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Abstract

The strong matching preclusion is a measure for the robustness of interconnection
networks in the presence of node and/or link failures. However, in the case of random
link and/or node failures, it is unlikely to find all the faults incident and/or adjacent
to the same vertex. This motivates Park et al. to introduce the conditional strong
matching preclusion of a graph. In this paper we consider the conditional strong
matching preclusion problem of the augmented cube AQ),, which is a variation of the
hypercube @), that possesses favorable properties.

1 Introduction

A matching in a graph G = (V, E) is a set M of pairwise nonadjacent edges. A perfect
matching M in G is a matching such that every vertex in G is incident to exactly one edge
in M. An almost-perfect matching M in G is a set of edges such that every vertex in G,
except one, is incident with exactly one edge in M, and the exceptional vertex is incident
to none. If G has a perfect matching, then G has an even number of vertices; if G has an
almost-perfect matching, then GG has an odd number of vertices. We say that the graph G is
matchable if it has a perfect matching or an almost-perfect matching. Otherwise, it is called
unmatchable.

Parallel processing uses computers made up of many separate processor to overcome
the limitation of computers with a single processor. When parallel processing is used, one
processor may need output generated by another processor. Therefore, these processors must
be interconnected. The interconnection network of these processors is usually modeled by
graphs. Brigham et al. [3] introduced the concept of matching preclusion as a measure of
robustness in the event of link failure in interconnection networks. A matching preclusion
set of G is a set of edges whose deletion results in an unmatchable graph [3]. The matching
preclusion number of G, denoted by mp(G), is the minimum size of all possible matching
preclusion sets of G. Any such set is called an optimal matching preclusion set. If mp(G)
is large, the network will robust in the event of link failures. If G is unmatchable, then
mp(G) = 0.

Throughout this paper our graphs will always have an even number of vertices. A trivial
case of matching preclusion occurs when all edges in GG incident to a single vertex are deleted.
This case occurs when all faulty edges are incident to a single vertex. In case of random
link failure, it is unlikely to have such situation. For this reason, Cheng et al.[6] introduced
the conditional matching preclusion which removes from consideration the case when the
matching preclusion set produces a graph with an isolated vertex after the edge deletion.
The conditional matching preclusion number, denoted mp;(G), is the minimum size of all
conditional matching preclusion sets of G.

Park and Thm [16] introduced the concept of strong matching preclusion where the match-
ing preclusion set contains vertices and/or edges. This concept corresponds to the situation
when the failure of network occurs through nodes and communication lines. The strong
matching preclusion set of G is a set of vertices and/or edges whose deletion leads to an
unmatchable graph. The strong matching preclusion number of G, denoted smp(G), is the
minimum size of strong matching preclusion sets in G. Motivated by the same reason Cheng
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et al. introduced the conditional matching preclusion, Park and Thm [17] introduced the con-
cept of conditional strong matching preclusion where the matching preclusion set contains
vertices and/or edges and no isolated vertices are produced after the deletion of vertices
and/or edges. The conditional strong matching preclusion of several graphs and intercon-
nection networks has been studied in [17, 1].

The hypercube was first proposed as an interconnection network in 1977 [18]. It is a
powerful network for parallel computation that nearly contains all arrays, binary trees, and
meshes of trees as subgraphs [12]. The augmented cube, introduced by S. Choudum and V.
Sunitha [9], is a variation of the hypercube that maintains all the favorable properties of the
hypercube. In addition, the augmented cube has a smaller diameter than the hypercube and
possesses embedding properties that the hypercube does not carry. The augmented cube has
been studied widely by researchers [8, 14, 5, 4, 10, 11, 13, 19, 20]. The conditional matching
preclusion and the strong matching preclusion of the augmented cube has been studied by
Cheng et al. [5, 8].

In this paper, we consider the conditional strong matching preclusion problem of the
augmented cube. In Section 2, we list some necessary properties about the conditional
strong matching preclusion and we define the augmented cube and then present some of its
structural properties. In Section 3, we prove our main result. In Section 4, we conclude the

paper.

2 Preliminaries

A trivial case of matching preclusion occurs when all edges in GG incident to a single vertex
are deleted. If a trivial case is an optimal solution, then we call it trivial optimal matching
preclusion set. Let F' be an optimal strong matching preclusion set of a graph G = (V| E),
and let F' = FV U F'® where FV consists of vertices in F' and F'® consists of edges in F. We
may assume that no element in F'¥ is incident to an element of F'V since F' is optimal. In
fact, if f € F¥ is incident to u € FV, then G — F = G — (F — {f}). If F is an optimal
strong matching preclusion set of G and G — F has an isolated vertex, then F' is a basic
optimal strong matching preclusion set. Based on this definition, it is possible to have a basic
optimal matching preclusion set F' with G — F' odd and without almost-perfect matchings.
We can further restrict this class by requiring that, in addition, G — F' must be even. Then
Fis called trivial optimal strong matching preclusion set.

The following proposition considers the relationship between basic strong matching preclu-
sion sets and trivial strong matching preclusion sets.

Proposition 2.1. [2] Let G be a r-reqular even graph with r > 2. Suppose that smp(G) = r.
Then every basic optimal strong matching preclusion set is trivial.

A conditional fault set F* C V(G)U E(G) is called conditional strong matching preclusion
set of G if G — F has neither a perfect matching nor an almost-perfect matching and no
isolated vertices. The minimum cardinality of all such sets is denoted by smp;(G), and
called the conditional strong matching preclusion number of G. If G is unmatchable, then
smp1(G) = 0. The following propositions follow directly from the fact that a matching
preclusion set is a special case of a strong matching preclusion set consisting of edges only.
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Proposition 2.2. [2] Let G be a graph with an even number of vertices. Then smp(G) <
mp(G) < 6(G), where 6(G) is the minimum degree of G.

Proposition 2.3. [17] For every graph G for which all the four numbers, mp(G), mp,(G),
smp(G), and smp,(G) are well defined, smp(G) < smp,(G) < mp,(G) and smp(G) <
mp(G) < mp, (G).

Under the condition of no isolated vertices allowed after the deletion, an easy way to
build a conditional strong matching preclusion set in G is to try a fault set F' that leaves
after deletion a path (u,z,v) made of the three vertices u, z and v, where deg,_p(u) =
deg._p(v) = 1. If G — F is even, then the resulting graph becomes unmatchable. Therefore
we can build a candidate conditional strong matching preclusion set as follows. Let Ng(+)
represents the set of neighboring vertices in G. Given a path (u, z,v) in a graph G = (V, E),
build a fault set, denoted F,.,, in such a way that

1. F,., contains every vertex w € (Ng(u) N Ng(v)) — {z},
2. F,., contains the edge uv if uv € E(G),

3. for every vertex w € Ng(u) — Ng(v
N¢

)
)

, F.., contains exactly one of w and uw,
)

4. for every vertex w € Ng(v) — Ng(u), F,., contains exactly one of w and vw.

The next fundamental proposition provides sufficient conditions to make F,., a condi-
tional strong matching preclusion set.

Proposition 2.4. [17] For an arbitrary path (u, z,v) in a graph G, F,,, is a conditional
strong matching preclusion set of G if

1. there is no isolated vertex in G — F,.,, and
2. G — F,., has an even number of vertices.

The conditional strong matching preclusion set described in Proposition 2.4 is called
trivial as it is one of the simplest ways of building a conditional strong matching preclusion
set. The following proposition provides an upper bound for smp;(G).

Proposition 2.5. [17] If there exists a trivial conditional strong matching preclusion set
Fy.o for some path (u, z,v) in a graph G, then smp,(G) < degs(u) + dege(v) — 2 — ga(u,v),
where gg(u,v) is |[N(u) N N(v)| if (u,v) € E(G) or |[N(u) N N(v)| — 1 otherwise.

The augmented cube AQ,,, introduced in [9], is a variation of the hypercube and possesses
many superior properties. The n-dimensional augmented cube AQ), is defined recursively
as follows. Let n > 1, the graph AQ), has 2" vertices, each labeled by n-bit binary string
Uity . .. up, such that w; € {0,1} for all i. AQ); is isomorphic to the complete graph K,
where one vertex is labeled by the digit 0 and the other by 1. For n > 2, AQ), is ob-
tained by taking two copies of AQ,_1, denoted by AQ? , and AQL ,, where V(AQ°_,) =
{Ouyuy ... up_1;u; = Oor 1} and V(AQL ) = {lujuy...u,_1;u; = 0or 1}, and adding
2 x 2771 edges between the two as follows: u = Oujus...u,—1 and v = lvivy...v,_; are
adjacent if and only if one of the following conditions holds:

Published by Digital Commons@Georgia Southern, 2021



Theory and Applications of Graphs, Vol. 8 [2021], Iss. 1, Art. 5

1. u; = v; for all ¢« > 1. In this case we call the edge uv a cross edge and say u = v* and
v =u".

2. u; # v; for all 4 > 1. In this case we call the edge uv a complement edge and say u = v°¢
and v = u°.

See Figure 1 for examples of AQ,, when n = 2,3 and 4.

T T
< MAUR

IO\ OO /=y
| A L OFR Ag‘ a "

o
o —

o—tn

1110 1111
AQq

Figure 1: Augmented cube AQ,, for n = 2,3 and 4

Throughout this paper, we denote the set of cross edges in AQ,, by X,, and the set of
complement edges in AQ,, by C,. It is easy to see that |X,,| = |C,| = 2""! and the edges
in each of X,, and C,, are independent.

The augmented cubes family can be identified as a family of Cayley graphs. Let I' be
a finite group, and let A be a set of elements of I' such that the identity of the group does
not belong to A. The Cayley graph T'(A) is the directed graph with vertex set I with an
arc directed from wu to v if and only if there is an s € A such that v = vs. If whenever
u € A, we also have its inverse u=! € A, then for every arc, the reverse arc is also in the
graph. So we can treat this Cayley graph as an undirected graph by replacing each pair of
arcs by an edge. We denote this simple undirected graph by G(I',A). Let Z3 denotes the
cartesian product of the group (Zs,+), where the “+” denotes the sum modulo 2. In [9],
the authors showed that AQ, = G(Z2,S), where S = {e; = 10...0,e5 =010...0,...,¢, =
0---017€n+1 == 1---17€n+2 = 011...1,...,62n_2 = 0...0111,62n_1 :0011}

3 Main Result

Theorem 3.1. [8] Let n > 4. Then smp(AQ,,) = 2n—1. Moreover, every optimal matching
preclusion set is trivial.
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Lemma 3.2. [1/] Let n > 3. Edges of the form uu;, where u = upty,_1...u; and U; =
Up ... U ... U1, have four common neighbors.

Lemma 3.3. [1/] Let n > 3. Any two vertices in AQ,, have at most four common neighbors.

Lemma 3.4. Let u and v be two vertices in AQ,, forn > 4. If N(u) N N(v) # 0, then
IN(w) + N(0)] > 2.

Proof. Let z € N(u)NN(v). Since AQ,, = G(Z2,S), then z = u+e; = v+e;, where e;,e; € S
for someid,j € {1,...,2n—1} and i # j. u+e; = v+e; implies u+e;+e;+¢€; = v+e;+e;+e;.
Since e; + e; = e¢; + e; = 0, then u + e; = v + ¢;. Therefore, the vertex 2’ =u+e; =v+e¢;
is in N(u) N N(v) and 2" # z.

]

Lemma 3.5. smp;(AQ4) = 8.

Proof. By Theorem 3.1, smp(AQ4) = 7, then by Proposition [17] smpi(AQ4) > 7. Since
every optimal strong matching preclusion set is trivial, then if |F| = 7 and AQ4 — F has
no isolated vertex, the graph AQ4 — F possesses a perfect or an almost-perfect matching.
Therefore smp;(AQ,) > 8. By Proposition 2.5 and Lemma 3.2, we can build a trivial
conditional strong matching preclusion set of size less than or equal to 7+ 7 —2 — 4 = 8.
Thus smp;(AQ4) = 8. O

Proposition 3.1. /8] Let n > 3. Let u be a vertex of AQ,. Then u* is adjacent to u°.
Moreover, there 1s a unique vertex v such that u and v are adjacent, v¢ = u* and v*® = u°.
In other words, w,v,u”,u¢ form a complete graph on four vertices.

Lemma 3.6. Let {z1,7a,..., 25} C V(AQY _,) and suppose that there is at most one faulty
edge f € X,UC,,. Then there exists {y1,ya, ..., yx} C V(AQL ;) such that r;y; € E(AQ,—f)
forio=1,... k.

Proof. The result is satisfied as the sets X,, and C), are two independent perfect matchings
in AQ,,.
O

Lemma 3.7. Let n > 4. Let Fy C V(AQY_,) U E(AQY_,) such that |Fy| < 4n — 9.
If u,v € V(AQ® | — Fy) and w and v share a common neighbor z € V(AQL |), then
w € E(AQY_| — Fy) or there exists a verter w € V(AQY_, — Fy) such that uvw or vw are in

x c x

Proof. By Proposition 3.1, z = v* = v or z = u® = v*. Without loss of generality,
assume that z = v = v° and let t = u® = v®, then u,v,2z and t induce the subgraph
K,4. By Lemma 3.3, u and v can have at most four common neighbors, then u and v have
at most two common neighbors in AQ° ,. If uwv € E(AQ%_, — Fy), then we are done.
Suppose that uv ¢ F(AQ? |, — Fy), then uv € Fy. we claim that there exists a vertex
w € V(AQ®_, — Fy) such that at least one of uw or vw is an edge in the subgraph induced
by AQ° |, — Fy. If not, then u and v are isolated in the subgraph induced by AQ°® |, — Fy,
hence |Fy| > 2n—3)+ (2n —3) =3 =4n—9, but |Fy| < 4n —9. O
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Before we give the proof of our main result, we would like to point out that given the
recursive nature of this class of networks, induction is the natural method of proof. The proof
considers cases based on the distribution of faults. One may feel that taking cases is not an
elegant method. However, all the papers that we are familiar with in this area essentially
use this method. One may point out that in [7, 15], results were given to show networks
having certain matching preclusion properties by applying sufficient conditions. However,
showing the networks satisfying such sufficient conditions typically involve induction with
case analysis. We further note that organizing the cases is not an easy task as they have
to be organized in such a way that the induction hypothesis and other conditions can apply
appropriately (neither too strong or too weak).

Theorem 3.8. Let n be a positive integer with n > 4. Then smpi(AQ,,) = 4n — 8.

Proof. We use proof by mathematical induction. The basis step is satisfied by Lemma 3.5.
We assume that smp;(AQ,_1) = 4n — 12, and we want to show that smp;(AQ,) = 4n — 8.
By Proposition 2.5 and Lemma 3.4, we can build a trivial conditional matching preclusion
set of size 4n — 8, thus smpi(AQ,) < 4n — 8. To show that smp;(AQ,) > 4n — 8, we
let I C V(AQ,) U E(AQ,), such that |F| < 4n — 9 and AQ,, — F contains no isolated
vertex, and we prove that AQ), — F' contains a perfect or an almost-perfect matching. Let
F = FxUFcUF,UF; where Fyy and F; denote the fault sets in AQ?_; and AQ}._, respectively,
Fx is the set of faulty cross edges and Fi is the set of faulty complement edges. We may
assume that |Fy| > |F1|. We now divide the proof into cases depending on the distribution
of faults.

Case 1 |Fy| = 4n — 9. Then all the faults are inside AQ?_;. We can assume that F con-
tains vertices, since if not the problem becomes the same as the conditional matching
preclusion problem of AQ,, discussed in [5]. Let A C Fj, such that |A| = 4 and the
subgraph induced by the vertices of AQ® | — (F, — A) has no isolated vertex. Such set
can always be found because there are at most two isolated vertices in the subgraph
induced by AQ° _, — Fy, but these two vertices must be adjacent and /or share common
neighbors in AQY_; because the degree of each vertex in AQY , is 2n — 3, and by
Lemma 3.4 these two vertices must share at least two vertices in AQ?_,, so in this

case Fy contains at least two vertices adjacent to these vertices. Let I} be the set of

vertices in Fy and FF be the set of edges in F. We consider two cases depending on

the parity of |FY|.

Case 1.1 |F)| is even. Then F, contains at least two vertices. We choose the set A
such that the subgraph induced by AQ® | — (F, — A) contains even number of
vertices. It is possible to choose the set A such that A consists of two vertices and
two edges or exactly four vertices. In fact, by Lemma 3.4, if we have two isolated
vertices then they must share two faulty neighbors, and if we have at most one
isolated vertex then we include one of its faulty adjacent vertices or faulty incident
edges, thereafter we should be able to choose the other elements of A as needed.
Let F} = F, — A.

Case 1.1.1 Assume that A = {u,v,ujv1,usvs}. By the induction hypothesis,
there exists a perfect matching My in AQY_, — F}. Let uz and vy be edges
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in M, saturating u and v, and assume that the edges uyvy,usvs are in M,
as well. Note that this is the worst case scenario. We want to construct
a perfect or an almost-perfect matching in AQ,, — F' that does not contain
edges from A and does not saturate vertices in A. By Lemma 3.6, we can
find u}, ub, vy, vh, 2’y € V(AQL ) adjacent to uy,us, vy, ve, T,y respectively.
Let A" = {u),ub,v],vh, 2’ y'}. AQL | — A’ has no isolated vertex since the
degree of every vertex in AQ! | is greater than 6, and |A'| = 6 < 4n — 13, for
n > 5. By the induction hypothesis, there exists a perfect matching M; in the
subgraph induced by AQL | — A’. Then the set (Mg — {uyvy, ugvy, uz, vy}) U
My U {ugu, v1v], uguly, vaovhy, za’, yy'} is a perfect matching in AQ,, — F.
Case 1.1.2 Assume that A = {u,v,w,z}. By the induction hypothesis, there
exists a perfect matching My in AQ° |, — F. Tt is possible to have some
vertices of A adjacent through edges of M,. However, we will consider
the worst case scenario where u,v,w and z are saturated by M, through
the edges uug, vvg, wwy, and zzy. Since there are no faults outside AQY_,,
then by Lemma 3.6 can find neighbors for the vertices ug, vg, wg and zy in
AQL . Let uy,vi,wy, 21 € V(AQL) be the neighbors of ug, vy, wy and 2
respectively. Let A" = {uy,v1,wq, 21}, then by the induction hypothesis,
the subgraph induced by AQ. — A’ possesses a perfect matching M;. Let
M = (My — {uug, vvg, wwy, 220 }) U My U {uguy, vovy, wown, 2921 }, then M is
a perfect matching in AQ,, — F.

Case 1.2 |F)| is odd. We want to choose the set A such that the subgraph induced
by AQ® |, — (Fy — A) contains even number of vertices. A can consist of one
vertex and three edges or three vertices and one edge. Let F' = Fy — A, then
|F'V] is even, AQY | — F’ has no isolated vertices, and |F’| = 2n — 13. By the
induction hypothesis, there exists a perfect matching Mj in the subgraph induced
by AQ, — Fj.

Case 1.2.1 Assume that A = {u,v,w,zy}, then u,v,w,z and y are saturated
by My. Let uug, vvg, wwy, xxo, yyo € My. By Lemma 3.6, there exist vertices
uy, v1, Wi, 71,y in AQL | that are outside neighbors of ug, vg, wo, zg and yq re-
spectively. Let A" = {uy, vy, wy, 1,9}, the subgraph induced by AQ! | — A’
has no isolated vertices and contains an odd number of vertices, then by the in-
duction hypothesis, there exists an almost-perfect matching M; in AQ._,—A'.
Let M = (Mo—{uug, vvo, wwo, 20, yyo })UM1U{ugus, vovr, wows, ToZ1, Yoy },
then M is an almost-perfect matching in AQ,, — F.

Case 1.2.2 Assume that A = {u,vw, zy, zt}. Again, we assume the worst case
scenario where the edges vw, ry, and zt are in M. Let uug be the edge in M,
that saturates u. By Lemma 3.6, there exist vertices uq, vy, w1, x1,y1, 21,11 €
V(AQ! ), such that uguy, vvy, wwy, xz1, Yy, 221, and tt; are edges in AQ,,.
Let A" = {uy, vy, w1, 21,41, 21,t1}. Note that |A’| = 7, which is equal to the
degree of the subgraph induced by the vertices of AQL. However, following
the proof of Lemma 3.6, the bipartite graph G constructed will have partitions
A and N(A) where |A] = 7 and |N(A)| > 8, so we can always choose the
vertices of A’ such that the subgraph induced by AQ} , — A" has no isolated
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vertices. By the induction hypothesis, there exists an almost-perfect matching
M; in AQ! , — A’. Then the set M = (My — {uug,vw,zy, 2t}) U M; U
{uouy, vuy, wwy, xx1, YY1, 221, tt1 } is an almost-perfect matching in AQ,, — F'.

Case 2 |Fy| =4n—10. Then |[FUFc U Fx| < 1. If |F; U Fo U Fx| = 0, then the argument
in Case 1 applies.

Case 2.1 F1UFcUFx consists of an edge. We consider cases depending on the parity
of |FY].

Case 2.1.1 |F})'| is even. Since we are assuming that F contains at least one
vertex and |Fp| is even so Fy contains at least two vertices.
If Fy contains edges, then let A C Fy such that A consists of two vertices
and one edge and AQY | — (Fy — A) has no isolated vertices. Let A =
{u,v,zy}, then by the induction hypothesis there exists a perfect matching
My in AQY |, —(Fy—A). Let uug, vvg, and zy be edges of M. Note that we are
considering the worst case scenario where the edge xy is in My and the vertices
uw and v are saturated by M, through the edges uug and vy respectively. By
Lemma 3.6, there exist outside vertices uy, v1, 1 and y; in AQ,,— F of ug, vg,
and y respectively, such that uguy, vovi, xz1,yy; are edges in AQ, — F. Let
A" = {uy,v1,21,y1, [} where f is the faulty edge in F} U Fo U Fx. By the
induction hypothesis, there exists a perfect matching M; in AQL ,—A’. Then
the set M = (Mo — {uug, vvg, zy}) U My U {upuy, vov1, xx1, yys } is a perfect
matching in AQ,, — F.
If Fy does not contain edges, then we let A = {u,v,w}. By the induction
hypothesis, there exists an almost-perfect matching M; in the subgraph in-
duced by AQY |, — (Fy, — A). We consider the worst case scenario where
the unsaturated vertex by My is x € A. Let uug,vvy and wwy be the
edges of M, saturating u,v, and w respectively. By Lemma 3.6 there ex-
ist wy, v, w1, € V(AQ;_l) such that wuguy, vovy, wowy, and zx; are edges
in AQ, — F. Let A" = {uy,vy,w1,21}, then by the induction hypothesis
there exists a perfect matching M; in AQ. , — A’. Then the set M =
(Mo — {uug, vvg, wwe}) U My U {uguq, vov1, wowy, xx1} is a perfect matching
in AQ,, — F.

Case 2.1.2 |F})| is odd. Then |FF| > 1 and |F)'| > 1, so we can choose A to be
a set of two vertices and one edge or two edges and one vertex.
Assume that A = {u,v,zy}. By the induction hypothesis, there exists an
almost-perfect matching My in AQ® |, — (F — A). Consider the worst case
scenario where xy, uug, vvy € My and ug and vy are vertices in the subgraph
induced by AQ° , — (F — A). By Lemma 3.6, there exist vertices uy, vy, T
and y; in AQL _; such that uguy,vovy, zx1,yy; are edges in AQ,, — F. Let
A" = {uy,v1,21,21}, then by the induction hypothesis, there exists a per-
fect matching M; in the subgraph induced by AQ! , — A’. Then the set
M = (My — {uug, vvg, zy}) U My U {uguy, vov1, xx1, yy1 } is an almost-perfect
matching in AQ,, — F.
Assume that A = {u,vw,zy}. By the induction hypothesis, there exists a
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perfect matching My in AQ? ; — (F — A). Consider the worst case sce-
nario where zy, vw,uug € My and ug is a vertex in the subgraph induced
by AQ° , — (F — A). By Lemma 3.6, there exist vertices uy, vy, wy,r; and
y; in AQL | such that ugui,vvy, wwy, zz1, yy; are edges in AQ,, — F. Let
A" = {uy, vy, w1, 21,71}, then by the induction hypothesis, there exists an
almost-perfect matching M; in the subgraph induced by AQ! ;| — A’. Then
the set M = (My — {uug, vw,zy}) U My U {upuy, vuy, wwy, xx1,yy: } is an
almost-perfect matching in AQ,, — F.

Case 2.2 F, U Fp U Fx consists of a verter. Let z be this vertex, then z is in AQ}_;.
We want to choose the set A so that |A] = 3, and the subgraph induced by
AQ° | — (F — A) has no isolated vertices.

Case 2.2.1 |F})| is even. Fy contains no vertices or at least two vertices, then
we choose A such that A contains two vertices and one edge, three edges or
three vertices.

Assume that A = {u,v,zy}. By the induction hypothesis, there exists a
perfect matching My in AQ° | — (F — A). Suppose that zy, uug, vvg € M. If
we can find outside neighbors for z,y, ug and vy in AQ._; —{z}, then we find
the desired matching M as we did in the previous cases. Suppose that we
can not find such neighbors. This means that two of the four vertices x, y, ug
and vy are adjacent to z. Without loss of generality, assume that uy and v
are these two vertices. By Lemma 3.2, uy and vy must be adjacent in AQY_.
If ugvg € Fpy, then we can add ugvg to the matching we are looking for, if not
then by Lemma 3.7 there exists a vertex a in AQY | — F that is adjacent to
ug or vy. Suppose that ug is adjacent to a and a is saturated by the matching
My. Let ab € My, then b has outside neighbor by € AQL | — {z}. Let
1, Y1, v1 be the outside neighbors of z, 3, and v respectively in AQL | —{z, b},
and let A" = {x1,91,v1, b1, 2z}. By the induction hypothesis, there exists an
almost-perfect matching M; in the subgraph induced by AQL ; — A’. Let
M§ = (My — {ab}) U {upa}, then M = MU M; U {vgv1,zx1,yy1 } is an
almost-perfect matching in AQ,, — F.

Assume that A = {ab,cd,ef}. By the induction hypothesis, there exists a
perfect matching My in AQ® | — (F — A). Suppose that ab,cd,ef € My,
note that this is the worst case scenario. Suppose that we can find ver-
tices a1, by, c1,dy, eq, fi in AQL_| — {z} such that aay,bby,ccy, ddy, eeq, ff1 €
E(AQ, — F). Let A = {ay,by,c1,dy, ey, f1,2}, then by the induction hy-
pothesis, there exists an almost-perfect matching M; in the subgraph in-
duced by AQL | — A’. Let M) = My — {ab,cd,ef}, then M = M} U M, U
{aay, bby, cc1,ddy, eeq, ff1} is an almost perfect matching in AQ,, — F. If we
can not find the vertices aq, by, c1, dy, eq, f1 as defined above, then two of these
vertices will be adjacent to z, but in this case these two vertices must be ad-
jacent and if the edge connecting them is not in AQ,, — F', then by Lemma 3.7
we can find a vertex adjacent to one of them and we repeat the construction
done above.

Assume that A = {u,v,w}. By the induction hypothesis, there exists an
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almost-perfect matching My in AQY ;| — (F — A). We consider the worst
case scenario where the unsaturated vertex is a vertex different than u, v and
w. Let s € V(AQ®_, — F) be the unsaturated vertex by My and suppose
that uug, vy, wwy € My. If we can find outside neighbors uy, v, and w; for
ug, vo and wy in AQL | — {2}, then we can find the desired matching M as
we did in the previous cases. Suppose that we can not find such neighbors.
This means that two of the three vertices ug, vy and wy are adjacent to z.
Without loss of generality, assume that uy and vy are these two vertices. In
addition ug and vy are adjacent to another vertex t € V(AQ. | — {z}). By
Lemma 3.2, ug and vy must be adjacent in AQ®_,. If ugvy & Fy, then we can
add ugvy to the matching we are looking for. If not then by Lemma 3.7 there
exists a vertex a in AQY_; — F that is adjacent to uy or vy. Without loss of
generality, suppose that upa € E(AQY | — F). Assume that a # s, then a
is saturated by My. Let ab € My, so b has outside neighbor b; in AQ! | —
{z}. Let A" = {z,t,wy,b1}, then by the induction hypothesis, there exists
a perfect matching M; in AQL | — A’. Let M} = My — {uug, vv0, wwy, ab},
then M = MjU M; U {upa, vot, bby, wow, } is an almost-perfect matching in
AQ, — F. Assume that a = s. Let A” = {z,t,w;}, then by the induction
hypothesis, there exists an almost-perfect matching M; in AQ. | — A”. Let
M§ = My — {uug, vvg, wwy}, then M = M} U M; U {ugs, vot, wow; } is an
almost-perfect matching in AQ,, — F.

Case 2.2.2 |F}| is odd. Note that Fjy can not contain 4n — 10 edges nor 4n — 10
vertices, then we can choose A such that A contains a vertex and two edges
or two vertices and an edge.

Assume that A = {u,v,zy}. By the induction hypothesis, there exists an
almost-perfect matching My in AQ%_, — (F — A). Suppose that zy, uug, vvg €
My. Let apay € E(AQ,—F) such that ag € V(AQ°_,), a1 € V(AQ}._,) and a4
is not adjacent to any of ug, v, z and y. Suppose that we can find u;, v, z; and
y1 in AQL | —{z, a1}, such that uguy, vov1, zx1 and yy; are edges in AQ,, — F.
Let A" = {uy,v1, 21,41, a1, 2}, then by the induction hypothesis, there exists
a perfect matching M; in the subgraph induced by AQ. , — A’. The set
M = (My — {zy,uug,vvg}) U My U {uguq, vovy, £21,yy1, agar } is a perfect
matching in AQ,, — F. If we can not find uy, vy, and y; in AQL_| —{z, a1}
as above, and since we chose a; such that it is not adjacent to any of these
four vertices, then two of the four vertices, ug, vg, , y, must be adjacent to z.
Without loss of generality, assume that ug and vy are adjacent to z. Then by
Lemma 3.7, ugvg is an edge in AQ® | — Fy and we can add it to the matching
we are looking to construct, or at least one of uy and vy is adjacent to some
vertex w in AQ®_, — Fy. Without loss of generality, suppose that ugw is an
edge in AQ®_, — Fy. The vertex w is saturated by My, let wwy, € My where
wy € V(AQY | — Fy). wp has two outside neighbors, and at least one of
them, say wy, is different that z and ay. Let A" = {wy, vy, 21,41, a1, 2}, then
by the induction hypothesis, then there exists a perfect matching M; in the
subgraph induced by AQ. | — A’. Let M) = (My — {wwo}) U {ugw}. Then
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the set M = M| U M; U {wywy, vovy1, xx1, YY1, apay } is a perfect matching in
AQ, — F.

Assume that A = {u,vw,zy}. By the induction hypothesis, there exists a
perfect matching My in AQ® , — (F — A). Consider the worst case sce-
nario where zy,vw,uug € My and ug is a vertex in the subgraph induced
by AQY | — (F — A). Suppose that we can find uy,v,wy, 7y and y; in
AQL | —{z}, such that uguy, vovy, wowy, Ty and yy; are edges in AQ,, — F.
Let A" = {uy,v1,wi21,y1,2}. Then by the induction hypothesis, there ex-
ists a perfect matching M; in the subgraph induced by AQ. , — A’. The
set M = (Mo — {zy,vw,uup}) U M; U {uguy, vvy, wwy, xx1, yy1 } is a perfect
matching in AQ, — F. If we can not find the vertices uy, vy, wy, 7 and 1y,
in AQ} _, — {2} as described above, then two of the five vertices ug, v, w,
and y are adjacent to z. Without loss of generality, suppose that v and z
are adjacent to z, then by Lemma 3.1 vz € E(AQY_,). If vz ¢ F, then
we can add it to the matching. Assume that vz € F, then by Lemma 3.7,
there exists a vertex a € V(AQY_, — F) such that at least one of the ver-
tices, v and x, is adjacent to a. Without loss of generality, assume that va
is an edge in the subgraph induced by AQ® , — F. The vertex a is sat-
urated by M. Suppose that ab € My, then b has two outside neighbors in
AQ! | —{z}. Hence, we can find vertices u1, w1, z1,y; and by in AQL | —{z},
such that wguq,ww, rx1,yy;,bb; are independent edges in AQ, — F. Let
Ay = {uy,wy, 21,41, b1, 2}, then by the induction hypothesis, there exists a
perfect matching M in the subgraph induced by AQL _; — A;. Then the set
M = (My—{zy, vw, uug, ab}) U{va, bby, uguy, wwy, xxy, yy, } UM is a perfect
matching in AQ,, — F.

Case 3 |F0| =4n — 11. Then |F1 U FC UF)(| S 2.

Case 3.1 |F)/| is even. We want to choose a set A C F, such that the subgraph
induced by AQY | — (Fy— A) has no isolated vertices and even number of vertices.
The choice of such set A is always possible since we can choose A to be a set of
two vertices or a set of two edges.

Case 3.1.1 If A = {u, v}, then by the induction hypothesis, there exists a perfect
matching My in AQY | — (Fy — A) saturating u and v. Let uug and vy be in
M,. If there exist two vertices u; and vy in AQ}L_l — F' such that ugu; and vgv;
are edges in AQ,, — F, then we let A" = {uy,vy, f1, fo} where f; and f, are
the two faults outside Fy. By the induction hypothesis, there exists a perfect
or an almost-perfect matching M; in the subgraph induced by AQL , — A’
Then the set M = (Mo — {uug,vvg}) U My U {uguy, vov1 } is a perfect or an
almost-perfect matching in AQ,, — F.

Assume that one of uy and vy is adjacent (incident) to two faulty vertices
(edges) outside AQ° ,. Without loss of generality, suppose that ug is such
vertex. Since uy can not be isolated in AQ), — F, then uy must have a
neighbor w in AQ%_, — F. w is saturated by M. Let wwy € My, where
wy € V(AQ, — F). If fi and f, are two edges incident to ug, then wy has
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two neighbors in AQ! ; — F. Then we can find two edges wow; and vyv; in
AQ, — F, such that w; and v; are in AQ!_; — F. Now we choose the set A’ to
be A" = {wy, v, fi1, fo}, and by the induction hypothesis there exists a perfect
or an almost-perfect matching M; in the subgraph induced by AQL | — A’
Then the set M = (My—{wwy, uug, vug } ) UM;U{uqw, wowy, vovy } is a perfect
or an almost-perfect matching in AQ,, — F'.

We consider the last possibility where f; and f> are two vertices, and ug and
vp are both adjacent to f; and f;. By Lemma 3.1, uy and vy are adjacent.
If upvg € E(AQ, — F), then we add this edge to the matching. By the
induction hypothesis, we can find a perfect or an almost-perfect matching M;
in AQ} | — F. Therefore, M = (My—{uug, vvg})UM;U{ugvy} is a perfect or
an almost-perfect matching in AQ,, — F. If ugvg € F, then we can claim that
ug is adjacent to ¢ and vy is adjacent to z where z,t € V(AQY_, — F). In fact,
if this is not true, then uy and vy are adjacent to exactly one vertex, then Fj
contains at least 4n — 9 faults and this is not possible. The vertices z and ¢
are saturated by M,. Let zzy and tty be in My. The vertices 2y and ty have
their outside neighbors in AQ}_; — F. Let z; and ¢; be outside neighbors of
zp and ty respectively. Let A" = {z1,t1, fi1, fa} By the induction hypothesis,
there exists a perfect matching in the subgraph induced by AQ, — A’. Then
M = (My — {uug, vvg, 220, tto}) U My U {z021, tot1 } is a perfect matching in
AQ, — F.

Case 3.1.2 If A = {uv,zy}. In this case all the faults inside AQ?_, are edges,
then we can always choose the edges uv and xy such that at least one endpoint
of each edge has two outside neighbors in AQ! | — F. Suppose that v and y
are the endpoints adjacent to v’ and ¢’ in AQ} , — F and that vv’ and yy' are
edges in AQ,, — F', then we can include the edges vv" and y3’ in the matching
M to saturate the vertices v and y. The only problem we may have is when
we fail to find independent cross/complement edges in AQ,, — F' incident to u
and x respectively. This occurs when both or one of them is incident to two
faulty cross/complement edges or adjacent to two faulty vertices in AQ! .
This situation is similar to what we had in Case 3.1.1. We can proceed as in
Case 3.1.1, but the set A’ we choose here will be of size 6 instead of 4, and
the induction hypothesis will be applied as well.

Case 3.2 |F)| is odd. We can always choose the set A so that AQ° , — (Fy — A) has
no isolated vertices and A contains two vertices or a vertex and an edge.

Case 3.2.1 If A = {u,v}, then by the induction hypothesis, there exists an
almost-perfect matching My in AQ®_; — (Fy — A). We consider the worst
case scenario where u and v are saturated by M,. Let uuy and vvy be in
My, and let z € V(AQY_, — (Fy — A)) be the unsaturated vertex by M.
Assume that we can find uy, vy, 21 € V(AQL _, — F) such that uguy, vovy, 221 €
E(AQ, — F), and let A" = {f1, fo,u1,21,v1} where f; and fo are the faults
outside AQ® ;. By the induction hypothesis, there exists a perfect or an
almost-perfect matching M; in the subgraph induced by AQ. |, — A’. The set
M = (My—{uug, vvg } ) UMiU{uguy, vov1, 221 } is a perfect or an almost-perfect
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matching in AQ, — F. Assume that we can not find the vertices uy, vy, 21
as described above, then either one or two of the vertices from {ug,vg, 2} is
adjacent (or incident) to two faulty vertices (or faulty edges). This situation
is similar to the one we had in Case 3.1.1. Using a similar construction we
can find the perfect or the almost-perfect matching we are trying to find.

Case 3.2.2 If A = {u,xy}, then by the induction hypothesis, there exists a
perfect matching M,. We consider the worst case scenario where xy € M.
Let M} = {zy, uug}, so M is a matching in AQY_, — F missing three vertices.
This situation is similar to the previous case when M, was missing three
vertices, namely wug, vg, w. Hence we can proceed as in Case 3.1.1 to find a
perfect or an almost-perfect matching in AQ,, — F.

Case 4 |Fy| =4n —12. Then |F} U Fo U Fx| < 3. We consider two cases depending on the
parity of |Fy|.

Case 4.1 Assume |Fy| is even. Let A C F such that |A| = 1. We can always choose
A so that AQY | — (F — A) has no isolated vertices. In fact, if we have an isolated
vertex, then we choose A to be a vertex (edge) adjacent (incident) to that vertex,
and if we have two isolated vertices, then they should share at least one vertex
and/or adjacent, so we can choose A to be the edge connecting them or a common
neighbor for both vertices. We consider two cases depending on whether A is a
set containing a vertex or an edge.

Case 4.1.1 If A = {u}, then by the induction hypothesis, there exists an almost-
perfect matching My in AQY_; — (F — A). Assume the worst case scenario,
which is the case when u is saturated by My. Let uug € My and let z be
the vertex in AQ? | — (F' — A) missed by My. Suppose that we can find
vertices u; and z, outside neighbors of ug and z respectively, in AQL _; — F.
By The induction hypothesis, there exists a perfect or an almost perfect-
matching M; in the subgraph induced by AQL | — (F U {uy,2}). The set
M = (Mo—{uug})UMU{uguy, 2z } is a perfect or an almost-perfect matching
in AQ,, — F'. If we can not find such u; and z;, then either one of the vertices
ug or z is adjacent to two faulty vertices in AQ!_;, or one of them is incident

to two faulty edges in Fo U Fx, or both vertices are adjacent to two faulty

vertices in AQL_;.

Case 4.1.1(a) Suppose that one of the vertices uy and z, say uo, is adjacent
to two faulty vertices or incident to two faulty edges. Then ug must be
adjacent to some vertex in AQY |, — F. If z is such vertex then we include
the edge ugz in the matching we are looking to find. If 2z is not adjacent to
ug, then vy is adjacent to some vertex ujg that is saturated by M. Let tuy
be the edge of M, saturating ug. If we can find an outside neighbor for ¢
in AQ! | — (FU{z}) where z; is an outside neighbor of z in AQ! | —F,
then we can proceed as above. If this is not the case, then ¢ is either
adjacent to the two vertices in AQ! ;| that ug is adjacent to, or ¢t and 2

share their two outside neighbors in AQ! _, and one of them is a vertex
n Fl.
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o Ift and uy are both adjacent to two faulty vertices in AQL_, then by
Lemma 3.1 ug and t are adjacent in AQ,,. If the edge ugt is not in F,
then we can add this edge to the matching and proceed as above. If not,
then we claim that the vertices uy and ¢ must be adjacent to at least
three vertices in AQ?_, — F. In fact, by Lemma 3.3 ug and ¢ can have at
most four common neighbors in AQ,,, two of them are in AQ! ,, then
they have at most two common neighbors in AQ?_,, and if ug and ¢ are

adjacent to less than three vertices in AQY | —F, then |Fy| must contain

at least 2(2n—6)+1 = 4n—11 elements which is not possible. Therefore,
there are two vertices a and b adjacent to uy and/or ¢ other than uj. Let
aa’ and bb' be the edges of M, saturating a and b. At least one of the
vertices @’ and V' has two outside neighbors in AQ}_, — F. Without
loss of generality, we can assume that @’ has two outside neighbors
in AQ}_, — F. Let a; be one of these neighbors. By the induction
hypothesis, there exists a perfect or an almost-perfect matching M; in
the subgraph induced by AQ. | — (FyU{a1,21}). If upa € E(AQ°_, —

F), then the set M = (My—{uug, aa'})UM;U{upa, a'as, zz1 } is a perfect

or an almost-perfect matching in AQ,, — F. If ta € E(AQ"_, — F), then

set M = (Mo — {uug, ad’, tugy}) U My U {ta, ugug, a’aq, 2z} is a perfect

or an almost-perfect matching in AQ,, — F.

o If t and z are both adjacent to a faulty verter in AQL |, then by
Lemma 3.1 z and t are adjacent in AQ,. If 2zt ¢ Fp, then M) =
(Mo — {uuo}) U {uug, 2t} is a perfect matching in AQ° | — F. By the
induction hypotheses, there exists a perfect or an almost-perfect match-
ing M, in AQ} |, — F, then M} U M; is a perfect or an almost perfect
matching in AQ, — F. If tz € F. As we did above, we can find three
vertices in AQ°_, — F that are adjacent to ¢ or z. If not, then ¢ and z
will be adjacent/incident to at least (2n —6) + (2n —7) +3 = 4n — 10
faults in AQ®_, and this is not possible because |Fy| = 4n — 12. So we
can proceed as above to find the desired matching.

Case 4.1.1(b) Suppose that the two vertices uy and z have two common

outside neighbors in Fy. Since there is no isolated vertex in AQ, — F,
then z has neighbors in AQY | — F. If upz € E(AQ, — F), then M) =
(Mo — {uup}) U{upz} is a perfect matching in AQ® ;. By The induction
there is a perfect or an almost-perfect matching in AQ}_, — F. Therefore
Mg U M; is a perfect or an almost-perfect matching in AQ, — F. If
zug € Fy, then we can claim, as we did previously, that z and/or g are
adjacent to at least three vertices in AQY_;, — F. Note that since there
is no isolated vertex in AQ, — F', then each ug and z has a neighbor in
AQY | — F, and in this case there must be an additional neighbor for
ug and z, or else the size of Fy will be 4n — 11. In case ug and z share
a common non-faulty neighbor, then we can find at least two additional
neighbors for ug and z, or else the size of Fy will be 4n — 10. Then we
can proceed as in the previous case to find the desired matching.
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Case 4.1.2 If A = {xy}, then by the induction hypothesis, there exists a perfect
matching My in AQ? | — (F — A). Assume the worst case scenario, which is
the case where xy € M,. We should note that the only case we are forced to
choose A to be an edge is when all faults in AQ?_, are edges or when there is
one vertex incident to (2n — 3) faulty edges in AQ?_,. In either cases, we can
always find an edge xy such that at least one endpoint has no faulty outside
neighbors. Let y be this endpoint.

If z is incident to a cross or a complement edge in AQ, — F, then there
is a vertex 11 € AQL | — F} such that xz; € F(AQ, — F). Let y; be an
outside neighbor of y such that x; # y;. By the induction hypothesis, there
exists a perfect or an almost-perfect matching M; in the subgraph induced
by AQL | — (Fy U{z1,y1}). Then the set (Mg — {zy}) U M; U{zx1,yy:1} is a
perfect or an almost-perfect matching in AQ,, — F'.

If z is incident and/or adjacent to two faults outside AQ° ,, then z must
be adjacent to some vertex a € AQY | — F. The vertex a is saturated by
My through an edge ab. If b has an outside neighbor b; in AQ! |, — F,
then by the induction hypothesis, there exists a perfect or an almost-perfect
matching M; in the subgraph induced by AQ} , — (Fy U {by,y1}). The set
(Mo — {zy}) UMy U{xa,bby,yy,} is a perfect or an almost-perfect matching
in AQ,, — F. If we can not find such vertex b, then b and x are both
adjacent to two faulty vertices in F. By Lemma 3.1, bz is an edge of AQL .
Assume that bxr ¢ F, the vertex a has at least one outside neighbor a; in
AQL | — F such that aa; € F(AQ,, — F). By the induction hypothesis, there
exists a perfect or an almost-perfect matching M; in the subgraph induced by
AQL | — (FyU{a1,y1}). The set (My—{xy})UM,U{xb, aas,yy:} is a perfect
or an almost-perfect matching in AQ,, — F'. Finally, assume that bx € F', then
we claim that b and /or z have at least three neighbors (including a) in AQ%_,.
This is very similar to Case 4.1.1; we follow the same construction to find the
matching in AQ,, — F.

Case 4.2 Assume |Fy| is odd.

Case 4.2.1 If A = {u}, then by the induction hypothesis, there exists a perfect
matching M, in AQg_l — (F — A), then u is saturated by My. Let uuy € Mp.
The vertex ug has a neighbor a € V(AQ° , — F) which is also saturated by
My through the edge ab. From here, we can proceed with the construction
of the Matching as we did in Case 4.1, by considering cases depending on
whether b is incident to complement /cross edges in E(AQ,, — F).

Case 4.2.2 If A = {zy}, then by the induction hypothesis, there exists an
almost-perfect matching My in AQ® | — (F — A). Assume the worst case
scenario, which is the case when xy is in M. Let z € V(AQ°_, — F) be
the missing vertex by My. If we can find outside neighbors x1,y; and z; in
AQ! | — F for x,y and z, then by the induction hypothesis we can find a
perfect or almost-perfect matching M; in AQL | — (Fy U{z1, 91, 21}). Hence,
M = (My — {uup}) U My U {zz1,yy1,221}. If we can not find such ver-
tices, then two of the vertices x,y and 2z have two common neighbors in Fj.
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Since we can always choose the edge xy such that one endpoint, say y, is
incident to two non-faulty cross and complement edges in AQ,, — F', then
we can assume that @ and z are both adjacent to faulty vertices in AQ}_;.
By Lemma 3.1, zz € E(AQ,). If zz ¢ F, then as we did in Case 4.1,
we can find at least three vertices a,b and c that are adjacent to x or z in
AQ°® | — F. Note that at least one of them is adjacent to z and one is ad-
jacent to y. These vertices a, b, and ¢ are saturated by M,. Let aag, bby, ccy,
be the edges saturating a,b and c respectively. It is possible that two of the
vertices a and b are adjacent and the edge ab € M,, but this will not af-
fect the proof. We can choose two vertices from {a,b,c}, say a and b, such
that za,zb € E(AQY_, — F) and aq and by have outside neighbors a; and
b1, respectively, in AQ! | — F. Let y; be one of the outside neighbors of
y. By the induction hypothesis, there exists a perfect or an almost-perfect
matching M, in the subgraph induced by AQ. , — (Fy U {ay,b1,y1}). The
set M = (My — {xy, aay,bb1}) U My U {za, 2b, agay, bob1, yy1 } is a perfect or
an almost-perfect matching in AQ,, — F.

Case 5 2n — 2 < |Fy| < 4n — 13. We consider two cases depending on whether AQ? | — F
contains an isolated vertex or not. Note that when |Fy| < 4n — 13 then AQ° |, — F
can have at most one isolated vertex.

Case 5.1 Assume that AQY_, — F contains an isolated verter u. Since AQ,, — F has
no isolated vertices, then u has an outside neighbor u; in AQ! |, — F.

Case 5.1.1 Suppose that u is adjacent to a faulty vertex v in Fy. Let Fj =
Fy — {v}, then |F}| < 4n — 14 and the subgraph induced by AQ°®_, — F} has
no isolated vertices. By the induction hypothesis, there exists a perfect or an
almost-perfect matching My in AQ°_, — F{.

If|Fy'| is odd, then My is a perfect matching and uv € My. Let F| = FyU{u, },
then |F{| < 2n — 7 < 4n — 13 for n > 4. In addition, AQ._; — F| has no
isolated vertices, then by the induction hypothesis, there exists a perfect or
an almost-perfect matching M; in the subgraph induced by AQ! | — F]. Let
M = (My — {uv}) U My U {uu, }, then M is a perfect or an almost-perfect
matching in AQ,, — F.

If |FY'| is even, let z be a vertex in AQY | — F such that z; has an outside
neighbor 2; # u; in AQL_; — F' and the subgraph induced by AQ° ;| — (FjU
{20}) has no isolated vertices. Let FJ] = FjU {2}, then |Fj| < 4n — 13.
Hence, by the induction hypothesis, there exists a perfect matching M| in
the subgraph induced by AQ®_, — F}. Let F| = Fy U {uy, 21}, then |F]| <
2n — 6 < 4n — 13 for n > 4. In addition, AQ} ; — F] has no isolated
vertices, then by the induction hypothesis, there exists a perfect or an almost-
perfect matching M; in the subgraph induced by AQ! | — F|. Let M =
(M} — {uv}) U My U {uuq, 2021}, then M is a perfect or an almost-perfect
matching in AQ,, — F.

Case 5.1.2 Suppose that u is not adjacent to a faulty vertex, then wu is incident
to 2n — 3 faulty edges in AQ°_,. Let f1, fo, ..., fon_3 be these edges, and let
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Fo={u}y U (Fo —{f1,-.., fan-s})- [F5| <2n —0.

Assume F} has even number of vertices. By Theorem 3.1, AQ®_, — F}, has a
perfect matching M{. Let F| = Fy U{uy}, then |F|| <2n —7 < 4n — 13 for
n > 4. In addition, AQ! | — F} has no isolated vertices, then by the induction
hypothesis, there exists a perfect or an almost-perfect matching M; in the
subgraph induced by AQ. | — F|. Let M = My U M; U {uu;}, then M is a
perfect or an almost-perfect matching in AQ,, — F.

Assume that F} has odd number of vertices. We can find a vertex zy in
AQ° | — F} such that z, has an outside neighbor z; # wu; in AQ. , — F
and the subgraph induced by AQ®_; — (Fj U {zp}) has no isolated vertices.
Let F = Fy U {20}, |F{| < 2n — 8 and has an even number of vertices. By
Theorem 3.1, there exists a perfect matching M in the subgraph induced
by AQ° | — FJ. Let F| = Fy U{uy, 21}, then |F|| < 2n —6 < 4n — 13 for
n > 4. In addition, AQ!_, — F} has no isolated vertices, then by the induction
hypothesis, there exists a perfect or an almost-perfect matching M; in the
subgraph induced by AQ} _, — F|. Let M = M} U M; U {uuy, 2021}, then M
is a perfect or an almost-perfect matching in AQ,, — F'.

Case 5.2 Assume that AQY | — F has no isolated verter. Then by the induction
hypothesis, there exists a perfect or an almost-perfect My in AQ? | — F and a
perfect or an almost-perfect matching M; in AQL | — F. If both M, and M,
are perfect matchings, then M = My U M is a perfect matching in AQ,, — F. If
exactly one of them is a perfect matching, then M = M;U M, is an almost-perfect
matching in AQ, — F. Suppose that M; and M, are almost-perfect matchings.
Let 2 be the vertex in AQ®_, — F missed by M. If z is adjacent to some vertex
21 € V(AQ)L_, — F) in AQ,, — F then we can find a perfect matching M, in
AQL | — (FyU{z}) and the matching M = MyUM;|U{z2} is a perfect matching
in AQ,, — F. Suppose that z is adjacent to two faulty outside edges or adjacent
to two faulty outside vertices. Then, z must be adjacent to some vertex u €
V(AQ? _,—F) since AQ,,—F contains no isolated vertex. The vertex u is saturated
by My, let uw € My. If w has an outside neighbor w; in AQ! | — F such that
wwy € E(AQ,—F), then Mj = (My—{uw})U{uz} is an almost-perfect matching
in AQ° , — F missing w. By the induction hypothesis, there exists a perfect or
almost-perfect matching M; in the subgraph induced by AQ} ; — (Fy U {w:}).
Then M = MjUM;U{ww, } is a perfect or an almost-perfect matching in AQ, —F.

Suppose that z and w have no outside neighbors in AQ. |, — F. We want to show
that it is possible to have a vertex z in AQ° |, — (F U {u}) such that zy € M,
and y has an outside neighbor in AQ} | — F.

If z and w share a common neighbor in AQ)_,, then by Lemma 3.1, z and w
share two common faulty neighbors in AQ!_;, and in this case the vertices 2 and
w can have at most one common neighbor in AQY_, — F other than u. So z and
w are adjacent to at least (2n —4) 4+ (2n —4) — 1 — |Fo| = 4n — 9 — |Fy| > |F1|
vertices in AQ° | — F other than u. This means that z and w are adjacent to at
least m vertices in AQ?_, — F', where m > |Fy|. Let x4, ..., x,, be these vertices,

and since all of them are saturated by My, we let z1y1,...,2nYm € My. There
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are at least m neighbors for {yi,...,yn} in AQL ,. If all those neighbors are
faulty, then m = |F}| and we know that there are already two faults in AQ.
other than these m faulty vertices, namely the faulty vertices adjacent to z and
w. Then |Fy| > |Fi| + 2, contradiction. Note that z and w can be incident to
faulty cross/complement edges, but we are considering the worst case scenario
where we get the most number of faults in AQ! ,. Therefore we can always
find a vertex from the set {yi,...,¥,} having a neighbor in AQ} | — F. Let 3
be such vertex and let y1y; € F(AQ, — F), where y; € V(AQ}_, — F). By the
induction hypothesis, there exists a perfect matching M7 in the subgraph induced
by AQL | — (FU{y1}). If zzy € E(AQY_, — F), then M = (My — {z1y1}) U
M U{yy}, zx1} is a perfect matching in AQ,, — F. If wz; € E(AQ°_, — F), then
M = (My— {vw, z191 }) U M{ U{y1y1, 2u, wz, } is a perfect matching in AQ,, — F'.
If 2 and w do not share common neighbors in AQL |, then z and w are in-
cident/adjacent to four faults. In this case z and w are adjacent to at least
(2n—4)+(2n—4)—3—|Fy| = 4n—11—|Fy| > |Fy|—2 vertices in AQY_, — F other
than u. Then z and w are adjacent to at least m — 2 vertices in AQ°_, — F, where
m = |Fy|. Let z1,..., 2,2 be these vertices, and since all of them are saturated
by My, we let z1y1, ..., Tm—2Ym—2 € My. Let N({y1,...,Ym—2,w, z}) be the set
of the outside neighbors of {y1, ..., ym_2,w, 2}, then |N({y1, ..., Ym_2,w,z})| >
m. If IN{yi,-..,Ym2,w,2z})| > m, then we can find y;, such that y; has
an outside neighbor ¢y, in AQ! | — F, and we proceed as we did above. If
IN({y1, .-, Ym2,w, z})| = m, then m is even, so |Fy| = |FY] is even and this
contradicts the assumption that M; is an almost-perfect matching.

Case 6 |Fy| = 2n — 3. This is can be treated the same as Case 5. The only difference is
when AQY | — F} has an isolated vertex, then by Proposition 2.1 |F})’| is even.

Case 7 |Fy| < 2n — 3 and |Fi| < 2n — 3. Then by the induction hypothesis (or by Theo-
rem 3.1), there exists a perfect or an almost-perfect My in AQ° | — F' and a perfect
or an almost-perfect matching M; in AQL , — F. If both My and M; are perfect
matchings, then M = My U M; is a perfect matching in AQ, — F. If exactly one
of them is a perfect matching, then M = M; U M, is an almost perfect matching in
AQ, — F. Suppose that M; and M, are almost-perfect matchings. Let z¢x; be an edge
in AQ,, — F, such that zy € V(AQY_, — F), z; € V(AQ)_; — F) and the subgraphs
induced by AQ?_; — (FU{xo}) and by AQ. _; — (FU{z;}) has no isolated vertex. We
can always find such edge. In fact, there are 2" edges between AQ® | and AQ! ., and

there is at most one vertex xyg € V(AQ°_, — F') whose deletion results in having an

isolated vertex in AQY | — F, and at most one vertex z; € V(AQL | — F') whose dele-
tion results in having an isolated vertex in AQ. | — F. Moreover, each faulty-vertex is

incident to two cross/complement edges, so there are at most 2(4n —9+2) = 8n — 14

edges that can not be chosen, and this number is less than 2", for n > 5. By the

induction hypothesis, there exist two perfect matchings My and M; in the subgraphs
induced by AQY |, — (F U {xo}) and by AQ. | — (F U {x,}) respectively. Therefore,

M = My U My U {x¢z,} is a perfect matching in AQ,, — F.

O
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4 Conclusion

In this paper, we have studied the strong matching preclusion problem of augmented cubes
under the condition that no isolated vertex is created in the presence of faulty edges and/or
vertices. We proved that the conditional strong matching preclusion number of AQ),, is 4n—S8.
We note that in the proof of our main theorem, we only make use of certain properties of
the augmented cubes. So one can consider generalizing the result to a class of networks
by starting with two copies of K, and add two sets of perfect matchings between them so
that certain properties are satisfied, that is, we restrict the two sets of perfect matchings.
One may wonder why we did not present this paper under this more general class. This is
because we used Theorem 3.1, which was only proved for augmented cubes. We remark that
if one examines the proof of this theorem in [8], it only relies on specific properties of the
two added sets of perfect matchings. So one can generalize Theorem 3.1 to a larger class
of graphs by allowing any two sets of perfect matchings with these properties. While this
is interesting from a graph theory perspective, it is less important from an interconnection
networks perspective that these graphs were designed for, as while the two specific sets of
perfect matchings is less important regarding matching preclusion, they are very important
in terms of designing nice distributed routing algorithms.
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