E% University of
OPEN (") ACCESS d BRISTOL

This electronic thesis or dissertation has been
downloaded from Explore Bristol Research,
http://research-information.bristol.ac.uk

Author:
Johnson, Charlie L

Title:
Implementing the Ten Altland-Zirnbauer Classes on the Dirac Graph Through
Symmetry

General rights

Access to the thesis is subject to the Creative Commons Attribution - NonCommercial-No Derivatives 4.0 International Public License. A
copy of this may be found at https://creativecommons.org/licenses/by-nc-nd/4.0/legalcode This license sets out your rights and the
restrictions that apply to your access to the thesis so it is important you read this before proceeding.

Take down policy

Some pages of this thesis may have been removed for copyright restrictions prior to having it been deposited in Explore Bristol Research.
However, if you have discovered material within the thesis that you consider to be unlawful e.g. breaches of copyright (either yours or that of
a third party) or any other law, including but not limited to those relating to patent, trademark, confidentiality, data protection, obscenity,
defamation, libel, then please contact collections-metadata@bristol.ac.uk and include the following information in your message:

* Your contact details
« Bibliographic details for the item, including a URL
» An outline nature of the complaint

Your claim will be investigated and, where appropriate, the item in question will be removed from public view as soon as possible.



UNIVERSITY OF BRISTOL

NISIDON

DOCTORAL THESIS

IMPLEMENTING THE TEN ALTLAND-ZIRNBAUER
CLASSES ON THE DIRAC GRAPH THROUGH
SYMMETRY

CHARLIE JOHNSON
School of Mathematics

A dissertation submitted to the University of Bristol in accordance with the

requirements for award of the degree of Doctor of Philosophy in the Faculty of Science

September 2020






Declaration

I declare that the work in this dissertation was carried out in accordance with the requirements
of the University’s Regulations and Code of Practice for Research Degree Programmes and that
it has not been submitted for any other academic award. Except where indicated by specific
reference in the text, the work is the candidate’s own work. Work done in collaboration with, or
with the assistance of, others, is indicated as such. Any views expressed in the dissertation are
those of the author.

SIGNED: DATE:

ii



iii



Abstract

The generalised Bohigas-Giannoni-Schmit Conjecture (BGS-Conjecture) states that the spectral
statistics of classically chaotic Hermitian systems without unitary symmetries match the stat-
istics of one of ten random matrix ensembles, chosen according to the symmetry class of the
system under the Altland-Zirnbauer Tenfold Way. This is the classification of the forms of the
time-reversal, charge-conjugation and chiral operators on the system, and whether it is symmetric
under them. The BGS-Conjecture is unproven but well supported, including by testing individual
systems for consistency with it. Systems for all ten ensembles have been tested numerically, but
experimental verification has been managed for only six classes, leaving four needing lab confirm-
ation. This is due to them requiring experimentally hard to realise forms of time-reversal and
charge-conjugation operators. Here we show all ten ensembles are realisable on a system with
a single chosen form of time-reversal and charge-conjugation by the application of unitary sym-
metries, giving a lab-realisable example system for each ensemble. Allowing unitary symmetries
causes the system to decompose into subsystems, which have new, independent, local forms of
the time-reversal, charge-conjugation and chiral operators. When the BGS-Conjecture is applied
to the individual subsystems, the ensemble measured can then differ from that predicted by the
global operator forms. We show this allows symmetries to be killed, or converted into the form for
any desired Altland-Zirnbauer class for a subsystem. As our system, we choose the Dirac graph.
We study the action of time-reversal, charge-conjugation and the chiral operator on the Dirac
graph, and define the most general version of symmetry on a Dirac graph. With an algorithm
to find a graph with any chosen set of symmetries, a graph in each Altland-Zirnbauer class is
constructed. Numerical simulations confirm that all ten ensembles are found, opening up full

testing of the generalised BGS-Conjecture in the lab.
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There are different kinds of rules. From the simple comes the complex, and from the complex

comes a different kind of simplicity. Chaos is order in a mask. . .

-Terry Pratchett, Thief of Time
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1.  Introduction

The calculation of the energy levels of a quantum system is a common problem, but a hard one
- it requires not only knowing the Hamiltonian of the system, but having a Hamiltonian that is
sufficiently simple to work with, and find eigenvalues for. Unfortunately in a lot of systems, one
or both of these conditions fail, the energy levels cannot be calculated analytically and it might

be assumed that all information about the energy spectrum is lost.

However, there is a subset of quantum problems where this is not true, as under certain
circumstances it is possible to identify statistical information about the distribution of the energy

levels.

Out of work in the 1950s on the initial data from neutron resonances in heavy nuclei ex-
periments, the question was raised over what form the distribution of the spacings between
consecutive resonance levels took, [57, 82, [174]. Wigner, [172] [173], [174], argued that the nuclei
were sufficiently large and complex that statistical methods could be applied to them. This would
mean that instead of calculating an exact Hamiltonian for them and deriving the energy levels,
statistically, it was sufficient to model the required Hamiltonian as a series of random draws out
of the set of real symmetric matrices of the appropriate size. The spacing distribution of the
resonances then had to match the statistics of the eigenvalue spacing statistics of the matrices in
the group of real symmetric matrices. This formed the ensemble of random matrices known as
the Gaussian Orthogonal Ensemble or the GOE ensemble, with experimental agreement of this
conjecture of the level spacings following the GOE statistics being seen over the following years,
[131].

The systems considered by Wigner were always symmetric under an involutive time-reversal,
T :t — —t so that 72 = I, and only symmetric under the involutive time-reversal. As Dyson,
[50], began considering a broader range of complex systems, he found that it was necessary to
introduce an additional two ensembles to cover the situations Wigner didn’t - first the ensemble of
complex Hermitian matrices which forms the Gaussian Unitary ensemble, or the GUE ensemble,
and the set of quaternionic Hermitian matrices which forms the Gaussian Symplectic Ensemble,
or the GSE ensemble - forming his Threefold Way, [5I]. Remaining in the simplest setup where
systems are at most symmetric under time-reversal, Dyson expanded the definition of T to be a
more general operator, chosen so that it is anti-linear, 7z = z*7T, to match the fact that Y(x, —t)
is a solution of the complex conjugated Schrodinger equation, anti-unitary so <7’ wh’ ¢>= (Ple)",
and allowing 7 = =1 so that it is now allowed that 72 = —I. The additional types of statistics
then appear when the system isn’t symmetric under T for the GUE ensemble; and when the

system is symmetric under 7 but 72 = —I for the GSE ensemble. The threefold classification



H Ensemble

T is a symmetry, 72 =1 GOE
T is a symmetry, 72 = —I GSE
7T is not a symmetry GUE

Table 1.1: The Dyson Threefold Way when the unitary subgroup U of the symmetry group G of
the system is trivial. The classes only depend on whether 7 is a symmetry, and its square.

this creates of the system under the action of 7, and the ensemble its statistics correspond to is
presented in Table

However, Dyson’s seminal work, [5I], went further and also described the cases where a
system was symmetric under other operators in addition to T, including general linear, unitary
transformations; or it wasn’t symmetric under T but was symmetric under a sort of ‘generalised’
time-reversal operator & = &7 which combined a unitary transformation & with the time-reversal
operator, giving a general anti-unitary operator. He showed that in this case, random matrix
predictions could still be made, but there would not be a single ensemble corresponding to
the statistics of the entirety of the energy spectrum, rather there would be several ensembles
corresponding to separate sub-spectra in the full spectrum.

Dyson furthermore showed that these sub-spectra could be isolated and their statistics pre-
dicted entirely by studying the group of transformations of the Hilbert space which leave the
system invariant, and their representations. In more detail, the transformations which commute
with the Hamiltonian and which preserve the transition probabilities between different states

can be collated to form the symmetry group of the system, G = {O € Hom(H) | OH = ﬁé,
‘<Ow‘é¢>‘2: [(W]) 2 V), [0) € ’H} Isolating then the subgroup of operators in G that are

06)= (116) V19) 1) € H } of
G, which has representation R on the Hilbert space H. Dyson then states that all that is needed

linear and unitary forms the normal subgroup U = {O eq| <Ow

to fully predict the statistical behaviour of the energy level spectrum is to know the forms of G,
U and R.

Firstly, when U contains more than scalar multiplication, then the full energy spectrum {E;}
splits into a number of independent sub-spectra, {E;}, so that {E;} = (J, {E:}, and {E;}, N
{E;}, = 0if a # o/. This corresponds to the full Hilbert space splitting into a series of subspaces,
H =P, Ha, each with their own sub-Hamiltonian H, so that H = P, H,, with {E;}, being the
eigenvalues of H,. These decompositions correspond to the representation R of U on H splitting
into irreducible representations, so there exists one sub-spectrum in the full spectrum for every

unique irreducible representation in the decomposition of R.

Having a subspace H, and sub-Hamiltonian ﬁa, then a subspace symmetry group can be
defined, G, = {0 € Hom(M,) | Oy = HaO, |(0v|06)|"= [(16)” ¥16) , 115} € Ha }, which can
include only scalar multiplication and potentially the operation of time-reversal, 7; t— —t,
Toz = 2*7Ta, on the subspace. This then causes the general case to shift back to the specific case
where at most time-reversal symmetry was possible, so the ensemble statistics for the sub-space
can be read off from Table by applying it to the square of 7, in the same manner as was done
for T.



That is, if 7, € G, and 7:2 = [, then the sub-spectrum displays statistics matching the GOE
ensemble; if 7, € G, and 7? = —I then the sub-spectrum statistics match the GSE ensemble;
and finally if T ¢ G, then the sub-spectrum statistics match the GUE ensemble. These are the
only three possibilities for T

Note how Dyson’s methodology is entirely independent of any details of the system that is
being considered - all that is needed to predict the statistics of the spectrum are the forms of 7’,
G, U and R. An important corollary of this is that the statistics predicted by Dyson’s method
rely not on the implementation of the system, so that the properties predicted are universal
to any system sharing the same 7, G, U and R when the conditions for the random matrix

correspondence are met.

Of course it was necessary to experimentally test these predictions, but the number of suffi-
ciently complex systems that could be realised outside of the GOE class was limited. However,
the requirement on a system to be ‘sufficiently large and complex’ that Wigner and Dyson had
based their assumptions on is now widely believed to be overly restrictive. Initial evidence of
the properties of possible random matrix statistics occurring in simple, classically non-integrable
systems, |20, 34], [TT4], led to the study of the statistics of the Sinai billiard - a system with a mere
two degrees of freedom - by Bohigas, Giannoni and Schmit, where they found excellent agreement
between the level spacing statistics of the billiard and the GOE ensemble, [25]. With the Sinai bil-
liard system being too small and simple to fulfil the conditions posed by Wigner and Dyson, they
instead conjectured that it was sufficient that the classical analogue of the quantum system under
consideration was chaotic. In doing so, and posing what is now known as the BGS-conjecture
- that a generic quantum system that is sufficiently classically chaotic in the large system limit
has statistics matching a canonical random matrix ensemble identified by having the same sym-
metries as the relevant system, [I70] - they inextricably tied the fields of ‘quantum chaos’, or
the study of quantum equivalents of classically chaotic systems, [35] [71l [73], 157], to the study of
random matrices, [70, [I15], that was developing out of the work of Wigner and Dyson. There
have been many arguments over exactly what the exact requirements of ‘sufficiently chaotic’ are
on the classical system, [25] [I54], but the conjecture is generally believed to hold, and while it has
no general proof, it has been supported by some semi-classical work, [21], 120, 12T, 122 147 [T48],
and has been analytically proven in the case of the quantum graph, [62] 63}, 130, [159].

The BGS-conjecture then both opens up the number of systems which can be tested against
random matrix predictions, and increases the importance of doing so as a key method of testing
its validity by checking for either individual systems to be consistent with the conjecture, or
identifying counter examples. These tests can be numeric simulations, or experiments, however it
is important to have a mixture, and we will focus primarily on the experimental side as one of the
aims of the thesis is to improve the methods of constructing experimental setups to test some of
the more complicated random matrix ensembles that are introduced later. We note several works
applying numerics to the BGS problem here though. For confirming the GOE ensemble there has
been numerical studies of the Feingold-Peres model, [56]; billiards, [25]; and the quantum graph,
[101]; along with various systems constructed to have GOE statistics in [24] [64] [94] 125]. The
GUE ensemble has been tested against billiard models, [109]; and quantum graphs, [101]; along
with various systems constructed to have GUE statistics in [24] [64], [94] 125]. The GSE ensemble

statistics have been confirmed numerically in the cases of Hamiltonians with quartic potentials,



[36]; the kicked top for a particle with half-integer spin, [141] 142} [160]; and quantum cat-maps,
[97]; along with various systems constructed to have GSE statistics in [24] [64] 94] [125].

Experimental work on systems to confirm the BGS-conjecture has largely focussed on the GOE
ensemble, with examples including nuclear resonance data, [I31], and in particular [I32] within
it, along with [26, [76] [I78]; microwave cavity resonances, [4, [45]; microwave networks, [107) [152];
acoustic resonances, [128 [I40]; and the hydrogen atom in a strong magnetic field, [80]; along with
many other examples. There is also a reasonable amount of study of the GUE statistics, with
them having been experimentally observed in microwave cavity experiments, [44] 46, 153 [158];

and microwave networks, [107, [152)].

However despite the numerous systems shown numerically to have GSE statistics, experi-
mental tests against the GSE random matrix predictions were not managed until recently. This
is because of the sort of system needed to implement a time-reversal operator of the form 72 = —I,
which is the form required to show GSE statistics if no other symmetries are present in the sys-
tem - a 72 = —I operator implies that the system comprises of an odd number of fermions,
which is significantly harder to realise in the lab than the bosons associated to the GOE T2=1
time-reversal, and which leads to quantum systems that can be mimicked by classical setups.
There have been various prior attempts at seeing the GSE statistics experimentally, of course.
An early one applied tangential methods, using the fact that a GOE spectrum with every second
level removed from the spectra is statistically the same as a GSE ensemble, [I15], to convert the
experimental spectra of GOE microwave billiards into a GSE spectrum, [4]; and there has been
work on condensed matter systems which have behaviour linked to the GSE ensemble which have
been experimentally tested according to their condensed matter properties, [98, [[T6], but not the
standard random matrix measures such as the level spacing distribution. Thus, it is only within
recent years that a system has been realised experimentally and shown to hold to the standard
measures of random matrix theory associated to quantum chaos. The first, [I33], of these was
the study of Au nanoparticles, [I05]; while the slightly later quantum graph method, suggested
in [92] and experimentally verified in [T13] 133}, 134) 135], is better known and uses methods that

will be easier to extend here, and thus will have more of our focus.

The difficulty in realising GSE statistics in the lab outside of the example in [I05] came
entirely from the artificial limit of working with systems with a trivial unitary subgroup - Dyson’s
work already covered non-trivial examples of U and how the behaviour of the local time-reversal
operator 7. on H, could be very different to the behaviour of the global time-reversal T operator
on H, but there was little work done on systems taking advantage of this fact until recently. The
first study to really deal with the divergence in the sub-spectra statistics from the form that would
have been predicted by considering the global 7 was the billiard of Leyvraz, Schmit and Seligman,
[109]. Their billiard included a threefold rotation symmetry which splits the spectra into three
sub-spectra, and while the billiard itself is symmetric under a 72 = I time-reversal operator which
would predict GOE statistics in the case of no unitary symmetries, two of the three sub-spectra
show GUE statistics, the rotation symmetry having killed the time-reversal symmetry in these
sub-spaces. Works studying this phenomena in other systems however remained limited and none

turned the technique to the issue of realising GSE statistics in the lab prior to [92].

Considering this methodology of starting in a system which would have GOE statistics, then

creating a subspace with the desired statistics through the use of symmetry, Joyner, Miiller and



Sieber, [92], identified the group U = Qg, G = U X Zs as a symmetry group such that there was
a representation R of U on H where despite the global time-reversal having the bosonic form
of 72 = I, there exists a subspace with GSE statistics. This system can be constructed as a
quantum graph - and with the equations describing a generic quantum graph being identical to
those describing a microwave graph, [83], implemented in the lab as a microwave wire network,
which is a simple classical system to build. This has allowed the typical identifiers associated
with a random matrix ensemble to be compared against a lab system displaying GSE statistics,

[113] 134 [135], through microwave wire experiments.

In addition to this, a second quantum graph has been recently identified, [3], based on a
billiard system identified in [I76] which has been numerically shown to hold GSE statistics and
is compliant with the methodology of microwave wire experiments laid out by [83], and as such
which could be physically realised. This would bring the number of systems tested experimentally
for the GSE statistics up to three if done.

Thus, all three ensembles identified by Wigner and Dyson have been tested for on chaotic
systems in the lab, and been seen to comply with the BGS-conjecture. However, the systems
displaying the statistics described by Wigner and Dyson form only a small subset of Hermitian
chaotic quantum systems - to cover the full set and describe their statistical behaviour it is

necessary to work with what is known as the Altland-Zirnbauer Tenfold Way instead.

The limitation of the systems Wigner and Dyson considered is that they consider systems
where either negative energy levels are not allowed, or the negative energy part of the level spec-
trum is independent of the positive energy part, and when this ceases to hold it has been necessary
to add seven additional ensembles to the original three to describe how the positive energy solu-
tions can relate to the negative energy solutions. The first three of these seven ensembles were
described by Verbaarschot, Shuryak and Zahed based on work on the Dirac operator in QCD,
[146], 166l 167), while Altland and Zirnbauer introduced the final four ensembles from work on
superconductors, [5, [6]. It has since been proven that the classification of Altland and Zirnbauer
is complete for Hermitian systems, and these ten ensembles are the only ensembles a Hermitian
chaotic quantum system’s statistics can match, [79]; there are of course other ensembles outside

the Altland-Zirnbauer Tenfold Way possible when the system isn’t Hermitian, [95].

Altland and Zirnbauer showed that in order to identify the statistics of a spectrum in the
expanded classification it was necessary not only to consider symmetries in the dynamics of the
system, but also symmetries in the energy level spectrum of the system - it is possible to have a
mirror symmetry about zero so that whenever the level E,,, n > 1, is present in the system, so too
is the level E_,, = —F,,. This means that two new operators on the system become relevant in
addition to the time-reversal operator - the anti-linear particle-hole reversal or charge-conjugation
operator C which exchanges particles with holes or anti-particles, and the linear chiral operator
’ﬁ7 combining the action of 7 and é, P = CT - with both of these operators potentially anti-
commuting with the Hamiltonian. The relation between these operators and the spectral mirror
symmetries is that in the simplest setup where there are no unitary symmetry operators that
commute with the Hamiltonian, then C can be shown to provide a potential spectral mirror
symmetry, as the anti-commutation relation CH = —HC implies that if H |¢)) = E |1) is an
energy eigenstate with eigenvalue E, then HC [y = —CH |y = —EC |4} and ¢ [1) is an existing



C: is a symmetry,
Ct=1

C: is a symmetry,
C?=-1

C is not a symmetry

metry

metry

’7:' is a symmetry, || BDI CI Al

T2=1

7 is a symmetry, || DIII cn AlI

7o

T is not a sym- || D C AIIL, P is a sym- | A, P is not a sym-

metry

Table 1.2: The Altland-Zirnbauer Tenfold Way when the unitary-commuting subgroup U of G is
trivial. The classes depend only on which of ’T C and P are symmetries of the system, and the
squares of 7,C when they are symmetries.

energy eigenstate with energy —E. The equivalent relation PH = —HP can cause P to also

produce a spectral mirror symmetry, with the same effect on the energy levels.

The ten different classes in the Altland-Zirnbauer Tenfold Way in this simple case then come
from applying the threefold classification of an operator - as either a symmetry that squares to
the identity; a symmetry that squares to minus the identity; or not a symmetry - to each of the
operators 7 and C individually. This would define nine classes, but the case where neither are a
symmetry splits into two based on whether or not Pisa symmetry or not. This defines the Tenfold
Way seen in Table labelling the system with one of the descriptors A, AI, AII, AIII, BDI,
CII, C, D, CI and DIII, with each corresponding to a different random matrix ensemble classified
by Altland and Zirnbauer and described in [0, [I56]. Only the first six of these ensembles have
commonly used names - being the GUE, GOE, GSE, chiral-GUE, chiral-GOE and chiral-GSE
ensembles respectively - so the class labels for the systems will be used instead throughout the
thesis, referring to the class of the system, the class of the symmetry group and the random matrix
ensemble interchangeably. When it is absolutely necessary for the ensembles for the classes C,
D, CI, and DIII to be refereed to specifically though, we will use the abbreviations AZ-C, AZ-D,
AZ-CI and AZ-DIII for them respectively.

As with the Wigner-Dyson classification, the situation for the Altland-Zirnbauer classification
is more complicated when additional unitary-commuting symmetries are allowed in the system,
or the system is not symmetric under charge-conjugation or the chiral operation but is symmetric
under a generalised charge-conjugation operation 4 = ﬁ(f or generalised chiral operator, 7 = 7P
combining a unitary transform 4 or 7 with either charge-conjugation or the chiral operator. Once
again, random matrix statistics are possible, but only once the independent sub-spectra have been
identified and isolated, and the method to do this involves identifying the symmetry group G of

the system, its normal subgroup U and U’s representation R on H.

In this more general case, the symmetry group is now considered to include operators that
anti-commute with the Hamiltonian. This makes the updated symmetry group
G = {O € Hom(#) | OH = +HO, <Ow‘é¢>>‘2: [(h|p) >V [8) , 1) € ’H}. The relevant normal
sub-group U of GG, becomes the set of unitary transforms which do commute with the Hamiltonian
U= {O € G| Of = HO, (0v|0s)= (|6) V|0) .1v) € H} and from here Dyson’s method of

isolating sub-spectra and identifying their statistics remains unchanged.

Once again, U containing more than scalar multiplication causes the full spectra to split into

independent sub-spectra {E,} = |J, {En}, to match the Hilbert space splitting into sub-spaces



‘ Class ‘ Ensemble H Ta Ca P, H Class ‘ Ensemble ‘ 7. Ca P
A GUE ¢ G, ¢G. ¢G. | A | eGUE | ¢aq, 4G, €G,
AT GOE € Ga ¢G, ¢G, | BDI | chcop | ECe G cq,
Te=1 Te=1 (=1

ATL GSE € G ¢G, ¢a,|| o | aasg | €CG  €Go o
2= ] T2=-1 (2=-1I

D ¢c, SCG ga. |l a €G  €G.
2 =1 T2=1 (2=-1

C ¢, SC%  gq, | pm € Ga G cq,
é2 =1 T2=-1 (2=1

Table 1.3: The Altland-Zirnbauer class of the sub-space for each form of the local symmetry
group G,, with the common name of the corresponding ensemble for the spectral statistics where
a common name for the ensemble exists.

H = @, H, with their own sub-Hamiltonians, H = P, H,, and R splitting into irreducible
representations. This allows the definition of the local symmetry group
Gy = {O € Hom(#,) | OH, = +H,0, Kéw O¢>>‘2: [(|d)> Y |8) , |4) € 7—[@} which includes at

most scalar multiplication and the local time-reversal, charge-conjugation and chiral operators,

7;, C, and P, respectively. The sub-spectrum can then be given an Altland-Zirnbauer class based
on which of 7;, éa and ’ﬁa are included in GG, and the form of their squares as seen in Table
this class then corresponds to matching one of the ten random matrix ensembles described in
70, [156].

The BGS-conjecture is assumed to be extendible to the new systems covered by Altland and
Zirnbauer, thus there are a new set of classes for which experiments need to be carried out for to
test the conjecture. There is however, a similar problem to the GSE case in finding examples that
can be created in the lab for several of the new classes. This is despite a plethora of numerical
examples existing for each of the clsses - the Feingold-Peres model can display AI, BDI or CI
statistics, [56]; the Dirac operator on an SU(2) lattice under QCD can show one of the classes A,
AT, ATI, ATIT, BDI and CII, [I5], 125]; and by taking different values of A/ in supersymmetric SYK
models each of the ten classes can be simulated, [94]; numerous other examples are discussed
in [I4] - and experimental examples in condensed matter that haven’t applied the traditional
random matrix checks to the system, see the systems discussed in [14}, [39] 55, [143]. Experimental
verification of the standard measures of the random matrix predictions on the other hand, have
so far been limited to the classes AIII, BDI and CII, [I36]. This obviously leaves examples of the
classes C, CI, D and DIII outstanding.

There is a necessity then to identify a set of systems which cover each of the seven new classes
and which could be potentially be realised in the lab. Given a lot of the difficulty can arise from
implementing specific forms of 7,C and P, this would optimally take a system with a specific
easy to implement pair of 7 and C and then use techniques like that of Leyvraz, Schmit and
Seligman, and Joyner, Miiller and Sieber in using symmetry to create subspaces in the system

and selectively kill or convert the local 7. and C, into the appropriate forms for each ensemble.

It is important to note two prior works that have had similar goals or techniques. The

first is by Gnutzmann and Seif, [64, 144], which defines the Andreev star graph, a series of



superconducting wires that are linked in the center, so that a particle can travel up and down the
wires and experience Andreev reflection at the loose ends, becoming a hole with an added phase,
or scattering between different wires at the center point according to a chosen scattering matrix.
An Andreev graph without additional symmetry naturally sits in the Altland-Zirnbauer class
CI, [67], however by using different manipulations of the Andreev reflection parameters and the
scattering matrix at the center, Gnutzmann and Seif shifted the ensemble statistics to be in each
of the ten different classes. Essentially, the matrices describing the reflections and scatterings were
drawn from those allowed under the desired class, and the ensemble was used to generate itself.
Like Gnutzmann and Seif, we will use a generalisation of the quantum graph, and we will use a
simple manipulation of the vertex scattering matrices to place the system into one class before
symmetry is added; however, our method of manipulating the vertex scattering conditions shall
not change between the different classes, moving between classes will be done entirely through
symmetry in the graph’s geometry, so that each ensemble is created by drawing from the unitary
ensemble. This means that only one rule on the scattering matrices need be imposed, instead of
a different one for each class, and thus the number of different vertex conditions to have to be

able to implement in the lab is significantly reduced.

The second work of note is by Blatzios, [24], which takes a system with trivial unitary-
commuting subgroup, U, from each Altland-Zirnbauer class - so a collection of ten systems where
each is symmetric under a different one of the ten possible forms of G with U the trivial group
- and then adds a threefold rotation as a unitary commuting symmetry to each system, now
setting U = Z3 and studying what classes appear in each of the new sub-spaces created by the
symmetry. This did return a sub-space showing the statistics of each of the ten classes, but
it required iterating over the different initial systems to achieve it, keeping the chosen form of
U fixed. We wish to choose a single system, and then apply different symmetry groups G and

unitary commuting subgroup U to find the different classes in contrast.

At this point we restate our aim - identify a single system with fixed forms of 7 and C
as operators, and by initialising it with different symmetry groups, produce ten examples of
subspaces, each showing the statistics of a different random matrix ensemble from Altland and
Zirnbauer’s classification. Furthermore, demonstrate that these subspaces can be constructed as
stand-alone systems. We then hope that this produces a set of systems which can be realised in

the lab to show each of the ten ensembles described under Altland and Zirnbauer’s classification.

To do this, we first discuss the abstract representation and corepresentation theory of the
groups with the structure of a symmetry group in Chapter We introduce both the Dyson
Threefold and Altland-Zirnbauer Tenfold classifications of corepresentations, and how they are
linked to the structure of the corepresentations and their commutators. The modifications to

these theories needed to allow for non-involutive global forms of 7 and C are also discussed.

In Chapter [3| we then qualitatively discuss the meaning of quantum symmetries and the
physical interpretations of different types of symmetry operator. The theory of Chapter [2] is
applied, showing how corepresentations describe the action of symmetry groups on the system,
and how the reduction into subspaces is possible and how it affects symmetry groups described.
How knowing the Altland-Zirnbuer class of a subspace can be used to identify the structure of

the corresponding sub-Hamiltonian is introduced prior to being expanded upon in Chapter



Quantum chaos is finally introduced, with a discussion on the universal behaviours seen in the

Gaussian systems considered here.

Chapter [4 then details the random matrix theory behind the ten ensembles involved in the
Altland-Zirnbauer classification, along with a set of characteristic distributions of properties of
the system that can be used to identify each ensemble when given the spectral data of a system.
At this point, knowing the symmetry group G, we can identify what statistics should appear in
its spectra, as well as test for these statistics, meaning we can move onto looking for the desired

example systems.

The first part of identifying the example systems is identifying suitable symmetry groups. The
methodology behind searching for these groups is described in Chapter [5} with suitable examples

for producing each Altland-Zirnbauer class located.

Chapters [6] and [7] then move onto discussing the models which can be used to represent these
symmetry groups. Chapter [f] starts with the quantum graph, giving the most general definition
of symmetry on a quantum graph and then using this to generalise the algorithm used by Joyner,
Miiller and Sieber to find models symmetric under G = U X Z3 symmetry groups, extending it
to cover all possible forms of symmetry groups described by Dyson, the first stage of defining
the algorithm which will be necessary to build the Altland-Zirnbauer example systems. This
allows the first three systems from Chapter [5] to be modelled and tested numerically. While the
GOE, GUE and GSE ensembles tested here have already been covered in the literature, the work
here fills the final gaps in the description of symmetric quantum graphs, discussing implementing
generalised time-reversal symmetries on the graph and testing ensemble-generation methods and
identifying ensembles through measuring spectral statistics other than the spacing distribution

as practise for dealing with the Altland-Zirnbauer ensembles.

In Chapter [7] we then turn to the models that will allow us to fulfil the task of finding ten
systems showing the ten ensemble statistics of the Altland-Zirnbauer classification. We turn to
the Dirac graph, introduced by Bulla and Trenkler, [31], as a variant of the quantum graph which
allows both particle and anti-particle solutions by supplanting the Schrodinger equation on the
wires with the Dirac equation; the Dirac graph having already had application to the study of

quantum chaos and random matrix theory, [27].

The Dirac equation is introduced, its one-dimensional form and solutions discussed and its
action under 7 and C described. The Dirac graph can then be described, and a definition of
symmetry on it given, including the restrictions on its form to be symmetric under ’7', C and P.
The algorithm of Joyner, Miiller and Sieber then receives its final extension, now covering all of
the symmetry groups considered by Altland and Zirnbauer, so that a graph symmetric under any
form of applicable symmetry group G can be generated. Systems for each of the ten Altland-
Zirnbauer ensembles are constructed, and simulated numerically, showing agreement with the
predictions and fulfilling the aim of the thesis. Finally, there is discussion of how Dirac graphs

can be converted into equivalent quantum graphs for potential microwave implementations.

In addition to this, there are primers on group theory, super-algebra and quantum systems
in Appendices [A] [B] and [C] along with a discussion on how the graphs considered here have
structure that can be taken advantage of for doing periodic orbit expansions for semiclassical

approximation of statistical measures in Appendix [D] The results of the algorithmic classification



of symmetry groups according to the Dyson and Altland-Zirnbauer methodologies are given for

small groups in Appendix [E}
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2.  Representation Theory

We begin by covering the pure representation theory that will be necessary to understand how
geometric, time-reversal, charge-conjugation and chiral operators act on quantum states. First,
having given a primer on group theory in Appendix[A]we consider the standard unitary represent-
ations of finite groups. These will be used for describing geometric and other unitary symmetries
in Section 2.1} In Section [2:2] we study the modifications to unitary representations that are al-
lowable when a Zs-grading is imposed; Section |2.3|covers the case when a Zs X Zs-grading is used.
Zy-gradings will allow for time-reversal symmetries; Zs X Zs-gradings for charge-conjugation and
the chiral operation when we come to work with their application as the method of switching
between symmetry transforms of a quantum system, and quantum operators. Finally, we cover

projective representations, which will be necessary for dealing with spin particles.

2.1 Representation of Finite Groups

The study of unitary representations of finite groups is the subject of many books, and lecture
courses. We will draw primarily from [99] T49] here, with additions from [52 53] 86, 6], and

while aiming to keep language consistent with [I17] for comparison with the later sections.

It is often the case that group theory is introduced by the study of two abstract sets and their
multiplication rules, say the nth roots of unity under multiplication, and Z/nZ under addition.
Comparing how these two act, it is realised that they are at an abstract level the ‘same’, and
both are implementations of the group Z,,. Group theory has its power in recognising abstract
rules and structure, and using these to prove things for all its implementations rather than do

each individually.

However, in its abstractness, group theory loses all information about how groups interact
with other objects. In order to recover this, representation theory gives methods to calculate
and classify different implementations of a group acting in a vector space, while identifying
‘fundamental’ representations of a group and studying their structure. Representation theory can
be a powerful tool for understanding groups in its own right, for example Burnside’s Theorem
for groups was first proved with representation theory, and it would take another 70 years for a
solely group theoretic proof to be generated, [32] [86]. It is though, primarily the information on

how groups transform vector spaces that we will care about here.

We begin with the formal definition of a representation, linking group elements to the invertible

maps GL(V') of a vector space, [96].
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Definition 2.1.1. Let G be a finite group, V a finite dimensional vector space and GL(V') C
Hom(V) be the set of invertible linear maps from V to itself. Then, a representation R of G is

a homomorphism
R:G — GL(V), R:g— R(g).

In our case, it will only be necessary to consider those linear representations that can be

written with matrices, [86] 96]:

Definition 2.1.2. Let G be a finite group, K a field and GL(n, K) be the group of invertible

n X n matrices with entries in K. Then a matriz representation M of G is a homomorphism
M:G— GL(n,K), M:g— M(g).
It has dimension dim(M) = n.

There is no conflict between the two definitions of a representation when both exist; when
V = K™, with a basis {¢;} and a bilinear form (-,-), a linear representation R : G — GL(V)
can be converted to a matrix representation M : G — GL(n, K) by defining the matrices with

elements, [53],
Mi;(g) = (es, R(g)e;).

In these cases GL(V) = GL(n, K) and it is permissible to write R : G — GL(V) is a matrix

representation.

We also restrict ourselves to fields of characteristic 0, that is the fields where if 1 is the
multiplicative identity there is no sum 1+ 1+ ---+ 1 = 0. We will see later that is is sufficient
to consider the fields R and C.

Given a representation of a group G, it is natural to ask what representations of groups G’
related to G we can construct. Four primary methods exist - first are the direct sums and tensor

products that come naturally from their existence on matrices:

Definition 2.1.3. Let G be a finite group, V1, Vo vector spaces and Ry, Ry matrix representations

of G on V1, Va respectively. Then, two further representations of G can be formed:
e The direct sum representation Ry ® Ry : G — GL(Vy @ Va) is defined as
(R1 ® R2)(g)(v1 @ v2) = Ri(g)vy @ Ra(g)va

It has dimension dim(Ry) + dim(R3).

e The tensor product representation Ry ® Ry : G — GL(Vy ® V3) is defined as
(B ® Ra)(g)(v1 ® v2) = Ri(g)v1 ® Ra(g)v2
It has dimension dim(Ry) x dim(R3).

The second pair are the induced and restricted representations which relate a representation
Ry on the vector space Vi for a subgroup H < G to the representation Rg of its supergroup G
on the vector space Vg, [96]:
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Definition 2.1.4. Let G be a group with representation Rg on Vg = K™, and H a subgroup of
G of index [H : G| with transversal T = {s,} in G, and representation Ry on Vg = K™. Then:

e The restriction of Rg onto H, Ral y is the representation of H on Vg such that Rgl gy (h) =
Rg(h).

e The matriz representation Ryt of G induced by Ry of H is defined on V' = KIGHl g K™

as the block matrizx,

Ru(s;tgsy)i; s;lgsy € H
RHTG(Q)(a,i),(b,j) = !
0 otherwise

The restricted representation of G to H essentially constructs a representation of H by taking
a representation of G and forgetting the additional information about the elements of G' not in
H. The induced representation takes a known representation Ry of H and then uses the coset
structure of H in G to extend the representation by identifying how the representation Ry acts
within each of the coset copies of H, and how elements in G but not H permute the cosets around.
This gives the block structure given above.

Induced representations from normal subgroups will be of great use, in particular the case
where G/H = Z, with transversal T' = {e,a}, which by substituting into the definition of the
induced representation is seen to give a representation with the structure,

RutC(g € H) = (RH(g) 0 ) Rit%(g € aH) = ( 0 RH(W), (2.1)
0 Ru(a tga) Rp(a™'g)

while the case where G/H = K, with the transversal T = {e, a,b,c = ab} gives the induced

representation

Ru(g) 0 0 0
Ru(a™t 0 0
RutC(g € H) = u(a”ga)
0 0 R (b~ 'gb) 0
0 0 0 Ru(c tge)
0 Ru(ga) 0 0
R ! 0 0
Rit®(g € atty = | F7@9)
0 0 0 Ru (b tge)
0 0 Rr(c™tgb) 0 (2.2)
0 0 R (gb) 0
0 0 0 Ry (a™?
RutS(g € bH) = (e ge)
Ru(b™'g) 0 0 0
0 Ru(c'ga) 0 0
0 0 0 Ru(gc)
0 0 Ru(a'gb 0
Rut€(g € cH) = r(a” gb)
0 Ry (b tga) 0 0
Rr(ge™h) 0 0 0
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These two induced representations will see application in describing the Dyson Threefold Way,
[30], and the Altland-Zirnbauer Tenfold Way respectively.

Identification of equivalent objects R, R’ always involves finding if there are bijective homo-
morphisms between the two. The representation version of the bijective homomorphisms, which
in context are also called intertwiners, will also have further roles to play in classifying repres-
entations, [149].

Definition 2.1.5. Let G be a finite group, V1, Vs be vector spaces and Ry, Ry be matriz repres-
entations of G on Vi, Vs respectively. Then an intertwiner T € Hom(Vy, Vo) is a function such
that

TRi(g) = Ra2(9)T

If T is a bijection, then Ry, Ry are equivalent representations, R1 = Rs.

Equivalence of representations, and direct sums of representations give the foundation to begin

classifying representations.
Firstly, we recognise that we can restrict consideration of matrix representations to unitary

matrices without loss of generality, GL(n, K) — U(n, K), [99].

Theorem 2.1.6. Let G be a finite group, V' a vector space with inner product (-,-) and R : G —
GL(V) a representation. Then there exists an inner product {(-,-) which R is unitary in respect
to,

(R(g)u, R(9)v)" = (u,v)',  VuveV,geq

Proof. We prove this by construction of an appropriate inner product as
, 1
<U,U> = @ Z<R(9)U’R(g)v>

geG

which satisfies the requirements of an inner product and is invariant under (u, v)’ — (R(g)u, R(g)v)’

by Theorem O

Corollary 2.1.7. Let G be a finite group, and R : G — GL(n, K) be a matriz representation.

Then there exists a matriz T such that
TR()T ' cU(n,K) Vged

and U(g) = TR(g)T~! = R(g) provides a unitary matriz representation of G that is equivalent
to R.

Next we can identify whether or not a representation is a direct sum of representations, [99].

Proposition 2.1.8. Let G be a finite group and R : G — GL(V) a matriz representation. If
there exists a proper subspace W C V., W # (), such that W is invariant under R,

R(g)w e W, Yge G, weW

then R is the direct sum of the two representations Ry : G — GL(W) and Ryy» : G — GL(W4).
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If no such proper subspace exists, then R is an irreducible representation of G, and will be
labelled p.

Irreducible representations of groups form the building blocks of all of representation theory;

from them every representation of a group can be constructed, [33] 99]:

Theorem 2.1.9 (Maschke). Let G be a finite group with irreducible representations {p;} and
representation R all over a field of characteristic 0. Then either R = p; is irreducible, or R is

completely decomposable as a direct sum of irreducible representations with multiplicities s;,

Sq
n- @D
i n=1
Proof. We use proof by induction on the dimension of the representation. A dimension 1 repres-
entation is trivially irreducible. Assume that all representations of dimension n or less are either
irreducible or a direct sum of irreducible representations. Take a representation of dimension n+1,
either it is irreducible, or by Proposition [2.1.8| we can find Ry, Ry« such that R = Ry @ Ry
As dim(Rw ), dim(Ry,1) < n, then they are either irreducible or completely reducible, and the

direct sum of their decompositions into irreducible components gives the decomposition for R. [

This seems trivial, however the full version for a field of any characteristic only holds for groups
where the character of the field doesn’t divide the order of the group, [33]. Thus, our choice to
consider only characteristic 0 fields is essential here in guaranteeing Maschke’s theorem holds
for all groups. Complete reducibility is essential though, as the most important classification

methods will hold only for irreducible representations.
Classification of a potentially infinite set of irreducible representations seems impossible, how-

ever we are guaranteed that finite groups only have a finite number of irreducible representations.

Theorem 2.1.10. Let G be a finite group, then the number of unique irreducible representations

of G, is the number of unique conjugacy classes of G,

Kpitl = {Cg}
Proof. See [149] for a proof using class functions and character theory. O

Though not irreducible, the representation known as the regular representation will be of

great use, [99]:

Definition 2.1.11. Let G be a finite group of order n and V. = R™. We identify the basis
elements e; of V' with the group elements g; of G, e; < g; and define the regular representation

R,eq. as the matrices

1 nglzl =i
(Rreg.) ;1 (9i) =

0 otherwise

Essentially, Rycs. describes how the elements of G’ permute under multiplication. It will appear
later as the representation of a group acting on its Cayley Graph, and will be the reason every

possible sub-spectrum appears on a quantum Cayley Graph, underpinning the algorithms used to
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generate the desired spectral statistics for a given group. The reason for this is that the regular

representation of G includes exactly one copy of every irreducible representation of G.

Theorem 2.1.12. Let G be a finite group with n irreducible representations {p;} then the regular

representation decomposes into irreducible components as

Rreg.: @ Pi

pi€{pi}

Proof. See [99] for a particularly elegant proof of this using character theory. O

Finally, irreducibility of representations will have an impact on the existence and form of

intertwiners between representations, [53]:

Theorem 2.1.13 (Schur). Let p1, p2 be two irreducible representations of G on V. Let T be an
intertwiner for p1, pa so that Tpy = p2T. Then, either,

o T =1, is a scalar multiple of the identity on V and p1 = ps.

o T =0, the intertwiner is trivial and the two irreducible representations are inequivalent.

Proof. See [53] for a proof. O

2.1.1 Classification of Finite Irreducible Representations

We now consider what fields matrix representations can be taken over, by applying Artin-
Wedderburn’s Theorem to restrict them to elements of a division ring. The method followed
is from [51], [I71].

Artin-Wedderburn’s theorem in its general form states that all semi-simple algebras A over
a field K can be written as a direct product of matrix algebras M; with entries from division
rings D; over K, [54]. To apply it to the matrix representations then requires the definition of
a suitable algebra out of the representation, the obvious one being the group algebra, and its

commutator algebra, [51].

Definition 2.1.14. Let G be a finite group, with matriz representation R over K. Then the
group algebra A = (R(g)) is the algebra generated by the elements of R(g) over K.

The commutator algebra A of A is defined as the algebra generated by the set of matrices A

that commute with all elements of A.

In this case, A is also the algebra generated by the set of self-intertwiners of the representation
R, A = Z = (T € Hom(V,V)|R(g)T = TR(g) Vg € G). These algebras are guaranteed to be

semi-simple when K is chosen to be a characteristic 0 field, [33].

Defining the two forms of algebra tA, A; that can be constructed from the algebra A, [51],

a1l a2

A = aijEA, tAz{Ht®a|a€A}

a21
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then Artin-Wedderburn’s theorem can be given in Dyson’s notation as:

Theorem 2.1.15. Let A be a matriz algebra over a characteristic 0 field K, decomposable into

n components. Then A is also decomposable into n components and the pair have structure
n n
A=>"si(E)s,, A= "ti(Ei)s,
i=1 i=1

where F; is an associative division algebra over K.

In order to apply this to unitary matrix representations over C" it is useful to note that a
representation over C" can always be converted into a representation over R?" by applying the
map, [51],

a —b a e R(a e
R(a + ib) = 1 e = (.”) (2.3)
b a . c. . . c. .
The algebra over C" with basis {e;} can then be written as an algebra over R?" with basis
. 0 -1 .
{Re))}ui=I,® , giving the map
0

SR:A—({el-}>—>A9q—<{9%(ei)}U i=I,® ? _01 > (2.4)

between a complex algebra and its real version.

Using this map on the algebras A, A before the Artin-Wedderburn Theorem is applied to
them, then Frobenius’ Theorem, [51], applies to the decomposition elements F;, restricting them

to one of three forms:

Theorem 2.1.16 (Frobenius). The only associative division algebras over R are R, C and H.

This identifies the possible division algebras for Theorem [2.1.15

Corollary 2.1.17. Let R be a unitary matriz representation of G over C", generating the group
algebra A and its commutator algebra A. Then Aw, Ay decompose into irreducible components
n n
Ap = 5B,  An=>_ti(E)s,
i=1

=1

for some s;, t;, where E; 2R, C or H for each i.

For irreducible representations, the result is generally paraphrased as, [149]:

Theorem 2.1.18. Let G be a finite group, and p an irreducible unitary matrix representation,
then p is isomorphic to a matrixz representation over one of R, C or C with quaternionic structure,

H. It will be termed a real, complex or quaternionic (pseudo-real) representation respectively.

Another approach to classifying the field K the representation is taken over, is to consider
how the representation acts under complex conjugation, K : z — z*, [149]. Formally on a vector

space X, a complex conjugate map K : X — X is a map so that
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o Klax +by) = a*K(z) +b*K(y) Va,b € C, z,y € X.

o (ICx,ICy> = <y,£li> = <1‘,y>*

o K2=1

These requirements can be summarized as requiring that K is involutive (requirement 3) and
anti-linear, anti-unitary (requirements 1 and 2). The anti-linear, anti-unitary requirements will
appear again in defining graded representations and the definition of complex conjugtion as the
operator K will persist throughout this thesis.

Given p and K, the complex conjugation representation is defined as

p"(9) = Kp(g)K

and it must either be equivalent or inequivalent to p, which in turn classifies the field p is defined
over, [149]:

Theorem 2.1.19. Let G be a finite group, and p an irreducible representation with complex

conjugate representation p*. Then, either there exists an intertwiner S such that

v _ 9ol S§5* =1 and p 1is real
p=0po

SS* = —1 and p is quaternionic

or

p*#Ep, and p is complex

Both of the above approaches of classifying K as real, complex or quaternionic are useful, and

will see application in defining structure on graded groups.

2.1.2 Character Theory

Irreducible representations are the idealised objects of study of representation theory, however
they are difficult to construct. The regular representation does encode a copy of every one,
but finding the correct transformation to separate them is a complicated task. However, for
most purposes, the matrix form of an irreducible representation is unnecessary - all the relevant

information is encoded in the representation’s character, [99, [149):

Definition 2.1.20. Let G be a finite group with matriz representation R. Then the character
xr of R is defined as

The fact that the easiest proofs of Theorems [2.1.10] and [2.1.12| require character theory is a
hint towards their power. They obey a number of incredibly useful rules, [52] [99]:

Proposition 2.1.21. Let G be a finite group, with the set of conjugacy classes {Cy}, the set of

irreducible representations {p;}, and the representation R. Then:
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1. For a given representation R, xr(g) is dependent only on the conjugacy class of g. That is
Xr(91) = xr(92) Yg2 € Cy,. Thus, the characters of the conjugacy class ¢ € {C4} can be
referred to as xg(c).

2. The character of an element’s inverse is the complex conjugate of the character, xr(g~!) =

Xr(9)-

3. The characters of inequivalent irreducible representations are orthogonal, with respect to the

inner product on characters,

1 *
(Xpi» Xp;) = il D lelxpi ()X, (€) = 8y (2.5)
ce{Cy}

4. The characters of two conjugacy classes C;, Cy of elements j, k inequivalent under conjug-

1

ation, i ~ j < Jg € G 1 i = gjg—, are orthogonal when averaged over the irreducible

representations,

|Ci
(€]

S ()N (C) = 8

re{pi}

5. Given a reducible representation R, then its decomposition into irreducible components
R =@, pi can be calculated by finding the multiplicities of each of the irreducible

representations p; in R. These are given by

S = <XR; sz>

for each irreducible representation p; of G.

6. If a representation R has dimension d, then xr(e) = d.

Characters have the advantage over matrix representations in that they are algorithmically
computable having been given a group without it representation, with examples of such algorithms
including Burnside’s Method appearing in [52]. They are therefore more suitable for any work
with representations done on computers, and will provide an essential tool for designing the
algorithms described in Chapter [

The standard way of presenting the information about the characters of a group is in the

character table.

Definition 2.1.22. Let G be a finite group, {p;} the set of unique irreducible representations and
{Cy} the set of unique conjugacy classes of G. Then the character table I' of G is the |{p; }| x|{pi}|

table with entries given by
Lij = Xp:(C5)

Characters can also be applied to the problem of classifying the fields of irreducible repres-
entations by combining the classification of irreducible representations p by their equivalence
to p* according to Theorem with the character orthogonality relation to form the
Frobenius-Schur Indicator, [52]:
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Theorem 2.1.23. Let G be a finite group with irreducible matriz representation p over K. Then,

p is real, complex or quaternionic according to the indicator

1 p real

1
FSIy(p) = @ pr(gz) =350  p complex
geG
—1 p quaternionic

2.2 Representation of Z;-Graded Groups

The reason for the study of representations is that the symmetry group G of a quantum system
can often be inferred from the geometry of the system more easily than it can be found through
the testing of combinations of operators. When this geometric analysis is done, an abstract
group is found, and it is then necessary to reconstruct the appropriate operators on the Hilbert
space. Furthermore, as previously mentioned, the representations of the symmetry group and its
subgroup U predict the statistical behaviour of the energy levels of the system. However, the
representations discussed in the last section produce purely unitary operators, and it has already
been discussed how time-reversal and charge-conjugation type operators require anti-unitary op-
erators. This issue can however be circumvented, by the application of graded groups. These are
groups where additional structure is identified in the elements, which allows representations of

them to include the necessary anti-unitary elements.

We begin with the grading structure needed to describe systems with generalised time-reversal
but not generalised charge-conjugation or generalised chiral symmetries. These groups were first
studied in the context of physics by Wigner, [175], and developed by [30, [47, 48] as the magnetic
groups; their special representations are most commonly known as corepresentations. We note
that Moore, [59, [I17], on the other hand calls them ¢-representations to avoid the fact the term
corepresentation is already used for representations of co-algebras. In keeping with the majority
of the physics literature, we will continue to discuss them as ‘corepresentations’ rather than
adopting Moore’s language despite the issue of the name overlap. This will also allow a degree
of useful name overloading when dealing with situations where either Zs-graded or the Zy X Zs-
graded groups discussed in Section [2.3| could be present, as we can refer to the representations of

both as corepresentations.

From here on, we treat the subject abstractly, laying the foundation to apply these groups
in Chapter [3] This will allow the theory to be discussed more rigorously, however we do ensure
that naming conventions are kept consistent with physically motivated labels and interpretations.
There is only one thing of importance to note before doing this - the symmetry group G described
in the introduction is not the symmetry group normally considered, but is the extension of the
true symmetry group, which acts on the projective Hilbert space, not the full Hilbert space,
with the true symmetry group being found by taking G — G/U(1). The link between the true
symmetry group and the extended symmetry group and how one can move between them is
discussed in Chapter [3] The important change however, is that scalar multiplication is removed
as a member of GG - which sets all phase shifts in the operators to 1 - and in all cases to be

considered turns the extended symmetry group - which was infinite - into a finite group. These
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are necessary measures when working with an abstract group, in order to find the correct finite
number of corepresentations, which will act on the projective Hilbert space. It should be noted
however, that phrasing around whether a subset of scalars is included in the symmetry group
can be fairly fluid in the physics community. None are included here initially, and the abstract
techniques of re-including scalar multiplication in the corepresentations of the true symmetry

groups to find their representation on the full Hilbert space are discussed in Section [2.4

Reiterating, we now call the true symmetry group G, and drop the prefix of ‘true’ from its

description.

With this motivation, we now start with the most general definition of a graded group:

Definition 2.2.1. Let G,G’ be finite groups. (G, R) is a G'-graded group if R : G — G’ is a
homomorphism. If U = ker(R) and T is the transversal of U in G, then G = J,c tU.

G is then divided into subsets that interact with each other according to G'.

The first relevant grading here is the Z, grading, [30} [117]:

Definition 2.2.2. A Z5-graded group (G, @) is the finite group G with the group homomorphism
¢ G — Zy. Labelling ker(¢) =U and A ={g € G| ¢(g9) = —1} then G = U U A. Choosing an
element o € G — ker(¢), then G =U U aU.

This either splits G into two halves - a normal subgroup U of index 2 and its coset, aU, or

else U = G as the map ¢ is trivial.

Lemma 2.2.3. If A # 0 then |A| = |U| = |G|/2.

Proof. If A is non-empty, then it is a coset of U in G and G = U U A. Therefore |U| = |A| and
|U| + |A|] = |G| which implies |A| = |U| = |G|/2. If A= () then ker ¢ = G and ¢ = 1 is the trivial
map. O

In almost all cases of interest though, A will be non-empty, as this is the case when the new
structure of the corepresentations of Zs-graded groups becomes relevant. This is the ability for
corepresentation elements to be anti-linear, that is to apply the complex conjugation operator to
all elements to their right. Due to this non-linearity, these elements are no longer homomorphisms
when taken over a vector space that allows multiplication of its vectors by complex numbers. This
would be an issue, as the standard representation definition requires the originating vector space V'
to be complex, however, by taking the same basis elements {¢;} and then allowing multiplication
by only scalars in R, a subspace Vg C V is created, and the anti-linear corepresentation elements
are homomorphisms on this subspace of V. The space GL(Vg) can then be taken as the space to
define the representation elements, with the domain of the functions in it then extended to all of
V. As the domain is being extended, there is no requirement that the functions remain linear on

the new parts of the domain - allowing the necessary anti-linear elements.

We note that where the previous section used GL(V) as the name of the group of invertible,
linear maps, when V is finite dimensional it is more common to call the space Aut(V) in the
physics literature, which we do from here out. This is allowable, as all the vector spaces under

consideration in our applications will be finite so GL(V') = Aut(V).

The formal definition of a corepresentation is given as, [59, 117 [176]:
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Definition 2.2.4. Let (G, ¢) be a Za-graded group. Let V be a vector space over C with subspace
Vi where scalar multiplication is restricted to R. Then the corepresentation R of (G, @) is defined

as

R : G — Aut(VR), R(g)z = Rlg) olg) =1 vz € C.

Z*R(g) ¢lg) =—1

Given that U is a normal subgroup of G of index 2, a matrix representation R of U induces

a matrix corepresentation of G by a modification of the induced representation formulae for Zs
in Equation as, [30],

R(g c U) _ R(g) 0 ’ R(g c aU) _ 0 R(g()é)

0 R(a"lga) R*(a"1g) 0

K (2.6)

so that the complex conjugate representation is taken whenever a~! appears, and the complex
conjugation map is added for elements of aU. As K is anti-unitary, corepresentation elements
can no longer all be unitary, but are instead are unitary/anti-unitary based on whether g is in U
or aU, [176]:

Theorem 2.2.5. Let (G, ¢) be a Zy graded group, V' a vector space with inner product (-,-) and
R : G — Aut(Ve) a corepresentation. Then there exists and inner product {-,-) which R(u € U)

is unitary with respect to and R(a € aU) is anti-unitary with respect to,
(R(u)v, R(w)w) = (v,w)", (R(a)v, R(a)w)" = (v,w)™, Yv,w e W, ueUacal.
Group elements of U will be termed unitary, and elements of aU, anti-unitary.

Proof. We prove this by construction of a suitable inner product. Assuming that the inner

product (-,-)" on V already exists, then

(v, w)" = |761¥| Z (R(u)v, R(uw)w) + (R(ua)v, R(ua)w)”

uelU

is an inner product and satisfies the unitary/anti-unitary requirement. O

This is also where the labels for the two subsets U, A of G come from - U stands for the

unitary elements, and A stands for the anti-unitary elements.

While an anti-unitary element can no longer be written solely as a unitary matrix, it is still
possible to standardise the form of their corepresentations, so it is not required to look for many
different forms of anti-unitary operator - looking at the matrix forms for a corepresentation, the
anti-unitary elements can always be represented by a unitary matrix right-multiplied by an anti-
unitary operation K. The unitary-matrix part of a corepresentation will be defined as R, so that

for a unitary element, R = R, while for an anti-unitary element, R = RK.

Equivalence of corepresentations is again through the existence of intertwiners between the

corepresentations, [176]:

Definition 2.2.6. Let (G, ¢) be a Zy-graded group, Vi, Va vector spaces, and R1, Ra be corepres-
entations of (G, ) on Vi,V respectively. Then an intertwiner T € Hom(Vy, Va) is a morphism
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such that
TRi(g9) = Ra(9)T  VgeG.

If T is a bijection, then R1,Ro are equivalent corepresentations, R1 = Ro.

Looking only at the unitary matrix parts of the corepresentations, two corepresentations

R1,Ro will then be equivalent if

Ri(u € U)T TRa(ueU
Teum, —UEY) Ra(uel)
Ri(a € aU)T* = TRa(a€ al).
Irreducible corepresentations can also be defined the same way as irreducible representations,
[30]:

Definition 2.2.7. Let R be a corepresentation on'V of G = UUaU, a Zy-graded group. If there
exists a proper subspace W C V., W # (0 such that W is invariant under R,

R(g)w € W, Yge G, weW

then R is the direct sum of two corepresentations Ry : G — Aut(Wgr) and Ry : G —
Aut(Wy).

If no such proper subspace exists then R is an irreducible corepresentation of G, and will be
labelled o.

This means Maschke’s Theorem of complete reducibility further holds for corepresentations,

and can be proved in exactly the same way as for unitary representations, [176].

Theorem 2.2.8. Let (G, ) be a finite Zy-graded group with irreducible corepresentations {o;}
and corepresentation R all over a field of characteristic 0. Then either R = p; is irreducible, or
R is completely decomposable as a direct sum of irreducible corepresentations with multiplicities
Si,

n=1

i

2.2.1 Classification of Finite Irreducible Corepresentations

We now come to the problem of attempting to classify the irreducible corepresentations of a Zs-
graded group in a manner similar to that which was done for the unitary representations of an
ungraded group. This lead to the classification of corepresentations under another threefold way,
this time introduced by Dyson, [51]. The methodology here will be nearly the same as in Section
applying Artin-Wedderburn’s Theorem to a group algebra, and then applying Fronbenius’

Theorem to restrict the number of allowable division algebras.

We begin by defining the applicable group algebra. In this case, where the corepresentation
contains complex-conjugation as an element, it is necessary to work immediately over the real
vector space found by applying the map from Equation to the vector space V. In this basis
K has a matrix representation, K = I, ® ((1) _01)7 allowing it to appear in the matrix algebra.

Dyson’s construction of the group algebra and its commutator algebra, [51], is thus:
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Definition 2.2.9. Let R on V over C be a corepresentation of the Zs-graded group G = UUaU.
Let R : C* — R?" be the map defined by Equation and let K =1, ® ((1) _01) be the matriz

representation of complex conjugation in this basis.

Then the group algebra X over R is the algebra defined with the basis

{m(fz(g c U))} u {m(ﬁ(g c aU))K} uli=1, @

The commutator algebra X of X is defined as the algebra generated by the matrices over R2"

such that they commute with all the elements of X.

The form of Artin-Wedderburn’s Theorem given in Theorem [2.1.15] applied to this group
algebra, with the division algebras over R already identified by Frobenius’ Theorem, then gives,
[51]:

Theorem 2.2.10. Let R be a corepresentation of the Zs-graded group (G,d) generating the
group algebra X and its commutator algebra X over R?™. Then X, X decompose into irreducible

components

X

IR

si(B)e, X2 ti(E)s,

1 i=1

7

for some s;, t;, where E; 2R, C or H for each i.

n n

Looking at the irreducible representations in particular gives what is known as Dyson’s
Threefold Way, [51]:

Theorem 2.2.11. Let G = U U U be a Zy-graded group and o an irreducible matriz corepres-
entation. Then the group algebra X over R generated by o is isomorphic to a matriz algebra over
one of the division rings R, H, C. It will be termed a Wigner Type I,11 or I1I corepresentation

respectively.

In the same way real, complex and quaternionic representations could be identified by whether
they were equivalent to their complex conjugate representation, comparison of the irreducible
representation p generating R and its copy under the action of « allows the Wigner type of R to
be identified, [30].

Theorem 2.2.12. Let G = U UaU a Zs-graded group, p an irreducible representation of U and
R the corepresentation of G generated by p. Then, the action of o on p is given by

a:p—pu) =p*(atua).

and either there exists an intertwiner W such that

e Ww* =1 R is of Type I
p=WpW=,

WW* =—-1 R is of Type II

or
D% p, R is of Type III.
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The Frobenius-Schur Indicator can also be modified to tell apart the different corepresentation
classes, [30] 48]:

Theorem 2.2.13. Let G =U U U be a Zs-graded group with irreducible representation p of U
generating the corepresentation R of G. Then R is of Wigner Type I,11,111 according to the

Frobenius-Schur Indicator

1 R Type I
1
FSIA(R) = 57 D o xo(@a)) =<0 R Type 111
uelU
—1 R Type II

Proof. The proof is very similar to that of the Frobenius-Schur indicator, but only applying the
sum to the subset A of elements. See [30] for the standard proof. O

Taking a corepresentation derived using Equation [2.6] its Wigner Type also gives its reducib-
ility, [30:

Theorem 2.2.14. Let G = U UaU be a Zy-graded group, p an irreducible representation of U
and R the matriz corepresentation generated by p according to Equation[2.6

Then, if R is of Wigner Type II or II1, R is irreducible. If R is of Type I withp = W pW 1,
it reduces as

Rgem= ("9 O ) Rryecame (PloIW 0

0 plg) 0 —plga "YW

Dyson’s Tenfold Way

Occasional reference is made to a ‘Tenfold Way’ of Dyson. This is is due to the fact that given

a corepresentation R generated by the irreducible representation p, the pair can be classified
according to both Theorem and Theorem alternatively by Theorem and
Theorem [2.2.11] or alternatively Theorem [2.1.23| and Theorem [2.2.13] [51]:

Theorem 2.2.15. Let G = U U U be a finite Zy-graded group. Let p be an irreducible unitary

representation of U and R the corepresentation of G generated by p.
Then the classification of p as real, complex or quaternionic and the classification of R as

Wigner Type I,11 and I11 are independent and form a nine-fold classification.

Furthermore, the case when p is compler and R is of Wigner Type III can be split into two
- if p(u) = p*(a tua) and p(u) = p*(u), then the class CIIT implies that p % p* and p % p.
However it is still possible that p =2 p*, creating two subclasses within the class CIII - the class
CIII1 when the equivalence breaks, and the class CIII2 when the equivalence holds.

This forms Dyson’s Tenfold Way, the combination of the Frobenius class of the representation

p and the Wigner Type of the corepresentation R that it generates:
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Hp%p*,SS*:H p=p, 88" =-1 pEP

p=p, WW* =1 RI HI CI
p=p, WW* = —I RIT HII CIT
PED RIII HIIT p ¥ p*CIII1 \ p=p* CIII2

In order to tell the ten classes apart, the indicators F'SIy and F'SI4 can be used, along with
the additional indicator Indcyrr which is used when FSIy(p) = FSIa(p) = 0 and tells apart
the CII11 and CIII2 classes:

Theorem 2.2.16. Let G be a Zs-graded group with unitary sub-group U. Let p be an irreducible
representation of U generating the corepresentation R of G. If FSIy(p) = FSIs(p) = 0, then
the class of the pair p, R according to Dyson’s tenfold-way can be found by applying the indicator,

| o 0 CIIn
Indcrri(p) = 0] Z Xp(W)xp (e ua) = (2.7)
uel 1 CIII2

Proof. The classes CIT11 and CII12 are differentiated depending on whether p(u) = p(a™lua) =
p(u) Yu € U. This is the requirement that p = p. Equivalence of two irreducible representations

p1, p2 can be checked by using the character orthogonality relation,

1 . 0 p1#p2
m Z Xp1 (U)XpQ (U) =
uelU 1 p1 = pa
so substituting p; = p and ps = p gives the above indicator. O

The Dyson Tenfold Way is useful as it gives significantly more information about the structure
of the algebras X and X, as can be seen in in Table [51]. The structure given to X by the
combination of studying combinations of indicators will continue to be important, as it will
allow structure to be imposed on the Hamiltonian of the system, once the applications of graded
symmetry groups are applied to quantum systems. In Appendix [E] the corepresentations of the
groups of order up to G < 30 will be classified according to Dyson’s Tenfold Way by using the
indicators given above and the search algorithms for Zs-graded groups from Chapter

2.3 Representation of 7, x Z,-Graded Groups

Corepresentations of Zs-graded groups were introduced to cover systems with time-reversal sym-
metry. Here the additional Z5 grading that needs to be added to describe systems with chiral and
particle-hole or charge-conjugation symmetry, where operators anti-commute with the Hamilto-
nian, such as in certain types of superconductors, [64], is discussed. Again we stick to a more

abstract definition before expanding on their applications in Chapter

26



I x X

RI oR,, nR,
RIT H,, nH
RIIT C, nC
HI 4R, nRy
HIT 2H,, nH,
HIII 2C,, nCs

CI 2R, & 2R,, | nRy & nRy

CII H,, & H, nH @ nH
CIII1 C.aC, nC @ nC
CIII2 2C,, nCy

Table 2.1: The structure imposed on X and X by the Dyson Tenfold Way class of the irreducible
representation p generating them, [5I]. This also makes clear the importance of separating the
classes CIII1 and CII12, as the forms of X, X for CIII2 are significantly more restricted than
in the case of CIII1.

We consider the Zs x Zs-graded groups:

Definition 2.3.1. A Zy X Zy-graded group (G,®,&) is the finite group with the group homo-
morphism ¢ X £ : G — Zy X Zy. Choosing the sets and elements

U {9eGlo(g)=1=¢&(9)} acA {g€G|o(g) =—-1,&(9) =1}
yeEC = {geG|o(g)=-1=¢&(9)} meP = {geCG|o(g) =19 =-1}

then
G=UUAUCUP, G=UUaUu~UUTrU.

Lemma 2.3.2. Let (G,¢,€) be a Zy x Zy-graded group. Then either G = U; G = U U A,
Al = |G|/2; G =UUC, |C| =1G|/2; G=UUP, |P| =|G|/2; or G=UUAUCUP,
Al = [C[ = |P| = |G|/4.

Proof. In the case that only one of A, C, P is non-empty, the proof of Lemma holds.

To show that if at least two of A,C, P are non-empty, then the third is also non empty,
consider that Va € A,c¢ € C then ac,ca € P, similarly Va € A,p € P then ap,pa € C and
Vp € P,c € C then pc,cp € A. There are then the multiplication rules on the sets AC = P,
AP = C, CP = A and two non-empty sets construct a third non-empty set.

If all three of A, C, P are non-empty, then they are co-sets of U in G and must be of the same
size and sum to |G|, |U| = |4| = |C| = |P| = |G| /4. O

Effectively, to form a Zs x Zs-graded group, a Zs-graded group has been taken, then an
additional structure added on top of the original grading. This means that when considering
their representations, they must be consistent with the corepresentations of a Z,-graded group,
but with an additional structure added. These representations of Zs x Zs-graded groups, which
we again call corepresentations, are studied by [24] 59, [117], and add the necessary additional

structure by being defined over not a vector space, but a super-vector space, V = VO 4 V1,
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as described in Appendix [B| and [T17, [165]. This means that the automorphism group Aut(Vg)
also requires grading, and becomes Aut(Vk), and the representation elements can now be either
even or odd transformations of V, depending on where in Aut(Vx) they sit. We note that the

corepresentation elements are always homogeneous.

Formally, the corepresentation of a Zy x Zs-graded group is given by, [59, [117]:

Definition 2.3.3. Let (G,$,£) be a Zy x Zy-graded group, V a super-vector space over C
and Vi its restriction of scalar multiplication to R. Then the corepresentation R is the super-
homomorphism

R:G— Aut(Ve), R(g)z= Rig)  dlo)=1 Rig) € Aut(Ve)" &(g) =1

Z*R(g) ¢(g) =—-1 Aut(Ve)' &(g)=-—1

Given that when all of A,C and P are non-empty U is a normal subgroup of G of index
4, with Klein-4 quotient group G/U = K, the induced representation in Equation can be
modified to take a matrix representation R of U and generate the matrix corepresentation R of

G by the formulae,

R(g) 0 0 0
0 R*(a™! 0 0
R(ge )= (@™ ga)
0 0 R(n~tgd) 0
0 0 0 R*(y"'g7)
0 R(ga) 0 0
* —1
R(g € aU) = f(a™g) 0 0 K
0 0 0 R(rm=lgv)
0 0 R*(y~tgm) 0 28)
0 0 R(gm) 0
0 0 0 R*(a~!
Rig € 6U) = (@™ gv)
R(r1g) 0 0 0
0 R*(y"1ga) 0 0
0 0 0 R(g7)
0 0 R*(a™t 0
R(g €)= @ om) K
0 R(r71ga) 0 0
R*(v"g) 0 0 0

having swapped the ordering of P,C for better symmetry under U, A <+ P,C. These matrices
very clearly show the super-vector space structure of the corepresentation - the space is split into
two subspaces V = VO @ V! and elements of U U aU preserve the subspaces, while elements of
~U U wU invert the subspaces, the exact definition of even and odd operators on super-vector

spaces.
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Equivalence of the corepresentations now require super-intertwiners to take into account that
the concept of commutation is extended to super-commutation, as per Equation on super-

vector spaces, [117]:

Definition 2.3.4. Let (G, ¢,&) be a Zy X Za-graded group, Vi, Vs super-vector spaces and R, R
corepresentations of (G, ¢,&) on Vi,V respectively. Then the super-intertwiner T € Hom(V7, V3)

is the graded C-linear transformation between V1, Vs such that
T°Ri(9) = Ra(9)T°,  T'Ri(g) = E(9)Ra(9) T Vg eG.
If T is bijective, then R1,Ra are equivalent (¢, &)-representations, R1 = Ro.

Trreducibility of the corepresentations continues to maintain its standard definition, [I17].

Definition 2.3.5. Let R be a corepresentation on V of the Zy X Zs graded group (G,¢,€). If
there exists a proper super-vector sub-space W CV, W # (0 such that W is G-invariant,

R(g)w e W Vge G,weW

then R is the direct sum of two corepresentations, Ry : G — Aut(Wg) and Ry : G —
Aut(Wy) and is reducible.

If no such proper subspace exists then R is an irreducible corepresentation of G and will be
labelled s.

Maschke’s Theorem of complete reducibility then still applies for the same reasons as before:

Theorem 2.3.6. Let (G, ¢,£) be a finite Zo X Za-graded group with irreducible corepresentations
{si} and corepresentation R, all over a field of characteristic 0. then either R = ; is irreducible,
or R is completely decomposable as a direct sum of irreducible corepresentations with multiplicities
Si,

R=BDs-
n=1

i

2.3.1 Classification of Finite Irreducible Corepresentations

Having defined Dyson’s Threefold Way on the corepresentations of the Zs-graded groups, we
move onto classifying the corepresentations of the Zy x Zy graded groups. Again, this is done
by studying the decomposition of the algebra generated by the group according to a version of
the Artin-Wedderburn theorem. However, there are modifications required to deal with the fact
that the group algebra must now be graded, being a super-algebra. This firstly requires a slightly
different version of the group algebra to be taken [93]:

Lemma 2.3.7. Let (G, ¢,) be a Zy x Zy-graded group, then the group algebra K[G] over the
field K of characteristic 0 is the algebra defined by

uzZ)\gg, Ag €K

geG
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with

D NG+ D 19 = A+ hg)g

geG geG geG
> g x Y pmh=Y " (Mnpn-1g)g
geG hea g,h€G

Taking the grading where homogeneous algebra elements are built of sums of elements entirely

from U or entirely from aU, with degree based on which set is used to build u,

0 A\,=0Vg: =-1
Z)‘gg: g g 5(9)

gea 1 A=0Vg:{(g9)=1
then K|[G] is a semi-simple super-algebra.

The inverse of the group element h appearing in the subscript of the sum is the standard form

for group actions to be homomorphic.

Next, instead of being able to consider the super-algebra K[G] itself, it must be reconsidered
as its own super-module, in the way described in Appendix [Bl Due to K[G] being semi-simple,
then all of its super-modules are also semi-simple, [165], and as a super-module, K|[G] can be

expressed as

K[G] = P M;

where the super-modules M; are simple. Given that modules take the same role for algebras that
representations did for groups, constructing the simple super-module decomposition of K[G] is
equivalent to taking the irreducible representation decomposition of a representation of a group.
Furthermore, as taking K[G] as its own super-module is equivalent to starting with the regular

representation, this produces all simple modules of K[G].

With the simple modules - equivalent to the irreducible representations - identified, it is now
possible to look at applying a form of Artin-Wedderburn’s theorem to each of the modules.
When not needing super-algebras, this theorem stated that the algebra K[G] and its commutant
decomposed into direct sums of division algebras. The super-Artin-Wedderburn theorem isn’t
able to guarantee that the module K[G] decomposes into division algebras, but it is able to
guarantee that the super-commutants for each of the simple modules is isomorphic to a super-

division algebra when considered individually, [165]:

Lemma 2.3.8. If A is a super-algebra over K and M a simple super-module for A, then the

super-commutant Ayr of M is isomorphic to a super division algebra over K.

While this is less strong in not determining the form of K[G] but only the super-commutants
of its simple components, the theorem covers exactly what is needed for the Altland-Zirnbauer
Tenfold Way and its applications to quantum chaos - one of the key factors in defining random
matrix ensembles is that they are the super-commutant of a suitable symmetry group, as will be
discussed at the end of Section [3.1] and in Chapter

As was done for the regular and Zs-graded groups, using the map R from Equation with

K—=I®(§%)andi—I® (97,'), then K[G] can be defined over R instead of C, having the
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knock on effect of the super-module K[G] also being defined over R. Rephrasing and paraphrasing

the super-Artin-Wedderburn theorem, this allows for a ‘super-Schur’ theorem, [117]:

Theorem 2.3.9. Let (G, ¢,€) be a Zs X Zy graded group with irreducible corepresentation s. Let
2(<) = {T € Hom(V, V) | T%(g) = <(9)T° T"<(9) = £(9)<(9)T" }

be the super-commutant of ¢ as a representation and let Z = (Z(s)) be the associated super-
algebra over R generated by its elements. Then Z is isomorphic to a real associative super-division

algebra.

Like the number of real associative division algebras are limited to three by Frobenius’s
Theorem, Wall’s Theorem describes the ten possible real associative super division algebras,
[117, [168]:

Theorem 2.3.10 (Wall). The only associative super-division algebras over R are R0, Cl1o, o

as purely even super algebras, and CI$, CI%,, C1%, and CI%,.

The Clifford algebras CI; are described in Appendix along with a demonstration that

they are super-division algebras.

It is hard to prove that there are only ten real associative division algebras, but given the ten
above, it is easy to verify that they are the required ten. This provides a tenfold classification of
the irreducible corepresentations, which are labelled by the Cartan classes of symmetric spaces,
7,

Class || A AIIl | AI BDI D DIII | All CII C CcI

z=|cCc cf | R ci} ok cf¥ | H C® CI®, CI®,

Due to the classification being equivalent to the one introduced by Altland and Zirnbauer in
[6] to describe the connection between Zy X Zs-graded groups, random matrices and the Cartan
symmetric spaces, this classification is known as the Altland-Zirnbauer Tenfold Way, and in
physics is considered an extension of the Dyson Threefold Way, adding the allowance of particle-
hole and chiral symmetries to Dyson’s time-reversal when calculating the associated random

matrix statistics of the quantum system. These applications are discussed in Chapter

As with the Zy-graded corepresentation, the classification of an irreducible corepresentation
of a Zy x Zs-graded group can be found by considering if the underlying unitary representation

is equivalent to its copies under the action of conjugation by «,,m, [24]:

Theorem 2.3.11. Let (G, $,&) be a Zy X Zs-graded group with irreducible corepresentation ¢
induced by the irreducible unitary representation p of U < G. Consider the representations of U

given by

plu) = p* (@ lua),  plu) =p* (v wy),  pu) = p(n um)

then ten cases exist according to whether p = p, p = p and p = p,
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p==SpS—t | p=Sps! .
pPEP
SS* =1 | 8§9* = —I
—_ -1
p=WpWw BDI cr Al
WW* =1
- _ —1
p=WpWw DIIT CII AIT
WW* = —1
5%, D o PEP|P=P
A | AIIT

and this classification is equivalent to that given in Theorem [2.5.9

Also again, generalised Frobenius-Schur Indicators can then be defined to identify the groups,
[24]:

Theorem 2.3.12. Let (G, $,&) be a Zs X Zy-graded group and s an irreducible corepresentation
of (G, ,&) induced by p of U. Then

1 2 1 2
FSIAZWZXP((U()&) ), FSIC:WZXP((WY) )

uelU uelU

1 -
Indp = m Z Xp(u)xp(ﬂ luﬂ—)
uelU

gwe the Altland-Zirnbauer class of < according to Table [2.2

| Class || FS1, FSIc  Indp || 7= |

A 0 0 0 C
AIII 0 0 1 CIt
Al 1 0 0 R
BDI 1 1 1 o

D 0 1 0 Ccix
DIIT || —1 1 1 CI¥
AIT -1 0 0 H
CII ~1 ~1 1 CI®,

c 0 —1 0 CIE,
CI 1 ~1 1 CI®,

Table 2.2: The Altland-Zirnbauer Tenfold Way as given by the indicators FSIy, F'SIa, FSIc
and Indp.
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2.4 Projective Representations

It was mentioned at the start of Section[2.2)that there existed both the true symmetry group G of
the system, which acts on the projective Hilbert space, and the extended symmetry group, which
we now call GF, which acts on the full Hilbert space; the difference between them being that
G = G¥/U(1), and all scalar multiplication is removed going from G¥ to G. Part of the reason
for this is that the full group G¥ is infinite, and the methods worked with in the last sections
required finite groups, the other part is that working on the projective Hilbert space, where all
states are physical and unique causes certain parts of the theory related to the quantum form of
the system to be more intuitive. This makes the true symmetry group the right group to work

with, in most cases.

There are however, situations when removing all of the scalars from GF is too much. These
situations rise predominately from the relevant system containing particles with fractional spin.
In these cases, there exist elements in the group G of order n, so that ¢” = e, but by applying
physical knowledge of the system to the corepresentation R of G, it is known that R(g") # I
against what is required for an element equal to the identity; instead R(¢™) = kI, k € K. The
most well known example of this is that a rotation of the electron by 27 has the representation
R(rot(2m)) = —I and it is only after a rotation of 47 that a representation of I is recovered. These
cases where additional scalar factors are picked up are not possible when defining a standard
corepresentation which for the symmetry group sits on the projective Hilbert space. There are
however a couple of ways to work around this restriction, allowing these corepresentations with
additional scalar factors to be built and then classified according to the Dyson Threefold and
Altland-Zirnbauer Tenfold Way as described above - because these scalar factors must be taken

into account to get the correct classification.

The first method would be to define a new group in between G and G¥ which doesn’t contain
all of the scalars, but it does add the scalars {k € U(1) | g€ G,n € N: g" = e, R(¢9") = kl} as
group elements, redefining multiplication so g™ = k rather than e as necessary, along with adding
all the necessary new combinations of the scalar elements and the ordinary group elements. This
group can still be treated as an abstract group, ignoring the fact that the new elements are
scalars and using them as abstract group elements for whom R(k) = kI. This group can then
be graded, and its corepresentations constructed and classified according to Sections [2.2] or 23]
as appropriate. This method is known as finding the pullback extension of G by M C U(1), the
set of necessary scalars to add, and it will be discussed along side the next method of projective

corepresentations.

The second method is to recognise that the inclusion of the extra scalars arises from the
corepresentation having been defined on a projective space and it then moving onto the full vector
space. To deal with this, what are known as projective corepresentations are defined directly onto
the full space, where every element is allowed to contain a phase factor in its representation, with
multiplication rules between the phase factors allowed. This defines a new set of characters which
can then be substituted into the Frobenius-Schur indicators used to construct the Dyson and
Altland-Zirnbauer classifications. This is the method we discuss first, as it is the most flexible of
the three, and will also be useful in explaining how symmetry groups which act on the projective

Hilbert space can be turned into operators on the Hilbert space, linking together all the different
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ways symmetries have to be considered. This method also can inform about other non-symmetry
properties of the system - projective corepresentations are used to check if superconductors have

energy gaps, and locate phase changes in their topological families for example, [37].

The final method can be used when there is the physical interpretation of a symmetry group
acting on a Hilbert space with the very specific structure of H = Hcharge ® Hspin @ Horbital and the
global time-reversal and charge-conjugation operators obey T = IeTeDK, C = CeIlK
while the representations of U act only on Horpital, [24]. In this case, the extra scalars come
from taking either T? = —I or C? = —I, however there is essentially the ability to factor out the
contribution of T',C' to the Frobenius-Schur indicators, and the standard true symmetry group
can be taken with some modified Frobenius-Schur indicator equations. This is the easiest method
to work with, and will apply to all systems considered in this thesis, so we describe this method

after the most rigorously general method of projective representations.

We begin with the projective corepresentations of a graded group G. For most generality,
it will be assumed throughout that G is Zs x Zs-graded, though all techniques will continue to
hold for a Zs-graded group, or even an ungraded group if the grading maps &, ¢ of G are set
to the trivial map as needed. The projective representations of these groups are actually well
studied - see for example [38] [I69] for the construction of unitary projective representations and
[37, 59, [69, [88] for the minor modifications required to deal with anti-unitary group elements and

super-vector spaces.

To begin, we look closer at the structure of the spaces the homomorphisms act on, and consider

how vectors can be equivalent up to scalar multiplication, [8§]:

Definition 2.4.1. Let V = K™ be a vector space. Then define an equivalence relation on the
vectors in V by
x~y< Ik e K —{0} such that x = ky.

Then the space of equivalence classes (V — {0})/ ~ is the projective vector space of V., PV. It
can also be considered as PV = V/K*, the quotient of V under multiplication by the scalars K.
If V. =K" then PV = K"~ 1,

This has the set of invertible linear maps on it defining the projective linear group, [169]:

Definition 2.4.2. Let V = K™ be a vector space with the projective space PV. Then the projective
general linear group PGL(V) is given by

PGL(V) = GL(V)/K* = GL(PV) = P(GL(V)).

The grading operator on a super-vector space does not interfere with the equivalence relations,
so projective super-vector spaces PV can be considered, and will be taken for the rest of this
section. The set of graded invertible linear maps on the projective super-vector space can then

be taken, remembering the equivalence between GL(V) and Aut(V):

Definition 2.4.3. Let V be a super-vector space with graded automorphism group Aut(V) and
let the projective space of V' be PV. Then the projective automorphism group PGL(V') is given
by

PAut(V) = Aut(PV)
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Shifting from V to PV is equivalent to normalising each vector’s length, and is represented

by the projection operator ¢ from V to PV,

c:V =PV, g:v%ﬁ
v

which is a surjective map, but definitely not injective. It also defines a surjective morphism
between Aut(V) and PAut(V), [117],

o:Aut(V) — PAut(V), a(9)(s(v)) =<(g(v)) Vg e Aut(V), v e V.

It is then possible to define a lifting of PAut(V) into Aut(V) by a section, which is a map
7, by choosing the image 7(p) for each p € PAut(v) so that

o(m(p)) = p-

It is normal that 7 is not a true inverse, and that (o (g)) # g, so 7 is not a homomorphism, [117].
This is because the axiom of choice has been used to choose a representative element of the set
s={g € Aut(V) | o(g) = p} as the value of 7(p), so the value of 7(c(g)) can only match with one
element of s. That is, if s = {s1, s2} and 7(p) = $1 is chosen, then 7(c(s1)) = 7(0(s2)) = 81 # S2.

The kernel of the map o is {kI | k € K}, which is often just renamed K again, so that

K, Aut(V) and PAut(V) form a short exact sequence using the inclusion map K — Aut(V),
[169]:

Definition 2.4.4. Let A, B,C be groups with the homomorphisms a: A — B and 5 : B — C.
If « is injective, A = a(A), B is surjective, so C = B/A and im(a) = ker(5) then A, B,C and

a, B form a short exact sequence, visualised as

1 A—sB-L.c 1.
Given that A= a(A) it is usual to take A = a(A) and o the inclusion map.

This also defines what is known as the group extension of C' by A to form B. In the case
that there is a homomorphism 7 : C'— B such that 8 om = I is the identity, the group extension
splits, and B = A x C' is a semidirect product.

From now on, it will be assumed that B = Aut(V), C = PAut(V) where V is a complex
vector space, and A = M(G,U) C U(1), a subgroup of the unitary group.

Given the Z; x Zs-graded group G, and knowing that a corepresentation is wanted so that
for some g € G of order n, Rp(g™) # I, then an ordinary corepresentation R can be taken, but
considered to be on the projective space PAut(V'). The desired corepresentation is then the lifting
of R onto Aut(V), termed the projective corepresentation, where the standard corepresentation
according to Definition has been taken, and then scalar factors have been added as desired,
[7, 88, [117]:

Definition 2.4.5. Let G be a finite Zy X Zy-graded group, and V' a complex super-vector space

with the subspace Vg where multiplication has been restricted to R. The projective corepresentation
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Rp : G — Aut(VR) is defined from the super-homomorphism R : G — PAut(VR) by taking

Re(g) = w(e, 9)R(9), w(e,g) € U(1)

where the map w : G x G — U(1) provides the factor system of the projective corepresentation,

and obeys the rules,

Re(g1)Re(g2) = w(g1, 92)R(9192) (2.9)

w(g1, g2)w(9192, g3) = w(g1, g293)w? (g2, 93) (2.10)
€ PAut(VR)%(g) =

Re(9)z = 2'Re(9),  Re(g) ! (2.11)
e PAut(Vi)'é(g) = -1

where

This projective corepresentation Rp can be found by taking a standard corepresentation R
of G and interpreting it as the base corepresentation over PAut(Vx) and then finding a suitable
set of factors w that obey the rules above, which is equivalent to constructing m(R); or by
constructing the pullback extension G’ of G and finding a standard corepresentation R’ of G’ on

GL(V), [88, 169):

Definition 2.4.6. Let G be a finite graded group, with o : Aut(Vg) — PAut(VR) and corepres-
entation R : G — PAut(Vr). The pull-back extension G' of G is defined as

G’ ={(g,4) € G x Aut(Vz) | 0(4) = R(9)}

The group G’ is called the universal covering group of GG. Furthermore, taking the maps
7:G =G, (g, A) =g
T:G—=G, w(g)=(9.7(R(9)))

there is then the commutative diagram

1 — M(G,U) / 1
1 U(l) Aut VR *HP’Aut VR — 1

so that given any two points in the diagram, any path between them gives a sequence of maps
that can be composed in the order they are traversed along, and the end function for each path

will be equivalent. In this case, it implies that

Rp=7mmoR =R or.
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The universal covering group G’ found in the pullback extension of G is equivalent to the
afore-mentioned version of finding the projective representations by allowing some scalars to

remain in the group when factoring out U(1).

Due to the fact that 7 requires choosing a single element out of the sets

{g € Aut(Vg) | o(g) = p} for each g € G, there exist multiple ways 7 can be constructed. This
leads to there being several ways to add scalars back into the corepresentation and choose w.
This leads to the fact that the projective corepresentation Rp isn’t unique. In order to reduce
the number of these possible projective corepresentations under consideration, we look to identify
when two projective corepresentations are equivalent, so we don’t double count. First, we identify
that projective corepresentations which differ only by a unitary phase factor, can be identified,
[88]:

Definition 2.4.7. Let G be a finite Zy x Zy-graded group with projective corepresentations Rp 1,

Rp2 by the factor systems wy, wa. Rp1, Rp2 are associated projective corepresentations if and
only if

wa(g1,92) = dmm)fﬂmgﬁwhmeG, Rp2(g9) = c(g)Rp1(9)

c(g1)co (g2

where ¢ : G — U(1) is a map.

This allows a definition of equivalence, [163]:

Definition 2.4.8. Let G be a finite Zy X Zs-graded group with associated projective corepres-
entations Rp2(g9) = c(9)Rp1(g). Then Rp1, Rp2 are equivalent projective corepresentations if
cle) =1.

Associativity means that given a projective corepresentation Rp with factor system w, then
a gauge transformation w — ' can always be done so to remove the w(e,g) factor prefix from

un-multiplied elements, [7], that is, the factor system can always be chosen so that,
wle,e) =w(e,g) =w(g.e) =1Vge G

In Theorem [2.3.12] we give a method of classifying each corepresentation of every possible
Zs X Zs-graded group according to the Altland-Zirnbauer way, applying it to the small groups
to get the tables in Appendix [E] We claim that knowing about the universal covering group,
it is also possible to use this technique to classify every projective corepresentation of G - each
possible universal covering group G’ of G is identified and then Theorem applied to the
corepresentations of the covering group to get the result for G. This makes the results of Theorem
and the tables in Appendix[E] much more general - they can be applied to systems with any
kind of fractional spin for example - the correct covering group just needs to be found and then it
can be looked up in the tables if small enough, or the Frobenius-Schur indicators calculated. It is
just necessary to be able to identify possible covering groups, either specifically, or systematically

searching for all of them.

The problem of finding all the covering groups, is really one of finding a factor system, and
then using this to define new elements and multiplication rules in G. The method of finding

all factor systems is also documented for non-graded unitary projective representations, see for
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example [38,[169], which will give a basis for expanding to finding all factor systems for a projective

corepresentation.

We begin with considering exactly how many elements of w need to be known in order to fully
define it. The multiplication rule on the factors of different elements in Equation [2.10| means that
given a generating set S of U and taking S’ = sU {a,~, 7} as a generating set of the Zy x Z5-
graded group G, then only the factors w(s), s5), Vs, s, € S” actually need be chosen and the rest
can be calculated through the factor multiplication rule. This result is expanded in [163], so that
all that is needed to be known is the factor system wy where H = U for a Zs-graded group, and

H =UU~rU for a Zy x Zy-graded group, so it covers the unitary elements of G.

The method defines the equivalence relation hy ~ hy < dn € N such that hy = a"hja™"
divides H into equivalence classes C}, which have transversal Ty in H. Taking the subset Hy C T

of the transversal containing elements whose conjugacy classes have even order,
Ho={t €Ty ||C{ =2m, m e N}

the following function D,,,, : H — C can be constructed,

B f:"(l;im wi ("D ha= D) 02wy (a? a®Vha~""D)  h e Hy
Dy (h) =

1 h & Hy

Then wy can be used to construct a factor system of G, [163]:

Theorem 2.4.9. Let G be a graded group, with the unitary subgroup H. If wy is

a factor system of H, such that there exists an equivalent factor system Wi and
wi(h, W )wh (e tha,a ' a) = Dy, (h)D,,,, (W) D}, (hh')

W' (aha ! a?)wl (a®, o tha) = D}, (aha™')D,, (h)

for all h, 1/ € H, then a factor system wg of G is defined by

wg(h,h') =wg(h,h'), wg(a,h) =1, wg(h,a) = Dy, (h).

Calculating all possible factor systems of G, or even just a particular factor system, becomes
a problem of knowing the values of the factor system on the ungraded group H. This is, as
mentioned, a well studied problem and is related to the co-homology of the group H. For a

discussion of this see for example [38], [169].

For many practical applications in physics, it will be possible to define simpler methodologies.
For example, the case where the vector (Hilbert) space the problem is defined over, and thus the
space the representations are defined over, splits into a ‘charge’ component, a ‘spin’ component

and an ‘orbital’ component, [14] 24 [73],

V- ‘/chargc & ‘/;pin @ Vorbita1~ (212)
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The unitary-commuting symmetries which define U don’t interact with the particles spin, and

they don’t flip particles into holes, so they must act entirely on the orbital space, and take the

representation
PV (u € U) — chhargc oY ]IVspin @ pvorbital(u € U) (2'13)
If this pv,,,,., iS & representation of U for U <G = U U aU U~U U U, which generates the
corepresentation of R of G on Vipital, then the ordinary corepresentation matrices on ]IVcharge ®
‘/;pin & Vorbital are given bY7 [24]7
R(u € U) = Ivarge @ iy ® R(u) (2.14)
R(a € all) = (Wapurge @ Wapis @R@)) T = (Woprge @ Wiy @ Rla) ) K (2.15)

R(e € 10) = (Wapurye © Wigs, @ R(S))C

~ 0 I
= (]Ivcharge ® Hvspin ® R(C)> ((]I 0) ® ]IVspin ® ]Ivorbit;ﬂ) K (2'16)

R(p € 7U) = (Weparge ® Wapin @ R(D))P

0 I
= (]Ivcharge ® HVspin ® R(p)) ((]I 0) ® ]Ivspin ® ]IVorbim) (2.17)

where 7,C and P are considered to be time-reversal, charge-conjugation and chiral operators

respectively. The reason for these representations appearing the way they do is based on the
physical interpretations of what each of the spaces Hcharge, Hspin and Horbital cover, and how
they interact with the operators 7', C and P. This is discussed in Appendix |C| and Section

In this case, taking the projective representation is then a standing in for substituting 7 —
T=Wipe ®T @I, ), C = C= (CR Iy, @y, )L and P = P = (P®1y,,,,.,) for a
suitably chosen triple of unitary operators T, C, P which are chosen from ten options, as in Table
depending on whether aU,yU and wU are empty or not and depending on the nature of the
system they are being defined on. Generally, T2 = I implies a bosonic system, T2 = —I implies
fermionic system, while the form of C' generally relates to the spin dependence/independence
of the main-diagonal components of the associated Hamiltonian when written under the BdG
formalism - C? = —I when Hy,, Hsy are spin-dependent and C? = —I when they are spin-

independent, [14].

Furthermore, because T, C, P act on the spin and charge spaces, and the representations of
U on the orbital space, the Frobenius-Schur Indicators from Theorem [2.3.12| can be modified to
cover this special case of projective corepresentations by including a factor of T2, C?, as was done

for the Zs-graded groups in [48], and now extending to the Zy x Zy-graded groups:

Theorem 2.4.10. Let G = UUaU U~NU UnU be a Zy X Zs graded group with an irreducible
representation p of U on the vector space Vorpitar: Let V= Venarge @ Vipin @ Vorpitar be a super

vector space, and the projective corepresentations of G generated by p be given as

Ru e U) = v, ® R(u)

R<a € OéU) = (]IVchm_qc ® I[V'p’in ® 7§’(a)) (chharge RT® ]IVorbital)IC

® Iy,

spin
s

spin

R(e € 1) = (Wi, ® T2y, @ R(Q)) (C 8 v, © i) K
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R(p € WU) = (]:[Vr:hrm‘ga @1 Vipin ® R( ))(P ® HVarmf,al)

Then the Altland-Zirnbauer class of the projective corepresentation generated by p is given by

the modified Frobenius-Schur indicators,

FSIa(p | Z X, (a (2.18)
acalU

FSIc(p Z X,(c (2.19)
cE'yU

FSIp(p) |U| > xp(ux(r u) (2.20)
uelU

with the classes given by Table[2.9

In particular this means that if U is the trivial group, the Altland-Zirnbauer class of G is
decided entirely by whether A, C, P are non-empty, and how T, C' square, as seen in the rightmost
columns of Table with the existence of P telling apart the classes A and AIII. A more general

adaptation of the Frobenius-Schur indicators can be derived using the relations in [38].

The group extensions relating to these projective corepresentations are known specifically
as the Double Groups, and specific rules exist to calculate them, [7, [24) 126]. Double groups
were actually the precursor to projective representations in the physics community, and in many
areas are still the more studied of the pair, however they are significantly more restrictive and
many have argued that projective representations are better to use, [7]. Double groups make
the most sense when Vorpitar = SO(3) so the addition of the spin space is equivalent to the
lifting from SO(3) to SU(2), which is a very specific geometric interpretation inapplicable to
more abstract groups. Furthermore, projective representations and the related co-homologies
have additional benefits in studying things like energy gaps and symmetry-protected-topological
phases in topological insulators [37], or they can be used to describe Majorana zero modes in

topological super-conductors and they have links with quantum Monte-Carlo simulations, [I77].
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Class T C P T2 C? red
A - - - - -  No
Al I - - I — No
AIT 0 1 - - -1 - No
-1 0
AIIl — — 0 I — — Yes
I 0
BDI I 01 0 I I T  Yes
10 I 0
CII J 0 0 J cCeT I I Yes
0 J J 0
D - 0 1 - — 1 No
1 0
C - 0 -1 - — -1 No
1 0
CI Iy 0 -1 0 I I -1 No
1 0 I, 0O
DIIT J 0 0 I cCeT -1 1 No
0 J I, 0

Table 2.3: Possible choices for the matrices T',C, P depending on which of the sets aU,yU and 7wU are non-
empty, [64]. The right hand columns can also be used to identify the Altland-Zirnbauer class of a projective
corepresentation for a Zs x Zs-graded group where U = I is the trivial group. The matrix J is given by

J:(Bul))
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3. Symmetric Quantum Systems and Chaos

We now turn to the discussion of symmetries quantum systems, having defined the basic frame-
work of quantum theory in Appendix[C] This involves discussing the invariance of Hilbert spaces
and Hamiltonians under certain operators, and how these form quantum symmetries, and lead to
special structure on the Hamiltonians that can be classified in Sections and Finally, the
classical limit of quantum systems will be discussed, and the idea of quantum chaos introduced
in Section 3.2l

3.1 Quantum Symmetries

The study of quantum symmetry is the study of the invariant transforms of the Hilbert space H,
and its projective counter-part, PH. Rigorous definitions for both are given in Appendix [C| with
more context for the choice of their definition, but they are restated here for ease of reference.
Firstly, the Hilbert space describes the state-space of a quantum system Q, so that the vectors
|1} are the possible states of the system, and it takes the form of a chosen complex inner product

space, [155]:

Definition 3.1.1. Let Q be a quantum system, then its Hilbert Space H is a complex vector

space, with vectors 1 and inner product (-,-), such that:

e (-, 9) is a linear function for all g € H.

o (f.9)=1(g9.f)
o (f,f)>0 foral feH.

The norm shall be defined as ||| = \/ (¥, ).

A common example is Lo (R™)™, the set of dimension m vectors with each entry being a square
integrable function over R™. The projective Hilbert space PH then describes the unique physical
states in H, so that all of the copies ¢|y) of |¢) for ¢ € C — {0} are removed, [117, [I70]:

Definition 3.1.2. Let H be the Hilbert space of the quantum system Q. Then the projective
Hilbert space PH is defined as the space of rays,

PH = (H — {0})/C*.
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It is possible to define a projection operator o from H to PH,

oY) o) = 1) € PH, o ) - —AL (3.1)

[(9[)]

which also allows a representative state |V) to be chosen for each ray.

Describing the invariant transforms of H and PH then begins with defining a general trans-
formation on the full Hilbert space, which are termed the operators on the Hilbert space, as given
by Wigner, [I75], and as per Definition

Definition 3.1.3. Let Q be a quantum system with Hilbert space H. An operator O isa map
on the Hilbert space, O : H — H, that is either linear, O(a|ih) + b|p)) = aO |[¢) + bO |¢) or
anti-linear, O(a|1h) +b|p)) = a*O [¢) + b*O |¢).

Note that in contrast to standard quantum theory, where operators must be linear, anti-linear
transforms are allowed in Wigner’s definition. Doing so is essential to his study of quantum time-
reversal symmetries, and the later extension to charge-conjugation and chiral symmetry - it is
only possible to define time-reversal, charge-conjugation and their generalised forms through anti-
linear operators. When dealing with linear operators, quantum theory would identify a special
subset of them as unitary; with the anti-linear operators included, we identify the special subset

of operators as the set of unitary or anti-unitary operators, [I75]:

Definition 3.1.4. Let H be the Hilbert space for the quantum system Q with inner product {-,-).

Then if, O is an operator and,
. <O¢’Ow> = (oY) V|9) |v) € H and O is linear, then O is a unitary operator.
) <O¢’O¢> = (o) V|¢) [¥) € H and O is anti-linear, then O is an anti-unitary operator.

The collection of linear unitary operators, and anti-linear anti-unitary operators define the group
Aut(Hg), the set of linear, invertible transformations of the subspace of the Hilbert space generated
by multiplication by R rather than by C. When the domain of these functions is expanded to H,
then the group Autgem (H) is formed.

Knowing from Sectionthat for every vector space V, given Aut(V'), a corresponding set of
transformations PAut(V') can be defined over PV allows us to define a general transform on PH,
and understand the impact of operators on the projective Hilbert space. This involves taking the
projection operator o : H — PH and using it to define the projection from Autem(H) onto its
projective counterpart, PAutqim (H) = Autqim (PH),

5 ¢ Attgem(H) — Atutqem (PH) E(O) W) = 2(0) lo (1)) = ‘a(éw)> Y |y) € H.

This states that applying the projected operator to a projected state is equal to applying the
un-projected operator to the un-projected state and then projecting down onto the projective
Hilbert space. This is to be expected, as the projection operator is only dividing out all of the

scalar factors, which commutes with all other operations.

We can now begin to define symmetries, considering which subsets of Autqey, (H) and Autqgm (PH)

leave the quantum system intact. These transformations are the ones that leave characteristic
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quantum features of the system the same. Beginning with the projective Hilbert space, this means
preserving structure of the transmission amplitude, so the probability to move between two states
remains the same, as the key physical quantity describing the relation between different states.
According to Wigner, [I75], this is:

Definition 3.1.5. Let PH be the projective Hilbert space of a quantum system. Then the subset
S of Autqim (PH) preserving the quantum system and forming the set of potential symmetries of
the system is the set of bijective maps s : PH — PH that are linear on PHg and which preserve
the transition probability,

P(s(®) — s(V)) = P(® — U).

It is more important in terms of defining symmetries that the quantum structure is pre-
served over making sure that the operators generating the symmetries are either unitary or anti-
unitary. Thus we need to check whether there are any transformations of PH in Hom(PHg) pre-
serving the transition probabilities that aren’t in Autqm (PH). However, by Wigner’s Theoremn,
[117, 175 [I76], we know that Autym(PH) contains all of the transition-probability preserving

transformations:

Theorem 3.1.6 (Wigner). Let H,PH be the Hilbert and projective Hilbert spaces of a quantum
system Q, related by the map o : H — PH. Let Autqim (H) and Autyen, (PH) be the groups defined
by Definition[3.1.4) and[3.1.5. Then the set of maps preserving the transition probability,

S" = {s € Hom(PHg) | P(s(®) — s(V)) = P(® — ¥) V|D),|V) € PH}
is contained entirely in Autqym(PH) and S = 5" C Autqm (PH).
Proof. See [175] or [I50} [I51] for several examples of proofs. O

This means that general homomorphisms on PHgr need not be considered, and only the maps
generated by the unitary and anti-unitary operators on 4. This is how Wigner’s theorem is more
commonly stated - every symmetry on the system corresponds to either a unitary or anti-unitary

operator.

Members of this group S C Autem (PH) are still only described as potential symmetries of the
system however, as while they are already guaranteed to leave the Hilbert space and transition
probabilities invariant under transformation, to be full symmetries of the system they will have
to fulfil the extra restriction of preserving the quantum structure on 4. This is the requirement

that the operators which generate S either commute or anti-commute with the Hamiltonian.

The symmetry group of the system G sits in Autqm (PH), thus to check whether elements of
S are included in G under the commutation rule requires defining a method of finding each of
the associated operators in Autqm(H) for every member of Autysm (PH). We already have the
projection operator X : Autqem (H) — Autqem (P?H), so the method of doing this is by constructing
the section II : Autgym (PH) — Autym(H) as per Section This uses the axiom of choice to
define II by taking each element s € Autqym (PH) and picking one of the set of operators that is
mapped to it by X, {S € Autyim(H) | 2(S) = s}, to define TI(s),

I1: Aut(PH) — Aut(H), s—TI(s) =35 ¢ {s € Autgun(H) | B(9) = s}.

44



Furthermore, we note that ¥ is a surjective homomorphism with the kernel ¢/(1) and the groups
U(1), Autgem(#H) and Autgem (PH) define the short exact sequence under X:

1 U(1) Atttgem (H) # PAutqem (H) — 1

As before, there will be a number of possible choices for II(s), which will correspond to different
physical properties of the quantum system - for example the spin of the particles, and whether
the Hamiltonian is spin dependent. There will be short discussions as to the correspondence
between the physical nature of the quantum systems and the extensions below, mainly in the
simplified setup of H = Hcharge ® Hspin ® Horbital. Anyway, with a method of identifying the
operators corresponding to a member of Autqm, (PH), it is now possible to identify the symmetry
group of a quantum system as the elements whose lifts either commute or anti-commute with the
Hamiltonian, [24] [117]:

Definition 3.1.7. Let Q be a quantum system with Hilbert space H Hamiltonian H. Then the
symmetry group of the system G C Autgm(PH) is defined as the automorphisms of PH whose
lifts T : s — S into Autgim (H) are compatible with the Hamiltonian so that either,

. [g,ff] = SH — HS = 0 which are Symmetries of the Dynamics of the system

° {5'7 ff} = SH + HS = 0 which are Symmetries of the Spectra
This defines the symmetry group G as,

G = {9 € Autqun(PH) | TI(g) T = £HT(g), (g®BlgW)[ = [(@|¥) VW), |B) € PH}.

This forms the group G, which can be seen to contain elements of four types - if an element
s € G lifts to an operator S , then S can either be a unitary operator that commutes with the
Hamiltonian; an anti-unitary operator that commutes with the Hamiltonian; a unitary operator
that anti-commutes with the Hamiltonian; or an anti-unitary operator that anti-commutes with
the Hamiltonian. These classifications can be used to form a partition of G into the sets U, A, C, P

according to

(816|80) = (lw) | (81650) = (olu)”
SH=HS SeuU SeA
SH=—-HS SeP SecC

This means that G is a group of the form G =U U AU C U P with U <G a normal subgroup
of G. This is equivalent to Definition of a Zy X Z5 graded group:

Theorem 3.1.8. Let Q be a quantum system with the symmetry group G. Then G C Autgm, (PH)
18 Za X Za-graded with respect to the gradings

Gz g4} la®lew) = (@Iw) (o), [w) € PH 62)
1 (glg¥) = (B[V)" V[2) V) € PH
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AT (3.3)
-1 Il(g)H = —HII(g)

Then G can be partitioned into the sets U, A, C, P according to

U={seG|(o(9)¥(9) = (1,1)} A={seG|(9(9),¥(9) = (-1,1)}
C={seG[((9),¥(9) = (=1,-1)} P={seG|(o(9),¢(9) = (1,-1)}

so that U < G and choosinga € A, ye C, m€ P, G=UUaUU~rU UTU.

This now means that if G is considered as an abstract Zs x Zs-graded group, then mapping
elements of G onto their associated operators in Autg, (H) is the method of projective corepres-
entations discussed in Section [2.4] That is, the Hilbert space can be considered a super-vector
space, or linking to the charge-spin-orbital construction of the Hilbert space, it can be split into a
charge-space part, Hcharge, and a non-charge-space, H’', so that H = Heharge @H' = (|p) |h>)T®’H’
with the particle states (|p) 0)” ® |) forming the even subspace and the hole states forming the
odd subspace (0 |h))" @ ).

The automorphism groups of H and PH can then be graded with respect to the super-Hilbert
space, becoming Autqim(H) — Autgm(H) and Autqm(PH) — Autgem (PH). These are then
substituted in to Definition 2:4.5] with G, so that the most general map from the symmetry group

to the symmetry operators is given by:

Definition 3.1.9. Let Q be a quantum system with the abstract Zo X Zs-graded symmetry group
G. Let H = Hcharge @ H' be the super Hilbert space of the system with the super-vector space of
ungtary and anti-unitary operators Auty, (H) on H, and its projection onto PH as Autqy, (PH),

the transformations of the projective Hilbert space.

Let R : G — Autym(PH) be a corepresentation of G. Then, there exists a factor system
w: G x G — U(1) which is chosen according to the physical properties of the system Q, such that
each element g € G can be mapped onto an operator Rp(g) on H so that,

Re(g) = w(e, 9)R(g) (3.4)
Re(g1)Re(g2) = w(g1, 92)R(9192) (3.5)
w(g1, 92)w (9192, 93) = w(g1, 9293)w?" (g2, g3) (3.6)

Ulqtm 0 =
Re(9)z = 29Re(9),  Re(g) € Autqun (FH)" €(g) =1

€ Autqtm(]P"z'-[)1 &(g)=—-1
where

29 = Vze C

Following the projective corepresentation method, there two methods of constructing the
factor systems. The first, but more complicated method is to use the methods described in
Section to define the corepresentation R : G — Autqm(PH), and then take the section IT
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into Autqym (). Alternatively, the pullback extension G’ of G,
G = {(a, S) € G x Autgun(H) | R(a) = 2(5*)} (3.8)

can be constructed with the ordinary corepresentation R’ : G’ — Autqsm(H) giving the operators
for G. This forms another commutative diagram giving the relations between G, G’, Aut g, (#H)
and Autym(PH) as well as the relations between R, R’ and Rp, showing the many ways that

the map Rp between G and its associated operators can be constructed:

1 — M(G,U) 1
1 Z/[(].) Autqtm *} Autqtm ]PH) — 1
H

In most cases using the pullback extension of G will be preferred, creating the universal covering
group G’ of G. As discussed before, constructing G’ corresponds to adding back in just enough
elements of U(1) to allow non-identity scalars as elements in G’, for example allowing —1 as
an element when the rotations of an electron are considered. This means that if for example,
g = Rot(7/2), then g* = e would hold in G and R(g*) = R(Rot(27)) = 1 which is a contradiction
to the known physical fact that on a half-spin system, rotation by 27 is not the identity operator
but —I. The universal covering group adding —1 as an element allows multiplication in this
group to be re-defined so that g = —1, sidestepping the issue of trying to represent an element

equivalent to the identity element in G as something other than I.

The reason for the preference of working with the universal covering group is that, as stated
above and discussed further below, the additional elements which are added to G can be predicted
by knowing the physical properties of the quantum system. This means that the formal definition
of the universal covering group is often not needed, and G’ can be identified out of the quantum
system, before a standard corepresentation is taken to find the operators.

Furthermore, it allows matrix forms for the operators to be found using the corepresentation
matrices from Equation Taking the unitary commuting subgroup U’ < G’ and one of its
representations, r, then the projective corepresentation of G can be constructed to give the
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matrix forms of the operators described by the symmetry group:

r(7(g)) 0 0 0
Rolg € U) = 0 (7 ()7 (g)7 (a)) 0 0
0 0 (7 ()~ 7 (g9)7(6)) 0
0 0 0 r(7(7) " 7 (9)7 (7))
0 r(7(g)7(a)) 0 0
Re(g € aU) = r*(ﬁ(a)ilﬁ(g)) 0 0 K
0 0 0 r(7(m) " 7 (9)7 (7))
0 0 (7 (y) " 7 (g)7 (7)) 0 (3.9)
0 0 r(7(g)7 (7)) 0
Re(g € 6U) = 0 0 0 (7 ()" 7 (9)7 (7))
r(®(m) " % (g)) 0 0 0
0 (7 ()" 7 (9)7 () 0 0
0 0 0 r(7(9)7(7))
Re(g €U) = 0 0 (7 ()7 (g)7 (7)) 0 .
0 r(7(m) ' 7 ()7 () 0 0
(7 (y) " 7 (g)) 0 0 0

In the trivial extension, where 7(g) = g Vg € G, G’ = G, this reduces to the standard corepres-

entation matrices.

There is a lot more that can be discussed with regards to the matrix structure of the operators
generated like this. For now though, we consider classifying the behaviour of the operators in
each of the sets U, A, C, P when applied to the eigenstates of the Hamiltonian H.

Firstly, for any element g € G, the action of its operator Rp on an energy eigenstate, |¢,,)
of H, can be checked by seeing what energy eigenvalue is returned by applying H to |Rp(g)¢n).

Using the fact that operators of G are required to either commute or anti-commute with the
Hamiltonian according to &, then the relation, [24],

H |Rp(g)¥n) = HRp(g) [thn) = E(9)Re(9)H [tn) = &£(9)Re(9)En |¥n) = £(9)En |Re(g)¥n)  (3.10)

is found.

That is, all the operators generated by G share an eigenbasis |¢,,) — |E,, a) with the Hamilto-
nian and preserve the absolute value of the eigenvalues associated to eigenstate. However, while
the operators in U, A for which £(s) = 1 preserve the eigenvalues, Rp(g) : |En,a) — |Eyn,a’); the
operators in C, P for which £(s) = —1 flip the sign, Rp : |E,,a) — |—FEy,,d’). This means that
if C, P are non-empty, and if F, is an eigenstate, then so must be —F,,, which causes a mirror
symmetry in the spectra about 0, which is why these operators are known as spectral mirror
symmetries. The prime appears on a, as it is possible that G may also provide a re-ordering on

the basis states.

We now look at the specific forms and interpretations of elements of G acting as operators.

This is a lot of work to do when G is a general Zs x Zy-graded group, however we note that the
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possible lifts of G into Autg, (H) are greatly simplified and heavily limited when U = {I}. This
might seem restrictive, however, we note that when U contains more than the identity, then by
applying techniques from Section [C.1.2] which will be discussed further in Section [3.1.1} the full
Hilbert space decomposes into independent subspaces H = @, @, ; H, which can be considered
independently with their own independent symmetry groups G, acting on each H, separately.
It is guaranteed that these local symmetry groups have U, = {I}, [24, [79] [I80]. This means that
the following analysis can be done for the group elements of GG, in the simplified case, describing
the operators and their interpretations before the subspaces in H are recombined by taking the
direct sums; the operators found in the subspaces may also be combined using direct sums to get

their forms on H.
Thus, the simplest case U = {I} can always be constructed and considered.

First, we show that G has a very restricted form when U = {I}. In this simplified case, G has

to be generated by a subset of {«, v, 7} where «, v and 7 are elements of A, C and P respectively:

Lemma 3.1.10. Let G =UUAUCUP be the symmetry group of a quantum system. If U = {I}
then G C {l,a,v,7}, a € A, v € C, m € P, where o> = v? = 72 =1 and ay = ya, ar = 7,
NT =Ty, QY = T

This gives five options for the form of G: G = {I}; G = {l,a}; G = {I,v}; G ={I,n}; and
G={La,~,7}.

Proof. We begin by showing that G C {I, «,v,7}. Given G =U U AU C U P has U as a normal
subgroup by definition of a Zy x Zs-graded group, then there must be a traversal T C {a,~y, 7}
of Uin G, where « € Aif A#£ 0, vye Cif C#0,and e Pif P#Q). As U = {I}, then
gU = {g} holds for all g € G, and thus A = aU = {a} or A=0, C =~U = {y} or C = {, and
P =7U = {r} or P = (). Taking the union of these sets gives G C {I, ,y, 7}

Next we apply Lemmas and that the options for |G|/|U]| are 4, 2, and 1 to limit
the forms of G to G = {I}; G = {I,a}; G ={I,~}; G ={I,7}; and G = {I, a, v, 7}. This proves

the last statement of the theorem, and also forces the involutive nature of «,y or 7 when |G| = 2.

Finally, it is required to check the relations on «, v and © when G = {I,a,7y,7}. This can
be done by noting that when all of U, A, C' and P are non-empty, a Zy X Zs-graded group must
satisfy G/U = K. As U = {I}, then G = G/U = K,, which gives all the required relations on
the elements of G. O

With standardised symmetry elements, we can introduce standard labels for the lifts of each

of the elements of the symmetry group:

Lemma 3.1.11. Let H be Hilbert space with Hamiltonian H that has symmetry group G C
{L,a,7y,m}. Then the lifts of a,y, ™ onto Autym(H) are associated to the operators T,C and P,

Re(a) =T, Re(v) =C, Rp(m) =P

To understand the forms of these operators, and later their physical interpretations, it is
easiest to start looking at their squares, 7A—2, C? and P2. These are all unitary commuting

operators, which can be checked by showing that T2, €2 and P2 obey the unitarity, Hamiltonian
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commutativity and linearity requirements,

(T20|T20) = (To|T) = (oly) T2H=TAT = AT> T2 =TT = 277
(c2g|2w) = <é¢\é¢>* —($]y) C2H=—CHC=HC (%2 =0C2C =07
(P20|P20) = (Po|Py) = (0lw) PR =PHP = AP> P22 =P2p = 2P

This will allow the application to each of them the lemma that any unitary commuting operator

on a Hilbert space for which U = {I} must be multiplication by a scalar phase:

Lemma 3.1.12. IfU = {I} then any unitary commuting symmetry operator on the Hilbert space

must be scalar multiplication by elements of U(1).
Proof. Let S be a unitary commuting operator, then %(5) € U =T and S € ker(2) = ¢(1). O

This can now be used to show that each of 7, C and P squares to plus or minus the identity

in a suitable basis, [24]:

Theorem 3.1.13. Let G C {I,a, 7,7} such that o® = v*> = n2 = 1. Let the lifts of a,v, 7 be
T,C and P respectively. Then there exists a basis such that,

T2=4I, (?=4I, P>=I
Proof. As ¥ is a homomorphism then,
2(72) =3(T?) =14= T2 =271 27 eu())

due to the fact that 72 must be a unitary commuting operator, which must lie in the kernel of X,

which is just scalar multiplication. This also holds respectively for C? = zcl and P? = zp1 too.

The anti-linearity property of 7 means that
Top =TT = T2 = o = 257

and that z; = £1 must be real. Similarly, as C is also anti-linear, z¢ = +1.

In the case of 75, the choice of P can be scaled as P’ = 2;7;175 as P is linear, thus P can be

chosen to square to I by choice of basis. O

As well as knowing that each of T, C and P square to +I, their form is also restricted by
the fact that they are projective corepresentations of G and when written as matrices, must have
the block structure seen in Equation [3.9) These two requirements completely define the possible
matrix forms for 7', C and P for each possible combination of 7'2, 62, and P existing - of which
there are ten possible combinations. These matrices are easiest to define over the Hilbert space
H=C™®C"®H, separating out the blocks that 7 and C act on, [24, [64):

Theorem 3.1.14. Let Q be a quantum system with symmetry group G C {Il,a, 7,7} so that
there are no unitary-commuting symmetries. Then the Hilbert space can be expressed as H =

Cm@C"®@H' and the operators 7', C and P corresponding to the symmetry transforms a, v and
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Class || m n T C P 72 C? ned
A m 1 — — - - - No
Al m 1 I — — I — No
AIT m 2 0 1 — - -I - No
-1 0
AITT 2 n — — 0 L — — Yes
IL, O
BDI 2 1 I 0 1 0 1 I I Yes
1 0 1 0
CII 4 4 J 0 0 J cCRT -1 I Yes
0o J J 0
D 2 n — 0 1 — — I No
1 0
C 2 n — 0 -1 — —  —I No
1 0
CI 2 1 I 0 -1 0 -1 I —-I No
1 0 1 0
DIIT || 2 4 J 0 01 cCeT -I I No
0o J 1 0

Table 3.1: Possible choices for the matrices T, C, P depending on whether «,~ and 7 are in G,
and the square of 7 and C , [64, [73]. Where the size of Heharge and Hgpin is restricted by the form
of the operators Cand T respectively, then values for m and n have been given. The matrix J is
given by J = (% §).

m respectively may be expressed as

T=0,®T Iy )K
C=(Col,)K
P=(Pohy)

where T, C and P are taken from Table according to how T and C square and if T € G.

Note how H = C" @ C" @ H' = Hcharge ® Hspin @ Horbital, the Hilbert space introduced
at the end of Section [C.I.1] and used in Theorem [2.4.10] This both justifies the use of this
structure on the Hilbert space, and makes clear the link between the Altland-Zirnbauer class of
a projective corepresentation of G and the form of the operators 7, C and P - Theorem is
exactly Theorem [2.4.10] only in the language of quantum operators instead of corepresentation
matrices. Note this connection would always have to exist - the operators are defined by the
corepresentation and must take structure from its classification, however it is now seen, and will

have further effects on the structure of the Hilbert space and Hamiltonian.

First though, having identified that the operators may be described on Hcharge @ Hspin ®
Horbital, We can use their matrix forms, and their interaction with the operators g, pg, jk
and ¢, éL to study the effect of ’f', C and P on each of these operators, giving them physical

interpretations.
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Firstly, T conjugates everything with imaginary components so that, [176],

Flad — e TT = b TV = —de T (P ) S (P (3.11)

h) 1)

This leaves particle type and position unchanged, but flips the direction of all of the momentums
- this is equivalent to the operation of time-reversal. Also, when U > {I} then any symmetry
operator which has the same type of interaction 7 has with the Hamiltonian and transition
amplitude will be known as a generalised time-reversal symmetry - this covers the anti-unitary,

commuting operators, or those generated by elements of A.

Next, ¢ conjugates the imaginary components, but also inverts the charge space, and switches

creation and annihilation operators in the second quantised basis, [14, 112],

~ h A
e (") S (M), camd

|h) Ip)

(3.12)

which is interpreted as transforming particles into anti-particles - this is known as charge-
conjugation - or the particle-hole symmetry. This time, when U > {I}, then any symmetry
operator which has the same type of interaction C has with the Hamiltonian and transition
amplitude is known as a generalised charge-conjugation symmetry - this covers the anti-unitary,

anti-commuting operators, or those generated by elements of C.

Finally, P = TC combines the two operations 7 and C ,

P=CoT (3.13)

This is the chiral operator, or the sub-lattice symmetry operator as it can occur due to sub-lattice
symmetries, [IT12]. It is thus sometimes denoted as the operator S as the sub-lattice symmetry,
[I12, 139]. When U > {I}, then any symmetry operator which has the same type of interaction
P has with the Hamiltonian and transition amplitude is known as a generalised chiral symmetry

- this covers the unitary, anti-commuting operators, or those generated by elements of P.

We note that the anti-commutation of ¢ and P with the Hamiltonian as a symmetry require-
ment holds only with the first-quantised Hamiltonian, they commute with the second quantised
Hamiltonian, [I12], which is part of why they may be called symmetries despite not commuting
with the first quantised Hamiltonian - the notion of symmetry normally applies to operators
commuting with the Hamiltonian in the wider physics literature, which would be violated by the

charge-conjugation and chiral operators.

This now also allows the discussion of the reasons for why each of the names of the cosets
of U in G are chosen for the case of the Zy x Zs-graded group - U and A carry over from the
Zs-graded case, where they stand for the unitary and anti-unitary elements respectively. The
subsets C and P are labelled after the C and P operators.

We can also now discuss how the factor system can be predicted from the physical properties
of the system for the projective corepresentation taking G to the operators 7, C and P. This
is because it is well known that the forms of the operators 7, C and 75, not even necessarily as

symmetries, are fixed by the physical properties of the system. This is best expressed as a method

52



of inferring the squares of 7 and C, as from here their matrix forms can be read off from Table
by treating them as if they were symmetries, and taking P = CT. Of course their actual
status as symmetries still remains to be checked after finding their forms.

Firstly, if the system comprises of bosons or an even number of fermions, then T2 = I; while an
odd number of fermions requires T2 = —I, [30]. The form of C? requires expressing the system’s

Hamiltonian in the BdG formalism,

Ho — EF —iO'yA
io,A*  Ep — H;

Hpag =

and if Hj is spin-dependent, then C? = I while if Hy is spin-independent, then C? = —I, [I4]. These
two simple rules are all that is needed to infer the forms of the time-reversal, charge-conjugation
and chiral operators on a system, finding their forms and allowing them to be checked if they
are symmetries. This can be used to describe the factor system taking G as an abstract group
to the operators through a projective corepresentation, or it also allows the Altland-Zirnbauer
class of the system to be checked directly by which of them are symmetries and their squares,
without needing to work with the projective corepresentations when there are no non-trivial

unitary symmetries.

The different forms of 7, € and P also dictate the structure of the Hilbert space they sit in.
This was seen in Theorem and Table where the sizes of Henarge = C™ and Hpin = C”
could be limited by the forms of the symmetries 7 and C. More restrictions on H can be seen by

comparing an eigenstate |1,,) with its image under 7,C and P, [24]:

Theorem 3.1.15. Let H be the Hilbert space of a quantum system with Hamiltonian H and

energy eigenstates |ty,) spanning the Hilbert space. Then, there exists a basis |),) where:
o IfT2 =1 then ]M;> SR

o If T2 =—I then ‘7’1/){1> % |yl and all eigenvalues E,, are doubly degenerate.

o In all cases,

Cur) # lun) 2 |Pus )
Proof. When 72 = —I, then the orthogonality test for |¢,,) and ’7’1/;n> is

(0 Gn) == (tn

so they are linearly independent states. As there are two linearly independent states with the

Ttn) = (Ten

T2n) == (Tt

ﬂ/}n> —0

eigenvalue F,, it is doubly degenerate.

When 72 = I, then if the two eigenstates [1,) and ‘7'¢n> are not already equal, then a

change of basis
1

[¥n) 7

(1) + |Twn))

satisfies ‘721#7’1> = |¢l).
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’ Class ‘ H H Class ‘ H
A AITT _ (0 A
ht 0
Al c€R BDI _ (0 Jh=h*
rT 0
AIT [ e CcII | = O, h h= ki ko
—hi A% ) —k5 Kk
c (M e o1 (0 ) pr oy
—hi A% R* 0
D | =M hy =hl, hg=—hT || DIII (0 A AT =—h
—hy —hT —h* 0

Table 3.2: Canonical structure on the Hamiltonian of a quantum system according to the Altland-
Zirnbauer class of its symmetry group G C {L, o, y, w}, [1I 24} 39, [156].

In the final case, as |i,,) has eigenvalue E,,, while ‘é¢7l> and ‘751#"> have eigenvalue —F,,,

they must be linearly independent of |9,), é¢;> o |y ) o ’751/);>. 0

The degeneracy when 72 = —I is known as Kramer’s degeneracy, and means that whenever

7—2

classified when the corepresentation class of G is considered, [117]:

—I, the Hamiltonian is of even dimension. The structure of the Hamiltonian can be further

Theorem 3.1.16. Let Q be a quantum system with Hilbert space H, Hamiltonian H and sym-
metry group G with a projective corepresentation Rp on H. Let Z(Rp) be the super-algebra
generated by the super-commutant of Rp. Then HeZ.

Proof. Rp forms the set of operators on H generated by G. By definition of a symmetric operator,
Rp(g)ff = f(g)ﬁRp(g) Vg € G. This is also the definition of an element being in the super-
commutant. Thus, H € Z(Rp). O

Using the matrix forms of ’f', C and P when U =1 gives a more explicit form, [24] [156]:

Theorem 3.1.17. Let H be the Hamiltonian of a system with symmetry group G C {I,a, 7y, 7}.
Given the Altland-Zirnbauer class of G, then there exists a basis for the Hilbert space where H is

isomorphic to a Hermitian matriz with the additional structure given by Table [3.3

This is an incredibly strong restriction on the different canonical forms of the Hamiltonian, and
will allow for random matrix theory to be applied to the Hamiltonians by statistically sampling
the super-commutant of the symmetry class of the system, this will be further discussed in
Chapter [l We note that the Altland-Zirnbauer classification is essential to this process of taking
a quantum system and then doing random matrix statistics on it - it is only because we are able
to take a symmetry group, then take its projective-corepresentation and its super-commutant,
which is now guaranteed by the Altland-Zirnbauer classification not to be one of infinitely many
different forms, but one of ten different forms which have similar and well defined statistics. The
ensembles coming out of the Altland-Zirnbauer classification also explains why the random matrix
behaviour is universal to all systems sharing a symmetry group - these systems all obviously share

an Altland-Zirnbauer class, so their Hamiltonians sit inside the same ensembles.
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3.1.1 Non-Trivial Unitary Symmetries: Spectral Splitting, Symmetry

Reduced Bases And Desymmetrisation

We come now to discussing the general case where there may be non-trivial unitary symmetries.
This case has already been alluded to in several places - first we stated in the introduction that
the effect of non-trivial unitary symmetries was to cause spectral splitting, so that the full energy
spectrum contains a number of independent spectra to which random matrix theory had to be
applied separately; in the above section, we claimed it was possible to derive a ‘desymmetrised’
system, finding a subspace such that all unitary symmetries in it were trivial, and only in these
subspaces could the ten Altland-Zirnbauer ensembles occur. Here we elaborate on the effects of
non-trivial unitary symmetries on the spectral statistics of a quantum system, deriving the sym-
metry reduced basis for the system, and show how both of the effects of the spectrum splitting
and desymmetrising the system arise out of the construction of the symmetry reduced basis. We
also discus the process of restricting the time-reversal, charge-conjugation and chiral operators
to the systems constructed through desymmetrisation or the symmetry reduced basis, discussing
how the form of the local symmetry group in the subspace may be inferred based on the corep-
resentation associated to the subspace. This allows the techniques discussed in the section above
for analysing the structure of the Hilbert space and Hamiltonian to be applied to the subspaces,

and the random matrix ensembles appearing in them derived for each subspectrum.

We begin with describing the creation of subspaces in the Hilbert space due to the unitary
symmetries, forming the independent subspectra in the full spectrum, and in the process defining

the symmetry reduced basis for the system.

Let then Q be a quantum system with a symmetry group G = UUaUU~UUrU and projective
corepresentation Rp : G — Autqm(#H) taking G to a set of symmetry operators on H. Let U
contain non-trivial elements. Let G’ be the universal covering group of G found with the pullback
extension. We can happily work with the covering group G’ and its corepresentation R’ onto
Auty, (M), and will in fact assume that we are, relabelling G’ — G throughout with R' — R

giving the symmetry operators.

First we note, that if U C G is a set of non-trivial symmetry transformations mapped to
operators R(u) that are unitary and commute with the Hamiltonian for all v € U, then H and
R(u) share an eigenbasis for all w € U by Theorem Firstly, this means that if |E,,a) is an
cigenstate of H with energy E,, then R(u) |E,,a) = |E,,d') is also an eigenstate with energy
E,,, but it is potentially linearly independent of the original eigenstate. Secondly, the operators

are all simultaneously block diagonalisable.

We consider this block-diagonalised basis. To do this we note that the corepresentation R of
G once restricted to U acts as a linear, unitary representation of U. This can be seen by taking
the matrix form of the corepresentation for U on H = Hy © aHy & 7Hy & YHy, as generated
by the unitary representation of U on Hy by Equation [2.8

R(u) 0 0 0
0 R*(a™! 0 0
R(ueU) = (a7 ua)
0 0 R(n~tur) 0
0 0 0 R*(ytuy)
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The blocks R*(a tua), R(r~lur) and R*(yuy) are still unitary representations of U when R
is, thus by forgetting about the information about the elements R(a € A), R(c € C) and
R(p € P), then R is a unitary representation of U on H, as per the definition of the restricted
representation from Definition We for now ignore the decomposition of the Hilbert space
into’ H = Hy DaHy ®rHy ®yHy however, and consider R as a general unitary representation of
U. This means that the decomposition into irreducible representations can be taken for it, so that

R(u) =B, B~ po(u) with a dimension d, irreducible representation p, having multiplicity s,

in R as a representation.

In this basis, then the eigenstates may be described by three quantum numbers, |a,i,n), [90],
where a corresponds to a unique irreducible representation of U, 1 < ¢ < d, corresponds to a
component in its dimension d, expression, and 1 < n < s, corresponds to the degenerate copy

of the representation. This allows the eigenstates to be written as transforming under U as,

da
w:la,i,n) = R(u)la,i,n) = Z )jila, j,n) . (3.14)

Jj=1

Note that while sharing an eigenbasis with R is enough to guarantee that H is block diagonal
in this basis, it is not enough to assume that H decomposes into exactly the same number of
blocks as R, with the same sizes. That is, we can’t assume that H= D, @f{;l ﬁa, so that there
is one block H, in the decomposition for each copy of p,. Instead we will show that one block
H, corresponds to the combination of all degenerate copies of p, in the decomposition of R, so
H=8,H,.

Identifying the block structure of H in this basis is a case of computing the matrix elements
Hypy for the states N = |a,i,n) and M = |b, j,m) and identifying the conditions for Hyps = 0.

The matrix elements can be computed with the standard expression,

HNM = <a727]|]:]|b jam>

Z (a,i,n|H]|b,j,m),

|U| uelU

where by adding the sum over U, the Rearrangement Theorem from Theorem can be

applied, inserting R(u) into the matrix element while leaving H s invariant. This gives,

NM —

> (ayin[R™ (W) HR(u)|b, j,m)

uelU

Z ST ST (i@)ilp®)); (ayi,n|Hb, j,m) .

uGU 1<k<d, 1<I<dy

|U|

Note that while there is an orthogonality condition on the characters of irreducible represent-

ations, there is also one on the matrix elements of the irreducible representations, [149],

010164
57 D (P (o)) = S (3.15)
ueU @
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Substituting this into the matrix element equation gives,

51161504
Hyu= Y. > %HNM (3.16)

1<k<d, 1<I<d, @

and Hyp = 0 if either @ # b or ¢ # j. Thus, it is not required that (a,i,n|f[|a,i,m) =0
for n # m, and H allows for crossover between different degenerate copies of the irreducible
representation p,. This is our required block structure - the Hamiltonian decomposes into one
block for each unique, non-equivalent irreducible representation of U contained in R. This block
H, contains all the degenerate copies of the irreducible representation p,. This means that if p,
is a dimension d, irreducible representation with multiplicity s, in R, then H, is a dimension

daSq Square matrix.

This also gives the spectral splitting property of the unitary symmetries immediately - each
of the sub-Hamiltonians H, may be treated as an independent system and will have its own
independent spectrum. Being able to isolate the sub-Hamiltonians as independent systems is
also how the ‘desymmetrised’ systems appear - the promised subspace from the previous section
where U, = {I} is trivial, though discussion of why this is will be left to after this basis is formally
recognised as the symmetry reduced basis, [I1], 24], [©90] [110]:

Theorem 3.1.18. Let Q be a quantum system with the extended symmetry group G = UUaU U
YU UnU. Let U > {I} contain non-trivial elements. Let the action of G on the Hilbert space be
given by the corepresentation R : G — Autqym(H), expressed over the basis |1;) by the matriz
Rji(u),
w: i) = Y Ryi(u) [v;) .
J

Let W be the transformation giving the decomposition of the restriction of R to U as a represent-
ation into irreducible components, W : R — @, D", pa. Applying W to the basis |[{y,) gives

the basis |a,i,n) for 1 <i<d, and 1 <n < s,, which transforms under U as

da

u: ‘avian> = Z(pa(u))ji |a7j7n> :

Jj=1

Then, the following occur:

o The Hilbert space decomposes into subspaces, H = @, Ha with
Ho = {|a,i,n)|1 <i<dg, 1 <n<s,) being the subspace spanned by the vectors associated

to all equivalent copies of the unique irreducible reducible representation p, of U

e The Hamiltonian decomposes into the block structure H= P, H, with one block for each

subspace H, in the Hilbert space.

e The energy level spectrum {E;} of Q decomposes into independent subspectra, {FE;} =
P, {Ei}, where {E;}, is the set of eigenvalues of H,.

o Treating H, and H, as forming an independent system, Q,, a local unextended symmetry
group G, can be constructed. G, is also Zy X Zy-graded but has U, = {I}. The inclusion
of g, Yo and w, in G, can be predicted through the Altland-Zirnbauer class of the corep-
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(a) The full Sinai billiard. (b) The desymmetrised Sinai billiard.

Figure 3.1: The Sinai billiard and its desymmetrised form, [25]. Given the full billiard, it has
geometric symmetries U = Dg when there is no magnetic field imposed; by considering only an
eighth of the full billiard, with particular boundary conditions on the two new edges where the
rest of the billiard has been cut away, it is reduced to a subspace where U = {I}.

resentation R, generated by p,, as can be the forms their operators take on H, when local

symmetries or alternatively the form of the universal covering group G, of G,.

The proof of the first two statements regarding the decomposition of H and H is the con-
struction described prior to the theorem. We note that the decomposition and the process of
identifying the necessary transform W are explored further in [IT1], 24 [I10], while [24] [179] show
that it is also possible to go further in restricting the structure of H,, the representation of U on
Hay Re : U — Aut(H,), and the local sub-Hamiltonian,

Ho =C** @ H., R, (u) =15, @ pa(u), H,=H.®I,,.

Understanding the reason why it can be guaranteed that U, = {I} is a little more complicated.
The standard proof is given in [79] by Heinzner, Huckleberry and Zirnbauer, but the most intuitive
reason is to understand that the symmetry reduced basis is heavily linked with the construction
of both the quotient space, G/U and the fundamental domain or desymmetrised configuration
space, [I1], I37], and in these interpretations it is forced that U, = {I} by their definition. That
is, the definition of the quotient G/U is that U = I are equated, while the fundamental domain
or desymmetrised configuration space is the isolation of the subset of the system where every
point fully in the subset is mapped out of the subset by the action of U, bar a few points on the
boundary, [I37]. Again, as it corresponds to the separate process of looking at the configuration

space, and then removing sections of it until there are no unitary commuting symmetries, it is
required that U, = {I}.

This desymmetrisation process done by modifying the geometry is well known, particularly for
billiard systems. A well known example of the Sinai billiard is given in Figure showing both
the full billiard - which is square with the central circle removed and has the unitary symmetry
group U = Dg from its geometry - and the desymmetrised billiard which takes 1/8th of the initial
billiard’s area, but which has no geometric symmetries. Boundary conditions must be imposed
on the new walls where the desymmetrised billiard has been ‘cut’ out of the full billiard, and how

these are imposed allows which of the subspaces H, is being considered to be controlled.
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(a) A quantum graph.

0 0 2—6ij)1<ij<3 O 0 (2—dij)1<ij<s O 0
S — JIES 0 0 0 Sl — I3 0 0 0
o .0 0 I3 0 0 0 (3-3ij)1<i,i<3
0 ($—0ij)1<i,j<3 0 0 0 0 —Is 0
(b) Its uni-directional equivalent. (c) Its form in the symmetry reduced basis.

Figure 3.2: A quantum graph, having a U = Zs geometric mirror symmetry through the z-axis,
and the form it takes in the symmetry reduced basis, identifying the two non-connected subgraphs
within it that can be studied as separate, desymmetrised systems, [16]. Note how they correspond
to cutting the graph in half along the mirror axis, and imposing a new scattering condition at
the cut edges, as was the case for the Sinai billiard.

To establish the link between the symmetry reduced basis and a reduction in the geometry
of the system, it is easiest to consider the quantum graph however, and understand how the
symmetry reduced basis leads to the construction of the quotient graph, [IT], 110]. This is a
model that will be considered further in Chapters [6] and [7} so we give a brief gloss here, but

further details will be covered later.

The quantum graph, an example being seen in Figure consists of a series of quantum
wires connected together at vertices. A quantum particle then exists on one of the wires, and
can travel down them and scatter between connected wires at the vertex. This behaviour can
be described by two matrices - the transmission matrix, T(E), describing the phases picked
up by an energy E particle down the wires, and the scattering matrix, S(F), where S(E)p,p,
describes the probability to scatter from the wire b, onto the wire by; the combination of them as
E(F) = S(E)T(F) can be considered as a time-evolution operator replacing the Hamiltonian in
the system. We note briefly that due to travel in the direction ‘against’ the direction of the wire
being possible, the scattering matrix has twice the dimension of the number of physical wires if
back travel is allowed. We will talk further about the exact definition and interpretations of the
quantum graph and its scattering matrix in Chapter|[6, but for now it will suffice to enforce instead
that instead of having wires with back-travel, we replace each wire with two wires allowing only

unidirectional travel, with their directions of travel in opposite direction as in Figure [3.2D] This
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doesn’t change the scattering matrix, and it allows us to recognise that the scattering matrix
actually encodes the geometry of the system into itself - particles can only scatter between two
wires by, by if they are connected, so Sp,p, (F) is only non-zero when the start of bs connects to
the end of b;.

As = replaces the Hamiltonian in describing the system, the symmetry reduced basis involves
block diagonalising =. As T is diagonal, this leads to block diagonalising S. This leads to defining
a new scattering matrix S’ = €, S,, which is block diagonal. This can then be used to define
a new graph geometry based on the idea that non-zero elements of S, lead to connected bonds.
The block diagonal structure means that different subgraphs end up being created, without
connections between them. These subgraphs can then be studied as separate systems - and are
the above defined geometrically desymmetrised systems. Figure gives the subgraphs derived
from block diagonalising the scattering matrix for the example graph in Figure [3:2D] showing
how it splits into two.

Finally, we discuss how given the subspace H,, we can predict the form of the local unexpended

!
a’

charge-conjugation and chiral symmetry operators. Recall the breakdown of the Hilbert space

symmetry group G, and its covering group G.,, along with the forms of any local time-reversal,
into Hy, and its time-reversed, charge-conjugated and chiral copies, H = Hy®aHyBrHySvHu,

and recognise that if u acts on the state |a,i,n) by

dq
u:layi,n) = Y (pa(u))jila,j,n)
j=1
then the matrix form of the corepresentation generated by p, means that w acts on the time-
reversed, charge-conjugated and chiral states found by applying the operator forms of «, v and

7 in this basis - &, 4 and # - to |a,i,n) as,

2

d
u:élayi,n) = Y (pi(atua))jiéla,i,n)

<
Il
—

d
w:yla,i,n) =y (pa(y”

2

1’“”7))]'1"3/ ‘av i, n>

I~ ~
Sl
-

w:ftla,i,n) = Y (pa(ntur))jift|a,i,n) .

<.
I
—

Asking whether a local time-reversal, charge-conjugation or chiral symmetry exists in H,,
is then the question of whether for a basis state |a,i,n) its copy under either «, v or 7 as
appriopriate is included in H,. Based on H, containing all basis states transforming under an

irreducible representations equivalent to p,, this is then the question of whether p, = p* (o~ lua),

pa = pi(y tuy) and p, = pa(m~tun) are equivalent to p,. This can be solved using the Altland-
Zirnbauer class of the corepresentation generated by p,, using Theorem [2.3.11] [24]:

Theorem 3.1.19. Let Q be a quantum system with extended symmetry group G, and corepres-
entation R on the Hilbert space H. Let the symmetry decomposed basis be taken for Q, so that
R=@@,@D.", pa as a representation of U on H = @, H, with basis states |a,i,n). Let each ir-

reducible representation p, generate a corepresentation of G as R,. Then a local symmetry group
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G, can be defined on H,. As an unextended group, then G, C {I, ag,Va, 7o} where aq, v, and
ma are local time-reversal, charge-conjugation and chiral symmetries according to the inclusion

rules:

o a, € G, if and only if ala,i,n) € Hy < po = p which occurs if Ry is of Altland-Zirnbauer
class AI, AIl, BDI, CII, CI or DIII

e v, € Gy if and only if y|a,i,n) € Hy < po = p which occurs if Ry is of Altland-Zirnbauer
class C, D, BDI, CII, CI or DIII.

o 7, € G, if and only if mla,i,n) € Ha < pa = p which occurs if R, is of Altland-Zirnbauer
class AIII, BDI, CII, CI or DIII.

There are two things to note here. Firstly, while it is possible to ‘kill’ certain types of symmetry
so that A # 0 but o, € G, for example, it is not possible to create new forms of symmetry in
the subsystem if a form of it didn’t exist on the larger system. That is, there are the rules
A=0=0,¢Gs,C=0= v, € G, and P =0 = 7, € G, on the form of G,.

Secondly, if there is a generalised time-reversal, generalised charge-conjugation or generalised
chiral symmetry that is killed in going to the subspace, this instead causes spectral degeneracies,
[24]. That is, for a killed generalised time-reversal symmetry «, p, % pa, so there exists a second
subspace Hg generated by p, so that « : H, — Hz. As a will act as a time-reversal in H,, it can’t
change the spectrum when shifting to Hgz, so there is a degeneracy created with {E;}, = {E;},.
Similarly, a killed generalised charge-conjugation symmetry + will have the subspace H; generated
by pa, v : Ha = Ha acting as the charge-conjugation operator so that {E;}, = {—F;},. Finally,
a killed generalised chiral symmetry 7 will have the subspace Hz generated by po, 7 : He — Ha
acting as the chiral operator so that {E;}, = {—F;};.

We move on to considering the forms of the lifts of the elements «y, 7, and 7, of G, as
operators - which, given the lack of unitary symmetries in the subspace will be the local time-
reversal, charge-conjugation and chiral operators 7:, C, and P, in the subspace H, respectively.
Finding explicit expressions for their forms will require recognising H, as isomorphic to the kernel
space, HX [I1, 24, [110]. The kernel space is defined out of the relation in Equation that
the dimension d, states |ty ;) € Hq for 1 <14 < d, satisfy the action of R being equivalent to the

action p, in the basis,
da

) [Yai) = Y (pa(t))ji [thas) -

j=1
Forming the vector |¥,) out of the individual |, ;) by stacking them vertically on top of each
other,

T
W)= 3 le @ Wasd = (o) - fwas)

1<j<d,

then if the dimension of R is d,., the state |¥,) must satisfy

(Ig, ® R(w) — pL(w) @14,) [¥a) =0  VueU.
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This is equivalent to the relation that

[Wo) € ) ker (Ly, ® R(u) — pf (u) @ 1y,) = HLE.
uelU

If a representation p, has multiplicity s, in R, then HX will then have dimension s,, and as three
quantum numbers a, ¢ and n were needed to label a state previously, another quantum number
n will need to be added here, so that |, ,) for 1 <n < s, then refers to the state related to the
nth degenerate copy of p,.

The kernel space is useful as it allows expressions on H using a map from R to be con-
verted into a map on the subspace by using the relation u : |¥,,,) — (Ig, @ R(w)) [¥an) =
(pf(u) ®14,) [Pan). In particular, there are the relations on the squares of the generalised

time-reversal, generalised charge-conjugation and generalised chiral symmetries so that

a® Wy, = (Lg, ® R(a?)) [V4n)
72 : |‘Ija,n> - (]Ida & R(’Yz)) |\Ija,n>
1 Wan) = (I, ® R(7?)) [Wa,p)

(pg(OzQ) ® Hdr) [Wan)
(Pa (v*) @ La,) [Wa.n)
() @) W)

which will be essential to testing the squares of the local time-reversal and local charge-conjugation

symmetries.

The local time-reversal, charge-conjugation and chiral symmetry operators can then be defined

in the kernel space, [24]:

Theorem 3.1.20. Let G = UUaU U, U UTU be a general Zy x Zs-graded group with corep-
resentation R on the Hilbert space H with the decomposition of R(u) = @, @~ pa(u) as a
representation. Let H = @, HE be the decomposition into the kernel spaces of the Hilbert space.
Let &, 4 and 7 be the global generalised time-reversal, generalised charge-conjugation and gener-
alised chiral symmetry operators. Then there are potential local time-reversal, charge-conjugation

and chiral symmetries 72, C, and P, in the subspace HE which are given by,

S Sa,a ® OA‘ pa(u) = Sa’a[)*(O{_l’U/Oé)Sa_’i
7-(;/ =
AT, as a symmetry otherwise
C = Saqy ®F pa(u) = Sap* (7_1u7)5a_,é
=
/Héa as a symmetry otherwise
75 o Sa;n' ® 7 pa(u) = Sa,ﬂp(ﬂ_lua)sa_ﬂlr
=

AP, as a symmetry otherwise

This also allows us to test the squares of 7;, éa and 73a, and show that the Altland-Zirnbauer
class they predict in the subspace HX is the same as the Altland-Zirnbauer class of the corepres-

entation generated by the irreducible representation p, by any of the methods in Section [2.3.1
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This ensures that the classification of the subspaces is consistent in all methods of calculation,
[24]:

Theorem 3.1.21. Let G = UUaU U, U UTU be a general Zy X Zy-graded group with corep-
resentation R on the Hilbert space H with the decomposition of R(u) = @, D", pa(u) as a
representation. Let H = @, HE be the decomposition into the kernel spaces of the Hilbert space.
Let Gy C {I,4,%a,Ta} be the local unexteneded symmetry group on the subspace HE, whose
elements give local time-reversal, charge-conjugation and chiral symmetry operators Ta, Co and
Po. Then the classification of the subspace according to the Altland-Zirnbauer Tenfold Way is
the same regardless whether it is calculated using the existence of 7;, Co and P, as symmetry
operators and the sign of the squares 0f7A;, Co; or by the classification of the corepresentation R,

generated by the irreducible representation p, generating HX. That is, the following hold:

pa(u) = Sa,ap” (™ ua)Sa (1)”
Sa,aSh o = p(a?)

I FSIA(pa) = ]-7

K =S g-1
—1I FSIA(pa) =1, pa(u) a,af (Oé ua) a0

SuaSia = —pla?)

Ta is not a symmetry FSTa(p,) =0

Pa(t) = Saqp* (v uv)S, L,

SaySa = (%)

a u :Sa * —1 Sl,
B FSIo(p) = -1, pa(u) = Sayp* (Y uy)Se 5
SanSi, =—p(y?)

I FSIC(pa) = ]-7

C, is not a symmetry FSIc(pa) =0

Pg is a symmetry < Indp(pg) =1 < pa(u) = Sg rp(n™ UTF)S !

Proof. Having shown that 7;, C, and P, exist as symmetries according to the Altland-Zirnbauer
corepresentation class of p, in the previous theorem, it is sufficient to prove that when 7. is a
symmetry it squares according to 7'2 =2l & 5405, o = +p(a?) and that when C,isa symmetry
it squares according to 02 I So 45, ., = = +p(7?). These can be calculated directly by their

action on the state [¥g ).

Firstly for Ta,

T2 Wan) = (Sh 0 ®@) (S0 ®a)|¥an)

= (S oSa,a @ &%) Vg )

= (S 0Sa.0 ©1a,) (g, © R(a?)) [Wan)
= (S} oSaa ®14,) (P2 (&) @ 14,) [Wa,n)
= (

(Pa
Sa aS; aPa (a ) ®1a,) |\Ila,n>

which gives the required relation when S, S5 , = £pa(?) is substituted in.
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Equivalently for C,,

C2 [ Wan) = (Si, ®3) Sk @A) [Wan)
i nSan @4%) [Wa,n)

SinSany @ 1a,) (L, ® R(7?)) [¥a,n)
SZKYSGKY ® Lq, (PZ(’YQ) ®1g,) [Yan)

SanSanpa' (V) ©1a,) [Wan)

= (
= (
= ( )
= ( )
= (

which gives the required relation when S, ,.5; , = %p, (7?) is substituted in. O

This means that the link between the spectral statistics of a general quantum system sym-
metric under a Zs X Zs-graded group, and random matrix theory can now be given by applying
the results from Theorem for the case with trivial U to each of the subspaces individually,
11, 24):

Theorem 3.1.22. Let Q be a quantum system with the extended symmetry group G = U U
aUU~UUrU. Let U > {I} contain non-trivial elements. Let the action of G on the Hilbert
space be given by the corepresentation R : G — Autgum(H). Let R(u) = @, B, pa(u) be the
irreducible representation decomposition of R as a representation of U on H. Then the following

occur:

e H=0, HE | the Hilbert space decomposes into a series of kernel spaces, with one subspace

HE for each unique irreducible representation p, of U in the decomposition of R.

o {E;} = U, {Ei},, the energy level spectrum decomposes into a series of independent sub-
spectra, with one subspectrum {E;}, for each unique irreducible representation pg of U in

the decomposition of R.

e H = @f[a, the Hamiltonian block diagonalises, with one block H, for each unique irre-
ducible representation p, of U in the decomposition of R. This sub-Hamiltonian H, has
a structure taken from Table[3.3, with the structure dictated only by the Altland-Zirnbauer

class of the corepresentation R, generated by pg.

Once it is known that the system fulfils the conditions to be compared with random matrix
statistics, as discussed in the section below, this is what leads to the standard result that either the
independent subspectra in a system with non-trivial unitary symmetries match random matrix
statistics; or equating the subpectra to the spectrum of the desymmetrised system, that the

spectrum of the desymmetrised system matches random matrix statistics.

We note the importance of the dependence of random matrix statistics’ dependence on G, and
not G directly. Due to this, and the process of transferring the operators &, 4 and 7 as 7;, C, and
P, with the opportunity to either kill symmetries, or convert them to have the opposite sign when
squared then, though a system may globally have, for example, a bosonic 72 =T time-reversal
symmetry, with the right choice of symmetry group G, it is possible that the subspaces could
display fermionic 7;2 = —I time-reversal symmetry, or even no time-reversal symmetry at all, and

similarily for C and P. This is something that has already been explored - Leyvraz, Schmit and
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’ Class ‘ ﬁa H Class ‘ H,
A AITI _ (0 A
Rt 0
Al eER BDI _ (0 n Jh=h*
T 0
AIT = (’“ h2> CII | = (O, h),h = ( R ks
—hi A% ht 0 —k5 Kk
c (M P c1 A I
—hi A% h* 0
D | =M hy =hl, hg=—hT || DIII (0 A AT =—h
—hy —hT —h* 0

Table 3.3: Canonical structure on the sub-Hamiltonian associated to the subspace HX generated
by the representation p, according to the Altland-Zirnbauer class of the corepresentation R,
generated by p,, [IL 24] 39] [156].

Seligman, [109], demonstrated that a billiard with a global 72 =1 symmetry and with a U = Z3
geometric symmetry had a class A sub-spectrum, while Joyner, Miiller and Sieber, [92], showed
that a quantum graph with U = Qg, G = U X Zs system with bosonic time-reversal had a class

ATI sub-spectrum. However it has only been used in the context of 7 and not C.

The primary aim of this work is to exploit methodology derived from [92] to demonstrate
methods of algorithmically generating a system with any Altland-Zirnbauer class of sub-spectrum
having been given a fixed form of 7 and C as the global time-reversal and charge-conjugation
operators. Understanding how these subspaces are created out of a unitary symmetry group, and
knowing how to predict the structure of H, - and thus the random matrix statistics the subspace
will conform to when this prediction is valid - this is now a question of finding specific graded
groups G with the right properties to generate each subspace, which will be covered in Chapter
and considering when the random matrix prediction is valid to be applied, which is what is

considered now.

3.2 Classical Chaos and Quantum Implications

It was discussed at the end of Appendix [C] how quantum mechanics can be derived by taking
classical mechanics and then substituting operators for variables, and commutators for Poisson
brackets. This means that each Hamiltonian quantum systems has a classical analogue, which
should be recoverable in the classical limit of A — 0 or E — oo per the correspondence principle;
this in turn causes the natural question of whether special behaviour on the classical level carries
over in any way to the quantum version, or if it doesn’t, how this behaviour reappears when the

classical limit is reached in the system.

One of the major behaviours under consideration is the separation on the classical side of
integrable systems and chaotic systems. Integrable systems are characterised by having traject-
ories which are regular in the phase space; that are encased in a subset of the full phase space;

and where trajectories with close initial conditions remain close throughout their path. Chaotic
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systems on the other hand, have trajectories which cover the full phase space; and initially close

trajectories diverge rapidly.

On the quantum side, it is not possible to accurately define a phase-space for the system
or even a trajectory, [73]. This is because in the quantum setup, positions and momenta are
probabilistic and the uncertainty principle excludes knowing precise information about both -
which is required for defining these quantities. Furthermore, without the ability to consider
trajectories in the quantum picture, any properties based on them become meaningless - including
the trajectory-based definition of classical chaos. Thus a direct correspondence between classical
chaos and a quantum version is not possible. However, quantitative work, [25], has seen that
there are commonalities shared in the behaviour of quantum systems with classical equivalents
that are chaotic, and which aren’t present in the systems with integrable analogues. Here we give
an overview of the types of systems which show what is known as ‘quantum chaos’, [I57], and
their universal behaviour, for more detailed discussions see [35, [70] [7T], [73], 115l 157, [170].

First, we introduce some concepts necessary to define a form of classical chaos, [35, [61} [1T8§].
Hyperbolicity is first:

Definition 3.2.1. Let C be a classical system with Hamiltonian H = H. Let X = (p q)T be
the position in the phase space M, with the dynamical system described by the first order set of
differential equations X = F(X). Trajectories in this phase space may be described by an initial
condition Xo and the flow function, ®*, so the position in phase space at time t is X; = ‘I?t(Xo),

describing the time-evolution of the trajectory.

Then, if 6Xq describes a small deviation in the starting point of the trajectory, the time-

evolution of this deviation along the trajectory may be linearly approximated by,

t
OFX) o~ sx, - 0%(X0)

X =
0 oX 0Xo

- 6Xo = M(t,X0)6X,

where M (t,Xq) is a matriz given by the time ordered exponential,
M(t,Xg)="Te / t 8—Fd
,AQ) = Xp ) 8X T.

The vectors 6X; and 60X sit in the vector space which is tangent to the phase space at each
point X, TM(X). Furthermore, a general vector v.e TM(X) in the tangent space has a Lyapnov

exponent given by,
1
AX,v) = lim ~1In|M(t, X)v|.
t—oo

1t is stable if A(X,v) < 0, neutral if A(X,v) =0 and unstable if A\(X,v) > 0.
An invariant subset T € M of the phase space is then hyperbolic if:

e For all points X in I, the tangent space at X, T M(X) decomposes into subspaces according

to whether the vectors in them are stable, neutral or unstable,
TMX)=Ss DSy DSy =8s ® ()F(X) ® Sy

so that the only neutral vectors lie in the direction of the flow.
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e There exists a positive constant k and a positive function C(X,X') such that for each
e; € Ss and e, € Sy, and for all t > 0,

M (1, X)e,| < COXB'X) ! exp(—rt) e,
|[M(t,X)e,| > C(X<I>tX) exp(kt)|eu]
1(®'X) > C(X®'X)y(X)

where v(X) is the angle between the stable and unstable subspaces.

The Lyaponov exponent helps describe the speed at which X grows in time; having A > 0
means that X grows as ¢ — oo. This provides the requirement for trajectories to diverge rapidly,

given a small difference in their initial conditions.
Ergodicity then makes sure the phase space is covered sufficiently well:

Definition 3.2.2. Let C be a classical system. It is ergodic if for all observables F(q,p) on a
trajectory through the phase space, the time average of F' is equal to the average of F' calculated

over an enerqgy shell,

e _ [ dula,p)
| /OF(q(t),p(t))dt— / G F(a,p),

T—oo T

where du(q, p)/Q is the Liouville measure; du(q, p) = dqdpd(H(q,p) — E) and Q = [ du(q, p).
Definition 3.2.3. Let C be a classical system. It fulfils the weakest form of chaos if it is hyperbolic

and ergodic.

This is one definition of chaos, there are in fact many ‘levels’ of chaos which have different
strengths of requirement, [71, [127], and there is much discussion over what level of chaos is
required for the BGS-conjecture, [25] [154].

Quantitative study has considered a number of chaotic systems, either experimentally, [25] [45]
80, 107, [T08), 128, 13T}, 134}, 153 158, [I78] or numerically, [36, 92, 07, [141]. In each of these cases,
when the energy level spectra for these systems is plotted a universal behaviour is found, namely
that the energy levels repel each other, and the probability to find two levels close together is
small when compared to that given by the Poissonian distribution which describes the energy
level statistics of an integrable system according to the Berry-Tabor conjecture, [22]. This is
demonstrated in Figure by plotting the probability for two consecutive energy levels to be
separated by a distance s = E;11 — F;, showing that once normalised to have a mean of s = 1,

then there is a very low possibility to have s = 0.

The combined work of Wigner and Dyson, and Bohigas, Giannoni and Schmidt, [25] [51],
175], posits that generic chaotic quantum systems display these universal behaviours, and they
occur because over an ensemble of similar systems, the Hamiltonians are statistically distributed
according to one of three random matrix ensembles - the Gaussian Unitary Ensemble or GUE;
the Gaussian Orthogonal Ensemble or GOE; and the Gaussian Symplectic Ensemble or GSE.
Matching the universality of the statistical behaviour, the exact ensemble a system’s statistics
matches can’t depend on the method used in the lab to implement the system, or any of the
choices of parameters such as size or material, but an over-arching property of them - this is seen

to be the behaviour of the system under its time-reversal operator, T.
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(a) Spacing distribution for a system with a broken time-reversal symmetry, demonstrating universal behaviour corresponding to
the GUE ensemble. The system considered is a microwave cavity implementation of the LSS billiard, [44].
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(c) Spacing distribution for systems with a
E —I symmetry, demonstrating universal
behaviour corresponding to the GSE ensemble.
The systems considered are a Hamiltonian with

(b) Spacing distribution for systems with a T2 =1

symmetry, demonstrating universal behaviour cor-
responding to the GOE ensemble. The systems con-
sidered are the Sinai billiard, [25], (a); the Hydro-

gen atom in a magnetic field, [80], (b); excitations
of the NO2 molecule, [I78|, (c); acoustic resonances
of a Sinai-billiard shaped quartz block, [128], (d);
chaotic microwave cavity, [45], (e); and a quarter-
stadium billiard vibrating plate, [108], (f).
from [157].

Picture

quartic potential, [36], (a); the spin-1/2 kicked
top, [141]; and the spin-1/2 quantum cat map,
[97], (c) - which is described as CSE, but is equi-
valent to the GSE ensemble.

Figure 3.3: The probability distribution for the distance between consecutive energy levels for several systems
in either the three universality classes of GUE, GOE and GSE. Note how in each case the probability for close
levels is small - this is the level repulsion that occurs in all the spectra of chaotic quantum systems.
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’ Class ‘ Ensemble H 72 c? Ped ‘ Class ‘ Ensemble H T2 C? Ped

A GUE T¢G C¢G No | Alll | ¢hGUE || T¢G C¢€G  Yes
Al GOE I C¢ZG No | BDI | chGOE I I Yes
All GSE -1 C¢G No CII | chGSE —I —I Yes
C AZ-C T¢G I No CI AZ-CI I —I Yes
D AZ-D T¢G 1 No | DIII | AZ-DII —I I Yes

Table 3.4: The ten random matrix ensembles a Hermitian chaotic quantum system’s statistics
can match according to the form of G and the squares of T, C.

Conjecture 3.2.4 (BGS-conjecture). Let Q be a generic quantum system corresponding to a
classical system that is chaotic. Let Q be symmetric under at most a time-reversal operator T.
Then the energy level spectrum has statistics identical to the GUE random matriz ensemble if Q
is not symmetric under T : the GOE ensemble if Q is symmetric under T and T2 = 1; and the
GSE ensemble if Q is symmetric under T and T2 = —I.

There is no proof of this conjecture, however it is widely believed to hold - bar for a small
set of counter examples such as the quantum star graph, [I7] - and it has been supported by
numerous numerical and experimental tests. Current work towards a proof is summarised in

[70, [170], and a proof for the specific system of the quantum graph can be found in [62, 130} 159].

The proof that generic classically chaotic systems can be statistically modelled by a random
matrix ensemble may not exist yet, but accepting that they take upon a statistical behaviour,
then from the earlier parts of this chapter, it should be clear why the three ensembles are given
by the behaviour of the system under time reversal - Theorem [3.1.17] describes how the Wigner-
Dyson class of the Hilbert space restricts the form of the Hamiltonian to one of three types of
matrices; the ensembles GUE, GOE and GSE merely consist of taking the random matrices fitting
each of these restricted forms of Hamiltonian. This concept and the ensembles themselves will

be discussed further in the next chapter.

With the addition of the allowance of systems to be symmetric under C and 75, [5L 6l 146,
166l [167], so the energy level spectrum is symmetric around 0, the universal behaviour of level
repulsion between neighbouring energy levels remains, but an additional repulsion from a level
E feeling its negative equivalent —FE is felt close to 0, modifying the density of states behaviour,
[73, 85], and causing deviations away from the semi-circle distribution for E ~ 0. In this case,
the BGS-conjecture is assumed to still hold, but is expanded to include an extra seven ensembles
to account for the extra seven classes in Altland-Zirnbauer’s classification of symmetry groups of

the form G C {H,'f', CA,75}:

Conjecture 3.2.5. Let Q be a generic quantum system corresponding to a classical system that
is chaotic. Let Q be symmetric under a subset of operators from {72, C, 75} Then the energy
level statistics of Q are universal to the choice of subgroup of G C {H, T.C. 75} and the squares of

'i', ¢ if T, C are in G, and correspond to the eigenvalue statistics of a random matrixz ensemble
gwen as in Table[3.4)

A full description of the new ensembles will be given in the next chapter.

Again, there is strong numerical evidence for the conjecture holding, [24], 56l [64] [94], however
experimental tests have been limited to only the classes AIIl, BDI and CII for now, [136]. It is

for this reason that we aim to find a set of systems which could be tested in the lab for each
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of the remaining ensembles, to allow experimental testing of the BGS-conjecture for the rest of
the Altland-Zirnbauer classes. This will not prove the conjecture, but it will provide further

supporting evidence.
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4.  Random Matrix Theory

Given a quantum system and its Hamiltonian, a common question is to identify the energy level

spectra {E,}, or the set of eigenvalues of the Hamiltonian,

This is due to the fact that for many complicated systems, the energy level spectrum is one of the
easiest measurements to make on the system, such as using neutron resonance spectroscopy to find
the energy levels of heavy nuclei, [I15]. However, despite the ease of the physical measurement
in many of these systems, comparison to the theoretical prediction is difficult as the form of the

Hamiltonian may only be approximable, or it may be entirely unknown.

This is the problem that physicists were faced with in the mid twentieth century. As discussed
at the end of last chapter though, experimental data showed that for at least the set of systems
whose classical analogues were chaotic, there were universal behaviours in the spectra - namely
level repulsion - and it was theorized, [25], that when an ensemble of systems is taken, the statistics
of H of would match the statistic of an appropriate ensemble of random matrices. Thus, while

the exact spectra { £, } remains unknown, its statistical properties are derivable.

The motivation is thus: the Hamiltonian of a system must be a complex Hermitian matrix, and
thus lies within the set h = {H € CN*N | H = HT} when expressed as a matrix. If a probability
measure dH can be appropriately expressed on this set, then if the Hamiltonian isn’t known,
random drawing from b must give a probability distribution P(f[ ) on the Hamiltonian for an
ensemble of systems, the ensemble representing a collection of systems with the same structure
but with randomly drawn parameters. If the statistics P(fI ) are known, then the statistics of
the energy level spectra can be derived to give a joint probability distribution P({E,}) for the

spectra.

This is the generic case, where no further restrictions on the structure of H have been given,

and by defining an entry

hir hiz ... hyn-1) han
hi, R oo hov— h

o . (1)
PMin hon - h'>(kN71)N hw

where h;; for j > ¢ are N 2/2 — N independent identically distributed complex Gaussian random

variables and h;; are N independent identically distributed real Gaussian random variables, [73],
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and taking a suitable measure dH over the matrix space then the Gaussian Unitary Ensemble is
defined, [70].

In the case where there is further structure on the system, expressed as a set F = {f;} of
functions such that fl(ﬁ ) = 0 then the set of possible Hamiltonians reduces to
b = {H c CN*N | fi{(H)=0VYf, € F, H= HT} C bh. Given another measure dH, a new distri-
bution P(H) can be defined for the Hamiltonian and a new joint distribution P({E,}) for the

energy level spectra.

This case is particularly applicable for systems with symmetry groups - Theorem [3.1.22] has
already discussed how structure is imposed on H, according to the Altland-Zirnbauer class of
the corepresentation R, generating H,. These ten classes now define ten ensembles of random

matrices.

The first three ensembles, given by classes A Al and AII, describe systems with at most time
reversal symmetry, T = 41, with the restriction set F' = {[7’, ]} These were the first random
matrix ensembles discovered by physicists, [50, 5T} 172, [175], and are collected under the name
of the Wigner-Dyson ensembles. They have been well discussed in the literature, [511 [73, [115],
and will be considered in Section [l

The next three ensembles are given by the classes AIIl, BDI and CII which describe systems
which have at either both time-reversal and charge-conjugation symmetry whose squares match,
T2 =_C%=+lwith F = {[7’, 1, {67 }} or who have only chiral symmetry, F' = {{75, }} These
ensembles are known as the chiral ensembles and were introduced in [146] [166] [167] to explain

the behaviour of the spectra of the QCD Dirac operator.

The final four ensembles were introduced by Altland and Zirnbauer to explain the spectral
behaviour of particles in systems with a super-conducting region, [5l [6]. These four systems split
into two types - the two ensembles generated by the classes C' and D describe systems with at

most charge-conjugation symmetry, ¢ = +I, F = {(f, ~}; while finally DIII and CI generate
ensembles where the restriction set is F' = {[7’, 1, {é, }} with 72 = —C? = +I so that while

both time-reversal and charge-conjugation exist as symmetries, their squares have the opposite
parity. Together, these four classes may be called the Andreev classes due to their applications
to Andreev scattering, [64], or with the previous three ensembles are they are now collectively
known as the additional seven Altland-Zirnbauer ensembles, [73], though Zirnbauer recognises
that they introduced only four of the seven ensembles now commonly attributed to them, [I80].

These seven ensembles are discussed in Section .21

In the following sections, the properties of each random matrix ensemble will be discussed
further, as well as methods of identifying which ensemble statistics an experiment’s measured
spectra is displaying. This will involve discussing key observable properties of the spectra includ-
ing the nearest neighbour spacing of the eigenvalues, the probability distribution of the smallest

eigenvalue and the local density of states around 0.

4.1 The Wigner-Dyson Ensembles

The Wigner-Dyson ensembles were introduced to describe the statistics of systems with at most

time-reversal symmetry, [50) 51} [T72, I75]. These are systems for which the symmetry group G
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is not only Zs-graded, G = U U aU, but G C {I,a}. In this case, as the lift T of requires
[’7', H ] = 0 when « is a symmetry, H sits in the commutant of the corepresentation R of G acting
on H by Definition [2.2.9] This was part of Theorem [3.1.16]

Knowing the allowed forms of the commutants of a Zs-graded group from Theorem [2.2.11

and Table this is the requirement that if the irreducible projective corepresentation R of G

is of class A, Al or AII then H € CN*N RNXN op HN*N pegpectively; or by Theorem
the ensemble b’ is defined as the following sets:

Class of R b’ Ensemble Name
A {HeC"*N|H=H"} Gaussian Unitary Ensemble (GUE)
Al {HeCN*N |H=H"H=H"} Gaussian Orthogonal Ensemble (GOE)
h h
AIT {H € CHeM g — ( ! 2 } Gaussian Symplectic Ensemble (GSE).
—hy hi

The ensembles themselves are named after the types of matrices which the set forming the

ensemble b’ is invariant under conjugation by, [156],

GUE =VYUcU(N), Hecy U 'HU ey
GOFE =YOcO(N), Hey O 'HOcy
GSE =VSeSp(N), Hey S 'HScy

so that the GUE ensemble is invariant under conjugation by all unitary matrices; the GOE
ensemble is invariant under conjugation by all orthogonal matrices; and the GSE ensemble is

invariant under conjugation by all symplectic matrices.

The measure dH on §’ for each Wigner-Dyson ensemble can be derived from the decomposition
H = M~YEM where M € U(N) for the GUE ensemble; M € O(N) for the GOE ensemble and
M € Sp(N) for the GSE ensemble. The measure for H must then combine a measure over the

eigenvalues F; of H, and a measure over M. The measure is given by, [70],

1 GOFE
dH = |A{E DI dEdWU(N;B)),  B=39 GUE

4 GSE

where [ is a parameter denoting which of the three ensembles is being considered, and which will

occuer in several key places in later equations; A({E,}) is the Vandermont determinant,
A({zn}) = [J(@r — 2);
k>l

and du(U(N;B)) is the Haar measure over SO(N) for 8 = 1; U(N) for 8 = 2; and Sp(N) for
B = 4. These measures are given by, [40],

Ly fO0AOD = [ f(el,...,em( I

1<j<k<N

esz _ ezej

2\ [, dd;
) NJI(Qﬂ')N 42)
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Mdu(M _2(N_1)2 ) , , o) y
/SO(2N>f( )i )—W/[O,,F]N FOr,.08)  TT (cosbr —cos;)* |dos ... do (4.3)

1<j<k<N

oN? N 9
M)dp(M) = —— - )2 in2 (2
/so<2N+1> DD = T /[o,rr]N (f(eh o) I (cost meostp)® [ ] sin ( 2 )> W

1<j<k<N h=1
(4.4)

N2 N
/Sp(zN) F(M)dp(M) = ﬁ »/[O,W]N (f(91, ...0N) H (cos By, — cos ;)2 H sin? (Gh)) doy ...doN

1<j<k<N h=1
(4.5)
with 6; being the eigenvalues of M. This then gives the Haar-contribution to dH for the GUE,
even-dimension GOE, odd-dimensional GOE, and the GSE ensemble respectively.

The probability distribution for a N x N Hamiltonian H with an average distance dy between
each of its eigenvalues is then given by, [14],

_7T25

P(H)dH x exp <4N52
0

Tr H2) dH.

In most cases, the normalisation dg — 1 will be taken.

The argument for the distribution being dependent only on the trace of H is based on the
fact that P(H)dH must be invariant under the same types of transformation that H is - that is
conjugation by matrices in U(N), O(N) or Sp(NV) as appropriate. Combined with the requirement
that each entry in the Hamiltonian drawn from the Gaussian distribution is independent, then

there is the following theorem, [I15],

Theorem 4.1.1. Let b’ be an ensemble of matrices invariant under the transform
AT'HA=H VHepy

where A € U(N),O(N) or Sp(N). Then the probability distribution for H must be given by a
function of the form
P(H) =exp(atr H* + btr H + ¢) (4.6)

fora,b,c € R and a > 0.

The restriction to b = 0 for the Wigner-Dyson classes is decided by explicitly testing the 2 x 2
case and assuming that the result must hold for any N, [73]. The value of ¢ can then be found as
the necessary normalisation constant. This is not the only time an assumption that the results
calculated for the dimension two case are universal and can be applied to any N will appear,
as it will form the Wigner Surmise for calculating the nearest neighbour spacing between the

eigenvalues.

From P(H) the joint energy level distributions are derived as, [73], [115],

P{ENA{E,} = Cn sl AUED) | T exp (—BER/4) dE;. (4.7)
k

Note that due to Kramer’s degeneracy energy levels will have degeneracy d = 2 in the GSE
case; while d = 1 for GUE and GOE. It is only necessary to take the unique eigenvalues in the

computation, so energy levels are not double counted in the GSE case. It holds generally that
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Figure 4.1: Probability distribution for the normalised spacing of the energy levels of the three
Wigner-Dyson classes, compared to Poissonian statistics. Note the low probability for states to
be close - this is the appearance of level repulsion. See for example [73] [1T5].

there are no points in the spectrum that have a degeneracy greater than d, so all eigenvalues
have the same degeneracy. The reason for this will be seen when the level spacing distribution is
plotted - the probability to have very close eigenvalues is vanishingly small, so degenerate eigen-
values are highly unlikely. These near impossible occurrences in a generic system are known as
‘accidental’ degeneracies when they happen; however there do still exist specific systems where
the probability of eigenvalue degeneracies diverging from d is large. These systems must be inten-
tionally constructed through parameter space searches, and are described as having ‘diabolical’
points when the degeneracy of an eigenvalue is greater than d, [23]. It will be possible to assume
that we are not working in a system with diabolical points, as the probability of finding one

randomly is near-zero.

The first distribution of interest is the spacing distribution. Defining the normalised distance
between adjacent eigenvalues as s; = (E;+1 — E;)/dg, the probability distribution of s can be
explicitly calculated for the N = 2 case; and according to the Wigner Surmise, this NV = 2 distri-
bution serves as a sufficiently good approximation of distribution for any N for most purposes,

[73]. This gives the approximated spacing distribution as,

™8

Peor(s) = > exp(—ms”/4)
3252
Peug(s) = 2 exp(—4s”/7)
18 .4
Posg(s) = 36Texp(—6452/971'2).

Here 0y is the mean level spacing averaged over the bulk of the spectra, dg = (E;y1 — E;);
E; < V/N for very large N so that the distribution P(s) is normalised to have mean 1. The
spacing distribution is then the first indicator used to identify which random matrix ensemble an
energy level spectra corresponds to, as it gives a simple to calculate distribution, with three very
characteristic forms as shown in Figure It will be applied in this manner in Chapters [6] and

[7 taking simulation data and comparing it to the analytical predictions.

The second distribution to be calculated is significantly less useful as an identifier for telling
the three Wigner-Dyson classes apart - as it is identical in all three classes - but still has important

application. The average density of states can be calculated by taking the average value of E;
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Figure 4.2: The eigenvalues of a 10000 x 10000 real symmetric matrix from the GOE ensemble
showing the semi-circular distribution of the eigenvalues.

over an ensemble of H in b/,

(d(E)) = <ﬁ ([ dEi)P<{En}>>

=2 H

By the Wigner Semi-circle Law this gives a semi-circular distribution, [24],

1.1/62 = (ZE9)* |E| < 4,/2N%
<d(E)>: 52 0 (QN) | ‘— wd (48)

0 otherwise

for each of the GUE, GOE and GSE ensembles. An example of the GOE case is given in Figure
The semi-circular shape of the density of states is a global property of the random matrix
ensemble, and thus won’t be seen in any local densities calculated from generated simulation data.
It is possible to use the data to take the two-point correlation function R(z) = 62(d(E)d(E +
xdp)) g of the average density of states, and the Fourier transforms K;(7) and Ks(7) of d(E)
and Ry respectively as the spectral form factors; these will also have a different characteristic
form for each of the Wigner-Dyson ensembles, allowing them to be used to identify the different
ensembles in the data, however as we don’t apply them to our numerics, we won’t discuss them
further. Information about them may be found in [64} 67 (73], [115].

The normalisation A\, = E, /dy used to calculate the nearest neighbour spacing distribution
with mean one is a simplification of the procedure of unfolding the spectrum, which holds only
where the average density of states is constant. Unfolding is necessary as the nearest neigh-
bour spacing is supposed to show local fluctuations in the eigenvalue distribution, while the
density of states shows global fluctuations. An accurate study of the local fluctuations thus
needs the global effects removed to be accurate, which is done by unfolding the spectra, or
dividing each eigenvalue by the local average density, E, — \, = E,/d(E) with d(E) =
{E; € [E— AE,E + AE]}|/2AE, [73]. This will be very near to a constant d(FE) ~ & when
N is very large and away from the edges of the spectra, but when near to the edges of the spectra
for small N, or in cases where d(E) varies greatly throughout the spectrum - such for the seven

Altland-Zirnbauer ensembles - the properly unfolded spectrum should be used.
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Figure 4.3: The probability distribution P, of the smallest normalised eigenvalue z.

Numerically this process also changes, taking the evaluation of the counting function N(E),

which is the number of eigenvalues smaller than E, [67],

1 x>0
E — N(E) = Z 0(E — E;), 0(x) =405 2»—0 (4.9)
Eje{E;}
0 z <0

as the unfolding.

Finally, the distribution of the first positive normalised eigenvalue x is calculated, giving
the energy gap, or the probability that there is a distance x gap between zero energy, and the
lowest energy level in the system. It is found by assuming that F; = x is the smallest eigenvalue

eigenvalue, and then calculating the probability all other eigenvalues lie in the range (z, c0), [123],

Poin(z) = ﬁ f[z </j d)\i>P({)\n}).

By [56], the integrated smallest eigenvalue distribution Imin(z) = f; P(2')da’ can instead be
related to the level spacing distribution by

Lnin(z) = /0 " sP(s)ds + 2 /

for the Wigner-Dyson classes. Substituting in the level spacing distributions for each class, this

o0

P(s)ds

gives the integrated distributions as,

Ipin,a(z) = 1 — exp(—4a®/7) + werfc(2z//T)

Inin,a1(z) = erf(ay/m/2)
Inin,arr(z) = 1+ zerfe(8z/3y/m) — (1447z* + 817°) exp(—642° /97) /(97)>.

Again, this distribution has a form highly characteristic to each ensemble, so given a set of
experimental data, it is possible to compare it to the theoretical forms of Iy, (z) and identify the
corresponding ensemble which would have generated it. The distributions are plotted in Figure
The smallest eigenvalue probability distribution has also been taken, by differentiating the
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integrated distributions to get,

Poin, a(z) = wa_ 1 eXp(—4x2/7r) + erfe(2z/+/)

Pmin,AI(x) = eXp(—$27T/4)

16 exp(—642/97) N 32exp(—64x?/97)x(642? + 27x)

Pa — orf
min,A11(x) = erfc(8z/3/T) o e

It will be seen in the applications to the simulation data that it is essential to plot both, as
small errors in the estimated probability distribution near zero can have a serious impact on the

integrated form.

4.2 The Altland-Zirnbauer Ensembles

Wigner and Dyson described systems with at most time-reversal symmetry, but as random matrix
theory was extended to cover systems with charge-conjugation or chiral symmetries, it became
necessary to add seven additional classes of ensembles to their original three, [5, 6] 146 166} [167].
These seven ensembles are generally known as the seven Altland-Zirnbauer ensembles in addition
to the Wigner-Dyson ensembles, as Altland and Zirnbauer were the first to consider the ten
ensembles together in the context of a complete classification of the possible statistics of chaotic
quantum systems with at most time-reversal, charge-conjugation and chiral symmetry, [0, [179].
The completeness was expected but not proved initially, but it has since been shown that the ten
random matrix ensembles considered by Altland and Zirnbauer are indeed the only ten ensembles

the statistics of a chaotic Hermitian quantum system can match, [79, [95].

The seven new ensembles arise in the case where a quantum system has a Zs x Zs-graded
symmetry group G with G C {I, ,v, 7} and and at least one of v, 7 is included in G. In this
case, then for the lifts of o, and 7 to 7, C and P to be symmetry operators, it is necessary
[T, H] =0, {(f, I:I} =0 and {75, I:I} = 0 respectively. This leads to Theorem|3.1.16] which states
the Hamiltonian must sit inside the super-commutant Z(R) generated by the corepresentation
R of G on the Hilbert space . Applying Theorem to use the matrix forms of the super-
commutants, then §’ is defined as in Table

Note how the matrices all have a 2 x 2 block matrix form (4 B), this is because the Hamilto-

nians can be expressed as occurring over the particle-hole space, so the blocks represent trans-
formations either preserving or inverting the particle or hole space. The different ensembles then
correspond to different relations between the matrices A and D, and the matrices B and C.
In the classes AIIIl, BDI and CII, only the off-diagonal matrices are non-zero, and the entire

Hamiltonian can be expressed through the choice of a single matrix C.

When it comes to ensemble names, there are no agreed upon names for the ensembles generated
by the classes D, C, DIII and CI, so we will use the Altland-Zirnbauer labels for all seven classes
throughout. The classes AIII, BDI and CII do have special ensemble names however, and generate
ensembles known as the chiral GUE, chiral GOE and chiral GSE ensembles, as they continue to
be invariant under transformation by unitary, orthogonal and symplectic matrices like for the

GUE, GOE and GSE ensembles, however the transformation is no longer conjugation by a single
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Class of R H Z(R) ‘

b’ H Ensemble Name
0 C
H =
AITI Cit H € C2Mx2M (m o) Chiral GUE (chGUE)
H = Ht
o ( 0 C>
A\t
BDI || C? H e C2Mx2M o Chiral GOE (chGOE)
H = Hf
H = H*
b ( 0 C)
ct o
CII CIE, H e C2Mx2M oo < ky k2> Chiral GSE (chGSE)
—k3 ki
H = Hf
A B
H =
C 01152 H c (CQJWXZZVI (B* —A*> AZ_C
H=Ht
o ( A * BT>
D Cit | { Hecamxam —Br -4 AZ-D
A=At
B=-BT
0 B
CI CIR H e C2Mx2M |7 = <B* 0) AZ-CI
H=Ht
0 B
H =
DIIT CIE H € C2Mx2M <_ B* o> AZ-DIII
H = Hf

Table 4.1: The ensembles b’ for each of the seven Altland-Zirnbauer classes, [II 24| [39] [T56].
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matrix and involves two matrices acting on the sub-block C in H, [156],

chGUE = VYU,V €U(N), Ccl/ UCV ey
chGOE =V0,Q e O(N), Cel/ 0CQ ey
chGSE =VR,Se€Sp(N), Cel’ RCS‘'ecp

The probability distribution on H for the Altland-Zirnbauer classes retains the same general
structure as the Wigner-Dyson classes, being proportional to the exponential of Tr H?, however

there is now an extra factor of 1/2 in the exponential, so that, [14],

P(H) x exp (W2ﬂ TrH2>
8N G2
describes the probability distribution for an N x N Hamiltonian with mean level spacing dg.
Clearly, § remains an important variable distinguishing the behaviour of the different ensembles,
and its value for each class can be found in Table however when the joint eigenvalue distribu-
tion is calculated, it is seen that these ensembles pick up a second indicator variable - a - which

describes the repulsion of an eigenvalue from its negative copy,

P({EL})AE = Crv .o A E))| T] 1Bl exp(~E3 /4)dEy. (4.10)
k

It is noted that the Vandermont determinant is now dependent on EJ2 not E; as well. Also, the

correct measure for the set is still the Haar measure.

The values of « possible for each ensemble are also plotted in Table It is noted that for
the ensembles AIII, BDI and CII, a does not have a fixed value, but depends on the parameter v,
which is the degeneracy of the zero-energy level eigenvalue. We note that while it is guaranteed
that every non-zero eigenvalue has the same degeneracy d - as per the case for the Wigner-Dyson
ensembles - the zero eigenstates have a special position as the only eigenstates which can be
transformed into themselves under the action of ¢ and P. This and their triviality in terms of
the eigenvalue equation allow them to take on a totally different degeneracy number than the
rest of the system. The possible values of v are also a characteristic of the ensemble - the classes
C and CI can never have a zero eigenvalue, whereas the classes D and DIII may have an at most
a degeneracy 1 zero eigenvalue. On the other hand, the classes AIII, BDI and CII may have any
natural number of zero eigenvalue eigenstates. The number of zero-eigenvalues the system has
will affect the density of states, and thus the smallest eigenvalue distribution, so it is important

to track it in addition to «.

There are then four numbers describing the characteristic behaviour of an Altland-Zirnbauer
ensemble - v, d, 8 and « which for each ensemble can take the values in Table

The characteristic distributions described for the Wigner-Dyson classes are again considered.

First is the level spacing distribution. The level spacing distribution must be calculated in the
bulk of the spectrum, away from zero. In this area, where 0 is far way, the effects of the spectral
mirror symmetry are small, as an eigenvalue is too far way from its negative counterpart to be
repelled from it strongly. Due to this, the level spacing distributions for the Altland-Zirnbauer
ensembles will match the distribution of the Wigner-Dyson ensemble which has a matching £
value. For the classes BDI and CI this is then the GOE ensemble; the classes AIIl, C and D will
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AlIT BDI CII ¢ D CI DIII
v|012... 01,2,... 0,1,2,...1 0 0,1 0 0,1
d 1 1 2 1 1 2
I} 2 1 4 2 1 4
« 14+ 2v v 3+ 4v 2 1 1

Table 4.2: The four parameters which can be used to describe an Altland-Zirnbauer ensemble,
given the general form, v, ,d, § and «, [14].

match the GUE statistics; and the classes CII and DIII will match the spacing distribution of
the GSE.

The mean density of states however does show significant divergence from the Wigner-Dyson
ensembles as the level repulsion between the positive and negative energy levels causes large
fluctuations away from the Wigner Semicircle near E = 0. These fluctuations can furthermore
be seen in the local density of states near zero, meaning that they that they can be used as a
comparison for simulated experimental data, helping to identify which of the ensembles appears.
The characteristic forms for the fluctuations in the local mean density of states near 0 for each

Altland-Zirnbauer ensemble are given by, [85],

WEN artr = LE 2wl B = Jyr (I ED s RIBD) + 08B (41)
(A(E)) 51 = 5 (x| BI(L (7| = Juor (2 E]) i (] ED) (4.12)
+J, (x| E) Ry (| ED)) + v6(| E]) (4.13)

(d(E)orr = 5 (27 B|(J3,(2x|E)) = Jay—1 (27| B]) Joy 1 (2| E) (4.14)
+Jo, (27| E|) Ra, (27| E|)) + vé(|E|) (4.15)

(d(E))c =1~ W (4.16)
e =1+ 2 4 () (17)
(d(E)or = 5 (7| (J3(x|EI) + JE(x|EI) = Jo(r|E)Ji (x| EI)) (4.18)
(d(E))pirs = 5 (2r|E| (Jo(2r| I} (2x|B]) + J3 (2| E))) (4.19)
+(=1)"J1(27|E|)) + vo(|E)) (4.20)

with

The cases for v = 0, N large are plotted in Figure[£.4] Note that in each case, the eigenvalues
are repelled from 0 or attracted to it, often with oscillations continuing away from zero and
gradually decreasing, and in every case the distribution is symmetric. All of this extra behaviour
comes from the interaction between an energy level and its negative copy so that they repel each
other, along with the change of the Vandermont determinant to use the square of the energy
levels. Due to this, the oscillations fade away as |E| increases, and the system begins to behave

more like a Wigner-Dyson ensemble.
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Figure 4.4: Average density of states about O for the normalised energy spectra A when v = Ny = 0 and N
large.
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These distributions will also have characteristic forms of Ra(x), the 2-point correlator of
the density of states, and K;(7) and K»(7) the spectral form factors. However, without their
application to the later numeric simulations, we leave discussion of these distributions to [64] and
the references within. Note that K5 is dependent only on the value of § for the ensembles, so like

the level spacing distribution, it will reduce to one of the forms of the Wigner-Dyson ensembles.

The distribution of the smallest positive eigenvalue will prove to be the most useful method of
identifying which of the different Altland-Zirnbauer ensembles appear in the simulated spectral
data of the systems in Chapter[7] With the chosen example systems of Quantum Graphs and Dirac
Graphs, where the first NV eigenvalues F; are identified by identifying all N roots of a function ((F)
in a range [0, o N], the smallest eigenvalue distribution requires the fewest number of runs of the
root finding algorithms, and is thus computationally the fastest to return results. Quantitatively,
it was possible to return calculated smallest eigenvalue distributions for the example systems
in Chapter [7] in under an afternoon per class, while the mean density of states required several
days worth of computation for still poorer agreement between the simulations and the theoretical
predictions. Use of the smallest eigenvalue distribution as an indicator for the Altland-Zirnbauer
ensembles is not without precedent either - the distributions of the edges of the spectrum of
random matrices has seen much dedicated study, [123], 162], [164], with its use as an indicator
function for the different Altland-Zirnbauer classes in [56], and its use to identify deviations away
from ‘pure’ Altland-Zirnbauer ensembles appearing in [125]. Away from the Altland-Zirnbauer
classes, the smallest eigenvalue distribution has been applied to checking simulated data against
the random matrix theory predictions for the chSE ensemble, [I5], Laguarre ensembles, [123] and

the 8-Wishart-Laguerre ensembles, [106], this being a non-exhaustive list.

We now identify the smallest eigenvalue distributions for the Altland-Zirnbauer classes. Sub-
stituting the joint eigenvalue distribution for N unique positive eigenvalues for the Altland-

Zirnbauer classes into the general form for the smallest eigenvalue distribution gives the distri-

bution,
1 e
Prin(2) = E; |\P{E
min (@) (Nl)!g(/r d ) {En})
Cz®e—B"/4 oo\ N—-1 5 N X P
e S R | O S e

2<i<j<N k=2

which after the change of variables y, = (E7,; — x?), dyx = 2Ej11dEj41, m = (o —1)/2 and
n=N—1is, [123, 164,

Caoe=NBa?/4 [ oo\ ™ 6T 2ym, B —N
. e s m, B~ N By /4

1<i<j<n k=1

The integral is a constant in the cases m = 0 = « = 1, giving,
Prnin() = C'(N )% e AN

and thus can be dropped in favour of calculating the normalisation of P(x) directly, so that the
distributions for AIII, CI and DIII for v = 0, N — oo are given by,

Inin A111, v=0(7) = 1 — exp(—n2*/4)

Imin c1(x) = 1 — exp(—7?2?/8)
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Iin DIIT, =0 = 1 — exp(—m°2?/2)

where the correct values for the constants are taken from [58]. The results for the classes BDI and
CII have been found through multiple methods including Vandermont determinant techniques,
[167], and the QCD partition function, [42], and are given by, [125],

Inin BDI, v=0(z) = 1 — exp(—n°2* /8 — 72/2)

Inin c11(x) = 1 — cosh(mz) exp(—w2x2/2).

Where these analytic expressions exist for Iin, Pmin and v = 0, it is also possible to derive the
expressions for v > 0 by using the recursion relations given by [106].

There is, however, no readily available closed-form expression for the smallest eigenvalue
distribution for the remaining classes C and D. To have a theoretical prediction to compare
simulation data against, we then turn to their numerical approximation. In all cases of the
Altland-Zirnbauer ensembles, solving Equation for Ppin(z) and then finding the integrated

smallest eigenvalue distribution I(z) is equivalent to calculating the Fredholm Determinant, [164],
Imin(x) = / Pmin(x/)dl'/ =1- Det(]I - Km ‘Lz([07$2]))
0

where the Fredholm determinant is an integral equation defined with a kernal A on Ls([a, b)),
291,

o] o n b .
Det(I — 2A |g4) = Z — H (/ dt; | det(A(tp,tg)) I 4—1 - (4.22)
n=0  i=1 a

The integrated smallest eigenvalue distribution I, (z) then takes 2 = 1, a = 0, b = 2?2 and
A = K,, for m = (o — 1) /2 with, [162],

VI (I DI WD
K (z,y) = 2e=9) (4.23)

%(an(\/f) - Jm+1(\/5)(]m—1(\/5)) r=y.

The smallest eigenvalue distribution for the classes C' and D are then given by the Fredholm

determinants for the kernels K/, and K_; /5 respectively.

We here now apply the algorithm given by Bornemann in [29] to approximate any Fredholm

determinant by taking the symmetrised version of Nystrom’s linearisation of the integral equation,
Det(I — zA) =~ det (6”- + zwil/2A(xi, xj)wjl-/z) i1 (4.24)

where {z;} are m points chosen in the range [a,b] with weights w; by the Gauss-Legendre quad-

rature,
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b m
/ F)dr = Y wif ),

b—a a+b
G,
b—a 2

2 (1= a) (L, (2:))?

x; = ¢; = ith root of Ly, (z) in [—1,1]

w; =

Python has built in methods to compute the Gauss-Legendre quadrature; defining a method to
build the matrix (d;; + zwz.l/zA(mi7mj)w]1./2) 7%—1, so inputting the kernel from Equation m
allows an approximation of the integrated distribution of the smallest eigenvalue. Using the
standard two point numeric differentiation routine can then calculate the smallest eigenvalue

probability distribution Puyin(x) out of Iy ().

There is still the issue of accuracy in the numerical approximations. The accuracy is dependent
on the number n of quadrature points used to do the integral, returning a function Inin ()
rather than the true I, (). It is then necessary to choose an n such that Iyin(2) — Ininn () is
sufficiently small, but the computation time for Iin () is not excessive. To do this, Iin, N (z) —
Inin,n () is taken for several values of n, with N >> n, and assuming that Inin, n(x) ~ Inin(2)
is a sufficiently good approximation. Plotting these in Figures and for N = 300 and
n = {30,50, 70,90}, it is seen that in the case of class C, the accuracy is already of the order
2 x 10~ for n = 30, so this is a good number of points to take. For class D the error is only
under 1 x 1072 when at least 50 points are taken, and it is not significantly so unless at least
90 points are taken. The requirement that the error should be no more than 1 x 1072 is due
to the fact the smallest eigenvalue distribution is a function on the scale of 10~!, so this is the
requirement the error be in the third significant figure rather than the second. In practise, 50
points will be enough, with the note that the approximation always underestimates the function
Iinin, so a good numerical simulation will produce an estimate of I, p(z) that slightly exceeds

the approximated analytic prediction.

The smallest eigenvalue distributions for the Altland-Zirnbauer classes are then plotted and

compared in Figure [£.6]
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(a) Error in the Fredholm determinant of K /5 for class C. (b) Error in the Fredholm determinant of K_;,, for class
D.

Figure 4.5: Calculating the error in the estimate of the Fredholm determinant of the kernels K./ for different
numbers of quadrature points n. This gives the parameters to find the smallest eigenvalue distribution for the

class C and D ensembles through numerical integration.
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Figure 4.6: The probability distribution Py, (), and integrated probability distribution I, (z) of the smallest
positive normalised eigenvalue x
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5. Identifying Minimal Examples of The Altland-

Zirnbauer Classes

At the end of Chapter [3]it was discussed how chaotic quantum systems show universal behaviours
depending on their symmetries, and it has been theorized that the quantum analogues of chaotic
classical systems display random matrix statistics, forming the BGS-conjecture. There is as yet,
no general proof of the BGS-conjecture, so testing it often falls to defining quantum systems
that are predicted to show a certain type of random matrix statistics and then comparing the

experimental results to the predicted ensemble.

To this end, it is necessary to be able to test several systems per Altland-Zirnbauer class to

see repeated agreement with the BGS-conjucture.

However, the Altland-Zirnbauer classes require particle-hole and chiral symmetries which can
be hard to produce physically - despite numerous systems being simulated numerically, [I3] 56, [64],
experimental realisation has occurred only for the chiral classes AIIT, BDI and CII, [14], [136]. The
similar problem of testing the AII ensemble in the lab was solved by Joyner, Sieber and Miiller in
[92] which bypassed the need to work with fermions by adding an appropriate geometric symmetry
to the system and using the symmetry-decomposed basis to isolate a sub-spectrum with the AII
ensemble statistics as per Theorem By doing so, their system could be tested in the lab
using microwave wires, [113] [133], [134] [135].

It is our desire to extend this method to the Altland-Zirnbauer ensembles, showing that
given any form of global time-reversal and charge-conjugation, an appropriately geometrically
symmetric system can be found such that the symmetry-reduced basis produces a sub-spectrum
that is locally any one desired ensemble from the ten presented in Chapter[d This means, that if
a particular form of 7 and C is found to be easy to realise experimentally, then by combining them
with geometric symmetries, the BGS-conjecture can be tested on these systems for any of the ten
ensembles in Chapter [4] sidestepping the difficulty of building experiments that would be required
for harder forms of 7, C. This is hoped to ease the difficulty in realising the Altland-Zirnbauer

enesmbles in the lab.

To do this, we must demonstrate that for any given global time-reversal and charge-conjugation
operators, T = (Ieharge @ T' ® Iorbital) K and ¢ = (C ® Lspin @ Lorbita)C and any desired Altland-
Zirnbauer class of corepresentation, X, there exists a symmetry group G = U U aU U~U U U
such that one of the corepresentations of G generates a subspace that is of Altland-Zirnbauer
class X.
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This requires classifying all the corepresentations of the Zy x Zs-graded groups according to
the Altland-Zirnbauer Tenfold Way until an example has been found for each Altland-Zirnbauer
class. We do this by identifying a method of algorithmically identifying and classifying all the
Zs x Zy-graded groups, then applying this to all the groups of order less than |G| = 40, the results
for this being given in Appendix [E] This includes an extension to the work done by Cracknell in
[41] where the Zs-graded crystallographic groups were classified according to the Wigner-Dyson
classes; we give the class of all Zy-graded groups of order less than |G| = 30.

In Chapters [6] and [7} methods of taking the symmetry groups we have found here and turning

them into corresponding systems will be discussed, completing the desired work.

5.1 Searching For Graded Groups

In order to classify the representations of Zs x Zs-graded groups, it is first necessary to be able to
identify if a given group G is Z3 X Zs-graded. Only then can the set of small groups be iterated
over, classifying all the applicable Zs x Z5 groups.

The problem of checking if a group is Zs x Z5 graded is the same as checking if two homo-
morphisms ¢,£ : G — Z, exist and fulfil the requirements of a Zy x Z5 graded group given by
Definition Part of this problem has already been solved by Indenbom, [84], giving a method
to find all Z, gradings of a given group, G:

Theorem 5.1.1 (Indenbom). Let G be a finite group such that 2 | |G|. Then the group ho-
momorphism ¢ : G — Zs is a non-trivial Zy-grading of G if and only if ¢ is a one dimen-
sional irreducible representation of G such that ¢(g) = £1 Vg € G and |[{g € G| ¢(g) =1}| =
{g € Gl olg) = -1} = [Gl/2.

Proof. Let the set of Zs-gradings of G be ® = {¢} and the set of suitable representations of G
be P = {p}. The if and only if requirement is equivalent to showing ® = P.

Firstly, ® C P. Let ¢ € ®. Then as a homomorphism onto Zy C C, it is a one dimensional
representation and automatically irreducible. Furthermore, ¢(g) = +1 by definition, and as
[Al=1Ul, Rg € Gl o(g) =1}| = {g € G| d(g9) = —1}|. Then p € PVp € ® — & C P.

Also, P C ®. Let p € P, then p : G — Z3 as a homomorphism and G/ker(p) = Z5 as
|ker(p)| = |G|/2 and there is only one group of order 2. So p is a Z grading of G and p € P
Vpe P = P Cd.

PCPandPCP=—=d=P

O

This can be used to find all Z5 gradings of G by identifying all suitable representations of G
and taking them as the gradings. There is an obvious generalisation of Indenbom’s Theorem to
identify the Zs x Zs-graded groups, by checking if two Zs-gradings exist on G and whether they

interact according to Definition [2.3.1

Theorem 5.1.2. Let G be a group such that 4 | |G|. Then the group homomorphisms ¢,& : G —

Zo provide a Zy X Za-grading of G if and only if ¢,& are orthogonal one dimensional irreducible
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representations of G such that ¢(g) = £1, £(g) = £1 Vg € G and

Gl/2=Hg € G|olg) =1} =[{g € G[&(g) =1}

Proof. Let P be the set of pairs of orthogonal one dimensional representations of G fulfilling the

conditions,

Hge Glplg) =1} =I|GI/2
Hg € Glpa(g) =13 =I|GI/2

P = (p17p2) ‘ P1 L P2, /)1(9) = j:17 pQ(g) = ila

and let ® = {(¢,£)} be the set of Zy x Zs-gradings of G. The requirement to be proved is that
b =P

Firstly, ® C P. Let (¢,&) € ®. Then individually, ¢,¢ are Zs-gradings of G and are thus

both one dimensional representations of G according to Theorem [5.1.1} with

|Gl/2=[{g € G| ¢(g)
={g€G|&(9)

1}
1}

according to the definition of a graded group. Also, 3g € G such that ¢(g) = —&(g) so that
¢, & provide orthogonal representations as there is an element for which the characters of the two

representations are different. Therefore ® C P.

Conversely, every pair (p1(g), p2(g9)) € P provides two Zz-gradings of G by Theorem

Furthermore, orthogonality of pi, p2 requires that
{9 € Glpilg) =p2(9)} =g € Gl pi(g) = —p2(9)}] = [G/2.

Combined with the requirement that |{g € G | p1(9) = 1}| = |{g € G | p2(9) = 1}| = |G|/2
this requires that

Gl/A={g € G|pi(g) = pa2(g) = 1}
=Hg€G|pi(g) =—p2(g) =1}
=g € G| —pi(g) = p2(g) = 1}
=H{g € G| —pi(9) = —pa2(g) = 1}

and (p1, p2) provides a homomorphism from G to Zs x Z that is a Zy x Z grading of G and
P C ®. Thus, P = ® and all Z; x Z, gradings can be found by finding the set P. O

Finding all Z5 x Zs-graded groups is then a case of iterating over all groups G whose order is
divisible by four and checking their one dimensional representations. Note that this finds only the
Zs X Za-graded groups such that all of A, C' and P are non-empty. If a Z5 X Zs-graded group with
only one of A, C' and P non-empty, then Indenbom’s method for the Zs-graded groups may be
used, but with the group partitioned into the sets U and whichever of A, C' and P is non-empty.

Application of these methods then requires having access to databases of groups and their

characters, with the ability to work with group elements and operations. This is possible due to
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the existence of programs like GAP, [60], which are designed for work exactly like this and which
even have lists of the small finite groups, with their own internal orderings that can be iterated

over, allowing systematic searches through the small groups.

GAP identifies a group G by a tuple (|G|,n) where n is a position in an internal arbitrary
ordering on the groups of order |G|. Conversion from GAP’s notation to more human-readable
labels can be found for example at [49, 124], but GAP notation is now used consistently in
programming, and can be useful as a universal label for groups that have many names. Small
examples of GAP’s naming notation are given by (2,1) = Zs, (4,1) = Z4, (4,2) = Zy X Zs,
(6,1) = Dg, and (6,2) = Zg while larger examples include (32,49) = (Z2 x Dy) xg Za.

Where possible, standard descriptive names for groups will be used. Code-generated results
will use the modified GAP notation for a group,

(IGl,n) = Gig, (IU],n) = Uy

With GAP’s databases of groups and their character tables and conjugacy classes, the al-
gorithms discussed above can be implemented. Using its methods, it is possible to take a group
and then look at the databased character table to check if any of the one-dimensional represent-
ations of G form Zs x Zs-gradings of G. If any do, then for each grading, it sorts the elements
into the sets U, A, C, P, identifies the group U, finds its character table and then computes the
Altland-Zirnbauer class for each of the irreducible representations of U for the given partition of
G. This can then be printed to file for later access, and will result in the tables in Appendix [E]
after some additional formatting has been done.

What is now required is a way to efficiently describe partitions of G. In the case of the Zs x Zs
graded group, to label a group G and its grading, it is sufficient to list the names of the groups
G,U,UUaU,UU~U and U U=U. To do this efficiently we use the pair of labels UII;J\ describing
the unitary normal subgroup, and the tuple GZ\LU|(”» p,q) which contains GAP’s group numbers
for G,U Ua,U U~ and U U, the pair together being read as

U = (|U], k)

G =(4U],m)

Ul Gl (n:p,0) — UUaU = (2U],n)
UuaU = (2[U],p)

UuRU = (@U]q)

An example classifying each of the possible corepresentations of the partitions of the groups
groups G with normal subgroup U = Z5 is given in Table - this covers the groups G =
Zy X Zy, Z3, Dg, Qg, while the allowed partitions are given by,

2,1,1

) )

Uy, Ga( )—>G Zyx Zyy U= 2y, UUQU = Z3, UU~NU = Z;, UUU = Z4
Uy, GE(1,2,1) = G =Zy x Zy, U= Zy, UUU = Zy, UUAU = Z2, UUTU = Z4
U217G§(2,12)—>G Z3, U =2y, UUQU = Z3, UUNU = Zy, UUTU = Z2
Uy, G3(2,2,1) = G=Dg, U=Zy, UUU = Z3, UU~NU = Z3, UUTU = Z,

)
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Uil oy o | G221 GR1L,2,1) GR2,1,2) GR(2,2,1) GA11,1) G3(2,2,2)
| 1 1| BDI BDI BDI BDI BDI BDI

P1 1 -1 CcI DIII CcI BDI CII BDI

Table 5.1: The Altland-Zirnbauer classes of each Zy x Zs-graded group with U = Z,, for each
irreducible representation of U. Note how the trivial representation of U always returns the class
BDI.

1 ¢ A a1 arn|am Bpr cu |p c¢| ¢ b
1 1A A1 A | Al cI DII|C D|BDI CII
1 1 ||A4 Amr A1 | A prir ¢l |[p c| ¢l BDI

-1 1| A AII Al | AIll (CII BDI |C D | DIII C(CI

Table 5.2: The necessary substitutions to get the correct Altland-Zirnbuer class in Tables
and in Appendix [E| when at least one of T, C squares to —I, [24].

U, Ga(1,1,1) = G =Qg, U= Zy, UUQU = Zy, UU~NU = Z;, UUTU = Z,4
Uy, G3(2,2,2) =G =23, U=2y, UUaU = Z3, UU~U = Z3, UU U = Z2

when translated into the standard group names.

The independence of the classification from the exact elements used to form the sets U, A, C, P
is useful, as repeatedly identifying single group elements is something computers are poor at -
GAP stores group elements as a randomly ordered list, which changes with every instantiation so
there is no way to guarantee that a given description of a group would generate the same group
when re-entered into GAP. Thus, if the exact individual elements were needed, they would need
to be identified entirely by hand to get a useable labelling on them, which would significantly
increase the workload. Instead, while a partition of G must still be identified by hand, the
simplest partition resulting in the groups U, U U aU, U U~U and U U U can always be taken,
this normally involves identifying three of the generating elements of G as «, v and 7 and taking
the subgroup generated by the remaining elements as U, though exceptions where u = o2 or
similar do occur. This does also mean there will often be multiple possible ways of forming the

partition U\%I’ G4u|(n,p,q) when it comes to building a system.

Note that these tables of group classifications are given with the assumption that the global
time-reversal and charge-conjugation operators on the system in consideration are given by T =
(Icharge ® T @ Lorbital ) K and C = (C @ spin @ Lopbital) K with T? = C? = I If this is not the case and
at least one of T', C squares to —I, then tables can still be used to identify the Altland-Zirnbauer
classes of the corepresentations but under the substitutions given in Table If these factorised
forms of 7 and C are not applicable, then construction of the universal covering group of G, and

then checking the entries for G’ will give the correct answer.

The case where it is allowed that one of A, C is empty reduces to the problem of finding the
Zo-graded groups. There is no real difference in the process as for the Zy x Z5 case, except it
is now sufficient to label using just G and U. Having calculated the classification of the small
groups under Dyson Tenfold Way, as in Section [E.I] the necessary substitutions for the Altland-
Zirnbauer classes are given by Table The example for U = Z5 is given in Table for both
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[a=s]c=0]

RI,CI,HI D Al
RII,CII,HII C AIT
RIIT,CIII1,CIII2,HIII | A A

Table 5.3: The substitutions needed to turn the classification of a corepresentation of a Zs-
graded under Dyson’s Tenfold Way, as given in Section into an Altland-Zirnbauer class of a
corepresentation of a Z, x Zy-graded group where either A = () or C' = (). The Altland-Zirnbauer
class is solely given by the second half of the Dyson class.

vila | @ a2
| 1 1| AI/D AI/D
o | 1 —1|AIIJ)c AI/D

Table 5.4: The Altland-Zirnbauer classes for each corepresentation of a Zy x Zs-graded group
with U = Z5 and either A =0 or C = 0.

the case C' = ) and A = (). The same substitutions given in Table may be used in the case
that T2 = —T or C? = —1.

Finally in the case where G is Zy X Zs-graded but A = C = (), P # 0, the two Altland-
Zirnbauer classes that a representation of U can generate are A, AITI. These can all be found
by studying the Dyson Tenfold Way classification of the Zs-graded groups as given in Theorem
[2:2.15] with the mappings from Dyson’s ten classes as given in Theorem [2.2.15 onto the possible
two classes A, AIII given by,

RI,RII,HI,HII,CITI2 — AITT
CI,CII,RIII,HIII,CIII1 — A

An example of the classification of the groups G = U U P for U = Z3 is given in Table

UP} Co Cl CS G(IS G%
o | 1 1 1 | AIIT  AIII
P 1 622'71'/3 6—21'77/3 A AITI

02 1 6—21'71'/3 eQiTr/3 A AITT

Table 5.5: The Altland-Zirnbauer classes for each corepresentation of a Zy x Zs-graded group
with U = Z3, A=C =0 and P # 0.
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5.2 Minimal Examples of the Altland-Zirnbauer Tenfold
Way

Having a method to search for Zs x Zs-graded groups and identify the ensembles they generate
in their symmetry-decomposed bases when used as symmetry groups, we can now identify the
groups with smallest order showing each Altland-Zirnbauer class as the minimal examples of the
Altland-Zirnbauer Tenfold Way:

Theorem 5.2.1. Let Q be a quantum system with global time-reversal, charge-conjugation and
chiral operators so that
=1 =1 P’=L

Then, for each Altland-Zirnbauer class there exists a graded symmetry group G of minimal order
such that its normal subgroup of unitary-commuting symmetries, U, has an irreducible repres-
entation gemerating a corepresentation of G of that class. There is also an associated subspace
in the Hilbert space of the system which displays spectral statistics matching the random matriz

ensemble associated to the Altland-Zirnbauer class.
The symmetry group G takes the form G = UUAUCUP, A =aU, C =~U, P = nU.
Allowing some of A, C, P to be empty, the relevant symmetry groups and representations are given

by

Class G U UuaU UU~NU UUrU | Irreducible Representation of U
A Z1 Z1 Trivial
Al Za 71 Zo Trivial
AIT Z Zo 74 Sign
AIIT Zs Z Zs Trivial
BDI 7Z3 7z Zs Zs Zs Trivial
CIlI Qs Zs Zy Zy Zy Sign
C 7y Zo 7 Sign
D Zs Z1 Zo Trivial
DIII | Zy x Zy Z Zy Z32 Zy Sign
Cl | ZyxZy Zy Z3 Zy Zy Sign

In the case that at least one of T,C doesn’t square to the identity, then having taken the
substitutions for the classes as given in Table[5.9, the result still holds.

Proof. It can be seen in Tables that these gradings and representations give the
correct Altland-Zirnbauer classes according to the Frobenius-Schur indicators. Proof that these
are the minimal groups requires showing that no smaller groups exist for each example. This can

be seen by referencing the tables compiled in Appendix [E] O

In practise, the cases where the trivial representation is used returns poor numerical simula-

tions. For this reason we used the modified theorem:
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Theorem 5.2.2. Let Q be a quantum system with global time-reversal, charge-conjugation and

chiral operators so that
T?=1, (*=1, P’=L

Then, for each Altland-Zirnbauer class there exists a graded symmetry group G of minimal order
such that its mormal subgroup of unitary-commuting symmetries, U, has an irreducible non-
trivial representation generating a corepresentation of G of that class. There is also an associated
subspace in the Hilbert space of the system which displays spectral statistics matching the random

matriz ensemble associated to the Altland-Zirnbauer class.
The symmetry group G takes the form G = U UAUCUP, A=aU, C =~U, P ==nU.
Allowing some of A, C, P to be empty, the relevant symmetry groups and representations are given

by

Class G U UuaU UU~U UUrU | Irreducible Representation of U
A Zg Zs3 Zg Complex
Al Dg 73 Dg Complex

AIT Zy Zs Zy Sign

AITT Zg Z3 Zg Complex

BDI D1o Zs3 Dg Dg Zg Complex

CII Qs Zy Zy Zy Zy Sign
C 7y Zo 7 Sign
D Dg Z3 Dg Complex

DIII | Zy x Zy Zs Zy 72 Zy Sign
Cl | ZyxZy Zsy Z3 Zy Zy Sign

In the case that at least one of T,C doesn’t square to the identity, then having taken the
substitutions for the classes as given in Table[5.9, the result still holds.

This allows for some of the sets A, C, P to be empty, in the case that it is required that all of
U, A,C, P are non-empty it is still possible to find symmetry groups G to cover each of the ten

Altland-Zirnbauer classes:

Theorem 5.2.3. Let Q be a quantum system with global time-reversal, charge-conjugation and

chiral operators so that
T?=1, (C*=1, P>’=L

Then, for each Altland-Zirnbauer class there exists a graded symmetry group G of minimal order
such that its mormal subgroup of unitary-commuting symmetries, U, has an irreducible non-
trivial representation generating a corepresentation of G of that class. There is also an associated
subspace in the Hilbert space of the system which displays spectral statistics matching the random

matriz ensemble associated to the Altland-Zirnbauer class.

The symmetry group G takes the form G = U UAUCUP, A=aU, C =~U, P ==nU.
Requiring all of A,C, P to be non-empty, the relevant symmetry groups and representations are

given by
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Class G U UuaU UU~NU UUTU | Irreducible Representation
A | Zyx My(2) Zg Zgsx Zy  My(2)  Mqy(2) e/t Complex
Al D1s 73 Dg Zg Dg Complex

AlT Q16 Zy Qs Zg Qs Complex

AITT Zg X Ly 73 Zg Zg Zg Complex

BDI Do Z3 Dg Dg Zg Complex

CII Os Zs Z Z 7 Sign
C D1s 73 Zg Dg Dg Complex
D Q16 Zy Z3 Qs Qs Complex

DIIT Zy X Zy Zo Zy Z3 Zy Sign
CI Zy X Zy Zs 732 Zy Zy Sign

Where M4(2) = (a,bla® = b® =1, aba = b°) and
Qi6 = <a,b|a8 =1, 0> =a*, bab~! = a’1>.

In the case that at least one of T,C' doesn’t square to the identity, then having taken the
substitutions for the classes as given in Table[5.9, the result still holds.

Proof. See the tables in Section [E.2] for the classification of the Zy x Zs-graded groups according
to the Frobenius-Schur Indicators. It can be checked that the above examples give the stated

classes, and that that there are no smaller groups fulfilling the requirements. O

It of course still necessary to demonstrate experimentally that systems with these symmetry
groups show the spectral statistics predicted by their Altland-Zirnbauer statistics. Developing the
necessary algorithm to build systems with time-reversal symmetries in Chapter [0} and charge-

conjugation and chiral symmetries in Chapter [7 this experimental confirmation will come in

Sections [6.2.3] and [7.3.2
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6. Quantum Graphs

So far, we have demonstrated that given a fixed global form of 7,C and P, then for any Altland-
Zirnbauer class X, there exists a symmetry group GG with an irreducible representation p, of
U generating a corepresentation of class X. Furthermore, given a suitable quantum system
symmetric under G and with p, in the decomposition of G’s action on H by the corepresentation
R, then the subspace H, generated by p, shows random matrix statistics of type X, assuming
the BGS-conjecture holds, and the system is chaotic. It is now necessary to demonstrate that

such a suitable quantum system can always be found.

The first part of this problem has already been solved by Joyner, Miiller and Sieber, [92],
where in the specific case of a symmetry group G fulfilling the requirements that C = P = ()
and a = e so that G = U X Zs they gave an algorithm to construct a quantum graph that was
symmetric under G and contained all of U’s irreducible representations in G’s action. Separate
to [92], uni-directional quantum graphs have been used to construct systems with GSE statistics
by breaking time-reversal symmetry by preventing flow in one direction along the bonds, then
combining differently directed sections to build new time-reversal systems, [3]. In many ways,
it is unsurprising that quantum graphs would provide a suitable model for work like this - in
abstract group theory, graphs are commonly used to visualise group structure, while in physics
they have long been used as models for quantum chaos, [67) [T0T], 102], 103}, [104], as they are one
of the few systems where the BGS-conjecture has been proven, [130], and explicit and simple

conditions exist for a graph to show the universal behaviour associated with chaos, [62] [159].

Here, we introduce quantum graphs as a model in Section discussing the definition of
symmetry on a graph and random matrix theory in the context of quantum graphs. We expand
the definition of a symmetric quantum graph to allow for generalised time-reversal symmetries,
and in Section we then expand the algorithm given in [92] to cover generating systems with
any Zs-graded symmetry group, G = U U U by the application of magnetic potentials. Imple-
menting the minimal examples for showing the Wigner-Dyson statistics according to Theorem
we in Section [6.2.3] demonstrate their compliance with the BGS-prediction. This will serve
as a stepping stone to the Dirac graphs in Chapter [7] where quantum graphs will be modified to

include particle-hole symmetry and all ten Altland-Zirnbuer classes will be constructed.

6.1 Quantum Graphs

The definition of a quantum graph begins with the definition of an abstract graph, [I8] 67]:
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Definition 6.1.1. The graph T is the tuple (V, &) such that V = {v1,va,...vN} is a set of vertex
labels, and € = {(vi,vj), (Vm, Vn),... } is a set of unordered pairs of vertices (v;,v;) denoting an
edge connecting the vertices v; and v;. For ease of reading, if a graph has N wvertices, they will
be labelled with the integers 1,2...N. If N < oo then I' will be a finite graph.

The information contained by the graph can be represented fully by listing the number of edges

between two vertices i and j. Doing this as a N X N matrix forms the adjacency matriz, Ar,
(Ar)i; = e & le=(i,7)}, (Ar)i =2{e € £ | e = (i,7)}]

with the loops (i,1) having to be double counted, as the edge is connected to the vertex twice. The

number of edges connected to a single verter gives its valency, d; = Zj Aij.

The neighbourhood T'; of a wvertex i is the set of vertices connected directly to it, I'; =
{7evI(j) et}

In most cases, we will be considering only graphs without loops so that there are no edges
of the form e = (7,4); and graphs without repeated edges (Ar);; < 1. This will mean that (i, j)
identifies a unique edge e in &, these graphs will be called simple graphs. Any non-simple graph
can be turned into a simple graph by inserting an extra vertex into the middle of the repeated
edge or loop, [67]. In this case, the neighbourhood of a vertex and its valency are connected by
the relation d; = |T';|. The exception to the rule of considering only simple graphs will occur
when constructing the quotient graph, where loops are common, but only in an intermediate step
before methods are applied to return it to being simple. From here on out, we will assume that

all the considered are simple, or have been made to be simple.

Defining position based functions on a graph will require a method of locating a point on an

edge. The beginning of this process is defining a direction on each of the edges, [I8] [67]:

Definition 6.1.2. Let T' be a simple graph, a direction can be chosen on each edge, (i,j) — [i, j]
so that the edge starts at the vertex i and ends at the vertex j, i — j. A directed edge is a bond

and the collection of them forms the set B.

This defines a directed graph.

Given an undirected edge (i,j), a direction could be assigned as either [i,j] : ¢ — j or
[j,] : 5 — 4. If b = [i, 4] is chosen, then b = [j,4] is the reversal of b. As they have a direction,
the bonds [i, j] and [j, ] are not equivalent, and it is possible to define a simple directed graph
containing both of them; simplicity on a directed graph requires there are no repeated bonds. This
is important, as an undirected graph can correspond to the directed graph which also contains
all the bond reversal of its bonds, [I8],

(1,5) € € = [i, 4], [5,1] € B.

When it comes to defining quantum graphs, it will be assumed that if b € B then b & B, however
when working with some concepts, it will be easier to label some quantities as if b was in B, this
is a quirk of the mathematical notation however - it really refers to the act of travelling down the
bond b against the direction of the bond.
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The concepts of neighbourhood and valency will extend onto the directed graph once the

direction of the bonds has been accounted for, [67].

Definition 6.1.3. Let I' be a directed graph. Then there are two directed neighbourhoods of a

vertex © based on whether a bond originates at the vertex, or terminates at the verter,
If={jeV|ijeBh Iy ={jeV|}ieB}, Ii=rfur;

with the undirected neighbourhood being the union of the two directed neighbourhoods. The directed

valencies of i are then given by
df =|UV] di = 07| di = df +dy.

Given a directed graph, it is now possible to assign a length L; to each bond b so that the
bond can be considered the segment of the real line [0, L;] C R. Any point along this line can

then be specified as a distance x; from the originating vertex of the bond, defining metric graph,
[18].

Definition 6.1.4. Let T be defined as a directed graph. Associating to each bond b = [i,j] a
section of the real line [0, Ly) C R with euclidean metric and position function x, on b such that

xp [;=0, xp |;= Ly so that ifbe B, Ly = Ly and xy = Ly — xp forms a metric graph.

By taking the union of the intervals on each of the edges on the graph, the space on the full
graph can be described as

v =_Jlo L) cRrF.
beB

T
1 o le‘) then allows a

Taking a vector of positions on the separate edges, © = (x

function space on the graph, [I§],

Ly (') = @D La([0, Ls)),

beB
and it is possible to define a function on the graph:

Definition 6.1.5. Let f;(z) : R — K" be a set of |B| functions. Then given a metric graph T,

F(x) = (f{ (21), f3 (x2), - [l (@) "
is a function on I, when appropriate boundary conditions are defined at each vertezx in V.

The appropriate functions for defining a standard quantum graph are the solutions to Schrodinger’s
equation on each bond, [16] [67, [100]:

Definition 6.1.6. Let T be a metric graph with Hilbert space H = @pepL2([0, Lp]). Define a mag-

netic potential A, on each bond b. Take the functions
T

Up(xp) = (1/,;(%) Y (%)) as the n-component solutions to Schrodinger’s magnetic time-

independent equation,

a 2
- (83:;, + iAb) Pu(xp) = Epthp(s)
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on each bond. The unconstrained solution on the whole graph is then,
T T T T
v = (v (00), 0] (22), . vy (o))

A set of boundary conditions can be given by a pair of 2n|B| x 2n|B| matrices C1,Ca, chosen
so that rank(Cy | Ca) = 2n|B| and C1C} = C,CT. With, the vectors

¥1(0) ¥1(0)
v, — Y5/ (0) 0, — 5/(0)
Y1(La) =i (L1)
Yis)(Lis)) g (Lis))

defined, then a valid, constrained solution on the graph then fulfils the boundary condition that

idy 0
ChUy + Co | Uy + b L, | ¥ | =0 (6.1)
0 —id

with Ay the diagonal matriz
Ay

Ajp|

First, we note that in almost all cases, we will consider only quantum graphs with one di-
mensional solutions v, on their bonds, and will assume that all graphs in this Chapter are as

such.

Second, the term ‘quantum graph’ can be used in the literature, [I8], to refer more generally
to a metric graph with the solution of any differential equation defined on the bonds - a definition
which includes the Dirac graph which is considered in Chapter[7] Technically, the system defined
above should then be known as a ‘Schrodinger quantum graph’, however as this term isn’t used
in the literature, and the common name for it is still the ‘quantum graph’, [67], we restrict the

term to cover only the above graphs.

Third, the boundary condition requirement is designed to ensure the operators on the graph
are self-adjoint and that the solution and its derivative fulfil dictated conditions at each vertex -
and for any self-adjoint solution, there exists an expression for C7 and Cy that will generate it.
Due to this, it is common to consider the boundary condition at a single vertex i. The solution

and modified derivative local to the vertex can be expressed by the vector and operator, [16] [102],

. 0 .
F(i) = ®vesiicv¥b |is D; = 1;(b) (E)xb + zAb)

with ¢; acting to ensure that the derivative is always taken in the outwards direction, away from

the vertex. This requires negating the derivatives for incoming edges to take the derivative against
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the direction of the bond,
1 b=1i,7
() = [2, ]

and the boundary condition problem is now given by requiring that
Ci]; F(i) + C2 | DF(i) =0 (6.2)

at each vertex, where the expression has been simplified by subtracting the magnetic potential
within the derivative. The matrices C |;, Cs |; are the restriction of C; and C5 to contain only
the bonds of the form [z, j] and [, .

This can be used to construct the matrices C1, Cy for different types of boundary conditions
at each vertex. For example, the Dirichlet boundary condition ¢, [o= 0 Vb € B is given by the
matrices, [18],

Cl |¢= ]I, Cg |i: 0

while the Kirchhoff or Neumann-like conditions, where the solution on each of the bonds connected

to the vertex must agree at the vertex, and the total flux through the vertex must be zero, [12],

Py |i=ty |; Vb,V €Bri€bl > )y li=0 (6.3)
beB:ieb

so that the function is continuous at ¢ and there is current conservation at the vertex, is given by

the matrices

1 -1 000 0O
1 -1 0 00 0 O
Ci |i= ; Cs [i=
1 -1 000 0O
0 0 0 0 0 1 1 1 1 1

In most cases in the study of quantum graphs, the Kirchhoff conditions are taken at each vertex,
however we will continue to allow a more general set of boundary conditions. More information
on the forms of Cy |; and Cy |; for generating different types of boundary conditions, and other

methods of parametrising the boundary conditions on quantum graphs can be found in [I8].

To find the solutions ¥(x) on the whole graph, we begin by looking at 1, the solution of the

one dimensional Schrodinger equation on a single bond, [16] 67],

,l][}b(xb) — efiAbl‘b (‘ubeik:vb 4 /'lbefik:zb)
— Mbei(k—Ab)xb _’_ﬂbei(k-i-Ab)(Lb—wb)
with
iy = 67i(k+Ab)Lbﬁb, k=+VE.
We see that there are two possible ways of expressing the constants that arise from solving the

second order differential equation. The first pair of amplitudes, puy, fip, are the standard constants
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for a second order differential equation solution, and describe a single, mixed travelling wave-
packet solution; the second pair u, fly, treats the two solutions e*** and e~*** as the amplitudes
of two travelling plane waves, the first, with amplitude u; travelling along b with the direction
of the bond, the second, with amplitude fi;, travelling against the direction of the bond - which
is the same as travelling down the reversed bond, [67]. This explains the change in sign of A; in
the solution - the effect of the magnetic potential flips sign in taking the reversal - as well as the
use of L, — x; = x7; to measure the displacement of the wave packet. Due to this, we note gain
that when defining a quantum graph, bond reversals are not allowed as separate bonds as they
are already counted in the solution of the original bond. We also note that fij; jj — ppjq is a
common relabelling of the back-travelling wave amplitude which will be useful for standardising

the labelling.

Both expressions py, fiy, and py, fiy, = pz have been given, as for the purposes of working with
time-reversal, using the version with fi, will be easier, however outside of this, it is more common

to work with fi.

Note that by knowing E and u, fip for all b € B, it is possible to reconstruct the full solution
U of the graph. This allows a change of basis to the amplitude space, [67],

T
‘I/_”‘:Oh R U1 SR ﬂ\5|)'

A solution on the graph then requires the set of constants pu, fi, to take values consistent with
the boundary conditions expressed in Equation To test for this, we follow [78] and express

the vectors ¥y, ¥, in terms of pu,

i i(k+Ap) Ly

\Ifl = ) € M

ez(k—Ab)Lb I[
U Z(k]I — Ab) 7Z(k]l + Ab)ei(k+Al’)Lb

2 = , In
—Z(kH — Ab)el(k_Ab)Lb Z(kH + Ab)
so that Equation [6.1] becomes
1 i(k+Ap)Lsp I _pilk+Ap) Ly
0=0Cy ¢ p+ ikCo ¢ M
ei(kab)Lb H 761-(](:714},)[/}, H
0 i(k+Ap) Ly
= (C + ikCy)p + (C1 — ikCy) ¢ L.
ei(kab)Lb O

The matrix Cy 4+ ikCs is always invertible for real k # 0 as it is Hermitian, [I00]. Multiplying by

the inverse then gives

. 0 T (el 0
p=—(Cy +ikCo) ™1 (Cy — ikCs) Iz (6.4)
I 0 0 et (k=Av) Lo
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which is a requirement that g is invariant under the action of

_ ) . ) I ei(kJrAb)Lb 0
:(k) = —(Cl + ZkCQ) (Cl — ’LkCQ) )
I 0 0 elh=An) Ly

and would imply that g is an eigenvector of Z(k) with eigenvalue 1.

The physical interpretation of this is as a scattering-transmission problem, [67), [T03], [104],

01 _
w=s®) [ 1) 10 =20 (6.5)
I 0
with
e’i(k‘JrAb)Lb 0
S(k) = —(01 + ikCQ)il(Cl — ikcg), T(k) = (66)
0 ei(kab)Lb

the scattering and transmission matrices. The plane waves described by the amplitudes in @
leave a vertex and are transmitted along the bonds by T'(k), picking up a phase as they travel
from z, = 0 — x, = Lp. They are then incident at a vertex, the appropriate reordering of the
elements being done by the (§}) to get the directions right, and S(k) scatters them down the
connected bonds, ready to restart the process. In this case, Z(k) can be interpreted as a sort of
discrete time evolution operator, and g = Z(k)p becomes the time invariance requirement of the

Time Independent Schrédinger operator.

Note that the right multiplication of (C} +ikC2) ™' (Cy —ikCs) by (9 }) is often absorbed into

the definition of the scattering matrix to give its ‘standard’ form, [100],

0 I
Sstandard(k) = S(k)
I o

Studying symmetries of the graphs will require looking at the scattering behaviour of the
graph at the vertex level. Using the vertex boundary conditions from Equation then a local
vertex scattering matrix o(¥) is defined as, [18],

o = —(Cy |; +ikCa 1)~ (Cy i —ikCy |5),  Hi=oD k), (6.7)

with

i(k+Ap) Ly

%
W= Bp={i,j1:b or beBHb> Wi = Dyfjifib or 5eB® Ho

where 7@ contains the amplitudes leaving the vertex ¢, and <EZ contains the amplitudes entering
the vertex i - which as p[;; is an amplitude leaving the vertex j, must be multiplied by the
appropriate part of the transmission matrix to get its form at the end of the bond and entering

i. The full scattering matrix is then reconstructed from the local vertex scattering matrices as

Sk ,.1i.5) = 031(@9) ki)
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Substituting in the vertex boundary matrices for the Kirchhoff conditions from Equation [6.3

then gives the scattering matrix, [I8] 67],

2
S(k)k.11,11,5] = Ojk (d_ — 5u)
J

so that an incoming wave at a vertex is scattered equally across all connected bonds, including

backscattering.

Equation [6.5] also gives a clear statement for when an energy level E exists in the spectra of
a quantum graph - there must exist a solution to the eigenvalue problem g = Z(vE)u. This

occurs whenever the matrix Z(k) has an eigenvalue of value 1, defining the relationship, [67],
E is an energy level <= ((F) = det (]I — S(\/E)T(\/E)) =0

which is a secular equation.

The energy level spectra of the graph can theoretically then be calculated by iterating over F,
calculating the function ((FE) from the left-hand side of the secular equation, and then running
a root finding program. In practise ¢ is both complex and too unstable to compute numerically,

and instead the real secular equation is used, [90],
Ca(k) = (det(S(k)T(k)))~"/? det (I — S(k)T'(k)) = 0 (6.8)

The function (g(k) is always real, and if S(k) is a constant, it simplifies to

1
k) =
*) et X Lo\ [det(S)

(r det (I— S(k)T(k)) (6.9)
Finding the energy level spectrum is then as simple as using a numerical root finding program
can on (g (k) when the degeneracy of the eigenvalues is odd. If the degeneracy of the eigenvalues
is even, then all roots are repeated roots and a minimisation program on |CR(/<:)|1/ % should be
used instead, as traditional root finding programs mostly need a function that changes sign when
passing through the root, which a repeated root doesn’t. In addition to this, numerical errors
mean that it is further unlikely that the root even touches the z-axis during practical evaluation,
so minimisation is a much better routine to run. By taking the square root of the absolute
value of (g, it is guaranteed that the function is positive and minimisation is right rather than
maximisation of a negative function, and the square root increases the sharpness of the troughs,

improving the speed at which the minimisation routine returns good results, [91].

6.1.1 Time-Reversal on Quantum Graphs

As a one-dimensional system, time reversal on the Schrédinger equation on the line is defined by
T=uk,uel (1), [I75], and it can be seen that (—t, x) satisfies the conjugated time-dependent
Schrodinger equation, —ih%w(—t,x) = H*i(—t,x). It is assumed here that no phase shift is
included in order to take the simplest possible form of 7, 7 = K, this also keeps the form of the

time-reversal consistent with the standard forms given in Table Its action on a solution ¥(x)
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written in the form of the wave-packet with amplitudes p, i is then given by
'7—: e—iA:v (ueikx + [Le—ikx) N eiAw (/J*e—ikzr + [L*eikx) _ eiAw (Mleik:w _’_ﬁ/e—ikx) _ 1/}1(1,)7

which is equivalent to the solution defined on a second line with potential —A and with the new

constants p/ = i*, i’ = p* when the factors of e”** and e~*** are equated. In most cases 1’ (x)
will not provide a solution to the original system - the magnetic potential has been negated, and
w', i’ will not fulfil the boundary conditions of ¥ (z), and the system has broken time-reversal

symmetry.

In the case that A = 0 and ¢/ = §*, i/ = p* are again compatible with the boundary
conditions of the system, then this generates a new solution of the Schrédinger equation on the

same line, and 7 is a symmetry of the system.

This carries over onto the quantum graph - if A, = 0 Vb € B and if 7U meets the now

simplified boundary condition requirement
C1U1+C3¥5 =0 (610)

then 7 provides a symmetry of the system. This means that the symmetrised time-evolution
operator Z(k) = T'/2(k)S(k)T"/? must be invariant under the action of 7, in particular that
S(k) is invariant under T, [67).

Testing the scattering matrix condition invariance requirement is easiest to do at the local
vertex level, which using Equation is equivalent to requiring that, [27],

THi=ToiR)T ' T%: =D (k)T (6.11)

Checking for this requires first calculating the action of T on the vectors 71-, <ﬁz To do this, we

look at the action of 7~ on p, which by comparing to the single wire case can be seen to be,

Taking then the alternative representation of the outgoing and incoming amplitudes i/, %Z at
i written using p, and i, for a vertex with outgoing bonds 1,2,...d:r and incoming bonds
df +1,df +2,...4;, [27],

= Hat T Pap
exp (—Z(k’ + Adj’+1)Ld;*'+1)ﬂd;*'+1 exp (Z(k + Ad;*'+1)Ld;*'+l)Mdj'+l
exp (—i(k + Adi)Ldi)[j’di exp (i(k + Adi)Ldz‘)udi

where for the outgoing bonds, up, iy are the full amplitudes as the particle has originated at the

vertex and hasn’t yet travelled along a bond to pick up the phase shift from the transmission
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matrix; whereas they have for the incoming bonds so multipliction by the exponential from the
transmission matrix is necessary, as well as switching around p; and fip in ﬁi, <ﬁ1 to make sure
the particles are travelling in the right direction relative to the vertex. Then, applying T’s

transformation of u, it to (5, %l it is seen that,
< 4 * 7 AT
Mﬁi:T z‘:ﬁm ﬁ’f’,i:Tﬁi:/’Li'
Substituting this into Equation [6.11] gives

77 = 0O ()7

e (k) = DT (k). (6.12)

This is automatically satisfied by taking the Kirchhoff boundary conditions where a(i)(k) is
symmetric, [67], which are the standard boundary conditions to work with. Because of this, it
is standard to assume a graph with no magnetic potentials on any of the bonds is time-reversal
symmetric, but one with magnetic potentials is not, so the magnetic potentials are used to kill
time-reversal symmetry, [27) [67]. However we shall show below how careful choice of positive and
negative magnetic potentials can be used to build anti-unitary symmetries into quantum graphs

with forms that are more general than 7 = K and o) = ¢

6.1.2 General Symmetries of Quantum Graphs

For abstract graphs, symmetries are given by the action of a group on the vertices as a permutation

that preserves the connectivity of the graph, [90]:

Definition 6.1.7. Let I' be a graph and G a group. Define the action of G on the graph as the
permutation of the vertices by
g:i— gi.
The action on the bonds is then
g+ i3] = lgi, gj].

If this leaves B invariant,
[i,j] € B<=[gi,gj]e B VYgeGi,jeB
then I' is symmetric under G.

Symmetries of quantum graphs must be compliant with this definition. Furthermore, they
must leave the additional structure of the quantum graph alone - the bond lengths, potentials
and vertex scattering matrices. For a unitary element, this is simply ensuring nothing about the
graph changes, which means preserving bond lengths, Ly, = Lp; scattering matrices, 049 = ¢(®):
and matrix potentials, A, = A, Yu € U. On the other hand, we know that the anti-unitary

symmetries include the action of time-reversing the graph as part of their action on the graph. In
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the last section, it was shown that for time-reversal to be a symmetry by itself, it was necessary
that Ay, = —A, = 0Vb e B, and ¢ = ¢OT j € V. We note that all that is needed to include a
vertex permutation alongside the time-reversal operation in the symmetry check is to include the
multiplication by the unitary element on the left handside of both of these relations, defining the
general anti-unitary symmetry conditions as Ay = -4y, =0Vb e B, g € aU and o9 = gOT
Vi € V, g € aU. This is of course, also allowing for permutations of the orderings of the bonds

in the entries of o(9).

This then gives the general definition of a quantum graph with a Zs-graded symmetry group

as:

Definition 6.1.8. Let G = U U aU be a finite Za-graded group and I' a quantum graph. Define

the action of G on I' as the permutation of the vertices by
g:i—gi
T is symmetric under G if and only if the following relations hold:

[27]] €EB& [gi»gj] € Bv L[gi,gj] = L[i,j]

Api geU )
Algings) = ol (J(gl))[gi,gj],[ykygl] = o
_A[i,j] g € aU (O’(Z) ){i,j],[k,l] g < aU

(J(i))[i,j],[k,l] geU

In the case where Ay, = 0 Vb € B and o = o = UI((ii)rchhoff Vi € V the old definition of
symmetric quantum graphs used by [92] is recovered. These graphs have only unitary symmetries
and time-reversal 7 = K and have symmetry groups G = U X Z3, which produces an incredibly
limited subset of the symmetric graphs under the new definition - of the 59 possible Z5-graded
groups of order at most |G| < 20, only 18 are of the form G = U x Zy - approximately 30.5% of

the total, and this proportion decreases dramatically as larger groups G are considered.

Given that unitary symmetries exist on the graph, then as per Theorem there will
be multiple independent sub-spectra within the energy level spectrum and when looking at the
random matrix predictions it will be necessary to isolate the sub-spectra by constructing the
symmetry decomposed basis, taking a change of basis to split the system into independent sub-

systems.

To begin this process, we require the representation of U acting on I'. As the unitary ele-
ments of G are solely permutations of the vertices, it permits the application of the permutation

representation to define the action of U on a single bond solution 1 as, [90],
w s hy = PYy-1p(Tg-1p) Yu e U
This gives a matrix representation of U on ¥ as
w: ¥ — P(u)U, (P(u))ij = 6;0u-15 (6.13)

with P(u) a matrix permutation representation as the more general version of the regular repres-

entation, Definition [2.1.11} the regular representation actually forming the smallest permutation
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representation of a group where there aren’t elements only acting trivially - it is common for a
general permutation representation to have more elements in the set being permuted than group

elements. The representation of U on the amplitude space is then given by

u: g — P(u) 0 . (6.14)

0 Pl

P is reducible, being a permutation representation, and applying Theorem [3:1.18| there exists
a change of basis W such that,

[ =U/pa = ULy, WLy (D)W ™ = @, Lo(Ts), WEKRW ! =@, @ E.(k) (6.15)

n=1

Py 0\ et o

0 PHu) 0 pa'"(u)

W ® 1, (6.16)

so that I splits into a number of independent sub-graphs, and the secular equation then factorises,
det(I — Z(k)) = [ [ det(I — Za(k))™

so that the spectra of I" splits into a number independent sub-spectra, one for each unique, non-
equivalent irreducible representation p, in P, each with eigenvalues of degeneracy s,. This forms

the symmetry decomposed basis, with the method to choose W found in [11].

As was mentioned in Section in relation to the Sinai billiard, studying a symmetry
decomposed subspace is equivalent to constructing a system that is only a segment of the whole
system, and adding appropriate boundary conditions at the new edges. On quantum graphs, this
is the process of forming the quotient of a quantum graph, going from I' to the quotient graph
T'/(U, po) by removing the symmetries in U using information from an irreducible representation
pa of U, a method introduced in [I2] 129]. The most rigorous method of defining the quotient
graph is given in [IT], T10]; a more intuitive method is discussed in [16], @0], which is the method

we will follow.
Let I be a graph symmetric under a unitary symmetry group U, then a minimal sub-graph

T'y can be defined so that Ul'yy generates all of I' by multiplication:

Definition 6.1.9. Let ' be a quantum graph symmetric under the unitary symmetry group U.
Then the Fundamental Domain Uy is the sub-graph of I' defined by the vertex set Vi and bond
set By :

Vo=min{v eV |Vw eV W € Vy,ueU such that w = uv'}
By ={beB|b=[v,0], v,v' € Vy}
+min{be B|b=[v,w] : veEVy,w e, —Vy and V' € B 3" € By,
weUb =ub"}
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Figure 6.1: Given the graph I' in (a) is symmetric under the group U = Z3 generated by the
permutation v = (1,2,3)(4, 5, 6), the fundamental domain of U can be chosen as in (b).

Then for every point xp, on a bond b outside of Ty, there exists a bond b’ € By and a point

xy, and an element u € U such that
b=u't,  ylxs) = p (u ) (a)

It is more common however to add dummy vertices to the centre of each of the bonds and
take the fundamental domain to have its boundary on the dummy vertices, as per Figure in
comparison to Figure[6.1] This prevents bonds existing in the graph of the fundamental domain

without being connected to a vertex.

The cut bonds come in pairs by = [v1,d;], by = [d2,v2] so that Ju € U such that ds = ud;.
Then ds is equated to d; under multiplication by u, and they can be considered the same point,
merging the two cut bonds into two bonds linked at dy = dy, as per Figure [6.2D] so long as the

periodic boundary condition

dy = udy = dy, Vidawa) lda= P (") poy a) lds
is taken at the vertex d; = dy. If p, has dimension greater than one, this requires a multidimen-
sional function on the bonds, where if n = dim(p, ), the amplitude space increases to
T
n— (ulJ, o Min MBI e BBl BT e Him HB1 - lﬂBLn) (6.17)

while T" and S act the same on each of the components of the multi-dimensional p; spinor,
T(k) = T(k)®1,, S(k) = S(k) @1,. (6.18)

The periodic boundary condition can then be considered as an expression of the vertex scattering

matrix,

0 p"(ut)
ﬁi :Ui%i = - . <ﬁz
p(uh) 0

or, as the dummy vertex has only two bonds connected to it, the representation matrix can

instead be merged into the transmission matrix for the bond [vy, vs],

T/(k)[vl,vz] = pT(U)T(k)[vl,vz]a T/(k)[UQ,'Ul] = piT(u)T(k)[vz,m]
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dg = u2d1 dl d4 = u2d5 d3 dl = d2 d3 = d4
(a) T'y (b) Fundamental domain with merged bonds
1 4
2ir/3 2in/3
g = (e 0 8—2%/3) 0= (6 0 e—z?ﬂs)

(c) Quotient Graph

Figure 6.2: Continuing the example in Figure the fundamental domain I'y is constructed
using the dummy vertices (a) and then the vertices merged (b) with appropriate vertex scattering
matrices taken from the boundary conditions to form the quotient graph (c) for U of the quantum
graph on I'

which if p is of dimension one can be interpreted as the solution picking up an additional phase
while travelling on the bond; if p is of dimension two or more, it constitutes a mixing of the spinor

states while travelling on bond.

This then defines the quotient graph:

Definition 6.1.10. Let T' be a quantum graph which is symmetric under a unitary group U with
no fized points. Let P be the permutation representation of U on T' and p, € P be an irreducible
representation of U with n = dim(p,). Let Ty be the fundamental domain of T under U with the
merged dummy vertices. Then the quotient graph T'/(U, pa) of T by pa of U is given by Ty with

the scattering and transmission matrices

S(k) = _(Cl |FU +ikCs |FU)71(Cl |FU —ikCs |FU)

) 1 inner bond on I'y
T (k)i g1,y = Oindjoe’ BT L
pT(u) cut bond on Ty wrt u € U

6.1.3 Quantum Graphs, Quantum Chaos and Random Matrix Statist-

ics

We consider now quantum graphs in the context of studying the correspondence between the
statistics of their spectra and the statistics of random matrix ensembles. This will focus on
identifying when a quantum graph can be considered a chaotic quantum system, and identifying
specific expressions for the quantities N(k) and d(k) discussed in Chapter [4] In the process, it
will be seen that quantum graphs have some highly useful properties in the context of studying

quantum chaos, such as general approximations becoming exact, [67], and clear rules as to when
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a graph is sufficiently chaotic to show random matrix statistics in its spectra in the semi-classical
limit, [62, 159].

Historically, the correspondence of quantum graph energy levels and random matrix statistics
was first seen quantitatively by Kottos and Smilansky, [I01, [102], by comparing systems with and
without magnetic potentials to the GUE and GOE ensembles and seeing numerical agreement in

the case that the bond lengths were incommensurate, that is when

18|
Am € Q¥ such that Y m;L; =0 (6.19)

i=1

and the graph is sufficiently connected. For symmetric graphs, the incommensurate bond lengths

condition will be relaxed to requiring that the unique bond lengths are incommensurate.

A more formal approach to identifying chaotic quantum graphs requires the identification of a
classical system corresponding to the quantum graph. This is in contrast to most chaotic quantum
systems, where the classical system is already known as it was used to define the quantum system
through quantization, [I8]. However, it is possible to identify a classical system which will indicate
if the quantum graph is chaotic. It will though, be probabilistic rather than deterministic - as
as the clearest classical equivalent is of a ball travelling along a wire in the graph and whenever
it reaches a vertex, scattering down one of the connected wires according to the Markov process,
[101):

Definition 6.1.11. Let I" be a metric graph with a quantum graph defined on it by the scattering
and transition matrices S, T(k). Then a Markov process can be defined on T' for a particle on a

bond i at one time-step moving to the bond j at the next time-step by the transition matriz T,
Tji = S (k)i (6.20)

With this equivalent classical system identified, the requirement for the quantum graph on I'
to show random matrix statistics in the semi-classical limit - represented on graphs as a sequence

of graphs with increasing number of bonds - is then related to the eigenvalues of T', [62] [159]:

Theorem 6.1.12. Let T be the transition matriz defining the Markov process on the quantum
graph I'. Then T has one eigenvalue 11 such that my = 1. Then I' demonstrates quantum chaos

with energy level statistics matching a random matriz ensemble if and only if
o il <1¥ie2B].
o For Ap = max;ep, g (1 — |mi]), then Ap ~ |B|™% in the limit |B| — oo where 0 < o < 1/2.

It will not be possible to take the semi-classical limit of |B] — oo on the graphs considered
later as this would require a well-defined method of taking the limit of the number of bonds to
infinity, which isn’t practical here, instead it will have to be assumed that the graph is sufficiently
large to model the limit well. For the same reason, testing the asympote condition for Ar in the
limit |B| — oo will not be possible. However, it will be possible to test the condition that only
one eigenvalue 7); lies on the unit circle, and all others lie within it, and this will be done for all
the graphs which are simulated. This will at least demonstrate that the studied graphs do not

fail at the first hurdle of determining whether they are chaotic or not - from there on, it will have
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to be hoped that satisfying the heuristic conditions found by Kottos and Smilansky is sufficient

to see good agreement with the random matrix prediction in the graph’s spectrum.

The system dependent random matrix quantities can then be calculated for the quantum

graphs. The counting function, [67],

0 k<0

Nk) =Y 0(k—kq), 0k)=q1/2 k=0
n=1

1 k>0

keeps track of the number of energy levels k,, smaller than k. On quantum graphs, it can be

written in terms of the secular function ¢, [67],

ZbeB Ly
Y

N(k) =Ny + d

k+ %Imln((é) - %Imln((k + ie) (6.21)

in the limit €,§ — 0, where Ny is the value of N(0). It is usual to split this into a ‘smooth’ or

Weyl part and an ‘oscillating’ part,

N(k) = NWevl (k) + No*¢(k) NWesl(0) = Ny + %Im In () (6.22)
NWevl() = %k + NWevt(0) No*(k) = _71 ImIn¢(k + de). (6.23)

Further approximations of N can be taken by applying the periodic orbit approximation to
N°¢(k), as discussed in Appendix @ This method of approximating N(E) using a sum over
periodic orbits can be applied to any generic chaotic quantum system in its semi-classical regime,

however as is noted in the appendix, it becomes exact in the case of a quantum graph, [67].

With the approximation of N(k), the unfolding procedure to normalise the eigenvalues from
Chapter — which appears as the substitution k¥ — N (k) on the quantum graph - can be approx-

imated as, [67],
2en Lo
= ===
wd

assuming that everything except the smooth part is highly oscillatory and averages out. In the

k— N(k) = NV(k) + NYev0)

case of calculating properties such as the level spacing distribution, where only the relative dis-
tance between eigenvalues matters, it will also be possible to drop the translation term NWe¥!(0)

and use the simplified unfolding
k— 2veslo
wd

The density of states is then the derivative of the counting function, [67],

d(k) = djllfl(ck) Vet () — Zbis Ly
= d"eV (k) + do*(k) dos(k) = _71(1% Im In ¢ (k + ie) (6.24)
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which means the mean density of states is 60 = L/nd for L = )", Ly. This depends only on
the total length of the graph and the degeneracy of the eigenvalues, agreeing with the Wigner

semi-circle law in the infinite spectrum limit.

There is of course the question of what to average over to form an ensemble. For a large
graph with incommensurate bond lengths, averaging over the bulk of the spectrum for a single
graph is equivalent to averaging over an ensemble of graphs and their scattering matrices S(k),
[67]. This will be sufficient for calculating the spacing distributions, but calculating the density of
states requires information about a specific section of the spectra - in this case, averaging over an
ensemble of S(k) is necessary. To do this, a single graph is defined with fixed bond connectivity,
length and magnetic potential, then the unique vertex scattering matrices will be drawn from the
unitary matrices according to the Haar measure, then the rest of the vertex scattering matrices
are derived by the symmetry rules for the vertex scattering matrices. The desired ensemble
average then is found by averaging over the value calculated for a sequence of Haar distributed

boundary conditions.

6.2 Minimal Examples of the Wigner-Dyson Ensembles on
Quantum Graphs

6.2.1 Constructing G = U U aU Symmetric Graphs

The natural action of a symmetry group as a vertex permutation means that it will be very easy
to find a graph I' which is symmetric under a group G. Not only that, but by building the right
graph, it is possible to guarantee every possible sub-spectra of the system appears. Given also
that we have seen that large, well connected quantum graphs display random matrix statistics,

then they are the perfect model for looking for example systems for generic symmetry groups G.

A method for building quantum graphs with symmetry groups of the form G = U x Z5 has
been given in [90, [92]. As discussed above, this is a very small subset of the full range of possible
Zs-graded groups G, however the methodology can be easily updated to suit the definition of
symmetry under a Zs-graded group given by Definition [6.1.8

Abstract group theory often applies the construction of the Cayley graph I'(G, S) for a given
group G and generating set S:

Definition 6.2.1. Let G be a finite group and S a generating set on G. The Cayley graph T'(G, S)
is defined by taking the elements of the group as the vertex set, ¥V = G, and defining the bond
set so that for each s € S, there is a bond of ‘colour’ s between the vertices vi,ve if and only if
Vg = V18,

V] —rs Vo <= V2 = V1S

The Cayley graph is used to display the multiplicative structure of G, and also automatically

provides a graph that is symmetric under left multiplication by G.

Theorem 6.2.2. Let G be a finite group, S a generating set of it and I'(G, S) its Cayley graph.

Define the action of G onT'(G,S) as the permutation of the vertices given by matrix multiplication
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on the left,
g9:9 =99

Then T'(G, S) is symmetric under G.

Proof. As each vertex is labelled by a group element, the action of G on I is the action of left group
multiplication within the group. The symmetry requirement is the same as the multiplication

cancellation of factors rule,
i s j = j=is < g(j =is) < gj = gis <> gi = gJ
O

The methodology in [92] is that given a group U, then the Cayley graph I'(U, S) of U can be
turned into a quantum graph by taking Kirchhoff conditions at each vertex, and given lengths
for the bonds [e,s] Vs € S, then the quantum graph is symmetric under G = U x Z,. Their
construction relies on the fact that the Cayley graph provides a base graph that fulfils the vertex
permutation rule, using this graph to define the quantum graph with Kirchoff boundary condi-
tions. With this, the only additional requirement to meet their symmetry requirements is that if
two bonds can be mapped to each other by the group action, they must have the same length.
The graph can be constructed to have this property, by taking a subset of bonds which are in-
equivalent under the group action - here this would be the bonds [e, s] for s € S the generating
set, as the group action cannot map bonds of one ‘colour’ s to bonds of a different ‘colour’, s’ -
and define the incommensurate lengths L. ,; before using the symmetry rules to construct the
rest of the bond lengths, rather than as a test for symmetry. This will produce a quantum graph

symmetric under G = U X Z.

To find a graph symmetric under a general Z, x Zy-graded group G, as per Definition [6.1.8
all that is needed is to expand the Cayley graph to be a Cayley graph of G not U, allowing the
permutation part of the generalised time-reversal symmetries to exist on the elements au; and
to include the bond potentials and scattering matrices in the things that are generated for the
unique bonds and vertices and then extended to the rest of the graph through the symmetry
relations. This allows the following quantum graph to be constructed as a specific example of a
graph symmetric under a Zs X Zs-graded group:

Theorem 6.2.3. Let G be a Zy-graded group G =U U aU. Let S be a generating of G.

The quantum graph defined by taking I'(G,S), choosing the quantities Ly, Aje s for each
s € S, and taking o'©) € U(d,), before constructing the rest of the quantities on the graph by
using the relations

Ligi gj) = Liig)

Ay eU 4 Ti) i j], ki €U
-l ! (Ugl)[giygj]y[gk,gi] = ( ?[mHM] !
_A[i,j] g < aU (U(Z)T)[iyj]’[kﬂ g < aU

A[gi,gj] =

is symmetric under G.
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Figure 6.3: The interlinked two part structure of a quantum graph I'(G, Sy U {a}) generated by
the union of the generating set Sy of the index two normal subgroup U, and «, the last remaining
generator of G.

There is then the choice of how to choose the generating set S. The obvious answer is
S = Sy U{a}, where Sy is the minimal generating set of U. This, in all cases except G = Za,
forms the minimal generating set for G, as « provides the addition to Sy needed to take the set
from generating U to generating G. Having the minimum generating set for G # Za,, is desirable
as it minimises the number of bonds included in the graph, as increasing the number of bonds
increases the computation time for the real secular equation, and thus all derived quantities and
statistics; in the case of G = Zs,,, the minimal generating set of G is {a} which is too small to
generate enough bonds on the graph with the quotient graph phases to get good numerics, so it
is still better to work with G = Sy U {a} in this case. The other advantage of this choice is that
I'(G, Sy U{a}) picks up a two part structure - it is formed by two interlinked copies of T'(U, Sy).
One of these can be thought to be the ‘original’ unitary subsystem, with its image under the

action of aU bolted on to preserve the symmetry under G, as seen in Figure [6.3]

This two-part structure will create a universal graph structure once quotients have been taken,

and will allow for a lot of simplifications in calculating periodic orbits on the graphs.

6.2.2 Identifying and Isolating Sub-spectra

With the method given in Theorem [6.2.3] to take a group G = U U aU and find a quantum
graph symmetric under it, we have fulfilled the first requirement in finding a minimal system
for displaying an energy level sub-spectrum {E;}, generated by the irreducible representation
Pa. The next requirement is to show that if U acts on I'(G, Sy U {a}) as P, then p, is part
of the decomposition of P. By using the Cayley graph, this is guaranteed, as the permutation
representation of U on I'(G, Sy U {a}) contains the regular representation which includes one
copy of every irreducible representation. This is derived from the fact that a group acting on its

own Cayley graph does so by its regular representation:

Lemma 6.2.4. Let U be a group with Cayley graph T'(U, S). Then the permutation representation
P of U acting on I'(U, S) is given by the regular representation.

Proof. The definition of P in Equation [6.13] matches the Definition [2.1.11] of the regular repres-
entation when the Cayley graph is chosen. O

U then acts separately on each copy of its Cayley graph in the full Cayley graph of G as its

regular representation, as well as permuting the connecting bonds:
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(a) When o® = ¢

Figure 6.4: The form of the quotient graph I'(G, Sy U {a})/(U, p) for Zs-graded G = U U aU
where U has n generators uq,...u, and p is an irreducible representation of U.

Lemma 6.2.5. The permutation representation of U on the Cayley graph T'(G, SyU{a}) includes

a direct sum of two copies of the reqular representation Ry of U,

P =Ry |rw,sy) DRU larw,sy) R

Proof. The Cayley graph I'(G, S) when constructed with the generating set S = Sy U{a} is given
by two interconnected copies of I'(U, Sy), T'(G, Sy U{a}) =T'(U, Sy) U al'(U, Sy) UT' where IV
forms the interlinking bonds. U acts on each sub-graph separately, and its action on each copy

of T'(U, Sy) is its regular representation, Ry, so if R’ is the permutation on IV under U,
P =Ry |rw,sy) PRU larw,sy) R

O

Theorem 6.2.6. Let G = U U aU be a Zy-graded group, and T'(G, Sy U {a}) be the quantum
graph generated by Theorem . Let U have irreducible representations {p;}.

ThenT(G, S) has an energy level spectrum which is composed of |{p; }| independent sub-spectra
which contains a copy of the sub-spectra generated by p, for every p, € {p;}.

Proof. Follows directly from Lemma that the action of U on I'(G, Sy U {a}) includes the
regular representation of U; Theorem that the regular representation contains a copy
of every irreducible representation of U, so that the action of U on I'(G, Sy U {a}) includes a
copy of every irreducible representation of U; and Lemma to describe the splitting of the
spectrum into sub-spectra with one sub-spectrum per unique irreducible representation of U in

the system. O

This means that for every theoretically identified sub-spectrum identified for a system, the
quantum graph I'(G, S) includes it. This is very powerful when searching for minimal systems
for the Wigner-Dyson classes, as it guarantees any identified pair of Zs-graded group G and

irreducible representation p of U can be found in a quantum graph.

To isolate the sub-spectra they generate, it is necessary to construct the quotient graph by U.
When quotienting out U, the set Vi can always be taken as Vy = {e, a}, as every other element
of G can be reached by multiplication of these two elements by members of Sy - this because

G is generated by Sy U {a}. Furthermore, the bond [e, ;] always equates to the bond [u; ', €]
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Figure 6.5: Substituting a vertex for the sub-graph given by Ap =
([0,1,1,0],[1,0,0,1],[1,0,0,1], [0, 1,1, 0]].
Yu; € Sy, and similarly, [a, au;] = [au; !, o] Yu; € Sy and [a, @] = [a~!, ¢]. This generates the

same universal form of quotient graph of two linked vertices with a number of self-loops coming
off them for every possible I'(G, Sy U {a}), the number of loops being decided by the number of
generators of U in Sy, as can be seen in Figure Also, the phases on the cut bonds are always
the same - p(u; ), p(au; *a™") Vu; € Sy and p(a?) for the respective bonds.

This means that if I'(G, Sy U {a})/(U, p) is to be constructed to test the spectral statistics
generated by the pair G, p, it isn’t actually necessary to construct I'(G, Sy U {a}) in the first
place, if p(u; '), p(au; 'a~') Yu; € Sy and p(a?) are known, the values can just be substituted

into Figure and the correct quotient graph will be found.

There was however, the requirement of Kottos and Smilansky for seeing random matrix stat-
istics in the spectrum that the graphs considered are simple and contain sufficiently many bonds.
Both of these requirements are broken in the process of taking the quotient of the graph, however
there is a method to substitute each vertex for a small sub-graph, improving the complexity,
[92]. The process is demonstrated in Figure for a single vertex with two incoming and two
outgoing bonds. The single vertex is replaced with four interconnected vertices, described by the
adjacency matrix Ar = [[0,1,1,0],[1,0,0,1],[1,0,0,1],[0,1,1,0]]. Each bond connected to the
original vertex is connected to one of the four new vertices. Each one should be connected to
a different vertex in the sub-graph, and if an incoming bond of type s connects to the vertex i
and the corresponding outgoing bond of type s connects to j, neither [i, 5] or [4,¢] should be in-
cluded in the sub-graph. This is a heuristically found rule based on experimenting with different
graph structures, which is part of the requirement that the sub-graph be neither too spare or too
complete to get good random matrix statistics, [91]. Furthermore, once the connecting bonds
between different sub-graphs are added, no vertex should have degree less than three. For any
given construction, various sub-graphs must be trialled, but it was found here that an edge dens-
ity of approximately 60-75% was needed. Also, each of the original bonds should be ‘doubled’ so

that two different copies are taken to improve the connectivity between the different sub-graphs.

There are other advantages to using the vertex sub-graphs. Firstly, taking the quotient graph
introduces self-loops into the graph, when simple graphs are needed. By adding the vertex sub-
graphs, the loops now start and finish at different vertices and the graph returns to being simple.
Secondly, the Cayley graph relies on the directed bonds to ensure its symmetry class, however
when a Cayley graph is turned into a quantum graph, the pseudo-inclusion of the bond-reversals
by fiy ++ p can generate extra symmetries on the quantum graph. The vertex sub-graphs can

then also be used to preserve the original symmetry group, firstly by having incoming bonds arrive
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at one vertex and leave at a separate vertex to introduce a form of directionality on the graph,
and also by being chosen to break any symmetries, [92]. It is normally sufficient to randomly

choose the vertex subgraph to be used.

It should be noted that every vertex must be replaced with exactly the same vertex sub-
graph with the bonds entering and exiting in the same way each time to preserve the large scale

symmetries of the graph.

6.2.3 Minimal Examples for the Wigner-Dyson Ensembles

The motivation for introducing Zs-graded symmetric quantum graphs was to be able to define
the smallest possible systems with each of the Wigner-Dyson ensembles describing their spectral
statistics. The process for this required identifying pairs G, p of Z5-graded groups and irreducible
representations p of U < G such that p generated a corepresentation R of Wigner-Dyson type I,
IT or I1T; identifying a quantum graph generated by I'(G, Sy U {a}) and taking the quotient by
p would then give either GOE, GUE or GSE statistics based on the class of R. This method is
now ready to test whether the groups and representations given by Theorem [5.2.2] for the classes

A, AT and AII give the correct random matrix statistics.

The groups and representations identified in Theorem [5.2.2] are given in Table [6.1] - not using
the examples that rely on the trivial representation, as the numerics for these are always poor
when compared to the random matrix prediction. This is probably due to removing a level of
complexity in the graph when the phases on the cut bonds are trivial, an example of these poor
numerics is given in Figure [6.6] Implementing the groups from Table [6.1] as quantum graphs
I'(G, Sy U{a}) under the algorithm given in Theorem they form the graphs in Figure

To isolate the desired subspectra and find the graph which will give the desired random matrix
statistics, it is then required to take the quotients I'(G, Sy U{a})/(U, p). This can be done by the
procedure described in Section [6.1.2] or else the universal form of the quotient graph from Figure
[6-4] can be used directly. This gives the graph in Figure [6.8] which is also presented with its
expansion by a vertex subgraph. The required values of the phases p1ap(u™1), p1p = p(au=ta™?!)

and poy = p(a?) needed on the cut-and-merged bonds are given in Table for each ensemble.

Class | G U | Irreducible Representation
A Zs Z3 Complex
Al | Dg Zs Complex
AIl | Zy Zo Sign

Table 6.1: The smallest Z5-graded groups G such that there exists an irreducible representation
of U generating the appropriate Altland-Zirnbauer class of corepresentation. Simpler examples of
pairs G, p which give A and Al statistics exist, however they take p as the trivial representation,
and simulations using the trivial representation always give poor numerics when compared to the
RMT prediction, so more complicated exmples are taken here.
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Spacing Distribution Comparison

1.0
—— Class Al

0.8 7 1 Complex
— 0.6 7 x  Trivial
=
A 0.4
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Figure 6.6: Comparing the approximation of the GOE spacing distribution for the quotient graph I'(Dg, Sy U
a)/(Zs, p) for the trivial and complex representations of Z3. The trivial representation shows more deviation
from the true values, and this behaviour carries over to other graphs, so we avoid taking the trivial representation
throughout.
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~.. ------- ~_‘_.— -------- - au U
(a) I'(Zs, {u, a}). (b) T'(Za, {u,a}).
e o= el @
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(¢) T'(Ds, {u, a}).

Figure 6.7: The quantum graphs generated by the algorithm of Theorem as the minimal graphs with a
GUE sub-spectra (a), GSE sub-spectra (b) and GOE sub-spectra (c). In each case, the solid bonds are bonds
of type u; the dashed bonds are bonds of type a.
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(c) The expanded quotient graph. Each pair of bonds ia,ib have the relation L;q = L, Aia = —Asp. The phases piap
are chosen according to the type of quotient graph.

Figure 6.8: Deriving the example graphs for the different Wigner-Dyson classes. For the phases p1ap(u™1), p1p =
plau=ta~1) and pgy, = p(a™2) required to get each Wigner-Dyson class of statistics, see Table
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[Closs [ raa =) pw= o e pm=sia? |

A exp(2im/3) exp(2im/3) 1
Al exp(2im/3) exp(—2im/3) 1
All -1 -1 -1

Table 6.2: The values of p(u=1), p(au=ta™1) and p(a=2) to take on Figure and Figure
to give each of the Wigner-Dyson ensembles as the spectral statistics.

All that is now required is to define the values required to run the numerical simulations. For
each graph, the unique bond lengths and potentials are drawn uniformly from the range [2, 5]
which almost certainly guarantees that they are incommensurate. The unique vertex scattering
matrix ¢(¢) is then drawn form the unitary ensemble with Haar measure. Symmetry is then used

to find the values on the rest of the graph, according to Theorem [6.1.8

This brings us to an outline of the general numerical routine used to identify energy levels
or eigenvalues of the system. The general problem will be to identify all energy levels occurring
in an unfolded range k € (kr, kg); this corresponds to finding all the roots of {(k) in this range
when d = 1 or all the minima of \C(k)\l/Q when d = 2. The process is fairly simple in each
case. First, when d = 1, then by calculating ((k;) for k; = k, + i0k, a series of equally spaced
points in the range k € (kr,km), a grid search can be done for the roots - if sign(¢(k;)) =
—sign(¢(k;+1)), then there is a root in the range (k;, k;+1). This bounds each of the roots, and
then a root finding program can be run on each root individually to locate it more precisely.
When d = 2, the main difference is switching to tracking the derivative of |¢ (k)\l/ 2, Using the
points k; = ky, + 40k to do a grid search for the minima, there is a minima in the range (k;, k;11)
if sign(d|¢(k;)|"/?/dk) — sign(d|C(kii1)|"/?/dk) = —2. This bounds the minima, and allows a
bounded optimisation to be done to locate each individual minima; choosing the bounded version

to make sure the local minima and not a global minima is found.

We note that when the constant average level density, dp holds, and the unfolding is taken as
k — k/do, it is expected to find (ki — kr)/do eigenvalues in the range k € (kr,kp). In the more
general case when the unfolding k¥ — f(k) = X has to be used, then N eigenvalues are predicted
to lie in a range k € [f~1(N\o), f 1 (Mo + N)], where the unfolded spectrum having mean level
spacing 1 has been used to predict N eigenvalues in the range A € (A\g, Ao + N) and then the
inverse unfolding procedure has been taken. These methods will allow us to define the necessary

search ranges to find specific number of eigenvalues in our simulations.

We also note that there is an algorithm used in [I44] that uses the rotation of the eigen-angles
to find the roots that is faster than straight calculation of the real secular equation method
described above, however given the number of eigenvalues computed here, the method used was

sufficiently fast for our calculations.

In terms of the measures we are approximating, simulating the level spacing distribution can
then be done by calculating 10,000 eigenvalues on a single graph by searching for all eigenvalues
in the range k € (ko, ko + 10,0000p), unfolding them by using k — k/dy = A and then taking the
distance between consecutive levels to form their distribution. As remarked earlier, it is sufficient
here to work on a single realisation of the graph rather than an ensemble of graphs as long s

sufficient eigenvalues are taken.
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| Class || ml | Inal |
A 1.00 0.917
Al 1.00 0.874
AIT 0.9999 | 0.925

Table 6.3: Checking the values of the eigenvalues of Tj; = [S(k);s|* according to Theorem
Assuming the eigenvalues are ordered so that |ni| > |n2] > -+ > |nn|, then the first requirement
for chaos is that |n;| = 1 and |ng2] < 1. In each case the condition is satisfied. All numbers
rounded to three significant figures and come from a single initialisation.

If the smallest eigenvalue distribution is being calculated, then an ensemble of similar graphs
must be created. This is done by defining a number of graphs according to Definition with
the same Cayley graph, bond lengths and potentials, but for each copy of the quantum graph,
the unique vertex scattering matrix o(¢) is drawn repeatedly from {(d,) by the Haar measure to
form an ensemble of graphs. In this case, 10,000 graphs were created in this manner. The real
secular equation is then calculated for increasing k& until a root is located for each graph, before
its value is unfolded and being added to the distribution. The more accurate unfolding procedure
is needed for this method, taking k& — k/dg +Im1n(¢(d))/7m = A, § = 0, to remove the translation
of the energy spectrum by N°%¢(k), which will vary for each realisation of the graph. This also
allows us to identify the start of the search range for the eigenvalue as k = —(Im1n {(0))/do7, as
the value which unfolds to A = 0.

We now come to the results of our simulations.

Firstly, the first condition for chaos required from Theorem [6.1.11| can be checked, with the
results given in Tableshowing compliance with the requirement that the matrix Tj; = |S(k) ;|
has one eigenvalue of size 1, and all others lie within the unit circle. This confirms that the graphs

are mixing, and do not necessarily fail to show chaos.

The results of the numerical simulations in terms of the level spacing distribution and smallest

eigenvalue distribution are then presented in Figures [6.9H6.14

The spacing distributions for the classes A, AT and AII are given in Figures and
respectively, with the probability distributions, and integrated probability distributions compared
to the theoretical predictions, and with the errors plotted to show that the absolute error is small
- of the order 10~2 for the probability distributions of the classes A and Al, while the class AII
graph has error of order 10~!. The error in the integrated distribution is in each case of the order
1072,

The smallest eigenvalue distributions for the classes A, Al and AII are given in Figures [6.10
and respectively, with the probability distributions, and integrated probability distribu-
tions compared to the theoretical predictions, and with the errors also given. The relative error
in the probability distribution is now large, of the order 10!, however as it is highly oscillatory,
the error in the integrated distribution is significantly smaller. A large factor in this is probably
the trade off between choosing to do a large number of runs on a comaparetively small graph -
the graphs here feature 38 bonds, and when graphs with 136 bonds were tested for the class Al
Dirac graph using 10,000 runs, as seen in Figure the error was significantly smaller despite

using fewer runs - 1/10th of the runs to be accurate. This holds true for the corresponding graphs
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for the classes A and AII as well. The choice to use a small number of bonds but large ensemble
was made here as the spacing distributions were also being calculated on the graphs, where the
number of bonds has a large effect on the computational time required and it was chosen to
prioritise good all-around statistics, particularly when it was only the probability distribution

Prin(z) that was seeing large oscillatory errors.

Overall, in each case it can be seen that the graphs correspond well to their respective random

matrix statistics, supporting the BGS-conjecture on quantum graphs.

122



Eigenvalue Spacing Distribution,
99998 Spacings

1.50

Integrated Spacing Distribution,

99998 Spacings

1.0 Jp——
1.95 - ——— Class A s
oo ;N -=== Class Al 0.8
. - . \
= ‘ Class All > 0.6 1 ——— Class A
= 0.75 Sim x
A~ : ~ | -=-= Class Al
0.50 0-4
’ —-—+ Class All
0.25 1 027 x Sim.
0.00 T T T L T 0.0 T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0
S S
Error in the Spacing Distributions,
99998 Spacings
0.50 - TN
ke N
s ~.
0.25 - 7 T~
s ~
=~ .
S /./ e -
5000 4=l e T -
=
—-0254  mem—— AP(S)
~0.50 —T Alls)
T T T T T
0.0 0.5 1.0 1.5 2.0 2.5

Figure 6.9: Spacing distribution results for T'(Zs, {u, a})/(Zs, p) for the complex representation, demonstrating
agreement with the predicted class A GUE ensemble.
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Figure 6.10: Smallest eigenvalue distribution results for I'(Zg, {u, a})/(Zs, p) for the complex representation,
demonstrating agreement with the predicted class A GUE ensemble.
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Figure 6.11: Spacing distribution results for I'(Dg, {u, a})/(Zs, p) for the complex representation, demonstrating
agreement with the predicted class Al GOE ensemble.
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Figure 6.12: Smallest eigenvalue distribution results for I'(Dsg, {u, a})/(Z3, p) for the complex representation,
demonstrating agreement with the predicted class Al GOE ensemble.
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Figure 6.13: Spacing distribution results for I'(Zy, {u, a})/(Z2, p) for the sign representation, demonstrating
agreement with the predicted class AIl GSE ensemble.
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Figure 6.14: Smallest eigenvalue distribution results for I'(Zy4, {u, a})/(Z2, p) for the sign representation, demon-
strating agreement with the predicted class AIl GSE ensemble.

125



7. Dirac Graphs

The intent set out at the start of this thesis was to demonstrate that there was a single type
of system with fixed 7, C symmetries, which under the addition of further unitary commuting
symmetries, could be used to construct an example system for each type of random matrix
statistics from the Altland-Zirnbauer classification through the formation of sub-spectra in the
energy level spectrum. Theorem[5.2.2]has already identified for each ensemble a graded symmetry
group G and a representation p of U generating the subspace which will show these statistics;
what remains is to show that there is a type of system that can be constructed to be symmetric
under G and include this subspace. We will actually go further, and demonstrate that these
systems can be constructed to be symmetric under every possible symmetry group G described
by Altland and Zirnbauer, and contain all of the possible subspaces and sub-spectra for the pair
G, U.

Chapter [6] already covered constructing systems for the classes A, AI and AII by applying
the Cayley graph geometry to the Schrodinger quntum graph. However, as the potential-less
Schrédinger equation does not permit negative solutions, it is not a suitable system for any of the
ensembles which involve a form of charge-conjugation or chiral symmetry - the classes AIII, BDI,
CII, C, D, CI and DIII. However if a variant of the quantum graph which replaced the solutions of
the Schrédinger equation on the bonds with the solutions of some quantum equation with charge-
conjugation symmetry could be taken, then it would be possible to describe charge-conjugation
and chiral symmetric graphs. This would allow the algorithms of Chapter [6] to be supplanted on
to the the new type of graph, in particular using the Cayley graph geometry to define a system
symmetric under a symmetry group G with all of the associated sub-spectra appearing in the

energy level spectrum, and being able to be isolated through the quotient graph procedure.

There are several known methods of constructing these charge-conjugation symmetric
quantum graphs, [77], though two are of particular interest - the Andreev graph, and the Dirac
graph.

First, the Andreev graph, [144], uses the Bogolubov-de Gennes Hamiltonian from Equation

[C.1G

uy(z)

g_ [PtV A . o(z) = uy(x)
—A* ht —vT vp(x)

vy ()

as an alternative to the Schrédinger equation to define the functions on the bonds. The particles

and holes travel along normal-conducting quantum wires forming the graph bonds, hitting su-
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perconductor boundaries at the vertices and experiencing Andreev reflection, [144], converting
particles into holes that also pick up a phase factor based on an order parameter of the super-
conductor. The Andreev graphs have already seen use in building systems with each of the ten
Altland-Zirnbauer ensembles, by drawing the exterior vertex scattering matrices of a star graph
from the desired Altand-Zirnbauer ensemble, [64, [144], however they provide a poor fit for gener-
alising the Cayley graph algorithm discussed above due to the action of a group U on a solution

being given by the representation

p
0 p*

p—

on the particle-hole space, [24]. The complex conjugate on the action on the hole space means
that the quotient can’t be used to control the killing of the particle-hole symmetry in the same
way it killed the time-reversal symmetries on the Schrédinger quantum graph when quotients are

taken.

Thus, we turn to the Dirac graph defined by Bulla and Trenkler, [31], by putting the one
dimensional Dirac operator onto the graph. These graphs behave much more similarly to the
Schrédinger quantum graphs and will be able to be transplanted almost directly into the al-
gorithms for defining symmetric quantum graphs and their quotients lifted from Chapter [f] to

give methods for defining symmetric Dirac graphs and their quotients.

Therefore we will discuss the definition of a Dirac graph in Section[7.1] We will then introduce
the notion of time-reversal symmetry on Dirac graphs as studied by [27, [78] and add new defin-
itions of charge-conjugation and chiral symmetry on Dirac graphs in Section [7.2.1] From here,
the general definition of a symmetric Dirac graph can now be given in Section Finally, in
Section we extend the algorithm from Theorem to take a Zy X Zy-graded symmetry
group G and derive a compliant Dirac graph, applying it to the examples given in Theorem [5.2.2]
as the minimal examples for each of the Altland-Zirnbauer ensembles. The results will be given
in Section demonstrating the expected random matrix agreement and completing the aims

of this work.

7.1 The Dirac Graph

7.1.1 The Dirac Equation on the Line

The Dirac equation was introduced by Dirac as a model for relativistic electrons, with its standard

presentation being a four-dimensional equation over three dimensional space, [I61]:

Definition 7.1.1. Let H = Ly(R®)* be a Hilbert space, then the Hamiltonian describing a charge

e particle in the external electromagnetic field (¢, A) is

H(e) = cox - (p - EA(t,x)) + Bmc® + ed(t,x) (7.1)
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where a = (a1, ag, a3), and «;, B define a Dirac Algebra,

iyl = 20;1L
041,5 c ([:4><47 0%2 — 52 _ H7 [OZ'MOZJ] ¥ (72)
[Cki, 6] =0.
The standard representation of «, B is given by taking the Pauli matrices,
0 1 0 —i 1 0
o1 = ) 02 = ) 03 =
10 i 0 0 -1
with «; and B then defined as
0 o I 0
a; = 7, p=|7 . (7.3)
ag; 0 0 —]12
The time-dependent Dirac equation is then given by
. 0
H(€)¢(€;t, X) = Zha"l[)(@;t,X) (74)
while the time-independent Dirac equation is
H(e)y (e, B;x) = Bye, E;x) (7.5)

The solutions ¥ include e inside the brackets as though it is not a free variable for v, it does
affect the form of ¢ by being a variable for H (e), so it will be useful to locate e in 9 as a variable
for when comparisons between solutions 1 (e), ¥ (e’) with different charges are made. This is the
same reason that E appears as a variable for the time-independent equation, comparisons will be

made between eigen-solutions for different values of E.

There are some simplifications which can be made to Equation Firstly, for our purposes,
it can be assumed that ¢ =0, i= ¢ =1 and that A(¢,x) = A is a constant when working on a
graph. Secondly, defining the Dirac equation on a graph will require its restriction to one spacial
dimension variable. This can be taken by considering only one of the ay, as or az components
- here taking ao component. In the one-dimensional case, it is also possible to satisfy the Dirac
algebra requirement with 2 x 2 matrices found by taking a transform of as and 3 into a block
diagonal form, however, we choose to stick with the standard four-dimensional as and 8 matrices,

to be able to use the standard charge conjugation operator for the Dirac equation.

With these modifications, the Dirac equation then becomes, [27],

H(e) = ay (iai — 6A> + Bm (7.6)
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which in expanded form is

0O 0 0 -1 m 0 0 eiA
N 0O 0 1 0 0 —etA 0
A(e) = 2 L m el
0
0 -1 0 O z 0 etA  —m 0
1 0 0 O —etA 0 0 -m

The time-independent Dirac equation then takes the form

w’ eiA 0 0 E+m) [w
o 0 etA —E—-m 0 x
y - 0 E—m eiA 0 Y ,
2’ —E+m 0 0 eiA z

which can be solved as a linear ordinary partial differential equation, having the plane-wave

positive energy solutions, [27],

1 0
) 0 . 1 .
w(a E> 0; 1,) _ ezeAz Lo ezkm + /j’ﬁ ezk:w
0 —iy(k)
iy(k 0

(k) (7.7)
1 0
0 , 1 )

+ﬂa e—’LkI + /j(‘ﬁ e—zkz

0 iy (k)

—iy(k) 0

with,

VEZ4+m?2 —m |E| —m
k= VE? —m? k) = - .

At this point the labelling the amplitudes fiq, (48, fla, fig Of the component exponential solutions
may seem arbitrary, but there will be useful structure and physical interpretation possible once

the operation of particle-hole inversion is discussed.

Unlike the Schrédinger equation where negative energy solutions require a potential, negative

energy solutions F < 0 are also now consistent with the definition of the potential-less Dirac
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equation in Equation and take the form,

iy(k) 0

1/)(67E < 0;$) _ eieA:c Lot 0 eikx + g _Z.’Y(k) eikm
0 1
1 0

In the case m = 0 for massless particles, these equations can be combined and the solution for
any energy is given by

1 0
ieAx 0 iEx 1 iEx
Yle, B #0;x) =e sgn(E)pa | | + pp e
0 —1
) 0
1 0
~ 0 —iEx ~ 1 —iEx it(1-0(F))/2
+fia e +sgn(E)ig| e e
0 )
—1 0
1 0
ieAx 0 1Ex 1 iEx
=e ta(e, E) e + pgle, E) e
0 —1
) 0
1 0
~ 0 —iEx ~ 1 —iBx
+iia (e, E) e + fig(e, E) e
0 1
—1 0
Ha

ble, B = 05a) = eete | 1

where the dependence of the amplitudes pq, 118, fia and jig on e, E' is now explicit. It will be
assumed in calculations later that m = 0, which is allowable, as a non-negative mass would only

cause a translation of the energy level statistics along the real line. This would mean that by the
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definition of k, k = |F| and (k) = 1, however, if calculating the m = 0 solution directly, it would
be found that the correct substitution is £ — E. In the following, it will be easiest to work with
the generic k, and only take the limit m — 0, with the replacement £ = E at the end.

Negative energy solutions for a particle make no physical sense, so instead anti-particles are
constructed - particles with all the same physical properties as the original, except for their
reversed charge. For electrons e, this defines the positron e* with charge —e, having taken e as

negative. They have solutions to the Dirac equation given by,

1 0
, 0 . 1
w(_e’ E> 0’$) — e—zeAw Mla elkl + /1'/ ezk:w
0 —iy(k)
iy(k) 0
(7.9)
1 0
0 - 1 .
_|_la; efzkm + ’alﬁ ' efzk:c
0 iry(k)
—iv(k) 0

which are related to the negative energy electron solutions by the charge conjugation operator ¢ ,
[161],

0 0 0 1

5 0 0 -1 0 N A .

C =ifask = K, CH(e) = —H(—¢)C, Y(e,—E;x) =Cy(—e, E;x).
0 -1 0 O
1 0 0 0

(7.10)
A negative energy —F < 0 solution for a charge e is then considered to be a charge-conjugated
positive energy solution for the anti-particle with charge —e. The eigenbasis of the system can
then be considered not to consist of electron states of both positive and negative energy, but
to consist of states describing positive energy electrons, and states describing charge-conjugated

positive energy positrons, so the energy in each eigenstate is positive,

{¥(e, B> 0)}U{ule, ~E < 0)} — {v(e, E > 0)} U {Cu(-e, E > 0)},

keeping the system consistent with the physical interpretation where £ > 0 must hold without
negative potential. This also allows the four spinors labelled by their amplitudes pq, (48, fla; (18
to take the physical interpretation of a forward travelling electron wave-packet with amplitudes

Lo, flo and a backwards travelling positron wave packet with amplitudes pg, fi.

There are two other details to note with regards to the symmetries of the Dirac Equation on
the line [—L, L]. Firstly, as it takes only the first partial derivative in z, not the second, even

when there is no magnetic field, a solution % is not symmetric under x — —z. Secondly, the
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time-reversal operator can be defined as, [27],

g9 0

T=_ K (7.11)

0 g9

for the Dirac equation. It can be seen to provide a symmetry in the case that A = 0.

Given then the matrix forms of 7 and é, the Dirac equation on the line can be classified
according to the Altland-Zirnbauer Tenfold Way,

Theorem 7.1.2. The Dirac Equation on the line [0, L] defines a system of Altland-Zirnbauer
class DIIT when A = 0.

Proof. The Dirac equation on the line is only symmetric under C,T and CT, thus the Altland-

Zirnbauer class can be found by checking how ¢ , T square. Given that

then it has to be of class DIII. O

7.1.2 The Dirac Graph

The Dirac graph can be thought of as a direct modification to the quantum graphs defined in
Definition by swapping out the use of Schrodinger’s equation for Dirac’s equation, [27] [78]:

Definition 7.1.3. Let I' be a metric graph with Hilbert space H = @,z L2([0, Ls])*. Define a
magnetic potential A, on each bond b. Take the functions v¥y(zp) on each bond as the solutions

to Dirac’s magnetic time-independent equation,

.0
(042 (—lax - €A> + 5771) Vo(26) = Eptho(Ts),
then an unconstrained solution on the whole graph can be given by the vector
T
U(x) = (Y1(21), Y2(x2), ... 8 (2)5)))

A set of boundary conditions on the bond solutions must be given by a pair of 4|B| x 4|B|
matrices Cy,Cy, chosen so that rank(Cy | Cy) = 4|B| and C1C} = CoCl. With the vectors

6 = (610), . 0lB0),03(0), ., B L), (L), UA (L), 0 (L)
¥ = (—gb(0),.., — 0B (0), 43 (0), .. L WA (L), Wl (Lysy), 0 (L), -~ (L)

defined, then a valid constrained solution ¥ on the graph satisfies the boundary condition that,

Ciypt + Cop™ = 0. (7.12)

The boundary conditions given here derive from the necessity of ensuring the Dirac operator on

the graph is self-adjoint, a discussion on the derivation of this form appearing in [27]. Though they
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appear very different to the version using the derivative for the quantum graph as per Equation
they are actually closer to those defined for the quantum graph using the derivative then

they would appear - ¥~ is actually equivalent to %w* — ieAy™, so this is actually a useful
simplification of the quantum graph version that is possible due to the forms of the vectors in

the solution V.

Solving the Dirac graph for a given charge e and an energy E then again requires finding a
set of amplitudes ptq, 118, fla; ftp such that they are consistent with Equation In the method
from [78], and in the same way as for quantum graphs in Section it is possible to consider
the solution in the basis defined by the amplitudes of the solution on each of the bonds,

T T
“:(M ﬂ) :(,ua,l Ba1 - Hay Bl HBB| Fa1 1 - fayB| ﬂﬁ,\[ﬂ)

and then use the boundary conditions to derive the scattering and transmission expression of the
Dirac Graph. From there, a secular equation det(I — Z(F)) = 0 can then be derived to find the

energy level spectrum.

The vectors 17,1~ are related to p by

e ; Mo mam| : !
61(k+6A1)L1 e*l(k*&A,)[q /l eZ(k‘JreAl)L,, _efl(kfeAl)L, P

so the boundary condition problem expressed with p then becomes

I I —I
0=1|Cy +iv(k)C2
ei(k-{-eAi)Li e—i(k—eAi)L,i ei(k-&-eAi)Li —z(k eA;)L;
I 0 I
0 e—i(k—eAi)Li

(C1 — iv(k)Cy) + (C1 + iy (k)Cs)

,[1/ z(k—i—eA )L, 0

Rescaling p to get rid of the factor of (g e,i<k,OCAi)Li ),

I 0
0 e—ilk—eA)L;

also consolidates both the exponential parts into the same matrix factor. Then taking advantage
of the fact that (C; — iy(k)Cs) is always invertible as it is Hermitian, [I00], scattering and
transmission matrices equivalent to those given in Equation for the Schrédinger quantum

graph drop out,

_ . 1 ) 0 ei(k‘feAi)Li
= —(Cy —iv(k)C2) " (C1 +iv(k)C2)

=

= S(e, k)T (e, k) =Z(e, k)
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where

. _1 ) 0 eilk—eAi)L;
S(e k) = —(C1 —in(k)Ca) " (Cr +iy(K)C2),  Tlek)= |
ez(k—&-eA,- )L; 0

As it is being assumed that m = 0, then k = E and it is possible to relabel k¥ — E from here on.

Note how here it is not common to factor out a copy of (% g) from T to bring it into main
diagonal form, but instead it is left in its non-main-diagonal block form. This means there is
no difference between the derived scattering matrix and the ‘standard’ forms as there was for

quantum graphs.

Again Z(e, E) = S(e, E)T (e, E) can be considered a form of time evolution operator, trans-
mitting and scattering a wave packet down the bonds, so that the relation 1 = Z(e, E) i becomes
a version of the time independence problem. A valid solution fi then must be an eigenstate of
Z(e, E) with eigenvalue 1. Thus, there again exists an energy level in the system whenever the
secular equation

0 = det(Iy 5 — S(e, E)T (e, E)) (7.13)

is consistent. The real secular equation can also be defined again, having the form

1
e 2w Lo /det(S(e, E))

(e, E) = det (I— S(e, E)T'(e, E)) (7.14)
so that whenever ((e, F) has a root, there is an energy level in the spectrum of the Dirac graph.
This allows exactly the same numerical program as for the quantum graph to be run to find the
spectrum of Dirac graph - iterating over E and calculating {(e, F) and then running root finding

1/2

programs to find roots with an odd degeneracy, or a minima finding routine on |{(e, E)|™* to

find roots with an even degeneracy.

7.1.3 The Dirac Graph as a Quantum Graph
The Dirac graph is completely described by the time evolution invariance equation,

0 ei(k’—eAi)Lj

1= —(Cy — iy(k)Cy) " (Cy + i (k)C: :
u (C1 =iy (k)Ca) ™ (Cr + iy (K)C2) pilkteA:)L; 0 g

= S(ea k)T(ea k)ﬁ‘ - E(ea k)ﬁ'

which is formed of the scattering matrix, S(e, k) = —(C1 — iv(k)C2) ™1 (C1 + iv(k)Cy), where

the block S(e,k)p, b, with by = [i,4],bs = [m,i] describes the how much of the two compon-

ent wave coming into the vertex along by with the vector of amplitudes (tp, o, tb, 5)7 scatters

onto the bond by as the amplitude vector (s, a, tp,,5)" ; and the transmission matrix T'(e, k) =
(ei(HQAi)Li ei(kng”L" where e?(F—¢4i)Li ig the diagonal matrix diag(e!(F+teAes) Lo, gilktedn )Ly,

et Etedn s ) Loy, , e htedss ) Lo ), and which transforms amplitudes at the start of the bonds

into amplitudes at the ends of the bonds. This equation was derived by taking the boundary con-
dition expression and re-expressing it in terms of the amplitudes, then re-arranging the equation

to get an invariance condition.
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The same method was employed in the case of the quantum graph, resulting in the equations,

0 ei(k}+Ab)Lb
n = —(Cl + ’L.kCQ)il(Cl — ZkCQ) 7}
et(k—Ap) Ly 0

0
and transmission matrices with the same interpretation as the Dirac graph case.

where S(k) = —(Cy + ikC)~1(Cy — ikCs) and T(k) = ( ,. %, € "*" ) are the scattering
et »)Ly

These basic equations have much the same form when S,T are independent of e and k or
E, except for two differences - firstly, the Dirac graph method of rescaling g — fi to collate
the matrices with exponential parts into a single matrix that becomes the transition matrix is
not necessary in the case of the quantum graph; secondly, there is a sign change within the
definition of the scattering matrix - the inverse is taken of (C + ikCs), not (Cy —iy(k)Cs). This
mathematical similarity means that when taken out of the context of the Dirac graph, the Dirac
graph’s scattering and transmission matrices can be re-interpreted as defining a quantum graph

with a two component wave function.

That is, let Cy,p,C2 p be the boundary condition matrices for the Dirac graph with bond
lengths {L,} and bond potentials {A,}. Then the quantum graph with 2 component wave
functions on its bonds, and with bond lengths {L;} and bond potentials {A4;} taken from the
Dirac case, and boundary condition matrices C1,c = C1,p and Cy ¢ = —Cs p will have an energy
level k in its spectra if and only if the Dirac graph it was defined from does for the same k. Note
that the rescaling of p — f1 has no effect in going from the Dirac graph to the quantum graph, as
they appear only as part of an invariance equation so their forms don’t matter, only that Z(e, k)

and Z(k) have an eigenvalue of one.

Given that a Dirac graph is mathematically equivalent to a quantum graph, then the results
proved for quantum graphs also hold for Dirac graphs - including the results from Section [6.1.3
and which discuss when the graphs will be chaotic and approximations for their density of states,
and the result from Appendix [D] that the periodic-orbit approximation for the semi-classical
approximation of the density of states is exact. Thus, for the same reasons that quantum graphs
proved to be a good system for testing that the random matrix predictions for the spectral
statistics of bosonic-type chaotic quantum systems indeed hold; Dirac graphs will be a good
model for testing that the random matrix predictions for the spectral statistics of fermionic-type

chaotic quantum systems indeed hold.

Furthermore, given that quantum graphs with single component wave-functions are known
to be build-able in the lab as microwave wire graphs, [83], this opens avenues to realising the
Dirac graph in the lab. The issue of the microwave wires graph only taking one component wave
functions but the Dirac graph requiring a two component wave function can be circumvented by
considering each single bond of the Dirac graph as a pair of bonds on the microwave graph, with

one amplitude component on each half of the pair, as per Figure

This demonstrates a basic construction that can be used to realise magnetic-field free Dirac
graphs in the lab, which is important as the desire of the thesis was to find a system which
can be easily constructed in the lab and which could be used to demonstrate statistics from

each of the ensembles considered by Altland and Zirnbauer. It would seem that the one issue
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f— @ ——e
(a) The Dirac graph with two-component wave (b) The associated microwave network, split-
functions on each bond. ting a two-component wave function over a pair
of bonds.

Figure 7.1: Realising the Dirac graph as a microwave wire network.

is that the graphs discussed below rely on the use of carefully chosen magnetic potentials to
kill time-reversal and charge-conjugation symmetry, while also controlling the creation of new
generalised time-reversal, generalised charge-conjugation and generalised chiral symmetries; and
it would seem that in not being able to build magnetic potentials into the microwave networks
these graphs wouldn’t be realisable. However, magnetic potentials were introduced on these
graphs only as a method of breaking time-reversal or charge conjugation symmetry, and it is
possible to look for other mechanisms that would do this. For the quantum graph, microwave
wires which allow transmission in only one direction have been considered as a method, [2], and
have already been used to control one type of generalised time-reversal symmetry, [3]. It is
expected that uni-directionality would be another possible method of breaking the anti-unitary
symmetries and re-constructing their generalised forms; taking the direction-reversed copies of
the unitary-commuting sub-graph to construct the charge-conjugated and time-reversed copies. If
0, then paired with an appropriate method of drawing the scattering matrices to fully sample the
ensemble of possible graphs, the uni-directional graphs would provide an experimental method

of realising the Dirac graphs discussed below in the lab.

7.2 Symmetric Dirac Graphs

7.2.1 Time-Reversal and Charge-Conjugation on Dirac Graphs

The action of 7 and C have been defined for the Dirac equation on a line, where they provide
symmetries of the system. Their action can be defined on the Dirac graph by their action on
each of the bonds individually, while their action on the scattering matrix S(e, E') can be found
by considering the expression of a general scattering matrix S(e, E') as a function of the Green’s
functions of its associated Hamiltonian, H, [64],

Gile, E) = m G_(e,E) =Gl (e,E), S(e,E)=Cu(e,E)G_(e,B)"".  (7.15)

This allows the question of finding the action of 7,C on S (e, F) to become a question of their

action on the Hamiltonian H (e), which is already known, and it can be seen that
TGi(e,E)T ' =Gx(e,E) = TS(e, )T~ = S'(e, B) (7.16)
CGi(e,E)C' = —Gi(—e,—E) = CS(e, E)C™ = S(—e,—E) (7.17)
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which is in agreement with the general form given by [14].

On the unconstrained line, these operators 7’, ¢ provide a symmetry when A = 0; this extends
to the Dirac graph when A, = 0 Vb € B and when the boundary conditions at the vertices fulfil
specific requirements. These requirements can, as in Section be found by considering the
action of 72, C on the amplitude space local to single vertex. This is the procedure in [27] used to
identify the conditions for a Dirac graph to be symmetric under T, but it is generalised here to

include symmetry under the charge-conjugation operator.

As in Section the local scattering problem at a vertex i relates the amplitudes of the

incoming waves <ﬁl to the outgoing amplitudes ﬁi,
ﬁi(ea E) = O'(Z) (67 E)%l(ev E)v O'(Z) (67 E) = S(ev E) ‘7

where at a vertex with outgoing bonds 1,2,. d;" and incoming bonds dj' + 1,dj' +1,...d;,
i <ﬁ,- are described in terms of p, 118, flo and fig by

ta fia
I o
(;# .dr
Hao! o'
dt Adl_*

7 _ /J‘Bl <ﬁ — He +
o . df ’ - . df +1
exp (—z(k — 6Ad*+1)Ld++1)Hof +1 exp(z(k + eAd§+1)Ldi+1)ﬂa

. Ldi 41 . df+1
exp (—i(k — eAdf,+1)Ld§)+1),UJBl exp (l(k + eAde)Lde)“ﬁ
exp (—i(k — eAa,)La, ) ia" exp (i(k + eAq,)La, )1
oxp (—i(k — eAa;) La, )ity exp (i(k + €A, ) La, )1y

Multiplication of the phases in the lower half of the vectors by exp(i(k + Ap)Lp) occurs as these
are the phases on the bonds which are incoming at ¢ - so b = [j, ¢] and the phases Mg,g and ﬂg’ﬁ
without the added phase are the values at the vertex j not ¢; multiplying by the phase transmits
the amplitudes to 4. This is also why u® and i® are swapped in the way they appear in % and ﬁ
- these vectors are about the direction of travel of the amplitudes relative to the vertex, not the
bonds, and on an incoming bond, the direction travelling away from the vertex is the direction

travelling against the bond, and vice versa - hence why [ appears in ﬁ and p appears in <ﬁ

The requirement for symmetry is then that given the time-reversed vectors,
ﬁi)T(e,E) =T (e, B), <Ei,T(e,E) = T% (e, E), or the charge-conjugated vectors,
Hic(—e,—E) = Cii(e,E), Wic(—e,—E) = Cwi(e, E), the local scattering relations continue
to hold for the right choice of e, . This is the requirement that the relations

Hiz(e,E) =0 (e, E)fiiT(e,E) (7.18)
Hic(—e,—E) =0 (—e,~E)liic(—e, —E) (7.19)

must hold.
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The explicit action of 7,C on the vector forms of ﬁi7 %Z can be found by comparing the
amplitudes of each component in ¥(e, E;x) and (—e, —E;x) to fw(e,E;x) and éw(e,E;x)

respectively so that it is found that

a7 (e, B) Jiae, E)
wa7(e, E) _ 0 J\ [ psle E) (7.20)
fia,7(c, E) T 0) | ftale. B)
fig,7 (e, E) fis(e, E)
fa.c(—€, —E) tole, E)
—e,—F —I E
pape(ze. =By | [l 0 usle B) (7.21)
flac(—e,—F) 0 T/ | fiale, E)
fig.c(—e, —FE) fig(e, E)
where
0 1
J =
-1 0
This then gives the forms for ﬁz’,T,c, <ﬁi,7’,c as,
i =i(ly, ® J); Wi =i(ly, ® J)H; (7.22)
-1+ 0 . L+ 0 .
Hic=i| s Wic=1i| 2% )T (7.23)
0 Loar 0 I

Substituting Equation into Equation gives the requirement on ¢ for time-reversal
symmetry,

oW(e,E) = (Ig, ® J) oW (e, E)(1q, @ J) (7.24)

while substituting Equation into Equation gives for charge-conjugation symmetry the
requirement that

cD(e,E) = oy 0 o @W*(—e,—E) baay 0

0 Ly 4~ 0 =l

(7.25)

Assuming o is independent of e and FE, this means for a Dirac graph to have both time-reversal

and charge-conjugation symmetry, (¥ must satisfy both the relations

o = (X0 @ L)u! (7.26)
) AW B@©)

o = (7.27)
BOT  p@

where u(¥) = diag(u1,us, ... uq,), u; € U(2), A" = A0 pOT = _DO and AW e €247 x2d]
B ¢ 24/ %247 ang DO € €24 X247 for cach i € V. The choice in [27] is to take X () as the

scattering matrix found for the Schrédinger quantum graph, however this creates a graph that
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is symmetric under 7 and MC where M : b — b exchanges the directions of the bonds, which is

insufficient to either fully break or maintain the spectral mirror symmetry as is required here.

The action of 7, C can also be calculated on [+, and is given by the operators

N 0 I J 4 —I 0
T =i S VR K. (7.28)
H|B‘ ®J 0 H2|3‘
which allows the chiral operator P =CT to be inferred as
A —I 0 0 I J
p=| 7 51 ® ) (7.29)

0 Iyg) \Liy ®J

The condition on the vertex scattering matrices for the graph to be symmetric under P are also the
combination of the vertex scattering matrix conditions for time-reversal and charge-conjugation
symmetry:
_ Hd? ®J 0 U(m(ie, B de ®J 0

0 -I,-®J 0 -I,-®J

o) (7.30)

This will be automatically satisfied if the graph is symmetric under both 7 and C, as would be

expected.

The Altland-Zirnbauer class of the Dirac graph with no additional symmetries can now be

checked - and was the case for the Dirac equation on the line, it sits in the class DIII,

Lemma 7.2.1. Let ' be a Dirac graph that contains no unitary commuting symmetries, and

no magnetic potentials on the bonds. Let the relations o = u(X® @ Iy)u® =1 with v =

diag(u1,uz, ... uq,), u; € U(2) and o) = A BY with A® ¢ €2 x2d] Bl ¢ C2di x2d;
BOT  pG)

and D e C24i %24 hold for all i € V. Then the graph is a member of the Altland-Zirnbauer

class DIII.

Proof. The defined graph is symmetric under 7’, C and 7C and no other symmetries. Therefore,
the Altland-Zirnbauer class of the system can be calculated by taking the squares of the time-

reversal and charge-conjugation symmetries. Given their forms as

e 0 I ®J K. (=i s 0 )
Ig ®J 0 Iy 5
on the whole graph, it can be seen that their squares are
CP=1=-77
which means the correct class is DIII. O
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7.2.2 General Symmetries of Dirac Graphs

The definition of a generally symmetric quantum graph from Definition carries over to
the Dirac Graph with the obvious generalisation based on the action of T and C on the vertex

scattering matrices:

Definition 7.2.2. Let G = U UaU U~U UnU be a finite Zy X Zy-graded group and I' a Dirac

graph. Define the action of G on ' as a graph as the permutative homomorphism of the vertices
by
g:i— gl
Then T is symmetric under G as a Dirac graph if and only if the following relations hold Vg € G,
Vi,j €V,
(i, j] € B < [gi, gj] € B, Ligigj = Ly,

Algigs] =
—Auy g€aUunU
(1) (e, E) eU
Ti,g), ki \& g
(Ia;, ® J)ila[(ii,)J{[k,i] (e, E)(g, ® J) g€al
) -1, + 0 ) I + 0
(g1) o 2d; (2)* P 2d;
Tlgisg) lok.g1 (& E) = Tpi g1 ikt (€ —E) gev
0 ]I2d; 0 7H2d;
I+®J 0 ) I+®J 0
d’ i d]
i U[(i’)]%k’i](—e, — i genU
0 -I,-®J 0 -I,-®J

The preservation of the connectivity and bond lengths is direct from the standard definition of
a symmetric graph. The requirement on the magnetic potentials is unchanged from the definition
of a symmetric quantum graph - anti-unitary group elements cause a sign flip in Ay in their action,
so this is accounted for in the definition. The rules on ¢(?) are found by taking Equations
and and swapping 0¥ for (99 on the left-hand side so the action of the operator includes a
vertex permutation when testing for symmetry. The action under an element in 7U is found by
combining Equations and so that the action without the vertex permutation is given
by CT =P. In this way, generalised time-reversal, charge-conjugation and chiral symmetries can

be represented on a Dirac graph.

If these graphs are to be used to test random matrix predictions, it will again be necessary
to construct the symmetry decomposed basis or the quotient graph in order to isolate single
sub-spectra. There will be little difference in the procedure as given in Section [6.1.2] - the rep-
resentation of U on I' will be found, and then the decomposition of this representation into
irreducible representations provides the necessary symmetry decomposed basis transformation,
giving the correct transformation to split Z(e, E) into block diagonal form and the spectra into

independent sub-spectra.
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Again, the action of U on T is solely a permutation of the vertices, so it can be represented

as acting on the bond functions v,
w Py = Yy—1p(xy—1p) YueU
which gives the action of u on the graph solution ¥ as
u: ¥ — (Plu)®1y)T, (P(u))ij = 6015 (7.31)

where P is the matrix permutation representation of U acting on the bonds of I". The tensor
product with I4 occurs to take into account the fact that U must act the same on each component

of the spinors .

On the amplitude space described by fi, taking as before the relabelling iy g,(i,5] = Ha,8,[.>
so that the inverse of P arises as the action on the hole space as the bond directions have been

reversed, the representation of U is given by

Plu) ®1 0
w i [TWEL i. (7.32)

O P_l(u)®H2

Note how the only change from the Schrédinger quantum graph of Equation [6.14]is to add a right
tensor product by Iy. This means that when calculating the subspaces in the graph by taking the
transformation of basis into the symmetry decomposed basis - the basis where P is decomposed

into irreducible representations - it is possible to just take the appropriate transformation W for
P(u) 0
0 P Yu)

the Schrodinger case, and then right-tensor by I. That is, if (
into irreducible representations by W in the Schrodinger graph case as in Equation the

) can be decomposed

Dirac graph version can be decomposed by W ® I,

(W @l,) (P(“)®H2 0 )(W®H2) _ (691- DL pi(u) ® L2 0 )
0 Prumel 0 D, B, pi(w) & I
(7.33)

As before, the evolution operator = then block diagonalises,
(W&l 'E(e, E)(W @1,) = D EPEie, E) (7.34)

and the secular equation factorises as

det(I - E(e, E)) = [ [ det(I - Zj(e, E))™ (7.35)

so that the energy spectrum splits into |{i}| independent sub-spectra of multiplicities s;. The
exact form for W can as before, be found by applying the method of [I1] - and the transformation
W ®I5 can actually be computed directly with this method without resorting to the mid-way step
of using the reduction to the quantum graph case if wanted. While [I1] discusses the Schrédinger
case exclusively, the Dirac graph can be considered as a Schrédinger graph where every bond
has been doubled, or where each bond carries a two-dimensional wave function, so there is no
idealogical issue with applying their method, this will be discussed further in Section below.
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Furthermore, going through their calculations, the new right-hand tensor product by I, that
appears in the Dirac graph representation of U factors out of all of their calculations, and once
again returns W ® Iy as the correct quotienting transformation, confirming the easier method of

relating back to the Schrodinger problem.

In terms of the heuristic derivation of the quotient graph - which if constructed with the
irreducible representation p; automatically has the statistics of the subspace related to the rep-
resentation p; - there is no change needed from the Schriodinger case described in Section [6.1.2
The method is discussed in detail there, however in summary, it is a matter of finding the funda-
mental domain and isolating it from the full graph, with the edges leaving the fundamental domain
being cut at dummy vertices. The pairs of cut bonds [v1,d;] and [dg, v2] are then appropriately
merged by equating the dummy vertices d;,d, when there exists u € U such that dy = ud;, the
periodic boundary condition at the vertex d; = d2 = d being Y[q,,,] [a= pT(ufl)w[vhd] |¢. This

can either be used to define a vertex scattering matrix

0 pT(ut)
e U

O'(d) = ® Iy

or it can be merged into the transmission matrix for the bond [v1,v2], so the dummy vertex d
is dropped. This however, completes the general definition of the quotient graph on the Dirac
graph. Further discussion on the structure of the quotient graphs will be possible but require
a particular type of symmetric graph to be chosen, however it can be said that universal forms

very similar to those seen in Section [6.2.2] will once again appear.

7.3 Minimal Examples of the Altland-Zirnbauer Ensembles
on Dirac Graphs

7.3.1 Constructing G =UUaUUT'UUTU Symmetric Graphs and Their

Quotients

We now turn to showing that any symmetry group G = U UaU U~yU UnU can be represented as
a Dirac graph I', and that for every irreducible representation p of U, there is exactly one copy
of p in the action R of U on I'. This will allow the implementation of the systems identified by
Theorem and demonstrate that every Altland-Zirnbauer random matrix ensemble can be

represented on a Dirac Graph.

As has been previously discussed, quantum graphs are optimal systems for identifying con-
structions which are symmetric under a Z,-graded group, and which can be guaranteed to contain
the representation p, an algorithm being given in Theorem to build a graph for each sym-
metry group G = UUaU by identifying the Cayley graph as an example. Once an anti-commuting
symmetry is required, and the symmetry group become Zs x Zs-graded, Dirac graphs become the
system of choice, and the algorithm is updated to use the definition of symmetry from Definition
so that given a Z; x Zy-graded group G, its Cayley graph generates a specific example of

a Dirac graph symmetric under G,
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Theorem 7.3.1. Let G be a Zy X Zy-graded group G =U UAUCUP. Let S be a generating
set of G.

The Dirac graph defined by taking the Cayley graph T'(G, S), choosing the quantities Lic 4, Afe,s)
for each s € S and choosing o'©) € U(d), with their values on the rest of the graph constructed
by the rules

Ligigi) = Liij),  Algigs) =
—A[m] gealUUu~U
(4) ( E) cU
Oli g1, 1k,0 &5 9
(e, @ J) o (e B) (I, ® ) g€al
, I+ O . L+ 0
( 7,) _ 2di (7)* _ _ Qdi
Tlgi g).lak.gi) (& ) = i 1,k (€ —E) gevv
0 H2d? 0 7H2d?
I.®J 0 . Ls®J 0
“ U[(i,)jT],[k,i](_@’ —E) & genU
0 -1, ®J 0 “I,-®J

is symmetric under left multiplication by G.

There is again the the question of which generating set S should be taken for G. Following
the choice of Sy U {a} where Sy is the generating set of U for the Zs-graded case, the obvious
choice would be to expand the set Tz taken in addition to Sy to include a representative of every
present type of non unitary-commuting symmetry on the system needed to cover G. This makes
the generating set Sy UTg where T is a transversal for U in G. That is, Tg C {«,, 7}, with
the exact definition of Tg being given by the relations a € Tg & A # 0, v € Tg < C # 0
and 7 € Tg & P # 0 and A = C = () - given that 7 = a7, then 7 is not needed as a
generating element, and including it would mean the minimal generating set wasn’t being taken,
thus including 7 in T along with « and v is unnecessary and would only generate additional
bonds to slow the computations down. Thus, the options for T are {a}, {7}, {7} and {«,~}
and |T¢| = 1,2.

This maintains the very regular and universal structure on the generated graph as seen for
the quantum graph in Figure with the graph splitting into a series of copies of the sub-graph
(U, Sy) interlinked by bonds generated by elements of Tg. If Tg = {a}, then the structure
is exactly the same as in the quantum graph case, having a copy of I'(U, Syy) and a copy of its
time-reversed counter-part, aI'(G, Syy) as seen by comparing Figure with Figure In the
case that T = {7} or T = {7}, then the graph retains its two part structure, but now it consists
of a unitary commuting original sub-graph, and either its charge-conjugated or chiral-reversed
copy as in Figures [7.2] and respectively.

When T = {a,7}, the graph now takes on a four part structure, containing the unitary-
commuting sub-graph I'(U, Syy) and its copies aI'(U, Sy), 7T'(U, Sy) and ayI'(U, Sy) under the
action of «,y and ay. These sub-graphs are then interlinked by the bonds generated by « and -,
giving the structure as in Figure and making clear the structure of the quotient G/U = K,
as the Klein-4 group.
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Figure 7.2: The subgraph structure of I'(G, Sy U Tg) for each of the three forms of T # (). In
all four cases, dashed bonds are generated by «, dash-dotted bonds by v and doubled lines by 7.

The proof that the graph so constructed includes every possible energy level sub-spectrum
for the graded group G needs little modification from the proof of the equivalent Theorem [6.2.5
in the case of the quantum graph. The permutation representation of U is still the independent
action of U on each of its either two or four interlinked copies of its Cayley graph, thus P includes
the regular representation, which has exactly one copy of each irreducible representation of U,

thus there is one copy of each sub-spectrum,

Theorem 7.3.2. Let G be a Zy X Zy-graded group and T'(G, Sy UTq) be the Dirac graph defined
as by Definition|7.3.1. Let {E;}, be the sub-spectrum generated by an irreducible representation
pn of U. Then {E;}, is present in the spectrum of I'(G, Sy UTg), and has multiplicity one.

Proof. The graph I'(G, Sy U T¢) is isomorphic to the decomposition into interconnected sub-
graphs, I'(G, Sy UTg) = (U?ficll“(U, SU)) + I where IV describes the interconnecting bonds.
The permutation representation of U on each copy of T'(U, Syy) is given independently by its reg-
ular representation, R, so the permutation representation of U on I'(G, Sy U T) must be given

by
2|Tq|

o= @R + R
=1

where R’ describes the permutation of the interconnecting bonds. According to Theorem
R contains exactly one copy of each irreducible representation p, of U. Thus, the symmetry
decomposed basis of I'(G, Sy U T) includes one of every possible subspace, and there is a copy
of every possible independent energy level sub-spectra in the full spectrum of I'(G, Sy UTg). O
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When isolating the sub-spectra using the quotient graph T'(G, Sy UTg)/(U, p), there is again a
universal structure to the graphs dependent only on which sets A,C, P C G are non-empty - the
vertices making up the fundamental domain are always {e, a} if G = UUaU; {e,~v} it G = UUAU;
{e,n} it G=UUrU; and {e,a,7y,7} if G = U UaU U~U UrU. These are connected by bonds,
and bonds generated by u; € Sy become a number of loops coming off each vertex - these bonds
can’t link between different vertices, as elements of U can only permute e, o,y and 7 within the

sets U, A,C and P respectively, so the bond [a, qu] is always connected to [au™!

,a] as a loop
in the quotient graph, and similarly for the other vertices and bonds. This means the quotient
graph always consists of either two or four interconnected vertices, with a number of self-loops
at each vertex given by the number of generators of U in Sy. The four possible quotient graphs

are given in Figure [7.3]

Given that the only part of the quotient graphs dependent on the chosen group G and rep-
resentation p are the phases on the cut bonds - which are p(u; 1) on the loops coming off e;
plau; a~') on the loops coming off a; p(yu;'y~') on the loops coming off v; p(ru; '7~1)
for the loops coming off m; p(a=2) for [a,e], p(y~2) for [y,e]; and either p(7=2) for [r,e] or
p(ya=ty~ta™t) for [r,7] and p(ay~2a~!) for |7, a] - then by knowing these values for G, p, and
each u; € Sy, it is actually possible to calculate the quotient of the Dirac Cayley graph without
having to construct the full graph. All that is actually necessary once these values are known is
to substitute them directly into the graphs given by Figure - this means that graphs for the
isolated sub-spectra may in fact be constructed directly without having to calculate large and

complicated the Cayley graphs for groups with many generators, which is a massive simplification.
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Figure 7.3: The four possible forms for a quotient graph I'(G, Sy U Tg)/(U, p) based on the form of T¢. Solid
lines are generated by elements in U, dashed lines by elements of A, dash-dotted lines by elements of C, and
doubled lines by elements of P. These quotient graph forms are universal for any Dirac graph generated from
the Cayley graph of a Zy x Zs-graded group G when the generating set is chosen to be Sy U Tg.
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7.3.2 Minimal Examples for the Altland-Zirnbauer Ensembles

Throughout this thesis, the final end-point has always been clear - identify a set of ten systems that
are ‘minimal’ in size and complexity and demonstrate that they show spectral statistics matching
each of the ten Altland-Zirnbauer random matrix ensembles, while all sharing the same global
form of 7 and C. All of the constituent parts for this have now been found - the time-reversal, 7A',
charge-conjugation, C and chiral, 75, operators have been defined and their link to the Altland-
Zirnbauer ensembles have been discussed. Symmetry groups have been introduced, containing
unitary and anti-unitary elements, and elements which either commute or anti-commute with the
Hamiltonian, their effect in splitting the Hilbert space up into independent subspaces has been
described, along with how the forms of the global time-reversal and charge-conjugation operators
can be different in the subspaces as local operators. Using this, appropriate groups and subspaces
were identified to cover all of the ten Altland-Zirnbauer classes. Finally, an algorithm was found
to generate appropriate systems and isolate the subspectra. All that is left is to apply numerical

simulation to the problem, demonstrating that the theoretical predictions hold.

There is little change to the procedure discussed in Section for the quantum graphs - the
relevant graded groups and their unitary subgroup representations are identified and then their
Cayley graphs constructed, applying the algorithm from Theorem [7-3.1] to get a Dirac graph,
before quotienting out U to isolate the subspectrum and then applying the vertex-subgraph
procedure to repair the graph complexity and identify the final Dirac graph to be worked with.
Ensembles of graphs can then be taken by iterating over choices of o(¢) drawn from U (de) by the
Haar measure, calculating the smallest eigenvalue distributions and densities of state. The one
key difference is that the Dirac graph starts in a DIII ensemble before additional symmetries
are applied, so the substitutions of Table must be used.

Applying this to Theorem then the minimally-sized graded groups G and irreducible
representations p needed to cover the Altland-Zirnbauer ensembles are given by the pairs in
Table[7.1] Three of these classes - A, AT and AII - were covered on the quantum graphs, but we
will repeat their treatment on the Dirac graphs here anyway for comparison. The Dirac graphs
for the ten cases can then be generated using Theorem to generate graphs of the form
I'(G, Sy UTg), where T = {a} for the classes A, Al and AIl; T = {v} for the classes C and D;
Tg = {m} for the class AIIL; and T = {a, v} for the classes BDI, CI, CII and DIII. This gives
graphs with a two-part structure when |T| = 1 and four-part structure when |Tg| = 2, as seen
in Figure [7.2]

Taking the quotients by U of these graphs will give the minimal graphs for each ensemble.
By the end of last section, this can be done by taking the universal forms of the quotient graphs
for the different Tz from Figure [7.3] and substituting in the necessary phases onto the cut-

and-merged bonds. Given that |[Sy| = 1 in all ten cases considered, these are a subset of the

phases p(u~'), p(a™2), p(y72), p(r=2), plau=ta™"), plyu=ty™h), p(ru='7=1), p(ya~ty~ta™t),
playu=ty~ta~1) and p(ay~2a~1) based on the form of Ti;. The values for each of the ensembles

given in Table [7-I] can be found in Tables [7.2] and [7.3]
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Class G U UuaU UU~U UUrU | Irreducible Representation of U
A Zs Z3 Zg Complex
AIT Dg 73 Dg Complex
Al Zy Zo n Sign
AITT Zg Zs3 Zg Complex
DIIT Do Z3 Dg Dg Zg Complex
CcI Qs Zs Zy Zy Zy Sign
C Zy Zs Zy Sign
D Dg 73 Dg Complex
BDI | Zy x Zy Zs Zy Z3 Zy Sign
CII | Zyx Zy Zs Z3 Zy Zy Sign

Table 7.1: The graded groups G of minimal size needed to cover each of the ten Altland-Zirnbauer ensembles
when paired with appropriate non-trivial representation p of U. The grading is described by considering what
group the sets U, U U aU,U U~U and U U nU are isomorphic to.

Table 7.2: The phases required on the bonds of the graph given in Figure to get each of the classes A, Al

’ Class H pra = p(u=2) ‘ pu = pla—?)

pay = plau=ta™t) ‘

A exp(2im/3) 1 exp(2im/3)
Al -1 -1 -1
AII exp(2im/3) 1 exp(—2im/3)
| I [ o =p(2)  po=plyu'y ) |
C -1 -1 -1
D exp(2im/3) 1 exp(—2im/3)
’ H ‘ piv = p(m™2)  pop = p(rutnt) \
| AT || exp(2in/3) | 1 exp(2ir/3) |

AII, C, D or AIII as the energy level statistics ensemble.

| pm cr|cn BDI
P1a = p(u™?) exp(2ir/3) —-1| -1 -1
p1y = plau=ta™t) exp(—2ir/3) -1 -1 -1
pie = plyu~ 'y exp(—2im/3) —1| -1 -1
pra = playu=ty~ta™t) || exp(2ir/3) 1] -1 -1
P20 = pla™?) 1 -1 —1
P3a = p(y7?) 1 -10-1 1
pan = p(ya~ty~tat) 1 -1 1 -1
pap = play2a™!) 1 —1| -1 1

Table 7.3: The phases required on the bonds of the graph given in Figure or to get each of the classes
DIII, CI, CII or BDI as the energy level statistics ensemble.
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(c) The expanded quotient graph.

Figure 7.4: Deriving the example graphs for the classes with |T;| = 1. The phases on each of the bonds required
to achieve the classes A,AI,AIT when the graph is interpreted as being the quotient I'(G, Sy U {a})/(U, p) can
be found in the top three rows of Table[7.2} while the phases required to generate the classes C and D when the
graph is interpreted as being the quotient I'(G, Sy U {~v})/(U, p) form the center two rows; the phases required
for the class AIII when the graph is interpreted as being the quotient I'(G, Sy U {n})/(U, p) re in the bottom
row. Note that in the cases A, AI, AIl, C and D, A1, = —A1, and Ay, = —Ag, while in the case of class AIII,
A1, = Aqp and Ay, = Agp, this because 7 is unitary operator.
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Figure 7.5: Deriving the example graphs for systems with T = {«,v}. See Table for what phases should
be chosen for each of the bonds to get the different Altland-Zirnbauer classes BDI, CII, DIII and CI.
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All that is that is then required is to substitute in the appropriate vertex sub-graphs. For the
two-part graphs, the vertex sub-graph used for the quantum graph can be reused, leading to the
structure in Figure [7.4] For the four part graphs, we use a new vertex sub-graph with sixteen
vertices, so there are four ‘spare’ vertices after the main graph bonds have been added, with
twenty-eight bonds in the sub-graph, leading to the structure in Figure This size of graph
is fine for calculating the smallest eigenvalue distribution, but it is too large for the much more
computationally intensive average density of states. In this case, we use a smaller sub-graph of
six vertices and eleven bonds, leading to the graph in Figure[7.6] This means that the connecting
bonds cannot be doubled and the results for an individual graph are poorer, but this is made up

for by being able to take a larger ensemble.

We now consider the practicalities of simulating the characteristic statistics of the random
matrix ensembles on Dirac graphs - that is ensemble generation, solving the secular equation, the
unfolding procedure, and identifying the eigenvalue search ranges for the density of states and

smallest eigenvalue distributions.

Firstly, both of the measures taken here - the average level spacing distribution and the
smallest eigenvalue distribution - need to be averaged over an ensemble of graphs. As in Chapter
[6] this is done by fixing a graph with its bond lengths and bond potentials, and then iterating
over draws of ¢(¢) from U(d,) according to the Haar measure, computing the rest of the vertex

scattering matrices from the symmetry relations.

Next, solving the Dirac graph numerically is no different to working with the
Schrédinger quantum graph - the real secular equation is calculated in steps, roots or minima
bounded based on the sign of the function or its derivative as necessary, and then a root finding
or minimisation problem is run as required to find precisely each of the eigenvalues. This means
that all code and techniques discussed in the last chapter can be carried over from the quantum

graph case.

For the unfolding procedure, we first note that the semi-classical approximations for the
random matrix quantities discussed for the quantum graphs in Section carry over, [27], and

in particular approximations of the counting function from Equation [6.22]is the same,

N(E) = N (E) + N°*°(E) NWE(0) = Ny + — TmIn(d)
s
L —
NV E) = EszbE + NWevt(0) N (B) = % ImIn (B + ie)
T s

so that 8o = d = L/md is still the average density of states in the bulk and the unfolding procedure
remains
E — N(E) - NYYY(E) =\

However, while the approximation F — E/dq of the unfolding could be taken for the quantum
graph’s spacing distribution calculation as all that mattered were the relative spacings, for
the average density of states and the smallest eigenvalue distribution, the translation term
NWerl(0) will be required for the unfolding. Without compensating for it, a single calcula-
tion of the spectrum will have its value of A = 0 and mirror symmetry at £ = —NWVevl(0) =
ImIndet (I — S(e,d)T'(e,d)) # 0 in the limit 6 — 0. This will be different for every initialisation

of S in the ensemble, so each iteration in the average will be centred differently and lead to poor
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statistics due to the results of the constituent spectra of the ensemble being out of alignment.
This can be fixed by accounting for the translations in the spectra and by taking instead the

unfolding

L
B sl p L imince) = A,
wd T

using § ~ 0. This correctly centres the spectra about 0 in each case, allowing the correct averaging.

We can now turn to the question of what ranges the eigenvalues should be identified in for

each of the characteristic distributions of the ensembles.

The density of states will be calculated by finding all eigenvalues in a range E € [N, Ng],
and then averaging over these positions with the ensemble. The density of states is symmetric
about zero, so having first demonstrated a symmetry in the solution for the Altland-Zirnbauer
ensembles, it should be only be necessary to calculate the average density of states over the
positive half of the real line to verify its agreement with the analytical results for the Altland-
Zirnbauer ensembles. That would be searching for the first N eigenvalues in the unfolded range

A € [0, N], which can be reversed engineered into the folded range,

~dImIn((6) d(Nm—ImIn((d))
> pen Lo 7 > pen Lo

Ee z| =[N, Ny]

by using the inverse of the unfolding routine. This would be a sufficient range to search in, were
it not the fact that the numerical root and minimisation routines need a buffer around each root
to work. This means that for roots very close to the bounds of the search range, it is actually
beneficial to extend the search range slightly to allow a bigger buffer for them and improve the
numerics. This makes the actual search range worked with generally E € [N, — 0.5, Ng + 0.5]
for example. Furthermore, this will catch the eigenvalues that should be inside the range but are
sufficiently close to the bound that small numeric errors knock them out of the range, improving
the statistics at the edges of the bounds. This is incredibly important on the zero end which sits
in the centre of the spectra at the mirror symmetry and is part of the largest deviation away
from the Wigner-Dyson statistics, and which is where the ensembles are best characterised in
their differences. This will also occasionally find extra roots, and when they occur to the left of

Ny, will show the spectral mirror symmetry in action, further validating the result.

We also note, that due to the necessity to smooth out the ‘spikiness’ of the density of states
averaged over an ensemble of graphs, it is necessary to also do a short-range averaging over the
energy range. This is as simple as using a histogram to plot the averaged density of states, but
we note that depending on how the bins are arranged with relation to the range of calculated
eigenvalues, this can lead to the under-representation of the average density of states in the outer
two bins if they overlap areas where eigenvalues were not computed. In this case, having the
buffer in the calculation means that the under-representation is less of an issue, as it lies outwith

the range in consideration and can be trimmed off if required.

Finally for the average density of states, note that none of the Dirac graphs have a zero energy
level when the real secular equation is calculated, so only the simplest forms of the analytical

predictions for (d(k))y and Pyin(z) are needed.

When calculating the smallest eigenvalue distribution, it is possible to begin calculating the

real secular equation at small but negative ), stepping forward until a root is detected. Again,
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it is important that the unfolding is taken into account when giving the range to search in - the
translation by NWe¥(0) must be taken into account. Once again, inverting the unfolding relation

gives the correct range, which is £ € [—(ImIn{(4))/dom, x).

To start the results of our numerical simulations, we note that the requirements for chaos on
a quantum graph from Theorem carry over onto the Dirac graph due to the Dirac graph
being interpretable as a quantum graph with doubled bonds. We then first check that the first of
two requirements from Theorem for a graph to show chaos - that the matrix Tj; = |Sij|2
has one eigenvalue |n;| = 1 and all other eigenvalues lie within the unit circle, |n;| <1 Vi > 1 -
is satisfied by the graphs. The tests for this are given in Table[7.4] for the graphs based on those
given in Figures[7.4) and which will be used to calculate the smallest eigenvalue distributions
for all ten classes and the average density of states for the class A, AI, AIIl, AIII, C and D graphs;
and in Table [7.5] for the graphs in Figure [7.6] which will be used to calculate the average density
of states of the class BDI, CII, CI and DIII graphs. In each case, agreement with the condition

can be seen.

| Class | |m| | |l || Class | Jml | |ml |
A 1.0000 0.86061 ATIT 1.0000 0.84591
Al 0.99999- | 0.85582 BDI | 0.99999- | 0.92171
ATl 1.0000 0.86811 CII 1.0000 0.93999

C 0.99999 | 0.86602 CI 1.0000 | 0.93427
D 0.99999 | 0.84869 || DIII 1.0000 | 0.93032

Table 7.4: Checking the ordered eigenvalues 1; > 19 > -+ > ny of the Markov process matrix
Ti; = ’Sﬁderived from the scattering matrix for each of the example graphs identified in Figures
and The first chaos requirement is that |n;| = 1 and |n2| < 1, which holds in each case.
All numbers rounded to five significant figures and come from a single initialisation.

[ Class | | | ol [[Class| | | Il |
BDI 1.0000 0.90211 CI 0.99999- | 0.890091
CII 0.99999- | 0.88061 DIIT | 0.99999 | 0.918761

Table 7.5: Checking the ordered eigenvalues 17 > 19 > - -+ > ny of the Markov process matrix
Ti; = |S’f’ derived from the scattering matrix for each of the example small graphs identified in
Figure for testing the density of states of the four-part graphs. The first chaos requirement
is that |m1| = 1 and |n2] < 1, which holds in each case. All numbers rounded to five significant
figures and come from a single initialisation.
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Next, we show that the spectral mirror symmetry appears for the classes AIII, BDI, CII, C,
D, DIII and CI while it is broken in the classes A, Al and AIl. We calculate all the eigenvalues
in the unfolded range A\ € (—4,4), expecting eight, and then form the pairs \,, A_,, based on
their ordering A_4 < -+ < A_; <0< A < --+ < A\yg. Taking the differences |\, — A\_,,| measures
how close the two come to showing a mirror symmetry. The results of doing this for each class
are given in Table for the graphs generated from Figures and while Table gives
the case for the small density of state test graphs described by Figure [7.6] In each case though,
the necessary behaviour is demonstrated, up to small numeric errors. That is, |A, + A_,| = 0.1
or bigger in the classes A, AI and AII; on the other hand, the difference is of the order 103
or smaller for most cases where the spectral mirror symmetry is expected to hold, covering the
classes BDI, C, D and CII. The only classes which have larger errors are the classes CII and DIII,
which have a divergence of order 1073 between an energy level and its negative counterpart, but

this is still small, and the spectral mirror symmetry still holds.

[ Class | P+l | Potrsl | De+rsl [ Da+ra |

A 0.22604 0.07873

Al 0.37619 1.07259 0.45656

AIl 0.16970 0.16247 0.35103 0.031756

AL || 1.1291 x 10712 | 1.1326 x 1072 | 1.1133 x 10712 | 1.1120 x 10~ 2

BDI || 8.8818 x 10716 | 1.7764 x 10715 | 7.9936 x 10~1° | 3.9968 x 10~ 1%
CII 2.6019 x 1072 | 4.0608 x 1073 | 4.3769 x 1073 | 3.7039 x 103
C 0.1038 x 10714 | 1.1324 x 1071 | 9.3259 x 10~'® | 1.8652 x 1014
D 1.7551 x 10713 | 1.9695 x 10~'3 | 1.6165 x 1073 | 1.6831 x 10~ 13
CI 2.1316 x 10714 | 2.0872 x 10714 | 8.4377 x 10~1° | 2.2204 x 1013

DIII || 5.0139 x 1073 | 2.6018 x 10~3 | 2.3324 x 103 | 4.0099 x 10~3

Table 7.6: Testing whether the calculated spectrum has a spectral mirror symmetry by taking
the difference between A, and —A_,, for each of the ten ensembles. It can be seen that up to
small numerical errors, the results agree with a spectral mirror symmetry existing in the classes
AIII, BDI, CII, C, D, DIIT and CI while the classes A, Al and AII don’t have a spectral mirror
symmetry. Missing values correspond to finding fewer than four eigenvalues in the range (—4, 0),
as the estimate of N eigenvalues in the range (A—0, Ao+ V) breaks in the negative regime without
the spectral mirror symmetry. All numbers rounded to five significant figures and come from a
single initialisation.
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[ Class | a+aa] | Petas] | De+rsl | Patry
BDI || 4.6629 x 10~ | 3.9968 x 10715 | 2.1539 x 104 | 2.6645 x 10~1°
CIT || 3.2280 x 1073 | 3.1280 x 103 | 5.2003 x 1073 | 2.8588 x 103
CI || 4.7740 x 10715 | 1.3323 x 1071® | 1.7764 x 10715 | 1.3323 x 10~1°
DIIT || 4.8405 x 1072 | 3.1889 x 1073 | 3.6356 x 1073 | 3.1382 x 1073

Table 7.7: Testing whether the calculated spectrum has a spectral mirror symmetry by taking
the difference between FE, and —F_,, for each of the four small graphs given in Figure in
order to test the average density of states. It can be seen that up to small numerical errors, the
results agree with a spectral mirror symmetry existing in each of the classes as predicted. All
numbers rounded to five significant figures and come from a single initialisation.

The results of calculating the smallest eigenvalue distribution and the density of states through
simulation of the above graphs can then be found in Figures to

First are the density of states simulations for the ten classes in Figures [7.7] to It can
be seen first that all three of the Wigner-Dyson classes are modelled well, with their simulated
average density of states being formed of very small oscillations around the constant value of
one. In all three cases, these oscillations are of the order 1072. We also note the aforementioned
under-representation of the density of states in the first data point for the class AII graph, which

was one of the reasons for allowing the buffer in the choice of the energy range.

Moving onto the additional seven Altland-Zirnbauer ensembles, the numerics matches the
random matrix predictions well in the range [—1, 1], however, way from here, the accuracy to
the prediction lessons, particularly in the classes CII, D and DIII. These ensembles should show
large oscillations in the density of states but the numerics have oscillations that trend to zero too
quickly, or are out of phase with the analytic predictions. This would suggest in these cases the
second-smallest and third-smallest eigenvalues are not being found as accurately as the smallest
eigenvalue. This is likely in part due to the moderate number of runs that is being averaged
over - as the class CII and DIII are the worst, but they use only 35,000 runs instead of the
150,000 runs used for the class AIIT which does have good agreement between the numerics and

the oscillatory analytic prediction even away from 0.

Looking at the smallest eigenvalue distributions in Figures to very good agreement
is seen between the numerics and the random matrix predictions both for the probability dis-
tribution and the integrated probability distribution - the integrated distributions tend to have
an error in the order of 1072 or 1073, Larger errors occur in the probability distribution, but
they are really only significant at the absolute smallest scale when x = 0 in the classes AIl and
ATII and the numerics strongly underestimate the true probability - which may be due numerical
errors pushing positive roots falsely onto the negative side of zero, or due to the first root being
on the wrong side of the first value taken in the grid search for roots before the optimisation
routines are run. It should be noted that only 20,000 runs were taken for each class, yet the
agreement with the random matrix predictions is excellent already, and further runs would only

improve it.

With this, we can assume success in realising all of the Altland-Zirnbauer classes, and their

associated ensembles on the Dirac graph, supporting the generalised BGS-Conjecture.
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Figure 7.7: The simulated average density of states for the graph I'(Zg, {u, a})/Z5 as shown in Figure with
the phases taken from Table Note the agreement with the predicted constant value of the statistics for the

class A ensemble.
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Figure 7.8: The simulated average density of states for the graph I'(Zy, {u, @})/Z5 as shown in Figure with
the phases taken from Table Note the agreement with the predicted constant value of the statistics for the

class AI ensemble.
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Figure 7.9: The simulated average density of states for the graph I'(Dg, {u, a})/Z3 as shown in Figure with
the phases taken from Table Note the agreement with the predicted constant value of the statistics for the

class AII ensemble.
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Figure 7.10: The simulated average density of states for the graph I'(Zs, {u, a})/Z3 as shown in Figure
with the phases taken from Table Note the agreement with the chGUE statistics of the Altland-Zirnbauer
class AIIL.
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Figure 7.11: The simulated average density of states for the graph I'(Zy x Za, {u, o, v})/Z2 as shown in Figure
with the phases taken from Table Note the agreement with the chGOE statistics of the Altland-
Zirnbauer class BDI.
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Figure 7.12: The simulated average density of states for the graph I'(Zy x Zs, {u, o,v})/Z> as shown in Figure
[7.6] with the phases taken from Table Note the agreement with the chGSE statistics of the Altland-
Zirnbauer class CIL.
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Figure 7.13: The simulated average density of states for the graph I'(Zy, {u,v})/Z> as shown in Figure
with the phases taken from Table Note the agreement with the random matrix statistics of the ensemble
related to the Altland-Zirnbauer class C.
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Figure 7.14: The simulated average density of states for the graph I'(Zs, {u,v})/Z3 as shown in Figure
with the phases taken from Table Note the agreement with the random matrix statistics of the ensemble
related to the Altland-Zirnbauer class D.
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Figure 7.15: The simulated average density of states for the graph T'(Qs, {u,«,v})/Z2 as shown in Figure
with the phases taken from Table Note the agreement with the random matrix statistics of the ensemble
related to the Altland-Zirnbauer class CI.
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Figure 7.16: The simulated average density of states for the graph I'(D12, {u, a,7})/Z3 as shown in Figure
with the phases taken from Table Note the agreement with the random matrix statistics of the ensemble

related to the Altland-Zirnbauer class DIII.
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Figure 7.17: The simulated smallest eigenvalue distribution for the graph I'(Zg, {u, a})/Zs as shown in Figure
[7-4} with the phases taken from Table[7.2] Note the agreement with the GUE ensemble.
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Figure 7.18: The simulated smallest eigenvalue distribution for the graph I'(Zy, {u,a})/Z5 as shown in Figure
with the phases taken from Table Note the agreement with the GOE ensemble.
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Figure 7.19: The simulated smallest eigenvalue distribution for the graph I'(Dg, {u, a})/Z3 as shown in Figure
[7-4 with the phases taken from Table[7.2] Note the agreement with the GSE ensemble.
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Figure 7.20: The simulated smallest eigenvalue distribution for the graph I'(Zg, {u,7})/Z3 as shown in Figure
with the phases taken from Table Note the agreement with the chGUE ensemble.
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Figure 7.21: The simulated smallest eigenvalue distribution for the graph I'(Zy x Za, {u, @, v})/Z2 as shown in
Figure [7.5] with the phases taken from Table[7.3] Note the agreement with the chGOE ensemble.
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Figure 7.22: The simulated smallest eigenvalue distribution for the graph T'(Zy x Zs, {u, a,v})/Z2 as shown in
Figure with the phases taken from Table Note the agreement with the chGSE ensemble.
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Figure 7.23: The simulated smallest eigenvalue distribution for the graph I'(Z4, {u,~})/Z2 as shown in Figure
[7-4] with the phases taken from Table[7.2] Note the agreement with the random matrix statistics of the ensemble

related to the Altland-Zirnbauer class C.
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Figure 7.24: The simulated smallest eigenvalue distribution for the graph I'(Dg, {u,v})/Z3 as shown in Figure
with the phases taken from Table Note the agreement with the random matrix statistics of the ensemble

related to the Altland-Zirnbauer class D.
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Figure 7.25: The simulated smallest eigenvalue distribution for the graph I'(Qs, {u,a,~})/Z> as shown in
Figure[7.5] with the phases taken from Table [7.3] Note the agreement with the random matrix statistics of the
ensemble related to the Altland-Zirnbauer class CI.
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Figure 7.26: The simulated smallest eigenvalue distribution for the graph T'(Dis, {u,«,~v})/Z3 as shown in
Figure with the phases taken from Table Note the agreement with the random matrix statistics of the
ensemble related to the Altland-Zirnbauer class DIII.
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As an extension to finding the minimal graphs showing each of the ten Altland-Zirnbauer
classes, it was stated that Dirac graphs allow all Z; x Zs-graded groups to be represented on
them as symmetry groups. To verify this further than just with the above examples, we also
look to confirm the second theorem of Section [5.2] Theorem which showed that a ‘full’
Zo X Zg-graded group could always be used to generate any Altland-Zirnbauer class. The groups
identified to cover this problem are now given in Table [7.8, once the substitutions for the DIII
base symmetry have been taken. Of these, the classes BDI, CII ,DIII and CI have already been
considered above, and can be ignored. For the remaining classes, they can be constructed as Dirac
graphs by using the universal form of the quotient graph for T¢ = {«, v} with the phases taken
from Table [7.9] This gives the quotient graph structure in Figure [7.27] which also presents the
chosen subgraph to be used for the vertex expansion - which sits between the graphs in Figures
and in terms of size to slightly speed up computation times here.

This gives the graphs which are posited to be derived from systems with all three of generalised
time-reversal, generalised charge-conjugation and generalised chiral symmetries, yet have only one

of them as a local symmetry.
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Class G U UuUuaU UU~AU UUrU | Irreducible Representation

A Zy X My(2) Zg ZgxZy My(2) My(2) e/ Complex
AlTl Dqs 73 Dg Z6 Dg Complex
Al Q16 Zy Qs Zs Qs Complex
AIIT Zg X Zo Zs3 Zg Zg Zs Complex
DIIT Do Zs Dg Dg Zg Complex
CI Qs Zs Z Z Z Sign

D Do Z3 Zg Dg Dg Complex

C Q16 Z4 Zg Qs Qs Complex
BDI Zy X Zy Zs Zy 732 Zy Sign
CIT | ZixZy 7y 72 Z Z Sign

Table 7.8: Minimal examples of Zs X Zs-graded groups and the associated representations of U to produce
each of the Altland-Zirnbauer ensembles on a Dirac graph, given the requirement that T¢ = {a,v}. The group
My(2) is described by the presentation <u, ﬂug =2 =1yuy= u5>.

| [ A AT N c | am |
p(u™) exp(—in/4) —i  exp(2in/3) exp(2im/3)  —i | exp(2im/3)
plav™ra™) exp(—im/4) i  exp(—2in/3) | exp(2in/3) —i | exp(2im/3)
p(yu=ty™) exp(3im/4) —i  exp(2in/3) | exp(—2iw/3) i | exp(2in/3)
playu™yra™) || exp(3in/4) i exp(—2in/3) | exp(—2in/3) i | exp(2im/3)
p(a™?) 1 -1 1 1 —i 1
p(v™2) 1 —i 1 1 -1 1
p(ya~ty7ta™h) 1 —i 1 1 i 1
play™2a™h) 1 i 1 1 —i 1

Table 7.9: The phases required on the bonds of the graph given in Figure to get each of the classes A, Al,
AII, C, D or AIII as the energy level statistics ensemble.
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(a) Unexpanded quotient graph.

(b) Vertex sub-graph using 15 vertices, 28
bonds and two copies of each of the bonds
generated by «a, v and wu.

(¢) Expanded quotient graph.

Figure 7.27: Deriving the example graphs for the classes A, AI, AIl, AIII, C and D on graphs with a four-fold
structure so that T = {a,y}. See Table for what phases should be chosen for each of the bonds to get the

different Altland-Zirnbauer classes.
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The same run-down of numeric tests can be applied to these graphs as were applied to the

previous graphs.

First, the first test for chaos according to Theorem is shown in Table showing that
the requirement for all eigenvalues but one to lie within the unit circle is kept. The spectral
mirror symmetry check for these graphs is then given in Table and the spectral mirror
symmetry is indeed broken in the classes A, ATl and AII, where |\, — A_,| > 0.1 which is a
significant divergence from the mirror symmetry requirement of A_,, = —\,,. On the other hand,
this relation holds to within an at most order 10~ '2 error for the classes AIIl, C and D which is

well within the allowance for numerical error, and the spectral mirror symmetry exists.

’ Class ‘ 71| ‘ [72] H Class ‘ || ‘ 02| ‘
A 1.0000 | 0.9253 AIIT 1.0000 0.91721
Al 1.0000 | 0.92764 D 0.99999- | 0.92028
AIl 1.0000 | 0.91775 C 1.0000 0.91247

Table 7.10: Checking the ordered eigenvalues 17; > 12 > - -+ > ny of the Markov process matrix
Ti; = |Si2j| derived from the scattering matrix for each of the example four-part graphs identified
in Figure for the classes A, AI, AIl, AIIl, C and D. The first chaos requirement is that
|n| =1 and |n2| < 1, which holds in each case. All numbers rounded to five significant figures
and come from a single initialisation.

[ Class | i+aa] | Potdas] | Ds+rsl | Patra |
A 0.60644 0.26655 0.57989 1.0458
AT 1.9616 2.2080 0.52603 0.10947
ATI 0.17889 0.31438 0.318891 0.26556
ATIL | 2.1126 x 10712 | 21037 x 10712 | 2.1134 x 10712 | 2.0899 x 10~1?
C || 14155 x 10714 | 3.9080 x 10~ | 1.6431 x 104 | 7.9936 x 1015
D || 3.0531 x 1015 | 1.4322 x 10~ | 3.7748 x 10~ | 1.4655 x 10~

Table 7.11: Testing whether the calculated spectrum has a spectral mirror symmetry by taking
the difference between \,, and —A_,, for the four-part version of the graphs for the ensembles A,
AI, AII, AIII, C and D. It can be seen that up to small numerical errors, the results agree with
a spectral mirror symmetry existing in the classes AIIIl, C and D while the classes A, AT and AII
don’t have a spectral mirror symmetry. All numbers rounded to five significant figures and come
from a single initialisation.
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It is now possible to consider the results of simulating the characteristic distributions of the
random matrix ensembles through the defined graphs. In general, we only take the results of the
calculations of the smallest eigenvalue distribution, as the density of states calculations on these
graphs are too computationally intensive to do large quantities. These distributions can be can
be seen in Figures to and it can be immediately noted that while very good results are
found in the classes AI, AIII, C and D, the results are significantly poorer in the classes A and
ATl

First, we note that there is a small underestimate of the density of states for the class A
in the range (—0.1,0.25), as seen in the top left hand corner of Figure This is possibly
a fragment of the finite size of the graph, though no others have occurred in any of the other
systems studied here. This underestimate in the density of states however, has the knock-on
effect of underestimating the smallest eigenvalue distribution probability for the same range, and
then overestimating the probability in the rest of distribution due to the normalisation. This has
the effect of erroneously matching the simulation estimate with the class AII statistics for the
smallest eigenvalue distribution, particularly in the integrated distribution case. This significant
error can happen in the integrated case, as all that it counts is the cumulative distribution of the
data, so oscillations and deviations lower down can be hidden quickly if they smooth out when
summed together. This makes the importance of not relying on only the integrated distributions
incredibly clear, as it is only when the probability distribution is checked that the errors near
zero are seen. We note however, that plotting the level spacing distribution away from zero, good
agreement with the class A prediction is seen; with the conformation that the spectral mirror
symmetry has been broken in Table there is then reasonable evidence that the system does

sit in the class A as predicted.

Worse, in the class AIl in Figure there is a large over-estimate of the first eigenvalue
occurring at & = 0.5, which has the knock-on effect of causing the underestimate of all other
values due to the normalisation of the distribution. The poor agreement with the random matrix
prediction is surprising as the structure of the graph and the cut-bond phases are exactly the
same as the class D graph, except for swapping the phases between the al' and I, and the class
D graph gives excellent agreement. Plotting the density of states for the graph around zero, it is
seen that it is oscillatory rather than constant - this is an issue, as it is unlikely it is an artefact of
the size of the graph. However, plotting the density of states far from zero, the oscillations have
disappeared, and the constant density of states is well approximated by the graph - as is the level
spacing distribution when that is calculated. It is possible that the issues close to zero are from
including YI'(G, Sy U a,v) and 7T'(G, Sy U «, v), without sufficiently killing off the effects of the
spectral mirror symmetry on the first eigenvalue distribution. However we note that the spectral
mirror symmetry is provably broken given the check in Table [7.11] and the spacing distribution
does still match the AII class well.

Overall though, we conclude a success in showing all the Altland-Zirnbauer classes can be
realised out of ‘full’ Zy x Zs-graded groups where A # (), C' # () and P # 0.
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Figure 7.29: The results of the numerical simulations for the graph from Figure taking the phases from
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Figure 7.30: The results of the numerical simulations for the graph from Figure taking the phases from
Table for a predicted Altland-Zirnbauer class of AIl, and GSE statistics. Due to the oscillatory form of
the density of states around zero, the smallest eigenvalue statistics are poor, but given this behaviour vanishes
away from zero, and the constant < d(FE) >g is correctly estimated, then the level spacing distribution gives
a good estimate for the correct class AIl. The poorness of the smallest eigenvalue distribution is surprising, as
the graph is generated by taking the graph for the class D and interchanging « and -y, with the class D version

giving very good statistics.
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Figure 7.31: The results of the numerical simulations for the graph from Figure taking the phases from
Table @ for a predicted Altland-Zirnbauer class of AIII, and chGUE statistics.
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Figure 7.32: The results of the numerical simulations for the graph from Figure taking the phases from
Table for a predicted Altland-Zirnbauer class of C, and the associated random matrix ensemble statistics.
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Figure 7.33: The results of the numerical simulations for the graph from Figure taking the phases from
Table for a predicted Altland-Zirnbauer class of D, and the associated random matrix ensemble statistics.
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8.  Conclusions and Outlook

The intent at the start of this thesis was to ascertain if the techniques of working with systems
with unitary commuting symmetries could potentially decrease the difficulty of realising the
Altland-Zirnbauer ensembles in the lab. These methods take a system without unitary commuting
symmetries, and which has a fixed global form of time-reversal T and charge-conjugation ¢
symmetry so that it sits in one of the Altland-Zirnbauer classes BDI, CII, CI or DIII. Application
of unitary commuting symmetries to the system, and moving to generalised time-reversal and
charge-conjugation symmetries, then causes the spectra to split into sub-spectra which can have
a different Altland-Zirnbauer class to the base system without symmetries. It was asked that
given any form of initial 7 and C, so to maximise the number applicable systems which might
be considered for testing, if it was possible to find a set of symmetry groups G to apply to the

system such that a subspace with each ensemble of Altland and Zirnbauer statistics existed.

It can be stated, that based on the results of this thesis, that it is indeed possible to find such
symmetry groups. Their existence and form were derived and proved in Chapter [5} while numeric
verification that they do indeed generate systems with each of ten ensembles in their statistics

was given for the specific example system of the Dirac Graph in Chapter [7]

As a review, the first three chapters covered the theory behind how quantum symmetries,

quantum chaos and random matrix statistics are linked.

In Chapter [2] the definitions of graded groups and the structure of their corepresentations
were discussed. The corepresentations varied from standard unitary representations in that they
could contain anti-linear and anti-unitary elements. Two types of graded group were considered
- the Zs-graded groups and the Z; x Zs-graded groups. The corepresentations of the Zs x Zs-
graded groups had the extra structure of being a super-vector space, so that elements could
be grading-preserving or grading-inverting. This led to the definition of its super-commutant,
which was identified as being one of the ten real super-division algebras by the Altland-Zirnbauer
Tenfold Way. A number of methods of identifying the class of a corepresentation were discussed,

including for projective corepresentations.

The notion of quantum symmetries as transforms of the projective Hilbert space preserving the
characteristic properties of the quantum system was then introduced in Chapter [3| Identifying
the symmetry group as a Zs x Zs-graded group, the symmetries could be linked to operators
through a projective corepresentation. This allowed physical interpretations of the symmetry
operators to be made - they were either geometric, or generalised time-reversal, generalised charge-
conjugation, or generalised chiral symmetries. The existence of geometric symmetries caused the

energy level spectrum to split into independent sub-spectra, and the system into independent
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sub-systems. We noted that in the subspaces, the symmetry operators could only be local time-
reversal, charge-conjugation and chiral operators, and that the local Hamiltonian had to be a
member of the local symmetry group’s super-commutant. This linked the classification of the
structure of the Hamiltonian to the classification of a corepresentation according to the Altland-
Zirnbauer Tenfold Way, and provides the gateway to linking quantum systems to random-matrix
theory. The empirical evidence for the correspondance between the statistics of certain quantum
systems and random matrix theory was then discussed, and the necessary requirement for the

underlying classical system to be chaotic given according to the BGS-conjecture.

Chapter [4] then discussed the ten random matrix ensembles that a chaotic quantum system’s
statistics could match, describing the characteristic forms of their densities of states, spacing

distributions and smallest eigenvalue distributions.

Understanding the theory behind how symmetry groups create subspaces with random matrix
statistics matching the Altland-Zirnbauer class of a corepresentation, and having methods to
predict which statistics will be found for which symmetry group, the main question of the thesis
could begin to be answered. This started with defining a search algorithm to identify all Zs x Z5
graded groups in Chapter |5l By applying the classification methods to each identified Z x Zs-
graded group, an example of a symmetry group producing a subspace with the desired statistics
was found for each Altland-Zirnbauer class. This gave theoretical proof of the central question
of the thesis.

Testing the theory from Chapter [5] with numerical simulations was the aim of Chapters [6] and
[l First, the quantum graph - already having been used to build systems with limited forms of
symmetry groups by Joyner, Miiller and Sieber - was introduced in Chapter [6] as a model for
a system with time-reversal type, but not charge-conjugation or chiral type symmetries. The
previous definitions of symmetry on a quantum graph were supplanted with the most general
definition of symmetry on a quantum graph, and an algorithm for identifying a quantum graph
symmetric under a general Zs-graded group given. The special structure of these graphs was
described, and the predictions of finding GUE, GOE and GSE statistics on the systems identified
by Chapter [5] tested. Good agreement was found, marking the first stage of numeric testing of

the predictions.

To test the rest of the predictions, the Dirac graph was introduced as a model. Following
work in the literature on defining their behaviour under time-reversal, their behaviour under
charge-conjugation was studied. Identifying the boundary conditions for the Dirac graph to
sit in the class DIII, the model was shown to be an applicable system for testing the central
theorem of the thesis. The definition of a symmetric Dirac graph was found in the most general
sense, and another algorithm given for taking a Z5 x Zs-graded group and producing a matching
symmetric Dirac graph. Applying this to the symmetry groups identified in Chapter [5] allowed
the simulation of the characteristic distributions for the random matrix ensembles. Numerical
verification of finding the seven additional Altland-Zirnbauer ensembles in these graphs was then

given, completing the the goals of the thesis.

In terms of outlook, there are several obvious points. First is clearly experimental verification
of these results in the lab. For the systems described in Chapter [6] it is already known that the
base non-magnetic quantum graph can be built in the lab as a microwave network, [83]. This

has been used to build the quantum graph identified by Joyner, Miiller and Sieber, [92], in the
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lab, [T13] 133], 134], 135]. We note that there is the apparent issue that the graphs discussed
in Chapter [0] require the use of a magnetic potential on the wires to break the time-reversal
symmetry, however this is something that microwave networks have not been realised with, or
with an equivalent of to date. This would be an issue if it were not for the fact that switching to
a microwave network allows the time-reversal symmetry to be broken by working with microwave
circulators, [I07], which break the symmetry by allowing travel down the wires in only one
direction. These uni-directional graphs have been used to find GUE statistics, [107], and very
recent work, [3], has identified a specific construction of a G = Z4, U = Zs quantum graph with
GSE statistics through including multiple copies of a sub-graph with the direction of travel flipped
between different copies to create and control the generalised time-reversal symmetry. We note
the similarity to the structure of the quantum graphs with Zs-graded symmetry groups discussed
in Chapter [0 and posit that this is a sufficient replacement on the microwave network for the
magnetic potential. That is, when constructing the microwave network, directions of travel are
picked for the wires in the unitary sub-graph, and then everywhere where the magnetic potential
would be flipped, the direction of travel is flipped instead. This, we note, ties into the condition
on the forms of the vertex scattering matrices which can also break the time-reversal symmetry,

as enforcing uni-directionality on the bonds imposes form on the vertex scattering matrices.

Having a way to build generalised time-reversal symmetries into a quantum graph, there is
then the question of building Dirac graphs in the lab with generalised time-reversal and gen-
eralised charge-conjugation symmetries. We have already discussed how a Dirac graph may be
re-interpreted as a quantum graph with doubled bonds, and using the idea of switching from
magnetic bonds to uni-directional microwave wires gives a possible way to realise the random
matrix ensembles of the Altland-Zirnbauer classes in the lab. Switching the focus from magnetic
potentials to the vertex scattering matrices is also highly relevant and consistent with the general-
ised charge-conjugation case, as the enforcement of an element g in G being of charge-conjugation
type and not time-reversal type is all through the relation between the vertex scattering matrices
0 and ¢, Thus, there is promise in using microwave networks to implement the graphs
discussed in Chapter [7] through the use of carefully modulated vertex scattering matrices. This
will likely involve the use of a mix of circulators and methods of rotating phases within the wires
- which will raise the question of how ensembles of graphs can be easily generated - but it is
hopefully feasible to realise the systems described in Chapter [7]in the lab with this methodology.
Even if it isn’t, it is hopeful that the techniques for constructing systems with generalised time-
reversal and charge-conjugation symmetries could be applied to a more suitable model to see the

Altland-Zirnbauer classes in the lab.

Outside of experimental verification, there are a number of possible applications of the work
done here. First is the use of the graphs described within as a verification tool for chaotic
quantum systems - that is, given a system, its symmetry group can be found, and then a Dirac
graph showing the same statistics can be generated. This follows from the fact that the statistics
of the system are dependent only on the symmetry group, and it would allow for results checking,
or if a particular property was identified in the statistics of a system with a particular symmetry
group, the equivalent Dirac graph could be identified. This would be of particular use if the other
system was hard to compute results for, as the numerics needed to work with Dirac graphs are

fairly simple.
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The other thing to do would be to complete the semi-classical analysis of magnetic quantum
quotient graphs. This was started in Appendix [D| with the periodic orbit approximation of the
density of states being found and an algorithm for the speeding up of the calculation of the
periodic orbits of symmetric graphs being described. Further work would find the form factor
approximations and apply them to the graphs discussed in this thesis. This links into the work

done in [27), 28], [65] T02] on the spectral statistics of quantum graphs and their spin counterparts.

There is also the question of applying these results to areas of study outside of the stand-
ard field of Hermitian quantum chaos. The Altland-Zirnbauer classes are essential to studies in
condensed matter, and for super-conductors and topological-insulators insulators in particular,
[14, 37, B9, 143]. The symmetry class of the system defines important properties of the system
- including whether the system has an energy gap, whether two systems are topologically equi-
valent, universal conductance frequencies, the Chern winding number and creates the periodic
table of topological insulators among other things. Due to to periodic table of topological insu-
lators, understanding the symmetry classification also means understanding the limits of what
topological insulators can be built, and theoretically knowing what symmetry groups cause which
symmetry classes gives more information on where examples for different classes of topological
insulator can be searched for. This gives application to the tables in Appendix [E] in particu-
lar. It should also be noted that in many ways the field of condensed matter has pushed the
study of symmetric systems further than is used in random matrix theory, and this has led to
a disconnect between the areas that could need correcting. It is essential then to consider what
techniques developed in condensed matter could benefit random matrix theory, and whether key
questions of random matrix theory have in fact been previously answered in the condensed mat-
ter field. Examples of condensed matter work into the theory surrounding the Altland-Zirnbauer
classification include studies of the interaction of the Altland-Zirnbauer classification with crystal
structure, [145], and CPT symmetries, [81]; while papers which include more ‘pure’ or abstract
theory surrounding the theory of corepresentations include [37, [69]. This also includes additional
research into the experiments allowed for in condensed matter theory, and the possibilities for

testing random matrix predictions on them.

Finally, we note that the classification of Altland and Zirnbauer of Hermitian systems can be
considered to sit inside a classification of thirty-eight different types of non-Hermitian system,
[19, [@5]. This classification is still based in the classification of the system’s symmetries but has
an expanded number of classes due to the fact H* # H” so there are more possible behaviours for
the symmetries within relation to the Hamiltonian, creating extra classes. This means additional
random matrix ensembles are possible in these systems. These non-Hermitian systems are seeing
a large amount of current study - see the many examples cited in [95] - as they make up dissipative
equivalents of Hermitian systems, [87], which are more physical than those with perfect closure
of the phase space; and several models in condensed matter, [95], and the study of symmetry in
these models is every bit as important as for their Hermitian counterparts as symmetry encodes
information about all of the same properties as it did for the Hermitian case. There is then a
question as to whether it would be possible to build a variant on quantum graphs that could
be used to demonstrate the non-Hermitian random matrix ensembles - we posit that given that
self-adjointness was enforced on the graph through the vertex boundary condition equations, a
different choice of boundary condition equation could create non-Hermitian graphs. This would

then require studying the process of sub-space creation and the symmetry decomposed basis
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for the non-Hermitian case, and the effect on creating the local symmetry groups. However, if
these example graphs are found, then they should allow every possible universal random matrix
ensemble for chaotic quantum systems to be realised, up to some special cases. This would be
very powerful, as it would give a tool for realising every random matrix ensemble with symmetry

connections, massively simplifying the search for example systems.
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A.  Group Theory

We give here a primer on the abstract field of group theory, a topic whose basics are covered in
[53] [86, @9], while a broader and more detailed covering of the field can be found in [138].

In short, Group Theory studies the structure behind sets with multiplication rules. By lifting
from concrete sets with multiplication defined on them - such as the nth roots of unity, or n x n
invertible matrices - to studying the multiplication rules as abstract objects of their own, common
structures can be identified, and proofs given at a general level that can then be applied to specific

examples.

We begin with the formal definition of a group as a set with a multiplication rule that has an
element that acts trivially, always returns elements within the set, is invertible, and is independent

in the order which pairs in an expression are multiplied.

Definition A.0.1. A group (G, ) is the set G of elements with a multiplication rule - : GXG — G
that obeys the properties

Identity: de € G such thate-g=g-e=g Vg€ G
Inverse: Vg€ G, 3g7' € G such that g- g~ ' =g '-g=¢e
Closure: Vg1,92 € G, g1 - g2 € G.

Associativity: g1 - (g2 93) = (91 - 92) - 93 Vg1, 92,93 € G.

Given some group elements, combinations of their multiples g1gs - -- € G will be known as a
word. There will always be an infinite number of words which can be constructed from the group
elements, but by applying the multiplication map to turn pairs of elements into one element, it
can be seen that many words are in fact equivalent - for example, if g1 - g2 = g3 and g3 - g3 = ¢,
then the words g1929192 = g3g3 = e are all the same. This allows the set of unique words which
can be written using elements of G without being equivalent to be created, this set is exactly the
set of elements of G. In many cases, G will contain an infinite number of elements, but we will

be concerned only with those groups G that contain a finite amount.

Definition A.0.2. Let G be a group, if |G| < oo then G is a finite group.

The fact that the set of unique words describes the element set of a group can be used to define
a group from a subset of elements. Taking a subset S of G as what is known as a generating set,
and defining all of the relations between them under multiplication allows all the unique words

which can be written using them to be found, which then describes a unique group based on this
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multiplication rule. The method of defining a group in this manner is known as taking the group

presentation.

Definition A.0.3. A generating set, is a subset S C G, such that every element of G can be
written as words using only elements of S and their inverses, Vg € G, g = aqas...a, where for
each a;, either a; € S or ai_1 €Ss.

If|S| = min ({|S;| | Si generates G}) then S is a minimal generating set, however it is possible

to choose a generating set larger than the minimal.

Definition A.0.4. Given a generating set S of G, the relations R for S is the set of words
form-able from S and S~1 that are equal to the identity,

Rz{a1a2---|ai630rai_165, aray--- = e},

Definition A.0.5. Let G be a group, then given a generating set S of G and the relations R of
S the group presentation of G is (S|R).

To read a group presentation, all possible words using generators S are taken, using the

relations to simplify the generated elements and then removing any duplicates from the set.

Example A.0.6. Simple group presentations include,

Trivial Group = (e]) = {e}
Co = <u|u2 =e) = {e,u}
Ch = (uju™ =€) = {eu,...,u"'}
K = <u,v|u2 =02 =¢,uv = vu> = {e,u,v,uv}
D3 = (uv|ud =v?=cvu=u*) = {e u,u? v,uv,u’v}

There arises the issue that two different presentations can describe the same group, for example
<u‘u6 = e> =Cg = <a, b|a3 =b2=e,ab= ba>. Group homomorphisms will map one group to
another, and isomorphisms will identify identical group structures.

Group homomorphisms are functions between two groups that is compatible with each of their

multiplications.

Definition A.0.7. If (G,-), (G', x) are groups, a group homomorphism ¢ : G — G’ is a function
such that
?(g1) x #(g2) = d(g91-92)  Vag1,92 € G.

If ¢ is both injective and surjective, it is a group isomorphism and G = G'.
More general functions f : G — C can also be defined on a group that are not necessarily
homomorphisms. While there are no universal properties that can be described for these f, there

are universal properties for the sums of their values over all of G. That is, left multiplying the

variable in f by h leaves the sum fixed.

Theorem A.0.8. Let G be be a finite group and f : G — C a function. Then,

Y @ =) flhg) VheG,

geqG geqG
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This is a side-effect of the closure of G under multiplication combined with summing over all
of G - left-multiplying the input variables by h merely rearranges the order the sum is taken,

which is why this is known as the Rearrangement Theorem.

Given a group, subsets of its elements can also fulfil the group definition by themselves, and

are known as subgroups.

Definition A.0.9. A subgroup H C G is a subset H of elements of G with the same multiplication
rule as G, with (H,-) also meeting the Identity, Inverse and Closure requirements of being a group.
If |H| # 1,|G| then H s a proper subgroup.

Left multiplication of H by an element g € G gives a subset of G’s elements called the left
coset of H in G.

Definition A.0.10. Let G be a group and H C G a subgroup, then the left coset of H in G for
g € G is the set
gH ={¢' € G|3h e H, ¢ =gh}

The left cosets have a number of properties, including the fact that they can be used to
partition G into subsets, each of which can be related back to the original subgroup by a single

element.

Proposition A.0.11. Let G be a group and H C G a subgroup. Then the following holds for
the left cosets of H,

1. All left cosets of H have the same size, Vg € G, |gH| = |H|.
2. Every element g € G appears in a coset of H, Vg € G 3¢’ € G such that g € g H

3. Two cosets g1H, goH are either non-intersecting or are equal, g1 H N goH # ) < g1 H =
g2H.

4. The unique cosets of H partition G, there exists a subset in G,
T={9;€G|gHNg;H=0, Uig;H = G}, whose union of cosets of H is G. It is usual
to choose gy = e, and T is a transversal of G for H while [G : H] = |T| is called the index
of H in G.

Proof.
1. There is a homomorphism between H and gH given by ¢(h) = gh, with an inverse ¢~ (h) =
g~ 'h so that it is bijective. Thus |gH| = |H| Vg € G.
2. e€ H= g€ gH.

3. Assume that g1 H NgoH # () but g1 H # goH so there dy € g1 H, y ¢ goH without loss of
generality.
Then, 3hy, ho, b} € H such that g1h; = x = gohg and y = g1h). As H obeys the require-
ment of group inverses, 3hy € H such that hy = hihs and yhs = x or that y = xh;l.
Then y = gghghgl = goh4 € goH which is a contradiction. Thus, the original statement
g H N goH # () <= g1 H = goH holds.
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4. We prove by construction, applying parts 2 and 3.

Order the elements of G = {go =e,q1,--.- ,g|G|}, and start with T' = {e}, P = H. Then
consider each of the g; in turn. If g; € P, move onto g;41. If g; ¢ P then take T =T U g;
and P=PUg;H.

Once g|g| has been checked, then P = UiertH and P a partition of G with T as its
transversal of G.

O

Corollary A.0.12. Let G be a finite group with subgroup H and transversal T, then G can be

G=JtH

teT

written as

Element conjugation is another method to partition a group; this starts with the definition of

the conjugate of one element by another.

Definition A.0.13. For g,z € G, the conjugate of g by = is g° = xgr~'.

This can be used to define the equivalence relation
g1 ~ g2 <= Jx € G such that g; = g7

which then creates the conjugacy classes of the group G, as all equivalence relations create

equivalence classes.

Definition A.0.14. The conjugacy class Cy for g € G is the set of elements of G conjugate to

g,
Cy={gecGlg~g}

and it is by definition invariant under conjugation,

gt e, Vg' € Cyyx €G

Some special subgroups of G are invariant under conjugation, and are called normal subgroups.

They will be essential for defining the groups with additional structure in Chapter

Definition A.0.15. A Normal Subgroup N < G is a subgroup of G that is invariant under
conjugation by G,
Vne N,g €@, n? € N.

The cosets of N are now unions of the conjugacy classes of G.

A multiplication rule can be put onto cosets of a normal subgroup to form their own group,
known as the quotient group. This group will describe the structure around N that is built into

G.

Definition A.0.16. Let G be a finite group and N <G a normal subgroup, giving a transversal
T for the cosets of N in G, G = UgertN. Then the quotient group G/N is defined on the cosets
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{tN | t € T} with the multiplication rule - so that
(t1N) - (t2N) = (t1t2)N
The order is the index of N in G, |G/N| =[G : N].

Normal subgroups, quotient groups and homomorphisms are all highly related in a way that

is described by the First Isomorphism Theorem.

Theorem A.0.17. Let G, G’ be groups and ¢ : G — G’ a group homomorphism. Then,

o ker(¢p) <G
e im(¢) C &
o im(¢) = G/ ker(¢)

There exist further isomorphism theorems described in [I38] but they are not relevant here.

Finally, direct product and semidirect product groups give a way to combine two groups to
form a bigger group. First, the direct product group is defined by taking all possible pairs (g1, g2)
of elements with g; € G; and g2 € G5 and defining the multiplication as occuring on ech element
of the pair separately.

Definition A.0.18. Let (G1,-), (G2, X) be two finite groups. Then their direct product group
G1 X Gy is defined as ({(a,b) | a € G1,b € Ga},*) with the multiplication rule
(a1,b1) * (az,b2) = (a1 - az, by X by).

It has order |Gy x Ga| = |G1||Ga|.

There are two ways of defining the semidirect product - the inner and out semidirect product.
The inner semidirect product takes a group and recognises when it is a semidirect product of two
subgroups; the outer semidirect product group uses two groups and a homomorphism to define a

new group which is the semidirect product of the base group.

Definition A.0.19. Let G be a group and N, K be two subgroups of G such that N is normal.
Then if,

e NN K ={e}, so the only common element in the group is the identity

¢ G =Uyiek EN, so that K provides a transversal of N in G.
G is a semidirect product of N by K and G = N x K.

Examples of semidirect products include the dihedral groups, D,, = Z,, X Z5, and the altern-
ating groups on four elements, Ay = Z2 x Zs. The outer semidirect product does the inverse of
the inner semidirect product and starts with the subgroups and defines their supergroup through
the action of K on N:
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Definition A.0.20. Let N, K be groups and let 6 : K — Aut(N) be a homomorphism. Then the
outer semidirect product group G = N xg K is defined as the set of ordered pairs (n,k) € N x K

with the bilinear operator - defined as
(n17k1) : (Tl27 kz) = (nle(kl)n%klké)

There are many useful properties explored for the semidirect product group in [I38]. The key

one in this thesis will be it application to splitting group extensions, as discussed in Section [2.4}
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B. Zy-Graded Vector Spaces and Algebras

Here we extend the concepts of linear algebra to vector spaces and algebras that have been graded
to form the super vector spaces and super algebras needed to describe the corepresentations of
Zy X Za-graded groups for the Altland-Zirnbauer Tenfold Way as per Chapter [2l More detailed

discussion is given in [93] [117, [165] which is where the material for this appendix is drawn from.

B.1 Z,-Graded Linear Algebra

We begin with the definition of graded vector spaces and their homomorphisms. In all cases,
the descriptor ‘super’ means that the relevant object has had a Z-grading put on it. For vector

spaces this takes the following form:

Definition B.1.1. Let V' be a vector space over the field K. Then V permits a Zs-grading and
is a super-vector space if and only if
V=vleVv!

with VO, V1 respectively the even and odd subspace. V comes with the parity operator,

v veVo
PVv:

—v veVl

If VO and V! have finite dimensions m,n respectively so that V° =2 K™ and V' = K" then
V may be denoted as K™™,

Vectors that live entirely in one of the subspaces are then known as homogeneous vectors,

and the subspace of V' they sit within can be defined by their degree,

ve Vo
lv] = , Pyo = (—=1)lly

veVl

o

1

which as indicator form of the parity operator Py .

When it comes to transformations between super-vector spaces, both graded and ungraded

homomorphisms between super-vector spaces exist:

Definition B.1.2. Let V,W be super-vector spaces, the space Hom(V, W) of ungraded homo-

morphisms between V and W is the set of homomorphisms between V and W when considered
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as un-graded spaces that also commute with the parity operators of V. W,
@(M W) = {T S Hom(vungraded; Wungruded) | TPV = PWT}

Definition B.1.3. Let V,W be super-vector spaces, the space Hom(V, W) of Zs-graded homo-

morphisms between V and W is given by
Hom (V,W)? = Hom(V°, W°) @ Hom(V*, W)

Hom(V,W)! = Hom(V°, W') @ Hom(V*, W?)

so that Hom(V, W)? = Hom(V, W) preserves the parity, and Hom(V, W) inverts it.

T
Usefully, if the bases for V, W are given in terms of the bases of VO, V1, W° W' as (VO Vl) ,

T
(WO Wl) then Hom(V, W)" and Hom(V, W)! have the block-diagonal and block-off diagonal

forms

A 0 0 C
T €¢ Hom(V,W)’ = T = ,  TeHom(V,W)'=T=

0 B D 0

We also note that in the case W =V, and all the elements are invertible, then Hom(V, V') has

the special name of the set of graded automorphisms, Aut(V).

Tensor products of super-vector spaces can be defined:
Definition B.1.4. Let V,W be super-vector spaces, then the tensor product is
VoW ={(v,w)|veV,we W} with

Vew) = VieWwW%ae (Ve Ww!)
Vew)l = (VieWwWh)ae (Ve Ww?)

v w)] = v + [w]

The grading on V' ® W then depends on whether the homogeneous elements v, w of V,W
making up v ® w have the same degree or not - if they do, |v ® w| = 0 and the element is even;
if they don’t, |[v ® w| =1 and the element is odd.

The major change from going liner algebra to super liner algebra is that commutativity in its
strongest sense is lost. Instead it is necessary to define super commutation, where the relation
between a set of operations and the same set of operations done in reverse depends on which of
the even and odd subspaces the homogeneous elements involved sit within. The first occurrence
of this is in the tensor product, where the isomorphism between V @ W and W ® V is not
vRw — w®uv but

wev= (D" gw.

This is the form of expression which will be seen to replace all forms of commutation in linear
algebra, with the addition of the (—1)‘””“" often termed the ‘Koszul sign rule’, which will appear

commonly on super-objects.

There is now sufficient apparatus defined to introduce the super algebra, or Zs-graded algebra,
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Definition B.1.5. Let k be a field, and A be a super-vector space over k. Then equipping A with
the bilinear operator - : A®Q A — A, a1 - ay = ajas forms the super-algebra with the grading of

homogeneous elements behaving under multiplication as
|ay - az| = [ax| + |az].

The behaviour of the common properties of algebras - associativity, commutativity, centers,
tensoring, divisibility by non-zero elements, modules and simpleness - can be checked under
the shift to super-algebras. Associativity remains a possible property of super-algebras without

change:

Definition B.1.6. Let A be a Zs-graded algebra, if
(a1~a2)-a3:a1-(a2~a3) Val,az,ag cA
then A is an associative Zy-graded algebra.

However, as would be expected, commutation again becomes super-commutation between

elements, and the Koszul sign rule then reappears.

Definition B.1.7. Let A be a super-algebra. Let a,a’ € A be elements, if
a-a = (—1)|“|‘a/|a' a

then a and o’ super-commute. If all pairs a,a’ € A super-commute, then A is a super-commutative
algebra; otherwise the center Z(A) = {a €Ala-d = (71)‘“||al|a’ ~aVa' € A} of A can be con-
sidered, and is defined as the subset of elements which do super-commute with all other elements

of A. If A is super-commutative, then the center equals the algebra, Z(A) = A.

Tensor products on super-algebras also gain contribution from the Kozul sign rule:

Definition B.1.8. Let A, A’ be super-algebras, then their graded tensor product AQA’ is defined
as the super-algebra defined over the super-vector space V.= A ® A’ with the bilinear operator -
given by
(ar,a}) - (az,a5) = (~1)1% (a1 - 0,4 - a))
In normal linear algebra, a simple algebra A is defined as an algebra where there are no

subspaces within it invariant under both left and right multiplication by all of the elements A,

as long as the bilinear operator on A is not trivially 0:

Definition B.1.9. Let A be an algebra over the field K, if a - a’ is non-zero for a,a’ # 0, and
there does not exist a non-trivial two-sided ideal L, that is a subset L < A such that Vx,y € L,
z€ A and c € k then,

ezr+yclL
e cx €L

e z-xecLandx-z€L
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then A is simple.

An ideal is then the algebra equivalent of the normal subgroup in group theory, and the
requirement for simpleness equivalent to a group G having no normal subgroup that wasn’t
either the trivial group of G itself. The direct sum of a series of simple algebras is then known
as a semi-simple algebra. In the terms of super-algebras, a super-algebra is simple if there are no

non-trivial two-sided super-ideals:

Definition B.1.10. Let A be a super-algebra over the super-vector space V, if a - a’ is non-zero
fora,a’ # 0, and there does not exist a non-trivial two-sided super-ideal L, that is a subset L < A
such that Ve,y € L, z € A and ¢ € k then,

.x+y€L
e cxelL

e z-xe€LlLandzr-z€ L
then A is simple.

Again, if A is not simple, but can be expressed as the direct sum of simple super-algebras,

then A is semi-simple.

A module M of an algebra A is a vector space where vectors in M can not only be multiplied by
a scalar, but there exists a bilinear map A x M — M that can be used to define the multiplication

of elements of M by A. This is the algebra equivalent of a representation of a group.

Definition B.1.11. Let A be an algebra, let M be a vector space. Then M is a left A-module

with the definition of the bilinear map X : AxX M — M that is consistent with the bilinear operator
-on A,

o 1l xm=mVYm e M so the identity acts trivially.

e (z-y)xm=uaxX (yxm) sothe two operators are associative with respect to each other.

On super-algebras, a super-module picks up the requirement that it exists over a super-vector

space, and that it respects the multiplication rule on the degree of the gradings:

Definition B.1.12. Let A be a super-algebra and M be a super vector space. Then M is a left
super-module of A with the definition of a bilinear map x : A x M — M that is both consistent
with the bilinear operator - on A and which respects the multiplication rule from A for the grading

of the homogeneous vectors,

e 1l xm=mVme M so the identity acts trivially.
e (z-y)xm=uxx(yxm) so the two operators are associative with respect to each other.

o |z xm|=|x|+ |m|.

Note that the super-algebra A when considered as the super-vector space it is defined over,
can always be taken as its own super-module. The link between modules of algebras and repres-

entations of groups continues to the idea of decomposability. A representation that wasn’t the
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direct sum of smaller representations was called irreducible, a super-module that isn’t a direct

sum of sub super-modules is simple:

Definition B.1.13. Let M be a super-module of the super-algebra A. Let M’ C M be a subset
of M, if M’ fulfils the requirements of being both a super-vector space, and being a super-module

of A then it is a sub-super-module of M.

If M has no non-trivial sub-super-modules, then it is a simple super-module of A; if it can be

written as the direct sum of simple super-modules, then it is a semi-simple super-module of A.

A standard algebra is described as a division algebra if it is possible to define division by all

elements within it except 0:

Definition B.1.14. Let D be an algebra over the field K. If for each a € D and b € D — 0,
there exists a unique element x € D such that a = b - x, and a unique element y € D such that

a=1y-b, then D is a division algebra.

On super-algebras, the requirement for all non-zero elements to be divisible is relaxed to

include only the homogeneous elements:

Definition B.1.15. Let D be a super-algebra. If for each a € D and b € D — 0 such that a and
b are homogeneous, then there exists a unique homogeneous element x € D such that =b-x, and

a unique homogeneous element y € D such that a =y -b then D is a super-division algebra.

The associative super-division algebras over the field R will prove essential to understanding

the reasoning behind why the Altland-Zirnbauer classification contains only ten classes.

B.2 The Super Clifford Algebras

We now introduce examples of super-algebras. The simplest are R™? C*9 and H"° which are
super-algebras where only the even subspace is non-trivial, and contains one of R”,C™ or H";

these behave exactly like their ungraded versions as the odd part is empty.

The other type of algebra which will need to be considered for the Altland-Zirnbauer classi-

fication are the Clifford algebras, [43]. Their ungraded form is given as:

Definition B.2.1. Let V' be a vector space over the field K with a finite orthonormal basis {e;}
that is ordered with respect to the index i, having N elements. Letn:V xV — V be defined with

reference tor € N, s = N —r, as,
0 i#j
nei,e;) =91 j<r

-1 r<j<s+r

Then the Clifford algebra C’lfrﬁS is defined as the algebra over V with the bilinear form -
defined so that
ei-ej+e;-e; = (2n(e;,e;))l.
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The simplest example of a Clifford algebra is C which is equivalent to C’l]ﬁoﬁl, with e; =4
and ef = —1. Other examples include R = CI§, , and H = CI, ,.

There are also some notational quirks to take note of. The structure of the name ler_fs used
here is to put the field the algebra is defined over in the superscript, and then the number r of
elements which square to +1 and the number s of elements which square to —1 in the subscript
along with the sign of their squares. There are other ways of arranging this information, including
CI¥ (r+,s—), [I17], while sometimes instead of putting the field in the superscript, formatting
the text C1 is used - mainly to denote CIC as CI - or if K = R, the reference to K can sometimes
be dropped altogether. Furthermore in the form we use, it is common to drop the prefix + from
+r in the subscript, though the — prefix is always kept in —s; also if one of 7, s is zero, it is not

referenced in the subscript. Thus, C’l§07_1 can be written Cl_;.
In order to apply the Clifford algebras as super-algebras, it is necessary to grade them. The
correct grading is given by [I17]:

Definition B.2.2. Let leﬁs be a Clifford algebra over the field K. Then le,i

sidered a super-algebra under the grading derived from

s may be con-

eil...ein| =

—_
S
Il
[N}
3
+
—

which for liner combinations of elements is

ol

n; = Qmj V]

)
<
=

)
&

3
S
=l

imhomogeneous otherwise

This means that the elements are graded with respect to whether they are formed of an even

number of basis elements, or an odd number of basis elements.

The reason we care about the Clifford algebras is that they form most of the real associat-
ive super-division algebras, which allows the corepresentations of Zy x Zs-graded groups to be
classified according to Section [2:3.1] The identification of the ten real associative super-division
algebras was done by Wall, [I68], and while the proof that there are only ten of them is beyond
covering here, as is the method of identifying them, once the ten are known to be the following
set of Clifford algebras, each can be easily checked to be a super-division algebra relatively easily,
[117].

Theorem B.2.3. There are only ten real associative super-division algebras and these are CHO,
RYO HYO and CI, C1%,, CI%, and CIE5.

Proof. We only prove that each of the above real associative super-algebras is a division algebra,
leaving the proof that there are only ten of them to [I68]. To do this, for each algebra, we identify

the inverse for each of the homogeneous elements.
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Firstly, C'19, R'9 H? are isomorphic to their ungraded versions as the odd part is empty,
and C,R and H are division algebras, so their graded counterparts are super-division al-

gebras.

e For CI}, the even homogeneous elements are ¢ € C, which have inverse ¢~! due to being

in C. The odd homogeneous elements are given by ce; with 2 = —1 and ¢ € C, so

(cer) ™t = —ctey.

For CI%, the even elements are r € R, so their inverse is r~1 € R. The odd homogeneous

elements are given by re;, 7 € R and e? = +1, their inverse is then £r~te;.

For CI%,, the even elements are (z + yejes) and ejes = +eger. As (ejeg)? = 1, then
(r — yerea)(x + yerea) = 22 + y? with 22 + y? being invertible as a member of R. The

inverse of (z + yeies) is then (22 + %)~ (z — yeres).

The odd elements are given by (ze; + yes), with (ze; + yeo)? = £22 92 + (z — y)eres
which is a homogeneous even element, which by the first part has the inverse ((z2 + y2)? +
(r+1y)?) " H(£(22 +y?) — (r —y)erea). This gives the inverse of (ze; +ye2) as (22 +y?)? +
(z —y)*) 1 (E(=® + 1) — (v — y)erea) (zer + yeo)

e For CI®,, the even elements are given by (w + zejes + yeres + zeges) and ejeq = —eqey,
e1e3 = —ege3 and eges = —eges. We note that the algebra generated by elements of this
form is equivalent to H, which is a division algebra, therefore all even homogeneous elements

are invertible.

The odd elements are given by (ae; + bea + ces + dejeaes), multiplying this by ey, gives the
even homogeneous element (—a+bejea+cejea—deges). Given this is even and homogeneous,
it must be invertible and have inverse (—a + bejes + cejes — d6263_1. The inverse of (aey +
bes + ces +dejeses) then exists and is (—a+bejeg +cejes — degeglel. All odd homogeneous

elements then have inverses.

e For CI®,, it is claimed that CI®; = H“’®CI_;. By the graded tensor product, the even
subspace then consists of the pairs (h,z) where h € H and z € R. As H is a division
algebra, there exists an inverse for h, h™!, as is also the case for z € R. The inverse for
(h, ) is then (b1, z71).

Odd homogeneous elements are given by (h, ze; ), which multiplying by (1, e1) gives —(h, —z),

which has the inverse —(h~!, —z~1). This gives the inverse of the odd homogeneous ele-

ments as —(h™1, —271)(1,e1).
O

Graded Clifford algebras have many other properties that have an impact on the Altland-
Zirnbauer classification, and other aspects of quantum theory that are linked to symmetry clas-
sifications such as the Bott periodicity clock, and the periodic table of topological insulators, but
these are outwith the scope of this thesis. Information on these aspects of the Clifford algebras
my be found in [8] 43|, [T111 117 165].
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C. Quantum Mechanics

Here we give formal definitions for important concepts in quantum theory - including the Hilbert
space, projective Hilbert space, operators and adjoint operators. We motivate the link between
classical and quantum physics that comes from deriving quantum mechanics from classical mech-
anics under the substitution of variables as operators, and the advantages and methods of decom-
posing the Hilbert space into sub-spaces, in particular into the form H = Hcharge ® Hspin @ Horbital

form which will be relied upon throughout the thesis.

There are many good introductions to quantum systems, with varying intentions of mathem-
atical purity. More physics-leaning ones include [9, [68]; a more mathematical treatment is given
in [75].

C.1 Quantum Systems

A quantum system is the name given to any problem studied under the assumption that some
form of quantum mechanics applies. That is, the system cannot be described under classical
mechanics as it is defined on the quantum length scale, and exhibits key quantum behaviour:
wave-particle duality, non-determinism and the uncertainty principle for example. Describing
quantum systems will require defining what a ‘state’ in the system means, how these states
evolve with time, and how they can be interacted with to retrieve measurements; a pathway
similar to defining classical mechanics is possible however, as quantum mechanics is derived from

Hamiltonian mechanics.

Firstly, a quantum system must be defined over a space, [I55]:

Definition C.1.1. Let Q be a quantum system, then its Hilbert Space H is a complex vector

space, with vectors ¢ and inner product (-,-), such that

e (-, g) is a linear function for all g € H.

o (f.9)=1{9,f)
o (f,f) >0 forall f €H.

The norm shall be defined as ||¢| = /{(¥, V).
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The common choice is H = Lo(R™), with the standard Euclidian measure, [68, [155]. This is
the space of functions ¢ : R® — C for a given n such that

[ 16(@)*da & (~0.50)

is finite. Then the inner product is defined as

(6,1) = / & () () d.

When states are multidimensional, the standard choice is L5*(R™), so the state is an m-dimensional

vector ¢, with each entry a function from Lo(R"™), with inner product
(o) = | o'(@)y(z)dz.
Rn

It is also useful to introduce the Dirac notation, ¢ — [1/). Vectors in ! are now denoted ()|
so that the inner product is (¢, ) = (¢]1)).

The Hilbert space defines the space of possible states |¢)) that a quantum system can reside
in. As each state is a function, not a scalar point, immediately comes the fact that each state
defines a ‘wave-function’ not a particular fixed state, this ‘wave-function’ is generally considered
to be a function which under the action of operators, as defined in Section can be used
to generate a probability distribution over R™ for a measurement, by taking the absolute value
squared of wave-function. This is all according to the Copenhagen Interpretation, which is the

most generally accepted interpretation of quantum mechanics, [68].

Given that a absolute-value-square of a state is a probability distribution, there is a restriction
that it is normalised, ||(1))]|* = 1 which defines a physical or realisable state. Any non-physical

state can be turned into a physical state by dividing out the square root of its magnitude,

1

VIl

Mapping states onto their physical versions creates a redundancy of states which are related

[¢) =

|¢) - (C.1)

by scalar multiplication, it defines the ray

(W] ={lW) e H| W) =cl), c € C—{0}} (C.2)

where every |¢') € [¢)] differs only by a scalar multiple and can be mapped onto the same physical
state. If only the physical states are considered, then the redundant states are described by the

set

by ={l¥) eH| W) =clp), ccUML}  [{9)° =1

where the factors ¢ describe a change of the phase of the state; these are again ‘essentially the

same’ state for many considerations.

To remove the redundancy, it is usual to work over the projective Hilbert space, rather than
the full Hilbert space, [I17, [176]:
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Definition C.1.2. Let H be the Hilbert space of the quantum system Q. Then the projective
Hilbert space PH is defined as the space of rays,

PH = (H — {0})/C*.

It is possible to define a projection operator o from H to PH,

o: ) - o) = 1) € PH, o) AL (C3)

(1)

which also allows a representative state |W) to be chosen for each ray.

If a system changes state, either due to time evolution, or spontaneously changing state due
to measurement, the inner product of of the two states gives the transition amplitude, and its

norm the transition probability to go from state ® to state W,

P(® = ¥) = |(¥]®)”

Finally, if an orthonormal basis |¢,,) exists for a Hilbert space, (¢, |tn) = dmn, then any state

can be written as a linear combination of the basis states,

|¢> = ch |¢n> 5 Cn = <¢|wn> .

C.1.1 Operators, Measurements and Eigenstates

Having defined quantum states, it is now necessary to define methods to interact with them,

which is done through the use of operators, [I75]:

Definition C.1.3. Let Q be a quantum system with Hilbert space H. An operator Oisa map
on the Hilbert space, O : H — H, that is either linear, O(a|y) + b|@)) = aO ) + bO |¢) or
anti-linear, O(a|1) 4+ b|p)) = a*O [¢) + b*O |¢).

Note how this definition allows operators to be anti-linear unlike the standard definition,
[9, [75], which allows only linear maps. This allowance of anti-linearity will be essential for

defining the operations of time-reversal, charge-conjugation and the chiral operator.

Given a set of orthonormal basis states |¢,,) for the Hilbert space H, these can be used to
construct a matrix form for each operator on H. If a linear operator O}, acts on the pure state

1), then Oy |tb,,) must have a linear decomposition over the basis, [68],

OL an> - ZOL,nm |f¢)m> 5 OL,nm - <'l/]n OAL'l/]m> - <wn|OL|¢m> .

m
Iterating over n defines the N x N matrix O, where N is the dimension of the Hilbert Space,
that describes the action of Oy, on the basis |t,,). The expressions (t,,|Or[1,) are known as the
matrix elements of O 1. The anti-linear operators 10) 4 also have a construction as linear matrix

operators L 4 combined with the action of complex conjugation to the right, IC, Oa = LK. The
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unitary part can be expressed as a matrix with elements given by,

OA W)n> = ZLA,nm |wm>* ) LA,nm = <¢n

ﬁA"/}m> = <wn| i—/A(|wm>*)

It can be common in the physics literature, [30] 47, 48], to choose the orthonormal basis so that
the Hilbert space splits into a subspace H; = span(|¢,,)), and its copy under a chosen anti-linear
operator A, AH; = span(|¢,,)) = span(A |1h,). A generic anti-linear operator can then be written
as Oy = L/;A. This allows the matrix elements on the basis ( [¥.) [¢.))" to then be written as

the matrix operators,

OL — <¢m|OL|"/)n> 0 , OA — 0 <wm|OA|¢n> K (04)

Splitting up the Hilbert space into a subspace basis, and then its image under certain operators
will be a common technique throughout the thesis. More details on splits like this can be found

in the aforementioned citations, and in [24].

The matrix element is interpreted as having O act on the state |t). However, it is equally
valid to consider the operator acting on (i,,|. To do this, it is necessary to define the adjoint
operator of O, Of, [75]:

Definition C.1.4. Let Q be a quantum system with Hilbert space H and operator 0.

In the case that O is bounded, so that there 3C a constant, OA’L/JH < C||Y|| Vi € H then there

exists a unique operator OV : H — M1 such that
(6,00) = (Of¢,v) Vo en

with O being the adjoint operator for 0.

If O is unbounded, then it is defined only on a subspace dom(O) C H. The adjoint operator
Ot has domain defined by the relation

¢ € dom(0O") = <¢,O-> is bounded on dom(O)

and is defined so that the action of the adjoint operator on ¢ € dom(OT) gives the state x = OT¢

which is the unique state where
Cov) = (9,00) W € dom(0)
In Dirac notation, the action of the adjoint operator on the states (1| is thus given by
(0v] = IO,
Matrix elements for the operators O, Ot have the relation

(m|OMhn) = (ulOleom)” == (07),,,, = (Onm)” (C.5)
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or the matrix representations of 07 O' have the obvious relation by the Hermitian Transpose,
of = (07)".

In certain cases, the operator and its adjoint are equal, [75],

Definition C.1.5. Let Q be a quantum system with Hilbert space H, with operator O and adjoint
operator OF. If dom(O") = dom(0) and Ot¢ = O¢ ¥é € dom(0) then O = Ot and the operator

is self-adjoint or Hermitian.

Any measurement that can be made on a quantum system corresponds to some linear self-
adjoint operator O, with the possible values that the measurement can take being the eigenvalues
Aof O, O)) = Aihy) with [1)) being a physical state. The necessity of being able to measure
only real values - as complex measurements would be unphysical - is guaranteed as self-adjacent

operators have only real eigenvalues. This is due to applying the relation (¢|) = (1|¢)™ to the
states [1hx) , O [1h),

A=MYalYa) = <¢A‘O¢A> = <O¢A‘¢A>* = A (Yaln)” = A"

and A = \* < A e R.

Starting with a system in the state |¢), taking a measurement that returns the value A causes
the system to spontaneously transition |¢,). Given that the transition probability to go from |¢)
to |1hx) is |(a]@)|?, then the probability to measure A must be

P(Y) = [($al9)]°

which means that for this to have a non-zero probability, |1,) and |¢) can’t be orthogonal.

In the special case where the eigenvalues A\ are discrete and countable, the eigenstates of a
linear operator O are orthonormal and span the Hilbert space, and they can be used to write a

generic state as a linear combination of the eigenstates,

) = exltn)
X

where ), lex]? = 1. The probability to measure A is then P(A) = |cx|>. In this case, a basis
state will be known s a ‘pure state’, while linear combinations of pure states are known as ‘mixed
states’. This is as pure states |¢y) will always measure A, and mixed states |¢) can return any

measurement value whose eigenstates are part of the linear decomposition of |¢).

A similar construction of the Hilbert space as being spanned by the eigenvectors of a linear
operator with a continuous eigenvalue spectrum is possible, the numbered eigenstates becoming
a continuous function of eigenstates [¢)) — |¢(\)), and swapping out the sum for an integral in
the linear decomposition. However, it will be assumed here that the eigenvalues are discrete and

countable, so that they can be labelled by the natural numbers.

Note that two linear operators 01 and O, will rarely share an eigenbasis. If they don’t, then
if the sequence of measurements 01, Og, O, is taken, it is probable that the values measured by
O, in the first and second instance are different. Two operators will share an eigenbasis only if

they commute, [9],
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Lemma C.1.6. Let H be a Hilbert space with two operators 07 0. Define the two new operators

00" — 0’0 = [0,0'] as the commutator of O and O', and OO’ + 0’0 = {0,0’} as the anti-
commutator of O and O'. Then if,

o [0,0']|¥) =0 for all [) € H, O,0" commute.
o {0,0’} 1) =0 for all [) € H, O,0" anti-commute.

Theorem C.1.7. Let 0,0' be linear operators on the Hilbert space H. Then they share an

eigenbasis if and only if they commute,
[0.0119) =0 ¥y)eH
Proof. See [9)] O

This means that if an operator eigenbasis is being used to describe the Hilbert space, it is im-
portant to choose the right operator. For many applications, and for those applications discussed
here, the correct operator is the Hamiltonian H, the operator whose eigenvalues correspond to

the energy levels of the system,

As would be implied by the name, the Hamiltonian H is the quantum equivalent of the

classical Hamiltonian, [9],

d

—pk = {pk, H} (C.6)

d
—aqp = {qu, H
ax = {qx, H}, %

H(q,p) =T(q,p) +V(q,p), "

with the Poisson bracket being

_N~9f 99 _9f 99

Thus, the classical Hamiltonian describes not only the energy of a classical system, but also the

time-evolution of its variables.

The quantum Hamiltonian can be found by directly replacing classical variables with quantum
operators in the classical Hamiltonian, ¢; — §;, p; — p;- Then for a free particle in a potential,

the classical and quantum Hamiltonians are
1 9 N . 1 .9 . R

0
1. — . D = — h C'8
dk = qe, D o (C.8)

Note that this consideration of quantum mechanics assumes that operators outside of the
Hamiltonian are time-independent, while the states they act on are time-dependent [¢,t); this
is known as the Schrodinger picture, [68]. A second time-dependent operator is allowed U (t,to),

derived from the Hamiltonian which ‘evolves’ the states through time,

Zﬁ%(j(f, tO) = f{(t)U(t, to), U(tv tO) |w’ t0> = |'¢7 to + t> (09)
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and which has the special form when the Hamiltonian is free of explicit time-dependence,

Ult,to) = exp(—if[t/h).

Finally, there are several quantum mechanical concepts associated to angular momentum.

The first is the orbital angular momentum operator, which is derived from the classical operator

-i/i = Gijkffjﬁk
and describes the rotation of a particle’s centre of mass about an axis not through its centre of
mass. Classical rotation about the centre of mass axis is known as spin, and once again occurs in
quantum mechanics. However, in quantum mechanics, spin is an intrinsic quality of the particle,
not a factor of the dynamics of the system, and it is related to a magnetic moment of the particle,
[68], and which is quantised. Spin is associated to an operator in each dimension, defined by the
Dirac Algebra,
[S'j7 S'k] = iheijkgi

and has the most common matrix representation in terms of the Pauli matrices,

From the three S’k operators, S2 can be defined,
§$ =35
k

which shares an eigenbasis with S3, and has eigenstates ls,m), s >0m € [—s,s], m=—s+n,
n € N so that, [68],

52 |s,m) = h%s(s +1)|s,m), S3|s,m) = hm|s, m)

with s representing the spin quantum number of the system, which can only take the values
s =p/2, p € N, and the value of which is fixed by the type of particle in the system - particles
with spin s = (2p + 1)/2 are known as fermions and include the spin 1/2 electron and positron
and all six flavours of quarks, and the spin 3/2 A baryon; particles with integer spin are known
as bosons and include the spin 0 photon, and the spin 1 proton and neutron. Note that the Pauli
matrix forms for Sy are valid for the spin-half systems, other representations of S must be used

for systems with other spin numbers.

With electrons, as s = 1/2, m can take only two values, m = £1/2. This leads to the concept
of spin-up states |1) = [1/2,1/2), where m = 1/2 and the spin is aligned with the positive z-axis,
and spin-down states |]) = |1/2, —1/2), where m = —1/2 and the spin is aligned with the negative
z-axis. In spaces where there are additional parameters, the spin up and down states can be used

to partition the Hilbert space into an ‘orbital’ part that sits over R?, a spin space which covers
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the spin-up and spin-down variants of the wave-function, and a charge-space, [14) 24} [73],

)

H= Hcharge oy Hspin X Horbitala |1/1> = |7/)charge> oy b2 |worbita1>

where the vector (1) [+))"

space by writing it in its second-quantised form, see [73], which takes the form of a sum over the

is known as a spinor. The Hamiltonian can be expressed up on this

creation operators ¢/ and annihilation operators &, {éa, é;g} = bab, {CasCp} = {é:fl, él} =0,

N 1 1
H=>"elhests+ iégAa,bég + 58 AL
a,b
and expressed on (¢4, 9, 1@, ’L/JI) takes the form of the Bogoliubov-deGennes Hamiltonian, [14],

Ho - EF —inA
ioyA*  FEp — H

Hpy = (C.10)

In another interpretation |1/)¢> forms particle solutions |p+) and |p ), while ‘LZJ$> forms anti-particle
or hole solutions, |ht) and |hy). Whether the solution |¢T) is interpreted as an anti-particle or a
hole is entirely dependent on the physical set-up of the system - the anti-particle interpretation
is preferred in most cases, such as for the free particle; while the hole interpretation occurs
in conductors where all electron positions are filled except for a small number of holes, which
can then act as pseudo-particles, only with the opposite charge to the electron. Mathematically
however, the two interpretations are the same, and we use the pairs of terms particle/anti-particle

and particle/hole interchangeably.

With this clarified however, we can identify Hcharge as C? when both particle and hole solutions
exist, with [p) = (10)T and |h) = (01)7, and C when only particle solutions exist. The reduction
to C in certain situations can occur for Hgpin can also occur; if the system has integer spin
then Hepin = C; the above mentioned Hypin = C? happens when s = 1/2, and |1) = (1 0)7,
[}y = (01)T); while fractional spin other than s = 1/2 will led to other spaces than Hgpin = C2.
This leaves this breakdown of the Hilbert space incredibly flexible, and responsive to the set-up of
the system while still following a general formulation. This will allow a very useful breakdown of
time-reversal, charge-conjugation and chiral operators and what parts of the Hilbert space they
operate on in the main section of the Thesis in Chapters [2| and

The operators G, Pr, Ly, Sj; then break down into operators in the subspaces as

C.11
C.12
C.13
C.14

Gk = Dt eparge @ Do ©
Pk = I parge @ It @ Dk
Y [A/k Y HHorbital

Sk — HHcharge ® Sk ® HHorbital

f;k—>ﬂy

charge

~ o~ o~ o~
—_— — ~— ~—
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The two types of angular momentum operator can be combined, forming the total angular
momentum operator,
jk = Sk + fjk

which has the form on the Hilbert space H = Hcharge @ Hspin @ Horbitals

Je =Ty ® Jp @Iy (C.15)

charge orbital

C.1.2 Degenerate Eigenvalues and Reducible Hilbert Spaces

As seen when denoting the spin eigenstates, it is useful to use the eigenvalue as the label for the
eigenstate, so if O |ih,) = A [1hn), we relabel [0,) — |[An) — |n) if there is an ordering on the
eigenvalues \,,. This is fine in the case where all eigenvalues \,, are non-degenerate, however when
there are degenerate eigenvalues, there will be multiple eigenstates |i,,) , |1/} corresponding to a

single eigenvalue \,,.

Again, as done with the spin eigenstates, it is still possible to label the states according to the
eigenvalue label, however an additional identifier must be used to order the different eigenstates,
lthn) — |n,a) where a runs from 1 to the multiplicity of the eigenvalue A,. If O’ is a second
operator that commutes with the operator O defining the eigenbasis, its eigenstate labels can
be used to identify the different eigenstates. That is, if |1),), |[¢],) share the same eigenvalue A,
under O, but have eigenvalues \,, Aj, under O’ respectively, then they can be labelled |n, a) and
|n,b) respectively too. If there are still degenerate labels, then sufficient additional operators
can be added to the set until each eigenstate is uniquely labelled by what is known as a set of

quantum numbers. The set of operators used to do this is known as complete set of operators.

Sates |n,a) which correspond to a eigenvalue A, define a subspace in the Hilbert space, [9],

Theorem C.1.8. Let H be a Hilbert space with operator O. Let the eigenstates |n, a) ofé form
an eigenbasis for H. Either, there are no eigenvalues ofO with multiplicity greater than one, and
the Hilbert space is irreducible; or there exists an eigenvalue N\, with multiplicity greater than

one which defines the sub-Hilbert space H,y,,
Hm = span({Im,a) : a € [1, s;n]})

and H =H, ® H,Ln s a reducible Hilbert space.

This is very similar to the Theorem 2.1.8|for the reducibility of a representation. It is expected

then, that there is a concept of a completely reducible Hilbert space,

Theorem C.1.9. Let H be a Hilbert space with an orthonormal basis |m,a) given by the eigen-
states of the operator O. Let the etgenvalues A\, each have multiplicity s,. Then each eigenvalue
An generates a subspace H,, of the full Hilbert space spanned by the vectors |n,a) fora=1,...5,,

and the Hilbert space can be completely decomposed into independent orthogonal subspaces,
H=,Hn

Proof. The proof is the same as for Maschke’s Theorem. Let H be a Hilbert space, either it
is irreducible, or H = H,, © H;~. Then H,,,H; are Hilbert spaces so the same reducibility
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argument applies. This continues, until all the Hilbert spaces in the decomposition of H are
irreducible, H = ®,H,. O
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D. The Periodic Orbit Expansion for Symmet-
ric Graphs

In this appendix we return to two of the properties introduced in Chapter [4] as characterising the

ten random matrix ensembles described by Wigner, Dyson, Altland and Zirnbauer. These were

PORICED)

k'e{kn}

first the density of states,

with the ensemble average being given by Equation for the three Wigner-Dyson classes, and
Equations to for the Altland-Zirnbauer classes; and second, the counting function N (k),

k
> ok-k), N(k:):/ d(k")dk'

k' e{kn} >

for k the wave number, and thus, there being similar forms d(E) and N(E) for the energy itself.

These functions and methods of approximating them have been well studied in the general
quantum chaos literature, with one of the main techniques being the semiclassical approximation.
In this approximation, properties of the quantum system may be approximated by averaging their
values taken over a number of classical orbits; in particular the periodic orbits, [10, [71l [72]. This
leads to the approximation of d(E) in a general system by a form of the Gutzwiller Trace formula,

[71], which is given here in the specific case of the two dimensional quantum billiard, [IT9] [157],

d(E) = — hm Im G(r,r,E+in)d"r
T n—0 Rn

mA

~ 2 T (h%z \/m

The sum here is taken over all periodic orbits p in the billiard, the paths where there exists a
minimum time ¢, such that g(nt, +t) = ¢(¢t) and v(nt, +t) = v(t), Vn € N and V¢ < ¢, so that
after t = t,, the orbit retraces its original path without deviation. If the total time the path

) ) 2mFE
ikLy+im/2 2
e / ), k* = o

takes is T}, and t, = T}, then the orbit is primitive, otherwise the number of repetitions of the
primitive orbit is r, = T},/t,. The length of the orbit is then L, fﬁo |¢(t)|dt, while n, describes
the number of reflections against the boundary of the billiard, M,, the stability matrix of the
orbit, and A the size of the billiard.

The advantage of approximating d(F) semiclassically is that it allows other measures of the

spectral statistics to be approximated, universal features to be identified, and compared to the
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random matrix theory predictions, and this has been used to probe the standard Wigner-Dyson
BGS-Conjecture, forming one of the key techniques in attempting to justify or derive it, [70] [170].
Taking the Fourier transform of the two-point correlator of d(E) to define the form factor K (1) of
the system - which has a characteristic form for each of the random matrix ensembles associated
to a Wigner-Dyson class of system - then it is well understood how the periodic orbits give a
leading term approximation of the expression of Ko(7) from random matrix theory, [21I]. The first
correction term is also known to come from the periodic orbits - specifically from pairs of orbits
where the second orbit is equal to the first orbit, except that at a self-intersection point the orbit
has been cut apart and part of it reversed before the orbit is reconnected, creating a pair of orbits
that traverse most of their length parallel, except for a section where they run anti-parallel. These
are known as Sieber-Richter pairs of orbits, [147,[148]. Higher order corrections come from pairs of
orbits where there are more ‘encounters’ between them, where more self-intersection points have
had the splitting-reversing-reconnecting procedure applied, or else the self-intersection involves
more than two instances of the orbit passing through the point; the inclusion of these gives the
full form of the spectral form factor, [118], 120} 12T, 122].

Despite having fully matched the spectral form factor in the Wigner-Dyson case through the
periodic orbit approximation, this method is currently still insufficient as a general proof of the
BGS-Conjecture as it applies only to the regime where semiclassical analysis is valid, and it does
not show there are not further corrections due to unconsidered pairs of orbits, which would move
the approximation away from the calculated random matrix prediction, [122]; nor does it cover
the case for many-body systems, [I70]. Not being able to show there are no further corrections
is only a problem in the general case though, as it is known that in the specific example of the
quantum graph, the periodic orbit expansion is exact, [102] 130], which is why it is known that

the BGS-conjecture is true on the quantum graph.

Furthermore, to get a form factor that is characteristic for the Altland-Zirnbauer classes, it is
necessary to work with Ki(7) = FT ({(d(E)) ), there has been some limited work on identifying
the periodic orbit contributions to K7(7), and mainly on a spin variant of the quantum graph,
[64), 65, (66, [144].

Due to this, an expression for the periodic orbit expansion has been given for each variant on
the quantum graph that has been discussed in the literature, [27, [64, 65, 67, 102, to facilitate
either further semiclassical study of these graphs or numerically test the periodic orbit expansion
against the random matrix predictions. We continue this tradition, deriving the periodic orbit
approximation for the quotient graph derived from a magnetic Dirac graph. We also start the
process of numerically testing the periodic orbit approximation on the sorts of graphs used in
Chapters [6] and [7] by considering how periodic orbits can be identified on them - and as these

graphs are large, how symmetry can be used to increase the speed of doing so.

D.1 The Trace Formulae For Quantum Graphs

In Chapter [6] and [7] expressions for the density of states and the counting function were given in

terms of the secular equation,

N(k) = NWe(k) — % ImIn¢(k + i€) = NWY(k) — % ImIndet (I — S(k + ie)T(k + ic))
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d(k) = dV¥ (k) — 144, In¢(k + ie) = dWV! — ! ddk ImIndet (I — S(k + ie)T(k + ic))
™

m dk
Using the substitution Indet(4) = trin(4) and In(T— A) = — Y2, LA [67], then the
oscillating non-Weyl term of N (k) simplifies to
N (k) = ~ Tm i Lirznh +ie) (D.1)
T —mn

where Z(k) = S(k)T(k). In the scattering picture the effect of calculating the nth power of =
is that (2"), j describes the Gaussian wave-packet starting on the bond j, then scattering down
n bonds to finish on the bond i. The diagonal elements = then describe the periodic orbits
of length n, starting and ending on the bond ¢. These periodic orbits are a sequence of bonds
p = (b1ba...by) such that b; = [v;, v;41], with b, = by and b, = [vy,,v1], [I8]. The period T},
is defined as the minimum shift so that (br,;1...b,b1...b7) = (biba...b,) and the repetition
number is 7, = n/T, € N. The set of primitive periodic orbits of any length will be called P,
while P,, will be the primitive orbits of length n.

If the quantum graph has an m-dimensional wave-function on it, so that

T
Yp(p) = <¢b ) o m(xb)) , then the trace of = is given by, [27] [67],

1 tr="(k) = tr Z Z (Sbyb, (k) Ty, (K)Sb,b,,_, (k)T _, (k) ...

(byobm)eP rp=1 P

- Sbyby (k) Thy (k) Spypy (k) T, (k)™

where each Tj,, Sp,, b, is @ m x m matrix. Given that Ty, = py, exp(i(k + Ay, )Ly, )Ly, where py,
is the phase picked up by cutting the bond for the quotient graph, then this becomes, [67],

oo i(k+ie)rp Ly, & oyl .
Ne () = tim ~1m [ 303 ¢ Oy Uy Ay’ (k + i) (D.2)

e—=0 T r
pEP rp=1 p

where,

o, = HeiAbLb, v, = Hpba

bep bep
.Ap(k + iE) =tr (Sblbn (/ﬂ + Z'E)Sbnbn71 (k + ié) .. Sbbbl (k + ZE))

If the scattering matrix is independent of k, then by re-summing over r, and using the infinite

sum approximation of In(1 — z) as In(1 — z) = > 2, " /r, this can be rewritten as, [67],

1 . .
N(k) = — lim —Tm 3" In (1 - 4,8, 7,0+, (D-3)

e—0 T
peP

Taking the derivative of this, then the Weyl part of the density of states can be written as a sum

over primitive periodic orbits by,

1d 2. ek Lo @ e A (k + i€)
Weyl 1 p Yp Ap
d (k) = lm(l) ~ T Im E E .
peP rp=1 p
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1 - (o
=1lim —Re» > Lye'*HIrvlogrowrs Are

e—=0 T

peEP rp=1
L IRV} i(k+ie) Ly
=limRe ) —F-— pripe i(ktioL
€—0 T 1-o,V,Ae »

using the simplifications of [67] when S is independent of k to turn Y -, 2" = /(1 — =) when
x < 1. This forms the periodic orbit trace formulae on the quantum graph, equivalent in function

to the Gutzwiller trace formulae, except it is now exact.

D.2 Identifying Periodic Orbits on Symmetric Graphs

We now come to consider the requirements to be able to numerically test the periodic orbit
approximation on quantum graphs by computing N (k), d(k) or K1 (7) using a number of periodic
orbits taken from a graph. To get good approximations of these values, it will be necessary to
identify all periodic orbits in the graph passing along up to 2|B| bonds as the graph equivalent to
requiring all periodic orbits up to the Heisenberg time for a general quantum system, [67]. Based

on the equations above, it will however be sufficient to identify only the primitive orbits.

The difficulty in identifying all primitive periodic orbits on a quantum graph is in finding an
algorithm that is both fast and memory efficient. On the complete n-graph, for example, it is
possible to be very RAM efficient by generating the set of length m-orbits as generating the set
of lists of vertices {(v1,v2,...,vm) | v; € [0,n — 1],v; # v;_1} with the bond paths being defined
as (biby...by), bi = [vi,vi41]. This can be done by a series of m for loops, which iterate over
[0,n — 1] for each entry v; so that it stores only m values at a time, however it stores each orbit
multiple times - m/r times - as it counts each rotation of the starting vertices as separate. This

makes it a computationally long program that is very heavy on the storage memory.

Here we demonstrate a method that uses combinations of simple periodic orbits to build all
of the non-simple orbits. We give a method of determining repeated orbits and filtering them out
to save on memory and to make sure there is no double counting in the trace formulae. These
algorithms will work on any graph, however they will still be slow on large graphs, specifically
those discussed in Chapters [f] and [7] To that end, we show how the symmetric structure of the
vertex-subgraph expanded quotient graph can be used to ‘fold’ the full graph into a smaller graph

for calculation.

D.2.1 Identifying Periodic Orbits

We begin with a general method of identifying all unique periodic orbits on a simple graph.
Firstly, we identify the bijection between representations of periodic orbits as lists of vertices and

as lists of bonds:

Definition D.2.1. Let T be a simple graph with vertex set V and bond set B. Let (by...b,) be
a sequence of n bonds b; € B such that b; = [v;,v;41] for i < n and b, = [v,,v1] for {v;} CV, so
that (by ...b,) describes a length n-periodic orbit on I'. Then the same orbit is described by the

vertex list (v1vg ... vy,).
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(a) (b) (c)

Figure D.1: The figure-of-eight orbit in (a) can be split at the middle vertex into two distinct
simple orbits - the loop through the upper three vertices in (b); and the loop through the three
lower vertices in (c).

Alternatively, let (v1vy ... v,) be a sequence of n vertices v; € V such that for each pair v;,v;11,
there exists b; € B such that b; = [v;,vi41], with b, = [vy,v1]. Then (viva...v,) describes the

same periodic orbit as (by ...by).

In terms of the algorithms developed below, it will be easier to work with the vertex repres-
entation of a periodic orbit. Note that the bijection holds only when I' is simple, as otherwise

there exists a pair of bonds b = b = [i, j] and the identification of 4, j — b is not unique.

We now add a second classification of the properties of a periodic orbit, identifying it as either
having a self-intersection, so it visits a vertex more than once, or having no self-intersections and
being simple, [102]. These simple orbits will prove to be the building blocks for constructing all
of the primitive orbits on the graph.

Definition D.2.2. Let T be a simple graph with periodic orbit p = (vy...v,). Then if there are
no repeated vertices in p, Ai,j such that v; = v;, so each vertex is visited only once then p is a

simple or irreducible orbit. Otherwise, p is reducible.

Given a reducible periodic orbit where a single vertex v is repeated once,
p = (V1...00V;42...0;UV;42...Vy), then the graph p forms a figure-of-eight orbit. If the loops
are cut apart at v where they intersect, as in Figure [D.I] then p can be split into two simple
circular orbits. Rigorously, if an orbit p has a self-intersection at the v, then it can be decomposed

into two simple periodic orbits,

P=Dp1 Upg, pP1 = (Ul...Ul'U’Uj_;,_Q...Un), P2 = ('U'U»L'_‘_Q...Uj).

This process can be done for more complicated orbits where there are multiple repeated vertices,
and vertices repeated more than once. It can be done once, creating another two reducible orbits,
or it can be repeated until all orbits involved are simple - isolating a single repeated vertex in one
of the orbits, using this to partition the orbit in two, and taking the interior and exterior sections
of the partition as the decomposed form of this orbit in the full decomposition of p; heuristically
this suggests that simple orbit decomposition of reducible orbits is always possible, though it will
need defining rigorously. With the quantitative process of orbit decomposition, there are several

things to note though. First, as can be seen when considering the possible splits of the orbit
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(a) pUij p' () PUi (n—j) P’

Figure D.2: A comparison of the effect of adding the orbits p, p’ as p U; j p" and p U; (n—jy P,
forming a Sieber-Richter pair of orbits.

(1u 273747 27 5u 376>7

(1,2,5,3,6)U(2,3,4) split on 2 first
p=1(1,2,3,4,2,53,6) = (D.4)

(1,2,3,6) U (3,4,2,5) split on 3 first

the orbit decomposition is not unique, and highly dependent on the order in which the splits are
taken; this will carry over to the simple orbit decomposition. Second, just using the U notation
may not be clear as to how the splits in the orbit have been taken, and how the full orbit should
be reconstructed. Splitting the orbit p = (1,2,3,4,1,3,5,3,6) on the outer pair of 3s, then the
decomposition is p = (3,4, 1,3,5)U(3, 6,1, 2) but to recombine it, it is unclear when looking at the
decomposition without the information about the full orbit whether the second orbit (3,6,1,2)

has been removed from the first occurrence of three in (3,4, 1, 3,5) or the second.

Thus, when we rigorously define the addition of two orbits - a definition implicit in the ability
to decompose orbits - we include a method to track where the insertion of the second orbit into

the first occurs:

Definition D.2.3. Letp = (v1vs...v,) and p’ = (vivh ... v),) be two periodic orbits on the graph
. Let v, = v}. Then the addition of the orbits p\U; j p’ inserts the orbit p’ starting at v; into the
orbit p at the point v;,

pUijp = (vr... viv;-_H cu v .v;vi_H c ) (D.5)

As an aside, we note that if p = (v,v,—1 ...v1) is the reversal of the orbit so it is traced out
backwards, then p U; ; p" and p U; (,—j) P’ is one way to form a Sieber-Richter pair of orbits, as
seen in Figure [D-2

We are now in a position to start simplifying the problem of finding all the orbits of a graph.

We show that every reducible orbit can indeed be constructed out of simple orbits:

Theorem D.2.4. Let P be the set of primitive periodic orbits. Let S be the set of simple periodic
orbits. Then for every p € P, there exists the sequences {s,,} € S, {im}, and {jm} such that

D= 81Us 5, 82 Uis s - -
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Proof. This is the complete decomposition of p into simple orbits. Let p be a periodic orbit.
Either p is simple, or it is possible to find two vertices v;,v; € p such that v; = v;. Then,
p=(v1...00541...0,) Ui1 (Vi ...vj—1) = p1 U;1 pa. Furthermore, either p;, ps are simple, or
they can be decomposed as above. Applying this iteratively defines the complete eduction of p

into simple orbits. O

This means that if all the simple orbits are known, then finding all orbits of length n is a case

of taking all possible sequences {s;}, such that n = y Isl; with the set of all possible ways

s€q{s;
they can be combined and adding then them together.
This shifts the problem of calculating all periodic orbits to the problem of calculating all simple
periodic orbits. The simple orbits of a graph can be calculated by a number of algorithms, here
we use the simple_cycles algorithm from networkx in Python, [74], which implements the method
of Johnson from [89]. Separating out P and S into subsets according to size, and considering P’,

the set of orbits allowing non-primitive elements,

P,={peP |lpl=n}cCP, S,={seS||s|=n}cCS

/
cFn—1

then knowing PJ .. the next set of periodic orbits, P/, can be constructed as

P, =Sn U (UTL,?QJ Uper;, Uprep,_ . Vi jwi=v, Ui,jp,)-

This gives the algorithm for finding all orbits on G up to a specific length, while allowing
repetition in the orbit so 7, > 1. It is necessary to allow for 7, > 1 in building the orbits, as
taking the combination with a second orbit may break the non-primitive nature of the orbit, for
example (1,2,1,2) Uz (2,3,4) uses a non primitive orbit (1,2,1,2) to make the primitive orbit
(1,2,3,4,2,1,2). Thus, non-primitive orbits should only be discarded at the very end of the
computation once all the desired sets P}, have been found by using P, = {p € P}, | r, = 1}.

What does need to be done at the end of computing each P}, is discarding the non-unique

orbits to save on both memory and run time. Two orbits p, p’ are equivalent if |p| = |p’| = n and

!

VAN ! _ / /
vy ..U _q) = Db, Where pl

denotes a shift of the starting point of p’ m places to the right. It is possible to take every new

there exists a shift of size m such that (vy...v,) = (v

p added to P), and check that for each possible shift m, p,,,—, € P),. It is however faster to agree
upon a standardised presentation for an orbit - that is a way of choosing a standardised starting
point in the orbit - and transforming the orbit into this presentation before potentially adding
it to P;, if it isn’t already included. We do this by taking the alphabetically smallest version of

Pm—s under shifts m:

Definition D.2.5. Let p,p’ be two periodic orbits on a graph I' of length n. Then, p < p’ if the
sequance (v1,...,v,) comes before (vi,...,v}) alphabetically. That is, there 3 < n such that for

all j <, vj = v} and v; < v;.

Definition D.2.6. Let p be a periodic orbit on I'. Then the standard ordering of p, ps is defined
as Ps = Pm— with m chosen so that ps < px—, for all k € [1,n].

Checking if p is already included in P/, is then a case of transforming each orbit into its

standard presentation before adding it to P/. As ps can be found by using built in algorithms
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to identify the minimum element & in p, then all entries of p equal to k, then comparing each of
the possible shifts required to get k as a starting element, this massively speeds up the checking

when compared to testing each individual shift.

Finally, to complete finding the set of primitive periodic orbits, it is only necessary to fil-
ter out the non-primitive orbits. This can be done by checking whether for each m | n,
n/m

p = U, " (v1...vy). Thus concludes the discussion on finding the periodic orbits of a general

graph.

D.2.2 Using Symmetry to Reduce Graph Size

We note again the necessity of computing all periodic orbits up to the Heisenburg length so that
n < 2|B| in order to be able to get a good estimate of the values being approximated by the
periodic orbit expansion, [67]. For the sorts the sorts of graphs considered in Chapters |§| and
[7l where the graphs contained between 46 and 136 bonds this is beyond prohibitively expensive
though - it would require finding all orbits with maximum length 92 or 272. Even the smallest
possible four-part graph consistent with the structure in Chapter [7] presented in Figure [D.3a]
having 24 bonds requires orbits of up to length 48, yet it can take weeks to calculate just the
orbits of length 14.

The issue is that the algorithms used to generate the orbits scale poorly both in the number
of bonds on the graph, and in the number of orbits they have to calculate. For a graph with N
bonds, V vertices and S' = |S| simple orbits, it takes O((N +V)(S + 1)) time to identify all of S;
it is harder to estimate the exact scaling of the process of combining the simple orbits together
to form P/, however, it at a minimum scales as O(ZE@J [P} ||Pr_m|) based on the need to
loop through all pairs p,p’ in P, @ Pl,_,. for 2 < m < |n/2], and this must be done for every
n < 2|B|.

It is desirable then to look for a way to reduce the time these calculations take. It will
not be possible to reduce the maximum length of the orbits that need to be calculated, but we
will show that it is possible to find a smaller graph, ['t5jgeq based on the full graph through
symmetry, and through the calculation of the orbits of I'fy4eq find all orbits the orbits on the
original graph. Due to the difference in size between I' and T'to1qeq and the reduced number of
possible orbits however, there will be a generally approximately (|V]/[Vtolded|)? factor speed-up
in the computation through reducing N, V and |S|. For the graphs considered in Chapter |§| and
[7] this will work out as either fourfold, or sixteenfold depending on whether |T| =1 or |T¢| = 2.

Recall the very regular structure of the vertex-expanded quotient graphs I'(G, Sy UT¢)/ (U, p)
from Chapter m If 'y, is the subgraph used to expand the vertices, then if |Tz| = 1, then
I'(G, Sy UTe)/(U, p) consists of two interlinked copies of I's,; while if |T¢| = 2, it contains four
interlinked copies of I'ss. An example where |T¢| = 2 is provided in Figure

This graph T'(G, Sy UTg)/ (U, p) is symmetric under both o and v as an abstract graph rather
than a Dirac graph, and if the vertex labels are chosen properly then the permutations on the
vertices by a and vy may be expressed by adding or subtracting kn as required to the vertex
labels, where n = |Vy| and k € N. In particular, if the vertex sub-graph has n vertices, then the
vertices of I'sg are labelled by 0...n — 1; the vertices of al'syz by n...2n — 1; the vertices of 7T,

by 2n...3n — 1; and the vertices of ayI'sz by 3n...4n — 1. It can then be seen that the vertex
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permutations induced by a and ~ are given by,

v+n v<2nor2n<v<3n

v—mn n<v<2norv>3n

v+n v<2nor2n<v<3n
a v —

v—mn n<v<<2norv>3n

v+2n v<2n

v—2n v >2n

v+2n v<2n

v—2n v >2n

Note that because « and v are involutions in the quotient space, as discussed in Section [3.1.1

1 1

then o™ =a and v~ = 1.
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(b) An alternate visualisation of the graph in (a),
where each sub-graph is stacked along the z-axis.

(a) An example of a vertex-subgraph expanded quo-
tient graph.

(¢) The projection of the graph in (b) onto the z —y
plane, so that the subgraphs merge into the complete
4 graph.

Figure D.3: A look at the method of constructing a four-part expanded quotient graph, (a), before stacking the
individual sub-graphs vertically, (b) and using projection to ‘fold’ it into the small graph in (c¢). In each case,
black bonds are from the vertex-subgraph, the red dashed bond are generated by «, and the blue dot-dashed

bonds are generated by 7.
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We consider now the process of defining I'o1geq. Consider a graph with structure similar to
that in Figure so it consists of interlinked copies of multiple copies of a graph I'y,. This may
be drawn in the x — y plane as is standard, or it may be drawn in three dimensions by stacking
each copy of I'y, along the z-axis as in Figure Taking the projection of this graph onto the
x — y plane forms the graph like in Figure formally this graph is found by applying the
projection operator Prding to the each of the vertices and bonds of I'(G, Sy U T)/(U, p) with

its action as,

Prolding : v = v mod,, veY

Proiding : b = [v1,v2] — [v1 mod,,, ve mod,,] beB

so that T'toided = Proldingl (G, Su UTa)/(U, p), Violded = { Prolded? | v € V} and
Biolded = { Proldedd | b € B} with repeated elements removed to make sure T'gyigeq is simple.

Tt is now a case of showing all orbits on I'(G, Sy UT¢)/(U, p) can be found from the orbits on
Ttolded, and identifying the process of converting an orbit on I'fyiged into an orbit on I'(G, Sy U
Tc) /U, p).

Note firstly though, that there are the relations on the size of Violded; Bfolded @and Stolded With
respect to V, B and S - [Vioided| = |VI/2|Tc]; |Broided| = |1Bl/2|T¢| and |Storaea| < |S]/2|Tc]| as
a simple orbit on the full graph I'(G, Sy U T¢)/(U, p) will not be simple on Tgqeq if it passes
through both v and at least one of awv, yv or ayv on the full graph. This means that taking
the formula for the time scaling of the algorithm to find all the simple orbits, if time 7" is taken
for the full graph, time Ttoidea < T/ 4|TC;|2 is taken on the folded graph. This will lead to the

promised fourfold or sixteenfold speed up for calculating the simple orbits.

It is easy to show that every orbit on I'(G, Sy U T¢)/(U, p) appears as an orbit of Tgoged-
All that is needed is to apply the projection operator to each element of p(v1,...,Un), Dtolded =
Protdingd = (Prolding(V1), - - - » Prolding(vn)). This means that if a way to invert the projection
operator, then orbits on I'gyqeq can be converted into orbits on I'(G, Sy U T¢)/(U, p), finding all
of the possible orbits.

Take an orbit p on the unfolded graph, in the three dimensional picture. It can move about
on a single copy of the subgraph, but if b,, and b,, are the bonds interlinking the different
subgraphs, then every time the orbit crosses one of these bonds, it will move up or down the

stack of subgraphs. We can use this to invert Proiding-

Let ba,f = [Va1,Va2] = Proldingba, Vi be the bond in I'ggeq associated to o, and by =
[Ve1, Vea] = Proldingby, Vi be the bond associated to . Then recalling the definition of a and
~ in terms of the vertex permutations from Equations and Prolding can be inverted by
taking an orbit pgo1geq and searching from the left of the orbit for the consecutive pairs of vertices
Vals Va2s Va2, Val, Vel,Ve2 and ves, V.1 and then each time one appears adding the appropriate
following transform,

Deolded = (V1 .+, Vi1, Va1, Va2, -+ Un) = Qi : Prolded — (V1 +, Vie1,Val, &(Va2), ..., (Vn))
Deolded = (V1, ..., Vim1,Va2,Val, ..., Un) = a{l ! Prolded — (V1, - - .7111-,1,11@2,(171(1)&1),...,ofl(vn))
Dtolded = (V1, ..., Vi1, Vel, Ve2, - - - Un) = Vi : Dfolded — (V1, ..., Vi1, Ve1,V(Ve2), ..., 0(vn))
Deolded = (V1, .+, Vim1,Ve2,Vely- -+, Un) = ’Y[l ! Prolded — (V1, .. - 7Ui—lyvc27771(vcl)7-««7’771(’071))7
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to the inverse function of Piolaing for this specific orbit. This is equivalent to watching for the
orbit to cross the bond that would shift it up or down in the stack, and then using the vertex
permutation forms of « and ~ to perform these shifts.

As an example for the graphs presented in Figure where by, 5 = [0,3] and by ¢ = [1, 2], the
orbit prorged = (0,3,2,1,3,0,2,1) may be transformed onto the full graph by 77_1 ) a5_1 073_1 oay,
giving

p=7r"oa; ov3'0ai1(0,3,2,1,3,0,2,1)
=q7'0az' 075(0,7,6,5,7,4,6,5)
=47 0a5'(0,7,6,13,15,12, 14, 13)
=47 '(0,7,6,13,15,8,10,9)
=(0,7,6,13,15,8,10,1)

This allows the conversion of orbits on I'tyqeq into paths on the full graph - it is not yet
guaranteed that the unfolded orbit will end up as an orbit on the full graph, as the start and end
points of the unfolded path may end up on different copies of the subgraph and not link back up.
This is why a final check that for the unfolded path p = (vy,...v,) there exists b = [v,,v1] € B.
If there does, then p provides an orbit, if it doesn’t then it can be discarded. We also note that
a non-primitive orbit on I'fo1geq may be primitive on I'(G, Sy U 1)/ (U, p) if it passes through
multiple copies of the subgraph - peoigea = (0,2,3,0,2,3) which unfolds to p = (0,2,3,4,6,7) is
an example. This gives another reason to not discard calculated repeated orbits when finding the
periodic orbits of I'y, before the end; discarding of the non-primitive orbits should only be done

after the unfolding.

The process of generating the orbits on I'tyqeq using the techniques in the section above and
unfolding them then gives all periodic orbits on I'(G, Sy U Tg)/(U, p) starting on the copy of
I'ys corresponding to the unitary subgraph. To finally get all orbits on I'(G, Sy U Tq)/(U, p),
it is necessary to apply each of the transformations «, v and « o 7y to each calculated orbit,
shifting the starting points to al'ss, YI'sy and ayI's, respectively, removing any repeated orbits.
This will finally give all periodic orbits on I'(G, Sy UT¢)/(U, p). The fact that this increases the
number of orbits by approximately a factor of 2|T¢| - ignoring the double counting of orbits which
sit over more than one copy of the subgraph - is why there is again an approximately fourfold
or sixteenfold speedup of the orbit-combination-process building the primitive orbits on I'fo1qeq
instead of I'(G, Sy UTg)/(U, p) by reducing the length of the lists P},.

We can now summarise the process of identifying all primitive orbits on a symmetric graph:

e Take the graph I'(G, Sy UTg)/(U, p) and identify its image T'fo1geq under the projection
Pfolding-

° Identify the simple orbits Sfolded on Ffolded.

e Combine the simple orbits into the non-simple orbits on I'fy1qeq to form the set of periodic

orbits P’ which includes non-primitive orbits.

e Identify the unfolded path on I'(G, Sy UTg)/(U, p) for each orbit in P’. Discard any paths

which aren’t orbits.
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e Discard any non-primitive orbits on I'(G, Sy U T¢)/(U, p).

e For each orbit p, construct ap, yp and avyp, discarding any repeated orbits.

This process will be generalisable to other symmetric graphs, and not just the two-part and
four-part graphs generated by the vertex-expanded quotients of Cayley graphs for the Zs and
Zo X Za-graded groups. This can be done by identifying the appropriate vertex permutation
transformations in line with the method used to define o and ~, forming the projection operator

Prolding and its inverse out of the vertex permutation transformations.
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E. Classification of the Small Groups by the
Dyson and Altland-Zirnbauer Tenfold Ways

We give here the classification of the Zs-graded groups of size |G| < 30 according to Dyson’s
Tenfold Way from Theorem and the classification of the Z; x Zs-graded groups of size
|G| < 40 according to the Altland-Zirnbauer Tenfold Way from Theorem [2.3.12] This is where the
data required for the proofs in Chapter [p| to identify the minimal graded groups and irreducible

representations generating each Altland-Zirnbauer class comes from.

The tables are organised by the unitary commuting subgroups U - each table consists of the
character table of U on the left hand, and on the right, the possible graded groups G having
U < G, with the details of the partition. In the column below, corresponding to each irreducible
representation of U, is given the class of the corepresentation of G' generated by the representation
of U and this particular choice of G and its partition. Note that for certain pairs of G and U,
multiple partitions of G are possible, and each have been given.

As a reminder, a modified version of the GAP notation is used, so that U, = (|U]|,n) and

G‘Tgl = (|G|, n), while the partition for a Zy x Zs-graded group is described by,

U = (|U], k)

G =(4U],m)

Ulppy Gty (n,p,q) — UualU = (2U],n)
UuqU = (2[U],p)

vurnU = (2|U],q).

It is possible to translate from GAP notation to more descriptive group names by the application
of [49] or [124], which are databases of the small groups. They also provide presentations for
each of the groups which can be used to calculate the structure of G as a graded group, and to

identify what sorts of symmetries they involve.

GAP notation is also in use in the character tables, where E(n) denotes the nth root of unity,
E(n) = exp(2mi/n).

Finally, these classifications are given with the assumption that the system they apply to has
global time-reversal and charge-conjugation operators that are involutions. If at least one of T.C
squares to —I then either the method of projective representations and universal covering groups
has to be used from Section constructing G’ and then looking up G’ in the tables; or else if
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the corepresentations can be expressed over charge-spin-orbital space per Theorem [2.4.10 then
the tables below can still be applied to G, but after using the following substitutions, [24]:

T? C* || A AI AIl | AIII BDI CII |D C Cl  DIII

I -I||A AI AlIl| Alll CI DIII|C D| BDI C(CII
-I I A AIl Al | AIIl DIII CI |D C | CII BDI
-1 -I|| A AII Al | AIll (CII BDI |C D | DIII C(CI

Now begins the classification of the small groups under the Dyson Tenfold, and Altland-
Zirnbauer Tenfold Ways.
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E.1 Classification of the Small Z;-Graded Groups by the Dyson
Tenfold Way

vt | o | ¢

Iy 1 ‘ RI

Us Co C1 G} G?

Iy 1 1 RI RI

I 1 -1 RIT RI

U§ Co Cq Cs Gils G<25

Ty 1 1 1 RI RI

Iy 1 E(3) E(3)? CI CIII2

Ty 1 E(3)? E(3) CI CIII2

Ui Co Ch Cs Cs Gl e
Iy 1 1 1 1 RI RI
I 1 -1 1 -1 RIT RI
Iy 1 i -1 —i CIII2 CIII2
I's 1 —i -1 i CIII2 CIII2
Ui GE G

Iy RI RI

I RI RI

T2 cI CII

I's CI CII

U2 Co C1 Co Cs G2 G3
Iy 1 1 1 1 RI RI
I 1 -1 1 -1 RI RI
Iy 1 1 -1 -1 RIT RITI
I's 1 -1 -1 1 RIT RITI
Uz G}

Iy RI

r RI

Iy RI

I's RI
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Ul Co C1 Cs Cs Gl
To 1 1 1 1 RI
Iy 1 E(5) E(5)? E(5)3 CI
Iy 1 E(5)? E(5)% E(5) CI
T3 1 E(5)3 E(5) E(5)% CI
Ty 1 E(5)% E(5)3 E(5)2 CI
vl | G

To RI

Iy CIIT2

Iy CIIT2

I's CIIT2

Iy CIIT2

Ug Co C1 Ca G,

To 1 1 1 RI

I 1 -1 1 RI

Iy 2 0 -1 RI

U? Co C1 Co Cs Cs
I'o 1 1 1 1 1

Iy 1 -1 1 -1 -1
Iy 1 -1 E(3)2 —E(3)? —-E(3
I's 1 -1 E(3) —E(3) —E(3
Ty 1 1 E(3)2 E(3)2 E(3)
s 1 1 E(3) E(3) E(3)
U(? G%Q G%Z GZILQ G?Q

To RI RI RI RI

I RIT RIT RI RI

Iy CII CIII2 cI CIII2

I's CII CIII2 cI CIII2

Iy cI CIII2 cI CIII2

I's cI CIII2 cI CIII2

Ul Co C1 Co Cs Cs
T'o 1 1 1 1 1

T 1 E(7) E(7)2 E(7)3 EB(7
Ty 1 E(7)? E(7)* E(7)6 E(7
T's 1 E(7)3 E(7)8 E(7)? E(7
Ty 1 E(7)* E(7) E(7)° E(7)8
Ts 1 E(7)° E(7)3 E(7) B(7
T 1 E(7)8 E(7)® E(7)* E(7
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U71 Cs Gh G%4

To 1 RI RI

Iy E(7)8 CI CIII2

Iy E(7)° cI CIII2

T3 E(7)% CI CIII2

Ty EBE(7)3 CI CIII2

s E(7)2 CI CIII2

T's E(7) cI CIII2

Ug Co Cy Cs C3 Cy Cs
T'o 1 1 1 1 1 1

Iy 1 -1 1 1 -1 -1
Ty 1 i -1 1 —i i

I's 1 —i -1 1 i —i
Ty 1 E(8) i -1 E(8)3 —E(8)
Ts 1 —E(8) i -1 —E(8)3 E(8)
Ts 1 E(8)3 —i -1 E(8) —E(8)3
Iy 1 —E(8)3 —i -1 —E(8) E(8)3
Usl Cs Cr G%G G?G G?G GZ@‘
T'o 1 1 RI RI RI RI
Iy 1 -1 RIT RI RI RI
Iy -1 —i CIIT2 CIIT2 CIIT2 cI
I's -1 i CIII2 CIII2 CIIT2 cI
Ty —i —E(8)3 CIII2 CIII2 CIII1 CI
I's —i E(8)3 CIII2 CIIT2 cIImn cI
Ts i —E(8) CIIT2 CIIT2 CIIT cI
Iy i E(8) CIII2 CIIT2 CIIT cI
Us GYe GYe

T'o RI RI

Iy RI RI

Iy CI cI

I's CI cI

Iy CIIT CII

I's CIIm CII

Ts CIIT CII

Iy CIIT CII
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Uz Co ol Cs Cs Cy Cs

To 1 1 1 1 1 1

I 1 -1 1 1 -1 -1

1) 1 1 -1 1 -1 1

I's 1 -1 -1 1 1 -1

Ty 1 % 1 -1 7 —1

T's 1 —1 1 -1 —1 2

T's 1 % -1 -1 —1 —1

I'7 1 —1 -1 -1 ) )

Ui Cs Cr Gis Gis Gie Gl
To 1 1 RI RI RI RI

I 1 -1 RI RI RI RIT
T's -1 -1 RIT RITI RIT RI

I's -1 1 RIT RITI RIT RIT
Iy -1 —1 CIII2 CIlII2 CI CIII2
I's -1 % CIII2 CIII2 CI CII112
T's 1 % CIII2 CI CII CII112
I'7 1 —1 CIlII2 CI Ci1 CIII2
Ui Gl Gig Glg G15 G16

To RI RI RI RI RI

Iy RIT RI RI RI RI

T RI RI RI RI RI

I's RIT RI RI RI RI

Iy Ciin CIII2 CI CIlI CIlII1

I's Criil CII112 CrI CII CIII

T's CrIil CII112 CI CII CIIIl

I'7 Ciin CIII2 CI CiI CIlIIl

Ug Co Gy C Cs Ca Gls
To 1 1 1 1 1 RI

I't 1 -1 1 1 -1 RITI
Iy 1 1 -1 1 -1 RITI
I's 1 -1 -1 1 1 RI

Iy 2 0 0 -2 0 RI

Us Gl Glg G1§

T'o RI RI RI

Iy RIIT RI RI

T RITI RI RI

I's RI RI RI

Iy RIT RI RIT
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Us Co Cy Cs C3 Cy Gs
To 1 1 1 1 1 RI
I 1 —1 1 1 -1 RI
Ty 1 1 -1 1 -1 RIIT
I's 1 —1 -1 1 1 RIIT
Ty 2 0 0 —2 0 HI
Us G Gid G

To RI RI RI

I RI RI RI

Ty RIIT RI RI

I's RIIT RI RI

Ty HII HII HI

Ug Co C1 Co Cs Cy Cs
To 1 1 1 1 1 1
I 1 —1 1 1 —1 -1
Iy 1 1 —1 1 —1 1
I's 1 —1 —1 1 1 -1
Ty 1 1 1 —1 1 -1
s 1 —1 1 —1 —1 1
I's 1 1 —1 —1 —1 -1
I'7 1 —1 —1 —1 1 1
Ug Cs Cr G Gig Gis Gis
To 1 1 RI RI RI RI
I 1 -1 RI RI RI RI
Ty —1 —1 RIIT RI RI RI
I's —1 1 RIIT RI RI RI
Ty -1 -1 RIT RIT RIIT RI
s —1 1 RIT RIT RIIT RI
T's 1 1 RIIT RIT RIIT RI
I'7 1 —1 RIIT RIT RIIT RI
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Ugl Co Cl Cz CS C4 C5

To 1 1 1 1 1 1

Iy 1 E(3) 1 E(3)2 E(3) 1

Iy 1 E(3)2 1 E(3) E(3)2 1

T's 1 ;232)4 B E(3) E(9)2 E(9)* E(3)2
_ 2 _

Ty 1 E(9)* E(3) Eg()gs) E(9)7 E(3)2

I's 1 E(9)7 E(3) E(9)° ;g(;z)4 B E(3)2

T's 1 E(9)2 E(3)2 E(9)4 ;ggz)z B E(3)
_ 4_

I'7 1 E(9)° E(3)? Eg()g) E(9)? E(3)

I's 1 ;ggi)z B E(3)2 E(9)7 E(9)5 E(3)

Usa Cs Cq Cs Gig G3g

To 1 1 1 RI RI

r E(3)2 E(3) E(3)2 Cr CIII2

Ty E(3) E(3)2 E(3) CI CIII2

I3 E(9)° E(9)7 ;259()95)2 - cI CIII2

Ty £(9)? ;f;()i)“ B E(9)° cI CIII2

I's ;ggi)Q - B(9)* E(9)2 cI CIII2

Ts ;;?;?4 - E(9)° E(9)7 CI CIII2

Iy E(9)7 ;g()‘z)z B E(9)4 CI CIII2

I's E(9)4 E(9)2 ;g§2)4 B cI CIIT2

U92 Co C1 Cz CB C4 CS

T'o 1 1 1 1 1 1

Iy 1 E(3) 1 E(3)? E(3) 1

Ty 1 E(3)? 1 E(3) E(3)? 1

I's 1 1 E(3) 1 E(3) E(3)?

Ty 1 E(3) E(3) E(3)2 FE(3)2 E(3)2

T 1 E(3)2 E(3) E(3) 1 E(3)2

Tg 1 1 E(3)2 1 E(3)2 E(3)

7 1 E(3) E(3)? E(3)? 1 E(3)

T's 1 E(3)2 E(3)2 E(3) E(3) E(3)
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vz |G Cr Cs G Gl Gis
To 1 1 1 RI RI RI

Iy E(3)2 E(3) E(3)? CIII2 CI CIII2
Iy E(3) E(3)2 E(3) CIII2 CI CIII2
T3 E(3) E(3)2 E(3)2 CI CI CIIT2
Iy 1 1 E(3) CIIn CI CIII2
s E(3)2 E(3) 1 cIIn CI CIII2
Ts E(3)? E(3) E(3) CI CI CIII2
Iy E(3) E(3)? 1 cIrm CI CIII2
I's 1 1 E(3)2 CIIm CI CIII2
Ul Co C1 Cs Cs G3, G
To 1 1 1 1 RI RI

Iy 1 -1 1 1 RIT RI

I's 2 0 E()?2+E(B)?  EGBG)+E(B)?* | RIII RI

I's 2 0 E(B)+ E(B)Y  E()2+E(()® | RIII RI
U%, Co C1 Ca Cs Cy Cs

To 1 1 1 1 1 1

Iy 1 -1 1 -1 1 -1

Ty 1 -1 E(5)* —E(5)* E(5)3 —E(5)3
T3 1 -1 E(5)3 —E(5)3 E(5) —E(5)
T4 1 -1 E(5)? —E(5)? E(5)4 —E(5)*
Ts 1 -1 E(5) —E(5) E(5)2 —E(5)?
Ts 1 1 E(5)% E(5)% E(5)3 E(5)3
Ty 1 1 E(5)3 E(5)3 E(5) E(5)
T's 1 1 E(5)? E(5)? E(5)4 E(5)4
Ty 1 1 E(5) E(5) E(5)2 E(5)2
U3, Cs Cq Cs Co Glo G%,
To 1 1 1 1 RI RI

Iy 1 -1 1 -1 RIT RIT
Ty E(5)2 —E(5)2 E(5) —E(5) CII CIIT2
T's E(5)4 —E(5)* E(5)2 —E(5)? CII CIII2
Ty E(5) —E(5) E(5)3 —E(5)3 CII CIII2
Ts E(5)3 —E(5)3 E(5)% —E(5)% CII CIIT2
T E(5)2 E(5)2 E(5) E(5) CI CIIT2
7 E(5)4 E(5)4 E(5)? E(5)2 CI CIII2
T's E(5) E(5) E(5)3 E(5)3 CI CIII2
Ty E(5)3 E(5)3 E(5)% E(5)% CI CIIT2
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Ul G5,

To RI

Iy CIIT2

Iy CIIT2

I's CIIT2

Iy CIIT2

s CIIT2

T's CIIT2

Iy CIIT2

I's CIIT2

Ty CIIT2

T'1o CIIT2

Ul, Co C1 Co Cs Cu Cs
I'o 1 1 1 1 1 1
Iy 1 -1 1 1 -1 1
Iy 1 —i -1 1 i -1
I's 1 i -1 1 —i -1
Iy 2 0 -2 -1 0 1
I's 2 0 2 -1 0 -1
Uty G4 G34 Gl G34

To RI RI RI RI

Iy RI RI RI RI

Iy CII CIII2 CIII2 cI

I's CII CIII2 CIIT2 cI

Iy HIT HI HIT HI

s RI RI RI RI

U%, Co C1 Cs Cs Cy Cs
To 1 1 1 1 1 1
Iy 1 -1 1 1 -1 -1
Ty 1 -1 E(3)2 1 —E(3)? -1
I's 1 -1 E(3) 1 —E(3) -1
Ty 1 1 E(3)2 1 E(3)2 1
I's 1 1 E(3) 1 E(3) 1
I's 1 —i 1 -1 —i i
rr 1 i 1 -1 i —i
I's 1 —i E(3)2 -1 —E(12)11 i
Ty 1 —i E(3) -1 —E(12)7 i
T1o 1 i E(3)2 -1 E(12)11 —i
1 1 i E(3) -1 E(12)7 —i
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U2, Cs Cr Cs Co Cio Cu

To 1 1 1 1 1 1

Iy 1 1 -1 -1 1 -1

Ty E(3) E(3)2 —E(3) —E(3)? E(3) —E(3)
T3 E(3)2 E(3) —E(3)2 —E(3) E(3)2 —E(3)?
T4 E(3) E(3)? E(3) E(3)? E(3) E(3)
Ts E(3)? E(3) E(3)2 E(3) E(3)2 E(3)2
T's 1 -1 —i i -1 i

Iy 1 -1 i —i -1 —i

I's E(3) —E(3) —E(12)7 E(12)! —E(3) E(12)7
Ty E(3)? —E(3) —E(12)11 E(12)7 —E(3)? E(12)1!
T1o E(3) —E(3) E(12)7 —E(12)11 —E(3) —EB(12)7
11 E(3)2 —E(3) E(12)11 —E(12)7 —E(3)? —E(12)11
Uty Gy G34 Ga4 G34 GS4 G54
I'o RI RI RT RI RI RI

Iy RIT RIT RI RI RI RI

Iy CII CIII2 cI cI cI CIII2
I's CII CIII2 cI cI cI CIIT2
Iy CI CIII2 cI cI cI CIII2
s CI CIII2 cI cI CI CIIT2
T's CIIT2 CIII2 CII CIII2 cI CIII2
Iy CIIT2 CIII2 cII CIII2 cI CIII2
I's CIIT CIII2 CII cIIn cI CIIT2
Ty CIIT CIII2 CII cIiIn CI CIIT2
T'1o CIIm CIII2 CII cirn cI CIII2
I cIIn CIII2 cII cIiIn cI CIII2
R Gi

I'o RI RI

Iy RI RI

Iy CIIT2 CIII2

I's CIIT2 CIII2

Iy CIIT2 CIII2

s CIIT2 CIII2

T's CI CII

Iy CI CII

I's cIImn cIIn

Ty CIIT CIII

T'1o CIIT CIII

I CIIT CIII

U, Co C1 Cs Cs G5; G3i
T'o 1 1 1 1 RI RI

r 1 E(3)2 1 E(3) CI CIII2
Iy 1 E(3) 1 E(3)2 CI CIII2
I's 3 0 -1 0 RI RI
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U, Co C1 Cs Cs Cu Cs

To 1 1 1 1 1 1

Iy 1 -1 -1 1 1 -1

Iy 1 -1 1 1 -1 1

I's 1 1 -1 1 -1 -1

Iy 2 0 -2 -1 0 1

s 2 0 2 -1 0 -1

Uiy G34 GS4 G54 G3i

To RI RI RI RI

I RIT RIIT RIIT R

Iy RI RI RT RI

I's RIT RIIT RIIT RI

Iy RIT RI RIT RT

I's RI RI RI RT

Uty Co C1 Ca Cs Ca Cs

I'o 1 1 1 1 1 1

Iy 1 -1 -1 1 1 -1

Iy 1 -1 1 1 -1 -1

I's 1 1 -1 1 -1 1

Ty 1 -1 -1 E(3)2 1 —E(3)?
s 1 -1 -1 E(3) 1 —E(3)
Ts 1 -1 1 E(3)2 -1 —E(3)?
Iy 1 -1 1 E(3) -1 —E(3)
T's 1 1 -1 E(3)2 -1 E(3)2
Ty 1 1 -1 E(3) -1 E(3)
T10 1 1 1 E(3)2 1 E(3)2
I 1 1 1 E(3) 1 E(3)
Up, Cs Cr Cs Co Cro Cn

I'o 1 1 1 1 1 1

Iy -1 1 1 -1 -1 1

Iy 1 1 -1 -1 1 -1

I's -1 1 -1 1 -1 -1

Ty —E(3)2 E(3) E(3)2 —E(3) —E(3) E(3)
Ts —E(3) E(3)2 E(3) —E(3)? —E(3)? E(3)?
Ts E(3)? E(3) —E(3)? —E(3) E(3) —E(3)
Iy E(3) E(3)2 —E(3) —E(3)? E(3)2 —E(3)?
T's —E(3)2 E(3) —E(3)2 E(3) —E(3) —FE(3)
Ty —E(3) E(3)? —E(3) E(3)? —E(3)2 —E(3)2
T'io E(3)? E(3) B(3)? E(3) E(3) E(3)
I E(3) B(3)? E(3) B(3)? E(3)? B(3)*
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Uty Gl G54 G4 G54 G54 G35

Ty RI RI RI RI RI RI

I RIT RITIT RIT RIIT RI RI

Ty RI RI RI RI RI RI

T3 RIT RIIT RIT RIIT RI RI

Ty CII CIIIl CIII2 CIII cI CIII2
I's CII CIIIt CIII2 CIIIl cI CIII2
T cI CI CIII2 CIII2 CI CIII2
Iy CI CI CIII2 CIII2 CI CIII2
I's CII CIIIl CIII2 CIIIn cI CIII2
Ty CII CIIIl CIII2 CIIIl cI CIII2
T'io cI CI CIII2 CIII2 CI CIII2
T11 CI CI CIII2 CIII2 CI CIII2
Uly Co Ch Co Cs Cy Cs

To 1 1 1 1 1 1

I 1 E(13) E(13)? E(13)3 E(13)4 E(13)5
Iy 1 E(13)? E(13)% E(13)8 E(13)8 E(13)10
T3 1 E(13)3 FE(13)8 FE(13)° FE(13)12 E(13)2
Ty 1 E(13)% E(13)8 E(13)12 E(13)3 E(13)7
Is 1 E(13)5 E(13)10 E(13)? E(13)7 E(13)12
Ts 1 E(13)8 E(13)12 E(13)5 E(13)11 E(13)*
Ty 1 E(13)7 E(13) E(13)8 F(13)? FE(13)°
T's 1 E(13)8 E(13)3 E(13)11 E(13)8 E(13)
Ty 1 E(13)° E(13)5 E(13) E(13)10 E(13)8
T1o 1 E(13)10 E(13)7 E(13)% E(13) E(13)1!
11 1 E(13)1 E(13)° E(13)7 FE(13)5 E(13)3
T2 1 E(13)12 E(13)11 E(13)10 E(13)° E(13)8
Uly Cs Cq Cs Co Cio Cn

To 1 1 1 1 1 1

Iy E(13)8 E(13)7 E(13)8 E(13)° E(13)10 E(13)1!
Ty E(13)'2 E(13) E(13)3 E(13)5 E(13)7 E(13)°
T3 E(13)5 E(13)8 E(13)11 E(13) E(13)4 E(13)7
Ty E(13)11 E(13)2 E(13)8 E(13)10 E(13) E(13)°
Is E(13)% E(13)° E(13) E(13)8 E(13)1! E(13)3
Ts E(13)10 E(13)3 E(13)° E(13)2 E(13)8 E(13)
Ty E(13)3 E(13)10 E(13)% E(13)11 FE(13)5 E(13)12
T's E(13)° E(13)4 E(13)12 E(13)7 E(13)? E(13)10
Ty E(13)? E(13)1! E(13)7 E(13)3 E(13)12 E(13)8
INTY E(13)8 E(13)5 E(13)2 E(13)'2 E(13)° E(13)6
11 E(13) E(13)12 E(13)10 E(13)8 F(13)8 E(13)4
NP E(13)7 E(13)6 E(13)° E(13)% E(13)3 E(13)2
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Uls G G3e

To RI RI

Iy CI CIII2

Iy cI CIII2

I's cI CIII2

Iy cI CIIT2

I's CI CIII2

T's cI CIII2

7 cI CIII2

I's cI CIIT2

I'g CI CIII2

T'1o cI CIII2

I cI CIII2

T2 cI CIIT2

Uly Ch Ca Cs Gis

To 1 1 1 RI

Iy -1 1 1 RI

Iy 2 0 E(M+E(MS EM2+EM® EM*+EM* | RI

I's 2 0 E(M?+E(M® EM2+EMN* EM+EMS | RI

Ty 2 0 E(M2+E(M* EM+EMS EM2+EM® | RI

U2, C1 Co Cs Cs

To 1 1 1 1

I -1 1 -1 -1

Ty -1 E(7)8 —E(7)8 —E(7)°
T's -1 E(7)5 —E(7)° —E(7)3
Ty -1 E(7)* —E(7)* —E(7)
Ts -1 E(7)3 —E(7)3 —E(7)8
T -1 E(7)2 —E(7)? —E(7)%
I7 -1 E(7) —E(7) —E(7)?
T's 1 E(7)8 E(7)8 E(7)?
Ty 1 E(7)® E(7)® E(7)3
T1o 1 E(7)% E(7)% E(7)
Ty 1 E(7)3 E(7)3 E(7)8
T2 1 E(7)2 E(7)2 E(7)*
T3 1 E(7) E(7) E(7)2
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U2, Cs Cr Cs Co Cio Cu

To 1 1 1 1 1 1

Iy 1 -1 1 -1 1 -1

Ty E(7)4 —E(7)4 E(7)3 —E(7)3 E(7)2 —E(7)?
T3 E(7) —E(7) E(7)8 —E(7)8 E(7)% —E(7)%
T4 E(7)5 —E(7)® E(7)? —E(7)? E(7)8 —E(7)8
Ts E(7)? —E(7)2 E(7)° —E(7)5 E(7) —E(7)
Ts E(7)8 —E(7)¢ E(7) —E(7) E(7)3 —E(7)3
T E(7)3 —E(7)3 E(7)% —E(7)% E(7)° —E(7)5
T's BE(7)4 E(7)4 E(7)3 E(7)3 E(7)? E(7)?
Ty E(7) E(7) E(7)8 E(7)8 E(7)* E(7)*
T B(7)° B(7)° B(7)? B(7)? B(7)° B(7)°
11 E(7)2 E(7)2 E(7)° E(7)° E(7) E(7)
IND B(7)5 B(7)5 E(7) E(7) E(7)? B(7)?
T3 B(7)3 B(7)3 B(7)* B(7)* B(7)° B(7)°
U124 Ci2 Ciz G%S Ggs Ggs G%S

To 1 1 RI RI RI RI

Iy 1 -1 RIT RIT RI RI

T2 E(7) —E(7) CIT CIII2 CI CIII2
I's E(7)? —E(7)2 CII CIII2 CI CIII2
Iy E(7)3 —E(7)3 CII CIII2 cI CIII2
Ts E(7)* —E(7)* CII CIII2 CI CIIT2
T E(7)5 —E(7)® CII CIII2 cI CIII2
I'; E(7)8 —E(7)8 CII CIII2 CI CIII2
T's E(7) E(7) CI CIIT2 cI CIII2
Ty E(7)? E(7)? CI CIII2 CI CIIT2
INTY EBE(7)3 E(7)3 CI CIII2 CI CIII2
1 E(7)* E(7)% CI CIII2 CI CIII2
T2 E(7)5 E(7)5 CcI CIII2 cI CIII2
T3 E(7)8 E(7)8 CI CIII2 CI CIIT2
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Uy Ci2 Cis Cuq Gy G Gio
To 1 1 1 RI RI RI
I E(5)? E(5) E(5) CIII2 CI cI
Ty E(5)% E(5)2 E(5)2 CIII2 CI CI
T3 E(5) E(5)3 E(5)3 CIII2 CI CI
Ty E(5)3 E(5)% E(5)% CIII2 CI CI
s E(3) E(3)2 E(3) CI CIII2 cI
T E(3)? E(3) E(3)? CI CIII2 CI
T E(15)11 E(15)13 E(15)8 CIII1 CIII1 CI
I's E(15)2 E(15) E(15)11 CIII1 CIII1 CI
Ty E(15)8 E(15)% E(15)14 CIII1 CIII1 CI
T10 E(15)™ E(15)7 E(15)? CIII1 CIII1 CI
11 E(15) E(15)8 E(15)13 CIII1 CIII1 CI
NP E(15)7 E(15)11 E(15) CIII1 CIII1 CI
I3 E(15)13 E(15)14 E(15)% CIII1 CIII1 CI
T4 E(15)* E(15)? E(15)7 CIII1 CIII1 CI
Uls | Gl

I'o RI

Iy CIIT2

Iy CIIT2

I's CIIT2

Iy CIIT2

s CIII2

Ts CIIT2

rr CIIT2

I's CIIT2

Ty CIIT2

T'1o CIIT2

I CIIT2

T2 CIIT2

T3 CIIT2

I CIIT2
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E.2 Classification of the Small 7, x Z5-Graded Groups by the Altland-
Zirnbauer Tenfold Way

U} Co ‘ G3(1,1,1)

Iy 1 ‘ BDI

Ul Co C G2(2,1,1) G3(1,2,1) G3(2,1,2) G3(2,2,1)
Iy 1 1 BDI BDI BDI BDI

I 1 -1 CcI DIIT cI BDI

Uj Ga(1,1,1) G3(2,2,2)

Ty BDI BDI

r CII BDI

Ul Co C, Cs G15(1,1,2) G15(1,2,1) G15(2,1,1)
Iy 1 1 1 BDI BDI BDI

I 1 E(3) E(3)2 BDI Al D

Ty 1 E(3)2 E(3) BDI AT D

U} G3,(2,2,2)

Ty BDI

r AIIT

Iy AIIT

U} Co C1 Co Cs GP6(2,1,1) G36(1,2,1)
Iy 1 1 1 1 BDI BDI

I 1 -1 1 -1 cI DIIT

Iy 1 i -1 —i AIIT AIIT

I's 1 —i -1 i AIIT AIIT

Ul | G G9(1,2,1) G76(3.1,3) G76(3.3,1) Gi(3,1,4) Gs(3,4,1)
Iy BDI BDI BDI BDI BDI BDI

I cI DIIT CcI BDI CcI BDI

Iy AIIT AIIT Al BDI Al cI

I's AIIT AIIT Al BDI Al cI

U} G§6(4,3,1) G96(4,1,4) G96(4,4,1) G12(2,2,2) G1i(2,3,3) G15(3,2,3)
Iy BDI BDI BDI BDI BDI BDI

I BDI CI BDI BDI BDI BDI

T2 DIIT AIT CII AIIT D Al

I's DIIT AIT CII AIIT D Al

Uj Gi3(2,4,4) Gi3(4,2,4) Gi3(2,2,2) G13(2,4,3) G13(2,3,4) G13(3,2,4)
Iy BDI BDI BDI BDI BDI BDI

I BDI BDI BDI BDI BDI BDI

I's C AIT AIIT c D Al

I's C AIT AIIT c D Al
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U? Co C1 Ca Cs G%4(2,2,2) G36(5,2,2)
To 1 1 1 1 BDI BDI

Iy 1 -1 1 -1 CI CI

Iy 1 1 -1 -1 cII CI

I's 1 -1 -1 1 DIII BDI

U3 | G(2.5,2) G45(2.2,2) G19(5,2,2) G19(2,5.2) G14(5,2,5) Gl(5.5.2)
I'o BDI BDI BDI BDI BDI BDI

Iy BDI DIII BDI BDI BDI BDI

Iy DIII CcI CI DIII cI BDI

I's DIII cII CI DIII CI BDI

Ui G1§(5.3,3) G1§(3.5,3) Gi3(2,2,2) Gi3(2.3,3) Gig(3.2,3) G1§(5,5,5)
I'o BDI BDI BDI BDI BDI BDI

Iy BDI BDI BDI BDI BDI BDI

Iy Al D cII AIT c BDI

I's Al D cII AIT c BDI

U} Co C1 Ca Cs Cy G30(1,1,2)
I'o 1 1 1 1 1 BDI

T 1 E(5) E(5)2 E(5)3 E(5)% BDI

Iy 1 E(5)2 E(5)% E(5) E(5)3 BDI

I's 1 E(5)3 E(5) E(5)* E(5)2 BDI

Ty 1 E(5)% E(5)3 E(5)2 E(5) BDI

Ui | Gh(,21) Ghy(2,1,1) G3(2.2,2)

I'o BDI BDI BDI

Iy Al D AITI

Iy Al D AITT

I's Al D AITI

Iy Al D AITT

Ug Co G Cs G3i(4,4,4)

I'o 1 1 1 BDI

Iy 1 -1 1 BDI

Iy 2 0 -1 BDI

Ug Co C1 Cs Cs3 Cy Cs

T'o 1 1 1 1 1 1

Iy 1 -1 1 -1 1 -1

Ty 1 -1 E(3)? —E(3)? E(3) —E(3)

T3 1 -1 E(3) —E(3) E(3)2 —E(3)?

Ty 1 1 E(3)2 E(3)2 E(3) E(3)

Ts 1 1 E(3) E(3) FE(3)2 E(3)2
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vé G3,(1,1,2) G4,(1,2,1) G3,(2,1,1) G35,(1,4,2) G3,4(1,2,4) G35,(2,1,4)
To BDI BDI BDI BDI BDI BDI
Iy CII cII cII DIII cII CII
Iy cII AIT c DIII AIT c

I's CcII AIT c DIII AIT c

Iy BDI ATl D BDI Al D

s BDI Al D BDI Al D

U2 | Gh(4,4.2) G, (4,2,4) G, (2,4,4) G3,(1,1,5) G3,(1,5,1) G3,(5,1,1)
To BDI BDI BDI BDI BDI BDI
I BDI cI DIII cII DIII cI
Iy BDI Al D cII AIT c

I's BDI Al D cII AIT c

Iy BDI Al D BDI Al D

I's BDI Al D BDI Al D

U | G145 G34(1,5,4) G34(5.1,4) G9,(2,2,5) G34(2.5,2) G9,(5,2,2)
I'o BDI BDI BDI BDI BDI BDI
Iy DIII DIII CI CcII DIIT CcI
Iy DIII AIT c AITT AITT AITT
I's DIII AIT c AITT AITT AITT
Iy BDI Al D AITI AITT AITT
s BDI ATl D AITT AITT AITT
Ug G39(2,5,5) G39(5,2,5) G34(2,2,2) G3i(4,4,5) G3i(4,5,4) G3i(5,4,4)
To BDI BDI BDI BDI BDI BDI
I DIII CI cII BDI BDI BDI
Iy AITT AITT AITI BDI Al D

I3 AITT AITI AITI BDI Al D

Iy AITI AITI AITI BDI Al D

s AITT AITI AITI BDI Al D

Ug G13(5,5,5)

T'o BDI

Iy BDI

Ty AITT

I's AITT

Iy AITT

I's AITT

Ul Co C1 Ca Cs3 Cy Cs

To 1 1 1 1 1 1

r 1 E(7) E(7)2 E(7)3 E(7)4 E(7)°
Ty 1 E(7)2 E(7)4 E(7)8 E(7) E(7)3
T3 1 E(7)3 E(7)8 E(7)2 E(7)° E(7)
Ty 1 E(7)4 E(7) E(7)% E(7)? E(7)8
Ts 1 E(7)5 E(7)3 E(7) E(7)8 E(7)*
Ts 1 E(7)8 E(7)° E(7)4 E(7)3 E(7)2
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Ul Cs G35(1,1,2) G35(1,2,1) G35(2,1,1) G3:(2,2,2)

To 1 BDI BDI BDI BDI

Iy E(7)8 BDI Al D AITT

Iy E(7)° BDI Al D AITT

T3 E(7)% BDI AT D AIIT

Ty EBE(7)3 BDI Al D AIIT

s E(7)2 BDI Al D AITT

T's E(7) BDI Al D AITT

Ug Co Cy Cs C3 Cy Cs

T'o 1 1 1 1 1 1

Iy 1 -1 1 1 -1 -1

Ty 1 i -1 1 —i i

I's 1 —i -1 1 i —i

Ty 1 E(8) i -1 E(8)3 —E(8)
Ts 1 —E(8) i -1 —E(8)3 E(8)
Ts 1 E(8)3 —i -1 E(8) —E(8)3
Iy 1 —E(8)3 —i -1 —E(8) E(8)3
Ug Cs Cr G18(5,1,1) Gi5(1,5,1) Gi1(5,1,1) Gi1(1,5,1)
T'o 1 1 BDI BDI BDI BDI
Iy 1 -1 CI DIIT cI DIII
Iy -1 —i AITT AITT AITT AITI
I's -1 i AITT AITT AITT AITI
Iy —i —E(8)3 AITT AITT AITT AITT
I's —i E(8)® AITT AITT AITT AITT
Ts i —E(8) AITT AITT AITT AITI
Iy i E(8) AITT AITT AITT AITI
vi | 6B GI§(7,7,1) G19(7,1,9) G19(7,9.1) G19(9.7,1) G29(9,1,9)
T'o BDI BDI BDI BDI BDI BDI
Iy cI BDI CI BDI BDI CcI

Iy Al BDI Al BDI BDI Al

I's ATl BDI Al BDI BDI Al

Iy Al BDI Al CI DIIT AIT
I's Al BDI Al CcI DIII AIT
Ts ATl BDI Al CI DIIT AIT
Iy ATl BDI Al CI DIIT AIT
Ug G29(9,9,1) G35(5,5,5) G371(5,6,6) G37(6,5,6) G35(5,5,5) G38(5,6,6)
To BDI BDI BDI BDI BDI BDI
I BDI BDI BDI BDI BDI BDI
Iy BDI AIIT AITT AITT AITI AITT
I3 BDI AITI AITI AITT AITT AITT
Iy CII AITI A A AITT A

I's cII AITI A A AITT A

I's CII AITT A A AITI A

Iy CII AITI A A AITT A

238



Ug G35(6,6,5) G35(6,5,6) G39(5,7,7) G35(7,5,7) G39(5,8,8) G39(8,5,8)
T'o BDI BDI BDI BDI BDI BDI
Iy BDI BDI BDI BDI BDI BDI
Iy AITI AITI D Al D Al
I's AITI AITI D Al D Al
Iy AITI A D Al A A

s AITI A D Al A A

Is AITI A D Al A A

Iy AITI A D Al A A

Us G33(5,9,9) G33(9.5,9) G33(5,9.7) G33(5,8,8) G3(5.7,9) G33(7,5,9)
T'o BDI BDI BDI BDI BDI BDI
Iy BDI BDI BDI BDI BDI BDI
Iy D Al D D D Al
I's D Al D D D Al
Iy c AIT c A D Al
s c AIT c A D Al
Ts c AIT c A D Al
Iy c AIT c A D Al
Us G33(8,5,8) G33(6.8,7) G33(6,7,8) G33(7,6,8) G33(8,6,7) G35(6,9,8)
T'o BDI BDI BDI BDI BDI BDI
Iy BDI BDI BDI BDI BDI BDI
Iy Al D D Al Al D

I's Al D D Al Al D

Iy A A D Al A c

T's A A D Al A c

Ts A A D Al A c

Iy A A D Al A c
UL | GH4(6,8,9) G34(8,6,9) G14(9,6,8)

I'o BDI BDI BDI

Iy BDI BDI BDI

Iy D Al Al

I's D Al Al

Iy A A AIT

T's A A AIT

Ts A A AIT

Iy A A AIT
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U2 Co 1 Ca Cs Cy Cs
To 1 1 1 1 1 1

Iy 1 -1 1 1 -1 -1
) 1 1 -1 1 -1 1

I's 1 -1 -1 1 1 -1
Iy 1 i 1 -1 i —i

s 1 —i 1 -1 —i i

Tg 1 i —1 -1 —i —i

I'7 1 —i -1 -1 i i

U2 Cs Cy G35(2,5,5) G35(5,2,5) G35(2,5,5) G35(5,2,5)
To 1 1 BDI BDI BDI BDI
Iy 1 -1 cI DIII cI DIII
Iy -1 -1 CcII cI CcII cI
I's -1 1 DIIT CcII DIII CcII
Iy —1 —i AIIT AITI AIIT AIIT
I's -1 i AIIT AIIT AIIT AIIT
Tg 1 i AIIT AIIT AIIT AIIT
I'7 1 —i AIIT AIIT AIIT AIIT
U2 G3,(10,5,5) G35(5,10,5) G1,(11,6,6) G15(6,11,6) G8,(12,6,6) G8,(6,12,6)
To BDI BDI BDI BDI BDI BDI
Iy cr DIII cI DIIT cI DIII
Iy cI BDI cI BDI cI BDI
I's BDI DIII BDI DIIT BDI DIIT
Ty AIIT AIIT Al D AIT c

I's AIIT AIIT Al D AT c

Tg AIIT AIIT Al D AIT c

I'7 AIIT AIIT Al D AIT c

U2 G95(11,5,4) G95(11,4,5) G95(4,11,5) G19(12,5,4) G19(12,4,5) G19(4,12,5)
To BDI BDI BDI BDI BDI BDI
I oI BDI BDI cI BDI BDI
Iy cI cI DIIT cI cI DIII
I's BDI cI DIII BDI cI DIII
Ty Al BDI BDI AIT DIIT cI
T's Al BDI BDI AIT DIIT cI
Ts Al cI DIIT AIT CII CcII
Iy Al cI DIII AIT CII CcII
U2 G11(13,2,6) G11(13,6,2) G11(6,13,2) G12(2,5,5) G1%(5,2,5) G13(5,4,4)
To BDI BDI BDI BDI BDI BDI
Iy BDI cI DIII o DIIT DIIT
Iy cr cI DIIT DIIT cI cI
I's cI BDI BDI CII CII CcII
Iy A AIIT AIIT AIIT AIIT c

T's A AIIT AIIT AIIT AIIT c

T's A AIIT AIIT AIIT AIIT D

Iy A AIIT AIIT AIIT AIIT D
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U2 G33(4,5,4) G14(5,4,4) G13(4,5,4) G153(5,6,6) G15(6,5,6) G31(10,2,2)
To BDI BDI BDI BDI BDI BDI

Iy CI DIII CI cII cII BDI

Iy DIII cI DIII CI DIII cI

I's cII cII CIIT DIIT CcI CI

Iy Al D Al A A AIIT

s Al D Al A A AITT

T's AIT c AIT A A AITT

Iz AIT c AIT A A AITT

U2 G21(2,10,2) G23(10,3,3) G23(3,10,3) G323(10,4,4) G33(4,10,4) G23(10,2,2)
To BDI BDI BDI BDI BDI BDI

Iy BDI BDI BDI BDI BDI BDI

Iy DIIT Al D cI DIIT cI

I's DIIT AT D cI DIIT cI

Ty AIIT AIIT AIIT D ATl AITT

s AITT AITT AIIT D Al AITT

T's AITT D Al c AIT AITT

Iy AITT D AT c AIT AITIT

U2 G23(10,4,4) G23(2,10,2) G23(2,4,3) G323(2,3,4) G323(3,2,4) G323(4,10,4)
To BDI BDI BDI BDI BDI BDI

Iy BDI BDI BDI BDI BDI BDI

Iy cI DIII AIT AIT c DIII

I's cI DIII AIT AIT c DIII

Ty c AIIT AIIT AITT AIIT Al

s c AITI AITI AITT AITI Al

T's D AITI c D Al AIT

Iy D AITI c D Al AIT

U2 G25(10,2,10) G25(10,10,2) G25(10,3,4) G325(10,4, 3) G35(2,3,3) G35(2,4,11)
To BDI BDI BDI BDI BDI BDI

Iy BDI BDI BDI BDI BDI BDI

Iy CI BDI Al Al AIT CII

I's cI BDI Al Al AIT CII

Ty AIIT AIIT AITT AITT AITI D

s AIIT AIIT AIIT AIIT AITI D

Ts AITT AITI D c D c

Iy AITT AITI D c D c

U2 G35(2,11,4) G25(3,10,4) G325(3,2,3) G35(11,2,4) G35(4,10,3) G35(2,2,2)
To BDI BDI BDI BDI BDI BDI

I BDI BDI BDI BDI BDI BDI

Iy DIII D c CI D CII

I's DIII D c CI D CII

Iy D AITT AIIT Al AITI AITI

s D AIIT AIIT AT AIIT AITT

Ts D Al Al Al AIT AITT

Iy D Al Al Al AIT AITT
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G25(2,12,4)

G25(2,4,12)

G35(2,4,4)

G35(4,2,12)

G35(4,2,4)

G35(12,2,4)

To BDI BDI BDI BDI BDI BDI
Iy BDI BDI BDI BDI BDI BDI

) DIII CII AIT CII C cI

I's DIII CcII AIT CII c cI

Iy c D AIIT Al AIIT AT

s c D AIIT Al AIIT AT

T's C C o} AIT AIT AIT

I'7 o} o} c AIT AIT AIT

U2 G31(11,3,3) G27(3,3,11) G27(3,11,3) G25(10,4,11) G25(10,11,4) G35(10,3,3)
To BDI BDI BDI BDI BDI BDI

Iy BDI BDI BDI BDI BDI BDI

Iy Al AIIT D cI BDI Al

I's Al AIIT D CcI BDI Al

Ty BDI D BDI D D D

I's BDI D BDI D D D

Tg Al Al D c D AIIT

I'7 AT Al D c D AIIT

U2 G38(11,3,4) G38(11,4,3) G328(11,10,4) G38(4,11,3) G38(3,10,3) G25(10,4,12)
To BDI BDI BDI BDI BDI BDI

Iy BDI BDI BDI BDI BDI BDI

Iy Al Al BDI D D cI

I's Al Al BDI D D cI

Ty BDI Al Al D AT c

I's BDI Al Al D Al c

Tg Al cI Al DIIT AIIT D

I'7 Al cr Al DIIT AIIT D

U2 G35(10,12,4) G23(10,4,4) G23(3,4,12) G%3(3,4,4) G%3(3,12,4) G35(12,10,4)
To BDI BDI BDI BDI BDI BDI

I BDI BDI BDI BDI BDI BDI

Iy BDI Al AIIT c D BDI

I's BDI Al AIIT c D BDI

Ty o} c c BDI c AIT

T's o} o} o} BDI c AT

Ts c AIIT Al c cI AT

Iy c AIIT Al c cI AIT

U2 G25(12,3,4) G25(4,3,4) G25(4,10,4) G39(10,4,3) G39(10,3,4) G39(3,10,4)
To BDI BDI BDI BDI BDI BDI

Iy BDI BDI BDI BDI BDI BDI

Iy Al AIIT D Al Al D

I's Al AIIT D Al Al D

Iy AIT D AIT AIIT AIIT AIIT

T's AIT D AIT AIIT AIIT AIIT

T's DIII AII AIIT c D Al

Iy DIII AIT AIIT c D Al
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G39(3,4,3)

G39(3,3,4)

G39(4,4,11)

G39(4,3,3)

G39(4,11,4)

G39(11,4,4)

To BDI BDI BDI BDI BDI BDI
Iy BDI BDI BDI BDI BDI BDI

) c AIIT AIIT AIT D Al

I's o} AIIT AIIT AIT D Al

Iy BDI Al c BDI D Al

s BDI Al c BDI D Al

Tg c D AIT AIT DIIT cI

I'7 o} D AIT AIT DIIT cI

U2 G31(2,3,3) G31(2,12,11) G31(2,11,12) G31(3,2,3) G31(3,12,3) G31(3,3,12)
To BDI BDI BDI BDI BDI BDI

Iy BDI BDI BDI BDI BDI BDI

Iy AIT DIII DIII c D AIIT

I's AIT DIII DIII c D AIIT

Ty AIIT o} D AIIT cI Al

I's AIIT c D AIIT cI Al

Tg D c D Al c D

I'7 D o} D Al c D

U2 G31(11,2,12) G33(2,4,4) G32(4,2,4) G32(4,4,4) G33(2,4,3) G33(2,3,4)
To BDI BDI BDI BDI BDI BDI

Iy BDI BDI BDI BDI BDI BDI

Iy cI AIT e} AIIT AIT AT

I's cI AIT c AIIT AIT AIT

Ty Al AIIT AIIT c AIIT AIIT

I's Al AIIT AIIT c AIIT AIIT

Tg Al c AIT AIT c D

I'7 Al o} AIT AIT c D

U2 G33(3,2,4) G33(3,4,4) G33(4,4,3) G33(4,3,4) G33(2,11,11) G33(11,2,11)
To BDI BDI BDI BDI BDI BDI

I BDI BDI BDI BDI BDI BDI

Iy c c AIT AIIT DIII cI

I's c c AIT AIIT DIIT cI

Ty AIIT cI CcI D D Al

T's AIIT oI cI D D Al

Ts Al D AII AIT D Al

Iy Al D AIT AIT D Al

U2 G35(2,4,4) G35(2,12,12) G35(4,2,4) G35(4,4,12) G35(4,12,4) G35(12,2,12)
To BDI BDI BDI BDI BDI BDI

Iy BDI BDI BDI BDI BDI BDI

Iy CII DIII CII AIIT D cI

I's CII DIII CII AIIT D cI

Iy D o} Al c c AIT

T's D o} Al c c AIT

T's c c AII AIT CII AT

I'7 c c AIT AIT CII AT
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U2 G35(12,4,4) G35(10,5,5) G35(5,10,5) G37(10,5,5) G37(10,6,6) G37(5,10,5)
To BDI BDI BDI BDI BDI BDI

Iy BDI cI DIIT cI cI DIII

) Al BDI BDI BDI BDI BDI

I's Al cI DIII cI cI DIIT

Iy AII AIIT AIIT AIIT A AIIT

s AII AIIT AIIT AIIT A AIIT

Tg CcII AIIT AIIT AIIT A AIIT

I'7 CII AIIT AIIT AIIT A AIIT

U2 G31(6,10,6) G38(13,6,5) G38(13,5,6) G38(5,13,6) G39(11,5,11) G39(11,11, 5)
To BDI BDI BDI BDI BDI BDI

Iy DIII cI cI DIIT cI BDI

Iy BDI BDI BDI BDI BDI BDI

I's DIII cI cI DIII cI BDI

Iy A AIII A A Al BDI

I's A AIIT A A Al BDI

Tg A AIIT A A Al BDI

I'7 A AIIT A A Al BDI

U2 G39(11,5,12) G39(11,12,5) G39(12,11,5) G33(12,5,12) Ga1(12,12,5) (G42(13,5,13)
To BDI BDI BDI BDI BDI BDI

Iy cr BDI BDI cI BDI cI

Iy BDI BDI BDI BDI BDI cI

I's cI BDI BDI cI BDI BDI

Ty Al cI DIII AIT CII A

I's Al cI DIII AIT CII A

Tg Al cI DIIT AIT CII A

I'7 Al cr DIII AIT CII A

U2 (G33(13,13,5) G33(11,6,13) G33(11,13,6) G33(13,11,6) G33(12,6,13) G43(12,13,6)
To BDI BDI BDI BDI BDI BDI

I BDI oI BDI BDI cI BDI

Iy BDI BDI BDI BDI BDI BDI

I's BDI cI BDI BDI cI BDI

Ty AIIT Al Al D AIT AIT

T's AIIT Al Al D AIT AIT

Ts AIIT Al Al D AIT AT

Iy AIIT Al Al D AIT AT

U2 G33(13,12,6) G35(10,10,10)  G35(10,11,11) G35(11,10,11) G47(10,12,12)  G37(12,10,12)
To BDI BDI BDI BDI BDI BDI

Iy BDI BDI BDI BDI BDI BDI

Iy BDI BDI BDI BDI BDI BDI

I's BDI BDI BDI BDI BDI BDI

Iy c AIIT D Al c AIT

T's o} AIIT D Al c AIT

T's c AIIT D Al c AT

Iy c AIIT D Al c AT
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U2 G35(10,10,10) G35(10,12,11) G38(10,11,12) G38(10,13,13) G35(11,10,12) G45(13,10,13)
Iy BDI BDI BDI BDI BDI BDI

r BDI BDI BDI BDI BDI BDI

I's BDI BDI BDI BDI BDI BDI

I's BDI BDI BDI BDI BDI BDI

Iy AIIT C D A Al A

I's AIIT C D A Al A

I's AIIT C D A Al A

Iy AIIT C D A Al A

U2 G39(11,13,13) G39(13,11,13) G39(13,13,11) G39(12,13,13) G359(13,12,13) G39(13,13,12)
Ty BDI BDI BDI BDI BDI BDI

r BDI BDI BDI BDI BDI BDI

Iy BDI BDI BDI BDI BDI BDI

I's BDI BDI BDI BDI BDI BDI

Ty Al D A AIT c A

I's Al D A AII c A

I's Al D A AII c A

| Al D A AIT c A

U3 Co C1 Ca Cs Cy G35(11,7,7)
Ty 1 1 1 1 1 BDI

r 1 -1 1 1 -1 Al

I's 1 1 -1 1 -1 Al

I's 1 -1 -1 1 1 BDI

Ty 2 0 0 -2 0 BDI

U3 G33(7,11,7) G39(11,8,8) G39(8,11,8) G33(13,8,7) G32(13,7,8) G43(7,13,8)
Ty BDI BDI BDI BDI BDI BDI

r D Al D Al Al D

Iy D Al D Al Al D

I's BDI BDI BDI BDI BDI BDI

Ty BDI cI DIIT CII DIIT cI

Ug G33(11,8,7) G33(11,7,8) G33(13,7,7) G33(7,11,8) G33(7,13,7) G34(13,8,8)
Iy BDI BDI BDI BDI BDI BDI

r Al Al Al D D Al

I's Al Al Al D D Al

I's BDI BDI BDI BDI BDI BDI

Iy cI BDI DIIT BDI cI CII

Ug G34(8,13,8) G3§(11,11,11) G35(11,13,13) G35(13,11,13) G39(11,13,11) G39(11,11,13)
Iy BDI BDI BDI BDI BDI BDI

I D BDI BDI BDI BDI BDI

Iy D BDI BDI BDI BDI BDI

I's BDI BDI BDI BDI BDI BDI

Iy CII BDI CcI DIIT CcI BDI
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Ug G39(13,11,11) G59(13,13,13)

To BDI BDI

Iy BDI BDI

) BDI BDI

I's BDI BDI

Iy DIII CII

Ug Co C1 Ca Cs Cy G39(12,8,8)
To 1 1 1 1 1 BDI

Iy 1 -1 1 1 -1 BDI

) 1 1 -1 1 -1 Al

I's 1 -1 -1 1 1 Al

Iy 2 0 0 -2 0 DIII

Ug G39(8,12,8) G31(12,9,9) G31(9,12,9) G42(13,9,8) G42(13,8,9) G3%(8,13,9)
To BDI BDI BDI BDI BDI BDI

Iy BDI BDI BDI Al Al D

Ty D Al D BDI BDI BDI

I's D Al D Al Al D

Iy CI CII CII cI BDI BDI

Ug G133(13,8,8) G33(8,13,8) G33(12,9,8) G33(12,8,9) G33(13,9,9) G33(8,12,9)
To BDI BDI BDI BDI BDI BDI

Iy Al D BDI BDI Al BDI

Ty BDI BDI Al Al BDI D

I's Al D Al Al Al D

Iy BDI BDI CII DIIT cI cI

Ug G33(9,13,9) G31(12,12,12) G35(12,13,13) G35(13,12,13) G39(13,13,13) G39(12,12,13)
To BDI BDI BDI BDI BDI BDI

Iy D BDI BDI BDI BDI BDI

Iy BDI BDI BDI BDI BDI BDI

I's D BDI BDI BDI BDI BDI

Iy DIII CII DIII cI BDI CcII

Ug G39(12,13,12) G39(13,12,12)

To BDI BDI

I BDI BDI

Ty BDI BDI

I's BDI BDI

Ty DIII cI
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Ug Co 1 C2 Cs Ca Cs

To 1 1 1 1 1 1

Iy 1 -1 1 1 -1 -1
) 1 1 -1 1 -1 1

I's 1 -1 -1 1 1 -1
Iy 1 1 1 -1 1 -1
T's 1 -1 1 -1 -1 1

Tg 1 1 —1 -1 -1 -1
I'7 1 -1 -1 -1 1 1

Ug Cs Cy G2,(10,10,10) GS55(11,3,3) GS55(3,11,3) G21(10,10,10)
To 1 1 BDI BDI BDI BDI
Iy 1 -1 cI cI BDI BDI
Iy -1 -1 cI cI DIII cI
I's -1 1 BDI BDI DIII cI
Iy —1 -1 CII A A CII
I's -1 1 DIII A A CII
Tg 1 1 DIIT A A DIII
I'7 1 -1 CII A A DIII
Ug G23(14,10,10) G23(14,3,3) G323(10, 14, 10) G323(3,14,3) G23(10, 10, 10) G23(10,3,3)
To BDI BDI BDI BDI BDI BDI
Iy BDI BDI BDI BDI BDI BDI
Iy cI Al BDI D DIII AT
I's cI Al BDI D DIIT AIT
Ty cI cI DIII DIII cI cI
I's cr cI DIIT DIIT cI cI
Tg BDI Al DIIT D CII AT
I'7 BDI Al DIII D CII AIT
Ug G23(3,10,3) G25(10,11, 3) G25(10,3,11) G325(3,10,11) G25(11, 10, 3) G37(14,3,11)
To BDI BDI BDI BDI BDI BDI
I BDI BDI BDI BDI D BDI
Iy c Al Al D CcI cI
I's c Al Al D C cI
Ty DIII DIII CII CII BDI Al
T's DIII DIII CII CII D Al
Ts c AIT AII c cI Al
Iy c AIT AIT c c Al
Ug G37(14,11,3) G37(11,14,3) G27(11,11,11) G%8(10,11,11) G%5(11,10,11) G328(11,3,11)
To BDI BDI BDI BDI BDI BDI
Iy BDI BDI BDI BDI BDI BDI
Iy BDI BDI Al DIIT cI Al
I's BDI BDI Al DIIT cI Al
Iy Al D AIIT Al D AIIT
T's Al D AIIT Al D AIIT
T's Al D D Al C c

Iy Al D D AlI C c
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G28(11,11, 3)

G25(10,3,3)

G35(3,10,3)

G39(10,3,11)

G39(10,11,3)

G39(3,3,11)

To BDI BDI BDI BDI BDI BDI
Iy BDI BDI BDI BDI BDI BDI

Iy Al CII CII AIT AIT AIT

I's Al CII CII AIT AIT AIT

Iy D Al D cI BDI AIIT

s D Al D cI BDI AIIT

Tg AIIT AIT c AIT AIT c

I'7 AIIT AIT c AIT AIT c

Ug G39(3,11,3) G39(11, 10, 3) G39(11,3,3) G31(3,11,3) G31(3,3,11) G33(3,3,3)
To BDI BDI BDI BDI BDI BDI

Iy BDI BDI BDI BDI BDI BDI

I'y AlT c o} AIT AIT AIT

I's AIT o} c AIT AIT AIT

Ty D BDI Al AIIT c AIIT

I's D BDI Al AIIT c AIIT

Tg AIIT c AIIT D AITI c

I'7 AIIT o} AIIT D AIIT c

Ug G33(11,11,11) G35(14,10,10) G35(10,14,10) G35(14,10,14) G35(14,14,10) Ga5(14,11,11)
To BDI BDI BDI BDI BDI BDI

Iy BDI BDI BDI BDI BDI BDI

Iy Al BDI BDI BDI BDI BDI

I's Al BDI BDI BDI BDI BDI

Ty AIIT cI DIII CcI BDI Al

I's AIIT cI DIIT cI BDI Al

Ts D CI DIIT cI BDI Al

I'7 D CI DIII cI BDI Al

Ug G35(11,14,11) G47(10,10,10) G48(10,11,11) G48(11,10,11) G49(11,11,11) G31(14,14,14)
To BDI BDI BDI BDI BDI BDI

I BDI BDI BDI BDI BDI BDI

Iy BDI BDI BDI BDI BDI BDI

I's BDI BDI BDI BDI BDI BDI

Ty D CII AIT c A BDI

I's D CII AII c A BDI

Tg D CII AII c A BDI

I'7 D CII AIT c A BDI
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Uga Co C1 Ca Cs Cy Cs
To 1 1 1 1 1 1

Iy 1 E(3) 1 E(3)2 E(3) 1

Ty 1 E(3)? 1 E(3) E(3)? 1

T3 1 —E9)*—-E9)7" E3) E(9)2 E(9)% E(3)2
T4 1 E(9)4 E(3) —-E9)?-E(9)° E@9)7 E(3)?
Ts 1 E(9)7 E(3) E(9)° —-E9)*-E9)7 E3)?
Ts 1 E(9)2 E(3)2 E(9)4 —-E(9)2-E(9)° E@3)
Ty 1 E(9)° E(3)2 —~E9)*—-E9)7 E9)? E(3)
T's 1 —E9)2-E(9)° E(3)? E9)7 E(9)% E(3)
Uy Cs Cq Cs Gis(1,1,2) Gig(1,2,1) Gi6(2,1,1)
To 1 1 1 BDI BDI BDI
I E(3)2 E(3) E(3)? BDI Al D

Ty E(3) E(3)2 E(3) BDI AT D

T3 E(9)° E(9)7 —E(9)2-E(9)° | BDI AT D

Ty E(9)? —E(9)*-E9)" E9)° BDI Al D

Ts —E(9)? - E(9)° FE(9)* E(9)2 BDI AT D

Ts —~E(9*—-E(9)7" E(9)° E(9)7 BDI AT D

Ty E(9)7 —-E(9)2-E(9)° E9)* BDI Al D

T's E(9)* E(9)2 —E(9)* - E(9)" | BDI Al D

U G54(2,2,2)

To BDI

I AITT

Iy AITT

I3 AITT

Iy AITI

I's AITT

I's AITT

rr AITT

I's AITT

U2 Co C1 Co Cs Cy Cs
T'o 1 1 1 1 1 1

r 1 E(3) 1 E(3)2 E(3) 1

Ty 1 E(3)2 1 E(3) E(3)2 1

T3 1 1 E(3) 1 E(3) E(3)?
Ty 1 E(3) E(3) E(3)2 E(3)2 E(3)2
Ts 1 E(3)2 E(3) E(3) 1 E(3)2
T 1 1 E(3)? 1 E(3)? E(3)
I'; 1 E(3) E(3)2 E(3)2 1 E(3)
I's 1 E(3)? E(3)2 E(3) E(3) E(3)
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UZ Cs Cr Cs G19(4,3,3) G19(3,4,3) G12(3,3,5)
To 1 1 1 BDI BDI BDI
Iy E(3)2 E(3) E(3)? Al BDI AITI
Iy E(3) E(3)? E(3) Al BDI AITT
T3 E(3) E(3)? E(3)2 BDI D BDI
Iy 1 1 E(3) Al D AITT
s E(3)2 E(3) 1 Al D AITI
T's E(3)? E(3) E(3) BDI D BDI
T E(3) E(3)2 1 AT D AIIT
T's 1 1 E(3)2 Al D AIIT
U2 G32(3,5,3) G12(5,3,3) G33(4,4,5) G13(4,5,4) G13(5,4,4) G34(5,5,5)
To BDI BDI BDI BDI BDI BDI
Iy AITT AITI BDI Al D AITT
Iy AITT AITT BDI Al D AITT
I's Al D BDI Al D AITT
Iy A A BDI Al D AITT
s A A BDI Al D AITT
T's Al D BDI Al D AITT
Ty A A BDI AT D AITI
I's A A BDI Al D AITT
Ul Co C, Cs Cs Gi2(3,3,4) Gi2(3,4,3)
To 1 1 1 1 BDI BDI
I 1 -1 1 1 CcII DIII
Iy 2 0 E(5)2 + E(5)3 E(5)+ E(5)% AITT D

I's 2 0 E(5) + E(5)% E(5)2 + E(5)3 AITT D

Ul Gi2(4,3,3) Gi3(4,4,4)

To BDI BDI

I cI BDI

Iy Al BDI

I's AT BDI

U%, Co C1 Ca Cs Cy Cs

To 1 1 1 1 1 1

Iy 1 -1 1 -1 1 -1

Ty 1 -1 E(5)4 —E(5)* E(5)3 —E(5)3
T3 1 -1 E(5)3 —E(5)3 E(5) —E(5)
Ty 1 -1 E(5)2 —E(5)? E(5)4 —E(5)*
Ts 1 -1 E(5) —E(5) E(5)2 —E(5)?
Ts 1 1 E(5)% E(5)% E(5)3 E(5)3
Ty 1 1 E(5)3 E(5)3 E(5) E(5)
T's 1 1 E(5)? E(5)? E(5)4 E(5)%
Ty 1 1 E(5) E(5) E(5)2 E(5)2
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U3, Ce Cr Cs Coy G4,(1,1,2) G4,(1,2,1)
To 1 1 1 1 BDI BDI
Iy 1 -1 1 -1 CII CII
Ty E(5)? —E(5)? E(5) —E(5) CII AIT
T3 E(5)% —E(5)% E(5)2 —E(5)2 CcII AIT
Ty E(5) —E(5) E(5)3 —E(5)3 CII AIT
Ts E(5)3 —E(5)3 E(5)4 —E(5)4 CII AIT
T E(5)? E(5)? E(5) E(5) BDI Al
T E(5)% E(5)% E(5)2 E(5)2 BDI AT
T's E(5) E(5) E(5)3 E(5)3 BDI Al
T E(5)3 E(5)3 E(5)4 E(5)4 BDI Al
Ut Gip(2,1,1) G30(1,4,2) Gi(1,2,4) G30(2,1,4) G%0(4,4,2) Gfo(4,2,4)
T'o BDI BDI BDI BDI BDI BDI
Iy CcII DIII cII cII BDI CcI
Iy c DIII AIT c BDI Al
I's C DIIT AIT c BDI Al
Ty C DIIT AIT c BDI Al
I's c DIII AIT c BDI Al
Ts D BDI Al D BDI Al
Iy D BDI Al D BDI Al
I's D BDI Al D BDI Al
Iy D BDI Al D BDI Al
U%, GS(2,4,4) G1o(1,1,5) Gio(1,5,1) Gi(5,1,1) G80(1,4,5) G%0(1,5,4)
I'o BDI BDI BDI BDI BDI BDI
Iy DIII CcII DIIT CI DIIT DIIT
Iy D CII AIT c DIIT AIT
T3 D CII AIT c DIIT AIT
Iy D CcII AIT c DIIT AIT
I's D CII AIT c DIIT AIT
T's D BDI Al D BDI Al
Iy D BDI Al D BDI Al
I's D BDI Al D BDI Al
Ty D BDI Al D BDI Al
U Gio(5.1,4) G4(2,2,5) G40(2,5,2) G40(5,2,2) Gi0(2,5,5) Gi3(5,2,5)
To BDI BDI BDI BDI BDI BDI
r cI CII DIIT CcI DIIT cI
Iy c AITT AITI AITI AITT AITT
I's C AITI AITI AITI AITT AITT
Ty C AITI AITT AITT AITT AITT
T's c AITI AIIT AITT AITT AITT
I's D AITT AITT AITI AITT AITT
Iy D AITI AITI AITI AITT AITT
I's D AITI AITI AITT AITT AITT
Iy D AITI AITT AITT AITT AITT
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