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Highlights

e With a model consisting of SIR and SIS models, we affirm claims in previous works.

We derive different basic reproduction numbers looking at varying perspectives.

We discuss the biological meanings of these basic reproduction numbers.

All the basic reproduction numbers coincide with respect to the critical condition.

Relevant public health policies are proposed based on our findings.
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A model for epidemic dynamics in a community with visitor subpopulation

Emmanuel J. Dansu*, Hiromi Seno

Research Center for Pure and Applied Mathematics, Graduate School of Information Sciences, Tohoku University,
Aramaki-Aza-Aoba 6-3-09, Aoba-ku, Sendai 980-8579, Japan

Abstract

With a five dimensional system of ordinary differential equations based on the SIR.andySIS models, we
consider the dynamics of epidemics in a community which consists of residents and short=stay visitors.
Taking different viewpoints to consider public health policies to control the disease, we derive different
basic reproduction numbers and clarify their common/different mathematical ;natures™se”as to understand
their meanings in the dynamics of the epidemic. From our analyses, the short-staywisitor subpopulation
could become significant in determining the fate of diseases in the community. Furthermore, our arguments
demonstrate that it is necessary to choose one variant of basic reproduction number in order to formulate
appropriate public health policies.

Keywords: Epidemic dynamics, Mathematical model, Ordinarydifferential equations, Basic reproduction
number, Public health

1. Introduction

As the world becomes more of a global village{with\@dvances in technology and easier accessibility to
different places, it is very crucial to consider side effects like the spread of diseases. The history of man is
replete with stories of epidemics invading groupsref people, sometimes resulting in mortality. In the long run,
such diseases can disappear and recur in the future or become less deadly due to people getting immune.
Some notable epidemics in history includesthe “Spanish” flu (1918-1919) as well as the Black Deaths (1346—
1350) which invaded Europe from Asiaand recurred for three decades afterwards before getting eliminated
[4].

It is a well established fact that ‘globetrotters’ contribute significantly to the global movement of microbes
as they serve as a crucial sentinel population. The displacement of people due to social and political unrest
as well as the natural migratiomof disease vectors to new areas also contribute to the worldwide spread of
diseases [41, 42]. InfectiouS diseases’do not respect border restrictions as their spread is magnified by rapid
urbanization, globalization of trade and travels as well as unpredictable climate change and complexities
in societal behavior [38]. Allof these factors have practically removed the barriers which prevent epidemic
transmission among humans 'and between humans and animals [11].

In the work presented,By Parikh et al. [27], a synthetic population model of the Washington DC metro area
was extended to include leisure and business travelers classified as transients. The final size of the epidemic
among residents'was found to be remarkably higher when transients were included in the simulation of
a flu-like|disease] outbreak. According to Chowell et al. [5], it is crucial to formulate reliable models that
embody thewbasic transmission characteristics of specific pathogens and social scenarios. They further stated
that impreved models are required to capture the variation in early growth dynamics of real epidemics in
order t0 gain better understanding of the dynamics as they reviewed trends in modeling and classifying early
epidemiC progression.

In considering the emerging diseases of wildlife, Tompkins et al. [34] show that the key drivers of such
diseases are agents from domestic sources and human-assisted exposure to infectious agents from wild popu-
lations. Talking about swine fever otherwise known as hog cholera, wild boar populations are known to serve
as reservoir for the disease thereby constituting a great challenge for domestic pig farmers, veterinarians and
other stakeholders [24, 28]. It then becomes a daunting public health challenge to prevent contacts between
wild boar and local pig populations.

*Corresponding author
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Epidemiologists are always concerned about the outbreak of diseases and increasing global travels can
easily increase their worries. For instance, as of March 2015, Japan was confirmed to be totally free of
measles. However, that status changed when a new wave of measles infections was reportedly started by
a tourist in Okinawa Prefecture in March 2018 [23, 25]. The threat of measles is a serious one because it has
about the highest basic reproduction number Ry among the most commonly known infectious diseases [35].
It has been established that Ry is a very vital threshold parameter that theoretically determines whether
a disease is eliminated or becomes endemic after it is introduced into a given population. In fact, it is widely
believed to be one of the most important contributions of mathematics to the field of epidemiology [9, 14, 36].
Heffernan et al. [14] gave a concise summary of prevalent approaches for formulating Ry from déterministic
models as well as relevant data. They also looked closely at the use of Ry in evaluating diseaseslike severe
acute respiratory syndrome (SARS) and avian influenza as well as some livestock and vectorsborne'diseases.
van den Driessche [35] applied the theoretical concepts of Ry to various disease modelsjinamely the West
Nile virus in birds, anthrax in animals, cholera and Zika in humans.

Basically, Ry is concerned with the initial trend of infective populations in ideal situations where very
small number of infective individuals appear and are always surrounded by suseeptible individuals. Before
such infectives lose their infectivity, the density of susceptibles is assumed to-be unchanged. In such a bio-
logical context, the basic reproduction number is defined as the expected number of new cases of an infection
caused by an infected individual, in a population consisting of susceptible.contacts/only.

Following this biological definition, a mathematical theory is used to.derive the basic reproduction num-
ber as the spectral radius of a specific matrix which is called the “next generation matrix” (NGM) for
a system of ordinary differential equations governing epidemic dynamics (see [8, 10] for a complete refer-
ence, or see [35] for a recent review). In the frequently referred paper by van den Driessche & Watmough
[36], very helpful results were obtained for disease control having, investigated the actual definition of Ry
based on a compartmental system of ordinary differential equations. Diekmann et al. [9] highlighted the
NGM as the foundation for the mathematical definitionmof Ry. As such, their work attempted to demystify
issues surrounding the formulation of NGMs since, Rys\are basically defined as the spectral radii of such
matrices. We should recognize that, as described above, the basic reproduction number is defined both
biologically /conceptually and mathematically as the, supremum for the expected number of secondary cases
in epidemic dynamics, whereas it is clear that theindex Ry could be important and useful to characterize
the threat of infectious diseases.

In this paper, we emphasize the roletof Ry from some specific viewpoints in theoretical discussions. We
examine Ry focused on (i) transmission of disease within and to the resident population and (ii) transmission
of disease within and to the short-stay visitor population. Such residents and visitors may be considered to
be either humans or animals @sya variety of situations can be considered. The R focused on residents can be
considered as the most standard case as it may be a bit difficult to really estimate the impact of short-stay
visitors in the spread of.diseases. The Ry focused on short-stay visitors is very important when the residents
are considered as some vectors in the community which can easily spread diseases to visitors. That way,
we can make inferences by\combining different Rgs. Besides we shall demonstrate that Ry only deals with
the initial behayior of infections because the overall behavior is governed by the model under consideration.

2. Assumptionsymodeling, and model

We consider/a community consisting of residents and short-stay visitors. Our focus is on the dynamics
of epidemics over a short period of time such that the total population size of the community is taken to be
constant, ignoring any change due to birth and death within the period of interest. Also, the resident and
visitor populations are respectively constant. We assume that all immigrating visitors are susceptible and
likely to be infected during their stay in the community. In addition, infected visitors can carry on their
normal activities during their stay thus still appearing susceptible until they leave the community.
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Figure 1: The scheme of the model for the epidemic dynamics of a community with short-stay/visiter subpopulation.

Following the stated assumptions, we consider the following model governing the epidemic dynamics:

d;; = =2, (Brryr + Broyo);

djtr = 2o (Brryr + Broyv) — pyr;

ddz; = PYr; .
d;v = =20 (Buryr + Boo sk M= ny ?

d;t“ = 2y (Boryr + Botiyy) % xvyJ: .

where the variables z.., v, z-, T,, and y, are the susceptible resident, the infective resident, the recovered
resident, the susceptible visitor, and the imfective visitor population sizes respectively in the community at
time t. The infection coefficients B, Bur, Bro and B, are positive constants. They represent transmissions
from infective to susceptible individuals, tespectively from resident to resident, from resident to visitor, from
visitor to resident, and from wvisitor towisitor as shown in Figure 1.

Based on the simplest modeéling asswmption, the interactions among individuals within the community
follow the concept of complete (perfect) mixing. Therefore, the disease transmission is given by mass-action
terms like in the case ofsthe classical Kermack—Mckendrick epidemic dynamics model (for example, see
[10, 17, 22]). p is the recovery rate of the resident population. M is the flux (velocity) of visitor immigration,
while F is the flux of visitoremigration.

To complete the model,)we take the above-mentioned assumptions into account such that

xr(t)+yr(t)+zr(t) = N,; wv(t)"'yu(t) = N,,
where thetotal resident population size NV, and the total visitor population size N, are constant independent
of time. Hence, from the equations for the z,, 3, compartments of the model, we get

dx, dy,
a

With these relations from the assumptions of constant subpopulation sizes, we can get the following closed
three-dimensional system in terms of (z,, yr, y»):

=M-FE=0.

dz,
dt - _mr(ﬁrryr + 6rvyv)7
dy,
c?lf = 2o (Brr¥r + BroYo) — PYr; (2)
dyy M
:Nv_v vrYr volYv) 7 77 Yo
7 ( Yo) Boryr + Bouyo) N, Y
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3. The dynamics without cross infection

3.1. The resident subpopulation

If there is no cross infection such that 8, = 0 and 8,, = 0 in the system (1), the epidemic dynamics with
respect to the resident subpopulation follows the classical Kermack—Mckendrick SIR model (see [10, 17, 22]
or any other textbooks of mathematical biology/epidemiology). Going by the well-known nature of the SIR
model, we see that (z,,y,, z.) — (z},0, N, — z}) with some z} > 0 as t — oo for the initial condition given
by (20, Yr0, 2r0) = (Nr — Yro, Yro, 0) with y.o > 0. The final size of the epidemic, that is, N, — a2 (> 0) is
implicitly determined by

N, —z) = P xio. (3)
T T,
The basic reproduction number can be defined by
T"I‘NT
%rr = B ’ (4)
P

which is expressed by the product of the expected duration of infectivity/of each infective resident 1/p,
the resident-resident transmission coefficient (,.., and the resident subpopulation size N,.. When %, < 1,
the infective population size y, decreases monotonically towards 0. When Z,.. =1, the temporal variation
of y, shows a peak signifying an outbreak after a period of increasé from a sufficiently small initial value
yr(o) = Yro > 0.

3.2. The visitor subpopulation
The visitor population without cross infection mathematically“corresponds with the classical Kermack—
Mckendrick SIS model. Now, let us consider such an initial condition that 0 < y,(0) < 1 and z,(0) = N,.
dy,

Then, for dy,/dt in (2),
M
~ vav y v
0t |y <B Nv> Y

Thus, when the right hand side is positive, that i§,\if (8,,N2)/M > 1, the infective population size v,
increases in an initial period. So we can obtain theybasic reproduction number

vaNg
%vv = M 5 (5)

which appears as the product/ef thie expected duration of each visitor’s stay in the community N, /M,
the visitor-visitor transmission coefficient 3,,,, and the visitor subpopulation size N,,. If Z,,, < 1, the infective
population size decreases inpan initial period. Furthermore, from (2), we can get

dé/: = Buwte {Nv(l = Q}W) —yv} 6)

such that if Z4, < 1,dyg/dt < 0 for any ¢ > 0. So, y, is monotonically decreasing if %,, < 1 such that
Yy — 0 as t —loo. Otlhierwise, if Zy, > 1, yy = Yy = Np(1 — 1/%y,) > 0 as t — oco.

When Z,,, <ulysthe disease is eventually eliminated from the visitor population due to the outflow of
infective wisitorsjwhich outweighs the inflow of susceptible visitors. In contrast, when %, > 1, the disease
becomes endemic, that is, the disease remains at any given time after its invasion in the population. In other
words, the recruitment of infective visitors from the inflow of susceptible visitors compensates for the outflow
of infective visitors.

Since the disease is endemic in the visitor subpopulation when %,,,, > 1, it eventually disperses throughout
the resident subpopulation when there is cross infection from visitors to residents, that is, when S, > 0.
Even if #,., < 1, cross infections with 5,, > 0 and (., > 0 cause disease outbreak within the resident
subpopulation when Z,, > 1. In other words, when there are cross infections, disease outbreak necessarily
occurs within the resident subpopulation as far as %,, > 1. Consequently, if %Z,,. > 1 or %,, > 1, disease
outbreak occurs in the resident subpopulation in the presence of cross infections, that is, when S, > 0 and
Brv > 0. Hereafter, with the effect of cross infection, we shall focus on the case when %,, < 1 and %, < 1.
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Figure 2: Numerical examples of temporal variation of system (2). (a) (%rr,Zov, Zor, Zrs)n= (0.75,0.50,0.05,32.73);
(b) (Brp, Ross, Bor, Br) = (0.75,1.50,0.08,56.69). Commonly, N, = 100000.00, N, = 100.00, p =,0.14, M = 20.00,
(zr(0), yr(0), y»(0)) = (99990.0,10.0,0.0). Zor := BorNuv/p, #rv := BroNrNy /M.

4. Equilibrium states

There is no oscillatory solution for the system (2). It is easily seefi that y, and y, are positive and finite
at any finite time ¢ for any ,(0) > 0 and y,(0) > 0. Since dz,/dt < 0.forrany positive z,, y,, and y,, @,
is monotonically decreasing in time though it cannot become negative because it is bounded below by zero.
Thus z,(¢) > 0 for any ¢t > 0 and any 2,.(0) > 0. If y,.(0) > 0 and\y, (0> 0, indeed we have

1 dx,
z, dt

= _(/Brryr + ﬁrvyv)

and
z,(t) = 2,(0) exp [/0 Brsyr (T) + Broyo(T) dT| .

So, z, must always converge to a non-negative value. Hence, it can be easily proven that both of y, and y,
also converge to non-negative values. Therefore, (z,,y,,y,) always attains some kind of equilibrium state,
which excludes the possibility of oscillatory solutions.

From the equations in (2), we cdn obtainthe following result:

Lemma 4.1. For the system (2), thére are possible equilibria (x%,0,0) for % >0 and (0,0, Ny(1—1/%))-
The latter equilibrium exists hen andyonly when %y, > 1.

Next, by the arguments given im"Appendix A, we can get the following result about feasible equilibrium
values for (2):

Theorem 4.2. For the'system (2),
(i) yr — 0 as’t — o0;

(i1) (@, ydypyop— (27,0,0) with % >0 as t — 00 if Ry < 1;
(i53) (Tr3Yr, Yo)/— (0,0,Nv(l — Fl%w)) as t — 00 if Ryy > 1 when By > 0.

As shown in Figure 2(b), if %,, > 1, all residents would have experienced the infection in the end while
there is always a portion of infective visitors, this gives rise to an endemic situation. On the other hand, as
we see i1 Figure 2(a), if %, < 1, there is a portion of susceptible residents who would not have experienced
the infection in the end. Also, the visitor population would have no infected individuals in the end. Here,
the disease disappears from the community in the long run. It should be noted that the value of the basic
reproduction number %, clearly determines the epidemic size for the resident subpopulation.

For the system (2) with cross infections, we could not obtain any equation(s) like (3) to determine the final
size of the epidemic. However, we can get the following analytical estimation going by the proof shown in
Appendix B:
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Figure 3: The dependence of the final size of susceptible resident population z} on the initial size of infective résident population
yr(0) and on Brr. (a) Brr = 2.0 X 107%, Zpp = 10.0, (27(0),yr(0),40(0)) = (Nr — yro,yro; 0:0);/ (L)l (0), yr(0), y (0)) =
(99990.0,10.0,0.0). The horizontal axis in (b) shows the value of %, which is a function6f B, as given by (4). Commonly,
N, = 100000.0, N, = 100.0, p = 0.2, M = 0.5, Bor = 1.6 x 1074, Bry = 1.0 X 1072, Byy = 4.0 X 107°, Zyy = 0.8, Zor = 0.08,
P = 200.0.

Theorem 4.3. As for the state (x),0,0) feasible for the system (2) when Py < 1, the value x necessarily
satisfies x} < x PP defined by

1 M 1-—2%
wpper ,_ (_—_ 4 2 St N
o <% toN %, > Q

The value x, cannot approach any value beyond x PP from“amy initial state with y,.(0) > 0 or y,(0) > 0.

This result can be confirmed by the numerical calculations’shown in Figures 3 and 4.

Although the critical value xPP** given in Theorem 4.3 is independent of the initial condition of the system
(2), the numerical result given in Figure 3(a) explicitly indicates that the final size z} itself depends on
the initial condition. This is similar to a“characteristic of the standard Kermack-McKendrick SIR model.
Also, the numerical results given in Figure 4 indicates that the final size ) is significantly affected by
interactions with the visitor subpoptulation as' mathematically implied by Theorem 4.2.

5. The basic reproduction numbers

We discuss in this section how the different basic reproduction numbers can be mathematically derived
for the model (2). Subsequently, going by their meanings from the perspective of modeling, we examine
how they are different and what nature they have in common (for such possibly different formulas for basic
reproduction nuniber;see the arguments in [3, 8, 35]).

5.1. The basic reproduction numbers in terms of each subpopulation

At first, let us consider a public health policy geared towards controlling the disease among residents.
Then, it ismecessary to evaluate the basic reproduction number which is defined as the index about the possi-
bility'ef.the disease spread within the resident population. As shown in Appendix C, making use of the NGM
with thé theory given by [36, 37], we can derive the following basic reproduction number for the model (2)
when %y, < 1:

‘%'U’U _ ‘%’V’U‘%’UT
ROlr = Rrr (1 + 1%)@) = Rrr + 1— %, (8)
with
BT’U/B’UT B'UTN’U ﬂT’UN'UNT
P = ; %m" = 5 %’F’U = a5
Brrﬂvv 1% M
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given by (5). Commonly, Ny = 100000.0, Ny = 100.0, p = 0.2, Bor = 1.6 x 1074, Bro\= 1.0 x 1075, Zyy = 0.08, Zrv = 200.0,
(2r(0), y(0), 40 (0)) = (99990.0,10.0, 0.0).

where % expresses the ratio of the infectivity between residents and visitors (inter-subpopulation infection)
to the infectivity within subpopulations (intra-subpopulation_infection). Larger 9 means that infections
between subpopulations are more significant than those within them. Z%,., can be regarded as the expected
number of infective residents that a single infective wisitor can produce, assuming that every contact to
the resident is always to the susceptible. It appears as the product of the expected duration of each visitor’s
stay in the community N, /M, the visitor-resident transmission coefficient 3,,, and the resident subpopulation
size N,.. Conversely, the expected numberof infective visitors that a single infective resident can produce,
assuming every contact to the visitor.i§.always to the susceptible, is %, which is expressed by the product
of the expected duration of the inféctivity, of each infective resident 1/p, the resident-visitor transmission
coefficient (-, and the visitor subpopulation size N,,.

The basic reproduction number Rg/ can be translated based on its conceptual definition as similarly
argued in [8]: The formula (8) can be Tewritten as

Rojy = Bor + Brw Y K Rue for By < 1.
k=0

As illustrated in Figurey5, the first term %,., means the expected number of secondary infective residents
produced by the initial single infective resident, which may be regarded as the secondary cases arising from
direct infection. “InsContrast, the second term adds the expected number of secondary infective residents
produced by the infective visitors who can be regarded to have the source of their infection traced back
only_along theine of infective visitors to the initial single infective resident. From the biological definitions
of Ry, Loy, and %, the initial single infective resident is expected to produce Z,, infective visitors,
and subsequently each of these infective visitors is expected to produce %, infective visitors. Looking at
the furtherance of the infection process only within the visitor subpopulation caused by the initial single
infective resident, the simple addition of those new infective visitors produced by the cascade of infections
results in Ry + RovRor + B2, Ror + ---. Then since %, is the expected number of infective residents
produced by a single infective visitor, we see that the product of Z#,, and this sum can be consequently
regarded as the expected number of secondary infective residents produced by the infective visitors who can
have the root of their infection traced back to the initial single infective resident.

We remark that %, — 0o as %, increases towards 1. This could be regarded as reasonable because we
have clarified in the previous sections that the whole resident subpopulation is necessarily infected if %Z,, > 1.
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Indeed, applying this translation about the meaning of the formula (8) for the case when %,, > 1, the basic
reproduction number would be divergent due to the divergence of the sum Zypt %o Zor + %12,1,«%)1”« 4ol
It should be remarked that such divergence of the basic reproduction number does not mean that the actual
basic reproduction number would be divergent. It simply means that the supremumfor the expected number
of secondary cases in the epidemic dynamics does not exist, so that the situation could be regarded as highly
threatening as the disease spreads in the resident subpopulation. This is the same for the situation with

Ay > 1 as mentioned above.

In contrast, when we consider a public health policy for comtrolling the disease among visitors, it is
necessary to evaluate the basic reproduction number Ry, which is defined as the index about the possibility
of the disease spread in the visitor population. The process*for deriving Ry, is similar to that of Ry,
(Appendix C):

X

RO‘U = ‘%U’U <1 + M@) = e%’uv + %

— k
o~ — Roo + Ror YRRy fOr T < 1. (9)

1-2% P

A similar translation is applicable for (9),like the one for Ry, (see Figure 5). We remark again that
Rolv — 0 as Xy increases towards Tiywhich can be interpreted as a consequence due to the divergence
of the sum %, + Ly Ry + %ZT%’M, + s for R,.. > 1. This scenario is different from the previous one
because the infective residents eventmally» disappear in the end for R,.. > 1 after every resident is infected
and recovers. However, we need to recall that the basic reproduction number is defined as the expected
number of secondary cases'in the conceptually supremum case for the subsequent infections. Thus, this
result can be understood as the case when the basic reproduction number of the resident subpopulation
corresponding to Z,./s kept beyond 1. As such, the visitor subpopulation is regarded as always being ex-
posed to infective résidents by cross infection (which corresponds to the divergence of the above-mentioned
sum). This situation couldindicate that the threat of disease spread in the visitor subpopulation is enormous.

Note that. the basic reproduction numbers Ry, and R, may be specifically called ‘type reproduction
numbers’/as in the terminology of [13, 29] because we are interested only in the total number of expected
secondary infections in each subpopulation originating from an infective individual within the same subpop-
ulation (alsosee [18, 32, 35, 43]).

5.2. Cemparison of the basic reproduction numbers

The basic reproduction numbers Ry, and Ry, are basically different but have a common critical nature
shown in the following theorem:

Theorem 5.1. The condition Ry, <1 holds if and only if Ro),, < 1.

Therefore the condition Rg,. > 1 holds if and only if Ry, > 1. This theorem can be easily proven by
the definitions of Ry, and Ry, given by (8) and (9). As a special case, we can consider the critical condition
Ry = 1 and Ry, = 1, which lead to the following corollary:
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Ry,), such

Corollary 5.1.1. There is a set of values Zyr and R, each less than L, say(Zrr, Bwy) = (%5,
that Ry, = 1 and R, = 1. The set is defined by

(%# 71)(% 71) =B for Bi'< 1and R, < 1.
The dependence of Ry, and Rgj, on %, and %y, is shown'in Figure 6. It is quite clear from the figure
that even if Z,, <1 and %,, < 1, as far as there is crosstinfection, the basic reproduction number for each
subpopulation can become greater than unity simultaneously. Furthermore, Figure 6 explicitly shows that
as the effect of cross infection becomes stronger (i.e. for larger %), the basic reproduction numbers are more
likely to become greater than unity.

Now, as derived in Appendix C, we can consider an additional basic reproduction number given by

%rr + %vv + ggrr + <%vv 2 4%7““%1)1» 1-%
Ry = Ve 7 7 ) w0)
_ %rr =+ r%v’u =+ \/(%rr + v@vv)2 + 4(%7"@%1)7" - %rr%vv)

2 .

Although this basic reproduction humber Ry, may be the one formally derived by the NGM for the system
(2), the formula (10) cotild not be  translated by the conceptual definition of basic reproduction number as
we did for Ry, and Ay),. ‘Hence, in this paper we use g, only as a reference index for the other basic
reproduction numbers.

As numerically shown in Figure 7, although the three basic reproduction numbers Ry, Rop.,, and R,
have different valuesArom each other, the critical condition is identical.

Theorem, 5.2. /The condition Ry, < 1 holds if and only if Ry, < 1 (i.e., Roj, < 1) when %, < 1 and
RSl

As mentioned in [8] and other literature, independent of the formula of the basic reproduction number,
the critical condition that it is equal to unity is mathematically identical as long as it is well-defined.

Corollary 5.2.1. The condition Ry, = 1 is mathematically equivalent to the condition Rg), =1 (Rg, = 1).
Moreover, we can find the following mathematical result about their order (Appendix D):

Corollary 5.2.2. When Ry, <1 and Ry, < 1, Rg|. > Rgj, and Ro|c > Ro|,. When Ry, > 1 or Ry, > 1,
R0|c < Ro‘T and Ro‘c < RO\v-

10
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It is clearly undetermined which is the larger between Ry, and Ry, becaise from(8) and (9), they are
symmetric in terms of %, and Z,,. Their relative values therefore depend on the/values of %, and Z,,,.
In contrast, the above corollary shows that Ry is necessarily larger than Rg,"and R, when Ry, <1 and
Ry|, < 1, where either Ry, or Ry, is less than unity if and only if the other is less than unity as we see in
Theorem 5.1. When Ry, > 1 or Roj, > 1, Ry is necessarily smaller thanRg|, and Rgj,.

From the standpoint that the basic reproduction numbers Rg|,‘and Fp), are more practical compared to
Ry|c, we can remark that Ry, which would be frequently/conventionally used as the mathematically derived
basic reproduction number, appears to overestimate the basiéreproduction number for each subpopulation
when it is smaller than unity while underestimating it when it\is larger than unity.

When a disease is imported into the community by ‘tourists or other short term visitors, Ry, can be
reasonably measured in a bid to protect the residentsy Actually, the features of the residents could be iden-
tified more easily than those of the visitors. Infeentrast, Iy, could be important and have to be practically
evaluated from the standpoint of a specific kind of, visitor subpopulation. For instance, when the visitors are
prone to a particular kind of disease to which the residents in the community are characteristically immune
though they can facilitate its spread. Furthermore, since the basic reproduction number Ry, corresponds to
the expected number of secondary cases sumumed up for both resident and visitor subpopulations, it would
be an unsatisfactory overestimation for discussing the prevention, the intervention, or the containment of
the spread of a transmissible diseasejin the kind of community we consider. Moreover, Ry, is quite tricky
to estimate given the contrasting peculiarities of the two subpopulations: the attributes of residents are
relatively easier to measure ¢ompared to those of visitors who are only around in the community for a short
period.

6. Concluding-remarks

It is obwious that/some kind of control measures need to be put in place to mitigate the effects of
disease transmissionl in a community with visitor population. The most obvious measure might be to control
the visitor,population size, N,. However, it would be equally effective to control the flux, that is, the inflow
and eutflow;”M and E. A sufficiently large M (and E) means the duration of stay N,/M < 1 so as to
make\Zey'= (ByyN2)/M < 1 which guarantees the suppression of disease spread. For the purpose of clarity,
a large, M implies large visitor movements. As stated earlier, reducing the visitor population size will be
very effective although it is in general quite difficult to achieve within a country except in conserved areas.
For transnational human movements, visa application processes can be tightened but in a world of growing
globalization, that might be counterproductive.

The dynamics of swine fever, which is endemic and of major concern in the global hog business, is a very
good example which corresponds to our model since there is the possibility of cross infection within and
between domestic pig and wild boar populations such that we have 8, > 0, B, > 0, B, > 0 and B, > 0. It
is established that the disease is transmitted both directly as stated earlier and indirectly (through polluted
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carcasses, food waste, or vehicles and equipment). For pig farm holdérs, the value of the basic reproduction
number Ry, is very critical. To make sure it is kept as low as possibleirthe following are very crucial:
vaccination (though there are still knowledge gaps) and control measures like proscription of swill feeding,
isolation of pigs before introduction into stock, culling and thorough disinfection of all hogs on affected farms,
proper disposal of carcasses, homogenized strict import appreach for-live pigs and pork, management of wild
boars and prevention of contacts between local pigs and wild bears [24, 28, 31].

For the model we considered, the basic reproduction number can be viewed from different perspectives
depending on the focus of public health policy makers. Any mathematical variant of the basic reproduction
number, namely Rg, and Rg|,, can be said to be the supremum of the expected number of secondary
infections which keeps changing with the effects 6finew /infections.

Effects of cross infection

From the results obtained in the, previous sections, we can say that even when %,.. and Z%,, are small,
there could be disease outbreak in“the subpopulations given sufficiently high cross infections. This implies
that even without outbreak in isolation, when the subpopulations have contacts with each other, there is
always a likelihood of outbreak. Suchya case is numerically demonstrated by Figure 8 for our model (2).
Due to the small values of %, and %, it is likely that the infective population size decreases in an initial
period within the subpopulation where the initial infective appears. However, since the basic reproduction
number can go beyond-unity when there is cross infection, an outbreak of disease appears after a time lag.
This kind of time lag in*the temporal variation later leading to disease outbreak would likely cause delays
in policy/social /sanitary measures against disease invasion in the community.

To measure the contribution of cross infection on the basic reproduction number for each subpopulation,
we may use’the following indices:

RO\T — Rrr RO\T RroRor 1
r = = —-1= for Roj.;
5 <%rr <%'rr 1- %m) <@r'r o iy
RO\v — Rov RO\U %rw%vr 1
v = =0 3= for Roj,.
f %’U’U %vv 1- %’I‘T %vv o ROl

It can be easily found that if Z,, > %, then &. > &,. This means that the effect of cross infection
on the resident subpopulation is more serious as the isolated visitor subpopulation has the larger basic
reproduction number for the disease. Conversely, we can say that the effect of cross infection on the visitor
subpopulation is more serious when the isolated resident subpopulation has the larger basic reproduction
number for the disease. Intuitively, these results are very much acceptable.
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Application for malaria

Malaria is a disease of global relevance as it has been a key concern in almost 100 countries of the world.
Interestingly, it is preventable but its control has proven to be something which requires serious attention
as drug-resistant strains of the plasmodium species, the cause of malaria, have been known to emerge.
Ineffective vaccination programmes have also been known to result to more fatal outbreaks of this disease
transmitted by the female Anopheles mosquitoes to humans after being infected when they bite infective
humans [7].

In order to apply our model for malaria, humans can be viewed as residents while mosquitoes can be
regarded as visitors. The recruitment of mosquitoes can be seen as their influx into the visitor subpopulation
while the effective elimination of mosquitoes by the use of insecticides or through other means can be taken
as leading to their outflux from the visitor subpopulation. Notably, for malaria, there are génerally no direct
human-human and mosquito-mosquito transmissions, so intra-subpopulation infections . domot exist, that is,
Brr = Buw = 0. Then, we have

R0|,- = R0|v = M]\;M ﬂLpNv = R PRy (11)
Managing S, and 3, implies taking some measures to control mosquitoes as they both have direct effects in
the outbreak of malaria. N,. and N, also have direct effect, but more attention should be paid to the latter
because of its square order contribution on the basic reproduction numbers. If we can control the mosquito
density N, so that R, < 1, the outbreak of malaria could be successfully stuppressed. This argument could
be extended to other vector-borne diseases like Dengue fever, Liymeidisease, West Nile fever, etc.

Taking a different standpoint where we consider mosquitoes,as residents and humans as visitors, for
example, the case of some explorers in a mosquito infested environment, the expected duration of stay
N, /M appears very crucial. A sufficiently short duration of stay, could help manage the epidemic effectively.
Also, an enough low contact rate with the mosquito populatien would be very vital. This can be achieved
by control measures like the use of insecticide-treated nets (ITN) and mosquito repellents. Another control
measure might be the use of vaccination by the visitors to make them immune to being infected.

Application for avian influenza

Horimoto & Kawaoka [15] predicted’thatia new influenza pandemic would occur following outbreaks of
the H5 and H7 subtypes of avian influenza A in birds and humans. Infection in humans was known to occur
through very close contact with birdsywhich/had been infected while bird to bird infections were obviously
easier. Using the concept of the basiereproduction number, Liu et al. [20] investigated the dynamics of a bird-
to-human transmission model‘with regards to human psychology vis-a-vis avian influenza. Their outcome
shows that if there is an_outbreak, “the saturation effect within avian population and the psychological
effect in human population cannot change the stability of equilibria but can affect the number of infected
humans”. Liu & Fang*{19]"formulated a two-host dynamic model for H7N9 virus infection in both bird and
human populations{, Critical transmission parameters were computed using nationwide surveillance data of
infections in mainland,China. The analysis of their model shows that the long term prevention of human
H7N9 infections is necessitated by culling infected birds.

From théwperspective of our model, we take humans as residents and birds as short-stay visitors such that
Brr = 0, Bor = 0, Bry > 0 and S,, > 0 since human-to-bird influenza transmissions are almost impossible
and human-to-human infections are quite rare. So, we have % = 0 and Ry, = %yy. Otherwise, taking
domesticated birds as residents and wild birds as short-stay visitors, we have 5, > 0, B, =~ 0, 8, > 0, and
Buov >\0¢ Tn'this case, # = 0 and Ry, = Zpr-

Just like in the case of malaria, one effective control measure for avian influenza would be to ensure that
infected birds are kept away as much as possible since %,,, depends on the square value of the bird population
density. For wild birds that migrate seasonally to a local community, measures can be taken to keep them
off. For poultry and other possible local hosts of avian influenza, screening or culling as established by [19]
can help in preventing the disease outbreak in the local community.

13



349

350

351

352

353

354

355

356

358

359

360

361

362

363

366

367

368

369

370

371

372

373

374

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

Relationship with metapopulation dynamics

In the past couple of decades, most papers related to theoretical/mathematical studies of the global
spread of transmissible diseases were focused on the mobility of humans over various populations or patches
(see [1, 6, 12, 30, 33, 40] and references therein). Frequently, such movements correspond to migration
as opposed to temporary visits for a finite period as we consider in our case, or to human transportation
on a large spatial scale during relatively long trips. Our scenario of short visits does not fully capture
the metapopulation framework in most of those previous works but the interaction between the resident and
visitor subpopulations has some semblance of metapopulation behavior. Indeed, the two subpopulations may
be regarded as patches between which diseases can spread. This may be said to display some metapopulation
dynamics in the context of modern trends in social networks [16, 39] while metapopulation dynamics have
been generally based on a spatially heterogeneous structure of population distribution [1,/2;26].

In this paper, we have considered a community under epidemic interaction with short-term visitors. We
do not explicitly consider metapopulation dynamics although the visitors in our model‘can be regarded as the
epidemic agents in terms of interaction between “patches” in a metapopulation. In‘his sense, the analysis
of our model can be regarded as being about the likelihood of the spread of a transmissible disease in a
community which corresponds to a patch. It is necessary to discuss such a lik€lihood ever a metapopulation
especially when an transnational or global-scale outbreak is concerned, whereas even in such a case, each
local community in the metapopulation must consider the likelihood ef spread.within the community in
order to prevent or contain it as mentioned in the last part of Subsections5:2.3This paper could be regarded
as a mathematical modeling work devoted to such a problem.
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Appendix” A. Proof for Theorem 4.2

(i) Suppose that y, — y > 0. Then, if z,, — z} > 0, we have

dx,
dt

~ =2y (Brryy + Broyo) <0 fort > 1.
This is contradictory to the precondition for z, to converge to a positive value. Therefore, z, — 0 as

t — oo. Then we have dy,/dt ~ —py> < 0 for t > 1. Since this is contradictory again, we conclude
that y,. — 0.
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(ii) Since y, — 0 as t — oo, we have

d ) m)NZ - M

sz ~ Buole <6,37,:Nq, _ yv> for t > 1 when By, > 0; (A1)
dy, M .

CZ ~ = e for > Lwith B, = 0.

From these results, we can easily find that, if (8,, N2 — M)/(BuuN,) < 0 with B,, > 0, that is, if
Ry < 1, then dy, /dt < 0 for t > 1 so that y, — 0 as t — oo. Also, y, — 0 as t — oo when 3, = 0.

These arguments show that, when Z,, < 1, all infective visitors end up leaving the community such
that (z,,yr,yv) — (25,0,0,0) with 2 > 0 as t — oo.

(iii) If (Byu N2 — M)/(BouNy) > 0 with B,, > 0, that is, if %, < 1, then (A.1) corresponds to a logistic
equation. This implies that

* ﬁvag -M
Yo Yy = —F—— >0 ast— oo.
Y ﬁ’[}’L)NU
Thus, for y. — 0 as t — oo, we have
dx,
(Z ~ —Brxry,  fordss> 1.

Hence, when 3, > 0, we see that z,, — 0 as t — co. These arguments prove that

5UUN3 - M

w"'? Ty JU — 0707
(@ Yr yo) ( TN,

) as t — oo.

This result can also be supported by the local stability analysis. We can easily get the following Jaco-
bian matrix for the system (2) about the equilibrium point (z},yr,y}) = (0707 (ﬂm,Nf — M) /(,81,1,]\77})) =
(0,0, N,(1 = 1/Zyv)):

BoNo(1-5) 0 0
J <0,0,Nv(1 -2 )) Vo (1-5) - 0 , (A.2)
: o e w(a)

which has eigenvalues =8,.,N,(1 = 1/%,.,), —p, and —N,(1 — 1/%,,,). This establishes that, if %, > 1,
the equilibrium point*(0, 03NV, (1 — 1/%,,)) exists locally asymptotically stable. In the same way, making
use of the eigenvalue analysis about the Jacobian matrix for the linearization of (2), it can also be proven
that the equilibritim peint/(0, 0, 0) is unstable if Z,, > 1.

Appendix B. Proof for Theorem 4.3

Now, let us ¢onsider the case that %, < 1, when (z,,y,,y,) — (25,0,0) with ¥ > 0 as t — oo, being
proved,by Theorem 4.2. We can derive the following Jacobian matrix about the point (x}, y, y) = (2}, 0,0)
with %> 0

0 _Brrx: _ﬂrvx:
J(25,0,00= |0 Bpar—p Bt} (B.1)
0 Berv ﬂvav - NM@

which can be evaluated using the bottom right 2 x 2 matrix

Brrx: - p ﬁrvx;
J = BN BN, _ M (B.2)
vr+ Vv vviVo T ]\TU
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whose characteristic equation is given by

A — (tr J)\ +det T =0, (B.3)
where M
_ P *_ _ _
trJ = N (%rx) — N;) N (1—%w)
and
det T = LY 1 (o — By — 1)+ N1 — Bs)]
- NTN,U rr VU vU r T VU
with 5.8
(@ — TV MUTr .
/BTT‘/B’U’U

This % expresses the ratio of the infectivity between residents and visitors (inter-subcommunity infection)
to the infectivity within subcommunities (intra-subcommunity infection).
From the theory of local stability, the point (z,0,0) is unfeasible if tr 7 > Oor dét J < 0. The condition

tr J > 0 gives
1 M 1-2%
. - — "IN, B.4
or > <% TN, %, ) B4

For det J < 0, we have
1— PRy

AN
Ry [ B Ry + (1 — RBoy)]
Since the right side of (B.4) is greater than that of (B.5)#wescarhconclude that if (B.4) is satisfied, then
(z},0,0) with 2 > 0 is unfeasible. So we define the critical value z'PP* by the right side of (B.4), that is, by
(7). Consequently from these arguments, the point (z0,0)pwith/z} > PP is unfeasible. Thus, the feasible
equilibrium state (2, 0,0) with 2 > 0 must satisfy(z} <Q4uPPer.

o (B.5)

>

Appendix C. Derivation of Rg,, R, and"Ry|.

In order to obtain the basic reproductioiynumber Ry, which is the index of the possibility of the disease
spread within the resident subpopulation, following the theory given by [36, 37], we arrange (2) at first as
follows:

dynd .

ddT =Ty (5rryr + Brvyv) PYr;

CZ;} = (Nv - %})(ﬁvryr + ﬁvvyv) - Nﬂv You; (Cl)
dr,

dt = xr(ﬁrryr + Brvyv)a

then decompos€ it intepthe recruitment terms of new infections for the resident and the other terms as

follows: IX
e =F(X)-V(X), (C2)

where X = (yA(t) y,(t) z.(t))*. F represents the recruitment rate of new infections, and V represents
the other.factors related to the epidemic dynamics, so that

xr(ﬁr'ryr + Brvyv) PYr }
F = 0 ; V= —(Nv - yv)(ﬁfuryr + B’uvyv) + ]Iv\% Yv | - (03)
0 Ty (Brryr + ﬁrvyv)

Next, we have the Jacobian matrices of F' and V about X:
/B'r‘rer /BT’UxTO Br'ryro + Brvyvo

DF(X) := 0 0 0 ;
0 0 0
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p 0 0
DV(X) = _ﬁvr(Nv - yv(]) _ﬁvv(Nv - vao) + 51}7{%}0 + 1]\% 0
ﬁrrxro 57"111'7"0 ﬁfryro + ﬁrvyvo

At the disease-free equilibrium X := (0 0 N,.)", they become

/BT'TNT‘ ﬁrer 0 1% 0 0
DF(X,y) = 0 0 0]; DV(Xg):= [ —BurNo —BowNy + JJ\% 0
0 0 0 /BT‘T‘N’I‘ ﬂrUNr O

Taking the top left hand corner 2 x 2 matrices in each of the two matrices, we have

. /BTT‘NT /BT'UN'I" . o 4 0
7= < 0 0 ' V= _B’UTNU _me)Nv + NMU :

Then, the next generation matrix (NGM) is obtained by

Ny [Brr(M—=Buu N2 )+Br0Bsr N2 g, NN,
]C — IV71 = P(M*gquf) Mﬁ%}'uNg . (04)

The basic reproduction number R, is given by the maximum absolute valie of the eigenvalues of (C.4),

that is,
‘@’U’U

1+ _@’ . (C.5)

N, [Brr (Bou N2 =)o Bor N2
p(ﬂvaE N M)

Therefore we get the following basic reproduction numberAor/the model (2):

Ry|, = max {O,

‘@T’I”%’U’U(l - ,93) - 1%'rr
Ry —1

Since we consider only the case that %,s < 1y we obtain (8) as R,.

To derive Ry, we should change the decomposition of (C.1) because we now consider the basic repro-
duction number which is the indéxiof'the)possibility of the disease spread within the visitor subpopulation.
The decomposition into F' and' V" should be such that the recruitment terms of new infections for the visitor
and the other terms are as follows, differently from (C.3):

0 _xr(ﬁrryr + ﬁrvyv) + pyr
F = (NU \ - yv)(ﬂvryr + 51”;%) 5 V.= NMU Yo
0

Ty (6rryr + Bro yv)

In the waysameywith’' that for Ry, the NGM K is obtained as

0 0
K= BorNe Ny N2[Buow(p—BrrNi)+BroBor Ni] (C.6)
=By Ny M(p—BrrNy)

Therefore, the basic reproductive number Ry, given by the maximum absolute value of the eigenvalues of

(C.6) is expressed as follows:

%1'7'%1)1)(1 - <%) - f@vu
Rrr — 1

'@7' T
1— %o

RO"U = = %vv 1+

Since we consider only the case that %, < 1, we obtain (9) as Rgj,.
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In order to derive the basic reproduction number for the whole community Rg|., we should change
the decomposition of (C.1), because the decomposition into F' and V' should be such that the recruitment
terms of new infections come from both residents and visitors, differently from those for Ry, and Ryj,:

xr(ﬂrryr + Brvyv) ]\e[yr
F = | (No = y0)(Boryr + Bovio) | 5 V.= N, Yo
0 xr(ﬁrryr + Brvyv)

Then the NGM K is now obtained as

BrrNr  Bro Ny Ny
M
K= (Bufzvv BuuN? ) : (C.7)
P M

Since the characteristic equation of the matrix (C.7) can be expressed as
f()‘) = )‘2 - ('%)TT + %U’U))‘ + '%7'7"'%111)(1 - %) = 07 (C8)

we can easily find that the basic reproductive number Ry, given by the maximum absolute value of the eigen-
values of (C.7) becomes (10):

+ ) 24 TR VY 1-
Roje = m{‘«%’ ey ¥ ] AT %)‘}
_ %rr + t%)vv + \/((%rr + %uv)Q - 4%1"7“%111)(1 - (%)
= 5 .

Appendix D. Proofs for Theorem 5.2, Corollaries 5.2.1 and 5.2.2

For Ry, < 1, it is necessary and sufficient” thatutz '< 2 and f(1) > 0 for the characteristic equation of
the NGM K, given by (C.8). Since we are considering the case that %,.. < 1 and Z,, < 1, we can easily
find that necessarily tr K = %Z,r + Zvy< 20 Next, we can find that the condition f(1) > 0 is equivalent
to Ry, < 1. Therefore, it is shown that Ro. < 1 if Ry, < 1. The converse is also true. Then the proof
of Theorem 5.2 is established, and” Corollary 5.2.1 also follows. Going by Theorem 5.1, the theorem and
the corollary hold also for Ry,

To prove Corollary 5.2.2, we showyfrom the characteristic equation (C.8) that f(R,) < 0. If so, it is
guaranteed that Roj. > R, Indeed, since Z,, Xy, (1 — B) = Rrr — Rojy (1 = Ryy) from (8), we can find that

f(RO\r) ~ RSV - (%rr + '%U’U)Roh‘ + '%rr'%v’u(l - %) = (RO\T - 1)(R0\r - %rr)-
Since f(%rr) = =Fppihv P < 0, it is necessarily satisfied that #,. < Ry, that is, Ry, — % > 0. So,

given R, < 14 we haveyf(Ry,) < 0 so that Ry, > Roj,. Going by Theorem 5.2, it is also established that
Ry, < 1. This completes the proof.
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