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Abstract

In this thesis we are concerned with Diophantine problems of fractional degree. First we con-
sider diagonal Diophantine inequalities of the shape

|)\1x?—|—---+/\szf| <,

where 6 > 2isreal and non-integral, \; are non-zero real numbers not all of the same sign and 7
is a positive real number. For such inequalities we obtain an asymptotic formula for the number
of positive integer solutions x = (z1,...,x,) inside a box of side length P. Moreover, we con-
sider the problem of representing a large positive real number by a positive definite generalised
polynomial of degree 6. Our approach follows the Davenport-Heilbronn-Freeman method. A
key element in our proofis an essentially optimal mean value estimate for an exponential sum
involving fractional powers of integers.

We then turn our attention to systems of simultaneous equations and inequalities. Let A;, u;
be non-zero real numbers not all of the same sign and let a;, by, be non-zero integers not all of
the same sign. We investigate a mixed Diophantine system of the shape

|/\1x?+"~+)\zwg+/ﬁ1y?+"'+.“myfn, <7
ale{—s---~agx?+blzf+~--+bnszZO,

where d > 2 is an integer, § > d + 1 is real and non-integral and 7 is a positive real number.
For such systems we obtain an asymptotic formula for the number of positive integer solutions
(x,y,z) = (z1,...,2,) inside a bounded box. Our approach makes use of a two-dimensional
version of the classical Hardy-Littlewood circle method and the Davenport-Heilbronn-Freeman
method. The proof involves a combination of essentially optimal mean value estimates for
the auxiliary exponential sums, together with estimates stemming from the classical Weyl and
Weyl-van der Corput inequalities.
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Chapter 1

Introduction

1.1 General introduction to the thesis

As the title suggests, this thesis is concerned with the study of Diophantine problems involving
fractional powers of integers. Ignoring for now the adjective fractional, let us first explain the
term Diophantine problems. That is, problems concerning the investigation of existence of in-
teger solutions to equations with integer coefficients. The name comes from the ancient Greek
mathematician Diophantus of Alexandria who is the author of Arithmetica, the oldest surviving

book on the topic of algebraic equations.

Suppose that s is a natural number. A specific type of Diophantine equations that has attract
a lot of attention is equations of the diagonal shape

clxlf+~~+csxf =0, (1.1.1)

where ¢; are non-zero integers and k£ > 2 is anatural number. If one were to replace the integers

¢; by some non-zero real numbers A; then it makes sense to ask whether the inequality
IMah + - A2k < e (1.1.2)

possesses a non-trivial solution X = (x1,...,x,) € Z° for arbitrarily small values of ¢ > 0.
The term non-trivial refers to solutions x with at least one component z; # 0. Note that due to
homogeneity the existence of a solution implies that the inequality actually possesses infinitely
many integer solutions. The main theme of the present thesis is the study of inequalities of the
shape (1.1.2)), where now we consider a non-integral exponent ¢, namely we study inequalities
of the shape

|/\1m§+--~+)\sxz| <€, (1.1.3)

where § > 2 is real and non-integral. As in the case of equations, one may consider study-
ing systems of inequalities. Here we investigate a mixed system consisting of an equation and
an inequality. More specifically, we investigate the simultaneous solubility of equations of the

shape (1.1.1) and inequalities of the shape (1.1.3).

Before we close this first section we introduce some pieces of notation that we use in the rest
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of this work. For 2 € R we write ¢(z) to denote 2™ with i = y/—1 being the imaginary unit.
For a complex number z we write Z to denote its complex conjugate. For a function f : Z — C

and for two real numbers m, M, whenever we write

> f@)

m<z<M

the summation is to be understood over the integers that belong to the interval (m, M].

We make use of the standard symbols of Vinogradov and Landau. Namely, when for two func-
tions f, g there exists a positive real constant C such that |f(z)| < Clg(z)]| for all sufficiently
large = we write f(z) = O(g(x)) or f(x) < g(x). We write f < g to denote the relation g <
f < g. Furthermore, we write f(x) = o(g(z)) if f(z)/g(z) — 0 as + — oo and we write f ~ g
if f(x)/g(x) — 1 asx — oco. For a real number x we shall write [] = min{n € Z : n > z}
and |z] = max{n € Z : n < z} to denote the ceiling and the floor function respectively. For
two integers a, b we write (a, b) to denote their greatest common divisor. An expression of the
shape m < x < M wherem < M andx = (x1,...,x,) is an n-tuple, is to be understood as
m < x1,...,T, < M. Similarly, for n tuples X, y, z, an inequality of the shapey < x < zis to
be understood as y; < x; < z; for 1 < i < n. Finally, and for the sake of clarity, let us declare at
this stage that the term form refers to a homogeneous polynomial. Moreover, we say that a form
is non-degenerate if all of its coefficients are non-zero. Recall as well that the term non-trivial
solution refers to a solution x # 0.

1.2 Diagonal Diophantine inequalities

One of the first major results in the study of additive type Diophantine inequalities is due to Dav-
enport and Heilbronn [|30]. In this paper it is proven that any real indefinite diagonal quadratic
form in 5 variables that is not proportional to a form with integral coefficients, can take arbi-

trarily small values. Let us make this more concrete.

Theorem 1.2.1 (Davenport and Heilbronn - [30]]). Suppose that A1, ..., A5 are non-zero real
numbers, not all of the same sign, and such that one at least of the ratios \;/\; is irrational. We
write

Q(X) = \a? + - + A5z

Then there exist arbitrarily large integers P such that the inequality

Q)| <1

has more than vy P? solutions with 1 < x1,...,x5 < P. Herey = (A1, ..., \s) is a positive real
constant.

Note here that one may obtain a corresponding result for the inequality |Q(x)| < ¢ for any
given ¢ > 0 by simple applying the theorem to the quadratic form ¢~ !Q(x). In order to prove
Theorem[1.2.1] Davenport and Heilbronn developed a variant of the classical Hardy-Littlewood
circle method. This method, which is now called the Davenport-Heilbronn method, has been
since then a fundamental tool in studying the solubility of inequalities.
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Let us now say a word behind the motivation in the investigation of Davenport and Heilbronn.
In 1884 Meyer [47] proved that any non-degenerate indefinite quadratic form of the shape

q(X) = a123 + agr3 + azz; + asxi + asr: € Z[X]

possesses a non-trivial rational (and hence by clearing the denominators an integral) zero x.
Note that this is sharp. Consider the quadratic form

q(x) = x7 + 23 — 3(23 + x3).

Using Fermat’s method of infinite descent and reducing (mod 3) one can readily see that the
equation ¢(x) = 0 does not admit a non-trivial integer solution. Motivated by Meyer’s result,
Oppenheim [52] in 1929 conjectured that any real non-degenerate indefinite quadratic form @)
in s > 5 variables which is not proportional to a rational form can take arbitrarily small values.
In 1953, in a series of papers [53], [54], [55], Oppenheim made the stronger conjecture that
for a quadratic form as above in s > 3 variables, the set Q(Z*) is dense in R. Oppenheim’s
conjecture, now a theorem after Margulis’s work [46], is usually formulated as follows.

Theorem 1.2.2 (Oppenheim Conjecture-Margulis’s Theorem [46]). Let () be a non-degenerate
real indefinite quadratic form in s > 3 variables, that is not proportional to a form with rational
coefficients. Then for any € > 0 there exists X € Z \ {0} such that 0 < |Q(X)| < e.

The case of real indefinite diagonal quadratic forms was investigated by Davenport and Heil-
bronn in [30]. In 1956 Davenport [27] proved that any indefinite real quadratic form can take
arbitrarily small values, provided that it can be expressed as a sum of squares of real linear
forms that have sufficiently many positive and negative signs. This result was subsequently
improved by Davenport [28]] in 1958, and by Birch and Davenport [|7]. Further improvements
were obtained by Davenport and Ridout [[33] and Ridout [66]. To give an idea of the spirit of
these results, let us describe Ridout’s conclusion. Suppose that Q) is a real indefinite quadratic
form in s variables. Suppose further that after a diagonalization @) can be expressed a sum of
squares of real linear forms with r positive signs and s — r negative signs. If min(r,s — r) < 4
and s > 21, then for any e > 0 the inequality |Q(X)| < € has a non-trivial integer solution.

Oppenheim’s conjecture was finally settled in the affirmative in 1989 by Margulis [46]. Mar-
gulis’s approach in proving Oppenheim’s conjecture makes use of different tools and methods

than the previous mentioned works.

As a closing remark on our short discussion about Oppenheim’s conjecture, let us say that
Margulis’s result is the best possible. There exists real indefinite quadratic forms in 2 variables

that have no non-trivial integer solutions. Set
2 2,2
Q(z1,x2) = 2] — a”x35,

where o = 1 + /2. Note that the quadratic form we consider is diagonal. Using Liouville’s
theoremwe can show that there exists a constant C' > 0 so that for any pair (p,q) € Z x N

Isee [44} Theorem 191, $11.7] ; Suppose that « is an irrational that is a root of a polynomial f € Z[z] of degree
d > 0. Then there exists a real constant C' > 0 such that for all pairs (p, q¢) € Z x N one has |a — p/q| > C/q?.
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one has

p

C
o — — >q7.

q

By changing signs if necessary we may assume that £+ > 0. So by the above inequality one has

Z1
a— 2=
X2

)

1
X2

—Sa <

3
which in turn yields that the inequality |Q(x1,22)| < ¢ does not admit a non-trivial integer
solution for ¢ < Ca.

We return now to the setting of diagonal inequalities. As we already discussed, Davenport
and Heilbronn [30] proved that if \; are non-zero real numbers not all of the same sign, and

such that at least one of the ratios \;/ A; is irrational, then the inequality
’)\1%%4- +)\5$§| < €

possesses a non-trivial solution in positive integers for any ¢ > 0. Moreover, in [30] it is pointed
out that using Hua’s inequality one may similarly prove (under the same assumptions on \;)
thatif £ > 2 is a fixed integer, then the inequality

a4+ Ak < e (1.2.1)

possesses a non-trivial solution in positive integers for any ¢ > 0, provided that s > 2F + 1.
For the details of the proof, the interested reader may look at [78| Chapter 11]. In §1.8|we shall
give a sketch of this argument.

Following the work of Davenport and Heilbronn, various results were obtained concerning
diagonal inequalities. In 1955 Davenport and Roth [34] used Vinogradov’s estimate for Weyl
sums to show that for £ > 12 the inequality is non-trivially soluble in positive integers
provided that s > Cklogk, where C' is an absolute positive constant. Moreover, in the same

paper, it is proven that if M is an arbitrary real number, then for any € > 0 the inequality
|Mad + -+ Aszd + M| <€

has infinitely many solutions in positive integers. In fact, Briidern [ 14] showed that if there is
at least one irrational ratio A;/A;, then the inequality
Mz 4 - 4 Agad| < (max[a])
has infinitely many integer solutions. Baker, Briiddern and Wooley [3] showed that any diagonal
cubic inequality in s = 7 variables that is not proportional to an integral form has infinitely
many integer solutions. More precisely, in [3] it is proven if there is at least one irrational ratio
Ai/Aj, then for any M € R the inequality
3 3 —-107*
|Aad 4+ -+ Agad — M’ < (max |z;|)
has infinitely many solutions in integers. Under the extra condition that there is a ratio A;/\;

which is irrational and algebraic, Briiddern [|17] replaced the exponent —10~4 by —360~1. More-
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over, for cubic inequalities Briidern in [16] investigated the size of the solutions in terms of the
coefficients of the form. The main result of [16] says that if \; > 1 are real numbers, then for

any ¢ > 0 there exists x € Z® such that the inequalities
‘)\11}:1)) + -I—Agl‘%! <1

and .
0 <) Nl < (Mg -+ Ag) 5/8Fe
i=1
hold simultaneously. This improved previous work of Pitman and Ridout [63] on bounding

solutions of cubic equations and inequalities.

Though in the present thesis we do not deal with mixed power inequalities, let us mention
here that some results for such a case have been obtained by Briidern in [13] and [[15]. Suppose
thats, k1, ..., ks > 2are fixed natural numbers. The main theme of these papers is to show that
for specific values of s, k; and for integral z;, the values taken by non-degenerate real forms of
the shape

H(x) = \ab 4+ A

are dense in R.

We shall close this section we a few comments on general cubic inequalities. For cubic not
necessarily diagonal inequalities we have the work of Pitman [61]. Suppose that C(x) is real
cubic form in s variables. Pitman proved in [61] that for any € > 0 the inequality |C(x)| < €
possesses a non-trivial integer solution provided that s > (1314)2°¢ — 1. This was the first finite
lower bound for the number of variables needed to ensure the existence of a non-trivial integral
zero for a real cubic form. Pitman’s result was significantly improved by Freeman in [37] who
showed that any real cubic form is non-trivially soluble in integers, provided that the number
of variables s satisfies s > 359, 551, 882. For general real forms of odd degree, it was proven by
Schmidt [67] that given enough variables it is always possible to prove the existence of a non-
trivial integer solution. However, Schmidt gives no explicit value for the number of variables
needed to ensure solubility. We shall come back to Schmidt’s result in

1.3 Asymptotic lower bounds and asymptotic formulas

Suppose that s, k > 2 are fixed integers. Suppose further that \; are fixed non-zero real num-
bers, such that at least one of the ratios \;/ A; is irrational, and such that, if k is even, then not

all have the same sign. We put
F(x) = Mab + -+ Mk

Let P be alarge positive real number and let 7 > 0 be a fixed real number. We denote by N (P)

the number of integer solutions of the inequality

|F(x)] <, (1.3.1)
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with |x| < P, where |x| = max; |z;|. There are about P* possible choices for a tuple x with
|x| < P.Moreover, and roughly speaking, an arbitrary tuple x is a solution of the inequality
with probability P~*. So, heuristically one expects that the number of solutions counted
by N(P) is roughly of the order of magnitude P*~*. As we mentioned in the opening of
when k£ = 2and s = 5 Davenport and Heilbronn in [30]] showed that there exist arbitrarily large
non-trivial integer solutions X to the inequality (1.3.1). Theorem[1.2.1|guarantees the existence
of a sequence of integers (P, ),y with P, — oo asn — oo, such that N(P,) > vyP:~2 for
some positive real number v depending at most on \; and 7. This asymptotic lower bound is
proven to be valid for arbitrarily large values of P and not for all large values of P.In the proof
P is restricted to take values from the convergent continued fractions approximation of some

irrational ratio \; /A;.

It becomes apparent from the above discussion that a central problem now is to establish an
asymptotic lower bound for the counting function N (P), that is of the correct order of magni-
tude for all sufficiently large P. This problem was open up until 2000. At this point Freeman [36]]
finally succeed to remove the previous restriction on the values of P. In [36] was established
for the first time an asymptotic lower bound of the shape N(P) > P*~% (P — co). We state
Freeman’s result below.

Theorem 1.3.1 (Freeman - [|36[]). Suppose that k > 3 is a fixed integer. Let

Cklog log k
s0(k) = min {Qk +1,k(logk + loglogk + 3) + Clogkog}’
og

where C > 0 is a suitable absolute real constant. Suppose that s > so(k) is an integer. Then as
P — oo one has
N(P) > P*F,

where the implicit constant depends at most on k, s, 7 and the coefficients \;.

A key role in the proof of Theorem [1.3.1]is played by the work of Bentkus and Gétze [4] on
value distribution of positive definite quadratic forms. Drawing inspiration from some of the
methods of [4], Freeman developed further the Davenport-Heilbronn method in order to de-
liver a lower bound for the counting function N (P) for all sufficiently large values of P. The
apparatus introduced in [36] is now known as Freeman'’s variant of the Davenport-Heilbronn
method. We illustrate the main ideas of this method in An asymptotic formula for the
counting function was obtained by Freeman in [39]]. Building on [36] and introducing appro-
priate kernel functions, Freeman proved that given s > 2 + 1 variables one has as P — oo
that

N(P) = C(s,k;\)TP* % 40 (P*F), (1.3.2)

where C(s, k; A) is a positive real number, which depends at most on &, s and A;.

For the inhomogeneous case, Freeman [40] extended the results of [36] in order to deal with
additive inequalities of the shape

h(a1) + -+ hzs) — M| < e,

where h; are real polynomials in one variable, of degree at most k. Using a diminishing ranges
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argument, Freeman proved that the above inequality has infinitely many integer solutions for
any given real numbers ¢, M with € > 0, provided that s > so(k) where so(k) ~ 4k log k. Note
that compared to the homogeneous case, here for large k one needs four times more variables.
This is due to the presence of the real number M which prevents one from making use of the

technology for exponential sums over smooth numbers as in [36].

Back to the homogeneous case now, Freeman’s results from [36] and [39]] were improved
shortly afterwards by Wooley [|86]]. We write F'(k) to denote the least integer sy so that when-

ever s > sg the asymptotic lower bound
N(P) > C(s,k;\)TPs*

holds for all large P. As before, C'(s, k; A) is a positive real number, which depends at most on
k,s and \;. In [86]] Wooley refined Freeman’s approach by using an amplification procedure.

In 86, Theorem 2] it is proven that when k is large one has
F(k) < k(logk +loglogk + 2 + o(1)),

while for small values of k one has F'(k) < §(k), where the integer F(k) is recorded in the
following tables. As far as the author is aware, this is the current state of art in the existing
bibliography for the number F(k).

Table 1.1: Values of §(k) for 3 < k < 11

k 3 4 5 6 7 8 9 10 11
Fk)y 7 12 18 25 33 42 50 59 67

Table 1.2: Values of (k) for 12 < k < 20

k 12 13 14 15 16 17 18 19 20
S(k) 76 8 92 100 109 117 125 134 142

Let us notice that a possible direction for future research here would be to improve on the
values of §(k), recorded on the above tables. It seems possible to obtain some improvement by
using methods of [93].

In the same work [86| Corollary] Wooley showed that the asymptotic formula (1.3.2) is valid
whenever

s>2F (k>3), s> gZ’“ (k>6), s>k?(logk+loglogk+ O(1)) when k is large.

Here one can get an improvement by using the latest developments in Vinogradov’s mean value

theorem due to Wooley [95]. For a € R we put

frla) = Z e(azk).

1<z<P
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In [95] Corollary 14.7] it is proven that

[ 1t da e P
provided that s > sg, where
so = k% — k4 2|V2k + 2] — 0(k),
with (k) defined via

1, when 2k +2> [v2k+2]%2+ [V2k +2],
0(k) =

2, when 2k +2 < |[v2k+2]%+ |2k +2].

Combining the above estimate with the methods of [21]], one may establish (1.3.2)) using s + 1
variables. This improves the previous results of Wooley for s > 5.

1.4 Diophantine inequalities of fractional degree

We may now come to describe the first result of this thesis. Instead of a diagonal form of de-
gree k > 2 we consider a diagonal generalised polynomial of fractional degree. More specifi-
cally, suppose that § > 2 is real and non-integral, and suppose that s is a positive integer. Let
A1,...,As be fixed non-zero real numbers not all of the same sign. Consider the generalised
polynomial

F(x) =Mz + - 4 Al (1.4.1)

S
Note that in contrast to the previous case, we do not need to assume the existence of an irra-
tional ratio A, /\;.

Going back to the literature, it seems that the first to consider studying additive problems
with non-integral exponents is Segal in the early 1930’s. In [69]], [70] and [71]] ( see also [72]),
Segal studied Waring’s problem with non-integral exponents. Suppose that v is a positive real

number. Segal considered the inequality
lzf 4+ 42 — v <e,

with # > 2 real and non-integral and 0 < ¢ < v=(9)/? where 0 < ¢(f) < 1 is a fixed number
depending only on 6. For large values of v Segal showed the existence of a solution x € N¥,
provided that we are given s > s4(6) variables, where sq(6) ~ 0(|60] 4 1)2l91+1 1.

Let 7 > 0 be a fixed real number. Recall from (1.4.1) the definition of the generalised poly-

nomial F(x). We write N7, (P) to denote the number of integer solutions of the inequality
|F(x)| <, (1.4.2)

with 1 < z1,...,2, < P.In Chapter[2] we establish an asymptotic formula for the counting
function N7, (P) as P — oo. Our result reads as follows.
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Theorem 1.4.1. Suppose that & > 2 is real and non-integral, and suppose further that s >
(120] + 1) (|260] + 2) + 1 is a natural number. Then as P — oo one has

s0(P) =271Q(s,0; AP0 4o (Ps—e) 7

where

1 S
Q(s,0; \) = <9) AL A 7Y9C(s,0:0) > 0

with

Clo:2) = / (—ou(01f1 + -+ osm1fema) T (Br - Bemn) OB

u
where d3 here stands for df; - - - dfBs_1, and o; = \;/|\;|, and U denotes the set of points of the
box [0, [A1]] X -+ x [0, |X\s—1]], satisfying the condition that

—05(01B1 + -+ 0s-18s-1) € [0,]As]]-
In particular, the inequality possesses a non-trivial positive integer solution.

With minor adjustments the method we employ in proving Theorem|I.4.1]allows us to treat
also positive definite generalised polynomials of the shape (1.4.I). A well known and exten-
sively studied problem in additive number theory is Waring’s problem. Suppose that k > 2is a
fixed integer. In its most standard form, the problem asks for the least natural number s = s(k)

such that every sufficiently large natural N is represented in the shape

where x; are non-negative integers. A real analogue of this problem was studied by Chow in
[23] and [24]. Using the Davenport-Heilbronn-Freeman method, Chow studied the number of
solutions X € N® as 7 — oo of the inequality

‘(avl—91)k—&-~-~—|—(965—95)k—7"<777

where 6; € (0,1) with §; ¢ Qand 7 € (0,1] being fixed. In Chapter 2| we obtain a similar in
spirit result.

Suppose that A; > 0 (1 < i < s). For a positive real number v sufficiently large in terms of
s, k and 7, we ask how many positive integer solutions are possessed by the inequality

|F(x) —v| <, (1.4.3)

with F as in (1.4.1). We write p,(7,v) = ps(7,v; A) to denote the number of positive integer
solutions of (1.4.3). One anticipates p;(7, V) to be large when 7 is fixed and v is large in terms
of s, k, \; and 7. In Chapter[2|we prove the following result.

Theorem 1.4.2. Suppose that 6 > 2 is real and non-integral, and that 7 € (0, 1] is a fixed real
number. Suppose further that s > (|20 + 1) (|26] + 2) + 1 is a natural number. Then as v — oo
one has

I'(1+13)°
ps(T,v) =2(A1 - - )\5)71/979971/8/9*1 +o(v¥/01).
I (%) ( )



Chapter 1. Introduction

Though the asymptotic formulae of Theorem[1.4.TJand Theorem[1.4.2]look similar, there is an
essential difference between them. In the indefinite case of Theorem[1.4.Ilwe consider boxes of
arbitrarily large side length P and so the main term grows like P*~%. On the other hand, in the
definite case covered by Theorem[1.4.2], the main term in the asymptotic formula is growing
like »*/?~1 and hence it is limited by the size of the real number v we wish to represent. This
is explained by the fact that there is a natural height restriction imposed on a solution x of the

inequality (1.4.3).

1.5 Systems of Diophantine inequalities

In this section we shall be concerned with systems of inequalities and mixed systems consisting
of both equations and inequalities. For this reason let us begin our discussion with systems of
integral forms. For diagonal integral forms we have the work of Davenport and Lewis [[32]. In

this paper the authors study the zeros of simultaneous forms of the shape
Gi(X) = apnah + - + ajsaxt (1<i<R),

where a;; are fixed integers and k£ > 2 is a fixed integer. In [32] it was proven that simultane-
ously the forms G;(x) (1 < < R) possess a non-trivial integer zero provided that the number
of variables s satisfies s > |9R?klog(3Rk)| when kis odd and s > |48 R?k3 log(3Rk?) | when k
is even. This paper has been influential for many subsequent works dealing with simultaneous

zeros of forms and inequalities.

One of the most remarkable results concerning systems of general integral forms is due to
Birch [|6]. Suppose that F1, ..., Fr are any integral forms of degree k in s variables. Then the
system of equations F;(x) = 0 (1 < ¢ < R) possesses a non-trivial integer solution provided
that we have enough variables. Here enough variables means that s exceeds a quantity that
grows at least quadratically with R. This was recently improved by Myerson in [49] and [50],
to a linear dependence on R in the case of quadratic and cubic forms.

Suppose now that instead of integral forms we consider real forms. More relevant to us is the
case of simultaneous diagonal inequalities. However, before we discuss this case and present
some of the existing results in the literature, we choose to say a word for systems of general (not
necessarily diagonal) real forms of unlike degree. This is certainly much harder compared to
the diagonal situation of like degrees. A major result here dating to 1980 is due to Schmidt [67]],
who investigated the solubility of simultaneous general real forms of unlike odd degrees. Below
we quote one version of Schmidt’s result. Let us remark that the following version is not the
strongest conclusion that was established in [67]. However, it is good enough for us to illustrate

the spirit of the results obtained in [67].

Theorem 1.5.1 (Schmidt - [67]]). Let h > 1 be a given integer and let E be a given positive real
number. Suppose that di, ..., d), are given odd integers and suppose further that F;(x) is a real
form of degree d;, for 1 < i < h. Then there exists a positive real number 7 = 7(dy,...,dp, E)
such that for any natural number s > 7 and any real number N > 1, there existsx € Z° \ {0}
which satisfies

max |x;| < N,
1<i<s

10



1.5. Systems of Diophantine inequalities

and
|Fi(x)] < N™F|F| (1<i<h),

where | F;| stands for maximum of the absolute values of the coefficients of the form F);. The implicit

constant depends onlyondy, ...,d, and E.

Roughly speaking, Schmidt’s result tells us that any system of real forms of odd degree has a
non-trivial integer solution provided that we are given enough variables. However, no explicit
value was given for the number 7 = 7(dy, . .., d, E). For diagonal real forms of like odd degree

we have the following result due to Nadesalingam and Pitman.

Theorem 1.5.2 (Nadesalingam and Pitman - [51]]). Suppose that R > 2and d > 13 are integers
with d being odd. Suppose furtherthat Iy, . . ., Fr are diagonal real formsin s > [ R?k? log(3Rk)]

variables. Then for any € > 0 the system of inequalities
|F;(x)] < € (1<i<R)
has a non-trivial integer solution.

The result of Nadesalingam and Pitman contains implicitly the case where the forms are mul-
tiplies of rational forms. In such a case and for sufficiently small ¢, some of the inequalities are
reduced to equations with integer coefficients. The authors combine the classical circle method
of Hardy and Littlewood with the Davenport-Heilbronn method. A key step in their approach

is the use of an inductive argument on the number of integral forms hidden in the system.

Suppose now that we are given any R real forms F;(x) (1 < < R) in s variables of degree d,
where d is an odd integer. We write 7(d, R) to denote the least positive natural number sy such
that for s > s and any € > 0 the system of simultaneous inequalities | F;(X)| < € (1 < i < R)
possesses a non-trivial integer solution. The first finite upper bound for the number 7(3, R)
was given by Freeman in the early 2000’s. In [42] Freeman proved that 7(3, 2) < (10h)” where
v = (10h)°. Freeman’s approach goes through the pursuit of bounded non-trivial integer so-
lutions to cubic inequalities. The proof makes use of diagonalization techniques and builds
on [51].

We turn now our attention to systems consisting of even degree forms. We begin with the
simplest case, namely a pair of two quadratic forms. We write

Qi(X) = A1@] + -+ + A (i=1,2),

where );; are fixed real numbers. In 1974 Cook [26] considered the system of simultaneous
quadratic inequalities

|Qi(x)] < e (i=1,2)

in s = 9 variables. In order to exclude the case where the forms (); and ), are multiplies of
rational forms, Cook associated to the forms ); and ()» the following ternary linear forms. For
1<i<j<k<9we write

u v w
Lijk(u, v, w) = det A )\1j Ak
A2 Agj Ao

11



Chapter 1. Introduction

With this piece of notation we may now state the result of Cook.

Theorem 1.5.3 (Cook - [26]]). Suppose that 1 and Q2 have real algebraic coefficients in nine
variables. Suppose further that

(i) Every member of the pencil {a Q1 + 5Q2} with (a, 5) € R\ { 0} is an indefinite form with
at least five non-zero coefficients ;

(ii) Not all the ternary linear forms L, ;i (u, v, w) have coefficients which are linearly dependent
over the rationals.

Then for every € > 0 there exist integers z1, . .., xg not all zero, such that
|Q1(x)] < € and |Q2(x)] < e.

In [18] Briidern and Cook considered a pair of real diagonal cubic forms in s = 15 variables.
Suppose that F; and F» are two such forms. Assuming that the coefficients of F; and F; are
algebraic and the condition (i7) of Theoremis satisfied, they showed that for any ¢ > 0
the system of inequalities |F;(X)| < € (¢ = 1,2) has infinitely many integer solutions. This
improved a result of Pitman [[61]. Moreover, in [[19]] Briidern and Cook considered the solubility
of R simultaneous real diagonal forms of odd degree k¥ > 2. Say F1,..., Fr are such forms.
Imposing a condition similar to the condition (i:) of Theorem they proved that the system
of inequalities |F;(x)| < € (1 < ¢ < R) has a non-trivial integer solution provided that the
number of variables is of order Rny with ng = O (klogk) . As a matter of fact, Briidern and
Cook proved an asymptotic lower bound of the correct magnitude for the number of solutions
inside a box of side length P. However, this asymptotic lower bound is proven to be valid for a
sequence of arbitrarily large positive real numbers P and not for all large P. This is due to the

limitation of the Davenport-Heilbronn method as it was introduced in [|30].

Returning to the case of quadratic forms, the next result comes from Freeman. Using his
variant variant of the Davenport-Heilbronn method, Freeman considered in [36] a system of R
diagonal real quadratic forms. Below we state that result for the case R = 2.

Theorem 1.5.4 (Freeman - [38]). Let Q1, Q)2 be real diagonal quadratic forms in s > 10 vari-
ables. Suppose that every member of the pencil {aQ1 + 8Q2} with (o, 5) € R\ {0} has at least
five non-zero coefficients, one irrational coefficient, at least one negative coefficient and at least
one positive coefficient. Then for any € > 0 there existsx € Z° \ {0} such that

|Q1(x)| < e and |Q2(x)| < e. (1.5.1)

Moreover, if P is a sufficiently large positive real number and N (P) denotes the number of integer
solutions of the system with1 < x < P, then as P — oo one has

N(P) > P2,
where the implicit constant depends on ¢ and the coefficients of the forms ()1 and Q5.

One may compare the result of Freeman with that of Cook. The latter requires fewer variables

to ensure solubility. However, this comes with stronger assumptions on the coefficients of the

12



1.5. Systems of Diophantine inequalities

forms. The assumption that the forms @)1, ()2 have algebraic coefficients and the condition
(¢4) in Theorem[1.5.3] are now being replaced by the condition that for any (o, 8) € R\ { 0}
the form aQ); + SQ- has at least one irrational coefficient. In [38} §2] it is demonstrated that
Cook’s condition is in fact strictly stronger than the above irrationality condition. For the case of
R > 2simultaneous real diagonal quadratic forms, Freeman 38, Theorem 3] obtained a similar
resultin s > 5 R variables. For this conclusion Freeman made the following assumptions : the
existence of a non-singular real solution, a rank condition on the coefficients of the forms and
an irrationality condition of the shape

for every choice (f1,...,8r) € R\ {0}, the form 3,Q; + --- + BrQr

has at least one irrational coefficient.

(1.5.2)

The next step in Freeman'’s investigations is to remove the irrationality condition (1.5.2).
Note that this condition ensures that no form in the pencil is an integral form. Hence, subject
to such a condition, one considers only true inequalities and excludes systems consisting of

equations and inequalities. Suppose that R > 2 is a fixed integer. We put

where )\;; are fixed real numbers and £ > 2 is a fixed integer. We may reduce the system
consisting of the forms F; into a new system of forms (which by abuse of notation we denote
again by F;), for which the following condition is satisfied. Suppose that for some 0 < r < R
the forms F}, ..., F, are integral and suppose further thatif (31, ..., 8z) € R is such that the
form 1 Fy + - -+ + BrFR is rational then 5, = --- = [g. Furthermore, in the case where
k is even suppose that the system of equations Fy(x) = --- = Fgr(x) = 0 possesses a non-
singular real solution. Subject to a suitable rank condition and if the singular series associated
to the integral forms F1, ..., F,. is positive, it was proven by Freeman [41] that the system of
inequalities

|F;(x)] < e (1<i<R), (1.5.3)

has a non-trivial integer solution for any ¢ > 0, provided that the number of variables s satis-
fies s > Rng, where ny is of order of magnitude k log k + o(klog k). At the cost of extra vari-
ables, Freeman demonstrates that the assumption for the singular series to be positive may
be dropped. The proof combines techniques by Nadesalingam and Pitman [51], together with
methods of Bentkus and Gotze [[4], as in [|36]). If we write N(P) to denote the number of solu-
tions of the system with [x| < P, Freeman shows that

N(P) > ps—Tk (P — o0),

where the implicit constant depends on s, k, R, € and the coefficients of the forms F;.

We now come to discuss the case of systems of inequalities of unlike degrees. The first to
consider the simultaneous solubility of real forms of unlike degree was Parsell in [56]. In that
paper, motivated by Wooley’s work on simultaneous additive equations [83]], [85], and using
Wooley’s methods on exponential sums over smooth numbers [84], Parsell developed a two
dimensional version of the Davenport-Heilbronn method to study the solubility of a system of

pair of diagonal cubic and quadratic form. Shortly afterwards, and taking advantage of Free-
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Chapter 1. Introduction

man’s work [36], Parsell in [[57] obtained an asymptotic lower bound for the number of solu-
tions of a pair of cubic and quadratic form lying inside a box of sufficiently large side length. In
the third paper on that series [59], Parsell considered a more general system consisting of R
diagonal forms of unlike degree. Fix an integer R > 2. Let ky > --- > kg > 2 be fixed integers
and let \;; be fixed non-zero real numbers. Suppose that 7 > 0 is a fixed real number. The
subject of [59] is the solubility in integers of the simultaneous inequalities

)\hwlfi + -+ )\isx?’ <T (1<i<s). (1.5.4)

No irrationality assumption is being made here. Hence, there might be a case that some of the
forms are actually proportional to an integral form. Parsell calls this the integral subsystem and
makes the assumption that it possesses a p-adic solution for every prime p. Moreover, Parsell
makes the assumption that the system

)\Ul'lfi—f""'i‘)\isx];i:o (1§Z§S)

possesses a non-trivial real solution. For technical reasons associated with the application of
the circle method these local solutions are assumed to be non-singular. For a system which
satisfies this local solubility condition define G* (k) to be the least number number s such that
whenever s > s the system has anon-trivial integer solution. The main theorem of [|59]
examines the relationship between mean value estimates for exponential sums and the bounds
these estimates yield for the number C:‘*(k). As a corollary, in the case R = 2 Parsell obtained
some explicit values for small exponents k; and k5. Below we record the values obtained in |59}

Corollary 1.2].

Table 1.3: Values of @*(lﬁ, ko) for ky € {3,4,5} and ko € {2,3,4}
(klka) (372) (472) (453) (55 2) (573> (5?4>

~

G*(k1,k2) 13 20 24 31 32 36

Table 1.4: Values of G* (ki ks) for ky € {6,7} and k, € {3,4,5,6}
(k17k2> (6a3) (634) (635) (734) (775) (776)

~

G*(ki, ko) 49 47 50 65 64 66

For (ky, k) = (3,2) using methods of [91] we expect to be able to get G*(3,2) < 11. Further
improvements might be possible using some of the methods of [12].

1.6 A mixed system of an inequality and an equation

We now come to describe our result for a mixed system consisting of an equation and an in-
equality. We fix non-zero real numbers );, u; not all of the same sign and non-zero integers
a;, b, notall of the same sign. Suppose thatd > 2isaninteger and suppose further thatf > d+1

14



1.6. A mixed system of an inequality and an equation

is real and non-integral. We write

S(x,y) = )\13??-1-"'4-)\@55? +M1y? —&-~-~—i—/hny,(3T

(1.6.1)
D(x,2) = a1z + - apzd + brzd + - + b, 28.
Let 7 > 0 be a fixed real number. The system we study is of the shape
Fxy)| <
(1.6.2)
D(x,z) =0.

Here we make the following local solubility assumptions as in [[59]. We ask for the system
3(x,y) =D(x,2) =0 (1.6.3)

to admit a non-trivial real solution (X, y, z). Moreover, we ask ©(x, z) = 0 (mod p”) to be solu-
ble for all prime powers p”. Additionally, we impose the extra condition that the local solutions
are in fact non-singular. When all these assumptions hold, then we say that the system ((1.6.2)

satisfies the local solubility condition.
We write NV (P) to denote the number of positive integer solutions (X,y,z) of the system
(1.6.2) with

1 1 1
§X*P <x < 2x*P, §y*P <y < 2y*P, EZ*P <z <2z*P,

where (x*,y*, z*) is a non-singular real solution of the system of equations (1.6.3). In Chapter
we obtain an asymptotic formula for the counting function V'(P) as P — oo. Our result reads
as follows.

Theorem 1.6.1. Suppose that d > 2 is an integer and suppose further that § > d + 1 is real and

non-integral. Let T be a fixed positive real number. Consider the system
I5(x,y)| <7 and D(x,z) =0, (1.6.4)
with §, D defined in (1.6.1). We write
Ag = ([20]) +1)(|20] +2) and Ay =d*

Moreover, we set

Smin = {maX{Ag +n, AderAg}—‘ +1
Ag

and
Ag
Suppose that the system satisfies the following conditions.

A
Smax = {min {Ag + Ay, Ag + ALY n}J + 1.

(a) Thesystem (1.6.4) satisfies the local solubility condition, namely the system possesses
a non-singular real solution and the congruence D (x,z) = 0 (mod p”) possesses a non-
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singular solution for all prime powers p” .
(b) Onehas?¢ > max{[20(1 —n/d)], 1}, 0<m < Apand 0 <n < A,.
(c) Onehas/+m > Ag+1landl+n> Ag+ 1.

(d) For the total number of variables s = ¢ + m + n one has syin < $ < Smax-

Then, there exists a positive real number C = C(\, u,a,b,0,d, s), such that as P — oo one has
N(P) = 2rCPs=0+d) 4 (PS-<9+d>) :

In particular, the number of positive integer solutions (x,y,z) € [1, P]* x [1, P]™ x [1, P]" of
the system (1.6.4) is > P*~(®+9) where the implicit constant is a positive real number, which

depends on s, \;, [, a;, by, 0,d and 7.

Note here that by the assumptions made in Theorem|1.6.1| our conclusions are valid when
the total number of variables s = ¢ + m + n satisfies Ag + 1 < s < Ay + A4 + 1. The method
we employ in Chapter[3|allows one to handle systems with s > Ay + A, + 2 variables and show
that in such a case the number of positive integer solutions of the system inside a box of
side length P is > P~ (%+4) ag P — oc.

1.7 Vinogradov’s mean value theorem

We now say a few words about the methods we employ in proving our results. Until the mid
1930’s the standard approach for estimating exponential sums was by means of repeated differ-
encing process, as introduced by Weyl [82] and van der Corput [[75]. In 1935, Vinogradov [79]
(see also [80]) came up with a new method. Let s,k € N. Fora € R* we write

fr(a; P) = Z e(anx + - -+ apa®).
1<z<P

In order to study the exponential sum fi(c; P), Vinogradov turned his attention into the mean
value

Js,k(P)=/[ : | fx(c; P)[** dex, (1.7.1)
0,1)k

which by orthogonality counts the number of solutions of the system

S

> (o] = alyi) =0 (1<j<h) (1.7.2)

i=1
withl <x < P.

The problem of bounding the mean value J, (P) is known as Vinogradov’s mean value the-
orem. One may consider the family of trivial solutions of system where we suppose that
{z1,...,2s} = {Ts41,...,%2s}. Hence, we certainly have that J; ;,(P) > P°. Furthermore, by
considering the contribution in the integral from a with |a;| < iP‘j (1<j<k)we
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1.7. Vinogradov’s mean value theorem

deduce that J, ,(P) > P25~ 2k(:+1) Therefore one has that
Jox(P) > P54 P2~ 3k041),

The Main Conjecture (now a theorem) in Vinogradov’s mean value theorem, states that the

above lower bound reflects the true order of magnitude of .J,  (P).

Theorem 1.7.1 (Main Conjecture in Vinogradov’s mean value theorem - [92], [11]]). For any

natural numbers s, k and any fixed ¢ > 0 one has

Jok(P) < Pote 4 p2o—shlitite (1.7.3)

Going a step further, the conjecture predicts that the estimate (1.7.3) holds with e = 0. How-
ever, this has not been proven yet. The case & = 1 is trivial. So is the case k = 2. The latter can
be readily seen by using the identity

(a4+b—c)* = (a®>+b* —c*) =2(a—b)(a —c),

together with the estimate d(n) < n° (n — o0), where d(n) = 3, 1 is the number of
divisors of n. The first non-trivial case is £ = 3. For k = 3 the inequality was proven
by Wooley in [92] using his efficient congruencing method, introduced in the breakthrough
papers [88]], [89]. This method was developed further by Wooley in a series of papers. For a
summary of the main ideas and various applications of Vinogradov’s mean value theorem, one
may look at Wooley’s ICM address [[90] from 2014.

Parallel to Wooley’s work, another breakthrough was taking place in the field of harmonic
analysis with the proof of the #2-decoupling conjecture by Bourgain and Demeter [|10]. Build-
ing on these ideas, Bourgain, Demeter and Guth [11]] proved the estimate forany k > 4,
and hence established the Main Conjecture. Shortly after this paper, Wooley [95] established
the same conclusion using his nested efficient congruencing method, which is a variant of the
efficient congruencing method. In [95] it is also proven a number of results concerning "rel-
atives" and applications of the Vinogradov’s mean value theorem. A general discussion about
the similarities between the decoupling theory and the efficient congruencing method can be
found in the report of Pierce [60] for the Bourbaki seminar. For an exposition on decoupling

theory and its applications one may look in the recent book of Demeter [35]].

We now come to describe our result within the above context. Recall from (1.7.2) the system

Z(ngx]s‘“):O (1<j<k).

i=1
A key feature of this system is that it is a Translation-Dilation-Invariant (henceforth TDI) sys-
tem. For ¢ € Nand £ € Z and for each 1 < j < k one has that

S

> ((qxi — e+ &) — (qroi — €+ 5>J’) => @ gt Z ((qzi — &) — (qzsrs — £)7) .

J
i=1 (=1 i=1

So for £ # 0 and a fixed tuple x one can see that the left hand side of the above equality vanishes
if and only if the right hand side vanishes. This property does not hold if one of the exponents
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j is non-integral. Suppose that § > 2 is real and non-integral. For o € R we write

fola; P) = Z 6(0@9).

1<z<P

In Chapter §2|we obtain an essentially optimal mean value estimate for the exponential sum

fo(a; P). Our result reads as follows.

Theorem 1.7.2. Suppose that 0 > 2 is real and non-integral, and that x > 1 is a real number.
Suppose further that s > % ([20] + 1) (|20] + 2) is a natural number. Then for any fixed e > 0,
one has .

/ |fol; P)|** da < kP**70F,

We emphasize here, that the implicit constant depends on €, 0, and s, but not on x and P. Further-
more, for s > 1 (|26] + 1) (|26] + 2) one can take € = 0.

It will be apparent from the proof of the theorem that with slight modifications our argument

works also if we consider the exponential sum

fola; P) = Z ez + -+ ana"™ + aga?),
1<z<P

where n = | 6] and a € R""!. The details of this argument are presented in the Appendix

Theorem 1.7.3. Suppose that § > 2 is real and non-integral, and writen = |0|. Let k > 1 be a
real number. Suppose further that s > 1 (|26] + 1) (|26] + 2) is a natural number. Then for any
fixed € > 0, one has

/ / |fole; P)[** dax < kP70,
—k J[0,1)"

We emphasize here, that the implicit constant depends on ¢, 8, and s, but not on  and P. Further-
more, for s > 1 (|26] + 1) (|26] + 2) one can take € = 0.

We believe that one should be able to prove a discrete restriction estimate for the exponential
sum fp(a; P) as in [94, Theorem 1.1]. This would require to modify some of the parts of the
argument presented in the Appendix[B] We leave this as a remark for a possible future work.
Moreover, the argument given in the Appendixseems to apply as well when the term z? in the
exponential sum fy(c; P) is replaced by a generalised polynomial with leading term . Again

we leave this as a remark for a possible future work.

1.8 The Davenport-Heilbronn-Freeman method

In this subsection we shall give a brief overview of the Davenport-Heilbronn method. We follow
the exposition of [[78| Chapter 11]. Subsequently we shall sketch the innovation introduced by
Freeman in [36]. Our exposition about Freeman’s variant follows Wooley’s paper [[86]. We shall
focus in proving an asymptotic lower bound. For the asymptotic formula one may use the kernel
functions of Freeman 39} Lemma 1] or apply a squeezing (sandwich) argument as in [20].

Fix integers k > 2 and s > 2* 4 1. Suppose that \q,. .., A\, are non-zero real numbers, not
all of the same sign and not all in rational ratio. Let P be a large positive real number. We write
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N (P) to denote the number of integer solutions of the inequality
|)\1x’f +~~'+>\sx§| <1

with |x| < P, where |X| = max; |z;|. If necessary one may relabel the variables, so that from
now we assume that \; /), is negative and irrational. Note that there is no loss of generality in
assuming that the coefficients \; are not all of the same sign even if k is an odd positive integer.
In such a case, one may replace if necessary, z} by (—x1)* and then relabel further.

The method of Davenport and Heilbronn uses a Fourier transform over the real line R. The
idea is to use an even kernel function K : R — R that allows us to make a weighted count for
the number of solutions of the inequality in order to give a lower bound for the quantity N (P).

Define the function
sin(ra)

K(a) = ( o

2
) , when «a#0,

1, when a =0.

One can easily verify (see for example [30, Lemma 4]) that the Fourier transform of this function
has the property that for any real ¢ it satisfies

/ K(a)e(af)da = max{0,1 — |¢|}.
For a € R we define the generating function

fla)= 3 efaah),

1<z<P

and write f;(a) = f(Ma) (1 <i < s).0One has

N(P) > /_OO fila) - fs(o) K(a)da. (1.8.1)

For sufficiently small positive real numbers ¢ and w we put
S;(P)=P° and  Ty(P)=P".

One may now dissect the real line intro three disjoint subsets called the major, minor and trivial

arcs, defined respectively by
M={aeR: |a] < S (P)P*},
m={aeR: S;(P)PF <|a| < Ty (P)},
t={aeR: |a|>T1(P)}.

In contrast to the Hardy-Littlewood method here we only have one major arc around 0 = 0/1.
Moreover, since we are dealing with real forms no local solubility conditions for finite places is
required. Hence, in this context there is no singular series.

The disposal of the trivial arcs is straightforward. Here we use Hua’s inequality, appearing
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first in [45], which states that for any 1 < j < k and any fixed € > 0 one has

1 . .
/ [f(@)” do < P?FFe,
0
Moreover, we make use of the decay of the kernel function K («), which for all « satisfies
K (a)| < min{1,|a] 2.
Splitting the set t into unit intervals and using Hua’s inequality we obtain
/ |fi(a)|2k K(a)da=o0 (PS*’“) (1<i<ys).
loe| 2T (P)
An application of Holder’s inequality then delivers

/t\h(a) - fs(@) K (@) da = o (P*7F). (1.8.2)

Over the set of major arcs one wishes to compare the exponential sum f;(«) with its contin-
uous analogue v;(«) defined by

P
vi(a) = / e()\iozxk)doz (1<i<s).

0
For o € 91 as a consequence of Poisson’s summation formula one has
fila) = vi(a) = O (P°) (1<i<s).

One may now use a standard telescoping summation argument to deduce that

oo

/f1(a)...fs(a)K(a)da—/ (@) -+ vs(@) K (a)da = o (P*7F) .
m

— 00

Due to the decay of the kernel K («) the integral over (—oo, c0), which is the singular integral
of our problem, converges absolutely. Making now a change of variables to linearise the ex-
pression and using the fact that the \; are not all of the same sign, one may deduce by applying
Fubini’s theorem that

/ vi(a) - vs() K (a)da = / max {0, 1— |)\1xlf+~~+)\sxf|}dx>>Psfk,
[0,P)s

— 00

where dx stands for the s-dimensional Lebesgue measure dx; - - - dzs. A comparison of the last
two asymptotic estimates yields

/ F(0) - fa()K (a)da > P, (1.8.3)
m

We are now dealing with the set of minor arcs. Since we assume that the ratio A; /A is irra-
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1.8. The Davenport-Heilbronn-Freeman method

tional, by Dirichlet’s theorem on Diophantine approximationthere exist infinitely many co-
prime pairs (a,q) € Z x N with

(1.8.4)

X2 g
Consider now a sequence of such pairs (a,,, ¢, )nen and set P, = ¢2. Itis here that we essentially
restrict P to take values from a specific sequence. Note that the terms of the sequence (P,,),en
become arbitrarily large.

Next, we recall Weyl’s inequality which appeared in 1916 in the influential paper [82]. Sup-
pose that for a real number o € R one has | — a/q| < 1/¢* for some coprime a € Zand g € N.

Then for any fixed € > 0 one has that

17287t
F))<pie(tpoli e .
qg P Pk

With the above choice P, = ¢2 we may infer by using Weyl's inequality that there exists
some 0 > 0 so that for some j € {1,2} and any @ € m one has for any fixed e > 0 that

_ k—1
fila) < Preg 12

1-6
J + Pn )

where the ¢; and g, satisfy (1.8.4)). Hence there exists some §’ > 0 such that for all @ € m one
has
min { fi(a), fa(a)} < Pr=%" = o(P,). (1.8.5)

Using again Hua’s inequality one may now deduce that
/ |fi(a) - fs(a)K(a)|da = o (P57F). (1.8.6)
m

Putting together (1.8.2)), (1.8.3), (1.8.6)) and invoking (1.8.1)) we have shown that there exists a
sequence of integers (P, ),ey With P, — oo as n — oo such that N(P,) > vP:~* for some

positive real number « depending at most on \;, k¥ and s.

Without restricting the values of P the estimate (1.8.5) does not necessarily hold. As a matter
of fact, it is pointed out in [[78} p. 170] that by choosing A1 /A, appropriately one may show

P—oo

lim sup (}3 sup min {17z (@), Ifz(a)l}) >0,

This can be seen by taking A1 /A2 to be a Liouville number. A real number z is called a Liouville
number, if for every n € N there exist infinitely many pairs (p, ¢) € Z x N with ¢ > 1 such that
0 < |z —p/q| < 1/q¢™. It turns out that Liouville’s numbers are transcendental numbers that
can be approximated very well by rational numbers.

In Freeman’s work [36], two are the main ingredients in the minor arc analysis. An e-free

2 Dirichlet’s approximation theorem in its simplest form is stated as follows. Let & € R and suppose that X > 1is
areal number. Then there exista € Zand ¢ € Nwith (a,¢g) = 1and1 < ¢ < X suchthat | —a/q| < 1/(¢X). Fora
proof see for example [44, Theorem 36]. It is a consequence of this, see [[44, Theorem 185], that if « is irrational then
there exist infinitely many such pairs (p, ¢) which satisfy the inequality |o — p/q| < 1/¢>.
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mean value estimate of the shape

1
/ If()|Pda < Pk,
0

and a weak type analogue of Weyl's inequality. The innovation introduced in [|36] is such a Weyl
type inequality, which works as a replacement for without restricting the values of P.
This inequality which was inspired by the work of Bentkus and Gotze [4], may be formulated
as follows. Suppose that 2 < S(P) < P is a function that increases to infinity as P — oc.
Then there exists a function T'(P) < S(P) depending only on A;, A2 and S(P), which increases
monotonically to infinity as P — oo and such that

Sup |fi(@) fo(@)| < P2T(P)~1/2"" (1.8.7)
S(P)P~k<|a|<T(P)

One may now dissect the real line in the same fashion as before, whereas now we take S; (P) =
S(P) and T1(P) = T'(P). The analysis of the major and trivial arcs is almost identical to the

pI‘EViOUS treatment.

In the set of minor arcs m we apply the classical Hardy-Littlewood method by dissecting into

major and minor arcs. We put

N = U {a€l0,1): |qa—a\§S(P)P7k},
0<a<q<S(P)
(a,q)=1

and write n = [0, 1) \ 7M. Using standard techniques due to Vaughan 78, Lemma 4.9 & Theorem
4.4] and |77, Theorem A] one may obtain (respectively) that

/ f(a)"da < P*  and / f(a)|"da < P**. (1.8.8)
n n

Let us remark here that the first estimate is valid provided only s > max{4, k + 1}. For any
n € R we may then deduce that

n+1
/ |fi(a)*da < P*7F.
At this step we partition the real line into two disjoint sets defined by

P={aeR: M\« (mod 1) e N} and p=R\P={aeR: Ao (mod 1) €n}.

One may split the interval m into unit intervals of the shape [n,n+ 1] for n € R. Then, by taking
into account (1.8.8)) an application of Holder’s inequality yields

/ 1fi(@) - fs(a)K(a)|da < P*FT(P)~Y* = o (P*7F) .
[n+1]Np

We are left to deal with the set m N ‘B3. Here we make use of the estimate (1.8.7). For any unit
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1.8. The Davenport-Heilbronn-Freeman method

interval [n,n + 1] C m one has

sup  |fi(a)fale)| < PPT(P)~V/2
a€n,n+1]

Combining this inequality together with the estimates in (1.8.8), we obtain by an application of
Hélder’s inequality that

/ 1fi(@) - fs(a)K(a)|da < P*FT(P)™° = o (P*7F),
[n,n+1]NP

for some § = d(s, k) > 0. Here we make use of the assumption that s > 2k. One may now sum
over all unit intervals [n,n + 1] C m. Taking into account the decay of the kernel function we
deduce that

/m F1(@) - fo(@) K (@)|da = o (P4 |

which is exactly what we were aiming for.
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Chapter 2

Diophantine inequalities of
fractional degree

The work in this chapter is based (with minor changes) on the author’s paper [|64].

2.1 Introduction

A central topic in analytic number theory with a long history and various applications is the
study of solubility of Diophantine inequalities. In the present chapter we are concerned with
diagonal Diophantine inequalities whose degree is a fractional power. Let us make this more
precise. Suppose that § > 2 is real and non-integral, and suppose that s is a positive integer. Let
A1, ..., As be fixed non-zero real numbers, not all of the same sign. Consider the generalised
polynomial

f(x)zf(xl,...,xs)=/\1$§+~-~+)\3x9. (2.1.1)

S

Suppose that 7 is a fixed positive real number. A first natural question one can pose is the
following. Does the inequality
| F(x)| < T (2.1.2)

admit a solution x = (z1, ..., ;) in positive integers? Note that the assumption that not all of
the coefficients \; are of the same sign, is natural in order to study the solubility of inequality
(2.1.2), for otherwise one always has | F(x)| > |A{|+- - -+|),|, and thusitis clear that | F (x)| fails
to take arbitrarily small values. In the case where admits infinitely many solutions one
could additionally ask for the distribution of them. To formulate this, take P to be an arbitrary
large positive real number that eventually we let tend to infinity. With this parameter serving as
a quantification measure for the size of solutions of we write N7, (P) = N7 ,(P; A) for
the number of positive integer solutions x = (1, ..., z,) of (2.1.2) withz; € [1, P] (1 <i < s).
A standard heuristic argument suggests that one typically expects > P*~¢ such solutions to
(2.1.2).

The main result of this chapter reads as follows.
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2.1. Introduction

Theorem 2.1.1. Suppose that & > 2 is real and non-integral, and suppose further that s >
(120] + 1) (|260] + 2) + 1 is a natural number. Then as P — oo one has

To(P) =27Q(s,0; \) P % + 0 (P77, (2.1.3)
where )
1 S
Q(s,0; \) = <9) AL A 7Y9C(s,0:0) > 0
with

Clo:2) = / (—ou(01f1 + -+ osm1fema) T (Br - Bemn) OB

u
where d3 here stands for df; - - - dfBs_1, and o; = \;/|\;|, and U denotes the set of points of the
box [0, [A1]] X -+ x [0, |X\s—1]], satisfying the condition that

—05(01B1 + -+ 0s-18s-1) € [0,]As]]-
In particular, the inequality possesses a non-trivial positive integer solution.

As a first comment on the asymptotic formula (2.1.3)), let us remark that, as will be apparent
to experts, the positivity of the real number C(s, 8; A) follows immediately from the fact that
the o; are not all of the same sign. In the special case where § € Q is a rational number greater
than 2 one can obtain a "special” family of solutions as follows. Let us write § = p/q € Q for
some p, ¢ € Nwith ged(p, ¢) = 1. Take z; = y¢ (1 <i < s) wherey; € Nwithy; <YV < P4,
Then inequality takes the shape |\1y} + - - - + A\sy?| < 7. When the number of variables
s is large enough in terms of p, as for example in [36, Theorem 1], one has that the number
of solutions of this last inequality is > Y*~P. Thus, the number of solutions of the inequality
satisfies N7, (P) > (P'/4) °~" . On the other hand, the number of solutions obtained in
this way is o (Psfp/q) , and so the number of solutions obtained is very small compared with
what is expected.

The first to consider studying additive problems with non-integral exponents is Segal in the
early 1930’s. In the papers [69], [70] and [[71]], Segal studied Waring’s problem with non-
integral exponents, and additionally (phrased slightly different in his work) considered the
problem of solubility of the inequality

2§ 4+ 42l — v <e,

with § > 2 real and non-integral and 0 < ¢ < v~(¥)/% where 0 < ¢(f) < 1 is a fixed number,
depending only on 6. For large values of v Segal showed the existence of a solution x € N¥,
provided that we are given s > s0(6) variables, where sq(6) ~ 6(|6]+1)2L%)*1 1. In Theorem

below we improve this.

For questions and results on the interface between the fields of Diophantine inequalities and
Diophantine approximation the interested reader can refer to the monograph [2], which con-

tains an exposition of some of the most pivotal results in that area, dating up to late 1980’s.

A great body of work in the existing literature is concerned with counting solutions inside a
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Chapter 2. Diophantine inequalities of fractional degree

bounded box of side length P to indefinite inequalities of the shape
Mz + -+ Azl <7, (2.1.4)

where d > 2 is a natural number, and at least one of the ratios \;/ Aj is irrational. This last
irrationality assumption is necessary, for otherwise if all the coefficients are in rational ratio
then one can clear out the denominators by multiplying with the least common multiple which
would reduce the inequality to an equation over the integers. The latter has been a separate
area of research since the birth of the Hardy - Littlewood circle method in the early 1920’s. The
problem of the solubility of inequalities of the shape first appears in the literature with
the seminal work of Davenport and Heilbronn [30] in 1946. In that paper the authors prove
that every real indefinite diagonal quadratic form in s = 5 variables can take arbitrarily small
values. Their method to prove that result, what now is called the Davenport-Heilbronn method,
is a Fourier analytic one over the entire real line. It is important here to mention that the main
theorem of [|30] proves that there exist arbitrarily large values of the parameter P such that
with d = 2 and s = 5 is soluble with z; € [1, P] N Z. More precisely, they prove their
result for a sequence of arbitrarily large numbers P, that depends essentially on the continued
fraction expansion of the irrational ratio A;/\;. Thus, their conclusion would apply to boxes
of side length P whenever this parameter P is a term of that specific sequence of values. This
dependence was removed only in the early 2000’s by Freeman. Beginning with [36], Freeman
introduced a variant of the Davenport-Heilbronn method motivated by methods developed in
[4]. This allowed Freeman to show the existence of infinitely many non-trivial integer solutions
in boxes of any sufficiently large side length P, given roughly d log d variables (when d is large).
Later in [39]], Freeman established for the first time an asymptotic formula for the number of
integer solutions of inside the box [P, P]*, provided we have s > 2¢ + 1 variables.
The results of [36] and [39] were refined by Wooley in [86]. Since we are not dealing with
an inequality of positive integral degree d as in (2.1.4), we finish here our rather short tour
amongst results concerning that problem. The interested reader is directed to the papers of

Freeman and Wooley for a general discussion.

Itis reasonable to expect that a conclusion as in Theorem would remain valid if instead
of a homogenous inequality as of the type we count solutions to an inhomogenous in-
equality of the shape

|F(x) — L| < T, (2.1.5)

with 7 as in (2.1.1) and L being a given real number. We write N7 (P; A, L) to denote the
number of positive integer solutions x of the inequality withz; € [1,P] (1 < i < s).
Here, the generalised polynomial F could be either indefinite or definite. In the case where F is
indefinite there is no restriction on the size of L. However, one has to take boxes with side length
P being sufficiently large in terms of s, and the coefficients A; of 7. On the other hand, if 7
is positive definite then one has to assume that L <y P?. Namely, there exist suitable positive
constants c¢(A), C(X) such that L belongs to an interval of the shape ¢(A\)P? < L < C(A)PY. As
is to be expected, the counting function of such solutions satisfies the same kind of asymptotic
formula as in Theorem[2.1.1} The minor adjustments of the proof are postponed until

Theorem 2.1.2. Suppose that F is indefinite and let L be a fixed real number. Suppose further
that 6 > 2 is real and non-integral, and that s > (20| + 1) (|26] + 2) + 1 is a natural number.
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Then as P — oo one has
so(Pi A, L) = 27€(s, 0; MNP 4o (Psfe) ,
where Q)(s, 0; \) is a positive real number depending only on s, 6 and the coefficients \;.

One can refer to 58] for such a conclusion for linear forms over primes, and to [40]] for a

general result concerning additive inhomogenous inequalities of integral degree d > 2.

More interesting is the case where F is positive definite. In such a case the problem is refor-
mulated as a problem of representing arbitrarily large numbers by the generalised polynomial
F. Instead of counting solutions inside a box, we can count solutions that represent an arbi-
trary large real number. That is to say, for a positive real number v sufficiently large in terms
of s, 6 and the positive number 7, we ask how many positive integer solutions are possessed by
the inequality

|F(x) —v| < T (2.1.6)

We write p,(7,v) = ps(7,v; A) to denote the number of positive integer solutions of (2.1.6).
One anticipates ps(7, V) to be large when 7 is fixed and v is large. Our next result establishes an

asymptotic formula for the counting function p,(7, v).

Theorem 2.1.3. Suppose that 6 > 2 is real and non-integral, and that 7 € (0, 1] is a fixed real
number. Suppose further that s > (|20] + 1) (|26] + 2) + 1 is a natural number. Then as v — oo
one has

ps(T,v) = 2(A1 -+ Ag) /0 Fity) u +, %)871/8/971 +o (VS/GA) .
(3

A word is in order regarding the conclusions of Theorems and[2.1.3] Though they look
similar there is an essential difference between these two conclusions. As we already men-
tioned, in the situation of Theorem we count solutions of an inequality inside a box, while
in the situation covered by Theorem([2.1.3|we aim to "represent” a large positive number by the
generalised polynomial F. This difference is reflected in the shape of the asymptotic formulae
we establish. In the indefinite case we consider boxes of arbitrarily large side length P, while in
the definite case covered by Theorem[2.1.3] the main term in the asymptotic formula is limited
by the size of the real number v we wish to represent, since there is a natural height restriction
imposed on a solution x. This last observation is straightforward. Suppose that \; are all pos-
itive and suppose that we aim to represent a real number v < N where N is a positive large
parameter. Choose now P = 2()\1_1/9 T 1)N'/_ Then for any solution x of
with v < Nonehasz; < P (1 <i < s). As a remark, we draw the attention of the reader to
the recent works of Chow [23]], [[24]] and Biggs [/5]] for the problem of representing a number by
shifts of dth-powers where d € N. That is to say, for 7 a sufficiently large positive real number,
they investigate the solubility of the inequality

|($1_Ml)d+"'+(xs_US)d_T|<77>

in integers x; > u;, where p; are fixed real numbers with p; being irrational and 7 being a

positive real number.

From now on we focus on Theorem It is possible even at this stage to illustrate the
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route we take to tackle the problem. Define the exponential sum f(a) = f(a; P) via

flay P) = Z e(azx?).

1<z<P

As in Freeman’s variant of the Davenport-Heilbronn method, we are seeking mean value esti-
mates of the asymptotic shape fol |f(a)]*da < P*~?. The key mean value estimate that does
the heavy lifting in the proof of Theorem|2.1.1|is the following.

Theorem 2.1.4. Suppose that 6 > 2 is real and non-integral and that x > 1 is a real number.
Suppose further that t > 1 (|20] 4+ 1) (|26] + 2) is a natural number. Then for any fixed e > 0
one has .

/ 1f () da < kP20%,

We emphasize here, that the implicit constant depends on ¢, 6 and ¢, but not on « and P. Further-
more, fort > 1 (|26] + 1) (|26] + 2) one can take ¢ = 0.

Before we announce the final result of this chapter, we pause for a moment to comment on
the number of variables needed to establish the mean value estimate in Theorem[2.1.4] As we
explain at the end of the number 3(|20] + 1)(|26] + 2) stems from an application of the
Main Conjecture in Vinogradov’s mean value theorem to a system of degree k = |20 + 1. As
a measure of comparison, note that when 6 = d is a natural number the latest developments
in Vinogradov’s mean value theorem by Wooley’s Nested Efficient Congruencing method 95}
Corollary 14.7] deliver the bound

1
/ F(@) da < P*4,
0

provided s > sy where

so=d* —d+2|V2d +2] —6(d), (2.1.7)

with 0(d) defined via

1, when 2d+2> |v2d+2]% + [V2d+ 2],
0(d) =

2, when 2d+2 < |v2d+2)? + [V2d +2].

Making use of the above mean value estimate combined with a Weyl type inequality as in [86|
Lemma 2.3] one can show that sg + 1 variables suffice to establish the anticipated asymptotic
formula for the counting function N;d(P; A). Hitherto, in view of [[21} Theorem 11.3] one had
to take s > 2d? when d is large. Incorporating into [[21] reduces the number of variables
needed to establish the asymptotic formula for N7 ,(P; ) by a factor of 2.

We briefly mention here the following very interesting statistical result due to Briidern and
Dietmann. From a measure theoretic point of view, the anticipated asymptotic formula holds for
almost all (admissible) real forms \; a:il 4+ 4 /\sxg, provided we have more than 2d variables.
More precisely, in [[20] it is proven that given s > 2d variables then for almost all (in the sense

of Lebesgue measure) admissible values of the coefficients, there exists a positive real number
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C(s,d; A) such that for all sufficiently large P one has
|Ns7—,d(P) — 27’0(57 d; }\)PS*d| < Psfd—s—w7

uniformly in 0 < 7 < 1. It would be interesting to derive an analogue with the exponent d

replaced by an arbitrary positive fractional number 6.

Lastly, we encounter a weighted version of Theorem For a sequence of complex num-

bers (a,)zeny we write fo(a) = fa(o; P) to denote the weighted exponential sum

fala; P) = Z aze(axe).

1<z<P

Motivated by [94] we seek for an inequality

[falas P)llL2e < Cpllag]le2,

with the real number Cp depending at P and being uniform in (a,).cy. Due to the fractional

nature of 0, it is reasonable to expect a connection with Diophatine inequalities of the format

(2.1.5). To do so, one has to detect solutions of inequalities by means of an appropriate kernel

function. For o € R we define the function
M, when « # 0,

sinc(a) = e (2.1.8)

, when a =0,

and set K (o) = sinc?(«) as in [30]. Our result reads as follows.

Theorem 2.1.5. Suppose that & > 2 is real and non-integral, and suppose further that s >
2(1260] + 1) (|26] + 2) + 2 is a natural number. Then one has

/OO fa(@)]** K(a)da < P*=0 [ )" fa,?

- 1<z<P

In order to establish Theorem|2.1.5|we apply an elementary argument and "double” the num-
ber of variables, aiming eventually to reduce to a Diophantine problem of representing a large
positive real number by a generalised polynomial F of the shape (2.1.1I)). Thus, one would be
able to make use of Theorem This explains the fact that for the inequality recorded in
Theorem we use twice as many number of variables needed in Theorem [2.1.3] This is
a "cheap" argument. With harder work one could possibly eliminate the factor 2 and half the
number of variables needed. This requires more effort and is not the focus of this work. The
trick of "doubling" the number of variables is a classical argument in harmonic analysis and
goes back to at least Zygmund in his paper [96]]. More recently, it was used by Bourgain in the
papers [8], [9], on discrete periodic Strichartz estimates.
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2.2 Setup and overview of the method

We follow Freeman [39]] in making use of appropriate kernel functions that allow one to bound
the counting function N7 ,(P) from above and below. We make use of the following technical
lemma.

Lemma 2.2.1. Fix a positive integer h. Let a and b be real numbers with 0 < a < b. Then there
is an even real function K (a) = K(«; a, b) such that the function v defined by

b(E) = /R e(éa) K (a)da

satisfies
€1[0,1] for £€R

Y(E) §=0 for |£]>b (2.2.1)
=1 for |¢| <a.
Moreover, K satisfies the bound
K(a) <p min {b,|a| ™", a| "1 (b—a)"}. (2.2.2)
Proof. Thisis [39, Lemma 1]. O

Set 7 = 7(log P)~'. We can now define the following two kernel functions
K_(a)=K(a;7—7,7) and Ki(a)=K(o;7,74+ 7). (2.2.3)
Note that by (2.2.2) we have

K (a) <, min{1,|a| ™", (log P)" || 7"~} (2.2.4)

The estimate is essential in the disposal of the set of trivial arcs. We make use of this
for a particular choice of / to be chosen at a later stage. We refer to K, K_ as the upper and
lower kernel respectively. The Fourier transform of K, provides us with an upper bound for

< (P) while the Fourier transform of K_ provides a lower bound. To see this, let us write
X+ (&) for the indicator function of the interval (—7, 7), namely

1, when [¢] <,
X-(§) = (2.2.5)
0, when [¢]> 7.

By (2.2.1)) one has that

and
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Consequently, one has

/OO e(fa)K_(a)da < x-(§) < /0<> e(§a) K4 (a)da. (2.2.6)

— 00 — 00

We take a moment to point out that the expression

[ cterratanta - xr(o) (22.7)

is zero when ||| — 7| > 7 and at most 1 for values of ¢ such that ||{| — 7| < 7.

We are now equipped to explain how we sandwich the counting function V, 7 9(P). Recall that

We write f;(a) = f(Ma) (1 <i < s)and put
Ry(P) = /OO fi(a) - fo(a) Ky (a)da. (2.2.8)

Take now & = \jz{ + -+ + A\2% in (2.2.1). If we sum over 1 < x < P and take into account
(2.2.5) and (2.2.6), we obtain

Ry(P)> Y 1=N,(P),
1<x<P
| F(x)|<T

and

R(P)< Y 1=Ny(P).
1<x<P
|F(x)|<T

Thus, we conclude that
R_(P) < N7y(P) < Ry(P).

From the inequality above it is clear that in order to establish an asymptotic formula for N7 ,(P)
it suffices to obtain asymptotic formulae for the integrals R (P) that are asymptotically equal.

We now fix some notation. Puty =6 — 0] € (0,1). We set
do=4"° and w=min {11_27 5—1009} : (2.2.9)
We dissect the real line into three disjoint subsets as follows.
(i) The major arc 9t around 0 given by

M={aeR:|a] <P 0},

(ii) The minor arcs m given by

m={aeR: P "% < |a] < P¥}.
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Chapter 2. Diophantine inequalities of fractional degree

(iii) The trivial arcs t given by
t={a€R:|o|>P“}.

For a Lebesgue measurable set B C R we define
Ry (P;B) = / fila) - fo(a) Ky (a)da. (2.2.10)
B

So, by (2.2.8) one has

Ri(P)=Ry(P;M)+ Ry (P;m) + Ry(P;t). (2.2.11)

We describe now the general philosophy underlying the Davenport - Heilbronn method and
give a brief overview of the strategy we follow in order to prove Theorem

The starting point is an analytic representation for the counting function, as in (2.2.11)). We
begin with the major arc 9t. Typically when integrating over 9 one expects to obtain a contri-
bution of order asymptotically equal to P*~?, namely

/ fila) - fo(a) Ky (a)da < ps=9
m

where the implied constants are positive. This reflects the observation that for small values of
|a| the exponential sum f(a) = Y, . p e(az?) displays less cancellation. That is to say, the
contribution from a small neighbourﬂo:)d around 0 dominates, giving rise to the main term of
the asymptotic formula in Theorem[2.1.1} The major arc analysis is rather classical. We present
a treatment based on Fourier’s inversion theorem, similar to that in [20] $5], which in turn is a
simplification of the treatment presented in [39]].

We proceed now to describe the treatment of the sets of minor and trivial arcs. As is to be ex-
pected, this constitutes the most challenging part along the way to proving Theorem[2.1.1] Here
one typically expects to demonstrate a smaller overall contribution of size o (Ps_e) . Namely,
we aim to show

/Ut [fi(@) - fo(@)Ki(a)|da = o (PS*") )

The method we employ here is motivated by our aim to find an alternative route that is less
sensitive to the fact that we are dealing with exponential sums having a smooth and not poly-
nomial phase. With the classical version of Weyl's inequality out of the game, we put our efforts
into gaining an almost full saving from a Hua type estimate for the exponential sum f(«). With

this aim in mind we can now bound the mean value [ _|f(«)|*da for s > 2t by noting that

s—2t
[ 15@)rda < (gg>u<an> [ 1f@Pda, (22.12)

where ¢ is an appropriate positive integer. It may be helpful to the reader if we mention here
that we seek to choose ¢ so that

[ 15(@)da < Pt
m

for any fixed € > 0. Note that in order to establish the asymptotic formula (2.1.3) one has to add
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one extra variable and take s > 2t + 1. We bound each factor in (2.2.12)) separately as follows.

For the first factor in (2.2.12)) it suffices to show that for some 7 > 0 one has

sup | f ()| < P17,

aem

This is achieved by means of van der Corput’s k-th derivative test. The key here is to investigate

the magnitude of the derivatives of the phase function z — aa?.

For the second factor we aim to obtain an upper bound of the shape [ _|f(a)|**da < P20+,
This is precisely the content of Theorem which in a sense plays the role of Hua’s inequal-
ity and does the heavy lifting in the proof of Theorem To demonstrate this we begin by

observing that a mean value of the shape

1/(26)
/ F(@)?da
—1/(29)

counts asymptotically the number of integer solutions 1 < x < P of the corresponding under-
lying inequality

9 4 0 [
|27+ xp = wyq = — @y <6,

where § > 0. The idea is to exploit the Taylor expansion of the function » ~— 2 to obtain
an approximately TDI system. This idea seems to appear first in the work of Arkhipov and
Zhitkov [1f]. The new system is composed of an inhomogeneous Vinogradov system and a lin-
ear inequality. The degree of the Vinogradov system is dictated by the number of terms we
consider in the asymptotic expansion, and is the same as the number of variables of the linear
inequality, which arises naturally when we collect the smaller terms of the Taylor expansion.
As one suspects, the height condition on the variables in the inequality is imposed by the vector
that has as components the inhomogeneous side of the Vinogradov system. We follow the orig-
inal approach of Arkhipov and Zhitkov and consider a degree k expansion where k = [26] + 1.
However, our treatment differs from that in [1} Lemma 3] in two aspects. Firstly, we encounter
from the very beginning an exponential sum with a smooth phase, while in |1, Lemma 3] the
authors deal with an exponential sum whose phase is the integer |2’ | € N. Secondly, and most
important, our treatment is a refinement of that presented in [1} Lemma 3]. In the latter, the
authors obtain an estimate which is P'/? away from the near optimal one. By contrast we es-
tablish an essentially optimal estimate in Theorem|2.1.4

Lastly, a word concerning the set of trivial arcs. To deal with the set of trivial arcs, we split the
range |o| > P¥ into dyadic intervals of the shape (27, 2771], and use Theorem to obtain a
mean value estimate over such interval. The decay of the kernel functions K1 provides us with

the necessary savings in the final summation.

2.3 An auxiliary mean value estimate

In this section we prove Theorem To do so, we first collect some auxiliary results that we

need in our proof.
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Fort,k € N we define the mean value

2t

Jik(P) = / Z ez + -+ apz®)| da.
0" h<z<p

By orthogonality, one has that .J; ;(P) counts the number of integer solutions of the system

t
D@l —wl)=0 (1<j<k),
i=1
with x € [1, P]?!. The study of the mean value J; ;(P) goes back to the mid 1930’s and Vino-
gradov [79]]. The central problem here is to find upper bounds for J; 1, (P). The Main Conjecture
in Vinogradov’s mean value theorem, now a theorem after the work of Wooley [92] for k = 3,

and Bourgain, Demeter and Guth [11f], for £ > 4, reads as follows.

Theorem 2.3.1. Suppose thatt > %k(k‘ + 1) is a natural number. Then for any fixed € > 0 one
has
Jt k(P) < Pt+6 + P2t7%k(k+l)'

Proof. See [95| Corollary 1.3]. An estimate weaker by a factor P¢ can be found in [92, Theorem
1.1] for k = 3and in [11, Theorem 1.1] for k > 4. O

In the proof of Theorem|2.1.4] we deal repeatedly with inequalities of the shape

|x1+...+$g_xf+1_..._xgt|<6’ (2.3.1)

where § > 0 is a fixed real number. Due to the fact that 6 is not an integer, one cannot count
directly the solutions via the usual orthogonality relation over the interval [0, 1). As a surrogate,
we make use of an auxiliary lemma which is a variant of [81, Lemma 2.1]. In order to state the
lemma we first introduce some notation. Suppose that I, Is C (0, 00) are bounded intervals,
and suppose further that S C (0, 00)? is a bounded set of lattice points. We write V; (11, I2;J)
to denote the number of integer solutions of inequality with zy, 2441 € [ and x; € I
foralli # 1,¢ + 1. Similarly, we write V;(S, I2; §) to denote the number of integer solutions of
inequality with (21, 711) € Sand ; € Iy foralli # 1,t+ 1. Fora € Randi = 1,2 we
put H;(«) = H(a; I;), where
H(o; ;) = Z e(ax?).
z€l;
Moreover, we write
Hs(a) = Z e (a(m? - xfﬂ)) .
(21,2411)€ES
The lemma now reads as follows. We note here that if I; = I, then our result in (%) is a special

case of [[81] Lemma 2.1] with K = 1 and w = 2 in their notation.

Lemma 2.3.2. Define the number A via the relation 2A = 1.

(i) One has .
Vi(S,I;0) < 5/ |HS(O[)H2(Q)2t72‘dOL,
—A
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(ii) One has

A A
5/ |Hy(0)2Ha ()2 2] da < Vi(Iy, In; 6) < 6/ |Hi()? Ha()* 72| da.
A A
The implicit constants in the above estimates are independent of I, I3, S, 6 and 6.
Proof. The argument proceeds as in [81, Lemma 2.1]. For z € R we define the functions
K(a) = sinc?(a) and A(z) = max{0,1 — |z|},

where recall from (2.1.8)) the definition of the sinc function. It is well known, one may see for
example in [29, Lemma 20.1], that for z, £ € R one has

K(¢) = / " (cat)A(@)dr and A(z) = / " (a6 K (€)de. (2.3.2)

—00 —00

We make use of Jordan’s inequality, which states that for 0 < 2 < 7 one has

<

2 sinx
— <1,
T T

where the equality holds only if x = 7/2. For a proof of this inequality see [48, p. 33]. Note
here that for || < § one has K (o) > 4 /7%

For ease of notation we set

1
ore(x) =2 +---—af, and &= %Ut,e(x)'
We first prove the upper bound in (7). Let X be a tuple counted by V; (S, I»; d) . By Jordan’s
inequality one has

71_2
ZK(g) > 1.

Hence
2

where the summation is over tuples X with (21, z:41) € Sand z; € I (i # 1,t+1). Using now
(2.3.2) and making a change of variables by setting u = 20a. we successively obtain

Vi (S, 12;0) < % ;/_Z e(ué)A(—u)du = %6 ;/_O; e(aoo(X))A(—20a)da.

One can interchange the order of integration with that of summation. This is valid since the
integral is absolutely convergent and we have a finite sum. Note here that

> e(aoy(x)) = Hs(o) Ha(a)* 2.

X

Moreover, for [a| > 75 one has A(—25a) = 0. Hence by the triangle inequality we conclude
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that

2
V(S o) < 0 / | Hs(a)Ha ()2 2| A(~200)da

<<5/ |Hs(a)Ha(a)* 2| dov.

Next we prove (i7). In order to establish the upper bound one may argue as in (i), whereas
now we make use of the product H; ()2 Hz()?'~2. We give the proof of the lower bound. Let
x be a tuple counted by V; (11, I2;0) . Then one has

0<A(2) <1
Thus, summing over X with z1, 22 € Iy and z; € Iy (i # 1,t + 1), and using (2.3.2) we obtain

Vi (I, I5; 6) > ZA 26).

Invoking again ( and making a change of variables by setting u = da we successively
obtain

Vi (I1, I2; 6) 22[0 e(2ué) K du—az/ e(aoy (%)) K (6a)de.

Since we assume that x1, x;1 € I; one has

Ze(aate = |Hy (o) Hy ()72

X

Changing the order of summation and integration the preceding inequality now delivers
Vi (I, I5; 6) > 5/ |Hi(a)? Hy()* 2| K (br)da. (2.3.3)
Next, using again Jordan’s inequality and the positivity of the integrand we obtain
- 2 2t—2 4 (2 2 2t—2
|Hi(o)*Ha(ax) | K(ba)da > = |Hi ()’ Ha () | dov.
— 00 —A
Incorporating the above into (2.3.3)) yields
A
Vi (I, I2;0) > 5/ |Hy(a)? Ha()* 2| dav,
-A
which completes the proof. U

From now on we set k = |20 + 1 and for 1 < j < k we define the binomial coefficients

- (9) 001 (0—j+1)

— -

J
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Foratupleh = (hy,...,h;) € ZF we write H(h) = H(hi, ..., h;) to denote the expression
H(hy, ... hg) =b PP hy + - + b, PP Fhy. (2.3.4)

Lemma 2.3.3. Suppose that 6 > 2 isreal and non-integral. Let k = |20| + 1, and let t be a given
natural number. Suppose that P > k" is a real number. We write T'(P) to denote the number of
integer solutions of the inequality

[H(h)| <2t

in the variables h;, satisfying |h;| < tP?/2 (1 < j < k). Then one has
T(P) < 4(8t)F P57 —0+3,
Proof. Thisis [1, Lemma 1]. O

For technical reasons it is more convenient to work with exponential sums over dyadic in-
tervals. For a positive real number X we write g(«) = g(«a; P) to denote the exponential sum

g(a; P) = Z e(azx?). (2.3.5)

P<z<2P

We are now equipped to prove the key estimate of this chapter. The following is a variant of The-
orem where now we are dealing with the exponential sum g. One may recover Theorem
by splitting the interval [1, P] into O (log P) dyadic intervals and then apply the theorem
below.

Theorem 2.3.4. Let x > 1 be a real number. Suppose thatt > (|26 +1)([26] +2) is a natural

number. Then for any fixed ¢ > 0 one has
/ ()2 da < kP20,

We emphasize here, that the implicit constant depends on ¢, 0, and t, but not on  and P. Further-
more, fort > 1 ([26] + 1) (|26] + 2) one can take e = 0.

Proof. Weset I = (P,2P)]. Apply Lemma|2.3.2|with I; = I, = ] and § = 5-. So, one has

1 K

1
o lg(@)]* da < V, (I; ) , (2.3.6)

2K

where V; (I; 5-) denotes the number of integer solutions of the inequality

1
0 0 0 0
‘x1+"'+xt*»’ft+1*"'*x2t|<%7

with P < x < 2P. Since k > 1 we plainly have that

1 1
L— )<V (IL;=
‘/2(,%)_%(72)7
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where V; (I ; %) denotes the number of integer solutions of the inequality

o 4ot af oty — ol < L
with P < x < 2P. Hence by (2.3.6) we obtain that
" 2 1
/ lg(a)|” da < KV <I; 2) . (2.3.7)

We define the interval

I=(P,P+(VP|+1)VP].

Note that I C 1. Moreover, for a € R we write
g(a) = Ze(axe).
zef

Itis apparent that V; (I ; %) is bounded above by the number of integer solutions of the inequal-
ity
t

Z(I? - fo)

i=1

<1
2’

with x1, 2411 € Tand x;, 2444 € I (i # 1,t + 1). Denote this number by V}(I,T; %)

Apply now Lemma with I; = I and I, = I. So, one has

1
W(LE;></mWMVQMVt%m (2.3.8)
-1

Putting together (2.3.8) and the fact that V; (I;3) < V; (I, I; %) reveals that

1
V(1) < [ lat@Plate) o, (239)
-1

Our aim now is to bound the mean value on the right hand side of (2.3.9). For a natural
number ¢ > 1 we write
Py=P+({—-1)VP, (2.3.10)

and set Tg = (Py, Pr41]. Note that fg forms a cover of the interval I consisting of subintervals of
length v/P. We record this in the following inclusion

WPl
Icic (J L (2.3.11)
=1

For o € R we now set

ge(a) = Z e(axg).

a:Efk

Incorporating the exponential sum g;(«), we deduce by the triangle inequality followed by an
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application of Holder’s inequality that

[VP|+1 -2

| s@Pa@P e < [ g@F | Y @] do

{=1
/ o) [gu(e) **~* dax

Invoking ib we infer that for some ¢y with 1 < ¢y < L\/TDJ + 1 one has

ot 3foﬁl
< (L\/?J +1

(1) < )" [ o o
7 (2.3.12)

1
< Pt / 19(0) 2 (G ()22 da

-1

We now turn our attention to the mean value on the right hand side of (2.3.12)). One can apply
Lemma withI; = Tand I, = Eo. Then one has that

! N _ -1
/ 19(e) | |5, (@) * da < V4 (I, Iy, 2) : (2.3.13)
-1

where V; (I , fgo; %) denotes the number of integer solutions of the inequality

(2.3.14)

l\?\’—‘

0
Ty — xt+l + E 'rt-i-z

with 2y, 241 € Tand z; € Iy, (i # 1,6+ 1).

Recall that Do = (Py,, Pyy11], where Py, = P + (¢o — 1)v/P. For each index i # 1,t + 1 we
set

Yi = x; — Py

Clearly one has 0 < y; < +/P. Upon noting that P > Py, > /P, an application of the mean
value theorem of differential calculus yields for each index i # 1,¢ + 1, that

0

|28 — 2 il = [(yi + Puy)® — Wi + Poo)?| =< Pp Hys — yers| < PP1/2

By the triangle inequality, the above estimate leads to

t
Z zt—&-z < P071/2'

i=2
z; €1y

Invoking we now have that [2{ — 2% ,| < P%~/2. On the other hand, an application

of the mean value theorem of differential calculus yields |z§ — z¥, ;| < |z1 — z¢41|P?~!. Thus,

we can conclude that |21 — x| < V/P. One can rewrite this asymptotic estimate in the shape

|z1 — x| < Ch \/]3, where C; > 0is areal number that depends at most on ¢ and 6. In view
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of this new constraint one can return to inequality (2.3.14) and count solutions subject to the
constraints

T1,Tt41 € I, |J)1 — It+1| < Cl\/ﬁ, and z; € Eo (Z 75 1,t+ 1). (2.3.15)

The points =1, 241 belong to the interval I. Recalling the inclusion (2.3.11) we have that
there are indices ¢; and /5 for which

P[l <z < Pg1+1 and sz < xq1 < P[2+1.

Then, combining (2.3.15) with the definition (2.3.10) of P, and using the fact that for each index
{wehave Ppy1 — Py = VP, one can deduce that

CiVP > |oy — 2p41| > [Py, — Poy| = VP > (|t — Lo — 1) VP.

From the above computation we obtain that |¢; — {5 < Cy + 1.

We now bound from above the number of integer solutions of the inequality under
the constraint (2.3.15). To do so, we make use of appropriate generating functions. We write
S C I x I for the set of lattice points 1,z € I which satisfy |z; —z;,1| < C;v/P. By Lemma
with S as above, I, = DO and 6 = % one has

~ 1 ! _ _
Vi <1,140;2> <</ |Hs ()G, ()* 2 |day, (2.3.16)
-1

where

Hs(@)= Y elale] —al,)).

(z1,2441)ES

OnecantileS C I x I by invoking the cover (E) . Taking into account our previous conclusion
¢
that |/, — {3 < C; + 1 we infer that

IVP]+1  [VP]+1
Hs(a)| < > > G (@)lge (@)

l1=1 la=1
[£1—£2|<C1+1

Hence, for some 1 < /1,45 < L\/T’J + 1 one has
[Hs ()] < P*[ge, (@)]|ge, ()]
One can now bound above the right hand side of (2.3.16). So we infer that
v (I, I ;) <t [ 11 e, (), ()32, ()] dov (2.317)

Invoking the elementary inequality |21 - - - z,,| < |21|"+- - - 4|2, |", which s valid for all complex

numbers, one has that

1961 ()G (@) ey () 2| < |G, (@) + (92 ()|** + [, () |*.
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Hence, (2.3.17) delivers the estimate
~ 1 1 ! ~ 2t
‘/t Ia Iéo; 5 < P2 |g[(0é>| dO[,
-1

where ¢ is one of the indices /1, {5, {y. Incorporating this estimate into (2.3.13)) and recalling
(12.3.12), we deduce that

1 1
1% (I; 2) < Pt*%/ 1Ge(a)|* da. (2.3.18)
-1

We emphasize here that our choice of 1 < ¢ < |/P] + 1 is now fixed.

In view of (2.3.7) our aim in the rest of the proof is to bound the mean value appearing on
the right hand side of (2.3.18)). Appealing to Lemmawith I =L =I,andd = % one has

Lo ~ 1
/ [Ge()]? da < V4 (Ie; 2) , (2.3.19)
-1

where V; (fz, %) denotes the number of integer solutions of the inequality

1
]x?—&-m—kxf—(x§+1+---+xgt)]<§7 (2.3.20)

with z; € fg From now on we essentially follow |1, Lemma 3]. We set Q; = | P;] and define
yi = x; — Qp (1 <14 < 2t). Note that

0<y < |VP|]+1<Q,.
This observation is immediate since by the definitions of P, and @), one has
0<Py—|P| <y <Piy1— Pl =Pi— |P) +VP <1+ VP < Q. (2.3.21)

Then inequality (2.3.20) takes the shape

[+ Q)+ (e + Q)" — (e + Q0 — (e + Q0| < 3,

or equivalently,

Y1 0 Yt 0 Yt+1 0 Yot 0
(o) e (o) () ()

We consider the function h : (0,1) — R with h(z) = (1 + 2)?. Then, a Taylor expansion up
to the k = |260| + 1 term around the point zy = 0 yields

QY < (2.3.22)

1
5"

k

24 rp(z) =1+ ijzj + i (2),
j=1

k

h(z) =h(0)+ )

j=1

R (0)
gl

where recall that

)

b, = (9) 00 —1)---(0—j+1)

J J!
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is the j-th combinatorial coefficient of the expansion. Here 74 (=) denotes the remainder term.

In Lagrange’s form, the remainder term takes the shape

h(k+1) c o
rr(z) = (k+ 1() !> = by (14 ¢) TR,

for some 0 < ¢ < z. Upon nothing that 1 + ¢ > 1land § — kK — 1 < 0 we obtain
ri(2)] < |bgallz*F7, (2.3.23)

For each index 1 < ¢ < 2t we write z; = y;/Qy. In view of (2.3.21), one has 0 < z; < 1.
By (2.3.21)) it follows that for P sufficiently large one has 0 < z; < %. Indeed, this follows

immediately upon writing

_ % VPl VP41 2
Qe ~ [P P -1 P

Thus, (2.3.23) with z = z; delivers the following upper bound for the error term

2 k+1
()] < bes] ()

Zi

VP (2.3.24)
= |y |2FHIP
Expanding each term occurring in (2.3.22)), we obtain that
Yi ’ Yi Yi g Yi
0 [ 0 7 [ 7
1+=2-) = T4by (== )4+ +be (5 ) +me (=
Qe< Qz) Qe( 1<Qe> k(Qz) k(Qe))
(2.3.25)

= QU +0i1Q) Y1+ QMY + Qi (gze) '

Forlarge P one has ¢y < 2P. So, by (2.3.24)) and since k + 1 = |26] + 2 > 26, we infer that as
P — oo one has

’Qgrk (g)‘ < |brsa 2571 P~ (2P)
¢
_ |bk+1|2k+1+9Pa—%
=o(1).

Consequently, when P is large enough in terms of k£ one has for each index 1 < i < 2t that

’ 1
‘Q?rk (Cyh)‘ < (2.3.26)

Substituting the asymptotic expansion (2.3.25) into (2.3.22) and taking into account (2.3.26))
together with the symmetry of the inequality, we deduce that the number of integer solutions
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of the inequality (2.3.22)) is bounded above by the number of integer solutions of the inequality

k
o , , , 1
0—
> i@ J(y{+~~~+y§—yi+1—~-~—y%t) <zpts=L
=1

Rearranging the terms in the summation on the left hand side of the above expression, we can

rewrite the last inequality in an equivalent form as

<1 (2.3.27)

M t
DQYT Y (Wi — yewa) + -+ QU (WF —yk)
=1

i=1

The number of integer solutions of the inequality (2.3.27) with0 < y; < 1+|+/P] is bounded
above by the number of integer solutions of the system

[01Q hy + -+ + 5 Q0Fhy| < 1

(2.3.28)

t

Z(yf —yl)=h; (1<j<k)
i=1

with 0 < y; <Y where Y = 1 4+ |/P]. We denote this counting function by Z; » (Y;h) . Note
that the integers h; satisfy the relation |h;| < tY7 (1 < j <k).

We write J; 1, (Y';h) to denote the number of integer solutions of the inhomogeneous Vino-

gradov system
t

Sl -yl =hy (1<j<hk),

i=1
with 0 < y; < Y. By orthogonality one has

2t

Jik (Yih) = / Z ey + -+ ozkyk) e(—a-h)da,
0% lo<g <y

where as usual « - h stands for ayhy + - - - + aghy. By the triangle inequality and in view of
Theorem one has for any fixed € > 0 that

Jok (Vih) < Jp i (V) < Y22k De (2.3.29)

Recall now the definition (2.3.4) of the expression #. Returning our attention to the system

12.3.28]) we see that
Zi; (Y;h) < Z Jer (Y3 h),
|hj|<tY?

1<j<k
[H(h)|<1

which by the triangle inequality leads to

Zik (Yih) < T (V) Y L

|h;| <ty (2.3.30)
1<j<k
|H(1¥)T<1
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Recall now that Y = 1 + [v/P] < +/P. One may estimate the sum on the right hand side

of (2.3.30) by using Lemma Hence, appealing to (2.3.29) and Lemma the estimate
(2.3.30) now delivers

Zik (Y:ih) < y2t—3k(k+1)+e  pik(k+1)—0+3

(2.3.31)
< pt—0+3+e
Putting together (2.3.31), (2.3.19)), and (2.3.18) we deduce that
1 2t—0+e
which in view of (2.3.7) completes the proof of the theorem. O

It is convenient for the rest of the analysis to have in hand an estimate for the dilated expo-
nential sum f;(«) = f(\a).

Corollary 2.3.5. Let \ be a fixed real number. Suppose that  is a real number such that x| \| > 1.
Suppose further that t > % (|20] + 1) (|20] + 2) is a natural number. Then for any fixed ¢ > 0
one has that

/ |f(Aa)[* da < kP04,

—K

The implicit constant depends on €, A, t,and 6, but not on « and P.

Proof. Using the fact that f(—«) = f(«) for all @« € R and changing variables, we see that

" ot (" T sl 2t
e da = [ e da = 5o [ 1 au

1 KIA|

L f(w)* du.
REAREA

Invoking Theorem|2.1.4|we are now done. O

2.4 Minor arcs analysis

We begin the analysis of the analytical representation (2.2.11)) with the contribution coming
from the minor arcs. Recall that this set is given by

m={aeR: P <|a| < P¥}.

Define the intervals m*™ = [P~0*% p“)andm~ = (—P¥, —P~%"%] and note thatm = m* U

m~. One has f;(—a) = fi(a) for all @« € R. Moreover, the kernel functions K («) are real
valued and even. Recall (2.2.10). By a change of variables one has

Ry (P;m™) = Ry (P;m™), (2.4.1)
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2.4. Minor arcs analysis

where R4 (P;m™) stands for the complex conjugate. Therefore, it suffices to deal with the set

mt.

We make use of the following variant of van der Corput’s k-th derivative test, for bounding

exponential sums.

Lemma 2.4.1. Let ¢ > 0 be an integer. Suppose that f : (X,2X] — R is a function having
continuous derivatives up to the (g + 2)-th order in (X, 2X]. Suppose also there is some F > 0,
such that for all x € (X, 2X] we have

FX7" < |fM )| < FXT, (2.4.2)
forr=1,2,...,q+ 2. Then we have

Z e(f(oz)) < Fl/(27+272)Xl—(q+2)/(2q+272) + Fle,
X<x<2X

with the implied constant depending only upon the implied constants in (2.4.2).
Proof. See [43| Theorem 2.9]. O

Recall that in (2.3.5) we defined the exponential sum g(«) = g(«a; P) by

g(a; P) = Z e(azx?).

P<z<2P

We put ¢;(a) = g(Mia) (1 < i < s). Below we give a crude non-trivial upper bound for the
exponential sum f;(o) when o € m™. We emphasize here that one can certainly improve this
estimate. However, for our purposes the saving we obtain is sufficient.

Lemma 2.4.2. Foreachindex1 < i < s one has for any fixed ¢ > 0 that

sup |fi(a)| < P4 (2.4.3)

aemt

Proof. Fix an index i. It suffices to show that

0
sup |gi(a)| < P4,
acm™t

Then one may split the interval [1, P] into O (log P) dyadic intervals and the desired conclusion

follows.

We set ¢(z) = A\;ax?. For each integer » > 1 one has ¢(") (z) = C,ax?"", where we put
Cr =X0(0—1)---(0 —r+1).Itis apparent that for P < x < 2P one has

[0 (@)| < PP,
where F = |C,||a|P?. For o« € m* = [P~%+% P¥) one has

|C.|P% < F < |C|P'*.
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We apply Lemma with ¢ = n, where n = |#] in the integer part of . This yields that
for any & € m™ one has
lgi(es X)| < P17 4 P,

where
o n+2-0-w
an+2 _ 9
Upon recalling (2.2.9) one may easily verify that ) > 4~¢ which completes the proof. O

By (2.2.4) one has | K1 ()| < 1. An application of Holder’s inequality reveals that

/m+ |fi() - fs(a)Ki(a)|lda < (/m+ fl(a)|5da>1/s,,. </m+ |fS(O£)SdOé)1/S_

We set « = P“. Note that for large enough P one has P“|)\;| > 1. Combining Corollary
and the upper bound recorded in (2.4.3)) we deduce that for any fixed ¢ > 0 one has

s—2t ,pv
[ isteraa < (s n@1) [ i@

aemt -

< Ps—0 . P)—478(s—225)—‘,-w+e(s—2t+1)7

provided that s > 2t > (20| + 1)(|20] + 2). Choosing e = 57190 > 0 as we are at liberty to
do, and recalling from (2.2.9) that w < 57109 we infer that

/+ fi(@)|Pda < Ps=0 . p=t (-2 447 (6-2042) _  (ps=0)
m

In the light of (2.4.1) we have established the following.

Lemma 2.4.3. One has
/ 1(0) - fu(@)Ks(a)lda = o (P9,

provided s > (|20 + 1)(|20] +2) + 1.

2.5 Trivial arcs analysis

In this section we deal with the set of trivial arcs. Recall that this set is given by
t={aeR:|a| > P}

Define t* = [P¥,00) and t~ = (—oco, —P“] and note that t = t* Ut™. Recall (2.2.10). A change
of variables as in §2.4]yields
Ry (P;t7) = Ry (P;tH). (2.5.1)
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2.5. Trivial arcs analysis

Hence it suffices to deal with the set t*. By (2.2.4) with i = 1 one has that

9J+1

R A T S M R AL A CER)

: 29
j=|wlog, P

An application of Holder’s inequality yields

2J+1

s 9i+1 1/s
/_ |fi(@) - fs(a)]da < (H/ |fi(a)|5doz> : (2.5.3)
2 =172

J

Define sg = (|20] + 1)(|26] + 2) and note that s, is even. In making the trivial estimate

|[file)| = O(P)

it follows that , ,
9Ji+1 9J+1

/_ [fi(@)]*dex <<PH°/ |fi(@)[*dey,
27

2j
provided s > s¢. For sufficiently large P and for j > |wlog, P| + 1 one has 2/1|\;| > 1 for
each index i. Invoking Corollary the above estimate yields that for any fixed ¢ > 0 one has

2J+1

/ fi(@)*da < 271 pa—tte (1<i<s).
2

J

By (2.5.2) and (2.5.3) we infer that

oo

" Ifi(a) - fo(@)Ki(a)|da < PS0F¢ Z 2%

j=|wlog, P]

Clearly one has

> %«P‘“.

j=|wlog, P|

Hence by choosing e = § > 0 the previous estimate delivers

[ 1) L@ Ks(a)lda < P0F =0 (7).

In the light of (2.5.1) we have established the following.

Lemma 2.5.1. One has
J1@)-+ f@) K la)lda = o (P°).

provided s > (|20 + 1)(|26] + 2).
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2.6 Major arc analysis and the asymptotic formula

Now we deal with the contribution of the major arc
M={aecR:|a| <P 9T%}

around zero. The corresponding analytical approximations for the generating functions f;(«)
are given by

vi(a) = v(\a) = /OP e(Aion?)dy (1<i<ys). (2.6.1)
An application of partial summation delivers
fila) —vi(a) =0 (1 + P‘9|a|) ,
uniformly for o € R. Thus for o € 91 one has
fila) —vi(a) < P%.

The above estimate in combination with the trivial bounds |f;(«)|, |vi(«)] < P and the tele-

scoping sum

S
fl"'fs_Ul"'Us:Zfl"'fi—l(fi_'Ui)Ui-i-l""Us,
i=1
reveals that for o € 9t one has

fl(Ot) e fs(a) — Ul(Oé) e US(OL) < O(PsflJr&g)'
Integrating over 90 yields

| A feKs e - |

v1(a) .. US(Oé)K:t (a)da < / ps—1+60q,
n m

_ Ps—1+50meas (gﬁ) (262)

- ps—0—1424
=P 0,

where in the last step we used the fact meas () < P~9+%. By (2.2.4) one has |K. (a)| < 1.
Using integration by parts one has

vi(e) < min{P, |a| 7Y%} <« 7 (1<i<s). (2.6.3)
(1+ P?al)
So we deduce that
/ vi(@) - vs(@) Kx(a)da < / o] ~*/%da < P00/ 0 (2,6.4)
R\M |oo|>P—0+%

where in the last step we used the hypothesis s > 26.
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The singular integral of our problem is given by

I, = /OO v1(a) - vs(a) K1 (a)da. (2.6.5)

— 00

Note that by (2.2.4) and (2.6.3) the integral 7 is well defined and absolutely convergent. Com-
bining (2.6.2) and (2.6.4) and since 2, < 1, we see that

7, - / fi(@) - fu(@)Ks(a)da + o (P0) | (2.6.6)
m
For a € R we put
D(a) =vi(a) - vs(a) = / e (@M + -+ A70)) dr. (2.6.7)
[0,P]

Inview of (2.6.3) we see that ® is an integrable function. Making a change of variables by putting
v =P (ﬁl|/\z|_l) 16 (1 <1< S) yields

P

P(a) = <9> |/\1---/\S\’l/e/g(ﬂl-~-Bs)1/9’1e(aP0(0161 ++0y65))dB,  (2.6.8)

where o; = \;/|\;| € {1} are not all equal and B = [0, |A1|] X --- x [0,|As]]. Let 3 € Rbe a
parameter. We now write U(3) = U(53; A) C R*~! for the domain defined through the linear

inequalities
0<B <INl 1<i<s—1), 0<B-001f1i— =050 1B1 < |\,
We set
() = / B (B— 050181 — - — 0505715571)1/9_1 By Bs1)Y071ABy - - dBs_1.
u(p)

For 3 € [0,|),]] the map 3 — W, (3) defines a non-negative and continuous function. Put

\IIO(B)7 if EE [07 |)‘SH7
U(B) = (2.6.9)
0, otherwise.

Note that ¥(3) is a non-negative and compactly supported function defined over R, which has
precisely two points of discontinuity, at 3 = 0, |\, |. We set

E = ﬁs + 010561 +---+ Usflasﬁst

Replace in |b the variable S5, by 5 . Letting now E vary through R and using the fact that
\I/(E) is compactly supported we obtain

P

P(a) = <9>S Ap e A |10 /_00 U(B)e(aPloyB)dS. (2.6.10)

Since ® and V¥ are integrable we may apply Fourier’s inversion theorem. Together with a sub-
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stitution that replaces o by «P~? we obtain that

W(B) — (f})s Ap--- )\S|1/‘9 /_OO q)(aP_a)e(—asga)da. (2.6.11)

Putting together (2.6.5)), (2.6.8) and (2.6.10)), we infer that

I, = (1;) |Ap--- X710 /OO /OO \I/(E)e(aPGJSE)Ki(a)dadg
(2.6.12)
= (5) weend [ wG) ([ ctarobyrtana) b
By the comment following one has
/00 e(aPeasg)Ki(a)da =X (Pgas,§> , (2.6.13)

unless gsatisﬁes the relation ’|P905§| - 7-‘ < 7, where recall that we have set 7 = 7 (log P)_1 )

The measure of the set of points B which satisfy the latter inequality is O (TP‘9 (log P)_l) =
o (P*~7) . The contribution of such points to the integral is o (P*~?) and hence one may ignore
this set. Therefore, we may assume from now on that is valid. Recalling that x,(-)
denotes the characteristic function of the interval (—7, 7) we may rewrite as

—_

o - , if B < 7P,
/ e(aPGUSB)Ki(a)da = (2.6.14)
- 0, otherwise.

Lemma 2.6.1. For |3| < 7P~ one has
() —w(0) < 7P,
Proof. By (2.6.7) and (2.6.3) one has

S P‘S
(aP )| = (aP7)| <
[@(aP)| H!v (@P™)| < a7

Thus, by (2.6.11) one has

|‘II(E) —U(0) < (2) |Ap--- A7/ /_00 |<I>(O<P_9)||e(—05§a) — 1|da

o0 1 ~
———le(—0y, — 1lda.
< /_Oo (1+|a|)s/9|e( osfa) —1|da

Note that for any € R one has
le(z) — 1| < 2m|x].
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2.7. The inhomogeneous case

Using this inequality we deduce that

= 5 [T la o0
v(B) —¥(0) < / —————da < TP,
B)-vO <8 | i
since for s > 26 the integral with respect to « is absolutely convergent. O

We now return to (2.6.12) and substitute ¥(3) = ¥(0) + O(rP~?). In view of (2.6.14) this
yields
Iy =27Q(s,0; AP + O (P2, (2.6.15)

where

Q(s,0;A) = (;) M- A TY9C(s,0,0) >0,

and C(s,0; X) = ¥(0) with ¥(0) given by so that
¥(0) = / (—os(01Br + -+ o5 1Bemt)) T (BL - Bem)VO TGy - dBsr
u(o)

Note that ¥(0) is positive since not all of the o; are equal. This can be readily seen as follows.

Let |Ao| = min; |\;|. Trivially one has

Ao [Aol
w0)> [ [T ot )T (B 5B, (266)
0 0
Since the o; are not all of the same sign, by linearity there exists a tuple 3 such that
—0s(01B1+ -+ 0s-18s-1) >0,

with 0 < B; < |XAo|- One can now assume that there exists a large positive number D that
depends on j3;, such that % < Bi < |Xo|. Hence, there exists an open neighbourhood of positive
measure over which the integrand on the right hand side of is positive. Therefore we
deduce that U(0) > 1.

The asymptotic formula together with yields,
/gm (@) (@)K (a)da = 200(s,6: A)P*7 + 0 (P*7).
The proof of Theorem[2.1.1]is now complete by taking into account Lemma(2.4.3] Lemma([2.5.1
and the expression (2.2.11).
2.7 The inhomogeneous case
In this section we prove Theorem|[2.1.2] Using the kernel functions defined in we have

that
R_(P) < N7y(P;A L) < Ry (P),
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whereas now

Ra(P) = [ T (@) fu(a)e(—aLl) K (a)da.

To study the above integrals we dissect the real line as in the case of Theorem By the
triangle inequality and appealing to Lemma and Lemma(2.5.1} we immediately obtain that

fil@) - fs(a)e(—aLl) Ky (a)da

mut

< /ut|f1(a) - fo(@)|da = o (P*77).

Thus, we are left to deal with the contribution arising when integrating over the major arc
around zero. The approach given in §2.6]applies here as well with minor adjustments, in order

to deal with the twist e(—aL). We briefly now discuss these differences.
The singular integral is now given by
I, = / v1(a) -+ vs(a)e(—al) Ky (a)da,

where the functions v;(«) are defined as in (2.6.1). One may show as in §2.6|that

Iy = / fila) - fo(a)e(—al)Ki(a)da + o (PS*G) .
m
Thus, we aim to give an asymptotic formula for the complete singular integral /. defined above.
For o € R we now define

O(a) =vi(a) - -vs(a)e(—al) = / e (a ()xlfyf 4+ )\s’yf — L)) d~. (2.7.1)
[0,P]®

Ignoring for the moment the twist factor e(—aL) one can study the function ® as in This
analysis leads now to

P\’ o~ ~ ~
D(a) = (9> A [ w(Ble (o (Pof- 1)) d
where VU is defined as in (2.6.9). Applying now Fourier’s inversion theorem we obtain that

T. = (1;) Ao A 1/0 /jo U(p) (/OO e (a (P%SB— L)) Ki(oz)doz> d3. (27.2)

oo o0
One may assume that E satisfies

- 1, if |3—LP % <7P?,
/ e (a (P%SE— L)) Ki(a)da = (2.7.3)

s .
0, otherwise.

Note that for the measure of the set of points E which do not satisfy the above relation one
has O (7'|L_1 |P~9 (log P)_l) = o (P*~7) . The contribution of such points to the integral is
o (P*~?) and hence one may ignore this set. Under the assumption that |3 — LP~%| < 7P~*
one can show that

T(B) — (1) < (1 +|[L7H)P~0.
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Indeed, since the factor e(—aL) in (2.7.1) does not affect things, one can repeat the argument
given in the proof of Lemma to deduce that

U(B) —0(0) < |B] < |B—LP |+ |LP?| < (r+|L|) P~°.

One can now substitute ¥(3) = ¥(0) + (7 + |L|) P~ into (2.7.2). In view of (2.7.3) this yields

P\* TP~ 04 LpP~" ~
I, - (9) Ml...&rw/ ((0) + (7 +L]) P~") dB.
—TP=9+LP—?

Therefore, we deduce that
T =27Q(s,0; A) P~ + O (7 +|L|) P*%)

where

Q(s,0;\) = (;) A1 A TY00(0) > 0,

with ¥(0) given by (2.6.9). The proof of Theorem is now complete.

2.8 The definite case

In this section we prove Theorem Here we deal with positive definite generalised poly-

nomials. In this section we put
Fx) =Mzl +- + N2l — v,

and recall that we write ps(7, v) to denote the number of solutions x € N® possessed by the
inequality |F(x)| < 7 for a fixed real number 7 € (0, 1]. Our approach follows that presented
in [22] Theorem 1.10], where the authors deal with the problem of counting solutions to in-

equalities for positive definite polynomials.

Let N be a positive large parameter. For any solution x counted by p,(7,v) with v < N one
has0 < z; < P (1 <4 < s), where

P=2 (304X 1) N (2.8.1)
So, one can write

ps(T,v) = Z 1.

x€[1,P)°
| Fx)|<T

Recall the kernel function K () = sinc?(«). For any real > 0 we define the function
wy(z) = nK(nw)
that was used in [30]. It satisfies

wy(z) < min{1,|z|~?} and 0 < w,(z) <7. (2.8.2)
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The Fourier transform of this function is given by

||

@y (z) = /Z wy(u)e(—zu)du = max {0, - n} . (2.8.3)

Now we define the weighted integral
pir) = [ i) f@un(a)da.

In the light of the discussion in [22] §2.1, $2.2] and appealing to [22, Lemma 2.1], whenever
0 < A < 7 one has

p(rv) = (14 1) Pi T+ Aw) = o) + O (3 (A v +7) +pi (A v —7)). (284)

It is apparent by (2.8.4) that it is enough to establish an asymptotic formula for the weighted
integral p* (7, v). To do so, we dissect the real line into three disjoint sets as in Note that
now we take P as defined in (2.8.1)).

For estimating the contribution arising from the sets of minor and trivial arcs one can invoke

Lemma and Lemma Together with the fact that by (2.8.2) one has w,(a) < 1 for
any o, we deduce that

/ (@) ula)e(—av)ur(o)] o= o (P (2.8.5)

So, one is left to deal with the contribution arising when integrating over the major arc. We

write

I = /im file) - fs(@)e(—av)w, (a)de,

and the singular integral is given by

.- | " 1(0) -+ va(@)e(—av )y (a)do,

—0o0

where the functions v; («) are defined as in (2.6.1). Below we obtain an asymptotic formula for
the integral / (1) . The argument is analogous to the one given in [22] Lemma 2.4].

Lemma 2.8.1. Provided that s > 20 one has

I(m) = (A - _./\S)—1/9 ) (7- (P57071+50 4 P570760(5/971))) :
uniformlyin0 <7 <land1 <v < N.
Proof. Using the fact that 0 < w,(z) < 7 one has as in (2.6.2)) that

I(oMm)— /mz vi(a) - vs(a)e(—av)w, (a)da < TPS071+2%,
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So as in §2.6|we may infer that

v @) - vgla)el —av)w,-(a)da T a_s/ea
[ e < r [ ol

o] >P =0+
< TPs—O—zSg(s/Q—l).
Thus, the above two estimates yield

I(M) =T + O (7_ (Ps—9—1+<50 n Ps—e—éo(s/e—l))) . (2.8.6)

By (2.6.1) we may write

— 00

IOO = /OO </ 6(04(/\1")/10 + -+ As’Yf))) e(—al/)w,r(oz)da.
[0,P]*

Since the integral is absolutely convergent we can interchange the order of integration in the
right hand side of the above formula. Invoking (2.8.3) one has

Ioo:/ Wy ()\1719+~~+)\Sfygfu) d~.
[0,P]®

Since \; > 0 one may use (2.8.3)) to extend the order of integration to [0, c0)®. After a change of
~1/6

variables with v; = ;)\, (1 <4 < s) the above expression takes the shape

Too = (A - )\5)‘1/‘9/ @y (BY + -+ B¢ —v)dB. (2.8.7)
[0,00)°

Consider the level sets of the function 3¢ + - - - + 3%. Fort € R the equationt = 39 + ...+ 3%
defines a surface in R® of codimension 1. We write S to denote the surface obtained by the
intersection with the domain {(81,...,8;) : 8; > 0 (1 <14 < s)} C R®. The area of S is equal

to
45/0-1 I(1+3) .
()
Using the transformation formula we may integrate over S and applying Fubini’s theorem equa-

tion (2.8.7) takes the shape

+ 35 [ e
">/ /97 5, (t — v)dt. (2.8.8)
0

By (2.8.3) and putting ¢ — v = u one has

/ ts/e’lzﬁT(t—y)dt:/ (1'“) (v + )" du.
0 —T T

For large enough v one has |u/v| < 1, so the binomial expansion yields

(v +u)¥/ 07t = /071 (1 + 3)8/671 =¥/ 410 (uus/‘”) ,
14
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as ¥ — oco. By this asymptotic expansion one has

/ (1 _ |U> (v 4+ u)*/ 0 du = 75/~ £ O (szs/072> _

—r T

Returning to (2.8.8) we deduce that

I'(1+131)°

T = ()\1"')\(071/9 ( t@) 7_1/3/971 +O(721/8/672> 7
()

which when combined with (2.8.6)) and observing that 7 P*~0=1=% >3 72,,5/0=2 completes the

proof of the lemma. O

We may now complete the proof of Theorem|2.1.3

Proof of Theorem Putting together (2.8.5) and the conclusion of Lemma we deduce
that ( 1) ,
r(1+3)°

pe(Tv) = ——5y

L' (3)

(A== A) " Y0ms/0=1 4o (1/3/0*1) .
0

One can now substitute the above formula into (2.8.4). This yields

w (27777 A W) 0 (v/01), (289)

ps(T,v) = (A1 -+ Ag) " H/? 5
0

where
W =0 (A(y F )0 LA =) 4o ((1/ n 7)5/971) To ((V _ 7)3/971» .

Here A is at our disposal, as long as it satisfies 0 < A < Z. One may choose A = Zp~1/100,

Then, as v — oo one has
Ays/Q—l +W =0 (Vs/Q—l) )

Hence the asymptotic formula (2.8.9) delivers the desired conclusion which completes the proof.
O

2.9 A discrete 2-restriction estimate

This section is devoted to the demonstration of Theorem Before we present our proof let
us motivate the route we take. To make this clearer assume for the moment that § = d € N.

Then an application of the Cauchy-Schwarz inequality reveals that

2s 2

1 . 1
/o Z age(az?) da:/o Z Z Ay, - - 0y e(al)| da

1<z<P LeZ xeBy (L)

<D HBaO) D law -0l

LEZ xEB4 (L)
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where B;(¢) = {1 <x < P:a¢+ - +2? = ¢}, and we write #(B,(¢)) to denote its cardinality.
By orthogonality one has

S

#(Bd(é)):/o D e(ax?)| e(—ab)da.

1<z<P

Hence the problem boils down to bounding the quantity max, #(B4(¢)). Using classical meth-
ods together with the circle method, one can show that #(B,4(¢)) < P*~¢ for sufficiently large
s. For example, using the latest method of Wooley [95] on Vinogradov’s mean value theorem,
one can take s > sg with sg as in (2.1.7)).

When dealing with § ¢ N one has to vary slightly from the argument sketched above. As an
analogue of B, (¢) we define the set

Bg(ﬁ)z{lSXSP:|x{f+~-~+x2—€|<l/2}.

The partition
UBo(t) ={(z1....,25) : 1 < 2; < P}

LEL

no longer makes sense for a fractional exponent 6. In this situation we instead look at tuples
x such that 2§ + --- + 2% is close to an integer value /. This observation makes apparent the
link between our aim and the problem of representing integers by a generalized polynomial as

described in (2.1.6).
Note that with the notation of one has K (a) = w; («) and so by (2.8.3)) one has
o0
/ e(al)K(a)da = max{0,1 — |¢|}, (2.9.1)
—o0o

for all ¢ € R. We may now embark to the proof.

Proof of Theorem[2.1.5] Recall that we assume s > 2 ([26] + 1) (|26] + 2) + 2. Expanding one
has that

2

/_Oo |fa(a)\25 K(oz)dozZ/OO Z Oy ‘-‘axse(a(fr(f+-~'+x§)) K(a)da. (2.9.2)

T [1<x<P

By the definition of the nearest integer function || - [z : R — [0, 1/2] we can decompose the

summation over 1 < x < P by counting integer solutions of the inhomogeneous inequality
0 0
|21+ +ag - 0] <1/2,

inside the box [1, P]° , where ¢; runs over Z. With this observation and expanding the square,
one has that the right hand side of (2.9.2) is equal to

S0 Y and, @/ e(a(osp(x,y)) K(a)da, (2.9.3)
L1,£2€Z xXEBy(L1) yEBo(L2) >
where we write o, (X,y) = 2{ + - + 2% —y{ — - .- — y?. We emphasize at this point that it is
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at this step where we essentially "double" the number of variables.

Invoking (2.9.1) we see that
0< / e(a(os0(x,y)) K(a)da <1

if and only if |0, o(x,y)| < 1.Indeed, if |o59(X,y)| > 1 then max{0,1 — |05 ¢(x,y)|} = 0 and
so by we see that the expression in is equal to zero. Hence, in this case there is
nothing to prove since the estimate claimed in the statement of Theorem [2.1.5|trivially holds.
Thus, we may assume that the tuples X,y satisfy the inequality |05 ¢(X,y)| < 1. Under this
assumption one has

o0

S Y% aaa*a*/ (0 (720(%.¥))) K (a)da

01,02€7 XEBg(£1) yEBo(£2) >

DD D G T, T
£1,02€Z x€Bg(£1) yeBo(£2)
los,0(x,y)|<1

(2.9.4)

Let (x,y) € By(¢1) x By(¢2) and suppose that |0, ¢(X,y)| < 1. Then by the triangle inequality
one has

100 — o] < |01 — @+ +2) |+ |oso(xy)| + [t — (W] +- - +30)] <2

Therefore, it turns out that

E E E axl...amsayl...ays

L1,82€Z XEBg(L1) yEBy(£2)
|os,0(x,y)|<1
(2.9.5)

S D D R e

l1,62€7L XEBy (21) yEBg(Zg)
|01 —€a]<2

Since {1 —{5 € {0,+1} we see thatif we fix one of the ¢, /5 the other one has exactly 3 choices.
So by symmetry one has that the expression on the right hand side of (2.9.5) is bounded above

by
2

6| Y el

(5€Z |x€B)(¢3)

where for /5 € Z we put
Byts) ={1<x<P:laf 4+ 4+29 —t3] < 1}.

An application of the Cauchy-Schwarz inequality reveals thatfor s > 2 (|26] + 1) (|20] +2)+2
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one has

GZ Z [P SGZ Z 1 Z |Clzl-~-a132

£3€7 |xEB (£3) 0367 \x€BY(£3) xEBY (£s)

/ DRI 2
<max(#By(ls)) } D law oo,

L3€ZXEB) (L)

S

where in the last step we used Theorem Putting together (2.9.4), (2.9.5) and invoking
(2.9.2) we are done. 0
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Chapter 3

A mixed Diophantine system

The work in this chapter is based (with minor changes) on the author’s paper [65]].

3.1 Introduction

In this chapter we investigate the simultaneous solubility of inequalities and equations. Here
we seek to count the number of positive integer solutions of a mixed system, consisting of a
diagonal inequality of fractional degree and a diagonal integral form.

Fix non-zero real numbers )\;, ;1; not all of the same sign and non-zero integers a;, by, not all
of the same sign. Suppose that d > 2 is an integer and suppose further that § > d + 1 is real

and non-integral. We write

F(x,y) = Maf + -+ Nwl + payd + -+ iyl
(3.1.1)

D(x,z) = a1z + - apxd + brzd + - + b2l

Let 7 be a fixed positive real number. The Diophantine system under investigation is of the

shape
Fx,y)| <
(3.1.2)
D(x,z) =0.
In order to ensure that the system (3.1.2)) is indefinite it is enough to ask for the system
3(x,y) =D(x,2) =0, (3.1.3)

to admit a non-trivial real solution (x,y,z). Beyond the indefiniteness of § and D, in order
to study the solubility of the system (3.1.2) over the set of natural numbers one has to im-
pose some further conditions. It is apparent that we must ask for the congruence ©(x,z) =
0 (mod p”) to be soluble for all prime powers p”. Furthermore, for reasons associated with the
application of the circle method, one has to assume that the given local solutions are in fact non-
singular. For us a tuple n = (x*,y*, z*) € R® which satisfies the system of equations is
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called a non-singular solution of the system (3.1.2)) if the Jacobian matrix

(F,9)
Oy .y Ms)

has full rank. We say that the system (3.1.2) satisfies the local solubility condition if the sys-
tem (3.1.3) possesses a non-singular real solution and the congruence D (x,z) = 0 (mod p¥)
possesses a non-singular solution for all prime powers p”.

We write N (P) to denote the number of positive integer solutions (X,y, z) of the system

(3.1.2) with
1* * 1* * 1* *
§XP<X§2XP, 5yP<y§2yP, 5zP<z§2zP,

where (x*,y*,z*) is a non-singular solution of the system (3.1.3). Our aim is to establish an
asymptotic formula for the counting function N'(P) as P — oo. Before we state our result
we make a comment about two special cases. Suppose that £ = 0. It is apparent by Theorem
[2.1.7]and the seminal work of Davenport and Lewis [[31] that in such a case and provided that
m > (|20] 4+ 1) (|20] + 2)+1andn > d?>+1, one certainly has N'( P) > P+~ (9+d) Suppose
now thatm = n = 0. Here one would (in principle) be able to obtain an asymptotic formula for
the counting function N'(P) provided that s = £ > ¢,(6) + 1, where £(6) is any natural number
for which one has the estimate

£o(0)

11
/ / Z e(agz? + aga?) da < Plol0)=b+e
0o Jo

1<z<P
Here da stands for dagday. Our first result is establishing this observation.

Theorem 3.1.1. Suppose that d > 2 is an integer and suppose further that 0 > d + 1 is real and
non-integral. Let T be a fixed positive real number. Consider the system

I§(x,y)| <7 and D(x,z) =0, (3.1.4)

with §,D defined in (3.1.). Suppose that m = n = 0 and suppose further that the system (3.1.4)
satisfies the local solubility condition, namely the system possesses a non-singular real so-
lution and the congruence ©(x,z) = 0 (mod p”) possesses a non-singular solution for all prime
powers p¥. Then, provided that s > (|20] + 1) (|26] + 2) + 1, one has that there exists a positive
real number C = C(\, a, 6,d, s) such that

N(P) = 2rCPs=0+d 4 (PS‘(“(”) , (3.1.5)

as P — oo. In particular, the number of positive integer solutions x € [1, P]® of the system
3.1.4) is > P~ (9+d) where the implicit constant is a positive real number, which depends on
S, )\Z‘, a;, 0, dand .

Certainly more interesting is the case where in (3.1.1) one has m + n # 0. Our next result
examines this case when the total number of variables s is in an intermediate range compared
to the number of variables needed in the scenarios where / = 0 and m = n = 0.
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Theorem 3.1.2. Suppose that d > 2 is an integer and suppose further that 0 > d + 1 is real and
non-integral. Let T be a fixed positive real number. Consider the system

IF(x,y)| <7 and D(x,z) =0, (3.1.6)
with §, D defined in (3.1.1). We write
Ag=(120) +1)(|20] +2) and Ay =d> (3.1.7)

Moreover we set 4
Smin = [max {Ag +n, S+ Ag}—‘ +1
Ap
and

A
Smax — \‘mll’l {AQ + Ad, A9 + de + TL}J + 1.
6

Suppose that the system (3.1.6) satisfies the following conditions.

(a) The system satisfies the local solubility condition, namely the system (3.1.3) possesses
a non-singular real solution and the congruence ©(x,z) = 0 (mod p”) possesses a non-
singular solution for all prime powers p” .

(b) Onehas?¢ > max{[20(1 —n/d)], 1}, 0<m < Apand 0 <n < A,.
(c) Onehas/+m > Ag+1landl+n> Ag+ 1.
(d) For the total number of variables s = ¢ + m + n one has spin < S < Smax-
Then, there exists a positive real number C = C(\, u,a,b,0,d, s), such that as P — oo one has
N(P) = 2rCPs=0+d) 4 (PS‘(9+d)) . (3.1.8)
In particular, the number of positive integer solutions (x,y,z) € [1, P]* x [1,P]™ x [1, P]" of
the system is > Ps~(0+d) where the implicit constant is a positive real number, which

depends on s, \;, [, i, by, 0,d and 7.

The positive real number C = C(A, u,a,b,0,d, s) appearing in the asymptotic formulae
(3.1.5) and (3.1.8) turns out to be a product of the shape C = JoS. Here

Jo = / / (/ (BeF(x,y) + BaD(x,2)) dxdydz) dg,

4 m n
1 1
X ot 20t X 5 207] X [0

j=1 k=1

where

is a box containing in its interior a non-singular solution (x*,y*,z*) of the system (3.1.3)), and
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3.1. Introduction

where

4 n
T(q,a) = ¢ “* ][ S(g,a0:) [] S(a, abs),

i=1 k=1

and for a € Z and ¢ € N we write
az?
S(q, a) = Z e 7 .
z=1

The singular integral Jj is essentially Schmidt’s singular integral. The singular series G cap-
tures the arithmetic behind the equation ©(x,z) = 0.

By the assumptions made in Theorem we see that our conclusion is valid for systems
for which the total number of variables s = ¢+ m + n satisfies Ay +1 < s < Ay + A;+ 1. Note
that when m = n = 0 in Theorem(3.1.1|we assume that s = £ > Ay + 1, with Ay defined in
(3.1.7). The treatment of the minor arcs in the proof of Theorem3.1.1]follows by using a Hua’s
type inequality

(ava,0)€EB

s—2t
/ |f(ada O‘Q)‘s da < ( sup |.f(ad7 a9)|> / |f(ad7 a9)|2t daa
B B
asin Chapter where for (a4, ay) € R? we write

flag, ap) = Z e(ad$d+a9176)7

1<z<P

and where B is a Lebesgue measurable subset of R2. For the case where m 4 n # 0 one may
adopt the methods we use in proving Theorem to treat systems where the total number

of variables is greater than Ay + A4 + 1. For such cases one may obtain the following corollary.

Corollary 3.1.3. Suppose that d > 2 is an integer and suppose further that § > d + 1 is real and
non-integral. Let T be a fixed positive real number. Consider the system

IF(x,v)| <7 and D(x,z) =0, (3.1.9)
with §, 9 defined in . Suppose that the system (3.1.9) satisfies the following conditions.

(a) The system satisfies the local solubility condition, namely the system possesses a non-
singular real solution and the congruence ©(x,z) = 0 (mod p*) possesses a non-singular
solution for all prime powers p”.

(b) One has ¢ > max{[26(1 —n/d)], 1}, 0 < m < Agand 0 < n < Ay, with Ay and A4 as
in (3.1.7).

(c) Onehasl+m > Ag+ land { +n > Ay + 1, with Ap and A, asin (3.1.7).

(d) Onehass=/(+m+n > Ag+ Ag+ 2.
Then, the number of positive integer solutions (x,y, z) € [1, P]* x [1, P]™ x [1, P]" of the system
is > P*~(9+d) where the implicit constant is a positive real number, which depends on

8, Aiy [y, a3, by, 0,d and 7.

63



Chapter 3. A mixed Diophantine system

Having stated our results let us make a few comments regarding previous works that are of
some relevance to the problem we investigate. The study of Diophantine inequalities for di-
agonal real forms begins with the work of Davenport and Heilbronn [30]. Many authors have
engaged with studying the solubility of systems of diagonal real forms of the same degree. The
interested reader may look for example in [[18]], [[19], [26]], [62], [51]. For the case of unlike de-
grees we have the important work of Schmidt [67] who studied systems of real (not necessarily
diagonal) forms of differing odd degrees. In this work Schmidt proves the existence (without
being explicitly determined) of a finite lower bound for the number of variables needed to en-
sure solubility. For the first time, an explicit such bound was given by Freeman [42] in the case
of a system of cubic forms.

Using ideas from [4], Freeman in [36] and [39] introduced a variant of the Davenport—
Heilbronn method. These results of Freeman were afterwards improved by Wooley in [86] us-
ing an amplification method. Based on his variant of the original Davenport-Heilbronn method,
Freeman considered systems of diagonal quadratic real forms in [38] and systems of diago-
nal real forms of degree d in [41]. A two dimensional analogue of the Davenport-Heilbronn
method was presented by Parsell in [56]]. Shortly afterwards, in [[57] and [|59], Parsell adapted
Freeman’s method to study the solubility of systems of diagonal real forms of unlike degree.
More recently, we have Chow’s paper [25] which is an inequality analogue of Birch'’s celebrated
result [6]. The interested reader may look as well in the recent breakthroughs due to Myer-
son [49] and [50], who obtained a remarkable improvement compared to Birch’s theorem for
systems of quadratic and cubic integral forms.

3.2 Setup

3.2.1 An analytic representation for the counting function \/(P)

Set 7 = 7(log P)~!. We put

sin (ra7) sin (ra(27 £ 7)) .

K = 3.2.1
+(@) T (3.2.1)
By (139} Lemma 1] and its proof we know that
K.i(a) <, min{1, |o|7!, (log P)|a| 72}, (3.2.2)
and - -
0< / e(ta)K _(a)da < x. () < / e(Ea)K 4 (a)da < 1, (3.2.3)

where we write x (&) to denote the indicator function of the interval (—7, 7), namely

1, if [¢] <,
0, if [¢l >

Note that the expression

\ | eleamatapa - xo(o

— 00
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is zero when ||| — 7| > 7T and at most 1 for values of ¢ such that ||| — 7| < 7.

One may rewrite the kernel functions K. («) defined in (3.2.1) in the shape

Ko = ar 4 7o) nCltn )

Using a Taylor expansion one has for |z| < 1 with z # 0 that

sinx

=1+ 0(z?).
Recall that 7 = 7(log P)~!. So for |a| < 1 and P sufficiently large one has that

Ki(a)=2r+0 ((log P)_Q) . (3.2.4)

In our analysis we use various exponential sums. For « = (a4, p) € R? we define the
exponential sums f(a) = f(a; P), g(ag) = g(cp; P) and h(ag) = h(ag; P) by

flasPy= Y e(aqz® + apz?), glag;P) = > e(apz?),
1<z<P 1<z<P

h(ag; P) = Z e(agz?).

1<z<P

Moreover, we define F;(a) = F;(a; P), Gj(og) = Gj(ap; P) and Hi(oq) = H(ag; P) by

Fi(e; P) = Z e(ajagz? + Njagz?) (1<i<e),
1<z<P

Gilag; P)= Y e(ujopx’) (1<j<m),
1<z<P

Hy(og; P)= Y e(bpagz?) (1<k<n).
1<z<P

Recall that (x*,y*, z*) is a non-singular real solution of the system (3.1.3). We put

fila) = Z e(ajaqz? + Naga?) (1<i<y,
Ltz P<a<2zP

gj(as) = > elujony’) (1<j<m),
%y;‘P<y§2y}‘P

hi(aq) = > elbraaz?) (1<k<n).
12;P<z<2z;P
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For future reference we note here the following relations

* 1 * * 1 *
fila) = F (e; 227 P) —F <a; 37 P) . gi(ae) = G (ag;2y5P) — G (aa; yjP> :

2
(3.2.5)
hi(aq) = H (g; 225 P) — H (ad; ;Z;P> .
We define the generating function
14 m n
Fla) = [T fite) [T gi(a0) TT h(eva),
i=1 j=1 k=1
and set )
R.(P) = / / Fla)K+ (ag)da. (3.2.6)
—o00 J0

Using now (3.2.3), together with the usual orthogonality relation
1 1, whenn =0,
/ e(an)da =
0

0, whenn € Z\ {0},

one has that
R_(P) < N(P) < R, (P).

From the above inequality it is clear that in order to establish an asymptotic formula for the
counting function N'(P) it suffices to obtain asymptotic formulae for the integrals R, (P) that
are asymptotically equal.

3.2.2 A mixed version of the circle method

In order to study the integrals R (P) defined in (3.2.6)) we apply a mixed version of the circle
method. We dissect separately R and [0, 1).

Dissection of R. Here we apply a Davenport-Heilbronn dissection. Writey = 6 — 8] € (0,1)
for the fractional part of §. Define the parameters 6y = Jp(f) and w = w(#) by

_ . 1—7 1
(50(9) = 21 20 and W(g) = min {12, 5100(94»(1)} . (327)

Define the set of major, minor, and trivial arcs respectively as follows
M = {ag ER: |ag| < P_9+60},
m={ag e R: P7T% < |ay| < P¥},

t={agp € R:|ap| > P*}.

Dissection of [0, 1). Here we apply a classical Hardy-Littlewood dissection into major and
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minor arcs. Pick a parameter ¢ satisfying

0
0<¢< §° (3.2.8)
For integers a, g such that 0 < a < ¢ < P¢ and (a,q) = 1, we define a major arc around the

rational fraction a/q to be the set
Ne(g,a) = {aqg €[0,1) : |aa —a/q| < P}
We now form the union

0<a<q<P$
(a,9)=1

and call this the set of major arcs. Note that 91, is a union of disjoint sets. Indeed, suppose that
there exists ag € [0, 1) which belongs to two distinct major arcs Mg (g1, a1), Ne (g2, az) T Ne.
Since a1 /g1 # a2/q2 one has

1 < | Mg — a2q

< 2p~dte
Q192 q192 a

which in turn implies that 1 < 2¢;qy P~9+¢ < 2P~9+3¢ This is clearly impossible for large
P, since by our choice in (3.2.8) one has { < 1/3. The set of minor arcs is defined to be the
complement of the set of major arcs. Denote this set by n;. Namely we have

ne =1[0,1) \ MNe.

Using the above dissections one may express [0,1) x R into a disjoint union of sets of the
shape
0,1) x R=PUpUc,

where we define the sets 13, p and c as follows.

(1) The set of major arcs ‘B given by

(2) The set of minor arcs p given by

p=([0,1) xm)) U (ng x M).

(3) The set of trivial arcs ¢ given by
c=1[0,1) x t.

For a Lebesgue measurable B C [0,1) x R we define

Ri(P;B):/BJ-'(a)Ki(ag)da. (3.2.9)
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Recalling (3.2.6), one has that

Ry (P) = Ry (P;B) + Re(Psip) + Re(P;c). (3.2.10)

3.2.3 An application of Holder’s inequality
We begin by recalling the well known inequality
|Zl .o .Zn| < |Zl‘n + N |Zn|n7

which is valid for all complex numbers z;. Let 5 be a Lebesgue measurable set. An application
of this inequality reveals that for some indices ¢, j and k one has

|[Fa)| < figihi,
where for easy of notation we abbreviate
|fi(aa, ag)] to fi, |gj(ce)| to g; and [hg(eq)| to hg.
Let ¢ € [0,1/3) be areal number at our disposal to be chosen at a later stage. We write
¢ =0—6 and =0 +m+n=s—0. (3.2.11)

Note here that ¢, s’ ¢ N. The previous estimate yields

0
/B|.7:(a)Ki(oz9)|doz<< (s%p|fi|> /Bfflg;-” K+ (ap)|dex, (3.2.12)

where the supremum is taken over a = (g, ag) € B.

We define the following auxiliary mean values,

=06) = [ SR 0pldon S 8) = [ K0l de
B

2 B) = [ MR ol 20 (8) = [ g ) de
Forw; € (0, 1) a formal application of H6lder’s inequality reveals

/f‘Z gmh"|KjE (o) |dex
(3.2.13)

< (En BN (S119;(B))™ (g (B)* (Eg;. (B) ™ -
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Combining (3.2.13) and (3.2.12) yields

/B\}'(a)Ki(agﬂda
(3.2.14)

o
< (s%p |fi|) (E1,(B) (Z1., (B)** g, (B)* (Eg0 (B)*.

The task now is to prove that there exist admissible values w; such that the inequality (3.2.13])
is valid. The w; € (0, 1) must satisfy the simultaneous linear equations

Agwi + Agws + Agws = A
Agws + Agwg = m
Agws +Aquas =n

w1 +wo +wsz +wy = 1.

By the two equations in the middle we infer that

+m n
wy =ws+—— —.
2 3 A, A,

Substituting ws + wy = m/Ay into the last equation of the system yields

[_m
wp =—w3z+1—-—.
1 3 1,

One may substitute into the first equation of the system the above values for w; and w;. Hence

ss—A4p m

Aq Ay’

w3 =

Having determined a value for w3 one may solve for wq, w9 and w4 to obtain

s’ — Ay s’ — Ay n m n s — A

Wy = ——" — — wyg=-—+—— —
Ag

3.21
Aq Ag’ Ay Ag Aq ( ®)

w1:1—

We now have to ensure thatw; € (0, 1). Since w; + w2 + w3 + w4 = 1 it suffices to ensure that

w; > 0. Solving the simultaneous inequalities w; > 0 (1 < i < 4) yields

maX{Ag—i—n, jdm—l—Ag} <s’<min{A9+Ad, Ag—f—idm—i—n}.
9 9

Note that this is a legitimate constrain since we assume that 0 < m < Agpand 0 < n < Ay.

Next, we deduce a constraint for s. Recall from (3.2.11)) that s’ = s — ¢. Since we consider s
to be a natural number, the preceding inequality about the range of s’ now delivers

[5+maX{A9+n, iderAg}—‘ <s< {5+min{A9+Ad, A9+idm+n}J.
6 6
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Forany z,y € R one has
lz] +lyl < lz+yl < [z]+ y] +1

[2] + [yl - 1< [z +y] <[z]+ [y] + 1.

Since 0 < § < 1/3 < 1 one has

A A
\‘5 + min {Ag + Ag, Ag + A—dm + n}J > \‘min {Ag + Ag, Ag + A—dm + n}J +1,
6 6

and

A A
6 +max q Ag +n, —dm—&—Ag < |max< Ay +n, —dm—|—A9 + 1.
Ag AH

Hence one has

A A
’VmaX{Ag—l—n, Adm—l—Ag}—‘ +1<s< \‘min{Ag—l—Ad, Ag—l—Adm—&—n}J +1,
6 6

which is precisely the range prescribed by the condition (d) in the statement of Theorem
It is therefore clear that for such s the inequality (3.2.13) is valid.

3.3 Auxiliary mean value estimates

The aim of this section is to collect the necessary auxiliary estimates that we employ in the

following sections. From now on, and for ease of notation, for each j € {1,...,n,0} we put
t . .
o1 (%) = > (2] — ). (3.3.1)
i=1

Lemma 3.3.1. Suppose that I C (0,00) is a bounded interval. Let § be a given positive real
number and define the number A by the relation 26 A = 1. We write V;(I; §) to denote the number
of positive integer solutions x; € I of the inequality

lo,(x)] <.

Then one has

2t

da < Vi(I;6) <<5/
-A

2t
da,

A

Ze(ama)

xzel

A
if
N

with the implicit constants in the above estimate being independent from I, 6, and 6.

Z e(azx?)

zel

Proof. This is a special case of [81, Lemma 2.1] with K = 1 and ¢(z) = z? in their notation.
Alternatively, this follows by Lemma|2.3.2|with S = [ x I and intervals I; = I3 = I. O

Next, we need a variant of the above lemma that allows one to bound from above the mixed

mean values =y, ;. (B) and Zy, 1, (B), by the number of solutions of the corresponding under-
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lying system. We write Z; (P) to denote the number of integer solutions of the system

Ao ag o(X) +pjo s 4(¥)] < oo

aia%’d(x) =0,

with 2P < x < 227P and y;P < y < 2y} P. Similarly, we write Z5(P) to denote the
number of integer solutions of the system

)\10%79(X)‘ < ﬂ

;04 4(X) +broay ,(2) =0,
2 3

with 127 P < x < 2z} Pand 127 P <z < 227 P.
Lemma 3.3.2. Let  be a positive real number and write B = [—1, 1] x [—k, k]. Then for each
index i, j and k one has

(i) Ey,4,(B) < KZ1(P);

(it) Zy, n,(B) < kZy(P).
The implicit constants do not depend on k.

Proof. We give the proof only of estimate (7). One can establish estimate (¢¢) in a similar fashion.

Fix indices 7 and j. For ease of notation we put

4(%)-

p(X, Y) = Ao 4y g(x) + /ljo—%ﬂ(Y) and Q(X) = aia%

2

Then, Z; (P) is equivalently given by the number of integer solutions of the system
1
Py < 5
1
la(0)| < 5

with 127 P < x < 2z} Pand 1y; P <y < 2y; P.
Define the function

sin(rz) when z # 0,

T

sinc(x) =

1, when z =0.

By [30] we know that for each «, £ € R one has

Aw) = [ eleeisine(a

— 00

where for z € R we write A(z) = max{0, 1 — |z|}. Note that one has 0 < A(z) < 1. So for each
solution counted by Z; (P) one has 0 < A(2kp(x,y)) < 1and 0 < A(2¢(x)) < 1.
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By the above considerations and taking the sum over the tuples x, y with %x;P <x<22FP
and Jy; P <y < 2y; P, we infer that

Z(P) =) A(2kp(x,y))A(2q(x))

X,y

— Z/ / (u1kp(X,y) + u22¢(x)) sinc? (u1 )sinc? (us)du

1 1
) )
4/{ E / / e (agp(X,y) + aqq(x)) sinc (%cw) sinc <2ad> do,

where in the last step we applied a change of variables under the transformation

()= 9]

Because we have a finite sum and since the integral is absolutely convergent, one can change

o

N

the order. Thus by the above inequality we obtain

A 1 1
d Ag s 02
Zl( = 4,% / / i smc (2’{&9) sinc <2ad) do. (3.3.2)

Next, we use Jordan's inequality, which states that for 0 < x < g one has

<

2 sinx
— < 1.
T

X

For a proof of this inequality see [48| p. 33]. One then has sinc?(z) > 4/ for [z| < 1. Thus,
for |ap| < x and |ay| < 1 one has

1 1
sinc? (%ag> , sinc? <2ad) > 4/7°.

Hence, the inequality (3.3.2) now delivers

1 K 1
Z1(P) > E/ / fiAdg;leda,
—kJ-1

which completes the proof. O
Foratuple & = (aq,...,an, p) € R""! we put T(a) = T'(cx; P), where
T(a; P) = Z e(arx + - + apz™ 4 agz?). (3.3.3)
1<z<P

We need the following general estimate.

Theorem 3.3.3. Let < > 1 be a real number and suppose that t > Ay /2 is a natural number.
Then, for any fixed ¢ > 0 one has

/ / da < Kp2t——n(n+1)—9+e.
—K O 1)n
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The implicit constant depends on ¢, 0, and t, but not on « and P. Furthermore, for t > Ay/2 one
can take ¢ = 0.

Proof. This is Theorem[B.I]in Appendix[B] O

Next, we obtain essentially optimal mean value estimate for the exponential sums f, g and h.

Lemma 3.3.4. Let x > 1 be a real number. Then the following are valid.

(i) Supposethatt > Ay/2 is a natural number. Then, for any fixed ¢ > 0 one has

K 1
/ / |f()[* da < kP2~ OFd)+e,
kJO

The implicit constant depends on ¢, 6 and t, but not on « and P. Furthermore, for
t > Ap/2 one can take e = 0.

(ii) Suppose thatt > Ay /2 is a natural number. Then, for any fixed ¢ > 0 one has
/ lg(@)[* dov < kP 0Te,
The implicit constant depends on ¢, 6 and t, but not on « and P. Furthermore, for

t > Ap/2 one can take ¢ = 0.

(iii) Suppose thatt > A4/2 is a natural number. Then, for any fixed ¢ > 0 one has
1
/ |h(a)** do < P?dHe,
0

The implicit constant depends on €, d and t, but not on P. Furthermore, for
t > A4/2 one can take e = 0.

Proof. We begin with the estimate in (4¢7). This follows from [95| Corollary 14.7] since
Aq > so(d), where so(d) is defined as

_ . 2d+m(m—1)
80(d>_d(d_1)+o§3511d—m+1 .

The estimate in (i¢) is Theorem Alternative, one can apply an argument similar to the
one present below for proving (7).

We now come to the estimate in (¢). Temporarily we write n = |6]. Keep in mind that we
suppose that §# > d + 1, and so one has d < n. In order to prove the estimate in () we apply
an average process as in [87, Theorem 2.1]. For each 1 < j < n with j # d and for a tuple
h=(hy,...,ha_1,har1,...,hy) € Z" ! we put

n .1
s ) =[] / ¢ (B (00,5(%) — 1y)) dB;,
j=1

jAd
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where recall from the definition of o, ;(x). Let us rewrite the exponential sum 7'(cx)
defined in as

T(ﬂ, g, 0&0) = Z 6(511‘ + -+ ﬁd_1$d_1 + Oéd.’L‘d + ﬁd_HJ)d-H + -+ 0&9.%‘9).

1<z<P
Note that
/ / (80000 < Zﬁj 4B =
—k J[0,1)"
Héd (3.3.4)
K 1
= Z 6(x,h)/ / e (agoy q(X) + apor (X)) dagdag.
1<x<P —xJ0
By orthogonality one has

' 1, when oy;(x) = hj,
/ e (B (o1,5(x) — hy)) df; =
0 0, when oy ;(x)# h;.

It is apparent that for each fixed choice of 1 < x < P there is precisely one possible value for
the tuple h € Z"~'. Moreover, for each j and for 1 < x < P one has loe,; (%) < tPJ. Hence

>y > oo Y dxh) =1 (3.3.5)

ISP [hgy|<tP4=1 [ha | <EPIFL [hn|<tPR

One may return to 4) and sum over tuples h satisfying | ;| < tPJ foreach 1 < j < nwith
j # d. Thus we obtain

e B

Jsﬁd

1
Z <Z5 X, h > / / e(adatyd(x) + aedt,g(x)) dagdag.

1<x<P

Applying the triangle inequality and taking into account (3.3.5) one has

pin(vii)-a / /[ ACERIEE

Z// (aqo,q(X) + agor g(x)) dagdoy.

1<x<P

Note now that

Z// (0a01,a(X) + agor,5(x)) dagdag = // Fla)? de.

1<x<P
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Invoking Theorem|3.3.3] we deduce that for any fixed € > 0 one has
K 1
—Kk JO

< p2t—(6+d)+e
which completes the proof. O

Below we obtain mean value estimates for the exponential sums f;, g; and hy.

Lemma 3.3.5. For each index i, j and k the following are valid.

(i) Suppose that k is a real number such that k|\;| > 1. Suppose further thatt > Ay/2isa
natural number. Then, for any fixed ¢ > 0 one has

K 1
/ / |fi(@)|? da < P2 (0+d)+e,
—Kk JO

The implicit constant depend on ¢, 0, t, \; and a;, but not on  and P. Furthermore, for
t > Ap/2 one can take ¢ = 0.

(ii) Suppose that k is a real number such that k|u;| > 1. Suppose further thatt > Ag/2is a
natural number. Then, for any fixed ¢ > 0 one has

K
(g g L K .
gj 2t d P2t—9+e

—K

The implicit constant depend on ¢, 0,t and 115, but not on  and P. Furthermore, for
t > Ap/2 one can take e = 0.

(iii) Suppose thatt > A,/2 is a natural number. Then, for any fixed ¢ > 0, one has

1
/ |hk(ad)|2t dOéd < P2t—d+e.
0

The implicit constant depends on ¢, d, t and by, but not on P. Furthermore, for
t > A4/2 one can take e = 0.

Proof. We give a proof only for the estimate in (). One may argue in a similar fashion to estab-
lish the estimates in (4¢) and (7i1).

Fix an index i. Recalling (3.2.5) we see that it suffices to prove the following estimate

K 1
/ / |Fi(a)]* daw < kP O+ D+e,
—Kk JO

Making a change of variables by

)= (3 ) ()
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yields

ko pl 1 KA |ai|
| [ 1@ da- [ 10 00 0.
—xJo [Niail J_wpni Jo

One can chop the interval [0, |a;|] into at most | |a;| |+1 intervals of length at most one. Moreover,
because of the 1-periodicity with respect to 5, one has

e \th\ P
2t 2t
/ / F(£Ba, £85)[* 4B < /HM / F(£Ba, £50)|* 4B

P
el 2t
/ / |F(£Ba, £85) " dB.

—r|Aql

UaiU

Finally, if necessary, one can make one more change of variables. This together with the fact

that f(—B) = f(B) yields

KA 1 KA 1
/ /0 \F(£Ba, £85) dB = /O 1F(Bas o) 4B.

Kl =k

The conclusion now follows by applying Lemma|3.3.4 O

We now estimate the auxiliary mean values =¢,, =y, 4., Zf, n,, and g p, -

Lemma 3.3.6. Let « be a real number such that for each index i and j one has k|\;| > 1 and
k|lpj| > 1. Let B = [0,1] x [k, k. Then, for each index i, j and k, and for any fixed € > 0 one has

(i) = (B) < RPAs—(G-kd)-&-e;
(ii) Efi,gj (B) < ﬁPA0+Ad—(9+d)+5 :
(iii) Efiyhk (B) < /{PA9+Ad—(9+d)+e;

(iv) Zg, 0, (B) < gpAotAa(Ordrte

The implicit constants in the above estimates may depend on 0, d, \;, 115, a;, b, and €, but not on
kand P.

Proof. In the following we make use of the fact that by (3.2.2) one has |K1(ay)| < 1. The
estimate (¢) follows by part (7) of Lemma with ¢t = Ay /2. The proof of the estimate (iv) is
straightforward. One may write

Egj,hk < (/ |gj(a9)| 0 da9> (/ |hk ad)| ddad>

and the conclusion now follows by using (ii) and (i) of Lemma(3.3.5]

Now we turn our attention to the estimate in (i¢). Fix indices 7 and j. By Lemma and
since we assume that £ > max; ; {|\;| 7%, x| ~'} one has

Efi.9; K KZ1(P), (3.3.6)
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whereas now Z; (P) denotes the number of integer solutions of the system

ES
(S9

@
Il
-

( x“d+z)+'ujz( _ya%“ri) <M
(3.3.7)

b
(S9

4

d_ ..d _
a; (mi —x%ﬂ,) =0,

1

o
Il

with Sz} P < x < 2z P and 3y P <y < 2y} P, where M = (2 maxij {\)\'|_1 il
By orthogonality, the number of integer solutions of the equation in is counted by the

mean value 4,
/1 Z e(az?)|  dog.
O |izrP<o<ouarp
Note that
Z e(azh)| < |h(a; 225 P)| + ’h (a; ;fo) ' :

%m:P<ZIZS2$:P
So by Lemma one has for any fixed ¢ > 0 that

/01 Z e(az?)

%12P<x§2w;P

Let us fix an integer solution x for the equation in (3.3.7)). As we proved, this can be done by

choosing among O (PAd d“) possibilities. Substitute now these values into the inequality in

Aq
dayg < pAa—dte

(3:3.7). Then the first block of variables is fixed and so one has to count the number of solutions

of the inhomogeneous inequality
26
2
wZ(yf—yeATeH) +L <M

yrP <y < 2yrP,where L = L()\;,0,d,¢,X) is a fixed real number, determined by the

with
ch01ce we made for the tuple x. We write Vf(‘e) (P) to denote the number of integer solutions of

this inequality. As a consequence of Theorem one has
VD (P) < Pt
Hence, we have showed that Z; (P) < PA¢FAa=(0+d)+¢ and in view of (3.3.6) the proof of (i)

is now complete.
Similarly we argue for (7i¢). Fix indices ¢ and k. By Lemma one has
(3.3.8)

Efih < ﬁZ?(P)v
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whereas now Z5(P) denotes the number of integer solutions of the system

ES
53

. 0 _ 0
A (:1:2 xA{’ H) <M
(3.3.9)

“

@
Il
-

>
53

e

a;

Ag
2
d d d d _
(et ) oy () =

2 i=1

1

with 227 P < x < 2z7Pand 127 P < z < 2z} P. We write V(Q)( P) to denote the number of

integer solutions of the inequality in (3.3.9). By Lemma3.3.1Jone has

~.

Ap

M|

Vg)(P) < /T Z e(az?)|  da.

— M|
2 —yL P<y<2yrP

As in (i) we can show that for any fixed ¢ > 0 one has

V(2)( )<< PA9—9+6.

Fix a solution X counted by V(Q)( P). Substitute these values into the equation of system in
iy Uy €y &),y i

(3.3.9). Then the first block of variables becomes a fixed integer, say C' = C'()\;, 6, ¢, x), which
depends on the choice we made for the tuple x. Hence, this equation takes the shape

Ag

2
a;C + by, Z (zfl - z‘iﬁd+,) = 0.
5 3

i=1

Note that if b, does not divide the product a;C, then the above equation is not soluble in inte-
gers. In such a case Z>(P) = 0 and the claimed estimate holds trivially. Hence, assuming that

by | (a;C) we can rewrite it as
Td
Z(z 72“—&-) =,
where C' = C'(\;, a;, by, 0, €,X) is a fixed integer determined by the choice we made for the
tuple x. The number of integer solutions of this last equation is bounded above by the mean
Aq

1
/0 Z e(az?)|  e(—al’)da.

327 P<z<2z}P

value

Again note that

1
Z e(az?)| < |h(a; 227 P)| + ‘h (a; QZ:P)‘ .

327 P<z<2z}P
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So, by the triangle inequality and invoking Lemma we deduce that

Ag

1
/ Z e(az?)|  e(—alC')da <« PAa=dte,
0

%z:P<z§22i*P

Hence, we deduce that Zy(P) < PAetAa(@+d)+e In view of (3.3.8) the proof of the estimate
(#4i) is now complete. O

3.4 Minor arcs analysis

In this section we deal with the set of minor ares p = ([0, 1) x m) U (ng x 91) . Here we aim to
show that for s, < s < Spax One has

/P Fle) K= (0g)| dac = o (P00

Forabetter presentation of our approach we split the analysis into two parts, dealing separately
with the sets [0, 1) x mand ng x 9.

3.4.1 Minor arcs: Part 1
First we consider the case where (g4, ag) € [0,1) x m. Recall that the set m is given by
m={ag € R: P79 < |ay| < P¥}.

Define the intervalsm*™ = [P~0+% pv) m~ = (—Pv, —P~+%] and note thatm = m* Um".
Recall (3.2.9). Making a change of variables by

@ ) <_01 01> (?) ! ® ’ (34.1)

and using the 1-periodicity of the function F(«) with respect to ay, yields

Ry (P;[0,1) xm™) = Ry (P;[0,1) x m+), (3.4.2)

where Ry (P;[0,1) x m*) is the complex conjugate. Therefore, it suffices to deal with the set
[0,1) x m*.

Let f be a real valued function defined on the natural numbers, and let 4 € N. Define the
forward difference operator Ay, f via the relation

(Anf) (@) = f(x+h) = f(2).

Foratupleh = (hq,...,h;) € N* we define the difference operator Ay, ., = Al(lt) inductively

by

yeeey

AP f(@) = An, (A ()
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It is apparent that the operator A, is a linear one. Namely, for constants a, b, and two functions
f, g, one has
Ap (af +bg) = aApf + bApg.

For d > 2 one can inductively verify that
AP @ =dlhy - hy.

Next, we wish to obtain an analogous result for a monomial of fractional degree 6.

Lemma 3.4.1. Suppose thatt < |0 is a natural number. Leth € (NN [1, P])" and suppose that
P < x < 2P. Then for each natural number r > 1 one has

dT’
A(t)

= hy--hyPOTE
dzr h 1 t

()

Proof. Observe thatif ¢ : I — R is an r times differentiable function defined on an interval |

$_$0>

From the inductively definition of the operator Al(lt) and iterating we obtain from the above

and h is a natural number, then one has for zy € I that

dz” T=x( dz” dz”

00| = g (0t - o) = (400

observation that

d" d" .
(Al()t)(xe)) _ Af,t) (dxr (x9)> _ Crﬁl(lt)(ife ),

dz”
where C, =00 —1)--- (6 —r +1).

From the above considerations follows that it suffices to show

‘Al(lt)(me—r) =hy-e- htPG—’“—t. (3.4.3)

To this end, we use induction on the number of shifts ¢ and apply successively the mean value
theorem of differential calculus to show that one has

A}(lt) (lﬁfr) _ Cr,thl . hdngrft,

forsome¢, = {, pwithz <, < x+h1+---+h,, whereC,.; = (0—7)(0—r—1)--- (0—r—t+1).
For¢ = 1 one has

Ap, (2°77) = ((:c . gc"—T) = (0 — )0,

for some &, = £, p, withx < & < x + h;. Assume that the statement of the lemma holds for
t — 1. We prove that it does hold for ¢. By the definition of the forward difference operator one
has

AV @) =, (A Ve

whereh’ = (hy,..., hi_1).
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By the inductive hypothesis one has
AV @Oy = (0 =r) (0 —r =t +2)hy - By (0TI
for some ¢, = (. Witha < (; <@+ hy + -+ + hy_1. We put £(¢;) = ¢¢7"""! and write

4f(6)

£6) =g

Clearly, f'(¢,) = (0 —r —t + 1)¢%~"~*. One now has
AP @Y= (O =r) (0= —t+2)hy by (F(Co+ he) — F(C))- (3.4.4)

To treat the expression in the parenthesis one may apply the mean value theorem of differential
calculus to the function f. Hence one may write

f(C.L + ht) - f(Cl) = (9 —r—t+ 1)ht§2_r_t7 (345)

for some &, = &, p with (; < & < (; + h;. By the induction process it is apparent that one has
r <& < x4+ hy+---+ he. Itis apparent that whenever ] < h < Pand P < x < 2P one
has ¢, =< x < P. Putting together (3.4.4) and (3.4.5) confirms (3.4.3), and thus the proof of the

lemma is complete. O

In the analysis below we make use of Weyl's inequality, arising from the differencing process.

Lemma 3.4.2 (Weyl’s inequality). Let ¢(x) be a real valued function defined over the natural
numbers. Let d > 2 be a natural number, and write D = 2¢—1. Then one has

D
X X
Y e(d@)| <XPTLEXPY e Yo > (A ew))),
1<z<X hi=1  hg_1=11<z<z+Y4_1<X

where Y; = hy + - - - h;, for each j. The implied constant depends only on d, and an empty sum
denotes zero.

Proof. See [2, Lemma 3.8]. O

From now one we fix an index i. By Lemma|3.4.2| and using the linearity of the forward dif-
ference operator one has

|Fi(aq, a9)|2d < P21y p2i-(d+D) Z Z e (aiadd! hi- hg+ )\iagAl(ld)(aje)) ‘
h

x

)

< Pl PR NN ()\iaoAl(ld) (xe))
h T

where in the second step we used the triangle inequality. In the above summation notation, we
sum over tuples h satisfying 1 < h < P and « belongs to a subinterval of [1, P| determined by
the shifts hq, ..., hy. For convenience we denote this interval by I(h).
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We define the exponential

Si(ag,h) = Z e ()\iongl(ld) (xe)) . (3.4.6)
z€l(h)

Hence, the above estimate now takes the shape

d
|Fi(ag, ap)] < P*' =1+ P2-@D N7 5 (g, b)) (3.4.7)
h

One can split the summation over h based on the size of the product H = h; --- hy. Con-
sider the function ¢)(P) = (log P)~! which decreases monotonically to zero as P — oo and
furthermore for large P satisfies ¢)(P) > P~ for any fixed ¢ > 0. We form a partition of the
shape

{(h1,...,hq) +h; € [1,PINZ} = A; U A3 U As,

where we define the sets A1, As and A3 by

Ay = {(h1,...,hg) 1 hi € [L,P)NZ, PYY(P) < H < P},
Ay = {(hl,...7hd) h;e[1,P|NZ, P < H < Pdw(P)},

Ay = {(hl,...7hd):hi (1, P|NZ, HSPH’Q}.

Moreover, for k = 1,2, 3 we define

To(ag) = Y |Si(as,h)|. (3.4.8)

heA,

Hence, we may now write

> 1Si(ag, h)| < Ti(ap) + Ta(ag) + Ts(ap).
h

Invoking (3.4.7) we deduce that

|Fi(ag, ag)> < P2*~1 4 P =W+ (T4 (ag) + Ta(ag) + T3 (ap)) - (3.4.9)

Our aim now is to obtain a non-trivial upper bound for the exponential sum S;(ag) with
ap € mt. To do so, we make use of van der Corput’s k-th derivative test (see Lemma [2.4.1))
for bounding exponential sums. We now make some observations that set the ground for an
application of Lemma[2.4.1] It is convenient to work with an exponential sum over a dyadic
interval. Recall from that

Si(ag,h) = Z e ()\Z-agAl(ld) (339)) .

x€I(h)

One may split the interval I (h) into O (log P) dyadic intervals. By making abuse of notation one
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then has

|Si(ag,h)| < logP > e (AiagAl(ld)(x(’)) .
P<z<2P

Define the exponential sum

g,;(ozg,h) = Z e ()\iongl(ld)(xe)) .

P<z<2P

Hence for all ay and for any fixed € > 0 one has

|Si(cg, )| < P€

§i(a9,h)‘ . (3.4.10)

It is apparent that an upper bound for the exponential sum §i(a9) leads to an upper bound
for the exponential sum S;(cp) with an e- loss. This is enough for our purpose. Observe that
invoking Lemma(3.4.1|with ¢ = d one has for each natural number > 1 that

‘;;7 (x\ionglgd) (xe))‘ < FP™",

where F' = |\;C4Cy, ||| HP?~?. Recall here that m* = [P~0F% pw) .

Lemma 3.4.3. Suppose that pi="" < g < P, For each index i and for any ay € m* one has
that
1Si(ag, h)| < P47,

Proof. Note that it is enough to show that for all g € m™ one has

Si(a97h)’ < P1707

for some o > 47%. Then returning in (3.4.10) and taking e = o — 479 > 0 as we are at liberty
to do, yields the desired conclusion. We consider two separate cases depending on the size of
H.

Suppose first that P¢)(P) < H < P%. Then one has
Py (P) < F < Pt

We may now apply Lemma with ¢ = n, where temporarily we write n = |#]. This reveals
that for any oy € m™ one has

Si(ag,h)‘ < P10 4 pl=doy(p)1,

where o_4g
n+2—-0—-w

Recalling (3.2.7) one may verify thatfor# > d + 1 > 3 one has

1
> = > —.
773016 4
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Moreover, recalling that ¢(P) = (log P)~! one has ¢(P)~! < P1°"" which yields
Pl_éow(P)_l < P1—§0+1079 )
Hence, the previous estimate for the exponential sum gi(ag, h) delivers

Si(aa, )| < P17,

where ¢/ = min{o, §y — 1079} > 47% and we are done.

Suppose now that P?=5"" < H < Pdy)(P). In this case one has
P’ « F < PITey(P).

Applying again Lemma with ¢ = n, yields that for any ag € m™ one has

§¢(a9,h)’ < P (p(P)Y/ D) 4 pletots’

with o asin (3.4.11)). For large P one may assume that ¢(P) < 1. Recalling again from (3.2.7)
that §, = 2129 the above estimate delivers

Si(aa,h)‘ < P,

where now we write o/ = min{a, 6y — 5%} > 47%. Thus the proof is now complete. O

We may now estimate the sums 7, (ap) (1 < & < 3) defined in (3.4.8).

Lemma 3.4.4. For each index i and for any ay € m™ one has that

() |T1(ap)] < P57,
(i) |Ta(op)| < PH1=5""4(P);

(iii) |T5(cg)| < P07
Proof. Foreach k = 1, 2,3 we write # A, to denote the cardinality of the set A,,. We set
X, =P Xo=PW(P), Xs=P"",
Observe that for each k = 1, 2, 3 and for any fixed € > 0 one has

#A, < Y 7a(H) < X, P,

H<X,

where recall that H = hq - - - hy and 74 is the d-fold divisor function.

One may get an upper bound for each T}, (ay) by using the above observation together with
the bound supplied by Lemma Let us demonstrate this by proving estimate (¢). Recall
here that

Ti(ag) = Y |Si(ag, b,

heA;

84



3.4. Minor arcs analysis

where
Ay = {(h1,...,ha) : h; € [1, P]NZ, P%)(P) < H < P%}.

Invoking Lemma one has for any oy € m* and any fixed ¢ > 0 that

ITi(ae)l < | sup [Si(ag.h)| | Y 1< P17 (#4)) < PHHL1 e

agem’ heA
he A, €4

Pick now a sufficiently small 0 < € < 4% — 579 to deduce that for any ag € m* one has

Ty (ap)| < P57,

Similarly we may argue to estimate the sums 75(«y) and T5(«ayg). For the sake of clarity, let

us mention that in estimating 75(cy) one may use the trivial bound
|Si(cvg, h)| < P,
which is always valid. With this observation the proof of the lemma is now complete. O
By Lemmait is apparent that for each index i and for any cp € m™ one has
T ()| < PAH1=67° (k=1,2,3).

One may now use the above estimate in order to bound from above the right hand side of (3.4.9).
Hence we deduce that

|Fi(aq, ag)| < P12 4 pro1/@heh)  pi=67"77,

Upon recalling (3.2.5) we have proved the following.

Lemma 3.4.5. For each index i and for any (a4, o) € [0,1) x m™ one has that
6—0—d

| fi(owa, a9)| < P~

Equipped with all the necessary auxiliary estimates, we may now finish up the first part of
the minor arcs analysis. We now set

m =694 and K= PY.

Note that for large enough P one has min, ;{x|\;|, x|u;|} > 1. Recall from (3.2.11) that one
has s’ = s — ¢ and recall as well from (3.2.15) that s’ = Ay + (1 — wy)A,. One may now use

Lemma and Lemma in order to estimate the right hand side of the inequality (3.2.14)).
Hence, we may infer that for any fixed ¢ > 0 one has

1
[ [ @) Ke(an)lda s pOmipr-sese o protora s
mt+ JO
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Recall from([3.2.7) that w < 5710°(%+4)_ One may choose
§=6"7¢€(0,1/3) and ¢ = 5—100(0+d)

as we are at liberty to do. With these choices for § and ¢ it is clear that —1;6 + w + € < 0. Thus
the above estimate delivers

/m+ /O1 |F(a)K+(ag)|da =0 (PS*(”CI)) .

In the light of (3.4.2) we have established the following.

Lemma 3.4.6. For sin < s < Spax One has

/m/ol |F(a)Ki(ag)|da =0 (Ps_(9+d)> .

3.4.2 Minor arcs: Part 2

In this subsection we consider the case where (g, ap) € ne x 9. Let us recall here that ng C
[0, 1) is a set of minor arcs in the classical sense and 9 = (—P =% pP~0+d) We put M+ =
(0, P=0%) and M~ = (—P~+% 0) . Note that 90t = M UM~ . Making a change of variables

as in (3.4.1) yields

Ry (Ping x M) = Ry (Ping x M), (3.4.12)

So in the following it suffices to deal with the set ng x 9U". The point of departure in our ap-

proach is the following version of the Weyl - van der Corput inequality.

Lemma 3.4.7 (Weyl-van der Corput inequality). Suppose that [ is a finite subset of N, and sup-
pose that (w(n))nen C Cis a complex-valued sequence, such that w(n) =0 forn ¢ I. Let H be
a positive integer. Then one has,

2

<=l E S (1- ) S vt m.

|h|<H neN

> _w(n)

neN

Proof. See [43, Lemma 2.5]. O

To begin with, let us fix an index i. Apply Lemma [3.4.7] to the exponential sum F;(aq, o),
with I = [1, P] N N. For an integer H € [1, P] with H = o(P) to be chosen at a later stage one
has

P
|Fi(cg, cp)|” <

H
S S e(maatn (2 haodn (7)) (3.413)
|h|<H 1<z<P

By the mean value theorem of differential calculus one has that
|(z +h)? — 2% < |h P~ < HP~L.
For oy € M the above estimate leads to
lag||(z + h)? — 2¥| <« P71TO0 [,
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Using the elementary inequality |e(z)| < 27|z| which is valid for all z € R, we may infer that
for any iy € 9" one has
‘e ()\iOéeAh (m‘g))‘ < p~toop

One may now use the fact that |e(x)| < 1for all z € R, together with the above estimate to
derive that

Z Z aladAh ) + N ongh Z Z azadAh )) + 0 (P50H2) .

|h|<H 1<z<P |h|<H 1<z<P

Substituting the above conclusion into (3.4.13) and using the fact that H = o(P) yields

P+ H
|Fi (g, a)|> < PO H 4 — > [Wilaa, h)|, (3.4.14)
|h|<H

where we write

Wi(aq,h) = Z e (aiadAh (xd)) .

1<z<P
We now examine separately the cases d > 3 and d = 2.
First we consider the case d > 3. An application of Holder’s inequality reveals

2d72

3 [Wilaa, )| <H*7 ST Witaa )P (3.4.15)
|h|<H |h|<H

Applying Weyl’s differencing process, we infer by Lemma that

|Wi(ad,h)‘2d72 = P24—2,1 + P2d72*(d71) Z Z e (d' hhy - - hd—QaiOédJC) \
h |zel(h)

where in the above summation notation, we sum over tuples h = (hq,...,hqs—o) satisfying
1 <h < P and I(h) is a subinterval of [1, P], determined by the shifts iy, ..., hq_o.

Invoking a classical estimate for the sum of the geometric series we see that

Z e(d hhy -+ ha—saqa;x)| < min {P, || hhy - hg_sa;oq| ™"}
z€l(h)

Hence by the preceding estimate concerning W;(ay, h) we deduce that

S Wilaa WP <HP? T 4 p2 )
|h|<H

P

H P
% Z Z Z min { P, ||d! hhy -+ hg_sa;aql| '}

h=1hi=1  hg_p=1

We write d! |a;|hhy -+~ hg—2 = m. Note thatfor 1 < h < H andforh = (hy,...,hq—2) with
1 < h < Ponehasthatm € ZN[1, d! |a;|HP?2]. Clearly, the number of solutions of the

previous equation with respect to m is < 74_1(m) < 4,4, m°. Thus, for any fixed 0 < ¢ < 1 we
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obtain
o s s d! |a;|HP?~2
> Wilaa, h)[* < HP* "4 P20 N min {P, [maal| '}
|h|<H m=1

(3.4.16)

We may bound the sum on the right hand side of the above estimate using the following.

Lemma 3.4.8. Suppose that o, 3 are real numbers and suppose further that |o — a/q| < 1/¢2,
where (a,q) = 1. Then

R
. R

me {N, [laz + B} < (N +qlogq) <q + 1) .

z=1

Proof. See [2) Lemma 3.2]. For the sake of clarity we remark here that in the statement Baker

is imposing a strict inequality, namely |o — a/q| < 1/¢*. However it is apparent from the proof

that this is unnecessary. U

By Dirichlet’s theorem on Diophantine approximation, there exist a € Z and ¢ € N which
satisfy (a,q) =1, 1 < ¢ < HP?'~¢and

1
SqI_IPTl—g'

a
;g — —
q

We pause for a moment to reflect on the fact that oy € ne. Recall that we assume H = o(P). So
for large enough P one has HP?~1=¢ < P4=¢ Soifitwas 1 < ¢ < P¢, then oy would belong
to the set of major arcs 91.. Thus, we may suppose that g > P¢. Hence

Pf < q< HP¥ 1€, (3.4.17)

One may now apply Lemma For any fixed 0 < € < 1 one has

! Jos | H P d! |a;| HP?=2
. |ay
Z min{P,HmadHH} < (P +qlogq) <1q+1>
m=1

_ 11 q
HPd 1+e [ = il I
< (q+P+HPd_1>,

where in the second step estimate, we used the facts that log ¢ < P°¢, and that for d > 3 one
has HP%2logq > P. By (3.4.17)) one has

1 1 q

-4+ —— < P75
p + 5+ gpaT <
Thus, the previous estimates delivers
d! |a; | HPY2
> min{P |jmag] '} < HPTITE
m=1
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Using the above bound, one may now estimate the right hand side of (3.4.16)) to obtain

S (Wilaw WP < HPY P ek
|h|<H

Invoking (3.4.15) the previous estimate implies

> [Wilaa, h)| < HPIZ6/2 5,
|h|<H

Incorporating the above into (3.4.14) and using the fact that H = o(P), yields that for any
aq € ne one has
|Fi (o, ag)|? < PO F 4 p2=§/2" e, (3.4.18)

We now deal with the case where d = 2. In this case one does not have to apply Weyl’s
differencing process. Note that for d = 2 the difference A (2?) = 2xh + h? is already a linear

polynomial with respect to . So one has

(Wilaa, )| < | > e(2haioqr)| < min {P, [2ha;aal| "}

1<z<P
Thus,
2|a;|H
> Wilaa,h)| < > min {P, [[maq| "} .
|h|<H m=1

One may now apply Dirichlet’s theorem on Diophantine approximation and argue as in the
case d > 3. Here the inequality (3.4.17) is replaced by P¢ < ¢ < HP'~¢. Applying Lemma
[3:4.8 one has

2|a;| H . ) 2|a;|H
> min {P, |[2ha;aql| 7'} < (P + qlogq) . +1

m=1

< HP1—§+6 +P1+€,

where in the second step estimate we used the facts that P > H loggand H < H P. Therefore,

by (3.4.14)) we infer that

|Fy(va, ap)|® < PYHoo | 4 p2=éte 4 p2reg—1, (3.4.19)

We may now obtain a non-trivial upper bound for the exponential sum F; (g4, g ). Recall that
H € [1, P] is an integer at our disposal which satisfies H = o(P). Let us now choose a value
for H sothat H < P® wherew = (1 —dp)/2 € (0,1). First we deal with the case d > 3. Recall

from (3.2.7) that 6, = 2'~2? and recall from (3.2.8) that 0 < & < §,/8. By (3.4.18) we deduce

that for any fixed 0 < € < 1 and any aq € n¢ one has that
|Fi(ag, )| < pl=&/29  +e

Now we come to the case d = 2. With the above choice for the integer parameter H we may
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infer by (3.4.19) that for any fixed 0 < € < 1 and any «g € n¢ one has

|Fy (g, )| < PY8/2Fe,

By the preceding conclusions and recalling (3.2.5) we have proved the following.

Lemma 3.4.9. For each index i and for any (aq, ag) € neg x 9, one has for any fixed 0 < ¢ < 1
that
pl=¢&/2+e when d = 2,
|fiaa, ag)| <
P1-¢/2" 7+ when d > 3.

We may now finish our analysis as in Part 1 of the minor arcs treatment. Below we demon-
strate how to deal with the case d > 3. One may argue similarly when d = 2. Put

77225/2‘1_3 and fﬂ:max{|Ai|_1, |Mj|_1}-
i

Note that now & is a fixed real number such that min, ;{x|\;|, &|u;|} > 1. Asin Part 1 of the
minor arcs analysis, one may now use Lemma and Lemma|3.3.6|in order to estimate the
right hand side of the inequality (3.2.14)). Hence, we may infer that for any fixed 0 < ¢ < 1 one
has

/ / |}-(a)Ki(a9)|da < p—n2+e€)s -P‘g/_(9+d)+5 < PS—(0+d)—n26+(1+6)e.
M+ Jng

One may now choose

€ (0,1/3) and €= de € (0,1),

0= (1+0)

S| =

as we are at liberty to do. With these choices one has —120 + (1 4 0)e < 0. Hence, the previous

[ 1F@k@olda=o (por).
m+ 3
In the light of (3.4.12)) we have established the following.

estimate delivers

Lemma 3.4.10. For spin < 8 < Smax One has

/m ne |F(a)Ki(ag)| da = o <PS*(9+d)> .

Before we close this section, we find it appropriate to record the following lemma which

concerns the complete set of minor arcs
p=([0,1) xm)U (ng xM).

Combining Lemma and Lemma|3.4.10|we have established the following.

Lemma 3.4.11. For syin < $ < Smax One has
/ |F(a) K1 (ap)|dex = o (PHM)) :
p
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3.5 Trivial arcs

In this section we deal with the disposal of the set of trivial arcs ¢ = [0, 1) x t, where recall that
t={ag € R:|ap| > P*}. Weputtt = [P¥ o0)andt~ = (—oo, —P%]. Note that t = t" U t™.
Wesetct =[0,1) x [P¥,00) and ¢~ = [0,1) x (—oo, P“]. By a change of variables as in
one has

Ry (P;c7) = Ry (P;ct). (3.5.1)

So, it is enough to deal with the set ¢*.

Fix an index 7. One has

o0

o U (0.1 x (20,2771]).

p=|wlog, P

We take x = 2°*1. Here we consider large enough values of P so that for p > |wlog, P| one

has min; ;{x|\;|, ||} > 1. By Lemma and taking into account (3.2.2), one has for any
fixed € > 0 that

2P+1

1
/0 2 K () dex

En(ch) < f: /2

P

p=|wlog, P
= 1
Ag—(0+d)+e L
< P Z o’
p=|wlog, P]
Clearly,
o0
1 —w
> 5 <P
p=|wlog, P]

Hence, by choosing ¢ = 2 > 0 the previous estimate now delivers

Zp,(ch) < pAe-0Fd—5

One may deal with the auxiliary mean values Zy, ;. (¢*), 2y, , (¢7), Eg, 4, (¢7) similarly. We
may now put these estimates together. One is at liberty to take § = 0 in the inequality (3.2.14).

So, in this case by (3.2.11) one has s’ = s, and by (3.2.15) one has s = Ay + (1 — w1)Aq4. Thus
we obtain

1
[ [ 1F @Kol da < prrso-tsosi=s o (po-or)
t+ JOo

In the light of (3.5.1) we have established the following.

Lemma 3.5.1. For s,in < s < Spax O0ne has

[1F(@ K| da= o (P-00).
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3.6 Major arcs analysis

In this section we deal with the set of major arcs 7 = n¢ x 91. We split the analysis into two
subsections.

3.6.1 Singular integral analysis

Here we deal with the singular integral. For each index i, j and k, and any 3 = (34, 89) € R?
we define the continuous generating functions

27 P 297 P
vri(B) = / e(aiBay® + NiBoy’)dy, vy (B) = / e(f1j Bov?)d,
3oy P 3y P
(3.6.1)
2z; P
vnk(B) = / e(brBay™)dy
%Z;P
Moreover we write ,
V(B) = [TvriB [ vesB) [T vnr(®-
i=1 =1 k=1
Define the truncated singular integrals
p—0+d0 p—d+é
e = [ V(8)K < (Bs)dB,
_p—9+d69 J_p—d+¢
(3.6.2)
P—9+60 P—d+£
are.po) = | v(8)d8,
_p-0+é9 J_p—d+e
and the complete singular integral
J(o0) = / / V(B)ds. (3.6.3)

Lemma 3.6.1. For each index i, j, k and for any 3 = (B4, Bs) € R? one has

vi(B) < P(1+ P Byl + P°|Bs|) "7, vy;(B) < P(1+ P|Bg|) =17,

vnk(B) < P(1+ P|ga)) 14,

In the case where 6 € N one can find a proof of this lemma in [78 Theorem 7.3]. In our case
one has 6 ¢ N. For this reason we give an alternative proof using van der Corput’s estimate
for oscillatory integrals, dating back to 1935 in van der Corput’s work on the stationary phase
method [76].

Lemma 3.6.2. Let ) be a positive real. Suppose that ¢ : (a,b) — R is a smooth functionin (a,b),
and suppose that |¢(*) (z)| > 1 for all z € (a,b). Then,

b .
/ @) dg

< ck)\—l/k
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holds when:

(i) k>2,o0r

(ii) k =1and ¢'(x) is monotonic.
The bound cy, is independent of ¢ and .
Proof. See [[73} Proposition 2, p.332]. O

Proof of Lemma The estimates concerning v, ; and vy, ;, can be easily established by using
integration by parts. As an alternative approach, one may use Lemma|3.6.2|as below. Now we
come to prove the claimed estimate about the function vy ;.

For B = (B4, Bs) € R? we put

2
vp(B) = / e(Bay* + Bey?)dy.
1/2

It is enough to prove that
1

(L+1Bal + 180"
The desired estimate for the function v ; follows by a change of variables replacing v by =} P-y.
Then one may apply (3.6.4) with a;(x7 P)?3, in place of 3, and \; (2} P)? 3¢ in place of S5.

Itis apparent that |v(3)| < 3/2 < 1. So, if | 34| +|8¢| < 1 then (3.6.4) trivially holds. Hence,
in the rest of the proof we may suppose that | 34|+ 89| > 1. Fory € [1, 2] we define the function

vp(B) < (3.6.4)

o(v) = Bay® + Bo?’.

We distinguish the following two cases about 3, and Sy.

Case (1). Suppose that |8y| > |B4|. Recall that d is a positive integer such that § > d + 1. This
last condition implies that d < |#|. Temporarily we write n = |6]. Hence, for v € [1/2, 2] one
has

1 6—n
6 =Caltah*" 2 Ca (5) 160l

where we put C,, = (6 — 1) --- (§ —n+1). Put C = C,, (1)°™" . One may now take A = C|8|
and apply Lemma with k£ = n to the function

1

Since |8y| > |Ba4| and |B4| + || > 1, we deduce that

2
1
e(d(y))dy < V™ |8y 7" < :
/1/2 (@) 1Be] (5 1Bal + 1G]
which confirms (3.6.4)).
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Case (2). Suppose that | 8y| < |B4|. One has

16D ()] = |d!Ba + CaBory® |,

where we put Cy = (0 — 1)--- (0 — d + 1). In order to give a lower bound for the quantity
|¢(d) (’y)| we examine separately the following two scenarios.

Suppose that
1 _
id”/@cd > Cq2°~% By

By the triangle triangle inequality one may infer for v € [1/2, 2] that

1
(D ()] > dl|Bal = Car”=* |B| = d!|Bal = Ca2’~* (o] > 5| al.

One may now take A\ = 271d!|34| and apply Lemma with k = d to the function

1

PREIEAA

-

Since |84| > |Bp| and |B4| + || > 1, we deduce that

2
d ~1gn—1/d —1/d
[, e < ey B <

which again confirms (3.6.4)).
Next, we suppose that
1
5d"5d| < Cd297d|59‘.

Since we assume as well that |34] > |Bp| one may now suppose that |34] < |B¢|. In such a
situation an application of Lemma with & = n as in Case (1) yields

2
d —-1/6 1
J a0 <13 <

and thus the proof is now complete. U
Define A = A(0,d, ¢, m,n) > 0via

m J4 n 4
A(0,d =min —+— -1, =+ ——157. 3.6.5

Note that the assumptions £ +m > Ap+ 1 and £ > max{[26(1 —n/d)], 1} ensure that A > 0.

Lemma 3.6.3. One has
35 (PE, P%) = 2r3(00) + 0 (PS_(9+d)) .
Proof. For |8 < P~%+% by (3.2.4) one has that

FE(PE, Pho) = (2T +0 <(10g P)*z)) J(PE, P). (3.6.6)
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By Lemma|3.6.1|{and a trivial estimate one has that

V(B) < P* (1+18o/P%) ™% (14 18a1PY) " (1 + |BalP? + || P?)

Using the trivial estimate
o282 < max{a, B} < 1+ a+ B,

the preceding inequality now yields

—m/0—1£/26 —n/d—£/20
) ( )

V(B) < P* (1+8| P’ 1+ |Bq|P?

(3.6.7)

—(1+A) —(1+A4)
) ( ) :

< P* (1 + |By|P? 1+ |Bq|P?

Temporarily we write 3 to denote the box [P~0+¢, P=0+¢] x [~ p~d+d0 p—d+do] If 3 ¢ R\ B
then we either have | 35| PY > P% or |34/ P? > P¢. By the preceding estimate we may infer that

¢ pioy . o oo
3PS, P50) — 3(o0) < P ( Lo [ v@as=[ [ V(ﬂ)dﬁ)

<< PS*(@‘Fd)*A(SU +P57(9+d)7AE

<o (Ps—(9+d)) _
Therefore, by we deduce that
FE(PE, PP) = 273(00) + 0 (P*= (040 |
which is what we wanted to prove. O

After these preliminary results we now come to the heart of the singular integral analysis.
The approach we take for studying the singular integral J is essentially the treatment of Schmidt
as presented in [68]]. The validity of the results below should come with no surprise to the
experts and to those who are familiar with the paper of Schmidt. For the sake of completeness
we have decided to include the proofs that are related to the system under investigation. This is
mainly due to the nature of the system (3.1.2), which consists of an equation and an inequality
of fractional degree.

One can plainly extend the definition of § and © given in (3.1.2) to s tuples by taking the
additional coefficients to be equal to zero. Namely, for an s tuple X we can rewrite § and ©

equivalently in the shape

F(x) = M+ Al + @l g+ pepm® g, + 020, g+ 4 028
(3.6.8)
D(x) = arx{ + -+ +agxf +0zf |+ +0z¢_, +brad 4+ bl

So, from now on we take the argument in the expressions § and © to be s tuples. For conve-
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nience in the following, we write B to denote the box defined by
1 1
B: 5771727]1 ><>< 577872778 )

where n = (x*,y*,z*) is a non-singular real solution of the system (3.1.3), with § and © de-
fined as in (3.6.8). Note that with this notation, we count solutions to the system (3.1.2) with
(x,y,z) € PB.

We define the integral

K(8) = /B ¢ (Bs3(y) + BaD (7)) d.

For future reference we note here that by (3.6.7) with P = 1 and since meas(®8) = O(1) one
has
K(B) < (L+[8o) ™Y (14 )" (3.6.9)

Moreover, we set

Jo = /_Z /_Z K(8)dgs. (3.6.10)

In the light of (3.6.9)) the integral J is well-defined and absolutely convergent. One may express
the complete singular integral J(co) in terms of Jo. Replace v by vP in (3.6.1). Then make a
change of variables in the right hand side of (3.6.3)) by putting

()= ) ()

J(o0) = ps=0Fd 5. (3.6.11)

This yields

We may now focus in analysing the integral Jy. To do so, we make use of a family of approxi-

mate singular integrals. For 7" > 1 we put

AT) = /_ h /_ K@)k (8)dB, (36.12)

where

b (8) = (sin(wﬂg/T) ) 2 (sin(wﬁd/T) > 2 '

wBe/T wBa)T
Note again that by the integral J(7') is well-defined and absolutely convergent. Two are
the key properties of the family of integrals J(7'). Firstly that J(7') > 1 and secondly that as
T — oo one has J(T') — Jo. To begin with, let us rewrite the integrals J(7') using a Fourier

transform formula. For 7" > 1 we put
T(1—Tlyl), whenly|<T",

Yr(y) = (3.6.13)
0, when |y| > T~1.
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A standard calculation as presented for example in [29, Lemma 20.1] reveals that

srw) = [ et (G 45

where clearly the integral is absolutely convergent. One may rewrite the integral J(7") defined
in (3.6.12) as follows

am= [ [ ( / 6(593(’7)+Bd®(’7)d7) kr(8)8.

Hence, invoking Fubini’s theorem and appealing to (3.6.13)) one has

IT) = /B Yr(F(7) v (D(y))dy. (3.6.14)

At this point we pause for a moment in order to exploit the assumption we have made that the
system satisfies the local solubility condition. The conclusion we establish below plays
an essential role in demonstrating that J(7') > 1. The proof proceeds as in [[83| Lemma 6.2],
namely by using the implicit function theorem. So, the fact that § is a generalised polynomial
of fractional degree 6 does not affect things. We include a proof for the sake of completeness.

Lemma 3.6.4. There exists locally an (s — 2)-dimensional subspace U of positive (s — 2)-volume
in a neighbourhood of 1, on which one has § = ® = 0. In particular, there exists a real solution

1’ to the system (3.1.3), with n} # 0 for all i.

Proof. Recall thatp = (m1,...,7s) is a non-singular real solution of the system (3.1.2)) with
$,® asin (3.6.8). By relabelling if necessary the variables, one has

oMt OdonS !
0-2_ d—2 d—2_ d—2

det = Hdmng ()\1(127’]1 T - /\2(12771 2 ) # 0.
d—1

dalnf_l dasansg
Hence, we deduce that 71,7, # 0. Let A C R**(5=2) be a neighbourhood of the point 7. Con-
sider the map
d:A— R X = ®(x) = (F(x),D(x)).

We know that ®(n) = 0. By the implicit function theorem we know that there exists a neigh-
bourhood V C R*~? around the point (73, ...,7) and a unique continuously differentiable
map g : V — R? such thatforall ¢ = ((3,...,(;) € V one has

(3.6.15)

Thus, we have showed the existence of an (s — 2)-dimensional subspace in the neighbourhood
of (ns, ..., ns), which has positive (s — 2)-volume and on which one has § = © = 0. We denote
this subspace by /. This establishes the main part in the statement of the lemma.

For the second assertion we argue as follows. One can choose (; € V sufficiently close to 7;

for 3 < i < s. Namely, choose (; such that |(; — 7| is sufficiently small. Then, we can solve
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the system with respect to g =: ({1, (2). Hence, we have found a tuple ' = ((1,(2,¢)
which satisfies §(n') = ©(n’) = 0. Recall, that 7y, 7> # 0. Hence, by continuity we obtain that
(1,2 # 0. Therefore, we can conclude that {; # 0 for 3 < i < s. Thus, we have shown the
existence of a real solution 7’ with all of its components being non-zero. O

We now exploit the conclusion of Lemma in order to prove that J(T') > 1. Here we
follow [68| Lemma 2].

Lemma 3.6.5. One has
J(T) > 1.

Proof. With the notation as in Lemma we write ' = ({1, (2, ¢) to denote a real solution
to the system (3.6.8) with n} # Ofor1 < ¢ < s. Weput{ = ({3,...,(s). Note here that we
assume (; # 0for 3 < i < s. For € > 0 we define

Se ={(§,¢) : ¢ € U such that [|g(¢) — £l <€},

where ||-||2 stands for the usual euclidean norm in R*~2. In the set S, we consider points £ € R?
which belong to a neighbourhood of the point g(¢). Since I/ is a subset of the interior of the box
B, one may now consider sufficiently small € so that S C B. Moreover, by Lemma [3.6.4| we
know that g(¢) # 0. Hence, it becomes apparent that the set S, has a positive s-volume.

When viewed as real valued functions in s variables, the generalised polynomial § and the
polynomial ® are continuously differentiable in the box B, which is a compact subset of R?.
Hence, § and © satisfy the Lipschitz condition with some constants K; and K, respectively.

Put
1

= ————>0.
¢ 2max{K1,K2} -

From now on we take T sufficiently large so that S.r-1 C B.

For (¢,¢) € S.r-1 one has

By (3.6.15) one has ©(g(¢), ¢) = 0. Moreover, one has || (£ —8(¢), 0)||2 < ¢/T and so the above

inequality yields
c 1
1D(§,¢)| < TKQ <37

Thus, for v = (&,¢) € S.r-1 we deduce

Yr(D(7)) = max{0,T(1 -T|D(v)))} =

ol

Similarly, when (£, {) € S.7—: one may prove that

1
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Thus, we may again deduce that for v = (£,¢) € S.7—1 one has

no| N

Yr(§(v)) = max {0, T (1 =T [F(¥))} =

Note now that the set S.;—: has positive s-volume which satisfies > 7~2. Hence, from the
above conclusions and (3.6.14)) one has

a0 = [ e [ (§)>> L

which completes the proof of the lemma. O

Next, we establish the second key property of the family of approximate integral J(T').

Lemma 3.6.6. One has
IT)=30+0(T7%),

where A > 0 is defined in . In particular, the limit of 3(T) as T — oo exists and equals to
Jo-

Proof. By (3.6.9) and (3.6.12)) we infer that

30—3<T>=/jo /jo K(B) (1 kr(8))d3
< /0 h /O T (14 Ba) (L4 B0 (1 iy (8)) dB.

Let 5 € Randlet T be large enough so that % < 1. Then one has

() =10 (),

which yields that

sin(m8/T)\ > , 18]2 Ek
1-— ( < min 1,—T2 < 7T2+\5|2’
and thus we deduce that

|Bol? |Bal?
T2+ |Bel? T2+ |Bal*

1-kr(B) <

We may now finish the proof easily. By symmetry one has

[eS] 0 2
do-ar) < (s e ) ([T s S as,)

T [eS)
<1 [Cpirtds [ a0V
0 T

< T2,
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which completes the proof. O

Below we put together the outcomes of the so far analysis, in order to deduce the desired

estimate for the truncated singular integral defined in (3.6.2).

Lemma 3.6.7. One has
3ﬂ:(P£’P60) — 2P0+ | <P57(9+d)> ,
where J, > 0 is defined in (3.6.10).
Proof. Combining Lemma and relation we deduce that
JE(PE, PP = 273y P* =0+ | (Ps—(e+d)) _

Moreover, by Lemma and Lemma [3.6.6| we infer that J, > 1 which completes the proof.
O

3.6.2 Singular series analysis

We now study the singular series related to the equation ©(x,z) = 0. Fora € Z and ¢ € Nwe

S(g.a) =) e (“;d>

z=1

write

Furthermore we put
4 n
T(q,a) = ¢~ ][ S, aai) ] S(g. abi).
=1 k=1
Next, we introduce the truncated singular series and its completed analogue

&P = > Y T(ga) and 6=> > T(ga)

1Sq§P5 a=1 qg=1 a=1
(a,q)=1 (a,q)=

Lemma 3.6.8. Suppose that a € Z and q € N with (a,q) = 1. Then for each index i and k one
has
S(q,aa;), S(q,aby) < ¢ /%

Proof. By |29, Lemma 6.4] we know that when (a,q) = 1 one has

S(q,a) < ¢' 711

Fix an index 7. Note that one has

S(g,aa;) =Y e (ai(fd) = (@@)8 ((qu@i)’ (;igz‘)) '

z=1
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Since (a, ¢) = 1 one has <(q‘i_), (;laa-)) = 1. Thus we derive that

q a;a 1-1/d
S , <q )
((Q7ai) (qval)>

which in turn, and since q; is a fixed integer, delivers the estimate

S(q,aa;) < ¢~/

Similarly we argue for S(q, aby,). O

Lemma 3.6.9. Provided that {+n > A,+1 the singular series is absolutely convergent. Moreover
one has & > 0 and
S(P=6+0 (P*f/d) .

Proof. The first two claims follow from the analysis of Davenport as presented in [29, Sections
5 & 6]. Recall that we write 4, = d2. By [31, Theorem 1] we know thatif { +n > Ay + 1
then the singular series is absolutely convergent and positive. For the last assertion note that
by Lemma one has

q
S-e(P)< 3 Y ITaa) < Y g/ g pemae
q>P¢ (aar;£1 q>P¢

Ford > 2onehas/+mn > A; + 1 > 2d + 1, where in the second inequality, the equality case
holds only when d = 2. Thus, we obtain % < (”T" — 2) &. The previous estimate now delivers

|6 —&(P°)| < P4/,

which completes the proof. O

3.7 The asymptotic formula

We now combine the results from the previous two sections to establish the anticipated asymp-
totic formula for the counting function NV (P).

For ag € Me(q,a) we write oy = B4 + a/q with |B4] < P~9+¢. From now on we take

B = (Ba, ap), with ay € 9. For each 4, j and k we define the approximate generating functions

fi(B) = ésf,i(q,a)vf,i(ﬁ), 97 (B) = vg,5(B), hi(B) = éSh,k(q,a)vh,k(,@).

Put

m

¢ n
F@) =[[#® LB I]m®.
=1 7j=1 k=1

We wish to compare F () with 7*(3). Below we record a consequence of Poisson’s summation
formula.
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Lemma 3.7.1. Let f : [a,b] — R be a function differentiable in [a,b]. Suppose that f'(x) is
monotonic, and suppose that | f'(z)] < A < 1 forall x € [a,b]. Then

b
> et = [ etria)de+ 0.

a<x<b a

Proof. See [74, Lemma 4.8]. O

Lemma 3.7.2. For each index i, j, k and for any ac = (g, ) € Ne(q, a) x M one has

(i) fila) = fr(B) < P+e;
(i) gj(a) — g5 (B) < 1;

(i) hi(a) — hE(B) < P%.

Proof. For the estimate (¢i¢) one may argue as in [[29, Lemma 4.2].

For the estimate (¢i) one may apply Lemma Fix an index j. Recall from (3.6.1) the
definition of the function v, ;(3). Then, the claimed estimate reads

2y; P
> ewan) - [ elwan’)ay =0,

1,%
lyrP<y<2y: P 3V; P

By taking the complex conjugate it suffices to prove the above estimate when oy > 0. For a real
variable ¢t we define the function

1
o (2y;‘P, 2y;‘P] —R, )= ujagtg.

The function ¢" (¢) is of fixed sign and so ¢’ (¢) is monotonic. Moreover, for «y € 9 and for large
enough P one has

16/ (1)) = |p|000t? " < | |0(2y7)0 P00 < 1,
where recall from (3.2.7) that §o < 1. Thus, Lemma|3.7.1|is applicable and yields the desired
y

conclusion.

Now we prove estimate (7). Here we argue as in [[29, Lemma 4.2]. We fix an index i. Decom-
posing into residue classes modulo g and writing x = qy + z with 1 < z < g we obtain

q
file) =" > el(ailBa+a/g)(qy+ 2)* + Nico(qy + 2)°)
z=1lyel(z)
’ (3.7.1)

= e(aaz/a) Y e (aiBalay +2)* + Nao(qy + 2)°) ,

z=1 yel

where [ = I(z) is the interval defined by

)

I(2) (;x;‘P—z 205 P — 2
q q
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For ease of notation we denote the endpoints of the interval I by A and B.So I = (A4, B].

Fort € R we put
¢i(t) = e (aiBalgt + 2)* + Niao(qt + 2)°) .

The function ¢; is a holomorphic complex valued function of the real variable ¢. Consider an
arbitrary interval [z, z + 1] C R of length equal to 1. By the fundamental theorem of calculus

[ ot

One may break the interval / into < B— A = 0O (qul) unit intervals of the shape [z, z + 1]

one has for any ¢ € [z, x + 1] that

< max |¢;(u)].
u€[z,z+1]

|¢i(t) — di(x)| =

with z € Z, together with two possible broken intervals in the case where at least one of the

endpoints A and B of the interval [ is not an integer. Then, we deduce that

y+1
[ et —solar e mas o)

B
> @(y)—/A gi(t)dt| < Y

A<y<B A<y<B

Pg! " (t ().
< Pq AI?%XBM”( )I+A§§§Bl¢z( )l

Clearly, |¢;(¢)| < 1 forall t. One has
¢i(t) = 2mi (a;dgBal(qt + 2)* " + Nifgag(gt + 2)° 1) ¢4 (t).
Hence, for any ¢ € I one has
|65(D)] < qlBal P + glag| PP

Therefore for (aq, ag) € MNe(g, @) x M and since £ < Jy, the preceding estimate now delivers

B
> ¢i(y)—/A ¢i(t)dt| < P. (3.7.2)

A<y<B

We put ¢t + z = v and make a change of variables. Then one has

/ ¢i(t)dt = */ e(aiBay® + Niagy”)dy = —vy4(8),
A qJizpP q

where bear in mind that 3 = (84, 29) = (g — a/q, ). Putting together (3.7.1) and (3.7.2))
yields

B
fz(a) = Ze (a,;azd/q) (/A ¢(t>dt+ p50>

z=1
q
= é Z e (aiazd/q) vri(B)+ O (P5°+5) ,

z=1
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where in the last step we used the fact that 1 < ¢ < P¢. The proof is now complete. O
By Lemma and using a standard telescoping identity one has that

Fla) = F*(B) < P (1fi = fF1+ lg; — g1 + lhi — hE])

<< P5_1+50+§.
Moreover one has
meas (MNe (g, a) x M) = P~4+E. p=0+o0 — p=(OFd)+do+E,

Next, note that one has 7*(8) = V(8)7T(q, a). Integrating over the set M¢ (¢, a) x M against
the measure K1 («g)da and taking into account the preceding observations reveals

/zm /ﬁ oy TR (a0 = T(g.0 /sm /{n VR 0ad £

where
E=0 (PS—(9+d)—1+2(50+5)) .

One can now sumover 1 < ¢ < P¢and 1 < r < ¢ to conclude that

|| Fl@k(anda = s(p)3*(pe, Py 4 0 (proosaiznic),
o Jote

Recall from (3.2.7) that §; = 2'~2% and from (3.2.8) that 0 < & < §y/8. Recall that we assume
0 > d+ 1 > 3. Hence, for the error term in the above asymptotic formula one has

ps—(0+d)=1+200+4¢ o ps—(0+d)=1+550 _ (Ps—(9+d)) .
By Lemma(3.6.7and Lemma|[3.6.9]one has
S(PEIE(PE, ) = 2030 P* 0+ 4 o (P (D).
Thus we conclude that
/ F(@)K 4 (ag)da = 2rJoS P>~ 0+ 4 o (PHW)) ,
B

where recall that 3 = 91 x 9. Upon invoking and taking into account Lemma
and Lemma the proof of Theorem is complete.
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Appendix A

"Orthogonality " for inequalities

In this appendix we give a variant of Lemma for a more general case that might be of some

interest and usage in problems of counting solutions of inequalities in terms of mean values.

Let R € N. Suppose that

¢ :R—=RY o0 ¢(2) = (d1(2),.... ok (z))

is a Rf*-valued function of the real variable z. Furthermore, let §; > 0 (1 < j < R) be positive
real numbers. We aim to count the number of integer solutions x of the simultaneous inequal-
ities

S

Y (di(@i) = djwri))| <8 (1<j<R). (A1)

i=1
Suppose that I, I C (0, 00) are two bounded intervals. Fix a natural number n < s. Suppose
that S C (0,00)?" is a bounded set of lattice points. We write V;(I1, Is; ¢, §) to denote the
number of integer solutions of the simultaneous inequalities witha;, xs;, € (1<i<
n)and z;, xsy; € Iy (n+1 < i < s). Similarly, we write V, (S, I»; ¢, §) to denote the number of
integer solutions of the simultaneous inequalities with (z1,...,Zn, Ts41y- -y Tstn) €S
and z;, xs4; € Io (n+ 1 <i < s). For ease of notation we set

S

0o i(X) =Y (6(mi) — ¢;(2s14)) (1<j<R).

i=1
For any o € R we define the exponential sums H,(a) = H (a; I;; ¢) via

H(a;1;; ¢) = Ze(a1¢1($)+"'+OéK¢K($)) (1=1,2).

z€l;

Moreover, for o € R¥ we put

Hs(a@) =) e(ar(¢1(21) = d1(zsr1)) + -+ ar (dr(zn) = or(2ssn))

xeS

where the summation is over tuples X = (21,...,Zn, Zs11,.-.,Zs+n) € S. Finally, we define
the numbers A; via the relation 26;A; = 1 (1 < j < R). With this notation, we may now state
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the following lemma which is a variant of Lemma|2.3.2|in a more general form.

Lemma A.1. One has

(i)
AR
‘/5(87[2;¢75)<<51~.~5R/ / |HS ( )23727’L|da,
—AR

(ii)
AR A1
Vs (11,12;¢75)X51"'5R/ / |Hi (@) Hy(a)** " | dev.
—Ar —Aq

The implicit constants in the above estimates are independent of I, I>, S, d and ¢.

The proof makes use of the following pair of functions. For = € R we define the functions

. T ’
sinc(z) =

1, when z =0,
and
A(z) = max{0,1 — |z|}.
Moreover, we set K (z) = sinc?(z). It is well known, see for example [29] Lemma 20.1] that
these two functions are the Fourier transform of each other. Namely, for x, £ € R one has
K(¢) = / e(—z&)A(x)dz and A(z) = / e(x&)K(§)dE. (A2)

— 00 — 00

Moreover, we make use of Jordan’s inequality which states that for 0 < x < g one has

),
2.y g (A.3)
™

X

where the equality holds if and only if x = 7. A proof of this inequality can be bound in [48] p.
33].

Proof of Lemmal[A] (i). By (A.3) one has for || <  that

K(x) > (i)Q

For ease of notation we put

1
= ; <5< .
& =550 (Q<i<R)

Let x be a solution of the simultaneous inequalities (A.1) counted by V; (S, I2; ¢, d) . Then

for each index 1 < j < R one has
2

TE(E)>1

Hence, by summing over tuples X with (2;,254,) € S (1 < i <n)and z;,x54; € I (n+1 <
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i < s) one has that

5 (S, I2; 0,68 <ZH

x j=1

Cf)RZﬁK(@).

x j=1

(A.4)

Then, by invoking (A.2) we infer that for each 1 < j < R one has

K() = /OO e(—ué;)A(u)du = /OO e(u&;)A(—u)du.

—0o0 —0o0

So, by making the change of variables u; = 2§;a; (1 < j < R) we deduce that

R oo oo
HK(’EJ'):[ [ e(u11)A(—u1) - - - e(urpr)A(—ur)du

j=1
=2of ITRE 5R-/ / 0410'51 +~-—i—aRUS,R(X))A(—Qélal)~~A(—25RaR)da

For eachindex 1 < i < 2s we write « - ¢p(z;) to denote the standard dot product in the space
R’ namely
o () = ardr(xg) + -+ + agdr(;).

With this notation one has

e(a1051(X)+ -+ agosr(X)) =e(a-@p(z1) + - —a- d(xas)) .

So we infer that Hle K (&) is equal to

2R51--.5R[° /jo ela-da)+—a- Plass)) A(=28101) - A (—20par) da.

One can now sum over tuples X = (z1,...,Tas) With (21,...,Zn, Ts41,...,2Ts4n) € S and
ZiyTsyi € In (n+1 <4 < s). Since the integrals are absolutely convergent one can interchange
the order of integration with the finite sums. Note here that

Ze(a . ¢(J)1) + - ¢(x25)) — Hs(a)H2(a)25—2n.

X

Furthermore, note that for |o;| > A; = 25;1 one has A(—2d;a;) = 0 and for all o one has
|Hs (o) Ha(c)**72"| > 0.

Keep in mind that for any = one has 0 < A(z) < 1. Hence by (A.4) and the triangle inequality
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we deduce that

s

o\ R
Vi (S, 12;9,0) = (2> 01+ 0px

X/_O;/Z Hs () Hy(0)?* 2" A (26101 -+ - A (~20parg) dax

Ar
X/_A / |Hs (o) Ha ()" | A (—26101) - - - A (=26 o) dex

AR
<<516R/ / |H5 Hy( )2572”|da,
—Ag

which establishes the upper bound.

We now prove (i:). For the upper bound we argue in a similar fashion as in (i), whereas now
we use the product H; (a)?" Hy(ax)?*~2". So we focus on proving the lower bound. Let x be a
tuple counted by V (11, I2; ¢, d) . Then by the definition of the function z — A(z), one has for
eachindex 1 < j < R that

0<A(2)<1

One can now sum over tuplesx withz;, zs4; € [1 (1 <i<n)andz;,zs4; € [r (n+1<i<s)
to obtain

R
Vo (I, I ,8) = > [ A2¢). (A.5)

X j=1

Invoking (A.2)) we infer for each index 1 < j < R that

aeg) = [ etzug) K

— 00

As before, one may now sum over the z; € I; and interchange the order of summation and
integration to get by (A.5) that V; (I, I2; ¢, d) equals to

(53/ / d(x1)+ - — - Pp(zas)) K(d1an) - - K(dpar)da

Since we assume that z; and zs; belong to the same interval [; for each 1 < ¢ < n, one has
that

Ze (a . (15(1,‘1) 4+ — - ¢(x23)) — ‘H](a)QnHQ(a)QS_Qn’ )

X

By (A.3) one has for |o;| < (26;)~! = A that K (J;;) < 4/72. Therefore, we deduce that

AR Aq
V9(117[27¢76) > 516R/ / |H1(a)2nH2(a)29—2n‘
—ARr Ay

The proof is now complete. O
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We give a variant of Lemma LetZ = {I1,---,I5s} be a collection of bounded intervals
I; € (0,00) for all i. We aim to count the number of integer solutions x with z; € I; (1 <
i < 2s), of the simultaneous inequalities . We denote the number of such solutions by
Vi (Z; ¢,6) . For any a € RE we define the exponential sums H;(a) = H (o; I;; ¢) via

H(oIi;p) = > (o (@) + - +axdr(r) (1<i<2s).

xz€l;

Moreover, we define the mean value

NEPWN / / |Hy(a)- Ho(a)| dax,

where the numbers A; are defined via the relation 26;A; = 1 (1 < j < K). With this notation,
we may now state the following lemma which is a variant of Lemma/[A.1]and one may prove

arguing in a similar fashion.

Lemma A.2. One has

Moreover, if I, = I,4; for 1 <1 < s, then one has

The implicit constants in the above estimates are independent of Z, ¢, and §.
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Appendix B

The mean value estimate for the

complete exponential sum

This appendix contains the details required if one wishes to obtain a mean value estimate as in
Theorem for the exponential sum

fla; P) = Z 6(041:E+---+04nm"+a9339),
P<z<2P

where n = |6]. For technical reasons we assume that the exponential sum f is defined over a
dyadic interval (P, 2P]. If the exponential sum f is defined over an interval of the shape [1, P],
then by making abuse of notation one may split this into O (log P) dyadic intervals of the shape
(P, 2P]. The log P-loss is absorbed into the e-loss P¢. We demonstrate the following.

Theorem B.1. Suppose that 6 > 2 is real and non-integral and write n = |0]. Let k > 1 be a
real number. Suppose further that s > % (|26] + 1) ([26] + 2) is a natural number. Then for any
fixed € > 0 one has

/ / |f(a; P)[** da < P 3n(nt1)=6+e
—K [0,1)'”

The implicit constant in the above estimate may depend on ¢, 0, and s, but not on « and P. Fur-
thermore, for s > % (|20] 4+ 1) (|26] + 2) one can take ¢ = 0.

First we need a replacement of Lemma From now on we set k = [20| + 1. For each
index j withn + 1 < j < k we define the binomial coefficients

b; = (9) 00 —1)---(0—j+1)

— I

J

For fixed 6 one may treat the b; as being of size O(1). For a tuple h = (h,,11, ..., hy) we write
H(h) = H(hnt1, - .-, hi) to denote the expression

H(Pns1s- ooy hi) = bps 1 P70 Dy o b, PO F Ry (B.1)
Lemma B.2. Let L be a given positive real number, and t be a given natural number. We write
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T(P) to denote the number of integer solutions of the inequality
[H(h)| < L

in the variables h; satisfying |h;| < tP?/? (n+1 < j < k). Then one has

k(k+1 (n+1) 1
B a0t gy

T(P)< P
where the implicit constant depends on L,t and 6.

Proof. The proofissimilarto [1, Lemma 1]. One may rewrite the inequality under investigation,
in the shape
bra1 PO DRy g - 4 b PO R Ry = Ly, (B.2)

for some ~ satisfying |y| < 1. From this equation we get that
k
hng1 = =b, 1y PPH0 N by PO by Lyb, P (B.3)
l=n—+2

By our hypothesis one has |h/| < P3 foralln + 1 < ¢ < k. Hence, the first term appearing on
the right hand side of (B.3) is bounded above by

k k
1 .
< PO N R | POt < Pt N« PRt PR
l=n+2 l=n+2

Recall now thatn = [#] > 2. Soone hasn + 1 — 6 < %. Hence, the second term on the right
hand side of (B.3) is < P%. Thus, we deduce

[Pl < Pz,

So, the unknown h,, ;1 assumes at most O (P2 ) possible values.

Fixnow an index jo withn+2 < jy < k. Then, the equation (B.2)) can be equivalently written

as
_ Jo—1 ) k )
hjo + b5, P70 N " b POy = —b3 TP N b, POy Ly PO (B4)
l=n+1 L=jo+1

We put

_ Jo—1

Ajy = b3 P70 N b PPy,
l=n+1

and

k
Bj, = —b;,' PP~ N~ b PO hy + Lyby TP
£=jo+1
Then, by (B.4) we obtain that

‘h’ju + Aj0| < |Bj (B.5)

ol
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Appendix B. The mean value estimate for the complete exponential sum

By the definition of the expression B;, we have that

k
[Biol < 031 [ P70 > 1bel PP~ |he] + LIy PP~
L=jo+1

We now bound the expression lying in the parentheses on right hand side of the above in-
equality. Using again our assumption that |h,| < P*/? one has

m k
PR8N bl PP el + LIy [P~ = PPy " |be| P | + L|y| P
l=jo+1 l=jo+1

k
< PJo E P(/Q + PJO‘G
l=jo+1

jo—1

L P>

+ pio—t,

So one has
Jo—1

|Bj0| < P

+ pio=t,

Thus by (B.5) we infer that
Jo—1

\hjo + Ajy| < P2

4 pio=f,

Hence, by the triangle inequality we deduce that for each fixed index jo, withn 4+ 2 < jo < k
one has
jo—1 .
ol < 1o + Ajol + | Ajo| < P77 + PR~ 4|4y (B.6)

Let us now fix a value for h,, ;1. As we proved in the beginning, the variable h,, 1 can assume
at most O (P%) values. For the variables h; (n + 2 < j < k — 2) one can argue inductively as
follows. Let jp be such an index and suppose that the variables h; withn +1 < j < jo have
been fixed. In such a case, by the definition of A, one has that

Jo—1

1 1 ) o
‘Ajt)' < pro Z ﬁ < PJO—(n-H) <P o 1.
{=n+1
Appealing to we get that
‘hjol < PJO;1 + pio—f & PjO;l’

where in the second inequality we used the fact that jo < k — 2 = |26]. Therefore, we deduce

that the unknowns h; (n+2 < j < k — 2) assume at most O (P]%) values.

We are now left to deal with the last two variables, namely with h;_; and hy. Assuming that
the variables h; (n+1 < j < k — 2) have been fixed and recalling that n = |#| one has by the
definition of A;, with jo = k — 1 that

k—2

1
|Agp_1| < P! Z 2 < pk—1)=(n+l) o p(k-1)—0
l=n+1
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Note here that
[20] — 1 k-2

2 2

k—1-60=[20]— 60>
Hence, appealing to we now infer that

(k—1)—1

1| < P2 4 Pe-D=0 4 plh=1)=0 o plk=1)=6

Thus, the unknown hy,_; assumes at most O (P*~1~?) possible values. Finally, again by our

initial assumption, we know that the variable hj;, assumes at most O (P§> values.

Summarising the above we have showed the following.

+ The unknown variable h,,;1 can assume O (P2 ) values.
+ The unknown variables h; (n+2 < j < k — 2) can assume O (P%> values.

+ The unknown variable hj,_; can assume O (P*~1 =) values.

+ The unknown variable h; can assume O (P%) values.

Collecting together the above conclusions, we can now deduce that

T(P) < P%.p"s ...p' . plk-1)=9 . ps
< Pk —gn(nt1)—0+ 24

since one can easily verify that

n n+1 k—3 ko1 1 1
= ot ——+ (k1) -0+ - =-k(k+1)— - -1)—60+ =
5 Ty Tt ( ) +3 4(+)4n(n) +3
1 1 n+1
—Zk(k—kl)_zn(n—kl)—g—k 5
The proof of the lemma is now complete. O

Next, we fix some notation for the rest of this section. From now on when applying Lemma
[ATwe take
R=n+1, ¢:(x,...,x",x6).

Furthermore, recall that k = |20]| + 1 andn = |#|. Foreach j € {1,...,n,0} we set

00 s®) = (2l = al.,) (B.7)
i=1
Moreover, we write f(a; P) = f(a). We now embark to the proof of Theorem|B.1
Proof of Theorem[B.1] We split the proof into several steps for a better presentation. From now

onweset] = (P,2P].

Step 1: The underlying Diophantine system. Set §; = (4,...,3,5-). We apply Lemma
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Appendix B. The mean value estimate for the complete exponential sum

[Ad]with I; = I, = I and § = &;. So, one has
1 [" 5 14
s / / F(0)2* daday < Vi (I;61). (B.8)
KJ_kJ[-1,1]"

where d&day stands for do; - - - da,, dag and Vi (I; 81) denotes the number of integer solutions
of the system
o (%) < 3 (1<j<n)
05,0 (X)] < 55
with P < x < 2P, where recall from (B.7) the definition of o, ;(x).
Setdr = (4,...,3,1).Since x > 1 we plainly have that
Vs (1;61) < Vi (1302),

where V;(I; §2) denotes the number of integer solutions of the system

(1<j<n)

N[

|05, (30| <

|0379(X)‘ < %’

with P < x < 2P. By the estimate (B.8]) we infer that
/ / |f(a)** daday < KV, (I;6,). (B.9)
—k J[-1,1]"

In view of we are now aiming to bound from above the counting function V; (Z; d2) .

From now on, the mean values we encounter are independent of x. For this reason, and for
ease of the notation, we use the symbol § to denote integration over the (n+1)-cube [—1, 1]" 1.
We define the interval

T= (P, P+(NTDJ+1) ﬁ],

and note that I C I. Moreover, we define the exponential sum

fla) = Ze (alm 4+t anx™ + agxe) .
167

Since I C I one has that
Vi (T365) < Vi (109,162,

where V; (I("“), .7, 62) denotes the number of integer solutions of the system

n+1 s 1
2t el 4 3 (=) <

i=1 i=n+2

n+1 ) s 1

z (Iz - Ii+z) + z (Iz 'Is+z> < 5 (1<j<n),
=1 i=n+4+2
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witha;, 251, €I (1<i<n+1)andz;,zs4; € I (n+2 <i<t). Applying again Lemma
with § = §, we obtain that

V. (109, 1:85) < f F@)P " | fl@) > D da.
Combining the above we infer that

Vi (I;82) < j'{ F(@)P" Y | f(a) 2 D da. (B.10)

Step 2: Breaking the interval I into short intervals. For a natural number ¢ > 1 we write
P,=P+(—1)VP, (B.11)

and set fg = (Py, Py41]. Note that fg forms a cover of the interval f, consisting of subintervals
of length +/P. We record this in the following inclusion

WP
Icic |J L. (B.12)
=1

We write ﬁ(a) to denote the exponential sum given by

fo(a) = Z e(arx + - + apz" 4 agz?). (B.13)

wefe

Incorporating the exponential sum ﬁ(a) we deduce by the triangle inequality followed by

an application of Holder’s inequality that

F1r(@l | Fa)

25—2(n+1)
do

VP +1 2s—2(n+1)

< f1r@pe |3 [fite) da
{=1

[VP]+1

)2V | f(a
> fU@r )

2s—2(n+1)
do.

< (L\/ﬁj +1

)2372(n+1)71

Thus, for some /g with 1 < £y < L\/TDJ 4 1 one has

25s—2(n+1)
(87

F17(@P | Fle

< (WP 1) @ |

25—2(n+1)
.
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Appendix B. The mean value estimate for the complete exponential sum

Combining now the above with (B.10) we deduce that

25s—2(n+1) ~ 25—2(n+1)
Vi(1:6:) < (VP +1) F17@P | Fufe) da
(B.14)
~ 25—2(n+1)
<P 7P| Fy o) o
Now we apply Lemmawith L=1I I,= fgo and 0 = J5. So one has

~ 25—2(n+1) ~

17 Fofe) doc < V, (10, T, :85). (B.15)

where we write V (I (”+1), fgo; 62) to denote the number of integer solutions of the system

n+1

S

1
Z (2] —2l) + Z (27 —2l)| < 3
=1 i=n+2
(B.16)
n+1 ) ) s ) ) 1
Z(wﬁ—xiH)Jr > (xg*xiﬂ') <3 (1<j<n),
=1 i=n-+42

with 2,24 € I (1 <i<n+1)anda;, 2. € I, (n+2 < i < s). Putting together (B.14)
and (B.15) we deduce that

V, (I;8,) < P~y (1<"+1>, Tu: 52) . (B.17)

Step 3: A diminishing ranges type argument. Recall that fgo (Pyy,2Py,), where we

write Py, = P + (£, — 1)v/P. We now set

yi=x;— Py, (n+2<i<s).

Clearly one has 0 < y; < v/P. Invoking the Binomial theorem, we see that a 2s tuple x satisfies
system the (B.16), if and only if it satisfies the system

n+1 s

1

0 0

Z(xf—$§+z>+ Z ((yi_'_P@o) _(ys+i+P€o) ) <§

" - (B.18)
n+1 ) . s . . 1 .
> (ﬂci _xi-i-i) + ) (yi —yiﬂ») <3 (1<j<n).

=1 i=n—+2

For the sake of clarity, we note here that in the above system one has

P<ayxe; <2P (1<i<n+1) and 0<y;,ysri <VP (n+2<i<s).

We now focus on the inequality of degree 6 of the system . Since P > P, > /P, an
application of the mean value theorem of differential calculus yields for each indexn+2 < i < s
that

| (Wi + Pry)? = (ysti + Pa,)’| =< Pp yi — ysia | < PO7V2

116



Hence we obtain that

> ((yz’ +Py)’ = (Yori + Peo)g) < P2,
i=n+2
Returning now to the system (B.18)) one has
n+1
> (2 —al,)| < P2 (B.19)
i=1

where z;, x54; € I. Forx € I = (P,2P] and using the mean value theorem of the differential
calculus one has

0
%

|20 — 28, | < PP oy — 2t (1<i<n+1).

Hence, by (B.19) we infer that

n+1

Z (xi - xs-i—i)

i=1

< P1/2.

In other words, there exists a positive real number C' > 0 depending at most on s and 6, such
that

n+1
Z (.’131 - xs+i) < CP1/2.
i=1
Summarizing, we have showed that
Vi (100, Ty382) < VX (1049, 11565 (B.20)

where VX (I (n41), Tgo; 62) denotes the number of integer solutions of the system

n+1 S

1
0 0 0 0
Z (2] —254;) + Z (77 —254)| < 5
i=1 i=n+2
(B.21)
n+1 , , s ] ] 1
Z(ﬂcg—ﬂciﬂ-)—i— Z (xf—miﬂ») <3 (1<j<n),
=1 1=n-+2
with
l‘i,l‘S_H‘EI (1§i§n—|—1),
n+1
Z (z; — Topi)| < CP1/2, (B.22)
i=1
il’i7il's+7;€fgo (n+2<i<s).

Invoking (B.12) one has that for the points z;, zs4; € I there are indices /¢;, ¢5; for which

sz‘ <z; < P£i+1 and P < Toyi < Pgs+i+1 (1 <i1<n+ ].) (B.23)

s+1i
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Appendix B. The mean value estimate for the complete exponential sum

Combining (B.22) together with the definition (B.11)) of P, and using the fact that for each index
¢ we have P, — P, = P'/?, one can deduce that

n+1 n+1

> (P, - Pg5+i)‘ — (n+41)PY/?
i=1

CP1/2 2

n+1
= ( D (il — (n+ 1)) P2,
i=1
From the above computation we deduce that
n+1
D (i —Lyi)| <CH(n+1)=C". (B.24)
i=1

Return now to the problem of countlng the number of solutions of the system (B.21)) subject
to the restrictions given in (B.22)). To do so, we use appropriate generating functions. We write
S c 1?1 to denote the set of lattice points which satisfy the first two restrictions given in

1D By Lemmawith such S and I = I;,, & = &, one has
VX (10D, T8 ) < ?{ | Hs(@) oy (@)*201) dax, (B.25)
where the exponential sum Hs(«) is given by

0 6
Hs(a) =Y e(a(wr —wop) + -+ an(@n —aly,) +ap(ehy —29,11)),
xeS

wherex = (21,...,Zn11,Ts41,- -, Ts+nt+1). One cantile S by invoking the cover (D) . Taking
¢
into account -D we infer that

[VP]+1 |VP]+1 n+1
Hs(a)| < > - > H\fe ) fo,. ()|
0=1 lopmir=1

[ 0 (i —Lspi)|<C

n+1

< P Hm ) fo., ().

One can bound above the right hand side of (B.25)) to obtain

n+1
V(10 T ) < P f (H |Fer(e)] \ﬁ5+i<a>\> Fun(a
i=1

2s—2(n+1)
da. (B.26)

Recall the elementary inequality |27 - - - 2| < |21|"+- - -+]|2,|", which is valid for all complex
numbers z;. Using this inequality we obtain that

(11 o e e e
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Hence, by (B.26)) we infer that

2s

Vs* ([(n+1)’f£0;52) < P% % ‘ﬁ(a) do,

where / is one of the indices /1, . .., #5411, 0. Combining the above estimate with (B.20) and
invoking (B.17) we deduce that

2s

V, (I;6,) < P~ "% }{ ‘ﬁ(a) da. (B.27)

Appealing once more to Lemmawith I =1, = fg and 6 = §, we see that

|7t

where V, (fg, 62) denotes the number of integer solutions of the system

* da <V, (fe; 52) ;

1
oa0®)| < 5
(B.28)
1 )
outl<y (=i,
with z;, 2,4; € I (1 <i < s). Therefore, the estimate 1' now delivers
Vo (I3 8,) < PS50V, (E; 52) . (B.29)

We emphasise here, that our choice of 1 < 7 < L\/?J + 1 is now fixed.

Step4: Taylor series expansion. Itis apparent that system (B.28) is equivalent to the system

:1 (B.30)
Z(mf—miﬂ):O (1<j<n).
=1

We substitute y; = 2, — Q¢ (1 < i < 2s), where Q; = | P;| and the y; satisfies the relation
0 < y; < |V/P] + 1. By the Binomial theorem, we see that a tuple x satisfies 1} if and only
if it satisfies the system

S

; ((yi +Q0)" = (yori + Qz)e) < %
S(H-a)=0  a<i<n.
=1

One can now apply the argument presented in Theorem to deal with the inequality. So,
we deduce that
Vi (T382) < Zoen (ViB), (B31)
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Appendix B. The mean value estimate for the complete exponential sum

where Z; i ,, (Y';h) denotes the number of integer solutions of the system

01Q0 hy + -+ bQY Fhy| < 1

S -t)=hy 1<i<h
=1

Z(yf—yﬁﬂ):() (1<j<n).

i=1

with0 < 5 <Y (1 < i < 2s) where Y = 1+ |P2]. Note that the integers h; satisfy the
relation |h;| < sY7 (1 <j<k).

Step5: Invoking VMVT. From now on we write
h=(hi,..., P, b1, .- hi) = (hy, hy) € Z™ x ZF~™,

We write W 1., (Y';h) to denote the number of integer solutions of the system

S

S (v - vli) = hy (1<j<k)

i=1
A (B.32)
> (vl = wls) =0 (1<j<n),
i=1
with 0 < y; <Y. Moreover, and following the notation of Lemma|B.2| we put
H(bo) = bu1Qp " hgr 4o+ 0eQ)
Itis apparent that one has h; = 0 for 1 < j < n. So we obtain
Zogm (Vi)=Y Wopn(Ysh). (B.33)
[H(hsy)|<1
[hj|<sY?
n+1<j<k

Our aim now is to find an upper bound for the quantity W j ,, (Y; h) . We extend the notation
0s,;(x) from (B.7) to all indices j with 1 < j < k. As we already mentioned, by the shape of
the system 1} one has that each h; (1 < j < n) assumes only one value, namely the zero

value. Thus, one has

TSI P S B S

[P <sY™H1 |hi|<sY®
hnp1=05 nt1(X) hx=0s k(X)

(B.34)

< Y*%’n(TL“rl) Z 1

|hy|<sY7
hj=0s;(x)
1<j<k

The sum appearing in the right hand side of (B.34) counts the number of integer solutions of
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the system
0s,5(X) = h; (1<j<k),

with 0 < y; < Y. We denote this number by J; , (Y';h) . By orthogonality one has

2s
I,k (Y;h) = / Z e (qu + -4 akyk) e(—a-h)dea,

0.DF lo<y,<y

where « - h stands for the standard dot product in R*. So by the triangle inequality and in view
of Theorem one has for any fixed ¢ > 0 that

Jok (Vih) < Jop (V) < Y2 3h(E+te,
Using the above estimate to bound the right hand of -B.34 yields,
W kn (Y, h) < Y23_%k(k+1)_%n(n+l)+5. (B.35)

Putting together (B.33), (B.35)), Lemmaand recalling that Y = 1+ [/ P| < /P, we deduce

that

Zs,k,n (Y,h) < P%k(k+l)—%n(n+l)—9+"7+1 . Ps—%k(k+l)—in(n+l)+5

< Psf%n(n+1)70+%+ev
which when incorporated into (B.31)) delivers

Vs (78;52) < ps—En(nt) =0+ 4e (B.36)

Finally, combining (B.36) with (B.29) yields
V, (I;85) < P2s—an(ntl)—0+e

which in view of completes the proof. O
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