordan—Wigner transform,

j—1 Jj—1
b1 = (TLot)or. oy = (I]o7)o)
k=1 k=1

which gives the fermionic (Majorana) representation.

Expressing HK“ in the Majorana representation, we see that only Majorana operators on different
sites are coupled. Moreover, each of the summands i bg;bg;;1 in (17) is a self-adjoint unitary and thus
allows to introduce a self-adjoint projection on Fock space

Pj = %(1 +1 bgj52j+1) . (18)
These projections commute [P;, P;] = 0 and the Hamiltonian can be written as

L-1

HY" = w) (2P;-1). (19)
j=1

Another way to write the Hamiltonian is to build a new pair of creation and annihilation operators
{Dj}]L:_f from the pair by; and bgji1:

0 = %(sz +i52j+1) ) 0;‘ = %(ij _i62j+1) ) (20)
or more explicitly
i A _i8 A —if
Oj:Q(—ezajJre 2a; +e2a;41 € 2aj+1)7 (21)
X ) .0 -0 ;
= d(—eay e el — et a —eal,y) . (22)

These operators satisfy again the CAR’s:

{D;,Di} = 0;; 1, {0;,0,} =0,
and using
1bojboj1 = 20;% -1 (23)
allow to write the Hamiltonian as
L-1
HY® = w) (2050, -1), P; =27, (24)
j=1

Let us refer to this as the quantum Ising Kitaev Hamiltonian. Another key property of Hf\{it in the
non-trivial region are the two “dangling” Majorana operators b; and bsy, on the finite chain A = [1, L],
which influence the degeneracy of the spectrum. We set

Opa = 3(bor +iby), o, = 3(bop —iby).
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which also satisfy the CAR’s (together with the other 9;). In terms of the initial creation and anni-
hilation operators,

0 Y 0 Y
Vg = (*622 ap +e '2za; +e'2a;+e Z2a’{),

DNl D]

0 _i0 0 _i0
0, = s(—€2ap+e"za; —e'za; —e'2a}) .

Again one can define Py, = 0} ,0,4 and, as in (23),

Turning our attention to the ground state space, we see that for w > 0, 01 ---97-1|2) will minimize
the energy. However, if 0,401 ---07_1(|2) is non-zero, then it is also a ground state. Furthermore, as
these states have different parity (as 0,4 is odd), then this shows the ground state space will have
a double degeneracy. We will show that for every L, either 97,01 --07-1|Q) or 0,401 ---07-1|Q) is
non-zero and, along with 91 ---97_1|€2), completely characterise the ground state space.

An orthonormal basis in Fock space

Let us now use the the new CAR operators {0;};ea to characterise a basis for the fermionic Fock
space Fp that solves the quantum Ising/Kitaev Hamiltonian (24).

First let us rewrite the parity operator using {0,};ea. Starting from Equation (14),

L—1 L—1 L—1
P = (ibarby) J] (—ibajbajr) = (ibarby) [T (—1)%% = (ibarby) [ (1 —2050;),
j=1 j=1 j=1
and finally using (25)
P = —(1—2050,4) H 1-2070;) . (26)

It ought to be stressed that for this to hold one has to use 0,4 = §(b2L +iby) and is not allowed
to exchange byz, and by, which is equivalent to exchanging 9,4 with 9} ,. This would produce a sign

change. For occupation numbers 44,141, ..,i—1 € {0,1}, let us introduce the states
L—1 ;
103i1, ... ip—1) = 272 ol ..ol q) (27)
where 0 W
0 1
o) =05, o) =07,

for j =1,...,L — 1. The O in the first entry indicates that neither 9,4 nor 9;, is involved. This will
be modified later on. The parity of these states is easily read off of P9; P = —0; and P|Q2) = |Q2)

Pl0;ir,...,ip1) = (=) Y0541,...,901) . (28)

Now one can obtain states of parity (—1)% by either applying 9,4 or 0}, to these states. However, the
following result shows that one of the outcomes vanishes.

Lemma 3.5 (i) (0yd1,...,i0-1(058), ..., 47 1) = &0 - 05y ir |
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(ii) If L+ Y5 i; = 0mod2, then

044l0;71, ..., ip—1) = 0, 0510541, ... ip—1)]| = 1.
(iii) If L+ Zf:_ll i; = 1 mod2, then

0410541, ip—1) = 0, [00a[05 41, ... yi—1)|] = 1.

Proof. (i) We focus on the diagonal case i; = z; Then let us start with the following algebraic
manipulation:

1031, in-)]? = 257 i) o0l ol )
= 2271 @IEM) - FH )R 9)

because each (ayﬂ'))*aéij) commutes with Dl(fk). Now due to (24), each factor (Dyj))*b(.ij) is either P

J
or 1 — P, pending on whether 7; = 0 or ¢; = 1. Hence let us set Pg.o) =P; and P;l) =1—-P;. Then
1105, iz = 2271 QP - PEE |0
Now these projections commute and one can check using (21) and (22)
PII0) = S+ (1-2i5) e ajal,0)|) (20)

and so (Q\Pgij) 2) = % independently of the value of i;. Iterating on this idea, || [0;41,...,ir—1)||* = 1,
which shows the claim.

(ii) On the one hand, one has (28) so that
Pbbd|0; Ty ,iL,1> = (—1)L Dbdyo;il, e Z'L,1> .
On the other hand, due to the CAR’s, 2% D]D(”) =i, D( ) and using Equation (26)

L-1
PovalOsin, .. yi—1) = — (1= 205,050) [ (1 —2050,)004/0 1, ... ip-1)
j:l

= ( 20bd0bd Db H 1—20 0] ’0 Z]_,...,iL71>
7=1
L-1

- (1 - 2Dbdbbd Dbd H ]|0 Zl, . ,’L.L71>

L . . .
= —Dbd(—l)zﬂ'zl J|O;21,...72L,1>.

Hence if L + Z]L;ll ij is even, 0,4/0;41,...,i5—1) = 0. Now
H O:d\O;il, . 7'L.L—1>H2 = <0;i1, e ,iL_llbde:‘)d\O;il, e ,iL_1>
= <0;7;17 cee 7Z.L—1|(1 - aidabd)m;ih s 7iL—1>
= 10541,y -
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The claim (iii) follows in the same manner. O

Given the above lemma, let us now define the states

_ , 0 |0in, i) i L4+ Y even
11541, yip—1) = . . . 1 (30)
O0ua 0541, ... yin—1) 1fL+Zj:1 ij odd .
The parity of these states is given by
Pllsi, ... ip1) = (=% 100, ,00-1) . (31)
Comparing with (28), one sees that the first entry 4,4 in |ipq;é1,...,i—1) indicates a parity change.

Proposition 3.6 The set {|ibd;z’1, cesBL—1) t Bpay i1y -sin—1 € {0, 1}} s an orthogonal basis of Fa.
Proof. Due to Lemma 3.5, it only remains to prove the following orthogonality relations:
(14, ... i 110540, ... ip—1) = 0, (L, i Ly, yin1) = Gy 0 i -

The first claim follows because the two states have different parity. The second one is based on
Lemma 3.5(i) and an argument as in the proof of Lemma 3.5(ii). O

Let us also note that by the relation (2070, — l)bg.ij) = (—1)’3“0?” with ¢; € {0,1} the occupation
number, we deduce from Equation (24) that

L—1
Kit| - . . P41\ - . .
H ity ovint) = w( D=1 linaiins o in) -
=1
Therefore, the orthonormal basis {|ibd; i1yeeeyi—1) * Tpayi1y... 051 € {0, 1}} diagonalises the quan-

tum Ising/Kitaev Hamiltonian (24). In particular, the ground state space of HX! is spanned by
|0;0,...,0) and |1;0,...,0).

3.7 The Kitaev model on a closed chain

The previous analysis on the Kitaev Hamiltonian was for systems with open boundary conditions. We
can close up the chain with periodic or anti-periodic boundary conditions by heuristically choosing
ar+1 = £a;. Let us now consider the case of periodic and anti-periodic boundary conditions. This
leads to the Hamiltonian

L—1 L
HY' () = > (—w(afajp +aj0) + Aagjajn + Aajygaf) + ) (afa; — 3)
j=1 J=1

+ (—w(ajar +ajfar) + Aaga; + Aajay) .
Clearly in the ‘trivial phase’ w = A = 0, then the Hamiltonian is the same as the trivial Hamiltonian

with open boundary conditions and, hence, has the ground state |2) for pu > 0.

In the non-trivial regime x4 = 0 and A = ¢?w, the Majorana representation of H/Ifit(:t) is as in
(17) with the supplementary summand ‘wbyz,b; which has to be evaluated as in (9):

L-1
HKit(ﬂ:) = inbgjbgj_H + w bngl . (32)
7=1
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Assuming non-negative w, the ground state space of HKit( ) is built from the —1 eigenstates of the
commuting even self-adjoint unitaries {i boj [12J+1} - ! and the F1 eigenstate of i baor by,

1 .
Hés = 2 (1 Fibarby) H Z[’23'[’2J'+1)"7:((CL)-

Like the open chain, we can characterise the ground state space by the new CAR operators

1 . 1 )
0 = 5(baj + b)), 0y = 5 (b2r £ib1)
1bojboj1 = 20;%' -1, +ibyrby = Q(Ubid)*aij —-1.
In particular Ran(d;) is a subspace of the —1 eigenspace of i bg;jbs;1 and Ran(d)) is a subspace of

the F1 eigenspace of 7 barb1. To ensure that the ground state space is characterised, we just need to
make sure these spaces are non-trivial. But indeed

1 0 Y 0 0, + 1 0 0 0 0,
v = 5(—612%'—1-6 “2a7 +e"2aj te2ary), Oy = 5(—6’2aL—|—e ‘2a7 £e'2a; £ e "2a])

and so 0;{€2) and £ |Q) are non-zero. Like the open chain, we again need to account for the parity
operator, where the following lemma plays an analogous role to Lemma 3.5.

Lemma 3.7 (i) If L is even, then 0,01 ---01_1|Q) = 0 and 0,,01---07,_1|Q) # 0
(ii) If L is odd, then 0,,01---07_1|Q) = 0 and 0,01 ---01_1|Q) # 0.
Proof. Let us consider the vectors Dbidm ---07-1|Q). Because 9; and 0;—: are odd operators, it follows

that
Pofor- 01| = (—D)EFoE0 0, 4P| = (—D)F0E0 - 01]Q) .

On the other hand, let us recall

L-1 —

—i[JQj_lbgj> = (iszbl> H(—ibgjbgj+1) = i(2( Obd H 1—20 DJ
J= J=1 J=1

I
e B
—

Computing the parity,

L—1
Pogor--001[Q) = £(2000) 0w — 1) J] (1 — 20505) 0501+ -0,1()
j=1
= £(2(05) 000 — 1)0501 - 01|
= F0i0; 04| .

Therefore if L is even, then we have that 0,01 ---97_1|€2) is both even and odd. Thus it must be 0.
Similarly, if L is odd, 0,401 ---02-1|€2) is even and odd and so must vanish. O

Lemma 3.7 can be used to prove the following special case of Proposition 3.9 below.

19



Proposition 3.8 If L is even, a ground state of HY' (&) is given by

[Yg) =

01---07,1/Q2), ar+1 = ap,
0,301+ 0,1/, app1 = —o

If L is odd, a ground state of Hf s given by

[Yx) =

0pad1 o001l ap = ar,
01+ 0L1[Y), aLy1 = —m
In particular, Pls) = Flih).
It is true that for w > 0 the ground states specified in Proposition 3.8 are unique, see [43] for
example. To prove such a statement requires constructing an eigenbasis as in Proposition 3.6.

Connection to index on canonical transformations

Unlike the case of open boundary conditions, the Kitaev model on the closed chain does not have a
double degenerate ground state. However, one can still differentiate between different ‘phases’ using
the Zo-index from Definition 3.1.

First consider the trivial Hamiltonian, namely w = 0:

it = * 1 * 1% 0 a
HY () = u;(ajaj—%) =5 (a a) <O —M) (a*) .

Hence the BAG Hamiltonian H}\(it(:lz) is already in diagonal form and it does not depend on the sign,
so the canonical transformation is W = 157, and

FHKY (1)) = sgndet(1) = 1, forw=0.

Consider now the (orthogonal) shift operator

bjr1, 1<j<2L-1,
Vib), =< 7 det(Vy) = F1. 33
(V4b); {ibl, i—or. (Vi) =+ (33)

Recall the Kitaev Hamiltonian with periodic or anti-periodic boundary conditions from Equation (32).
We compute that

L—1 .
i ) . w (0 1
HY(+) = zw?_l: bojboji1 £iwbarby = ?btvi (_1 0) Vib

Therefore, we see that Vi diagonalises the skew-symmetric matrix A (%) in the Kitaev chain with
periodic or anti-periodic boundary conditions. Because det(Vi) = F1, we see that the periodic and
anti-periodic chains have different phase labels.

JHRNY () = det(Vy) = F1, forpu=0. (34)

Furthermore, this Zs-index can be detected by the parity of the ground state |¢)1) from Proposition
3.8. The matrix V_ can be connected to the identity via a continuous path. This path can then be
used to connect the anti-periodic Kitaev chain to the trivial chain.
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3.8 Other examples

Here we study some non-translation invariant interactions and ground states. This also prepares the
ground for the study of a flux insertion through a chain, which merely consists of a modification of a
few matrix elements.

Double-sided chain

The basic Hamiltonian is the following

L—-1 L
* * 160 —i0 _* * *
Hiry = Z wi[ = (a1 + ajy05) + (eaja51 + e Vaj g a))] + Z pi(aja; — 3)
Jj=-L j=-L
L—-1 L
= Z wjibgj52j+1 + Z %’L’bgjflsz R Wy, Wy € R for all j .
i—L =L

One can roughly think of {i by; bgjﬂ}jL;EL as playing the role of a spin site and {iby;_; bgj}]L:_L
specifying an external field. In particular, for || small, the sign of w; determines the ‘spin-orientation’
of the ground state space at site j.

Case: w; =0 for all j

If there are only the diagonal terms uj(a;'f aj — %), the ground state space is determined by the sign of
p; at each site. If p; > 0, then the vacuum [€2;) at site j will be the ground state of u;(aja; — 3. If
py; < 0, then a;|Qj> is the ground state with energy “2—3 One can describe the total ground state as a
product of the ground state at each site. To write this down, we assume p; # 0 and introduce s;,; =0
if pj >0 and s,; = 1if p; < 0. Then the ground state is

L

) = 11 (@)™19).

j=-

If pg, = --- = pg,, = 0 for some m > 1, then
L
j=—L,
J#ki

are all ground states and so there is an extra degeneracy.

Case: u; =0 and w; # 0 for all j
This corresponds to the non-periodic Kitaev (quantum Ising) chain

L-1

H_p1 = Z wjiboibajt, Hi_r,r),b2r] = H_pz,b-20-1] = 0.
j=—L

Let us assume for the time being that w; # 0 for all j. Then the ground state space at site j is
spanned by the £1 eigenspace of the self-adjoint unitary ibs;bo;11 depending on the sign of w;. Using
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again s,,; to be 0 or 1 if w; is positive or negative, one can write down ground states explicitly via the

operators {9; }f;EL,

2 = %(sz 4 (—1)"ibgj 1) | (20;aj —1) = (=1)"5iby;boj s,
{07,0;} = 4,1, {0;,0;} = 0.
Indeed, one has
L-1
Hipp = Y (—1)™w; (2050, — 1), (35)
j=—L

where all coefficients in the sum are now positive. Analogous to the case of the Kitaev chain on the
one-sided chain with open boundary conditoins, the vector

L-1
)= [T 0519

j=—L
is a non-zero ground state with energy Zfz_ll(—l)swjﬂwj. Because 9; is odd for all j, we have
that Ply) = [¢). Now H_p ) commutes with b_o; 1 and by; and this leads to a degeneracy
of the ground state space that will be investigated next. Let us consider the boundary operator
Vg = %([12[, +1ib_o7—1) which satisfies the CAR relations with the other 9; operators. Either 9,,4]¢) or
0% [¢) is also a ground state of the Hamiltonian (¢f. Lemma 3.5) that is, moreover, odd. To determine
which one should be used, let us first note that

L L-1 L-1
P = H (—ibgj—_1b2;) = ibarb_or_1 H (—ibo;bojyr1) = (20;,0ha — 1) H (—=1)%3 (1 — 20;03') .
j=—L j=-L j=-L

Let iyq € {0, 1} be the occupancy number 0,4, i.e. ofﬂ) = pa, 0}()}1) =0!,. Then Pbk()ibd)]w> = —O&bd)lw.
This will be compared with

L—1
PolrVy) = (205,00 — 1) ] (—1)™5 (1 —2050;) 000 1 -0 1[Q)
j=—L
) L—1
= (207,000 — Do T (~1)™5 (1 — 20%0,) 0 -0 1|)
j=-L
‘ ) L—1
_ (_1)1+Zbd0£7;ibd) ( H (_1)Swj)a_L 1)
j=1

= (_1)1+ibd(_1)2f:_11 Sw; Dglbd)w> .

Suppose that there are M sites with w; < 0. If M is odd, then 9} |v) is a ground state and d,4]1)) = 0.
If M is even, then d,4]?)) is a ground state and d;,|1)) = 0. We then see that if we change the orientation
of a single spin site, wj;, — —wj,, then the ground state space changes.

Case: pj =0, wj, =---=wj, =0 for k <2L
We now consider the more degenerate case, where some of the spin coefficients {wji}le are zero with
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k <2L. Let Z = {j1,...,jx} C [-L,L]NZ be the set of labels for the 0-coefficient spin-sites. Then
the Hamiltonian can be written

H[—L,L} = Z wy 1 ij bgj_H .
Jel-L,L])NZ,
iz

The techniques of the previous section still apply. In particular, we still have that

H_p,p = Y, (=1)™w (2050 1), 0 = 5(byy + (1)Wb) ,
jE€[-L,LINZ,
itz
and the vector
= 1] o
J€l-L,LINZ,
itz
is a ground state. We now consider the extra degeneracy, where the commuting family of self-adjoint
unitaries {i by;b2j41}jcz commute with the Hamiltonian and also the ground state projection. There-
fore, the vectors {%(sz‘ + ib2j+1)|1/1>}j ¢ are also a family of linearly independent ground states. As

previously, either 0,4[t¢) or d},]1) is another ground state. Therefore in total we have a (k + 2)-fold
degeneracy with k = |Z].

Closed chain

The Hamiltonian of study will again be the (non-trivial) Kitaev chain but without translation invari-
ance of interactions,

L-1
H; = Z wi[ = (afajpr + o g05) + (ePajajpn + e ol a))]
J=1

+wp[ — (afar +ajar) + (ePapar + e “aja})]
L—1
= ijibgjbgj+1 + wy, itborby . (36)
j=1
We again let s, be such that (—1)**iw; is non-negative. As previously, the ground state is given
by the (—1)8wi+1 eigenspaces of the commuting self-adjoint unitaries {i ba; bgj+1}f:_11 and i barby. We

again characterise the ground state space by the operators {0; ;;:—11 and 0,4, where

1 ) 1 .
05 = §(ij + (—=1)"™iibgjq1) , Opq = 5([’2L + (=1)*ziby)
(20505 — 1) = (=1)"7ibg;bojt1 , (200,000 — 1) = (=1)*ribyby ,
and
L-1
Hy = ) (=1)"5w;(2050; — 1) + (1) 2w (20,00 — 1)
j=—L

with each coefficient {(—1)*"3w; }]Lzl strictly positive.
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Proposition 3.9 Let sp = Ele sw; be the number of spin sites with negative orientation.

(i) If L and sp have the same parity, then 0y ---0r-1|2) is a ground state of Hp.
(ii) If L and sp have different parity, then 0,401 ---05-1|Q) is a ground state of Hp .

Proof. Again let i,y € {0,1} be the occupancy number, that is, afﬂ) = 0pq and Dt(il) = 07,. We note
that 9{%"d; - .- 07,1|Q) has parity (—1)F. We also use that

L-1 L-1
P = ibyrby H(—Z bgjbgj+1) = (—1)5“’L (20:d0bd — 1) (—1)5“’ (1 207 DJ)
j=1 j=1
SO
POy dp Q) = (—1)%L (20%, 00 — I]: —2050;) 00V -0, 4|Q)

— <<_1)5wL+ibd+1 H (_l)sw]—) al(jibd)ol L. DL_1’Q>
j=1

= (=1)atltseplivdy g 110 .

Now, if L and sp are even, then 0,401 ---07-1|€?) will have even and odd parity and so will vanish.
Hence 95 - - - 07,_1|©2) minimises the term (—1)%“z 2wy, 0} 04 and gives a ground state. If L is even and
sp odd, then 0,401 - - - 07,-1|€2) has consistent parity (the term with 9}, does not) and so will minimise
H;. If L is odd and sp even, then 9,401 ---07,_1|Q2) is again non-zero and hence is a ground state. If
L and sp are odd, then 9,401 ---07—1|Q) will have odd and even parity and so must be zero. Hence
01 ---07,-1|Q) is a ground state. O

3.9 Ground state gap

The Hamiltonians that we have considered so far are given by sums of commuting projections. For
such models, it is relatively straight-forward to show that the Hamiltonian has a uniformly bounded
ground state energy gap. For more general situations, a common technique to show a uniformly
bounded ground state energy gap is to employ the Martingale method [53, Section 5]. In order to
introduce the method, in this section we will show how it can be applied to the simple models we have
considered thus far.

Double-sided chain

Let us consider the case of the spin chain with nearest-neighbour interactions. For convenience, we
would like the ground state energy to be 0, so take the Hamiltonian

L—1 L—-1
H[—L,L} = Z z'wj ijijJrl — EG 1 s EG = Z (—1)Swj+1wj s wj 75 0. (37)
j=—L j=—L

Let us first define a sequence of Hamiltonians {H, }._, C ( fer L]mZ)O where Hy = 0 and

n—1

H, = Z ’LUj(i bgjbgj.ﬂ + (—1)8“’j 1) .

j=—n
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Thus we have a non-decreasing sequence of non-negative Hamiltonians such that the kernels G, =
Ker(H,,) form a non-increasing sequence of subspaces

F(CY) = Gy 5 G D---D G = Has -
Now let h,, = H, — H,_; and let g,, be the kernel projection of h,. In this case, using Equation (35),
h, = 2(—1)5“’*"11),71 DinD,n + 2(—1)8“1"*11071,10:;_10”,1 .

Hence ?_,,0,,_1 - F(C?F1) is the ground state space of h,. Alternatively, the kernel is determined by
the (—1)31”—n+]L and (—l)Swn—1+1—eigenspaces of ib_2,b_9,41 and by, _obo,_1. Hence

h, = (—1)sw—n w_n(l + (—1)sw—nib_2nb_2n+1) + (—l)swn—l wn—l(l + (_1)Sw"—1ib2n_252n_1)
Sw w—n Sw wTL—l
= (-1 g Dyt (—=1)%n—2 5 L(-1own-

Z ’Yn(l_gn)v 7n:min{L5M’mn7{ﬂ}’

where Py is the projection onto the +1 eigenspace. If we take v = minj{%} > 0, then for any
0<n<L,h,>v1—g,). Next let us introduce the projections

1_PKer(H1)7 n=0, L
En = { Pia(m,) — Pia(,.): 1<n<L-1, E.,En=06umE,, Y E,=1.
PKer(HL) ) n=1L n=1

In this case, one has explicitly

1—1(1—(=1)"1ib_gb_4), n=0,
B, - 1L—1$(1 = (=1)*=ntibognabogy1) 5 (1 = (=1)%nibzboni1), 1<n<L-1,
[T 3(1—(=1)™sibgjbgjt1), n=1L

Similarly, we have that gn+1 = Pker(n can be written as

n+1)
gn1 = 3(1— (=1)%n-1ib_o,_9b_9p_1) 3 (1 — (—=1)"nibopboni1) .

One can then check that [Fy, gnr1] = 0 and Engn+1E, = 0 for 0 < n < L — 1. We therefore satisfy
the hypothesis of [53, Theorem 5.1], which implies the following result.

Proposition 3.10 The Hamiltonian from Equation (37) with min_nggL{ |w2’j‘} > 0 uniformly in L
has a spectral gap above the ground state energy that is uniform in the size of the chain [—L, L] NZ.

Recalling Proposition 2.2, Proposition 3.10 guarantees that the infinite volume GNS Hamiltonian
h,, coming from the weak-* limit of the finite-volume ground states will have a spectral gap above 0.

Case: pj =0 and w; =0 for j € Z, a fixed finite set
Next we consider the case of extra degeneracy in the finite chains. To this end we fix a set of sites
with w; = 0 that will not change as L increases. That is, we start with a sufficiently large L. Given
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such a set Z, we enumerate the set [—L, L|NZ\ Z by {j1,...,j~n} with j; < ji+1. This allows to define
the sequence
0=Hy <H; <--- <Hy =H_p,

where .

In

H, = Z w;j (Z bojboji1 + (—1)Swf 1) .

J=Jj1
Again suppose that there is a strictly positive 0 < v with v < min{% : wj # 0}, As in the
non-degenerate case, we define h, = H,, — Hy,_1, gn = Pker(,) and

1 — Pker(ay) > n=0, N
En = PKer(Hn) — PKGT(HnJrl) s 1 S n S N — 1, EnEm = 6n,mEn s Z En =1.
PKer(HL) ) n=N, n=1

Note that in the degenerate picture, Pkers,) is a larger projection than in the case w; # 0 for all
j. However, one can still follow the previous method of argument without issue, where we have that
hp > (1 — PKer(hn))a [En, gn+1] = 0 and E,gny1E, =0 for 0 < n < N — 1. Therefore the Martingale
method applies again, which will ensure that in the thermodynamic limit L — oo (which implies
N — o), the infinite volume ground state is gapped.

The system with w; = 0 for a fixed finite set is the same as the system with w; # 0 up to a finite-
rank operator. Hence the GNS representations of the infinite volume ground states will be unitarily
equivalent (cf. [18, Example 6.2.56]).

Closed chain

Finally we study the ground state gap of the Hamiltonian

L-1
. ) . 07 Wy Z 07
H; = g w;j (szjsz+1 + (—1)8w] ]_) —|—wL(zbngl + (—=1)%c 1) y Sw; = J
J=1 1, w; < 0,

where again 0 < v < %|wj| for all j. Because the details of the proof are very similar to the case of
the open chain, some details will be skipped.

We define the sequence of non-negative Hamiltonians {Hn}ﬁ:O with Hy = 0, Hj,, as before and

n
H, = ij (ibgjbgj+1 + (—1)Sw1 1) , 1 <n<L-1.
j=1

The operators of interest for the Martingale method are h, = H,, — Hy—1, gn = PKer(n,), where in
this case

wi (ibabg 4 (—1)*w11) , n=1, .
h, = <w (ibgn52n+1 + (—1)Swn 1) , 2<n<L-1, gn = 5(1 — (—l)sw"i52n52n+1) .
wL(’iszb1 + (—1)SwL 1) , n =1L,
By the Spectral Theorem,
b = (L (1) ib2ubons1) = (L= Prer(nn) = 7(L = 90)
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|w;|

for 0 < v < min;=". We also have the family of projections
1_PKer(H1)7 TLIO, L
En = { Pia(m, — Pia(f,.), 1Sn<L—-1, E.Ep=6umE,, Y E,=1.
PKer(HL) ) n=1L n=1
Again
1—1(1— (=1)%=1ibyby), n=0,
E, = PKer(Hn)(l_gnJrl)a 1<n<L-1,

(HJL:_ll (1 — (—l)swiibgjsz+1)) (1 — (—l)swﬂ'ibngl) , n=1L

and it is straight-forward to check that [E,, gn+1] = 0 and E,gn41E, = 0 for 0 < n < L — 1. Thus
the hypotheses of the Martingale method are satisfied and one has the following.

Proposition 3.11 The Hamiltonian in Equation (36) has a spectral gap above the ground state energy
that is uniform in the length L of the chain.

3.10 Flux insertion and Z,-valued spectral flow

Recall from (13) on page 12 that the Zs-index for quadratic chains can be interpreted as a (finite-
dimensional) Zg-valued spectral flow between skew-symmetric matrix Ap (or equivalently iHp) and
its diagonalisation. Here we further investigate such applications of the Zs-valued spectral flow by
considering a flux insertion in closed fermionic chains.

Let us first note that we can immediately use the concatenation properties of the Zs-valued spectral
flow to establish a path between the Kitaev (or quantum Ising) model with periodic and anti-periodic
chains. Namely, for V1 as in Equation (33),

SfQ(V+AAV_;_k, V_AAVj) = ng(V_,.AAV_;_k, AA) SfQ(AA, V_AAV_) = det(V+) det(V_) = -1,
and so the Zo-valued spectral flow is non-trivial. This result is also immediate from Proposition 3.3,
though we would like to show this in a more physically meaningful way.

We insert a flux term into the closed chain that plays the role of switching the boundary conditions
from periodic to anti-periodic. Such a system was previously studied in [43]. The Hamiltonian is

L-1 L
HY(a) = Z (—w(afajpr +aja;) + Aajajy + Aajyaf) + uZ(a;aj -1
j=1 j=1

+ (—w(e ™ apa; + e ajar) + Ae'*ara; + Ae "“ajaj) .

One clearly has that H{*(0) = HY*(4+) and HY*(7) = HE®(-). In the case w = A = 0, the
Hamiltonian is constant throughout the deformation of o and, hence, will have no Zs-valued spectral
flow. In the case A = e’w and u = 0, however, one can again re-write the Hamiltonian in the
Majorana representation as
L—1
Hfit(a) = jw Z bo;bojt1 + tw cos(a)bar by — iwsin(a)bar by,
j=1
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where the following identity was used:

—i0 _* _*

baorbs = Cl*LCll — ClTClL — ezeaLal +e Tajar .

The following result also follows from (34) combined with Proposition 3.3, but we provide a separate
proof.

Proposition 3.12 The Zs-valued spectral flow defined by the path o € [0, 7] — HE*(a) is non-trivial
in the case A = e®w and p = 0.

Proof. Recalling that the Majorana operators are ordered in column vector b = (223)’ the skew-adjoint
matrix from H () is given by

— cos(a)
—1
w —17-2
A - =
ale) 2 1 sin(a)
1
cos(a) —sin(a)
In particular, one can connect Ap(7) = VAx(0)V*, where
1 1
U
V = ) U = - €eOr_1 .
U . -1
1 1
Then
Sfo(a € [0, 7] — Ap(a)) = sgndet(V) = —1,
as required. O

As the Zs-valued spectral flow is non-trivial, one expects a double degenerate level crossing at the
midpoint of the path. Indeed, the Hamiltonian is

L—1 L-1
H{M(5) = iw ) bojbajy1 —iwbarby = iw Y byjboj i1 + iwba(bs + bar) -
j=1 =2

One can then check that Hf\{lt(g) commutes with the anti-commuting self-adjoint unitaries b; and

%(bg — byr). Hence if [) is a ground state of HY'*(5), then so is by|y) and %(bg — bar)|¥).

By Proposition 3.11, Hz(0) and Hy () are known to have a uniformly bounded ground state gap.
Therefore, the ground state energy gap of Hy(a) goes to 0 as o — 3.

Remark 3.13 We can readily extend Proposition 3.12 to say that a flux insertion that changes the
orientation of any single spin site 7bg;bg; 1 will give a non-trivial Zs-spectral flow. Thus, while there
are many examples of Hamiltonians on the closed chain with a uniformly bounded ground state gap
(Proposition 3.11), this gap can be closed by a local perturbation. One reason for this behaviour is
that a fermionic Hamiltonian on a closed chain becomes highly non-local under the Jordan—Wigner
transformation, which is often utilized in proofs of the stability of the ground state energy gap. o
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Flux insertion in two cells
Here we briefly show that adding a magnetic flux through two unit cells does not substantially change
the system. The Hamiltonian is

L—
HL(Oé) = w [ - (a;ajﬂ + Cl;+1aj) + a1 + a;+1aj+1]
2

[y

=
w[ — (¢"apar + e ajar) + e “agar + e “aja]

+
+w| - (e™"atay + eabay) + e¥ajag + e‘iaaza’{] )
where for simplicity we have set the phase factor § = 0. In the Majorana representation

L-1
Hi(a) = w Z ibojbojy1 + w(cos(a)ibLbl — sin(a)ibLbz) + w( cos(a)ibabs + sin(a)iblbg)
j=2
L-1
= w Z ibgjbaj i1 + 1wby ( sin(a)bg — cos(a)bL) + inQ(cos(a)bg + sin(a)bL) .
j=2

A careful check shows that for any « the operators ib;(sin(a)bs — cos(a)br) and iby(cos(a)bs +
sin(a)by) are commuting self-adjoint unitaries that also commute with the other terms iby;bs; 1 in
the Hamiltonian. Hence the ground state space can be explicitly characterised by the —1 eigenstate
of each self-adjoint unitary in the sum.

We can again define the CAR operators

(b1 +i(sin(a)bg — cos(a)byr)), j =1,
0, = %(52j+i[12j+1), 2<j<L-1,
(b2 + i(cos(a)bg +sin(a)br)), j =L

Then the Hamiltonian can once again be written as

and so any ground state must look like [];0;[t).

‘While the specific characterisation of the ground state space depends «, the key spectral properties
of H(a) do not. In particular, the Martingale method used to show the ground state gap of Hf(0)
and Hp (7) in Proposition 3.11 also remains valid along the deformation.

In this case, we have that j(Hz(0)) = j(Hg (7)) = —1 and the ground state gap remains uniformly
bounded along the path I:IL(oz) connecting the two Hamiltonians. As is perhaps to be expected
of a Zs-invariant, changing the orientation of a single spin site will cause a Zo-phase change. But
simultaneously changing the orientation of two spin sites can be done without closing the ground
state gap. This also follows by inserting the two fluxes consecutively and applying the concatenation
property of the Zs-valued spectral flow.
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4 Higher order interactions on finite chains

4.1 Gapped ground states in finite volume systems

Let us now turn or attention to even interactions on finite chains that need not be quadratic. We
say that two finite-volume Hamiltonians H(0) and H, (1) are in the same gapped phase if there is
a Cl-path of finite volume Hamiltonians s € [0,1] + {H(s)}s connecting Hx(0) and Hy (1) and
with the property that there is a spectral gap above the ground state energy of Hy(s) for all s that
is uniform in |Al.

In this section, we consider Hamiltonians with higher-order interactions and paths between gapped
Hamiltonians where the ground state gap may close, indicating that such Hamiltonians have distinct
topological phase labels. As in the case of quadratic interactions, one way we will induce such gap
closings is via a local flux insertion.

Parity and gap closing
We note a result that is mathematically simple but has important physical consequences.

Lemma 4.1 Let Hy(0) and Hp(1) be parity-symmetric Hamiltonians on the fermionic Fock space
Fa with A finite. Suppose Hy(0) and Hp(1) have unique ground states with opposite parity. Then the
ground state gap will close along any continuous path Hy(s) connecting Hp(0) and Hp (1) with the
property that PHA(s)P = Ha(s) for all s € [0,1].

Proof. Provided that we include multiplicity, we can take a continuous enumeration of the eigenvalues
{Aj(s)} of Hy(s), where each A; : [0,1] — R is continuous [41, Chapter 2, §5]. Because the ground
state eigenvalues of the Hamiltonians at the end points of the path have opposite parity and we restrict
to parity-symmetric paths, PHx(s)P = Ha(s), there must be at least one sy € (0,1) such that the
lowest energy eigenvalue projection at sg is discontinuous. Such a discontinuity must come from a
double degeneracy or crossing of eigenvalues. O

We remark that while the previous statement is mathematically trivial, it can be applied to finite
volume Hamiltonians with arbitrarily large interaction terms. The much more non-trivial question
for finite volume systems is to find a physically interesting pair of Hamiltonians with unique ground
states with opposite parity. A large and important class of such Hamiltonians can be constructed
using fermionic matrix product states of even and odd parity [20]. Another more involved question is
to what extent an index derived from the parity of ground state eigenvectors still makes sense in the
infinite volume limit.

4.2 The interacting Kitaev chain

Here we summarise the key results of [42]. Starting from the Kitaev Hamiltonian HY!* from Equation
(15), one adds a quartic interaction term with damping parameter K > 0,
L—1
HM = Z [ —w(afajpr +af,105) + Aajajen + Aajaf]
j=1

1

N |

L L—1
Y owilafa; — 1)+ Ky (2a5a; — 1)(20] 0541 — 1) -
j=1 =1
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We note that the term %Z] pj(aja; — 1) is now negative. We do this to better align our results
with [42] as the map p; — —p; does change the spectrum of the Hamiltonian (though the ground
state in the trivial case K = w = A = 0 is now spanned by the occupied state rather than the
vacuum).

We can again consider the spin-chain analogue of the interacting chain. Recalling the Jordan—
Wigner transformation,

. i—1 . i—1
Tz _ —im > I afag | % Yy o_ imY i alag . z ¥
o; = (e R=1ORTE ag o; = (e k=1T6TF N ag oj = 2aja; — 1,
7—1 Jj—

_ z x _ ¥4 Yy
o = (Lot ooy = (TIod).

k= k=1

the interacting chain maps to the XYZ chain in a magnetic field

L—1 L
i 1
spm. _ T X y_y z Z - -7
HyW = § , (= Jzojofss — Jyojoiiy + J.0507,1) = 5 E:M% ’
j=1 j=1

with J, = (w+A)/2, J, = (w—A)/2, J, = K. See [13] for properties and analysis on the XYZ chain
and related models.

One of the key achievements of [42] is that on a certain line in the parameter space, the Hamiltonian
H becomes frustration-free (that is, the ground state simultaneously minimises each interaction
term).

Theorem 4.2 ([42]) Let A € R, g = p3 = -+ = pr—1 = fle and py = pp = 5 with pe =
K2 4wk + 282 Then

(i) Hi/{1t has an explicit frustration-free and double degenerate ground state.

(ii) There is a C'-path Hx(t) such that Hx(0) = HY the quadratic Hamiltonian from Equation
(15), and Hp(2K) = HIY, the quartic Hamiltonian.

(iii) For allt > 0, Hp(t) has a double degenerate ground state.

(iv) For allt > 0, HA(t) has a spectral gap above the ground state energy that is uniform in |A|.

As noted in [42], the equation for p. from Theorem 4.2 that ensures the interacting Kitaev chain
has a frustration-free ground state has a direct analogue for the XYZ chain in a magnetic field, cf. [46].

4.3 Flux insertion and gap closing in the closed chain

Let us now insert a local flux into the interacting Kitaev chain. Our analysis closely follows [43,
Appendix D], who considered the interacting Kitaev chain with twisted boundary conditions. We add
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periodic boundary conditions to the Hamiltonian with a local flux,

HY'(a) = —w(e"“ajay + € %aza1) + w(earay + e “a3af)
-1
+> (= w(afajir + i a;) + wajaj + afya41))
=2

w(apa; + ajar) +w(aga; + ajay) Zuj azaj —

+ K> (2050, — 1)(2a7,10;41 — 1) + K(2a7az, — 1)(2afay — 1) .

We choose a local flux to emphasise that highly local perturbations in closed chains are capable of
closing a uniformly bounded ground state gap in the closed chain. This is in direct contrast to typical
properties of ground states with Local Topological Quantum Order, where small perturbations will
not close the ground state gap [49, 52].

We write the Hamiltonian as a sum H*(a) = ZJL:1 h;(a), where

hi(a) = w(—e “ajay — e®aja; + e®ajay + e akal)
- %(a’{al +asag — 1) + K(2a7a; — 1)(2a%a; — 1),
hj = w(—ajaji1 —aj 10; +aja;11 + aja;)
_ %(a a; + afyai0 — 1) + K(2a%a; — 1)(205 a1 — 1), 2<j<1—1
and lastly

hy = w(—apa; —ajar +aga; + ajay)
_ He

5 —(apar +aja; — 1)+ K(2azar, — 1)(2aja; — 1) .

To study the flux insertion, we first explicitly solve the ground state space of Hi/{lt (o) at the end
points @ = 0 and o = w. To assist our computations on the closed chain, we first determine the
ground state space of the Hamiltonian with open boundary conditions ZL ! hj(a).

When o = 0 and p; are as in Theorem 4.2, the ground states of the open chain are computed
in [42] as the pair
AfLE7a:0|Q> = (1£Ba})(1£pa3) - (1£Ba})|Q), B> = cot(§), 0 = arctan(u ) €[0,7] .

We note that PA%,a:o‘Q> = A;LE’QZOIQ) for P the parity operator.

For the case of & = m. We can follow the same basic analysis as in [42], where we find that any
state of the form

(14 Bap)(1F Ba3) p(a, ..., a1)[€2)

is a ground state of hi(w), where p(ag, ...,a}) is a (non-zero) polynomial. Because the states (1 &
pas)--- (1 £ Baj)|2) minimise {h; } 5, we have that

AT | = (1F Bap)(1 £ Ba3)(1 £ Ba3) --- (1 fa})|R)
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gives a double degenerate and frustration-free ground state for Zf:_ll hj(m) with PAT

L,a= 7r|Q> =
1€2).

La7r

Let us now consider the closed chain Zle hj(a). We first note that any state of the form (1 +
Ba;)(1 £+ a)p(as, ..., a5 _,)|Q) will minimise hr. When o = 0,7, the ground state can be solved
provided that we take the coefficients py = pe2 = ... = pp, = pe from Theorem 4.2.

Ground state at o =0
We first note that any (normalised) linear combination of AF wol€?) will also give a ground state of
Zf:_f h;(0). Therefore, we compute

Az_,azo - AZ,a:O = (Az 1,a=0 + AZ 1,a= 0) (1 + /Baz) - 2Azfl,a:0
= (1+ /SC‘L)(AJLr La=o T AL 10 o) — 247 1 a0
= (14 Bar)(1 + Bai) - (14 Bar_y) — (1 = Bar)(1 = Baj)--- (1 = Bap_4),

which shows that (the normalisation of) Af _,|Q) — A7 ,_,|Q) is a frustration-free ground state of

HI'*(0) on the closed chain. The linearly independent vector A _,|Q) + A7 ,_,|€) is not a ground
state as it does not minimise hr, something that is verified by direct computation. In particular,
P(Az,a:o|9> — A7 0=0l) = _(Az,a:om> — A7 4=0l€?)) and the ground state is odd.

Ground state at a =7

Again we consider normalised linear combinations of AjLE ar|§2), where we have that

|

A+

L,a=m

+ALa T L—-1,a=m AZ l,a= ﬂ)(1+5a2)+2AZ—1,O¢:T(

(AL

= (1_ﬁaL)( L-1,a=m AZ l,a= W)+2Az—l,a:7r
(1= Baz)(1 = Bay)(1 + Bag) - (1 + Baz_y)

+ (14 Bap)(X + Bay)(1 — Bay) --- (1 — fag_4) -

Hence, the normalisation of AJLra L)+ A7
the closed chain with even parity. In contrast, the vector AT

L,a=m
hr(m) and so is not a ground state.

|Q) is a frustration-free ground state of HiM*(7r) on
€2) -

L,a=7

A7 4=r|) does not minimise

Because the interacting Kitaev chain with flux has a unique ground state at the endpoints a = 0, 7
but with opposite parity, we can apply Lemma 4.1 and obtain that the ground state gap closes along
the path Hp(«). As we will show in Proposition 4.3, this is despite the fact that the endpoints have
a uniformly bounded ground state gap and we take a local flux only.

Connection to Kitaev’s Z,-index

Proposition 4.3 The Hamiltonians HP*(0) and H () can be connected to quadratic Hamiltonians
by a C'-path along which the ground state gap is uniformly bounded.

Proof. Similar to the case of Theorem 4.2, we write an explicit path connecting the interacting and
non-interacting Hamiltonians.
For a = 0, recalling the constant 6 = arctan(i—’:) and using the notation n; = aja;, we take the
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following path Hy (0,¢) = Ele h;(0,t), where for 1 < j < L —1,
hj(0,t) = —ajaji1 —ajy a5 + (14 ¢)sin(0)(aa;41 + ajyya5) — (1+¢) cos(0)(L —nj —njp)

t t
+ 5(2‘(1]' — 1)(2nj+1 — 1) + 1 + 5

and
hr(0,t) = —apa; —ajar + (1 +¢)sin(f)(apa; + ajaz) — (1 +1¢)cos(0)(1 —ng —ny)
b (@n - 1)m — 1) 14 L
We see that H, (0,0) is the quadratic Hamiltonian on a closed chain studied in Section 3.8 (up to a

scaling of the constants) and Hy (0,2K) is the interacting chain with ground state energy shifted to
0. A direct computation gives that

hj((),t) = Q]Q + 1+t)Q Q_]

(
{COS ( j 1 — nj+1) + Cl>|f (1 — Ilj)) — sin(g)(ajnjﬂ + aj+1nj) y j < L-1
2~

Q; = ) )
J z (1-m +a1(1 —nL)) —sm(g)(—l—aLm +a1nL) j=1L

COS

which implies that H (0,¢) > H(0,0) for all ¢ > 0. Furthermore, QjAf,a:O‘Q> = Q;A%}(JZOIQ) =0
SO AE a0l — AL a—0/€?) is a 0-energy ground state throughout the path. Because the ground state
energy gap is uniformly bounded at ¢ = 0 by Proposition 3.11, the inequality Hx(0,¢) > Hx(0,0)
then ensures that the ground state gap is uniformly bounded for all £ > 0.

The case of o = 7 follows the same argument. In particular, we take h;(m,t) = h;(0,t) for j > 2
and

hi(m,t) = ajaz + aza; + (1 +¢)sin(f)(—araz — aza]) — (1 +¢) cos(6)(1 —ng — ng)

t t

Similarly, we take
Ql = cos(%)(a{(l — ng) + Cl;(l — 111)) + sin(g)(alng — Clznl) .
and @; the same as a = 0 for j > 2. O

Using the homotopy from Proposition 4.3, we can consider the path
H,(0,2K) & Ha(0,0) 2 Hy(r,0) 5 Ha(r,2K) (38)

which connects HiP*(0) and Hi? () on the closed chain. Because there is no changes in the ground
state space along the paths indexed by ¢, there can not be any Zs-valued spectral flow along these
paths. By contrast, the path indexed by a will have a non-trivial Zo-valued spectral flow as discussed
in Remark 3.13. Therefore by the concatenation properties of the Zs-valued spectral flow, we obtain
the following.

Proposition 4.4 The path of Hamiltonians given in Equation (38) gives rise to a non-trivial Zs-
valued spectral flow. In particular, the ground state gap closes at a point along the path and the ground
state becomes doubly degenerate.
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5 Quasifree ground states of the infinite CAR algebra

The remainder of the paper considers infinite systems and ground states of the CAR algebra A" (H)
over an infinite dimensional separable Hilbert space H. We are particularly interested in pure ground
states, which cannot be written as a convex combination of other states. A state w is pure if and only
if its GNS representation 7, is irreducible [17, Theorem 2.3.19]. A key difference to CAR algebras
over finite dimensional H is that different pure states wp and wy of A“(H) can give inequivalent GNS
representations, so there is no unitary U : b, — b, intertwining the representations. This can be
used to distinguish pure ground states.

For this section, we will restrict to quasifree states on A (H) as they are more simple to work
with. To determine criteria for pure quasifree states to be equivalent, it is useful to work with the
self-dual CAR algebra introduced by Araki [1], where equivalence of representations of quasifree states
can be reduced to a Hilbert-Schmidt condition (¢f. Theorem 5.1 below). A more detailed introduction
to quasifree states of the CAR algebra and their basic properties can be found in [32, Chapter 6].

5.1 Quasifree states of the self-dual CAR algebra

Let us fix a separable complex Hilbert space H and a real structure I', namely an anti-unitary involu-
tion. Typically we will be interested in the case that H = H,;, = £*(A) ® C? is a Nambu space with A
countable and particle-hole involution I' = C(1 ® o) with C complex conjugation. The self-dual CAR
algebra ASY"(H,T") is the C*-algebra generated by 1 and ¢(v) for v € H such that v — ¢(v) is linear
and with relations

()" = o), {c(0)" c(w)} = (v, w)n -

The self-dual CAR algebra is also graded with parity automorphism © such that ¢(v) is odd for all
v € H. One recovers the more familiar CAR algebra by means of a basis projection, which is a
projection E on H such that £+ T'ET" = 14. Given a basis projection, there is a graded isomorphism
¢ AM(EH) — ASY(H,T') which on generators is given by

a*(Ev) — ¢(Ev) a(Ev) — ¢(TEv) . (39)

In the case H,, = (?(A) ® C? = (2(A) @ ?(A) with T = C(1 ® 1), then analogous to the case of
the usual CAR algebra, we can choose the canonical basis of H,;, and so A% (H,,,I') is the universal
C*-algebra generated by the elements {c(j,k)}(jr)eaxa satisfying the relations

c(j, k)" = c(k,j), {e(i1, k1), c(ja, k2)} = 265, 45 Ok o -

In the case of H,,, the basis projection F(u1,us) = u; is of particular interest as E #,, = £2(A) and
(39) leads to a concrete form of the isomorphism ¢ : AR — AZ" (H,u,I') given by

o(a;) = <(3,0), o7 (c(i k) = aj+ai. (40)
Theorem 5.1 ([1]) Let E be a basis projection on H.

(i) There is a quasifree state wg on A (H,T) with

wg(c(u)*c(v)) = (u, Bv)y
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which is extended to ASY (H,I') by the formulas
wp(e(vr) -+ e(van1)) = 0,

wp(c(vy) - c(v)) = (_1)n(n71)/22<_1)0HWE(C(UU(j))C(UU(jJrn)))
o 7j=1

where the sum is over permutations o such that

ocl)<o(2)<...<o(n), o(j)<o(j+n), j=1...,n.

(ii) The state wg is pure and ©-invariant. In particular, the GNS representation (hg,7g,Qg) as-
sociated to wg s irreducible.

(iii) Let Ey and Ey be basis projections on H. The following statements are equivalent:

(1) The states wg, and wg, are unitarily equivalent.
(2) The operator Ey — Eq is in the ideal of Hilbert-Schmidt operators.

The state wg is called the Fock state associated to a basis projection F. From the state wg on
AS(H,T), we can use the isomorphism ¢ : A (EH) — A (H,T') from Equation (39) to get a state
wp o ¢ on A(EH). In a slight abuse of notation, we will also denote this state by wg and call it
a quasifree state on A““'(EH). Given two basis projections Ey and Fj on a separable and infinite
dimensional H, the corresponding CAR algebras A (EyH) and A" (E1H) are abstractly isomorphic
by the universal property of the infinite CAR algebra [18, Theorem 5.2.5]. Theorem 5.1 then gives a
sufficient and necessary condition for the irreducible GNS representations 7g, and g, to be unitarily
equivalent.

Following [32, Section 6.6], let us us give some some further justification as to why wg is called a
Fock state. Given a basis projection E on H, let (hg, 7g, Qg) be the GNS triple of A" (EH). Setting
/\0 EH = CQp, the one-dimensional space spanned by the cyclic vector 2g, one can identify

o0

e = PN EH. (41)

n=0

Under this equivalence, the GNS representation of A“*'(EH) can be written as
(@ (V) ur A Auy = VAU A Ay, v, u; € EH .
That is, the cyclic vector Qg acts as the fermionic vacuum in the GNS space.

5.2 Quasifree dynamics and BdG Hamiltonians

Let us now consider ground states w on AS'(#H,I") with respect to a strongly continuous R-action £ :
R — Aut(AS"(H,T")) with generator ¢, namely states satisfying —iw(a*d(a)) > 0 for all a € Dom(6).

Definition 5.2 The dynamics 8 : R — Aut(A(H,T)) is called quasifree if Bi(c(v)) = c(ettv) for
any c(v) € A (H,T') and where H = H* is an operator on H such that THI' = —H.
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The self-adjoint operator H on H that generates the quasifree dynamics 8 plays the role of the
Bogoliubov—de Gennes Hamiltonian in infinite systems, and will be referred to as the BAG Hamiltonian.
Again, this operator comes with a natural particle-hole symmetry. Thus quasifree dynamics play an
analogous role to quadratic interactions.

Proposition 5.3 ([32], Proposition 6.37) Let 3 : R — Aut(A%" (H,T")) be a quasifree dynamics
with BdG Hamiltonian H. If 0 ¢ o(H), then the Fock state wg associated to the spectral projection
E = X(0,00)(H) is the unique ground state for the dynamics 3. Furthermore, the GNS Hamiltonian
he on bg has a spectral gap above 0.

Proof. The particle-hole symmetry of H implies that 'ET' = 19y — F, so E is a basis projection. The
proof that wg is a ground state comes from the cited proposition. To show the spectral gap, we use
the presentation of hg as a Fock space from Equation (41). In particular, the GNS Hamiltonian A,
can be written as the the second quantisation of the BAG Hamiltonian H restricted to antisymmetric
tensors on E'H. Because there is a strictly positive spectral gap around 0 of o(H) and h,, comes from
the restriction of H to the positive spectral projection F, its second quantisation is strictly positive.
Hence there is some v > 0 such that o(h,) N (0,7) = 0. O

Proposition 5.3 shows that any BdG Hamiltonian H on the Nambu space (H,T') with a spectral
gap at 0 gives rise to a basis projection £ = X(g0)(H) and a gapped pure ground state wg on
AS(H,T) =2 A (EH). This process is reversible: given a basis projection E on H, one can define a
gapped BdG Hamiltonian H = 2E — 1. The quasifree state wg will then be the unique ground state
for the quasifree dynamics generated by H.

Given two quasifree actions 89 and () on AS(H,T) arising from gapped BdG Hamiltonians
Hy and H; on H, one has two basis projections Fy and Ej. It is known that the two ground state
representations mg, and 7, are equivalent if and only if Ey — Ej is Hilbert-Schmidt. Let us further
investigate this issue by defining the skew-adjoint real unitary operators

Jr = iHy|Hy|™' = i(2E, — 1), Jp = —Jy, J = -1, T4, = J,.

Hence, the operators Jj define a complex structure on the real Hilbert space ’Hﬂg ={veH : : Tv=uv}

We now make use of the following elementary fact.
Lemma 5.4 The orthogonal group acts transitively on the complex structures on a real Hilbert space.

Proof. If J is a complex structure on a real Hilbert space Hg, it extends by linearity to a complex
linear operator on the complexification H¢ = Hgr ® C which is denoted by the same letter J. It is real
in the sense that J is equal to J = CJC. This complexifation is skew-adjoint and unitary, so that 3./
is a selfadjoint unitary on H¢. By the spectral theorem and the reality of J, there is thus a projection
P on Hc such that iJ = 2P —1 and P = 1 — P. Let ® : /2(N) — Hc be a frame for P, namely
®d* = P and ®*® = 1. Here ¢?(N) is a complex Hilbert space equipped with complex conjugation C
(entry-wise). Then J = i(®®* — D" ) and *® = 0. Now set V = 272 (@ + ®@,i® — i®) which is real
and unitary from ¢?(N) @ ¢?(N) to Hc. Moreover, one checks

J:V<O 1>V*.
-1 0
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This is a normal form for J. Now given two complex structures Jy,.J;, there are two associated
orthogonals Vp, Vi : 2(N) @ (2(N) — Hc. Set W = Vi V. This is an orthogonal on H¢ which hence
restricts to Hg as a linear opertor. One then has J; = WJyW* which implies the claim. |

Applying Lemma 5.4 to the complex structures Jp = i(2E; — 1) with & = 0, 1, there exists a
unitary W € U(H) with properties

J = WJW*, WW = WwW* =1, rwr=w.

Hence W is the infinite dimensional analogue of the canonical transformations in Section 3.2 and so
we continue to call such unitaries canonical transformations. In order for W to give a Bogoluibov
transformation on the second quantised Fock space F(EoH) — F(E1H), the representations mg, and
g, must be equivalent, which occurs if and only if [Jy, W] is Hilbert-Schmidt.

Example 5.5 (Kitaev chain): Let us briefly show how Theorem 5.1 applies to the Kitaev chain on
the infinite lattice A = Z. To make the formulas a little simpler and as a preparation for another
example in Section 5.6, let us choose the parameter A = —jw. Then the Kitaev Hamiltonian on a
finite region [a, b] N Z becomes

b—1 b
Hfgjg](u, w) = —wz [@5a i1+ a5 0 + dajaj41 — ial, al] +u2(a;aj -1). (42)
j=a j=a

The local Hamiltonians Hﬁig} (1, w) give the infinite Kitaev chain which will be studied via the quasifree

dynamics generated by BdG Hamiltonian Hy defined on H,,;, = ¢*(Z) @ C2. As in (16),

(43)

() <—w(S+S*)—,u —iw(S*—S)) |

—w(S*—=S)  w(S+S5*)+u

with S the unilateral shift operator on ¢%(Z).

As in the case of finite chains, one expects a difference between the trivial region w = 0 and the
non-trivial region u = 0. To compare these systems let us consider the unitary

i ((@1+9) i(1-9) ot . _
W_2<Z,(1_S) —(1+S)>’ WW = WW* =1, TIWIL =W,

which has the property

p— * ) * —
w 0 wr o _H .(S—i-S) i(S*=295) '
0 u 2 \i(S*=9) —(S+ 5%
Hence W maps the trivial system H5X®(p1,0) to the non-trivial Hamiltonian HX1(0, £). Passing to the
spectrally flattened complex structures, W (—io,)W* = J with J the complex structure associated to

the Kitaev chain HX(0, %) We note that Adyy plays the role of the Kramers—Wannier automorphism
in the quantum Ising chain.

By Theorem 5.1, the ground states for parameters (u,0) and (0, %) are equivalent if and only if
[—io,, W] is Hilbert-Schmidt. But this is clearly not the case as S — 1 is not Hilbert-Schmidt. Hence,
by studying the GNS representations of the quasifree ground states, one can distinguish between the
trivial and non-trivial region of the infinite Kitaev chain. o
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5.3 Quasifree ground states on the even subalgebra

The algebras Ay (H,T") and A®(EH) are naturally graded by the parity automorphism ©. We are
most interested in ground states arising from ©-invariant interactions, so it is also natural to consider
of representations of Fock states restricted to the even subalgebra of the CAR algebra.

To align our approach with standard texts, e.g. [32, 6], we set some notation. If Ey, E; are basis
projections with Fy — F7 Hilbert-Schmidt, let g A (1 — E1) be the spectral projection x(13(Eo — F1),
which is finite-rank by the Hilbert-Schmidt hypothesis [2].

Theorem 5.6 ([2], Theorem 4) Let Ey, £y € B(H) be basis projections with corresponding Fock
states wg, and wg,. The restrictions of wg, and wg, to the even subalgebra Acar(Eﬂ-l)O give rise to
equivalent representations if and only if By — E1 is Hilbert-Schmidt and dim(Eo A1 - El)) 1S even.

Let 8 be a quasifree dynamics with BAG Hamiltonian H = —I'HT' on H with 0 ¢ o(H). By
Proposition 5.3, the Fock state wgp for E' = X(g,00)(H) is the unique ground state on AZY(H,T')
relative to 3. We now consider the restriction of wg to ASY(H,T)? = AT (EH)P.

Theorem 5.7 ([32], Theorem 6.38) Let 3 be a quasifree dynamics with BdG Hamiltonian H such
that 0 ¢ o(H). There exists a unique ground state for (A (EH)°, B) if and only if the infimum of
the positive part of the spectrum of H is not an eigenvalue of H. If this is the case, the restriction of

wg to A (EH) is the unique ground state.

If the infimum of the positive spectrum of H is an eigenvalue \ with eigenprojection E*, then an
extremal ground state of (A (EH)°, B) is either the restriction of wg to A (EH)? or the quasifree
state w, constructed from the basis projection E— P, + 1T P,I", where E* =v and P,(v) = <ﬁ, v>ﬁ
The representations of the states {wy}yeRan( gy are all equivalent and disjoint from the restriction of
wp to A (EH)°.

5.4 The index map on canonical transformations

This section uses an index map for canonical transformations on infinite systems to assign a topological
phase label to quasifree ground states and BdG Hamiltonians. This index was previously studied by
Araki [1], Araki-Evans [2] and Carey—O’Brien [23]. A similar exposition to ours can be found in [22].

For the sake of concreteness, let us fix a countable set A and the Nambu space H,,;, = (?(A) @ C?
with particle-hole involution I' = C(1 ® o). The results below can readily be adapted to the case of
an arbitrary separable Hilbert space with real structure.

Let E be a basis projection on #,, and J =i(2E — 1) a skew-adjoint unitary such that T'JT' = J.
In particular, J is well-defined on the real subspace Hy = {v € H,, : ['v = v}. If E is another
basis projection giving rise to another .J, there is a unitary W € U(H,,), TWT = W such that
J = WJW*, see Lemma 5.4. One obtains a Bogoliubov transformation Uy on F(£2(A)) and the
two representations 7y and 75 of AT are equivalent if and only if [W,J] € L2(H,.), the ideal of
Hilbert-Schmidt operators [63, 55].

Lemma 5.8 ([23]) Let E be a basis projection and J = i(2E —1) a complex structure on Hy. Define
UM, T) = {W eU(M,) : TWD =W, [J W] € L2 (M)} -
(i) If W € Uy(Hpw, 1), then 3(J + WJIW?*) is Fredholm.
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(ii) The Banach Lie group Uj(H,u,T') has the same homotopy type as the group hgo%/un. In
particular, mo(Us(Hpm, L)) = Zs.

Given W € U;(Hn,I), ||J — WJIW*||g = 0 and so we can apply the continuous index map from
Proposition 2.5.

Proposition 5.9 ([23, 30, 16]) For W € Uj(H,wn,I') the Za-index of Proposition 2.5,
induces an isomorphism of mo(Uy(Hyn,T)) to Zs.

Note that j;(W) = j;(W*) and that jyjv«(VWV*) = j;(W) for any canonical transformation
V =TVTI. The index map from Proposition 5.9 requires a choice of complex structure J, which is
equivalent to a choice of basis projection on H,,. By imposing stronger conditions on the unitaries,
one can remove the necessity of making a choice of complex structure.

Proposition 5.10 Let W € U(H,y) satisfy TWT = W. Then W € Uj(H,n,I') for any complex
structure J = i(2E — 1) if and only if W +1 or W —1 is Hilbert-Schmidt. In this particular situation,
Jjs(W) is independent of J.

Proof. The equivalence is shown in [1, Theorem 8]. For the second claim, let J' = V.JV* be another
complex structure. Then j (W) = j;(V*WV) and s € [0,1] — (V*)*WV? is a path in Uj(H,,, )
along which the index does not change by Proposition 5.9, so that j;(V*WV) = j;(W). O

Remark 5.11 For W € U;(H,,,T'), one can consider the path of skew-adjoint Fredholm operators
0,1]3t—J, = 1—t)J+tWJW™, te[0,1].

Then
Gy (W) = (=1)2 dmKea(HWIWS) ot (4 € [0,1] — (1 — t)J + tWJW™)

by the definition of Zs-valued spectral flow. o

Example 5.12 Let us consider the case of J = io3. Then any W € U,y (H,n, I') has the form

-

In this case, the expression for the index map jisy : Uigs (Hpn, I') — Za can be written more simply.
Namely,

SIS

v) ; v E 52(52(/\)) ; u Fredholm.
u

Jios(W) = (1)fimKert, (44)

For a finite lattice A, any unitary W = IT'WT € U(H,,) will be in the group Uis, (H,n, ). In this case,
Jios (W) = sgndet(W), so the index map in Equation (44) provides a generalisation of Kitaev’s index
from Section 3.4 to infinite chains.

Suppose that A is countably infinite and let P € B(¢£2(A)) be a finite rank projection. Define

1-P P
Wp = ( P 1- P) ‘
It is immediate that Wp € Ui, (H,on, I') and, furthermore, jio, (Wp) = (—1)dim(P). o
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Remark 5.13 As the previous example shows, one can construct canonical transformations on H,,
that are non-trivial for any countable lattice A. In particular, taking A = Z" for any v > 1, we obtain
non-trivial indices in any lattice dimension. In contrast, the strong topological phase associated to free-
fermionic Hamiltonians with even particle-hole symmetry is non-trivial only in certain dimensions [36].
Hence, the above index map is distinct from the strong topological phase.

We can conclude from this discussion that the index map on Bogoliubov transformations is in
general a coarser invariant for topological superconductors as it is unable to distinguish dimension in
infinite systems. This result is not so surprising since, while the index has a K-theoretic interpretation,
it does not arise as a pairing with a Dirac element as is the case for strong topological phases [36]. ©

5.5 A Zs-index on pairs of BAG Hamiltonians

Next the index map jj : Uy(Hon,I') — Zsa is used to write an explicit Zs-index between a pair of
quasifree dynamics with gapped BdG Hamiltonians. The definition works for BAG Hamiltonians over
an arbitrary countable set A and is thus not restricted to dimension 1. As before, our constructions
readily extend to an arbitrary complex Hilbert space H with real structure I'.

Definition 5.14 Let Hy, k = 0,1, be a pair of gapped BdG Hamiltonians on H,, coming from
quasifree dynamics on AS (Hw,I') and satisfying 0 ¢ o(Hy). Suppose that the positive energy spectral
projections Ey, = X(0,00)(Hy) are such that Ey — Ey is a Hilbert-Schmidt operator. Then index of the
pair of gapped BdG Hamiltonians is defined by

j(H(]’Hl) _ (_1)%dimKer(J0+J1) _ (_1)dim(E0/\(1_E1))

where Jy = iHy|Hg| L.

Let us note that for j(Hy, Hi) to be defined, the ground states wg, and wg, for A" are uni-
tarily equivalent by Theorem 5.1(iii). The index j(Hy, H1) is a re-writing of the index on canonical
transformations. More precisely, because the orthogonal group acts transitively on the space of com-
plex structures by Lemma 5.4, there exists a W € Uy, (Hpn,I') such that J; = WJyW™*, and then
Jj(Ho, H1) = jj,(W). The index also coincides with the index from [2] which is reproduced in Equa-
tion (6.10.9) of [32].

The index map is a homomorphism by Proposition 5.9; so if j(Hy, H1) and j(Hy, Hs) are well-
defined, then
j(Ho, H2) = j(Ho, H1) j(H1, Ha) .

By Theorem 5.6, the Zs-index encodes whether the restriction of the states wg, to the even

subalgebra (A5*)° give rise to equivalent representations.

5.6 Connections to Z,-valued spectral flow

Let 5 be a quasifree dynamics with BAG Hamiltonian H such that 0 ¢ oess(H). Then iH defines a
skew-adjoint Fredholm operator on the real Hilbert space HIE. Therefore, Fredholm paths ¢ € [0, 1] —
iH(t) of BAG Hamiltonians give paths of skew-adjoint Fredholm operators on Hﬂg. For paths with
invertible (gapped) endpoints, then one can consider Sfa(t € [0, 1] — iH(t)).

We now prove an infinite-dimensional analogue of Proposition 3.3.
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Proposition 5.15 Let Hy and Hy be invertible BAG Hamiltonians on H.,, with j(Hy, H1) well-defined.
Then for any continuous path of self-adjoint Fredholm operators H; connecting Hy and H,

j(Ho,Hl) = sz(t S [0, 1] — ’LHt) .

Proof. Let Jy = iHo|Ho| ™! and J; = iHy|H1|™!. As || Jo—Ji]|o = 0, one can take the trivial partition
of [0,1] in the definition of the Za-spectral flow, and so

Sta(t € [0,1] = iHy) = (—1)z8mKerCot/) — j(H, Hy)

completing the proof. O

There is also an infinite-dimensional analogue of Proposition 3.4.

Proposition 5.16 Let Hy and Hy be invertible BAG Hamiltonians on H,, with j(Ho, H1) well-defined.
If j(Hy, Hy) = —1, then for any continuous path of self-adjoint and particle-hole symmetric Fredholm
operators H(t) connecting Hy and Hy, there is some to € (0,1) such that H(ty) has a double degenerate
kernel.

Proof. The assumptions ensure that Sfa(t € [0, 1] — ¢H(t)) is well-defined and non-trivial. Therefore
there is at least one tg € (0,1) such that Ker(iH (ty)) = Ker(H (o)) is even-dimensional. O

Propositions 5.16 shows that the index on pairs of BAG Hamiltonians precisely encodes the topo-
logical obstruction for two BAG Hamiltonians to be in the same topological phase. Let us now consider
the relationship between the Zo-index, the Zo-valued spectral flow and gapped ground states on the
CAR algebra.

Proposition 5.17 Let Hy and H; be invertible BAdG Hamiltonians on H,, that give gapped ground
states wg, andwg, on AQ". Let H(t) be any continuous path of self-adjoint and particle-hole symmetric
Fredholm operators connecting Hy and Hy. Suppose j(Hy, H1) = —1. Then there exists a ty < 1 such
that the path [0,t9) > t — wg, of ground states of the quasifree dynamics generated by H(t) as in
Proposition 5.3 will not be uniformly gapped.

Proof. By Proposition 5.16 there is a smallest tg € (0, 1) such that 0 € o(H(tp)). For allt € [0, ), one
has has 0 ¢ o(H (t)). Then we obtain a path of ground states [0,to) > t +— wg, With E; = Xx(0,00)(H (t))
by Proposition 5.3. For every t € [0,tg), the GNS space is

be, = DN Bt N\ EiHy = COp
n=0

and the GNS Hamiltonian h,,, is the second quantisation of H () restricted to anti-symmetric tensors
on E; H,,. As the spectral gap of H(t) above 0 goes to 0 as t — t¢, so too will the spectral gap of hy,,.
Thus for any v > 0, one has o(hy,) N (0,7) # 0 for any ¢, — ¢ sufficiently small. O

Let us now elaborate on the example of the Kitaev chain on Z studied in Section 5.2 to produce
an example of a non-trivial spectral flow, again given by a flux insertion as in the case of the closed
finite chain studied in Sections 3.7 and 4.3.

Example 5.18 (Flux insertion in infinite Kitaev chain) The Hamiltonian will be a local per-
turbation of (42). Let us first focus on the topological phase and thus set © = 0, and for sake of
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simplicity w = —1. The local perturbation is then given by the flux insertion as in Proposition 3.12,
but between site 0 and 1:
b—1
Hi(0) =) dj0(afajin + aj a; + iaja i — iaj, )
j=a

+ (e"agay + e "“ajag +ie " Yaga; — ie"ajag) .

Let us note that inserting a half-flux is implemented by an automorphism of A7

aj, j=1,
7(%)2{]

—aj, ]SO,

namely one has . .
H,j)(m) = - (H3(0) -

The BAG Hamiltonian is now given by Hx''(a) = S, + S}, where the translations with inserted flux

are
1(1 1 e =1 (e —1)
Sa = S® Q= , , :
« ® B (Z _1> + VI(VO) ® 9 (i(em _ 1) _(eza _ 1))
with v, the partial isometry onto the site n € Z. Note that H%it(a) is a finite rank perturbation
of (43), which is gapped. Hence the Zs-valued spectral flow of the path a € [0,7] — iHX"(a) is

well-defined. It has been shown by an explicit calculation in [24, Section 10] that it is equal to —1.
By Proposition 5.15 and homotopy invariance of Sfs, one hence has j(HX(0), HX (7)) = —1.

Now let us consider the topologically trivial phase of the Kitaev chain, namely set 4 = 1 and
w = A = 0. As the Hamiltonian has no kinetic part now, the flux insertion does not change the
Hamiltonian, that is, Hx''(«) = HX(0). In particular, j(HX(0), HX (7)) = 1.

Hence the flux insertion is a test of the topologically non-trivial nature of the ground state. In
Section 6, it is shown how this concept extends to systems which are not quasifree. o

Remark 5.19 This remark provides further understanding of the GNS-representation spaces along
a flux insertion. Let (#,I') be a complex Hilbert space with real structure and consider a norm-
continuous path of BAG Hamiltonians H(s) such that 0 ¢ o(H(s)) for all s € [0,1] \ {so}. At the
point sp € (0,1) let us assume that the O-energy eigenspace of H(sp) is finite dimensional. Hence
one has a continuous path of Fredholm BdG Hamiltonians with a gap-closing point at sqg. We now
consider the family of R-actions on ASY"(H,I") given by

asi(c(v)) = (@), teR, se0,1].

Example 5.18 is a special case of the above setting.

Applying Proposition 5.3, outside of the point sg, the dynamics as has a unique pure ground state
w; constructed by the basis projection Es = x(g,00)(H (s)) with the GNS space b, = P, \" EsH.

At the crossing point so, let Ey = x{0y(H (s0)) and Ey = X(0,00)(H (50)). Then one can decompose
the CAR algebra A% (H,T) ~ A (EyH) ® A (EyH) with A (EyH) finite-dimensional. Given an
arbitrary state wg on A" (EyH ), then by [32, Proposition 6.37]

w(apay) = wolao) wg, (a1) , ap € A (EoH), a1 € A (ELH)
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will be a ground state of the dynamics a,,. In particular, by the tensor product structure, the GNS
triple of this ground state is given by

(Trwsoa hwsoaQwso) = (7’['0®1hE+ + 1h0®7TE+7 b0®bE+a QO®QE+) )

with (7, bo, Qo) the (unique) GNS triple of the finite dimensional algebra A% (EyH) and state wg. In
particular, as ho is finite-dimensional, there is some N such that b, = CNobE i o

The relative Zs-index provides a topological obstruction for a pair of quasifree ground states to be
connected such that the corresponding infinite GNS Hamiltonian retains a spectral gap above 0. This
closely aligns with the heuristic physical picture of a (relative) topological or SPT phase of parity-
symmetric gapped ground states in the fermionic setting. The next task is to consider ground states
that are not quasifree.

6 A Zs;-index for pure gapped ground states

In this section, we define a candidate Zo-phase label for one-dimensional ground states that are not
necessarily quasifree. The constructions rely heavily on the Jordan—Wigner transform and, as such,
are restricted to the one-dimensional lattice Z.

The interactions are assumed to be even (parity-preserving), finite range and with the property

that for X C Z finite B(X

sup Z 2Ol < 0. (45)

jer &y 1X
Note that Equation (45) is satisfied for any finite range Hamiltonian with uniformly bounded ®, e.g.
a translation invariant finite range Hamiltonian. All states on A considered here are assumed to be
parity invariant, w o © = w for ©. This ensures the existence of a self-adjoint unitary > on §, such
that X, = €, and a decomposition

. 1 . -
bo = hg ©® hij’ be, = 5(1 + (=1)'E)be = m((AF)") W -

Interactions satisfying the bound (45) also satisfy a Lieb—Robinson bound and so the automorphism
B :R — Aut(AF") given by

Bi(a) = ]\}gn eitHNae_itHN, Hy = Z d(X)
> XC[-N,N|nZ

exists for any ¢ € R [54, Theorem 3.5]. In this section, ground states on A" will always be with

respect to this dynamics.

6.1 The Jordan—Wigner transform

In order to apply techniques from spin-chains to fermionic systems, one needs to clearly understand
the way to pass between the two in the infinite volume limit. This will be established by the Jordan—
Wigner transform, so we now restrict to the one-dimensional lattice A = Z. The basic references here
are [18, Example 6.2.14] and [32, Chapter 6.5].
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For one-dimensional fermionic interactions that are even, there are three C*-algebras of interest in
the infinite volume limit: the fermion algebra A% = ligACar the Pauli algebra AY = &, M»(C)

[—a,b|NZ>
given by the C*-algebraic closure of the tensor algebra generated by the spin matrices at each site,
and a crossed product algebra Ay = AF" x.,_ Za, where the (outer) action of Zj is
a;, ] > 1 )
_(aj) = . 46
- (ay) {_aj’ o (46)

One can abstractly characterise XZ as the C*-algebra generated by A7 and the self-adjoint unitary

T such that Ta = v_(a)T for any a € A7". The grading O of A" extends to a grading on /TZ by
defining ©(T") =T.

There is a x-embedding of the Pauli algebra Ag in XZ by the map

U}" — TSj(Clj + Cl;k) ; U;-J — iTSj(aj - Cl;k) ) J; — Qajaj -1,
where -
Hi;l O-fv ] Z 1a
S; =41, j=1

0 - :
[limjoi, 7 <0
Thus, both AS" and the Pauli algebra A% can be embedded within a larger algebra Ay,

To better compare A" and AIZD embedded within fTZ, let us give the Pauli algebra a grading, where
at each site j € Z, o7 is even and o7, a;’ are odd. This gives a decomposition AY = (AP)? @ (AL)!
and ensures that the embedding AIZD — EZ is graded. Using the decomposition of /TZ,

Az 2 (42)° @ (Az)' = ((AF")° @ T(AF")°) @ ((AF)' @ T(AF")'),
one then has the following equivalences of algebras and vector spaces respectively,
(A7)" = (AF")°,  (A)! = T(AF)".

Lastly, let us note that, for half-infinite systems where A = N, the automorphism v_ on Ag" is the
identity automorphism and one can naturally identify Ay = A" = A§ as graded algebras, where

A§ = ®N M;(C).

States under the Jordan—Wigner transform
Having analyzed the connections between A7 and AIZJ , let us now discuss links between states on these
algebras. Any ©-invariant state w on A7 has a restriction w| Agar)o. If w is pure, then this restriction

is pure as well [32, Lemma 6.23]. One can extend w to a state & on Az by setting &(ag +Ta1) = w(ag)
where ag,a; € A7, This provides a state w? on the Pauli algebra AIZD C Ay as the restriction of @.
Because (A7)0 = (AD)0) the state wP|(A£)o of (A%)Y is pure if w is so, but w? itself need not be pure.

Theorem 6.1 ([32], Theorem 6.25) Let w be a pure O-invariant state on AST. Then w®, the
restriction of & to AL, is not pure if and only if the following two conditions hold:

(i) w and wo~_ are equivalent states on AZ",
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(il) wl(agryo and wl(agaryo 0 - are not equivalent states on (AGM)0.
If w¥ is not pure, then it is a mizture of 2 inequivalent pure states.

Let us now specialise Theorem 6.1 to a quasifree pure ©-invariant state. Let F be a basis projection
on H,, = ?(Z) ® C2. Then the quasifree state wg on AS" is pure and O-invariant. To know if wf is
pure or not, by Theorem 6.1, we need to compare the states wg and wg o y— on AF" and (A" )0 with
the Zg-action y_ from Equation (46). For this purpose it is useful to introduce the operator

: > 1,
0_ : (X(Z) — (2(Z), O_e¢; = {e“ 20 (47)

with {e;};ez the canonical basis of £2(Z). We also denote by 6_ the diagonal extension §_ ® 12 to
H,n. Then §_E6_ is a basis projection and

wo_pe_(a) = wpovy_(a), a€c€ A7 .

By Theorem 5.6, the restrictions of wg and wg o y_ give equivalent representations of (4$)Y if and
only if E — §_E6_ is Hilbert-Schmidt and dim(6_E6_ A (1 — E)) is even. On the other hand, by the
last item of Theorem 5.1, £ — _F6_ is Hilbert-Schmidt if and only if wg and wg oy_ are equivalent.
Therefore one concludes from Theorem 6.1:

Corollary 6.2 Let E be a basis projection and wg be the corresponding pure, ©-invariant and quasi-
free state on A", If wg is equivalent to wg o y—, then for J =i(2E —1):

w pure <= dim(0_E9_A(1—E)) even <= j;(0_) =1.

with jj the index map on canonical transformations from Proposition 5.9.

6.2 Ground states of the XY-Hamiltonian

This section gives a detailed review of results on the ground states of the XY-Hamiltonian on the
lattice Z, based on the work of Araki and Matsui [3] which is also described in detail in [32, Chapter
6-7]. The XY-Hamiltonian reduces to the Kitaev chain and quantum Ising model for special values of
the input parameters, and the exposition motivates how we deal with more general fermionic chains
in Section 6.3 and 6.4. While the XY-Hamiltonian is typically defined on the Pauli algebra AZ, we
will work on the larger algebra AZ, where one can pass between fermionic and spin-chain descriptions
without issue.

The Hamiltonian, written using the fermion operators, is defined on the local region [a,b] N Z as

b—1
H[a b = Z [- (ajaji1 +ajpia5) + plajajin + a}fﬂa + “Z aja; — 3 (48)
j=a

with p, p € R. Note that we use a different scaling of the parameters to [3] in order to better align
with the rest of the paper. The Hamiltonian H[)(?g} conserves parity and can be written in terms of
the Pauli operators:

b—1

HY = > [+ p)ofofs + (1= p)otel, ] + ,UZUZ. (49)
j=a
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Comparing with (15) shows that H[)é{] with p = 1 recovers the Kitaev with w = A = 1. For the
parameters (u, p) = (0, £1), the XY-Hamiltonian reduces to the quantum Ising chain.

The XY-Hamiltonian gives the BAG Hamiltonian on H,, = ¢*(Z) @ C2,

—p(S=57) —(S+5"—n)

with S the bilateral shift operator. Omne can check using the Fourier transform that for p = 0
and p # 0,1, o(HXY) = [-2,-2p] U [2p,2] or [~2p,2] U [2,2p] with constant multiplicity 4. If
(1, p) = (0,1), then o(HxY) = {£4}. We also note that if (1, p) # (0,+£1), then the point spectrum
op(HZY) = 0 [3]. In particular, for (u,p) such that 0 ¢ o(HzY ), Proposition 5.3 applies and says
that for £ = X(O,oo)(H% Y), wg is the unique ground state on AZ, the representation 7g is irreducible
and the infinite GNS Hamiltonian is also gapped.

Let us also consider the ground states on the even subalgebra (A%ar)o, where Theorem 5.7 applies.
Specifically, in the case of (1, p) # (0,=41), the restriction of wg to (A5")? is the unique ground state.
If (u,p) = (0,£1), then o(HZY) = {+4} and each eigenvalue has infinite multiplicity. If {v;};ez
are mutually orthogonal eigenvectors of +4, they each give basis projections £ — P, + I'P,,I" with

P, (v) = <”Z—J”, v>ﬁ Therefore an arbitrary ground state of (A5%)? is a convex combination of the
J J

restrictions of wg and Wy, - The GNS representations associated to wy; are all equivalent. Hence,

if ground states are counted up to equivalence of GNS representations, then HXY has two distinct

ground states for (p, p) = (0, £1).

We have so far shown that the number of ground states of the even subalgebra (A$*)° in the
infinite volume limit depends on the parameters (u,p) in the XY-Hamiltonian. In particular, the
case (i, p) = (0,1) which has 2 distinct ground states coincides with the infinite Kitaev chain with
w = A = 1. However, at the level of ground states of (AST)? in the region (u,p) # (0,£1), we
currently cannot distinguish between what is considered the trivial region, |u| > % or p =0 and
|| < %, with the non-trivial region |u| < % and p # 0. These regions can be distinguished by looking
at ground states of the Pauli algebra Ag .

Suppose 0 ¢ O'(H% ¥) and let w be the pure ground state of the XY-chain on AZT. As previously

explained, one obtains a state w’ on A]ZD by extending w to /TZ and then restricting to AIZD . Theorem
6.4 below analyses the purity of w’ based on Corollary 6.2 and the following:

Proposition 6.3 ([3], Lemma 4.5) Recall that (u, p) are the parameters in HXY .
(i) If either |u| = 5 or |u| < & and p =0, then E — 0_E6_ is not Hilbert-Schmidt.

(ii) If either |u| > & or (u, p) = (0,%1), then E—6_E6_ is Hilbert-Schmidt and dim(0_E0_A(1—E))
18 even.

(iil) If |u| < % and p # 0, then E — 0_FE6_ is Hilbert-Schmidt and dim(6_Ef_ A (1 — E)) is odd.

Theorem 6.4 ([18], Example 6.2.56; [3], Theorem 1) The number of extremal (and thus pure)
ground states of the XY -Hamiltonian on the Pauli algebra AIZD 1s as follows

(i) 1if |u| > 5 orif [ul < § and p =0,
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(il) 2 if |u| < &, p # 0 and (u,p) # (0,£1). The grading automorphism © on AL maps between
these ground states.

(i) o0 if (1,p) = (0,%1).

In the quantum Ising region (u, p) = (0,+1), there are 4 ground states up to unitary equivalence.
Namely, for v; any +4-eigenvector of Hg ¥ the states wg and w,, both split into a sum of two extremal
ground states wij and w,J,'i, j € {0,1} such that w% 0 © = wl, and w?,]_ 00 = wll,]. with © the grading on
AP,

To summarise our discussion, one obtains a richer characterisation of the ground states of the
infinite X'Y-chain by considering both A7*" and the Pauli algebra Ag (or, equivalently, studying the
states w and w o y_ restricted to the even subalgebra (A$™)0).

6.3 The split property

The split property has its roots in algebraic quantum field theory [31] but was adapted to fermion
and spin chains by Matsui [47, 48]. More recently, the application of the split property to the analytic
approach to SPT phases has been developed by Ogata et al. [57, 58, 60]. A long range version of [57]
is given by Moon [51]. Given a subset A C Z with complement A° = Z\ A and a O-invariant state w,
one introduces the product state of the restrictions by

WA QF (/JAc(AlAQ) = WA(Al)wAc(AQ) , Al € A?Xar s A2 € ?xacr R A1A2 S ACZar .

To briefly indicate why wy @ pwae is a state, first note that for A; € AP, Ay € AT and A1 45 € AT,
one always has that A5ATA; As = A7A;A5As and so

wp QF wAc((AlAQ)*AlAQ) = WA RF wAc(ATAlAgAQ) = WA(ATA]_)WAC(AEAQ) ,

which will be positive as wp and wpe are states.

We will mainly use A = N and then denote wrp = wy and w; = wne. These are states on
APT = ?iroo,o]mz and AR = ([:la,{)o)ﬂZ = AR". Recall that 2 states wp, wi on a C*-algebra A are

quasiequivalent if there is an isomorphism p : m,,(A)” — 7, (A4)” with p o m,,(a) = m, (a) for all

a € A [17, Section 2.4.4]. Pure states are either disjoint or unitarily equivalent [29], so if two pure
states are quasiequivalent they are necessarily unitarily equivalent.

Definition 6.5 A ©-invariant state w on AZ" satisfies the split property if w is quasiequivalent to
wr OF WR-

The following proposition is stated in [48, page 6] without proof. We provide a proof based on [47,
Proposition 2.2].

Proposition 6.6 Let w be a pure ©-invariant state on A", Then w satisfies the split property if and
only if m,(AF")" and 7, (AE")" are type I von Newmann algebras.

Proof. Suppose that w is pure, ©-invariant and quasiequivalent to wy ® p wr. Then the restrictions
wr, and wp are also ©-invariant. Therefore wy, @F wr(arar) = wL(a%)wR(a%) as any odd part of ay,

and ag will vanish. Therefore there is an ungraded tensor decomposition w ~¢ wr, ® wr and because
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w is pure, it is type I. Therefore wy, and wgr must also be type I as a non type I tensor product cannot
be type 1.

Now suppose that m,(AE")" is type I. Let hg = 7, (AE" ), and wr(AF") the restriction of
Tw(AB") to hr. Because m,(AE")” is a type I factor, the center of m,(A%E")” is trivial and any
subrepresentation of m,(A%") is quasiequivalent to m,(A%") itself. This implies that m,(A%") and
Tr(ARY) are quasiequivalent and, hence, mr(A%")” is a type I factor.

Next, recall [65, Chapter V, Theorem 1.31], where given a type I factor M on a separable Hilbert
space Ho with commutant M’, there are separable Hilbert spaces H; and Ho with a unitary W : Ho —
H1 ® Ha such that

WMW™ = B(H1)® 1y, , WMW™ = 1y, @ B(Hs) .

Using this result, the state w of A7 is equivalent to a state ¢ ® ¢r. Because w is O-invariant,
so are ¢; and ¢pr, and so ¢; and ¢r are quasiequivalent to wy and wpg respectively. Hence w is
quasiequivalent to wy, ®p wg. O

For spin systems, a factor state on the left and right chains imply a locality property of w away
from the boundary, [17, Corollary 2.6.11] or [47, Proposition 2.1].

There are many one-dimensional models whose ground states do not satisfy the split property.
For example, adapting the results in [67, Section 16] to our setting, the ground state of the XY-
Hamiltonian from Equation (48) with parameters (u, p) = (0,0) generates a type III;-representation.
However, there is an important connection between gapped ground states and the split property in
one-dimensional systems.

Theorem 6.7 (Corollary 1.9 in [48]) Let H be a one-dimensional ©-invariant finite range Hamil-
tonian
H=) &, Qedft jmp.  O®) =, o <C (50)
JEZ
and satisfying the bound (45). If w is a gapped ground state of H, then m,(AP")" and m,(AE")" are
type I von Neumann algebras. In particular, if w is pure, then it satisfies the split property.

The relationship between the split property and gapped ground states is a one-dimensional phe-
nomena and the proof of Theorem 6.7 relies on the Jordan—Wigner transform and the area law for the
decay of entanglement entropy in spin chains. Results in higher dimensional spin systems have been
considered using a weaker notion of the split property, see [26].

6.4 The Z,-phase label

The next aim is to distinguish different gapped ground states of fermionic Hamiltonians, ideally via a
topological phase label. To this end, we again utilize the following decomposition obtained from the
Jordan—Wigner transform, see Section 6.1:

-~

Ay = AT X7y = AT & T AF", AL = (AP @ (AD) = (450 @ T(AS) . (51)
Here _ is the Zy-action from Equation (46). One can extend any state w on A7 to a state on EZ

and then restrict to a state w’ on Ag . If one starts with a ©-invariant and pure state on A7, by
Theorem 6.1 the purity of w? depends on the representations of w and w o y_ on AZ" and (ACZar)O.
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In the quasifree case, this obstruction can be expressed in terms of a Hilbert-Schmidt condition and
a Zo-index on canonical transformations. Let us now consider this question for more general states.
The next results do not need w to be a ground state.

Lemma 6.8 Letw be a ©-invariant state on A7 that satisfies the split property. Then w is quasiequiva-
lent to woy_.

Proof. If w is ©-invariant then so are the restrictions wy and wg to the subalgebras A7 and A%".
Furthermore, we observe that

V- =0

Agar Ager V=l ager = Tdagr,

and so

wr ®F wr(y-(arar)) = wr(v-(ar)) wr(v-(ar)) = wr(©(ar))wr(ar) = wr(ar)wr(ar) -

That is, wy, ®p wg 07— = wr ®p wgr. Therefore by Corollary 2.3.17 of [17], there is a unitary
W € B(bw,@pwr) such that Wy, ¢ rwn = Quy@pwr a0d Wy, @ pwer (@)W = T, @ pwr (7-(a)).

Because wr, ® pwp is quasiequivalent to w, there is an isomorphism ¢ : Ty, @ pwg (AF)"” — T, (AFT)”
such that (7w, @pwr(a)) = mw(a) for all a € AF*. Let us now consider the map ¢ o Ady which has
the property that

oW opwr(@W?) = o(Tuopwr(1-(a))) = Tu(v-(a)) = Wwovf(a)a a€ A7 .

"~

Hence ¢ o Adyy gives an isomorphism 7y, @ pwr (AF)” = Moy (AFPT)” that implements a quasiequiv-
alence between w; ®p wr and w o y_. Because quasiequivalence is transitive, w is quasiequivalent to
woy_. d

Let us now assume that w is pure and ©-invariant. In particular, m,(A$")” = B(h,) and the GNS
space is graded by a self-adjoint unitary X. If, moreover, w is equivalent to w o y_, there exists a
unitary V' € B(h,) such that m,(y-(a)) = Vr,(a)V*. It turns out that this unitary can be either
even or odd.

Proposition 6.9 Let w be a pure ©-invariant state on AF" equivalent to w o y_.

(i) The states wl(agaryo and w|(eryo 0 Y- are equivalent (that is, wt is pure) if and only if there is

a self-adjoint unitary Vo € 7, ((A$%)°)” such that m,(v—(a)) = Vorw(a)Vy for all a € AG™.

(il) If wliagaryo and wl(azaryo 0 y— are not equivalent (that is, w? is not pure), then there exists a

unitary Vi € mo((AZT)Y)” such that m,(v-(a)) = Vimy(a)Vy* for all a € A$™. Purthermore, w?
is a mixture of two inequivalent pure states.

We note that there is a large overlap between the above proposition and [48, Proposition 6.3].

Proof. (i) Given the state w, one can identify the GNS space f)w|(Aw)0 of its restriction to the even
Z

algebra with b0, = 7, ((A5%)9)Q,, = $(1+X)h,,. Because w is ©-invariant and pure, wl(agaryo is pure [32,
Lemma 6.23]. In particular, the states w|(acryo and w(acaryo 07— on (A$™)0 will be equivalent if and
only if there is a self-adjoint unitary V = Vj € m,((A5*)°)” implementing v— on hY, i.e. TVE = V.

w?
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For part (ii), let us fix some j € N and set Z; = a; + ay which is an odd self-adjoint unitary in
AZ*. By [32, Lemma 6.27] (applied with U = Z; and 8 = v_), Ehe pure state (_U‘(A%ar)o on (AgT)Y
is equivalent to w|(4earjo © 7~ 0 Adz;. Therefore there is some W' € Tw((A5)°)” such that Ady,

~ 1
- 2

implements v_ o Adz, on o (1 4+ X)b,. Because (y- o Adzj)2 = Id, for an appropriate phase

we can take W = €W self-adjoint with Ady implementing v_ o Ad z; on the GNS space. We then
compute that

Ww(Zj)Wﬂ'w(a)Wﬂw(Zj) = 7"'W(Ade o7y-o Ade (a)) = ﬂ'w(’)/— (a)) , a€ (A%ar)ﬂ :
Once again, because 72 = Id, the operator 7w(Z;)W is self-adjoint up to a phase. In particular,
T (Z;)W = e*Wr,(Z;) for some v.

We now consider odd elements, where we compute that, for a; € (A%ar)l,
Tw(Z)Wry(a)\Wrw(Z;) = e*Wro(Zja1)Wrw(Z;) = emu(y- o Adz,(Zja1))mw(Z;)
= ru(y-(a)Z))mu(Z)) = "mo(y-(a1)), (52)

where we have used that Z;a; is even and our results on even elements. Because Equation (52) is true
for all odd elements, we have that

Tw(Zj)Wrw(Z;)Wrw(Z5) = einww(y,(Zj)) = emﬂw(zj)- (53)

Because the left-hand side of Equation (53) is self-adjoint, so must be the right-hand side, which
implies that e = +1. If ¢ = 1 we are done and can take the unitary V; = m,(Z;)W € m,((A$))".
If € = —1, then instead we consider 7, (Z;)WX, where for any a € A" with homogeneous grading
la] € {0, 1},

To(Z)WETL(a)SWr,(Z;) = (=1)n,(Z))Wr,(a)Wr,(Z;)
= (—)I(=D) (- (a) = mu(r-(a) .
Thus Vi = 7,(Z;)WE € m,((A5))” gives the required result. The last statement is Theorem 6.1. O

For completeness, let us now construct the corresponding states w’ on AIZD in the two settings of
Proposition 6.9. If for ¢ = 0 or ¢ = 1 there is an element V; € m,((A%")")” such that m,(y—_(a)) =
Vim(a)V;*, then recalling the decomposition (51) of A%, one can define a representation 7 : AY —

B(bh.,) by |
m(ag + Tar) = molao) +Vimo(ar) . a € (A5

We then set
WP(Q) = <Qw7 W(Q)Qw>bw = <Qw7 Ww(a0)9w>hw + <Qw7 ‘/iﬂw(al)gw%w , Q = ap+Tay € Ag .

For the even unitary Vj, the second term in w’(Q) will vanish as €, is even and V7, (a;)€, odd.
By [48, Proposition 6.3 (ii)], w’ is the unique O-invariant pure state on AIZD coming from the state w
on AZ". If the unitary V; is odd, then the second term does not vanish and w? is a sum of two states.

Let us now define a Zs-phase label for a class of pure ©-invariant states on A7 that are not
necessarily quasifree. The definition distinguishes the two cases considered in Proposition 6.9. Recall
that X is the implementation of the parity © in the GNS representation.

51



Definition 6.10 Let w be a pure ©-invariant state on A7 that is equivalent to w o y_. Further let
V € 1, ((A5%)Y) be a unitary such that m,(v—(a)) = Vr,(a)V* for all a € A, Then a Zs-phase
label of w is assigned by j(w) = (—1)* € Zy with i = 0,1 as above, namely LV = (—1)'V.

Let us make some first comments on this definition. First, we note that any V implementing v_ on
b, has indeed homogeneous parity by Proposition 6.9. Such a unitary V is determined up to unitary
equivalence and, because m,, is irreducible, any other operator UVU* implementing vy_ is the same
as V up to a complex scalar of modulus one. Hence the parity of all unitaries implementing vy_ is
constant and thus the phase-label is well-defined. Moreover, Lemma 6.8 implies that the Zo-phase
label is well-defined for pure and ©-invariant states that satisfy the split property. In particular, the
Zo-phase label is defined for any pure gapped ground state of a Hamiltonian for the form considered
in Theorem 6.7. Moreover, for quasifree states the Zs-phase label is linked to a Zs-valued Fredholm
index.

Proposition 6.11 Let E be a basis projection and wg the corresponding pure, ©-invariant and
quasifree state on AG*. If w is equivalent to w o y_, then for J = i(2E — 1) and 6_ the diagonal
extension of (47),

jlwe) = js(0-).

Proof. By Theorem 6.1, wk is pure in case (i) of Proposition 6.9 and not pure in case (ii). These cases
correspond to j(wg) =1 and j(wg) = —1 respectively. Therefore Corollary 6.2 implies the claim. O

Recalling Example 5.18 in the quasifree setting, the automorphism v_ can be implemented by
inserting a local half-flux through a Hamiltonian. Because the index j(w) is a comparison between
the state w and the ‘half-flux-inserted state’ w o ~y_, if j(w) = —1, this indicates that a flux insertion
induces a change in the ground state. In the quasifree setting, such a change of the ground state is
detected by the Zo-valued spectral flow.

We now consider some basic stability properties of the phase label. The following is a simple
application of standard properties of the GNS representation of pure states.

Proposition 6.12 Let wy and wy be pure ©-invariant states on AF" equivalent to wyoy— and wyoy—
respectively. Suppose that there is an automorphism n € Aut(A$") commuting with © and v— and
such that wy = wgpon. Then j(wy) = j(w1).

The hypothesis that n commutes with © and +_ is quite strong, though it is sufficient to assume
that 7 commutes with © and leaves A" and A%" invariant. Proposition 6.12 combined with the
following remark shows that the Zs-phase label is perturbatively stable, for example, when weak
interactions are added to a quasifree system.

Remark 6.13 Examples of such automorphisms 7 of A5 that satisfy the hypothesis of Proposition
6.12 can be constructed using the quasilocal structure of A7 and the quasiadiabatic evolution (also
called the spectral flow) of uniformly gapped Cl-interactions [54]. In particular, let us consider a path
of local Hamiltonians for all X C Z finite, where

Hx(s) = Hx + (I)X(S)

and the path satisfies several assumptions. First, the ground state gap of Hx(s) is required to be
uniformly bounded for all s € [0,1]. Furthermore, ®x(s) € Bp for all s € [0,1] and X € Py(Z),
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where B is the space of strongly C'-interactions satisfying [54, Assumption 6.12] with the additional
property that O(®x(s)) = ®x(s) and 7_(Px(s)) = Px(s) for all s € [0,1]. If these assumptions
are satisfied, then the results in [54, Section 6-7] (adapted to the fermionic case, where the property
O(®x(s)) = ®x(s) is crucial) guarantee the existence of an automorphism 7® in the infinite-volume
limit that maps between the ground states on A" with the property that © o n® = n? 0O and
y_on® =n2o~_ forall s 0,1].

To summarise, if j(w) is well-defined and comes from the thermodynamic limit of a finite-volume
Hamiltonian Hx (0) with gapped ground state, then j(won®) = j(w) for all s € [0, 1]. While this result
shows an important stability property of the Zs-phase label, the assumption that v_(®x(s)) = ®x(s)
is somewhat artificial. Given a ©-invariant interaction ®, one can consider ® = $(® +~-(®)) which
is y_-invariant, but it is interesting to investigate to what degree the «_-invariant assumption can
be lessened. One may be able to use a construction similar to [57] in order to work with paths of
interactions that need not be vy_-invariant. o

Proposition 6.14 Let wg be a pure and ©-invariant state on A7 that is equivalent to wooy—. Suppose
that there is a path of states {ws}se(o,1] with an associated family of Hilbert spaces {bu, }sejo,1], as well
as unitaries {Us}sejo) such that Us : by, — bu,. Then, j(ws) = j(wo) for all s € [0,1].

Proof. Given such a path of unitaries, for any As € B(h,,) there is an operator Ay € B(h,,) such that
As = UsApU;. We can therefore define a representation m,,, = Ady, om,,. Because 7, is irreducible,
so is m,,. Furthermore, for V, = U,VWUZ, ¥ = UsXoU7 one has

Vst (a)Vs = 7y, (v-(a)), Vs, (@)s = 7, (0(a)),
so that
S VB = USoVoloUr = (—1)Yly, .
Thus for all s € [0,1], j(ws) is well-defined with j(ws) = j(wo). O

Results from [54] guarantee that our Zs-index is stable under strongly Cl-paths of interactions
that are ©-symmetric, y_-symmetric and satisfy [54, Assumption 6.12]. In particular, if two pure
gapped ground states wg and w; have different indices, j(wy) = —j(w1), these ground states cannot
be connected by such a path. Similarly, by Proposition 6.14 there cannot be family of unitaries of
unitaries connecting b, and b, .

Let us now state a stability result of the Zs-phase label in the quasifree setting.

Proposition 6.15 Let (H,T") be a complex Hilbert space with real structure. Let Hy and Hy be gapped
BdG Hamiltonians on H with quasifree ground states wg, and wg, such that j(wg,) and j(wg,) are
well-defined. Suppose that Hy and Hyi can be connected by a morm-continuous path of self-adjoint
Fredholm operators [0,1] > t — Hy such that THI' = —Hy for allt € [0,1]. Then j(wg,) = j(wg,)-

Proof. By the assumptions on the path Hy, the Zo-valued spectral flow Sfy(iHy) is well-defined. In par-
ticular, there is a partition 0 = tg < t; <... <t, = 1 such that Inda(Jy;, Ji,,,) = (—1)%Ker(‘hi+‘]‘j+l)
is well-defined for J;; = iHy,|Hy;|~" (with an arbitrary complex structure on Ker(Hy,) if needed). Now
Proposition 6.11 implies that

J(wE,) = jJtO(e—) = Inda(Jyy, 0-J1,0-)
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with 6_ the diagonal extension of (47). Recalling the concatenation and invariance properties of Inds,
in particular

IHdQ(th, th+1) = IHdQ(th+1, th) = IDdQ(Vth V*, VJt V*)

Jj+1

for any unitary V with I'VI' = V| we compute

(wny) = Tnda(Jyy,6-Ji0_)
— Inda(Jyy, Juy) - - Inda(Jy, .. J ) Inda( s, 0—J, 0_) Inda(0_Js 6, 0_Jy_,6_)
X -+ Indo(0_Jy, 0_,0_Jy,0_)
= Indo(Jy,,0-J;,0-)
J(we,)

as all other terms cancel. O

Proposition 6.15, in comparison with Proposition 6.14, shows that in special cases we can take
paths of ground states such that the GNS spaces are not unitarily equivalent, but where the Zs-phase
label remains constant. Furthermore, recalling Proposition 5.17, if the path ¢H; from Proposition 6.15
has a non-trivial Zs-valued spectral flow, then the spectral gap of the GNS Hamiltonians will close.
Therefore, we see that in special cases the index j(w) is invariant on paths that can close the ground
state gap.

6.5 Changes in the Z,-phase label

In Section 6.4 we introduced a Zo-phase label for a class of pure and ©-invariant states on AZ*" and
showed some basic stability properties of this label. In this section, we wish to consider to consider
paths of ground states that are capable of accommodating a change in the Zs-phase label. The
following example from the quasifree setting gives some motivation.

Example 6.16 Recall the example of the non-interacting but infinite Kitaev chain H¥(y, w) from
Example 5.5. Using our results on flux insertion from Example 5.18 or alternatively using Proposition
6.3, in the region w = 0 and |u| > %, then the unique quasifree ground state wg is such that j(wg) = 1.
If 4 =0 and w # 0, then j(wg) = —1.

Recall that the BAG Hamiltonians HX(u, 0) and HX(0,w) can be related by the unitary

i ((a+8) i(1-9) ot . _
W_2<Z,(1_S) —(1+S)>’ WW = Ww* =1, TIWI =W,

but where W does not give rise to a unitary operator between GNS spaces. Thus the two systems can
be connected, but in a way where singularities emerge. o

This motivates the following definition.

Definition 6.17 Let A be a unital C*-algebra. Two ground states (wo, o) and (w1,B1) on A are
said to be connected by path of ground states if there is a family of R-actions {Bs}scp,1) and states
{ws}seoa) on A such that

(i) For all s € [0,1], ws is a ground state for Bs.
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(ii) There is at most a finite set S = {s1,...,sn} C (0,1) such that:

(a) for alla € A, the map [0,1]\ Sc > s — ||mw, (a)|| € [0,00) is continuous;

(b) if h, is the generator of the dynamics 35 on b, the map [0,1]\ S¢ > s+ ||(z — hy,) 7Y
is continuous for all z € C\ R.

If T is an automorphism of A, then the family of states {ws}se0,1) i said to be T-invariant if wsoT = wq
for all s € [0,1].

Let us further comment on this definition. For the case A = A7, a strongly continuous family of
actions s : R — Aut(A7") and ground states satisfying part (i) of Definition 6.17 can be obtained
by using the quasilocal structure of A and results from (amongst others) [54]. Condition (ii) is
stronger, but allows us to study paths of operators over the different GNS spaces. Indeed, for all
a € AF", the map s — m,, (a) defines a continuous section of a C*-bundle p : B — [0,1] \ S¢ with
fibres p~1(s) & 7, (AS"), cf. [68, Appendix C]. By [14, Theorem 2], condition (ii)(b) is equivalent to
the spectral edges of o(hy,) being continuous in s outside the finite points Sc = {s1,...,sny}. The
set S¢ can be thought of as the points where the spectral gaps of h,,, close. At best, one expects a
fractional Holder continuity of the spectral edges when a gap closes and condition (ii) requires that
such gap closings happen at most finitely many times. See [14] for more details on the continuity of
spectral edges at gap closing points.

Example 6.18 Consider a path of local and parity-symmetric Hamiltonians,

H(s) = Y ®(X,s), sc[0,1],

X CZ finite

where the interactions s — ®(X, s) are sufficiently smooth and local so that the interaction satisfies a
Lieb-Robinson bound for all s € [0,1]. Therefore by [54, Theorem 3.5], one obtains a dynamics

Ot = )1(i£>nZ AdeitHX(s), ENS [0, 1] , teR.

We also require the Hamiltonians at the end points, H(0) and H(1), to be such that the weak *-limit
of the finite-volume ground states gives a unique ground state for the dynamics on A5*. Similarly, the
weak *-limit of the finite volume ground states for all s € [0, 1] will give a ©-invariant path of ground
states {ws}sefo,1] of A" If the end points of the path of ground states satisfy the split property, e.g.
H(0) and H(1) are gapped interactions satisfying the conditions of Theorem 6.7, then the Zs-phase
label j(wp) and j(w1) can be defined. Thus, if j(wg) # j(w1) the path of finite-volume Hamiltonians
H(s) and corresponding path of ground states {ws}sc[o,1] can potentially model this Zs-phase label
change. o

Lemma 6.19 Let wy and wi be ©-invariant ground states on A7 and suppose that j(wo) and j(wi)

are well-defined with j(wo) # j(w1). Then wy and wy cannot be connected by a O-invariant path of
pure ground states satisfying the split property and without discontinuities.

Proof. Let us suppose the contrary, so there is a family {Ws}se[o,l] connecting wg and w; with each
ws a O-invariant pure ground state satisfying the split property. By Lemma 6.8, ws is equivalent to
wsoy_ for all s € [0,1]. Let V5 and X5 be the unitaries implementing v_ and © respectively on b, .
By the continuity of the map s — 7, (y-(a)) = Vim,, (a)V; for all a € A", the map s — V; is

55



also continuous. By the same argument, s — 3¢ is continuous and, furthermore, 3:Q, = Q4 for all
s € [0,1]. By Proposition 6.9, V, has homogeneous parity for all s € [0, 1], namely X,V, 2, = (—1)IV+lV
with |V,| € {0,1} being the parity. In particular, X,V,Q, = (—1)V*/V,Q,. By the hypothesis, one also
has gV = oV and X1V1Q1 = —o V1 for a sign . Thus there is at least one point sy with a
neighbourhood U C (0,1) such that 3,V; is a self-adjoint (resp. skew-adjoint) unitary for s < sp and
YV; is a skew-adjoint (resp. self-adjoint) unitary for s > sg. But such a change would violate the
continuity of the section V5. O

Theorem 6.20 Let wy and wy be pure O-invariant and gapped ground states on AG™ (in particular,
J(wo) and j(w1) are well-defined). Suppose that j(wo) # j(w1). Let {ws}secpo,1) be a ©-invariant path of
ground states connecting wo and wi. Then there is at least one so € (0,1) such that ws, cannot come
from the ground state of a ©-invariant and gapped interaction of the form (50).

If the path of ground states is constructed from a uniformly bounded path of interactions ®(s)
satisfying (50) pointwise, then the spectral gap of the infinite GNS Hamiltonian hy,, above 0 will close
along the path.

Proof. By Lemma 6.19, there is a so € (0, 1) such that either wg, is not pure or ws, is not split (or
both).

If ws, is pure and not split, then m,, (AF")” is not a type I factor. By the contrapositive of
Theorem 6.7, wg, cannot come from the ground state of a gapped, finite-range and parity-symmetric
fermionic interaction. If the path of ground sates is constructed from a uniformly bounded path of
interactions ®(s) satisfying (50) pointwise, then only the gap hypothesis of Theorem 6.7 fails. At the
endpoints, h, and h,, have a spectral gap above 0. Because the spectral edges of the infinite GNS
Hamiltonian are continuous outside a gap closing point [14, Theorem 2|, the spectral gap above 0 of
hy,, must therefore close as s — sg.

If ws, is not pure, then there is a decomposition ws, = c,wq + cpwp. Consider then the GNS
representations of w, and wy, with cyclic vectors €, and €, which can be embedded within bwso-
Because wy, is a ground-state, both €, and €, are 0-energy eigenvectors of the GNS Hamiltonian
hy,, . As the state is not pure, these eigenvectors are distinct and the spectrum is degenerate at 0.
Because the endpoints h,,, and h,, have non-degenerate 0-energy spectrum with a non-zero spectral
gap, the continuity of the spectral edges outside gap closing points implies that for any v > 0 one can
find a sufficiently small e such that o(hy,, .) N (0,7) is non-empty. O

6.6 Concluding remarks

We have defined a Zs-index for one-dimensional many-body fermionic gapped ground states. While
some basic properties of this index have been studied, let us list some additional questions that we
hope to investigate further in future work.

1. As already stated, Propositions 6.12, 6.14 and Remark 6.13 have shown stability properties of
the Zs-index, though the assumptions are quite strong. A more systematic treatment similar
to recent studies of Zs-indices of ground states of spin chains satisfying the split property with
time-reversal or reflection symmetry [51, 57, 58] will hopefully give more optimised results.

Similarly, the definition of a path of gapped ground states is quite rigid and a result similar to
Theorem 6.20 may hold for a weaker notion of a path of ground states.
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2. If one takes a half-infinite lattice N, then v_ = Id and the phase label is trivial. Hence, a different
method to define the Zs-phase label is required in half-infinite chains. For one-dimensional spin
systems, the left and right degeneracy of edge ground states in half-infinite chains is a complete
invariant of the Cl-classification of frustration-free and translation invariant interactions [56].
One can similarly investigate such a characterisation in fermionic systems. Furthermore, if a
connection between edge states in half-infinite systems with the Zo-phase label for Z-lattices can
be established, this would give an interesting bulk-boundary correspondence in the interacting
setting.

3. For the case of quasifree ground states on the full discrete line, the insertion of a flux quanta
leads to a non-trivial Zs-valued spectral flow if the ground state is topologically non-trivial.
The Zo-phase label j(w) extends this probing of the state w to a wider class of ground states,
even though only the “half-flux added” state is used and not the flux insertion itself. This flux
insertion was studied numerically in an interacting finite chain in [43] and the same behavior
of level crossing was found for the many-body states. For an infinite chain, the flux insertion
implemented as in Section 3.10 leads to a path of Hamiltonians and dynamics that fits into the
framework of Definition 6.17, but much more is actually expected to hold, see Remark 5.19.
To show a Fredholm-like property for flux insertion for an interaction chain is an interesting
open problem. If so, one could introduce a Zs-spectral flow of the infinite GNS Hamiltonian. A
more systematic study of such a Zs-flow would give a more clear picture of an index-theoretic
interpretation of the Zs-phase label. Such a viewpoint offers possible future directions for the
studies of phase labels and invariants of interacting systems using flux insertions and higher-
dimensional analogues.

4. We have considered an operator algebraic formulation of gapped one-dimensional fermionic
ground states associated with parity conserving Hamiltonians. A natural extension is to con-
sider fermionic SPT phases for other symmetries and group actions. It was shown by Ogata [57,
Appendix B] and more recently in [59] that for G-symmetric ground states of spin chains with
the split property, there is a projective representation of G on a GNS space whose cohomology
class is invariant under the quasiadiabatic evolution of gapped symmetric Hamiltonians. We
would expect a similar result to hold in the fermionic case that takes into account the parity
symmetry. This has already been studied for fermionic matrix product states [20, 33, 37, 66].
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