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ABSTRACT

This thesis is concerned with the weighted L?(R) boundedness of the family of
convolution operators corresponding to the kernels K; = e'®/*, where 1 is a smooth
cutoff, @ is a function on R that looks locally like (-) in the support of v for some
integer £ > 3 and 0 < ¢t < 1. Using the techniques of Bennett et al inequalities of

the form

/ Ko+ fPdu < G, / FPMoe()
R R

are proven, where y is an arbitrary Borel measure on R, and M, is a maximal
function depending on ¢ and /. The weighted L?(R) estimates that are derived are
shown to be sharp in the sense that the LP(R) boundedness of M;, can be used
to recover the sharp exponent in ¢ for the LP(R) — LP(R) constant for convolution

with K; when ¢/ < p < /.
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INTRODUCTION

The provenance of this thesis can be traced back to 1978 when Stein, at a con-
ference in Williamstown (see [27]), suggested that it would be worthwhile to study
two-weighted norm estimates for the disc multiplier operator. In the years leading
up to this, the L? boundedness of the disc multiplier had provoked a great deal of
interest and speculation, and one of the fundamental problems of twentieth century
harmonic analysis was laid to rest when Charles Fefferman proved that the disc
multiplier is bounded only on L?. Studying weighted L? inequalities for the disc
multiplier could then help one gain further knowledge of its L? behaviour.

It is necessary at this point to clarify some terminology. By a two-weighted norm

estimate for an operator 7', we mean an inequality of the form

[irsres [irew

for all f € L?*(W), where w and W are a pair of a Borel measures, or suitable
weight functions. In particular, we are interested in the case where w and W are
in a correspondence determined by an operator (typically some kind of maximal
function) My, for which Mr(w) = W. This also includes the case where My (w)

happens to be constant for each w. In this case, we have a functional w — C(w)



such that

[1rspe s cw) [

We will refer to such an inequality as a one-weighted L? estimate.
A pivotal point in the history of harmonic analysis was the birth of the study of

A, weights. When investigating the functions w for which the inequality

/ THrw < Gy, / FPw
n R"l

holds for a suitable maximal function or singular integral operator 7', it emerged

that necessary and sufficient geometric conditions could be placed on w in order for
the above to hold. Functions satisfying such conditions are said to belong to the
class A,. One of the canonical texts on the subject is the book by Garcia-Cuerva
and Rubio de Francia ([19]) which was among the first to dedicate itself to the
treatment of A, weights. The success of the theory of A, weights has a led to a
good understanding of two-weighted norm estimates for singular integral operators,
maximal functions and square functions.

This way of looking at the L” boundedness of operators proved to be very in-
fluential to the point that weighted norm estimates are now a familiar sight to the
harmonic analyst, and are central to the study of certain important operators that
don’t fall under the remit of the A, theory. In particular, we are interested in
integral operators with kernels that display oscillation. What emerges when one
examines how estimates for these operators have been studied in the past is that

their usages tend to be somewhat disparate - the question of for which oscillatory



integral operators 7" we can expect to have estimates of the form

IR RET

remains largely unaddressed. The aim of this thesis is to begin to explore this
question, beginning with a family of oscillatory convolution kernels on R. This
family of kernels (which are introduced in Chapter 4) is a natural place to start and
they give one an opportunity to see the role that oscillation plays in such estimates.

We begin by reviewing some preliminary material, namely some useful results
from Littlewood-Paley theory, and some techniques for analysing certain oscilla-
tory integrals. In the chapter that follows, we review some particular examples of
weighted L? inequalities for the disc multiplier operator, and for extension opera-
tors. Since the material in Chapter 4 makes heavy use of techniques from [5], we pay
special attention to the results in this paper. We then go on to prove two-weighted
norm inequalities for the aforementioned family of convolution operators, and from
this we obtain information about the LP(R) to LP(R) boundedness for this fam-
ily. Finally, we prove a one-weighted estimate for convolution operators with radial

oscillatory kernels on R".
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CHAPTER 1
WEIGHTED LITTLEWOOD-PALEY

THEORY

Littlewood-Paley theory is a broad term relating to a collection of results con-
cerning the LP-boundedness of operators with some sort of quadratic nature. The
LP-boundedness of classical Littlewood-Paley operators (or ‘square functions’ as they
are also known) is well understood, and the study of such operators and their ap-
plications forms one of the canons of harmonic analysis. A good introduction to
the subject is given by Duoandikoetxia in [15]. One of the classical applications
of Littlewood-Paley theory is the famous Marcinkiewicz multiplier theorem, which
gives sufficient conditions for a Fourier multiplier to define a bounded operator on
LP. Among the various types of square function that are of use in harmonic analysis
are ones that involve decomposing the Fourier support of a function f in certain
ways. For example, if we let {A;} denote a collection of (unions of) dyadic intervals
in R, A; = (=277 —27] U [27,271)] then we may define a family of operators by

—

Sif(€) = xa, () f(&)



for j € Z, and a corresponding operator S by

Sf(z) = (Z \ij<x>\2> .

JEZ

By Plancherel’s Theorem, it is easy to show that [[Sf|s = ||f||2, and a classical
result of Littlewood and Paley also states that || f||, ~ ||Sf], for 1 < p < occ.

One may construct a ‘smoothed-out’ version of the operator S as follows: let
1 € S(R) be non-negative, supported in {£ : 1/2 < |¢| < 4}, and equal to 1 when

1 < €] < 2. Let ¢;(§) = ¢(277¢) and define a family of operators {§j} by

—

Sif(€) =¥ (&) f(9).

We may then define a corresponding Littlewood-Paley operator by

2

Sf(x) = (D@f(x)?)

1.1 Littlewood-Paley Theory with Weights on R

In order to carry to carry out (and subsequently ‘undo’) the frequency decom-
position that is central to the proof of Theorem 4.2.2 we require several results
concerning the weighted L? boundedness of the types of square functions described
above.

We include here two weighted Littlewood-Paley type lemmas that we will use
later on, both of which are adapted from results by Bennett et al in [5]. Our first
lemma concerns an ‘equally-spaced’ frequency decomposition and has its basis in
a result from [19] . This is followed by a weighted estimate for a square function

arising from a dyadic decomposition.



Lemma 1.1.1. For L > 0, let Wy, be a function on R with suppﬁ/\L c{reR:

|z| < 2L}, such that

S Wiz + kL) =1

kEZ

for all x € R, and satisfying the estimate

L

(Wr(z)| S 0+ L™

for any x € R and any N € N.
For a function f onR, let fy(x) = fx(e2"*LOWL)(x). Then for any non-negative

w on R,
[ iz s [1remilsw.
R k R

Proof. Observe that
fil) = ™ (f (Wi (x — )7 (kL),

and so

o A@) =Y I OWL(x =) (kD).

k

Fix z € R, and let g,(y) = f(y)Wr(x — y). By the Poisson Summation Formula,

~ T 1
D Ga(RL)E™HY = =% gy + k/L),
k

k



and by Plancherel’s Theorem,

/L | 2
S gD =L [ | S auly+ K1) dy
k 0 k
This may be written as
1 VL 2
SIA@F = 1 [ S s+ b DWala -y - K/D)| dy
k 0 k

IN

1/L
p [ S LW -y = DI [Wale g~ 1/ L)ldy
0 k !

(k+1)/L

S /R|f(z>|2|WL(3?—z)\dz

= |1 #Wl(x)

using the fact that

is uniformly bounded by our assumptions on Wp. It then follows that

2 2 *
/R;w ws,/Rm Wy *w,

as claimed. O

Remark. Tt is proved in [5] that Lemma 1.1.1 holds when f, W, and w are
similarly defined on S!, the proof of which forms the basis for the proof of Lemma
1.1.1.

The following lemma may also be found in [5], but we present here a corrected



proof that addresses an error in the original found by the author. The major changes

to the proof are summarised in the associated corrigendum [6].

Lemma 1.1.2. For each k € N let Q) € C*(R) be such that supp @k Cc{reR:
|z| ~ 28}, and suppose further that for each N € N there is a constant Cx > 0 such

that

2k

@u()] + 2@k < On e

for all k. Then, with M denoting the Hardy-Littlewood mazximal function,

/ It [ 1rPate,

Proof. For each j,k € Z we define collections of sets E; and A;; by

E;, = {zeR: Mw(x) > 2}

Aj,k = {l’ eR: B(I,2_k) C Ej}

We now choose another similar bump function @k at scale 27% and an odd function

Ry, such that @k *x R = @y for every k. Now by Jensen’s inequality,

/Z|Qk*f\2w < /Z|Rk*f]2@k|*w
R 3 R B
) Z;/A [ i S Q] 5w (1.1)

gk \Aj41,k

and since |Qy, * w(z)| < 2/ whenever z € A\ Aji1, (1.1) is bounded by

ZQjZ/ Ry, + f.
j ko Ak



Now let {P,}en be a smooth partition of unity on R with each P, even, and such
that supp P, C {x € R : |z| ~ 27"}. For uniformity purposes let us suppose that
{P,} is constructed in the standard way by scaling a certain fixed smooth function

and taking differences. For £ € N and integers ¢ with 0 < ¢ < oo we now define

P, if 0</l<o

S B i £=0.

Py, =

Thus for each k, { P.s}o<r<oo forms a partition of unity on R.

We claim that

(RxPre) * f(x) = (RiPre) * (x5;_, f)(2)

for all x € A; ;. To see that the above assertion holds, we write

(RxPre) * f(x) = /RRkPk,z(y)f(ﬂi —y)dy.

Notice that if y is in the range of integration and z € A;j, then |y| < 27*9 and

M (w)(x") > 27 for 2’ € B(z,27%). As a consequence,
Muw(x —y) > 27 Mw(x) > 277°.
In other words, x —y € E,_, and so

(RiPry) * f(z) = ARkPk,Z(y)XEje(x —y)f(r —y)dy = (RxPry) * (x5,_,f)(2)

as claimed.



By Plancherel’s Theorem,

27 R *f\2>2
(s, m
2\ 3

Rkpk z (fXEjfe>

2
dg)

1
2

- (X2 3

=

R Pee(€) Fxe,, (€)

IN

(=23

IN

2 (Z?J’Z /R \@(5)5@(5)%&)
=) (sz/ <Z|Rkpkl >|fXEJ (3 )|2d§>

Fix £ € R. If [£]257% < 1, then

| Ry Pre(§)| = < 2€—k|§|2—Z(N—1)7

/ Rkpk,g(l‘)[e_izs - 1]d$
R

since f RyPy =0, for any N € N, and so

Z | RicPeo(§)]7 < 272N,

kefg[2t—k<1
On the other hand, if |£]2¢% > 1 we integrate by parts once to obtain

2—€(N—1)
‘Rkpkg |§| /‘ Rk kg )’d’l] < —2k (N-1)

€] €20k

Hence by (1.3) and (1.4),

N IRiPee(©) S 2702
k

(1.2)

(1.3)

(1.4)



for each N € N, and so by Plancherel’s Theorem, (1.2) is bounded by a constant

multiple of

—0(N-2) j /\ 24 :
> (22 [ 17 5)

_ Z2£(N 5/2) <22y E/‘f ‘XEM )x)

< </|f\2Mw>2

N =

]

The use of a dyadic frequency decomposition in Chapter 4 necessitates the use
of an inequality to act as a ‘reverse’ of that in Lemma 1.1.2. The author was unable
to find a suitable result in the existing literature and so we will derive the following
lemma, which is sufficient for our purposes.

For non-negative integers k let ) be a smooth function on R with supp @\k C

{1€] ~ 25} when k > 0 and supp Qo C {|¢| < 1}. Suppose further that

> Q=1

k>0

Let us define a family of operators Ay for integers k > 0 by Axf = f % Qy, so

that

f:ZAkf-

kEZ

For our purposes, we may choose the Q) such that A;A, =0 if [j — k| > 1.
Now for integers k > 1 let P, be a collection of odd functions such that ﬁk(f )=

@k(g) for £ > 0 and ﬁk(ﬁ) = —@k(f’) for £ < 0. For ease of notation we let Py = Q)



and add Py to our collection of Pj.

Lemma 1.1.3. For all weights w,

/R f@Pw@)de S | Y 1Pex f(2)PMP(w)(z)dz (1.5)

R k>0

Before proceeding with the proof, we state a weighted estimate for singular

integral operators due to Pérez (from [24]) that will be of use:
Theorem 1.1.4. Let Tf = K * f where the kernel K on R™ is C' away from the
origin, has mean value zero on the unit sphere and satisfies
(K@) < C/lyl" and |VEK(y)| < C/ly[™"
fory # 0. Then for each weight w on R,

TfPw S [ |fPMPT ()
Rn Rn

where [p] denotes the integer part of p.

Moreover, this result is sharp in the sense that it fails if [p] + 1 is replaced with

[p].

Proof of Lemma 1.1.3. We begin by splitting f into its ‘even’ and ‘odd’ parts. Let

T¢ = Z Agy, and T = ZA2k+17

k>0 k>0

so that f = Agf +T¢f +T°f, and define two related operators as follows: Let {¢}



be an arbitrarily chosen sequence with € € {—1,1} for integers k£ > 0, and define

Tef = ZEQkPQk x f, and T = ZE%HP%H * f.

k>0 k>0

Now, we aim to find operators S¢ and S° such that SeTe = T¢, and SeTe = To.
To construct such an S° let Ry be an odd function on R such that R,(¢) = 1 on
supp@kﬂ [0, 00), ﬁk(f) =—1lon supp@kﬂ(—oo, 0] and vanishing outside of a slightly
larger set, for each k € Z. With the R defined in this way we have Ry x P, = Q.

Define S¢f = Zk>0 €op Ror * f. 1f we choose the P, and Ry such that §2jﬁ2k =0
for j # k, as we may, then SeTe = Te. If in addition we choose the Ry such that

they satisty the decay estimates

(2k)j+1

() <

j=0,1

for any N € N (N = 2 is enough here) then S¢ is a convolution operator with kernel

Zkzo €or Py that satisfies Theorem 1.1.4 and so we have the inequality

[1sirtws [1aw)

which holds uniformly in the choice of {e;}. We may define S° in a similar way.

By the triangle inequality,

[fllzzwy < N1Aofll2wy + 1T fll 2wy + 1T fll 2 w)
= [Aofllzew) + 15T fll 2wy + 15T fll L2 w)

S Ao fl 2wy + 1T fll2uswy + 1T fll 22 (ar3w)
Since this holds uniformly in our choice of sequence {¢}, we may take ¢, = r4(t),

10



where 7, is the kth Rademacher function and ¢ € [0,1]. With 7°f and T°f now

implicitly functions of ¢ € [0, 1],

1 1/2
1l = ( / ||f||iz<w)dt>
0
1

1/2
S (/ ([Aof I e2qwy + 1T fll L2 (ar3w) + ||T"fHL2(M3w))2dt)
0

1 1/2 1 1/2 1 1/2
< (/ |erin2(w)dt) +( / HTeflliz<Maw)dt) +( / HTOfn%g(Msw)dt) .

I 1/2 I 1/2
_ HAof||Lz<w>+( / HT@fuig(Mgw)dt) +( / HTOfu%z(Msw)) .
0

Observe that ||Agf]||z2() is bounded by the square root of the right hand side of

(1.5). Now,
1 1/2 1 1/2
( / ||Tef||i2<M3w>dt) - ( / ( / |Zm<t>P2k*f|2M3w) dt)
0 0 £>0
. 1/2
— (/ (/ \Zr%(t)PQk *f|2dt> M3w>
0 k>0
1/2
< (/ Z | Py, f|2M3w> by Khinchine’s inequality
k>0
1/2
< (/Zu%g >x<f|2M3w)
k>0

Similarly, one may show that

1 1/2 1/2
(/ ||Tof||2L2(M3w)dt) N (/Z | P * f|2M3w> ,
0

which completes the proof. O]

11



1.2 Some Littlewood-Paley Theory on R”

The weighted LP-boundedness of certain square functions on R" is studied exten-
sively by Wilson in [34], from which one may obtain as a corollary an n-dimensional
version of Lemma 1.1.2. More specifically, let {Qy}rez be a family of smooth radial
functions on R™ such that supp @k C {£ e R": |¢| ~ 2%}, We may suppose further
that, if Ry, is a function on R such that Ry (|z|) = Qr(x),

(Qk)n-i-j

(9) <
|Rk (z)] < Cn(1+2k|$|)n+1

j=0,1.

As above, one may define a corresponding square function S by

1/2
S(f) = (Z Qi f\2> :
k
Lemma 1.2.1. For all weights w,
S s [ 1Pyw)
Rn Rn

Proof. This inequality can be deduced as a corollary from two powerful results
proved by Wilson in [34] which combine to show the weighted L? boundedness
of a square function that pointwise dominates S.

Let 0 < a <1, and let C, denote the family of functions ¢ : R™ — R such that

¢ has support in {z : |z| <1}, [¢ =0, and

|6(x) — o) < o — 2|

12



for all z, 2’ in R™. For (t,y) € RT*! let

Aa()(Ey) = sup [ * gy (1)),

#€Ca

where ¢, denotes the dilation y "¢ (y~!-), and define a corresponding square function

by

G“ﬂ@ﬂ=(ﬂ?;A4nuw»ifﬁ)”

where I'(x) = {(t,y) : |z — t| < y}, the cone of aperture one. One may also define a
similar-looking square function, the underlying convolution kernels of which are not
required to have compact support. For 0 < o <1 and € > 0, let C, . be the set of

functions ¢ : R" — R such that
° f¢ =0
o [p(x)] < (L +[af)~ "+

e for all x and 2/ in R",
16(2) — 6] < o — (1 + Jal) )+ (14 [of]) 049

Notice that the functions in C, . are not required to have compact support. Then

as before we define

Aa,e(f)(tay) = Sup |f*¢y(t)|7

$€Cae

13



with the corresponding square function

Gorio) = ([ usiien?2)™.

A third square function that is also of relevance here is the discretised form of é,

which is defined by

1/2
Gae(f)(@) = (Z(ga,e(f) (, Qk))2> :

keZ

It is shown by Wilson in [34] that

Gaclf) ~ Gaclf) (1.6)

with implicit constant depending on «, ¢ and n. The two aforementioned theorems

from [34] are the following:

Theorem 1.2.2. For0<a <1 and1l<p <2,

|G06(f)|pw S C(p,n,a) |f|PM(w)
R Rn

Theorem 1.2.3. Let 0 < o/ < a <1 and o/ < e, then for all x € R,

Gae(f)(2) < Cla, o, €,n)Gor (f) ().
An immediate corollary of these two theorems and (1.6) is that

[Gae(HPw < Claye) [ |fPM(w),

R Rn

14



so in order to complete the proof of the lemma it will suffice to show that

Qi x [ S A ()27, (1.7)

since this implies that S(f) < 61.1(f). Recall that

A (f)(27%) = sup |f % goi ()],

¢eC1,1

and so (1.7) will follow from the observation that (27%)"Qx(27%) € C ;.
For ease of notation let Qy = (27F)"Q(27%). By our assumptions on @y, the
first two criteria for inclusion in C;; are immediate for @k It only remains to be

seen that

|Qu(@) = Qu(a)] S lo =2/ (1 + )"0 + (1 |']) =) (1.8)

for all pairs of points x, 2’ € R™. By the decay assumption on Qy, (1.8) clearly holds
when |z — 2’| > 1, so we only need to consider the case when |z — 2’| < 1. Suppose
that |x — /| is fixed, then since @y is radial the left hand side of (1.8) is largest
when x and 2’ are collinear with the origin, so we may assume that both x and 2’
lie on, say, the zj-axis. By the Mean Value Theorem, there exists a point ¢ € [z, 2]

such that

|Qu(w) = Qu(a)] = | — '] - 0., Qu(c)|

S = 2|(( 4 fa)7 Y 4 (1 + [2]) 7).

15



CHAPTER 2

OSCILLATORY INTEGRAL TECHNIQUES

It will often be the case that we wish to understand the behaviour of integrals

with an oscillatory factor in the integrand, generally integrals of the form

/ @ (1) d,

where ¢ and 1) are smooth, and real and complex valued respectively. We are
interested in results which give us estimates on the decay of such integrals as A — oo.

The results in this section can be found in [28].

2.1 Important results

Our first situation deals with the case where ¢ has compact support, and ¢ has

no stationary points in the support of .

Lemma 2.1.1. Let ¢ and ) be smooth real-valued functions such that 1y has compact

support in (a,b), and ¢ (x) # 0 for all x € [a,b]. Then

b
/ MOy (z)dx

=0\ (2.1)

as X\ — oo for all N > 0.

16



Remark. We would expect to see this sort of behaviour, since as A increases there
will be a large amount of oscillation in the integrand, and therefore a great deal of

cancellation.

Proof. First, we notice that

givo@ _ 1 d 4 (ot
Mg (2) dr

If we define a differential operator D by

L4y

Df(w) = iAY (x) dx

then D(e?@)) = @) and so DN (@) = @) for all N € N. If we define

another differential operator D* by

v == (i505):

then

/abeMWW(ff)dI _ /DN (€290)) () dx
— (a7 / e (DY () de,

a Lebesgue integral, since ¢/ # 0 on [a, b]. If we integrate by parts then we see that
this holds for N = 1, and then inductively for all N € N. Therefore

b b
/ EX0Y()dz| < AN / (D) V()|

= CNA_N

17



for some C'y < 00. O

Our next result concerns the dependence of the decay rate in A on the order of

vanishing of the stationary points of ¢.

Lemma 2.1.2 (Van der Corput). Suppose that ¢ is real-valued and smooth in (a,b),
and that |¢®) (2)| > 1 for all € (a,b). Then

b
/ @) gy

< AUk (2.2)

holds whenever
1. k>2, or
2. k=1 and ¢'(x) is monotonic.
Furthermore, the constant ¢ is independent of ¢ and .

Proof. Suppose that k =1 and ¢'(z) is monotonic. Define Iy = f; @) dz. Then

b1 d o,
I = Il z)\qﬁ(x)d
A / (@) de "

ixp(z) 70 b '
= | L / AL e g,
iz ()], XS, dx \¢'(x)

which implies that

X.

% %) !

1 1 1 b
B < S L,

18



Using the fact that ¢/(z) is monotone, and the Fundamental Theorem of Calculus,

1] fd 1
——d

/a dr /()"

N X

IA

Sl b > o

+

IN

proving Case 1.

We now proceed by induction on k. Assume that the result holds for some k& > 1,
and suppose that |¢**(z)| > 1 on [a,b]. Since ¢ is smooth we can assume, without
loss of generality, that ¢*+1)(x) > 1. Let ¢ denote the point at which the minimum
value of |¢*)(x)| is attained on [a,b]. Suppose that for some § to be determined
later, we have |z —c| > 6 . If $*)(c) > 0 then by the Mean Value Theorem, for

some 0 € (¢, x),

00 ()] = [ (2) = M (c)] = |(@ = )" (0)] = 8|6"+(0)] > &

If »*)(¢) < 0, then for some 6 € [c, 7],

PP (@)] = |- ¢W(@)
> | = ¢"(2) = (=9¥(c))]
= | = (z =)™ (0)

> olp!"(9)|

v

J.

So |¢p™*) (x)| > § whenever |z — c| > 6. Now, we rewrite I, as

c—9 ct+o b '
I, = </ —|—/ —l—/ > M) d,
a c—0 c+6
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unless c—¢ < a, in which case the first integral doesn’t appear. Now by our inductive

hypothesis,
=6 c—§ ] .
/ ez)\qb(x) drl = / 62)\(5(5 ¢(x))dl'
S Ck()\é)_l/k.
Similarly,
b
/ M@ gy | < ck()\d)’l/k.
c+6
In addition, we have the elementary estimate
c+6 )
/ @) dx| < 26,
c—6

which implies that
11| < 2(ce(A)"VE +6).
The case k = 1, and hence the result, follows by taking § = ¢,*/*+D)\=1/(k+1) 5o
that cpiq = 4ck. O
Van der Corput’s Lemma has the following useful corollary:

Corollary 2.1.3. Suppose that v is differentiable, then under the assumptions on

¢ in van der Corput’s Lemma we have

b b
/ M@ (1)dz| < A"k (|¢(b)|+/ |¢'($)|d~”ﬁ>
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Proof. We write

/ab M@ (1) dr = /ab F'(z)y(x)dz,

with

F(z) :/ e gt

Integrating by parts and using the estimates obtained from van der Corput’s Lemma

gives the desired result. O]

2.2 An Application

In particular, we will be interested in decay estimates for integrals of the following

form:

Claim 2.2.1. Let £ > 2 be an integer, and let £ € R. Then

/ €i($e_£x)d$
R

Proof. We will apply van der Corput’s Lemma. Let ¢(z) = z° — £z, then on the

-2
S [€] 7.

interval [ := [—%(5/3)1’—%, %(5/3)5—%] we have |¢/(x)| Z [£], giving the estimate

/ (@)
I

by van der Corput’s Lemma. However, for x outside of I, |¢"(z)| 2 ]ﬁ\_% and so

/ (@) e
R\J

Sl

=2
S 1.
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Overall, this gives us an estimate of

/ i) gy
R

)
S lgf e
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CHAPTER 3

SOME WEIGHTED L? THEORY

We a present here a selection of examples of how weighted L? estimates have been
used in the analysis of various fundamental objects in modern harmonic analysis.
This chapter is not intended to be an exhaustive review but rather to demonstrate
how the use of weighted norm estimates is ingrained in modern harmonic analy-
sis, and to show how their application to certain important operators provides the

motivation for the results in Chapter 4.

3.1 The Disc Multiplier

The disc multiplier operator 7" on R" is defined by

(TF)(€) = xp(6)f(€)

where D is the set {x € R" : |z| < 1}. While this operator is clearly bounded on
L?, determining the L boundedness of T for p # 2 proved to be a difficult problem.
For n = 1, T can be written as a linear combination of Hilbert transforms and so

boundedness of 7" may be deduced from this observation. For n > 1, it was originally
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conjectured that 7" is bounded on L? if and only if

However, a clever counterexample shows that 7" is bounded only on L?, an “unfor-
tunate fact” according to the author of the counterexample, Charles Fefferman (see
[18]).

It was proposed in 1978 by Stein that weighted inequalities for the disc multiplier
should be studied in order to better understand its L? behaviour. The question
of which maximal functions control 7" in weighted L? is open in general. It is

conjectured that

/R T f(@)Pw(z)de < O / |f () PM(w) () da, (3.1)

n

for any s > 1, where M is the universal maximal function on R", defined by taking

1

maximal averages over arbitrary rectangles in R", and Mg (w) is (M (w?®))s.

Inequality (3.1) can be proven to hold for radial weights due to an elegant ar-
gument by Carbery et al, which we will now sketch, whereby the problem can be
reduced to certain weighted estimates for the Hilbert transform. The full proof can
be found in [10].

For a suitable test function f on R™, we consider its spherical harmonic expansion

)= X fualle))? (ﬂ) -

Basic properties of spherical harmonics (see [29]) allow us to expand the Fourier

24



transform of f as

~ R
f(6) = Z |£|(Zn—_2)/2Hk+(n—2)/2(fk,j<S)$(n2)/2)(‘€|)y](k) (é—|) :
k.j

where Hy is the Fourier-Hankel transform of order ¢ defined by

Hag(r) = / " g(s) Tulrs)sds,

with J;, denoting the Bessel function of order ¢. Since we have that (T})(f) =

~

F(E)Xz1<1(£), we may write

1
Tf(z) = Z W—_g)/gTH(n—z)ﬂ(fk,j(s)s(”‘2)/2)(|x])yj(k) (i) ’
k,j

|z]

where

igtr) = [ o060 | 1 st e ds

0

If we write our desired weighted norm inequality

1T flZ2) < Call FIZ2 M)

in polar coordinates, then it becomes clear that proving (3.1) is equivalent to proving

that

/0°° |Tyg(r)|Pwo(r)dr < C, /OOO 1g(r) 2M o (r)dr,

uniformly in ¢, where w(r) and Muwy(r) are given by w(r, 0, ...,0) and M,w(r,0,...,0)
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respectively. We may simplify the kernel of T, using the identity

2rs)!/? /O ) Tyttt

pe(s)oe(r) _ au(s)pe(r) | pe(s)oe(r) | oe(s)me(r)
r—s r—s r+s r+s

4
= ZK;(T, s)
i=1

where
pe(r) = 7“1/2{]5(7“), and  oy(r) = Tl/Qth(T)

for 7 > 0. As a consequence of this, (3.2) can be obtained by proving the four

inequalities

r

for © = 1,2,3,4. The inequalities corresponding to ¢ = 1,3 are equivalent to, with

2 oo
wo(r)dr < Ca / 19(r) Moo (r)dr
0

/OOO K(r,s)g(s)ds

H denoting the Hilbert transform,

/ \H (gue)P0?ws < C / 9 Mo, (3.2)
R R

and the inequalities corresponding to ¢ = 2,4 are equivalent to

[t Pizw < C. [l M 33)
R R

where ¢ is a function defined on R, and the functions wy, oy, pe, Mywy have been
extended from functions on [0, 00) to even functions on R.

In order to prove inequality (3.2), the authors then go on to show, using estimates
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on J; and J;, and properties of A, weights, that

/\H(g,ug)adpwo S Cp,a/ ’g’pMawo,
R R

provided that p > 4/3 and M,wy is finite almost everywhere, where M, (w) =
M (w*)"/ for a > 1. Notice that this is stronger than required to prove (3.2) since,
in particular, the maximal function M, is small than M,,.

Now the weighted L? properties of the Hilbert transform are well understood,

and in particular we have that

/R |H(god)Piuwo < C, / 191207 M, (wori?)

for every v > 1. The proof of inequality (3.1) is concluded by showing that for every

a > 1, there exist v > 1 and C' = C, 4 such that
07 (8) M, (wor?)(s) < CMa(wo)(s), s> 0,

thus establishing inequality (3.3) and proving the main result.

It is a useful feature of inequalities of the form

[1rsews 11w,

where T is some operator and My a maximal function, that L” bounds on the
operator T' can be obtained from the LP boundedness of the maximal function M,
and this will be a recurring theme of the material that follows. If 7" denotes the

disc multiplier operator then we can derive the following mixed-norm inequality: for
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2n/(n+1) <p < 2n/(n — 1) there exists C,,, such that

e’} P/2 [e%e} P/2
2d nfld Cn ’ 2d nfld )
/ (/SM!Tf(r,w)l w) | (/Smwfwn w) P1dr(3.4)

where dw denotes surface measure on S"~*. This inequality is established as follows:

let us write the above mixed norm as

00 p/2
ol = [ ([ latopas) an

then our first observation is that if 2 < p < 2n/(n — 1),

lglzzrz = SUP/R l9(2)[wo(|z))dz, (3.5)

where the supremum is taken over all functions wy € L®/?"(r"~'dr) of unit norm.

We can apply this followed by inequality (3.1) to obtain

ITf7pr = sup ; T f () *wo (|| ) dae

< supCa | |f(2)]*Ma(wo)(x)d,

Rn

where the supremum is taken as above. It is at this stage that the we use the

boundedness of M,: as the authors demonstrate, M, is bounded on L’ 2)/(]R”),

rad

the set of radial functions in L®/?’ for each o > 1 provided that an < (p/2)’. Since

L®2"(Rn) can be identified with L/’ (r"=1dyr), it follows from the boundedness of

rad

M, as described above that

sup [ [f(z)"Ma(wo)(z) < Copsup - |f () [*vo(z)dx

wo JR™ V0

Coam”f”%ﬂaa

28



where wy and vy are taken to be in L®/?'(r"~1dr), and so inequality (3.4) is estab-

lished for 2 < p < 2n/(n—1). For 2n/(n+ 1) < p < 2 we appeal to duality and the
self-adjointness of 7' on L?(IR™).

3.2 The Extension Operator and the Bochner-

Riesz Means

The extension operator £ on the unit sphere in R" is defined by

EF(E) = fdo(€) = (x)e 2™ do(x),

Sn—1

with do denoting the Lebesgue measure on S"~!. Like the disc multiplier, the
extension operator is central to modern harmonic analysis, and in dimensions greater
than 2, the LP boundedness of £ remains one of harmonic analysis’ most fundamental

unsolved problems. The extension operator is the adjoint of the restriction operator

R defined by the map

R:f_)f|Sn*1,

and so by duality, LP bounds on &£ are equivalent to certain LP bounds on R.
The so-called restriction conjecture on R" (formulated in terms of &) states that
& is bounded from LP(S™™!) to L4(R") if and only if

n—1

< and - <

1
n—i—l.}? q 2n

< |

It is easily shown by testing the boundedness of £ on certain functions that the
conjectured range of p and ¢ is the best possible. The restriction conjecture is known

to be true in R?, but is open in all higher dimensions although partial progress on
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the conjecture has reduced matters somewhat. The most celebrated partial result
is the Stein-Tomas Theorem, which establishes boundedness of £ from L?(S"™!) to

L4(R™) when

|
3|3
+ 1 |
= =
N —

IN

These results, along with further information regarding the extension operator, can
be found in [28] and [36].

As with the disc multiplier, we may study weighted inequalities for the extension
operator to better understand its L? boundedness. One may consider global and

local weighted L? inequalities for the extension operator of the form

| s s | 1FMaas,

Sn—1

and

n—1

/ Fio(ROPdn(©) S [ 1/PMaudo.  R=1.
B(0,1) S

respectively. As was the case with the disc multiplier, information about the LP
boundedness of the maximal function M (or Mp) could then be used to extract
corresponding bounds for the extension operator.

It is conjectured that

[ Fdswdut) £ [ 15@PMG @) 6.6

S§n—1
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or equivalently, for any R > 1 and measure p supported in B(0, 1)

_ ) 1 ,
/3(0,1) | fdo(Rx)["du(z) < fr) /gn1 |f ()" M(p)(w)do(w), (3.7)

where the maximal function M is defined by

M(p)(w) = S%%W’

with the supremum taken over all infinite rectangles 7' in R™ with n — 1 short sides
of length w(7'), and remaining side doubly infinite in the direction of w.
The conjectured inequality (3.7) is known to be true when g is radial, in which

case MR(,U) is constant and equal to
M = Su -

with the supremum taken over tubes with dimensions as described above. A proof of
this may be found in [4] where, for suitable functions f and radial weight functions

V' it is shown that

[ Faatre)Pv i

w)|2do(

with C(V') equal to the supremum of the X-ray transform of V. If V' is radial with
support in the unit ball then C'(V') and ||[M (V)| coincide.

From here onwards we will consider local weighted estimates for the extension
operator at scale R, where we take R > 1 to be a fixed large parameter. Let B
denote a d-neighborhood of a point on the surface of S*~!, for small §, and define

a function g(x) = €“*xp(z) for a € R™. It is well known that |gd/\U(Rx)| is large
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for x belonging to a certain rectangle in R™. More precisely, |g/dc\7(:r)| > 6"y (x)
where T is a rectangle in R with n — 1 short sides of length ! and one long side

of length 6=2. Applying this information to the inequality

[ Jgdo(ro)Pduta) S Cu ) | lg(o)Pdoe)
B(0,1) sn—1

suggests that it may be the case that

gdo ¢ p(T(a, 6*R))
/B(o " |gdU(RI)|2du(l‘) < Rn—1 sup {T HgH%Q(Sn—l), (3.8)

R—lgaSR—l/Q

for all g € L*(S™'), where T'(a, ®*R) denotes a rectangle in R™ with arbitrary
position and orientation, and having n — 1 short sides of length «, and one long
side of length o?R, for R™' < a < R™Y/2. If inequality (3.8) were true it would
imply inequality (3.7) for radial measures, since u(T(a, a®R))/a™t < [|IM ()|
uniformly in a and R. However, it is proven in [1] that (3.8) fails, and for radial
weights it fails by a factor of loglog R. Furthermore, this factor of loglog R is sharp

in the following sense:

Theorem 3.2.1. Let 1 be a non-negative radial Borel measure supported on B(0,1).

There exists a constant 0 < C' < 0o, depending on at most n, such that

/ |gdo(RE)[Pdp < C’—lOg log It {—’M(T(a’ o))
B(0,1) ~

sup
Rnil R-1<aq<R-1/2 Oénil

} 192y (3.9)

for all g € L*(S™1) and R > 1. Conwversely, there exists a constant 0 < ¢ < 00,
depending on at most n, such that for each R > 1 there is a non-negative radial

Borel measure p supported on B(0,1) for which

- log1 T 2
/ T (R Pdpla) > 2R {u( (0.0°R) } |
B(0,1) R pica<p-1e an-
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For a function f € L?(S"™!), we may express f in terms of its spherical harmonics

as
ag
f = Z Z Cﬂ,myr(rf)
¢ m=1

The action of the extension operator on the basis elements of the spherical harmonics

allows us to write

fdol(¢ chmrf w2 (V) (%)
¢ m=1

where J, denotes the Bessel function of order v. If we write the left hand side of
inequality (3.9) in polar coordinates and use the standard orthogonality properties
of the spherical harmonics, then proving Theorem 3.2.1 is reduced to demonstrating
that

[ VAR ¢ sl i)
|lz|<1

sup
|Rx|n—2 R Rl R-1<a<R-1/2 an—1

which is achieved through some subtle analysis of the left hand side of the above
inequality.

The second part of Theorem 3.2.1, which shows that inequality (3.9) is optimal, is
proved by the authors using the following example: let i be a radially non-increasing
Borel measure supported in B(0,1). The supremum on the right hand side of (3.9)
is attained by a rectangle centred at the origin with long side parallel to the x;-axis.

For such a rectangle T' = T'(a, ® R) we have that

(e m) £ 5 [Cuno+ [ duto (3.10)
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We now construct our measure p. First, we define a collection of positive real

numbers {o;}¥_, by setting ap = 0, a; = 2/R and
aj+1:Ra]2 for2<j <k

where k is such that a ~ R™'/2. We now define our measure p by

1
d:u(t) = Z _X(aj,aj+1](t)dt'

im0 Yt

27

%, we have that k ~ loglog R. A well-known asymptotic

Observe that since a;; =

formula states that
do(z) = clz|™"z cos(|z| — 7/4) + O(lz| "*) as |z| — oo,

which one may use to obtain

dlLL(x) Z Rn_l

— 1 log1
5 (R Pdu(z) > loglog R
do(Rz)|*d >R”—1

Lepj<t 2"

This gives the desired inequality, since by (3.10) we have

sup {M} <1

R-1<aq<R-1/2 Oén_l

The Bochner-Riesz means are a family of operators that have a deep connection
to both the disc multiplier and the extension operator and arise from partial Fourier

inversion. The partial Fourier integrals on R" are defined as

Sa(f)(x) = /£ e
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They are, in other words, operators whose multiplier corresponds to the character-
istic function of the disc {|¢| < R}, and related questions of convergence concerning
Fourier inversion can be formulated in terms of these operators and the related
maximal function, S.(f)(x) = supg-o|Sr(f)(z)|. As one would expect, almost-
everywhere convergence of Sgr(f) to f is controlled by the LP-boundedness of the
maximal function S, and the celebrated Carleson Theorem shows that S, is a
bounded operator on LP(R) for 1 < p < oo (see, for example, the text of Grafakos
[20]).

As we know, operators corresponding to disc multipliers fail to be bounded on
any LP(R™) when n > 2 other than the trivial case p = 2. The Bochner-Riesz means
present an alternative way of summing an inverse Fourier transform that is similar
to a disc multiplier, but with control over the ‘roughness’ of the cutoff. For positive

R and non-negative § define an operator S% by

sune = [ s (1- Y v,

Notice that when § = 0 the above operator corresponds to the disc multiplier {|{| <
R}.

It is natural to ask whether S%(f) converges to f in L norm, and this reduces
to the L? boundedness of the operator S° := S.

The operator S? is expressible as a convolution operator with kernel K, where

T(1+ 6)
KJ(QZ) = an/z_i_(g(Q?ﬁC), (311)

with J,, denoting the Bessel function of order p. It follows that K° is an L' function
when § > (n —1)/2, and so for this range of § the operator S° is bounded on all L?

(1 < p < o0). The application of Besssel function asymptotics to the formula (3.11)
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shows that

2n 2n
< —=" 3.12
n+1-+20 p n—1-—20 ( )

is a necessary condition for S° to be bounded on LP(R"). Equivalently put, if S° is

bounded on LP(R™) then we must have § > §(p) where

11
———‘—1/2

i(p) =n 573

when 6 < (n—1)/2. In fact, it is conjectured that S? is bounded on LP(R") whenever
p satisfies (3.12), This conjecture was proven to be true when n = 2 by Carleson
and Sjolin (see [13]). Standard arguments may then be used to deduce the norm
convergence of S% to f as R — oo when f € LP(R?). Further information about the
LP(R") boundedness of S can be found in [28] and [31].

It is not surprising that almost-everywhere convergence of S4(f) to f is controlled

by the maximal function

SI(f)(x) = sup |Sg(f)(2)|

R>0

and it is known from [8] that S is bounded on LP(R?) when § > 0 and 2 < p < 4.
There is, however, a more recent weighted L?(R?) estimate for S? that is strong
enough to recover the known LP(R?) boundedness. The following theorem is proved

by Carbery and Seeger in [11]:

Theorem 3.2.2. Given 6 > 0 there exists €5 > 0 and an operator Ws bounded on

LY(R?) for 2 — e; < q < oo such that

[ IS n@P e < Ca. [ 1f@EMWiw) @), (313)
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where My(f) = M(|f|*)'/* for s > 1.

This supercedes an earlier result by Carbery ([9]) where it is shown that for each
q > 2 there exists a maximal function W, bounded on L?(R?), for which (3.13)
holds with Wy, in place of M,Ws. Further to this, Ws,(w) = Wso(w??)%/4 and W;,
is bounded on LP(R?) for 2 < p < 4.

The proof of Theorem 3.2.2 gives a direct construction of Wy and relates it to the
Kakeya maximal function: Let Ry denote the family of rectangles centered at the
origin with the property such that the ratio of the larger to the smaller sidelength

is equal to 2V. Define

My (f)(2) = sup

rx€RERN |R|

/ﬁﬂm+wuy
R

Then Wjs satisfies the estimate

Ws(w) < Gy 27y a(w?) ()2
Jj=1
for € < 28. It is conjectured that a weighted L? estimate of the form (3.13) holds for
S? with the maximal function given on the right by > i>1 2790 5 for € < 28, which
is perhaps not surprising given the acknowledged connection between Kakeya-type
maximal functions and the Bochner-Riesz operators. In particular, there is a sense
in which the Bochner-Riesz operators are controlled by maximal functions of Kakeya
type, which is explored in [20] and [14].
Such weighted estimates for Bochner-Riesz operators are often proved via weighted

estimates for a related square function: Let ¢ be a smooth real-valued bump func-

tion with support in [—1,1] and let ¢*(z) = ¢((|z] — 1)/). Let ¢* = ¢* and we
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define, with ¢@ = t=2*(t~1.), the square function

) = (ot s f<x>12%)1/2 |

In [9], for example, it is shown that if T satisfies

7°(f) (@) w(z)de S /R2 |f (2)*Qa(w)(2)dz,

R2

for a maximal function Qs then S? is controlled in a weighted L? inequality by an
operator of the form ), CrQa-+.

It is known that there is a relationship between norm estimates for the Bochner-
Riesz means and norm estimates for the restriction operator. For n > 2, it is shown
by Tao in [31] that if S°®*< is bounded on LP(R™) for some p then the localised

restriction estimate

IR(Nlzren1y S RN flleso.m)

holds. Furthermore, certain weighted estimates for Bochner-Riesz means and the
extension operator are shown to be equivalent in [12]. The functions ¢2" for k > 0
are a convenient way to decompose the multiplier (1 — [£]?)? and it is often useful
to consider them as multipliers in their own right. Let ® be a non-negative bump
function of one variable, and let Ts be the operator with multiplier given by ®(|¢| —

6~1) (similar to a rescaled ¢?). Then the estimate

[ mn@Pee < a [ 15ard
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for all f € L*(R™) is equivalent to

ado 2 B )
/|m|31 lgdo(Ra)fw(z)de < Rt /sn1 l9(w)[do(w)

for all g € L*(S™!) with R = 1/4, where the constants A and B are equivalent. It
has already been mentioned that there is a connection between the Bochner-Riesz

operators and Kakeya-type maximal functions, and it is conjectured that

/ To(f)Pw < / MO () (3.14)

where M? is the maximal average of w taken over rectangles with eccentricity =

If, then, (3.14) did hold, by the above equivalence we would have

[ Pute)te S s [ st

where the supremum is taken over all rectangles in the unit ball of eccentricity less

than R. This might lead one to conjecture that

— 1
gdo(Rz)[Pw(z)dr < / g(w)|*sup do(w
[ ot g [ ol s et

where the supremum is taken over rectangles 7" in the unit ball of direction w with
eccentricity less than R. The above considerations are noted in [5] in justification
that weighted estimates for the extension operator of the above kind could rightly

be considered as being of Stein-type.
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3.3 The Extension Operator on a Hypersurface

For functions f on R"™! consider the map f +— e*2 f where

eitAf<x) _ /Rnl e—im|§|2+27rix-£f(£)d€.

It is well known (and verifiable using a straightforward application of the Fourier
transform) that u(z,t) = €2 f(z) is the solution to the initial value problem for the

free Schrodinger equation,

0+ Agu=0 (2,t) ER"'xR n>2

u(z,0) = f(x).

Strichartz inequalities can naturally lead one to consider one-weighted estimates

for the Schrodinger operator . For example, it is known that

1€ Fllor @y S N1

Hs(R"))

for 0 < s <n/2andr = % where H*(R") is the homogeneous Sobolev space.

This is equivalent by duality and Holder’s inequality to the weighted estimate

it A
€% 7122 vy S IV 072 gy 1 W

for all V' in L(;{ 2 (R™xR). This raises the possibility of other functionals V' — C(V)

such that

162 7122 vy S CONMS ey
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Such functionals are investigated in [3], where it is shown that €2 is controlled in
the above one-weighted sense by Morrey-Campanato norms.
Fora>0and1§p§"7+2,let
£00 = {F € L, (R" x B) : | Fll g < o0}

par loc

where

1/p
VFllese = swp 1° (r—<"+2> / |F<y,s>|pdyds)
C(x7t’7ﬂ)

(z,t)eER? xR,r>0

with C(z,t,r) denoting the ‘parabolic box’ B(z,r) x (t —r? t+7?). The main result
from [3] is that if n/4 <s <n/2 and 1 < p < 325 then

”eltAini’t(V) § HVH['ZZ,Z-?tQ,P(RnX]R)HfH2.S(Rn).

This Morrey-Campanato norm permits weights V' that do not belong to any L”
space, such as V(x,t) = |z|%|¢|~® where ap < n, bp < 1 and a + 2b = 2s + 2 + "TTQ
with p and s as above.

The Schrodinger operator is also of interest from the point of view of extension
operators arising from hypersurfaces. Let n > 2, and let S be a bounded hypersur-
face in R™ with everywhere non-vanishing Gaussian curvature. For any such S, we
may define a corresponding extension operator - let ¢ denote the induced Lebesgue

measure on S, and for f € L'(S) consider

Fio(©) = [ fw)e <o)

The extension operator for the surface S is thus defined by the mapping f — ﬁf.
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It is interesting to note that if S is taken to be the base of the paraboloid, then @
coincides with the solution to the Schrodinger equation in the following way:

If we take S to denote the section of the paraboloid

{€=(6) R xR & =1¢17/2, 0<&,..., 61 S 1} (3.15)

and let do be the induced Lebesgue measure on S, then
glo(e) = [ e ey =l p(a), (3.16)
1€1<1

where « = (¢, 2,) € "™ x R, and f(¢') = g(¢, [¢€'7) (1 + [¢')"/2.
For a general bounded hypersurface S in R", there has been much recent activity

on weighted estimates of the form

| Jado(rn)Pdua) < L gl
B(0,1)

It is of particular interest to consider the pairs of exponents v > 0 and 0 < n <n
for which the inequality

p(B(z, 7))

o 1911725 (3.17)

| lado(Ro)Pdnte) £ B sup
B(0,1)

z€R™,r>0

holds for all ¢ € L?(S), R > 1, and Borel measures p supported in B(0,1). Such
inequalities have a deep connection to certain areas of geometric measure theory,
and particularly Falconer’s work on distance sets:

For a compact set E in R", the distance set A(E) of E is defined by

AE)={lz —y|: 2,y € E}.
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There are significant open questions concerning the relationship between the Haus-
dorff dimension of £ and the Lebesgue measure of A(FE) (see (23], or [36] for a
discussion of the theory). What is known (due to Falconer - [17]) is that if £ C R"
has Hausdorff dimension greater than (n + 1)/2 then A(F) has positive Lebesgue
measure. [t was shown by Mattila (see [23]) that |A(FE)| > 0 if there exists a Borel

measure g supported on E such that

‘Am(énjﬂwwﬁmdq02ﬂlw<um. (3.18)

This naturally leads one to consider the measures u for which we can expect to have
a good rate of decay in t for the inner integral of the expression above, ie. for which

measures x4 and exponents § > 0 do we have

| litt)Pdotw) < Cat .
Sn—l

A natural class of measures to consider here are those that have finite a-dimensional
energy. If p is a non-negative compactly supported measure on R", and « € (0,n),

then the a-energy of u is given by

l// u—yP

which, by Plancherel’s Theorem, is equal to ¢, [ [2(€)[*|€]*"dE. Mattila’s result
(3.18) is exploited by Bourgain in [7] to obtain an improvement on Falconer’s result
for the dimension on E when n = 2.

There is a close connection between measures y for which I, (u) < oo, the Haus-

dorff dimension of the supports of such measures, and measures p which satisfy

w(B(x,r)) < r* for all x € R” and r > 0. As is detailed in [23], for a set A C R",
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the Hausdorff dimension of A is equal to

sup{a : I with I, (u) < oo},

and

sup{B:3p with u(B(z,r)) <r’ for z€R", r>0}

where in each case the p are assumed to be finite Radon measures on R"” with
compact support in A.

Inequality (3.17) has an elegant connection to the concepts from geometric mea-
sure theory described above. Fix n € [0,n] and let v(n) be the supremum of the

numbers for which (3.17) holds. It is noted in [2] that, in two dimensions, we have

n/2, 1<n<2 (3.19)
) = 1/2, 1/2<n<1 (3.20)
n, 0<n<1/2. (3.21)

The first of the these results, (3.19) is due to Wolff [35], and (3.20) and (3.21) to
Mattila [22], in which it is shown that if x is a finite compactly supported Radon

measure on R”, and 0 < o < %(n - 1),

/ |A(Rw) Pdo(w) < R 1o(j).

This tells us that if n =2, 0<a<1/2and 0 < 3 < a,
[ di(Re)Pdote) £ B L) gl
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when g =1 on S. Now when n = 2, one can also show by decomposing the integral

I,(1) into dyadic annuli that

B
L)< sup 1( (:m“))7
z€R2,r>0 re
which gives
— _ w(B(x,r
[ dureaota) s 70 s MEED g, (3:22)

whenn =2, 0 < a <1/2and 0 < § < . One can then show that if inequality
(3.22) holds for g = 1, then it must also hold for general g in L*(dp). (For example,
it is not hard to see that if (3.22) holds for ¢ = 1 then it holds for g equal to
1 on subsets of S, and subsequently for g essentially constant on subsets of S.)
Finally, (3.22) may be dualised to show that, for n = 2, inequality (3.17) holds
when 0 < 1 < 1/2 and 0 < v < 7. In other words, (3.21) holds. Since v(n) is
non-decreasing in 7, and (1/2) = y(1) = 1/2, this forces (3.20) to be true.

The situation is less straightforward in higher dimensions. As described above,
it is known that v(n) = n for 0 < n < (n —1)/2, and y(n) = n — 1. However,
the upper and lower bounds for y(n) with 7 in the region (%%, n) do not coincide.
Arguments that lead to lower bounds arise due to Sjélin in [26] and the more recent
[16] by Erdogan. An example that leads to a new upper bound for (7)) can be found
in [2], where it is shown that for all bounded hypersurfaces S, if (3.17) holds for all

g € L*(S), all R > 1, and all Borel measures ; supported in B(0,1), then

vs<n+m(”_1). (3.23)

n+1

if (n—1)/2 <n<n.
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3.4 The Extension Operator - Weighted Inequal-

ities on S!

As we have seen, weighted L? inequalities for the extension operator on the circle
are well understood if the weight in question is radial. Here we present a result from
5] that establishes for the extension operator L? inequalities on R? that are weighted

with very different measures - ones that are supported on S!:

Theorem 3.4.1. For all R > 1 and measures pu supported on S*,

[ Jodo(Ra)Pdu(e) £ <57 [ g@PMMI @ @ow). (320
st st
and
[ o roPin) 5 3 [ la@PMMIE @), (325)
where
M@ = sy MR
T|w

Rfl <a< R72/3

and M s the Hardy-Littlewood maximal function.

As before, the form of the maximal function MP is suggested by the example
g(w) = e""“xc(w) where C'is a §-cap on S' and a € R?.

We will now give a sketch of the proof. The proof of Theorem 3.4.1 has extra
significance here in that, philosophically and technically, it is very similar to the

proof of Theorem 4.2.2 and any areas that we may skip over here will get a full
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exposition in Chapter 4.

Let g be a function on S'. We begin by defining a collection of sets that partition
Z, and treating separately the cases where g has Fourier frequencies supported in
each of these sets. By subsequently decomposing the frequencies of ¢g further, we
reach a stage where the geometric action of the operator g — m/d\a(R-) |s1 can be more
easily identified. This enables one to derive a collection of weighted inequalities, each
of which is valid for g on S! with Fourier frequencies supported in one of our original
collection of sets, from which (3.24) and (3.25) can be deduced using Littlewood-
Paley theory.

The initial frequency decomposition is based on the following collection of sets:

fix p such that 1 < 27 < R*3 and define

(

y {j€Z:R—j~27PR} if 1 <27 < R?/3
p pu—
{j€Z:0<R—j<R'Y} if2r=RY,
(
B {j€Z:j—R~2PR} if 1 < 2P < R/3,
p p—
{j€Z:0<j—R< R} if 20 = R?/3,
along with

Co = {jeZ:|jl<R/2}

Co = {jEZ:|j|>3R/2}.

The sets described above, along with —A, and —B,, form an approximate partition

of Z. 1t is important to note that the operator

g gdo(R-)|s

47



iR cos -

coincides with convolution on S! with e . If g has Fourier frequencies supported

in A, (for example) then we may write

— pid0
= E aje

JEAp

and so for |z| =1,

gda (Rx) Z a;J;(R)elare@), (3.26)

JEAp

Since we have the estimate

s + [k]
[s| = Ik]

| T (s)] < es™Y2 mm{kl/6

1/4}

we have control over J;(R) when j € A, and similarly for —A,, £8,. How this
manifests itself in the maximal function will become clear later on. Theorem 3.4.1

is established by way of the following result:
Proposition 3.4.2. Let p1 be a measure supported on S*.

1. If g has Fourier frequencies supported in either A,, —A,, B,, or —B,, then
[ Jodo(Ra)Panta) S 5 [ 1o()PMy () (@)do(e)

2. If g has frequencies supported in Cy or Cy, then

| ladoRo)Pdute) £ [ 1o)PMal))do(e),
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where, for p such that 1 < 2P < R%/3,

o M@ R 2 R)
Tl 22/ R

Let us start with part 1 of the proposition, and suppose that g has Fourier

frequencies supported in A,. Using the formula (3.26) one may argue that

| \odo (R Pato) = [ [adr(Ra) PP, = )
st st

where P, is any function satisfying Pp( j) = 1 when |j| < 4-27PR. We may choose
P, to be the kernel of an approximation to the identity on S' at scale 2?/R such
that, for any N € N,

27PR
(14 27PR|z|)V

1Po(@)] S

for all z € [—m,7]. In other words, restricting the frequencies of g allows us to
smooth-out the measure y, in this case at scale 2/ R.

Now let ¢, be a bump function at scale 2?/R such that ngﬁp(j) = 1 when j €
A,. Then g = ggﬁp, implying that ¢ = ¢, * g, and so (bearing in mind that the
extension operator coincides on the circle with a convolution operator) we have
g/d;(x) = gzﬁ/p% x g(x) for x € S'. One might then be tempted to reason that
the map ¢ — g/d\O'(R')‘gl can be understood by its action on such functions as ¢,.
However, a bump function at this scale is not smooth enough for any such action to
be established. For this reason, a further frequency decomposition is to be carried
out, but first it is necessary to dominate the weight P, x u by a function with an

increased level of smoothness in order to recover some partial orthogonality from the
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forthcoming second frequency decomposition: first, we dominate P, * ;i pointwise by

Y1(0) = sup  |B,x pu(n)l.

In—6|<2-r/2

Now let ©, be a non-negative function on S* with non-negative Fourier coefficients

supported in {j € Z : |j| < 2P/2} We may choose ©,, such that for each N € N,

op/2

< -
SO < Ty

and such that there is an absolute constant ¢ > 0 (independent of p) for which
0,(0) = 2P/2 whenever |0] < c27P/2. Let ¢y = ©, * ¥;. The scale of the local
supremum above and the conditions on ©, allow one to argue that ¢; < v as

follows:
Lemma 3.4.3. ¢; < 1y

Proof. By the properties of ©,,

0, * 11 () > 2P/ / V(0 — ¢)do.

|¢|<c2P/?
By elementary considerations, either
Uy (0') >y (A) forall §—27P2<g <4,
or
Ui (0) > 1 (f) forall <6 <f+2777

and so ©, * 11(6) 2 11(6) uniformly in 6. O
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Therefore it suffices to control

| lado( o) Ps(a)i.

We now carry out our second frequency decomposition as follows: for L € N, let W,

be a function on S' with frequencies supported in {j € Z : |j| < 2L} such that
S Wi +kL) =1
k

for all j in Z. We also choose W, (as we may) such that for each N € N,

L

WL(O)| < RENIL

for all § € [—m,7]. If for each ¢ with 0 < ¢ < 27%/2 we write

9q(0) = / g(@)e @ HRI2TI0W, L (0 — )do,

—Tr

then

2-3P/2R

9(0) = piR(1-27PH e Z eiq2p/209q(9)'
q=0
Now let @, be a function on S' satisfying

.00 i [j] < or/
j o
’ 0 if |[j] > 2v/%*2,

so that g, = ®, * g, for each ¢. We may choose ®, such that for each N € N, the
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derivatives of ®, satisfy

2(k+1)p/2

k) <

(3.27)

for all § € [—m, w|. With this notation, we have the formula

27%P/2R
gdo(Re'®) = 02700 N7 g 40, (9),
q=0

where
\I]p,q(¢> — / 6iR[(l—2*P+1—i—q2p/2/1%‘,)674-005 0] (I)p(¢ . 9)d9,

and as a result,

/@@MWWW&

=Zﬂ/}wmm

x ( / U, 0(6 — u) U, o (6 — v)ihy(p)e@ )2 2¢d¢) dudv.

~

Since \/I}p’q(k), U, . (k), bo(k) = 0 when |k| > 4 -27/2_ one can argue that
" TN —(g—q’)2P/
/ Uy 0 (6 — u) W0 (6 — 0)tha (@) e 0dgp = 0

—T

whenever |¢ — ¢'| > 12. Since |g,(y)9¢ (2)] < 5(94(¥)I* + |94 (2)[?), by symmetry it
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suffices to control

S [ 10l ([ [ 1o = 1016 = 0litorioe ) o

lg—q'[<12

=Y [law (/Nf Wlta0)ds ) ([ 100l ) du

lg—q'[<12

(3.28)

Since we have the decay estimate (3.27), one may argue in the manner of Lemma
2.1.1 to obtain the following result, which can be thought of as identifying the

geometric action of convolution with e?f1e°s-,

Lemma 3.4.4.
op/4
Wpol&)] S 2y Ho — 7/2)
uniformly in q, where H, satisfies
op/2
Hy(¢) S

(14 2072[p)Y
for each N € N.

As a consequence, we have that

T 2p/4
| st £ 1
and so in inequality (3.28) this gives

[ iadstreeypeos s 5 [ 3 laa)F st = nf2)d

Now Littlewood-Paley theory (see the remark following the proof of Lemma 1.1.1)
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allows us to deduce that

| ladotre)Puao)is < 5 [ @) 06~ w2100

where ¢, = |Wp|*13. In order to establish part 1 of Proposition 3.4.2 it remains to
be proved that 2P/2¢),(- — w/2) is dominated pointwise by M, (u). The can be seen
as follows: let C) denote the arc on S' centred at —7/2 of length 2\ - 27/ R, where
1 <2 < R??and 1 < AR/2P. Let T = T(2"/?/R,2”/R) have long side parallel to
the z-axis. By arguing that C) is contained in at most 4\? of such rectangles T, it

follows that u(Cy) < 4A? supy (7). We now apply this fact to show that
PP, (0 = 7/2) S My(12)(6) (329)

for all § € [—7, 7]: By rotational symmetry we may assume that § = 0. The kernel

P, is dominated by

Z L X{||S2r2r/R)

2N 2kor /R
1<2k<R/2P
for any N € N, and so
R 1(Car)
Byxp(=7/2) S o Z ok(N+1)
1<2k<R/2p
R 22k
S o Z Ok(N+1) Sl%p u(T),
1<2k<R/2p

where the supremum is taken over all rectangles T' = T'(2?/2/R, 2P / R) with long side
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parallel to the x-axis. Hence

2P, s p(—r)2) < sup P20/ H)

=M 0).
TI(L0) 2p/2/R p(ﬂ)( )

Geometric considerations allow one to argue that for any measure v on the unit ball

in R?,
M) (0 = ¢) S (1 +2"|sin ¢|) M, (v)(6). (3.30)
from (3.29) and (3.30) it follows that
224 (- — m/2) S My ().

Next, let y, be a bump function at scale 277/2 satisfying

or/2

Xp(0)] S T 27|

for some ¢ > 2. Then by (3.30),

Xp * My (1) (6)

AN

My()0) [ L+ 28Dl (o)ldo

op/2

S Mp(u)(0).

N

Since 15, 13 and 14 are obtained by successive convolutions with such bump func-
tions at scale 277/2 it follows that 27/%1,(- — m/2) < M,(u) and the proof of part
1 of Proposition 3.4.2 is complete.

Part 2 of Proposition 3.4.2 is considerably easier to prove. If g has frequencies

25



supported in Cy, one can replicate the argument with p = 1. If g has frequencies
supported in Cy,, one can argue in the following way. Let ® be a Schwartz function on
R? such that @ is equal to 1 on the ball of radius 2 in R2. If we write &5 = R2®(R-)

then |gdo(R-)|? = |gdo]|? = ®,/p and so

| o) au) = [ 1587 (Ra) POy = na)da

where * now denotes convolution on R?. Using polar coordinates, and the rapid
decay of @, it suffices to assume that p is essentially constant at scale 1/R. In which

case,

/Sl lgdo(Re)Pdp(x) < lullllgdo (R

S ”:u”oo sup i )P llgll2

AN

—/rg ) Mo(1))do (),

using the fact that Mo(u) is constant and of the order of ||p||o, which completes
the proof of Proposition 3.4.2. We are now in a position to deduce Theorem 3.4.1
from Proposition 3.4.2 using Littlewood-Paley theory.

Let A¥, AS, Br, B, Cy and C, be appropriate smoothed out Littlewood-
Paley convolution operators associated to the intervals A;r, A, B; , B, , Co and C

respectively, so that

g = Y Argd Ajg+> Bfgd Byg+Cog+ Cuyg

p p p p
= ga+ T 9a- + 9+ +9B- + 90 + Jo-

Now g Ada = Zp Afg?cla, and since for any fixed R there are ~ log R intervals A,,
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we have
— 2
lgardo)? < logRZ ‘Aﬂgda‘ .
p

As a consequence of this fact and Proposition 3.4.2,

| lado( o) Pan(o) 5 <52 [ S A M i),

and so by Lemma 1.1.2,

log R

[ tado( B Pdnte) § 252 [ lgt)P MM o @) ).

The terms ga-, ..., goo may all be treated in the same way, thus proving the first
claimed inequality of Theorem 3.4.1. As for the second inequality, the fact that the
map g — gd/\a(R-) coincides with convolution on S! allows one to apply classical

Littlewood-Paley theory (see [32] and [33]) and Proposition 3.4.2 to obtain

| lawdoroPdute) < [ S 1At R M)

AN

- / 5 AL MM ) ) do)

to which one applies Lemma 1.1.2 which yields

| o (Re)fauta) 5 4 [ laPMME ) ).

Again, a similar treatment of g4-, ..., g completes the proof.

As a corollary of Theorem 3.4.1 one is able to deduce the following inequality:
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Corollary 3.4.5. For all g € L3(S'),
lgdo (R) | rsey S B2 lgll1ssn)- (3.31)

Note that inequality (3.31) can be viewed as a consequence of a result of Greenleaf
and Seeger in [21]. Using a standard duality argument (see the proof of Corollary

4.3.2 in the following chapter), to prove Corollary 3.4.5 it is sufficient to show that

IMP(@do)l|seny S B [[W0llzse

forall g € L3(S') and R > 1. This is achieved as follows: it is convenient here to work
with functions on R here rather than on S!. let ® be a compactly supported bump
function at scale 1, ®, = y1®(y~!), and 3 > 0. For j € N with 1 < 27/ < RY/3,

and for ¢ € L3(S') define

Uhi(t) = sup Y70, % 1p(x)]

(z,y)€ETR(t)

where
T2t ={(z,y) ERxRY:0<y < 27R3 |o — t|’y < 2R}
Then

MR (o) (6) S sup RY22797% (5 (6 +7/2) + 05,0~ m/2))

J

and so it suffices to show that

13 lls < 277°R70 9|5 (3.32)
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By Stein’s method of analytic interpolation (see [28]), inequality (3.32) can be ob-

tained from the estimates
13 e < 272R7V2 [
where H' denotes the Hardy space, and

196,5lloc < 11]loc-

(3.33)

The second of these follows directly from the definition of ¢ ;, and the first can

be proved by testing on H'-atoms. For an H'-atom a with corresponding support

interval I, one can use the pointwise bound

/1), if y<|I| and || S |1
[y xa(z)| < S |1|/y? if y2|I] and |z Sy

0, otherwise.

to show that
||(l§ j”L1 5 2j/2R_1/2
27

from which the estimate (3.33) follows.

29



CHAPTER 4
WEICHTED L? ESTIMATES FOR A
FAMILY OF OSCILLATORY

CoNvOLUTION KERNELS ON R

4.1 Bessel Potentials

In order to provide a more transparent example of how frequency decompositions
can be used to prove two-weighted L? inequalities, we consider the following example,
which can be considered a simpler version of Theorem 4.2.2. Define an operator T,

for 0 < s <1, by

T.f(€) = (1 + [¢%) 2 f(€).

The operators Ty are known as the Bessel potentials. While this operator may appear
different to the operators we will encounter in the next section, the multipliers exhibit
a similar type of decay in both cases for which the dyadic frequency decomposition
is particularly appropriate.

We will use a frequency decomposition based on the following collection of sets,
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which form an approximate partition of R:

A, = [22,2P"1]  for integers p > 0

Ao = [~1,1].

This is a natural frequency decomposition to use since the multiplier (1 + |£]?)~%/2

is effectively “constant” (to the order of 277°) on the sets A,. The aim is to find

maximal functions M,, ; such that

/ITf ) Pdp(x) /|f )P M (n)de

if supp( f ) C A, for p a non-negative integer, and then use Littlewood-Paley theory

to derive a weighted L? inequality for f with unrestricted Fourier support.
Suppose first that we have supp( f ) C Ap, and let ¢y be a smooth function such

that ¢o(€) = 1 when €] < 1 and ¢y = 0 when |¢] > 2. Then f = f % ¢ and so, with

1 a Borel measure on R we have

[ 1240 Pauto)
= [ I Do)t
Sy ACCORORIE
- / F) FET(00)( — 1) T2(00) (& — 2)du(2)dyd=.

Since | f(y) f(2)] < 2(1f(w)]> + | £(2)[?), it suffices by symmetry to bound

/R / )P / ITu(60)(& — )1 Ts(0) (& — 2)|dp(a)dyd=

= [1s ([ ot - lanta)) ( [ 17000z dy
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We now wish to estimate Ts(¢p). Integrating by parts yields, for any N € N,

nwwu>=.4&M%aau+MWsﬂ%
- ewW%m>N/2mﬁ BolE)(1 + (€)1,

R gy
and so
o) S 1™ [ e @ + I
< Cyle|™¥
since
dN
EFI (L + €17 S O

for all €. Since Ty(¢p)(x) is clearly a bounded function, we have that |Ts(¢o)(z)| <

Hy(x) where Hy(z) < (1 + |z|)™ for all N € N.

We have thus proved that

[ 1Ts@Pdn) 5 [ 17@)FHo « plode

when supp( f ) C [~1,1]. We now seek to prove similar weighted L? inequalities for
functions f with supp( f ) C A, for p > 0. To do this, we proceed as before. Let ¢,
denote a smooth function with ¢,(¢) = 1 when & € A, and ¢,(£) = 0 when ¢ lies
outside of a slightly larger interval containing A, so that f = ¢, * f. For uniformity
purposes, we take ¢, to be a dilation of a smooth function ¢ such that ng)(f) =1if

1/2 < &€ < 2, and (&) = 0 if € lies outside of the interval [1/4,2]. In particular,
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165 ()] < 27*. We then have

/R T f () Pdpu(x)

= [ 18060+ 5@ Pdta)
= || [ 10TET. @)~ )T, = 2duta)dud=

and so, as before, it suffices to bound

L1108 ([ 1566 - i) ) ([ moieis) do

Since m(ﬁ) (1+ €%~ s/2¢p( £) ~ 2_Ps$p(5), one might expect T5(¢,) to look
like 277%¢,,. This is, in fact, true in the following sense: we may choose ¢, such that

for any N € N,

9P
|Pp(z)] S Ax o)™

and for such a ¢, we will show that
Ts(¢p) (@) S 277 Hp()

where H), satisfies

op

S T

N
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for any N € N. We integrate by parts N times to obtain

Ts(0p) ()] ”5(1 + [€1%) 20, (€)de

IN

ol [ 140+ €1 726, € de.

Now for £ in the support of gzgp,

D1+ )2, ()] < 27
aeN LIRS !

and so

op
(27|2)¥

I To(p) ()| S [ - 27 27PVH) = 97

Again, since |Ts(¢,)| < 2P we may conclude that there is a function H, satisfying

op

Hy(z) < m

for any natural number N such that
Ts(0p) ()] S 277 Hy(2),

as claimed. We have therefore proven that if supp f C A,

[ 1O @ () 5 [ 1#@P2H, « plo)ie

Notice how the behaviour of the multiplier (14 |¢[?)7%/2 on A, has been “encoded”

64



in the weight in the form of a factor of 272P*. We also showed that if supp f C Ao,

/R () (@) Pdp(z) < / )P Ho # ()

Our overall aim is to find a maximal function M such that [ |T5(f)[*du < [ |f]*M ()
for all f, and so if we can find M such that M (p) dominates Ho* p and 2725 H,, *
pointwise for all p € N this would clearly be a strong candidate for our requirements.
We have several choices here: firstly, by using the change of variable r = 277 we

could take M to be defined by

M(p)(x) = sup 72|, * p(z)|

0<r<1

where @, is an appropriate kernel of an approximation to the identity at scale r, eg.
a standard bump function or the Poisson kernel, for example. We could also take

M to be the fractional maximal function M,,, defined by

r>0

1 T
May(0)(a) = sup 5 [ lole — )l

We may now move beyond the case where f is supported in one of the A,’s. Let
{A,}pen denote an enumeration of the smoothed-out Littlewood-Paley convolution

operators associated to the intervals Ay, A,, and —A4, for p € N. Lemma 1.1.3 may
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be applied here to obtain

[msfan = [ 13 AT
<3 / AT 120 ()
- /R T AL FPA (1)

S 3 [ IAsEMAE )
o /R
whichever our choice of M. By Lemma 1.1.2,

/ T fPdp < / FEMMAL (p)
R R

In particular we have that Ty is controlled (in the weighted L? sense) by the
fractional maximal function Ms,,. This is also the case for the fractional integral

operators. The fractional integral operator of order aw on R™ is given by

I.(f) = /]R f<y) dy

n ‘33' _ y‘nfa

for 0 < a < n, which can also be realised as a multiplier operator with multiplier
equal to Cy,| - |7 It is shown by Pérez in [25] that the operators I, satisfy the

weighted norm estimate

n

\Ia(f)(x)\”w(fv)dwﬁ/ |f (@) [P Mo MPH (w) () dx (4.1)

Rn

where [p] denotes the integer part of p for 1 < p < oco. Furthermore this is sharp in

the sense that (4.1) fails if [p] 4+ 1 is replaced by [p].
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4.2 A Family of Oscillating Kernels on R

Define a new kernel on R by
Ky(z) = /()

for small ¢, where the functions ® and ) are as-yet unspecified.
It is desirable for the phase function ® to locally resemble the model cases (-)¢

for integers ¢ > 3, and so we suppose that ® is a C* function satisfying
M (zg) =0 for 0<k<l—1, and ®9(z¢)>e>0, (4.2)

for some e.

As one might expect from the main result in [5], trigonometric phases such as
®(z) = x — sinx satisfy the above conditions as do the aforementioned model cases
®(x) = x* for integers ¢ > 3.

Let 0 < k < /{—1, then by Taylor’s theorem, for each fixed x we have

W (z) = dM(0) + 20*V(O0) + - + 2 FDO (y, 1)

= 27O (y, )
for some y, . € (0,2). As a result we have functions @, for 0 < k < ¢ — 1 such that
dW (z) = 27 D ().

Since |®)] is bounded below in a neighborhood of the origin, so is each of the @y,

and so we choose the smooth cutoff function ¢ so that |®®| is bounded below on

supp .

67



For uniformity purposes, we wish to make the conditions on ® and 1 more
quantitative. In addition to (4.2), Let {A;} be a collection of positive constants for

integers 7 > 0, and suppose that
[9V]|oe < Aj.

By the Mean Value Theorem, there exists a neighbourhood V' of x(, depending only
on € and Ay such that ®°(z) > ¢/2 for € V. Finally, let 9 be a smooth function
with support in V such that [ |¢/| < B for some positive constant B.

Notice that if ¢ is a local diffeomorphism on R with ¢(yo) = zo for some yg, then
the new phase function ® o ¢ satisfies the hypotheses (4.2) at the point yo with a
different value of €. Due to this diffeomorphism invariance, we may suppose that
zg = 0.

As in the case of the Bessel potentials, we will proceed using a frequency decom-

position motivated by the following estimates for IAQ.

Proposition 4.2.1.

tl/ﬁ’ |£| S t*l/f
K(6)| S 4 o |e| 2D, 0 < ¢ < 24,47

E|™N for any N €N, [¢] > 24,17,

with implicit constant depending on £, the A;, B and e.

Proof. By corollary 2.1.3, the first two claimed estimates follow from corresponding

estimates on the integral

/ Si(0(@)/t=28) .,
I
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that are uniform in I, where [ is an interval contained in supp . If we write
the phase of the above integral as p(z)/t where p(z) = ®(z) — tz€, then p®(z) is

bounded below on I, and so by van der Corput’s Lemma,

/ (@) /=28) 1,
I

For the second estimate, let Iy = {z € I : |z| < |t§|ﬁ}, with suitably small
implicit constant, and I, = {z € [ : |z] 2 \tﬂﬁ}. If we write the phase of the
integral in question as &p;(x), where pi(x) = ®(x)/té — z, then [pj(x)| = 1 for

x € I, and so

< g

/ Gi(0(@)/t=28) g,

I

by van der Corput’s Lemma. If one writes the phase as t_ﬁ{’%pg(x) where po(x) =

£4—2

O(x)(te) =1 — x€7THTT then Iph(x)| 2 1 for x € I,. This gives an estimate of

1 _ -2
5 21 |€| 2(e-1) |

/ G (®(@)/t-26) gy

Ip)

Overall, the estimate becomes

< max{Jg|~!, 4777 [¢| 0 )
~Y Y Y

/ (i (®(@)/t-26) gy
1

1 _ =2 .
-D|£]72=1D | and so the second estimate

but for t=1/¢ < |¢| we have that [¢|7! < 2@
is complete.

For the third estimate, suppose that |¢| > 24;¢~ and write k(&) = [ M@ y(z)da,
where h(x) = ®(x)/t§ —x. Then for all « in the support of the integrand, |h'(x)| >

1/2 and |hY)(z)| < A; for integers j > 2. Proceed in the spirit of Lemma 2.1.1 and
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define a differential operator D by

then integrating by parts N times yields

ROl S 167 [ 10Dy v(w)lda

where

1= 5 (i)

By our assumptions on v, and our estimates on the derivatives of h,

/ (*D)Vep()|dar < Ciy

with Cy depending on the A;’s for each N € N, and so 1K,(€)] < Cnle]™N, as

claimed.

This motivates a frequency decomposition using the following collection of sets:

Ay = {LeR: SV

A, = {£€R:E~27P/t}  for psuch that 1 < 2P <= (E=D/*

A = {E€R:[ 2171

along with the sets —.A4,, with implicit constants depending only on A;, which will

be used to prove the following:

Theorem 4.2.2. For all Borel measures i there exist constants Cy and Cy depending
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on l, the A;, B and € such that

/R K% f (@) Pdp(a) < Cytea / F@)PAPM M () (0)de (49)

[ 1Ko @) Pduto) < Cat 1o (171) [ 1 @FMEMusl) @) (4

where M* denotes the k-fold composition of the Hardy-Littlewood mazimal function

M, and M, is given by

Mig(@)(x) = sup  ri1|Px (y)|

(yvr)ert,é(x)

where P, is the kernel of a suitable approximation to the identity at scale r, and

Iy o(z) is the region
{(yr):0<r <tV and |y—a| <tm1r 71},

Proof. We will suppose first that supp f C Ap. Although the following argument is
less technical than when f is supported in A, it gives us a clear philosophical and
theoretical framework for that case.

Let ¢ and Py be functions on R such that ¢o(z), Py(z) = 1 if |z| < t~/¢ and
satisfying the estimates

(t—l/f)k-H
1+t /)N

0" ()]
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and

t*l/f

P <
| 0($>| ~ (1+t‘1/€|x|)M

for every N, M € N. Then

[ 1 po)Pduta)

= [ [ [ o anto)] R R fon e
= [ [ it =Rt Rl F) F o)y

- //P o(z = y)ii(z — ) Ku(y)Ki(2) () ] (2)dyd>

~ [ 1K F@R Ry (o)

= /]R (K % ¢o) * f(2)|* Py * p(x)dw

— /R s /R FW) F(2) Ky * do(x — y) Ky % do(x — 2) Py * p(x)dadydz.

Since |f(y)f(2)] < 3(If(¥)|* + |f(2)[?), it suffices by symmetry to bound

/R / )P / K, # ol — )| Ko o — 2)||Po # pu(a) | dirdyd:

= [1s ([ 15w oute = wllrs s ntolide) ( [ 165 ooz o

In the following lemma we observe that bump functions at an appropriate scale
are left looking similar when convolved with K;. Identifying this action of K; is a
crucial stage in the proof, and allows to move from working with oscillatory integrals

to working with bump functions.
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Lemma 4.2.3.

| K * do(2)| St/ Ho(z),

where Hy satisfies

t*l/@
A+ )™

Ho(z) <

for integers 0 < N < (£ —1)%

Proof. Let (z) = [, €W/ (y)do(x — y)dy, and let {v, },ez be a smooth partition
of unity on R with suppr,, C {|z| ~ 2"}. It is important to note here that, for
uniformity purposes, {1} and any other partitions of unity that are used in this
proof are constructed in the standard way from a fixed smooth function and taking

differences. Define

vi(t=V8) if >0

> ncoVn(t™HE) i 5 =0.
Now {n;},>0 defines a partition of unity on R. Write
(@) = [ X0 g)60(s — e - v)dy
R

so that

@< Y L@+ Y L) (4.5)

2001/12al 2911/¢<al

To deal with the first sum in inequality (4.5) above, it will be sufficient to prove the
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uniform estimate
|I;(x)] S 277N

for any N € N. Integrating by parts, we may deduce that

e = [ 4 ( / e@<z>/tw<z>dz) ol — y)ms(x — y)dy

_ /R ( / i eié(z)/t¢(z)dz) d%(cbo(w —y)n;(z —y))dy.

Now as indicated previously,

< tl/(

y .
’/ GZCD(Z)/t@/}(Z)dZ
—1

uniformly in y, and so, for each N € N,

(t—l/é)Q

16 41/t9j
t £2 (1 + t—1/¢. t1/£2j>N

|7;()]|

N

9—i(N-1)

IN

Y

as required.
Now suppose that ct'//27 < |z|, for some constant c. If we take c to be suitably
large, then |y| ~ |z| for all y in the support of n;(x — ).

If we define a differential operator D (in the spirit of Lemma 2.1.1) by
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then

o) 1Y / D) () ol — w5z — v)ldy,

where

o1t =~ (1)

For 0 < N < /¢ —1 we may write (*D)" f(y) as a sum of terms of the form

FP () (@ (y) "L () ()™

where p+ >, mq; =n,n—> ,m; = N, and 0 < p < N. By our observations on

the derivatives of ®,

LFP (y)(@ () "L () ()™ | ~ | f@) () [y ||y 7 = | f@) () [y~ NP

It follows that |(*D)" f(y)| is controlled by a sum of terms of the form |y| | f V=) (y)|
for (¢ — 1)N < k < ¢N, the number of which depends only on N.

In order to bound |[;(x)|, it therefore suffices to control

N / 9™ @) do(@ — )y (@ — 1)@ P dy

where (¢ — 1)N < k < ¢N. Since |y| ~ |z| for all y in the support of n;(z — -), for
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each k, N € N we have

(t—l/é)zN—kJrl
(1 + t—1/¢. t1/£2j>N

tN/R ™ (W) do(x — y)ms (@ — ) N PNdy < VxR

2—Ji(N=1)
< -
- (V]
_ g
(=1 )+

from which the desired bound for | K * ¢g| follows.

The previous lemma yields, for supp(f) C Ay, the inequality

/ K, # f()Pdp(z) < £ / (@) Ho % | Pox pl (2)de
R R

. / |f(z)|*Hy * Wf[j) Py * p(x)|d.

L—2
Since P is a kernel of an approximation to the identity at scale t'/¢, |77 Py* p| <

M (), and so Hy * |tf&_—21>P0 wp(x)| S MM gu(x). As a result,

/R Ko # f(o)Pdp(z) < 7 / (@) P MM apa()de (4.6)

A

whenever supp(f) C Ap.

We now consider the case where f has Fourier frequencies supported in A,, and
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proceed as before. Now,

[ 1K st

= [ [ [ et R0 i

= /R/Rﬂ(Z — Ky Ei(2) [ (y) [ (2)dydz (47)
= [ [ B =it — R Faa) ) P

= /]R | K+ f(2)]*P, * p(z)dx,

for any function P, satisfying ﬁp(x) = 1 whenever |z| < 277/t. We may choose P,
to satisfy

2 rt1

P <
’ P(x)’ ~ (1+2_pt_1’$‘)N

for every N € N. The proof in this case now diverges from the proof in the previous
case for the following reason: before, we were able to identify the action of K; on a
bump function at a reciprocal scale to the support of f . However, a bump function
at scale 2Pt with Fourier support in {|z| ~ 277/t} is not smooth enough for this
action to be satisfactorily identified, and so it is necessary to carry out a further
‘equally spaced’ frequency decomposition as follows: let W, be a function on R with

supp Wy, C {z € R:|z| < 2L} such that
S Wiz +kL) =1
keZ

for all x € R. The value of L is to be determined later, and will depend on p. We
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may also specify that W, satisfies

L

(Wr(z)| S 0+ L™

for all z € R and for any N € N. Let

felz) = /Rf (Y)Wr(x — y)e 2Ly gy,

for integers k with 0 < k < (2PtL)~! so that

(2rtL)—1
f(m) _ e27ri2_pt_1x Z 62ka$fk(l‘).
k=0
Let ¢, be a function on R satisfying
~ 1 if €| <2L
¢p(£) =
0 if |§]>4L

so that fi = ¢, * fi, for each k, since supp /i, C {|z| < 2L}. We may also choose bp

such that for each N € N,

Lc+1

(c) -

for every x € R. Then K, % f(z) may be written as

(2rtL)~1!

Z / eicb(z—y)/t+2m’(2—p/t+kL)y¢(x _ y) / fk(z)¢p(y — z)dzdy
k=0 vR ®
oy (4.8)
_ 627ri2—1’t—1x Z e27rikLa:fk % \ij,k(x)7
k=0
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where

Uya(a) = [ MO 10)5, 1~ )i
R

For our purposes it will be necessary to fix L = 2P/(¢=1_ Referring back to (4.7), we
have replaced the arbitrary Borel measure ;o with the weight P, x . However, it is
necessary to dominate P, * p1 by a function with an increased level of smoothness
in order to recover some partial orthogonality from the frequency decomposition we
have just carried out. For our new weight to have Fourier support in {z : |z| < L}
is desirable, and so we construct such a weight as follows: firstly, we bound P, * u

pointwise by

Yi(z) = sup B, * p(y)l,

ly—z|<L—1

and secondly let ¢5(2z) = O, * 11 (z) where ©, is a non-negative function on R such
that (:)p is non-negative and supported in {£ € R : |{] < L}. We may also choose

©, such that

1. for each N € N,

L
< -
O,(x) S A L)~ and

2. There exist constants C, ¢ > 0 independent of p such that ©,(x) > C'L when-

ever |z| < cL™1.

Using the argument from Lemma 3.4.3 allows us to argue that vy > C; and so
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it suffices to control [, |/ * f(x)[*12(x)dz. Now from (4.8) we may write

/ |y 5 () Ps(2)da
/RZeszk K% fi ok W k() fiv % W o () 1o () da

kK’

—Z//fk: ) fir ()

k,k'

X (/ U, k(e —y) ¥y (x — z)wg(x)ezm(kk/)md:c> dydz.
R

~

Now \T/pvk(f) =V, = 1[)2(5) =0 when |[£| >4 L and so

/ \Pp,k(x _ y)\ljp,k’<m _ Z)¢2(x)6—27ri(k—k’)L:vdx =0
R

whenever |k — k’'| > 12. To see this, we write the above integral as

[ ][] [ emtems e b, 8, (i) dodéavs

= / / / PV ()0 (1) a(v) / ePmirlemmiv= R g de dndy

= [ [ [T )il — v — (kK Lydgdva
Since \T/pﬁk(é) = \TJM/ (&) = 15(€) = 0 when [€] > 4 - L, the integrand above is zero

when |k — K| > 12.

Since |fi(y) fiw (2)] < 51 fe(W)]> + | fw(2)|?), by symmetry it suffices to control

ke k/<12/ ity (// Wy s(z — Y[ (z — 2) |12 )dmdz) dy
Z /’fk (/R|\pr,k(a:—y)]w2(x)dx> </R|\Ilp’k,<z)|dz) dy.

lk—k!|<12
Our next lemma identifies the action of K; on bump functions at scale L~!.
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Lemma 4.2.4. With our choice of L,
(-2)
Wy ()] S V225050 Hy (x)

where H, satisfies

for0 < N < (0—1)2.

Proof. Let {n,} be a partition of unity on R with suppn, C {z € R : |z| ~ 2"}.
Define

0 (200 i j >0
Mpj = »

2 n<oM(200-) if 7 =0.

Then supp 7,0 C {|z| < Qﬁ}, supp 7p; C {|z| ~ Qﬁﬂ}, and {n,;};>0 is a

partition of unity on R for every p. Recall that

\ij,k(l') _ / 6i¢(y)/t_2Wi(27p/t+kL)y¢(y)d)p(x . y)dy.
R

With this in mind, we write ¢y = 2m(27P/t + kL) and let

Lis(z) = / PS8 (2 — gy (@ — y)dy.

Now the phase of the integral in question has a stationary point when ®'(y) = ¢,
which occurs for y ~ (ct)"/Y =: y.
Since we expect the main contribution of this integral to occur around stationary

points of the phase, it makes sense to decompose the integral relative to |z — yg|.
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Note that yj, ~ 27771, We write

Tor@) < Y i@+ Y (@)

_p_ _p_
202201 |z —yy| 27 K201 |z —yy|

and consider each of the sums separately. Since |y| < 277/¢~V it suffices to show

that

p

27T
(14277 |z — g )N

Wy ()] < /2050

for every N € N, and 0 < k < (2PtL)~!. Fix x and suppose that 27 > Qﬁ\x — Ykl

then integrating by parts we have

d L
b = [ 4 ( / e@<¢<z>/t—w>¢<z>dz) b — g — )iy

- - ( Ik ei<@<z>/f—w>w<z>dz) 00l = )~ )y

-1
By Proposition 4.2.1, we have the estimate

1 ) p(£—2)
0277 /t| T2 = 1129 20-1)

S 120

y .
‘ / (P =05) ()
—1

uniformly in ¥y, and so

Lag@)| § /225650 27w o7tz 9o

tU@% 971 .9 (N=1)j

for any N € N, which is sufficient.
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We now suppose that 2/ < 277 |z — y,|. Then

Ly ()] < £¥ / DY) byl — 1) — )y (4.9)

for any N € N where

: . d 9(y)
("D)g(y) = _d_y (Cb’(y)——yf;_l) )

with the operator 'D corresponding to a differential operator D in the spirit of
Lemma 2.1.1. For 0 < N < ¢ — 1 we may write (*D)Ng(y) as a sum of terms of the

form

9P W)@ (y) =y ") I (y))™

where p+ >, m;q; =n,n—>) .m; = N, and 0 < p < N. By our observations on

the derivatives of @,

~ 9P (y)||y| > i)

9P () (¥ () "L () ()™ y ey (y) — g T

By the above relations, (¢ — 1)n — >, m;(¢{ — ¢;) + p = (N, and so we may bound

|(*D)g(y)| by a sum of terms of the form
oIl @a(0) — o0 t)
ol 2 (y) — i el

where ({ — 1) —a+~y=¢N,and 0 <~y < N.

Thus, |1, ;(z)| may be bounded by a sum of terms (the number of which de-
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pending only on N) of the form

d’Y
t /R ly|* |y (y) — yi’l\’ﬁ\d—m(w(y)¢p(x — )i (x — y)|dy.

Now if 2/¢ < 2%|x — yg| with ¢ sufficiently large then, for all y in the range of
integration we have | — yg| ~ |y — yx| and |y| < |z — yx|]. We also have that

ly®, (y)Y Y — yp| ~ |y — yx/, and so

[yl < ly|*
[y @1 (y) — g P T @ (y) D — D8
ly|*
|y — |17

S

and so we may bound (4.9) by a constant multiple of

(2ﬁ)v+1

Nlp — g |e— D8 (975 +i
A e e o

< tN|x _ ykla—(f—l)ﬁ(Qﬁ)WQ—j(N—l)
tN(y_%)zN

— 9—J(N-1) -
(27 T[z — yy )N

p

20-1

— 9—i(N-1) , (tQ/TPl)N—l/Q . ﬁ/%% -
27Tz — g )N

from which the desired bound follows, since t271 S L

If we let 13 = H), * 15, then we have that

p(£—2)

[ 1 f@Pduta) £ [ 3 (o) P2 vala) o
R R k
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Now on applying Lemma 1.1.1, our weighted estimate for convolution with K; be-

comes

p(

oy (2)]de, (4.10)

/R K, % f(@)Pdu(z) < / @Rl

where ¢y = |Wp| % 3.

Claim 4.2.5.

Proof. Writing 4 out in full we have that

p(

o= Ya(x) = |[Wi| * H, % O % 12

p(L—
[

= Y1()

where

p(£—=2) p(£—=2)
1270 i (x) =277 sup [Py p(y)l
ly—z|<L-1

Now if we write r = 2Pt, then bearing in mind that L = 27°7 the expression becomes

p(£—2) 1 £—2

R () =t sup e B p(y)]

1 =1
ly—a|<tT—T77=T

where P, is a smooth bump function satisfying | P.(z)] < r~'/(1 4+ r~!z|)V for any

N € N. By assumption, p is a non-negative integer with 1 < 2P < t_%, and so
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t <r < Y% Taking the supremum over r € (0,t'/¢] yields that

p(t—2) 1 =2
2771 hy(x) < tTT sup sup r=1 Pk p(y)l

o<r<tt/t |

1 1
y—m|§t[—1 r -1

= 71 sup 1Pk p(y))
(y’r)ert,é (IE)

= 1T My () (),
where I'; () is defined to be the region
()0 <<t and |y—al <eere),

Now since each of Wp,, H, and ©, is a bump function at the same scale, we have

p(£—2)

2 =1 ahy(w) S MMy () (),

as required. O

It then follows that if suppf C A,, we have

/ K, % fPdu < 75 / FEM M) (4.11)
R R

The final case to consider is when f is supported in A,,. Consider a bump
function ¥ such that U(¢) = 1 for z € [1,2], and W(£) = 0 for x outside a slightly
larger interval. For p such that 2P > ¢~!, define a new function ¥, by (I\!p = U(27P).
Then \Tlp(f) =1lon {£ ~ 2P} and |‘ff,(,k) (6)] < 27Pk. We can estimate the action of

convolution with K; on V¥, as follows. Integrating by parts N times (in the manner
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of Lemma 2.1.1) on the expression

K+ Wy (z) = / T (6) R (€)de

yields

/\

Ker by @ S 1ol [ e (BO Rl

Now one may show by using the integration by parts argument from the final part

of the proof of Proposition 4.2.1 that whenever |£| 2 t~! we have

’dTNKt( IS L™

for all natural numbers N and M, with implicit constant depending on N, M and
the A;. Using this and the above estimate on the derivatives of \T/p, along with the

assumption that supplflp C {& ~ 2P}, it follows that
| Ky Wy ()] S 277 a7

for all N, M € N. We may also use the rapid decay of IA(t to obtain the trivial

estimate
K, 0y (2)] < / 1B,(6) R (€)|de < 27
for all M € N. It therefore follows that

[ Ko W) S 277 Hy(x), (4.12)
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for all M € N, with implicit constant depending on M and the A;, where H), is a

non-negative bump function satisfying

op

H. -
(14 27[z)¥

p(x) <Cn

for all N € N.
Now let {¥,,},en be a smooth partition of unity on R, constructed in the standard

way, with supp\/I\fp C{&: g ~2r}. If f is supported in A, then

f:Zf*\ij

2r>t—1

and so

[ P =[5 (v w,) 5 P

2r2>t—1

By multiplying out the integrand and using Fubini’s Theorem, [ |K; x f|*dp is

controlled by

S J 1 ([ 18s vyta =it ) ( [ 156e w2z

2P 24 >1—

By estimate (4.12), for any M € N this is dominated by a constant multiple of

> /|f(y)|22‘pMHp * pu(y)dy < / £ (y)” [SUP rMH, *u(y)} dy,

op>1-1 o<r<t

where H, is the kernel of a suitable approximation to the identity at scale r. We
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may clearly choose M large enough that the bound

sup M H, 5 p < 171 M ()
o<r<t

holds uniformly in p and ¢, and so for f with suppf C A,

[ P 075 [P, (4.13

We may now suppose that f has unrestricted Fourier support, and apply Lemma,
1.1.2. Let {Ax} denote an enumeration of the smoothed-out Littlewood-Paley con-
volution operators associated with the intervals Ay, A, and —A, for p € N with

1 <22 <t7, and As. Then
f=Y At (4.14)
Since for any fixed ¢ there are ~ log (t™!) intervals A,, we have that
| Kps Af? Slog (871) ) |AR(KG o+ £
k

Hence, we may apply inequalities (4.6), (4.11) and (4.13), and Lemma 1.1.2 to obtain

/]Kt*f\zdu = /\ZKt*Akf\Qdu
k
< gty / Ko Ay fl2dp
k
< i log (6 / SO A F MM (1)
k

< tlog(t) / FEM2M (1),
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which establishes (4.4).

Alternatively, let {Py}r>0 be functions such that supp Py C {1¢] < t71/*}, and
for integers k such that 2¢ > ¢=/¢, P, is odd with supp Py C {|¢| ~ 2*}. Then by
our Littlewood-Paley Lemma 1.1.3, and inequalities (4.6), (4.11) and (4.13) we have

[ fan 5 [ S0 1R (e )M
R R
= 3 [ 1K (Pes 1P
R
< 7 / S (P FEMMu M3 (1),
R

By Lemma 1.1.2 we may therefore conclude that

/ K, % f(0)Pdu(a) S 175 / (@) MM, M (),
R R

completing the proof.

4.3 Corollaries of Theorem 4.2.2

A one-weighted L? estimate for convolution with K; may be deduced as a simple
consequence of Theorem 4.2.2. However, it may also be proven directly without the
need to resort to a second frequency decomposition, using little more than the decay

estimates on Kj;.

Corollary 4.3.1.

[ 1 )P aute) S 075 1o ()Mol [ 1F@)Pde, (435)
R R
with implicit constant depending on £, the A;, B and e.
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Proof. Firstly, suppose that supp f C Ap. Then for a suitable bump function P, at

scale t1/¢ we have

/|Kt*f|2dﬂ = /|Kt*f|2P0>x<,u
S 1R sale [ 1Ko g7
— [Rsale [ IRPISP
S s [RAOPIR <nlle [ 172

£eAo

S P sl [ ISP
and |t¥“Py * p| = |t1/(2*1)(t1/€)%P0 s p| St/ M, (i), which implies that
_1
| Py * plloo S 17| Mee(12) | oo

For f with f supported in A, we argue in a similar way to obtain, for a suitable

bump function P, at scale 2°¢,

/ Ky fPdp S (277 /8) T 6200 ) By o / Tk
_ P 4=2 2
—_— 1||Pp*M||oo/|f|
1
< P Mus() / 5P,

It follows from (4.13) that

/ K, # fPdp < 075 | Mos()|oc / P

when suppf C Aw, and so the desired one-weighted inequality holds for functions
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f that have Fourier support in a piece of our frequency decomposition. Again, we
use the fact that there are ~ log(t™!) intervals A, in our frequency decomposition,
and Littlewood-Paley theory, to conclude that inequality (4.15) holds for f with

unrestricted Fourier support. O]

As indicated previously, a simple duality argument can be applied to weighted
inequalities such as (4.3) which allows us to obtain L” bounds on our operator via L?
bounds on our controlling maximal function M, ,. As one might hope, our maximal
function M, ¢ is sharp in the sense that it allows us to recover the L? to L? operator
norm of convolution with K, for certain p. Like Corollary 3.4.5, the operator norm

is already known as a consequence of [21].

Corollary 4.3.2. The inequality

1K fll < 70, (4.16)

~Y

with implicit constant depending on {, the A;, B and €, holds for all f € LP(R) if

and only if 0/ < p <V/.

Proof. To see that the claimed range of p is necessary, consider the following exam-
ple. Fix a t € (0,1), and define a function f by f(z) = e*i(*x)z/tx[_m (x). Consider
the special case when K;(z) = ¢'/t4)(x) for an integer £ > 3, and a smooth cutoff

¥ with support in (—1,1). Then

’Kt % f(ﬂ?)’ _ ‘/t ei(m—y)é/t—i(_y)f/t¢($ i y)dy‘
t 1 &8 N
> | [ cos (; > (j)y) e

Let T = {z : |z|] < 1}. We may take the implicit constant sufficiently small
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(depending only on ¢) that 7" C supp(K; * f), and for all z € T we have

-1
1 f‘]
XV

J:1

<1/8,

and so

[ Ko f(2)] 2 txr ().

As a consequence, ||K; * f||, 2 t. Now || f||, = t*/?, and so if we assume inequality
(4.16) to be true for some 1 < p < oo, we must have ¢ < t'/¢+1/?_ Since all implicit
constants are independent of ¢, we must have 1/ + 1/p — 1 < 0, which rearranges
to ¢/ < p. By duality we must also have p < £.

We now proceed using a standard duality argument. For f € LY(R),

1K fIlE = 11 = f)?le
= sup /|Kt>x<f| g
<t ¢t sup /|f| MM, (M? )‘ by Theorem 4.2.2
< t71 sup 1(f)? || [MP M, (Mg )||§ by Hoélder’s inequality
loll g =1
<

7T | M2 My M2 ooy I £
In order to show that

1Ko flle S 70 £le
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for all f € LY(R), it therefore suffices to show that

L—2
IMeellgy—gsy S0, (4.17)

since M is bounded on LP for all p > 1. Write M;, = M,, then by scaling in ¢,

(4.17) is equivalent to the estimate
<
HMKH(g)/H(g)/ S L (4.18)

which is established as follows:
For integers k > 0, let Py, be compactly supported bump functions at scale 2%r

respectively such that

Pi(z) $> 27"V P (x)

k>0

for N € N, and define a new maximal function /T/l/g,k by

Mor(@)(x) = sup  rit [Py d(y)].

(y,r) ely (.7,‘)

where I'y(x) denotes I'y 4(z). Since we have

M(0)(@) £ 327N My(9)(x)

k>0

for functions ¢, it will suffice to show that
M <
HMé,k”(g)/H(g)/ S L (4.19)

uniformly in k.
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A simple scaling argument shows that
Mui(9)(28x) S 277 Myo(¢oe) (@), (4.20)

where ¢« denotes the dilation 28¢(2%.). Using (4.20) and a change of variables, we

have

[ @@l @dr = 2 [ oo @ i

S @ [ Wiolom) @) s
As we will go on to show below,

||Mv€,0||(g)/_>(g)/ S 1 (4.21)

~Y

and so

[ @@ @ie 5 @ [ o) @ as

which establishes (4.19).

All that remains now is to prove (4.21). Define

M(@)(@)= sup rEI|Pxg(y)l

(y,r) €l (2)

where P, is a compactly supported bump function at scale . By Stein’s method of

analytic interpolation (again, see [28]), inequality (4.21) can be obtained from the
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estimates

IMe (D)oo S 1]l

and

M (@)t < NlSlla-

The first estimate is elementary, and the second may be verified by testing on atoms.
Let a be an H'-atom with support interval I (by translation invariance we may
suppose that I is centered at the origin). For an atom a as described above, we have

the pointwise bound

e/l i eS| and 2] S
L
re1|Poxa(n)| S QO |Ir T, if 2> |1 and |z <

0, otherwise.

First, suppose that |I| > 1, so that our pointwise estimate becomes

g e/, i el S
r=1|P, x a(z)| < (4.22)
0, otherwise.

If |z| < 4]I], then Mj(a)(z) < 1/|I] (since rf—Ll|P,ﬂ *a(x)] S N—Ll/|l|) which con-
tributes ~ 1 to ||Mj(a)||z1. On the other hand, suppose that x > 4|I|. Then the
right hand side of (4.22) is maximised for (y,r) € Ty(x) when r ~ (z — [I])~¢Y,

and so
M(a)(x) = 1] (@ — 1))~
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This contributes

1 w2
x>4|1]

to || M;}|z1. The case when z < —4|I| may be treated similarly, and so combining
these estimates we have that || M;j(a)||z: < 1 when |I] > 1.

Now suppose that |I| < 1. For any (y,r) € I'y(x), r%|PT xa(y)| < |I|ﬁ so for
lz| < 4\[[_ﬁ we have the estimate M} (a)(z) < |I\ﬁ which contributes ~ 1 to

IMp(a)||p. Tf x> 4|]|_ﬁ, then again we have
Mi(a) (@) S 17 @ = 1))~
which contributes
1 [ s e =
x>4|1 -1
to [[M}(a)| 1, and so we may conclude that
MGl S 1

as required.
This is establishes that || K, * f|l¢ < tY*||f|l¢, which allows one to deduce using
duality that ||K; * f|le < tY¢)|f||le for all f € L*(R). One may now interpolate to

show that ||K; * fl, <tV f|, for all f € LP(R), whenever ¢' < p < /.
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CHAPTER 5

HiIGHER DIMENSIONS

An obvious extension of the results in chapter 5 to consider is that of analogues

of Theorem 4.2.2 in higher dimensions. For example, define a convolution kernel by
Kx(x) = M @y(x),

where ® is a suitable smooth function on R, A € [1,00), and v is an appropriate
cut-off supported in a neighborhood of the origin. It is natural to address the
matter of determining the functions ® for which we find a maximal function Mg or

a correspondence w +— (', such that
[+ KiPw S [ [fPMauw,
R™ R™
or

[f* Kal'w S Cu | IS

Rn Rn

for all weights w on R™. As before, the maximal function Mg should be suitably

geometric in nature. We present here some partial answers to the above problems.

98



5.1 Corollaries of Theorem 4.2.2 Continued

Theorem 4.2.2 may be used to prove two-weighted estimates for certain convo-
lution kernels on R". For example, for 1 < j < n let ®; and 9; be functions on R

satisfying the hypotheses of Theorem 4.2.2, and define
Kj(x) = ey (x)
for z € R. We may then define a kernel K on R" by

K@) = [] Kix)

1<j<n
for x = (z1,...,2,) € R™

Corollary 5.1.1. Let ./K/lvt,m denote M?M,, acting in the jth variable. Then with
K as defined above,

| K * f|2,u N (75ﬁ log(t_l))n |f|2ﬂt,£,nﬂt,z,n—1 e 'Mvt7£,1(ﬂ)- (5.1)
Rn Rn

Proof. For functions f : R" — C and g : R — C, let g *; f denote convolution in

the j variable of g with f. More precisely, for z = (z1,...,x,),

g% fla) = / F@ns 2y =y za)g(y)dy.

Then as a consequence of Theorem 4.2.2,

|1 f@)Pduto) s 25 os(t™) [ 1f@EMus@ds. 62)
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Observe that

K x f(ﬂf) = Kn *p anl Kp—1 " *2 Kl *1 f(x)a

and so by repeated iterations of (5.2) we obtain (5.1).
[l

Recall the uniformity considerations on the phase and associated cutoff of the
kernel that preceded Theorem 4.2.2. As a consequence of these, a two-weighted
estimate on R? can be obtained if the phase function ® : R? — R has a suitably
‘weak’” dependance on one of the variables. This notion of ‘weakness’ is made clear
below.

Suppose that ® : R? — R satisfies the hypotheses of Theorem 4.2.2 in the first

variable, uniformly in the second variable. More precisely, suppose that

for 1 <k < /¢ —1, and there exists ¢ > 0 such that

0LD(0,25) > €

for all 5. Let v : R?> — R be a suitable smooth cutoff around zero with compact
support in [—1,1]?, and define a kernel K (z, ) = @22/t 25). If g is a
function from R? to C then we will sometimes write g(z,y) = g,(z) for notational
convenience.

Notice that a function such as ®(x1,z2) = $1(z1)Po(z2) where @y satisfies the
hypotheses from Theorem 4.2.2 and ®, is bounded below gives an example of a

phase satisfying the above conditions.
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In what follows we let x denote convolution on R? and * denote convolution on
R to avoid ambiguity. We denote by || - [|1z(zs) the mixed norm corresponding to an

L? norm in the first variable followed by LP in the second, i.e.

p/q 1/p
||f||Lg(Lg)=</R (/ |f<a:,y>|wx) dy) .

Corollary 5.1.2. Let w be a weight function on R?, then with K as defined abowve,

/2 |K % (21, 20) Pw (2, 20)dwrdry S trT log(t™1) /2 | f (21, 22)|*M(w) (21, 22)d 1 das,
R R

where

(1) (11, 2) = / Mg (w) (s y)x(y — z2)dy

= X*2 Mt,e,l(w)(xh 962)

for any mon-negative compactly-supported bump function x on R at scale 1 with

X(x) =1 when x € [—1,1]. If 2 < p < oo then we have the mized norm estimate

HK*fHLg(L{) S tl/g”fHLg(L{)'

Proof. We begin by using the support of K to write

K f(l’hfﬂz) = / / K(331 — Y1, T2 — y2)f(y17 Ya)dy1dys
R JR
= / sz—m * fy2($1)dy2
|z2—y2|<1

= / - Keyy, * ny (371)X(952 - y2)d92
T2—Y2|<

for a suitable non-negative bump function y at scale 1. By the Cauchy-Schwarz
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inequality we obtain

|K * f(z1, 22)| S Ky x f(z)x (22 — )| L2m)

As a consequence,

|K*f(ac1,x2)\ w(z1, ro)dr1dey

< /R2 (/ | Koy—y * fy(21) 2% (22 y)dy) w(zy, ry)dr1dey
[ ([ Ve ot i) s = v)deady
< $7=T log(t~ ///]f r1,y)[? Mt“( V@1, m2)dzy X2 (20 — y)daady

. log(t™ / |f(z1,y (/ /\/lwl(w)(:vl,xg)xz(:vg - y)d:zrg) dxidy.
R

Relabeling the variables gives the desired result.

To prove the mixed norm inequality we write

Vs By = 10 % £l g

= sup [ (K= fa.) Plue.y)dady

where the supremum is taken over w on R? with ||w||L(p/2)/(L(e/2)/) = 1. With w
2 1

described thus we have

K * [z, y)Pw(z, y)dedy

R2
= / () PR (uw) (2, y) ey
RQ

1 . 11 . .
< ¢ “fH%g(L{)Hm(w)”Lé“”'(Lﬁ””') by applying Holder’s Inequality twice.

N
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It therefore suffices to show that

—2
Hm(w) HLép/Q)/(Lgé/Q)/) S LD ||wHLgp/2)/(L(1€/2)/) .

We use the fact that M(w) is .//\\/l/t,m(w) convolved with a non-negative bump

function y on R in the second variable to obtain

1))y = | / Moga () 2)x(z — )dzl,

< / Mg () 2) o (= — )iz

by Minkowski’s Inequality. It follows that
1901 (w) ||L;p/2>'(L§Z/2>') S Miga(w) HLgp/z)/(Ly/z)/)
-2
L=y ||w||Lép/2>'(Lge/2>')-

As a consequence,

/R2 |K x f(z,y)*w(z,y)dedy S t2/£||f||ig(Lg)||w||Lgp/2>’(L§e/2>')

and so taking the supremum over w of unit mixed-norm yields the desired inequality.

]

5.2 A One-Weighted estimate on R”

As in the one-dimensional case, a one-weighted estimate for a family of convolu-
tion kernels of the above type is readily obtainable using estimates on the Fourier
transforms of those kernels. As before, the frequency decomposition we use will

be motivated by the behaviour of the Fourier transforms of the kernels in different
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regions of R".

Let ® be an even function on R such that
e & € ("° in a neighborhood of the origin.
e dM(0)=0for 0 <k <¢—1,and ®9(0) #0

for an integer ¢ greater than 2, and v is a smooth, even function with compact
support containing the origin chosen such that ® is bounded below in its support.
We let Ky (z) = e?®eDy(|z|) for A > 1 and z € R™

It is well known that the Fourier transform of a radial function is itself radial,
and can be written in terms of the Hankel transform. Let f be a radial function on

R”, and let fy be the function on [0, 00) such that f(z) = fo(|z|). Then

~

7(©) = Cuttoz (o)D),

where, for t € [0, 00),

H,(fo)(t) = £ / ) (et dr,

which is the modified Hankel transform of fy. If f is radial we will sometimes abuse
notation and write H, (f) when we mean H,(fy). In order to estimate K it therefore
suffices to consider the corresponding Hankel transform.

We will go on to prove a one-weighted L? estimate using a similar argument to
that of Corollary 4.3.1. As before, we need to estimate the decay of K » which will

then give an indication of the frequency decomposition to proceed with.
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Lemma 5.2.1.

ATVE gl S A
—2

KA S 4 ATEm|g 5D, AV e < A
7N forany N €N, €] 2\

The following lemma gives a description of the action of convolution with K
on a bump function which has Fourier support in the region where K A\ is rapidly

decreasing.

Lemma 5.2.2. Let ¥, be a smooth radial function on R™ such that supp\/f/p C Al ~
2P} for some p with 27 > X. Let U, be a function on R such that U,(x) = U,(|z|)

and assume further that %H%(\ifp)(t) is bounded uniformly in t and p. Then

[Ko o+ V()| S 2_pNQp(x)

where

2"

N

for all N,M € N.

The proofs of these Lemmas are left until after the proof of Theorem 5.2.3.
These estimates on K A suggest that the following collection of sets is an appro-

priate frequency decomposition with which to proceed:

Ay = {£eR: [ SAY)
A, = {£€R":|¢] ~27PA}  for psuch that 1 <27 < A/

A = {EeR:[ 2 A}
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Theorem 5.2.3.

|1 f@)Pdut) S NPT los W Ml [ If@Pe (53)

for all non-negative Borel measures p on R™. There exists a function P, on R™ such

that

Moi(p)(@) = sup  ret|Pox ()],

0<r<A—1/¢

and P, satisfies

(r )"

T+ l)”

P(x)

AN

for all N € N.

Proof. We argue in the manner of Corollary 4.3.1, and suppose that supp f is re-
stricted to an A,, Ay or A. Firstly, suppose that supp f c Ay, and let Py be a

function on R™ such that Py(¢) = 1 when & < A%, Then

/|K,\>x<f|2d,u = /’Kx*f|2po*ﬂ
< Posale [ 1 £
— Renle [ IR
< sup [R(OFIR + |15

< NV By oo / 7P
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For f with f supported in A4, the above argument yields

-2
[ s P s xRl [ 112

where P, is a function on R™ with ﬁp(g) =1 for €] < 27P\. Now we may choose P,
to satisfy

@2y

P <

for all N € N, and since )\_1(2”)%131, * = /\*ﬁ(?/)\)%Pp * 1 we have

-2

AT By plloo S AT [ Mie(11) o

~Y

Similarly, one may show that A=2/¢|| Py  pt]/oe < )\ﬁHMA,gHm.

~Y

Finally, we consider the case when suppf C A.. Let {U,},en be a smooth
partition of unity on R"”, constructed in the standard way, with Suppfl\/p c{&: €|~

2P} and each V¥, radial. If f is supported in A, then

f:Zf*\I'p

p:2P 2>

and so

s sdn = [150 (< 0,5 P

2P 2\

By multiplying out the integrand and using Fubini’s Theorem, [|K, % f|*du is

107



controlled by

S [ ([ 150 vt = iautn) ( [ 1550 w601 )

2P 24>\

By Lemma 5.2.2, for any M € N this is dominated by a constant multiple of

> [Pz« ntuas < [ |f<y>|2[ sup rMczr*u@)] dy.

2>\ 0<r<A—1

where @), is as in the lemma. We may clearly choose M large enough that the bound

sup rMQ, x 1 S AT M ()
0<r<A—!

holds uniformly in p and A, and so for f with suppf C A,
1 P s X [ 1M
We have therefore established that
B P S T M)l | 1P

whenever the support of f is restricted to Ay, A, for some p or A.. Since there
are ~ log(\) sets in our frequency decomposition we can conclude that, for f with

unrestricted Fourier support,

Ky f1Pdp S A7 g\ [Mae(illee | 1£)

RTL Rn

as claimed.
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Proof of Lemma 5.2.1. Let us abuse notation and write
Hmeﬁ:t”/ N (r) ], (rt)r H dr
0

for t > 0. Using Fubini’s Theorem and the formula

1
J(z) = C’l,z”/ e*3(1 — s%)""12ds

1
we have

1

H,(K)(t) = C, /

-1

(1 o S2>l/—1/2 [/OO 62‘(A<I>(r)+rst)¢(r)rl+ud7, ds.
0

From Proposition 4.2.1, we know that

/\—l/ﬁ < )\1/6
< Y ~Y

~

/ €i(A¢(T)+TSt)w(T)T1+Vd’T‘
0

—1 —(£-2)
\20-1D) \ts] 20T AL/E <t <A,
and since |- |21 is integrable on [—1, 1] we have

)\—1/£7 t 5 )\1/2
|H, (K))(1)] <

— 2

- (—2)
AT, A< < AL

It remains to be shown that H,(K))(x) has rapid decay when = = A. Let D

denote the differential operator
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then it is easily verified by integration by parts and induction (see [30]) that

H,(K)\)(z) = (=1)"H,sn(DVE))(2)

C(c1)V ) / DV EN(#) e ()N dt, (5.4)
0

where N is an integer that will be treated as fixed.

One may write DV K, as

=

DVE\(t) =Y DI(e?* ) DNy 1),

J=0

and for each j = 1,..., NV there exists functions ®;; such that

Each ®;; is expressible as a linear combination of terms (the number of which

depending on j) of the form

H(DPLCI))qz

l

for some integers p; and ¢ with Y, pigy = j. It is shown in [30] that the operator
D maps even Schwartz functions to even Schwartz functions, so if we assume, as we
may, that ® extends to an even Schwartz function on R, then we must have that
®, 1, is also Schwartz for each j and k. Consequently, one may write DV K, (¢) as a

sum of terms (the number of which depending only on N) of the form

6z‘)@(t) P} (t) qu/] (t)
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where a and b are integers with 0 < a,b < N, and V¥ is a Schwartz function which
is equal to ®,, for some 0 < j < N. So, H,(K,)(x) may be controlled by a sum of

terms, the number of which depending only on N, of the form

/ PO D (YW (t) oy (tz )t VTt (5.5)
0

Since D) and ¥ are both even Schwartz functions, so is their product and so for
ease of notation we relabel D) - U as W.
Note that [A*/2™| < 1. If i is an integer, then by the classical asymptotic theory

of Bessel functions one may write

m

o
J,u<7ﬂ) _ 7‘_1/2€iT Z CLj?”_j + 7,—1/26—1'7" Z bjT_j + 6(7’), (56)

=0 =0
for constants a; and b; and a function e with |e(r)| < r=W+D. If y € Z + 1/2, then

there exists constants a; and b; for which

p—1/2 u—1/2

_—1/2 ir i —1/2 i -
Ju(r)=r"""e E a;r +r7/%e a;jr7.
j=0 7=0

See, for example, Stein [28].

Suppose that v (and by implication v + N) is an integer. Consider the integral
term in (5.5): By using the asymptotic formula (5.6), it is bounded by the sum
of three terms Iy, Iy and I3 where the first two correspond to substituting the

summations in (5.6) and the third to the error term. Specifically,

v+N

Il(I) = Z a;

Jj=0
v+N

IQ(.T) = Z bj

0

/ > ei(A@(t)—tm)q,(t)(m>—(a’+1/z>tu+N+1dt’ 7
0
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and

I3(x) =

/ e“‘b(t)\If(t)e(ta:)t”NHdt‘.
0

Fix a value of j in the sum defining /; and call this I ;, i.e.

Lj(x) = aglz| "0+

/ ei(A(b(t)+tz)\Ij(t)tu+N+1/2jdtl
0

for0<j<v+N.
Write the phase of I; ;(x) as xh(t), where h(t) = A®(¢)/x +t. Then in the range

of integration, |h/(t)] > 1, and |h®) ()] < 1 for k > 2, and

Ij(z) = ajla| U/

/OO eiwh(t)\ll(t)tu+N+1/2—jdt )
0

Once again, we proceed in the manner of Lemma 2.1.1. Let D; be a differential

operator defined by

le(t) = ih’(t)f/(t)’

then

I j(z) = aj|x| 70/

/ DN (e (1) W (1)t /2N _jdt‘ .
0
If we integrate this expression by parts v + N — j times, then

I j(z) = aj|x|‘(j+1/2)|x|‘(”+N—j)

/oo eimh(t)(DDV—&-N—]‘(q/(t>tu+N+1/2—j)dt‘ 7
0

112



with

pir) = g (45 )

where the vanishing of the boundary terms is due to the compact support of ¥ and
the fact that (D)*(W(t)t+N+1/270)|,_g = 0 for 1 < k < v+ N —j. Since V¥ is a

compactly supported even Schwartz function,
(D7) (W ()i N2
is always bounded on supp ¥. Therefore
L(x) S |70V,

and as a consequence, the same bound holds for I;(x). Since a similar argument
shows that I»(z) < |o|~#*N=1/2) it only remains to deal with 5. To these ends, we

simply use the bounds on the error term e and the compact support of ¥ to obtain
Iy(x) < o7+ / ()| et S ||,
0

and our estimates on Iy, I, and I3 are complete.

Since H,(K)) is controlled by terms of the form (5.5), which we have shown to
have decay |z|™" for > X and any N € N, it then follows that |H,(K))(z)| < |z~
as well, and the estimate is complete for v € N. If v is a half-integer then the above

argument may be replicated but without the error term.
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Proof of Lemma 5.2.2. Our first observation is that

dN

dtNHn 2 (Ky) ()| < Onppt™ (5.7)

for N, M € N when ¢ 2 \. This holds since for any N € N we have

dy N
T e (1)) = Y Hoa () (8)

which is dominated by Cy it~ for any M € N by Lemma 5.2.1.
In what follows we let H denote H n2 and Hy denote Hn2 y for notational
convenience. Now by Hankel transform inversion and (5.4) for any natural number

N we have

KawWy(e) = H(H(K)H(W,)) ()
()Y Hy(DY(H(EN) H(W,) ()
— (= D)Njg[ )
/ DN (H(K\) H(,)) (8) oz, (Hla )7V

(5.8)

n—2

By (5.7), [IDY(H(K\)H(T,)) ()|t =

TN < Oy 27PM for ¢ in the support of H(W,)
for any M € N, and we also have that |JnT-2+N(t|x\)\ < C),n uniformly in ¢ and =.

Applied to (5.8) this yields

K+ ()] < Oyl "7 027nM (5.9)

for any N, M € N.

114



Finally, we use the fact that t="J,(¢) is bounded uniformly in ¢ to observe that

[y o+ Wp(x)] = [H(H(KN)H(Wp)) ()]

/HKA <\If>(>J“(t|th
(t[x]) ="

/0 () () H (W) ()|t
< oy (5.10)

N

for any N € N. The estimates (5.9) and (5.10) may then be combined to yield

2p)n
Ky, xU < 2_pN—(
’ 2K p(x)| ~ (1 QP‘Z'DIM

for any M, N € N as claimed.
O

The existence of the one-weighted estimate (5.3) could reasonably lead one to
conjecture that a two-weighted estimate for convolution with K, holds on R", where
the controlling maximal function is some suitable n-dimensional analogue of M;,.
A major obstacle towards proving an estimate of this kind using the methods used
in Chapter 4 would be the probable necessity of the second (the ‘equally spaced’)
frequency decomposition. If the Fourier support is decomposed initially by dyadic
annuli then it is not beyond the realms of possibility that the second may involve
some kind of tiling of the annuli with rectangles in R”. The Littlewood-Paley theory
associated with such a decomposition would inevitably involve some Kakeya-type
information.

A more modest approach would be to consider weighted norm estimates of the
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form

[ imsespans oy [ 1M

that are valid for radial functions f, radial weights u and radial kernels K. An
approach such as this would naturally lend itself to the exploitation of properties
of Bessel functions and associated Hankel transforms. There is, however, still no
obvious way of carrying out a “nice” second frequency decomposition to correspond

to the “equally spaced” decomposition on R.
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