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Abstract

The structural application of fibre reinforced polymer (FRP) composites has meant
a revolution in mechanical properties, making the most of strength and stiffness at a
lower weight than traditional structural materials. This is leading to the gradual re-
placement of structural components with the aim of environmental, economical and
safety advantages in sectors where mechanical properties are critical, such aerospace
industry.

The heterogeneity and anisotropy of these composite materials lead to a intricate
mechanical behaviour, which requires a change in the very basics of characterization
and modelling of continuum mechanics. In this way, the topics of damage and failure
have been widely addressed by the scientific community from different analytical,
numerical and experimental approaches.

However, there is still great uncertainty in the mechanical behaviour of compos-
ite structures when load states are complex. This doctoral thesis deals with the study
of the behaviour of carbon fibre reinforced polymeric material (CFRP) laminates, ob-
tained by stacking unidirectional continuous fibre plies. It deepens in stacking se-
quences of industrial interest, namely angle-ply, with highly non-linear behaviour
associated to different damage mechanisms and plasticity.

The response of different laminates is analysed in a wide range of loading con-
ditions, including quasi-static uniaxial and multiaxial characterization. This is per-
formed via standardized testing, including tensile, compressive and flexural loading,
up to advanced non-standardized tests such as cruciform biaxial testing.

This study is approached from the analytical, numerical and experimental fields,
discussing the effectiveness of different approaches and proposing new analytical
models for the design of laminates validated through experimental testing. Differ-
ent numerical analyses are also performed using the Finite Element Method (FEM)
which allows to describe the appearance and evolution of different damage mecha-
nisms and geometry instabilities, following a “cost-effective” methodology (in other
words, simulations with low computational cost).

The results obtained from the different perspectives and loading scenarios allow
to offer recommendations for testing and characterizing the mechanical behaviour
of FRP laminates, addressing in detail the non-isotropic behaviour of the lamina and
laminate.
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Resumen

La aplicación estructural de materiales compuestos de matriz polimérica refor-
zada con fibra (FRP) ha significado una revolución desde el punto de vista de las
propiedades mecánicas, elevando los límites de resistencia y rigidez con un peso
menor que los materiales estructurales tradicionales. Esto está llevando a la susti-
tución, al menos parcial, de componentes estructurales con el objetivo de conseguir
mejoras en sostenibilidad ambiental, económicas y de seguridad en sectores donde
las propiedades mecánicas son críticas, como la industria aeroespacial.

La heterogeneidad y la anisotropía de estos materiales compuestos conducen a
un complicado comportamiento mecánico, que requiere una redefinición de los con-
ceptos básicos de caracterización y modelado de su respuesta mecánica. Por ello,
los conceptos de daño y fallo han sido ampliamente abordados por la comunidad
científica desde diferentes enfoques analíticos, numéricos y experimentales.

Sin embargo, todavía existe una gran incertidumbre en el comportamiento mecá-
nico de las estructuras compuestas cuando los estados de carga son complejos. Esta
tesis doctoral aborda el estudio del comportamiento de los laminados de material
polimérico reforzado con fibra de carbono (CFRP), obtenidos mediante el apilado de
capas de fibra continua unidireccional. Se profundiza en secuencias de apilamiento
de interés industrial, principalmente angle-ply, con un comportamiento altamente no
lineal asociado a diferentes mecanismos de daño y plasticidad.

La respuesta de diferentes laminados se analiza sometida a diversos escenarios
de carga, incluidos estados de carga cuasiestáticos uniaxiales y multiaxiales. Entre
ellos se engloban desde ensayos estándar de tracción, compresión y flexión, hasta
ensayos no enstandarizados, como es el caso de los ensayos biaxiales con probetas
cruciformes.

Este estudio se aborda desde los campos analítico, numérico y experimental, dis-
cutiendo la efectividad de diferentes enfoques y proponiendo nuevos modelos ana-
líticos para el diseño de laminados, validados mediante evidencias experimentales.
También se realizan diferentes análisis numéricos utilizando el Método de los Ele-
mentos Finitos (FEM) que permite describir la apariencia y evolución de diferentes
mecanismos de daño e inestabilidades geométricas, siguiendo una metodología que
prima la sencillez del modelo (en otras palabras, simulaciones con bajo coste compu-
tacional).

Los resultados obtenidos mediante las diferentes metodologías y bajo los distin-
tos escenarios de carga permiten ofrecer recomendaciones para ensayar y caracteri-
zar la respuesta y el fallo mecánico de los laminados FRP, abordando en detalle el
comportamiento no isótropo de la lámina y del laminado.

iii





Contents

Abstract i

Resumen iii

Contents v

List of figures ix

List of tables xvii

List of Abbrevations xix

1 Introduction 1

1.1 Scientific and industrial context . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 State of the art . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2.1 Pseudo-ductility in angle-ply laminates . . . . . . . . . . . . . . 4

1.2.2 Biaxial testing on composite materials . . . . . . . . . . . . . . . 7

1.2.3 Failure theories . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.2.4 Damage modelling . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.3 Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.4 Summary of the contents . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2 Experimental, analytical and numerical frameworks 23

2.1 Material and experimental equipment . . . . . . . . . . . . . . . . . . . 23

v



2.1.1 Lamina characteristics and laminate preparation . . . . . . . . . 23

2.1.2 Experimental facilities . . . . . . . . . . . . . . . . . . . . . . . . 25

2.2 Analytical framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.2.1 Classical Laminated Plate Theory . . . . . . . . . . . . . . . . . 28

2.3 Numerical modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.3.1 Hashin’s Damage Model . . . . . . . . . . . . . . . . . . . . . . . 34

2.3.2 Ladevèze’s Damage Model . . . . . . . . . . . . . . . . . . . . . 40

3 Mechanical response under uniaxial loading 49

3.1 Uniaxial tensile testing . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.1.1 Cross-ply laminates . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.1.2 Angle-ply laminates . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.2 Uniaxial compressive testing . . . . . . . . . . . . . . . . . . . . . . . . 59

3.3 Numerical modelling of the non-linear response of angle-ply lami-
nates under uniaxial loading . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.3.1 Parameter identification for Hashin’s Damage Model . . . . . . 62

3.3.2 Material parameter identification for Ladevèze’s model . . . . . 68

3.3.3 Results obtained with Ladevèze’s model for different angle-
ply laminates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

3.3.4 Effects of the geometry and element type . . . . . . . . . . . . . 76

4 Flexural response of angle-ply laminates 81

4.1 Analytical framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.2 Pseudo-ductility in bending of ±45◦ symmetrical
angle-ply laminates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.2.1 Analysis of flexural response considering different tensile and
compressive elastic moduli . . . . . . . . . . . . . . . . . . . . . 87

vi



4.2.2 Experimental bending characterization of pseudo-ductile ef-
fects on angle-ply laminates . . . . . . . . . . . . . . . . . . . . . 90

4.2.3 Optimization of stacking sequences . . . . . . . . . . . . . . . . 94

5 Assessment of laminates under biaxial loading 97

5.1 General aspects of the analysis of cruciform biaxial testing . . . . . . . 98

5.1.1 Design and preparation of cruciform specimens . . . . . . . . . 98

5.1.2 Numerical modelling of non-linear effects on biaxial tests . . . 101

5.1.3 Numerical elastic estimation of stresses in biaxial zone . . . . . 104

5.2 Elastic analytical approach to biaxial stress . . . . . . . . . . . . . . . . 105

5.2.1 Representation of uniaxial and biaxial states on Mohr’s Circle . 110

5.3 Tensile-Tensile biaxial tests on cruciform specimens . . . . . . . . . . . 112

5.3.1 Biaxial tensile loading on cross-ply laminate . . . . . . . . . . . 112

5.3.2 ±45◦ laminate under Tensile-Tensile biaxial loading . . . . . . . 115

5.4 Analysis of the buckling initiation on biaxially compressed laminated
plates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

5.4.1 Bending-twisting coupling effect on buckling critical load . . . 125

5.4.2 β -Coefficients approach for thin plates . . . . . . . . . . . . . . 129

5.4.3 Buckling analysis of biaxially compressed cruciform specimens 133

5.5 ±45◦ laminate under Compressive-Compressive biaxial loading . . . . 137

5.6 Tensile-Compressive biaxial testing of ±45◦ laminate . . . . . . . . . . 140

5.7 Evaluation of internal damage via phased-array ultrasonic inspection . 143

6 Conclusions and future works 147

6.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

vii



6.1.1 Uniaxial characterization and damage numerical modelling of
laminates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

6.1.2 Bending and pseudo-ductility in angle-ply laminates . . . . . . 148

6.1.3 Buckling in laminated plates and cruciform specimens . . . . . 149

6.1.4 Biaxial testing on cruciform specimens in FRP laminates . . . . 150

6.2 Future research lines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

Bibliography 175

A Scientific production 177

A.1 Publications in peer-reviewed international journals indexed in the
Journal Citation Reports . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

A.2 Publications in national journals . . . . . . . . . . . . . . . . . . . . . . 177

A.3 Contributions to international conferences . . . . . . . . . . . . . . . . . 178

A.4 Contributions to national conferences . . . . . . . . . . . . . . . . . . . 178

A.5 Intellectual property . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

A.6 Recognitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

viii



List of figures

1.1 Schematic representation of damage mechanisms induced in a com-
posite laminate by low velocity impact [7] and (b) compressive load-
ing [8]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Carbon fibre global demand (*Estimations made at 11/2018). Shown
in a reconstructed edition [14]. . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Examples of aircraft relevant for composite industry: (a) Airbus A350
XWB [17] and (B) Boeing 787 Dreamliner [18]. . . . . . . . . . . . . . . . 4

1.4 Uniaxial tensile tests results for different angle-ply laminates, depict-
ing applied stress against longitudinal and transverse strains. Repro-
duction based on [9]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.5 Biaxial testing methodologies: (a) Off-axis uniaxial and (b) Cruciform
test. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.6 FEM simulations for different specimen geometries: (a) Principal strain
[51] and (b) Principal stress [77]. . . . . . . . . . . . . . . . . . . . . . . . 11

1.7 (a) Modified ARCAN jig [110] and (b) ISO20337 fixture [113]. . . . . . . 13

1.8 Matrix cracking modes collected by Puck’s failure criteria [142]. . . . . 16

1.9 Theoretical inelastic response obtained with damage and plasticity
model. Reproduction based on [21, 155]. . . . . . . . . . . . . . . . . . . 18

2.1 Fabrication of laminates: (a) Hand lay-up laminate in vacuum bag and
(b) hot platen press. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.2 Examples of specimens: UD plates for ultrasonic characterization and
tensile tabbed coupons. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.3 MICROTEST MAEFH triaxial electromechanical testing machine. . . . 25

2.4 Strain measurement equipment applied in quasi-static testing: (a) Foil
strain gauge, (b) Axial extensometer and (c) StrainMaster DIC system. 26

ix



2.5 Phased array ultrasonic inspection: (a) Olympus OmniScan®SX, (b)
C-Scan setup including transducer and position encoder [164] and (c)
inspection of a cruciform specimen (S-Scan mode visualized in screen). 27

2.6 Laminate and ply notation and coordinate systems: Principal material
directions (blue) and global coordinate system (red). . . . . . . . . . . . 29

2.7 Theoretical evolution of elastic properties predicted through CLPT
for different stacking sequences: (a) Angle ply [±θ ]S and (b) [(0 +
θ )/(90 + θ )]S. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.8 Ply and laminate elastic properties at η-direction plotted against φ .
+45◦ ply elastic modulus, [±45]2S apparent extensional and flexural
modulus. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.9 Deformation under bending for cross-ply laminates: [0/90]S (left) and
[90/0]S (right). Reproduction based on [165]. . . . . . . . . . . . . . . . 33

2.10 Representation of insensitivity opposed sign shear in principal direc-
tions. Adapted from [166]. . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2.11 Hashin’s damage model evolution, reinterpreted from [130]. . . . . . . 37

2.12 Planar representation of isotropic hardening, supposing σ22 = 0. . . . 45

2.13 Representation of damage law combined with plasticity. Stress-strain
evolution is also reported in right axis for clarification. . . . . . . . . . 46

2.14 Representation of strain results considering linear and non-linear strain
relations in the Ladevèze script, compared with Abaqus results in-
cluding the UMAT. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.1 Dimensions of uniaxial tensile test coupon (in mm). . . . . . . . . . . . 50

3.2 [0/90]S and [90/0]S uniaxial tensile testing. . . . . . . . . . . . . . . . . 52

3.3 Quasi-static uniaxial tensile test of different angle-ply configurations.
Low stress-strain levels are zoomed in the subfigure. . . . . . . . . . . 53

3.4 Estimation of fibre reorientation in uniaxially tensile tested angle-ply
laminates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.5 Uniaxial tensile test results for different angle-ply configuration, de-
picting σxx − εxx (right side) and σxx − εyy (left side). . . . . . . . . . . . 55

x



3.6 Uniaxially tensile tested [±45]2S: (a) Top view depicting matrix crack
and permanent deformation and (b) side view of matrix cracking in
internal plies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.7 Uniaxial tensile tested specimens of [±33.7]2S (above) and [±56.3]2S
(below) laminates, including 100x microscopic magnifications. . . . . . 56

3.8 Uniaxial tensile tested [±67.5]2S specimen illustrating brittle matrix
cracking. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.9 Stress and strain components in principal directions for uniaxial ten-
sile tests: (a) [±33.7]2S and (b) [±56.3]2S. . . . . . . . . . . . . . . . . . . 57

3.10 Representation of LUR stress-strain response. Red path indicates the
unload, while blue line describes the reloading cycle. . . . . . . . . . . 57

3.11 Quasi-static and LUR test of [±45]2S laminate: (a) extensometer strains
and (b) strain gauge measures. . . . . . . . . . . . . . . . . . . . . . . . 58

3.12 Modified ASTM D695 fixture: (a) positioning of stabilizing base on
testing machine, (b) side view with short gauge length specimen and
(c) long gauge length specimen exhibiting invalid failure mode. . . . . 60

3.13 Uniaxial compressive tested [90]8 laminates: (a) End crushing of unt-
abbed specimen and (b) tabbed coupons and (c) Fracture angle. . . . . 60

3.14 Dimensions of uniaxial compressive test coupons (in mm). . . . . . . . 61

3.15 Compressive uniaxial response of [0]4, [90]4, [±45]4S and [±45]S lami-
nates. Subfigure is included to better visualization of small strain range. 62

3.16 Flowchart for Hashin’s damage model calibration. . . . . . . . . . . . . 64

3.17 [±45]2S uniaxial tensile loading results from Hashin’s model includ-
ing reorientation: (a) numerical stress-strain compared to experimen-
tal curves and (b) damage initiation indexes and variables evolutions. 66

3.18 [±45]4S uniaxial compressive loading results from Hashin’s model: (a)
experimental and numerical stress-strain and (b) evolution of energies
on the simulation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.19 Hashin’s damage model and experimental results for angle-ply uni-
axially tensile tested laminates: (a) [±56.3]2S stress-strain results, (b)
[±56.3]2S damage evolutions, (c) [±33.7]2S stress-strain results and (d)
[±33.7]2S damage evolutions. . . . . . . . . . . . . . . . . . . . . . . . . 67

xi



3.20 LUR tests for calibration of Ladevèze’s model: (a) [±45]2S laminate
and (b) [±67.5]2S. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.21 Fitting for the Ladevèze’s damage evolution law. . . . . . . . . . . . . . 71

3.22 Evolution of plastic law, expressed in terms of effective shear stress
against accumulated plastic strain. . . . . . . . . . . . . . . . . . . . . . 72

3.23 Fitting for the shear-transverse damage interaction. . . . . . . . . . . . 73

3.24 Ladevèze’s numerical model and experimental results for angle-ply
tensile tested laminates: (a) [±45]2S LUR test, (b) detail of initial re-
sponse of [±45]2S and (c) [±67.5]2S. . . . . . . . . . . . . . . . . . . . . . 74

3.25 Ladevèze’s numerical model and experimental results for angle-ply
tensile tested laminates: (a) [±33.7]2S and (b) [±56.3]2S. . . . . . . . . . 75

3.26 Stress-strain results of the modified parameter identification. . . . . . . 75

3.27 Schematization of the different applied element types, nodes (blue cir-
cles), degrees of freedom and lay-up definitions: (a) Shell 2D, b (b)
Continuum Shell with one element through thickness, (c) Continuum
element with one element for each ply thickness and solid element
representation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.28 Tabbed coupon model applied on simulations. Red and blue faces
represent the tied to the reference points, corresponding in colour,
where displacement BCs and gripping loads are applied. Represen-
tation adapted from [193]. . . . . . . . . . . . . . . . . . . . . . . . . . . 78

3.29 Comparison of εxx contour from Hashin’s damage model (above) and
experimental via DIC, for three different stages: (a) Prior to plateau,
(b) plateau stage and (c) stiffening stage before failure. . . . . . . . . . 79

3.30 DIC photography of the [±45]2S specimen after failure. . . . . . . . . . 80

4.1 3-point bending numerical results for E f computation: (a) Normalized
moduli vs Dratio and (b) Flexural moduli vs N, with [±45]NS. . . . . . . 85

4.2 εxx and σxx profiles caused by bending moment on a material with
different tensile and compressive elastic moduli. Reproduction based
on [132]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.3 Schematization of the homogenised section technique: (a) original
cross-section and (b) homogenised for E = Et . Adapted from [168]. . . 88

xii



4.4 Images of the three-point bending test of ±45 symmetric laminate:
(a) Arrangement of DIC system and triaxial testing machine and (b)
Detail of specimen during test, showing high damage accumulation
due to matrix cracking and delaminations. . . . . . . . . . . . . . . . . 90

4.5 εxx distributions for the midspan cross-section in linear and non-linear
stages: (a) [±45]6S and (b) [+452 − 452]3S [168]. . . . . . . . . . . . . . . 91

4.6 Stress strain response at four different through-thickness positions (de-
fined at Fig. 4.2) at the midspan cross-section: (a) [±45]6S and (b)
[+452 − 452]3S [168]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.7 SEM fractographies for [±45]6S laminate: (a) damage initiation and
(b) damage evolution [168]. . . . . . . . . . . . . . . . . . . . . . . . . . 93

4.8 SEM fractographies for [+452 − 452]3S laminate: (a) damage initiation
and (b) damage evolution [168]. . . . . . . . . . . . . . . . . . . . . . . . 93

4.9 Matrix crack angles reflecting permanent deformation at the inferior
ply: (a) [+45 − 45]6S and (b) [+452 − 452]3S [168]. . . . . . . . . . . . . 94

4.10 Evolution of P/b against strain gauge measurements in x and y direc-
tions [168]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

5.1 Geometries of central zone of biaxial cruciform specimens (same scale):
(a) Geometry A, (b) Geometry B and (c) Geometry C. . . . . . . . . . . 98

5.2 Biaxial T-T geometry A specimens: (a) [0/90] instrumented and tabbed
specimen and (b) Detail of the tapered gauge zone for a [±45]. . . . . . 99

5.3 ±45◦ biaxial cruciform specimens: (a) T-C (upper) and C-C (bottom)
specimens after CNC milling and (b) C-C specimen after tab gluing. . 100

5.4 Plot of force in perpendicular direction during [0, 90]S biaxial tensile-
tensile test, zooming the maximum difference of forces. . . . . . . . . . 100

5.5 Testing facility during the realization of a T-T biaxial test: (a) Top-
view showing DIC system and (b) detail of the instrumented specimen
during testing. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.6 Comparison of strain measurement in [±56.3]S biaxial tensile-tensile
test. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

5.7 Schematization of the thickness reduction in the biaxial gauge zone,
exemplifying a [±45]2S reduced to [±45]S. . . . . . . . . . . . . . . . . . 102

xiii



5.8 Finite element mesh for the T-C biaxial test simulation (with one SC8R
element through thickness) for 0.5 mm element size: (a) 3D represen-
tation of the full mesh and (b) 2D detail of the gauge zone. . . . . . . . 103

5.9 Analytical curve depicting relation between stress and strain biaxial
ratios under linear elastic response of the material. Experimentally
produced ratios are also included as marking points. (a) Different
symmetrical angle-ply sequences, (b) Detailed plot for [±45] symmet-
rical, (c) Detailed plot for [±33.7]NS and (d) [0/90]NS. . . . . . . . . . . 109

5.10 3D Mohr’s circles depicting the apparent laminate stresses for: (a)
Compressive uniaxial test, (b) C-C 1/1 biaxial test and (c) T-C pure
biaxial test. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.11 Numerical and experimental results for the biaxial tensile test of the
cross-ply laminate: (a) Apparent stress-strain response in gauge zone
and (b) Applied force against strains in tapered region. . . . . . . . . . 113

5.12 DIC observations of the biaxially loaded cross-ply laminate, previ-
ous (left) and after (right) the apparition of debonding in the stepped
thickness transition: (a) Photographies and (b) εxx contour plots. . . . . 114

5.13 Numerical contour plot for the matrix tensile damage variable (dmt )
from the simulation of [0/90] biaxial tensile test. The represented state
correspond to a load step higher than the experimental apparition of
the debonding. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

5.14 Failure of the cross-ply biaxially loaded specimen: (a) Specimen after
tests and (b) initiation of matrix cracking at the corners. . . . . . . . . . 115

5.15 Biaxial stress-strain curves for T-T-A45-1: (a) Position A of strain gauges
and (b) Position B of strain gauges. Dashed lines symbolise the elastic
estimation for the centre stresses after initiation of non-linearities. . . . 116

5.16 Normalized applied force-time plot for a pure T-T biaxial test showing
small deviations in force regularization. Force data to virtualize the
test is obtained from this plot. . . . . . . . . . . . . . . . . . . . . . . . . 117

5.17 Stress-strain results from simulations for pure T-T biaxial test includ-
ing force deviations. For easier comparison, experimental average
stress-strain is also plotted. Green and orange rectangles allow com-
parison with Fig. 5.16. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5.18 Failure of a T-T biaxially tested ±45◦ symmetrical laminate: (a) 1/1
ratio failure and (a) detail of fracture surface. . . . . . . . . . . . . . . . 119

xiv



5.19 Biaxial T-T test over geometry A cruciform specimen under Pa
y /Pa

x =
1.2/1 (T-T-A45-1.2): (a) Force-time plot and (b) experimental and nu-
merical stress-strain curves in gauge zone. . . . . . . . . . . . . . . . . . 120

5.20 Numerical and experimental stress-strain responses for biaxially ten-
sile tested laminates: (a) T-T-B45-1.5 and (b) T-T-C45-0.5. . . . . . . . . 120

5.21 Failure of a T-T biaxially tested ±45◦ symmetrical laminate: (a) T-T-
B45-1.5 and (b) T-T-C45-0.5. . . . . . . . . . . . . . . . . . . . . . . . . . 121

5.22 Experimental and numerical stress-strain plots at tapered region from
biaxially tensile [±56.3]S laminate: (a) T-T-56-1 and (b) T-T-56-3. . . . . 122

5.23 Experimental and numerical stress-strain plots at longitudinal direc-
tion of arms from biaxially tensile [±56.3]S laminate: (a) T-T-56-1 and
(b) T-T-56-3. Left figures represent x-direction arm and right figures
represent y-direction arm. . . . . . . . . . . . . . . . . . . . . . . . . . . 123

5.24 Photographies of biaxially tensile tested specimens of [±56.3]S lami-
nate: (a) T-T-56-1 and (b) T-T-56-3. . . . . . . . . . . . . . . . . . . . . . 124

5.25 DIC contour plots for εxx under Pa
x = 3 kN: (a) T-T-56-1 and (b) T-T-56-3.125

5.26 Schematization of a buckling mode for a in-plane biaxially loaded
plate, representing the example of m = 3 and n = 1. . . . . . . . . . . . 126

5.27 Buckling load regarding bending-twisting coupling ratio. . . . . . . . . 128

5.28 Buckling critical stress for a rectangular specially orthotropic plate un-
der biaxial pure stress (|σxx| = |σyy|): (a) C-C and (b) T-C. . . . . . . . . 132

5.29 Buckling modes for different laminates with same geometry and BCs:
(a) [±45]2S, (b) [±45]4S, (c) [±45]12S and (d) [−45/ + 452/ − 45/ +
45/− 452/ + 45]S. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

5.30 3D schematic representation of the geometry, BCs and applied forces
for the linear 2D buckling simulations on cruciform specimen: (a) C-C
and (b) T-C. Dashed lines represent the uz constrained faces supposed
for the anti-buckling jig. . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

5.31 Region of elastic stability for a [±45]S laminate, comprising at the up-
per part of the bifurcation curve, compared with the Tsai-Wu failure
criterion in the biaxial plane [218]. . . . . . . . . . . . . . . . . . . . . . 136

5.32 C-C biaxial testing: (a) Experimental facility including the fixture and
(b) detail of the contact surface. . . . . . . . . . . . . . . . . . . . . . . . 138

xv



5.33 Stress-strain response in biaxially loaded zone of the C-C test, includ-
ing numerical and experimental curves. DIC and strain gauge mea-
surements in the central zone in both specimens are included. . . . . . 139

5.34 Out-of-plane displacement maps at the biaxially loaded zone obtained
via DIC during C-C biaxial test of [±45]S with anti-buckling jig: (a) 3D
surface and (b) 2D representation. . . . . . . . . . . . . . . . . . . . . . 139

5.35 C-C biaxially tested ±45◦ symmetrical laminate, showing the buck-
ling of the biaxially loaded zone. . . . . . . . . . . . . . . . . . . . . . . 140

5.36 Comparison of εxx contours in the linear behaviour for the T-C biaxial
test on ±45◦ laminate: numerical (left) and DIC (right) . . . . . . . . . 140

5.37 Shear response observed by means of T-C biaxial test with and with-
out utilising the anti-buckling fixture. Both tests are performed for a
[±45]4S laminate, reduced to [±45]S in the gauge section. . . . . . . . . 141

5.38 Failure of biaxially T-C tested ±45◦ symmetrical laminate: (a) due
to misalignment of the cruciform specimen without the anti-buckling
fixture and (b) adequate failure mode. . . . . . . . . . . . . . . . . . . . 142

5.39 εxx strain contour plots obtained from simulation with Hashin’s PDM
and via DIC for T-C biaxial test after onset of non-linearities. . . . . . . 142

5.40 Phased-array inspection of the±45◦ T-T cruciform specimen after 1/1
biaxial test (above), and numerical contour for matrix tensile damage
variable dmt at a point close to maximum load (below). The inspected
region (ROI) is schematized at the right side. . . . . . . . . . . . . . . . 143

5.41 Phased-array inspection of the ±45◦ T-C cruciform specimen after bi-
axial test. The inspected region (ROI) is schematized at the right side. . 144

5.42 Phased-array inspection of the ±45◦ C-C cruciform specimen after bi-
axial test (above), and numerical contour for matrix compressive dam-
age variable dmc at a point close to maximum load (below). The in-
spected region (ROI) is schematized at the right side. . . . . . . . . . . 145

xvi



List of tables

2.1 Equivalent stress and displacement relations for damage evolution in
Hashin’s model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.1 Tensile and shear properties of M21E/IMA-12K lamina [168]. . . . . . 50

3.2 Ultrasonic identification of M21E/IMA-12K elastic properties. . . . . . 50

3.3 Tensile properties of cross-ply laminates. . . . . . . . . . . . . . . . . . 51

3.4 Uniaxial tensile testing of different angle-ply laminates. . . . . . . . . . 53

3.5 Compressive properties of M21E/IMA-12K lamina. . . . . . . . . . . . 61

3.6 Experimental and analytical compressive estimates tensile elastic prop-
erties of [±45]4S laminate. . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.7 Hashin’s parameter identification for angle-ply laminates. Note this
values are obtained for a characteristic length Lc = 1 mm. . . . . . . . . 65

3.8 Materials properties applied on Ladevèze’s model. . . . . . . . . . . . . 69

3.9 Elastic constants relating stress between global and principal directions. 70

3.10 Comparison of different approaches for meshing. Same scenario is
tested: uniaxial tensile [±45]2S coupon with 2.5 mm element size (in
plane) under 2.5 mm applied displacement. Total number of nodes
and DOFs are included. All simulations were run in an eight core
Intel I7-7700 processor with 16 Gb PC4-17000 RAM. . . . . . . . . . . . 78

4.1 Simulations performed for flexural modulus estimation. . . . . . . . . 85

4.2 Numerical results for flexural modulus estimation and bending stiff-
ness values. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.3 Experimental observations and analytical predictions for the [±45]6S
and [+452/− 452]3S bending specimens [168]. . . . . . . . . . . . . . . 91

xvii



5.1 Description of the totality of biaxially tested loading ratios, specimen
geometries and laminates. It includes the applied forces and the re-
sultant elastic stress and strain ratios obtained in the biaxially loaded
zone. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.2 Tensile apparent elastic properties obtained by means of CLPT. . . . . 108

5.3 Compressive apparent elastic properties obtained by means of CLPT. . 108

5.4 Ply elastic properties for comparison in numerical models (named as
“Modified properties”). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

5.5 Numerical results for flexural modulus estimation and bending stiff-
ness values. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

5.6 Analytical and numerical estimations of the bifurcation stress and the
corresponding buckling mode in isotropic rectangular thin-plates. The
analytical methodology of the β -coefficients is utilised [218]. . . . . . . 131

5.7 Estimations of the bifurcation stress and the corresponding buckling
mode in square thin-plates of a [+45− 45]S laminate. The analytical
methodology of the β -coefficients is utilised [218]. . . . . . . . . . . . . 132

5.8 Numerical results of the bifurcation values, the corresponding buck-
ling modes and the compressive stress in the central region in ±45◦

angle-ply laminates just before the instability [218]. . . . . . . . . . . . 135

5.9 [±45]S averaged strengths obtained via uniaxial tensile and compres-
sive characterization and biaxial T-T testing. . . . . . . . . . . . . . . . 136

xviii



List of Abbreviations

BBA Building Block Approach
BCs Boundary Conditions
C-C Compression-Compression biaxial test
CDM Continuum Damage Mechanics
CFRP Carbon Fibre Reinforced Polymer
CLPT Classical Laminated Plate Theory
CNC Computer Numerical Control
DIC Digital Image Correlation
DOF Degree of Freedom
FEM Finite Element Method
FPF First Ply Failure
FRP Fibre Reinforced Polymer
GFRP Glass Fibre Reinforced Polymer
LEFM Linear Elastic Fracture Mechanics
LUR Loading-Unloading-Reloading
NF Neutral Fibre
PDM Progressive Damage Model
ROI Region of Interest
SEM Scanning Electron Microscopy
SOAPL Specially orthotropic angle-ply laminate
T-C Tension-Compression biaxial test
T-T Tension-Tension biaxial test
UD Unidirectional
UMAT User subroutine to define mechanical material behaviour
WWFE World-Wide Failure Exercise
XFEM eXtended Finite Elements Method

xix





Chapter 1

Introduction

“The science of today is
the technology of tomorrow.”

Edward Teller, The Legacy of Hiroshima (1962), 146.

1.1 Scientific and industrial context

Fibre reinforced polymer (FRP) composites have provided an alternative to con-
sider when optimizing structural designs in which mechanical properties are de-
manding and weight is a critical design factor [1]. These materials can contain differ-
ent kinds of fibre (usually glass, carbon or aramid) with high strength and stiffness
embedded in a polymer matrix that provides ease of forming and handling of the
resultant material.

In the last few years many studies have sought to increase the use of thermoplas-
tic polymers [2] and there are expectations of replacing thermoset composites [3] due
to the advantages they provide in forming and recyclability. However, most compos-
ites employ thermosetting matrices because of their higher mechanical properties.
Among them, the toughened epoxy resins have gained large acceptance in primary
aerospace structures, for example [4].

The combination of two materials with a very different nature causes a com-
plex mechanical response of the material, that can be approached from two different
points of view. Firstly, the presence of fibres with a certain orientation produces an
anisotropy inherent to the lamina of reinforced material, leading to a mechanical re-
sponse dependent on the direction. Secondly, the heterogeneity and great difference
in properties of the constituents of composites causes the appearance of different fail-
ure modes [5], schematized in Fig. 1.1. Particularly, when a FRP laminate is under
load the polymer matrix can develop cracks, the layers can delaminate, or the fibres
can separate from the matrix and fail. This damage leads to a localized or global
failure of the composite, which involves many possible modes of failure [6].
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Figure. 1.3 Failure modes in fibre composites under compressive loading. Shown in a reconstructed
edition (Fleck, 1997). (a) Elastic micro-buckling (b) Plastic micro-buckling (c) Fibre crushing (d)
Splitting (e) Buckle-delamination (f) Shear band formation
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Figure 1.1: Schematic representation of damage mechanisms induced in a composite laminate by low
velocity impact [7] and (b) compressive loading [8].

The variety of arrangements, configurations and manufacturing methods for FRP
laminates existing today leads designers to consider endless possibilities to increase
structural efficiency. As a matter of summary, fibres could be arranged as discontin-
uous random reinforcement (chopped strand mat, most typical of glass fibre and
lower cost applications), unidirectional (UD) continuous fibre or multidirectional
woven fabrics. Although the latter could have some advantages dealing with delam-
ination, laminates obtained by lay-up of UD plies offer the optimal in-plane strength
and stiffness due to the bigger possibilities in stacking sequences.

Traditional aspects such as stiffness and strength or criteria such as stability un-
der different load situations should be taken into account. Besides, energy absorp-
tion or delay of the damage initiation (or monitored appearance) could be tuned via
laminate modification, as well as the ability to alter the mechanisms of initial fail-
ure [9–12]. In this sense, the influence of the different constituents over the apparent
response of the material has been deeply analysed, as local phenomena like fibre
kinking, fibre-matrix debonding or matrix shear yielding have a decisive effect in
the overall response [13].

Moreover, a brief economical analysis of the FRP market justifies the increasingly
high scientific and industrial interest in this field. The “Composites Market Report
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2018” [14] shows not only a steady growth in the demand for fibre-reinforced com-
posite materials in recent years (Fig. 1.2), but also includes a series of strong indi-
cators supporting the positive outlooks. It stands out the continuous investment of
fibre producers, increasing their plant capacities and investment in R&D. As a mat-
ter of example, in the last few years the scientific and industrial communities made
a special effort on the development of well known thin-ply laminates, by means of
implementing advanced fibre manufacturing techniques [15].
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Figure 1.2: Carbon fibre global demand (*Estimations made at 11/2018). Shown in a reconstructed edition
[14].

The inclusion of fibre-reinforced polymer matrix composites wherever structural
efficiency is at a premium is reflected on the newest families of passenger aircraft,
e.g. Airbus A350 XWB and Boeing 787 (Fig. 1.3). Although FRP have been applied
decades before the first flight of the mentioned models, these both aircraft families
and specially the former, suppose an impressive growth in the application of Carbon
Fibre Reinforced Polymer (CFRP). The weight percentage of composite in Airbus
A350 XWB reached around 50% of the total weight of the aircraft, including large
fuselage and wing components. Not only wide-body twin-engine passenger aircraft
apply composite materials in their primary structures, but also some smaller narrow-
bodies aircraft such as Airbus A220 are making the most of these materials [16].

In summary, there is a increasing trend in the industrial use of FRP, but today
there is still some uncertainty and need of developing know-how about this ma-
terials, in order to optimise their design and application. In the case of laminates
composed by UD plies, they are mostly utilised in applications with high structural
requirement, which makes necessary a complete knowledge of their mechanical re-
sponse in complex loading situations.
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(a) (b)

Figure 1.3: Examples of aircraft relevant for composite industry: (a) Airbus A350 XWB [17] and (B) Boeing
787 Dreamliner [18].

1.2 State of the art

1.2.1 Pseudo-ductility in angle-ply laminates

Angle-ply laminates, and specially ±45◦ orientations, arouse great interest due
to the possibility of obtaining multiaxial stress states in the lamina. Specifically, the
uniaxial test of ±45◦ symmetric laminates constitutes a standard for characterizing
the shear properties of the lamina by means of a uniaxial tensile test [19]. For many
years the response of these laminates has been analysed in detail from the numerical,
analytical and experimental points of view [9, 20–31]. This is due to the appearance
of an interesting shear-driven phenomenon, resulting in a highly non-linear stress-
strain behaviour, with high yielding and damage accumulation, altogether with fibre
reorientation towards the loading direction.

This phenomenon, named pseudo-ductility, has awaken a considerable inter-
est due to the capacity to avoid the inherent brittle behaviour of FRP laminates.
This abrupt, and probably catastrophic, failure of FRP composite is usually com-
pensated by conservative design limits, which hinders component manufacturers
from fully exploiting their excellent mechanical properties. High performance duc-
tile or pseudo-ductile composites delivering safe failure mechanisms similar to plas-
ticity and strain hardening typical from metals are therefore of significant inter-
est [9, 10, 29, 32].

This concern is reflected in one of the largest research projects that aims to in-
crease ductility in composite materials is the HiPerDuCT [33], headed by the Univer-
sity of Bristol and the Imperial College London. The scope of this project is to look
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for alternatives of manufacturing composite material with a ductile or pseudo-duc-
tile behaviour, which could be obtained by using different angle-ply laminates (Fig.
1.4) [9, 29, 34], fragmentation of plies [10, 35], “brick and mortar” interphase [36, 37]
and hybridisation of thin-plies [11, 32, 38–41]. Furthermore, different sort of testing
has been performed to analyse the possibilities of pseudo-ductile composites, such
as the response under high strain rates [41] or the notch insensitivity [11, 42].

Figure 1.4: Uniaxial tensile tests results for different angle-ply laminates, depicting applied stress against
longitudinal and transverse strains. Reproduction based on [9].

Most of these tests depict a similar stress-strain behaviour: a first almost linear
elastic region is observed, followed by a plateau in which the stress keeps almost
at a constant value while plastic strain increases rapidly, reaching values of shear
strain up to 10-40% depending on the specific composite. Consequently a fibre re-
orientation appears, with measured values up to 14◦ approximately [9], which it is
promoted by shear yielding of the polymer matrix. Then, a third well-differentiated
region appears, similar to a hardening effect with an a increase of stress until final
failure of the specimen.

A detailed analysis of the damage and failure mechanisms on [±45]2S laminates
was performed by Sket et al. [26] via X-ray tomography. Matrix cracking was firstly
detected in the outer plies at the end of the linear region previous to the plateau.
Afterwards, the crack density increases rapidly reaching a saturation level in the
outer plies at the end of the plateau. Close to the final failure of the specimen, the
density of cracks in the inner plies gets even higher than in the outer plies. The
matrix cracking mechanism is not the only failure mode, but during the third region
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edge delamination appears and propagates unstably producing the final failure of
the laminate.

The previously mentioned works about pseudo-ductility in angle-ply laminates
focus on the uniaxial tensile testing, which leads to a combined shear and normal
stress state in the lamina. There are few examples of the study of this phenomenon
under different loading scenario in the scientific literature. The study of Cui et al. [43]
highlights the interest in applying compressive uniaxial test to ±45◦ laminates, as it
was previously proven that tension test lead to significant fibre reorientation (also
named as “fibre scissoring”). As fibre get more aligned with the loading axis, the
shear stress increase and this results in the overestimation of shear stress [20, 21],
which it is of concern as this test is standardized for shear characterization [19]. Cui
et al. proved that the opposite trend is observed, i.e. compressive testing promotes fi-
bre reorientation away from loading direction. Another important remark from this
study is that the commercial software based on the Finite Element Method (FEM)
Abaqus does not update the fibre orientation when shear strain is present, which
lead to wrong calculations of the constitutive relations. Additionally, higher max-
imum stresses are measured when increasing strain rate, in agreement with other
results for tensile testing [41]. These strain rate effects explain the contribution of the
matrix to the pseudo-ductile behaviour, as fibre still behaves as brittle constituent.

Another work of interest, although not directly associated with pseudo-ductility,
is performed by Fedulov et al. [44]. In this study, the influence of non-linear elastic
shear stiffness phenomena on damage and failure is analysed. The constitutive be-
haviour of the material is modelled through a Progressive Damage Model (PDM),
obtaining good results when the non-linear shear material model is applied. How-
ever, it is not clear that this is due to the non-linear shear behaviour that appears
since the beginning of the test. The authors note that another work with thermoplas-
tic matrix [45] demonstrated that the ply shear modulus drop is explained neither
by intra- or inter-ply matrix cracking nor by changing the degree of crystallization
of the polymer. In this last work it is indicated that perhaps it could be related to
viscoelastic phenomena or degradation of the matrix-fibre interface.

Herakovich et al. [21] proposed a numerical modification of the Ladevèze me-
soscale model in order to account fibre rotation due to large shear strain response
of [±45]S laminates. Additionally, they compared the numerical results considering
fibre rotation and change in cross-sectional area with experimental evidences, prov-
ing the importance of these effects in the analysis of this laminate configuration. Van
Paepegem et al. [22, 23] also studied the non-linear shear stress-strain response, in
this case with GFRP [±45]2S laminates, proving that there is an important decrease
in the secant shear modulus while permanent shear strain is also very large. Be-
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sides, these experimental evidences were addressed with a numerical FEM model,
proposing the calibration of a phenomenological model consisting in an exponential
evolution of damage and plastic shear strain.

Apart from these non-lineal phenomenon affecting angle-ply laminates, the choice
of stacking sequences with layer orientations at ±45◦ is common in real applica-
tions, due to thermal factors that can affect the curing of the laminates [46]. Al-
though angle-ply stacking sequence may not be optimal in terms of properties such
as stiffness and strength, these orientations facilitate some design aspects, as ob-
taining quasi-isotropic laminates. Another important advantage of this laminate se-
quence is the high torsional stiffness they provide [47]. Even when applying biaxial
and triaxial fabric laminates, angle-ply configurations are widely used in industrial
applications such wind turbine blades [48] due to the last reason.

1.2.2 Biaxial testing on composite materials

The large increase in the structural use of this laminates mentioned above has
generated great scientific interest in the study of its mechanical behaviour. In real
applications such as the aerospace or the wind turbine sectors, examples of the use
of laminates, structures submitted to multidirectional loads are found frequently.
Due to the geometry and load disposition, these may be analyzed as a plane stress
situation, where the significant stresses are the two normal and the in-plane shear
components (i.e. out-of-plane components of the stress tensor are negligible).

When analysing UD laminates, a clear definition of multiaxiality should be pro-
vided [49]: an external (or apparent) multiaxiality is achieved if the material coor-
dinate system is aligned with the global one and loads are applied in multiple di-
rections; conversely if fibres form an angle with global/load coordinate system, the
stress state results in a combination of external and internal multiaxiality.

For instance, an easily performed and quite common multiaxial test is the off-
axis uniaxial test (schematised in Fig. 1.5a), with a laminate consisting of a stack of
UD plies oriented at a certain degree θ regarding loading direction [50]. Therefore,
laminate behaves as a single lamina and due to the different orientation between
principal and global direction, an internal multiaxial stress state appears where the
three in-plane components are non zero. The respective stress ratios, however, de-
pend on the fibre orientation angle and cannot be selected at will [51].

Another example of multiaxial test, in this case producing an external multia-
xiality, is the biaxial test via application of loading in two perpendicular in-plane
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Figure 1.5: Biaxial testing methodologies: (a) Off-axis uniaxial and (b) Cruciform test.

directions over a cruciform specimen, as depicted in Figure 1.5b.

Although for the uniaxial case there are regulations for the characterization of
the material and a large number of experimental results, there is not yet a standard-
ized procedure in the multiaxial characterization of laminates under externally load-
ing in multiple directions. Therefore the experimental results regarding multiaxial
stress/strain states are limited to a small range of loading ratios and stacking se-
quences. In the absence of failure criteria applied to composite materials, Hinton,
Soden and Kaddour promoted in 1991 the initiative of First World-Wide Failure Ex-
ercise (WWFE-I), in order to create theoretical predictions for the damage and fail-
ure of composites, at the same time validated with multiaxial testing data [52–55].
Analysing certain laminate configurations established by Hinton and Soden [52],
recommendations were obtained for the design and multiaxial characterization of
these materials [55].

Among the conclusions of these studies, Soden et al. [55] emphasize that, despite
obtaining a large amount of experimental data, it seemed to be a limited number of
studies where a wide range of different loading ratios were applied to an specific
laminate. In addition, the majority of WWFE experimental results derive from tests
with tubular specimens, which present certain difficulties, such as determining the
initial failure and problems to obtain the geometry of these specimens.

Although multiaxial testing has been performed for many years [56–58], in the
last two decades many methods have been extensively developed to assess mul-
tiaxial mechanical characteristics. The predominance of tubular tests during the
WWFEs that require a certain combination of tensile/torsion loads and stacking se-
quences to reach different biaxial loading ratios [49] has already been referenced.
Currently, it seems that this type of test is postulated as a suitable solution in multi-
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axial fatigue tests [49, 59–61].

Nevertheless other authors [51] point out how such tests with tubular specimens
can lead to certain inconveniences. Listing a number of these: the presence of radial
stresses could be not negligible, the properties of plane plates and tube shells are not
directly comparable (e.g. this could be easily related to the curvature of fibres), and
specimens in the form of thin-walled tubes can experience instability phenomena
when subjected to compression or torsion.

Comparing the results on tubes with those obtained for the off-axis plies of mul-
tidirectional flat laminates, it was concluded that crack initiation and propagation
phenomena are consistent under internal and external biaxial loading conditions, pro-
vided that the local stress state is the same [49]. Conversely, Cai et al. [62] pointed out
certain differences between cruciform biaxial and off-axis testing. Especially when
applying failure criteria, the results obtained for the interaction coefficients between
the different loading directions (explained in next section of this document) are more
precise in the case of the cruciform biaxial testing.

Following the WWFEs studies, cruciform specimens begin to be used more fre-
quently in biaxial testing. This type of test consists in the direct application of tensile
and/or compressive loads in the two in-plane perpendicular directions, so that it is
possible to easily obtain the desired ratio of biaxial stress/strain, acting on the ap-
plied force/displacement rates in both directions. However, among its main draw-
backs are the obtention of the cruciform geometry and the uniqueness of the testing
machines [63].

Deepening into the state of the art of cruciform specimens biaxial testing, some
of the most discussed lines of research when designing the test procedure are col-
lected. Part of the following works deal with characterization of metals, note that
anisotropy of some metals (i.e. rolled thin plates [64]) arouse also interest on multia-
xial characterization.

• Clear definition of the requirements needed to achieve a successful biaxial
test: There is a general agreement on the requirements that allow to define a
correct biaxial test [51, 65]: (i) maximization of the region of uniform biaxial
strain, (ii) minimization of the shear strains in the biaxially loaded test zone,
(iii) minimization of the strain concentrations outside the test zone, (iv) speci-
men failure in the biaxially loaded test zone, and (v) repeatable results.

• Design of testing facility: One of the main problems to address when per-
forming biaxial tests is the uniqueness and complexity of biaxial testing facil-
ities. Several authors detailed the requirements to be fulfilled by these ma-
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chines, inter alia having a sufficiently rigid frame to maintain the alignment
of the specimens under reaction forces [63]. Besides, synchronization between
actuators is critical to maintain the necessary loading ratios, as well as to pre-
vent mismatches due to certain misalignment or slippage of the griping sys-
tem. There are some test machines with only two mobile actuators, fixing the
opposite ones, although this option causes a distortion of the specimen, lead-
ing to erroneous results [65]. The most commonly used solution in biaxial test
systems with cruciform specimens is the application of a closed-loop servo con-
trol using force transducers feedback signals [51, 63, 66]. Due to the cost of the
aforementioned equipment, some authors have proposed devices to adapt uni-
axial machines [67–71], transferring the uniaxial load to the two perpendicular
directions of the plane. However, these solutions usually pose misalignment
problems, lack of balance between opposing actuators and limitations in the
applicable load ratio.

• Cruciform specimen geometry optimization: several authors have performed
simulations using FEM, as reflected in Fig. 1.6 [51, 72–77]. Smits et al. [51, 72]
investigated the effects of biaxial stress states on the failure of Glass Fiber Rein-
forced Polymer laminates (GFRP), and determined a specific geometry for bi-
axial testing working with [(±45/0)4/± 45]T lay-up. Combining the FEM and
experimentation, they optimized a cruciform-shape geometry with a reduction
in central thickness, maximizing the failure strain and promoting breakage in
the study region. This solution has been taken as a reference for most sub-
sequent works in composite biaxial testing. The analysis of the effect of ge-
ometric discontinuities and a comparison of the modelling of geometry with
2D and 3D elements was performed by Lamkanfi et al. [78, 79]. It is shown
in the conclusions how both numerical solutions offer similar results far away
from discontinuities, highlighting the influence central zone tapering on the
heterogeneity of the strain fields in the gauge region. Nevertheless, these stud-
ies agree with the inevitable concentration of stress/strain at the corners of the
cruciform specimen when applying tensile-tensile or compressive-compressive
loading, no matter the geometry chosen to reduce the influence of these.

Moreover, Serna Moreno and López Cela [77] carried out numerical simula-
tions, combined with experimental results (illustrated in Fig. 1.6b), to demon-
strate the need for a change in the width of the specimen arms in order to adapt
the arms maximum load to the biaxial stress ratio, thus preventing premature
failure out of the gauge region. This result is further demonstrated with numer-
ical simulations based on the eXtended Finite Element Method XFEM [80–82].
These studies also demonstrate the need for thickness reduction in the central
zone to maximize stresses/strains in the biaxially loaded zone, validating also
the ability to obtain homogeneous strain states in the gauge zone of the speci-
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men. Finally, the simulations carried out in [83] demonstrate how the tensile-
compressive stress state favours the strain concentration in the biaxially loaded
region.

(a) (b)

Figure 1.6: FEM simulations for different specimen geometries: (a) Principal strain [51] and (b) Principal
stress [77].

• Manufacturing method influence: The reasoned thickness reduction in the
central zone can be achieved by different methods, such as tabbing [84–86] or
CNC milling [71, 74, 77, 80, 87, 88]. In the work of Ramault et al. [73, 74] was
demonstrated as similar test specimens made by machined tabs resulted in
lower values of failure loads, due to the debonding of the tabs. Therefore, the
milling option is preferable, although damage generated by machining should
be minimised.

• Data acquisition techniques: strain gauges are still in application due to their
simplicity and precision, yet the application of the Digital Image Correlation
DIC technique for measuring full field strains [89–91] stands out. The prob-
lem comes when estimating the stresses produced in the biaxially loaded area.
In this sense, coefficients indicating the ratio of applied force that reaches the
gauge section have been defined from analytical estimations [92] or by means
of FEM simulations [77]. The drawback of this solution is that they are based
on linear elastic analysis, so the range of application is limited until the appear-
ance of material non-linearities. A similar alternative is embodied in the work
of [87], where stresses are obtained from the measurement of strains in combi-
nation with the constitutive equations of the material, which is also limited to
the elastic behaviour. Another option also included in this work is the combi-
nation of numerical simulations and experimental measurement to perform an
inverse calculation of the material stiffness, further detailed in [93].

• Fatigue and stress concentrations in cruciform specimens: other studies in
the field of biaxial testing seek to study phenomena related to geometric dis-
continuities, such as the case of open hole discontinuity [86, 94–97]. There is
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also interest in examining the effect of multiaxial loads on fatigue life of com-
posites [98–100].

The problem of biaxial characterization is not limited to the scientific-academic
sector. In recent years, some efforts have been made for different research and
normalization centres in order to look for a industrialization of this kind of test-
ing [96, 97, 101]. Complex testing fixtures and facilities are proposed for a more de-
tailed studied of phenomenon surrounding multiaxiality, not only in composites, but
also of high interest relating metal plasticity [102, 103].

Regarding commercialization of biaxial testing, in recent years different biaxial
generic test machines have appeared, unlike the unique machines made ex professo
from the scientific studies previously mentioned in this section. Known manufac-
turers of test equipment have launched machines with different application ranges,
from the testing of thin textile, biomaterial or polymer membranes to testing ma-
chines for high strength materials such as metal alloys and composites [104–106].
Among the most outstanding features of these equipments is the need for high rigid-
ity, as well as the electronic control of the load-displacement application, highlight-
ing the mid-point control systems as a distinguishing feature.

With regard to the regulatory framework, today it is still not possible to find stan-
dards for biaxial characterization in composite materials. However, ISO developed
recently a standard for the characterization of metal alloys via cruciform biaxial test-
ing [107].

In recent years there are several authors pushing biaxial characterization through
(modified) ARCAN fixtures [99, 108–111] and other tests somehow similar to biaxial
tension-compression (T-C) for the obtention of shear properties (Fig. 1.7b) [112]. The
ARCAN method is more similar to the cruciform test, since a flat specimen is sub-
jected to biaxial states, but with the particularity of a specific jig that allows certain
combined tension/compression + shear ratios to be introduced using a uniaxial test
machine (Fig. 1.7a). Despite simplifying the specimen geometry and the necessary
test facility, the limitation of this test is again the impossibility of obtaining any state
of biaxial loading, as it depends on applied force vector decomposition.

In summary, many biaxial studies have been performed in past years in order
to characterize the biaxial strength and failure modes under different ratios, mostly
tensile-tensile. Despite of this, biaxial strength characterization of tensile-tensile (T-
T) loaded specimens still awakes uncertainty in the scientific community, due to the
difficulties of obtain a pristine failure mode due to stress concentrations, edge effects
and damage promoted by tapered specimens [114]. Few studies detail the mech-
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(a) (b)

Figure 1.7: (a) Modified ARCAN jig [110] and (b) ISO20337 fixture [113].

anisms of non-linearities due to plasticity and damage evolution observed under
multiaxial loading [89, 110, 115], while these works allow to establish the limits in
which the biaxial tests are feasible [116]. This research line will be emphasized in the
present Thesis.

On a separate issue, some studies tried to experiment with triaxial testing, with-
out any significant progress due to the even greater complexity [117–120]. Welsh
and Adams [63,121] attempted to triaxially test cruciform specimens by means of at-
tachments glued to the central region of the specimen. The authors reported that
through-thickness compression was insensitive to in-plane loading in a cross-ply
laminate, and the attempts of test out-of-plane tensile strength were unsuccessful
due to attachment debonding. Additionally, a Second World-Wide Failure Exercise
(WWFE-II) [122–124] was performed in order to test the failure theories under triax-
ial stress states. Among the conclusions of this exercise, promoters remark that the
proposed twelve failure theories provided very different results, which also needed
to be modified with the data from the multiaxial experimental testing, and that raise
very different opinions about the failure under hydrostatic pressure.

1.2.3 Failure theories

The first aspect to consider when talking about failure theories is the lack of a
clear definition of the failure, as the promoters of the WWFE noticed. In fact, Hin-
ton et al gave an ambiguous definition of the failure [52]: “as the point at which
the structure or component ceases to fulfil its function”. After this, the trend is to
speak of the so-called First Ply Failure (FPF), defining mathematical expressions for
a failure index (F) which represents initiation when it reaches 1. This FPF does not
usually represent the true failure of the laminate, since after the first load drop, de-
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pending on the laminate, there will be a progressive stiffness degradation that can
largely delay the total failure of the laminate.

The first failure theories for composite materials originated in the 60-70s as adap-
tations of existing theories for metals applied to anisotropic materials. Some of this
non-physically based models with greater impact and validity in FRP are the Tsai-
Hill and Tsai-Wu criteria. These models are based on a mathematical expression
which predicts failure, sometimes interpolating a few experimental points [125].
They are also called phenomenological criteria, as they do not attempt to predict
which failure mode is taking place.

Tsai-Hill failure criteria is based on a modified distortion energy principle coming
from the quadratic Hill yield criterion [126] applied to the case of the orthotropic
lamina by Tsai [127], and expressed in Eq. 1.1 for plane-stress case.
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where Sii represent the failure strength in i-direction. The Tsai-Wu semi-empirical
interactive failure criterion [128] had an important acceptance, showing itself as
one that gave a better results during the WWFE, and it has been implemented in
different commercial codes of FEM such as ANSYS [129] or Abaqus [130]. How-
ever, it has led to a large number of discussions and oppositions due to its lack of
mode-differentiating character. This criterion has the advantage of its most general
anisotropic approach, based on single quadratic tensorial expression accounting for
all possible failure modes observed in experiments (Eq. 1.2), while including the pos-
sibilities of different tensile and compressive strengths (represent by superscripts t
and c respectively), typical of composites [131–133].
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However, there is still one coefficient F12 which has not yet been specified above.
The interaction coefficient F12 is expressed in Eq. 1.3, where σb represents the biaxial
strength in a T-T biaxial test. Given the difficulties in conducting this type of tests
and the lack of standardized testing procedure, different proposals have been done
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in order to estimate this coefficient.
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Tsai and Wu insisted that the failure envelope must be an ellipsoid and hence
remains closed [128]. According to analytic geometry, this condition offers some
constraints on F12 but the constraints are given as ranges. If plane stress hypothesis is
assumed, then the condition for ellipsoid is F2

12 < F11F22, which still generates a wide
range of possibilities. A proposal of Tsai [134] is to consider that: F12 = − 1

2
√

F11F22.
This value is included in the aforementioned range. Besides, the Tsai-Wu equation
particularized for an isotropic material with equal tensile and compressive strengths
applying this factor is equivalent to von Mises’s criteria. Another proposal found
in literature for this interaction factor is to make it equal to zero [135], arguing the
difficulty of obtaining a representative biaxial failure. Some authors [136] explain
that this consideration can produce adequate results when the shear stresses are not
zero.

Regarding physically-based failure criteria, the most basics models are based on
maximum stress (Eq. 1.4) and maximum strain (Eq. 1.5). The basics of these models
explain that failure occurs if one stress/strain exceeds the corresponding allowable
quantity. In this sense, for an orthotropic material, different equations should be
proposed for each material direction under tension and compression.
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where i, j = 1, 2, 3 and k = t, c (1.5)

Subsequently, the Hashin-Rotem failure criteria [137,138] has gained wide accep-
tance in the scientific and engineering community on the field of fibrous composites,
being one of the first physically-based models for anisotropic materials, developed
in parallel to Puck’s failure theory [139,140]. Both criteria are based on a collection of
expressions based on strengths of different failure modes, which unquestionably in-
cludes at least part of the range of failure modes that may exist in FRP. They include
the fibre and matrix, tensile and compressive failure modes, with Puck adding the
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matrix failure mode due to inclined plane fracture, the so-called “mode C” (Fig. 1.8),
therefore producing more accurate results under compressive stresses. Both criteria
have inspired considerable research in failure-mode oriented criteria [125, 141].
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Due to their high specific strength and stiffness, carbon fibre-reinforced polymers (CFRP) are widely used in several fields of
engineering, e.g. aerospace engineering. A new design scheme aims for the exploitation of material reserves. Since design is
always linked to expensive experimental investigations, reliable simulation procedures are required to lower the related costs.
In terms of detecting ply failure several criteria have been proposed. In this work those of Hashin [1] and Puck [2] are applied
to several numerical models and compared to experimental results [3].
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1 Introduction

There are a lot of failure criteria to detect the onset of ply failure of composite structures. Two well-known stress-strength-
based criteria are proposed by Hashin and Puck. Both use the same criteria to detect fibre fracture, but differ in predicting
matrix cracking. Hashin suggested, but never implied the possibility of an inclined fracture plane. However, the Hashin criteria
have previously shown good agreement to tests [4], hence, in this work they are taken for comparison. Puck additionally
covers an inclined fracture plane, which is seen as an important failure mode, since it may lead to an "explosive effect"
which provokes delamination. For good comparison of the failure criteria, both models use an identical degradation model for
damage evolution. The numerical analyses employing Hashin and Puck are compared to experimental results. A 4-node shell
element is used in conjunction with the well-known ANS (assumed natural strains) approach to avoid transverse shear locking
effects. The layered formulation allows to consider arbitrary stacking sequences of unidirectional plies within the laminate.

2 Failure criteria: Hashin vs Puck

Both the Hashin and the Puck criteria employ stress-strength-based failure criteria for predicting fibre fracture. However, there
is a difference in matrix cracking. The Hashin criteria only distinguish between transverse tension and compression (mode
A and B). Puck added a third mode, namely mode C, to cover the possibility of an inclined fracture plane. The inclination
is determined by the ratio between the transverse normal and in-plane shear stress. The three different modes are depicted in
Fig. 1. When fibre fracture or matrix cracking occurs, both criteria use an identical degradation model and, depending on the
failure mode, a selected set of material properties (given in [2]) is reduced to 1% of the initial value.

Fig. 1 Three different matrix cracking modes A, B and C, after Puck [2].

3 Numerical Examples

A cylindrical structure as presented in Fig. 2 is investigated in the following. Three different ratios of hoop and axial stresses
(SR=σϕ:σz) are applied, which are generated by internal pressure pr and axial compression pz . The tube is subjected to
pure internal pressure (SR=1:0) and two different combinations of internal and axial loadings (SR=2:1,SR=20:1). The
finite element mesh is generated by 32 elements in circumferential and 44 elements in longitudinal direction. All rotational
degrees of freedom as well as the displacements in radial and circumferential direction are restrained at both ends, hence, an
axial shortening of the structure is possible. The laminate is made of AS4/3501-6 carbon/epoxy, the material properties are

∗ Corresponding author: e-mail: stefan.lauterbach@bs.uni-karlsruhe.de, Phone: +49 721 608 2283, Fax: +49 721 608 6015
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Figure 1.8: Matrix cracking modes collected by Puck’s failure criteria [142].

Starting from the concept of the Hashin-Rotem and Puck theories, many failure-
mode oriented criteria were proposed. Most of these were evaluated during the
WWFEs. As a summary of the three exercises, the recent publication [1] collects 30
design tools (in other words, failure theories and damage models) that provide good
results. However, none of them is capable of giving a closed solution to the prob-
lem of composites failure, at least within a range of ±10% of the failure strength/
strain. In addition, the promoters of the WWFEs recommend the use of different cri-
teria or tools according to the application, but this solution is not at all attractive to
engineers who design composites structures. Other relevant conclusions of these ex-
ercises for the present Thesis is that the application of multiaxial states that generate
large deformations remains a challenging problem for the current models, and that
there is also no consensus in the scientific community on the progression of laminate
damage.

Moreover, it should be noted that the [±45]S laminate is one of the proposed
stacking sequences in the WWFE [143], along with three quasi-isotropic laminates
that combine layers at ±45◦. Regarding the failure envelope, for the angle-ply lami-
nate it was concluded that all the predictions showed an enhancement in the strength
under both biaxial tension-tension (T-T) and biaxial compression-compression C-C.
Besides, authors noted there was a broad agreement between the majority of the the-
ories, with a factor of 2 between the largest and lowest strength predictions in the
pure (C-C) biaxial.

Currently it seems that the generalized trend in the application of failure theories
is the criteria originated at NASA Langley Research Center (LaRC). Dávila et al. [144,
145] proposed the first version of this criterion under plane stress conditions, namely
LaRC03, which was later extended to three-dimensional stress states by Pinho et
al. [146], defining the LaRC04. Afterwards, the formulation relating the compression
matrix failure was improved [147], leading to the current version of the criterion,
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LaRC05 (further detailed in [148, 149]).

1.2.4 Damage modelling

In the previous section some of the most applied failure theories for composite
materials have been defined. In addition, it has been commented that these criteria
only define the stress/strain state in which the first material failure occurs (the so-
called FPF). However, it must be understood that, in a general approach, the material
is considered to behave linearly elastic for lower loads, this implies assuming that all
interfaces between plies and between fibre and matrix are perfectly bonded.

When large loads are applied, the failure criteria allow us to define when the
first microstructural damage appears, which results in a progressive degradation of
the material properties, and therefore, a non-linear behaviour of the material. These
damages are ideally posed as a diffuse phase of damage in the form of microcracks
or microvoids that will be extended with the increase in stress/strain up to initia-
tion of macroscopic crack and catastrophic failure [150–152]. These models consider
that the damage can only increase or remain constant over time, thus resulting in a
progressive degradation of stiffness, hence the name of Progressive Damage Model
(PDM). The damage is usually symbolised with the variable d, accounting the per-
cent loss of initial undamaged modulus E0, as illustrated in figure 1.9.

The first works found in bibliography regarding the field of Continuum Damage
Mechanics (CDM) are those from Kachanov [153] and Rabotnov [154]. They applied
the continuum damage to the study of the creep phenomenon on metals. Over the
next two decades, these models are generalized to more general cases of isotropic
materials under different states of multiaxial loading. The first major advance in the
application of the CDM to the FRP composites comes from the hand of Ladevèze et
al. [155], proposing a mechanical behaviour model for an elementary ply based on the
general theory of anisotropic damage that Ladevèze previously formulated in [156].
This model, in addition to the development of a basis for later PDM approaches,
is still of great application today [21, 157] and has been implemented in commer-
cial FEM codes [158]. It collects the mechanisms of damage via matrix microcrack-
ing and fibre/matrix debonding, using variables called associated thermodynamic
forces (based on the derivation of the damaged strain energy) coupled with a plas-
ticity model with isotropic hardening. The evolution of the damage together with
the plasticity generates an inelastic behaviour that is schematized in the Fig. 1.9.

Ladevèze’s model is a mesoscale composite damage theory because it considers
that the damage is uniform in the thickness of each layer. It also considers the dif-
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Figure 1.9: Theoretical inelastic response obtained with damage and plasticity model. Reproduction based
on [21, 155].

ference in tensile and compressive failures, assuming that the transverse cracks are
closed under compressive loading, and therefore suppressing compressive damage
in the transverse direction. On the other hand, it assumes the predominant brittle
behaviour in the fibre direction, so that it applies a criterion of instantaneous com-
plete degradation when the allowed associated forces are reached. The formulation,
characteristics and limitations of this and other damage models will be described in
detail in Chapter 2.

Another damage formulation, simpler but less methodical, is the Ply Discount
Method [4], also denominated Post-First-Ply-Failure analysis [159]. This method
consists on the traditional ply stress calculation based on Classical Laminated Plate
Theory (CLPT), combined with some failure criterion in order to predict FPF. Then,
it reduces the moduli in the failed ply (usually the transverse modulus E2 and the
in-plane shear modulus G12, supposing matrix cracking), recalculate ply stresses,
increase the load, test for second ply failure, and so on until “last ply failure” is
predicted.

1.3 Objectives

The complexity of the mechanical response of FRP composites, with the pres-
ence of different non-linear effects, dependence on the stacking sequence and drastic
variances that arise in damage and failure modes makes necessary to develop the
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comprehension of multiaxial loading effects. This mechanical characterization has
been developed through different standardized tests, some of these slightly modi-
fied. Furthermore, non-standardized tests are performed to provide an intermediate
level characterization (Element/Structural Tests level) in a design step following the
Building Block Approach (BBA), typical of the certification process of a composite
aero-structure [160].

In parallel, numerical simulations at the macro and mesoscale level are needed
for the evaluation of the elastic response of the laminate, its stability, and the pre-
diction of the initiation and evolution of the damage by means of different existing
models for fibrous composites. Although failure under multiaxial loading will be
also analysed, this PhD Thesis does not consist of a compendium of tests where
failure of numerous laminates under any loading states is collected, but rather an
in-depth study of the problematic and complexity of the multiaxial loading states in
laminates, trying to bring to light the need for a consensus standardization of the
biaxial test applied to FRP laminates.

Following the motivation and knowledge explained in this chapter, a series of ob-
jectives have been proposed for this Thesis, in accordance with those of the research
project DPI2016-77715-R (Estructuras de materiales compuestos ante cargas multiaxiales)
in which the present work has been framed.

• Conduct a study from the analytical, numerical and experimental fields, thus
allowing the validation of different models and their extrapolation to load sit-
uations beyond those carried out experimentally. A methodology based on
the ideas of Virtual Testing is pursued, trying to minimize the number of ex-
perimental tests necessary to characterize the response of the material under
multiaxial loading scenarios.

• Analyse different configurations of CFRP laminates composed of epoxy pre-
preg laminae reinforced with UD continuous carbon fibre. Symmetrical stack-
ing sequences of industrial interest are chosen, deepening in the case of angle-
ply due to the presence of highly non-linear behaviour related to shear stresses.

• Perform experimental tests that include from the basic characterization of the
mechanical properties of the UD lamina to the response of non-standard tests
with different ratios of tensile and compressive biaxial loads as well as bending
tests.

• Discuss the validity of biaxial testing at different loading ratios, taking into ac-
count the geometry and stacking sequence of the specimen to be tested. It is
worth highlighting the debate about the capacity of these tests in the failure
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strength characterization, although the primary objective of these testing cam-
paigns is the study of the mechanical response prior to the failure, with empha-
sis on the initiation and evolution of the non-linear behaviour of the material.
In this sense, it will be necessary to design a new biaxial test methodology for
compressive loading.

• Develop numerical simulations based on FEM which allow a correct evaluation
of the initiation and evolution of the damage in the experimental tests carried
out. In this context, the evaluation of the apparent response of the laminate
under flexural loads and buckling instability should be analysed, as well as
the characterization of the initiation of non-linear behaviour associated with
damage and plasticity at the mesomechanical level. For the latter, the ability
to model large structures under any stress/strain state with a relatively low
computational cost will be sought, proposing alternatives at the meso- and
macro-mechanical level.

• Compare the experimental results with the predictions of different analytical
models. The CLPT, theoretical failure criteria existing in the literature, such as
Hashin, Ladevèze and Tsai-Wu, as well as analytical models that estimate the
influence of the bending-twisting couplings will be applied for this purpose.

• Carry out an overall comparison among the apparent behaviour of angle-ply
laminates under uniaxial and multiaxial loads of different nature. This aspect
seeks to make the reader aware of the importance of the correspondence be-
tween the properties determined by standard characterization of the material
and the actual response considering the geometries and load scenarios fre-
quently present in composite structures. For instance, up to date pseudo-duc-
tility phenomenon has been analysed mostly under uniaxial loading. These
previous works aim to take advantage of this non-linear behaviour to avoid
catastrophic failure of FRP but they do not cope with the fact that most real
applications are not uniaxially loaded.

1.4 Summary of the contents

This doctoral dissertation is composed of six chapters. The aspects discussed in
each chapter are briefly described below:

Chapter 1 posed an introduction and contextualisation of the scope of the Thesis.

Chapter 2 depicts the main characteristics of the numerical, analytical and exper-
imental tools that are applied throughout the following chapters. This includes the
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properties of the material, the facilities and test methodologies used to ensure the
reproducibility of the results shown in this document. Besides, the formulation of
the analytical models and the software applied are detailed in this chapter.

Chapter 3 is based on the characterization of the uniaxial behaviour of the lamina
and some laminates of interest, developing tension, compression and cyclic quasi-
static tests, which are also applied to calibrate and validate numerical and analytical
models.

Chapter 4 describes the response of angle-ply laminates under flexural loading.
The non-linear behaviour caused by the so-called pseudo-ductility, its relation with
bending-twisting coupling terms and analytical models considering the different be-
haviour under tension and compression are highlighted.

Chapter 5 focuses on the biaxial testing over FRP laminates, showing a wide va-
riety of tensile and compressive loading scenarios on cruciform specimens. Special
attention is given to tests including compressive loading, performing a detailed anal-
ysis of the buckling of laminated plates. From the numerical point of view, special
emphasis is made on the basic ideas of the PDMs applied to the highly non-linear
behaviour of the uniaxially and biaxially tested angle-ply laminates.

Chapter 6 brings together the results obtained through the different approaches
described in the previous chapters. Then it summarizes the most relevant results of
all the work developed, opening a discussion on the methodologies used, their ap-
plicability and scope. From these conclusions it is possible to draw potential future
lines of research that collect the knowledge base expounded in this document and
will allow to expand the understanding of the complexity of the mechanical response
of FRP laminates.

Finally, Appendix A lists the publications in the form of journal papers and com-
munications in national and international conferences to which this doctoral thesis
has led up to the moment of the completion of this document.
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Chapter 2

Experimental, analytical and
numerical frameworks

“Each material has its specific characteristics
which we must understand if we want to use it...

Each material is only what we make of it”
Ludwig Mises van der Rohe

From his inaugural address at the Illinois Institute of Technology, 1938.

This chapter will first describe all the facilities used in the experimental charac-
terization of the material, from the point of view of the manufacturing, testing and
analysis of the test specimens. Then, the analytical framework applied during the
rest of chapters is exposed, with a predominance of the use of Classical Laminated
Plate Theory (CLPT). Finally, the main characteristics of the utilised software and
numerical damage models are detailed.

2.1 Material and experimental equipment

2.1.1 Lamina characteristics and laminate preparation

The work performed throughout this Thesis has focused on the characterization
of an epoxy matrix reinforced with intermediate modulus carbon fibres from the
company Hexcel®. This comes in the form of prepreg rolls with commercial des-
ignation M21E/34%/UD268/IMA-12K, kindly provided by Airbus Group, with a
theoretical cured ply thickness of 0.25 mm.

The material is kept at a temperature of −21◦C until use, when it is extracted
from the freezer to temper it. Once it reaches a temperature that allows its handling,
the UD tape is cut to the desired dimensions for the laminate and stacked using the
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hand lay-up technique. The laminae are stacked following the desired lamination
sequence and subsequently a peel-ply, a perforated release film and a breather layer
cloth are respectively placed in order to absorb the excess of epoxy resin during cur-
ing. The previous assembly is introduced in a vacuum bag to proceed to cure (Fig.
2.1a). Although this material is mainly prepared for autoclave processing, it is possi-
ble to imitate these conditions by means of a hot platen press, although this entails a
geometric limitation. In this case, every laminate manufactured in the present work
consist of flat plates. The curing was carried out in a Fontijne Presses LabEcon 300
hot platen press (Fig. 2.1b), applying the curing cycle recommended by the prepreg
manufacturer [161].

(a)

(b)

Figure 2.1: Fabrication of laminates: (a) Hand lay-up laminate in vacuum bag and (b) hot platen press.

The cured laminates are extracted from the vacuum bag once the cycle is finished,
and they are afterwards cut or machined with the necessary geometry for each test,
as exemplified in Fig. 2.2. The dimensions of every specimen are measured, and
defective specimens (i.e. damaged during processing) are discarded for testing.

Figure 2.2: Examples of specimens: UD plates for ultrasonic characterization and tensile tabbed coupons.
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2.1.2 Experimental facilities

Triaxial testing machine

For consistency of results, every quasi-static test performed in this Thesis (uni-
axial/biaxial, tension/compression and bending) was performed in a MICROTEST
MAEFH electromechanical triaxial testing machine (Fig. 2.3). It has six closed-loop
synchronized actuators equipped with pneumatic grip jaws. Each actuator is driven
by an electric motor, whose position is controlled by an encoder while 5kN and 50
kN force transducers are utilised to register the applied force. The maximum appli-
cable load is 50 kN per actuator, with a total travel of each pair of actuators of 100
mm. In the explanation of every sort of test, the specific procedure followed for the
preparation and the fixtures applied will be described.

Figure 2.3: MICROTEST MAEFH triaxial electromechanical testing machine.

Strain acquisition

In order to obtain a precise measurement of the mechanical behaviour of the ma-
terial in certain points or regions of interest (ROI), different strain measurement tech-
niques are used, depending on the geometry and the necessary results:

• Foil strain gauges, from company KYOWA® (Fig. 2.4a). Depending on the
requirements of the specific test, uniaxial or rosette strain gauges have been
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(a)

(b) (c)

Figure 2.4: Strain measurement equipment applied in quasi-static testing: (a) Foil strain gauge, (b) Axial
extensometer and (c) StrainMaster DIC system.

applied, all of them in a quarter bridge configuration connected to the KYOWA
PCD-300B acquisition instrument. Although high precision measurement in a
small area can be obtained through this method, the principal inconvenient
is the limited range of acquisition, which in the case of this equipment is 2%
strain.

• A contact axial extensometer MTS 634.12F-54 (Fig. 2.4b), which allows to mea-
sure strain with a lower accuracy but in a wider range (-10 to 50% strain) in a
gage length of 25 mm.

• A 3D Digital Image Correlation DIC system (Fig. 2.4c), namely LaVision Strain-
Master and consisting of two cameras, LED illumination and a controller, that
allows a non-contact visual acquisition of full displacement and strain fields
over the surface of the specimen. The methodology requires the application
of a speckle pattern (usually a black and white dots pattern obtained by spray
painting).
Then, a constant frequency acquisition and post-processing of the images is
performed by means of the commercial software Davis. The images are dis-
cretized into square subsets of a defined number of pixels, and the cross-cor-
relation algorithm tracks the pattern of grey level within each subset. A Least
Square Matching method is applied for correlating subsequent frames, in com-
bination with a shape function that accommodates pattern transformations like
stretch and rotation. The local displacement is computed where the pattern
matching presents a maximum. Repeating this across the entire image for all
subsets yields a full field map of displacements, differentiating from them the
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strains [162]. The 3D DIC system requires a calibration for each test in order to
find the cameras position and orientation in space with respect to the specimen.

Phased Array ultrasound

Phased array technique presents some advantages compared to the conventional
methodology based on single-element probes, such as the reduction of the number of
transducers to be used in an inspection, the ability to examine areas with curvature
and complex geometric variations, and better precision in the measurement of the
defect size and position [163].

(a)

(b)
(c)

Figure 2.5: Phased array ultrasonic inspection: (a) Olympus OmniScan® SX, (b) C-Scan setup including
transducer and position encoder [164] and (c) inspection of a cruciform specimen (S-Scan mode visualized
in screen).

The scanning is performed via reflection methodology (pulse-echo mode), as the
transducer send pulsed waves which reflect when colliding with an interface such
as the bottom of the specimen or a defect within the object. The diagnostic machine
displays the amplitude of the intensity of the reflected wave and the distance of the
interference measured through the arrival time.

Phased array ultrasonic inspections were performed using the Olympus OmniS-
can SX equipment with a phased-array transducer of 64 elements at 5 MHz (Fig.
2.5a). This equipment has the capacity to simultaneously perform S-Scan, B-Scan
and C-Scan. The B-Scan is based on the time between the pulse and the reflection
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echo and the speed of propagation of the waves in the material to determine the
through-thickness depth where the defect is located. With the C-Scan it is possible
to generate a two-dimensional image of wave attenuation and therefore dimension-
ing the in-plane size and position of the damage in the thickness of the laminate. To
ensure continuity of the medium where the waves propagate, the specimens are wet-
ted superficially or submerged in a water container, generating a continuous layer of
water between specimen and transducer. The emission frequency has been set to 5
MHz and the measurement of the position when performing the C-Scan is collected
by a mini wheel encoder with resolution of 12 steps/mm (Fig. 2.5b).

Data acquisition requires the calibration of propagation velocity, attenuation, and
acoustic impedance, which can vary amongst different materials. The calibration
was performed before inspection using a stepped block technique, consisting on an
M21E/IMA-12K laminate with three different thicknesses. Three calibration steps
were required: propagation velocity, wedge delay and sensitivity. Calibration re-
quires the use of a pattern with the same material of the specimen tested to repro-
duce the same conditions of attenuation and wave propagation. After calibration,
the instrument can recognize defects in the material by measuring the amplitude of
the discontinuity echo [164].

2.2 Analytical framework

2.2.1 Classical Laminated Plate Theory

This Thesis includes a work with different laminate sequences, obtained by stack-
ing layers reinforced with unidirectional fibre in different orientations. The most
frequently used methodology to estimate the effect of the orientation and position
of the layers on the laminate structural behaviour is the CLPT. Its fundamentals are
briefly explained in this subsection, summarizing the main ideas of this analytical
theory exposed in most of the books about mechanics of composites [165–167].

The CLPT is an extension of Kirchoff-Love thin plate theory to account for lam-
inated composite plates. This theory, limited to the elastic behaviour and small dis-
placements, is based on the following kinematic assumptions [167]:

• straight cross-sections normal to the mid-surface remain straight and normal
to the mid-surface after deformation. This implies zero transverse shear strains
εxz and εyz.

28



CHAPTER 2. EXPERIMENTAL, ANALYTICAL AND NUMERICAL
FRAMEWORKS

• the thickness of the plate does not change due to deformation. This results in
neglecting transverse normal strain εzz.

A sketch of the dimensions and coordinate systems necessary to understand the
subsequent formulation is depicted in Fig. 2.6. This notation is kept throughout the
whole document. A global reference system is defined with the xyz axes parallel to
the loading directions. For each of the UD plies, due to its orthotropic behaviour
and possible change of orientation, a local coordinate system is defined. This system
corresponds to the principal directions of the lamina, where axis 1 is aligned with
the direction of the fibres, axis 2 is the in-plane perpendicular to the fibre and axis
3 is normal to the lamina. The angle θ represents the fibres orientation at each ply
with respect to x-axis.

n
k

2
1

zk
zk−1

midplane

x

y

z

h

H

x

12

3

θ

Figure 2.6: Laminate and ply notation and coordinate systems: Principal material directions (blue) and
global coordinate system (red).

It is necessary for the subsequent analysis to define the relationship between the
stress/strain components in the principal and global directions, which is easily ob-
tained by applying a rotation matrix [T ], as set out in Eq. 2.1. The same approach is
extensible to the strain tensor components (as tensorial shear strain εxy is utilized).


σ11

σ22

τ12

 = [T ] · [σ ]xyz =

=


cos2(θ ) sin2(θ ) 2 sin(θ ) cos(θ )

sin2(θ ) cos2(θ ) −2 sin(θ ) cos(θ )

− sin(θ ) cos(θ ) sin(θ ) cos(θ ) cos2(θ )− sin2(θ )




σxx

σyy

τxy


(2.1)

The reverse transformation, from principal to off-axis coordinates, is obtained
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using the inverse transformation matrix [T ]−1. Besides, it is still required to establish
the stress-strain relations for a lamina in principal directions. With the aim to apply
the Generalized Hooke Law, expressed in tensorial form in Eq. 2.2 or in its inverse
form (Eq. 2.3), compliance tensor [S] is defined for an orthotropic material (Eq. 2.4).
Note that the stiffness tensor [C] can be computed as the inverse of [S].

[σ ]123 = [C][ε ]123 (2.2)

[ε ]123 = [S][σ ]123 (2.3)

[S] =



1
E1

−ν21
E2

−ν31
E3

0 0 0
−ν12

E1
1

E2

−ν32
E3

0 0 0
−ν13

E1

−ν23
E2

1
E3

0 0 0

0 0 0 1
G23

0 0

0 0 0 0 1
G13

0

0 0 0 0 0 1
G12


(2.4)

Continuing with the development of the CLPT, it is necessary to consider the
plane stress hypothesis. This is not only due to a mathematical simplification, but
also seeks to collect the usual form of structural behaviour of FRP laminates [166].
Under this consideration, the constitutional relations are simplified in Eq. 2.9.


σ11

σ22

τ12

 =


Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66




ε11

ε22

γ12

 (2.5)

where the Qi j are the so-called reduced stiffnesses for a plane stress state, which
are derived from the stiffness tensor [C] (the inverse of the compliance matrix ex-
pressed in Eq. 2.4). These matrices can be expressed in a global reference system by
applying the transformation matrices previously defined (Eq. 2.1), resulting in Eq.
2.6.

[Q] = [T ]−1[Q][T ]−T (2.6)

where Qi j represents the reduced stiffness transformed to xyz coordinate system.
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Finally, considering the assumptions previously stated, it is possible to express in
Eq. 2.7 the apparent behaviour of the laminate as the relation between the in-plane
force resultants (N) and the moment resultants (M) per unit length with the in-plane
strains (ε) and curvatures (κ) at the mid-plane (superscript 0 refers to mid-surface).



Nx

Ny

Nxy

Mx

My

Mxy


=

 A B

B D





ε0
xx

ε0
yy

γ0
xy

κ0
x

κ0
y

κo
xy


(2.7)

where the laminate stiffness matrix [ABD] is divided into four submatrices of 3× 3,
which are calculated using the Eq. 2.8. The Ai j represent extensional stiffnesses, Bi j

are bending-extension coupling stiffnesses and Di j are bending stiffnesses.

Ai j = ∑n
k=1 Qi jk (zk − zk−1)

Bi j =
1
2 ∑n

k=1 Qi jk (z
2
k − z2

k−1)

Di j =
1
3 ∑n

k=1 Qi jk (z
3
k − z3

k−1)

(2.8)

It is also of interest to particularize this result for each ply, so that it is possible to
determine the stress state of each lamina in global directions through the strains and
curvatures of the middle-surface as expressed in Eq. 2.9.


σxx

σyy

σxy

 =


Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66




ε0
xx + zκ0

x

ε0
yy + zκ0

y

ε0
xy + zκ0

xy

 (2.9)

Additionally, it should be noted that the elastic properties of the lamina under
tension and compression may be different [131, 132]. This entails a deviation of the
neutral fibre and a difference of properties between the compressive and tensile re-
gions of the laminate, having accounted for the necessary modifications of the CLPT
under simultaneous tension and compression due to bending in [168]. This Thesis
will take into account the difference in tensile and compressive properties when the
CLPT is applied depending on the loads that dominate the test to analyse.
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From the stiffness matrices defined in Eq. 2.8 the apparent elastic properties of
the laminates are defined, as the laminate elastic modulus in x and y directions (Eq.
2.10), the in-plane shear modulus (Eq. 2.11), the apparent Poisson’s ratio (Eq. 2.12)
and the apparent flexural modulus in x-direction (Eq. 2.13).

Exx =
1

a11H
(2.10)

Gxy =
1

a66H
(2.11)

νxy = −
a12

a11
(2.12)

E f lex,x =
12

d11H3 (2.13)

where the terms ai j and di j refer to the inverse of the [A] and [D] stiffnesses matri-
ces. The evolutions of the above elastic properties for some laminates of interest for
this Thesis are depicted in Fig. 2.7.

(a) (b)

Figure 2.7: Theoretical evolution of elastic properties predicted through CLPT for different stacking se-
quences: (a) Angle ply [±θ ]S and (b) [(0 + θ )/(90 + θ )]S.

The results obtained for the cases of laminates [0/90]NS and [±45]NS are of spe-
cial interest for biaxial loading conditions. Those laminates exhibit equal extensional
properties in both directions (A11 = A22), in addition to a lack of shear-extensional
couplings (A16 = A26 = 0). This resembles the behaviour of the so-called extension-
ally quasi-isotropic laminates, but these also require a non-fulfilled third condition
associated with the in-plane shear stiffness: 2A66 = A11 − A12.
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In Fig. 2.8, the extensional and flexural modulus for a ply oriented at 45◦ and for
the [±45]2S laminate are represented versus the angular direction φ , in order to better
illustrate the properties of interesting stacking sequences for this Thesis. Note that
the same result can be obtained for a [0/90]2S cross-ply laminate rotating the polar
plot −45◦.
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180◦

225◦
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(GPa)
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[±45]2S Eflex,η

x

η

φ

Figure 2.8: Ply and laminate elastic properties at η-direction plotted against φ . +45◦ ply elastic modulus,
[±45]2S apparent extensional and flexural modulus.

This figure allows to visualize the same apparent extensional and bending re-
sponse for the laminate at 0◦ and 90◦ directions, while a difference is observed be-
tween the E f at +45◦ and −45◦, which is explained by the alignment of the fibres at
the outermost ply. In other words, at 45◦ the laminate resembles the [0/90]2S con-
figuration, which allow an easier visualization of the difference in flexural stiffness,
schematized in Fig. 2.9.

M MM M

Figure 2.9: Deformation under bending for cross-ply laminates: [0/90]S (left) and [90/0]S (right). Repro-
duction based on [165].
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2.3 Numerical modelling

All the numerical simulations are performed using the FEM commercial software
Abaqus/Standard 2019. In order to compare the computational cost, all simulations
shown in this Thesis have been performed in an eight core Intel I7-7700 processor
with 16 Gb PC4-17000 RAM. The orthotropic properties of the lamina are assigned
through the values of elastic moduli, Poisson’s ratios and strengths in the principal
directions of the ply, differentiating in tensile and compressive properties depend-
ing on the specific loading scenario to model. Besides, it must be noted that mesh
sensitivity studies have been carried out for all the models used, until achieving
consistent results. In the different sections dealing with the numerical analyses, the
specific geometry, type of element and boundary conditions will be detailed.

In addition to the linear static simulations, this work highlights the use of pro-
gressive damage models PDM, which have been implemented also in MATLAB
scripts to perform checks and calibrations without the need to generate and solve
time-consuming numerical models. In this section the two damage models used in
the simulations are introduced, that is, the one based on the Hashin’s criterion and
the Ladevèze’s mesomodel.

2.3.1 Hashin’s Damage Model

In this subsection, the main characteristics of the Progressive Damage Model
(PDM) for fibre-reinforced composites implemented in the FEM software Abaqus
will be defined [130]. The initial choice of this damage model is based on practical
criteria, since it is already implemented in a software of wide industrial and sci-
entific use, while resulting in a low computational cost as it will be shown below.
Hereinafter we will denominate it Hashin’s Damage Model, because the initiation of
the damage is given by the failure criteria of Hashin-Rotem [137,138], while the evo-
lution of the damage is defined in terms of damaged energy release rates through
a generalization of the ideas exposed in previous studies from Camanho et al. [169]
and Matzenmiller et al. [170]. Note that energetic evolutions are the most frequent
approach when dealing delamination and debonding phenomena [171].

Damage initiation based on Hashin’s failure criteria

The Hashin-Rotem criteria propose two failure mechanisms: one based on the
failure of the fibre and the other on the matrix failure, distinguishing in both cases
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between tension and compression. The first failure mechanism is governed by the
fibre-direction stress, both in tensile (Eq. 2.14) and compressive (Eq. 2.15), while the
Abaqus implementation of these criteria additionally allows to include the interac-
tion of shear stresses through the material parameter α in the tensile fibre mode.

f f t =

(
σ̂11

St
11

)2
+ α

(
τ̂12

SL

)2
(2.14)

f f c =

(
σ̂11

Sc
11

)2
(2.15)

Note that subscripts f , m, t, and c mean fibre, matrix, tensile and compressive,
respectively. Sc

11 represents the longitudinal compressive strength, St
22 represents the

transverse tensile strength, SL is the in-plane longitudinal shear strength and f are
the damage initiation indexes, which are applied to active each damage mode when
f = 1. σ̂ii and τ̂12 are the components of the effective stress tensor, which represent
the stress acting over the damaged area that effectively resists the internal forces and
can be computed as Eq. 2.16.

[σ̂ ]12 =


1

1−d f
0 0

0 1
1−dm

0

0 0 1
1−ds

 [σ ]12 (2.16)

where di are damage variables defined below. Similarly to other PDMs, damage
is considered irreversible, i.e. ḋi ≥ 0 at any moment, and damage variables must be
in the range 0 ≤ di ≤ 1. The second damage mode is governed by the transverse and
shear stresses, as collected in Eqs. 2.17 and 2.18. The matrix failure is represented
by a quadratic function of transversal and shear stresses. Note that the material
is insensitive in principal directions to the shear stress direction (illustrated in Fig.
2.10), so the terms related to the first power of the shear stress are neglected [138],
leading to Eqs. 2.17 and 2.18.

fmt =

(
σ̂ t

22
St

22

)2

+

(
τ̂12

SL

)2
(2.17)

fmc =

(
σ̂ c

22
2ST

)2

+

[(
Sc

22
2ST

)2
− 1

]
σ̂ c

22
Sc

22
+

(
τ̂12

SL

)2
(2.18)
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Figure 2.10: Representation of insensitivity opposed sign shear in principal directions. Adapted from
[166].

where ST represents the shear strength transverse to the lamina, which is as-
sumed to correspond to S23. An analysis of the possibilities and limitations of these
failure criteria must be conducted. On the one hand, authors do not distinguish ma-
trix and interface failure, that is, a single mode of matrix cracking due to transverse
and shear stresses is collected, without specifying whether the mechanisms of these
failures are due to matrix cracking or fibre-matrix debonding. Nor are delaminations
collected because it is a model oriented to a UD lamina. Although the formulation of
Hashin [137] reflects a state of 3D stresses, the model that has extended the most and
is included in the previous equations assumes that plane stress is the predominant
state in the layer.

Furthermore, París [141] stated that the most serious issues with this criteria
comes from the interaction between stresses. Above all, author highlights the fact
of involving an out-of-plane shear strength (ST ) that does not match a failure crite-
rion based on a state of plane stress. In this regard, it should be noted that Hashin
seemed to include the shear failure mode typically observed under compression of
the pure matrix, as other criteria such as LaRC05 address the compressive mode with
the transverse shear. Therefore, it looks correct to include the effect of out-of-plane
shear strength (the component related to the matrix-dominant shear strength S23) in
the matrix compressive mode. Also it should be noted that this transverse intralam-
inar strength appears in Eq. 2.18 multiplied by two, which is related to the rotation
of a maximum shear stress state, easily visualized using Mohr circles for a state of
pure in-plane compression (see discussion of Section 5.2.1).
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Progressive stiffness degradation based on energy release rates

Subsequently, it is necessary to define the evolution of damage, which is also
addressed with four independent modes corresponding to the initiation ones. The
evolution law implemented in the Abaqus PDM [130] has been schematized in Fig.
2.11 for better clarification. Up to the point of damage initiation (point A in Fig. 2.11)
the model requires that the behaviour of the undamaged material is linearly elastic.
If a damage initiation criterion is fulfilled, the evolution of damage is represented
as a loss of stiffness, measured through the damage variables dkl (computed with
Eqs. 2.19 and 2.20). These variables represent the ratio of stiffness loss, therefore the
stiffness tensor for the damaged material is modified as Eq. 2.21.

δeq

σeq

Gc

δ0eq δueq

A

B

σ0eq

f = 1

d = dmax

Figure 2.11: Hashin’s damage model evolution, reinterpreted from [130].

d =
δ u

eq(δeq − δ o
eq)

δeq(δ u
eq − δ o

eq)
(2.19)

ds = 1− (1− d f t)(1− d f c)(1− dmt)(1− dmc) (2.20)

Cd =
1
D


(1− d f )E1 (1− d f )(1− dm)ν12E1 0

(1− d f )(1− dm)ν21E1 (1− d f )(1− dm)E2 0

0 0 D(1− ds)G12

 (2.21)
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where D is expressed in Eq. 2.22. Then, the damage variables are calculated for
each mode as a relation of equivalent displacements. The equivalent stress and dis-
placement at any point of the damage evolutions can be computed using the equa-
tions collected in Table 2.1. The maximum equivalent displacement (δ u

eq), i.e. the
one associated to the maximum damage, is calculated as the equivalent displace-
ment that produces an energy dissipated to failure (integral of the equivalent stress-
displacement curve) equal to the Gc defined in each studied mode.

D = 1− (1− d f )(1− dm)ν12ν21 (2.22)

Table 2.1: Equivalent stress and displacement relations for damage evolution in Hashin’s model.

Damage mode Equivalent displacement Equivalent stress

Fibre tension Lc

√
〈ε11〉2 + αε2

12
〈σ11〉〈ε11〉+ατ12ε12

δeq/Lc

Fibre compression Lc〈−ε11〉 〈−σ11〉〈−ε11〉
δeq/Lc

Matrix tension Lc

√
〈ε22〉2 + ε2

12
〈σ22〉〈ε22〉+τ12ε12

δeq/Lc

Matrix compression Lc

√
〈−ε22〉2 + ε2

12
〈−σ22〉〈−ε22〉+τ12ε12

δeq/Lc

where Lc is the characteristic element length and the symbol 〈 〉 represents the
Macaulay brackets operator, defined as:

〈x〉 = x + |x|
2

(2.23)

Furthermore the ultimate point of the damage evolution (represented as point B
in Fig. 2.11) can be numerically modified by establishing a limit in the degradation
of the stiffness, through an element internal variable named maximum degradation
(dmax).

As reflected in the Abaqus documentation, the definition of the damage evolu-
tion in terms of equivalent stress-displacement is due to alleviate mesh dependency
during material softening [130]. This is achieved by means of defining a character-
istic length Lc which in the case of 2D elements it is equal to the square root of the
area of the reference surface. Some preliminary analyses of the effect of the damage
model parameters revealed that the appearance of Lc could be detrimental in case
of modelling with irregular meshes. Although the results of these simulations are
not included in the Thesis, it was observed that Abaqus assigns a single character-
istic length to the whole model and therefore the capacity of damage evolution for
elements with different sizes varies (unless energy release rates are adapted for spe-
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cific element sizes). For this reason, meshes with uniform element size are pursued
during the analyses performed with the Hashin’s damage model. Additionally, it
should be remarked that energy release rates defined in Abaqus are dependent on
the element size, and this implies that they must be modified proportionally to the
change of the element when refining mesh.

Effect of large strain and fibre reorientation

In literature it is described that angle-ply laminates, and specially the stacking se-
quences consisting on±45◦ layers, show a high strain and fibre reorientation. There-
fore, these effects must be considered when making a correct identification of the
numerical parameters based on the experimental behaviour, where the tensile tested
[±45]2S laminate is studied in detail.

This analysis of the so-called pseudo-ductile effect in angle-ply laminates has
been previously addressed in the literature. The work of Yuan et al. [172] talks about
the effect of considering the fibre reorientation on a model based on the Tsai-Hill
criterion, where the angle variation is measured experimentally on the images ob-
tained with a DIC system. Another similar study [21] consists on an approach to
damage and permanent deformation modelling of laminates ±45 using the Lade-
vèze’s model. Herakovich et al. estimate the reorientation of the fibre by means of
an equation which includes the ratio of εxx and εyy, while considering the change
of cross-sectional width in the computation of the apparent stress from the experi-
mentally measured force. The variation of the area is appreciable due to the large
deformations achieved, linked to the high apparent Poisson’s ratio of the laminate.

When conducting our identification of the model parameters, an alternative iden-
tification is proposed considering the effect of the reorientation of the fibre and the
change of area similar to [151], which is named with the acronym FR. In our case,
the variation of angle is estimated directly in the numerical model using Eq. 2.24.
Thus, observing the formulation of the Hashin’s PDM, the effect of this reorienta-
tion rests on the constitutive equation relating stress and strain in global coordinates
(Eq. 2.21), where it is necessary to update the value of Qθ for each iteration, as the
angle θ is continuously reduced under tensile loading. Although there are no direct
measurements of the cross-section over each instant of the test, an estimation of the
area based on the strain measurement is proposed, so that the true section (A′) can
be estimated using Eq. 2.25. Note that the approximation of νxy = νxz is considered.

∆θ = θ − arctan
(

tan(θ ) + εyy

1 + εxx

)
(2.24)
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A′ = b′t ′ = bt(1 + εyy)
2 (2.25)

Then, experimental apparent longitudinal stress σxx is computed as the quotient
of the applied force and the instantaneous section A′. Likewise other authors propose
corrections for large strain based on the longitudinal strain measurement [43]. This
estimation relies on the fact that the longitudinal and transverse strain are constantly
related, but our experimental observations results in the opposite, that is, a drastic
change of the transverse/normal strain ratio (see Fig. 3.5).

2.3.2 Ladevèze’s Damage Model

The phenomenological model from Ladevèze [155] presents an evolution of the
matrix damage in the form of ply stiffness reduction based on associated forces, com-
bined with an isotropic hardening plasticity law. This PDM for an elementary ply
has been afterwards developed in [173, 174], seeking an extension at the full meso-
scale level by introducing mechanisms such as interlaminar damage (delamination).

Material properties identification for this model requires the realization of tests
in principal directions (0◦ and 90◦), as well as Load-Unload-Reload (LUR) tests on
laminates [±45]2S and [±67.5]2S, since these allow characterization of the shear be-
haviour (similar to that proposed in ASTM D3518 [19]), as well as the interaction be-
tween shear and transverse stress. This calibration strategy has been used by other
authors [21,175] with good results. The LUR tests allow simultaneous measurement
of the evolution of the damage and plasticity, since the different cycles provide the
values of loss of stiffness and permanent deformation.

The original implementation of the model does not distinguish tensile and com-
pressive damage modes, but it may be applied in each situation using either tensile
or compressive properties as appropriate. With this model, the already commented
phenomenology existing in angle-ply laminates will be described in detail. Unlike
the Hashin’s model, this considers plasticity and damage, so that more realistic re-
sults are expected, although the complexity of the model is higher. However, it must
be borne in mind that the phenomenology of the model is limited, and therefore,
it may be too conservative given certain damage mechanisms not contemplated in
the original formulation of the model. For example, in the work of Le et al. [176], it
is demonstrated how the model should be readjusted to adequately reproduce the
behaviour of laminates involving extensive splitting.

It is important to highlight two reference works applying this PDM. On the one
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hand, the PhD Thesis of Sevenois [177] describes a successful fitting of the experi-
mental results with the Ladevèze’s model in different angle-ply laminates. However,
it should be noted that the behaviour of the laminates studied in this work produce
a lower non-linearity than that exhibited under the same conditions by the M21E/
IMA-12K material, reaching much lower failure strains, and without describing a
re-stiffening effect. Thus, the model discussed did not require the consideration of
fibre reorientation, being the same negligible. In other words, the study of Sevenois
focuses on diffuse damage, which will be followed by matrix microcracking (stages
defined in [174]), in which the loss of stiffness occurs very gradually without exhibit-
ing macroscopic failures.

On the other hand, the work of Herakovich et al. [21] also uses the Ladevèze’s
model for the characterization of the non-linear tensile behaviour of the ±45◦ lam-
inate. In this case, the response achieved exhibits a high capacity of damage and
permanent deformation due to shear, thus producing a high reorientation of the fi-
bres towards the loading directions (scissoring effect). However, it should be noted
that the damage and plasticity produced in the first stage (apparently linear com-
pared to the rest of the behaviour) is ignored in the modelling, thus focusing on the
stress-strain plateau.

In a similar way to what has been done with the Hashin’s model, the way to
proceed in this section will combine the use of the previously mentioned LUR tests,
with a MATLAB script that collects the equations of the Ladevèze’s model. Subse-
quently, having identified the model parameters for the M21E/IMA-12K prepreg, a
UMAT user subroutine is applied in Abaqus/Standard to be able to model the dam-
age and plasticity of the proposed tests. It should be noted that the subroutine for
Ladevèze’s model and the script were developed by researchers from the Mechanics
of Materials and Structures research group at Ghent University, whose results were
shown in previous works [157, 177].

Damage kinematics

The model considers the in-plane behaviour of an orthotropic lamina as collected
in Eq. 2.26.

S =


H(σ11)

(1−d1)E0
1
+ H(−σ11)

E0
1

−ν12
E0

1
0

−ν12
E0

1

H(σ22)

(1−d2)E0
2
+ H(−σ22)

E0
2

0

0 0 1
(1−d12)G0

12

 (2.26)
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where the Heaviside step function (H(x)), defined in Eq. 2.27, is applied to dif-
ference the tensile and compressive damage mechanisms. Therefore, note that if
σ11 < 0 no damage in fibre direction is considered (the same applies to transverse
direction). This idea, consistent with other damage models, is based on the assump-
tion that cracks are propagated under tensile stresses, while compressive stresses are
supposed to close the cracks, then recovering the initial stiffness [155].

H(x) =

 0 for x < 0

1 for x ≥ 0
(2.27)

Then, the strain energy density, considering a linear response of the damaged
stress-strain, could be expressed as 2.28.

E =
1
2
[σ ][ε ] (2.28)

Having defined the damaged compliance matrix (Eq. 2.26), it is possible to re-
place the strains in order to express the strain energy only in terms of stresses, re-
sulting in Eq. 2.29.

E =
1
2

[
〈σ11〉2

(1− d1)E0
1
+
〈−σ11〉2

E0
1

+
〈σ22〉2

(1− d2)E0
2
+
〈−σ22〉2

E0
2

+

−2
ν0

12σ11σ22

E0
1

+
τ2

12
(1− d12)G0

12

] (2.29)

where the MacAuley operator 〈 〉 was defined in Eq. 2.23; d1, d2 and d12 represent
the damage variables in fibre, transverse and in-plane shear direction, respectively.
Again, these are scalar values in the range 0 ≤ di ≤ 1. Following that, the evolution
of this energy as a function of the damage variables is computed in Eqs. 2.30.

Ydi =
∂ED

∂di
=

〈σii〉2
(1− di)E0

i
for i = 1, 2 (2.30a)

Yd12 =
∂ED

∂d12
=

τ2
12

2(1− d12)G0
12

(2.30b)
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where Yd are the so-called thermodynamic associated forces, which are somehow
analogous to energy release rates, similarly to the Gc in the Hashin’s damage model.
Following Ladevèze and Le Dantec formulation, a equivalent associated force Yeq

combining the shear and transverse forces is defined in Eq. 2.31. In this expression,
bL is the parameter regulating the shear and transverse interaction. Note that this
is not present in Hashin’s model, but conversely a fibre-shear interaction was con-
trolled by means of coefficient α .

Yeq = Yd12 + bLYd2 (2.31)

Using the equivalent thermodynamic force, the damage laws can be written as
Eqs. 2.32.

d12 =


√

Yeq−
√

Y0√
YC

if d2 < 1 and d12 < 1 and Yd12 < Y12S

1 otherwise
(2.32a)

d2 =

 b′d12 if d2 < 1 and d12 < 1 and Yd2 < YC′

1 otherwise
(2.32b)

where the values of Y0, YC, YC′ , Y12S and b′ are material parameter to be determined
from experimental tests. Detailing these parameters, the quotient Y0/YC represent the
initiation thermodynamic force , i.e. the necessary energy/damage rate to start stiff-
ness degradation, while 1/YC is the slope of the damage law expressed as di versus√

Yeq. Besides, YC and YC′ are the parameters collecting the maximum degradation of
shear and transverse moduli, respectively. Finally, b′ relates in-plane transverse and
shear damage, then coupling both evolutions. Continuing the analogy with Hashin’s
model, Eq. 2.20 shows that shear damage was directly associated to fibre and matrix
damage, not considering a possible softer interaction between damage modes.

These two equations represent the transverse and shear damage mechanisms. A
third considered mechanism is fibre breakage, but in this case a brittle failure crite-
rion is defined (Eq. 2.33), which implies an instantaneous degradation of the stiffness
in the fibre direction when a the value of Yd1 reach the fibre failure associated force
YT . Note that this assumption, combined with the linear elastic behaviour in longitu-
dinal direction, is equivalent to a maximum stress criterion resulting in failure when
σ11 = S11.
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d1 =

 0 if Yd1 < YT

1 otherwise
(2.33)

To sum up, note that the main characteristic of Ladevèze’s damage model is the
inclusion of energy-related parameters in both the initiation and evolution of dam-
age, but if the behaviour is elastic up to damage initiation and brittleness dominates
fibre and transverse direction may lead to similar results that stress-based criteria.
The most relevant differences lie in permanent deformation and the interaction with
shear component, where the non-linear behaviour is expected to be better fitted by
the thermodynamic force criteria.

Plasticity in Ladevèze’s model

Different studies with approaches from micro- and mesomechanical points of
view [13, 34, 110, 175, 178, 179] shown that shear in polymers induces an inelastic
deformation. In the case of FRP, in addition, the premature initiation of fibre-matrix
debonding, due to the low strength existing in the fibre-matrix interface, also gen-
erates a sliding and subsequent friction of the fibres with the matrix. This inelastic
behaviour can be collected with the use of plasticity models, although this will be
named as evolution of permanent strain (εp) because the described phenomenology
is not only plastic.

Briefly introducing the basics of plasticity, when a certain stress is reached, a
non-recoverable deformation appears in the material, generally causing a more pro-
nounced increase in strain with respect to the level of stress. The starting point is
given by the so-called yielding criterion, an equation expressed as a function of the
stress tensor. This collects the surface in the stress space which defines the bound-
ary between the elastic and plastic behaviour of the material. Without going into
detail of the different plasticity criteria existing in literature (more information can
be found on [126,180,181]), we focus on the case of an isotropic hardening rule. This
implies that the yield surface expands proportionally in all directions when yield
stress is exceeded, which can be schematized as Fig. 2.12.

The approach from Ladevèze’s decouples the damage evolution from the evolu-
tion of permanent strain by defining an effective stress (σ̃ ) and an effective perma-
nent strain rate ( ˜̇εp), which are related to damaged stresses and strains through the
expression 2.34.
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Figure 2.12: Planar representation of isotropic hardening, supposing σ22 = 0.

Tr[σ̃ ˜̇εp] = Tr[σε̇p] (2.34)

where Tr[ ] is the trace of the tensor. The effective term refers to the equivalent
undamaged stress and strain, which are computed as expressed in Eqs. 2.35 and 2.36,
highlighting the necessity of defining the tensile and compressive differently due to
the hypothesis of no damage under compressive loads.


˜σ11

˜σ22

˜τxy

 =


〈σ11〉
1−d1

+ 〈−σ11〉
〈σ22〉
1−d2

+ 〈−σ22〉
τ12

1−d12

 (2.35)


˜̇ε11p

˜̇ε22p

˜̇ε12p

 =


〈 ˜̇ε11p〉(1− d1) + 〈 ˜̇− ε11p〉
〈 ˜̇ε22p〉(1− d2) + 〈 ˜̇− ε22p〉

˜̇ε12p(1− d12)

 (2.36)

This decoupling of damage and permanent strain should be appropriately under-
stood. Although effective components are defined in order to give a correct formu-
lation, this does not mean plasticity and damage evolve independently. To clarify
this concept, a representation of a damage evolution law obtained with the Lade-
vèze’s model is shown in Fig. 2.13. This figure reflects how the damage law is almost
stopped (in terms of stress) by the yielding evolution. This limitation is quite rele-
vant, as a high permanent strain rate is related to a reduction of the damage rate,
which may complicate the calibration of the model. Continuing with the definition
of the permanent strain, the plastic yield function is defined as expressed in Eq. 2.37.
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Figure 2.13: Representation of damage law combined with plasticity. Stress-strain evolution is also re-
ported in right axis for clarification.

f =
√

σ̃2
12 + a2

Lσ̃2
22 − R(p) (2.37)

Again an interaction coefficient aL between transverse and shear components
is included. Notice fibre stress has no effect on the yielding function. R(p) is the
isotropic hardening law as function of the accumulated permanent strain (p), chosen
initially to be a power function expressed in Eq. 2.38.

R(p) = β pαL − R0 (2.38)

where β and αL are material parameters to be determined experimentally and
R0 represents the initial plastic threshold. Besides, regarding the fibre direction the
model assumes that the permanent strain is negligible, as UD plies generally show
no inelastic strain in this direction. The yielding conditions are in consequence writ-
ten as Eq. 2.39.


˜̇ε1p

˜̇ε2p

˜̇ε12p

 =


0

a2
L ṗ σ̃2

R(p)
1
2 ṗ

˜σ12
R(p)

 (2.39)
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Finally, the accumulated plastic strain rate is obtained combining Eqs. 2.37 and
2.39, resulting in Eq. 2.40.

ṗ =


√
(2 ˜̇ε12p)2 + 1

a2
L
( ˜̇ε2p)2 if ṗ ≥ 0

0 if ṗ < 0
(2.40)

The adequate implementation of the material model in the implicit solver through
the UMAT was already verified by comparing the results of uniaxial strain loading
on a single element to the results of the analytical implementation (see [177]). How-
ever, comparing them in the case of uniaxial tensile stress on the [±45]2S when using
the original script, it was found that the global-principal strain relations initially in-
cluded were formulated linearly. That is, as input to the code, the γ12 strain is used,
but the application of the model equations requires defining the normal components,
so the relations of the CLPT were used for the uniaxial stress case, resulting in the
Eqs. 2.41 and 2.42.

ε11 = ε22 =
4(E0

1 − E0
2 ν0

12)G
0
12

E0
1 (E

0
1 + E0

2 + 2E0
2 ν0

12)
ε12 (2.41)

ε33 = − (ν23E0
1 + ν2

12E0
2 )ε22 + (1 + ν23)ν12E0

1 ε11

E0
1 − ν2

12E0
22

(2.42)

Nevertheless, these equations entail the error of assuming an elastic relations
between the strains, so their application in highly non-linear cases (either by damage,
plasticity or combination of both) involves an important error in the computation of
1 and 2 strain components. These equations must be corrected taking into account
degradation and inelastic deformations, resulting in Eqs. 2.43 and 2.44.

ε11el = ε22el =
4(ED

1 − ED
2 ν2

12)G
D
12

ED
11(E

D
1 + ED

2 + 2ED
2 ν12)

ε12el (2.43)

ε33 = − (ν23ED
1 + ν2

12ED
2 )ε22 + (1 + ν23)ν12ED

1 ε11

ED
1 − ν2

12ED
2

(2.44)

where ED
i = (1− di)E0

i , GD
12 = (1− d12)G0

12, and the subscript el represents elastic
(strain).
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Therefore, the result of comparing the subroutine in Abaqus with the original im-
plementations of the model script and the non-linear implementation are illustrated
in Fig. 2.14, where it is checked how the original implementation of the Ladevèze’s
model resulted in wrong estimations of the fibre strain. Although not plotted, this
extends to matrix direction. Note that the difference between the UMAT and the non-
linear script is explained due to the latter only assumes a theoretical approach on a
single element submitted to the imposed pure strain conditions, while the UMAT
is applied on the coupon FEM model, and therefore stress concentrations alter the
results compared to the pristine formulation of the script.

Figure 2.14: Representation of strain results considering linear and non-linear strain relations in the Lade-
vèze script, compared with Abaqus results including the UMAT.
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Chapter 3

Mechanical response under
uniaxial loading

“Today’s scientists have substituted mathematics for experiments,
and they wander off through equation after equation,

and eventually build a structure which
has no relation to reality.”

Nikola Tesla.

Experimental testing is needed to know the response of the material and its prop-
erties. Even in the case of numerical modelling, a minimum of tests that provide ma-
terial properties as well as data for the calibration and validation of the numerical
models are required, therefore explaining the necessity of a detailed uniaxial char-
acterization of the material. Moreover, the highly non-linear mechanical response of
angle-ply laminates under uniaxial loading due to the shear-dominated permanent
strain and damage makes necessary a detailed study of different orientations of fibre
in angle-ply laminates. This is added to the fact that composites exhibit a different
behaviour when they are submitted to tension or compression.

3.1 Uniaxial tensile testing

In general, a methodology similar to that proposed in ASTM D3039 [182] has
been followed, with rectangular prismatic specimens to which GFRP tabs are glued
at the ends, protecting the gripping region, applying an epoxy adhesive Araldite®

2000. The tests have been performed under quasi-static conditions, applying a con-
stant control of displacement rate. The dimensions applied on these tests are de-
picted in Fig. 3.1, in which the thickness of the laminate can be estimated as 0.25n
(mm), where n represents the total number of plies. Every test performed includes
the use of strain gauges and DIC in order to accurately acquire the strains in the
top and bottom surfaces of the specimen. The specimens are fixed on the pneumatic
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grips, attached to the electromechanical actuators equipped with 50 kN load cells,
and displacement is applied up to final failure of the laminate. The loading rate is
adapted to the stiffness of the laminate, taking as reference a displacement rate of 1.5
mm/min for the [±45]2S laminate under tensile loading.

x

yz
50

200
30

3

Figure 3.1: Dimensions of uniaxial tensile test coupon (in mm).

The experimental characterization of the lamina properties in principal directions
under tensile and shear loads is collected in the Table 3.1, which collect the results
from previous works [168].

Table 3.1: Tensile and shear properties of M21E/IMA-12K lamina [168].

E1 (GPa) E2 = E3 (GPa) ν12 = ν13 G12 = G13
(GPa)

G23
(GPa)

177.56± 5.73 11.84± 1.05 0.39± 0.01 5.42± 0.14 3.1

ν23 σu
11 (MPa) σu

22 (MPa) τu
12 (MPa)

0.36 2600.9± 121.5 56.07± 2.12 91.18± 3.25

Additionally, in order to verify the previous values, an insonification process for
characterization of the elastic properties was carried out by researchers from the Me-
chanics of Materials and Structures (MMS) research group at Ghent University, having
described the followed methodology in a previous work [183]. This process has the
main advantage of allowing the characterization of the elastic properties of the ma-
terial in all directions with a single UD laminate through ultrasounds. Specifically
for the characterization of the M21E/IMA-12K, a [0]24 laminate was used, and its
outcomes are summarized in Table 3.2.

Table 3.2: Ultrasonic identification of M21E/IMA-12K elastic properties.

E1 (GPa) E2 = E3 (GPa) G12 = G13 (GPa) G23 (GPa)

152.03 10.81 7.37 3.34

ν12 ν13 ν23

0.392 0.51 0.371

Comparing with the conventional methodology of characterization of the ten-
sile properties (Table 3.1), good agreement in E2 and G23 and Poisson’s ratios is ob-
tained. The large difference (14.3%) in the longitudinal modulus E1 could be due to
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a small misalignment of the fibre on the insonificated specimen, while the disagree-
ment (35.9%) in the in-plane shear modulus G12 could be related to two reasons.
On the one hand, the ultrasound characterization can be influenced by viscoelastic
effects, as the insonification produces high strain rate in the material, and then the
epoxy matrix may behave stiffer [183]. On the other hand, as it will be detailed be-
low, the shear modulus varies greatly in a small strain range, which can lead to a
large dispersion of this property according to the stress-strain range considered to
compute it.

3.1.1 Cross-ply laminates

For this work, the tests of [0/90]S and [90/0]S cross-ply laminates are also of in-
terest, in order to analyse the effect on the apparent strength of the laminate as a
function of 0◦ ply position in cross-ply laminates. The failure strength and strains
from these tests are collected in Table 3.3. While the in-plane elastic properties of
these two laminates are expected to be equivalent as it is demonstrated by the slope
of the experimental curves (Fig. 3.2), the apparent strength of the laminate (deter-
mined as σxx = P

A , where P is the applied load and A the initial cross-section) is
affected by a stacking sequence effect, showing a lower failure load in the case of
lay-ups with 0◦ laminae in the outer layers. It is also observed how a first failure of
the laminate [0/90]S occurs at a stress of 757.86± 9.9 MPa, with a remarkable stiff-
ness drop. This conclusion is related to the premature matrix tensile failure of the 90◦

plies, which in the case of being clustered around the laminate midplane, promote
crack propagation and result in the internal failure of the laminate, so 0◦ plies are left
isolated in the top and bottom of the [0/90]S lay-up.

Table 3.3: Tensile properties of cross-ply laminates.

Laminate εu
xx σu

xx (MPa)

[0/90]S 0.0132± 0.0002 1111.24± 106.19
[90/0]S 0.0156± 0.0007 1430.94± 51.91

3.1.2 Angle-ply laminates

In order to analyse the non-linear response and the pseudo-ductile effects in
angle-ply laminates, testing on different sequences of interest was carried out. Partic-
ularly, the [±45]2S laminate maximizes the shear stress component, and therefore the
non-linear effects, while the [±67.5]2S laminate is suggested by Ladevèze et al. [155]
because it allows to identify the interaction between transverse tension and shear
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Figure 3.2: [0/90]S and [90/0]S uniaxial tensile testing.

while reducing results dispersion. The laminates [±56.3]2S and [±33.7]2S have been
chosen because they correspond with the angles formed by the diagonal of a rect-
angle of base 1 and height 1.5. This fact is related to the geometric variation of the
cruciform specimens that will be explained in the Chapter 5.

For these tests, a large number of alternating layers has been avoided, limiting
the laminate to 8 plies, since it has been proven in previous works that size-scale
effects greatly affects the non-linear evolution of the these stacking sequences due to
pseudo-ductile effects. Specifically, a high number of alternating layers in a sublam-
inate level technique generates greater pseudo-ductile effects, while ply clustering
leads to a more elastic and brittle behaviour [168, 184].

In Fig. 3.3 the results obtained from the tensile tests on angle-ply laminates are
plotted. First, it is noteworthy the large difference between the laminate ±45◦ and
the rest of the angle-ply sequences, showing maximum normal strain close to 10 %
for the ±45◦, exhibiting large strain at a constant stress. Laminates with orienta-
tions greater than 45◦ show predominantly brittle linear behaviour, without expe-
riencing clear pseudo-ductile effects. This can be explained by the reduction of the
stress/strain shear component and a predominance of stresses in the matrix direc-
tion, generating a tensile failure before producing a shear-driven matrix plasticity.
The laminate ±33.7◦ does experience a certain non-linearity, therefore expecting a
certain reorientation of the fibre. The averaged results for the tests of these angle-ply
laminates are shown in Table 3.4, including the analytical estimates obtained using
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the CLPT for comparison.

Figure 3.3: Quasi-static uniaxial tensile test of different angle-ply configurations. Low stress-strain levels
are zoomed in the subfigure.

Table 3.4: Uniaxial tensile testing of different angle-ply laminates.

Experimental Analytical (CLPT)
Laminate St

xx (MPa) Exx (GPa) νxy Exx (GPa) νxy

[±33.7]2S 440.6± 29.1 42.15± 1.98 1.34± 0.06 41.07 1.34
[±45]2S 182.4± 6.5 19.18± 0.41 0.81± 0.01 19.59 0.81
[±56.3]2S 78.5± 6.3 15.68± 0.31 0.40± 0.01 12.78 0.42
[±67.5]2S 63.7± 6.5 12.40± 0.85 0.19± 0.01 11.91 0.18

It is proven that the experimental values agree with the theoretical estimations,
except for the elastic modulus of the [±56.3] laminates, for which theory underes-
timate this property, possibly due to a bigger stress transfer to the fibre than the
theoretically expected.

An important phenomenon concerning the pseudo-ductile behaviour is the fibre
reorientation. For the purpose of adequately illustrating those effects, the variation
of the fibre angle has been estimated through the Eq. 2.24 and the result is depicted
in Fig. 3.4, plotted against the normal strain normalized with the ultimate strain
for each test. This reorientation can be also analysed by visualizing the εxx and εyy

evolutions together, as represented for the ±45◦ and ±67.5◦ in Fig. 3.5. It is verified
that when non-linearity is high (i.e. in the plateau stage) there is no constant relation
between the two strain components since, for instance in the ±45◦ laminate, the
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initial Poisson’s ratio is 0.8 but εu
yy exceeds εu

xx.

Figure 3.4: Estimation of fibre reorientation in uniaxially tensile tested angle-ply laminates.

Additionally, note that the state of stress in each lamina of angle-ply laminates is
a combination of the normal and shear stresses σ11, σ22 and τ12. The standard ASTM
D3518 [19] details the use of the laminate±45◦ for shear characterization even when
shear stress is combined with the other normal components. Normally, these con-
siderations would lead to the rejection of this test geometry for shear characteriza-
tion [185]. However, the shear stress-strain responses of many composite laminae
are non-linear and exhibit strain-softening characteristics. Thus, although the in-ply
internal biaxial state of stress likely causes the measured value of shear strength to
be lower than the true value, the reduction may be small because of the non-linear
stiffness degradation. Therefore, the [±45]NS tensile shear test method may often be
reliable in determining lamina shear modulus and strength. Apart from the elastic
properties and ultimate strength, the±45◦ laminate provides a clear value for drastic
change in the response (i.e. the initiation of the plateau), which is usually named as
yielding strength, but it should not be confused with the phenomenon of plasticity in
metals. For the tensile tested [±45]2S laminated it takes a value of σxx = 124.2± 4.2
MPa, which in ply shear stress is equivalent to τ12 = 62.1± 2.1 MPa.

Finally, the optical observation of the test specimens allows a better understand-
ing of the behaviour of the ply depending on the failure modes achieved. In the case
of the ±45◦ test (Fig. 3.6) the specimen shows a significant reduction of the cross
section, also showing in some of the specimens a necking zone due to the location
of the permanent shear strain in the weakest section (i.e. near the end-tabs due to
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Figure 3.5: Uniaxial tensile test results for different angle-ply configuration, depicting σxx− εxx (right side)
and σxx − εyy (left side).

the stress concentration generated by the change in the specimen’s section). A high
permanent reorientation of the fibres is observed under the naked eye. Clearly the
initial failure of the material is caused by matrix cracks, which appear first in the
central layers (Fig. 3.6b), deriving in cracks that completely travel through the cross-
section, following the shear direction parallel to the fibre alternating for each ply. It
is also possible to observe some degree of fibre breakage near the main crack, as well
as delaminations of the two outer layers in this same region, associated to the final
stage of the laminate failure.

(a)

(b)

Figure 3.6: Uniaxially tensile tested [±45]2S: (a) Top view depicting matrix crack and permanent defor-
mation and (b) side view of matrix cracking in internal plies.

Studying now the other cases of angle-ply laminates (Fig. 3.7), first the [±33.7]2S

laminate shows a similar pattern of failure, with a lower permanent deformation, but
with a reorientation of fibres also visible at the macroscopic level. The microscopic
observation reveals a higher fibre breakage density, as it is understandable due to the
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higher longitudinal stress (see Fig. 3.9), although it does not reach the fibre strength
values due to pure tension. Compressive stress/strain on the transversal direction
(observe red line in Fig. 3.9a) points to a shear dominated failure over the matrix. Re-
garding the laminate [±56.3]2S, the reduction of the longitudinal and shear stresses
reveals a failure more dominated by the σ22 component (promoting tensile matrix
crack), although certain similarities are still appreciated with the failure mode of
±45◦ but at a much lower degree. In this sense, several matrix microcracks are ob-
served in the areas close to the main crack.

 

 

 

 

 

 

 

 

 

 

(100x magnifications) 

Figure 3.7: Uniaxial tensile tested specimens of [±33.7]2S (above) and [±56.3]2S (below) laminates, includ-
ing 100x microscopic magnifications.

Finally, ±67.5◦ laminate presents a clear and brittle tensile matrix failure, show-
ing neither signs of damage in the longitudinal direction nor plastic behaviour of the
material, as illustrated in Fig. 3.8.

Figure 3.8: Uniaxial tensile tested [±67.5]2S specimen illustrating brittle matrix cracking.

Loading-Unloading-Reloading

In order to measure the capacity of plastic deformation and the progressive degra-
dation of the polymer-based material, cyclic tests have been carried out on the lam-
inates [±45]2S and [±67.5]2S. The damage and plasticity of the lamina can be quan-
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(a) (b)

Figure 3.9: Stress and strain components in principal directions for uniaxial tensile tests: (a) [±33.7]2S and
(b) [±56.3]2S.

tified by applying load cycles up to a predefined value, almost complete discharge
and recharge to a higher load/deformation value. The parameters which could be
measured through this Loading-Unloading-Reloading (LUR) are schematized in Fig.
3.10. Note that the difference in energies between the unload (red) and reload (blue)
curves represents the hysteresis of the material due to irreversible thermodynamic
processes [186].

ε

σ

E1

E0

εp εe

Figure 3.10: Representation of LUR stress-strain response. Red path indicates the unload, while blue line
describes the reloading cycle.

The results of the application of this test to the [±45]2S laminate produces a stress-
strain curve for the studied material depicted in Fig. 3.11, where it is shown that the
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quasi-static test represents the envelope of the cyclic test. Note that strain gauges
can only collect the behaviour under small strains (Fig. 3.11b), so the axial exten-
someter and DIC are applied to measure the strains of higher magnitude. Analysing
in detail the response of the material, the evolution of the three stages typically ob-
served in laminates with pseudo-ductile behaviour can be described. First, there is
an evolution with diffuse damage and some plastic strain (sometimes obviated by
its apparent linearity with respect to the rest of the test [21, 27]). In literature this is
associated with possible viscoelastic effects of the material or matrix-fibre interface
failure [44, 45]. The plateau in which most of the deformation occurs, and therefore
a high energy absorption, which entails an important shear yielding, combined with
a great degradation of the material stiffness. This produces different surface cracks
(shear cusps) as well as internal matrix cracking [25, 26]. Finally, the high fibre re-
orientation and the matrix plasticity lead to a third stage where damage apparently
ceases (the damage of the matrix actually progresses but the fibres increase the load
bearing capacity) while the plastic deformation continues to grow until the failure
produced by matrix cracking and delamination. The outcomes of these tests are fur-
ther analysed in Section 3.3.2.

(a) (b)

Figure 3.11: Quasi-static and LUR test of [±45]2S laminate: (a) extensometer strains and (b) strain gauge
measures.

Nevertheless, it must be emphasized the difficulty of carrying out LUR cycles
over this laminate. The usual way to proceed in LUR tests is to establish the lev-
els of applied force to be achieved at each unloading-reloading loop. However, the
appearance of a plateau in which the stress decreases slightly prevents the cycles
from being load controlled. This test required the definition of an ad hoc test control
program, which was developed using the interface LabView. Therefore, the method-
ology followed required to divide the test into 3 stages. A first zone in which the
force control allows to establish the limits of each cycle as percentages of the plateau
initiation stress (i.e. yielding strength), a displacement control of the plateau stage to

58



CHAPTER 3. MECHANICAL RESPONSE UNDER UNIAXIAL LOADING

avoid an uncontrolled application of force, and a last force control to ensure again the
unloading stresses of cycles prior to failure. This difficulty is added to the presence
of necking effects in the vicinity of the end-tab, due to the inevitable stress concen-
tration. The combined measurement with foil strain gauges, axial extensometer and
DIC allowed control of the tests and the recording of local effects on the specimen.

3.2 Uniaxial compressive testing

With regard to standard uniaxial compressive tests, it is important to take into
account the high complexity of these tests, specially when pursuing a complete char-
acterization of stiffness and strength in principal directions of the material. This rea-
soning explains why there is not a unique recommended standard for compressive
characterization of laminates, but different types of tests could be found [187]. These
procedures involve changes in specimen geometry and the application of different
jigs, with the aim of stabilizing against buckling [188–190]. Some tests have the dis-
advantage of involving shear stresses [189, 191], so we opt for the Modified D695
standard testing, also similarly included in the ISO14126 normative [190]. It should
be noted that the anti-buckling device of these regulations has undergone several
modifications throughout its history, some not included up to date in international
standards (for instance the so-called Modified D695, also found as the Boeing Spec-
ification Support Standard BSS 7260 [192]). These modifications include jigs and
specimens with and without end-tabs, liberating a central gauge section and allow-
ing direct measurement of strain. However large unconstrained gauge zone can lead
to premature failure strength due to buckling instability.

For this work, a jig based on the Modified D695 standard was designed ad-hoc,
including a stabilizing base that facilitates the alignment of the test system (Fig.
3.12a), a parameter of critical relevance in compressive testing. In order to perform
adequate strain measurement, a window that allows visual inspection for the ap-
plication of DIC system is proposed. Additionally, the instrumentation with strain
gauges on the opposite side of the specimen permits controlling the appearance of
instabilities, in other words, the presence of curvatures due to buckling is reflected
in opposite sign strain measurements on each of the instrumentalized surfaces.

Additionally, different specimen geometries were tested in order to obtain proper
failure modes, while reducing undesired stress components in the tab-gauge zone
transition [193, 194]. Some trials with not-tabbed rectangular specimens, as well as
with the 1 mm thickness GFRP end-tabs, produced inadequate failure modes (crush-
ing of the loading face in Fig. 3.13a). Although the use of tabs has been extensively
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(a) (b)

 

(c)

Figure 3.12: Modified ASTM D695 fixture: (a) positioning of stabilizing base on testing machine, (b) side
view with short gauge length specimen and (c) long gauge length specimen exhibiting invalid failure
mode.

discussed in literature for producing lower strength in compressive tested speci-
men [193, 195], the best results obtained in this testing campaign were obtained us-
ing coupons with 3 mm thickness end-tabs. For instance, the failure mode obtained
when compressive testing in transverse direction are shown in Fig. 3.13b. Note that
interlaminar shear failure in inclined plane is obtained, in agreement with fracture
angle theoretically estimated for typical FRP composite [139, 147].

(a) (b)
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(c)

Figure 3.13: Uniaxial compressive tested [90]8 laminates: (a) End crushing of untabbed specimen and (b)
tabbed coupons and (c) Fracture angle.

Trials were also carried out with different free lengths between the tool and com-
pression plates in order to minimize the unconstrained distance to reduce the pos-
sibility of buckling, but allowing a correct application of the load. The dimensions
of the coupon with better performance are depicted in Fig. 3.14. Following the com-
ments of the Modified ASTM D695, two types of tests are necessary to determine
stiffness and strength, consisting on reducing the gauge length (lg) to 12 and 4.75
mm respectively. Besides, test are carried out placing the specimen in the fixture
between cylindrical compressive plates, and displacement is applied under constant
velocity, where a quasi-static rate of 1.5 mm/min is applied.

The results of the compressive properties characterization in material principal
directions are shown in the Table 3.5. The value for Sc

11 shows the higher dispersion
and is well below the values observed in literature for CFRP UD laminae, finding
for example Sc

11 = 1560.2 MPa in a similar prepreg [161]. This is related to the high
strength of the fibre which complicates to reach compressive failure before the ap-

60



CHAPTER 3. MECHANICAL RESPONSE UNDER UNIAXIAL LOADING

x
yz

lg

80 15

3

Figure 3.14: Dimensions of uniaxial compressive test coupons (in mm).

parition of buckling. Nevertheless, pure longitudinal compressive mechanisms are
not relevant for the scope of this Thesis, and therefore the exact value of Sc

11 is not
necessary.

In order to obtain shear properties, a methodology similar to that described for
tensile tests has been followed, in which the shear properties of the lamina have
been estimated from the test of a ±45◦ symmetric laminates. Trials with different
number of plies (8 and 16 plies) reveals that the [±45]4S postpone the apparition
of instabilities in the specimen due to a lower slenderness of the specimen (see Fig.
3.15), while increasing the pseudo-ductile effects due to higher number of alternating
plies.

Table 3.5: Compressive properties of M21E/IMA-12K lamina.

E1 (GPa) E2 = E3 (GPa) ν12 = ν13 G12 = G13 (GPa)

132.99± 11.74 9.14± 0.10 0.19± 0.01 5.46± 0.42

Sc
11 (MPa) Sc

22 (MPa) S12 (MPa)

628.5± 74.6 172.3± 6.7 82.4± 5.2

By testing the±45◦ lay-up is also possible to study its non-linear behaviour under
compressive loading, observing qualitatively the same stages as in the tensile tests.
Similar initial and plateau stages are developed, but a lower re-stiffening before fail-
ure is observed as fibre reorientation is not contributing to the rigidity at loading
direction. In Fig. 3.15 the comparison of the response in the three principal direc-
tions is shown, which gives an idea of the brittle elastic behaviour also existing in
compression in the longitudinal and transverse directions, while a large permanent
deformation still appears of the matrix due to shear strain effects.

Once again, it is verified that the elastic properties of the laminate can be esti-
mated using the CLPT, in this case by introducing the compressive properties (Table
3.5) into the ply stiffness matrix (Q). The comparison of these analytical predictions
with the results obtained experimentally are shown in Table 3.6.
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Figure 3.15: Compressive uniaxial response of [0]4, [90]4, [±45]4S and [±45]S laminates. Subfigure is
included to better visualization of small strain range.

Table 3.6: Experimental and analytical compressive estimates tensile elastic properties of [±45]4S laminate.

Exx = Eyy (GPa) νxy (GPa)

Experimental 18.41± 0.54 0.88± 0.03
CLPT 18.89 0.74

3.3 Numerical modelling of the non-linear response of
angle-ply laminates under uniaxial loading

This section aims to numerically simulate the gradual loss of stiffness associated
with pseudo-ductility which leads to a highly energetic damage evolution process.
Then, the two PDM models described in Chapter 2 are applied to this end. Firstly, the
calibration of the material parameters related to damage and permanent strain is re-
quired. Afterwards, the capacity of both models is validated with different angle-ply
and loading conditions. Besides, the influence of the numerical modelling strategy,
that is, the use of element with different constitutive formulation, is analysed.

3.3.1 Parameter identification for Hashin’s Damage Model

In this section, the values of the numerical parameters (α , Gc
kl and dmax) necessary

to apply the damage model are proposed to be calculated based on the experimen-
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tal results obtained from the uniaxial testing. A similar methodology is conducted
in [196]. Apart from the already defined material parameters, the most important to
control the evolution of the damage are the damage energy release rate (Gc

kl , where
kl refers to the four damage modes defined above), which represent the area un-
der the equivalent stress-displacement curve (Fig. 2.11). Some remarks about these
parameters are necessary to correctly understand the operation of this model. First
of all, when talking about the energy release rate, these values associated with the
propagation of in-plane damage modes should not be confused with values such as
fracture energy, which can be measured by crack opening testing. This idea is also
highlighted in the work of Barbero et al. [196], where it is shown that the energy of
this Hashin’s damage model does not correspond to that of interlaminar damage. As
these energy release rates cannot be obtained from literature, an alternative requires
a fitting of the stress-strain curves obtained experimentally.

This process of obtaining parameters has been carried out using a non-linear mul-
tivariate optimization based on the trust-region reflective algorithm [197]. This ma-
terial parameter identification seeks to reflect the great damage absorption capacity
existing in the case of angle-ply laminates due to the pseudo-ductile effect, which is
unrelated to the brittle linear elastic behaviour of the lamina in principal directions.
Once these parameters are fitted, the material model is applied to a more complex
stress state, the analysis of the biaxial testing. Then this Thesis attempts to collect the
modelling of a laminate in which damage and plasticity are combined, so that both
phenomena are included in the stiffness degradation. This idea is observed simi-
larly in other works found in literature, for instance, Laux et al. [110] modelled the
shear behaviour of UD composites applying a plasticity model without addressing
the effects of stiffness degradation. In other words, on the contrary to the approach
of this Thesis to associate non-linearities only to damage, Laux et al. proposed to fit
the high shear strain just with a yielding model.

This leads to the fact that, in the case of studying the response to cyclic loads, the
Hashin’s model is inadequate by itself, since it fits neither the permanent deforma-
tion nor the instantaneous damage. However, it allows us to provide a greater level
of understanding of what happens in testing with biaxial loading states, and also to
predict the stress-strain relations in other states not achieved in the laboratory.

The model parameter identification for Hashin’s PDM is performed implement-
ing the equations of Section 2.3.1 in a MATLAB script and performing an optimiza-
tion of the parameters which cannot be measured experimentally. This process is
summarized in the flowchart depicted in Fig. 3.16. Note the script implemented in
MATLAB imitates the PDM included in Abaqus, so that it has been possible to ver-
ify that the result of both codes coincides when working with a single finite element
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submitted at similar boundary conditions.

The results of the material parameter identifications for different uniaxial tensile
and compressive tests on the angle-ply laminates shown in the previous sections are
summarized in Table 3.7. In order to better illustrate the parameter calibrations, the
numerical stress-strain response together with the experimental curves utilised are
shown in Figs. 3.17, 3.18 and 3.19.
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Figure 3.16: Flowchart for Hashin’s damage model calibration.

Analysing the data collected in Table 3.7, it is important to point out that the
identification of energy release rates does not provide exact values, but rather guides
the order of their magnitude, fitting with the experimental observations. This result
agrees with the conclusions of the study from Barbero et al. [196], which reported a
high insensitivity of the results to the energy release rates, even with different GFRP
laminates.
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Regarding the case of [±45]2S, Fig. 3.17 depicts two calibration of parameters. On
the one hand, the experimental data obtained using the engineering strain (σxx =

P/Ao) is used to determine the parameters of the Hashin’s damage model as im-
plemented in Abaqus. On the other hand, the experimental curve considering the
true stress (σxx = P/Ai, where Ai means instantaneous cross-section) is fitted with
the Hashin’s PDM considering fibre reorientation (FR). The difference between both
approaches proceeds from the fact that a bigger stiffness is achieved when FR is con-
sidered, compared to the former implementation. Therefore it makes necessary to
increase the shear component to failure (related to α). Besides, more matrix stiffness
degradation (through a higher dmax and a lower Gc

mt ) is required to compensate for
the stiffening at the loading direction given by the reorientation. For both identifica-
tions, it should be noted that the energy release rate assigned to the fibre mode has
little relevance in the results, since the stiffness in fibre direction will only degrade
when the failure stress is reached, which is controlled with the interaction parameter
α . Subsequently, a brittle failure is observed, and the Gc

f t controls the slope of the
final drop.

Table 3.7: Hashin’s parameter identification for angle-ply laminates. Note this values are obtained for a
characteristic length Lc = 1 mm.

Laminate &
test

α Gc
mt

(N/mm)
Gc

mc
(N/mm)

Gc
f t

(N/mm)
Gc

f c
(N/mm)

dmax

[±45]2S
tensile

0.34 1200 − 5000 − 0.91

[±45]2S
tensile (FR)

0.53 3000 − 5000 − 0.95

[±45]4S
compressive

− − 1000 − 5000 0.94

[±56.3]2S
tensile

− 230 − − − 1

[±33.7]2S
tensile

0.22 − 100 3000 − 0.68

Note values are given only for the damage modes actually involved in each simulation. It is worth
remembering that FR refers to the calibration of the model considering both fibre reorientation and

change in cross-sectional area.

The compressive identification of the ±45◦ laminate (Fig. 3.18) results in similar
values compared with the tensile one, what it was expected as the apparent response
of the laminate under tensile and compressive loading is analogous due to the shear-
dominated response. Higher strains are achieved in the case of compressive loading,
however it should be pointed out that fibre reorientation in this loading scenario
is not contributing to stiffening. As noted by Cui et al. [43], this reorientation of
the fibre away from the loading direction should contribute to determine the shear
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(a) (b)

Figure 3.17: [±45]2S uniaxial tensile loading results from Hashin’s model including reorientation: (a)
numerical stress-strain compared to experimental curves and (b) damage initiation indexes and variables
evolutions.

response, because it allows a better interpretation of the lamina shear behaviour in
comparison to the one obtained from tensile test.

(a) (b)

Figure 3.18: [±45]4S uniaxial compressive loading results from Hashin’s model: (a) experimental and
numerical stress-strain and (b) evolution of energies on the simulation.

Additionally, Fig. 3.18b depicts for the compressive loading case the energies (U)
involved in the simulation in order to check the correct adequacy of the identified pa-
rameters once they are included in the Abaqus model. The values of strain, damage,
artificial and internal energies have been normalized with the maximum internal en-
ergy for better comparison (as internal energy is the sum of all the others [130]). The
strain energy is due to the accumulation of elastic stress and strain. The damage
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energy is related to the stress-strain appearing after the damage initiation criterion
is fulfilled ( f = 1) up to the maximum degradation. Besides, it is observed how the
damage energy for this test is quite similar to the strain energy up to the point in
which maximum degradation of the matrix mode is reached. The negligible value of
artificial energy reflects that there is little need of viscous regularization in order to
achieve convergence of these simulations.

With regard to the other angle-ply sequences included in the Table 3.7, the iden-
tifications results in much lower energy release rates. In the case of [±56.3]2S, the
linear brittle failure of this lay-up (Fig. 3.19a) explains the lowest value of the table
for Gc

mt , as higher importance of the damage and failure in matrix direction is ob-
served due to the high angular mismatch between fibre and loading direction, thus
fibre modes have no effect in the damage and failure.

(a) (b)

(c) (d)

Figure 3.19: Hashin’s damage model and experimental results for angle-ply uniaxially tensile tested lami-
nates: (a) [±56.3]2S stress-strain results, (b) [±56.3]2S damage evolutions, (c) [±33.7]2S stress-strain results
and (d) [±33.7]2S damage evolutions.
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Regarding the [±33.7]2S, the effects are just the opposite. The reduction of the
angle between x and 1 directions result in a higher influence of the fibre tensile mode
(representing the final failure), but the lower strength of the matrix and the effect of
shear stress promotes the damage initiation on the matrix compressive mode (Fig.
3.19d).

3.3.2 Material parameter identification for Ladevèze’s model

As performed in other studies [155, 175, 177], 0◦, 90◦, ±45◦ and ±67.5◦ symmet-
rical laminates stacking sequences allow to calibrate the material properties defined
for the Ladevèze’s model. The last two laminates develop a full in-plane state of
stress (σ11, σ22, τ12), maximizing the shear component for the case of [±45]2S and
preferring the [±67.5]2S to other possibilities due to reduction of scattering of the re-
sults [155]. Fig. 3.20 shows the results of all the LUR tests that provide the data for
the computations performed in this section. Note that the parameter identification
that it is explained in this section aims to fit the evolution of the first region, whose
results are summarised in Table 3.8. After that, another identification considering
the whole dataset (including the plateau and re-stiffening stages of the [±45]2S) will
be detailed.

(a) (b)

Figure 3.20: LUR tests for calibration of Ladevèze’s model: (a) [±45]2S laminate and (b) [±67.5]2S.

The results previously shown for tensile uniaxial testing of [0]2, [90]2 and [±45]2S

laminates allow to determine all the elastic properties necessary for the model (col-
lected in Table 3.1), and also supply enough data to compute the thermodynamic
forces related to maximum degradation of fibre, shear and transverse moduli, which
are calculated applying Eqs. 2.30. Regarding the undamaged transverse modulus
(E0

2 ) and the in-plane shear modulus G0
12, these should be recalculated as the trans-
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Table 3.8: Materials properties applied on Ladevèze’s model.

E1 (GPa) 177.56 R0 (MPa) 0
E0

2 (GPa) 13.07 αL 0.476
G0

12 (GPa) 7.76 β (MPa) 1494.6
G23 (GPa) 3.1 YC (MPa) 4

ν12 0.39 Y0 (MPa) 0.04
ν23 0.36 YT (MPa) 19.05
aL 0 YC′ (MPa) 6.92
bL 0 Y12S (MPa) 4.93
b′ 0.628 Y22 (MPa) 0.10

verse stress-strain curve for the [±67.5]2S and the shear stress-strain for the [±45]2S

depicts non-linearity at the very beginning of the curves (Fig. 3.20). This is due to
the premature initiation of damage and permanent strain in these test.

Firstly, it is necessary to compute the lamina stress and strain tensor in principal
directions. While strains are measured experimentally in x, y and xy directions and
can be easily rotated applying a transformation matrix (Eq. 3.1), experimental data
is only available for σxx. Therefore, applying CLPT is possible to relate (by means
of elastic relations) the principal direction stress tensor, resulting in the expressions
collected in Eqs. 3.2 and 3.3.


ε11 = εxx sin2(θ ) + εxx cos2(θ )

ε22 = εxx cos2(θ ) + εyy sin2(θ )

γ12 = 2(εxx − εyy) cos(θ ) sin(θ )

(3.1)


σ11 = sσxx

σ22 = s′σxx

σ12 = s′′σxx

(3.2)


s = cos2(θ ) + 2 sin(θ ) cos(θ )

(
Q16−νxyQ26

Exx

)
s′ = sin2(θ )− 2 sin(θ ) cos(θ )

(
Q16−νxyQ26

Exx

)
s′′ = − sin(θ ) cos(θ ) + (cos2(θ )− sin2(θ ))

(
Q16−νxyQ26

Exx

) (3.3)

The results for the application of these expressions to the ±45◦ and ±67.5◦ lami-
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nates are gathered in Table 3.9. Tensile properties of the M21E/IMA-12K (Table 3.1)
have been utilised.

Table 3.9: Elastic constants relating stress between global and principal directions.

Laminate s s′ s′′

[±45]NS 0.5 0.5 −0.5
[±67.5]NS 0.174 0.826 −0.354

Having defined all the required linear elastic material properties and the limit-
ing thermodynamic forces, the following step consists on calibrating the remaining
material parameters regarding the damage and permanent strain initiation and evo-
lution. This is performed by means of the [±45]2S and [±67.5]2S LUR testing. At
least two loops are programmed in each of the three main stages of the test in order
to supply enough data for identification.

Damage and permanent strain will be evaluated for each of the proposed cy-
cles. Observing the scheme in Fig. 3.10, it is easy to understand the calculation of
permanent strain, working in terms of shear component, while the damage will be
estimated from the degradation of stiffness (Eq. 3.4).

d12 = 1− Gi
12

G0
12

(3.4)

where Gi
12 represents the stiffness of each of the cycles, estimated as the slope

between the start points of the unload and reload. In order to fit the evolution of
damage, it is necessary to find the relation between the equivalent thermodynamic
force Yeq and the shear damage d12. Since the effect of thermodynamic force (and
damage) in the transverse direction is assumed negligible, the equivalent force is
simplified as Eq. 3.5.

Yeq ≈ Yd12 (3.5)

In this way, it is straightforward to replace the previous result in the equation for
the evolution of damage (Eq. 2.30), resulting in Eq. 3.6.

d12 =

√
Yd12 −

√
Y0√

YC
(3.6)
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Now it is possible to represent the experimentally obtained values in Fig. 3.21,
collecting a total of three representative tests. By proposing a least square fit of the
form of Eq. 3.6, the values of Y0 and YC can be determined.

Figure 3.21: Fitting for the Ladevèze’s damage evolution law.

Note that the proposed fitting is in good agreement with the data corresponding
to lowest damage level (that is, the data related to the loops previous to the plateau),
but the fit overestimates the damage at highest level of thermodynamic force, as
damage measured data seems to get constant around a 70% degradation of the ini-
tial shear modulus. However, the exponential damage law proposed by Ladevèze
cannot collect this abrupt change of damage rate.

Having identified the evolution of damage, we proceed to calibrate the isotropic
hardening plasticity model. For this, it is necessary to first define the accumulated
permanent strain, expressed as Eq. 3.7.

p =
∫ ε12p

0
2(1− d12)dε12p (3.7)

In order to simplify the calculation of the plasticity law, an assumption is made,
supposing damage is negligible for ε12p = 0. Then, Eq. 2.37 is rewritten as Eq. 3.8.

σ12

1− d12
= R0 + β pαL (3.8)

71



3.3. NUMERICAL MODELLING OF THE NON-LINEAR RESPONSE OF
ANGLE-PLY LAMINATES UNDER UNIAXIAL LOADING

After these definitions, again a least squares fitting could be proposed between
the effective tension τ̃12 and the accumulated permanent deformation p, in order to
obtain the material parameters R0, β and αL. The results of this fitting are shown in
Fig. 3.22

Figure 3.22: Evolution of plastic law, expressed in terms of effective shear stress against accumulated
plastic strain.

Finally, only the parameters controlling the shear-transverse interaction (aL, bL

and b′) are to be determined. These are obtained from the [±67.5]2S LUR uniaxial
tensile test (see Fig. 3.20b), through the fitting of the experimental evolution of the
shear and transverse damage as plotted in Fig. 3.23. In this case, three cycles are
performed, controlling them in terms of applied stress. Note that an almost linear
and brittle behaviour is observed in these tests, with little damage and permanent
strain evolutions. Then, for this material aL and bL are considered approximately
zero in the parameter identification.

3.3.3 Results obtained with Ladevèze’s model for different angle-
ply laminates

After the calibration of the material parameters is performed and the correct op-
eration of the subroutine is checked, other numerical simulations for model veri-
fication are conducted. The cases that have been used to calibrate the model are
shown in the Fig. 3.24. Regarding the [±45]2S laminate, this calibration of parame-
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Figure 3.23: Fitting for the shear-transverse damage interaction.

ters demonstrates to collect with good agreement the initial region (Fig. 3.24b), but
is not able to follow the behaviour under large strain at constant stress (Fig. 3.24a).

With regard to the [±67.5]2S laminate, the numerical results are closer to the
experimental, although the former is completely linear compared to a certain non-
linearity of the experimental results, which leads us to think that the calibration of
the parameters aL and bL should be further analysed.

Finally, the capacity of the simulation to model tests that have not been part of the
calibration is verified, using the cases of [±56.3]2S and [±33.7]2S laminates (Fig. 3.25).
Similarly to the Hashin’s model, the quasi-linear behaviour of the laminate [±56.3]2S

is reflected in the Ladevèze’s material model, but failing to collect the smooth degra-
dation of the material in the last stage prior to final failure of the laminate. In addi-
tion, the results of this model overestimate the stress and strain by 16% and 10.5%,
respectively. It must be taken into account that this laminate continues to experience
an important shear component (see Fig. 3.9b), but the transverse stress reaches val-
ues very close to the shear stress, so that a failure by matrix cracking will be expected
to arise before reaching the starting point of the shear-induced matrix yielding.

The application of the Ladevèze’s model to the laminate [±33.7]2S under uniax-
ial tensile stress originates a behaviour marginally similar to the experimental re-
sponse, obtaining an adequate failure strain, but at an strength value overestimated
by 26%. The lack of LUR tests in this laminate impedes drawing more detailed con-
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(a) (b)

(c)

Figure 3.24: Ladevèze’s numerical model and experimental results for angle-ply tensile tested laminates:
(a) [±45]2S LUR test, (b) detail of initial response of [±45]2S and (c) [±67.5]2S.

clusions about whether it is due to the evolution of damage or plasticity, since the
shear stress/strain are quite high (see Fig. 3.9a), promoting the two non-linear mech-
anisms in a similar manner to ±45◦ lay-up. However, the stress component in the
direction of the fibres is quite high, hence explaining the high values of σxx achieved
without allowing large permanent deformation.

Finally, it is important to highlight that other parameter identifications were anal-
ysed in order to fit the complete shear non-linear behaviour, following the same
methodology explained above. These were performed by means of proposing mod-
ifications of the plasticity law in order to cause a great evolution of permanent strain
during the plateau, but then the increase in damage becomes negligible (see Fig.
3.26). In other words, even if trying to calibrate the curve by collecting all the load-
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(a) (b)

Figure 3.25: Ladevèze’s numerical model and experimental results for angle-ply tensile tested laminates:
(a) [±33.7]2S and (b) [±56.3]2S.

unload-reload cycles (including those of the plateau and the stiffening zone before
final failure), it is observed that the experimental stress-strain curve is not accurately
estimated.

Figure 3.26: Stress-strain results of the modified parameter identification.

If one observes the equations that define Ladevèze’s model and the experimental
values reached, it can be stated that it is not possible to collect the measured damage
and plasticity values, as the mathematical functions for the evolution cannot fit the
experimental data set. Damage greater than 0.5 is measured experimentally, but in
the Ladevèze’s model this would imply a drop in the stress curve, which does not
agree with the tests. In addition, when plasticity starts, the damage cannot progress

75



3.3. NUMERICAL MODELLING OF THE NON-LINEAR RESPONSE OF
ANGLE-PLY LAMINATES UNDER UNIAXIAL LOADING

at the same rate than experimentally monitored, as the stress does not increase be-
yond the yielding point.

3.3.4 Effects of the geometry and element type

Regarding the implementation of these damage models in Abaqus, an important
observation is that Hashin’s damage model only considers the case of plane or shell
elements, since the damage constitutive law is defined for the case of plane stress.
Some remarks about the results obtained depending the element type are detailed
in [196], concluding that S8R and S8R5 shell elements offer identical solutions, while
S4 and S4R linear elements overestimate the stiffness degradation. On the other
hand, Ladevèze’s UMAT is implemented for a 3D constitutive material model, and
therefore only solid elements considering the six components of the stress/strain
tensors must be utilised.

The main characteristics of the numerical model for the different simulations rep-
resenting the uniaxial tests are described below. In all cases, models that collect
the complete geometry of the laminates have been used, not resorting to symmetry
BCs (except with regard to the laminate midplane) because the analysis of angle-ply
laminates does not allow imposing symmetry conditions with respect to the global
coordinate system. In this way, the BCs are based on preventing the longitudinal
displacement of one end of the specimen and applying a constant or tabular (in case
of LUR tests) displacement simulating the actuator at the opposite end.

An analysis of the meshing techniques was performed in order to corroborate
the possible use of different element types. Starting with a basic model in which
the geometry defined in 2D (Fig. 3.27a) is dimensioned with the width and length
of the specimen (200× 30 mm), an S8R shell element with internal definition of the
laminate (namely Composite Layup) is applied. The formulation of these elements
means that the result is uniform throughout the specimen, that is, they do not suffer
concentration effects in the boundary conditions.

Similarly to the previous one, a 3D geometry is meshed by means of Contin-
uum Shell SC8R elements, with a plane formulation similar to the shell. Two differ-
ent meshing methodologies are applied with this element: a single element through
laminate thickness or an element thickness equal to ply thickness, as shown in Fig.
3.27c.

Finally, a more realistic model (Fig. 3.28) is proposed in order to obtain numerical
results more similar to the experimental tests. This entails modelling the complete
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(c)

Figure 3.27: Schematization of the different applied element types, nodes (blue circles), degrees of free-
dom and lay-up definitions: (a) Shell 2D, b (b) Continuum Shell with one element through thickness, (c)
Continuum element with one element for each ply thickness and solid element representation.

specimen including the GFRP end-tabs, as schematized in Fig. 3.1. Due to its low
influence on the results obtained, the material model of the tabs is simplified to a
linear elastic isotropic behaviour with typical properties of a GFRP quasi-isotropic
laminate: E = 22 GPa and ν = 0.12.

This model is meshed with either SC8R continuum shells or C3D8 solid elements
(thickness equal to 0.25 mm, i.e. theoretical thickness of cured ply). Therefore, this
model allows to reproduce adequately the strain states caused by the geometric
change of the specimen in the vicinity of the end-tab [193].

Regarding the BCs, they are described on Reference Points tied to the different
surfaces of the specimens with constraint equations, following the methodology ex-
plained in [193] and schematized in Fig. 3.28. Each layer is modelled separately,
assigning the orientation of the material, and tie constraints are introduced between
all layers and tabs. In the RP-1 all the degrees of freedom (DOFs) are fixed, while
in the RP-2 the z and y translations are constrained and longitudinal displacement is
applied in x direction. Vertical nodal loads of 15 kN (equivalent to 10 MPa pressure
over the tab surface) are applied on RP-3 and RP-4, tied to the tabs external surfaces,
representing the gripping force. By means of this set of restrictions in the form of
equations, the directionality of the load is guaranteed and the introduction of loads
and displacements is simplified.

The results of the different approach in terms of computational cost are collected
in Table 3.10. Regarding the different approaches applied to the Hashin’s damage
model, it is concluded that the evolution observed when using the S8R element or
the single through thickness SC8R is oversimplifying the evolution of damage in
the specimen. In other words, the constitutive behaviour and the apparent response
of the laminate for these models is similar to the case of the full coupon modelled
with one element representing each ply in thickness, but geometric effects such stress
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Figure 3.28: Tabbed coupon model applied on simulations. Red and blue faces represent the tied to
the reference points, corresponding in colour, where displacement BCs and gripping loads are applied.
Representation adapted from [193].

concentrations and edge effects are obviated in both simpler models. Then, the tech-
nique applied for the rest of simulations concerning the Hashin’s damage model
are performed with the SC8R including one element per ply through thickness (Fig.
3.27b). The comparison in terms of computation time with the Ladevèze’s model
reveal a much higher cost for the latter, mainly due to a more difficult convergence
of the results as damage and plasticity are simultaneously computed.

Additionally, the use of cohesive interfaces between the layers was also analysed,
seeking to model the possible delamination due to interlaminar shear stresses. The
idea of allowing decohesion of plies was believed to release the shear strain of dif-
ferently oriented plies, in order to allow the reorientation of the lamina. However,
debonding started at the specimen edges in the vicinity of the end-tabs, as a result of
edge effects and geometric concentration, but progression of this debonding was un-
stable. For this reason, these results have not been included in this document. Fur-
thermore, experimental evidences prove that delamination in tensile tested angle-
ply laminates is related only to the final failure of the laminate, after matrix cracking
dominate the stiffness degradation of the material [25, 26, 43].

Table 3.10: Comparison of different approaches for meshing. Same scenario is tested: uniaxial tensile
[±45]2S coupon with 2.5 mm element size (in plane) under 2.5 mm applied displacement. Total number
of nodes and DOFs are included. All simulations were run in an eight core Intel I7-7700 processor with
16 Gb PC4-17000 RAM.

Hashin Ladevèze
Shell-2D

S8R
Continuum
shell SC8R
(1 through
thickness)

Continuum
shell SC8R
(1 per ply
thickness)

Solid CS8R

CPU time (s) 97 146 922 3546
Nodes 2106 2106 17468 17468

Variables 6318 6318 52400 52400
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Finally, the εxx strain contours obtained numerically (with Hashin’s PDM) and
experimentally at same load level for the uniaxial tensile tested [±45]2S laminate
are shown in Fig. 3.29. The three well distinguished stages are represented, and
the agreement between experimental and numerical results is again well illustrated.
Please note that undamaged regions (in blue) are corresponding to the tabbed sec-
tions. In the case of experimental observations, the map is limited to the Region of
Interest ROI that can be recorded by the assembly of the cameras of the DIC system
to the triaxial testing machine. The second image displays how there is an offset
of the maps, since the necking predicted by the Hashin’s model in the midspan of
the specimen occurs experimentally closer to the concentrations near the edge of the
end-tabs. Fig. 3.30 shows an image taken by one of the cameras of the DIC system
just after failure of the laminate where this offset of the damage accumulation is rep-
resented by the off-centred fracture surface (at the top right of the image).

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.29: Comparison of εxx contour from Hashin’s damage model (above) and experimental via DIC,
for three different stages: (a) Prior to plateau, (b) plateau stage and (c) stiffening stage before failure.

Note than when strain-localization/necking is enabled due to the specimen ge-
ometry and boundary conditions, softening can obviously occur through the devel-
opment of macroscopic shear bands. If the re-stiffening capability is sufficient to
delocalize the deformation, the shear bands thicken and the sample re-hardens as a
whole [198], as it is visualized in the bottom contours in Fig. 3.29.
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Figure 3.30: DIC photography of the [±45]2S specimen after failure.
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Chapter 4

Flexural response of angle-ply
laminates

“There is no such thing as a composite material.
There is an infinity of composite materials.

You can’t test an infinity of specimens.
The way out is calculation.”

Zvi Hashin, 2012 Laureate of the Franklin Institute in Mechanical Engineering.

This chapter will detail the flexural response of laminates principally from an an-
alytical approach, although validated with numerical simulations and experimental
testing. The case of angle-ply laminates, mainly those formed by a combination of
plies oriented at ±45◦ is emphasized. Two methodologies are applied in order to
study the laminate apparently working as a beam or plate. In this way, a predom-
inantly uniaxial state approach (at least in terms of dominant normal stress) and a
multiaxial approach can be achieved, again investigating the presence of non-linear
effects that may affect the response of the material, i.e. pseudo-ductility, as well as
the appearance of different mechanisms of damage and failure in these materials,
the effects of orthotropy and couplings.

4.1 Analytical framework

Based on the Euler-Bernoulli beam theory, the Eqs. 4.1 and 4.2 represents the
maximum stress and strain produced in a simply supported beam with load applied
in the midspan. From these expressions, it is direct to derive the flexural elastic
modulus (Eq. 4.3).
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σ f =
Mz

Iy

b
2
=

3PL
2bH2 (4.1)

ε f =
6wH
L2 (4.2)

E f =
L3m

4bH3 (4.3)

where m is the force-displacement (P− w) slope at the linear elastic region. Note
these expressions are the ones applied in the standards for experimental character-
ization of the flexural stiffness in FRP, the ASTM D7264 [199]. At this point, an
observation is to be made about the study of the structural behaviour of laminates.
The CLPT precisely addresses the mechanical response of laminated plates, and em-
phasis should be placed on the concept of working with plates. The normative for
flexural testing [199] focuses on characterizing the behaviour of monodimensional
structures (beam type), with a length greater than the cross-sectional dimensions.
However, the behaviour of a laminate must be approached from the mechanics of
plates, due to its orthotropy of properties and the frequent application of these ma-
terials in two-dimensional structures, as explained in the introductory chapter of this
document.

Besides, the use of E f in the analysis of composite materials raises many simpli-
fications frequently omitted. In the first place, this flexural modulus starts from an
approach based on the hypothesis that the material has elastic moduli equal under
tension and compression, which is not usually applicable in polymeric matrix mate-
rials, and even less in FRP composites [132,133,168]. This issue is further detailed in
the next section.

On the other hand, it is known that certain stacking sequences, as in the case
of [±45]NS, have bending-twisting couplings, which may vary depending on the
number of layers. In other words, a [±45]NS laminate in which the number of plies
is modified present different values of experimentally measured flexural modulus
[184, 200]. This approach is debatable as we are assuming that a property that in
principle is associated with the material differs simply by changing the number of
layers.

Moreover, this can be taken to another extreme, which is to vary the dimensions
of the specimen’s geometry. When analysing thicker beams, the value of E f increases
(even in the range of slender beams, as thicker beams will require a correction due
to shear). Therefore different values for the flexural modulus are measured, which
is contradictory to the concept of modulus as a material property independent of
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geometry.

In order to bring to light the importance of correctly addressing the flexural be-
haviour of laminates, an analysis of the bending response of laminated plates has
been performed. Considering equilibrium in a plate subjected to transverse dis-
tributed load p(x, y) and specifying for the case of angle-ply symmetrical lay-ups,
the governing differential equation (Eq. 4.4) is obtained [166].

D11∂xxxxw + 4D16∂xxxyw + 2(D12 + 2D66)∂xxyyw+

+4D26∂xyyyw + D22∂yyyyw = p(x, y)
(4.4)

where e.g. δxxxyw symbolises abbreviated notation for ∂ 4w
∂x3y , and w is the displace-

ment perpendicular to the laminate plane. The appearance of D16 and D26 multiplied
by cross partial derivatives makes impossible to obtain an analytical closed-form so-
lution to the partial differential equations. Based on the previous equation, a flexural
stiffness ratio (Dratio) has been defined in Eq. 4.5, which relates the magnitude of the
couplings (considering D16 = D26) with the primary bending stiffnesses.

Dratio =
D16

D11 + D22 + 4 ·D66 + 2 ·D12
(4.5)

Then, it is necessary to define a laminate configuration referenced in literature,
the specially orthotropic laminated plates. According to the definition of [165,166], these
are laminates in which only the terms A11, A12, A22, A66, D11, D12, D22 and D66 are non-
zero. In other words, these are laminates with neither bending-torsional couplings
nor shear-extensional. Although the formulation developed by [166] for these spe-
cific laminates was originally intended for cross-ply sequences, it is possible to ob-
tain the characteristics of these with angle-ply laminates with specific distributions
of alternating layers. These laminates are hereafter referenced as specially orthotropic
angle-ply laminate (SOAPL). Based on what is defined above, the mathematical re-
quirements to define these laminates are shown in Eq. 4.6. Note that the orthotropic
behaviour of the ply implies shear-extensional couplings are null in material direc-
tions (Q16 = Q26 = 0).
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A16 = ∑N
k=1 Q16k

(zk − zk−1) = 0

D16 = ∑N
k=1 Q16k

(z3
k − z3

k−1) = 0

A66 = ∑N
k=1 Q66k

(zk − zk−1) = 0

D66 = ∑N
k=1 Q66k

(z3
k − z3

k−1) = 0

(4.6)

Due to the symmetry of the stiffness matrices, the rest of the terms involved in
this approach (A26, D26, A62, D62) are also null if the above conditions are met. As an
example of this specific laminate configuration we find the sequence [−45/+452/
−45/+45/−452/+45]S. This stacking sequence will be the reference for the calcula-
tions and simulations performed from now on that involve the SOAPL.

Specially orthotropic laminates are interesting because of the simplification of the
calculations they provide having D16 = D26 = 0. However this does not imply that
bending-twisting or extensional-shear couplings are not of interest in certain struc-
tures, for example airplane wings or wind turbine blades, in order to optimize the
aeroelasticity of these structures [201, 202]. An interesting study developing the full
space of laminates composed of 0◦, 90◦, +45◦ and−45◦ oriented plies with all possi-
ble extension-shear and/or bending-twisting coupling was developed in a series of
articles by York et al. [203, 204].

Therefore, a closed solution of coupling effects in bending of laminated compos-
ites is limited to specially orthotropic laminates (ruled by the Eq. 4.7) based on the
theory proposed in [166].

D11∂xxxxw + 2(D12 + 2D66)∂xxyyw + D22∂yyyyw = p(x, y) (4.7)

The objective of this section is to understand how it is possible to correct the value
of the flexural modulus defined in a traditional way to isolate the effect of bending-
twisting couplings.

Static linear numerical simulations have been performed in order to validate the
analytical expressions. The geometry described in Table 4.1 is modelled in Abaqus/
Standard with S8R shell elements (eight nodes, reduced integration), in which the
different laminate sequences are defined internally to the element, by utilising the
Composite Layup module. Regarding the material model, tensile properties of the
M21E/IMA-12K lamina (Table 3.1) have been utilised to define a elastic orthotropic
ply material model. For each of the three geometries described at the right part of

84



CHAPTER 4. FLEXURAL RESPONSE OF ANGLE-PLY LAMINATES

the Table 4.1, the four laminate sequences have been modelled, resulting in a total of
12 different simulations.

Table 4.1: Simulations performed for flexural modulus estimation.

y
x

z

uz = 0

w

L H

Laminate h
(mm)

L
(mm)

w
(mm)

H
(mm)

[±45◦]S 0.25 300 5 1
[±45◦]4S 0.0625 200 10 1
[±45◦]12S 0.0208 30 10 1
SOAPL 0.0625

In these simulations, whose results are depicted in Fig. 4.1 and shown in Table
4.2, it is demonstrated how the flexural modulus (E f ), defined according to the Eq.
4.3, varies by geometric and lay-up sequence changes. Note that different colours
in the figure represent geometric changes, while different ordinates are related to
each of the four studied sequences. Besides, Fig. 4.1a represent the value of E f in the
vertical axis normalized with the case of the SOAPL laminate, in order to illustrate
the reduction of stiffness regarding the laminate free of bending-twisting couplings.

(a) (b)

Figure 4.1: 3-point bending numerical results for E f computation: (a) Normalized moduli vs Dratio and
(b) Flexural moduli vs N, with [±45]NS.

The fact that there is a change in the values of E f is easily intelligible from the
theoretical point of view, since we are trying to collect the behaviour of a laminated
plate with an equation based on a beam model (Eq. 4.3) , obviating the in-plane
lamina effects due to the monodimensional approximation.
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Table 4.2: Numerical results for flexural modulus estimation and bending stiffness values.

Laminate D11 (Nm) D16
(Nm)

Dratio L× w× h
(mm)

E f lex (GPa)

[±45◦]S 3.4924 1.9401 0.08169
300x5x1 17.915
200x10x1 18.946
30x10x1 24.315

[±45◦]4S 3.4924 0.485 0.02042
300x5x1 18.75
200x10x1 20.019
30x10x1 27.289

[±45◦]12S 3.4924 0.162 0.00681
300x5x1 18.783
200x10x1 20.065
30x10x1 27.432

SOAPL 3.4924 0 0
300x5x1 18.787
200x10x1 20.071
30x10x1 27.449

Although a closed solution has not been reached in this Thesis, the fittings shown
in Fig. 4.1 illustrate how it is possible to estimate these effects based on the calcula-
tion of the flexural laminate stiffness matrix [D] via CLPT.

Summarizing the ideas developed in this section, it is necessary to bear in mind
that the definition of flexural modulus based on Eq. 4.3 for its application in lami-
nates does not provide a value independent of the number of plies due to the be-
haviour of laminated plate. This becomes even more visible in the case of laminates
with couplings, so the comparison between specimens with different configuration
is not direct and requires a detailed analysis.

This idea was already postulated by Reddy [167], however the classical definition
of flexural modulus is currently used as described in the bending testing standards
for composites. This value would be the one that would approximate to a greater
extent a slender specimen. Nevertheless, the reduction of span and the increase of
cross-section apparently rise the value of flexural modulus, by moving away from
the definition of laminated beam [167].

It should also be noted that the SOAPL laminate has the maximum flexural mod-
ulus (considering the definition of Eq. 4.3) for each specimen geometry. Although it
has already been pointed out that the E f can lead to confusion due to its dependence
with the geometry, it can be certainly concluded that the SOAPL laminate leads to
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reduce the displacement under a certain load in comparison with any other arrange-
ment of alternating plies with the same orientation.

4.2 Pseudo-ductility in bending of ±45◦ symmetrical
angle-ply laminates

4.2.1 Analysis of flexural response considering different tensile and
compressive elastic moduli

Some authors have already defined analytical models to take into account the dif-
ferent tensile and compressive behaviour of composites [131–133,205]. These models
are based on the modification of the classical theory of Navier-Bernoulli beams and
on the CLPT. All these works agree on the importance of taking into account these
differences in elastic properties when analysing the results of bending tests, appli-
cable not only to FRP, but also to unreinforced polymers [206]. Insausti et al. [207]
demonstrated how these analytical models could be validated through numerical
methodologies, considering the deviation of the neutral fibre (NF) and the different
elastic moduli.

The approach from Serna Moreno et al. [132, 133], namely the homogenized sec-
tion technique, is based on the Navier-Bernoulli bending theory, which application
for a three-point bending test is gathered in Eqs. 4.1-4.3, but considering a different
tensile (Et ) and compressive (Ec) elastic moduli of the material. This results in a de-
viation of the NF, and different tensile and compressive stresses and strain at the
top and bottom faces, as schematized in Fig. 4.2. Imposing equilibrium of horizon-
tal forces in the cross-section, it is possible to deduce an expression that relates both
moduli with the thicknesses of the areas subjected to tension (t) and compression (c),
as shown in Eq. 4.8.

λ =
Ec

Et
=
( t

c

)2
(4.8)

In order to determine the distribution of stresses in the cross-section of the spec-
imen, which we assume rectangular of width b and thickness H, we start from the
hypothesis of assigning a material behaviour throughout the section equal to the
tensile elastic modulus Et , hence the denomination of homogenized section. By as-
signing the same response, the balance of internal forces is maintained by modifying
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Figure 4.2: εxx and σxx profiles caused by bending moment on a material with different tensile and com-
pressive elastic moduli. Reproduction based on [132].

the dimensions of the compressed region, specifically its width, which is now consid-
ered to be b′ (see Fig. 4.3). The equilibrium is posed again, in this case by matching
the forces of the compressed region before and after the modification, obtaining that
b′ = b/λ . Then, it is possible to define the second moment of area for the modified
cross-section, which results in the Eq. 4.9.

Iy =
b(t3 + λc3)

3λ
(4.9)

NF y

z

t

c

H

b

(a)

NF y

z

t

c

H

b

b′ = b/λ

(b)

Figure 4.3: Schematization of the homogenised section technique: (a) original cross-section and (b) ho-
mogenised for E = Et . Adapted from [168].

By applying the homogenised section inertia it is possible to define the maximum
tensile and compressive stresses, which are summarized in the Eqs. 4.10 and 4.11.

σt =
1
λ

My

Iy
t =

3PL
4bH2

1 +
√

λ√
λ

(4.10)

σc = −
My

Iy
c = − 3PL

4bH2 (1 +
√

λ ) (4.11)
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It must be taken into account that the deviation of the neutral fibre also implies
that the maximum interlaminar shear stress is offset by the same distance d, and then
it must be calculated by means of the Eq. 4.12 [132].

τxz =


3P

4bH

[
1−

( z
c

)2
]

for 0 ≤ z ≤ c

3P
4bH

[
1−

( z
t

)2
]

for − t ≤ z ≤ 0
(4.12)

After obtaining the expressions for the computation of maxima laminate stresses
it is possible to propose a criterion that includes the specimen failure mode according
to its slenderness, or more specifically its thickness. This will allow us to estimate the
number of layers which lead to a failure due to intralaminar opening at the neutral
fibre or a breakage due to maximum normal stresses. Although the deviation of the
NF results in greater maximum compressive stress than tensile, the tensile strength
of the material at 45◦ is small enough compared to that of compression so that the
failure is firstly expected on the most tensioned face. Therefore, a criterion based
on maximum stress is set out in Eq. 4.13, where the flexural failure represents the
matrix tensile crack, while if the predominant stress is the interlaminar shear result
in delamination or interlaminar shear opening.

H
L <

S13(1+
√

n)
St

45◦
√

λ
Flexural failure

H
L >

S13(1+
√

n)
St

45◦
√

λ
Interlaminar shear failure

(4.13)

where St
45◦ is the tensile strength at 45◦ of the fibre direction.

Regarding the elastic linear analysis of the laminated plate by means of the CLPT
considering the different tensile and compression response, the formulation described
in Section 2.2.1 is modified considering that the reference plane corresponds to the
NF deviated from the midplane and the in-plane stiffness matrix of the lamina is
modified as it appears in Eq. 4.14. Therefore, through this technique it is possible to
analyse simultaneously the response under tension and compression of the material
when it is subjected to a bending moment.

[Q]k =


Eχ

1
1−ν12ν21

ν21Eχ
1

1−ν12ν21
0

ν12Eχ
2

1−ν12ν21

Eχ
2

1−ν12ν21
0

0 0 2G12

 with χ =

 t for z < 0

c for z > 0
(4.14)
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Then it is proposed to apply this analysis to the flexural response of ±45◦ sym-
metrical laminates. In this way, the pseudo-ductile effects on a laminate subjected to
tensile and compressive strains in different positions are investigated. Besides, the
study of two laminates with similar linear responses allows analysing the effect of
the increase in bending-twisting couplings due to ply blocking. The laminates cho-
sen are [±45]6S and [+452/− 452]3S, so that it is possible to obtain specimens of the
same thickness, but with apparent layer thickness duplicated (i.e. ply clustering).

4.2.2 Experimental bending characterization of pseudo-ductile ef-
fects on angle-ply laminates

The flexural response of these two laminates are studied by means of three-point
bending tests, performed using the triaxial testing machine with a flexural fixture
attached (Fig. 4.4a). The approximately 40× 10× 5.5 mm cuboid specimens are sim-
ply supported on a 25 mm span and vertically loaded in the mid section under a
constant quasi-static displacement rate of 0.3 mm/min.

(a) (b)

Figure 4.4: Images of the three-point bending test of ±45 symmetric laminate: (a) Arrangement of DIC
system and triaxial testing machine and (b) Detail of specimen during test, showing high damage accu-
mulation due to matrix cracking and delaminations.

For both lay-ups, matrix microcracking and subsequent delamination are ex-
pected to be the mechanisms of damage initiation and propagation respectively (see
Fig. 4.4b). However, the ply clustering is reflected in a double effective ply thick-
ness and Linear Elastic Fracture Mechanics (LEFM) points that the energy necessary
to propagate a crack via delamination is inversely proportional to the characteristic
size of the crack. Therefore, configuration [±45]6S is expected to require more en-
ergy to propagate the damage through delamination, as the effective ply thickness is
inferior than the case of [+452/− 452]3S stacking sequence. This should be reflected
in lower failure strain for the latter.

Fig. 4.5 depicts the strain distribution of the midspan cross-section obtained via
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the measurement of the specimen side surface with DIC system during flexural test-
ing. The deviation of the NF from the midplane is measured as the the position of
transition from negative to positive strain at an intermediate load level of P/b = 175
N/mm (results are shown in Table 4.3), and then the strain distributions are cor-
rected such as z = 0 corresponds to the NF. Note that Fig. 4.5 illustrates how the
neutral fibre is further deviated with a higher load, as the most tensioned plies are
damaged and therefore the NF rises to fulfil the force balance at the cross-section.
Then, the values of t and c can be extrapolated from these plots. Note that for similar
load levels (260 N/mm and 230 N/mm respectively), both laminates depict quite
different strain profiles, as the [±45]6S is still fitted by a linear regression, while
[+452/ − 452]3S is better fitted with a non-linear profile (a quadratic least square
regression is proposed as example in Fig. 4.5b), which is related to the higher dam-
age accumulation on the bottom plies for this lay-up, even at a slightly lower load
level regarding the equivalent plot for the [±45]6S laminate.

(a) (b)

Figure 4.5: εxx distributions for the midspan cross-section in linear and non-linear stages: (a) [±45]6S and
(b) [+452 − 452]3S [168].

Table 4.3: Experimental observations and analytical predictions for the [±45]6S and [+452/− 452]3S bend-
ing specimens [168].

Experimental
measurements

Proposed estimations via
homogenised section technique

Laminate t (mm) c (mm) λ Et
±45◦ (GPa) Ec

±45◦ (GPa)

[±45]6S 2.97±
0.04

2.53±
0.04

1.37±
0.03

18.01± 1.13 24.95± 1.74

[+452− 452]3S 2.97±
0.01

2.53±
0.01

1.37±
0.02

18.61± 1.82 25.62± 2.30

Fig. 4.6 illustrates the stress-strain curves for both laminates at different z-positions
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of the midspan cross-section, obtained thanks to the combination of the DIC strain
distributions and the homogenised section technique. The stress-strain responses are
plotted for four reference points, two of them placed on the tensile region and the
other in the compressive region, as schematized in Fig. 4.2, in order to represent the
state of differently loaded plies. Please note that stresses are calculated by means of
expressions deriving from a linear elastic analysis (Eqs. 4.10 and 4.11 particularized
for each z-position), so non-linear evolutions are included as approximated estima-
tions.

(a) (b)

Figure 4.6: Stress strain response at four different through-thickness positions (defined at Fig. 4.2) at the
midspan cross-section: (a) [±45]6S and (b) [+452 − 452]3S [168].

Some conclusions are drawn from the observation of these figures. Firstly, both
laminates present a similar elastic slope, as it is expected from the theoretical point
of view, and they are in agreement with the Et

±45◦ and Ec
±45◦ collected in Table 4.3.

Secondly, different degrees of pseudo-ductility is observed depending on the verti-
cal position, with the highest non-linearities achieved in the tensile region (i.e. the
bottom face of the specimen following notation on Fig. 4.2). It is noteworthy the
difference of permanent strains achieved in the different laminates, reflecting the
highest damage accumulation capability of the [±45]6S stacking configuration.

Moreover, the microscopic observations via Scanning Electron Microscopy (SEM)
of the flexural tested specimens help to better illustrate the mechanisms involving
damage initiation and propagation. The application of Eq. 4.13 leads to the inequal-
ity 0.22 < 0.88 for the studied laminates, so flexural failure is expected in both lay-
ups. The SEM images (Figs. 4.7a and 4.8a) clearly show how the initiation of the
damage is produced due to tensile matrix cracking of the bottommost ply. Note that
in the case of the [+452 − 452]3S sequence, the ply blocking helps crack propagation
between laminae with same orientation of fibres, while with regard to the [±45]6S
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is observed in Fig. 4.7b that crack needs to move through the interlaminar surface,
therefore requiring a higher energy for damage evolution, not only due to delami-
nation as posed above, but also because crack migration in the interfaces of adjacent
plies with change of fibre orientation. This mechanism of crack migration addition-
ally promotes the delamination of all the plies in the [+45 − 45]6S, while the other
analysed sequence present most delaminations between each two layers (Fig. 4.8b).

(a) (b)

Figure 4.7: SEM fractographies for [±45]6S laminate: (a) damage initiation and (b) damage evolution [168].

(a) (b)

Figure 4.8: SEM fractographies for [+452 − 452]3S laminate: (a) damage initiation and (b) damage evolu-
tion [168].

The observation of the bottom face of both laminates helps also to asses the de-
gree of pseudo-ductility achieved, in this case related to the permanent strain after
failure and the corresponding fibre reorientation. An estimation of the angle of the
fibre at the tensile cracked surface of the specimens is shown in Fig. 4.9. This opti-
cal observation agrees with the strain values measured over this face by means of
an strain gauge rosette, whose results are plotted in Fig. 4.10. The much lower εyy

measured for [+452 − 452]3S matches with the conclusion of a much smaller fibre
permanent reorientation with regard to the [±45]6S laminate.
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(a) (b)

Figure 4.9: Matrix crack angles reflecting permanent deformation at the inferior ply: (a) [+45 − 45]6S and
(b) [+452 − 452]3S [168].

Figure 4.10: Evolution of P/b against strain gauge measurements in x and y directions [168].

4.2.3 Optimization of stacking sequences

Finally, all the previous analysis and discussion of results has shown how it is
possible to obtain different degrees of pseudo-ductile effects in laminates with a sim-
ilar elastic response, but that nevertheless pose different magnitudes of membrane-
flexural couplings, where the laminate obtained by ply blocking entails a greater
B16/B11 ratio, which implies a greater development of in-plane shear strains, and
therefore seems to lead to a less ductile behaviour.
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An optimization of the symmetric lamination sequence with layers oriented to
±45◦ is proposed. The optimization seeks to minimize the effects of coupling, which
are to be measured according to the ratios D16/D11 and B16/B11 (please take into
account that for laminates with layers at ±45◦, it is true that the terms 16 and 26 are
equal for the stiffness submatrices A, B and D). In addition, the optimization includes
a term referring to the laminate total thickness, in order to avoid too thick laminates.
In this way, a cost function to be minimized is defined in Eq. 4.15. Details on the
implementation of the mathematical problem are further detailed in [168].

Cost =
∣∣∣∣D16

D11

∣∣∣∣
scaled

+

∣∣∣∣B16

B11

∣∣∣∣
scaled

+ 0.1Hscaled (4.15)

The result of this optimization yields several results, in which we focus on the
first two minima. Specifically, the first minimum is the laminate [−45/+452/−45/
+45/−452/+45]S and the second is [−45 + 452 − 45 + 45]S. Note that the condition
of balanced laminate was not obligated in the algorithm, so that the last laminate
results unbalanced.
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Chapter 5

Assessment of laminates under
biaxial loading

“Computer simulations are really just virtual time machines . . .
Computer modeling is a kind of time machine,

and it lets us see the future. . . perhaps even
billions of years into the future.”

Edmond Kirsch (fictitious), Origin, Dan Brown.

The development of experimental tests together with analytical and numerical
models in the previous chapters has resulted in a detailed knowledge of the response
and failure under predominantly uniaxial loading on different laminate sequences,
mainly angle-ply. This background allows to analyse now with greater understand-
ing the biaxial tests on cruciform specimens performed in this chapter.

In the first place, the CLPT is particularized for biaxial testing, in order to permit
foreseeing the apparent elastic response obtained in the different trials, also provid-
ing analytical values which serve as validation of the results obtained numerically
and experimentally. Different loading states on diverse laminates are studied from
a combination of the last two approaches, starting with the T-T loading cases in sev-
eral ratios and on laminates with different degrees of non-linearity. Subsequently,
the analysis of biaxial tests under compressive loads in one or both directions is pro-
posed, for which a buckling study on laminated plates is developed beforehand. The
outcome of this study entails modifications to the test method which allow postpon-
ing the instability of the cruciform specimen when submitted to compressive loads.
Subsequently, the main results of T-C and C-C tests on symmetrical ±45◦ laminates
are shown. The examination of various loading ratios in different quadrants of the
σxx − σyy stress space permit the evaluation of failure theories.
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5.1 General aspects of the analysis of cruciform biaxial
testing

This section is meant to describe the main characteristics common for all the bi-
axial experimental and numerical tests performed in this chapter.

5.1.1 Design and preparation of cruciform specimens

Starting from the experimental characterization, the specimen’s design follows
the geometry used in previous studies [77, 80, 208]. Adaptation of the dimensions is
required depending on specific tests, that is, when testing force ratios different to 1/1
(the notation to designate biaxial tests hereinafter follows the ratio of applied forces
Pa

x /Pa
y ) a change of the arms’ width is proposed in order to maintain a lower level of

stresses in the arms. First of all it is necessary to define the different characteristics
of the T-T tests carried out on the [±45]S laminate. The work of Serna Moreno and
López Cela [77] concluded the need to adapt specimen geometry to the applied load
ratio to avoid premature arm failure. Thus, in Fig. 5.1 the three geometries analysed
for this laminate are collected. Furthermore, the length of the arms in the tensile
loaded directions is chosen to be as long as the manufacturing process and the testing
machine allow in order to avoid undesired stress concentrations close to the biaxially
loaded zone, while for the compressive directions the arms’ length must be reduced
to prevent them from buckling.
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Figure 5.1: Geometries of central zone of biaxial cruciform specimens (same scale): (a) Geometry A, (b)
Geometry B and (c) Geometry C.

In order to obtain the geometry of the cruciform biaxial specimen (Fig. 5.2), a
computer numerical control (CNC) milling is performed over a square laminated
plate. The accuracy of this process is critical in order to obtain the desired thickness
reduction of the biaxially loaded zone, without introducing damage to the speci-
men. After machining, specimens are measured to check that thickness of the central
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gauge zone correspond to the theoretical laminate thickness. Regarding the degree
of thickness reduction, some preliminary linear elastic simulations were performed
in order to assess the minimum thickness ratio (defined as arm to centre thickness
ratio) necessary to obtain an adequate failure mode. Nevertheless, stress concentra-
tions in the T-T and C-C ratios close to 1/1 are unavoidable. Additionally, an analysis
of the effect of thickness ratio on compressive loaded specimens is to be described
in Section 5.4.3. Moreover, note that thicknesses ratio (tr) must be an integer (N) in
order to obtain arm and centre laminates consisting on stacking sequences with the
form [ ]NS, which is reduced to the minimum stacking sequence ([ ]S) at the gauge
zone.

(a) (b)

Figure 5.2: Biaxial T-T geometry A specimens: (a) [0/90] instrumented and tabbed specimen and (b) Detail
of the tapered gauge zone for a [±45].

After machining and dimensioning, 3 mm thick GFRP tabs are glued to the end
of the arms (see Fig. 5.3), following the same procedure described in the uniaxial
characterization. The width of the tabs is equal to the arms’ width, while the length
is chosen to be 50 mm, corresponding to the maximum gripping length of the pneu-
matic actuators.

Regarding the testing procedures, there is a general tendency to control the tests
based on the application of quasi-static loads by means of setting the applied dis-
placement rate δ̇ a. This generally implies a safer control of the test and helps main-
taining a constant strain rate when stiffness degradation appears. However, in the
biaxial tests carried out in this Thesis, the control of applied force rate Ṗa is utilised
due to the interest in maintaining the proposed biaxial stress ratio. After different tri-
als, it was proven that the displacement control may brings difficulties to ensure the
ratio, taking into account the requirement of synchronization among four actuators
acting simultaneously on a specimen in which, depending on the stacking sequence,
severe changes in the local material stiffness arise. Fig. 5.4 shows how a load ratio
applied in perpendicular directions is maintained with a maximum deviation of 2
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(a) (b)

Figure 5.3: ±45◦ biaxial cruciform specimens: (a) T-C (upper) and C-C (bottom) specimens after CNC
milling and (b) C-C specimen after tab gluing.

%, which is generally given at low loads due to the effects of material loading (ob-
served in other kind of testing and usually named as “toe region”). This aspect is
critical when it comes to obtaining representative results of the sought multiaxial ra-
tio. The magnitude of the loading rates are adapted to the strength of the laminate,
taking as reference a load rate of 20 N/s for the±45◦ laminate under tensile loading.

Figure 5.4: Plot of force in perpendicular direction during [0, 90]S biaxial tensile-tensile test, zooming the
maximum difference of forces.

All the methods of instrumentation described in Chapter 2 have been applied
to biaxial tests, whenever the assembly of the test and the dimensions of the spec-
imen allow it, as shown in Fig. 5.5a. All the tests carried out involve the simul-
taneous movement of the four actuators in the horizontal plane of the triaxial ma-
chine equipped with 50 kN force transducers. The biaxial specimen (see Fig. 5.5b) is
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painted with a black and white speckle pattern on the upper face for the application
of the DIC technique on the surface that is observable from the cameras. Besides,
a strain gauge rosette is placed on the central point of the bottom face of the spec-
imen, consisting on three strain gauges oriented at 0◦, 45◦ and 90◦ with respect to
one of the loading axes. Moreover, uniaxial gauge and axial extensometer are placed
in perpendicular arms of the cruciform specimen. In this way, measures can be col-
lected in the centre (variables that are named with the centre superscript), as well as
measurements on the arms of the specimen (called with the arm superscript).

(a) (b)

Figure 5.5: Testing facility during the realization of a T-T biaxial test: (a) Top-view showing DIC system
and (b) detail of the instrumented specimen during testing.

Finally, in order to demonstrate the correct alignment and synchronization of the
testing machine, Fig. 5.6 illustrates an example of strain measurements recorded by
the two acquisition systems applied to biaxial testing. Note that the measurements
only differ after a strain level of 2% because of the saturation of the strain gauge
recorder. A practically identical data record is shown by both techniques, even in
an intricate test due to the simultaneous presence of tensile and compressive strains,
therefore validating the applicability of both strain acquisition methodologies.

5.1.2 Numerical modelling of non-linear effects on biaxial tests

Regarding the numerical model applied to the simulation of the biaxial tests, the
discussion of the element type for the application of the Hashin’s damage models
(Section 3.3.4) led to the conclusion of accurate and low computational cost for the
modelling with a single SC8R element through thickness. Note that this method-
ology also simplifies the definition of the model geometry, as it is not required to
model each lamina. The stepped transition of the tapered central zone is modelled
as the actual specimen, with the same ply thickness reduction for each one of the
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Figure 5.6: Comparison of strain measurement in [±56.3]S biaxial tensile-tensile test.

steps (Fig. 5.7).

x

z

Figure 5.7: Schematization of the thickness reduction in the biaxial gauge zone, exemplifying a [±45]2S
reduced to [±45]S.

The same length of arms has been modelled in all the simulations, since the ap-
parent behaviour of the specimen is not affected providing that a minimum length of
the arms is considered in order to allow the correct development of the stresses flow
between the predominately uniaxially and biaxially loaded regions. As a large ge-
ometry (only reduced thanks to the symmetry with respect to midplane laminate) on
which a non-linear material model is analysed, the computational cost of the simula-
tion is reduced by avoiding the modelling of end-tabs, since there is no experimental
evidence of an effect of tabs on the response or failure of the cruciform specimen.
Critical concentrations are found in the thickness-reduced area and in the filleted
corners, however a uniform element size in the x− y plane has been chosen for the
entire model (as shown in Fig. 5.8), in order to avoid inconsistencies on the energy
release rates of different elements.

Regarding the implementation of the Hashin’s PDM, the material parameters
collected in Tables 3.1, 3.5 and 3.7 are applied to the simulation, considering the
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(a) (b)

Figure 5.8: Finite element mesh for the T-C biaxial test simulation (with one SC8R element through thick-
ness) for 0.5 mm element size: (a) 3D representation of the full mesh and (b) 2D detail of the gauge zone.

laminate to be tested. The tensile or compressive properties are chosen for the T-T
and C-C respectively, while the T-C test is modelled using the tensile elastic proper-
ties, while a combination of the tensile and compressive parameters for the Hashin’s
PDM is utilised.

To conclude the description exposed in this section, Table 5.1 includes a list of all
the biaxial tests analysed experimentally and numerically throughout this chapter.
In the following sections these tests will be further detailed, referring them in the
manner shown in the second column of the table. Please consider that the difficulty
and cost associated to obtain the biaxial specimens make it necessary to focus the
study on few particular ratios, from which the response for other loading ratios not
experimentally tested is extrapolated by numerical and analytical modelling.

Table 5.1: Description of the totality of biaxially tested loading ratios, specimen geometries and laminates.
It includes the applied forces and the resultant elastic stress and strain ratios obtained in the biaxially
loaded zone.

Geometry Designation Laminate Pa
x /Pa

y σ c
xx/σ c

yy εc
xx/εc

yy

Arm Centre

A, T-T T-T-A45-1
[±45]2S [±45]S

1/1 1/1 1/1
T-T-A45-1.2 1/1.2 1/1.36 -1/2.77

B T-T-B45-1.5 [±45]2S [±45]S 1.6/1 2.26/1 1.76/-1
C T-T-C45-0.5 [±45]2S [±45]S 0.4/1 0.38/1 -0.61/1

A, T-C T-C-45-1 [±45]4S [±45]S 1/-1 1/-1 1/-1
A, C-C C-C-45-1 [±45]4S [±45]S -1/-1 -1/-1 -1/-1
A, T-T T-T-090-1 [0/90]4S [0/90]S 1/1 1/1 1/1

B
T-T-56-1

[±56.3]2S [±56.3]S
1.6/1 3.63/1 2.75/-1

T-T-56-2 1/6 -1/5.55 -1/0.63
T-T-56-3 1/8 -1/4.55 -1/0.61
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5.1.3 Numerical elastic estimation of stresses in biaxial zone

One of the issues concerning the application the biaxial test with cruciform spec-
imens is the measurement of the stress state in the biaxially loaded area. Different
techniques have been proposed in literature either directly applying a constitutive
material model to the experimentally measured biaxial strains, or a correction pa-
rameter is combined with the applied load, which should include the effect of the
geometry and material of the specimen [77, 80]. Other authors defined a similar pa-
rameter, namely bypass correction factor, basing their definition in the fact that not all
the applied force is contributing to the stress on the central zone [92].

Both techniques involve a similar limitation. If we choose to consider the consti-
tutive behaviour of the material known, it may be correct in the elastic region, but
it is difficult to foresee with certainty that a non-linear model adequately fits the re-
sponse of the material under biaxial loads. If we opt for applying a coefficient over
the applied force, a numerical simulation, usually using the elastic case, is required,
then limiting again the range of application of this factor. In this Thesis the last
methodology is applied, following the description in the works from Serna Moreno
et al. [77, 80], in which by means of elastic linear simulations of the cruciform spec-
imen subjected to the specific state applied in each test, a factor ψi is determined.
Then, ψi relates the force applied at the end of the arm to the force in the central
section for each loading direction (x and y), so that from this parameter it is possible
to estimate the stress in the central gauge section following the Eq. 5.1.

σ centre
ii =

Pa
i

ψiAi
(5.1)

It is necessary to emphasize that this factor must be calculated for each material,
stacking sequence, load ratio and geometry of the cruciform specimen tested, and
that it is only valid to estimate the stress as long as the specimen maintains the linear
elastic response globally. It will be shown in the following sections how this factor
collects accurately the linear state response by comparing the stress-strain state ob-
tained experimentally with the analytical predictions from the CLPT. However, ψi

generally overestimates the stress at the gauge zone when non-linearities appear at
some point in the specimen. For this reason, the estimation of stresses in the biaxial
gauge zone is limited to the elastic range in the following figures, and they are ac-
companied with the applied force evolution to describe the complete response up to
failure.
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5.2 Elastic analytical approach to biaxial stress

As mentioned in the state of the art about biaxial testing, literature agrees with
a strengthening effect of the materials when these are under some T-T and C-C biax-
ial stress states regarding the uniaxial case. The analysis of the stress tensors allows
a theoretical discussion about the strength of the material under multiaxial loading
states, taking into account that the failure is promoted by the deviatoric part of the
stress tensor. In the case of biaxial loads of the same module and sign, the volu-
metric part of the tensor increases and consequently the deviatoric decreases, which
explains the fact that the T-T and C-C biaxial tests lead to greater strength values. On
the contrary the T-C describes a more premature failure related to a higher deviatoric
stress tensor.

Ergo a stiffening effect of the T-T and C-C biaxial state may be also expected, as
the multiaxial loading is related to the stiffness of the laminated plate in both direc-
tions. This can be easily verified in an analytical way, determining the stress-strain
relation under a biaxial state. Let us propose a simple case, that of isotropic material
with same tensile and compressive moduli due to the simplicity of its constitutive
relations (Eq. 5.2). Assuming the plane stress case, the expression is simplified to Eq.
5.3.



εxx

εyy

εzz

γxy

γxz

γyz


=

1
E



1 −ν −ν 0 0 0

−ν 1 −ν 0 0 0

−ν −ν 1 0 0 0

0 0 0 2 + 2ν 0 0

0 0 0 0 2 + 2ν 0

0 0 0 0 0 2 + 2ν





σxx

σyy

σzz

τxy

τxz

τyz


(5.2)


εxx

εyy

εzz

γxy

 =
1
E


1 −ν 0

−ν 1 0

−ν −ν 0

0 0 2 + 2ν




σxx

σyy

τxy

 (5.3)

If we assume now the case of pure T-T biaxial stress (equivalent to the pure C-C
state, i.e. σxx = σyy = σb), the tensorial expression is simplified to the equation 5.4.
Note that isotropy of the material implies also that εxx = εyy = εb.
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εb =
σb

E
(1− ν) (5.4)

A linear relation between biaxial stress and strain is obtained, and the constant
that relates these two parameters hereafter is called apparent biaxial elastic modulus
(Ebiax), whose value for the case of T-T and C-C biaxial state can be computed using
the Eq. 5.5.

ET−T
biax = EC−C

biax =
E

1− ν
(5.5)

Proceeding similarly for the case of pure T-C biaxial stress (σb = σxx = −σyy), a
similar expression relating the biaxial stress-strain is obtained (Eq. 5.6).

ET−C
biax =

E
1 + ν

= 2G (5.6)

Analysing both biaxial moduli, it is verified that in the case of loads in the same
direction, an apparent stiffening of the material is obtained for a positive Poisson’s
ratio. On the other hand, the apparent stiffness under T-C is inferior to the material
Young’s modulus (again considering ν > 0) and equal to 2G. This last result is not
surprising because the T-C test, as it will be further discussed in Section 5.2.1, it
is equivalent to a pure shear test, with the factor 2 associated with the conversion
between engineering (γxy) and tensorial shear strain (εxy).

This formulation Ebiax can be extrapolated to FRP laminates, assuming the same
hypothesis of pure biaxial stress. The stiffness tensor of the laminate could be ob-
tained through the CLPT (Eq. 2.8) as the extensional matrix [A] is divided by the lam-
inate thickness H, resulting in the constitutive relation expressed in Eq. 5.7. Please
remind that the following σi j are the apparent stresses over the laminate (i.e. the
average of all the ply stresses).


σxx

σyy

σxy

 =
1
H


A11 A12 A16

A12 A22 A26

A16 A26 A66




εxx

εyy

γxy

 (5.7)

If the idea of the formulation of an isotropic Ebiax is extended to laminated struc-
tures composed of orthotropic plies, the previous equation could be simplified by
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assuming the hypothesis of pure biaxial stress state (σxx = σyy = σb), developing the
Eq. 5.8.

σb =
1
H
(A11εxx + A12εyy + A16γxy) (5.8)

We found that in this case an Ebiax cannot be obtained for any laminate, as the
extensional elastic response in x and y directions may be different (A11 6= A22). In
other words, a state of biaxial 1:1 stress would not be equivalent to the 1:1 strain ratio.
Assuming the simplifications of pure extensional loadings (cancelling the terms of
coupling in the extensional stiffness matrix [A]) or lack of shear strain, the biaxial
state is defined by the Eqs. 5.9 and 5.10.

σxx =
1
H
(A11εxx + A12εyy) (5.9)

σyy =
1
H
(A12εxx + A22εyy) (5.10)

Thus, the identification of an elastic constant that relates σb and εb is indeed pos-
sible for laminates with A11 = A22. With these restrictions, it is still possible to define
a biaxial apparent elastic modulus for the cases of symmetrical and balanced 0◦/90◦

and ±45◦ lay-ups, which are to be discussed in the experimental testing. Making
the x and y strains and stresses in Eqs. 5.9 and 5.10 equal, it is straightforward to
derive the expressions for the biaxial T-T (expression again equivalent for C-C) and
T-C cases, resulting in the Eqs. 5.11 and 5.12, respectively.

ET−T
biax = EC−C

biax =
A11 + A12

H
(5.11)

ET−C
biax =

A11 − A12

H
(5.12)

Because of the interest for this Thesis, the Eq. 5.11 is particularized for the case of

a symmetric and balanced ±45◦ laminate, resulting in ET−T
biax = E1

[
1+2ν21+

ν21
ν12

2(1−ν12ν21)

]
.

The result of the biaxial moduli for the cross-ply and ±45◦ angle-ply laminates
are shown in the Tables 5.2 and 5.3. To facilitate comparison the uniaxial elastic
properties obtainable by CLPT are also collected in these tables.
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Table 5.2: Tensile apparent elastic properties obtained by means of CLPT.

Laminate Et
xx

(GPa)
Et

yy
(GPa)

Gxy
(GPa)

νxy ET−T
biax

(GPa)

[0/90]NS 95.44 95.44 5.42 0.054 100.34
[±45]NS 19.57 19.57 45.50 0.81 100.34

It should be noted that the apparent biaxial modulus is higher in both cases than
the uniaxial elastic module, also emphasizing that for the laminate ±45◦ it is ap-
proximately five times greater than the uniaxial elastic modulus. In other words, a
laminate which apparently does not provide a high rigidity in the loading direction
because it has the highest loading-fibre angle mismatch results in a laminate with
large extensional stiffness when it is subjected to a biaxial state. This reinforces the
idea of studying laminates from the point of view of the plate when submitted to
multiaxial loading. Note that ET−T

biax has the same value for the cross-ply laminate.
This can be explained as the application of pure T-T biaxial state generate an appar-
ent stress and strain tensor equivalent in any direction of the plane (this is further
discussed in Section 5.2.1), then explaining that the apparent in-plane biaxial stiff-
ness of both laminates is the same.

When determining the apparent biaxial elastic modulus under tension-compres-
sion, an issue appears due to the simultaneity charges of opposite sign, since the
approach of the CLPT does not allow the simultaneous consideration of the tensile
and compressive properties in principal directions. However, in the case of the lam-
inate ±45◦, it is given that ET−C

biax = 2G12 = 10.44 GPa, which is independent of the
sign of the forces. In addition, it can be concluded that in other stacking sequences,
ET−C

biax is equivalent to the apparent shear modulus rotated 45◦, i.e. in the case of the

0/90 laminate, ET−C
biax = 2G[±45]

xy .

Table 5.3: Compressive apparent elastic properties obtained by means of CLPT.

Laminate Ec
xx

(GPa)
Ec

yy
(GPa)

Gxy
(GPa)

νxy EC−C
biax

(GPa)

[0/90]NS 71.20 71.20 5.42 0.024 72.98
[±45]NS 18.89 18.89 34.76 0.74 72.98

Additionally, by dividing both Eqs. 5.9 and 5.10, the space of possible biaxial
stress-strain ratios could be easily visualized (Eq. 5.13) and represented for any stack-
ing sequence with negligible shear-extensional couplings, e.g. angle-ply and cross-
ply balanced laminates. Therefore, in Figs. 5.9a, 5.9b and 5.9c some angle-ply stack-
ing sequences of interest for the experimental biaxial tests are plotted, while Fig. 5.9d
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illustrates the same result for 0◦/90◦ symmetrical cross-ply laminates. Additionally
biaxial ratios proposed for testing in Table 5.1 are also represented for posterior dis-
cussion of results.

σxx

σyy
=

εxx
εxx

A11 + A12

A22 +
εxx
εxx

A12
(5.13)

(a) (b)

(c) (d)

Figure 5.9: Analytical curve depicting relation between stress and strain biaxial ratios under linear elas-
tic response of the material. Experimentally produced ratios are also included as marking points. (a)
Different symmetrical angle-ply sequences, (b) Detailed plot for [±45] symmetrical, (c) Detailed plot for
[±33.7]NS and (d) [0/90]NS.

Observing the Fig. 5.9, some remarks should be highlighted. First, the interaction
of the stress and strain spaces results in some alternate biaxial states. That is, tensile-
tensile stress ratios may not result in T-T strain ratios. Secondly, in Figs. 5.9b and
5.9d, the uniaxial stress and strain values are represented, highlighting the asymp-
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totic behaviour of this curves. In other words, there is an abrupt change when getting
closer to uniaxial ratios, which may suppose difficulties to obtained ratios far from
the ±1/± 1 depending on the machine synchronization control. In order to better
illustrate this idea, let us assume that a σxx/σyy = 15 is pursued in the cross-ply
laminate, then a deviation of 1% in this stress ratio suppose a 5.3% difference in the
strain ratios (from 75.58 to 79.56), reflecting the complexity in achieving some ratios
from an analytical approach.

Furthermore, a simplification used in the previous figures should be pointed out
to clarify the scope of this plots. In order to assign numerical values, the tensile
properties for M21E/IMA-12K lamina (in Table 3.1) are utilised. Therefore, tensile
dominated ratios are expected to be consistent with these theoretical curves, while
some slight deviations are predicted for the compressive dominated ones.

Finally, the similarities in extensional behaviour between loading directions of
cross-ply laminates are illustrated in Fig. 5.9d. Note that the term quasi-isotropy
is avoided for failing to fulfil the requirement expressed by the expression: 2A66 =

A11−A12. The agreement is visualized comparing the curve obtained from the CLPT,
(Eq. 5.8), with the results of the consideration of apparent isotropic behaviour of the
laminate, represented by the red lines in Fig. 5.9d. This curve comes from using the
estimation of the tensile apparent properties for the cross-ply laminate (Table 5.2) in
the Eq. 5.3.

This conclusion could not be applied to the case of ±45◦ symmetric angle-ply
laminates due to the value of apparent laminate Poisson’s ratio, which is higher than
the theoretical range for isotropic materials (νxy = 0.81 > 0.5, Table 3.4).

5.2.1 Representation of uniaxial and biaxial states on Mohr’s Circle

With the purpose of creating a better idea of the multiaxial state of the tests car-
ried out in this Thesis, it is possible to use the graphic tool of Mohr circles. Starting
from a simpler case, a uniaxial stress state is described. Specifically, if the apparent
stress state obtained in the uniaxial compressive test is represented in 3D Mohr’s cir-
cles (Fig. 5.10a), it is checked that this state generates, in a similar way to the uniaxial
tensile test, a maximum shear stress at 45◦, both in the xy and xz plane. In this way,
the compressed specimens will experience a failure dominated by these tangential
components in both planes, so that fractures with angles close to 45◦ in those two
planes are expected, which actually corresponds to the cracks observed in experi-
mental testing.
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This same idea can be studied in the case of the biaxial pure compression test,
whose 3D Mohr’s circle is represented in Fig. 5.10b. In this case, the laminate resul-
tant stress state in any direction of the specimen plane (xy) is equivalent to the biaxial
C-C state. However, if we consider for instance the case of the [±45]S laminate, the
Mohr’s circle for each lamina does not correspond with the laminate: although in
ply it is also true that σxx = σyy, the shear stress τxy are not zero locally to each ply,
but these are equal in module in all layers and with opposite signs, what yields a
zero resultant of shear stress for the laminate.

σ

τ

σxx σyy
σzz

xy & xz Mohr’s circles

yz Mohr’s circle

Uniaxial compression state

45◦ xy & xz rotated state

(a)

σ

τ

σzzσxx

σyy

xy Mohr’s circle

xz & yz Mohr’s circles

C-C biaxial state

45◦ xz & yz rotated state

(b)

σ

τ

σxxσyy

τmax
12

xy Mohr’s circle

xz Mohr’s circle

yz Mohr’s circle

T-C biaxial state

45◦ xy rotated state

45◦ xz rotated state

(c)

Figure 5.10: 3D Mohr’s circles depicting the apparent laminate stresses for: (a) Compressive uniaxial test,
(b) C-C 1/1 biaxial test and (c) T-C pure biaxial test.

Nevertheless, it is possible to find a maximum out-of-plane shear stress in any
plane that forms 45◦ with respect to the plane xy. In this way, one would expect that
the failure obtained in this test describes fractures that correspond to these planes.
However, in experimental tests it will be verified that the cracks obtained do not
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clearly show these failure modes. This is explainable due to the small thickness of the
laminate in the central area of the biaxial specimen, hindering the appearance of out-
of-plane cracks, and also combined with the curvature produced by the buckling.

Finally, thanks to the representation of the Mohr’s circles for the T-C test (Fig.
5.10c), it is verified that in a 45◦ rotation in xy-plane the maximum shear stress is
obtained. Furthermore, the case of equal tension and compression results in pure
shear component [83]. If a laminate composed by ±45◦ plies is considered, then the
pure shear stress (not strain because εzz 6= 0) is obtained in principal directions of the
lamina, making this test extremely appropriate for shear characterization.

5.3 Tensile-Tensile biaxial tests on cruciform specimens

In this section, the analysis of all the laminates submitted to biaxial tension-
tension loads is detailed. As shown in Table 5.1, this includes different laminates,
specimen geometries and loading ratios. Specifically, the 1/1 ratio of the cross-ply
laminate has been considered due to its demonstrated mostly linear behaviour ac-
cording to the previously detailed uniaxial tensile tests. Because of its greater pres-
ence of non-linear effects, four loading ratios for ±45◦ symmetrical angle-plies have
been analysed. Apart from the pure T-T loading ratio, a 1/1.2 helps to understand
how a small deviation with respect to the former ratio may lead to a quite different
response. Besides, the study of two ratios in combination with geometries following
them helps to understand the importance of a correct adaptation of the cruciform
specimen. Finally, a ±56.3◦ laminate introduces the issue of a different elastic and
non-linear response in the two loading directions.

5.3.1 Biaxial tensile loading on cross-ply laminate

The study of the [0/90]S laminate raises three important characteristics regarding
its response and failure. First, the extensional stiffness in the x and y directions are
identical from a theoretical point of view. Secondly, the behaviour is quasi-linear
until the failure (as shown in Fig. 3.2). Finally, this same graph shows how there is
an important difference in tensile strength between the 0/90 and 90/0 lay-ups, so
that if the arms follow these same sequences, one loading direction exhibits a lower
strength than the other one. Therefore, an undesirable failure (if considering biaxial
strength characterization) out of the gauge zone is promoted.

For this stacking sequence, no special considerations apart from the overall char-
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acteristics of the biaxial tests described in Section 5.1 need to be considered regarding
the experimental testing procedure or the numerical analysis. The only difference
with the rest of biaxially tensile laminates is the use of a higher thickness reduction
ratio N = 4 (i.e. the laminate in the arms is [0/90]4S), in order to compensate the
directional strength dependencies described in the previous paragraph.

Therefore, Fig. 5.11 depicts the results for the apparent response of this laminate
under T-T from the numerical and experimental approaches. In Fig. 5.11a, the ex-
perimental stress computed with the Eq. 5.1 is plotted against the strain measured
with the strain gauge rosettes placed on the tapered region, in combination with
the stresses and strains directly measured on the gauge zone in the Hashin’s PDM
numerical simulations. As a first observation, an important different between both
approaches is depicted, although both estimations show an slope in agreement with
the apparent biaxial elastic modulus (analytical value shown in Table 5.2). How-
ever, a comparison avoiding the use of the elastic coefficient ψi, that is, plotting the
forces applied at the ends of the arms, again versus the strains in the central region,
a good agreement is obtained between both methodologies. Now an equivalent lin-
ear response is obtained in both directions, while at an approximate load of 20 kN a
non-linearity appears. Besides, the cross marks mean either failure (for experimental
curves) or maximum load applied (for numerical results), observing a difference in
the maximum stresses reached in the central zone according to the direction, both
in the experimental estimate and in the numerical one, which reflects again the fact
that the strength in x and y directions differs due to the stacking sequence observed
also uniaxially for the [0/90]NS and [90/0]NS.

(a) (b)

Figure 5.11: Numerical and experimental results for the biaxial tensile test of the cross-ply laminate: (a)
Apparent stress-strain response in gauge zone and (b) Applied force against strains in tapered region.

Observing the experimental test via the images and strain contours recorded by
the DIC system (Fig. 5.12), in all the experimental tests carried out with this config-
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uration, a clear debonding is observed in the transition zone between the laminate
of the arms and the tapered region. Although the photographs of the cameras do
not have enough resolution to clearly illustrate this failure, the normal strain maps
do depict the deformation concentration produced in the vicinity of this debonding
(see Fig. 5.12b). Delaminations between 0◦ and 90◦ plies are associated with the
interlaminar stresses that appear on the geometrical discontinuities of the tapered
region, and which are much more relevant in the case of cross-ply laminates than the
angle-ply sequences. This is due to the difference between stiffnesses in the loading
direction between the plies principal material coordinate system aligned with load-
ing directions. A deep analysis on the effect of interlaminar stress in the stepped
transition is described in the work of Lamkanfi et al. [79]).

(a)

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b)

Figure 5.12: DIC observations of the biaxially loaded cross-ply laminate, previous (left) and after (right)
the apparition of debonding in the stepped thickness transition: (a) Photographies and (b) εxx contour
plots.

Despite not having used a numerical cohesive model, the fact that the simulations
with the Hashin’s damage model fit a force-strain curve similar to that produced
experimentally by the damage of the interlaminar interface is associated with the
gradual stiffness degradation in the matrix tensile damage mode, observing in the
numerical maps (Fig. 5.13) that this mode leads to the strain concentration in the
stepped region in a similar way to delamination in the experimental test.

Lastly, the observation of the specimen failure (Fig. 5.14) allows us to conclude
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Figure 5.13: Numerical contour plot for the matrix tensile damage variable (dmt ) from the simulation of
[0/90] biaxial tensile test. The represented state correspond to a load step higher than the experimental
apparition of the debonding.

that the concentration of stresses in the vicinity of the filleted corners together with
the damage caused by debonding in the stepped region are the mechanisms that
promote the failure of the specimen, so that the measured maximum stress value
cannot be taken as a reference of biaxial strength.

(a)

 

(b)

Figure 5.14: Failure of the cross-ply biaxially loaded specimen: (a) Specimen after tests and (b) initiation
of matrix cracking at the corners.

5.3.2 ±45◦ laminate under Tensile-Tensile biaxial loading

Starting with the pure biaxial tensile case (namely T-T-A45-1), it can be fore-
seen that predominately uniaxial loaded arms are going to show pseudo-ductile be-
haviour, but the biaxially loaded zone is not expected to experiment non-linearities,
as T-T loading do not produce apparent shear stresses/strains in principal directions.

Experimentally, a difference in the stress-strain behaviour in the gauge zone is
recorded at the level of applied load which triggers the plateau of the pseudo-duc-
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tility in the arms. This variation with regard to the numerical model is explained by
the stress-measuring method in the central area. That is, the stress in the gauge zone
is obtained through the numerical linear ratio between the force applied at the ends
of the specimen and the force suffered by the central section. Then, it has been con-
firmed that the influence of the pseudo-ductility in the arms should be considered
on the numerical ratio in order to find accurate measurements in the region biaxially
tested. Fig. 5.15 depicts the experimental stress-strain response estimated for the
biaxially loaded region of two tests that are only differentiated due to the position
of the strain gauge rosette. As x and y strain measurements diverge depending on
the position, a local effect is appearing on the biaxially loaded zone which can be
explained due to the opposing sign reorientation of +45◦ and −45◦ plies. Neverthe-
less, if mean strain is computed, the both tests describe a similar slope, which is in
agreement with the analytical estimation collected in Table 5.2.

(a) (b)

Figure 5.15: Biaxial stress-strain curves for T-T-A45-1: (a) Position A of strain gauges and (b) Position B
of strain gauges. Dashed lines symbolise the elastic estimation for the centre stresses after initiation of
non-linearities.

Also from the observation of the previous figure, the apparition of strain peaks at
a small load level and around 110− 130 MPa is noteworthy. In order to analyse this
result, the experimental applied force curves in both loading directions for one of
these tests are plotted in Fig. 5.16. The study of these curves reveals that, at the same
load level than the previously commented strain peaks, small differences in force
between both directions appear. Regarding the one with the lowest load level, this
is believed to be related with small take-up of slack and alignment or seating of the
specimen, as similarly described for other testing methodologies in standards [209],
what is commonly named as toe region. This load non-linearities difficult the force
synchronization between both directions during the initial loading steps.
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More interesting is the load unbalance appearing around 63% of the maximum
applied load in Fig. 5.16. This load level corresponds with the onset of non-linearities
in the arms of the cruciform specimen. In other words, at this moment of the test, the
uniaxial loaded arms are describing the high shear strain of the plateau stage. There-
fore, load increase is apparently stopped, as macroscopic shear bands are evolving
in the arms. This occurs up to point the delocalization of strains, once the arms reach
the re-stiffening stage of the uniaxial stress-strain evolution observed in ±45◦ sym-
metrical laminates. Please note that above this stress level, dashed lines are plotted
(in Fig. 5.15) in order to highlight that the values of experimental stress are estima-
tions that may not represent the actual stress state.

Figure 5.16: Normalized applied force-time plot for a pure T-T biaxial test showing small deviations in
force regularization. Force data to virtualize the test is obtained from this plot.

In order to better visualize this non-linear effect, a simulation applying a force
control scheme similar to the experimental curve is performed. This is done extract-
ing force-time values of the Fig. 5.16, and defining a stepped (tabular) equivalent
boundary conditions in the biaxial numerical model, including Hashin’s PDM. The
results of this numerical simulation are summarised in Fig. 5.17, where the stress-
strain evolutions for the central tapered region of the cruciform specimen are plot-
ted, together with the average experimental values for the same variables. Now the
strain peaks observed in the Fig. 5.16 are quite well represented by the numerical
simulation. The point of this comparison is to illustrate how the effect of the non-
linearities in the arms of the specimen are reflected on the biaxial zone (and this is
not only due to the elastic approximation with the parameter ψ).

Nevertheless, in any of the stress-strain figures previously plotted, the experi-
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Figure 5.17: Stress-strain results from simulations for pure T-T biaxial test including force deviations. For
easier comparison, experimental average stress-strain is also plotted. Green and orange rectangles allow
comparison with Fig. 5.16.

mental average apparent stress-strain curve at the biaxially zone is almost linear, as
it was expected beforehand. Actually, the numerical biaxial stress-strain response re-
mains perfectly linear for any achieved loading ratio, as numerical damage initiation
is never achieved at central region before failure.

Regarding the observation of the tested specimens, a crack initiated on the cor-
ner between arms (the stress/strain concentrator) propagates through the diagonal
of the central zone. Specifically, through the diagonal in which the observation per-
pendicular to the crack always show a [0/90] configuration (see Fig. 5.18). Again this
breakage is easily understood by observing the stacking sequences effects associated
with the 0/90 laminate, so that the failure occurs more easily when the fibres of the
outer layers are observed perpendicularly to the fracture surface.

Tensile-tensile ratios different to 1/1

After detailing the response observed in the pure biaxial test, the results observed
for the ±45◦ submitted to other force ratios are described.

Starting with the most similar ratio, the T-T-A45-1.2 test, this allows a descrip-
tion similar to the analysis performed for the force deviations. Although force ratio
is modified, the geometry A is still applied for comparison with the change of ge-
ometries described below. Fig. 5.19 depicts the experimental and numerical results.
The Fig. 5.19a shows the experimental applied force, again depicting some initial
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(a) (b)

Figure 5.18: Failure of a T-T biaxially tested±45◦ symmetrical laminate: (a) 1/1 ratio failure and (a) detail
of fracture surface.

slight unbalances and a deceleration of force rate around the 63 % of maximum load,
which again is related with the onset of the stress-strain plateau in the arms. Note
that y-direction depicts an early drop of the force rate, as it expected due to the ap-
plication of higher load in this direction. Besides, a numerical simulation is carried
out assigning as input of the boundary conditions to maintain Pa

y /Pa
x = 1.2. The re-

sults from this simulation are plotted for comparison with experimental data in Fig.
5.19b. A good agreement of the results is highlighted. In this case, the high apparent
Poisson’s ratio of the ±45◦ symmetrical laminate (νxy = 0.81) lead to compressive
strains in the less loaded direction.

Observing the results of the biaxial simulations, it is verified that the initiation
of the damage occurs firstly in the area of the arms next to the gauge zone, and this
damage advances along the entire specimen’s arm under tensile-uniaxial load. The
laminate under biaxial loads, that is, the one of the central zone in the cruciform-
shape specimen, does not reach in any point of the simulation values of damage
initiation criteria close to 1, reason why it is verified that the laminate subjected to
biaxial tension in two perpendicular directions does not suffer from the large-strain
related to pseudo-ductility.

Following a similar procedure, the results of the tests T-T-B45-1.5 and T-T-C45-0.5
are now analysed. Firstly, a clarification must be noted regarding the experimentally
applied force ratio. While 1.5 and 0.5 force ratios are pursued for these tests, re-
spectively, the machine regulation software only allows the application of certain
discrete force rates, therefore the most similar achievable ratios were studied experi-
mentally (shown in Table 5.1). The outcome of numerical and experimental tests are
gathered in Fig. 5.20. Once again, stress-strain curves in biaxial gauge zone are plot-
ted, showing a very good correlation between numerical and experimental results.
Note that this time strain gauge rosette measurements are utilised, therefore limiting
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Figure 5.19: Biaxial T-T test over geometry A cruciform specimen under Pa
y /Pa

x = 1.2/1 (T-T-A45-1.2): (a)
Force-time plot and (b) experimental and numerical stress-strain curves in gauge zone.

the experimental strain acquisition up to 2 %. In spite of applying load ratios quite
different, the response obtained for both tests is very similar, which lead us to high-
light that the relation between load ratios and corresponding biaxial stress ratios is
not straightforward. In other words, these two configurations with different applied
loading ratios and geometries have resulted in a quite similar central biaxial stress-
strain ratios (see Fig. 5.9b), which can only be estimated before experimental test
from numerical simulations.
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Figure 5.20: Numerical and experimental stress-strain responses for biaxially tensile tested laminates: (a)
T-T-B45-1.5 and (b) T-T-C45-0.5.

Finally, in order to prove the effects of the specimen geometry on the failure
mode, the pictures of tested specimens are shown in Fig. 5.21. Note that both spec-
imens also depict similar failure modes, with a separation of the narrower arm due
to a crack starting at the fillets and propagating at 45◦. Again the biaxial strength
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measured with these tests can only be used for comparative purposes. However, the
most relevant outcomes are related with the previous discussion of the non-linear
response and the geometrical effects.

(a) (b)

Figure 5.21: Failure of a T-T biaxially tested ±45◦ symmetrical laminate: (a) T-T-B45-1.5 and (b) T-T-C45-
0.5.

Other angle-ply sequences under Tensile-Tensile biaxial loading

Continuing with the demonstration of the need to adapt the geometry of the spec-
imen and the force ratio to the tested laminate, as well as to study the behaviour of
stacking sequences which have not been previously analysed under biaxial loading,
it is proposed to test the [±56.3]NS laminate, in which fibres are aligned with the
diagonals of the central zone.

This seemingly arbitrary angle-ply lay-up was chosen for its fibre orientation fol-
lowing the diagonals of the central zone of the geometry B specimen (Fig. 5.1b), in
search of a suitable biaxial failure. Besides, this laminate no longer presents that
equality of properties in the x and y directions. Although it is an orientation that
differs only≈ ±11◦ from the previously detailed±45◦ configuration, this small mis-
match causes a very different behaviour in both directions, both in terms of elastic
and resistant properties, such as reflected in the Table 3.4.

Three types of tests are performed on this laminate and described in Table 5.1.
The first one (namely T-T-56-1) uses the original design ratio for geometry B, with
a ratio close to 1.5/1, corresponding with the arm widths ratio. Subsequently, tests
are carried out by trying to adjust the load ratio to the strength of the laminates in
both directions, i.e. the laminates [±56.3]NS and [±33.6]NS (using uniaxially tensile
strengths listed in Table 3.4):
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St
u(±33.7◦)

St
u(±56.3◦)

= 5.6 (5.14)

Thus, we proceeded to apply a ratio Pa
x /Pa

y = 1/6 and Pa
x /Pa

y = 1/8, respec-
tively in order to evaluate a test following the uniaxial strengths ratio (T-T-56-2) and
a slightly higher one (T-T-56-3), in the opposite direction to the firstly proposed test.
Please remind that deviation from these ratios is due to force control limitation to
certain predefined rates. Examining Fig. 5.9c, we can realise that the asymptotic be-
haviour of the biaxial stress/strain ratios states causes the last two tests to differ very
little. In Figs. 5.22 and 5.23 the numerical and experimental results are summarized
for the biaxial tests performed on the laminate [±56.3]S, respectively collecting the
measurements in the central area and in both arms. Note that the test T-T-56-2 is not
represented due to the similarity with the T-T-56-3.
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Figure 5.22: Experimental and numerical stress-strain plots at tapered region from biaxially tensile
[±56.3]S laminate: (a) T-T-56-1 and (b) T-T-56-3.

Detailing first the response in the central zone, a fairly good correlation is shown
in the case of the lowest ratio (Fig. 5.22a), while higher ratios are generating a re-
sponse for which simulations overestimates the loss of stiffness. Besides, the sim-
ulations capture quite accurately the initial behaviour and the initiation of non-
linearities. However, the evolution when the deformations become larger does not
seem to fit with the experimental data, although it should be remembered that an
elastic estimate of the stresses in the central area is being made for experimental
data, using the Eq. 5.1, hence the dashed lines for non-linear evolution are plotted.

This idea is better understood by analysing the apparent response of the arms
(Fig. 5.23), where experimental uniaxial curves have been included for an easier
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comprehension of this discussion. It is observed how, as when applying the Hashin’s
damage model to the uniaxial tensile tests of the ±56.3◦ and ±33.7◦ laminates, the
non-linear behaviour in these zones are poorly adjusted by numerical simulations,
which may be reflected in the estimation of what is occurring in the biaxially loaded
zone. Besides, it should be mentioned that the tests with higher Pa

x /Pa
y (Fig. 5.22b)

collect a compressive σxx − εxx evolution in the central zone, while no experimental
evidence of the effect of uniaxial compressive loads was studied on these laminates.

(a)

(b)

Figure 5.23: Experimental and numerical stress-strain plots at longitudinal direction of arms from biax-
ially tensile [±56.3]S laminate: (a) T-T-56-1 and (b) T-T-56-3. Left figures represent x-direction arm and
right figures represent y-direction arm.

Fig. 5.23 also allows us to observe the level of stress that both arms of the bi-
axial specimens are reaching with respect to the corresponding uniaxial tests. For
instance, for the T-T-56-1 test, the y-direction, in which the laminate [±33.7]2S is
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observed at the arm, is well below the uniaxial ultimate strength. Therefore, fail-
ure in this biaxial specimen is dominated by the uniaxial behaviour of the laminate
[±56.7]2S.

Finally, the fractographies for the extreme cases, i.e. T-T-56-1 and T-T-56-3, are
shown in Fig. 5.24. These reflect the necessity of considering the geometry and force
ratio which can be applied depending on the laminate. Note that the application of
a stress ratio similar to the strength of both arms, altogether with the geometry of
the gauge zone following the laminate orientation produces better results in terms
of failure. Although these still may not be adequate for stress characterization due
to concentrations, it is noteworthy that the stress-strain response of the material can
be analysed up to large stress/strain when making this considerations.
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Figure 5.24: Photographies of biaxially tensile tested specimens of [±56.3]S laminate: (a) T-T-56-1 and (b)
T-T-56-3.

Similar conclusions can be drawn observing the experimental strain field ob-
tained via DIC. Fig. 5.25 shows how there is a great concentration of strains in the
arm near the corner for the ratio Pa

x /Pa
y = 1.5/1, while the ratio 1/8 (similar to

1/6) exhibits the concentration in the centre of the specimen, obtaining more homo-
geneous maps throughout the biaxial specimen. This allows us to emphasize that
obtaining a certain biaxial state on a laminate entails very inadequate biaxial failure
if the geometry and load ratio are not adjusted correctly.
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Figure 5.25: DIC contour plots for εxx under Pa
x = 3 kN: (a) T-T-56-1 and (b) T-T-56-3.

5.4 Analysis of the buckling initiation on biaxially com-
pressed laminated plates

One of the conclusions drawn from the state of the art on biaxial testing is the
lack of literature dealing with the issue of compressive loading on biaxial tests with
cruciform specimens. Most of the documented research related to biaxial testing
in cruciform specimens focuses on T-T cases (i.e. only tensile loads applied in both
directions) [51, 77, 80, 87, 116, 210], avoiding as far as possible to involve the direct
compression of the arms due to the problems of geometrical instability. Only some
publications on metals and FRP composites [83, 92, 95, 96, 101, 102], present results
related to load cases in quadrants II, III and IV of the biaxial plane, that is to say,
involving at least one compressed direction. The reason for this seems the problem
of obtaining an adequate failure mode, mainly due to the presence of instabilities.
For this reason, a study of the buckling phenomenon is carried out in this section,
which allows reconsidering the design of biaxial tests when there are compressive
loads in at least one of the global directions.

5.4.1 Bending-twisting coupling effect on buckling critical load

Following a similar procedure to what has been done in Section 4.1, a theoretical
framework [166, 211] will be presented in the first place, which will allow to explain
the variation of the critical buckling load based on the flexural-torsional couplings.
In this instance, the analytical formulation is firstly adapted to the case of a rectan-
gular thin-plate simply supported on all four sides and subjected to biaxial loading
(at least one compressive), as outlined in Fig. 5.26.
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LAMINATED PLATES

The deformation obtained due to buckling has a wavy (sinusoidal) 2D shape,
which will vary depending on the dimensions of the plate and the rigidity of the
laminate. Therefore, the perpendicular displacement to the plate is assumed an ex-
pression of the form of Eq. 5.15 [166].

Figure 5.26: Schematization of a buckling mode for a in-plane biaxially loaded plate, representing the
example of m = 3 and n = 1.

w = Amn sin
mπx

a
sin

nπy
b

(5.15)

where m and n are the number of buckling half-wavelengths in x and y directions
respectively, and Amn is an arbitrary amplitude coefficient. The Eq. 5.16 represents the
equilibrium in differential form specifying for an angle-ply symmetrical laminate (of
interest for this work).

D11∂xxxxw + 4D16∂xxxyw + 2D16∂xxxyw + 2(D12 + 2D66)∂xxyyw

+4D26∂xyyyw + D22∂yyyyw = H(σxx∂xxw + σyy∂yyw + τxy∂xyw)
(5.16)

Again, the appearance of D16 and D26 makes impossible to obtain a closed-form
solution to the partial differential equation. However, if we consider the case of
specially orthotropic laminated plates these terms are null and analytical solution
for the differential equation (Eq. 5.17) are achievable. The last equation resembles
the bending equilibrium 4.7, therefore it is likewise interesting to study the effect of
Dratio (defined in Eq. 4.5) on the critical buckling load.
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D11∂xxxxw + 2(D12 + 2D66)∂xxyyw + D22∂yyyyw

= H(σxx∂xxw + σyy∂yyw + τxy∂xyw)
(5.17)

The Eq. 5.17 does have an analytical solution already collected in [166, 211]. This
approach can be performed similarly for a plate loaded in both directions, i.e. sub-
jected to a compressive-compressive biaxial state, of interest for the design of the
tests to be carried out in Section 5.3. The differential equilibrium equation particu-
larised for specially orthotropic laminates (Eq. 5.18) lead to the solution expressed in
Eq. 5.19.

D11∂xxxxw + 2(D12 + 2D66)∂xxyyw + D22∂yyyyw

= H (σxx∂xxw + τxy∂xyw + σyy∂yyw)
(5.18)
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)4 ( a
m

)2
] (5.19)

Consequently the aim of this section is to estimate the critical buckling load for
different angle-ply laminates, which do not have a closed analytical solution (al-
though there are some non-exact approximations).

Recurrently a “virtual testing” methodology is followed combined with the CLPT
to find relations which allow estimating the critical load of laminates. On this occa-
sion, numerical tests have been performed keeping the thickness constant and vary-
ing the number of layers. Moreover, the effect of elastic properties of the ply is inves-
tigated by randomly modifying the lamina properties to obtain a completely differ-
ent laminate matrix. Table 5.4 collects the ply elastic in-plane properties required for
simulations, denominate as “Modified properties”. Thus the effect of the coupling
(depending on the number of plies) on the critical load is analysed, similarly to the
semi-analytical work from other authors [212].

In Fig. 5.27 the results of this study are collected, where the values of Di j have
been estimated using the CLPT in the same way as for the Table 4.2, and the critical
load comes from the solution of the eigenvalue buckling problem using Abaqus/
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Table 5.4: Ply elastic properties for comparison in numerical models (named as “Modified properties”).

E1 (GPa) E2 (GPa) ν12 G12 (GPa)

300.00 8.00 0.22 3.20

Standard. A 100× 100 mm2 plane geometry is modelled consisting on shell elements
S8R [213], simply-supporting and applying a unitary displacement in compressive
direction in the four edges. The studied laminates (in Table 5.5) are defined internally
to the element, defining a Composite Layup.

Figure 5.27: Buckling load regarding bending-twisting coupling ratio.

It is found that for a given geometry it is possible to find an analytical solution
(in this case it has been made in the form of fitting due to the complexity of the
partial differential equation governing this buckling phenomenon) that predicts the
critical buckling stress. Furthermore, it is verified that the obtained ratio can be
extrapolated to other materials with different stiffness. Nevertheless, it is pending
for future works to study the possible extrapolation of this result to any plate size.

Once again the conclusion is analogous with what has already been stated in the
Section 4.1 about the flexural modulus. The SOAPL produces the greatest critical
buckling load in relation to any other stacking sequence with +45◦ and −45◦ plies.
Another possible way to eliminate bending-twisting couplings would be with an
antisymmetric laminate, but this would cause torsional-membrane couplings.

In consequence the SOAPL is an optimal angle-ply arrangement to increase stiff-
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Table 5.5: Numerical results for flexural modulus estimation and bending stiffness values.

Laminate D11 (Nm) D16
(Nm)

Dratio L× w× h
(mm)

E f lex (GPa)

[±45◦]S 3.4924 1.9401 0.08169
300x5x1 17.915

200x10x1 18.946
30x10x1 24.315

[±45◦]4S 3.4924 0.485 0.02042
300x5x1 18.75

200x10x1 20.019
30x10x1 27.289

[±45◦]12S 3.4924 0.162 0.00681
300x5x1 18.783

200x10x1 20.065
30x10x1 27.432

SOAPL 3.4924 0 0
300x5x1 18.787

200x10x1 20.071
30x10x1 27.449

ness against transverse displacements, due to the minimization of flexion-torsion
couplings. This outcome means that one of the advantages of thin-plies laminates,
with smaller bending-twisting couplings due to lower layer thickness, can be achieved
by thick-plies laminates with specially orthotropic sequences.

5.4.2 β -Coefficients approach for thin plates

In the previous section, analytical relations found in literature have been re-
viewed with the aim of estimating buckling critical loads and modes on symmetrical
angle-ply thin plates subjected to simple BCs situations. Other recent studies have
achieved semi-analytical solutions [167, 214–216] for more complex loading cases,
but sometimes also limited to certain boundary conditions, geometries or specific
laminate orientations.

In this section a new methodology (more details are found in the works [217,
218]) for the calculation of critical buckling loads on plates subjected to different
BCs and multiaxial load states is summarised. This pursues obtaining a relatively
simple approximation for buckling in the central region of cruciform specimen under
compressive loading. It starts proposing an analytical-numerical model for isotropic
materials, which is subsequently adapted to the study of ±45◦ symmetric laminates
of interest for this Thesis.
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The solutions of this model allow estimating the elastic stability of the biaxially
loaded zone in the cruciform specimen, when considering an approximately rectan-
gular geometry in the tapered region. This modelling serves as a calculation basis to
guide the design of biaxial testing including compressive loads, which is reflected in
the modification of the biaxial testing procedure [219] and includes the creation of
a new biaxial anti-buckling fixture [217]. Moreover, the estimation capacity of these
models is compared with the numerical analysis of the complete cruciform geome-
try.

The method of the β -coefficients is based on the traditional calculation of critical
buckling load in slender beams with different BCs postulated by Euler, in which
the critical load is computed by means of an effective buckling length. Proposing
this same formulation for plates, the possibility of estimating the buckling load is
achieved by obtaining the displacements of the first buckling modes on plates with
different BCs and geometric ratios.

Table 5.6 collects the results obtained for isotropic plates, modifying the lateral
BCs (simply supported or clamped) and the relations between the width and length
of the plate. This affects the buckling modes obtained (defined by m and n, the half-
waves in the x and y directions respectively, as schematised in Fig. 5.26).

The equation has been simplified by defining the term σr = π2D
Ha2 , where D is

the flexural rigidity of an isotropic plate
(

EH3

12(1−ν2)

)
. A good agreement between

the numerical and analytical results is shown. The values of β seem reasonable.
Taking as reference the value 1 for the simply-supported case, the case of clamped
conditions results in β < 1 in any case. Furthermore, in several cases is close to
0.5, which is the value assigned for fixed-fixed beams in the Euler critical buckling
load. It is recalled that β is a measure of the existing buckling length versus the total
length, so that a clamped plate will have a shorter length fitting the sinusoidal modal
shape than in the case of the supported one.

Turning to the case of orthotropic plates and specifically the ±45◦ symmetrical
angle-ply laminates, analytical solutions for specially orthotropic plates (Eq. 5.19)
allow to easily obtain the critical load and the mode in the case of a simply-supported
rectangular plate under a biaxial load state, as shown in the Fig. 5.28.

Fig. 5.28a illustrates how a pure C-C biaxial state does not produce buckling
modes other than (m, n) = (1, 1), while in the T-C (σxx = −σyy) biaxial state (Fig.
5.28b) it is possible to expect different modes according to the geometric ratio of
the plate. If for a same geometrical ratio there are different buckling loads, the one
reported is the lowest one, i.e. the first buckling mode.

130



CHAPTER 5. ASSESSMENT OF LAMINATES UNDER BIAXIAL LOADING

Table 5.6: Analytical and numerical estimations of the bifurcation stress and the corresponding buckling
mode in isotropic rectangular thin-plates. The analytical methodology of the β -coefficients is utilised
[218].

 

Geometry 

C-C T-C C-T 

𝜎𝑐 = 𝜎𝑟 (
𝑚2

𝛽𝑥
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𝛽𝑦
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𝛽𝑥
2 −

𝑛2

𝛽𝑦
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Simply 

Supported 
Clamped 

Simply 

Supported 
Clamped 

Simply 

Supported 
Clamped 

𝑏 = 𝑎 

𝑚 = 𝑛 = 1 
𝛽𝑥 = 𝛽𝑦 = 1 

 
𝜎𝑐 = 2.0𝜎𝑟 

𝑚 = 𝑛 = 1 
𝛽𝑥 = 𝛽𝑦 = 0.61 

 
𝜎𝑐 = 5.3𝜎𝑟 

𝑚 = 1, 𝑛 = 2 
𝛽𝑥 = 𝛽𝑦 = 1 

 
𝜎𝑐 = 8.3𝜎𝑟 

𝑚 = 1, 𝑛 = 2 
𝛽𝑥 = 0.72, 𝛽𝑦 = 0.80

 
𝜎𝑐 = 15.3𝜎𝑟 

𝑚 = 2, 𝑛 = 1 
𝛽𝑥 = 𝛽𝑦 = 1 

 
𝜎𝑐 = 8.3𝜎𝑟 

𝑚 = 2, 𝑛 = 1 
𝛽𝑥 = 0.80, 𝛽𝑦 = 0.72 

 
𝜎𝑐 = 15.3𝜎𝑟 

𝑏 = 1.5𝑎 

𝑚 = 𝑛 = 1 
𝛽𝑥 = 𝛽𝑦 = 1 

 
𝜎𝑐 = 1.4𝜎𝑟 

𝑚 = 𝑛 = 1 
𝛽𝑥 = 0.61, 𝛽𝑦 = 0.55

 
𝜎𝑐 = 4.1𝜎𝑟 

𝑚 = 1, 𝑛 = 3 
𝛽𝑥 = 𝛽𝑦 = 1 

 
𝜎𝑐 = 8.3𝜎𝑟 

𝑚 = 1, 𝑛 = 3 
𝛽𝑥 = 0.79, 𝛽𝑦 = 0.92

 
𝜎𝑐 = 12.8𝜎𝑟 

𝑚 = 𝑛 = 1 
𝛽𝑥 = 𝛽𝑦 = 1 

𝜎𝑐 = 3.7𝜎𝑟 

𝑚 = 𝑛 = 1 
𝛽𝑥 = 0.50, 𝛽𝑦 = 0.63 

 
𝜎𝑐 = 9.0𝜎𝑟 

𝑏 = 0.5𝑎 

𝑚 = 𝑛 = 1 
𝛽𝑥 = 𝛽𝑦 = 1 

 
𝜎𝑐 = 5.0𝜎𝑟 

𝑚 = 𝑛 = 1 
𝛽𝑥 = 0.61, 𝛽𝑦 = 0.55

 
𝜎𝑐 = 15.7𝜎𝑟 

𝑚 = 𝑛 = 1 
𝛽𝑥 = 𝛽𝑦 = 1 

 
𝜎𝑐 = 8.3𝜎𝑟 

𝑚 = 𝑛 = 1 
𝛽𝑥 = 0.66, 𝛽𝑦 = 0.50 

 
𝜎𝑐 = 24.4𝜎𝑟 

𝑚 = 3, 𝑛 = 1 
𝛽𝑥 = 𝛽𝑦 = 1 

 
𝜎𝑐 = 33.8𝜎𝑟 

𝑚 = 3, 𝑛 = 1 
𝛽𝑥 = 0.72, 𝛽𝑦 = 0.81 

 
𝜎𝑐 = 49.4𝜎𝑟 

 *The contour plots represent the normalized displacement perpendicular to the plane (red=1, green=0,
blue=-1)

However, when it comes to clamped plates and tensile-compressive stress states,
previous analytical solutions for the governing differential equation are not avail-
able. Nevertheless, results collected in Table 5.7 have been obtained with the pro-
posed analytical-numerical method of β -coefficients. In this case, the [±45]S stack-
ing sequence has been modelled with orthotropic ply properties (Table 3.5). Only the
square plate case has been represented because, as it will be discussed in the Section
5.3, it is only recommended to use this stacking sequence for the case of 1:1 stress
ratio with the square tapered central region. Besides, the results of the C-T case have
been omitted due to symmetry with the T-C in square plates. Again it shows how
the case of the supported plates has values close to 1, but in this case slightly lower
due to the presence of couplings.

In addition, the buckling modes observed in laminated plates with couplings
have a distortion of the modal shape. In the case of C-C, instead of iso-displacement
lines describing a circular shape, they represent something similar to an ellipse with
the mayor axis parallel to the fibres at the outermost layer. A similar skewing of the
deformed shapes is observed for T-C cases, with a deviation of the modes towards
the fibre direction.
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a

b

(a)

a

b

(b)

Figure 5.28: Buckling critical stress for a rectangular specially orthotropic plate under biaxial pure stress
(|σxx| = |σyy|): (a) C-C and (b) T-C.

Table 5.7: Estimations of the bifurcation stress and the corresponding buckling mode in square thin-plates
of a [+45− 45]S laminate. The analytical methodology of the β -coefficients is utilised [218].

Laminate 
C-C T-C 

Simply Supported Clamped Simply Supported Clamped 

[+45 -45]S 

𝑚 = 𝑛 = 1 
𝛽𝑥 = 𝛽𝑦 = 0.89 

 
𝜎𝑐 = 2.5𝜎𝑟 

𝑚 = 𝑛 = 1 
𝛽𝑥 = 𝛽𝑦 = 0.605 

 
𝜎𝑐 = 5.5𝜎𝑟 

𝑚 = 1, 𝑛 = 2 
𝛽𝑥 = 0.93, 𝛽𝑦 = 0.96 

 
𝜎𝑐 = 9.4𝜎𝑟 

𝑚 = 1, 𝑛 = 2 
𝛽𝑥 = 0.75, 𝛽𝑦 = 0.72 

 
𝜎𝑐 = 15.2𝜎𝑟 

 

This fact is explained due to the difference in flexural stiffnesses at +45◦ and
−45◦ (previously illustrated at Fig. 2.8) and the appearance of shear due to bending-
twisting coupling. As the coupling is reduced, for example by increasing the number
of layers (maintaining the thickness of the laminate so as not to affect the plate flex-
ural rigidity), the deformation tends to mimic the buckling mode for the isotropic
material. To compare this effect, the displacement maps of different laminates are
shown in Fig. 5.29. Two extreme cases of laminates are depicted: the [±45]S and
the SOAPL which have the lowest and greatest similarity to the isotropic material,
respectively. Once more this is related to what is explained in the 5.4.1 section about
the effects of couplings.
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(a) (b) (c) (d)

Figure 5.29: Buckling modes for different laminates with same geometry and BCs: (a) [±45]2S, (b) [±45]4S,
(c) [±45]12S and (d) [−45/ + 452/− 45/ + 45/− 452/ + 45]S.

5.4.3 Buckling analysis of biaxially compressed cruciform speci-
mens

The previous section developed the analytical methodology to assess the buck-
ling initiation in rectangular plates under different loading and BCs. This results
are utilised as a working basis to develop the buckling analysis of the full cruciform
specimen, considering both the isotropic and orthotropic material behaviour.

The aim is to estimate the load and displacement applied to a cruciform speci-
men that causes the initiation of buckling instability. Angle-ply laminates composed
±45◦ laminae with 0.25 mm ply thickness are modelled with the material properties
defined in Table 3.5, meshing with S8R shell elements and using the cruciform spec-
imen geometries from previous works [77, 80, 208]. In the case of the arms subjected
to compressive loading, their length is shortened to the point where the change of
the arm section begins due to the fillet of the corners.

Additionally, the influence of the thickness reduction in the central area of the
specimen is studied analysing different [±45]NS laminates. The thickness of the lam-
inate ta is determined by the number of layers (ta = n · 0.25 (mm)), while the central
zone is achieved by removing ply until obtaining the [±45]S laminate, with thickness
tc = 1 mm.

Even though the experimental testing is performed with force control, the ap-
plied displacement is chosen as input in the numerical model. This is because of the
need to introduce in-plane BCs to avoid zero pivot when forces are applied in the
simulation. However, it could have been reproduced with loads whenever the buck-
ling modal shape can be estimated and provided that it meets certain conditions of
symmetry or antisymmetry, in any case limiting the obtained results. In this way,
the results will be shown in terms on the critical load or the the critical displacement
depending on the numerical model input.
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Regarding the rest of the BCs, in a first model it is assumed that the compressed
arms are simply supported at the ends, while the tensioned ones are clamped, repro-
ducing the condition of the gripping system. A second model seeks to analyse the
response of a possible anti-buckling fixture that prevents the perpendicular displace-
ment of the outer faces of the specimen. Therefore, the out-of-plane displacement (δz)
is only allowed in the tapered region (with dimensions of 22× 22 mm), as contact or
visual access to this region is required for strain data acquisition in the experimen-
tal test. Figure 5.30 depicts the aforementioned BCs, while the Table 5.8 collects the
results obtained for the simulations modifying the ratio tr = ta/tc (always ≥ 1).
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Figure 5.30: 3D schematic representation of the geometry, BCs and applied forces for the linear 2D buck-
ling simulations on cruciform specimen: (a) C-C and (b) T-C. Dashed lines represent the uz constrained
faces supposed for the anti-buckling jig.

The results shown in the Table 5.8 clearly demonstrate the effect of the use of an
anti-buckling jig and the dependence on thicknesses ratio. If we analyse the cases
without the fixture, it is clearly verified how the increase in the thicknesses ratio tr
results in the reduction of the half-wave lengths of the buckling modes. In other
words, it produces a notable growth in the critical buckling load. This is easily ac-
ceptable to the relative change in flexural rigidity of the arms with respect to the
central area associated with the increase in thickness.

If the influence of the fixture is analysed, the approximation of preventing per-
pendicular displacement to the plane (reminiscent of the basis of the anti-buckling
fixtures proposed in standards [188] and research works [220]) has a stabilizing ef-
fect in all the cases analysed in this study. The buckling modes clarify how the jig
confines the instability of the specimen to the central zone, preventing a global buck-
ling of the specimen, in which the slenderness of the arms can lead to a premature
instability.

Note the ratio tr = 8 produces a result in which apparently the thickness-reduced
laminate is found with BCs similar to a plate with the contour clamped. If a cost-
effective solution is sought, in other words, reducing the number of layers required
as much as possible, the use of a ratio tr = 4 combined with the anti-buckling jig
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Table 5.8: Numerical results of the bifurcation values, the corresponding buckling modes and the com-
pressive stress in the central region in ±45◦ angle-ply laminates just before the instability [218].

 

Fixture 
C-C T-C 

𝒕𝒓 =  𝟏 𝒕𝒓  =  𝟐 𝒕𝒓  =  𝟒 𝒕𝒓  =  𝟖 𝒕𝒓  =  𝟏 𝒕𝒓  =  𝟐 𝒕𝒓  =  𝟒 𝒕𝒓  =  𝟖 

No 

𝑃𝑎 = 0.50 𝑘𝑁 

 
𝜎𝑐 = 0.01 𝐺𝑃𝑎 

𝑃𝑎 = 2.26 𝑘𝑁 

 
𝜎𝑐 = 0.04 𝐺𝑃𝑎 

𝑃𝑎 = 11.54 𝑘𝑁 

 
𝜎𝑐 = 0.17 𝐺𝑃𝑎 

𝑃𝑎 = 27.09 𝑘𝑁 

 
𝜎𝑐 = 0.31 𝐺𝑃𝑎 

𝛿𝑎 = 0.12 𝑚𝑚 

 
𝜎𝑐 = 0.07 𝐺𝑃𝑎 

𝛿𝑎 = 0.50 𝑚𝑚 

 
𝜎𝑐 = 0.37 𝐺𝑃𝑎 

𝛿𝑎 = 0.85 𝑚𝑚 

 
𝜎𝑐 = 0.76 𝐺𝑃𝑎 

𝛿𝑎 = 0.85 𝑚𝑚 

 
𝜎𝑐 = 0.86 𝐺𝑃𝑎 

Yes 

𝑃𝑎 = 7.85 𝑘𝑁 

 
𝜎𝑐 = 0.15 𝐺𝑃𝑎 

𝑃𝑎 = 13.37 𝑘𝑁 

 
𝜎𝑐 = 0.24 𝐺𝑃𝑎 

𝑃𝑎 = 19.37 𝑘𝑁 

 
𝜎𝑐 = 0.29 𝐺𝑃𝑎 

𝐹𝑎 = 27.53 𝑘𝑁 

 
𝜎𝑐 = 0.31 𝐺𝑃𝑎 

𝛿𝑎 = 0.92 𝑚𝑚 

 
𝜎𝑐 = 0.50 𝐺𝑃𝑎 

𝛿𝑎 = 0.93 𝑚𝑚 

 
𝜎𝑐 = 0.69 𝐺𝑃𝑎 

𝛿𝑎 = 0.90 𝑚𝑚 

 
𝜎𝑐 = 0.81 𝐺𝑃𝑎 

𝛿𝑎 = 0.86 𝑚𝑚 

 
𝜎𝑐 = 0.87 𝐺𝑃𝑎 

 

lead to a response very close to case of tr = 8, whose solution with and without
fixture is practically the same. In [218], this comparison is studied in detail with
the analytical results for the square plate, which allows a direct estimation of the
specimen response using the β -coefficients model applied to a square plate of similar
geometry to that of the tapered zone.

To conclude, when conducting the experimental testing the preferred configura-
tion is the tr = 4 combined with the use of an anti-buckling fixture that constraints
the displacement perpendicular to the plane outside the biaxial gauge zone.

Finally, the closing result achieved with this analytical modelling is the represen-
tation of the elastic stability at the biaxially loaded zone in the cruciform specimen.
This result is plotted in the σxx − σyy normal stresses plane, and more specifically, in
the three quadrants in which compressive stresses appear (Fig. 5.31). This approxi-
mation will serve to corroborate if in the proposed biaxial test the failure is reached
before the strain bifurcation appear in the cruciform specimen. Besides, note that
the critical buckling stress obtained may not represent the specimen failure, since
the plate will continue to maintain a certain load-carrying capacity, known as post-
buckling behaviour [166, 221]. Therefore, it is necessary to be clear about where
post-buckling behaviour begins, in order to differentiate this stiffness loss mecha-
nism from another due to the damage of the composite.

Consequently, the onset of the bifurcation is identified in experimental compres-
sive tests via the use of strain measurement on both sides of the specimen, and/or
the recording of out-of-plane displacement using the 3D DIC system. This procedure
is used by other authors [222], proving how the buckling on a compressed plate gen-
erates an out-of-plane displacement, that can be also evidenced in a more precise
way by the bifurcation of the strain measurement on both sides of the specimen.
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Additionally, the analytical approach on the bifurcation onset depicted in Fig.
5.31 is the one obtained assuming the simply-supported isotropic material, modelled
by the Eq. 5.20 [223]. This is performed in order to estimate a conservative buckling
load, as the isotropic simply-supported approach produces the lowest values of crit-
ical loads in comparison with the orthotropic analysis. A linear relation between
σxx and σyy is expressed in Eq. 5.20, depending on the buckling modes defined by m
and n. In Fig. 5.31, the first buckling modes for the case of C-C, T-C and C-T biaxial
loadings have been represented. Those correspond to (m, n) = (1, 1), (1, 2), (2, 1),
respectively.

σxx

(m
a
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Figure 5.31: Region of elastic stability for a [±45]S laminate, comprising at the upper part of the bifurcation
curve, compared with the Tsai-Wu failure criterion in the biaxial plane [218].

Besides, Tsai-Wu failure criterion is computed for the laminate ±45◦ considering
two different possibilities. First, the initiation of the non-linearities is estimated by
means of the pseudo-ductility onset observed in uniaxial tests (this resembles a FPF
criterion). Secondly, the criterion is applied to collect the final failure of the laminate.
The averaged values applied for the calculation of the failure curve are summarized
in Table 5.9

Table 5.9: [±45]S averaged strengths obtained via uniaxial tensile and compressive characterization and
biaxial T-T testing.

St
Y (MPa) Sc

Y (MPa) St
U (MPa) Sc

U (MPa) ST−T
U (MPa)

124.23 130.73 182.37 164.78 174.10

where subscripts Y and U are used to denote yielding and ultimate strengths re-
spectively. Note that the criterion is applied on the apparent response of the ±45◦
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symmetrical laminate, which is allowed due to the invariance under rotation or re-
definition of coordinates [166]. Besides, note that the previous table doe not include
a value of biaxial yielding, as it has been proven in previous section that biaxial
tensile-tensile load does not lead to non-linearities. Nevertheless, in order to com-
pute the criterion for the onset of non-linearity, the value of ST−T

Y = 107.7 MPa is
used. In other words, the dashed line in Fig. 5.31 for pure T-T and C-C represents
only a theoretical estimation to close the envelope, not representative of an actual
non-linearity onset.

Examining the Fig. 5.31, it can be concluded that, although the most conservative
analytical approach for buckling has been considered, there are few biaxial ratios
in which buckling is expected before non-linearities or failure criteria are reached.
These ratios are limited to the compression-compression quadrant, most specifically
to the ratios 0.53/1 to 1/1 during the linear elastic region, and expecting buckling
before failure for the range between 0.13 and 0.53. Therefore, an special attention
will be given to these biaxial C-C ratios when performing experimental testing.

5.5 ±45◦ laminate under Compressive-Compressive bi-
axial loading

This section aims to advise about the methodology and conditioning of the spec-
imens to perform biaxial tests with cruciform specimens subjected to compressive
loads, presenting a new anti-buckling biaxial fixture proposed for patent [224, 225],
which postpones the instability in the specimen arms. The accessory prevents buck-
ling by restricting off-plane displacements and it is applicable in both T-C and C-C
loading scenarios. As far as the authors have been able to know, at least two other
jigs with different characteristics can be found in bibliography [96, 101], but they are
proposed for specific installation and configuration of the specimen.

The main requirement of the proposed fixture (shown in Fig. 5.32) was to pre-
vent the arms of the cruciform specimen from destabilizing due to their buckling.
Furthermore, a correct alignment must be achieved between the direction of the ap-
plied load and the axes of the arms to avoid the appearance of early or unexpected
instabilities and to guarantee a pure biaxial load in the central region of the cruci-
form specimen. This is achieved by using an L-shaped base, which is fixed to the
testing machine and assembled with the anti-buckling jig containing the cruciform
specimen. Besides, the novel fixture has the advantage of being adjustable to most
testing machines and geometries of cruciform specimens.
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(a)

Producto SOLIDWORKS Educational. Solo para uso en la enseñanza.

(b)

Figure 5.32: C-C biaxial testing: (a) Experimental facility including the fixture and (b) detail of the contact
surface.

Fig. 5.32a shows the realization of a C-C biaxial test, in which the specimen fol-
lows the shape of geometry A (Fig. 5.1a), but reducing the arms length. It is verified
that the window included in the anti-buckling fixture permits visualization of the
strain state of the gauge zone using the DIC system, while the opposite face is in-
strumented with foil strain gauges. However, the presence of the anti-buckling tool
and the tabs at the arms impedes the measurement of deformations in these regions.
Note that the face of the fixture plates in contact with the specimen contains blunt-
ended ribs to reduce the friction between the specimen and the fixture (Fig. 5.32b).

A response comparable to the T-T test can be presumed since the uniaxially
loaded arms are expected to suffer large deformations due to the non-linear strain in-
duced by shear, while the centre should exhibit an apparent linear behaviour. In Fig.
5.33 the response in the central zone is shown, comparing the experimental outcomes
and the simulation applying the Hashin’s model. On the one hand, continuing the
contrast with the T-T test, this one also shows the local effect at the gauges due to
reorientation (as in Fig. 5.15). The strains recorded in the x and y directions differ,
but nevertheless they present an average value which allows to compute an average
stress-strain slope similar to the theoretical biaxial elastic apparent modulus under
biaxial compression (72.98 GPa).

On the other hand, in this case an experimental non-linearity is appearing in the
gauge zone, which is due to the onset of buckling in the central zone. This conclusion
is based on the fact that the strains measured on both sides of the specimen through
the different acquisition systems show a bifurcation point around 120 MPa. From
this point, it is observed that the strain at the top face (green curve) moves to tensile
values, while the bottom face (black line) depicts a shortening at a higher rate.
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Figure 5.33: Stress-strain response in biaxially loaded zone of the C-C test, including numerical and exper-
imental curves. DIC and strain gauge measurements in the central zone in both specimens are included.

Furthermore, the utilization of a 3D DIC system allows the measurement of the
displacement perpendicular to the laminate mid-plane, while the software applied
for postproccesing recreate the resultant 3D surface. Then, Fig. 5.34 depicts the z-
displacement close to the failure of the specimen. Note that the displacement field
agrees perfectly with the C-C buckling modal shape for the cruciform specimen ap-
plying the fixture (Table 5.8).

(a) (b)

Figure 5.34: Out-of-plane displacement maps at the biaxially loaded zone obtained via DIC during C-C
biaxial test of [±45]S with anti-buckling jig: (a) 3D surface and (b) 2D representation.

Finally, Fig. 5.35 is included to illustrate the biaxial compressive failure mode
obtained. Crack is obtained on the biaxially loaded zone, and the curvature of the
top surface, as well as the crack patterns observed in Fig. 5.35b reveal that the failure
is clearly induced by buckling, as typical kinking surface patterns are observed.
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(a) (b)

Figure 5.35: C-C biaxially tested±45◦ symmetrical laminate, showing the buckling of the biaxially loaded
zone.

5.6 Tensile-Compressive biaxial testing of ±45◦ lami-
nate

In Section 5.2.1 it was commented how this test allows to obtain a state of pure in-
plane shear. Another important advantage of this test is that, unlike the other biaxial
cases studied, a significant reduction in stress concentration at corners is expected,
which led us to assume that this test could be defined as a strength characteriza-
tion methodology. To corroborate this hypothesis, the strain contour maps obtained
by simulation in the elastic region of the material are compared with a similar load
situation in the experimental test in Fig. 5.36. It should be noted that the test speci-
men used is based on the geometry A applied for T-T testing but the arms have been
shortened in the compressed direction to reduce the possibility of buckling. Besides,
Table 5.5 denoted that with a thickness-reduction of 4 (that is, with a cruciform spec-
imen obtained by the central reduction of a laminate [±45]4S up to [±45]S in central
region) the buckling bifurcation was anticipated highly above the laminate failure
load (see Table 5.8). In addition, the arms of the specimen subjected to T-C are not
expected to reach a sufficient level of stress to show non-linear behaviour.

 

  

Figure 5.36: Comparison of εxx contours in the linear behaviour for the T-C biaxial test on ±45◦ laminate:
numerical (left) and DIC (right)
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The performance of this test without fixture favours the appearance of misalign-
ment, so the effect of the anti-buckling jig as a tool to improve the stability of the
specimen is tested. Note this reasoning is made for a thickness ratio tr = 4, while
smaller ratios are more needed of the anti-buckling accessory. Then, it was experi-
mentally observed how the shear behaviour obtained by the T-C test leads to higher
values of in-plane shear strength when using the anti-buckling fixture (Fig. 5.37).
Therefore, even in the case of T-C where buckling is not expected to be the origin
of non-linearities as in the case of C-C testing, the anti-buckling fixture is still effec-
tive in improving the results obtained in biaxial test in the presence of at least one
compressive loading direction.

In addition, in-plane shear strength values are also higher than with the ±45◦

uniaxial tensile test (see Section 3.1.2), in which maximum shear stress in principal
direction is combined with an equal value of normal stresses. On the other hand,
the shear modulus obtained by both tests is similar, since this property should not
be affected by a combined stress state, which allows validating the T-C test as an
stiffness and strength characterization methodology.
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Figure 5.37: Shear response observed by means of T-C biaxial test with and without utilising the anti-
buckling fixture. Both tests are performed for a [±45]4S laminate, reduced to [±45]S in the gauge section.

This outcome is also corroborated observing the deformation of the tested speci-
men, shown in Fig. 5.38. Note that the test without anti-buckling fixture resulted in
a misalignment due to geometrical instabilities under compressive load. Analysing
the failure modes, both methodologies reveal a high permanent shear strain on the

141



5.6. TENSILE-COMPRESSIVE BIAXIAL TESTING OF ±45◦ LAMINATE

diagonal of the biaxially loaded zone, reflecting the capacity of high energy absorp-
tion related to the shear mode.

(a) (b)

Figure 5.38: Failure of biaxially T-C tested ±45◦ symmetrical laminate: (a) due to misalignment of the
cruciform specimen without the anti-buckling fixture and (b) adequate failure mode.

With regard to the Hashin’s damage model, it is able to reproduce qualitatively
the initiation of non-linear behaviour in the biaxially loaded area, describing the
strain concentration in the neighbourhood of the diagonal (Fig. 5.39), while the es-
timated behaviour for the arms of the specimen subjected to uniaxial stress do not
reach the values of damage initiation before the failure of the central zone. However,
the numerical values obtained do not correctly reflect the high non-linear behaviour
of the material experimentally observed. This may be explained because of the lim-
itation of this model not allowing simultaneous consideration of the difference in
tensile and compressive response existing in FRP composites.

 

Figure 5.39: εxx strain contour plots obtained from simulation with Hashin’s PDM and via DIC for T-C
biaxial test after onset of non-linearities.

As a final step in the validation of this test, it is pending for future work to com-
pare the results obtained with the standard characterization of in-plane shear by
means of the Iosipescu, V-notched rail or similar standardized test.
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5.7 Evaluation of internal damage via phased-array ul-
trasonic inspection

In this section the results for the inspection of biaxially tested specimens by means
of the phased-array technique are depicted, in order to contrast the damage patterns
observed in numerical simulations. For this purpose, the pure T-T, T-C and C-C biax-
ial ratios have been C-scanned for the ±45◦ laminates, looking for damage accumu-
lation in the arms. Note that the tapered region is not observable due to geometrical
restrictions which impede the adequate contact of the transducer with the specimen
surface (due to the transducer is wider than the tapered region). Furthermore, the
interest of the ultrasonic inspection is to find internal damage which are not optically
visible.

A composition of the ultrasonic inspection and the numerical damage contours
obtained with the Hashin’s FEM analysis for the 1/1 biaxially tensile tested±45◦ are
depicted together for easier comparison in Fig. 5.40.
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Figure 5.40: Phased-array inspection of the ±45◦ T-T cruciform specimen after 1/1 biaxial test (above),
and numerical contour for matrix tensile damage variable dmt at a point close to maximum load (below).
The inspected region (ROI) is schematized at the right side.

The thickness C-scan reveals the position and size of the damages thanks to the
vertical and horizontal rules included in the image, while the colour refers to the
depth with respect to the laminate surface (please take into account the colorbar at
the right side to estimate the depth, which varies from zero to the 2mm thickness of
the specimen’s arm). Then, the dark blue color represents the undamaged material,
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while the cyan and green marks reveals some internal debonding around the 1 mm
depth, i.e. the [±45]2S laminate mid-plane. More precisely, light green seems to refer
to the interface [+45− 45 + 45// − 45]S, while cyan marks could be related to the
[+45− 45+ 45− 45− 45//+ 45− 45+ 45]T , therefore the most internal plies are de-
laminating but not in the mid-plane, as it was expected due to the same orientation
of the plies adjacent to the laminate mid-surface. A qualitative comparison of the
numerical contour (bottom left image) with the C-Scan allow to see damage patterns
similar in size and shape. In this case, amplitude C-Scan (top) allows better visual-
ization, while some dashed lines are included to facilitate the observation of damage
paths. Please obviate the rightmost area (starting at around 62 mm on the horizontal
scale), which represents the central thickness reduction. Also note that horizontal
and vertical dimensions in the C-Scan are not equally scaled, and therefore angles
are not corresponding with actual ones.

The inspection of the tensile loaded arm in the T-C biaxial cruciform specimen
reveals no damage (Fig. 5.41), as it is expected due to the concentration of strains
and non-linearities in the biaxially loaded region.
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Figure 5.41: Phased-array inspection of the ±45◦ T-C cruciform specimen after biaxial test. The inspected
region (ROI) is schematized at the right side.

A similar composition is now depicted for the C-C biaxial test of the±45◦ lay-up,
(after end-tabs removal). In this case, similarly to the T-T case, high accumulation of
damage in the arms is expected from the previously analysed numerical and exper-
imental results. Good agreement in the shape of the damage and position in depth
(in this case around 2 mm, which represents the midplane of the 4 mm thick [±45]4S

laminate at the arms), obtaining in both cases a X-shaped damaged region. There-
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fore, the capabilities of phased-array inspection to locate damage are demonstrated
and the predicted numerical evolutions for the Hashin’s PDM are corroborated with
experimental evidences.
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Figure 5.42: Phased-array inspection of the ±45◦ C-C cruciform specimen after biaxial test (above), and
numerical contour for matrix compressive damage variable dmc at a point close to maximum load (below).
The inspected region (ROI) is schematized at the right side.
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Chapter 6

Conclusions and future works

“If we knew what it was we were doing,
it would not be called research, would it?”

Albert Einstein

6.1 Conclusions

6.1.1 Uniaxial characterization and damage numerical modelling
of laminates

The correct characterization of the properties of the ply in principal direction
have been proven to intensively affect the numerical, analytical and experimental
results of the rest of multiaxial loading scenarios analysed throughout this Thesis.
While uniaxial tensile tests are common and easily achievable, compressive tests
posed certain difficulties, mainly related to the buckling phenomenon. However,
a bigger effort on the compressive testing campaign on preventing buckling and
crushing of specimen resulted in an adequate characterization of the lamina proper-
ties under compression.

A more interesting discussion is aroused by the tensile and compressive uniaxial
tests of angle-ply laminates, mainly those composed of ±45◦, in which the different
degrees of non-linear effects associated with the so-called pseudo-ductility are mea-
sured and reported in detail. In this way, the damage and failure phenomena are
understood in depth for different fibre orientations. Consequently, it is possible to
discuss the application of different non-linear material models, which are correctly
implemented in numerical simulations using software FEM. In addition, the pro-
posed models base their applicability on that the necessary material parameters can
be adjusted by means of the previously described uniaxial tests. Two PDM models
based on mesomechanical stiffness reduction of the ply in principal directions are
proposed. Both models have a phenomenological basis on the mechanical response
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of UD FRP lamina.

On the one hand, it has been proven that the Hashin-Rotem strength-based fail-
ure criteria with four damage modes, implemented in the software Abaqus, allows
to describe a wide range of tests with different phenomenology of damage initia-
tion. In addition, the damage energy release rates of this model have been adapted
to the shear-dominated large strain behaviour in angle-ply laminates, so that it is
possible to estimate the quasi-static evolution of the non-linear response of differ-
ent laminates. This damage modelling is fulfilled under the assumption of damage
suppression through high shear strain energy absorption. However, this approach
ignores the plasticity of the matrix, but offering a cost-effective approach based on
the damaged energy release rates. Furthermore, it has even analysed the effect of
different numerical modeling techniques, as well as the possibility of implementing
the reorientation of the fibres in the numerical model.

On the other hand, Ladevèze’s damage mesomodel allows to describe more care-
fully the phenomenology of shear-dominated behavior of the laminates studied.
That is to say, the Ladevèze’s model contemplates an evolution based on thermo-
dynamic forces, simultaneously combined with a plasticity model that allows the
high permanent deformation of the material to be collected. Through Load-Unload-
Reload LUR tests, this model has been adjusted to accurately reproduce the stages of
diffuse damage and start of permanent deformation for the studied laminates. How-
ever, a correct adjustment of this model to situations involving large deformations
and high degradation of stiffness has not been achieved, proposing the possibility of
making changes on the damage and yielding evolution law with the aim of collecting
the full response of the material.

6.1.2 Bending and pseudo-ductility in angle-ply laminates

With regard to flexural loading, the possibility of obtaining an analytical model
that collects the effects of bending-twisting coupling on angle-ply laminates has been
demonstrated. In this way, the apparent flexural modulus reduction can be esti-
mated through the closed analytical solution for specially orthotropic laminates, cor-
recting this reference value with the coupling terms obtained by applying the CLPT.
Through this model it is therefore possible to analyse the effects of ply-blocking on
the flexural response of the ±45 symmetrical laminate. It is also worth mentioning
the discussion about the sometimes incorrect approach to the analysis of laminated
structures as if they were beams when a laminated plate model is required.

Additionally, the pseudo-ductile behavior of two laminates with an aggregation
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of ±45◦ plies is studied applying analytical models that consider the effect of the
different tensile and compressive behavior of the FRP composites. By means of this
novel methodology, in combination with the acquisition of full strain maps using
DIC, it is possible to simultaneously detail the response under tension and compres-
sion generated by the bending moment in a three-point flexural test. Microscopic
observations in combination with failure criteria allow clarification of the initiation
and progression of the damage, as well as giving an explanation to the phenomenon
of reorientation of the fibres. In addition, the analysis by means of the CLPT of these
tests gives rise to the possibility of optimizing the stacking sequence with different
arrangements of ±45◦ plies, so that the pseudo-ductile effects are maximized while
reducing bending-twisting and curvature-membrane coupling terms.

6.1.3 Buckling in laminated plates and cruciform specimens

The lack of experimental data dealing with biaxial trials comprising compressive
loads makes it necessary to first consider a careful analysis of elastic stability. In this
regard, this Thesis has presented an analytical-numerical study of buckling on rect-
angular plates, which provides a simple approach to estimate the bifurcation point
in both the case of isotropic and orthotopic materials. This solution makes possible
to particularize for the laminate [±45]NS, due to its interest with respect to biaxial
tests using cruciform specimens. A new methodology (β -coefficients technique) is
described based on the approximation of the effective length for the calculation of the
critical buckling load based on the boundary conditions of the plate. This methodol-
ogy provides a solution to rectangular plates subjected to any tension/compression
state in the two directions of the plane.

Similarly to the methodology described for the flexural response, the effect of
bending-twisting couplings on the critical buckling load in laminates with layers at
±45◦ is reported, proposing relations to estimate this effect taking as reference the
specially orthotropic laminates. These are numerically validated by linear buckling
analysis.

The result of this study finally aims to ensure that buckling does not occur glob-
ally in the cruciform specimen. The eigenvalue simulations performed on different
load cases and stacking sequences in cruciform specimens allow the development of
a fixture which prevents displacement outside the biaxial gauge zone. It is proved
that the idea of an anti-buckling jig allows to use specimens of reduced thickness
with results equivalent in terms of bifurcation load to thick laminates.
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6.1.4 Biaxial testing on cruciform specimens in FRP laminates

The main objective of this line of research was the development of an advanced
methodology of biaxial testing which should include a correct approach of the stress-
strain state of both the ply and the laminate, which inter alia involves the correct
adaptation of the specimen geometry and the application of non-linear numerical
models. Regarding the geometrical effects, in addition to the previously reported
stress concentrations under T-T and C-C, it is necessary to ensure an adequate stress
state throughout the specimen, which goes through an adaptation of the size of arms
and a thickness reduction of the central section. When compressive loads are ap-
plied, it is necessary to deepen the appearance of geometric instabilities (buckling),
at the level of the biaxial gauge zone and the complete stability of the specimen,
demonstrating that the application of the anti-buckling fixture allows postponement
of buckling and control its localized appearance. This fixture also helps in the correct
alignment of the specimen within the loading application system.

The complexity of the damage and failure in FRP laminates with different ori-
entations, particularly cross-ply and angle-ply, generates results with the presence
of non-linear effects, associated both with diverse intralaminar damage mechanisms
and with the location of permanent deformations or to the presence of interlaminar
debondings. The application of the DIC technique together with the use of PDM-
based numerical models has proven to be able to locate, explain and give a reasoned
answer to all this complex phenomenology.

With respect to 0/90 symmetrical cross-ply laminate, it has been observed how
the thickness reduction by means of a milled tapered region promotes the appear-
ance of a debonding in the stepped transition from central zone to the arms’ lam-
inate, due to the great difference in behaviour between the in-plane principal di-
rections 1 of the lamina. Hashin’s numerical model should no fit this phenomenon
due to the absence of cohesive elements between layers, although the gradual evo-
lution of damage configured for the matrix produces a seemingly apparent result. It
is demonstrated that the experimental observation of a non-linear evolution of ap-
plied force-strain in the centre is not due to the biaxial state but to this concentration
of deformations in the vicinity of the debonding, while the behaviour of the actual
biaxial 0/90 laminate under biaxial loading it is predominantly linear. The discus-
sion concerning failure strengths pointed to avoid using this tests are biaxial strength
characterisation, as failure is promoted by stress concentrations at filleted corners.

Particularizing the case of the T-T and C-C tests on [±45]NS laminates, it is veri-
fied how the methodology developed has allowed us to isolate the effect of the large
shear strain in the mainly uniaxially loaded arms from the linear elastic behaviour
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of the area subjected to the pure biaxial state. The dataset of tests provided a new
approach to the field of pseudo-ductility in angle-ply laminates, since to date no
studies of in-plane multiaxial loads on laminates with this behavior were known by
the author. In addition, a variety of loading ratios and fibre orientations in angle-
ply laminates make possible to extend the vision on the pseudo-ductile effects under
multiple biaxial loading states. This has been validated by accurately numerically
modelling the stress-strain response of the reported laminates.

It is worth highlighting the succeed of uncommon tests in the literature, including
biaxial compressive loads with outcomes detailed in a rigorous manner. Although
the buckling phenomenon is still present, it is confined to the biaxially loaded area,
and controlled by comparing the instrumentation of displacements and strains in
contrast to the analytical-numerical models developed expressly for the analysis of
any T-C and C-C biaxial state on ±45◦ laminates. In addition, the investigation of
the T-C tests on laminates [±45◦]NS is very remarkable due to the appearance of a
pure shear state in the material principal directions. That is, the results of this test
allow us to characterize the intralaminar shear behaviour avoiding the problem of
other standardized shear tests in which undesired stress/strain components appear.

Finally, the optical and phased-array ultrasound inspection allows corroborat-
ing the analysis of the damage and failure performed in all cases of biaxial loading.
The good agreeement among the numerical damage patterns and the phased-array
inspection is specially noteworthy.

6.2 Future research lines

The study of the mechanical multiaxial response and damage in fibre reinforced
composites opens a vast field of research from the analytical, numerical and experi-
mental methodologies. The realization of different tests on stacking sequences with
different responses has allowed the author to deep into the knowledge of the struc-
tural complexity of continuous fibre laminates, establishing a basis for multiaxial
characterization and basic numerical and analytical models for the knowledge of the
response non-linear material, on which it is necessary to continue working in the
future.

This section summarizes the research lines that are planned as a continuation of
the work developed in this doctoral Thesis:

• Improvement of the numerical models applied in this Thesis. Specifically, the
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possibility of including the effect of permanent deformations in the Hashin’s
damage model, as well as another plastic and/or damage law in the Lade-
vèze’s model has been already discussed. In this way, it would be possible to
obtain numerical models that capture with higher precision the non-linear be-
haviour exhibited by the angle-ply laminates. In addition, fibre reorientation
has proven to be relevant to understand the experimental response of these
laminates, with a significant re-stiffening effect after the large shear deforma-
tion. However, the reorientation approach carried out in this Thesis has not
brought a substantial improvement of the numerical model, so it is necessary
to explore alternative ways to correctly collect this effect. This could be done by
developing numerical simulations at the microscale level, so as to deepen the
behaviour of the constituents of the composite material, trying to accurately
collect the phenomena of damage and permanent deformation in fibre rein-
forced materials. Finally, any of these computational models should result in
the assortment of a large number of load cases, determining a global response
of the laminate under any biaxial load state.

• The biaxial tests performed had the scope of the characterization of the quasi-
static response of the material. However, this is only a first step of the possibili-
ties contemplated for these testing methodology. For example, it would be pos-
sible to study the effect of geometric discontinuities (e.g. open-hole stress con-
centrators) or alternating dynamic loads which allow the assessment of mul-
tiaxial fatigue. A starting point, on which this thesis provides a greater basis,
would be to perform biaxial Load-Unload-Reload tests, which allow an even
more detailed description of the damage and permanent deformation. Thus,
numerical models such as the Ladevèze’s could be validated with certainty of
the multiaxial response.

• Also from the experimental point of view, it would be possible to carry out load
states outside those imposed in this Thesis, with ratios farther from 1/1, so that
non-linear effects take greater relevance in the biaxially loaded area. It would
be necessary to deepen the design of geometries and achievable ratios for each
stacking sequence, based on the already performed T-T tests on 0/90,±45◦ and
±56.3◦ laminates, as well as the knowledge gained in the study of compressive
loads. Biaxial tests can be proposed with new tools that completely prevent
the buckling of the biaxially loaded zone, although it will be necessary to find
solutions that continue to allow the strain measurement at the gauge zone.
Similarly, any stacking sequence of interest could be proposed for testing and
modelling.

• Complete the analytical theory of the effect of bending-twisting couplings on
the buckling and flexural responses. It has been proved that the relation can
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be fitted numerically, but it still necessary a deepest analytical modelling. Fur-
thermore, it is possible to consider the optimization of lay-ups with different
couplings and the application to practical cases of combined loads in which it
is necessary to seek a balance of the different coupling terms against flexural
stiffness and critical buckling load.

• The thorough study of biaxial loadings in cruciform specimens has allowed a
detailed description of the possibilities and limitations of this testing method-
ology. Therefore, it is necessary to propose alternative multiaxial characteriza-
tion methods. Among the existing possibilities, there is a great interest in de-
scribing the response to out-of-plane loads, both quasi-static and dynamic (im-
pacts), which if applied on laminated plates would generate multiaxial states.
Another possibility more aligned with the biaxial test would be to propose a
triaxial test with a geometry similar to the cruciform but extrapolated to the
third dimension. For this purpose, the most appropriate process would be to
start with an isotropic material, detailing the characteristics of the specimen
and the necessary fixtures to obtain and measure any triaxial stresses/strain
state.
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