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Abstract

Evolutionary finance studies financial markets from an evolutionary point of
view. A financial market can be interpreted in the context of its evolution: it can
be understood as a dynamical system in which frequently interacting investment
strategies compete for market capital. We are mainly interested in the long-run
performance of investment strategies.

This thesis explores the "Darwinian theory" of portfolio selection. An asset
market can be modelled by a game-theoretic evolutionary model in which asset
prices are endogenously determined by market clearing condition. A general ver-
sion of the Kelly rule is shown to allow an investor to "survive" in the asset market.
We then investigate the stochastic model with independent and identical distributed
states of the world from a different, game-theoretic, angle and examine Nash equi-
librium strategies, satisfying equilibrium conditions with probability one. Evolu-
tionary finance and asset market games also provide new angles to present fun-
damental facts of capital growth theory. Relations between financial growth and
the property of "survival" of investment strategies are established in the market

selection process.
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Chapter 1 Introduction

1.1  Motivation and background of evolutionary finance

Evolutionary finance studies financial markets from an evolutionary point of
view. A financial market, like a living system, can be interpreted in the context of
its evolution: market change is the consequence of mutation and selection, which
are two important concepts in evolutionary theory (Nowak, 2006). According to
the Darwinian theory, selection among species occurs when some species repro-
duce faster than the other, and mutation emerges when some unusual gene trans-
fer, resulting in different species. The two forces also work in financial markets.
A market can be understood as being populated by a group of heterogeneous in-
vestors (Evstigneev et al. 2009, p.513). These investors select investment strate-
gies at each trading date. And the investment strategies interact with each other
and lead to the wealth dynamics on the investors. On the one hand, the market
selection mechanism makes the population of investment strategy simpler since
strategies with poor performances will be driven out of the market, but on the other
hand, mutation creates new types of investment strategies for fighting against in-
cumbent rules. An analogy between biology and finance has been drawn in the
paper of Hens et al. (2005): certain animals are fighting for food or other re-

sources for survival, whilst investors in financial markets are competing for one



sort of food which can be viewed as money; species but not individual animals
count for evolution, while investment strategies but not individual investors man-
age wealth dynamics. An asset market therefore can be understood as a dynamical
system in which frequently interacting investment strategies compete for market
capital.

Evolutionary finance is an interdisciplinary research, involving financial eco-
nomics, economic theory, mathematical finance, and dynamical systems theory
(Evstigneev et al. 2009, p.513). It generally aims at developing the "Darwinian
theory" of portfolio selection (Hens et al., 2004). The application of evolutionary
idea to economics can be traced back to at least 60 years ago with the publication

of Alchian (1950). Alchian writes:

Realized profits, not maximum profits, are the mark of success and viability. It does not matter
through what process of reasoning or motivation such success was achieved. The fact of its accom-
plishment is sufficient. This is the criterion by which the economic system selects survivors: those
who realize positive profits are the survivors; those who suffer losses disappear.

The descriptive approach to financial markets attracted much discussion. In
particular, great developments have been made in the 1990s with the publications
of Arthur et al.(1997), LeBaron et al. (1999), Farmer and Lo (1999), Blume and
Easley (1992), Sandroni (2000). Their research laid the foundations for our line

of research. The recent progress in the theory and application of evolutionary

finance models has been made with the publications of Evstigneev et al. (2002,



2006, 2008, 2009), Amir et al. (2005, 2008) and Hens et al. (2004, 2005a, 2005b,
2006). Their studies played an inspirational and motivational role in our work on
evolutionary finance.

The evolutionary modelling principle does not rely on any notion of utility and
its maximization that are very commonly used in traditional economics (Evstigneev
et al., 2009, p.510). Instead it mainly focuses on actual wealth dynamics man-
aged by interactive investment strategies and uncertain asset payoffs. Evstigneev
et al.(2009, p.511) has commented:"This approach lets actions speak louder than
intentions and money speak louder than happiness." Evolutionary finance aims
at developing models which are better to describe the dynamic nature of finan-
cial markets through the application of Darwinian ideas (Evstigneev et al., 2009,
p.510).

The evolutionary approach to study financial markets has quite successfully
challenged sophisticated equilibrium concepts and the assumption of a high de-
gree of rationality on investors that play an important role in classic finance and
financial economics (Evstigneev et al., 2009, p.511). One of most commonly used
equilibrium proposed by Radner (1972) requires market participants have "per-
fect foresight". In particular, investors have to agree on the price of each asset of
the possible future realization of the states of the world. In addition, investors do
not always behave as those extreme rationality hypothesis due to some technical

limitations in practical markets. Evolutionary finance, in sharp contrast, is con-



cerned only with the observable dynamics of wealth distribution and attempts to
make as less restrictions on market behavior as possible'. It is thus closer to prac-
tical markets than traditional models®*. The only one equilibrium involved in the
dynamical system is the market clearing condition: asset supply equals to asset
demand at each trading date. The principle objective of the evolutionary approach
consists in developing new models that would constitute a plausible alternative to

conventional general equilibrium.

1.2  Evolutionary model

A stochastic dynamic model is employed to describe the evolution of an asset
market®>. This model exhibits the interaction of investment strategies and its ef-
fect on changes in the distribution of wealth between investors. The dynamics of
the market is modelled in terms of the Marshallian principle of temporary equilib-
rium*. The ideas of Marshall were developed in the framework of mathematical
models in economics by Samuelson (1947, p.321-323). He writes about this ap-
proach:

I, myself, find it convenient to visualize equilibrium processes of quite different speed, some very
slow compared to others. Within each long run there is a shorter run, and within each shorter run there

is a still shorter run, and so forth in an infinite regression. For analytic purposes it is often convenient

Usually investment strategies are defined through myopic mean-variance optimization (Evstigneev
et al., 2009, p.511).

Concepts involved in evolutionary finance are observable and can be estimated empirically.

The application of random dynamical systems theory in economics has been believed to be
more than a fashionable trend to the description of economic phenomenon (see the survey of
Schenk-Hoppé (2001)).

This concept is in much detail analyzed in an economics context by Schlicht (1985).
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to treat slow processes as data and concentrate upon the processes of interest. For example, in a short

run study of the level of investment, income, and employment, it is often convenient to assume that

the stock of capital is perfectly or sensibly fixed.

Due to the hypothesis of the hierarchy of equilibrium processes in the market,
the set of variables in our models can be divided into two groups according to dif-
ferent speeds. The set of investors’ portfolios can be temporarily fixed, while the
asset prices can be assumed to rapidly reach the unique state of short-run equilib-
rium.

Evolutionary finance models, generally, can be divided into two classes accord-
ing to the life span of the assets: short-lived assets and long-lived assets. Short-
lived assets refer to those living for one period (i.e., the assets pay random payoffs
at the end of the trading date and disappear then, e.g., horse racing bets, one-period
options). The model is discussed in detail in Evstigneev et al. (2002) and Amir et
al. (2005, 2008). Long-lived assets correspond to the opposite situation in which
they live for eternity. These assets pay dividends at each trading date and have
their own values so that they can be traded between investors, e.g., stocks (see
the discussion about the model in Evstigneev et al. (2008)). Another difference
between these two model classes lies in investors’ income. For short-lived asset
models each investor obtains income from asset payoffs, while in long-lived asset
models the resources of investors’ budget are not only from asset payoffs but also

from capital gains (or loss).
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The characteristics of evolutionary finance models, such as heterogeneous in-
vestment strategies, dynamic interaction, market selection and stability, are dis-
cussed in the survey of Evstigneev et al. (2009). Investment strategies employed
to represent investment decisions, play a key role in evolutionary models. In the fi-
nance context what matters is not "who does what but how much capital is behind
a particular investment style" (Evstigneev et al., 2009, p.513). Heterogeneity of
strategies can be viewed as a cornerstone of evolutionary finance, which makes it
possible for investors to analyze the performance of different investment types. In-
vestors with the same investment strategies can be regarded as a class of investors®.
Two forces—selection and mutation therefore work and drive the evolution of the
market: investment strategies with better-performance are selected while, at the
same time, some new investment types are introduced to the market in competi-
tion with old ones for market capital.

The dynamic interaction between heterogeneous investment strategies deter-
mines each investor’s return (i.e., the performance of an investor is also affected
by the market decisions made by the others through asset pricing system). There
are thus no optimal investment strategies in evolutionary finance models. One
thing that only matters in evolutionary models is questions of survival and extinc-
tion in the long run. By this criterion, market selection occurs. Since the selection

results can only be observed in the long term, the stability of dynamical systems

For proving theorems in the 2nd and 3rd chapter those investors with the same investment
strategies are viewed as an investor.
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must be taken into account ®. The stability lays the foundation for the evolutionary
asset-pricing theory’.

In addition, the performance of each investor in the evolutionary model with
long-lived assets is usually related to his/her consumption rate. The consumption
rate is the proportion of wealth consumed during each trading date (e.g., in the
model with long-lived assets, the consumption rate lies in (0, 1)). In the evolution-
ary model, however, the consumption rate of each investor usually is required to
be the same for all the investors because a seemingly worse performance of a port-
folio rule in the long run might be simply due to a higher consumption rate of the

investor.

1.3  The Kelly rule

The Kelly rule is of importance in studying questions of survival and extinction
of portfolio rules. This investment portfolio rule was firstly proposed by Kelly,
who drew the model from the real-life situation of gambling for studying the rate
of transmission over a communication channel (Kelly, 1956). He discovered that
in a pari-mutuel betting market, the gambler who decides to "betting your beliefs"
will maximize the exponential rate of growth of his/her capital. His discovery laid
the foundation for capital growth theory. And it has been developed and extended

by various authors, in particular by Breiman (1961), Algoet and Cover (1988) and

The stability of evolutionary models refers to a steady state that the distribution of wealth is stable
even though a mutant is introduced. For the discussion of this question see Hens et al.(2005) and
Evstigneev et al. (2008).

Empirical applications in this field have been studied by Hens et al. (2004, 2005, 2006).
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Hakansson and Ziemba (1995). Recent studies have shown that the Kelly rule has
the remarkable property of survival in evolutionary finance models where survival
is equivalent to the fastest growth of wealth (see 1.e., Evstigneev et al.(2002, 2008,
2009); Amir et al. (2005,2008)). This section will elaborate the Kelly rule through
a horse racing model.

Consider a race with K horses. This horse race is assumed to repeat infinitely
and in each of them, only one horse wins. Denote by p(k) > 0 the probability of
the bet "horse k& wins" and let p = (p(1),p(2), .., .p(K)). The odds® of the bet of
"horse k wins" are 1 : W (/W > 0 is a constant) (i.e., the bettor who bets y pounds
on the horse will gain Wy when it wins and receive nothing otherwise). Denote
by s; € {1,2, ..., K} the outcome of the horse race at time ¢ and let s, = & if horse
k wins at time t. The states of the world sy, so, ...are independent and identical

distributed with probabilities P{s; = k} = p(k). Define

W  ifs; =k
k o t )
Zi (st) = { 0  otherwise,

andlet Z; = (Z}, ..., ZEK). Given a K —dimensional betting strategy A = (A1, Ao, ..., Ax)
(A > 0,and ), Ay = 1) and initial wealth wy > 0, the bettor distributes his/her
initial wealth across the K horses in the proportions A;, Ao, ..., Ax at the beginning
and receives payoffs at the end of the race. Suppose the bettor fixes this portfolio

rule and always reinvests all his/her payoffs into the next race. Then the wealth of

8 The odds express the rates obtained when horse k wins.
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the bettor after ¢ races is given by
Wy = Wo <>‘7Z1> <)‘7 ZZ>"'<>‘>Zt>7 (11)
where the scalar product (A, Z;) Z /\/1C (s¢) is \gW when s, = k. The

average logarithmic growth rate over ¢ periods therefore is

1
;ln( > Zln (N, Zy) (1.2)
The strong law of large numbers’ implies that the t—period growth rate (1.2) con-

verges almost surely to

Eln(\ Z) = Zp In (\, Z,)

= Zp ) In A\ W
= an—i—Zp(k)ln)\k. (1.3)
ast — oo.
The maximum of (1.3) is attained at A\* = (p(1), p(2), ...p(K)). It follows from
Y p(k)np(k) > > p(k) Iy,
where A = ()\1,)\2,...,)\2) = XN\ > 0 :nd > &« A = 1). And the vector of
investment proportions \* = (p(1),p(2),...p(K)) is called the Kelly rule. The

Kelly rule A* can guarantee the bettor experiences a strictly positive growth rate'

only if W # K, because Eln (A, Z;) =0when W = K =1/ = ... = 1/ k.

(Law of large numbers) Let X, X5, ... X,, be an independent trials process, with finite expected
value ;1 = E(X;) and finite variance 02 = Var(X;). Let S,, = X1 + X3 +... + X,,. Then for any
e >0, P(|S,/n— p| >¢e) — 0asn — oco. Equivalently, P(|S,,/n —pu| <e) — lasn — co.
(Theorem) Let the vector A* in the unit simplex maximize the function U(\) = E'ln (\, Z¢(s¢))
(s¢ are i.i.d. and U(x) does not depend on t). Consider the simple betting strategy A # A*and
initial wealth wy > 0. Then we have w,./wr — oo with probability one.

15



From the horse racing model it can be observed that the survival investment
strategy does not depend on the odds. Bettors who bet their wealth across assets
according to p will overtake the others who choose different strategies. If the odds
equal to the true probabilities of events, it will not produce positive growth in the
game. And bettors with the Kelly rule have no growth of wealth and any other
bettor’ wealth tends to be zero.

Bettors with the Kelly rule survive through the market selection mechanism in
the long run, because they have better performance than the others. In a practical
market, however, bettors usually do not know the objective probabilities and have
to estimate them according to their beliefs. The Kelly rule is thus called as "betting
your beliefs". A gambler who has a more accurate estimation of the probability
of the event that horse &£ win will get the faster growth of the wealth than the one
with the inferior estimation (Evstigneev et al., 2009, p.518).

Despite the fact that the Kelly rule can do better than any other investment rules
and has the remarkable property of survival in asset markets, it still causes some
controversy in financial economics. For instance, Samuelson (1979) argued stren-
uously against it, mainly because he believed one should maximize one’s utility
function rather than make one’s decision based on some other criterion. But he
ignored that the approach of investment is not necessarily normative but rather de-
scriptive (Evstigneev, 2009, p.518). Further, if an individual has a logarithmic util-

ity, the Kelly bet will maximize the utility. So there is no conflict between them in
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this case. In the second chapter, a new form of the Kelly rule is generalized, which

is proved to be more applicable in real asset markets.

1.4  Structure of the Thesis

Chapter 2 examines a game-theoretic evolutionary model of an asset market
with endogenous equilibrium asset prices. We attempt to identify strategies allow-
ing an investor to survive in the market selection process, i.e., to maintain a posi-
tive, bounded away from zero, share of total wealth over the infinite time horizon,
irrespective of the portfolio rules used by the other traders. Chapter 3 discusses
the evolutionary model from a different, game-theoretic, angle and examine Nash
equilibrium strategies, satisfying equilibrium conditions with probability one. We
consider a different (stronger) solution concept: almost sure Nash equilibrium.
According to our definition of an equilibrium strategy, any unilateral deviation
from it leads to a decrease in the random payoff with probability one, and not only
to a decrease in the expected payoff. Chapter 4 presents relations between evo-
lutionary finance and capital growth theory. We attempt to present fundamental
facts of capital growth theory from a new angle suggested by recent studies on

evolutionary finance and asset market games. Chapter 5 summaries this thesis.
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Chapter 2 Evolutionary Finance and Dynamic Games

2.1 Introduction

2.1.1 The model and results

This chapter'' investigates a financial market with long-lived assets and fo-
cuses on analyzing its wealth dynamics induced by investment strategies (portfolio
rules). We employ a game-theoretic evolutionary model developed by Evstigneev
et al. (2006, 2008, 2009) to describe the market. In the evolutionary model the
numbers of assets and investors are finite and fixed. The prices of the assets are
endogenously determined by a short-run equilibrium of supply and demand. The
behavior of the investors is characterized by a strategy profile, leading to the dy-
namics of the market. Randomness is modelled in terms of a discrete-time stochas-
tic process of "states of the world" with a given probability distribution. Given the
realization of this process assets pay dividends at each time. The dividends to-
gether with capital gains form investors’ budgets, which are partially consumed
and partially reinvested. Investors distribute their available budgets across the as-
sets at each trading date according to their investment strategies. The random
dynamical system exhibits the process of the evolution of a financial market, in

which investors’ strategies interact with each other and the interaction results in a

The content of this chapter is based on the paper by R. Amir, 1. Evstigneev, T. Hens and L. Xu
"Evolutionary finance and dynamic games," Swiss Finance Institute Research Paper No 09-49,
January 2010 (the previous version of this Research Paper was entitled "Strategies of survival in
dynamic asset market games").
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sequence of time-dependent market shares (fractions of total wealth) of each in-
vestor.

The main goal of the study is to identify strategies allowing an investor to sur-
vive in the market selection process, i.e., to maintain a positive, bounded away
from zero, share of total wealth over the infinite time horizon, irrespective of the
portfolio rules used by the other traders. A general version of the Kelly rule of
"betting your belief" is recommended in this chapter. It turns out that this port-
folio rule possesses the remarkable property of unconditional survival. Moreover,
the strategy possessing this property is shown essentially unique: any other strat-
egy of this kind (belonging to a certain class) is asymptotically similar to the RES
strategy. The result on asymptotic uniqueness may be regarded as an analogue of
turnpike theorems'?, stating that all optimal or quasi-optimal paths of economic

dynamics converge to each other in the long run.

2.1.2  Evolutionary finance

The approach employed in this study is to apply evolutionary dynamics—mutation
and selection—to the analysis of the long-run performance of investment strate-
gies. A stock market can be considered as being populated by a group of heteroge-
neous investment strategies. These strategies interact with each other and compete
for market capital.

The application of evolutionary approach in economics and finance can be

12 See, e.g., Nikaido (1968) and McKenzie (1986).
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traced back at least to 60 years ago. Alchian (1950) argued that realized profits
rather than maximum profits are the mark of investment success, which laid the
foundation for evolutionary finance. This interdisciplinary research experienced
great developments during 1980s and 1990s. Blume and Easley (1992) studied the
questions of survival and extinction of portfolio rules in an arrow market, showing
that the unique survivor of the market selection process is "betting your beliefs".
Arthur et al. (1997) proposed a theory of asset pricing based on heterogeneous
agents, presenting a computational platform for analyzing stock markets. Their
results have been extended by LeBaron et al. (1999). They mainly focused on
time series features of artificial markets. In the review paper of Farmer and Lo
(1999), they commented the bright future of the approach to the analysis of finan-
cial systems from a biological perspective.

The above studies play an inspirational role in the line of our work. Our ap-
proach to evolutionary finance marks a shift from theirs not only in the modelling
frameworks and in the specific problems analyzed, but also in the general objec-
tives of work. In particular, we deal with models based on random dynamical
systems, rather than on the conventional general equilibrium settings where agents
maximize discounted sums of expected utilities. We mainly focus on the wealth
dynamics of investors in the market and attempt to find explicit formulas for sur-
viving portfolio rules with the view to making the theory closer to practical ap-

plications. In contrast with a number of the above-mentioned papers, we use the
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rigorous mathematical approach, rather than computer simulations, to justify our
conclusions. Considerable efforts are aimed at obtaining results in most general
situations, without imposing restrictive assumptions to simplify the analysis. This
requires the consideration of models having a rich mathematical structure and ex-
ploiting advanced mathematical tools.

In our work, the approach to define the equilibrium concept dispenses with the
traditional paradigm of how markets work. One of the most commonly used equi-
librium frameworks is that proposed by Radner (1972)—involving agents’ plans,
prices and price expectations. A well-known drawback of that framework is the ne-

"n

cessity of agents’ "perfect foresight" to establish an equilibrium. In particular, the
market participants have to agree on the future prices for each of the possible future
realizations of the states of the world (without knowing which particular state will
be realized). The evolutionary approach avoids this assumption and only needs
previous observations and the current state of the world to determine investment
decisions. Another feature of the approach, in comparison with the conventional
frameworks, is the data of the model we assume to be given. We avoid using unob-
servable agents’ characteristics such as individual utilities or subjective beliefs and
attempt to constitute a plausible alternative to conventional general equilibrium.
The approach to asset pricing can be viewed as another characteristic of the

evolutionary model. The asset prices in the model we deal with are not dependent

on commodity money. They are endogenously formed by simultaneous actions of
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all players through an internal equilibrium in terms of the market clearing price
condition. The internal equilibrium can be regarded as a medium of trade through
which market capital flows across investors. In this sense, investors may naturally
avoid dealing with "end effect" which might be introduced by fiat money"’.

In addition, the evolutionary model is constructed in terms of the Marshallian
principle of temporary equilibrium'®. In the process of the market dynamics there
coexists at least two sets of economic variables changing with different speed: the
one with slower speed can be temporarily fixed and the other with faster speed
can be assumed to rapidly reach the unique state of short-run equilibrium. In the
model under consideration the set of investors’ portfolios is regarded as changing
slower, and the asset prices can be obtained from the market clearing equilibrium

at each date.

2.1.3 Evolutionary finance and game theory

Game theory is one of the main general tools in mathematics-based research
in economics and finance. It studies behavior in strategic situations, in which an
individual’s performance depends on not only his/her own decision, but also the
choices of others’ behavior (see Dutta, 1999, p.4). The model under consider-
ation is a game-theoretic version of the evolutionary model, which analyzes the
interaction between investors in a financial market. The study can be linked to the

paradigm of market behavior of non-cooperative market games.

See related discussion in the paper of Shubik (1972).
The modeling principle is discussed in detail in Evstigneev et al. (2008,2009).
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Nash equilibrium is prevalent to study strategic behavior in market games. Our
work, however, does not explicitly involve any Nash equilibrium'® or any specific
payoff functions for maximization. What we are concerned with is survival port-
folio rules that guarantee almost surely a strictly positive share of market wealth
in the long run. All variables involved in the model are observable or can be
estimated empirically. This approach therefore is much closer to reality, where
typically quantitative information about investors’ utilities is lacking.

The solution concept in evolutionary finance also can be linked to various no-
tions of evolutionary stable strategies in evolutionary game theory, including the
celebrated concepts in evolutionary game theory by Maynard Smith (1982), as-
ymptotically stable steady states of replicator dynamics processes (Samuelson,
1997), and others. Although these theories concentrate on issues of survival and
extinction in selection process, they are typically based on a given static game
and random matching in a population of players, in terms of which an evolution-
ary process leading to survival or extinction of its participants is defined. But our
model relies on market primitives, mainly focusing on wealth accumulation of in-
vestors in a stochastic dynamic finance model. And the model makes it possible to
address directly those questions that are of interest in the context of the modelling
of asset market dynamics.

Another model involving concepts of survival and extinction is zero-sum game

For the relationship between evolutionary finance and almost sure Nash equilibrium is discussed
in 3rd chapter.
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theory. In a survival game, there exits two players starting with a fixed level of
wealth w = w; + we(wyand wy are initial wealth of player 1 and 2, for each).
At each time, they play a zero-sum game and part of one’s wealth will transit to
the other, leading their wealth become w; — b and wy + b or wy + b and wy — b
respectively. They keep playing this game until one of players loses all of wealth
and becomes bankruptcy. The Nash equilibria (or minmax/maxmin strategies) are
defined in terms of the probabilities of survival, which can be understood in that
context, in contrast with this paper, as avoiding bankruptcy at a random (finite)
moment of time.

The structure of the chapter is as follows. Section 2.2 describes the model.
Section 2.3 states the main results (Theorems 2.1 and 2.2). Section 2.4 contains
the proofs of the results. And the Appendix 2.5 contains technical details of the

proofs.
2.2 The model

2.2.1  Asset market

Consider a market with K assets and N investors (K > 2 and N > 2). Mar-
ket uncertainty is modelled in terms of an exogenous stochastic process s1, So, ...,
where s, is a random element of a measurable space S;. At each datet = 1,2, ...,
asset k = 1,2, ..., K pay dividends D, ;. And the dividends D, are supposed to

be the functions of the history s' := (sq, ..., s;) of states of the world up to date ¢

Dt,k = Dt,k<8t) Z 0 (k = 1, ...,K, t= 172, )

24



The functions D; ;(s') > 0 are measurable and satisfy

K
> Dik(s') > 0forall t, s'. 2.1)
k=1

This condition means that at least one asset yields a strictly positive dividend at
each date in each random situation. Otherwise, investors will not have motivations
to allocate their wealth to the assets in the market. The total amount (the number
of units) of asset k available in the market at date ¢ is V; x(s') > 0 for all ¢, s, k.
Fort = 0, V, x(s") is a strictly positive constant number, and for ¢ > 1, V, x(s") is
a measurable function of s'.

The market prices of the assets are denoted by a K dimensional vector

pe = (Pta, - Pri) € Rf,

where the coordinate p; , of p; stands for the price of one unit of asset & at date
t. In an asset market, each investor needs to decide what amount of what asset
to buy. In other words, investors should select their portfolios at each trading
date. A portfolio of investor ¢ at date ¢ = 0,1, ... is characterized by a vector
x = (x},, ..., 7, ) € RY where z7 , is the amount (the number of physical units)
of asset k in the portfolio z¢. The coordinates of z! are non-negative, which means
short sellings are not allowed. The value of the investor i’s portfolio is expressed
by the scalar product of asset prices p; and the investor 4’s portfolio z! at date ¢

K

(pr,at) = Zpt,kl"i,k-
k=1

The state of the market at each date ¢ is characterized by a set of vectors (p;, 77, ..., zY),
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where p; is the price vector and z}, ..., 2 are the traders’ portfolios.

At time ¢ = 0 investor 7 = 1,2,..., N have initial wealth w} > 0 that form
their budgets at date 0. At time ¢ > 1, trader ¢’s budget can be characterized
by a scalar product (D, (s') + p;, zi_,), where Dy(s') := (D;1(s), ..., Dy x(s))
refers to dividends paid by K assets at date ¢. It consists of two components: the
dividends (D;(s"), zi_,) paid by the portfolio z!_; and the market value (p;, =% ;)
of the portfolio z!_, expressed in terms of the today’s prices p;. Assume that
the budget is partially reinvested and partially consumed. A fraction a; := (")
expresses the investment rate and 1 — o, represents the fraction of the budget saved
to support investors’ life or business at time ¢. The fraction 1 —a; can be interpreted
as the fax rate or the consumption rate. The investment rate 1 — oy € (0,1) is
assumed to be the same for all the investors, although it may vary in terms of time
and random factors in reality. This assumption is indispensable in this work since
we focus on the analysis of the performance of competitive trading strategies in the
long run. Without this assumption, an analysis of this kind does not make sense: a
seemingly worse performance of a portfolio rule in the long run might be simply
due to a higher consumption rate of the investor.

Further, suppose that the function oy (s") is measurable (for ¢ = 0 it is constant)

and satisfies the following condition:

ai(s') < Vig(s)/Vicir(sh). (2.2)
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This condition holds, in particular, when the total mass V; x(s") of each asset k&
does not decrease, i.e., when the right-hand side (2.2) is not less than one. But
(2.2) does not exclude the situation when V;,k(st) decreases at some rate, not faster

than .

2.2.2 Investment strategies

In financial markets, investment strategies can be used as guides for investors
to make investment decisions. Each trader ¢ = 1,2,..., N selects a vector of
investment proportions \. = ()‘i,p e )\i, i) ateach t > 0, according to which
he/she distributes the available wealth between assets. Vectors ). belong to the
unit simplex

AR = {(ay,...,ag) >0: a; + ... + ax = 1}.

In terms of the game we deal with, the vectors \! describe the investors’actions or
control variables. Suppose N investors are non-cooperative with each other and
select the investment proportions simultaneously and independently at each date
t > 0. Then the model we consider can be viewed as a simultaneous-move V-
person dynamic game. For ¢ > 1, players’ actions might depend, generally, on the
history s' := (s1, ..., 8;) of the process of states of the world and the history of the
game (p'~', 1 A1), where p'~! = (po, ..., pr_1) is the sequence of asset price
vectors up to time ¢ — 1, and

o= (mo, wyy e ), = (2], 2] ),
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A= (o, Aty s Aem1), A= (AL ALY,
are the sets of vectors describing the investors’ portfolios and investment propor-
tions at all the dates up to ¢ — 1. The history of the game assembles information
about all the market history, including the sequence (po, z¢), ..., (pt—1, T1—1) of the
states of the market and the actions A} of all the investors i = 1,..., N at all the
dates | = 0, ...,t — 1. An investment (trading) strategy A* of trader i is formed by
a vector Aj € A and a sequence of measurable functions with values in A®
Ai(st,pt=t ot N t=1,2, .,

specifying a portfolio rule according to which trader 7 selects investment propor-
tions at each date ¢ > 0. This is a general game-theoretic definition of a strategy,
assuming full information about the history of the game which includes the play-
ers’ previous actions, and the knowledge of all the past and present states of the
world.

Among general portfolio rules, we will distinguish those for which A! depends
only on s, and not on the market history (p!~*, /=%, A1), This class of portfolio
rules plays an important role in the present work: the survival strategy we construct

belongs to this class.

2.2.3 Dynamic equilibrium
Suppose at the very beginning ¢ = 0 each trader 7 has selected some invest-
ment proportions \) = ()\6’1, ey 67 k) € AKX Then each of them has the amount

oAy W invested in asset & and the total amount invested in asset & is cvg > ;1 Ag ,w-
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It is assumed that at each trading date ¢ the market reaches to market clearing equi-
librium (asset supply is equal to asset demand). Prices obtained from this equilib-
rium are called market clearing equilibrium prices. And the equilibrium price py

of each asset £ is determined by the following equation

N
PoiVor = a0 Y Nygwp, k=1,2,.. K. (2.3)
i=1
The left-hand side py ; V) & indicates the total value of all the assets of the type £ in
the market (recall that the amount of each asset £ at date 0 is Vj ;). On the right-
hand side of (2.3) g Zfil )\67 L wh represents the total amount of money invested
in asset £ by all the investors.

The portfolios zf = (x{,, ..., ¥} ;) of each investor i are determined by the
investment proportions Aj = ({1, ..., \p ¢ ) at date 0 by the formula
ka:M, k=1,2,..K, i=1,. N. (2.4)

’ Dok
This formula states that the current market value pg zf ;, of the kth position of
the portfolio zf of investor i is equal to the fraction /\é,k: of the 4’s investment

budget apw}. It can be verified that the total demand is equal to the total supply

by aggregating (2.4) over /N investors

al i . al ao)\é,kwé
doahp=Vor=)» ——r. (2.5)
=1 =1

Assume that all the traders have decided their investment proportion vectors

M= (/\;1, - /\; 5 ) at date ¢ > 1. The market clearing prices p; are implicitly
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determined by
N

PeaVik = e Y N (Di(s) +przf ), k=1, K. (2.6)
i=1

The above equations implicitly determine the price p, s, of asset k at date ¢. It
can be shown that under assumption (2.2) there always exists a non-negative and
unique vector p; satisfying these equations (for any s’ and any feasible i ;| and
)\; . )—see Proposition 2.1 in Section 2.4.

The investors’ budgets a;(D;(s') + p;, xt_,) of traders i = 1,2, ..., N are dis-
tributed between assets in the proportions )\; &> 50 that the kth position of the trader
i’s portfolio ; = (x};, ..., 2} ) is

iy (Di(s') + pryy_y)

Ty =  k=1,..,K,i=1,....N. (2.7)
Ptk

Analogously, by summing up equations (2.7) over investor ¢ = 1,..., N, we also

have

N N ; ;

, S o\ (Dy(s8Y) + pp, xt Vi
ink _ ZZA t t,k< i(8") + P, vt _y) _ PerVek _ Vi 2.8)
i=1

Dk Dtk
Given a strategy profile (A!, ..., AY) of investors and their initial endowments

wg, ..., w), we can generate a path of the market game by setting

MNy=Ab i=1,..,N, (2.9)

A= Ay(shp et N =12, i=1,..,N (2.10)

and by defining p; and 7} recursively according to equations (2.3)—(2.7). The ran-
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dom dynamical system described defines step by step the vectors of investment
proportions !(s"), the equilibrium prices p;(s') and the investors’ portfolios z(s")
as measurable vector functions of s’ for each moment of time ¢ > 0 (for ¢t = 0 these
vectors are constant). Thus we obtain a random path of the game

(pe(s1); 2t (8Y), . 2 (s1); AH(sY), .., AN (1), (2.11)
as a vector stochastic process in RY x REN x REN,

Note that equations (2.4) and (2.7) make sense only if p,;, > 0 for all £, or
equivalently, if the aggregate demand for each asset (under the equilibrium prices)
is strictly positive. Those strategy profiles which guarantee that the recursive pro-
cedure described above leads at each step to strictly positive equilibrium prices
will be called admissible. In what follows, we will deal only with such strategy
profiles. The hypothesis of admissibility guarantees that the random dynamical
system under consideration is well-defined. Under this hypothesis, we obtain by
induction that on the equilibrium path all the portfolios z{ = (z} ;, x} ,, ...z} ) are
non-zero and the wealth

w} = (Dy + py, 7} _y) (2.12)
of each investor is strictly positive. Thus for every equilibrium states of the market
(pe, 2}, ..., 2)), we have p; > 0 and z? # 0.

A simple sufficient condition is provided to guarantee a strategy profile to be ad-

missible. This condition will hold for all the strategy profiles under consideration
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in this chapter, and in this sense it does not restrict generality. Suppose at least one
trader, say trader 1, uses a strictly positive portfolio rule (distributes his/her money
into all the assets in strictly positive proportions )\; ) Then a strategy profile con-
taining this portfolio rule is admissible. Indeed, for ¢ = 0, we get from (2.3) that
Pok > Vg, Agxws > 0and from (2.4) that of = (5, ..., z7,) > 0. Assuming
that z} , > 0 and arguing by induction, we obtain (D;+p;, z;_|) > (Dy,zi_;) >0

in view of (2.1), which in turn yields p; > 0 and z; > 0 by virtue of (2.6) and

(2.7), as long as )\;k > 0.

2.2.4 Comments on the model

The model we deal with describes an asset market with long-lived dividend
paying assets. It employs investment proportions to characterize investors’ be-
havior. In the investment process investors actively select investment proportions
at date ¢ in terms of the market information and history prior to trading date .
This approach reflects the principle of active portfolio management (antipodal to
a passive, buy-and hold strategy). The "less active" strategy in the framework was
discussed by Evstigneev et al. (2008), in which traders use fixed-mix investment
strategies—allocating their wealth in constant, time-independent, proportions—
rebalancing the portfolios with the view to adjusting the weights of different assets
in accordance with changing relative prices.

The evolutionary model under consideration in this chapter allows investors to

select investment proportions to distribute their wealth and maintain these pro-
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portions over each of the time periods (¢ — 1,¢]. This can be linked to portfolio
rebalancing which is a quite common fund management approach in practical mar-
kets. As the asset prices change in terms of market clearing condition at each time
t, each investor’s portfolio will be rebalanced on a periodic basis. In practical mar-
kets, the period of maintaining a type of asset allocation may be a day, a month
or when a substantial deviation (exceeding some fixed percentage) from the given
proportions occurs owing to changes in asset prices.

The investment proportions selected by an investor specify his/her asset allo-
cations at each trading date. And his/her portfolio is rebalanced during a periodic
time. This approach is convenient and efficient for traders to manage their wealth.
But it still has difficulty in representing some portfolio rules that are quite naturally
defined in terms of "physical units" of assets (e.g., the buy-and-hold strategy) in
the framework of investment proportions. It is not a problem when asset prices are
known. In particular, the prices in the evolutionary model are endogenous. Fur-
ther, although the buy-and-hold strategy makes investors have higher returns than
the others, it has been shown that in a volatile market, it is quite often inferior to
any completely diversified constant-proportions strategy involving periodic port-
folio rebalancing (Dempster et al., 2008). In our setting, the investors who select
the buy-and-hold strategy would be driven out of the market if the numbers of as-
sets are increased (e.g., when 7, = v > 1, see (2.15) below), irrespective of the

dynamics of their financial values.
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The model at hand, in its present form, does not aim at comparing the per-
formance of active and passive investment strategies. Its purpose is different:
to reflect—in quantitative terms—the process of active trading characteristic for
contemporary financial industry and to develop a framework more suitable in the
present context than the conventional general equilibrium theory. Extensions of
the model focusing on other theoretical and applied questions will constitute the

subject of further research.
2.3  The main results

2.3.1 The notion of survival

Consider an admissible strategy profile of the investors (A, ..., AY) and initial
endowments w,7 = 1,2, ..., N. Then the path (2.11) of the random dynamical
system can be generated through (2.3) to (2.7). Let w} (¢ > 0) be the investor i’s
wealth available for consumption and investment at date ¢. If ¢ = 0, the initial
endowment w} of investor 7 is a constant number. If ¢ > 0, then w} = wi(s') is
a measurable function of s’ given by formula (2.12). As we have noted above,
wi(s') > 0.

We are primarily interested in the long-run behavior of the relative wealth or
the market shares ri := wi/W, of the traders, where W, := S2V w! is the to-
tal market wealth. Recall that we are concerned with the property of survival of
investment strategies, rather than comparing the performances between different

types of strategies.
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Definition 2.1. We shall say that the portfolio rule A® (or investor 1 using it)
survives with probability one if inf;>or} > 0 (a.s.).

This means that for almost all realizations of the process of states of the world
S1, So, ..., the market share of the first investor is bounded away from zero by a
strictly positive random constant. Alternatively, survival can be defined by the
requirement that lim inf, .., 7} > 0, which is equivalent, as long as the numbers
r} are strictly positive, to the condition that inf;>q 7} > 0.

Definition 2.2 A portfolio rule A is defined as a survival strategy if investor 1
using it survives with probability one regardless of what portfolio rules are used
by the other investors.

Alternatively, the notion of a survival strategy can be reformulated in terms of
the wealth processes wi(i = 1,2,..., N). Survival of a portfolio rule A* used by
investor 1 means that w} > ¢ Zfil w! (a.s.), where c is a strictly positive random
constant. Indeed, since we define survival by the condition that inf;~or} > 0 (a.s.),
we have

TS > %25 rr >0 (as.).
Let inf;>q 7} = c¢(c > 0), we obtain
1

w
v > c(as),

N
Zi:l Wy

1 _
r, =
and

N
wl > ¢ w! (a.s.). 2.13
t t
i=1
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The above inequality holds if and only if
w! < Cw;,i=1,...,N, (as.), (2.14)
where C' is some strictly positive random constant. By observing (2.13), we find
w; > cw) (a.s.),
because w; > 0. Put c to the left-hand side of the above inequality, we get

wi < lwtl,z' =1,...,N,(as.).
Let 1/c = C, we obtain (2.14).
Further, by summing up (2.14) over i = 2,..., N and the inequality w} < w},

we have
N

ngg N -1)C+1w;,i=1,..,N (as.).
Putc=1/[(N — 1)0 + 1], then we get (2.13).

Property (2.14) indicates that the wealth of any investor ¢ using any strategy
A" cannot grow asymptotically faster than the wealth of investor 1 who uses the
strategy A'. Thus, the strategy A! is competitive: it cannot be beaten (in terms
of the asymptotic growth rate of wealth) in competition with any set of strategies

used by the investor 1’s rivals.

2.3.2 The Kelly rule and its generalizations

Assume that the total mass of each asset grows (or decreases) at the same rate

Y = ’Yt(st) >0

Vik/Vicir = 7,(t > 1). (2.15)
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Thus

Vik = Ye--71 Vi, (2.16)

where V, > 0 (k = 1,2,..., K) are the initial amounts of the assets. In the case of
real dividened-paying assets—involving long-term investments in the real econ-
omy (e.g., real estate, transportation, media, infrastructure, etc.)—the above as-
sumption means that the economic system under consideration is on a balanced
growth path.

Define the relative dividends of the assets k = 1, ..., K by
Dy (s )Vie1x(s'™1)
Yot Dem(s)Vioim(st1)
and put R,(s") = (R;1(s"), ..., Ry ik (s")). By virtue of (2.16), we have

Dt,k(St)‘/}c

Rip = Rip(s') == k=1,..,K,t>1, (2.17)

Rm(st) = ) (2.18)
S et Dim(s) Vi
Further, define
pt = at/’yta
l 1-— /)t_,_b lfl = 1,
= . 2.19
Pt { Pei1Pisa. Prri—1(1 = pyy) if0>1, ( )
and assume that
P <1—~&, (2.20)

where « is a strictly positive constant. Consider the portfolio rule A* with the

vectors of investment proportions A (s") = (A7 (s"), ..., \] x(s")) given by

/\;k =E; Z PiRt—H,ka (2.21)
=1
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where E,(-) = Ey(+|s") is the conditional expectation given s'. If ¢ = 0, then
Ei(-) = Ey(-) stands for the unconditional expectation E(-). In view of (2.20), the

series of random variables

Zpi =(1- Pt+1) + pt+1(1 - Pt+2) + pt+1pt+2<1 - Pt+3) + ..

1=1
converges uniformly'®, and its sum is equal to one. Therefore the series of random
vectors > o, pi Ry in (2.21) converges uniformly'” to a random vector belong-
ing the unit simplex "*A®, and so )y, is well-defined.

The expected flow of discounted future relative dividends is used to specify the
portfolio rule in (2.21). According to this portfolio rule, investors will distribute
wealth across assets. The discount factors p! are defined in terms of the invest-
ment rate a; and the growth rate «, in terms of formula (2.19). It should be em-
phasized that the investment proportions A, (s*) prescribed by the portfolio rule
A* generally depend on time ¢ and the sequence of exogenous states of the world

s* = (s1,...5), but do not depend on the history of the game (p'~!, 2t=*, A1), so

(Uniformly Convergency) Suppose S is a set and f,,: S — R are real-valued functions for
every natural number n. We say that the sequence (f,,) is uniformly convergent with limit f:
S — R if for every € > 0, there exists a natural number N such that for all z in S and alln > N,
[ful) = fl@)] <=

Weierstrass M-test is used to prove this argument. In mathematics, the Weierstrass M-test is
an analogue of the comparison test for infinite series, and applies to a series whose terms are
themselves functions with real or complex values.

(Weierstrass M-test) Suppose (f,,) is a sequence of real- or complex-valued functions defined
on a set A, and that there exist positive constants M,, such that | f,,(z)| < M, forall n > 1 and
all z in A. Suppose further that the series ) .. | M,, converges. Then, the series Y, f,(z)
converges uniformly on A.

By summing up >_;°, pLRip overk =1,.., K, we have

K oo ) K 00
ZZPiRtw« = Zpi Ripip = Zpﬁ =1.
1 =1

k=11=1 =1 k=
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that the strategy A* is basic.

The strategy A* is a generalization of the Kelly portfolio rule of "betting your
beliefs", playing an important role in capital growth theory—see Kelly (1956),
Breiman (1961), Algoet and Cover (1988), and Hakansson and Ziemba (1995).
Since the conditional expectations in (2.21) are taken with respect to the probabil-
ity measure on the space of paths of the process of states of the world known to all
the market participants (rational expectations hypothesis), it is natural to call the
generalized the Kelly portfolio rule A* rational expectations strategy (RES).

If p = p, is constant, then formula (2.21) can be written as

o0

k= Ei Z[(l — )" Ry
=1

Further, if the random elements s; are independent and identically distributed and
the relative dividends R; x(s") = Ry(s:) depend only on the current state s; and do
not explicitly depend on ¢, then E; Ry (s:i) = FiRi(s¢)(l > 1), and so

M = ER(s1), (2.22)
which means that the strategy A* is formed by the sequence of constant vectors
(ER1(s¢), ..., ERk(s¢)) (independent of ¢ and s'). Note that it does not include
the factor p. In the general case, however, even when p is constant, one has to take

into account the expected discounted sum of all the relative dividends at all the

future dates after ¢.
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2.3.3 The Kelly rule is a survival strategy

Assume that for all & and ¢ we have

Eth+1,k >0 (a.S.). (223)

This assumption implies that the conditional expectation in (2.21), which is not
less than E; (kR ) is strictly positive a.s.. Indeed, according to the inequality

(2.20), we have

N =E Y piRiir = Eipi R > Bu(kRiag) > 0 (as.).
=1
So we can select a version of this conditional expectation that is strictly positive
for all s*. This version will be used in the definition of the strategy A*.

A central result is as follows.

Theorem 2.1 The portfolio rule A* is a survival strategy.

An analogous result has been established in the framework of a model with
one-period, "short-lived" assets'’ in Amir et al. (2008). That framework may be
regarded as a limiting case as p — 0 (with constant p, = p) of the one consid-
ered in the present chapter. It has been proved that investors who use the Kelly
rule (A}, = E; Ry 1) survive in the case of short lived assets. These proportions
are limits of those in (2.21) as p — 0. The analysis of the model with long-lived

assets in which general strategies are allowed and no assumptions on the process

of states of the world are imposed is much more demanding. It requires a substan-

Models of this kind were considered by Blume and Easley (1992), Amir et al. (2005), and others;
see surveys in Blume and Easley (2008) and Evstigneev et al. (2009).
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tial generalization of the concept of the Kelly portfolio rule, taking into account
the discounting of the future dividends, and it is based on new techniques (relying
upon stochastic Lyapunov functions) designed for the analysis of random dynam-
ical systems arising in connection with the dynamic market games at hand.

As we have noted above, if the states of the world s, are i.i.d. and the func-
tions R;x(s) = Ri(s) do not depend on ¢, then the investment proportions \; =
E Ry (s;) of the strategy A* are constant: they depend neither on time nor on the
states of the world (such strategies are called simple). A version of the asset market
model with long-lived assets in which all the investors use only simple portfolio
rules and the states of the world are i.i.d. is considered in Evstigneev et al. (2008).
It is shown in that context that the strategy A* not only survives, but also outper-
forms all other simple strategies. Those investors who use A* dominate the market,
1.e., gather in the limit total market wealth, while those who use simple strategies
distinct from A* vanish: their market shares tend to zero with probability one. This
is not so in the model considered in the present paper, where general, not neces-
sarily simple, portfolio rules are allowed. Here, A*-investors survive, i.e., keep
market shares bounded away from zero a.s., but they do not necessarily dominate

the market.

2.3.4 Asymptotic uniqueness of the survival strategy.
Theorem 2.1 shows that the strategy A* is a survival strategy in the model under

consideration. The strategy A* belongs to the class of basic portfolio rules: the
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investment proportions \; (s') depend only on the history s’ of the process of states
of the world, and do not depend on the market history. The following theorem
shows that in this class the survival strategy A* = ()\}) is essentially unique: any
other basic survival strategy is asymptotically similar to A*.

Theorem 2.2 If A = (\;) is a basic survival strategy, then

DA = Ml? < o0 (as)).
t=0
Here, we denote by ||-|| the Euclidean norm® in a finite-dimensional space.
Theorem 2.2 is akin to various turnpike results in the theory of economic dynam-
ics, expressing the idea that all optimal or asymptotically optimal paths of an eco-
nomic system follow in the long run essentially the same route: the turnpike (See,
e.g., Arkin and Evstigneev (1987), p.12-27). Survival strategies A can be charac-
terized by the property that the wealth w{ of any investor j cannot grow infinitely
faster (with strictly positive probability) than the wealth of investor ¢ using A. The
class of such investment strategies is similar to the class of "good" paths of eco-
nomic dynamics, as introduced by Gale (1967)—paths that cannot be "infinitely
worse" than the turnpike. Theorem 2.2 is a direct analogue of Gale’s turnpike the-

orem for good paths (Gale, 1967, Theorem 8); for a stochastic version of this result

see Arkin and Evstigneev (1987, Chapter 4, Theorem 6*').

(Euclidean norm) On R™, the intuitive notion of Euclidean norm of the vector z = (1, za, ..., T,,)
can be defined by the formula

2]l := /% + 23 + ... + a2.

(Convergence of good infinite programmes to the turnpike) If {z; } is a good programme, then
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Note that the class of basic strategies is sufficient in the following sense. Any
sequence of vectors 7; = (r},...,7V) (r; = r4(s')) of market shares generated by
some strategy profile (A', ..., AY) can be generated by a strategy profile (A} (s?), ...,
AN (s")) consisting of basic portfolio rules. The corresponding vector functions
\i(s') can be defined recursively by (2.9) and (2.10), using (2.3)-(2.7). Thus it is
sufficient to prove Theorem 2.1 only for basic portfolio rules; this will imply that
the portfolio rule (2.21) survives in competition with any, not necessarily basic
strategies. Such considerations cannot be automatically applied to the problem of
asymptotic characterization of general survival strategies. This problem remains

open; it indicates an interesting direction for further research.

2.4  Proofs

In this section the program of proving Theorems 2.1 and 2.2 is established step
by step. We begin with some auxiliary propositions whose proofs are routine and
relegated to the Appendix 2.5. Based on these auxiliary results, we present at the
end of the section the final steps of the proofs of Theorems 2.1 and 2.2. The first
proposition establishes the existence and uniqueness of an equilibrium price vector
at each date ¢ > 0.

Proposition 2.1 Let assumption (2.2) hold. Let x; y = (x4, ....,xY ) be a

set of vectors T\ | € Rf satisfying (2.8). Then for any s; there exists a unique

lim E[%, — 2| = 0.

[ — OO

And a sequence of vectors {z1, 22, ...}, 2t := (241, y:)—finite or infinite—is called a programme
ifze € Qr.ye >y (1> 1).
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solution p; € RE to equations (2.6). This solution is measurable with respect to
all the parameters involved in (2.6).

This proposition guarantees our dynamic model well-defined. It indicates the
equilibrium price vector always exists at each trading date ¢ no matter what the
state of world is. In the next proposition, we derive a system of equations gov-
erning the dynamics of the market shares of the investors given their admissible
strategy profile (A, ..., A). Consider the path (2.11) of the random dynamical
system generated by (A, ..., A") and the sequence of vectors r; = (r},..rY),
where 7! is the investor i’s market share at date ¢.

Proposition 2.2 The following equations hold:
K

i = D _[oe Mserks resn) + (1= pyy) Resr sl
k=1

i
)‘t,krt

——i=1,..,. N, t > 0.
<)\t,k;7"t>

(2.24)

The above proposition avoids the complex process of the evolution of an asset
market and obtains market shares of investors recursively. The next proposition
shows that it is sufficient to prove Theorem 2.1 when N = 2, i.e., the general

model can be reduced to the case of two investors. Define
L 1—1rf

(2.25)

Note that 1 — 7} =2+ ...+ > 0 and so S\?k is well-defined. Furthermore,
K

25\2 _Tt2++7”iN_1
tik 1—r} ’
k=1

. <2 2 <2 o
which means that the vector A, := (A, ..., A, x) belongs to the unit simplex AK,
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Thus the sequence of vectors 5\3 = S\f(st) defines a portfolio rule, which will be

denoted by A. Define

~1 ~ ~1 ~2
1.1 =2 1 =~ _ =1 ~2 a1 _
Ty =1y, T = L=, Ty = (7, 77), )‘t,k = )‘t,ka At = ()‘nka)‘t,k)-

Proposition 2.3 We have
K ~1

~1 Y ~ )\ k;fl
Tip1 = Z[/Ot+1<)‘t+1,k7 Fer1) + (1 — ptH)RtH’k]%,
=1 <>\t,k, 7”t>

Thus in the model with two investors ¢ = 1,2 using the strategies A and A,

i=1,2,t>0.

respectively, the market share 7} of the first investor coincides with r} (coming
from the original model) and the market share 72 of the second is equal to 1 — r}.
Consider the model with two traders (N = 2) using strategies A’ = (X} ,(s')), i =
1,2, and denote by z; the ratio r} /r? of their market shares.
Proposition 2.4 The process z; is governed by the following random dynamical

system.
K
Zk:l[pt—&-l/\f—i—l,k +(1— Pt+1)Rt+1,k] 3
241 = 2t ’ 3 — (226)
K 1
_ A + (1 — R _
Zk_l[pt+1 t+1,k ( Pt+1) t+1,k:] )‘tl,kzt n )‘ik

In the next proposition, we derive an equation which can be used as an equiva-

lent definition of the portfolio rule A*.
Proposition 2.5 The portfolio rule A* = (X)) satisfies
Eipppi N + (1= prp) Bl = Ay (as.). (2.27)
It can be shown (by using a contraction principle) that A* is a unique solution

to (2.27), but this fact will not be needed in what follows.
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For proving Theorem 2.1, we firstly simplify the random dynamic model with
N players to that with two players. Proposition 2.3 shows that without loss of
generality, it is sufficient to consider two dimensional random dynamical system.
Secondly, we attempt to use one variable z; = 7} /r? to describe the evolution of
the market shares of the two investors. Proposition 2.4 provides one dimensional
system to describe the wealth dynamics of the two investors.

Assume that investor 1 plays the investment proportions A;, = A;,(s') pre-
scribed by the portfolio rule A* and investor 2 uses investment proportions )\i =
A¢ k(") specified by some other portfolio rule A. The ratio z; of the market shares
of the two investors can be obtained from (2.26). Our goal is to show that the ran-
dom sequence (z;) defined recursively by (2.26) is bounded away from zero a.s..
To this end we introduce the following change of variables

yr = Nr/z, k=1,.., K, (2.28)
and define y; = (y},...,y*). We examine the dynamics of the random vectors
y: = y:(s') implied by the system (2.26). The norm |y;| := Y, |y¥| of the vector
y; > 0is equal to ), |\ /2| = 1/2, and what we need is to show that 1/|y,| is
bounded away from zero a.s.. To prove this, we construct a stochastic Lyapunov
function—a function of y; which forms a non-negative supermartingale ({,) along
a path (y;) of the system at hand (see Lemma 2.3 below). By applying the super-

martingale convergence theorem, we prove that the stochastic process (, converges
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a.s., which implies that it is bounded a.s.. The proof of Theorem 2.1 is completed

by showing that the boundness of (, implies that z;, = 1/|y,| is bounded away from

Z€T10.

Three lemmas are introduced to realize the plan of the proof of Theorem 2.1.

These three lemmas contain inequalities involving the variables yF defined by

(2.28). Define the non-negative random variables

Yi:=In(1+ |y|) = —lnrtl,

yk T)\tk
Zi :zln(l—i— ! ):1n<1 tl : ) Zy _Z)\thtk,
)‘t,k >‘tk

Ut Z:K—Zt.

Lemma 2.1 The following inequality holds:

P12ttt + (L= pryy) Vi < Z[pt+1)‘:+1,k + (1 = pir) Res1,6) Z k-

k=1
Lemma 2.2 We have
K )\*
U=> X,ln—— >0
' I; PRI L+ TR A
From the above results, we derive the following fact.

Lemma 2.3 The random sequence

Co=pZe+ (1= p)Yy

is a non-negative supermartingale satisfying

Cp — EtCtJrl > (1 - pt)Ut~
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(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)



22

23

The following two lemmas will be used in proof of Theorem 2.2.

Lemma 2.4 Let (, be a supermartingale such that inf, EC, > —oo. Then the
series of non-negative random variables y_,° ((, — E;(,,1) converges a.s..

Lemma 2.5 For any vectors (ai, ...,arx) > 0 and (by,...,bx) > 0 satisfying

> ar = > by, = 1, the following inequality holds

K K 1 K
; ag In ay, — ;ak Inby > 5 ;(ak — b2 (2.36)

Proof of theorem 2.1. Since (, is a non-negative supermartingale®, the sequence
¢, converges™ a.s., and hence it is bounded above a.s. by some random constant
C'. This implies (see (2.34) and (2.20)) that (1 — p,)Y; < (, < C a.s., and so

—lnry =Y, <(/(1-p,) < B (as),
where B := C/k. Therefore r} > e Pas.. O

Proof of theorem 2.2. Let A = (\;) be a basic survival strategy. Suppose that

investors i = 1,2, ..., N — 1 use the strategy A* = (\}) and investor N uses A. By

summing up equations (2.24) with A\ = \* overi = 1,..., N — 1, we obtain

~1
Ttr1

* 1
/\t,krt

K
= Z {Pt+1 [)‘:-i-l,k?tl—i-l + >‘t+1,k (1 - 7/"\tl+1)] + (1 - pt+1)Rt+17k} A 7l
k=1

DTt A Ak (1 =7¢)

(Supermartingale) Let (2, F, P) be a given probability space and (F,,) be a family of
o—algebras F,,, n > 0, such that 7y C F; C...C F,,. A stochastic sequence X = (X,,,F,)isa
supermartingale if for all n > 0,
E|X,| < oo,
and
E(Xpi1|Fn) < X,

(Supermartingal convergence corollary) If X,, is a non-negative supermartingale, then with
probability 1 the limit lim X, exists and is finite.
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where 7} := rl 4+ ... + rN "' is the market share of the group of investors i =

1,2,..,N —1and1—7} =rY is the market share of investor N. We used here

Y

the fact that

N N-1
) 7 * 4 N
(At T2) = E )‘t,krt = E :)‘t,krt + Aerry =
i1 i=1

N—1
* 7 N * ~1 ~1
Lk E T+ ATy = )\t7k7"t + Ak (1 — rt) )
=1
Further, we have

~1

Aek (1 —74)

K
- N T A 1-7h )]+ (11— R — -
; {Pt+1 [ t+1,kTt+1 t+1,k ( TtH)] (1= prs1) t“’k} )\;"krg + Mg (L =7})

Thus the dynamics of the market shares 7} = r} + ... + 7)1, 1 -7} =N

is exactly the same as the dynamics of the market shares 7}, 72 = 1 — 7} of two
investors i = 1,2 (N = 2) using the strategies (\;) = (AF) and (\?) = (\,),
respectively. Since ()\;) is a survival strategy, the random sequence r¥ = 1 —7} =
72 is bounded away from zero almost surely.

Since investor 1 uses the strategy A*, by virtue of Lemma 2.3 the sequence (,
defined by (2.34) is a non-negative supermartingale, and inequality (2.35) holds.
Since ¢, is greater than 0, in view of Lemma 2.4, the series > .~ (¢, — E;(;) of

non-negative random variables converges a.s.. The inequality

K *
)\tk
—E¢ > (1 — EA*IA*—’<ooa.s.
G 1G> ( Py) £ t,k 1 rg)‘t,k +?t2/\t,k (as.)
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established in Lemmas 2.2 and 2.3 and assumption (2.20) imply that

iix‘ IHL<oo(as) (2.37)
t7k EAZ:IC _"_;,\?At’k e Jo .

t=1 k=1
Finally, according to Lemma 2.5, we observe that
K

*
t,k
E Al ———=— =
t,k 1y * 2

K K
SN =) A In (BT + T A) >
k=1 k=1

1 = * 22\ * -2 2 1 - 2 * ~2 2
4 Z P‘t,k - (1 - Tt) )‘t,k - Ty )‘t,k] = 1 (Tt )‘t,k — Ty )‘t,k) =
k=1 k=1
L 9y2 - * 2 L ov2 )y 2
1 (77) Z()‘t,k — Ak)” = 1 ()7 1IN, = Akl (2.38)
k=1

where the sequence 77 is bounded away from zero a.s., as long as (\;) is a survival
strategy. Therefore

72 >c>0(as.), (2.39)
where ¢ is a random constant. From relation (2.37)-(2.39) we conclude that the
series »,° [|Af, — Avkl|? converges a.s., which completes the proof of Theorem

2.2. U

2.5 Appendix
Proof of Proposition 2.1. Fix some t and s’ and consider the operator trans-
forming a vector p = (p1,...,px) € RY into the vector ¢ = (¢1,...,qx) € RE
with coordinates
N
Qe = Vi D N (De+prp ).
i=1

This operator is contracting in the norm ||p||v = >, |pk|Vi—1,. Indeed, by virtue
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of (2.2) we have

~ -1
a:= max oV, Vi_ <1
k:L...,K{ Ptk Tt i}

k
le—qllv =" lar — qVivs <
k=1
atZVtht 1kz)‘tk| (p—p, ;1) |<@Zz/\ o =12 )| =
v =1 k=1
ay [p—p.ai ) < &Z Z P = Pl T}y =
K N =1 Kzi:l m=1
A Y pm =l =AY pm = Pl Vierm = allp = pl|v,
m=1 1=1 m=1

where the last but on equality follows from (2.8). By using the contraction princi-
ple, we obtain the existence, uniqueness and measurability of a solution to (2.6).
O

Proof of proposition 2.2. From (2. 6) and (2.7) we get

= .V} Z/\ (pr + Dy, xt ) (2.40)

-1
—O‘t‘/;k E /\tkwt oV (At ks we),

Oét)‘i W (Di(s") + po, 2i_y)

Tl = — = (2.41)
f Pek -
i Ap y(Di(s t) + Des TE_q) B Vi kAt g W
Vi S N(pe+ D) ek we)
where t > 1, w; := (w}, ... ) and A = (A gy oons Aivk) The analogous formu-

las for ¢t = 0,
V(LkAé,kwé

Do, 100) (2.42)

-1 7
Pox = Vg, (Aok, Wo), Tgp =
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follow from (2.3) and (2.4). Consequently, we have
K
U)ZH = Z(thrl,k + Dt+1,k)$;k; =
k=1
Vt,k}\i,kwi

K
;(OéHlVHikO\Hl,k, Wit1) + Dt+1,k)m =

K

-1 )‘ff,k:wz
D (0 Vi Vil wen) + D aVig) o, 620 (243)
o1 (At g, we)

By summing up these equations over i = 1, ..., N, we obtain

K 21\11 )‘i kwg
Wi = Z (at-&-lvtli,kvz,k<>‘t+l,ka Wis1) + Div1,6 Vi) i\_— =
2 (At wy)

Z(atHVt;ikVt,k(/\tH,m Wit1) + Div1kVig)-

K
k=1

As long as

Vitrk/Vik = Vg1 > 0 (2.44)

(see(2.2)), we have
K
Wiy = Z(aHthﬁ,kVt,k()\tH,k, Wit1) + Dip1xVig) =

k=1

K
Oét+1l/t_+11Wt+1 + Z Dy11Vig
k=1
This implies the formula
1 K
Wi = ———— Dii1 Vi, 2.45
= Oét+1V;r11 mzzl t+1,m V4, (2.45)
where oy yt;ll = p;,1-From (2.43) and (2.44), we find
K
Wiy = Z(at+1‘/;ﬁ,k%,k<>\t+1,k, Wit1) + Dip1xVir)
k=1

PN
TERTE 4>,
<)\t,k>wt>
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Dividing both sides of this equation by W, and using (2.45), we get

K P
: Diy1xVik Avrwy /Wi
Ti1 = A1y Te1) + (1 — e ’ ,
t+1 ; [Pt+1< t+1,k t+1> ( pt+1) 25:1 Dii1.mVim </\t,k7 wt)/Wt
which yields (2.24) by virtue of (2.15) and (2.18). U

Proof of proposition 2.3. In view of (2.24) and (2.25) we have

K 11
~2 )\mkrt
T = Z {Pt+1 [)‘%Jrl,krtlJrl (1 =rh) A, + (1 - Pt+1)Rt+1,k} T 2 .
k=1 AaTt T A p(l—=1))
By summing up equations (2.24) over ¢ = 2, ..., N, we find
K Mal=7h)
K
?)tZJrl = 1—Tt1+1 = Z[pt—i-l (At 1) + (1= pppg) Res1n) 1 1t ~2 t N
k=1 AaTt T Ap(l—=1))
Thus we obtain
K ~2 )
72 )‘t,k(l —rf)
?tz+1 = Z {Pt+1 [A%ﬂ,kr%ﬂ +(1- Ttl—o—l)/\t—i-l,k +(1- Pt+1)Rt+1,k} R ~
k=1 ApTt T Ap(l—=1))
which completes the proof. U
Proof of proposition 2.4. By using (2.24) with N = 2, we get
i i i\ At
Tt41 = Z {Pena [)‘t+1,k:7"t+1 +(1- Tt+1)>‘t+1,k} + (1= pra) Revin ) )\z—
k=1 tkTE T AR
where i, j € {1,2} and i # j. Setting C’t o o= Aari/ (ALgr + )\g .77, we have
iyl = Z [pt+1>\i+1,k7“é+1 + P (1= TZ+1)/\i+1,k + (1= Pt+1)Rt+l,k} C’ij =
k=1
. .. K . ..
Z Pti1 ( ;+17k - )‘i—i-l,k) 7“;+1Ctl,]k + Z [pt+1>‘§+1,k + (1 - pt+1)Rt+17k} CZ,JM
— k=1
which implies
Tin |1+ P Z ()‘i+1,k - t+1 k Z PriaA t+1 pt (1= Pt+1)Rt+1,k] C'ij
k=1 k=1

Thus

i ij

Tev1 At+1/Bt+1
J Ji
Tl t+1/Bt+1
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where

K
Afyy = Z [pt+1)‘i+1,k + (1= Pt+1)Rt+1,k] CZ,Jk’
k=1
Bl =1+ p Z (Myrp — i) Cik-
k=1
Observe that By, = B ,. Indeed,
K
Bl = Bl = pp Z [\t = M) Cok = (N = Mo, ) O ]
k=1

K
Pt+1 Z (/\g-i-l,k - i—i—l,k) =0

because C?, + C,; = 1. Consequently,
1

Atk
ZkK:1 [pt—&-l/\f—i-l,k +(1— pt+1>Rt+1J€]
7”751+1_Aﬁ1_7"_t1 tk /1 ‘|')\
2 20— 2 B ;
ri A T K 1 )\t A
Z 1 [PraA + (1 - p )Rt+1,k
k=1 [ t4+1 M 41,k t+1 } tk e +)\
which yields (2.26). U

Proof of proposition 2.5. By virtue of (2.21), we have

Ei(praXiae) = Er (Pt+1Et+1 Z Pi+lRt+l+1,k> =

=1

0 o0
E; <Et+1 Z pt+1pzl€+1Rt+l+1,k) = E; Z Pri1Prir Risiiin,

=1 =1
and so

Eype iAot (1= 1) Rega ] Z Pt+1ﬂt+1Rt+l+1 k(L= pra) Revk

=1

E, (Z P Ry + P%Rtﬂ,k) =k, Z PR = Mk

because 1 — p,,; = p; and

Pt+1pi+1 = ,01;+1,0t+2...pt+l(1 - Pt+l+1) Pfeﬂ

forl > 1. L]
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Proof of Lemma 2.1. From formula (2.26) with /\t{,C = A\j;, and )\f’k = Ak, WE

get
- A
)\* + 1— R . t,k _
;[Ptﬂ t+1,k ( Pt+1) t+1,k:] —)\Mzt W
At1k Ry Af k2t
P+ (L=p = = :
; [ "z ( ) Zev1 | gzt Ak
By using the notation y = )\, /7 and the fact that |y;| = 1/z;, we write
v
Z Peeai isrr T (1= prog) Rega, k]—+ =
k=1 tk Yt

K
t,k
Z perr¥ien + (1= p) Reviplyen ] Nk
—1 tk T Yt
which implies
tkyt+1 t+1 kyt tk‘yt+1|
R —0. 2.46
Pi+1 Z tk I yt Pt+1 Z e A i yf ( )
We have
:,knyrl - I+1,k?/f Y Z,kyfﬂ/)‘tﬂk yf oy yt+1/)‘t+1k yf/AZk _
e Lk e A T

X (1 + yfﬂ/)\:ﬂ k 1+ yt+1/>‘t+1 k (2.47)

—1]1>X,.In
t+1,k 1+y /)\ > t+1k 1+ f/)\nk ?

where the last relation follows from the inequality a — 1 > Ina(a > 0).By using

(2.47), we find
K * Lk K
Z )\t,k:yt+1 t+1 WY Z o [ ( y*erl ) o (1 1 yf )] _
=1 tet Yt — 1,k tk
K K
Z )\IH,/{;(ZtJrl,k — Zyj) = Zyy1 — Z >‘I+1,th,k- (2.48)
k=1 k=1
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Further, we have

A klyeen] — yf Al Ak

e T yf b T ?Jf
I A rlyer] + AL, 1 Y| + 1
Aok + yr I+ yf/)‘zk’
and so
ZR Abgl Y| — >iR In L+ |y
N i tpL g I e =
tk;+yt —1 1+yf/)‘t,k
K
n(1 + |ye41]) Z R In(1 4y, //\t ) = Yig — Z Ry xZig
k=1
(see (2.29) and (2 30)), Wthh yields
|yt 1| =
Z Repy vl 2y Z ReviiZ (2.49)

kT Yt
By combining (2 46) (2 47) and (2.49), we find

K
02 pi <Zt+1 Z A2, k) + (1= peya) <Yt+1 - Rt+1,th,k:> =

k=1 k=1

k=1

K
P12+ (1= ppyy) Ve — Z PNy T (L= prr) Rkl Zek
k=1

which proves (2.32). U

Proof of Lemma 2.2. To prove the first relation in (2.33) we proceed as follows:

;A
U =Y, — —Inr — Z)\*kln(1+ )\tk)—

1
Zx*km +ZA m gx m

The last relation in (2.33) follows from the elementary inequality E peq Gk Inay —
Zszl ar In by, > 0, which is presented in a somewhat refined form in Lemma 2.5.

U
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Proof of Lemma 2.3. It is clear that (, > 0. Indeed, from (2.34), we have
G = PtZt (1—p)Y: =
ptZ)\tkln 1—|— —(1—=p,)Inr, >0,

because In (1 + rf)\t /TN ) =0 and Inr! < 0. By taking the conditional ex-

pectation Fy(-) of both sides of inequality (2.32) and using (2.27), we obtain

K
By < Z Zig B[N, + (1= prpa) Rerv Z ZixAiy = Zi- (2.50)
k=1

In view of (2.31), we get
B+ =p)U < Z+ (1 —p)Yi — (L — p) 2 =
peZi + (1= p)Yi = C,,
which proves (2.35). Thus £,(,,; < ¢, — (1 — pyq)Us < ¢, because Uy > 0 (see
Lemma 2.4). The last inequality implies £¢, < E(, = (, < +o00. Since (, > 0,
we have F|(,| < 0o, and so (, is a non-negative supermartingale. O
Proof of Lemma 2.4. The random variables n, := ¢, — E£,(,, are non-negative

by the definition of a supermartingale. Further, we have
T-1

Z En, =Y (B¢, — ECyyy) = B¢y — By,
t=0
and so the sequence Z 0 ' £, is bounded because supy(—EC;) = —inf B¢y <

+00. According to the property of non-negative series*, the series of the expecta-

tions >, , En, of the non-negative random variables 7, converges, which implies

When a,, is a non-negative real number for every n, the sequence .S,, of partial sums is
non-decreasing. It follows that a series Y a,, with non-negative terms converges if and only if the
sequence S, of partial sums is bounded.
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YoMy < 00 as. because Y. En, = EY 2 n, (the last equality holds* for

any sequence 7, > 0).

Proof of Lemma 2.5. We have Inx < x — 1, which implies (Inx)/2 < \/z —

andso —Inx > 2 — 2y/z. By using this inequality, we get

Kak(lnak—lnbk): Zaklna—k>z <2_2\/£7):

k=1 k=1 k=1

2—2%@:%@—2@%@=i<\/a_—\/@2.

1

k=
This yields (2 36) because(\/_ — \/_) (ar — bp)?/4 for 0 < ay, by < 1%,

0

4

If (Z},) is a sequence of non-negative random variables such that >~ F(Z},) < oo, then > Z), < o0

(a.s.) and Z, — 0 (a.s.).

(var = Voe)” > (Var = vi)” (Var + Vbe)” /4
= (ay, — bg)?/4, because 0 < aj, by, < 1 and (y/ar + m)2/4 < 1.
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Chapter 3 Almost sure Nash equilibrium strategies in evolutionary models
of asset markets

3.1 Introduction

This chapter”’” examines a stochastic model of a financial market with long-lived
dividend-paying assets and endogenous market clearing asset prices. This model is
a version of that proposed in Evstigneev et al.(2006), and then analyzed primarily
in the context of evolutionary finance (for a survey of the field see Evstigneev et al.
(2009)). The main focus in evolutionary finance is on questions of "survival and
extinction" of investment strategies (portfolio rules). In this chapter we analyze
the model from a different perspective and treat its decision-theoretic framework
as a game in which the payoffs of the players (investors) are defined in terms of the
growth rates of their relative wealth. We show that in the game under consideration
the Kelly (1956) portfolio rule of "betting your beliefs" forms with probability one
a unique symmetric Nash equilibrium strategy.

Game-theoretic models of asset markets dealing with relative wealth of in-
vestors have been put forth by Bell and Cover (1980,1988). In the one-shot, two-
person zero-sum models, each investor wishes to outperform any other investor.

The solution concept used in their models is a Nash equilibrium defined in terms

This chapter is based on the material of the paper by W. Bahsoun, I. Evstigneev and L. Xu "Almost
sure Nash equilibrium strategies in evolutionary models of asset markets," Working paper No
10-08 of the Mathematics Department of the University of Loughborough, February 2010.
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of the expectations of random payoff functions. It is shown that anyone who devi-
ates the log-optimal strategy results in a fall in the expected payoff. In this chapter,
we consider a different (stronger) solution concept: almost sure Nash equilibrium.
Any unilateral deviation from the Kelly rule leads to a decrease in the random
payoft with probability one.

Another work which can be linked to this chapter is the paper of Alos-Ferrer and
a Ania (2004). Both of us employ a game-theoretic asset market model and focus
on the performance of investment strategies. But their model is limited in finitely
many states of the world and allows for redundant assets. Whilst our model deals
with infinitely states of the world and does not allow for redundant assets. Another
difference between our works lies in the solution concept. They define a pure-
strategy Nash equilibrium in terms of expected payoff as a game solution concept,
but we employ a (stronger) solution concept—almost sure Nash equilibrium with
respect to the random payoff.

The present chapter focuses on optimality almost surely, which is character-
istic for capital growth theory (Kelly (1956), Breiman (1961), Algoet and Cover
(1988), Hakansson and Ziemba (1995), Maclean et al. (2010)). Most of the previ-
ous research deals with asset market models with exogenous asset prices. Results
related to evolutionary finance may be regarded as analogues, and in certain cases
as generalizations, of those pertaining to classical models of capital growth. The

main difference between the two modelling frameworks lies in the fact that in
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the former the accumulation of wealth of each investor might depend (via the en-
dogenous price formation mechanism) not only on his/her strategy, but also on the
strategies used by the other investors. Therefore in the present context a game-
theoretic model, rather than a single-agent optimization framework, is a suitable
setting for the analysis of questions related to capital growth.

This chapter is organized as follows. Section 3.2 is the model description, Sec-
tion 3.3 states the main results and Section 3.4 provides the proof of the main

theorem. The Appendix 3.5 contains the proof of a technical lemma.

3.2 The model
We consider a general asset market with K' > 2 assets and N > 2 investors

(traders) acting in the market. The market is influenced by random factors mod-
elled in terms of independent identically distributed random elements sq, o, ...
in a measurable space S. At each trading date ¢ = 1,2, ... one unit of asset
k= 1,2, .., K yields nonnegative dividends Dy (s;) > 0 depending on the “state
of the world” s; at date ¢. The dividends Dy(s;) are measurable and satisfy

K

> " Dy(s) > 0 forall s. (3.1)

k=1
This condition means that in each random situation at least one asset yields a
strictly positive dividend. The total volume (the number of units) of asset & traded
in the market at date ¢ is

Vik = Vir(sh) >0,

where s’ := (s, ..., 5;) is the history of the process (s;) from time 1 to time ¢. For
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t =0, V;, is a constant number, and for ¢ > 1, V; (s") is a measurable function of
st

Denote by p; € Rf the vector of market prices of the assets. For each k =
1,..., K, the coordinate p; , of p; = (pt1, ..., Pt k) stands for the price of one unit
of asset k at date . A portfolio of investor ¢ at date ¢ = 0, 1, ... is specified by a
vector z; = (2}, ...} ) € RE where z}, is the amount (the number of units)
of asset k. It means the numbers of units of all assets purchased by investor .
The scalar product (p;, z1) = S5 Pek}y, expresses the value of the investor 4’s
portfolio x! at date ¢ in terms of the prices p; .

At date t = 0 investor ¢ has initial endowments wj, > 0 that can be viewed as
his/her budget at date 0. Investor ¢’s budget (wealth) at date ¢ > 1 consists of two

components: the dividends (D;, ¢ ;) paid by the portfolio i , and the market
value (p;, zi_,) of the portfolio z¢_, expressed in terms of the today’s prices p;

wi = (Dy + pr, i_y), (3.2)
where

Dy := D(s;) := (D1(8¢), .-, D (81)).

Let a; = ay(s'™!) be a fraction of the budget invested into assets. Suppose that the
investment rate 0 < a;(s'™!) < 11is the same for all the traders, although in general
it may depend on time and random factors. We assume that o is predictable: it

depends on the history s'~! of the process (s;) up to time ¢ — 1 (not ). The number
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1 — a4 can represent a fraction of money used for supporting investors’s life or
business, which can also be understood as the tax rate or the consumption rate.
The assumption that 1 — a4 is the same for all the investors is quite natural in the
former case. In the latter case it is indispensable since we focus in this work on
the analysis of the comparative performance of trading strategies (portfolio rules)
in the long run. Without this assumption, an analysis of this kind does not make
sense: a seemingly worse performance of a portfolio rule in the long run might be
simply due to a higher consumption rate of the investor.

Suppose that the function ay(s'™!) is measurable (for ¢ = 0,1 it is constant)
and not greater than the supply growth rate of each asset £, i.e., that satisfies the
following condition

ay(s"71) < V() Vicw(s'™H). (3.3)
This condition holds, in particular, when the total mass V; x(s') of each asset k
does not decrease, 1.e., when the right-hand side of (3.3) is not less than one. But
(3.3) does not exclude the situation when V, ; decreases at some rate, not faster
than ay.

An investment strategy (portfolio rule) is specified by a vector of investment
proportions \i = (A}, ..., \.) € AKX according to which he/she plans to distribute

the available budget between assets at each date t. Vector \! belongs to the unit
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simplex

AR ={(ay,....,ax) >0: a; + ... +ax = 1}.
Strategies of this kind are called fixed-mix, or constant proportions, portfolio rules:
they prescribe to select investment proportions at time 0 and keep them fixed over
the whole infinite time horizon.

The class of fixed-mix investment strategies is quite widely used in financial
theory and practice, playing an important role in portfolio theory; see, e.g., Per-
old and Sharpe (1988) and Browne (1998). Investors continuously rebalance their
portfolios in order to keep fixed constant investment proportions. Under certain
conditions, strategies with constant investment proportions lead to the growth of
the portfolio value (“volatility pumping”— Luenberger (1998)). From the theo-
retical standpoint, this class of portfolio rules provides a convenient laboratory for
the analysis of questions we are interested in. It makes it possible to formalize in
a clear and compact way the concept of the type of an investor which determines
the performance of his/her portfolio rule in the long run.

In the model at hand, the asset market evolves in time, remaining in the state of
a dynamic short-run (temporary) equilibrium®. The notion of market equilibrium
is defined as follows. Suppose each investor 7 = 1, ..., N has selected a strategy—

a vector of investment proportions A" = (X}, ..., A\%) € AKX at each date . Then

In this paper, we use the term “equilibrium” in two different meanings. Here it is related to market
equilibrium: a situation when asset supply is equal to asset demand. Later, the same term will
appear in a game-theoretic context. It will pertain to Nash equilibrium strategies in a certain
dynamic game.
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at date ¢ > 0, the amount of wealth allocated to asset k by trader 7 is a,\jwi.
By summing up all traders wealth invested in asset &, we have the total amount
demand of asset k, oy Y, Abwi, where wi is investor i’s budget at time ¢. At
each trading date ¢, the market satisfies the market clearing condition: asset supply
is equal to asset demand, making it possible to determine the equilibrium price p;

of each asset £ from the following equations

N
DekVik = Z Nwi k=1,.., K. (3.4)

i=1

The left-hand side of (3.4) is the total market value of the supply of asset k at
date ¢ (recall that the amount of each asset k at date ¢ is V} ). The right-hand side
represents the total wealth invested in asset k£ by all the investors. Equilibrium
implies the equality in (3.4). The portfolios z{ = (2}, ..., 7} ;) are determined
by the investment proportions !, ..., \% chosen by the traders at time ¢ by the
formulas

aNw!

Ty = k=1,...,K i=1,..,N. (3.5)
Dtk

Note that for ¢ > 1, investor ¢’s budget can be expressed by (3.2) and the price

vector p; is determined implicitly as the solution to the system of equations (3.4),

which can be written as

N
PraVie = Y NADy+przi ), k=1, K (3.6)
=1

It can be shown that under assumption (3.3) a non-negative vector p; satisfying

these equations exists and is unique (for any s* and any feasible 2, and \')—see
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Proposition 2.1).

Equations (3.5) make sense only if p,;, > 0, or equivalently, if the aggregate
demand for each asset (under the equilibrium prices) is strictly positive. We say
a strategy profile (\', ..., AN ) is admissible if it guarantees that each asset & has a
strictly positive equilibrium price through the above recursive procedure described
step by step from (3.4)—(3.5). In what follows, we will deal only with such strategy
profiles so as to guarantee the random dynamical system under consideration is
well-defined.

A path of market dynamics can be generated recursively according to a strategy

profile (\', ..., A™Y) of all the investors and their initial wealth w}, ..., w{

(pi; 75 oo 27, (3.7)
where p;, = p;(s') is the price vectors and zi = zi(s') is investor i’s portfolio
(i.e., the amounts of units of all assets purchased by investor ). Since the hypoth-
esis of admissibility is throughout this chapter, we obtain that all the portfolios
xy = (¥}, ..., x} ;) are non-zero and the wealth w; = (D; + p;, x_,) of each in-

vestor is strictly positive from the above equilibrium path. Further, by summing

up equations (3.5) over i = 1, ..., N, we find that

N N i .
, AW Vi
§ :x;k _ szl t N WY _ Ptk Vi k _ V;f,k (38)
i—1 Ptk Ptk

(the market clears) for every asset k and each date ¢ > 1. Thus for every equilib-

rium state of the market (p;, 7}, ..., z), we have p; > 0, zi # 0 and (3.8).
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We shall provide a simple sufficient condition for making a strategy profile
admissible which can guarantee asset prices are strictly positive and market dy-
namics are well defined. Suppose that some trader, say trader 1, selects a com-
pletely mixed portfolio rule to invest into all the assets, i.e., each coordinate of the
investment strategy vector of trader 1 at time ¢ = 0, 1, ... must be strictly posi-
tive. Then a strategy profile containing this portfolio rule is admissible. Indeed,
for t = 0, we get from (3.4) that pgj, > aoﬁ/ojkl)\,iwé > 0 and from (3.5) that
x6 = (241, T4 ) > 0 (coordinatewise). Assuming that z; ; > 0 and arguing
by induction, we obtain (D; + p;, z}_ ) > (Dy,x}_;) > 0 in view of (3.1), which

in turn yields p, > 0 and z} > 0 by virtue of (3.4) and (3.5), as long as \; > 0.

3.3 The main results

Let (M, ..., AN ) be an admissible strategy profile of the investors. Given this
strategy profile and initial endowments, a path of market dynamics (3.7) can be
generated in accordance with the equations (3.4)—~(3.5). As above, let w! denote
the investor ¢’s wealth available at date ¢ > 0. If t = 0, then the initial endowment
w}y of investor i is assumed as a constant number. If ¢ > 1, then w} = wi(s') is
defined as a measurable function of s* given by formula (3.2). As we have noted
above, wi(s') > 0.

We are primarily interested in the long-run behavior of the relative wealth of
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the investors. The relative wealth of investor ¢, ¢ = 1,2, ...N are given by

7
. w
T t
T

=T
where W, := SN | w! is the total market wealth. Given a strategy profile (A', ..., A™)
the performance of a strategy \' used by investor i can be characterized by the ra-
tio between investor i’s relative wealth and the coalition {j : j # i} of ¢’s rivals in

the game under consideration
%
Tt

2zt .

The random variable £’ = ¢/(s; A!, ..., \") depends on the strategy profile (\', ..., \")

¢ :=limsup, . %ln (3.9
and on the whole history s> := (s, S2, ...) of states of the world from time 1 to
o0, playing the role of the (random) payoff function of player ¢. Further, this pay-
off function reflects the fact that the performance of investor  is influenced not
only by his/her investment strategy, but also his/her rivals’.

Definition 3.1. We shall say that a strategy A forms a symmetric Nash equilib-

rium almost surely (a.s.) if

(8N, oy A) > (5N, 0 N, ) (ass)) (3.10)
for every i, each strategy A of investor i and each set of initial endowments wg >
0,...,w) > 0. The Nash equilibrium is called strict if the inequality in (3.10) is
strict.

The strategy profile (A, ..., A) is admissible (recall that we consider only ad-

missible strategy profiles) if and only if the vector \ is strictly positive. This
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observation is immediate from (3.6).
Assume that the total mass V; , of each asset k grows (or decreases) at the same
rate v, = v,(s'71) > 0:
Vik/Vieig =7, (t > 1). (3.11)
Thus
Vir(s"™1) = 7 (s" 1)y (s1) 71 Vi (3.12)
where V. > 0 (k = 1,2, ..., K) are the initial amounts of the assets. The growth
rate process 7, (like the investment rate process o) is predictable: -y, depends only
on the history s'~! of the states of the world up to time ¢—1. In the case of dividend-
paying assets involving investments in the real economy, assumption (3.11) means
that the economic system under consideration is on a balanced growth path.

Define the relative dividends of the assets k = 1, ..., K by

B Dk(st)Vk
Ri(se) = S D)V (3.13)

It follows from (3.12) that
Dy Vicik

25:1 Dt,m‘/;‘,fl,m

where R;j = Ry(s;) and Dy = Dy (s;). Indeed, from (3.12), we have
Dy Vicik

2521 Dt,mv;‘,fl,m
Dygye1(572) . 7va(s1) 11 Va

Zgzl Dy i1 (5772)..72(51) 71 Vin
Dk(st)v;c

> et Din(s) Vi

Ry =

Rk(st) =
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Define

A = FERg(st), k=1,2,..,. K (3.14)
and put \* = (\], ..., \). The investment strategy specified by (3.14) may be
regarded as a generalization of the Kelly portfolio rule of “betting your beliefs”.
In this context it takes on the form of a rational expectations strategy (see Chap-
ter 2). It is expressed in terms of the expected relative dividends, according to
which investors distribute wealth across assets in accordance with the proportions
of the expected relative dividends (which do not depend on ¢ because the random
elements s; are i.i.d.).

Assume that the following conditions hold.

(R1) For each k, the expectation F Ry (s;) is strictly positive.

(R2) The functions R;(s), ..., Rx(s) are linearly independent with respect to
the probability distribution of s, i.e., the equality > 5, Rx(s;) = 0 holding a.s.
for some constants /3, implies that 3; = ... = S = 0.

(R3) There exist constants 0 < p’ < p” < 1 such that the process

(s 1) = (s /(s

satisfies p’ < p,(s'1) < p”.
Condition (R1) implies that the vector A* has strictly positive coordinates. Hy-
pothesis (R2) can be interpreted as the absence of redundant assets. Condition

(R3) states that the discount factor p, cannot be too close to 0 and 1. Under these
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assumptions, the following theorem holds.

Theorem 3.1 The portfolio rule \* is a unique strategy forming a symmetric
Nash equilibrium a.s.. This equilibrium is strict.

This result implies the following property of the portfolio rule \*. If all the
investors except one, say investor i, use the strategy A* and 7 uses any other strategy
A distinct from \", then the relative wealth (/3" ; 7/ of i tends to zero at the
exponential rate £ < 0 (a.s.). In other words, the coalition of the Kelly investors
drives the non-Kelly one out of the market. We note that this result (without an
exponential estimate of the convergence rate) can be derived from Theorem 1 in
Evstigneev et al. (2008) under the assumptions that the state space S is finite and

all the strategies under consideration are completely mixed.

3.4 Proofs
For the proof of Theorem 3.1 we begin with a system of equations governing
the dynamics of the market shares r} := wi/ >, w!. Consider the path (3.7) of the
random dynamical system generated by (\', ..., AN ) and the sequence of vectors
re = (r},...,rY) of the market shares of the investors at date t. Proposition 2.2
states the following equations hold
K i
Tt = ;[PHK)\M rep1) + (1= ﬂt+1)Rt+1,k]<)\:—;tt>7 (3.15)
t=1,..., N, t > 0. From the above equations we observe that the market share of

investor i evolves in terms of the interaction of the strategies A, ..., A\,

Secondly, it suffices to prove Theorem 3.1 in an asset market with only two
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investors. The above system can be reduced to the case of two investors. And the
ratio of the market shares of investors 1 and 2 at date ¢ is

2 =1y 1} = w; Jwy,
where investor 1 and investor 2 select the Kelly rule \* = (A7, ..., A\ ) and A =
(A1, ..., Ak ), respectively. The dynamics of z; are described by the following equa-

tion
K N
ZkZI [pt+1>\k + (1 - pt—i—l)Rt‘Fl’k] )\Zzti)\k

oy e * Ak :
2 k=t P+ (L= p) Rk 552t
For a proof of (3.16), see the proof of proposition 2.4 in Appendix 2.5.

(3.16)

Zt41 =

Consider any measurable relative dividend vector function R(s) = (R1($), ..., Rk (s))
on S satisfying (R1) and (R2). Forany A = (\1,...,A\x) € A, o/ < p < p” (see
(R3)) and k € (0, 1], define

N
Sicalpds + (11— PRy (8) ety
SicaloAi + (1= p)Re(s) sy

where \;, = ERy(s) (E() is the unconditional expectation with respect to the

F,(\ k;s) = , (3.17)
given probability P on S). The function F,(\, x; s) is well-defined and takes on
finite strictly positive values.
Lemma 3.1 For any A\ € AX distinct from X there exist constants H > 0 and
0 > 0 such that
Emin{H,InF,(\ k;s)} > 6 (3.18)
forall k € (0,1 and all p € [p/, p"].

Lemma 3.1 plays a key role in the proof of Theorem 3.1. The proof of this
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lemma is routine, but rather lengthy, and we relegate it to the Appendix 3.5.

Proof of Theorem 3.1. To demonstrate that \* forms a strict symmetric Nash
equilibrium a.s. it is sufficient to consider the case of two investors 1 and 2, using
A" and ), and show that

liminf, % Inz > 0(as.), (3.19)

where z; is the ratio of the market shares of 1 and 2.

To prove that the problem reduces to the case N = 2, let us first observe that by
virtue of symmetry, it is sufficient to verify the property (3.10) for i = N. Suppose
investors ¢ = 1,2,..., N — 1 use A* and investor NV uses A # \*. Then the total

market share 7} := 7} + ... + rfv’l ofi =1,2,..., N — 1 satisfies
K

* * % N ZT:
Tip1 = kz:; [thrl( Rien T Arig) + (1= Pt+1)Rt+Lk} R

(3.20)

This relation is obtained by summing up equations (3.15) over: = 1,2, ..., N — 1.

At the same time, by virtue of (3.15), we have
K

o = Z[pt—i-l( Wi+ Aereiy) + (1= piya) Rega
k=1

)\kTiV
—_ 3.21
et + A (3-21)

Thus the vector (r}, 1) evolves in time as the vector (7},72) of market shares of

two investors using the strategies A* and A, respectively. If (3.19) holds, then

1 N
EV(A*, AT, ) = limsup,_ ~1n Y _

*
Wy

li 't L
imsup; ., ~In—— =limsup, ., ~In 5 =
t r t

1 1
limsup, . (_2 lnzf) = —lim inf <;1n zt) <0 =&ML 0\ (as),

t—o0

where the last equality holds because the market shares of all the investors remain
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constant, as long as all of them use the same strategy. Indeed, if all IV investors

use the same strategy, say \*, v, = 1,2, ..., N has the following equation from
(3.15)
s Aot
Tigr = Z[ptmk};mﬁ + (1 = pry1) Reg, k]<k—t>
k=1 ko Tt
K AL
= [Pr1 (N 1) + (1 — Pt+1)Rt+17k]—
; >\k Zz 1 ,rt
K
= 71 ) X+ (1= ) Rl
k=1
= r=..=T7)

Let us verify (3.19). Put G; = In(2;/2;_1). Then

T T
ZGt = Z(ln 2zt —Inz 1) =Inzp — In 2.
t=1 t=1

Therefore it suffices to prove that lim inf;_,o, 7! Zthl Gy > 0 a.s.. For any con-

stant H define G¥ := min{G,, H}. Since G < G, it is sufficient to prove that

- H
lim Tlggo Z G, > 0(as.) (3.22)
for some H.
Observe that
K by
2ty Zk:l[pt—i-l)‘k + (1 - pt-"_l)RtJ’_l’k])\ZZt—i)\k
Gt+1 In =In Ve » " =
“t 2ok lPera Ak + (1= po) Rl ety

K A*
n 2i=alPrnde + (1= peo) Brlsen) i =InF,,  (A\r};se)
K * P RS )
Zk:l[ﬂtﬂ/\k + (1 - pt+1)Rk<St+1)]m s

(3.23)

where 1} = r{(s") and p, ; = p,1(s") (recall that the process p, is predictable).
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By virtue of Lemma 3.1, there exist H > 0 and 6 > 0 such that Eth_IH > 4,
where E;(-) = F(-|s") is the conditional expectation given s' and
G (™) = min{H, In £, oy (A, 7 (5"); s041) )
When computing E;Gf.  we fix s* and take the unconditional expectation of Gf, |
with respect to s,,1, which is justified because s! and s, ; are independent.
Finally, we have
1 « 1 « 1
- G = - > EGH + = > (G - EaGY.
t=1 t=1 t=1
Since G¥ is uniformly bounded, we can apply to the process B := GI —FE;, G
the strong law of large numbers for martingale differences (see, e.g., Hall and
Heyde (1980)), which yields % >"/_, B/ — 0(a.s.). Therefore liminf 7-' 3>/ GF >
0, which proves (3.22).
Suppose a strategy A # \* forms a symmetric Nash equilibrium with probabil-

ity one. Then

0=&N(s%N, . N) > V(5™ N, . 0 ) (as)), (3.24)
where
V(50 N, ., A\, ) = lim LW
STLA LA, = suptﬂoot [N

By interchanging A and \* in formulas (3.20) and (3.21), we obtain that the vector
(r} 4 ...+ 7Nt r]N) evolves in time as the vector (7}, 72) of market shares of two

investors using the strategies A and \*, respectively. As we have proved above,
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this implies

N
Ty

N

liminf, n In > 0 (a.s.).

Therefore £V (s%; A, ..., A\, \*) > 0 (a.s.), because lim sup > lim inf, which yields

the inequality "<" in (3.24). This is a contradiction.

3.5 Appendix

O

Proof of Lemma 3.1. We observe that the function F},(\, ; s) is bounded below

Fﬂ(/\a I{; S) Z 027
where ¢ := min A; (> 0). Indeed, F,(\, x; s) = A/B, where

S [+ (1 ) By (5)] s

A= ,
— vk Ak (1 — K)
K A
B= N+ (1—p)R b .
We observe
f: [Pk + (1 — p) Ry(s )i at
p /\k/f—{—)\k(l — K)
A ming Aj,

>
)\Zm + M(1 = k) 7 maxgp[Nik + A\i(1 — R)]

> min \;
2 min Ay
since max|[A\;k + \p(1 — k)] < 1.

And B is bounded. Indeed, we have the following inequalities

Ak

B>E E Ap >
pk/\k/i—i—/\k(l—/@')_pckl k2 e
and
A 1 1 1
B < max — b < max —; < — - =—,
ko Ak 4+ A\e(1— k) A+ (1— k) ~ ming A, ¢

since 0 < A\, < 1,and \jk + (1 — k) > AL

(3.25)

(3.26)

Assume that at least one of the coordinates of the vector A is zero, so that the
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set K := {k : \y = 0} is not empty. Then
Ak
K+ Ae(1 — R)

A== p)n SR + Yl + (1 p)Rus)] 52
keK k¢K K

and

Ny B . Ak

By virtue of (R1), there exists 6 > 0 such that }, i Ry (s) > 6 forall s in a set S

with P(S) > 0. We have
1" 0 1

(1= ) 15() < (1 )~ Y- Ruls) < A
keK
AL 1 11 1
< 1—p)=< — 4=
—I&az? ANk + Ae(1 — k) + p)li T ominggk Mk K
Therefore
D
Digecac
K K

where 15(s) is the indicator function of the set S, d; := (1 — p")f and D, :=
1+ (mlnkgK )\k)_l.

Also, we can see B is bounded. Indeed, we have

- A - A
’ . ’ k * k
pemin N\, < pc P < P
k¢K k;K Aok + A (1 — k) IchZK "Ark 4 (1 — K)
A 1
< B < max i <

c .

Ak + Ap(1 — k)

Therefore
d? S B S D27
where ds := p'cminggx Ay and Dy := ¢! (see (3.26)). And

, (3.27)
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where d := dy /Dy and D := D1 /ds.

From the first of these inequalities and (3.25) we obtain

(Ind —Ink)15(s) + (2Inc)(1 — 15(s)) < InF,(A, k; s), (3.28)
and so
Emin[H,In F,(\, ;)] > 2Inc+ min(H,Ind — Inx) P(S) (3.29)
forany H > 0.
Put
R = exp llnd— 1;(—25}?6} , H:=InD — InkRg, (3.30)

and if 0 < kK < K, then we have

Emin[H,In F,(\, ;)] > 2Inc+ min(H, Ind — In k) P(S)

>2Inc+ (Ind —Ink)P(S) > 1 (3.31)
by virtue of (3.29), (3.30) and the inequality d < D (following from (3.27)). If Kk >
R,thenln F,(\, k;s) <InD—Ink <InD—Ink = H,andsomin[H,In F,(\, k; s)] =
In F,(\, k; s). Thus in order to complete the proof of the lemma in the case when

) has zero coordinates it remains to show that

inf ElnF,(\k;s)>0 (3.32)
wE[R,1], pelp’,p"]
for each & € (0, 1].
By virtue of (3.25) and (3.27), the function In F,(\, ; s) is continuous with

respect to (p, k) € [p/, p"] X [R, 1] for each s and uniformly bounded. Therefore
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the function E'In F,(\, x; s) is continuous on the compact set [p', p”] x [k, 1] and
hence it attains its minimum on this set. Thus, in order to establish (3.32) it is
sufficient to prove that E'In F,(\, x; s) > 0 for each p € [0,1) and s € (0, 1].

According to (3.23), we have

ElnF,(\ k;s)
K

= Eln) [\ + (1 — p)Ru(s)]

A
Ak 4+ Ak(1 — k)
Ak
Nk 4+ (1 — k)

K
Y (oA + (1 ) Rls)]
k=1
By applying Jensen’s inequality twice, we find
A
K+ A(l—k) —

K K
AL AL
F1l A k 1-pEl k >
P n; k)\ZI{—l- k(1 — R) =) H;Rk(s))\ZIi—l—)\k(l —K)

Eln Z[p)\k + (1 — p)Ri(9)] Y

* *

K K
A A
1 A k 1— AT k 3.33

where the second inequality holds because 31, Ri(s) = 1 and Ry(s) > 0.
Note that all the expression in the last chain of relations are well-defined and finite

because x > 0 and A; > 0. By applying Jensen’s inequality again, we find

Ak -
K+ (1 — k)

Eln Z[p)\;; + (1 — p)Rk(S)])‘Z

K K

A A\
1 A+ (1-p)ER ~1 . (334
n;[p A=) ER ) 5 n; Nr o —r) GV

(Here —oo < E'ln(+) < 400.) The inequality in (3.34) is strict because there is no
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constant v such that
K

A
f 1-— = .8.). )
;[mw( PR 3y = 7 @) (335)
Indeed, if (3.35) holds, then
K
S oA+ (1= p)Bis)] N Z0@s)
kZIPk; p)Lig )\Zli—i-)\k(l—/i) Y| =

Observe that at least one of the numbers 7, := A\ [A\jk + Ap(1 — k)] 71 — v is not
equal to zero. Indeed, otherwise A\, = y[A\;x + Ax(1 — k)] for all k. By summing
up these equations over k, we have v = 1, which yields \y = A\ x + \p(1 — k),
Ak = Mgk, and A\; = Ay (recall that k # 0). This is a contradiction because
A # A", Thus

K
> [pAi+ (1= p)Ri(s)]y), = 0(as), (3.36)

where v = (v, ,’ka):l;é 0. Consequently, Zle Ry (s)y, = b(a.s.), where b is
some constant. This constant is not zero because the functions Rj(s) are linearly
independent. By setting «y} := 7,/b, we obtain that the non-zero vector ' =
(7}, -y Vi) satisfies Zszl Ri(s)vy,, = 1(a.s.), which yields Zszl Ri(s)(v, —
1) = 0(a.s.). In view of the linear independence of Rj(s), this implies v} = ... =
v = 1. Since 7, = by, = b, we obtain that the left-hand side of (3.36) is equal

to b # 0, which is a contradiction.

From (3.33) and (3.34) we get
K

K
ElnF,(\ & 1- Al : -1 :

(3.37)
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Denote the expression in the square brackets in (3.37) by ®, (). It is proved in
Evstigneev et al. (2002), p. 337-338, that if A > 0, the following
®,.(\) >0 foreach x € [0,1] (3.38)
holds. Therefore @, (A(1 — &) + eA*) > 0 for each £ > 0. The function ®,()\) is
finite and continuous on A (because A}, > 0 and x > 0). Consequently, ®,(\) =
lim. o @, (A (1 —¢€) +eA") > 0. By using (3.37), we obtain that E'ln F,(\, k) > 0
forall p € [0,1) and k € (0, 1]. This completes the proof of the lemma in the case
when the vector A has zero coordinates.
Now assume that \;, > 0 for each k. Then the function In F},(\, &; 5) is well-
defined, finite, continuous with respect to (p, k) on the set [p/, p”] X [0, 1] (including
t = 0) and uniformly bounded. The lower bound for this function is 21n ¢ (see

(3.25)) and the upper bound is obtained from the inequalities

Ak
maxXg AL kA (1K)

In F,(\, k;s) < In < In(min \;) 2

. e
NI ALft+AE(1—kK)

To complete the proof it is sufficient to show that the infimum in (3.32) with k =
0 is strictly positive (then ¢ can be defined as this infimum and H as 2|In¢| +
2| Inmin Ax|). In view of the continuity of E'In F),(\, ;s) this will be proved if
we establish the inequality £'In F,(\, k;s) > 0 for each p € [0,1) and & € [0, 1].
If Kk > 0, this inequality is proved by exactly the same arguments as above—by
deriving relations (3.33), (3.34), (3.37) and using (3.38). If k = 0, we change the

above arguments as follows: instead of strict, we establish non-strict inequalities in
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(3.34) and show that the right-hand side of (3.37) is strictly positive, which follows

from the relation
AL

K K
Do(A) =) Ailn = D A= Ailn > 0.
k=1 k=1 k=1
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Chapter 4 Growth-Optimal Investments and Asset Market Games

4.1 Introduction

The theory of growth-optimal investments or capital growth theory is a fasci-
nating subject, having a rich and in a sense dramatic history. The central question
in this field is: how to invest in order to achieve the highest (asymptotic) growth
rate of wealth in the long run? The first publication on capital growth theory was
that by Kelly (1956), who considered the case of Arrow securities (the payoff of
security ¢ is 1 if the “state of the world” is ¢ and O otherwise), interpreted as a
“horse race model”. It was shown that the growth optimal investment strategy
could be found by the maximization of the expected logarithm of the portfolio re-
turn. In the case of the horse race model, this has led to the famous Kelly portfolio
rule—"“betting your beliefs”— allocating wealth in the proportions equal to the
probabilities of winning. Kelly arrived at his results from information theory, and
his paper was entitled “A new interpretation of information rate”. The history of
Kelly’s discovery is described in various papers and books, including popular ones
(see, e.g., Poundstone 2005). This discovery has been developed and extended by
various authors, in particular by Breiman (1961), Algoet and Cover (1988) and
Hakansson and Ziemba (1995). The paper by Algoet and Cover (1988) contains

the most advanced and general mathematical treatment of capital growth theory.

83



When speaking of those who contributed to capital growth theory, one must
necessarily mention the name of Claude Shannon—the famous founder of the
mathematical theory of information. Although he did not publish on investment-
related issues, his ideas, expressed in his lectures on investment problems, strongly
influenced his collaborators: Kelly, Breiman, Cover and others, whose publica-
tions initiated the strand of literature on growth optimal investments. For the his-
tory of these ideas and a related discussion see Cover (1998).

Cover’s (1998) biographical note on Shannon contains interesting recollections
about a discussion between Shannon and another famous scholar, Paul Samuelson.
Cover writes:

... In the mid 1960s, Shannon gave a lecture on maximizing the growth rate of wealth and gave a
geometric Wiener example.

At about this time, Shannon and Samuelson (a Nobel Prize winner-to-be in economics) held a
number of evening discussion meetings on information theory and economics. It is not clear what
was said in these meetings, but Samuelson seems to have become set in his views. He published sev-
eral papers arguing strongly against maximizing the expected logarithm as an acceptable investment
criterion. (It happens that maximizing the expected logarithm is the prescription for the growth-rate
optimal portfolio.)

For example, Samuelson (1969) wrote: Our analysis enables us to dispel a fallacy that has been
borrowed into portfolio theory from information theory of the Shannon type. Samuelson goes on to
argue that growth rate optimal policies do not achieve maximum utility unless one has a logarithmic
utility for money. Of course this is the case, but it does not deny the fact that log optimal wealth
has an objective property: it has a better growth rate than that achieved by any other strategy. Since

growth rate optimal policies achieve a demonstrably desirable goal, growth rate optimal portfolios
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should only have a utility interpretation as an afterthought. In fact, Samuelson (1979) wrote a paper

entitled “Why we should not make mean log of wealth big though years to act are long.” This is a two

page paper in words of one syllable that makes the point that maximizing the expected log of wealth

is not appropriate. The growth optimal portfolio literature has been slow to develop. It is possible that

Samuelson’s eloquent admonitions had their effect.

In this discussion, Samuelson and those who followed his views later, pre-
sumed (implicitly or explicitly) that the problem of growth-optimal investments
was equivalent to the problem of the maximization of logarithmic utility function-
als. By and large this presumption was true in those models which were consid-
ered at the time of the above discussion—half a century ago. More recent studies
have shown that this is not the case in more advanced and realistic models, e.g.,
those describing financial markets with frictions—transaction costs and trading
constraints (Bahsoun et al. 2009). And of course this is not true in evolutionary
finance models (with endogenous equilibrium prices), where survival is equiva-
lent to the fastest growth of wealth and where the problem of the identification of
survival strategies cannot be reduced to any single-agent optimization problem, in
particular, to the maximization of logarithmic utilities.

In this chapter we revisit the classical capital growth theory with exogenous
asset prices, viewing it from new angles and using achievements of evolutionary
finance and game theory. This makes it possible to throw a new light on known

results, obtain their new versions and generalizations, and moreover, consider ab-
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solutely new questions leading to new insights. Moreover, we hope that the novel
treatment of classical capital growth theory might be helpful for developing meth-
ods of analysis which could find applications in fields of current research that

emerged as its variants and generalizations.
4.2  Growth-optimal investments

4.2.1 Model description

In the model under consideration, we are given a stochastic process si, So, ...
with values in a measurable space S representing random factors influencing the
economic system. The random element s, € S represents the state of the world at
date t = 0,1, .... There are K assets in the market. Each asset is characterized by
its (gross) return

A =Air(s) >0t >1)
over a time period ¢ — 1, ¢, depending on the sequence
st = (s1,..., 8¢)

of states of the world up to time ¢. The functions A, x(s"), as well as all the other
functions of s we consider in what follows, are assumed to be measurable. The
return A, ;, on asset k is expressed through the asset prices p;, > 0 and p;_1 5 > 0

(if they are given) by the formula

Dtk
At7k - . (41)
Pt—1k
Note that the return specified above is different from the one in finance. We are

interested in gross return rather than the rate of return.
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An investor (trader) acting in the market possesses an initial endowment wy > 0
at date 0. At each date ¢t — 1 (¢ > 1), the trader makes an investment decision

specified by a vector of investment proportions

K
A1 = (M—11s 0, M—1,x) > 0, Z A1 = 1, 4.2)
k=1
according to which the investor’s wealth w, _; available at date ¢ — 1 is distributed
across the assets £ = 1,2, ..., K. The set of vectors \;_; in the K-dimensional
Euclidean space R satisfying (4.2) (the unit simplex) will be denoted by AX.
Given the decision \;_1, the investor wealth w, at date ¢ can be computed according
to the formula
wy = (A, M—1)wy_1, (4.3)
where

A= (A1, Ark)
stands for the vector of asset returns and (At, Ai—1) denotes the scalar product
(A, A1) ZAtkAt Lk
This scalar product expresses the return on the portfolio constructed according to
the investment proportions A\;—1 = (A¢—11,..., \r—1,x). The formula (4.3) comes

from the following equations

. wt71>\t71,k
L1k = —
Pt—1.k
and
K
Wi 1At 1,k .
Wy = E Wy = E DPtkTt—1k = E Pteg— =

Pt—1.k
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K K
Z At,kwt—l)\t—l,k = Wt—1 Z At,/c)\t—l,k = <At7 /\t—1>wt—1-
An investor’i:;trategy (portfolio rule) /]{:1; a rule prescribing what decision to make
at each date ¢ > 0 and in each random situation, characterized by the state of the
world at date ¢ and all the previous dates. Formally, A is defined by a sequence of
measurable functions
)\t(st)at >0,

with values in AKX, (We write \o(s°) for a constant vector \g.) If the investor
possessing the initial endowment w, > 0 at date 0 has chosen a strategy A =
(At)g2,, then his/her wealth at each date ¢ > 1 can be computed recursively by
using formula (4.3).

We are primarily interested in those strategies which guarantee the (asymptoti-
cally) fastest growth of wealth.

Definition 4.1 We shall say that a portfolio rule A* = (), is growth-optimal

(or asymptotically optimal) if for any other portfolio rule A = (\;)$°, there exists
a random variable C' > 0 such that
wy < Cwy(a.s.) for all ¢, (4.4)
where (w;) and (w;) are the wealth processes generated by the strategies A*, A
and any initial endowments wj > 0, wy > 0, respectively.
Property (4.4) expresses the fact that the wealth of an investor using any strategy

A cannot grow asymptotically faster than the wealth of an investor employing
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the strategy A*. It is clear from (4.3) that (4.4) holds for any initial endowments
wg > 0,we > 0 if it holds for some pair of strictly positive initial endowments
wy, wo, for example wy = wy = 1. Indeed. If w; = wy = 1 and (4.3) holds, then
we have
(Agy A1) (Ar—1, M—2) . (A1, Ao) < C(AL A1) (A1, Aa) (A1, Ag)-

Put wiC" Jwy = C (wf > 0 and wy > 0), we get

(Ap, M—1)(Ap1, o). (A1, Ao) < %OwS(At,)\I_l)(At_l,)\:_2>...<A1,)\3>.
Thus we get

wo A, M—1) (A1, Ade—2)...(A1, Ag) < C'(Ay, A (A1, N o) (A, Ay wyg,
which make (4.4) holds for any initial endowments wg > 0, wy > 0.
4.2.2  Log-optimal portfolio rules

We will provide a method for constructing growth optimal investment strategies

based on certain optimization problems involving expected logarithms of portfolio

returns. We shall assume that for any ¢ > 1 and s’

K
> Aui(s') > 0. (4.5)
k=1

This condition means that at each date and in each random situation at least one

asset yields strictly positive return. Under this condition, we can define the nor-

malized (relative) returns on assets k = 1,2, ..., K by
At’k(st)

et A (1)
Definition 4.2. Consider a portfolio rule A* = (A\})°,.We shall say that A* is

Rt7k(3t) =

(4.6)
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log-optimal if for any ¢ > 0 and any measurable vector function \;(s") with values
in the unit simplex AX the following inequality holds
Eln(\, Riy1) < Eln(\, Ryiq). 4.7)

According to this definition, the vector of investment proportions A; () maxi-
mizes (for each t) the expected logarithm of the return (\;, R;, 1) on the portfolio
defined by the vector of investment proportions J;.

Note that the expectations in (4.7) are well-defined and take values in [—o0, 0].
Indeed, we have (\;, Ryy1) < 1 because both vectors \; and R;,; belong to
AK. Further, observe that for the vector \; := (1/K,...,1/K) the expectation
Eln()\, Ryy1) = In(1/K) is finite, which implies (see (4.7)) that £ In(\}, R; 1) >
—o0. This, in turn, implies that with probability one the random variables (A}, R, 1)
and (\;, A;11) are strictly positive.

The following technical comment is in order. When analyzing properties of a
log-optimal portfolio rule \;, it will be convenient to assume that the random vari-
ables (\;(s?), Rer1(s™)) and (A} ('), Ay (s')) are strictly positive for all s,
and not only for almost all s'™!. This can be achieved by a suitable change of the
given random vectors Ay, ;(s"*1) on the set of those s'™! where (A} (s'), Ay, 1(s™Th))
= 0 (e.g., by redefining A, (s"™) as (K1, ..., K1) for such s'™!). This change
will not lead to a loss of generality because all the properties of log-optimal portfo-

lio rules we establish are formulated in terms of assertions holding with probability
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one.
Remark 4.1. Algoet and Cover (1988) define the notion of a log-optimal port-
folio rule A; in terms of the original, not normalized, asset returns A; by the rela-

tion

</\t7 At+1>
<)‘;€ka At+1>

holding for all \;(s"), implicitly assuming that (\;, A, 1) > 0 (otherwise the frac-

Eln <0 (4.8)

tion in (4.8) does not make sense). The inequality (4.8) is assumed to hold for all
¢ for which the expectation involved is well-defined. This definition is equivalent

to that we deal with in this paper. Indeed, since

<)\t7At+1> o <)\t7 Rt+1>

<)‘I> At+1> <)‘;<7 Rt+1>

under assumption (4.5), condition (4.8) is equivalent to

<>\t7 Rt+1>
— 1 Tl 0. 49
0 B S #2)

If )\; is log-optimal in the sense of Definition 4.2, i.e., condition (4.7) holds, then

Eln

(4.9) holds as well because (as we have noted) £ In(\;, R;;1) > —o0, and so

A, R
Eln(v, Biar) — EI(A, Rupy) = Eln S0 Bet)
<)\t7Rt+1>
Conversely, observe that for \, := (1/K, ..., 1/K),
<)\taAt+1> _ <AtaRt+1> _ ]_/K Z 1/K,

</\:’ At+1> <)‘:a Rt+1> </\:7 Rt+1>
and so for this vector \;, the expectation in (4.9) is well-defined, (4.9) yields

1/K
0>FIn—————=Inl1/K — Eln{)\}, Ry11),
> Eln s — /K - By, R
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and so
Eln(\, Riy1) > Inl/K > —c0.

Thus the expectation E In(\;, R;,1) is finite, and consequently, (4.9) implies (4.7).

Theorem 4.1 4 log-optimal portfolio rule exists.

The result below (Theorem 4.2) provides two other, equivalent, definitions of
a log-optimal portfolio rule. Let us write E;(-) = FE(:|s") for the conditional
expectation with respect to s'. Let 7;(s', dx) denote the conditional distribution
of the random vector R, given s’. By the definition, 7;(s’, B) is a probability
measure on Borel sets B C AX for each s, a measurable function of s? for each

B, and

B Ren) = [ (st do)f(s',2)
AK
for any jointly measurable function f(s’,x) for which the expressions on both
sides of the above formula are well-defined. The existence of conditional distribu-

tions is proved in Arkin and Evstigneev (1987), Appendix II, Theorem 1.

Put

o,(s',a) ;== /ﬂt(st,dz) In(a, x). (4.10)
AK

The jointly measurable function defined by (4.10) is the regular conditional expec-

tation® of the random variable In{a, R, 1) given s’, characterized by the property

¢(s' a(s")) = EyIn(a(s'), Riya) (as.) (4.11)

See 1.V. Evstigneev (1986), Regular conditional expectations of random variables depending on
parameters.
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holding for any measurable mapping a(s’) with values in AX.
Theorem 4.2 Let A* = (X[ (s"))2, be a portfolio rule. The following conditions
are equivalent:
(a) N* is log-optimal;
(b) the inequality
EyIn(\, Rit1) < Eyln(\, Ry11) (a.s.) (4.12)
holds for every function \i(s') with values in AX;

(c) with probability one, we have

max ¢,(s", a) = ¢, (s", Af(s"))- (4.13)

Although a log-optimal portfolio rule need not be unique, its return (\;, Ry, 1)
is a uniquely defined random variable. The following theorem is valid.

Theorem 4.3 If \,(s') and \/(s') are two vectors of investment proportions
maximizing the function EIn(\;, Ry.1), then (\,, Ry11) = (A}, Ryy1) a.s..

The following theorem provides a sufficient condition for the uniqueness of the
log-optimal portfolio rule. Speaking of uniqueness, we do not distinguish between
two random vectors if they coincide with probability one.

Theorem 4.4 [f the support of the conditional distribution m,(s',dz) of the
random vector Ry, given s' is not contained in any (proper) hyperplane of the

space RY for almost all s*, then a log-optimal portfolio rule is unique.

The condition stated in the above theorem expresses the fact that the conditional
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distribution of R;,; given s’ is non-degenerate. This assumption can be equiva-
lently formulated as follows: if Ey(\; — A, Riv1)? = 0 ass., then \; = \; as.
Indeed, if
0= BN — A, Ryna)? = /Wt(st, dz) (N (s1) — Ao(s1), 7)?
and \;(s') # M\(s') with strictly positive probability, then for a set of histories
s' having strictly positive measure, the support of the distribution (s, dz) is
contained in the proper hyperplane
{z - (N(s") = Auls), 2) = 0}
Later, we will need a stronger version of the above property (see (ND) below), the

meaning of which will be explained in more detail.

4.2.3 Asymptotic optimality and log-optimality

The central result of this section is as follows.

Theorem 4.5 A4 log-optimal portfolio rule is asymptotically optimal.

With any strategy (\;):°,, we associate the sequence of portfolio returns (( A, Ri11))5,
which it generates. It can be shown that for any asymptotically optimal strategy,
its sequence of returns ((\, Ri1))52, is asymptotically similar to the sequence
((A\}, Ri11))2, generated by the log-optimal portfolio rule (A;):2,. The following
theorem holds.

Theorem 4.6 If (\)°, is an asymptotically optimal strategy, then

o0

Y (N Rest) = (A, Ri))* < oo (as.). (4.14)

t=0
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This result implies that (A}, Ri+1) — (A, Rir1) — 0, i.e. the random variables
(A}, Riy1) and (N, Ryy1) converge to each other a.s. as ¢ — oo. Moreover, the
rate of this convergence is fast enough, so that the sum in (4.14) is a.s. finite.

As we have seen, the log-optimal portfolio rule is unique when the conditional
distribution of the asset returns is non-degenerate. Under a somewhat stronger
non-degeneracy condition, we can show that any asymptotically optimal strategy
is similar in an asymptotic sense to the log-optimal one, A* = (A} (s"))%2,,.

Theorem 4.7 Let the following condition hold:

(ND) For any two vectors of investment proportions \(s') and \;(s'),
[[Ae — )\;HQ < BE(\ — A, Ri1)? (as.), (4.15)
where B > 0 is a non-random constant. Then for any asymptotically optimal

strategy A = (\(sY))32,, we have

o
D A = MlP < o0 (as) (4.16)
t=0

Here, we denote by || - || the Euclidean norm in R¥. By virtue of Theorem

4.7, any asymptotically optimal strategy (\;) gets closer to the log-optimal one
(\}) a.s., and moreover, the distance between A} and ); tends to zero sufficiently
fast, so that the series in (4.16) converges. Theorem 4.7 is a direct analogue of the
"turnpike theorem" (Theorem 2.2) obtained in Chapter 2.

Some comments regarding condition (ND) are in order. Suppose that the returns

(A, Reyv1) and (N, Ry11) corresponding to two portfolios A} (s') and \;(s?) coin-
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cide for m(s*, dx)-almost all values of R, and almost all s’ (recall that 7, (s*, dx)
is the conditional distribution of R, given s'). Then E;(\, — A, Ry11)? = 0, and
so by virtue of (4.15), \; and ), coincide a.s.. This consequence of assumption
(ND) was used in Theorem 4.4 (see the comments after the statement of that the-
orem). Assumption (ND) represents a stronger requirement: it states that if the
returns (A}, Ry 1) and (\;, R;11) are close to each other in the sense of the condi-
tional L? norm, then the corresponding portfolios \; and \; must be close to each
other for almost all s*. It has to be emphasized that the property described is uni-
form with respect to time ¢ and history s’, since the constant B in (4.15) does not

depend on t and s'.

4.3 Growth-optimal investments: proofs of the results

Let us begin with Theorem 4.2

Proof of Theorem 4.2 If )\ satisfies (c), then

&', A(s)) < (s, Al (s")) (as)

for every measurable function \;(s') with values in AX. By virtue of (4.11), we
have ¢, (s, \i(s")) = EyIn(\(s'), Rey1) (a.s.) and ¢, (s*, A/ (s')) = By In(\(s"), Ryt1)
(a.s.), which proves (4.12). By taking the expectations of both sides of (4.12), we
obtain (a). Thus we have proved the implications (c)=-(b)=(a).

Before proving the remaining implication (a)=-(c), let us show that a measur-

able vector function \; (s') satisfying (4.13) for almost all s* exists. For each fixed
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st, if A% 3 a5, — a, then

limsup/m(st,d:ﬁ) In{ay, z) < /ﬂt(st,dz) In{(a, )

by Fatou’s lemma (recall that In{ay, ) < 0), and so the function ¢,(s’, a) defined
by (4.10) is upper semicontinuous. Consequently, the set A;(s’) of those points
a € A¥ where it attains its maximum is not empty. Since ¢,(s’, a) is jointly mea-
surable, we can select for each s a vector \;(s?) in AKX such that A/ (s?) € Ay(s?)
for almost all s* and the function A} (s") is measurable. This fact is a consequence
of Aumann’s measurable selection theorem (see, e.g., Arkin and Evstigneev 1987,
Appendix I, Corollary 3). Thus A} (s') is the vector of investment proportions sat-
isfying (4.13) for almost all s’.
Consider another (possibly distinct from A} (s")) vector of log-optimal invest-

ment proportions ;\t(st). Then

Eln(\, Riy) = EIn(\', Rq),
and so

EE,In(\, Rys1) = EE, In(\", R,

which implies

Edy(s', Mi(s")) = Eoy(s', N ("))
The expectations of the non-positive random variables ¢, (s*, A*(s")) and ¢, (s, A;(s"))

are finite, consequently, we get

B [6,(s', 31 (5) = (s, Au(s")| = 0.
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But the random variable ¢, (s*, A*(s')) — &,(s", A;(s')) is non-negative by the defi-

nition of A} (s"). Thus

@@5&@§%=@@ﬂﬁ@m=1g§¢4%aﬂaw,
which proves (c). O
Proof of Theorem 4.1 In the course of the proof of Theorem 4.2, we constructed
a measurable vector function A} (s") for which assertion (c) holds. The implication
(c)=-(a) shows that the vector of investment proportions \;(s') is log-optimal.

This proves Theorem 4.1. U

Proof of Theorem 4.3 Since both portfolio rules (\}) and ()\/) are log-optimal,

we have
EIn(\,, Ri11) = EIn(\/, Ry 1) > —o0 (a.s.).
Define
>\/ +)\//
)\t = %

By virtue of concavity of the function In x, we obtain

In(\,, Ry1) + In(A\/, R
In( A, Rep1) > (A Riyr) : (A} t+1>7

4.17)

with strict inequality when

(A Rea) # (A, Rega)- (4.18)
Suppose (4.18) holds with strictly positive probability. Then we have a strict in-

equality in (4.17) with strictly positive probability. Therefore

(X, Rev1) + In(A;, Ryyq)

Eln()\t, Rt+1> > F B

= EIn(\/, Ryt1)
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(because all the expectations involved are finite). Thus the portfolio rule \; yields
a greater expected logarithmic return than )\, which is a contradiction. The con-
tradiction obtained proves that (A}, Ry 1) = (\/, Riy1) (a.s.). O
Proof of Theorem 4.4 Consider two log-optimal portfolio rules ()\}) and ()\}).
As before, let 7, (s, dx) be the conditional distribution of the random vector R,
given s'. As we have proved in Theorem 4.3, (A}, Ry 1) = (A}, Ri11) (a.s.). There-
fore for almost all s’ the equality (\;(s"),z) = (\/(s'),z) holds for almost all
r € RY with respect to the conditional distribution (s, dz)*. Consequently,
for these s’ the support of the probability measure 7;(s?, -) is contained in the set
{z e R (X(s") = X{(s"), @) = O}
If P{\;(s") # \/(s")} > 0, then with strictly positive probability the support of
7(st, -) is contained in a proper hyperplane in R . Thus if with probability one the
support of 7(s', ) is not contained in a proper hyperplane in R%, then the vector
of log-optimal proportions is essentially unique. U
Proof of Theorem 4.5. Let A* = (\/(s"))$2, be a log-optimal portfolio rule
and A = (\(s))2, any other portfolio rule. Denote by (w;) and (w;) the wealth
processes generated by A*, A and some initial endowments wj > 0 and wy, >

0. We first note that w; > 0 (a.s.), which follows from formula (4.3) because

Indeed, the equality [(\; — A, Riy1)| = 0 (a.s.) implies
0= E[(A = N/, Req1)| =

/ mo(st, dz) (X (s") — A (%), 2)

for almost all s?, which yields the assertion.
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(Ri, \;_;) > 0 and hence (A;, A} ;) > 0 (recall that (\;(s"), Ryy1(s't1)) and
(AF(s'), Aprq1(s'™)) are assumed to be strictly positive for all s'™1). Further, we
define r} := wf/(w; + w;) and observe that r; evolves according to the random

dynamical system

<Rt7 )‘:—1>7"2k—1
(Rey M) (L= y) + (B, i)ty

*_
ry =

(4.19)

Indeed, by using (4.3), we write

P — wy _ (A, \i_)wi 4 o
Cowiw (A N Dwi 4 (A M) w
(Re, \p_1)wi g (Re, 1774

(Be Ay + (Re dcwey— (R A )i+ (R de) (L= i)
The initial state 7§ of the random dynamical system (4.19) is wg/(wg + wg) > 0.
By using formula (4.19), we get
Inr} =In(R, \j_) +1Inr] —
In[(Re, Aeoa) (1 =77 1) + (Be, A )7y
(where all the logarithms are finite). From this we obtain

E,qlnry =lnr] |+

By IRy, A1) — In[(Re, A1) (1 — 7)) + (R, )i 4]} =

Ep o In(Ry, N_y) — Era In[(Re, A1) (1 = riy) + (R, N_y)rig)], - (4.20)
where the last equality is valid because E; 1 In(R;, A} ;) > —oc. By using (4.20)
and (4.12), we find

Eiylnry > Inry . (4.21)
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This inequality by induction gives E'lnr; > Inrj > —oo because 7y is a strictly
positive non-random number. Since In7;} < 0, we conclude that £|Inr}| < oc.
Consequently, the random sequence Inr; is a non-positive submartingale, and
hence it has a.s. a finite limit
[:=limInr;.
Therefore
rf— e >0 (as.),
and so
c:=infry > 0(as.).
From this we find (r})~' < 1+ (1/c¢), which yields
L+ (1/e) = (wi +wi)fwi =1+ wi/wy,

Finally, we get w; < (1/c)w;, which completes the proof. O

Proof of Theorem 4.6 Let A = ()\;) be an asymptotically optimal strategy and
A* = ()\)) the log-optimal one. Let w;, w; and r; denote the same random vari-
ables as in the proof of Theorem 4.5. In the course of the proof of Theorem 4.5
we have shown that the sequence In r} is a non-positive submartingale satisfying
(4.20). By virtue of Lemma 4.1 (see below), the series > E(E;_1Inrf —Inr} ;)

converges a.s.. Consequently, we get

> BE(Ry, Aj_y) — In(Ry, ) < 00, (a.5.) (4.22)
t=1
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where
M1 = )‘:—17";—1 + A1 (1= 7”:—1)
The following relations are valid
1 .
§E(ln<Rt, >‘t—1> - 1H<Rt,Mt—1>) =

] 1 ]
EIn(R, \,_{) — =E(In(Ry, A1) + In( Ry, p1y 1)) >
2

Ay

Eln<Rt, )

1
> — §E(ln<Rt, Arq) FIn(Ry, ) =

. 5 (4.23)

where a := (R;,\;_;) and 5 := (Ry, t,_1). In this chain of relations, the first

E<ln&+ﬁ_lna+lnﬁ)7

inequality holds because A; ; is the vector of log-optimal proportions, and so
EIn(Re, A1) = EIn(Ry, (A_y + 11)/2)-

We are going to use the elementary inequality

r+y Inzx+lny <
2 2 -

In

1
Z(x —y)? (4.24)
holding for =,y € (0, 1]. To prove it we write

2./ 2./
In Y < i -1

rT+y Tty

and observe that the left hand side of (4.24) can be estimated as follows

2
lnx+y_lnx—|—lny:_ln w/:EyZ
2 2 Tty
2
1_2,/:Ey:a:+y—2,/—g;y:(\/—_\/§) y
Tty Tty Tty o

S (V= Vi)' = Sy,

which yields (4.24). In this chain of relations, the last inequality holds because
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(Vr — \/5)2 > 1(z — y)?. Indeed, we have the following relations
2> (Ve +v3)°,
2 (Ve = Vi)' 2 (Vo= Vi) (Vo Vi)’
and

(x —y)%,

N | —

(Ve —vy) >
where the first inequality holds because 0 < x,y < 1.
By using relations (4.23) and inequality (4.24) with x = « and y = [, we
obtain
Pee1 = Ao+ Aea(—1py),
2E(In(Re, \i_y) — (R, 1y 1)) = E((Re, 1) — (Reyjy1))* =

E[(Re, Ay — N_ariy — Aea(1— 7”;1»]2 =

E[(Re, Ny — M) (1 — i) (4.25)

By combining (4.25) and (4.22), we find

S B[R, A — M) (L =17 4)) < 00, (as) (4.26)
t=1
and so
D R, A = Me)(1 =1 )] < 00 (as)). (4.27)
t=1

(If the sum of a series of expectations of non-negative random variables is finite,

then the series of these random variables converges a.s..) This implies

oo

D (Ri, Ay — Me1)? < o0 (as), (4.28)

t=1
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since ()\;) is an asymptotically optimal strategy. Indeed, the asymptotic optimality
of (\¢) implies that w; < C'w;, where C' > 0 as a random constant, and from this

we obtain

Lo =1 e w1
=1 wi+w,  witw,  Cwy+w, CH+1

(4.29)

Thus 1—7}_, is bounded away from zero a.s. by a strictly positive random constant,
and so (4.28) follows from (4.27). This proves (4.14).[]

Proof of Theorem 4.7 By using the fact of convergence of the series (4.22), we

get
S BB AR~ M) (1= )R} < 0, (as)
and so -
i B (R, Ny — M) (T =77 )] < o0 (as).
Consequently, -

o0
Z(l — 1) B (R, Ay — Mm1)? < o0 (as.),
t=1
where the random variables 1 — r;_; are bounded away from zero by a strictly

positive constant (see (4.29)), which implies that

> E (R Ay — Me1)? < o0 (as). (4.30)
t=1
By combining (4.15) and (4.30), we obtain (4.16). U
In the course of the proof of Theorem 4.6, we used the following lemma.

Lemma 4.1 Let &, be a submartingale such that sup, E§, < co. Then the sum

Yoo E(Ei&, 1 — &) is finite and the series of non-negative random variables
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Yoo o(Ei&yq — &) converges a.s.

To conclude this section we provide an example where condition (ND) is satis-
fied.

Proposition 4.1 Let the process s, be formed by a sequence of independent
identically distributed random elements of the space S distributed according to
some probability measure Q(ds). If the vectors of asset returns Ry(s') depend
only on the current state s, and do not explicitly depend on t,

Ri(s") = R(s;) = (Ri(sy), ..., R (s¢)),
and if the functions R1(s), ..., Ri(s) are linearly independent mod () then, condi-
tion (ND) holds.

If Ry(s), ..., Rk (s) are measurable functions on a space .S with measure (), they
are said to be linearly independent mod () if the relation

biRi(s)+ ... + bg Rk (s) =0
holding for ()-almost all s for some numbers by, ..., bx implies that b, = ... =
bx = 0.
The proofs of Lemma 4.1 and Proposition 4.1 are relegated to the Appendix

4.6.
4.4  Asset market games

4.4.1 Investment strategies: a game-theoretic approach
In this section, we will consider game-theoretic models of an asset market,

for the analysis of which we shall apply the previous results on growth-optimal
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investments. Consider a market in which K assets k£ = 1,2, ..., K are traded.
We will use the same framework as the one introduced in Section 4.2, in which a
random process s; € S,t = 0,1, ..., of "states of the world" is given, and the asset
returns A, = A x(s") > 0 (¢ > 1) depend on the history s’ := (s, ..., s;) of this
process up to time ¢.

Suppose there are N > 2 investors (traders) acting in the market. Every investor
i = 1,2,..., N possesses an initial endowment wj, > 0 at date 0. At each date
t —1(t > 1), every trader ¢« makes an investment decision specified by a vector
of investment proportions \! , = ()\LLI, s LL x) € AF. Given the decision
A, investor i’s wealth w! at date ¢ can be expressed through his/her wealth wi_,
at date t — 1 and the vector A, of asset returns by formula (4.3).

In this section we will use a more general notion of an investment strategy than
that considered before.

Definition 4.3 An investor i’s strategy (portfolio rule) A" is defined by a vector

A{ € AX and a sequence of measurable functions
Al(st D) >, (4.31)
with values in A%, where
A\E-1D)

= (/\g)l:o,l,..‘,t—l; j=1,...N

is the set of the decisions made by all the investors j = 1,..., N at all the dates
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All the functions under consideration are assumed to be jointly measurable with
respect to their arguments (with the Borel measurable structure on AX). According
to the above definition, a strategy is a rule prescribing what decision to make at
each date ¢ > 0 and in each random situation s’, depending on the history of all
the previous actions of all the investors. This is the most general notion of a (pure)
strategy in the framework of dynamic stochastic games.

In the class of general strategies, we distinguish those for which the functions
Ai(-) do not depend on A~ V):

AY(s", AEY) = Af(s");
they will be called basic. Such strategies play an important role in this context:
the solutions of the games we shall deal with will belong to this class. Note that
up to now (in Sections 4.2-4.4) we considered only this class of strategies; here we
consider a new, more general class, and in order to distinguish it from the old one,
we introduce the term "basic".

Suppose all the investors have chosen their strategies A?, i = 1, ..., N. Then the

strategy profile (A!, ..., AY) determines recursively by the formulas

Ny = A, (4.32)

A(sh) == Aj(s, ACTD (s (4.33)

the vectors \(s') of investment proportions of all the traders at each date ¢ > 0.
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In turn, formulas

wy = (An A wi oy, (4.34)
together with the initial endowments wj, i = 1, ..., N define step by step from ¢ — 1
to ¢ investor i’s wealth w(s?) for each date t = 0, 1, ... and each random situation
s'. The random dyanmical system thus defined describes the market dynamics
modelled in terms of the stochastic game under consideration. The wealth process
wi(s'),t = 0,1, ..., characterizes the outcome of the game for player 7. In general,
investment decisions of each trader might depend on the previous actions of all
the others, and so the wealth process (w}) of each investor 7 depends on the whole
strategy profile (A, ..., AY), and not only on his/her strategy A’. But of course,
if all the players use only basic strategies, their wealth processes are determined
only by their own decisions.

To complete the description of a game-theoretic model we have to define a
solution concept, that would specify the goals of the players/investors and cri-
teria which would allow one to judge whether (or to what extent) these goals
are achieved. We will consider in this work several solution concepts, center-
ing around the idea of growth-optimal investments. The first one is described in
the following definition.

Definition 4.4 Let us say that a strategy A® is competitive if it possesses the

following property. Suppose some investor, say investor 1, uses this strategy, and

the others use some other strategies A2, ..., AY. Then for each i = 2, ..., N, there
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exists a random constant C* > 0 such that
wi < C'w; a.s. for all ¢. (4.35)

Relation (4.35) means that with probability one, the wealth w! of any investor
cannot grow faster than the wealth of investor 1 using the strategy A'. In this sense,
the portfolio rule A! guarantees that the trader employing it cannot be beaten in
competition with the rivals, irrespective of what strategies the rivals use. If (4.35)
holds for some C* > 0, we shall write (w!) < (w}), which defines a preference
relation on the set of sequences of non-negative random variables.

Our results will be based on the following simple observation.

Proposition 4.2 4 basic strategy is competitive if and only if it is asymptotically
optimal.

By using Proposition 4.2 and the results in subsection 4.2, we obtain the fol-
lowing.

Theorem 4.8 4 log-optimal strategy is competitive. A basic competitive strat-
egy is asymptotically unique in the sense of Theorems 4.6 and 4.7.

Remark 4.2 We emphasize that the asymptotic uniqueness results contained in
the above theorem are established only for the class of basic strategies. There are
examples showing that these results cannot be extended to the class of general,
game-theoretic strategies in a straightforward way. The problem of asymptotic

uniqueness (or more generally, characterization) of general portfolio rules, as de-
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fined in definition 4.3, remains open.
Consider a version of the above game in which the outcome for each player ¢
is specified not in terms of i’s (absolute) wealth w!, but in terms of his/her relative

wealth, or market share, defined by
_ wj
Cwl w4+ w)

i,
Tyl

i=1,...,N. (4.36)
From now on, we will impose the following assumption.

Assumption 4.1 In what follows, we will consider only those strategies (port-

folio rules) which generate vectors of investment proportions satisfying
(Ri(s"), A1 (") >0 (4.37)
for all ¢, 7 and almost all s’.

This assumption will guarantee that with probability one the wealth of each
investor at each moment of time is strictly positive (bankruptcy is excluded). As
we noted, a log-optimal portfolio rule satisfies this condition. Under the above
assumption, the market shares 7 are well-defined (a.s.) since the denominator of
the fraction in (4.36) is strictly positive with probability one. To define ¢ on the
remaining set of measure zero, where w} + w? + ... + w) = 0, we put ri = 1/N.

Definition 4.5 A portfolio rule A' of investor 1 is called a survival strategy if
for any strategies A2, ..., A" of investors i = 2, ..., N, we have

inf rt >0 (as.). (4.38)

According to this definition, the trader using the portfolio rule A® survives al-
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most surely, i.e., keeps with probability one a strictly positive and bounded away
from zero share of market wealth over an infinite time horizon, irrespective of the
strategies of all the other traders.

Remark 4.3 It is easily seen that the definitions of a survival strategy and a
competitive strategy are equivalent. Indeed, suppose a strategy of investor 1 is
competitive. Then for any strategy profile in which investor 1 uses this strategy,
we have w! < C'w} (a.s.) for some C* > 0, and so

N
Nut = 3(C) Ml as)
i=1
where C'! := 1. Consequently,

N N
w} > N1 Z cw! > N ' minc Z w! (a.s.).
i—1 i—1
where ¢ := (C*)~1. Thus r} > N~!'min ¢ (a.s.). Conversely, suppose a strategy

of investor 1 guarantees survival. Then r; > ¢ > 0 (a.s.), where c is a strictly

positive random constant. The last inequality implies
N
w; > CZ w! > cw! for each i (a.s.), (4.39)
i=1
which yields (4.35) for C* = ¢~1. Thus a survival strategy is competitive.
In view of the equivalence of survival and competitive strategies, we can refor-
mulate Theorem 4.1 as follows.

Theorem 4.9 A log-optimal portfolio rule is a survival strategy. A basic sur-

vival strategy is asymptotically unique in the sense of Theorems 4.6 and 4.7.
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4.4.2 Games defined in terms of utilities of market shares

The game solution concepts considered above (competitive and survival strate-
gies) were defined in terms of the long-run performance of investment strategies.
Now we will follow a more conventional approach, characterizing the perfor-
mance of strategies in terms of numerical criteria—expected utilities. For each
i=1,2,...,N, let u’(r) be a concave, continuous and increasing function defined
on [0, 1], taking values in [—o00, +00) and finite on (0, 1]. Denote the class of all
such functions by U. Let ry > 0,7 = 1,2, ..., N, be initial market shares of the
investors. They can be expressed through the initial endowments w}, by

ro = (1o, 70 ), Th = wh/(wg + ... +wp). (4.40)

Consider a strategy profile A!, ..., A" of the NV investors and the random se-
quences (r}), i = 1,2, ..., N, of their market shares generated by this strategy pro-
file. Recall that the strategy profile generates a sequence of vectors of investment
proportions A:(s') according to formulas (4.32) and (4.33). In turn, the investment
proportions A;(s') and initial endowments wj, > 0 define the sequences wi(s')
(wealth of investor 7 at time ¢) and ri(s') (the market share of i at time t) by for-
mula (4.36). It follows from (4.36) and (4.34) that the dynamics of the vectors of
market shares 7; = (r}, ..., 7Y¥) is governed by the random dynamical system

(R, )‘i71>7’i71

ri = (a.s.),
' (R, )‘t171>7,t171 + (Ry, )‘?71>70t271 + o (Ry, )\i\iﬁrﬁl
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which can be written as

re = fi(s',ri1) (as.), (4.41)

where f; = (fL, ..., f&) and
(Ri; N_1)Tia
(Rey N_y)riog + (R, Ny + e 4 (R A )1
if the denominator of this fraction is strictly positive, and f;(s*,7;_1) = (1/N,...,1/N)

fti(sta Tt—l) =

otherwise. The initial state of this system is the vector rq = (1§, ..., 7)) given by
(4.40).

To derive (4.41), we assume that

N N
W= wj =Y (A N _wj >0
=1 =1

for all ¢ (which is true with probability one) and proceed by induction using the

relation w! = (A, \!_)w!_; (see (4.3)). Since W, > 0, we can write
(A, \_)wi_y
(A N_pwloy + (A A Dwiy 4+ (A AL wl

Here A, can be replaced by R; because we can divide the nominator and denomi-

rl=w /W, =

(4.42)

nator of the fraction (4.42) by >, A, > 0 (see (4.5)). Therefore
(B, )\i_1>w§_1
(R, )‘1%—1>wtlfl + (R, )‘3—1>w371 + o (R, /\1{\11>w1{\11

Dividing the nominator and denominator by W;_; = >, w;_; > 0, we replace

ri=wy/We = .
wj_; by ri_,, which leads to formula (4.41).
Define

rl = lim inf 7 (4.43)

[e.9]
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and
Fy, = Bu'(rl,). (4.44)
The expectations appearing here are well-defined and take values in [—o0, +00)
because the functions u* are bounded above. We will consider a stochastic dynamic
game over an infinite time horizon in which
Flo=F (A, .. ,AY) = Eu'(rl),i=1,..,N, (4.45)
will be the payoff functions of the players.

We can also consider a version of the above game in which the time horizon
is finite: ¢ = 0,1, ..., 7. In this case strategies (4.31) have to be defined only for
t =0,...,7 — 1. The payoff functions of the players in the finite-horizon case are
given by

Fy = Fp(AY, . AY) = Bu'(rh),i=1,..,N. (4.46)
We will denote the games defined above by G, and Gr (1" < o), respectively.

Theorem 4.10 The log-optimal investment strategy N* forms a symmetric ro-
bust Nash equilibrium in each of the games Gr (1 < T < 00).

We use the term robust equilibrium to emphasize that one and the same strategy
A* possesses the Nash equilibrium property for the whole class of expected utilities
of the investors and all strictly positive vectors of their initial endowments.

Proof of Theorem 4.10. Let A* = (\}(s")) be the log-optimal strategy. Accord-

ing to the general definition of a symmetric Nash equilibrium, we have to prove
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that

FEN(A* . A" A) < EN(A*, .. A%), 1 <T < +o0, (4.47)
for any strategy A of investor N. The dynamical system describing the game is
symmetric®!, and so the validity of inequality (4.47) for i = N will automatically
imply the analogous inequality for each 7+ = 1,...,N. For the strategy profile
A*, ..., A*, A, the total market share 7} of the group of investors ¢ = 1,2,..., N — 1

can be recursively computed according to the formulas

. _ — i — (R, \j_1)7Ti 4 _

"o Zzl " ; (Rey o)y o+ (R, MU 4+ (R N N
(R, N1ty

(Re, N_p)mig + (R, /\z]f\il>(1 — 1)

where (\(s")) is the sequence of vectors of investment proportions for trader N

(a.s.),

generated by the strategy profile A*, ..., A*, A. The number 1 — r; is the market
share r¥ of the investor N using the strategy (\;(s?)). In the course of the proof of
Theorem 4.2.5, we have proved that the random sequence In r; is a non-positive
submartingale, and hence it has a.s. a finite limit In r%_. Further, the submartingale
inequality E;(In7},,) > Inr; implies
Eyriyy = Evexp(Inryy,) > exp[Ey(Inr,,)] >
exp(lnry) =r;.

by virtue of Jensen’s inequality (since the function exp is convex and increasing).

However, the utilities and the initial endowments are not necessarily symmetric.
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Consequently,

Ef(l—ripy) <1—7y,
and so the market share of 7Y = 1 — r} investor N forms a supermartingale with
values in [0, 1). Consequently,

B (i) < uM(Erpyy) <o) (4.48)
because u : [0,1] — [—o00,+0c0) is a concave and increasing function. Note
that all the conditional expectations are well-defined (but may be equal to —o0)
because u (-) < uN(1). If T < 400, then from (4.48), we get

EN(A*, ..., A" A) = BV (r]) <

EuM (rl") = EY (A%, ..., A%, AY)
The last equality holds since i = 7, as long as all the investors use the same
strategy. Suppose now that 7' = +oco. By using the fact that 7 is a bounded

supermartingale, we obtain that the limit 7)Y = lim r? exists a.s. and

EorY = Eglimr) = lim EgrY < rf, (4.49)
where the last inequality holds because rY is a supermartingale. The function
uNconcave and increasing, and so (4.49) implies

Eou®™ (rY) < u(EgrY) < u™ ().
Thus
EN(A*, . A" A) = BN () <

Bu (1Y) = FN(A*, ..., A%, AY),
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which completes the proof. (Il

4.4.3 Subgames and subgame-perfect robust Nash equilibria

We have shown that the strategy A* = (A} (s")) forms a symmetric robust Nash
equilibrium in each of the games Gr (T" < 00). Our next goal is to show that it
is a unique subgame-perfect symmetric robust Nash equilibrium in each of these
games. Fix some moment of time [ > 0, a sequence of states of the world s’ =

(81, ..., 5;) up to time [ and a history

ATD = (O ot je1N
of actions (investment decisions) of all the investors j = 1, ..., N from time 0 to
time [ — 1. Denote by P(s', do'™!) the conditional distribution® of the sequence
of states of the world

41 — (

o Sl+1,81+2,...)

given the history s’ of the process (s;) from time 1 to time /. Consider the subgame
Gho=GL(s!, A" (0 <1 < T < o0)
of the original game defined as follows. The game (defined for each s’ and /\(l_l))

starts at time /. The market shares 7/ = 7i(s!, \!") of the players at time [ (the

By definition, P;(s!, do'*1) has the following properties:

(i) for each s', P(s, ) is a probability measure on the space of sequences o'*1;

(ii) for each measurable set I in the space of these sequences, P,(+, ") is a measurable function of
L.

s

(iii) for every bounded measurable function ¢(c) of 0 = (sg, 1, ...), we have

El¢(0)|s'] = / Bi(s!, do™+1)é(0) (as.)
l

where 0 = (s!, o'*1). We assume that such a conditional distribution exists. The existence can be
guaranteed if the space of states of the world is standard Borel.
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initial moment of time for the subgame) are determined by the fixed sequence of
states of the world s' and the fixed history of investment decisions A~ Decisions
at dates [,] + 1,... of the N players i = 1,2,..., N are vectors \!, t > [, of
investment proportions. In the subgame G, an investor i’s strategy (portfolio rule)
A is defined by a vector A! € AX and a sequence of measurable functions
Al(st, AED) >
with values in A%, where
i1 = (Sit1, s St)
is the history of states of the world from time [ + 1 to time ¢ and
AGED = (N )m=t...t—1; j=1,...N
is the set of the decisions made by all the investors j = 1,..., N at all the dates
m = [+1,...,t—1. As in the original game, those strategies for which the functions
Ai(-) do not depend on A4~
Aj(s1ar, ATY) = Af(st),

will be called basic.

A strategy profile (Al, ..., AY) of the investors determines recursively by the

formulas

L= AL (4.50)

Ai(st1) = Ay(sh, AP (D)) (4.51)
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the vectors ! (s 1) of investment proportions of all the traders at each date ¢ > I.
In turn, formulas (4.41) together with the initial market shares r{ > 0,7 =1, ..., N,
at date [ define step by step (according to the random dynamical system (4.41))
investor i’s market share r}(s') for each date t = [ + 1,1 + 2, ... and each random
situation s, ;. As before, we define % := lim inf, 7 and put
P = B (),
where E; is the expectation of the random variable
u'(rig(a'™)), o= (s, S35 1),
with respect to the conditional distribution Pj(s', do'*!), that is
B ()l = [ A do! a1 0'1) (@)
The payoff functions of the players in the subgame G _ are defined by

Foo=F (A AN =Epi(rl), i=1,...,N.

For the analogous game G/ over a finite time horizon 7' < oo, we define the payoff
functions by
Fi=FLAY . AY) =Eni(ry), i=1,...,N.
Definition 4.6 We say that a basic strategy A = (\;(s")) forms a symmetric

subgame-perfect robust Nash equilibrium in the game Gy (1 < T < o0) if for

any moment of time [, any almost all histories of states of the world s’ and for

----------
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defined by

N (8, A1 (st si41)s ooy Ae(St sfﬂ),
(where s' is held fixed, "frozen"), forms a symmetric robust Nash equilibrium in
the game GL, = GL.(s', \71),

Having in mind the above definitions of the subgames G- and subgame-perfect
strategies, we can obtain the following refinement of Theorem 4.10.

Theorem 4.11 The log-optimal investment strategy A* = (\;(s'))52, forms
a subgame-perfect symmetric robust Nash equilibrium in each of the games Gr
(1<T < ).

Proof of Theorem 4.11 Observe that the subgame G.. has a similar structure
as the game Gr. The random dynamical system which governs the evolution
of investors’ market shares r! is the same: it is given by equations (4.41). The
distinctions are only in the initial moment of time [, the initial market shares
ri=ri(s, /\(l_l)) (which are determined by the previous play and random factors),
and a different probability measure on the space of paths o'*! := (5,1, 849, ...)
of the stochastic process s;11, S;12, ..., which is given by the conditional distrib-
ution P(s!, do'*!). Thus, in order to prove part (a) of Theorem 4.11 it is suffi-
cient, in view of Theorem 4.10, to show that for almost all s’ the strategy 'A* =
(A; (s, st,)) is log-optimal with respect to the conditional distribution F;(s', do*™),
that is

E In(\, Riga (s, 1)) < ErlnA ("), Riga(s', s141)), (4.52)
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for every vector )\; of investment proportions and
EiIn(\(s141), Resa (s, 5111)) < EllnN (81, s140), Reva (s, 5170)), ¢ >
(4.53)
for every measurable vector \(s;, ) of investment proportions. Inequality (4.52)

follows from the fact that

E, lIl<CL, Rl+1 (Sla Sl+1)> = ¢l(5l7 CL) (454)
(see (4.10)) and assertion (c) of Theorem 4.2. Inequality (4.53) is proved analo-

gously by using the rule of iterations of conditional expectations, which yields
E; In(\(s741), Rip (s, Sfﬂ» = Ei[E; In(\(41), Rera (s, se41))]s

B (A (s sty 1), R (sh s = BB (A (s sfy ), Rea (', 5140)))

4.5 Numeraire portfolios (benchmark strategies)

In what follows, we shall consider only basic portfolio rules (omitting the word
"basic" everywhere). Following Long (1990), we shall say that a strategy (),) is
a numeraire portfolio if w, > 0 (a.s.) and for any other strategy ()\;), the process
wy /Wy is a supermartingale. Here, we denote by w; and w; the wealth processes
generated by the strategies ()\;) and (), respectively. In another terminology,
which we will follow, numeraire portfolios are termed benchmark strategies (see
Platen and Heath, 20006).

Theorem 4.12 A portfolio rule is a benchmark strategy if and only if it is a

log-optimal strategy.
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Proof of theorem 4.12 "Only if". Consider any strategy ();) for which (A, 1, R;) >
0 (a.s.). By the definition of a benchmark strategy, the process w, /w;, is a super-

martingale, and so

(4.55)

which implies
Wg—1 E,_, <it717Rt> —E </\t717Rt>wt71 < Wy—1

W1 <)‘t71: Rt> o <Xt71> Rt>wt71 B wt*1.

Here, w;_1 /w1 > 0because (\;_1, R;) > 0, and consequently, the last inequality

(4.56)

is equivalent to
<)\t717 Rt>

1= <1 (4.57)
TR
By using Jensen’s inequality, we find:
Ai—1, R Ai—1, R
Et_11n<_t1—’t> < lnEt_1<_t1—’t> <0,
(Ae—1, Ry) (Ae-1, Re)
and, by taking the expectations, we get
B Qe B <0. (4.58)
</\t—17 Rt>

If A\, = (1/K,...,1/K), then this inequality becomes
E[n(1/K) —In(A\_y, R,)] <0,
from which we can conclude that £ In{)\,_;, R;) > —occ and
Eln{\_1, R)) < Eln(\_1, Ry). (4.59)
Inequality (4.59) has been obtained under the assumption that (\, 1, R;) > 0.

Let us now consider any vector of proportions \;_;(s*1), and foreachm = 1,2, ...
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define
1 1
A= SN (1 - —> At
m m
Here, <)\§T2, Rt> > (A1, R;)/m > 0 (a.s.) because, as we have shown, E'In()\,_1, R,) >

—o0. Consequently, we can apply (4.59) to A,Ei”f, which gives
_ 1~ 1
Eln(x_1, R) > Eln <A§T{, Rt> — Eln <—>\t_1 + (1 - —) N1, Rt> >
m m

1 — 1
—Ell’l<At_1, Rt> + (1 - —> 1) 1n<>\t_1, Rt)
m m

by virtue of Jensen’s inequality. By passing to the limit as m — oo, we obtain
that EIn(\,_1, R,) > Eln(\_1,R,), and so \,_; is the vector of log-optimal
proportions.

"If." Suppose ();) is a log-optimal strategy, i.e., (4.58) holds. We know that
for a log-optimal strategy (A\;_;, ;) > 0 and hence w, > 0. Consider any vector
of investment proportions A\;_; such that all its coordinates are not less than some

e > 0. By virtue of (4.12), we have

(ONi—1 —|—_(1 —O)\_1, Ry) <0
<)\t717 Rt>

for every 6 € (0, 1). From the above inequality, we obtain

0>07'E 11 (1 —0+ 9M) _
<)\t717 Rt)

E,_, {elln [1 +0 (gz‘i—:gi — 1” }

By using the Fatou lemma, we write

0 > lim inf F, 4 {91 In {1 +0 (M — 1)] } >
0—0 (Ai—1, Ry)

Et—l In
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E,_;lim inf {9 n {1—4—9 << e, 1) — 1)}} =
6—0 <)\t 1, >
E <)\t 17Rt> _ 1.

<>\t 1, Rt)

To justify the use of the Fatou lemma, we observe that

lln (Ot +_(1 — H)Xt—la Ry) >
0 <)\t—1a Rt)

1 _ _
5[6 11’1<>\t,1, Rt> + (1 - 9) 1n<)\t,1, Rt> — hl()\t,l, Rt>] =

In(\_1, R — In{(\_1, R) > In(\_1, R) > Ine.
Thus we have obtained (4.57) under the additional assumption that all the co-
ordinates of )\;_; are not less than € > 0. Now consider any vector of proportions
A¢—1(s'71) and define

w1 1
Alml = —h (1= A,

where b = (1/K, ...,1/K). By applying (4.57) to )\E”_ﬂl and using the Fatou lemma,

we obtain
)\m 7Rt>
1>lim inf E, ;~——+~
meee < t—1, t>
<A[T}1>Rt>
Et—l hm lnf _t— :E <)\t 1’Rt>
m— o0 <)\t—l,Rt> <)\t 17Rt>

which yields (4.57) for any \;_;. Property (4.57) implies (4.56) and (4.55), and so
(since wy /Wy is a positive constant) w, /W, is a supermartingale. 0

Suppose that the asset returns A, ;, given in the model are defined in terms of
strictly positive asset prices p; ; by formula (4.1). Then the following proposition
holds.

Proposition 4.3 4 strategy ()\,) generating a strictly positive wealth process W,
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is a benchmark strategy if and only if for every asset k = 1, ..., K the process
Dik (4.60)
Wy

is a supermartingale.
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4.6 Appendix
Proof of Lemma 4.1 We have (, := E{, ; — &, > 0 by the definition of a

submartingale. Further, we have
T-1

Zm > (B¢ — B&,) = E&p — EX,,
=0
and so the sequence tho E(, is bounded because sup, E¢, < 0o, Therefore
the series of the expectations > ,° ) E(, of the non-negative random variables (,

converges, which implies > ",°  (, < oo a.s. because EY > ¢, = oy E¢,. O

Proof of Proposition 4.1 Since the random elements s; are independent, we have

EW—MﬂmVI/@MwM@%%$%R®ﬂ

In order to prove (ND), it is sufficient to show that

0 0(8)  iut | QL0 ()

b#£0 b;é() [16]]? > 0.

Suppose the contrary: there exists a sequence of vectors b" € R such that
O(b") — 0. Since ¢(b™) = P(b"/||b"]|), we may assume that ||0"|| = 1. By pass-
ing to a convergent subsequence, we may further assume that " — b = (by, ..., by)

with ||b|| = 1. Then, by using the Lebesgue theorem, we obtain

(b /st )", R —>/st (b, R(s))?,
and so

/@%Mﬂwfza

It follows that a series Y a,, with non-negative terms converges if and only if the sequence
Sy = SN a, of partial sums is bounded.

126



which implies

(b, R(s)) = b1R1(s) + ... + bx Rk (s) =0
for QQ-almost all s. Since the functions R;(s), ..., Rx(s) are linearly independent
mod ), we get by = ... = bx = 0. But this cannot be true since ||b|| = 1. A
contradiction. O

Proof of proposition 4.2. Consider a basic strategy A' defined by a sequence
(A}) of vectors of investment proportions. Suppose it is asymptotically optimal in
the sense of Definition 4.1. Let A2, ..., A" be any strategies of investors 2, ..., V.
Let (A7), ..., (AY) be the sequences of vectors of proportions generated by the strat-
egy profile A, A% ..., AN, Then for any 4, the wealth process (w!) can be defined
recursively by (4.34), which means that it is generated by the basic strategy (\!).
By using the property of asymptotic optimality of (A}) we obtain that (4.35) holds
for some random constant C* > 0.

Conversely, let A* = (\}) be a basic competitive strategy in the dynamic game
described above. Consider the strategy profile A2, ..., A" of player 1’s rivals such
that the strategies A2, ..., A"V are the same and coincide with some (arbitrary) basic
strategy (\;). By virtue of (4.35), the wealth processes (w;) and (w}) generated by
(A¢), (\}) and starting from the given wy > 0,w} > 0 satisfy w, < Cw} a.s. for
some random constant C'. This implies (see Definition 4.1 and the comments after
it) that A! is asymptotically optimal. 0

Proof of proposition 4.3. Assume that (),) is a benchmark strategy. Consider
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the sequence of vectors of proportions )\, = e, (where e is the vector whose
coordinates are 0 except the ith coordinate which is 1). Then the value w; of the

portfolio generated by this strategy is given recursively by

Ptk
Wy = <At, )\t—1>wt—1 = At,kwt—l = Wi—1

Pt—1.k
and so
Wy = Py i/ Dok
Consequently, the process
Dk
Do,k Wy

is a supermartingale, and thus p; ; /W, is a supermartingale too, because pg j, is a
constant.
Conversely, suppose that the process (4.60) is a supermartingale. Consider any

strategy (\;) and the corresponding wealth process (w;). We have

. <Atait—1>wt—1 _ Wi B, (At7it—1>_
<At7 >\t*1>wt71 Wi <At, )\t71>

Wy
E, 1 — =FE
w

Here,

(A \ee) EKfE Appde-1k
-1 = .
AL M) (A, M—1)

and so it is sufficient to verify that

k=1

A
B, ,—t <1
<At7 )\t—1>

for each k. This inequality can be written as

Pek/Pr—rk

E—l — >~ 1,
AL )
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which is equivalent to

Ptk
<At ) )\t— 1 >

The last inequality, in turn, is equivalent to the following one

E, < Pi-1k-

Et—l@ < Be-ik

Wy W1

because w; = <At,th1>wt,1. But this relation is valid as long as the process

(4.60) is a supermartingale. U
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Chapter 5 Conclusion

This thesis analyzes asset markets in the context of evolutionary finance. A
stock market can be understood as a heterogeneous population of frequently in-
teracting portfolio rules in competition for market capital. The general approach
is to apply evolutionary dynamics—mutation and selection—to the analysis of the
long-run performance of investment strategies. Our aim is to contribute to a "Dar-
winian theory" of portfolio selection.

A game-theoretic evolutionary model of an asset market with endogenous equi-
librium asset prices was investigated in second chapter. The assets pay dividends
at each time period that are partially consumed and partially reinvested. Only one
equilibrium involved in this model is market clearing equilibrium which are used
as endogenously generating asset prices. The investors select general, adaptive
strategies according to which their wealth are distributed among the assets. We
were mainly concerned with the long-run performance of the strategies with the
goal of identifying survival strategies, i.e., allowing an investor to survive in the
long run.

Relations between evolutionary finance and Nash equilibrium were explored
and presented in Chapter 3. We considered a long-lived dividend-paying asset

market with independent and identical distributed states of the world. It turned out
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that in the game under consideration the Kelly rule of "betting your beliefs" forms
with probability one a unique symmetric Nash equilibrium strategy.

Fundamental facts of capital growth theory were examined from a new angle
suggested by recent studies on evolutionary finance and asset market games in
Chapter 4. This new view makes it possible to establish relations between finan-
cial growth and the property of "survival" of investment strategies in the market
selection process. This study stressed the role of log-optimal investments as a
means for achieving asymptotically optimal growth with probability one.

Generally, evolutionary finance, in comparison with conventional paradigm—
maximizing individual utility function, has an advantage in expressing the dy-
namic nature of an asset market. And the robustness of the evolutionary models
lays a foundation for establishing a new portfolio selection theory. But many chal-
lenging topics within this research field need to be done in the future. As high-
lighted in the chapters, all the results obtained are established in the class of basic
strategies. Whether or not these results can pertain to general strategies is still an

open question.
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