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Abstract

Mean-field games with absorption is a class of games that has been introduced in

( ) and that can be viewed as natural limits of symmetric stochastic
differential games with a large number of players who, interacting through a mean-field,
leave the game as soon as their private states hit some given boundary.

In this paper, we push the study of such games further, extending their scope along
two main directions. First, we allow the state dynamics and the costs to have a very
general, possibly infinite-dimensional, dependence on the (non-normalized) empirical sub-
probability measure of the survivors’ states. This includes the particularly relevant case
where the mean-field interaction among the players is done through the empirical measure
of the survivors together with the fraction of absorbed players over time. Second, the
boundedness of coefficients and costs has been considerably relaxed including drift and
costs with linear growth in the state variables, hence allowing for more realistic dynamics
for players’ private states. We prove the existence of solutions of the MFG in strict as
well as relaxed feedback form, and we establish uniqueness of the MFG solutions under
monotonicity conditions of Lasry-Lions type. Finally, we show in a setting with finite-
dimensional interaction that such solutions induce approximate Nash equilibria for the
N-player game with vanishing error as N — oo.
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1 Introduction

Mean-field games (MFGs for short) are, loosely speaking, limits of symmetric stochastic
differential games with a large number of players, where each of them interacts with the
average behaviour of his/her competitors. They were introduced in the seminal papers by

( ,b, ) and, simultaneously, by ( ). An increasing
stream of research has been flourishing since then, producing theoretical results as well as a
wide range of applications in many fields such as economics, finance, crowd dynamics and
social sciences in general. For an excellent presentation of the theory we refer to the lecture
notes of ( ) and the two-volume monograph by ( ).

Motivation. In most of the literature on MFGs, all players stay in the game until the end
of the period, while in many applications, especially in economics and finance, it is natural
to have a mechanism deciding when some player has to leave. Such a mechanism can be
modelled by introducing an absorbing boundary for the state space as in

( ), which is the starting point of our study (other related references will be discussed later
in detail). Therein, existence of solutions of the MFG and construction of approximate Nash
equilibria for the N-player games were provided under some boundedness assumptions on the
coefficients and without including the effect of past absorption on the survivors’ behaviour.
The present paper continues the investigation of this kind of games, with the following main
extensions.

(i) We recast MFGs with absorption in a more general setting, most common to the MFG
literature, where the dependence of the dynamics and costs on the empirical measure
is infinite-dimensional.



(ii) We introduce a direct dependence on past absorptions in the drift of the Stochastic
Differential Equations (SDEs) describing the evolution of the players’ states by letting
the initial distribution of players lose mass over time. Such a loss of mass corresponds to
the exit of the absorbed players from the game, so that the proportion of the absorbed
players has an effect on the future evolution of the survivors. This feature was not

present in ( ), where the empirical measure of the survivors was
re-normalized at each time. Such a dependence on past absorptions is also included in
the costs.

(iii) We allow both the drift and the cost functional of the players to grow at most linearly
with the state, hence they are not necessarily bounded unlike in
( ). Moreover, the set of non-absorbing states O can also be unbounded. Dropping
the boundedness of the game data increases the flexibility of our setting, which can
include more realistic dynamics from the viewpoint of applications (for more details,
see later in this introduction).

To be more precise, the purpose of this paper is to study N-player games and related MFGs
in the presence of an absorbing set (i.e. a player is eliminated from the game once his/her
private state leaves a given open set O € R%), and where the vector of private states XN =
(XN XNNY evolves according to

xM = x4+ /b(s,XjV’Z,uéV,uN” (5, XN)) ds +oW,N", te0,T], (1.1)
0

fori € {1,..., N}, where u™ = (u™1, ..., u™N) is a vector of feedback strategies, W1, ...
WHNN are independent d-dimensional Wiener processes defined on some filtered probability
space, o is the (non-degenerate) diffusion matrix and b is a given drift functional. Finally,
u? is the random flow of empirical sub-probability measures representing the empirical dis-

tribution of the survivors

N
1
Miv (1) = N Z_;(SX;VZ () 1[077.XN4') (t) :

N

Each player evaluates a strategy vector u according to his/her expected costs

N,i

IV (uN) = E / TP AENTARTAE (57XN)) ds + F (TN,i’Xi\]’ji)] (1.2)
0

N

over a random time horizon. In Eq.(1.2), X is the N-player dynamics under u” and

Vi = XM A T In the present work, we are interested in drifts b and costs f with sub-
linear growth, hence possibly unbounded. Further details on the setting with all the technical
assumptions will be given in Section 2.

The dynamics above is also motivated by economic models for corporate finance, systemic
risk, and asset allocation. For instance, we can interpret players as firms whose values are
represented by the state variables X+ for i € {1,..., N}. Each company is affected by the
fraction of both defaulted and non-defaulted firms and takes strategic decisions accordingly.
Moreover, sub-linearity of the drift allows to include a mean-reversion term representing
some herding behaviour. A possible application is the pricing of portfolio credit derivatives
where the pricing depends upon the so called distance-to-default of the assets in the port-
folio ( ( )). Alternatively, each player can be interpreted as a bank,
whose monetary reserve evolves according to the stochastic dynamics in Eq.(1.1) where the
drift depends on both the rate of interbank borrowing/lending and on a controlled borrow-
ing/lending rate to a central bank, as in ( ). However, in



( ) no absorbing boundary conditions are considered. The latter features could be in-
corporated in the model by introducing absorbing boundary conditions at the default level,
similarly to ( ). This would enable to study the impact of defaults
on systemic risk and stability of the financial system described by the game. Last but not
least, the proposed set-up allows for a Brownian motion with an Ornstein—Uhlenbeck type
drift modelling for the private state, a model that has been used (for instance) for the notion
of flocking to default in the financial literature ( ( )). However, in the
present paper we focus on the mathematical properties of the proposed family of games and
we leave the applications for future research.

Main results. 'The main contributions of the paper can be summarized as follows:

e We introduce the MFG with smooth dependence on past absorptions, i.e. the limit
model corresponding to the above N-player games as IV tends to infinity. For a solution
of the MFG, the empirical sub-probability measures (u}" )te[U7T] are replaced by flows
of sub-probability measures on R?; see Definition 2.1.

e We prove existence of a relaxed feedback MFG solution and, under an additional con-
vexity assumption, we show that there are optimal feedback strategies in strict form,;
see Theorem 3.1, Proposition 3.4 and Proposition 3.5. Additionally, we show that there
exist relaxed and strict feedback solutions that are Markovian up to the exit time; see
Proposition 3.6.

e We prove uniqueness of the MFG solution under standard monotonicity conditions of
the Lasry-Lions type formulated for sub-probability measures; see Theorem 4.1.

e We study approximate Nash equilibria for the N-player game in a setting where the
dependence on the measure variable is finite-dimensional. Precisely, we show that if
we have a feedback solution of the MFG (either relaxed or strict), we can construct
a sequence of approximate Nash equilibria for the corresponding N-player games with
a vanishing approximation error as N — 00; see Theorem 5.1 and Corollary 5.2. It
is worth stressing that the construction produces approximate N-player equilibria in
feedback strategies (instead of the more common open-loop strategies).

The proof of the existence of feedback solutions of the MFG is inspired by the truncation
procedure introduced by ( ). We construct a sequence of approximating MFGs,
each one with bounded drift and cost functional, to which we can apply the results of

( ). Then, we prove convergence of the solutions of these approximating
MFGs to a solution of the original one. Nonetheless, the procedure in ( ) cannot
be applied directly to our case mainly due to the history dependency and the discontinuities
induced by past absorptions. In particular, a different instance of the mimicking result of

( ) applies to our framework.

To establish the uniqueness result we follow standard monotonicity arguments, with some
adjustments due to the dependence of the coefficients on a flow of sub-probability measures
instead of probability measures. In particular, the uniqueness result relies on an additional
(standard) monotonicity assumption on the running cost of the Lasry-Lions type.

The proof of the construction of approximate Nash equilibria for the N-player game
is based on weak convergence arguments and controlled martingale problems. The use of
martingale problems in proving convergence to the McKean-Vlasov limit and propagation

of chaos for weakly interacting systems goes back to ( ), ( ) and
( ). We observe that, whereas standard results prove convergence in law of the
empirical measures, in the present paper we follow the approach of ( ) to obtain a

strong form of propagation of chaos with possibly unbounded and path-dependent drift. We



show that the empirical measures converge in a stronger topology (the 7-topology), a result
that enables us to take the limit as N — oo without assuming any regularity of the feedback
strategies with respect to the state process. In our framework, unlike

( ), the continuity of the MFG optimal control for almost every path of the state variable
with respect of the Wiener measure is no longer feasible. Indeed, the PDE-based estimates
that were used in ( ) to get such a regularity are not available anymore
due to the possible unboundedness of the drift and the running cost.

Related literature.  We have already discussed the paper ( ), so here
we focus on some other contributions in the literature of mean-field models and games related
to our study. First, we cite the works of ( ) and ( )
where a model based on point processes for correlated defaults timing in a portfolio of firms
is introduced and analysed. ( ) prove a LLN for the default rate as the
number N of firms goes to infinity.

Motivated by modelling the contagion effect are the works of ( ),

( ) and ( ) too. The first work provides a LLN for
the empirical measure of a system of finitely many (uncontrolled) diffusions on the half-line,
absorbed when they hit zero and correlated through the proportion of absorbed processes. In

( ) the model is extended to include a positive feedback mechanism when
the particles hit the barrier, thus modelling contagious blow-ups. A mathematical comple-
ment to the previous work is provided in ( ). More recently,

( ) have proposed a general model for systemic (or macroscopic) events.
By working on a set-up similar to ( ), they interpret the diffusions
as distances-to-default of financial institutions and model the correlation effect through a
common source of noise and a form of mean-reversion in the drift. A form of endogenous
contagion mechanism is also considered.

On the side of applications to economics, ( ) and

( ) study oligopolistic models with exhaustible resources formulated as MFGs with
absorption at zero. Their model keeps track of the fraction of active players at each time.
However, this fraction appears in the objective functions but not in the state variable.

Two more papers are those by ( ) and ( ), where a
particle system approach is used to study the mathematical properties of an integrate-and-
fire model from neurology. The particles’ dynamics have some resetting mechanism which
activates as soon as some particle hits a given boundary. Besides, we cite two recent papers
by ( , ). The first one focuses on the cascade effect in an
interbank mean-field model with defaults and a contagion effect modelled via a singular in-
teraction through hitting times. The second one investigates the associated mean-field game
also including more general dynamics and connection structures.

Finally, we mention a class of MFGs that has been considered quite recently especially in
relation to bank run models, that is MFGs of optimal stopping or timing; see, for instance,

( ) ( )s ( ) and ( ). Therein,
the agents solve an optimal stopping problem so that the terminal time is directly chosen by
them instead of being determined by the evolution of the controlled state as in our setting.
In both settings the terminal time is in fact a random time and the state evolution might be
affected by the fraction of leavers and the empirical measure of the remainers.

Structure of the paper. In Section 2 we introduce the notation and present both the N-
player and the MFGs along with the main assumptions. Section 3 contains the results on the
existence of feedback MFG solutions. In Section 4 we prove the uniqueness of MFG solutions
under some monotonicity condition of the Lasry-Lions type. In Section 5 we specialize to
a finite dimensional setting and construct approximate Nash equilibria in feedback form for
the N-player game using the MFG solutions. The technical results used in the paper can be



found in the Appendix A.

2 Preliminaries and assumptions

In this section, we provide the definitions of the different spaces of trajectories and measures
used in the paper along with the corresponding topologies, distances and notions of conver-
gence. In addition, we describe the MFG with smooth dependence on past absorptions and
give the definition of solution of the MFG. We conclude the section by introducing the MFGs
with truncated coeflicients, which will be used in the proof of existence of MFG solutions.

Spaces of trajectories. Let d € N. We denote by O C R% an open subset of R? representing
the space of the players’ private states and by X = C([0,T];R%) the space of Rvalued
continuous trajectories on the time interval [0, 7], T' < co. The space R? is equipped with
the standard Euclidean norm, always indicated by | - |, while X with the sup-norm, denoted
by || - ||co; which makes X separable and complete. We use the notation || - ||oc+ whenever
the sup-norm is computed over the time interval [0,t], ¢ < T. Besides, we denote with
XN = ([0, T]; R™>*N) the space of N-dimensional vectors of continuous trajectories and
identify it with X*N.

Spaces of measures. We use flows of probability and sub-probability measures to describe the
distribution of players and its time evolution in O. For E a Polish space, let M (E) denote
the space of finite Borel measures on E, P(FE) the space of Borel probability measures on E
and M<(E) the space of Borel sub-probability measures on E, i.e. measures u € My(E)
such that u(E) < 1. These spaces are endowed with the weak convergence of measures
( ( )). We will often write u™ = u to indicate weak convergence of p™ towards

wasn — oo and &, £, ¢ to denote convergence in law of a sequence of random variables
(&€n)nen (defined on possibly different probability spaces) to a limit random variable &.

We define by YL(E) (resp. by Tgl(E)) the spaces of measurable flows of probability
(resp. sub-probability) measures on E, i.e. the space of Borel measurable maps m (resp. pu)
from the time interval [0, T] to P(E) (resp. M<1(E)). Wherever possible without confusion,
we use Y5 (resp. T£1) when E = R9. We denote by P1(E) and by M<y1(FE) the following
subsets of P(F) and M<;(E):

P(E) = {WEP(E):/

dg(z, x0)m(dr) < oo for some gy € E} )
E

Mci1 (E) = {u € M« (E): / dp(z,zo)u(dr) < oo for some xy € E} )
E

We endow P;(F) with the 1-Wasserstein distance W,

Wi(p,v) = inf / dg (z,y)dr(x,y) =  sup / f@)d(p —v)(x) (2.1)
mell(p,v) JEXE feLip, (E;R) JE

where II(y,v) C Pi(E x E) represents the set of probability measures with given marginals
w and v, and Lip; (F;R) the set of Lipschitz functions on E with unitary Lipschitz constant.
The second equality in Eq.(2.1) is due to the Kantorovich-Rubinstein Theorem (see, for
instance, Theorem 6.1.1 in ( )). Notice that (Py(FE), W7) is a separable
and complete metric space whenever (E, dg) is separable and complete. Finally, let T%l(E)
(resp. T£1,1(E)) denote the space of measurable flows of probability measures in P;(F)
(resp. in M« 1(F)). Again, wherever possible without confusion, we use T7T>71 and Tgl,l
when E = R4,



The canonical space. We will often work on the canonical filtered probability space, denoted
by (2, F, (Ft)ico,r:P) and defined as follows. Set Q = X, let £ be an R%valued random
variable with law v € P(R?) and let W be a d-dimensional Wiener process on X independent
of £&. Define WY € P(X) as the law of £ + oW. Set F as the WY-completion of the Borel
o-algebra B(X) and (F)icpo,r) as the W”-augmentation of the filtration generated by the

canonical process X on X, ie. Xi(@) = o(t) for all (t,¢) € [0,T] x X. In particular,
(F)iejo,m satisfies the usual conditions. Finally set P = W" and W = o1&~ X) which is

a Wiener process on X. Where no confusion is possible, we will write X for X.

Now, let @ C R? be a non-empty open set, the set of non-absorbing states, and let I' ¢ R
be the set of control actions. For each ¢ € X we set 7% = inf{t € [0,T] : p(t) & O}, with
the convention inf () = co, and 7(¢) = 79 AT. In order to set up the dynamics of the players’
states, we need to introduce the following functions:

b:[0,T] x RY x M<y1(RY) xT' — RY, o€ R4
F[0,T) xRYx Mcy1(RY) x T — [0,00),  F:[0,T] x R = [0,00).

Since we will have to impose some joint continuity property for the functions above, in
particular with respect to the p-variable, and there is no natural metrizable topology over the
set of sub-probability measures M<; 1(R?), it will be convenient to work with the following
reparameterization of a suitable restriction of b and f:

bt . 0,u) = bt o(t),g(t,0),u),

[t e, 0,u) = [f(t,¢(t),9(t,0),u)
where b and f are progressively measurable functionals such that

b:[0,T] x X x P (X) x T — R,
F:00,T] x X x Pi(X) xT' = [0,00)

while g : [0,T] x P1(X) — M<11(R%) is defined by its action on the test functions of the
1-Wasserstein convergence, i.e., on the functions ¢ € C(R%) with sub-linear growth, as

[ (w)g(r.)(da) /w D)1o.re) (DO, 2:2)

In words, the functions b and f above are reparameterizatons of the restrictions of b and f,
respectively, to the range of the map

(0,0, u) = (£, (1), g(t, 0), u).
Moreover, for each € M<y1(R%) and 6 € P;(X) we introduce the notation

mip) = [ lalutde) and m(s0) = [ o010, (00(d0)

Now, we collect the necessary assumptions on all initial data in order to state our main
results. Some further assumptions will be given later in the paper when necessary.

(H1) The drift b satisfies the following uniform Lipschitz continuity:
‘B(t,:c,,u, u) — b(t, x',u,u)‘ < Llz -2, =z € R?
for any (t, u,u) € [0,T] x M<y11(R?) x T. Moreover it has sub-linear growth, i.e.
|b(t, @, p,w)| < C (1 + |2 4+ m(p))
for all (t,z,p,u) € [0,T] x R x M<11(R?) x T' and for a positive constant C' > 0.



(H2) The running costs f and the terminal cost F have sub-linear growth, i.e.

ftz o pu) <O+ [z +mp)),
F(t,x) < C(1+ |x)),

for all (t,z,p,u) € [0,T] x R x M<q1(RY) x T, (t,x) € [0,T] x R? and for a positive
constant C' > 0.

(H3) band f are such that their reparametrizations b and f are jointly continuous at points
(t,p,0,u) € [0, T]x X xP1(X)xT such that § < WY. Moreover, F' is jointly continuous
on [0,7] x R%.

(H4) The set O is open, convex and strictly included in R? with C2-boundary, i.e. 90 is the
graph of a C? function. Alternatively, O = (0,00)*? is also allowed.

(H5) The set I' ¢ R? is compact.
(H6) The diffusion matrix o € R¥4 has full rank.

H7) The initial distribution v € P(R?) has support in O and satisfies My (dr) < 0o
(@]
for some A > 0.

(H8) The initial conditions of the N-player game Xojv’i, i€ {l,...,N}, are i.i.d. and with
the initial condition of the MFG Xj, they are all distributed as v € P(R?).

Before turning to the MFG dynamics, some remarks on the assumptions above are in order.

Remark 2.1. The growth assumptions in (H1) and (H2) could be further refined. For
instance, one could assume sub-linear and sub-polynomial growth of the drift and diffusion
matrix with suitable exponents as, e.g., in ( ). Moreover, the running cost f could
certainly take real values; however, without loss of generality and given the interpretation as
a cost term, we have assumed f > 0.

Remark 2.2. The continuity properties in (H3) are crucial in the passage to the limit
performed in Proposition 3.2. Since the laws of the processes that we consider are absolutely
continuous with respect to the Wiener measure W" (they belong to the set Q C P(X) of laws
of Brownian-driven processes with sub-linear drift that we introduce and characterize in the
Appendix A, cfr. Lemma A.3), it is sufficient to require continuity at points § < W". The
passage to the limit in the measure argument can then be performed by Lemma A.4 together
with Lemma A.5.

Remark 2.3. Admittedly, compactness of I' is a strong assumption, but it will play an
important role in order to obtain existence and uniqueness of weak solutions of the SDEs
for the player state’s dynamics in both the MFG and the N-player games. In particular, it
enables a line of arguments based on Benés’ condition — ensured by the boundedness of the
coefficient in the control variable — and Girsanov’s theorem (see Remark 2.5 for more precise
references), which is one of the main tools of our approach.

Remark 2.4. The nondegeneracy of o as in (H6) is justified by the counter-example in

( ), Section 7, where it was shown that a feedback MFG solution
does not necessarily induce a sequence of approximate Nash equilibria with vanishing error.
A careful inspection of such a counter-example reveals that it can be easily adapted to our
setting since, in that particular context, dividing by the initial number of players N (as in
our setting) or renormalizing each time by the current number of players (as in the counter-
example) turn out to be equivalent for N large. Finally, even though state dependency of the



diffusion matrix can be handled using very similar techniques, we have decided to leave it out
and focus on other more interesting aspects of the model. For the same reason we leave aside
a possible dependence of o on the control, as it would just increase the level of technicality
of the proofs due to the use of martingale measures (see ( ))-

The mean-field dynamics. Given a flow of sub-probability measures p € Tgl,l and a feed-
back progressively measurable control u : [0,7] x X — T', the representative player’s state
evolves according to the equation

t
Xt:XoJr/ b(s, Xs, ps,u(s, X)) ds+ oW, te[0,7], (2.3)
0

where X is a d-dimensional stochastic process starting at X Lve P(R?) and W is a d-
dimensional Wiener process on some filtered probability space (Q, F, (Ft)iec[o,7], P). Solutions
of Eq.(2.3) are understood to be in the weak sense (see Remark 2.5 below).

Let Uyy, denote the set of all feedback controls defined as

Upp ={u:[0,T] x X = I': u is progressively measurable}.

The cost associated with a strategy u € Uy, a flow of sub-probability measures p € Tgl,l

and an initial distribution v € P(R%) is given by (we omit, for the sake of simplicity, the
explicit dependence on v)

JH(u) =E

/OTf(s,XS,,us,u(s,X))ds + F (1, X;) (2.4)

where (2, F, (Ft)iecjo,r), P, W, X) is a solution of Eq.(2.3) under u with initial distribution v,
and 7 = 7X A T the random time horizon. Finally we set

VF = inf JH(u).
uEUfb

Remark 2.5. For a given flow of sub-probability measures p, thanks to the linear growth
of b in the state variable ¢ and to the boundedness of the action space I', we have that
both existence and uniqueness in law of a weak solution of Eq.(2.3) is guaranteed by Lemma
A1, and by Proposition 5.3.6, Remark 5.3.8 and Proposition 5.3.10 in

( ) (see our Lemma A.2). Precisely, this can be proved by means of Girsanov’s theorem
and Benés’ condition ( , )

The notion of solution we consider for the MFG is the following.

Definition 2.1 (Feedback MFG solution). A feedback solution of the MFG is a pair (u, ) €
Upp X Tgl,l such that:

(i) Strategy w is optimal for p, i.e. V#* = JH(u).
(ii) Let (Q, F, (Ft)icpo,r); P, X, W) is a weak solution of Eq.(2.3) with flow of sub-probability
measures p, strategy uw and initial condition v. Then

w() =PHX; € }n{r¥ >t}), telo,1].

Relazed controls. It will be very convenient to use relaxed controls (see
( ) for a precise definition), which allow us to view progressively measurable controls with
values on a compact set I' as elements of the space of probability measures on I'. The latter



space is compact when endowed with the weak convergence of measures. The space V of
relaxed controls is given by

V={qe M;([0,T] xT) : q(dt,dv) = dtq:(dv), t — ¢ € P(T) Borel measurable}

i.e. it is the set of all finite positive measures on [0,7] x I" with Lebesgue time marginal.
With a slight abuse of notation, we denote with A both the identity map and the canonical
process on V (where no confusion is possible, we drop the hat and write A in place of f\)
Precisely, a single-player relaxed control is a V-valued random variable A such that (At)te[oﬂ
is a progressively measurable P(I')-valued stochastic process. We say that A is a feedback
control if there exists a progressively measurable functional X : [0,7] x X — P(X) such that
Ay = A(t, X) for all t € [0,T], with X denoting the player’s dynamics. Moreover, we say that
A is a strict and feedback control if there exists u € Uyp such that A(t, X) = d,( x) for all
te[0,7T).

Let Uyy be the set of relaxed feedback controls for the MFG. We rewrite the dynamics
and the cost functional of the MFG (Eq.(2.3)) and Eq.(2.4)) using relaxed controls:

X, = X0+/ b (5, X, jras ) A (5, X) (du)ds + oWy, (2.5)
[0,t]xT

JP(\) = E

/ f (s, Xs, ps,u) X (5, X) (du)ds + F (1, X;)

[0,7]xT

where ¢t € [0,7] and X € Zj{fb. Moreover, we extend accordingly the notion of feedback
solutions of the MFG.

Definition 2.2 (Relazed feedback MFG solution). A relaxed feedback solution of the MFG
is a pair (A, p) € Upp X T£1,1 such that:

(i) Ais optimal, i.e. V¥ = JH(N).

(ii) Let (Q, F, (J‘Et)te[o,T} ,Q, X, W) be a weak solution of Eq.(2.5) with flow of sub-probability
measures p, control A and initial condition v. Then

() =Q{X; e yn{rX >t}), te[o,T].

Feedback and open-loop controls. Feedback controls induce stochastic open-loop controls, i.e.
tuples (Q, F, (Ft)iepo,r]; P, X, u, W) that are weak solutions of

t
X = Xo +/ b(s, Xs, pis, us) ds + oWy, t€[0,T] (2.6)
0

where wu is a progressively measurable I'-valued stochastic process. As a consequence, the
computation of the infimum of J#(-) over the class of stochastic open-loop controls would
imply a lower value for V#. However, thanks to Proposition 2.6 in ( ),
the two minimization problems are equivalent from the point of view of the value function.

A similar argument holds also in the case of feedback relaxed controls, that induce relaxed
stochastic open-loop controls, tuples (€, F, (ﬁt)te[()’T],Q, X, A, W) that are weak solutions of

X = X0—|—/ b (s, Xs, ps, u) Ag(du)ds + oWy, t € [0,T] (2.7)
[0,¢]xT

where A is a progressively measurable P (I")-valued stochastic process.
In the rest of the paper we will call U the set of open-loop controls and, for the sake of brevity
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and where no contusion is possible, denote with u an element of U implying the whole tuple
(4 F, (Ft)eeo,) P, X, u, W). Similarly, we will call U the set of open-loop relaxed controls

and denote with A an element of U implying the whole tuple (Q, F, (ﬁt)te[o,Tb@a X, A, W).

The extended canonical probability space. When dealing with relaxed controls we will work
on the following extension of the canonical probability space X. Set Q=X xV,let Fand
(]:t)te[o,T] be the canonical o-algebra and the canonical filtration on X', respectively, whereas
G and (Gt)iecpo,r) denote the Borel o-algebra and the filtration generated by the canonical

process A on V, respectively. Finally, we set F; = F; @ G for all t € [0,7], and F = F ®G.

Approzimating MFGs. We conclude this preliminary section by introducing a suitable se-
quence of approximating MFGs, which is obtained by truncation of the coefficients of the
original MFG similarly as in ( ). Such a sequence will be useful in the proof of
existence of a MFG solution along the following lines: we will prove existence of feedback
MFG solutions of the approximating MFGs in the sequence by extending the existence result
of ( ). Then, by letting the truncation threshold go to infinity, we will
obtain a solution of the original MFG. This approach relies on two additional assumptions
(Assumptions (C1) and (C2) below) that will be introduced later in this part.

Let (K,)nen C Ry be an increasing sequence such that K, * +oc. The n'" approximat-
ing MFG model, denoted by MFG(n), is obtained as follows.

(Ty) B_"(:L‘) = b(x) when |b(z)| < K,, while it is continuously truncated at level Ky, i.e.
|b"(z)| = K, otherwise. Similarly for the costs f™ and F™ and for the associated
functions 0™ and f".

Notice that we do not truncate the possibly unbounded set O of non-absorbing states. In
each MFG(n) the representative player’s state evolves as in Eq.(2.3) with b replaced by 0",
i.e.

t
X = X +/ b (s, X, pis, u(s, X)) ds + oWy, t€0,T] (2.8)
0

when the player is using the strict control u, and similarly when he/she is using a relaxed
control. Moreover, in the cost functional f and F are replaced by their truncated counterpart
f" and F™. The associated cost functional is denoted by J™* (u) or J™* ()\) depending on
whether the player is implementing a strict strategy u or a relaxed one A. The optimal values
are defined, accordingly, by

V™ = inf J"H(u).
uGbe

The definitions of strict and relaxed MFG solutions given above for the (un-truncated) MFG
can clearly be applied to the approximating MFG(n)s with the obvious modifications. We
associate to the MFG(n)s the following Hamiltonians:

Rt x,0,2,u) = fU(t,x,0,u)+z0 LVt x,0,u),
H"(t,x,0,z) = inlﬁ h"(t,z,0,z,u)
ue

and the set of minimizers
A"(t,x,0,z) = {uwel :h"(t,x,0,z,u) = H"(t,z,0,2)}

for (¢,2,0,2) € [0,T] x R? x P1(X) x R9. In the next section on existence of MFG solutions
we will rely on the following additional convexity assumptions:
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(C1) For each n € N, A™(t,z,0, z) is convex for all (t,z,0,z) € [0,T] x R% x P1(X) x R
(C2) The running cost f is convex in the control variable u € T'.

Remark 2.6. Assumption (C1) is common in control theory and it is crucial in order to
apply fixed point theorems. In our case it is satisfied if, for instance, the running cost f is
bounded and convex in the control variable u € I'. Indeed in this case, due to the flexibility
in the choice of the truncation thresholds, choosing K™ > || f||loo for all n € N we have f* = f
for all n € N. Then convexity is preserved by adding any sub-linear term. Finally, we observe
that Assumption (C2) will be used in Section 3.4 for obtaining the existence of strict MFG
solutions.

3 Existence of solutions of the mean-field game

Throughout this section Assumptions (H1)-(H8) are in force. Under these and the additional
convexity Assumptions (C1) and (C2) we show that both a relaxed and a strict feedback
solution of the MFG exist; see Theorem 3.1 below together with Proposition 3.4 and Propo-
sition 3.5. In addition, we guarantee the existence of a feedback solution of the MFG with
Markovian feedback strategy up to the exit time; see Proposition 3.6. Our main existence
result can be stated as follows.

Theorem 3.1 (Ezistence of relazed and strict feedback MFG solutions). Under Assumptions
(H1)-(H8) and (C1), there exists a relazed feedback MFG solution (A, ). Moreover, under
the additional Assumption (C2) , there exists a strict feedback MFG solution (u, ).

To prove Theorem 3.1, we proceed by approximation in the sense that, first, we prove that
each MFG(n) introduced in the previous section has a feedback (strict) solution by extending
the results in ( ); see Subsection 3.1. Then, we prove the convergence
of such approximating solutions to a feedback (relaxed) solution of the original MFG by
passing to the limit with the truncation thresholds; see Subsection 3.2.

Before proceeding, we ensure the well-posedness of the game in the sense that we show that
the private state X of the representative agent remains in O up to time T with some positive
probability. This is the content of the following lemma.

Lemma 3.1. Grant Assumptions (H1)-(H8). Let (X, F, (Ft)iefo,r), Ps X, W) be a weak solu-
tion of £q.(2.3). Then P(X >t) > 0 for all t € [0,T].

Proof. Set by = b(t, Xy, e, u(t, X)) for t € [0,T], and define Z = (Zt)iejo,r) as

Z, =& <—/ a‘lbde8>, te 0,7,
0

where &(-) denotes the Doléans-Dade stochastic exponential. By Lemma A.1, Z is a true
martingale. Define Q by % = Zp. By Girsanov’s theorem Wt =W+ fot o lbyds, t € [0,T],
is a Q-Wiener process, and under QQ the process X has law WY. As a consequence of the
law of iterated logarithms, any Wiener process remains in an open set, hence in @ C RY,
for a finite time with strictly positive probability. Therefore Q(7%X > T) > 0 and thus
P(r¥ > T) > 0. O

3.1 Approximating MFGs

In this subsection we prove existence of solutions of the approximating MFG(n)s.
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Theorem 3.2 (Ezistence of solutions of MFG(n)). Let n € N. Under Assumptions (H1)-
(H8) and (C1) there exists a feedback solution (u™, u™) of MFG(n).

Proof. The proof follows similar steps to those in Section 6 of ( ): we
only sketch here the main steps. The main difference with ( ) is that,
due to Assumption (C1), we have to deal with set-valued maps, hence to apply a version
of Kakutani’s fixed point theorem instead of Brouwer’s. We use the version proposed by
( ), Proposition 7.4, which is in turn based on the results of

( ). Other adjustments are due to the fact that u is a flow of sub-probability measures
(instead of probability measures) and that O can be unbounded.

Fix n € N. The proof is based on the construction of a suitable map ¥ : P(X) x
U — P(X) on an appropriate compact and convex subset of P(X'), where U is the space of
progressively measurable I'-valued stochastic processes. The fixed points of ¥ will provide
MFG(n) solutions. More in detail, define Q,,  as the set of laws 6§ € P(X) of any process of
the type

t
g+/ byds + oWy, te[0,T)
0

defined on some filtered probability space with a Wiener process W, & 4 v, drift (b)sefo,1]
adapted and bounded by K > 0. Let us consider
U:Q,k, xUs (0u) »P"o X' eQ,k,

where X is the canonical process on X and the probability measure P?* is defined as follows.
Let (6,u) € Quk, x Uand let uf € T£1 be defined as pf?(-) = 0({X; € -} N {rX > t}) for all
t €[0,T]. Let (2, F", (F*)ieor) P, X, W*) be the weak solution of
t —
X, =Xo+ / b"(s,XS,ug,us) ds+ oWy, tel0,T]
0

on the canonical space (Q = X, F,(Fi)ejo,r), P). Moreover, for 6 € Q, f, we call u? an
optimal control for the cost

T (u) = EF

/ f”(s, X, ,ug, ug)ds + F" (T, XT)] )
0

Such optimal controls v’ can be constructed by standard BSDE techniques as in

( ), Section 6.1, by means of ( ), Theorem 3.4, due to
the random terminal times. Under Assumption (C1) optimal controls u’ are in general not
unique. Indeed

AMB) = {u9 cU:ul € AM-,X.,0,2%), Lr &P — a.e.}

provides an entire set of optimal controls, where Z? is part of the the solution of the associated
adjoint BSDE and L denotes the Lebesgue measure on [0,7]. Moreover, by measurable
selection there exists a measurable function 4™ : [0, 7] x R? x @, i, x R? — T such that

an’e("Xwe» Ze) € An(e), ET ®P — a.e.

Additionally, a™%(t, Xy, 0, Z¢), for t € [0,T], is a progressively measurable control process
that can be written in feedback form. Indeed, since Z? is progressively measurable for the
canonical filtration, it can expressed as Z¢ = (?(t,X) for some progressively measurable

13



functional ¢% : [0,7] x X — R and for any ¢ € [0, T].

Now, a fixed point for the map V¥ is a probability measure 6 € Q, g, such that 0 €
U(0,A(0)). Existence is provided by Proposition 7.4 in ( ), so
to conclude the proof it suffices to check that all the required assumptions are satisfied in
our case. The set Q, g, C P(X) is a (weakly) compact, convex and metrizable subset
of Cy(&X), the dual of the space of bounded and continuous functions on X, which is a
locally convex topological vector space with the weak* topology (that induces the weak
convergence of measures on P(X)). We endow the vector space U with the norm |-||;; defined
as |jully = E[fOT |ug|dt]. As a consequence of Berge’s maximum theorem (

, , Theorem 17.31) and of Assumption (C1) the set-valued map A" : Q, k,, — Uis
upper hemicontinuous and has non-empty convex and closed values (see the proof of Lemma
7.11 in ( )). Therefore, Proposition 7.4 in
( ) applies, yielding the existence of a feedback solution of MFG(n). O

A-priori estimates. Here, we show that the moments up to any order a > 1 of the state
process remain bounded uniformly in n. Such estimates will be very useful when we will relax
the truncation in the next section.

Lemma 3.2 (A-priori estimates). Grant Assumptions (H1)-(H8) and (C1). Consider feed-
back solutions (u", " )nen and (u,pn) of the MFG(n)’s and of the MFG, respectively. Let
Q" Fr A F)eeor), BT X W™)nen be a sequence of weak solutions of the SDEs in Eq.(2.8)
and (2, F, (Ft)iepo, 1] P, X, W) a weak solution of the SDE in Eq.(2.3). Then for any a > 1

SggEP" (IX" %] < K(a) and EF[|X[3] < K(a)

where K(a) < 00 is a positive constant independent of n.

Proof. This follows from standard estimates that rely on the drift’s sub-linear growth and on
Gronwall’s lemma. O

3.2 Convergence of the approximating MFGs

Let (u™, u™)nen be a sequence of feedback solutions of the approximating MFGs introduced in
the previous Subsection 3.1, whose existence is guaranteed by Theorem 3.2. In addition, let
Q" Fr (F)eeor) P, X, W™)nen be a sequence of weak solutions of the SDEs in Eq.(2.8)
associated to (u™, u™)nen- Let 0" be defined as §" = P" o (X™)~! for each n € N.

To prove the convergence of the approximating MFGs we proceed in the following way.
First, we show that there exists a subsequence of (6"),en, say (6™ )n,en, that converges in
P1(X) to some limit 6 € P1(X). To prove this, we interpret (u”, u")nen as relaxed feedback
solutions, (A", u")nen. Second, we show that also the sequence of the corresponding extended
laws (©™),en C P(X x V) converges in Py (X x V) to some limit © € P1(X x V). Finally, we
characterize the limit points by means of the martingale problem of Stroock and Varadhan

(see ( ) )

Lemma 3.3 (Relative compactness). (0")nen is relatively compact in P(X).

Proof. First, we prove tightness by applying Aldous’ criterion (see, e.g.,
( ), Condition VI.4.4), that is

limlimsup sup P"(|X}—-X"|>7r)=0

020 nooo r<o<rT+6
for all » > 0 and where 7 and ¢ are stopping times bounded by T'. Indeed, we have

E™ [|Xg — X7
<

P (X = X7 =2 7)

r
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and

n n (T+5)/\T -
B X7 - X7 < EF / 578, X7, (8, X)) |
T

+lo|((r+8) AT —7)2CW

IN
=
=]
S

I (T4+8)AT
C/ (141X oot + SUp EX" || X oop + [u"(t, X™)])dt
T neN

Ho|((r+86) AT —7)2CW

IN

o i (T+)AT
E c/’ (14 [ X" loo + K + [u(t, X™))dt

Ho|((r+8) AT —7)zCW

for some constants C’QW , K > 0 independent of n € N. Then we conclude by Lemma 3.2.
Relative compactness then follows from Prohorov’s Theorem. O

Now, let § € P(X) be a limit point for (0"),cy and let (8™ ),, en be a subsequence of (6"),en
such that 8™ 2% @ as nj — oo. With a slight abuse of notation, in what follows we identify
(0™ )p,en with (0™),en. We now show that the latter convergence is actually stronger by
proving that (0™),en converges to € in the 1-Wasserstein distance.

Lemma 3.4 (Convergence in the 1-Wasserstein distance). Let (0™)nen be as above. Then
W1(67,8) — 0 and 6 € Py(X).

Proof. Notice that by Lemma 3.2 we have (0"),en C P1(X). To prove convergence in the
1-Wasserstein distance, we have to show that (see, for instance, Theorem 7.12.ii in

(2003))

lim SupE]Pm [HXTLHOO]-{HX"HOOER}] =0.

Set o, B > 1 such that é —1—% = 1. Then, for any € > 0 by Young’s and Markov’s inequalities,
and by Lemma 3.2 we have

BT XS] L PP o = R)
« 2]

oK) K

< ="+ a5

E™ [I1X"™ oo Lgxnljoe2 )]

IN

for some positive constants K(«) and K independent of n € N. The conclusion immedi-
ately follows thanks to the fact that convergence in the 1-Wasserstein distance preserves the
finiteness of the first moment. O

Proposition 3.1 (Absolute continuity of limit measures). Let 0, (6™),en C P1(X) be as in
Lemma 3.4. Then 0 < WY, i.e. 0 is absolutely continuous with respect to WY.

Proof. By construction 6" < WY for all n € N, hence we have to make sure that the absolute
continuity is also preserved in the limit. For doing so, we apply Theorem X.3.3 in

( ). In particular, we have to verify that all assumptions therein are fulfilled,
which in our setting are reduced to the following properties:

(i) The contiguity of the sequence of §™ with respect to the Wiener measure WY, i.e. for
any sequence of measurable sets B,, with WY (B,,) — 0 we have 0"(B,,) — 0 as n — oo
(see, e.g., Definition V.1.1 in ( ))-
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(ii) The tightness of the sequence of W”-martingales (M")nen, where each M™ = (M) (o, 1]
is defined as

a6 ([ o s Xt s, X)) e 0.7
0

In order to check property (i), we first show that the sequence of Radon-Nikodym derivatives
(%)nGN is uniformly integrable under WY. This is a consequence of the following bound:

O p<oo € [1,00) (3.1)
= [\ ) [ oo vl |

which follows from Corollary A.1 and by fact that, by inspection of the proofs of Lemma A.1
and Corollary A.1, all bounds are uniform in n € N.

Now, property (i) can be obtained as follows: for all sequences of measurable sets B;,, with
WY(B,,) — 0, we have

de'rL
A%

0"(B,) = BV { 1Bn] —0, n— oo,
by an application of dominated convergence theorem due to the bound in Eq.(3.1). Hence
the sequence of measures 6" is contiguous to W".

Property (ii) follows from Aldous criterion ( , , Condition VI1.4.4),
that is

limlimsup sup WY (M2 —-M"|>r)=0 (3.2)
00 n—ooo r<o<r+6
for all » > 0 and where 7 and o are stopping times bounded by T. As a consequence, we
will also have the tightness property for the pair (X, M"),cn under the measure WY. By
Theorem VI.4.13 in ( ) it is sufficient to check the tightness property
for the corresponding quadratic variation processes

t
<M">t:/ ‘J_ll_)”(s,Xs,u?,u”(s,X))Mf‘Qds, te[0,T].
0

First, by Markov’s inequality W”(|[(M™), — (M™);| > r) < XEW’[|M? — M"|]. Then, by
Young’s inequality for all p,q > 1 such that 1% + % =1 we have

EV [[(M")e — (M")-] < EV

(T+O)NT L2 ) )
/ ‘07 ’ ‘b"(s,Xs,u?,u”(s,X))‘ | M| ds

IN

(T+0)N\T 3
PR [ X s X)) ds
(T+6)AT
1 |a—1|2/ BV |ny ] ds
q T
< <K]gp) + Kéq)) o (7 + ) AT —7)

for some positive constants K (p) and K(g) > 0 independent of n € N. Notice that the last
inequality is a consequence of Lemma 3.2 and Property (i). Therefore, Aldous’ criterion in
Eq.(3.2) is satisfied.

After checking properties (i) and (ii) above, we can at last apply Theorem X.3.3 in
( ), yielding that the tightness of (WY o (X, M™)™!),.cn implies the tightness of
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(0" o (X, M™) 1) sen. In particular, if WY o (X, M™)~1),en weakly converges to some © in
P(X x X) then (0" o (X, M™)~1),en weakly converges to some other ©” < ©' in P(X x X),
and the same holds true for their first marginals on X. Therefore, we can conclude that
<< W, O

Compactification method. So far we have established the convergence of the laws (0™),cn
to some limit law 6 in the 1-Wasserstein distance. Now, in order to prove the convergence of
the approximating feedback solutions (u”, u")nen to some feedback MFG solution (u, i), we
need to show that the sequence of optimal controls (u"),en converges to a control u, which
is optimal for the limit game.

To do this, we interpret the sequence of strict feedback solutions (u™, u™),cn as a sequence
of relaxed feedback solutions (A", u™)nen, by defining A" : [0,7] x X — P(T') as \"(t, ) =
Oun(t,p) for all (t,¢) € [0,T] x & and for all n» € N. Furthermore, we identify each A"
with a stochastic relaxed control A™. We then fix a sequence of associated weak solutions
(", (FM) e, @7 X, W) of Eq.(2.5) and set ©" = Q"o (X", A")~! € P(X x V)
for all n € N. Finally, we associate to each MFG(n) and to the limit MFG a martingale
problem ( ( , )) and show that the limit points © € P(X x V)
of (©™),¢en solve the limit relaxed martingale problem. We start with the following lemma.

Lemma 3.5 ( Tightness in the 1-Wasserstein distance and absolute continuity). Let (©™),eN
be as above. Then the following two properties hold:

(1) (O™)nen is tight in P1(X x V);
(ii) Any limit point © of the sequence (O™),cn in P1(X x V) satisfies © o X 1 < WY.

Proof. (i). Tt follows from Lemma 3.4 and the compactness of T'.

(ii). This is a consequence of Proposition 3.1, the fact that by construction " = @70 X1
for all n € N, and the fact that weak convergence of the joint laws implies weak convergence
of the marginals. m

By the previous lemma, we can assume without loss of generality that the original sequence
(©™)nen converges to some limit measure O in P; (X x V). In order to characterize the limit
point O, we associate to each approximating MFG(n) and to the limit MFG a (relaxed)
martingale problem, henceforth RM(n) and RM, respectively. Then, we show that © is also
a solution of RM. We will use the notation Dg and D?g for the gradient and the Hessian of
a smooth function g : R? — R, while Tr[A] denote the trace of a square matrix A. Notice
that in the following definition we have used the repameterization b of the drift b.

Definition 3.1. The approzimating martingale problems (RM(n)) We say that Oc PAXV)
is a solution of RM(n) if for all g € C2(R?) the process

MP9(0, 4:8) = g(i(8)) — g((0)) — / V" (s, 0,0,u) T Dg(p(s))a(ds, du)
[0,6]xT

+3 / Tr o0 D2g(p(s))| ds, € [0,7]

is a @—martingale, where 6 = © o X! and X is the canonical process on X.

Observe that, by construction, each ©™ solves RM(n). In Proposition 3.2 below we will
characterize the limit points as solutions of the following (relaxed) martingale problem.
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Definition 3.2. The limit martingale problem (RM) We say that © € P(X x V) is a solution
of RM if for all g € C?(RY) the process

~

M (0.4:0) = g(o(t)) — g((0)) /[ 2 52,020 D)),
+;/O Tr [UUTng(QD(S)) ds, te][0,T)

is a (:j—martingale, where § = © o X L.

Remark 3.1. The martingale property in both RM(n) and in RM is understood to hold
on (X x V,B(X xV)) with respect to the ©-augmentation of the canonical filtration made
right continuous by a standard procedure. Nonetheless, to conclude it is sufficient to check
that the martingale property holds with respect to the canonical filtration on X x V (see, for
instance, Problem 5.4.13 in ( ).

Now, we can characterize the limit points via the martingale problems.

Proposition 3.2 (Characterization of limit points via martingale problems). © solves RM
as in Definition 3.2.

Proof. Fix t1,ts € [0,T], t1 < ta, g € C2(R?) and ¢ € Cp(X x V) measurable with respect to
B, (X x V). Define ¥, 9" : P(X x V) = R as

v (050) = E° [y (ML(-;0) - ML(-;0))],
v (050) = EY[¢(M7(50) ~ Mp(:0))]

for ©,0 € P(X x V) and for all n € N. Since ¥"(0";©") = 0 for all n € N, it suffices to
prove that ¥"(©";0") — ¥(0;0) as n — oo.
First, we observe that U™(©";©") and ¥(0O; O) can be written as

(e en) = V(e q)/ b" (s, 0,0, 1) Dg(p(s))q(ds, du)©" (dp, dq)
XXV [tl,tQ]XF

to
[ wtea) [ oo Dgte(e))] ds 07 (d da)
and

¥(O:0) — b(p.0) / b(s, .0,4) " Dg(ip(s))a(ds, du)O(dyp, dq)
XXV [t1,t2]xT

to 1
+ [ utea) [ 5re[oo DRg(pte))] ds ©(ds, do)

The convergence of the diffusion terms is a straightforward consequence of the weak conver-
gence O™ 2 © and the fact that the map

(¢, q) = Y(p,q) /t2 %Tr [UJTDQg(cp(S))} ds

t1

is in Cy(X x V), leading to

wera) [ 3T o0 D2gCe(o))] ds O g, o)

XXV t1
to 1
[t [ 1007 D2glets))] ds@d.da).
n—oo Jaxy t1
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Hence, we only need to study the convergence of the drift terms. We split the rest of the
proof in two steps.
Step 1. We prove that

(e, Q)/ (0" (5,0, 0™, u) — b(s, 0, 0™,u)) " Dg(ep(s))q(ds, du)O"™ (dyp, dg) — 0.
XXV [t1,t2]xT n— o0

Indeed,

b0, q) / (0" (5,0, 0" ) — b(s, 0. 0™,u) T Dyl(p(s))q(ds, du)O"(di, dg)
XXV [t1,t2]xT

< CDgC¢ / |bn(s,§0, envu) - b(S,gO,Qn,UN Q(dsvdu)gn(dgpa dQ)
XXV [tl,tg]XF

< CpyCy / / 1b(s, 0,07, 0)] Lo,y 4(ds, du)O" (dep, do)
XXV [tl,tg]XF

€ fXfo[tl,tQ]xF |b(s, 0, 0™, u)|“ q(ds, du)O™(dp, dq)
2c
Jaexv Sty toyxr Loz, y2(ds, du)©™ (dep, dq)
2868
e SuanN fXXV f[tl,tg}xr ’b(s7 ®, 9717 u)‘a Q(dsv du>@n(d§07 dQ)
2c

SupneN fXxV f[tl,tQ]xF |b(87 ®, Hna u)‘ Q(dsv du)@n(d@a dQ)

2K, BeP

< CpyCy

+ CDQC¢

< CpyCy

+ CDgC¢

for all € > 0, where Cp4 and Cy, are uniform bounds on Dg and 1, respectively. We applied
Young’s inequality with exponents a, 3 > 1, é + % = 1 for the third inequality, while for
the last one we used the Markov’s inequality with respect to the measure 7 (ds, du, dp,dq) =
q(ds,du)O™(dp,dq) on X x V x [0,T] x I":

S ] [b(s, 0, 0", u)| g(ds, du)©"(dip, dg)
/ / 1> k,ya(ds, du)O™ (dp, dg) < =Y Lzl " |
XXV Jt1,t2]xT -

The suprema over n € N are bounded due to Lemma 3.2. We conclude this step by letting
first n — oo (so that K, /' oo) then e — 0.
Step 2. We prove that

¥, q) / b(s, 0, 6", ) T Dg(p(s))a(ds, du)™ (dip, dg)
XXV [t1,t2]xT

n—oo XXV

[ we / b(s, .0,u)T Dg(p(s))a(ds, du)O(dyp, da).
[tl,tQ]XF
To this aim we show that:

(6.0.0) = 0lpa) [ blsoub) Dylo(s))alds. du)
[t1,t2]xT

is continuous on P;(&X) x X x V at points such that § < W" and that it has sub-linear

growth in (p,q) € X X V so that we can conclude by using the property W1(0", 0) — 0

together with Theorem 7.12.iv in ( ). Since 1 € C(X x V), we only need to show

the continuity of the second (integral) term. Let (6™, ¢", ¢", u™)peny C P1(X) x X x YV x T

converge to some point (6, p,q,u) € Pi(X) x X xV x I where § < W¥. Then

b(t, ", 0", u") " Dg(" (1) —> b(t,0,0,u)" Dy(p(t))
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for all t € [t1,ts] by the continuity assumptions on b and Dg, i.e. b(t,-)" Dg(-) is jointly
continuous for each t € [t1,t2] at points (0, ¢, g, u) with § < WY. Moreover

b(t, 0, 0,u) " Dg(p(t))| < CpgC (1 + [l¢lloos +m(t;0) + |u])
< COpgC(1+ K+ [[@llocs + |ul)

for some constants Cpg, C, K > 0 (this replaces Assumption (2) of Corollary A.5 in
( )). We conclude by means of Corollary A.5 in ( ).
O

We conclude this subsection by characterizing any limit measure © as the joint law of state
and (relaxed) control for a weak solution of the limit SDE in Eq.(2.7) with drift . The next
corollary is a fairly standard result establishing a well-known connection between solutions
of RM and weak solutions of SDEs:

Corollary 3.1 (Representation of limit poizzts): Let © be a solution of RM, as in Definition
3.2. Then there exists a weak solution (0, F, (Ft)iejo,r), Q, X, A, W) of

X, = X +/ B (s, Xy, s, 1) Ay (du)ds + oWy, t € [0,7]
[0,¢]xT
such that © = Qo(X,A)™ 1, 0 = Qo X! and puy = g(t,0) with g : [0, T] xP1(X) — M<11(R?)

as in Fq.(2.2).

Proof. Arguing analogously as in the proofs of Proposition 5.4.6 and Corollary 5.4.8 in
( ) gives the existence of a weak solution (2, F, (F¢)sc(0,1), Q, X, A, W)
of the SDE

X = X —l—/ b(s,X,0,u)As(du)ds + oWy, te€0,T] (3.3)
[0,¢t]xT

such that © is the law of (X, A) under Q and § = © o X~1. The conclusion is obtained by
going back to the original drift b, that we recall is given by

b(t,p(t),g(t,0),u) =b(t,p,0,u), (t,p,0,u) €0, T] x X x P1(X)xT,

and g(t,0) = pu; as in Eq.(2.2). O

3.3 Optimality of the limit points

In this subsection, we show that any limit point © € P(X' xV) of (©"),en is optimal according
to the cost functional of the MFG. In order to do that, we will extend the notion of relaxed
MFG solution to controls that are not necessarily in feedback form. In this case we evaluate
optimality according to the following cost functional:

JE(A) = E

/ f (s, Xs, pis, u) Ag(du)ds + F (1, X7) |,
[0,7]xT
where A is any relaxed stochastic control and 7 = 7% A T, subject to the dynamics
X: = Xo +/ b (s, Xs, pis, w) Ag(du)ds + oWy, t€[0,T]. (3.4)
[0,¢]xT

We set V# = infp J#(A), where the minimization is actually performed over the set of relaxed
stochastic open-loop controls, i.e. over the tuples (2, F, (F¢):ejo,7), Q, X, A, W) that are weak
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solutions of Eq.(3.4) and where A is a progressively measurable P(I')-valued stochastic pro-
cess. To simplify the notation, we will just write A to refer to the whole tuple. Moreover,
when working on the canonical space X’ x V), where the canonical process (X, A) is completely
characterized by its law O, we will simply write J#(©) in place of J¥(A).

Definition 3.3 (Relazed MFG solution). A relaxed solution of the MFG is a pair (A, p),
where A is a relaxed stochastic control and p € T%,p such that:

(i) A is optimal, i.e. V# = JH(A).
(ii) Let (Q,F, (}N't)tE[OVT],Q,X,A, W) be a weak solution of Eq.(3.4) with flow of sub-
probability measures pu, stochastic control A and initial condition v. Then

() = QX e yn{rX > 1)), telo,T).

Proposition 3.3 (Ezistence of relared MFG solutions). Grant Assumptions (H1)-(H8) and
(C1). Let © be a limit point of (O™)nen in P1(X x V). Set p € Tgl’l as

p () =0 ({ X e yn{r* >t}) telo,T]
Then (O, p) is a relazed MFG solution according to Definition 3.5.

Proof. By construction we immediately have that A is a relaxed stochastic control and u €
Tigm- Moreover, property (ii) is a consequence of the fact that © is a solution of RM as in
Definition 3.2. To prove property (i), we proceed through the following steps:

(j)  Let O € P(X x V) be a solution of RM. Then there exists a sequence of solutions
(0™)en of RM(n) such that lim, . J@*" (O7) = JH(O).

(i)  limy, e J™H(O7) = JH(O).
(i) JM(©) < JH(O) for any © € P(X x V) solution of RM.

The proof of (j)-(jjj) largely follows that of Theorem 3.6 in ( ). Therefore, we
highlight only the main differences with respect to our setting, which are due to the sub-
linear growth of the drift and the cost functional and to the path dependency induced by the
exit time from O.

Proof of (j). Let © € P(X xV) be a solution of RM and let (Q, F, (F¢)sco.17, ©, X, A, W)
be a weak solution of Eq.(3.4) on the canonical space ! = X' x V. The existence of this solution
is guaranteed by Corollary 3.1. Now fix A and let X™ be a sequence of strong solutions of:

X'=¢ +/ b (5, X7, 1", u) Ag(du)ds + oWy, t€0,T]
[0,¢]xT

on the filtered probability space (€, F, (ﬁt)tE[O,T]v ©). Set ©" = Oo(X™ A)~! for each n € N.
Notice that (©™),en C P1(X x V). Moreover each ©" solves RM(n) as in Definition 3.1. We
now show that:

EC [||X™ — X||oo) — 0 and W,(6",6) — 0. (3.5)

n—oo

Regarding the first limit, it is sufficient to note that:

. t .
E® [|X" — X|lwd < I / E® [| X" — X |lou.s] ds + E
0

/ AV (s,u)\s(du)ds
[0,¢t]xT
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where we set
AY™(t,u) = |[b"(t, X, pg, u) — b(t, Xy, pe, w)].

The first term can be handled with Gronwall’s Lemma, whereas the second one by applying
a similar argument as in the first step of the proof of Proposition 3.2. Regarding the second
limit in Eq.(3.5) we can proceed as follows. First, notice that the first limit in Eq.(3.5)
implies convergence in probability, hence in law, of X™ to X. Thus, by an argument similar
to that of Lemma 3.5, we can prove the convergence in the 1-Wasserstein distance. At this
point, the convergence of the costs is a consequence of the convergence in the 1-Wasserstein
distance and the sub-linear growth of the running cost (combined with Theorem 7.12.iv in
( )), as in the second step of the proof of Proposition 3.2.

Proof of (37). This follows from an argument similar to the second part of (j).

Proof of (jjj). Let © € P(X x V) be a solution of RM and let (6"),en C P(X x V) be
an approximating sequence as in (j). By the optimality of ©™ we have

JrH (@) < Jrk” (é”)

for all n € N. The optimality of © follows by taking the limit for n — oo on both sides of
the inequality above and using the previous properties (j) and (jj). O

3.4 Existence of solutions

In this subsection we finally conclude the proof of Theorem 3.1 by proving the existence of a
relaxed feedback MFG solution and, under additional convexity assumptions, the existence
of a strict feedback MFG solution. In addition, we also prove existence of solutions that are
Markovian up to the exit time.

Relaxed feedback MFG solutions. The main mathematical tool here is the mimicking result of

( ). We follow the procedure in ( ) but with modifications
due to the peculiarities of our model induced mainly by the presence of absorptions. We give
more details in the proof below.

Proposition 3.4 (Ezistence of relazed feedback MFG solutions). Grant Assumptions (H1)-
(H8) and (C1). Let (O, u) be a relaxred MFG solution as in Definition 3.3.

Then there ezxists another relaxed MFG solution (©', ) and a progressively measurable
functional X : [0,T] x X — P(T) such that ©'((p,q) € X XV : ¢t = Nt,¢)) =1 for Lr-a.e.
t €[0,T] and JH(O") = JH(O) = VH, ie. (A ) is a relazed feedback solution of the MFG as
in Definition 2.2.

Proof. We adapt the proof of Theorem 3.7 in ( ) to our setting, by exploiting the
mimicking result in Corollary 3.11 of ( ) instead of Corollary 3.7 as
in ( ). As a consequence, the mimicking process that we get is not Markovian

as in Lacker. However, it has the same law as the original process and not only the same
marginals. This is important in our setting due to the path dependency induced by the exit
time 7.

We start with the construction of A by disintegration. Precisely, define n € P([0,T] x
X xT) as:

1
n(IxBxG) = TIE@

/[()T] F]-(IXBXG) (t7X7u)A(dtadu>
T x
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and disintegrate it as n(dt, do, du) = 7(dt, dp) A, (du). Then:

n(I x B xG) / / (IxBx@) (t, 0, 1) A (du) 77 (dt, dp)
[0,T]xX

for all I € B([0,T]), B € B(X) and G € B(I'). By the disintegration theorem, (t,¢)
Ao(-) € P(D) is Borel-measurable. Now set FX = o(Xs,s € [0,t]) for each t € [O,T]. We
claim that:

Mx() = E° [At }}‘t} ©-as. and for Lr-a.e.t € [0,T] (3.6)

which is measurable and adapted, hence it has a progressively measurable modification \. We
show that for any bounded measurable functional g : [0,7] x X x I' = R such that g(t, -, u)
is F;X-measurable for all t € [0,7] and u € T’

/Fg(t’XW))‘tX (du) = /Fg(t,X,u)E@ [At(du) ‘.7:"3(}

©-a.s. and for Lr-a.e.t € [0,T]. Indeed, for any other bounded measurable functional h :
[0,T] x X — R such that h(t,-) is F;X-measurable for all ¢ € [0, 7], we have
1 T
—E® [ / h(t,X) / g (t, X, u) A\ x (du) dt] (3.7)
T 0 r
= [ hee) [ ltpw g (@)
[0,T]xX r

= / h(t,@)g(t,o,u)n(dt,de,du)
[0,T]xXxT

_ %E@ [/OTh(t,X)/Fg(t,X,u)At(du)dt}

where the first equality comes from the definition of 7, the second one is due to the disinte-
gration of 1 and the third one holds by definition of 7.

Now, let (Q, F, (}N—t)te[o,T],Q,VV,X, A) be a weak solution of Eq.(3.4) with relaxed control
© = Qo (X,A)!. By Corollary 3.11 in ( ) there exists a weak
solution (€, F7, (ﬁ{)te[o,T},Q’,W’,X’) of

t
X = §+/ /b(s,X;,,us,u) As.x/(du)ds + oW/, t€[0,T]
such that Q"o (X')™! = Qo X 1. Define © = Q' o (X', A’)~! where A/(dt, du) = dt\; x:(du).

Notice that if ¢’ is the flow of sub-probability measures associated to ©’ then y/ = p. Finally,
©’ solves the same relaxed martingale problem as ©, and it has the same cost as © as required:

I =

/ /f_(théhutvu) )\t,X’ (dU) dt+F(T/7X7,")]
= EC // (t, Xy, i, u /\mX(du)dt—FF(T,XT)]
= E° / / f(t, Xy, e, u) E© [At (du) }IX} dt+ F (1,X )]

_ RO // F X, ) A () | 5 dt+F(r,XT)]

|

=

o
\

F(t, Xy, e, ) A (dt, du) + F (1, X,)
0,7]x

[
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O

Remark 3.2. We observe that, due to the discontinuity induced by the exit time 7, it is not
possible in general to apply Theorem 3.6 of ( ) to Zy = (Xt, Lo, (1)),
t € [0,T], to obtain a control which is Markovian in Z. Moreover the few mimicking results
available in the literature for discontinuous processes hold under very restrictive or hardly
verifiable assumptions. Nonetheless, Theorem 3.6 of ( ) could still be
applied in some particular cases when, for instance, O = (0,00) and Z; = (X, inf,c(g ) Xs)-

Strict feedback MFG solutions. Under additional convexity assumptions ( ( );

( )), we prove existence of feedback MFG solutions in strict
form. Let (©, 1) be a relaxed MFG solution according to Definition 3.3 and for each (¢, ) €
[0,T] x X define K (t, ¢, ) as:

K (t,p,p) = {(b(t, (1), peyu) ,2) = 2> f(t,0(t), p,u)  and weT}.
Existence of strict MFG solutions is established under the additional Assumption (C2).

Remark 3.3. Assumption (C2) is equivalent to requiring that the set K (¢, ¢, u) is convex.
This assumption is crucial to apply the measurable selection arguments in

(1990); (2012).

Proposition 3.5 (Ezistence of strict feedback MFG solutions). Grant Assumptions (H1)-
(H8), (C1) and Assumption (C2). Let (O, ) be a relaxed MFG solution as in Definition 3.5.

Then there exists another relazed MFG solution (©', ) and a progressively measurable
functional u € Uy, such that ©'((p,q) € X XV 1 ¢ = dypp)) = 1 for Lr-ae. t € [0,T]
and JHO') = JHO) = VH, qe. (u,p) is a strict and feedback solution of the MFG as in
Definition 2.1.

Proof. We follow once more the proof of Theorem 3.7 in ( ), highlighting the main
differences with respect to our setting. The first part of the proof proceeds as in Proposition
3.4. Since for all (t,¢) € [0,T] x X the pair (b(t,p(t), s, u), f(t, p(t), u,u)) belongs to
K(t,o,p) for all u € T and K (¢, p, p) is convex, we have

[ Bt (0 ,0) T (0, 1,0) M) € K (1)
By applying the measurable selection argument in ( );
( ) (with respect to the progressive o-algebra, i.e. the o-algebra gener-

ated by progressively measurable processes), we find a progressively measurable functional
u:[0,T] x X — I such that

Abmwmmmnwmmzbmwmmwm@>
and

Af@ﬂmmwaMWZf@wmmm@@) (3.8)

for all (t, ) € [0,T] x X. Define © = Q'o(X’, A’)~! where Q' is as in the proof of Proposition
3.4 and A'(p, q)(dt,du) = dtd, ,)(du). ©' solves the same relaxed martingale problem as ©.
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As for the costs, we have

JH (@,) = EQI / / f (t, Xg, ot ’LL) 6u(t7X/) (dU)dt + F (T, qu_)]
0 r

©F (6 X ey u(t, X)) dt 4 F (. X)

I

=

_Q
o\

IN
=
<

// (t, X7, pue, w )\tX/(du)dt-f-F(TX)]
= ]EQ[// (t, X¢, e, w) N x (du) dt + F (1 X)]

\

0,7]xT"

o,
= J'(O)

f(t Xt,/,Lt, )A(dt,dU) +F(T, XT)]

where the inequality above is due to Eq.(3.8). Given the optimality of (O, u) we already have
the converse inequality, i.e. J#(©) < J#(©'). Hence J*(©) = J*(O'). O

We can finally give the proof of Theorem 3.1.

Proof of Theorem 3.1. Grant Assumptions (H1)-(H8) and (C1). Proposition 3.3 guarantees
existence of a relaxed MFG solution (O, i) as in Definition 3.3. By Proposition 3.4 there exists
another relaxed MFG solution (©’, ) together with a progressively measurable functional
A:[0,T] x X — P(T') such that ©'((¢,q) € X xV : ¢ = At,p)) = 1 for Lr-ae. t and
JHO') = JH(O) = VH . Then (A, u) is a relaxed and feedback solution of the MFG as in
Definition 2.2.

Additionally grant Assumption (C2). By Proposition 3.5 there exists another relaxed
MFG solution (©’, 1) and a progressively measurable functional u € Uy, such that ©'((¢, q) €
XXV :q = 0y4,)) = 1for Lr-ae. t €[0,T], and JH(O') = J#(O) = V#. Then (u,p) is a
strict and feedback solution of the MFG as in Definition 2.1. O

Markovian MFG solutions. We conclude this part with showing that there exist relaxed and
strict feedback solutions that are Markovian up to the exit time.

Proposition 3.6 (Markovian MFG solutions). Grant Assumptions (H1)-(H8) and (C1). Let
(©, 1) be a relaxzed MFG solution as in Definition 3.3. Then there exists another relazed MFG
solution (©', 1) and a function X : [0,T] x R — P(T) such that

Lr @O ({(t,e,q) : ¢ = Alt, (1), t <75 ()}) =1

and JH(O') = JHO) = VF. Additionally, grant Assumption (C2). Then there exists a
function u : [0,T] x RY = T such that

Lr® 6/({(ta ¥, Q) 4t = 5u(t,<p(t))7t < TX(SD)}) =1
and JH(O') = JH(O) = VH,
Proof. Let us define the following processes

X

Y= (ta Xt)> XtT = Xt/\TX’ YVtTX = )/;f/\TX
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for t € [0,T]. If X satisfies Eq.(3.4) with flow of sub-probability measures p and relaxed
control A then the SDE satisfied by X ™ is (on the same probability space)

t
X7 = §+/ 5(8,X§X,Ms,u) 1[0,TX)(8)As(dU)dS+U/ Lox)(s)dWs
[0,t]xT 0

for t € [0,T]. Notice that until ¢ < 7% the stopped process X ™ coincides pathwise with
the original process X. We now apply the mimicking result in Corollary 3.7 of

( ), to the stopped process Y™ . To this end, we follow the proof of Theorem 3.7
in ( ) and the proofs of Propositions 3.4 and 3.5 in the present paper.
First, we claim that there exists a measurable function \ : [0,7] x R¥! — P(T) such that

TX
/\tyytfx(-) = E® {At()‘Yt } ,  ©-as. and for Lr-a.e.t € [0,T].

Such a function can be constructed by disintegration as follows. Let n € P([0,T] x R x T)
be given by

1
B) = =E°
n(B) T

/ 10 (t, Y;X,u> A(dt,du)] .
[0,7xT

We define A through n(dt, dy, du) = 7j(dt, dy) Ay (du). By Corollary 3.7 in

( ) applied to /\t,Y[X there exists a weak solution (€, F7, (ﬁ{)te[o’ﬂ,@’, W' X") of

¢ t
X£=§+/ /b(s,Xg,,u,s,u) 1[0,TX/)(S))\ g (du)ds—i—a/ 1[OTX/)(s)dWS’
0 Jr L 0o
for t € [0,T], where Y[X/ =AY X)) and Qo (AT, X)) P =Qo (tATX, X)L for

all t € (0,7, i.e. Y™ and Y™ have the same time marginals. Now set 7/ = 7X A T. Recall
that © = Qo (X,A)! and define ® = Q' o (X', /)~ where A/(dt,du) = diX, o x (du).

Equality of the costs can be shown just as in the proof of Proposition 3.4:

Jr(e) = EY

/ /f(t,Xé,ut,u))\t’tmxzxé(du)dt-l—F(T',Xfr,)]
0 T

= EQ |:/0 /Ff(t’XtTX’Mt’u>)\t,t/\7—X,XtTX (u)dt + F (7_’ X;rx>:|

[ FXT e )+ F X:X)]
[0,7]xT
= J'(O).
Therefore, A : [0,T] x [0,7] x RY — P(T) satisfies ©'(q € V : q; = A(t, L A TX,X{X)) =1 for

Lr-a.e. t €[0,T] and JH(O') = JH(O) = VI,
Consider now a weak solution (2", ", (F{')sc(0,11, Q", W", X") of

¢
Xt// =&+ / / b (Snga Hss u) A yr X" (du)ds + UWt/,v te [OvT]
o Jr St

where Y7 = (¢ A7 X7). Set © = Q" o (X", A”)"" where A"(dt, du) = dt) o (du).
R

To avoid confusion between specific solutions, here (X ,A) denotes the canonical process on
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X x V. First, © solves the martingale problem associated to

M{(,4) = g(p(1)) = 9((0)) - /0] b(s, o(s), s, u) " Dy(p(s))1yy x)(s)a(ds, du)

1
2/ UO'TD2 (p(s)) 1, Tf()(s)ds, te[0,7T].
as well as the one associated to

M9 (0,0 = glp(t)) — 9(2(0)) — /[ g B 205 1) D5, )
+;/O Tr |:O'O'TD29(Q0(S))] ds

up to time XAT , 1.e. the martingale property is satisfied by the processes above stopped
at time 75 A T Second, ©” solves the latter martingale problem up to time 7. Then
©’ and ©” solve the same martingale problem up to time X AT Moreover, we have
O"(qgeV:q= )\(t,t/\TX,Xt)) =1 for Lp-a.e. t € [0,T]. If we set ©; = O o (X,A) L for all
© € P(X x V) and t € [0,T], then by uniqueness of the solution of the martingale problem
up to time X AT we have

Ol-N{t <X AT} =0/(-n{t <5 AT)).

Hence J#(O') = J#(O"). Now O” satisfies item (ii) of Definition 3.3.

To conclude notice that the process Y; = (t A7X", X!) reduces to (t, X}') before time
X" A T. Hence, also )\ xn, with a slight abuse of notation, reduces to A; xy. With

the additional Assumptlon (CQ) the second part of this lemma follows from the proof of
Proposition 3.5 applied to the stopped process Yy, O

4 Uniqueness of solutions of the mean-field game

In this section we address the problem of uniqueness of MFG solutions. Precisely, under
Assumptions (H1)-(H8) and with the additional Assumptions (U1)-(U4) given below, where
the second one guarantees monotonicity of the running cost in the same spirit as

( ) (see also Theorem 3.29 in ( )), we show uniqueness
of the MFG solution also in the presence of smooth dependence on past absorptions. The
extra assumptions can be formulated as follows.

(U1) The running cost can be split in two terms:

flt,z, pu) = folt,z,u) + fi(t,z, p)

for some measurable functions fy : [0,7] x R x T' — [0,00) and f; : [0,7] x R? x
M<11(R?) = [0,00).

U2) Lasry-Lions monotonicity assumption: Let u, i € M<q1(R%), (i. Then
Ky p <1, K7 H
/[Rd (fl(t,l‘,,u) - fl(t,ﬁ,ﬂ)) (M - [L)(d:ﬁ) >0, te [O’T}

(U3) The drift b does not depend on the measure variable.
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(U4) Let 1 € Tgl,l be fixed. Then the following optimization problem
inf J#(A) =E / f (s, X, jis,u) As(du)ds + F (1, X;) (4.1)
A€l [0,7]xT

has a unique solution A#, where (0, F, (Ft)icpo,1), P, W, X) is a solution of Eq.(2.7)
under A with initial distribution v and drift b satisfying (U3).

Theorem 4.1 (Uniqueness). Under Assumptions (H1)-(H8) and (U1)-(U4), if there exists
a feedback solution of the MFG (\, ) (as in Definition 2.2) then it is unique.

Proof. By contradiction, let (X, u) and (X, i) be two different feedback MFG solutions (as in
Definition 2.2). Then

JEA) = JRA) >0 and  JHA) — JH(A) >0

where the inequality is strict by uniqueness of the minimizer in Assumption (U4), and in
particular

A, i, \, A) = JEO) = TR + T — JHN) > 0.

However, thanks to Assumption (U3) that grants independence of the dynamics of the state
processes from the flows of measures p and g

~ T — —
AGuiAi) = EF [ ARt (f1<t,Xt,m>—f1<t,xt,ut>)dt}

+EP [/OT Lo.7)(t) (fl(taXta,Ut) - At Xmﬂt)) dt}

where (Qa F, (Ft)tG[O,Tb]P)? W, X) %nd (Q7 J~:7 (ﬁt)tE[U,T]v )
respectively with controls A and A. Set # =Po X! and

W, X) are weak solutions of Eq.(2.5)
6 =PoX 1. Then

~ T _ ~
AGu iR = /X /0 Lo (o) (8) [F1 (1 0(8), o) — Fult o(t). )] dtB(d)
T
- /X /0 Voo (1) [ (s 0(8). 1) — Fu(t o(t). fr)] dtb(do)
T
- /0 /X [F1(t 0 (8), i) — Fi(p(2), )] Lo.roy) (DO (dep)
T
- /0 /X [Fu(ts (), ) — Fult, p(t). )] Lo.r o) (D)0(d0)t
T
_ /0 /Rd 72 (b 2 ) — Fu(t, o, )] fie ()t
T
- / / [Futs s ) — Filt )] ue(dac)t
0 R

T
= —/0 /]Rd [fi(t @, ) — fi(t @, fu)] (e — i) (da)dt

which is lower than or equal to zero by Assumption (U2). In the second equality we have
used Fubini-Tonelli theorem, while the third one comes from the definitions of p and f, i.e.

wm(B) = 0({X, € Byn{t<r})
= [ 1500 (00(d)

_ / 1p(2)e(dz), € [0,T]
R4
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for all B € B(R?) and similarly for . O

Example 4.1 (Non-local dependence on the measure through a weighted average). We pro-
vide and example of running cost f satisfying the monotonicity condition (U2), which is an
assumption on the measure-dependent term fi only. Let w : R? — [0, 00) be some measurable
function with sub-linear growth so that

M () = /Rd w(z)p(dr) < oo, for all p € M<y 1(R?)

and set

fl(tvxau) = w(x) /Rd w(y)lu’(dy) = w(x)mw(”)v (t,l‘,u) S [07T] X ]Rd X MSLl(Rd)'

Since

we obtain

/ (it 2, ) — (b2, 1)) (i — i) (dx) = / w(z) / w(y)( — i) (dy) (u — i) (),
Rd Rd

5 Approximate Nash equilibria for the N-player game with
finite-dimensional interaction

In this section, we consider an important particular case of our MFG with absorption, where
the mean-field interaction is finite-dimensional. This is inspired by the original model of
( ). We show that any feedback solution of the MFG can be used to
construct a sequence of approximate Nash equilibria for the corresponding N-player game. To
this end, we will need two additional assumptions (Assumptions (N1) and (N2) below). We
focus on a finite-dimensional example first for technical reasons: this setting is very suitable
to the propagation of chaos result that we use in the proofs without being too technical.
Second, we think that this case is also particularly relevant for the applications as mentioned
in the introduction. Overall, we believe that the finite-dimensional setting enables us to keep
a good balance between abstract technicalities and modelling needs.
The approximation result is the content of Theorem 5.1 and Corollary 5.2. In order to
prove this, we interpret the N-player system as a system of N interacting diffusions (as in,

e.g., ( ) ( )i ( )). While the usual mode of convergence
of an N-particle system is the convergence in law of the empirical measures, here we obtain
a stronger form of propagation of chaos as in ( ) but with possibly unbounded

drift in the state variable. We prove that the empirical measures converge in the stronger
T-topology, which is widely used in the large deviations literature (see, for instance, Chapter
6.2 in ( )); see Subsection 5.3.
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5.1 The setting with finite-dimensional interaction

Here, we describe the MFG and the corresponding N-player game with smooth dependence on
past absorptions, specializing them to the finite-dimensional interaction setting. In particular,
we give the definition of e-Nash equilibrium for the N-player game. Then, we give the
assumptions that are specific to this model. We conclude by checking that the MFG with
finite-dimensional interactions satisfies the hypotheses of Theorem 3.1, granting the existence
of relaxed and strict solutions of the MFG.

The mean-field dynamics. Given a feedback control u € Uy, and a flow of sub-probability
measures f € Tzl’l, the representative player’s state evolves according to the equation

t~
Xt:X0+/ B (5, X, L (11s) s (113, (5, X)) ds + oWy, £ € [0,T] (5.1)
0

where X is a d-dimensional stochastic process starting at X Lue PR, W is a d-
dimensional Wiener process on some filtered probability space (£, F, (Ft):cio,r),P), b and
o are as in the assumptions below. In addition, m,, (u) and L (p) are functions my, :
M§1,1(Rd) — R% and L : M§171(Rd) — [0, 1] defined as

R4

ma ) = [ w(@)plde) and L) =1 [ ptaa)

where w : R? — R%, dy € N, is a fixed weight function with sub-linear growth. Again,
solutions of Eq.(5.1) are understood in the weak sense (see Remark 2.5). The cost associated
to a strategy u € Uy, and a flow of sub-probability measures p € ’12171 is given by

JH (u) =E

.

/ f (s, X, L (ps) s oo (ps) (s, X)) ds + F (7, XT)] (5.2)
0

where 7 = 7% A T is the random time horizon as in the previous sections.

The N-player dynamics. Let N € N be the number of players. We assume that the players’
private states evolve according to the following system of N d-dimensional SDEs: for i €
{1,...,N},

) ) t_ ) ) )
XtN’Z = Xév’l —i—/ b (S,Xév’l,L (uiv) , My (,ui,v) ,ulN (s,XN)) ds + UWtN’Z (5.3)
0
for t € [0,T], where Xév’i Ly iid., WML WM is an N-dimensional vector of indepen-

dent d-dimensional Wiener processes,~XN denotes the vector of all players’ private states,
u! the vector of feedback strategies, b and o are as in the assumptions below. We remind
that pv € Tgl,l is the random empirical sub-probability measures defined as

N
1
m() =5 Z;éXzN’i () L xmviy (8), L€ [0,T]. (5.4)

Solutions of the SDEs in Eq.(5.3) are understood to be in the weak sense on some filtered
probability space (QV, FN (FN )te[O,T}»PN ) satisfying the usual conditions (see Remark 2.5).
Let U¥ be the set of all progressively measurable functionals u : [0,7] x XV — T', and
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let UY, the set of all vectors u” such that u™:* € U, i € {1,...,N}. Each element of UY
is called feedback strategy vector. In this game, player i evaluates a strategy vector u!¥ € L{]]\\,f
according to his/her expected costs

N,i

JN,i (UN) = E /T f(S,XS]V’i,L(MéV),mw (/liv)qu’i(S?XN)) ds
0

+F (TNJ', X]{V)] (5.5)

over a random time horizon, where X" is the N-player dynamics under " and 7V* =
XM AT, Our aim is the construction of approximate Nash equilibria for the N-player game
from a solution of the limit problem. In the next definition, we use the standard notation
[uN ~% ] to indicate a strategy vector equal to u! for all players but the i-th, who deviates

by playing v € Uj¥ instead.

Definition 5.1 (e-Nash equilibrium). Let € > 0. A strategy vector u’ € UY is called e-Nash
equilibrium for the N-player game if for every i € {1,..., N} and for any deviation v € U
we have:

TN Ny < g ([uN’_i,v]) +e.

Relazed controls. It will be very convenient to use relaxed controls also in the N-player
case. Let U{V be the set of all single-player relaxed strategies for the N-player game, and
let L[ﬁ be the set of N-player relaxed strategy vectors, i.e. vectors AN = (AN AN

with AN? ¢ H{V, i€ {1,...,N}. At this point, we can rewrite the dynamics and the cost
functional of the N-player game (Eq.(5.3) and Eq.(5.5)) by using relaxed controls as

XX [ XL ) o (12 ) X (5, X) s 4o (5.
[0,¢]xT

with associated cost

JVE(AN) =E

A N } Ff(S,XgJ)L (ILLéV) , Moy (Hév) 7u) AN,Z' (vaN> (du)ds
, TV X
4 F (TNzXﬁ,’)] (5.7)

fort € [0,T),i€{1,...,N}, AN ¢ L~{]]VV and AN ¢ H{V for all i € {1,...,N}. Moreover, we
extend accordingly the notion of e-Nash equilibrium.

Definition 5.2 (Relazed e-Nash equilibrium). A strategy vector AV € L~lf\\,[ is an e-Nash
equilibrium for the N-player game if for every i € {1,...,N} and for any single-player
strategy 8 € U

JN,i()\N) < JN,i ([)\N’_i,ﬁ]) +e

The drift b, the function w, the running cost f and the terminal cost F' now satisfy the
following assumptions, replacing Assumptions (H1)-(H3):

(H1?) The drift b: [0,T] x R x [0,1] x R% x T' — R? is jointly continuous and satisfies the
following uniform Lipschitz continuity: there exists L > 0 such that

E(t,x,ﬁ,m,u)—E(t,x',f,m,u)‘ SL‘$—I’I|
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for all z, 2’ € R? and all (¢, £, m,u) € [0,T] x [0,1] x R% x I". Moreover it has sub-linear
growth in (z,m) uniformly in the other variables, i.e. there exists a constant C' > 0
such that

b(t,x,6,m,u)| < C(1+ |z + |m])
for all (t,z,¢,m,u) € [0,T] x R x [0,1] x R% x T.

(H2") w : R — R% is continuous and has sub-linear growth: |w(z)| < C(1 + |z|) for all
r € Re.

(H3") The costs f: [0,7] x R? x [0,1] x R% x T' — [0,00) and F : [0,T] x R* — [0, 00) are
jointly continuous. Moreover, they have sub-linear growth:
ft,z,t,m,u) C (1 +|al +|ml),
[F(tz)] < C(1+z]),

IN

for all (t,z,£,m,u) € [0,T] x R? x [0,1] x R% x .

We conclude the presentation of the finite-dimensional model by introducing the coefficients’
reparametrization on P;(X’), by checking their joint continuity (as in Assumption (H3)),
where continuity in the measure variable is in the 1-Wasserstein distance and at points § <
WY, We set (b, f)(t,z, p,u) = (b, f)(t, o(t), L(1), mu (1), ) for all (¢, z, p,u) € [0,T] x R x
M<11(R?) x T and define the reparametrization (b, f) as in Section 2. Then

(b, )t 0,0,u) = (b, f)(t,0(t), L(£:0), m(t; 0), )

where

mu(t:0) = /X w (2(8)) Lo (o) (D)0(d),

Lt0) = 1= [ Ts)(00(00)

are called the average and loss process and they equal my, (1) and L(g) in case p, = g(t, 0)
where g is defined as in Eq.(2.2).

Joint continuity of b and f follows from joint continuity of b and f and from the following
lemma.

Lemma 5.1 (Continuity of the average and loss processes). Grant Assumptions (H1’)-(H3’)

and (H})-(H8). Let (0)nen C P1(X) converge to 0 € P1(X), 0 < WY, in the 1-Wasserstein
distance, then

(i) L(t;0™) — L(t;0) as n — oo.
(1))  my(t;0™) — my(t;0) as n — oo.
Proof. (i). Denote by D-(t) the set of discontinuity points of the map ¢ — 11 () (t) for
t € [0,T). In particular f = 0. Then:
L(:6") = L) = = [ 1oro(®) 0" =) (d) 0

n—o0

for all ¢ € [0, 7). This follows from the definition of weak convergence of measures, the fact
that (D, (t)) = 0 for all t € [0,7] (due to § < W") and by Lemma A.4.(d).
(ii). Now we have:

n—oo

mt56) =m0 < | [ w0000y € =) d2)| = 0
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for all ¢ € [0,T] as a consequence of the convergence in the 1-Wasserstein distance, the fact
that 0(D-(t)) = 0 for all t € [0,7] and by Lemma A.4.(d) together with Lemma A.5. O

We conclude by proving that we can use Theorem 3.1 and get existence of a feedback relaxed
and strict solutions of the MFG with smooth dependence on past absorptions and finite-
dimensional dependence on the measure.

Corollary 5.1 (Ezistence of relazed and strict feedback MFG solutions). Under Assumptions
(H1’)-(H3’), (H4)-(H8) and (C1) , there exists a relazed feedback solution (\, ) of the MFG
with finite dimensional interaction. Moreover, under the additional Assumption (C2) , there
exists a strict feedback MFG solution (u, ).

Proof. Assumptions (H1%)-(H3’) imply Assumptions (H1)-(H3) of Theorem 3.1. Indeed, (H1)-

(H2) follow from the definition of the coefficients b and f. Assumption (H3), i.e. joint
continuity of the reparametrized coefficients, is a consequence of joint continuity of b and f
and Lemma 5.1. O
5.2 The N-player approximation theorem

In order to state the N-player approximation results, we need the following two additional
assumptions (N1)-(N2), whose formulation requires some more terminology.
We set

di V' (0.0) = suppe 5, |0(B) — 6(B)],

for all 8, € P(X) and we note that for t € [0,T), d; is only a pseudo-metric, whereas
for t = T it is a proper metric; d%v is called the total variation distance. However, with a

slight abuse of terminology, we will often refer to d! ¥ as the total variation distance for each
t€[0,T).

(N1) The function w : RY — R% is bounded.

(N2) The drift b satisfies the following Lipschitz continuity:
B(t,m,ﬁ,m,u) —b (t,x’,@’,m’,u)‘ <L (‘x —a:" + ‘E—ﬁ" + ‘m —m")

for all (x,£,m), («/,¢',m’) € R x [0,1] x R% and all (t,u) € [0,T] x T, with Lipschitz
constant L > 0. The running cost f can be decomposed as

ft,z, 0,m,u) = fo(t,z,u) + fi(t,x, ¢, m),
where
[folt,z,w)| < K and  |fi(t, 2, 6,m)| < C(1+ |z,
for all (t,z,£,m,u) € [0,T] x R? x [0,1] x R% x I" and some constants C, K > 0.

From Assumptions (N1)-(N2), the reparametrizations b and f inherit a series of properties
that are fundamental in the proof of the approximation result. First, being w : R¢ — R%
bounded, the drift b is Lipschitz continuous with respect to the total variation distance, which
is a key assumption in Lemma 5.2. Indeed

|b(t, 0,0, u) = b(t, 0,0, u)| L (|L(t;0) = L(t;0")] + |mu(t; 0) — mu(:6')])

<
< L1+ [lwlloo)d7¥ (0,6') = Ly ¥ d7V (6,6')
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because

|L(t;0) — L(t;0)| =

[t - 9><d¢>\ <dlV(6,0) and

|maw(t;0) — my(t;0)] =

[ )0 (06~ )| < sl (0.6,
Second, the sub-linear growth property
bt 0, 0,0)] < C(L+ [wlloo + [lloes)s  (t9) € [0,T] x X

is uniform in # € P(X) and in u € I', implying that b is bounded in the measure and control
variables (and analogously f). This means that b and f are well defined on all P(X’) not only
on Py (X), which is fundamental to apply the fixed point theorem in Lemma 5.2. Finally, the
running cost f can be decomposed as

ft,0,0,u) = fo(t,o,u) + fi(t,¢,0)

where its components are

fO(t7 @7“) = fO(tv(P(t)7u) and fl(tv()ove) = fl(tv(P(t)yL(t;e)7mw(t;0))

which inherit from fo and fl the properties

[fot, o, )| < K and | f1(t, ¢, 0)] < C(1 4+ [[@]loo,t)

for all (t,¢,0,u) € [0,T] x X x P(X) xI'. This is a key assumption to perform the passage to
the many-player limit in Theorem 5.1. Indeed, boundedness in the control of fy enables us to
exploit convergence in the T-topology while sub-linearity in the state variable ¢ uniformly in
the measure variable 6 makes f1 a good test function for the convergence in the 1-Wasserstein
distance.

Theorem 5.1 (Approzimate Nash equilibria - relazed). Let (A, u) be a relazed feedback MFG
solution. For all N > 2, define AN = (AN L ANNY € UN where MVt o) = A(t, ™)
forallie{1,...,N}, t€[0,T] and ¢~ € &N,

Then under Assumptions (H1’)-(H%’), (H4)-(H8) and (N1)-(N2), for every e > 0 there exists
N¢ € N such that A is an e-Nash equilibrium for the N-player game whenever N > N€, i.e.
for every i € {1,...,N} and for any deviation 8 € U

JN,i (AN) < JN,i ([)\N’il,ﬁ]) +e
for all N > N€.

Corollary 5.2 (Approximate Nash equilibria - strict). Let (u,p) be a strict feedback MFG
solution. For all N > 2, define u’ = (u™1,... uVN) € UY where u™Ni(t, V) = u(t, o™1)
forallic {1,...,N}, t €[0,T] and o~ € &N,

Then under Assumptions (H1’)-(H3’), (H})-(H8) and (N1)-(N2), for every € > 0 there exists
a N¢ € N such that u" is an e-Nash equilibrium for the N -player game whenever N > N€,
i.e. for everyi € {1,...,N} and for any deviation v € U

JN,i (UN) S JN’i ([UN’_i,U]) Te

for all N > N°.
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Before proceeding, we define the empirical measure ¢V of the N-player system (Eq.(5.6)) as
| X

V()= 5 Do 0xma () (5.8)
i=1

which is a P(X)-valued random variable. Moreover, we fix a relaxed feedback MFG solution
(A, p) and define (cfr. Theorem 5.1 and Corollary 5.2) AN e Z;[ﬁ as AN = ()\N’i)izl,__,N
where AV, o) = A(t, ™) for all i = 1,..., N, t € [0,T] and ¢ € XV, In the next two
subsections we consider the following N-particle system:

XU = X [ b (s X0 6 (XY (duyds WY (59)
[0,¢]xT

X = [ b XYY ) A (s, ) (s + oW (5.10)
[0,¢]xT

fori=2,...,N, t €[0,T] and where § € L~{1N is a generic single-player control. Precisely, in
Subsection 5.3 we set B(t, oY) = \(t,p™!) for t € [0,T] and pV € XN (we say that 8 = A
for short); whereas, in Subsection 5.4 we let 3 be generic (unless differently specified), which
means that we allow the first player to deviate from the MFG solution A.

5.3 Propagation of chaos

In this subsection we consider the system of N interacting symmetric diffusions given by Eq.s
(5.9) and (5.10) with 8 = A. We associate to this system a suitable McKean-Vlasov equation
(Eq.(5.11) below) and show a propagation of chaos result, that we will need in the proofs of
Theorem 5.1 and Corollary 5.2.

Definition 5.3 (McKean-Viasov solution). A law 6* € P(X) is a McKean-Vlasov solution
of equation

X, = Xo+ / b(s, X, 0% u) A (s, X) (du)ds + oWy, t€[0.T], Xotv (5.11)
[0,¢4]xT
if there exists a weak solution (2, F, (Ft)e(o,, Ps X, W) with Po X! =6* and IP’oXO_1 = .

The following lemma ensures the well-posedness of Eq.(5.11).

Lemma 5.2 (Ezistence and uniqueness of McKean-Viasov solutions). Grant Assumptions
(H1’)-(H3’), (H4)-(H8) and (N1)-(N2). Then, there exists a unique McKean-Vlasov solution
for Eq.(5.11).

Proof. We follow ( ), proof of Theorem 2.4. Precisely, we apply Banach fixed
point theorem on the complete metric space (P(X),dr) together with Picard iterations. To
this end, we start by defining, for any « > 0, the following distance:

T
d*(0,0')* = / e dy (0,0 dt, 6,0 € P(X).
0

We note that d°(-,-) is a complete metric on P(X). We now define ¥ : P (X) — P(X) C
P (X) as the map 0 +— ¥() = PY o (X))~ where (27, 79 P, X9 WY) is a weak solution of
Eq.(5.11) with € in the drift, which is well defined (see Remark 2.5).

We show that W is a contraction on P (X') with respect to the distance d* for a sufficiently
large oo > 0. Let H(6]6') denote the relative entropy of 6 with respect to ¢ for 6,60’ € P(X),
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and let Hy(0]0") = H(646}), 6; = PYo(X5,)~ 1. By Pinsker’s inequality, there exists a constant
Cy > 0 such that

dy(¥(0), (0))?

IN

CuHMi(¥(0),(0"))

IN

1 B t
cHya—1|2L2/ ds(0,60)%ds
2 0
where we set L = LbTV. Therefore, we have
T
FWO ) = [ e du), ve)
0

1 B T t
< CH|0_1|2L2/ e—at/ ds(6,0)%ds dt
0 0
T

2

1 _ T
= CH\J—HQL?/ dt(e,e’)Q/ e %ds dt

2 0 ¢

1Cx 12~2/T —at "2 1Cx 11272 ja /N2
< == =_ =
_za\oyLOe di(0,0)?dt = 5= =o' [PL?d"(0,0")

which shows that ¥ is a contraction whenever %%’]0*1\%? < 1. Thanks to the arbitrariness
of @ > 0, we conclude that ¥ has a unique fixed-point in P(X). O

We consider the sequence of empirical measures ((V)yen in Eq.(5.8) associated to the N-
particle systems in Eq.s (5.9) and (5.10) (with 5 = X). We follow ( ) and we
prove the convergence, both in law and in probability in the 7-topology, of (¢*V)yen to the
McKean-Vlasov solution 6* € P(X) of Eq.(5.11). We remind that the 7-topology on P(X),
denoted with 7(P(X)), is the topology generated by the sets

<0 }

where f : X — R is any measurable bounded function, x € R and § is any strictly positive
constant. In particular, the 7-topology is the coarsest topology that makes the maps m —
[ f(y)7(dy) continuous for all measurable bounded functions f : X — R (see, for instance,
Chapter 6.2 in ( ))-

Moreover, we denote by w(P (X)) the weak topology on P(X) and with B(P(X)) the Borel
o-algebra on X generated by the open sets of the weak topology. The following lemma adapts
Theorem 2.6.1-2 in ( ) to our framework, in particular to the case of diffusions
with possibly unbounded drift.

Bras = {m e P ' | st -

Lemma 5.3 (Propagation of chaos). Grant Assumptions (H1’)-(H3’), (H4)-(H8) and (N1)-
(N2). Let 0* € P(X) be the unique McKean-Viasov solution of Eq.(5.11). Then the sequence

(CM)Nen converges in law to 0%, i.e. ¢V £, 0*, as N — oco. Moreover
lim PV ((M ¢ B) =0
for all open neighbourhoods B of 0* in the T-topology that are in B(P(X)).

Proof. Let (2, F,P) be a probability space that supports an i.i.d. sequence of X-valued
random variables with law 6*. For each N € N, set (ng)tE[O,T] to be the filtration generated
by X!, ..., X". Define

Wi = o (X:‘ —¢- b(s,Xi,e*,uws,xwdu)ds) L te[0,T), ie{L,...,N}.
[0,t]xT

36



In particular, W1, ..., W¥ are independent Wiener processes on (9, F, (FtN)te[(LT],P). Fix
N € N, and consider the tuple (Q, F, (]:gv)te[O,T],IP), (XN XN L WY)), with
XN = X forall i € {1,...,N}. This is a weak solution of

XNi— ¢4 b(s, XN 0% w)A(s, XV (du)ds + oWE, te€[0,T], ie{l,...,N}
[0,t]xT !
1PN

Now, define the probability PV via its density with respect to P, Y - ZN , where, for all
y dP T

te0,T]

. N
zN =& (/ Z/a—l (b(s, XN ¢V ) — b(s, XNV 0%, u)) A(S,XN’i)(du)dW;> :
055 Jr
A standard application of Girsanov’s theorem gives

XtN:i:H/ b(s, XN N u)M(s, XV (du)ds + oW, te0,T), ie{l,...,N}
[0,¢]xT

for some PN-Wiener process W . Notice that (€, F, (F )ieor PV, XN, W) is a weak
solution of the N-particle system in Eq.s (5.9) and (5.10), with B(t, oY) = A(t,¢™!) for
t € [0,7T) and N € XV,

At this point, the rest of the proof can be performed as in ( ), Theorem 2.6.1-2,
along the following steps:

(i) Show that Fy, ¢, : P(X) — R defined as

to
Ft17t2 (9) = / /
X Jtq

is T-continuous for all ¢1,t2 € [0,T], t1 < t2 and B(P(X))-measurable, which is done
aside at the end of this proof. Moreover Fy, 4, (0) < L(ta — t1)H(0]0*) for all t1,ty €
[0,7], t1 < t2 and for all § € P(X), which is a straightforward consequence of the
Lipschitz continuity in the total variation distance.

2
/1‘01 (b(s,p,0,u) — b(s,, 0%, u)) A(s, p)(du)| dsO(dp) (5.12)

(ii) Since XN XN2 XNN are iid. under P, Sanov’s Theorem (e.g. Theorem 6.2.10
in ( )) can be applied to P o (¢V)~1.

(iii) Derive a large deviation principle for PV o (¢(V)~1, precisely

1 ~
limsup— log PN (¢V ¢ B) < —e T inf H (9|0*
msuplogPY (¢ ¢ B) < —e 7 inf 24 (610")
for all open neighbourhoods B of § in the 7-topology that are in B(P(X)), for some
constant L > 0.

To this aim, we stress that we can proceed just as in ( )1, Indeed, regardless
of the sub-linear growth of the drift, we can adapt Lacker’s estimates thanks to

‘b(t,go,@,u) -b (t, ©, Gl,u)‘ < 2L.

Moreover we can apply Varadhan’s integral lemma ( , , Theo-
rem 4.3.1) thanks to the continuity of Fy, 4,.
!Precisely we can show by induction that Eq.(4.1) in ( ) holds also in this case, then conclude

observing that PV and P agree on Fy.
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(iv) Conclude by showing that infggp H(0|6*) > 0 so that
- N (N _
i P 5) 0
which can be performed as in ( ).

Proof of the continuity of Fy, 1, in the T-topology. We actually prove the stronger claim that
the functional Fy, 4, in Eq.(5.12) is continuous in the weak topology (w-topology for short).
First, we can write Fy, 1, (0) = [5 fi.0.(¢,0)8(dp) for § € P(X), where

frrt2(0,0) = /t2

t1

2
/Fal (b(s,0,0,u) — b(s, @, 0%, 1)) X(s, p)(du)| ds

which is a real-valued bounded measurable function defined on X x P(X). Let (0")pen, 0 €
P(X) be such that 7 = §. We want to show that Fy, 4,(0") — Fy, 4, (0) as n — oo.
Set fn(@) = fii.(p,0") and f(@) = fi1.(9,0). They are all in Cy(X) with uniform

bound in n € N. Moreover, f,, — f in the sup-norm. Indeed

t2
sup [fule) — f(0)] <ALTVL / L(5:6™) — L(5:0)| + [mu(s;0") — mu(s; 0)| ds
peX t1

which vanishes in the limit for n — oo due to Lemma 5.1. As a consequence, we obtain

Fo0) = | Ful0)0 o) = [ 108(0) = P f0).

5.4 Proof of the The N-player approximation theorem

This section is devoted to the construction of approximate Nash equilibria for the N-player
game from a solution of the limit problem, in the particular case of finite-dimensional inter-
action as described before. The results of previous Subsection 5.3 allow us to pass to the
many-player limit even if feedback MFG strategies are discontinuous in the state variable. We
have observed in the introduction that the construction of approximated Nash equilibria for
the N-player games in ( ) was crucially based on the continuity of the
limit optimal control for almost every paths of the state variable with respect to the Wiener
measure. In our setting, such a regularity property is no longer feasible due to the possible
unboundedness of the coefficients, which makes it difficult to apply PDE-based estimates as
in ( ) to get the needed continuity. Therefore, in order to overcome
this obstacle, we will use the strong form of propagation of chaos in Lemma 5.3, which allows
to pass to the limit even through possibly discontinuous MFG optimal controls.

In this part, we consider the dynamics in Eq.(5.9) and Eq.(5.10) without necessarily tak-
ing B = A, unless differently specified. We start with some preliminary estimates ensuring
that the costs remain bounded in the mean-field limit despite the sub-linear growth.

Lemma 5.4 (A-priori estimates). Grant Assumptions (H1’)-(H3’), (H4)-(H8) and (N1)-
(N2). Consider the dynamics in Eq.s (5.9) and (5.10). Then for any a > 1

sup EF [ “] < K(a)
NeN

forie{l,...,N} and where K(a) < 0o is a positive constant independent of N.

Proof. This is a consequence of Gronwall’s lemma together with uniform boundedness of the
drift in the measure and control variables. O
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Now, we prove the tightness of the sequence of laws (PY o (¢V) ™) yen when 8 = X in Eq.(5.9),
i.e. when the dynamics are symmetric. Then, thanks to Lemma 5.3, we characterize the limit
points of (P o (¢(V)™!) yen as McKean-Vlasov solutions of Eq.(5.11); see Lemma 5.6.

Lemma 5.5 (Tightness). Grant Assumptions (H1’)-(H3’), (H4)-(H8) and (N1)-(N2). Let
¢N be the empirical measure of the system given by Eq.s (5.9) and (5.10) with 3 = \. Then
the sequence (PN o (¢V)™Ynen is tight in P(P(X)).

Proof. The tightness of such a sequence follows from ( ), Proposition 2.2, com-
bined with Kolmogorov-Chentsov criterion (see, for instance, Corollary 14.9 in

(2006)). O

Lemma 5.6 (Characterization of limit points). Grant Assumptions (H1’)-(H3’), (H4)-(H8)
and (N1)-(N2). Let ¢V be the empirical measure of the system given by Eq.s (5.9) and (5.10)
with B = . Let (PN% o (V)™ Y)eny be a convergent subsequence of (PN o (¢NV)™!)yen. Let
¢ be a random variable defined on some probability space (Q, F,P) with values in P(X) such

that ¢Nv £5 ¢, Then
(i) C coincides P-a.s. with the unique McKean-Viasov solution 8* of Eq.(5.11).

(ii) The sequence ((N)nen converges in probability (hence also in law) to 0* when P(X) is
equipped with the T-topology.

Proof. By Lemma 5.5 there exists a subsequence (P o (¢(Vk)™1)ien € P(P(X)) converg-
ing to Po (™! € P(P(X)). Lemma 5.3 guarantees the convergence in law of the whole
sequence (¢™V)yen to the deterministic limit #*, which is the unique McKean-Vlasov solution
of Eq.(5.11). By uniqueness in law of the weak limit we have P o (~! = dg-, yielding ¢ = 0*
P-a.s.. Lemma 5.3 also gives convergence in probability in the 7-topology of (¢V)nen to
0*. O

Corollary 5.3 (Characterization of the convergence). Under the assumptions of Lemma 5.6,
the following properties hold:

(i) For all Borel-measurable bounded function f : X — R such that 0 — [, f(@)0(dy) is
T(P(X))-continuous

2| [ 0@ o 7| [ rosan)] = | [ s

(i) PN o (XN (N1 2 9% @ 5g-. Moreover, PN o (XN1) =1 2 0% and PN o (¢V)~1 2 6.

(1it) For all f € C(X) with sub-linear growth, i.e. |f(¢)| < Cr(1+ |¢|loo) for some Cr >0
and all p € X, we have

EPY [/X f(w)CN(dtp)] B [/X f(sO)C(dsO)] =E" [/X f(so)ﬁ*(dw)]-

Proof. (i) This is a consequence of Lemma 5.3, Lemma 5.6 and of the almost sure equality
¢ =06".

(ii) We already know that PNo(¢V)~1 2 §4. from Lemma 5.6. Therefore, the convergence
of PV o (XNV:1)=1 {0 §* follows from ( ), Proposition 2.2, and the symmetry of
the system.

(iii) Let f € C(&X) with sub-linear growth. It is enough to show that

B | [ lellec )| o [ lolet
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To this aim, for fixed R > 0, we consider the decomposition
N * N *
B | [ lellatc® - a0 < B [ (el n RN - 07100

+EPY [/X llooL{plwsry (¢ + 9*)(0@)} :

By property (i), for any fixed R > 0, we have

i B [ [ el A RYCY - 9*)(ds0)] ~0
so that

lim supE®” [ / ||so|oo<<N—e*><dso>} < lim supE?” [ J 1ol iarsm(c +6%)(dp)|.

N—oo N—oo

Now, we let R — 0o and we show that the RHS vanishes in the limit. To do so, recall that,
due to Lemma 5.4, there exist constants K («), K > 0 such that

sup B [l XV|%] < K(a) and sup B2 [|XV|] < K
NEN NeN

independently of i € {1,...,N}. Then, set o, 8 > 1 such that é + % =1 and let € > 0. By
definition of ¢V and by Young’s and Markov’s inequalities, we have

N
1 N :
limsupE]PN [/ sl Nd ] = limsup— > E¥ ||| XV 1 i
mawpE” | | lellirzn (de)| = e 3B [IX ooy
K(a) K
< @ 1
< <e . +65[3R> (5.13)

which converges to zero by letting R — oo and then € — 0. A similar reasoning applies to
the same expectation with 6* instead of ¢V. O

Remark 5.1. Let D = {¢ € X : 7(p) is discontinuous at p}. Since ¢ 2 6* € Q, Lemma
A4 implies 0*(D) = 0 and the statement of Corollary 5.3 holds for f = 1p as well.

Finally, we conclude this section with the proof of Theorem 5.1, which leads immediately to
Corollary 5.2.

Proof of Theorem 5.1. The proof is structured in three steps.
(1) limn e JYIAN) = JE(N).
(jj)  Let BNt e U be such that

VLN GV < g NN, ) + €
peuf 2

Then

lim infJN ([AN1, gNA]) > J#(N).

N—oo
(i) JVHAY) < infggy JNHANTL B]) + e
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We consider the dynamics in Eq.(5.6). In (j) we set AV:1(¢, V) = (¢, o) for all (t, V) €
[0,7] x XN and prove convergence of the first-player cost functional to the cost functional
of the MFG. In (jj) instead we allow the first player to deviate and choose AV:1(t, V) =
BNL(t, N for all (t,oN) € [0,T] x XN where N € UV is a generic single-player relaxed
control. We conclude the proof in (jjj) by combining the results in (j) and (jj).

Proof of (j). To prove that JV1(AN) = J#(\), as N — oo, we split each cost functional
in the sum of two terms:

JNAN) = P [ /WF /X 1[0,T<@>><t>fo<t,so,uM(mo)(du)cN(dso)dt]

T
+EPY [/ 1[077—N,1)(t)f1(t7XN:17CN)dt+F(TN,lei\j\},ll)]
0

and

JHO) = EF [ /[OTM /X 1[o,T(¢>)(t)fo(t,W,U)/\(t,w)(dU)C(dw)dt]

T
LB [ | ton@nex.0d+ e X»] .

Since fy is bounded, the convergence of the first summand in the decomposition of JN1(AY)
to the corresponding term in J#(\) is a consequence of Corollary 5.3(i) and of Lemma 5.6.
On the other hand, since both f; and F have sub-linear growth, the convergence of the second
summand in JN1(AN) follows from Corollary 5.3(iii), Lemma 5.6 and the fact that 6* € Q
together with Lemma A.5.

Proof of (jj). We follow the proof of Theorem 3.10 in ( ) with suitable modi-
fications due to the possibly unbounded drift and the dependence on the first exit time from
the set O.

Let (QN, FN, (FM)iepr QY YN, W) yen be a weak solutions of the N-player system. Let

(¢™) Nen be the associated empirical measures. Under QV the first player’s dynamics is

YNl oy / b(s, YN, ¢ u) BN (s, YN ) (du)ds + oW, ¢ e [0, 7.
[0,t]xT

Now, let PV be the probability measure under which the first player’s dynamics becomes

YNy / b(s, YV N (s, YY) (du)ds + oW, ¢ e [0,
[0,¢t]xT

= . . . N
where W1 is a PN-Wiener process. In other terms, PV satisfies % = Zj]ﬂv where

ZN =€ </ /b(s,YN’I,C{/V,u)(BN’l(s,YN) - )\(s,YN’l))(du)dWs) L telo.T].
0 JI
By inspection of the proofs of Lemma A.1 and Corollary A.1, all bounds are uniform in

N € N, hence Corollary A.1 gives the uniform integrability of the sequence of exponential
martingales (ZV)yen. More in detail, we apply Corollary A.1 to the drift

b(ta@N)i/Fb(t, P Cov, ) (B (E, 0N) = At ™) (du)

for (t,¢™) € [0,T] x XN. Notice that this drift is sublinear in . Therefore convergence of
the empirical measures to #* in probability in the 7-topology under PV implies convergence
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of the empirical measures to the same limit in probability in the 7-topology under QY. Hence
{/V £, 6* under QN and

Jim QY (¢ ¢ B) =0

for all neighbourhoods B of 6 in the 7-topology which belong to B(P(X)). The tightness of
(Y1) yew under QY still follows from their tightness under PV. Consider (871 (¢, YN))te[o,T}
as a single-player relaxed stochastic open-loop control and denote it simply by (ﬁiN ’1)t€[07T].
Interpret (Y1, g1, C{,V)NeN as a sequence of random variables with values in X XV x P(X).
Compactness of V and tightness of (Y1, (I¥) yen imply the tightness of (Y VL, N1 (V) yen
under QV.

Let (Y, 3,60%) be a limit point of the sequence (Y1, N1 (V) vy, defined on some prob-
ability space with probability measure Q. Then by a standard martingale argument it can
be shown to satisfy

Y, =¢ +/ b(s,Y, 0%, u)p(du)ds + oW, te€0,T) (5.14)
[0,¢]xT
where W is a Q-Wiener process. As in (j) we split JNV1((AY—1 8N1]) in two terms as

JN,1([/\N,—1’BN,1D - RO

/{0 et Ly vy () folt, YL, u)ﬂj“(du)dt]
;T <

T
B | [ g @i e+ P )|
0

We move along a weakly converging subsequence of (YV:1, gN:1 77 N.1) vy under QY to the
limit point (Y, 5, W) in Eq.(5.14). Convergence of the first and second summands above now
works as in the proof of (j). Considering again the whole sequence, we obtain

lim infJVL(ANL BN > i%fE@N

N—oo

/ Loy () (1, Y 6%, ) By(du)dt + F(r,Yy)
[0,T]xT
-y

where the infimum on the RHS above is taken over all relaxed stochastic open-loop controls
and the last equality follows from embedding the set of strict controls into the set of relaxed
controls combined with the chattering lemma ( , ; ,
; : )-
Proof of (j77). This is a consequence of steps (j) and (jj). Indeed

TUHAT) = md FEHETE B]) < FEHAN) = JHO) + TR ) = SEHNE T B 5
ey’

Now by steps (j) and (jj) there exists N¢ € N such that for all N > N°¢

TV AN) = JH) < 5 and JH) = TN AN <

€
4.

P

Therefore, we can conclude that JVT(AN) < infgepn JNEANTL B]) 4 € for all N > N€,
which establishes the statement of Theorem 5.1. O
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A  Appendix

This appendix provides some of the technical results used in the paper. More in detail, we
state existence and uniqueness of weak solutions of SDEs with sub-linear drift. We charac-
terize the space of laws of processes with sub-linear drift and initial condition v (Q defined
below). We prove some regularity results on the exit time 7% with respect to measures in
Q. Finally, we discuss the convergence of measures in the 1-Wasserstein distance along test
functions with sub-linear growth and possibly discontinuous over a set of limit measure zero.

A.1 Existence and uniqueness of solution of SDEs with sub-linear drift

In this subsection we prove a slight variation of the well-known Bene§’ condition (
( )), leading to an existence and uniqueness result for weak solutions of SDEs with a
sub-linear drift. More precisely, we allow the drift to depend on a rescaled Wiener process
with a independent random initial condition. We recall that &(-) denotes the Doléans-Dade
stochastic exponential. Moreover, given a function f : ' — R where F is a Polish space, we
denote by D the set of its discontinuity points.

As a preliminary, we introduce the set Q of laws of stochastic processes with sub-linear
drift in the sense of Benes§ to which these results apply.

Laws of processes with sub-linear drift. Let 3 : [0, T]x X — R% be a progressively measurable
functional such that

Bl <CA+¢lleo), (Ee) €0, T]xX

for some constant C' > 0. Let (2, F, (F¢)sefo,1], P, X) be a weak solution of the following SDE

t
X, = §+/5(3,X)ds+aWt, éi% te (0,7
0

where W is a Wiener process independent of €. Existence and uniqueness of a weak solution
follows from an application of Girsanov’s theorem and Bene§’ condition (see Lemma A.1 and
Lemma A.2). Moreover such laws turn out to be absolutely continuous with respect to the
Wiener measure W (Lemma A.3). Then, we denote by Q the set of laws 6 € P(X) of all
continuous processes X solving the SDE above.

Lemma A.1 (Benes’ condition). Let b : [0,T] x X — R be a progressively measurable
functional such that

b(t,0) <C 1+ llglloc),  (£0) €[0,T] x X,

Let o € R¥™9 be a full rank matriz. Let (9, F, (Ft)eep,1): P) be a filtered probability space

satisfying wsual conditions, supporting a random variable & L v and a Wiener process W
independent of £&. Set

Xe =&+ oWy, tE[O,T].

Then

Zy =& (/ alb(s,X)dWs> , te€0,T]

0

is a martingale.
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Proof. We follow the proof of Corollary 3.5.16 in ( ). Precisely let
to=0<t <...<ty_1 <ty,="T be a partition of the interval [0,7]. Then thanks to the
sub-linearity of the drift

tn
/ b(s, X ds < (bn — tn1)C2 (1 + | X]|oo)?

tn—1
Let Y™ = (Y")icpo,1) be defined by
Y = o1 (tn—tn—1)C2(1+]X¢[)?

Notice that Y™ is a sub-martingale and that by Doob’s maximal inequality (
, , Theorem 1.3.8.iv) we have E[||Y™|%] < 4E[(Y?)?]. Moreover

E[(vp)?] < E[eé<tnftn_1>02<1+2|5\2+2|a|2|WT\2>]
- E [e(tn—tnfl)CQ\U\Q\WﬂQ] E {e%(tn—tn,1)02(1+2|§|2)
where in the equality we have used the independence between & and W. To conclude, it is

sufficient to choose (tx — tx—1), k = 1,...,n, sufficiently small, for instance (t; — tx_1) <
min{m, %}, and to apply Corollary 3.5.14 in ( ). O

Corollary A.1 (Moments of the stochastic exponential). Under the assumptions of Lemma
A.1, the process Z = (Zt)ejo,r) has finite moments of any order p € [1,00), i.e. E [Zgw] < 00
for all p € [1,00).

Proof. The proof follows directly from Lemma A.1 combined with Corollary 2 in
( ). O

Lemma A.2 (Eristence and uniqueness of weak solutions). Let b : [0,T] x X — R be a
progressively measurable functional such that

bt ) <CA+elloc), (tp)€[0,T] x X.
Let o € R¥™4 g full rank matriz. Then there exists a weak solution (Q, F, (Ft)efo,m, P, X, W)
of

t
Xt_§+/ b(S,X)dS+Uth, filj, tE[O,T]
0

Additionally, this solution is unique in law.
Proof. The proof follows directly from Lemma A.1 and Girsanov’s theorem (see

, , Propositions 5.3.6 and 5.3.10). O
A.2 Characterization of the set O

Lemma A.3 (Laws of processes with sub-linear drift). Let 0 € Q. Then 0 ~ WY, i.e. 0 is
equivalent to the Wiener measure WY.

Proof. The proof follows directly from Lemma A.1, Girsanov’s theorem and Bayes’ rule to
ensure that Z~! given by Lemma A.1 is still a martingale. O
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Before proceeding further, we recall that 7% is the first exit time from O in the path space,
i.e.

TV (p) =inf{t>0: pt) £ O}, peQ,
where O C R? satisfies Assumption (H4).

Lemma A.4 (Regularity results). Let 0 € Q. Let O C R? satisfy Assumption (H4) and let
X be the identity process on X. Then

(a) % < 00, O-almost surely.

(b) The mapping © — 7X(p), from X to [0,00], is 0-a.s. continuous.

(c) O(7X =1) =0 for all t € [0,T).

(d) The mapping ¢ — L -x () (t), from X to R, is 0-a.s. continuous for all t € [0, T].
(e) Properties (a)-(d) hold for O = (0,00)*? as well.

Proof. The proof is similar to the one of Lemma D.3 in ( ). Notice
that by Lemma A.3 each 6 € Q is equivalent to WY. So, it is sufficient to check properties
(a)-(d) for W".

(a) This is a consequence of the law of iterated logarithms (as time tends to infinity) and
the fact that O is strictly included in R?.

(b) This, again, is a consequence of the law of iterated logarithms (as time tends to zero),
the smoothness of O’s boundary, the non-degeneracy of ¢ and the fact that O is strictly
included in R? ( (2013), pp. 260-261).

(c) This is a consequence of the following relations

WY (TS =t) < WY(X, €00) =0 forallte|0,T]

where in the last equality we use the fact that the Lebesgue measure of the boundary of
a convex subset of R? is identically zero ( ( )), and that WY o Xt_1 is absolutely
continuous with respect to the Lebesgue measure for all t € [0, 7.

(d) This is a consequence of properties (b) and (c) above.

(e) When O = (0,00)*? it turns out that

T (p) = min 7'(p), pEX

i=1,...d
where 7(p) = inf{t € [0,T] : ;(t) <0}, fori € {1,...,d} and p € X. Then the conclusion
follows from the continuity result in dimension d = 1 ( ( ), Pp-
260-261) applied to each 7°. O

A.3 Additional convergence results

Lemma A.5 (Convergence in the 1-Wasserstein distance). Let E be a Polish space with
a complete metric dg. Let 0,(0")nen C Pi(E) such that W1(6™,0) — 0 as n — oo. Let
f+ E — R be a measurable function such that |f(z)| < C(1 + dg(x,x0)) for all x € E, for
some xg € E and for some constant C' > 0. Let Dy be the set of its discontinuity points and
assume O(D¢) = 0. Then

[E F@)0(de) —s | F(2)0(do).

n—oo E
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Proof. The proof works as in ( ), proof of Theorem 7.12.iv, the only difference
being that here f can have discontinuities with (D) = 0. In particular, we perform the same
decomposition as in ( ), ie. f(z) = fh(x)+ fA(x) with fi(z) = f(x) A(C(1+R))
and f3(z) = f(z) — fi(z) for all € E and for some R > 0. We have that |f}| is bounded
by C(1+ R) and G(Df}%) = 0 since Dy C Dy. Then all limits can be performed just as in

( ), proof of Theorem 7.12.iv. O
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