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Abstract

In this thesis, we analytically and computationally investigate various aspects re-
lated to the multiphase-multicomponent interfacial processes and reactive transport in
homogeneous domains and heterogeneous periodic perforated media. More precisely,
we perform formal homogenization arguments to the microscopic Cahn-Hilliard type
equations governed the dynamics in binary and ternary mixtures, in the presence of
two or more phases. We additionally consider the coupling of the Cahn-Hilliard type
species diffusion to fluid flow, a coupling which gives rise to more complex systems
since a Navier-Stokes momentum balance is involved. Each particular model can be
formally derived by an Energetic Variational Approach, that combines the classical idea
of gradient flows for free energy minimization as a direct consequence of the second law
of thermodynamics, together with the Least Action and Maximum Dissipation Principles.

Moreover, as an extension of the already established two-scale convergence approach,
we investigate further a reiterated homogenization procedure over three separated scales
of periodic oscillations. Finally, we examine the General Equations for Non-Equilibrium
Reversible-Irreversible Coupling commonly known by the abbreviation GENERIC, an
extended two-generator variational framework, which was initially developed in order to

model the rheological properties of complex fluids, far from thermodynamic equilibrium.
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Overview of the thesis.

An increasing interest to explore and develop more complicated mathematical the-
ories for modelling complex physical phenomena, has been shown over the centuries.
The ability to perform experiments with less computational cost, using mathematical
models has literally developed new fields of research, in order to understand better the
complexity of nature. However, despite the growth of computer capabilities, any feasible
mathematical model still requires significant simplification due to the complexity of the
various natural processes. To this end, the objective of studying a mathematical model is
not to recreate reality, but rather to shed some light on the governing dynamics of the
process being modelled. Hence, from a purely mathematical perspective, modelling can
lead to the construction of new and interesting systems of partial differential equations.
Finally, as the development of new theories goes by and comes to my research, one could

divide it into the following separately indicative but also interconnected sections.

Phase-field modelling, flow in porous media and homogenization.

Phase-field modelling has received increasing interest for theoretical and computa-
tional investigation of physical, chemical and even experimental systems and is generally
applied to multi-phase solidification dynamics in binary alloys [1]] as well as fracture
dynamics [2]] in materials science and other physical phenomena. Strongly inspired by
the work of J. W. Cahn and J. Hilliard [3]], the idea of diffuse interface models is based
on the study of the abstract free energy F(c):H' (D) » R, (Where D c R?), of a non-uniform
isotropic binary mixture, with variable composition c:= ¢(r,7), which can be expressed in

the following form

2
F(e)= [ Fente)dri= [ fu(e)+ o Ive ar,

which is also known as Ginzburg-Landau free energy in the context of the theory of
superconductivity [4]]. It is composed of two terms, the free energy density of a solution
with uniform composition f;(c) and a gradient term which penalizes the interfacial area
of width 2, between the two phases. In order to approach the concept of thermodynamic
equilibrium which corresponds to minimum free energy, we recruit the gradient descent

method, extended for a functional 7(c) (gradient flow) for all times 7 <[0,7]:

<alcv(P>L2(D):<v:¥‘i‘7:.(c)7(p>Z(D)a V@EX;(D)EZ(D),

where x;(D) c 2(D) are Hilbert spaces.
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Consequently, we review the classical statement of minimization of the Ginzburgh-
Landau free energy F(c), via the 1?-and #~'-gradient flows, which eventually leads to the
Allen-Cahn and Cahn-Hilliard equations [[5 6], respectively:

e =~(f,(c)-A*Ac), in Dy :=Dx (0,T),

dc=A(f; (c)-A%Ac), in Dy,

supplemented with homogeneous Neumann d,c|;p, =0, the corresponding no-flux d.(; (c) -
A*Ac) |op, = 0 boundary conditions and some initial condition ¢(r,0) e #' (D). To this end,
summarising the work by C. M. Elliot, C. Garche, A. Novick-Cohen and others [7, 8],
we study existence and uniqueness of solutions of the Cahn-Hilliard equation, for both
the cases of constant and degenerate mobilities. In the same context we examine the

initial-boundary value problem
drc=div(Mvpu(c))-pu(c) inDr,

dnc=ntt(c) = dhAc=0  ondDr,

by adapting the classical definition of the Cahn-Hilliard chemical potential u(c) :=
f1(c) - A%Ac. The specific formalism with constant mobility M >0, was first introduced
by G. Karali and M. Katsoulakis [9] as a more simplified model of a mesoscopic for-
mulation for multiple microscopic mechanisms, in simultaneously interacting surface
processes. The Cahn-Hilliard term corresponds to surface diffusion, and the Allen-Cahn
to adsorption/desorption. Existence and uniqueness of solutions has been studied by G.
Karali and Y. Nagase for the constant mobility case and by X. Zhang and C. Liu [11]],
for the degenerate mobility case. The proofs follow similar lines (with the appropriate
modifications) as the one for the classical Cahn-Hilliard and therefore we are not going

into details on the analysis part.

.l .1 Homogenised Domain

£
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Figure 1: The idea of upscaling.

We are mainly interested in the periodic porous media setting of the problem (see
of the Allen-Cahn/Cahn-Hilliard and on the derivation of effective/upscaled
equations for this model by applying the basic principles of homogenization theory

(12 [13]]. We finally obtain the upscaled equations for isotropic mobility M :=mI., via a
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two-scale asymptotic expansion ¢ (r,r) = ¥ €'c'(r,y,1), with y := r/e, namely:

pdrco =mdiv(DV fi () = A*p~ 'mdiv (DV[div(DVey)]) - pfi(co) + Adiv(DVeg) in Dr,

where p:=|r1|/|Y], e = ¢/A denote the porosity and the heterogeneity of the periodic porous

medium, respectively. The elements of the effective tensor D:= {D;;},; j<s, can be defined

by:

! IEE(y)
Dy = — i — foralli,k=1,...,d.
ik ‘Yl " (&k 3yi dy, for all i,k s

The correctors & (y) are solutions of the following elliptic reference cell problem

inYy,

4 9 IEX(y)
Zayi(a-ks,j Pl L

ij=1

Zd:n,'(sija(yk;fcl‘k(y)))ZO 011(9Y27

ij=1 J
X (y) is Y periodic and My, (£5) = 0.

In comparison to the two-scale case we also examine the homogenization process in a
domain that contains small perforations of size ¢ >0 periodically distributed with period ¢
and very small perforations of size ¢, (¢) >0 with periodicity eg (¢), such that 0 < (¢) <e.
To this end, we introduce one additional microscopic variable y; :=r/eg (¢), for which
the homogenization procedure, following a rigorous three-scale convergence approach,

yields a similar effective macroscopic equation in Dy with porosity p; :=|v;|Z|/|7|1Z:

p1dico =mdiv(DyV 7 (co)) =A% (p1)~ mdiv(D; V [div(D; Veo) ]) - p1fi (co) + A% div(D2 Vo) in Dy,

where the elements of the effective tensor D, := {(D;);;}1< j<s are given by

. . } 4
D))y = 1 d (Si-f_s"’aéajy(,Y) _s &l (y,y1) iy 85>e(y7y1)_'9€’(y)) dy dy;. 0.0.1)

Y|z Irixz 52 " Iy oy i
where each of the functions &/(y),&5(y,y1), j,k=1,....d are solutions of cell problems defined

analogously as in the two-scale case.
We further extend our considerations to more than two-component mixtures in the

presence of multiple phases and more precisely, we examine the dynamics in ternary
alloys. The modelling of dynamic behaviour in multiphase and three-component ¢;,i=1:3

flows (ternary mixtures) is based on an abstract free energy functional of the form [14H16]]:

N-1

Fuleiga) = [ Flenba)dr= [ focisga®)+| ¥

1 201
Ekaﬁvq)a'vqjﬁ‘*' Z El,%'VC,"VCj dr,
=1 =1

where i=1,2, anda =1,....N and we also denoted
N
fb(cia¢a7®) = z ¢afa(ci7®)+ Z W(xﬁ¢¢x¢[37
o=1

B+o

2
1 .
=K(©) Y S (ci=1)’cl + 3 Wapdudp, i=1.2,
i=1 B*a
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with W, >0 being a mean field interaction potential between phases and the phase
fraction ¢, which corresponds to each phase «, varies between the values 0 and 1.
To this end, we formally derive by gradient flows the following system of Cahn-Hilliard

type equations for the evolution of the two substances ¢;, i =1,2:

2
drc; = div MiZM,‘j(C)V(aCfF(Cj,@x)) in Dr,
j=1

N .. 2 (0.0.2)
aL‘,'F(Ci7¢a) = Z ¢aM - ZA[ZI‘ACJ' inDT,
a=1 Ci j=1

L

InJi(€) =nc;i=0 ond Dr,
where N;;(c) = ¢;(8;; - ¢;), i,j = 1,2 wWith ¢:=[c|,c;]. Independently, we consider that the
evolution of the phase-field functions ¢4, a=1,...,N is dictated by the Allen-Cahn dynamics,

ie.,

at(p(x = —kaaajaF(C[,q)(x), ka >0 iI'lDT7
with dn¢« = 0 and the evolution of the potential term to be defined by

p] N-1 )
8%F(ci,¢a) = % - Z kaBA(PB, ktxﬁ >0 inDr.
B=1

We subsequently obtain upscaled/homogenized equations by verifying existence of weak
solutions for the same model in the porous media setting and then passing to the limit in
the two-scale sense [17]].

Furthermore, we provide a more concrete investigation and understanding of the Cahn-
Hilliard type dynamics, with some numerical experiments with the help of Python-FEniCs
library [[18]], illustrating some interesting results related to the concept of curve shortening
flow of the interface (Mullins-Sekerka [19]]) and the relation to the Cahn-Hilliard dynamics.
We adapt a discrete mixed weak formulation scheme for the discretization of the Cahn-
Hilliard microscopic formulation and similar approaches for the effective/homogenized
approximations [20]. More precisely we define the mass matrix by G := {(¢1.9,)} ., ;.4

(where {¢;}’_, linear finite element basis on v;), the stiffness matrix S:= {(vg;, vo,)} 1< jd

1>
and the nonlinear matrix K(c?/,) = {((c%/,)* 01,9} Leijear Ve denoted by (v*¢;,v¥¢,), k=0,1
the usual £*-scalar product [, v*¢;-v*¢; ar, k=0, 1. In addition, we denote by ¢}  := 3] S_1io;(r)
the finite element approximation of the microscopic solution ¢* for r, =nAr. The index
leN,0<I<L, denotes the iteration level in the scheme, linearised by a fixed point iteration.

The scheme also consists of the 9-method: p®'!:= (1-0)u+6uc'' 0<6 <1. Therefore, the

n+6 n+l

following mixed finite element scheme can be applied for mobility M = mI, m > 0:

e,l+1 gl+1 _ £
Ge,\ +mAISp o = Gey,

Gﬂs’l+l+K(cn+l)CE J+1 l G J+1 _ A28t J+1 =0,

n+6 n+1 n+1 n+1

el+1 £l+1 g,l+1

n+l H

where (¢ o1 with po/*! = {1,V and S {cfi“ 7.1, are coefficient vectors of

the related ﬁnlte element functions. Finally we considered in the discretization scheme,

the following form of the homogeneous free energy: f.(c) = (1/4)c*(1-¢)*.
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A (shrinking) circular equilibrium shape is asymptotically being approached by any
(non)-convex closed interface (independent of its initial shape), under the curve shorten-
ing flow (Gage-Hamilton and Grayson theorems [21}22]). To this end, we computationally
validate this theorem, under the Cahn-Hilliard flow in both homogeneous domains and
periodically perforated media, for sufficiently small heterogeneity. We illustrate the
coarsening pheonomenon, for random initial data, in both homogeneous [23] 24] and
periodically perforated domains. The universal coarsening rate 0(:'/?) [25], is computa-
tionally recover in the porous media setting [20]. In the case of critical quenching and
after adding thermal noise to the microscopic porous media formulation, we observe that
the influence of thermal fluctuations on the coarsening rate shows after a short, expected
phase of universal coarsening, a sharp transition towards a different regime [20, 26]].

Moreover, a recently derived effective macroscopic formulation [13], which takes
systematically the pore geometry into account, is computationally validated. The theo-
retically derived convergence rate O(¢'/*) [27] is confirmed for circular pore-walls of a
periodic porous medium with heterogeneity . An even better convergence of O(¢) holds
for square shaped pore-walls. To this end, we compare numerical solutions obtained by
fully resolving the microscopic pore-scale with solutions of the upscaled/homogenized

porous media formulation.

Non-equilibrium thermodynamics and the GENERIC formalism.

This part is mainly devoted to an extended variational framework (General Equations
for Non-Equilibrium Reversible-Irreversible Coupling-GENERIC formalism by H. C. Ot-
tinger and M. Grmela [28,[29]]), which was initially developed to model the rheological
properties of complex fluids and it was first introduced by P. J. Morisson in the context
of metriplectic flows [30] (dynamical systems with both Hamiltonian [31] and dissipative
parts) . The specific formalism provides a full dynamic description of a set of state-space
field variables z, that can model various systems from a thermodynamic point of view.
The variables can be chosen to be for example the composition or phase field denoted
by ¢ as earlier, the mass density p, the momentum density P, or just the velocity v, the
entropy and internal energy densities and many other, depending on the requirements
of each particular problem. The approach by Ottinger-Grmela suggests that, for a set of
{z}", state variables, the evolution equations are expressed as a generalised gradient flow
combined by a reversible (energy density ¢(z) contribution) and an irreversible (entropy
density s(z) term, as follows:

dzi(r) = fD;Lw (2)(1,1' )3, e(2(r')) dr’ + fD;M“‘Z'(z)(r,r ).,5(2(x')) dr’ fori=1,..,m,
where the tensor L(z) = -(L(z))" satisfies the Jacoby identity and the Leibniz rule, and
the tensor M(z) = (M(z))" >0 admits symmetry properties in the sense of Onsager-Casimir

[32]. The evolution equations are supplemented with the complementary degeneracy

10
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requirements for all i=1,...,m:

fD M (2) (r, )0 e(2(r')) di’ = 0,
j=1

fD L (1) (1), s(2(r')) di’ = 0.
j=1

The requirement that the entropy gradient is in the null-space of the Poisson tensor L,
indicates the reversible nature of the first contribution to the dynamics, irrespective of the
particular form of the Hamiltonian. In addition, the constraint that the energy gradient
is in the null-space of the friction tensor M, corresponds to the total energy conservation
by the irreversible contribution. Moreover, Onsager reciprocal relationships [33] 34] as
well as the Poisson brackets of classical mechanics, play a major role in the development
of this formalism. We additionally extend our considerations to systems with possible
interaction with the surroundings, where the formulation of the evolutions equations is
slightly modified, including the related boundary contributions to the dynamics.

The interesting and substantially more involved part is the derivation of the macro-
scopic equations following the principles of GENERIC, using coarse-graining [35]], which
is a procedure that interconnects the different levels of description of the problem, involv-
ing the basic tools and principles of statistical mechanics, such as statistical ensemble
averages, projection operator techniques and the Green-Kubo expressions for transport
coefficients [36], in close connection with dynamic density functional theory [37, 38]].
The idea is to consider the total energy to be expressed as an ensemble average of the
microscopic Hamiltonian, defined over the volume of the phase-space vt (z), associated
with a macrostate z, by

1
Vi, ()

1
VFN (Z)

()= I, 800(x) -2y S T () -2 ax

where I1;,(x)’s denote microscopic dynamical functions (corresponding to the field vari-
ables z;), in terms of the microstate x = {r;,p;}i=1.n. The field variables that are essential to
describe each particular system, are interpreted as a combination of functions of the posi-
tion r and momentum of particles [39]. As an example the best choice of the state variables
defined for all times, in this case of Navier-Stokes would be z= (p,P,u) € Z,(D) x 2, (D) x Z3(D)
and hence we can subsequently define the corresponding microscopic dynamical func-

tions I1,, of P,p,u in terms of r, and p, as follows:

N N
p(z,r) =Y mS(r—ry), Mp(z,r) = Y pid(r—ry) and
k=1 i=k

n

N o 1
I, (z,r) =" (ZP/%+ EZV(FH) 0(r-ry), wherery =1 —1;.
k=l ]

The microscopic derivation of the Navier-Stokes equations which is presented in
detail as a review part in this thesis, is based on the van der Waals assumption that
the molecular potential consists of a short-range hard core part and a long-range at-

tractive tail contribution. This fact provides that in the macroscopic setting, we obtain

11
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thermodynamically consistent behaviour predicted by the van der Waals equation of
state.

Moreover, apart from the applications of GENERIC in the context of the classical
and relativistic hydrodynamics [40-H42], the framework was extended to the phase-
field/Navier-Stokes coupling (Model H) under (or without) the influence of some external
force g..(r) [43],

dc+v-Ve=YA(f, (c) - A2Ac),

OP+v-TP = ~div (Pres = (VV+ (VW) )n () 2+ A% (Ve o w)) T gex,

particle adsorption systems and even more complex. Finally, recent advances involve the
application of GENERIC in the context of anisotropic inelastic and viscoplastic solids

[44] and thermoelastic dissipative materials [45]].

Energetic Variations and complex systems.

As a more complex example, we formally derive using an Energetic Variational Ap-
proach a Cahn-Hilliard/Navier-Stokes model for the dynamics of particle adsorption on

dynamic interfaces [46], with the free energy to be defined by

Faas(9:0)= [ Fuasdri= [ Fen(9)+ Foner(c.0) dre= [ Feu(9)+m(A)f2(0)fi(0,¢)+ 11 (9)f5"(c) dr.

where f£;(¢,c) denotes an interfacial free energy density whereas f*(c) stands for the
excess in bulk grand canonical free energy density and finally Fey(¢) := f1.(9) + A%|Vr9|*/2
denotes the classical Cahn-Hilliard free energy density for a nonuniform binary mixture.
Although the two arguments of the free energy density, are considered to be independent
parameters, the phase field order parameter ¢ := ¢(r,r) € (-1,1) is linearly connected by a
certain constraint with the local volume fraction of particles c:= c(r,r) >0, in the immiscible
two-phase fluid. Therefore, for the minimization of F,(¢.c) >0 we recruit the following

gradient flow formulation for z¢ (¢,c) which can be expressed in a weak form, as follows:

(dz,v)12(py = _<szffads(z)vv>Z(D)"

for all ve x c 2(D). The mobility coefficient M. is set to be a constant m, for z=¢ and as a
function M(z) := zM; if z = c. Moreover, the resulting evolution equations for ¢ and ¢, coupled

to fluid flow via the Least Action Principle, applied to the functional

1 2 2'2 2
A(r(R.1)) = [(DO)T(ZMR,:) - AL (F(R0).0) = {70 (r(Ro1).0) )dez
7f(DO)Tm(l)fL((P(I‘(R,I),l‘))f[((])(l‘(R,l‘),l‘),C(I’(R,Z),l‘))del‘
= i, 2O RS (e(r(R1),0)) dR .

where r(R,r) stands for the Eulerian flow map in terms of the the Lagrangian (initial)
material coordinate R, from the reference volume b, to the deformed volume over some

time D.

12
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Figure 2: Flow map from the reference domain D, to the current D.

The resulting coupled system of adsorption dynamics, can be expressed in the follow-

ing form
8t¢ = —V'V(P +M¢A9¢Fads7
orc=-V-Ve+Mcdiv(eVaeFuyy),

OV =—V-VV+AV =V Pres = cFyqs Ve =0 FuqsV 9.

Finally, we take a step further to more applied problems and more precisely to the
transport of charged particles in porous media, via the Poisson-Nerst-Planck system [47],
one of the most extensively investigated models with many applications in electro-kinetic
fluids, fuel cells and other energy storage systems. The full system in terms of the positive

and negative charge distributions, cf := ¢§(r,r) and the electric potential ¢*(r,r), reads
Ol +div(vecl) = div(]D)chi —Cg]D)icdibs) ,
p (c?;v8 +ve. Vvs) —NAVE + VPL, = (£ - 5)CeV o,

—A?A9° = Co(cf — %) with div(v¥) =0,
where D. are diffusion constant coefficients of negative or positive ions, respectively and
the constant term C, := ze stands for the product of the valence 7 of ion and the charge e of
one electron. We therefore provide an overview of the derivation of this system coupled
with Navier-Stokes, using an energetic variational approach, including the Least Action
and Maximum Dissipation Principles and provides a unique way for the derivation of the

coupled dynamical systems from the total energy and dissipation functionals.

13



Chapter 1

Introduction to Cahn-Hilliard type

dynamics.

Multiphase systems characterized by the coexistence of more than one phases such as
liquid, gas, etc. Examples can be observed in the natural environment and in a wide range
of engineering applications, such as fuel cells, batteries, etc. The investigation of fluids
with complex internal microstructure gives rise to innovative flow properties. A still
challenging issue is to achieve desirable properties and structure in advanced complex
materials. Diffuse interface formulations have recently attracted a high level of interest,
especially in the context of contact lines dynamics and particle adsorption on dynamic
interfaces in the porous media context [48,/49].

The study of mixtures of two incompressible fluids, that are separated into two discrete
phases (binary alloys), forms a classical model that has attracted considerable attention
in the research on multiphase flows [50]. The concept of thermodynamic equilibrium,
which corresponds to minimum free energy and its variational structure, allow for
thermodynamic modelling of phase transitions [51} 52]], in heterogeneous porous media
providing many advantages for a wide range of applications in electro-kinetics such as
intercalation dynamics in Lithium-Ion batteries, modelling of polyelectrolyte membrane
fuel cells or magnetodynamics in ferrofluids and other [53H59]. Mathematical modelling
of Lithium-Ion batteries though is not of primary interest in this particular thesis and
could be considered as future work, since it follows directly from the main tools and
techniques that are examined and applied in this project. Since many of those systems
and the corresponding applications involve strongly heterogeneous media, we refer to
these by the general term complex heterogeneous multiphase systems.

Phase-field methods, with many applications in multiphase materials science and
engineering [60] 61]], are based on the general theory of diffuse interfaces, which seems
to have its origins to the modelling of capillarity by van der Waals [62]]. Another more
recent and promising extension of Cahn-Hilliard’s diffuse interface concept is the phase
field crystal method [63]] which takes atomistic information into account for modelling
crystal growth, as proposed in [64]. A major step towards the theoretical investigation
of phase-field models had been taken in three papers of 1958-1959, by J. W. Cahn and
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J. Hilliard [3] 65, [66], with the derivation of the free energy of a non-uniform binary
mixture and the properties of spinodal decomposition and nucleation in such systems.
Phase-field models for the first-order phase transition was initially studied by J. S. Langer
and G. J. Fix [67,168], followed by a similar approach for solidification, by J. B. Collins and
H. Levin [69]. Finally, the minimum interface criterion and the relation to r-convergence
theory in phase transitions was extensively examined by M. Gurtin, L. Modica, S. Mortola
and others [[70-73]].

1.1 Free energy of a non-uniform system: the classical statement
by Cahn and Hilliard.

According to the Cahn-Hilliard’s approach [3]], we consider a mixture composed of
two pure or fairly pure substances A and B. The system has a spatial variation in the
composition c:=c(r,r): Dx[0,7] - R of the B component (non-uniform system), on a bounded
region D cR? for all times 0<7<7. Composition is interpreted either as volume fraction or
mass fraction, depending on the particular system under investigation. As a consequence
0<c<1, by definition and if we consider that ¢ stands for the composition of the one
component B, then the composition of A is given by 1-c¢. Alternatively, if ¢ stands for the
difference between the compositions of the two components then the assigned values to
the composition are -1<c<1.

Theorem 1.1.1 (Cahn-Hilliard free energy). The free energy F(c):H'(D) - R, of an

isotropic binary mixture of non-uniform composition which is assumed to form a cubic
crystal geometry, is given by:

2
F(c) ::N/DF(C,VI-C,Vlz.c,vf.c,....)dr:NfD(jiﬂ(c)wL17N|Vrc|2+h.o.t.) dr, (1.1.1)

where h.o.t. (higher order terms) stand for the terms involving a combination of second order
or higher partial derivatives of c, as can be derived from the multivariable expansion (1.1.2).
In addition, N denotes the number of molecules, f;" stands for the free energy per molecule of
a homogeneous system, and Ay is a parameter which, in general, may be dependent on ¢ and

temperature, but for a regular solution is a constant.

Proof. The free energy density F, can be considered as a continuous function of a combina-
tion of the composition ¢ and its spatial derivatives which are assumed to be independent
variables, thus once may write F(c) := F(c, Vrc, Vic,..). Following the classical statement by J.
W. Cahn and J. Hilliard (1958) [3]] and also the review article by D. Lie et al [74]], one can
expand F in multivariable Taylor series about ¢; := (¢,0,0,...) and by considering the free

energy per molecule F(c;) = f;"(c) of a solution with uniform composition ¢, one obtains
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| "
F(c)= ;)H[((C*CL) “Ve) F(€)]e=c,
=f1(¢) +[(Vrcdy,c + Vfcavgc + VEc&vic +.)F(€)]e=c,

1
+5[(Vredy,e + Vicdya, + Vicdga. +.) F(€)Jeze, +

2 d
c 1 dc dc
=i (c)+2}/t - ,]Z:I ij arlarj 5 Z T ar +...(in component form), (1.1.2)
o 9F(c) . 9F(e) 9*F(c)
where 1= 55 50| 9@ anan) |, ™ YT a@efaraacan) | .,

Note that we denoted through this section the classical gradient and higher order
derivatives as v, n=1,2,... instead of just v”, in order to distinguish it from v¢ which appears
in the free energy expansion A further term reduction to the above expansion
can be achieved by considering a cubic crystal geometry of the mixture (thus we set
d =3), in which the tensors «; and »;; reflect the symmetry and the y are components of
a polarization vector if the system has a special symmetry direction. In addition, the
free energy must be invariant to mirror symmetry, such that upon the reflection r; - -1,
(about any vertical plane) to one of the axes, the crystal maintains the same physical
features. Furthermore there exists fourfold rotational symmetry about the crystal body,

which means that the physical properties remain the same upon a 90° rotation.

Figure 1.1: Representation of crystal symmetries: fourfold axis (left) and mirror plane (right).

Consequently, the definition relations of «;,5;; and ¥, are reduced to:

IF (c) 9*F(c)
=0, a;j = 8;j, and b;; = 113
Yi ij aV%C e, ij ij (8vrc)2 e, ij ( )
As a result, (1.1.2)) reduces to,
F(c,Vre, V%c, ) =fi(e) +aiiV%C+bii|VrC|2 + (1.1.4)

Thus, for the total free energy for » molecules per unit volume F we consequently get:
F(c) :NfDF(C,Vrc,VEC..) dr

b..
= NfD(fin(C) +a;iVic+ %‘Vrdz +..)dr

|Vecl?
2

:N/D(ff’(c)+(b,-,-—2r9ca,-,-) +..)dr+faDai,-(Vrc-n)ds. (1.1.5)

The last equality follows from the divergence theorem (Gauss and Ostrogradsky [75]),
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since

f aiivlz.c dr = f aii(vrc-n) ds— f ora;i-Vrcdr = / aii(vrc-n) ds— [ 8caii\vrc|2 dr. (1.1.6)
D aD D aD D

Since we are not interested about the external surface effects we can choose homogeneous
Neumann boundary conditions on aD, i.e., duc := Vrc-n=0, thus the above expression reduces
further to

2
F(c) = fD(fL(C) + %|Vrc|2) dr, (1.1.7)

in which A% := NA§ = N(b;; - 20.a;) and we neglected the h.o.t. in the expansion. O

The first term (local contribution) f.(c) := Nf"(c) is commonly known as the homoge-
neous free energy density. The second term (non-local contribution) A?|v,c[*/2 stands for
the gradient energy and penalizes the interfacial area, between the distinct phases of
the mixture after phase separation and the small parameter A represents the interaction
length, i.e., corresponds to the width of the diffuse interface. We are going to examine

in more detail, the process of phase separation and the physical interpretation of the

several parameters in the (subsection 1.2.4). Finally, it’s worth mentioning that, this type

of free energy functional has been first introduced by L. V. Ginzburg and L. D. Landau in
1950 [[76]] in the context of superconductors theory (a superconductor is simply a charged
superfluid), where the complex valued order parameter depends on the superfluid density
and defines superconducting order. The theory of superconductivity though is beyond
the scope of this project, but more details about superfluids and Ginzburg-Landau theory
can be found in [4,[77]. Aiming to understand better the concept of phase separation, we
will focus on the study of the free energy of the interface, with properties summarised in

the following lemma.

Lemma 1.1 (Interfacial free energy). The minimum interfacial free energy between two
isotropic phases o and B which coexist in the mixture of the species A and B, can be expressed

in the following form:

F"™(e)=V2N f P (D)) P, (1.1.8)
where Df(c) = f{'(c) - f{'(cL).

Proof. Lets us consider the interface between two isotropic phases a and g which coexist
in the mixture of the species A and B. The interface under consideration assume to be of a
flat shape of area A. As a result, since we have one dimensional change in the composition

¢ between two equilibrium compositions ¢, of phase « and ¢4 of phase grespectively, the

free energy (1.1.7) reduces to the form:

oo 2
7"(C)=v41\’[0o ff(0)+%\’lvrclzdr, (1.1.9)

after neglecting the h.o.t. in the integrand. Since we are dealing with one dimension
we may identify the gradient by v,c:= %. The interfacial free energy thus, should be the

difference per unit area, between the free energy #(c) and the free energy of a reference
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state 7, (c) (the energy for which we assume that the properties of phases are continuous

throughout), this is expressed by

Filc) = f_: ) dr=Nf_:(cuB(cL) +(1=c)paler)) dr, (1.1.10)

where ¢; = lim,— o c. The introduced terms p, and ps are the partial molar free energies
(also known as chemical potentials), of the components A and B in phase « or g. These
partial molar free energies referred to the same standard states as f;(c). In equilibrium
the partial molar free energy of a particular species should be the same in both phases,
so in order to calculate F;(c) we take into account this condition. Thus we may rewrite

the whole interfacial free energy as

o 2
fs(c):N[ D_f(c)+%N\v,c\2dr. (1.1.11)

According to the basic thermodynamic principles, the equilibrium state of this system,
can be identified as the condition in which the composition variation will be such that
Fis(c) admits a minimum, or equivalently the chemical potentials should not change
throughout the system.) In order to minimize the functional #(c) we shall use basic
formulas from the calculus of variations, namely the Euler-Lagrange equation [78]]. So if
J(c) represents the integrand in one gets the Euler-Lagrange equation,

9J(c) _d ( aj(c))
g ar\a(v,e) )

thus for a stationary point we get the value for the integrand: 7(c) - 43|v.c]* = constant, or
since

(1.1.12)

lim Df=0and lim V,c=0,
r——>+00

r—>+o00
the above constant should be zero. Thus, one equivalently obtains 2%]0 =|v,c*. Thus as a

N
minimum value for the interfacial free energy one obtains:

Fn () :2fo°Df(e) dr, (1.1.13)

or by changing the variable of integration from r to the composition ¢ one can easily
derive the expression (1.1.8). O

One may also interested in the behaviour of the interfacial free energy very close to
the critical temperature @., where the two phases have the same composition, which can
be denoted by ¢.. An immediate question that eventually comes up, is whether or not
there exists any certain relation between 7; and the temperature ©? The answer can be

summarised in the following lemma.

Lemma 1.2 (Behaviour close to the critical point). Very close to the critical point
(cc,®c) for phase separation, the minimizer of the interfacial free energy (1.1.8) can be
expressed in the following form:

F™ Jo-0.= (2N/3) (A1) (0 - 0)Y20* 2, (1114

1 1
where we defined b := 5a@wﬁ”|(®(._ﬁ) and g:= 5acvc<‘f2"|(®(,c,-)~
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Proof. The idea is to expand in Taylor series f;" by consider it, as a function of the two

variables ©,c, over the critical values @.,c.. Thus, we have

I lo~e. =11 (cc;Oc) +dof1 |(0,c) (O-0c) + /T |(o,c) (c—cc)
1 m 1 m
+ Eacch |(®r-,cn)(C7CC)2 + §a®®fL |(®r=0r)(®7®c)2

+ a@ccff|(®(.7c[.) (®-0c)(c-cc)+ho.t. (1.1.15)

In order to identify the behaviour of the interfacial free energy close to the critical
temperature, we use the above expansion to derive a form for the quantity Df
close to ©.. We can derive a similar expression for f;"(c,) and we proceed further using
the condition that 9f/"|e, ., =0 for any power »>2, due to the fact that in the critical

point the system is in thermodynamic equilibrium and hence the chemical potential is

constant (see also [subsection 1.2.4). In addition, the terms associated with f/"|, .., and

9617"|(e..c.) are cancelled in pairs. Furthermore, according to symmetry reasons of £ about
the critical composition ¢. the mixed partial derivatives of f;, evaluated at the critical
point, with odd order with respect to the composition, vanish. As a result, the expansion

is finally simplified to

Df lo~o,=/1'() ~ 11 (ca)
1 m
=5 90cc T l(0,) (O~ Oc) (e~ ce)’ ~ (ca—ce)?)

1 m
+ I((C_CC)4 - (ca _Cc)4)acccch ‘(Q,Q)' (1.1.16)

Therefore, by considering the fact that o.Df |, = 9.Df |,=0, from equation (1.1.16) we
obtain dec.f{"|(e, ) (Oc—O) ((c—cc) + é( (c=cc)*Oeceef'|(o,.c.) =0, OF We can express it alternatively
as

(@:-0)b _

(Pe)’ = (ca-ce)’ = =4

(cp —ee), (1.1.17)

where b:= %a@“ J1'(©.c.) and g := %am f'l@..c.)- Thus, using the above form, we may rewrite
Df at the critical point as follows:
Df lo~o.= g((DcL)2 - (Dc)z)z, where Dc = c—-c,. (1.1.18)
Consequently, close enough to the critical point the minimizer of the interfacial free
energy (1.1.8) can be expressed in the following form,
. Dc
F oo, = VN [ DCL(lﬁg)l/z((DcL)z ~(De)?) d(De). (1.1.19)

Very close to the critical point, by expanding A} about this point and neglecting higher
order terms, we may assume it is constant. In this context, we can evaluate the above

integral by applying the appropriate substitutions and arrive to the expression (1.1.14). [

As a result, the above analysis suggests that near the critical point the interfacial free

energy should be proportional to (6.-©)*2. The interface is characterized by a very small
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parameter, called thickness /, and the interpretation of 7 will depend on the particular

problem . In the specific case / could be expressed in terms of the gradient c. as follows:

~ 5 12 S\ 12
1W_ﬁDcL(7LN) _(N) V2 (1.1.20)

~ (defdr)e, max{Dflo-o,} ) De
Thus, close to the critical temperature @, using the form we derived for the composition

difference D¢, the interfacial thickness will be

22 1/2
_ N
lo~0, Z(b(®c_®)) . (1.1.21)

As a consequence, the thickness / is an increasing function of temperature and goes to

infinite, when the system approaches the critical point.

1.2 Minimization of the Ginzburg-Landau/Cahn-Hilliard free en-
ergy: The Cahn-Hilliard equation.

Minimization of free energy corresponds to the condition of thermodynamic equi-
librium which each system has the tendency to approach (see remark for more
details). The Cahn-Hilliard/van der Waals model for the equilibrium description of phase

separation is therefore to find

min{f(c) cav= D! fD e(r,1) dr}, (12.1)
where ¢, is considered as the average composition in a uniform temperature of a stable
state [79] and F(c) denotes the Cahn-Hilliard free energy defined in (1.1.7). This minimum
can be mathematically achieved by applying the classical idea of gradient flows, which

provides also a dynamic description of the composition c.

1.2.1 General minimization procedure for an Euclidean function: method of

gradient descent.

This part is devoted to the motivation of deriving a gradient flow formulation, as
an extension of the gradient descent method used to minimize Euclidean functions.
Assuming for simplicity a functional # depends only in one variable ¢, defined for all
times in some function space Z(D), DcR?. Starting from the basic idea of the calculus
of variations, one can consider a scalar-valued sufficiently smooth function ¢(r) in R,
approaching its local minimum value, based on the idea to take steps proportional to
the negative derivative —¢ (), until a fixed point is reached. This leads to the following
steepest descent method [17, [80]]:

Titl —Ti

AN 7c,(ri), At a small enough time step. (1.2.2)

We can extend this idea to the d-dimensional Euclidean space by considering now a
scalar-valued sufficiently smooth function ¢(r):D -~ R , where D cR? and an initial guess r,,

the gradient descent iteratively moves the guess r, towards lower values of ¢ by taking
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steps in the direction of the negative Euclidean gradient of ¢, which is a function that

assigns to every point re¢ D, the unique element ve(r) ¢ R?, such that:
¢ (r)r' == (ve(r),r'), for every re R, (1.2.3)

denotes the directional derivative in the direction of r’ given by the limit (if that exists):

c(r+kr') —c(r) .
k

Locally the gradient points into the direction of the maximal slope. Similarly to the one

! U .
> (r)r :=lim 1.24
¢ (0)r' = lim (1.2:4)

dimensional case the sequence of iterates {r;} for i=1,..,n¢N, given the initial guess r, of
the solution, can be expressed in the form:

Fip1—I

o = ve(n). (1.2.5)

1.2.2 Extension for functionals: gradient flows.

It is straightforward that we can appropriately extend the above idea, where we have
to minimize a functional. Following the gradient descent method, in order to solve the
minimization problem, one can use the same idea with the iterates in this case to be given
by the gradient descent formula (1.2.5), slightly modified and customised for a functional,
ie.,

% =V F(ci), (1.2.6)

given an initial guess ¢, ¢ 2(D). The gradient of F(¢;), i=1,..,neN on the right hand side,
implicitly could be defined as the linear (in a small perturbation k) term of the change in
the function ¢, given by the Taylor expansion: F(c+kv) = F(c) +k(V¥ F(c),v) z(p) + O(k*), for
ve X;(D) c Z(D), where the index ! indicates that we can have different function spaces on
some occasions. As a result the functional gradient is well defined, using the Gateaux
derivative of F at ¢, by the following relation

Fc+kv)-F(c) _
— =

which is in other words the directional derivative at ¢ in the direction of v. The existence

63 F(c) = lim (VX F() ) 20y, Vv Xi(D) € Z(D), (127)
k—0 ()

and uniqueness of the gradient for x;(D) c 2(D) being Hilbert spaces, follows from the
Riesz representation theorem [82] p. 163]. If z is not a Hilbert space though then # being
Gateaux-differentiable do not imply the existence of the gradient. After defining the
functional gradient one can observe that in order to have the right hand side in
well defined, mathematical consistency requires to take the inner product with the test
function v ¢ x,,(D), on both sides:

dim ((eivr —ci) /A1) (p) = _Atliil)()(vf-lf(ci)v")Z(Dy i=1,.neN. (1.2.8)

Definition 1.1 (Gradient flow). The minimization flow of ¢ for all times >0, following
the steepest descent of the functional F, is defined as the "gradient flow" of ¥ [83,/84] and
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can be expressed by the following weak formulation:

(Bev)2(py = 8 F(c), Yve X (D) € Z(D), (1.2.9)

which can be directly deduced from the previous relationship for sufficiently large
neN.

Remark 1.1 (Dissipative behaviour). The time rate of change of the functional F is
negative (corresponds to free energy dissipation [85,86]), i.e.,

dF(c) _
dr

(VEF(€),00) z(py = (VE F (), ~VEF()) z(py = I VE F () |2 (py <0 (1.2.10)

In the same context, we can extend the above idea, by importing a linear symmetric
positive semi-definite and invertible operator M: 2(D) — 2(D), into the gradient flow

(84} 87], thus we need to define a new inner product with respect to this operator, namely:

<)M :<M'7')Z(D)' (1'2'11)

Thus, we can define a new gradient flow for z(p) = L*(D), starting from (1.2.9) from the

following procedure,

2
(dre.v)i2(py =— (Ve F() )2 (p)
- (M MIE F () )2y

= (MVE F (&) ) pr Ve L2(D). (1.2.12)

This procedure provides the existence of the gradient vM ™ (o), if the vE F(c) also exists

and the connection of those by the relationship

MVEF() =V F (o). (1213

As a result, one obtains the following evolution equation for the symmetric positive

definite linear operator M:

e = -MVE F(o), (1.2.14)

which provides the evolution of the initial condition ¢, in the direction of the negative
energy gradient. We shall call the triple (2,7,M), a gradient system/flow [88]. It is
straightforward that, again the free energy is decreasing over time, under the flow (1.2.14)

similar as in (1.2.10), namely:

dF(c)

o= ~(VE F(e), MVE F(e)) ppn <0. (1.2.15)

Suppose now that we are dealing with a set of arbitrary functions c=[cy,...,cm] € Z;(D) x.... x
Zu(D) for DcR? (where 2;’s represent different function spaces). Thus, in order to define
the gradient v E (¢), we need to make use of a new M inner product for two discrete

vector fields c,u such as:

(e, u)pq = (Meu)pz(py, (1.2.16)

where M stands for a symmetric positive definite tensor. Therefore, this consequently
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implies the following relation between the gradients,

MYE F(e) = vM (o). (1.2.17)

1.2.3 The ? and 7' gradient flows of the Cahn-Hilliard free energy.

Let us consider again a mixture consisting of two components A and B and the related

free energy functional (1.1.7) (after neglecting the higher order terms in the expansion),

2
Fe)= [ (ile)+ 2 (weP) ar, (1219

that has been derived in the previous section, seeTheorem 1.1.1} We are interested in

examining the time evolution of the composition ¢, by considering the minimization
of 7, with respect to the function space z = ?(D), where D cR? is generally assumed to
be a bounded domain with Lipschitz boundary of ¢ space dimensions. The boundary
condition that is considered for the specific derivation, is the homogeneous Neumann,
namely d,c:= vVe-n=0, where n stands for the outward normal. The physical meaning of
this boundary condition is that, no mass loss occurs across the boundary walls and the
total free energy of the mixture decreases in time. This condition describes a contact

angle of n/2 of the diffused interface and the boundary of the domain.

Remark 1.2. In the sequel and where it is necessary, we will make use of the following
notation Dy :=Dx (0,T), and dDy :=dDx (0,T), where DcR? and T € (0,+) the maximum time

of observation.

Theorem 1.2.1 (The Allen-Cahn equation). The L>-Gradient flow of the free energy
leads to the Allen-Cahn equation [5], [4]:

dc=2A2Ac— f,(c) inDr, (1.2.19)

with homogeneous Neumann boundary condition dc|;p, =0 and some initial condition
Cinit (r) == ¢(r,0) e H (D).

Proof. The Gateaux differential of F(c) at c in the direction of ve L?(D) (£*-gradient), can

be formally derived as follows:

L’ oL’ 2

6. F(c)=(V¢ f(C),V)Lz(D)., velL" (D)
- lim F(c+kv)-F(c)

k—0 k

:f(limw+limk|Vv|2+12Vc-Vv)dr
D \ k=0 k k—0

:flj(éﬂ—fd”k‘;{)_ﬁ@)+/12/Dw.vv)dr

1imwdﬁ—12[ va-nds—)Lz/vAcdr
D D

Dk—0 k
Y A G /A QY f vAc dr, (1.2.20)
D k=0 k D

23



CHAPTER 1. INTRODUCTION TO CAHN-HILLIARD TYPE DYNAMICS.

where we used integration by parts and homogeneous Neumann boundary conditions.
Furthermore by plugging the Taylor expansion around c, namely f;(c+kv) = fi.(c) +kvfy (c) + ..,
into the first term of the integrand one obtains: 8 F(c) = (f; (c) - A2Ac,v) 12(py and from the

gradient flow formulation one gets then (dic,v)2(p) = (A*Ac— £(c),v) 12(D)- L]

The quantity u:= f;(c) - A’Ac (chemical potential) represents the driving force for the
local reduction of ¢. The Allen-Cahn equation is a non-mass conserving reaction-diffusion
equation and was originally introduced to describe the motion of anti-phase boundaries
in crystalline solids (regions where the atoms are configured in the opposite order to
those in a perfectly ordered lattice system). The main characteristic in this case is that

the phase is not uniquely determined by concentration, temperature and pressure, etc.

Theorem 1.2.2 (The Cahn-Hilliard equation). The H'-Gradient flow of the free energy
(1.2.18) provides the Cahn-Hilliard equation:

ch=A(fL(c)—7LzAc) inDr, (1.2.21)
with homogeneous Neumann boundary condition oc|,p, =0, no-flux boundary conditions

ontt|yp =0 and some initial condition c,; (r) = c(r,0) e H (D).

Proof. The starting point in this case is to consider the minimization of the functional
(1.2.18), with respect to the function space H,, (D) and its bounded linear mapping #~'(D),
ie., H™' (D)= (Hy, (D))', where

H(lo)(D) = {ueHl(D) : fDudr:O}7 (1.2.22)

equipped with the semi-inner product, <u,v)H<10)(D) = (Vu, Vv)2(py- Additionally to the ho-

mogeneous Neumann condition, one can impose an extra boundary condition for the

chemical potential u, namely d,u |;,=0 (no-mass flux condition). This reduces further to

the following form:

OnAclyp =0, since dnf = f Inc = 0. (1.2.23)

The physical meaning of the this extra condition is that none of the mixture can pass
through the walls. We additionally equip #~!(p) with the semi-inner product,

(u, V)H—l (D) = <VM*,VV* )Lz(D)1 Yu,ve H71 (D)7 (1.2.24)

where v*,u* ¢ Hy (D) are such that:

(1.2.25)

_Aj* :J'|j:u‘v inD,
Vj*nljyy=0 ondD.

Thus, starting from the previously derived in (1.2.20), £>-constraint gradient of F, one

obtains
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85 F(e) = (VE F ()
= {f2(c) = A*Acv) 2 ()
= (fL(C) ~AAc,-Av* )12 (D)
(V(fL(c) = A7Ac), Vve)pa(py
= (~A(fL(c) = A*Ac) V)1 ()
(VI F (), 91y ¥V € Higy (D), (1.2.26)

where we applied integration by parts, the no flux boundary condition (1.2.23) and the
semi-inner product (1.2.24). It turns out that v# ' #(c) = -Av% F(c). O

Remark 1.3 (Formulation with mobility). Alternatively, if we consider the variation

with respect to the semi-inner product [20,84]:

(U V) (py = Vi, Vv) pg = (MVu, Vv) 12 (py, Yu,v cH'(D), (1.2.27)

where M could be either a symmetric positive definite tensor (the discrete counterpart of
an operator M with the same properties as in (1.2.16)), some constant or a function of c, we

obtain

(VE F () Wi () = (MY (f1.(c) - A2Ac), 99 121 = (~div(MV (f1() - A*Ac)). ) 121, (1.2.28)

after integration by parts. As a result of the gradient flow, one obtains the Cahn-Hilliard

equation, namely

dic= div(MV(fL(c)—lec)) inDr, (1.2.29)

with initial condition c;, (r) := ¢(r,0) e H' (D), no-flux and homogeneous Neumann boundary

conditions.

Similar approaches and more details about the gradient flow derivations of the two

equations can be found in [74] 91} 92]].

Remark 1.4 (Conservation of mass and free energy dissipation). A straightforward

property of (1.2.29) is the conservation of the total mass [, cdr, namely

d . _ _
Echdr—/D&cdr—fde(Mv,u) dr—faDM(Vu n) ds =0, (1.2.30)

holds because of the chosen boundary condition. In addition, it holds that the free energy is

decreasing over time, i.e.,

dF(z) 12 . ) 2
— 5 = (VE F(0).0¢) 2y .:[Dudw(MVu) dr:—fDM(w) dr <0, (1.231)

in the last equality we used integration by parts.
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1.2.4 Physical interpretation of the Cahn-Hilliard dynamics

The Cahn-Hilliard equation describes the process of phase separation in binary alloys.
The study of phase separation in binary alloys and liquid mixtures [6} 79, 93] has been
of interest over the last decades and has its origins in non-equilibrium thermodynamic
processes. Some of the examples include binary and ternary metal alloys which are
produced when the constituent metals are heated to their liquid phases, liquid mixtures
and systems of magnetic spins [[94,95]. In order to understand better this procedure, let
us consider again a mixture of two different pure or fairly pure chemical substances, say
A and B. The process of phase separation, can be defined as the mechanism, by which a
mixture of these two or more components from a uniform mixed state, has the tendency
to form (after cooling) a fine-grained mixture of two different distinct regions (phases),
each of which corresponds to different and stable composition configuration. During
this stage, one can observe nucleation and spinodal decomposition, followed by a clear

formation of the two dinstinct phases, in a very short time [96]].

J—

(€] 1 phase region
critical point (¢, @)

binodal

1
1
1
1
1
L
Ce

spinodal

: A

Figure 1.2: Schematic diagram of phase separation (left) and illustration of the composition variation ¢/ > cin > ¢/ (right).

This particular change is observed when the mixture, which forms a single homoge-
neous phase at some temperature greater than a critical temperature @, is rapidly cooled
to a temperature where the homogeneous state is unstable. In the homogeneous state, the
respective composition of the components is the same at all locations. In addition, in the
heterogeneous case, there are regions locally richer in one of the substances. The critical
temperature ©. could be identified as the temperature at which the two phases attain the
same critical composition c.. Below this critical temperature, thermodynamic equilibrium
corresponds to the coexistence of two phases, one phase rich in species B and the other
phase rich in A. As a result, this instability leads to composition fluctuations, that are
immediately followed by phase separation. The phase diagram in [Figure 1.2] represents
the evolution of the composition ¢ (horizontal axis) as a function of the temperature ©
(vertical axis).

The binodal curve (or coexistence curve), denotes the condition at which two distinct
phases may coexist and divides the phase diagram into the homogeneous and heteroge-
neous regions. Above this curve any uniform composition is stable. The binodal curve
intersects with the spinodal at the critical point (c,©.) and the region above the binodal

corresponds to a one phase region as one can see in the above figure. The condition of
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file) s

spinodal

Figure 1.3: Homogeneous free energy density of study f;(c) = 100c*(1-¢)*. The system is considered to be in its energetically
favourable position for compositions inside the miscibility gap (between the minimizers off; (c)).

thermodynamic equilibrium corresponds to the coexistence of the two phases. The col-
lection of points where 92f.(c) =0 forms the spinodal curve. Below this curve, the mixture
totally separates into two separated values for the composition and the state is unstable.
Inside the miscibility gap in[Figure 1.3|(for compositions between the minimizers c=0, c=1
of fi(c)), a phase-separated system is considered to be in its energetically favourable
position.

Whereas, outside the miscibility gap, the system remains homogeneous at equilibrium
for any value of the composition. In the chemical spinodal (the region of linear instability,
above the dotted line in which 92/.(c) <0), we observe small composition fluctuations
that randomly grow through spinodal decomposition. The state in the region between
the two curves (spinodal and binodal) is characterised as metastable. Obviously, the
system is stable, only in a uniform temperature greater than the critical temperature
©.. More details about stability analysis of the Cahn-Hilliard equation can be found in
(93,97, 98]. The thermodynamic description of phase separation is also related to the
term quenching and in particular, the Cahn-Hilliard formulation describes well the case
of quick quenching where the system is rapidly cooled and undergoes phase separation.
Finally, the term critical quenching describes the case where the system evolves through
the critical point, see [20, [99]].

The interface between the two phases a and B, is not sharp, but has a finite thickness,
let us denote it by 7, in which the composition changes gradually. The interfacial thickness,

in the case of the non-uniform mixture of A and B, close to the critical temperature @, has
been shown to obtain the following expression (see [3]] and for more details):

/
A2 1 93 ,
l@N@( = 2(b(®c—®)) , b:= Em |(C(_T®(_)7 with @ < Oc. (1.2.32)

Thus, the thickness 7 is an increasing function of temperature and goes to infinity when
the system approaches the critical point (c.,0.). Inside the interfacial area (thin white

region) the composition ¢;, varies gradually between two equilibrium compositions cq in

phase & and ¢4 > cq in §, as shown inFigure 1.2
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1.2.5 A review on well-posedness of the classical Cahn-Hilliard equation.

The next step towards the analysis of the Cahn-Hilliard equation (1.2.21) is to verify
existence and uniqueness of solutions for the problem of the associates (1.2.25). Following
the ideas by C. M. Elliot and J. Blowey [79]], [100], in combination with the recent review

article by D. Lie et al [74], we define a bilinear functional over the space H,) (D) defined

in(1.2.22} i.e., B:Hjy) (D) xH o) (D) >R, DcRY,

which is such that:
B(u*,v) = vau*~vv* dr. (1.2.33)

The boundedness of B is a result of Holder’s inequality [101} p 48], namely:
1B v < IVu ) IVV L2 oy < Clle ey 0y [V gy, () (1.2.34)
for some strictly positive constant ¢. Coercivity of B is straightforward, as it holds:
B(u* ") = ||Vu* |72y, ¥ u” € Higy (D). (1.2.35)

Furthermore, as a consequence of the classical Poincaré inequality [101] p 218], one can
deduce for u* e Hj, (D) that

N2y = [ @ dr= [ =l [ wdr<cp [ |vurPdr=coBtat), (1230

where ¢p depends on the domain D, in this case. One can combine the relationships

and obtain for the #/y-norm:

e,y 3= 1987 N2z o)+l 220y < (C+ DB 7). (1237)

Since we verified existence, uniqueness of the solution u* ¢ H, (D) of the problem
)= " dr, 1.2.38
B(u ,v") vav T, ( )

follows from the Lax-Milgram theorem [82, p. 164], for all v* € H, (D). We consider
now the more general case of the Cahn-Hilliard formulation (1.2.29) with a composition
dependent mobility M:= M(c), supplemented again with homogeneous Neumann, no-flux
boundary conditions and initial condition c;u;(r) := ¢(r,0). We shall also make a remark
on the Aubin-Lions Lemma, and a special version of Gagliardo—Nirenberg interpolation

inequality, which are constantly used in this Thesis.

Theorem 1.2.3 (Aubin-Lions). Let Z(D) c 2,(D) c 2,(D) are Banach spaces, with the em-
bedding z(D) - 2,(D) to be compact and the 2z,(D) - 2,(D) is considered to be continuous.
Then, for 1 < p,q<c the embedding

{ceL?(0,T;2(D))|dkc e L1(0,T; Z2(D))} = L"(0,T; Z1(D)), (1.2.39)

is compact for p < co and the embedding

{ceL?(0,T;Z(D))|dice LY(0,T;2,(D))} = C([0,T]; Z(D)), (1.2.40)

is continuous for p=c and q>1. For the proof and more details see [102, [103] and also
[104,[105)).
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Lemma 1.3 (Ladyzhenskaya inequality). Let D be a Lipschitz domain inR?, d=2,3 and
ceCs° (D), then there exist constants ¢, depending only on D such that,

—d/4 d/4
lellzscoy < €y lellz IV ellfhepy - d=2.3. (1.241)

For the proof and more details see [106,107].

Following the basic steps of the proof by C. M. Elliott and H. Garcke [7] and reviewing
the main points of the work that has been done in (8|97, 100, 108 [109], we assume the

following conditions.

Assumption 1.1. The mobility coefficient M e C(R,R") satisfies m<|M(c)| <M, for constants
M,m>0. Additionally, there exist some constants Cy,Cy,C,,C3,C4,Cs >0 such that |f{(c)| < Cole +Cy
and G| —C3 < fi(¢) < Cy|c|"! +Cs, for g=d/(d-2), if d>3 or qeR* and arbitrary when d=1,2.

Theorem 1.2.4 (Existence of weak solutions for the classical Cahn-Hilliard equa-
tion). (see [7, Theorem 2]). There exists a pair of functions (c,u), such that
ceL(0,T;H" (D)) nC([0,T];:L”(D)) and dc e L*(0,T;H (D)), € L*(0,T,H" (D)), (1.2.42)

forl< p<2d/(d-2),d>3, orpeR", d=1,2, where DcR? is a bounded domain with Lipschitz
boundary. The pair of functions (c,u), solves the following mixed weak formulation, for the

Cahn-Hilliard equation with mobility M(c) (which satisfies the assumption|Assumption 1.1)):

T
fo (9he,v) -1 Dyt (py d + fl),,M(c‘)vu-wdrdz:o, VveLl?(0,T;:H" (D)),
(1.2.43)

fl)u(])dr—jl;fi(c)(pdr—lszVoV(bdr:O, V¢ ecH' (D) and almost V't € [0,T],

supplemented with initial condition c;,;(r) = ¢(r,0) e H' (D), no-flux M(c)d,u = 0 and homoge-

neous Neumann d,c =0 boundary conditions on aDr.

Proof. In order to show the existence of weak solutions, we will first adapt the classical

idea of applying a Galerkin approximation, by considering the ansatz:

N N
N (r,t) = ;aiN (£)¢i(r) and ™ (r,1) := ;ﬁ,” ()i(r), (1.2.44)

where the ¥, i, are approximate solutions of the Cahn-Hilliard problem with no-flux
and homogeneous Neumann boundary conditions (i.e. M(c)d:u|yp, =0 and duclyp, =0), by
considering an orthonormal basis of the eigenfunctions of the —A, namely (¢:,¢;)2(py = &;
in #'(D), with the corresponding eigenvalues ¢; (with ¢, =0) and homogeneous Neumann

boundary conditions, i.e., V¢;-n=0ondDr.
<[D8,ch)jdr:7<[DM(cN)V,uN-V¢jdr,

/;uN(i)jdr:?Lz[DVcN~V¢.,-dr+/;fi(cN)(pjdr,j:l,..‘,N, (1.2.45)

N
N (1,0) = " (Cinir 1) 12 () 9i-
i1
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Plugging the approximations expansions (1.2.44) to (2.1.3), provides the following system

of ordinary differential equations for a;,..ay, i.e.,

N ul N N N
ddi == By _/M >oa; (1)9i(r) | V-V dr,
k=1 D \i=t

oy 1.2.46

ﬁ,»N=12e<,-a’jv+[DfL(ZaiN(t)@(r))@dr,j=1,...,N, (1240
i=1
a} (0) = (Cinir, ®j)r2(py-

An a-priori estimate can be derived, by taking the time derivative of the free energy
functional

2
F((r,0) = fl)J‘L(cN)+)L7|VcNI2 dr, (1.2.47)

which can be explicitly derived, as follows:

dF
[ ac 22w vac e

:[)uNatcNdr

=—/DIMI(CN)|WLN|2 dr, (1.2.48)

which comes from Green’s first identity and the classical Cahn-Hilliard equation, i.e.,
o = div(M(cV)veY). A further integration of

fo[(cN)a,cNmzch-va,cN alr=—fDI\/JI(cN)|qu|2 dr, (1.2.49)

over the time interval (0,7), yields

12
7fD|vCN(r,T)\2dr+fDTM(cN)\wN\Zdrdz+foL(cN(r,T))dr
:/f(cN(r 0))dr+’lzf|wN(r 0) dr (1.2.50)
't ’ 2 Jp ’ ' o

The assumption for the initial condition, i.e., ¢ (r) = ¢(r,0) e H' (D) together with the

boundedness of the £, (V) (see|Assumption 1.1) imply the inequality

2
'wacN(r,T)F dr+/ M(CN)\VuN\zdrdt+/fL(cN(r,T))dr
2 Jp Dr D
AT N 2 N
- D7|vc (I‘,O)| +fL(c (I‘,O))dl‘
12
< SV (0122 () + Calle” (1. 0)I[f1 ) +C5[D. by the[Assumption T]for fi

A .
< 7\|Vcini,|\iz(D) +C4C6||c,<,,,~,|\z,+1 I(D) +Cs|D|, by Sobolev embedding [101] p 213]

<C, (1.2.51)

for some strictly positive constant ¢ since c;,; ¢ H' (D). Furthermore, from the weak formu-

lation /;atCN¢jdr=*/;M(CN)VMN'V¢jdr for j =1, we obtain

fD o (r,1) dr = fD (e~ (r.0)) dr=0, (1.252)

which simply indicates the conservation of mass. We next consider a projection PV of
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L*(D) onto the span(¢;,...9x), defined by

Vo ::Ji(fl)¢¢j dr) ;. (1.2.53)

Thus, one can find an upper bound for the integral of ¢"(r,r) using this projection and

Holder’s inequality, namely

<

N
:|fP Cinir dr
D

N
<[[P"cinill 2 ()| DI

‘chN(rJ) dr /DCN(r,O) dr

1/2 2
/ s|\cmnlle(D)|D|1/. (1.2.54)

The combination of the inequalities (1.2.51} [1.2.54) with the Poincaré-Wirtinger inequality
(101} p 218], implies

2
N 2 N 2 N
ess supg7llc” (r,7)[[12(py < Cp ess supy,.7||Ve (r,t)HLz(D)+C;aess sup0<t<T(/Dc (r,t)dr)

< CpC +Cplleinilz2(py D, (1.2.55)
which subsequently provides the estimate

N N
1 (v, )= (0,11 (D)) = €55 SuPorrllc” (1:1)||pz1 (py < P, for all N. (1.2.56)

This implies that the coefficients 4/ (1)|;-1, v, are bounded and as a result a global solution

to the system ((1.2.46) exists. Furthermore, the inequality (1.2.51) provides the following

estimate:

(™) o7z o,y <€ (1.2.57)

and subsequently we obtain

- UD o NPV dr dr

‘fDT o drdr

= UD M(Myvu - vPV ¢ dr ar

e 1/2
older’s
o ([D CANTAE drdt) (fD VPP drdt)

IM(c)|<M
<

1/2

1/2
Ml/z(fDT|(M(CN))1/2VMN|2 drdt) 199l.2(p,)

230
< (MC) V912 (py)

<C9ll2 071 () (1.2.58)
for all ¢ ¢ 2?(0,7;:H" (D)) from which, we straightforwardly deduce the bound,

HBTCN”L?(O,T;H*‘(D)) <C' for all N. (1.2.59)

Thus, it turns out that the #~'-norm of the time derivative of the composition field (over
the time interval (0,7)), is bounded from above by a constant that depends on the influx g.
In addition, since ¢; are eigenvalues of the Laplacian with ¢, =0, then from (1.2.46) and

the assumption for f/, it follows that:
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| [ A ) ar

< [ (N ) ar
<D (™ ()2 )

1/2
s|D\1/2(fD(CO|c\q+C1)2dr)

1/2 N
<ID|"*ColIcM |20y + C1 I

‘fDuN(r,z)dr

1/2 N
< D" CollcM | (py +CiID
<|p|'Pcyc+ D), (1.2.60)

which follows again by Sobolev embedding and (1.2.56). In addition, from the related
assumption for the mobility and by the Poincaré-Wirtinger inequality with constants
Cp,Cp, we obtain using the average {u(r,r)}av = |D|”" fDuN(r,r) dr that

2
Com [ 191" (r.0) P dr | (v.0) 72y = mCh ({1 (1))

2| (r,0) 172y ~ mChCh, (1.2.61)

where ¢}, := (|p|"'cyc+¢;)? which comes from the estimate (1.2.60). Hence, on noting that
the estimate (1.2.57) holds and by integrating (2.1.47)) over time, it follows that

T T
mfo ||uN(r7z)|\iZ(D)dzgmc,’nc,’)ﬂcpmfo IV (5,0)| 22y di < CpC+mChCHT (1.2.62)

and therefore we can deduce the bound
HNNHLZ(O,T;HI(D)) < C[,’,m,D,T7 (1.2.63)

where ¢}, p 7 >0 is a constant that depends on the constants ¢p,¢;, the constant ¢ from
(1.2.51), the lower bound m of the mobility and the maximum time of observation 7 > 0.

Hence {u"} is a bounded sequence in £?(0,7;H' (D)). Hence by Aubin-Lions Theorem 1.2.3
and the inequalities (1.2.56} [1.2.59), we obtain the following convergence results for a

subsequence of ¢V as N — o (we can denote the subsequence ¢"):

N e, weakly-* in L™ (0, T:H' (D)),

N —¢, strongly in L2(O,T;L‘”(D)) and C([0,T];L7 (D)),

for1< p<2d/(d-2),d>3,0orpeR", d=1,2. (1.2.64)
In addition for the time-derivative we deduce the following convergence result:

o — oy, weakly in LZ(O7 T:H' (D)). (1.2.65)

Finally, we can deduce for a subsequence of u" (still denoted by u") the convergence,

[,LN — U weakly in L2(O, T;H' (D)) (1.2.66)
and the proof is completed. [

Recent and interesting approaches on the analysis of the Cahn-Hilliard equation with
influx and dynamic boundary conditions i.e variants of the form d,c- oA pu +dhp=0,06 >

0on dDr, can be also found in the work by C. Liu and H. Wu [110] in which they formally
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derive the model using an Energetic Variational Approach and study the existence and
uniqueness of global weak/strong solutions with or without surface diffusion. Moreover,
P. Colli et al in [118] [119], introduced a convective term with a forced velocity field
and a mass constraint on the boundary which results the appearance of two Lagrange
multipliers [120, Section 17.6], one for the bulk part and the other for the boundary. Finally,
the Cahn-Hilliard with reactions model (with nonlinear Newton boundary conditions)
coupled to rate-dependent damage processes for the description of the behaviour of

electrodes in lithium-ion batteries, has been recently analysed by C. Kraus, C. Heinemann
and A. Roggensack [121] [122]].
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Chapter 2

Numerical studies, porous media and

homogenization.

In this chapter, we are dealing with various computational aspects related to the
Cahn-Hilliatd formulation and its variants. We additionally, investigate the correspond-
ing models in the periodic porous media setting and obtain by formal homogenization
arguments effective/upscaled approximations. To this end, we generalize the notion of
classical two-scale convergence to a reiterated homogenization procedure by consider-
ing one additional microscale (three-scale asymptotic expansion). Finally, we are also
extending our initial considerations of the classical binary two-phase mixtures, to the
more complex case of multiphase ternary alloys, in which due to a variable reduction
constraint between the three different substances, we end up to examine a system of two

equations, involving the two of the three components of the ternary mixture.

2.1 Microscopic formulations, discretization and homogenization

of Cahn-Hilliard type equations.

The first step towards numerical studies for the classical Cahn-Hilliard system

drc=div(Mvpu(c)) inDr,
2.1.1)
1(c):=f,(c)-A%Ac inDr,
is to obtain an efficient weak formulation by mixed linear finite elements [123]], in the

space

Vi = {¢EC(D)|¢|K€PI(K)7K€771}7 (2'1‘2)

where 7, denotes a quasi-uniform triangulation of the bounded polygonal domain b c R?
into triangles (for d =2) or tetrahedrons (for 4 =3), with mesh size ». The domain of
integration is set to be the unit square b =[0,1]x[0,1], for simplicity. We consider the
discretization in time by 1 =iAr,ie N, for 0 <i<N such that 7y =7, is the final time-step and
At >0 denotes the time-step size. We consider the case of constant mobility coefficient M =1

for computations and a reasonably small value for the surface parameter (interaction
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length), 4 =0.01. All the computations are performed using the Python-FEniCs library
[18] for numerical solutions of partial differential equations, based on the finite element
method and the perforated meshes are created using the mesh generator of the open

source package mshr, which is part of FEniCS.

Figure 2.1: We consider the following types of isotropic periodically perforated domains for computations, which are created by the
mesh generator mshr.

Discrete mixed weak formulation. We consider the time discretized form of the
classical Cahn-Hilliard system’s (2.1.1) weak formulation

fDatcvdrz—MfDV/J'Vvdr:O,
(2.1.3)
fDmpdr:Az/DVc-V(pdr+ /DfL'(c)(pdr,
for all v,¢ e H'(D) and under the hypothesis of constant mobility M >0, by using the
0-method which generalizes Crank-Nicholson’s method (6 = 1/2) to an arbitrary 0<6 <1
[124]:

Pive = (1=0) i+ Oty (2.1.9)

As a result, we obtain the following classical finite element discrete mixed formulation
for all v,p ¢ H'(D):

Ci+1 —Ci

fDTvdr+M/DVui+9~Vvdr:0,
(2.1.5)

[uerodr= [ (i par-2> [ vein-vodr-o.

A similar formulation holds in the case in which we consider the domain to be a
porous medium with a periodic coverage of reference cells, where the solid phase can
be given by circular obstacles (or square-shaped obstacles) (see [Figure 2.2). The full
microscopic problem in the case of neutral wetting (contact angle 90°)[125H127] with

no-flux boundary conditions and initial condition ¢*(r,0), can be formulated as follows:

ot = div(MV( F1(5) - AZACS)) in D%,
(2.1.6)
Onc = At =0 on dD¥.

Remark 2.1. In the more general case inhomogeneous boundary conditions of the form
Vet -n=eQ may appear, due to a surface energy contribution to the Cahn-Hilliard free energy.
The parameter Q = -sy/C, accounts for the wetting properties of the pore walls and depends
on the Cahn number ¢, = A/L and the fraction y:=2/2c./30,,, where c. is the local equilibrium
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limiting value of the free energy F and o), is the liquid-gas surface tension. The choice of s>0
indicates that the pore walls are hydrophilic and for s <0 hydrophobic. Hence, s =0 stands for
a contact angle of 90 degrees, i.e., the case of neutral wetting (0 =0), which is the situation of

interest in this project.

A well-accepted approximation is then the exact periodic covering of the porous medium
by a finite number of single reference cells v := (0,£)? c R?. Hence, we can define the

perforated domain of length A and heterogeneity ¢:=¢/A by

Df:=U,pu € (Y +12), (2.1.7)

where v := v, uy, and more precisely v, stands for the pore phase of each cell (e.g. liquid or

gas phase in wetting problems) and v, the corresponding solid phase, see The

Figure 2.2: The idea of upscaling: Representation in two dimensions of the isotropic perforated domain which is composed of
subdomains D? of characteristic length A, and is covered by a periodic replacement of reference cells ¥ of characteristic length ¢. As
the heterogeneity ¢ := £/A becomes infinitely small, the perforated domain can be approximated by homogeneous one. (The figure of
the perforated domain in grayscale, has been taken by G. Allaire Notes on Homogenization, Ecole Polytechnique.)

Yi

Reference cell Y =Y, UY,.
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D e=——10 A
A
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2-d representation of the perforated domain and its homogeneous approximation as € — 0.

discrete mixed weak formulation scheme for the model is the same as (2.1.5) adapted in
the porous media setting and can be compactly rewritten with the help of the following

identifications, summarised in the next statement.

Discretization scheme for the microscopic Cahn-Hilliard system.
We discretize the microscopic problem (2.1.21) by mixed linear finite elements in space

and we compute numerical approximations in time by the 6-method which generalizes
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Crank—-Nicholson’s, as mentioned earlier. To this end, we define the mass matrix by
G = {(919))} 1 joq (Where {<pj}§=1, linear finite element basis on v,), the stiffness matrix
$:={(V1,V9)} |, oo and the nonlinear matrix K(cZ/,) = {((cﬁil)2<pi,<pj)}’lg~jgd. We denoted by
(V*1,v%9,), k=0,1 the usual £?-scalar product [, v*¢;-v¥¢; dr, k=0,1. In addition, we denote by
cha = 271 ¢j9;(r) the finite element approximation of the mircoscopic solution ¢* for #, = nar.
The index 1¢N,0<1 <L, denotes the iteration level in the scheme, linearized by a fixed point
iteration. The scheme also consists of the §-method: p/t! == (1-6)ps +opc’i' 0<6<1.

Therefore, the following mixed finite element scheme can be applied for mobility
M = ml, m>0 [20]:

e,l+1 gl+1 _ €
Ge,\ +mASp L = Gey,

(2.1.8)
G#s,lﬂ +K(Ce,l )ce,l+1 _ %GCE'ZH 712808.l+1 _ 0’

n+6 n+1/"n+1 n+1 n+1

where (¢! uole!) with po*1 = {uf7* 1) and ¢! = (51}, are coefficient vectors of
the related finite element functions. Finally we considered in the discretization scheme,
the following form of the homogeneous free energy: f.(c) = (1/4)c*(1-¢)?, the derivative
of which appears in the definition of the Cahn-Hilliard chemical potential, i.e., u(c) :=
fl(c)-AAc. In the same context we introduce the following function space, which is

constantly used in the sequel:

Hlo(Y) = {c & Hper (V)My () = V" [ cay =o}7 (2.1.9)
where A,,,(v) stands for the closure of ¢j;,(y) in the #'-norm.

An effective/homogenised macroscopic equation can be derived from the Cahn-Hilliard
formulation in porous media, with the help of basic principles of homogenisation theory
[12] and more precisely by applying a two-scale asymptotic expansion of the form

(’)g(rvt) = isici(LYJ) = CO(LYJ) +é&cy (rvyat) + SZCZ(I’»YJ) T (2.1.10)

i=0
where y:=r/e ey stands for the microscale. Plugging this ansatz to the microscopic
formulation, leads to a sequence of problems where a solvability constraint on the
problem for c,, provides the upscaled Cahn-Hilliard equation (derived by M. Schmuck et
al in [[13] 128, [129]]) for an infinitely small value of the heterogeneity ¢ - 0 (for the idea
of upscaling see [Figure 2.2). The upscaled equation, in the case of isotropic mobility

M=m{8;},.; ;g With m>0 and porosity p:=|vi|/|¥|, reads:

poicy = div (m]D)Vfi(co)) - p~'A%div (m]D)V [div(]D)Vco)]) in D,
(2.1.11)
n-DVcy=n-DVAcy=0 ondDr.
In the above equation, D:= {D;;},; j<s Stands for a tensorial quantity (effective tensor) with
elements defined by:

L w1 ¢ ()
D,j.Myl(a,J o ) i (5,, S )dy, (2.1.12)

where the correctors &/(y) € H)..(¥;) for 1< j<d are unique, in the sense of distributions,
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solutions of the following reference cell problems:

&9 9t (v)
-2 5| %k =0 in¥;,
i,,Z=:1 3)’:’( e dy;j mh
d _zk
zn,-(a,-W):o on 1, @119
i,j=1 Yj

& (y) is Y periodic and My, (%) = 0.

Remark 2.2. It has been rigorously shown in [130, Theorem 1], that for smooth enough data,
Lipschitz boundary oD® and isotropic mobility M = ml, the error quantities E¢ := ¢* - (co+€c1)

and EY := w® — (wo+&w;) with

d
wy = - k_zl¢£<y)arm(r,r>,

(2.1.14)

d
cri= - kz EX(¥)n.co(r,1),
=1

of the solutions of the following splitting formulation for -Ac = w*®, for the microscopic

problem (2.1.6), i.e.,

o (=A) W = div(MV) (f1 (c¢F) +A*w®)  inDS,

(2.1.15)
OawE = =9 At = It =0 on 8D‘§-,
satisfy for0<t<T <o and polynomial free energy, the error estimates:
w ! w 1/2
1Ee (1) |2 (pey +¢(m, A, k) fo AeEe (-,0)ll12(pey ds < € "°C(T,D,m,k, A),
(2.1.16)

HE“? ('7[)||H1 (Df) < 81/4C(T,D,m,k,l)7
where the constants C(T,D,m,k,1),c(m,A,k) >0, are independent of the heterogeneity «.
Remark 2.3. Consequently, we can adapt the discretization scheme (2.1.8) for the microsopic
formulation (2.1.6)) to derive one for the homogenized model (2.1.11) with the same definitions

for the quantities involved, as follows:

0,/+1
n+l

0,/+1

0
n+6 :chn’

pGe '+ mArSp

(2.1.17)
Guo”“ +]K(c°” O %Gco.m —/'1,2]7_1@(:0’”1 _0,

n+6 n+1/"n+l n+1 n+1

in which we additionally introduced the effective stiffness matrix defined by S := {s;}/_,,
where §;; = (DV§;, V§;).

A recent computational study on the behaviour of the 7-error between the upscaled
solution and the solution of the microscopic problem (see [20]), which can be defined
by EL = |\t -collz2(pe)>, Where D® the periodic porous medium with circular perforations,
suggests that the convergence rate coincides with the analytically derived upper bound
of 0(¢'/*) based on a truncation argument for the constant involved in the estimate
(see [130] for more details). It is worth mentioning that for different parameters of
the model such as different time step size, or number of time steps and different initial

conditions, the upscaled error admits computationally various convergence rates for the
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same type of perforations, but generally better than 0(e'/*). Examples include an O(e?)

0.054

00s3| —emems lle€ = coll 2 o)

0.052
1/4

a1 € —ap

0.051

0.050 ~

L2 — Error
0.049
0.048

0.047

0.046

0.045
0.02

Figure 2.3: Possible convergence rates of the upscaled Cahn-Hilliard equation (2.1.11) with m = 1, porosity p = 0.5 and surface parameter
>
A =0.01. The error E5 :=||c* - coll2(pey is investigated after 5 time steps with time-step size Ar = 107¢ and for fixed mesh size & = 1/100.

convergence rate, i.e., aje’ +ab, a;,as positive constants, or a rate of a;'/* -y, a;,a, >0 are

constants such that a,e'/* - a; <aje'/* and other, as illustrated in [Figure 2.3|and [Figure 2.4

and constructed with the help of the FEniCs library. Since the error estimates grow in

0.0025
—ememe [[c® =collr2(pey

1 a2
0.0020 — a€" +a,

L% — Error

0.0015

0.0010

Figure 2.4: Possible convergence rates of the upscaled Cahn-Hilliard equation (2.1.11) with m = 1, porosity p = 0.5 and surface parameter

>
A =0.01. The error EX := ||c* - coll2(pey Is investigated after 5 time steps with time-step size Ar = 107 and for fixed mesh size & = 1/100.

time (see and [27]) the (exact) initial conditions are defined on the perforated
domain, the relaxation time is expected to be very short with the numerical scheme
of the upscaled problem and hence the error is being examined after the first 5 time
steps for vanishing heterogeneity ¢ - 0. The exact error quantity used for the numerics is
EE = ||t~ co| 12(pr)> Where ¢ is a linear finite element solution of the discretization scheme
of the microscopic Cahn-Hilliard formulation and ¢, is a solution of the scheme
approximating the homogenized equation.

In light of the above, it may be of interest to verify certain dependence of the numerical
parameters mentioned above and the convergence rate for the same type of periodic
perforations, as we so far be aware of the fact that geometry and regularity of the
boundary influence the size of the estimated error bound, as well as the discretization
of the boundary geometry, since the resolution in this case demands a larger number of
grid points to resolve the curvature appropriately, than in the case of flat surfaces. Hence,

for square shaped perforations we generally expect a better convergence rate, which has
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been computationally shown to be close to O(¢), (see[20]).

Definition 2.1 (Local thermodynamic equilibrium). The key requirement for the
derivation of the effective equation, is the assumption of local thermodynamic equilibrium,
in which we require that the chemical potential u(c) = f/(c) - A*Ac, varies over the different
reference cells and remains constant on each particular cell Y and not on the macroscale.
Equivalently the derived upscaled chemical potential py(co) = f](co) - p~'A*div(DVey) satisfies
the same property, i.e., oy, uo(co(r)) =0, inDxY.

This constraint consequently leads to linearisation of the first derivative of the homoge-
neous free energy f;(c°), around the upscaled solution ¢,. The method that applied for the
derivation of the upscaled equations relies on the use of a formal asymptotic expansion, by
introducing the microscale variable g =:ye Y. Moreover, a consequence of Local Thermo-
dynamic Equilibrium (see definition [2.1) and the linearization of the nonlinear free energy
density around the homogenized/upscaled solution c, i.e., f1.(c%) = f(co) + f.(co)(c® —co) + ...y
is that we end up with the classical (linear) cell problem (2.1.13).

Remark 2.4. The homogenized equation is valid when the interfacial width is
smaller than the characteristic pore size ¢. This particular case is more often observed in
real world applications, where it is assumed that solid—fluid or fluid—fluid interfaces are
much smaller than the pore size. If this would not be the case, then such materials would not
be suitable for applications since too much energy to pump fluids through such a medium,
is required. Consequently, an interfacial width smaller than ¢ forms a vital requirement
in modelling porous media, since it also guarantees the well-accepted property of Local
Thermodynamic Equilibrium [20,(131-133].

A weak formulation to the above problem (2.1.13) can be obtained by multiplying with
a test function v* e H,, (1) := {vkis Y:-periodic,v* € H' (¥, )} and integrate over the whole domain
Y1, then one gets for k=1,2:

dr 9y IF EF 91k
Zf i oV Z.[Y, ,]ail v —Z/ v(ﬁlk ,,aé )n,ds inYj, (2.1.18)

= In Iy 8y, Vi

supplemented with the related boundary condition for the y-periodic &*s:

d agk d
> ni——0ij = > niGy  ondYa, (2.1.19)
i,j=1 i=1
which due to the related boundary condition, is simplified to the final form
Zd:fay“% ‘Zf aékak inY,
= Jy Iy ay, e i dy;j dyi L

d
Z f vkni ds =d WK g ds' on dYs,
7 Jon dy; 24

& is Y-periodic.

(2.1.20)

The numerical implementation of the weak formulation (2.1.20) by the FEniCs library,
provides the plots of the corresponding corrector functions &*, k = 1,2, which for porosity
p=09 are shown in Just for reference, the related effective tensor D defined in
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(2.1.12) in the case of circular periodic perforations reads

|8.19320388¢-01  2.18689492¢ - 07
12.18689492¢ - 07 8.19321348¢-01

and similarly in the case of square-shaped perforations, is given by

1.60999833¢ -05 8.04053707¢-01 |

Figure 2.5: Plots for the correctors &' (left column) and &? (right column), solving the elliptic reference cell problem (2.1.13), for a
reference cell Y containing a single circular (top) and square shaped (bottom) solid obstacle ¥, := Y \ Y}, where Y, is the pore space (see

also [20]).

_ls.o4ososz7e-o1 1.60999833(3—05]

A reader who is interested in more details about the computational study on the
homogenised/effective Cahn-Hilliard equation can search for more details in [20] and for
more details about the derivation and analysis in the articles [13,[129]]. The derivation of
the upscaled classical Cahn-Hilliard formulation is illustrated for a similar problem in
the following paragraph.
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2.1.1 Upscaled Allen-Cahn/Cahn-Hilliard equations.

We investigate a variant model of the classical Cahn-Hilliard equation with constant
mobility M >0, which was first introduced by G. Karali and M. Katsoulakis [9] as a more
simplified model of a mesoscopic formulation for multiple microscopic mechanisms,
in simultaneously interacting surface processes. The full model consists of a Cahn-
Hilliard term div(Mvp) which corresponds to surface diffusion and an Allen-Cahn chemical
potential term u := u(c) = f;(c) - A*Ac that corresponds to adsorption/desorption. Hence,
due to the presence of two types of evolution in the same equation the formulation has
been given the representative name Allen-Cahn/Cahn-Hilliard and can be expressed as

follows:

Definition 2.2 (Allen-Cahn/Cahn-Hilliard formulation).

orc=divIMVu) - u inDr,
(2.1.21)
OnC = Ol = dpAc =0 ondDr.

More precisely equation can be derived by the classical Cahn-Hilliard formulation
with appropriate rescaling close to the critical temperature, see [9] for more details.
Moreover, existence and uniqueness of weak solutions has been studied by G. Karali
and Y. Nagase [10] for the constant mobility case and by X. Zhang and C. Liu [11],
for the degenerate mobility case. The proofs follow similar lines (with the appropriate
modifications) as the one provided in for the classical Cahn-Hilliard and
therefore we are not getting into details on the analysis part. In this subsection, we are
mainly interested in the porous media setting of the problem of the Allen-Cahn/Cahn-

Hilliard and on the derivation of effective/upscaled equations for this model.

Remark 2.5 (Dissipation of energy and non-conservation of mass). Similarly as
for the classical Cahn-Hilliard, we observe again a decrease in the Cahn-Hilliard free energy
F(c)= [jfL(c)+/lz|vc|2/2 dr over time, i.e.,

%EZ):(V(L-Z}-(C),QIC)U(D) ::7fD,u(lfdiv(MV)),udr:7/1;(M(Vu)2+,u2) dr<0,M>0.  (2122)

On the contrary this equation is non-mass conserving since

d . _ ,, _
Echdr—fDatcdr—‘[de(Mvu)fudr—faDM(V/,L n) ds /Dudr— po.dr. (2.1.23)

In the|subsection 2.2.2| we provide computational results that clearly validate tha the

mass is not conserved, in this case and more precisely we observe total loss of mass under
curve shortening flow in a short time frame (see [Figure 2.11), for a double well potential
of the form f;(c) = 100¢*(1-¢)* and constant mobility M =mI, m >0 or in other words the
specific flow fully validates the Gage-Hamilton and Grayson theorem for non-convex
curves, i.e., "the non-convex evolving curve after some time becomes convex and circular

as it shrinks, before collapses to a point" [134} [135]].
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Remark 2.6 (Microscopic Allen-Cahn/Cahn-Hilliard model). We further introduce
the same problem in the porous media setting in the particular case of an isotropic mobility

coefficient M := ml, for some constant m >0, i.e.,

orc® =—(1-div(MV)) u* in D%,
LE = £, () = A2ACE inDE., (2.1.24)
O = Ot = At =0 on dD5..

It is straightforward to add a chemical potential term to the discretization scheme for the
classical Cahn-Hilliard problem (2.1.8), as follows:

Gce,l+l +mAtS[.lg’l+l +Gu£’l+l =Gcﬁ,

n+l n+6 n+6
(2.1.25)

gl+1 gl el+1 1 El+1 _ 42q.E 0+ _
G“n+9 +K(cn+1 Cril _ZGCIHI A Sclz+1 =0,

where we make use of the same definitions for the related matrices G,S and K as in and

subsequently the coefficients vectors (c5!1" . uslt ") with p&'* = (5" and &1 = {c

el+1\J
n+l ’y'n+9 j.n

jn JSj=1-

Existence of weak solutions for the microscopic model , can be verified in the
same way as for the classical homogeneous Cahn-Hilliard formulation in
The result is summarised in the following Furthermore, we subsequently
investigate two-scale conevergence arguments and derive a homogenized model. We shall
motivate the development of the homogenization procedure using similar arguments, as
in [12, 136143, 145-147].

Lemma 2.1. Let £ eW'"?(D?), 1 <p<d. Then ¢f e L’* (D), with px =dp/(d-p) and there exists a
constant K >0 independent of e, such that the following inequality holds:

1€ 1+ ey < K1l lwro (e (2.1.26)

which means that W'? (D) - LP* (D). For the proof of (2.1.26) we refer to [139, Theorem 2.10].

Lemma 2.2 (Extension). Any function c®ew'”(D%), 1< p<oo admits an extension ¢t e W'” (D)
defined in all D and is such that ||c¥(y1.(py < ClIc®|lwir (), Where C is a constant independent of
e. For the proof and more details see [139,[153-156].

Assumption 2.1. We assume the existence of an initial condition ¢y e H'(D®) With |co|z2(pey <1
independent of e. Also there exist constants Cy,Cy,Cy,C3,Cs,Cs >0 such that |f](c®)| < Colcf|7™" + ¢
and Cy|c* | - C3 < f1.(c®) < C4|cF|9+ Cs, for g=2d/(d-2), if d>3 or qeR* and arbitrary when d=1,2
and fi(c®) >0.

Theorem 2.1.1 (Existence of weak solutions for the microscopic problem (2.1.24)).
There exists a pair of solutions (c*,u*) of (2.1.24), such that

£ eL™(0,T;H (D)), ac® e L*(0,T:H (D)) and uf € L*(0,T,H' (DF)), (2.1.27)
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which are solutions of the following weak microscopic formulation

T
L (atC£7(p)H—l(D£)le(Ds) dl:—L;Mvug-V(Pdrdl—‘/D?ug(Pdrdl‘,
(2.1.28)

fDeugq) dr:lszchs‘Vq) dr+ngf£(c8)¢ dr,

for all ¢ e 1?(0,T;H" (D)) and ¢ < H'(D?) and almost all 1 < [0,T], with some initial condition

& =cf(0,r) e H' (DF).

Proof. Following exactly the same procedure as in the proof of [Theorem 1.2.4] we can

derive an energy type estimate by taking the time derivative of the free energy functional
in the D setting, i.e.,

2
F(E(r,1)) = fDSfL(cs)+%|Vc£|2 dr, (2.1.29)

which implies

st FL()AcE + 22V E Vot dr:_ng M(cF) |Vl dr. (2.1.30)

A further integration over the time interval (0,7), yields

2
%/DE|Vc€(r7T)|2dr+ fo; P drdi+ fL);MWug\zdrdHfDEfL(cs(r,T))dr
:f fu(cE(r 0))dr+’ﬁf V€ (r,0)[2 dr (2.1.31)
Dt L ’ 2 De ’ . NS

The assumption for the initial condition together with the boundedness of the homoge-

neous free energy density f;(c?) stated in|Assumption 2.1} imply the subsequent inequality:

A2 ¢ 2 €2 g2 ¢
— “(r,T dr+f drdt+f M a’ra’t+f “(r,T))dr
s e e i [ Parare [ vatParas [ e)
2 2
<A HVCf,,i,HLz(DS) +C4C6||cf,,it|\z[1(De) +Cs|D?|, due to[Cemma 2.1]for p=2

<C+Cs|D|, (2.1.32)

for some strictly positive constant ¢, since ¢, e H'(D?) by assumption. In addition, the

init

non-negativity of f; applied to the inequality (2.1.32) implies further

A,Z
7|‘VC€HL°°(O,T;L2(D€)) IV 2oy + IR 2 ey <€ (2.1.33)

Remark 2.7 (Extension of the solutions). The assumptions on the microscopic structure
of D* ensure that there exists an extension (c¢,u?) of the microscopic solution (c*,u¢) to the

macroscopic domain D, which is such that

IE 1|20y < Cille®[lr2(pey 1VEE r2(py < CLlIVE l12(pey (2.1.34)

and also

1112 (py < Collte Iz ey s IVEEN 20y < CollV 1 Iz (e (2.1.35)
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for e-independent constants ¢,,C, > 0.

In view of [Remark 2.7|we can deduce the corresponding of (2.1.33) estimate for the

extensions, i.e.,

A%~ — —
7||VC£||L°°(0‘,T;L2(D)) +IVEE 2y + 14E |2y < Co- (2.1.36)

Moreover, one can find an upper bound for the mean of ¢*(r,r) over p° using Holder’s

inequality, namely

< < llehir ()12 (pey ID°1* < C'|DI'1?, since e ¢ ' (D). (2.1.37)

€ 4
“(r,t)d f ,0)d
‘fDec(r)r Dgc(r)r

In light of and the estimate [2.1.36| we can apply the Poincaré-Wirtinger

inequality [101} p 218] to the norm of the corresponding extension ||vc?||>(,) due to the
fact that the constant in the Poincaré type inequalities depends on the geometry of the
domain of integration and hence we can not apply those directly to the microscopic
solutions. Hence, we can deduce from[2.1.34 and the Poincaré-Wirtinger inequality that

||C~€—fDEé drl|2(py < CrlIVer2(py < CiCRII V2 pe) - (2.1.38)
Then we have

||c€—ch~£ dr||L2(Dg)g||c~e_fD53 drll 2y < CLCRIIVE |2 ) (2.139)

and by taking the mean value of ¢ - [, c¢ dr over D, we obtain
€~ | cEdr| <CiCp||Vet|| 2 (pe)- 2.1.40
| [ <= [ & drl <CiChlTe ey (2.1.40)

This implies that the Poincaré-Wirtinger inequality holds in the perforated domain p®
(see[157, Prop. 5.24] and also [158])), i.e.,

||C€—‘/I\)EC8 drHLz(Ds) SC[IJHVCEHLZ(De), (2141)

where ¢} >0 is actually a constant independent of «.

2
2 2
ess sup0<,<T||ce(r,t)HLz(De) <Cpess sup0<t<THVc£(r,l)HLz(Dg) +Cp ess SUpy < (/;g cE(r,1) dr)

< CpC+ChC1 [ (1,0) 12 ey D72
<Cpp- (2.1.42)
This subsequently provides the estimate
(e (v, 1)l (0.7.01 (D) 1= €85 sUPg<rr [l (1,0 [ (pey < CD - (2.1.43)

In addition, it is easy to deduce an upper bound as a consequence of Holder’s inequality,

as follows:

<MIVEE 206 1991120y + I8 2o 16112 ey  for all ¢ € L2(0, 75 ' (D))
< (MIV R |20y + 1Nz ey ) 191 (e
<C|9llg1 (pey by @133). (2.1.44)

‘@Cgv V-1 (DeywH (D)
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This implies the bound ||0;c®||2 (o r.5-1(py) < €' Finally from the relationship

fDE 1o dr:szDs Vet Vo dr+fD€fL'(ce)¢ dr, (2.1.45)

for ¢ =1 we obtain: fD ufdr= /D _f1(c®) dr, which provides the following bound:

:‘fDefL'(ce(r,t))dr

< [ IA(E @) ar
<DL (1,0) 2 e

1/2
<o ( [ (Cole1e+cr)”ar)

1/2
< D12 ColIc® | 20 ey + C1 D

‘/DS uf(r,r) dr

1/2
< D" Collc® |1 (pey + C1 1D

/1

SCD?]J, (2.1.46)

by Sobolev embedding in the version of and the estimate Finally,
following the proof of we based on the assumption for the mobility

and by the Poincaré-Wirtinger inequality in p* with constants ¢p,Cp[157, Prop. 5.24], we
obtain using the average {u®(r,7)}a := |D°|”! /De uf(r,t) dr that

2
Com [ 171 (v.0) dr 2l (5,0) 72 ey ~mCh ({1 (r.0) )

2| (r,0)172 (pey ~mCpCp. (2.1.47)

where ¢}, := (|D|2cyc+¢;)? which comes from the estimate (2.1.46). Hence, by integrating
(2.1.47) over time, it follows that

T T
mfo ||u€(r,t)|\iZ(Dg)dzgmc,’nc,’)mcpmfo [VHE (0,02 ey di < CpC+mCHCHT (2.1.48)

and therefore we can deduce the bound

1N 22 0,711 (De) < ChmD.T» (2.1.49)

where Cp,, 57 >0 is a constant independent of ¢ which depends on the constants ¢p,¢j, the
constant ¢ from (2.1.32), the lower bound m of the mobility and the maximum time of

observation T >0. Hence, it turns out that {4} is a bounded sequence in £?(0,7;#' (D?)). [

In the sequel (see [subsection 2.1.3| and [subsection 2.1.2)), we examine the homoge-
nization procedure for the microscopic Allen-Cahn/Cahn-Hilliard equation (2.1.24) by

applying to different upscaling techniques. The first one follows the homogenization

procedure applied by M. Schmuck et al for the classical microscopic Cahn-Hilliard for-
mulation in [13] [128] and is based on the idea of applying a formal two-scale
asymptotic expansion, by introducing a microscale variable r/e:=y <y and considering
reD and yeY as two separated variables. The homogenization result of this upscaling
method is summarised in[Theorem 2.1.4] It is worth mentioning that following the dif-

ferent technique, i.e., by a rigorous two-scale convergence approach, we end up with

the same upscaled equation for which the result is summarised in [Theorem 2.1.5 We

subsequently state some useful Lemmas and Definitions which are necessary for the
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homogenization procedure. In the context of the two-scale asymptotic expansions there
exist two convergence statements, related to the upscaling of this type of systems (see
[17,[148-150]] for more details).

Definition 2.3 (Two-scale convergence). A sequence of functions {c*}eo inL*(Dr) is said

to two-scale converge to a limit ¢y < L*(Dr xY) if, for any function ¢ ¢ L*(Dr,Cpe,(Y)), we have

_ 1
éi_l}})fDrcg(r,t)(p(r,s 1r,t) drdt:M‘[Drxyco(ny,t)(p(r,y,t) dr dy dt, (2.1.50)

in which ¢y, () stands for the space of Y-periodic in y, C*-functions. For the proof of this
statement and more details, see [17, Definition 1.1.] and also [151].

Lemma 2.3 ([152]]). For every bounded sequence {ct}.. inL*(Dr) there exists a subsequence
(still can be denoted by {c%}c-0) and a function c ¢ L>(Dr xY), such that this subsequence

two-scale converges to c.

Lemma 2.4 ([152]]). Let {c®}e-0 be strongly convergent to c c L*(Dr), then {cf}.., converges

to ci(r,y,t) = c(r,1), in the two-scale sense.

Theorem 2.1.2 (Strong convergence). Let ¢° be a sequence of functions in L*(Dr), which
two-scale to a limit co(r,y,r) e L*(Dr xY), then the following arguments hold: ¢ converges

weakly in L*(Dr) to c(r,1) = |71‘ /l;co(r,yJ) dy and

. 2 -1 2 2
ggrg)\lcg\le(Dﬁ 2 [Y[" leollzz oy xry 2 llellz2 oy (2.1.51)

Assuming further that cy(r.y.r) is smooth enough and time_o|\c*|72(p,y = ¥ lleol [F2 (p, x> then

we deduce the following strong convergence result:

lim [c® (x,1) = co(r,~" 1,02,y = 0. (2.1.52)
e—0 r
For the proof and more details see also [17, Theorem 0.2.] and [12].

Lemma 2.5. ([17,[152]) In addition, for a bounded sequence {c*}¢-¢ in L*(0,T;H"' (D)), there
exists functions co e L*(0,T;H' (D)) and ¢, e L*(Dr;H,,,(Y))(where the function space H,,, is defined
in (2.1.9)), such that (up to a subsequence) the following convergence argument, holds:

ct €0 weakly in L*(0,T;H' (D)),
E—>
(2.1.53)
. - 1
;l_f}’(l) DTVrce(rJ)'(P(r,e ll',l)dl'dt=m‘/D‘TXY(VrC()(I'J)+Vy(,‘](l‘,y,l))'(P(r,y,t)drdydt7

for all vector-valued test functions ¢ in L*(Dr,Cpe,(Y))a := {L*(Dr,Cper(Y)) x L*(Dr,Cper(Y)) x ...}

Definition 2.4 (Unfolding operator). Let us consider the extension ¢ defined in a homo-

geneous domain Dy of a function ¢ defined over the perforated domain D (see[Remark 2.7).
An unfolding operator is linear and continuous mapping, defined by Te : L?(0,T;L4(D)) -

LP(0,T;L9(DxY)), pe[l,+00], g€ [1,+c0) and transforms the function ¢t on Dy into a function

TecE onDr xY, in the sense that The action of T¢, can be formally defined as:

Tgéz"(r,y,t) :=ET°"(£[£] +sy,t),forallreD, yev, (2.1.54)
Y

47



CHAPTER 2. NUMERICAL STUDIES, POROUS MEDIA AND HOMOGENIZATION.

where [y denotes the denotes the unique integer k; ¢ ' combination ¥ kie; of the periods
r

(where ¢; is the i-th canonical basis vector of RY), such that {g} = - [g] , belongs tov.
Y Y
Analogously for the function ¢ e L7(0,T;L1(D)), we can define the related unfolding operator
7" by
D (ry 1) i=cf (s [g] + sy,t) , forallreD, yeY;. (2.1.55)
Y

For more details on this definition we refer to [158-161].

Remark 2.8. We also note that the unfolding operator preserves the integral up to a

multiplicative constant |v|, i.e.,

f TecE(r,y,t) drdy dt = |Y| / cE(r,1) dr dt, (2.1.56)
DrxY Dr

for all & < L' (Dr) or equivalently

_ o
I1TeE 1o (pyxry = Y121 Lo 1) (2.157)

forall cé eL? (Dr). For more properties and the related proof of the integral preserving property

(2.1.56) we refer to [12,[158-160, [162-164].

Lemma 2.6. Let p,ge[1,00), {w}es0 a Sequence inL9(0,T;L” (D)) and wy a function in L1(0,T;L? (D)).

Then the following convergence results hold:

Te(wo) — wy, strongly inL7(0,T;LP(DxY)),
ifw® = wy strongly in LY(0,T; L7 (D)), then Te(w®) — wo, strongly in LY(0,T;L” (DxY)). (2.1.58)

For the proof and more details on convergence using unfolding operators, we refer to
[159,1164-166] and also [158, Lemma 5.1, 6.1].

Lemma 2.7. Let pe(1,00) and {w}eso a sequence in L= (0,T;W,”(D)). such that
VWl (0.3 (D)) <C- (2.1.59)

Then there exist wy < L (0,T;W,”(D)) and wy e L= (0,T;L”(D,W;l(Y))) such that up to a subse-
quence,

Te(W®) = wy, weakly” in L™ (O,T;L‘"(D,WLP(Y))),

Te (Vew®) = Vewg + Vywy, weakly* in L% (0,T; L7 (DxY)). (2.1.60)

For the proof and more details, we refer to [159,[164-1166] and also [158, Lemma 5.1, 6.1].

Theorem 2.1.3 (Strong integral equicontinuity-Riesz-Fréchet-Kolmogorov). Let
Z(D) is a separable Banach space of finite dimension and U a bounded family of functions in
LP(0,T;2(D)), 1< p< oo, then U is totally bounded in L7 (0,7;2(D)) if and only if,

T-7
lim |[@zc(x,1) —c(r,1)]]

P _ .
0+ Jo Z(py 41 =0, uniformly forc €U, (2.1.61)

where d:c(r,t) = c(r,t + 7). Therefore, there exists a non-decreasing and concave modulus of

continuity q:[0,+c0) — [0, +0c0) With lim;_¢+ g(t) =0 such that

T-1 1/p
(fo ||81c(r,t)—c(r,t)||pZ(D)dt) <q(1), V7 (0,T), cell. (2.1.62)
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For the proof and more details see [167, Theorem IV.26] or [168, Theorem 1] and also
[169,[170].

Lemma 2.8 (By-parts integration formula). Let (2(D),#(D),Z"" (D)) with Z(D) c #(D) =
H™'(D) c 27! (D) form a Gelfand triple (or evolution triple), where 2(D),2z™'(D) are Banach
spaces and H(D) a Hilbert space and

W'P9(0,7:2(D). 27 (D)) = {c € L(0.T: 2(D)). e e LI(0.T: 27 (D)), q=p/(p-1)} « C([0.T]:H(D)),
(2.1.63)

with J,c denoting the distributional derivative of ¢ understood as an abstract linear operator
with its action to be formally defined by dc(¢) := —fOTcaz(]) dt, for all ¢ ec§°(0,1). Then for all

c,0 W' and 0<t,1,<T, the following integration formula holds:

L od 15} n
ftl E(qu))H(D):/;] (9rc,9) z-1(pyx z(D) dHfz, (€,99) z(pyxz-1(p) 4t (2.1.64)

where ftz %(c,(p)mm = (c(r,12),0(r,12))34(py — (c(r,11),0(r,11) )34 (p) - For the proof and more details,
n
see [113, Lemma 7.3] and also [114, Lemma 2.1].

Remark 2.9. Note that the space w'?4(0,T;2(D),2"" (D)), where 2(D),2"'(D) are Banach
spaces, is also a Banach space itself and is called Sobolev-Bochner space [113,(115] and is

equipped with the norm

llellwrra0,7:2(Dy,2-1 (D) = llellzr0.7:2 (D)) +19kcllLao,r:2-1(py)> 4= P/ (P—1)- (2.1.65)

Remark 2.10. The formula (2.1.64) for c = ¢ implies
1 1 o)
e Bup) = 5 lee.)lmy = [ (hee) z-1pynzoy di (2.1.66)

and hence the function t — %Hc(r,t)”%{(l)) is absolutely continuous with respect to, see also
[13].

2.1.2 Homogenization with the help of a two-scale asymptotic expansion.

The following homogenization procedure is a heuristic method and is based on a
formal two-scale asymptotic expansion, as explained in many textbooks such as for
example [12][149] and subsequently has been recently applied to the classical microscopic
Cahn-Hilliard formulation in [13} 128} [129]. The homogenization result makes
use of the recently proposed splitting strategy for the homogenization of fourth order
problems (see [128]) and will be explained in the sequel (see Definition 2.5). To this end,
we also consider the following ansatz, which accounts for the multiscale characteristics

of the problem:

oo,
E(r,t) =Y €'ci(r,y,1), (2.1.67)
i=0

where ¢; are y-periodic and ¢, is O(°). The assumption of the existence of the extra spatial

microscale y:=r/e provides also the two-scale property for spatial differentiation, namely

V> Vrt+e  Vy. (2.1.68)
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Remark 2.11. The assumption for the existence of two independent variables namely, the
"slow" macroscopic variable r and the "fast" microscopic variabley, provides the following

expressions for the Laplace operator A:

A»e_zBoﬂ-:_'Bl + B, (2.1.69)

with the identifications

d d
By:= Y ,(8ijoy;).Bri= Y. 9r(5;jor,),

ij=1 ij=1
(2.1.70)
d
B] = Z 8ri(8,-j8yj) +(9y,.(5,4j8rj).
ij=1
Similarly for the operator div(mlv), we obtain
div(mlv) —>m(8_230+8_131 +Bz), (2.1.71)

where coefficients in all the operators defined above, are periodic functions ofy.

Remark 2.12. (Fredholm Alternative(|171], [172, p 7])).

For y-periodic tensors C;,,,,C; and source term K;, the local balance equation at some order

of e,

Vy-Cir1y + Ve - Ci =K, (2.1.72)

admits a unique homogenized solution if and only if

/):Vr-(C,-dy:/):sty. (2.1.73)

Therefore the main issue is to correctly identify each time this source term x; and the
related tensor C;, in the particular ¢ order balance equation, as it appears. In addition,
we can approximate the derivative of the homogeneous free energy density £/ () by the

Taylor expansion over ¢, (the leading order term in the expansion (2.1.67)), as follows:

FL(%) ~ f(co) + 11 (c0) (¥ = co) +1/217" (c0) (c° —c0)” + .. (2.1.74)

Definition 2.5 (Splitting microscopic formulation). We introduce an equivalent for-
mulation to the setting, by identifying ¢ = (-A)"'w® in the H(, -sense, ie. for all
¢ € Hyy) (D) it subsequently holds that (-Ac,9)12(p) = (~A(=A) "' w,0)2(p) = (W, 0)12(p)- This identifi-
cation implies the following reformulation of (2.1.24),

h(=A) W€ = = (1= div(mIv)) (f.(c°) +A%w)  in D5,
withw® = Ac® in D, (2.1.75)
OawE = —9pACt = 9t =0 on BD?.

This splitting strategy for homogenization [128], guarantees the existence of weak solu-

tions of the Cahn-Hilliard type equation under the arguments of J. Cahn, A. Novick-Cohen,
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C. M. Elliott et al [7,18,197]] discussed in the [subsection 1.2.5|as well as[subsection 2.1.1/and
the gradient flow derivation of the Cahn-Hilliard equation with the help of the associate
functions and the related #~'-semi-inner product (see the details in theorem [1.2.2).

Theorem 2.1.4 (Effective Allen-Cahn/Cahn-Hilliard equations). We assume that
the assumption for local thermodynamic equilibrium holds and that the macroscopic
chemical potential py(co) = f](co) - p~'A*div(DVe,) satisfies the scale separation property with
initial condition ci, o(r) = co(r,0) e H' (D). Under these considerations the microscopic formu-
lation (2.1.75) after averaging over the microscale and applying a two-scale asymptotic

expansion, admit the following effective macroscopic form:

parco = mdiv(DV f1 (co)) — lzp_lmdiv(]D)V [div(]D)Vco)]) —pfi(co) + lzdiv(]D)Vco) inDr, (2.1.76)

with homogeneous Neumann DV ¢y =0 and no-flux Dv,div(Dve,) =0 boundary conditions on

oDr. The elements of the effective tensor D:= {Dj;},; j<a are defined by

L ISA¢) .
D= le (6,, dy foralli,j=1,....d. (2.1.77)

dyi
where the correctors &/(y) € Hp,,(v1) for 1< j<d are unique, in the sense of distributions,

solutions of the following reference cell problems:

49 9" (y)
- — | &= 6;; =0 inYy,
'jz=l ayl( k J ayj !

d’l k |
> ni(ﬁijW) =0 on 0Y;, (2.1.78)

ij=1 Yj
EX(y) isY periodic and My, (%) = 0.

Proof. We will apply the two-scale asymptotic expansion
£(re) = ieizi(r,y,t), z={c,w}, (2.1.79)
i=0

to the splitting formulation (2.1.75) and with the help of (2.1.74) and the operators B; we

obtain:

O (=A) " (wo+ewy + € wa+ )+ [(f1(co) + [l (co) (€ct + €7 cr+ ) + ..+ A (wo + Ewy + €2 wa +..)]

=m(e2By+e By +Bo)[(fi(co) + fi (co)(ec1 + €2 cr+ ) + ..+ A2 (wo +Ewy + €2 wa+.)]in (V))7,  (2.1.80)

where we defined (1;)7 =¥, x(0,7) and analogously for the related boundary. We addition-
ally obtain the corresponding boundary conditions, i.e., n-(¢7'Vy+ Vi) (z0+ €21 +...) =0, z= {w,c}.
This provides the following sequence of problems, depending on the particular order of

the heterogeneity e:

ksz()W() + mBofi(Co) =0 in (Y] )T,
O(e™?): (2.1.81)
Boco=0 in(Y1)r.
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Moreover,
~A2mBywo — A*mBowy = mB, fi(co) +mBofi' (co)er  in ()7,
(’)(e‘l): -Bico = Bycy in (Y])r, (2.1.82)
n-Vyzo =0, z={c,w} on (dY2)r
and finally the 0(¢”) problems can be expressed as follows:

—0iBy wo + fi (co) + A2wo = mBy f7! (co)e1 + mBa fi (co) + A*mBawy
+m80f£,(60)62 + mB()CQ + mB()fII‘”(C())C%/Z + mlzBowz +m1251 wi in (Yl )T7

0(e): ‘ (2.1.83)
—BQCQ—BICI—Bch:—WO m (Y])T7

n'(VyZl"‘VrZO):O,Z:{C,W} on (BYZ)T.

The 0(¢7%) problem implies that the leading order terms ¢, and w, are independent of the
microscale y, which provides the suggestion to make the following assumption for w; and

¢ (the same as discussed in the previous example for Cahn-Hilliard):

d d
wi(r,y,0) == 3 Eu(¥)dnwo(r,1) and ¢ (r,y,1) = = 3 EE(¥)dnco(r,1) in L (Dr: Hper(Y)). (2.1.84)
k=1 i

Plugging the expressions (2.1.84) into the relationship -B;¢ = Byc; and taking into account
the boundary condition n-(Vyc; + Vreo) =0, we obtain an equation for the correctors &k (y)

and &X(y), i.e.,

ij=1 dyj

d k
5 (50@(95@))) o oy, @1

Py i
éf(y) is Y periodic and My, (éck) =0,

for which Fredholm alternative (see Remark 2.12) guaranties the existence of a unique

solution in H,,,(¥) (up to an additive constant) to the problem (2.1.85). The first equation
in the 0(e™") problem provides that

d 9 &) Yowy & 9 95 () \ 241 (c0)
-2 Z |6, -8;22 Z |6, c L\°0) 2.1.86
k‘i“Z:j=1 ayi( oy o k,zj;layl' ¢ dy; ary ( )

d d c 4 9 d& .
_Zay(”( S é(y)))) Z;a(lk 8ij %y(jY)):O in¥y,

supplemented with the boundary condition

Z nl{( éW(y) 6 ) ( ‘éf(y)+5l‘k)}=0, OnaYz (2-1~87)
ki, j=1 ayj

and My, (£X) =0. Hence, due to the assumption of a scale separated chemical potential, i.e.,

df1.(co)

_f”( )aLO zaWO
dry

8rk '
(Local Thermodynamic Equilibrium, as discussed earlier), we can deduce the reference

cell problem:
2 I h 9 ek
3y, | BB g —|6x-68j=| in Y1, 2.1.89

k‘i-zﬁl"yf( C My ) kl-Zj=18)’i( Gy ) (2.189)

(2.1.88)
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which additionally provides that &(y) := €¥(y) = €¥(y). Finally, the upscaled equations
can be obtained by solving the 0(¢°) problem, which by Fredholm alternative is
simplified to

fy (—8,Bz_lwo +f1(co) +/12W()) dy = /Y (mBlfL”(co)cl +mBafi(co) +lzm62wo +m7LzBlw1) dy (2.1.90)
1 1

and

35 (Y) ey _
Zf( ik — 51} ; ) :|ari(9rk —|Y1‘W0, (2.1.91)

j=1

s

k,i=1
which can be written in a more compact form as -div(Dveg) = pwo, p:=|11]/|Y|. From this we

also deduce the related boundary condition DvVawy := -p~'DVadiv(DVep) = 0. In addition the

two last terms in (2.1.90) imply that

ki=1| j=1

k
A mle(]D)Vwo) =2%m Z [Zf ( "k_aij&éay(j)) dy](?gv;?

= /Y 22 m32w0+m7t Biw; dy. (2.1.92)
1

Finally the remaining terms on the right-hand side of provide that

C d I d 2C

i,j=1 Ti i,j=1

i mkzzzzl ‘9yj aridr; (2.1.93)

where the second term disappeared due to integration by parts. Hence, we can identify
the sum of mB, £/’ (co)c; and mB, £/ (co) appearing in (2.1.90) by

mdiv(DV f1(co)) := mBa fi(co) +mBy 1. (co)er, (2.1.94)

where the elements of the effective tensor D can be clearly defined by

D;j = My, (6,7—‘95](”)::1 (5,»]- 0%’ (y))dyforalll j=1,.d. (2.1.95)

dyi Y] Jr 9yi
Therefore the upscaled equation (2.1.90) under the above assumption and for isotropic
mobility M:=mL, finally reads
parco = mdiv(DV f7(co)) - 22p ' mdiv (DV[div(DVeg)]) - pfi(co)+ lzdiv(DVco) in Dy (2.1.96)
and the proof is completed. [
Lemma 2.9 (Symmetry and positive definiteness of the effective tensor). The ef-

fective tensor D:={D;;}; j<q defined in ( is symmetric and positive definite (see also
[136, Prop. 3.2.], [12] and also [173, Chap. 1.1.2—1.1.3]).

Proof. We consider the weak formulation of the cell problem (2.1.85), i.e,

/1"1 (ej - Vyfgj(y)) -Vy@(y) dy =0, for all Y-periodic ¢(y). (2.1.97)
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Hence, we obtain
0= fY] (ej-vy&/(v)) - Vy&'(y) dy
= fY] ej VyE'(y) dy—fY] vyl (y)- vy&'(y) dy, (2.1.98)

and thus,

foer v may= [ 9 ®)-vyE ) dy
- [ vE @ v v ay
:fYI e Vy&/ (y) dy, (2.1.99)

from which it directly follows that D;; =D ;. Moreover, in order to show positive definite-

ness, we consider for real numbers u; that

uiDijuj = ﬁ J; (e-9587(v)) dyu; = ﬁ Lo (005 -8700) vy (-’ ay.  @1.100)

The sum over all these terms for i, j=1,....d is positive whenever one of the «;’s differs from

zero, which implies that that the effective tensor is positive definite. [

Remark 2.13 (Discretization of the homogenized equations). It is straightforward

to adapt the previously discussed discretization scheme for the microscopic problem, to the
homogenized Allen-Cahn/Cahn-Hilliard equations|2.1.96), as follows:

0,/+1 0,/+1 0,/+1

pGe,), +mAtS[,Ln’+9 -pGu, = ch,,,

(2.1.101)
GMO’I+I+K( 01+1 G 0,/+1 1,2 —ISCOHI -0.

n+6 n+1 Ch+l n+l n+1

In the above, we make use of the same definitions for the related matrices G, K and additionally
we introduce the effective stiffness matrix defined by §:={s;;}{,., where §; = (DV¢1’7V¢'1'> as
n (2.1.8) and subsequently the coefficients vectors (¢l uily") with p"* = {u*'}_, and

n+l n+6 jn
el+l . _ ¢ &l+1J
R O
2.1.3 Derivation of homogenized/upscaled equations via a rigorous two-scale

convergence approach.

Theorem 2.1.5 (Homogenized Allen-Cahn/Cahn-Hilliard system). Let (¢*,u) be
a weak solution of the microscopic Allen-Cahn/Cahn-Hilliard problem (2 ind<3 di-
mensions. Assuming also that the extended initial condition converges, i.e., & <= cio
in L*(D), then the two pairs of limit functions co, o € L*(0,7;H' (D)) and ¢y, € L*(Dr;Hpe(Y))
from[Lemma 2.10 satisfy the following homogenized/macroscopic Allen-Cahn/Cahn-Hilliard

system for isotropic mobility M :=ml := m{8;;}1<; j<a» m>0 and porosity p:=|vi|/||, i.e.,

]781()()(1‘,[):mdiV(Dvuo(l‘,l))—p,llo(l‘,l) inDr,
Lo(r,t) = fi (co(r,t)) - p ' A2 div(DVey(r,t))  inDr, (2.1.102)
Cinir,0 (1) = ¢o(1,0) inD,
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supplemented with homogeneous Neumann and no-flux boundary conditions on oDy, i.e.,

DVauco =0 and DV, div(DVeg) = 0. (2.1.103)

The elements of the effective tensor D:= {D;;},<; j<a are defined by

1 ¢y o
Dy; ._m . (511_ P dy foralli,j=1,....d, (2.1.104)

in which the correctors functions &¥(y) < H),,(v1) are unique, in the sense of distributions,

solutions of the following reference cell problems:

- i 2 (5'k_5ij 8§k(y)) =0 inYy,

ij=1 9yi dy;j

d ek
> ni((;l.ja(yzci(y))) -0 on 30>, (2.1.105)
i,j=1 9)’1’

gk(y) isY periodic and My, (ék) =0.

Before we start by formally applying the two-scale limits to the system (2.1.24), we
have to examine some necessary arguments, associated with the proof. The one indicates
the existence of extension of the microscopic solution to the macroscopic domain and
the other one provides the strong convergence of limiting functions and the related
convergence of the nonlinear bulk free energy term. To prove the convergence of solutions
of the microscopic problems to the solutions of the corresponding macroscopic equations,
we have to derive an additional equicontinuous a priori estimate with respect to the
time variable. This will allow us to obtain compactness properties for a sequence of
solutions of the microscopic problem (2.1.24). Hence, in light of we aim to
obtain an upper bound for the norm ||9:c*(r,) - ¢*(r,t)|| z(pr) ON a suitable function space
2, where we defined 9:¢%(r,r) := ¢*(r,s + 7). To do this, following the articles by A. Jiingel
and M. Ptashnyk on the analysis and homogenization of cross diffusion systems and
more precisely the proofs of [174, Theorem 2], [161, Lemma 4], we will make use of an

admissible test function

o(r1) = fl_'f(afce(r,s) ~ (1) ) K(s) ds. ¥ 7€ (0.7),
(2.1.106)

o(r,0)=¢(r,7)=0
and in which we defined k(s) = 1, for se (0,7 - 1), k(s) =0, for se [-7,0]u[T - 7,T], in the first

weak formulation in (2.1.28), i.e.,

T
0:‘/0 <a[C£,(p>H71(Ds)XH1(Ds)dt+Lg MVue-V(pdrdHng weodrdi =1 +L+1. (2.1.107)
T T

We then integrate by parts in the integral 1, taking into account that ¢(r,0) = ¢(r,7) = 0

and we subsequently obtain
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T
115=f0 (9" @)1 ey (pe) dt

:_fDS oo drdt
£
T-7 T
:f/ / ce(arcefcg) drdt+f / cs(cgfa_fce) dr dt
0 DE ¢ Jpe
_ - e(a € s) T-t {3 e &
=— ¢ (et =c" ) drdt+ drc (afc - )drdt
0 DE# 0 DE
T-1 2
:f f (afcg—cs) drdr. (2.1.108)
0 D¢

In the same way, for the integral 7, we deduce

T '
12::[0 /De tiTleug(r’t).v(&Tcg(r,s)—cg(r,s))k(s) ds drdt

+T
- fD f MVLE (r.5)- ¥ (ec” (r.0) ¢ (x.)) ds drdr, (2.1.109)
?*T t

in which we made use of the following relation [161, Lemma 4]:

fOTf(t)ft;g(s) dsdt:fOT_TftHrf(s) ds o(t) di, (2.1.110)

with g(r) =0 for r € [-1,0]u[T - 7,T]. Hence, the classical Holder’s inequality yields

T-7 t+7
bl [ [ ML) lizey (19 3ec” (0l ooy +I96 (.0 2oy ) dd

T-7
<mCpe'’? [ (I190ec (0l gpey + IV (1) 12(ey ) . since M=l

<Chmt'? (2.1.111)
and we similarly obtain
T-7 t+7
Bl [0 [ IR @llagoey (19 (00l goey +1ie® (10)lloey ) ds dr < e, (21112)

which follows from the estimates (2.1.43) and (2.1.49). As a result, putting the bounds
([@.1.111), (2.1.112) together with (2.1.108) implies

192¢ () = (1,0) |2 ey < Chmt. (2.1.113)
Consequently [Theorem 2.1.3|implies the strong integral equicontinuity
Jim, [[9z¢ (r,0) = (1,00l 2(pe_y =0 (2.1.114)

and the boundedness in L2(D%).

Remark 2.14. An additional estimate can be obtained from the bound (2.1.43) ,i.e.,
||ga(f7l)\|Lw(0,T,H1(D)) <. (2.1.115)

and Ladyzhenskaya inequality (see[Lemma 1.3) by considering the extended solution ct,
directly as follows:

1-d/4
L2(D)

af4

o

1€+ oy < 3 11E] <Chard=23, (2.1.116)
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where the constant Cj; , >0 is independent of e.

Lemma 2.10 (Two-scale convergence). Assuming that the extended initial condition
converges, i.e., ¢ 20, ciro in L2(D), then there exist two pairs of limiting functions co, u

L*(0,T;H" (D)) and ¢, € L*(Dr;Hp.,(Y)), such that the related (not relabeled) subsequences c¢

and u&, satisfy the following convergence results as e - 0:

(i) {cE >0 converges in the two-scale sense to ¢,
(i) {VrcE }eso converges in the two-scale sense to Vrco + Vycy,
(iii) {U¥ }¢>0 converges in the two-scale sense to iy,

(iv) {VrlE } 50 converges in the two-scale sense to Vo + Vyll1 . (2.1.117)

Proof. The convergence in all arguments follows from the estimate (2.1.32), as a result of
Lemma 2.5|and [Lemma 2.3l ]

Lemma 2.11 (Strong convergence and nonlinear term). We obtain with the help of

the unfolding operator discussed in|Definition 2.4, the following convergence results:

(i) {cE } >0 converges to ¢ strongly in LZ(DT)7
(i) Te(c®) converges to cq strongly in I (Dr xY),
(iii) T (VrlE) converges weakly to Veplo + Vyly in L’ (Dr xY),

(iv) f1(c®) is two-scale convergent to f1 (c). (2.1.118)

Proof. (i) In light of Remark 2.7|and the estimates (2.1.43), (2.1.113), there exists a subse-

quence (not relabeled and still denoted by the same symbol) of the extension {cf}..y such

that {F}es0 <= o, strongly in L2(Dr), by The convergence in (ii) and (iii)

holds straightforwardly by [Lemma 2.6|and [Lemma 2.7|due to the estimates (2.1.43) and
(2.1.49).

In order to show the argument (iv), we note that the weak two-scale convergence of

f1(c®) to f{(co) is equivalent to the weak convergence 7e(f/(c?)) = f/(Te(cF)) — f{(co). Then
by the integral conservation property of the unfolding operator (2.1.159), we obtain with
the help of the estimate the following inequality:

I1Te()lepywry = VT 1E 01y = I |2y < €D (2.1.119)

since we assumed that the porous medium consists of periodically distributed reference
cells of unit volume, i.e., Y := (0,1)?, 4 =2,3 and hence |v|=1.

Furthermore, since f;(c) = (¢*~1)?/4 and also f/(c) = ¢’ - ¢ then, pointwise convergence
and the generalized Lebesgue dominated convergence theorem in r”-spaces (see[176]]),

due to the bound (2.1.119), imply that for all test functions ¢ e Co(Dr:Cpe(Y)):
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fDTnyi(%(Eé)yp drdy di - fDTnyi(CO)w drdy dt

Triangle

: fDTxy|(fL,(7E(C~S))_fIi(CO))(P| dr dy dt

- fDrxy|([7§(cA‘é)]3 _7E(c~£)—c(3)+c0)(p| dr dy dt

Triangle
<

< /Drxy|([776(c~£)]3_c8)¢|drdydt+f Y|(7§(c'z")—c0)(p|drdydz

Drx
Holder’s ~ ~.\2 ~ 2
< [ 7e(c®) —Co||L2(DTxY) [ 7e(c®)” + Te(c®)co +C0HL2(DT><Y) H‘PHL‘”(DTXY)

+[17e (%) = coll2 (pyxr) 1012 Dy 1 (2.1.120)
Hence, the strong convergence 7¢ () <= ¢y in L2(Dy x¥) implies

B 72 (&) = oll2 oy ) 176 () (T (E) + c0) + Bll2 oy 1) 0] oy )

+éi_1}})||7—£(5§) =collz(py ) 10l 2Dy xvy =0, (2.1.121)

since

176 (@) (Te(@) o)+ Blorany = [ TP (Te(@) eo) drdya

XY
- % 2
+2fl)rxy72(c£)(7}(05)+co)codrdydt
4
+ drdy dt
<[DT><Y|CO| ray
~\ 14 4
<Ci[[Te ()1 xvy + ColY [llcoll2(py)

+2/Y[[[Te ()22 (pyxvyllcollz2(pr)

/17

<Cp’, (2.1.122)

which follows by Hélder’s and Young’s inequality as well as the bound and the
estimate (2.1.116). As a result

lim [ AL(Te(@))gdrdydi = fDTnyi(co)q) dr dy di (2.1.123)
and the Proof of [Lemma 2.15/has been completed. ]

Proof of Theorem[2.1.5 We are able to proceed now to the formal derivation of the up-
scaled model stated in the theorem. Following classical rigorous homogeniza-
tion arguments and the procedure discussed in detail in [12] 17, [138] [139] 141-144],
we will prove that the limiting functions from the previous satisfy the
macroscopic equations . To this end, we choose test functions ¢, ¢ ¢5° (D7) and
1 €C5°(Dr;Cper(Y)) such that ¢¢(r,r) = go(r,r) +e¢; (r,e 'r,r). Hence, we obtain for all test func-
tions ¢¢ € L?(0,7:H' (D?)), in the weak formulation (2.1.28):

T
fO (arcs,(ps)H-l(Ds)XHl(Dg) dl:—fD?IMIV‘uE-V(p8 drdt—[l)iue(pedrdz (2.1.124)

Therefore, we can deduce by definition of the test function in terms of ¢, and ¢, that
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,fm cs(r,t)(8;(p0(r,t)+£8,¢1(r,£_]r,t)) drdt
+[D€T/,L£(r7t)(¢0(r7t)+8¢l (re'rr)) drdi

:_Mfo Vreut(r,1)- (Vr(po(r,t) +svr¢1(r,s_lr,t) +vy¢1(r,s_lr,t)) dr dt (2.1.125)

In order to proceed further with the convergence we recall the following properties.

Remark 2.15. (161, Remark 14]) We can obtain the extension by zero in D~ D with the
help of the characteristic function Xpe(r) as follows: a) if ||°|l;2(pey <C" for z={c,u} , then
1]l z2(py < C" and there exists zo e L>(DxY) such that, up to a subsequence,  —~ Xyz, z = {c,u}

two-scale, where we define the characteristic function over the pore-phase v, by

1 foryeYy,
Xy, (y) = (2.1.126)
0 foryeY \1;.

Hence, it holds

lim Dszg(r)(p(r,e_lr) dr:éi_lzg)szAé(r)(p(r?e_lr) dr

-0

= éiir(])_[D?(r)XDg (r)go(r,e_lr) dr = ﬁ /;xy Xy, (y)zo(r,y)(p(r,e_lr) drdy, z={c,u} (2.1.127)

for any smooth y-periodic function ¢:DxY —R. b) Moreover, if z° -z, z={c,u} two-scale with
ceLl”(DxY), then

Z Aﬁ 20(r,y) dy weakly in LP (D) for p e [1,+00), z={c,u}. (2.1.128)

The above convergence arguments can be very naturally extended for both space and

time-dependent functions.

As a result, in view of Remark 2.15|we can pass to the limit in the two-scale sense, as
follows:

hmf Xy, (67 ) (r,0) (Ad0(r.0) + €001 (. 'r.0)) dr
+gfl)$_xyl(s "e)E (e, ) (Qo(r.1) + €01 (r.6 7' r.0)) dr di
+;%Mfl)g Xy, (67 ) Ve (r.0) - (Vebo(r.0) + Voo (r.e 7' 1) + Uy 0y (.67 r.0) ) dr i,
= [, T Oeo(r At (r.0) drdydes [ X()po(er)doe.r) drdy di
#8 [ 2 (9) (Trto(e.0) + Dyt (1.9.0))- (Vo (r.0) + 31 (r.y.1)) e dy di
-in| /Drco<r,z>a,¢o<r,z)drdz+|Y1| 1, n wo(r.0d0(r.0) dr e

+M/L; v (Vetto(r,t) + Vypi (r,y,1)) - (Vedo(r,2) + Vyy (r,y,1)) dr dy dt, (2.1.129)

where we used the fact that Ay, (y) =1 over each pore space v;. Therefore, if we choose
0o =0 and ¢, 0 in (2.1.129), we obtain

MfD y (Vrento(r,2) +Vypi (r,y,1)) - Vy¢r (r,y,1) dr dy di =0, (2.1.130)
T XY}
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which implies after integration by parts:

VerNO(l'J):—AyIJI(raYJ) inDr xYy,
(2.1.131)

[Vrpo(r,t)+u{"(r,t)]'n=0 onadDr,

where p(r,t) = 1| fY Yy (r,y,1) dy. This relation suggests to make the assumption that
1
w depends linearly on vruy and it can be expressed by the following scale separation

ansatz,

d d
() = 32 £ ) 9 () in L2(Dr e (1)), @113
k=1
where B(r) is arbitrary and for simplicity can be chosen to be zero, i.e., ((r) =0). Inserting
the ansatz (2.1.294) into the boundary condition [V uo(r,r) +u{"(r,r)] -n=00n Dy implies the
no-flux condition in (2.1.103). The correctors &f (y) are solutions of the following reference
cell problem (if one takes into account the related boundary conditions):

d 9 d _Ek d 9 b} k
$ 8[5(@6@»)] ¢ a(”g@))o -

ij=1 9y ij=1
d d(—&4(¥))
i 6i i—————=1=0
I/Z:: 1 " ( / dy
é,ﬁ (y) is Y periodic and My, (éﬁ) =0,
for which Fredholm alternative (see [Remark 2.12) ensures that there exists a unique
solution in H,,,(¥) (up to an additive constant) to the problem (2.1.133). In the same way,

on noting again that x(y) =1 in r;, if we choose ¢; =0 and ¢, #0 in (2.1.129), we consequently

2.1.133
on dY, ( )

J

obtain

-1 /DT co(r,1)drdo(r,t) dr dt +|Y1] fDT Ho(r,t)o(r,t) drdt

=—1\/JI/DTW1 (Vepto(r,t) + Vypi (r,y,1)) - Vedo(r,r) drdydr. (2.1.134)
This yields to the following homogenized relationship,

atCO(l'J) +“0(r7t) _MATH'O(rvt) —MVr- (‘YIFI /); Vyﬂl(r,yaf) dy) =0 inDry. (2'1-135)
1

In addition, we set ¢°(r,r) = go(r,1) + €9y (r,e”'r,7) in C° (D13 Cpe,(¥)) to the weak formulation

for the microscopic chemical potential p*, i.e.,

foT 1E ()% (r,1) dr dt =A> fD? Vec® (r,1) - Ve @® (r,t) dr dt

+fD; fi(c®) (r,t) drdt (2.1.136)

and by passing to the limit ¢ - 0 with the help of the characteristic function x(e'r)

similarly as above, we can deduce that
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[ mornen(enydrdyde=2® [ (Geco(r.e)+ Tyer(e,y:0)- Tego(r,e) dr dy dr
Dy xY; Dy xY;
”2/,3 , (Vreo(r,0) + Vyer(r,y,0)) - Vy @i (r,y,0)dr dyd
T XY
[ fileo(en)en(r.) drdy . (21137)
Dy xY;

This can be reduced further to fD . (Veco(r,t) + Vycr (r,y,1)) - Vyy (r.y.1) dr dy dt = 0 for ¢, =0,
which additionally yields

—Aycl(r,y,t):Vy~vrco(r,l) in D7 xYp,
(2.1.138)
[Vrco(r,t) +¢{"(r,t)]'n=0  ondDr,

where ¢{"(r,1) = v;|™" / Vyei (r,y,7) dy. This relation suggests again that ¢; depends linearly

on Vreo and thus we can consider the following scale separation ansatz,

aco(r )

c(yr) = - z@ W) 298D L (e in L2 (Dr Hber (V) [R), (2.1.139)

where a(r) is arbitrary (for simplicity a(r) =0). The correctors & (y) are solutions of the
following reference cell problem, which comes out from (2.1.138):

8€f(y)) .
- it — i) =0 inYy,
IJZ:I a ( ! ayj

i ni(5,‘ja(yk;€?k(y))) =0 on dY,, (2.1.140)

ij=1 Yj
EX(y) is Y periodic and My, &5 -o.

Moreover, (2.1.133) and (2.1.140) provide that &*(y) == &¥(y) = & (y). Inserting the ansatz
(2.1.139) into the boundary condition [Vrey(r,t) +¢{*(r,t)]-n=0 on 9D; implies the following
homogeneous Neumann boundary condition Dv,cy=0. The elements of the effective

tensor D:={D;;}<; j<s are defined by

1 IE ()
Dy = |Y| . (5,_, 5 dyforalli,j=1,....d. (2.1.141)

Analogously the choice ¢, =0 implies

[ mornen(enydraydr=2® [ (Veco(r,r)+ Vyer(,y.0)- Vego(r,r) dr dy dr
D7 xY; D7 xY;

+/DTm F(co(r,0))@o(x1) dr dy dt. (21142)

Also by inserting the ansatz (2.1.132) into the boundary condition [Vru(r,t) +u{"(r,r)]-n
on 9Dy yields the no-flux boundary condition

DVatty :=n-Df"(co)Veo—p A’ DV,udiv(DVey) = —p~ ' A*DV,div (DVeg) =0 (2.1.143)
and the derivation of the homogenized system (2.1.163), is completed. [

Remark 2.16. It is worth mentioning that although the applied homogenization methods for

the proofs of|Theorem 2.1.5 and|Theorem 2.1.4 have many technical differences, the resulting

upscaled equation is the same. The method of two-scale asymptotic yields heuristically
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the correct form of the homogenized equation, but it does not yield a correct proof of the

homogenization procedure. The reason is that the ansatz

E(r0) =Y e'z(ry.r), 2= {cw}, (2.1.144)
i=0

is correct only if you consider all terms and hence the first two terms give you only a first
order approximation. For example, it does not include possible boundary layers in the vicinity
of aD¢ (for more details, see e.g.,[177], [178]).

2.1.4 Homogenized Allen-Cahn/Cahn-Hilliard equations, derived by a reiter-

ated rigorous three-scale convergence approach.

A brief introduction to reiterated homogenization. If we consider a composite
medium constructed by different types of inclusions in a matrix material (matrix-inclusion
composites) with different sizes and various periodicities (see for example [Figure 2.7),
then the upscaling procedure can be generalised and the several microscopic variables
have to be taken into account [179-181]]. Hence, as an extension of the classical two-
scale case explained in the previous subsection, we further assume that this sequence
of separated length-scales of periodic oscillations depend on the same reference scaling
parameter ¢ - 0. Therefore, apart from r, we introduce n-1 additional microscale variables
yi:=r/e ,i=1,.,n and we consider r, y;....y», as n separated variables. The parameters ¢ (¢)

and e,(¢) satisfy the properties,

lim e;(e) =0,i=1,...n~1and limM:O, (2.1.145)
E—

-0 8,‘(8)

which indicates the separation of the scales, i.e, the are of different order of magnitude.

The next step is to consider a generalized ansatz which accounts for the multiscale
characteristics of the problem:

Zgl!{ck(r7Y17"'7y”7t)7 (21146)

n
Ce(rvt) = CO(r7y17"'1y”7t)+Z
i=1k=1

In the same context, G. Allaire and M. Briane [181] extended the classical two-scale
convergence statement (see [Definition 2.3) and introduced the notion of multiscale

convergence, summarised in the [Definition 2.6/ below.

Definition 2.6 (Multiscale convergence). A sequence of functions {c¢®}es inL*(Dr) (n+1)-
scale converges (up to a subsequence) to a limit co(r,yy,...,yn,1) € L*(Dr xY' xY?x .. xY") if for all

@ e L*(Dr,Coe(Y",...,Y")) it holds,

limf Ee)o(r,e'r e 'y, g, r 1) drdt
e—=0JDr

1

== Y15 Yt v Yn,t) drdy;...dy, dt. 2.1.147
H?:]‘Yll DTXY]X...XY" CO(r/y17 7yn/ )(P(r7y17 /yn7 ) r yl yn ( )

Note that each different reference cell Y', i=1,...,n is decomposed in terms of its own solid
obstacle and pore-space parts, i.e., Y’ =Y{uY} as defined in[Figure 2.2 See also [181, Theo. 1.1.

and Def. 2.3.] for more details on this definition.
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Lemma 2.12 ([181]]). Forany bounded sequence {c} .., inL*(0,T;H' (D)), there exist a function
co € L*(0,T;H' (D)) and k=1,...,n functions ¢; e L>(Dr xY' x...xY*"\H},.(%})), such that (up to a

subsequence) the following convergence argument holds:

* - C()(I',l‘),
(n+1)-scale

(2.1.148)

n
Vrce( T) l Vrco(r7t)+Zvykck(r,yl,...,yn,t).
n+1)—scale =1

The three-scale composite geometry. We define the domain D* as an open bounded
domain in R?, 4 = 2,3 with Lipschitz continuous boundary dp*, as earlier and represents
a periodic composite material possessing two hierarchical levels of organization char-
acterized by the small parameters e=¢;/L« 1 and ¢ (¢) = ,/L < 1 such that 0<¢(¢) <e and
where the inclusions do not intersect the boundaries. The small perforations of size
¢ periodically distributed with period ¢ and the very small perforations of size e¢(¢)
periodically distributed with periodicity ee;(¢). The scales ¢ and ¢ (¢) are assumed to be
well-separated, i.e.,

2.1.149
; (2.1.149)

;iil’(l)sl (€)=0, and ;133)
We assume also that there exists an ¢ such that 7 is exactly covered by a finite number of
cells ¢ (¢)Z. Therefore, we deduce that there is no intersection between the solid obstacles
Y, and eg,(¢)2, in the cell y. The domain D¢ is connected, but the union of solid obstacles
is not connected (see [Figure 2.7).
Such a geometry represents, for example, a porous medium in which the perforations
correspond to solid impervious obstacles as in[Figure 2.7} In the pore-space/fluid part of
this porous medium we consider Allen-Cahn/Cahn-Hilliard dynamics, fully described by

the microscopic formulation,

Ot = - (1 —mdiv(]IV)) ut in D,
1l o= £ (%)~ A2Ac in D, (2.1.150)
Onc® = Ot = MAE =0 on 8D?,

for which we extensively discussed the homogenization procedure by considering only

on microscale, in the previous subsections.

O

Figure 2.6: Different types of periodic reference cells involved. The figure is taken from [183].

We therefore, apart from r, we introduce two additional microscale variables y:=r/e, y; :=
r/e;(¢)e and we consider r,y,y;, as three separated variables. In the same context we can
identify the characteristic functions of the pore-phases v;,z;, which can be denoted by
Ay, (y), Xz (v1) and are defined by:
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Figure 2.7: The periodic composite geometry under consideration. The figure is taken from [183]).

linY,,
OinY\Yl.

linZ,,

Xz, (y1) _{ 0inZ~Z, (2.1.151)

XY] (Y) = {

Hence, the domain p¢, can be defined in terms of the characteristic functions by:

€. . r r _
Df = {F€D.Xy] (S)XZ‘ (881(8) ) = 1}. (2.1.152)

The domain Df in this case can be interpreted as a structure with a double periodicity:
there are small perforations of size ¢ and very small perforations of size e¢ (¢). The
boundary ap® that is composed by two parts: the boundary of b denoted 9p and the union
of the boundaries of all the obstacles, denoted .. The domain p? is connected, but the
union of solid obstacles is not connected, as in Similarly to the context of
the two-scale asymptotic expansions there exist two convergence statements related to
reiterated three-scale homogenization (see [151, (152} (181} [184-187] for more details).

Definition 2.7 (Three-scale convergence). [184, [189-191] A sequence of functions

{c}es0 In L*(Dr) three-scale converges to a limit ¢y(r,y,yy,1) e L*(Dr xY x Z) if

lir% & (r, t)(p( r, ,82, )drdl—

£

Ir]iz| ! 1) dr dy, dy, dt 2.1.153
Y]1Z] DTxszCO(r’y"Y2v )Q(r,y1,y2,1) drdy; dy dt, ( )

for all ¢ < L*(Dr,Ci.(Y xZ)). Note that each different reference cell v, z is decomposed of in

terms of its own solid obstacle and pore-space parts, i.e., Y :=Y,uY, and Z:= 7,02, as defined
in[Figare 22

Lemma 2.13 ([191H193])). Let {¢®}¢s0 be a bounded sequence in L*(0,T;H, (D)) and assume
that the scales are well separated. Then there exists a subsequence still denoted by {c®}¢so
and a triplet (co,c1,¢}) e L*(0,T;Hy (D)) x L*(Dr,Hpor(Y)) x L*(Dr x Y3 Hp (Z)) such that, as e -0,

¢ = ¢g, three-scale in L*(0,T:H} (D)),

Vrc® = Vrco + Vycy + Vy, ¢}, three-scale in L’ (Dr). (2.1.154)

Moreover, D. Trucu et al [184] in a recent approach generalised the notion of three-
scale convergence based on two distinct scaling parameters ¢ and ¢, that independently

approach 0, i.e., ¢ is not a function depending on ¢. To this end, they introduced a notion
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of three-scale convergence similar to the one by J. Lions et al (see [Definition 2.7), as
follows:

Definition 2.8. [184, Def. 3.1.] A sequence of functions is said to three-scale convergent to
a function ¢y e L*(Dr xY xZ) if for any ¢ e D(Dr;Cpe,(Y;Cper(Y))), denoting

£,e—-0JDr -0\ &—-0

li L8 (p r rr t)drdt=1 li f B8 (p g r rr t)drdr], 2.1.155
A () P o W) A G T P ) B GRS

the following relation is valid

1

_ LY, Y15t ,Y,¥1,t) drdydy dt. 2.1.156
|Y||Z| DTXYXZCO(r,y i )(P(ryyl ) rdy dy; ( )

li B8 (r 1 T X i)arade-
im ¢ (r, )('D(r’g’ele’ r

£,6,-0JDr

Remark 2.17. In the same context we can define the reiterated unfolding operator Teoe, :
L*(D) » L*(DxY x Z), such that

— — r
Teoe, (cB1)(r,y,y1) = c&* (8[5] +E€| [%] +£€1Y1) =co(r,y,¥1), (2.1.157)
Y z

which allows to capture the oscillatory effects at both scales ¢ and e, and leads to an effective

(but artificial) separation of the scale effects [158,[182,[185]. Moreover, we can very naturally

extend this definition for both space and time-dependent functions and also the convergence
of the gradient

Teoe, (VrCEE ) —~ Vg + Vyey + Vy,cf in L (Dr xY x Z). (2.1.158)

We also extending the integral preserving property of the unfolding operator (see[2.8) in the

three-scale case as follows:

. o
1 Teoer () |y wrwzy = 12121 P18 | 3, (2.1.159)

for all c&& ¢ LP(Dr).

In the same context, H. Duanla and J-L. Woukeng [192] as well as N. Svansedt and J-L.
Woukeng [194] recently examined a reiterated homogenization approach over two-space
scales r,r/e one and two-time scales 1,7/e* of semi-linear reaction-diffusion equations of

the general form

k(g)&,cg(r.,t) - div(AE,;—z]vca(r,t)) +8_1g(£,:—2,c£(r,t)) in D%, (2.1.160)
where A is a symmetric positive definite matrix. In addition, as an extension of the
classical two-space scale convergence, H. Duanla E. Tetsadjio [190] have also consider
the case of three-space scales r,r/e,r/e* and two-time scales 7,7/e* in the homogenization in
porous media with tiny periodically distributed holes, of hyperbolic-parabolic equations

such as for example

k(giz)a?cs(m)m (g,é)a,cf(m) =div(A[£,£—r2]ch(r7t))+f(r7t) in DS (2.1.161)
The models are also supplemented with homogeneous Neumann and Dirichlet boundary

conditions and Hj (D?) initial data. Finally, homogenization via multiscale convergence of

parabolic problems with an arbitrary number of microscopic scales in space and time, i,e,

r r t t

t4 .
a[C (r,t) = le(A|:77.“7E7E7.“7 e

T ]Vce(r,t)) +f(r,t) inD¥, (2.1.162)
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as well as reiterated homogenization of heat conduction in composite media, has been
recently investigated by L. Floden et al [195] and E. I. Rodrigez et al. [196]].

In the sequel, motivated by the previously mentioned articles on reiterated homogeniza-
tion, we will apply a similar upscaling procedure for the microscopic Allen-Cahn/Cahn-
Hilliard formulation with its solution to be defined over two microscopic length scales
and one time scale. Finally, our homogenization arguments are also based on a very
recent rigorous three-scale convergence approach on the homogenization problem for a
stationary Bingham flow in a porous medium with solid obstacles of different size, (see

[183]) and we also found useful ideas and motivation in [197-H199].

Theorem 2.1.6 (Homogenized/macroscopic Allen-Cahn/Cahn-Hilliard system).

Assuming that the extended initial condition converges, i.e., c¢ —0>c,,m0 in L*(D), then

init
there exist limiting functions co, o € L*(0,T;H' (D)) and ¢y, € L*(Dr;Hper(Y)) and ¢}, uf e L*(Dr x
Y:Hper(2)), such that the related subsequences ¢ and u° satisfy the convergence results (2.1.148),
indicated in the previous lemma and also the existence and extension results of[Remark 2.7
and discussed in the previous subsection. In addition, the limiting functions
are solutions of the following homogenized/macroscopic Allen-Cahn/Cahn-Hilliard system

for isotropic mobility M:=ml:=m{8;;}1<; jca, m >0, L.€.,
p1dico(r,t) = mdiv(Dy Vo (r,t)) = prio(r,t) inDr,
wo(r,1) = fi (co(r.1)) = (p1)~' A2 div(Dy Veo(r,1))  inDr,

(2.1.163)
]D)lvnco:Dlvn(div(ﬂ)lvrco(r.,t))):0 ondDr,

co(r,0) = Cinir o(r,0) inD,
in which we define the porosity p := |v1||zi|/|[¥||z|. The elements of the effective tensor
{(D1)ij}1<ij<a are defined by

IE(y) o IEN (v, ), 5 98" Y (y.y1) € (y)
(Dy)ij == |YHZ| Y'XZ‘k;l((s - &y e - i i 0y F v )dydyl, (2.1.164)

where the correctors &*(y),(£*) (y,y1) k=1,...,d are unique, in the sense of distributions, solu-

tions of the following reference cell problems:

Sk 9E (y) ,
_Zayi(éik—sij 8yj =0 ll’lYl7

i,j=1

5 (mé(y»)o on 3% (2.1.165)
1 L a ’

i,j=1 Yj
EX(y) isY periodic and My, (EX) = 0.
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and also

d 9 IE(Y) & IEN (vy1) AED vy 9E(y) .
Z (6 ~ Ay, ~ END +u Iy N ) 0 mh,

4 - 35’(3’) IEN (yy1) s AED) (vy1) 9E/(y) on (2.1.166)
Z1nl(5 O 91k o Iy Ik ) 0 o

EX(y) isY periodic and, (E*)*(y.y1) is Z-periodic and My, (E¥) = Mz, ((£*)") =0.

For the proof we make use of the following two Lemmas at a first stage.

Lemma 2.14 (Three-scale convergence). Assuming that the extended initial condition

converges, i.e., ¢t &0 ciniro N L*(D), then there exist two pairs of limiting functions co,uo €

init

L*(0,T;H' (D)), c1,p € L*(Dr;Hper(Y)) and cf,uf € L*(Dr xY;H)(Z)), such that the related (not

relabeled) subsequences ¢t and puE, satisfy the following convergence results as € - 0:

(i) {EE}D() converges in the three-scale sense to cg,
(i) {VecE }esg is three-scale convergent to Vrco + Vycy + Vy, ¢},
(iii) {¥ }¢>0 converges in the three-scale sense to g,

(iv) {VrlE e is three-scale convergent to Vo + Vyly + Vy, Ly . (2.1.167)

Proof. The convergence in all arguments follows from the estimate (2.1.32), as a result of
Lemma 2.13] O

Lemma 2.15 (Strong convergence and nonlinear term). We obtain with the help of
the unfolding operator discussed in[Definition 2.4, the following convergence results:

(i) {cE}es0 converges to cq strongly in LZ(DT)7

(ii) Teyoe (F) to cq strongly in LZ(DT xY xZ),

(iii) Teyoe (Ve lE) converges weakly to Vo + Vyly + Vy, U in L? (Dr xY xZ),

(iv) f1(cF) is three-scale convergent to fj (c). (2.1.168)

Proof. (i) In light of Remark 2.7|and the estimates (2.1.43), (2.1.113), there exists a subse-

quence (not relabeled and still denoted by the same index) of the extension {c¢}.., such

that {} 0 <=5 ¢, strongly in L2(Dr), by lTheorem 2.1.3lThe convergence in (ii) and (iii)
holds straightforwardly by Remark 2.17| due to the estimates (2.1.43) and (2.1.49).

In order to show the argument (iv), we note that the weak two-scale convergence

of f/(c?) to f/(co) is equivalent to the weak convergence Te ce(f/(c?)) := f{(Tej0e(cF)) = f1 (co)-
Then, by the integral conservation property of the unfolding operator (2.1.159), we obtain
with the help of the estimate that there exists a constant ¢y, >0 independent
of ¢ that depends on the volumes of the reference cells of type z and v, such that the
following inequality holds

1/4|

17206 () Izt (pyxrxzy = (Y1121 2118 |2 oy ) = Crzlle¥l s o,y < Choyzs (2.1.169)
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since we assumed that the porous medium consists of periodically distributed reference
cells of unit volume, i.e., ¥ := (0,,)¢, Z:= (0,4,)¢, d=2,3 and hence |v|= ¢ and |z|= ¢4, d = 2,3, see
Furthermore, since f;(c) == (¢>~1)?/4 and also f;(c) = ¢* - ¢ then, pointwise conver-
gence and the generalized Lebesgue dominated convergence theorem in £7-spaces[176]
due to the bound (2.1.169), imply that for all test functions ¢ e Co(Dr:Cpe, (¥ x2)):

[ (Tevos ()@ dr dydy di - [ ! (co) o dr dy dy, dt
][;TxYfoL(%l E(C ))(P rayan DerfoL(CO)(P rayayi

Triangle

S g (L Terce (@) = fico)) ol dr dy dy, di

= [ ([Teoe(@)F ~Taoe () ~ci wco) gl drdy dy, d
XY x

Triangle ~.3 3
L g ([Teee(@)F ) ol ardyayyar+ [,

TEY _
oy (Teree ()=o) gl dr dy dyy di

Holder’s ~ ~1\2 ~ 2
< [ Teroe(e )_COHLZ(DTXYXZ)”%]OS(C )"+ Teoe(c )CO+COHLZ(DTxsz)||‘P||L°°(DTxsz)

+H7—8108(Eé)_COHLZ(DTXYXZ)||(PHL2(DT><Y><Z)7 (2.1.170)
Hence, the strong convergence 7e,oe(c£) =% ¢, in L2(Dy x ¥ xZ) implies

. ~ ~\2 ~ 2
;1_1)1(1)H7§1 oe (€?) _CO||L2(DT><Y><Z) [ Teroe (c®)” + Teyoe (¢ )co +CO||L2(DT><Y><Z) |l (DrxYxZ)

+éi_f}(1)“7—€108 (®) = collz(yxy <) |9ll22 (D xy xz) =0, (2.1171)
since

~ ~ ~ ~ 2
Tes06 () (Teroe () +c0) + iz oprnzy = [ [Teroe @) (Teroe (F) + o) drdy dyy di

DrxYxZ

+2 YZTe.og(Eé)(%,og(c?)ﬂ-o)cédrdydyldr

DrxYx
4
+ ol drdydy; dt
fDTxmlcol ydyi
~ 4 4
<C1||Teroe ()14 (nyxy xz) + C2lY 1 Zl[[eollzs (b,

+2Y[|Z[Tesoe (5)l|i2 by xv <y ol oy

<cp, (2.1.172)

which follows by Holder’s and Young’s inequality and also the bound (2.1.169). As a

result

Ii ! (Ter0e (E)) o dr dy d d:f / dr dy dy, dt. 2.1.173
lim [y L (Tace())@drdydyydi= | fi(co)drdydyy di ( )
]

Proof of[Theorem 2.1.6 Since we have so far verified the three-scale convergence of the
related terms we are now able to continue with the homogenization procedure under
similar arguments as for the two-scale case. To capture all the microscopic and mesoscopic
behaviours of the phenomenon modelled by problem (2.1.24), we choose functions ¢, ¢
Cy (Dr) and ¢; € C° (Dr;Cper(Y)), 61 € C5 (D73 Crer (Y x 2)) and we plug the test function

¢87£| (I',l) = ¢0(I’,Z) +€¢1(l.7£_11.7t) +££lq~51 (1'78_11'7 (881)_11',1‘)7 (2-1~l74)

in the weak Allen-Cahn/Cahn-Hilliard microscopic formulation (2.1.24). We will also

make use of the three-scale spatial differential property, i.e.,

Vo Vete ' Vy+(g1€) ' vy, (2.1.175)
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and we additionally assume that the flow is taking place inside the intersections of all

the pore-phase parts v, 7, of each type of reference reference cells v,z. Thus, we obtain

_fDE cg(r,z)(a,¢0(r,t)+sat¢l (r,e’lnt)+slsa,¢3](r,s’ln(ee,)’lr,z)) dr dt
T
_/[;_ “E(r7t)(¢0(r7t)+£af¢l (r,s_lr,t)+81881(l31(r,£_1r,(881)_1r,t)) dr dt
= 7M‘/DS Vrus(r,t)‘(Vr¢0(r,t)+£qu)1 (raf_ll’,f)+Vy¢1(1'75_]l'7’)+vy1 él(r,s_]r,(eel)_]r,t)) dr dt
T

_M[fDE vrue(m)-(glgvr(ﬁl(r7£’1r7(££1)’1r7t)+el vy(ﬁl(ns’lr,(se,)’lr,t)) drdt. (2.1.176)
T

Equivalently we obtain the extension to the macroscopic domain p with the help of

,reD, and

the characteristic function which can be defined by Ap:(r) := &y, (E)XZ' (Tr(g)
1

2.1.145

we can pass to the limit ¢ - 0 in the three-scale sense using the property ( , e,

lime_o£(€)/e = 0. Hence, we deduce

|Y|||Zl\fD co(r,t)a,%(r,:)drdt+|yl\|z.|fD Lo (r,)9o(r,1) dr dt
T T
:Mf Veto(r,1) - (Vy1(r,y,1) + Vy, @1 (r,y,y1,1)) drdydy; dt
DrxY1xZ,
+M D XY xZ (Vl‘NO(r7t)+Vyl-ll(r7yat)+Vylﬂl*(r7y7}’lat))'Vr(PO(rJ)drddeI dt
T XY X4

+ML Y xZ (VY”I(r7Y7t)+VYI”1*(I‘7y7yl7t))'(VY¢1(r7Y7t)+VYI¢l(r7Y7y17t)) drdydyl dt. (2'1-177)
T XY X2y
Therefore, if we choose ¢, =0 and ¢;, ¢, +0, we deduce that

_M‘/D‘ Y xZ Vrﬂ()(r,t)'(Vy(P] (ruyvt)+vy1(§1 (r1y7YI7l)) drdydyl dt
T XY X2
=M Do XY xZ (Vyﬂl(IVYJ)+VY1#1*(1'>Y7YIJ))'Vy(Pl(rJ’J)drddeI dt
T XY X4

+ML Vi xZ (VY:UI (r7Y7t) + VYInui(- (r7y7y17t)) 'VYI ‘731(1'73’0’1 7t) dr dydyl dl> (2'1'178)
T XY X2}
which implies after integration by parts, that

_vy'(Vylil(EYJ)+Vy11~11*(rvyaYIJ)) = Vy'VrlJO(rvt)?
(2.1.179)

—Vy, '(Vyllif(rastIvf)*Vyﬂl (l',y,f)) =Vy, 'Vrﬂo(rvl‘)

In the same way, if we choose ¢, = ¢, =0 and ¢, =0, we deduce from ([2.1.177)) that,

Mzl [ cow.n.avo(enydrdi+ [ ¥ilZiluo(ra)do(r.r) drdi
T T

=M DY X7 (Vr/JO(l'J)+Vyl~i1(r7y71)+Vyll~i1*(l'-,y7)’171))'Vr‘PO(rJ)drdde1 dr. (2'1'180)
T XY X4

This yields the following homogenized equation

afc(](r7t) +‘ll()(l‘,l)+MAr[,L()(l‘,t) = —MVI"( (Vyﬂl (r7Y7t) +VY1I~11*(1'>Y-,Y1J)) dy dYI) . (2'1'181)

1
|Y1 HZI| Y1 xZ,
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In the same way, the weak formulation for the chemical potential reads

fDe uE(r,1) (a,q)o(r,r)+sa,¢1(r,s“r,z)+elea,q51(r,e‘1r,(eel)‘lr.,z)) drdt

T
=[D€ fi(CS)(¢0(r7l)+3¢|(1‘78711‘J)+818(51(l‘78711‘,(881)711‘,0) drdt

T
2 € -1 -1 g -1 -1

+A /;S Ve (I‘,l) (Vr(])()(l‘,l‘) +€vr¢l(r7£ I',l) + qu)l (1'78 l‘,l‘) +Vy, ¢1(l’,€ r, (881) l',[)) drdt

+22 fD Vcs(r,t)(elevrqsl(r,s_lr,(881)_1r,t)+&‘1qu51 (r.e’'r, (681)_1r,t)) drdt (2.1.182)

T

and we obtain after taking the upscaling limit ¢ » 0 with the help of the characteristic

function A (r) similarly as above, that

|Y1HZI‘fDT#O(rvt)q)O(rvt)drdf—‘Y1||Zl|/Drf[i(c(r.,t))(bo(r,t)drdt
=7LZ|Y1H21\/;T Vreo(r,1) - Vedo(r,t) drdt
+2° fDr (Vycr(r,y,t) + Vy,ci (r,y,¥1,1)) - Vedo(r,t) dr dy dy; dt
A2 ny - (Vreo(r,1) + Vyer (r,y,1)) - (Vy, @1 (r,y,¥1,1) + Vy 1 (r,y,1)) dr dy dy, dt

2 ~
A5 el (Y, yun) - (Vn G (6, y1,0) + Vydi (1)) dr dy dyy di (21.183)
T 1 1

Hence, for ¢, =0 (2.1.183) can be simplified further to

(VrCO(I’J)*VyCl(EYJ)+Vylcf(r7YaYIJ))'(Vyfpl(r7y7f)+vy1 (7’1(1'7)’7)’17’)) =0, (2.1.184)

which additionally yields

—Vy'(vycl (EYJ) +VylcT(r7Y’YI:l)) = VY'VI"CO(r7l)7
(2.1.185)

—Vy '(VyICT(T7Y7Y1>l) +Vycr(r,y,1)) = Vy, - Vrco(r,1).

The combination of the relationships in (2.1.179), (2.1.185) separately and by setting

EX(y,y1) = (ED)i(y,y1), 1 <i<d, z={u,c}, leads by virtue of linearity and for almost everywhere

in Dy xY x Z, the following decoupling of variables:

* d *y ] a ) a 5
d(ryynn) ==Y (& )J(Y7YI)( winy) , daley t)),z={u,c}- (2.1.186)
j=1 J Vi
Hence, on setting (vy,&);j = 8(;% ) , (1<i,j<d), we deduce for either z=p orz=c from (2.1.186
y

that

T
Vy2i (5,y,¥1,1) = =Vy, & (v,51) - (Vrzo(r,1) + Vyzi (r,y,1)) . (2.1.187)

Moreover, choosing ¢, = ¢, =0 in (2.1.183)) and by the weak form of the second equation
in (2.1.179), provides that

~[D Vixz (VrZO(r:f)+Vy21(r,Yal)+Vy12f(1"y7f))'Vy¢1(r7y7f) drdydyl dlZO,Z:{,U.,C}, (2-1~188)
T XY X2

which in view of (2.1.187) can be further simplified to
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-/Derl (le (1-vy, éz*(ym))dY1)VrZO(I'J)’Vy¢1 (r,y,t) drdydt
=—fDTXy1 (le (I- vy, é;(y,yl))dyl)VyZl(r,y,t)-Vy@(r,y,t)drdydt, z={u,c}. (2.1.189)

Taking ¢, = p® y where ¢ € C5° (D7) and y < Cp,(v) arbitrary functions and hence for almost
every (r,r) e Dr, the functions z (r,r) e Hp,,(Y), z= {u,c} are unique solutions to the following

variational problems (one for z=c and one other for z=p):

/,‘,l (le (I- V;I & (y.y1)) dvi ) Vrzo(r,1)-Vyy(y) dy

:—j;(égﬂ—viéwmyn>dn)anuJyvyw@>auvWengyy (2.1.190)

Moreover, setting I;. (y) := / (I1-Vy,& (v,y1)) dy1, y e ¥ in (2.1.190), we recall that there exist

unique solutions & := (&) i<icq € (Hper(Y)),4 of the following local variational formulations:

EN(y) € Hper(Y),

(2.1.191)

S e T Ty dy= [ S0 005 dy. =1,

vord,

for all veH.,, (v). We can easily deduce that the functions (r,y,r) — &(y)- Vezo(r,1), 2= {1, ¢}
are also a solution to (2.1.190) and hence by uniqueness (see [192} Prop. 4.4], [190} Part 5.3]
and [Remark 2.12), we can deduce for z={c,u} that

ey = Zéz( >az°‘ )

fora.e. (y,r,t) €Y xDr (2.1.192)
and consequently we can also define its gradlents by

Vyzi(r,y,1) = =Vy&(y) - Vrzo(r,1). (2.1.193)

In light of the ansatz (2.1.192) the above relation implies that the the correctors & (y), k=

1,...,d are solutions of the following reference cell problems for z={c,u}:

IEL () .
Z ayl( ik — 5” 5}1]' =0 11’1Y17

i,j=1

k
i ”i(SiJW)=O on ;. (2.1.194)

ij=1 Yi
&X(y) is Y periodic and My, (F) = 0.

Moreover, in view of (2.1.186) and (2.1.192) the relations (2.1.187), (2.1.191) and (2.1.188)),

we can identify the following cell problems

L9 (s 5 980 5 AE) ) | 5 IE) Gy 9 ) .
2,3 ( Mo T o T o IV ) ’ &

iki=19Yi

on Y, (2.1.195)

A (o Sy < AEN ) s EN ) ()
i,kZl—lnl(&j % Iy ik Ik +u i AL ) 0

EX(y) is Y periodic and, (& )*(y,y1) is Z-periodic and My, (&) = Mz, ((&)*) =0.

71



CHAPTER 2. NUMERICAL STUDIES, POROUS MEDIA AND HOMOGENIZATION.

As aresult, in light of (2.1.194) and (2.1.195)), we can identify the equivalence between the

different families of correctors, i.e., (£*) = (1) = (&), k=1,...d and also " =&k =& k=1,....d.

Analogously for ¢, = ¢, =0 and ¢, # 0, we obtain the weak formulation

/L;lruo(r,t)(l)o(r,f) drdydydi= [ file(e))du(r.1) dr dy dy, dr

+)'2[[) (Vrco(r:l)+Vycl(r7y7l)+Vylcf(1'7y7Y1>l))'Vr‘PO(rJ) drdydyl dt, (2'1'196)
1T

which subsequently implies the upscaled chemical potential

ﬂO(r t) jL(C(r t)) 7vr (VrCO(r t) Vycl(l'»YJ) +VY1CT (rvyayht) dy dYI)v (21197)
]

\YIIZ\

where p; := |v1]|Z,|/|Y||Z| denotes the porosity of the composite medium. As a result, in view

of (2.1.193) and (2.1.187)), we can rewrite (2.1.197), as follows:

2
to(r,t) = fi(co(r,1)) - %diV(DIVrCO(rvl))» (2.1.198)

where we defined the elements of the effective tensor by

IE(y) I(E) (y, i), 5 906" ) (y.y1) €7 (y)
(D1)ij= |Y|\Z| lezlgzl (6,1—@ ~ % Y1k % Iy AL )ddeI' (2.1.199)

Finally in view of the related boundary conditions
[Vezo(r,0) +2"(r,1)]'n=0, z= {,c} on dDr, (2.1.200)

where we defined

L

|Y| ||Z] | Y1 xZ,
we further obtain with the help of (2.1.186)), (2.1.192) and the definition of the effective

tensor (2.1.199), that

2 (r,t) = (Vyzi(r,y,1) + Vy,21 (r,y,¥1,1)) dydyy, z={,c}, (2.1.201)

Dy Vncy=00ndDr. (2.1.202)

Similarly we also deduce the no-flux condition

22
D Vapo :=n-Dy f7 (co(r,t))Veo - FDIVH (diV(Dl Vrco(rJ)))
1

2
:—%Dlvn (diV(D1VrC0(r,l))) =0ondDr (2.1.203)
1

and since by assumption 1%,p =0, we end up with the following simplified form of the
boundary conditions

D Vncog =D Vn (diV (Dlvr(;o(l’,l))) =0ondDr (2.1.204)
and the proof of [Theorem 2.1.6|is completed. [

Remark 2.18. An interesting fact is that the homogenization limit formulation obtained

for the three-scale case in has many similarities with the one in[Theorem 2.1.5

especially in the general form of the upscaled equations. The influence of the presence of the
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extra microscale, provides different results in more precisely the expression for the effective
tensor (2.1.263, (2.1.164), the corresponding correctors and of course the definition of the

porosity, which in the two-scale case is defined by p:=|v,|/|v| and in the three-scale is obviously

more involved, i.e., p, := |v||Z,|/|Y||Z].

2.1.5 Multiphase-ternary mixtures and homogenization.

We extend our previous considerations to the study of mixtures with more than two
substances [200-202], which also involve the presence of more than two phases. To
the best of our knowledge there are a various attempts to model and investigate the
properties and existence-regularity of solutions to multicomponent flows. Moreover, C.
M. Elliott and H. Garcke [203] extended their study on well-posedness for the classical

Cahn-Hilliard equation (see [Theorem 1.2.4] and [7]) and verified global existence of

solutions for a model of fourth-order degenerate parabolic partial differential equations
with concentration dependent mobility matrix. The particular system can be derived by
the Onsager Principle or gradient flow formulations, as an extension of the classical Cahn-
Hilliard formulation of mM-component conserved order parameters c:=[cy,...,ci], based on

a generalised Ginzburg-Landau free energy of the form:

M
Fopm(c) = /;K((B)Zaiciln(ci)+%cAc+%Vc-BVcdr, (2.1.205)
i=1

where the elements of the symmetric M xM matrix A are the interaction parameters and
those of the symmetric and positive definite B are gradient energy parameters.

As a continuation of the coupling with Navier-Stokes, reactive flow models in the
context of combustion in complex chemistry and nonlinear multicomponent reaction-
diffusion equations are also being considered, such as the one in [207], in which the
authors are dealing with a system of Navier-Stokes coupled with a Cahn-Hilliard with
advection type of evolution for the different mass fractions of the components and
a nonlinear convection diffusion equation, for the evolution of the temperature field.
In addition, a comprehensive survey of global existence of solutions and regularity
arguments for systems of reaction-diffusion systems arising in population dynamics,
chemistry and theory of electromigration is provided in [208]].

A similar study related to the global existence of solutions, has been carried out in
[209], where the model under investigation consists of the classical momentum balance
coupled with mass and total energy balances and a Cahn-Hilliard with advection type
balance for the species mass fractions. Another interesting thermodynamic approach on
modelling multiphase multicomponent flows can be found in [210], where the authors
are just dealing with a general overview of the constitutive equations in this case, their
variational structure and properties. Finally the corresponding sharp interface limits
using the method of matched asymptotic expansions, for multicomponent alloys, have
been examined by H. Garcke and B. Stinner in [211]], analogously as the approximation of
the Mullins-Sekerka flow by the classical one component Cahn-Hilliard model discussed

in [19, 212, 213]. Furthermore, multicomponent reactive flows for a number of diluted
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chemical species in a saturated periodically varying media and homogenization, have
been also investigated more recently by G. Allaire and H. Hutridurga in [214} 215]).
Finally, A. Jingel and M. Ptashnyk in a very recent work [161]] combine a rigorous
two-scale convergence approach and the boundedness-by-entropy method [174], for
homogenization of strongly coupled cross-diffusion m-component ¢* := [, ...}, ] flows with
a formal gradient flow or entropy structure and reactions r;(¢®):R” - R in a periodically

structured porous domain D%, such as, e.g,

M
ot = div(ZMij(ce)vcj) +R;(¢¥)inD%, i,j=1,...M, (2.1.206)
j=1

Di(8ijchyy +¢f), i, j=1,..M, with D; >0 and the constraint cj;,, = 1- f:cf. In our case, we will
focus on the study of multiphase ternary alloys in the periocllzilc porous media setting,
however we will not consider coupling with fluid flow (Navier-Stokes). For a model like
this we subsequently derive effective/homogenized evolution equations, using formal
two-scale convergence arguments.

Derivation of the model. As an extension to the C. M. Elliott and H. Garcke multi-
component free energy density approach (2.1.205), the modelling of dynamic behaviour
in multiphase-ternary flows is based on an abstract free energy functional initially intro-
duced by Wheeler-Boettinger-McFadden (WBM) in [216] [217] in the context of binary
mixtures, who apart from the composition variable ¢ imposed an extra non-conserved
order parameter ¢ (phase function) to indicate which regions of the system are solid (¢ = 1)
and which are liquid (¢ =0). To this end, they adapt the classical binary Cahn-Hilliard free

energy

2
f(C):foL(C)+%\VC\2dr, (2.1.207)

which accounts only for the composition function ¢, to a formulation for again a binary
mixture involving the extra order phase parameter ¢ apart from ¢ and the corresponding

extra gradient penalty term, namely

2 A2
Fwam(9,c) = fDFWBM(¢7c) dr:= foo(c,¢7®)+%\VC\2+7¢IV¢|2dr, (2.1.208)

where the homogeneous free energy density fy(c,¢,0) (with ® denoting the temperature)
advances phase separation in the absence of interfacial energies. The physical inter-
pretation of the functional Fyzu(¢,c) is that it actually models a diffuse interface as an
interpolation between phases in which the compositions of phases at the interface are
equal and therefore the phase and composition gradients are considered to cross each
other in the state of equilibrium in order to form an interface, and the gradient squared
terms flatten this interface and introduce interfacial energy. The evolution of the phase
function was proposed to be modelled by Allen-Cahn dynamics ensuring that the total

amount of solute is conserved, i.e.,

o = —M¢3¢FWBM((I),C) (2.1.209)
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and the composition evolution by the Cahn-Hilliard dynamics with a degenerate type of

diffusion coeflicient, that is,

drc=Mdiv[c(1-c)VoFwpu(9,c)], (2.1.210)

for scalar constants #,,M. >0 (see also [216]). This idea was later extended by D. A.
Gogswell and W. C. Carter to M-component mixtures with compositions ¢;, i=1,....,M under
the assumption of the presence of v different phases ¢o,a = 1,..N [15]. In comparison to
the two-phase binary systems that has been already studied in the previous subsections,
the extension to multiphase and multicomponent systems with the additional degrees of
freedom, imply a more complex situation. Hence, we restrict ourselves to the simplest case
of a three-component/multiphase mixture in the periodic porous media setting and we will

extensively discuss a rigorous two-scale convergence homogenization approach similar to

the proof of after formally deriving the model in the homogeneous setting
via gradient flows (see [Theorem 2.1.7). These type of ternary-multiphase systems were
introduced for simulation of problems such as for example solidification via nucleation,
pre-melting at phase boundaries with triple junctions and other applications (see [14-16])).

The free energy of such a system was proposed to be given by

N-1 1 2 1
,7:,71(61,6‘27(1)0()::/;F(C],Cz,(ba)dr::\/D‘[f()(C]7C‘2,¢(x7®)+ Z Ekaﬁv(b(xvgbﬁ"' Z il,%-Vci-VCj]drdt?
o,f=1 i,j=1

(2.1.211)
where we denoted the chemical components by ¢;, i=1:3 which obey by the constraint ; =
1-c;-c;. Moreover, the parameters {4;;}; ;-1 » stand for the elements of a symmetric matrix
of gradient energy coefficients and k. In addition, the multiphase homogeneous free
energy contribution fy(c1,c2,¢a,0) can be defined as a combination of the bulk multiphase
double well potential and an additional summation of the interaction terms between all

the present phases in the mixture, as follows:

N
foe1,€2,9a,0) = 3 Pafalcr,c2,0) + Y Wopadp, (2.1.212)
a=1

B+o

with W, >0 being a mean field interaction potential between phases and the variable ¢

can be interpreted as phase fraction that corresponds to each phase « and varies between

the values 0 and 1. The potential fu(ci,c2,0) satisfies the following |Assumption 2.2}

Assumption 2.2. There exist some constants Cy;,Cy;,C2,C3,C4,Cs >0, i = 1,2 that may depend

on © such that

2 2
O el =€y < fale1,2,0) <Cy 3 |eilt + G,
i=1 i=1

|0c; far (c1,¢2,0)| < CoileiT+Cy, i=1,2, (2.1.213)

forg=d/(d-2), ifd>3 or qeR" and arbitrary when d=1,2.

Therefore a natural choice of a free energy density that satisfies|Assumption 2.2|is a
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double well potential of the form, e.g.,

2
fa(ChC%@):K(®)Zi(ci_l)zcz‘27 (2.1.214)
i=1
where k(©) >0 a temperature dependent constant.

Remark 2.19 (Interpretation of the phase variables ¢.’s). Phases can be considered
as regions which are usually differ in composition and/or crystal structure and having certain
microstructure with homogeneous properties that are physically distinct from other regions
of the mixture, excluding geometric transformations that map one region onto another. Each
of these regions is characterized by a homogeneous free energy density denoted by fa, that
differs from the free energy densities of the other regions. Each phase is assigned a phase
fraction ¢, that varies between 0 and 1. For a system with N phases, the phase fractions obey
a phase fraction constraint: ¥5_, ¢ = 1. Obviously if we assign the value ¢4 =0, we nominate
areas where no a-phase is present, and the value ¢, = 1 corresponds to single-phase regions of

phase a.

In order to obtain a thermodynamically consistent dynamic description for the molar
fractions ¢;,c, and c3, subject to the following constraint ¥}, ¢; = 1, we recruit the related
gradient flow formulation for minimizing the free energy (2.1.211), in order to approach
the equilibrium state. The result can be summarised in the theorem below (see [15,[218]

for more details).

Theorem 2.1.7 (Gradient flow equations). We consider the abstract L*-gradient flow
formulation for the minimization of the free energy (2.1.211) adapted to the case of ternary

mixtures, i.e.,

<a[Ci,V>L2(D) = —(Vg]‘-m(cl,62,¢a)7v>L2(D)7 i=1,2, (2.1.215)

for all ve*(D). We subsequently consider the variation with respect to the following

semi-inner products (see (1.2.27), [20,(84]):

(u1,9) i1 (py = (M1 Vuy =M Vi), Vv) 12 (py and
(”t27 V>Hl (D) = <M1 V“Z _szul )7 v‘}>1‘2(D)7 vMl ,Ug,v € Hl (D)7 (21216)

where the mobility coefficients M,,M,, can be defined as functions of the related compositions,
i.e, My =M (c;)=Mci(1-c;) OF My :=My(c;) := Mjcica, i = 1,2, where M, := D;/RO® (Nernst-Einstein
relation for the diffusivity D;, ® the temperature and R is the universal gas constant). The
three components are connected subject to the following constraint c; =1-c; -c,. Note that

below and over the rest of this subsection we make use of the following simplified notation

F.=0.F, ze{c1,c2,0a}. Therefore (2.1.215) and afterwards (2.1.216), applied to the functional
(2.1.211) imply the following evolution equations fori=1,2:

2
drci = =div(Ji(ci, 9a)) = diV(Mi > Mz‘j(c)VFc,) inDr,
J=l (2.1.217)

8nJ,~ = 6nci =0 on (9DT7
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where N;;(¢) = ¢i(8;j—c;), i,j = 1,2 With ¢:= [c1,c2]. The related potentials F.,, fori=1,2 are defined
by

N , 2
Fo(ciga) =D, ¢“w -3 A5Ac; inDr. (2.1.218)
a=1 i j=1

Independently we consider the evolution of the phase field, following the Allen-Cahn

dynamics with dn¢e =0, i.e.,

O 9o = —kaFy, inDr, (2.1.219)

with the evolution of the potential term to be defined by:

9 fo

F¢a(cl7c27¢a) = m

N-1
- > kogAgg inDr, (2.1.220)
B=1

where the parameter kq >0 stands for a kinetic coefficient associated with the speed of

transformation of phase a to another phase, at constant composition.

Proof. As a natural extension of the already derived r*-gradient flow of the Cahn-Hilliard
free energy in (1.2.20), the Gateaux differential of F.(ci,¢a) at each of ¢;, i=1,2 in the
direction of ve 1?(D) (L*-gradient), can be formally derived as follows (for simplicity as
the variation is considered with respect to ¢, this time, we denote by F,(c) := Fn(ci,c2,9a)
and also fy(c1) = fo(ci, 9o, T)):

2 2
8!‘1 .Tm(CI,C27¢Ot) = (vi“l fm(C],C2,¢a),V>L2
- lim ]:—m(cl +kv) —]:—m(cl)
k—0 k

f y A} At
:/ lime(CH-EV) fO(Cl)+LVq-VV+£V02«V\/ dr
D\ k=0 k 2 2

= [ qim 0L R) ~ foler) dr—/llzlvacl dr—xﬁzfmcz dr, (2.1.221)
D k=0 k D D

where we used integration by parts and homogeneous Neumann boundary conditions.
Furthermore by plugging the Taylor expansion around c¢;, namely (c; +kv) = fo (1) +kvfo (c1) +

., into the first term of the integrand we deduce that

2
85 Fn(c1.¢2,9a) = (e, foler,2,00) A1 Act - ApAcy, V)12 (). (2.1.222)

Being motivated by exactly the same procedure with respect to ¢, this time, we obtain

the following variation

2
66@ ‘7:"1(61>C27¢a) = <aC2fO(Cl7CZ7¢a) _A'ZZIACI _A222A627V)L2(D)' (21223)

As a result, the semi-inner products for u, := e, fo(c1,¢2,00) — A3 Ac) — A Ac, and
i = e, fo(er,¢2,9a) ~ Ay Act - A} Acy, imply the system of evolution equations (2.1.217). Finally,
regarding the evolution of the phase-field, we simply evaluate the first variation of
Fm(et,¢2,0a) With respect to ¢q, following the same procedure for %, (¢a) := Fn(ci,c2, ) and

VveL*(D), we obtain
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Lr o T

p, Fm(c1,¢2,0a) = (Vo Fm(9a),v)12(p)
i L (Pa 4 kv) = Fin(9a)
k=0 k

~ - fo(9a+ev) - fo(¢a) "

7 7 N-1
limf0(¢a+k‘27f0(¢a) dr—fDBZ_:lkaﬁvA% dr,

D k—0

N-1
= (9, o= 2. kapAdp.v)12(D)- (2.1.224)
=1

which imples the coupled Allen-Cahn system (2.1.219), (2.1.220), for the £*-gradient flow,

ie.,

N-1

(9rev)i2 (D) = (9gafo = D kapAdp V) 12(D)- (2.1.225)
=i

O

Remark 2.20. We assume that there is no coupling between the first system of the evolution
of the components and the second system of the phase field dynamics, due the fact that
phases are not conserved quantities since they can not be created or destroyed during phase
transitions [218].

Remark 2.21. It has been rigorously shown by C. M. Elliott and H. Garcke in [203, Section 2],
that for an M-component mixture with degenerate mobility given by Ni;;(c) := ¢;(8;-¢;), i,j =
1,...M where ¢:=[c,....cu], NIjj(c) is positive semi-definite on the Gibbs-simplex 0" := {ue
RM&M[ =landu; >0, fori=1,...M}.

i=1
In our case, since the mole fractions by definition obey the constraints ¢;>0,i=1:3 and

3
Y ci=1 for all times, by remark|2.21) we have for M =2 that the 2x2 matrix

i=1

(2.1.226)

Cl(l—Cl) —C1C )

—C1C2 C2(1—02)

Mij-f10y = (

is positive semi-definite and hence by definition, the following scalar quantity (with constants
M, M, >0),

1- - M, VF
(VR VFs)- ci(1-cp) ciez | | MyVig ’ (2.1.227)
—ciea (l-c) | \MaVF,
is positive or zero. The relation (2.1.227) is equivalent to
Mici(1-c1)|VF > = (M +Ma) e1caVFe, - VEe, +Maca (1-¢2)|VEs [ 2 0. (2.1.228)
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Porous media setting and homogenization. We can further introduce the same

problem in the porous media setting, i.e.,

2
drcf =div (M,- > M,-j(ce)vﬂi) in D5,
= '
N L OfE(cf,08) 2 (2.1.229)
FE(E 08y = 3 0 20ale 00 S pane i pe
a=1 de; j=1
OnJi(c®) = dncf =0 ond D%,

where M;j(¢®) = ¢ (8- c5), i,j = 1,2 with ¢®:= [c{,c5] and initial conditions f,,; (r) :=cf(r,0) €
H'(D?). Here as noted also earlier, we defined D% := Df x (0,T) c R? x (0,+00) as usual the

perforated domain of length A and heterogeneity ¢:=¢/A by

Df :=U,za € (Y +12), (2.1.230)

which is assumed to be exactly covered by a finite number of single periodic reference
cells v := (0,0)? cR? such that v := v, uy,, with v, being the pore phase of each cell (e.g. liquid
or gas phase in wetting problems) and v, the corresponding solid phase (see [Figure 2.2).

Moreover, we can identify the related evolution of the phase field variables, by the

Allen-Cahn equation, i.e.,

d9a = —kaFy, in DS,
e e afog N-1 . . (2.1.231)
Fy, Cl,cz,%)::%—ﬁzﬂkaﬁA% inDy.

In order to proceed further with the homogenization procedure, we will make use of

the following assumption.

Assumption 2.3. We assume that there exist strictly positive constants C, independent of ¢,
such that, one can verify the following bounds: ||9&|;20 .1 (peyy <C: @ =1,....N, [[ef ll2(0.701 () <
C',i=1,2 and ||Ff|| 20 (pey) < Cor € {c1,2,0a}, = 1,...,N, provided that we have the same regu-
larity properties for the corresponding initial data. Moreover, we also claim that the positive
definite mobility matrix defined in[Remark 2.21is bounded from above in the L>-norm, i.e.,
M ()l (pey < Cu- A reader may verify these bounds following the approach discussed in
the proof of (2.1.1), i.e., to obtain an energy type estimate with the help of[Remark 2.21 and
proceed further by verifying the additional estimates needed, or the boundness-by-entropy
method extensively discussed in [161,[174,1204-206)].

Furthermore, since we note that estimates for the time derivative ocf, i=1,2 of the
type L?(0,7;H'(D?)) do not ensure a priori estimates uniform in ¢ for the discrete time
derivative for an extension of ¢¢, i= 1,2 to the macroscopic domain D, we recruit the Riesz-
Fréchet-Kolmogorov theorem (see in order to derive an upper bound for
the discrete forward difference of the time derivative of each of the s, i.e., the quantity
drct (r,1) -8 (r,1), where we defined 9:¢f (r,1) = ¢f (r,1+ 1) for re D*and 1 € (0,7 - 7). To do this, we

adapt some of the ideas presented in [161}[174] as well as in the proof of [Theorem 2.1.5
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and we replace the test functions ¢ appearing in the weak formulations for the time

derivatives of ¢;,c, (2.1.229) by

(p,-(r,t):ft_tr(afcf(r,s)—cf(r,s))k(s)ds, Vre(0.T)andi=1,2,
(2.1.232)

¢i(r,0) = i(r,7)=0,i=1,2
and in which we defined k(s) = 1, for se (0,7 - 1), k(s) =0, for se[-7,0]u[T-7,T]. Hence, we

obtain by examining the boundedness of each term separately in

2 2
—Zf cfa,<p,-drdt:—f > My () VFS () Vi dr d, (2.1.233)
i=1<Dr D=1 ‘

that is

T-7 T
€ € e € e, € €
- ‘a(pddtsz f drcy — ddt+f f -7 —0_ dr dt
./D§Cl A 0 chl( v ) dr T chl(cl wci) dr

-t T-t
:_fo [L)€C§(8rcf—cf)drdt+[0 /De&cf(afcf_cf)drdt
-t £ €12
B /o /De(a“" —cp) drd (2.1.234)

2 2 T-1
£ £ 0 £ _£)2
and the same for - fD ' 50, dr dt and therefore i§=1 fD ' orc @; dr dt > i§=1 /0 fly(&rc, &§) drdr.
Moreover, in light of the identity (2.1.110), we obtain for the right-hand side of (2.1.233),

2
‘fg > M () VFS () - Vi drdt
PDrij=

-/, ['T 5 M3 (€ (1,0)) VEE (¢ (1,1)) - V(e (1,54 T) — cE (x,5) ) ds dr dit

“Tij=1

=_fs ZZ: v(afcf(r,zw)—cf(r,z)).fMM,-j(cs(r,s))vng(cE(r,s))dsdrdt (2.1.235)

T-ti,j=1

and therefore by Holder’s inequality and the bounds for ¢f and FZ stated in|Assumption 2.3|

we deduce that,

2
fg S My () VEE (¢F) - Voo dr dr
Drij=1

T-1 2 t+7
< Jo o 2 (w0l lhaqony 9efllizn) f I m o) IVFE (o dc
1/2

<CGT (2.1.236)

where ¢(; >0 is a combination of the constants from the bounds stated in|[Assumption 2.3|
and independent of e. As a result, putting the bounds (2.1.236), (2.1.234) provides the

following estimates for i =1,2:

19zef (r,1) = cf (r.0)l|2 oy < Coe'/*. (2.1.237)
Consequently [Theorem 2.1.3|implies the strong integral equicontinuity

Jim, [[9zci (r,0) = (1,00l 2(pe_y =0 (2.1.238)
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and the boundedness in 2*(D%). Moreover, following the same procedure in terms of the

weak formulation of the time evolution ¢&’s in (2.1.231), we obtain for test functions

(pa(r,t):ft (905 (r.5) = 95(r,5))k(s) ds., ¥ T (0,T) and @ = 1,...N,
o (2.1.239)

¢a(r,0) = @a(r,T) =0
and in which we defined k(s) = 1, for se (0,7 -17), k(s) = 0, for se [-7,0]u[T -7,T]. Hence, we

obtain by examining the boundness of each term separately in

fD; 050, Qo dr dt = f% paFy, @ drdt, (2.1.240)
where ¢, are given in (2.1.239), that
J,

(905 (r.5) 95(r.5)) dr ar

&
T-7

t+7T T-7
<ka [ UFS ey ds [ (106082 oey 1196l oey ) (21.241)

or equivalently due to the bounds stated in |[Assumption 2.3 we deduce the estimates

19:9& (x,1) = 9 (v )l 2 pe_y <Coz'/*, foralla=1,...,N, (2.1.242)

where ¢} >0 is a combination of the constants from the bounds stated in|{Assumption 2.3

and independent of «.

Remark 2.22. From the assumptions on the microscopic structure of D° and the fact that

£ eHY(D?),i=1,2 and ¢& e H'(D?), = 1,..,N, we can guaranteefrom the existence of
extensions ¢ of ¢f fori=1,2 and ¢5 of 95, F: to F and also Fy, to F; from D to D, such that

112 12(py < KlIci |2 ey and (V€ [Ir2(py <KV Iz ey, i=1,2 (2.1.243)

and also

19allz2(py <K 10all2 ey and |V 9alliz(py < K[|V 9allr2(pey, for alla=1,...,N. (2.1.244)

Similarly we obtain,

1FE 120y <K IFE |2 ey and [IVEE 2oy < K IV EE |2 ey i= 1,2, (2.1.245)
and also

n nr

”ﬁqfaHLZ(D) <k ||F(Z;6aHL2(D5) and HVF;;‘XHU(D) <k ||VF¢£a||L2(DS)7fOr ala=1,...,N, (2.1.246)

where k,k',k" and """ are generic positive constants independent of e, (see also [153,[154] for

more details).

Lemma 2.16 (Two-scale convergence). Assuming that the extended initial condition

— ¢
c€

converges, i.e., £ . 20, o and (¢)e 22 o0 in [2(D). Then, there exist subsequences of the
extensions defined in that can be denoted by {cf}eo, {98} e>0 and {FE}es0, {FE, beso
fori=1,2 such that there exist two pairs of limiting functions c,¢g,F..Fy, € L*(0,T:H" (D)) =1,2
and ¢!, 94, F..F,, € L*(Dr:Hpe, (Y)), = 1,2, such that the related (not relabeled) subsequences ct,

0§ and FE,FY satisfy the following convergence results as ¢ - 0:

81



CHAPTER 2. NUMERICAL STUDIES, POROUS MEDIA AND HOMOGENIZATION.

(i) {C’:?}E>0 is two-scale convergent to di=1,2,

(i) {VrCE;} e is two-scale convergent to V.-c? + Vyc,-l, i=1,2,
(iif) {E’?}DO is two-scale convergent to Fg, i=1,2,

(iv) {Vrﬁ:f}bo is two-scale convergent to Vch(,). + VyFCIi7 i=1,2,
) {@i}»o is two-scale convergent l‘qu?a7 a=1,...N

(vi) {Vrf;f; Yes0 is two-scale convergent to VrFq?a + VyF‘j,la, a=1,...,N. (2.1.247)

Proof. The result is a direct consequence of the estimates for provided in [Assumption 2.3]

and the related convergence Lemmas[2.3|and O

Lemma 2.17 (Strong convergence and nonlinear terms). We obtain with the help of
the unfolding operator discussed in[Definition 2.4 the following convergence results

— N __ N
i) {ct,c5}eso and Y @ converge to c(]),cg s ¢3 strongly in I? Dr),
1°%2 o 8

ii) Te 0737073 e>0 converges to c(l),cg and Te(98) — 2, strongly inL? D7y xY),
102 § o g
iii) In addition Te VrF? . converges weakly to Vrﬂ9+v F1 inL2 D7y xY),
(t 1,2) ;T Vy

—9 d
(iv) The nonlinear terms Z 0F fg (8 ) are two-scale convergent to Z b0 fg (5 ) )
a=1 i a=1 i

(v) The terms Mic’?c’gvrﬁg and Mige(l —cﬂf)vrﬁ:ffori =1,2,

i=1,2,

are two-scale convergent to M,-c(l)cg (Vch? + Vyﬂli) and Mic?(l - c?) (Vch? + VyFJ) . (2.1.248)

Proof. (i) In light of [Remark 2.7, (Assumption 2.3), (2.1.237) and (2.1.242), there exists a

subsequence (not relabeled and still denoted by the same symbol) of the extension {c%,c%} -0

such that {c%,cZ} .0 £29(9,9) strongly in £2(Dr), by I’I‘heorem 2.1. 31 The convergence in

(ii) and (iii) holds straightforwardly by [Lemma 2.6/ and [Lemma 2.7/ due to the estimate

stated in |Assumption 2.3| e.g., [|F5|l;2(o.r.1 (pe)) < Ce;- The same strong convergence result

holds for $¥_, ¢¢ and the estimate (2.1.242), |Assumption 2.3|for the #!-boundness of ¢,’s
a=1 p

and lemma More details can be found in [158, Lemma 5.1, 6.1]. Moreover, in order to

show part (iv), we note that the two-scale convergence of the quantity

(9 o £ N 3 o
Z‘Pa fa(:) Z¢O J § , (2.1.249)

l

is equivalent to the following weak convergence,

Z Te (98) -~ > ¢a Li=1,2. (2.1.250)
a=1

dfG(ct N aance N o (c
(Z%f()) Fe(Tect) oaf<>

Therefore, by applying the integral conservation property of the unfolding operator
(2.1.159), we obtain with the help of |[Assumption 2.3| the embedding lemma [2.1] and

Poincaré inequality, the following bounds:

N N
3 1/2 "¢ -Z 1/2 -7
1Tl 2prry = Y121 N2 (pyy <€ and 3 ITe®E |20y xr) = V1> S 1198 I2 () <C- (2.1.251)
a=1 a=1
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Furthermore since o, fu(c1) = K(©)(2¢; -3¢} +¢1)/2 and o, fa(c2) = K(®) (23 - 3¢5 +¢2) /2, then point-
wise convergence and the generalized Lebesgue dominated convergence theorem (see
[176]) due to the bound (2.1.251)), imply that for all test functions ¢ < ¢ (Dr;Cpe,(Y)) and
fori=1,2:

a 721 a o
fD, 27'8(% fa( € )<pd dydtff azltpo f (C )(pdrdydt
Af&(Te
Z(%(%) %)Lw e dydr

(2.1.252)

Nooo[0FE(Tect)  afu(cd)
/D‘]ﬁd’ Z ¢a( acf - ac? (Pdrdet 5

in which we applied the triangle inequality. The first absolute value in the above sum

and in light of Holder’s inequality, we obtain

9J&(Tec)
Sy £ @ -0 D g traya

N
— - ~ -0
< 21 I 7e(95) - ¢((J)6HL2(DT><Y) 19ce & (Tec |22 (D<) 101 L= Dy x1) o, (2.1.253)
o=

due to the strong convergence 7:(¢&) - ¢3 in L?(Dr xY) and the fact that from the integral
preserving property of the unfolding operator and the related bound from

(2.1.251), it follows that || f5(TecHlli2(nyxry = Y1219 5 (D)l (pyy < €. We can finally deduce
for the second integral in (2.1.259) that,

—0
=2o. (2.1.254)

./D[ ><Y Z ¢O£ 8cf a 8c?
The property can be verified, as follows:

3 (af%‘(%;f) afa(c?))(pdrdydt

f Y O&fa(n(c l))qodrdydt f Z(poafa @ drdydt

Triangle N aa'ﬁgce aaco
gwa (f( () _ dfa ))

dct Bc
|Z¢ (2072 ()T =3[7e (D) + Te () ~2(e)* +3(c)* - ) gl dr dy ar

drdy dt

K(@)

Triangle

N —~

< K©) [ 1% 0a([7e(HT = (c])’) pldrdyar
N 0 . 0

+ ‘Z‘P(x('ﬁs(cf)—q)(pwrdydt

N ~
| 6o ([7e() P~ (c))?) ol dr dy dr

DrxY a=1

Holder’s

~ N ~ ~
< K(O)Te(cE) =l ll 22 00 (Te (D) + Te (D)l + (e))?) 2y v 10l (py vy
a=1

K(© % ul
O ) oy |2 0202y 9= oy
a=1

o~ N o~
+3K(0)]|Te(5) = Flli2 oy | D 90 (Te(e8) + D) 112 by xr) @1l Dy - (2.1.255)
o=1
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Hence, the strong convergence 7z (%) 29, 9 in 12(Dy xY) implies
. € 0 N 0 E\2 &\ .0 042
K(©) 1im 7 (cF) =]z (pary | 3 9 (Te () + Te (el + () ) lizopar 19l 0y x)
a=1
K(®) . ~ N
+ B BT ) =l )| 2 9811 0719 et
. £ 0 N 0 " 0
+3K(®)é1_1}6||7§(cf) ~cillepxry | 25 9a(Te(e) + i)l (pyxr) 1@l (o) (2.1.256)
a=1
since

N - N ~
122 02(Te(@) vz = [ | X 0a(Te(e)) +c) drdy di
a=1 x¥Y

N
Z[ |¢a(7's(c£)+c,)\ dr dy dt

il MZ o

2y (CHOEI +CaITe(EI +Clgel”) aray

N
<C1 Y [YlI9all2 (o) 199allz20,) + oY et Iz o,y +C5

a=1
<CG+ Y IIEE 2o IVl 2oy

I

<cy, (2.1.257)

in which we made use of Young’s and Ladyzhenskaya’s [224] inequalities for =3 and

also the integral preserving property of the unfolding operator (see Definition 2.4) and the
estimates stated in|Assumption 2.3 (2.1.237). Analogously we can verify the boundedness

of the term | £¥_, 9 (775(51.5)2 +Te(cE)e) + (c?)2> llz2(py <y~ As a result, the limit & -0 of (2.1.256)
leads to

e (Te(F) 0 fald)
fDTxy PE: (Pdrdydt—/l;TXY 5er Pdrdydr (2.1.258)

For the proof of argument (v), we shall use the same technique as above and start by

first investigating the nonlinear terms M;c¢c€ v FZ,i = 1,2, as follows,

fDTxy Te(cic3)Te (Vchs,-) @ drdydt- fD

Triangle
<

y c(l)cg (Vch? + Vchll.) @ drdydt

T X

/I;Txy [7-8 (B C?cg] Te (vrﬁf) @ drdydt

+ ‘ f A [7; (vrﬁf) ~ViFY - Vch'i] @ drdydt|. (2.1.259)
Dy xY

Therefore, since |7z (vr?:f)lle(DTXy) = |Y|"|VeFE||2(p,y < €" due to the integral preserving
property (2.1.159) and in view of |Assumption 2.3} we obtain that

fD [Te(E§) - 13| Te (VeFE ) @ dr dy dr

Holders 5
17 (c§c§) - 0162HL2(DTxY)||7:3(Vch,)||L2(DTxY)H‘P||L°°(DTxY) =20, (2.1.260)

due to the strong convergence 7:(cic5) = Te (%) Te(cg) » ¢Jc) in L*(Dr xY) by (Lemma 2.6).
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Moreover the second integral convergences to zero as well, i.e.,

9, (2.1.261)

f A [7:; (vrﬁf ) B vaCE] @ drdy dt
Dy xY

. . . — 50
since it has been already verified that v.Fg “=" v,F0 + vyF.. The two-scale convergence of

the term M;cé(1-c%) v FE for i=1,2, can be verified in the same way. ]

Theorem 2.1.8 (Homogenized equations). The limit functionsc),¢3.F.Fy, L*(0,T:H' (D))

and c}.¢q.F. Fy, € L*(Dr:Hpe (Y)) fori=12 from|Lemma 2.16, satisfy the following homoge-

nized/macroscopic system

: N .
arcd (r,1) = Z Z& ( Zk(co);rk[gl( 8fa) (r,t) - Z lfjdiv(D”ch(r,t))])i=1727 inDr,

km=11=1 s,j=1

N .
Z Z”mek(C )rk|:Z( afa) (I‘ l) Z A,]Zjdiv(]])jsvc(}(l‘,t))] =0 ondDr,

km=11=1 o=1 5,j=1

also Z an]D)mka 19 (r t)=0 ondDr,and hmc, (r,0)(i=12) =¢i (r O)GH (D).
k.m=11=1

(2.1.262)

In the above K, ("), where ¢ :=[¢],c3], stands for the homogenized cross-diffusion tensor

defined by

K (e”) = ZMzs(c )Dines (2.1.263)
in which the elements of Ni(c”) are given by N () := Myc? (8, - ¢?), i,s = 1,2 and we also defined
the effective tensors

k,l
D, := zzj Sim® L(y) d Nk=1,...dandl=1,2. (2.1.264)
ke = km 01 — |Y\ 3 y for a an 1.

j=1 1 Ym

The correctors Wy (y) are Y -periodic functions solving the following elliptic cell problems:

2 aW{(’ly
28( 5km*731 ())=0 in¥y,

M&

1j=19Ym

2]
J o kl
ZZ( 1 e — (y)) n=0 on dYs,
1i=1

My, (W) =0, j=1.2.

3
il

Proof. Following the same procedure as in the previous subsections, we choose test func-
tions ¢y € C§° (Dr) and ¢, € C5° (Dr:Ce-(Y)) and we take ¢°(r,7) = go(r,1) +e@; (r,e " 'r,r) in the weak
microscopic formulation. Therefore, we obtain for all test functions ¢ € £2(0,7;H' (D)), in
the weak formulation for the evolution of ¢¢,i=1,2 in that forall i+ j=1,2,

T
fo (atC}s(l‘J)»‘Ps(rvf))Hfl(DS)le(Ds)dl
:—M,-ng div((cfc?)(rJ)VrFé(rJ))(pg(r7t) dr dt

M [ div(ef (r) (1= (00)) VS () 9 (1.1) div i, (2.1.265)
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Hence, integration by parts over space and time implies

_ fD cf(r,0) (Qrgo(r,0) + €091 (r,e” v, 1) ) dr dr
T
:Mi ./D‘g- (Cfci)(rat)vrl:ﬁ (r’l) : (Vr(P()(r,t) + SVr(P] (r7871r7t) + VY(PI (r7871r71)) dr dt
—Mi AE Cf(l‘,l)(] —Cf(r>t))Vchf(r7t) ' (Vr(/)()(l‘,[) +€Vr¢1(r7€_11‘7l)) drdt
- M fDE ci (r,0)(1=cf (x,1) ) VeFe (1) - Vy(pl(r,e_]r,t) drdt. (2.1.266)
T
Following the same procedure as in the proof of Theorem [2.1.5] we can obtain the
corresponding extension to the macroscopic domain » with the help of the characteristic

function over the pore-phase vy, i.e., &y, (¢'r), re D°. Consequently by passing to the limit
€ -0 in the two-scale sense in (2.1.266)), we obtain:

Wl S andon () drd
M [ (@D ) (TeF () + Ty FL (130 - (Te@o(r,0) + Ty i (ry.0)) drdy di
DrxYy '
+M,-fD (1= 0) T ) (Vego(e0) + Ty (r,y.0)) dr dy dr
T XX
+M,-fD ) () (1= (1,0))VyFo (r,y,1) - (Ve@o (1) + Vy @y (r,y,1) ) dr dy di (2.1.267)
T XX
Hence, the choice ¢ =0, implies immediately, that
M; fDTXy] () (1) (VeF (1) + V3L (,3,0) ) V3 @1 (x,y.0) dr dy di
M [ S-S @)V () Ty (o) dr dy di
DrxY;

et [ = E0) Ty (6.0 Vyei () drdy dr (2.1.268)
T XX]

Moreover, we plug into (2.1.268) the following well-accepted scale separation ansatz
d 2
F(ryn)==350 5 E,(r D& () +B(r), j= 1.2, in L*(Dr, Hyer (Y) [R), (2.1.269)
k=1 =1

where B(r) is arbitrary and can be chosen to be equal to zero for simplicity. Hence, we
obtain:

¢ (r 1 &2 aFc?(l' 1) 351: (y) 8(pl (r,y,1)
/D,xy, ;Mu(c (r,1)) Z( k;z; I o T drdt
5 9F(r) L) ) 20! (ry.0)
:[L)Txy,,;,; o ”ZlleM,,(c (r, z))(ﬁkm i o dy dr dr, (2.1.270)

where N () :=Mic) (8- %), i# j=1,2 and ¢’ = [c},cJ]. As a result, by the linear independence

of (aFC?(r,t) /ark)kl we infer that the corrector y-periodic functions <§FJT (y)’s are solutions of
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the following linear elliptic cross-diffusion reference cell problems for /=1,2:

Zd:ia N (< (x.0)) [ 818 ﬁ;](Y) 0 inDyxY,
— | M (e (r,t i10km — - = n x Y,
m=1i,j=1 Iym / s Aym =i

d 2 & (y)

SY3 B ((0,6)) | 81 8m — aFf m=0 on Dy x Ys,
m=1i,j=1 Ym

My, (&) =0, j=12,

for which solvablity arguments have been discussed in [161]]. Moreover, since ¢{,c3 #0or 1,

the cell problems simplify further to

d 2 9 2 (v)
810k — —=- =0 inYj,

lezjlj; 9ym J d 'm

k,l
d 2 (y)
Z Z 5j16km_ i ‘n=0 on dY,,
m=1j=1 Iym

Kl .

My, (£ =0, j=1.2.

In the same way, setting ¢, = 0 provides for all i+ j=1,2 that

|Y1|jDrazc?(r,t)(po(r,t)drdt
=M, [D . vr[@?c?)(m)(er3<r./z)+vya‘,<r,y,z>)]<po<r,r)drdydz
TXTX]
M [ e[ (e (0) Ver (0| o(rr) dr i

oMy [ v (e (1= () Dy (v, | @o(x,y,1) dr dy dr.
DrxY;

(2.1.271)

This consequently implies for the integrands, the homogenized equations below:

ohef (r,1) =M () (1,0) (1= ] (1,0)) Ve Fi (x,1) )

O GRSy
1

-M[vr((c?cg)(r,t)vrﬁfj(r,z)+(c?cg?)\ylrl fy Uy (r,y.1) dy), itj=1,2. (2.1.272)
Hence, in light of the ansatz and for i= 1 we obtain from that,
d 2
oY (x,1) =My div [ ¢} (r,0) (1= (r, f))( > Z&k*\yl\_ f 5 (Y) d )VrFu(l’ 1)
kji=11=1
Lo oE (y)
~Mydiv] (99) (r,1) Z Zs,k 4 f dy | VeFS (r,1) (2.1.273)
kji=11=1
and similarly for i=2
d 2
9y (r,1) “Mpdiv c%(m)(lc%(r,z))(Z S au-m [ =5 %, (”d )vra,(r )
ki=1i=1 i
s (y)
~Madiv] (39) (r,1) Z Zs,k i f dy | Ve (r,0) | (2.1.274)
ki=11=1
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The above system (2.1.273)), (2.1.274) can be rewritten as follows:

o) (r,1) = Z Za (Kjf,k( )aFC’(”)),i:l,z, inDr, (2.1.275)

k.m=11=1

where we defined the homogenized cross-diffusion tensor

(Y)

il -1
K (c”) —ZMU(C Om 01 — 1] . aym

dy |, (2.1.276)

where N;;(c%) = Mic) (8- ), i j= 1,2 and ¢’ = [},9]. and also the correctors éﬁ]f;[(y) are
solutions of (2.1.271)). Analogously for the corresponding potentials, we follow similar
homogenization arguments and therefore we obtain for i=1,2 that

st FE(r.0) (@o(e0) +eg (re”'r.0)) drdr
T

= (Zl(¢ ‘;fz)u,o[%(rm@ (re”'r.)] | drdr
+24 fD? Vreci (r,1) - Ve (r,t) dr dt
+ A4 fD; Vrc‘?(l‘,t)~(EVr(Pl(r,e_lr,t)+Vy(p1(r,£_]r7z)) drdt
+24 fD; Vrecs(r,1) - Ve (r,t) dr dt

+)Li22 fDe Vrcg(r,t)-(evrq)l (r,g_lr,t)+Vy(p1(r,£_1r,t)) drdt, (2.1.277)
T

where we simplified appropriately the notation by F£(cf,c5,08) (v, e 'r,1) := FE (r,e 7 'r,1), in the
first line. Hence, by passing to the limit ¢ - 0 with the help of the characteristic function

over the pore phase, i.e., implies for each i = 1,2 that,

0
_ dfa
fDTX FO(x,0)@o(x,1) dr dy di = f § 2 1( ac,-) (r,0)@o(r,1) dr dy dt

+}L,21f
23 f
B fy
*23 |,

DrxY,

(Vrc(l)(r,t) + Vyc} (ny,t)) -Vr@y(r,t) drdy dt

(Vrc?(r,t) + Vyc} (r,y,t)) -Vy@i(r,y,t) drdy dt

(Ve )+ Vyh (1)) Vyon (1.0 dr dy di

(VeeS(r,0) + Vyea(r,y.1)) - Vego(r,1) dr dy dr. (2.1.278)

Similarly as in the applications discussed earlier, the initial choice of ¢, =0 in this case

provides the following homogenized relations

A Oy (Ve (1,0) + Vyel (v,y,1) ) = =23 Vy - (Veed (1,0) + Vyed (r,y,1) ) i = 1,2. (2.1.279)
Moreover, the consideration of the following well-accepted scale separation ansatz

d 2

cj(r,y,r) = ) ‘ikc,(r DES(Y), j= 1,2, in L*(Dr, Hper (V) R) (2.1.280)

n (2.1.279), implies that the corrector y-periodic functions &/(y)’s are solutions of the
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following reference cell problems for all 7=1,2,

d d J ack,l T
LZ[ZZayi(&'k— ‘gayl(y)) Zayl( : éazyl(Y))] :[070]T -
2 d 9 4 I L"zl .
> z( (yaéyw») Zni(ﬁl.jméw»):o o 1z

i,j=1 ayj
5 (v), €5 (y) are Y periodic and My, (E51) = My, (E5") =0,

2 2
where L? := [22' /1122]. In order to compare it with the cell problems (2.1.271) and since the
1 2

coefficients 27 are different from zero, we can rewrite (2.1.281) in the following equivalent
form

2 4 oEk!
Z Z i (8j15mk— éajy ) ) =0, forall/=1,2inY; (2.1.282)
Jj=lm=1 m
and analogously the boundary conditions
Z > (6,,6km éa(y}) n=0 ondY,. (2.1.283)
m=1 j=1

Hence, from (2.1.282), (2.1.283) and the cell problems (2.1.271) we can identify the
equivalence of the different types of correctors, i.e., Wi (y) = &' (y) = é,’%ﬁl(y). In comparison,

setting ¢, =0, yields for i=1,2:

-3 (0a2) - v (veen <! [ eltev i)

- Z ls-div(]])j’ch?(r,t)), (2.1.284)
m,j=1

where we defined the effective tensors

2 awk (y)
il L 1 J y — -
i '_,231(6’""8"1 i fy. S |avforalle= 1. danai=12 (2.1.285)
This completes the proof of [Theorem 2.1.8 [

Lemma 2.18. The phase ﬁeld mlcroscoplc evolution system 2.1.231), in view of the conver-

convergence results (2.16) and (2.17), admits the followmg homogemzed representation in

the macroscopic setting,

d9a(r.1) = —kaFy, (r,1) inDr,
Fy (x,) = Wg;;’t) -p! Zz;: kapdiv(SVOR) inDr, (2.1.286)
n-SVgp(r,1) =0 ondDr,

where we defined the porosity p:= % and the elements of the effective tensorS:={S;;}1<i j<a by
Sij::ﬁfyl 6,~,~—av?y(iy> dy foralli,j=1,....d. (2.1.287)
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The correctors wi(y) € Hy.,(Y1) are unique solutions of the following reference cell problems:
L9 s s Iwg(y)

-3 | 8-y = inYi,

= Jy; ik ij 8yj 0 inry,

o) . (2.1.288)
ayj 2,

W]fi (y) isY periodic and My, (w][;) =0.

Proof. From the Allen-Cahn type evolution for the phase-field (2.1.231), we obtain with
the help of a test function as previously that,

- [ ob ) (A +edpi (e rn)) drar
T
—st kaF(fa(r7z)(<po(r,z)+e<p1(r,e’lr,t)) dr dt (2.1.289)
T

Therefore again with the help of the characteristic function &y, (¢™'r), we can pass to the

limit € - 0, in the two-scale sense and obtain subsequently,

0 0
_fm ¢a(r,t)8t%(r,t)drdt:—L1 kaFy, (r,)@o(r,) dr dt, (2.1.290)

or equivalently this implies (2.1.286). The derivation of the homogenized potential term, is
slightly more involved and hence if we substitute a test function ¢®(r,z) = gy (r,r) +e(r,e " 'r,7)
to a weak formulation for the definition potential 75, (2.1.231) and subsequently passing

to the limit € - 0 in the two-scale sense as earlier, we can deduce that

0 afo(r,1)
fDTXYIF%(r,y,t)(pO(r,t)drdydt—/DT S (r)drdi
N-1
= [ kap (Vegf (1) + V305 (r.y.0)) - (Teu(r.0) + Tyon (r.y.1) dr dy di. (2.1.291)
TX ]ﬁ:1
Hence, the choice of ¢, =0 implies
N-1
o- [ Zkaﬁ(vrq)ﬁ(r )+ Vy 03 (r.y.0) ) Vyi (r.y.) dr dy dr, (2.1.292)
DrxY) 1B
or equivalently
N-1 -1
- Z kaﬁAy(pﬁ(l',y,l’) = Z kaBVer(Pﬁ(l' t) (2.1.293)

This relation indicates that 95 depends hnearly on v:¢g and it can be expressed by the

following scale separation ansatz,

¢,;( )

9p(r,y,1) = Zwﬁ( ) +h(r), B=1,...N=1in L*(Dr,Hpe (Y)/R), (2.1.294)

where i(r) is arbitrary and for 51mphcity can be chosen to be zero, i.e., (¢(r) =0). The

correctors wi(y) are solutions of the following reference cell problem (if one takes into
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account the related boundary conditions):

d 9 owk (y)
B .

- 5| 0= 6ij—— =0 inYy,

i,JZ::1 a)’i( k= dy; 1

3 o _Wk Y 2.1.295
2 5”.("7ﬁ()) =0 on 0Y,, ( )
ij=1 dyj
WE (y) is Y periodic and My, (WE) =0,

for which Fredholm alternative (see Remark 2.12) ensures that there exists a unique
solution in H,,,(¥) (up to an additive constant) to the problem (2.1.295). Finally, the choice
of ¢, =0 in view of the ansatz (2.1.294) consequently leads to

0 N-1 _
Fo (r,t)— fo(r D__ Zk gVr- (Vr¢ﬁ(r 1)+ f Vy¢ﬁ(r7y,t)dy)
=—p! Z_j kaﬁdiv(SV(])g(r,z)), pi= % (2.1.296)

B=1

in which we defined the effective tensor S:={S;;} 1 j<s in terms of the correctors wig(y) E
H}.() that solve the cell problems (2.1.295), as follows:

Si ! i M dyforalli,j=1,....,d (2.1.297)
ij: |Y| i j v, yforalli,j=1,..., 1.
and the proof of[Lemma 2.18|is completed. ]

2.2 Physical interpretation and numerical experiments for binary

mixtures.

2.2.1 An overview of coarsening dynamics for the Cahn-Hilliard Equation.

Coarsening is a curvature driven process that follows phase separation, with many
similarities to grain (crystallites) growth [225-227]. During the procedure, the larger
characteristic domains grow at the cost of smaller ones, under constant overall volume
and the initial fine-grained structure is gradually disappearing. The geometric shape
of the phase regions becomes gradually simpler, and since the domain sizes are larger,

their separation is also larger which finally lead to degradation of material properties. In

T=54+10" T=5%10"" T=5%10">

Figure 2.8: Coarsening: growth of characteristic morphological patterns under the Cahn-Hilliard equation d,c = Ap(c) with u(c) :=
f1(¢) = A*Ac with random initial conditions of the form , in a homogeneous medium. As one can observe, starting from a
random configuration, the red and blue regions clearly separate from one another. We additionally consider a timestep size Ar = 107'°
for the computations and a double-well potential of the form f; = (¢* - 1)/4. Both the blue and red colour represent positive values of
the composition and more precisely cpe < Creq-
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the case of binary alloys, the system is cooled through the transition temperature and
separated into two phases and the interconnected domains of the two equilibrium phases,
form specific patterns and grow with time ("coarsen") so as the interface moves and
eventually tends to minimize its surface area (the region enclosed by the interface, has a
fixed volume, though). The morphological patterns show an interesting scaling dynamics,
in which the formations at later times are statistically similar to those at earlier times
except a change of scale. It has been shown that the characteristic length scale of the
patterns, let us denote it by L(r), typically grows as a power of time r. The characteristic
length can be defined by L(r) := 1/Fy, where Fy:=|D|"' F (normalised free energy) represents
the interfacial area per unit volume (perimeter per unit volume). It is straightforward
that L has units of length. More precisely in the case of two equilibrium phases, L(r)
grows as t1/3 or t1/4, depending on the two different types of the mobility M (constant or
degenerate respectively). A power law like this, is experimentally validated and therefore
coarsening cannot proceed faster than these rates, independently from the particular
form of the initial conditions.

However, R. Kohn and F. Otto in 2002 [25] made a progress towards the rigorous
understanding, by showing (for constant mobility M), the inequality:

T
T_lfo Frdi>C' 1™, TrCdandcy > Y, (2.2.1)

where the constant ¢, depends only on the dimension of the space, L, and 7y, stand for an
initial length scale and energy, respectively. It is worth pointing out that the universality
rate of 0(:'/*) from homogeneous domains (although it lacks a rigorous argument), is
recently computationally validated in the periodic porous media setting of the Cahn-
Hilliard equation [20]. In particular, we study the phenomenon by imposing random

initial conditions of the form:

¢(r,0) =0.63+w(0.5+1), (2.2.2)

where /r €[0,1] plays the role of random fluctuations with mean value zero, imposed on
each point re D and the parameter w=0.02 weights the influence of noise.

Finally, by observing the time shots in we are not able to deduce an
influence of the heterogeneity on the coarsening rate, since for both the two values of
the heterogeneity and the homogeneous formulation [Figure 2.8 we obtain characteristic
domains of almost the same size at the same time. For more details and numerical

simulations of coarsening dynamics, the interested reader is referred to [228-232].

Influence of the pore geometry and porosity to the coarsening rate.

The subsequent numerical results are devoted to the investigation of the influence of
pore geometries on the coarsening rate [25] under fixed porosity p=0.5 and heterogeneity
£=0.165. The results in [Figure 2.10]are obtained by applying the scheme providing
time & and space & discrete solutions of the microscopic phase field problem and the
scheme corresponding to the homogenized/upscaled Cahn-Hilliard formulation
(2.1.11), respectively. We illustrated the results in for a circular (left) a square (right) pore

geometry. The two different numerical schemes show qualitatively the same coarsening
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0.63002

0.62735

T=5%10" T=5%10"" T=5%10° T=5+10"%

Figure 2.9: Coarsening: growth of characteristic morphological patterns under the Cahn-Hilliard equation d,c = Ap(c) with u(c) :=
f1(c) = A*Ac for the same parameters as in in a periodic porous medium with square-shaped perforations for heterogeneities
€ ~0.05 (first row) and € ~ 0.167 (second row). Both the blue and red colour represent positive values of the composition and more
precisely cpiue < crea, i.€ the values of the composition represented by the blue region are generally smaller than the ones with the red
colour. A very similar evolution can be obtained for circular shaped perforations for which again we are not able to deduce a general
pattern of evolution, with respect to the heterogeneity.
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Figure 2.10: Influence of porosity on the coarsening rate (where ¢ stands for the characteristic length L = 1/ (c) in the figures above).
The universal growth rate 0(81/ 3) is recovered in the porous media setting. The specific figures are taken from [20], under the
permission of the first author of the article A. Ververis.

rate for both geometries. The slightly better approximation of the upscaled solution for
square shaped pores is in part due to the more complex mesh generation of domains with
curved boundaries and due to the difficulty to control the number of degrees of freedom
with the FEniCs mesh generator mshr (see also and for more details.)
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2.2.2 The concept of curve shortening flows and the relation
to the Cahn-Hilliard dynamics.

The concept of curve shortening is clearly illustrated in the series of snapshots

jure 2.12| and [Figure 2.13| in which by starting with the mass concentrated within the

two different non-convex shaped (initial conditions), the interface first diffuses from the
arbitrary width specified in the initial shape to the equilibrium interfacial width. The
minimization of the free energy procedure additionally acts to reduce the length of the
interface, but maintains its area. The minimum value of the free energy in equilibrium,
is achieved by a circle in both cases. The same result is expected for any convex curve
according to the Gage-Hamilton and Grayson Theorem, a statement which was initially
established in the paper by R. Hamilton and M. Gage in 1986 [134] for the heat equation

and can be summarized in the following sentence:

T=5%10> T =0.005
=5%107° T =0.005

Figure 2.11: Time evolution of a cross-shaped and a more complex shape initial condition under the Allen-Cahn/Cahn-Hilliard equation

de=Ap(c) - p(c) with p(c) = f;(c) - 2*Ac, in a homogeneous domain [9]. The computations are performed for a homogeneous free
energy of the form f;(c) = 100c*(1-c)? (see , time-step size Ar = 107® an surface parameter A = 1072, As one can point out
the Gage-Hamilton and Grayson fully holds in this case, with the convergence to a circle (with less mass) happens faster (at 7 = 0.5)
than the classical Cahn-Hilliard flow and immediately afterwards we observe total loss of mass at 7 = 1 (collapsing to a point) for the
Allen-Cahn/Cahn-Hilliard flow in contrast to the Cahn-Hilliard, in which we do not observe any loss of mass even for larger times.

Theorem 2.2.1 (Gage-Hamilton and Grayson). "If y, is a convex curve embedded in
the plane R?, the heat equation shrinks y, to a point. The curve remains convex and becomes
circular as it shrinks". Followed by the later extension for non-convex curves, by M. Grayson
[135]:"After some time the evolving curve becomes convex".

It is straightforward that a smooth embedded simple closed curve remains, simple and
smooth, but it reduces its initial area 4, (enclosed by y) at a constant rate. Its perimeter
decreases as quickly as possible for any continuous curve evolution over the time interval
1:= (0, A/27).

Definition 2.9 (Curve shortening flow). Such an evolution equation (Euclidean curve

shortening geometric heat flow [234-236]), can be expressed in the following form:

ay(r,t) =K(r,t)N(r,1), inS' x1, (2.2.3)
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Figure 2.12: Time evolution of a cross-shaped initial condition under the classical Cahn-Hilliard equation , in a homogeneous
domain and in a porous medium with square-shaped (middle row) and circular perforations (last row). The computations are
performed for a homogeneous free energy of the form f; (c) = 100¢*(1 -¢)? (see and time-step size Ar = 107°. As the
heterogeneity & becomes sufficiently small of order 1072 (¢ ~ 0.03) and lower, the porous medium tends to become homogeneous and
then the properties of the evolution in a homogeneous domain (the (almost) circular equilibrium shape for the minimum free energy)
are recovered. The red colour represents positive values of the composition ¢ and the blue stands for negative. Finally, inside the
white region, the values of c are very close to zero.

in which K(r,r) denotes the Euclidean curvature of y and N(r,t), the inward unit normal
vector. This evolution relation is simply the fastest way to shrink the length of the curve y
237].

Remark 2.23 (Properties of the flow). The area Ar,(r) of the domain enclosed by T :=
¥(S',1) is decreasing over time by the relation

Ar, (1) = Ag—2mt, (2.2.4)
which simply indicates that the area enclosed by the curve decreases at a constant rate,

namely:

d
A (1) = - frt<a,y,N) ds=— [D<KN,N) ds=- [ Kds=-2m (2.2.5)

In addition, for the evolution of the length L(r) we obtain similarly

d B _ _ 2
L (1) - fr[(aty,KN)ds— frl(KN,KN)ds— er ds <0, (2.2.6)

which means that curve shortening flow is the gradient flow of arc-length.
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Remark 2.24. M. Gage and R. Hamilton [134,1236], proved that the normalised curve

¥r.0) =7 (A@) P (v(r.0) - 7(r, Ao 2m)) (2.27)

of constant enclosed area =, converges to the unit circle centered at the origin, smoothly and
exponentially as t:=-log(A(1))/2 goes to infinity. The total absolute curvature of an arbitrary
smooth and closed non-convex curve, decreases monotonically, in order the curve to become
convex. Then, the isoperimetric ratio £*(1)/A(r) of this convex shape decreases as the curve
converges to a circular domain, before collapsing to a single point. The only closed curve

that maintains its shape under the curve shortening flow, is a circle.
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Figure 2.13: Time evolution of a more complex non-convex shape, as an initial condition under the classical Cahn-Hilliard equation
(for the same parameters as in[Figure 2.12), in a homogeneous domain and in a porous medium with square-shaped (middle
row) and circular periodic perforations (last row). Similarly as in the case of the cross, as the heterogeneity becomes sufficiently small
(g ~0.03) the porous medium tends to become homogeneous and then the properties of the evolution in the homogeneous domain
(the (almost) circular equilibrium shape for the minimum free energy) are recovered.

Remark 2.25. We note that regarding the theory of curve shortening flows and the relation
to the Cahn-Hilliard dynamics, it has been shown that, the following zero level set Cahn-
Hilliard model (slightly modified in order to approach the problem of the interfacial
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movement)
8,61 = /"LA,I.L’l inDr,
pt =AM -Aat  inDy,
vut n=0 ondDr, (2.2.8)
Vet n=0 ondDr,
o (r,0) = cﬁqit(r) initial condition,

evolves according to the Mullins-Sekerka area preserving flow (2.2.9), for infinitely small
interaction length (2 —0). In other words the interface I; c D for allt € [0,T] is embedded into a
higher dimensional surface and its motion is achieved by advection of the level set function
with local fluid velocity [238]

This result was formally derived using the method of matched asymptotic expansions,
initially by R. L. Pego in 1989 [19], who concluded that in the fast timescale the solution
of the Cahn-Hilliard equation satisfies a classic two-phase Stefan problem [239] 240] and
on the slowest timescale a quasi-static solidification problem for the chemical potential.

Moreover, Pego’s approach was followed by the work by N. Alikakos et al [212] in
1994, who showed the convergence of the Cahn-Hilliard to the Mullins-Sekerka problem
[213]](which can also be found in the literature as Hele-Shaw model, with surface tension).
The convergence was rigorously shown (using basic spectral analysis and the method
of asymptotic expansions), based on the assumption of existence of classical solutions
of the Mullins-Sekerka flow. The evolution of a plane closed curve (the interface in this
case), according to this model, is a curve-shortening motion which does not change the
area of the domain enclosed by the curve. The flow can therefore be interpreted as a
curve deformation with a normal velocity vt,, implicitly defined by the solution of the

following problem:

Definition 2.10 (Mullins-Sekerka flow).

Au=0 inD T3,

vu-n=0 ondDr,

u= CfL/Kr[ only, (2.2.9)
Vr, = [oapt], /2 only,

Ty initial condition,

where Kr, and Vi, stands for the mean curvature and the normal velocity of the interface I,
respectively. In addition, [dnp]r, == dap™ - dapu™ in which u* and u~, are the restrictions of u on

the exterior D} and on the interior D; of T:.

Local and global existence of solutions of the problem (2.2.9) for an arbitrary and smooth

initial curve, and an almost circular, respectively were established by X. Chen [241] 242]).

Remark 2.26 (Properties of the flow). The Mullins-Sekerka flow maintains the area

Ar, (1) over time, of the region enclosed by the interface, since it holds that

d.Ar (I) 1 1 1
) P -2 - Apt dr = 2.2.1
di /r Vi ds==5 fr [Ohp] ds =3 faDa“” ds=5 /D\r, pdr=0, (2.2.10)
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by the divergence theorem. In addition, the corresponding length of the interface is decreasing

over time, namely:

dLr (1) 1 1 2
Aerll) _ [ v e - d:‘if dr<0. 2.2.11
dr fr nVds=mae o] ds=mse J Ikt dr (210

More details about the general problem of curve shortening flows can be found in
[21] 22, 243-246].

The interesting and expected result that came up, is that the Gage-Hamilton-Grayson
theorem hold in the porous media setting for a sufficiently small heterogeneity, i.e the
initial non convex curve tends to converge to a circular domain, for very small het-
erogeneities ¢ of order 107? and smaller. In the total free energy functional #(c), the
homogeneous free energy density f;(c) is responsible for the spinodal decomposition and
the gradient term 2%/2|vc|* is responsible for the interfacial reduction. Similar computa-

tional results related to this concept are presented in the following articles [247-249].

2.2.3 Deformation dynamics of a semi-circlular interface located on the left

boundary.

As an extension of the previous computational aspects, we examine the interfacial
movement over time of a semi-circular shape with its barycentre to be located in the
middle of the left boundary and we consider its radius to be equal to the half length
of the domain. We investigate this evolution, in both homogeneous and porous media.
Firstly, we study the influence of forces >0 to the homogeneous interfacial evolution
of both the classical Cahn-Hilliard formulation and the Allen-Cahn/Cahn-
Hilliard dynamics. The forces are imposed as influx boundary conditions vu-n=-f (see

Figure 2.14). The above relation is a general influx condition, where f stands for the

N _ Porous/Homogeneous _
f(x)=-F o /() =F

Figure 2.14: Schematic illustration of the imposed influx boundary conditions.

product of the surface density of intercalation sites and the net local rate of intercalant
influx across the boundary (the rate at which material enters the system via boundary
reactions). This rate depends on the local concentration and chemical potential. A system
like this, is called the Cahn-Hilliard with reactions and is generally used to model the
dynamics in Lithium-ion batteries [55} 250-252]].

In the same context, the Cahn-Hilliard equation was recruited by Singh et al [253]]
in order to model the diffusion and the phase-separation of, rechargeable battery com-

posite electrode materials. Their considerations based on thermodynamically-consistent
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T=5%10" T =0.005

T=5%10" T =0.005 T=5

Figure 2.15: The red shape represents the interface for constant influx f = 0.2 and the lines indicate the position of the interface for 3
other different values of f (f = 10, f =20, f = 40), as shown in the figure. The evolution over the classical Cahn-Hilliard formulation is
represented with the figures in the first row, whereas the second row provides the evolution over the Allen-Cahn/Cahn-Hilliard
formulation. Finally the red colour represents positive values of the composition ¢ and the blue stands for negative. Finally, inside the
white region, the values of ¢ are very close to zero.

reaction rate laws for the intercalation dynamics of lithium insertion and extraction
process between the electrolyte and the active crystals. This seems to be the first attempt
to couple a bulk phase field model to boundary conditions (reactions). The following
numerical results, are obtained for a double-well potential of the form f;(c) = 100¢?(1 - ¢)?
and time-step size dr=10°. As one can observe in it seems that the way
the interface evolves, is independent of the value of the heterogeneity ¢ and the type of

perforation, for constant zero influx f.

T=5%10"° T =0.005 T=5

Figure 2.16: The red shape represents the interface evolving under the effective/homogenized Cahn-Hilliard formulation pd,cy =
div (mDV £/ (co)) = p~' A*div (mDV (div(DVeo))), for m = 1, constant influx f = 0.2 and porosity p = 0.5. The lines indicate the position of
the interface for 3 other different values of f (f = 10, f = 20, f = 40), as shown in the previous figures. As one can observe the evolution

almost coincides with the homogeneous formulation (1st row [Figure 2.15), except some unexpected behaviour of the interface which
arises for f =20 at T =5 and f =40 at T = 0.005.

The results are different though, in the case of an advancing semi-circular interface

that does not fully resolve the pore space p* (with radius much smaller than the half of
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Circle € =0.1, T=5%107° Circle e=0.1, T =0.005 Circlee=0.1,T =5

Figure 2.17: The lines indicate the position of the interface for periodic circular and square-shaped perforations, for two different
values of heterogeneity and a comparison to the homogeneous formulation as well. We consider homogeneous Neumann and
no-flux (f =0) in this case. The first row indicates the evolution under the classical Cahn-Hilliard formulation and the second
represents the interfacial movements under the Allen-Cahn/Cahn-Hilliard flow (2.1.21). The different coloured lines representing the
different types of perforations and the two values of heterogeneity (as indicated in the inside figure’s label) coincide in the first two
time shots of study, for both the two formulations. Whereas the shape of the interface drastically varies among heterogeneities and
types of perforation after long enough time, as illustrated in the last timeshot.

the domain, which is the energetically favourable location), as seen in [Figure 2.18| As one
can observe in the specific example, the higher the heterogeneity of the porous medium
is, the more discrete is the behaviour of the interface. The interface also advances faster
under lower porosities, as noted in a similar study that can be found in [20]. Hence, the
interface is moving due to small perturbations in the composition ¢ and is considered to
be unstable. Finally, as one can observe the interface under the smallest heterogeneity of
study e~0.05 does not visibly move over time. We additionally notice a slight increase
in the width of the thickness of the interface represented by the white region (and the
corresponding small loss of interfacial mass (red colour)), as the heterogeneity becomes

larger (Figure 2.18) and as time goes by (Figure 2.17). This means that, by definition of

the thickness /g.¢_of the interface, i.e.,

) 1/2
A
lo~e, =2 (m) , (2.2.12)

(see also[section 1.1) and since the surface parameter  is considered to be constant in all
the computations), consequently temperature should be an increasing function of time or
heterogeneity and approaches the critical temperature @.. The rise in temperature occurs
possibly due to the interactions of the binary mixture with the pore walls.

In addition, the interface does not move monotonically with respect to the hetero-
geneity for both quadratic and circular periodic perforations. A possible explanation to

this non-monotonic behaviour, could be an interface pinning and de-pinning mechanism
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T=5%10",€~0.05

T=5%10", &~0.05 T=5+10",¢e=0.1 T=5%10",e~0.167

Figure 2.18: Influence of the heterogeneity € to the evolution of a semi-circular advancing interface under the classical Cahn-Hilliard
formulation, for zero influx f, in a porous medium with square-shaped and circular periodic perforations. The lines drawn upon the

snapshots of the interface for time 7' =5 * 1073, indicate the position of it at time 7 = 0.005 (green colour) and time 7" = 5 (black
colour). As one can observe the higher the heterogeneity, the more discrete is the behaviour of the interface over time. Very similar
results hold for the evolution under the Allen-Cahn/Cahn-Hilliard equation.

on the pore walls 255]. Finally, we obtain slightly smoother evolution in the case
of quadratic perforations, than the circular ones. This may partially occur because the
resolution of curved boundaries (circular perforations), requires more grid points than
the flat surfaces/boundaries (quadratic perforations), in order to resolve the curvature
[20]. In the same context, it would be a challenge to computationally investigate the
Cahn-Hilliard dynamics (coarsening, curve shortening flow, etc.) in a porous medium
with random pore geometry, involving the basic principles of stochastic homogenization
[256H259]].

As a brief conclusion, we may point out that there is no substantial change on the
deformed shape of the interface for the different values of the force (see [Figure 2.15).
During the last time-shot of study though (7 =5), we see that the higher the force we
apply, the more curvy interfacial shape we get and especially with the Allen-Cahn/Cahn-
Hilliard formulation d,c = Au(c) - u(c) with u(c) := ff (¢)-A*Ac, in which the additional chemical
potential term p(c) for f=40, seems to drastically influence the deformation. In addition,
in the case of no-flux boundary conditions, it seems that the the heterogeneity and the
type of perforation do not influence the interfacial movement, which coincides with
the evolution in a homogeneous domain with zero influx as shown in In
comparison, it is also worth pointing out that the interfacial movements do not show
monotonic behaviour with respect to the heterogeneity of a porous medium, in the case
where the radius of the semi-circular interface, is much smaller than the half length of the

domain. More precisely, we observed that the lower the heterogeneity, the more discrete
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is the behaviour of the interface, and for a domain with square-shaped perforations we

obtain smoother evolution than for perforated medium with circular ones, as one can see

in [Figure 2.19
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Chapter 3

Introduction to the GENERIC

formalism and applications

This chapter is mainly focused on the thermodynamic background and principles,
demonstrated in different levels of description and simultaneously with continuum me-
chanical aspects arising in Energetic Variational Approaches for modelling the dynamics
in complex fluids. The major part is covered by the development of the corresponding mo-
tivation and applications of metriplectic systems which are state space formulations that
have become well-known under the acronym GENERIC (General Equations of Reversible-
Irreversible Coupling). The double bracket formulation induced by GENERIC via duality
pairing is such that the dynamics of non-equilibrium systems under consideration is
described by means of two generating functionals, supplemented by two complimentary

non-interacting conditions.

3.1 Introductory concepts.

As an introduction to the mathematical theory associated with non-equilibrium
systems and more precisely the GENERIC formalism [28], we are going to review some of
the already established essential definitions and principles of the classical thermodynamics
and statistical mechanics [260]. A thermodynamic interpretation of the dynamics and
properties of a system often based in an overview of each particular model over different
levels of description. Therefore a more detail description is generally provided from

a microscopic point of view. In this context, we illustrate the concept of a system’s

"microstate", see |[Definition 3.1|below.

Definition 3.1 (The microscopic level of description). The "microscopic” level of de-
scription of a system is being characterized by a set of variables x, which specify the state
("microstate”) of the microscopic particle quantities (atoms and molecules) that compose the
system. The unit microscopic length scale is defined appropriately, such that the inter-atomic

distance (of the neighbouring atoms) is of unit order.

In order to understand better the representation over different levels of a thermo-

dynamic system, we demonstrate the mathematical background and the different no-

103



CHAPTER 3. INTRODUCTION TO THE GENERIC FORMALISM AND APPLICATIONS

tions, with a rather fundamental example in the context of two component multiphase
flows. Therefore, we consider a mixture of different species «,f =1,..,M. The positions
of say ke =1,..,No of mass m, interacting particles, denoted by r;, =r (r) and the corre-
sponding momenta by p;, :=ps, (r). The set of microscopic variables, can be written as
a vector of dN, position and dN, momentum components, namely: x =[x ,....xoan,]" =
[(r1,,P1,)s (tng P, )] €Ty, € R*M (where Ty, denotes the phase space) and evolves with
time according to the laws of Hamiltonian mechanics. The dynamics is dictated by the
Hamiltonian H which can be expressed as a sum of kinetic energy of the particles with
an interaction term defined by an inter-atomic potential which is usually of the general

form:

Definition 3.2 (Lennard-Jones potential). A potential function is said to be in the form

of Lennard-Jjones, if it can be expressed as follows:

‘ Na Np o2 o6
Vag (Tkgty) i=4ep > > Ch 5 ) (3.1.1)

[ [k =Tl Ik, =1y
where ¢, denotes generally the depth of the potential well and o, is the finite distance at
which the inter-particle potential is zero [261,1262].

The powers 12, 6 are generally empirical/experimental and model cases of many
constitutes. The first |r, -r,|'> term, is related to the short range Pauli repulsion at
short ranges due to overlapping electron orbitals. These forces avoid the collapse of the
substance onto itself. On the other hand the |r, -r,|° term, which is the attractive long-
range interaction term, describes attraction at long ranges (van der Waals interactions
etc.) and preventing the substance from disintegrating in the absence of a container.

Long-range interactions can be considered as the ones which are such that the distance
over which particle position correlations occurred is bigger than the size of the volume

element, describing the resolution of the continuum variables of the system.

Definition 3.3 (Microscopic Lagrangian and Hamiltonians.). The basic functions

that summarize the dynamics of the system are the well known, microscopic Hamiltonian

which can defined by:

Yo ((pp, 1
H(Xk, ) = H(Tky Py) = e T3 > Vap(Tr) | (3.1.2)
ka=1\ “Mkq ko#lp=1

and the corresponding Lagrangian of the system, namely:

2
N Py, 1

Np
L6(Xk, ) = L6 (Vg Pry) = Z( - ) Vaﬁ(rkalﬁ))- (3.1.3)

koot \ 2k, 2 ka#lg=1

Remark 3.1 (Least Action Principle and Hamilton’s equations). The basic law that
governs the dynamics is the least action principle which states that the actual curve of
motion, which has been followed by the system between two different times say 1, and n,, is

such as the action functional:

n
A(rka7pka) = [ ‘C'G(rkoupka )dla (314)
1
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CHAPTER 3. INTRODUCTION TO THE GENERIC FORMALISM AND APPLICATIONS

is not changed to first order, namely:

SA(rka,pka) =0. (3.1.5)

A direct consequence of the least action principle, is the derivation of the Hamilton’s
equations of motion for a system with a single particle say k., by plugging the relation

between the Lagrangian and Hamiltonian:

L6 Ty Pry ) = Prg T = H (i Pr ) (3.1.6)
into (3.1.5) which is also known as the Legendre transform. As a result, we obtain

t2 . tz . .
8 | (p,tr, —H)dt= (b, — Opiy 1) 8Pk, — (i, + Oy, H) Sy, )t = 0. (3.1.7)
I n

The resulting dynamic relationships, are the Hamiltons’ equations of motion [260],[263]:

oH IH

I, = —— dp,, =———. 3.1.8
I, b, and py, Iry, (3.1.8)

The above equations can also be represented in a more useful block-diagonal form, that
is:

OH O0H .1

. d
X:LO'(T — *[rka,pka]r :LO[W’E] kg =1,...,Ng, (3.1.9)

dt

endowed with an initial condition xo = [ry, (0),p, (0)]” and let L, to be defined as the sym-

plectic matrix which is given in the form

W[4 ) 6110

where 0 and 1 are the dn-dimensional zero matrix and the identity matrix, respectively.

We consider for simplicity over the following definitions and principles, that we are
dealing with a system of k=1,..,N particles of the same species (we skip the subscript «
for simplicity). The phase space I'y as discussed earlier, can be considered as a collection
of possible pairs (r;,p;),k=1,..,N, under the conditions of the Heisenberg’s Uncertainty
Principle [264].

In summary, we can conclude that the microscopic description provides a full dynamic
description of each particle in the particular system. In comparison, in the "mesoscopic
level", the state of the system is described by a set of dynamical functions of the microstate
x. These functions are usually known as microscopic dynamical functions denoted by
I, (x) and evolve over time in the phase space. One can identify those as coarse-grained
or relevant variables, defining the corresponding level of description. The time evolution
of dynamical quantities is usually expressed by means of the Poisson brackets defined
below (see also [265, [266]]).

Definition 3.4 (Poisson bracket). The Poisson bracket {-,-} of two phase-space functions
of, say I1;, (x) and I1,,(x), can be defined by

(3.1.11)

N
{Hm (X)vnzz(x)} = Zk:(

IIL;, (x) ITL;, (x) I, (x) I (x)
ary Ipk dry g )

Thus, the above Hamilton’s equations of motion can be derived in the context of the
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Poisson bracket from the evolution equation , which is well known as the Liouville

equation [267]:

I (x) = Z(arg},EX) ar;;’,(x) ) {IL, (%), 1 (%)} (3.1.12)

The above equation with solution I, (z(r)) = ¢'“TL,(x(0)), can be rewritten as follows

M) a
ox LO&’

IT; (x) = LTI, (x), where £ = - (3.1.13)

which is known as the Liouville operator (also formulated alternatively as iz). It can be

easily shown that the Poisson bracket is antisymmetric [28]]:

{Hm (x),I1, (X)} = *{sz (x),IT, (X)} (3.1.14)

and satisfies the Jacobi Identity:

{112 (0), {1y (%), 102, (00} + { Ty (%), {8, (00,105, (0} + {0, (), {02, (), 10, (1)} = 0, (3.1.15)

Definition 3.5 (Macroscopic level of description and state functions). The "macro-
scopic level" of description is considered to be the one in which the system is being considered
as a whole. The macroscopic description is fully identified by a suitable set z of both space
and time dependent functions z;, i=1,...,m (also known as "macrostate"), which defined on

some region DcR?:

zi=2i(r(1), 1) € Zi(D) x [0, 00), (3.1.16)

where the z;,i=1,...,m, denote different functions spaces. The r(t) denotes the position vector
in a continuum setting. These functions are well known as state variables and are parameters

such as momentum density, composition, etc.

The connection between the microscopic and macroscopic variables is based on the
idea that the spatially smoothed and slowly evolving state variables z; are in general
averages of the functions I, (x). So, it is of crucial importance to identify the proper
mapping I1;, (x) :x — z, of the variables of one level to the other. Since Hamilton’s equations
provide a deterministic evolution of the system with a given initial condition but it is
impossible to fix the position and momentum of every single particle though, one can
introduce the concept of an ideal situation composed of many "virtual" copies of a system,
that being considered simultaneously. Each particular "copy" indicates a possible state of
the actual system. This concept is known as statistical ensemble, the state of which is
given by a probability density function g.(x), on the phase space that describes how much
a microstate x contributes to the properties of a given macrostate z, or in other words
where the probability of finding a system in a given macrostate.

One can say that an ensemble is a set of possible motions in the system. By assigning
probabilities to the motions, the ensemble is given certain properties and as a result there

may exist non measurable subsets of that. Thus, not all sets of motions can be considered
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as ensembles. This probability distribution at a subsequent time, let us denote it by g.(x,7)

in order to emphasize the time dependence, satisfies the Liouville’s equation [267], i.e.,

0rgz(x,1) = —Lgz(x,1). (3.1.17)

A straightforward property of the above probability density is the normalized condition

over the phase space I'y,:

fr g2(x) dx=1. (3.1.18)

Hence, one can obtain by averaging the dynamical functions the corresponding macro-
scopic variables by:
fr g2(XIL; (x) dx =z, (3.1.19)

or by introducing a more convenient notation, the above expression can be rewritten as
follows:

zj = (I, (X) )z (3.1.20)
One can think of the above average (), to be taken with respect to the distribution g,(x)
of a certain macrostate z, could also be defined by:

1

e = Vi (z)

erS(Hz(x)—z)dx - mfmri[(nzi(x)-zi)dx, (3.1.21)

1
mS(Hz(x)—z). In

the above relations, vr, (z) stands for the volume of the phase space associated with a

where the probability density is clearly defined by the form: g,(x):=

macrostate z and can be defined be the relation:

Vi, () = /FN 8(My(x) - 2) dx. (3.1.22)

The evolution of the relevant variables can be described in terms of a stochastic process
characterized by a sequence of joint probability distributions say P(zi,1,...z0,1x). For
example the evolution of a microstate x= {r;,p;}i-1. v can be considered as a stochastic
process itself with the corresponding joint probability distributions g, = (xy,#1,....xa,72). Since

the mesoscopic probability and the ensemble are connected by the relationship

P(ai) = fr B(I1(0) - 2)ga(x.0) dx. (3.1.23)

Remark 3.2 (Mori-Zwanzing projection and separation of time-scales). Zwanzing
theory indicates that one can obtain a close dynamical equation that does not refer to the
dynamics generated by the ensemble g,(x,1), by applying a projection operator [28,(268,1269]
with its action to be defined by
PA(x) = (A, (x) - (3.1.24)
where A(x) is any arbitrary dynamical function over the phase space and the conditional
average (A), is given by
— ] 0 —
A= s I, () -2 A ax (3.1.25)

where g% =N (N1)"!. Thus, the projection transforms any arbitrary function A to a function
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of the relevant variables 11,(x) and hence this projection operator separates "slow" (macro-
scopic) from "fast" (microscopic) variables, and the projector is then the key to the atomistic
calculation of the several dynamic material properties [28].

The projection P and its complementary P' = 1-P satisfy the properties P> =P and the
property PIL,(x) = I1;,(x). The second can be easily verified by differentiating the following
fundamental average with respect to each state variable z;,i=1,...,d form the set z=[zi,....zm] €

Z1(D) x...x Zn(D) x [0,00), namely:

fr T (3)3: 80(x) dx = 3235 = 3y (3.1.26)
By plugging this result satisfies the definition for A(x) =1L, (x), the property is verified. In
addition, PP’ =0 and P =P'. The basic idea behind the introduction of this projection operator
is to approximate the macroscopically relevant contribution of a phase space function, by
simply ensemble averaging it and to indicate the variance from the average in linear terms
of the deviations of the slowly evolving variables from their averages. The complementary
projection P’ projects the "slow" rate of change of the I1;,(x) to its fast fluctuating part, lets
denote it by 11 (x). The "fast" time rate of change

IT, (x) := P'TL;, (x) = P LTI, (x), (3.1.27)

is orthogonal to the space of microscopic dynamic variables 11, in the sense that PIT, (x) = 0.
Using the same argument, the "fast" contribution to the time evolution is generated by a

Liouville operator of the form:
£ :=P'LP and thus TT (x) := LTI, (x). (3.1.28)

We further introduce for simplicity, the more convenient notation X,(x) = §(I,(x) - z).

The evolution of the phase function X,(x) is dictated by the Liouville’s equation namely,

Xa(Tix) = e~ X, (x). (3.1.29)
Thus, it is straightforward that
t ’ ’ /
X = eF'P+ fo K PLP L) +P'e E(T;X) dr' = ﬁeﬁth(X). (3.1.30)

The following identity between the operators P and P’ holds which can be proved by
taking the time derivative in both sides. Using the forms for the operators [39] [28] and
LX,(x) = LTI, (x)d-, X (x), Which is a consequence of the chain rule and by plugging this into

the equation (3.1.29), one obtains from (3.1.30) that

I Xo(Tix) = - 9, - mi(2)Xo(Tix) + P’ " “'P LX,(Tix)

N fo ’ f Vi, (23 MY (2,2 1 -1") 0! Viey (2) ™ Xy (Tx) ' a2, (3.131)
in which we have defined m;(z) = (£I1;,(x)), and the matrix
MY (2,2t 1) = ((LTTe, (%) ~ (T, (%)) )¢ " Xu(LTL (%) ~ (LTL (X)) - (3.132)

Finally, by multiplying equation (3.1.31) by the ensemble ¢,(x,0) and integrate over x we
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obtain the following form for P:

t ..
IP (1) =~ -mi(2)P(z,1) + fo f Vi (2)0 - MU (2,2 1 =1) - 0L P(d Wi (7)) ddar’,  (3.1.33)

since we introduced the initial ensemble as g,(x,0) := P(I1;, (x),0)Vr, (IL;;(x)) "' and from the

properties of the projection one finally deduces that

f g2(%,0)P' ¥ E'P £, (Tix) dx = 0. (3.1.34)

Definition 3.6 (The Markovian approximation). The Markovian approximation [270]
indicates the separation of the timescales between the scale of evolution of the microscopic
dynamical functions I1,(x) and the other variables. Mathematically can be summarized in

the expression:
! ! ! ! !/ T r 7 !
/0 M(z,z' ,t -t )P(z,t') dt" ~ P(z,t) /0 M(z,z',t") dt", (3.1.35)
where t is a large enough timescale for M to be eliminated.

Since the timescale of the set of the microscopic dynamical functions I1,(x) is the same
as that of the evolution of the probability density P, the result of performing the above
approximation is to eliminate third order derivatives over time of I1,(x) prior to the terms
of second order. The idea to get a rough approximation is to apply an expansion of

M"Y (z,2',t-1") in terms of £TI,(x) and keep only second order terms, which leads to,
EXP £, T LR, (x) + O(LTT,(x)) (3.1.36)
As a result, up to terms of order O(£I,(x))* we have
M (2,2 1) = (22" ){((LTT (X)) — (LT, (x))2)e™ " (LT0y, (x) - (LT0z;(x))z)))z- (3.1.37)

By plugging (3.1.37) into (3.1.33) and with the help of the approximation (3.1.35), we
deduce:

P(z,t) = —aiZimi(z)P(z,t) + aiz,-VFN (z)M,-j(z)aiZj ‘Ziz(g , (3.1.38)
with the diffusion tensor to be defined by
M9 (a) = [ (LT ()~ (LT, (0)0)e™ (£1T () - (£, (x))2))e di (5.1:39)

Definition 3.7 (Partition function). If one considers a system of N identical particles, the
state of the system can be defined as the vector of microstates x = (xy,...xy), where x; := (r;,p;)
denotes the microstate of the i-th particle. We define the canonical partition function for the

corresponding Hamiltonian # (x) in the state x as follows:

1 _pyN
£2(BN) = Syaw fze PHZ® ax, (3.1.40)

where B = (kz®)~' >0 is a term corresponding to the inverse of the system’s temperature @,

with kg to denote the Boltzmann constant.
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Remark 3.3 (Entropy, Internal and Free energy of the system). The second postulate
of statistical mechanics indicates that the entropy (Gibbs-Boltzmann entropy) is a measure
of the number of microstates occupied by the system, quantified by:

S(B) = kg fz Peln(Fx) dx, (3.1.41)

where Px denotes the probability that system is found in the microstate x. One can identify
the relation between entropy and the partition function (3.1.40) as

S(Px) = _kﬁ LPXIH(PX) dx = %(kﬁ@lﬂ(fz)) = —aj (3.1.42)

00’
Therefore, in terms of the partition function the free energy of the system can be defined
by: F:=-@Intz. The Helmholtz free energy is a scalar valued function defined on probability
distributions and composed by a combination of an internal energy U term and an entropy

functional S and can be expressed in the following variational form

F(Px) =U(Px) -0 S(K), (3.1.43)

where P is a probability density function which represents the probability of finding the
system in the state x and it is defined on a "continuous" state space 2. For a system in a
continuous state space one can define the internal energy functional, given a Hamiltonian

#HY (x), in an integral form, i.e.,

u(Px)::/ZHZ(x)dex. (3.1.44)

More details on these introductory concepts can be found in many textbooks about statistical
mechanics and thermodynamics such as [260,(263,271-273].

The total entropy functional S(z) of the system, is commonly associated with the
amount of order, disorder, or chaos in a thermodynamic system, the higher the entropy
the greater the disorder. On the other hand, the energy £(z) can be defined as the capacity
for doing work. It may exist in a variety of forms and may be transformed from one type
of energy to another. Roughly speaking, the internal interactions between particles and
all motions are expressed in the total energy € and all the internal organization in entropy
S. It is natural to assume that the energy ¢ of the macrostate z should be identified by the
ensemble average of the Hamiltonian over the corresponding microstates x:

which also follows by the definition of the partition function. Similarly, the
probability density g.(x), is such that, to maximize the following form of the entropy S(z)
first introduced by Gibbs’ .

E(z) = (HE(x))2:=

Definition 3.8 (Gibbs’ entropy). The entropy of the system can be defined according to
Gibbs as the following functional, in terms of the probability distribution g,(x):

So(8n()) =~y [ 52 I(2(x))dx = kg (Vi (). (3.1.46)

where kg is the well know Boltzmann’s constant.
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In addition, The Boltzmann entropy is obtained if one assumes one can treat all
the component particles of a thermodynamic system as statistically independent. The
probability distribution of the system as a whole then factorises into the product of ¥
separate identical terms, one term for each particle; and the Gibbs entropy simplifies to
the Boltzmann entropy, which is a function on the macrostates, and consequently also a

function on the phase points in I'y:

Definition 3.9 (Boltzmann entropy). In comparison to the form (3.1.46) the entropy
functional can be also expressed according to Boltzmann for the marginal distribution of a

small part of an equilibrium ensemble, as follows:

Sp(z) = *Nkﬁfr g1(x1) In(g1(x1))dxy, (3.1.47)

where gi(x)) := [, g.(x)dx_; is the marginal one-particle (probability) distribution and dx, dx;,
dx_, stand for phase-volume elements in the whole phase space, the space of one particle and
the space of all particles except one, respectively, see also [274] for more details on Boltzmann

entropy.

According to Boltzmann the entropy is proportional to the logarithm of the number of
states and finally leads to a description of the equilibrium states as probability measures
(on the phase space of the system), given by the Gibbs formula. Further details regarding
the relation between the Boltzmann and Gibbs entropies are beyond the scope of this
report and can be found in [275]]. The definition is motivated by a strong physical
background. The entropy is actually a measure of disorder, and the more disordered a
macrostate is the higher is the entropy. This definition resolves the Gibbs’ Paradox [276]]
which states that the entropy of closed systems is decreasing and the related Gibb’s-mixing
Paradox which states that the entropy of mixing tends to be eliminated, discontinuously
as the mixing features become the same. In the Boltzmann’s approach we are dealing
with probabilities and hence it indicates our knowledge or ignorance of the microstate.

It is straightforward that one can consider the notion of disorder as loss of information
and uncertainty and therefore in an ideal and perfectly ordered state, we can deduce all
the required information about each microscopic quantity. Hence, the higher the entropy
(disorder) is, the more loss of information about the microscopic constituents we experi-
ence. This consequently leads to the assignment of a probability for the identification of
each possible particle position and momentum. Each particular ensemble g,(x) describes
a different configuration of the system’s exchanges with the surroundings, varying from
a completely isolated system to an open system (exchanges energy and matter with the
surroundings).

In this context, the second law of thermodynamics as we will see later, indicates that
the equilibrium state of the system is characterised by the maximization of entropy of the
system and its reservoir as a whole, in any ensemble. A summary of the aspects related

to the second law, is provided in the following statement.

Remark 3.4 (The Second Law of Thermodynamics). The Second Law of Thermody-

namics simply indicates that entropy never decreases and can be summarised in the statement
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by Clausius, who came to the conclusion that that there are no thermodynamic processes,
in which the only net change is a transfer of heat between two reservoirs with temperature
difference (lower temperature body transfers to the higher temperature body). In comparison,
the Kelvin-Planck statement indicates that it does not exist any thermodynamic process,
in which the only effect is to extract a specific amount of heat from a reservoir and fully
convert it into work [277,1278].

Isolated thermodynamic systems are considered to be systems, without any thermal or
mechanical interaction with the surroundings. Hence, the role of any interaction with the
environment and any boundary effects are negligible. In addition, any internal interaction
in an isolated system involves no change in the internal energy v, in the volume v, or
in the number of particles. If one considers the case of closed isolated systems (systems
with fixed internal energy u/), will point out the Planck’s statement of the Second Law of
Thermodynamics. According to that, the sum of the entropies of all partial systems that
are interacting inside a natural process, is increasing. Mathematically can be summarized
in the simple expression: ¢S/dr >0. In comparison, the conservation of energy principle
implies that the total energy ¢ of an isolated system remains constant.

The several energy transformations are constrained by this conservation of energy
principle. In addition, for closed systems with fixed entropy (non isolated) the restatement
for the second law states that, the internal energy will decrease and approach a minimum
value at equilibrium. As a consequence, the total energy £ approaches a minimum in

equilibrium in this case.

Remark 3.5 (Fundamental equations of state). The following fundamental equation

of state that combine all these state variables, hold for a k component system [28,51,1279].

k
dU=0dS - pdV + Z/J, dN; = dsUdS + dyUV + IyUdN, (3.1.48)

where y; are the chemical potentials corresponding to particles of type i and N; are the related
amounts of the chemical components of type i, in the system (i.e. the composition which is
non-uniform in this case). The last term is eliminated in a reversible process. Additionally,
following [28] and any other standard text book for non-equilibrium thermodynamics, it is
easy to derive a useful identity for the pressure, by considering the following expression for

the internal energy and its density u:

U(S,V,N) =Vu(mN|V,S|V) (3.1.49)

and the entropy fundamental relation

dS-= %dZ/H %dv - %"dzv = dySdU + 3y SdV +IySdN, (3.1.50)

where the last equality is a consequence of the chain rule.
Hence one can identify:
85u=®7 avu: -D; aNu::u'7

(3.1.51)
IyS=0"" 0yS=p07! onS=-umo7'.
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Thus, it is straightforward to rewrite the identifications (3.1.51) as follows:

© =g - Vayu%, fom = U =V dpu.
(3.1.52)
mN S
-p=odylU = u—Vaqu —V85uﬁ =u-up - Os.

In the above relations um stands for the chemical potential per particle and » is the total
number of interacting particles in the system. This could be the right point to recall the

notion of equilibrium.

Remark 3.6 (Thermodynamic equilibrium). The "Equilibrium State" of a thermody-
namic system can be identified by a relatively small number of variables that characterised
it, such as pressure, volume, temperature, internal energy and entropy. According to the
definitions that can be found in a variety of textbooks, such as [51,1280], in the "Equilib-
rium State", the temperature, pressure and the chemical potential are uniformly allocated
throughout the system.

The general principle that governs an isolated system that reaches the "Equilibrium State",
is that it occurs when the entropy functional approaches a maximum value. If the system
can be divided into small partial systems with still enough many particles in each one, each
of those can be individually described by thermodynamic state quantities and the notion of
the "Equilibrium State". Note that, the several state variables though may be different from
partial to partial system and these changes affect heat flow, volume changes and particle

fluxes which are driven by the corresponding potential differences.

Remark 3.7 (Reversibility-irreversibility). Reversible thermodynamic processes are
processes without any increase in entropy and can be "reversed” with infinitesimal changes
to some of the system’s properties, via its surroundings. If one considers the system that
undergoes a reversible process as a whole, it is in thermodynamic equilibrium with the
environment. The concept of microscopic reversibility is based on the fact that the microscopic
detailed dynamics of particles and fields is time-reversible because the microscopic equations
of motion are symmetric with respect to inversion in time. Moreover, it relates to the
statistical description of the kinetics of macroscopic or mesoscopic systems as an ensemble of
elementary processes such as collisions, elementary transitions or reactions. On the other
hand, macroscopically irreversible processes are considered as the processes that involve
energy dissipation at the presence of some friction force, with respect to inconsiderable

changes in the external conditions [281,282].

The general mathematical background beyond the thermodynamic theory of irre-
versible processes, was initially demonstrated by L. Onsager in two papers of 1931 [33]34]
and included the study of thermoelectric phenomena, the transference phenomena in
electrolytes and heat conduction in anisotropic media. To this end, the investigations
were focused on the identification of the connection between measurable quantities such
as transport coefficients and thermodynamic derivatives and the related experimental

measurements.
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Remark 3.8 (Onsager relations and entropy production). According to L. Onsager
the average thermodynamic flux is proportional to the partial derivative of the entropy
(entropy production), over a random variable and can be mathematically summarised in the

following relationship between the non-conjugate forces g; and fluxes J; [283-285]:

Ji= > MYg;, (3.1.53)
J

where the coefficients M/ are constants, that are often called the phenomenological or kinetic
coefficients and are considered to be symmetric, i.e., M/ =M". In terms of the fluxes according

to the second law of thermodynamics, the entropy production [287] can be expressed as
follows:

s =3 MYJJ;>0. (3.1.54)
i7

3.2 Metriplectic flows/GENERIC formalism.

Time evolution equations for non-equilibrium systems have a well-defined mathemat-
ical structure in which reversible and irreversible contributions are identified separately
forming two-generator framework in which the energy generates the reversible contri-
bution to time evolution by means of a Poisson bracket and the entropy generates the
irreversible contribution by a dissipative bracket. This formalism provides a unification
of reversible dynamics obtained like Hamiltonian effects via a Poisson structure L and an
energy functional € and in addition, dissipative dynamics like gradient flows obtained
from a dissipative geometric structure M and an entropy functional S. The general form
of the evolution equations and properties is summarised in the the following Definition
[28, 29, [288-291]:

Definition 3.10 (General Equation for Non-Equilibrium Reversible-Irreversible
Coupling (GENERIC)). We assume that 2= (D) := Z,(D) % ...x Zn(D) ¢ Dz :=W"'P(D,R™)] 1< pct oo
is (re-) arranged such that z=[z,....zn]" € 2"2(D) for each z;¢ Z(D), i=1,....m, i.e., z:1 - Z"= (D)
for a bounded time interval 1:=[0,T]. Then, the evolution equations of the whole z in terms of

the total energy and entropy functions £,S eC=(2"#) read in the following form

dz=L(z)-VE £(2) +M(z)-VE S(2) inD}, (3.2.1)

where D; stands for the dual space of D,.The equation can be written in the equivalent
component form for a set of m state variables in terms of the energy and entropy densities, as
below:
dzi= 3 L (2),e(z) + M¥ (2)0,5(z), i= 1,...m. (3.2.2)
j=1

An orthogonality requirement for the Poisson tensor L is imposed and expressed as follows:

L(z)-0d2s(z) =0. (3.2.3)

The requirement expresses the reversible nature of the the Poisson tensor’s contribution to

the dynamics: the functional form of the entropy is such that it cannot be affected by the
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operator generating the reversible dynamics. Furthermore, M is also supplemented with a

degeneracy requirement similar to that for L, namely:

M(z) - dze(z) = 0. (3.2.4)

This relation indicates the conservation of the total energy by the M contribution to the

evolution equations.

The initial motivation for developing this formalism, comes from the modelling of the
several rheological properties of complex fluids, such as time evolution of the whole set
of state variables should be formulated such that the form of each equation, guarantee

the approach of thermodynamic equilibrium.

Remark 3.9 (Metriplectic systems). The GENERIC evolution pattern can be also iden-
tified by the term "metripletic flows" [30], in close connection with the Onsager reciprocal
relations [33], where the evolution equations are formulated using the generalised free energy

F in a similar way, as follows:

drzi= Y L7 (z)0,, f(z) +M,” (2)0:,f(2), i=1,..m, (3.2.5)

=1
where f stands for density of the free energy 7 and My, (analogously to the previous dissipative
term), denotes a symmetric and positive semi-definite tensor. Hence, it is clear that the
GENERIC evolution equations can be obtained via this metriplectic form by identifying

f(2) = e(z) - Os(z) and My (z) = -0~'M(z) [45].

Moreover, it is worth pointing out that GENERIC provides a systematic method to
derive thermodynamically consistent evolution equations. Further to the application in
the context of complex fluids (hydrodynamic equations and phase-field Navier stokes
(28,142, [43]]) more recently has been applied in the context of large-deviation principles
and Wasserstein gradient flows [292}[293]] and more precisely to the Vlasov-Fokker-Planck
equation [294]. Applications also involve a framework for anisotropic inelastic solids,
viscoplastic solids and thermoelastic dissipative materials [288] [295H297]]. The set z must
be such that, the several variables are independent and sufficient to capture the physics
of the particular problem. The particular choice of variables depends on the specific
model each time and the separation of reversible and irreversible contributions, indicates

a separation of slow and fast degrees of freedom [28] 35].

3.2.1 Properties of GENERIC.

The Poisson tensor L [28]],[29] (reversible contribution) transforms the vector d,¢ into a
vector L-d,e and has its origins to the Poisson brackets of classical mechanics. It describes
kinematics, symplecticity and time-reversal invariance, which means that the property of
antisymmetry is a natural requirement [29} [298]]. One can compare the energy included
into the reversible part of the evolution, to the Hamiltonian in the simple case where we
have particles of the same species #(r;,p;) of a discrete system of N interacting particles

with positions r; =r,(r) and the corresponding momenta p; = pi(¢), for k= 1,..N. Thus, it is
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straightforward to extend the idea of the time evolution of a state variable presented in
the first section and the Poisson bracket of classical mechanics, to define the elements
of the Poisson tensor L. Under the above considerations we are able know to define the
elements of the Poisson tensor. As a first guess, one might use the transformation formula
I (x) ;M (x).

Jx Jx
for transforming from the Poisson tensor of classical mechanics to the variables z. How-

(3.2.6)

ever, the expression is still a function of microstates x rather than z. This transformation
is certainly not one-to-one thus, it cannot be inverted so that there are many possible
microstates in which the above expression for given macrostate could be evaluated. The
most natural way to proceed, is by averaging over the ensemble g, these contributions

and assume that

IIT; (x) Lo - aHZ/ (X))
ox 0 ox ¥

Using the Poisson brackets the above expression can be written in a more convenient

LZ,‘Z;‘(Z) — ( (3.2.7)

and compact form as follows:

L% (z) = ({15, 10, } ). (3.2.8)

Remark 3.10 (Jacobi identity and Leibniz’s rule). Let the state space 2= (D) := 2,(D) x
...x Zm(D) consists of sufficiently smooth enough functions which not necessarily vanish at
the boundary. The first property, which is a direct result from its definition, using the Poisson
brackets, is that the Poisson tensor is antisymmetric -L =L". Furthermore, it also satisfies
the Jacobi identity, i.e., for three arbitrary and sufficiently regular real valued functionals
A 2"2 SR, i=1,2,3, on a space of the set ze 2"= (D) of independent state variables z;,i=1,....,m
defined for all times, the following relationship holds:

{A1 { A, A} )+ { Ao, { A3, A} ) + {43, {4, A2} } =0, (3.29)

where {.,-} :C™(2"2)xC®(2"=) - C>*(2"#) stands for the Poisson bracket, which can be

defined in terms of the positions vectorsr andr’ by

o A, (Z) 2iZj ! 6-/42(2) ’
{A1(2), A (2)} = /DDzj S @@ S arar (3.2.10)
where the functional derivative % is defined by
./D %u dr = %Ak (z+€u) |g=, Yue X(D) c Z"2 (D) (3.2.11)

and is interpreted as partial derivatives of the related density function of each particular
functional A,. In addition, it is required that it should also satisfy the Leibniz rule, namely:
{A1Ar, Az} = Ay {Ap, A3} + A { A, A3} (3.2.12)

In order to proceed further we will make use of the following property for functional

derivatives. For any arbitrary observables A,, A, e C*(2"#) the following product rule is valid,
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(see [313, p. 225], |314, Section 1.3] and also [291]),

S(A1A) S Ay SA .,
52(r) 52(r) Su(r) T

With z:=[z1,...,zm]" € 2"2 (D) representing the set of state variables. In other words the func-

=A(z) +A,(z) m, (3.2.13)

tional derivative satisfies the Leibniz rule. Hence, we can equivalently rewrite the Leibniz

rule in terms of the definition of the Poisson brackets and with the help of the property
(3.2.13), as follows:

/.2 i Z 0(A1A2)(z) L% (2)(r,r) 8.4s(2) dr dr’

() 55/(r")
- fDXD Z, (A1 () SSA?((rZ)) +4(2) 66«21(? ) L5 (2)(r,r') (?523( S)) e de!
=) ./I;XDZ 56,4[2((:)) L* (z)(r,r )‘;Ai(f)) drdr’
+Aa(s) f Dzsail(iz)) “ () (r, )6A3(( )) drdr’ (3.2.14)

On the other hand the tensor M (friction tensor) is related to irreversible processes
and hence contains material parameters such as diffusion coeflicients, viscosities etc.
(28] The definition and properties of M are based on the fundamental idea that the state
variables z; evolve on a large time scale compared to some intermediate scale z, and the
microscopic variables are assumed to evolve much more rapidly compared to z, which
has already been discussed earlier. Hence, the previously derived expression for
the friction tensor M, can be simplified to the following Green-Kubo type formula [299]:

7. — T . f .
M () = (k)™ [T ()T, (x(0)))e (3:2.15)
where 1/, denotes the fast, fluctuating part of the time derivative of 11, defined in (3.1.27)
(see also [28] [42] 300]) and is connected to the dissipative bracket [.,-] defined for two
observables A;, 4, in an analogous way as the Poisson bracket (3.2.10), namely:

_ 0 A1(2) 1oz 8 As(z)
[A(2), Ay (2)] = fDDZ]: &il(r) @) 2( e rdr’ (3.2.16)

This bracket similarly should satisfy the symmetry property [A4,(z),4;(z)] = [A2(z)..4 ()],
the Leibniz rule (3.2.77), and the following non-negativity condition: [4, (z), A, (z)] >
0. The physical motivation is given by Onsager’s regression hypothesis [33]], stating
that microscopic fluctuations are present in every system in equilibrium. The projected
dynamics is governed by the use of the dynamic operator ¢ ** and the quantity P’ £IT,, (x(0))
is also known as the projected current.

Thus, the friction tensor M arises due to fast fluctuations that are not resolved on the
macroscopic level. The time correlation between the "fast" variables, has been declined
for + = r and at the same time "slow" variables z; practically do not change over the interval
(0,7). The "fast" variables eliminated through the projection operator approach change
on a time scale shorter than . The average (), in the expression indicates that
the microscopic "fast” trajectories must be in consistency with the slow evolution of the

variables z at time ¢ =0.
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The general idea is illustrated roughly in [Figure 3.1 below, where the integrand can
be considered as the time correlation between fluctuations of the thin curve, which is
represents the microscopic dynamical functions I1,(x), around the thick curve, represent-
ing z. More precisely, I (x), is the time derivative of the thin curve, and the projection
operator P’ indicates that only the rapid fluctuations on top of the slower changes of the
thick curve should be taken into account.

Figure 3.1: Rough illustration of trajectories on the two levels of description (the idea for the figure taken from [[90]).

T
—>

II,(x)

The friction tensor in analogous way with the Poison tensor is positive semi-definite
and symmetric in the sense that ¥ =M", where the tilde (7) means the time-reversal
operation, usually called "Onsager-Casimir time-reversal operation" [301]]. Time reversal
changes the sign of time, velocities, and magnetic field. Thus, in more detail the matrix
M should satisfy the reciprocal symmetry relationships: M"(z) = g;¢;M” (z), & = +1. We used
the same notation for the related Onsager kinetic coefficients as for the GENERIC
friction tensor elements, in order to show the motivation and some how the connection
between the two theories, since the dissipative contribution term M(z)-d,s(z), can be

considered as a nonlinear Onsager relation in the sense of [302, Eqn (2.14)].

Remark 3.11. The bracket-formalism of GENERIC for isolated systems can be expressed
analogously as in[Definition 3.10 and indicates that the time evolution of an arbitrary smooth
observable AeCc™(2"=) in terms of the total energy £ eC™(2"=) and entropy S C™(2"=), is
given by

% ={A,E}+[A,S], (3.2.17)

supplemented with the degeneracy conditions {A,S} =0 and [A,£]=0.

Remark 3.12 (Conservation of energy and increase in entropy). If we take into
account the above requirement, the corresponding requirement for L and the properties of

these two tensors one can verify two important thermodynamic laws:

dz(tz) =0ze(z) 2= 0ge- (L Oge(2) + M- 0y5(2)) = (M- dze(z)) - dp5(z) =0,
(3.2.18)
ds;tZ) =055(2) - 01z = 9y5(2) - (L- 0ze(z) + M- 9;5(z)) = dys(z) - (M- 9p5(z) ) > 0,

which is equivalent to say that we obtained conservation of the total energy £(z) and an

increase in entropy S(z), as expected.

Since in the specific study we discuss a general problem, with the state variables z,
that are directly depend on the spatial position r, as a consequence z has both discrete

indices for the m different state functions z;, as well as continuous indices to evaluate
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the fields at a specific position in space, one can introduce an integral form for the time
evolution of the k= 1,..,N particles with positions r;, as follows:
dzi(r) = fD STL# (r,x") 0, e(2(x")) + MY (r,x") 0z, 5(2(x")) dr’, fori=1,...,m. (3.2.19)
=1

Note that we obtain m evolution equations, i.e., one for each particular function z;, for

i=1,..,m and in the same context, the degeneracy requirements take the form

fD ,il M (r,r")d;e(2(x")) dr’ =0,
(3.2.20)
fD L (0,1 ), 5(a(x') ) i’ =0,
j=1
More details about the specific form of these expressions, can be found in [42], [28].

Remark 3.13 (GENERIC for open systems). A later extension by H. C. Ottinger for
open systems [303], suggests to add two extra boundary integrals to the evolution of z=

[21,--.,zm]" € 2" (D) and obtain the extended form

aai() = [ iw(r,r’wz,e(z(r’)) AME (1,10, 5(2(1)) dr!
f ZLZIZ’(I')87 e(z(l‘))+MZ'zl (r)o:;s(z(r)) d*r, fori=1,.. (3.2.21)

The tensors L,p,M,,, are related to the boundary conditions and are expressed as summation

and difference between two symmetric and antisymmetric parts respectively, as follows:

Lyp =Ly +Lyr andMyp := My -Mpyr, (3.2.22)

where the tensors Ly, M, accounting for exchange and interaction with the environment
and Lyr,Myr denote their transposed tensors. These boundary tensors satisfy the following

degeneracy requirements,

fa D;Mgz/(r)azje(z(r)) d*r=0,
(3.2.23)

& ZiZj 2
faDFZILa (r)dy;s(z(r)) d™r=0.

Analogously we can define the bulk Poisson and dissipative brackets for observables A, A,
as follows:

m 5A1 z,z, 3-/42 2
{Al (Z) AZ(Z)}houndary f IJZ:I 521(1') 3 ( )5 ( )
(3.2.24)
& 5~Al zz 5~A2 2
A A -
[ I(Z) 2(Z)]b0undarv f30,,z1 6Zi(l‘) ( ) /( )

The above and the following relations can be found in both H. C. Ottinger’s book [28]
and M. Hiitter and J. M. Brader’s article [42] and is convenient for the calculations in the
examples that will follow. To summarise in terms of two position vectors r,r’ the elements

of the Poisson and friction tensors, can be obtained by the following expressions:

LF9 (2)(r,x") = ({TTg (5,0, T, (5, 1) ), (229
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M @)(rr) = (k) [ (0 (x(0), 1)L, (%(0). ) b i, (3.226)

where the Poisson bracket {-,-} between the IT., is given by the more analytic and useful

formula in terms of both the momenta p; and the positions r;:

I, (x,r) I, (x,r') O (x,r) anz,f<x,r’>) (32.27)

N
/ _ <i
{HZi(X7r)~,HZ_; (er )} - ,; ( arn apn apn arn

As one can observe, according to the GENERIC formalism, the structure of time
evolution equations is such that the reversible and irreversible contributions are distinctly
identified. An interesting future challenging work, would be to identify how the structure
of thermodynamically admissible evolution equations can be preserved under time-
discretization, which is the key point for numerical calculations. In order to understand
better how GENERIC can be applied, we demonstrate it in three examples, e.g., the
classical equations of hydrodynamics from a macroscopic point of view and also the
connection to the microscopic description, the Cahn-Hilliard/Navier-Stokes system with
influence of an external forcing (section [3.2.2}{3.2.5)) and a variant of this formulated for
particle adsorption isotherms (section [4.1.1).

3.2.2 The equations of hydrodynamics via GENERIC in the macroscale.

The specific example is based on an overview of the application of GENERIC to
the classical hydrodynamic equations following Ottinger’s approach [28] and can be
used as a basis for a better understanding of the main objectives and principles of
this formalism and provides the motivation for further applications to more complex
thermodynamic systems. We start our considerations by illustrating the classical approach
of the derivation of Navier-Stokes equations [304} p 11-28] and [305] and an alternative
approach involving the Lagrangian representation and flow maps, which is demonstrated
in details in section [3.2.4 We examine the flow taking place in sufficiently small moving
control volume V(1) e Dy cR*x[0,7]. In this context, the following theorem will be useful

for the rest of this part.

Remark 3.14. For a smooth function z:=z(r,r) in the Eulerian setting the following identity
holds:
4 [ zdr = / bz +zdiv(v) dr = f drz+div(zv) dr (3.2.28)
dt Jv () V(1) Dt V(1) ’
where D% =9 +v-v stands for the material derivative and v:=v(r,r) e C*(Dr;R?) is the velocity

of the moving control volume v (z).

« Equation of continuity: According to the law of conservation of mass, the total
mass of fluid within its volume D c R?, will increase only because of a net influx
of fluid across the boundary ap. This axiom simply expresses the fact that the

mass of a material body does not change with time. This principle is referred to as
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the conservation of mass. For a material body, occupying the material volume D,

mathematically the above principle can be expressed as below:

- faDpvm ds=— Ldiv(vp) dr = 0 po dr by Gauss theorem. (3.2.29)

where the non-negative scalar field p := p(r,r) € L},.(Dr) represents the mass density of
the fluid, n denotes the outward unit normal to b as usual. Thus, since the volume
is arbitrary the integrand must be zero and as a result the final form for the mass

balance is

orp = —div(vp). (3.2.30)

Momentum balance: According to Newton’s second law, the change over time of
the total momentum vector field P(r,z) := (pv)(r,1) € L},.(Dr;R?) inside a control volume
D equals the sum of the forces F; := F(r,r), i=1,2,3 per unit volume, acting on the body,

1.e.,

prdrszdr. (3.2.31)
Dt Jp D

The forces are generally assumed to admit the form

8Hij
8rj

where f¢ stands for a body force (exerted from the “outside”) and will be taken to be

i j=1,2,3, (3.2.32)

a uniform gravitational field ¢ = pg, where g is the constant gravitational acceleration.
In addition, e L}, (Dr;RY;) is a positive definite second-order tensor, called the
stress tensor. Hence, by definition of the material derivative (see[Remark 3.14) we

equivalently obtain

A&,Pdr+/Dv~8rPdr=fDFdr, (3.2.33)
Hence, in the absence of external forcing (isolated system) at any position on

the surface the force acting by the gas outside the volume onto the gas inside the
volume is -I1-n. (Note that the arguments r and  of the functions are being skipped
sometimes for convenience, where it is clear from the context). As result, one can
deduce that

8;fDPdr:—faD(v®P)-nds—/aDH-nds. (3.2.34)

This law after applying Gauss theorem and since the volume is arbitrary, takes the

final form

0P = —div(veP) —div(Il), (3.2.35)

where the momentum density P can be interpreted as a tensor quantity. The meaning
of the term div(v) that appears frequently in the equations of fluid dynamics, can be
physically motivated as follows: If one considers a control volume which is moving

with the fluid and made up of the same fluid particles as it advances with the flow,
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which implies that its mass is fixed and is invariant with time. The volume v and
the control surface s are changing with time as it moves to different regions of the
flow, with various values of the density p. Herewith, this moving control volume of
fixed mass is constantly increasing or decreasing its volume and is transforming its

shape, depending on the flow features.

« Internal energy balance: Starting from the flow of the internal energy n-vuda and
the flow of the kinetic energy n-v(pv?/2) dA, one can first obtain a form for the change

in kinetic energy using the two previous balance equations, i.e.,

o (pv?/2) +div(vpv?/2) = v [2(dip +div(vp)) + pv- gv = —v-div(II). (3.2.36)

The above equation can be rewritten as follows:

A (pv*/2) = —div(vpv? /2 +T1-v) -I1: (av)” . (3.2.37)

Conservation of the total energy in the absence of external forces implies that there
should exists an accompanied equation for the change in the internal energy density,

namely

O = —div(vu+J9) ~II: (9v)”, (3.2.38)

where J¢ represents the conductivity flow of the internal energy, according to the
Fourier’s law of (see remark [3.15)).

« Entropy balance: Using the identities (3.1.51) and the balance equations, one

obtains for the time evolution of the entropy density that,

a[S = —/,t®_18,p + ®_1<9,u
= 1@ div(vp) -0 div(vu+J) -0~ 'TI: (9rv), (3.2.39)

which with the help of the relation (3.1.52) for the pressure p, leads to the following
equation
s = —div(vs +J707") - 75, (3.2.40)
where s denotes the entropy production [287] which arises from the dissipative
effects in irreversible processes and is given by the relationship,
g i=—(10"): (av) +J7. 007 >0, (3.2.41)
which follows from the second law of thermodynamics [285] 306]].

In addition, the hydrostatic pressure connected to the total pressure by the relation for
the viscous stress tensor: ¢:=I1-p1 which can be represented by the Newton’s expression

in terms of the viscosity n and the bulk viscosity m, as follows:

T:=-7 (8.~v+ (Orv)! - %div(vl)) —mdiv(vl). (3.2.42)
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Note that we assume that the velocity gradient o;v e L}, .(Dr;R*?) is decomposed into a

symmetric and an antisymmetric part, i.e., dv=y+w, where we defined y:= %(arw (arv)T)
o1 T
and = (av-(aw)").

Remark 3.15 (Fourier’s Law). The conductivity flow appearing in the equation for the
internal energy can be expressed according to Fick’s law of diffusion [307,(308], for thermal

conductivity k% := k%(r) in which the temperature gradient drives the heat flux, namely

J:= k0,0, (3.2.43)

which is also known as the Fourier’s law of heat conduction and was first formulated by
Fourier in 1822 [309].

We aim to represent the above system by using the GENERIC formulation. The starting
point is to identify the total energy of the system, a part of which consists of a kinetic
energy density term, namely: m|v?|/2 where instead of mass m and velocity v one can
use the density p and the momentum density, P respectively. Thus, the total energy of
the system, can be considered as the sum of the kinetic energy and the internal energy
density « that corresponds to the third independent field. Under this consideration and
based on the assumption of local equilibrium, the total energy of the system, over the

domain b cR? reads:

E(r) = [D e(r)dr = fD (P*(r)/2p(x) +u(r) ) dr. (3.2.44)
In addition, one should identify the total entropy of the system as

S(r) = st(r)dr: /;s(p(r)m(r)) dr. (3.2.45)
The above relations hold once the set of state variables is considered to be the z=[p,P,u]” ¢
232(D), DcR?, where 232 (D) = (D) x 2,(D) x Z3(D) with Z(D), i=1,2,3 representing different
function spaces. On the other hand one can simplify the derivations, by considering
alternatively the entropy density s as the third variable instead of the internal energy
density u, the total energy and entropy functionals, can be expressed using similar

relations, i.e.,

£ (r) = fD ¢ (r)dr= fD (P2(r)/2p () +u(p(r).5(r))) drand §'(r) = /D s (r) dr, (3.2.46)
where the total entropy in terms of the entropy density, which in this case is considered
as independent the other fields «,p so it is a function just of r. Thus for the time evolution
as discussed in the previous subsection one obtains in terms of ¢ and s’ for the evolution

of each state function z;, the following form:

3 ZiZj 3 i .
dzi(r) = ij:ZI]L/” ’(nr’)&zj(r,)e'(z) dr/+L;M/Z Z’(r,r’)&zj(l./)s'(z) dr’, for i=1,2,3 (3.2.47)

and in this particular case, z; :=p, z:=P, z3:= 5. In addition, for the derivation below, we
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will also combine the related degeneracy requirements

3 s
/D;ZI L (r’r,)am(r’)s,(z) dr' =0,

(3.2.48)
3 .
fD SIM (1,)0. gy (2) dr’ =0
j=1

and the results for the functional derivatives

aZSI = (apsl7apsl7av’sl)T = (0707 l)T ’

/ / / / T 1 2 ! 2 r
o = (a,,e ,ope dye ) = (a,,u— ﬁp 7P/p,®) - (u -v /2,v,®) , (3.2.49)

where the definition of the momentum P:= pv has been used in the second step of the
differentiation and the fundamental relation o, « = ®. The variable u denotes the chemical
potential as usual and e is the temperature. The first form can be obtained using the
fundamental thermodynamic relations (see also [28])). The following theorem[3.2.1]
summarises one of the primary applications of GENERIC introduced by H. C. Ottinger in
[28].

Theorem 3.2.1 (Tensor representation with GENERIC). Let the set of representative
state variables to be chosen as z=[p,P,s]" e 2*2(D), DcR>. Then the classical equations of
hydrodynamics (3.2.30), supplemented with the entropy balance (3.2.39), are shown
to satisfy GENERIC and can be expressed with the help of the following Poisson and friction
tensors:

0 p(r)op 0
L'(r,r') = | -0:8p(r) P(r')opy8—-0r8P(r) —0r8s(r) |, (3.2.50)
0 s(r')op 8 0

where we set §:=5(r—r') for simplicity of notation and

0 0 0
M (rr)y=lo M) M), (3.2.51)
0 M"“P(r,r') Mm(r,r')

in which the elements can be defined as follows:

758 ! _ 71 l~< N2 k‘[ 8@) 2 /
M (r,r') = %y.)w%(try) +@(§) )5(r—r), (3.2.52)
where k=m-2n/3 and 7 to be defined as the rate-of-strain tensor y(r) := ov(r) + (dv(r))", for
which more details and physical interpretation can be found in [310, p 151]. Furthermore

and for symmetry reasons, we subsequently obtain

/SP

MY (6,1) = O 078 + ke (6r7)8/2 and M (£,1) = 3 - 078 + ke (1r7) 52 (3.2.53)

,PP(

Finally, M""" (r,v') = (0p0r + 19y - 3 )NOS + 39 k®S. and as one can easily check the tensor L’
satisfy the property of antisymmetry, since: —p(r')p 6 = -9:8p(r) and s(r')ow 8 = % 8s(r). In the

same way the symmetry property can be easily verified for the tensor M'.
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Proof. The proof consists of two parts. In the first part we deduce a certain form for
each element of the Poisson and frictions tensors, according to the proper satisfaction of
the GENERIC evolution equations (3.2.47), the corresponding symmetry arguments and
the related degeneracy requirements and in the second part we verify that this
particular choice of the Poisson and dissipative brackets satisfy the Jacoby Identity and

the Leibniz rule for arbitrary observables.

Part 1. The elements of the Poisson and friction tensors L’,M’ can be evaluated according
to the general ideas of GENERIC as follows, (note that we are skipping the arguments
of some functions for convenience, where it is clear from the context). From equation

(3.2.47) and the functional derivatives, one can deduce

aip = —div(vp) = fD]L'pp(r,r')(u—vz/2)(r')+IL'pP(r,r')V(r')+]L'ps(r,r')®(r')+M['ps(r7r')dr',

P = —div(veP) = fD L (e ) (u=v2/2) () + L (e, () + L (e, )0 () + M (1) dr’

(3.2.54)
and from the entropy balance
s =—div(vs+J90 ") 107" : (div(v)) +J¢- 0,0~
- fD L (0,0 ) (e —v2/2) () + L (e, )v(r') + L (r,) O ) + M (1,1 ar. (3.2.55)

On the other hand the degeneracy requirements for z ¢ {p,P,s} yields

fD L' (r,r') dr’ =0 and fD M () (1 =v2/2) () + M (et W () + M (e, )O(F ) dr = 0. (3.2.56)

Comparing the left with the right hand side of equation (3.2.54), in combination with the
degeneracy requirements (3.2.56)), integration by parts and the properties of the Dirac
delta function, we obtain

fD p(t)38(r—r')v(r') dr’ = —div[v(r)p(r)] and L'’ (r,¢') =L’ (r,r') = 0. (3.2.57)

Hence, in view of (3.2.47) we deduce

/ ’ ’ r 1pP ’ / ’
po(r ) &(r—r)v(r')dr = .[DL (r,r)v(r)dr, (3.2.58)
which implies that the remaining element L.’ ® has to be of the form
LPP(r,r') = p(r')dp8(r-1). (3.2.59)
In the above result, we used also the argument that the equation of continuity is not
affected by irreversible effects and thus,
M'PP (r,x’) = M'pP(r,r') = M'px(r,r') =M (r,r') = M’ (r,r') =0. (3.2.60)

Furthermore, from the momentum balance (3.2.54), the relation for pressure (3.1.52) and

the related degeneracy requirements we obtain for the momentum components:
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fDP(r’)a,,sv(r’) dr' — ¢ T+ Udep + 50 ©
:.[DIL'P"(nr')u(r')—]L'Pp(r,r')vz(r')/Z+]L'PP(r,r')v(r')dr'

+/;L'Pu(r,r')@(r’)+M'P3(r,r') dr’. (3.2.61)

In order to proceed further we consider some arguments for the friction matrix. The
functional derivative of s’ implies that the element M"* of the friction matrix can be
deduced by the entropy production @5 (3.2.41). This can be extended using the analytic
forms for ¢ and J¢ and provides a form for the M'** element, namely:

M (r,r) = [g (8rv+(8rv)T— %&-vl) : (8rv)T+(gdiv(vl)) : (arv)T—kqar@)-a,@1]5(r—r’)
ko k(00 )

_(2®y.y+4®(try) +@(;) 6(r-r), (3.2.62)
where k=m-2n/3. One can understand better the tensorial nature of this quantity, by
writing down carefully the elements, namely for example: 7 = d,,v1, %12 = d,v1 + 9, v2, etc.
Hence, by plugging the form for the M into the degeneracy requirement (3.2.56) we
obtain:

[ e yar = [ Ly o K (g K (29 2 S(r-r')o(’) dr’ (3.2.63)
D ’ pl207 " 30" Te2 | or ' -

As a result, for symmetry reasons we additionally deduce that

/SP

MY (6,1) = 3 - 078 + Ky (17)8/2 and M’ (1,1 ) = 3 -0 78 + ke (tr7) 5 /2. (3.2.64)

Finally, for the element M’*" we use the following degeneracy requirement for M’, namely:

fD M (r, ¢ )v(r') dr’ = - fD (- 76 + ke (t7)8/2)O(r') dr’, (3.2.65)
we deduce that
M (1)) = (9O + 100 -ar)n(ag + arar,k@)g. (3.2.66)
Hence by plugging the form for the M'™ into the equation (3.2.61) we obtain
[D P(r') 9y Sv(r') dr’ — O -7+ 1k +50:O
=fD]L'Pp(r,r')u(r') L (e, WA ()2 ar’
+ [D]L'va(r') +]L'Ps(r,r')®(r') dr' + /D&r-m'/5+1~<8r(tr)'/)5/2 dr'. (3.2.67)

Thus we can deduce that: L™ (r,r') = ~3:8p(r) , L' (r,') = P(t' )9 8 — 3x SP(r), L™ (1,1') = — 3 55(r).

Remark 3.16. The result above is a consequence of the standard properties of the Dirac
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delta and more precisely of the following identities:

S(r-r")=8(r'-r), 5(r r)———S(r r') and f(r)8(r-r') = f(r")S(r-1'),
(3.2.68)

fo(r)ar5(r—r/)g(r')dr/=f(r)3rg(r), and fo(r/)ar5(r—r/)g(r')dr/=3r(f(r)g(r))7
see also [311, p. 694-696] for more details on the properties of the delta function.

Part 2. According to the forms for the elements we obtain in the previous part, we can
write the Poisson and dissipative brackets for two arbitrary observables A;, A, ¢ c*(232)
for the whole system (3.2.30), (3.2.35), (3.2.39) as below:

. SA1 _ipp o 04 ’ SA| _pP o 0A ’
{A, A }g = AXD 5p(r)G (r,r )5p(r’) dr dr +/DXD 5p(r)G (r,r )6P(r’) dr dr

SAL sps 1, 04 ’ 6A; . /Pp 0A,;
+/Dxp o T (BT Gy drr +fDXa s (T oK o) " dr’
8./41 [PP / 6./42 / 8./41 /PA 6./42
+[D G (r,r) dr dr +/D G (r,r) drdr’

xp SP(r) SP(r') < SP(r) 5s(r')
5~A1 5P ’ 3./42 ’ 6-/41 /sP , 8./42 ,
O o RGRE o LA e L - L
5./4] AN Vi 6A2 /
i /DXD (SS(I‘) G (I',l‘ ) 85(1") drdr, (3.2.69)

where G {M,L}. Hence, we can deduce for the Poisson bracket {4;,.4,} in terms of only

one space argument r that

SA SA 5A SA
{AL A = {A15A2}::/Dp(r)(5p(i) )5,)(11‘) fp( )(BP(;) )5P(:) ar
SA 5A 3A 6A
A (51)(2) )51)(1) - J P (SP(Z) )5P(l)d
SA SA SA SA
fs( )(5P(§) )5s(r1) f s(r (5P(;) )5s(r2) dr. (3.2.70)

In the same way the dissipative bracket reads

{AL Az b =[ A1, As ]
n SA sa T 1 osA ) [ sA sA4 1 1 sA
- [, 300 )( 5P(1) [ 6P(rl)] RE0 ss(rl))’(VSP(if[VaP(z)] Yo 5s(r2))dr
SA | 1 U 8A N[, [ 84 ) I 1 8A
fk@(r)(dlv(sp(l)) ") 50y 68(;))(dw(ap(§))-2tr(D)®(r)as(l?)) dr
N fD k‘1®2(r)v(®(r) 55;(41‘1)) ( (r) ;“(42)) (3.2.71)

Proof of symmetry arguments. As discussed earlier, conservation of energy and

time-reversal symmetry imposes the antisymmetry requirement on the Poisson brackets

for two arbitrary and sufficiently regular real valued functionals A4,, 4, cc=(2%2), i.e.,
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oA /@ \Zj OA 2
(AL Ar} = fDDZ&,(II') ()5 ()

5A2 /z,z / 5-'41 /
drd
fDxDzﬁzj(r) BT S T

= —{Ay, A1}, i,j€{1,2,3}. (3.2.72)

drdr’

Hence, if we consider the elements L"/" (r,r') = f(r')op 8(r—1'), for £(r) = s(r) or f(r) = p(r) the

requirement implies

8A1 6 2 6-/42 Pf / 6./41
S S 280 g dran’ == [ sp e )6f( py v, 627y

from which with the help of the properties of the Dirac delta (3.2.68), we obtain

§A; /P 5 A, SA; 0A;
./1;><D5f(r)L (rr )3P( y rdr’ :fDxD(Sf( )f(r )0 3(r= r)sp( 7y rdr’
SA ,
:_fD D6f(r,)f(r)8r5( —r)6P( o drdr

oA, SA
-~ Jo 5wy 2 (5f( >) ar

S )k (et ) ded’

SP(r) Sf(r)
. SAy pf, gy SA ,
oo sy ) Ery T (3.2.74)

Analogously we deduce using that,

f oA, IL'PP(r,r') 84 drdr’ :=[ oA (P(r')8r15—8r5P(r)) 84 dr dr’
D D

xD SP(r) SP(r') xD SP(r) oP(r’)
5A1 / 6~A2
:fDxD 5o P )8rr5(r—r)5P( oy dr’

[ D;’Z‘;)ara( - )P(r)SP( 2,) dr dr’
- fD DS%?I‘I') (r)k ap( )
Joswi @ (50
o me P
s (661’?3)“
:,fDXD 5‘13;(42,)1)( oS (r—r )ap( )drdr
-/D O by ars(r—1') 22 ar ar’

!
dr dr

p 8P(r) 6P( )
fD D;I:?E)P(r ) 8 (r— r)6P( 1,)d rdr’
- /D ” ai“?i)P(r)arS(r—r ) 51:(41') drdr’
::—fDxD 5‘;’?5) L’PP(r,r’)éi“(élr‘,) dr dr’ (3.2.75)

As a result we deduce from (3.2.75) and (3.2.74)) in view of the definition (3.2.72), that
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L (SA] [pP U 6./42 6./4] 1sP li 6./42 6./41 /PP U 8./42 7
{A"Az}"[ D(ﬁp(r)L R R O R ICIM 1OR (r’r)sp(r'))drdr

_ _ 6./42 /Pp / 6./4] _ 6./42 /Ps / 8./4] _ 6./42 /PP / 8./41 /
‘fDxD( o Ty e T Eay  opn) - (rr)éP(r’))drdr

:_{.A27.A]}- (3276)

Similarly we can verify the symmetry of the friction tensor, i.e., the symmetry of the

dissipative brackets [A;,A4;] = [ 42, 4], which follows from (3.2.176)) directly by construction.

3.2.3 Appendix

Proof of the Leibniz rule. The proof is based on a recent and comprehensive article
about GENERIC formalism and detail proof of the Jacoby identity for multicomponent
fluid mixtures by A. Moses Badlyan and C. Zimmer [291]] and earlier works by H. C.
Ottinger, such as for example [28,[312]. As discussed earlier, conservation of energy and
time-reversal symmetry imposes the antisymmetry requirement on the Poisson
brackets for two arbitrary and sufficiently regular real valued functionals A;, 4, e c*(2%2).

We also have to show that the following identity (Leibniz rule) holds:

{A1A2, A3} = Ay {Ag, A3 + Ay { Ay, A3}, (3.2.77)

for three arbitrary smooth observables A, 4,,4; e (2°2). Therefore, in light of the
bracket form for two arbitrary functionals A;, 4, given in (3.2.70), we can easily deduce

the extension to three observables as follows:

(et} |, p()(s(i;?%) )(6%?1)*‘2 6%?2)“41)

o ”(r)((éif(hf“z 6%?2)“4‘) )5%?3) dr

f P(r)(i’?) ) (ore 4 sr ) o
)( 5(1:?1) 581:?5)“41)'V) 561’?:) dr
S (5r6577) (5 sa ) o
s()( e 6A2>A‘) );fh) ar

(3.2.78)

In order to proceed further, we recall the product rule for functional derivatives discussed

earlier in (3.2.13), i.e.,

S(ALA) S A, SA
0z;(r) Oz;(r) 8zi(r)’
with z:=[z;,...,z2n]" € 2"2 (D) representing the set of state variables. Hence, by analysing the

=A(z) +A,(z) 1,...,m, (3.2.79)

terms, and in view of (3.2.79) we can ignore the indirect dependence of the observables
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Ay, A4, to the space variable r. Therefore, each time we can pull out of the space integrals

one of the A,,4,, as follows:

it o ) 8 o )

1)
e fp0) (55 ) 5 4 20 (w5 7) iﬁ)
+A2fDP(r)(8(i:?l3_) v) ‘i;?‘) dr+A1fP( )(581:?3) )
o [0 (550579 ) s 4 20 (55 ) s
+A2 v(r)(s‘i:?i) v) 5s(r) dr+A1 v( )(661)?3) v) ;:(45) r
“”(6%?5 V) ek s(r)(ﬁiﬁ) V) S e
Similarly we evaluate also the brackets
Aot s o) (55085 %) s - 00 (55557 sy
+A1f P()(ai;?;) )6(1:?2) _A‘f P(r)- (5%?:) )561;?3) dr
R P e TR P e TR

and

5A 5A 5A 5A
s e o) (550859 gty = 00 (358579 sy
5A 5A 5A 5A
+A2/DP(r)'(5P(:) )ap(l) _Azf P(r)- (SP(;) )SP(:) dr
5A 5A 5A 5A
+A2/s(r)(5p(3) v) 5s(r1) dr - fs(r)(ép(ll_) v)5 (f) dr. (3.2.82)

It is easy to check that the sum of with (3.2.81)), is equivalent to and
therefore we end up with and hence the Leibniz rule is satisfied for the specific
bracket defined in (3.2.70). We can now proceed by proving that the Leibniz rule holds
for the dissipative bracket . Hence, we obtain

[A1 Az, A3]
n S(AA) [_6(A4)T" 1 8(AL) A3 o4 1" 1 84
= J, 300 )( 5P(r) [ 5P(r) ] RO ) (Vap() [VSP(r)] "o 5s(r))dr
_ C(S(AA)) 1 LA [, [ 84 As
+fpk®(r)(d‘v( 5P(r) )_Etr(D)®(r) 5s(r) )(dlv(5P(r))_ w(D )®(r) 5s(r))dr
+fl)kq®2(r)v(®(r)5(£é:;2)) ( (r );“?3)) (3.2.83)

We subsequently obtain by performing the calculations inside (3.2.83) and in view of the
product rule (3.2.79), that
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[A1 A, A3]

o st [ravis] ot (e [F ] et
e f oot [eamn] teteran ) (voves (7w ] ratmai)
+A, focG)(r)(div(a(i;?z)) @(lr) ;S?f))(div((%)—;tr(p)@(lr)iﬁ)) dr
+A2[Dl~<®(r)(div(;}:?1 ) ; @(lr) (fs“(“rl))(di ((%)_;“(D)@ér);(ﬁ) dr
+A1[Dk"@2(r)v(®(r)5/(lr)) ( ;?3))

)

+A2fk‘1® (r)V(@(r) oA ( 66“(43)) (3.2.84)

In addition, we also have

Ai[ Az, A3]
o 5A sA T 1 sA 5A L R VE
'A‘szQ(r)( 5P(2) [vsp(i)] RETD 5s(r2)) (Vap<§> [V5p(3>] Yo 5s(r))dr
5A UM [ [ 645 ) 1 184
+“‘“f"@(r)(d‘v(61’<2>)2 " )®<r>6v<f>)(d (5t 3" @6t 55 ))"

+A1ka‘1®2(r)v(®(r) ;;J(‘lrz)) ( (r )5“?3)) (3.2.85)

Finally, the bracket A,[4;,4;] can be explicitly defined by

AZ[A17A3]
) n SA, Al 1 eA) [ oA sA 1T 1 A,
Az[ 20 )( 5P(r) [VSP(r)] R0 5s(r))'(vsp(r)+[vsp(r)] RO &(r))dr
- . SA 1 1 oA . 0A; 1 1 0A;
+Ay kaG)(r) (dlv(éP(r))_Ztr(D)(a(r) 5s(r))(dw(6P(r))_Ztr(D)®(r) 6s(r)) dr

+ A fD qu)z(r)V(G)(r) ;;(41'1)) ( (r) ;“(43)) (3.2.86)

Combining (3.2.84), (3.2.85) and (3.2.86) it follows that the Leibniz rule in this case, is

again satisfied.

Proof of the Jacoby identity. Following similar arguments as above we recall that we
have to prove the Jacoby identity
{A1 { A, A3} )+ { Ao, { A3, A} ) + {43, {41, A2} } =0, (3.2.87)

for all arbitrary smooth observables A;, 4, 4; ¢ c>*(2°). For the proof we will make use

of the following Lemma.

Lemma 3.1. We consider the functionals A, A, e C*(2"#) such that
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Ai(@) = [ ax(ra(0)g" (1) 91 (r2(r) ar,

Ay(z) = /D Gir(r,2(r))g" (r) V18" (r)a;(x,2(x)) dr, (3.2.88)

where f(r,z(r)), a;(r,z(r)) and G, (r,z(r)) are coordinate representations of a scalar, a co-vector
and a two-covariant tensor field, respectively, which map the domain D into the real numbers
and depend smoothly enough on r. Moreover, the quantity ¢ stands here and elsewhere
for the contravariant metric tensor. Then, for all ¢ ¢ w'?(D)~ {0} andhe (W'?(D))? {0} the

following differentiation formulas hold

0A, B day u %
jl;qo—dr—/q)a &V rard Vz(#’az dr,

SA, IGj o joa;
f = dr_fqu kg vi(s"a;) + Gag" Vg(q)g o2 ) ar. (3.2.89)

where z={p,s} and also

0A; a; Kl q Of
/h an dr = fhp iz Mg Vif +ag Vi  hgg" g, ) 4

.A . 3
fhp g 922 dr_fhp ra? ’k ¢'v1(s7a;) + Gug' v (hpg g” I7A )dr (3.2.90)

Moreover, for the covariant derivative of the functional derivatives of A; and A,, we similarly
obtain

/;@Ppgpqvq% dr = fD oPyg"V (%8klvlf+akgklvzg*§) dr
+ /D Vi ((PPpgpq) Vq (akgklaa{) dr,
waPpgquq% dr = fD PPpg" V4 (aac’k &'V (s7a;) + Gug' v (gijatytlzj)) dr
+ [ vilorns™) v, (szg"’g”a(9 ) dr (3.2.91)
and analogously
/[;hsppgquq (g‘”%) dr:/Dhstngq( 3‘;, §'vif+8"ag!v g};) dr
+ fDVI (hsPpgP) vy (g "arg 81{ ) dr,
/Dhstgquq (g‘”%) dr:/Dhstng (g aailk ki Vi(gija;) +8" Gug V,(f;g)) dr
+ val (hsPpg™) vy (g‘“G, gklg” gP ) dr. (3.2.92)

Proof. The proof of this Lemma is carried out in [291, Lemma A.1.], is quite elementary

and is based on the formal definition of the functional derivatives, so we can skip it. [

Hence, for the verification of the Jacoby identity we consider all possible combinations
of the brackets and number the terms which arise from the application of]| in the

Poisson bracket integral combinations. Then, these terms will be split into sub-terms and
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we will show which combination of sub-terms sum up to zero under cyclic summation.

Evaluation of the bracket {4,{B,C}}: Since the bracket {B,C} is a sum of three terms, i.e.,

B.C) —f”(r)[(am) V) 6§<Cr)*(6§(cr>'v) 5:3?)]
- Jpee )[(am ) ) 0 ‘(63<Cr> 'V) 5§fr>] -

6C 8C SB
[ o )[( 6P(r) V) 8s(r) ( 5P(r) 'V) 5s(r)] dr, (3.2.93)

we are splitting it into three parts, i.e., {B,C} = {B,C}p +{B,C}s+{B,C}p, Which are defined

and interpreted with the help of index notation, as follows:

BChp:=- [, ”(r)[(spm V) sff(crf(égﬁ)'v) SS?r)]dr

_ ki 6C 8C u OB
,_.[Dp(r)[(spk(r)g \Y] 5o () —5Pk(r)g Vi 5p(r):| (3.2.94)

Similarly we deduce,

{B,C}p:= fP(r) [(5P( 0 V) Sﬁ(c;,) 7(55)(6;-) 'V) 6§fl’):| dr

ii oC 6C ;i OB
= fDPi(r) [(mmgklvl (g 0 ) 0 g (g 0 )] dr (3.299)

and finally

5B sC sC 5B
{Bjc}s::_fDS(r)[(5P(l') .V) ds(r) _(5P(r) )6s( )]
8B 6C 6C éB
:_st(r)[EPk(r)g vl5s(r) “5hm¢ Viss o )] (3.2.96)

The full bracket {4,{B,cC}} then can be evaluated by applying the property {4,{B,C}} =

{A,{B,C}p} +{A,{B,C}p} +{A,{B,C},}, Wwhere each of the partial brackets admits the following

representation

~ 5A 5{B,C}. (B8{B,C}- 54
{A’{B’C}Z}“‘/”(”[((SP( >'V) 5p(r) ‘( 5P(r) 'V) 6p(r)]”’r
5A 5{B,C}. (8{B,C}- 5A
/P( )[(5P() ) S5P(r) _( 5P(r) 'V) 5P(r)]dr
5A 5{B,C}. (S{B,C}. _\ A
_fl)s(r)[(ap(r)'v) 5s(r) _( 5P(r) ’V)a (r )] (3.2.97)
where z=[p,P,s]” ¢ 22 (D). At first stage, we can evaluate the bracket {4,{B,C}p}p using

(3.2.95) and (3.2.97) with the help of index notation and the contra-variant metric tensor

¢, as follows:
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{Av{B7C}P}P
. SA  _\S{B.Clp (S{B.Clp _\ SA
‘fDP(r)[(ap(r)'v) 5P(r) *( 5P(r) 'V) 6P(r)]dr
5A L 8{B.Cp) 8{B,C} L 8A
:_fDP"(’)[apk r)gklvl(gj apj(r)P)_ 5Pk(r)nglvl(g15Pj(r))] dr
5A w6 N e ,
=[Dﬂ-(l’)[(m(r)gpqva(g (mm(fl)f’i(r)[ngVI(glw)] dr ))] dr
0A s O n| oc ;i OB
Sy Wr)gpqvq(g s | o™ 6Pk<r'>gklv’(g161’j(r'>)
v A 5 A s w5 8C ,
fP‘(r)Vq( 6P(r))g 5Py (r) fDB'(’)_apk(r')g V’(gjspj(r'))] dr)dr

st OA 6 / — 6C _ u i_OB
+fDPS(r)Vq( S (r ))g 5P, (1) LE(r%W&’ Vz(gjw

Thus, we subsequently obtain {4,{B,C}p}p:= ({A,{B,C}p}p), + ({A.{B,C}p}p),, Where we de-
fined

(51|: 6B oC 6C éB

520 V'sne) srm® V! 5Pz(r)]) dr  (3.2.99)

({A,{B,C}p}p), :fDP"(r) Sf(’sp?r)gpq

5B kl 6C |

+/DPs(r) 5;?r)g"qvq g"P(r)g” _5Pk(r)5P,(r)g Vi 50 dr (3.2.99b)
+fDPs(r) 5;?r)gpqvq gS’E(r)gij:ngr)gk’V; 5Pj(f)2§3(r)‘ dr (3.2.99¢)
—fDPs(r) 5;?r)g”qvq g”Pi(r)g”:SPk(f)zgpt(r)g”v, ngr): dr (3.2.99d)
—fDPs(r) Slffér)g""vq ¢ P(r)g" —5§fr)gk Vish (f)zgﬂ(r)‘ dr (3.2.99%)

fPs(r)vq( . 51‘3‘? )) q”[&ifr)g v, 52}? )] dr (3.2.99f)
. /Dps(r)vq (gst 51‘3:&) )gqp [ 5Iifr)gkIVZ 5121;)] dr (3.2.999)
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and also

({A7{B,C}P}P)2—/L;Ps(l‘)Pi(l‘)Vq (g” SS?r))gquij|:5Pp(61‘2)1]):k(r)gklvl ngr)] dr (3.2.100a)
+fDPs(r)Pi(r)Vq (g” Sg?r))gquij|:5Pp(f)25Pk(r)g v, 5;1? )] dr (3.2.100b)
_fl)ﬁ(r)gij[(%gk’vz((SPj(f)ZSCPP(r)Pg(r)g”"vq( ! 6P(r)))] r (3.2.100¢)

fP(r)g”[&?( )g V;(M(]ﬁf&()ﬂ(r)g vq( YtéSPt(r) )] r (3.2.100d)
fv, (Ps(r) 57, (r )) g%y, [gﬂl’,-(r)(ggfr) SE ()P (r))] r (3.2.100¢)

2
sz (R( )5},( ))g gV, [gs’B(r)(aifr) 53(5)(38P (r))] (3.2.100f)

We have to examine each term of the above sum in (3.2.99) and (3.2.100) separately, as
follows: A simple calculation in the first term (3.2.99a) gives

QL

A st 6B 6C 60C u 6B
fDPs(r)[sppmng(g [m(r)g Vish(n  5R® V’m(r)])] *

| OB 6C 8C oB
/Ps( )5Pp( . g [6P o vq( v, 5B(r)) 5P ( Vishe ))] dr (3.2.101a)
o 5B sC sC 5B
+/DPS(r)5Pp(r)gﬁqg [vq(éPk(r)) Vi SE(r) -Vq (5Pk( ))g vléP,( )] dr. (3.2.101b)

Moreover, the sum of the subterms (3.2.99b)) and (3.2.99c) with (3.2.99d), (3.2.99¢)

implies

0A 4y st p, ij 5’B Kl éC 0B i 8C
o050, vq(g e [5"k<r>5Pr(r>g VI5E ) " SRm® 5B oA ()

- [ A

st i 5B Kl 6C 6C u 5B
/ b(r )ap( ) pqv‘f(g Pi(r)gj|:8Pk(r)5P,(r)g VISP (r)  SR(n)® V’apj(r)sp,(r)]) dr

0A g st p, ij 8’c Kl 6B 6C 5B
5P, ()% Vq(g Fir)e [SPk(r)8B(r)g Vise o) Ferm® V5P (r)8R(r)

SA st 6B i Kl §’c
+LRY(I') 6Pp( )gpqg Vq (P,(r)r(r))g]g VIW (3.2‘1028.)
—/P(r) 04 _ gty P(r)—— |g"g""v 7523 (3.2.102b)
p P, ()¢ g 6P( ) 'sp; (r)ap,(r) -
SA o ii OB kl 8%c
+fDPs(r)Pi(r) 5Pp(r)g”qg g’(SPk(r) Vq (g stpj(r)(m(r)) dr (3.2.102¢)
5A s ij 8C il 5°B
_ fD RAE) 5505 g"g g]spki(r) 2 (g st (r))dr. (3.2.102d)
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Finally, we also obtain

- @ (po)
- [, (m)

OB

§’C

oC

5B

0A s
: )g,kgpqvq [g . (

OB

OP(r) 6P (r)6P;(r)

§’c

" 5B(r) SR (r)3P;(r)

o
6Py (r)

-
)g”g " qg”[

1)
5P, (r)

lk
)g”g g" "g”[

6C

SP(r) " 1P (r)oP;(r)

5°B

]dr

OB

SEu(r) " /5P (r)5P;(r)
8%c

]dr

)

(3.2.103a)

(3.2.103b)

AL (Ps(r) )glkg”qg“[vq(ﬂ(r) ) g
f ( 5(r) ) Ik qu“[ ( (r)6Pk( ))

Thus, we can easily observe that the cyclic sum of (3.2.101a) vanish, i.e,
6C

st oC Kl B
0= Jo PO 5 [ i)~ sn (¢ Vsn )] a
6B hg st oC xl SA A xl 6C
+fP.Y(r)6Pp( )gl(lg I:(SPk(r)vq(g vl(s[,l(r))iapk(r)vq(g vl )] dr
st| OA ki OB A
DL T [cwk(r) (V150 )] ar

OF(r)
0B
Vo(g Vi 3B (r)
Analogously the cyclic sum of (3.2.991) and (3.2.99g) together with (3.2.101b) vanish, i.e.,

]dr

5B
Va 8P, (r)5P;(r)

5P, (r) 5P(r) )% 5P.(r)5P,(r)

6P ) (3.2.103c¢)

8B
0P (r)

A r Vz
OPy(r)

5P (3.2.104)

L T o) e R o el K
+/, P‘(r)vq(g 6P(r)) agfr)gklv’sgl(;r)762@)5’7%6;%‘):dr
e s e :Vq(%)gklvl 5wt~ (5171 ngﬂ: “
oo 5 ) s T am g et e o
g ) e L
“J, P‘(r)v"(g 5p<r)) —agfr)gklv’agjér)‘ag?ngklv’sgfr):dr' e

In the same way, the cyclic sum of (3.2.99¢) and (3.2.99d) with (3.2.100c) and (3.2.100d)
vanish. Moreover, the cyclic sum of (3.2.102c), (3.2.102) and also the cyclic sums of
(3.2.102Db) and (3.2.102a)) together with (3.2.103b) and (3.2.103a) and the remaining terms

n (3.2.100) vanish as well. As a result, we have so far verified that

{A,{B,C}p}p+{B,{C,A}p}p+{C,{A,B}p}p=0. (3.2.106)

We next proceed by evaluating the brackets {4,{B,C},}, and {4, {B,C},},. Hence, we obtain
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5{B.C}p (8{B,C} 5A
{A,{B,C}p}p:= fp(r)[(ép( ) V) 6p(r)p_( 6P(r)p'v) 5p(r)]dr
A S{B.C}y S{B.Clp 1_ OA
“fu”‘r)[apkmg Y onm ¢ Vs <)]

5p(r')

A s O ’ 6B u ii oC
:fDP(I‘)[SPP(r)é’MVq(g 6p(r)(fup(r)|:6Pk(r’)g Vl(gj

¢ O
Pq st

) gpq
) a8

- /Dp<r>[ >
0A

8P(r)
—po(r)vq (g” 5p()

o 8A
(g 5p(r)

1)
6Py (r)

)
5P, (r)

Joete )[(sté (5

Therefore by analysing the four terms in (3.2.107)), we obtain {4, {B,

({4,{B.C}p}p),» Where we defined

o)

Sp(r ,))] dr’) dr. (3.2.107)

C}p}p = ({Av{Bvc}P}p)l +

6B oC oC u éB
({A,{B.C}p}p), fp( )5P oL pqvq( [SPk(r)g o) SRS lSp(r)]) dr  (3.2.108a)
A st 5°B sC
+/Dp(r) 6Pp(r)gpqvq g p(r)g 5p(r)6P,(r)g V; Sp(r ):|) dr (3.2.108Db)
2c
+po(r) SP:Er)qu g g”p(r)g” 51?;1(1) ki 326 o ):|) (3.2.108c)
A D st ij [ 62C ki OB
_.[Dp(r) 5Pp(r)g14vq g p(r)gj_5p(r)51’z(r)g lép(r):|) dr (3.2.108d)
2
_./D‘p(r) 5Pp‘?r)gﬁqvq g‘Ytp(r)gU -6g{fr)gk/ lﬁfpfr)]) dr (3.2.108e)
p z [ 5°B ki 6C
fp (r )vq( A r)) ap jij 5p(r)Pk(l‘)g v, 5p(r)] dr (3.2.108f)
and also
A s s
({4 {B.Cp}p), fp (r )vq( ap(r))g‘”’g’ | Spment) vlﬁpf)]dr (32.109)
ii 6B §2C
_po(r)g][(SPk(r)g v’(é,;)(r)(SP,,(r)p( 12"V, | g 6p(r))):| dr (3.2.109b)
i 8C u 5B o OA
+/;p(r)gj[5l’k(r)g vl(ép(r)&ﬂ,(r)p( 1e"vq| g 5P(1‘))):| dr (3.2.109¢)
st OB
f v (p( )5p (r)) pqvq[g p(r)( 5P.(5) 5F (r) 8p o ]dr (3.2.109d)
A\ i s 5C 5’B
_val (p(r) 5Pp(r))g gpqvq[g p(r)(SPk(r) 6P,(r)6p(r))] dr. (3.2.109¢)

Following the procedure discussed above for the bracket {A,{B,C}p}p, it is easy to check

that most of the terms vanish under the proper cyclic summation combination as for the
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bracket {4,{B,C}p}p, With the exception of the term

SA st 0B oC oC 0B
_[Dp(r) 5P,(1) g"vy (g [SPk(r)g \Y 5p(r) - 5Pk(r)g Y 5P(1‘)]) dr. (3.2.110)

This term will more precisely vanish under the cyclic summation of the mixed bracket

{A,{B,C}p}p+{A,{B,C}p}p With a sub-term of - povl (g—ﬁ)glk 5{;5}’3 dr. O

3.2.4 GENERIC formulation for the Allen-Cahn/Cahn-Hilliard coupled with

Navier-Stokes model.

The following example is an extension of the framework presented above for the
classical hydrodynamics, to a more complex system and follows the general lines of
the article on the application of GENERIC to the classical phase-field/Navier-Stokes
formulation by A. Jelic, P. Ilg and H. C. Ottinger [43] in which they consider the following
coupled system (Model H):

ap=-(v-V)p,
dic=—(v-V)c+mAu, (3.2.111)

oP=—(v-V)P+div(Z),
where P:=pv stands for the momentum density and m represents the elastic relaxation
time of the system. The model is also supplemented with the incompressibility condi-
tion div(v) =0, which actually implies the reduction of the original terms div(vz) to (v-v)z
where z; ¢ {p,c,P} in the corresponding constitutive equations. In addition, the quantity
¥ corresponds to the total stress tensor, which can be defined by the sum the incom-
pressible hydrodynamic stress tensor IT = -pI+ny defined earlier and an extra elastic stress

contribution due to the coupling with the phase-filed dynamics, as follows:

X:=Il- 12(Vc® ve)+w(eo)l
=—pl+n7-A* (Ve ve) +w(c)L (3.2.112)

Moreover, w(c) denotes the elastic (mixing) free energy density defined by w(c) := f1(c) +
2%|ve|*/2. The term -A*(Vee ve) corresponds to the extra elastic surface stress induced
by the microscopic internal energy. This tensor can be considered as a generator of
momentum related to the interface of the phase field [315]]. Finally, function u represents

the classical Cahn-Hilliard chemical potential as usual, i.e.,

w:=p(c):= szw(c) = fi(c) ~A%Ac. (3.2.113)

Furthermore, from the definition of the Helmholtz free energy, the following relation
between the bulk contribution to the chemical potential and the entropy density holds:
fi(¢) = wp(c) = -0des. In the problem we additionally impose initial conditions vy, ¢, at time

1=0 and appropriate periodic boundary conditions and assuming solution vand c ¢ Hg, (D),
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where we can define the space H( (D) as the space of periodic functions ¢ such that:

H{) (D) = {CEHZ(D), chdr=0}. (3.2.114)

Furthermore since ¢ < H, (D), by assumption the following identity holds (see [327]):

div(Ve® Ve) = v(%|w|2) +AcVe. (3.2.115)

The phase field model for a fluid mixture consists of separate hydrodynamic system
of each component, together with the free interface that separates them. The interfacial
dynamics in the mixture of different fluids, solids or gas has been of interest for many
years. Many surface properties, such as capillarity, are associated with the surface
tension through special boundary conditions on the interfaces. In order to obtain a model
equations, we use energetic variations following the papers of C. Liu, M. H. Giga, Y. Hyon
and other [317H319]], in combination with the classical approach that already discussed
in the previous subsection for the mass balance (3.2.29), and the gradient flow
derivation of the Cahn-Hilliard equation, see[Theorem 1.2.1|and [Theorem 1.2.2|

The Energetic Variational Approach, which is motivated by the earlier work by L.
Onsager on the reciprocal relationships, that combined in a unique way the fluxes and
the forces in a thermodynamical system [33} 34]. The method comprises of the Principle
of Least Action which determines the Hamiltonian contribution to the model and the

Maximum Dissipation Principle provides the dissipative part.

Lemma 3.2 (Dissipation of energy in simple fluids). Based on the standard definition
for the dissipation D of the total energy of a system, i.e., dE;y,/dt = -D, the following energy
law dictates a simple fluid,

d 1 2 2
— = =- s 2.11
dt[DZpM dr AT]‘VV‘ dr, (3.2.116)

where the flow is governed by the classical incompressible Navier-Stokes equations (3.2.30),
(3.2.37). The term on the right (with opposite sign), is known as the dissipation of the energy

(left term)l)::fDn|vv|2 dr.

Proof. The proof is straightforward from the mass balance 9,p =-v-(pv) and if we multiply
by v and then apply Green’s first identity, to the following momentum balance with

div(v) =0 and homogeneous Neumann boundary conditions:

p(dv+v-VV)+Vp=nAv. (3.2.117)

Note that the terms p(v-vv)-vand vp-v which arise after the multiplication by v, disappear
after the integration by parts. ]

Definition 3.11 (Action functional). Subsequently, we are able to define the simplest
form for the action functional which comes up from the Navier-Stokes kinetic energy, as

follows:

A= [ %p|v|2—w(p(r,t))drdt, (3.2.118)
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in which w stands for the internal energy density, or equivalently in terms of the Eulerian

description in which we pull back from the current domain D, to a reference domain D, (see

eq. (3.2.123)) and we obtain,

A(r) = f( o (zijpo(R)|3;r|2—w(J_lpo(R)))Jdel, (3.2.119)

where py(R) = p(R,7)|,=o Stands for the initial mass of the fluid contained in the reference
volume and we additionally denoted the determinant of the deformation defined in (3.2.121
by J = det(Q) and therefore we can identify p(r(R,t),r) =J"" py(R).

Remark 3.17 (Flow maps). We define the Eulerian flow map r(R,t) in terms of the the
Lagrangian (initial) material coordinate R, from the reference volume D, to the deformed

volume over some time D as a trajectory such that

or(R,r) =v(r(R,0),7) withr(R,0) =R. (3.2.120)

We additionally define the related deformation gradient tensor of the trajectory, which

describes the motion in the neighbourhood of a point, as follows:

O(r(Rt),t) = ar(glli’[), (3.2.121)
and satisfies the following equation
0 +V-VrQ = (Vrv)Q. (3.2.122)

Figure 3.2: Flow map from the reference domain Dy to the current D.

Lemma 3.3 (The Euler’s equation). The first variation of the Eulerian action functional
(3.2.119) is equal to zero according to the Least Action Principle and together with the

incompressibility condition J := det(Q) = 1, provides the following Euler equation:
Ov+Vv-Vv=-Vp, withdiv(v) =0. (3.2.123)

Proof. The first variation S A(r) = (VE A(r).y) 12(py of the action functional can be evaluated
with the help of a test function y:=y(R,7) = §(r(R,),r) € L*(0,T;C(D))4, as follows (see [305,
320, 321]] for more details): We first consider the classical definition of the Gateaux
differential by
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L2 - 1 2 2
(VEAE) )z =limi [ 2 po(R) (1A +kayf -larf) aR di
-1
T a(r+ky) d(r+ky)
lim k f(DO)TW(I:det( e )] pO(R))det( | drar

-1
-] or or
+]11_I)I£l)k (Do)rw(l:det(aR):I pO(R))det(a ) dR dt, (3.2.124)

which is equivalent to

(V5 A(r).y)pz = limk”" Loo(R) (2k(arr-ary) + 12y dR ar

(Do) 2
-l [ d(r+ky) or

lim k /(DU)TW -det(aR )] (R))det(a dR di
. -1 [

+limk f(DU)TW _det pO(R)) det

TR [ ar 6(r+ky)
lim k f(DU)Tw _det pO(R) dR dr

k—0
Z_/(DU)TPO(R)((?I -oy)-w(J~ pQ(R))t (a—al)Jdet

where we denoted by w, the following special first variation of w with respect to p,

-1 -1
wp = ;%k—l{w([det(a(;}k)’) )] po(R)) —W(I:det(gR):I po(R)) } (3.2.126)

provided that p(r(R,r),r) =J ' py(R), VR € Dy, 7 > 0. In the last two lines of the derivation above,

we make use of the following remark for the identification of the determinant’s time

derivative:

Lemma 3.4. Let T:R} :~ GL(d,R) c R**? be a time dependent differentiable field of invertible

matrices and let det: R?*¢ -~ R be the determinant, then

d B 1 d
7 det(T) = det(T )tr( ] pr ] ), (3.2.127)
for the proof and more details we refer to ([305,320]).

Remark 3.18. The following formulas involving the deformation with respect to a vari-
ation of the flow field, i.e., 0°(R,r):=d(r+ey)/oR for all y < L*(0,T;C°(D))4, are useful for the
calculations of the related action functionals:

y(R 1)

S det(Q° (R,1)) = (VE det(Q°)(x), Y)i2(py = det(Q)tr(—=207"),

1ay(R 1

S5 (09 (R) = (VE Q) () ¥) 2y = ~Q” 0! (3.2.128)

2 ? ¥R
8 O°(R,1) = (Vr O°(r),¥)p2(p) = %‘

For the proof and more details of the above identities (see also [305,(322]).
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Therefore by changing from the Lagrangian to Eulerian setting and integrate by parts
over time, we obtain from the least action principle and the incompressibility assumption

the following identity:

0= fDT —p(r,t)%(v(r,t)) F+(wp(p(r,0))p(r,t) —w(p(r,t))) dive(§) dr dt. (3.2.129)

By integrating by parts and identifying the pressure by the basic thermodynamic relation-
ship of state, i.e., p(r,1) :==wp(p(r,1))p(r,t) —w(p(r,1)), subsequently provides the weak Euler

equation for the momentum balance:

8 A(r) = - fD [p(m) (Frv(r,0) + (v(r,1) - Vr)v(r,0)) + Vrﬁ(r,t)] §drdt=0, (3.2.130)
which is equivalent to and the proof is completed. O

We additionally consider to include dissipation in the flow field which is mainly caused

by the flow viscosity n, which can be assumed to be constant in this particular case.

Lemma 3.5 (Stokes equation). The maximum dissipation principle applied to the dissi-
pation functional D(v) := [Dnlvw2 dr, provides the following incompressible Stokes part of the

momentum balance

NAv = -V p, with div(v) =0. (3.2.131)

Proof. We shall evaluate the variation with respect to the velocity field v, in the direction

of a vector valued divergence free test function, i.e., y ¢ L?(0,T;H};,(D))4, y-n=0on dD:

2 2 —
8 D) = (78 DW.y)pz = limk ™! [ (19 (v+ky)P = [9vF) dr
= fDZTIVV :Vydr
==2n(Av,¥)12(p)- (3.2.132)
Therefore, the least action principle then implies that 85 D(v) 0. At this point we will

make use of the Helmholtz-Weyl’s decomposition statement for a vector field, which can
be summarised in the following remark (see also [320,[323| [324] and [325| Chap. III.1]):

Remark 3.19. An arbitrary vector field u<1*(D),, can be uniquely expressed as the sum

u=w+Vp, (3.2.133)

where peH'? (D)= {p €Ly (D), Vpe LZ(D)d} andweH,(D) = {w eL*(D)y: div(iw)=0inD, w-n on 8D}.
Hence, for given ue L*(D),, there exists p e #'?(D) unique up to additive constants, such that

u-VpeHy(D), or equivalently

fD(vp—u)-Vq;dr:o, forall p e H"2(D), (3.2.134)
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that is, p is a weak solution of the following Neumann problem

Ap =div(u) inD,
(3.2.135)
chp=u-n onadD.
This remark implies that the dissipative part reads in the form of the Stokes equation,
i.e., -v-(nvv) = vp or equivalently for constant n provides (3.2.131) and the proof of

is completed. [
As a result, by combining Euler’s (3.2.123) and Stokes equations (3.2.131) according

to the equivalence law of force balance, i.e., that the dissipative force is equal to the

conservative, provides the full incompressible Navier-Stokes momentum equation
p(0v+v-VV) =-Vp+nAv, with div(v) =0, (3.2.136)
in which we identified the new pressure p, by the following difference p:= - p.

Remark 3.20. The Euler equation can be also obtained as a result of the Least Action
Principle applied to the simple action functional A(r) := %f(DO)T po(R)|9,r|>J dRdr (kinetic energy),
in combination with remark[3.19 and the incompressibility assumption (J=1).

Remark 3.21. The conservation of mass p; = div(vp) can be derived directly from the first

variation over time, of the mass functional in the Lagrangian setting, i.e.,

m(t) = fD p(r(R.1),1)det(Q) dR, (3.2.137)

with the help of lemma(3.4 Therefore a system is dictated by the conservation of mass, if
and only if p(r(R,),1) = po(R)/det(Q), VR € Dy, 1 > 0 [1305,[320].

The coupling model of study is an extension of the classical Model H presented
above, motivated by the articles of C. Liu, J. Shen, X. Yang, Z. Guo and P. Lin[316,[326-328]]
and consists of an incompressible Navier-Stokes momentum balance coupled with an
Allen-Cahn/Cahn-Hilliard evolution for the phase field ¢ :=c(r,r). As previously discussed
we shall use the same notation, so the variable v:=v(r,r) represents the velocity field and
u:=u(r,r) is the internal energy density of the system. Finally, we additionally impose to
the system the influence of some external forcing (usually gravity) and hence, the full

system reads in the form:
ap==-(v-V)p,
dic=—(v-V)c+mAu(c) - u(c), (3.2.138)

oP=-(v-V)P+div(Z) - pgz,
in light of the definition £:= -pl+ny-1%*(Ve® ve) +w(c)l and supplemented with the incom-
pressibility condition div(v) =0. As noted, the several parameters appearing in (3.2.138)
are interpreted as for the system (3.2.111), with the same notation. In addition, the vector
psi denotes the density of a constant external gravitation forcing with z being the unit

vector of upward direction.
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Remark 3.22 (Principle of Virtual Work). It is worth mentioning that the term A*(vc®
ve) -w(c)l that appears in the momentum balance (3.2.138), can be derived also based on
the following statement: Given a free energy functional w:=w(c,vc), all the solutions of the

Euler-Lagrangian equation

aw(c,ve)\ dw(c,Ve)
—V~( oo )+ Foe =0 (3.2.139)
satisfy the following equation
V- (%v,cw) ® Ve-w(c, Vc)]l) =0, (3.2.140)

which corresponds to the related elastic stress tensor term in the momentum balance. For
the proof of the Principle of Virtual Work and more details, we refer to [329].

Theorem 3.2.2 (Tensor representation with GENERIC). Let the set of representative
state variables to be chosen asz=[p,c,P,u]’ ¢ 2*2(D), D<R?, then the above Allen-Cahn/Cahn-
Hilliard coupled with Navier-Stokes system (3.2.138), satisfies GENERIC and can be compactly
presented with the help of six different tensors, as follows: The Poisson and friction tensors
for the bulk part (assumption for isolated system) with the help of the related degeneracy

requirements are shown to be:

0 0 p(r)op6 0
_ /
L(r,x') = 0 0 , c(r')ad ,0 , (3.2.141)
“op(r) —c(r)ad  P(t)0kS - hSP(r) —deSp(r’) - deu(r)
0 0 u(r')op &+ p(r)du 8 0
in which we remind that we set §:= §(r—v') for simplicity and similarly
0 0 0 0

cc !/ cu /
M(r,r') = 0 M(rr) PPO , MP (r’r,) , (3.2.142)

0 0 M (r,r’) MY(r,r")

0 M“(r,r’y MP(r,r’) M“(r,r')

where the related elements are given by

M (r,r') = O )8 (r' - 1) —mdr8O(r')dy and M™ (r,r') = —mlzarSG)(r')arz (af,c(r’) —m_lc(r’)) . (3.2.143)
Furthermore M*? (r,x') = (0p 0k + 19y - 3 )nO(xr' )8, MY“(r,x') = nd:8-©(x" ) y(r') and

M“(r,r') =—mA202c(r) o8O (r')op Ac(r') + A% c(r) e 8O(r ) dp Ac(r)
+nO(r)7(r) 3y Sv(r') - S (K10%) (r') 9y (3.2.144)

Finally, the last two non zero elements are expressed in the following forms:
M (r,r') = nO(r) J(r) - 98 and M (r,r') = —-mA? 02 c(r)0r8O(r' ) oy + A2 c(r) 08O (r' ) Oy (3.2.145)

In addition, for the related boundary contributions we obtain the Poisson part on the boundary,
ie.,

0 0 p(r)n 0 0 me(r) 0 0
0 o0 0 0 0 0 0 0

Ly(r) = 0 c(r)n P(r)-n 0 and Lgr (r) = np(r) 0 n-P(r) n(p(r)+u(r)) |
0 0 (p)+um)n 0 o o o 0
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In the same way for the friction tensor we can deduce that,

0 0 0 0
M, (r) = 0 0 0 0
7710 0 o) ((nak)T +n-a1)+npg(r)  —(nO(X)Y(r)+pgv(r))n |
0 0 0 k7@*(r)n- o
0 0 0 0
Mar(l‘): 00 T 0 0 (3.2.146)
0 0 nO(r)((nd)" +n-drl)+npg(r) 0
00  -n-(MOMUr)+pgv(r))  m-dr(HEO*(r))

Proof. Following the previous example for the classical hydrodynamic equations via the
GENERIC formalism principles, one can identify the total energy and entropy functionals

as follows

2
£(z) ::fDe(p,P,c)dr:fD(;)p+w(c)) arand S(z) = [ s(uc)dr. (3.2.147)

The formulation is slightly different if one introduces the internal energy density variable
and hence in view of a recent work by A. Onuki [330]], we can express the total energy

and entropy in the following forms:

2 2 2
5(Z)¢=fD€(P,P,u,c)dr::fD(Z)+u+)”2vcl) dr (3.2.148)

and

2 2
S(z) := /Ds(u,c) dr:—/;(sl(u,c)—l |ZC| )dr7 (3.2.149)

where we assumed for simplicity (since the exact form is not required in the derivation
by GENERIC), that the entropy density is just a function s(u,c). As a result and in light of
the definition P:= pv, the functional derivatives with respect to the set of state functions

z:=[p,c,P,u]” imply

T
T 2
0ys = (Bps7acs,07®7l> , Oze= (—VZ,—?Lquw 1) . (3.2.150)

Based on the formulation for open systems, we first consider to apply GENERIC to the
bulk contribution (as an isolated system) in which we assume no influence of the external
forcing pgz. The contribution of the external force will be added at a later stage in the
pure boundary evolution accounting for exchange and interaction with the environment,

i.e.,

4 .
faD S (LY +L57) (1) 3z e(a(r)) + (M5 M5 ) (r)ds,s(2(x)) d°r, i, j € {1,2,3,4}, (3.2.151)
j=1

supplemented with the special degeneracy requirements for L, M; (3.2.23). The elements

of the Poisson and friction tensors L,M can be evaluated as in the previously discussed
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application (see(Theorem 3.2.1), based on the general evolution equation

4 4
dizi(r) = f S L (rx")d, (vye(z) dr’ + / S M (r,x")0, (ys(z) dr, iy je{1,2,3,4}, (3.2.152)
D3 ! D5 !

for each state variable z; := p, z5:=c, z3 := P, z4 := u. Starting from (3.2.152) and in light of
the derivatives over the different fields (3.2.150), one obtains for the phase-field balance

e = —(v-V)e+mAu(c) - u(c) from (3.2.138), that

~(v-V)e-mA(A Ac— f(c)) + (A*Ac- fL(c))
= /D L (e, )W () /2= L (0,0 ) AP Ac () + LF (0,0 v (r') + L (r, 1) dr’

+ fDMCP (r,x")dps(r") + M (r,r")des(r") +Mcu(r,r')®_1(r') dr’. (3.2.153)

On the other hand the degeneracy requirements imply for each of the fields z; € {p,c,P.u}
separately that

fD L% (r,1")dps(r') + L (r,1" ) des(x') + L™ (r,r" )@ (') ar’ = 0

and fD —MEP (r,0 WA (') )2 =M (0 ) A2 Ac(r)) + MEF (e, ) (x') + M (r,1') dr’ = 0. (3.2.154)

Therefore, with the help of the Dirac delta identities (3.2.68), from the advective Cahn-
Hilliard part of the system using the identification f/(c) = -®d.s and in light of the incom-
pressibility assumption, by matching the first term on the left-hand side of with

the first four terms on the right-hand side, i.e.,

—va(r)aré(r—r’)c(r’)dr:fD—LC”(m’)vz(r’)/z—L“(nr’)zzAc(r’)+L“P(r7r’)v(r’)+L““(r7r’)dr’.
(3.2.155)

Hence, we can identify the element L (r,r') which dictates the convection of the config-

urational variable ¢ by

A _ cP ! /
—va(r)c?rS(r—r Ye(r') dr = fD]L (r,r)v(r') dr, (3.2.156)
which implies L¥(r,r') = —¢(r')o:8(r-1') due to the incompressibility condition div(v) = 0.
Moreover, the above choice of L (r,r’) in (3.2.155), i.e., 0= —LP (r,r')v* (r') /2L (r,r" ) A? Ac(r') +
L“(r,r') and the degeneracy requirement
fD LP (r,1)9ps(r') + L Qs (x) dr’ = - fD Lr,r' )@ (r') ar’, (3.2.157)
necessarily implies L (r,r') = L(r,r') = L“(r,r’) = 0. As result, we obtained the first row of
the Poisson tensor:
LP(r,r') =L (r,r') =L(r,r’) =0and L¥ (r,r') = —c(r') ;5. (3.2.158)

Here and over the rest of this subsection, we introduce the simplified notation §:= §(r-r’).
The irreversible effects which are introduced by the chemical potential, are assumed to

be summarised in the friction tensor and hence the elements M“(r,r'), M“(r,r’) can be
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derived by matching the remaining terms, according to the relations:

maf{(e)=fi(e)=m [ %8onfi(e())ar' = [ fl(e)SE -r)dr' = [ v (rr)aes(x')

—mA A2+ 22 Ac = —mA2 fD 980w (2c(r))) dr’ + 22 fD 9 8due(r’) dr’ = fD M (r,r' )@ (r') dr’.
(3.2.159)

We next apply the properties of the Dirac delta function these relations are simplified to

M (r,r’) = O(r)8(r' —r) - mdr8O(r' )3 and M (r,r') = -mA* 380 (r) I (a,%c(r') —m_lc(r’)) . (3.2.160)

From the degeneracy requirement for M we get M (r,r’') =M< (r,r') = 0. Following the same
procedure, and by the consideration of (3.2.115) which implies p(c)ve=div (w(c)]l -23(Veo vc)),
the divergence free momentum balance if the system was isolated, i.e.,

AP =—(v-V)P+nV>v-Vp+u(c)ve, (3.2.161)

can be rewritten in terms of (3.2.152), as follows:

~(v-V)P+nViv-Vp+u(c)ve
= [D L (e, WA () 2= L¥ (e, 0 A2 Ac(r) + LPP (e, ¢ )y () + L (r, ) ar’

N fD MPP (r,1')dps(r') + MP (1,1 ) des(r') + MP (1,6 )07 () d’. (3.2.162)

Consequently by matching terms, one can derive the elements

LY (r,x') = =0:8p(r), LY (r,r') = —¢(r)d¢8 and
L (r,r') =P(r')9p 8 - 3 8P(r), LY (r,x') = —0:8p(x') - O Su(r). (3.2.163)

For the above choice of elements, the following fundamental thermodynamic identity
w(c(r)) = -p(r) +c(r)dew(c(r)), has been also taken into account, which can be found in any
classical book about thermodynamics such as for example [280] and also in [15, 331]].
We remind that the quantity w(c) denotes the Cahn-Hilliard free energy, i.e., w(c) := fi(c) +
A2 Vel /2.

The proof of the satisfaction of the Jacoby identity and the Leibniz rule follows exactly

the same arguments as insubsection 3.2.3|and therefore we skip this part. Finally, the

remaining terms and the degeneracy requirement for the friction tensor provide the

elements

M (r,r') =108 -0(x ) 7(r'), MP (r,r") =M*P (r,x) = 0. (3.2.164)

Note that we used the rate of strain tensor y:= vv+(vv) in the related elements, which
provides the diffusion term Av after applying the partial derivative, due to the incom-
pressibility condition div(v) = 0. Moreover, in view of incompressibility we deduce also
that tr(y) = 2div(v) = 0. Using the antisymmetry property of the Poisson tensor we are able

to choose the last row of the elements, as follows: L“(r,r’) =0, L**(r,r") = u(r') 0y 8 + p(r) oy 6.
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Similarly for the friction tensor we obtain

M (r,r’) = nO(r) 7(r) - 98 and M (r,r’) = -mA? 32 c(r)0r8O(r' ) Oy + A2 c(r) 98O (r') Iy (3.2.165)

By the degeneracy requirement for the friction tensor in combination with the obtained

forms for the elements M*?, MP¢, MP“, we can deduce that,

MPP (r,r') = (3 Oc + 19y - 9 )NO(r') 5. (3.2.166)

Symmetry reasons allow us to define the coupling of elements L°% MP% and L*,M* for
zie {p,c,P,u}, which will later lead to the formulation of the internal energy balance. Hence
we obtain L°P(r,r') = p(') a8, LP(r,r’) = 0, which together with the degeneracy requirement

for L provide the following relationships, under the assumption div(v) =0,

-(v-V)p :fD—]Lpp(r,r')vz(r')/Z+p(r')8r/6v(r') +LP"(r,x") ar’

+ fD MPP (r,1")dps(r') + MPY (£, ) s (x') + MP“ (r,r )@~ () dr’. (3.2.167)

Moreover, the degeneracy requirements imply

fD LPP (r,r')dps(r') + LP*(r,r' )0 (') dr’ = 0 and fD CMPP (1, WA () 2+ MPY (e ) dr =0, (3.2.168)

from which we obtain L°? (r) = LP“(r,r’) = L*" (r,r') =0 and also MP? (r,x’) = MP¢(r,r’) = MP“(r,r’) =
M“ (r,r') = 0. In addition, the degeneracy requirements related to the internal energy

balance implies the following constraint /D L“(r,x)® ' (+') dr' =0 and also,

fD (m?tzﬁrzc(r)arﬁ(a(r')ar/lec(r') +22¢(r)ar80(r" )y —nO(r) J(r) - p Sv(r') +M“”(r,r’)) dr' =0,
(3.2.169)

which finally gives

M (r,r') =—mA202c(r) o8O (r")op Ac(r) + A2 c(r) e 8O(r ) dp Ac(r)
+1nO(r)7(r) - 9 v(r') - 8 (k10%) (r') 9y (3.2.170)

and L"(r,r") =0, where the last term enters by the entropy production principle as stated
in the previous example for the classical Navier-Stokes and we let k7 to represent the
thermal conductivity. As a result, we are able to formulate the internal energy balance as

follows:

= fD (u(t )0 & + p(r) 8)¥(r') dr—mA> fD A2c(r)aedO(r )y des(r') dr’
_ /D (;ch(r)ar'a@(r’)ar,acs(r')-M““(r,r’)@r‘(r’)) dr’

=v-Vu- mlecdiv((*Daracs) - lzc(r)div((aar&cs) —mA*AcdrAc — n7: (vv)! +div(k7ve), (3.2.171)

which holds due to the incompressibility condition div(v) = 0. The properties of antisym-

metry and symmetry respectively, are satisfied.
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Let us consider now the full case where the system interacts with its surroundings,
in which the boundary contribution to the evolution is given by (3.2.151). We can then
obtain the elements of L? and M?, based on the already deduced elements of L, M, the
related degeneracy requirements and Green'’s first identity. The boundary degeneracy

requirements imply for each field z € {p,c,P,u}:

f H_f"p(r)&ps(r) +1L5(r)des(r) +]]_4f‘9"“(r)®7l (r) d*r=0,
and f ~MEP () (1) /2= M5 (1) AAc(r) + MEY (r)v(r) + M3"(r) d°r =0 (3.2.172)
and with the help of the elements of L. that are previously derived, we find that, 1L5°(r) =
(r) LY (r) =L§r (r) =LY (r) =LA (r) :Oand]Lgp (r)=c(r)n, LPC (r) =nc(r), where n is the outwardly
dlrected unit normal vector on op. Similarly the related elements of L, associated with

the momentum balance can be chosen as follows:

]Lgp(r) =0, ]Ll;’; (r)=p(r)nand LgP(r) =P(r)-n, ]Lgl; (r)=n-P(r),
(3.2.173)

L' (r) = (p(r) +u(r))nand LG7 (x) = n(p(r) +u(r)).
The influence of the external forcing will be added in the friction boundary tensors, to
one of the elements associated with the momentum balance according to the related

degeneracy requirements, namely

M5(r) = —(nO(r)7(r) +pgv(r)) -n, M4 (r) = -n- (nO(r)¥(r) +pgv(r)) and M5 = MY (r) =0,
(3.2.174)
MSP (x) = M7 (r) = 0 and MEF () = M5T (r) = nO(r) ((ndr)” +n-9e1) +npg(r).
[

Remark 3.23. We can deduce for the bulk contribution of the Poisson bracket { Ay, A2} pui
for all Ay, A, cCc™(2%=) in terms of only one space argument r that

Coadus= [0 (5503577 ) ey = S (v ) 3y
S (g7 ) v e L (5v ) s
[ ()(5%?5) )65;21;) f ()(;:?rl) )5%?3) dr
/ p(r )(5%?3) )561,:?1}) f ()(561@) )5%?5) dr
S () s oo (e ) o (2179

In the same way, the bulk part of the dissipative bracket reads
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[ALA puik
sA sa 1 sA ) [ sa SA SA
:=f,)n®<r>(v5p(;)+[vap(;)] ‘V(r)sud))'(vap(ﬁ)*[Vap(ﬁ)] -1, (2))
+ Jyrowran g (g o+ et (o) v (ow ) o

6./41 cc / 5./42 ’ 5A1 o 8./42 ,
oo ey O ey A ey O iy e

5-’41 uu / 5./4
+fDxD Bu(r)M (r.r )5 (') drdr’, (3.2.176)

Moreover, the boundary contributions to the brackets analogously read

0A SA
{A17A2}b0undary: / (5[)(;) ( ) 6P( ) P( ) 5 ( )[M(l‘) p(r)]) SP(i) d2r
6A1 8A2 )
+/aD Sc(r) e(r )56( p (3.2.177)

Similarly for the dissipative boundary contribution bracket we deduce

[AlvAZ]boundary = / 71(9(1') 6(;?;) ((V 5(:;23') )T +V 5(::?3‘) ) ‘n dzr
0Az 2 0Aq 2 0A;
6P( ) r 6P(r).nd r+fa Sulr )qu) (r)( ) nd*r
0A, 6A; 2
f 100) 550y " Sy d”faD(SP(r) 5()
Remark 3.24. The derived form for the Poisson tensor (3.2.141) for the system (3
exactly the same as the one derived in [43] for the model H (3.2.111). The dzﬁerence appears

in the frictions tensors and more precisely in the forms of the elements M and M“ because of

r)
nd’r (3.2.178)

the presence of the extra chemical potential term as well as the extra four boundary tensors,

arising due to the influence of the external forcing.

3.2.5 The equations of hydrodynamics and coarse-graining

The specific example is an overview of the derivation of the macroscopic GENERIC
hydrodynamic equations by coarse graining in terms of bridging time and length scales
between levels of description, based on the articles by M. Hiitter, ]. Brader and A. Trevoort
(42} 300]. We more precisely consider the case of non-isothermal flow of a compressible
single component fluid. The non-local correlation effects, arising from a spherical sym-
metric, long range interaction potential, i.e., a potential of the simple form v (ry;) =Cv/|ry |,
where ¢y is a constant expressed as the product of particle quantities such masses or
alternatively charges. In addition |y |=|r; -r; | denotes the length of the particle distance
vectors, where r, is directed from particle / towards particle k. Non-local effects occur
due to the phenomenon of entanglement, whereby particles that interact with each other
become correlated for all times, or dependent on each others states and properties, in
order to gradually behave as a single substance. Therefore, non locality literally indicates
the ability of particles to instantly know about each other state, even there is a large

distance between them.
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In order to describe the flow from a continuum scale point of view, one needs to
take into account that the thermodynamics and motion of any fluid is described by the
classical hydrodynamic equations. Consequently, one needs to consider the velocity field
v as a first variable, but in general is not convenient to use it as a dynamic variable since,
it is not the density of a conserved quantity and it may lead to a much more complicated
expression for the Poisson tensor L. Furthermore, since we deal with a compressible fluid
one must take into account the changes in the mass density p and due to the fact that we
are examining an non isothermal process, it is necessary to involve in the procedure a

state variable such as the internal energy density u,

Assumption 3.1 (Microscopic dynamical functions). Under the above considerations,
the best choice of the state variables defined for all times, in this case isz=[p,P,u]” ¢ 232 (D), Dc
R*. Furthermore the microscopic dynamical functions 11, of P,p,u in terms of r, and p,, are

given as follows:

N N
p(x,r) = > m(r—ry), Hp(x,r) = Y pid(r—ry) and

k=1 i=k
(3.2.179)
I, (x,r) = Z (mkpk ZV(rkl))S(r r), wherery =1, -1y,
where the summation runs over all the particles and we defined
Pi(r) = pi/my —v(r), (3.2.180)

as the peculiar momenta, i.e., the momenta with respect to the macroscopic velocity field v,

which leads to non-vanishing internal energy, even in the case of an ideal gas (V(ry) =0).

Lemma 3.6 (Total energy and entropy). In light of the|Assumption 3.1 and the ensemble

average of the microscopic dynamical functions, i.e., z; := (I, (x,r))s, the total energy of the

system can be found to be of the form

£(z) = fDe(r)dr: /Z)(Pz(r)/Zp(r)+u(r))dr, DcR’? (3.2.181)
by averaging over the macrostate z, the corresponding microscopic Hamiltonian defined by
f Z(’"’(p’(r)Jrv(r)) Z V(rk,))a(r 1)) dr, (3.2.182)

Diy 2,42

in terms of the peculiar momenta given in (3.2.180). Moreover, we define the total entropy
functional of the system by

S(r) = fD s(p(r),u(r))dr, DR, (3.2.183)

Proof. Since the total energy can be defined as an ensemble average and the microscopic
Hamiltonian (3.2.182), we obtain
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D 2

¢kl

N
(Z(WM Z V(l‘kl))s(r 1))z d

iMZ

(m, (oo ~v(5))-v(5) = 20D [’”l SJOREDS v<rk1>])6<r—rl>>zdr

l I¢k 1

£(2) = (H) =

)
r
)

(S mae—rate)de= [ mae-rn

N1lm N
+ fD<Z[2’13%(r>+;sz_IV(rkn]a(r—n))zdr

I=1

2
= fD (TTp(x,1))2v(r) dr - fD (T (%,1))5~ ér) dr + fD (TLu(x,r))z dr
J (<P®v><r>—p<r>vz(”+““’))"r
D 2

- [D (P2(r)/2p(x) +u(r) ) dr, since P(r) := (pv)(r)
fDe(r) dr, (3.2.184)

due to the definitions (3.2.179). O

In order to obtain the time evolution equations, the next step is to evaluate the

functional derivatives d,e and d,s. It is clear that ;e is a 3x1 column vector with components
the partial derivatives with respect to each state variable p,P,u and in the same way d,s is
again a 3x1 column vector with components the partial derivatives with respect to each

state variable. Thus, we deduce

2
ope= 2B (1)/2p(r)) _P(r)

awm )
ooz QP2M)/2p(r) _ —P2(r) _ —v3(r) (3.2.185)
P ap(r)  2p%(r) 2
_ du(r)
aue = T(r) =

As aresult, we deduce d,e= (—vz(r) /2,v(x), l)T and in a similar way, since the entropy density
is only a functional of «,p, one obtains d,s = (aps,O,aus)T. Using the basic identities involving
the Dirac delta functions , the elements of the Poisson tensor can be evaluated by
the formulas (3.2.25) and (3.2.27), applied to the expressions (3.2.179). Following the work

by Irving and Kirkwood [332], one can derive the element L*“ as follows:

N 8Hp (x,r) IMp(x,r') IMp(x,r) IMp(x,r')

P ’
L% (r,x") = ({Tlp, TIp} ), = g are I ap ar, )2
Bz gj 85(1‘ rk) A5 — 1))
_ gjmka(r 1))z 85(31',1')_ (r )85(r ). (3.2.186)

Following the same procedure for the L?¢ element we deduce
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Pp(l‘ I') <{HP3HP} Z 16(1‘ rk) mkas(; krk)>
:_% %(mké(r—rk)>z:_¥p(r)7

(3.2.187)

which is an obvious in some sense result for this element, since the Poisson operator is

antisymmetric. In addition, for the element L°? we obtain

L (r,r') = ({I1p.11p })2 = 0,

(3.2.188)

since the partial derivatives of the instantaneous value of the particle density 11, with

respect to the momentum p, of each particle are zero. It is easy to check that the elements

LP? and LP? are also equal to zero: LP“ =1L -0, since both the partial derivative of 11,

with respect to the momentum p, of each particle is zero and the partial derivative of 11,

with respect to p; is zero as well. At this stage, there are three elements remaining to be

determined. The element L*? can be evaluated as follows:

86(r ;)

B R D D)
k=1 k

N _ —
e )k;mksu—rk»z
_P(r )85(;rlr) 85(r r)P( ).

For the elements L and L we deduce

L™(r,r') = ({Ip. T} )2
IMlp(x,r) oMLy (x,r')  OTlu(x,r) OTlp(x,r')

- zkx ory Pk Ipy ory

)z

2179 7*(Zpkl~)k5(r*rk))15(r,7r) + <H”>ZW5(r,7r)

Z<‘9Va(:“’6< 1)) )

]
e L5 (8 ) () 36 -1

1% (P (3 ) - 85 1) (r -1)

2
-2 (Smebl3(r-r))us (s 1)~ u(r) 236 )
- <’9Va(r‘"“) 0 (Wi (s ) (s ).

Kkl

Where ry =r,-r, and we used the following expansion :

2

dJ 1 J
S(r'-r) =8((xr'-x) + (r-1x)) :5(r'—rz)—rk1'afrl5(r’—l‘z)+ E*’rklrkl'ﬁs(rl_rl)'

l

(3.2.189)

(3.2.190)

(3.2.191)
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Hence, we can equivalently obtain,

p) 1 d 1
6(r’7rk)*6(r'*rz):W'(rszkﬁ(l"*l‘l))yWhere:Wklzl 2t gy et g (e ar’)al

Remark 3.25. Note that one can define the n—th partial derivative of the delta function §(r)
appearing in the Taylor expansion, with the help of an arbitrary real valued test function
o(r), by the following fundamental relationship (see also [311, p. 694-696]):

f (p(r)a n5(r) dr=(-1)" f A ("”(r))s(r) dr. (3.2.192)
As a result, one deduces the form for the element L,

LP(r,r') = fu(r)—B(r —r)+8(r-r ) - II(r), (3.2.193)
where the quantity ('), is defined by

aV(I‘kl)

H(l‘ ) (Hn z—— Zm;p,5(r —l‘l) z+ Z l‘k]Wkl5(l‘l—l'1))z (3.2.194)

and denotes an average stress tensor consisted of two parts. The left term in the above
sum, is a consequence of particle motion and the second exists due to particle interactions.

According to the property of antisymmetry of the Poisson operator we obtain

L®(rr)=u (r) S 8(r- ) -8(r- r)— I(r). (3.2.195)

If one make the identification using the hydrostatic pressure p(r) that Il(r) = p(r)1, then

one can rewrite the elements L? and L*?, as follows:

L"P(r,r") —u(r) S 8(r-x )+p(r) S 8(r-x ",
(3.2.196)
LP“(rr)——u(r) 5(r r)——ﬁ(r )p(r).

As a consequence, similarly as in [42],[28] and according to the result we obtained for

the elements above the Poisson tensor can be written in the following form for &§:= §(r—r'):

0 p(r)o 8 0
L(r,r) = | -adp(r) P()9wd-a:8P(r) LP(r,r')]. (3.2.197)
0 L (r,r") 0

In order to obtain an expression for the friction matrix M of the problem we shall use
the formula given in (3.2.26). Let P denote the projector acting on phase space functions.
Here, the explicit form of P is not needed. We only require that P11, = I1,,. This could
be achieved by applying the projection operator P’ = 1-P, which is orthogonal to the
slow variables IT, (x(r),r), which means P'TL., (x(r),r) = 0. The fast time rate of change of the

macroscopic variables leads to relation P'TL, =TT/, as it is explained in the subsection (4.3).

One obtains due to the definitions of 1, (x,r) from [Assumption 3.1} that

I, (x,r) = Zm,rla—é(r r)= ZPZ 8(r r,)——i -Tlp, (3.2.198)
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using the Hamilton’s equation of motion. Furthermore, since P'11p = 0, it follows that

11 =P'Tl, =0. (3.2.199)
Using a similar calculation, we obtain

HP(X,I‘) = Z ([')16(1‘—1'1) +pltlain6(r_rl)) . (3.2.200)
1

The N particles of the fluid interact via the usual microscopic Hamiltonian of the system

which can be written in the following form (see [Definition 3.3|in [section 3.1):

N 2
H(p,r) = Z (pl + 1 Z V(l‘k[)) where ry; :=r; —1r;. (3.2.201)
=1 my

The Hamilton’s equations of motion, as stated in [Remark 3.1| of |section 3.1, can be

expressed for the j-th particle in the form

_OH
r = Tp[ = pl/ml7
(3.2.202)
o OH 1K V()
Pk al'k 2 k#l=1 8rk ’
Plugging this expressions into the form (3.2.200) we deduce
Mlp(x.1) :z(—;z W) ey + 2L g n))
1 k
2
-3 (;Zk:a‘;(;kf) 9 (e Wyy(r— )+ 2 lS(r—r,))
j( 1 (Z;W(i“)rklwm(rr»mzﬁ%sum))
9
= T (x,r). (3.2.203)

Thus, by applying the projection operator P’ to ITp, one obtains the fast fluctuation
I (x,r) = — ~P "M (x,r) = 3 T (x,r), (3.2.204)

where we denoted with I the rapidly fluctuating contribution to M. Furthermore for
the evolution of the instantaneous values of the internal energy density, in the same way

as for ITp using again Hamilton’s equation, one has

I, (x,r) = Z(PH Z (rkz)) ika(r_rk)+kaf’k'f)k6(r_rk)
T

AP V) P V() B
2k (mk 8rk my 81‘1 8(1' rk)

:—ar-(Z(n;k Pi+ ZV(rkl))Pk5(r ry) = 22 erlwklé(r—rk))

kl

ryWid(r-r, )) 8\(;(:)

IV (ry)
0

0
(—kapk5(l' rg) + 5 Z

(3.2.205)

0
=T I, + 1y : EEE
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where we defined the heat flux by

Jq=<HJq>Z=<Z(n; f)k+ ZV(I‘kl))pks(l‘ I‘k) 22 kava(:kl)rklwkls(r—rk)>27 (3.2.206)
k ki k

represents the heat flux vector. As a result by applying again the projection operator, we

obtain fluctuations for the internal energy in the following form:

H‘,{:-%’Plnh P Iy a:;(rl') _%.(Jq)f+nf:¥7 (3.2.207)

where dv/dr denotes the transposition of the velocity gradient and it is a tensor quantity.
At this stage, one is able to deduce the friction tensor elements which are combinations

of the state variables P and p. For the element m,, one deduces

MPP (r,r') = (kp) ™" fo T(H-,CH-,’;)Z dt =0. (3.2.208)

In the same way, it is obvious that the elements MP? MFPP M"? and MP", are equal to zero as
well. Furthermore, in order to specify a form for each of the non-zero elements. In the
specific problem we will consider absence of cross correlations of the fluctuations, which
means that the integral over the time interval [0,7], involving combination of the heat
flux fluctuating part (J9)/ and that of the stress tensor I/ are zero. Since the expression
for the remaining elements might be more complicated, we will use Einstein tensor index
notation, to avoid misunderstanding, in some parts. The element M*«?s can be evaluated
as follows (the subscripts o, . ..., imply contractions with some vectors Aq,Ag,..., multiply

form the left or the right, depended on the specific case):

M (r,x') = (kp)~ f Pa Py = 9en 907 (( 5)” / (x(r),r)H%,(x(O),r’))Zdz). (3.2.209)

Furthermore,

') = )™ a0 = Z8 2D Gyt 0 (x0T (XC0) )

ai ai, (( kg)~ f Jq)f(x(t) r)(J‘i)f(X(()) ')z dz) (3.2.210)

Finally for the elements M" and M**7, one can easily deduce that:

u ’ - T . d v (r' - T ’
M ) = )™ 01, T =57 gj,;)(mg) GO ROL) ) 22

and similarly,

M“Pr(r,r') = (k)™ f nfnf) _ovu(r) 9 (( 5)” f (x(t),r)ﬂj;v(x(o),l'l))zdt). (3.2.212)

Jrg

The stress tensor correlation integral, has the form of a fourth order tensorial kernel

("viscosity kernel") and can be denoted by

NP (p ) = (kg®) ! fo *(M1 (x(0), )T, (x(0) 1) ) di. (3.2.213)

In general, the correlation functions should be finite for values of |r-r'| smaller than the

interaction range and therefore following the paper by P. Espafiol and A. Donev [333]] one
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can obtain a local approximation, such that n”* (r,r') ;e 2n"** (r)8(r-r’). Using similar
arguments and the Fourier’s law (see [Remark 3.26) for the heat flux correlation one can
have the local approximation of the integral [333-335]:

k06, O(r)3(r-1") = ki, (1)0° (£) 3, O (1) S (r 1) 2 (kp) ™' fo T((Jq)ﬁ(X(t),r)(Jq)-f (x(0),1"))z dr, (3.2.214)

where k], := k{,(r) denotes the thermal conductivity tensor. As a result, similarly as in

[42] and [28]], the friction tensor can be written as

0 0 0
M(r,r')= 0 MPPr(rr) MPU(r )| (3.2.215)
0 MuPV(I‘,I‘,) Mt{u(nr/)

Similarly as in [42], the full set of evolution equation using the forms we have already
deduced for the friction and Poisson tensors and for the derivatives dse, d.s. Thus, for
the time evolution of the mass density p one obtains using the equation and the
identities for involving the Dirac delta (3.2.68)

8p(r) / (r )35(1’ ') v(r') dr’ = —div[(pv) (r)]. (3.2.216)

Equation (3.2.216)) is the well known continuity equation in hydrodynamics for a system,

which is in a steady state (does not change its behaviour over time) and indicates that
the importing rate of mass in the system, is equal to the rate at which mass leaves the
system. Simply put, equation (3.2.216) expresses conservation of mass. Similarly using
again the equation (3.2.21), one deduces for the momentum density P:= pv

‘91;(:) :_fp(r’)m.v(r’) dr’_f MP(r)-V(r') dr’

dar
&5(r r') Y ( r') Pu Pu ’
fD p(r) dr' + f(]L +MP“D,5) dr
:—div[(P@v)(r)]—fDu(r)w dr'—ﬁ)%p(r') dr+LMPL'3usdr'. (3.2.217)

The tensor quantity Pev is the momentum flux, that is, the momentum crossing the
surface per unit area and per unit time. Finally a similar calculation leads to the internal

energy balance, that is

8u(r) [ u(r )35(1' - (I’)dl‘ f o(r )88(1' (r/) dr’+/DM””8usdr’. (3.2.218)

Finally, using the approximations (3.2.214) and (3.2.213) and the fundamental thermo-
dynamic relationships (3.1.51), one obtains the forms for the momentum density and

internal energy density balance, as follows:

8u(r) f ( )(95(1‘ ( )dl‘ f ( )95(1' r) (I‘I) dl‘l

d Vv VoL
+fD :;,:ir)aar(,l‘) MY (r-1') dr' + fa 8’ — Au(r)T(r)8(r-r1") dr’

= —div(uv) -1II: (arv) —dIV(J“) (3.2.219)
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and similarly

P 9 (e - [ ) 26
—/1)766(;rr)p(r’)dr’+ &f agr(’r) WU (1§ (e —1') dr’
= —div(P®v) - div(IT). (3.2.220)

Remark 3.26 (Newton’s and Fourier’s Laws). The results above are obtained with the

help of Newton’s law 1y, = n"* 9. va(r'), as well as the Fourier’s law for heat conduction

i, = —kf,0r,0 [42] and the Dirac identities (3.2.68).

Finally, It may be of interest to investigate how this procedure can be applied in
order to derive the coupling of Navier-Stokes with the Cahn-Hilliard model, where the
definition of the microscopic dynamical function of the phase-field needs to be considered
in a different way than the one for the fluid density. To the best of our knowledge a first
step towards this direction has been taken by P. Espafiol et al in [333] [334]], but we shall
leave any further considerations and more details on this topic, as a possible direction

for the future.
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Chapter 4

Further applications of
Cahn-Hilliard/Navier-Stokes

couplings.

4.1 A Cahn-Hilliard/Navier-Stokes system for the dynamics of

adsorption.

The Cahn-Hilliard coupled with Navier-Stokes system discussed earlier in the sub-
section (3.2.4), can be extended for different types of chemical potentials corresponding
to different types of free energies. In this chapter, we consider a specific form of free
energy which has been first introduced by H. Diamant, D. Andelman et al. [336] and also
discussed by P. Gosselin and H. Mohrbach [337]] and Y. Hirose et al [338]], to describe the
kinetics of adsorption of surfactant mixtures. The molecules from a gas or liquid, or a
dissolved solid adhere to an interface and in this way a thin film of the adsorbate on the
surface of the adsorbent, is created. Adsorption, due to the electrochemical interaction
between the particles of a system and a surface, is considered in many experiments, such
as for example the adsorption of a perfect gas on a surface or of charged particles in an
electrolytes [339], [340]. This phenomenon is a consequence of surface energy and is
very important in several industrial applications such as the stabilization of foams, the
formulation of nano-porous materials, drug delivery, etc. [341-343].

Let us consider the case of a mixture of different types of particles. This requires a
dynamic description of the interfacial tension due to interactions between the various
types of particles involved, especially if one considers surfactants. Starting from the basic
definitions and notions of microscopic surface tension o, which describes a particle-free
interface, as well as the macroscopic surface tension o4, which depends on the local
volume fraction c:=¢(r,r) : Dr - R of adsorbed particles, i.e., we can write the surface

pressure P(¢,c) in the more general form (see [46}344]):

Ps(¢70)=0*0A=*fDm(l)fL(¢)f1(¢,C) dr, DcR?, (4.1.1)
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where f;(c):= %(1 -¢?)* denotes the homogeneous free energy density and the function

fi(¢,c) can be explicitly defined by

fi(¢,c) = (kg®[clogc+ % log(%)] - Occ—ﬁc2 —u,c) /az, (4.1.2)

and expresses a specific interfacial free energy density, in which the first term is due to the
mixing entropy and the second accounts for the energetic preference of the surfactants
to lie at the interface. Moreover, m(1) represents a scaling factor which depends on the
parameter 1, i.e., m(1):=3v/2/A, and weights the gradient penalty term and « represents
a surface activity parameter (surfacant molecular dimension) and is typically of order
100, where © denotes the temperature which is consider to be constant in the specific
case (adsorption isotherms). In addition, g is the lateral interaction parameter and is
realistically a few @ as well [344]]. Finally «>0 represents the molecular dimension of
particles. The quantity y; :=lim,_ou(r) represents the chemical potential of the solution
next to the interface. The phase field order parameter ¢ := ¢(r,): Dy - R, Dc R? is such
that ¢(r,r) e (~1,1), for all times 0<7 <7 and needs to be considered independently of the
local volume fraction of particles in the immiscible two-phase fluid c:= ¢(r,r) >0, despite
the constraint 2(1-¢) = |¢|+ 1. Hence, due to this constraint the volume fraction takes the
values ¢(r,1) € (0,1).

The system is characterised by the following total free energy functional

Fuas(e.0)= [ fi(e.0)dri= [ w(0) +m(A)fL(0)fi(0.0) + 11 (015" (¢) dr 20, (1.13)

where x;(¢):= (¢ +1)/2 is an approximation of the characteristic function corresponding to
phase ¢ = 1. Moreover, the function w(¢) denotes the classical Cahn-Hilliard free energy

density term defined by

2? 2. 2 2 A2 2
W(‘P)1=fL(¢)+7|V¢| =07 (1-9) +7|V¢| (4.1.4)

and the quantity

£57(c) = (ks®[c(loge—1) — e (logey — 1) - (e = ¢p)) (4.1.5)

stands for the excess in bulk grand canonical free energy density in the absence of gradient
terms (associated with the grand canonical ensemble). This is simply defined by the
ideal entropy of mixing [345} 346]], in contact with a reservoir. The density c;, := limy- oo c(r)
stands for the bulk equilibrium density of particles. In addition, w, := limr—co p(r) = kp®logcy,

represents the bulk equilibrium chemical potential.

Remark 4.1. In thermodynamic equilibrium the chemical potential is the same through the
entire system and more precisely y; = w, [46,1336]. In addition, the first variation of f{*(c) with
respect to c, i.e., dff*(c)/dc =0, implies the equilibrium profile logc = (kp®) 'y, i.€., c(r) =cp, r>0.

4.1.1 Derivation of the equations of motion.

Equilibrium relations can be straightforwardly deduced, by setting the first variation

of the free energy density with respect to ¢ and ¢ is equal to zero: namely .f; [,y . = 0.
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Theorem 4.1.1 (Gradient flow equations). The following system of evolution equations
of the densities c and ¢:

die =m(2)Mediv(cV (fL(9)efi(,¢)) +Mediv(cV (x1 (@) py (€)))
(4.1.6)

%9 =m(A)MoA(fL(9)f1(9,¢) + fL(9)9p.f1) + MyA(f5" (c) %1 (9)) + Mg A (9),

where u(¢) = f{(9) - A*A¢ stands for the Cahn-Hilliard chemical potential. In addition,
homogeneous Neumann and no-flux boundary conditions, i.e., dnz = M.0nd.f3, =0, z€ (9,c), are
imposed. This particular system can be formally obtained from the adsorption free energy

Fus defined in (4.1.3) and in combination with (4.1.4), (4.1.5), via the following gradient flow

formulation: For z¢ (¢,c) the gradient flow of F,, in a weak form, is given by

(012,v) 12y = ~(MVE Faas(2).9) 20 (4.1.7)

for allve x(D) c 2(D). The mobility coefficient i is set to be a constant M. forz=¢ and as a
function M(z) =M. ifz=c.

Proof. The evolution equation for the volume fraction ¢ and the order parameter ¢ can be

obtained as result of the functional gradient of the free energy F,4(c,¢), which is well

defined using the "Gateaux derivative of F,; at z, from the general relationship

Fads(2+kv) = Faas(2) _
k

where we consider each time one of the two variables c,¢ to be constant with respect to

(VE Fuas(2)V) 20y, YveX(D) € Z(D), (4.1.8)

x o
51 j:ads (Z) T IPLI(])
the differentiation of 7, over the other, namely

(VE Faas(9:) v )2y 1= Jim [ (m(2)f(9)kaTa 7k clog(1+evefe)) dr
+ lim fD K () fi.(0)a kg Tvelog(c + kve )dr
- lim [ (m(2)f(9)veaa™ ~2m(A) fu(6)ca ve)) dr
- lim [D (Bakvim(A) f1.(9) - puvea >m(A) f.(9)) dr
_klinofD(ubxl(¢)a73vc+xl(¢)kBTa73k71clog(1+ka/c)) dr

7k1im0/D xl(¢)kBTa_3vc+xl(¢)kBTa_3vclog(c+ka)) dr. (4.1.9)

Therefore by taking the limit ¢ to zero inside the integral, one deduces

(VE Faas(9:)ve)i20y = [ (m(2)f(0)kaTa e+ m(R) fi(9)a ksTvelog(c) ) dr
- [ () f(@)veaa™ ~2m(A) fu(0)e v~ puvea m(2)11(9) ) dr
- /D (Hb%l (¢)a ve+ 1 (¢)kBTa73vc) dr

- [D (21 (9)ksTa v + 21(9)kpTa *velog(c)) dr

In the form of the usual 2*-inner product the above integral can be rewritten as follows:
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(VE Faas(9.0)ve) 2 (py = (m(A) f(9)ksTa™> +m(A) f1.(9) *ksT log(c),ve) 2 (p)
~(m(A) fr(@)oa> ~2m(A) fr(9)ea B~ pa *m(A) fL(9).ve) 2 ()
~ (1 (0)a + 21 (9)kpTa > 10g(c),ve) 12 (py
= ~(m(A) fL($)9ef1(9,¢),ve) 2 = (X1l 5 ve) 12Dy
where u*(¢) = dcff* =a > (—~w, +kpTlogc). In order to get a weak (gradient flow) formulation of

the above functional with respect to both ¢ and ¢ one needs to consider first the semi-inner
product:

('47")}1(; (D) = (Vu, Vv) 2 (py (4.1.10)
and the associate v.» of v., namely
{ Aver =ve (4.1.11)
Vve*-n=0.

As a consequence, one obtains the related gradient flow equation by using the scalar
product:

(u,v)g-1(py = (Vux, Vv ) 2 (py, Yu, v € H'(D). (4.1.12)

Using the associate v.*, the above sum of inner products is equal to

m(A)(eMeV (fL(@)Ief1), Vver) 2 (py +{cMeV (X1 )s VVer )2 (py
=m(A)(cMcA(f1.(9)0e 1), Avex) -1 (py +{cMcA(X1 15 ) Ave*) -1 (py , bY

= =m(A)(eMeV (fL.(9)9efi), Vve) -1 (py +{cMeV (X1ky ), VVe)g-1(py. bY

= —m(A)(cMcV f1.(9) e fr + M fL(9) Ve f1,VVe) -1 (py = (cMcV (X115 ), VVe) -1 (1) -

As a result one can derive a first form of the #~'-gradient flow of #,,,, with respect to ¢:

(e, ve)r2(py +m(A)(cMeV fL(9) e fr + M fL(@) Ve f1,VVe) -1 (py +(cMcV (X115 ), Vve) y-1(py = 0. (4.1.13)

This can be also expanded using the analytic form for the f, as follows:

(1) oy = A1 0) g (25 ) - 2B/, Treh s
(MY (X1 157) . Vve) -1 (py = m(A)(2fL(9) Ba > eMeV e, Vve) o1 (py
7m(l)(cMch(q))kBTa_2(8¢ logeVe +d:logeVe), Vve)y-1(py- (4.1.14)

The constraint between ¢ and ¢ and the analytic form for o.f;, was used in the above

derivation. As a result, we can deduce that

2c
(el oy = N1 (0) T og 7 ) - - 2B, Tvch )

(MY 5"), Vve) 1 oy ~m(A) (2£1(9) BaeMeTe, Vve) g1 ()
—m(A)(MefL(9)ksTa > (co[|9](19]+1)] 7' Vo + V), Vvehy-1(p)- (4.1.15)

Similarly we can obtain the directional derivative at point ¢ in the direction of vy e X(D) =
G”(D):
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V¢Xf(¢7c) : :k@OLk_l (fl(¢+k1/¢7())*f)t(¢,c))dl'

= m(A)(9p (fL(®)f1(9,)):vo)r2(py + {f5 () X1(9).ve )12 (D)
+{fL(8),v6) 12y + (2V9,Vv4 )12 (1)

Therefore, by applying integration by parts in the last inner product we deduce that

Vo F(9.¢) =m(A) (g (f.(9)11(8,)):ve) 12y + 5 ()9 21(8).v9 )12 () + (fL(0) ~280.v9) 12 (1)
=m(A)(fL(9)S1(0,¢) + f1.(9)s.£1(9,),v9) 12 (1)
+(f5 ()99 21(8),v9) 12 (D) + (1(9),v9) 12 (D) (4.1.16)

where p, := f/(¢) -2A¢ is the chemical potential. Applying similar arguments, the related

Gradient flow reads (with the help of the associates as before):

(9h,v4) 12 =m(A) MgV (f£.(9)11(9.€) + [1.(8)95.f1(9.€)), VV§ ) 12(D)

+(MyVu(9), Vv 12y + (M V (f ()9 21 (), Vvg) 12(p) (4.1.17)
=m(A) (MyA(fL(9)f1(9,¢) + fL(9)y f1(9,¢)), Av) -1 ()
+{MgAW(9),Avg) -1 () + (Mo A" (€)0p x1(9)),Avg )1 () - (4.1.18)

Thus, the resulting weak formulation for ¢ is

(0r9,v9)12(py =m(A)N(MpA(SL(9)S1(9,¢) + fL(8) 5 f1(9,€)),v9) -1 (D)
+{(MyA(fy" () x1(9)):v9) -1 (D) + (MpAL(9) Vo) -1 (D) (4.1.19)

As a result, we obtain the evolution equation for the composition ¢, i.e.,

%9 =m(A)MpA(fL(9)1(9.¢) + fL(9) f1(9.€)) + MpA(f5" () Iy x1(9)) + Mg A(9) (4.1.20)

and this completes the derivation. [

Remark 4.2 (Conservation of mass). Conservation of mass for the system is

straightforward, namely:

d .
Efl)cdr:j;azcdr:MCfDdzv(cvacf;L)dr:McfaDch?cf,l-nds:O,

(4.1.21)
d
E/Dq)dr:fDa,¢dr:M¢fDAa¢fAdr:M¢/aDvaq,f,L.nds:o,

which hold both by assumption for the boundary conditions.

The coupling to fluid flow for incompressible fluids div(v) =0, can be derived by adding
an additional convection term to each of the evolution equations , as follows:
dhrc+v-Ve = Mediv(eVaefy) := m(A)Mcdiv(eV (fL.(9) e f1(9,¢))) + Mcdiv(eV (21 (¢) 1 (c))),

0P +v-V$ = MyAdy fy, = m(A)YMyA(f1(9) f1(9,¢) + fL.(9) 9 f1(9,¢)) + Mg A(f5" () X1 (9)) + My Au(9).
(4.1.22)
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In order to obtain a form for the momentum balance we shall follow the classical
Energetic Variational Approach introduced in the previous section (3.2.4). The result can

be summarised in the following theorem:

Theorem 4.1.2. The Least Action Principle for the first variation of the following action

functional

) 1 2 2 2
A(r(RJ)).:‘/(‘Do)T E‘alr(RJ)‘ _fL(¢(r(R7t)7t))_7‘vr¢(r(R7I)7t)‘ dR dt

= o, MOVO R0 (O(F(R.1),0),c(r(R,1).1)) dR

_[(DO)Tx1(¢(r(R,r),z))f;X(c(r(R,t),t))dez, (4.1.23)

with respect to the flow map r(R,r), namely 5§ A(r)/dr =0, together with the maximum dis-
sipation principle [285], subject to incompressibility, implies the following incompressible
phase-field-Navier-Stokes momentum equation (see [46,1319] for more details):

OV+V-VV=AV+Vp=-04f3($,¢)V9—cf3(9,c)Ve
= —div(A* (VO @ V) +w(9)) -m(A)V(f(9)f1(9.0)) - V(1 (9)f5*(c)).  (41.24)

Proof. We aim to follow similar arguments as for the classical Navier-Stokes discussed in
lemmaand thus we consider the first variation 65 A(r) = (v A(r).y),» of the action func-
tional can be evaluated with the help of a test function y:=y(R,7) =§(r(R,1),r) e L*(0,T;C° (D)) 4
(with y(R,0) =y(R,T) for all Re D;) and more precisely we consider a one parameter fam-
ily of maps, i.e., der® =y with r°:=r(R,7) and div(y) =0 due to incompressibility condition.
Hence, we are going to obtain the first variation with respect to ¢, of each of the following

functionals, separately.

2
A= [ (;|atr<R,r>|2—fL<¢<r(R7z)7r>>—’“2|vr¢<r<R,t>,r>|2) dR dr,

(Do)r

o)== [ m()fu(0(r(R),0) (@ (R.1).0),(x(R,1), 1)) dR di
= iy, 21 OERD.D) (e (R 1), 1)) dR (4.1.25

and evaluate the first variation of each one separately. The first term in A, provides
the Euler equation part in the momentum balance, as discussed in lemma For the

remaining terms following [327], we obtain the first variation as follows:

L _d k d A? k 2
Or Al(r)__dk|k=0f(DO)TfL(¢(r (RJ)J))def—dk\k=of( > [V (r"(R,2),1)|" dR dt

Do)r

j oo i d : i
=—f(DO)TfL’(¢)v{~¢yJ dez—f(DO)Txzvr¢ﬁ\k=o(v{¢(rk7,)vrkr/)det
o /<Do)rf£(¢)v£¢yj ARt - f(oo)r APVrVIVEd(r.0)y dR dr

20 j i
+/(D0)T7L VLo (r,1) Vi (r,1)Viy! dR di (4.1.26)

Moreover, the variation of the second part reads
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BI'LZAZ(r) = / (A')%|k:()fL(¢(rk(Rvt)vt))fl(q)(r(th)vt)vC(r(th)vt)) dRdt

(Do)rm
) f(Do)T m(l)fL((P(r(R’[)’Z))%"‘ZOf’(‘P(rk(RJ)JLC(rk(R,t).,z)) dR dt
_ f(DU)T %|k:0%1(¢(rk(R,t),t))fbex(c(r(R,t),t)) dRdt,

_/(DO)Txl(¢(r(R,t),t))%|k=0f;x(c(rk(n,;),t))de;, (4.1.27)

or equivalently

8 Aa(r) =- f(DO)Tm(l)fL'(¢)V{¢yjﬁ(¢(r,t),c(r,t))der
- /wo), m(A) fL(9)9pf1(9(x,1),c(x,1))Vigy’ dRdt
B [(DO)T m(A) f1.(9)9ef1(9(x,1),c(x,1))Vicy’ dRdr
= Jp, OOV () aR s
) [(Do)r 20O (e(R,1).0) 5 (c(r,1)) Viey’ dR dr. (4.1.28)

Hence, by adding the two variations and by considering the fact that y is arbitrary and

divergence free, we deduce by the Least Action Principle, i.e., 85 A(r) =0, the balance

av vy =2 7dV(VO® V6) - u(9) V0 -m(A)T (fL(0)fi(9:¢)) - V(11 (9)/5(c))
2
=224 (T9879) - T(71(0) + " 1T0P) ~m(A)T(u(9)(9:6) - (11 (05" (€))

2
= TUL9)+ S TOR) - m) T (0)f1(0,0)) - T O (915 (€))

=-V/fi(9,0), (4.1.29)

where the elastic surface stress term -1%div(v¢ ® V¢) is neglected by a simple algebraic
calculation by taking into account the identity div(vo @ v¢) = %v Vo> +Aove (see [316] for
the proof), i.e.,

2., 22 2 22 ) 22 2
-A le(V¢®V¢)+V(fL(¢)+7|V¢| ):—TV\VW -1 A¢V¢+V(fL(¢)+7\V¢| )

2
- VIVOP 228070 + £1(9)70 - A*A0V0

= 1(9) V. (4.130)

It is worth mentioning that the term on the right hand side of (4.1.29) can be directly
derived, as a consequence of the Principle of Virtual Work (see Remark 3.22). Finally,
the remaining terms -Av+vp enter the momentum balance (4.1.24), due to the Maximum

Dissipation Principle from and by [Remark 3.19/(Weyl’s decomposition). [

Alternatively, we can consider the dissipation functional in the diffuse interface

approach and the related principle to be summarised in the following lemma.
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Lemma 4.1 (Maximum Dissipation Principle). The dissipation D, can be derived from
the time rate of change in the total energy for the whole coupled system according to the law

% = -D. Consequently if we consider the total energy functional of the system to be given

by

Etotal (V, ¢,C) = Ekinetic(v) +'7:ads(¢ac) = ./D %‘V|2 +Azfl (¢,C) dl‘, (4-1~31)

we can evaluate the maximum value for the dissipation (first variation over v) from the
following dissipation functional in the diffusive interface approach, which includes the

contribution of the related potentials, i.e.,

_ dEtotal _

D(v,9,¢)i= -2 7/D\Vv\zdr+7LZMc/DC|VFC\2dr+7LzM¢ fD|VF¢|2dr, (4.1.32)

where we denoted the related chemical potentials as Fy = 9, f;, and analogously F. = d.f;, with

1= f1(9,¢) to be the adsorption free energy density defined in (4.1.3).

Proof. The form (4.1.32) for the dissipation can be obtained using the definition of the
total energy (4.1.31), lemma [3.2] and the advective Cahn-Hilliard flow equations (4.1.22),

as follows:

_dEtotal . d

D)=L o[NP 22 000) ar)

:fD|vV|2 dr—lsz(F¢,8,¢+F08,c) dr
:fD|vv|zdr—7LZfD(M¢F¢AF¢+MCFCdiv(chc))dr+,12va~(F¢v¢+chc) dr
- [1vvPare2’sy [ [RP dreA’Me [ VR deed’ [ v-vpio.) dr

= fD (Vv dr+A*M, fD |VFy > dr+A*M, fD |VE dr, (4.1.33)

where the last term vanished after integration by parts, due to the incompressibility
constraint div(v) =0. The variation 6% D(v,¢,¢) in the direction of an arbitrary vector valued
divergence free test function, e.g., y < L*(0,T;H};,(D))4, y-n =00n dD. Since in the diffusive
interface method can be applied by an additional dissipation term, which corresponds
to relaxation and implies Allen-Cahn type equations and hence we can evaluate the

variation as follows:

5‘,L~'D(V,(P,C) :1im2/(Vv+eVy) :Vydr+ lim 27L2M(;1 / [8,¢+(v+£y).v¢]y-v¢ dr
e—0 JD £-0 D
+lim 2% ! [ch+ (v+ey)~Vc]y~Vc dr
-0 D

:—ZfD(Av—legl(8,c+v-Vc)«Vc—/'LzM¢;l(8,¢+V-V¢)0V¢)‘ydr:0, (4.1.34)

which follows after integration by parts applied to the first term. Therefore, by Weyl’s
decomposition, we obtain the following system with dissipative force for incompressible
flow, i.e.,

AV-2"M; (39 +v-V9)-Vo - A2M. (dc+v-Vc)-Ve= V. (4.1.35)

Combining with the Euler equation part obtained from the Least Action Principle, we
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can deduce the following momentum balance

AV-2"M;" (39 +v-V9)-Vo - A2M. (dc+v-Vc)-Ve=Vp+dv+v-Uv. (4.1.36)

Hence, the above result suggests that the sum of the dissipative terms -A°M;"' (3¢ +v-v¢)-
Vq) A*M: (Gic+v-Ve)-Ve, is equivalent to the conservative term -A2div(Vo ® Vo) - V(fr(9) +
\v¢| )=m(A)V(f(9)f1(9,¢)) -V (x1 ()£ (c)) in (4.1.29), derived by the Least Action Principle

earher. For more details on the Maximum Dissipation Principle and variational modelling

of complex flows, see also [316, [317]]. [

4.2 The Poisson-Nerst-Planck/Navier-Stokes system.

In this thesis, we have so far provided an overview of the mathematical framework in
the context of phase separating complex fluid mixtures. Roughly speaking, we reviewed
the already existing framework and took another step forward to the variational modelling
and analysis of the various aspects related to the physics, the mathematical derivation
and analysis as well as numerics for the binary and ternary Cahn-Hilliard type dynamics,
in homogeneous and periodically perforated domains. We have also considered the
extension to the coupling to the Navier-Stokes equations. Moreover, thermodynamically
consistent modelling in the context of GENERIC formalism, as we observed, forms
another interesting and still challenging part in the general research area of complex
fluids. Furthermore, we deeply investigated the application of formal homogenization
arguments to microscopic models, aiming to provide convergence to effective/upscaled
approximations. Hence, we demonstrated all the essential and necessary mathematical
background and the ability to approach more applied problems of direct practical interest,
in science and engineering.

Therefore, as a possible future direction, one could investigate the mathematical
background behind the modelling of batteries [250-252] [347| 348]] and generally efficient
and reliable energy storage systems, a still open and challenging research area. To this
end, our considerations are not restricted to only porous media with periodic perforated
structure, but we shall consider a broader range of composite media, including materials
with random geometry of perforations, a more natural assumption that provides the need
to sufficiently examine the related principles of stochastic homogenization [256-259,349].

We shall establish some introductory considerations on the mathematical modelling
of energy storage systems such as Lithium-Ion batteries or fuel cells, starting from a
rather fundamental model, the Poisson-Nernst-Planck system (PNP). This model and
some variant formulations, have been already examined in the context of existence of
unique weak solutions by many authors such as for example, [47,350-352]] and due to
the fact that the PNP system coupled to fluid flow (Navier-Stokes) is extensively used
to model the transport of charged particles in periodic composite perforated media and
homogenization [353-355], it appears in many physical and biological applications, such
as fuel cells [55,/58,59], ion particles in electrokinetic fluids 356,357 and other advanced
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concepts. In the following paragraph, we provide an overview of the general derivation
of the PNP system coupled to Navier-Stokes equations be adapting the already discussed

methodology on energetic variations, due to the second law of thermodynamics.

Following the same procedure as infsubsection 4.1.1} the Poisson-Nerst-Planck/Navier-

Stokes system can be derived by an Energetic Variational Approach consisted of the Least
Action and Maximum Dissipation Principles, simultaneously with the classical idea of
gradient flows, as a consequence of the Second Law of Thermodynamics for minimizing
the free energy/maximizing the entropy (see [47]). It is composed of two convective
Cahn-Hilliard type evolution equations for the charge distribution of particles coupled
with a Navier-Stokes momentum balance and a Poisson equation for the electric potential.

The derivation can be summarised in the following theorem.

Theorem 4.2.1 (Derivation of the PNP/Navier-Stokes system). We consider the least
action principle together with an incompressibility assumption J = det(Q) = 1, to be formally

applied to the following action functional in the Lagrangian setting:

1 _ A% _
Apyp(r) = [(DO) (ypom)wtrf—ﬁu 'po(R)) - 107" VR ]¢0|2)1def

_[(D) (s @) in((e= )7 (R)) + L (R)In((cF7) L (R))) ] aR 4.2.1)

where go(R) = g(R,1)|10, g:= {p,c-,c+,9}, and the parameters are interpreted as follows: p(r,t) is
the mass density as usual, ¢, = c,(r,t) and c-:=c_(r,r) are the positive and negative charge
distributions, respectively and ¢(r,1) stands for the electric potential, (note that r:=r(R1)).
Finally c:=c(®) is a constant depending on the absolute system’s temperature ©, ¢ are
the characteristic charge distributions and the constant A* is interpreted in this particular
problem, as the dielectrics of the solutions. In addition, we apply the maximum dissipation
principle to the related dissipation functional, which can be expressed in the following form

C C
D(v,ce):= j[; (ﬁc_\v_ 7v|2 + IDT+C+|V+ 7v|2 + T[|VV|2) dr, (4.2.2)

where v. denote effective velocities of negative and positive charges and D. are diffusion
constant coefficients of negative or positive ions, respectively. The resulting system in the
Eulerian description, is the following Poisson-Nerst-Planck/Navier-Stokes coupling in Dr,

(where we skipped the arguments (r,r) of the functions for simplicity):
atCi + diV(VCi) = diV(DiVCi —CgDiCivq)) =: —diV(Ji(Ci,¢i)),
P (Ov+V-VV)-NAV+Vp = (c- —c1)Ce VY, (4.2.3)

~A2A¢ = Co(cs —c-) with div(v) = 0.

Note that in the system above we consider two equations of exactly the same type for the
charge transport, one for the negative and one other for the positive (and the related diffusion
constants), but we wrote it down like this for simplicity.

Furthermore in the above model, we admit the same notation as earlier for the pressure,

i.e., p and the constant term C. :=ze stands for the product of the valence z of ion and the
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charge e of one electron. In addition, we assume that the related fluxes J.(c+,¢+),J-(c-,¢-)
satisfy non-flux boundary conditions and the velocity a non-slip boundary condition, i.e.,
v=0 on dD. Finally we consider a double-well electric potential of the form:

o(r) = zed 2 fD G(r,%)(c- — 4 )(x) dx, (4.2.4)

where G(r,x) stands for the Green’s kernel.

Proof. The combination of the velocity transport terms in the momentum balance, i.e.,

/; P (Orv+v-VV)-¥drdr, (4.2.5)

results immediately after applying the least action principle to following part of the

action functional for 7 = der(Q) = 1,

1 2
— R Rdt. 2.
f<D0>T - po(R)|arr"J dR dr (4.2.6)

Hence we obtain,

d 1 2\ R - - 4iam).
i fo, (Groya?) awar=- [ (o) % o))y
:—/D p(r,t) (dv+Vv-Vrv)-ydrdt. (4.2.7)
A more detailed proof is provided also in lemma [3.3]including the related internal energy
terms. Therefore, Helmholtz-Weyl’s decomposition as explained in [Remark 3.19|implies
the existence of a pressure p, ¢ #'(D) such that,
-p(dv+v-VV)=Vpy. (4.2.8)

The remaining terms in the momentum balance, can be derived formally by the maximum
dissipation principle applied to the functional (4.2.18), or in other words the Gateaux
differential with respect to the velocity v for all vector valued divergence free test functions,

i.e., yel*(0,T;H} (D)4, yn=00naD, as follows:

&ZD(vmi)::limk*l/ £cf\vf—(v+ky)|2+£c+|v+—(v+ky)|2+n\vV+kVy)|2 dr
k—0 p\D_ D4

_Ilcig(l)kfl L (&C-W- —V|2 + ID%+C+|V+ —V|2 + n|Vv|2) dr

=]1(i3(1)k‘1 D(&c_(—2k(v_—v)-y+k2y2)+]D%+c+(—2k(v+—v)-y+k2y2)) dr
. .- 2102
+11(1_r)1(1)k fD(anVV:Vy) dr+]£1_r>r(1)k fan |Vy|” dr
:f(2an:Vy) dr—2f(gcf(vf—v)+£c+(v+—v))-ydr
D p\D_ D4
=—/2nAV-ydr—2f(£c_(v_—v)+£c+(v+—v))~ydr. (4.2.9)
D p\D- D4+

This provides the remaining dissipative terms in the momentum balance,

anv+£c_(v7v_)+£c+(va+) =Vpa, (4.2.10)
D_ Dy

where p, is considered as a Lagrange multiplier for div(v) =0 and is going to be adsorbed in

the total pressure. We will next proceed with the gradient flow derivation of the evolution
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equations for the distributions of the charged particles, summarised in the following

lemma.

Lemma 4.2. The following dynamic descriptions (4.2.11)) for the charge particle distributions:

Oicx = div(DeVer —CeDice V), (4.2.11)

can be formally derived by the classical idea of gradient flows, that is

2
(Ghes V) 12(py = (Ve Fonp(cs),v) 2y (4.2.12)

for allve1*(D) c 2(D), applied in order to minimize the system’s free energy functional,

Fpnp(cs)i= ch(c+zn((ci°)“c+)+c,zn((ci°)“c,))+7&|v¢|2dr, (4.2.13)

subject to the following semi-inner product [20,(84]:
(u V) (py = (Vu, Vvhn = (MVu, Vv) 2 (py, Yut,v eH' (D), (4.2.14)

where in this case we make the following assumption for the mobility coefficient: M:=C ' D.c.
in which c:=c(®) the absolute temperature dependent constant introduced in the assumption

and D. the diffusion constants.

Proof. We consider the first variation (L?-gradient) of the free energy Fpyp at ¢, and
separately at ¢_, with the help of the Poisson relation -12A¢ = C.(c+ - ¢-), which directly

implies by simple differentiation with respect to c,:

2 _d kN _ ooy —1
8, Frnp(er) = o (Fonp(eh)) = C+CIn((e3)™") +Cln(er) + Ced

=C(1+In(c+)) - Cln(c) +Ce 9, (4.2.15)

where we remind the identification C, = ze. As a result for all ve?(D) c (D), we deduce

from (4.2.14) that

2
(Ve Fenp(es) Vi (py 1= (€ Dace V(C(1+1n(er)) =Cln(eF) +Cef), V¥) 2 )
<—diV [D+C+V1H(C+) +C¢)D+C+v¢):| 7V>L2(D)
= (=div[ D4+ Ves +CeD+ V) |,v)12(p)» (4.2.16)

after integration by parts and consequently with the help of the gradient flow formulation
(4.2.12), this is equivalent to (4.2.11) for c.. Exactly the same derivation is valid for the

negative charge distribution c- with D_, (one equation for the (-) and one for the (+)). [

As a result the system of the charge transport evolution equations (4.2.11), coupled to

fluid flow for the macroscopic velocity v, implies the following balance equations,

drcx +div(ves) =div(DaVesr £CeDice V). (4.2.17)

The convective terms div(ve.) can also enter the system, as a result of the maximum
dissipation principle and the force balance by considering the following arguments. We

calculate the first variation (with respect to the effective velocities v.) of the dissipation
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functional (4.2.18 &E%D(vi,ci), using a test function y ¢ ¢° (D),, separately for each of the

v.. Therefore the variation with respect to v. implies

21 1 -
&*ED(Vi’Ci)::EPL%k ! D(gc,|v,—v\2+&c+|(v++ky)—v|2+n\vV\2) dr

D-

1 _

_E%ii%k 1/D(&c_\v_—v|2+H)%Jrc+\v+—v|2+nwv\2) dr
:llimk_l/£c+(|(v++ky)7v\27IV+7v\2) dr

2 k-0 DD+

.- C
=limk™" [ —cik(vi-v)-yd

fimk™! Jppesktve v var
=(C(D+) es (v = V), Y2y (4.2.18)

Analogously can be obtained the corresponding result for the variation with respect to

the velocity v_, i.e.,

s- %D(V:bci) ={C@-) " e-(v-=¥).¥)12(p)- (4.2.19)

As a result the total force balance for charge distributions yields

Vi :CiV—Ci1 (D:Ver —CeDic: V) (4.2.20)

and if we assume the following kinematic conservation of charge distributions, i.e,
dex = —div(csvs), we immediately deduce the convective dynamic descriptions (4.2.17).
Finally the last term (c- -c4+) =C.v¢ in the momentum balance appears by substituting the
equations (4.2.20) to (4.2.8) and the balance

C C
“NAV+ —c_(v-v_)+ —c+(V-V4) = Vpy, (4.2.21)
D- Dy

which were obtained earlier by the least action/maximum dissipation principles and
Weyl’s decomposition. Therefore if we identify a new pressure term p, := p, -Cve- —CvVes
therefore its gradient can be expressed in the form v, = -nAv-(c- -c4)C.v¢ and as a result

combining the above relationships we arrive to the total balance of momentum:

P (Ov+V-VV)-NAV+Vp = (c- —c4+)Ce VY, (4.2.22)

where p:=p; - p, and the proof of theorem has been completed (see also [47] for

more details). [

Finally, it is worth mentioning that in the same context, various boundary conditions
have been considered so far. Hence, apart from homogeneous Neumann for the charge
density, the no flux and no slip condition for the velocity, one of the most important
constraints in the context of electrokinetics is the boundary effects related to the potential
¢, which are usually considered to be of Dirichlet or Neumann type. Further investigation
on the mathematical modelling of composite batteries, the relation to the Poisson-Nerst-
Planck system and Cahn-Hilliard coupled with Navier-Stokes dynamics, would be left as

a possible future direction.
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