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Abstract

In software or hardware development, we take an abstract view of a process
or system — i.e. a specification — and proceed to render it in a more
implementable form. The relationship between an implementation and its
specification is characterised in the context of formal verification using a
notion called refinement: this notion provides a correctness condition which
must be met before we can say that a particular implementation is correct
with respect to a particular specification. For a notion of refinement to be
useful, it should reflect the ways in which we might want to make concrete our
abstract specification. In process algebras, such as those used in [28,50,63],
the notion that a process () implements or refines a process P is based on the
idea that @ is more deterministic than P: this means that every behaviour
of the implementation must be possible for the specification.

Consider the case that we build a (specification) network from a set of
(specification) component processes, where communications or interactions
between these processes are hidden. The abstract behaviour which con-
stitutes these communications or interactions may be implemented using a
particular protocol, replication of communication channels to mask possible
faults or perhaps even parallel access to data structures to increase perfor-
mance. These concrete behaviours will be hidden in the construction of the
final implementation network and so the correctness of the final network
may be considered using standard notions of refinement. However, we can-
not directly verify the correctness of component processes in the general case,
precisely because we may have done more than simply increase determinism
in the move from specification to implementation component. Standard (pro-
cess algebraic) refinement does not, therefore, fully reflect the ways in which
we may wish to move from the abstract to the concrete at the level of such
components. This has implications both in terms of the state explosion prob-
lem and also in terms of verifying in isolation the correctness of a component
which may be used in a number of different contexts.

We therefore introduce a more powerful notion of refinement, which we
shall call refinement-after-hiding: this gives us the power to approach ver-
ification compositionally even though the behaviours of an implementation
component may not be contained in those of the corresponding specification,



xi

provided that the (parts of the) behaviours which are different will be hidden
in the construction of the final network. We explore both the theory and
practice of this new notion and also present a means for its automatic verifi-
cation. Finally, we use the notion of refinement-after-hiding, along with the
means of verification, to verify the correctness of an important algorithm for
asynchronous communication. The nature of the verification and the results
achieved are completely new and quite significant.



Chapter 1

Introduction

1.1 Need for formal verification

In software or hardware development, we take an abstract view of a process
or system — i.e. a specification — and render it in a more implementable
form. An integral part of the development process is then gaining confidence
that the implementation derived is valid with respect to its specification.
The most common way of doing this is using testing, whereby inputs to the
implementation are generated and the resulting behaviour is compared with
what the specification requires on those inputs. It may often be difficult to
test processes exhaustively, however, because of the large state spaces which
they may have. An alternative approach is to employ formal verification:
this is the process of showing, using mathematical methods, that an imple-
mentation meets its specification.

Formal verification is of particular interest when we come to develop
concurrent systems, which are systems composed of components operating in
parallel with each other. This is for a number of reasons. To begin with, the
behaviours of such systems are extremely complex due to the many different
possible interactions in which their components can engage. This means that
concurrent systems can be very difficult to design, while the importance of
guaranteeing their correctness is increased by the fact that they are being
used more and more in safety critical applications. Yet testing is of limited
value here: the non-determinism inherent in the executions of such systems,
along with the state explosion from which they may suffer, means that it is
impossible to test more than a small proportion of their possible behaviours.

1.1.1 Constituent elements of a verification method

Four elements are necessary in order to carry out formal verification.
These are:
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A means of representing the specification.

A means of representing the implementation.

A notion of what it means for the implementation to be correct with
respect to the specification.

A method for checking whether or not the implementation is, in fact.
correct.

Process algebras, such as those in [28,50,63], are intended for the descrip-
tion and verification of concurrent systems, coming equipped with a language
for process description — the same language is used to describe both spec-
ification and implementation processes — and a semantics which ascribes
meaning to processes expressed in that language. In general, although dif-
ferent process algebras take different approaches, that an implementation
process is correct with respect to a particular specification process means
that the implementation is more deterministic than the specification. (\We
say that the implementation refines the specification according to a par-
ticular notion of refinement.) Moreover, since the primary focus is on the
interactions which occur between concurrent processes, the semantics ab-
stracts away from the internal behaviour of processes, focusing only on their
externally observable behaviour.

1.2 Types of “reification”

We shall refer to the process of transforming an abstract specification into
an (more concrete) implementation as reification.! In order to classify the
limitations of existing methods of refinement in process algebras and to en-
able comparison of the work presented in this thesis with related work, it is
necessary to present a taxonomy of types of reification. The purpose of this
taxonomy is simply to provide a useful framework for discussion and other
taxonomies may legitimately be proposed. Note that each type of reification
may also be classified as either internal or erternal: this distinction is useful
due to the distinguished role played by external behaviours in process alge-
braic semantics. The effects of external reification are directly visible to any
observer since they alter the (externally visible) behaviours of the process;
those of internal reification may be observed only indirectly.

e Data reification. Data abstraction is a useful tool in system specifica-
tion: for example, at the specification level we may store some data

1This will avoid a confusing multiple use of the term refinement.
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as a set because we are not interested in duplicates or in any ordering
information relating to the individual data items. In any final im-
plementation, we shall need to represent this set in a structured way,
perhaps as a tree, and so it will be necessary to show that the concrete
data representation is a correct implementation of the abstract data
representation. The standard approach taken is to regard two differ-
ent data representations as equivalent if they induce the same external
behaviours. For example, data reification in [30] is characterised us-
ing a homomorphism and a similar approach is taken in VDM ([33])
and Z ([70]). In process algebras, data structures are represented as
processes or parameters to processes and the behavioural view of data
types is forced on us by the interest only in external behaviours. Data
reification, by its definition, is classified as internal reification.

e Behaviour decomposition. Behaviour abstraction is fundamental to the
process of producing a specification. In the move from a specification to
an implementation we will often wish to implement abstract, high-level
actions and behaviours at a lower level of detail and in a more con-
crete manner. For example, an abstract communication event may be
implemented using a series of events which implement a particular com-
munication protocol (see example in section 1.4.1 below). Behaviour
decomposition can occur both internally and externally.

o Relazation of atomicity. The complexity introduced by concurrency
may be managed at the specification stage by assuming the atomic ex-
ecution of certain sequences of events: for example, we may assume
that database read and write transactions are executed atomically —
i.e. the executions of distinct transactions do not overlap — whereas
this will not be guaranteed at the implementation level. We may then
reason about the (less complex) sequential specification and only later
introduce concurrency. Relaxation of atomicity may also arise through
the use of behaviour decomposition, since the respective implementa-
tions of discrete abstract events may interleave at the implementation
level. Relaxation of atomicity may occur both internally and externally.

If these different types of reification are to be employed in system de-
velopment, we need corresponding notions of refinement in order that we
may verify the correctness of any particular implementation against the rel-
evant specification. Standard notions of process algebraic refinement can be
used to show correctness in all cases that reification is internal, since the
semantics is concerned only with externally visible behaviours. However, it
is not possible in the general case to use such notions to verify correctness
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when an implementation has been derived from a specification using ezter-
nal behaviour decomposition and/or ezternal relaxation of atomicity, even
though such types of reification are an integral part of the process of stepwise
development.

This has the following consequences. Consider a (specification) network
which we may build from a set of (specification) component processes, where
communications or interactions between these processes are hidden. The
abstract behaviour which constitutes these communications or interactions
may be reified using (external) behaviour decomposition and/or (external)
relaxation of atomicity.?2 These reified behaviours will be hidden in the con-
struction of the final implementation network and so the correctness of the
final network may be considered using standard notions of refinement. How-
ever, since standard (process algebraic) refinement does not fully reflect the
ways in which we may wish to move from the abstract to the concrete at
the level of component processes, we cannot verify directly the correctness
of individual component processes in the general case. This has implications
in terms of the state explosion problem and also in terms of verifying in
isolation the correctness of a component which may be used in a number of
different contexts.

In the remainder of this thesis, we are specifically interested in the pro-
cess algebra CSP [8,9,31,63] (see chapter 2 for a presentation of the language
and semantics of CSP). The semantics of CSP focuses only on external be-
haviours and CSP refinement generally equates to an increase in determinism.
More specifically, refinement in CSP is defined in terms of containment of
behaviours: that is, Q implements P if and only if the behaviours of () are
contained within those of P (it follows immediately that CSP refinement
cannot generally show correctness when external behaviour decomposition
and/or external relaxation of atomicity have occurred).

1.3 Further motivation

We have discussed different types of reification and shown that a number
of these are not compatible with standard process algebraic refinement, in-
cluding CSP refinement. Before proceeding, we comment further on the
desirability of developing a notion of correctness which can deal with these
types of reification; otherwise, it is simply an academic curiosity that CSP
cannot deal with them. The most obvious justification is that they are a
standard part of the software or hardware development process: the more
concrete a process representation becomes, the more concrete data represen-
tation becomes, the more specifically external behaviours are defined and the

2These reifications are external to the particular component under consideration.
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greater the likelihood that behaviours which were originally specified to be
atomic can now overlap and potentially interfere with each other.

Although many examples abound to illustrate this point, we take one from
the paper [24], which paper was concerned with a problem similar to that
which we address here (see discussion in chapter 5). Note that the interface
events referred to in the following example are simply ezternal events in our
approach.

Consider a network of server tills that interfaces with customers.
At an abstract level, it might be convenient to describe a bank-
ing transaction at some till as a single atomic interface event that
checks the banking card and PIN code, dispenses the requested
amount and charges the account. During subsequent reification
steps, such events will be broken up. Inserting the card, checking
the PIN code, obtaining the amount to be dispensed need to ap-
pear as separate and new interface events. More interesting, the
need for a centralized database of client accounts will have to be
recognized, which has an asynchronous interface with the tills (at
least if one aims for a standard implementation). Consequently,
although from the point of view of a client his transaction ends
with the money being dispensed, the system will view the trans-
action’s end only when the account has been charged. However,
because these updates occur asynchronously it is now possible
that a client, possibly the same, initiates a second transaction
before the first one is completed. Clearly, there is a big difference
between the computations that are described by the top-level
specification and the corresponding low-level ones. If one looks
at what happens at a single server till, then the high-level be-
haviour will be a sequence of atomic transaction events and the
state in between events will always describe properly balanced
accounts. The low-level behaviour looks different: first of all,
the low-level events that “implement” some high-level transac-
tion appear distributed along the sequence of events; moreover,
the states in between events may now show unbalanced accounts
because money may have been dispensed without the account yet
showing it.

If it is agreed that an example such as this makes sense, then we need
a notion of refinement which may be used to formalize the above reification
steps, something which cannot be done with standard CSP refinement. Al-
though we do not consider this example any further, the types of reification
used here reappear in the example from chapter 7: high-level, atomic read
and write transactions are implemented at a lower-level as a series of events;
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moreover, the read and write implementations may overlap since communi-
cation is now asynchronous at the lower level.

1.4 Correctness in context

Standard CSP refinement has an extremely useful property, in that it is
“context-insensitive”. This means that, if ) refines P, there is no restricton
on the context into which we might place Q to give a correct implementa-
tion network: whatever the context, the resulting implementation network
will always refine the specification network which results from placing P
in the same context. This follows from the fact that CSP refinement is a
pre-congruence with respect to the operators of the language (the operators
are monotonic with respect to the ordering induced by behaviour contain-
ment). More formally, if S[P] returns the semantic meaning of a syntac-
tic process term P, F' denotes a CSP context taking n process arguments,
Wi,..., W, is a set of syntactic CSP terms and V; is a process term for
some 1 < ¢ < n where S[V;] C S[W;], then S[F(W,,...,V;,...,W,)] C
S[F(Wh,...,W;,...,W,)]. However, it is precisely this property of context-
insensitivity which is incompatible with the types of reification which we
would like to apply at a component process level.

In general, we do not use particular components independently of a par-
ticular context. It is therefore possible to consider a notion of correctness
which may be called correctness-in-context, whereby we prove the correctness
of a particular implementation component in relation to a restricted set of
contexts. Correctness will be preserved if the context is “valid” but may not
be if this is not the case. Such a notion has been considered previously in [45]
with respect to bisimulation equivalence (see [50] for more details on bisimu-
lation equivalence). The approach to verification of concurrent systems used
by the rely-guarantee method (see [18] or [23] for example) also uses a notion
of correctness-in-context to an extent: we rely on the fact that the context
in which our component is placed meets certain properties and, in the event
that it does, we can guarantee correct behaviour of our component. If the
context does not have the properties it is meant to then we cannot guarantee
the correctness of our component. Dingel’s thesis ([21]) also uses a similar
notion of correctness-in-context as he develops a refinement calculus to be
used in the derivation of parallel programs.

We now give a smaller but more fully realised example than that discussed
in the previous section (it will later be used to illustrate new concepts and
techniques as they are introduced). It constitutes an instance where stan-
dard CSP refinement fails to show correctness but we do have correctness
when placed in context. From this example we shall move to give a general
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statement of the problem which we attempt to solve in this thesis and shall
distinguish from those described above the notion of correctness-in-context
which is required here. (Note that the example used here is deliberately
simple in order to convey the basic premise behind the work in this thesis.
See chapter 7 for a more significant example, where we have to deal simul-
taneously with data reification, external behaviour decomposition and also
external relaxation of atomicity.)

1.4.1 External behaviour decomposition from fault tol-
erance

mn_ LeftSpec . send RightSpec . out
,,,,, Implementation Network
b data ;
. Leftimpl Rightlmpl |— Ut .
‘ ack !

Figure 1.1: Fault-tolerant communication

Figure 1.1 shows a specification network and a corresponding implementa-
tion network, each consisting of two component processes where the commu-
nication between those two processes is hidden. The abstract communication
between the two processes in the specification network has been rendered in
the implementation network in a more concrete fashion using a particular
communication protocol. The specification network consists of two single
slot buffers, LeftSpec and RightSpec, connected by a channel send. The spec-
ification network, where communication on send is hidden, thus gives us a
2-slot buffer.3 In the implementation network, we assume that data trans-
mission between the buffers is actually unreliable: therefore, we have the
(unreliable) channel data and also a channel which transmits acknowledge-
ments. We assume that transmission of a single data item can fail at most
once — failure is signified by the transmission of no on the channel ack — and

3We shall give a proper CSP definition of these processes in chapter 2 once we have
defined and explained the syntax of the language.
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so retransmission is guaranteed to succeed. When a value is received on the
channel in by LeftImpl, it attempts to send that value on the channel data.
If the transmission is successful — i.e. the value yes is transmitted on ack
— then LeftImpl is ready to receive input again. If transmission fails, then
the value is resent on data and LeftImpl is once again ready for input. Once
RightImpl has successfully received a value on channel data, it outputs that
value on channel out. The implementation network, where behaviour on the
channels data and ack is hidden, has the same behaviour as the specification
network, where behaviour on channel send is hidden, and this can be shown
using standard CSP refinement. However, we could not use standard CSP
refinement to show that LeftImpl implements LeftSpec, nor that RightImpl
implements RightSpec since we have used external behaviour decomposition
in the move from specification component to corresponding implementation
component.

This can be illustrated using the following example. Let us assume that
the data values being transmitted are bit values. Then (in.0, data.0, ack.yes)
would be a possible trace* of LeftImpl. The corresponding trace of LeftSpec
would be (in.0, send.0). Refinement would obviously fail because the two
traces are different. Yet, intuitively, they are doing the same thing and would
both cause the value 0 to be transmitted on channel out in their respective
networks.

To verify correctness in such a case we need some way, for example, of
interpreting (in.0, data.0, ack.yes) as (in.0, send.0). To do this requires an
interpretive mapping from traces to traces and so the existing operators in
CSP of hiding and renaming are not powerful enough to perform the neces-
sary interpretation in the general case. For example, as well as interpreting
(in.0, data.0, ack.yes) as (in.0, send.0), (in.0, data.0, ack.no) would have to
be interpreted as (in.0).

1.5 A new notion of correctness-in-context

The notions of correctness-in-context from other authors which are described
above are based on a simple premise. This is the fact that, when we compose
processes in parallel, the resulting behaviours are compatible with each other
according to the synchronization scheme used. In other words, the nature
of the context forces the removal of certain behaviours from the implemen-
tation: the remaining behaviours will meet certain properties according to
the restrictions placed upon the behaviours of the context and so “incorrect”
implementation behaviours will be discarded. Crucial, therefore, is the use

4A trace is a sequence of vistble actions which may be performed by a process. Traces
are denoted using a sequence of actions contained within a pair of angled brackets (...).
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of parallel composition to join the implementation with any suitable con-
text. In the example given in figure 1.1, the components are also joined
using parallel composition. Of most importance, however, is the fact that, in
the construction of the final implementation network, we hide those parts of
the implementation components where external behaviour decomposition has
taken place. We therefore aim to develop a notion of correctness-in-context
based primarily on hiding rather than on parallel composition (although par-
allel composition will still play an important role), which notion we shall call
refinement-afer-hiding.

Central to the development of such a notion is the ability to partition the
events of both implementation and specification components into potentially
finally visible — referred to hereafter as finally visible — and finally invisible
events.” The set of finally visible events are those which may be left visible
when we construct our final networks; in general, they are the same for both
specification and implementation components. (They need not all be left
visible, however, and some may still be hidden.) Finally invisible events must
be hidden when we construct our final networks, whether implementation or
specification. The events on channels data and ack would be the finally
invisible events in the implementation network from figure 1.1; the events
on channel send would be the finally invisible events from the corresponding
specification network. The events on channels in and out would be the finally
visible events.

We now give a more formal, though rather abstract, characterisation of
what it means to constitute a notion of refinement-after-hiding. Let Flype.
and Fi,p, be two process contexts, each taking n process arguments, where
Fypec is a specification context and Fin, is the corresponding implementa-
tion context.® Finp(@1,...,Qn) is then an implementation network and
Fopec(Py, ..., P,) the corresponding specification network, where P; is in-
tended to specify @; in some sense for 1 < i < n. Fiyy, must hide all finally
invisible events from the processes Q1, ..., &Qn and Fy, must hide all finally
invisible events from Py,..., P,. For the example in figure 1.1, Fi,y, would
hide the events on the channels data and ack; Fip, would hide the events on
the channel send. It should then be the case that, if ); refines-after-hiding
P, for 1 < i < n, Fimp(Q1,-..,Qr) refines Fypec(Py,. .., Py) according to
standard CSP refinement.”

5Tt is possible that a particular component may engage only in finally visible events or
only in finally invisible events.

%The relation between these two contexts will be made more formal in the next chapter;
intuitively, however, they contain the “same” operators, although those operators may be
parameterised with different sets of events according to the external reification which has
taken place.

7This is a kind of soundness requirement. The issue of completeness — i.e. that
Q; should refine-after-hiding P; for 1 < ¢ < n whenever Finp(Q:,...,Qx) refines
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Using this simple definition, we are able to present some basic conditions
which should be met by any notion of refinement-after-hiding. Rendering
these in each of the models used to give a semantics to CSP allows us to
derive in each model a theory of this notion of refinement. Using these results,
it was possible to modify and extend a previously published ([12]) concrete
notion of refinement-after-hiding.® In view of the theory, it is much easier to
identify those aspects of the concrete notion which are the result of choice
and those which are crucial to the fact of presenting a notion of refinement-
after-hiding. One of those crucial properties is that of compositionality: that
is, the operator allowed for process composition® is monotonic with respect
to the ordering induced by the new refinement relation.

Intuitively, our concrete notion of refinement-after-hiding requires the in-
terpretation of the behaviours of the implementation, leaving finally visible
events as they are and manipulating finally invisible events. We then check
for containment of these interpreted behaviours in the behaviours of the
specification. For example, we would interpret (in.0, data.0, ack.yes) from
LeftImpl in figure 1.1 by leaving events on channel in unchanged — events
on this channel are finally visible — and interpreting events on data and ack
as occurring on send. This would allow us to interpret (in.0, data.0, ack.yes)
as (in.0, send.0), that is, as a trace of the corresponding specification. We
are therefore able to verify the correctness of the implementation components
LeftImpl and RightImpl and thereby infer the correctness of the implementa-
tion network without actually having to build it or the specification network
(this, of course, relies on the compositionality of the scheme presented). And,
more generally, we can verify correctness when external behaviour decom-
position and/or external relaxation of atomicity occur in tandem with any
internal reification such as data reification.

Tool support is crucial to the successful application of any means of verifi-
cation, although tool development may be a very lengthy process. Encoding
as a CSP context the interpretive mapping used in our notion of refinement-
after-hiding allows us to use the existing tool FDR2!? as a means of auto-
matic verification. This confers a number of the benefits of a mature tool
without requiring the effort usually needed to reach this level of maturity,

Fopec(Pr,. .., Pp) according to standard CSP refinement — is not considered in this thesis,
although it is identified in chapter 8 as an area for further work. Nonetheless, the work
presented in chapter 3 is important with respect to this in that it attempts to establish a
framework which allows the refinement-after-hiding relation to be as large as possible.

8By “concrete” notion of refinement-after-hiding we simply mean one that may be used
in practice, in contrast to the more abstract notion given by the theory.

9A single operator, combining both parallel composition and hiding, is used for com-
position in the concrete notion. The reason for following this approach in practice is
discussed in chapter 4.

10The tool is produced by Formal Systems; see [63] or [64] for more details.
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which effort would have been beyond the scope of this thesis. Finally, we use
this means of automatic verification to verify that a particular mechanism
for asynchronous communication is a correct implementation of a register
or variable. Since moving from the register to the asynchronous commu-
nication mechanism uses data reification, external behaviour decomposition
and external relaxation of atomicity, we are able to employ the notion of
refinement-after-hiding to show correctness where we could not have done so
using standard CSP refinement.

1.6 Organisation of the thesis

The thesis is organised as follows:

e Chapter 2 gives detail on the syntax and semantics of CSP, along
with a more formal description of the processes given in figure 1.1,
which processes are used as a running example. Useful notation and
concepts are also introduced.

e Chapter 3 presents a theory of refinement-after-hiding in each of the
three semantic models of CSP.

e Chapter 4 gives a concrete notion of refinement-after-hiding for each
semantic model.

e Chapter 5 considers related work.

e Chapter 6 details the manner in which the existing tool FDR2 may be
used to verify automatically the concrete notions of refinement-after-
hiding presented in chapter 4.

e Chapter 7 uses this means of automatic verification to verify the cor-
rectness of an asynchronous communication mechanism as described
above.

Note also the following:

e For the purposes of presentation, proofs generally appear in the ap-
pendix. Where they do not appear in the appendix, they will appear
in the main body of the text alongside the relevant result or an informal
justification of the result will be given instead.

e A list of notation and page numbers of the various definitions used in
the thesis can be found in appendix E.
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1.7 Contributions of the thesis

An earlier version of chapter 4 was published as [12] and formed part of
the book chapter [15). An updated version of the work in [12] appeared as
a technical report ([13]), a version of which report has been published in
Fundamenta Informaticae ([16]). The algorithms for automatic verification
which are discussed in chapter 6 were published as [11] and appear in an
updated form in [16]. Other than these algorithms, the work in chapters 3, 6
and 7 is solely that of the author. Chapter 4 gives more detail on the aspects
of the work there which are new.



Chapter 2

Modelling concurrent systems

As indicated in chapter 1, we shall use the process algebra CSP to describe
and give meaning to concurrent systems. We first give a brief and informal
introduction to CSP and its semantics before proceeding to consider these
areas in more detail.

2.1 Brief introduction to CSP

CSP is a process algebra, which comes equipped with a language for process
description and a denotational semantics which ascribes meaning to processes
expressed in that language. It is intended for the description and verification
of concurrent systems and is consequently equipped with operators for defin-
ing processes which are suited to that task. In particular, both specification
and implementation processes are described using the same language. Since
the primary focus of the formalism is on the interactions which occur be-
tween concurrent processes, the semantics abstracts away from the internal
behaviour of processes, focusing only on externally observable behaviour. As
a result, the behaviour of a process is characterised by the events which it
may offer to any environment. A tool, FDR2([62-64]), is available for the
purposes of automatically verifying the correctness of processes expressed
using CSP.

The denotational semantics of CSP is designed to enable us to reason
about both safety and liveness properties of processes.! Traces — execution
sequences which abstract from the occurrence of internal actions — are used
to reason about safety properties. Divergences — traces after which a pro-
cess may engage in an infinite sequence of internal actions — are used to

Informally, a safety property stipulates that “bad” things do not happen during a
process execution and a liveness property stipulates that “good” things do eventually
happen ([41]).

13
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model the possibility of livelock. Trace/refusal pairs (failures) are used to
model the possibility of deadlock: if a process P may refuse a set of events R
after a particular trace ¢, and the environment after the execution of ¢ only
offers events from within R (where that environment must synchronize with
P on every event in R), then deadlock may arise when P is composed in par-
allel with the environment. Divergences and failures may be used together
to reason about liveness properties. Intuitively, the CSP semantics was de-
signed in order to allow us to detect (and thereby avoid) the possibility of
deadlock and also of livelock. In this sense, the liveness issue with which we
are primarily concerned is that of ensuring that a process will always make
progress, rather than of the exact nature of that progress.

There are three semantic models in which the behaviours of CSP processes
may be denoted: these are the traces, stable failures and failures divergences
models.? The traces model is sufficient for reasoning about safety properties.
The stable failures model allows us to reason about both safety properties and
the possibility of deadlock. The failures divergences model allows us to reason
about safety properties, the possibility of deadlock and also the possibility of
livelock. In each of these models, a (semantic) specification consists of a set of
behaviours in the relevant semantic model. An implementation also consists
of a set of behaviours. Refinement in CSP is defined in terms of containment
of behaviours: that is, ) implements P if and only if the behaviours of Q are
contained within those of P. If @) implements P in the failures divergences
model, then @Q is at least as deterministic as P.

If Q implements P in the traces model, we know that @) will never execute
any traces which P cannot execute; if ( implements P in the stable failures
model, after any trace ¢t () cannot refuse any more than P refuses after ¢;
and @ may not livelock after ¢ if that is not also possible for P when Q
implements P in the failures divergences model. Intuitively, if we may place
P in a context and the resulting network will suffer from neither deadlock
nor livelock, then the same will be true of the network resulting from the
placing of @ in the same context. (This latter only holds, of course, if @
implements P in the failures divergences model.)

We now consider in more detail the syntax and semantics of the language.
Note that our treatment of CSP is based firmly on that flavour of it presented
in [63]. However, the treatment in [63] models the fact of termination by
including a distinguished termination event in the semantics; it also includes
a sequential composition operator, ; , the semantics of which is defined in
terms of this termination event. We do not model the fact of termination
here — its consideration is orthogonal to the issues in which we are primarily

2Fach of these models denotes processes using a different combination of traces, failures
and divergences. The failures divergences model — as the name suggests — uses failures
and divergences, giving the fullest and most accurate picture of processes.
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interested — and so do not use the sequential composition operator.

2.2 Processes and syntax

A CSP process may be regarded as a black box which can communicate with
its external environment. Atomic instances of this communication are called
events or actions and must be elements of the universal alphabet, ©. ¥ is a
finite set containing all events or actions which may be communicated by any
process in the universe of processes under consideration. In semantic models
incorporating failures, a process will refuse all those events from ¥ which
it does not offer. The most important assumptions about (communication)
events in CSP are the following:

e An event occurs only when all of its participants are ready to execute
it. As soon as all of the participants are ready to execute an event then
it (or some other event) must occur.

e Event occurrences are instantaneous, as we abstract their duration into
single moments. They are non-overlapping as we use an interleaving
semantics.

We shall say that a process may engage in a particular event when it is
possible for it to communicate that event at some point during its lifetime.
Events in CSP occur on communication channels. The type of a channel ¢
is given by a (possibly empty) sequence of data types T7,...,Tx (note that
the product T1.7, ... Tx_,.Tx may itself be regarded as a data type and so
the type of ¢ is also T7.T» ... Tx—1.T%). Events which may be communicated
on channel c are then of the form

C.UL.Vy...Vg—1.Vg

where v; € T; for 1 < ¢ < k. In the event that k¥ = 0, ¢ denotes a simple
event with no explicit data content. It will also be useful to be able to refer
to ac, the alphabet of channel ¢, which gives all events which may occur on
that channel:

ac2 {cvvg. .. V1.0 | V1 € T1,. .., 0k € Ti}.

It is required that ac C ¥ for any channel which is defined. By the
finiteness of X, this means that channels may be defined using only finite
types. We may also use o to “complete” partially defined events on channel
c, where 1 <j<kandv;€T;forl1 <:<j:

a ‘
ac.vp.V2 ... Vj = {C.UI.UQ s U5 Wi - W | Wj4+1 € Tj+1> W € Tk}
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2.2.1 Operators

The nullary operator STOP is used to denote the deadlocked process, while
DIV is used to denote the immediately diverging process. a — P (referred
to as the prefix operator) gives the process which first engages in the event a
(where a € X) and then proceeds to behave like P. O denotes deterministic
choice; PO() is a process where the initial events of P and Q are offered
simultaneously. M denotes non-deterministic choice; in P M Q we may be
offered the initial events of P or the initial events of Q but not both. More-
over, we have no control over which is offered. The operators O and M are
both commutative and associative in each of the three semantic models used
here and thus may be indexed over finite sets. (This issue of indexing is
considered further in section 2.4.6 below.)

Let P be a process and A C ¥; then P\A is a process that behaves like
P with the actions from A made invisible (\ is the hiding operator and \ A
hides the events in A). \A is left associative: i.e. P\ A\ A’ is defined as
(P\A)\A'. Parallel composition P ||y Q (where Y C ¥) models synchronous
communication between P and @ in such a way that each of them is free
to engage independently in any action which is not in Y but they have to
engage simultaneously in all actions that are in Y. (We say that the parallel
composition synchronizes on the set of events Y or that P and @) synchronize
on Y.) The interleaving operator ||| is used to denote ||. ||| is commutative
and associative in all three semantic models and so may be indexed by finite
sets.

Let G C X x X be a relation (called a renaming relation) and P a process.
Then P[G] is a process that behaves like P except that every action a has
been replaced by

G(a) £ {b| a G b}.

Wherever the action a might have been enabled in P, each of the events in
G(a) will be enabled in its place in P[G]. Note that the relation G' need not
be (explicitly) total over the events of P: for a not in the domain of G, we
assume that G(a) = {a}. (This mirrors the way in which renaming relations
are used in FDR2.)

Recursion is introduced using a special equational style of definition. In
the simplest case, we may define the process N in terms of the arbitrary
CSP term P using N = P, where this simply means that N is taken to be
the process defined by P. This gives rise to a single recursion if the name N
occurs somewhere in P. More generally, mutual recursion may be introduced
using a collection of equational definitions N; = P, for 1 <4 <[, where each
P; may contain zero, one or more of the process names N; for 1 < j < [
We assume that all process names which appear in any syntactic definition
to which a semantics is to be given are defined exactly once. In other words,
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we deal only with closed terms. (Note that such equational definitions need
not only be used to introduce recursion and they are often used simply to
make clearer the presentation of syntactic definitions.)

The notation N; = P or N(z) = P is used to represent the family of
processes IV, or N(v) such that N, = P[v/z] (respectively N(v) = P[v/z])
where v is a concrete data value and P[v/z] denotes the process P with all
occurrences of the parameter z replaced by v. This notation generalizes in
the obvious way to parameterization with multiple data values.

2.2.2 Syntactic sugar

From chapter 4 onwards, we use an operator which is not part of the standard
CSP syntax and which is, in fact, shorthand for a particular combination of
two operators already seen. The network composition operator, ®y, is such
that

(Pev@) = (Ply Q\Y.

In view of this, we need not define specifically the semantics of this oper-
ator and will derive it where necessary from the semantics of the parallel
composition and hiding operators.

2.2.3 Finite non-determinism

In the failures divergences model, divergence is introduced in P\ X when
P can perform an infinite consecutive sequence of events in X. However,
the failures divergences model only includes information on finite traces, not
infinite ones. If a process possesses an infinite trace ¢, then u will be a (finite)
trace of that process for all u < . However, in the general case, the converse
may fail: it may be possible that ¢ is not an infinite trace of the process even
though u is a trace of the process for all u < ¢. If this latter case is allowed
to arise, then it is not possible to give an exact definition of the semantics of
hiding in the failures divergences model.

It is possible to represent a CSP process operationally as a labelled tran-
sition system or LTS (see [63] for details). If, for any node P in an LTS C,
there are only finitely many nodes we can reach from P under a single ac-
tion, then C is said to be finitely non-deterministic. In other words, for any
particular action that we engage in, there are only a finite number of possible
states we can end up in. By Koenig’s Lemma, if the LTS representation of
a CSP process is finitely non-deterministic, then ¢ is an infinite trace of that
process if and only if u is a (finite) trace of the process for all u < ¢. (For
proof see [63].)

Since X is finite, none of the operators which we use are capable of intro-
ducing infinite non-determinism. As a result, all processes under consider-
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ation may be represented operationally by a finitely non-deterministic LTS
and so it is possible to define exactly the semantics of the hiding operator.

2.3 Notation

The following notations will prove to be useful, where ¢, u, t;, t5, . . . are traces;
A is a set of actions; 7,7 are non-empty sets of traces; G C X x X is a
relation; and X is a set of sets. Note that traces are assumed to be finite
unless otherwise stated.

e t =(ai,...,a,) is the trace whose i-th element is action a;, and length,
|t|, is n. Moreover, events(t) £ {a,,...,a,} and, provided that n > 1,
tail(t) £ a,. If n = 0 then ¢ is the empty trace, denoted ().

e A, |A| denotes the cardinality of A.
e tou is the trace obtained by appending u to .

e A* is the set of all traces — i.e. sequences — of actions from A,
including the empty trace, ().

e AY is the set of all infinite traces of actions from A.

e T*is the set of all traces t = t,0---0t, (n > 0) such thatt,,...,t, € T
(note that t = () when n =0).

e < denotes the prefix relation on traces, and ¢ < u if t < v and ¢ # u.

o Pref(T) 2 {u| (3t € T) u < t} is the prefiz-closure of 7. (In the
event that 7 is the singleton set {t}, we may use Pref(t) in lieu of

Pref(T).)
o T is prefiz-closed if T = Pref(T).

e t[A is a trace obtained by deleting from ¢ all the actions that do not
occur in A.

e t\ A is a trace obtained by deleting from ¢ all the actions that do occur
in A.

e The definitions of [ and \ may be lifted to sets of traces in the obvious
way: T[A2{t[A|teT}and T\AS {t\A|te T}

e 11,1, .. is an w-sequence of traces if t; <t < ... and lim; |t;| = oco.
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* A mapping f : T — 7" is monotonic if t,u € T and t < u implies
f@) < f(u), and strict if () € T and f({)) = ().

e The definition of G may be lifted to sets of events, traces and sets of
traces:

- G(4) 2 U{G(a) | a € 4}.

—(a1,...,8,) G (b1,...,bp) @ n=mAVi<n, a; Gb,.

-GN E2{u|GteT)tG u}.
In the event that 7 is the singleton set {t}, we may use G(t) in lieu of
G(T). Moreover, if G(t) = {u} for some trace « then we shall denote

this G(t) = u. Similarly, if G(a) = {b} for some action a then we write
G(a) =b.

e G1 £ {(b,a) | a G b} is the inverse of G.
o Sub(X) £ {W C X | X € X} is the subset-closure of X.
o X is subset-closed if X = Sub(X).

25 £ {X | X C S} gives the power set of S. For purposes of presenta-

tion, we will sometimes use P(S) in lieu of 25.

e We introduce containment and equality between pairs of sets in the
obvious way. Let B, B’,C,C’ be sets.

- (B,C)C (B',C")ifand only if BC B'and C C C'.
- (B,C) = (B',C") if and only if B= B’ and C = C".

e For an arbitrary set of objects O and a partial ordering® < over the
elements of O,

maz<(0) £ {e€cO|(Ad€O)e=<d A e#d}.

In the event that maz<(O) = {e} for some element e, we shall write
maz<(0) =e.

3A partial ordering is reflexive, transitive and antisymmetric.
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2.4 Process semantics

In this section we consider each of the three semantic models in more detail,
including the semantic definitions in each model of the operators introduced
so far and how the semantics of (syntactic) processes may be derived using
these definitions. Before doing this, however, we make the following impor-
tant observations.

At various points in this thesis, we will work with (syntactic) processes,
semantic denotations of such processes in any one of three semantic models
and sets of behaviours which may not be derivable as the semantics of any
process. It is only necessary to explicitly calculate the semantics of processes
in chapter 6, as we show how to use FDR2 for automatic verification of
our notion of refinement-after-hiding; moreover, we only derive semantics
in the failures divergences model in that chapter with respect to the hiding
operator. For this reason, semantic definitions for the full range of operators
are given only for the traces and stable failures models. Chapters 3 and 4
use only the hiding and parallel composition operators and this is why only
the semantics for these two operators are given for the failures divergences
model.* Chapter 3 deals primarily with sets of behaviours and pairs of sets of
behaviours and so requires the definition of hiding and parallel composition
over such sets and over such pairs. As a result, we define three different
versions of the parallel composition and hiding operators. The first version
gives a semantic operator which may be applied to a set or sets of behaviours
as appropriate; the second gives a semantic operator which may be applied to
pairs of sets of behaviours; the third version gives a syntactic operator which
is used in process definitions.® Note that we have already defined in the
previous section the effect of applying the hiding operator to sets of traces.
Note also that the semantic and syntactic versions of a particular operator
will be indistinguishable textually and the particular version being used will
be clear from the nature of the object or objects to which it is being applied.

In what follows, the semantics of recursion is left until all other operators
have been considered, since it is treated in a rather different manner.

2.4.1 The traces model

In the traces model, a process is denoted by a (possibly infinite) set of finite
execution sequences of visible actions (i.e. actions from X). For any process
P, we denote the traces of P as 7P. The following condition always holds of

4The interested reader may find the omitted definitions in [63].

5In the traces model, we actually define hiding and parallel composition over individual
traces, sets of traces and processes. In the failures divergences model, we define the
operators only over pairs of sets of behaviours and over processes.
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sy u = ullys.

O lly O 2 {0

O lly (v) 2 @

O lly (=) 2 {(a))

Wosly (ou &  {(2)ov|ve ((y)oslyu)}

(Woslly Wou £ {(yov|ve(s|yu}

Woslly W ou & woify#y.

(2)os|ly () ou &  {(2)ov|ve(s|y()ou)}u
{(z)ov|ve((2)oslyu)}.

Figure 2.1: Composing traces in parallel, where s,u € £*, y,y € Y C &
and 2,2 € X -Y

TP:8
T1 TP is non-empty and prefix-closed.

Figure 2.1 shows how the effect of parallel composition is defined in terms
of its effect on individual traces. This operator has the following important
property:

TRP  Fortracessanduand Y C X, ift € (s ||y u) thent[Y = s[Y = u[Y.

Where 7 and 7" are sets of traces’, we may define (semantic) parallel
composition over such sets in the following manner (we assume Y C X):

T\|yT’éU{s|lyu|s€TA ueT}.

The semantics of any process (minus recursion) in the traces model may then
be derived according to the detail in figure 2.2.

6This condition and others like it which are introduced in the remainder of this chapter
are theorems which may be derived in the algebra of CSP processes and their denotations.

"Neither need be the denotation of a particular process in the traces model and so they
need not meet condition T1. In general, none of the sets of behaviours or pairs of such
sets to which semantic operators may be applied need be (a component of) the denotation
of a process.
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7STOP £ {0}

TDIV £ {()}

Ta—=P) £ {()}u{{a)os]|seTP}.
r(POQ) = rtPUTQ.

(PN Q) =2 71PUTQ.

(P\4) £ (tP)\ A

T(PllyQ) £ 7P|y 7Q.

7(P[G]) £ G(rP).

Figure 2.2: Semantics of processes in the traces model, where G C ¥ x T
and A, Y C X

2.4.2 The stable failures model

In the stable failures model, a process P is denoted by a pair (7P, ¢P), where
¢P — the stable failures® of P — is a subset of £* x 2. If (¢, R) € ¢P then P
is able to refuse R after ¢t. Intuitively, this means that if the environment only
offers R as a set of possible events to be executed after ¢ (and the environment
must synchronize with P on every event in R) then P can deadlock when
placed in parallel with the environment. A process P is deadlock-free if and
only if, for every (¢, R) € ¢P, R is a proper subset of L.

The following conditions always hold of 7P and ¢P:

SF1 7P is non-empty and prefix-closed.
SF2 (t,R)e¢P=>te1P.
SF3 (t,R)€¢P A SCR=(t,5) € ¢P.
SF4  (t,R) € ¢P A to(a) ¢ TP = (t,RU {a}) € ¢P.
We will consider a set of stable failures F to be subset-closed if:

(t,R)eF AN SCR= (t,S) e F.

8Intuitively, a failure is stable if no invisible events are enabled at the state which
generates the failure. Invisible events are classed as urgent in CSP and do not require
synchronization with the environment before they occur. This means that we can never
deadlock at a state at which an invisible event is enabled. Since the stable failures model
is primarily interested in the possibility of deadlock, we need not record information on
states at which it can never occur.
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Where F and F' are sets of stable failures and 4,Y C %, we may define
semantic operations of hiding and parallel composition as follows:®

FNA 2 {(t\A4,X)|(t,XUA) e F}
Flly 7' 2 {(t,XUZ)|X~-Y=Z-Y A ((3s,u) (s.X) € F A
(u,Z) e F' A te€ sy u)}.

These definitions then lift to pairs of sets of behaviours in a straightfor-

ward manner, where 7', 7" are sets of traces, F, F' are sets of stable failures
and A,Y C X:

1[:3

(T,F)\ A (T\A,F\A.
(T, F) Iy (T F) & (Tly T, F Iy F).

The stable failures of any process (minus recursion) may be derived ac-
cording to the detail in figure 2.3 (the traces of the process may still be
derived according to the detail in figure 2.2'%). The following equalities then
hold, where P, @ are processes and A,Y C X:

o (1(P\ A),¢(P\ A)) = (rP,¢P)\ A.
o (7(Plly @), 8(Plly Q) = (TP, ¢P) |y (7Q, 4Q).

2.4.3 The failures divergences model

In the failures divergences model, a process P is denoted as a pair (¢, P, 6 P),
where § P — the divergences of P — is a subset of ¥* and ¢ | P — the failures
of P — is a subset of 2* x2%. If t € 6P then P is said to diverge after ¢. In the
CSP model this means that the process behaves in a totally uncontrollable
and unpredictable way: ¢, DIV = ©* x 2% and DIV = ©*. Semantically,
divergence obscures all other behaviours after it arises and we can make no
guarantees post-divergence regarding what a process will offer or refuse at
any point in time: this is reflected in conditions FD4 and FD5 below.

We introduce the notation 7, P and define it as 7, P £ {t | (t,2) € ¢, P}.
As we shall see in section 2.4.8 below, 7, P = 7P UJP. The following
conditions then always hold of 7, P, ¢, P and 6 P:

9The particular definition of parallel composition used here reflects the following in-
tuition. If two processes are composed in parallel, synchronizing on the set of events Y,
then the composition can refuse after a particular trace all events from Y which at least
one process refuses, along with all events which both refuse.

10T other words, for any process P, 7P has the same meaning whether we are working
in the traces model or in the stable failures model.
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¢sTOP 2 {((),X)|X C %}
éDIV 2 o

¢a—P) = {({),X)|legXCT}u
{((a) 05, X) | (s, X) € ¢P}.
{(

{

$POQ) = (0, X) 1 ((), X) € PN Q} U

(S7X) | (S’X)€¢PU¢Q A 3#()}

$P N Q) = ¢PUQ.
$(P\4) £ (¢P)\ A
#PllyQ = ¢Ply¢Q
¢(P[G]) 2 {(6,X)1(3s) s G s A (5,G7H(X)) € ¢P}.

Figure 2.3: Semantics of processes in the stable failures model, where
GCY¥xXYand A, Y CX

FD1 7, P is non-empty and prefix-closed.

FD2 (t,R)e¢.P A SCR= (t,5)€¢.P.

FD3 (t,R)e ¢, P A to(a)¢g T P= (t,RU{a}) €4, P.

FD4 scdP AteX*=sotedP.

FD5 t€déP= (t,R)€ ¢ Pfor RCX.

We now define semantic operators of parallel composition and hiding in
this model. By their nature, they can only be defined over pairs of sets of
behaviours rather than over single sets of behaviours. Where F is a set of
failures, we use 7. F = {t | (t,2) € F}. In the following definitions, F, Fi,
F, and F' are sets of failures, D, D;, D, and D’ are sets of divergences and
AY CL.

o (F1,D) |ly (F2,D2) £ (F,D) where:

- D= {tov|(BsertF,ueniF)teEs|yu A
(3€D1 \Y UEDQ)}.
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lI>

(P ||y Q) {tov|(FAser Pueri@Q)tes]|yu A

(s €dP V ue€d@)}

{t,XUZ) | X-Y=Z-Y A ((3s,u)
(,X) €SP N (u,Z)€¢1Q AtEs|yu)}U
(t,X)|ted(Plly Q) A X CX}.

{
{(s\A)ot|se€dP}U
{(u\A)ot|ueZ? A (u)\A) is finite
A (Vs <u) ser P)}.

{E\AX)|(t, XUA)egp P} U
{(t,X) [t €8(P\A) A X C 5}

>

¢.(P |ly Q)

lI>

3(P\ 4)

[l>

¢.(P\ 4)

Figure 2.4: Semantics of operators in the failures divergences model, where
AYCE

- F= {(XU2)|X-Y=Z-Y A ((3s,u)
(s, X)eFy A (u,Z)eFa ANtE€s|yu)} U
{t,X)|te D AN X C X}

o (F,D)\ A2 (F,D') where:

- D' = {(s\A4ot|seD}u
{(u\A)ot|ueX? A (u\ A) is finite A
(Vs <u) ser F)}

- F = {#\A,X)| (@t XUA) eF}U
{,X)|teD A X CX}

Figure 2.4 gives the semantic definitions of the syntactic operators of hid-
ing and parallel composition. They are not defined in terms of the semantic
operators so that it is easier to see how the individual components of a par-
ticular denotation pair may be derived. However, since 7, (¢, P) = 7, P, the
following equalities hold, where P, @ are processes and 4,Y C X

e ($.(Plly @,6(Plly Q) = (8.P,6P) |lv ($.Q,6Q)-
o (¢ (P\A),0(P\A))=(s.P,0P)\ A.
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2.4.4 Process denotations and refinement

[P]x denotes the semantic meaning of the process P in the model X €
{T, SF, FD} (T gives the traces model, SF the stable failures model and FD
the failures divergences model). In other words:

o [P],=7P.
o [Plgp = (7P, ¢P).
L IIP]]FD = (¢J_P,5P)

We shall also use the shorthand P =x @ to indicate that [P}, = [Q].
That @ is an implementation of (or refines) P in a particular semantic model
X € {T,SF,FD} is denoted @ Jx P. This means that the behaviours of Q
in the relevant model are contained in those of P. In other words:

e Q Jr Pifand only if [Q]; C [P], (i.e. TQ C TP).
e Q Jgp P ifand only if [Q]gr C [Plgr (e. 7Q C 7P and ¢Q C oP).
e Q Jpp P if and only if [Q]p C [P]pp (ie. $.Q C ¢, P and §Q C
§P).
2.4.5 Semantics of recursion

We now show how to define the semantics of recursive terms. Since we
never have to calculate the semantics of recursive processes in the failures
divergences model, we deal explicitly here only with the traces and stable
failures models. We will consider a single recursion NV = P and also a mutual
recursion N; = P, for 1 € 72 < k. The fundamental law of recursion is given
by the following condition, which effectively states that a recursively defined
process satisfies the equation defining it.

REC If N = Pisarecursive definition, then N =x P for X € {T, SF, FD}.
Before proceeding, we introduce some notation which will be useful.

o N denotes the set of natural numbers.

e For any function S and n > 2, 8*(X) £ S(S""!(X)), where S' £ S.

P[Y/N] denotes the process P with the process Y substituted for the
name V.

L7 is used to give the denotation of STOP in the traces model: i.e.
Ly 2 [STOP]+ = {{)}.
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e | gp is used to give the denotation of DIV in the stable failures model:
. A
Le. Lgr = [DIV]ge = ({()},2).

o (Xi,...,Xx) will be used to denote the vector with elements X1, ..., X;.
We then assume:
— Y is a vector of processes (Y;,...,Y}).
— N is the vector of names (Ny, ..., Ni).

P is the vector of processes (P, ..., P).

— P[Y/N] denotes the process P; with the process Y; substituted
for the name N; for all 1 < j < k such that N; occurs somewhere
in P,.

Single recursion

The single recursion N = P induces a (syntactic) function, F, which maps
syntactic terms to syntactic terms such that, for any process Y, F(Y) £
P[Y/N]. In the model X € {T,SF}, S is the (semantic) function from
process denotations to process denotations such that, for any process @,
S([Q1x) =2 [F(Q)]y. For example, S(Q) £ T7F(Q). [N] is then given by

UnEN Sn (J‘X) '
If N does not occur anywhere in P then & is a constant and its value
gives directly the semantic interpretation of N: i.e. [N], = S.

Mutual recursion

The mutual recursion N; = P, for 1 < ¢ < k induces a set of syntactic
functions F; such that, for any vector of processes Y, F;(Y) £ B[Y/N]. In
the model X € {T, SF}, S may then be taken to be the (semantic) function
from wvectors of process denotations to vectors of process denotations such
that, for any vector of processes @ = (Q, ..., Qx),

S([@x - [Qlx) = (R (@] - - [Fe(@)x)-
[Vi]x is then given by the ith element of |,y S™({(Lx, .., Lx))-

Guardedness
A process name N is guarded in process expression P if either:
e N does not appear in P or;

e P does not contain the hiding operator and every occurrence of .\ is
within the scope of an occurrence of the prefix operator.
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If all names occurring in P are guarded then we say that P itself is
guarded. If P is guarded, then all recursive equations used to define the
semantics of P have a unique solution. All recursive processes for which
we have to derive semantics in chapter 6 are guarded and this justifies the
inductive derivation of semantics which is used there.!!

Guardedness and divergence

Guarded processes have the following important property:

DF If Nj = P, for 1 < i < k and all processes P; are guarded, then

2.4.6 Indexing operators

Further comment is required with respect to the indexing of the operators
0, N and |||. We consider the generic process

@zEZP(Z))

where @ € {0, |||} and Z is a finite set. In the event that |Z| > 2, then
®.czP(z) may be represented in an obvious and straightforward manner
using the binary version of @. However, it is less clear what should be the
semantics of @,czP(2) if |Z| =1 or Z = @. We first observe that the non-
deterministic choice operator, M, may not be indexed by the empty set (this
is disallowed by FDR2). For our purposes, we also assume that ||| may not
be indexed by the empty set. The remainder of the relevant cases are covered
by the following definition.

Definition 2.1. Let & € {O,N, |||} and X € {T, SF, FD}. Then the follow-
ing hold:

1. If Z = {v}, then @,czP(z) =x P(v).
2. If Z =@, then O,czP(2) =x STOP.

2.4.7 Parallel composition, hiding and network com-
position
We shall also need a semantic version of the network composition operator,

®y, which is defined as follows for processes P and @, ¥ C ¥ and X €
{T, SF, FD}:

U Note that the definition of guardedness given here is stronger than the usual definition,
namely that every occurrence of N in P is prefixed by an action that cannot be hidden.
However, the definition given suffices for our purposes and is simpler to present.
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[Px ®v [Qlx = ([Plx Iy [Qx)\Y.

The following important results then show the consistency in all models
of the syntactic and semantic versions of hiding, parallel composition and
network composition. They may be proved easily using the definitions given
so far in section 2.4.

Proposition 2.1. The following hold, where P and Q) are processes, A.Y C
Y and X € {T,SF,FD}:

1. [Q\Alx =[Qlx \ A

2. [P lly Qlx =[Pl lly [Qlx-
Corollary 2.2. Let P and Q be processes, Y C ¥ and X € {T,SF,FD}.
Then [P ®y Qlx = [Pl ®v [Qlx-

2.4.8 Relationships between denotations

The following conditions always hold and concern relationships which exist
between denotations in the various semantic models.

DRl 71, P=7PUJP.
DR2 ¢, P=¢PU{(t,R)|t€éP AN RCXZ}.
DR3 TP ={t|(t,@) € ¢P}U(TPNIP).

Note that 7P N éP gives those divergent traces which are actually gen-
erated operationally by P. In view of these conditions, the following result
holds:

Proposition 2.3. If P = & then:
1. P =¢, P.
2. . P=71P=1{t]|(t9) € ¢P}.
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2.4.9 Alternative denotations in the failures divergen-
ces model

For a number of different reasons, we would prefer to work only with stable
failures and traces even when working in the failures divergences model.'? To
facilitate this, we consider the notion of minimally-divergent traces, defined
as follows for any process P:

Definition 2.2. mindP £ {t |t € 6P A (Bu € é6P) u < t}.

The minimally-divergent traces are a subset of those divergent traces
which are generated operationally by the process under consideration rather
than being present only by virtue of Fp4. The following property always
holds of them:

MD For any process P, mind P C TP.

Using mind P allows us to deal with divergent traces in the same way as
ordinary traces from 7P. It is easy to see, by definition 2.2 and FD4, that
the following result holds.

Proposition 2.4. 0P = {tov |t € mindP A v € T*}.

Using this result and DR2, ¢, P and 6 P may be reclaimed from ¢P and
mind P.

2.5 Process alphabets

Process alphabets do not play any semantic role in the the treatment of CSP
used here. Instead, they are simply used to define an upper bound on the set
of events in which any process may engage and so a lower bound on the set
of events which any process will always refuse. The alphabet of a process P,
denoted aP, must always be such that S(P) C aP, where B(P) is calculated
according to the rules in figure 2.5.!3 We are free to assign to P any value
we wish, provided that 8(P) C aP, although we will always explicitly state
what we take the alphabet of a particular process to be before that alphabet
is used for any purpose. Since B(P) C aP, the following two conditions hold:

PAL 7P C (aP)".

12The reasons for this choice are discussed at the relevant points in chapters 3 and 4.

13Process alphabets are used only (with respect to denotations) in the traces and stable
failures models, which is why 8(DIV) = @. The particular treatment given to recursive
processes is necessary so that the procedure for deriving the alphabet of such a process
will terminate.



2.6. Useful algebraic laws 31

B(sSTOP) £ @

B(DIV) £ g

Bla—P) £ {a}UB(P)
B(POQ) = B(P)UBQ).
B(P N Q) £ BP)UBWQ).
BPIly@) £ BP)UBWQ).
B(P\4) = B(P)-A
B(PIG) & G(B(P))

Let N; = P, for 1 < i < k be a recursive definition and let
STOP denote the vector (STOP,...,STOP) of length k.
Then:

ﬂ(Ni) = U1§j5k ﬁ(Pj[STOP/_])-

Figure 2.5: Deriving alphabets

PA2  (t,R) € ¢P = (t, RU (X — aP)) € ¢P.

PA2 is a consequence of PAl and SF4 (impossible events can always be
refused).

2.6 Useful algebraic laws

We include here some useful equivalences which exist between syntactic terms
in all three semantic models, some of which have already been mentioned.
Although they are not used formally, they are important in allowing us to
provide as input to FDR2 process definitions which are less likely to suf-
fer from state explosion when their operational semantics is calculated. (=
is used in the following equations to denote semantic equality in all three
models.)

e O, M and ||| are commutative and associative in all three models, mean-
ing that they may be indexed by finite sets.

e Hiding is associative in that (P\ A)\ A'=P\ (AU A4’).
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e P\A=PifoPNA=0.
e (Plly Q\A=(P\A4) |y (Q\A4) fYNA=go.

Parallel composition is symmetric but not associative in the general case.
As a result, expressions involving parallel composition should always be
bracketed appropriately.!* It is, however, possible to define a weak asso-
ciativity property, if we can guarantee that the two participants in a parallel
composition will synchronize on at least those events that they have in com-
mon:

Plla@llsR)=(Pllc@) o R
where
e A=aPnNa(Q|s R)and a(Q ||p R) = cQ U aR.
e B =alQNaR.
e C=aPnaQ.
e D=0a(P |lc Q) NeaR and a(P ||c Q) = aP U aQ.

A similar result holds with the network composition operator, ®, substi-
tuted for ||.

2.7 Contexts and environments

The term “environment” will be used to denote a CSP process with which
another CSP process might be composed. The term “environment” is to
be distinguished from the term “context”, where a context is a process term
containing free process variables for which particular processes might be sub-
stituted. A component process is therefore composed with an environment
(using an additional operator to combine the two processes) while a compo-
nent is placed in a context (using substitution).

For our purposes, a process context F' represents a syntactic term con-
taining exactly one instance of each of the free process variables V; to V,, and
only the parallel composition and hiding operators (or the network compo-
sition operator, ®y, which may be represented using only hiding and par-
allel composition). F(Pi,...,P,) is used to denote the process where, for
1 < i < n, process P; has been substituted for variable V;. This means that

141n chapter 3 we are usually able to dispense with such brackets and do so for the
purposes of presentation; however, they are always used in chapter 7 and appendix D in
the definition of processes to be used with FDR2.
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F(Py,...,P,)is a closed term and so contains no further free (process) vari-
ables (although the P; may contain process names which have been defined).
Strictly speaking, [F], for X € {T, SF, FD} should be used to denote the
semantic meaning of F' (which is a mapping from a set of n process deno-
tations to a process denotation). However, we shall simply denote it using
F. This is because the defining expression V] ||y V; makes sense whether
Vi and V, represent syntactic terms or semantic objects; the same applies to
Vi \ A and V; ®y V2. In moving from the defining expression of (syntactic)
F to the defining expression of [F],, all that has changed is the type of the
free variables. It will always be clear when it is used what sort of object is
represented by F'.

We also introduce a useful notation to be used with respect to pro-
cesses built around a context F. During evaluation of the semantics of
F(Py,...,P,), we evaluate the subterms of F(Py,...,P,) in a unique or-
der and this ordering may be used to define a set of intermediate processes
which are used to construct F(Py,...,P,). For example, in constructing
(P |ly Q) ||z P', the intermediate processes would be P, Q, P |ly Q and
(P |lly Q) ||z P’ itself. We therefore define Imp(F(Py,...,F,)) in order
to return this set of processes for F'(Py,...,P,). (Note that & denotes the
disjoint union operator.)

Definition 2.3. For processes Py, ..., Py, and A,Y C X, Imp(F (P, ..., P))
is defined inductively as follows:

o Imp(P\ A = {P,(A\A)}
Imp(P1 ||y P2) £ {P,P, (P |lv P)}.
Imp(P, ®y P,) £ {P,P, (P, ®y R)}.
Imp(F(Py,...,P)\A) 2 {F(P,...,P)\ A} U

Imp(F(Py,...,P)).

o Where F', F" are contexts,
F(P,...,P)=F(P,,....,P.) llr F”(..le,...,ij)
and {1,,n}={21,,2m}tﬂ{j1,,]k}

- Imp(F(P,...,R)) = {(F(P,...,R)}U
Imp(F'(Py, ..., Py,)) U
Imp(F"(Pjn'"’ij))'
e Where F', F" are contexts,
F(P,...,P) = F'(P,,...,P.) ® F"(P;,..., P,)
and {1, .,n} = {il,...,im} Uﬂ{jl,...,jk}.'
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- ImP(F(PI:---ypn)) £ {(F(Pla--~7Pn)} U
Imp(F'(By, ..., P,)) U
Imp(F"(P; P))-

ity
This notation will be used to reclaim the operators and processes which
are used to define any process F(P,,..., P,).

2.8 Maximality and monotonicity

2.8.1 Maximality of failures

Let F be a set of failures. We define two notions of maximality with regard
to the elements of that set.

e (t,R) € F is refusal-mazimal if and only if there does not exist (¢, X) €
F such that R C X.

e (t,R) € F is mazimal if and only if there does not exist (s, X) € F
such that £ < s or such that t =s and R C X.

We shall denote maz(F) = {(t,R) € F | (¢, R) is maximal }. In the event
that maz(F) = {(¢t, R)} for some failure (¢, R), we write maz(F) = (t, R).
Refusal-maximality is mainly used in the statement and proofs of results
from chapter 3. Its important property is captured by the following result,
which follows directly from SF2 and SF4:

Proposition 2.5. If (t,R) € ¢Q is refusal-mazimal, then t o (a) € 7Q for
every a € (X — R).

The notion of maximality is also used in the proofs of results from chap-

ter 3.

2.8.2 Monotonicity

The following are standard results which may be proved straightforwardly.
Proposition 2.6. For traces s andu and A C %, if s < u then s\ A < u\ A.

We define the ordering < over sets of traces 7, 7" such that 7 < 7" if
and only if, for every t € T, there exists u € 7' such that { < u.

Proposition 2.7. Let Y C ¥ and s,u, v, w be traces such that v < s, w < u
and s ||y u # . Then (v]ly w) < (s |y w).
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Proposition 2.8. Let A,Y € T and P,P',Q, Q' be either sets of traces;

pairs of sets of traces and sets of stable failures; or pairs of sets of failures
and sets of divergences.

1. IfPCP, then P\AC P\ A.
2 IfPCP andQC O, thenPlly QC P |y Q.
S IPCP and QC Q, thenPR®y QC P @y Q.
Corollary 2.9. Let P, P,Q, Q' be processes, X € {T,SF,FD} and A,Y € X.
1. If [Py C [P'ly, then [P\ Ay C [P\ A].

2. If [Plx € [P']x and [Q]x C [@]x, then [P |ly Qlx S [P llv Q-
3. If [Pl C [Py and [Qlx € [Qx, then [P ®y Qlx C [P &y Q'Ix-

2.9 Determinism

Definition 2.4 (Determinism). A process P is deterministic if:
1. 0P = 2.

2. 9P ={(t,R)|[t€ TP N RC (X~ {a]|to(a) € TP})}.

If P is deterministic, it is completely characterised by 7P; in particu-
lar, it always responds in the same manner to the same external stimulus.
We are interested in the property of determinism with respect to processes
which might be used during verification using FDR2 and so which can be
represented operationally using a finite-state LTS. (Note that FDR2 may be
used to check for the determinism of any such process.) Any such “finite-
state” process which is deterministic may be represented syntactically using
only indexed deterministic choice, the prefix operator, recursion and STOP.
Before showing how to construct such a representation, we introduce some
additional notation, where 7 is a prefix-closed set of traces:

o init(T) £ {a]| (a)os € (T —{()})} gives the initial events of all traces
from 7.

e aft(T,a) = {s| (a) os € T} gives the set of traces from 7 which are
possible after the “execution” of a.

For a prefix-closed set of traces 7, Ny is defined as:
N7 = Oacinit(T) (a — Naft(T,a)) where Ny(y; = STOP.
The following condition always holds for “finite-state” P:
DE If P is deterministic, then P =x N,p for X € {T, SF, FD}.
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2.10 Constructing processes

In the proofs of results from chapter 3, it is sometimes necessary to construct
syntactic processes with exactly specified semantics (in the traces or stable
failures models). In this section, we show how to do this. Before proceeding
to define the specific processes which we shall need, we define some useful
sub-processes. In the following definitions, a € ¥ is an event, s is a trace and
R C ¥ is a set of events.

o TPy =DIV.
e TPiyos = (a — TP,) O DIV.

® FP((),r) = Dac(z—py(a = DIV).
® FP((ayos,r) = (a = FP(, gy) O DIV.

TP and FP are standard constructions taken from [63] (this is why the
statements of their semantics in propositions 2.10 and 2.11 below are given
without proof). Before proceeding to give the semantics of these processes
we observe an important property of DIV in the stable failures model, which
is important to us here and also in the construction of processes which are
used in chapter 6 for the purposes of automatic verification. Recall that
¢DIV = @ and, according to figure 2.3, the stable failures semantics of O is
defined as follows:

sPOQ) = {((),X)](),X)€pPNg¢Q}t U
{(s, X) | (5, X) € 6P USQ A s #()}.

Hence, for any process P,

¢(PODIV) = {(t, R) | (t, R) € ¢P A t# ()},

We can therefore use DIV, along with the deterministic choice operator,
to effectively remove (stable) failures when necessary. The traces, stable
failures and alphabets'® of TP, and FP gy are then as follows.

Proposition 2.10. Let t be a trace. Then the following hold:
1. TP, = Pref(t).
2. ¢TP, = 2.
3. B(TP;) = events(t).

15 Alphabets are calculated here using § and so using the detail in figure 2.5
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Proposition 2.11. Let (¢, R) be a failure. Then the following hold:
1. TFPypy = Pref(t)U {to(a) |a € (£ — R)}.
2. FPup = {(t,X)| X C R}.
3. B(FP,ry) = events(t) U (X — R).

Note that, in deriving results on the remainder of the constructions given

here, we shall always appeal implicitly to the detail from section 2.4 and that
from figure 2.5.

2.10.1 Finite set of traces
Where T is a finite, non-empty set of traces (not necessarily prefix-closed),
FST(T) £ Dyer TP..

The identifier FST is used to indicate finite set of traces. In the event that 7
is the singleton set {¢}, we may use FST(t) in lieu of FST(T). The necessary
properties of FST(T) are then given by the following result, which follows
easily from proposition 2.10.

Proposition 2.12. Let T be a finite, non-empty set of traces. Then the
following hold:

1. TFST(T) = Pref(T).
2. B(FST(T)) = U,y events(t).

2.10.2 Single failure and finite set of traces

We now show how to construct a process around a single failure and a finite,
non-empty set of traces. We use the identifier SFT here to indicate single
failure and traces and, where T is a finite, non-empty set of traces and (¢, R)
is a failure, define:

SFT((t,R),T) = FPr M (Ouer TPu).

The necessary properties of SFT((t,R),T) are given by the following
result, which follows from propositions 2.10 and 2.11.

Proposition 2.13. Let T be a finite, non-empty set of traces and (t, R) be
a failure. Then the following hold:

1. 7SFT{(t,R),T) = Pref(T) U Pref(t) U {to (a) | a € (¥ = R)}.
2. ¢SFT((t,R),T)={(t,X) | X C R}.
3. B(SFT((t,R),T)) = events(t) U (L — R) U {events(u) | u € T}.
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2.10.3 Refusal-maximal failure and traces of specified
process

Before proceeding to give the definition of the process which is used here, we
observe the following standard result (recalling that ||| denotes ||5).

Proposition 2.14. The following hold:
1. 7(P|||DIV) = TP.
2. ¢(P|||DIV) = @.
3. B(P|||DIV) = B(P).

We now show how to construct a process around a single failure (which
will be refusal-maximal in practice) and the traces of a specified process.
We use the identifier MFP here to indicate mazimal failure and process and,
where P is a process and (¢, R) is a failure, define:

MFP((t,R),P) £ FPyr N (Pl||DIV).
The necessary properties of MFP((t, R), P) are given by the following result.

Proposition 2.15. Let P be a process and (t, R) € ¢P be refusal-mazimal.
Then the following hold:

1. TMFP((t,R),P) =T1P.
2. ¢MFP((t,R),P) = {(t,X) | X C R}.
3. B(MFP{(t,R), P)) = B(P).
Proof. 1. By proposition 2.11(1) and proposition 2.14(1), we observe that
TMFP{(t,R),P) = TP U Pref(t)U {to (a) | a € (£ - R)}.

Since (t, R) € ¢P, we have that ¢t € 7P by condition SF2 and so Pref(t) C 7P
by SF1. Moreover, we have that {to{a) | a € (£ — R)} C 7P by proposition
2.5. The proof of this part follows.

2. The proof of this part follows by proposition 2.11(2) and proposition
2.14(2).

3. By proposition 2.11(3) and proposition 2.14(3), we observe that

B(MFP((t, R), P)) = B(P) U events(t) U (£ — R).
By the proof of part 1 of the proposition,
{t}u{to{a)|ae (E—R)} CTP.

If we take P = B(P), it follows by Pal that 7P C B(P)* and hence
events(t) U (X — R) C B(P). O
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2.10.4 Refusal-maximal failure, finite set of traces and
process

Finally, we show how to construct a process around a single failure (which
will be refusal-maximal in practice), a finite, non-empty set of traces, and the
traces and failures of a specified process. We use the identifier MFTP here
to indicate mazimal failure, traces and process and, where P is a process. T
is a finite, non-empty set of traces and (¢, R) is a failure, define:

MFTP{((t,R),T,P) £ SFT((t,R), )N P

The necessary properties of MFTP((t,R), T, P) are given by the following
result.

Proposition 2.16. Let P be a process and T a finite, non-empty set of
traces. Let the failure (t, R) be such that (t, X) € ¢P is refusal-mazimal and
X C R. Then the following hold:

1. TMFTP((t,R),T,P) = Pref(T) UTP
2. pMFTP((t,R),T,P)={(t,Z) | Z C R} U ¢P.
8. B(MFTP((t,R),T,P)) = B(P)Ul{events(u) | u € T}.
Proof. 1. By proposition 2.13(1),
TMFTP((t,R),T,P) = Pref(T)U Pref(t)U {to(a) |a€ (X - R)}UTP.

By a proof similar to that of part 1 of proposition 2.15 and since X C R, we
have that Pref(t) U {to(a)|a€ (¥ - R)} C7P.

2. The proof of this part follows by proposition 2.13(2).

3. By proposition 2.13(3), S(MFTP((t,R), T, P)) is given by:

B(P) U events(t) U (X — R) U U{events(u) lue T}

By a proof similar to that of part 3 of proposition 2.15 and since X C R, we
have that events(t) U (X — R) C B(P). O

2.11 Further consideration of parallel compo-
sition

In the traces and stable failures models, we almost always use a restricted

form of parallel composition, where processes (and sets of behaviours) have

to synchronize on at least those events in which they can both engage. The

following results concern the semantics of this restricted form of parallel
composition. In general, they will be appealed to implicitly when needed.
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2.11.1 Traces
Theorem 2.17. Let P, Q be processes and Y = aP NaQ. Then:

T(Plly Q) = {te(aPUaQ) |(3se€TP,ue Q) tfaP=s
AtlaQ = u}.

Proof. The proof in both directions proceeds by a straightforward induction
on the length of traces using PAl, the definition of ||y given in figure 2.2 and
the fact that:

e Ifa€Y thena € aP and a € aQ.

e If a ¢ Y then a cannot be in both aP and aQ.

2.11.2 Stable failures

A similar result is given here with respect to the stable failures of (syntactic)
parallel compositions. However, we first give a more generic result in terms
of parallel composition of sets of failures. This allows us to prove what we
need here and is also reused in chapter 3. Since alphabets are calculated
syntactically and so cannot be generated as such for an arbitrary set of
failures, R is used to capture the property of process alphabets which is
crucial here.

Definition 2.5. Let F be a set of stable failures. Then R(F) is the set of
all A C X such that

(t,R) e F= (t,RU(X — 4)) € F.

The following result shows that any parallel composition of subset-closed
sets of failures also enjoys the property of subset-closure.

Proposition 2.18. If F,, F, are subset-closed sets of stable failures and
Y C X, then F ||y F2 ts also subset-closed.

Proof. Let (t,R) € F1 ||y F2 and Z C R. We show that (¢.Z) € 1 |ly Fo.
By definition of ||y in section 2.4.2, there are (s,S) € F1, (u,U) € F such
that:

te(s|lyu), R=SUlUand S-Y=U-Y.

Let S =SNZandU'=UNZ. Then ' =Y = U’ — Y. Moreover, since
ZCSUU,S'ulU =(SNZ)u(UNnZ)=(SUU)NZ = Z. Hence, the only
thing left to prove is that (s, S’) € F and (u,U’) € F3, which follows by the
subset-closure of F, and Fs. O
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We now give the generic result, before using it to prove the final result
we want.

Proposition 2.19. Let F, F, be subset-closed sets of stable failures, A, €
R(F1), A2 € R(F,) and A\NAy =Y. Then:

f1||y.7:2 = {(t,SUUUZ)|Z§(E—(A1UA2))/\
(A(s,8) € F,(w,U) e R) te (s |y u) A
SCA ANUCA)}

Proof. (C) Let (t, R) € (F1 |ly F2). Moreover, let C = RN (A, UA,), D =
R — (A1 UA4;) and so C U D = R. By proposition 2.18, (t,C) € (F |y F2).
By definition of ||y in section 2.4.2, there are (s, S’) € F; and (u,U") € F,
such that:

te(s|lvu),C=5Ul'and '-Y =U"-Y.
The latter and A; N A2 =Y means that S'— A =U' — 4, and §' — 4, =
U — A,.

Let § = S — (A2 _Al) and U = U’ — (A1 "‘Ag) We have S - Al
and U C A; and, by the subset-closure of F; and %, (s,S) € F, and
(u,U) € F,. Hence, since D C (X — (A; U Aj)), the only thing to prove is
that S'UU’ = SUU. We have:

SUU = (S,—(Ag—Al))U(UI—(AI—Az))
= ('—-A)U(S'NANA)UU - 4)
U(U'N A NA;y)
= (S'—AQ)U(U’—AZ)U(S’ﬂAlﬂAg) U
(U —A)U(S"—A)UU NA NAY)
= S'UU".
(2) Let t, (s,5), (u,U), Z be as in the definition of X'. We have to show
that (¢, SUU U Z) € (F1 ||y F2), where ||y is as defined in section 2.4.2.
Let '=ZUSU(U-Y)and U'=ZUUU(S-Y). Since U C A, and
Y=ANA, (U-Y)NA = 2. Hence, (ZU((U —Y)) C (X - A;) and
so (s,S") € F1 by definition 2.5 and by the subset-closure of F;. Similarly,
(u,U") € F5. Moreover,

S'UU'=ZUuSu(U-Y)UZUUU(S-Y)=ZUSUU.

Hence, the only thing we need to show is that ' —Y = U’ — Y. In other
words, that

(ZUSUU-Y))-Y=(ZUuUU(S-Y))-Y
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which is equivalent to
ZU(S-Y)U(U-Y)=ZU(U-Y)U(S-Y)
which clearly holds. O

Theorem 2.20. Let P and Q be processes and Y = aP NaQ. Then:

o(Ply Q) = {(t,SUUUZ)|ZC (2~ (aPUaQ)) A
((3(s,5) € P, (v, U) € Q) t € (s [ly u) A
SCaP ANUCaQ)}

Proof. By the definition in figure 2.3, ¢(P ||y Q) = ¢P ||y ¢Q. By S¥3, ¢P
and ¢Q are both subset-closed. By PA2, aP € R(¢P) and aQ € R(¢Q).
The proof follows by proposition 2.19. O

2.12 Model-checking CSP

The tool FDR2 may be used to perform model-checking of CSP processes.
Specifically, we may check whether or not one process refines another in each
of the three semantic models, as well as performing checks for determinism,
deadlock-freedom and divergence-freedom. The tool takes as input a text
file containing process descriptions written in the machine-readable dialect
of CSP. (See [63] or the FDR2 manual ([64]) for details.) Any operators used
in this thesis to define processes to be supplied as input to FDR2 have a
direct counterpart in the machine-readable syntax.

2.12.1 Additional operators

There are two operators and one construct which are used in defining pro-
cesses in chapter 7 and appendix D which have not yet been introduced.
(Note that they are not used in any processes for which we have to derive a
formal semantics.)

if B then P else @) is the process which behaves like P if the boolean
expression B evaluates to true and otherwise behaves like Q. (In defining
boolean expressions, we use tests for equality, ==, tests for inequality, ! =,
and the connectives “and” and “or”.)

Where c is a channel and z is a variable, c?z — P(z) denotes the process
which waits for input on channel ¢; when it receives a value v on ¢, it then
proceeds to behave as P with v substituted for  in P. Due to the finiteness
of channel data types, c?z — P(z) may be represented as O, z¢qcC.2 = P(Z).
A more general version of this construct is also used, where data transfer can
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be in several directions at once. For example, where the type of channel ¢

is given by the types T3,...,Ts, and z; is a variable and v; € T; a concrete
value for 1 < 4,5 <5,

c?z1lvalv3?z4lus = P(z4, T4)

may be used to input values into the variables z, and z4 and to communicate
the concrete data values vo, v3 and vs: in such a data transfer, ? is used to
denote the input of a value into the variable immediately to its right; ! is used
to denote the communication or output of the concrete value immediately to
its right. c?z1!vylvz?z4'vs — P(z1,74) may be represented as:

Oz, eTy ecte (C-Z1.V2.V3.24.05 = P(z1,74)).

Note also that ! should only be used to the right of the first occurrence
of 7. Thus,

C.Ul.’UQ.’U3?IL‘4!U5 — P(:L‘4)
is the correct way to write the process which, on its first event, communicates
the concrete values v, vs, v3 and vs and reads data into the variable z4, while

clvylvglvs?z4lus — P(zy4)

is incorrect.
The other new construct used is the let.....within notation, used to make
definitions local to an expression. It is generally used in the following manner:

P(z,y,V) =
let P(v)=...

within P(V).

In such a case, we are effectively defining the process P(v), which will have v
initialised to V' and within which z and y are constants, for example channel
names. It allows us to easily define a family of processes which differ only in
the values stored by the constants z and y. (See chapter 7 for examples of
this.)

Further details on all of these language features can be found in [63)].

2.12.2 Channels and data types

The following are the constructs which we shall need to declare channels and
data types in FDR2. A channel ¢ with data type d is declared as follows:

channel ¢: d
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A set may be assigned an identifier as in the construct:
data = {0,1}

data is then regarded as a data type. The data type d which consists of
the product of the data types dy,d....,d, may be declared:

datatype d = dy.dy ... dn_1.d,,

Note also that d;.d>...d,_,.d, may be regarded itself as a data type.
Finally, the data type d which consists of the constants Cy,Cs,...,C, may
be declared:

datatype d=C; | Cy | ... | Cy

Note that none of the constants C; need exist prior to such a declaration.

2.12.3 Immediately diverging process

The immediately diverging process does not have a distinguished syntactic
representation in FDR2 and so we define DIV thus:

DIVZ X\ {a} where X=a-—X.

Processes which include DIV in their definition may still be treated as
guarded (even though the definition given here for it introduces hiding), since
we have a direct statement of its semantics and so may still regard it as a
syntactic constant.

2.13 Running example

We are now in a position to give a CSP rendering of the example processes
given in figure 1.1. They are used in the remainder of the thesis as an
ald to explanation. We assume that channels in, out, send and data all
communicate values from {0,1}; we also assume that all events which may
be communicated on channels in and out are finally visible. The specification
network from the figure, which we denote SpecNet, is defined as follows

SpecNet £ LeftSpec ®asena RightSpec
where
o LeftSpec = Oyeqo,1) (in.v = send.v — LeftSpec).

o RightSpec = Oycqo,1}(send.v — out.v = RightSpec).
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The specification network effectively functions, therefore, as a two-slot
buffer. The implementation network, ImpiNet, is defined as:

ImplNet £ LeftImpl ®(adatauaack) RightImpl

where

LeftImpl = Oye(o,1) (in.v — data.v — LI(v))
LI(z) = (ack.yes — LeftImpl) O (ack.no — data.z — LeftImpl)

and

RightImpl = Oye(o,1} (date.v — (RI(v) N RI'))
RI(z) = ack.yes — out.x — RightImpl

RI' = ack.no — Oweqo,1}(data.w — out.w — RightImpl).

Here, LeftImpl sends on the channel data the value it has just received;
in the event that a negative acknowledgement is subsequently received (i.e.
ack.no occurs) then the value is resent on data. The non-deterministic choice
operator in RightImpl is used to model the possibility that the message trans-
mission on data may be lost or corrupted: if it is lost or corrupted, then
RightImpl communicates the event ack.no and waits for the value to be re-
sent; otherwise it communicates ack.yes and outputs on the channel out the
value it has just received.



Chapter 3

Towards a theory of
refinement-after-hiding

In the papers [39], [40] and [12] one can observe the evolution of a notion of
refinement-after-hiding which has its roots in [49] and an attempt to present
a formal notion of what it means for one process to be a valid implemen-
tation of another when replication! is used as a reification technique. Two
main issues were raised on completion of the work in {12]. Firstly, the notion
of refinement-after-hiding presented there could not be used to verify compo-
sitionally that an implementation network refined a specification network in
terms of standard CSP refinement in anything other than the traces model.
Once failures were introduced, the refinement relation whose existence could
be proved was non-standard. Secondly, the conceptualisation of the existing
notion was based quite closely on the fault-tolerance mechanisms, such as
replication, which had inspired it originally. This had the effect that there
was no characterisation in the most general sense of what it meant to be a
notion of refinement-after-hiding. One of the major consequences of this was
that it was not clear which parts of the existing framework were absolutely
necessary and which could be dispensed with or altered.

The work in this chapter aims, therefore, to address each of these issues.
We take from [12] the most fundamental features of the treatment given
there. These are essentially the use of an interpretive mapping, along with
certain restrictions on the sets which may be hidden and on which paral-
lel composition may occur as we build our implementation networks (these
restrictions are stated in section 3.2.6). We then present a statement of
what it means to constitute a notion of refinement-after-hiding in a gen-
eral sense, along with a basic set of conditions on our interpretive mapping
which are sufficient to guarantee that it may be used as a basis for such a
notion. From these rather abstract conditions we derive in each of the three

1See [49] for a description of replication.

46
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semantic models a set of more detailed conditions which themselves define
a notion of refinement-after-hiding. At a stroke this generates a solution to
the problems encountered when working in models incorporating failures. It
also gave, among other things, a framework within which extensions and im-
provements to the work in {12] could be considered; this issue is discussed
at greater length in chapter 4, where such extensions and improvements are
presented.

3.1 The basic framework

We assume the existence of a semantic mapping,? A, from process denotations
to sets of behaviours or pairs of sets of behaviours as appropriate.® Intuitively,
A transforms an implementation process so that the resulting behaviours may
be compared directly with those of the specification.? It is best regarded as a
meta-mapping, representing all possible concrete mappings which we might
use in practice. We use @ 3% P to indicate that the process Q refines-
after-hiding the process P, under the mapping A, in the semantic model
X € {T, SF, FD} and define it as follows.

Definition 3.1. Q 3% P if and only if A([Q] ) is defined and M[Q],) C
[Plx-

Component processes will be placed in context to form a network and we
shall restrict the form of the contexts which may be used so that networks
may be built only from component processes and the hiding and parallel
composition operators. A (syntactic) context, Con, may be defined using
the following grammar, where V, Vi, V, represent process variables and A,Y
represent sets of events.®

2We choose to work with a semantic rather than a syntactic mapping for a number of
reasons. These are considered in chapter 5, in the context of a discussion of related work.

3The sets of behaviours returned will be traces, failures or divergences as appropriate.

4This implies that ) is an interpretive mapping which makes behaviours more abstract,
since “specification behaviours” are usually abstract and “implementation behaviours”
more concrete. However, there is nothing in the theory developed here which requires this
and so A may also be used to interpret abstract behaviours at a more concrete level: this
might be necessary if we wanted to show that a particular specification network refined
the corresponding implementation network in order to show that the two were equivalent.
As a result, it is perhaps best to view “implementations” as simply those processes which
are interpreted using A and “specifications” as those processes in whose behaviours we
check for containment of those interpreted “implementation” behaviours.

5Strictly speaking, brackets should also be placed around any parallel composition.
However, their absence will not cause us any problems in this chapter and so we omit
them for purposes of presentation. (Recall that the hiding operator is left-associative and
so it need not be bracketed.)
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Con=V\A | Vi|ly V2 | Con\A | Conl|lyCon | Con|yV | V|y Con.

In order to relate an implementation context to the corresponding spec-
ification context, we overload the mapping, A, and apply it to that imple-
mentation context. This means that A must be defined over contexts, which,
in turn, necessitates its definition over the parallel composition and hiding
operators. The effect of applying A to a context is defined recursively in
figure 3.1; for A,Y C X, A(\A) returns \B for some set of events B and
A(Jly) returns ||z for some set of events Z (we shall see in section 3.3 how to
characterize B and Z exactly).

Definition 3.2. Let A,Y C X. Then A(\A) =\B and A\(|ly) =||z, for some
B,ZC¥.

Effectively, A transforms a context by transforming in turn each operator
contained therein: more specifically, it transforms the set of events with which
the relevant operator is parameterized to reflect the fact that implementation
processes may be expressed at a different level of abstraction to specification
processes. Note that definition 3.2 defines A over both the syntactic and
semantic operators® of hiding and parallel composition, since the textual
representation of the syntactic version of either hiding or parallel composition
is the same as that of its semantic counterpart. Of course, we assume that
A applied to a syntactic operator returns a syntactic operator and A applied
to a semantic operator returns a semantic operator.

We introduce the notation Fuis to denote the set of finally visible events,
in which both implementation and specification processes may engage. In
order for 3% for X € {T,SF,FD} to constitute an acceptable notion of
refinement-after-hiding, the following condition must then be met, where
Finp and Fyp. — each containing n process variables — are implementation
and specification contexts respectively and Fype, = A(Fimpi); also, Q1, - . ., Qn
and P,,..., P, are processes.

Condition 1. If Q; 2% P; for1 <i < n and aFiup(Q1, Q2, - .., Qn) C Fuis,
then Rmpl(Ql; Q2) ] Qn) QX Fspec(Ph PZ’ LR Pn)

For 1 < i < n, Q; is a component implementation process and P; is the
corresponding component specification process. Finpi(Q1,Q2,...,Qn) then
gives an implementation network and Fype (P, Ps, ..., P,) the correspond-
ing specification network.” Intuitively, if the implementation network may

SRecall that syntactic operators take processes as arguments and semantic operators
take sets of behaviours or pairs of sets of behaviours as arguments.

"Note that we will use the generic term implementation process to refer to any Q €
Imp(Fimpi(Q1,Q2,...,Qn)). (Imp is defined in definition 2.3 in section 2.7.) What it
means to constitute an implementation process will be made more formal in section 3.2.
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AV \ 4) £ vV A(\A).
AW ly Va) 2 Vi Mly) Ve
A(Con \ A) £ X(Con) A(\A).

A(Con [ly Con) £ X(Con) A(lly) A(Con).

A(Con ||y V) £ M Con) M|ly) V.

lI>

A(V ||y Con) V A(lly) A(Con).

Figure 3.1: Defining A over contexts, where V,V;,V, are process variables
and A, Y C X

engage only in finally visible events then any external behaviour decomposi-
tion and/or relaxation of atomicity which was used in deriving Q; from P,
where 1 < i < n, has been hidden. This means that the implementation and
specification networks may be related using standard CSP refinement.

In view of condition 1, the main problem in defining a notion of refinement-
after-hiding in practice lies not in giving a general definition of A which has
the required properties.® Rather, it is to define equations on A such that
the property of condition 1 is met and our refinement-after-hiding relation
is as large as possible. This is another significant factor leading us to derive
a notion of refinement-after-hiding rather than building from the bottom up
a set of conditions which happen to imply condition 1.

We therefore need an appropriate high-level approximation of condition 1
which is as weak as possible and from which such a set of equations may
be derived. The conditions RAH1-3 given in figure 3.2 fulfil this role: by
theorem 3.1 below they are sufficient to imply condition 1, while imposing
few restrictions on A and so on any notion of refinement-after-hiding based
thereon.

Theorem 3.1. If conditions RAH1-3 hold of A, then condition 1 also holds.

Proof. Let Q1,...,Q, and Pi,..., P, be processes; let Fin, and F,,. be
contexts each containing n process variables such that A(Fimpt) = Fipec. We
assume @; J% P, for 1 < i <n —ie A([Qi]y) is defined and A([Q:i]x) €

8For example, the identity mapping would suffice here but would not give us any extra
power: in fact, in this case, our notion of refinement-after-hiding would be equivalent to
standard CSP refinement.



3.1. The basic framework 50

RAH1 If @ C Fuis then A([Q] ) is defined and A([Q] ) = [Q] «-

RAH2 If A\([Q]) is defined and A(\A) = \B, then A([Q \ A]y)
is defined and A([Q \ A] ) = M[Q]) \ B.

RAH3 If A([P]x), M[Q]y) are defined and A(||y) =||z then:
~M([P lly Q) is defined.
- AP lly @1x) = M[PIx) Iz M[@Q1x)

Figure 3.2: Conditions from which the theory will be derived, where P, @
are implementation processes, X € {T,SF,FD} and A, Y C X

[P]x — and aFinp(Q1,Qo, - .., Qrn) C Fuis. By induction on the number of
operators in Fj,; using conditions RAH2 and RAH3 and also the information
in figure 3.1, we have

M[Fimpt (@1, Q2, -+ Qn)lx) = Fopee (M[@1]x); M[ Q2D )5 - - -» A([@n] x))-

By inductive application of proposition 2.8,

FSPw()‘(l[Ql]]x)’ ’\([[Q2]]x)7 T ”\([Qn]!x)) c Fsm(‘[PI]]x’ I[P2]]x’ R |[Pn]x)-

By inductive application of proposition 2.1,

Faec([Pilx, [Pelxs - - [Pal x) = [Fopec(Pr Pos - -5 Ba)lx-
Hence, by RAH1,

I[Fimpl(QlyQZV- . ,Qn)]]x g l[FSPeC(PhPfZ"' ')Pn)]]X'

Comments on RAH1-3

The roles of the conditions RAH1-3 are made clear by their use in the proof
of theorem 3.1 and this proof also makes clear the role of the finally visible
events from Fvis. That RAH1-3 are stated in terms of equalities — for exam-
ple, we have A([Q\A] ) = M[Q] x)\B rather than A(JQ\A] x) € AM([Q]x)\B
— is crucial as we derive the theory which is presented in this chapter. How-
ever, the detailed conditions which form this theory are only sufficient in
general to imply versions of RAH2 and RAH3 with C substituted for =.
Were they to imply the original versions of these conditions, they would
place restrictions on A which would make it difficult to use in practice. This
is why condition 1 uses containment and refinement rather than equality and
equivalence. These issues are discussed at greater length at the appropriate
points below.
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3.1.1 Applying ) in the traces model

In general, we define the effect of applying A to a particular process deno-
tation in terms of applying it to the individual behaviours which constitute
that denotation. Since it is needed in the next section, we give here the
necessary definition for the traces model.

Definition 3.3. Let T be a set of traces and u a trace. If Mu) is defined,
then A(u) returns a trace. Moreover:

1. X(T) is defined if and only if A(t) is defined for everyt € T.
2. If X(T") is defined, \(T) £ {\(t) |t € T}.

We shall also require the monotonicity of ) defined over traces and the
fact that the domain of A over traces is prefix-closed:

TR-MONO  If A(t) and A(u) are defined and ¢ < u, then
Alt) < AMw).

PREF-CLOS If A(u) is defined and t < u, then A(t) is defined.

The fact of monotonicity means that receiving more information regard-
ing a particular implementation trace cannot reduce our knowledge about
the corresponding specification trace. Moreover, condition PREF-CLOS is a
natural requirement once we have assumed monotonicity. In the proofs of
results from this chapter, we sometimes have traces ¢, u such that A(u) is
defined, ¢t < u and we wish to show that A(t) < A(u). In order to do this,
it is necessary to appeal to both TR-MONO and PREF-CLOS. However, in
practice, we usually appeal explicitly only to TR-MONO and assume it is
understood that PREF-CLOS is also appealed to.

3.2 Sets used in the theory

This section introduces a number of different sets which will be used in the
derivation of the theory in this chapter, along with certain restrictions to be
placed on implementation networks if they are to be verified using refinement-
after-hiding. One of the most important of these sets is AllSet, a set of sets
of events: we shall require that all alphabets of implementation processes
used in this chapter are taken from AllSet and that any hiding operator used
to define an implementation context, Fj,,, must be parameterized by a set
from AllSet; we shall also impose a restriction on the parallel composition
to be used in building an implementation network from a set of component
processes, so that the composition always synchronizes on a set from AllSet.
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Further details on AllSet and on these restrictions are given in the remainder
of this section.

Before proceeding to the derivation of the theory proper, therefore, we
fix some notions regarding the nature of the sets we shall use. There are six
main sets which we shall need to deal with, two of which have already been
introduced. The sixth of these sets is introduced after the other five. (In
general, these should be viewed as meta sets, representing all possible such
sets with which we might work in practice.)

® Yimp, denoting the set of events in which implementation processes
may engage.

® Yspec, denoting the set of (specification) events which may be “engaged”
in by sets of behaviours produced by applying A to (the denotation of)
an implementation process.

e Fuis, denoting the set of finally visible events.

e AliSet, containing all possible sets with which we may parameterize
the hiding and parallel composition operators used to construct imple-
mentation networks. That we will restrict the sets with which these
operators may be parameterized reflects the approach of [12].

e BTrace, a non-empty finite® set of implementation traces such that A(t)
is defined for every ¢t € BTrace.

Intuitively, BTrace contains only implementation traces which may be
regarded as “atoms” or as indivisible in some sense: that is, implementa-
tion traces which it does not make sense to decompose further into sub-
traces.'® More specifically, we assume that each specification action in ¥,p.
may be implemented by a (finite) number of implementation traces and
that BTrace consists of exactly those traces. For example, send.0 from
the running example may be implemented by both (data.0, ack.yes) and
(data.0, ack.no, data.0) and both traces would be members of BTrace. It
does not make sense to decompose further into sub-traces these particular
implementation traces since it is not possible to decompose the high-level
action which they are being used to implement.

9Although the proofs of certain results in this chapter as they are presented at the
moment require the property of finiteness, it has been realised that they may be presented
in such a way that this property is not needed. In any case, the property of finiteness is
not needed at all as we prove the sufficiency as a notion of refinement-after-hiding of the
conditions which are derived in this chapter.
10Note, however, that we do not assume these traces to be “atomic” in the sense that
they will ezecute as indivisible entities: i.e. it is not the case that, when one “atom” is
executing, no others may be executing. In practice, they may be interleaved with each
other and with other traces not contained in BTrace.



3.2. Sets used in the theory 33

3.2.1 Ximp, Xspee and BTrace

For any implementation process (}, the possibility should exist that AM1Q)
is defined. In view of this and definition 3.3, Yimpt and X may be char-
acterised more formally as follows. (That Fuvis C Yimp in the following
definition reflects the intuition that implementation processes should be free
to engage in any of the finally visible events.)

Definition 3.4. We assume that Fvis C Yimpt C X, Fuis # @ and X, C L.
Moreover:

1. Bimp 2 U{events(t) | A(t) is defined} £ | J{events(t) | t € BTrace}.

2. Sopec £ U{events(A(t)) | A(t) is defined} 2 J{events(A()) | t €
BTrace}.

Conditions are also imposed on BTrace as part of this definition: namely
that the traces it contains cover exactly the events from X;n,, and, after the
application of A, exactly the events from X,,,.. We note that this definition
is consistent with the intuition given above with respect to the members of
BTrace. With respect to part 2 of the definition, we assume that, for every
a € Xype, there exists at least one trace, t, such that A(t) = (a): i.e. such
that ¢ implements a. By the intuition given above, BTrace would consist
of all such £.}! With respect to part 1 of the definition, we assume that all
traces which an implementation process may execute can be built in some
way from the “atoms” in BTrace and so the events of these “atoms” will give
exactly the events in X;,,. However, it must also be noted that definition
3.4 gives the only formal statement we have of the properties of BTrace —
other than the statement in the previous subsection that it is finite and that
A(t) is defined for every ¢ € BTrace — and so the intuition that it contains
only “atoms” is not recorded formally. In other words, this intuition plays
no role in this chapter in the derivation of conditions sufficient to define
a notion of refinement-after-hiding, nor does it appear in those conditions
themselves. In fact, it is used solely to justify (informally) the restrictions on
hiding and parallel composition which have been mentioned above and which
are imposed in section 3.2.6. Further consideration of the nature of BTrace
is given in section 3.7, once the theory has been presented in its entirety.

3.2.2 Considering AllSet

We now consider AllSet and its definition. In doing so, MinSet is introduced,
the sixth of the sets with which we will have to deal: X;,, may be partitioned

Gince we assumed above that each a € X, is implemented by a finite number of
traces and since X, is finite, then BTrace constructed in this way would also be finite.
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using the traces of BTrace as a basis and MinSet is defined as the set of sets
comprising this partition.

Definition 3.5. MinSet is a partition of Timp such that, if t,u € BTrace
and A, B € MinSet where A # B:

1. If events(t) N A # @, then events(t) C A.
2. If events(t) C A and events(u) C B, events(A(t)) N events(A(u)) = @.

The sets from MinSet essentially group together (the events from) the
traces from BTrace into disjoint sets, where the events from any particular
trace in BTrace are contained in only one of the sets. Moreover, the sets in
MinSet also enjoy a property of disjointness after applying A to the traces
from BTrace whose events they contain. Each set in AliSet is then defined
as the union of a number of sets from MinSet (although AliSet also contains
the empty set).

Definition 3.6. AlliSet £ {J X | X € P(MinSet)}.

By virtue of definitions 3.4 and 3.5, the events of each “atom” in BTrace
are totally contained in exactly one set from MinSet.'? Definition 3.6 then
means that, for each t € BTrace and A € AllSet, either events(t) C A or
events(t) N A = @. Due to the restrictions which are imposed on imple-
mentation processes and networks in section 3.2.6, the hiding and parallel
composition operators used to build implementation networks from compo-
nent implementation processes may be parameterized only with sets from
AllSet, which means that those operators will regard the traces from BTrace
as indivisible entities. That is, either all events from such a trace will be
hidden or none will; either we require synchronization in parallel on all the
events of such a trace or on none of them. In general, MinSet defines the
smallest sets which may be hidden or on which we may synchronize in parallel
while still regarding the traces from BTrace as indivisible.!3

In view of definition 3.6, A = |J,; 4; for any set A € AliSet, where I is
an indexing set into MinSet and so A; € MinSet for every 7 € I. In the event
that A = @, then I = &. Moreover, MinSet C AllSet and so A € AllSet
for any A € MinSet. The following notation, used to define the smallest set

2In terms of the running example, {data.0, data.1, ack.yes, ack.no} could constitute
a set from MinSet: this set contains all events from the atoms (data.0, ack.yes),
(data.1, ack.yes), (data.0, ack.no, data.0) and (data.1, ack.no, data.1).

13We have considered here only the consequences of the restriction imposed by definition
3.5(1). That we ignore definition 3.5(2) is simply because it may actually be derived as
part of the theory (see section 3.7). It appears as a definition rather than as a derived
theorem since the fact that it could be derived was realised only on a final revision of this
thesis.
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from AllSet in which another specified set is contained, will also prove useful.
(In respect of this, note that T, € AllSet by definitions 3.5 and 3.6.)

Definition 3.7. For X C X,,,, [[X]] denotes the smallest set A € AllSet
such that X C A.

When the notation [[X]] is used in what follows, we will only show explic-
itly that X C X, if it is not clear from the context that this is the case.
In respect of this, we observe that the following hold by definition 3.4.

o events(s) C Timp for s € BTrace.
o cvents(t) C L,y for any trace ¢ such that events(t) C Fuis.

o events(u) C Ty for any trace u such that A(u) is defined.

We also define the application of A to sets from AllSet. This will prove
to be useful when considering the effect of applying A to operators.

Definition 3.8. A\(A) £ J{events(A(t)) | t € BTrace A events(t) C A)}
for A € AllSet.

3.2.3 Implementation processes and process alphabets

The following definition is used to characterise implementation processes in
terms of Xipp.

Definition 3.9. Let QQ be a process. () is an implementation process if and
Only Zf rB(Q) g Zimpl-

In view of this, the following result is immediate.

Proposition 3.2. Let P, Q be implementation processes and A,Y C L.
Then:

1. P\ A is an implementation process.
2. P |ly Q is an implementation process.

Proposition 3.2 shows that, for an implementation context Fimp and com-
ponent implementation processes Q, . . ., @Qn, @ € Imp(Fimp(Q1, Q2, ..., Qx))
is also an implementation process. (Recall that the notation Imp is defined
in definition 2.3 in section 2.7.) The alphabet of any implementation process
is then defined as follows.
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Definition 3.10. Let Q be an implementation process. Then aQ £ [[8(Q)]]
and so a@ € AllSet.1

Since B(Q) C Xy for any implementation process @, then o is defined
for any such process. In the proofs of some of the results in this chapter, it
1s necessary to construct, using the definitions in section 2.10, processes Q’
which have a certain pre-defined semantics. All of these processes are such
that 8(Q') C X;mp and it will be clear from the relevant definitions that this is
the case. We will therefore regard them as implementation processes without
further comment and consider that a@)’ is defined for any such @’. Indeed, as
a general rule, definition 3.9 and proposition 3.2 regarding implementation
processes will only be appealed to implicitly in proofs of results from the
remainder of this chapter.

The following result shows that the alphabets of implementation pro-
cesses relate to those of their components in the way that we would expect
in view of the detail in figure 2.5, provided that the hiding and parallel com-
position operators used are parameterized with sets from AllSet. This latter
restriction will be imposed in general in section 3.2.6.

Proposition 3.3. Let P, Q be implementation processes and A,Y € AllSet.
1. a(P\ A) = (aP) — A.
2. (P |ly Q) = aPUaQ.

It is possible that we may have an implementation process () where
B(Q) € Zimpi, even though A([Q] ) is defined. This can arise due to the
use of parallel composition: for example, 3(P ||y P') = B(P) U B(P’), while
it is possible that (P ||y P') never engages in any events from B(P’') due to
the nature of P and the choice of Y. In such a case, in lieu of ), we would as-
sume the implementation process to be @\ Z, where Z = £ — (Z,,u N B(Q)).
All events in which @ may engage are contained in X,y since A([Q] ) is
defined (this will turn out to hold in general); moreover, all events in which
it may engage are also contained in B(Q). As a result, [Q], = [Q \ Z]y,
while IB(Q \ Z) - Zimpl-

3.2.4 Basic results regarding MinSet, AllSet and A

We are now able to give some basic results characterising the sets from
MinSet and AllSet and the application to them of A. The first reflects the

4That aQ for any implementation process Q is taken from AllSet reflects the approach
of [12]. Taken with restriction R2 from section 3.2.6 below, it means that any parallel
composition operator used to build an implementation network from component processes
must be parameterized by a set from AllSet (see proposition 3.11, also in section 3.2.6).
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fact that each set in AllSet is constructed from a number of sets in MinSet
and distinct sets in MinSet are disjoint.

Proposition 3.4. Let A € MinSet and B € AliSet be such that ANB # @.
Then A C B.

The following result shows a useful way of characterising any set from
AllSet.

Proposition 3.5. A = (J{events(t) | t € BTrace A events(t) C A} for
A € AllSet.

The next result shows that A distributes across the set union operator
when the latter is used to compose sets from MinSet.

Proposition 3.6. A(U;c; 4i) = U;er A(Ai), where I is an indezing set into
MinSet.

The following result shows that if we apply A to disjoint sets then the
results of that application are also disjoint.

Proposition 3.7. If AN A' =@ for A, A" € AliSet then A\(A)NA(4') = 2.

The next result shows that AllSet is closed under the application of the
set operators of subtraction, union and intersection; moreover, A distributes
across the same operators when they are applied to sets from AllSet.

Proposition 3.8. Let A, B € AllSet and ® € {—,U,N}. Then:
1. A® B € AllSet.
2. M(A® B) = \(A) @ A\(B).

This final result further characterises the relationship between Y5, Xgpec
and AllSet.

Proposition 3.9. The following hold:
1. Yimp € AllSet.

2. Yspec = UAeMinSet A(4).
3. For every A € AllSet, A C Tinp and A(A) C Xpec.
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3.2.5 Using [[X]] for X C &

The following result concerns the [[X]] notation, used to return the smallest

set A € AllSet such that X C A. It will usually be appealed to implicitly
whenever it is needed.

tmpl

Proposition 3.10. Let 4 € AliSet and R,S,X C ¥
1. If X C A then [[X]] C A.
2. [[RUS] = [[R]U[[S]).

impl -

3.2.6 Restrictions

In the remainder of this chapter, we impose the following restrictions on all
implementation networks Finn(Q,...,Qy), where Qy,...,Q, are compo-
nent implementation processes. (Recall that the notation Imp is defined in
definition 2.3 in section 2.7.)

R1 Let \ A be used in the definition of Fj,,. Then A € AliSet.
R2 Let (P ||y Q) € Imp(Fimp(Q1,--.,Qx)). Then Y = aP NaQ.

These are essentially the restrictions imposed in [12], although they are
not stated explicitly as such in that paper; similar restrictions are also im-
posed in [59], which presents an implementation relation that is effectively a
notion of refinement-after-hiding.! Condition R2 enforces the requirement
that the parallel composition operator used to build any implementation
network is that given by Tony Hoare in [31] and used in [12]. The following
important result follows from condition R2.

Proposition 3.11. Let Qy,...,Q, be component implementation processes
and Fippi(Q1, - - -, Qrn) an implementation network. Let ||y be such that it is
used in the definition of Fimp. ThenY € AllSet.

Condition R1 and the result from proposition 3.11 are essential for the
derivation of the theory presented in this chapter: their most immediate prac-
tical effect is that we are able to characterise exactly the result of applying A
to the hiding and parallel composition operators respectively (see theorems
3.16 and 3.17 in section 3.3). This characterisation then has far-reaching
implications in the remainder of the chapter (this issue is discussed further

15Note that R1 and R2 are restrictions only on the operators which are used to build
implementation networks from component implementation processes. They do not restrict
the nature of the operators which may be used to construct the component implementation
processes themselves.
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in section 3.7). Moreover, the restrictions imposed by R1 and proposition
3.11 make sense in practice, as has been discussed above: since the traces in
BTrace are to be regarded as atoms, then they should be treated as such by
hiding and parallel composition. (Recall that by definitions 3.5 and 3.6, for
any t € BTrace and A € AliSet, either events(t) C A or events(t)N A = @)

For example, consider the case that ¢ € BTrace is used to implement the
specification event a € X,,,. When hiding behaviours in any specification
process in which a appears, it is only possible to hide all of @ or to leave it
visible. Thus, it does not make sense to be able to hide a non-empty subset of
the events of ¢, as this could leave a partial implementation for a still-visible
a or a “dangling” partial implementation which no longer has a correspond-
ing specification event. Similarly, when composing specification processes in
parallel, it is only possible to either synchronize on all of a or not synchronize
on it at all. If we are able to synchronize on a non-empty subset of the events
of t, then we may end up with an implementation trace which is neither a
single execution of ¢ nor two interleaved executions of ¢: it is not clear how
this relates to what is possible for a in the specification (i.e. a single occur-
rence of a if we have to synchronize on it or two occurrences of a if we do not
have to synchronize on it). For example, the trace (data.0, ack.yes) is used
to implement send.0 in the running example. If we were to able to compose
two instances of (data.0, ack.yes) in parallel, synchronizing only on {data.0},
then the resulting trace would be (data.0, ack.yes, ack.yes). It would not
make much sense to view this as an implementation of (send.0, send.0) —
i.e. the composition in parallel of two instances of (send.0) when we do not
synchronize on {send.0} — but nor does it make sense to regard it as an
implementation of (send.0), which would arise if we did have to synchronize
on {send.0}.

We choose to impose condition R2 and then derive proposition 3.11 rather
than simply imposing directly the statement from the proposition because
R2 is useful in its own right. In particular, the semantic definition of parallel
composition in the stable failures model without the assumption of R2 is
difficult to work with; by virtue of R2 the definition becomes much more
tractable (see theorem 2.20 in chapter 2). In any case, R2 simply means we
work with the parallel composition operator which is defined in Hoare’s book
on CSP ([31]).

In the statement of the conditions RAH1-3 in figure 3.2, the only restric-
tion placed on the sets A and Y used there is that they should be subsets
of ¥. In view of R1, we impose the further restriction that A € AliSet for
the set A used in the statement of RAH2; in view of R2, we impose the
restriction that Y = aPNa@ in the statement of RAH3. We do this because
we wish RAH1-3 to be as weak as possible. These additional restrictions will
be reflected in the rendering of RAH1-3 as necessary in each of the three
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semantic models.

3.2.7 Finally visible events

We impose one extra condition on AllSet, in relation to finally visible events.
This reflects the intuition that, given an implementation process, it should
be possible to hide ezactly the finally invisible events, leaving visible exactly
those events from Fuis in which the process may engage.

HIDE-INVIS Let Q be an implementation process. If A([Q] ;) is
defined, there exists A € AllSet such that
o — A =a@Q N Fuis.

In view of this condition, we are able to derive the following result, namely
that Fvis is a set in AllSet.

Proposition 3.12. Fuvis € AllSet.

3.2.8 Summary

In the following sections, we present the derivation of the theory proper in all
three semantic models. In particular, the conditions RAH1-3 are rendered
in each of the semantic models and conditions are then derived which refer
to the effect of A defined over individual behaviours rather than over process
denotations as a whole. Before proceeding, we recall the sets which have
been introduced in this section.

® Y;np denotes the set of events in which implementation processes may
engage.

o Y,pec denotes the set of (specification) events which may be “engaged”
in by sets of behaviours produced by applying A to (the denotation of)
an implementation process.

e Fuis denotes the set of finally visible events.

e BTrace is a set of traces, each of which may be regarded as an “atom”
and so as an indivisible entity which may not be decomposed further
into sub-traces.

e MinSet is a set of sets of events. It partitions the events of ¥, in
such a way that, for each trace in BTrace, the events of that trace are
fully contained in one of the sets of the partition.
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e Each set in AliSet is the union of a number of sets from MinSet and,
in building implementation networks, we may only hide or compose in
parallel on members of this set. (Recall, though, that AliSet also con-
tains the empty set.) This essentially means that any set to be hidden
or synchronized on during parallel composition as we build implemen-
tation networks regards traces from BTrace as indivisible.

3.3 RAH1-3 in the traces model and applying
A to operators

As indicated above, we shall define our notion of refinement-after-hiding in
terms of the effect of applying A to individual behaviours. In order to move
towards that goal in the traces model, in this section we derive counterparts
to RAH1 and RAH2 which refer to individual traces in place of process deno-
tations. (It turns out that a counterpart to RAH3 is not needed.) These are
used in the next section to derive the final conditions defining refinement-
after-hiding in the traces model. In addition, we prove results which show
how to define exactly the result of applying A to the hiding and parallel
composition operators respectively.

As a first step, we render the conditions RAH1-3 in the traces model
(recall that the original statement of the conditions in figure 3.2 was param-
eterized by the variable X to denote one of the three semantic models; here
we substitute T for X). We also impose here the restrictions on hiding and
parallel composition that were introduced in section 3.2.6. This means that
any set to be hidden (from RAH2) will be taken from AllSet and any two
processes composed in parallel (in RAH3) must synchronize on the events in
the intersection of their respective alphabets. The new conditions, denoted
Til, T12 and Ti3, are given in figure 3.3. Using T1l and T12, we are able
to derive conditions RAH1-T and RAH2-T below which refer to the applica-
tion of A to individual traces rather than to process denotations as a whole.
There is no equivalent condition given in relation to parallel composition and
derived from T13, since we do not need such a condition in any of the proofs
which follow. This is not to say, however, that T13 is redundant, since it is
used in the proof of theorem 3.17 below and in the proof of a result from the
next section.

Theorem 3.13 (RAHL1-T). Let ¢ be a trace such that events(t) C Fuis.
Then A(t) is defined and A(t) =t.

Theorem 3.14. A({)) is defined and A({)) = ().

()=
Proof. Since events({)) = O, events(()) C Fuvis. The proof follows by
RaAH1-T. O



3.3. RAH1-3 in the traces model and applying X to operators 62

TI1 If a@ C Fuis, then A([Q] ;) is defined and A([Q] ;) = [Q] -

TI2 If A([Q],) is defined, A € AliSet and A(\A) = \B, then
A[Q\ Al ) is defined and A([Q@\ Al,) = A([Ql7) \ B.

TI3 If A([P]7), M[Q] ) are defined, Y = aP NaQ and A(]ly) =z,
then:

- X[P |ly Q1) is defined.
- M[P lly @17) = M[P]7) llz A([Q) 1)-

Figure 3.3: Rendering RAH1-3 in the traces model, where P and @ are
implementation processes

Theorem 3.15 (RAH2-T'). Lett be a trace and A € AllSet, where A\(\A) =
\B. If A(t) is defined, then:

o A(t\ A) is defined.

e \t\ A) =)\(¢)\B.

3.3.1 Applying A to operators

We now show how the application of A to operators is defined. Before pro-
ceeding, we first require a condition to reflect the intuition that mapped-to
sets of behaviours may only engage in events from X,,. and so mapped-to
operators should only be parameterised by subsets of X p.

Definition 3.11. By definition:
1. Let A(\A) = \B. Then B C X..
2. Let M|ly) =||z. Then Z C Xpec.

The following results play a crucial role in the remainder of this chapter
and also in general. For they tell us that, provided we use in practice only
sets which have the properties of those from AllSet, we have no discretion in
defining the effect of A applied to the operators we use.

Theorem 3.16. Let A € AllSet. Then A(\A) = \A(4).
Theorem 3.17. Let Y € AllSet. Then A(Jly) =llxy)-

When we appeal to RAH2-T in what follows, we shall implicitly use the-
orem 3.16 as well: that is, we shall use A(A) in place of B from RAH2-T.
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3.4 Sufficient conditions in the traces model

In this section, we present the sufficient conditions which must be met by our
mapping if it is to function as a basis for a notion of refinement-after-hiding
in the traces model. We will need the following additional results, which
concern the application of A to traces.

Theorem 3.18. Let A € MinSet be such that A C Fuvis. Let t be a trace
such that events(t) C A. Then A(t) is defined and A\(t) = t.

Proof. The proof is immediate by RAH1-T. O
Theorem 3.19. Let t o (a) be a trace such that a € A € MinSet.
1. A(t) and A((t o (a))[A) are defined if and only if A(t o (a)) is defined.

2. If Mt o (a)) is defined then A(t o (a)) = A() o, where the trace r is
such that:

(a) A((to (a))[A) = A(t[A) or.
(b) events(r) C A(A).

Figure 3.4 then presents those conditions which are sufficient to define a
notion of refinement-after-hiding in the traces model. Note the compositional
nature of the definition of A — encapsulated in conditions S5 and Ts4 —
which means that it need only be defined directly over sets from MinSet and
over traces t such that events(t) C A € MinSet.'®* One of the main roles
played by the sets in MinSet is illustrated by condition Ts4. By Ts4, we
define A\(t o (a)), where a € A € MinSet, in terms of A(t) and A((¢ o (a))[A).
In a sense, A((t o (a))[A) is a function from a trace, t[A, and an event, a, to
the trace extension r which is used in the statement of TS4. This means that
A tells us what we need to know of ¢ in order to determine the additional
information which is given to us by the occurrence of a after &.

A comment is also required with regard to condition S1(d) and what
it means to constitute an implementation process. In order to simplify the
proofs of results in the remainder of this chapter, S1(d) is only appealed to
implicitly whenever it is needed. In particular, for any implementation pro-
cess @ we will assume without further comment that 8(Q) C Xy, meaning
that [[8(Q)]] and so a@ are defined. Moreover, on the basis of proposition
3.2, it is implicit that any new process constructed from an implementation
process or processes using hiding and parallel composition will also be an
implementation process.

1SExamples given in chapter 4 show how we may then define in practice the result of
applying the mapping to such a trace ¢.
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S1

S2

S3
S4

S5

S6
S7

(a) BTrace is a non-empty set of traces such that A(t) is
defined for every ¢t € BTrace.

(b) Zimp and X,p. are as defined in definition 3.4.

() MinSet and AllSet are as defined in definitions 3.5
and 3.6.

(d) @ is an implementation process if and only if

/B(Q) g Zimpl-

If Q is an implementation process, then a@ £ [[8(Q)]]
and so a@) € AllSet.

Fuvis € AllSet and Fvis # @.

For A € MinSet,
MA) £ U{events(\(t)) | t € BTrace A events(t) C A)}.

Let A € AllSet be such that A = J;; A;, where [ is an
indexing set into MinSet. Then A(A) = U;c; A(As).

If A € AliSet, then A(\A) = \\(4).
If Y € AliSet, then A(||y) =||xw)-

(a) Conditions on sets.
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TS1

TS2

TS3

TS4

Let 7 be a set of traces and u a trace. If A\(u) is defined,
then A(u) returns a trace. Moreover:

— A(T) is defined if and only if A(t) is defined for every t € T.

— If \(T") is defined, A(T) £ {\(t) |t € T}.
Let t be a trace, A € MinSet such that events(t) C A C Fuis.
Then A(t) is defined and A(t) =t.

Let t o (a) be a trace such that a € A € MinSet. Then A(t)
and A\((to (a))[A) are defined if and only if A(t o (a)) is
defined.

Let to (a) be a trace such that a € A € MinSet. If A(t o (a))
is defined then A(t o (a)) = A(t) o r, where:

- AM(t o (a))[A) = A(t[A) or.

— events(r) C A(A).

(b) Conditions on traces

Figure 3.4: Sufficient conditions
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That the conditions in figure 3.4 are sufficient to define a notion of
refinement-after-hiding follows from theorem 3.20. In order to prove this
result, we use only the conditions S1-7 and Ts1-4 and no other results or
conditions which have already appeared in this chapter.!” To emphasise this
fact, some necessary supporting results which have already appeared are re-
stated and reproved (in the appendix) using only S1-7 and Tsl-4. Recall
also before we proceed that conditions R1 and R2 are imposed on any im-
plementation network Finn(Q1,Q2,--.,@x)-

Theorem 3.20. Let Fipy and Fype. be implementation and specification con-
texts respectively, containing n process variables, such that AM(Fimpt) = Fypec-
Let Q, . . . Qn be component implementation processes and Py, ..., P, be pro-
cesses. Assume that conditions S1-7 and TS1-4 from figure 8.4 all hold.
IfQ; 3% P, for 1 < i < n and aFippu(Q1,Q2,...,Qn) C Fuis, then
Fimpl(QlaQ%'":Qn) dr Fspec(P17P2a---aPn)-

3.4.1 Additional comments

Proposition A.15 in the appendix is weaker than its counterpart T13, since
the former uses set containment, C, in its statement while the latter uses
equality, =. The reason for this is the form taken by proposition A.12, which
effectively states that, where A(s) and A(u) are defined:

t€slly u= A(t) € A(s) ||z A(uw).

In other words, we are only able to prove that A(s ||y u) C A(s) ||z A(u)
rather than A(s ||y u) = A(s) ||z A(u). However, this limitation is a positive
benefit since the latter result would place requirements on A which are too
restrictive to be of use in practice. Consider the case that A is a mapping
which makes behaviours more abstract. For traces s, u, it may be that
s |lv u = @, while A(s) ||z Mu) # @ —ie A(s |ly u) # A(s) {lz AMu) —
for an otherwise sensible mapping A. For example, consider the traces s =
(data.0, ack.no, data.0) and u = (data.0, ack.yes) from the running example.
If we attempt to compose in parallel on Y = adate U cack, then s ||y v = @
and so A(s |ly u) = @. However, we would expect that A(s) = A(u) =
(send.0) (data retransmission always succeeds) and so A(s) ||z A(u) will be
non-empty whatever the value of Z. It is also difficult to avoid the fact in
general that A(v ||y w) C A(v) ||z A(w) for traces v, w when A is being used
to make behaviours more concrete.

17We do, however, assume that definitions 3.1, 3.2 and 3.7 still hold.
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3.5 The stable failures model

In our consideration of refinement-after-hiding in the stable failures model,
we assume that we work within the same framework of definitions and re-
strictions employed in the traces model. The only changes are the fact that
we now have to define A over process denotations in this new model and
also have to render RAH1-3 in this model. This means that all definitions,
conditions and restrictions which were stated in sections 3.1 and 3.2 are still
in force here. As a result, we may appeal here to any and all results proved
in those sections.

3.5.1 Applying A to process denotations in the stable
failures model

Consider an implementation process Q. In order to apply A to [Q]gr we
effectively apply it separately to 7Q) and ¢(Q). The necessary detail is given
in the following definition.

Definition 3.12. Let ) be an implementation process.
1. M[Q]sF) is defined if and only if A(TQ) is defined and A\(¢Q) is defined.

2. If M[Qlsr) is defined then A([Q]sp) 2 (A(rQ), A(¢Q)).

3. Let (t,R) be a failure. A(R,t) is defined if and only if R C Yimp and
A(t) is defined. If A\(R,t) is defined, then A(R,t) C X. Moreover:

(a) MN(#Q) is defined if and only if (RN aQ,t) is defined for every
(t, R) € 6Q.
(b) If \(¢#Q) is defined then:

AM¢Q) 2 {(A\#),X)| (3(t,R) € 4Q) RC aQ A
X CAR,1) U (Z - AeQ))}.

We present the definition of A here in terms of process denotations, rather
than in terms of arbitrary sets of behaviours as is done in definition 3.3, sim-
ply because we need to use the syntactic notion of an alphabet. In order
to compute A(¢Q), we apply A separately to the trace component and the
refusal component respectively of each of the failures (¢, R) € ¢Q such that
R C oQ. In actual fact, we apply A to each refusal/trace pair (R,t), since
what it means for a process to refuse a particular set of events may differ
according to the trace after which they are refused. In terms of the running
example, it would make no sense for LeftImpl to offer either ack.yes or ack.no
after the trace (in.0) — i.e. before it had attempted any communication
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along channel data — and so it should be perfectly acceptable for it to ex-
hibit the failure ((in.0), { ack.yes, ack.no}). However, were LeftImpl to refuse
{ack.yes, ack.no} after (in.0, data.0) then that would be more significant: it
would signify that the implementation process was refusing to progress its
implementation of send.0 and so we might need to refuse {send.0} at the
corresponding point in the specification. As a result, it may be necessary to
allow ¢ from any failure (¢, R) to influence what R is mapped to.

Only refusals contained in the alphabet of the process under consideration
have the mapping applied to them and we then close up the refusal sets
returned using ¥ — A(aQ)). This reflects the fact that our mapped-to set
of behaviours will only engage in events from A(aQ) — if events(t) C A
for A € AllSet then events(A(t)) C A(4) — and so may refuse all other
events. Note also that the failures of A(¢Q) are subset-closed. This plays
an important role in allowing RAH1 to be met in this model: if aQ C Fuis
then A(#Q) = ¢#Q and so A\(¢Q) must meet the consistency condition SF3,
requiring the subset-closure of failures.

We also impose some additional conditions on the mapping applied to
refusal /trace pairs. REF-MONO makes the mapping over refusal/trace pairs
monotonic in the refusal argument. REF-BOUND simply guarantees that, for
a failure (¢, R), A(R,t) is bounded according to the nature of ¢ and R; this
will prove to be useful in what follows. Note that A(R,t) is not required to
be defined in the statement of REF-MoNO. This is simply because, if A(S,t)
is defined and R C S, then A\(R,t) will be defined by definition 3.12(3).

REF-MONO  Let ¢ be a trace, R,S C ¥ and A(S,t) be defined.
If R C S then A(R,t) C A(S,t).

REF-BOUND Let t be a trace, R C X and A € AliSet be such
that A(A4) = B and A(R, t) is defined. If
events(t) U R C A, then A(R,t) C B.

3.5.2 Working in the stable failures model

We now render in the stable failures model the conditions RAH1-3, under
the restrictions on hiding and parallel composition that were introduced in
section 3.2.6. The new conditions, denoted SF11-3, are given in figure 3.5.
They may be used to show that the conditions T11-3 hold in this model.

Theorem 3.21. If conditions SFI1-3 hold then conditions T11-3 also hold.

Theorem 3.21 allows us to derive in the stable failures model all results
given in sections 3.3 and 3.4 and so means that we can appeal to them here.
Among other things, this means that we are able to reuse the conditions
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SFI1 If a@ C Fuis, then:
- XM[Q]sp) is defined.

- ’\([[Q]]SF) = [[Q]]SF'

SFI2 If A([Q]gp) is defined, A € AliSet and A(\A) = \B, then:
~ X[@Q\ A]gp) is defined

- M[Q\ 4lsr) = A[Qsr) \ B.
SFI3 If A\([Plgp), AM([Q]sp) are defined, Y = aP NaQ and

Allly) =llz, then:
- M[P |ly Qlsp) is defined.

- )‘([[P ”Y QIISF) = )‘([[P]]sp) |z )‘([[Q]ISF)-

Figure 3.5: Rendering RAH1-3 in the stable failures model, where P and @
are implementation processes

from figure 3.4 when stating conditions sufficient for refinement-after-hiding
in this model.

3.5.3 Parallel composition

In certain circumstances, for implementation processes P and @@ we shall
need to evaluate the result of composing A(¢P) in parallel with A(¢Q). The
following result lets us do that in terms of the alternative semantics of parallel
composition given in section 2.11. It will generally be appealed to implicitly
whenever it is needed.

Theorem 3.22. Let P and Q be implementation processes such that A\(¢P)
and A(¢Q) are defined. Let Y = aPNaQ and Z = X(Y). Then:

A@P) llz M(¢Q) = {(t,SUUUR)|RC (2 - (MaP)UA(aQ))) A
((3(s,S) € A(@P), (u,U) € A(8@Q)) t € (s ||z w) A
S C MaP) A UC AaQ))}.

3.5.4 From processes to individual behaviours

We now move on to to derive conditions governing the application of A to
individual refusal/trace pairs. In order to do this, we require equations gov-
erning the application of A to sets of failures rather than to complete process
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denotations. We therefore derive the following results, which effectively re-
cast conditions SF11-3 in terms of failures alone (these restatements also take
advantage of theorems 3.16 and 3.17).

Proposition 3.23. Let Q be an implementation process. If aQ C Fuis, then
A(@Q) is defined and A(¢Q) = ¢Q.

Proposition 3.24. Let Q) be an implementation process. If M[Qlgp) is
defined, A € AllSet and A\(A) = B, then:

1. Mo(Q\ A)) is defined.

2. A$(@\ 4)) = A(¢Q) \ B.

Proposition 3.25. Let P, Q be implementation processes. If M[Plgp),
M[Qlgr) are defined, Y = aPNaQ and A(Y) = Z, then:

1. M¢(P |ly Q) is defined.
2. M&(P lly @) = MéP) |1z A(¢Q)-

These results are used to derive conditions RAH1-SF, RAH2-SF and
RAH3-SF below, which are the counterparts at the level of refusal/trace
pairs of RAH1-3. RAH1-SF gives with regard to refusal/trace pairs the
standard result that A is the identity (in the refusal argument) where be-
haviours contained in Fuvis are concerned. RAH3-SF shows that A applied
to refusal/trace pairs enjoys a distributivity property with respect to set
union (by theorem 2.20, the effect of parallel composition on sets of refusals
is given by set union). RAH2-SF(1) ensures that an implementation failure
will be destroyed by hiding A only if the corresponding specification fail-
ure is destroyed by hiding A(A). RAH2-SF(2) will allow us to define A(R, t)
compositionally (for certain R,t) in terms of A(RNA’,t[A’) for A’ € MinSet.

Theorem 3.26 (RAHI1-SF). Let t be a trace and R C ¥ be such that
events(t) U R C Fuis. Then A(R,t) is defined and A\(R,t) = R.

Before giving the other two results, we make the following observation.
Let P be a process and (¢,X) € ¢P be refusal-maximal. Then, by PA2,
Y — aP C X. As a result, we may partition any such X into X N aP and
¥ — aP. We take advantage of this fact in the statement and proofs of the
following two results.

Theorem 3.27 (RAHS3-SF). Let P and Q be implementation processes
such that A([Plgp) and M([Q]sr) are defined. Let (s,SU(Z —aP)) € ¢P be
a refusal-mazimal failure such that S C aP. Let (u,U U (X — aQ)) € ¢Q be
a refusal-mazimal failure such that U C aQ). Moreover, let s,u be such that
s|ly u={t}, whereY = aPNaQ. Then A(SUU,t) = A(S,s) UA(U,u).
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Theorem 3.28 (RAH2-SF). Let P be an implementation process such that
M[P]gp) is defined. Let (t, RU(Z — aP)) € ¢P be a refusal-mazimal failure
such that R C oP. Let A € AllSet and A\(A) = B. Then:

1. If AC R then B C A(R,1).
2. M(R— A,t\ A) is defined and A\(R — A,t\ A) = A(R,t) — B.

In the proofs of RAH2-SF and RAH3-SF, we construct processes such that
the (refusal-maximal) failures given in the respective theorem statements are
mazimal in those constructed processes; moreover, it is also necessary that
A is defined over the denotation in the stable failures model of any such
constructed process. It is for this to be possible that the failures given in the
respective statements of RAH2-SF and RAH3-SF are required to be refusal-
maximal. Note also that RAH2-SF(2) contains a result on definedness; this
is simply to ease the proof of theorem 3.32(1) below. This is why RAH3-SF
lacks a similar result. In general, it is not necessary to deal explicitly in
such results with the definedness of ) over refusal/trace pairs, since this can
usually be established using definition 3.12(3) and results derived in previous
sections with respect to the traces model.

3.5.5 Sufficient conditions for refinement-after-hiding

Using conditions RAH1-SF, RAH2-SF and RAH3-SF, we are able to derive
conditions sufficient to define a notion of refinement-after-hiding. Theo-
rems 3.29 and 3.30 give conditions which must hold of A applied to re-
fusal/trace pairs at the level of MinSet. They are the counterparts at this
level of RAH1-SF and RAH2-SF(1) respectively.

Theorem 3.29. Let t be a trace, R C ¥ and A € MinSet be such that
events(t) UR C A C Fuis. Then A(R,t) is defined and A(R,t) = R.

Proof. The proof is immediate by RAH1-SF. O

Theorem 3.30. Let t be a trace such that events(t) C A € MinSet. If
A(A,t) is defined then A(A,t) = A(A).

Theorems 3.31 and 3.32 then give two different compositional rules with
respect to defining A\ over refusal/trace pairs. The requirement in each of
them that A(to{a)) is defined for every a in a certain set of events is essentially
the counterpart here to the requirement in RAH2-SF and RAH3-sF that the
failures under consideration are refusal-maximal. If (¢, RU (X — aP)) € ¢P
is refusal-maximal, where R C aP, then t o (a) € 7P for every a € aP — R.
Moreover, if A([P]gp) is defined then A(7P) is defined and so A(t o (a)) is
defined for every a € aP — R. In theorem 3.31, A plays the role of P while,
in theorem 3.32, it is played by [[events(t) U R]].
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SFS1 The conditions in definition 3.12 are assumed to hold.

SFS2 If events(t) U R C A C Fuis, then A(R,t) is defined and
AR, t) = R.
SFS3 If events(t) U R C A and A(R,t) is defined then
AR, t) C A(4).
SFS4 1If events(t) C A and A(A,t) is defined then A(4,t) = A(A).
SFS5 If A(S,¢) is defined and R C S, then A(R, ) C A(S, ).
SFS6 If A(R,t), A(S,t) are defined, events(t) URUS C A and
At o (a)) is defined for every a € (A— R)U (A - S)
then A(RU S,t) = A(R,t) U A(S, t).
SFS7 If A\(R,t) is defined and A(t o (a)) is defined for every
a € [[events(t) U R]] — R then:
- AMRN A't[A") is defined for every A’ € MinSet.
- A(R, t) = UAIEMIYISCt A(R n A,, t[A’).

Figure 3.6: Sufficient conditions in the stable failures model, where ¢ is a
trace, R,S C ¥ and A € MinSet

Theorem 3.31. Lett be a trace and R, S C ¥ be such that A(R, t), A(S,t) are
defined and events(t)URUS C A € MinSet. Moreover, assume that A(to(a))
is defined for every a € (A— R)U(A—S). Then A(RUS,t) = A(R,t)UA(S,1).

Theorem 3.32. Let t be a trace and R C ¥ such that A(R, 1) is defined and
At o (a)) is defined for every a € [[events(t) U R]] — R. Then:

1. M(RN A,t[A) is defined for every A € MinSet.
2. MR, t) = Uscpminses MEN A, t[A).

Figure 3.6 gives those conditions which, along with the conditions from
figure 3.4, are sufficient to define a notion of refinement-after-hiding in the
stable failures model. That this is the case is shown by theorem 3.33. Note
also that SFs3 from figure 3.6 is a restatement of REF-BOUND at the level
of sets from MinSet; moreover, SFS5 is simply REF-MONO. The part of
condition SFS7 — taken from theorem 3.32(1) — which refers to definedness
is not strictly necessary since it can be derived from other conditions in
figures 3.4 and 3.6. However, it is included because it makes certain of the
proofs more straightforward.
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Theorem 3.33. Let Fi,, and F,p, be implementation and specification
conterts respectively, containing n process variables, such that A(Fimp) =
Fipec. Let Q1. ..Qn be component implementation processes and Py, ..., P,
be processes. Assume that the conditions in figures 8.4 and 3.6 all hold.
If Qi 3¢ P for 1 < i < n and aFimp(Q1,Q,...,Q,) C Fuis, then
Fimpl(QlaQ27 s 7Qn) QSF Fspec(Pb P2, s 7Pn)-

3.5.6 Further comment regarding SFS4

Proposition A.28 in the appendix is weaker than its counterpart SFi2, since
the former uses set containment, C, in its statement while the latter uses
equality. This is for the following reason. It is possible to derive a version of
RAH2-sF(1) as follows:

A C R if and only if A(A) C A(R,1).

Had we proved this stronger version, then we could have derived a stronger
version of SFs4 as follows, where we assume that events(t)UR C A € MinSet
and A(R,t) is defined:

A(R,t) = M(A) if and only if R = A.

And had such a condition been given in figure 3.6, then it would have been
possible to prove a version of proposition A.28 which uses = in place of C and
so which is equivalent to SFi12. However, had we used the stronger version
of SFrs4, it would have placed restrictions on A which would have been too
restrictive to be of use in practice. In particular, the means given in chapter
4 to define A over refusal/trace pairs does not meet this condition. This is
because, in the approach from chapter 4, A(R,t) for events(t) UR C A €
MinSet such that A N Fvis = @ can only return & or A(A). Thus, it is
often the case that, in order to guarantee (an equivalent condition to) SFs6
is always met, A(R,t) = A(A) even though R C A.

3.5.7 A comment on process alphabets

By SFsl (definition 3.12(3b)), it can be seen that the value of A(¢Q) is
dependent on the value of Q. It may be the case that processes with the
same stable failures have different alphabets. However, the result of applying
A to the respective sets of stable failures will yield the same result whatever
the alphabet. This is illustrated by the following result.

Theorem 3.34. Let P and Q be implementation processes such that A(TP),
A(TQ) are defined and ¢P = ¢Q. Then A\(¢P) = A(4Q).
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We require here, for example, that A(7P) is defined rather than that
M[P]sp) or A(¢P) are defined, because the latter two can be reclaimed from
the former. Moreover, as is shown by proposition A.34, if A([P] pp) is defined
then A(7P) is also defined. This therefore makes clear the fact that theorem
3.34 is still valid in the failures divergences model: ie. if A([P]gp) and
AM[Ql zp) are defined and ¢P = ¢Q, then theorem 3.34 may be used to show
that A(¢P) = A\(¢Q).

3.6 The failures divergences model

We now move to consider the failures divergences model. The approach we
take here is different to that followed with regard to the other two semantic
models. In particular, our goal here is not to derive a theory as such. Rather,
it is simply to derive a condition or conditions which may be used to augment
those in figures 3.4 and 3.6 in order to define a notion of refinement-after-
hiding in the failures divergences model. As a result, we assume that all of
the conditions and restrictions imposed in section 3.5 still hold here. This
means we can assume that all of the results derived earlier with respect to
the stable failures and traces models still hold. The reason for this change of
approach is that, were we to render RAH1-3 in this model, it is not clear how
we would proceed. In sections 3.4 and 3.5, we relied on the fact that processes
could be constructed in which there was a unique maximal behaviour, as a
result of which an equality expressed in terms of process denotations — such
as that given by T12 — could be translated into an equality expressed in
terms of individual behaviours, such as RAH2-T. This is no longer possible
in the failures divergences model, partly because of the additional behaviours
which are automatically generated by the closure conditions FD4 and FD5
and partly because the immediately divergent process can no longer be used
to obscure failures as in the stable failures model. In relation to this latter
point, recall that the process constructions used in the derivations of RAH2-
SF and RAH3-SF in the previous section use extensively the fact that DIV
can be used to obscure failures in the stable failures model.

The definition of applying A to processes in the failures divergences model
is therefore given in terms of its application to stable failures and minimally
divergent traces (since mindP C 7P for any process P by MD, this means
that minimally divergent traces may effectively be treated in the same way
as non-divergent traces). In any case, this allows for a cleaner treatment
since, by Fp4 and FDS5, it is unlikely that A would be defined over all di-
vergent traces and with respect to all (non-stable) failures of any particular
implementation process.

Definition 3.13. Let QQ be an implementation process.
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FDI Let @ be an implementation process such that A([Q]zp) is
defined. Moreover, let A € AllSet where A(\A) = \B. Then

MIQ \ A] pp) is defined and AM([Q \ 4] zp) = Q) rp) \ B.

Figure 3.7: Rendering RAH2 in the failures divergences model

1. X([Qlpp) is defined if and only if A(¢.1Q) and A(6Q) are defined.

2. 11 MQlpp) is defined then A([Q]rp) 2 (A(61Q), A(3Q))-

8. A(0Q) is defined if and only if N(TQNSQ) is defined. If \(6Q) is defined,
then A(0Q) = {A\(t)ou |t € mindQ A uc x*}.18

4. M¢.Q) is defined if and only if M(#Q) and A(06Q) are defined. If
MoLQ) is defined, A($.Q) £ M¢Q)U{(t,R) [t € A(6Q) A RC X}

It turns out that we need only render RAH2 in this model and the rele-
vant condition, FDI, is given in figure 3.7. However, it is necessary to impose
the following additional condition.!®

SEQ Let...,t;,... be an w-sequence such that each A(¢;) is defined.
Then there exists a deterministic implementation process Q
such that 7Q = Pref({...,t,...}).

This reflects the intuition that any w-sequence with which we might have
to deal in practice may be generated by a syntactic term. That this condition
is rather strong and is simply imposed is not so significant now that we are
no longer aiming to derive a theory as such.

18Note that mindQ C (7Q N Q) by MD and since mindQ C 6Q; thus, A(mindQ) is
defined if A(7Q NdQ) is defined. We require that A(7Q NJQ) is defined rather than simply
that A(miné@) is defined because it allows us to infer the definedness of A(7Q) from
the definedness of A([Q]p) (see proposition A.34 in appendix A.5). This is necessary
if we are to define refinement-after-hiding in the failures divergences model using the
conditions and results presented with respect to the stable failures model. In any case,
minimally divergent traces are used here because the minimality property eases the proofs
significantly; in practice — i.e. if defining algorithms for verification over (variants of)
transition systems — we would work with 7Q) NdQ because of the difficulty of establishing
the minimality of any particular divergent trace and so would require A to be defined over
TQ N Q. The notion of definedness used in the failures divergences model in chapter 4 is
similar in that it, too, requires definedness over divergent traces to which the mapping is
not actually applied. Note that, by TR-MONO and the definition of A(6@Q), working with
7Q N JQ in place of mind@ would not alter the result of any verification.

19 .., t,...} is used to denote the set of traces which constitute the w-sequence

R TR
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FDS1 The conditions in definition 3.13 hold.

FDS2 Let A € MinSet. Let ... ,t,,... be an w-sequence such that .
A(t;) is defined and events(t;) C A for each t;. Then
.., A(t:), . .. is also an w-sequence. |

Figure 3.8: Sufficient conditions in the failures divergences model

Using F'DI and SEQ, we are able to derive the following result, which is the
only extra condition we need — other than those relating to the definition of A
applied to process denotations in this model — in order to define refinement-
after-hiding in the failures divergences model.

Theorem 3.35. Let A € MinSet. Let ... ,t;,... be an w-sequence such that
A(t;) is defined and events(t;) C A for each t;. Then ..., A(t;),... is also an
w-sequence.

This result is essentially used to guarantee that if a sequence of traces
in an implementation process may lead to the presence of divergence after
hiding then the corresponding sequence of traces in the specification process
will also give rise to divergence after hiding. Note again the fact that we
need only enforce the condition at the level of sets from MinSet.

The extra conditions from the failures divergences model are given in
figure 3.8. We are then able to prove that these conditions, along with those
used in the traces and stable failures models, are sufficient to define a notion
of refinement-after-hiding in this model. Note that, in the results used in the
proof of theorem 3.36, we sometimes introduce explicit specification processes
rather than dealing only with mapped-to sets of behaviours. This is intended
to simplify the presentation and to avoid the need to introduce additional
notation in order to extract the failures and divergences respectively of any
arbitrary failures/divergences pair. (Previously we avoided this problem by
proving separately results relating to traces and to stable failures; however,
it is not possible to separate the treatment of failures and divergences, due
to the way in which they are calculated.)

Theorem 3.36. Let Fip and Fype be implementation and specification con-
texts respectively, containing n process variables, such that A(Fimp) = Fypec-
Let Q,,...Qy be component implementation processes and Py, ..., P, be pro-
cesses. Assume that the conditions in figures 8.4, 3.6 and 3.8 all hold.
If Q,- Q'I\pD P,' for 1 <L 1 < n and aF,-mp,(Ql,Qg,...,Qn) g F‘U’I.S, then
Fimpi(Q1,Q2,- .., Qn) 37D Fopee(P1, P2, ..., Pr).
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3.7 Further consideration of BTrace and re-
lated issues

In this section, we revisit some of the issues which have been highlighted
through the course of this chapter, mainly in relation to BTrace and the
restrictions that are imposed on sets by R1 and R2.

3.7.1 The role of restriction R1 and proposition 3.11

In section 3.2.6, we impose restrictions R1 and R2 on the hiding and parallel
composition operators which may be used to build implementation networks
from component implementation processes. R2 is then used to derive propo-
sition 3.11 and both R1 and proposition 3.11 are of crucial importance in
the derivation of the theory which has been presented in this chapter.? We
here give further consideration to the roles which they play.

In the first instance, they allow us to characterise exactly the effect of
applying A to the hiding and parallel composition operators which may be
used to build implementation networks (see theorems 3.16 and 3.17). More
specifically, we are able to take advantage of the property that, for t € BTrace
and A € AllSet, either events(t) C A or events(t) N A = @ by definitions 3.5
and 3.6. This allows the resolution of unknowns in certain equations, which
then allows the use of those equations in the respective proofs of theorems
3.16 and 3.17. For example, RAH2-T states that A(t\ A) = A(¢) \ B for any
trace ¢t such that A(t) is defined and A € AllSet, where A(\A) = \B. In
this equation, there are two unknowns, namely A(t \ A) and B. If we take
t to be a member of BTrace, we can resolve A(t \ -1) into either A({)) = ()
or A(t) and so can derive useful results on the nature of B. This approach
is used in the proof of theorem 3.16, where we show that A(\4) = \A(A)
for A € AliSet. If it were possible for A to be an arbitrary set, then this
resolution of unknowns would not be possible. Similar comments apply with
respect to the use of T13 in the proof of theorem 3.17, which result shows
that A(|ly) =|[xy) for Y € AllSet.

The derivation of theorems 3.16 and 3.17 then has two main effects.
Firstly, theorem 3.16 allows us to translate condition RAH2-T which refers to
hiding into an equivalent condition which refers to projection: in other words,
we are able to derive that A(¢[A) = A(¢)[A(A) for trace t and A € AliSet (see
proposition A.3 in appendix A.3). This then lets us derive condition Ts4
from figure 3.4, which gives a straightforward, compositional way to define
the effect of A applied to traces. Secondly, theorems 3.16 and 3.17 allow us

20Recall that R1 and proposition 3.11 require that the hiding and parallel composition
operators which may be used to build implementation networks can be parameterized only
by sets from AllSet.
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to apply A to the operators of hiding and parallel composition in what is
effectively the same manner: we simply apply A to the set with which the
relevant operator is parameterized. This has the consequence that, in prov-
ing the sufficiency of the conditions from figure 3.4, condition TsS4 can be
used to define the effect of A when applied to traces generated using either
hiding or parallel composition. This is significant because Ts4 is derived
only from conditions — such as Ti12, RAH2-T and theorem 3.16 — which
refer to the interaction between A and the hiding operator: one would expect
that a similar condition would have to be derived from conditions like T13
which refer specifically to the parallel composition operator.

3.7.2 The role of BTrace

In section 3.2, a very specific intuition behind BTrace was presented, namely
that each specification action in ¥,,. may be implemented by a (finite)
number of implementation traces and that BTrace consists of exactly those
traces. Thereafter, BTrace is used in the definition of MinSet and so AllSet,
and so plays a role in restricting those sets which are candidates for AllSet.
Since implementation networks may be built using only hiding and parallel
composition operators which are parameterized with sets from AllSet, the
nature of BTrace plays a very significant role in determining the range of
systems to which the theory presented in this chapter might be applied.
There are, however, a number of comments to be made with regard to this.

Firstly, the intuition recalled above regarding the nature of BTrace is not
recorded formally anywhere and plays no role in this chapter in the derivation
of conditions sufficient to define a notion of refinement-after-hiding, nor does
it appear in those conditions themselves. Although we would expect the
intuition given to make sense in most cases where refinement-after-hiding
might be used, it does not limit the systems to which the theory might be
applied. Of course, we would still expect the traces contained in BTrace
to be “atoms” or indivisible to the extent that it would not make sense to
decompose them further into sub-traces, so that the restrictions imposed
by R1 and proposition 3.11 may still be justified. Furthermore, there is
no ezplicit counterpart to BTrace in the concrete notion of refinement-after-
hiding which is presented in chapter 4, although such a notion may sometimes
be used implicitly. The reasons for and consequences of this fact are discussed
more fully in that chapter, once the concrete notion has been presented. It
should be noted, however, that the absence of BTrace as an explicit notion
in practice does not indicate a mismatch with the theory, nor does it mean
that the sets in MinSet and AllSet could be made smaller in practice than is
possible in the theory: i.e. it does not mean that the restrictions on hiding
and parallel composition may be made lighter in practice.
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3.7.3 Deriving the statement in definition 3.5(2)

Definition 3.5 states that MinSet is a partition of X;mp, such that, if t,u €
BTrace and A, B € MinSet where A # B then:

1. If events(t) N A # &, then events(t) C A.
2. If events(t) C A and events(u) C B, events(A(t)) N events(A(u)) = @.

In section 3.2, we stated that definition 3.5(2) may actually be derived as
part of the theory, although this was realised only on a final revision of the
thesis. Here, we show how to do that using only results which do not use
definition 3.5(2) in their respective proofs.

Proposition 3.37. Let t,u € BTrace and A, B € MinSet, where A # B. If
events(t) C A and events(u) C B then events(A(t)) N events(A(u)) = 2.

Proof. By RAH2-T and theorem 3.16, A(t \ A) = A(¢) \ A(4) and A(u\
B) = A(u) \ A(B). Hence, events(A(t)) C A(A) and events(A(uw)) C A(B) by
theorem 3.14. We prove that events(A(t)) N events(A(u)) = @ by assuming
there exists a € events(A(t)) N events(A(u)). Hence, a € A(A). Again by
RAH2-T and theorem 3.16, A(u\ A) = A(u) \ A(4). Thus, A(u) \A(A) # A(u)
since a € A(u) N A(A) and so AMu \ A) # A(u). Hence, events(u) N A # @
and so AN B # @, which contradicts the fact that MinSet is a partition by
definition 3.5(1). O

We observe that three results are appealed to in the proof of proposition
3.37: RAH2-T and theorems 3.14 and 3.16, none of the proofs of which refer
to definition 3.5(2). The only derived results referred to in the proof of
RAH2-T are from chapter 2. The only derived results referred to in the proof
of theorem 3.16 are RAH2-T and theorem 3.14. Theorem 3.14 is a special
case of RAH1-T and that part of the proof of RAH1-T which deals with this
special case uses only a single derived result, from chapter 2. Hence, there
is no circularity involved in the use of these results to derive the condition
from definition 3.5(2).

3.8 Conclusion

Starting from a high-level statement of what it means to constitute a notion
of refinement-after-hiding, we have presented in each of the three semantic
models a set of conditions sufficient to define such a notion. Of particular
significance is the fact that we need define directly the result of applying the
mapping only at the level of sets from MinSet and any conditions imposed
on it are enforced at this level. This allows any mapping used in practice
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to be defined compositionally and so allows for reuse of predefined mapping
components. In the next chapter, we present a concrete notion of refinement-
after-hiding which may be used in practice and in the development of which
the conditions given here played a role. Since this was the intended purpose
of the work in this chapter, we postpone until then a detailed discussion of
its significance.



Chapter 4

A concrete notion of
refinement-after-hiding

We now move on to present a concrete notion of refinement-after-hiding which
may be used in practice. If we are to follow the template laid out in the
previous chapter, we need three main things in order to proceed:

e counterparts to the sets from MinSet and counterparts, at the level of
those sets, to the mapping defined over sets, traces and refusal/trace
pairs.

e a set of compositional rules to allow general definitions to be built up
from these component definitions.

e 3 structure within which these components can actually be defined.

The compositional rules used here are direct counterparts of S5 and Ts4
from figure 3.4 and SFs7 from figure 3.6. For the rest, we introduce the
notion of eztraction pattern.! An extraction pattern consists of a tuple and a
set of conditions imposed on the constituent elements of that tuple; the exact
nature of the tuple and these conditions depends on the semantic model in
which we are working.

We first introduce extraction patterns in the traces model. All of the
detail presented with respect to that model will continue to be relevant when
we consider the other two semantic models. In particular, this is true of
the detail on constructing a universe of extraction patterns, defining process
alphabets and considering implementation networks and contexts.

1Extraction patterns appear in [16,39,40] among other papers; the name refers to the
fact that they are used to “extract” specification behaviours from an implementation.
Modifications made here to the notation are explained and highlighted in section 4.8.

80
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EP1 A is a non-empty set of events, called the implementation
alphabet and B is a non-empty set of events called the
specification alphabet. Moreover, if AN Fvis # & then
A C Fuis.

EP2 © is a possibly empty set of events such that © C A.

EP3-T Dom is a non-empty, prefix-closed set of traces over the
implementation alphabet.

EP4 eztr is a strict, monotonic mapping defined for traces in
Dom; for every t € Dom, extr(t) is a trace over the
specification alphabet.

(a) General conditions.

If A C Fuis then:
EP1-FVI A=B.
EP3-FVI Dom = A*.
EP4-FVI If events(t) C A then extr(t) =t.

(b) Over finally visible events.

Figure 4.1: Conditions on extraction patterns.

4.1 Extraction patterns in the traces model

An eztraction pattern in the traces model is a tuple
ep 2 (A, B, O, Dom, extr)

satisfying the conditions given in figure 4.1. (We assume that Fuis still
denotes the set of finally visible events, as in the previous chapter.) The
conditions from figure 4.1(a) relate to extraction patterns in the general case.
EP3-T is used to denote the third condition there, rather than EP3, because
it will be superseded by a different condition when working in the stable
failures and failures divergences models. The conditions from figure 4.1(b)
relate to the specific case that the extraction pattern is being used to interpret
behaviours over finally visible events. They are labelled so as to relate each
one to the corresponding condition from figure 4.1(a). We now relate these
components and conditions to the sufficient conditions from the previous
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chapter where that is possible.?

The general case

The extraction pattern component A gives a set from MinSet, while B effec-
tively gives A(A). Moreover, eztr gives the mapping over traces from A*; it is
defined for all £ € Dom. The domain, Dom, of the mapping eztr is given ex-
plicitly because it is used as part of the condition of refinement-after-hiding
in all three semantic models. © is used as part of a condition relating to
traces which makes our refinement-after-hiding relation larger than it would
otherwise be: without it, it would be significantly more difficult to use the
relation successfully in practice. Both of these features are discussed further
where they are used.

Condition S4 from figure 3.4 implies that B should be fully characterised
by eztr and Dom in the following way:

B= U{events(eztr(t)) | t € Dom}.
By EP4, however, we may only infer that
U{events(extr(t)) |t € Dom} C B.

Similarly, we only have by EP3-T that | J{events(t) | t € Dom} C A rather
than | J{events(t) | t € Dom} = A. Proceeding in this way simply gives
greater flexibility and makes it easier to define these sets in practice: for
example, if every event from any trace ¢ over which eztr is defined occurs on
a channel b, it is easier to set A as ab even if not all of the events from ab
are used. Finally, the part of EP4 which states that eztr(t) is a trace over
the specification alphabet B is a counterpart to the second part of Ts4 in
figure 3.4.

The reader may observe that no explicit counterpart to BTrace is used
in the definition of the extraction pattern components A and B; moreover,
no such counterpart plays any role in the formal definition of the notion of
refinement-after-hiding which is presented in this chapter. The reasons for
this and other related issues are considered in section 4.7 at the end of the
chapter.

Finally visible events

Turning to figure 4.1(b), EP1-FV1 is a direct result of conditions S1(c) (def-
inition 3.5), S4 and Ts2 from figure 3.4. It is necessary because we state B

2Where this is not possible, it is generally the case that a feature which does not appear
in the theory has been introduced in order to make things work better in practice.
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EP-UNI1 Let ep, ep’ € EP be such that ep # ep’. Then
ep. ANep’ A= and ep.BNep’.B = 2.

EP-UNI2 Let a € Fuvis. Then there exists ep € EP such that
a € ep.A.

Figure 4.2: Considering the universe of extraction patterns

directly and do not give a means of deriving it from A. EP3-Fv1 recognises
the fact that, by Ts2, if events(t) C A and A C Fuis then eztr(t) is defined.
Ep4-Fv1 also comes from condition Ts2. Note that, for any extraction pat-
tern ep such that ep.A C Fvis, we may dispense with the component ©. The
reason for this will become clear when its role is discussed in section 4.2.

4.1.1 Universe of extraction patterns

During any verification procedure, we assume the existence of a universe of
extraction patterns, EP, containing all extraction patterns which may be
used in the current verification. We impose on this universe the conditions
Ep-UNil and Ep-UNi2 given in figure 4.2.3 That ep.ANep’.A = & in Ep-
UNI11 comes from S1(c) (definition 3.5) in figure 3.4; that ep.BNep'.B =@
comes from S1(c) (definition 3.5(2)) and S4. In the absence of an (explicitly
stated) equivalent notion to X;,,, EP-UNI2 essentially gives the fact that
Fuis C Zppi, as stated in S1(b)(definition 3.4).

EP may be used to define a counterpart to AllSet, as in the manner of
S1(c) (definition 3.6), which we shall call here ImplSet.

Definition 4.1. ImplSet £ {{JC | C € P({ep.A | ep € EP})}.

We shall also need the equivalent of A(A) for any A € ImplSet. We denote
this ertr*¢(A) and define it as follows.

Definition 4.2. Let A € ImplSet be such that A = |J;c; ep;-A, where I is
an indezing set into EP. Then extr®(A) £ U;c; ep;.B.

This effectively gives us the mapping applied to sets which is given in
condition S5. Finally, EP-UN12, definition 4.1 and EP1 effectively give a
counterpart to S3: i.e. Fuvis € ImplSet.

3Note that we use ep.A to denote the implementation alphabet, A, of the extraction
pattern ep. Similarly, we may refer to ep.B, ep.© and so on.
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4.1.2 Implementation and specification contexts

We again use Fj,, and Fp. to denote corresponding implementation and
specification contexts, each containing n free process variables, although they
are slightly different to those used in chapter 3. In particular, Fy,, may
be defined using only the network composition operator, ®y, where Y €
ImplSet.* Where V,,...,V, and Wy, ..., W, are free process variables:®

® Fimpt = (V1 ®y;, V2 ®y, ... ®v,_, Va)

A

L Fspec = (Wl ®Zl W2 ®22 ®Zn_1 Wn), where eztr’“(Y,-) = Z,' for
1<i<(n—-1).

Implicit in the definition of Fyp,. are the conditions S6 and S7 from
figure 3.4: we have mapped the operator we use by simply applying the nec-
essary mapping to the sets with which it is parameterised. Since Fj,, may
only be defined using network composition, as soon as two implementation
processes are composed in parallel during the construction of an implemen-
tation network, the set of events on which synchronization has occurred must
be hidden. This has two effects, both of which are necessary. The first is that
events may only be hidden after they have been synchronized on during par-
allel composition. This is relevant due to an issue raised when working with
traces. The second is that only fwo processes in a particular network may
synchronize on any particular set of events. The reason for this is bound up
with the way in which the mapping is applied to refusals in practice. These
issues are discussed further in sections 4.2 and 4.3 respectively.

4.1.3 Implementation processes and their interpreta-
tion
We define implementation processes as follows.

Definition 4.3. @ is an implementation process if and only if, for every
a € B(Q), there exists ep € EP such that a € ep.A.

This definition is a counterpart to S1(d) from figure 3.4 in the absence
of an equivalent notion to Xn,p; as in the case of S1(d), it will generally
be appealed to implicitly. The following result states that the composition
of any two implementation processes is also an implementation process and
may be proved easily using definition 4.3 and the detail in figure 2.5.

4That Y € ImpiSet does not pose a restriction in practice due to corollary 4.4 below
and the restriction REP1 which is imposed on implementation networks in section 4.1.6.

5For the purposes of presentation, we have not bracketed here the expressions denoting
the two contexts. In general, however, this would be necessary because of the fact that
network composition, like parallel composition, is not associative.
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TR-GLOBAL1 Domgp() is the set of t € (A, U...U Ap)*
such that t[A; € Dom; for 1 < i < m.

TR-GLOBAL2 - eztrgpig({)) 2 ().

— Let to(a) € Domgp(g) be such that a € A;
for ep; € EP(Q). Then
eztr gp()(t o (a)) £ eztrgp(q)(t) o u, where u
is such that extr;(t[A4; o (a)) = eztr;(t[A;) o u.

Figure 4.3: Global definitions in the traces model, where @ is an implemen-
tation process

Proposition 4.1. Let P, Q) be implementation processes and Y C ¥. Then
P ®y @ is also an implementation process.

For any implementation process, (), we shall need a set of extraction
patterns with which to interpret its behaviour. For such a process ) we shall
denote this set EP(Q), defined as follows.®

Definition 4.4. EP(Q) 2 {ep € EP | ep.AN B(Q) # @}.

For every event a in which ) may engage, there will therefore be ep €
EP(Q) such that a € ep.A. We assume throughout this chapter and chapter
6 that m gives the cardinality of EP(Q) and EP(Q) = {ep; | 1 < i <m} (m
gives this cardinality only for implementation processes with the label Q).
Moreover, the various components of the extraction patterns in EP(Q) can
be subscripted to avoid ambiguity, giving ep; = (A, B;, ©;, Dom;, extr;) for
ep; € EP(Q). We then lift some of the notions introduced with respect to
individual extraction patterns to the set EP(Q). These are given in figure 4.3.
TR-GLOBALL is similar in character to Ts3 from figure 3.4 and describes
a domain of traces Domgp(g). TR-GLOBAL2 is a counterpart to Ts4 and
describes a mapping eztrgp(g) which is defined for all traces in Domgp(q).

4.1.4 Process alphabets
For any implementation process, @, the alphabet of @ is defined as follows.

Definition 4.5. a@Q = |J{4: | ep; € EP(Q)}.

51t can be seen that EP(Q) depends on the syntactic form of Q; as in the previous
chapter, however, the outcome of any verification will be the same for two processes with
the same denotation.
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In view of definitions 4.4 and 4.1, this definition effectively gives S2 from

figure 3.4. The following important result is easy to prove using definitions
4.3, 4.4 and 4.5.

Proposition 4.2. If Q is an implementation process then 5(Q) C aQ.

Since the network composition operator is used only in a restricted way in
the building of implementation networks — which restriction is imposed in
section 4.1.6 as REP1 — we are able to show, among other things, that EP(Q)
is effectively defined compositionally (proposition 4.5) and aQ behaves in the
way one would expect according to the detail in figure 2.5 (proposition 4.6).

Proposition 4.3. Let P, Q be implementation processes and Y = aPNaQ.
Then Y =J{A: | ep; € EP(P)N EP(Q)}.

Corollary 4.4. Let P, Q be implementation processes. Then aP N aQ €
ImplSet.

Proposition 4.5. Let P, Q) be implementation processes and Y = aPNaQ.
Then EP(P ®y Q) = (EP(P)U EP(Q)) — (EP(P) N EP(Q)).

Proposition 4.6. Let P, Q be implementation processes and Y = aPNaQ.
Then a(P ®y Q) = (aP U aQ) — (aP NaQ).

4.1.5 Communication capabilities

We shall also need an additional notion relating to the sets of events in
which any implementation process ¢ may engage, which will be used to
restrict the nature of compositions which can occur. For any ep; € EP(Q),
we identify the communication capability of Q with respect to A;, given by
Comm(A;, Q), as either Left or Right. We will then require that two processes
may synchronize on A; only if it is labelled as Left in one and Right in the
other. Further discussion of what this labelling actually means and is used
for appears in sections 4.2 and 4.3.7

It is also necessary to define Comm compositionally with respect to the
network composition operator (that we refer in this definition only to extrac-
tion patterns in EP(P)—EP(Q) and EP(Q)— EP(P) follows from proposition
4.5).

Definition 4.6. Let P, QQ be implementation processes and Y = aP N aQ).

"The designation of a set of events as either Left or Right with respect to a particular
process is arbitrary to an extent. However, extraction pattern components whose use in
defining refinement-after-hiding is dependent on this designation must be defined with it
in mind. This applies to © and ref, the latter being introduced in section 4.3.
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1. Let ep; € EP(P) — EP(Q). Then
Comm(A;, P ®y Q) £ Comm(A;, P).

2. Let ep; € EP(Q) — EP(P). Then
Comm(4;, P ®y Q) £ Comm(4;,Q).

4.1.6 Restrictions on implementation networks

Where @,...,Qy, are component implementation processes, the following
restrictions are imposed on any implementation network Fimp(Q1,...,Qn).
(Recall that the notation Imp is defined in definition 2.3 in section 2.7.)

REP1 Let (P ®y Q) € Imp(Fimp(Q1, .., @n)). Then ¥ = aP N aQ.

REP2 Let (P Q®y Q) € Imp(Fimu(Q1,...,Qx)) and ep; € EP(P)N EP(Q).
Then Comm(A;, P) # Comm(A4;, Q).

Condition REP1 is similar to R2 from chapter 3. REP2 is imposed for
reasons bound up with the way in which the mapping is applied in practice to
sets of refusals (see section 4.3 for further details), although it is also used in
part of the condition for defining refinement-after-hiding in the traces model.

4.1.7 Extraction pattern for running example

We show here how we may construct an extraction pattern, ep,, to interpret
in the traces model the behaviours of the processes LeftImpl and RightImpl
from figure 1.1.8 We first assume Comm(adataUaack, LeftImpl) = Left and
Comm(adata U cack, RightImpl) = Right. We also define:

Complete = {(data.0, ack.yes), (data.0, ack.no, data.0),
(data.1, ack.yes), (data.1, ack.no, data.1)}*.

The components of ep, = (Aack, Backs Oack, DOMack, eTtracx) are then
defined as follows:

o A, = adata U aack.

e By = asend.

8We do not explicitly give an extraction pattern to interpret the behaviours over chan-
nels in and out, since ainUaout C Fyis and so the relevant structures may be constructed
from the conditions in figure 4.1(b) and the fact that the © component is null in such cases.
In any case, when we come to consider automatic verification in chapter 6, we need never
explicitly construct such extraction patterns.
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® O, = @ (the reason for this choice is explained in section 4.2).

® Domgg = Pref (Complete).

extrqcr is defined as follows, where ¢ € Complete and t o u € Dom:

() iftou=()
extrqoa(t) o (send.v)  if u = (data.v, ack.yes)

or u = (data.v, ack.no, data.v)
ezt gk (1) otherwise

extroex(tou) =

Here, intuitively, (send.0) may be implemented by two sequences of com-
munications: (data.0, ack.yes) and (data.0, ack.no, data.0) (and similarly for
(send.1)).

4.2 Refinement-after-hiding in the traces mo-
del

We now move on to consider refinement-after-hiding proper in the traces mo-
del. The way in which processes are interpreted in this model is virtually
the same as in the previous chapter. However, there is one significant dif-
ference. In chapter 3, A([Q];) was defined if and only A(t) was defined for
every t € 7Q and verification could only proceed in the event that A([Q] )
was actually defined. Here, a less restrictive approach is taken.

4.2.1 Introducing a rely-guarantee condition

In order to explain this change of approach, consider RightImpl from the
running example. In particular, we observe that RightImpl may engage in
the trace (data.0, ack.no, data.1): this trace may arise when a communi-
cation on channel data has been lost — hence the receipt of the negative
acknowledgement — and RightImpl is ready to receive a retransmission of
the data.® Since RightImpl should not know anything of the content of the
failed transmission, then it must be ready to receive any possible retrans-
mission: i.e. either data.0 or data.l. However, (data.0, ack.no, data.1) is
not a member of Dom,g (see definition in section 4.1.7), since it is not
clear what such a trace should be intended to implement. This means that
extr, is not defined for (data.0, ack.no, data.1) and so, by TR-GLOBALZ2,
eTtr Ep(Rightimpr) 1S DOt defined for that trace either. Yet LeftImpl can never

9See process definitions in section 2.13.
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perform a trace of which (data.0, ack.no, data.1) is a sub-trace and so all
such “problem” traces from RightImpl will disappear after composition with
LeftImpl (recall that LeftImpl and RightImpl synchronize on A, = adataU
aack). Moreover, LeftImpl ® 4., RightImpl is a correct implementation of
LeftSpec ®p,,, RightSpec, even though ertr gp(pightimpr) is not defined over ev-
ery trace of RightImpl. Thus, we shall allow an implementation process @ to
engage in behaviours which are outside of the domain Domgp(g), provided
that composition with suitable implementation processes would remove these
problem behaviours.!® The extraction pattern components ©; and Dom; and
the notation Comm(A4;, Q) for ep, € EP(Q) are used for this purpose.

If Comm(A;, Q) = Left, then ©; denotes those actions from A; on which
@ may go outside of the domain Dom;. If Comm(A;, Q) = Right, then
(A; — ©;) denotes the actions from A; on which @ may go outside of the
domain Dom,;. If implementation processes P and () are composed during the
building of an implementation network then Comm(A;, P) # Comm(A;, Q)
for ep, € EP(P)N EP(Q), because of condition REP2. This means that the
traces of P and @ respectively may move outside of Dom; only on different
events. As a result, composition will remove all behaviours which move
outside of the domain on any of the events from A; for ep; € EP(P)NEP(Q):
i.e. it will remove all behaviours which move outside of the domain on events
on which we have to synchronize during the composition. Projgp(g), from the
following definition, is used to give the set of actions from the entire process
@ on which we may legitimately move outside of the domain Domgp(g).

Definition 4.7. The following hold by definition, where Q) is an implemen-
tation process and ep; € EP(Q):

1. If A; C Fuis then Proj, 2 @.
9. If A, ( Fuis = @,

{ @,’ lf Comm(Ag,Q) = Left

Proj; 46 if Comm(A;, Q) = Right

8. Proj gpiqy = U{Proj; | ep; € EP(Q)}.

1ONote that a single composition need not remove all non-domain behaviours; however,
all such behaviours will have been removed by the time that the implementation network
under consideration engages only in finally visible events. Note also that the use of the
network composition operator — instead of allowing the separate application of hiding
and parallel composition — means a particular set of events can only be hidden after we
have composed in parallel on them: this is necessary in order to make the proofs work in
this section now that behaviours need not be contained in Dom gp(q).



4.2. Refinement-after-hiding in the traces model 90

Dom-T-check If t[ Projgp(q) € (Domgp(q)[ Projgp(q)) for t € TQ
then ¢ € Domgp(g).

Figure 4.4: A rely-guarantee condition in the traces model, where @ is an
implementation process

Condition Dom-T-check from figure 4.4 is then imposed on implementa-
tion processes; it is essentially a rely-guarantee condition in the sense of [18].
Provided that it holds of an implementation process @, if we can rely on the
fact that a particular trace ¢ € 7Q) does not stray outside of Domgp(g) on
the set of events on which it is allowed to, then we can guarantee that t is a
member of the domain Domgp(g). By definition 4.7(1), we are able to ignore
events from Fvis when considering Dom-T-check: this is acceptable because,
by EP3-Fvi, ep.Dom = (ep.A)* if ep.A C Fuis.

If we return to the running example, we have that O, = @. Since
Comm (Aqck, LeftImpl) = Left, then Proj gp(pequmpry is given by & (recall that
ain C Fuis). Thus, Dom-T-check for LeftImpl becomes:

o If () € {()} for t € TLeftImpl, then t € Domgp(Lefirmpi)-

In other words, every trace of LeftImpl has to be in Domgp(restimpr)
and this does, in fact, hold. Since Comm(Ayck, RightImpl) = Right, then
Proj gp(pightrmpt)) 18 given by Asck — Oack = Agcr (recall that aout C Fuis)
and so Dom-T-check for RightImpl becomes:

o If trAack € (DomEp(R,'gm[mpl)l-Aack) = Domge for t € TRightImpl, then
t € Domgp(Rightimpl)-

This holds trivially by EP3-Fv1 and TR-GLOBALL and so Dom-T-check
places no restriction at all on RightImpl. Because Dom-T-check requires
that ¢t € Domgp(Leimpt) for every t € 7LeftImpl, then t[Aser € Domgy for
all such ¢ by TR-GLOBALL. Thus, for u € TRightImpl, we need not require
that u € Domgp(Rightimpry — i.€. that u[Agek € Domgex — because no u for
which this does not hold will be able to synchronize in parallel with any trace
from LeftImpl and so any u for which it does not hold will be destroyed by
composition with LeftImpl.

In general, Dom-T-check makes our notion of refinement-after-hiding
larger than it would otherwise be: without it, we might dismiss component
processes such as RightImpl as being incorrect, even though they may be used
to build networks which are themselves correct. It is of most importance with
respect to the input channels of any implementation process @, which may
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be ready to receive all possible values that they can communicate, while
Domgp(g) may not permit this."! This is acceptable in practice provided
that the correponding output channel — to which the input channel will be
connected — may only engage in the allowed behaviours. In such a situation,
if Comm(A;, Q) = Left for ep; € EP(Q) such that 4; N Fvis = &, we may
define ©; to be the set of all input events from Q which are contained within
A;. Thus, Dom-T-check will allow @) to move outside the domain Dom EP(Q)
on the events in ©;, while any process, P, with which () might be composed
would be allowed to move outside its domain on events in A; — 6;.12 If
Comm(A;, Q) = Right, then we could define ©; to be such that A; — ©; was
the set of all input events from ) which are contained within A;: i.e. ©;
would be the set of all output events contained within A;. Note, however,
that we do not define O, to be aack, even though ack is an input channel
in LeftImpl and Comm(Agck, LeftImpl) = Left: this is because RightImpl
fails to meet Dom-T-check when ©,, = aack.

4.2.2 Defining refinement-after-hiding

The use of Dom-T-check means that, when we interpret the traces of an
implementation process @), we refer only to those which are also contained in
Domgp(g) and these are given using the notation Tp,m EP(Q)Q. (The following
definition will generally be appealed to implicitly in proofs of results from
this chapter.)

Definition 4.8. Tpom,q,@ = 7Q N Domgp(q)-

The mapping eztrgp(q) is then overloaded to apply it to process denota-
tions in the traces model and the fact that @ refines-after-hiding P in the
traces model according to the set of extraction patterns EP(Q) is denoted
as @ Q?P(Q) P. Condition TR-DEF1 from figure 4.5 shows how we interpret
process denotations in the traces model and TR-DEF2 shows how refinement-
after-hiding is defined here. Note that neither of these conditions contain any
reference to the issue of definedness. Where @ is an implementation process,
extrgp(g)(t) is always defined for ¢ € TDom gpiqy@ by definition 4.8 and so
extr gp(g)(TQ) is always defined by TR-DEFI.

Using these conditions, we are able to show that Q?P(Q) does indeed con-
stitute a valid notion of refinement-after-hiding (see theorem 4.8). (Theorem
4.7 shows that we have generalised standard CSP refinement in the traces
model, under the assumption that a@) contains only finally visible events.)

1 This is the problem faced by RightImpl with respect to the channel data and the trace
(data.0, ack.no, data.1).

12The events from ©; would occur on output channels in P; the events from A4; — O;
would occur on output channels in ¢ and so on input channels in P.



4.3. Extraction patterns in the stable failures model 92

TR-DEF1  eztrep(q)(7Q) 2 {extrepg)(t) | t € Tpomgpiq, @}

TR-DEF2 Q 3779 P if and only if eztrgp(g)(rQ) C 7P and Q
meets Dom-T-check.

Figure 4.5: Defining refinement-after-hiding in the traces model, where Q is
an implementation process and P is a process

Recall also before we proceed that conditions REP1 and REP2 are imposed
on any implementation network Fimpn(Q1, @2, .-, Qn)-

Theorem 4.7. Let Q be an implementation process such that aQ C Fuis
and let P be a process. Then Q Q?P(Q) P if and only if Q Jr P.

Theorem 4.8. Let Fipp and Fype. be implementation and specification con-
texts respectively, as defined in section 4.1.2. Let Q,,...Qn, be component
implementation processes and Py, ..., P, be processes. If Q; Qip(o‘) P; for
1<i<n and aFimu(Q1,Q2, . ..,Qn) C Fuis, then

Fimpi(Q1,Q2,- .., @Qn) 2T Fopee(P1, P, ..., Py).

4.3 Extraction patterns in the stable failures
model

We now move on to consider the stable failures model and the notion of
extraction pattern which must be used there. An extraction pattern in the
stable failures model is a tuple

ep = (A, B, O, dom, extr, ref),

where the component dom replaces Dom and we add the component ref. All
conditions from figure 4.1 are assumed to hold as before, except that Ep3-
SF from figure 4.6 is used instead of EP3-T from figure 4.1; note, however,
that EP3-SF implies EP3-T. Moreover, we assume that Pref(dom) returns
the original Dom used in the traces model; in other words, we start with
Dom and construct dom such that dom C Dom and, for every ¢ € Dom,
there exists £ < u € dom. In addition, conditions EP3A-FvI and EP5 from
figure 4.6 are also imposed.

Neither dom nor ref are features of the theory from the previous chapter
and both are introduced for the purposes of mapping refusal/trace pairs in
practice. dom denotes those traces from Dom which are “complete” in some
sense, while ref effectively defines a set of upper bounds on the refusals which
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EP3-SF dom is a non-empty set of traces over the
implementation alphabet; Dom is given by its
prefix-closure.

EP3a-FVI If A C Fuis, then Dom = dom.
EP5 ref is a mapping defined for traces in Dom such that
for every t € Dom:
- ref(t) is a non-empty, subset-closed family of
proper subsets of A.
- ifa€ Aandto(a) ¢ Dom then
RU {a} € ref(t), for all R € ref(t).

Figure 4.6: Conditions on extraction patterns in the stable failures model

a process may exhibit after a particular trace (the roles of both of these com-
ponents are discussed in more detail below). EP3A-FVI from figure 4.6 states
that behaviour over finally visible events is always complete, the significance
of which will become clearer below. The second part of EP5 is a counterpart
in terms of refusal bounds to S¥4, which guarantees that impossible events
can always be refused. We now define extr™, the mapping applied to re-
fusal/trace pairs whose events are contained in A (this is effectively A(R,t)
for events(t) U R C A' € MinSet).

4.3.1 Mapping refusals when AN Fvis = &

In order to define the mapping of refusal-trace pairs when AN Fuvis = @, we
use the notion of refusal bound, given by the extraction pattern component
ref. Intuitively, refusal bounds are used to enforce progress after composi-
tion: if both participants in a parallel composition respect a particular set
of bounds at some point in their joint evolution, then there will be at least
one event which they both offer at that point and so on which they may
synchronize in parallel (of course, due to the use of the network composition
operator, this event would immediately be hidden after synchronization had
occurred).’® If a bound should be breached by a process Q — i.e. if Q should
refuse too much at a particular point in time — then this places an obligation
on the corresponding specification process to refuse a certain set of events.
These issues are illustrated below using the running example. For reasons
also explained below, the bounds used with respect to the two participants in
a composition are asymmetric: that is, ref will be used to define the bounds

13Gee section 4.4.1 for a discussion of the significance of enforcing progress in this way.



4.3. Extraction patterns in the stable failures model 94

for one of the participants, while another set of bounds is generated for the
other process. Thus, for ¢ € Dom, we also introduce the notation ref (t) and
define it as follows.

Definition 4.9. ref (1) £ {X CA| (VY € ref(t)) XUY # A}.

As a result, X € ref(t) if and only if X C A and, for every Y € ref(t),
there exists a € A — Y such that a € A — X. In section 4.3.4 below, we
define ref . ;, the set of refusal bounds used in the verification of the running
example. ref ... (()) is given by:

{R € 20detabeeck | odate ¢ R}.

In other words, in order for this set of bounds to be respected, the relevant
process must offer at least one event on channel data if it has not yet engaged
in any communication on channels data and ack:'* intuitively, the process
must be ready to output a value on data. By definition 4.9, ref ., (()) is given
by {R | R C aack} and so an implementation process must offer both events
on channel data if these bounds are to be respected: intuitively, it must be
ready to input a value on data. As a result of this, if one participant in a
communication on channels data and ack respects the refusal bounds defined
by ref . ({)) and the other respects the bounds defined by ref ,,(({)), then
the processes will be able to synchronize in parallel on at least one event on
channel data. Likewise, if one of the processes breaches its refusal bounds,
then it may be the case that parallel composition leads to (a local) deadlock
on channels data and ack.

The refusal bounds defined by ref and ref are then used in the definition
of eztr™ , the mapping applied to refusal-trace pairs whose events are con-
tained in A. For t € Dom, R C A and implementation process () such that
ep € EP(Q), extr™ (R,t,Q) is defined as follows.

Definition 4.10. If AN Fuis = &:

& if (Comm(A,Q) = Left A Re ref(t)) Vv
(Comm(A, Q) = Right A R € ref(t))
extr’™ (R,t,Q) =
B if (Comm(A,Q) = Left A R¢ ref(t)) V
(Comm(A, Q) = Right A R & ref(t))

This definition is asymmetric in the sense that the outcome of applying
the mapping to R,t is affected by whether Q) is the “left” or “right” partic-
ipant in any communication using the events A. In particular, the refusals

14That the process has not yet engaged in any communication on channels data and ack
is indicated by the use of () as an argument to ref ...
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of Q) will be considered with respect to ref if it is the left-hand participant
and with respect to ref if it is the right-hand participant. Moreover, if a
particular process breaches the bounds imposed on it, then eztr™ will force
the corresponding specification process to refuse B at the appropriate point:
we have seen above in reference to the running example that a breach of
refusal bounds may lead, after composition, to deadlock on the set of events
Agex and so extr™ would force the specification to deadlock on B, if this
should occur.'®

That the definition of eztr™ (R, t, Q) is asymmetric in the sense described
above is necessary since communication is generally asymmetric in nature.
If b is regarded as an input channel in a particular process, then that process
will usually offer all of the events on b; if it is an output channel, then the
process may only offer a single event on b. As a result, the two parties to a
communication may refuse very different sets of events from ab and so may
respect very different refusal bounds, while still guaranteeing the progress
after composition which we want.

This fact of asymmetricity is one of the reasons why we compose pro-
cesses using only the network composition operator. Consider two imple-
mentation processes P and @, where ep, € EP(P)N EP(Q), Y = aPNaQ
and Comm(A;, P) # Comm(A;, Q). Then it is not clear whether we should
take Comm(A;, (P |ly @)) = Left or Comm(A;, (P |ly Q)) = Right. In fact,
neither makes much sense and so ||y may not be used in the definition of
implementation contexts. In P ®y @, by contrast, all events from A; are
hidden'® and, by proposition 4.5, ep; ¢ EP(P ®y Q).

We now consider how the definition of extr™ relates to the conditions
given in figure 3.6. We first note that it meets implicitly condition SFs3.
Condition SFS4 may be translated here to mean that extr™ (4,t,Q) = B
and it is easy to show that it is met. By EP5 from figure 4.6, any set
in ref (t) must be a proper subset of A and so A ¢ ref(t). By definition
4.9, it cannot be the case that A € ref(t). Hence, extr™(4,t,Q) = B
whether Comm(A, Q) = Left or Comm(A, Q) = Right. Condition SFS5 on
the monotonicity of the mapping in the refusal argument is met since both
ref (t) and ref (t) are subset-closed (the former follows by EP5 and the latter
by definition 4.9).

That processes may be combined using only the network composition op-
erator means condition SFS6 is not meaningful in the approach we take.!”

15In some circumstances, we will actually disallow any breaching of refusal bounds: see
condition Dom-SF-check in figure 4.9 and the related discussion in section 4.4.1.

6This is similar to the approach taken in CCS (see [50]): communication there is
asymmetric since we can only synchronize an action a with its complement @ and the
result of the synchronization is hidden from view.

17Let P, Q be implementation processes. A(RU S, t) from SFs6 refers to R and S where
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EP5-FVI Let @ be an implementation process. If A C Fvis and ‘
events(t) U R C A, then extr™ (R,t,Q) = R. ‘

)

Figure 4.7: Mapping refusals when A C Fuis

However, eztr™ meets a similar condition which is sufficient in view of
the restrictions placed on process composition. The condition is the fol-
lowing, where P, @) are implementation processes, ep € EP(P) N EP(Q),
Comm(A, P) # Comm(A,Q), RUS C A and t € Dom:

if RUS = A, then eztr™ (R, t, P) U extr™(S,t,Q) = B.

If RUS = A then, by definition of ref and ref, either extr™/(R,t, P) = B or
extr™ (S,t,Q) = B. A possible alternative means of defining the mapping
applied to refusals is given in section 4.8 below. It was suggested by the
nature of condition SFs6 and so does meet it.

4.3.2 Mapping refusals when A C Fuis

In this case, the necessary definition is given by condition EP5-Fv1 in fig-
ure 4.7. It is a direct counterpart of condition SFs2 from figure 3.6.

4.3.3 From “local” to “global” definitions

As with Dom in TR-GLOBALI, the notion of dom is lifted to the set of
extraction patterns EP(Q). It is also necessary to do the same with extr™f.
The relevant definitions are given in figure 4.8. Condition SF-GLOBAL2 is a
counterpart of SFs7 from figure 3.6. When dealing with sets of extraction
patterns, note that the components dom, ref, ref and extr™ may all be
subscripted as in the traces model in order to avoid ambiguity.

4.3.4 Running example

We extend here the extraction pattern ep, so that it may be used to inter-
pret in the stable failures model the processes LeftImpl and RightImpl from
figure 1.1. dom e is defined as follows:

domax = {(data.0, ack.yes),(data.0, ack.no, data.0),
(data.l1, ack.yes), (data.1, ack.no, data.1)}".

R is part of a refusal from P, S is part of a refusal from Q and RU S is part of a refusal
from P ||y Q for Y = aP NaQ.
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SF-GLOBALL domppg) is the set of t € (4, U...U Ap)* ’
such that t[A; € dom; for 1 <i < m.

SF-GLOBAL2 lLet RCaQ andte Domgp(q). Then
ez'tr';,{,(Q)(R, t,Q) =2 Ulgism extr™ (RN A, tf4:, Q)

Figure 4.8: Global definitions in the stable failures model, where Q is an
implementation process

“Completeness” here — i.e. membership of dom,x — means that a par-
ticular communication over the channels date and ack has been completed.
Since Domgex is given as the prefix-closure of domg., its definition has not
changed (see section 4.1.7). The component ref ., where t € dom, and
tou € Domgey, is defined as:

g data if u = (data.v)
7"efacls: (t © U) £ {R € 20dataUaack ! adata Z R} ifu= ()
{R g 20dataVaack | gatq v & R} if u = (data.v, ack.no)

Recall that Comm(adata U aack, LeftImpl) = Left and Comm(adata U
aack, RightImpl) = Right. This means that LeftImpl is considered with re-
spect to ref .., and RightImpl is considered with respect to _r—e?ack. Assuming
that both processes always respect the refusal bounds, then the following
will hold. When behaviour is complete, LeftImpl will offer at least one event
on the channel data; RightImpl will be ready to receive any event on that
channel (see statement of ref ,.;({)) in section 4.3.1 above). After a single
data transmission, LeftImpl will accept any event on channel ack and so,
by definition 4.9, RightImpl need only offer one of those events. Finally, af-
ter a negative acknowledgement has been communicated, LeftImpl will offer
the necessary data retransmission and RightImpl will be ready to receive it.
Thus, if both implementation components respect the refusal bounds, they
will always synchronize on at least one event from the channels data and ack
when they are composed in parallel.

4.4 Refinement-after-hiding in the stable fail-
ures model

We now move on to consider how the above detail may be used to define
a notion of refinement-after-hiding in the stable failures model. Before pro-
ceeding, note that all definitions, conditions and restrictions from sections
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Dom-SF-check Let (, R) € ¢pomzpiq,@ be such that R C aQ. Let
ep; € EP(Q) be such that A; N Fvis = @. If
ztr (RN Ay, t[A;, Q) = B; then t[A; € dom.

Figure 4.9: Extra condition on failures, where () is an implementation process

4.1 and 4.2 are assumed to still apply in this model. Where @ is an imple-
mentation process, we shall not wish to consider those failures of () whose
trace component is not in Domgp(g). In addition, it will also be necessary to
isolate those failures whose trace component is from domgp(g). We therefore
introduce the following notation. (As for definition 4.8, this definition will
generally be appealed to implicitly in proofs of results from this chapter.)

Definition 4.11. Let Q@ be an implementation process. Then the following
hold by definition.

1. ®Domppiqy@ S the set of those stable failures of Q@ in which the trace
component belongs to Domgp(q)-

2. Gdomppq,Q 15 the set of those stable failures of Q in which the trace
component belongs to domgp(g)-

In chapter 3, A(#Q) was defined by applying A to R, for all (t R) € ¢Q
(provided that R C Q). Here, however, we shall apply eztr’™ £p(g) only to
refusal /trace pairs from failures in @iom,o,@: that is, those failures whose
trace components are complete in some sense. It is for this reason that the
dom component is introduced (see section 4.4.1 for more details). In tandem
with taking this approach, we also require that condition Dom-SF-check from
figure 4.9 is met. As a result of this, the notion of refinement-after-hiding
used in the stable failures model — ]EP(Q) — is as defined in figure 4.10.
(eztrgp(q) is again overloaded and may be applied to denotations in the
stable failures model or to sets of stable failures.) As in the traces model,
and for similar reasons, we do not consider explicitly issues of definedness
in the conditions in figure 4.10. Note also that, by proposition B.14 in ap-
pendix B, domgpq) € Domgp(q) for any implementation process Q and so

eztrgf,(Q)(R, t,@) is defined in the statement of SF-DEF2.

4.4.1 Role of Dom-SF-check

We first discuss briefly how the condition Dom-SF-check actually works be-
fore considering why it is necessary to use it. This will highlight the need for
the dom component.
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SF-DEF1  eztrppiq)([Qlsp) £ (extrepo)(TQ), extrgpo) (6Q)).

SF-DEF2  extrppiq)(4Q) = {(eztrer(q)(t), X) | (£, R) € Gdom ppiq,@
ARCaQA
X C entril (R, 1,Q) U (T — extr*®(aQ))}.

SF-DEF3 Q 35 P if and only if eztrzpg)([Q)sp) € [P]gp and
() meets Dom-T-check and Dom-SF-check.

Figure 4.10: Defining refinement-after-hiding in the stable failures model,
where () is an implementation process and P is a process

Dom-SF-check amounts to the requirement that refusal bounds may only
be breached when behaviour is complete (recall that, by EP3a-Fvi, be-
haviour over finally visible events is always complete).!® This forces progress
— that is, the enabling of at least one event — after parallel composition on
the set of events ep.A, where ep.A N Fvis = @, when behaviour is not com-
plete with respect to ep.dom.!® Since all events on which synchronization
occurs are immediately hidden, this enabled event will be hidden and so the
corresponding state will not contribute to a stable failure of the composition.
This is why, by SF-DEF2, it is only necessary to find a matching failure in the
specification component when behaviour in the implementation is complete
according to domgp(q)-

It would be possible to define a sound notion of refinement-after-hiding
in this model where dompgp(g) in condition SF-DEF2 in figure 4.10 was
replaced by Dompgp(g) and condition Dom-SF-check was dispensed with.
Were we to do such a thing, however, then the practical applicability of the
method would be much reduced.?’ This can be illustrated using the follow-
ing small example. We assume a (deterministic) specification process which
executes the trace (in.0,send.0, out.0) and which refuses all other events.
All events on the channels in and out are assumed to be contained in Fuis.
Consider an (deterministic) implementation process, (), which executes the
trace (in.0,a, ..., ax, out.0) € Domgp(g) and refuses all other events, where
(a1,...,ax) implements (send.0) in some way. In the general case, where
t = (in.0,ay,...,a) forl <k, it is possible that eztr gp(g)(t) = (in.0, send.0).
In other words, it may be the case that we interpret send.0 as having oc-

181¢ ez'tr,-ref (RN A;, t[ A, Q) = B; as in the statement of the condition, then this signifies,
by definition 4.10, that the relevant refusal bounds have been breached.

19Gee the discussion in section 4.3.4 of the refusal bounds used in relation to the running
example.

20A similar issue is considered in [56] in a bisimulation-type setting; see chapter 5 for
further details.
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curred before its implementation has actually completed; although this seems
counter-intuitive, it can be necessary in practice and examples of the need for
this can be seen in chapter 7. After executing a;, the implementation process
refuses all events but a;4;. If we consider R to be the largest set refused
after ¢t in @ such that R C a(), then out.0 € R. It follows by SF-GLOBAL2
and Ep5-FvI that out.0 € ez'trg{,(Q)(R, t,Q). But the specification does not
refuse out.0 after extrgp(g)(t) = (in.0, send.0) and so this verification would
fail. However, if we use condition Dom-SF-check and a set of refusal bounds
which allow us to refuse after ¢ everything but a;;, then the verification could
succeed.?!

The problem therefore stems from the interaction between the possibil-
ity of interpreting that a high-level event has occurred before its low-level
implementation has completed and the fact that finally visible events must
be preserved when refusal sets have the mapping applied to them. Thus,
we only relate implementation to specification failures when behaviour is
complete according to domgp(g). Behaviours over finally visible events are
regarded as always complete by EP3A-FVI since this problem cannot arise
with regard to them.

4.4.2 Soundness of refinement-after-hiding

We now proceed to show that ;5,’,?‘@’, defined in figure 4.10, does indeed
constitute a valid notion of refinement-after-hiding in the stable failures mo-
del, after first showing that it generalises standard CSP refinement when
a@) C Fuis.

Theorem 4.9. Let Q be an implementation process such that aQ C Fuis
and let P be a process. Then Q Q?;(Q) P if and only if Q Jsp P.

Theorem 4.10. Let Fyy,p and Fyp, be implementation and specification con-
texts respectively, as defined in section 4.1.2. Let Q,...Qn, be component
implementation processes and Py, ..., P, be processes. If Q; ;Iglf(Q") P; for
1 <i<n and aFinp(Q1,Q2,...,Qn) C Fuis, then

Fimpl(Ql,Q% .- 7Qn) dsr Fspec(P17P27 s 7Pn)'

4.5 The failures divergences model
We finally consider the case of the failures divergences model. We assume

that an extraction pattern is defined here as in the stable failures model and
that all conditions and restrictions imposed in that model still hold here. We

2l We would assume that behaviour in the implementation was incomplete according to
dompp(q) after the execution of a; and prior to the execution of a.
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EP6 Let epc EP. If ... t;,... is an w-sequence in Dom, then
..., extr(t;),... is also an w-sequence.

Figure 4.11: A final condition on extraction patterns

then impose an extra condition on the mapping over traces, as a counterpart
to condition FDs2 in figure 3.8. This condition is given in figure 4.11.
Behaviours in this model are interpreted in a manner directly analogous
to that given in definition 3.13 in the previous chapter: see figure 4.12 for
details.?? We denote the fact that @ refines-after-hiding P in the failures
divergences model as @ ;ﬁ{;“?’ P; its definition is given as condition FD-
DEF4 in figure 4.12. We show that Q%(Q) generalises standard CSP refine-
ment when a@) C Fuis before showing that it constitutes a valid notion of
refinement-after-hiding in the failures divergences model.

Theorem 4.11. Let (Q be an implementation process such that a@Q C Fuis
and let P be a process. Then Q) ng(Q) P if and only if Q Jrp P.

Theorem 4.12. Let Fipp and Fype: be implementation and specification con-
texts respectively, as defined in section 4.1.2. Let Q,...Qn be component
implementation processes and Py, ..., P, be processes. If Q; ;I?Z(Q") P; for
1 <i<n and aFump(@Q1,Q2,...,Qn) C Fuis, then

Fimpl(QhQ% s ;Qn) JFD Fspec(PI,P2; sy Pn)

4.6 Equivalence

Thus far, we have defined conditions in each of the three semantic models
which allow us to show that an implementation network refines the corre-
sponding specification network. If we wish to show that the two networks
are equivalent, it is simply necessary to show that each specification com-
ponent refines-after-hiding the corresponding implementation component, as
well as the fact that each implementation component refines-after-hiding the
corresponding specification component.? (Different — though not neces-
sarily disjoint — sets of extraction patterns would be used in each case of

22As in chapter 3, the use of stable failures and minimally divergent traces allows us
to build refinement-after-hiding in the failures divergences model on top of the treatment
presented for the traces and stable failures models. Also as in chapter 3, it allows for a
cleaner treatment due to the difficulty of making sure that any mapping used is defined
over arbitrary divergent traces and with respect to arbitrary (non-stable) failures of any
particular implementation process.

ZWith regard to the notion of refinement-after-hiding presented here, and as in the
previous chapter, the terms “implementation component” and “specification component”
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FD-DEF1 el’tT'Ep(Q) ([[Q]]FD) = (eztrEP(Q) (¢J.Q)’ eItTEP(Q)(JQ))'

FD-DEF2 ez'trEp(Q) (6Q) = {ez:trEp(Q) (t) ou l t e DomEP(Q)
At € mind@ A u€ X}

FD-DEF3 el'tTEp(Q)(g/)J_Q) = ea:trEp(Q)(éQ) U
{(t,R) | t € CIL'tTEp(Q)(éQ) AN R - 2}

FD-DEF4 Q 2259 P if and only if eztrpiq)([Q: rp) € [Plpp and
(Q meets Dom-T-check and Dom-SF-check.

Figure 4.12: Defining refinement-after-hiding in the failures divergences mo-
del, where () is an implementation process and P is a process

course.) When verifying a specification process against an implementation
process in either the stable failures or failures divergences models, it should
generally be possible to regard all behaviours as complete (i.e. to assume that
Dompgp(q)y = domgp(g))- As a result, and by SF-GLOBAL1, Dom-SF-check
would be met trivially and so could be dispensed with. This is possible since
the problem which Dom-SF-check is intended to address should not arise.

4.7 The absence of BTrace and defining im-
plementation alphabets

In chapter 3, BTrace is used to provide an exact characterisation of the sets
which constitute MinSet and of the effect of applying A to members of that
set. These precise characterisations are necessary in order to derive certain
results which are part of the theory presented in that chapter. However,
when working in practice, we simply impose as a condition or definition any
results which were previously derived and so these exact characterisations are
no longer needed; thus, BTrace need not be an explicit part of the treatment
in practice. For example, for ep,ep’ € EP such that ep # ep’, ep.A and
ep'. A are effectively sets from MinSet, while ep.B and ep’.B give A(ep.A) and
A(ep’.A) respectively. In chapter 3, the use of BTrace plays an important role
in the derivation of the requirement that ep.B N ep’.B = @. Here, however,
we simply impose that condition directly using EP-UNI1 from figure 4.2.

indicate respectively the process whose behaviours are to be interpreted and the process
in whose behaviours we will check for containment of those interpreted behaviours. They
have no further significance than this and an extraction mapping may function either to
make behaviours more abstract or to make them more concrete (or it may leave the level
of abstraction the same if we are dealing only with relaxation of atomicity).
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BTrace also plays a role in chapter 3 in defining those sets which are
possible candidates for MinSet (and so thereby restricts the sets which can be
used to parameterize the operators used to build implementation networks?*).
Nonetheless, the absence of BTrace as an explicit notion in practice does not
indicate a mismatch with the theory. In order to explore this issue further,
we consider how extraction pattern implementation alphabets — which are
the counterpart here to sets from MinSet — might be constructed in practice.

Assume that we are engaged on the verification of an implementation
process, (J, and so it is necessary to define a set of extraction patterns,
EP(Q), to interpret @’s behaviours. In particular, we wish to make the
implementation alphabets of these extraction patterns as small as possible, so
that the restriction on building implementation networks which is imposed by
REP1 becomes as light as possible.?? TR-GLOBAL2 from figure 4.3 consitutes
one of the main conditions from this chapter which is in opposition to this
desire, as it effectively places a lower bound on the size of any particular
implementation alphabet. Let t o (a) € Domgpg) be such that a € A4;
for ep; € EP(Q) and extrgp(g)(t o (a)) = ertrgp(g)(t) o u. Then, by TR-
GLOBAL2, u is evaluated according to the following equation: eztr;(t[A; o
(a)) = extri(t[A;) ou. Thus, A; must be large enough so that is possible
to evaluate extr;(t[A; o (a)) in practice. In other words, A; must be large
enough so that t[A4;%® gives sufficient information to allow us to intepret
what additional information — i.e. u — is given to us by the occurrence of
a after ¢t (this issue was discussed briefly in section 3.4). This means that
the implementation alphabets to be used in any particular verification in
practice must be built around (the events of) traces in terms of which we
are able to evaluate directly the result of applying the extraction mapping.
Moreover, in order to make those alphabets as small as possible, the traces
around which they are built must be “atoms” or “indivisible” in the sense
that they cannot be decomposed further for the purposes of interpretation:
this reflects the use of BTrace — containing traces which may be regarded
as atoms or as indivisible in some sense?’ — in defining MinSet in section

Z4Recall that AllSet is defined in terms of MinSet.

25By definition 4.5, the bigger the implementation alphabets of the extraction patterns
used then the bigger the alphabets of the implementation processes to be composed and
so, by REP1, the bigger the sets on which they have to synchronize in parallel.

26Recall that a € A; by definition.

2TThe particular intuition given in section 3.2 with respect to BTrace — namely that
each specification action in X, may be implemented by a (finite) number of implemen-
tation traces and that BTrace consists of exactly those traces — may best be regarded as
an aid to explanation. The significant property of BTrace is the fact that it consists only
of traces which may be regarded as indivisible in some sense. As mentioned in section 3.7,
it is this property which is necessary if the restrictions imposed in section 3.2.6 by R1 and
proposition 3.11 are to make sense. Nonetheless, even if we do make the assumption that
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3.2. Thus, there is no inconsistency between the use of BTrace as a device
to aid the derivation of the theory presented in chapter 3 and the fact that
it does not appear as part of the notion of refinement-after-hiding which is
given in this chapter.

The previous paragraph gives some indication of how the implementation
alphabets used in any particular verification may be arrived at. In practice,
we would probably have a different implementation alphabet for each “por-
tion” of communication in which our process engaged. For example, we might
have (at least) a different implementation alphabet — and so a different ex-
traction pattern — for each process with which our implementation process
communicated: if that part of the behaviour of our implementation process
which is visible at the relevant interface makes sense to the process on the
other side of that interface, then it should usually be possible to define an
extraction mapping to interpret those behaviours. However, the process of
deriving implementation alphabets to be used in practice is still very much
an area for further work and development of a methodology with respect
to this will rely on the application of refinement-after-hiding to a far wider
range of case studies than has so far been considered.

As a final comment, note that BTrace may appear implicitly in the defi-
nition of extraction mapping domains and in the definition of the mappings
themselves. For example, the traces used in the definition of Complete in
section 4.1.7 could constitute traces from BTrace were such a notion to be
used explicitly here and both Dom,y and eztr,g are defined in terms of
them. Indeed, the definition of eztr,. shows one way of giving a composi-
tional definition of an extraction mapping over traces whose events fall com-
pletely within a particular implementation alphabet (the formal definition of
refinement-after-hiding is silent on this issue).

4.8 Discussion

We now proceed to discuss the way in which the concrete notion of refinement-
after-hiding presented in this chapter relates to its predecessors and the
way in which its development has been impacted on by the theory devel-
oped in the previous chapter. Predecessors of the work in this chapter in-
clude [10,12,16,39,40]. [39] and [40] treat differently the case of cyclic and
acyclic implementation networks and impose on specification components a
number of restrictions, such as the fact of never refusing any input. These
treatments were combined into a single notion of implementation relation in

each specification action in ¥ ,p.. may be implemented by a (finite) number of implemen-
tation traces, we would generally expect each such trace to be regarded as indivisible for
the purposes of interpretation.
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[10] (on which [12] is based) and the presentation in these latter two papers
formed the beginning of the work in this thesis.

In addition to the extensions and modifications discussed below — which
were contributed solely by the author — there is a major difference of pre-
sentation between the work given here and its predecessors. Previously, the
treatment was confined to the failures divergences model, whereas here we
deal individually with each of the three semantic models. In addition, the mo-
tivation behind this earlier work was to develop an implementation relation
which could be used to relate an implementation component to its corre-
sponding specification component in the event that the communications of
the latter had been implemented in the former using some form of fault tol-
erance, possibly replication. In fact, considering the correctness of replicated
processes was the main motivation behind [39]. The conception of the work
was therefore far less general than it is here.

Mapping refusals and finally visible events The implementation rela-
tion given in [12] was lacking in one important property: it effectively failed
to meet the condition that A(¢Q) = #Q) when a@ C Fuis. This problem was
solved immediately due to condition Srs2 from figure 3.6 and this constitutes
one of the most important contributions made by the theory from the pre-
vious chapter. Previously, the mapping of refusal/trace pairs at the level of
individual extraction patterns was carried out in the same manner whatever
the implementation alphabet of the extraction pattern under consideration.
More specifically, there was no equivalent of condition Er5-Fvi from fig-
ure 4.7. Although given in a different form to EpP5-Fv1, this modification to
the presentation in [12] first appeared in [13] and [16].

An alternative means of mapping refusals We consider here the issue
of mapping refusal/trace pairs at the level of individual extraction patterns
and consider an arbitrary extraction pattern ep;. (Note that the following
detail is simply sketching out a possible approach and is not intended to
be a fully realised and formal presentation.) Although condition SFs6 from
figure 3.6 deals only with refusals which are maximal in a certain sense,
the means of mapping refusals given in definition 4.10 does not impose this
restriction. If we remove from SFs6 the condition relating to maximality
and translate to the notation used in this chapter, then we are given the
following:

Let t € Dom;, R, S C A;.Then eztr?"f(RU S,t) = e:vtr?f(R, t)Ueztrff(S, t).

This immediately suggests the following way of mapping refusal/trace
pairs in practice, where t € Dom; and R C A;:
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extr™ (R, 1) £ U extr ({a}, 1).
acR

Once we have adopted this compositional definition, SFs6 will be met how-
ever we proceed. Condition SFs2, requiring that ez'tr;“f (R,t) = Rif A; C
Fuis, can be met easily by simply requiring that

extr™ ({a},t) £ {a} for a € A; C Fuis.

The question remains, therefore, of what eztr™ ({a},t) should return in
the general case. Before presenting a possibility, we define the set Rf;(t),
which gives all those events from B; which cannot extend eztr;(t) when we
apply eztr; to any t o z € Dom;. For t € Dom;,

Rfit)2{be B; | (Bz € A}) toz € Dom; A extr;(t) o (b) < extr;(toz)}.

As a counterpart to SF4, we first require that Rf;(t) C e:l:tr;‘gf (R,t) for
any R C A;: in other words, events which are impossible after the extraction
of { must be contained in the extracted refusals. Then, for t o (a) € Dom;,
it is possible to relate a to the high-level event or events which it is being
used to implement when it occurs after t. eztr{({a},t) would return this
set of high-level events along with Rf;(t). For a € A; such that ¢t o (a) ¢
Dom;, extr™ ({a},t) would simply return Rf(t). In terms of the running
example from figure 1.1, we would take eztr,y ({data.j}, ()) to be {send.j}
for j € {0,1}. This is because data.j is being used to implement send.j
when it occurs after () (of course, it is used to implement send.j whenever
it occurs). Moreover, Rf¢}, would be empty.

It is immediate that such an approach would meet SFs3, which requires
that extr (R,t) C B; and it is also immediate that SFs5, requiring the
monotonicity of the mapping, would be met. It is also easy to show that
SFs4 is met; that is, that extrff (A;,t) = B;. In order to show this, by SFs3
it is only necessary to show that B; C extrff (A;,t). For b € B; N Rf,(t), the
proof is immediate. For b € B; — Rf,(t), there must be an event a € A; such
that t o (a) € Dom; and a is used to implement b. Thus, b € eztr™ (A;,t) in
this case as well.

The intuition behind this possible approach is as follows: if we can refuse
a after ¢ at the implementation level, then we may be unable to offer, after
extr;(t) at the specification level, any b which this occurrence of a is being
used to implement. Whether this intuition makes sense in terms of practical
verification is something that would need to be assessed on concrete examples.
Note that refusal bounds would still need to be retained in order to deal with
condition Dom-SF-check.
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Dealing with divergence In [12] and [16], it is assumed that specifica-
tion components are divergence-free and that they will be composed in such
a way that the resulting specification network will also be divergence-free.
Moreover, one of the conditions imposed on any implementation component
Q) is that no trace from 7p,y, er@y @ should also be a member of 6Q). Finally,
the condition is imposed that applying the extraction mapping over traces
to an w-sequence from 7Tpom,,,& should return another w-sequence. This
guarantees that divergence will not be introduced on composition of the im-
plementation components since it is not introduced when the corresponding
specification components are composed.

The move from this treatment to that used here, which allows us to deal
smoothly with divergences, was again indicated by the theory in the previous
chapter, specifically condition FDs2 from figure 3.8 and the detail from sec-
tion 3.6. Once we have removed the restriction that implementation and spec-
ification networks/component processes must be divergence-free and have
applied the extraction mapping to (minimally) divergent traces, the original
condition on w-sequences is actually sufficient to give us what we need, since
it is effectively equivalent to FDs2. Nonetheless, the move to imposing the
condition on individual extraction patterns rather than on component imple-
mentation processes is important: it saves on verification effort by making
the check part of the construction of the extraction pattern rather than part
of the verification of the process. Moreover, the role played by minimally
divergent traces — which do not appear in earlier work — in the proofs of
results from this chapter is crucial to extending refinement-after-hiding to
the failures divergences model.

Role of implementation alphabet That events occur on channels was
an explicit part of the presentation in [12] and [16] and was integral to the
notion of refinement-after-hiding presented there. Channels in specification
components were partitioned into input and output channels and the spec-
ification alphabet of any particular extraction pattern could only contain
events from input channels or events from output channels but not both.
This led to two main differences to the treatment given here. Firstly, it was
not necessary to introduce communication capabilities or the fact that com-
position over a particular implementation alphabet could only occur if one
participant was denoted as Left and the other as Right; composition was
controlled implicitly, at the specification level, by the fact that input chan-
nels may only be connected to output channels and vice versa. In addition,
the extraction pattern component © was not used: an extraction pattern
dealing with input events allowed deviation from the domain on any of the
events in its implementation alphabet, while an extraction pattern dealing
with output events did not allow any deviation at all.
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The decision was made to abandon this treatment for two connected rea-
sons, one more theoretical and the other practical. Condition Ts4 from
figure 3.4 was present in the predecessors of the work in this chapter (it is
given here as TR-GLOBAL2 in figure 4.3). However, its appearance in the
theory as a necessary condition served to highlight with a certain amount
of clarity the role played by the implementation alphabets of the extraction
patterns used in any particular verification (represented in the previous chap-
ter by the sets contained in MinSet). Assume that @) is an implementation
process, t o (a) € Domgp(g) and a € A; for ep; € EP(Q). By TR-GLOBAL2,
we define eztrpp(g)(t o (a)) in terms of eztrgpg)(t) and eztr;((t o (a))[A;).
In a sense, as discussed in section 3.4, eztr;((t o (a))[A;) is a function from
a trace, t[A;, and an event, a, to the trace extension u which is used in the
statement of TR-GLOBAL2. This means that A; tells us what we need to
know of ¢ in order to determine the additional information which is given to
us by the occurrence of a after ¢.

As a result, the aforementioned partitioning of extraction patterns only
makes sense if we can always interpret a when it is used to implement input
events by only knowing about the other events contained in ¢ which are also
used to implement input events, and similarly for output events. In the
general case, however, this is not true and a specific example arose during
the verification of the asynchronous communication mechanism described
in chapter 7. At the specification level, the mechanism engages in read
(output) and write (input) events: however, in order to interpret events used
to implement a write it is necessary to know about the read behaviour of the
mechanism so far and similarly for events used to implement a read. Using
the approach from [12] and [16], it was therefore not possible to successfully
verify the mechanism.

Equivalence Although the detail does not appear in the conference pa-
per [12], [10] defines additional extraction pattern components and extra
conditions which can be used to prove “equivalence” of an implementation
and specification network.?® An additional trace mapping, inv — a partial
inverse of the extraction mapping — is provided to relate abstract traces
to concrete traces. It is required that it is a trace homomorphism: in other
words, 1nv({(ai, .. .,a,)) = nv({a;))o...0inv({a,)). The restriction is placed
on specification components that after any trace, on any input channel, either
all events must be refused or all events must be offered. Finally, an additional
condition relating to the mapping of refusals from the specification is also
imposed. Together, these last two conditions amount to using the standard

28The equivalence which may be proved is not standard CSP equivalence because of
issues relating to mapping refusals, as detailed above.
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notion of refusal bounds but with a fixed set of bounds to be applied regard-
less of the particular specification process under consideration. It became
clear in deriving the conditions in chapter 3 that there were no theoretical
reasons for treating the verification of specification against implementation
differently from that of implementation against specification. Moreover, the
requirement on inv that it be a homomorphism would be too restrictive if we
were to deal with equivalence during the verification presented in chapter 7:
there, communication events in the specification are implemented in different
ways depending on the (specification) events which have preceded them. In
other words, the full generality of a mapping from traces to traces is needed.

4.8.1 General role of the theory

We have highlighted above a number of areas in which the notion of refinement-
after-hiding presented here differs from earlier versions, which changes were
all introduced under the influence of the work in the previous chapter. In
general, where changes were not suggested, the conditions derived in chapter
3 were useful in that they confirmed the soundness of earlier work and clar-
ified our understanding of that work. For example, the results on mapping
operators by simply mapping the sets with which they are parameterised,
and on the way in which the mapping is to be applied to such sets, were very
important. They confirmed that the approach taken in practice in earlier
work was correct and not subject to alteration. Where the change required
was not so great, such as in the case of divergences, the impact of the the-
oretical treatment should not be underestimated since it pinpointed exactly
the approach to be taken and saved time and effort in the search for possible
alternative ways of proceeding.

The issue of mapping refusals perhaps illustrates most fully the role which
the theory can play. It highlighted immediately a solution to an earlier
problem. It gave a framework for analysis within which the current use of
refusal bounds in the mapping of refusal/trace pairs could be easily assessed
and understood. Finally, the theoretical treatment suggested a new approach
to the mapping of refusals and gave, in conditions SFs2-6, a straightforward
way of assessing the soundness of any new method chosen.



Chapter 5

Related work

When behaviour decomposition and relaxation of atomicity are referred to
in what follows, it is assumed we mean the ezternal forms of these types of
reification, since the internal versions can always be dealt with quite straight-
forwardly (at least in CSP).

5.1 Action refinement and related approaches

Action refinement (see [25] for a survey of this approach) is one of the main
approaches which allows us to perform behaviour decomposition in a process
algebraic setting and a great deal of work has been done in this area. In gen-
eral, each action in the specification process under consideration is replaced
by a precise, low-level behaviour which is defined by a refinement function.
In this respect, it is related to the idea of top-down design in sequential sys-
tems, where high-level instructions are expanded into a lower-level module
until the result is an implementation that may be executed. Action refine-
ment is primarily concerned, therefore, with the derivation of an (correct)
implementation and not with verification after the fact, in contrast to our
notion of refinement-after-hiding. It suffers from two problems, however.
Only a single implementation is possible for any particular specification and
refinement function pair. Moreover, causal relations between events in the
specification must be preserved in the implementation. For example, if a
precedes b in the specification, then all of the events which form the im-
plementation of a must precede in the implementation all of those events
which form the implementation of . Some forms of action refinement are
able to perform relaxation of atomicity to the extent that, if a and b occur
concurrently in the specification, then their respective implementations may
interleave. However, this is the limit of the relaxation of atomicity which is
possible.

(32] and [60,71] use a dependency relation and a weak form of sequential
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composition in order to allow additional relaxation of atomicity in an action
refinement framework. Any action of the first argument to the new com-
position operator must precede all actions from the second argument with
which it is dependent. However, an action from the second argument may
precede one from the first provided that the two actions are independent.
Nonetheless, there is still only one possible implementation for a particular
specification (for any given refinement function and dependency relation).

In order to deal with these twin problems of action refinement — only
a single implementation possible and only restricted relaxation of atomicity
allowed — Rensink and Gorrieri presented the work in [59] (earlier versions
appeared as [57] and [58]; an alternative presentation of some of the material
appeared in [25]). The paper [59] works in the process algebraic context and
details a notion of refinement termed vertical implementation, which may be
used to verify correctness when behaviour decomposition has occurred in the
move from specification to implementation, along with a degree of relaxation
of atomicity. We first list some of the aims behind this work, taken from [59),
to illustrate the fact that it is similar in concept to ours.

e the vertical implementation relation is parametric with respect to a
mapping.

e flexibility: multiple implementations are allowed for a given specifi-
cation and a strict ordering is not dictated for the low level actions
implementing a high level one;

e simplicity: the introduction of a concurrency model more complex than
any of the standard interleaving ones is not required,;

e the vertical implementation relation “collapses” to a standard notion
of refinement when the mapping is the identity;

¢ deadlock properties carry over from the abstract to the concrete level;
e compositional verification is allowed in the same sense as our approach.

The fact that the vertical implementation relation “collapses” to a stan-
dard notion of refinement when the mapping is the identity, along with the
way in which the operators used interact with the refinement mapping, means
that the notion of vertical implementation is essentially a form of refinement-
after-hiding, although it is not presented in such terms. However, there are
important differences in terms of concept and also in terms of technical exe-
cution which exist between the work in this thesis and that in [59)].

The motivation behind our work was to explore a means of generalising
refinement in CSP in order that both behaviour decomposition and relax-
ation of atomicity could be accommodated in the general case. Rensink and
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Gorrieri start from the premise that action refinement has the shortcom-
ings described above and seek to remedy them. Inherent in their treatment,
therefore, is the restriction that the vertical implementation relation is to be
parameterized with an action refinement mapping. This means that the do-
main of the mapping contains only individual (specification) events, although
each event may be mapped to a process. Although we map to individual be-
haviours rather than processes, there do seem benefits to be gained from
using our more general type of mapping. In particular, we can (attempt to)
verify correctness in the event that relaxation of atomicity has occurred with-
out behaviour decomposition: it is not obvious how the same thing could be
done using an action refinement mapping. Moreover, in the general case, it
need not be true that the same high-level action is always implemented in the
same way wherever it occurs: this certainly applies to the asynchronous com-
munication mechanism whose verification is considered in chapter 7. This
suggests the need for an abstraction mapping and one which takes account
of the history of any particular event to which it is applied. As a general
point, if the aim is to allow multiple implementations for a single specifi-
cation then using an abstraction mapping from possible implementations to
specifications seems a more sensible way to proceed than using a mapping to
make behaviours more concrete.

Where our treatment is based around a semantic mapping, Rensink and
Gorrieri provide as a foundation of their notion of vertical implementation
a set of (syntactic) proof rules. If a concrete relation is to be viewed as a
valid vertical implementation relation, then these rules must be sound with
respect to that relation. As a result, the rules define both what it means to
be a vertical implementation relation and also give a proof system for any
such concrete relation: this latter is something we are lacking with respect
to refinement-after-hiding. Many of these rules play a similar role to the
conditions RAH1-3 from chapter 3, although they are given with respect to
the full range of operators. In addition, a rule is given on relaxing causality
when refining actions (in addition to the interleaving which is allowed when
the events being implemented are independent at the specification level).

In [59], communication is treated symmetrically: both parties to a com-
munication are required to offer all of the relevant events used to implement
a particular high-level event. However, [25] does introduce a version of ver-
tical implementation whereby one party to a communication must offer all
relevant events, while the other party need only offer some of those events.
Such a treatment is similar to the use of refusal bounds in our concrete no-
tion of refinement-after-hiding, although it is not quite as general as using
(the equivalent of) refusal bounds: it seems similar to disallowing the refusal
of any events on one side of the communication and simply requiring the
offering of one of the possible events on the other.
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Similar conditions on readiness to communicate are also a feature of the
paper [56]. Using a notion of abstraction, it sets out to answer the question
of when a set of fine-grain execution steps may be contracted into an abstract
atomic action and so aims to explore notions of correctness which are useful
when considering relaxation of atomicity. It does this in a restricted setting,
considering the interactions between a client or agent and a server: the
client may invoke a method of the server, to which invocation the server will
(eventually) respond. The aim is for the relevant notion of “implements”
to hold whenever the client cannot see the difference between the “atomic”
and the “non-atomic” servers: that is, whenever the result of composing the
respective servers with the same client is two “equivalent” systems. This is
similar to our initial characterisation of refinement-after-hiding.

Of most interest, however, is the operational characterisation of the de-
sired notion of implementation, which is based on coupled simulation ([52,
53]). The choice of such a basis on which to build the notion of abstraction
is justified in the following terms. Intuitively, if the concrete state s “imple-
ments” the abstract state s’, standard bisimulation relations such as weak
bisimulation might also require that s’ “implements” s. The use of coupled
simulation allows that the abstract s’ need only implement the concrete s
when behaviour at s is complete in a sense similar to that used in our no-
tion of refinement-after-hiding. This feature of the relation is not needed for
soundness, rather it makes it weaker and allows more systems to be verified
as correct. It seems that it may fulfil a similar requirement to the use of con-
dition Dom-SF-Check in our work; in any case, it is an issue which invites
further exploration. In particular, it may have implications for any future
attempt to transfer the work presented here to a bisimulation setting.

5.2 Choosing a semantic over a syntactic map-
ping

In this thesis, we have chosen to use a semantic rather than a syntactic
mapping. Here, we consider reasons behind this choice, with some reference
to the discussion above on action refinement and vertical implementation.
Were we to use a syntactic mapping, it would effectively have to be de-
fined over individual events due to the difficulty of defining it directly over
arbitrary processes. As a result, using a syntactic mapping would mean
using a refinement mapping to make behaviours more concrete. However,
as discussed above in relation to the notion of vertical implementation, it
seems more sensible to (be able to) use an abstraction mapping if we wish
to allow multiple implementations for a single specification. Moreover, also
as mentioned above, defining a mapping over individual events means that
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each specification event must be implemented in the same way whenever it
occurs. This need not be true in general and is certainly not the case with
regard to the asynchronous communication mechanism whose verification is
considered in chapter 7. Of course, we could deal with this problem by anno-
tating different instances of the same event and having events with different
annotations implemented in different ways: however, determining how a par-
ticular event should be annotated -— at least in the case of the asynchronous
communication mechanism from chapter 7 — would rely on knowledge of the
history of the process upto its occurrence. This would effectively require a
mapping over sequences of events rather than over individual events and so
would require a semantic mapping. Moreover, the same syntactic occurrence
of an event may have different histories on different executions and so may
be implemented in different ways in different executions: thus, it may not be
possible to give a particular syntactic event a unique annotation.

5.3 External behaviour decomposition (inter-
face refinement)

Two papers which explicitly set out to deal with the issue of interface refine-
ment are [7] and [24].

The approach followed in [7] is termed there “interface displacement”. In
this approach, the aim is to take the abstract interface of two specification
components, P and @, and transform it into a more concrete one. The
interface change is then encoded in a process I: I is composed in parallel with
P on the set of abstract interface actions and these actions are then hidden
to give the implementation process P’, with the more concrete interface. In
order to give to @ the concrete interface, the process I is “subtracted” from
@ in a sense, giving the implementation process '. Q' is such that, if I were
composed in parallel with it on the concrete actions of the (new) interface
and those concrete actions hidden, then the result would be the original
process Q. It is in this sense that the interface is “displaced”. [7] therefore
gives a means of carrying out the process of interface refinement rather than
verifying its correctness after the fact. There is an interesting similarity with
predecessors of the work in this thesis: namely, the interface transducers play
a role comparable to that of the disturbers and extractors of [39], although
there is no notion of “displacement” in [39] and all interfaces are treated in
a uniform manner.

There are, however, a number of differences between the approach pre-
sented here and that in [7]. The latter is focused on the refinement of a
(specification) compound system, where the components interact through a
well-defined interface, into a compound implementation system, where that
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interface has been refined. This interface refinement is then justified on the
grounds that the compound implementation system is guaranteed to be a
correct implementation of the specification system in terms of a standard
implementation relation such as traces or failures inclusion. There is no
notion of being able to relate individual implementation and specification
components — refinement of a particular process interface must be done
in tandem with that of its environment — and so no notion of any sort of
vertical implementation relation in the terminology of [59].

The paper [24] gives an initial formulation of a notion of interface re-
finement which is similar in outline to our notion of refinement-after-hiding.
Working in a temporal logic framework, low-level (infinite) behaviours are
related to high-level (infinite) behaviours using a device which is similar to
our extraction mapping. Moreover, according to the examples discussed, it
seems that the method has the power to deal simultaneously with both be-
haviour decomposition and relaxation of atomicity. However, it lacks the
power of compositionality: that is, it is not shown that any operators on
processes are monotonic with respect to this relation. This means that, if
the interface between two components composed in parallel is to be refined,
it is necessary to verify the composed implementation against the composed
specification (the interface actions are not hidden in this composition).

It is the avowed intention of the authors in [24] to define a notion of inter-
face refinement which is as unrestricted as possible. The result of this appears
to be, however, that it is not clear what it actually means that one system
implements another nor what properties are preserved from specification to
implementation. Lack of compositionality may be crucial in this respect: for
example, in our treatment, compositionality (conditions RAH2 and RAH3)
and the condition RAH1 (expressing a kind of “collapse” property) are the
criteria against which the validity of any notion of refinement-after-hiding is
judged and they essentially invest such notions with meaning.

5.4 Abstraction through hiding

Looking at the general issue of behaviour abstraction, some approaches (for
example, that described in [1]) describe system behaviour by sequences of
state tuples with an internal component; they then require that, for every
possible state sequence of a correct implementation, there should exist one
of the specification such that the two sequences coincide after deleting the
internal state component. A similar treatment is presented in (38}, using
infinite action sequences (i.e. infinite traces) instead of state sequences: the
interface of the specification must be a subset of the interface of the imple-
mentation and it is required that every trace of the implementation can be
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turned into one of the specification by deleting actions not in the specifica-
tion’s interface. These two approaches and other comparable ones, such as
[47], are based on abstraction by hiding. In contrast, our notion of abstrac-
tion is essentially based on the interpretation of behaviours over a particular
alphabet as behaviours over another alphabet. As illustrated by the example
given in section 1.4.1 in chapter 1, abstraction by interpretation may not be
reduced to abstraction by hiding in the general case. Nonetheless, abstrac-
tion through hiding is certainly useful and is comparable to our work to the
extent that we expect to eventually hide any interpreted behaviour, leaving
implementation and specification systems which may engage in the same set
of visible events. However, refinement-after-hiding gives a means of verifying
that abstraction through hiding will give correct behaviour before we actually
compose the components of a system and hide the necessary behaviour: in
this sense, it gives a compositional means of verifying a notion of abstraction
through hiding.

5.5 Relaxation of atomicity

Some of the action refinement-related papers already discussed — such as
[56], [59], [60] and [71] — have some capacity to deal with the issue of relax-
ation of atomicity, as did the work presented in [24]. Here we consider other
work where managing relaxation of atomicity is/was the principal aim.

One of the major areas of work where this issue has been addressed is that
of databases and transaction-processing systems. In this area, a specification
is given in terms of a set of sequential behaviours: this generally means that
the transactions occurring in a particular specification behaviour are totally
ordered and their executions do not overlap.! An implementation is then
allowed to execute (parts of) some transactions in parallel, provided that
the resulting parallel behaviour is equivalent in some sense to an acceptable
sequential behaviour. In general, this notion of “equivalence” consists of two
factors: the first is that, using some suitable dependency relation, the events
of the implementation behaviour under consideration may be transformed
into a (sequential) specification behaviour by commuting events regarded as
independent; secondly, the result of executing the implementation behaviour
Is the “same” as the result of executing the corresponding specification be-
haviour. This latter point is generally framed as the requirement that an
observer would be unable to distinguish the implementation behaviour from
the specificiation behaviour. (This notion of observer may not always be

'Note, however, that a specification will not usually be given explicitly in the database
domain and “specification” behaviours are usually those sequential behaviours which are
possible for the implementation.
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treated explicitly, however.) Relevant notions from the literature include
serializability (see, for example, [2]) and the notion of “atomicity” defined
in [48]. Related notions in the more general context of managing paral-
lel access to shared memory in a multi-processor architecture are seguential
consistency ([42]) and linearizability ([29]). Sequential consistency requires
that the dependency relation used to commute implementation events to
give sequential behaviours preserves the ordering of events which occur in
the same process; linearizability requires in addition that we preserve the
global (external) ordering of non-overlapping operations.

Similar to an extent is the work by Lamport in [43], where executions of
a low-level (non-atomic) system and those of a high-level (atomic) system
are related on the basis of orderings which exist between events at a partic-
ular level of abstraction. Although Lamport’s work effectively allows for the
possibility of moving across levels of abstraction — we may contract a set of
low-level actions into a single high-level action — that of the others does not:
in general, sequential processes engage in the same events as non-atomic pro-
cesses. It is difficult to compare directly our notion of refinement-after-hiding
and the work discussed in this section, not least because dependencies be-
tween events do not form part of our treatment. Nonetheless, an interesting
avenue for future work might be to explore possible relationships between
refinement-after-hiding and such dependency-based notions of correctness:
for example, since dependencies between events play such a fundamental
role in the move from sequential to parallel behaviours, how do they affect
our ability to derive an extraction mapping which relates those behaviours?

As indicated in chapter 1, Dingel’s thesis ([21]) uses a notion of correctness-
in-context based on the rely-guarantee approach as he develops a refinement
calculus to be used in the derivation of parallel programs. This work ob-
viously allows for the possibility of relaxation of atomicity. However, this
relaxation is not permitted to manifest itself at the semantic level once those
behaviours have been ignored which fail to meet the relevant rely condition.
In other words, the behaviours of the implementation which will be pre-
served after it is placed in context can be compared directly with those of
the specification and no alternative notion of refinement is needed.

The papers [34,35,37] introduce transformations on objects that increase
concurrency: these increases in concurrency are possible due to restrictions
imposed on the visibility of references to object instances, which restrictions
limit the extent of any interference which may occur. The papers also es-
sentially raise the challenge of proving the validity of these transformations,
where a particular transformation may be regarded as “valid” if no context
can tell the difference between the original sequential object and the “con-
current”, transformed object.? [36] presents informal reasoning in support of

2The contexts under consideration are limited by the properties of the language in
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the validity of some of these transformations, using arguments in terms of
the 7-calculus (see [67] for further details on the 7-calculus).

In [66], Sangiorgi proves the correctness of one of these transformations
using a typed version of the m-calculus and a typed notion of behavioural
equivalence. The type discipline is that of uniform receptiveness (see [66] for
a brief description), where the receptiveness part of the condition is similar
to the input-enabledness property of the i/o automata in [47]. It is likely
that the property of receptiveness plays a similar role in preserving liveness
as do our conditions involving the consideration of refusal bounds, such as
Dom-SF-Check.

However, the most interesting part of Sangiorgi’s treatment is the use of
barbed congruence ([51]) as the notion of behavioural equivalence. The idea
behind this is to equip an observer with a minimal ability to observe actions
and/or process states, which ability induces an equivalence relation between
processes. This equivalence relation induces in turn a congruence, namely
equivalence in all contexts. In the notion of barbed bisimulation, an observer
can observe invisible transitions and the state they lead to; he/she can also
detect when a process offers a visible event but cannot see its identity or the
state to which it takes us. Barbed bisimulation is then used to induce barbed
congruence and it is shown in [51] that this congruence is equivalent to strong
bisimulation. What is most interesting, however, is that barbed congruence
is strictly weaker than strong bisimulation if the set of contexts into which
a process may be placed is restricted; the same applies with respect to weak
bisimulation and a weak notion of barbed congruence, the latter being used
in [66].> For example, the sequential object and the transformed, concurrent
object from [66] are not even trace-equivalent; however, they can be related
using the typed notion of barbed congruence.

Our goal in this thesis was to develop a notion of behaviour refinement
which related behaviours much more loosely than standard CSP refinement,
by effectively reducing the set of events which could be directly observed
of our processes (the “directly observable” events are those that are finally
visible). This has the effect of giving a notion of refinement strictly weaker
than standard CSP refinement but which implies refinement according to the
standard semantics after processes are composed to form a suitable network.
Moreover, the contexts into which processes can be placed when using the
notion of refinement-after-hiding are also restricted, which is crucial to the
success of the scheme. In the restriction of what is visible and the restriction

which objects are described.

3In [66], Sangiorgi restricts contexts in a once-and-for-all way using a notion of typing;
our contexts are restricted in the sense that Dom-T-check and Dom-SF-check must be
met and an implementation context must be correct with respect to the corresponding
specification context.
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of acceptable contexts, typed notions of barbed congruence may be related
conceptually to our notion of refinement-after-hiding, although they do not
allow us to cross levels of abstraction and their development was motivated
by totally separate concerns. Further work is needed to explore in more detail
the relationship between the two approaches — which itself may necessitate
a transference of ours to a bisimulation setting — but it may be that aspects
of the barbed congruence approach can be put to good use in developing an
“improved” notion of refinement-after-hiding. Some areas for future work
are:

¢ Exploring ways in which barbed bisimulation could be adapted so that
it may relate implementation and specification processes where the for-
mer has been derived from the latter using behaviour decomposition.

¢ Verification for typed notions of barbed congruence is carried out using
laws stating equivalences between sytactic terms. Might it be possible
to characterise typed barbed congruence in the manner of standard
bisimulation, which would allow for automatic verification? Might some
notion of explicit mapping be needed then to relate implementation
and specification behaviours, as in the presentation of our notion of
refinement-after-hiding?

e How weak can we make the restrictions on contexts and still use barbed
congruence when relaxation of atomicity has occurred? How well will
barbed congruence transfer to the general case of dealing with relax-
ation of atomicity, instead of just dealing with the specific example in
(66]?

e In our approach, what it means for one process to implement another
is based firmly on the standard notion of refinement in CSP, due to
condition RAH1. Once contexts have been restricted and the relation
given by barbed congruence is weaker than standard equivalences, what
does it actually mean that one process implements another according
to that relation? Might it be the case that, if all “finally invisible”
events are hidden due to implementation and specification processes
being placed in context, then we reclaim standard (weak) bisimulation
or similar?

5.6 Data reification in Z
Z ([70]) is a specification language which considers each specification to de-

fine an abstract data type (ADT). That an abstract ADT A is refined by
a more concrete ADT C is defined in terms of an input/output relation: C
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refines A if, for every sequence of inputs, the outputs produced by C after
executing a particular sequence of operations are a subset of those possible
for A after executing the sequence of corresponding operations. Refinement
is therefore quantified over all possible programs (sequences of operations);
its verification is made tractable using the method of simulation (see [22])
and it is in this sense that it may be related to process algebraic refinement.
Standard data refinement in Z requires that input and output must be the
same in both specification and implementation; moreover, there should be a
one-to-one correspondence between abstract and concrete operations. The
papers [3,4,19,20] detail how these restrictions may be relaxed. It is shown
how inputs and outputs may be refined so that a concrete ADT may input
and output data using a different representation of it to the corresponding
abstract ADT*; moreover, it is shown how an abstract operation may be
implemented using a sequence of concrete operations, in a manner similar
to action refinement. The setting in which this is carried out is sequen-
tial: because we are interested only in the input/output relation induced by
programs, it is easy to justify splitting at the concrete level the operations
which consitute those programs, as it is to justify the transformation of data
in some way on the first and final steps of those (concrete) programs. In (3],
results are given on representing CSP failures divergences refinement in a Z
relational setting, one of the aims being to allow the use of Z refinement in
a concurrent framework. It would be interesting to see the extent to which
the results from (3,4,19,20] might also be transferred to such a setting.

4The I-O transformers used for this purpose play a similar role to the extractors and
disturbers from [39].



Chapter 6

Automatic verification

This chapter considers two different means of automatic verification of the
notion of refinement-after-hiding presented in chapter 4. Firstly, we consider
(briefly) algorithms for this purpose. Secondly, and at greater length, we
consider the use of the tool FDR2 (see, for example, [63] or [64]).

6.0.1 Algorithms for automatic verification

Initial effort to verify automatically our notion of refinement-after-hiding
was focused on the development of algorithms for this verification. Such
algorithms were published in [11], referring to the implementation relation
which appears in [12]. The paper [16] contains an updated set of algorithms
to verify the notion of refinement-after-hiding which it describes. In these
papers, both processes and extraction patterns are represented as (variants
of) labelled transition systems.! The various components of the implementa-
tion relation are then given what is effectively a graph-theoretic restatement.
For example, during the verification that eztrgpg)(7Q) C 7P, we extract
the traces of () by taking the product of the transition system representing
Q itself and those representing the necessary extraction mappings. That the
extracted traces of ) are contained in those of P can then be verified using
a standard algorithm to check for trace containment. (Further details can be
found in [16].)

However, rather than provide an implementation of these algorithms (at
least in the short term), the decision was taken to develop an alternative
means of verification using FDR2. This was for a number of reasons. De-
veloping a usable and efficient tool is a costly undertaking in terms of time
and would likely have been beyond the scope of this thesis. Having been
in development for ten years or more, FDR2 is mature, bug-free (in the

1The representations of processes are similar to those employed in FDR2, these being
described in [62] for example.
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author’s experience) and has a number of means built-in of improving the
space-efficiency of the tool. These have been of use when carrying out the
verification detailed in chapter 7. Perhaps more importantly, FDR2 takes
as input text files containing CSP process expressions; an implementation of
the algorithms from [16] would have required the implementation of a CSP
parser and compiler. Finally, the means of verification detailed below has
allowed a rapid move to employing our notion of refinement-after-hiding in
the verification of a real-world example: as mentioned in section 4.8 with
respect to the role of implementation alphabets, this provided feedback for
the development of that notion.?

6.0.2 Verification using FDR2

Since Dom; for ep; € EP is simply a set of traces, one of the most obvious
ways to define that set of traces is using the CSP language itself: that is, we
define a process to represent Dom;. It turns out that it is also possible to en-
code the extraction mapping over traces as a CSP context. The application
of the mapping to refusals cannot be handled so cleanly and some modifi-
cations need to be made to the specification under consideration. However,
once these modifications have been made, we are able to encode the mapping
of refusals as a CSP context. This enables us to present the checking of our
notion of refinement-after-hiding in the various semantic models as a series
of standard CSP refinement checks, which in turn allows us to use FDR2 for
the purposes of automatic verification.?

Note, however, that the means of verification presented in this chapter
may only be used under a certain restriction. For any implementation pro-
cess, (), where t o (a) € Domgp(g), it must be the case that:

eztrgpg)(t o ()| < leztrepg)(t)| + L.

In other words, the occurrence of a further implementation event can cause
the occurrence of at most one extra specification event after extraction. The
extraction mapping used in chapter 7 violates this restriction in a single case
and it is explained there how the problem may be addressed for that case.
Note also that this restriction precludes the use of the approach described
in this chapter to verify a specification against its implementation, since
the occurrence of any individual specification event will usually lead to the
extraction of more than one implementation event.

2The report [14] contains a preliminary version of the work in this chapter and this was
used to verify the notion of refinement-after-hiding from [16].

3In the failures divergences model, we check only the restricted case that the relevant
specification component process is divergence-free. See section 6.7 for more details.
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6.1 Preliminary detail

In the remainder of this chapter, we assume the existence of a fixed imple-
mentation process, (), and a fixed specification process P, against which Q
is to be verified.

6.1.1 Useful notation
The following notation will prove to be useful.
Definition 6.1. inv £ {i | ep; € EP(Q) A A;N Fuvis = @}.

inv therefore gives the set of subscripts of those extraction patterns used
to interpret behaviours over finally invisible events.? By EP1, i ¢ inv will
be used as shorthand for the fact that ep; € EP(Q) and A; C Fuis. The
extraction pattern components A, B, Dom and dom may then be lifted to
the set inv.

Definition 6.2. The following hold by definition:
1. Ainy = Uiginy Ai-
2. Biny 2 Uieinu B;.

The following definition is a counterpart in terms of inv to conditions
TrR-GLOBAL] and SF-GLOBALI in chapter 4.

Definition 6.3. The following hold by definition:
1. Doy, s the set of t € (Ainy)* such that t[4; € Dom; for i € inv.
2. domin, is the set of t € (Ainy)* such that t[A; € dom; for i € inv.

The mapping Next; : Dom; — 24 is defined for every i € inv and gives
the possible extensions to any trace t € Dom,; such that the resulting trace
is still a member of Dom;. It is defined as follows.

Definition 6.4. Nezt;(t) £ {a | to (a) € Dom,}.

Finally, Nezt; can be lifted to Dom,, in the following way, where Next g, :
Dom g, — 24,

Definition 6.5. Nezt,(t) = J Next;(t[ A;).

i€iny

It will not be necessary to construct a CSP representation for those extraction patterns
which are used to “interpret” finally visible events.
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6.1.2 Process alphabets

During the course of this chapter, we will present a number of different
CSP processes to be used in the means of verification which is detailed here.
In general, it will be necessary to define an alphabet, a, for each of these
processes. We first note that a@) is as defined in definition 4.5 in section
4.1.4. For any other process, W, and by the detail in section 2.5, we are free
to assign whatever alphabet we wish provided that S(W) C aW. Before the
alphabet of any process is used for any purpose, we will always state what
we take it to be.

6.1.3 Recursive definitions

In this chapter, we define a number of different CSP processes which are pa-
rameterized by the traces in Dom;. As an example we introduce the simplest
of these processes, D; for 7 € inv, which is used in the next section:®

D,’ A D,(()) and D,‘(t) = DaENezti(t)a — Di(to (a))

By definition 6.4 and since () € Dom; by EP3-T, then t € Dom, for
any t such that D;(t) is a term used in the definition of D;. Thus, Nexzt; is
defined whenever it is used in the definition of D;. Moreover, it is easy to
see that 7D; = Dom;. However, since Dom; may be an infinite set of traces
in the general case, D; is a process with a potentially infinite description.
This is not a problem for the following reason. For such a definition, we
assume the existence of a finite equivalence relation over the traces in Dom;
such that processes parameterized by equivalent traces have the same seman-
tics.5 In fact, in practice, a single distinct process name would usually be
used to represent each set of processes parameterized by equivalent traces,
with the result that two processes parameterized by equivalent traces will
actually have the same syntactic definition. As a result, the definition of D;
used in practice in any verification would be finite: the representation given
here is effectively the syntactic unfolding or unwinding of the definition used
in practice. That the semantics of the finitely-represented process and its
unwinding D; are the same stems from the detail given in section 2.4.5 (note
that D; is guarded). Similar comments apply to the other processes which
are defined in this chapter.

*Note that we use £ when we wish to assign a label to a particular syntactic term for
ease of reference; as such, 2 should not be regarded as an operator of the language under
consideration and is not to be confused with the recursion operator, =.

In the case of D;, the equivalence relation could be induced by the nature of the
(necessarily finite) description of Dom;: see, for example, the definition of Dom ek in
section 4.1.7.



6.2. Verifying Dom-T-check 125

For example, where ep, = ep,, the process D, would be used in practice
to represent Dom, defined in section 4.1.7:

D= Dze{o,l}data.x — Dl(.’E)

where
Dy (z) = (ack.yes — D;) O (ack.no — data.z — D,).

Sections 6.4.3, 6.5.4 and 6.6.4 define the other processes used to verify the
running example: further insight into the points made here can be gained
by relating those processes to the relevant generic process definitions given
in sections 6.4, 6.5 and 6.6 respectively.

6.2 Verifying Dom-T-check

We first recall the definition of condition Dom-T-check from figure 4.4 before
proceeding to show how it may be verified:

Dom-T-check If t[ Projgpg) € (Domgp(q)[ Projgp(g)) for t € TQ
then t € Domgp(g).

Before proceeding, recall that Projpp o) gives those events on which @
may move outside of the domain Domgp(qy; it is defined in definition 4.7 in
section 4.2. In order to verify Dom-T-check, it is necessary to define a process
to encode Dom; for each i € inv, along with another process which gives the
set of traces t € 7Q such that t[Projgpq) € (DomepQ)[Projgp(g))- The
first process is D;, used in the previous section as an example, and defined
as follows for i € inv:

D; £ Dy(()) and Di(t) = Dacnea — Dilto (@)).

As mentioned above, it is easy to see that 7D; = Dom; for ¢ € inv. The
second process we must define here is Qpr;, in the definition of which the
following auxiliary processes are used:

DC; £ D;\ (A; — Proj;) for i € inv and DC 2 |||;cine DC;.

TDC; for i € inv gives Dom;[ Proj;” and 7DC gives Domgp(q)[ Proj gp(g)-
Qproj is then defined as follows:

Qrrj £ Q | Proj sp(qy PC-

"Recall that Proj, gives the set of events on which a process may move outside the
domain Dom;. It is defined in definition 4.7 in section 4.2.
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The following results give two different ways of verifying Dom-T-check
using these processes.

Theorem 6.1. Qpy; \ Fvis Jr (|||icinuD;) if and only if Q meets Dom-T-
check.

Theorem 6.2. Qpy,; \ (aQ — A;) Ir D; for every i € inv if and only if Q
meets Dom-T-check.

The second of these results would most likely be used as the basis of any
verification in practice because it avoids the need to construct the interleaving
of the processes D, the state space of which could be quite large. However,
the choice is left to the user and, for smaller (|||;cinyD;), the verification of
Dom-T-check may be carried out using a single refinement check by virtue of
theorem 6.1. (Note that, by proposition C.1 in appendix C and PAl, Fuis in
the statement of theorem 6.1 could be replaced with aQ N Fuis = |J;4;,, 4i)

By virtue of theorem 6.2 and using the definitions given above, process
D, defined in section 6.1.3 to encode Dom,e; was used to successfully verify
that both LeftImpl and RightImpl from the running example meet condition
Dom-T-check.

6.2.1 Alternative means of constructing Q pr,;

Since B(DC;) C Proj; for i € inv and B(DC) C Projgp(g) — see proof of
proposition C.1 in appendix C — we may take aDC; = Proj; for ¢ € inv and
aDC = Projgp(g)- Hence, by EP2 and definitions 4.5 and 4.7, aDC; C aQ
for i € inv and aDC C o). Moreover, for i,5 € inv such that i # j,
aDC;NaDC; = @ by EP-UNI1. As a result of this and the detail in section
2.6 on the associativity of parallel composition,

Qproj =1 (((Q llprog;, DCi) llproy, - - ) [lPros;, DC3),s

where inv = {j1,ja...,Jk}. This latter syntactic construction would be used
in practice because it avoids the need to create an intermediate process DC
during verification in FDR2 which may be much larger than the final process
QPrj. The original construction is used in the text because it eases the
necessary proofs. Similar comments apply in the remainder of this chapter
wherever processes representing a particular extraction pattern component
— such as eztr or ref — are interleaved before being composed in parallel
with another process.
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6.3 Preprocessing the implementation process

In this and subsequent sections in this chapter, we assume that @ has already
been shown to meet condition Dom-T-check. During verification, we are
interested only in behaviours (whose trace component is) from Domgp(g.
@ is therefore preprocessed in order to remove all non-domain behaviours,
thereby creating a new process (). Although this preprocessing actually adds
some new failures, rather than simply taking a subset of the failures of @), it
does so in such a way that the answers to the verification questions in which
we are interested are the same for () as they are for Q (see theorem 6.5). In
order to preprocess @, it is composed in parallel with |||;ciny D;, where D; for
1 € tnv is as defined in the previous section:

Q é Q “Ainu (”liEinvDi)'

We observe that, for i € inv, B(D;) C A; by EP3-T and definition 6.4. By

definitions 4.3 and 4.4, B(Q) C U, <<, 4i 2nd 50 5(Q) € B(Q Q) C Uicicm 4i
Thus, the following result holds by definitions 4.3, 4.4 and 4.5.

Proposition 6.3. The following hold:

1. @ is an tmplementation process.
2. EP(Q) = EP(Q).

3. a@ = Q.

We also assume that Comm(A4;,Q) = Comm(A;, Q) for ep; € EP(Q).
The following result then characterises the behaviours of Q).

Proposition 6.4. The following hold of Cj

1. TQ = TDO'"EP(Q)Q‘

2. ¢Q = {(t,SUU)|(t5) € Ppompe)@ A
UcC (Ainv - Neztinv(t [Ainv))}'

3. mindQ = {t|t € mindQ A t € Domgp)}-

Under the assumption that @ meets Dom-T-check, the following result
allows us to verify that ¢ 1 ZIE P@ pfor X € {T, SF, FD} by instead venfylng
that the necessary conditions from figures 4.5, 4.10 and 4.12 hold of Q In
view of this and proposition 6.4, we shall always refer in what follows to TQ
¢Q and mzndQ in lieu of Tpom gp g, @ P Domppiq,@ and mind@ N DomEp(Q)
respectively. (It will still be necessary to consider directly ¢gom EP(q)Q how-
ever.)
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Theorem 6.5. The following hold:

1. extrppQ)(TQ) = extrep(g) Q).

2. Q) meets Dom-SF-check if and only if @ meets Dom-SF-check.
3. extrgp(g)(¢Q) = extrep(g) (¢Q)

4. eztrepg)(0Q) = extrgp(g) (6@)

5. extrpp()(9.LQ) = extrep(g) (6.9).

Since EP(Q) = EP(Q) by proposition 6.3(2), we shall always refer to
EP(Q) rather than EP(Q) in the remainder of this chapter; this serves to
emphasise the fact that we do not alter any of our interpretive constructs
simply because we work with @ rather than Q.

6.4 The traces model

We now show how to verify that eztrgp(g) (T@) C 7P. To do this, it is
necessary to define a process context which encodes the extraction mapping
over traces. () is then placed into that context, thus defining a process which
has exactly the traces of extrgp(q)(7Q). It is therefore necessary to encode a
function from traces to traces as a CSP context, since eztrgp(q) over traces
is such a function.

The basic approach followed is similar to that employed to eztract traces
in the algorithms given in [11] and [16]. Intuitively, for each extraction pat-
tern ep; where i € inv, we wish to define a process TE; (Trace Extraction),
the traces of which are essentially pairs of traces. The left-hand trace of
each pair would be z € Dom; and the right-hand trace would be eztr;(z).
In practice, of course, it is not possible to define a process which has pairs
of traces. However, a similar effect can be achieved by effectively defining
events as pairs. Using this approach, if ¢ € 7 TE; such that |t| =k,

t=((z1, 1), (T2,¥2), - - - (Tk> Yi))-

We may then consider ¢ to be given by (z,y), where z = (1, zs,...,zx) and
y = {(y1,2,-..,Yx); moreover, z € Dom; and eztr;(z) = y.}

8Note that, for 1 < j < k, it may be the case that y; is effectively a “null” event. This
will happen if eztr;({(z1,...,zj—1)) = ezxtri((z1,...,Z;)). In such a case, the event pair
(zj,y;) would be represented by z; alone and y; would not appear in y.
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Events from @ are renamed in order that they may be synchronized during
parallel composition with those from the set of TE; for i € inv. The result
of this parallel composition is a process, S, where if

u = {(z1,91), (Z2,92), ..., (T, y)) € TS

then (z1,%2,...,71) € 7Q and (y1,¥s,...,y1) = extrepQ)({z1, T2, ..., o).
Finally, events in S are hidden and renamed as necessary so that, for such
au €718, (Y1,Y2...,y) is substituted for u. This means that the resulting
process has exactly the traces of extrgp(g) (’r@).

6.4.1 Constructing the TE;

We now show how to construct the processes TE; for ¢ € inv. The first
problem to address is the nature of the events that will be used to represent
the pairs of events described above. Let (a,b) be an event pair. In the case
that b is a null event — i.e. the occurrence of a does not cause the extraction
of a specification event — the pair is simply encoded as a, as described above.
If this is not the case, however, a pair of events have to be encoded by a single
event occurring on a single channel. As a result, we are required to define a
number of new channels, with corresponding new data types. The name of
the new channel will encode the name of the channel on which the event a
was transmitted; the data type of the new channel will need to represent the
data type of the channel on which a was transmitted, along with both the
name and data type of the channel on which b was transmitted. In general,
the approach to be taken will be as follows.

Let a = ¢ng.dv, and b = cnp.dv,. Thus, a is an event occurring on
channel c¢n, which transmits the data value dv,. Similarly, b is an event
occurring on channel c¢n, which transmits dv,. Moreover, assume that dt, is
the type of channel ¢n, and dt, is the type of cn,. We define a new channel,
called eztract,,,, where the name of the original channel on which a occurred
— i.e. cn, — may be derived from the subscript of the new name.® The
data type of this new channel is dt,.name.dt;,, where name is a data type
containing a single value, namely the label of the channel cn,.!% As a result,
the event pair (a, ) would be encoded as:

9Note that, in machine-readable CSP, we cannot define channel names containing sub-
scripts. We use the device here for the purposes of presentation and, in practice, would
define the new channel name to be the concatenation of the string “extract” and the string
denoting the name of the original channel.

19Note that, in machine readable CSP, we may not actually define a data type containing
a channel name as a data value: we take that approach here for ease of presentation in
stating generic definitions and, in practice, name would store a capitalized or abbreviated
version of the channel name (see the verification of the running example in section 6.4.3
below).
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extractcn, .dvg. cny.dvy!!

If we consider the running example from figure 1.1 and ep,,, introduced
in section 4.1.7, the trace (data.0, ack.yes) extracts to (send.0). If it were
possible to use the notion of event pairs directly, we could encode this ex-
traction using the trace (data.0, (ack.yes, send.0)). (Note that data.0 re-
mains in its original form since its occurrence does not cause the extrac-
tion of an additional event.) Since we cannot use such pairs directly, in
the CSP representation of the extraction mapping this trace would become
(data.0, extractys.yes.Send.0) (note that we use the label Send to repre-
sent the channel name send as a data value). As another example, con-
sider (data.0, ack.no, data.0), also extracting to (send.0). In this case, us-
ing event pairs we would have (data.0, ack.no, (data.0, send.0)) In the ex-
traction mapping representation the trace would become (data.0, ack.no,
extractqaq.0.Send.0). Note that we have both an occurrence of the unchanged
data.0 and also an occurrence of data.0 modified to allow the extraction func-
tion to be encoded.

Defining TE; for i € inv

Let i € inv. Then we define the process TE; to encode the extraction map-
ping eztr;, where TE; = TE;({)) and

TE,' (t) = ElaeNezt'.(t)m(a,t) — TE,(t (o] (a)).

For ease of expression, the function 7; is used here to encode the mod-
ifications that must be made to the events in A;, although its effects must
be implemented directly in any input supplied to FDR2, since it cannot be
encoded as such in CSP (see the example below in section 6.4.3). It is defined
as follows.!?

Definition 6.6. Let to(a) € Dom; such that a = cng.dv, and let b = cny.dvy.
Then:

a if extri(t) = extr;(t o (a))
7!','((1,, t) é
extracten,.dv,.cnp.dvp if extri(t o (a)) = extri(t) o (b)

Note, of course, that alternative encodings are also possible and a slightly different
one is used in the verification which is presented in chapter 7. In that chapter, the channel
name cny is actually represented by appending it to the new channel name eztract.y,,.

12Recall that, by TR-GLOBAL2 and the restriction imposed in section 6.0.2, if t o {a) €
Dom,; is such that eztr;(to{(a)) = exrtri(t)or for some trace r, then either r = {) or r = (b)
for some event b.
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By definition 6.4 and since () € Dom; by EP3-T, t € Dom; for any ¢ such
that TE;(2) is a term used in the definition of TE;. Moreover, to(a) € Dom;
for any a € Nexti(t). Thus, m;(a,t) is defined whenever it is used in the
definition of TE;. Observe that 7;(a,t) simply returns a if the extraction of ¢
is identical to the extraction of ¢ o (a). In the other case — namely that the
extraction of ¢ is a strict prefix of the extraction of £ o {(a) — we are effec-
tively encoding the fact that a is the left-hand component of an event pair
and b is the right-hand component. We assume that any event of the form
eztractcy, .dv,.cny. dvy, which is returned by 7; is distinct from all other events
in gy, cpp Ai (recall that EP gives the universe of all extraction patterns).
This assumption is encapsulated in the following condition.

DIS Let to {(a) € Dom; for i € inv be such that
extri(t o (a)) = extr;(t) o (b) for some event b.
Then mi(a,t) & U,,.cep Ai-

The following result on the events in which TE; may engage is due to the
detail in figure 2.5, definition 6.4 and the fact that () € Dom; by Ep3-T.

Proposition 6.6. §(TE;) = {m;(a,t) | t o (a) € Dom;}.

Renaming functions

We now give the renaming functions® which, for ¢ € inv, can be used to
reclaim Dom; and {eztr;(t) | t € Dom;} respectively from 7TE;. The re-
naming domain : | J;c;p, B(TE;) = Ainy will return the former and eztract :
Uiciny B(TE;) = Bipn, will return the latter.

Definition 6.7. The following hold by definition, for i € inv:
1. Let to (a) € Dom;. Then domain(m;(a,t)) £ a.

2. Let t o (a) € Dom; be such that eztr;(t o (a)) = extri(t) o (b). Then
extract(m;(a,t)) £ b.

We first note that, as stated in chapter 2 (page 16), partial renam-
ings behave as the identity mapping when applied to any event over which
they are not explicitly defined. By proposition C.4(1,2) in appendix C.2,
7(TE;[domain]) = Dom; for i € inv. eztract is defined explicitly only for
those events in |J;,,, B(TE;) which encode an event pair with a non-null
right-hand component: i.e. those event pairs (a,b) where the occurrence
of a leads to the extraction of . By proposition C.4 in appendix C.2,

13 Although, in the general case, we use renaming relations, it happens that these are
functions: this follows from definition 6.7 itself and also definition 6.6.
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T((TE; \ Ai)lextract]) = {eztr;(t) | t € Dom;} for i € inv. (The hiding
of events in A; removes all those “event pairs” encoded by a single event: i.e.
those which represent an implementation event occurrence which does not
lead to the extraction of a specification event.)

6.4.2 Extracting the traces of @

It is unnecessary to define processes TE; for ep; such that i & inv, since extr;
is the identity mapping in such cases by EP4-FvI (recall that A; C Fus if
i & inv). We thus define as follows the process TE;,,, which will be used to
extract the traces of @:

TEinu £ |Hi€irw TE1

Once TFE;,, has been defined, it must be composed in parallel with @
before applying the hiding and renaming which will mimic the application
of the extraction mapping. In order for @ to synchronize in parallel with
TE;., its events must be renamed: each event from A;,, in which @ may
engage is renamed to all those “event pairs” in B(TEiny) = U;cn, B(TE;) of
which it forms the left-hand component. The renaming used for this purpose
is prep : Ajpy X B(TE;y,), which is defined as follows.

Definition 6.8. Let i € inv and a € A; be such that there exists a trace u
such that u o (a) € Dom;. Then:

prep(a) £ {m;(a,t) | to (a) € Dom;}.

Note that, for t o (a) € 7Q such that a € A; for i € inv, t[4; o
(a) € Dom; by proposition 6.4(1) and TR-GLOBALL. The following pro-
cess, TraceExtract, then has exactly the traces of @ after extraction, which
fact is shown by theorem 6.7.

TraceExtract 2 ((Q[prep] | prep(Am) TEinv) \ Ainy)|eztract]

Theorem 6.7. eztrgp(Q) (rQ) = 7 TraceExtract.

Corollary 6.8. ertrgp(g) (7'@) C 7P if and only if TraceEztract Jdr P.

Corollary 6.8 therefore allows us to verify automatically using FDR2 that
eztrgp(q)(7Q) C TP.
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6.4.3 Example

Here we show how to apply the results in this section to verify that the
extracted traces of LeftImpl are contained in those of LeftSpec. (Note that the
components defined here can be used without modification to verify that the
extracted traces of RightImpl are contained in those of RightSpec.) Let Q be
LeftImpl after the application of the necessary preprocessing. Let ep; be ep,
defined in section 4.1.7. Recall that A; = adata U aack and B, = asend.
We then define TE; to encode eztr;:

TE, = Ugeqo,3data.z — Ty(z)
where T(z) is defined as:
((extractock.yes.Send.z — TE;) O (ack.no — eztractia,.z.Send.z — TE))).

The concrete renamings prep and eztract used in this example are as follows:

prep = {(ack.yes, extract,e;.yes.Send.0),

(ack.yes, extract,cg.yes.Send.1), (data.0, data.0),

(data.1, data.1), (ack.no, ack.no),

(data.0, extractyges-0.Send.0), (data.1, extractie,.1.Send.1)}.
eztract =

{(eztractyck.yes.Send.0, send.0),
(eztractyx-yes.Send.l, send.1),
(extractyye,.0.Send.0, send 0),
(extractysq.1.Send.1, send.1)}.

Note that here TE;,, = TFE) and A;,, = A,. Using the process expressions
defined here, we were able to define TraceFEztract as above and, by virtue of
corollary 6.8, verify automatically using FDR2 that the extracted traces of
LeftImpl are contained in those of LeftSpec. In a similar manner, we were
able to verify that the extracted traces of RightImpl are contained in those
of RightSpec. Thus, since both LeftImpl and RightImpl meet Dom-T-check,
since aImplNet C Fuis'* and by theorem 4.8, we may infer that

ImplNet Jr SpecNet.

14Recall that ain U aout C Fris. Recall also that
— ImplNet £ LeftImpl ® (o datauaack) RightImpl.
— SpecNet £ LeftSpec ®qsena RightSpec.
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6.4.4 Further comments on defining D; and TE;

Determinism Due to the need to calculate here the semantics of pro-
cesses D; and TE; from their syntactic representation, they are effectively
presented in a particular normal form, namely using only (indexed) deter-
ministic choice, the prefix operator and recursion. Provided that a CSP
process P to be used with FDR2 is deterministic then there is a process P’
constructed using only indexed deterministic choice!®, prefix and recursion
which is semantically indistinguishable from P (see condition DE in section
2.9). As a result, candidates for D; and TE; respectively which are to be
used in practice need only be deterministic, rather than defined using this
restrictive syntax. (FDR2 can be used to check the determinism of CSP
processes.) Of course, candidates for TE; should still be defined so that they
engage only in event pairs which may be generated by ;.

Defining extraction mappings In practice, it need not be the case that
the extraction pattern used in the verification of any particular implementa-
tion process will exist prior to that verification. In other words, extraction
patterns may simply be created according to our needs during any particular
verification. This is what happens in the verification of the asynchronous
communication mechanism described in chapter 7. As a result, the only di-
rect definition of Dom; for ¢ € inv which we have may be given by the traces
of the implementation process under consideration: this is one reason why it
may not actually be possible to define D; and TE; using only choice, prefix
and recursion. In the verification in chapter 7, a single extraction pattern,
which we shall denote ep;, is used in the verification of the implementa-
tion process described there, which process we shall call Q'. Since we have
no direct statement of Dom; we take it to be 7Q’, which guarantees that
any mapping used will be defined for all traces of (). Assuming the exis-
tence of a suitable renaming domain, it is difficult to define TE; such that
T(TE;[domain]) = 7Q)', since to do so would require direct syntactic modifi-
cation of the implementation process itself. The approach taken, therefore,
is to define TE; such that 7Q' C 7(TE;[domain]). Using such an approach,
it is as if we take some larger mapping and assume that eztr; is defined as its
restriction to the domain Dom;. The restriction to Dom; will then occur au-
tomatically when the process TE; is composed in parallel with the renamed

Q'

151f we index the deterministic choice operator with the empty set then this is semanti-
cally equivalent to STOP.
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6.5 Verifying Dom-SF-check

We now move on to consider the verification of condition Dom-SF-check for
Q:

Dom-SF-check Let (¢, R) € ¢Q be such that R C aQ. Let
ep; € EP(Q) be such that A; N Fris = 2. If
otri (RN Ay, t[ A;, Q) = B; then t[A; € dom.

We show in this section how the verification of this condition can be
transformed into a check for deadlock freedom'® on a (number of) process(es)
derived from @.17 This transformation is based on a simple consideration of
the respective definitions of eztr™, ref and ref. (Recall that, for i € inv and
t € Dom;, ref;(t) gives the set of all X C A; such that, for every Y € ref,(t),
X UY # A;.) Before proceeding we define RefSet, for i € inv, which is used
extensively in what follows:

Definition 6.9. Let i € inv. Then:

a ref ; if Comm(A;,Q) = Right
Refety = {W,- if Comm(A; Q) = Lef

Note that RefSet; associates the communication capability Left with ref,;
and Right with ref; for i € inv; in contrast, the definition of ez‘tr"’f
definition 4.10 associates Left w1th ref; and Right with ref;. This will prove
to be crucial in what follows: in particular, it allows us to characterise in
terms of RefSet; whether or not Dom-SF-check is met.

Let i € inv and (t, R) € ¢Q such that R C oQ and t[4; & dom;. 1f §
meets Dom-SF-check, then eztr™ (RN A;,t[A;,Q) = @. In the case that
Comm(Ai,@) = Right, this means that RN A; € ref;(t[A;) by definition
4.10. Hence, by definitions 4.9 and 6.9, there does not exist X € ref;(t[A;) =
RefSet,(t[ A;) such that X U(RN A;) = A;. In the case that Comm(A4;, @) =
Left then RN A; € ref ;(t[ A;) and so, again by definitions 4.9 and 6.9, there
does not exist Y € ref;(t[A;) = RefSet;(t[A;) such that Y U (RN 4;) =

Consider, then, the case that Q does not meet Dom-SF-check. Then there
exists (¢, R) € ¢Q such that R C oQ and i € inv such that ¢[4; ¢ dom;,
where eztr:“f (RN A,,t[A,,Q) = B;. Hence, by definitions 4.9, 4.10 and
6.9, there exists X € RefSet;(t[A;) such that X U(RNA;)) = A;. Ina

16Recall that a process W is deadlock-free if and only if R C T for every (¢, R) € ¢W.

17This is similar in some respects to the use of tester processes in [6], where the question
of whether one process implements another is transformed into a question of deadlock-
freedom of the implementation composed in parallel with the tester process.
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suitable process, deadlock will occur due to the refusal of all events in A;,
thus indicating that eztr?f (RN A;,t[A;, Q) = B; and so Dom-SF-check has
been breached. We therefore define a process (to be interpreted in the stable
failures model) for each i € inv such that its refusals after t € (Dom; —
dom;) are given by RefSet;(t) and where ¢t € dom; does not form the trace
component of any failure. Each such process for i € inv is composed in
parallel with a modified () so that the resulting process deadlocks — due to
refusing all events in A; — if and only if condition Dom-SF-check is not met
with respect to ep; (i.e. extr[¥ (RN Ay, t[A;, Q) = B; while t[A; & dom).

6.5.1 Defining the “tester” process

We first show how to define the “tester” process DSF; for i € inv (we need
not define such a process for ¢ € inv by the definition of Dom-SF-check). This
definition makes use of the semantic definition of DIV — the immediately
diverging process — in the stable failures model: recall that the meaning of
DIV in this model is ({()}, ). Where P is a process and by the semantic
definition of O in figure 2.3, we have that:

¢(P 0 DIV) = {(t,R) € 6P [t # ()}.

For example, ¢((a — STOP) O DIV) = {((a),R) | R C T} (see the
use of DIV in the definition of processes TP and FP in section 2.10). We
may therefore use DIV to obscure failures in which we are not interested,
specifically those where the trace component is t € dom; since these can be
ignored by the definition of Dom-SF-check. We therefore define the process
DSF; for i € inv, the failures of which are defined by Dom; — dom; and
RefSet; (see lemma 6.9 below).

Let i € inv. For t € Dom;, we define ref}(t) as the set of sets from
ref;(t) which are maximal in the subset-ordering.

Definition 6.10. ref)(t) £ {R € ref,(t) | (BS € ref;(t)) R C S}.

We first give the definition of DSF; when Comm/(A;, @) = Right. (Note
that ¢ ¢ dom; is used as shorthand for the fact that t € Dom; — dom;.) In
this case, DSF; £ DSFR(()) and:

(DaeNestsya = DSFE(to (a))) O DIV if te€ dom;

R —
PSEA® =\ (Oucnetiga — DSFR(to (@))) D DIV) 1 if ¢ & dom,

(”Remfg“(t)(‘]ae(,q,._n)a — DIV))

We now give the definition of DSF'; when C’omm(A,-,@) = Left. In this
case, DSF; £ DSFY(()) and:
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(OueNestsn@ = DSFF(to (a))) O DIV if t€ dom;
L
DSF{(®) =\ (Qucwesya = DSFX(to (@) O DIV) 1 if ¢ & dom,
(DRemf,M(t) (nae(A‘-—R)a - DIV))

Note that, by EP5 and definition 6.10, M is never indexed by the empty
set in either of these definitions; similarly, O is never indexed by the empty
set in the last line of the definition of DSF¥(t) (this latter is important in
the proof of lemma 6.9). By definition 6.4 and since () € Dom; by Ep3-T,
t € Dom; for any t used to parameterise a term in the definition of DSF;.
Hence, ref f” is defined wherever it is used. The two versions of DSF; are
almost identical: in fact, the only difference is the ordering of the operators
O and N in the last line of the respective definitions. This line is used to
encode (the refusals from) RefSet; and the difference reflects the fact that it
is given by ref, in one case and by ref; in the other. The stable failures of
DSF'; are characterised by the following lemma.

Lemma 6.9. The following holds, for i € inv:
#DSF; = {(t, XUY) | t € Dom;—dom; A X € RefSet;(t) AN Y C (X—A;)}.

Examples of such processes DSF; can be seen below in section 6.5.4.

6.5.2 Transforming the implementation process

Let 1 € inv. We now show how to transform the implementation process
Q, such that its failures are projected onto A;: that is, if (¢, R) € #Q then
(t[A4;, (RN 4) U (2 — 4;)) is a failure of the tra.nsformed process. This
transformation is effected using the process Proc;.

Proc; = ((O,¢,g8 — Proc;) O DIV) N (Dgea,a — DIV).

Q is composed in parallel with Proc; with the result that, for every failure
(t,R) € #Q, the refusal R has oQ — A; added to it. ThlS means that
the refusal R N A; will survive the hiding of the events in aQ — A;:
(¢[A4;, RN A;) will be a failure of the process resulting from the h1d1ng of
a@ — A;. We therefore define the following process:

2 (@ llog Proc:) \ (@ — Ay).
The stable failures of @,- are given by the following result.
Lemma 6.10. The following holds, for i € inv:
60; = {(t[A;, R) | (3(t, X) € Q) RC (X NA) U (T — A)}.
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6.5.3 The verification

We are now in a position to define the process Finallmple;, for i € inv, upon
which the check for deadlock-freedom!® will be carried out:

FinalImple, & Q: |a; DSF;.

Theorem 6.11. @ meets condition Dom-SF-check if and only if, for every
i € inv, Finallmple; is deadlock-free.

The above result allows us to proceed to automatic verification of condi-
tion Dom-SF-check.

6.5.4 Example

We now show how to define the relevant process expressions used to ver-
ify that LeftImpl and RightImpl respectively meet condition Dom-SF-check.
Note that, in both cases, the condition need be checked only with respect to
the extraction pattern ep,, the relevant components of which are restated
here.

domge is defined as follows:

domas = {(data.0, ack.yes), (data.0, ack.no, data.0),
(data.1, ack.yes), (data.1, ack.no, data.1)}*.

Recall that Dom, is given by the prefix-closure of dom,. The ref
component, where ¢t € dom, and t ou € Dome, is given as:

20data if u = (data.v)
refo(tou) £ { {Re20dtebocck | gdgtg ¢ R} ifu= ()
{R € 20dataleack | dotq.y ¢ R} if u = (data.v, ack.no)

We assume ep, is ep,4, where A; = adata U aack.

Verifying RightImpl:

In this case, Comm(A;, RightImpl) = Right. Assume that @ is RightImpl
after the application of preprocessing as described in section 6.3. We also
assume the existence of an extraction pattern ep, to “interpret” the events
occurring on channel out (recall that cout C Fuis), where Ay = aout. Thus,
by proposition 6.3(2) and definition 4.5, a@ = adata U aack U avout. Assume
that Proc, is defined according to the template given above in section 6.5.2,

18Recall that a process W is deadlock-free if and only if R C X for every (t,R) € ¢W.
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by substituting adata U aack U aout for aQ and adata U aack for A;.
We then define Q; 2 (Q log Proci) \ cout. The tester process DSF used
here is defined in terms of two auxiliary processes DSF(z) and DSF!(z).

DSF, = (Ogeqo,13(data.xc — DSF'(z)) O DIV

DSF{(z) = ((ack.yes = DSF, O ack.no — DSF(z)) O DIV) N
(Mre{adata} (Oye(a—r) ¥ = DIV))

DSF{(z) = ((data.x —» DSF;) O DIV) N
(MRe{A1~{data.c}} (Oye(a—r) ¥ = DIV)).

From these process expressions, we were able to define Finallmple, for
ep; = ep, and RightImpl, and check it for deadlock freedom using FDR2,
as a result of which we successfully verified condition Dom-SF-check for
RightImpl.

Verifying LeftImpl:

In this case, Comm(A,, LeftImpl) = Left. Assume that Q is LeftImpl after
preprocessing. We also assume the existence of an extraction pattern ep,
to “interpret” the events occurring on channel in (recall that ain C Fuis),
where A; = ain. Thus, by proposition 6.3(2) and definition 4.5, a@ =
adata U oack U oin. Assume that Proc; is defined according to the
template given above, by substituting adata U aack U ain for aQ and
adate U aack for A;. We then define Q, £ (Q lag Proci) \ ein. The
tester process DSF| used here is defined in terms of two auxiliary processes
DSF{(z) and DSF{(z).

DSF, = (Ogeqo,1)(data.z — DSF(z)) O DIV

DSF(z) = ((ack.yes & DSF; O ack.no — DSF{(z)) O DIV) N
(ORe{adata} (Nye(a,—r) ¥ = DIV))

DSFY{(z) ((data.x — DSF,;) O DIV) N

(Ore(a:—{data.z}}(Mye(a-R) ¥ = DIV)).

From these process expressions, we were able to define Finallmple, for
ep, = ep, and LeftImpl, and check it for deadlock freedom using FDR2, as a
result of which we successfully verified condition Dom-SF-check for LeftImpl.
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6.6 The stable failures model

We now consider how to verify that extr gp(q)([Q]gp) € [P]gp, which requires
the interpretation of both the traces and stable failures of Q Section 6.4
showed how to do the former. The challenge faced here, therefore, is to
encode as a CSP context the mapping applied to refusal/trace pairs. Before
we show how to do this, an important issue must be raised.

Condition SF4 given in section 2.4.2 defines the following relationship
which exists between the traces and failures of any process W in the stable
failures model:

(t,R) € oW A to(a) € TW = (t,RU {a}) € ¢W.

But eztrgp(q) (T@) and eztrgp(Q)(qS@) may not respect this relationship.
Consider a refusal-maximal failure (w, X) € eztrgpg)(¢Q). Then, by SF-
DEF2, there exists (2, R) € $dompp o, @ such that

extrgp(g)(t) = w and X = eztrg,f,(Q)(R, t, @) u(lE- e:z:tr“‘(a@)).

It may be the case that, for ep; € EP(Q) where i € inv, X N B; = & since
extri™ (RN A;, t[A;, Q) = @. However, it need not hold that extrgp(g)(t) o

(b) € estrgp(g) (T@) for every b € B; and usually it will not. This means
that, in the general case, there need not be a (syntactic) process the se-

mantics of which is given by eztrgp(g)([Q]gr). One consequence of this is

-~

that, although the extracted traces of () are represented directly in the syn-
tactic term we define, its extracted failures are represented in an encoded
form (see section 6.6.1 for further details). Another consequence is that the
specification process P has to be modified before the verification question
under consideration here can be framed as a refinement check in FDR2 (see
section 6.6.2).

The interdependency between traces and failures also gives rise to an-
other problem. In particular, if we apply to @ the machinery necessary to
extract traces then this will modify the failures of the resulting process: we
no longer have a (syntactic) record of the original failures of @ and so would
be unable to apply further syntactic manipulations in order to encode the ex-
tracted failures of @ Similarly, syntactic manipulations which are necessary
to encode the extraction of the failures of () will have possibly undesirable ef-
fects on the traces of the resulting process. For example, consider the simple
implementation process W = a — STOP, where:

o TW = {(),(a)} and
e« oW ={(),R)|[RCT A a¢ R}U{((a),R) | RS =}.
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In the event that extr gp(w)({a)) = (), we would have to hide {a} in order
to extract the traces of W. However, the only failure of the resulting process
would be {((),R) | R C £}. In the event that eztrgpuw)((a)) = (b), then
a would eventually be renamed to b and this would alter the refusals of the
process. Similarly, any attempt to extract the refusals of W would involve
some manipulation of the event a and so the traces of the process would also
be affected.

In order to solve this problem, we introduce the notion of primed events:
this allows us to separate the events used to generate the traces of any process
under consideration from those used to generate the refusals. For example,
we could represent W as

W' = ((a » STOP) O DIV) N (a' — DIV),
where

o TW'={(),(a),{d’)} and
e oW ={({()R)[RCE A d ¢R}U{({(a),R) | RCX}.

Thus, the event a could be manipulated as necessary in order to extract
the traces of W' but this would not affect the refusals of the process (it
would, of course, affect the trace component of one of the failures but that
trace component would need to be extracted as well anyway). Similarly, o’
could be manipulated during the extraction of refusals but this would not
affect the trace (a) (the additional trace (a’) can effectively be ignored). This
approach of using primed events to generate refusals and unprimed events
to generate traces is employed below in the definition of the processes RE;
for 7 € inv described in section 6.6.1 (these processes are used to extract the
refusals of Q).

Priming events and related issues

Before proceeding, we introduce three renaming relations which will allow us
to prime events.

Definition 6.11. The following hold by definition:
1. If a € Ajpy U By, then prime(a) £ a'.
2. If a € Ay then p2(a) = {a,a'}.

8. If a € By, then pF(a) £ {a,d'}.
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prime converts an event from A;,, U By, into its primed counterpart. p®
returns both the original event and its primed version for finally invisible
implementation events; p* does the same for finally invisible specification
events. It is assumed that the set of primed events contains only “fresh”
events: i.e. it does not contain any events already used in defining @, P or
QP(Q), or which are used in any other capacity as part of the verification of
Q.

The act of priming an event cannot be done directly in (machine-readable)
CSP and so the approach taken is as follows. We take the event to be primed
and define a new channel with the same type as the original channel on which
the event occurred and whose name is a concatenation of the original name
and some other “reserved” word, such as prime. The new event will then
occur on the new channel, whilst communicating the same data value as the
original event. For example, if we were to “prime” the event data.0, the
result could be datapmm..0 (see section 6.6.4 for further examples). Note, of
course, that we cannot use channel names containing subscripts in machine-
readable CSP: they are used here simply for the purposes of presentation
and, in practice, we would use something like dataprime.

In the course of extracting the refusals of @, it will also be necessary to
rename each event in prime(A;) for i € inv to a distinguished event d;.'®
The set of such events is labelled d;y,,.

Definition 6.12. d;,, £ {d; | i € inv}.

The renaming of events in prime(A;) to d; for i € inv is carried out using
the renaming 0%. (oF is also defined, to rename events in prime(B;) to d;:
it is used in preprocessing the specification).

Definition 6.13. Let : € inv.
1. If a € prime(4;) then 0%(a) £ d;.
2. If a € prime(B;) then o (a) £ d;.

The events d; for 7 € inv are used to encode the extraction of refusals.
In order to relate this encoding to e:ctr;}f,(Q), we introduce the mapping

extrFDRL o .

Definition 6.14. Let t € Domgp(g) and R C a@. Then

ea:trFDRngD (R, t, Q\)é U eztrFDRff(RﬂAi,t[A,-,@), where:

1<i<m

(@

9Each such d; is assumed to be a “fresh” event not used or introduced elsewhere.
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1. Leti ¢ inv. Then extrFDRM™ (RN A;,t[A;,Q) £ RN A;.
2. Leti € inv. Then:

(a) if extr™ (RN A;,t[A;, Q) = B; then
extrFDR (RN A;, t[A;, Q) £ {d;}.

(b) if extr™ (RN Ay, t[A;, Q) = @, extrFDR™ (RN A t[A;,Q) 2 o.

In relation to definition 6.14(1), recall that A; C Fuvis if i € inv and so
eztr,-'ef (RN A;,t[A;,Q) = RN A; by EP5-FvL.

6.6.1 Interpreting the behaviours of @

In this section, we show how to simultaneously extract the traces and failures

of @
Extracting refusals

The extraction of refusals uses a set of processes RE; for i € inv which are
similar to the DSF; defined in the previous section for verifying Dom-SF-
check. The only differences are that refusals are generated here using primed
events and only traces in dom; form the trace components of the stable
failures of the process. This latter is because, by SF-DEF2 in figure 4.10, we
are ultimately only interested in failures the trace component of which is in
dom EP(Q)-

Let ¢ € inv and note that ¢t &€ dom,; is again used as a shorthand for the
fact that t € (Dom; — dom;). We first give the definition of the process RE;
when Comm(A;, Q) = Right. In this case, RE; £ RE®(()) and

(DaeNeatsya — RE(to (a))) O DIV if t¢ dom;
REF) ((Daenest; 9@ = REF(to (a))) ODIV) N if t € dom;
(”Remf,!“(t)(Daepn'me(A,-_R)a — DIV))

We now give the definition of RE; when Comm(A;, Q) = Left. In this
case, RE; & RE}(()) and
(OaeNeat; ()@ — REF (to(a))) O DIV if t¢ dom;
RE[(8) = \ (Duewemna — REF(to (@) DDIV) N if t € dom,
(DRemf:“(t)(HGEPH'me(Ai—R)a — DIV))

Similar comments apply to these definitions as were made with respect
to the definitions of DSF; in the previous section. In particular, by EP5
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and definition 6.10, M is never indexed by the empty set in either of these
definitions; also, O is never indexed by the empty set in the last line of the
definition of RE! (t). By definition 6.4 and since () € Dom; by EP3-T, then
t € Dom,; for any ¢ used to parameterise a term in the definition of RE; and
so ref M is defined wherever it is used. Also as before, the two definitions of
RE; are similar: again, the only difference is the ordering of the operators O
and M in the last line of the respective definitions, due to the fact that this
line encodes (the priming of) RefSet,.

We also define the process, Trim.

Trim = (DaeA a— Tmm) O (DaEprime(A,'m,)a — DIV).

inv

Trim is composed in parallel with |||;ciny RE; in order to ensure that
primed events only appear at the end of traces in the resulting process,
RE;,,, which process will be used to extract the refusals of Q:2°

REinu é (|||1€vaEt) ”Ainuup’ime(/‘lnv) T’rzm'

The following result characterises the behaviours of RE,, (recall that, by
deﬁnition 63, Dom,-,w é (|||,-e,-m,Dom,-) and dom;,,., é (|||,-e,-,wd0m,-)).21

Lemma 6.12. The following hold of RE,:

1. TRE;,, = Dom,, UT, where
T C {to (prime(a)) |t € Domip, A ((Fi € inv) a € 4;)}.

2. ¢REy, = {(t,prime(X)UY) |t € domy, N X C Ajpy A
Y C (X — prime(Ainy)) A
((Vi € inv) X N A; € RefSet,(t[A;))}-

Before composing RE;,, in parallel with Q, it is necessary to prime the
events of Q using p?. This essentially gives two copies of every event from
Q which is in A;y,,: after composition with RE;,,, the unprimed events effec-
tively define the traces of the resulting process and the primed events define
the refusals, as they do in RE;,,,. Prior to composition with RE;, it is also
necessary to compose the renamed @) with the following process, TrimTwo,
to create the process Interim. TrimTwo plays a role similar to Trim defined

20If primed events could appear elsewhere in the traces of RE;n,, it would interfere with
the extraction of the traces of Q.

21Note that, in the definition of T' in lemma 6.12(1), dom;,, could have been used in
place of Dom;,, without invalidating the result. We use Dom,,, because it is sufficient
for our purposes in the remainder of this section and because it eases the proof of both
this result and a later result.
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above: it ensures that events from prime(A;,,) only occur at the end of traces
in Interim. We therefore define:

TrimTwo = (0,50 = TrimTwo) O (Daeprime(Aim,)@ — DIV)

and

Interim £ @[PQ] | y TrimTwo.

aéu prime(Ainy

Consider a failure (¢, R) € qbdo,,.EP(Q)@ and let 7 € inv. Once RE;,, has
been composed in parallel with Interim, the resultmg process will refuse
prime(4;) after t if extr} (RN A;,t[A;,Q) = B;. (This behaviour is sim-
ilar to that induced when DSF; is composed in parallel with @,—, as de-
scribed in section 6.5.) Similarly, only a strict subset of prime(A4;) will be
refused after t if eztri™ (RN A,-,th,',@) = @&. The events from prime(4;)
are then renamed to d; using ¢©. This has the result that {d;} is refused
after ¢ if ezxtr™ (RN A; t[A;, Q) = B;; moreover, {d;} is not refused after ¢
if extr™ (RN A;, t[A;, Q) = 2.2

‘We therefore define PreImple, a process which has the extracted refusals
of @ but whose fraces have not yet been extracted:

Prelmple £ (Interim ”A‘-m,Upn'me(A REinv)[UQ]-

inu)
We introduce the notation Ag,;, as follows.

Definition 6.15. Apy; = | = o N Fuis.

zemv
The behaviours of Prelmple are then given by the following result.
Lemma 6.13. The following hold:
1. TPreImple = TQUT, where T C {to (d;) |t € 7Q A d; € diny}.

2. ¢PreImple ={(t, X UY) | A(t, R) € ¢d,,,,,E,,(Q)Q) RCaQA
X C extrFDRE, o (R,1,Q) A Y C (T — (Arwis U dind))}-

22 According to the detail in section 2.4.2, for some process W and renaming G,

WG 2 {(s,X)| (Fs) s G s A (5,G7(X)) € oW}

Since (09) ' ({d;}) = prime(A4:)U {d;} for i € inv, then prime(A;) must be refused before
renaming with o9 if {d;} is to be refused after renaming has been applied (note that {d;}
itself is always refused before application of the renaming).
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Extracting traces

We now define the process FinalImple. This will constitute the implementa-
tion process supplied to the refinement check in FDR2 which is used to verify
whether or not extrEp(Q)(ﬂQ] sr) C [Plsp- This final syntactic transforma-
tion is used to “extract” the traces of PreImple. (Note that extract, prep and
TE;, are as defined in section 6.4.)

FinalImple £ (((PreImple[prep)) || prepias,) TEinv) \ Ainy)[eztract]
The behaviours of Finallmple are given by the following result.
Lemma 6.14. The following hold:

1. TFinallmple = ez'trEp(Q)(TQ) U T, where
T C {extrgpq)(t) o (di) |t € TQ A d; € diny}-

2. ¢Finallmple {(CZL'tTEP(Q) (w),XUY)| (3 (w R) e ¢d°"'EP(0>Q)
RCoQ A X C estrFDRG, o\ (R,w,Q)
ANY C (2 — (Apyis Udiny))}-

6.6.2 Preprocessing the specification process P

Before proceeding, we introduce an additional notation which will prove use-
ful in characterising the behaviours of the preprocessed specification.

Definition 6.16. Let (¢, R) € ¢P. Then DB(R) = {d; € diny | B; C R}.
In addition, we assume the alphabet of P to be as follows:

aP = B(P) U eztr’®(aQ).

As indicated above, it is necessary to modify the specification process P
before it is used in any refinement check in FDR2. There are two related
reasons for this. Firstly, as indicated by lemma 6.14(1), certain traces from
7 Finallmple may be ended by an event d; € d,,. It is therefore necessary to
add d; for ¢ € inv to the end of every trace in the specification. Secondly,
refusals in Finallmple are effectively defined only in terms of finally visible
events and the events from d;,,; all other events are always refused. The
refusals from the specification therefore have to be modified in order to reflect
this fact. These changes are effected using the auxiliary process Proc. (Recall
that By, = ..., B; by definition 6.2(2).)

i€iny

Proc = ((Ogeapa — Proc)) O DIV) M

(Oag((aP—Bin)Uprime(Bin,))@ —> DIV) N
((Dyedimy - DIV) g DIV)
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The events from P are primed using p* in order to give two copies of each
event in By,, — the primed events will be used to define refusals and the
unprimed events to define traces — and Proc is then composed in parallel
with the renamed P, synchronizing on P U prime(Bin,). We refer to the
resulting process as W. For every (¢, R) € ¢Proc, t € (aP)* and

R C (Z — (P — Biny) U prime(Biny)))-

Thus, W will always refuse all events in Bj,, since Bjn, C ea:tr”‘(a@) C aP;
however, refusals from P which are contained in B;,, will appear in a primed
form in W. In other words, if (¢,R) € ¢P is such that R C Bj,,, then
(t, prime(R)) € ¢W. Finally, the renaming oF is applied to W with the effect
that all events from prime(B;) for ¢ € inv are renamed to d;. This means that
the new specification process, NewSpec, will refuse {d;} for ¢ € inv after a
trace t if and only if P could previously refuse B; after ¢ (see lemma 6.15(2)
and recall the definition of DB in definition 6.16). NewSpec is therefore
defined as follows.

NewSpec £ (P[p"] ||apuprime(Bm) Proc)[o”]

NewSpec will constitute the specification process supplied to the refine-
ment check in FDR2 which is used to verify whether or not eztr gp(q)([Q]sr) C
[Plgg- Its behaviours are characterised by the following result.

Lemma 6.15. The following hold:
1. TNewSpec=TPU{to(d;) |t € TP A d; € diy}.
2. ¢NewSpec= {(t,R) | (3(t,X) € ¢P)

RC (XN (aP — Biyy)) UDB(X) U
(£ — ((aP = Bigy) U dinv))}

In this result, aP — Bj,, denotes a combination of finally visible events
and “other” events. This reflects the fact that P may engage in events other
than those in the specification alphabets of the extraction patterns used to
interpret @ (i.e. other than those in |, ;<. Bi)-

6.6.3 Final result

We now give the final result which lets us verify using FDR2 whether or not
eztrepQ) ([Qlsr) S [Plse-

Theorem 6.16. eztrEp(Q)(I[@]] sr) C [Plgp if and only if Finallmple Jsp
NewSpec.
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6.6.4 Example

We now show how the results given above can be used to define inputs
to FDR2 to verify automatically that the extracted behaviours of LeftImpl
(respectively RightImpl) in the stable failures model are contained in the
behaviours of LeftSpec (respectively RightSpec) in the same model.

In both cases — i.e. in the verification of both LeftImpl and RightImpl
— let ep, be ep,. We therefore have that inv = {1}. Also, diny = {d1},
Ay = Ajny = adata U aack and B; = B,y = asend. Assuming the existence
of suitable extraction patterns to “interpret” events occurring on channel in
in LeftImpl and on channel out in RightImpl,>® we have:

e aRightSpec = aout U asend.

e alLeftSpec = ain U asend.

We define new channels dataprime, ackprime and sendprime with the same
types as data, ack and send respectively on which will occur the necessary
primed events. The renaming prime which is used here is defined as:**

prime = send.0, send prime.0), (send.1, send prime-1),
p P

{
(data.0, dataprime.0), (data.1, dataprime.1),
(ack.yes, ack prime-yes), (ack.no, ack prime.n0)}.

The renaming p? used here is defined as:

p? = {(data.0, data.0), (data.0, dataprime.0),

{
(data.l, data.1), (data.l, dataprime-1), (ack.yes, ack.yes),
(ack.yes, ack prime-yes), (ack.no, ack.no), (ack.no, ackyrime.n0)}.

The renaming p” used here is defined as:

o’ £ {(send.0, send.0), (send.0, sendprime.0), (send.1, send.1),
(send.1, sendprime.1)}.

The renaming 09 used here is defined as:

0® £ {(dataprime-0,d1), (dataprime.1,d1), (ackprime.yes, d1),
(ack prime-n0,d1)}.

23These are the extraction patterns whose existence was assumed in section 6.5.4.
24Note that all renamings used here are the same whether we are verifying LeftImpl or
RightImpl.
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The renaming o used here is defined as:

o £ {(sendprime-0,d1), (sendprime-1,d1)}.

Using the detail above, NewSpec could be constructed for both LeftSpec
and RightSpec after taking account of the following important point. In the
generic syntactic definitions given in this section, the renaming prime is ap-
plied to different sets of events. However, renamings may not be applied to
sets in FDR2 (that approach is used in definitions for ease of expression). In
practice, we supply directly the events from the primed set under considera-
tion. For example, where a deterministic choice operator in Proc is indexed
by a € (... U prime(Biy,)), we would instead give directly the set of primed
events: in the example here, we would use a € (...U asendprpm.) rather than
a € (...U prime(asend)). In the definition of RE; in section 6.6.1, a choice
operator is indexed by R € ref f” (t) and then a subsequent choice operator
is indexed by a € prime(A; — R). In practice, we take advantage of the fact
that prime(A4; — R) = prime(A;) — prime(R). The first of the two choice op-
erators is therefore indexed over the set of prime(R) such that R € ref(t),
where the prime(R) are supplied directly. The second choice operator is then
indexed by a € prime(A;) — X, where prime(A;) is supplied directly and X
represents a member of the set of prime(R) such that R € ref}'(t). This
approach is illustrated by the definition of the processes RE; below.

Below, X £ aackprime U {dataprme.0} and Y £ aackyrime U {dataprime-1}.
These sets are used to represent the primed maximal refusals bounds when
behaviour is complete (recall that ref . (t) = {R € 224%teYeek | o data ¢ R}
for t € domgex).

Verifying RightImpl:

In this case, Comm(A;, RightImpl) = Right. Assume that @ is RightImpl
after the application of preprocessing as described in section 6.3. Then, as
shown in section 6.5.4, a@ = adata U aack U aout. The process RE;
for the extraction pattern ep, = ep,y is defined in terms of two auxiliary
processes RE)(z) and RE{(z):

RE, = ((Ozefo,1}data.z — RE|(z)) O DIV) N
(HRE{X,Y}(Dye((adata,ﬁm,Uaack,,..—,,.,)—-R) y— DIV))

RE|(z) = (ack.yes — RE; O ack.no — RE|(z)) O DIV.

RE/(z) = (data.xz — RE,) 0 DIV.
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Verifying LeftImpl:

In this case, Comm(Ai, LeftImpl) = Left. Assume that @ is LeftImpl after
preprocessing. Then, as shown in section 6.5.4, a@ = adata U aack U ain.
The process RE, for the extraction pattern ep; = ep,,; is defined in terms
of the following two auxiliary processes RE|(z) and RE](z):

RE; = ((Ozeqo1)data.z —» RE (z)) O DIV) N

(DRG{X,Y}([—lye((adata,mmeUaack,,-.me)—R) y— DI V))-
RE|(z) = (ack.yes > RE; O ack.no — RE/(z)) O DIV.
RE{(z) = (data.z — RE;) Q0 DIV.

Using the components defined above, along with TE), prep and eztract
described in section 6.4.3, we were able to define all necessary process ex-
pressions needed for the current verification. By supplying them as inputs
to FDR2, we were then able to verify automatically that the extracted be-
haviours of LeftImpl (respectively RightImpl) in the stable failures model are
contained in the behaviours of LeftSpec (respectively RightSpec) in the same
model.

Thus, since both LeftImpl and RightImpl meet Dom-T-check and Dom-
SF-check, since aImplNet C Fvis and by theorem 4.10, we may infer that

ImplNet Jgr SpecNet.

6.7 The failures divergences model

Finally,we show how to verify automatically that eztrgp(g)([Q]rp) S [Plro
when 6P = .2 By working under this restriction, the condition that is ver-
ified here is similar to the notion of refinement-after-hiding presented in [16].
Before proceeding to the verification of the condition proper, it is necessary
to show how to verify condition EP6.

25This restriction is imposed because it lets us verify the condition while still working in
the stable failures model: the use of DIV in extracting refusals would distort the outcome
of any verification check in the failures divergences model. It is a minor restriction in any
case, since one would usually expect a (component) specification process to be divergence-
free. Moreover, it should be stressed that the specification network may still contain
divergent traces.
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Verifying EP6

We recall condition EP6 from section 4.5 and observe that it must be verified
for every extraction pattern ep; € EP(Q) such that A; N Fvis = @, that is,
such that i € inv (it is met trivially when i ¢ inv by EP4-Fvi).

EP6 Let ep€ EP. If...,t;,...is an w-sequence in Dom, then
..., extr(t;),. .. is also an w-sequence.

In practice, EP6 would be verified of the extraction patterns indepen-
dently of the actual system verification: in other words, it would be verified
of any particular extraction pattern when that extraction pattern was first
created. The following result shows how this verification may be carried out,
where TE; is as defined in section 6.4.

Theorem 6.17. Let ep; € EP(Q) be such that i € inv. Then ep; meets EP6
if and only if 6(TE; \ 4;) = 2.

The verification proper

We assume that @ has already been shown to meet conditions Dom-T-check
and Dom-SF-check. As is shown by the following result, two checks are then
required in FDR2 to verify that ezxtrgpg)([Qlrp) € [Plpp when 6P = @
(NewSpec and Finallmple are as defined in section 6.6).

Theorem 6.18. Let 6P = & and assume that Q meets conditions Dom-T-
check and Dom-SF-check. Then extrgp)([Qlrp) € [Plrp if and only if

6@ = & and Finallmple Jsr NewSpec.

Using the above detail, we were able to verify automatically that LeftImpl
refines-after-hiding LeftSpec and RightImpl refines-after-hiding RightSpec in
the failures divergences model. Thus, by theorem 4.12, we may infer that
ImplNet Jdpp SpecNet.

6.8 Conclusion

We have presented here a means of automatic verification of our notion of
refinement-after-hiding, albeit under certain restrictions.?® Moreover, it has
been built on top of an existing industrial-strength tool, with all of the bene-
fits which that confers. This means of verification is used in the next chapter

26The extraction mappings which may be used must be restricted as described in section
6.0.2 and component specification processes must be divergence-free when working in the
failures divergences model.
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to verify the correctness of an algorithm for asynchronous communication
and we postpone until then a more detailed discussion of it.



Chapter 7

Case study

Thus far, we have considered the theory behind notions of refinement-after-
hiding in CSP, presented a concrete such notion and described a means of
automatically verifying it using a pre-existing tool. The next step is to
apply these latter two things in practice. To do this, we attempt to verify
the correctness of a particular asynchronous communication mechanism or

ACM.!

7.1 Asynchronous communication

In an ideal world, where we could guarantee instantaneous, atomic? data
transfer — whatever the type of the data being transferred — shared mem-
ory communication between two concurrent processes could be implemented
directly using single variables or registers, without any attendant access con-
trol policies or mechanisms. However, such atomic data transfers are not
possible and if, for example, a reader and writer process were allowed uncon-
strained access to such a variable or register, interference would occur due to
the overlapping of read and write events.

Usually, if communication is to take place between two concurrent pro-
cesses via a shared memory area, some form of synchronization® will be re-
quired in order to avoid interference. Such synchronization may take the
form of a critical section or handshake communication. However, this may

! Although the purpose of this case study is to apply in practice the machinery developed
in previous chapters, it is also intended as an illustration of the general power of refinement-
after-hiding: the results given in this chapter are therefore important in their own right.

2In this chapter, we shall describe (sequences of) events as “atomic” (with respect to
each other) if their occurrences do not overlap in time and so their respective executions
cannot interfere with each other.

3Synchronization here means that the two communicating processes have to co-ordinate
their activities in some way, possibly via a third-party mechanism such as a critical section.
It does not refer to communication which is regulated by some sort of global clock.
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force one or both of the communicating processes to wait or block while the
other completes a data transfer; this may be undesirable, particularly in a
real-time environment. Even a buffer, unless of infinite capacity, is not fully
asynchronous: if it becomes full, a writer process may have to wait and, if it
becomes empty, a reader process may have to wait.

It is to solve this problem that asynchronous communication mechanisms
or ACMs have been introduced. Such mechanisms are characterised by the
fact that, if used by a single reader and writer, neither the reader nor the
writer will ever have to wait before it is allowed to interact with the mecha-
nism. As a result, a writer may always write to an ACM and the reader may
always read from it: that is, writes are destructive and may overwrite data
already written, while reads are non-destructive and so re-reading is allowed.
In order to allow such unconstrained access, despite the reality of non-atomic
data transfer, ACMs combine some sort of access logic with multiple data
slots. The multiple data slots allow a read and a write to proceed concur-
rently without interfering with each other, while the access logic ensures the
reader and writer processes never access the same slot at the same time. The
specific ACM we consider here is Simpson’s 4-slot mechanism ([68]).

7.1.1 Simpson’s 4-slot mechanism

The software version of the mechanism from [68] is given in figure 7.1; we
assume that it will be used to manage data transfer between a single reader
and a single writer, which communicate with the mechanism using the read
and write procedures respectively. It contains — as the name suggests —
four data slots, arranged into two pairs of two slots. Each of these slots stores
a value of type datatype? and together they constitute a 2-dimensional array,
data, which is a global variable. The first dimension of the array represents
the pair, the second the two slots within that pair. Intuitively, the writer
tries to avoid the reader as it seeks to write into the mechanism, while the
reader chases after the writer in order to read the last piece of data written.

Three global variables are used in order to manage the behaviour of the
reader and writer respectively. These are latest, reading and slot. latest is a
bit variable indicating the pair to which the writer last wrote, while slotfi]
tells the reader which slot was last written to in pair 7. The bit variable
reading tells the writer the pair from which the reader is about to read or
from which it has just read. Note also that pair and indez are local variables.

The behaviour of the reader is relatively straightforward to understand.
It ascertains the pair to which the writer last wrote and places this value in

‘In the general case, datatype will be a complex type whose reading and writing are
not guaranteed to be atomic by the underlying system on which the 4-slot mechanism is
implemented.
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Global variables:

procedure

procedure

reading, latest : bit

slot : array of bit

data : array of (array of datatype)

write
var
begin

end;
read :

var
begin

end

(item : datatype);
pair, indez : bit;

pair := not(reading);
indez := not(slot[pair));
data[pair, indez) := item;
slot[pair] := indez;

latest := pair;

datatype;
pair, indez : bit;

pair := latest;

reading = pair;

indez := slot[pair];

read := data[pair, indez);

Figure 7.1: Simpson’s 4-slot mechanism
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the local variable pair. It then indicates to the writer that it is going to read
from this pair by storing the value in reading, before discovering the slot last
written to in the pair by interrogating the variable slot. Finally, it reads the
data item stored in data at the relevant pair and slot. Note that the data
transfer from data which represents this read will not occur atomically in the
general case.

As indicated above, the writer aims to avoid the slot and pair combination
in which the reader finds itself. It first decides to write to the pair in which the
reader has not indicated an interest via reading (we assume that not(0) =1
and not(1) = 0). It then decides to write to the slot in that pair which
contains the oldest value. This means that it is impossible to immediately
overwrite the last data value written into the mechanism. It also means
that the writer avoids the reader in the event that the latter is reading from
this pair. (This may happen despite the efforts of the writer to choose the
alternative pair due to the arbitrary interleaving of the commands contained
in the respective read and write procedures.) The relevant data value is then
written — non-atomically — into the correct pair and slot combination. slot
is updated to indicate which slot was written to in the relevant pair before,
finally, latest is updated to indicate to the reader the pair in which the last
write occurred.

As indicated above, a call to the read procedure and a call to the write
procedure may proceed concurrently and so the commands they contain can
be arbitrarily interleaved. This is obviously necessary if we are to have non-
blocking — and so asynchronous — communication. And it is this fact of
arbitrary interleaving, along with the fact that data transfers are non-atomic,
which leads to the need for verification to ensure that the mechanism does,
indeed, behave as desired.

7.2 Verifying the 4-slot mechanism

As hinted above, the 4-slot is intended to mimic the functionality of a register
despite the fact that we cannot guarantee atomicity of read and write opera-
tions (see figure 7.2 for a procedure-based representation of a register, where
it is assumed that the read and write procedures do execute atomically). In
moving from the register to the 4-slot, a variety of types of reification have
occurred:®

e Data reification: The single memory slot of the register has been re-
placed by four data slots, along with a number of variables to control
access to those slots.

5Tt is exactly this combination of different types of reification, exhibited by a mechanism
whose definition is relatively concise, which led us to choose the 4-slot as a case study.
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Global variable: data : datatype

procedure write (item : datatype);
begin
data := item;
end;

procedure read : datatype;
begin
read := data;
end

Figure 7.2: A register

o (Exzternal) behaviour decomposition: The register transfers data in terms
of individual read and write events, while the 4-slot uses a number of
different events to implement a read or a write.®

o (Ezternal) relazation of atomicity: In the register, reads and writes
are atomic; in the 4-slot, the read and write procedures may proceed
concurrently.

Due to the nature of this reification, standard CSP refinement could not
be used to verify that (our CSP representation of) the 4-slot is a correct im-
plementation of (our CSP representation of) the register. Using the concrete
notion of refinement-after-hiding from chapter 4, however, we are able to
show that the 4-slot implements the register and the remainder of this chap-
ter is concerned with doing so. Before proceeding, we look briefly at some
other approaches which have been used to verify the correctness of the 4-slot;
some of the concepts introduced thereby will be useful in what follows. We
will also take advantage of one of the results that has been shown, in order
to simplify our verification.

7.2.1 Standard approaches

The standard approach taken in the literature is not to consider correctness
with respect to a register. Rather, certain intuitive properties are identified

6The 4-slot mechanism given in figure 7.1 and the register from figure 7.2 present the
same procedural interface to the outside world and so it does not seem that external
behaviour decomposition has occurred. However, as can be seen below in section 7.3, we
actually represent the 4-slot as a CSP process in which the events used to implement the
read and write procedures are all externally visible. The reasons for this are discussed in
section 7.3.4.
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which it is felt must hold of the 4-slot” if it is to work in an acceptable manner,
which properties are expressed at the level of abstraction of the 4-slot itself.
Arguably the three most important such properties are data coherence, data
freshness and data sequencing (see, for example, [17]).

Data coherence Data coherence is preserved if and only if a reader process
and a writer process may not simultaneously access the same slot in the 4-
slot. It is essentially a mutual exclusion property — only one of the processes
may be in a particular slot at any one time — and is used to guarantee that
the 4-slot behaves as if data items were actually transferred atomically. This
means that reads and writes at the 4-slot level will behave as if they had
been ordered atomically in some sequence. In this respect, the requirement
for data coherence is similar to that of serializability in databases (see, for
example, [2]).

Data freshness When a read is executed, it is not enough to guarantee
that the value read is a genuine value written into the mechanism; we also
need to guarantee that it was written into the mechanism as recently as pos-
sible. The property of data freshness is therefore as follows: the oldest value
which may be read by a read procedure is that written into the mechanism
by the most recent write procedure whose execution had completed by the
time at which the execution of this read procedure began.?

Data sequencing This condition is concerned with the order in which
values are read from the 4-slot. It stipulates that, once we have read a
particular value, z, we cannot subsequently read a value, y, which was written
into the mechanism earlier than z. Note that data freshness does not imply
data sequencing, due to the fact that we can read an “old” value and still
meet the data freshness condition.

7.2.2 Checking these conditions

A number of authors have considered the problem of checking these condi-
tions for the 4-slot and have approached it in various ways; moreover, the
conditions have all been shown to be met, under the assumption that the

"These properties have been used in the verification of a number of different ACMs but
we shall concentrate here on the 4-slot.

8We cannot simply give the definition as the read procedure must read the last value
written into the mechanism: the last-but-one value written may be read if the read pro-
cedure begins interrogation of the necessary control variables before the current write has
finished updating them after writing a particular data item into the mechanism.
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control variables used in the 4-slot will never suffer from metastability (see
below).

Simpson himself developed and presented the role-model approach in [69)],
which involves dynamically allocating (possibly multiple) ‘roles’ to the pairs
and slots in the array which stores the data written into and read from the
4-slot. On the occurrence of an event used in the implementation of a read or
write procedure, the role of any pair or slot may change. A transition system
is then constructed, the states of which are given by the roles allocated to the
slots and pairs. Model-checking is carried out on this state space in order to
determine that the relevant properties hold: for example, if the property of
data coherence is met, no reachable state can exist where both reading and
writing roles are assigned to the same slot. In his PhD thesis ([17]), Clark set
out to present a unified means of checking the correctness of various ACMs
(see [17] also for a survey of other approaches to this problem). This was
accomplished using an approach involving Petri Nets ([55]) and the resulting
method was used to successfully verify all three of the above properties for
the 4-slot. In [65], Rushby uses model-checking to verify the same properties.

All three of these approaches have in common the fact that they abstract
from the data values transmitted by the 4-slot mechanism and specify the
properties to be checked independently of these values. Since we verify the 4-
slot against a specification process, we are unable to employ data abstraction
in such a way and have to address squarely the issue of the data values which
we shall communicate in our model of the 4-slot (see section 7.3.4).

These three authors also all highlight the issue of whether accesses to the
control variables used in the 4-slot algorithm are atomic. The phenomenon
of metastability (see [17] for an explanation and a list of references) ensures
that they are not atomic in the general case. However, Simpson takes an
engineering view and states that, in practice, it is possible to design and
implement underlying hardware so that metastability is a negligible prob-
lem, from which the 4-slot can recover immediately in any case. As a result,
he works from the assumption that accesses to control variables are atomic.
Both Clark and Rushby carry out verification without this assumption and
show that the 4-slot mechanism is not correct. (They relax it in different
ways: Clark allows for the possibility of metastability while Rushby assumes
that control variables are built using registers which may return any valid
value if reads and writes overlap.)® The choice which we make in our mod-
elling of the 4-slot is discussed in section 7.3.4.

The recent papers [26,27] also concern themselves with the fact of verify-
ing that the 4-slot respects the property of data coherence. The first of these

9Their results are challenged, however, by the paper [54]: the authors of this paper
claim that a more accurate modelling of metastability allows them to show that the 4-slot
is, in fact, correct under metastable operation.
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uses data refinement in VDM ([33]) to carry out this verification, although it
restricts the degree to which the events of the read and write procedures in
the 4-slot may be interleaved. The second paper uses a rely-guarantee proof
method in conjunction with data refinement and this allows the restrictions
from the previous paper to be lifted.

7.3 Modelling the 4-slot in CSP

In order to verify the 4-slot using our notion of refinement-after-hiding, we
need to render both it and the register in CSP.1° In our modelling of the 4-
slot, we assume that the problem of metastable operation will not arise (see
section 7.3.4 below). Under such an assumption, all of the authors discussed
in the previous section have shown that the 4-slot enjoys the property of
data coherence. As a result, the mechanism behaves as if it transfers data
items atomically and we use this fact to simplify our CSP model: i.e. our
model will transmit data items atomically. This simplifies considerably the
extraction mapping which is needed to interpret the behaviours of the 4-slot.

7.3.1 The process used

Six basic processes are used in the CSP representation of the 4-slot. There
is a process to represent each of the global variables latest, reading and slot,
while another process represents the data array. Finally, two processes are
used to impose the necessary ordering of event executions.

Figure 7.3 details most of the data types and channels which are required
in the construction of the processes which we shall use. Channel data is
used for (atomic) data transmission: it has fields to indicate whether a read
or write operation is occurring, to indicate the pair/slot combination where
the data will be written to or read from and, finally, a field to store an
integer value from dataint.!* The channels latest, reading and slot are used
to communicate with the control variables.!? Channel slot has an additional
field to indicate which of the processes is carrying out the relevant action,
since both the reader and writer need to read from the global variable slot.
The operation not is defined as not(first) = second and not(second) = first.

10The CSP model of the 4-slot is based partly on a model produced by Rod White of
Matra BAe Dynamics.

1 first and second are used in place of 0 and 1 to indicate a particular pair or slot in
order to make process definitions easier to follow.

12They are each given the name of the control variable that they are used to communicate
with as this makes clearer the connection between the events of the CSP representation
of the 4-slot and the events used in the description of the 4-slot in figure 7.1.
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dataint = {0..5}

datatype slots = first | second

datatype ops = rd | wr

datatype user = reader | writer
datatype dataslot = ops.slots.slots.dataint
channel data : dataslot

channel reading, latest : ops.slots

channel slot : user.slots.ops.slots

Figure 7.3: Data type and channel definitions

The process to represent the variable reading is as follows:

BitReading = Reading(first)

Reading(z) = reading.rd.z — Reading(zx)
O

reading.wr?y — Reading(y)
The process to represent the variable latest is as follows:

BitLatest = Last(first)

Last(z) = latest.rd.z — Last(z) O latest.wr?y — Last(y)

Figure 7.4: Representing the bit variables latest and reading
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o SLOT(z,Y) =

let S(y)=
slot.writer.z.rd.y—S(y)

O

slot. writer.z.wr?val— S(val)
O

slot.reader.z.rd.y—S(y)

O

slot.reader.z.wr?val— S(val)
within S(Y)

o Slots = | | |:c€ {first,second} SLO T(z;ﬁrSt)

Figure 7.5: Representing slot

Figure 7.4 details the processes used to represent the control variables
latest and reading respectively.'® The representation of the array slot can be
seen in figure 7.5. It is given by interleaving the two processes SLOT (first, first)
and SLOT(second,first), each of which represents an element of the array (a
similar technique is used to represent the array data). Its definition relies on
the fact that we may define generic processes which are parameterized by a
data value or values indicating a particular position in an array. The chan-
nel on which this generic process communicates with the environment is also
parameterized with these same values (see section 2.12). Therefore, we may
communicate with the process of our choice — i.e. access the desired position
in the array — by making sure that we communicate the “identifier/s” for our
desired process when we communicate over the relevant channel. For exam-
ple, the writer is connected to the first position in the array (for the purposes
of reading) by “channel” slot.writer.first.rd. It is connected to the second po-
sition in the array (for the purposes of reading) by slot.writer.second.rd and
so on. In other words, the parameter z in the definition of SLOT denotes
the position in the array which is represented by SLOT.

The representation of the array data also consists of a number of pro-
cesses, each representing a particular position in the array. The definition
of the relevant processes is given in figure 7.6. The process DataSlot is pa-
rameterized by three values. The first two of these, labelled by z and y,
denote the slot in the array which this particular process will represent: we
create a DataSlot process for every pair and slot combination. For example,
DataSlot(first,second,0) will be the second slot in the first pair; similarly,

13See section 2.12 for an explanation of the syntax used to represent multi-directional
communication.
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e DataSlot(z,y,V)=
let D(v)=
data.wr.z.y?val— D (val)
O
data.rd.z.y.v—D(v)
within D(V)

e Data =|||;caDataSlot(fst(x),sec(z),0), where
A = {(first, first), (first, second), (second, first), (second, second)},
fst((z,y)) = z and sec((z,y)) = y.

Figure 7.6: Representing the data array

DataSlot(second,second,0) is the second slot in the second pair. Each slot in
the array — and so each DataSlot process — then contains a single integer
value, denoted by the variable V' (or v in the local definition D).

The processes described so far — namely, BitReading, BitLatest, Slots
and Data — represent the global variables of the 4-slot mechanism. The fi-
nal requirement is to provide a communication interface with these processes
which reflects the nature of the read and write procedures given in figure 7.1.
The processes used for this are given in figure 7.7: their purpose is to im-
pose an ordering on the events offered by the global variables. All of these
processes are then composed in parallel, synchronizing on common actions,
to give the process FSlot, the CSP representation of the 4-slot:

((BitReading ||| BitLatest ||| Slots ||| Data) |4 Writer) ||p Reader

where
e A = areading.rd U aslot.writer U adata.wr U alatest.wr.
e B = alatest.rd U areading.wr U aslot.reader U adata.rd.

In practice, we use the following equivalent construct to give FSlot, in
order to avoid the state explosion which would arise from the interleaving of
four different processes:

((((BitReading ||a Writer) || Reader) ||c BitLatest) ||p Slots) ||z Data

where A = areading.rd, B = areading.wr, C = alatest, D = aslot and
E = adata.
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Ordering writer-side behaviour:

Writer = reading.rd?p—
slot.writer.not(p).rd%i—
data.wr.not(p).not(i) ?val—
slot.writer.not(p).wr.not(i)—
latest.wr.not(p)— Writer

Ordering reader-side behaviour:

Reader = latest.rd?p—
reading.wr.p—
slot.reader.p.rd%i—
data.rd.p.i?val— Reader

Figure 7.7: Ordering behaviour of global variables

7.3.2 A simple environment

We also present a simple environment with which FSlot might be composed.
The purposes of this are twofold. Firstly, it allows us to carry out a basic
compositional verification. Secondly, consideration of an environment such as
the one we propose is very useful (at least in this case) in determining that the
traces extraction mapping we have developed is acceptable: see section 7.4
for a discussion of this issue. Figure 7.8 describes this environment: it may
take a value from dataint on the channel in and write it into FSlot; it may
also read a value from FSlot, before outputting the result on channel out.
(Note that the channels in and out used here are assumed to be different
to those used in the definition of the processes from the running example in
figure 1.1.)

7.3.3 The register and a corresponding environment

The CSP version of the register is presented in figure 7.9. The variable data
from figure 7.2 is represented as a parameter to the process. Since individ-
ual CSP events occur instantaneously and cannot occur concurrently, we are
guaranteed to have atomic transfers of data. Figure 7.10 defines the specifi-
cation environment for which the 4-slot environment is an implementation:
it is essentially a pair of single-slot buffers to be placed on the read and write
channels of the register. Note that the events on channels in and out are re-
garded as finally visible; all other events — i.e. all those in both the register
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e channel in, out : dataint.

o WriteEnviron = in?val —
reading.rd?p—
slot.writer.not(p).rd%—
data.wr.not(p).not(i).val—
slot.writer.not(p).wr.not(i)—
latest.wr.not(p)— WriteEnviron

e ReadEnviron = latest.rd?p—
reading. wr.p—
slot.reader.p.rd?i—
data.rd.p.i%val—
out.val — ReadEnviron

e FourSlotEnviron = WriteEnviron ||| ReadEnviron

Figure 7.8: An environment for FSlot

e channel read, write : dataint
e Register = Reg(0)

e Reg(z) = read.z — Reg(z) O write?y — Reg(y)

Figure 7.9: A CSP version of the register
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e RegWriteEnviron = in?val — write.val - RegWriteEnviron.
e RegReadEnviron = read?val — out.val - RegReadEnviron.

o RegisterEnviron = RegWriteEnviron ||| RegReadEnviron.

Figure 7.10: A corresponding environment for the register
and FSlot — are finally invisible.

7.3.4 Issues related to modelling the 4-slot in CSP

We now consider issues relating to some of the choices we have made in
modelling the 4-slot mechanism in CSP.

The 4-slot, its environment and inter-process communication

Although the 4-slot algorithm as presented in figure 7.1 implies that reader
and writer processes would communicate with the mechanism using (pos-
sibly remote) procedure calls, we have taken a different approach with our
CSP model. Essentially, we have assumed that all events of the 4-slot are
visible to the environment — i.e. both events effecting data transfer and
those concerned with manipulating control variables — and that the envi-
ronment engages in both types of event whenever it wishes to transfer data.
It is possible to model the 4-slot and the register in CSP using a procedural
interface which gives them both the same set of visible events.!* However,
relaxation of atomicity in the 4-slot means that its procedure invocations
and returns may interleave in ways not possible for the register. This means
that standard CSP refinement could not be used for verification here and so
we need to use refinement-after-hiding. As can be seen in section 7.5, we
always extract on the occurrence of events which either write to or read from
a control variable, meaning that these events must be visible in our CSP
representation of the 4-slot. As a result, it seems we need to see more than
would be visible with a procedural interface if verification is to succeed. And
since the CSP version of the 4-slot no longer has a procedural interface, there
is no reason to retain such an interface in the CSP version of the register.
This of course raises the question of the validity of the results generated
here with respect to any real system which might use the 4-slot to transfer
data. Although we have not explored this issue formally, we make the fol-
lowing points with respect to any environment with which the 4-slot might

14A procedure is modelled externally as an invocation event and a corresponding return
event, each of which may communicate data as necessary.
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be composed. A procedural interface would be represented in CSP using an
event to denote the procedure call and a corresponding event to denote the
procedure return. Having made a procedure call, one would assume that the
environment would always be ready to receive the return until it actually
occurred (this is similar to the property of receptiveness which is described
in [67]). Moreover, due to the assumption of a single reader and a single
writer, the call event of a particular procedure would not be allowed if a
return event for that procedure was pending. With our model, it is as if we
have substituted for the call and return events all of the events in the relevant
procedure: we would do this in general by assuming that the environment
would always be ready to accept the next event from a procedure once it
had begun to execute; moreover, only one event from a particular procedure
would be enabled at any one time. (This is the approach followed in defining
the environment FourSlotEnviron.)

The extra events added by eschewing a procedural interface would not
actually interact at all with any other events in the environment: they would
neither enable such events nor cause them to be disabled. Since all such
interface events would be hidden anyway in the final network, the change in
modelling approach should not have any impact in the traces model and it
would certainly fail to introduce any new divergences. In the stable failures
model, whichever modelling approach we used, no state between the start
and termination of a particular procedure would contribute a stable failure
due to offering at least one event which would be hidden in the final network.
As a result, whichever modelling approach we used the (CSP) behaviour of
any network built using the 4-slot should not change to any significant degree.
(See also comments on this issue in section 7.9 at the end of this chapter.)

Instantaneous events but no simultaneous events

In [17], Clark raises the possibility that certain ACMs may execute two events
a, b simultaneously with a different result to that which arises by executing
either a then b or b then a. This is of significance because we have no means
of modelling in CSP the actual concurrent execution of two different events.
However, Clark showed that such a problem does not arise with respect to
the 4-slot.

Metastability

In section 7.2, we mentioned the problem of metastability in relation to the
question of whether or not control variables are modelled as being capable
of atomic data transfers. Our CSP model of the 4-slot assumes that such
data transfers will be atomic. This is for two main reasons: the first is that
we accept Simpson’s view that the problem of metastability is negligible in
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practice (or can be made s0). Secondly, we are concerned here with exploring
how our notion of refinement-after-hiding may be applied in practice and
modelling the possibility of metastability would complicate our model to a
large degree.

A concrete data type

For the purposes of verification, specifically the need to use FDR2, it was
necessary to choose a concrete data type to be written to and read from
both the register and the 4-slot. We have chosen (a subset of) the integers
— i.e. {0..5} — because they are a basic type. Since we are carrying out
model-checking, it is also necessary to choose a finite type and the limits of
the hardware on which FDR2 was run dictated the size of the type used.
This issue is discussed at greater length in section 7.8, after the presentation
of the processes used in the verification.

7.4 Restricting the (traces) extraction map-
ping

Before proceeding to the verification proper and the derivation of a suitable
extraction pattern, it is necessary to consider an important methodological
point regarding the use of refinement-after-hiding in practice. Namely, the
verification of a particular implementation component may be regarded as
ultimately successful only if we are able to verify the correctness of the envi-
ronment with which the component is to be composed. And the extraction
pattern/s used to verify a particular component may have a significant im-
pact on the possibility of successful verification of the environment. This
issue is considered in section 7.7.1 with regard to the refusal bounds which
are used in the verification of the 4-slot. However, there are properties of
sufficient importance that we need to guarantee they hold of our extraction
pattern (specifically, of the mapping over traces).

In verifying that FSlot refines-after-hiding the (CSP) register in the traces
model, every trace of FSlot has to be mapped to a trace of the register. Since
FSlot does not engage in any finally visible events, the only restrictions on
the mapping used are that it must be strict, monotonic and return a trace
over the alphabet of the register when applied to any trace from FSlot. As
a result, it would be possible to define a mapping which simply returned
the empty trace () for any trace to which it was applied. We could then
very easily show that the extracted traces of FSlot were contained in those
of the register. However, such a mapping would cause problems when it
came to verifying any meaningful environment with which FSlot might be
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composed. By definition, the mapping used to interpret the traces of FSlot
will also be used in the interpretation of the traces of the environment and
that environment will contain finally visible events in the general case. The
presence of these events, along with the fact that finally visible events must be
left unaltered by any extraction mapping — see conditions EP4-FvI and Tr-
GLOBAL2 in chapter 4 — will impose further restrictions on the mapping
used in the verification of FSlot, which restrictions should be anticipated
when that mapping is being developed.

It is possible to define an environment which simply carries out a direct
translation to and from the behaviours of FSlot: this is the environment pre-
sented in figure 7.8.1% (The corresponding specification environment is given
in figure 7.10.) In order for any extraction mapping to allow the successful
verification of this environment, the way in which the mapping interprets the
traces of F'Slot must be consistent with the way in which the environment
translates to and from those behaviours: this is illustrated by the following
discussion.

In the 4-slot environment, every (low-level) write!® to FSlot will be pre-
ceded by an event in.r; moreover, the low-level write will also transmit the
value z. Similarly, every (low-level) read from FSlot which transmits the
value z will be followed by the event out.z. In the specification environment,
every event write.z will be preceded by the event in.z; similarly, every event
read.z will be followed by the event out.z. Since the events on channels in
and out are finally visible, they must be unaltered by the application of any
extraction mapping. This means that, if verification of the environment is
to succeed, each low-level write must extract to write.z. Likewise, each low-
level read must extract to read.z. In other words, each low-level read or write
must be extracted to exactly one high-level data transmission; moreover, that
high-level data transmission must communicate the same data value as was
transmitted by the low-level read or write.

These conditions are therefore required to hold of any mapping we de-
velop here, since we should always expect to be able to verify successfully an
environment of the simplicity of that in figure 7.8; moreover, if they do hold it
is unlikely that verification of a more complex environment would fail simply
because the extraction mapping developed to verify FSlot was unsuitable.
That they do hold can be checked by attempting to verify the implementa-
tion environment from figure 7.8 against the specification environment from

151t plays a role similar to that of the extractors and disturbers in [39)].

16We shall use low-level write to mean the execution of the events in FSlot which im-
plement a call to the write procedure of the 4-slot; similarly, low-level read will be used to
mean the execution of the events in FSlot which implement a call to the read procedure
of the 4-slot. A high-level write will then simply be an event occurring on channel write;
a high-level read will be an event occurring on channel read.
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figure 7.10, using the mapping under consideration. It may seem that this
can also be checked simply by inspecting the mapping itself. However, as
can be seen in the next section, high-level read events are always extracted
to before the relevant data value has been transmitted at the lower-level. In
such a case, it is no longer straightforward to see that the event extracted
will transmit the correct data.!”

7.5 The traces model

We now move on to consider the extraction pattern needed for verification
of refinement-after-hiding in the traces model. A single extraction pattern,
denoted ep,,, is used to relate the behaviours of FSlot to those of the reg-
ister, where ar denotes the fact that we interpret behaviours of an ACM as
behaviours of a Register.'® As a result, EP(FSlot) = {ep,.}. Aar, Bar;, Our
and Dom,, for ep,, are defined as follows:

o A, = alatest U areading U aslot U adata.

B,, = aread U auwrite.

Ou = 2.

e Dom,,. = TFSlot.

First note that all events in A,, are assumed to be finally invisible —
i.e. Ag N Fuis = @; we also assume that Comm(A,,, FSlot) = Left. Since
EP(FSlot) = {ep,.}, we shall use Dom,, in lieu of Domgp(rsity by TR-
GLOBALL. Note also that, by TR-GLOBAL2, ertrgp(rsiot) is equivalent to
eztr,, in the case that the former is being used to denote the mapping over
individual traces. That Dom,, = 7FSlot means Dom-T-check is met trivially
by FSlot.® Tt also means that FSlot does not need to be preprocessed as
described in section 6.3 when we consider automatic verification (recall that

17An early version of the extraction mapping derived here was used in a successful
verification of FSlot but verification of the environment failed for this reason.

18 A single extraction pattern (and so a single traces mapping) is used to interpret both
read and write events because the point at which write events are extracted depends partly
on the behaviour of the reader and the point at which read events are extracted depends
partly on the behaviour of the writer.

19Gince ©,, = @ and Comm(A,,, FSlot) = Left, then Dom-T-check requires that ¢ €
Dom,, for every t € T7FSlot: i.e. there are no events on which FSlot is allowed to go
outside the domain. This then means that Dom-T-check does not place any restrictions at
all on FourSlotEnviron. (See related discussion in section 4.2 with respect to verification of
the running example and see also section 7.6.3, where the verification of FourSlotEnviron
is considered.)
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this preprocessing would simply remove all traces of FSlot which are not
contained in Domy,,).

7.5.1 The extraction mapping

According to the conditions discussed in section 7.4, our choice in defining
extrq, 1s restricted to finding the particular event in each low-level read and
write on the occurrence of which we will extract to the relevant high-level
event (which extracted event must transmit the same data value as the corre-
sponding low-level event). In addition, that we are mapping traces of FSlot
to those of the register means any high-level read event to which we extract
must transmit the same data value as the last high-level write to which we
extracted.

Mimicking the behaviour of the register after application of the mapping
is complicated by two main factors (detail on how the relevant situations
may arise can be found in section 7.5.2):

o A low-level read may actually read data written into FSlot by a low-
level write that has not yet completed (that is, it has not yet updated
both control variables to fully indicate where it wrote the data).

e The slot and pair from which data is to be read on a particular low-
level read may be fully determined before the identity of the relevant
slot and pair has been discovered from the control variables.

The first point has the consequence that we cannot always extract to a
high-level write event at exactly the point at which the low-level write has
completed (i.e. we cannot always extract on the occurrence of the event
which updates the variable latest). If we were to do this, the reader side may
have already read and extracted the value written and, at the specification
level, we will get a trace which apparently manages to read a value before it
has been written. However, we must also be careful not to extract the current
write yet if the reader could still read the value written by the previous write.

As soon as it is fully determined which slot and pair the reader will read
from, the value to be read is also fully determined. This is because the writer
will not be able to access the relevant slot of the data array until this read
has finished, since the 4-slot maintains the property of data coherence. As
a result, by the second point above, we may know exactly which value the
reader is to read before it has completed interrogating the necessary control
variables. And we must extract to a high-level read as soon as the value to
be read is determined: if we did not do this, the reader could wait until an
arbitrary number of further writes had been completed and extracted and
only then complete and extract this read. This would give the apppearance
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The Writer:

begin
1
pair := not reading;
2
indez := not slot[pair];
3
data[pair, indez) := item;
4
slot[pair] := indez;
5
latest := pair;
end;
The Reader:
begin
1
pair := latest;
2
reading := pair;
3
indez = slot[pair];
4
read := data[pair, indez);
end

Figure 7.11: Simpson’s 4-slot mechanism annotated

of reading an old value and so of having more memory than the single slot
of the register.

Before proceeding, it is also necessary to observe that the event on the
occurrence of which we actually extract to a high-level write is not always the
same and depends on the way in which low-level reads and writes have been
interleaved; a similar comment applies with regard to extraction to high-level
read events.
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7.5.2 Defining eztr,,

Figure 7.11 presents an annotated version of the 4-slot mechanism, using
numbers to indicate positions within the read and write procedures.?® These
annotations are used both in the presentation of the extraction mapping and
in its explanation. Before presenting the mapping, we consider in greater
detail the points at which a particular low-level read or write should be
extracted.

Considering the writer side in more detail

We cannot extract a write by positions 2 and 3 in the writer, since we do not
yet know the value to be written. If the writer is at position 4, it is impossible
for the reader to read what has just been written since data coherence is
preserved. Finally, we must have extracted once we return to position 1.
This means that, if we have not already extracted on the current call to
write, we must do so on the occurrence of latest.wr.not(p).

We therefore consider position 5 in the write procedure and the condi-
tions under which we need to have extracted a high-level write event by the
time that we reach it: in other words, when do we extract a write event on
the occurrence of slot.writer.not(p).wr.not(z). In general, we need to have
extracted by this point if the reader already knows, or can discover without
any further writer action, the pair into which the writer has just written. If
this is the case, the reader can proceed to find out which slot in the pair was
written to and so read and extract the value just written. This can happen
in the following circumstances:

o If we have already extracted in the reader and the global variable [atest
stores the same value as the variable pair in the writer. (The value of
pair in the writer tells us the pair which the writer has just written to.)

e If we are at position 1 in the reader and the global variable latest stores
the same value as the variable pair in the writer.

e If we are at position 2 or 3 in the reader but have not extracted yet,
and the value of pair in the reader is the same as the value of pair in
the writer. (In the corresponding conditional branches in the extrac-
tion mapping definition given in figure 7.12, we do not actually state
explicitly the requirement that the reader has not vet extracted. This
is simply because, if the value of pair in the reader is the same as

20t is easier to annotate the original definition of the mechanism than the CSP version
of it; in any case, the connection between this annotated version and the CSP version
should be clear enough.
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the value of pair in the writer, then the reader cannot have extracted
yet. This can be seen from an inspection of the conditions below which
let the reader be at either position 2 or 3 and have extracted by that
point.?!)

Note that the reader must always have extracted by the time that it
reaches position 4.

Considering the reader side in more detail

Recall that we will extract to a high-level read event as soon as we are certain
of the pair and slot combination from which we will read on the current call
to read.

By position 2 in the reader, we know the pair we must read from. In
order for it to be fully determined by this point the slot from which we will
read, it has to be the case that the writer is unable to write again to this
pair before we have completed the current read. (If the writer could write
to this pair again, it would first write to the other slot of the pair, to which
element the reader could then be directed.) If the writer is to be unable to
write to this pair, it is necessary that the value of pair in the reader is the
same as the value of reading. We therefore have to have extracted a read by
position 2 in the reader — that is, extracted on the occurrence of latest.rd.p
— in the following circumstances:

e If the writer is at position 1 or position 5, and pair in the reader has
the same value as reading.

e If the writer is at positions 2, 3 or 4, the value of pair in the writer is
not the same as the value of pair in the reader and pair in the reader
has the same value as reading.

In order to check these conditions in practice, we would use the value
stored in latest in place of that stored in pair in the reader: the conditions

21First note that the decision on whether or not we will extract on the occurrence of
slot.writer.not(p).wr.not(3) is taken when the writer is at position 4. By the detail on
extracting read events, we consider each of two cases in which the reader may have already
extracted and be at either position 2 or position 3. In the first case, the writer is at either
position 1 or position 5 and the value of pair in the reader is the same as the value of
reading when the extraction occurs. As a result, by the time that the writer reaches
position 4 on this or any subsequent call to write (while the reader is still at position 2
or position 3), it will have set the value of pair in the writer to the “negation” of reading
and so to the “negation” of paér in the reader. A similar argument applies in the second
case, when the writer is at position 2, 3 or 4 when the extraction of the read event occurs,
except that here we start out with the fact that pair in the reader does not have the same
value as pasr in the writer.
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must be checked at position 1, when pair has not yet been updated with the
value of latest.

By position 3, we know the pair we will read from and have also indicated
this to the writer. We have to have extracted by position 3 if the writer is at
position 1 or position 5 or if the value of pair in the reader is not the same
as the value of pair in the writer. These conditions are essentially the same
as those given for position 2, when we bear in mind the fact that we have
just assigned the value of pair in the reader to reading.

Finally, we must always have extracted by position 4 since, at this point,
we know both the slot and pair of the data item which we shall read.

It can be seen from the above discussion that the position of the writer
plays a role in whether or not we extract a read event. And, in fact, the
writer moving to position 5 may necessitate the extraction of a read event.
This means that the event slot.writer.not(p).wr.not(z) will, in some cases, be
extracted to both a read and a write event. This can be seen in the definition
of the extraction mapping in figure 7.12.

The mapping

We now proceed to define eztr,,. Before giving the definition of this mapping,
it is necessary to introduce some auxiliary notation.

e For any trace t € TFSlot:

— we take ezR(t) = yes if and only if we have already extracted a
read event during the current call to read and take ezR(t) = no
otherwise.

— we take ezW(t) = yes if and only if we have already extracted a
write event during the current call to write and have ezW (t) = no
otherwise.

o late gives the current value stored by the control variable latest.

e rp gives the current value of the variable pair in the reader and wrp
gives the value of the variable pair in the writer.

e 7Pos gives the current position of the reader and wPos gives the current
position of the writer.

e rdng gives the value currently stored in the variable reading.
e slotVal[i] gives the value currently stored at position ¢ in the array slot.

e wVal gives the last value written into the mechanism.
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o rVal[i][j] gives the data value stored by the mechanism in pair i, slot
J-

We then have that eztr,.(()) £ () and, for t o {a) € TFSlot,
extr g, (t o (a)) £ extrq.(t) o u,

where u is as defined in figure 7.12.

A brief comment is required on the clauses used for the extraction of
write events, since at first sight some of them may not appear to be mutually
exclusive. That they are mutually exclusive follows from the fact that, if the
reader is at position 1, then it cannot yet have extracted, and, as observed
above, the reader cannot yet have extracted if the value of pair in the reader
is the same as the value of pair in the writer.

7.6 Automatic verification in the traces mo-
del using FDR2

We now move on to consider how we may verify automatically — using FDR2
and the approach of chapter 6 — that extr gp(rsior) (T FSlot) C T Register. The
first step is to represent the traces mapping eztr,, as a CSP process and to
define the renamings which are also needed for the verification. This detail
is given in appendix D. Before looking at that chapter, the reader is advised
to first read the following comments on deriving extraction mappings.

7.6.1 Deriving extraction mappings

We comment on the methodology used to develop the extraction mapping
eztr,.. Due to the complexity of the mapping required, itself a consequence
of the complexity of the behaviours of FSlot, it is virtually impossible to look
at any candidate mapping and make a decision on its suitability solely by
inspection. As a result, verification in FDR2 played an integral role in deter-
mining the mapping to be used: essentially, when a mapping was developed
which allowed us to successfully verify both FSlot and its environment then
that was the mapping to be used. In other words, the (CSP version of the)
mapping was partly the outcome of a process of trial and error: verification
was attempted using a particular mapping, verification failed, debugging in-
formation was inspected to find the cause of the failure, the mapping was
modified, verification was attempted again. When verification succeeded, we
had our mapping.

Although we were in possession of some of the intuition given above to
explain eztr,, before embarking on the verification, a large part of that insight
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>

( (write.wVal) if

(write.wVal) if

(write.wVal) if
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(ezR(t) = no)

otherwise

Figure 7.12: Defining exztr,,
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was provided by working with FDR2. The definition of eztr,, given in figure
7.12 was then derived from the process used in the verification and this
has a most important consequence. It may not be immediately clear to
the reader that the process TE,, from appendix D accurately encodes the
mapping eztr,.??, which may in turn have cast doubt on the validity of
the verification presented here. However, such a thing does not matter: by
definition, TE,, — after restriction to the appropriate domain — encodes
the mapping used in the (successful) verification and the definition of eztr,,
in figure 7.12 may best be viewed as an attempt to present that mapping in
a more easily understandable form.? On a related point, the intuition given
to explain eztr,, is not intended to be complete in the sense that it fully
defines the mapping; as indicated above, it is partly an attempt to explain
after the fact the mapping which verification indicated was suitable.

7.6.2 The CSP version of eztr,, and applying it to
TFSlot

The reader should now read appendix D. The process TE,, is used, along
with the renamings prep,,. and eztract,,, to encode the mapping eztr,, and so,
by TR-GLOBAL2 and TR-DEF1, to encode the application of ertrgp( FSlot) tO
TFSlot. ExtFS is used to denote FSlot after the application of the extraction
mapping and we have

ExtFS £ ((FSlot[prep,,] ||prep,_(4o) TEar) \ Aar)[eztracts]

(Recall that A, = adata U areading U aslot U alatest and also that

it is not necessary to preprocess FSlot prior to renaming with prep,. since
Dom g = T7FSlot.)

Extraction to non-singleton traces

The means of automatic verification presented in chapter 6 assumes that we
can extract to at most one high-level event on the occurrence of any individual
low-level event. Here, however, we do extract to more than a single event in
a particular case.?* We first discuss in more detail the problem which leads

% Note that the mapping represented by TE,, has a domain larger than Dom,,; it is
assumed that it represents eztr,, once it has been restricted to the domain Dom,., which
restriction will be effected by composition in parallel with FSlot[prep,,] during verification.

23The author is convinced, however, that it does accurately reflect the mapping encoded
by TE,,!

24We say that an extraction mapping, eztr, extracts to non-singleton traces if there is
at least one trace to (a) such that eztr(t o (a)) = eztr(t) ou and |u| > 2. If there is not at
least one such trace then we say that the mapping extracts only to singleton traces.
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to the need for this restriction, before showing that it does not arise in the
verification under consideration here.?

During verification in the general case of an implementation process Q,
we define a number of different processes TF; such that j € inv. Consider
the case, for ¢ € inv, that t o (a) € Dom; and extr;(t o (a)) = extr;(t) o u,
where u is a non-singleton trace. In TE;, we would therefore have a trace
vo(by)o...o(b), where domain(v) = t, domain(vo (b;)o...o (b)) = to(a)
and eztract((b;) o...o (b)) = u (by for 1 < h < k would represent an event
pair with a null left-hand component and b, would represent an event pair
with a as the left-hand component). Using TE; and the other TE; such that
J € v, we build TE;,,. Since the sets of events in which TE; and TE;
may engage are disjoint for 7 # j, we cannot guarantee that (b;) o ... o (b)
will always execute atomically in TFE,, and it is extremely unlikely that
it will: the events from the TE; for i # j will interleave with it in an
arbitrary fashion. (In fact, (b)) o... o (by) may not even execute atomically
in TE;, depending on how TE; is defined syntactically.) This may have
the result that there exists w € 7TE;, such that domain(w) € Dom,,,
but eztract{iw \ Ainy) # extrgp(g)(domain(w)): a will occur somewhere in
domain(w) where its occurrence should be extracted to u, while by,..., b
may not occur consecutively in w and so the events of u may be distributed
across a number of other events in eztract(w \ Ainy). Even if (b)) o ... 0 (b)
executes atomically in TE;,,, it may not do so in Q[prep] |prep(Am) TEiny:

if @ contains finally visible events, these may interleave arbitrarily with

(b1) o...0 (bx) and a similar problem will arise. This is why only extraction
to singleton traces is allowed in the general case when we verify refinement-
after-hiding using the approach from chapter 6. However, if we can guarantee
that all such sequences (b)) o...o (by) will execute atomically in TE,,, and
also in Q[prep] || prep(Aim) IEiny then it is acceptable to allow extraction to
non-singleton traces.

The extraction to a non-singleton trace which is used in the verification
here is effected by the use of extract WriteSlotRead?z?y?val followed by ez-
tra.val in the definition of WrEzt in figure D.4 in the appendix. And we
can always guarantee in this restricted case that, for arbitrary values c, d,
e, (eztractWriteSlotRead.c.d.e, extra.e) will execute atomically whenever it
occurs. This is for the following reasons.?® In the composition in parallel
of RdExt and WrEzt, it is immediate that no other event but eztra.e will
be enabled after the execution of eztract WriteSlotRead.c.d.e: see the way in
which the two events appear in RdEzt (see figure D.5 in the appendix) and

Z5We refer now to the detail in section 6.4.

26Recall that TE,, is built by composing WrEzt with RdExt, the result with EDATA
and the result of that composition with SlotCopy, synchronizing on shared events in each
composition.
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note also that these processes have to synchronize on aeztract WriteSlotRead.
After all further parallel compositions necessary to give TE,, and then
(FSlot[prep,,) |lprep, (Ae) TEar), it still holds that only extra.e will be en-
abled once we have executed ertractWriteSlotRead.c.d.e. This is because, in
each of these further compositions, synchronization occurs on all events in
which the new process to be added can engage: for example, FSlot[prep,,
cannot engage in any events outside of prep,.(A,,). As a result, we have that
(extract WriteSlotRead.c.d.e, eztra.e) always executes atomically whenever it
occurs and so it is acceptable to allow extraction to a non-singleton trace in
this case.?’

The final verification

In view of the points made in section 6.4.4, we observe that TFE,, is determin-
istic®® and also that it is acceptable that TE,, defines a mapping which has a
domain strictly larger than 7FSlot?: the domain of the mapping will be re-
stricted as necessary by composition with FSlot[prep,,]. By the above and the
detail in section 6.4, we therefore have that 7EztFS = extr gp(psior) (7 FSlot).
As a result, we are able to show that eztrgp(rsiot)(7FSlot) C TRegister by
verifying in FDR2 that EztF'S Jr Register. Due to the successful outcome
of this verification and the fact that Dom-T-check is met by FSlot, we have
that FSlot refines-after-hiding the register in the traces model.

?TEven if this trace were not to execute atomically as described above, it would simply
mean that extr gp(rsior) (TFSlot) was a strict subset of 7 ExtFS. Provided that verification
is successful — as it is here — we would still get the result that we desire on containment
of eztr gp(Fsiot) (TFSlot) in T Register. In other words, once the requirement on extracting
to singleton traces is relaxed, successful verification using this approach is only a sufficient
indicator that the extracted traces of a particular implementation are contained in those
of the corresponding specification rather than a necessary condition of it. A similar point
also applies with respect to the verification of the environment which is described in section
7.6.3.

Z8FDR2 has been used to verify the determinism of RdExt, WrEzt, EDATA and Slot-
Copy; moreover, parallel composition which synchronizes on common events cannot intro-
duce non-determinism.

2That TE,, does define a mapping which has a domain larger than 7FSlot has been
verified in FDR2, using the renaming domain,, defined in figure D.9 in the appendix. In
actual fact, we showed that the following holds:

TFSlot C T(((FSlot[prep,,] liprep_(a.) TEar) \ aeztra)[domain,,]).

In other words, TFSlot is contained in the domain of the mapping defined by TE,, once
that domain has been restricted as necessary by composition with FSlot[prep,, ).



7.6. Automatic verification in the traces model using FDR2 181

7.6.3 Verifying the environment

As indicated in section 7.4, it is necessary to use ezir,, in the verification
of the 4-slot environment in order to be sure that it (eztr,,) is acceptable.
In actual fact, we will show that FourSlotEnviron refines-after-hiding in the
traces model RegisterEnviron.

Since Comm(A,y, FSlot) = Left, Comm(A,,, FourSlotEnviron) = Right.
Since FourSlotEnviron may engage in finally visible events — these are the
events on channels in and out — it is necessary to assume the existence of
an extraction pattern ep’, where A’ = ain U aout. We shall use EP as a
shorthand for EP(FourSlotEnviron) = {ep,,, ep'}.

Verifying Dom-T-check Since O, = @ and ainUaout C Fuis, we have
by definition 4.7 in chapter 4 that Projgp = A,,. As a result, Dom-T-check
is equivalent to the following:

If t[Asr € Dompgp[ A,y for every t € 7 FourSlotEnviron, then ¢t € Domgp.

That this holds is immediate by TR-GLOBALI, the fact that Domgp[ A, =
Dom,, and the fact that Dom’' = A™.

Extracting traces In order to extract the traces of FourSlotEnviron, it
is first necessary to preprocess it as described in section 6.3. This is done
by composing FourSlotEnviron in parallel with FSlot, synchronizing on A,;.
(Recall that Dom,, = TFSlot; moreover, FSlot has been shown to be deter-
ministic using FDR2.) The resulting process is denoted ModEnv. Since ep’
is used to “interpret” finally visible events, it is not necessary to construct
a process TFE to represent the extraction mapping which it contains. We
therefore construct the following process:

EztEnv £ ((ModEnv(prep,,| lIprep, (Aar) TEar) \ Aar)|eztracty]

According to the discussion in section 7.6.2, we have to show that, for arbi-
trary c,d, e, (extractWriteSlotRead.c.d.e, extra.e) executes atomically when-
ever it occurs in ModEnuv(prep,,| ||prep, (4..) TEar- We already know that
it executes so in TFE,,: this means that eztra.e is the only event enabled
in TE,, after we have executed extractWriteSlotRead.c.d.e. And since we
synchronize on prep,.(A4r), no events from prep,.(A,-) will be enabled in
ModEnv[prep,.] l|prep, (A.) TEqr immediately after the execution of
eztract WriteSlotRead.c.d.e. Moreover, no finally visible events will be en-
abled then either: when eztra.e is enabled, the environment described by
ModEnv must be in the middle of a call to read and in the middle of a call
to write, while finally visible events are only enabled (in the environment)
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when there are no outstanding calls to either read or write. It follows that
(eztract WriteSlotRead.c.d.e, extra.e) does always execute atomically in this
case. However, as discussed in section 7.6.2, even if we could not guaran-
tee this it would not matter provided that the necessary verification was
successful, as it is here.

On the basis of the detail in section 7.6.2 and that given in section
6.4, we conclude that TEztEnv = extrgp(TModEnv) and so 7ErtEnv =
extr gp (T FourSlotEnviron) by TR-DEF1.

Refinement-after-hiding Using FDR2, we were able to successfully verify
that EztEnv Jr RegisterEnviron. This means that

extr gp (7 FourSlotEnviron) C T RegisterEnviron

and so FourSlotEnviron refines-after-hiding RegisterEnviron in the traces
model.

Compositional verification

We observe that a(FSlot ® 4,. FourSlotEnviron) C Fuis. Thus, it follows by
theorem 4.8 from section 4.2 that:

(FSlot ® 4, FourSlotEnviron) Jr (Register ®p,. RegisterEnviron).

Despite the fact that they have very different (trace) behaviours, this
result illustrates that FSlot is a valid (trace) implementation of a register
when placed in a simple environment. This is a non-trivial result in the
sense that the composition of FSlot with the environment does not simply
deadlock or refuse to do anything: recall that calls to read and write are
non-blocking (in FSlot). (This latter issue is treated more formally in the
next section.)

7.6.4 A comment on compositionality

So far in this chapter, we have shown how FSlot and FourSlotEnviron may be
verified using refinement-after-hiding and have then inferred that FSlot ®4,,
FourSlotEnviron refines Register ®p,. RegisterEnviron in the traces model
according to standard CSP refinement. That we show this composition-
ally — i.e. by treating separately the verification of FSlot and that of
FourSlotEnviron — is not something that would have been possible with
standard CSP refinement. Indeed, it is the additional degree of composition-
ality which refinement-after-hiding allows in comparison to standard CSP
refinement which is the main benefit provided by the former over the latter.
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In this case, however, it does not seem that this additional compositionality
gives much of a benefit and, indeed, it is simple enough to verify directly using
FDR2 that FSlot® 4, FourSlotEnviron refines Register ® g, Register Environ
according to standard CSP refinement. However, there are three points to
be made with respect to this.

Firstly, we verify the composition FSlot ® 4, FourSlotEnviron simply in
order to show how a compositional verification using refinement-after-hiding
might proceed. In practice, FSlot could be composed with a much bigger
process, where direct verification using FDR2 and standard CSP refinement
might be impossible due to the problem of state explosion. Moreover, it need
not be the case that the composition of FSlot with the component process
into which it is to be embedded will result in a process which engages only
in finally visible events: it may be that the interface between this process
and the rest of the implementation network under consideration also needs to
be interpreted using refinement-after-hiding. Finally, the use of refinement-
after-hiding allows FSlot to be verified in isolation: the direct use of standard
CSP refinement would mean the duplication of effort, as FSlot would effec-
tively be re-verified during the verification of each implementation network
of which it was a component process.

7.7 The stable failures and failures divergen-
ces models

We now move on to the verification of refinement-after-hiding in the sta-
ble failures and failures divergences models. In order to proceed, it is first
necessary to define the extraction pattern components dom,, and ref ;. (we
assume that the extraction pattern used is still denoted ep,, and that A,,,
Bar, ©4r and ezir,, remain as before). The first of these is defined as follows:

domg, = {t € TFSlot| (3z,y € {first, second})
t o {reading.rd.z) € TFSlot A to (latest.rd.y) € TFSlot}.

In other words, behaviours are “complete” only if there is no call to either
read or write currently outstanding. It is easy to see that Dom,, is still given
by 7FSlot even now that we have to define it as the prefix-closure of dom,,.

Defining refusal bounds Two factors inform the choice of refusal bounds
to be used here, one a condition to be met by any set of refusal bounds, the
other based on more practical concerns. Since FSlot is deterministic, we have
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that
¢FSlot = {(t,R) |t € TFSlot A R C {a € A,, | to(a) & TFSlot}U(E—A,,)}.

By this, EP5 and since Dom,. = 7FSlot, then, where (t,R) € ¢FSlot,
X U (RN Agy) € 1ef o (t) for every X € ref ,.(t). This effectively gives us a
lower bound on the size of the refusal bounds to be used. It is then sensible to
make our refusal bounds as small as possible while still allowing FSlot to be
successfully verified. This is simply because the smaller the bounds contained
in ref ,,., the less restrictive those which appear in ref,. (see definition 4.9).
This means that the conditions imposed on any environment if it is to be
verified successfully will also be less restrictive (see section 7.7.1 below). As
a result, for t € Dom,, = TFSlot, we take

ref .. (t) 2 {RN A, | (t, R) € ¢FSlot},

meaning that FSlot will never breach any bound from ref .3

Verifying Dom-SF-check Since EP(FSlot) = {ep,,}, aFSlot = A,, and
Dom ., = Domgp(rsiery = TFSlot, Dom-SF-check reduces to the following:

o Let (t,R) € ¢FSlot, where R C Aqr. If extr™ (R, t, FSlot) = By, then
t € domg,.

By definition 4.10, extr™ (R, t, FSlot) = @ for every (¢, R) € ¢FSlot where
R C A, (recall that Comm(A,,, FSlot) = Left). As a result, Dom-SF-check
is met trivially.

Extracting failures We then have that the following result holds.
Proposition 7.1. eztrgprsiot) (9 FSlot) C dRegister.

Proof. Let (t,R) € Qdom gp(psiryFOl0t be such that R C aFSlot = A,,.
Then extriys poor (R t, FSlot) = extr (R,t, FSlot) = @ by SF-GLOBAL2,
definition 4.10 and since EP(FSlot) = {ep,.}. Moreover, since dom, =

dom gp(rsiot) by SF-GLOBALL and domg, C T7FSlot = {t| (t,R) € ¢FSlot},
we have that:

domar = {t | (t, R) € Pdom gp(psiry F'SlOL}-

$0By EP5, it must be the case that each set in ref ,,.(t) is a proper subset of A,,; that
this is the case here follows from the fact that FSlot is deadlock-free (verified in FDR2 and
follows automatically from the definition of FSlot anyway) and always refuses all events
from ¥ — A,,.
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Hence, by SF-DEF2,
extr gp(Fsiot) (9 FSlot) = {(extr gp(rsior)(t),Y) | t € domar A Y C (T — B,,)}.
We observe that 7Register = {t | (t,) € ¢Register} by proposition 2.3(2)

and since d Register = &. Since dom,, C 7FSlot and eztr gp(rsior) (TFSlot) C
7 Register (see section 7.6.2), then, by TR-DEF1:

{(eztr ep(Fsior) (t), D) | t € domer} C PRegister.

That eztreprsior)(¢FSlot) C PRegister follows by SF4 and since B,, =
aread U awrite. O

Refinement-after-hiding We observe that

extr gp(rsiot) ([ FSlot] sp) C [Register]sp

since extr gp(rsior)(TFSlot) C T Register and by SF-DEF1 and proposition 7.1.
Moreover, FSlot meets conditions Dom-T-check and Dom-SF-check. Hence,
by SF-DEF3, FSlot refines-after-hiding the register in the stable failures mo-
del. That it does so in the failures divergences model follows by FD-DEF1,
Fp-DEF4 and the following five points:

o eTir gp(rsior) (PFSlot) C @ Register and FSlot meets Dom-T-check and
Dom-SF-check.

By DR2, ¢Register C ¢, Register.

By FD-DEF2 and since dFSlot = @3, then extr gp(rsior) (§ FSlot) = @.

extr gp(Fsiot) (L FSlot) = extrpp(psior) (9 FSlot) by FD-DEF3 and since
e:z:trEp(FS,,,t) (JFSIOt) = 4.

e ezir,, meets EP6. (This has been verified using FDR2.32)

Automatic verification using FDR2 is not needed in general here because
of the nature of FSlot and of the refusal bounds used. In addition, the
fact that FSlot gives the only definition of Dom,, which we have would
have complicated the definitions of the processes DSF and RE needed for
verification here.

S1All component processes used to build FSlot are guarded and so divergence-free by
DF; moreover, parallel composition cannot introduce divergence. That §FSlot = @ has
also been verified using FDR2.

32Note that we verify it by checking for the divergence-freeness of
(FSlot[prep,,] || prep, (A.) TEar)\ Agr rather than the divergence-freeness of TEq, \ Aqr.
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7.7.1 Refusal bounds and environments

The refusal bounds defined here will place constraints on the form of any
environment which may be successfully verified and with which FSlot may be
composed. If we consider () to be such an arbitrary environment and P to be
the corresponding specification environment (with which the register would
be composed), then @ must meet Dom-SF-check and its extracted failures
must be contained in those of P (we are considering only those conditions
which involve the use of refusal bounds). We show that the refusal bounds
presented here place only the lightest of restrictions on the behaviours of Q.

We first observe that Comm(A,,, Q) = Right, since Comm(A,,, FSlot) =
Left. For t € Dom,,., we have that

ref on(t) = {RN A, | (8, R) € ¢FSlot} = Sub({{a € A4 | to{a) & TFSlot}}).

By definition 4.9, 7ef ., (t) = {X C A, | (VY € ref . (t)) XUY # A, }. This

means that for X € ref ,.(t), for every Y € ref ,.(t) there exists a € A, — Y
such that a € A, — X. As a result, for t € Dom,,,

ref ., (t) = Sub({Aq4 — {a} | t o (a) € TFSlot}).

This means that the bounds given by ref . will be breached after trace w
by any environment with which FSlot might be composed only if that en-
vironment fails to offer after w at least one event which is valid according
to 7FSlot = Dom,,. As a result of this, @ will meet Dom-SF-check with
respect to ep,, provided that, whenever it is in the middle of either a call
to read or a call to write (and so behaviour over A,, is incomplete), it is
always ready to communicate at least one event in which FSlot may engage
at that point. And, according to the discussion in section 7.3.4, we would
expect () to be always ready to progress in some way a procedure call which
it had already begun. Moreover, for t € domgp(g), SF-DEF2 will require
P to refuse after extrgp(g)(t) all events on channels read and write — i.e.
to refuse all communication with the register — only if Q refuses after ¢ all
communication (valid with respect to Dom,,) with FSlot.

It can be seen by this discussion, therefore, that verification of a particular
environment is unlikely to fail simply because the choice of ref ;. described
here is inappropriate.

7.8 Data independence

In this chapter, we have shown that FSlot refines-after-hiding Register in all
three CSP semantic models. From this, we would like to infer that the 4-slot is
a valid implementation of the register in general. However, such an inference



7.9. Discussion 187

is subject to the caveat that FSlot and the (CSP) register communicate data
from a restricted set — i.e. dataint — while the 4-slot (and the register) may
transmit data from much larger sets in practice.®

The problem of data-independence with regard to refinement in CSP may
be stated as follows: if processes () and P are each parameterised by a data
type T, when can we say that @ refines P whatever concrete data type is
substituted for T? This problem has been considered in [46] and is also
discussed in [63]: provided that values from T are used only in restricted
ways in () and P, a concrete data type containing only a small number of
values — for example, one or two values — may be substituted for T in both
Q and P. If ) refines P when this concrete data type is used in place of T,
then we may conclude that ) refines P whatever data type is substituted
for T. However, we are unable to apply the results from [46] here, nor could
they be used in respect of any CSP process used to encode the extraction of
a set of traces: renaming is used as part of that encoding and the renaming
operator is not part of the language allowed by [46).

Nonetheless, it may be seen by inspection that eztr,,, FSlot, Register and
the processes and renamings used to encode eztr,, neither refer explicitly to
values from dataint®! nor do they ever take action on the basis of the values
held by variables or constants of that type. In view of this and the fact
that 7ETtF'S C TRegister when dataint is a 6-valued set, it is likely that
TEztFS C TRegister whatever the range of integer values represented by
dataint. By this and similar reasoning with regard to the stable failures
and failures divergences models, we may draw the tentative conclusion that
FSlot refines-after-hiding Register in all three semantic models whatever the
range of integer values represented by dataint. We therefore conclude that,
according to our scheme, the 4-slot is a valid implementation of the register,
while also acknowledging the need for further work to treat in a proper and
formal manner the issue of data independence.

7.9 Discussion

The work in this chapter had two main purposes. The first was to verify the
correctness of the 4-slot mechanism in a novel manner and to derive thereby a
result which had not been shown before. The second was to explore how our
notion of refinement-after-hiding and our approach to its verification using

331t is generally the issue of the size of the data set which is important, rather than the
actual values which it contains. See, for example, [46].

310 is a constant when it is used as the initial value stored in each slot in the data array
or in the copy of the data array used in TE,,. It could be dispensed with in any case by
stipulating that the 4-slot should first complete a call to write before it is allowed to begin
a call to read.
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FDR2 might fare when used in practice on a real-world example. We consider
each of these areas in turn.

7.9.1 What the verification means

In this chapter we have shown that (our CSP representation of) the 4-slot is
a valid implementation of a register. Due to the nature of refinement-after-
hiding, this means that we may build an implementation of a network which
communicates data internally using a register by modifying in a suitable fash-
ion the necessary communication interface and then substituting the 4-slot
for the register. This is a significant result for a number of reasons. Firstly,
that the 4-slot has more than a single memory slot may be made apparent
to a user: a read may begin, interrogate the necessary control variables and
then wait for an arbitrary number of writes before completing, thereby ap-
pearing to read an old value. It is not immediately clear that such behaviour
should be permissible in any valid implementation of a register, which has
only a single memory slot. Nonetheless, the success of the verification de-
scribed here indicates that, once the 4-slot and register have been placed in
suitable contexts and all communication hidden, it is effectively impossible
for an observer to distinguish between them.

That the 4-slot has been shown to implement a register is also important
when it comes to reasoning about systems which might be built using it (the
4-slot). If we may reason initially about a system built using a register,
this is likely to be much simpler than considering directly the corresponding
system built using the 4-slot. And any results proven about this simpler
specification system will be valid for the corresponding system built using
the 4-slot. Moreover, knowing that the 4-slot implements a register gives a
much better intuition behind the behaviour which it will induce when used
in a particular system than is gained by knowing that it meets the conditions
of data coherence, data freshness and data sequencing.

7.9.2 Lessons learned and further work

We now consider issues which have been raised during the course of this
verification.

The 4-slot was chosen as a case study primarily for the types of reification
it exhibits and because it is a real-world example. It was not chosen because
it was felt in advance that it would be especially amenable to verification (in
FDR2) using refinement-after-hiding. As a result, its study has highlighted
a number of areas where further work is needed with respect to our means of
verification, both in terms of extending the power of the approach and also
in terms of developing a methodology for its use.
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Describing and deriving extraction mappings

The extraction mapping which is used to interpret traces of FSlot as traces
of the register is relatively complex, both in its incarnation as an abstract
description and in its representation as a CSP process. Although the point
has been made above that any process TE; used in a particular verification
should be taken as the authoritative description of the extraction mapping
extr;, it would still be useful to have a more mechanical way of proceeding
from an extraction mapping description to a CSP process: after all, we have
to arrive somehow at an initial version of that CSP process. In order to
facilitate a generic translation from mapping to CSP process, it would be
useful to have a more structured notation within which extraction mappings
could be expressed. In general, an extraction mapping is defined composi-
tionally over an event a and its history ¢: ¢ is then effectively mapped into a
particular information domain, its representation in that domain being used
to determine the event to which a¢ must be extracted. Although different
information domains would be used for different verifications, a standard
translation from information domain and mapping notation to CSP process
would be very useful. (Such issues are also of relevance in terms of describing
the mapping ref and representing it as necessary as a CSP process.)

Deriving a mapping for successful verification

The extraction mapping used here was developed as the verification pro-
ceeded and was not known in advance. In such circumstances, verification
may fail either because the mapping used is unsuitable or because the pro-
cess being verified cannot be related to the specification under consideration.
An interesting area to explore, therefore, is how it might be possible to tell
that a particular verification will never succeed or, conversely, that a suitable
mapping does, in fact, exist. (This is related to the issue of completeness:
see brief discussion in chapter 8.) In the first instance, such work would be
concerned with the notion of refinement-after-hiding itself, rather than with
the actual means of verification.

In addition, the process of developing the mapping used here was not
straightforward and this raises a number of important issues. In particular,
it casts doubt on the ease with which refinement-after-hiding might be used in
practice and suggests the need for further work to explore how the process of
developing mappings might be made easier. For example, one could explore
the development and use of semi-automated tools for this purpose. However,
we should perhaps reserve judgement on the ease of use of refinement-after-
hiding until it has been applied to a more extensive range of case studies.
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Considering the environment

In section 7.4, it could be seen that the environment with which the 4-slot is
to be composed plays a significant role in determining the form of the traces
mapping to be used for verification. This role of the environment needs to
be explored further, especially with respect to determining refusal bounds,
and its consideration needs to be built firmly into any methodology for use
of refinement-after-hiding in practice.

Working with procedural interfaces

Although the 4-slot is defined initially using a procedural interface, we have
assumed in the verification presented in this chapter that all of its events are
visible to the environment — i.e. both events effecting data transfer and those
concerned with manipulating control variables — and that the environment
engages in both types of event whenever it wishes to transfer data. This is
because we always extract on the occurrence of events which either write to
or read from a control variable, meaning that these events must be visible
in our CSP representation of the 4-slot. This also means that such events
should be visible in (our representation of) the environment. (This issue was
discussed in section 7.3.4)

This is an instance of a general problem faced by refinement-after-hiding
if it is to be used in the verification of processes which communicate using
procedural interfaces. In particular, any process () which calls a procedure
in another process will engage in an event to represent the procedure call and
one to represent the procedure return, but will not engage in any events from
the body of the procedure. If, during the verification of @}, we need to extract
on the occurrence of an event which is part of the body of the procedure then
this will not be possible without modification of (). Further work is needed
both to show how this modification may be carried out automatically and
also to show formally that such modification does not affect the validity of
any verification which may be carried out.

Complex statement of domain of mapping

In the development of our notion of refinement-after-hiding, including the
development of its predecessors, it was implicitly assumed that the method
would be applied when the extraction mapping to be used was known in
advance, meaning that the domain of the mapping would also be known in
advance. Moreover, it was assumed that the latter would be expressed in a
relatively straightforward, syntactically simple form. These assumptions did
not hold in the verification in this chapter, however, and FSlot itself was the
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only syntactic representation available of the domain of the mapping which
we used.

Due to the syntactic complexity of FSlot, it was difficult to modify directly
the syntactic definition of Dom,, given by it. As a result, the process TE,, is
constructed independently of FSlot and so defines a mapping with a domain
strictly larger than 7FSlot. And had we defined processes DSF,, and RE,,
to deal with verification in the stable failures model, it would not have been
possible to build them directly around FSlot, even though such a manner of
construction is implicit in the definitions given in chapter 6.

Further work is needed in the first instance to explore the sort of im-
plementation processes which might give rise to this problem of complex
definitions of mapping domains. Specifically, we intend to consider fully the
issue of constructing DSF; and RE; in such cases: this is complicated by
the fact that certain failures are obscured in these processes, depending on
whether or not their trace component is in dom;. In addition, the formal
framework for verification using FDR2 may need to be extended to deal with
this issue.

Deriving refusal bounds and verifying Dom-SF-check

Again due to the fact that the extraction pattern used here did not exist prior
to this verification, its ref ;. component was defined directly in terms of the
failures of F'Slot. A similar approach is likely to be necessary whenever we are
not provided with refusal bounds in advance of a particular verification and
it should guarantee that the implementation component under consideration
meets condition Dom-SF-check. However, Dom-SF-check will also need to
be verified of any environment with which that component may be composed
and this could cause problems. If the refusal bounds to be used come directly
from an implementation component, then it will be impossible in the general
case to derive a statement of them without first calculating the semantics
of that component. This means that it would be difficult to define directly
any necessary process DSF; as described in section 6.5. Further work is
therefore needed to consider the automatic verification of Dom-SF-check in
such a situation.

In addition, it is not clear in general how refusal bounds when behaviour is
complete might be derived from the failures of the implementation component
under consideration. This is due to the fact that, if verification is to be
successful, the failures of the specification will also play a role in determining
the nature of those bounds.
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Extracting to non-singleton traces

An obvious area for further work is to explore how we might represent ex-
traction mappings as CSP processes in the general case that extraction to
non-singleton traces is allowed. This is especially important if we are to be
able to use FDR2 when verifying equivalence: this necessitates interpreting
abstract behaviours in a more concrete form and so is generally going to
require extraction to non-singleton traces. It is for this reason that we have
not attempted to verify the “equivalence” of the 4-slot and the register.

“Straightforward” case studies

A case study or studies will be explored in future where the problems and
issues identified above might not be expected to arise, for example where
an implementation process communicates data using certain fault tolerant
mechanisms or a particular communication protocol. In such cases, the ex-
traction mapping to be used should be determined in advance (by the nature
of the fault tolerant mechanism or communication protocol) and the domain
of that mapping should (hopefully) be stated explicitly. This will give a bet-
ter idea of how the method of automatic verification presented in chapter
6 might perform when it is not being pushed to its limits. In addition, it
should give us a better opportunity to explore the way in which automatic
verification might work in the stable failures and failures divergences models,
which thing is missing from the work in this chapter.



Chapter 8

Conclusion

In the process algebraic framework, the meaning of processes is based firmly
on the notion of an observer and what he/she may observe of the behaviour
of a particular process. As a result, we abstract from internal actions since
they cannot be observed: two processes are regarded as equivalent (within
a suitable semantic framework) if they have the same external behaviours,
regardless of the manner in which they perform computations internally. It
is arguable, however, that this notion of observability is too stringent and
should be relaxed, on the basis that processes are rarely used in isolation. In
other words, if we assume that an observer only observes complete systems or
networks -— rather than individual component processes — the set of visible
events is immediately much reduced and the way is open for defining a more
relaxed notion of equivalence or refinement. This suggests the development
of a notion of correctness-in-context, where visible events are partitioned into
those that an observer will be able to see in the final network built and those
which will be invisible to him/her.

Using these notions of correctness-in-context and the partitioning of visi-
ble events, along with the device of an interpretive mapping, chapter 3 gives
an abstract formal statement of what it means for a particular implementa-
tion relation to constitute a notion of refinement-after-hiding: this is cap-
tured in the conditions RAH1-3. From these and a number of other basic
conditions, we are able to derive a set of conditions which are sufficient to
define refinement-after-hiding in practice. These are put to use in chapter
4 as we modify and extend an existing such notion. Not only is the work
from chapter 3 of fundamental importance in carrying out this modification,
it also gives a clear and definite framework within which we are able to un-
derstand the form of our concrete notion of refinement-after-hiding and why
exactly it works. The implementation relation defined in chapter 4 gives
a generalisation of standard CSP refinement in all three semantic models
and provides the ability to deal with a variety of types of reification in the
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move from specification to implementation: more specifically, it can deal with
data reification, external behaviour decomposition and external relaxation of
atomicity, as evidenced by the successful verification in chapter 7.

Chapter 6 defines a means of automatic verification for our concrete no-
tion of refinement-after-hiding, using the existing industrial-strength tool
FDR2. This is significant for a number of reasons: it allowed us to pro-
ceed more quickly to verification in practice of a real-world example; FDR2’s
state-space compression techniques are vital to our ability to perform verifi-
cation, as even the representation of the 4-slot from chapter 7 initially has a
large number of states; its (FDR2’s) debugging facilities proved crucial in the
development of the extraction mapping used in the same chapter. Finally,
chapter 7 shows that Simpson’s 4-slot asynchronous communication mecha-
nism is a valid implementation of a register, using the notion of refinement-
after-hiding from chapter 4 and the means of verification from chapter 6.
This is an important result both in this specific case and in terms of what
it shows may be possible in general: in the move from register to (CSP rep-
resentation of the) 4-slot, data reification, external behaviour decomposition
and external relaxation of atomicity have all occurred, yet verification may
still be effected successfully.

As a final comment, we note that the work presented in chapters 3, 4
and 6 may be regarded as a whole which is greater than the sum of its parts.
Using our means of automatic verification, we were able to proceed quickly to
verification of a real-world example. The consideration of this example then
fed back into the development of the implementation relation in chapter 4.
For example, the requirement that any particular extraction pattern should
deal only with input or only with output events proved to be too restrictive in
practice, while the theory from chapter 3 indicated that such an approach was
not necessary in order for refinement-after-hiding to work. It is also envisaged
that these three components will play a similar, mutually supportive role in
future work. In particular, we will consider alternative means of mapping
refusals, such as that described in section 4.8 and suggested by the theory
in chapter 3. Encoding any such alternative approaches as CSP processes in
FDR2 (where that is possible) will allow for their rapid use in the verification
of real-world examples, the success or failure of which verifications will reflect
on their usefulness in practice. And if practice tells us that a particular means
of mapping refusals should be modified, then the theory gives a framework
within which those modifications may be assessed and carried out.
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8.1 Further work

At various points throughout this thesis, we have indicated areas in which
further work is needed or in which such work might yield interesting and
useful results. We identify here five main areas on which we shall concentrate.

8.1.1 Refinement-after-hiding and “completeness”

Assume that Finp(Q1,...,Qy) is an implementation network and the corre-
sponding specification network is given by Fye (P, ..., P,). Future work will
address the question of whether it is always possible to come up with suitable
extraction patterns such that Q; refines-after-hiding P; for 1 < i < n in the
event that Fimu(Q1,...,Qn) refines Fopec (P, ..., P,) according to standard
CSP refinement. In the event that refinement-after-hiding is not complete
in this sense, we will aim to establish restrictions on implementation and
specification networks such that the property of completeness is enjoyed in
the restricted domain.

8.1.2 Barbed congruence and refinement-after-hiding

Chapter 5 (page 119) describes in some detail areas which might be ex-
plored concerning the relation between barbed congruence and refinement-
after-hiding. In particular, the ability to verify correctness when at least
relaxation of atomicity has occurred without the need to construct an inter-
pretive mapping would be extremely desirable.

8.1.3 Mapping refusals

The approach to mapping refusals used in this thesis is based on the notion
of refusal bounds and the treatment of communication as asymmetric in
character. A possible alternative approach to mapping refusals is proposed
in section 4.8. It is currently not clear what advantages one might possess
over the other nor how one might decide the appropriateness of a particular
approach in a particular set of circumstances. Further work, both in terms
of theory and of practical examples, will look at the types of process where
one approach might allow verification to succeed while the other might cause
it to fail: this will help us to identify situations where it would be advisable
to choose one approach over the other.

Moreover, if an alternative means of mapping refusals could be developed,
its use might avoid some of the problems which may arise when the necessary
extraction patterns are not known in advance of a particular verification (see
discussion in section 7.9).
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8.1.4 Improving the means of automatic verification

Section 7.9 contains a number of ways in which the means of automatic
verification given in this thesis could be extended and improved. As a first
step, a notation to represent extraction mappings will be explored, along
with ways of mechanically translating from such a notation to a CSP process
which represents the relevant mapping.

8.1.5 Further case studies

Finally, it is necessary to consider the verification of further example pro-
cesses and systems, both in order to fully evaluate the usefulness of our
notion of refinement-after-hiding and also to develop a proper methodology
regarding its use.



Appendix A

Proofs from chapter 3

A.1 Proofs from section 3.2

Proof of proposition 3.3

Proof. 1. a(P\ A) = [[B(P\A)]] (by definition 3.10)
= [[8(P) — A]] (by figure 2.5)
= [[B(P)]] — A (by def. 3.7 and since A € AliSet)
= (aP)- A (by definition 3.10)

2. ao(Plly @) = [[B(P Iy QI (by definition 3.10)
= [B(P)UBQ)]] (by figure 2.5)
= [BPNUB@Q]] (by definition 3.7)
= aPUaQ (by definition 3.10)

Proof of proposition 3.4

Proof. Since ANB # @, it follows that B # @. Hence, B = | J,; A; where |
is a non-empty indexing set into MinSet and so AN A; # @ for some : € I.
By definition 3.5, A = A; and so A C B. O

Proof of proposition 3.5

Proof. The proof is immediate in the event that A = @ and so we assume that
A # &. We use RHS to denote | J{events(t) | t € BTrace A events(t) C A}
in this proof. It is immediate that RHS C A. We therefore show A C RHS,
by assuming there exists a € 4 — RHS. By definitions 3.6, 3.5 and 3.4(1),
there exists ¢ € BTrace such that a € events(t); moreover, events(t) € A.
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Since A = | J,c; Ai where I is a non-empty indexing set into MinSet, there
exists ¢ € I such that a € A; but events(t) Z A; since events(t) € A. Hence,
we have a contradiction by definition 3.5(1). O

Proposition A.1. \(@) = @.

Proof. We consider each of two cases in turn.

Case 1: () € BTrace and so A(()) is defined. By definition 3.8, it suffices
to show that A(()) = (). Let STOP be an implementation process (recall
that we may assume STOP is an implementation process by definition 3.9
and since B(STOP) = & C Yimp). Since B(STOP) = &, then aSTOP = &
and so aSTOP C Fuvis. Thus, by Ranl, A[STOP],) = [STOP], for
X € {T,SF,FD}. Hence, A\(rSTOP) = 7STOP and so, by definition 3.3,
) = O

Case 2: () ¢ BTrace. In this case, the proof is immediate by definition
3.8. 0

Proof of proposition 3.6

Proof. In the event that I = &, the proof is immediate by proposition A.1
and so we consider the case that I # @&. By definition 3.8, A({J;; ;) is given
by:

U{events(A(t)) | t € BTrace A events(t) C U;er Ai}
= U{events(A(t)) | t € BTrace A (i € I) events(t) C A;} (by def. 3.5(1))
= Uier(U{events(A(t)) | t € BTrace A events(t) C A:})

= Uier MA) (by definition 3.8)
a

Proof of proposition 3.7

Proof. Let A =J;¢; 4i and A" = {J;; A;, where I, J are indexing sets into
MinSet and IN.J = @ since AN A" = & (note that @ ¢ MinSet). We
consider each of two cases in turn.

Case 1: Either A=@ # A, A# & = A" or A= @ = A'. The proof in
this case follows by proposition A.1.

Case 2: A # @ # A'. By proposition 3.6, A\(4) = U;c; AM(4i) and A(4A') =
Ujes AM(4;). Since INJ = &, A; # Aj foralli € I, j € J. Thus, by
definitions 3.5(2) and 3.8, A(4;) N A(A,;) = @ for alli € I,j € J and so the
proof in this case follows. a
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Proof of proposition 3.8

Proof Let I,J be indexing sets into MinSet such that A = |J,.; A; and

UJEJ A
1. Itis 1mmed1ate by definition 3.5 that A® B = (Jyc e, A and so
A ® B € AllSet by definition 3.6.
2. We observe that:

MA® B) = )‘(Uiel Ao UjeJ AJ')

= MUseres 4r)
= Ukergs AMAx) (by proposition 3.6)
= Uier MAi) ® U;c; A(4;) (by definitions 3.5 and 3.8)
= A(A) ® A\(B) (by proposition 3.6) a
Proof of proposition 3.9
Proof. 1. The proof is immediate from definitions 3.5 and 3.6.
2. We observe that:
Uaeninset A(4)
MU seMinset 4) (by proposition 3.6)
= A Zimpt) (by definition 3.5)
= (J{events(A(t)) | t € BTrace A events(t) C Linp} (by def. 3.8)
= U{events(A(t)) | t € BTrace} (by definition 3.4(1))
= Yipec (by definition 3.4(2))

3. Let A € AliSet. By definition 3.5, Zimp = Uuacppinsee A and s0
A C X;pp by definition 3.6. By the proof of part 2 of the proposition, Xy
A(Zimpi) and so A(A) C X,pe; by definition 3.8 and since A C Ty EI

Proof of proposition 3.10

Proof. 1. We assume that X C A. By definition 3.6, [[X]] = {J,c; Ai, where
I is an indexing set into MinSet. In the event that [[X]] = &, the proof
is immediate and so we consider the case that [[X]] # @. Let i € I. By
definition 3.7, X N A; # @ and so AN A; # @. Thus, A; C A by proposition
34.

2. We show that [[R]] U [[S]] € [[RU S]); the proof that [[RU S]] C
[[R]] U [[S]] is similar. By definition 3.6, [[R]] = |J;c; Ai, where I is an
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indexing set into MinSet. We show that [[R]] C [[RUS: that "S] C [[RUS]]
may be shown in a similar manner. In the event that [[R]] = &, the proof
is immediate and so we consider the case that [[R # @. Let i € I. By
definition 3.7, A;N R # @ and so 4; N [[RU S]] # @. Hence, by proposition
34, A; C[[RUS]). ]

Proof of proposition 3.11

Proof. By definition of Imp in definition 2.3, there exists (P ||y Q) €
Imp(Fimpi(Q1,--.,Qxn)) such that, by R2, Y = aP N a@. By definition
3.10, P, aQ) € AllSet and so Y € AliSet by proposition 3.8(1). 0O

Proposition A.2. Let A € AllSet.

1. Eimpl — A € AllSet.
2. A(Simpt — A) = Tpee — MA).

Proof. 1. The proof follows by proposition 3.9(1) and proposition 3.8(1).
2. We have:
AZimpt — A) = MZimp) — A(A) (by prop.s 3.9(1) and 3.8(2))

)‘(UA’eMinSet A') = A(A) (by definition 3.5)
= UA’EMinSet )‘(A') - )\(A) (by proposition 3.6)
= Zpec — A(4) (by prop. 3.9(2))

Proof of proposition 3.12

Proof. Let Q £ FST(BTrace) be a (component) implementation process.
By proposition 2.12(1), 7Q = Pref(BTrace) and so, by PREF-CLOS and
definition 3.3, A([Q] ;) is defined. B(Q) = U,c prace €vents(t) by proposition
2.12(2) and so B(Q) = Zimp by definition 3.4(1). By definition 3.10 and
proposition 3.9(1), a@Q = X;mmu. Thus, by HIDE-INVIS, there exists A €
AllSet such that Ximpr — A = Eimp N Fvis = Fuis. Hence, Fuvis € AllSet by
proposition A.2(1). O

A.2 Proofs from section 3.3

Proof of theorem 3.13

Proof. Let @ = FST(t) be a (component) implementation process. By
proposition 2.12, 7Q = Pref(t) and B(Q) = events(t). Hence, a@ =
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[[events(t)]]. We show that @ C Fuis by considering each of two cases
in turn.

Case 1: ¢t = (). The proof is immediate in this case, since aQ = 2.

Case 2: ¢ # (). In this case, aQ = [[events(t)]] = (J;c; Ai where I is a
non-empty indexing set into MinSet. Moreover, events(t) N A; # @ and so
A; N Fuis # O for every i € I. It follows by propositions 3.12 and 3.4 that
A; C Fuis for every ¢ € I and so aQ C Fuis.

Hence, by T11, A(7Q) is defined and so, by definition 3.3, A(t) is defined.
Also by Ti1l, AM(7Q) = 7Q and so maz<(A(7Q)) = maz<(7Q). Hence, by
definition 3.3 and TR-MONO, A(t) =t. 0O

Proof of theorem 3.15

Proof. We assume that A(t) is defined. Let @ £ FST(t) be a (component)
implementation process. By proposition 2.12(1), 7Q = Pref(t). By PREF-
CLos and definition 3.3, A(7Q) is defined. By Ti2, A(7(Q \ A)) is defined
and so A(t \ A) is defined by definition 3.3. Also by T12, A(7(Q \ 4)) =
A(TQ) \ B. Hence, by definition 3.3, TR-MONO and the monotonicity of the
hiding operator over traces (proposition 2.6):

A\ A) = maz<(A(7(Q \ 4))) = maz<(A(7Q) \ B) = A(t) \ B.

Proof of theorem 3.16

Proof. Let B be such that A(\A4) = \B.

(C) We first show that B C A(A) by assuming there exists a € B —
A(A). By definition 3.11(1), B C X, and so, by definition 3.4(2), there
exists s € BTrace such that a € events(A(s)). By definition 3.8, A\(A4) =
(U{events(A\(t)) | t € BTrace A events(t) C A)} and so events(s) € A.
Hence, by definitions 3.5(1) and 3.6, events(s) N A = &. Since s € BTrace,
then A(s) is defined. It follows by RAH2-T that A(s\ A) = A(s) \ B and so,
since events(s) N A = &, A(s) = A(s) \ B. Hence, events(A(s))N B = @.
This, however, gives a contradiction, since a € events(A(s)) N B.

(2) We now show that A(A) C B. In the event that there does not exist
t € BTrace such that events(t) C A, the proof is immediate by definition 3.8.
We therefore assume that there exists ¢ € BTrace such that events(t) C A.
By definition 3.8, it suffices to show that events(A(t)) C B. Since t € BTrace,
then A(t) is defined. Hence, by RAH2-T, A(()) = A(t\ 4A) = A(t) \ B. By
theorem 3.14, A(t) \ B = () and so events(A(t)) C B. O
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Proof of theorem 3.17

Proof. We assume the following;:
o Ty = {v € BTrace | events(v) C Y} U {()}.
e Q= FST(Ty) ||y STOP is a (component) implementation process.

o P, = FST(w) ||z Q is a (component) implementation process for w €
BTrace.

Before proceeding with the proof proper we prove (A.1) and (A.2), which
relate to @ and P, respectively.

7Q = {()}, A(7Q) is defined and aQ =Y (A1)

By proposition 2.12(1), 7FST(Ty) = Pref(Ty). Since events(t) C Y
for every t € TFST(Ty) and 7STOP = {()}, 7Q = {()}. Thus, by def-
inition 3.3 and theorem 3.14, A(7Q) is defined. By proposition 2.12(2),
B(FST(Ty)) = User, events(t). Hence, by proposition 3.5, B(FST(Ty)) =
Y. Since B(STOP) = &, B(Q) =Y and, since Y € AllSet, aQ = [[Y])] =Y.
Hence, we have shown (A.1).

7P, = Pref(w), A(TP,) is defined and aP, = [[events(w)]|JUY (A.2)

By proposition 2.12(1), 7FST(w) = Pref(w) and, by (A.l), 7P, =
Pref(w). Since w € BTrace, A(TP,) is defined by definition 3.3 and PREF-
CLos. By proposition 2.12(2), S(FST(w)) = events(w). By the proof of
(A.1), B(Q) =Y and so B(P,) = events(w) UY. Hence, since Y € AliSet,
aP, = [[events(w)]]UY. Thus, we have shown (A.2).

We now proceed with the proof proper, where Z is such that A(||y) =||z-

(C) We show that Z C A(Y)) by assuming there exists a € Z — A(Y). By
definition 3.11(2), we know that Z C X,p.: and so, by definition 3.4(2), there
exists s € BTrace such that a € events(A(s)). By definition 3.8, A(Y) =
U{events(A(t)) | t € BTrace A events(t) C Y)} and so events(s) € Y.
Hence, by definitions 3.5(1) and 3.6 we have that events(s) NY = &. Let
P, be a (component) implementation process. By (A.2), TP, = Pref(s) and
MTP,) is defined. By (A.1), 7Q = {()} and A(7Q) is defined. By (A.1)
and (A.2), aP,Na@ = Y. Hence, A(7(P; |y Q) = M7Ps) ||z M7Q)
by T13. Since events(s) 'Y = & and by theorem 3.14 and definition 3.3,
A(Pref (s)) = A(Pref(s)) ||z {()}- Hence, by definition 3.3, there exists v < s
such that A(s) € A(v) ||z (). It follows by TRP (i.e. A(s)[Z = ()[Z) that
events(A(s))NZ = & and so we have a contradiction since a € events(A(s))N
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(2) We now show A(Y) C Z. In the event that there does not exist
t € BTrace such that events(t) C Y, the proof is immediate by definition
3.8. Thus, we assume there exists ¢ € BTrace such that events(t) C Y. By
definition 3.8, it suffices to show that events(A(t)) C Z. Since events(t) C Y
and Y € AliSet, [[events(t)]] C Y by definition 3.7. Let P, be a (component)
implementation process. By (A.2), 7P, = Pref(t), M(7P,) is defined and
aP; = [[events(t)]]UY =Y. Hence, A(7(P; |ly B)) = M7R) ||z A(rP.)
by T13. Thus, since events(t) C Y, A(Pref(t)) = A(Pref(t)) ||z M(Pref(t)).
Then, by definition 3.3 and TR-MoNO,

{A®)} = maz<(A(Pref (1)) = maz<(A(Pref (t) lz A(Pref (¢))).

It holds trivially that A(t)[Z = A(t)[Z and so A(t) ||z A(t) # @. Hence, by
proposition 2.7, {A(t)} = A(t) ||z A(t) and so events(A(t)) C Z. 0O

A.3 Proofs from section 3.4

Proposition A.3. Let A € AllSet, B = A(A) and let t be a trace such that
A(t) is defined. Then A(t[A) is defined and A\(t[A) = A(t)[B.

Proof. Let A= Y;,y—Aand B = X ;pec — B. By proposition A.2, A € AllSet
and B = A(A). By RAH2-T, A(t\ A) is defined and A(t \ 4) = A(t) \ B.
By proposition 3.9(3), A C E;mu and B C T,p,. Hence, Ly = AU A and
Yspec = BUB. Since events(t) C Tnu by definition 3.4(1), then t\ A = t[4;
hence, A(t[A) is defined. Since events(A(t)) C X,p by definition 3.4(2),
A(t)\ B = A(t)[B. Hence, A(t[A) = A(t)[B. 0

Proof of theorem 3.19

Proof. 1. (=) We assume that A(t) and A((to (a))[A) are defined. Let A =
Timpt — A and so A € AllSet by proposition A.2(1). By proposition 3.9(3),
A C Zimpi and 50 Zimpr = AUA. We define the (component) implementation
processes P and Q as follows: P = FST(t[A) and Q = FST{((to(a))[A). By
proposition 2.12, TP = Pref (t[A) and S(P) = events(t[A). Hence, aP C A
since A € AllSet. Moreover, A(7P) is defined by proposition A.3, PREF-
CLos and definition 3.3. Similarly, 7Q = Pref((t o (a))[A), aQ C A and
A(TQ) is defined. As a result, aP Na@Q = @. Hence, by T13, A(7(P ||z Q))
is defined. By definition 3.4(1) and since A(t) and A((¢ o (a))[A) are defined,

events(t o (a)) = events(t) U events((t o (a))[A) C Zmpi
and so, since Ty = AU A4,

to(a) € (Pref(t[A) ||lo Pref((to(a))[4)) =7(P llo Q).
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Thus, A(t o (a)) is defined by definition 3.3.

(<) We assume that A(t o (a)) is defined. Hence, A(t) is defined by
PREF-CLOs and A((t o (a))[A) is defined by proposition A.3.

2. Let B = A\(A). We assume that A(¢ o (a)) is defined. By PREF-CLOS,
A(t) is defined and, by TR-MONO,

A(to(a)) =A(t)oz
for some trace z. Also by TR-MONO,
Ato(a)[A) = A(t[A)or
for some trace r. By proposition A.3, A(t o (a)[A) = A(t o {a))[B. Thus,
At[A)or = (A(t)oz)[B = A(t)[Boz[B.
Hence, by proposition A.3, r = z[B. By RAH2-T,
At)\B=A(t\ A) = A(to(a)\ A) = A(to(a))\ B=(A(t)oz)\B.

Thus, events(z) C Bandsoz[B=z =T. O

Results used in the proof of theorem 3.20

In all of the proofs in the remainder of this section, we assume that conditions
S1-7 and Ts1-4 from figure 3.4 all hold. (Recall also that some necessary
supporting results which have already appeared are restated and reproved
here using only S1-7 and Ts1-4.)

Proposition A.4. Let A € MinSet and B € AllSet be such that ANB # @.
Then A C B.

Proof. Since ANB # @, it follows that B # @. Hence, B = | J;; A; where I
is a non-empty indexing set into MinSet and so AN A; # @ for some ¢ € I.
By S1(c) (definition 3.5), A = A; and so A C B. a

Proposition A.5. Let A, B € AllSet and ® € {—,U,N}. Then:
1. A® B € AllSet.
2. MA@ B) = \(4) ® \(B).

Proof. Let I,J be indexing sets into MinSet such that A = (J;.; A; and
B = UjeJ A;.

1. It is immediate by S1(c) (definition 3.5) that A® B = {Jy¢;0s Ak and
so A® B € AllSet by S1(c) (definition 3.6).



A.3. Proofs from section 3.4 205

2. M(A®B) = /\(UieIAiéBUjeJ Aj)

= ’\(UkeIeJAk)

= Ukeros A(4x) (by S5)
= Uier MA) © Ujes A(4;) (by S1(c) (def. 3.5) and S4)
= A(A) ® \(B) (by 8(5])

Proposition A.6. Let A, A’ € AllSet be such that AN A' = &. Then
AMA)NAA) =@.

Proof. Let A=J;;;Aiand A' = UjeJ A;, where I, J are indexing sets into
MinSet and INJ = & since AN A" = & (note that & ¢ MinSet). We
consider each of two cases in turn.

Case 1: Either A=@2 # A, A =2 # Aor A=A =g2. Wlog, we
assume that A = @ and so I/ = &. The proof follows in this case by S5.

Case 2: A# @ # A andso I # @ # J. By S5, AM(A) = U;c; AM(4A) and
MA) =Ujes A(4;)- Since INJ =@, A; # Ajforallie I, j € J. By S1(c)
(definition 3.5(2)) and S4, A(Ai) N M(4;) =@ for alli € I,j € J and so the
proof in this case follows. O

Proposition A.7. Let to{(a) be a trace such that A(to(a)) is defined. Then
there exists A € MinSet such that a € A.

Proof. Since A(t o (a)) is defined, then events(t o (a)) C Z;nu by S1(b)
(definition 3.4(1)). Hence, by S1(c) (definition 3.5), there exists A € MinSet
such that a € A. o

Proposition A.8. Let t o (a) be a trace such that A(t o (a)) is defined and
Ato(a)) =A(t)or.

1. If a € A € AllSet, then events(r) C A(A).
2. If a g A € AllSet, then events(r) N A(A) = @.

Proof. By proposition A.7, there exists A’ € MinSet such that a € A’ and so
events(r) C A(A4") by Ts4.

1. We assume a € A € AllSet. By proposition A.4, A' C A and so
A(A") C A(A) by S1(c) (definition 3.5) and S5.

2. We assume a € A € AllSet. By proposition A.4, A'N A = &. Hence,
by proposition A.6, A\(4') N A(4) = 2. O

Proposition A.9. \(()) is defined and A({)) = ().
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Proof. By S3 and S1(c) (definition 3.6), there exists A € MinSet such that
A C Fuis. Since events(()) = @, we have that events({)) C A. The proof
follows by Ts2. 0

Proposition A.10. Let t be a trace such that events(t) C Fuis. Then A(t)
is defined and \(t) =t.

Proof. We proceed by induction on the length of . In the base case, when
t = (), the proof is immediate by proposition A.9. Let t = uo (a). By S3
and S1(c) (definition 3.6), there exists A € MinSet such that a € A and
A C Fuis. Hence, A(t[A) is defined by Ts2. By the inductive hypothesis,
A(u) is defined and so A(%) is defined by Ts3. By Ts4, A(t) = A(u)or, where
A(t[A) = Mu[A) or, and so r = (a) by Ts2. By the inductive hypothesis,
A(u) = v and so A(t) = uo (a) =t. 0O

Proposition A.11. Let t be a trace such that A(t) is defined and let A €
AllSet, where B = A(A). Then A(t\ A) s defined and A(t\ A) = \(t) \ B.

Proof. We proceed by induction on the length of . In the base case, when
t = (), the proof is immediate by proposition A.9. Let ¢ = u o (a). Hence,
by proposition A.7, there exists A’ € MinSet such that a € A’. We consider
each of two cases in turn.

Case 1: a € A. In this case, A(t\ A) = A(u\ A) and so A(¢\ A) is
defined by the inductive hypothesis. By Ts4, A(t) = A(u) o 7 such that, by
proposition A.8, events(r) C B. Hence, by the inductive hypothesis,

A\ A) = A\ 4) = Au)\ B = (Au)or)\ B = A(t) \ B.

Case 2: a ¢ A. Since A’ € A, A'N A = @& by proposition A.4. Hence,
(t\ A)[A" = t[A’ and so A((t\ A)[A’) is defined by Ts3. Since A(u \ A)
is defined by the inductive hypothesis, then A(¢ \ A) is defined also by Ts3.
By Tsd4, A(t) = A(u) or such that A(t[A") = A(u[A') or. Also by Ts4,
A(t\ A) = AMu\A)oz, such that A((t\ A)[A’) = A((u\ A)[A")oz. Thus, since
ANA=g, \t\A)=\(u\A)or. By proposition A.8, events(r)N B = @.
Hence, by the inductive hypothesis,

A\ A) =A(u\A)or=(Au)\B)or=(A(u)or)\ B=At)\ B.
ad

Proposition A.12. Let s,u be traces such that A(s) and A(u) are defined.
LetY € AliSet be such that [[events(s)]|N[[events(u)]] C Y, where A(Y) = Z.
Ift € s ||y u, then A(t) is defined and A(t) € A(s) ||z AM(u).



A.3. Proofs from section 3.4 207

Proof. Let t € (s ||y u). Note by TRP that t[Y = s[Y = u[Y. We proceed
by induction on the length of ¢. In the base case, when ¢t = s = u = (), the
proof is immediate by proposition A.9. Let t = po (a). We consider each of
two cases in turn.

Case 1: a € Y. In this case, s = v o (a) and u = w o {a) for some
v, w. Hence, by proposition A.7, there exists A € MinSet such that a € A.
Since ANY # @, A CY by proposition A.4. Thus, t[A = s[A = u[A.
Hence, since A(s) is defined, A(¢[A) is defined by Ts3. By the inductive
hypothesis, A(p) is defined and so A(t) is defined by Ts3. By Ts4 and since
t[A = s[A = u[A, A(t) = A(p)or, A(s) = A(v) or and A(u) = A(w)or
such that, by proposition A.8, events(r) C Z. By the inductive hypothesis,
A(p) € A(v) ||z Mw) and so A(p) or € (A(v) o ||z AM(w) o 7).

Case 2: a ¢ Y. Wlog, we assume that s = v o (a). Hence, by proposition
A.7, there exists A € MinSet such that a € A. Since AZ Y, then ANY =@
by proposition A.4. Since A N events(s) # &, A C [[events(s)]] by propo-
sition A.4. Since [[events(s)]] N [[events(u)]] C Y, then A € [[events(u)]].
Hence, by proposition A.4, A N [[events(u)]] = @ and so t[A = s[A. Since
A(s) is defined, A(¢[A) is defined by Ts3. Thus, by Ts3 and the inductive
hypothesis, A(t) is defined. By Ts4 and since t{A = s[A, A(t) = A(p)oT
and A(s) = A(v) o r such that, by proposition A.8, events(r)N Z = &. By
the inductive hypothesis, A(p) € A(v) ||z A(u). It therefore follows that
Alp)er € (A(v)or [z Aw)). O

Proposition A.13. Let Q be an implementation process. If aQ C Fuis,
then A(7Q) is defined and A\(7Q) = 7Q.

Proof. We assume that a@Q C Fuis and so, by PAl, events(t) C Fuis for
every t € 7Q. The proof follows by Ts1 and proposition A.10. O

Proposition A.14. Let Q be an implementation process. If \(7Q) is defined,
A € AliSet and A(\A) = \B, then:

1. X(7(Q\ A)) is defined.
2 A7(@\ 4)) = A(rQ) \ B.

Proof. We assume that A(7Q) is defined, A € AllSet and A(\A) = \B. By
S6, B = M(A). Let t € 7Q. Then A(t) is defined by Tsl. Also by Tsl, it
suffices to show that A(t\ A) is defined and A(t\ A) = A(t) \ B, which follows
by proposition A.11. ]

Proposition A.15. Let P, Q be implementation processes. If \(TP), A(7Q)
are defined and Y = aP N aQ, where X|ly) =||z, then:

1. M7(P ||y Q)) is defined.
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2. X7(P [ly Q) € A(7P) ||lz MrQ).

Proof. We assume that A(7P), A(7Q) are defined and Y = aP N aQ, where
A(lly) =l|z- That Y € AliSet follows by S2 and proposition A.5(1). By S7,
Z = XNY). Let t € 7(P ||y Q) be such that t € (s ||y u) for s € 7P and
u € 7Q. By Tsl, A(s) and A(u) are defined. Also by Tsl, it suffices to
show that A(t) is defined and A(t) € A(s) ||z A(u). By PAl, events(s) C aP
and so [[events(s)]] C aP since aP € AliSet. Similarly, [[events(u)]] C oQ.
Hence, [[events(s)]] N [[events(u)]] C P NaQ = Y. The proof follows by
proposition A.12. O

Proof of theorem 3.20

Proof. The proof is similar to that of theorem 3.1, using propositions A.13,
A.14 and A.15 in place of conditions RAH1-3. g

A.4 Proofs from section 3.5

Proposition A.16. Let Q be an implementation process. A([Q] ) is defined
if and only if M([Qlgp) is defined.

Proof. (=) We assume that A([Q],) is defined. Let (t,R) € ¢Q. By
definition 3.12 (parts 1 and 3a), it suffices to show that A(R N aQ,t) is
defined. By SF¥2, t € 7Q and so A(t) is defined by definition 3.3. Since
a@ € AllSet, RN a@Q C Ximu by proposition 3.9(3). Hence, by definition
3.12(3), A(RN aQ, 1) is defined.

(¢=) We assume that A([Q] ) is defined. The proof follows immediately
by definition 3.12(1). O

Proof of theorem 3.21

Proof. We consider T11, T12 and T13 in turn.

1. Let @ be an implementation process such that aQ) C Fuvis. By TIl, we
have to show that A(7Q) is defined and A(7Q) = 7Q. By SF11, A\((7Q, $Q))
is defined and A((7Q, 4Q)) = (7Q, Q). Hence, by definition 3.12(1), A(7Q)
is defined. Moreover, by definition 3.12(2), (A(7Q), A(¢Q)) = (7Q, Q).

2. Let @ be an implementation process such that A(7Q) is defined. More-
over, let A € AliSet and A(\A) = \B. By Ti2, we have to show that
M7(Q\ A)) is defined and A(T(Q \ 4)) = A(7Q) \ B. By proposition A.186,
AM[@Qlgr) is defined. Hence, by SFi12, A([Q \ Algp) is defined and so, by
definition 3.12(1), A(7(Q \ A)) is defined. Also by SF12, A([Q \ Alsr) =
A[Q]gsr) \ B. Thus, by definition 3.12(2),

(MT(@\ 4)), M@\ 4))) = (AM(rQ) \ B, A(4Q) \ B).
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3. Let P, Q be implementation processes such that A(rP) and A(7Q) are
defined. Moreover, let Y = aP NaQ and A(|ly) =||z. By Ti3, we have to
show that A(7(P ||y Q)) is defined and A(7(P |ly Q)) = A(7P) ||z A(Q).
By proposition A.16, A([P]gr) and A([Q]sr) are defined. Hence, by SFI3,
M[P |lv Qlsr) is defined and so, by definition 3.12(1), A(T(P |ly Q)) is

defined. Also by SF13, A([P ||y Qlgr) = AM[Plge) Iz M[Qlsp). Thus, by
definition 3.12(2),

(AP [ly @), AM&(P lly @))) = (AT P) |z MrQ), A(#P) ||z M(6Q)).

Proof of theorem 3.22

Proof. By definition 3.12(3b), both A(¢P) and A(¢Q) are subset-closed. Also
by definition 3.12(3b),

(t,R) € M$P) = (£, RU ( — A(aP))) € A(¢P).

Hence, A(aP) € R(A(¢P)) by definition 2.5 and, similarly, A(aQ) € R(A(¢Q)).
Since Y = aPNa@ and aP, aQ € AllSet, then Z = A\(aP)NA(aQ) by propo-
sition 3.8(2). The proof follows by proposition 2.19. O

Proof of proposition 3.23

Proof. Let @) be an implementation process such that Q) C Fvis. By SFi1l,
M(7Q, ¢Q)) is defined and A\((7Q, ¢Q)) = (7Q, $Q). Hence, by definition
3.12(1), A(¢Q) is defined. Moreover, by definition 3.12(2), (A(7Q), A(¢Q)) =
(TQ, 6Q). O

Proof of proposition 3.24

Proof. Let @ be an implementation process such that A([Q]gr) is defined.
Moreover, let A € AllSet and A(A) = B. By theorem 3.16, A(\4) = \B.
By SF12, A([@ \ A]gr) is defined and so, by definition 3.12(1), A(¢(Q \ 4))
is defined. Also by SF12, A([@Q \ Alsr) = A([@Q]sr) \ B. Thus, by definition
3.12(2),

AT (Q@\ 4), M@\ 4))) = (ArQ) \ B, A(¢Q) \ B).
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Proof of proposition 3.25

Proof. Let P, Q be implementation processes such that A([P]gr) and A([Q] sz)
are defined. Moreover, let Y = aPNa@ and A(Y) = Z. Since aP,aQ €
AliSet, then Y € AllSet by proposition 3.8(1). By theorem 3.17, A(|ly) =||z.
By SF13, A([P |ly Q]gp) is defined and so, by definition 3.12(1), A(¢(P ||y
Q)) is defined. Also by SF13,

AP lly Qlsp) = MI[Plse) llz M(Qlsp)-
Thus, by definition 3.12(2),

AT (P [ly @)), AS(P lly @))) = (A(TP) [z M(7Q), A(8P) ||z A(#Q)).

Proof of theorem 3.26
Proof. Before proceeding with the proof proper, we show the following result.

A(Fvis) = Fuis. (A.3)
By proposition 3.12, Fuvis € AllSet and so, by definition 3.8,

A Fvis) = U{events (t)) | t € BTrace A events(t) C Fuis}.

Hence, by RAH1-T and proposition 3.5, A(Fvis) = Fuis.

We now proceed with the proof proper. Let Try, = {(a) | a € Fuis} (re-
call that Fuis # & and 50 Tryis # @). Let Q = SFT((t, RU(E — Fuis)), Trui)
be a (component) implementation process. By proposition 2.13(3),

B(Q) = events(t) U (X — (RU (X — Fuis))) U U{events(u) | 4 € Tryis}-
We then observe that:
o events(t) C Fuis.
e ¥ — (RU (X — Fuis)) C Fuis.
o J{events(u) | u € Tpyis} = Fuis.

Hence, B(Q) = Fvis and so aQ = Fuis by proposition 3.12. Thus,
by proposition 3.23, A(¢Q) is defined and A(¢Q) = ¢Q. By proposition
2.13(2), ¢Q = {(t,X) | X € RU (X — Fuvis)}. Thus, by definition 3.12(3a)
and since R C Fuvis = aQ, A(R,t) is defined. By definition 3.12(3b) and
REF-MoONO, maz(A(¢Q)) = (A(), A(R,t) U (£ — A(aQ))). We also observe
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that maz(¢Q) = (t, RU (X — Fuis)). Hence, since A\(¢Q) = #Q and since
MaQ) = A(Fuis) = Fuis by (A.3),

RU (S — Fuis) = AR, t) U (T — Fuis).

It is immediate that R N (¥ — Fvis) = @. By REF-BOUND, we observe
that A(R,t) C A(Fuvis) = Fuis and so A(R,t) N (X — Fvis) = @. Hence,
R = A(R,t). O
Proof of theorem 3.27

Proof. Let

o M = MFP((s,SU (T — aP)), P) and
e N=MFP((u,UU (Z - aQ)), Q)
be (component) implementation processes. By proposition 2.15,
e 3(M) = B(P) and so aM = aP.
e TM =171P.
e oM ={(5,X)| X CSU(E—-aP)}={(s,X) | X CSU(Z-aM)}.

Since A([P]gp) is defined, then A(7P) and A(¢P) are defined by definition
3.12(1). Hence, A\(TM) is defined and so A([M]) is defined by proposition
A.16 (A(#M) is also defined by definition 3.12(1)). Similarly,

o alN = aQ).
¢ ON={(v,X) | X CUUEZ-a@Q)}={(u,X) | X CUU(Z —aN)}.
o A([N]gp) is defined (and so A(@N) is defined).

We observe that Y = aPNa@ = aM NaN and so Y € AllSet by
proposition 3.8(1). Hence, A(¢(M ||y N)) is defined by proposition 3.25(1).
Since {t} = (s |ly u), S CaP =aM and U C aQ = aN, (t,SUU) €
#(M |ly N) by theorem 2.20. Moreover, a(M |y N) = aM UaN by
proposition 3.3(2). Thus, SUU C a(M ||y N). Hence, since A(¢(M ||y N))
is defined and by definition 3.12(3a), A(SU U, ) is defined.

We now show that A(SUU,t) = A(S,s) UA(U,u). For (w,X) € oM,
XNaM C S. Similarly, for (w,X) € ¢N, X NaN C U. Moreover,
SCaM,U CaN and Y = aM NaN. Hence, by theorem 2.20 and since

{t} = (8 “Y u)7
¢(M |ly N)={(t,X) | X CSUUU(Z - (aM UaN))}.
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Recall that (M ||y N) =aM UaN and SUU C aM U aN. Thus, by
definition 3.12(3b) and REF-MONO,

maz(A($(M [ly N))) = {(M#),A(SUT,t)U(E - AaM UaN)))} (A4)

We then observe that, by definition 3.12(3a,3b), REF-MONO and since S C
aM and U C aN:

o A(6M) = {(A(s),X) | X C A(S,s) U (= — MaM))}.
o AMoN) = {(A(x), X) | X CAU,w) U (Z = A(aN))}.

Since A(¢M) is defined, A(S, s) is defined by definition 3.12(3a). Similarly,
A(U, u) is defined. By SF2 and PAl, events(s) C aM and events(u) C aN.
Hence, by REF-BOUND, A(S,s) C MaM) and AU,u) C A(aN). Let
Z = AY). Thus, by theorem 3.22,

AoM) liz MeN) = {(w, X) | w € As) ||z Alu) A
X CA(S,s)UAU,w) U (Z — (MaM)U A(aN)))}.
It is then immediate that the following holds:

maz(A(¢M) ||z A(#N)) = {(w, A(S,5) UAU,u) UZ = (A(eM) U A(aN))) |
w € A(s) [z A(w)} Aa5)

By proposition 3.25(2), A(¢(M |ly N)) = AMéM) ||z A(¢N). Moreover, by
proposition 3.8(2), A(aM UaN) = A(aM) U A(aN). Hence, by (A.4) and
(A.5),

(S, 8) UA(U, w) U (£ — MaM UaN)) = M(SUU,£) U (S — MaM U aN)).

By SF2 and PAl, events(t) C a(M ||y N). Since a(M ||y N) = aM U
aN, events(t) USUU C aM U aN. Hence, since A\(S U U,t) is defined,
ASUU,t) C AaM U aN) by REF-BOUND. Since A(S,s) C AM(aM) and
A(U,u) C A(aN),

(S, 8) U AU, u) C A(aM) U MaN) = A(aM U aN).
Hence, A(S, 5) U A(U,u) = A(SUU, ). g

Lemma A.17. Let P be an implementation process such that A([P]gp) is
defined. Let (t, RU (X — aP)) € ¢P be a refusal-mazimal failure such that
R C aP. Let A € AllSet and A\(A) = B. If AC R then:

1. BC A(R,1).
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2. M(R— A,t\ A) is defined and A(R — A,t\ A) = A(R,t) — B.

Proof. We assume that A C R. Let Q@ = MFP((t,RU (X — aP)),P) be a
(component) implementation process. By proposition 2.15,

e 3(Q) = B(P) and so a@ = aP.
e 7Q) =TP.

e $Q={(tX)| X CRU(Z-aP)} ={(t,X)| X C RU(S - aQ)}.

Since A([P]sp) is defined, then A(7P) and A\(¢P) are defined by definition
3.12(1). Hence, A(7Q) is defined and so A([Q]¢r) is defined by proposition
A.16. By definition 3.12(1), this also means that A(¢Q) is defined. We now
proceed with the proof proper.

1. By proposition 3.24(1), A(¢(Q\A)) is defined. Since A C R, ¢(Q\A) #
@ and so, by definition 3.12(3b), A(#(Q \ A)) # @. Hence, by proposition
3.24(2), AM(¢Q) \ B # @. By definition 3.12(3a,3b), REF-MONO and since
R C aQ,

A@Q) = {(M#), X) | X C MR, t) U (Z - A(e@))}-

Thus, B C A(R,t)U(Z — A (aQ)). Let I, J be indexing sets into MinSet such
that A = (J;c; 4i and aQ = J;; 4;. Since A C R C aQ and by definition
3.5, I C J. Hence, by proposition 3.6, B C A(aQ) and so B C A(R,t).

2. Since AC R C oQ and o(Q \ A) = @ — A by proposition 3.3(1),

¢(@\4) = {(t\ A4, X)X CRU(X-aQ)}
= {t\4,X) | XS (R-A)U(Z-a(Q\A4))}-

Since R C a@ and a(Q \ A) = a@Q — A, then R— A C a(Q \ A). By
proposition 3.24(1), A(#(Q \ A)) is defined. Hence, by definition 3.12(3a),
A(R— A,t\ A) is defined. Also, by definition 3.12(3b) and REF-MONO,

MA@\ 4)) ={(AMt\ 4),X) | X S MR- A1\ AU (E-Aa(Q\4)}-

By proposition 3.8(2), A(a(Q\ 4)) = Ma@Q — A) = A(aQ) — B. Moreover,
by the proof of part 1 of the lemma, B C A(aQ). Hence,

Z = Ma(Q\ 4) = (Z - Ma@Q)) U (BN A(eQ)) = (£ - AaQ)) U B.
Thus, we have that

AR\ 4)) ={(AM(t\ 4),X) | X CAR-At\A)UBU(Z - MaQ))}-
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and so it is immediate that
maz(AM$(Q\ 4))) = (AE\ A), (R - A,t\ A)UB U (T - MaQ))). (A.6)

Since A(¢Q) = {(A(£), X) | X C A(R,t) U (£~ AMaQ))} and B C (R, 1)
by (the proof of) part 1 of the lemma,

APQ)\ B={(A() \ B,X) | X C A(R,£) U (Z - MaQ))}

and so
maz(A(¢Q) \ B) = (A(t) \ B, A(R,t) U (T — A(aQ))). (A.7)

By proposition 3.24(2), A(¢(Q \ 4)) = AM(¢Q) \ B and so, by (A.6) and
(A7),

AR - A,t\ A)UBU (S — A(aQ)) = AR, 1) U (T — MaQ)).

Since A(¢Q) is defined and R C a@, then A(R,t) is defined by definition
3.12(3a); moreover, events(t) C a@ by SF2 and Pal. Hence, by REF-
BouND, A(R,t) C A(aQ). Recall that we have already shown that B C
A(eQ). Since events(t \ A) U (R — A) C o(Q\ A) and A(R — A,t\ A) is
defined, then A(R— A, t\ A) C AM(a(Q\A)) = A(aQ)— B also by REF-BOUND.
Hence,

AMR—A,t\ A) = A(R,t) — B.

Proposition A.18. We assume the following, where A € AllSet.
e T4 = {u € BTrace | events(t) C A} U {()}.

e (t,RU(X — A)) is a failure such that events(t) UR C A, A(t) is defined
and A(t o (a)) is defined for everya € A— R.

e Q=SFT((t,RU (X — A)),Ta) is a (component) implementation pro-
cess.

Then:
1. M([Qlsp) is defined.
2. (t,RU (X — aQ)) € ¢Q is refusal-mazimal.
3. aQ =A and so R C aQ.
Proof. By proposition 2.13(3),
B(Q) = events(t) U (T — (RU (T — A))) U| J{events(u) | u € T4}.

We then observe the following:
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e events(t) C A.
e ¥ —(RU(Z - A)) CA.
o U{events(u) | u € T4} = A by proposition 3.5.

Hence, 3(Q) = A and so a@Q = A, which means that R C aQ. By proposition
2.13(1,2),

e $Q={(t,X)| X C RU(Z - 4)} = {(t,X) | X C RU(Z - aQ)}.
o 7Q = Pref(T4) U Pref(t) U {to(a) |a € ¥ — (RU (T — A))}.

Hence, it is immediate that (¢, RU (¥ — aQ)) € ¢Q is refusal-maximal.
By PREF-CLOS and theorem 3.14, A(u) is defined for every u € Pref (T4) U
Pref(t). We know that A(t o (a)) is defined for every a € A — R. Hence, by
definition 3.3 and since ¥ — (RU (X — A)) = A — R, A\(7Q) is defined. Thus,
by proposition A.16, A([Q]sr) is defined. O

Proof of theorem 3.28

Proof. The proof of part 1 of the theorem is immediate by lemma A.17(1)
and we therefore consider part 2. We assume the following:

e T4 = {u € BTrace | events(u) C A} U {{)}.

e Q = MFTP{(t,RU AU (X — (aP U A))), T4, P) is a (component)
implementation process.

By proposition 2.16,

e 7Q = TP U Pref (T4).

e $Q =¢PU{(t,X)| X CRUAU(Z - (aPUA))}.

o B(Q) = B(P)UU{events(u) | u € Ta}.

By proposition 3.5, 8(Q) = 8(P) U A and so a@Q = aP U A. Hence,
6Q = $PU{(t,X)| X CRUAU(Z ~ aQ)}.

Since A([P]gp) is defined, A(7P) is defined by definition 3.12(1). By theorem
3.14 and PREF-CLOS, A(u) is defined for every u € Pref(T4) and so, by
definition 3.3, A(7Q) is defined. Hence, A([Q]gp) is defined by proposition
A.16.
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Since (t, RU (X — aP)) € ¢P is refusal-maximal, it is also the case that
(t,(RUA) U (X — aQ)) € ¢Q is refusal-maximal. Moreover, since R C aP,
then RU A C a@). Hence, by lemma A.17(2), A(RU A) — A,t\ 4) =
MR — A,t\ A) is defined and

AR —At\A)=A(RUA) — A),t\A) = A(RUA,t) - B. (A8

We also assume that K = SFT((t[A, AU (X — A)),T4) is a (component)
implementation process. Since (¢,) € ¢P, then t € TP by SF2. Thus,
A(t) is defined by definition 3.3 and so, by proposition A.3, A(t[A) is defined.
Thus, by proposition A.18,

o A[K]gp) is defined.
o (t[A,AU (X — aK)) € ¢K is refusal-maximal.
e aK = A.

Let Y = aPNaK. By SF2 and Pal, events(t) C aP and events(t[A) C
aK and so events(t[A) C Y. Moreover, since aK = A, we observe that
Y C A and so events(t\ A)NY = @. Hence, {t} =t ||y t[A. Recall that
A([P]gp) is defined, (¢, RU (X — aP)) € ¢P is refusal-maximal and R C aP.
As a result, by RAH3-SF:

AMRUA,t) = AR, t) UA(A,t[A).
Thus, by (A.8),
MR — A t\ A) = (MR,t) — B)U (XA, t[A) — B).

Since A(t[A) is defined, A(A,t[A) is defined by proposition 3.9(3) and defi-
nition 3.12(3). Hence, by REF-BOUND, A(A4,t[A) C B and so

MR- A,t\ A) = A(R,t) — B.

Proof of theorem 3.30

Proof. We assume that A(A,t) is defined and so A(t) is defined by definition
3.12(3). By REF-BOUND, A(4,t) C A(A4). Hence, it suffices to show that
A(A) C A(A,t). We assume the following:

e Ty = {u € BTrace | events(u) C A} U{()}.

e Q = SFT((t,AU (X — A)),Ta) is a (component) implementation pro-
cess.
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Thus, by proposition A.18,
o A\([Q]sp) is defined.
o (t,AU (T — aQ)) € ¢Q is refusal-maximal.
e o) = Aand so A C aQ.
Hence, by RAH2-sF(1), A(A) C A(4,1). O

Proof of theorem 3.31

Proof. We first observe that, by definition 3.12(3) and since A(R, t) is defined,
A(t) is defined. We assume the following:

e T4 = {u € BTrace | events(u) C A} U {()}.

e P=SFT((t,RU (X — A)),T4) is a (component) implementation pro-
cess.

o Q = SFT{(t,SU(X—A)),T4) is a (component) implementation process.
Thus, by proposition A.18,

o A\([P]gp) is defined.

e (t,RU (X — aP)) € ¢P is refusal-maximal.
e aP=Aandso R C aP.

Similarly,

o A\[Q]gp) is defined.

o (t,SU (X — aQ)) € ¢Q is refusal-maximal.
e o) = Aand so S C Q.

We observe that aP Na@ = A and {t} =1 ||4 t. The proof then follows
by RAH3-SF. a

Lemma A.19. Let t be a trace and R C ¥ such that A(R,t) is defined and
AMto(a)) is defined for every a € [[events(t)UR]] — R. Let A € AllSet, where
A(A) = B. Then:

1. A(RN A,t[A) is defined.
2. M(RN A,t[A) = AMR,t)N B.
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Proof. We first observe that, by definition 3.12(3) and since A(R, t) is defined,
A(t) is defined. We assume the following:

o T = {u € BTrace | events(u) C [[events(t) U R]|} U {()}.

e Q = SFT((t,RU (X — [[events(t) U R]])),T) is a (component) imple-
mentation process.

Thus, by proposition A.18,

o A\([Q]sp) is defined.

e (t,RU (X — aQ)) € ¢Q is refusal-maximal.
e o) = [[events(t) U R]] and so R C aQ.

Let A = Yimp — A and B = Ty — B. By proposition A.2, A € AliSet
and B = A(A4). Thus, by RAH2-sF(2), A(R — A,t\ A) is defined and

AMR-4,t\4A) = AR,t) - B.

By proposition 3.9(3), A C L;mu and B C L,p.. Hence, Limp = AU A and
Tspec = BUB. By definition 3.12(3), R C Z;mpu and so R—A = RN A. Since
events(t) C Timp by definition 3.4(1), then t\ A = t[A. Thus, A(RN A, t[A)
is defined. By proposition 3.9(1,3), Ximu € AllSet and A(Zimp) C Zypec-
Thus, by REF-BOUND, A(R,t) C Sy and so A(R,t) — B = A(R,t) N B.
Hence, A(RN A,t[A) = A(R,t) N B. O

Proof of theorem 3.32

Proof. 1. The proof is immediate by lemma A.19(1).

2. We observe that, by definition 3.12(3) and since A(R,t) is defined,
R C Z;np and A(t) is defined. Thus, events(t) C Zmy by definition 3.4(1).
By proposition 3.9(1,3), Zinp € AllSet and A(Zimp) € Zgpec. Thus, by
REF-BOUND, A(R,t) C X Moreover, by proposition 3.9(2), Yipee =
U seMinset A(A). We therefore observe that:

MR, 1) = AR, 1) N U s pinset AA)
= UAEMinSet )‘(R’ t) N ’\(A)
U sc pinset A\(RN A, t[A)  (by lemma A.19(2)).
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Results used in the proof of theorem 3.33

In all of the proofs in the remainder of this section, we assume that the
conditions from figures 3.4 and 3.6 all hold.

Proposition A.20. A(,()) is defined and A\(2,()) = 2.

Proof. By S3, Fvis € AllSet and Fvis # @. Hence, by S1(c) (definition
3.6), there exists A € MinSet such that A C Fuis. It is immediate that
events(()) U @ C A and so the proof follows by SFS2. O

Lemma A.21. Let t be a trace and R C . If events(t) U R C Fuis, then
A(R,t) is defined and A(R,t) = R.

Proof. We assume that events(t) U R C Fuvis. By S3, Fuis € AllSet and
so Fuis C Ximpm by S1(c) (definitions 3.5 and 3.6). Thus, R C ¥,,,. By
proposition A.10, A(t) is defined and so A(R,t) is defined by SFs1 (definition
3.12(3)). Since Fuis € AllSet, we observe that [[events(t) U R]] C Fuvis and
so, by proposition A.10, A(to(a)) is defined for every a € [[events(t)UR]]—R.
Hence, by SFS7, A(R,t) = Uscppinset A(RN A,t[A). Let A € MinSet. By
proposition A.4, either AN Fuis = @ or A C Fuis. We therefore show that
MRN A,t[A) = RN A by considering the following two cases in turn.
Case 1: AN Fuvis = @. In this case, by proposition A.20,

MRNA[A) = A2,()) =2 =RNA.
Case 2: A C Fuis. In this case, A(RN A,t[A) = RN A by SFs2.
Hence,
AR,t) = Useminsae RNA

= RN Useninser 4
= RN Zimp (by S1(c) (definition 3.5))

= R.

O

Proposition A.22. Let P be an implementation process such that A([P] gr)
is defined. Let (t, RU (X — aP)) € ¢P be a refusal-mazimal failure such that
R C aP. Then:

1. A(t) is defined.
2. M(R,1) is defined.
8. A(to {a)) is defined for every a € [[events(t) U R]] — R.
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Proof. By S¥2, t € TP. By Srsl (definition 3.12(1)), A(7P) is defined and
so, by Tsl, A(t) is defined. Since R C aP and P € AliSet, then R C Ty
by S1(c) (definitions 3.5 and 3.6). Thus, by SFs1 (definition 3.12(3)), (R, t)
is defined. to (a) € 7P for every a € £ — (RU (X — aP)) = aP — R by
proposition 2.5. Hence, since A(7P) is defined and by Ts1, A(t o (a)) is
defined for every a € aP — R. By PAl, events(t) C aP and so, since
R C oP, [[events(t) U R]] C aP. Hence, A(t o (a)) is defined for every
a € [[events(t) U R]] — R. a

Lemma A.23. Let P be an implementation process such that A([P]gp) is
defined. Let (t, RU (X — aP)) € ¢P be a refusal-mazimal failure such that
R C aP. Let A € AliSet and AM(A) = B. Then:

1. If AC R then B C A(R,1).
2. M(R—A,t\ A) = A(R,t) - B.

Proof. By proposition A.22(2,3), A(R,t) is defined and A(t o {(a)) is defined
for every a € [[events(t) U R]] — R. By S1(c) (definition 3.6), A = ;¢ 4,
where [ is an indexing set into MinSet. In the event that A = @ and so
I = 2, B =2 by S5 and so the proof is immediate for both parts of the
lemma. We therefore consider the case that A # @.

1. We assume that A C R. By Srs7, A(RN A',t[A’) is defined for every
A" € MinSet and AMR,t) = Ugpcpminge MR N A',t[A’). Let i € I. Since
A C R and by Srs4,

AR O A t[A) = MAi, t[A;) = MA).

Hence, and by S5, B = |J;.; A(4i) € A(R, 1)

2. By proposition A.22(1), A(t) is defined and so A(t\ A) is also defined by
proposition A.11. Since A(R,t) is defined then R C X,y by SFs1 (definition
3.12(3)) and so (R — A) C Zimp. Thus, A(R — A,t\ A) is defined by Srsl
(definition 3.12(3)).

Let J be an indexing set into MinSet such that A’ € MinSet only if there
exists j € J such that A’ = A;. Then, by SFS7 and S5,

AR, t) - B = JARBNA4;,t[4) - (M 4).
jeJ il

By SFS7, )\(ROAJ,t[AJ) is defined and so, by SFs3, /\(RﬂAJ,t[AJ) - )\(AJ)
for any j € J. Hence, for i € I, A(RN 4;,t[A;) — A(A;) = @. Moreover, for
jé€Iandiel, A;NA; =2 by S1(c) (definition 3.5). Thus, by proposition
A6, M(4;) N A(A4;) = 2 and so A(RN Aj,t[4;) N A(A;)) = @ for j ¢ I and
t € 1. Hence,

AR,t)—B= |J ARNA4;,t[4;). (A.9)

jeJ-I1
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It is immediate that [[events(t\ A)U(R— A)]] C [[events(t)UR]); moreover,
[[events(t \ A) U (R — A)]]N A = 2. Hence,

[[events(t\ A)U (R — A)]] — (R — A) C [[events(t) UR]] — R

and so A(to (a)) is defined for every a € [[events(t\ A) U (R — A)]] - (R— A).
Since [[events(t\ A)U(R— A)]|NA = & and by proposition A.11, A(t\ Ao (a))
is defined for every a € [[events(t\ A)U(R— A)]]— (R— A). We have already
shown that A\(R — A,t\ A) is defined. Hence, by SFs7,

MR = A\ A) = MR- A) N 4;,(t\ A)T4)).

jeJ

Let 5 € J. We consider each of two cases in turn.
Case 1: j ¢ I. In this case, and by S1(c) (definition 3.5), A; N A = 2.
Thus,
AM(R - A)NA;, (t\ A)[A;) = MR N A4;,¢[A4;).

Case 2: j € I. In this case, A; C A and so, by proposition A.20,
A(R - A)NA4;, (t\ A)[4;) = M(2,()) = 2.

Hence, A(R— A,t\ A) = Ujc;_r (RN A4;,t[A;) and so the proof follows by
(A.9). !

Lemma A.24. Let P and Q be implementation processes such that A([P] sp)
and A([Qlsp) are defined. Let (s,SU (X — aP)) € ¢P be a refusal-mazimal
failure such that S C aP. Let (u,UU (X — aQ)) € ¢Q be a refusal-mazimal
failure such that U C aQ. Moreover, let t € s ||y u, where Y = aP N aQ.
Then A(SU U, t) = A(S, s) U AU, u).

Proof. We first show the following:
A(t) is defined. (A.10)

By proposition A.22(1), A(s) and A(u) are defined. By SF2 and PAl,
events(s) C aP and so [[events(s)]] C aP. Similarly, [[events(u)]] C aQ and
s0

[[events(s)]] N [[events(u)]] C aPNaQ =Y.

Since aP,aQ € AllSet by S2, then Y € AllSet by proposition A.5(1). It
follows by proposition A.12 that A(t) is defined and so we have shown (A.10).
We now show the following:

A(t o {a)) is defined for every a € [[events(t) USUU]] — (SUU) (A.11)
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Let a € [[events(t)USUU]]— (SUU). Since [[events(t)USUU]] € AliSet,
then, by S1(c) (definition 3.6), there exists A € MinSet such that a € A.
Since t € s ||y u, then events(t) = events(s) U events(u). Thus,

[[events(s) U S]] U [[events(u) U U]] = [[events(t) U S U U]

and so we consider each of two cases in turn.

Case 1: a € [[events(s) U S]]. We consider each of two sub-cases in turn
in order to show that to (a)[A = 50 (a)[A.

Case la: a € Y. By TRP, t[Y = s[Y. Since ANY # &, then ACY by
proposition A.4. Thus, t[A = s[A and so t o (a)[A = s 0 (a)[A.

Case 1b: a ¢ Y. In this case, A Z Y and so ANY = & by proposition
A.4. Since a € [[events(s) U S]], then A C [[events(s) U S]] by proposition
A.4. By SF2 and PA1, events(s) C aP and we already know that S C aP.
Hence, A C [[events(s) U S]] C aP. Also by SF2 and PAl, events(u) C aQ.
Recall that P Na@Q =Y. Thus, since ANY = @&, ANaQ = & and so
AN events(u) = @. This means that t[A = s[4 and so to (a)[A = so (a)[A.

Since a € [[events(s)U S]] and a ¢ (SUU), then a € [[events(s)U S]] - S
and so A(s o (a)) is defined by proposition A.22(3). Hence, A(s o (a)[A) is
defined by Ts3. Thus, A(t o (a)[A) is defined and, since A(t) is defined by
(A.10), A(t o (a)) is defined by Ts3.

Case 2: a € [[events(u) U U]]. The proof in this case is similar to that of
Case 1.

Hence, we have shown (A.11) and so now proceed with the proof proper.
By (A.10), A(t) is defined. By proposition A.22(2), A(S,s) and A(U,u) are
defined; thus, by SFsl (definition 3.12(3)), S,U C Zimp. Hence, SUU C
Yimpt and so A(SUU,t) is defined by SFsl (definition 3.12(3)).

Let J be an indexing set into MinSet such that A’ € MinSet only if
there exists j € J such that A’ = A;. By proposition A.22(2,3), A(S, s) and
A(U, u) are defined, A(s o {(a)) is defined for every a € [[events(s) U S]] — S
and A(u o (a)) is defined for every a € [[events(u) UU]| — U. Thus, by SFs7,

o A(S,5) = Ujes M(SN 4j,5[A;) and A(SN Aj, s[A;) is defined for every
JjeJ.
o MU, u) = U;es AUNA;,ulAj) and M(UNA;,ufA;) is defined for every
JjeJ.
Moreover, since A(S U U, t) is defined and by (A.11) and SFs7,
ASUU,t) = JMSUU) N 4;,t[4;).
jeJ
Thus, for j € J, it suffices to show that
A(SUU) N Aj,t[A7) = MSN A, s[A;) UAU N Aj, ul Aj).
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In order to do this, and by proposition A.4, we consider the following two
cases in turn.

Case 1: A; C Y. In this case, by TRP, t[A; = s[A; = u[A;. We consider
each of two sub-cases in turn.

Case la: SNA; # @ and UN A; # @. By SFs6 and due to the fact
that ¢[A; = s[A; = u[A;, it suffices to show that A(t[A; o (a)) is defined for
every a € (4; — (SN 4;)) U (4; — (UN 4;)). Wlog, let a € A; — (SN 4,).
Since SN A; # @ and by proposition A.4, A; C [[events(s) U S]]. Hence,
A;j—(SNA4;) C [[events(s)U S]] - S and so A(so(a)) is defined. Since a € 4;
and t[A; = s[Aj, AM(s o (a)[A;) = A(¢[A; o (a)) is defined by Ts3.

Case 1b: Either SN A; = @ or UN A; = @. Wlog, we assume that
SN A; = 2. Hence, and since t[A; = u[A4;,

/\((S U U) N Aj,t[Aj) = )\(U N Aj, UI—A])
Moreover, by SFsb and since t[A; = s[A; = u[A;,
/\(S N Aj,SrAj) = /\(Q,tl-Aj) - /\(U N Aj,tl—Aj) = /\(Uﬂ Aj,quj)

and so the proof follows in this case.

Case 2: A;NY = @. Since aPNa@Q =Y, either A;NaP = & or A;NaQ =
@. Wlog, we assume that A;NaP = @ and so A;N(events(s)US) = &. Thus,
by proposition A.20, A(SNA;, s[A;) = M@, ()) = &. Since events(s)NA; =
@, then t[A; = u[A;. As aresult, A((SUU) N A;,t[A;) = MU N Aj,ulA;)
and so the proof follows in this case. O

Proposition A.25. Let Q be an implementation process. If \(TQ) is defined
then M([Qlgr) is defined.

Proof. We assume that A(7Q) is defined. Let (¢, R) € ¢Q. By SFsl (def-
inition 3.12 (parts 1 and 3a)), it suffices to show that A(R N aQ,t) is de-
fined. By S¥2, t € 7Q and so A(t) is defined by Tsl. Since aQ € AllSet,
RNaQ C Zimp by S1(c) (definitions 3.5 and 3.6). Hence, by SFs1 (definition
3.12(3)), A(RN aQ, ) is defined. O

Proposition A.26. Let Q be an implementation process. If aQ)Q C Fuis,
then A([Qlgr) is defined and A([Q]sr) = [Qlsr-

Proof. We assume that aQ C Fuis. Before proceeding with the proof proper,
we first show the following result.

AaQ) = aQ. (A.12)

By S2, aQ € AliSet and so, by S1(c) (definition 3.6), 0Q = Uies Ai
where I is an indexing set into MinSet. By S5, AM(eQ) = U;er A(4s). In the
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event that Q) = @ and so I = & the proof is immediate and so we assume
that aQ # @. Let i € I and so 4; C aQ C Fvis. By Sl(c) (definition
3.5), Ai C Ximp and so, by proposition A.9 and definition 3.12(3), A(4;, ()
is defined. Moreover, by SFs2 and S¥s4, A; = A(A;, () = A(4;). Hence,
AoQ) = User 4i = 0Q.

We now proceed with the proof proper. By proposition A.13, A(7Q) is
defined and so, by proposition A.25, A([Q]s) is defined. Thus, by SFs1 (def-
inition 3.12(1)), A(¢Q) is defined. Also by proposition A.13, A(TQ) = 7Q
and so, by SFsl (definition 3.12(2)), we have to show that A\(¢Q) = ¢Q. By
SFsl (definition 3.12(3b)),

AeQ) = {(A(t),X) | (3(t,R) € 4Q) RCaQ A
X CA(R,t)U(S - MaQ))}-

Let (t,R) € ¢Q be such that R C a@Q C Fvis. By SF2 and Pal,
events(t) C a@Q C Fuis. Thus, by proposition A.10, A(t) = t. Moreover, by
lemma A.21, A(R,t) = R. Hence, since A\(a@Q) = a@Q by (A.12),

MeQ) = {(t,X) |(3(t,R)€¢Q)RCaQ A X CRU(Z - aQ)}.

Thus, A\(¢Q) = ¢Q by PA2 and SF3. O

Proposition A.27. Let P, QQ be implementation processes and A, Y €
AllSet.

1. a(P\ A) = (aP) — A.
2. a(P|ly Q) =aPUcaQ.

Proof. 1. a(P\A) = [[B(P\A)] (by S2)
= [[B(P)— A] (by figure 2.5)
= [B(P)]] - A (since A € AliSet)
= (aP)-A (by S2)

2. oPlly Q) = [B(Pllr Q)] (by S2)
= [[B(P)UB@)] (by figure 2.5)
= [BPNV[BQ)]
= aPUaQ (by S2)

a

Proposition A.28. Let Q be an implementation process. If A([Qlsr) s
defined, A € AliSet and A(\A) = \B, then:
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1. M[Q\ Al gp) is defined.
2. M@\ Algr) € M[Qlgr) \ B.

Proof. We assume that A([Q]) is defined, A € AliSet and A(\A) = \B.
By S6, B = A(A). By Srsl (definition 3.12(1)), A(7Q) is defined and so, by
proposition A.14(1), A(7(Q\ A)) is defined. Hence, A([Q\ A] 4p) is defined by
proposition A.25. By proposition A.14(2), A(T(Q \ A)) = A(7Q) \ B and so,
by SFs1 (definition 3.12(2)), it suffices to show that A(¢(Q\ 4)) C M(¢Q)\ B.
Let (¢, X) € ¢(Q \ A) be refusal-maximal. By SF3, (t, X Na(Q \ 4))) €
#(Q\ A). Since A([Q \ A)5) is defined, then A(¢(Q \ A)) is defined by SFs1
(definition 3.12(1)) and so, by SFs1 (definition 3.12(3a)), A(X Na(Q \ 4), t)
is defined. By SFsl (definition 3.12(1)), A(¢Q) is defined and so, by SFsl
(definition 3.12(3b)), A(#Q) and A(¢Q) \ B are subset-closed sets of failures.
Hence, by SFsl (definition 3.12(3b)) and SFs5, it suffices to show that

A@), AX Na(@\ 4),1) U (£ - Ma(@Q\ 4)))) € A(¢Q) \ B.

By proposition A.27(1), a(Q \ 4A) = a@ — A and so a(Q \ 4) C Q.
Hence, (X — aQ) C (X — (Q \ A)) and so, by Pa2, (£ — aQ) C X. Thus,
let R be such that R C a@ and X = RU (X — aQ). Then,

XNa(@Q\A4) = (XNaQ)Na(@\4) = RNa(Q\A) =R - A

By proposition A.5(2), A(a(Q \ A)) = AM(a@ — A) = A(aQ) — B. Hence, and
since B — A(aQ) C (£ — AMaQ)),

=M@\ 4) = (Z-XMe@))U(BNAMaQ)) = (£ - AeQ)) U B.
As a result, we have to show that
(ME), \(R— A,) UBU (S — MaQ))) € A(4Q) \ B. (+%)
Since (¢, RU (T — aQ)) € ¢(Q \ A) is refusal-maximal,
e ACRU(Z —0Q).

e (w, RU(Z—aQ)) € ¢Q is refusal-maximal, where t = w\ A. Moreover,
by SF3, (w, R) € ¢Q.

Since A([Q]s) is defined, A\(7Q) and A(#Q) are defined by SFsl (defini-
tion 3.12(1)). By SF2, w € 7Q and so, by Tsl, A(w) is defined. Moreover,
since A\(¢Q) is defined and R C a@, and by SFsl (definition 3.12(3b)),

(A(w), MR, w) U (Z = MaQ))) € A(¢Q)-
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Since A C RU (Z — aQ), then AN aQ C R. By proposition A.5, ANaQ €
AliSet and A(ANaQ) = BN A(aQ). Thus, by lemma A.23(1), BN A(aQ) C
A(R,w). Thus, since B—MaQ) C (E—A(aQ)), B C A(R, w)U(Z - Q).
From this and proposition A.11,

(A(®), AR, w) U (Z - MaQ))) € A(¢Q) \ B

and so
(A®), (MR, w) — B)UBU (T - AeQ))) € A(¢Q) \ B.
Thus, by lemma A.23(2),
(A(®), AR~ 4,9) UBU (T - A(2Q))) € A(#Q) \ B.
and the proof follows by (x+). O

Lemma A.29. Let t be a trace and R C ¥ such that A\(R,t) is defined and
events(t) UR C A € AllSet. If, for every a € [[events(t) U R]] — R, A(to (a))
is defined then A(R,t) C A(A).

Proof. By S1(c) (definition 3.6), A = {J,; Ai, where I is an indexing set into
MinSet. In the event that A = &, A(R,t) = A(&,()) = @ by proposition
A.20 and so we consider the case that A # @. We assume that A(t o (a))
is defined for every a € [[events(t) U R]] — R. Let J be an indexing set into
MinSet such that A’ € MinSet only if there exists j € J such that A’ = A;.
By Srs7, A(RN A;,t[A;) is defined for every j € J and

AR, t) = | ARBN 4;,1[4;).
jeJ

Let j € J. It suffices to show that A(RN A;,t[A;) C A(A) and we consider
each of two cases in turn.

Case 1: j ¢ I. By S1(c) (definition 3.5), A; N A = @. As a result,
A(RN Aj,t[A;) = M@, ()) = @ by proposition A.20.

Case 2: j € I. By Srs3 and S5,

AR 45,1[4;) € A(45) € MA).
d

Proposition A.30. Let P, Q be implementation processes. If A([Plsp),
M[Qlsr) are defined and Y = P N aQ, where A(||y) =||z, then:

1. M([P |ly Qlgp) ts defined.
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2. M[P |ly Qlsp) € AMPlsp) Nz M[Q)sp)-

Proof. We assume that A([P]gz), A([Q]sr) are defined and Y = P N aQ,
where A(|ly) =|lz. That Y € AliSet follows by S2 and proposition A.5(1).
Thus, by S7, Z = A(Y). By Srsl (definition 3.12(1)), A(7P) and A(7Q)
are defined and so, by proposition A.15(1), A(7(P ||y @)) is defined. Hence,
AM[P |ly Qlsp) is defined by proposition A.25.

By proposition A.15(2), A(7(P |ly @)) € A(7P) ||z AM(7Q). Thus, by
SFsl (definition 3.12(2)), we show A(¢(P ||y Q)) € A(@P) ||z M(¢Q). Let
(¢,X) € ¢(P ||y Q) be refusal-maximal. By proposition A.27(2), we have
a(P |ly @) = aPUaQ and so (£ - (aPUaQ)) C X by PA2. Thus, let
R be such that R C aPUaQ and X = RU (X — (aP U aQ)). By SF3,
(t,R) € ¢(P |ly Q). Since A([P |ly Q]sF) is defined, then A(¢(P ||y Q)) is
defined by SFsl (definition 3.12(1)) and so, by SFsl (definition 3.12(3a)),
AR, t) is defined. By S¥sl (definition 3.12(1)), A(¢P) and A(¢Q) are defined.
Thus, by SFsl (definition 3.12(3b)), A(¢P) and A(#Q) are subset-closed
sets of failures and so A(¢P) ||z A(#Q) is subset-closed by proposition 2.18.
Hence, by SFsl (definition 3.12(3b)) and SFs5, it suffices to show that

(A2, AR, 1)U (2 = A(eP U aQ))) € A($P) ||z A(4Q). (+%)
By theorem 2.20, there exist (s,S) € ¢P and (u,U) € ¢Q such that:
e SCaP.
o UCaQ.

e RUXZ - (aPUaQ))=SUUU(E—-(ePUaQ))and so R=SUU,
since R, (SUU) C aP U aQ.

eteEs|yu

We assume that S and U are as large as possible such that the above
conditions hold. By PA2, (s, SU(X—aP)) € ¢P and (u, UU(Z—aQ)) € ¢Q.
Moreover, (s,S U (X — aP)) € ¢P and (u,U U (£ — oQ)) € ¢Q are refusal-
maximal, since otherwise (£, R U (X — (aP U aQ))) € ¢(P ||y Q) would not
be refusal-maximal. Since A([P]gr) and A([Q]gr) are defined, A(¢P) and
A(¢Q) are defined by SFsl (definition 3.12(1)). Thus, by SFsl (definition
3.12(3b)),

o (A(s),A(S,5) U (S — MaP)) € A($P).
o (A(u), AU, v) U(Z — MaQ)) € \(¢Q).
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By proposition A.22(2,3), A(S, s) is defined and A(s o (a)) is defined for
every a € [[events(s) U S]] — S. We know that S C aP and, by SF2 and
PAl, events(s) € aP. Thus, by lemma A.29, \(S,s) C A(aP). Similarly,
MU, u) € A(aQ). By proposition A.22(1), A(s) and A(u) are defined. Since
events(s) C aP and, by SF2 and PAl, events(u) C o, we observe that

[[events(s)]] N [[events(u)]] € aPNa@Q =Y. Thus, by proposition A.12,
A(t) € A(8) ||z A(u). Hence, by theorem 3.22,

(A(8), A(S,8) UA(U,u) U (Z = (AM(eP) U A(eQ)))) € A(#P) ||z A(4Q).
We observe that, by proposition A.5(2), A(aP U aQ) = A(aP) U A(aQ).
The proof then follows by (x*), the fact that R = SUU and lemma A.24. O

Proof of theorem 3.33

Proof. The proof is similar to that of theorem 3.1, using proposition A.26 in
place of RAHL, proposition A.28 in place of RAH2 and proposition A.30 in
place of RAH3. O

Proposition A.31. The following hold:
1. Zimpt € AllSet.

2. Sspec = Unemsinset A(A4)-
3. For every A € AllSet, A C Zimp and A(A) C Tgpec.
Proof. 1. The proof is immediate by S1(c) (definitions 3.5 and 3.6).

2.
UAeMinSet )‘(A)
= Uncninses U{events(A(8)) | t € BTrace A events(t) C A} (by S4)

= |J{events(A(t)) | t € BTrace A ((3A € MinSet) events(t) C A)}

= |J{events(A(t)) | t € BTrace A events(t) C Usepminset A}
(by (S1)(c) (definition 3.5(1)))

= U{events(\(t)) | t € BTrace A events(t) C Timp}

(by (S1)(c) (definition 3.5))
= | J{events(A(t)) | t € BTrace} (by S1(b) (definition 3.4(1)))
= Yipec (by S1(b) (definition 3.4(2)))

3. Let A € AliSet. By S1(c) (definition 3.5), Zimpt = Uarcprinse 4’ and
$0 A C Zimp by S1(c) (definition 3.6). Moreover, A(A) C A(Zimpi) by S5.
By part 2 of the proposition and S5,

Soe = J MA) =X | 4)=AEimpt)

A’'eMinSet A'e MinSet
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and 50 A(A4) C X,p,. a

Proof of theorem 3.34

Proof. By proposition A.25, A([P]gy) and A([Q]¢r) are defined. Moreover,
by SFsl (definition 3.12(1)), A(¢P) and A(¢Q) are defined. Let (¢,R) €
¢P = ¢Q) be refusal-maximal and let Rp = RN aP and Rg = RNaQ. By
SF3, (¢, Rp) € ¢P and (t, Rg) € ¢Q. By PA2, X—aP C Rand X—aQ C R.
Thus,

R=RpU(Z - oP) = RoU(Z - aQ).

Note also that, by SFsl (definition 3.12(3a)), A(Rp,t) and A(Rq,t) are de-
fined. Thus, according to SFs1 (definition 3.12(3b)) and SFs5, it suffices to
show that

A(RBp,t) U (T — MaP)) = AR, t) U (£ — MaQ)).

By S1(b) (definition 3.4), X, C X. Moreover, by proposition A.31(3),
MaP), MaQ) C Lypee. Thus, & — AMaQ) = (L — Zpec) U (Zspec — A(aQ)) and
Y — MaP) = (£ — Zypec) U (Zspec — A(aP)). Thus, it it suffices to show that

A(Rp,t) U (Zspee — AMaP)) = A(Rq, 1) U (Zspec — A0Q)).

In fact, we show that A(Rp,t) U (Zepec — A(@P)) C A(Rg, 1) U (Espec — A(aQ))
and the proof in the other direction is similar.

Let I, K be indexing sets into MinSet such that aP = J;; Ai and aQ =
Urex Ak~ Let J be an indexing set into MinSet such that A € MinSet only
if there exists j € J such that A = A4;. By proposition A.22(3), A(to (a)) is
defined for every a € [[events(t) U Rg]] — Rg. Thus, by SFs7,

MRq,t) = |J MRe N 4;,1[45) (A.13)
jed
and A(Rg N A;,t[A;) is defined for every j € J.

We first show that A(Rp,t) C A(Rg,t) U (Zspec — A(aQ)). By proposition
A.22(3), A(to (a)) is defined for every a € [[events(t) U Rp]] — Rp. Thus, by
SFs7,

/\(Rp,t) = U A(Rp N A, trAj)
jeJ
and A(Rp N A;,t[A;) is defined for every j € J. It therefore suffices to show
that
A(Rp N Az, t[45) C A(Bgyt) U (Snee — M)

for j € J. Let j € J. We consider each of three cases in turn.
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Case 1: 7 € IN K. In this case, A; C aP and A; € a@. Thus.
RpN Aj = RQ N Aj and so )\(Rp N Aj,t[Aj) - )\(RQ,t) by (—\13)

Case 2: j ¢ K. In this case, by S1(c) (definition 3.5), A;NaQ = @. Thus,
AMA;) N AMaQ) = @ by proposition A.6. By proposition A31(3), AM(A,) C
Zypec and 50 A(A;) C (Zypec — A(aQ)). Since A(Rp N Aj,t[4;) is defined and
by SFsl (definition 3.12(3)), A(t[4;) is defined. By S1(c) (definition 3.5),
A; C Yimp and so A(Aj,t[A;) is defined also by SFs1 (definition 3.12(3)).
Thus, by SFs4 and SFs5,

MRp N Aj,t[A;5) C AAj,t[45) = A(4;)

and so A(Rp N Aj,t[A;) C (Zspec — AaQ)).

Case 3: j ¢ I. In this case, by S1(c) (definition 3.5), 4; NaP = @. By
SF2 and PAl, events(t) C aP. Thus, A(Rp N A;,t[4;) = A(2,()) = @ by
proposition A.20.

We now show that (Zp. — A(aP)) C A(Rg,t) U (Zgpee — AMaQ)). By
proposition A.31(2), Espec = U 4c pinses A(A) and so, by S1(c) (definition 3.5)
and S5, Espec = A(Zimpt). Thus, by proposition A.5(2) and S5,

Zopec = MaP) = MSimp —aP) = A( | 4) = [ AA).

jeJ-I jed—1

It therefore suffices to show that A(A;) C MRg,t) U (Espe — A(aQ)) for
jeJ—1. Let j € J—I. We consider each of two cases in turn.

Case 1: j ¢ K. In this case, by S1(c) (definition 3.5), A; N a@ = @ and
so A(4;) N A(aQ) = @ by proposition A.6. Thus, since A(4;) C E,p by
proposition A.31(3), A(4;) C (Zspec — A(aQ)).

Case 2: j € K. In this case, A; C aQ. Moreover, since j ¢ I, A; N
aP = @&. Since ¥ — aP C R, then A; C R and so A; C Rg. Thus,
ARg N Aj,t[A;) = A(A;,t[A;) and the proof in this case follows by Srs4
and (A.13). O

A.5 Proofs from section 3.6

Proof of theorem 3.35

Proof. By SEQ, there exists a deterministic implementation process ¢ such
that 7Q = Pref ({...,t;,...}). Since Q is deterministic, then 6Q = &. Thus,
by definitions 3.3 and 3.13(3), A(8Q) is defined. By PREF-CLOS and defi-
nition 3.3, A(7Q) is defined and so A([Q]gp) is defined by proposition A.16.
Hence, by definition 3.12(1), A(¢Q) is defined and so A(¢. Q) is defined by
definition 3.13(4). Thus, A([Q]rp) is defined by definition 3.13(1).
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We now show the following:

{Aw) |we Pref({...,t;,.. D} ={t | (t,9) € M(¢.Q)}. (A.14)
Since A(¢Q) is defined and by definition 3.12(3b),

{t](t2) € A(¢Q)} = {Mw) | (w, 2) € $Q}.

Since @ is deterministic and by definition 2.4(2), 7Q = {w | (w, @) € ¢Q}.
Thus, by definition 3.3, A(7Q) = {t | (t,9) € A(¢Q)}. Moreover, also by
definition 3.3, we have that A\(7Q) = {Mw) | w € Pref({...,t;,...})}. The
proof of (A.14) follows by definition 3.13(4) and the fact that A\(6Q) = & by
definition 3.13(3) and since 6Q = mindQ = 2.

By Fpi1, A([Q\ A} zp) is defined and so A(6(Q\ A)) is defined by definition
3.13(1). We recall that 6Q = @ and so A(6Q) = @ by definition 3.13(3).
Moreover, §(Q \ A) # @ and so A(6(Q \ A)) # @ also by definition 3.13(3).
Let F be a set of failures and D a set of divergences such that A([Q]zp)\ B =
(F,D), where A(\A) = \B. Thus, by definition 3.13(2) and FpI,

(MeL(Q\ 4)), A(B6(Q\ 4))) = (A(6.Q), MéQ)) \ B = (F, D).

Hence, A(6(Q \ A)) = D and so D # @&. Since A\(6Q) = @, then, by
(A.14), TR-MONO and the detail in chapter 2.4.3, ..., A(t;),... must be
an w-sequence. O

Results used in the proof of theorem 3.36

In all of the proofs in the remainder of this section, we assume that the
conditions from figures 3.4, 3.6 and 3.8 all hold.

Lemma A.32. Let t,u be traces. If A(t) is defined, then A(u) is defined for
allu <t.

Proof. The proof proceeds by induction on the length of ¢ using proposition
A.7 and Ts3. =

Proposition A.33. Let v,u be traces. If u < v and A(u) and A(v) are
defined, then A(u) < A(v).

Proof. The proof proceeds by induction on n = |v|— |u|. In the base case, the
proof is immediate. Let v = uowo (a). Since A(v) is defined, by lemma A.32
we have that A(u o w) is defined. Thus, by the inductive hypothesis, A(u) <
A(u o w). Moreover, by proposition A.7, there exists A € MinSet such that
a € A. Thus, by Ts4, Auowo(a)) = A(uow) or (for some trace r) and so
the proof follows. a
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Proposition A.34. Let Q be an implementation process. A(7Q) is defined
if and only if A([Q]zp) is defined.

Proof. (=) We assume that A(7Q)) is defined. By proposition A.25, A([Q] sp)
is defined and so A(¢Q)) is defined by SFsl (definition 3.12(1)). Moreover,
A(TQ N éQ) is defined by Ts1. Thus, by FDs1 (definition 3.13(3)), A(3Q) is
defined. Hence, by FDs1 (definition 3.13(1,4)), A(¢.Q) and then A([Q]zp)
are defined.

(<=) We assume that A([Q]p,) is defined. By Fpsl (definition 3.13),
A(#.Q) is defined and so A(¢Q) is defined; moreover, A(6Q) is defined. By
Dr3, we have that 7Q) = {t | (¢, @) € ¢Q} U(TQN Q). By SFsl (definition
3.12(3)), A(w) is defined for every w € {t | (t,®) € ¢Q} and, by Fpsl
(definition 3.13(3)), A(TQ N 6Q) is defined. Thus, by Ts1, A(7Q) is defined.

a

Lemma A.35. Let Q be an implementation process. If aQ C Fuis, then
M[Qlrp) is defined and M[Q]rp) = [Q]p-

Proof. By proposition A.13, A(7Q) is defined and so A([Q]rp) is defined
by proposition A.34. By FDsl (definition 3.13(1,2)), A(¢.Q) and A(6Q)
are defined and it suffices to show that A(¢,Q) = ¢,Q and A(6Q) = Q.
Since mind@ C 7Q by MD, events(t) C aQ C Fuis for every t € mindQ by
Pal. Thus, by FDs1 (definition 3.13(3)), proposition A.10 and the extension
closure of sets of divergent traces by Fp4, A(6Q)) = 6Q. By proposition A.26
and SFsl (definition 3.12(2)), A(¢Q) = ¢Q. Hence, by FDs1 (definition
3.13(4)) and since A(6Q) = 6@, M(¢.Q) =9QU{(t,R) |t € 6Q N RC X}.

Thus, by DR2, A($,Q) = 6.Q. 0
Lemma A.36. Let...,t;,... be an w-sequence such that A(t;) is defined for
each t;. Then ..., \(t;),... is also an w-sequence.

Proof. Let w € ¥ be the least upper bound of the sequence . . ., t;,.... Since
A(t;) is defined for each ¢; and by S1(b) (definition 3.4(1)), events(t;) C Limp
for each ¢;. Thus, events(w) C X;np. Hence, by S1(c) (definition 3.5), there
exists A € MinSet such that w[A € T¥. It follows that ...,t;[A,... is
an w-sequence and so ..., A(t;[A),... is also an w-sequence by Fps2. By
induction on the length of traces using proposition A.9 and Ts4, A(f;) €
||| areMinseeA(8:[A') for each ¢;. Thus, the length of the A(¢;) increases un-
boundedly. It follows by proposition A.33 that ..., A(t;), . - - is an w-sequence.

O

Lemma A.37. Let Q be an implementation process and P a process. Let
A € AliSet, where A(\A) = \B. If \([Q]zp) is defined and A([Q]rp) C
[Plyp, then:



A.5. Proofs from section 3.6 233

1. M[Q\ Al gp) is defined.
2. M[Q\ Alpp) € [P\ B]pp-

Proof. We assume that A([Q];) is defined and P is a process such that
M[Qlrp) € [P]rp- By proposition A.34, A(7Q) is defined and so, by propo-
sition A.14, A(T(Q \ A)) is defined. Hence, A([Q \ A]p) is defined also
by proposition A.34. By FDsl (definition 3.13(2)), AM(¢.Q) € ¢, P and
A(0Q) € 6P. Also by Fpsl (definition 3.13), A(¢.Q) is defined and so
A(¢Q) is defined; moreover, A(6Q) is defined.

By FDs1 (definition 3.13(2)), we show that A(6(Q \ A)) C §(P \ B) and
MéL(Q\ A)) C ¢L(P\ B). We first show that A\(6(Q \ A)) C (P \ B). Let
t € mind(Q \ A). By Fpsl (definition 3.13(3)) and FD4, it suffices to show
that A(t) € 6(P \ B). We note that B = A(A) by S6 and then consider each
of two cases in turn according to the semantics of the hiding operator in the
failures divergences model.

Case 1: There exists s € Q) such that s € mindQ, where t = s\ A. (If
s & mind(Q then we have u < s such that u € mindQ and either u\ A = s\ A
and we take t =u\ Aoru\ A < s\ A4 and so ¢t ¢ mind(Q \ A).) By Fpsl
(definition 3.13(3)) and since A(dQ) C dP, A(s) € 6P. Hence, A\(s) \ B €
§(P\ B). Since A(6Q) is defined, then A(s) is defined by FDs1 (definition
3.13(3)), MD and Tsl. Thus, by proposition A.11, A(s\ A) = A(s) \ B and
so A(t) € (P \ B).

Case 2: There exists w € X“ such that t = w \ A and, for every u < w,

uenQ=1{z](z9)€¢.Q}.

In the event that there exists u < w such that u € 6Q), then there exists
u' < u such that v’ € mindQ, where t = u’ \ A, and the proof proceeds as
for Case 1 (we know that ¢ = v’ \ A since, otherwise, t ¢ mind(Q \ A)).
We therefore assume that, for every u < w, u ¢ 6Q and so, by DR2, that
(u, @) € ¢Q. Recall that A(¢, Q) C ¢, P. Thus, by FDs1 (definition 3.13(4))
and SFsl (definition 3.12(3b)), (A(u), @) € ¢, P and so A(u) € 7. P for every
u < w. Moreover, since A\(#Q) is defined and by SFsl (definition 3.12(3)),
A(u) is defined for every u < w. By lemma A.36, there exists z € £“ such
that z is the least upper bound of the sequence of A(u) where u < w. By the
prefix-closure of 7, P (FD1), we have that v € 7, P for every v < z. Since
w € ¥ and w \ A is finite, we have that w = r o 5, where r € £*, s € A¥
and r \ A = w\ A. By proposition A.11, we know that for any trace k such
that r < k < w,

() = AMw\ 4) = Ak \ A) = (k) \ B.
Hence, £\ B = A(t) and so A(t) € 6(P \ B).
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We now show that A(¢,(Q \ A) C ¢.(P\ B). By Fpsl (definition
3.13(1)), M(¢L(Q \ A)) is defined and so, by Fps1 (definition 3.13(4)),

MeL(@\ 4)) = AB(Q@\ Q) U{(t,R) |t € A(é(Q\ A) A RCX}.

Thus, since A(6(Q \ A)) C §(P \ B) and by FD5, it is sufficient to show
that A((Q\ A)) C M#LP)\B. Since A(¢,Q) is defined and A(¢,.Q) C ¢, P,
we know that A(¢Q) C ¢, P by Fpsl (definition 3.13(4)). By definition,

{(¢\ B,R) | (¢, RUB) € ¢, P} C $.(P\ B).

Since A(¢(Q)) \ B is given by {(t\ B, R) | (t, RUB) € A\(¢Q)}, it follows that
AM¢Q)\ B C ¢.(P\ B). Since A\(7Q) is defined, then A([Q] ) is defined by
proposition A.25. Hence, by proposition A.28 and SFs1 (definition 3.12(2)),

MB(Q\ A4)) € ¢.(P\ B). 0

Lemma A.38. Let Q, Q2 be implementation processes andY = aQ;NaQ,,
where A(|ly) =|lz. Let Pi, P, be processes. If M([Qi]lpp) is defined and
M[Qilrp) S [Plpp fori=1,2 then:

1. AM[@1 |ly Q2]pp) is defined.
2. )‘([[Ql ”Y Q2]]FD) - [[Pl ”Z P2]]FD'

Proof. We assume that A([Qi]rp) is defined and A([Q:i]zp) € [P]gp for
i = 1,2. By proposition A.34, A\(7Q);) is defined for : = 1,2 and so, by
proposition A.15, A(7(Q: |ly Q2)) is defined. Hence, A([Q1 ||y Q2]pp) is
defined also by proposition A.34. By FDs1 (definition 3.13(2)), A(¢.@:) C
¢, P, and A(0Q;) C 6P, for i = 1,2. Also by FpDs1 (definition 3.13) and for
i = 1,2, M¢.Q;) is defined and so A\(¢Q;) is defined; moreover, A(8Q;) is
defined.
By FDs1 (definition 3.13(2)), it suffices to show that:

* A(S(Q1 lly @2)) Co(P ||z Po).
* AdL(Q |ly @2)) CHL(P ||z Po).

We first show that /\(6(@1 ”y Q2)) - 5(P1 ”Z Pg) Let £t € mmé(Ql ”y
Q). By FDsl (definition 3.13(3)) and FD4, it is sufficient to show that
A(t) € 6(P1 ”Z P2) Since t S mmé(Ql ”y Q2) and so ¢ (S 6(Q1 ”Y Qz),
there exist s € 7.Q1, u € 7.Q2 such that ¢t € (s ||y u) and s € 6@, or
u € 0Q2. If s € 6@ then s € mindQ,, since otherwise there exists w < ¢
such that w € 6(Q1 ||y @2) and so ¢t & mind(Q; ||y Q2). Similarly, if u € 6Q2
then u € mindQ,. For i = 1,2, we observe that mind@Q; C 7Q; by MD and
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7.Q; = 7Q; UQ; by DR1. Thus, s € 7Q;, u € TQ, and either s € mindQ,
or u € mindQs.

Wlog, we assume that s € mindQ,. By FDsl (definition 3.13(3)) and
since A(6Q1) C dP1, A(s) € P, and so A(s) € 7. P, by DR1. We show that
A(u) € 7, P> by considering each of two cases in turn.

Case 1: u ¢ 0Q and so (u,d) € ¢Q2 by DR3. Recall that A\(¢,Q;) C
#, P,. Thus, by Fpsl (definition 3.13(4)) and SFsl (definition 3.12(3b)),
(A(w), D) € ¢, P, and so A(u) € 7. Ps.

Case 2: u € 6Q2. We have seen above that, in this case, u € mindQ,.
Thus, A(u) € 0P, by FDs1 (definition 3.13(3)) and since A(6Q3) C 6P,. The
proof of this case then follows by DRr1.

Thus, A(s) ||z AMu) C §(P, ||z P.)- Since s € 7Q4, u € 7Q2 and A(7Q;)
is defined for ¢ = 1,2, A(s) and A(u) are defined by Tsl. Also since s € 7Q,
and u € 7Q2, events(s) C a@Q, and events(u) C aQ, by Pal. Hence,
[[events(s)]] C aQ, [[events(u)]] € aQ, and so

[[events(s)]] N [[events(u)]] C aQ1 NaQ, =Y.

Since a.P, a@ € AllSet by S2, then Y € AllSet by proposition A.5(1). Hence,
Z = MY) by S7. Thus, since t € s ||y u, A(t) € A(s) ||z A(x) by proposi-
tion A.12 and so A(t) € §(P, ||z Pa).

We now show that /\((}3_1_(@1 ”y Q2)) - ¢J_(P1 ”Z Pz) By Fpsl (def-
inition 3.13(1)), M#L(Q1 |ly @2)) is defined and so, by FDsl (definition
3.13(4)),

MoL(Q1 |ly @2)) = A(B(Q: |ly @2))U{(t, R) | t € Md(Q1 lly @2)) A RC E}.

Thus, since AM(6(Q: ||y Q2)) C 6(P; ||z P2) and by FD5, it is sufficient
to show that A(#(Q1 |ly Q2)) C ¢.(P1 ||z P2). Since A(¢.Q;) is defined
and A(¢,Q;) C ¢, F;, we know that A(¢Q;) C ¢, P; for : = 1,2 by Fpsl
(definition 3.13(4)). By definition, ¢, (P, ||z P») contains the following:

{(w,SUU) | (3(s,5) € $.P,, (w,U) € poP)w € (s ||z u) A S—Z =U~Z}.
Also by definition, A(¢@1) ||z A(¢#Q2) is given by:
{(w,SUU) | (3(s,5) € A($Qn), (u,U) € N¢Q2)) w € (s ||z ) A §-Z =U~Z}.

Thus,
Mo@Q1) |z M9Q2) C ¢.L(P1 ||z Po)-

Since A(7Q1), A(7Qe) are defined, then A([Q1]sr), A([Q2]sr) are defined by
proposition A.25. Thus, by proposition A.30 and SFs1 (definition 3.12(2)),

A@(Q1 |y @2)) C A(9Q1) |z A(¢Q2)
and so A((Q1 lly @2)) C ¢.(P, ||z By). =
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Proof of theorem 3.36

Proof. The proof is similar to that of theorem 3.1, using lemmas A.35, A.37
and A.38 in place of conditions RAH1-3. a



Appendix B

Proofs from chapter 4

B.1 Proofs from section 4.1

Proof of proposition 4.3
Proof. We observe the following:

Y = U{4i|ep; € EP(P)} NU(A; | ep; € EP(Q)} (by def. 4.5)

= (U{A: | ep; € EP(P)N EP(Q)} (by Ep-UN11)
O
Proof of proposition 4.5
Proof. EP(P ®y Q) is given by the following:
{ep, € EP | A;N (P ®y Q) # &} (by def. 4.4)
— {en, € BP | 4.1 ((B(P)UB(Q)) - Y) # 2} (by figure 2.5)

— {ep; € EP — (BP(P)N EP(Q)) | 4N (8(P) U B(Q)) # @)
(by prop. 4.3 and Ep-UNil)

= {ep; € EP | ;N (B(P)U B(Q)) # @} — (EP(P)N EP(Q))
= (EP(P)U EP(Q)) — (EP(P) N EP(Q)) (by def. 4.4)
O

Proof of proposition 4.6
Proof. a(P ®y Q) is given by the following:

237
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U{4: | ep; € EP(P @y Q)} (by def. 4.5)
= U{A4:i| ep; € (EP(P)U EP(Q)) - (EP(P) N EP(Q))}
(by prop. 4.5)

= U{Ai| ep; € (EP(P)U EP(Q))} -
U{4; | ep; € (EP(P)N EP(Q))} (by EP-UNil)

= (@PUaQ) — (P NaQ) (by def. 4.5 and prop. 4.3)
O

B.2 Example processes used in proofs

0 J

Figure B.1: Processes in proofs from chapter 4

The processes from figure B.1 are used in the statement and proof of most
of the results which follow in this chapter. Processes M and N are imple-
mentation processes; K and L are the corresponding specification processes.
We also denote:

e I =M |4, N.

e H=K ||, L.

e O=M®,, N.

¢« J=K®g,, L.

The following are assumed to hold:

o Comm(A;, M) # Comm(4;, N) for ep; € EP(M) N EP(N).
e At =aM Nahl.

® By = eztr*®t(Apy).

As a result, the composition used to define O meets the restrictions REP1
and REP2. In the proofs in the remainder of this chapter, M, N, K, L, H,
I, J, O are as described here.
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B.3 Proofs from section 4.2
Results used in the proof of theorem 4.8
Proposition B.1. The following hold:
1. Ape =U{A; | ep; € EP(M) N EP(N)}.
2. By = U{B: | ep; € EP(M) N EP(N)}.

Proof. 1. The proof is immediate by proposition 4.3.
2. The proof is immediate by part 1 of the proposition and definition
4.2. O

Proposition B.2. Let ep; € EP. If A;N A # O, then A; C Apy.

Proof. We assume that A; N A, # &. Hence, by proposition B.1(1), there
exists ep; € EP(M) N EP(N) such that A; N A; # @. Thus, by Ep-Unil,
ep; = ep; and so A; C Ay, by proposition B.1(1). a

Proposition B.3. Let Q) be an implementation process. Then the following
hold:

1. Domgp(q) is non-empty and prefiz-closed.
2. exlrpp(q) over traces is monotonic and strict.

Proof. 1. The proof is immediate by EP3-T and TR-GLOBALI.
2. That both properties hold follows from TR-GLOBAL2. O

Proposition B.4. Let Q be an implementation process such that aQ C Fuis.
Moreover, let t € TQ). Then:

1. t € Domgp(g).

2. ea:trEp(Q) (t) ={.

3. extrepq)(TQ) = TQ.

Proof. We first show the following.

DomEP(Q) = (aQ)" (Bl)

By definition 4.5, @ = J{A4; | ep; € EP(Q)}. Hence, since aQ C Fuis,
A; C Fuis for every ep; € EP(Q). Thus, by EP3-Fvi, Dom; = A; for
ep; € EP(Q) and so Domgp(q) = (Q)* by TR-GLOBALL.

Hence, we have shown (B.1) and now proceed with the proof proper.

1. By Pal and (Bl), te (aQ)* = DOTnEp(Q).
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2. By definition 4.5 and since aQ C Fuvis, A; C Fuvis for every ep; €
EP(Q). By part 1 of the proposition, ¢ € Domgp(g). The proof then follows
by a straightforward induction on the length of t using proposition B.3(1),
TR-GLOBAL2 and Ep4-Fv1.

3. By PAl and (B.1), 7Q C (aQ)* = Domgp(q). Thus, TDom gpy@ =
7@ by definition 4.8. Hence, by TR-DEF1 and part 2 of the proposition,
eztrgp()(TQ) = T7Q. i

Proof of theorem 4.7

Proof. (=) We assume that Q@ 27" ?) P. Hence, by TR-DEF2 and propo-
sition B.4(3), 7Q C TP.

(¢<=) We assume that Q Jr P. Thus, eztrgp(q)(7Q) C 7P by proposi-
tion B.4(3). By proposition B.4(1), t € Domgp(q) for all t € 7Q and so Q

meets Dom-T-check. Thus, by TR-DEF2, @ Q?P(Q) P. O

Proposition B.5. Let t o (a) € Domgp(ry be such that, for some trace r,
eztrEp(I) (t o (a)) = e:ctrEp(I) (t) or.

1. If a € Ay then events(r) C Byy,.
2. If a & Ay then events(r)N By, = @.

Proof. By TR-GLOBALL, there exists ep; € EP(I) such that a € A;. Thus,
by TR-GLOBAL2 and EP4, events(r) C B;.

1. We assume a € Ay, and so A; N Ap,; # @. Thus, by proposition
B.1(1), there exists ep; € EP(M) N EP(N) such that A;N A; # @. Hence,
by EP-UNIl, ep; = ep; and so events(r) C B; C By by proposition B.1(2).

2. We assume A & A, and so A; € Aj,:. Hence, by proposition B.1(1),
there does not exist ep; € EP(M) N EP(N) such that A; = A; and so ep; ¢
EP(M)N EP(N). Thus, by EP-UNI1 and proposition B.1(2), B;N By, = @
and so events(r) N B, = 9. 0

Proposition B.6. Let s € TM, u € TN and t € (s ||4,,, u)-

1. If a € Ay, then there ezists ep; € EP(M) N EP(N) such that a € A;
and t[A; = s[A; = u[A;.

2. Ifa € A, and a € events(s), then there ezists ep; € EP(M) — EP(N)
such that a € A; and t[A; = s[A;; moreover, A;N Ay = 9.

Proof. 1. We assume a € Ap;. By proposition B.1(1), there exists ep; €
EP(M) N EP(N) such that a € A; and A; C Ap:. By TRP, t[Am =
S[Amt = u[ A and so t[A; = s[A; = u[As.
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2. We assume a ¢ Ap, and a € events(s). By PAl and definition
4.5, there exists ep; € EP(M) such that a € A; and so A; € Ap. Thus,
ep; € EP(N) by proposition B.1(1). Hence, by PAl, definition 4.5 and Ep-
UNI1l, A; N events(u) = @. Thus, t[A; = s[A;. Moreover, since A; A,
A; N A = @ by proposition B.2. a

Proposition B.7. Let s € TDom gpey M, U € TDomgpwyV and t € (5 || A w)-
Thent € DomEp(,-) and ez'trEp(I)(t) € (e.’L'tT'Ep(M) (S) ”B,M eztrgp(N)(u)).

Proof. Note by definition 4.4 that EP(I) = EP(M) U EP(N). We proceed
by induction on the length of . In the base case, when t = s = u = (),
the proof is immediate by proposition B.3(1,2). Let ¢ = po (a). We consider
each of two cases in turn.

Case 1: a € Apy. In this case, s = vo {a), u = wo (a) for some v, w.
By proposition B.3(1), v € TpomgpayM and w € Tpomgpqy,N. Moreover,
by proposition B.6(1), there exists ep; € EP(M) N EP(N) such that a €
Ai and t[Ai = SI-A,' = U[A, We first show that ¢ € DomEp(]). By the
inductive hypothesis, p € Domgp(ry and so, by TR-GLOBAL1 and Ep-UNI1l,
t[A; = p[A; € Dom; for ep; € EP(I) — {ep;}. Thus, by TR-GLOBALL, it
suffices to show that t[A; € Dom;. This follows since s € Domgp(n) and
t[A; = s[A;. We now proceed with the remainder of the proof in this case.
By TR-GLOBAL2 and since t[A4; = s[A; = u[A4;,

L ea:trEp(I)(t) = C.TtT'Ep(I)(p) or
L] e:ctrEp(M) (3) = e:L'tTEp(M) (’U) or
® erir Ep(N) (u) = eZlTEp(N) (w) or

such that, by proposition B.5(1), events(r) C Bm:. By the inductive hypoth-
esis, eztrgp(r)(p) € (eztrep(a)(v) ||Br €xtrep(vy(w)) and so

estrepry(p) o T € (extrppan(v) o T |B,. €xtrEP(NY(W) O T).

Case 2: a € Ap,. In this case, wlog, we assume s = v o (a). Thus,
by proposition B.6(2), there exists ep; € EP(M) — EP(N) such that a €
A; and t[A; = s[A;. Hence, by TR-GLOBALL and since s € Domgp(m),
t[A; € Dom;. Thus, t € Domgpy by TR-GLOBAL1 and Ep-UNil and
since p € Domgp(r) by the inductive hypothesis. By TR-GLOBAL2 and since
t[Ag = S|—A;‘,

o extrpp(ry(t) = extrgpny(p) o T

® e:ctrEp(M) (S) = eIL'tTEP(M) (’U) or
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such that, by proposition B.5(2), events(r) N Bp,; = @. By the inductive
hypothesis, extrgp(r)(p) € (eztrgp(ar)(v) ||B,., extrep(v)(u)) and so

extrgp(ry(p) o T € (extrgpary(v) o 7 || B, €xtrEP(N) (1))
O

Proposition B.8. Let t € Domgpry. Then t\ A € Domgpoy and
extr gp(0)(t \ Ame) = extrgpn)(t) \ Bmt-

Proof. We proceed by induction on the length of . In the base case, when
t = (), the proof is immediate by proposition B.3(1,2). Let t = u o (a).
Hence, by proposition B.3(1), v € Domgp() and, by TR-GLOBALIL, there
exists ep; € EP(I) such that a € A;. We consider each of two cases in turn.

Case 1: a € Apy. In this case, t \ Ape = u \ A € Domgpoy by
the inductive hypothesis. By TR-GLOBAL2, extrgp()(t) = eztrgpgy(u) or
such that, by proposition B.5(1), events(r) C Byn. Hence, by the inductive
hypothesis,

extrgp0)(t \ Ame) = eztrgpo)(v \ Ame) = extrepn(u) \ B

and so

eztrgp(o)(t \ Ame) = extrgpay(u) o7\ By = extrgpny(t) \ B

Case 2: a € Ap. Since a & Apy, A; € Ay and so A; N Ay = @ by
proposition B.2. We first show that ¢\ Ap: € Domgp(o). By TR-GLOBALI,
it suffices to show that (¢ \ Am¢)[A; € Dom; for every ep; € EP(O). Let
ep; € EP(0O). We consider each of two sub-cases in turn.

Case 2a: J =1 Since t € DomEp([), (t \ Alnt) [A, = tl-A,‘ € Dom; by
TR-GLOBALI and since A; N A = 9.

Case 2b: j # i. By the inductive hypothesis, u\ Ar,: € Domgp(o). Thus,
by TrR-GLOBAL1 and Ep-UNil, (t \ Alnt) [AJ = (u \ Alnt)[Aj S Domj.

Hence, we have shown that t\ Ay, € Domgp(o)- Thus, by TR-GLOBALI
and EP-UNIl and since a € events(t \ Am:), ep; € EP(O). We now show
that eﬂTEp(o) (t \ AInt) = e(L‘tTEp(I) (t) \ Bp.:. By TR-GLOBALZ2,

e eztrpp(n(t) = extrpp(n(u) or, such that eztr;(t[A;) = extri(u[A;) or.

o extrgp(0)(t\Amt) = extrgp(o)(¥\Ame)ox, such that extr;(t\Am:) [Ai) =
extri((u \ Ame)[Ai) oz

Thus, since A;N AR = 9, e:L'tTEp(o)(t\AInt) = eth'Ep(o)(u\Ajm) or. More-
over, by proposition B.5(2), events(r) N B, = &. Hence, by the inductive
hypothesis,

eztrgp(0)(t \ Amt) = eztrepo)(u \ Ame) o T = eztrgpy(u) \ Bme o T
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and so
eztrgpo)(t \ Ame) = extrepy(u) o 7\ By = extrgpry(t) \ Bt

a

Proposition B.9. Assume that both M and N meet condition Dom- T-check.
Let t € TO be such that t € (s ||a,,, u) \ A, where s€ TM andu € TN. If
t € Domgp(oy, then s € Domgpay and u € Domgp(y).

Proof. We assume t € Domgp(o). Let y be such that y € (s |4, u) and
y \ Am¢ =t. We proceed by induction on the length of . In the base case,
when y = s = u = (), the proof is immediate by proposition B.3(1). Let
y = z o {(a). By proposition B.3(1), £\ Am: € Domgp(o). We consider each
of two cases in turn.

Case 1: a € Apy. In this case, s = vo (a) and u = w o (a) for some
v, w. Hence, by proposition B.6(1), there exists ep; € EP(M) N EP(N) such
that a € A; and s[A; = u[A;. By definition 4.7 and since Comm(4;, M) #
Comm(A;, N), either a & Projgp(ar) or a ¢ Proj gp(ny (this disjunction need
not be exclusive by definition 4.7(1)). Wlog, we assume that a & Proj gp(y)-
Thus, v[Projgpy = 8[Projgp(a)- Moreover, by the inductive hypothesis,
v E DO'ITLEP(M) and so

s[Proj gp(ary = v[ Proj gpary € Domepan [ Proj gp(u)-

Hence, since M meets Dom-T-check, s € Dom gp(ary. Thus, by TR-GLOBAL1,
u[A; = s[A; € Dom;. As aresult, u € Domgp(ny by TR-GLOBALL and Ep-
UnI11 and since w € Domgpny by the inductive hypothesis.

Case 2: a € Ay In this case, wlog, we assume s = vo(a) and tail(u) # a.
Thus, by the inductive hypothesis, u € Domgp(y). By proposition B.6(2),
there exists ep; € EP(M) — EP(N) such that a € A;, y[4; = s[A; and
A;N A, = @. Thus, t[A; = s[A; and, by proposition 4.5, ep; € EP(O).
Hence, since ¢ € Domgp(o) and by TR-GLOBALL, s[A; € Dom;. By the
inductive hypothesis, v € Domgp(as) and so, by TR-GLOBALL and Ep-UNIl,
s € DOmEp(M). O

Lemma B.10. Let Q be an implementation process and t € 7Q. Then
t[ Projgp(qy € Domgp(q)[ Proj gp(q) if and only if t[Proj; € Dom, [ Proj; for
every ep; € EP(Q).

Proof. (=) We assume t[Projgpq) € Domgpq)[Projppgq)- Let ep; €
EP(Q). By definition 4.7(3), t[ Proj; € Dom;[ Proj;.

(¢<=) We assume t[ Proj; € Dom;[ Proj; for every ep; € EP(Q). We first
observe the following.



B.3. Proofs from section 4.2 9244

e Dompgpg) = |||i<icmDom; by TR-GLOBALL.
® Projgpq) = Uicicm Proj; by definition 4.7(3).
o Let ep; € EP(Q). Then the following hold.

—~ events(t) C A; for every t € Dom; by Ep3-T.
— Proj; C A; by definition 4.7 and EpP2.
— A;NA; = & for ep; € EP(Q) such that i # j by EP-Unil.

Hence,
Domgp(g)[ Proj £P(@) = llli<icm(Dom;[ Proj;)

and t[Projgpg) € |l|i<i<mt[Proj;. Thus, since t[Proj; € Dom;[Proj; for
every ep; € EP(Q), t[Projgp(qy € Domgp(q)[ Projgp(q)- 0O

Proposition B.11. Assume that both M and N meet condition Dom-T-
check. Then O meets Dom-T-check.

Proof. Let t € 7O be such that t € (s ||a,, u)\ Ame, where s€e TM, u € TN
and s,u are the shortest such traces. By Dom-T-check, it suffices to show
that

t[ Proj gp(o) € (Domgp(0)[ Proj gp(o)) => t € Domgp(o).

We assume that ¢[ Proj gpoy € (Domgp(o)[ Proj gp(o)) and proceed by induc-
tion on the length of t. In the base case, when t = (), the proof is immediate
by proposition B.3(1). Let t = z o (a). Since a € aO by PAl, by definition
4.5 there exists ep; € EP(O) such that a € A;. Wlog, and by proposition
4.5, we assume ep; € EP(M) and ep; ¢ EP(N). Thus, by definition 4.5,
Ep-UNI1 and PAl, a ¢ events(u). Hence, since s and u are as short as
possible, s = v o {a) for some trace v and so z € (v ||a,,, )\ Am:. Before
proceeding, we show the following.

s[A; = t[A;. (B.2)

Let y be such that y € (s || 4,,, ¥) and ¢t = y\ Ajn¢. Since ep; ¢ EP(N) and
by definition 4.5, Ep-UNIl and PAl, A;Nevents(u) = @. Thus, y[A; = s[A;.
Since ep; € EP(M) — EP(N), and by proposition B.1(1) and Ep-UNIl,
AiNApme = 2. Thus, t[{A; = (y \ Am:)[4i = y[Ai = s[Ai. Hence, we have
shown (B.2).

Since t[Projgpoy € Domgpo)[Projgpy and by proposition B.3(1),
z[ Proj gp0) € Domgpo)[Projgpo). Hence, by the inductive hypothesis,
T € Domgp(g). Thus, by TR-GLOBALL and EP-UNil, it suffices to show
that ¢t[A; € Dom;. Moreover, by proposition B.9, v € Domgpn). We now
consider each of two cases in turn.
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Case 1: a € Projgp). Since t[Projgpy € Domgpo)[Proj EP(0), then
s[ Proj; = t[ Proj; € Dom;[Proj; by lemma B.10, (B.2) and since Proj; C A;.
Since v € Domgp (), then v[Projgpary € Domgp(ar [ Proj ep(m) and so, by
lemma B.10, EP-UNI1 and since Proj; C Aj,

s{Proj; = v[Proj; € Dom;[ Proj

for every ep; € EP(M) — {ep;}. Thus, s[Projgpary € Domgp(a [ Proj gp(a)
by lemma B.10. Hence, since M meets Dom-T-check, s € Dom EP(M) and so,
by TR-GLOBAL1 and (B.2), t[A; € Dom,.

Case 2: a € Projgp(o)- By definition 4.7(3) and since a € 4;, a ¢ Proj;
and so a & Projgp s by EP-UNil. Hence, and since v € Domgpar),

s[Projgpary = V[ Proj gpiary € Domepan [ Proj gp(a)-
Since M meets Dom-T-check, s € Domgp(p) and so, by TR-GLOBAL1 and
(B.2), t[A; € Dom,. O
Proposition B.12. If M ;?P(M) K and N Q?P(N) L, extrgpo)(7O) C 7J.

Proof. We assume M QﬁP(M) K and N QgP(N) L. Let t € Tpomgp0,O be
such that s € TM, uw € TN and t € (s ||4,,, v)\ Ame. By TR-DEF], it suffices
to show that extrgp()(t) € 7J. By TR-DEF2, M and N meet Dom-T-check
and so, by proposition B.9, s € TDomgparyM 80d U € Tpom gy, V. Thus, by
TR-DEF1 and TR-DEF2, extrgpa(s) € TK and eztrgpny(u) € TL. Hence,

(extrep(m)(5) ||y €ztrEp(v)(w)) \ Bt C 7J.

Thus, by propositions B.7 and B.8,

extrgp(o)(t) € (eztrepan(s) ||Byn extrep(ny(w)) \ Bme € TJ.

Lemma B.13. If M 25F™ K and N 25F™ L then 0 2579 7.

Proof. We assume that M 257 K and N 25F™ L. By Tr-DEF2 and
proposition B.11, O meets Dom-T-check. Hence, by TR-DEF2, it suffices to

show that eztrgpo)(7O) C 7J and so the proof follows by proposition B.12.
a

Proof of theorem 4.8

Proof. We assume that aFinu (@1, Q2, .. .,Qn) € Fuis and Q; ;?"Q" P, for
1<i<n Let Q= Finp(Q1,Q2,.-.,Qn) and P = Fypee(P1, Py, ..., Pr). By
induction on 7n using lemma B.13, @ QgP(Q) P. Hence, by theorem 4.7 and
since a@) C Fuvis, @ dr P. O
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B.4 Proofs from section 4.4

Results used in the proof of theorem 4.10

Proposition B.14. Let QQ be an implementation process. Then Domgp(q)
is the prefiz-closure of domgp(q).

Proof. By EP3-sF, Dom; = Pref(dom;) for ep; € EP(Q). Thus, by SF-
GLoOBALl1 andTR-GLOBALL, domEp(Q) C DOTnEp(Q) and, for t € Domgp(q),

there exists u € domgp(g) such that ¢ < u. Finally, Domgpq) is prefix-closed
by proposition B.3(1). 0O

Proposition B.15. Let Q) be an implementation process such that aQ C
Fuis. Then extrepg)(¢Q) = ¢Q.
Proof. By definition 4.5, A; C Fuis for every ep; € EP(Q). Thus, by defini-
tions 4.2 and 4.5 and EP1-Fvi,
eztr** (aQ) = aQ. (B.3)
We now show the following.
Let (f, R) € Guomppq,@ such that R C aQ. Then exztrih o\ (R,t,Q) = R.
(B.4)

By definition 4.11(2) and proposition B.14, t € domgpq) & Domgp(q)
and so:

entrgh o) (B, Q) = Uigicm atri” (RN A; t[4;, Q) (SF-GLOBAL2)

= Uicicm BN A (by EP5-Fvi)
= RN Ulsiﬁm A,'

= RNaQ (by definition 4.5)
= R.

Hence, we have shown (B.4). Recall that A; C Fuis for every ep; € EP(Q)
by definition 4.5. Thus, by EP3a-Fvi, TR-GLOBAL1 and SF-GLOBALI,
Domgp(q) = domgp(g). Moreover, for every (t,R) € ¢Q, t € TQ by SF2
and so t € Domgp(g) = domgp(q) by proposition B.4(1). Thus, by definition
4.11(2),

¢dom3p(Q)Q = ¢Q (B5)

Let (t, R) € ddomppq,@- Then t € 7Q) by SF2 and so eztrgp(q)(t) =1t by

proposition B.4(2). Hence, and by (B.3), (B.4), (B.5) and SF-DEF2,

e:L‘trEp(Q)(qSQ) ={t,X)|(t,R)€9pQ N RCaQ A XCRU((Z-aQ)}.
Thus, eztrgpg)(#Q) = ¢Q by PA2 and SF3. O
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Proof of theorem 4.9

Proof. (=) We assume that Q ;5},"‘” P. Hence, by SF-DEF3 and SF-

DEF1, eztrppq)(7Q) C 7P and extrppig)(¢Q) C #P. Thus, by proposi-
tions B.4(3) and B.15, 7Q C 7P and ¢Q C ¢P.

(¢<=) We assume that Q Jgr P. Thus, by propositions B.4(3) and B.15,
extrgpg)(TQ) C TP and extr gpg)(#Q) C ¢P. By proposition B.4(1), t €
Domgp(q) for all t € 7Q and so @ meets Dom-T-check. @ meets Dom-SF-
check since, by definition 4.5, A; C Fuis for every ep; € EP(Q). Thus, by
SF-DEF1 and SF-DEF3, Q I :IEP‘Q) P. 0

Lemma B.16. Let (s,S) € PDomeparyM and (u,U) € PDomgp, N be such
thatSCaM UC aN and (s ||a,, u) # @. If Ay € SUU, then
B C eztrEP(M)(S s, M) U eztrE{,(N)(U u, N).

Proof. We assume that Aj,; € SUU. By SF-GLOBALZ2, eztrEP(M)(S s, M)U
eztrEP(N)(U u, N) is given by

U extri¥ (SN A;, s[A;, M) U U e:ctr;-‘gf(UﬂAj,u[Aj,N).

ep,€EEP(M) epjeEP(N)
Thus, and by proposition B.1(2), it suffices to show that
B; = extr[ (S N A;, s[A;, M) U extr™ (U 0 4;, u[ A;, N)

for every ep; € EP(M)NEP(N). Let ep; € EP(M)NEP(N). By proposition
B.1(1), A; C A, and so, since A, C SUU,

(SNA)UUNA) = (SUU)N A = A;.

By EPrl, we consider each of two cases in turn.
Case 1: A; C Fws. In this case, by EP5-Fvi,

extri™ (S N Ay, s[Ai, M) = SN A; and extr™ (U N A;,u[A;, N) = UN A

Moreover, by EP1-Fv1, (SN A4;)U (UN A4;) = A; = B;.

Case 2: A; N Fvis = &. Since (s ||a,, u) # @, then s[Ap = u[Am:
by TRP and so s[A4; = u[A; since A; C Ap;. Wlog, we assume that
Comm(A;, M) = Left and Comm(A;, N) = Right. Since (SNA;)U(UNA;) =
A; and s[A; = u[A;, and by definition 4.9, either

SN A; & ref ;(s[A;) or UN A; & ref ;(u[ As).

Hence, either extrff(S N A;, s[A;, M) = B; or eztr;“f(U NA;,u[A;, N)=B
by definition 4.10. O
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Proposition B.17. Let (t,R) € ¢O. Then there ezxist (s,S) € ¢M and
(u,U) € ¢N such that:

o t € (s [lam w)\ Am:.
e SCaM andU C aN.
e RUAp = (SUU)U Z, where Z C (X — (M U aN)).

Proof. By definition of the hiding operator in the stable failures model, there
exists (w, RUAp:) € ¢ where w\ Ap,; =t. Recall alsothat I = M ||4,, N
and Ap: = aM NaN. Hence, the proof follows by theorem 2.20. O

Proposition B.18. Assume that M and N meet Dom-T-check and Dom-
SF-check. Then O meets Dom-SF-check.

Proof. Let (t, R) € $pomgp 0,0 be such that R C o0 and let ep; € EP(O) be

such that A;NFvis = &. Moreover, assume that extr;‘f (RNA;, t[A;,0) = B;.
By definition of Dom-SF-check, it suffices to show that t[A; € dom;. By
proposition B.17, there exist (s, S) € ¢M and (u,U) € ¢N such that:

© t € (||l am v) \ Arme-
e SCaM and U C aN.
e RUAL, = (SUU)UZ, where Z C (X — (aM UaN)).

By SF2,t € 70, s € TM and v € 7N. Thus, by proposition B.9 and
definition 4.11(1), (s, S) € Bpom e, M and (z, U) € ¢pomgpnyN- Wlog, and
by proposition 4.5, we assume that ep; € EP(M)— EP(N). We then observe
the following:

e A;N A = @ by proposition B.1(1) and Ep-UNI1l.
e By definition 4.5, A; C oM and, also by Ep-UNil, A;NaN = 2.
e A;N events(u) = @ by SF2, PAl and since A;NalN = @.

Since A;Nevents(u) = & and A;NAp: = &, t[A; = s[A;. Since AiNA, =
?, A; CaM and A;NaN = g,

RNA;=(RUAR)NA=(SUUUZ)NA;=8SNA;.

By definition 4.6, Comm(4;,0) = Comm(A;, M). Thus, by definition 4.10,
extr™ (S N A;, 5[ As, M) = extr[¥ (RN A, t[A;, 0) = B,

Hence, t[A; = s[A; € dom; since M meets Dom-SF-check. O
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Lemma B.19. Assume that M and N meet Dom-T-check and Dom-SF-

check. Let (¢, R) € Gdomgp(0,O be such that R C aO. Let (s,S) € ¢M and
(u,U) € ¢N be such that:

* 1€ (s |ap v) \ Am.

e SCaM and U C aN.
¢ RUAL; = (SUU)UZ, where Z C (X — (aM U aN)).
Then (,5) € PdompparyM and (u,U) € Pdom gpoy N -

Proof. We show that (s,S) € PdomepuryM; that (u,U) € Puomgpy, N may
be proved in a similar way. By definition 4.11(2), it suffices to show that
s € domgp). Let ep; € EP(M). Then, by SF-GLOBALLI, it suffices to
show that s[A; € dom;. By SF2,t € 7O, s € TM and u € TN. By propo-
sition B.14, t € domgpo) & Domgp(). Thus, since M and N both meet
Dom-T-check and by proposition B.9, s € Domgp(s) and u € Domgp(n).
We now consider each of three cases in turn.

Case 1: A; C Fuis. In this case, s[A; € dom; by EP3-Fvi and EP3A-Fv1.

Case 2: A; N Fvis = @ and ep; € EP(N). By proposition B.1(1), 4; C
A and so, by TRP, s[A; = u[A;. Recall that Ay, = aM N aN. Thus,
since RU A,y = (SUU) U Z, then A; C Ap CSUU and so

Wlog, we assume that Comm(A;, M) = Left and so Comm(4;, N) = Right.
By definition 4.9, either S N A; & ref;(s[A;) or UN A; & ref;(u[A;) and so,
by definition 4.10, either

extr™ (S N Ay, s[ A, M) = B; or extr[ (U N 4;,u[A;, N) = B;.

Hence, since M and N both meet Dom-SF-check, s[A; = u[A; € dom,;.
Case 3: A; N Fvis = @ and ep; ¢ EP(N). In this case, by proposition
4.5, ep; € EP(O). By definition 4.5 and Ep-UNil, A; N aN = &. Thus,
A; N events(u) = @ by SF2 and PAl. By proposition B.1(1) and Ep-UNIl,
A; N Ap = @. Hence, s[A; = t[A; and so, since t € domgp(o), s[A;i =
t[A; € dom; by SF-GLOBALL. O

Lemma B.20. Assume that estrgpo)(¢M) C ¢K and eztr gpvy(9N) C
@L. Let (s,5) € Pdom gpary M and (U, U) € bdomgpwy N be such that S C aM
and U C aN. Then (w,Y) € ¢H such that

e WweE (e.’L'tT‘Ep(M)(S) ”Bm e:ctrEp(N)(u)).

o Y = eztril (S, s, M)UestrFh (U, u, N)U (S — estr*(aM UaN)).
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Proof. We shall use the following abbreviations in order to ease the presen-
tation:

o S£ extril (8,5, M).
e UZ extrglf,(N)(U,u, N).
o ZL£ Y% — extr®t(aM U aN).
By SF-DEF2,
o (extrgp(a(s), S U (T — extr*t(aM))) € ¢K.
o (extrgpvy(u),U U (X — extr*®(aN))) € ¢L.
We then observe that, by definitions 4.2 and 4.5,
Z =% — (eztr*®(aM) U extr’® (aN)).

Let 8 =SUZU(U - Bp) and U =UU ZU (S — Bpye). By definition
4.11(2) and proposition B.14, u € Domgp(n). Hence, by SF-GLOBALZ, def-
inition 4.10, Er1-FvI and Ep5-Fv1, Y C |J{B; | ep; € EP(N)}. Thus,
by definitions 4.2 and 4.5, U C eztr**(aN). By proposition B.1(2), Ep-
UNI1 and definitions 4.2 and 4.5, By, = eztr*®(aM) N eztr**(aN). Thus,
(U — Bp) N extr®e(aM) = &. Hence, ZU (U — Bint) C X — eztr*®t(aM)
and so (eztrge(a)(s),S’) € ¢K by SF3. Similarly, (eztrgp(n)(u),U’) € SL.
Moreover,

SUU'=SUZU U - B )UUUZU(S - Bp) =SUUU Z.

Hence, by the definition of parallel composition in chapter 2.4.2, the only
thing we need to show is that 8’ — B, = U’ — By In other words, that

(SUZU U — Bpnt)) — Bje = (UU ZU (S — Bpnt)) — Bt
which is equivalent to
(8 = Brat) U (Z — Bit) U (U — Biag) = (U — Br) U (£ — Brnt) U (S — Brwt)
which clearly holds. O

Lemma B.21. Assume that M and N both meet Dom-SF-check and Dom-T-
check. Assume that extrgpa (M) C ¢K and eztrgpny(¢N) C ¢L. Then

extTEp(o)(¢O) C ¢J
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Proof. Let (t, R) € @dom p 0,0 be such that R C aO. By SF-DEF2 and SF3,
it suffices to show that

(eztrp(0) (t), eatrih o) (R, t,0) U (E ~ extr**(a0)) € ¢J. (%)
By proposition B.17, there exist (s, S) € ¢M and (u,U) € ¢N such that:
o t€(s|A v\ Ame.
e SCaM and U C aN.
® RUA: = (SUU)UZ, where Z C (X — (aM U aN)).

Moreover, by lemma B.19, (s,5) € Qdomgpu,M and (u,U) € Buomgpn, N,
and so, by proposition B.14, (s, S) € pomgp(seyM and (u,U) € ¢pomgpn, N
We first show that

eztrszg(o) (R,t,0) C eztrg{,(M)(S, s,M)U ea;trgf,(N)(U,u, N). (B.6)

Let ep; € EP(O). Wlog and by proposition 4.5, we assume that ep; €
EP(M) — EP(N). Thus, by SF-GLOBAL2 and since t € domgpio)y C
DomEgpoy by proposition B.14, it suffices to show that

extri (RN A;, t[A;, O) = extr™ (S N A;, s[ A, M).

We first show that RN A; = SN A; and ¢[A; = s[A; before considering
each of two cases in turn. We observe the following:

e A;N Ay, = @ by proposition B.1(1) and Ep-UNIl.
e By definition 4.5, A; C aM and, also by Ep-UN1l, A;NaN = 2.
e A;N events(u) = & by SF2, PAl and since 4; N aN = 2.

Since A; N events(u) = @ and A; N Ap, = @, t[A; = s[A;. Moreover,
since A; N A = 9, A; C oM and A; NaN = &, then

RNA;=(RUAR)NA=(SUUUZ)NA; =SNA.
Case 1: A; C Fuis. In this case, by EP5-Fvi,
ez'tr:ef(RﬂA,-,t[Ai,O) =RnN A,‘ = SﬂA,- = CJItT';vf(SﬂA,‘,Sl—A,',M).

Case 2: A;NFuis = &. By definition 4.6, Comm(A;, O) = Comm(A;, M).
Thus, by definition 4.10,

extr[™ (RN A;, t[Ai, O) = extr[ (SN A;, s[Ai, M).

Hence, we have shown (B.6).

We now proceed with the remainder of the proof. By lemma B.20 and
since (s,S) € GdomgparyM a0d (4,U) € Pdomppn, N, then (w,Y) € ¢H such
that:



B.4. Proofs from section 4.4 252

e WE (el'tT‘Ep(M)(S) ”B,M el'tTEp(N)(u)).
oY = eztrg{,(M) (S,s, M)U e:l:trg{,(N)(U, u, N)U(X — eztr*®*(aM UaN)).

Since A = aM NaN and RU Ay, = (SUU)U Z, where Z C (T —
(aM UaN)), then Apy C SUU. Thus, by lemma B.16,

B C extrg{,(M) (S,s,M)U e:ctrg{,(N)(U,u,N)

and so (w\ B, Y) € ¢J for w € (eztrgpar)(s) || Byoe extrgp(n)(u)). Thus, by
SF2, propositions B.7 and B.8, and since s € Domgp(umy and u € Domgp(n),

extrgp(0)(t) € (eztrep(m)(s) ||, extrep(vy(w)) \ Bimt

and so
(ezt’r'Ep(o) (t), Y) € ¢J.

Hence, by (B.6), () and SF3, it remains to show that (Z—eztr**(c0)) C Y.
We know that B, C Y and so we show that (¥ — eztr**(a0)) — By, C Y.
This follows by the fact that, due to definitions 4.2 and 4.5 and propositions
4.5 and B.1(2),

(X — extr**(a0)) — By = & — (eztr**(a0) U Bpy) = £ — extr*® (aM UaN).
O
Lemma B.22. If M ;]g:g(M) K and N ;155("’ L, then O ggg(o) J.

Proof. We assume that M gﬁ,f‘M) Kand N QfFP(N) L. Hence, by SF-DEF3,
both M and N meet Dom-T-check and Dom-SF-check. Thus, by proposi-
tions B.11 and B.18, O meets conditions Dom-T-check and Dom-SF-check.
By Sr-DEF3 and SF-DEF1, eztrgpp)(TM) C 7K and extrgpnvy(TN) C 7L
and so, by TrR-DEF2, M Q?P(M) K and N Q?P(N) L. Thus, by proposi-
tion B.12, extrgpo)(7O) C 7J. Also by SF-DEF3 and SF-DEF1, we observe
that extrgpa (M) C #K and extrgpnvy)(¢N) C ¢L. Thus, by lemma
B.21, eztrgp0)(¢0) C ¢J and this concludes the proof by SF-DEF3 and
SF-DEF1. a

Proof of theorem 4.10
Proof. We assume that aFimu(Q1, @2, - ..,Q@n) C Fuvis and @; Q?II:(Q‘) P; for
1<i<n Let Q= Fimpl(QhQ%---,Qn) and P = Fspec(PhPZa"',Pn)' By

induction on n using lemma B.22, Q QE; @ p, Hence, by theorem 4.9 and
since a@) C Fuvis, @ Jsr P. O
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B.5 Proofs from section 4.5

Results used in the proof of theorem 4.12

Lemma B.23. Let ) be an implementation process such that aQ C Fuis.
Then:

1. eztrppq)(0Q) = 0Q.
2. eztrpp(g)(4.1Q) = ¢.Q.

Proof. 1. Let t € mindQ. By MDb, t € 7Q and so, by proposition B.4(1,2),
t € Domgp(q) and eztrgp(g)(t) = t. Thus, by FD-DEF2, FD4 and definition
2.2,

eﬁTEp(Q)((SQ) = {tO (] | temind@Q A uce 2‘} = 6Q.

2. By proposition B.15, eztrgp(g)(#Q) = ¢Q and, by partl of the lemma,
eztrgp(g)(6Q) = 6Q. Thus, by FD-DEF3 and DR2,

extrep()(¢LQ) = dQU{(t,R) [t €6Q A RC X} =¢.Q.

Proof of theorem 4.11

Proof. (—>) We assume that Q QﬁZ(Q) P. Hence, by Fp-DEF4 and Fp-
DEFl, BIBtT‘Ep(Q) (¢_LQ) C ¢J_P and eIL‘tTEp(Q)((SQ) CoP. Thus, ¢, Q C ¢, P
and 6@ C 6P by lemma B.23.

(<=) We assume that Q Jrp P. Thus, by lemma B.23, eztr gp(g)(¢.Q) C
¢ P and extrgp(g)(6Q) C 0P. By proposition B.4(1), t € Domgpg) for all
t € 7Q and so @ meets Dom-T-check. @ meets Dom-SF-check since, by

definition 4.5, A; C Fuis for every ep; € EP(Q). Thus, by FD-DEF1 and

Fp-DEF4, Q 2579 p, 0
Lemma B.24. Let Q be an implementation process and ...,t;,... an w-
sequence in Domgp(q). Then ..., extrgpg)(t;),. .. is also an w-sequence.

Proof. Let w € X¥ be the least upper bound of the sequence . ..,¢;,.... Thus,
by TR-GLOBALI1, there exists ep; € EP(Q) such that w[A; € £¥. Hence,
and also by TR-GLOBALL, ...,t;[A;,... is an w-sequence in Dom; and so
.., extri(t;[A;), ... is an w-sequence by EP6. By induction on the length
of traces using TR-GLOBALZ2, e:L'tT‘Ep(Q)(tj) € H|15ksme$trk(tj [Ag) for each
t;. Thus, the length of the extrgp()(t;) increases unboundedly and so, by
proposition B.3(2), ..., eztrgpg)(t;), . . . is an w-sequence. O
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Proposition 3(3)5 Let @ be an implementation process and P a process
such that Q Jpp ™ P. If t € Tpomppo, @, then extrgp(g)(t) € T, P.

Proof. By FD-DEF4 and FD-DEF1, we observe that eztr EP(Q)(6Q) C 6P and
eIL'tT‘Ep(Q)((ﬁ_LQ) (_Z ¢_1_P. Moreover, by FD-DEF3, extrEp(Q) (¢Q) C ¢J_P. Let
t € Tpomgpq,@ and so t € T7Q). We now prove two auxiliary results.

Ifte domEp(Q) then ez‘tTEp(Q)(t) et P. (B.7)

We assume that ¢ € domgp(g) and consider each of two cases in turn.

Case 1: t € 0Q. In this case, there exists v € mindQ such that v < ¢ and
so, by proposition B.3(1), such that v € TDom gp(qy@- Thus, extrgp(q)(v) € 6P
by FD-DEF2 and since eztrgpg)(6Q) C dP. Hence, by proposition B.3(2)
and FD4, CIL'tTEP(Q) (t) € 6P and so e.’L'tTEp(Q) (t) er, P by Drl.

Case 2: ¢ € 6Q) and so (t, D) € ¢Q by DR3. Since eztrgp(q)(¢Q) C ¢, P
and by SF-DEF2, (CIL'tTEp(Q)(t),Q) € ¢ P. Thus, e.’EtT‘Ep(Q)(t) € 7. P by
definition.

Hence, we have shown (B.7). We now show the following.

Either eztrgp(g)(t) € 7. P or there exists a such that ¢t o {(a) € Tpom erie) @
(B.8)

We consider each of two cases in turn.

Case 1: t € Q). In this case, there exists v € mindQ@ such that v < ¢t and
s0, by proposition B.3(1), such that v € Tpem 5p(q,@- Thus, eztrgp(q)(v) € 6P
by FD-DEF2 and since eztrgp(q)(6Q) C dP. Hence, by proposition B.3(2)
and FD4, eztrgp(g)(t) € 6P and so extrgpg)(t) € 7. P by DRI.

Case 2: t € 6Q and so (t,9) € ¢Q by DR3. In the event that ¢t €
domgp(g) then the proof is immediate by (B.7) and so we assume that ¢ ¢
domgpg). Hence, by SF-GLOBALL, let ep; € EP(Q) be such that t[A; ¢
dom;. By EP1 we observe that A;N Fvis = @ since otherwise t[A; € dom; by
Epr3-Fvi and EP3A-Fv1. Let (¢, R) € ¢Q be refusal-maximal; by SF3 and
since t € Domgp(q), (t, RN aQ) € Gpomgpq,@- By definition 4.5, A; C Q.
Thus, since t[A; & dom; and since, by FD-DEF4, ) meets Dom-SF-check,

extr[ (RN A;, t[A;, Q) = extrT (RN aQ) N A4, [ 4;,Q) = @.

The proof of (B.8) concludes by considering each of two sub-cases in turn.

Case 2a: Comm(A;, Q) = Left. In this case, RN A; € ref;(t[A;) by
definition 4.10. Let X € ref;(t[A;) be maximal in the subset-ordering and
such that RN A; C X (if there is more than one such set we choose one
arbitrarily.) Thus, by EP5, there exists a € A; such that a ¢ X and so, also
by EP5, t[A; o (a) € Dom;. Hence, to (a) € Domgp(g) by TR-GLOBALI,
Ep-UN11 and since ¢ € Domgp(q). Moreover, a ¢ RN A; and so, since (t, R)
is refusal-maximal, ¢t o (a) € 7Q by SF4.
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__Case 2b: Comm(A4;,Q) = Right. In this case, by definition 4.10, RN A4; €
ref;(t[A;). Thus, by definition 4.9, there does not exist X € ref;(t[A;) such
that (RN A;)U X = A;. Let W € ref,(t[A;) be maximal in the subset-
ordering. Thus, there exists a € A; such that a ¢ W and a ¢ RN A;. Hence,
by EP5, t[A; o (a) € Dom; and so to {(a) € Domgp(g) by TR-GLOBALI,
Ep-UNI1 and since ¢t € Domgp(q). Moreover, since a ¢ RN A; and (¢, R) is
refusal-maximal, ¢ o (a) € 7Q by SF4.

Hence, we have proved (B.8). By (B.7), (B.8) and proposition B.14, there
exists a trace z such that ertrgp(g)(t o z) € 7, P. The proof then follows by

the monotonicity of extrgp(q) over traces due to proposition B.3(2) and the
prefix-closure of 7, P by Fpl1. a

Lemma B.26. Assume that extrgpy(¢M) C ¢ K and extrgpny(¢N) C
¢, L. Let(s,S) € Pdomgpuy M 18 (4, U) € Gdom gy, N be such that S C aM
and U C aN. Then (w,Y) € ¢, H such that

o w € (extrgpm)(s) |1Byn €xtrEP(N)(W0)).

oY = ez'trg{,(M) (S,s, M)U e:ctrg{,(N)(U, u, N)U (X — eztr*¢(aM UaN)).
Proof. The proof is the same as that of lemma B.20 except that:

e ¢, K and ¢ L are substituted for ¢K and ¢L.

e F'D2 is used in place of SF3.

e The relevant definition of parallel composition is taken from chapter
2.4.3 rather than chapter 2.4.2.

g

Lemma B.27. Assume that M and N both meet Dom-SF-check and Dom-
T-check. Assume that extrgpm)(¢M) C ¢ K and extrgpny(¢N) C ¢ L.
Then CIL‘tT‘EP(O) (¢O) g ¢_LJ

Proof. The proof is the same as that of lemma B.21 except that:
e ¢, H and ¢, J are substituted for ¢H and ¢J respectively.
e F'D2 is used in place of SF3.

e Lemma B.26 is used in place of lemma B.20.

Lemma B.28. Let s€ 7, K andu € 1, L. Then (s |5, u) C 7. .H.
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Proof. By definition of 7., (5,9) € ¢, K and (u, ) € ¢, L. Thus,

{(w,2) | w € (s ||, w)} € gL H
and so (s ||p,, u) C 7LH. O
Lemma B.29. If M 2pv™ K and N 255®™) [ then 0 25P© .

Proof. We assume that M ;Ig(M) K and N Q?Z(N) L. Hence, by FD-
DEF4, both M and N meet Dom-T-check and Dom-SF-check. Thus, by
propositions B.11 and B.18, O meets conditions Dom-T-check and Dom-
SF-check. By FD-DEF4 and FD-DEF1, we therefore have to show that
e.’L'tT'Ep(o)(50) C éJ and extr gp(o) ((}5_LO) CoLd.

We first show that eztrgp)(60) C 0J. Let t € Domgpoy and t €
mindO. By FD-DEF2 and FD4, it suffices to show that extrgp(o)(t) € dJ.
According to the semantics of the hiding operator in the failures divergences
model, we consider each of two cases in turn. Before we proceed, recall that
O = I'\ A and note that, by FD-DEF4 and FD-DEF1, eztrgpa)(6M) C
0K and ez'trEp(N)(dN) - oL.

Case 1: There exists w € 81 such that ¢ = w \ A oy, for some trace y.
In fact, t = w\ A since ¢ € mindO. Moreover, there exists v € mindI such
that v <w and v\ A, = w\ Ay since otherwise t € mindO. We therefore
take t = v\ Ane. Since v € mindl C 81, there exist s € 7. M, u € 7. N such
that v € (s ||4,,, u) and s € SM oru € 6N. If s € M, then s € mind M since
otherwise there exists z < v such that z € §I and so v  mindl. Similarly,
if u € 6N then u € mindN. By MbD, minédM C 7M and mindN C 7N,
moreover, .M = TM USM and 1) N = TN UGN by DR1. Thus s € TM,
u € TN and either s € mindM or u € mindN. Also by MD, t € mindO C 70
and so, by proposition B.9 and since ¢ € Domgp), s € Domgpr) and
u € Domgpn). Wlog, we assume that s € mindM. Thus, by FD-DEF2
and since eztrgpa)(6M) C 6K, extrgparn(s) € 0K and so extrgp(m)(s) €
7. K by DR1. Since u € 7N and u € Domgp(n), extrepwy(u) € 7L by
proposition B.25. Hence, (eztrgpa(s) ||, extrepvy(u)) € 0H and so, by
propositions B.7 and B.8,

extT‘Ep(o) (t) € (CIIItTEP(M)(S) ”BIM CIL'tT'Ep(N) (u)) \ B C 8J.

Case 2: There exists w € X¢ such that ¢t = w \ Ay, o z for some trace =
and, for every y < w,
yen, I =71IUdl

by DR1. Since t € minéO, £ = () and so t = w \ Ame. In the event
that there exists ¥’ < w such that ' € dI, then ¢ = y' \ A and the
proof proceeds as for Case 1. (We know ¢ = 3’ \ A in such a case since
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otherwise ¢t ¢ mind0.) We therefore assume that y & 6I and so y € 71
for every y < w. Thus, for every y < w, y € (py ||la,. gy) such that
py € TM and ¢, € TN. Lett, = y\ A for y < w. Then t, < t and
so ty € 7O for y < w; moreover, t, € Domgp(o) by proposition B.14. Thus,
for y < w, py € Domgpny and q, € Domgp(n) by proposition B.9 and so,
by proposition B.25, eztr gpar)(py) € 7. K and eztrgpn)(gy) € 7. L. Hence,
by proposition B.7 and lemma B.28, y € Domgp(ry and extrgpny(y) € 7. H
for every y < w. Hence, by lemma B.24, there exists k € ¥ such that k is
the least upper bound of the sequence of eztrgp()(y) for y < w. Moreover,
by Fpl, [ € 7. H for every [ < k. Since w € ¥ and w \ Ajy, is finite, then
w=rog where r € X* s € (Ap)” and so r\ Appy = w\ A =t. Thus, by
proposition B.8, for any trace h such that r < h < w,

eztr gp(0)(t) = extrgpo)(w\ Ame) = extrgpoy(h\ Ame) = eztrep(ry(h)\ B

Hence, k \ Bn; = extrgp(o)(t) and so eztrgpo)(t) € 0J.
We now show that eztrgpo)(¢.0) C ¢.1J. By FD-DEF3,

extr gp(o) (¢J_O) = extTEp(o)(¢O) U {(t, R) | te e.’L'trEp(o)((sO) AN RC Z}.

Thus, since extrgp(0)(60) C 6J and by FD5, it is sufficient to show that
eztr gp0)(¢0) C ¢.J. By FD-DEF1, FD-DEF3 and FD-DEF4, we observe
that extrgpm)(¢M) C ¢ K and eztr gp(nvy(¢N) C ¢, L. Hence, by lemma
B.27, ethEp(o)(¢O) Co.d. a

Proof of theorem 4.12

Proof. We assume that aFinn(Q1, @2, ..., @n) C Fvis and Q; ;Iﬁg(q") P; for
1 S ) S n. Let Q = Fimpl(Ql,Q2, - .,Qn) and P = Fspec(Pl,Pg, .. .,Pn). By
induction on n using lemma B.29, @ QﬁZ(Q) P. Hence, by theorem 4.11 and
since aQ C Fuis, Q drp P. (|



Appendix C

Proofs from chapter 6

C.1 Proofs from sections 6.2 and 6.3

Proposition C.1. The following holds:

TQpProj = {t € TQ | t[Proj gp(q) € Dompp(q)[Projgp(g)}-

Proof. Let i € inv. By definition 6.4 and since () € Dom; by EP3-T,
7D; = Dom;. Also by EP3-T, Dom; C (4;)* and so:

7DC; = {t\(A; - Proj;) | t € Dom;} = {t[Proj; | t € Dom;} = Dom;[Proj;.

By definition 4.7(1), Proj; = @ and so Dom;[Proj; = {()} for j ¢ inv.
Thus, TDC = |||1<i<mDom; [ Proj;. We then observe the following.

L DomEp(Q) = ||[15,~5mD0m,- by TR-GLOBALI.
® Projppg) = Ui<icm Proj; by definition 4.7(3).
e Let ep, € EP(Q). Then the following hold.

— events(t) C A; for every t € Dom; by EP3-T.
— Proj; C A; by definition 4.7 and EP2.
- 4N A; =2 for ep; € EP(Q) such that ¢ # j by Ep-UNIl.

Hence, 7DC = Domgp(q)[ Projgp(q)- We then observe that B(D;) C A;
for i € inv by EP3-T and definition 6.4, and so S(DC;) C Proj; since
Proj; C A;. Thus, and by definition 4.7, 8(DC) C Projgp(g) and so we take
aDC = Projgp(g)- By EP2 and definitions 4.5 and 4.7, Projgp(q) a() and
s0 Projgp(g) = @@ NaDC. Hence, the proof follows by theorem 2.17. d

258
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Proof of theorem 6.1

PTOOf. (=>) We assume that mej \ Fuis Ir (”l,'e,',wD,'). Let t € TQ be
such that ¢[Projgpq) € Domgp(q)[Projgpq)- By Dom-T-check, it suffices
to show that ¢ € Dompgp(g). By proposition C.1, t € TQpn,; and so

t\ Fm's € T(HliEiIWDi) = IH,-E,-,,,,Domi.

Let ¢ € inv. By definition 6.1, A; N Fvis = @. Thus, and by EP3-T and
Ep-UNI11,

t[A; = (t\ Fuis)[A; € Dom,.
Moreover, t[A; € Dom; for j ¢ inv by EP3-Fv1 and so ¢ € Domgp(q) by
TR-GLOBALL.

(<) We assume that @ meets Dom-T-check. Let w € T(Qpp; \ Fuis)
be such that w =t \ Fuvis where ¢t € 7Qpp;. By proposition C.1 and since
Q meets Dom-T-check, ¢ € Domgpg). Let j € inv. By definition 6.1,
A;N Fuis = @. Hence, and by TR-GLOBALI,

wl[A; = (t\ Fuvis)[A; = t[A; € Dom; = 7D;.

Since t € Domgp(g), then events(t) C Ulsigm A; by TR-GLOBAL1 and

50
events(w) C ( U A;) — Fuis.
1<i<m
Thus, by definition 6.1 and EP1, events(w) C ¢, 4i and so, by EP-UNil,
w e T(l”ieinuDi)- O

Proof of theorem 6.2

Proof. By theorem 6.1, it suffices to show that Qpp; \ Fuis I (||licinyDs) if
and only if Qpr; \ (@Q — A;) 31 D; for every i € inv.

(=) We assume that Qpr; \ Fvis Jr (||licineDi). Let i € inv and
t € T(Qpro; \ (@Q — A;)), where w € TQpr; is such that t = w\ (eQ — A;).
By proposition C.1 and PAl, events(w) C a@ and so t = w[A;. We also
observe that w \ Fvis € 7(|||jeinyD;) and, by definition 6.1, 4; N Fvis = @.
Thus, and by EP3-T and Ep-UNI1, t = w[4; = (w \ Fuis)[A; € TD;.

(¢<=) We assume that Qpr; \ (@Q — A;) Ir D; for every i € inv. Let
t € T(Qproj \ Fuis) be such that w € TQpr; and t = w \ Fvis. Let j € tnv.
By proposition C.1 and PAl, events(w) C o@. Thus, w\ (aQ — 4;) = w[4;
and so w[A; € 7D;. By definition 6.1, A; N Fvis = @. Hence,

t[Aj = ('w \ FUiS)[Aj = ’l.U[Aj € TDj.
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Since events(w) C aQ, and by definition 4.5, events(w) C U, ¢, Ai-
Thus, o
events(t) C ( U A;) — Fuis
1<i<m
and so, by definition 6.1 and EP1, events(t) C |J;c,,, Ai- Hence, by Ep-
UNIl, t € T(”lieiuvDi)- O

Lemma C.2. Let s € 7Q, u € 7(|||icinvD;) and t € (s ||4
te DomEp(Q) and t[Ag,w =1u.

u). Thent=s,

iny

Proof. We first observe that, for i € inv, f(D;) C A; by EP3-T and def-
inition 6.4, and so B(|||icineDi) C Ay by definition 6.2(1). Thus, we as-
sume a(|||icinyD;) = Ainy and so events(u) C Ajy by PAl. Hence, t = s
and, by TRP, t[Ainy = v € 7(||licineDi). Thus, by Ep-UNIl and EpP3-T,
t[A; € TD; = Dom, for i € inv. Moreover, t[A; € Dom; for j & inv by
EpP3-Fv1. Thus, t € Domgp(g) by TR-GLOBALI. O

Lemma C.3. Let t € Domgpq). Then t[Ainy € T(|||icinuDs)-

Proof. By TR-GLOBALL, t[A; € Dom; = 7D; for i € inv. Thus, t[Ay, €
7(|||icinv Di) by definition 6.2(1) and Ep-UNil. a

Proof of proposition 6.4

Proof. We first observe that, for : € inv, 8(D;) C A; by EP3-T and definition
6.4, and s0 B(|||icinyDi) C Ainy by definition 6.2(1). Thus, we assume aD; =
A; for i € inv and o(|||icinyDi) = Ainy- Hence, by definitions 4.5 and 6.2(1),
o(|||icinoDi) = Ainy C @ and so Ainy = aQNa(]|licineDs). We now proceed
with the proof proper.

1. We observe that

Q= {t| (@s € 1Q,u € 7(||JicinvDs)) t € (s
Thus, by lemmas C.2 and C.3,

|Ainv u)}

T@ ={te1Q |t € Domgpg)} = TD,,,,,EP(Q)Q.
2. Let 7 € inv. We observe that
¢D; = {(t,R) | t € Dom; = TD; A R C (A; — Next;(t)) U (T — Ai)}.

Let t; € Dom; for i € inv. By EP-UNI1, since Nezt;(t;) C A; for i € inv
and by definition 6.2(1), then:

U (A — Neat(t:)) = Aimy — | Neati(t):

i€inv i€iny
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Hence, by definitions 6.2(1), 6.3(1) and 6.5,

¢(|||i€inuDi) = {(t7 R) I te Dominu = T(”lieinvDi) A (Cl)
R g (A,'m, - Nel't,'m,(t)) U (2 - A,'m,)}.

Recall that A,,, = a(|||i€,-,.,,D,-) C a@ and A;yy = a@ N a(|||,'e.-,,.,D,~).
Thus, by theorem 2.20,

$Q = {(t,SUUUZ)|ZC(Z-aQ)A

((3(s, 8) € ¢Q, (u,U) € ¢(|llicinuDs)) t € (5 ||a,0, u) A
S g CMQ AU g Ainv)}-

and so, by PA2 and SF3,
$Q = {(t,SUU)|(3(s,9) € ¢Q, (1,U) € ¢(|licin D))
te (3 “Ainv u) ANUC Ainu}-

The proof follows by this, (C.1), lemmas C.2 and C.3 and SF2.

3. We observe that D; is guarded for i € inv and so, by DF, éD; =
. Hence, 6(|”ieinuDi) = & and so T.l.(l”ieinuDi) = T(”lieinvDi) by Dr1l.
Moreover, 6@ C 7, @ also by DR1. As a result,

6Q = {tov|(3s €6Q,u € 7(|||icineDs)) t € (5 || 4., u) A vEZT*}
and so, by definition 2.2,
mindQ = {t | (3s € mindQ,u € 7(||licineDi)) t € (5 || asms ©)}-
Hence, by lemmas C.2 and C.3, and since mindQ C 7Q) by Mb,

mindQ = {t | t € mindQ A t € Domgpq)}.

Proof of theorem 6.5

Proof. We first show the following. Let (t, R) € #pomgpq,& and, by propo-

sition 6.4(2), let (¢,S) € ¢Q be such that S = RU U, where U C (Ainy —
Newtiny (6] Ains))-

Let ep; € EP(Q). Then extr[™ (RN A;,t[A;, Q) = eztr™ (S N A, t[ A, Q).
(C.2)
We consider each of two cases in turn.
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Case 1: A; C Fuis and so i ¢ inv. By definition 6.2(1) and Ep-Uxil,
RN A; = SN A; and so the proof follows by EP5-Fv1.

Case 2: A;N Fvis = @ and so 1 € inv. By EP3-T and definition 6.4,
Nert;(t[A;) € Aj for j € inv. Thus, by definitions 6.2(1) and 6.5 and
Ep-UNi11,

SﬂAi = (RﬂA,) U U,, where U’ - (A1 - Nezt,(t[A,))

Hence, by EP5 and definition 6.4, SN A; € ref ([ A;) if and only if RN A; €
ref ;(t[ A;). Moreover, by EP5 and definitions 4.9 and 6.4, SN A; € ref ;(t[A)
if and only if RN A; € ref;(t[A;). Thus, the proof follows by definition 4.10
and the fact that Comm(4;, Q) = Comm(4;, Q).

Hence, we have shown (C.2) and now proceed with the proof proper.

1. The proof follows by TR-DEF1 and proposition 6.4(1).

2. The proof follows by definition of Dom-SF-check, (C.2) and proposi-
tions 6.3(2,3) and 6.4(2).

3. We first observe that, by proposition B.14, if (t,R) € @dompgpq,&@
then (¢, R) € #pomgp,@ The proof then follows by SF-DEF2, SF-
GLoBAL2, (C.2) and propositions 6.3(2,3) and 6.4(2).

4. The proof follows by FD-DEF2 and proposition 6.4(3).

5. The proof follows by FD-DEF3 and parts 3 and 4 of the theorem.

C.2 Proofs from section 6.4

Note: Recall that m gives the cardinality of EP(Q) = EP(Q) and so
EP(Q) = {ep; | 1< i < m}.

Proposition C.4. The following results hold, where i € inv:
1. If w € TTE;, then domain(w) € Dom;.
2. If t € Dom;, there erists w € T TE; such that domain(w) =t.

8. If w € TTE;, then extract{w \ A;) = extr;(domain(w)).
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Proof. We first observe that () € Dom; by EP3-T and eztr;({)) = () by
EP4. Moreover, recall that TE; £ TE;(()).

(1,2) The proof in both of these cases is by induction on the length of
traces using definitions 6.4 and 6.7(1).

(3) The proof is once more by induction on the length of traces, this time
using D1s and definitions 6.4, 6.6 and 6.7 (note that eztr;(domain(w)) is
defined by part (1) of the proposition). O

Proposition C.5. The following hold:
1. B(TE;) C prep(4A;) fori € inw.
2. B(TEiny) C prep(Ainy).
3. B(Qlprep]) C prep(aQ).

Proof. By proposition 6.6, 8(TE;) = {m;(a,t) | t o (a) € Dom;} for i € inv.
Thus, B(TE;) C prep(A;) by EP3-T and definition 6.8 and so B(TE;,,) C

prep(Ainy) by definition 6.2(1). Since B(Q) C o, ,B(é[prep]) C prep(eQ).
O

Lemma C.6. Let w € TTE;n,. Then w € prep(domain(w)).

Proof. We proceed by induction on the length of w. In the base case,
when w = (), the proof is immediate. Let w = u o (a). By the induc-
tive hypothesis, it suffices to show that a € prep(domain(a)). We assume
0TE;ny = B(TEiny) = Uiciny B(TE;). Thus, by proposition 6.6 and PAl,
a = mi(h,z) for some i € inv and z o (b) € Dom;. Moreover, note that
b € A; by Ep3-T. Hence, by definition 6.7(1), domain(a) = b and so
a € prep(domain(a)) by definition 6.8. O

Proposition C.7. Let uo (a) € 7Q. If b € prep(a) then domain(b) = a.

Proof. By proposition 6.3(2), definition 4.5 and PAl, a € A; for i such that
1 <1 < m. We consider each of two cases in turn.

Case 1: i € inv. By proposition 6.4(1) and TR-GLOBALL, u[A; o (a) €
Dom;. Thus, by EP-UNIl and definition 6.8, b = m;(a, z) for some trace =
such that z o (a) € Dom;. Hence, by definition 6.7(1), domain(b) = a.

Case 2: i ¢ inv. By EP-UNIl and definition 6.8, prep(a) = {a} (i.e.
prep(a) is not defined explicitly). Thus, it suffices to show that domain(a) = a
and we consider two sub-cases in turn.

Case 2a: domain(a) is defined explicitly. We show that this case can
never hold by proving a contradiction. In this case, by definition 6.7(1),
a = m;(c, z) for some trace z and j € inv such that zo(c) € Dom;. Then, by
Dis and definition 6.6, ¢ = a. Also, by EP3-T, c € A; and so A;NA; # 2.
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However, i # j since i ¢ inv and j € inv and so we have a contradiction by
Ep-UNIl1.

Case 2a: domain(a) is not defined explicitly. Then domain(a) =a. O

Proposition C.8. Lett € 7Q and w € prep(t). Then domain(w) = t.

Proof. We proceed by induction on the length of ¢. In the base case, when
t =w = (), the proof is immediate. Let t = u o (a) and w = v o (b). By the
inductive hypothesis, it suffices to show that domain(b) = a, which follows
by proposition C.7. O

Proposition C.9. (@[prep] lprep(aim) TEinv)|domain] =7 Q.

Proof. We assume aTE; = B(TE;) for i € inv and, by proposition C.5(2),
that a TEin, = prep(Ainy).

(C) Let t € 7(Q[prep] || Prep(Aimy) TEiny)[domain]. Then there exists

w € 7(Q[prep] ||prep(ain) TEinv)

such that domain(w) = t. Thus, there exists s € T(Q[prep]), u € TTE;p,
such that w € (s |[prep(a,..) u). By PAl, events(u) C prep(Ainy) and so
w=gs€ T(Q[prep]) Hence, by proposition C.8, ¢t = domain(w) € Q.

(D) Let ¢ € 7Q. Thus, u € 7(Q[prep)) for every u € prep(t). Moreover, by
proposition C.8, domam(u) =t for all such u. Thus, it suffices to show that
there exists u € prep(t) such that u[prep(Ainy) € TTEin,. By proposition
6.4(1) and TR-GLOBALIL, t[A; € Dom; for i € inv. Hence, by proposition
C.4(2) and for 7 € inv, there exists w; € 7 TE; such that domain(w;) = t[A;.
Thus, by EP-UN11 and definition 6.2(1), t[ Ay € |||iciny domain(w;). Hence,

t[Ainy € |||icinydomain(w;) = domain(]||icinvwi)

and so there exists w € TTE;, such that domain(w) = t[An,. Thus, by
lemma C.6, w € prep(t[Ainy).- Let a € events(t) be such that a ¢ Ai,.
Then prep(a) = a by definitions 6.2(1) and 6.8; moreover, a € A; for some
j & inv by proposition 6.3(2), definition 4.5 and PAl. Hence, prep(a) =
a & prep(Ainy) by DIs and definitions 6.6 and 6.8. Thus, since events(w) C
prep(Ainy) by PA1, there exists w’ € prep(t) such that w'[prep(Ainy) = w €
TTE,'m,. O

Proposition C.10. Let 1 < i, < m be such that i # j. Then prep(A;) N
prep(A;) =@
Proof. The proof follows by Dis, EP-UNI1 and definitions 6.6 and 6.8. O

Proposition C.11. Let uo {(a) € 'r(@[prep] | prep(Aims) TEinv) and i € inv.

Then domain{a) € A; if and only if a € prep(A4;).

iny
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Proof. By proposition C.5(2), we assume aTE;,, = prep(A;,). We observe

there exists s € 7(Q[prep]), v € 7 TEn, such that u o (@) € (s |[prepiain.) v)-
By PAl, events(v) C prep(Ainy) and so

uo (a) = s € 7(Q[prep)).

Thus, there exists w o (b)) € 7Q such that u o (a) € prep(w o (b)) and, by
proposition C.7, domain(a) = b. Moreover, by proposition 6.3(2), definition
4.5 and PAl, there exists ep; € EP(Q) such that b € A; and so, since
a € prep(b), a € prep(A;). We finally consider each of two cases in turn.
Case 1: domain(a) = b € A;. Since a € prep(b), then a € prep(A4;).
Case 2: domain(a) = b ¢ A;. In this case, i # j. Thus, since a €
prep(A;), a & prep(A;) by proposition C.10. O

Lemma C.12. Let w € 7(Q[prep] || prep(an) TEins). Then domain(w)[A; =
domain(w[prep(A4;)) for i € inv.

Proof. We proceed by induction on the length of w. In the base case, when
w = (), the proof is immediate. Let w = v o (a). By proposition C.11, we
observe that

domain((a))[A; = domain({a)[prep(A4;)).

and so the proof follows by the inductive hypothesis. a

Proposition C.13. Let w € 'r(@[prep] | prep(aims) TEinv) and domain(w) =
t. Then extract(w \ Ainy) = eztrgp(g)(t).

Proof. The proof proceeds by induction on the length of w. In the base case,
when w = ¢ = (), the proof is immediate by TR-GLOBAL2. Let w = uo (a).
By proposition C.9, domain(w) = domain(u) o (domain(a)) € 7Q). Hence, by
proposition 6.4(1), domain(w) € Domgp(g). Thus, by TR-GLOBAL2, where
domain(a) € A; for ep;, € EP(Q),

extr gp(g) (domain(w)) = extrgp(q)(domain(u)) or

such that eztr;(domain(w)[A4;) = eztr;(domain(u)[A;) o r. We also observe
that
eztract(w \ Ainy) = eztract(u \ Ainy) 0 eztract((a) \ Ainv)

and so, by the inductive hypothesis, we show that eztract((a) \ Ainy) = 7.
We consider each of two cases in turn.

Case 1: 1 € inv. In this case, domain(a) € A, by definition 6.2(1) and
Ep-Unil. Thus, domain(a) = a ¢ A, since, by EP3-T and definitions
6.2(1) and 6.7(1), domain(b) € Ainy for all b such that domain(b) is defined
explicitly. Hence, a € A; and so eztract(a) = a by Dis and definition 6.7(2).
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Thus, extract({a) \ Aimy) = (a) and so it suffices to show that r = (a). Since
i ¢ inv, then a € A; C Fvis. Thus, since domain(a) = a, we observe that

extr;(domain(u)[ A; o (a)) = extr;(domain(u)[A;) o T

and so, by EP4-Fv1, r = (a).

Case 2: i € inv. By proposition C.5(1,2), we assume that aTE; =
prep(Aj\) for j € inv and aTE;y, = prep(Ainy). By definition, there exists
s € T(Q[prep]), v € TTE;s, such that w € (s ||prep(a,,) v) and so, by TRP,
w[prep(Ainy) = v[prep(Ainy). Thus, by PAl, w[prep(Ain,) = v € TTEjpy.
By proposition C.10, prep(A;) N prep(Ax) = @ for j, k € inv such that j # k.
Hence, by PAl,

w([prep(A;) = (w(prep(Ains))[prep(A;) € 7 TE;.
Moreover, since w = u o (a), u[prep(4;) € T TE;. We know that

extr;(domain(w)[A;) = eztr;(domain(u)[4;) o .
Thus, by lemma C.12,

extr;(domain(w|[prep(4;))) = eztr;(domain(u[prep(4;))) or

and so, by proposition C.4(3),
extract((w[prep(A;)) \ A;) = eztract((u[prep(A4;)) \ A)or.

Thus, r = extract(({a)[prep(A;)) \ A;). By proposition C.11 and since
domain(a) € A;, then a € prep(4;) and so r = eztract({a) \ A;). Hence, we
have to show that

extract({a) \ Ainy) = eztract({a) \ Ai).

Thus, it suffices to show that a € A; if and only if a € Ay If a € 4,
then a € A;y,, by definition 6.2(1). We therefore assume that a € A,y and so
a € A; for some j € inv. Since w[prep(A;) € 7TE; and a € prep(A;), then
a € B(TE;) by Pal. Hence, by proposition 6.6, there exists z o (b) € Dom;
such that a = m;(b, z). Moreover, b € A; by EP3-T. Thus, by DIs, definition
6.6 and since a € A; for some j € inv, a =b € A;. O

Proof of theorem 6.7

Proof. The proof follows by proposition 6.4(1), TR-DEF1, proposition C.9
and proposition C.13. d
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C.3 Proofs from section 6.5

Lemma C.14. (Ve erm sy (Upea,—my {X € Ai | a & X}) = ref(¢) fori € inv
and t € Dom,;.

Proof. We first observe that ref(t) is non-empty by definition 6.10 and
EPS5.

(C) Let S € Npererm(sy(Uaea;—my{X € Ai | a € X}). Thus, for every
R € ref}(t), there exists a € (A; — R) such that a ¢ S. Hence, for every
R € ref{!(t), SUR # A;. By definition 6.10, for every X € ref,(t) there
exists R € refM(t) such that X C R and so S € ref,(t) by definition 4.9
(note that S C 4;).

(D) Let S € ref,(t). Then, by definition 4.9, S C A; and, for every
R € ref;(t), RUS # A;. Thus, for every R € ref¥(t), RUS # A;. Hence,
for every R € ref”(t), there exists a € A; — R such that a ¢ S and so the
proof follows. O

Proof of lemma 6.9

Proof. We consider each of two cases in turn.
Case 1: Comm(A;, Q) Right.
Case 1a: t € dom;. In this case,
¢DSFR(t) = {((a) 0 5, X) | a € Next;(t) A (s,X) € ¢DSF{(to (a))}.
Case 1b: t € Dom; — dom;. In this case,
¢#DSFE(t) ={((a) 0 5,X) | a € Next;(t) A (s,X) € ¢DSFi(to (a))} U
Urergsn{((),YUZ) |[Y SR A ZC (E-A)}
By definition 6.10 and EP5, ref;(t) is the subset-closure of ref}(t) and so,
by definition 6.9,

¢DSFE(t) ={({(a) 0 5, X) | @ € Next;(t) A (s,X) € $DSF}(to(a))} U
{((),YUZ)|Y € RefSet;(t) A Z C (Z— Ai)}.

Case 2: Comm(A;, Q) = Left.
Case 2a: t € dom;. In this case,
¢DSFI(t) = {({a) 0 5,X) | a € Nezt;(t) A (s,X) € ¢DSFE(to (a))}.
Case 2b: t € Dom; — dom;. In this case,
@DSFE(t) ={({a) 0 5, X) | @ € Next;(t) A (s,X) € $DSF(to (a))} U
nRemﬁ“(t) (Uae(A,-—R){(< ), X)|agX}).
Thus, by lemma C.14 and definition 6.9,
¢DSF{(t) ={({a) 0 5, X) | a € Nezt;(t) A (s,

X)€ ¢ DSFL(to(a))} U
{((,)YU2Z)|Y € RefSet;(t) N ZC (%

A}
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We observe that () € Dom; by EP3-T and recall that DSF; £ DSFR(())
or DSF; & DSFF({)) as appropriate. The proof then follows from the above
by induction on the length of traces using definition 6.4. a

Proof of lemma 6.10

Proof By proposition 6.3(2) and definition 4.5, 4; C aQ. Thus, 3(Proc;) =
aQ and so we assume aProc; = aQ We then observe that

¢Proc; = {(t,R) |t € (Q)* A RC (S~ A))
and so, by SF2 and Pal,
$(@ llag Proc) = {(t,R) | (3(t, X) € Q) R C (X N 4;) U (T — A)}.

Again by SF2 and PAl, events(t) C oQ and so t\ (eQ — 4;) = t[A, for
(t,X) € #Q and so the proof follows. ad

Proof of theorem 6.11

Proof. Let i € inv. By definition 6.4 and EP3-1, B(DSF;) C 4, and so we
assume aDSF; = A;. By proposition 6.3(2) and definition 4.5, 4, C aQ and
so B(Proc;) = aQ Since E(Q) - aQ, then B(Q,) = 4; and so we assume

a®); = A;. Thus, by lemmas 6.9 and 6.10 and since A; C aQ ¢ Finallmple,
is given by:

{(t[4;, R) | (3(t, X) € ¢Q,Y € RefSet;(t[A;)) t[A; € Dom; — dom; A
XCoQ A RC(XNA)UY U (S - 4)}.

We then observe that, for (¢, X) € $Q, t[A; € Dom; by proposition
6.4(2) and TR-GLOBAL1. Thus, the proof follows by the definition of Dom-
SF-check and definitions 4.9, 4.10 and 6.9. O

C.4 Proofs from section 6.6

Note: Recall that the set of primed events contains only “fresh” events:
l.e. it does not contain any events already used in defining Q, P or EP(Q)
or which are used in any other capacity as part of the verification of Q
Recall also that the events in d;,, are assumed to be “fresh” in the same
sense. A similar condition also holds by Dis from section 6.4. These facts
will generally be appealed to implicitly where they are needed in the proofs
in this section.
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Proof of lemma 6.12

Proof. By definition 6.4 and EP3-T, B(RE;) C A;Uprime(4;) for i € inv and
so we assume aRE; = A;Uprime(A4;). Thus, by EP-UNI1, aRE;NaRE; = @
for j # k, where j, k € inv. Moreover, B(|||icinyRE;) C Ainy U prime(A;n,) by
definition 6.2(1) and so we assume o(|||iciny RE;) = Ainy U prime(Ainy). We
also assume aTrim = Ajp,Uprime(Ainy) since (Trim) = Ay, Uprime(Ainy ).

(1) Let i € inv. Wlog, we consider the case that Comm(A4;, @) = Right.
In this case, for £ € Dom;, we observe that

TREXMt) = {()}U{(a) 0 s | @ € Nezt;(t) A s € TRER(to (a))} U X,

where X C {(prime(a)) | a € A;}. We observe that () € Dom; by EP3-T
and recall that RE; £ REF(()). Then, by induction on the length of traces
using the above and definition 6.4, we observe that

TRE; = Dom; UY, where Y C {t o (prime(a)) |t € Dom; A a € A;}.

We then observe that Dom; C (4;)* C (Ainy)* by EP3-T and definition
6.2(1). Thus, by definitions 6.2(1) and 6.3(1), 7(|||jcine RE;) = Domn, UT,
where

T C {t € (Ainy U prime(Ainy))* | t[Ainy € Dominy }.

We also observe that
7Trim = (Ainy)* U {t o (prime(a)) | t € (Ainv)* A @ € Ainy}

and so the proof of this part follows by definition 6.2(1) (recall also that
Dominy C (Ainy)* by definition 6.3(1)).
(2) Let ¢ € inv. We begin by considering each of two cases in turn.
Case 1: Comm(A;, Q) = Right.
Case 1a: t € Dom; — dom;. In this case,
SRER(t) = {({(a) 0 5,X) | a € Next;(t) A (s,X) € pRE{(t o (a))}.
Case 1b: t € dom;. In this case,
SRE[(t) = {((a) 0 5, X) | a € Nezt(t) A (s,X) € RE[(to (a))} U
Ureresm(sy {((), prime(S)UTU) | S C R A U C (T — prime(4i))}-
By definition 6.10 and EP5, ref,(t) is the subset-closure of ref}’(t) and so,
by definition 6.9,

SRET(t) = {((a) 0 5,X) | a € Neat;(t) A (s,X) € $RE(to(a))} U
{((), prime(S) UU) | S € RefSet;(t) A U C (T — prime(4:))}-



C.4. Proofs from section 6.6 270

Case 2: Comm(A;, Q) = Left.
Case 2a: t € Dom; — dom;. In this case,
$RE; (t) = {({a) 05, X) | a € Nexti(t) A (5,X) € $RE} (t o (a))}.
Case 2b: t € dom;. In this case,
¢REF(t) = {({a) 08,X) | a € Next;(t) A (s,X) € pREE(t o (a))} U
Nreres () Useprime(a-m {((), X) [0 ¢ X}.
Thus, by a proof similar to that of lemma C.14 and also by definition 6.9,
¢RE; (t) = {((a) 05, X) | a € Neat;(t) A (5,X) € pRE;(to (a))} U
{((), prime(X)UY) | X € RefSet;(t) A Y C (T — prime(4;))}.
We observe that () € Dom; by EP3-T and recall that RE; £ REF(()) or

RE; 2 REF(()) as appropriate. Then, by induction on the length of traces
using definition 6.4 and the above two cases, ¢ RE; is given by:

{(t, prime(X)UY) | ¢t € dom; A X € RefSet;(t) A Y C (X — prime(4;))}.
Hence, by definitions 6.2(1) and 6.3(2),

¢(|lljeinvRE;) = {(t, prime(X) UY) | t € dominy A X C Ainy A
Y C (X — prime(Ains)) A ((Vi € inv) X N A; € RefSet;(t[A:))}-

We then observe that
¢Trim = {(t, R) | t € (Ainy)* A RC T — (Ainy U prime(Ains))}-

and so the proof of this part follows by theorem 2.20 and SF3 (recall that
doMiny C (Ainy)* by definition 6.3(2)). O

Lemma C.15. The following hold:
1. rInterim = 7Q U {t o (prime(a)) | to(a) € TQ A ((Fi € inv) a € A)}.
2. ¢pInterim = {(t,R) | (3 (¢, X) € $Q) X N prime(Ainy) = D A
R C X Uprime(X N Ainy)}-

Proof. Since B(Q) C aQ, then B(Q[p?)) C gq(a@). By proposition 6.3(2),
definition 4.5 and definition 6.2(1), Ay C aQ. Hence, by definition 6.11, we
assume

o(Qlp?) = p%(eQ) = o@ U prime(Ain).
Moreover, we assume o TrimTwo = B(TrimTwo) = oQ U prime(Ainy)-
(1) We observe that:

o 7(Qp9) = {t| 3serQ)teps)}
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o 7TrimTwo = (aQ)* U {to (prime(a)) | t € (@Q)* A
((F € inv) a € 4)).
o 7Q C 7(Q[p?)) by definition 6.11(2).
Hence, the proof follows by PAl and definition 6.11.

(2) We first observe that

$(@p%]) = {(t, R) | 3s) t € p°(s) A (5,(@®) " (R)) € 60}
Let (t,R) € ¢Q. Then, by PA2 and SF3, (t,RU S) € ¢Q where
S C prime(A;y,). Hence, by definition 6.11,

$@°) = {(t,R)| (A (s,X) € ¢Q) t € p%(s) A
X Nprime(Aipy) =2 A
R C X Uprime(X N Aiy)}-

We also observe that:
¢TrimTwo = {(t,R) |t € (aQ)* A RC ¥ — (aQU prime(Ain,))}-

Thus, the proof follows by definition 6.11(2), SF2, PA1l, theorem 2.20 and
SF3. O

Proof of lemma 6.13

Proof. Since B(Q) C o, then B(Q[p?)) C p?(aQ). We also observe that,
by proposition 6.3(2) and definition 4.5, a@ = Apyis U Ajny. Thus, by
definition 6.11, ﬂ(@[pq]) C aQU prime(Ainy). Moreover, f(TrimTwo) =
a@ U prime(A;ny). Hence, we assume

alnterim = a@ U prime(Ainy) = Apyis U Ainy U prime(Ainy).
Moreover,
* B(||licinvRE;) C Ainy U prime(Ainy)-
e B(Trim) = Ay U prime(Ainy)-

Hence, we assume
aREiny = Ajny U prime(Ainu)-
(1) By proposition 6.4(1), TR-GLOBAL1, EP-UNil, definition 6.2(1) and
definition 6.3(1), t[Ainy € Domg, for every t € 7Q. Moreover, for such t,
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t[(Ainy U prime(Ainy)) = t[ Ainy. Note also that, for s € TRE,, events(s) C
Ainy U prime(Ainy) by PAl. Thus, by lemmas 6.12(1) and C.15(1),

T(Interim || a,,,uprime(Asm) REiny) =T QuT,

where T C {t o (prime(a)) | t € 7Q A ((3i € inv) a € A;)}. Hence, the
proof follows by definition 6.13(1).

(2) We observe that, if (¢, R) € ¢Q, then t[(Ainy U prime(Ainy)) = t[Aine
by SF2 and PAl. Moreover, if t[Ai, € domin,, then t € domgp(g) by SF-
GLOBAL1, definitions 6.2(1) and 6.3(1), and the fact that dom; = A} for
i ¢ inv by EP3-FvI and EP3A-Fvi. And if t € domgpg) then t[Ajn, =
t[(Ainy U prime(A;ny)) € domq,. Also, if (w, X) € ¢RE,, then, by SF2 and
PAl, events(w) C Aipy U prime(A;pn,). Thus, by lemmas 6.12(2) and C.15(2)
and theorem 2.20, ¢(Interim || a,.,uprime(Ain,) REiny) is given by:

{(t7R) | (a(t’X) € ¢dom3p(Q)Q: Z C Ainu)
X Nprime(Ainy) = @ A ((Vi € inv) Z N A; € RefSet;(t[A;)) A
R C ((X U prime(X N Ay, )) N alnterim) U
Ainy U prime(Z) U (Z — (Apyis U Ajny U prime(Ainy))) }-

Thus, ¢(Interim || a,,,uprime(Aim,) BEiny) is given by:

fny

{t,R) | (3t X) € Pdompepiy@rZ  Aino)
X N prime(Ainy) = @ A ((Vi € inv) Z N A; € RefSet,(t[A)) A
R C (X N (Apyis U Ainy)) U prime(X N Aipy) U prime(Z) U
(E - (AFm's U p”me(Amv)))}

and so it is given by:

{(t7 R) ‘ (3(t1X) € ¢d0mgp(Q)Q; Z _C_ Ainv)
X CaQ A (Vi€ inv) ZN A; € RefSet(t[A)) A
R C (X N Apyis) U prime(X N Ainy) U prime(Z) U
(2 — (Apis U prime(Ainy))) }-

Thus, by definition 6.13(1),
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¢Prelmple = {(t, R) | (3 (t,X) € buompp(,@) X C aQ A
R C (X N Apy,) U
{di € dinv l (HY € RefSet,-(t[A,-))
(XNA)UY =4} U
(Z = (Arvis Udiny)) }.

Let (t,R) € ¢¢0mEP(Q)Q be such that R C a@. Then, by definition 6.14
and definitions 4.9, 4.10 and 6.9, extrFDRR, , (R, t,Q) is given by:

(Rﬂ Apm'g) U {d, € diny ] (3Y € RefSet,-(t [A.)) (R N A,') uY = A,}
O

Lemma C.16. The following hold:
1. (PreImple[prep] ||prep(aim,) TEiny)[domain] = PreImple.

2. Let w € T(Prelmple[prep] || prep(a;n,) TEinv) be such that either:

o w={() or;
o w# () and tail(w) & diny.
Then eztract(w \ Ainy) = eztr gp(g)(domain(w)).

8. Let w € 7(Prelmple[prep| ||prep(in,) TEinv) be such that w = u o (d;),
where d; € diny. Then extract(w \ Ainy) = eztrgp(q)(domain(u)) o (d;).

Proof. By proposition C.5(2), we assume that o TE;,, = prep(Ainy)-

(1) The proof is similar to that of proposition C.9, using lemma 6.13(1).

(2) By Pal, events(t) C prep(Aiy,) for t € 7TE;q,. Thus, and by lemma

6.13(1) and TRP, w € T(Q[prep] ||prep(aim,) TEinv). Hence, the proof
follows by proposition C.13.

(3) By lemma 6.13(1), PAl and TrP, u € 7(Q[prep] |prep(ains) TEinv)-
Hence, eztract(u \ Ainy) = extrgp(q)(domain(u)) by proposition C.13
and so eztract(w \ Ainy) = extr gp(g)(domain(u)) o (d;).

d

Proposition C.17. If (t, R) € ¢Prelmple and S C Ainy U Bin, U prep(Ainy),
then (t, RUS) € ¢ Prelmple.

Proof. We observe the following:
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o Ay N Apy; = @ by EP-UNi11 and definitions 6.2(1) and 6.15.

e By EP1-FvI and definition 6.15, Ap,;, = Uigine 4i = Uiginy Bi and so
B, N Apyi; = @ by EP-UNI1 and definition 6.2(2).

o prep(Ainy) N Apyis = @ by EP-UNI1, Dis and definitions 6.2(1), 6.6,
6.8 and 6.15.

e By definition, (Ainy U Biny U prep(Ainy)) N diny = 2.

Hence, (Ainy U Biny U prep(Ainy)) N (Apuis U diny) = @ and so the proof
follows by lemma 6.13(2). O

Proposition C.18. The following holds:

¢(PreImple[prep]) = {(t, R) | (3s) t € prep(s) A (s, R) € ¢PreImple}.
Proof. We first observe that
¢(PreImple[prep]) = {(t, R) | (3s) t € prep(s) A (s, prep”'(R)) € ¢ PreImple}.
Thus, the proof follows by proposition C.17 and definitions 6.2(1) and 6.8. O

Lemma C.19. ¢(Prelmple(prep)) ||prep(ain,) TEinv) is given by:

(LR | (t,R) € §(Prefmple(prep]) A
te T(Prelmple[prep]) ”prep(Asm,) TE:'nu)}'

Proof. By proposition C.5(2), we assume that o TE,,, = prep(A;,). We also
assume that a(Prelmple[prep)) = S(Prelmple[prep]) U prep(Ainy ).

(C) Let (t, R) € ¢(Prelmple[prep) l|prepiaom) TBim). Then, by theorem
2.20, there exists (s, S) € ¢(PreImple[prep]), (u,U) € ¢ TE;n, such that:

* 1 € (s [lprepaim) ©)-
e S C a(Prelmple[prep|) and U C aTE;,.

e R=SUUU Z, where, since aTE;,, C a(PreImple[prep)), Z C (£ —
a(PreImple[prepl)).

By S¥2, t € 7(PreImple[prep)) ||prep(aims) TEinv)- Moreover, by SF2 and
PAl, events(u) C prep(Ainy). Hence, t = s and so (t,S) € ¢(Prelmple[prep]).
Thus, by PA2 and SF¥3, (¢,S U Z) € ¢(PreImple[prep]). Moreover, by
propositions C.17 and C.18, and since U C prep(A4in,), (L, SUU U Z) €

@(PreImple[prep)).
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(2) Let (¢, R) € ¢(Prelmple[prep]) be such that

t € 7(Prelmple[prep]) llprep(ain.) TEiny)-

Thus, by TrP and PAl, t[prep(Ainy) € TTE;,,. We then observe that,
for ¢ € inv, TE; is guarded and so 6 TE; = @ by Dr. Hence, 6 TE;,, =
@ and so 7TEy, = {t | (t,9) € ¢TEin,} by proposition 2.3(2). Thus,
(t[prep(Ainy), @) € ¢ TEin,. We also observe R = (RNa(Prelmple[prep]))UZ,
where Z C ¥ — a(Prelmple[prep]). Moreover, (¢, R N a(Prelmple[prep])) €
¢(Prelmple[prep]) by SF3. Hence, by theorem 2.20 and since aTE;,, C

a(Prelmple(prep)),

(t, R) S ¢(PreImple[prep]) ”prep(A'.m,) TE,',W).

Lemma C.20. ¢(Prelmple[prep]) || prep(ain,) TEinv) is given by:

{(t,R) | (domain(t),R) € ¢ PreImple A
t € T(PreImple[prep]) ||prepiaim) TEinv)}-

Proof. By proposition C.5(2), we assume that a TE;,, = prep(Ainy)-

() Let (t,R) € ¢(Prelmple[prep]) ||prep(asm) TFEiny). Then, by lemma
C.19, (¢, R) € ¢(PreImple[prep]) and t € T(PreImple[prep]) || prep(aims) TEinv)-
Thus, by proposition C.18, there exists s such that ¢ € prep(s) and (s, R) €
@ Prelmple. Hence, by lemma 6.13(2) and SF2, s € T@ and so, by proposition
C.8, domain(t) = s.

(2) Let (¢, R) be such that t € 7(Prelmple[prep)) ||prep(ain,) TEinv) and
(domain(t), R) € ¢Prelmple. Thus, by Pal, t € 7(PreImple[prep]) and so
there exists s € 7PreImple such that ¢t € prep(s). Moreover, by lemma
6.13(2) and SF2, domain(t) € 7Q. Hence, if t # (), then by definition 6.7(1)
tail(t) € diny and so, by definition 6.8, tail(s) ¢ din,. Moreover, if t = ()
then s = (). As a result, by lemma 6.13(1), s € Q. Thus, by proposition
C.8, domain(t) = s and so the proof follows by proposition C.18 and lemma
C.19. O

Proof of lemma 6.14

Proof. By proposition C.5(2), we assume that o TE;,, = prep(Ainy)-

(1) The proof of this part follows by proposition 6.4(1), TR-DEF1 and
lemmas C.16 and 6.13(1). (Note also that, by definition 6.7(1), domain(d;) =
d; for d; € d;,,, and domain(a) & dis, for a & diny.)
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(2) By lemma C.20, ¢(PreImple[prep)) || Drep(Aims) TEiny) is given by:

{(t,R) | (domain(t),R) € ¢PreImple A
t € T(PreImple[prep)) Ilprep( Aine) TEiny) }.

Thus, by proposition C.17, ¢(PreImple[prep]) ||lprepiawms) TEinv) \ Ainy i
given by:

{t\ Ainy,R) | (domain(t), R) € ¢Prelmple A
t € 7(Prelmple[prep)) ||prep(aim,) TEiny)}-

Hence, by proposition C.17, EP3-T, EP4 and definitions 6.2, 6.7(2) and
6.8,

¢Finallmple = {(extract(t\ Ainy), R) | (domain(t), R) € ¢PreImple A
t € 7(Prelmple[prep]) || prep(aim) TEinv)}-

Let (domain(t), R) € ¢Prelmple. Thus, by lemma 6.13(2) and definition
6.7(1), if t # () then tail(t) & diny- Hence, by lemma C.16(2),

¢Finallmple = {(eztrgp(q)(domain(t)), R) |
(domain(t), R) € ¢ Prelmple A
t € T(Prelmple[prep)) || prep(aim,) TEinv)}-

Thus, ¢Finallmple = {(eztrgpg)(w), R) | (w, R) € ¢Prelmple} by SF2
and lemma C.16(1) and so the proof follows by lemma 6.13(2). a

Proposition C.21. e:ctr”t(aé) = Apyis U Biny.

Proof. By proposition 6.3(2) and definitions 4.2 and 4.5, extr*®(aQ) =
Ui<i<m Bi- Thus, the proof follows by EP1-FvI1 and definitions 6.2(2) and
6.15. O

Proof of lemma 6.15

Proof. Since B(P) C aP, then B(P[pF]) C p(aP). Moreover, by proposi-
tion C.21, By, C aP. Hence, by definition 6.11, we assume

a(P[p"]) = p"(eP) = aP U prime(Biny)-

We also assume aProc = B(Proc) = P U prime(Bin,) U diny-
(1) We first observe that
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TProc = (aP)* U
{to(a) |t € (aP)* A a€ (aP — By,)} U
{toprime((a)) |t € (aP)* A a € Bip,} U
{to(di) |t € (aP)* A d; € diny}.

We also observe that 7(P[pf]) = {t | (3s € 7P) t € p”(s)} and so,
by definition 6.11(3), 7P C 7(P[p”]). Hence, by PAl and definition 6.11,

T(P[P"] ||aPuprime(B..,) Proc) is given by:

TP U {to (prime(a)) |to(a) € TP A a € Biny}
U{to(di)|te€TP A d; € diny}-

Thus, the proof of this part follows by definitions 6.2(2) and 6.13(2).
(2) We first observe that

¢Proc={(t,R) |t € (aP)* A RC X — ((aP — Biny) U prime(Biny))}.
By definition,
¢(Plp")) = {(t,R) | (3s) t € p"(s) A (s,(")"'(R)) € $P}.

Let (t,R) € ¢P. Then, by PA2 and SF3, (t,RU S) € ¢P where
S C prime(Biny). Hence, by definition 6.11,

¢(Pp"]) = {(t,R) | (3 (s,X) €dP) t€p"(s) A
X N prime(Bipy) = D A
R C X U prime(X N Byyy)}-

Thus, by theorem 2.20, SF2, Pal and S¥3, ¢(P[p”] ||lapuprime(Bim) PTOC)
is given by:

{(t, R) | (3t X) € ¢P) X N prime(Biny) = & A

3

R C ((X U prime(X N Biyy)) N (P U prime(Biny))) U

((£ = ((aP — Biny) U prime(Biny))) N (P U prime(Biny) U diny))
U (X — (aP U prime(Bipy) U diny)) }

and so, since B;,,, C aP by proposition C.21, it is given by:
{(t,R) | (3(¢,X) € ¢P) X N prime(Biny) = 3 A

R C (X N CYP) U pr‘ime(X N B,'m,) U Biny U diny U
(X — (aP U prime(Bin,) U diny)) }-
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Hence, ¢(P[pF] ||apuprime(B.,,) Proc) is given by:

{t,R) | (3t X) € ¢P)
R C (X N (aP — Bin)) U prime(X N Biy,) U
(2~ ((aP - Bin) U prime(Biny)))}

and so the proof of this part follows by definition 6.13(2). a

Proof of theorem 6.16

Proof. We recall that P = B(P)U extr”‘(a@)
(:>) We assume that e:ctrgp(Q)([[Q]lSF C I[P]SF Thus, by SF-DEF1,

el'tT'Ep(Q)(TQ) C 7P and extrgp(g (d)Q) C ¢P. Hence, by TR-DEF1 and
lemmas 6.14(1) and 6.15(1), TanalImple C 7NewSpec. We now show, there-
fore, that ¢ Finallmple C ¢ NewSpec.

Let (t,X UY) € ¢Finallmple, where, by lemma 6.14(2), there exists

(W, R) € Gaompp(q,@ such that:
e extrgpg)(w) =t and RC a@.
e X C e:L'trFDRgP(Q)(R,w,Q).
oY C (E - (AFm's U dinu))-
Since eztr EP(Q)(d)@) C ¢P then, by SF-DEF2, (¢, Z) € ¢P such that:
Z= e:vtrglf,(o) (R,w, Q) U (T — extr*®(aQ)).
Thus, by lemma 6.15(2), (¢,S) € ¢ NewSpec, where:
S =(ZN(aP — Biny)) UDB(Z)U (¥ — ((P — Biny) U diny)).

By proposition C.21 and definition 6.2(2), B; C ez'tr’e‘(aé) for i € inv.
Moreover, for ¢ € inv and by definition 4.10, Ep5-Fvi, EP1-Fvl, SF-
GLoBAL2 and EpP-UNi1l, B; C extrg}{,(Q) (R, w, Q) if and only if e:l:trff (RN

A;,w[A;, Q) = B;. Thus, by definitions 6.14 and 6.16,
DB(eztrng,(Q)(R,w,@)U(E—extr“t(a@))) = U extrFDR™ (RNA;, w[A;, Q).
iciny
By SF-GLoBAL2, Ep-UNi1l1, EP1-Fvi, EP5-FVI and definitions 4.10 and
6.2(2),

eztrg{,(q) (R,w,Q) — Biny = U eztri (RN A, w[ A @)

iginy
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Moreover, ez'tr;{,(q) (R,w,@) - eztr”‘(a@) C aP. Thus,

ea:trZ{,(Q) (R,w,Q)N (P — Bipy) = U eztr™ (RN A;, wlA;, Q)

idiny

and so, by EP5-FV1 and definition 6.14(1),

eztr oy (R w, Q) N (P — Biy,) = \J estrFDR (RN A, wlA;, Q).

iginy

In addition, (P ~ Bis,) N (X ~ eztr*e(aQ)) = aP — extret(aQ), since
Biny C eztr’et(aQ) by proposition C.21. Thus, and by definition 6.14,

S = extrFDREY o) (R, w, Q)U(aP — eztr*®(a@)) U(Z — (P = Biny) Udipy))-

Moreover, since e:z:tr“t(a@) = Apyis U By, by proposition C.21, since Apy;, N
Biny = @ and since eztr***(a@) C aP,

(@P — extr**(aQ)) U (T — (&P = Biny) U diny)) = £ — (Apuis U dins)-

Hence, S = eztrFDRg};(Q (R,w, Q) U (S — (Apis Udiny)) and so the proof in
this direction follows by %

(<) We assume that FmalImple Jgr NewSpec. Thus, by lemmas
6.14(1) and 6.15(1), extrEp(Q)(T@) C 7P. Hence, by SF-DEF], it suffices
to show that ea:trEp(Q)(qSQ) C ¢P.

Let (t,R) € ¢domEP(Q)Q, where R C o(. By SF-DEF2 and SF3, we
show that (eztrgpg)(t), X UY) € ¢P, where X = e:z:trEP(Q)(R, t, Q) and
Y = X — eztr* (o). By lemma 6.14(2) and since ¢ FinalImple C ¢ NewSpec,
then (eztrgp(q)(t), VU W) € ¢ NewSpec, where:

o V = extrFDRG, (R, 1, Q).
o W =73 — (Apyis U diny)-

Thus, by lemma, 6.15(2), there exists U such that (eztrgp(g)(t),U) € ¢P
and:

VUW C DB(U)U (UN (&P — Biny)) U (2 = (&P — Biny) Udiny))-  (+%)

We observe that d; ¢ aP for i € iny since all such d; are “fresh” events.
Hence, U, €xtrFDR (RN A;,t[A;, @) € DB(U) by definitions 6.12, 6.14
and 6.16 and so, again by definitions 6.14 and 6.16,

U estri (RN 4;,1[4;,Q) C U.

i€iny
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By proposition C.21, since extr“‘(a@) C aP and since Apy;; N Bipy = 9,
then Apy; C (P — Byy,). Hence, by definitions 6.14(1) and 6.15,

\J estrFDR (RN A;,t[A;, Q) C (aP — Bi)

idiny
and so, by definitions 6.14 and 6.16, and (*x),

|J estrFDR[? (RN A;,t[A;, Q) € (UN (@P — Biy)).

idiny
Thus, by definition 6.14(1) and Ep5-Fvri,

U extr™ (RN A;, t[A;, Q) C U.

iginy

Hence, by SF-GLOBAL2, eztrg{,(m (R, t, @) cU.
By definition 6.16, we observe that DB(U) C di,,. Thus, by (*) and
since (2 — (Apm's U d,'m,)) N d,'m, = Z,

(E - (AFuis U dinu)) g (U N (aP - Binu)) U (Z - ((aP - Binu) U dinv))-

If we subtract B,y from both sides, we have, by proposition C.21 and since
extr*®(aQ) C aP:

(Z = (estr*®(aQ) U diny)) € (U N (@P = Biny)) U (T — (@P U dipw)).
If we then add d;,, to both sides, we have that:
(T — eztrt(aQ)) C (U N (eP — Bi)) U (X — aP).
Hence, (£ — extr*(aQ)) C U U (T — aP). By Pa2,
(estrepq)(t),UU (£ — aP)) € ¢P
and so, by SFr3,

(eztrpp(g)(t), eatrizh o) (Rt, Q) U (T — eztr®(aQ))) € ¢P.
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C.5 Proofs from section 6.7

Proof of theorem 6.17

Proof. We first observe that TE; is guarded and so 6 TE; = @ by DF.

(=>) We assume that ep; meets EP6 and proceed by assuming that
§(TE;\ A;) # 2. Thus, since § TE; = &, there exists w € ¥ such that w\ 4;
is finite and, for every v < w, v € 7, TE;. Hence, v € 7 TE; for every v < w by
DR1. Thus, the sequence of domain(v) for v < w is an w-sequence in Dom;
by proposition C.4(1). But, by proposition C.4(3) and the fact that w\ 4; is
finite, the sequence of eztr;(domain(v)) for v < w is not an w-sequence and
so we have a contradiction.

(<=) We assume that §(TE; \ A;) = @. Let ...,t;,... be an w-sequence
in Dom;. Let v,w € Dom; and, by proposition C.4(2), let z,y € 7TE;
be such that domain(z) = v and domain(y) = w. Iff v < wthenz < y
by the definition of TE; and definitions 6.4 and 6.7(1). Thus, there exists
an w-sequence ..., u;,... in 7 TE;, where domain(u;) = t; for each u;. We
proceed by assuming that ..., eztr;(domain(u;)),... is not an w-sequence.
Hence, by proposition C.4(3), ..., extract(u; \ A;),... is not an w-sequence
and so ...,u; \ A;,... is not an w-sequence. Thus, since ...,u;,... is an
w-sequence in 7 TE; = 7, TE; by DR1, then §(TE; \ A;) # @ and so we have
a contradiction. O

Proof of theorem 6.18

Proof. We first observe that ¢, P = ¢P by DR2 and since § P = &; moreover,
TP =7, P by DR1.

(=) We assume that eztrgp(Q)(l[Q]] ep) C [[P]] rp- Thus, by FD-DEF1,
extrEp(Q)(qSlQ) C ¢lP @P and ertrgp(q (6Q) C 6P = @. Hence, by FD-
DEF3, eztr EP(Q)(¢Q) - qSP Moreover, by FD-DEF2 and proposmon 6.4(3),
mmJQ = @. Thus, (SQ = @ by definition 2.2. Since Q meets conditions
Dom-T-check and Dom-SF-check, then § 2°2@ P by Fp-DEF4. Hence,
by propositions 6. 4(1) and B.25, extrgp(g)(t) € TP = 7P for every t € TQ

and so ertrgp(g) (rQ) C 7P by Tr-DEF1. Thus, e:ctrEp(Q)(|[Q]] sr) € [Plsr
by SF-DEF1 and the proof in this direction follows by theorem 6.16.

(=) We assume that Finallmple Jsr NewSpec and 6Q = @. Thus, by
definition 2.2 and FD-DEF2, eztrgp(q) (JQ) @ C §P. Hence, by FD-DEF3,

extrgp(q) (¢ J_Q) = eTirgp Q)(qSQ). Since FinalImple Jsp NewSpec then, by
theorem 6.16 and SF-DEF1,

extr gp(q)(6.Q) = eztrppq)(9Q) € ¢P = ¢, P.
Thus, the proof in this direction follows by FD-DEF1. a



Appendix D

Processes used in verification
from chapter 7

The following channels are needed here.!

e channel extractWriteSlot : slots.slots.dataint

o channel extractWriteSlotRead : slots.slots.dataint
o channel extractWriteLatest : slots.slots.dataint

o channel ezrtractReadLatest : slots.slots.dataint

e channel extractReadReading : slots.slots.dataint
e channel ectractReadSlot : slots.slots.dataint

channel extra : dataint

Those channels containing Write as a substring of their identifier are used
in the extraction of write events. eztractWriteSlot is used when we extract
to a single write event on the occurrence of slot.writer.z.wr.y. We then
observe that eztractWriteSlotRead is used when we extract to both a read
and a write event on the occurrence of slot.writer.z.wr.y. eztractWriteLatest
is used when we extract on the occurrence of latest.wr.z. Those channels
containing Read as a substring of their identifier are used in the extraction

IDisregarding eztra for the moment, these channels are used to represent “pairs of
events” which will be used in the extraction of the events of FSlot. However, the respective
types of these channels do not give sufficient information to allow us, as described in chapter
6.4, to reclaim the name of the channel of the right-hand event of the pair: i.e the channel
on which the (specification) event being extracted to will occur. This is acceptable since
the new channel names themselves give us all the information we need: see the definition
of extract,, below.
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of read events. The implementation events which they are used to extract
are immediate from their respective identifiers. The channel eztra is used
when we must extract to a write event and a read event together.

Four processes are composed in parallel — with each individual composi-
tion synchronizing on common events — to define the process TE,, used in
the extraction of the traces of FSlot. These are WrEzt, RdEzt, EDATA and
SlotCopy (they are composed in that order). EDATA is given in figure D.1
and is a copy of Data from figure 7.6. SlotCopy is given in figure D.2 and is a
copy of the process Slots from figure 7.5. These two processes are needed for
the following reason. According to the definition of ertr,, from figure 7.12,
we never extract on the occurrence of an actual data transfer event: when
we do extract, we therefore need some means of discovering the data value
which was transferred (in the case of write events) or will be transferred (in
the case of read events). This is the purpose of the process EDATA. In order
to use EDATA to find the relevant data value, it is necessary to know the
pair and slot — i.e. the position in the 2-dimensional data array — at which
it is to be found. On the reader side, although we always know the value of
the necessary pair by the time that we must extract, we do not always know
the value of the slot within that pair: SlotCopy is used to help us find it.
More detail on how exactly these two processes are used may be found in
section D.1 below, after all necessary processes have been presented.

The processes which are directly responsible for extracting events are
WrEzt and RdEzt. They are each presented over two figures because of
the length of their respective descriptions and also because this split helps
partition the clauses of each process in a useful way. WrEzt, given in figures
D.3 and D.4, is used to extract write events. RdExzt, given in figures D.5 and
D.6, is used to extract read events.

WrEzt has a number of parameters, corresponding to the variables used
in the definition of eztr,, in figure 7.12. They are explained as follows:

e wrp — The value of pair in the writer.

e wrs — The value of indez in the writer (i.e. the value of the slot into
which we shall write or into which we have just written).

e late — The value stored by the variable latest.

e wrEztract — A variable to indicate whether or not we have extracted
yet on the current call to write.

e rp — The value of pair in the reader.

e readingVal — The value stored by the variable reading.



e ExtractData(z,y,V)=

let ED(v)=
data.wr.z.y?val— ED(val)
Sxtmct WriteSlot.z.y.v—ED(v)
Sztmct WriteSlotRead.z.y.v— ED(v)
Ie?ar;tract WriteLatest.z.y.v—ED(v)
[S:z:tractReadLatest. z.y.v—ED(v)
I(?xtmctReadSlot. r.y.v—ED(v)
O

extractReadReading.z.y.v— ED(v)
within ED(V).

o EDATA =|||zeaEztractData(fst(z),sec(z),0), where
A = {(first, first), (first, second), (second, first), (second, second)}.

Figure D.1: A copy of the data array

o SC(z,Y) =
let SY(y)=
slot.writer.z.wr?new— SY (new)
O
extract WriteSlot.z?new?val— SY (new)
O
extract WriteSlotRead.z?new?val— SY (new)
O
extract WriteLatest.z.y?val— SY(y)
O
extractReadLatest.z.y ?val—SY(y)
O
extractReadReading.z.y?val—-SY(y)
within SY(Y).

® SlOtCOPy :l||z€{ﬁrst,second}SC(xyﬁrSt)'

Figure D.2: A copy of Slots
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o WrEzt = WE(first,first,first,no, first, first,no, 1 ).

° WE(wrp,wrs,late,errtmct,rp,readingVal,rdEztract,posn) =

latest.rd?val —

WE (wrp,wrs,late,wrExtract,val, reading Val, rd Extract, 2 )

O

extractReadLatest?z?y?val —

WE (wrp,wrs,late,wrEztract,z,reading Val, yes,2)

O

reading. wr?val — WE(wrp,wrs,late,wrEztract,rp,val,rdExtract,3)
O

extractReadReading 2z %y ?val —

WE (wrp,wrs,late,wrExtract,rp,z,yes,3)

O

slot.reader?zird?y —

WE (wrp,wrs,late,wrEztract,rp,reading Val,rdExtract, )

O

eztractReadSlot?z%y ?val —
WE(wrp,wrs,late,wrEztract,rp,reading Val,yes,4)

O

data.rd?z?y?val — WE(wrp,wrs,late,wrEztract,rp,readingVal,no,1)
O

reading.rd?p —

WE(not(p),wrs,late,wrEztract,rp,reading Val,rd Eztract,posn)
|

slot.writer?zird?s —

WE (wrp,not(s),late,wrExztract,rp,reading Val,rdExtract,posn)
O

data. wrfz?yfval —

WE(wrp,wrs,late,wrExtract,rp,reading Val,rdExtract,posn)

O

Figure D.3: Process used to extract write events - part 1
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(if (rdEztract == yes and wrp == late) then
(extract WriteSlot?z 2y Pval—
WE(wrp,wrs,late,yes,rp,reading Val,rdEztract,posn )
else
(if (posn == 1 and wrp == late) then
(eztract WriteSlot 2z 2y Pval—
WE(wrp,wrs,late,yes,rp,reading Val,rdExtract,posn))
else
(if ((posn == 2 or posn == 3) and rp == wrp) then
(if (rp == readingVal) then
(extract WriteSlotRead 2z ?y?val — eztra.val—
WE(wrp,wrs,late,yes,rp,reading Val,yes,posn))
else
(extract WriteSlot 2z ?y Pval—
WE(wrp,wrs,late,yes,rp,reading Val,rdExtract,posn)))
else
(slot.writer 2ziwr Py —
WE(wrp,wrs,late,wrEztract,rp,reading Val,rdEztract,posn)))))

O

(if wrEztract == no then
(extract WriteLatest 2z %y ?val—
WE (wrp,wrs,z,wrEztract, rp,reading Val, rdExtract,posn))
else
(latest.wr?z— WE(wrp,wrs,z,no,rp,readingVal,rdExtract,posn)))

Figure D.4: Process used to extract write events - part 2
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e rdEztract — A variable indicating whether or not we have extracted
yet on the current call to read.

e posn — The current position of the reader.

The part of WrEzt which is given in figure D.3 is simply used to update
these parameters (data.wr?z?y?val is included for ease of defining synchro-
nization with RdEzt). The part of WrEzt given in figure D.4 actually deals
with the extraction proper and is related directly to the detail given in fig-
ure 7.12.2 In general, we offer the “extracted” version of an implementation
event @ — 1.e. an “event pair” where a is the left-hand component and the
right-hand component is non-null — if the necessary conditions are met; oth-
erwise, we offer a itself. If the original event a is offered, it indicates that its
occurrence at this point does not cause extraction to a high-level write event
(recall that a will be hidden in the construction of the final implementation
process to be supplied as input to FDR2). Note also that eztractWriteS-
lotRead?z%y%val followed by eztra.val (from figure D.4) is used when we
must extract to both a read event and a write event on the occurrence of
slot.writer.not(p).wr.not(i). The event occurring on extract WriteSlotRead
is renamed to the write event and that occurring on ezrtra is renamed to
the read event; this uses the renaming ezrtract,, defined below. (When an
event occurs on channel eztra, it effectively represents an “event pair” with
a null left-hand — i.e. implementation — component but with a non-null
right-hand component.)

Process RdEzt is similar in concept to WrEzt; its parameters are ex-
plained as follows:

e rp — The value of pair in the reader.

e rdng — The value of the variable reading.
e wrp — The value of pair in the writer.

e late — The value of the variable latest.

e posn — The position of the writer.

e extract — This indicates whether or not we have extracted yet on the
current call to read.

2Note that, in figure 7.12, wVal is used to give directly the value of the last data
item written into the mechanism. Using that approach here would have required an extra
parameter for WrEzt and so we instead use the process EDATA — needed anyway for the
extraction of read events — to provide the necessary information.
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e RdExt = RE(first,first,first,first,1,n0).

e RE(rp,rdng,wrp,late,posn,extract) =

reading.rd?p— RE(rp,rdng,not(p),late, 2, extract)
O

slot.writer?z!rd?s— RE(rp,rdng,wrp,late, 3, eztract)
O

data.wr?z?y?val— RE(rp,rdng,wrp,late,4,extract)

O

extractWriteSlot?z2y?val— RE(rp,rdng,wrp,late, 5, extract)
O

extract WriteSlotRead?z %y ?val— extra.val—
RE(rp,rdng,wrp,late,5,yes)

leot. writer 2zhor?y— RE(rp,rdng,wrp,late, 5, extract)

O

extract WriteLatest z?y?val— RE(rp,rdng,wrp,z,1,eztract)
[l:clztest. wr?val— RE(rp,rdng,wrp,val, 1,eztract)

O

data.rd?z?y?val— RE(rp,rdng,wrp,late,posn,no)
O

Figure D.5: Process used to extract read events - part 1
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(if ((posn == 1 or posn == 5) and (late == rdng)) then
(extractReadLatest?z?y?val— RE(z,rdng,wrp,late,posn,yes )
else
(if ((posn == 2 or posn == 8 or posn == 4)
and (wrp != late) and (late == rdng)) then
(extractReadLatest?z?y?val— RE(z,rdng,wrp,late,posn,yes))
else
(latest.rd?p— RE(p,rdng,wrp,late,posn,extract))))

O

(tf ((extract == no) and (posn == 1 or posn == § or rp != wrp)) then
(extractReadReading?z?y?val— RE(rp,z,wrp,late,posn,yes))

else
(reading.wrfval— RE(rp,val,wrp,late,posn,extract)))

O

(if extract == no then

(extractReadSlot?z?y?val— RE(rp,rdng,wrp,late,posn,yes))
else

(slot.reader?z!rd?y— RE(rp,rdng,wrp,late,posn, extract)))

Figure D.6: Process used to extract read events - part 2



We define prep,, £ |, <i<10 Prep;”, where:

o prept” £ {(slot.writer.z.wr.y, slot.writer.z.wr.y) |
slot.writer.z.wr.y € aslot.writer}.

o preps” £ {(slot.writer.z.wr.y, extract WriteSlot.z.y.2) |
slot.writer.z.wr.y € aslot.writer A z € dataint}.

o preps” £ {(slot.writer.z.wr.y, extract WriteSlotRead.z.y.2) |
slot. writer.z.wr.y € aslot.writer A z € dataint}.

o prepi” £ {(latest.z.y, latest.z.y) | latest.z.y € alatest}.

o prept” £ {(latest.wr.z, extract WriteLatest.z.y.2) |
latest.wr.z € alatest.wr A y € {first, second} A
z € dataint}.

o prepd” = {(latest.rd.z, extractReadLatest.z.y.z) |
latest.rd.z € alatest.rd A y € {first, second} A
z € dataint}.

o preps” £ {(reading.wr.z, reading.wr.z) |
reading.wr.z € areading.wr}.

o prepd” = {(reading.wr.z, eztractReadReading.z.y.2) |
reading.wr.z € areading.wr A y € {first, second}
A z € dataint}.

o prepe” £ {(slot.reader.z.rd.y, slot.reader.z.7d.y) |
slot.reader.z.rd.y € aslot}.

o prep® £ {(slot.reader.z.rd.y, estractReadSlot.T.y.z) |
slot.reader.z.rd.y € aslot A z € dataint}.

Figure D.7: Defining prep,,
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We define extracts, =, <;c; extractf”, where:

o extract?” = {(extractWriteSlot.z.y.z, write.z) |
extract WriteSlot.z.y.z € aextract WriteSlot}.

e extractd” £ {(extractWriteSlotRead.z.y.z, write.z) |
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extract WriteSlotRead.z.y.z € aezstract WriteSlotRead}.

o extracty” £ {(extract WriteLatest.z.y.z, write.z) |
extract WriteLatest.z.y.z € aeztract WriteLatest}.

o extracty” = {(estractReadLatest.z.y.z, read.z) |
extractReadLatest.z.y.z € aextractReadLatest}.

o extractt” 2 {(estractReadReading.z.y.z, read.z) |
ertractReadReading.z.y.z € aeztractReadReading}.

o extracts” £ {(eztractReadSlot.z.y.z, read.z) |
extractReadSlot.z.y.z € aeztractReadSlot}.

o erstracts” 2 {(extra.z, read.z) | eztra.z € cestra}.

Figure D.8: Defining eztract,,
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We define domain,, £ U, <i<6 domain]”, where:

o domain{” £ {(eztractWriteSlot.z.y.z, slot.writer.z.wr.y) |
eztract WriteSlot.z.y.z € aeztract WriteSlot}.

domaing” £ {(eztractWriteSlotRead.z.y.z, slot.writer.z.wr.y) |
estract WriteSlotRead.z.y.z € aeztract WriteSlotRead}.

o domaing” £ {(eztractWriteLatest.z.y.z, latest.wr.z) |
extract WriteLatest.x.y.z € aextract WriteLatest}.

domaing” £ {(ertractReadLatest.z.y.z, latest.rd.z) |
extractReadLatest.z.y.z € aextractReadLatest}.

domaini” £ {(estractReadReading.z.y.z, reading.wr.z) |
extractReadReading.z.y.z € aextractReadReading}.

domaing” £ {(eztractReadSlot.z.y.z, slot.reader.z.rd.y) |
extractReadSlot.z.y.z € aeztractReadSlot}.

Figure D.9: Defining domain,,

The renaming prep,, used here is given in figure D.7; the renaming
extractys is defined in figure D.8.3 Each of the channels used for the ex-
traction of events (apart from ertra) has three data fields, denoted z, y and
z. Fields z and y are used to indicate the pair and slot combination in the
data array at which the data value to be extracted is stored: these fields are
used in the synchronization with EDATA. z denotes the data value itself and
so eztract,, simply renames to read.z or write.z as appropriate. Finally, the
renaming domain,, is defined in figure D.9: it may be used to reclaim the
domain of the mapping which is represented by TE,,.

D.1 Explaining TFE,, further

Further comment is necessary on the role played by EDATA and SlotCopy
and the way they interact with the various channels used for extraction: i.e.
those whose identifier begins with the string “extract”. We use the extraction
to a read event on the occurrence of latest.rd.p as an example. According to
the renaming prep,,, this event (in the implementation) will be renamed to

3Those events on the occurrence of which we never extract to a high-level read or write
event, such as those on channel data, need only be renamed to themselves by prep,,. and
so are omitted from its definition.
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the set of ertractReadLatest.p.y.z where y € {first, second} and z € dataint.
If a synchronization occurs between such an event ertractReadLatest.p.y.z
in the modified implementation and the same event in the process TE,,, we
know that we are to extract on the occurrence of latest.rd.p. More than that,
however, we know that y gives us the value of slot[p], because synchroniza-
tion with TE,, means that we have effectively synchronized with SlotCopy
as well. This means that the reader, on this call to read, will read the data
value stored at position (p,y) in the data array. In fact, z gives us the data
value currently stored in that location because we have effectively synchro-
nized with FDATA as well. Extraction on the occurrence of other events
works in a similar way. As a result, once we have renamed the implementa-
tion process and composed it with TFE,,, the events of the resulting process
contain sufficient information that we may carry out extraction using only
hiding and renaming.



Appendix E

Lists of conditions, notations
and processes

E.1 General notation

In the following, ¢, u,t1,t,, ... are traces; A is a set of actions; 7, 7" are non-
empty sets of traces; G C ¥ x ¥ is a relation; and X is a set of sets. Note
that traces are assumed to be finite unless otherwise stated.

t = (ai,...,an) is the trace whose i-th element is action q;, and length,
|t|, is n. Moreover, events(t) = {ai,...,a,} and, provided that n > 1,
tail(t) = a,. If n = 0 then ¢ is the empty trace, denoted ().

|A| denotes the cardinality of A.
t o u is the trace obtained by appending u to t.

A* is the set of all traces — i.e. sequences — of actions from A,
including the empty trace, ().

A is the set of all infinite traces of actions from A.

T* is the set of all traces t = t,0---0t, (n > 0) such that ¢;,...,t, € T
(note that ¢ = () when n = 0).

< denotes the prefix relation on traces, and ¢t < u if t < u and ¢ # u.

Pref(T) 2 {u | (3t € T) u < t} is the prefiz-closure of 7. (In the
event that 7 is the singleton set {t}, we may use Pref(t) in lieu of

Pref(T).)
T is prefiz-closed if T = Pref(T).
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e t[A is a trace obtained by deleting from ¢ all the actions that do not
occur in A.

e ¢\ Ais a trace obtained by deleting from ¢ all the actions that do occur
in A.

o The definitions of [ and \ may be lifted to sets of traces in the obvious
way: T[A2 {t[A|teT}land T\A2 {t\A|te T}

® 11,%2,...1s an w-sequence of traces if ¢, < ¢, < ... and lim;_,, |t;| = oc.

* A mapping f : T — T’ is monotonic if t,u € T and t < u implies
f(t) £ f(u), and strict if () € T and f(()) = ().

e The definition of G may be lifted to sets of events, traces and sets of
traces:

— G(A) 2 U{G(a) | a € A}.
—(@1,-.-58) G (by,...,bpY & n=mAVi<n, g; Gb,.

—GM2{u|(BteT)tCu).

In the event that 7 is the singleton set {t}, we may use G(t) in lieu of
G(T). Moreover, if G(t) = {u} for some trace u then we shall denote

this G(t) = u. Similarly, if G(a) = {b} for some action a then we write
G(a) =b.

e G £ {(b,a) | a G b} is the inverse of G.
o Sub(X) £ {W C X | X € X} is the subset-closure of X.
o X is subset-closed if X = Sub(X).

e 252 {X | X C S} gives the power set of S. For purposes of presenta-
tion, we will sometimes use P(S) in lieu of 25.

e We introduce containment and equality between pairs of sets in the
obvious way. Let B, B', C,C’ be sets.

- (B,C)C (B,C") ifand only if BC B'and C C C".
- (B,C)=(B',C")ifand only if B= B and C =C".

e For an arbitrary set of objects O and a partial ordering! < over the
elements of O,

maz<(0O) £ {e€ O|(Ad€O)e=<d A e#d}.

1A partial ordering is reflexive, transitive and antisymmetric.
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In the event that maz<(O) = {e} for some element e, we shall write
maz <(0) =e.

o maz(F) = {(t,R) € F | (t,R) is maximal } for a set of failures F.

e For X C Ximp, [[X]] denotes the smallest set A € AllSet such that
X CA.

E.2 List of labelled conditions and definitions

DE e e page 35
DF e page 28
DIS e page 131
DOM-SF-CHECK . .tttttttt et i iiiiaeaanne page 98
DOM-T-CHECK .t tttttteeiiiiie it aeanns page 90
DRI1-3 e page 29
E Pl e page 81
EPL-FVI i e page 81
E P2 e e page 81
EP3A-FVIL ittt page 93
EP3-FVI e page 81
EP3-SF e page 93
EP3-T page 81
30 = S R R R R R R R page 81
EP4-FVI ottt e page 81
EPD e page 93
EPB-FVI ettt page 96
E PG i page 101
EP-UNIL-2 ettt ai e page 83
F D185 e page 24
FD-DEFL-4 ot page 102

FDL e page 74



E.2. List of labelled conditions and definitions

Fps1-2
HiDE-INVIS
Mb

Pal-2
Prer-CLOS

R1-2
RaAH1-3
RAH1-SF
RAH1-T
RAH2-SF
RaH2-7
RAH3-sF
REC
REF-BOUND
REF-MoONO
REP1-2

S1-7

SEQ

Srl1-4
Sr-DEF1-3

Sr-GLOBAL1-2

SFi1-3
SFs1-7

T1
Ti1-3
TRrR-DEF1-2

TR-GLOBAL1-2

Tr-MONO

....................................

.....................................

..........................................

..........................................

..........................................
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.................................................... page 21
TS1-4 page 64
E.3 List of processes
BitLatest e page 161
BitReading ... page 161
D; page 125
Data e page 163
DataSlot page 163
DC page 125
DC; page 125
DSFE; page 136
EDATA page 284
ETZtENU page 181
EztES e page 178
ExtractData .. page 284
Finallmple o page 146
Finallmple, .. ... e page 138
FourSIotEnvirTon ..ot page 165
F P e page 36
FSIot e page 163
F ST e page 37
ImpINet page 45
INEETIM e page 145
LeftImpl page 45

LeftSpec e page 44



E.3. List of processes

MFP
MFTP
ModEnv

NewSpec

Prelmple

Proc

Proc;

Q Proj et

QO
Qi

RdExt
RE;,
REq;, e
ReadEnviron ... ... ..ol
Reader .l
Register L
RegisterEnviron — ........oiiiiiiiiinn..
RegReadEnviron  .........c..coveeeneen.
RegWriteEnviron .................oo.e.
RightImpl ...
RightSpec ..

SC
SFT e
SLOT
SlotCopy e
Slots e
SpecNet

..........................................

....................

....................

....................

....................

....................

....................

....................
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TEs: page 283
TE; page 130
TEiy page 132
TP page 36

TraceExtract ... .. ... . page 132
Trim page 144
TrimTwo page 145
WrEzt page 285
WriteEnviron ... ... page 165
Writer page 164

E.4 Notation from chapter 3

X page 55
Q O P o page 47
D MPL e e page 92
D PeE e page 32
AllSet page 52
BTrace ... page 52
Fuis page 52
MinSet e page 53

E.5 Notation from concrete notion of
refinement-after-hiding

EP(Q)
- FD( ................................................... page 102
EP(Q)
3 SF( ................................................... page 99
:lgp ) page 92



E.6. Notation from chapter 6

TDompp@y@ < page 91
Ddom @& page 98
PDomup)@ e page 98
A page 81
B page 81
Comm (A, Q) oo page 86
dOTn. page 93
Dom page 81
OMEP(Q) v evr ettt et e page 97
DomEp@) i page 85
B page 83
EP(Q) page 85
217 page 81
et page 93
extr EP(Q)  tt e page 97
ETT o page 83
Fampl page 84
Fopee page 84
ImplSet e page 83
Projgpig)  cvceeee e page 89
TO page 93
e T page 94

E.6 Notation from chapter 6

A s o e e page 145
Ay o e page 123
Biny oot e e e e page 123
7 page 142
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AOMiiny e page 123
Dominy page 123
dOTRATI. page 131
eTITACE e page 131
e:ctrFDRgf,(Q) ............................................. page 142
MU e e e page 123
Next; page 123
NeTling page 123
7L page 130
DT page 141
DO page 141
DTED e page 132
DTUTIE ittt i page 141
el page 136
RefSet, e page 135
S page 142
00 page 142

Y e e page 15
T page 20
TP e e page 23
) page 22
3T page 23
4 P page 23
MANO P o e page 30
[Plrp oo page 26
[Plsp v page 26
[Pl e page 26



E.8. Operators

E.8 Operators

STOP
DIV

a— P
POQ
PNQ
P\ A
Ply @
P®y Q
P[G]

the immediately deadlocking process
the immediately diverging process
the prefix operator

deterministic choice
non-deterministic choice

hiding

parallel composition

network composition

renaming
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