Conservation laws and
symmetries of difference equations

Olexandr G. R_isin, MSc Hons.

Submitted for the degree of Doctor of Philosophy
at The University of Surrey

Supervisor: Prof. P.E. Hydon

Co-supervisor: Prof. I. Roulstone

UNIVERSITY OF

SURREY

Department of Mathematics
School of Electronics and Physical Sciences
University of Surrey
Guildford, GU2 7XH
United Kingdom

©O0.G. Rasin 2007



0.1 Abstract

This thesis deals with conservation laws and symmetries of difference equations.

The main new results in the field of conservation laws are:

e We have improved the effectiveness of Hydon’s direct method for constructing con-

servation laws;

e A classification of all three-point conservation laws for a large class of integrable
difference equations that has been described by Nijhoff, Quispel and Capel is pre-
sented. We show that every nonlinear equation from this class has at least two

nontrivial conservation laws.

e We deal with conservation laws for all integrable difference equations that belong to
the famous Adler-Bobenko-Suris classification. All inequivalent three-point conser-

vation laws are found, as are three five-point conservation laws for each equation.

o We describe a method of generating conservation laws from known ones; this method

can be used to generate higher-order conservation laws from those that are listed

here.

o An example of conservation laws for a Toda type system is presented. The connec-

tion between these conservation laws and symmetries is shown.
e Conservation laws for nonautonomous quad-graph equations are found.

e We include a Maple program for deriving three-point conservation laws for quad-

graph equations.
The main new results in the field of symmetries are:

o Symmetries of all integrable difference equations that belong to the Adler-Bobenko-
Suris classification are described. For each equation, the characteristics of symme-
tries satisfy a functional equation, which we solve by reducing it to a system of

partial differential equations. In this way, all five-point symmetries of integrable



equations on the quad-graph are found. These include mastersymmetries, which

allow one to construct infinite hierarchies of local symmetries.

¢ We demonstrate a connection between the symmetries of quad-graph equations and

those of the corresponding Toda type difference equations.

e A program for deriving five-point symmetries for quad-graph equations is presented.
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Chapter 1

Introduction

This chapter describes a brief history of the topic and gives a motivation of the thesis.
The two main topics of study in the thesis are: conservation laws of partial difference

equations (PAE’s) and symmetries of partial difference equations.

1.1 Equations on the quad-graph

Partial difference equations on the quad-graph have recently attracted much interest,
especially from the integrable systems community. The first quad-graphs were derived in

the works of Hirota [30, 31]. Since then, Lax pairs have been derived for these and many
other quad-graph equations [14, 15, 47, 49).

Ugp,1 U1

Up,0 U1,0

Figure 1.1: Quad-graph

Quad-graphs have a scalar dependent variable u that is defined on the domain Z2; we
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shall use the coordinates (k,!) as the independent variables. For brevity we denote the
values of u at the vertices of the quad-graph by ugo = u(k,l), ui1o = u(k + 1,1), uo1 =
u(k,l 4+ 1), uy 1 = u(k + 1,1 + 1), as shown. More generally u;; denotes u(k + 1,1 + j).

At present, there are various criteria for PAEs to be integrable [5, 14, 27, 47, 59, 61,
69]. Attention has largely focused on quad-graphs (Fig. 1.1). The easiest definition of
integrability for quad-graphs is consistency on a cube. This implies the existence of a
Lax pair [14], so that the system is integrable via a spectral problem. Adler, Bobenkq
& Suris(ABS) have classified all integrable, scalar equations on the quad-graph that are
consistent on a cube, linear in each variable, invariant under the symmetries of a square,
and possess the tetrahedron property [5]. Hietarinta discovered a quad-graph that lacks
the tetrahedron property but has a Lax pair [28]. However, this has recently been shown
to be linearizable (63], so it can be integrated without recourse to the spectral problem. It
is not yet known whether all quad-graphs that have a Lax pair but lack the tetrahedron
property can be linearized.

Classification does not tell us whether a given quad-graph (that does not satisfy the
assumptions of any known classification) is integrable. Various tests have been developed
which indicate (but do not prove) integrability; the most notable of these is the method
of singularity confinement [27). Another possibility is to seek symmetries or conservation
laws. In particular, one definition of integrability is the possession of infinitely many

higher symmetries or conservation laws [22, 45].

1.1.1 Classification of integrable equations on quad-graphs. Con-
sistency approach.

The complete classification of integrable equations on the quad-graphs (Figure 1.1) was
done by Adler et al. in [5]. Here we briefly show the method of classification and its
result.

The general form of a scalar difference equation on the quad-graph is

P(uo,0, u1,0, Uo,1, 1,15 @, ) = 0. (1.1)
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In [5] the authors classified equations which satisfy the following conditions.
1) Linearity. The function P(ugg,u1,0,%0,1,%1,1;@,0) is linear in each argument

(affine linear):
P(uq 0, u1,0, o1, ¥1,1; &, B) = a1uo ol oUp1Us,) + *  + + 16, (1.2)

where coefficients a; depend on a, 3.

2) Symmetry. For quad-graphs there are no distinguished coordinate directions with
the understanding that indices are used locally (within one quadrilateral), and do not
stand for shifts into the globally defined coordinate directions. So, ug, %10, u1,1,%,1 can
be any cyclic enumeration of the vertices of an elementary quadrilateral. Equation (1.1)
should not depend on the enumeration of vertices, therefore the following assumption
is natural when considering equations on general quad-graphs. The equation (1.1) is
invariant under the group Dy of the square symmetries, namely, the function P satisfies

the symmetry properties

P(uo,0, u1,0, Uo,1, %115 @, B) = €P(ugp, %o,1, 1,0, U113 B, @) 3)

= 0 P(u1,0, %0,0,U1,1, 0,1; & F)
with €,0 = £1 (see Figure 1.2). Of course, due to the symmetries (1.3) not all coefficients
a; in (1.2) are independent.
Integrability can be detected in an algorithmic manner starting with no more infor-
mation than the equation itself: a sufficient condition for integrability of an equation is

its three-dimensional consistency. This property means that the equation (1.1) may

Figure 1.2: D4 symmetry
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be consistently embedded in a three-dimensional lattice, so that similar equations hold
for all six faces of any elementary cube, as on Figure 1.3 (it is supposed that the values
of the parameters a; assigned to the opposite edges of any face are equal to one another,

so that, for instance, all edges (z2, Z12), (T3, Z31), and (Za3, Z123) carry the label a;):

T23 123
D
/
)
]
T3 L
E T3

]
]
]
1
Qs '
]
]

& --------fF-----o bT12

az e )3
Cd i ‘ .
T 23] 1

Figure 1.3: Three-dimensional consistency

To describe more precisely what is meant by three-dimensional consistency, consider

the Cauchy problem with the initial data z,z;, 3, z3. The equations
P(z,z;, %), Tij; 0, 05) = 0 (1.4)

allow one to determine uniquely the values 19,23, 23. After that one has three dif-
ferent equations for 123, coming from the faces (;, T12, T31, Z123), (Z2, Tos, T12, T123), and
(z3, T31, T23, T123). Consistency means that all three values thus obtained for ;23 coincide.

3) Tetrahedron property. The function ;23 = 2(2, Z1, Z2, T3; 1, @2, a3), existing
due to the three-dimensional consistency, actually does not depend on the variable z, that
is, z; = 0. |

Under the tetrahedron condition we can paint the vertices of the cube in black and
white, as on Figure 1.3, and the vertices of each of the two tetrahedra satisfy an equation
of the form

P(z1, 2, T3, T123; 01, 012, 03) = 0; (1.5)
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it is easy to see that under the assumption 1) (linearity) the function P may also be taken
as linear in each argument.
The tetrahedron condition is closely related to another property of (1.1), namely to

the existence of a three-leg form of this equation [14]:
Yoo, U103 &) — P(uo0, Uo,1; B) = (o0, u1,1; @, B). (1.6)

The three terms in this equation correspond to three legs: two short ones, (ugg, u1,0) and
(ug,0,uo,1), and a long one, (ugp,u11). The short legs are edges of the original quad-
graph, while the long one is not. In some cases it is more convenient to write the three-leg

equation (1.1) in the multiplicative form

W(ug,, U1,0; )
— L = P(ugy, u11; @, 0). 1.7
W (uo,0, Uo,1; B) (o0, 1135, ) . ( )

The three-leg form gives an explanation for the equation for the black tetrahedron from
Fig. 1.3. Consider the three faces adjacent to the vertex x93 on this figure, namely the
quadrilaterals (1, Z12, Za1, T123), (T2, T3, T12, T123), and (T3, T3, Tos, T123). A summation
of three-leg forms (centered at z1,3) of equations corresponding to these three faces leads

to the equation
¢($‘123, 1, g, ds) + ¢($123, Zy,Q3, al) + ¢($-123, Z3, 01, 02) = 0. (1-8)

This equation, in any event, relates the fields in the black vertices of the cube only, i.e.
has the form of (1.5).

So the tetrahedron property is a necessary condition for the existence of a three-
leg form. On the other hand, a verification of the tetrahedron property is much more
straightforward than finding the three-leg form, since the latter contains two a priori
unknown functions 1, ¢.

It remains to mention that, as demonstrated in [14], the existence of the three-leg form
allows one to immediately establish a relation to discrete systems of the Toda type [4].

Indeed, if z is a common vertex of n adjacent quadrilaterals with faces

(T, Tky Th+1, Th1), K =1,2,..,m,
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with the parameters k assigned to the edges (z, zx), then the fields at the point z and at
the black vertices of the adjacent faces satisfy the following equation:
n
fo’(fﬂ, Thk+1, Ok, Okt1) = 0. (1.9)
k=1
This is a discrete Toda type equation.
Theorem 1.1. (Adler, Bobenko and Suris [5, 15]) Up to common Mdbius transfor-
mations of the variables ugo and point transformations of the parameters «, the three-
dimensionally consistent quad-graph equations (1.4) with the properties 1),2),3) (linear-
ity, symmetry, tetrahedron property) are erhausted by the following three lists Q,H, A
(u1,0 = T1, Up,1 = T2, Uy = Ty, @ =y, B = az).
Q1: a(uoo — o) (u1,0 — u1,1) — Bluoe ~ t1,0) (0, — u1,1) +82af(a — f) =0,
Q2: ofup,p — up,a)(u1,0 — u1,1) — Bluoo — uy,0)(uo,1 — v1,1)
+ af(a — B)(uo,0 + u1,0 + w01 +u1,1) — af(a - B) o — af +6%) =0,
Q3: (6% - a®)(uo,ou1,1 + u1,0u0,1) + B(a® ~ 1)(uo,0ur,0 + uo,1u1,1)
— a(B® - 1)(uo,0t0,1 + u1,0u1,1) ~ 8%(® — B%)(a® ~ 1)(5? - 1)/(4e) = 0,
Q4 : sn(a)(uo,0u1,0 + %o,1u1,1) — sn(B)(upeuo,1 + t1,0u1,1) — sn{a — ) {ue,0t1,1 + u1,0k0,1)
+ sn(o — B)sn(a)sn(B)(1 + K ug ou1,0u0,1%1,1) = 0,
H1l: (ugo—u1)){t10~u1)+8-a=0,
H2: (uoo — u1,1)(81,0 ~ uo,1) + (8 — @) (w00 + ur0 + o1 +uy,1) + 0% ~ o =0,
H3: afugou1,o + uo,1u1,1) — Bluoeuo, + u1,0u1,1) +82(a? — §2) =0,
Al: o(ugo +up1)(u1,0 +u1,) — Bluoo +u1,0) (w0 +ut) ~ 8B~ B) =0,
A2: (8% - az)(uo,oul,ouo,lum +1) + B(a® — 1)(uo,0t0,1 + u1,0u1,1)

- a([)’2 -_ 1)(uO,ou1,o + uo,lul,l) = (.

Here a, 8 are constants and sn(a) = sn{a; K) is a Jacobi elliptic function with modulus
K. The ABS equations depend on two arbitrary functions a = a(k) and 8 = B(l). With-
out loss of generality, the parameter § is restricted to the values 0 and 1. For convenience,

we have used the form of Q4 that was discovered by Hietarinta [29).

The oldest equations in this list are H1 and H3;_3, which can be found in the work

- of Hirota [31] (of course not on general quad-graphs but only on the standard square
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lattice with the labels o constant in each of the two lattice directions). Equations Q1
and Q3;_, go back to [61], see also a review in [47). Equation Q4 was found in [3] in
the Weierstrass normalization of an elliptic curve; in [15] was shown that the formulas
become much nicer in the Jacobi normalization. The discovery of this equation is a very
important achievement, because other equations from the list can be obtained from Q4
by appropriate limits of the parameters.

In our research we deal with two wide classes of integrable quad-graphs. The first
class is the ABS equations which are listed above. The second class was introduced by
Nijhoff, Quispel and Capel [51]:

(p+ 8)uro — (p—r)ugo — 1 _ (g4 r)ugy ~ (g = Suo—1 (1.10)
(g+s)ugr —(g—r)ugo—1 (p+r)usy—(p—S)ugy — 1’ '

where r, s are free constant parameters. The parameters p and ¢ can be interpreted as
the corresponding constant lattice parameters.

When s # r?, (p+7)(p— s)(g+r)(g — s) # 0 equation (1.10) can be transformed to
Q3;_, by the following map

k l 2.2 2 232 2
p—Ss g—s 1 s?a-r s232 ~r
k1) — —— + A ——, ¢y ——.
(k) (ap+r> (ﬂq+r) u(k,) r+s F -1 17 /-1

1.2 Conservation laws

Conservation laws are ubiquitous in applied mathematics. In some cases, they express
conservation of physical quantities. Even when they do not, they are usually of mathe-
matical interest. Much attention has been given to integrable systems that have infinite
hierarchies of conservation laws, which are related to generalized symmetries by Noether’s
theorem. Conservation laws of integrable and nonintegrable systems can be used in many
ways, such as to prove existence and uniqueness theorems, to derive shock conditions,
and to check that numerical methods are not producing spurious results (at least qualita-
tively). If a differential equation is to be approximated using a finite difference method, it
seems desirable that the discretized equation should retain as much of the original struc-

ture as possible, including discrete analogues of the conservation laws. Thus it would be
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useful to have a systematic method for constructing conservation laws of a given difference
equation that does not require the equation to be integrable.

Noether’s theorem provides the best-known method of constructing conservation laws
of any partial differential equation (PDE) that is the Euler-Lagrange equation for a vari-
ational problem [54]. This method uses variational symmetries, which form a subset of
the set of generalized (or Lie-Backlund) symmetries of the PDE. Generalized symmetries
of a particular order can be found systematically from the symmetry condition, which
amounts to an overdetermined system of PDEs (see [12, 57] for a modern introduction).'
Noether’s theorem has been extended to Hamiltonian PDEs [57] and to multisymplectic
PDEs [16, 35]. However, Noether’s theorem does not apply to all PDEs, but only to those
that have at least one of the special structures listed above. Alternatively, conservation
laws of all types of PDEs may be found by a direct method which does not use symmetries
(8, 10, 57].

The theory of conservation laws for partial difference equations mirrors that for PDEs.
The first conservation laws for the fully discrete sine-Gordon equation were presented
by Orphanidis in [58]. Hydon and Mansfield [36] have formulated the basic theory for
the realization of conservation laws in a discrete space. Just as for PDEs, the discrete
analogue of Noether’s Theorem [21, 37, 42, 75] is applicable only to equations with a
known variational, Hamiltonian or multisymplectic structure {16]. Until recently, this
condition greatly restricted the class of PAEs for which conservation laws could be found.
This is partly because symmetry analysis of difference equations was not introduced until
Maeda’s 1987 paper [43], and it has since been developed along several different lines
[32, 41, 62]. Furthermore, symmetry calculations are typically lengthy, and only & few of
the symmetries that have been found so far are variational symmetries.

Generally speaking, it is much harder to calculate conservation laws for difference
equations than for differential equations, because one has to solve a complicated functional
equation rather than a system of overdetermined partial differential equations. The first
systematic technique for obtaining all conservation laws of a given type was introduced by

Hydon [34], who found all three-point conservation laws of the discrete potential modified
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Korteweg-de Vries (dpmKdV) equation.

1.2.1 Useful results

A conservation law for a partial difference equation on Z? is an expression of the form
(Sk —id)F + (S, —id)G =0 (1.11)

that is satisfied on all solutions of the equation. Here id is the identity mapping and S, S;

are forward shifts of the coordinates k and ! respectively:
Sk 2 (k,Lu(k, D)) = (k+ LLuk+1,0),  Si:(kLu(kl) — (k1 +1,u(k,i + 1))

This is the general form of the kernel of the Euler equation [36]. Other forms are possible,
e g
(SkF)(SIG) = FG.

Analytic properties may not be preserved by going from one form to another. 4

Just as a local conservation law for a PDE can be integrated to obtain global conserved
quantities, so (1.11) can be summed over m or n to obtain such quantities for difference
equations.

The conservation laws for the dpmKdV equation

V(k‘, l)'Uq 0 — Up.1
— 0~ Y01 1.12
11 Yoo V(k’, l)UQ,l = U1,0 ( )

U

were considered in (34]. Here v(k,![) is an arbitrary function. The functions F and G were

chosen in the form

F =F(k, 1, upo, uo,),
G =Gk, I, uoo, u1p).

In [34] it was found that conservation laws for (1.12) exist only in the case when

vk, 1) = a(k)8(1),
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where (k) and B(l) are arbitrary functions. The conservation laws for the dpmKdV

equation are

F = -29;—(1;;—’1, Gy = a(k)ugou,p,
-1 alk
Fz N —ﬂ(l)uo,ouo,l’ G2 = uo,(fuz,o’
U U 1 U U
U U —1)k [y U
e G LR - i)

1.3 Symmetries

Symmetries of PAE's first appeared as similarity constraints for integrable lattices. In
[50], it is shown that discrete analogues of the Painlevé equations arise from similarity
constraints. Similarity constraints and reductions to discrete Painlevé equations for the
cross-ratio, discrete Korteweg-de Vries (dKdV) and discrete potential modified Korteweg-
de Vries equations were later considered in [26, 46, 47, 48, 52, 53]. One notable feature
of similarity constraints for quad-graphs is that circle patterns can be formed for certain
initial conditions {6, 7, 13, 15]. Recently, Tongas et al. pointed out that the similarity
constraints for quad-graph equations obtained previously are equivalent to characteristics
of symmetries [73]. They used an indirect method to discover mastersymmetries and
higher-order symmetries for the dKdV equation. Symmetries of several other quad-graph
equations have been found in [38, 39, 60, 72]. |

An alternative approach to symmetries of difference equations (not only integrable
ones) is to try to construct discretizations of differential equations that retain all Lie
point symmetries of the original system [17, 19, 20, 40, 41). This requires a non-constant
grid; in effect, the original continuous independent variables become extra dependent
variables in the discretized system.

For a given difference equation, whether it is integrable or not, the main problem in
finding symmetries is solving the linearized @mmetry condition, which is a functional

equation. Hydon developed a direct method of solving such functional equations by
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creating an associated system of differential equations that can be solved {32, 34].

1.4 Overview of the thesis

The goal of the thesis is to describe methods for calculating conservation laws and sym~.
metries of partial difference equations and to find them for parameter-rich classes of
integrable, scalar equations on the quad-graph.

Chapter 2 deals with conservation laws of difference equations. The structure of this
chapter is as follows: §2.1 describes the direct method for calculating conservation laws of
quad-graph equations. §2.2 is a classification of all three-point conservation laws for the
NQC equation. In §2.3 there is a list of all three-point conservation laws for each equation
in the ABS classification; three five-point conservation laws for each ABS equation are
given in §2.4.

Chapter 3 deals with symmetries of difference equations. The chapter begins with
an introduction to the theory that is the basis for our calculations. In §3.2, we explain
the method of finding local symmetries. §3.3 lists all symmetries on the 3 X 3 square for
equations from the ABS classification; mastersymmetries are given in §3.4.

Chapter 4 shows an example of symmetries and conservation laws for Toda type equa-
tions. In §4.1, we explain the connection between symmetries of equations from the ABS
classification and those of the corresponding Toda type equations. In §4.2, conservation
laws for a Toda type system are given.

Applications of symmetries and conservation laws are presented in Chapter 5. A
method that enables one to generate a new law from a known one is described in §5.1.
In §5.2 we use conservation laws as an indicator of integrability for generalized nonau-
tonomous dKdV and dpmKdV equations. To illustrate one of the most common applica-
tions of symmetries, §5.3 describes the construction of a group-invariant solution. |

In Chapter 6, we draw conclusions and describe some open problems.

Programs which help to find three-point conservation laws and five-point symmetries

for quad-graph equations are presented in the Appendix.



Chapter 2

Conservation laws

2.1 The Method

The general form of a scalar PAE on the quad-graph is:
P(k,1,u00,u10,u0,1,u11) = 0. (2.1)
A conservation law for any quad-graph equation (2.1) is an expression of the form
(Sk — id)F + (S —id)G = 0 (2.2)

that is satisfied by all solutions of the equation. Here the functions F' and G are the

components of the conservation law and id is the identity mapping.

A conservation law is trivial if it holds identically (not just on solutions of the PAE),
or if F and G both vanish on all solutions of (2.1).

We consider conservation laws that lie on the quad-graph. This means that the func-
tions F, G, SiF and S;G must depend upon only k, I, ugg, u10, %o, and uy,. Conse-

quently the most general form of F and G is:
F=F(k, l, Uo,0, 'U,Q,l), (23)
G=G(’C, l, Uo,0, ul,o). (24)

The dependence of F' and G upon the continuous variables u, ; is illustrated in Figure
2.1; together, these functions lie on three points of the quad-graph. For this reason, we

call such conservation laws three-point conservation laws.

18
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Up,1 U1,1

Ug,0 a U1,0

Figure 2.1: Three-point conservation law

The three-point conservation laws can be determined directly by substituting (2.1)

into
F(k+1)l’u1,ﬁyul,l)_F(k)lauo,Oau0,1)+G(k7l+1,u0,1)ul,l)_G(k1lru0,0)u1,0) = 0) (25)

and solving the resulting functional equation. Suppose that (2.1) can be solved for u;,
as follows:

U1 = w(k:l;uo,O)ul,O)uo,l)‘ (2‘6)

(This means that (2.6) and (2.1) are entirely equivalent.) Then (2.5) amounts to
F(k + l’l) ul,O,w) - F(kv l)uﬂ,o, uO,l) + G(kal+ 1,U0,1,W) - G(k: l1u0,0au1,0) = 0. (27)

In order to solve this functional equation we have to reduce it to a system of partial
differential equations. To do this, first eliminate functional terms F(k + 1,1, u; ,w) and
G(k,l+1,up,,w) by applying each of the following (commuting) differential operators to

(2.7):
0 W, 8 L — 0wy, 0
2 Ou1p Wy Ogp’

L

= b
Ouo Wy OUlop

where wy, ; denotes Fﬁ% The operators L, and L, differentiate with respect to up; and

uy,0 respectively, keeping w fixed, so
Ll (F(k + 1,l,u1,0,w)) = 0, L2 (G(’C,l + 1, U0,1,LU)) = 0.

This procedure does not depend upon the form of w; it can be applied equally to any

quad-graph equation. Applying L; and L; to (2.7) yields

LL, (F(k, l,upo,uo,) + G(k, l,uo,o,'ul,o)) = 0. (2.8)
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If (2.8) is divided by the factor that multiplies a particular derivative of G(k,{, ug 0, u1,0)
and is then differentiated with respect to ug;, we obtain a functional differential equa-
tion which is independent of that derivative. This process is repeated for each deriva-
tive of G(k,1,uop,u10) and finally for G(k,1,uo 0, u1,0) itself; this produces a PDE for
F(k,1,u00,up,1). If the coefficients involve u; o, the PDE can be split into a system of
PDEs.

Further information about F may be found by substituting

uo = Q(k, 1, o0, uo,1, u1,1)
into (2.5). Here u; o = Q is another representation of (2.1). Then (2.5) amounts to
F(k’ +1,4,Q, ul,l) - F(k,l,uoyo,UO,l) + G(k7l +1, uO,hul,l) - G(k’l’ uO,O’Q) =0. (29)

We eliminate the terms F(k + 1,{,Q,uy,) and G(k,!,ug0,§2) by applying each of the

following (commuting) differential operators to (2.9):
— 6 QuO,O 6 L _ a _ Q"l,l 8
B 3“0,0 Quo,, 3“0,1 ’ ‘ a’u1,1 Quo,l 3“0,1 '

Ls

This yields

LsLa( — Pk, 1,0, uon) + Gk, I+ 1,0, 1)) =0.
This equation can also be reduced to a system of partial differential equations for F\(k, !, ug 0, uo,1)
which (typically) is different from obtained previously.

Having differentiated the determining equation for a conservation law several times,
we have created a hierarchy of functional differential equations that every three-point
conservation law must satisfy. The functions F and G can be determined completely by
going up the hierarchy, a step at a time, to determine the constraints that these equations
place on the unknown functions. As the constraints are solved sequentially, more and more
information is gained about the functions. At the highest stage, the determining equation
(2.7) is satisfied, and the only remaining unknowns are the constants that multiply each
conservation law.

Mansfield and Szanto [44] proved that the algorithm for finding conservation laws
and symmetries is well-founded. In other words, it will yield all conservation laws and

symmetries of a given class whenever the equation can be put in the form (2.6).
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In essence, the above approach is a generalization of a method introduced in 1823 by
Abel, who solved functional equations for which each function depends on a single con-
tinuous variable [1]. (For a modern description of Abel’s method, see [2].) Surprisingly,
this method was not applied to the problem of finding symmetries and first integrals of
difference equations until Hydon used it in 1999. Until then, symmetries had been found
by series techniques and other Ansétze (see [32] for a discussion). In 2000, Hydon general-
ized this approach to deal with functions that depend upon several continuous variables;
enabling conservation laws to be found systematically [34]. However, as the number of
variables increases, the length of the functional differential equations grows exponentially.
This ‘expression swell’ limits the complexity of the conservation laws that can be found
by the direct method. Therefore great care is needed to ensure that differentiations are
applied in an order that minimizes expression swell. At present, this is still something of

an art.

2.1.1 Example of conservation laws of the discrete KdV equa-
tion
The Korteweg-de Vries equation is [30]:
P+a+vs—wo)g—p+uvio—vwa)=¢ - p, (2.10)

which is an integrable quad-graph equation. Here p, g are parameters and p? # ¢*. To

simply matters, we use the transformation

v(k, 1) = u(k,l)\/¢* - p* — gk — pl
to reduce (2.10) to
(u1,1 = o) (u1,0 — uoa) = 1. (2.11)

We shall call this equation dKdV. As with all integrable quad-graph eciuations, the dKdV
equation may be solved to write any one of ug, 41,0, Uo,1, 41,1 in terms of the other three.

In particular, we will write the dKdV equation as either

Uy = w, where w = ———— 4y,
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or
U0 = Q, where )= -——!'—-—' + up1.
U1,1 — U0
With help of L;, L, the determining equation (2.7) for the dKdV equation is reduced
to

Fuo,ouo,o +Guo,ouo,o - (""1,0""“0,1)2 (F“O,Ouo.l _Guo.oul.o) —2(u1,0—u0,1) (Fuo,o +Guo,o) =0, (2.12)

where F = F(k,l,ugp,uo,1) and G = G(k,!,up0,u1,). Differentiating (2.12) three times

with respect to ug,; eliminates G and its derivatives, leaving the necessary condition
Fuo,o’uo,ls - (ul,o - uO,l)zFuo.ouo,ﬁ + 4(’(1,1,0 - uo»l)Fuo,ouo,l3 =0. (2'13)
This equation can be split into an overdetermined system by equating powers of u; .
Further information about F may be found by substituting u; o = Q into (2.5). Differen-
tiating
F(k + 1, l: Q) ul,l) - F(ka l»u0,0, uO,l) + G(k’l +1, Uo,1, ul,l) - G(k, l, Up,0, Q) =0
with respect to upg, u;,; and keeping {2 fixed yields

~

F%,Wo.x - Guo.ﬂm.x - (ul,l - uO,O)z(FUO.ouo,l + éuo.m:,x) - 2(u1»1 - uo»o)(F“O,o - G~“0.1) =0,
(2.14)

where G = G(k,l + 1,ug0,u;,;). The function G and its derivatives are eliminated by
differentiating three times with respect to ug, which yields

Fuo.o"uo,l2 - (ul,l - u0,0)2Fuo,o‘uo,1 + 4(u1,1 — "'O,O)Fuo.o’uo.l =0. (2~15)

The overdetermined system of partial differential equations (2.13), (2.15) is easily solved

to obtain
F = Cyugguo, + Catoo’uo + Cauooton® + Cauop®uor? + Fy + F, (2.16)

where each C; is an arbitrary function of k,{, and F} = Fi(k,l,up,), F> = Fy(k,l,u00)
are arbitrary functions. The term Fy(k,!, uoo) can be removed (without loss of generality)
by adding the trivial conservation law

Fr = (S —id)F,,

GT = —(Sk - Zd)F2’
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to F' and G respectively.

So far, we have differentiated the determining equations for a conservation law five
times; this has created a hierarchy of functional differential equations that every three-
point conservation law must satisfy. The unknown functions Cj;, F; and G are found by
going up the hierarchy, a step at a time, to determine the constraints these equations
place on the unknown functions.

By this technique we have found all independent nontrivial three-point conservation

laws for the dKdV equation; they are as follows:

1. F=ugp (uo,1)2 - (Uo,o)2 Ug,1 + Uo,0 — Ug,1,

G= (UO,O)2 U3,0 — Yo (U1,o)2 )

2. F = (—1)F*1 Lug o (uon)® + (uo0)’ ot — uoo — o }

G = (—1) {(uo,o)2 u1,0 + Ugp (U1,0)2} ,

3. F = (—1)k+H {(uo,ouo,1)2 — Qugouoy + 1},
G = (—l)k‘“ {(UQ,oul,o)z} R

4, 1)k+i+1 {uo,ou0,1 - %} )

F=(-
G = (—1)F** {ugoui} .

Three of these conservation laws depend on k and ! explicitly. If we had chosen functions
F and G that depended only upon u;; on the quad-graph (and not also upon & and !),

we would have found only the first of the four three-point conservation laws.

2.2 Conservation laws for NQC-type equations.

The purpose of the current section is to use the direct method to classify the three-
point conservation laws of a wide class of integrable quad-graphs that were introduced by
Nijhoff, Quispel and Capel [51]. These are of the form

(p + S)’Uq,o - (p - ’l")uo’o -1 - (q + r)um - (q - S)ul’o -1 (217)
(g+s)uor —(g—ruop—1 (P+r)ury~ (p—s)ugy — 1’
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where r, s are free constant parameters. The parameters p and ¢ can be interpreted as the
corresponding constant lattice parameters. We shall refer to (2.17) as the NQC equation;

the factors (p £ ), (p £ s), (g ) and (g % s) will be called the coefficients of the NQC

equation.

2.2.1 Simplification of the NQC equation

We begin by showing that the NQC equation is mapped to another NQC equation under
the group of equivalence transformations D, generated by rotations and reflections.

First consider rotations. Let

A

k=-1, 1=k, a0 =u(l,-k) = uk,l).
Then

ak —1,0) = u(l,1 - k) = u(k, 1+ 1),
ak-1,I+1)=u(l+1,1-k)=u(k+1,1+1),
a(k, i+ 1) =u(l+1,—k) = u(k + 1,0).

Note that S;'a(k,[) = Siu(k,1) and Syi(k,1) = Seu(k,1). The NQC equation (2.17) can

be rewritten as

(p+8)ioy —(pP—Tigo—1 _ (g+7)811— (g = s)on — 1 (2.18)
(@+8)io~(g—r)doo~1 (p+rjuiy—(p—8)dro—1’ '

where 1; ; = 4(k +1,{ + j). Apply S; to (2.18) and then rearrange to obtain

(=g +r)io—(-g=8)loo—1 _(p+8)ln—(p—7T)dio—1
(p+r)ios — (p— 8)igo —1 (—q+8)iyy — (—g—r)lg; — 1"

This is of the form

(b+8)ing = (p= oo =1 _ (@+ )iy = (4= 8)ino -1 219)
G+ 9tos — (- Moo —1  (p+ F)iin — (p — 8)iioy — 1 '

where

(5,4,7,8) = (=¢,p,5,7). (2.20)
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Therefore this rotation generates the equivalence transformation
Fa : (p1Q1 7 8) and (_Q’pisir)’ (221)

Suppose that for a particular choice of parameters (5, §, 7, 5) equation (2.19) has a con-

servation law
(S; — id)E(k, 1, i 0, fi01) + (S} — id)G(k, , fio,0, B1,0) = 0. (2.22)

Then, applying S; to this and expanding, we obtain

A

F(E;i) ﬁ0,0yﬁO,l) - FA’(IE - l)laa—l,O)ﬁ'—l,l) + GA’(’:: - 1: [+ 1)"2—1,1’&0,1)
~Gk - 1,1, 5_10, ig0) = 0.

In terms of the original variables, this amounts to

F(=1,k, u00,u10) — F(—1 ~ 1,k,u0y,u11) + G(~l = Lk + L,u1,0,u10)
_é(_l - 1, k,uo,lluo,o) = 0)

which can be written as
(S —id)G(~1 = 1,k ug 1, uop) + (St — id)[—F (=1, k, ug,0, u10)] = 0. (2.23)

This is a conservation law for the original NQC equation (2.17) with the parameters

(P, q,7, S) = (d) "ﬁv §’ ’F)
In the same way, we can examine the effect of reflections upon conservation laws. Let

~

k=-k =1, (k) =u(-k1) = u(k,)
Then

a(k —1,0) = u(l = k,0) = u(k + 1,1),
dk—1,1+1) =ul - ki+1) =uk+1,0+1),
al, i+ 1) = u(~k, 0+ 1) = u(k,1 +1).
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So SElﬂ(I;,i) = Siu(k,!) and Siﬂ(lz:,i) = Sju(k,!). As before, write the NQC equation
(2.17) in terms of the new variable as follows:

(Pt+s)l 10— (P—r)loo—1 _(g+7)d1y—(g—8)i 101
(@+s)ioa—(g—r)ioo—1  (p+r)i_g1~(p—8)boa—1

Now apply S; and rearrange to obtain

(=p+1)ino = (~p = S)iog =1 _ (g 8)ita — (g = r)isg = 1
(g +r)loy — (g — 8)ligp — 1 (=p+8)t,1 — (—p—1)ig1 — 1

This is of the form (2.19) with
(%,4,%,8) =(-pgs,7). (2.24)
Therefore the above reflection amounts to the equivalence transformation
To: (pq,7,8) = (=P, q,5,7). (2.25)
The conservation law (2.22) amounts (after applying Sj-1) to
(Sk —id) [~ F(=k, 1, u00, %0.1)] + (S — id)G(—k — 1,{,u1,0,u00) = 0. (2.26)

Note that r + s and |p? — ¢?| are invariants of the group generated by I'; and T.
For certain parameter values, the NQC equation is degenerate in one of two senses:
either it can be factorized into a pair of linear PDEs, or it can be integrated to yield an

OAE. These degenerate cases are classified by the following two lemmas.
Lemma 2.1. If p* = ¢* then the NQC equation is factorizable.

Proof. Substituting p = q into (2.17) and rearranging this as a polynomial equation gives

the factorization
(u1,0 — o) [(g + r)(g + $)us,1 — (g~ r)(g — 8)uoe — 2] = 0.
Substituting p = —¢ into (2.17) gives

(oo — u1,1) [(q + (g + )01 — (@ = r){g — §)ure — 2] = 0.
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Lemma 2.2. If at least one of p,q and at least one of r, s are zero then the NQC equatz'oh

may be reduced to an OAE.

Proof. Without loss of generality, we may restrict attention to the case ¢ = r = 0. All
other cases may be obtained from this one by using I, and I';. Note thatifp=¢=7r=0
then (2.17) is a trivial equation, so assume that p # 0.

If s = 0 then the NQC equation reduces to

{1+ p(uoy — v1,1)][1 + pluop — u1p)] = 1.
Hence
(S[ + ld) In [1 +p(u0,0 - ’U,l,o)] = 0,

which reduces to the OAE
In[1 + p(uop ~ u10)] = (~1) f(k),

where f(k) is an arbitrary function.
If p# s 5 0 then the substitution u(k,l) — (1 — s/p)*u(k,l) + 1/s reduces the NQC

equation to
2
(P2 — S )Ul,o - P2u0,0 _ Ug,1
- 1)
suy g uy,1 — Uo,1

which can be rearranged as

(S +id) In (1 - lﬁ) =In (;72) .

This may be integrated to yield the OAE

ln< - -::%3) = %m (;7:) (=1 (k).

Finally, if p = s 0 then u(k,l) — u(k,) + 1/s reduces the NQC equation to

(S) +id) (392) =2,

U0

which yields the OAE

=20 = 1+ (-1)'f(k).
U0
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We now seek to to simplify the NQC equation by using equivalence transformations.

All choices of p, q,r, s are considered, subject only to the two nondegeneracy constraints:
1. p* # ¢4
2. at most one element in each of the pairs {p, 7}, {p, s}, {¢,7}, {g, s} is zero.

These constraints will be assumed to hold from here on. We will use point transformations

of the form
u(k,0) = Nephu(k, 1) + f(k, D),

where ), u are nonzero constants, to simplify the coefficients of the NQC equation.

CaseL: s=7, (p>—12)(g®—7r2)#0

In this case, the NQC equation can be transformed into the cross-ratio equation [47),

ofuyo — Ugo) _ W1~ ’ a#0, B#0, a#p. (2.27)
ﬂ(uo,l - Uo,o) U1,1 — Uo,1

Here o = p? —r? and f = ¢* — r%. If r = 5 = 0, the required transformation is

l

ull, ) o> (k) + 5+ 2, (2.28)
p 9
which gives a = p? and 8 = ¢%. Otherwise, the transformation is
p=r\¥[g=r)' 1
u(k, ) — (pH) (qM) u(k,l) + 5 (2.29)

CaseI: s=r, (pPP-1¥)(¢®*~1%)=0

Here at least one of the coefficients (p £ r) and (g £ ) is zero. Furthermore, the
nondegeneracy constraints are only satisfied if exactly one such coefficient is zero. Conse-
quently r is nonzero. By using the equivalence transformations generated by I',, we can
set ¢ +r = 0 without loss of generality; then the NQC equation amounts to

(p+r)uso—(p—r)ugo —1 _ 2rug0 — 1
2rugp ~ 1 (p+r)uyg—~(P—rugy —1°

The point transformation

w(k, 1) - (ﬁ - :)k ( p2412r2)lu(k,l) + 51; (2.30)
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reduces the NQC equation to

U1,0 = Uoo __ U1,0 (2.31)
Up,0 U1,1 — Yo, ‘

CaseIlII: s=—-r #0
Here the NQC equation amounts to

(p - T)(ul,o - ’U,o,o) -1 - (q+ T)(u1,1 - ul,o) -1
(@—7)(uop —uop) =1  (P+7)(wsa—uot) -1 |

At least three of the four coefficients must be nonzero, for otherwise the nondegeneracy

constraints are violated. We can use I', and T', to set (p + r)(g+ r) # 0. Then the

transformation

k l
2.32
u(k,l)r—»u(k,l)+p+r+q+r (2.32)

simplifies the NQC equation to

(p* = r*)(u10 — uo0) = 2r _ usn — a0 2.4 2 0 2.33
(@ =) (@0r—w00) 2 = mr—w0s’ P#F, r#0. (2.33)

Case IV: 5% # r?
First note that the transformation
1
— 2.34
u(lk, 1) = (1) + —— (2:34)

reduces the NQC equation to

(p+ s)uro — (p — muoe - (g +r)ury — (9 —8)urp (2.35)
(g+ s)uoy — (g—=rue (p+7)uis — (P—S)uos :

At least one of the coefficients in each numerator and denominator in (2.35) must be
nonzero, for otherwise (2.35) reduces to an OAE or a trivial identity. Therefore at least
four of the eight coefficients are nonzero. Suppose that (2.35) can be transformed by an

element of the group generated by I',, I, into a form for which

(p+r)(p—s)g+r)g—s)#0. (2.36)
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Then the transformation

k 1
p—s\"(1=s
k.l k,l 2.37
u( ’)H(p-l-T‘) (q_‘_r) u(k,l) (2.37)
reduces (2.35) to

(¢® — ®)uos — (2 — 3o u1y —vo1’

We have already seen that this equation can be reduced to Q3;_,, which has two essential
parameters. |

All that remains is to consider whether there are any circumstances in which the
coefficients cannot be transformed to satisfy (2.36). If only one coefficient is zero, it can
be transformed into g+ s = 0, which does not violate (2.36). Suppose then, that g+s =10
and that at least one of the factors in (2.36) is also zero. Clearly, p — s and ¢ — s must
be nonzero to satisfy the nondegeneracy constraints. The case ¢+ r = 0 does not need to
be considered, as this violates s? # r2. Finally, if p+ 7 = ¢ + s = 0 then the rotation T,
transforms these conditions to g+ s = —p + r = 0, and so (2.36) is satisfied.

This completes the classification of the simplified forms of the NQC equation. We have
shown that, up to equivalence transformations, the only nondegenerate cases of NQC may

be mapped to one of (2.27), (2.31), (2.33) and (2.38).

2.2.2 Three-point conservation laws of the simplified equations

In this section we present a complete classification of the three-point conservation laws
of (2.27), (2.31), (2.33) and (2.38). These conservation laws have been obtained by the
method described in Section 2.1. The computer algebra system MAPLE [74](see Appendix
A.1) was used to carry out the calculations, details of which are omitted.

Case I A complete set of three-point conservation laws for the cross-ratio equation
(2.27) is

a

1) F=—
Up,1 — U0

G= O ——
Uy,0 — Uo0
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auy
2) F=——20
Ug,1 — Up,0
U1,0
G = —_ﬁ__’._,
Uy,0 — Uo0
QUg oUg,1
3) F =000
Up,1 — Uo,0
Buoour0
G=-T220
Uz,0 — Up,0

4) F= (—1)k+l (2 ln[uo,l - uO,ol - ln[a]),
G= —(-—1)k+l (2 ln[ul,o — ono] - ln[ﬂ])

Case II A complete set of three-point conservation laws for equation (2.31) is

1) F= ﬂl,
uo,ou
G = 1,0 ,
U0 — Ug0

2) F= (—1)k+l ln[uo,o],

G= —(—1)k+l In [’ul,o - Uo,o].

Case IIT A complete set of three-point conservation laws for equation (2.33) is

2 .2 _ _
1) Fein (@ =700 ~ uoo) - 2r
Ug,1 — Uo,0

G=-In [(p2 —r2)(uy0 — uop) — 27‘}
U1,0 — Uoo '

2) F = (=1)**"1n[(uo1 — u00)((q? = 7?)(uo,1 — uop) — 2r)],
G = —(~1)**1In[(u10 — u00)((#* — r*)(u1,0 — uop) = 2r)].

Case IV A complete set of three-point conservation laws for equation (2.38), except for

thecasesp=f,q=—s andp=-s,9q=r,is

Uo,1 — Up,0
1) F=In : . ,
) [(q2 —8)ug1 — (¢ - rz)uo.o]
G=—1 U1,0 — U0

! (»? - 32)“1,0 - (p? - f‘z)uo,o ’
2) F=(-1)*"n[(uo1 — u00)((¢* — s*)uop — (¢* — *)uo,)],
G = —(-1)*"1n[(u10 — ug0)((2® — & u10 — (P* — r*)ugo)].

If p=r,q= —sin (2.38) then the three-point conservation laws are
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) pota =]

Uo,0
U0 — U0
G=-I|———
Uio

2) F = (-1)*"Infuoo(uo1 — uoo)],
G = —(~1)** Infuy0(u1,0 — wo)),

)

3) F=(k+1)In [@‘—u:—lui‘l} — In[uo, 10,0},

G=—(k+])h [“°'°Z“"° S """’)].

'u1,02

Finally, if p = —s, ¢ = r then the three-point conservation laws are

1) F=1n[w_'_“0_ﬂ],

Up,1

u —_—
G=—ln[ 1,0 uo,o]’
Up,0

2) F = (=1)**"Infug,1(uo1 — uoo)),
G = —(=1)*"In[ugo(us0 — o)),

u) u, _uol
3)F=(k+l)ln[°°( > °)],
0,1

G= —(k + l) In [E},_O{L"_U_O,E} + ln[ul,ouo'o}.

2.2.3 Constructing the conservation laws of the NQC equation

Having classified the conservation laws of the simplified representatives of each equivalence
class, we now show how to obtain conservation laws of the original NQC equation for a
particular example. If

(»ars)=(-1,2,1,1) (2.39)
then the NQC equation amounts to

21&0,0 -1 _ 3’(1«1,1 - U0 — 1
3up,1 — ugo — 1 2ug — 1

(2.40)

This case satisfies the condition r = s, p+r =0, so (2.40) is a subcase of Case II. From

the discussion in §2.2.1, all equations in Case II can be obtained by applying one of the
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rotations generated by I, to

270 — 1 (B + ) — (b — F)doq — 1
To obtain the NQC equation with coefficients (2.39) we need to apply I'; to (2.41) once:
Therefore, from (2.20), the choice of coefficients in (2.41) that corresponds to (2.40) is

Bdgo — g —1 _ _ 2io—1 (2.42)
2'&0’0 -1 3’&0,1 - '&1’1 -1 '

Equation (2.42) has two conservation laws which can be obtained from the conservation

laws for (2.31) by inverting the transformation (2.30). After rescaling (for convenience),

these are
s 3(24py — 1
1) F(k,l,d00,10,) = —_2_52_;2—’;—:—1%’
e iy o — 1
G(k’l) 0,0,“1,0) = -

3o — o~ 1’
2) F(k,1, 400, 0,) = (~1)F*1 In[1 — 2dio,),
é(i‘}a i, ﬁ0,0) 'al,O) = (—1)E+iln[3ﬁ0,o - al»o - 1]

So (2.23) tells us that the NQC equation with (p,q,7,s) = (—1,2,1,1) has the two con-
servation laws

2’U,0,0 -1
311.0'1 - Up,0 — 1 ’
3(2“1,0 - 1)
2(2u0,0 - 1) !

2) F(k,1,u00,u01) = (‘1)k—l In[3u, — uoo — 1],

G(k,1,u00,u10) = —(—1)*"In[l — 2upy).

1) F(k,l,uop,u01) = é(—l —1,k,up,1,%0) =

G(k, 1, up0,u10) = —F (=1, k,ugp, u10) =

2.3 Three-point conservation laws for ABS equations

In this section we present all three-point conservation laws for integrable equations on the
quad-graph that are listed in [5]; these were found by the method described in §2.1.
All three-point conservation laws for these equations are listed in Table 2.1. We omit

the details of our calculations, which were carried out using the computer algebra system
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MAPLE [74](see Appendix A.l); they are very complex and it is impossible to present
them in any suitable form. Three-point conservation laws for H1, H3;_o and Q1;_, have
already appeared in [34] and previous sections. One conservation law for Q4 involves the

following Jacobi elliptic functions with modulus K
cn(a) = cn(o; K), ns(a) = ns(a; K), dn{a) = dn(a; K).

This conservation law can be derived from a Béacklund transformation, as described in
{3, 9].

Note that in all three-point conservation laws for ABS equations, the component F
does not depend upon « and G does not depend upon §. Therefore the conservation laws
from Table 2.1 are valid for all functions a = a(k) and 8 = B(l).

For the simplest quad-graph equations Q1;_,, H1, H3;-0, there are 4 three-point con-
servation laws. Orphanidis also found 4 conservation laws for the discrete sine-Gordon
equation [58]. This led to an opinion that perhaps this number of conservation laws is
associated with integrability. However Table 2.1 shows that many integrable quad-graph
equations have fewer than 4 three-point conservation laws. It seems likely that every in-
tegrable quad-graph has infinitely many conservation laws (see also Orphanidis’ comment

[58] about generating these in a nonlocal form by repeated Bécklund transformations).



Table 2.1: Three-point conservation laws for equations from the ABS classification

Eq. Generators
@ Fi = —B(uo0 —uo1)"t, Fz2=—Puooluoo—uo1)"t, Fz=—Puoouoi(uoe—uo1)"?, Fs=—(—1)*t(2In(ug0 —uo,1) - In(B)),
5§=0 .
Gi1=aluo —u10)"t, Gz=ouo{uoo-u10)"}, Gi3=augouio(uoo—u1,0)"t, Gq¢=(-1)*"(2In(uo,0—u1,0)~In(a)),
@ Fi=In{8—uo1+u00) ~In(B—wo+us), Fo=—(-1)¥"(In(B-uo,1 +u00)+m(8—uo0+uo,1)—In(B)),
é=1
G1 = In(a — uo,0 +11,0) — In(a — u1,0 + u0,0), Gz = (-1 (In(a — uo,0 +u1,0) +In(a + uo,0 — u1,0) ~ In(e)),
Q2 Fy = —(=1)* (1n (w3 0 + (8% - w0,1)? — 2u0,0(8* + w0,1)) - In(8)) ,
G1 = (-1 (1n (w30 + (0 — u10)? - 2u0,0(0? + u1,0)) —In(a)) ,
Qs Fi =1n(uo,1 — Buo,e) —In(Buo1 —uo0), Fp=—(-1)**(In(uo, — ﬁ%.o) +In(Buo,1 —uo,0) —In(8% - 1)),
5—0
G1 =In (1,0 —uo0) —In(u1,0 — o), Gz = (—1)*+ (in(au1,0 — uo,0) + In(u1,0 — cug0) — In(a? — 1)),
Qs F = —(—1)** (In (1 — %)% + 4B(u0,1 — Buo,0)(Buo,1 — u0,0)) — In (B(8% ~ 1)),
§=1

Gy = (—1)* (In (1 ~ a?)? + 4a(us,0 — cuo,0)(ov1 0 — uo,0)) — In (a (a? - 1))),

Continued on nezt page
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Eq. Generators

Qe Fy = —(-1)**1n (ns(8) (43 ; + ud o) — K2sn(B)u} ;u o — 2cn(A)dn(B)ns(B) uo,1u0,0 — sn(d)),
G1 = (-1)¥tIn (ns(a) (u} o +1d o) — K?sn(a)uf gud o — 2cn(a)dn(c)ns(a) ui,ouo0 — sn(a)) ,

K= 41 F3 = —In(tanh(B)uo,0u0,1 + %0,0 — uo,1 — tanh(f)) + In(tanh(B)ug,oto,1 — uo,0 + uo,1 — tanh(B)),
G2 = ln(tanh(a)uo,oul,o +up,0 —u1,0 — ta.nh(a)) — ln(tanh(a)uo,oul,o - 9,0 +ur 0 — tanh(a)),

- Fi = —(—1)*! (2ug,0u0,1 — B), F2 = — (u0,0 —uo,) (uo,0u0,1 — B), Fs=—(—1)%H (ug0 + uo,1) (vo,0u01 — B),
G = (1) Quyour0—a), Ga=(uo0—u10)(uooui0—a), Gz=(-1)*(ug0+u1,0)(uoour0~a),
Fg = —(—1)*+! (2up,02u0,1%2 — 4Buo,ou0,1 + %),
G4 = (—1)5+ (2up,0%u; 0% — daug,ouy 0 +?),

a Fi = —(-1)* (2uo,0u0,1 — 82 — 2Buo,0 — 2Buo,1), Fa= —(~1)*"n(B+uo,0 +uo,1),
Gy = (—1)k+! (2uo,081,0 — a® — 2au0,0 — 20u1,0), Gz = (—1)**!In(a+uo,0 +ui1,0),

Hs Fi = —(—1Y*HBug ouo,1, Fo= —(—1)¥*8(uo0u0,1)"!, Fs= (uo00? —u0,12)(fuo,0u0,1)”t, Fi=—(—1)%* (102 + u0,12)(Buo,0u0,1)7?,

5=0

G1=(—1**augoure, Gz2=(-1)*a(uo,0u1,0)™!, Gs = (u1,02 - u0,02)(cuoou1,0)™?, Ga=(—1)*H (uo,0? + u1,0%)(auo,0u,0)?,

Continued on next page

SMV'T NOLLVAHHSNOD ¢ Y41dVHO

9¢



Eq. Generators
Fi=—(-1*"In(B+upoue,1), Fa=—(-1)¥"8(8+2up0u0,1),
H35-1
G1 = (-1)FtIn(a+upou10), G2 =(-1)*"a(a+2u0u1,0),
AL, Fy = —(-1)*"B(uo0 + u0,1)"t, F2 =Puoo(uco+uo1)"!, Fs=—(-1)**"Bugouo,1(uo0 +u0,1)7},
__.0
G1 = (-1)*Ha(uoe +u1,0)"t, Gz =auolue+ui0)~l, Ga= (—1)k+auggu;0(uoe +u10)" ",
Fg = —(—=1)**(21n (ug,0 + uo,1) — In(8}),
Gq = (—-1)*+! (21n (ug,0 + u1,0) — In(a)),
AL Fy = —(-1)*" 2In (u0,0 + 0,1 + B) —In(B)), F2 = —(-1)**! (2In(uo,0 + vo,1 — 8) — n(B)),
8=1
G1 = (—1)*H (21n (ug,0 + u1,0 + a) — In(a)), Gy = (—1)*+! (2In (ug,0 + u1,0 — a) — In(a)),
A2 Fy = —(=1)** (2In (ug 0u0,1 — B) —In(B2 — 1)), F = —(-1)*+! (2In(Buo,0u0,1 — 1) — In(F% - 1)),

G1 = (—1)** (21n (uo,0u1,0 — @) —In(a® — 1)), Gz = (=1)¥H (21n (cruo,ou1,0 — 1) — In(a? — 1)).
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U-1,00 uof —oU1,0
® ® )
Ug,—1

Figure 2.2: Form of a five-point conservation law

2.4 Five-point conservation laws for ABS equations

The simplest higher conservation laws are defined on five points. These can be arranged
in various configurations, but for each of the ABS equations the one shown in Figure 2.2
gives the conservation laws in their most concise form. The functions F and G are of the

form
F = F(ka lv Uug,—1, U—1,0, U0,0, uO,l): G= G(k) l) Up,-1, U-1,0, Up,0, ul'o)' (243)
Therefore the determining equation for the five-point conservation laws is

Fk+1,1,u1,-1, g0, u1,0, %1,1) — F(k, 1, uo,-1, ¥-1,0, U0, U0,1) +

G(k,l + 1,u00,u_1,1, %01, u1,1) — G(k,l,u0,~1,4~10, Up,0,U10) = 0.  (2.44)

Shifted versions of each quad-graph equation are used to eliminate u_y 1,4y, and uy 1.
The direct method yields three five-point conservation laws for H1 and H3;-,. For

- the other equations, the complexity of the calculations has prevented us from solving the

determining equation (2.44) directly when F and G are of the form (2.43). However, for

each of the equations H1 and H3;.,, the three five-point conservation laws can be written
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in the form

Fl = F(k7l)u—1,0au0,0)u0,1)y Gl = G(kv [’u—1,07u0,01u1,0))
Fy = F(l,k, uo,-1, o0, t1,0), Gy = G(l,k,uo,-1, %00, %0,1),
F3 = kFl + ng, G3 = ICGl + lG2

This suggests that, for each of the remaining ABS equations, we should seek a five-point

conservation law of the form

F= F(kJ;u—l,O)uO,O)uO,l)) G= G(k)l’u—l,O)uO,Oaul,O)' (245)

By substituting (2.45) into (2.11) we obtain a determining equation that is simpler than
(2.44):

F(k+1,1,u00,u1,0,u1,1) — F(k,l,u10, %00, %0,1) +

G(kr l + ];y U-1,1;Up,1, ul,l) e G(k) l) U-1,0, Uo,0, ul,O) =0. (246)

Shifted versions of the quad-graph equation are used to eliminate u_,; and u, ;.

By using the direct method to solve (2.46) we found one five-point conservation law

for Q15=0,1’ Q36=0, H2, H35=1, A16=0,1, A2. Let
Fy =F,(kl,u_y9,u00,%,1), G1= G,(k,l,u_l,o,uo,g,ul,o) (2.47)

be the solution of (2.46) for an ABS equation. All ABS equations are invariant under the

transformation

Therefore each of the above equations has a second five-point conservation law,
F2 = Fa(lr k1 uO,—lyuo,OyuO,l)’ G2 = GG(l’k1u0:"1’u0,07u1;0)‘ (248)

For equations Q2, Q3;_, and Q4, we could not solve the simplified determining

equation (2.46) directly. However, we observed that each of the other ABS equations has
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“two five-point conservation laws of the form:

B = -5 (-1)"G + f(u-1,0,%00,,),

Gy =87 (~1)FHG - aln(uyp — u_ip),

F, =S87Y=1%"F + aln(ug; — up,-1),

Gy = =S N =1)*E — f(uo_1,u00,u10). (2.49)

Here f is a function and a is a constant; furthermore, ¥ and G are components of a

three-point conservation law of the same equation, of the form
F=(-1*In(...), G=(-1)F"In(...). (2.50)

Table 2.1 shows that most equations from the ABS classification have a three-point con-
servation law of the form (2.50); the only exceptions are H1, H3s—9, whose five-point
conservation laws we have already found. Therefore we have sought two five-point con-
servation laws that can be written in the form (2.49) for each of the remaining equations
Q2, Q3;_, and Q4. By substituting F, G; from (2.49) into (2.11) we obtain the deter-
mining equation for f and a. For each of Q2, Q3;_, and Q4, this determining equation
can be solved by the direct method. ,

So far we have described how to find two five-point conservation laws for all ABS
equations. Our results for H1 and H3;s_o suggest that other equations from the ABS

classification may have a third conservation law that is related to the other two as follows:
F3=kF, +1F, G3=kG,+I1G;. (251)
We find that in (2.51) the two conservation laws must be written in the form

Fy = =SS (—-1)*G - S7H(-1)¥HG + ay f(u-1,0, o0, Up1) + a2,
Gy = (=1)*HG + S (~1)¥G — agIn(ug o — u-y ),
Fy = (=1)FHE + 87 (=1)FF + aaIn(ug,y — uo1),
Gy = —SiSTH(—1)HF = ST (-1)*MF — a1 f(uo,-1, w00, u10) + 02 (2.52)

Here F, G and f are the same as in (2.49), and the constants a; can be found by sub-

stituting (2.51) into (2.11). The terms SzS,;'l(—l)'”"G' and Sk.S',‘l(—l)H'F’ depend on
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U_1,31,%),—1, which do not lie on the cross (2.43); these variables can be eliminated by
shifted versions of the quad-graph equation.

The results of the above are summarized in Table 2.2, in which we list the genera-
tors F; and G; of the five-point conservation laws for each of the ABS equations. The

corresponding conservation laws are

(F1,Gy) = (F,Gy),
(FQ’G2) = (F2yé2)7
(Fa, Gs) = (’CFl + le, kél + lc—'z)

In Table 2.2 we use F, and G,, to denote the components of n** three-point conservation
law for the same equation as given in Table 2.1. For Q4 alone, we have presented the result
without eliminating u_1,1,u;,—1, as this is far shorter than the result after elimination.

We have checked that all five-point conservation laws cannot be reduced to lower-order
conservation laws; in other words, they are independent of those which we have found so
far.

All of the three-point conservation laws apply to nonautonomous equations, for which
o and B are not conséants. However, each equation from the ABS classification has only
one five-point conservation law whose component G does not depend upon.a and one
five-point conservation law for which F does not depend upon 3. Consequently, if exactly
one of o and B is constant then only one' of the five-point conservation laws survives, If

neither o nor g is constant, none of the above conservation laws hold.



Table 2.2: Generators for five-point conservation laws for equations from the ABS classification

Eq. Generators
Q1. Fy = (1) Fy — 7Y (—1)FHGy + 2In((uo,1 — u—1,0)((u0,1 — u0,0) + B(uo,0 — 2-1,0))),
G1 = (-1)kHG + STU(-1)HG — 4ln(u1,0 — u-1,0),
Py = (-1)¥H Fy + S71(~1)*+ Fy + 4In(uo,1 — u0,-1),
Ga = (—1)*HGy - S; (~1)**+ Fy — 21In((u1,0 — u0,~1)(a(u0,0 — uo,~1) + Blu1,0 — u0,))),
Qs Fy = ~1n((vo,1 — uo,0 + B)(uo,0 ~ t~1,0 — @)uo,1 — u—-1,0 — & + B)"{a{uo,1 — uo,0) + Bluo,o — u-1,0))"Y),
G1 =In((u1,0 — uo,0 + a)(uo,0 — u—1,0 — a)(ur,0 — u-1,0)7%),
F2 = — In{(u0,0 — uo,—1 — B)(uo,1 — uo,0 + B)(uo,1 — uo,-1)72),
G2 = 1n((uo0,0 — uo,—1 — B)(u1,0 ~ 40,0 + a) (1,0 — uo,—1 + & — B)~1(B(u1,0 — uo,0) + aluo,0 — uo,—1))"L),
Q2 Fy = (1) R - ST (-1)FHG + In((u? 4 o + (@~ B)? — uo,1)? — 2u—1,0((a ~ B)? + uo,1))(auo,1 + (@~ B)(aB — uo,0) — Bu-1,0)%),
G1 = (~1)*HGy + ST H=1AHE) — 4In(u1,0 — u_1,0),
Py = (1)*HF 4 ST H=1)*HF, + 4In(uo,1 — uo,-1),
G2 = (-1)*HG) - S =1 F —In((ud _; + ((a — B)2 — u1,0)? — 2uo,—1((a — B)? + u1,0)){(eup,—1 + (& — B)(af — uo,0) — Bu1,0)?),
Q350 Fy = —In ((ccu—1,0 — uo,0)(Buo,1 — u0,0)(Buo,1 — au_1,0)"1(B(1 — a®)uo,1 + (@® — B%)ug,0 ~ a(l — B%)u_1,0)7?),

G1 = In ((au1,0 — uo,0)(u0,0 — u_1,0)(u1,0 — u-1,0)72%),
Fy = —In ((Buo,1 — uo0,0){Buo,~1 — uo,0)(u0,1 — uo,-1)7%),

G2 = In ((au1,0 — uo,0)(uo,0 — Buo,—1 a0 — Bro,—1) "1 (B(1 ~ a®)ug,—1 + {@® — BP)ug,0 — a(l — f2)u1,0) 1),

Continued on next page
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Eq. Generators
Qs A = (-1)*HFR - S7(-1)*HGy +In(((o? — £2)% + 4aB(aue,1 — Bu-1,0)(Buo,1 — au_1,0))(B(1 — a®)uo,1 + (a? — B2)uo,0 — a(l — B2)u—_1,0)?),
Gy = (-1)*HG, + S7H(-1)*1G; — 4ln(ui0 —u_1,0),
By = (=1)HPF + S7H-1)*HF +41n(xo,1 — uo,—1),
G2 = (-1)*HGy — ST (-1)FHFy — In(((o® — B%)? + 4aB(au1,0 — Puo,~1)(Bu1,0 — auo,~1))(B(1 — a®)uo,—1 + (a? — B2)uo,0 — a(l — A)u1,0)?),
A = -85 1 (-G - s (-G +
Q4 2In((sn(a — B)*(1 + K?sn(B)?sn(a)?) — sn(B)? — sn(a)?)uo,1u—1,0 + sn(a)sn(B)(u] | +u2; o —snla - B)2(1 + K%uf 1u?, ),
Gy = (-1)*HGy + 551 (-1)*+G1 — 4In(u1,0 — u_1,0),
Fy = (—1)*HF, + S;1H(-1)*HF; + 4In(uo1 — uo,—1),
G2 = =SS (-1 — 57 (—1)FH P -
21n((sn(a — B)%(1 + K2sn(B)%sn(a)?) — sn(B)? — sn(a)?)u1 ou0,~1 + sn(a)sn(B)(uf o + v ., —sn(a — B)}(1 + K2uf gu _,))),
H1 Fi=—In(uo1 —u-10), F2=—In(uo1—uo,1),
Gi=In(uo-u-10), G2=In(u0—uo,-1),
Ha Fy = (-1)* R - SgH(-1)*HG2 + In((B - a — w01 +u-1,0)(8 - e+ uo1 — u_10)°),
G = (-1)*HG + S (-1)¥HG, — 4In(u,0 ~u_1,0),
Fz = (—1)**F; + S (~1)¥HF; + 4In(uo,1 — uo,-1),
G2 = (-1)kHG2 — 57 H(—1)*HF; — In((a — B — u1,0 +uo,-1)( — B+ u1,0 — uo,—1)%),
Haee Fi=-In ((auo,x - ﬂﬂ—l.o)“;,(l)) , BB=-In ((uo,1 - uo,—l)“&})) ,

Gi=ln ((ul,o - u-l.O)“&(]i) ) G2a=In ((ﬂul,o - aﬂo,—l)ua,(l,) ,

Continued on nezt page

SMVT NOILVAHASNOD ¢ H4LdVHO

147



Eq. Generators
H3o Fi = (-1)FHFy - 57 (=1)FHGy +In((Buo,1 - au_1,0)(auo,1 — Bu—1,0)%),

G1 = (-1)*HGy + S 1 (-1)HG1 ~ 4In(ur,0 - u-1,0),

Fy = (-1)FHF + S7H(-1)FHFy + 41n(uo,1 — uo,-1),

Gz = (1)@ — ST (~1)*H Fy — In((a1,0 — Buo,—1)(Bu1,0 — aup,~1)?),
Al Fy = (-1)kHFg - STH(-1)HGy + 2In((u0,1 — u—1,0)(afuo,1 + uo,0) — Bluo,o +1-1,0))),

Gy = (—1)HG, + S H-1)*HGy — 4ln(u1,0 — u_1,0),

Fy = (1) F 4 S7H -1 Fy + 4In(uo,1 —uo,—1),

Gz = (—1)*H1Gy — S} (-1)F+! Fy — 2In((u1,0 — u0,-1)(B(u1,0 + 0,0) — a(uo,0 +uo,-1))),

Fy = (-1)*(F + F) - Sg (-1)FH(G1 + G2) + 2In(((@ — B) ~ (u0,1 — u-1,0)?)(a(u0,1 + u0,0) — Bluo,0 + u-1,0))?),
Ao G1 = (-1)*(Gy + G2) + S M (—1)*+HG) + G2) — 8In(u1,0 — u_1,0),

Fp = (-)*(F + F2) + 57 (-1 (R + ) + 8In(uo ~ uo,—1),

Gz = (-1)F*!(G1 + G2) - S (-1)*H(F1 + F2) — 2In(((a - B)? - (u1,0 — u0,-1)?)(B(u1,0 + 0,0) — e(uo,0 + uo,-1))?),
A2 Fy = (~-1)FH(F + F2) - SgH(—1)R(G1 + Ga) +21n((oe,1 ~ Bu—1,0)(Buo,1 ~ au—1,0){a(l — A)ue,i — u—1,0(8(1 — a?) + (a? — f%)uo,0u0,1))?),

G1 = (~1)**(G1 + G2) + Sg 1 (-1)*+(G1 + G2) ~ 8In(u1,0 ~ u-1,0),

Fy = (-1)F(F + B) + S (1) Y (Fy + F2) + 8In(uo,) — uo,-1),

G2 = (-1)**4(G1 + G2) = ST H~1)*(F + F2) - 2In((Bu1,0 — auo,—1)(au1,0 — Buo,~1)(B(1 — a?)u1,0 — uo,~1(a(l — 82) + (82 ~ a?)uo,0u1,0))?),
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Chapter 3

Symmetries

3.1 Symmetries of quad-graph equations

The general form of the ABS equations on the quad-graph is
P(k,1,uo0, U1, U0, U1, 01) = 0. (3.1)
The transformation
T (k,1, %0, U1, Uo,1, Un,t, Ok, Br) = (K, L, G0, tir 0, 0,1, Bn,, Gk, 1)
is a symmetry for (3.1) if
P(k,1, 00,40, 0,1, 1,1, Gk, ) = 0, (3.2)

whenever (3.1) holds. Lie symmetries are obtained by linearizing the symmetry condition
about the identity, as follows. We seek one-parameter (local) Lie groups of symmetries of

the form

fioo = tg + €n + O(€?),
i = oy + €&1(k, o) + O(€%), (3.3)
B =B+ etall B) + O(€). |
The functions 7, £, and ¢; are components of the characteristic Q of the one-parameter

group. The function 7 depends on finitely many shifts of ug ; this is discussed in the next
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section. By shifting (3.3) in the k and [ directions we obtain

@y = wj + €SiSin + O(&),
Qi = Oy + €€1(K + 4, i) + O(E?),

Bies = Bis + ol + §, Brag) + O(€3),

for every i,5 € Z. Expanding (3.2) to first order in € yields the linearized symmetry

condition
XP =0  whenever (3.1) holds,
where
03] 0 0 0 0 0 ,
X =ne— 4+ (Sin)=— + (Sn)=—— + (SiSm)=— + &1 =— + b= . 3.4
nauo,o +( kn)aux,o * ln)auo,l (S m)aum &301: 623/31 (3:4)

3.2 The method

If we were to seek only Lie point symmetries, then 7 would be of the form
n = n(k,1,uo0, o, Bi)-

However, we shall consider higher symmetries that depend upon the values of the depen-
dent variable on a 3 x 3 square that is centred on (k,!). By using the quad-graph equation

to eliminate the corner nodes (Figure 3.1), we simplify 5 to the following form:
n= 77(/‘5, la U-_1,0, Ug,--1, Up,0, U1,0, Up,1, Xk, ,HI) (35)

As 7 depends on five values of the dependent variable, we call such symmetries five-point
symmetries.
In fact n can be simplified still further. To show this, we apply a symmetry generator

(3.4) to (3.1) and obtain the linearized symmetry condition:
nPuO,O + SknPlH,O + SmPuo,l + Sks[npul’l + glpak + E2Pﬂ‘ = 0. (3-6)
This expression has to be satisfied by all solutions of (3.1). Let

tioo(u1,0,%0,1,1,1), Tao(Uop, Uos,ur,1), Toa(to0, Ur0,U11), 1,1(u00, U1, Uo1),
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Uop,1
) ) ®
U~1,00— ™ J+ -9 U1,0
0
® ® [ ]
U, -1

Figure 3.1: Form of a five-point symmetry

denote the result of solving (3.1) for ugg,u1,0,up; and uy; respectively. In the follow-
ing, to save space, we suppress the dependence on k,[l,a and 5, and we use @;; to
denote #y,1(uo g, U1 ,0, Ug,1). TO Write out the linearized symmetry condition explicitly, we

substitute

u_1,0 =g 0(Uo0) U-1,1, U0,1),
uo,—1 =To,0(U1,~1, 0,0, U1,0),
gy =1y,1 (1,0, Ugp, B1,1),
u1,2 =Ty,1(Up,1, Uiy,1, U0,2),
uyy =ty,
into (3.6), to obtain
n(To,0(u0,0, U~1,1, Up,1), To,0{t1,=1, Uo,0, B1,0), Y0,0, ¥1,0, Y0,1) Pug o
+ (10,0, 1,1, 1,0, 42,0, %1,1) Puy o + (11,1, %0,0, U0,1, T1,1, %0,2) Pug
+ n(ug,1, %1,0, B1,1, 81,1 (21,0, ¥2,0, B2,1), B1,1 (40,1, 61,1, %0,2)) Puy,y + €1 Pay +62P5, =0. (3.7)
By differentiating (3.7) with respect to u_;,; and u, —;, we obtain the necessary condition’

P, -—---—-———62
Y0 Bu_118uy,

*

The coefficient of 7 is nonzero, so the solution of (3.8) shows that 5 can be split into

the sum of two functions which have a simpler form than (3.5). New conditions for # can

"7('&0,0(”0.0; u—‘l,l ’ uorl)? ﬁop(ull—l’ uoyo’ ulvo)’ uoro’ ’Ul,o, uo»l) = 0' (3‘8)
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be obtained, for instance, by differentiating (3.7) with respect to u_;¢ and ug_;. Taken

together, all such conditions give a system of PDE’s with the following solution

77crosa(kylau—-l,o,'U'O,—l,uO,O;ul,OaUO,l’ak’ﬂl) =

nk(ka l) U-1,0, U0,0, 1,0, Ok, /Bl) + "h(ki lr Up,—1, U0,0, Up,1, ak}ﬂl)a

where n, and 7; are functions which have to be found. Therefore we have demonstrated
that » is of the form 7..ss, which is the sum of the terms in the k¥ and ! direction
separately. Similarly it is possible to show that for any higher-order symmetry generator,
if n is simplified to depend only on values on a cross, it consists of two separate terms in
the k and [ direction respectively.

We now explain the method for calculating the characteristics Q for a given quad-
graph equation. By substituting 7sos, into (3.7) we obtain the following determining

equation for ng, n;, & and & (again, we suppress k, [, ax, B for brevity).

(i (iB0,0(t0,0, %-1,1,%0,1), %0,0, U1,0) + M (To,0(¥1,-1, %00, ¥1,0), %0,0,%0,1)) Pug o
+ (mx (10,0, 41,0, U2,0) + M (U1,~1, %1,0,81,1)) Py
+ (e (1,1, %o,1, B1,1) + M (40,0, 0,1, %0,2) Puo,s + (Me(t0,1, 81,1, B1,1(u1,0,%2,0,81,1))

+ (w0, @iy, 1, 81,1 (20,1, 81,10 %0,2))) Pay.y + €1 Pey +E2Ps, =0. (3.9)

To solve this functional equation we use an idea which is described in Section 2.1, namely

we reduce it to a PDE. By differentiating (3.9) with respect to uzp we obtain
0 ) o _
Puy o511k (t0,0, U0, u2,0) + P,y 5" (tlo,1, T 1, B1,1 (W10, %20, 81,1)) = 0. (3.10)
a’UQ,o a'u2_o

This is a functional-differential equation, but it contains fewer sets of arguments than
(3.9) does. The first term can be eliminated by dividing by P, , and then differentiating

with respect to ugp, to obtain

0 F,, 0 N _
: k(uo,1, 1,1, 1,1 (81,0, U20,%1,1)) | = 0.
Ouo,y \ Puyp 3"2,07) (o1, T, T (1.0, Uz, 1)

After making the substitution

ugo = tipg, U20 = Skl
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we get a PDE for the function 7 and solve it. The constraints for the function 7 can be
found in a similar way.

So far, we have differentiated the determining equations (3.9) twice; this has created
a hierarchy of functional-differential equations that every five-point symmetry must sat-
isfy. The unknown functions nx, mi, & and & can be found completely by going up the
hierarchy, a step at a time, to determine more constraints. As the constraints are solved
sequentially, more and more information is gained about the functions. At the highest

stage, the determining equation is satisfied.

3.3 Five-point symmetries of integrable equations on
the quad-graph

In this section we present all five-point symmetries for integrable equations on the quad-
graph that are listed in [5]; these were found by the method described in the previous
section.

All five-point symmetries for these equation are listed in Table 3.1. In these tables
en(a) = en(o; K) and dn(a) = dn(a; K) are Jacobi elliptic functions with modulus K.
In [15] it was shown that when K = 0, equation Q4 is equivalent to the case Q35=1:
When K = 0, all symmetries for equation Q4 are equivalent to the symmetries for
equation Q3;_,. We omit the details of our calculations, which were carried out using the
computer algebra system MAPLE [74](see Appendix A.2); they are very massive and it
is impossible to present them in any suitable form. Five-point symmetries for H1, H3;,
and Q1,_, have already appeared in (26, 46, 47, 48, 50, 52, 53, 60, 72, 73].

Note that each equation from the ABS classification has two nonpoint symmetries in
the k direction and two nonpoint symmetries in the ! direction. In each case, one of these
symmetries in the k direction depends explicitly on k; in the next section, we denote this
symmetry by Xj,,. The other symmetry in the k direction does not depend on k; we will
denote it by Xj. Similarly, we will denote the nonpoint symmetries in the ! direction by

le and Xz.
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So far we have seen symmetries only for autonomous equations, for which a and 8
are constants. The same point symmetries occur even when a and § are not constant.

However, there are no other five-point symmetries in the k (respectively /) direction if o

(respectively () is not constant.



Table 3.1: Symmetry generators for equations from the ABS classification

Equations Generators

Q1 Xy =a0a+ P80, Xz=0u, X3z=u000u, Xas=(u00)%0ue X5= (u1,0— to0){too— t-1,0){t1,0—%-1,0)" oo
X6 = (10,1 — u0,0)(t0,0 — %0,—1)(%0,1 — U0,—1) 1Buge, X7 = k(u1,0 — u0,0) (0,0 — U—1,0)(1,0 — U—1,0) "1 o + OB,

Xs = l(uo,1 — vo,0)(u0,0 — uo,—1)(%0,1 — 0,-1) " Buo o + B,

Q1,_, X1=0upgr X2=1000us0 +ada+P8p, Xiz={c+ (u1,0— u00)(t0,0— u_10)}{t1,0 — v-1,0)" g 0»
Xq = {B? + (20,1 — %0,0)(10,0 — o,~1)Hto,1 — 20,1) o, X5 = kfa® + (u1,0 — u0,0)(u0,0 — u—1,0)Ht1,0 — u_1,0)"'Bug + @0a,

Xo = 1{B? + (vo1 — u0,0)(u0,0 — u0,—1) Htto,1 — t0,—1) "' Buo,0 + 5,

Q2 X1 = 2ug,00u,0 + a0a + BB, X2 = {(r0,0 — u1,0)(¥00 — u-1,0) — *(2u0p + u1,0 + t_1,0) + o* Hur,0 — u_1,0) " Buq 0,
X3 = {(uo,0 — uo,1)(tt0,0 — uo,-1) — F2(2u0,0 + uo,1 + uo,—1) + B*}(ro,1 — uo,—1) "' uc0»
X4 = k{(uo,0 — u1,0)(t0,0 — u-1,0) — &®(2up,0 + 1,0 + t_1,0) + a*}(u1,0 — t_1,0) "o — @,

Xs = l{(10,0 — u0,1) (10,0 — to,-1) — B (2u0,0 + 0.1 + o, —1) + B} o1 — u0,—1) ' Buo, — Bs,

Continued on next page

SHIYLANNAS € HHILdVHO
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Equations Generators

Q36=0

Q35=1

Q4

X1 =1000u,, X2 ={(1+a®)uoo(u1,0+u_1,0) — 20((0,0)* + u1,0u-1,0)} 21,0 — U—1,0) " Bug 0
X3 = {(1+ F*)uo,0(u0,1 + to,—1) — 28((u0,0)* + uo,1%0,—1)}{uo,1 — %0,~1) " g o>
Xa = k{(1 + a®)uoo(u1,0 + u_1,0) — 2a((u0,0)® + u1,0u—1,0)H{u1,0 — U=1,0) " Bug o + (0 — 1)Ba,

Xs = {(1 + B*)uo0(uo,1 + uo,~1) — 28((u0,0)% + u0,1u0,—1)}Ho,1 — v0,-1) " g + B(B? ~ 1)8p,

SHIYLANNAS € H4LdVHO

X1 = {2a(1 + 0%)ug (1,0 + u—1,0) — 40 (u1,0u—1,0 + (v0,0)%) — (1 — )2} (u1,0 — v-1,0) " Dug 0
Xz = {28(1 + B?)uo,0(uo,1 + vo,—1) — 46%(uo,1u0,~1 + (10,0)%) — (1 — B2)?}H(uo,1 — 20,-1) "*Bug 0>
X3 = k{2a(1 + a®)ug,0(u1,0 +u-1,0) — 4% (u1,0u-1,0 + (v0,0)?) — (1 ~ &?)*}H(u1,0 — ¥-1,0) " Buo o +20%(0” — 1)Bas

Xy = {2B(1 + B*)uo,o(uo,1 + uo0,-1) — 48 (uo,1u0,—1 + (20,0)%) ~ (1 — 2)*}H(uo,1 — uo,—1) " 8uq , + 28%(8% — 1),

X, = {cn(a)dn(a)ue,o(u1,0 + u_1,0) +sn?(a)(1 + K>u_; o(u0,0)?u1,0) — u-1,081,0 — (10,0)*} 1,0 ~ %-1,0) g0

X2 = {cn(B)dn(B)uoo(uo,1 + o,-1) +sn?(B)(1 + K2uo,_1(uo,0)?uo,1) — uo,—1%0,1 — (t0,0)%} (0,1 ~ 0,~1) "Buq 0>

X3 = k{cn(a)dn(a)uoo(u1,0 + u-1,0) + sn*(a)(1 + K2u_1 o(u00)u1,0) ~ u—1,0u1,0 — (v0,0)°}(u1,0 — %-1,0)"'8uq, + sn(a)ds,
X4 = Hen(B)dn(B)uoo(uo,1 + t0,-1) +sn?(B)(1 + K2uo,—1(uo,0)?u0,1) — vo,-1u0,1 — (u0,0)*}Huto,1 — 0,-1) " Buo o + 50(8)3,

when K =31 X;={1- (%,0)2}6'40,0’

Continued on next page
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Equations Generators
H1 X1 =0+ 63, Xo = 6.,0_0, X3 = (—1)"“8..,,'0, X4 = 110,08.,0_0 + 208, + 2,3613, Xs = (—1)"*'11,0,03.‘0‘0,

Xe = (u1,0 — 4-1,0) g X7=(u01 —%0,-1)"1Bugg, Xs=k(u1,0~1_-1,0)"0upo —0a, Xo=1(uo1 — tio,—1) " Byo, — Fp,
H2

H3s-0

X1 = 0Bupg —20.— 288, Xa=(-1)"8y,4, X3 =1008u+08a+P0s, Xs=(u10+u_10+2ug0~+20a)(u1,0— t-1,0) ugo,
Xs = (uo,1 + uo,—1 +2u00 +28) (o1 — u0,—1) 'Buger X6 =k (11,0 + t_1,0 +2u0,0 + 20)(u10 — ¥-1,0) Do — Fars

X7 = 1(uo,1 + to,—1 + 2uo,0 + 26)(uo,1 — uo,~1) " 'ue, — 9,

X1 =08, + P08, Xz2=1u000uy Xs=(-1)¥"ug08u,0, Xa=1uo0(t1o+u_10)(t10—t_10)"'0ug0,
Xs = ugo(uo,1 + to,—1)(u0,1 — t0,—1) ' Bueo, X6 = kuoo(u1,0 + u_1,0)(81,0 ~ ¥_1,0)" 0o + @,

X7 = lug o(uo, + vo,-1)(uo1 — uo,—1)" '8y, + B9,

X1 = U008ugp + 2080 + 2685, Xz = (-1)*Hug08ug,, X3 = (20 + ugot1,0 + uoou_1,0) (810 — ¥_1,0) 'Bug 0
X4 = (28 + uoouo,1 + uoouo,-1) (o1 — 10,-1) 'ue,,  Xs = k(2a + ug ou1,0 + u0,0u_1,0)(41,0 — 4-1,0) "3, + 0ds,

Xe = (28 + uo guo.1 + uoouo,—1)(u0,1 — uo,~1) "', , + BI5,

Continued on next page
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Equations Generators

A16=0

A16=1

A2

X1 =00, + P05, Xa=(-1)F8,,, X3=1000u0 X1=(~1)""(00)?0u,
Xs = (uo,0 + u1,0) (0,0 + t_1,0)(¥1,0 — ¥—1,0)""Buger X6 = (uo,0 +u0,1)(u0,0 +uo,—1)(to,1 — o,~1) " Bug o

X7 = k(uo,0 + u1,0) (0,0 + 6-1,0) (81,0 — %-1,0)1Bug o + @B, X5 = l(u0,0 + u0,1)(t0,0 + t0,—1) (t0,1 — 0,—1) " Buq , + BIa,

X1 = (—1)FH8,,,, X2 =1000u, +08s+ PO, Xs={a®— (uop+u1,0)(u0,0 +u_1,0)}H 11,0 — t_1,0)""ug0,

Xq = {B? — (uo,0 + u0,1)(vo,0 +uo,—1)Hto,1 — 20,-1) 1Bueo, X5 =k{a? — (10,0 + u1,0)(v0,0 + u-1,0)} (11,0 — ©-1,0) " Bug o — @,

Xo = 1{B* — (uop + u0,1)(uo,0 + uo,—1)}(u0,1 — t0,-1) " Bug, — Bs,

Xy = (-1)*Hug08yy 0 X2 = {(1 + 0®)ugo(u1,0 + _1,0) — 2a(1 + (0,0)%1,0u—1,0)} (41,0 — ¥_1,0) " Bugyo
X3 = {(1 + £*)uo,0(u0,1 + uo,—1) — 28(1 + (u0,0)%u0,110,-1) }(t0,1 — %0,—1) D,
Xo = k{(1 + a®)uop(uro + u_1,0) — 20(1 + (0,0)*11,08-1,0)} (11,0 — Y-1,0) " Bug + (1 — *)8a,

Xs = {(1 + f*)uoo(uo, + uo,—1) — 28(1 + (u0,0)*u0,180,—1) Huo,1 — v0,-1) " By, + B(1 — 5)8p.

SATYLANNAS € H4LdVHO
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3.4 Mastersymmetries

Definition 1. A mastersymmetry for a symmetry generator X is a symmetry generator

X, such that
Xy X1, [Ximy [ Xy X]), -

is an infinite set of linearly independent symmetry generators.

For continuous integrable systems, Fuchssteiner {24, 55, 56] has explained the link
between mastersymmetries and symmetries that are linear in the independent variables.
Furthermore, [73] showed that the dKdV equation also has mastersymmetries that are
linear in the independent variables. For each of the ABS equations with constant o
and 3, the generators Xy, and Xj, have this property, which suggests that they may
be mastersymmetries. An algebraic approach to mastersymmetries gives the following

criterion {23, 64, 70].

Theorem 3.1. A symmetry X,, is a mastersymmetry for the symmetry X if it satisfies
[Xm, X] #0, [ Xm; X],X) = 0. (3.11)

Here [-,] denotes the commutator.

By checking these properties for all symmetries from Table 3.1 we find that Xy, is
a mastersymmetry for X; and X, is a mastersymmetry for X; for each equation in the

ABS classification. Therefore we can obtain a hierarchy of symmetries in the k direction:
Xiy = [Xemy Xi),  Xka = [ Kby Xi]y or Xkowr = [Xims X -
Similarly, there is a hierarchy of symmetries in the { direction:
Xy = Xim, Xi)y Xop = [Ximi Xu1)y 1 Xinr = [Xim, Xi,).

As an example, consider the autonomous equation Q1,_o. The commutator of sym-

metries X7 and X5 gives us a new symmetry:

(ul 0— uOO)z(Uoo - U_1 0)2 1 1 )
Xy = " : + Buo. 3.12
° (u10 = u_y0)? Ugo —Upo  Ugo — U-z0/ O° (3.12)
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This symmetry cannot be reduced to any lower-order symmetry, for its characteristic
depends on ugp, u—2p0. The symmetry (3.12) lies on a line of five points; if we apply the
mastersymmetry a second time we will obtain an expression which lies on a seven-point
line, and so on. The same situation occurs for each of the ABS equations, namely the
order of a symmetry increases by two each time one applies a mastersymmetry, creating

hierarchies with the following dependencies:

an = Nk, (u-—n,O) U_41,05 <oy Un—1,0y un,O)auo,or

X1, = M, (U0,ns U0,—n+1) -+, Uo,n-1, %0, )Oug o -



Chapter 4

Toda type equations

In this chapter we compute conservation laws and symmetries for an example of the Toda

type system that corresponds to the autonomous equations H1 and Q1,_,:

Ui, — U U-11 — U0  YUp,-1 — U  U-1,-2 — Upo

1 t 1 s .0 (4.1)

This equation is the so-called missing identity of Frobenius (25, 76)].

4.1 Symmetries of Toda type equations

We can use the connection between integrable quad-graph equations and Toda type sys-
tems to transform symmetries of quad-graph equations into symmetries of the correspond-

ing Toda type systems. A Toda system can be obtained from any equation in the ABS

classification
P(k’l,uO,Oaul,O,uO,l)ul.l)a:ﬁ) =0 (42)
by the substitution
Ug,1 = Sk—l'&l,la Uy = Sflﬁl,h U-1,0 = g1 (U=1,~1, Uo,~1, Uo,0). (4.3)

Here, we are using the notation introduced in §3.2. Note: it is necessary to make the
substitution u_; = fig,1 (u_1,_1, %01, Ug) after the substitution up,; = S '@y, because

equation (4.2) does not depend on u.,g.

57
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We have verified that each of listed symmetries for the ABS classification can be
transformed to a symmetry for the corresponding Toda type system by the substitution
(4.3).

The characteristics of symmetries for (4.1) can be obtained by transformation of the
characteristics of the symmetries for H1 and Q1;_, by (4.3). Note that for H1 and Q1,_,
the substitutions (4.3) are different. |

The point symmetries stay the same after substitution (4.3) for both H1 and Q1;_;

they are
X = 40,0 Xe = (_l)k-Hauo.o) X3 = uO.Oaﬂo,or

X4 = (—1)k+lu0,06uo_oa X5 = u0,02auo,o-

(We have omitted the components & and &, because (4.1) does not depend on « or 3.)

(4.4)

The commutators of (4.4) yield one more symmetry generator:
Xo = (=1)* 0B,

The rescaled remaining five-point symmetries of H1 transform by (4.3) to
_{uo0 — u1,-1)(ur,1 — U0o)

X
i Uy -1 — U-1,41 voor
Xs =(uo.o = Uo1,-1) (U1 — uo.o)auo'o,
U-1,1 — Uy,
k(ugo — u_1,-1)(u1,-1 — Uo,0)
X —_ ) ) 3 ) a ,
? Uy, — U1, Hoo
Hup,o — u—1,-1)(u=1,1 — Uoyp)
XIO = ( ¥ )( auo.o'

U-1,1 — U1,-1
The same result is obtained from the symmetries for Q1.5 All these symmetries were
found in the previous chapter. The Toda system (4.1) also has mastersymmetries. As
expected, Xy is the mastersymmetry for X7 and X is the mastersymmetry for X3. Two
hierarchies of the local symmetries therefore can be constructed.

In the same way, each Toda system for the other quad-graph equations has mastersym-
metries that can be obtained from the mastersymmetries of the corresponding quad-graph
equations. '

Note that the five-point symmetries for (4.1) lie on the same five-point cross on which

the Toda system is defined (Figure 4.1), not on the one which is in Figure 3.1.
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U-1,1 Uy

U-1,~1 Uy,-1

Figure 4.1: Five-point symmetries for (4.1)

4.2 Conservation laws of Toda type equations

The connection between integrable quad-graph equations and Toda type systems is de-
scribed in the Introduction. It follows that a conservation law for a quad-graph equation
is a conservation law for the corresponding Toda type system.
Some of the conservation laws for (4.1) are
¢ Fy=—(uo,y — uo,-1)(uon ~ t-1,0)"(u0,-1 = u-1,0)"%,
G1 = (uo,0 + to,—1 — ¥—1,0 = U=1,-1)}(U0,0 ~ to1,-1) " (U0,-1 = u-1,0)7},
o Fy=(-1)F+(ugs — uo,-1)(uo1 — v-1,0)" (o1 — 410",
Gz = (-1)**(ug0 + u1,0 = Up,—1 — Y1,-1){t0,0 ~ t-1,-1) " (U0,-1 — u10)7?,

¢ F3=—u_yo(uo, — to,-1)(uo,1 ~ ¥-1,0)" (u0,-1 — 4-1,0)"%,

G3 = (u0,0up,~1 — U—-1,06—1,-1)(t0,0 ~ ti=1,1) " (tig,~1 — 4-10)"",

¢ Fy=—(=1)"u_; o(uoy — to,-1){to,1 ~ t-1,0)" (40,-1 — ¥-10)"",
Gy = (—1)**+ (ugou_1,0 — uo,-18-1,-1)(v0,0 ~ t_1,-1) " (0,~1 — %-1,0)~",

* Fy=—u_10%(ug1 — to,-1)(t0,1 — u-1,0) " (uo,-1 = 4-1,0)"%,
Gy = U0.0%0,-1U-1,0 = Uo,0U-1,0%-1,~1 F U0,0%0,~1U-1,-1 T Y0, 1Y-1,0%-1 -
(40,0 — 4-1,-1) (U0, -1 — t-1,0)

4

2 - -
o Fo=—(-1)""u_y 4" (uo,1 — tio,-1)(t01 — u-10) "  (vo,-1 =~ =10},
G = (=1)**(ug,0u0,-1U-1,0 + Uo,0t-1,0%-1,-1 ~ Y0,0U0,~1t=1,-1 = Y0,~1%-1 0U—1,-1)
(uo,0 ~ %-1,-1)(t0,~1 — U-1,0)
o I = -—211‘1(14-1'1 - uO,o) + ln(u_m - u_ll_l) + ln(uo.x - “0.-1)'

G7 = 2In(ugp — uy,-1) ~ In(uz 0 — u;l,o) ~In(uy,-1 ~ u_y,-1),

+
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o Fy=—(~1)*2In(u_1,; — uo,0) — (=11 — u-1,-1) + In(ug — uo,—1)),
Gs = (—1)**+(21n(ug,0 — u1,-1) + In(ug,0 = u_1,0) ~ In(uy,_y = u_q,_1)).
The first six were obtained by transforming the conservation laws for H1 and Q1,_,.
The other two were found directl&. It is known that (4.1) has a variational formulation
[5, 14, 15, 18] with the Lagrangian
L =1In(uy1 — wop) — In(uy,—1 — ug0)- (4.5)
Noether’s Theorem for difference equations (21, 37, 42, 75] produces conservation laws
from variational symmetries, it is not known whether the converse is true. However we
can obtain symmetries for (4.1) from the above conservation laws. If we divide each
expression
(Sk~id)F,+ (S ~id)G;, i=1,8 (4.6)
by (4.1) we obtain symmetry characteristics. Symmetries which correspond to the first
six conservation laws are
X1 =00 Xo=(—1)F8y,, Xa = 1000u (4.7)
Xo= (=" 50040, X =00%0u00r Xo = (—1)% g0
The 7** and 8% conservation laws have logarithmic form and it is not clear how to factor

out equation (4.1). However from (4.6) we obtain

Qr = 1 1 1 ~ 1) ) (4.8)

1,1 —%0,0 U..1,1—40,0 U1,-1-Y%0,0 U-1,-1—%0,0

i (febimcioemn s
Qs = (—1)+ i u_::,x uol,o) (ux,i ux,-ﬂl(m.—l u-l.-l)l . (4.9)
$1,1740,0  U-1,1—U0,0  U1,-1~U00  U-1,-1~U00
It is easy to check that X7 = Q78,,, and X5 = Qs0,,, are variational symmetries [57] for
(4.5). On solutions of (4.1) Q7 and Qg are undefined expressions of the form {2}. This

problem can be solved by expanding the characteristics as Taylor series and taking into

account relation (4.1). So we obtain equivalent not nonvariational symmetries for (4.1):

X; = ((uoo"u—l —1)(u- 11"“00) (uo0 — U—1,—1)(t1,-1 — Uoo) 8

Up,0!
U1l — Uy ) Up,—1 — Uy,
¢ k+l (Uoo—u 1-1)(“—11—1400) (uoo-u-x 1)(“1 -1 — Ug) )
Xs ( ) tp,0°
U_1,1 — Uog,—1 Up,-1 — U1 1

(4.10)
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In the previous section we show that (4.1) has two mastersymmetries for X7 and therefore

these are mastersymmetries for X7:

- k(uoo — u_1,-1)(uy,-1 — uo.o)a

X1 Uy, — U1, oo
l —u_y1fu_yy —
Xy = (Uo,o 1, 1)( 1,1 uo,o)amm.

U_11 — Uy,
Since Xp,; and X,,; depend just upon u_j _y,uy—1,%-1,1, %00, Xm1 8nd Xpo are also
mastersymmetries for Xs. So infinite hierarchies of local symmetries can be obtained.
Then we can check which are variational symmetries. If there is a variational symmetry
one can construct a conservation law from it with the help of the discrete version of

Noether’s Theorem.



Chapter 5

Application of conservation laws and

symmetries

5.1 High-order conservation laws

New conservation laws can be obtained by applying the generator of a five-point symmetry
repeatedly to a known conservation law (10, 11, 57]. For instance, let us consider equation
H1. By applying the infinitesimal generator (which is found in the previous chapter)

k
X=————Biy— 04
U0 — U~-10

to the conservation law
F=—In(upy —u-10), G=In(uyg—u-1p),
then adding a trivial conservation law, we obtain
Fo=~{(uop — u-20)(uo1 — u-1,0)}"!, Gn = {(u00 — u-20)(th0 — u-10)}"".

At present, there is no proof that this method will always yield a new conservation law

(that cannot be reduced to a known or trivial one); however, we do not know of any

counterexamples.
We know from the previous chapter that each equation from the ABS classification

has symmetries in the k¥ and ! directions. By applying symmetries in the k direction to
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where Q(k,1) is a solution of
Qk+1,1) - Q(k,l + 1) + A(k,l) =0,

and where
B(k,1) = B(k,l) + Q(k + 1,1 + 1) — Q(k, 1).

This simplification greatly speeds up the computations, without affecting the number of
independent conservation laws that exist. When the direct method is used we find that

F= 8114(2)’011,0,1((10, l)
+4up (uo,lug'ou(k, 1) + 2uo,1u0,0€(k, 1) + 4 u(k, ugo — 2¢(k, L+ 1)C(k, 1) + 2C (k, L + 1)¢(k, 1 + 1))

9 %0aT @k, DC(k, L +1) — vk, DOk, 1) +2¢(k, L+ Do + 2k, 1 +1) — 20k 1) v(k,)ud \ T?
¢k, 1) C(k.0)*

¥

G = —8ug0 (u1,0u0,0 — Ck, 1)) ¢ (K, 1)
— 40 (2¢(k, L+ 1)C(k, 1) + 4 pk, Duo,o + u1,0v(k, Duf o ~ 2v(k, )C(k, uoo + 2u1,0€(k, uo,)

ur,oT (v(k, DC(k, 1) + vk, DOk, 1 +1) = 2p(k, ) + 2u1,0¢(k L+ 1) + 2p(k, L+ 1)) vk, )udoT?
¢k, 1) (k02

-2

where T’ = v(k,1)C(k,1)~v(k,)C(k,1+1)—2 u(k,1)—2 u(k,+1). Here &(k, 1), u(k, 1), v(k,!)

and ((k,l) are functions which satisfy the following constraints:

E(k+1,1) = —C(k, ), C(k+1,1)=((k,1+1), (5.3)
vk +1,1) = ~v(k,1), v(k,1+1)=~v(kl), (5.4)
28(k, 1)C(k, 1) + 20 (k, 1+ 1)C(k, 1) = —4w(k, D p(k, 1) — v(k,1)?C(k,1), (5.5)
B(k,1) = _4u(k, ) ;—Cz(/]gcl,)l)C(k, 1) . (5.6)

Note: at this stage, we have not completed the direct method calculation of the conserva-
tion laws, but the above necessary conditions lead to a substantial further simplification
of the problem.

The general solution of the system (5.3), (5.4) is

(D)= Hk+1), &ki)=-HE+1-1), vk)=al-)*,  (57)
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a conservation law with component F' in the k direction we also obtain a conservation
law with component F in the k direction. In this way we might construct an infipite
hierarchy of conservation laws with component F in the k direction and another hierarchy

of conservation laws with component G in the ! direction.

5.2 Conservation laws for generalized dKdV and dpmKdV

equations

In this section, we use the existence of three-point conservation laws as an indicator for

integrability for the generalized nonautonomous dKdV equation
(’U.l,1 — U0 <+ B(k, l))(ul_o — ug, + A(k, l)) = C(k,l),

and the generalized nonautonomous dpmKdV equation

Ak D) uye ~ Bk, Do)
1,1 = Uo,o [vo1 _lz;'(k,l) U1 0] -

Namely, we are looking for conservation laws for the generalized nonautonomous dKdV

and dpmKdV equations by the direct method, which is explained in Section 2.1. During

the computation we obtain constraints on coefficients of equations which must be satisfied

if nontrivial three-point conservation laws exist.

5.2.1 The generalized nonautonomous dKdV equation
The generalization of the nonautonomous dKdV equation
(u1,1 — o0 + B(k,1))(u10 — uoy + A(k, 1)) = C(k,1), (5.1)
where B(k, 1), A(k,l) and C(k,!) are arbitrary functions, can be transformed to
(u1,1 — uop + B(k, 1)) (uo1 — u10) = C(k, 1), (5.2)

by the point transformation

u(k,l) — u(k,l) + Q(k,1),
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where H(k + ) is an arbitrary nonzero function and ¢, is an arbitrary nonzero constant.

Combining these results with (5.5), and (5.6), we obtain
B(k,1) = %(—1)"*’(H(k +l+1) = Hk+1-1)).

Therefore three-point conservation laws exist only if the nonautonomous dKdV equation
is of the form

<u1,1 — ugg + %(—1)’°+’[H(k +l+1)-Hk+1- 1)]) (uop — u10) = C(k,1). (5.8)
This equation is mapped by the point transformation

w(k, 1) > u(k, 1) - %(-1)'°+'H(k +i-1)
to
(u1,1 — uo0)(uo,1 — u10) = C(k,1). (5.9)

Therefore it is enough to seek conservation laws of (5.9). Applying the full direct method
to (5.9) gives us one further condition on C(k,1):

Clk+1,l+1)-Ck+1,1)-C(k,1+1)+ C(k,l) = 0.
Consequently all nonautonomous dKdV equations that have nontrivial three-point con-

servation laws can be mapped to

(u1,1 — to0)(tr0 = 1) = f(k) — g(l). (5.10)

5.2.2 The generalized nonautonomous dpmKdV equation

In the same way, we apply the direct method to the generalization of the nonautonomous
dpmKdV equation
(A%, 1) w10 = B(k, Duoa]
= : : 5.11
Uy Uo,0 [uﬂ,l _ C(k,l) ul,O] ( )
where A(k,1), B(k,l) and C(k,l) are arbitrary functions. Then the components F and

G are of the form

k, 1)
F= k,l - k,l&—- k’lm-’.l‘—(_—’—,
vk, Duoougy — &( )uo, ¢k, ) Ug,r  Up,0Uo,

_ 1,0 A(k, 1) Bk, Duop  p(k,l)
G= E(k7 l)C(kyl);o'; - U(’C,l) B(k,l) Up,0%1,0 + C(k)l) A(k, l) Uy 0 C(k, l)uo,oux,o )
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where the functions &, i, v and ( satisfy the constraints

€k + 1,0)C(k +1,0) = &k, D¢k, 1), (5.12)
ulk +1,0v(k + 1,0) = p(k, Du(k, 1), (5.13)
Ok, 1+ 1)/Clk,1) = &k + 1,0)/€(k, L + 1), (5.14)
A(k,1) = C(k + 1,1)/€(k, 1), (5.15)

€k, 1+ Dplk, L +1) = p(k, )C(k, 1), (5.16)
vk, 1+ 1)C(k, L+ 1) = £k, Du(k, 1), (5.17)
vk + 1,1)B(k, 1) = v(k,1)C(k,1). (5.18)

From (5.12), (5.13) and (5.16), (5.17) we have

§(k+ 1, 0pk + 1,0v(k + 1,1((k + 1,1) = E(k, Du(k, vk, )k, 1),
E(k, L+ 1)u(k,t + Dok, + 1)¢(k, L+ 1) = E(k, Dulk, Hr(k, 1)C(k, 1),
= &(k,Dulk, vk, D¢k, = ¢, (5.19)

where c is a constant. Also the conditions (5.12) gives
&(k, 1)C(k, 1) = H(l). (5.20)

Here H(l) is an arbitrary function. So, from (5.19) we have

c
ﬂ(k, l)V(’C, l) = —}m)- (521)
Define a new function %(k,1) by
_ Yk i+1)

Note that (k, {) is defined up to arbitrary factor that is a function of k only. Then (5.14)

gives
_ Yk +1,1)
C(k1) = STy (5.23)
From (5.15), (5.20) and (5.22) we have
_ H(l) _ Yk, Dyp(k + 1,1)
Ak = emnek iy - POUE T Dok LI+ T) (5:24)
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and from (5.17), (5.21) and (5.22)
_ vk, (k1 +2)

H(m+ (k1 +1) = £k, DE(k L+ Do(h, ) = ==-gn === (5.25)
Let G(1) be a solution of
G(é;;)l) — H(I+1),
so G(l) is defined up to an arbitrary constant factor. Then (5.25) yields
G+ vk i+1) Gk, o wk,l) = Yk, Okl + 1) (5.26)

Pk, U+ 1)9p(k,1+2) Pk, Dy(k,1+1) GU)F(k) \

Here F(k) is an arbitrary function. From (5.21) and (5.20) we have

F(KG(m - 1) __ Gk
7 T N R < (T CY B

So far, we have written £(k,1), p(k,l), v(k,1), {(k,I) in terms of ¥(k + ¢,! + j) and the
arbitrary functions F(k), G(l). The condition (5.23) gives C(k,!) in terms of ¥ (k+i, 1+ ).

The identity (5.24) can written as

Gy(k, DYk + 1,1)
G-Vl + Dylk+1,14+1)

From (5.18), (5.23) and (5.26), we obtain

vik,l)
vik+1,1)

Therefore, the only equations with nonzero A, B and C that admit three-point conser-

A(k,l) =

F(k+ V)y(k,1)
Clk, 1) = Fkyplk+ 1,1+ 1)

B(k,l) =

vation laws are of the form:

P(k, 1) g2k + 1,D)ur o — f(k)2p(k, I + 1)ug,
Ok +1,1+1) ( w(k,1+ Dug; — Pk + 1, Duro ) , (5.27)

where g(1)* = (YGZK_% and f(k)* = £&H. The transformation

8(1)y(k)
Ug,0 uo,om,

where %) = g(1) and Z&H) = f(k), reduces (5.27) to the standard dpmKdV equation

s = g 010 = (o]
1,1 0 [9(Dug,y — F(k)u10]
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5.3 Similarity solutions

One way of finding similarity solutions of quad-graph equations was considered in 48, 50].
In [6, 7, 13, 15] geometrical aspects are discussed; these papers provide a clear introduction
to reduction. The authors define three initial points, from which they construct symmetric
initial conditions for a given quad-graph equation. This approach typically yields an
integrable map; discrete Painlevé equations can be generated in this way.

Another approach is to reduce the number of variables by requiring that the solution
is invariant under the symmetries generated by a characteristic. This method is widely
used for continuous systems [33, 57}, and has been applied to the dKdV equation in {73].

We shall illustrate the method by seeking nonzero solutions of H3;.¢ that are invariant

under the symmetries generated by

ug,0(%1,0 + %-10)

4 — a — augo a> 1
Q=Qs—aQz= P ;

The general solution of the invariance condition Q = 0 (with ugq # 0) is

k
o0 = (D) + (- )"fz(l))( ‘”’1), (5.28)

where f; and f, are arbitrary functions. By substituting (5.28) into H3;s.o we find that
A1) =a(-1)fa(),

where ¢ is an arbitrary constant. If ¢ # 1 then f, satisfies the following ordinary

difference equation:

: f2(l+1) f2(1+1) — _
ava? — ( A0 ) + 2af8 - 70 + ava? 0, (5.29)

which yields a large family of exact solutions, including

k i
a+ 1) (aﬁ+ Vvad +a?p3? - a’a’)

top = (21 + ca(~1)**) ( a-1 ava =1

where ¢; = ¢;c;.
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If ¢; = +1 then there are no further constraints, so there are two families of invariant

solutions

k
a+1
uoo = fo(l) ((—1)‘ﬂ:(-—1)") ( — 1) . (5.30)
These belong to the following degenerate class of solutions of H3su0:

wo = F(k,1) (-1)' £ (-1)*), (5.31)

where F is an arbitrary function.



Chapter 6

Conclusion

6.1 Conservation laws

All presented results are obtained with the help of Hydon’s method [34]. This method
is a practical way of determining the conservation laws of a given form. The method of
invariant differentiation enables the user to obtain closed form solutions of the determining
equations. Once these solutions have been found, the reconstruction of the conservation
law is usually easy. The most complicated part of the technique is the derivation of PDEs
by invariant differentiation, but this is not difficult if a reliable computer algebra system
is used.

All three-point conservation laws for all equations from NQC equation and the ABS
classification have been found. For each of the equations from the ABS classification
we found three five-point conservation laws. The effectiveness of Hydon's direct method
for constructing conservation laws [34] has been improved by using two reductions to
PDEs instead of only one, and by using commuting differential operators to begin the
reduction. We have used this method as far as possible to calculate conservation laws, as
this guarantees that all conservation laws of a particular type have been found. However,
for all but two of the ABS equations, it was necessary to supplement the direct method
with extra hypotheses, based on the results that we had obtained so far. This hybrid
approach led to the discovery that each of the ABS equations (for constant a and 3) has
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three five-point conservation laws. If only one of a and 3 is constant then we can find
only one five-point conservation law. It seems likely that these are the only five-point
conservation laws, but we cannot yet be certain that this is so.

A technique which generates a conservation law from a known one was shown. So far
it is the only technique which may give an infinite number of conservation laws. This
technique is easy to use, but it does not guarantee that new conservation law cannot be
reduced to a known or trivial one. Therefore we cannot say that ABS equations have an
infinite number of conservation laws. |

An example of conservation laws for a Toda type system is presented. The connection
between these conservation laws and symmetries is shown.

We have shown that construction of conservation laws provides an efficient tool to
investigate integrable nonautonomous nonlinear partial difference equations. We used
these methods to find integrable nonautonomous versions of the dKdV and dpmKdV
equations.

ABS equations that are nonautonomous do not admit five-point conservation laws
with G in the & direction when « is not constant; similarly there are no five-point conser-
vation laws with F in the [ direction when 8 is not constant. A similar situation arises for
symmetries: there are no five-point symmetries in the k (respectively ) direction when
« (respectively () is not constant. Recently Levi and coworkers used isospectral and
nonisospectral deformations of the Lax pair to find symmetries for two of the ABS equa-
tions (38, 39]. They found that the local mastersymmetries disappear if the equations are
nonautonomous. If the same is true for the other nonautonomous ABS equations, this
may well be the reason why there are no five-point conservation laws.

We show the program for deriving three-point conservation laws for quad-graph equa-

tions.

6.2 Symmetries

The result of this work is the derivation of the complete set of symmetries on a five-

point cross for equations from the ABS classification. We found all symmetries by a
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generalization of the method which is described in [32]. This confirms that this method
can be used in a systematic way without making restrictive assumptions about the form
of symmetries.

The symmetries that we have found have various applications. For instance, symme-
tries can be used to obtain group-invariant reductions that lead to exact solutions of the
quad-graph equations. We have only considered a single example of such a reduction (for
H3;s-0). However we have shown that all ABS equations have infinitely many symmetries,
any of which could be used to construct invariant solutions. Five-point and other higher
symmetries can also be used for the generation of new conservation laws. It is notable
that all equations from [5) have four five-point symmetries that have similar forms.

Mastersymmetries for integrable equations on the quad-graph have been derived.
These mastersymmetries allow us to construct infinite hierarchies of local symmetries.
It is importanf to allow mastersymmetries to act on a and J3; otherwise the mastersym-
metries for Q3 and Q4 would not have been found. The existence of mastersymmetries
shows the similarity of structures for continuous and difference equations.

We have discussed the relation between the symmetries of quad-graph equations and
symmetries for Toda type systems. We have also verified that for each symmetry of the
integrable quad-graph equation there is a corresponding symmetry of the related Toda
type system. It is not yet known whether this relationship is true for all symmetries of
integrable quad-graph equations.

A program for deriving five-point symmetries for quad-graph equations is presented.

Our results show that the set of symmetries of integrable quad-graphs has similar
features to the continuous integrable case. It is likely that the same is true for conservation
laws.

A general question that arises from Chapters 2 and 3 is how conservation laws and
symmetries for Q4 coalesce to those of the other ABS equations in appropriate limits of
the parameters.

There are large classes of difference equations which have not been considered in this

thesis, such as multicomponent quad-graph equations or equations that involve more
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points (for instance the Boussinesq lattice equation which involves 9 points). Looking for

conservation laws and symmetries for these classes of equations would be a good topic for

future research.
The results presented in this thesis have been published in [65, 66, 67, 68, 71).



Appendix A

Maple programs

A.1 Program for deriving three-point conservation
laws for quad-graph equations.

This program helps the user to find three-point conservation laws for quad-graph equa-
tions. These conservation laws satisfy a functional equation, which we solve by reducing
it to a system of partial differential equations. The theoretical part of the program was
explained before.

Packages that we use in this worksheet
> restart;

> with(DEtools,rifsimp):

> with(LREtools):

Input the equation which must depend upon all four values ulk, ], ulk + 1,0}, ulk,{ +
1}, u[k + 1,1 + 1]. The equation should be linear with respect to ulk + 1,{],ulk + 1,1 + 1]
and polynomial with respect to ulk, ], u[k,! + 1]. The equation may involve constants or

functions, which should be written o, 8,... or alk,l), B[k, [),..., as appropriate.
> eq:=(uflk+1,1+1]-ulk,1])*(ulk+1,1]-ulk,1+1])+(beta-alpha)* (ulk+1,1+1)+ulk+1,1) +ulk

»1+1]1+ulk,1]) +beta~2-alpha*2;
> Ulk+1,1] :=ulk+1,1]=s0lve(eq,ulk+1,13):
> Ulk+1,1+41) :=u[k+1,1+1]=solve(eq,ulk+l,1+1]):
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e = (Uks1141 — k) (Uke1 = Upgt1) + (B ~ @) (Urar 41 + Ukag + Unges + k)

Components of three-point conservation laws
> f:=F(ulk,1],ulk,1+1]);

> g:=G(ulk,1),ulk+1,1));

[ = F(ugy, ugs1)

g = G (ury, Uks1,)

We provide a procedure which differentiates A with respect to C until A is not a
polynomial in B. For instance if an expression A is a polynomial in two functions P1(C),

P2(B) then an expression that does not involve B can be obtained by repeated differen-

tiation with respect to C.
> SSplit:=proc(4,B,C)
> local POL;
> POL:=A:
> while(type(POL, polyncm(anything,B))=false) do
> POL:=numer (simplify(diff(POL,C)));
> end do;_
> return(POL);

> end proc:
The three-point conservation laws can be determined directly by substituting the quad-
graph equation eq into R = 0, where

> R:=f-shift(f,k)+g-shift(g,l);

R = F (upg, ugi1) = F (Ui by Yrarte1) + G (s Urr10) = G (Uk g1, Uks1,041)

and solving the resulting functional equation. In order to solve this functional equation

we have to reduce it to a system of partial differential equations. To do this, first eliminate
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functional terms by applying (commuting) differential operators L[1], L[2]. After that we

obtain equation which has two unknown functions with different arguments. In order to

eliminate one of the functions we use the procedure SSplit. We repeat all this process

two times, first when we solve eq with respect to u[k +1,!] and plug it into R and second

when we solve eg with respect to u{k + 1,! + 1] and plug it into R. We derive a system of
PDE’s on F(ulk, I], ulk, ! + 1}) |

>

>

>

for j from 0 by 1 to 1 do
assign(U{k+1,1+j1);
L[1] :=A->diff (A,ulk,1+j])~diff (ulk+1,1+3],ulk,1+31)/diss Culk+1,2+3] ,ulk,1+1-3])*

diff(A,ulk,1+1-j1):

>

L[2] :=A->diff(A,ulk+1,1+1~§])-diff (ulk+1,2+j] ,ullk+1,1+1-3))/diff (ulk+1,1+5] ,ulk,

1+1-j1)*diff (A, ulk,1+1-5)):

>

vV V VvV Vv

v

>

>

R2:=L[2](L[1](R)):

unassign(’ulk+1,1+j1°):

R3:=npumer (simplify(R2)):

R4:=SSplit (R3,ulk+1,1+1~-j] ,ulk,1+j1);

ulk,1] :=a:ulk,1+1] :=b:

R5:=numer (primpart (R4, [D(1,2] (F) (a,b),D[1,2,2) (F)(a,b),D[1,1,2]) (F)(a,b)])):
sys[j] :=coeffs(R5,ulk+1,1+1-31);

unassign(’ulk,1]’,’ulk,1+1]?);

end do:

sysi:=convert ({sys[0],sys[1]},ditf):

The order of this system can be decreased by two with help of the substitution

>

>

F(a,b) :=int(int(Fi(a,b),a),b):
s8ys2:=gimplify(sysi1):

The resulting equations are easy to solve

>

>

>

sol := {FI (a,b) =

RS:=rifsimp(convert(sys2,diff)):
sol:=simplify(convert (pdsolve(RS[’Solved’]),int));
assign(sol):

C20%+2_C20a+2.C2ab+ _C2a%2+2.C2ab+ _.C2b% + _CI }
(a+a+b)*

It can cause some problems if this solution has arbitrary functions; do not expect
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the program to find conservation laws in this case. However the preliminary form of
F1(a,b) can be used for further calculations which can be done with input from the user.
By integrating back we obtain two arbitrary functions FA(a) and FB(b). The function

FA(a) can be removed (without loss of generality) by adding the trivial conservation law
> F(a,b):=int(int(Fi(a,b),a),b)+FB(Db);

> F:=unapply(F(a,b),a,b):
F(a,b) := _.C2ab—_C! In(a+a+b)+ FB(b)

So far we did not use the fact that f explicitly depends on k,l. Now we redefine

constants to make them depend upon k,!.

> f:=subs(_C1=C1(k,1],_C2=C2(k,1],_C3=C3[k,1],_C4=C4(k,1], (F(ulk,1],ul

k,1+11))):

Now we derive and solve the system of PDE’s for G(ulk,l],u[k,! + 1]). The ex-
pression for F(ulk,l],ulk,! + 1]) which we just obtained is used to derive an equation
for G(u[k,{],u[k,l + 1]). That is why the following procedure is not so difficult as for
F(ufk,1},ulk,! + 1]). We use just one differential operator L[1} in order to obtain a PDE

> Ri=f-shift(f,k)+g-shift{g,1):

> assign(U[k+1,1+1]):

> L[1):=A->diff(A,ulk+1,1])-diff (ulk+1,1+1] ,ulk+1,1))/diff (ulk+1,1+1] ,ulk,1])»dife

(A,ulk,13):

> Rl:=simplify(L[1]1(R)):

> unassign(’u(k+1,1+1]’):

> R2:=primpart(SSplit (numer(R1),ulk,1+1],ulk+1,1]),0(2] (G) C(ulk,1] ,ulk+1,1])):

> sysl:=coeffs(R2,ulk,1+1]):

> RS2:srifsimp(convert({sysi},diff)):

> so:-simplify(convert(pdsolvo(aeloét(has.RS2E’8°1v0d'].G(UIk.IJ.n[k+1.1]))).int)):

\Y

assign(so):

5012 = {G (ugy, ugt13) = ~ Ck1a gy — Ukt C2k ki1 + B CLktiry+
Cliiln (Uggrg + ukg + B) + C2riBtrs1y — C2kya thpyyy + -C1}

So far we did not use the fact that g explicitly depends on k,!. Again we redefine
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constants to make them depend upon k, 1.
> g:=subs(_Ci=C5[k,1],_C2=C6[k,1],_C3=C7[k,1],_C4=C8(k,1],(G(ulk,1],ulk+1,1]))):
Now we derive equations for Cilk,{],i = 1..8 and for FB(ulk,! + 1))
> for j from O by 1 to 1 do
> R:=f-shift(f,k)+g-shift(g,1);
> assign(U[k+1,1+1]);
> L1 :=A->diff (A,ulk+j,1+1-j1)~diff (ulk+1,1+1],ulk+j,1+1-31)/dits (ulk+1,1+1),ulk,
11)*diff(A,ufk,13):
> Ri:=numer(simplify(L[11(R))):
> unassign(’ulk+1,1+1])’):
> R2:=numer(simplify(primpart(R1,{C1[k,1),C2[k,1),C3[k,1]}))):
> sys[jl:=coeffa(R2,{ulk,1],ulk+1,1+1] ,ulk+1-3,1+j],ulk+1,11});
> end do:
> sys3:=convert({sys(0],sys[1]},diff):

These equations can be simplified to
> RS3:=rifsimp(sys3);

> 8l:=subs(_C1=0,_C2=0,dsolve(select (has,RS3{’Solved’] ,FB(ulk,1+1])))):

> assign(sl):

RS8 := TABLE([Solved = [%%?FB (wkg+1) = 0, Clgqr g = —Clyy,
+

Cliter = —Clig, C2iyry = —C2k1, C2k 141 = — C24]])

The final form of f and g is
> f:=simplify(combine(f,1n,symbolic));

> gi=simplify(combine(g,ln,symbolic));

f = CQk,;uk,,uk,¢+1 - C1 k,l In (a + Ul + uk.H-l)
9 = — C2x10upt — uk C2% juis14 + B C2kyuy + CliIn (Upqry + upy + 8) +
C2riBugrt — C2kia uprt + Chiy

We obtained expressions for functions f and g. Ci(k,!],i = 1..8 can be derived

from RS3 and by direct substitution for f and g in f — shift(f, k) + g — shift(g,1) =



APPENDIX A. MAPLE PROGRAMS 79

0. When this equation is satisfied the only remaining unknowns are the constants that
multiply each conservation law. Pivots in RS3 should be taken into account because they

can lead to special cases.

A.2 Program for deriving five-point symmetries for
quad-graph equations.

This program helps the user to find five-point symmetries for quad-graph equations. Sym-
metry characteristics satisfy a functional equation, which we solve by reducing it to a sys-
tem of partial differential equations. The theoretical part of the program was explained
before.

Packages that we use in this worksheet:
> restart;

> with(LREtools):
> with(DEtools,rifsimp):

Input the equation which must depend upon all four values ulk, ), ulk + 1,1}, ulk,l +
1],ufk + 1,1+ 1]. The equation should be linear with respect to u[k + 1,4}, ufk + 1,1 + 1)
and polynomial with respect to ulk, ], u[k,! + 1]. The equation may involve constants or

functions, which should be written a, 8,... or a[k,l], B[k, 1],..., as appropriate.
> eq:=alpha*(ulk,1]%ulk+1,1]+ulk,1+1]%ulk+1,1+1])-beta*(ulk,1]1*ulk,l+1]+ulk+1,1]%u{

k+1,1+1])+(alpha“2-beta"2);

> UQk+1,1+1] :=u[k+1,1+1]=s0lve (eq,ulk+1,1+11):

> Ulk,1]:=u(k,1J=so0lve(eq,ulk,1]):

> Ulk+2,1+1] :=shift(ulk+1,1+1]=s0lve(eq,ulk+1,1+1]) ,k):
> U(k+1,1+2]:wshift(ulk+1,1+1)=sclve(eq,ulk+1,1+11),1):
> Ulk-1,1]:=shift(ulk,1]l=solve(eq,ulk,1]) k,~1):

> Ulk,1-1]} :=shift(ulk,1]=s0lve(eq,ulk,1]),1,-1):

> U[k+2,1] :=shift(ulk+1,1]=solve(eq,ulk+1,1)) ,k):

> Ulk,1+2] :=ghift (ulk,1+1)=s0lve(eq,ulk,1+1]),1):

> Ulk-1,1+1) :=shift (ulk,1+1)=solve(eq,ulk,1+1]) k,~1):
> Ufk+1,1-1):=ghift (ulk+1,1)=s0lve(eq,ulk+1,1])),1,~1):
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o - 2 2
eq 1= o (Uk Uk+1,1 + Uk i41%k+1441) — B (Vk Uk 41 + Ukt1Uksr0+1) + 0 —

Five-point symmetry characteristic:

> q:‘Ql(u[k-l,l] ,u[k,l] ,u[k"'l»l] )*Qz(“[kol—ll lu[kl]'] l“[k»1+1] ) H

q = QI (U1, Uk, Ukt1) + Q2 (Uki—1, Uk, Uk i41)

The infinitesimal generator is
> Xi=A->qxdiff (A,ulk,1])+shift(q,k)*diff(A,ulk+1,1]))+shift(q,1)*ditf(A,ulk,1+1])+sh

ift(shift(q,1),k)*diff (A, ulk+1,1+1])+xi[2] (beta)*diff (A ,beta):

The linearized symmetry condition can be reduced to four PDE's.

> assign(U[k+1,1+1],U[k+2,1+1],U[k+1,1+2]),U[k+1,1-1]) ,U[k-1,1+1]):

> R21:=diff(-1/diff(ulk+1,1+1],ulk+1,1])*dif£(Q1Culk,1+1],ulk+1,1+41],ulk+2,141]) ,ul
k+2,1]) ,ulk,1+1]):

> R22:=diff(-1/diff(ulk+1,1+1] ,ulk,1+1])*diff(Q2(ulk+1,1],ulk+1,1+1] ,ulk+1,1+2]),u(
k,1+2]) ,ulk+1,1]):

> R23:=diff(diff(ulk+1,1+1),ulk+1,1]1)/ditf(ulk+1,1+41],ulk,1])+dits(Q2(ulk+1,1-1],ul
k+1,1] ,ulk+1,1+1]) ,ulk,1-13) ,ulk+1,1]):

> R24:=diff(diff(ulk+1,1+1],ulk,1+1])/diff (ulk+1,1+1] ,ulk,1])*dit? (Q1(ulk-1,1+1] ,ul
k,1+1] ,ulk+1,1+1]) ,ulk-1,1]}) ,ulk,1+1]):

> ﬁnassign(’u[k-#l,l*-l] ’) runassign(’ulk+2,1+1)’) :unassign(’ulk+1,1+2) *) ;unassign(’ul
k-1,1+117) :unassign(’ulk+1,1-1]’):

> assign(U[k,1],U(k+2,1],U[k,1+2],U(k-1,1],ULk,1-1}):

> R31:=primpart (numer (simplify(R21)),D[3](Q1) (ulk,1+1],ulk+1,1+1],ulk+2,1+1])):

> R32:=primpart (numer(simplify(R22)),D(3] (Q2) (ulk+1,1],ulk+1,1+1],ulk+1,2+21)):

> R33:=primpart (numer(simplify(R23)),D[1] (Q2) (ulk+1,1~1]),ulk+1,1],ulk+1,1+1))):

> R34:=primpart(numer(simplify(R24)),D[1](Q1) (ulk-1,1+1],ulk,1+1],ulk+1,1+1])):

> unassign(’u(k,1]’):unassign(’ulk+2,1]’) :unassign(’ulk,1+2])’) :unassign(’ufk-1,1}")
:unassign(’ufk,1-1]°):

Each of these equations can be split into a system of PDE's. After splitting of all the

equations we obtain
-> sysl:=coeffs(shift(shift(R31,k,-1),1,-1),{ulk,1+1],ulk-1,1+41] ,ulk+s,1~1] ,ulk+1,1+

11D
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> s8ys2:=coeffs(shift(shift(R32,k,-1),1,-1),{ulk+1,1],ulk-1,1+1],ulk+1,1-1] ,ulk+1,1+

11}

> sys3:=coeffs(shift(R33,k,-1),{ulk+1,1],ulk-1,1+1],ulk+1,1~1] ,uflk+1,1+1]1}):
> sysd:=coeffs(shift(R34,1,-1),{ulk,1+1),ulk-1,1+1],ulk+1,1-1) ,ulk+1,1+11}):
> SYS:={sysi,sys2,sys3,sysd}:

The solution of this system is obtained after simplification with rifsimp.

> RSl:=rifsimp(convert(SYS,diff)):

> soll:=convert(pdsolve(RS1{’Solved’]),list);

(=Ug—1 + Uk41) -F6 (ury) +-C2 (B + upt—rux,)

soll := [Q2 (upi—1,ury,u =
(@2 (upi—1, Uk, Ugis1) uni + e ,
; —Uk41, + Ug-14) -F8 (ukyg) — -C1 (a + g1 1uy)
Q1 (up-1,0, Ukt Uptrt) = (Cues ]
—Upp1g + Uk-1y

Further calculations very much depend on @1 and Q2. The next procedure helps us
to find unknown functions in Q1 and Q2. It works in the case when each of Q1 and
&2 depend upon one unknown function of ulk,!]. So far we did not use the fact that
g explicitly depends on k,I. Now we redefine constants to make it depend upon k,I.
Without loss of generality one of unknown functions in Q1 and Q2 is zero and another is

denoted as F'1
> assign(subs(_C1=C1(k,1],_C2=C2[k,1],_C3=C3[k,1],.C4=C4[k,1], _C5=C5(k,1],_C6=C6(k,

1],_F1(u(k,1])=0, F2(u(k,1])=0,_F3(ulk,1])=0,_F4(ulk,1])=0,_F5(ulk,1])=0,_F6(ulk,1]))
=0, _F7(ulk,1])=0, _F8(u[k,1])=0,_F9(ulk,1])=0,8011(1]));

> assign(subs(_C1=Ci[k,1],_C2=C2(k,1],_C3=C3(k,1],_C4=C4(k,1], C5«C5(k,1],_C6=C6 [k,
1), Fi(ulk,1))=F1(ulk,1)),_F2(ulk,1])=F1(ulk,1)),_F3(ulk,1]1)=F1(u(k,1]),_F4(u(k,1])e=
Fi(ulk,11),_F5(ulk,1]1)=Fi(ulk,11),_F6(ulk,1])=Fi(ulk,1]), F7(ulk,1])=F1(ulk,11),_F8(
ulk,1])=F1(ulk,1]), _F9(ulk,1]1)=F1(ulk,1]),8011[2]));

> )q).q;

g= (=Uk+14 + ur—14) F1 (upa) = Cliy (@ + k-1 uky) + O (B + Uiyt
—Ugt14 + Uk-1, ~Uk-1 + Ukl

By differentiating the linearized symmetry condition we obtain intermediate conditions

which simplify our calculations
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> R:=X(ulk+1,1+1]~solve(eq,ulk+1,1+1])):

> assign(Ulk+1,1+1],U(k+2,1+1],U[k+1,142) ,U[k+1,1-1] ,Ulk-1,1+1]):

> RR:=simplify(R):

> Ri:=primpart(numer(simplify(diff(R,u(k+2,1]))),{C1(k+1,1],C2(k+1,1],C3(k+1,1],C4[

k+1,1],C5[k+1,1],C6[k+1,11});
> R2:=primpart(numer(simplify(diff (R,ulk,1+2]))),{C10k,1+1],C2(k,1+1),C3[k,1+1],C4(

k,1+1],C5(k,1+1],C6[k,1+11}):

> unassign(’u[k+1,l+1]’):unassign(’u[k+2.l+1]’):unaasign(’u[k+1.l+2]’):unassign('u[
k-1,1+1)’) :unassign(*ulk+1,1-11’):

> sys:={coeffs(R2,{ulk,1],ulk,1+1],ulk+1,1],ulk-1,2],ulk,1-1],ulk,1+2]}),coetta(R1,
{ulk,1],ulk,1+1] ,ulk+1,1] ,ulk-1,1] ,ulk,1-1] ,uk+2,1)D};

> RSl:=rifsimp(convert({sys},diff));

> asaign(RS1[’Solved’]):

Rl := —Clg41 + 01):+1,t+1
RSt := TABLE ([Solved = [Clps14+1 = Clis1ty Chtrtsr = C2kusi]])

We find the function F'1
> R11l:=simplify(‘if‘(has(RR,F1(ulk,1]))=true,diff (RR/coef?(RR,F1(ufk,1]1)),ulk,1+1])

JRR)):

> R12:=simplify(‘if‘(has(R11,F1(ulk+1,1]))=true,diff(R11/coetf(R11,Fi(ulk+1,1]1)),ul
k,11),R11)):

> R13:=¢if‘(has(R12,F1(ulk, 1+1]))=true,diff(R12/coeff(R12,F1(ulk,1+1])),ulk,1]),R1
2):

> assign(U[k,1]):

> R2:=primpart (numer(simplify(R13)), [F1(ulk+1,1+1]),D(F1) (ulk+1,1+1]), 00 (D, 2)(Ft
) (ulk+1,1+11)1):

> unassign(’ufk,1]’):

> s8ys3:=coeffs(shift(shift(R2,k,-1),1,~1),{ulk+1,1+1],ulk,1+1],ulk+1,2] ,ulk-1,1],ul
k,1-11}):

> RS2:=rifsimp(convert({sys3},diff));

> 8ol:=subs(_C1=C7(k,1],_C2=C8[k,1],.C3=C9[k,1]},_C4=C10[k,1],dsolve(RS2[’Solved’])));

> assign(sol):
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RS2 := TABLE([Solved = [EZ_Z_FI (uky) = 0],
el
Case = [[8 # 0, E;%Fl (uxs)]}, Pivots = [ # 0]])

sol .= {FI (ugy) = C7,,',uk,, + 08“}

Now we derive the final conditions on the unknown functions. This procedure works

if ¢ is a polynomial. All other cases should be considered individually.
> simplify(Qi(ulk-1,1],ulk,1],ulk+1,1])+Q2(ulk,1~1] ,ulk,1] ,ulk,1+11)):
> q:=simplify(%):
> R:=X(ulk+1,1+1]-s0lve(eq,ulk+1,1+1])):
> assign(Ulk+1,1+1],U[k+2,1+1] ,U[k+1,1+2),U[k+1,1-1],U[k-1,1+1]):
> Ri:=primpart (numer(simplify(R)),ulk,1]):
> sysl:=coeffs(Ri,{ulk,1],ulk,1+1],ulk+1,1],ulk~1,1] ,ulk,1-1],u(k+2,1],ulk,1+2)}):
> RS3:=srifsimp(convert({sysi},diff)):
The final form of ¢ with all conditions is
> ’q’=convert(convert(q,parfrac,ulk+1,1]),parfrac,ulk,1+1]);
> cond:=[RS1[’Solved’],RS3[’Solved’]1];
Clig (o + - iting) | Ot (B tt-1t)
Uk+1, — Uk-1) =Uk,1-1 + Uk, 141

qg= O7k,1uk,l + C8k; +

cond := [[Clis10= Clrsrt, C2kis1 = C2kpual,
(€1 (@) = —a (C2ky+ Cliy— CTry~ CTryry) »
&(B) =~BCoxy—BCliy+ B0+ BC% 1,
Cliyri==CThppy+ CThprinr + Cliay + Clig = C7yy,
c1 ki1 = Cliy, C2y11 = C2kt, C8k41441 = 0, C8k411 =0, C8 141 = 0,
C8ky =0, C2p41 = ~C7 — CTiy1y + C¥prisr + Clrpir + C21Y))

We obtained expressions for the function ¢g. Cilk,1),i = 1..9 can be derived from cond.

Pivots in RS3 should be taken into account because they can lead to special cases.
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