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Abstract

This thesis is mainly concerned with solving a new type of periodic homogeniza-
tion problem. A solution of removing the Diophantine hypothesis on the homog-
enization problem where the interface sits at an irrational angle to the period is
attempted but is not yet complete. As an aside an oscillator problem is analyzed

using the corrector based approach of homogenization.
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Chapter 1

Foreword

The aim of this thesis is to extend existing results on periodic homogenization.
Fully periodic homogenization was initially investigated in the late 70s by Ben-
soussan, Lions and Papanicolaou [BLP78] and since then a large number of varia-
tions on the theme have emerged as have many applications in a diverse range of
fields. There are a number of standard techniques which have led to the study of
properties of solutions to certain PDEs, such as the solution to the Poisson equa-
tion, studied extensively in a series of papers. This particular equation is useful in

the production of a “corrector term”, which will be explained fully in due course.

Initially, the assumptions were quite rigid, such as the diffusion coefficient was
assumed to be uniformly elliptic, and full periodicity was enforced, then ellipticity
was relaxed to hypoellipticity. Then recently in a paper by my supervisor and Par-
doux [HPO08], the uniformly elliptic and hypoellipticity assumption was relaxed al-
lowing the diffusion matrix to vanish even on an open set. There are myriad other
ways in which the assumptions have been changed, or the techniques adapted to

new fields such as materials science since the seminal book [BLP78].

There are a number of papers that relax the periodicity in one set of spatial vari-
ables and average over the periodic fast variables to produce a diffusion with “ho-
mogenized” coefficients, that is, coefficients derived from the original coefficients,

typically where the fast variables have been replaced by averaging a derived quan-



tity with respect to the invariant measure (on the torus) of the fast process. Period-
icity can also be relaxed with respect to the consideration of a reflected diffusion
process (the solution to an SDE involving a local time term). These two approaches

are even combined such as by Diakhaby and Ouknine in [DO06].

We allow two periodic regions where the drift is centered and periodic in each
region with a thickened hyperplane interface region in between these two periodic
regions. To show the weak convergence in one dimension to a rescaled skew Brow-
nian motion with a different scaling factor on either side of the interface, which
upon homogenization, has now reduced to a point (this only happens in one di-
mension, in general the interface becomes a hyperplane), we use a scheme first

employed by Freidlin and Wentzell [FW93] to perform averaging on a graph.

The end result in homogenization is weak convergence in the space of probabil-
ity distributions on a suitably chosen space, usually the space of continuous paths
or cadlag paths (right continuous paths with left hand limits). This is usually
achieved via a three or four step process of first showing “tightness” and then
identifying the limit point, either by showing resolvent convergence or using the
tool of the martingale problem by showing that the solution must then satisfy a
particular martingale problem. If the martingale approach is utilized, then there
is the extra step of showing that the solution of the martingale problem is unique.
The final step, and a step not always taken or not relevant in some cases, is charac-
terizing the diffusion process corresponding to a particular resolvent or particular
martingale problem. This thesis does not deviate from the standard approach in
taking these steps when performing homogenization and we use the martingale

problem approach.

Chapter 2 is an introduction to the field in general, the main problem to be solved,
and techniques required to solve it. The subsequent chapter 3 is the proof of the
result in one dimension. Chapter 4 is the main result, the multidimensional result,
which is followed by an attempt to homogenize in the reflected periodic setting

where the interface sits at an angle to the period with an irrational tangent. In the
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final chapter 6 we study a homogenization inspired approach to a coupled oscilla-

tor chain problem.



Chapter 2

Introduction

2.1 The machinery of homogenization

There are several important concepts that perhaps should be explained before we
proceed. At this point it is probably foremost to bear in mind that in homogeniza-
tion, through the variation of a parameter (such as e above), the object of study
becomes a collection of probability distributions on an appropriate space, usually
the space of continuous or cadlag functions from an interval of R to a suitably
“nice” metric space. (In our case the space is that of continuous functions from
[0,0) to RY.) We will now embark on a quick review of the background theory
to homogenization, the language of stochastic differential equations, semigroups
and such like. The first formal concept to be introduced, therefore, is tightness of a
tamily of probability distributions, establishment of which is usually the first step

in a typical probabilistic homogenization proof.

Definition 2.1.1 (Tightness for a family of probability measures [Bil99]).
A family of probability measures, on a metric space (S,d), {P;}; C Z(S) (#(S)
the set of probability measures on S), for an arbitrary (possibly uncountable) in-

dexing set, is tight, if given € > 0, there exists a compact set K C S such that,

inflP;(K) >1—¢.
i€l
This is then combined, when (S,d) is complete and separable, with Pro-
horov’s theorem. Prohorov’s theorem gives the equivalence of tightness and rel-

ative compactness in the Prohorov metric on probability measures. The precise
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nature of the Prohorov metric is not important in this context, just that in the case
S is separable, convergence in the Prohorv metric is equivalent to (in a general met-
ric space this reduces to implies) weak convergence of probability measures [EK86,
Theorem 3.1 Chapter 3]. It is weak convergence that is the sought after property in

a lot of homogenization proofs and this is defined as follows,

Definition 2.1.2 (Weak convergence [Bil99]).
Given a metric space (S,d), let C, be the space of bounded continuous functions

with the supremum norm. A sequence {IP, }, converges weakly to P € 2(S), if

lim /fd][’n:/fle, Vf € Gy(S) .

n—00

Therefore, by showing tightness in a complete and separable metric space
and applying the Prohorov theorem we have that any subsequence from our orig-
inal collection of probability measures has a weakly convergent subsequence. The
tightness of the family of measures is usually shown on the space C([0, ), R¢)

with the topology of uniform convergence on compact sets.

The second step is then to show that any weak limit of the family of probability
distributions either satisfies a particular martingale problem or possesses a partic-

ular resolvent. It is probably prudent at this point to define both these quantities.

Definition 2.1.3 (Martingale problem).
The definition of the solution to a martingale problem according to [EK86] is as

follows.

Let B(S) denote bounded measurable real-valued functions on the metric space
S. Then given an operator £ : B(S) — B(S), a solution of the martingale problem
for £ is a measurable stochastic process X defined on a probability space (Q),.%,P)
with values in S such that for f, ¢ € B(S) with f € 2(L) (f in the domain of L)
and ¢ = Lf, we have that

FO0) - [ g(x(s)) s,

is a martingale with respect to the filtration

*th:thva(/
0

S

h(X(u)):s<t he B(S)) ,
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for ZX = ¢(X(s) : s < t), for a right continuous process *#X = #X and in
general the difference between the two consists only of null sets.

Since we are dealing with martingale problems in spaces of continuous paths
we have *#X = ZX and hence the distinction between *#X and .#Xis ignored

from now on.

The concept of a resolvent belongs to the study of strongly continuous semi-
groups, so it is logical to define the resolvent in this setting and then to move onto
how this definition relates to the particular situation of homogenization of the so-

lutions to SDEs.

Definition 2.1.4 (Strongly continuous semigroup [EK86]).

A one parameter family {S(t) : t > 0} of bounded linear operators on a Banach
space B is called a semigroup if S(0) = I and S(t +s) = S(t)S(s) for all s, t > 0.
A semigroup {S(¢)} on B is said to be strongly continuous if lim;_.¢ S(¢) f = f, for
every f € B.

The infinitesimal generator of a semigroup {S(¢)} on B is the linear operator A
defined by
.1
Af = hm—(S(t)f—f) .

t—0 t

The domain Z(A) of A is the subspace of all f € B for which the above limit exists.

It can be shown that the generator of a strongly continuous semigroup is
closed, i.e. that the graph of the generator, considered as a subset of B x B, is

closed, and that Z(A) is dense, see for instance [EK86, Corollary 1.6 Chapter 1].

Definition 2.1.5 (Resolvent [EK86]).

Given a closed operator A on the Banach space B, if, forareal A, Al - A:=A - A
is one-to-one, has a range equal to B and (A — A)~! is a bounded linear operator
on B, then A is said to belong to the resolvent set of A and the bounded linear

operator (A — A)~!is called the resolvent of A.

In the particular case of an SDE with suitably nice coefficients (Lipschitz co-

efficients are sufficient), the semigroup is of course that of the solution considered
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as a Markov process. The semigroup on a closed subspace M C B(S) correspond-

ing to a Markov process is that given by,

E[f(X(t+9))| 7] = Exin [f(X()] = [ Pls,X(1),d)f(w)

forall f € M, and where P(s, X(t), dy) is the measure corresponding to the Markov
transition kernel.

Where the Markov process is the solution of an SDE on R, in order to obtain
the generator we look to Itd’s formula and take the expectation. For a real valued
C? (twice continuously differentiable) function, f on IR", we have, from a repeated
application of stochastic integration by parts followed by approximation argument
[RY91], It6’s formula:

2
FOX(0) = [ S b 060 i, ) (9 + [ L (x(e) axite)

2.1.1)

where the convention of summation over repeated indices (Einstein summation
convention as it’s otherwise known), is assumed to hold.
This finishes a brief introduction to the language of homogenization, in the

next section we will move onto a review of some classic homogenization problems.

2.2 A Classic Problem

In this section we will begin to show how homogenization techniques are imple-
mented in practice. We will begin with a classic problem that was solved in the
early days in the book [BLP78].

Let B be a standard Wiener process and in the classic problem it is assumed
that b : R” — IR", smooth, and periodic. In the homogenization problems we
will study later, b : R" — IR", smooth, is periodic away from an ‘interface’ region
[—1,1], n > 0. More precisely, we will assume that there exist periodic functions
b : R — R, i = 4, such that b;(x + 1) = b;(x) and such that b(x) = by (x — ) for
x > nand b(x) = b_(x+17) for x < —1y. We study the solution of the stochastic
differential equation (SDE),



in particular the weak convergence of the solution under a diffusive rescaling. This
SDE has a unique solution up to indistinguishability as the coefficients b and 1 are
Lipschitz [RY91, Theorem 2.1 Chapter IX]. Two processes Y, Y’ defined on the same
probability space () are indistinguishable if for almost all w € Q, Yi(w) = Y/(w)
for all t [RY91].

A diffusive rescaling is given by x +— ex and t — ¢?t, exactly the ratio of pow-
ers that preserves the Brownian motion component of the motion. This rescaling
gives the behavior of the process over large distances and large times. Applying
the aforementioned rescaling, what is really the object of study is the family of

solutions of the SDEs indexed by ¢,
axs 1 (X§ dB
T zb(?x) T
X5(0) =x. (2.2.1)

The above rescaled equation is arrived at by ignoring the initial condition and

considering the integrated form of the standard equation, given by, for,

X(t) = /Otb(xx(s))ds+ B(1),

setting,

Xi(t) =eX <€iz) :

We use the normal change of variables formula to exchange t for E% in the integral
with respect to dt on the RHS, i.e. set “new” s equals €2 times “0ld” s in the integrals
and then end up with the rescaled equation except with eB (—2) as the second term

t
&
on the RHS,

XE(t) = /Ot%b(xf‘(s)> ds+sB(€iz> . (2.2.2)

€
As mentioned in passing above though, this term is another Brownian motion

courtesy of Levy’s characterization theorem [RY91], which states,

Theorem 2.2.1. [Levy’s Characterization Theorem] For an (%;)-adapted continuous d-

dimensional process X vanishing at 0, the following three conditions are equivalent: (i) X
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is an .Fy-Brownian motion; (ii) X is a continuous local martingale and (X', X/); = bijt
for every 1 < i,j < d; (iii)) X is a continuous local martingale and for every d-uple

f=(f,.-.., f1) of functions in L*(R ), the process
y t t
521] = exp{iZ/ fk(s)dXé{—{—lZ/ sz(s) ds} ,
k70 2% Jo
is a complex martingale.

(Where (-, -) denotes quadratic variation.)

So using parts (i) and (ii) of Levy’s characterization theorem, for the process eB(e~2t),
this is, by definition of B, .#,—», adapted (notice the change of filtration), vanishes at
zero, continuous, and has (eB(e72t),eB(e2t)) = e*(B(e~2t),B(e?t)) = e2¢ %t =

t. Therefore it is an .%#,—», Brownian motion.

In addition, in order for the scaling limit of the SDE (2.2.1) that we will consider, to
exist, we require that b (or each of the two functions b;, glued together to make b),
satisfy a centering condition. The centering condition prevents the process from,
intuitively speaking, “running off to infinity” by exhibiting an increasing overall
drift in a particular direction as the parameter ¢ is reduced to zero. This condition
is used in the classic, fully periodic case to ensure existence of a weak limit (the
concept of a weak limit will be explained below, in the next section). The fact that
a weak limit exists [BLP78] with the centering condition implies that violation of
this condition results in a process that exhibits an increasing overall drift. Explic-

itly, the centering condition on b; is given by,

1
/O bi(x)pi(x)dx = 0,

where p; denotes the density of the invariant measure for the solution to the SDE

dx dB

o =X+ (2.2.3)

fori = +, considered as a diffusion on the torus, which satisfies the Fokker Planck

equation,
Lipi=0,

9



for £ the generator of (2.2.3) given by bd, + (1/2)02 and L£* its adjoint in a suitable
space (the Sobolev space H' for instance) given by L*¢ = —dy(b¢) + (1/2)9%¢.
See [BLP78] for a proof of the existence of the density of the invariant measure as
the unique solution of the Fokker Planck equation using the Fredholm alternative.

If X(t) is the solution to the SDE on R¥ given by the integral equations for
i=1,..,4d,

Xi(t) = X0 +Z/gl] ) dBI(s +/

for ¢ and h measurable functions taking values in the d x r matrices and d di-
mensional vectors respectively, and the B/ are r standard independent Brownian

motions. Then applying Itd’s formula gives, for f € C?, a real valued function,

t 82f
f(X(t) = 5 ax,axj(X(S))gik(X(S))gjk(X(S))dS

L xe)h(x(6)) s

+/oa—x,-( (i) am') ).

Looking at the RHS of the above expression, observe the semimartingale structure
evident from the grouping of terms, the first two terms are of bounded variation
and the last term, by the martingale property of the It6 integral, is a martingale.
Hence, if the solution of the SDE were considered as a Markov process then the
generator would be given by g;(&ik5 9% ax ax + I Pt Not all solutions to SDEs are
Markov Processes but under basic assumptions, such as ¢ and h Lipschitz, we
have that the solution is a Markov Process, in fact with Lipschitz coefficients the

solution is a Feller process [RY91, Theorem 2.5 Chapter IX].

Now we have introduced It6’s formula, we will show how it is used to define a
corrector term that facilitates homogenization in a simple case, by considering the
corrected process instead of the original process which is “close” to the original
process but with a much nicer form of generator. The corrected process takes the
form, X¢ + eg(e~1X¢), and what we aim to do with the additional term is remove

any terms of order e~! from the rescaled equation (2.2.2) where we assume that

10



we are in the case of wholly periodic drift. In other words for the purposes of
the following discussion we will assume that b is fully periodic and satisfies the
centering condition. An application of Itd’s formula then gives the appropriate
g, in particular it shows that this is the case if g satisfies the Poisson equation for
b, Lg = —b, componentwise. Note that we will frequently denote the generator
of the semigroup corresponding to the solution of an SDE by £, and in this case

L=0b.57+ v .. Applying Ito’s formula to X¢ + eg(e 1 X) gives,
Bl [ Xi(s
Xi(t):x+sg<z>+/ b( ()>ds+B()

e (Xl o (C5)
(e )

L3 (2)

where B; denotes the components of the d dimensional Brownian motion B. Thus
if Lg = —b, where £ = b;(x ) + 3\ is the generator of the non-rescaled process,

then the above equation becomes,

xs+eg( ) = rres(2) vBo+ [ 55 (B ) ameo
v e 2 (5 anco.

-1

(2.2.4)

Notice that the term of order e~ " is now gone. With one extra lemma, 2.2.3, we
can finish the homogenization of this equation using the martingale central limit

theorem [EK86] which is as follows,

Theorem 2.2.2 (Martingale Central Limit Theorem). Forn =1, 2,..., n, let (Z]') be
a filtration and let M, be an Z['-local martingale with sample paths in Da[0, 00) (space
of cadlag paths) and M,(0) = 0. Let A;j be a symmetric d x d matrix-valued process
such that Al has sample paths in DR[0,00) and A, (t) — An(s) is non-negative definite
fort > s > 0. Assume one of the following conditions holds:

(i) Foreach T > 0,

lim E sup|Mn() M, (t—)|| =0,

11



and
A = (M, M]) .

(ii) Foreach T > Oandi,j=1,2,...,d,

lim E [sup |A;j(t) — A;j(t_)@ =0,
n—oo t<T
lim E [sup | M, (t) — Mn(t_)‘z} =0,
n—oo t<T

and fori,j=1,2,....4d,
M (M, () — Ali(t),

is an Fy-local martingale.

Suppose that C = c¢;; is a continuous, symmetric, d X d matrix-valued function, defined

on [0, ), satisfying C(0) = 0 and

Z(cij(t)—cij(s))gficjzo gE]Rd, t>s>0,
ij

and in addition, we have that foreacht > 0and i, j=1,2,...,d
A(#) = cij(t),

in probability. Then M, = X, where X is the process with independent Gaussian incre-
ments and covariance c;;(t). (The existence of which is ensured by [EK86, Theorem 1.1

Chapter 7].)

The lemma in question, remembering we are still in the fully periodic case

for the purposes of this discussion, is (see for example [BMP07, Proposition 2.4]),

Lemma 2.2.3. Let f € L®(T%,R), then for any t > 0, we have the following convergence

[r(FE) s =t [ s,

where y is the invariant measure of the non-rescaled process on the torus, as before.

in probability,

12



The proof of this lemma is very similar to a lemma in the one dimensional

case of the problem we will be studying, so to avoid repetition, will be omitted.

Looking at the form of the RHS of (2.2.4) it is quite clear how we will apply the
martingale central limit theorem. Since the paths of the stochastic integral are con-
tinuous, both conditions (i) and (ii) from the martingale central limit theorem are
satisfied and we will use the lemma above to show convergence in probability of
the quadratic variation of the stochastic integral. The quadratic variation of the

stochastic integral on the RHS of (2.2.4) is given by,

t Jo: 0
3l as (2| mor [[1+55 (%) [ m)
axk
_ L 981 (X*(s) 98j ( X(s)
g BT )
Lemma 2.2.3 then gives the convergence in probability of the quadratic variation
9gi [ X*(s) 98j [ X(s)
FElas G5 (5]

— [ g5 [+ ] wia = e,

to,

and then the martingale central limit theorem gives the weak convergence of the
stochastic integral term to the process with independent Gaussian increments given
by c'i(t), which by an application of the Levy characterization theorem quoted
above componentwise, is a Brownian motion with a homogenized diffusion coeffi-
cient in front of it. Then once it has been noted that addition of the term eg(e~1X¢)
(using the Wasserstein metric) does not affect the weak limit, we have the weak

convergence of the process to the aforementioned limit.

To see that the addition of the term eg(e~! X¢) and in fact any term that is bounded
above by a term that tends to zero as ¢ — 0 does not affect weak convergence
we will use the Wasserstein metric [Vil03]. This metrizes weak convergence on a
Polish space of bounded diameter, which is what C ([0, o), le) is; uniform conver-

gence on compact sets can be metrized using the metric on C([0, %), R%), D, given

13



1 s o) )
— 2" 1+ supy<;<, lw(t) — w'(t)|
This then gives that the corrected process will tend to the same weak limit as the
uncorrected process which is the rationale behind correcting in this fashion. The

Wasserstein metric is defined as follows,

Definition 2.2.4 (Wasserstein Metric).
The Wasserstein metric is defined by, for 1, y» measures on a space (), the corre-
sponding distance between them is given by,
inf / |x1 — x2| d(pa, p2) ,
(M1,42)€T
where I' is the set of all couplings of the measures 1 and pp. That is measures
on () x () that have projection onto the first component /1, and onto the second

component, p».

Consider the family of couplings indexed by ¢ given by the push forward
onto C([0,0),R%) x C([0, ), RY) of u1, the law of X%, by the map x +— (x,x +
eg(e~1x)). The convergence of the two families of measures given by the corrected
and non-corrected processes to the same limit, considered as probability measures
on the space C([0,0),IR%), is seen by taking this family of couplings indexed by e.
Then the Wasserstein distance between the limiting point of the family of corrected

processes and the distribution of the non-corrected process as ¢ — 0 is less than,

/D(xl,x1+€g< )) dpr < el|glles

which tends to zero as ¢ — 0. Hence the measures given by the processes consid-

ered as probability measures on the space C([0, c0), R?), converge weakly as ¢ — 0.

This is known as periodic homogenization, albeit a simple case, and the manner of
usage of the corrector term is similar to that used for the problems to be solved in
this thesis. In the next subsection we will introduce the slightly more complicated

equations that have in practice been homogenized since the very beginning of the
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theory, and this will be the starting point for a review of some of the research into
this theory.

The “toy” example of the last subsection was a simplification of the prob-
lems investigated in fully periodic homogenization problems. The SDE to be ho-
mogenized usually has an extra drift term and the diffusion term is no longer a
constant equal to the identity. Such an SDE would for example be given by, in

integrated form,

X(t) =x+ b( >d+/ (Xg )d+/ ( ) B(s),

where b, ¢ : R? — R? are smooth vector valued functions and ¢ : R? — R? x R is
a smooth matrix valued function. Note that because of the extra term in the drift,
this equation does not come from a rescaling as the more simple example of the
previous chapter did. Without the extra drift term it would correspond again to a

rescaling.

In addition to an extra term and additional complexity of the diffusion term, there
is also in many homogenization problems the consideration of fast and slow vari-
ables. An example of this is known as locally periodic homogenization. In the case
of locally periodic homogenization where there are both fast and slow variables,

the drift is for example,
e th(XE(s), e 1XE(s)) .

The variable X:(s) is termed the slow variable whereas the variable e ! X£(s) is
the fast variable. Obviously they are related, but the terminology comes from the
general strategy used to tackle such problems, namely treat the slow and fast vari-
ables as independent variables, and through the use of correctors and bounding
inequalities for the results, contrive a situation where averaging with respect to
the fast variables can be conducted. The full SDE in a typical locally periodic ho-

mogenization problem is of the form,
€ 1 € —1vye € —1vye
XE(t) = x+/ Ch(XE(s), e IXE(s)) + ¢(XE(s), e IXE(s)) ds
+ / (X5, e 1XE(s)) dB(s). (2.2.5)
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Apart from the ”standard” assumptions of boundedness and differentiability with
bounded derivatives on the coefficients, the hypotheses on the drift in this case are
that, for fixed x, b(x,y) is periodic in y and centered, and ¢(x,y), o(x,y) are peri-
odic in y. The regularity assumptions are made to avoid too many technical details
that detract from a presentation of the overall scheme. The concept of centering in
this situation clearly differs slightly from that considered above since the process
is no longer a diffusion on the torus. The operator L, on R?, obtained as the
generator of the diffusion process given in (2.2.5), except pretending the fast and
slow variables are now distinct spatial variables, for fixed x, is the generator of a
diffusion process on IR? that can be considered as the generator of a diffusion pro-
cess on the torus. For fixed x, the drift b(x,y) is centered with respect to m(x, dy)
the invariant measure of the aforementioned diffusion on the torus. In what fol-
lows we assume smoothness to investigate the general principles and avoid a lot
of the details that arise when regularity assumptions are much looser. For example
in [BLP78] the coefficients are assumed to be, for the second variable fixed, twice
continuously differentiable in the first variable but in [BMP07] this assumption is
relaxed and although the basic structure of the proof is the same, the latter is sig-

nificantly heavier in technical detail.

In both of these cases, the use of a corrector term does not completely remove
the drift, but it does remove the term of order ¢! from the equation and the re-
maining terms can be homogenized by a similar lemma to that used to show the
convergence in probability of the quadratic variation term in the simple case. We
will first deal with the simpler situation of periodic homogenization with the extra
drift term c as in [BLP78], then move onto outlining how a locally periodic homog-
enization result would proceed. Applying Itd’s formula to X&(t) + eg(e 1 XE(t))
(the corrector term which we refer to as ¢ is also commonly referred to as b),
€

X5(t) +eg<&(t)) :x+eg<§) +/Ot(l+vg)c(XxT(s)) ds

s
t

+ [+ vge( ) awe),

since £g 4+ b = 0. Then instead of just the initial term plus a martingale term to
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demonstrate weak convergence of, we have an additional integral term of bounded
variation. Remembering how convergence in probability of the quadratic variation
of the stochastic integral term was achieved, using the lemma (2.2.3) that gave
the convergence in probability of the quadratic variation term, we therefore also
have convergence in probability of the integral with respect to ds. Convergence in

probability implies weak convergence, hence this lemma gives,

[+ 9ge(F2 ) ds =t [ 1+ vt ).

Therefore putting all parts together, we have the weak convergence of X5 (t) to the

limit,
x+t [ (14 99)e(y) n(dy)

" Uw(l +vg)oot (I+vg)" (y) u(dy) aB,,

where the exponent of the homogenized quadratic variation term denotes the unique
symmetric d X d matrix that when composed with its transpose will give this quan-
tity and B denotes a d dimensional Brownian motion.

Moving on now to locally periodic homogenization as in [BLP78]. This is far
more complicated than the cases considered previously due to the presence of the
process to be homogenized as an order 1 input term in the drift and diffusion coef-
ficients. Instead of just using a corrector and showing convergence in probability
of the SDE termwise, the procedure of homogenization at least on a general level
is more akin to the method we will employ. First tightness for the family of proba-
bility distributions on C([0,c0), RY) is shown and then the limit point is identified.
This is a departure from the method of homogenization employed in the previous
simpler case. Originally in the proof of the simpler homogenization results out-
lined above in [BLP78], the proof did have a verification of tightness followed by
an argument to identify the limit, following the same general method as we will
outline in the case of locally periodic homogenization. Practically speaking, tight-
ness of the family {IP*}, is often shown by verifying that the following conditions
hold, firstly that, given T < o0, 17 > 0,

lim sup IP* sup lx(t2) —x(H)| <n| =0,
ONO ¢ ty—t1<8,0<t;<tr<T

17



where we denote the evaluation map by x(-). The second condition is that,

lim supP*[x(0) > M] =0.

M—o0 €

The first of these is basically asserting the existence of a uniform modulus of con-
tinuity over the whole family in a probabilistic sense. The second condition is a
measure of the uniform occupation by the initial conditions of a compact set, in
a probabilistic sense. This second condition in much of the homogenization that
will be outlined is trivial since we are seeking to demonstrate weak convergence of
the family of solutions (viewed as probability distributions) starting from the same
initial point. Therefore we only have to verify the first of these conditions with the
supremum over ¢ replaced by limsup,_,,. In order to do this, a corrector term is
used, in fact the same one as above but with an additional slow component, call
the corrector ¢ again, which is therefore a smooth periodic vector-valued function

satisfying,

Lopgley) = =b(xy), [ gxy)plxdy) = 0.

Where L, , is the differential operator in y given by,

0 1 0?
Ly = bi(xrl/)a—yi + Eﬂi,j(x/y)w ,

and m(x, dy) is the invariant measure of the process generated on the torus by Ly .

We then apply It6’s formula as standard to X¢ + eg(X¢, e 1X¢), to give, fora = oo’

as is common notation,

t t
—I—/O (erg—l—Vyg)cds-i—/O (eVxg+ Vyg)odB(s)

+ /Ot [etr(aHx(g)) + %tf’(ﬂHy(g))
+ tr(u(vxvyg + Vvag))] ds .
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Where H,(g) and H,(g) are the matrices of second order derivatives of g with
respect to x and y respectively. Now, the terms of order % cancel since L, ¢ = —b.
In fact in [BLP78] they show tightness for the non-corrected process by adding
the corrector term and its expansion from the Itd formula on the same side of the
equality. In keeping with the what follows we have done the opposite. Now, to
verify tightness we look at supy, _, 5| X5(t1) — X{(#2)]. Since the integrands in
the expression above with respect to ds are bounded due to the assumption of
bounded derivatives, for |t; — t;| < ¢, and € < 1, these integrals are bounded by
C19. Since the only other non-fixed quantities are the stochastic integral terms. The
integrand in the quadratic variation of the stochastic integral term (collecting them
into one term) is bounded for ¢ < 1, by C say, hence the quadratic variation up to
time T is bounded by CT. Then to produce the same type of inequality as that
produced in [BLP78], we use Chebychev’s inequality which is frequently used in
bounding arguments on the stochastic integral term and note the bounds on the

integrals of bounded variation. Chebychev’s inequality is as follows,

Definition 2.2.5 (Chebychev’s Inequality).
For any positive random variable Y and k > 0, we have that,

my>ug§%3
There are many forms of this inequality, but this is the one we will use most

frequently and is very general in its formulation.

So using this inequality, and denoting the stochastic integral term by S(¢), we have

that, for ¢ sufficiently small,

Pl sup  [Xi(h) - Xi(t)| >

|f1—t2|<(5,t1,t2 <T

gP[ sup wag—ﬂbnzq—qﬂ

‘tl—t2‘<5, t1,t0 <T

=P|  sup  [S(h)=S()P = (1 —Ci9)?
‘tl—t2‘<5, t1,to <T

CTo
<=2
~ (7 —C19)?
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Where Chebychev’s inequality is used in the last inequality. We then clearly have,
limlimsup]P[ sup | X5 () — X5 ()] 217] =0,
ONO e ty—t<8,0<t <tr<T

and hence tightness.

So now the second (and last) stage in a large number of homogenization
proofs, but usually the most difficult, is identifying any limit point of the fam-
ily of probability measure as one particular probability measure for all conver-
gent subsequences. The rationale behind this is as follows, by Prohorov’s theorem,
tightness is equivalent to weak relative compactness, i.e. for any subsequence of
measures in a tight family of probability measures, there is a further subsequence
that converges weakly to a probability measure. Thus, if it is possible to identify
the limit of any convergent subsequence as a particular measure then this must
be the limit point of any subsequence and therefore the unique limit point of the
entire family. In a proof of locally periodic homogenization or in fact any homog-
enization, a common type of lemma to see is the following where L? convergence
is commonly substituted for convergence in probability as in the corresponding
result for fully periodic homogenization investigated earlier, or even convergence
in a Sobolev space. This is because as the diffusion part of the limiting process is
no longer Gaussian but a variable stochastic integral with respect to a Gaussian
process (Brownian motion) so we are no longer using the Martingale Central Limit
Theorem and instead just showing the convergence of the appropriate conditional
expectations for which we only need L' convergence. The stochastic part of the
limiting process is no longer a Gaussian since the dependence of the diffusion co-

efficient on the slow variable remains.

Lemma 2.2.6. Let h(x,y) be a function which is C? in x, C! in y, with all partial deriva-
tives continuous and bounded globally in x, y. Suppose also that h is periodic in y for fixed

x and satisfies,

/Tdh(x,y)y(x,dy) =0, Vx.

Then we have that,

%} —0. (2.2.6)



Proof. The following method of proof is quite common for showing such conver-

gence. Take the periodic solution of
£x,y7:l — h .

Then we apply It6’s formula to,

2 (XS(t), XT(”> — & (XS(S), XE(S))

s

t 5 N £ ~
_ / (eVihi + V,h)bds + / (Vi + eV, ) ds
S S
t ~ ~
+ / (2V,5 + €V, ) dB(s)
S
t - - - -
+ / *tr(aHy(h)) + tr(aHy (1)) + etr (a(VVyh 4+ VyVih)) ds .
S

Upon doing so, we then note that the only constant order terms are Cx,yfz = h. For
bounded ¢, s, the rest of the integral terms multiplied by ¢ to some positive power

are bounded thus we have,

e[ ( [ (e, X))

Thus showing the required 12 convergence. ]

#:| = (0(e) + o) = 0

The next step in identifying the limit is to adopt the same approach as [BLP78]
and use the tool of the martingale problem mentioned above with the corrected
process. Denote X&(t) + eg(X5(t), e 1XE(t)) by Z%(s) for ease of notation. Let
NS C8°(]Rd) (the space of smooth real valued functions on R? with compact sup-
port), and using It6’s formula with the semimartingale expression for the corrected

process derived by Itd’s formula above gives for ¢(Z¢),
P(Z5(s)) + /St {ngb(Ze(s)) (c + Vigb+eVyigc+Vygc
+ etr(aHy(g)) + tr(a(ViVyg + Vyvxg))ﬂ du
+ [ Vap(z) (¢ + Vago +eVage) dB(w)
+ /: tr (H(cp) ((0+ Vygo +eV1g0) (0 + Vygo +eVigo)T) du .

Now we introduce the averaged coefficients (vector-valued and matrix-valued, re-

spectively), which come from the constant order terms in the expression above,
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that will be coefficients of the generator of the weak limit point of the family to be

homogenized,

() = [ e(x) + Vaglry)blx,v)
+Vyg(xy)e(x,y) +2tr(a(x, y) Vi Vyg (x,y)) pldy)
Z/Tdr(x,y)ﬂ(dy),
q(x) = /Td(l +Vyg(x,y))alx,y) (I + Vyg(x, )" pu(dy)
= /Edq(x,y)u(dy),
for r(x,y) and g(x,y) the two integrands. So what we do now is take ¢(X5(s) +
eg(XE(s),e1XE(s))) and subtract the generator of the process given by r(x) and
q(x) above applied to ¢ and take conditional expectation of both sides, apply
Lemma 2.2.6 and then take expectation of both sides. Since all derivatives are

bounded we can make the substitution of X*(t) for Z¢(t) in all the terms of finite

variation at a cost of Ke in total, for some constant K,
Ex [$(X(0) ~ (X)) — [ Vor(X:(uw)du
- [ H@a0x () dn
— | [ Vo (r(X ) €14 0) = (X (1))

+ [ H @) (0 (), 67X (1)) — (X< (u))) du + K

(2.2.7)

since all the stochastic integral terms vanish after taking conditional expectation
with respect to .%s (which is traditionally what stochastic integral terms of the form
i) St ... dM(u), for M a martingale, do when expectation with respect to .%; is taken
under appropriate bounding assumptions). Taking the expectation of the modulus
of both sides of (2.2.7) and then using the Cauchy Schwarz inequality together with
(2.2.6) and Jensen’s inequality on the right hand side gives that the left hand side
tends to zero in L' as ¢ — 0. We have convergence of probability distributions
weakly at least along a subsequence. Thus, taking the limit of (2.2.7) along such
a subsequence, we can put the limit into the LHS of (2.2.7) and zero on the RHS,
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which gives that any limiting measure in the sense of weak convergence is the

solution to the martingale problem given by the operator £,
L =r(x).V+q(x).VV (2.2.8)

It is at this point that things get slightly more complicated than the previous ex-
ample since we no longer have the martingale central limit theorem to do all the
work for us. Although we now know that any weak limit point of the family of
measure indexed by € must satisfy the martingale problem given by (2.2.8), we do
not know that the solution to this martingale problem started from a particular
point is unique. In other words we still do not know that the family of probability
measures converges to any specific measure as yet. If we could show that there is
only one solution to the martingale problem given a particular initial point then
we would have done just that. Looking at the form of the limiting solution of the
martingale problem given in (2.2.8) it is clear to see this is of the same form as
martingale problems solved by the solutions to SDEs and a theorem from [SV69]
is used to show uniqueness of the solutions to such martingale problems corre-

sponding to the solution of SDEs.

2.3 Associated benefits of homogenizing SDEs

The probabilistic homogenization of an SDE leads to homogenization in an ap-
propriate sense of the Dirichlet problem. For instance in conducting the locally
periodic homogenization discussed above, Bensoussan, Lions and Papanicolaou
[BLP78] were not just studying homogenization of SDEs as a problem in itself,
once you have homogenized an SDE like the one just previously, you get for free

the limiting solution to the set of Dirichlet problems, for continuous f,

—a (2 g b ) (D) 5 (v e = £,

f|rEO,

as ¢ — 0. The Dirichlet problem is considered in a domain ¢ with boundary T’,

and we have u, € W?? for p > 2. We also have agp > ap > 0 for ag a constant. The
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connection between the SDE and the solution to the Dirichlet problem is given by

the explicit formula for the solution to the Dirichlet problem,

E, [/OT‘% FIXE(H)) exp<— /Ot ao (Xg(s), @) ds) dt} , 23.1)

where T, is the escape time from the domain & by the process X*. Then as a
result of the weak convergence of the laws of the stochastic differential equations
corresponding to X® we have u(x) — u(x) for all x € ¢ as ¢ — 0 where u(x) is

the solution to the Dirichlet problem,

) () 2 ap (= f(2), e =0,

for,
o(x) = [ axyuixdy),

The problem term in the expression (2.3.1) is the order ¢! argument of q in the
expression (2.3.1), since the most obvious route to the convergence is to apply the
weak convergence that has just been outlined to get the pointwise convergence of
solutions. We get round this by swapping a for its averaged version and demon-

strating that the cost of doing so tends to zero as ¢ — 0. We have,

] {0 52) )
~E[ [ ey es(~ [ mixs) ) |
ccu[ oo [ao(x952)a)
~oxp(~ [ m(xi(o)as ) e,

for C bounding the supremum norm of f on &. With the hypothesis of strict pos-

itivity on a9, we have the convergence of the RHS of this expression to zero by
Lemma 2.2.6. By the positivity of ag, the second term on the LHS of the above ex-
pression is a continuous bounded function on the space of continuous paths, hence

tends to, by weak convergence of X%,

£ [ e~ [ an(x(e)as) at],

denoting the solution to the martingale problem corresponding to the differential

operator £, by X, i.e. X, is the weak limit point of the family X¢.
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2.4 Homogenization in random media

The remaining large field in probabilistic homogenization is known as homoge-
nization in random media. It can be briefly summarized as follows. A particularly
accessible introduction can be found in [Ol194]. The original, seminal text in this
tield is by Papanicolaou and Varadhan [PV81].

For homogenization in random media the typical set up [Rho(09a] is that
we have a random medium given by a probability space (Q), G, i) and a group of

measure preserving {1y : x € R¥} transformations acting ergodically on ):
e VAcC G, x € RY, u(t(A)) = u(A),
e If forany x € RY, 7y(A) = A, then u(A) = 1or0,

e For any measurable function g on (€, G, ), the function (x, w) — g(Tyw) is

a measurable function on (R x O, B(R%) x G).

Then there are a number of different avenues to explore in terms of how this trans-
lates into a homogenization problem, the classic case is explored in [PV81], given
by the diffusion corresponding to the martingale problem with uniformly elliptic

operator,
—ai(ﬁl(T,%W)aj) .

Although most of this paper is approaching the problem from the direction of the
convergence of the corresponding PDE. An example of another quite classic prob-
lem can be found in [O1194], where the problem under consideration is that of the

homogenization of SDEs of the form,
t
X() :/0 —DV(t_yo)(w)) ds + W 2.4.1)

W is a Brownian motion independent of the random medium and V : (3 — R is
a random potential, and DV (w) is then defined as the differential in x of the func-
tion x — V(T_x(w)). It is assumed that V and DV are bounded and in addition,
stochastic continuity can be shown from the properties of the random medium

above.
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Remark 2.4.1. In private communication with Rémi Rhodes it was brought to my
attention that the three properties of the random medium given above, by a proof

constructed by himself and F. Delarue, together imply stochastic continuity,

Definition 2.4.2 (Stochastic continuity). For Tj,f (w) = f(7_,w),

lim (| Ty f (@) — f(@)| 2 8) =0, 6> 0, f € 12(s)

Stochastic continuity is used to give density of the domain of the infinitesi-
mal generator D, of Ty in L?(u) from [EK86, Corollary 1.1.6] as the generator of a
strongly continuous semigroup. Ultimately the density of the domain is used to
show convergence of the resolvent equation via the spectral theorem that will be
our surrogate corrector in the random environment case. We will make this precise
shortly.

Under these hypotheses, as one would expect, the question is that of the
weak convergence of eX(e%t) ase — 0.

An extension of the classic problem explored in this article [O1194] is that of

a particle moving in a free divergence random field,

x() = [ o) ds + W(E),

for W as above and F = D.H for all anti-symmetric matrix H. In the case of a free
divergence random field there is no longer reversibility to simplify the analysis
slightly, as there is in the case of (2.4.1), as far as the weak convergence of eX (¢~2t).

Extending this scenario in the manner in which periodic homogenization
was extended, results in situations akin to those explored above for periodic ho-
mogenization. Such homogenization problems have been explored in a number
of papers by Rhodes. In [Rho(09a], the locally periodic homogenization mentioned
previously is extended to the random medium case. We have a family of SDEs of

the form,

XE(8) :x+/0tb(w, XE(S),X%)) ds—l—/otc(w, XE(S),X€(5)> s

ol 00

for B as above and w from the random medium again. In addition we have

that b(w, -, y), c(w,-,y) and o(w,-,y) are stationary random fields i.e. they are

26



of the standard form f(w, x,y) = f(tyw, x). The assumption of uniform ellipticity
(AI < oo < A7 for some A > 0) of the diffusion coefficient is made together
with ability of the generator of X to be written in divergence form (for the matrix
a + H, a symmetric, H antisymmetric in this case) and regularity assumptions on
the coefficients. The potentially degenerate case is dealt with in another paper by
Rhodes, [Rho09b]. The uniform ellipticity is used to provide local ergodicity of
the process and also to provide uniform (over the random environment) (Aron-
son type) estimates on the density to give tightness. Lack of uniform ellipticity
in [Rho09b] with regard to local ergodicity is countered with weak local ergodic-
ity assumptions which are enforced through a reference matrix which controls the
degeneracies of the diffusion coefficient.

Then in [Rho09c], we have a corresponding homogenization problem for a

reflected diffusion process,

X(1) = [ bl @) ds + [ ot (@) dB(s)

+ [ (g (@) AL,
where the situation is as before except L is the local time of X*(t) and y; = 1 as
is required for a reflected diffusion process and the matrix that is used to give the
generator of the process in divergence form is symmetric this time. The restric-
tions on the coefficients are so made to enable certain calculations to be carried out
regarding the auxiliary problems mentioned below.

Reflecting for a minute on the generic method one must employ to success-
fully carry out the proof of homogenization, it becomes apparent that the tradi-
tional notion of a corrector is no longer applicable since we do not have an af-
tirmative answer to the existence of a corrector with boundedness or sufficiently
slow growth properties. In every classical type random medium homogenization

problem we have a result of the form,
Proposition 2.4.3. The solution to the resolvent equation (componentwise in R?),
(Al —L)uy, =",
has the property, for some { € L?(p),
Mu]z + [Duy =l — 0, (24.2)
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where the subscript 2 denotes the L? norm with respect to .

This is used to compensate for the lack of a corrector in the traditional sense
and is the corresponding auxiliary problem in this type of homogenization. It still
retains the philosophy of a corrector though since it is used to cancel highly oscil-
latory terms at the expense of introducing convergent quantities. Although in one
version of the proof presented in [PV81] this result is not taken to hold strongly.

Another possible issue that cannot be resolved as in the periodic case is com-
pactness in the space of continuous paths. This is because in the random case
generically we want tightness over the random medium as well as over the family
of diffusion processes in some sense (tightness of the annealed law), this is either
arrived at as in [PV81, Rho09a] where we obtain tightness on the space of con-
tinuous paths for the family of measures given by P, for all x in a compact set,

w,

PE(F) = [ F(2() Qudg, (),

for F a real valued function on path space and Q%(+, w) the measure on the space
of paths induced by X} with w as the realization of the random environment. The
tightness with respect to the family of annealed laws P¢ = u(dw) x A(dx)IP® for
a suitable measure on RY, A(dx), can also be obtained directly, see for instance
[Rho09¢c, Rho09b]. One method of achieving this is using the Garsia-Rodemich-
Rumsey inequality via the Feynman Kac formula to show tightness directly as in
[O1194] and [Rho09c]. Another alternative is to make estimates on the density using
Nash'’s estimates [PV81] or Aronson estimates [Rho09a] to obtain bounds above on
the density that are uniform over the random environment to obtain tightness as
in [PV81].

After obtaining tightness and a result akin to that of Proposition 2.4.3, the
homogenization can then be achieved directly through bounding error terms (in
the PDE framework) [PV81]. Alternatively it is achieved using an ergodic result
(or existence of an ergodic invariant measure [Ol194]) to obtain convergence of the
coefficients/quadratic variation to their averaged form, analogous to those used

in the periodic case. For instance for ¥ : () x R - R sufficiently integrable
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(dependent on the situation in question), this type of result is usually something

similar to,

/Ot‘F(XS(S), TXS(S)/g(w)) _ T(XS(S)> ds

lim [Ef [ sup
e=0 0<t<T

} =0, (243)

where [ES denotes expectation with respect to the measure IP¢ i.e. the annealed ver-
sion of P and ¥(-) = [ ¥(-,w)pu(dw). Then proceeding as before except working
in a suitable (annealed) L? space and using the limit of the “corrector” as A = ¢2
tends to zero i.e. using the properties of both terms in (2.4.2). This is a slight over-
simplification of the more complicated cases, for instance in [Rho09¢] there is a
local time term that must be dealt with. This means that also required are ergodic
results for local time integrals of the form corresponding to that in (2.4.3), tightness
of the local time terms L and in addition after identifying the limit L, it is neces-
sary to show that L is the local time of the limiting process. This follows from the
fact that L can be shown to be associated to the Skorohod problem of the limiting
process and that we have uniqueness in law for the solution of the corresponding
Skorohod problem [LS84] which has a local time solution. By saying L is associated
to the Skorohod problem of the limiting process X we mean that it is an increasing
process and its points of increase are contained within the set { X = 0}. In [Rho(09a]
there is the problem of the dependence of the solution to the resolvent equation on
the slow variable which emerges through the difficulty in dealing with the term
bdyu. necessitating an addition ergodic result, Theorem 6.3.

Hopefully the above (brief) summary of homogenization in a random en-
vironment serves to illustrate the prevalence of corrector based approaches even
when there is no existence of correctors in the tradition sense, and additionally to
emphasize the breadth of homogenization literature.

This completes a review of the most accessible and classic cases of proba-
bilistic homogenization. It is at this point that we take stock of non-probabilistic
methods to analyze the convergence of solutions in the simplest cases such as the

method of multiscale expansions [PSO08].
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2.5 Multiscale methods for the homogenization of SDEs

This section is a quick summary of the method of multiscale expansions which is
often applied to similar homogenization problems to the ones we will be dealing
with. For a more detailed exposition of this section see the book by Pavliotis and
Stuart, Multiscale Methods [PS08].

Here instead of a corrector we have the solution to the cell problem that
features prominently and occupies the corresponding position in the method. If
we work through the problem we wish to solve given by (2.2.1) in the fully peri-
odic case again from this perspective and see how the probabilistic methodology
is mirrored in terms of the corrector function by the cell problem. There are a wide
range of different forms of problems that the multiscale expansion method can be
applied to; multiscale expansions is an analytical PDE method that can be applied
to many different classes of PDEs not just those that correspond to SDEs. We will
outline the breadth of the scope of the method of multiscale expansions in due
course. The hypotheses are once again, that the drift b is fully periodic and cen-
tered over the whole of R? and hence we can consider the process as a process on
T for & = 1. In the multiscale method setting the problem is recast from (2.2.1) to

homogenization of the Cauchy problem,

-1
oruf(x, t) = (% + Mv) ut(x,t),
uf(x,0) = f(x), x€RY, (2.5.1)

for f € CP(R?). This corresponds to the equation satisfied by Ex[f(X¢(t))], for
the SDE with drift e 'b(¢~!-) and diffusion coefficient 1 on R¥. Using the rig-
orous mathematical background in [PS08], we have the convergence of the solu-
tions to (2.5.1) in L®(R? x (0,T)). This is sufficient after verifying tightness in
C([0, ), R?) for weak convergence since then convergence of E,[f(X¢(t))] (the
finite dimensional distributions) in L*(R? x (0, T)) implies that the weak limit is
unique.

The basic methodology behind a multiscale expansion is to split the process
into two scales, a slow, macroscopic scale given by x and a fast, microscopic scale

given by y = x/e and then treat x and y as independent variables. In doing so we
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are assuming an ansatz of the form,
ut(x) = ug(x,y) + euy(x,y) + us(x,y) + ... (2.5.2)

for u; periodic in y. ug is then the limit of the u® and hence the solution to the
homogenized equation.
Of course this has to be accompanied by a rigorous mathematical justifica-
tion, which is one of the main issues of homogenization via multiscale expansions.
The treatment of the variables as independent then means that we have,

1
VHVX‘FEV]/I

Le. 7f(x,x/€) = Vaf (,¥)|y=x/e + €1 Vy f(%,Y)]y—x/e- This means our genera-
tor L& = A+ e~ 1bh.xy becomes e ?Ly + ¢ 1L, + L, for,

E() = Ay/2+ b(]/)Vy ,
L1=xVy+by).Vx,
EZ - Ax/z V4

we then have,
(Lo+ L1+ Lo)u® =0,

which leads to the series of equations after equating powers of ¢,

[,01/1() =0 , (2.5.3)
Liug+ Lous =0, (2.5.4)
Loug + Liuq + Loup = sy . (2.5.5)

By uniqueness of solution to the elliptic PDE (2.5.3) on the torus up to a constant
we have that ug is independent of y and is purely a function of x. Hence we can
write ug(x,y) = u(x).

(2.5.4) leads to,

(Ay/2+b.57y)ui(x,y) = =b. 7« (u(x)) . (2.5.6)

Now we introduce a few theorems that we will need to progress this scheme fur-

ther,
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Theorem 2.5.1 (Fredhom Alternative). Let H be a Hilbert space and let K : H — H be

a compact operator. Then the following holds.

o Either the equations

(I-Ku=f, (2.5.7)
(I-KU=F, (2.5.8)

have unique solutions for every f, F € H or

o the homogeneous equations

(I—K)uozo,
(I—K* Uy =0,

have the same finite number of non trivial solutions i.e. the dimensions of the null
spaces of (I — K) and (I — K*) are both finite and equal. In this case (2.5.7) and
(2.5.8) have a solution if and only if

(f,Up) =0, YUy€e N(I-K"),
and
(f,up) =0, Yuge N(I—-K),
respectively.

A compact operator on a Hilbert space H is one for which the image of

a bounded set is precompact (a set where any sequence of elements has a con-

vergent subsequence). Second order periodic uniformly elliptic operators can be

shown to possess the Fredholm alternative except we have to proceed via the resol-

vent which can be shown to be a compact operator ﬁ%er — E%er. This done using

the Lax Milgram Theorem to get the existence of weak solutions to the resolvent
1

problem in the weak formulation on the Sobolev space H,,. Then showing that

the resolvent operator is bounded ﬁ%er — H%,e,, followed by the Rellich compact-

1

per i compactly embedded in L%er. The

ness theorem which gives that the space H
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Fredholm alternative is then deduced from the Fredholm alternative of the resol-
vent operator. Where the notation is as follows, EIZM is the completion of C®(T*)

under the L? norm and #},,, is the completion of C*(T%) under the H! norm.

per
The Lax Milgram Theorem is a workhorse of PDE theory used to give exis-

tence of solutions and is as follows,

Theorem 2.5.2 (Lax Milgram). Let H be a Hilbert space with norm || - || and inner
product (-,-). Let (-, -, ) denote the pairing between H* and H. Leta: H x H — R bea

bilinear mapping which satisfies,
o Coercivity: there exists a constant « > 0 such that,

alu,u] > al|ul|> YuecH.

o Continuity: there exists a constant B > 0 such that,

a[u,v] < Bllull||v|| Yu,ve H.

Let f : H — R be a bounded linear functional on H. Then there exists a unique element

u € H such that

alu, 0] = (f,0),
forallv € H.
and the Rellich Compactness Theorem,

Theorem 2.5.3. From every bounded sequence in H'(T%) we can extract a subsequence

which is strongly convergent in L>(T?).

Returning to the problem at hand, the Fredholm alternative implies that
(2.5.6) has a solution if and only if the RHS is centered in y for every x with respect
to the invariant measure of the process with drift b and diffusion coefficient 1. Call
the density of this measure p. This is because the LHS of the above equation is a
differential operator in y only. From the centering of b, this is indeed the case. So,

noting the form of the RHS of the equation we assume a solution of the form,

x(y)- Vxu(x,t). (2.5.9)
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X in this context is known as the solution of the cell problem, but is none other
than the corrector ¢ from the probabilistic method shown earlier. Note that if we
are seeking a higher order expansion (for instance we want convergence at some
specified rate in €) then we must take note of the fact that we potentially have a
term in x, il; in addition to (2.5.9) which we then use higher order terms to derive
an equation for. For now we will take 7; = 0.

Now we analyze (2.5.5). Solving for uy, the solvability condition given by

the Fredholm alternative is now;
/Td(atu — Lou — Lquq)pdy =0.
The homogenized equation now falls out of this solvability condition,
i = Au/2 + /]Fd(ﬁlul)p dy, (2.5.10)

and

Liug = (b ®x+ Vy)() Vi VxlU,

which corresponds exactly to the answer obtained from the probabilistic approach,

since,

1
/Td b xpdy. /x Vxth = 5 /Td VyXi Vi XjP dy Vx; Vil

since the invariant density p satisfies the stationary Fokker Planck equation (also
known as the Kolmogorov forward equation), £*p = 0.

In terms of the rigorous proof of convergence we end up with convergence
in the space L*(IR¥ x (0, T)) of solutions to the equations in (2.5.1) to the limit u
given by (2.5.10). The basic methodology behind the rigorous proof is to obtain an

equation for the remainder term R? of the form,

O;R® = LER® +eF¥(x,t), (x,t) € RY % (0,T),

Rf =erf(x), (x,t) € R x {0},

for functions F¢, r¢ bounded over all ¢ in L®(R x (0, T)). Then the convergence

follows from estimates obtained using the maximum principle.
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To give some idea of how this analytic approach actually works, below is
the convergence proof for the multiscale expansions we have just produced for the

parabolic PDE homogenization problem above as it appears in [PS08].

Theorem 2.5.4. Let u®(x, t), u(x, t) be as above, for b(y) € Cp,

and f € C°(R?). Then
[ Cx, #) — (2, 8) || Lo 0,1) < Ce
and hence u® — u in L°(T% x (0, T)).

Proof. First let us derive an expression for u; in (2.5.2). Solving the constant order
equation (2.5.5), noting the equation solved by u we have,

up(x, e 1x, 1) = O(e 1x). 7y Vatt(x, 1),
where O is the solution of

£60 = ~b(y) © x() = vax®) + [ b) ©x(v) + ux)ew) dy
(2.5.11)

obviously with periodic boundary conditions. Both x and © satisfy uniformly el-
liptic PDESs on the torus hence both functions and all their derivatives are bounded.
In addition f € C°(R?) implies that u is bounded in L*(R? x (0, T)) together
with all its derivatives as the solution of a PDE with constant coefficients. There-
fore noting the form of uy, uy, we have that |Juq(x, e 1x,t) [ rix(0,r)) < C and
|ua(x, e 1, )| oo (Rix(0,7)) < C uniformly over e. We are now halfway there, since
we have good behavior of the corrector terms now up to sufficiently high order,

now we just analyze the equation satisfied by the error term. Let R® be given by,

uf(x,t) = u(x,t) + eup(x, e 1n, t) + 2uq (x, e x, t) + RE(x, t) .

(2.5.12)
Applying L£¢ to (2.5.12) gives,
LUt = 0 + e(Laup + Loug) + €2 Lous + LERE,

by construction. Combining this with the partial differential with respect to t of

(2.5.12) gives
0:R® = LER® + 8(,611/12 + Louq — atul) + 82(£2u2 — atuz)
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= LfR* +eF%(x,t),
for F* chosen correctly. In addition,
fx) = uf(x,0) = u(x,0) +euq (x, e 1x,0) 4+ 2up(x, e x,0) + R¥(x,0),
and since u(x,0) = f(x) also we have,
Ré(x,0) = —euq(x, e 1x,0) — eup(x, e 1x,0) = erf(x) .

Hence we have a Cauchy problem for the remainder term R¢. Explicit calculation
of F¢in terms of u, ©, x and their derivatives show that F¢ is bounded in L°°(1Rd X
(0, T)) uniformly over e. Another explicit calculation expressing ¢ in terms of y,
@ and the space derivatives of u(-,0) gives r¢ is also bounded in L®(T% x (0,T))

since f € C°(R?). Using the maximum principle for parabolic PDEs, we have

that,
€ el T €
IR Lo (e (0,7)) < €l Ml oo ety +€/0 [FE (- 8) | oo ey
<eC+eC'T<Ce.

Hence,

[ — MHL“(T"X(O,T))

= |leus + *up + RE|| oo (1 (0,1)

< el || poo (i 0,1)) + 82||”2||L<><>(1rf1x(o,T)) + 1R\l oo ¢ (0,7

< Ce,
thus the proof is complete. O

Such expansions can even be used to deal with time dependent coefficients

in the cases where we have an operator in a domain (), of the form,

ot — Jx.(a%(x, ) yxut) = f,

u(x,0) = up(x),

where a° is bounded in L*(Q) x [0, T|) uniformly over ¢, and uniformly elliptic

over all &. In addition, a®(x,t) = a(x,x/¢ t,t/e) for k > 0, a is a fixed matrix
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valued function with these properties. A similar asymptotic expansion is used
but this time the trick of producing separate variables on different scales must be
applied to time as well as space. Incidentally we have a different limit dependent
on whether k < 2, k = 2 or k > 2. See [BLP78, Chapter 2] for a discussion of this

problem.

2.6 An important extension to multiscale expansions:

boundary layers

All the problems surveyed so far have been very classical in nature. However,
multiscale expansions is more of a philosophy than an algorithm and as a result
there are some useful extensions.

A very useful extension of the previous method of multiscale expansions is
the homogenization of elliptic problems using boundary layers (which provide a
more precise ansatz). There is as yet no corresponding construction for parabolic
problems although Allaire is rumored to be working on such a construction. In or-
der to underline the effectiveness of boundary layers we initially follow the same
path as in [AA99] before studying in detail an example [MGV08]. Boundary layers
are extra terms in the expansion, used to remove large oscillations in the gradient
near the boundary which is important for convergence in H' (note that the previ-
ous convergence neglected the derivatives since we were using L™). For instance,
to illustrate the suboptimality of a standard multiscale expansion based approach,

we have the theorem,

Theorem 2.6.1 ([BLP78]). Given the elliptic problem in a bounded open subset of R?, Q,

—divA.syut =f, inQ),
ut* =0, onaQ), (2.6.1)

where A¢(x) = A(e~'x) for a 1-periodic bounded uniformly elliptic matrix valued func-

tion A and f € L*(Q). In addition, we have the solution to the homogenized problem,
—divAyu=f, inQ,
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u=0, onoQ),
for the averaged diffusion matrix A given by,
A—A dy .
014 Vv xay
Since the invariant measure in the absence of drift has density 1 with respect to Lebesgue
measure.
Then we have weak convergence of ut to u in H}(Q) (as previously stated). If

u € W2 (two weak derivatives in L*®), then

[u — u — e || g () = O(Ve)
for the usual multiscale expansion u = u + euy + €2u,.

Generically this is considered to be an optimal bound [MGV08, AA99]. This
encompasses an important class of homogenization problems as this can be used
as a model for electrical and thermal conduction in composite materials where the
microscopic structure is periodic [NRO1].

Notice in the formal multiscale expansions conducted previously in this sec-
tion there is no attempt made to deal with the fact that the boundary conditions of
the error terms are basically just ignored. We will now be matching the boundary
conditions over the multiscale expansion as a whole, i.e. removing the perturba-
tions near the boundary introduced by the terms uy, uy, .. ..

If we assume an ansatz of the form, u® = u(x) + e(uy(x, e 'x) + ul{l’g(x)) +
e (up(x, e x) + ugl’g(x)) + .... Where the boundary layer corrector functions sat-

isfy the series equations,

divA, v ul# =0, inQ,

i
ul(x) = —u;(x,e7x), on dQ) .

So now taking u; = x. </ u + #i1(x) for any reasonable i1, we have the result,

Theorem 2.6.2 ((MV97]). In the former situation, assume that u € W again, then

|1 (x) — u(x) — euq (x, e 1) — eui’l"c’(x)HHl(Q) =0(e) .
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Of course since we have now introduced the solution of a problem depen-
dent on ¢, we usually would like some form of good behavior of ulljl"S uniformly
over &.

Convergence results like that in Theorem 2.6.2 above are very similar to the
standard case demonstrated previously except that we work in the space H}(Q)
instead of L™.

Using the first three terms of the multiscale expansion, u, 11 and ull’l £ we

write an equation for the remainder again, R® = u® —u — euj — sul{l’s,

—VAVR =(f+vVAvu)+ey.Aesyu;, inQ),
RE=0, onoQ).

Since the remainder is zero on the boundary (thanks to the boundary layer term)
using Poincaré’s inequality all we have to show is that the gradient is O(e) in
L?(Q)), which by the uniform ellipticity of the matrix will follow if it can be shown
that,

/QAS VR ¢dx < Cell¢ll gy q) /
for all ¢ € H}(Q)), which is equivalent to,
— /Q V-(Ae 7 RY).pdx = /Q(f-l— VAT U+ e A\ Up).pdx

= /Q(_ Vy Ae Vy U2 +€/x Ae Ny Up).pdx

< '/Q(_E Vi Ae Vyta — Vy-Ae Vy U2).¢pdx

+ ‘/Q(e Vi -Ae Vyta + €y Ae Vx ti1).¢ dx

< 2¢ /QAgvyuzvzpdx + Cel|oll gy ()

< De|¢ll g -

Since by corresponding calculations as in the standard situation we have bounds
on the relevant derivatives of 11, u; above which have a similar form to the previ-
ous calculation. This last inequality implies the desired convergence.

In particular as in [BLP78], we can choose 17 to be given by,

xX(y). Vxu(x)
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where x(y) satisfies the cell problem

= Vy-AWY) vy x(y) = V-AY)
X 1-periodic, [1q x dy = 0.
up is given by @. \7x Vxu(x). Set A(y) = a;j(y), then @ is,

.. 0 i dJ ] aak' .
thAvy@Ww)Zmﬂw—wué%—ayﬁt—ai-“—%n

for, g;; constants given by,

o o' oy oay
%]—/Tdaz](y) ”"fa_yk azka—yk a—ka dy .

dy is the invariant measure of the system on T? given by the generator Vy(A(y)vy)-
Under certain slightly stronger assumptions [AA99], using the boundary
layer terms in the proof then omitting them from the asymptotic expansion, we

have results of the form,

Theorem 2.6.3. Let u®, uy and u be given as in the elliptic problem immediately above. If
we have u € W3 (Q)) (a slightly stricter hypothesis than before). Provided also we have

some sensible reqularity assumptions, e.g. either

o the solution of (2.6.1) is a real valued function as opposed to existing only in a

Sobolev space,

e or the boundary is at least C?> and we have that A is a holder continuous matrix

valued function.
Then for any compact set w compactly embedded in () we have the convergence,
() — u(x) — e (672 11y < Ce,
for C a constant depending on w.

This is really an estimate away from the boundary, although including deriva-

tives, and is reliant on good behavior of the order € boundary layer term.

Proof of Theorem 2.6.3 [AA99]. The good behavior (bounding in H!(w) in this case)

of u?'* is given by a technical lemma,
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Lemma 2.6.4. [AA99] For a sequence ¢, in H'(Q)), we define the sequence of solutions
ze € HY(Q) of,

VAV ze =0, inQ,
Ze = 4)8/ on aQ

Assume that we have the solution to (2.6.1) is a real valued function and

[ ¢ell o200y < C

(i.e. we will consider only the first set of hypotheses in Theorem 2.6.3). Then for any open

set compactly embedded in (), there exists another positive constant C, such that,
|1zel| 1) < C -

Proof of Lemma 2.6.4. Let ¢ be a smooth function with compact support in (2 and

such that ¢ = 1 in w. Using the equation for z,, we obtain

/Qcpz(Agvzs).vzgdx:—Z/Qcng(Agvzg).vgbdx,

which implies, using the uniform ellipticity of A,
IV zelli2(w) S @V zellr2(q) < Cll v 9zellr2(q) < Cllzelli2(q) -
Using the maximum principle we then have that ||ze[[;2(q) < [|¢¢/|=(3q)- Hence,
zell () < (CH+Dlizellr2() < K,
C, K constants. O

Remark 2.6.5. The same result follows in the case of regularity assumptions on the
boundary of Q) except that this time we use the bound on ¢ in L?(9Q)) instead
of L*®(dQ)). Then the result follows from compactness arguments instead of the

maximum principle.

Then,

bl, bl,
= = et g ) < " — w0 — e — e g2 ) + elli} 1o

by the bounds on u; in either L2(9Q)) or L*(Q)), an application of Lemma 2.6.4
completes the proof. O
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Remark 2.6.6. Without ull’l’E present in the multiscale expansion i.e. for |[u® —u —
euq ||, then the best we can achieve is an interior estimate in the fashion of The-
orem 2.6.3. This is because, in general, the H 1 (Q)) norm of ul{l’s behaves like ¢~ 1/2
as ¢ — 0 [AA99, Lemma 2.6]. Hence we would be stuck with an expansion only to

accuracy O(e!/?) even though it would include terms of order e.

Analyzing the behavior of the boundary layer corrector is often the most
complicated part of producing an asymptotic expansion in a homogenization and
can lead to the study of approximations to the boundary layer problem that are
dependent on the shape of the domain in question [AA99, MGV08].

As an example of what this could entail, in [MGV08] (which closely mirrors
the earlier work [AA99] on which it builds), the production of an O(e?) expan-
sion for exactly the elliptic problem above in a convex polygon is studied. This
is under the assumption that the tangent of the angles of the sides are sufficiently
irrational; the approximation is made by localizing the boundary layer corrector
problem near the hyperplanes and being in possession of sufficient convergence
properties of the solution to these problems that the presence of the other hyper-
planes does not perturb the solution too much in the fast variable. Taking n = 1
(1.1) in [MGVO08] to parallel the treatment in [AA99]. Assume that we are given a
convex polygonal domain P = NN {x: n*.x > c*} bounded by N hyperplanes of
R? for d = 2 or 3 with inward unit normals 7*.

The normals n* satisfy the following condition giving sufficient irrationality
in the slope of the faces of the polygon relative to the periodic mesh grid of the

coefficients.

Definition 2.6.7 (Small divisor assumption). There is a ¢, I > 0 such that V¢ <
Z3\{0}, |n* x &| > c|¢|~! where x denotes the cross product in 3 dimensions and

for d = 2 it denotes the 2 dimensional equivalent, (x1,x2) X (y1,Y2) = X2y1 — X1Y2-

Then we have ull’l’s ~YN, of,  for vk, (x,y) defined as follows. Let the half

space O be the half space defined by,
Ok = {y: nfy—ck/e >0},
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then vf, (x,y) is the solution of,

Vy-AY) Vy Ull;l,s =0, yeQ”,
e = —u1(x,y), y €90, (2.6.2)

Firstly, favorable behavior of the boundary layer terms v’g 1¢(%,y) is shown and then
the significance of this is explored.

Despite the value of UII;Z/ . changing subtly on the boundary 9Q¢K, by looking
at a related system that corresponds to this, it is shown that this effect does not

affect the limit obtained. In fact we have that,

Lemma 2.6.8. v’gl . tends to a constant limit (in y, remember that the entire problem is a
function of x and hence the limit is also a function of x) as (y.nx — /&) — oo with a

convergence rate better than any power of |y.ny — c*/e|.

Usually this is achieved using an inequality related to the Poincaré inequal-

ity,
[ lpPdx < Co |17 o0x)Pdx,

for O a bounded open set in R” for any n € IN and ¢ € W'? with zero average.
The constant Cp is dependent on the domain only. The Poincaré type equality is
then applied to the cube in the first d — 1 coordinates times successive unit slices of
the d th coordinate after an appropriate orthogonal transformation to take the face
to a hyperplane of the form x; = c for c some constant, see [AA99, Lemma 4.4].
Except that now, due to the irrationality of the tangent of the angle of the faces to
the period, we no longer can consider the problem over a region compact in the
tirst d — 1 coordinates. This is where the sufficient irrationality assumption (dio-
phantine condition) on all the normals comes to the rescue (and of course where
full generality of the result is lost, despite density of such normals in R?). The
Poincaré inequality is replaced by using the small divisor assumption 2.6.7 in con-
junction with the Plancherel formula and Hélder inequality to produce a similar

inequality. For all 1 < p < oo, ¢ smooth enough with zero average over T,

1/p 2-2/p
[ewPax<c( [ Nwepbar) (0l o)
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(2.6.3)

for N*a (d — 1) x d matrix all d — 1 rows of which are drawn in order from the first
d — 1 rows of the transpose of M in (2.6.4) below.
Consider the system related to that given in (2.6.2),

Vz.B(Mz)v/,v=0, z5>a,
v(z) =v9o(Mz), zz=a, (2.6.4)

where B has the same properties as A, vy is a smooth 1-periodic function and M
is a d x d orthogonal matrix (that is used to align the hyperplane x; = ¢ with the

relevant face). Then we have a general result that gives Lemma 2.6.8,

Lemma 2.6.9. There exists a constant v*°(B, M, vy, a), such that the limit,
v(z) — v*(B,M,vg,a), aszy; — oo, uniformly inz',

exists, where z = (2/,z4), 2’ is a d — 1 dimensional vector of the first d — 1 coordinates.

Moreover,

lim |£"9%0F (0 — v™(B, M, vp,a))| =0,

t—o0

a € N%, B € N, uniformly in 2'.

Remark 2.6.10. The independence from a of the limit above one might expect from

the previous discussion is shown in due course.

Remark 2.6.11. Note that we are using the torus on the z’ coordinate in [MGVO08]
due to fact that the solution of the problem satisfied by v after transformation given
by (2.6.4) is of the form V(NB0, t) where V is 1-periodic in its first argument. The
second argument then behaves like the d th coordinate along the strip in [AA99].

Outline of proof of Lemma 2.6.9. Using Hardy’s inequality, the norm of V = V —
Jpa V and ofV are shown to be less than a constant in any L? Sobolev space H?,
s € IN. Using the small divisor assumption, Plancherel’s formula and the Holder
inequality to obtain (2.6.3), (2.6.3) is then applied to V to analyze the behavior of
the tails of the integrals of the first derivatives with respect to z’ and t of V' (equiv-

alently v),
—+o00
1y =[N g VR PV ez
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upon doing so, it is obtained that the tails decay faster than any polynomial.

Then with this chain of inequalities in hand, the properties of v’gl, . are estab-
lished by applying the same argument as applied to V inductively after differenti-
ating (2.6.4) and showing that the same convergence to 0 applies to the derivatives
of v.

Finally convergence of the average V, V = V + V, is shown by showing that

it is a Cauchy function. O

Remark 2.6.12. cf the proof of Lemma 4.4 in [AA99], where recursive estimates

using the Poincaré inequality are used to prove a corresponding result.

It still remains to be proved that the limit above is independent of a. This
follows by proving continuity of the limit in 2 which follows from the convergence
of an error term and energy estimates using the small divisor assumption. Once
continuity is obtained, we have from the system satisfied by v(z + M!¢) for & € Z¢,
and Lemma 2.6.9 that,

v°(B, M, vg,a) = v°(B, M, vg,a — &.Mey) ,

for ey the vector (0,0,...,1). We have that Me; ¢ aQ? for any a € R by the small
divisor assumption (if the normal was proportion to a rational vector we would
have n x & = 0 for some & € Z“) which implies that the set {&#.Mey, & € Z%} is
dense in IR, and the result follows from continuity.

Now it is shown what the favorable behavior of the boundary layer terms
derived above means in terms of the main asymptotic expansion problem.

By altering the value of the function of x term only, i, present in the 1
term, it is possible to make the limit of vlgl,e zero. In particular by choosing the
boundary conditions of i;. Since the limit is linear in the boundary conditions of
(2.6.2) all we do is subtract the limit.

k

In light of the convergence above we have, since v, . = v(y) v/ u(x) from

the form of systems (2.6.2), (2.6.4),
e — el =~ g,
as y.1n; — ck/e — oo, G defined below.
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To be precise, if the constants Gk 1 < a < d are then defined by (dropping

the dependence on a),
Gk,lx — —UOO(MkA(Mk)T, Mk,XlX) ,

where x* are the solutions to the cell problems. Then the required result with

regard to the limit of o}, _is achieved by setting,
i = G u, xe€oQNnKs, 1<k<N,

where K* is the face of the polygon i.e. K¢ = {x : nf.x = c*}. That this is the
right definition of i is obtained by consideration of the solution of (2.6.4) for B =
MkA(Mk)T, M = MK vy = X*9x,u and noting that the function of x, dy u, is linear
over the problem.

In this way the Ullgl, . are almost a deconstruction of the problem of the bound-
ary layer near that side of () with the overall behavior encoded in the choice of i
needed to make the limit of these zero.

By removing the boundary layers through a clever choice of i, this allows

estimates on the size of,

|uf — u(x) — eup(x, e 1x) — 2up(x, e tx) | F () -

to be made, showing that it is O(&?).

Now we will observe how the behavior derived above of the boundary layer
terms is instrumental in the convergence result.

This takes place with a global error estimate and a boundary error estimate
(remember ulil * was only approximated by the sum of vll;l, .)- The global error esti-

mate is given by,
Lemma 2.6.13. [lec| ;1) = O(€), where,
ef =uf —u(x) —eup(x, e 1x) — 2uy(x, e 1x)
— sull’l’e(x,s_lx) - eZugl’g(x,s_lx) ,

. . ble _ ble
with the usual definition for uy ", u, *.

The boundary layer estimate is given by,
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Lemma 2.6.14. Hebl'SHLz(Q) = O(e), where,

ls ble ble
=u;’ val£+eu2 .

Then given these bounds, the result can be shown using the behavior of the
boundary layer terms vf, . derived earlier. We have that, using the global error

bound,

|uf — u(x) — euq(x, e 1x) — 2un(x, e 1x) I E1 (w0

N
Z Ul e

k=1

§C€2+€ +8||€bl’£||H1(w)

H'(w)

By the earlier clever choice of 711, we have the convergence of the boundary layer
terms U]lgl, . and their derivatives to 0 faster than any polynomial power as (y.n* —

ck/e) — oo, uniformly in x, e i.e.,

N k 1
Z Ubl,s(x €
k=1

=0(g"), Vs, m, VYo' cCcQ.
Hs(w')

Then, noting that \/.A v/ ubl ¢ =0, we have,

N
VAV =—.Av Y v)(xe

Hence, if 0 < ¢ < 1is compactly supported in (2 and ¢ = 1 in w, then we have,
/ P A(x/¢e) 57 e 7 el dx = — 2/ pe?E (A(x/e) 7 €. <y ) dux
Q 0

N
+ /Q(V.A v Y of (x e x)) e dx
k=1

(2.6.5)

using the decay properties of the derivatives of v, on the second term we have

that the second term is O(¢™) for any m € IN. Thus we have, for m € IN,
1™ 1) < Clle™ 12y + Cre™
Taking m = 1 we then have,
[0 — ) — e (x,67'%) — a7 )y < CE + el )
which when combined with the boundary estimate will give the required result.

47



Proof of Lemma 2.6.13. Like the previous multiscale expansion example, the main
part of the verification of this estimate is verifying that VA 7 ¢¢ = O(e?). We

have,

VAV =y (AVrur +Avyy up) (x, e 1x)
+evy (A uz)(x,sflx) + €2 7y (A uz)(x,sflx) .
(2.6.6)

Since by the usual multiscale method of comparing equations of order 1/¢2, 1/,

and 1, plus the aforementioned clever choice of 71 (x), we have explicitly,

ur(x,y) = —x(y) v u(x) + i (x),

as before y is the solution to the cell problem,

—V.AYVX=VV-A, /Td)(dy:O.
If we let the family of 1-periodic matrices Y considered as a function of y satisfy,
—Vy Ay Y =A-A7yx—Vy-(A®)X)
_/WA_AVyX_Vy-(A@X)d]/,
then u5 is given by,
uz(x,y) = Yaﬁaiaxﬁ“ —X- Vi .

Note that Y = © from 2.5.11 and this is to be expected since the formal calculation

is identical for both cases. iI; is given by,
—vV. Ay = c“ﬁ78§“xﬁx7u, T = /yAWay”Y“rB — A%y
For A the averaged matrix,

A:/TdA+Avxdy.

Note the lack of boundary conditions on 7, they are specified as above and not by
formal considerations.
Then by explicit calculation, in (2.6.6) we have that @ = y.(A \/x ug +

A7y uz)(x, e 1x) has zero average with respect to y. To get order 2 bounds from
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the order € bounds, a standard trick is deployed. There are a number of matrix

fields W(x, y) such that 7,.W(x,y) = @. Then if we set,

Vix,y) =W(xy) + Aly) Vxu2(x,y) ,

we have,

VAV =y W(x e lx) +evy (A V) (x,e 'x)
+ &2 7y (A vy up)(x,e )
=&y V(e w) + 27y (A vy un)(x, e 1)
=27V (e ) (x) — e vr W(, e 1) (x).

Providing we have V, W in H! then the last line yields the required ¢ bound. The
required regularity of W is given as in [BLP78], by choosing W = —curl,¢(x,y)
(which is smooth in y) of an appropriate vector field ¢ to make 7,.W = 0 if the
assumptions made are not sufficient to give automatic regularity of this term.

Then the result follows by a simple energy estimate. O

Proof of Lemma 2.6.14. The boundary layer estimate is by far the most complicated

of the estimates since it is affected by the geometry of the situation to a large extent.

More precisely than before, we expect u?"¢ = u?l s sugl * to have an expan-
sion of the type,
3 k 1
Z vf (e x) + ewf (x,e7 1)),

where Ulz;z o wlgl . are defined as before on the half space Ok, As a result of the

method of formal expansions the next order corrector wf, , satisfies,
— Uy AVywh . = Ve Ay 0f A+ Vy A Vs 0 e Ok
Vy - ANVyWpre = VA NVy Upre T Vy- 2 NVx Opler Y ’
Whe = —u2(x,y), y €00,

Since we have

wh,e(x, 67 %)l 2y = O(1),

from the decay properties of v%,  which give similar convergence properties of
y prop ble g g prop

wbl .~ We can prove the boundary layer estimate if it can be shown that ghle =
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elbe — ¢ 2,1(\]:1 w’gl (%, e 1x) is O(e) in L2(Q). &' satisfies the elliptic problem,
bl al k k 1
_ V A V 50L,€ = 7"8 = Z VX(A vx Ubl,S + A Vy wbl,e)(x,g_ X)
k=1

N
te) V. (Aviwy)(xetx), xeQ,

k=1
gt = P = — iy (x,e71w) — eup(x, e L)
— Z(Ulljl,s + ew’glls)(x,e_lx), x € 0Q). (2.6.7)

Note that although the boundary terms match in terms of u;, u; and vlljl,s' wlljl’g
for the relevant k, the sum over k contributes extra terms, which of course given
the decay of these terms, will pose most of a problem at the vertices/edges. The
second term on the rhs of the condition in the domain 2 (2.6.7) is equal to € \/ .R®
where [|[R®||2(q) < C . The first term is L%(Q) in x, smooth in y and decays to
zero as (y.n* — ck/e) — oo faster than any power of (y.n* — c*/¢) uniformly in x, e.

Hence given ¢ € H}(Q), and denoting this first term Y ¥,

/Qrk(x,e_lx).tp(x)dx §/ |rk|d(x,80)d(ﬂdx

Q)

k 3 ¥
/]r]de i aQ)dx

_ k K| i
/]r||xn —c (xaﬂ)dx

= s/Q 7% |y.n* — k/s| a Wa‘a) dx
< Cel| V¥l 2 +

using the Cauchy Schwarz inequality followed by Hardy’s inequality with p = 2.
Combining the bounds on R¢, ¥ gives that ||7¢|| ;-1 ) < Ce(H ~! the dual space of
HY.

Remark 2.6.15. In the case of a half space, the boundary term ¢ would be zero and

all the following work to produce the bounds on the boundary term is redundant.

If it can be proven that,
19" | wi-1/mpa0) < Cp)e, ¥p <2, (2.6.8)
then there exists ¢° such that, for p < 2,
¢ € W (Q), I lwir ) = Ole),  ¢lan ¢,
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hence for ef = el — ¢° satisfying,

V(AVE) =1y —V.(AV¢), inQ

e€|aQ =0 ,

considering the RHS in WW~1? in the manner above, using the general results of
Meyers [Mey63] which relate the norms of solutions in Sobolev spaces with zero
boundary conditions to the norm of the result, considered in W~1?, of applying
the elliptic operator to the solution in (), we have for some p;; < 2, that for all

pm <p <2,

ey < C(p)lIrty — V(A ¢°)llyy-1 < Ce.

By the Sobolev embedding with k = 1 and suitable values chosen for [, p,, < p’ <
2, to make q' = 2, we have the ||| ;2() bound. Where the Sobolev embedding

theorem we are using is as follows,
Theorem 2.6.16 (Sobolev embedding [Kon45]). Let k be a non-negative integer and
1<p <oo.Ifk>1land1 < p' < g < coaresuch that

k—1

1_

1
g p 4’
then,

WP (RY) ¢ wlla'(R7) .

The last step is then to produce (2.6.8). This is where the geometry of ()

ble

comes into play. We break ¢”* into those terms with an O(1) coefficient and those

with an O(e) coefficient in front.
N
PPt = {—ul(x,elx) -) vlgllg(x,slx)}
k=1
N
+e {—uz(x,elx) -) wlgl(x,slx)} .
k=1

Clearly in W'=1/PP(Q)) we would want an O(¢) bound on the first bracketed term

on the RHS and an O(1) bound on the second bracketed term on the RHS.
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Starting with the first term on the RHS, calling it ¢,, we have that this is
given by,

Polanns = — Y V(e ') vu(x),
j#k
for suitable V7, by construction of the Ulljl, .- Now the problem with showing the
bounds we seek isind = 2, the vertices, and d = 3, the edges and vertices (basically

the sets where at least 2 faces meet), as is shown by the following calculation, if ¢ is

a function with compact support away from the bad sets outlined above, for p < 2,

||’7L"Pv||wlfl/ﬁlp(ao) < C||¢¢U||H1/2(an) = Cue"[| v ”||H1/2(Q) < Kine™  Vm,

where the equality follows from the better than polynomial power of convergence
to 0 of Ull;l’ . and its derivatives.

In order to obtain an O(e) bound, the property that \yu = 0 at a vertex is
used since we have the Dirichlet condition u|3n = 0. Consider d = 2, the case
d = 3 follows from similar calculations. Let i be a smooth function with support

centered on a vertex now. For f, ¢ € L N WI=1/PP(3Q)),

HngWl*l/vlp(aQ) < C(HfHL”(aQ)Hg”wlfl/p,p(ao)

- lgllmgan Ll s acy)

hence, making the appropriate definition of V to have ¢, = V(e 71x) 7 1,

u _
H1P247UHW171/;;,p(aQ) < C(HEL’V_ wa’V(S 1x)Hw171/P,P(aQ)
| x| L= (2Q))
_ VAT
+ Hw‘x“/(g 1x)HL°°(aQ) lpm Wll/p,p(ag)) .

We have, using the vanishing derivative at a vertex in the Taylor formula, that,
1
IP% = w%’/o 7 u(tx)dt € L2(00Q) " WI=VPP(3Q), Vp<2.

Consider a vertex that is the intersection of K! N 9Q and K% N dQ). Hence for j # 1,

we have from the decay properties of vlgl,

llx VI (7 %) | s arnkz) = O(e™) ¥, s .
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In addition,
[9]xV(e7'x) | = @ankz) < Csupelx||V!(x)| < Ce.
X

Similarly,

o) 1/P
oIV Dl orreey < 7 sup( [ V1 22) P )

X1

< Celtl/r

We apply the same reasoning on K to turn these into corresponding bounds over
the whole boundary, then applying the same argument applied to the tangential

derivatives gives,
||¢|X|V(€_1x)||wl,p(ag) S Cel/p .

Putting these together we have, by interpolation of the L? and W' bounds, [Ada75,
Theroem 5.2],

Hlp,x|v(€71x)HWlfl/p,p(aQ) — O(SZ/P) ,

which completes the bound for these terms when d=2.

When d=3, edges (meeting places of 2 faces) and vertices (meeting places of
3 faces) are considered differently. It is convenient to use locally cylindrical coordi-
nates similar to d = 2 on an edge far from a vertex and spherical type coordinates
for a vertex. For instance for a vertex, look at x = rs, for r radius and s € 9Q),
where the tilde denotes those of unit length, then we are studying (¢|rs|V) (e 1x).
Bounds of identical orders are obtained in this fashion.

So we just need a constant order bound on the W!~1/77(9Q) norm of,

N

P = —up(x,e 1x) — Y. wh (x, e 1x) .
k=1
Explicitly, ¢ is given by, by construction of the w’gl, . for suitable W, W,
W(e™x) v vu(x) + W(e™) v i (x)
N N

=(=Y+ Y W) v vu(x) + (—x(e o) + ) W) v in(x),

k=1 k=1
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and unlike the V¥, by the properties of w]l;l, o W¥ and WK converge to constant limits
(not necessarily 0), given by W5® and W** respectively. Hence,
95 =Y Wy vu(x)+ ) W) vin(r),
j#k j7k
is introduced on K* and then it is verified by the assumptions made that we have
9% 11700 () < 0. Then we can consider ¢, — ¢ which has fields which con-
verge to 0 like ¢, except since only a constant order bound is required it is not nec-

essary to use the vanishing of derivatives at a vertex and the prefactor of |x|. [

In fact using boundary layer terms to choose 7, we can "outperform’ the
degree of the expansion in the case of [MGV08] with regard to interior estimates

and even on the entire open set Q in L2,

Theorem 2.6.17. In the situation as above, noting the bounds on uy in LZ(Q), we have,
= u(x) — e (x, 6~ —szvm )2 < C,
and hence noting the bounds on v’gllg(x, e~ 1x) in the interior
|uf —u(x) — sul(x,sflx)HLz(w) < Cé?.

This completes this example. Note that at certain key points, assumptions
on u and i are brought to bear plus the approach (as far as bounds on the bound-
ary layers) is influenced greatly by the shape of ().

In the chapter 5 we will attempt a probabilistic solution to a similar problem
in order to show that via such an approach it might be possible to dispense with
a lot of the technicality of the above result as well as relaxing the small divisor

assumption on the gradients of the sides relative to the period.

2.7 Applications of Multiscale expansions

Aside from the purely mathematical applications of multiscale expansions, such
expansions have found important applications in aiding the computational anal-
ysis of heterogeneous materials. Composite materials have found many applica-

tions in everything from aviation, defence (composite armor plated vehicle hulls),
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shipbuilding, the auto industry (weight reduction compared to steel /aluminium)
to prosthetic limbs [Chul0]. The importance of composite materials is illustrated
for instance in the aviation industry, uses of composite materials are not limited to
lightweight wing materials but structures such as the keel beam for the now de-
funct Comanche helicopter program [MTSM98]. Although the macroscopic prop-
erties of such materials are well understood by standard engineering techniques,
the computational methods produced with the aid of AEH (asymptotic expansion
homogenization) as it is known, attempt to provide an understanding of how the
microstructure of the material translates into macroscopic properties. This could
be used to reduce cost in producing composite materials for novel applications
by allowing prediction of material properties at a design stage. Hence the models
used for the microstructure must exhibit sufficient complexity in order to model lo-
cal dynamics whilst at the same time retaining enough simplicity to allow tractable
numerical simulation over the macroscopic scale [CTNO1].

A standard problem in the analysis of composite elastic materials is [LPW95],
which illustrates that numerical solution of the cell problem is a problem to be
studied also and this work exposes a couple of methods for the numerical solution
of the cell problem. These are then implemented to obtain the effective stiffness
tensor and local stress variations of a unidirectional elastic fibre composite.

The AEH method can also be applied to composite materials that are re-
inforced with a periodic grid of orthotropic (properties vary in different orthog-
onal directions) reinforcements, see for instance [KHGS09] where this problem is
considered in 3 dimensions and different geometries of the reinforcements are ex-
plored. In a further extension to composite materials, in further work, [KG02],
Kalamkarov studies the properties of smart materials using the same methods.
Smart composite materials are composite materials that incorporate sensors and
actuators. Dependent on whether they are passively or actively controlled, they
either report information on their integrity, stress, etc, or report and make adjust-
ments respectively.

Multiscale methods can even be used to derive non static properties of com-
posite materials. For instance this is the case in [CTNOO] (arising from the jux-

taposition of dissimilar materials at a micro level) for heterogeneous woven-fabric
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layered media. The Kelvin-Voigt model of a heterogeneous material (a model com-
monly used to model creep) is employed in a constant stress creep (deformation
under stress) simulation using a finite element numerical scheme applied to inte-
gral equations derived from AEH that are translated into variational equations to
which computational techniques can be employed. The fact that deformation over
time is analyzed means that there is not merely a single homogenization calcula-
tion to carry out.

I hope the above examples serve to illustrate to the reader the importance
and flexibility of the asymptotic expansion method of homogenization when at

tirst glance the method seems rather simplistic.

2.8 Weakness of Multiscale expansions

Although as illustrated above, multiscale methods are very powerful and flexible,
with many applications, they have a couple of drawbacks. One of these is if there
are not globally defined correctors on which to apply the formal side of the method
which is then rigorously justified then there is no clear way to apply them to the
problem in hand. This seemed to be the case in [HM10a] where it was not even
known if there was a globally defined first order corrector.

The second presumption of multiscale expansions is that there is a clear sep-
aration between scales, which is not the case in a number of applications such as
geology, differential effective medium theory and proving superdiffusivity for tur-
blent diffusions. For more details see the references in [BAOO03], where such a
problem is analyzed in the context of proving the anomalous slow diffusion prop-
erty of motion in a potential with many scales that have no clear separation which

is accomplished via estimates on the effective diffusivity.

2.9 Degenerate Diffusion Coefficients

Up until this point, all the homogenization problems have been strictly elliptic.

This makes things a lot easier but is not necessary, although it should be noted that
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this is not a particularly large field of homogenization since in all degenerate cases
some compensatory assumptions must be made.

The difficulty with non uniformly elliptic differential operators is produc-
ing a corrector with sufficient regularity. This can be easily overcome with the

assumption of hypoellipticity.

Definition 2.9.1 (Hypoellipticity of a differential operator [Hor61]). A differential

operator £ with coefficients in C* is called hypoelliptic if
Lh=f,
has only solutions (in an appropriate distributional sense) in C* for f € C®.

But even the absence of hypoellipticity this can be overcome with certain
(relatively non-restrictive) assumptions.

One approach to this problem is to proceed as in [HP08], where in context
of the usual framework from [BLP78] there is one main problem. This is to show
that we have the existence of a corrector £Lh = —b for the centered function b
(centered with respect to the weak limit of invariant probability measures of the
SDEs satisfied by X¢ below, u) with sufficient regularity. The family of processes
X%, are the solutions to the following family of SDEs,

XE(t) = x+/0t%b<%(s)) +c(%(s)> ds—i—/otcr(xi(s)) AW(s) .

Then we let X&(t) = 1X&(e2t) so that,

%) = T+ [ B(Re(6)) +ec(Re(6)) ds + [ o (%(5)) aW(s),

for some Brownian motion W. We give Xt(t) the obvious meaning as a markov
process on T and resultant semigroup for ¢ > 0. If X(t) has invariant measure
1¢, we will denote the weak limit as u = .

It is here that the hypoelliptic and degenerate cases within the general frame-
work established in [BLP78] diverge. In both cases if we denote the semigroup of
X9 by P!, the prospective solution (this form is quite standard, [PV01, PV05]) is

given by,

b(x) = /O T P(x)dt,
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since we have,

B(X(0)] = £ [ BRG] ds +£(x).

hence in a distributional sense, b is the solution; if we let ¢ € C”(Td) then, denot-

ing the inner product in L2(T%) by (-, -),

(£, [ ELFR)]ds) = (9, —f + B

Taking the limit as t — oo, gives V¢ € C®(T¥),

(L9, [ ELFRE)ds) = (4,-F)

Both this limit and the existence of b is guaranteed by the exponential convergence
in time of P;f to u(f) via the exponential convergence of the semigroup to the
invariant regime in the supremum norm on C!(T%) [HP08, Lemma 2.6]. Then it
just remains to show that this is indeed the solution. This involves showing that it
has the required regularity properties. This is considerably more involved in the
degenerate case. Since in the hypoelliptic case all we have to do now is appeal to
ellipticity and our solution b in the distributional sense has to be a C*(T*%) solution.

In the degenerate case, in [HPO08], it follows from [HP08, Lemma 2.6] that
b € C'(T?) which is shown by using Malliavin calculus together with the assump-
tions on the Hormander condition holding on an accessible open set and good
behavior of the Jacobian of the stochastic flow associated to the process with re-
spect to the accessibility of this set. Then a regularization procedure (convolution
with a smooth function with compact support which by means of increasing a pa-
rameter is made to converge in a distributional sense to a delta function) is used to
show b can be used like a twice differentiable corrector.

From the exponential convergence of the semigroup of Xt(t) to uf, we get,

Theorem 2.9.2. We have for f € L®(T¢) for any t > 0,

[ (B as =t [ gt 29.1)

in probability as e — 0.
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This is shown from the exponential convergence in time to the invariant
measure ¢ of X¢ in terms of total variation convergence of the semigroup [HP0S,
Corollary 2.3] together with the weak convergence of u® to u [HP08, Lemma 2.4]
(cf [Par99, Proposition 2.4]).

With the existence of a corrector and the result of (2.9.1), the convergence
result follows an identical pattern as before in the non-degenerate case.

This completes a brief summary of the main fields of homogenization. We
briefly introduce the skew Brownian motion that we will use in our homogeniza-
tion results before providing some background on the oscillator problem we will

be solving in the final chapter.

2.10 A word on the skew Brownian motion

Since the skew Brownian motion is closely related to the limiting processes in the
main results of this thesis, it seems that a few words on the topic of this process are
in order.

The skew Brownian motion is related via a rescaling to the weak limit of the
solutions of (2.2.1) in one dimension and the weak limit in multiple dimensions is a
generalization of this. There exist multiple descriptions of skew Brownian motion,
putting aside the intuitive interpretation initially introduced by It6 and McKean
[IM65] of a skew Brownian motion of parameter p as a Wiener process reflected
at 0 converted into a process on IR by placing an excursion to the right of 0 with
probability p and to the left with probability (1 — p), independently of the Wiener
process. Commonly [HS81], skew Brownian motion is referred to as the solution

to the SDE,
X(t) = W(t) + BLO(t), (2.10.1)

where W is a standard Wiener process, L? is the two sided local time at 0 of X and

B = 2p — 1. The local time of a process is defined as follows,

Definition 2.10.1 (Local time [RY91]). By generalizing the standard It6 formula

(2.1.1) to convex functions, we have the Tanaka formula. For a continuous semi-
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martingale X(t), we have a continuous increasing process such that, for u € R,
t
[ X(#) —u| =|Xo —uf + /0 sgn(X(s) —u) dX(s) + L*(t),

(X(t) —u)" =(Xo—u)" + /Ot Lix(s)y>uy 4X(s)
* % /ot Lx(s)=0} dX(s) + Luz(t) /
(X(0) =) =%~ 1)~ [ 1 X6

1t Li(t)
—Eél{x(s)_o}dX(S)Jr >

forsgn = 1if x > 0, sgn = 0 if x = 0 and -1 otherwise. L"(t) above is then
termed the two sided local time of X at u at time ¢. There is also the concept of a
left or right local time, for which the value of sgn at 0 is defined as -1, 1 respectively
and there is a corresponding alteration in the subsequent equations also. We will
use the two sided local time by default and from this point drop the preceding
‘two sided’. Note that for a martingale all local times are equivalent but not for a
semimartingale, since we have continuity of L"(¢) in u V¢ for a martingale but not
for a semimartingale, although we still have left and right limits in u for all local
times in this case. L*(t) is a continuous increasing process with L*(0) = 0 a.s. for
all u. In fact the measure dL"(t) is supported entirely within the set {¢ : X(¢t) = u}
i.e. L*(t) increases only on this set. From the occupation times formula we have
an alternative definition for the local time of a continuous semimartingale which

is,

and from this second definition it is easy to see why it is known as the local time
at a point u. The right (left) local time is defined by a similar formula except we
only divide by ¢ instead of 2e and consider the occupation of the set (u,u + €)

(respectively (u — ¢, u)).

As alluded to above, the motivation for the second definition of the local

time is provided by the very useful occupation times formula,

Theorem 2.10.2 (Occupation Times Formula [RY91]). There is a IP negligible set out-
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side of which,
/()@(X(s))d(X,X>:/ O (u)L* () du ,

—00

for every t and Borel function P.

Denote the left local time (sgn(0) = —1) by L. When combined with the
following result which gives the continuity properties alluded to before, the occu-
pation times formula (which follows from the first definition) is sufficient to easily

derive the second definition of the local time from the first definition,

Theorem 2.10.3 ([RY91]). For any continuous semimartingale X there exists a modifica-
tion of the process {L*(t) : u € R,t € [0,00)} such that the map (u,t) — L¥*(t) is a.s.
continuous in t and cadlag in u. Moreover if X = V + M is the decomposition of X into

its finite variation V, and martingale part M, then,

. t t
e — B () :2/0 1x(s)—) 4V (5) = 2/0 1x(s)—n) 4X(5) . (210.2)

Thus in particular if X is a local martingale there exists a bicontinuous modification of the

family L* of local times.
A modification of a stochastic process is defined as follows:

Definition 2.10.4. Two processes X, X' defined on the same probability space are

defined as modifications of one another if for every t > 0, X(t) = X'(t) a.s..

The modification above in Theorem 2.10.3 is usually taken to be the def-
inition of the left local time and we will do the same. It is also clear from the

occupation times formula, we have,

Li(t) = S (L' () + L (1)),

N —

hence L7~ (t)) is then the right local time.

Moving back to the skew Brownian motion, in [HS81] (2.10.1) is shown to
have a unique solution (unique in law) for || < 1. § = 1 corresponds to a reflected
Brownian motion and |B| < 1 is a true skew Brownian motion. In fact there is
pathwise uniqueness of solution for || < 1 by [BC05, Theorem 2.2] and |B| = 1 by
[BCO5, Theorem 4.1].
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Theorem 2.10.5 (Theorem 2.2 [BCO05]). Suppose a is a measurable function on R that is
bounded above and below by positive constants and suppose there is a strictly increasing

function f on R such that,

a(x) —a(y)* < |f(x) = f(y)] x, yeR. (2.10.3)

Denote the two sided local time of x at u by L*. Let u be a finite signed measure on R such

that u({x}) < 1Vx € R. Then for each xo, u € R, the SDE,
t
X(f) = x0+ / a(X(s)) dW; + / L(u(du) t>0, (2.10.4)
0
has a continuous strong solution and the continuous solution is pathwise unique.

The following theorem gives existence and pathwise uniqueness in the case
B =1].

Theorem 2.10.6 (Theorem 4.1 [BCO5]). Suppose a is a measurable function on R that is
bounded above and below by positive constants, and satisfies condition (2.10.3). Then for

any xo, u € R, the SDE
X() = xo + /0 "a(X(s)) AW (s) + LA(8) , (2.10.5)

has a strong continuous solution and the solution is pathwise unique. The same conclusion

holds for the SDE
t
X(t) = xo + / a(X(s)) dAW(s) — L*(t) . (2.10.6)
0
Strong solutions and pathwise uniqueness are defined as follows,

Definition 2.10.7 (Strong Solution [RY91]). A solution is known as a strong solu-
tion of an SDE driven by a Brownian motion W if it is adapted with respect to the

filtration of W.

Definition 2.10.8 (Pathwise Uniqueness [RY91]). An SDE is said to have a pathwise
unique solution if, for X, X’ solutions with respect to the same driving Brownian
motion and X(0) = X’(0) a.s., then X(t) = X'(t) Vt > 0 as,, i.e. X and X’ are

indistinguishable.
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This brief introduction to skew Brownian motion concludes with a look at
the martingale problem satisfied by Brownian motion. We will need the result of

the It6-Tanaka formula,

Definition 2.10.9 (It6-Tanaka formula [RY91]). If f is the difference of two convex

functions and if X is a continuous semimartingale,

FOX(0) = F(X0)+ [ 371+ £ aX(6)+ 5 [ 11(6) f(aw)

In particular, f(X) is a semimartingale.

Given f € C?(R\ {0}) N C°(R), if we apply the Itd-Tanaka formula com-
bined with the occupation times formula to f(X(t)), for X(¢) the solution of (2.10.1),
we obtain that f(X(t)) is equal to,

FO0) + [ PR awes) + [ 1K

PR W 4 3 - )
—£(Xo) + /Otf/(X(s))dW(S) —l—%/otf”(X(S))ds
+%{f’_(ﬁ—1)+f’+(/3+1)]L°(f)~

This implies that for any function f for which,

fLB-1)+f.(p+1)=0, (2.10.7)

we have that,

D= g [ £ ds - FX(0),

is a martingale. Therefore the skew Brownian motion is the solution to the martin-
gale problem given by the operator (1/2)92 on the subset of C?(R \ {0}) N C°(R)
satisfying (2.10.7). The domain of the generator is in fact sufficiently large to char-
acterize the skew Brownian motion [HM10b], i.e. the domain of definition is suf-
ficiently large to guarantee uniqueness in law of the solution to the martingale

problem.
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211 The Intersection of Homogenization and Oscilla-

tor Problems: Correctors

At first glance the properties of chains of coupled oscillators and homogenization
are two problems that would appear to have little in common. However, the use of
correctors in some coupled oscillator chain problems provides common ground.
In homogenization, the purpose of a corrector term is to replace increasingly
large oscillations (O(e!)) in the drift with an O(e) term as the parameter ¢ — 0
in order that some form of averaged behavior can be derived in the limit. How-
ever, in certain circumstances in order to obtain a good description of the behavior
of coupled oscillator chains in a dominating proportion of the regime canceling in-
creasingly large, fast oscillations in the velocity variable can be useful. For instance

in [Hai09], the following system of two coupled oscillators is considered,

dqi = Pi dt, = {0,1},
dpo = —V{(qo) dt + (g1 — qo) dt — ypodt + /29T dAWp(t),
dpy = =V{(q1) + a(q0 — q1) dt + /2y Teo AW (£)

where Wy, Wj are two independent Wiener processes and V; is given by,

We have the existence of the corrector ® from [HM09, Proposition 3.7], the unique
centered solution of L& = —g. L is the generator for an isolated oscillator in

potential Vj, given by,
L = pdg —qlq/* 29,

Where we call a function centered if it is centered in the sense of [HMO09] in that the
average over one period of the function in the case of an isolated oscillator is zero.
If ¢ scales like H* and averages out to 0, then the solution to L¢ = ¢, ¢ scales like
ga+1/2k=1/2.

Hence in the case k > 2, since g scales like H 172k & scales like H/k=1/2 and

1/k —1/2 < 0 for such k, the equations for the oscillators can be seen to exhibit
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approximate decoupling at high energies, by setting

po = po+adP(p1,q1)

in order to remove the q; (coupling) term from the SDE satisfied by pg at the ex-
pense of the addition of a constant order corrector term and a number of error
terms that converge to zero in terms of absolute value, coefficient of 0 variables
or quadratic variation as appropriate with increasing energy in the 1 (undamped)

variables,

dpo = — V{(qo) dt + —agodt — ypo dt + /29T dwy(t)
1
+ 20, ®(q0 — q1) dt + Eafg@ dt + 9p® dwi (t).

The aforementioned convergence of the second line of terms is given by [HMO09,
Proposition 3.5] which states that if ¢ scales like H* then d,1 scales like H*—1/2
and d,1 scales like H1/2k,

However the effect of approximate decoupling is not sufficiently strong to
violate existence of an invariant measure in the case k = 2, T < a?(®?). The
decoupling is effect is sufficiently strong for k > 2 or k = 2, T > a*(®?) and there
is no invariant measure in this case. See [Hai09] for details.

In fact we take advantage greatly of this decoupling using the above cor-
rection together with a few others in the chapter 6 where we deal with the cases
k>2andk =2, T > a?(®?) and show that the undamped oscillator has energy
that behaves similarly to the square of a Brownian motion. The reluctance of the
undamped component to occupy a compact set together with the decoupling at
high energies of the undamped oscillator is then used to show the convergence of

the damped oscillator to an invariant distribution.

65



Chapter 3

Periodic Homogenization with an

interface: the one dimensional case

This chapter is the solution of the one dimensional case of the problem given in
the introduction by (6.0.1). It is a joint work with Martin Hairer due to appear in
Stochastic Processes and Applications [HM10b].

We consider a one-dimensional diffusion process with coefficients that are
periodic outside of a finite ‘interface region’. The question investigated in this
article is the limiting long time / large scale behaviour of such a process under dif-
fusive rescaling. Our main result is that it converges weakly to a rescaled version
of skew Brownian motion, with parameters that can be given explicitly in terms of
the coefficients of the original diffusion.

Our method of proof relies on the framework provided by Freidlin and
Wentzell [FW93] for diffusion processes on a graph in order to identify the gen-
erator of the limiting process. The graph in question consists of one vertex repre-
senting the interface region and two infinite segments corresponding to the regions

on either side.

3.1 Introduction
Consider a diffusion process in R of the type
dX(t) = b(X)dt +dB(t), X(0)€RY, (3.1.1)
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where B is a d-dimensional Wiener process and b: R? — R is periodic and smooth,
and define the diffusively rescaled process X¢(t) = eX(t/€?). If b is periodic and
satisfies a natural centering condition, then it is well-known that X* converges in
law as ¢ — 0 to a Wiener process with a “diffusion tensor’ that can be expressed in
terms of the solution to a suitable Poisson equation, see for example [BLP78, PS08].

Similar types of homogenization results still hold true if b is not exactly peri-
odic, but of the form b(X) = b(X, eX), for some smooth function b that is periodic
in its first argument. In other words, b consists of a slowly varying component,
modulated by fast oscillations. In this case, the limiting process is not a Brownian
motion anymore, but can be an arbitrary diffusion, whose coefficients can again be
obtained by a suitable averaging procedure [BMP05]. The aim of this article is to
consider a somewhat different situation where there is an abrupt change from one
type of periodic behaviour to another, separated by an interface of size order one
in the original ‘microscopic” scale.

To the best of our knowledge, this situation has not been considered before,
although a similar problem was studied in [ACP03]. In order to keep calculations
simple, we restrict ourselves here to the one-dimensional situation. Building on
this analysis, we are able to address the multidimensional case in [HM10a]. Re-
stricting ourselves to the one-dimensional case considerably simplifies the analysis

due to the following two facts:

e Any one-dimensional diffusion is reversible [IM65], so that its invariant mea-
sure can be given explicitly, enabling us to make a reasonable guess at the

limiting process (see below).

e The ‘interface’ is a zero-dimensional object, so that it cannot exhibit any in-

ternal structure in the limit.

Before we give a more detailed description of our results, let us try to ‘guess’” what
any limiting process X0 should look like, if it exists. Away from the interface, we
can apply the existing results on periodic homogenization, as in [BLP78, PS08]. We
can therefore compute diffusion coefficients C such that X° is expected to behave

like C; W(t) whenever X° > 0 and like C_W(t) whenever X" < 0, for some Wiener
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process W. One possible way of constructing a Markov process with this property

is to take X%(t) = G(W(t)), where G: R — R is given by

Cox ifx>0,
Glx)=¢ =
C_x otherwise.

In turns out that processes of this form do not describe all the possible limiting
processes that one can get in the presence of an interface. The reason why this is so
can be seen by comparing the invariant measure of G(W(t)) to the invariant mea-
sure of X®. Since the invariant measure for W is Lebesgue measure (or multiples

thereof), the invariant measure for G(W(t)) is given by

Apdx iftx >0, B
u(dx) = ! with /\—Jr = c- . (3.1.2)
A_dx otherwise, A Cq

On the other hand, if we denote the invariant measure for X® by u® = p°(x) dx,

then p® will typically look as follows:

It follows that one does indeed have u¢ — u% as e — 0, where u° is of the type
(3.1.2), but the ratio A+ /A_ depends on the behaviour of b, not only away from
the interface, but also at the interface. This can be understood as the process X°
picking up an additional drift, proportional to the local time spent at 0, that skews
the proportion of time spent on either side of the interface. A Markov process with
these properties can be constructed by applying the function G to a skew-Brownian
motion (see for example [Lej06]) with parameter p for a suitable value of p.

An intuitive way of constructing this process goes as follows. First, draw
the zeroes of a standard Wiener process on the real line. These form a Cantor set
that partitions the line into countably many disjoint open intervals. Order them by
decreasing length and denote by I, the length of the nth interval. For each n > 0,
toss an independent biased coin and draw an independent Brownian excursion. If

the coin comes up heads (with probability p), fill the interval with the Brownian
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excursion, scaled horizontally by I, and vertically by C.+/I,. Otherwise (with
probability 1 — p), fill the interval with the Brownian excursion, scaled horizontally
by I, and vertically by —C_+/I,,. One can check that the invariant measure for this
process is given by (3.1.2), but with

)L_|_ pC_
—_——= 3.1.3
AT a-pcs =

We denote the corresponding process by Bc, ,(t).

This should almost be sufficient to guess the main result of this article. To
fix notations, we consider the process X(t) as in (3.1.1) and its rescaled version
X¢, and we assume that the drift function b is smooth and periodic away from
an ‘interface’ region [—#,7]|. More precisely, we assume that there exist smooth
periodic functions b; : R — R, i € {4, —}, such that b;(x + 1) = b;(x) and such
that b(x) = by (x —n) for x > nand b(x) = b_(x+7) for x < —y. Additionally,

we assume that the functions b; satisfy the centering condition

/Olbi(x)dxzo.

We also set V(x) = [, b(x)dx for x € R, so that exp(2V(x)) dx is invariant for
X, and similarly for V;. Denote by C; the effective diffusion coefficients for the
periodic homogenization problems corresponding to b; (see equation (3.3.7) below
or [PS08] for a more explicit expression). Define furthermore A+ by

Ay = /};Hl exp(2V(x)) dx, Al = /17;7 : exp(2V(x))dx, (3.1.4)
and let p € (0,1) be the unique solution to (3.1.3). With all these notations at hand,

we have:

Theorem 3.1.1. For any t > 0, the law of X® converges weakly to the law of Bc, , in the
space C([0, t],R).

Remark 3.1.2. In order to keep notations simple, we have assumed that the diffusion coeffi-
cient of X is constant and equal to 1. The case of a non-constant, but smooth and uniformly
elliptic diffusion coefficient can be treated in exactly the same way, noting that it reduces

to the case treated here after a time change that can easily be controlled.
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Remark 3.1.3. A natural extension of the results presented in this article is case of a ran-
dom potential, along the lines of the situation first considered in [PV82]. While the heuris-
tic argument presented in the introduction still applies, the method of proof considered here
does not seem to apply readily.

An alternative method would be to consider an injective harmonic function H, for

X¢, so that He(X®(t)) is a martingale for every e. In the situation at hand, one can take

X
He(x) :/o 2V W/e) gy

One might hope that in this case it is possible to show that the process Hé(t) = H.(X%(t))

then converges as e — 0 to the martingale H(t) given by

H(t) = /OtA(H(s)) dB(s)

where A(H) takes one constant value for H > 0 and a different constant value for
H < 0 (see also Section 3.4 below). This type of approach has been successfully applied
to a number of multiscale problems, including homogenisation on fractals, see for example

[Koz93, Zhi95, KK96, HK98, Owh03, Kum04].

Remark 3.1.4. Another natural extension of the results presented in this article is case of

a random potential, along the lines of the situation first considered in [PV 82].

The proof of the weak convergence of the probability distributions on C|0, c0)
associated to X§ presented in this article will rely heavily on the 1993 paper by
Freidlin and Wentzell [FW93], in which the authors consider a ‘fast” Hamiltonian
system perturbed by a ‘slow” diffusion. Theorems 2.1 and 4.1 from [FW93] provide
a general framework for proving first the tightness and then the convergence of a
family of probability distributions on C[0, c0).

We will start by showing tightness of our family of processes in Section 3.2.
Once tightness is established, we show in Section 3.3 that every limiting process X°
solves the martingale problem associated to a certain generator. Finally, we show
in Section 3.4 that this martingale problem has a unique solution which is precisely

the rescaled skew-Brownian motion, thus concluding the proof.

70



3.2 Proving tightness

The main result of this section is the following:

Theorem 3.2.1. The family of probability measures on C([0,00),R) given by the laws of
X& for e € (0,1] is tight.

Proof. Given that the initial condition is kept fixed at one single point across the en-
tire family of laws, tightness follows from uniformity in the modulus of continuity
overe € (0,1].

For x € Rand p > 0, denote by 7 the first exit time of the canonical process
from the interval [x — p, x + p]. We also denote by P, . the law of X{. It then follows
immediately from the proof of [SV79, Theorem 1.4.6] that a sufficient criterion for

tightness is that, for every p > 0, there exists a constant A, such that the bound
Pyre( Ty <6) <A, (3.2.1)

holds uniformly over all x € R, € € (0,1], and § € R. Before we proceed, we note

the following two crucial facts:

1. It follows from the periodic case [BLP78, Section 3.4] that (3.2.1) holds uni-
formly for x ¢ (—en — p, e + p). We denote the corresponding constants by

1
Ap.

2. A standard martingale argument as in [SV79, Section 1.4] shows that, for
every g9 > 0, the bound (3.2.1) holds uniformly over all x € R, provided
that we restrict ourselves to ¢ € [gg, 1]. For the sequel of the proof it will be
convenient to make the choice ¢y = p/(47) and we denote the corresponding

2
constants by Aj.

Combining these two facts, we see that it remains to find a family of con-
stants Ag such that (3.2.1) holds for x € (—ey —p,en + p) and for e < p/(4y). At
this stage we note that since p is greater than twice the width of the interface, for

every x € R there exist two points 4 with the following two properties:

1. The process started at x has to hit either ¥, or ¥_ before it can reach the

boundary of the interval [x — p, x + p].
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2. The intervals [+ = [%1 — g,fi + g] satisfy I+ N (—ye,me) = @ and I+ C
[x —p,x + p].

Restarting the process when it hits one of the ¥4, it follows from the strong Markov
property that we can choose Ag = A; sg» which concludes the proof by setting
Ay = max{A;}. O

3.3 Convergence of the laws

As usual in the theory of homogenization, we do not show directly that the pro-
cesses X® converge to a limit, but we first introducing a compensator g: R — R
that ‘kills’ the strong drift of the rescaled process and consider instead the family

of processes

YE(H) = XE(t) + sg(Xl(t)> . (33.1)

Since we will choose g to be a bounded function, the weak convergence in the space
of continuous functions of the laws of X* to some limiting process is equivalent to
that of the Y*.

In order to construct g, let £; denote the generator of the diffusion with drift

b;, thatis L; = %8% + bi(x)0y, and denote by,
pi(dx) = 71 exp(2Vi(x))dx,

the corresponding invariant probability measure on [0,1]. We then denote by g;

the unique smooth function solving

1
Ligi = —b;, /0 &i(x) pi(dx) =0. (3.3.2)

Since b is assumed to be centred on either side of the interface, such a function
exists (and is unique) by the Fredholm alternative. We now choose any smooth
function ¢: R — R such that ¢(x) = ¢_(x+#) for x € (—co,—7) and g(x) =
g+ (x — 1) for x € (1,00), with a smooth joining region in between.

The main ingredient in our proof of convergence will be [FW93, Theorem 4.1],
which is used in conjunction with the previous tightness result to identify the weak
limit points of the family of probability distributions as the solutions to a martin-

gale problem. The aim of this section is to explain how to fit our problem into
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the framework of [FW93] and to verify the assumptions of their main convergence
theorem.

Before we proceed, let us recall what is understood by the “martingale prob-
lem” corresponding to some operator A (see for example [EK86]), and let us try to
guess what the generator A for the limiting process is expected to be. Let X be a
Polish (i.e. complete separable metric) space; C[0, c0), the space of all continuous
functions on [0, o0) with values in X. For any subset I C [0, 00), denote by .#; the
o-algebra of subsets of C[0, ) generated by the sets {x € C[0,) : x(s) € B},
where s € I and B C X is an arbitrary Borel set. We also denote by C(X) the space
of all continuous real-valued functions on X.

Let A be a linear operator on C(X), defined on a subspace Z(A) C C(X).
We will say that a probability measure IP, on (C[0, %), Z| [ 0,00)), is a solution to the

martingale problem corresponding to A, starting from a point xp € X, if
P{x : x(0) =x0} =1 (3.3.3)

and, for any f € 2(A), the random function defined on the probability space
(C[O,OO),?{(),OO),IP) by

Fx() ~ [ () (x(s) ds, t € [0,00), 33.4)

is a martingale with respect to the filtration {Zjo }, -

What do we expect the operator A to be given by in our case? On either side
of the interface, we argued in the introduction that the limiting process should
be given by Brownian motion, scaled by factors C+ respectively. Therefore, one
would expect A to be given by

(Af)(x) = 1C22f(x) ifx <0, 635
1C292f(x) otherwise,
and the domain 2(A) to contain functions that are C?> away from the origin. This
however does not take into account for the “skewing”, which should be encoded
in the behaviour of functions in Z(A) at the origin.
Since the limiting process spends zero time at the origin (the invariant mea-

sure is continuous with respect to Lebesgue measure), it was shown in [Lej06] that
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the possible behaviours at the origin are given by matching conditions for the first
derivatives of functions belonging to Z(A). We know from the introduction that
the invariant measure of the limiting process is proportional to Lebesgue measure
on either side of the origin, with proportionality constants A+. We should therefore

have the identity

A /OooAf(x) dx+ As /OooAf(x)dx _o,

for every function f € Z(A). Using (3.3.5), we thus obtain

0 00
A_C2 / ' (x)dx —|—A+C%r/ f'(x)dx=0.
—00 0

Integrating by parts, this yields (for say compactly supported test functions f) the
condition

A_CEF(07) = A Caf'(0T). (3.3.6)

This is exactly the general form of a generator produced by Theorem 4.1 in Frei-
dlin and Wentzell [FW93], a differential operator on the regions away from some
distinguished points termed nodes, combined with a restriction on the ratios of the
limits of the derivatives at this point.

The main theorem of this section that is also very closely related to the main

theorem of the article is as follows:

Theorem 3.3.1. Let C4. be given by

1
CL = [ (1 ga) P (i) (3.37)

where g+ and i are as in (3.3.2). Let A be given by (3.3.5) and let 2(A) be the set of
continuous functions f: R — R, vanishing at infinity, that are C* away from 0 and that
satisfy the condition (3.3.6) at the origin.

Then, every limit point of the family of processes Y is solution to the martingale

problem corresponding to A.

As already mentioned, our main ingredient is [FW93, Theorem 4.1] applied
to the sequence of processes Y* as defined in (3.3.1). For completeness, we give a

simplified statement of this result adapted to the situation at hand:
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Theorem 3.3.2 (Freidlin & Wentzell). Let £;, i = =, be elliptic second order differential
operators with smooth coefficients on I;, Iy = [0,00), - = (—o0,0], and let Y* be a family
of real-valued processes satisfying the strong Markov property. For some fixed 7j > 0, let
T¢ e the first hitting time of the set (—&fj, €7f) by Y*©.

Assume that there exists a function k: Ry — Ry with lime_gk(e) = 0 such that,

for any function f € C(I;) and for any A > 0, one has the bound

£ T _
By | e F(YS(T9)) = £(y) +/0 M (AF(Y (D) = Lif (¥¥(1)) ) dt}
:(’)(k(s)) (3.3.8)
as € — 0, uniformly with respect to y € I;. Assume furthermore that there exists a
function §: Ry — Ry with lim,_,0(e) = 0 and lim,_,0d(¢) /k(e) — oo such that, for

any A > 0,
IEy {[) e_/\tl(_(;/(;) (Ys(t)) dt — 0 (339)

as e — 0, uniformly over all y € R. Finally, writing o® for the first hitting time of the set
(—oo, —8) U (6, 00) by Y¢, assume that there exist p; > 0 with p_ + p4 = 1 such that

P,[Y(®) € L] —pi, i€{+ —}, (3.3.10)

uniformly for y € (—efj, eff).

Let now A be the operator defined by Af(x) = L;f(x) for x € I; with domain
P(A) consisting of functions f such that f|;, € C°(I;) and such that the ‘matching
condition” p4 f'(07) = p_f'(07) holds. Then for any fixed ty > 0, any A > 0, and any
f € 2(A), the bound

ess sup ‘ /t e ME, [/\f(Ys(t)) —Af(Y4(t)) ‘ f[o,to]] dt
0
—e_)‘tof(YE(to))‘ — 0 (3.3.11)
holds as e — 0, uniformly for all y € R.

Remark 3.3.3. The version of Theorem 3.3.2 stated in [FW93] does actually treat more
general diffusions on graphs, but assumes that the edges of the graph are finite. This is

!We denote by C$° the space of smooth functions that vanish at infinity, together with all of their

derivatives.
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not really a restriction, since I is in bijection with [0,1) (and similarly for 1_) and we

can simply add non-reachable vertices at 1 to turn our process into a process on a finite
graph.

Remark 3.3.4. As can be seen by combining (3.1.3) and (3.3.6), the probabilities p+ ap-
pearing in the statement of Theorem 3.3.2 are not quite the same in general as the proba-
bilities p+ = {p,1 — p} appearing in the construction of skew Brownian motion in the
introduction. The relation between them is given by ﬁ = 5—f. The reason is that
p+ give the respective probabilities of hitting two points located at a fixed distance from
the “interface’, whereas the non-trivial scaling of the Brownian bridges on either side of the

interface means that p+ give the probabilities of hitting two points whose distances from

the interface have the ratio C./C_.
Most of the remainder of this section is devoted to the fact that:

Proposition 3.3.5. The family of processes Y* given by (3.3.1) satisfies the assumptions
of Theorem 3.3.2 with L4 = %Ciai and p+ defined by the relations

]9_+ _ )\_|_C_2'_
p—  A_CZ’

p++p-=1,
and A4 as in (3.1.4).
This yields the

Proof of Theorem 3.3.1. Before we start, let us remark that the initial condition y for
the corrected process Y* and the initial condition x for the original process X are
related by y = x +eg(x/¢).
Note also that, thanks to the identity
00 00 t
/ e MF(s)ds= | Ae M / F(s)dsdt,
to to to
valid for any bounded measurable function F, the left hand side in (3.3.11) can be
written as
00 t
Ae) = [ AeMEy (F(Y(0) = F((to) = | AF(Y(5)) ds| Fio )
0 0

def / Ae™MEy (G (Y, to, 1)| Fo,15)) dt -

to
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We have already established the weak precompactness of the family {IP,, € >
0} in the space C(R4, R). The uniformity in x of the convergence of A(¢) to 0 then
implies that for any n, any 0 < t; < --- < t; < tp, and any bounded measurable

function G(x1,...,x,), x; € R,
‘]Ey<G(Y€(t1),...,Y€(tn))-/oo)teAtgf(Yg,to,t) dt)‘ < sup|G|-Ale) . (33.12)
to

If we furthermore assume that G is continuous, then the expression inside the ex-
pectation is a continuous function on C(R, R), so that any accumulation point X°
satisfies
(0]
AeME <G(X0(t1),. X0 (8)) G (XY, to,t)> dt=0.  (33.13)
fo
Since the integrand is a continuous function of t and a continuous function is de-

termined uniquely by its Laplace transform, this implies that
E(G(...)G¢(X%t, 1)) =0,

forallmand 0 < t; < --- < t; < tp, so that in particular the random function
F(XO(t)) — fot Af(XY(s)) ds is indeed a martingale in the filtration generated by
the process X°.

Since the laws of the starting points of X* are all equal to 6, by construction,
we conclude that the law of X? is indeed a solution of the martingale problem

corresponding to A, starting from xy. O

Proof of Proposition 3.3.5. The proofs of (3.3.8), (3.3.9) and (3.3.10) will be given as

three separate propositions.

Proposition 3.3.6. There exists 7j > 0 such that the process Y¢(t) satisfies (3.3.8) with
k(e) = e, that is,

Ey [ e M F (¥ (x9)) - f(x)
o[ et - e ) al =0

for every function f € C°(Ry), uniformly in y € [fje, 00), and similarly for the left side
of the interface.
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Proof. The treatment of both sides of the interface is identical, so we restrict our-
selves to R. As before, the initial condition y for the corrected process Y* and the
initial condition x for the original process X* are related by y = x + eg(x/¢). Note
that one has g/, (x) # —1 for any x since otherwise, by uniqueness of the solutions
to the ODE ¢’ = —2(1 + ¢’)b, this would entail that g/, (x) = —1 over the whole
interval [0, 1], in contradiction with the periodic boundary conditions.

By possibly making 7 slightly larger, we can (and will from now on) there-
fore assume that ¢’(x) > —1 uniformly over x € R, so that the correspondence
x < y is a bijection. Since g is bounded, this shows that one can find 77 > 0 so
that y ¢ [—efj, eff] implies that x ¢ [—ey, en]. In particular, fixing such a value for
77 from now on, we see that the drift vanishes in the SDE satisfied by Y¢, provided
that we consider the process only up to time 7°.

Using the integration by parts formula and It6’s formula for each Y}, we get

MG = )+ [ e (1 gL XU F (5(6)) .
_ /OT£ e_/\s [)\f(Y;(S))

O g (X)) (5 (9))] s
(3.3.14)

Since the expectation of the stochastic integral vanishes (both f’ and g/, are
uniformly bounded), all that remains to be shown is that the last term in the above
equation converges at rate ¢ to the same term with (1 + ¢')? replaced by C3.

This will be a consequence of the following result (variants of which are
quite standard in the theory of periodic homogenization), which considers the
tully periodic case. It is sufficient to consider this case in the situation at hand
since we restrict ourselves to times before 7¢, so that the process does not ‘see’ the

interface.

Lemma 3.3.7. Let b: R" — R" be smooth and periodic with fundamental domain A C

R", and denote by u the (unique) probability measure on A\ invariant for the SDE

dX(t) = b(X(t))dt +dB,, X(0) = x, (3.3.15)
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where B is a standard d-dimensional Wiener process. Assume furthermore that [, b(x) p(dx) =
0. (This condition will be referred to in the sequel as b being centred.)

Let h: R? — R be any smooth function that is periodic with fundamental domain
A and centred. Let furthermore Xt(t) = eX(t/€?) and let T be a family of (possibly
infinite) stopping times with respect to the natural filtration of B. Then, for every F €
C3(R?,R) there exists C > 0 independent of T such that the bound

/OTS e MF(X(s))h (XS(S)) ds

£

IEX SCSI

holds for any € € (0, 1], uniformly in x.

Proof. Denote by £ = 1A + (b(x), V) the generator of (3.3.15) and let g be the
unique periodic centred solution to £Lg = h. (Such a solution exists by the Fred-

holm alternative.) Applying Itd’s formula to the process

Xt(t)

sze—MP(Xf(t))g(—> ,

s

we obtain the identity

e (xem)g( S0 ) = [Terreeon( K1)

J(:sz/ Ae )‘SF(X(S))g(gg) ds
e[, s (K
X(s) ds

—I—s/oTs e (VF(XE(S)).Vg<%(S))> ds .

The claim then follows by taking expectations and noting that all the functions of

X*® appearing in the various terms are uniformly bounded. O

Returning to the proof of Proposition 3.3.6, we first note that f"(Yy) =
f"(X5) + Ofe), so that we can replace f”(Yy) by f”(X%) in (3.3.14), up to errors
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of O(¢). Applying Lemma 3.3.7 with F = f” and h = (1+ ¢’.)*> — C2, the claim

then follows at once. O

Proposition 3.3.8. The convergence

takes place as € — 0, uniformly in the initial point y € R. In particular, (3.3.9) holds with

5(e) = V.

Proof. The main idea is to first perform a time-change that turns the diffusion co-
efficient of Y* into 1 and to then compare the resulting process to the process V*

which is the solution to

AVE = bS, (V) dt + dB; (3.3.17)

where the drift bj, is given by

C .
—= for 0 < x < e,
vix) = % for —fje < x <0, (3.3.18)
0 otherwise,
\

for Cy and 77 some positive constants independent of ¢ to be determined below. An
explicit resolvent equation then allows one to show that (3.3.16) with Y replaced
by V tends to zero as ¢ — 0, uniformly in the initial point.

First, let us start with the time change. As in the proof of Proposition 3.3.6,
we assume that ¢ is chosen in such a way that ¢’ is bounded away (from below)
from —1, so that there exists a constant ¢ > 0 such that ¢’(x) > ¢ — 1 for every
x € R. In order to turn the diffusion coefficient of Y* into 1, we use the time change

associated with the quadratic variation of the Y?,
t Xe(s)\\2
€ € _ /
(S, Y (1) _/O (1+3 (—8 )) s,

thus setting

C; =inf{t' > 0: (Y5, Y)(t') > t}.
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Defining the function b = b + Lg, the process Z¢(t) = Y¢(C5) then satisfies the
equation
Ci1./X5(s) =1 XE(s)
€ o - /
Z5(t) —y+/0 “h(=> )ds+/0 (1+8/(5>)) aBs
Note that the time-change was defined precisely in such a way that the second term
in this expression is equal to some Brownian motion B¢(t). Inserting the expression

for the time change, the first term can be rewritten as

[PHED) = [ D) 110 ()

It follows that the drift term is non-zero only when the time-changed process oc-
cupies the region (—en — €||g||co, €17 + €]|¢]|0) just as for the non time-changed pro-
cess. To summarise, there exists a drift b bounded uniformly by % for some con-
stant Cy > 0 and vanishing outside of (—7e, 7je) for 7 = 17 + ||g]|«, as well as a

Brownian motion B¢, so that the process Z¢ satisfies the SDE
dZ: =b(ZE)dt+dBs,  ZE(0)=y. (3.3.19)

Now, look at how the time change affects the expression (3.3.16), where we

set G* = (—+/¢,\/¢):
/()Ooe_Atlce(Ye(t))dt:/Cg" e_)\tlcs(ys(t)) it

0
= [Temazm) 1+ (F9) a

< ilelﬂ}z(l %—g’(ac))f2 /Ooo e Mlge(ZE(t)) dt .

Hence if it can be shown that,

E, { /O T e Mg (Z5(1)) dt] —0 (3.3.20)

uniformly in the initial point x for the underlying process X%, as ¢ — 0, then our
claim follows. The idea is to bound (3.3.20) by the ‘worst-case scenario’ obtained
by replacing the process Z¢ by the process V¢ described in (3.3.17).

One technical problem that arises is that it is tricky to get pathwise control on
the behaviour of V due to the discontinuity of its drift. We therefore first compare

Z* with the process U% solution to
dU® = b (U°)dt +dB;(t), Uz (0) =y, (3.3.21)
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where Bfl is a Brownian motion to be determined and bfl is the Lipschitz continu-

ous odd function defined on the positive real numbers by

~Sx for |x| <,
) _% fore <x < (2+7)e,
ulx) =

—i—g (B+7)e—x) forQ+7e<x<(B3+7)e,

0 otherwise.

\

The SDE (3.3.21) satisfies pathwise uniqueness, which is why we are using it as
an intermediary between Z° and V¢. Now, what we are going to do is, given a
realisation of the Brownian motion Bf driving Z¢ in (3.3.19), to choose the Brownian
motion Bf; driving U} by changing the sign of the increments in such a way that
the absolute value of U§ is always less than or equal to |Z5| + 2¢. By pathwise
uniqueness, we are indeed free to choose the Brownian motion in (3.3.21). The

choice of the Brownian motion is the content of the following lemma:

Lemma 3.3.9. For every initial condition x, there exists a map B® +— By, that preserves
Wiener measure and such that |US| < |Z&| + 2¢ almost surely. In particular, it follows

that (3.3.20) is bounded by

E, (/0 Mg (US()) dt ) , (33.22)
where &' = 6 + 2e.

Proof. The construction works in the following way. Consider first the processes
driven by the same realisation B¢ and define a stopping time 1y by 19 = inf{t >
0 : |US(t)| = |Z5(t)| + 2¢}. This stopping time is strictly positive and one has
|U%(10)| > 2¢. For times after 79, we determine Bf; by

t

Biy(t) = By (o) +sign (Us(w)) [ sign(Z4(s)) dB(s)

0
and we introduce the stopping time 07 = inf{t > 1y : |U%| = ¢}. Since by construc-
tion U* does not change sign between 13 and o7, it then follows from the It6-Tanaka

formula that up to o7 one has
d|U¢| = by (|U°)) dt + sign(Z°) dB¥(t) ,
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d|Z¢| = sign(Z°)b*(Z°) dt + sign(ZF) dB(t) + dL(t) ,

for some local time term L. Since the local time term always yields positive con-
tributions and since it follows from the definition that b;(u) < sign(z)b®(z) for
\u| > e and |u| < |z| 4 2¢, we can apply a simple comparison result for SDEs to
conclude that the inequality |U%| < |Z&| + 2¢ holds almost surely between times Ty
and 0y.

We then drive again both processes by the same noise and define as before
7 by 7 = inf{t > oy : |U(t)| = |Z5(t)| + 2¢}. Note that 7y > 0y almost surely
since one has |U(0p)| < |Z5(00)| + e. We then apply the previous construction

iteratively, so that, setting oy = 0, we have constructed Bj; by

(o]

By (t) = /;(Z Lo, ) (8) + i()lm’a”ﬂ)(s) sign(Ui(rﬂY,ﬁ(s))) dBE(s) .

n=0
Since the process U* has finite quadratic variation and has to move by at least ¢
between any two successive stopping times, our sequence of stopping times does
converge to infinity, so that B, (f) is indeed a Brownian motion with the required

property. [

In our next step, we compare the process Uj that we just constructed with
the process Vi defined in (3.3.17), where we set 7j = 5 + 7. Since the drift coefficient
is bounded, it follows from an application of Girsanov’s theorem like in [RY91,
Corollary IX.1.12] that this SDE has a solution for some Brownian motion By, say.

We now fix B}, and use it to construct a Brownian motion B{; driving (3.3.21)

in such a way that the absolute value of V£ always stays less than |U§| + 2e:

Lemma 3.3.10. There exists a map By, — By, that preserves Wiener measure and such

that |VE| < |U&| + 2¢ for all times almost surely. In particular, (3.3.22) is bounded by
Ex /0 e M g oy (VE(E)) ) (3.3.23)
with 8" = &' + 2e.

Proof. The argument is virtually identical to that of Lemma 3.3.9, so we do not

reproduce it here. L

It now remains to show that:
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Lemma 3.3.11. The expression (3.3.23) converges to 0 uniformly in the initial point as

e — 0.

Proof. We write ¢ for 5¢ + e and ¢ for 6 + 4¢ for ease of notation, but this has no
bearing on the rates of convergence of the aforementioned quantities and hence on

the calculation. We have the identity

2 [/Ooo €_M1(—5,(5) (Vf(t))dt] = /Ooo e‘“Pf(l(_él(s)) (x) dt
= (A= Ly) M 55(x) (3.3.24)

by the resolvent equation (see for example [EK86, Chapter 1]), where Lj, is the
generator of the Markov semigroup P associated to V*.

We now proceed to computing this expression explicitly in order to show
that its supremum tends to zero uniformly in x. In order to keep notations simple,
we assume for the remainder of this proof that 7 = Cy = 1, which can always
be achieved by rescaling space and redefining ¢. In this case, the solution f(x) =
(A — Eﬁ,)’ll(_ 5,6)(x) to the resolvent equation can be assembled piecewise on the
intervals (—oo, —¢), (=6, —¢), (—¢,0), (0,¢), (¢,6) and (9, 00) by making sure that it
is C! at each junction. Owing to the symmetry of the problem, the function f will
be an even function of x, hence we only have to analyze it on one side of the origin.

The general solution on each interval can be written as

Boe~ V2 for x > 4,
fx) = %+ AreVA¥ 4 Ble=V2Ax fore < x <4,

1424267 + Bpe 12 forx <,

where
1 L
71 (82 + ) + . . + O(e)

1 : 1 ,
Y2 = 8—24—2/\ —E:/\s—l—(’)(e).

The reason for the somewhat strange choice of adding an explicit factor &2 in front
of Aj is justified a posteriori by noting that with this scaling, the matching condi-

tions at € and ¢ (as well as the fact that the derivative should vanish at the origin)
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yield the following linear system:

By 0 0 0 0 2 -2
Ay 0 0 -1 -10 1
M|B|=]0]|, M=]0 -1 1 0 0][+00).
Ay —1 -1 1 1 0 0
B, 0 1 1 -10 0

To lowest order in € and J, this can easily be solved exactly, yielding

1
(Bo, A1, B1, Az, B) = —=(0,1,1,4,2) + 0(0)

Inserting this into the expression for f shows that sup, g |f(x)| = O(5) = O(V/¢),
thus completing the proof. O

With the lemma regarding the resolvent calculation above, the proof of Propo-

sition 3.3.8 is complete. O

We finally show that

Proposition 3.3.12. For every ¢ > 0, the exit probabilities from the interval (—0,0)
satisfy the bound

P.[Y¢(c®) € I[] = pi + O(Ve) ,
uniformly for x € [—ce, ce].

Proof. For the proof of this result, it turns out to be simpler to consider the original
process X¢(t).

Whenever Y¢(t) exits the set (—J,6), due to the deterministic relationship
between the processes, X¢(t) exits a set (—¢’, "), where ¢’ and 6" are contained in
the interval (6 — €||g||co, 6 + €]|¢]|0 ). Therefore, we just look at the exit of X*(t) from
an interval of this form as the computations are much easier to carry out. This is
due to the simpler form of the scale function for X*(t) compared with that of Y*(¢).
It follows from [RY91, Exercise VII.3.20] that the scale function of the diffusion on

R with generator £ = %az(x)% + b(x) L is given by,

s(x) = /Cx exp (— /Cy 2b(z)0‘2(z)dz) dy
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where c is an arbitrary point in IR. Recall that the scale function of a real-valued
process is a continuous, strictly increasing function such that for any a < x < bin

the set where the Markov process takes its values, one has

_ s(x) —s(a)
]Px(Tb < Ta) = m ’

where T, Ty, are the first hitting times of the points 4 and b respectively. For X*(t)
we have that ¢ = 1 and the drift is equal to 1 b(x/¢). We are from now on going
to use the notation q:(y) = (1 + €g(-/¢)) - (y) for the transformation that allows
recovery of X® from Y*. We also denote by T, the first hitting time of the point
a € R by the process X¢. We also use the shorthand notation

Fe(u) = exp<—2 /u % b(z/¢) dz) ,

so that the scale function for X® is given by s(z fo
With this notation at hand, we have, for x € (—(5,5 ), that, denoting the
escape time of Y¢(t) from (-4, ) by ¢?,
s(:(x) — s(~9)
(5”) s(=0")
Y Ry dy - fo Fy)dy _ [ F F@)dy
Jo " Eey)dy = [ Fe(y) dy f 5 Fe(y) dy

Noting that F; has the scaling property F;(u) = F;(u/¢), we thus obtain the identity

I Ry/e)dy % Ruly)dy +0(1)
f(s(s/ Fi(y/e)dy ‘522 1(y)dy +0O(1)

where we used the fact that g.(x) = O(e) and F; is uniformly bounded, due to the

IPx(YS(U'é) € I_t,_) = ]PX<T5// < T_(S/) —

P, (Yé(o%) € Iy) = (3.3.25)

fact that the functions b+ are centred by assumption.
Note now that the effective diffusion coefficients C+ can alternatively be

expressed as [PS08, Sec 13.6]

-1

2 = {/};ﬁl exp(—2V(u)) du /;H exp(2V(u))du |

and similarly for C_. Therefore, since F, is periodic away from [—7, #7], it follows

immediately from the definitions of A+ and C that

0 1 N 1
[ AW = N0, [TRE) A = N+ 0).
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Since § = /¢, combining these bounds with (3.3.25) implies that IP,(Y¢(¢?) €
Iy) = C2A4/(C2A4 + C3A_) + O(y/e), from which the requested bound follows.
]

Combining Propositions 3.3.6, 3.3.8, and 3.3.12 completes the proof of Propo-
sition 3.3.5. [

3.4 Uniqueness and characterisation of the martingale

problem

To conclude this article, we show that solution to the martingale problem corre-
sponding to A is unique and is indeed given by the variant of skew Brownian
motion constructed in the introduction.

The skew Brownian motion B, of ‘skewness’ parameter p is known to have
generator £, = %% on the set of functions that are continuous, twice continu-
ously differentiable except at the origin where we have pf'(07) = (1 —p)f'(07).
(See for example the review article [Lej06].) The process B¢, , constructed in the

introduction is given by

Be,p(t) = G(By(H),  G(x) =

Cix ifx >0,
C_x otherwise.

Since G is a continuous bijection, this is again a strong Markov process and it has
generator givenby Af = (L,(foG)) oGt with Z(A) ={f : foG € 2(Lp)}.
Using the relation (3.1.3), it is now a straightforward calculation to show that Z(A)
consists precisely of those functions satisfying the derivative condition in (3.3.6),
hence we will have

p+ _ Cyp

p- C-(-p)
This provides a clue as to how to show uniqueness easily. Let Y denote any solu-
tion of the martingale problem corresponding to A acting on Z(A), Y also repre-
sents any possible limit point of the family Y* as ¢ — 0. Defining ¢ like G, but with
constants p/Cy and (1 — p)/C_ instead of C; and C_, we note that g satisfies the
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derivative condition at 0 imposed for elements of Z(A). Since g doesn’t vanish at
infinity, we have ¢ ¢ Z(A), but we can approximate ¢ by a sequence g, € Z(A)
such that ¢ = g, on [—n,n]. Indeed, given t > 0, the probability of escaping from
[—n, n] before time ¢ tends to zero as n — oo uniformly for € € (0, 1] by tightness.

As a consequence, the process V = ¢(Y) satisfies the SDE

t
V(t) :/0 ALy s)soy + A-1{y(s)<0y 4Bs ,

where A4 are some constants. It is known [BC05, Theorem 2.1] that this equa-
tion has a pathwise unique solution which in particular implies uniqueness in law.
Since g is an invertible map, this immediately implies that Y is unique in law and
one can check that Y is indeed the variant of skew Brownian motion constructed

in the introduction.
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Chapter 4

Periodic Homogenization with an

interface: the multidimensional case

Further to the previous chapter, we now tackle the multidimensional version of the
homogenization problem (6.0.1). This is a joint work with Martin Hairer to appear
in the Annals of Probability.

We consider a diffusion process with coefficients that are periodic outside
of an ‘interface region’ of finite thickness. The question investigated in this article
is the limiting long time / large scale behaviour of such a process under diffusive
rescaling. It is clear that outside of the interface, the limiting process must be-
have like Brownian motion, with diffusion matrices given by the standard theory
of homogenization. The interesting behaviour therefore occurs on the interface.
Our main result is that the limiting process is a semimartingale whose bounded
variation part is proportional to the local time spent on the interface. The propor-
tionality vector can have non-zero components parallel to the interface, so that the
limiting diffusion is not necessarily reversible. We also exhibit an explicit way of
identifying its parameters in terms of the coefficients of the original diffusion.

Similarly to the one-dimensional case, our method of proof relies on the
framework provided by Freidlin and Wentzell [FW93] for diffusion processes on a

graph in order to identify the generator of the limiting process.
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4.1 Introduction

The theory of periodic homogenization is by now extremely well understood, see
for example [BLP78, PS08]. Recall that the most basic result states that if X is a
diffusion with smooth periodic coefficients, then the diffusively rescaled process
Xt(t) = eX(t/€?) converges in law to a Brownian motion with an explicitly com-
putable diffusion matrix. If one considers diffusions that are ‘locally periodic’,
but with slow modulations over spatial scales of order ¢!, then it was shown in
[BMPO05] that the rescaled process converges in general to some diffusion process
with a computable expression for both its drift and diffusion coefficients.

In this article, we will also consider the ‘locally periodic” situation, but in-
stead of considering slow modulations of the coefficients, we consider the case of
a sharp (i.e. of size O(1)) transition between two periodic structures. In the (much
simpler) one-dimensional case, this model was previously studied in [HM10b],
where we showed that the rescaled process converges in law to skew Brownian
motion with an explicit expression for the skewness parameter. In higher dimen-
sions, this model has not yet been studied to the best of our knowledge. The aim of
this article is to clarify what is the behaviour of X® near the interface for very small
values of ¢. It is important to remark at this stage that we do not make the assump-
tion that our diffusion is reversible i.e. we are not necessarily dealing with a drift
given by a gradient vector field (extension of the results in [Vos97]). As we will see
in Section 4.2 below, there are then situations in which the limiting process is not
reversible either, contrary to the one-dimensional situation. The limiting process
is not reversible when we have a non-zero local time term in those directions con-
tained within the interface. This is due to the measures induced by the process and
its time reversed counterpart being mutually singular on path space as a result of
said non-zero local time terms.

If the diffusion we are homogenizing has drift given by a gradient vector
tield then it is reversible and as a consequence the limiting process is also re-
versible. This implies that the limiting process has no non-zero local time terms
in the components the directions of which are contained within the interface. As a

consequence, when conducting the identification of the limit stage of the homoge-
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nization scheme, in this case we do not need to explore those directions contained
within the interface. The method of identification of the limit therefore becomes
akin to that studied in the one dimensional case [HM10b] i.e., in this case, we only
have to identify the coefficient of the local time term for the component perpendic-
ular to the interface.

One feature of the problem at hand is that there is no finite invariant measure
built into the framework of the problem. This is unlike most other homogeniza-
tion problems, even those exhibiting rather ‘bad” ergodic properties, such as the
random environment case [PV81, Ol194] or the quenched convergence results for
the Bouchaud trap model [BACO07]. Since in our case the invariant measure u of X
is only o-finite, this leads to two problems when trying to compute the effect of the
behaviour of X near the interface in the limit ¢ — 0. Indeed, one would ‘naively’

expect that an effective drift along the interface can be described by the quantity

/b(x) u(dx) . (4.1.1)

One problem with this expression is that there is no obvious natural normalisation
for u. Furthermore, since b is periodic away from the interface and the same is
(approximately) true for p, this integral certainly does not converge, even if we
consider it as an integral over R x T¢~! by making use of the periodic structure
in the directions parallel to the interface. See however (4.2.4) and Proposition 4.6.3
below for the correct way of interpreting (4.1.1) and our main result, Theorem 4.2.4
below, on how this quantity appears in the construction of the limiting process.

Another common feature of many homogenization results is the usage of a
globally defined corrector function to compensate for the singular terms appear-
ing in the problem. This is of course the case for standard periodic homogenization
[BLP78], but also for a number of stochastic homogenization problems, as for ex-
ample in [OS04, PV81, Ol194, Rho(09a]. For the present problem however, it will be
convenient to make use of corrector function that only cancels the singular terms
away from the interface and to treat the behaviour of the limiting process at the
interface by completely different means.

One very recent homogenization result where discontinuous coefficients ap-

pear in the limiting equation can be found in [BEP09] (which in turn generalises
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[KKO1]). However, their framework is quite different to the one considered here
and doesn’t seem to encompass our problem. Much more closely related problems
are homogenization problems with the presence of a boundary [AA99, GVMO8].
Those have been mostly studied by analytical tools so far. In our probabilistic
language, what comes closest to the boundary layers studied in these articles is
the o-finite invariant measure of X, which is shown in Proposition 4.5.5 below to
converge exponentially fast to a measure with periodic densities away from the
interface.

For simplicity, we will consider the case of a constant diffusion matrix, but it
is straightforward to adapt the proofs to cover the case of non-constant diffusivity
as well. More precisely, we consider the family of processes X® taking values in
IR?, solutions to the stochastic differential equations
X¢
B

dxe — %b( ) ds+dB(s),  X°(0)—=x, 412)

where B is a d-dimensional standard Wiener process. The drift b is assumed to be
smooth and such that b(x + ¢;) = b(x) for the unit vectors e; withi = 2,...,d (but
not for i = 1). Furthermore, we assume that there exist smooth vector fields b+

with unit period in every direction and 1 > 0 such that
b(x) =by(x), x1>7, b(x) =b_(x), x1<-7.

Figure 4.1 is a typical illustration of the type of vector fields that we have in mind.

If we denote by X the same process, but with ¢ = 1, then the process X*

given by (4.1.2) is equal in law to the diffusive rescaling of X by a factor . In
the sequel, we denote the generator of X by £ and the generator of X* by £,. We
furthermore denote by L. the generators for the diffusion processes on the torus
given by

dX* = by (X¥)ds +dB(s), (4.1.3)

and by p4 the corresponding invariant probability measures. With this notation at
hand, we impose the centering condition [, b (x) ps(x) = 0.

Under these conditions, our main result formulated in Theorem 4.2.4 below
states that the family X¢ converges in law to a limiting process X. Furthermore, we

give an explicit characterisation of X, both as the unique solution of a martingale
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Figure 4.1: Example of a vector field b satisfying our conditions.

problem with some explicitly given generator and as the solution of a stochastic
differential equation involving a local time term on the interface {x; = 0}. In
addition to the homogenized diffusion coefficients on either side of the interface,
this limiting process is characterised by a ‘transmissivity coefficient’, as well as by
a ‘drift vector” pointing along the interface.

The remainder of this article is structured as follows. After formulating our
main results in Section 4.2, we show tightness of the family in Section 4.3. In Sec-
tion 4.4, we then formulate the main tool used in the identification of the limit-
ing process, namely a multidimensional analogue of the tool used by Freidlin and
Wentzell in [FW93] to study homogenisation problems where the limiting process
takes values in a graph. Section 4.5 is then devoted to the computation of the trans-
missivity coefficient, whereas Section 4.6 contains the computation of the drift vec-
tor. Finally, we show in Section 4.7 that the martingale problem is well-posed and

we identify its solution with the solution to a stochastic differential equation.

4.1.1 Notation

We define the “interface’ of width K by
S ={xeR?: x; € [-K,K]}.

We also denote by d.% its boundary.
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Frequently throughout the paper we will construct successive escape and
subsequent reentry times particularly when constructing invariant measures in
terms of the invariant measure of an embedded Markov chain as in [Has60]. We
will denote such pairs of stopping times as ¢, ¢, which denote escape and reen-
try times respectively. Other stopping times not part of such a sequence will be

denoted by T.

4.2 The Main Result

Before stating the main result we will first define the various quantities involved
and their relevance. It is clear that, in view of standard results from periodic ho-
mogenization [BLP78, PS08], any limiting process for X* should behave like Brow-
nian motion on either side of the interface % = {x; = 0}, with effective diffusion

tensors given by
D = | (Gu+3g5) (04 + 0k dps
(Summation of k is implied.) Here, the corrector functions g : T? — R are the

unique solutions to £+g+ = —b+ such that

82 () padx) = 0.

Since b+ are centered with respect to y 4, such functions do indeed exist.
This justifies the introduction of a differential operator £ on R? defined in
twopartsby £ onI; = {x; > 0} and £_ on I_ = {x; < 0} with
+

Lo= -3

) 4.2.1)

then one would expect any limiting process to solve a martingale problem associ-
ated to L. However, the above definition of £ is not complete, since we did not
specify any boundary condition at the interface .4%.

One of the main ingredients in the analysis of the behaviour of the limiting
process at the interface is the invariant measure y for the (original, not rescaled)
process X. It is not clear a priori that such an invariant measure exists, since X is

not expected to be recurrent in general. However, if we identify points that differ
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by integer multiples of €j forj =2,...,d, we can interpret X as a process with state
space R x T4, It then follows from the results in [Has60] that this process admits
a o-finite invariant measure 2 on R x T4,

Note that the invariant measure y is not finite and can therefore not be nor-

malised in a canonical way. However, if we define the “unit cells’ C].J—r by
Cr=[ij+1UxT,  C =[j-1,—j]xT,

then it is possible to make sense of the quantity g+ = lim; ., (C]i) (we will show
in Proposition 4.5.5 below that this limit actually exists).
Let now p+ be given by

_ gDy
q+Df} +q-Dy

P+
which can also we rewritten in a more suggestive way as

P+ _ q+ D5
p- q-Dp

This is the homogenized diffusion coefficient in the direction perpendicular to the

(4.2.2)

interface, weighted by the invariant measure of a unit cell. Comparing with the
one-dimensional case [HM10b], one would expect this to yield the likelihood for
X* to exit a small (but still much larger than ¢) neighborhood of the interface on a

specific side.

Remark 4.2.1. The ratio

P+1/Dpy
. (4.2.3)
p—\/Df; +p+y/Dpy

gives the asymptotic probability of the process being located in the rhs (4) of the interface

after a long time. This follows from the weak convergence of the first component to a
skew Brownian motion with (possibly) different diffusion coefficients on either side of the
interface. If we rescale this skew BM on either side of the interface by Dli1 to obtain a

standard skew BM, we can use the scale function of BM to finish the verification of (4.2.3).

However, unlike in the one-dimensional case, these quantities are not yet
sufficient to characterise the limiting process. The reason is that since X¢ is ex-

pected to spend time proportional to ¢ in the interface, but the drift is of order e~
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there, it is not impossible that the limiting process picks up a non-trivial drift along

the interface. It turns out that this drift can be described by the coefficients «; given

by
Y S , ,
nj = 2<DE - D1_1) /lele (bj(x) + Lgj(x)) u(dx), (4.2.4)
where y is again normalised in such a way that g4 + g— = 1 and where g is any

smooth function agreeing with g4 on either side of the interface (see Section 4.3

below).

Remark 4.2.2. Since [, -1 £L¢(x) p(dx) = 0 for every smooth compactly supported
function ¢, one should interpret the integral on the right hand side of (4.2.4) as a “renor-

malised” form of the intuitive more meaningful quantity (4.1.1).

Remark 4.2.3. The expression (4.2.4) is useful in order to generate examples with non-

vanishing values for the coefficients w;.

Given all of these ingredients, we can construct an operator £ as follows.

The domain 2(L) of £ consists of functions f: RY — R such that
e The restrictions of f to I+, I, and .4 are smooth.
o The partial derivatives 0;f are continuous for i > 2.

e The partial derivative 01 f(x) has right and left limits d; f|;, as x — % and

these limits satisfy the gluing condition
d
p+0iflr, —p-0ifli + ) aj9;f =0. (4.2.5)
=2

Forany f € 2(L), we thenset Lf(x) = L4 f(x) for x € L. With these definitions

at hand, we can state the main result of the article:

Theorem 4.2.4. The family of processes X¢ converges in law to the unique solution X to
the martingale problem given by the operator L. Furthermore, there exist matrices My

and a vector K € RY such that this solution solves the SDE

dX(t) = 15, coM_dW(t) + 1g, .oM+dW(t) + KdL(t) . (4.2.6)
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Figure 4.2: Sample paths at small (left) and large (right) scales.

where L denotes the symmetric local time of Xq at the origin and W is a standard d-

dimensional Wiener process. The matrices M+ and the vector K satisfy

M:ML=D*, Ki=pi—p-, K=u,

forj=A{2,...,d}.

In Figure 4.2, we show an example of a numerical simulation of the process
studied in this article. The figure on the left shows the small-scale structure (the
periodic structure of the drift is drawn as a grid). One can clearly see the periodic
structure of the sample path, especially to the left of the interface. One can also see
that the effective diffusivity is not necessarily proportional to the identity. In this
case, to the left of the interface, the process diffuses much more easily horizontally
than vertically.

The picture to the right shows a simulation of the process at a much larger
scale. We used a slightly different vector field for the drift in order to obtain a
simulation that shows clearly the strong drift experienced by the process when it

hits the interface.

Remark 4.2.5. Since the quadratic variation of X has a discontinuity at X1 = 0, we do
have to specify which kind of local time L is. Using the symmetric local time yields nicer

expressions. See for example [RY91, Lej06] for a definition of the symmetric local time.

Analyzing what this means for a simple example, we consider the case of a

two dimensional problem where we have b; = 0 and b, = f(x1) for f a smooth
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function that is zero outside of .. Clearly py = % In this case the invariant

measure y of the process X is given by 3 times Lebesgue measure on R x S! and

we can choose ¢ = 0. This implies that we then simply have

zxzz/]Rf(x)dx,

as one would expect.

4.3 Tightness of the family

The aim of this section is to prove the following tightness result:

Theorem 4.3.1. Denote by P¢ the law of X& on C(R,R?). Then the family {IP*}ec (0]
is tight.

Similar to what happens in the classical theory of periodic homogenization,
it will be very convenient to construct a ‘corrected process’ Y, obtained by adding
to X a corrector function that cancels out to first order the effect of the small oscil-
lations. To this aim, we introduce a smooth function g: R? — R¥ which is periodic
in the directions 2, ...,d and such that g(x) = g+ (x) for x; > 75 and similarly for
x1 < —1. (Recall that g4+ were defined in Section 4.2.) We do not specify the be-
haviour of g inside the interface ., except that it has to be smooth in the whole
space and periodic in the directions parallel to the interface. We fix such a function
g once and for all from now on. We furthermore denote by Y* the process defined
by Y& = X¢ + eg(e 1X¢), as well as y = x + eg(x/¢) for its initial condition.

Defining the corrected drift b(x) = (£g + b)(x) and the corrected diffusion
coefficient &;j(x) = d;; + 9;g;(x), it follows from Itd’s formula that the ith compo-

nent of sz satisfies

090 =i+ [ B(2xe)as+ [ o(3xe)awe) . @

It is very important to note that the corrected drift b vanishes outside of .%, so that
the process Y is subject to a large drift only when X is inside the interface.

Our main tool in the proof of Theorem 4.3.1 is the following result, which is

very similar to [SV79, Thm 1.4.6]:
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Proposition 4.3.2. Let & be a family of probability measures on Q = C(R,RY) and
denote by x the canonical process on (). Assume that

lim sup P(|x(0)] >R)=0.

R/ pep ( )
Furthermore, for any given p > 0, let Ty = 0, and define recursively T; 1 = infy~+, |x(t) —

x(T;)| > p. Assume that the limit

%11‘% esssupP [T,41 — Ty < 0| F,| =0, Pas.,on{t, <oo} (4.3.2)

holds uniformly for every P € & and every n > 0. Then the family of probability measures
& is tight on Q).

Proof. The proof is similar to that of Theorem 1.4.6 in [SV79], except that their
Lemma 1.4.4 is replaced by (4.3.2).

Fix an arbitrary final time T > 0. Furthermore, denote for w € ),
Ny, = Np(w) =min{n : 1,44 > T} .
and the modulus of continuity by J,,
0p = dp(w) =min{ty, — 7,1 : 1 <n < Ny(w)} .

Note that this expression depends on p via the definition of the stopping times T;.

With this notation at hand, tightness follows as in [SV79] if one can show
that lims_,g supp. 4 P(6, < ) = 0 for every fixed p > 0. As in [SV79], one has for
every k > 0 the bound

k
P, <6) < Y E[P[tij1 — 1 <8|F] ]+ P(N, > k).
i=1

For every fixed k > 0, the first term then converges uniformly to 0 by assumption.
Since the second term is independent of J, it remains to verify that converges to 0
as k — oo, uniformly over & (convergence for every fixed IP € &7 is trivial but not
sufficient for our needs).

This is a consequence of [SV79, Lemma 1.4.5], provided that one can find

A < 1such that E [e~(Ti+17%)| #.] < A. This in turn follows from
lE[e_(TiH_Ti>| ﬁd < Pty — 1 <t Fr] + e~ P [Tit1 — T > to] Fo
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< e N4 (1—e P[4 — 7 < to| o]

Indeed, by choosing t( sufficiently small, this term can be made strictly less than 1,
provided that P [1;11 — T; < to| %] tends to zero uniformly (over the members of

& and over i) as tg tends to zero, which is precisely our assumption. O
We now turn to the

Proof of Theorem 4.3.1. Recall that we defined the process
Ye = X 4 eg(e71X9),

in Section 4.2. Note then that, just as in [HM10b, Prop. 2.5], the tightness of the
laws of X% is equivalent to that of the laws of Y;. Therefore, all that remains to be
shown is that we have the bound (4.3.2) for the law of Y*, uniformly over ¢ € (0,1].
The approach that we use is to consider separately the martingale part and the
bounded variation part for Yy given by (4.3.1), and to show that the probability of
either of these moving by at least § during a time interval 6 tends to zero uniformly
over the initial condition.

Given any fixed p, v > 0, we want to show that there exists a sufficiently
small 6 > 0 such that P(7,41 — 7 < 0|.%,) < < uniformly over P € & (that
is uniformly over the laws of Y with e € (0,1]) and n. We split the contributions
from the martingale and the bounded variation parts in the following way:

P(Tus1 T < 6] ) = P (sup [Y() = Y(0)] > p)
t<d

<sup][’x<sup‘ / (e 1XE(s) ds‘> )

x t<o

gl

t<5

—sup]Ex sup‘/ 7ij (e )) dWi(s )‘ (4.3.3)

Here, we used the Chebychev’s inequality to obtain the last bound. Since the func-
tions 0;; are uniformly bounded, the stochastic integral appearing in the second

term is easily bounded by O(+/3) by the Burkholder-Davis-Gundy inequalities.
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Furthermore, by the definition of the corrector function g, there exists 7 > 0 such

that b(x) = 0 for x & %, so that there exists a constant C such that

+ %ﬁ . (4.3.4)

P(ty1— ™ <6|F,) < F%Slip]Ex (/0‘5 14 (X5(s)) ds)
For fixed p > 0, the second term obviously goes to 0 as 6 — 0, uniformly in ¢, so it
remains to consider the first term. As one would expect from the expression for the
local time of a Brownian motion, it turns out that the expected time spent by the
process in .%; scales like ev/3, thus showing that this term is also of order v/3/p.
Once we are able to show this, the proof is complete.

The occupation time of the interface appearing in the first term of (4.3.4) is
bounded by the trivial estimate Cé/ (pe), which goes to 0 as § — 0 provided that
we consider ¢ > /3, say. We can therefore assume without any loss of generality
in the sequel that we consider ¢ < V0.

The idea to bound the occupation time is the following. We decompose the
trajectory for the process X® into excursions away from the interface, separated
by pieces of trajectory inside the interface. We first show that if the process starts
inside the interface, then the expected time spent in the interface before making a
new excursion is of order 2. Then, we show that each excursion has a probability
at least e/ /0 of being of length ¢ or more. This shows that in the time interval ¢ of
interest, the process will perform at most of the order of \V/8 /¢ excursions, so that
the total time spent in the interface is indeed of the order £1/3, thus showing that
the first term in (4.3.4) behaves like v/4/p, as expected.

More precisely, we first choose two constants K > 0 and K > 0 such that the

chain of implications
{X* € S} = {Y* € A} = {X € Ax_1)e} = {X° € Fk}, (4.3.5)

holds. We then set up a sequence of stopping times in the following way. We set

¢o = 0 and we set recursively

On = inf{t = ¢Pn Xs(t) Z ﬁ(s} ’
¢n =inf{t > 0,1 : Y(t) € %, } .
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(Note that we can have oy = 0 if the initial condition does not belong to %,. Apart
from that, the second implication in (4.3.5) shows that increments from one stop-
ping time to the next are always strictly positive.) This construction was chosen in
such a way that the times when X* € Sje always fall between ¢, and oy, for some

n > 0. In particular, if we set
N=inf{n >0 : ¢py1 — 0w >0},
then we have the bound

sup E. </05 1y, (X5(5)) ds)
N

< suplEx<Z (0w — 4’n))
X n=0
= sup ;)Ex((an — ¢u)Inzn) = Zosgp Py(N > n) sup Ex (Ex(p,)01)

where we used the strong Markov property and the fact that {N > n} is %, -
measurable in order to obtain the last identity. It follows from the definition of N

that this expression is in turn bounded by

sup,cre Ex00 sup P.(¢o < 9)
sup Exog ) (sup Px(go < )" = —F Xk
x€R n>0 x&Ixe mn X e X((PO > )

We now bound both terms appearing in this expression separately.

First, we turn to the expected escape time from the interface, [Ey0y. The idea
is to use a comparison argument just like in [HM10b, Proposition 3.8]. We define
a ‘worst-case scenario” process V;, which is the solution to the SDE with initial

condition x, diffusion coefficient 1 and drift coefficient given by b{,, where

b (x) _Tb" for x > 0,
v\X) =
by forx <0,

€

for some constant by > 0. We then have:

Lemma 4.3.3. There exist by > 0 and K > 0 such that, if we define K = inf{t >0 :
VE(t) & H,.}, we have

Eyop < ]ExTK ’
for every x € RY.
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The proof of Lemma 4.3.3 is almost identical to that of [HM10b, Proposi-
tion 3.8], so we are going to omit it. A straightforward calculation using the par-
ticular form of the drift coefficient for V allows to check that there exists indeed a

constant C > 0 such that the bound
sup IEXTK < Ce? ,
X

holds so that, combining this with Lemma 4.3.3, we have sup, s Ex0p < Ce2.

Let us now turn to the bound on P, (¢p > §). The idea here is to look at the
process Y¢ instead of X® and to time-change it in such a way that we can compare
it to a standard Brownian motion. Note first that the last two implications in (4.3.5)
show that if we start with X* anywhere outside of .%¢, then the first component
of Y* has to travel by at least ¢ before the process Y® can hit .%,. Furthermore, it
follows from (4.3.1) that the time change C; such that Y*(C;) is a standard Brownian
motion satisfies C; > ct for some ¢ > 0. It therefore follows that, setting H(z) =
inf;~o{B¢ > z}, one has the lower bound

xg}fKS]Px(gbo >6) >P(H(e) >d/c) .
The explicit expression for the law of H(z) given in [BS96, p. 163, eq. 2.02] yields
in turn

1) 6—1/(21?)

P(H(e) > 6/c) =/ dt .

5/(ce) \/27T t3

It follows immediately that this in turn is bounded from below by Ce/+/¢ for some
C > 0, provided that ¢ < v/4. Collecting these bounds completes the proof of
Theorem 4.3.1. ]

4.4 Main tool for identifying the limit process

Instead of considering a graph as before, we will consider a generalized multi-
dimensional version different from that considered by Freidlin and Wentzell in
[FW93, Section 6]. Note that the generalisation considered here is different (and

actually simpler) than the one considered in [FW06]. We consider processes in R4
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and we set I = {x € R? : x; < 0}, and similarly for I,. We consider a fam-
ily of R%-valued processes X¢ and we denote by 7¢ the first hitting time of ey
Correspondingly, T° is the first escape time of the set .% by X¢.

With this the main tool will be the following multidimensional analogue of

[FW93, Thm 4.1]:

Theorem 4.4.1. Let L; be second order differential operators on I; with bounded coeffi-
cients and let D; be some sets of test functions over I; whose members are bounded and
have bounded derivatives of all orders. Suppose that for i € {+, —}, any function f € D;
and for any A > 0, the bound

E, [e“ff(x%ﬁ) — (X(0))
b [N (A xe) - L (X))t | ~0k) @)

holds as ¢ — 0, uniformly with respect to x € I;. Assume furthermore that the rate k is
such that lim,_,0 k(g) = 0.

Assume that, for every A > 0and every i € {+, —}, there exist functions u; , € D;
such that Liu; y(x) = Au; \(x) holds for x € I; with |x1| < 1and such that uy )(x) =1
forx; = 0and x; = £1.

Assume that there exists a rate 6 = 6(e) — 0 such that 5(¢)/k(e) — ocase — 0
and such that for A > 0,

E¢ [ /O e M1 g5 (X5(t))dt | — 0 (4.4.2)
as ¢ — 0, uniformly in the initial point. Assume the convergence
PE[XE(T0) € T[] — pi, (4.4.3)

holds uniformly in x in the set %, for some constants p+ with p4 + p— = 1. Assume

furthermore that there exist constants a; and C such that

%]Ei [XJS-(T‘S) - xj] — aj,

1

ﬁlEi[(Xf( — X 2} c, (4.4.4)

for j > 2. Again, the limit is assumed to be uniform over x € Sy as ¢ — 0, and the

inequality is assumed to be uniform over all e € (0,1] and all x € F.
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Let then D be the set of continuous functions f: R? — R such that the restriction
of f to I; belongs to D; and such that the gluing condition (4.2.5) holds. Then, for any fixed
feD, tg>0and A >0,

A(e) = esssup

| [ e M [Ar(e )~ (e

0

— e Mof (XE(ty)) ‘ 35[0,,50]} ' —0 (4.4.5)

as ¢ — 0, uniformly with respect to x. In particular, every weak limit of X* as ¢ — 0

satisfies the martingale problem for L.

Remark 4.4.2. Note that we did not specify how ‘large’ the sets D; of admissible test
functions need to be. If these sets are too small then the theorem still holds, but the

corresponding martingale problem might become ill-posed.

Proof. Since the proof is virtually identical to that of [FW93, Thm 4.1], we only
sketch it here. The basic idea behind the proof given by Freidlin and Wentzell
is to rewrite (4.4.5) using the Strong Markov Property of X as a sum of terms
between successive stopping times. To this effect, set for example oy = 0 and then
recursively ¢, = inf{t > 0, : X{(t) € Fy}, Opqp1 = inf{t > ¢y : X{(t) & S}
They then break up the term produced from (4.4.5) into two sums of analogous
terms between times 03, and ¢, and those between ¢,, and ¢, 1.

The terms covering the time intervals [0y, ¢,] are bounded exactly as in
[FW93], making use of (4.4.1), together with the bound ¥, Exe " = O(1/6)
which follows from the existence of the functions u; 5 just as in [FW93].

Using assumption (4.4.2), the terms covering the time intervals [¢,,, 0;,+1] are
then simplified to

Y (f(Xo(own) — F(X(4)))

n

modulo contributions that converge to 0 as ¢ — 0. Since the expectation of this

term is bounded by

sup Ex (f(X¥(t")) — f(x)) S Ee M

XE e n
and since we already know that Y, [Ee~?" = (O(1/4), it remains to show that the

supremum is of order o(J). It follows from Taylor’s expansion and the fact that

105



f € C? outside of the interface, that on the event QO = {X¢(7%) > 0}, one has

FIXE(2)) — flx) =601 f(x \I++Zaf (1) — x;)
+ O (| XE(70) —xi‘z) ,
and similarly on Q_ = {X§(7°) < 0}. Combining this with (4.4.4), we thus have

By (F(X4(2)) — £(x)) = 81 £ ()1, Pe(04) + 891 ()1 P(01)
d
+90 Z;zxiaif(x) + 0(5) .

Since we assume that P, (1) — p+ uniformly over x € e, the required bound

now follows from the gluing condition. O

Most of the remainder of this article is devoted to the verification of the
assumptions of Theorem 4.4.1. The bounds (4.4.1) and (4.4.2) will be relatively
straightforward to verify and this will form the content of the remainder of this
section. The convergence (4.4.3) is the one that is most difficult to obtain and will
be the content of Section 4.5. Finally, we will show that (4.4.4) holds in Section 4.6.

We start by the following result:

Lemma4.4.3. Let L beasin (4.2.1) and let X® be the family of processes from Section 4.2.
Then, the bound (4.4.1) holds with k(&) = ¢ for every A > 0 and for every smooth bounded
function f: I; — R that has bounded derivatives of all orders.

Proof. It follows from [HM10b, Lemma 3.4] that, for any initial point x with x; # 0

and for ¢ sufficiently small so that x ¢ %,

/Ofs eASf(Xg(s))h(%(s)) ds] = O(e), (4.4.6)

Ey

for h centered with respect to y (resp. y— if x; < 0). We assume that x; > 0 from
now on, but the calculations are identical for the case x; < 0.

Note now that it suffices to obtain the bound (4.4.1) for the family of pro-
cesses Y¢, since ||Y(t) — X*(t)|| = O(e), uniformly. Applying It6’s formula to
e~ £(Y?(1¢)), we obtain the identity

e—ATSf<Ys( +/ )\Sf Ys( ))d
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£

+% OT e (0udy) (X;)azz] (Y¥(s)) ds
+/ s, ( S))aif(Yg(S))de(S)-

Since |Y* — X¢| < O(e) and since all derivatives of f are assumed to be bounded,

it then follows from (4.4.6) that
s Tg
E(e (Y1) = f —ME/ e F(YE(s)) ds
+ IE/ e MDFF(YE(s)) ds + Ole)
which is precisely the required result. O

Additionally we have that the solution to £;u = Auon I;, u = 1 on {x; = 0}
and {x; = £1}, is bounded and has bounded derivatives of all orders. This fol-
lows from the fact that u is given explicitly by u(x) = CreV AP 1 | CyevVADE) T
for some constants C;. We now show that the process Y* satisfies the bound (4.4.2),

i.e. it does not spend too much time in the vicinity of the interface:

Lemma 4.4.4. If we choose 6 = &* for any o € (%,1), then (4.4.2) holds for the family of

processes X¢ from Section 4.2.

Proof. Again, it suffices to show the bound for the process Y* since it differs from
X¢ by O(¢e). We would like to use an argument similar to what can be used in the
one-dimensional case [HM10b], that is we time-change the corrected process Y* in
such a way that it becomes a diffusion with diffusion coefficient 1. Its drift then
vanishes outside of the interface and is bounded by K/e for some K > 0. At this

stage, one compares this process to the ‘worst-case scenario’ process Z* given by
dZ¢ = b(Z¢)dt +dB(t),
where the drift b is given by

—Ke™ 1 ifz € [0,le),
b(z) =4 Kel ifze (—Ig0),
0 otherwise.

for some ! € R. It can then be shown that Z¢ spends more time in the interface than

Y*? does, so that the requested bound can be obtained from a simple calculation.
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The problem with this argument is that in the multi-dimensional case the
time-change required to turn the first component of Y* into a diffusion with unit

diffusion coefficient is given by
s 2
T, = inf{s € R. : / Y- (31 -+ g (X7 () ) > £} (4.4.7)
0 i=1

We do not know of an argument giving a uniform bound from below on the quantity
appearing under the integral in this expression. Therefore, an upper bound on the
time spent by the process Z¢ in the interval (—¢, ) does not give us any control on
the time spent by Y* (and therefore X?) in that interval.

Because of this, we modify our argument in the following way. We break up

the integral in (4.4.2) as
]Ex[ /0 e“1(_5,5)(yf(t))dt]:£x{ /O eAtl(_CSICE)(Yf(t))dt} (4.4.8)
+1Ex{ /0 e_)‘tl(élcs)(Yf(t))dt} (4.4.9)

B [T M () ]

where Y] is the first component of Y* and c is a value to be determined. By symme-
try, the last two terms are of the same order, so that it is sufficient to bound the first
two terms. In order to bound the first term, we use the argument outlined above,
but we replace Y¢ by the process Y¢ given by Y¢(t) = X¢(t) + eg(¢ 1 X¢(t)), where

the corrector ¢ has the following properties:

1. The function §(x) is smooth, periodic in the variables parallel to the interface,

and equal to g(x) for x ¢ .7, for some c;.
2. One has the implication Y* € %, = Ye € F,¢ for some ¢ < cy.
3. IfYE € e, then g(s’le) =0.

It is always possible to satisfy these properties by choosing c; sufficiently large
and setting ¢ = 0 in a sufficiently wide band around the interface. We now set
Z(t) = Y(T;), where T; is defined as in (4.4.7), but with ¢ replaced by ¢, so that it

follows from the second property that one has the bound

]EX/O e_/\tl(fcs,cs) (Yf(t)) dt < ]Ex/o e_/\tl(fcze,cze) ( le(t)) dt
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At this stage, we remark that since the function § has bounded derivatives, there
exists a constant K; such that T; > Kjt almost surely. On the other hand, it follows
from the last property that one actually has dT; = dt whenever Y¢ € .7, so that

this expression is bounded by

]Ex/o e_Kltl(—czs,czs) (Zi(t)) dt .

This expression in turn can be bounded by O(e) just as in [HM10b].
We now proceed to bounding the term (4.4.9). For this, let us first introduce

a constant c3 < ¢ and make c from (4.4.8) sufficiently large such that
4. The implication X*(t) € £, = Y*(t) € % holds.
5. Onehascz > 7 + 1.

Then, we define a series of stopping times {¢;, }, and {0}, }, recursively by
¢ 1 =0,..,0,=inf{t > ¢, Xi(t) & (=20, —cze +¢)} and ¢;, = inf{t > 0y, :
X{(t) € (=9, —c3e) }.

Now we can use the Strong Markov property as in [FW93, Lemma 4.1] with
the stopping times ¢/, to obtain the bound E [ Y3 o e 2] = O(1), uniformly
in the initial point x for x € {x : x; = —cze+e}U{x : x; = —26}. This is
a consequence of the fact that E,[e~*%] = 1 — O(e) uniformly. Furthermore, it

follows from the definition of these stopping times, property 4., and the strong

Markov property that (4.4.9) is bounded by

00 oy
]Ex/ e M5 ey (X5(8) dt <Ey ) / e Mdt
0 n>0"Pu1

<ATE Y e M1 (of — ¢l q) (4.4.10)

n>0

o C
S Afl <IEX Z e*)\%(s)) Sup IEXO'(/) S 8—/\ Sup IEx(Té .
n=0 * *

It follows that it suffices to be able to choose J in such a way that [E,0} is o(e)
uniformly in the initial point. Specifically, we will show that (4.4.10) is O(6?), so
that the claim follows.

This will be a consequence of the following result:
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Lemma 4.4.5. Let X~ be as in (4.1.3) and define X (t) = eX~ (e2t). Let T = inf{t >
0 : X;“(t) & [—1,0]}. Then, there exists a constant C such that

E,t<C,

independently of ¢ € (0,1] and independently of x € R,

Before we prove Lemma 4.4.5, we use it to complete the proof of Lemma 4.4.4.
It follows from property 5. that up to time ¢}, the process X* is identical in law to
the process X . Furthermore, the stopping time 0y is certainly bounded from
above by the first exit time of the first component of X~ from (—24,0). Rescaling
space by a factor 26 and rescaling time correspondingly by 442, we deduce from

Lemma 4.4.5 that [Eoj) < 4C6?, uniformly in the initial condition as required. [
We now turn to the

Proof of Lemma 4.4.5. Denote by U the region {x € R? : x; € [~1,0]} and define
feby f¢(x) = E,t. Then f* satisfies

Liff=—1, ff(x)=0 forx eal,

where £¢ = A+ ¢ 'b_(¢71-)V,. In order to obtain a bound on f, we will give a

uniformly bounded (uniformly over ¢) function g° such that it satisfies,
L£5¢F=—-1, g°(x) >0 forx € al. (4.4.11)

It then follows from the strong maximum principle (which we can apply since our
diffusion is periodic in the directions in which U is unbounded) that g* > ¢, so
that the requested bound holds.

We use a standard multiscale expansion for g° of the form

g =gotegi+eg.

Now to find such a g*. We proceed by starting off with a constant order term, that
is, the typical term one would expect for the escape time if we were dealing with a
Brownian motion, then removing the order  terms that arise when the operator £¢
acts on the constant order term by adding an order € term. Then finally, we add an

order &2 term to remove the constant order terms that are produced by the action
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of L on the order ¢ term. Incidentally, this approach of correction works exactly
with the maximum order term in € being 2 and produces a series of terms that are
known and have the right properties to provide a uniform bound.

Taking guidance from the fact that the homogenized process is given by
Brownian motion, we make the ansatz go(x) = C — C1x1(1 + x1), for C; and C;

two constants to be determined. Applying L to go yields

C1 X
€ _ _ =
L gQ(X) =—-C c b_,1<€>(1 —|—2X1) .

for b_ 1 the first component of b_. Our aim now is to choose g; in such a way that
Lg7 contains a term of order ¢! that precisely cancels out the second term in this
expression. Denote as in the introduction by g_ the unique centered solution to

the Poisson equation

Lg_ =b_, (4.4.12)

where £ = 1A +b_V, is the generator for the non-rescaled process. We then set

g1(x) = C1(1+2x1)g_1(e 1x), where g_; is the first component of ¢_, and we

note that
eLfg1(x) = % b_, (g) (1+2x1) +2Cb_4 (g)g—J (%) 420, aagx_{l (g)
= %b—,l (g) (14 2x7) —l—ClF(g) , (4.4.13)

for some periodic function F independent of ¢ and of C;. The term involving F
appearing in this expression is still of order one, so we aim to compensate it by
a judicious choice of g. It is not necessarily centred with respect to the invariant

measure y of our process, but there exists a periodic centred function / such that
Lh=F-K, K= /F(x)y(dx)
og_
= — [ 198 a(0) P pax) +2 [ B p(a)
1
Finally, setting ¢»(x) = —h(e~!x), we obtain
£ = Ci(K=1) = =€y [ Jer = Vg-a(x)Pp(dx) . (4.4.14)

Since the integral is strictly positive, the right hand side can be made to be equal
to —1. Furthermore, since the corrector terms eg; + €2g> are uniformly bounded
for e < 1, it is straightforward to find a constant C;, that ensures that g(x) > 0 for

x € dU, thus concluding the proof. O
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4.5 Computation of the transmissivity coefficient

The aim of this section is to prove that

Proposition 4.5.1. The identity (4.4.3) holds for the family of processes X¢ in Section 4.2
with p4 given by (4.2.2).

Let us first introduce some notation. Given a starting point x € ., we set
p* =P (X(7®) > 0), and similarly for p**, where T(¥) is the first hitting time of
d.%. We furthermore set

_ . k
ph=suppyt,  pf=infptt,  pl =

kK
X T xes (P + E+) '

N =

and similarly for p_. It is clear that Proposition 4.5.1 follows if we can show that
pk converges to a limit satisfying (4.2.2) and p. — E]:L — 0ask — oo,

We will first show the latter, as it is relatively straightforward to show. In
order to show the convergence of p’i, our main ingredient will be to show that the
invariant measure y(dx) for the process X looks more and more similar to p+ (dx)
as x; — =£oo. Note that in this whole section, we will always consider X and X as
processes on R x T?~!, obtained by identifying points (x,y) such that x; = y; and
xj—Yy; € Z for j > 2. With this interpretation, the interface is compact and we will
show that the processes are recurrent. If we were to consider them as processes in
RY, they would not be recurrent for d > 3.

Before we show that indeed ﬁ’_i — Eljr — 0, we obtain some recurrence prop-
erties of X and ensure that it visits any open set in .%; sufficiently often before the

hitting time (k).

Lemma 4.5.2. Fix a neighborhood v C .. Then the probability for X to enter vy before
hitting d.%, starting from an arbitrary initial point in .%; tends to 1 uniformly as k — oo.

In particular, the process X is recurrent.

Our first step in showing this result is to argue that if the process starts at
distance O(1) of the interface, then it will return to the interface with overwhelm-

ing probability before exiting .4

Lemma 4.5.3. There exists K > 0 such that the probability, starting at x, for X to return
to % before hitting 9.4, is bounded from above by 1 — x;K and from below by 1 — %
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Proof. Denote by f*(x) the probability of hitting .4, before 9.4, starting from x. We
assume without loss of generality that x; > 0, since the case x; < 0 follows using
the same argument. The function f then satisfies the equation £f* = 0, endowed
with the boundary conditions f¥(x) = 1if x; = 57 and f*(x) = 0if x; = k. Asin
the proof of Lemma 4.4.5, we aim to construct a function ¢* satisfying £g* = 0 and
such that either ¢*(x) < f*(x) on the two boundaries or ¢€(x) > f¥(x) on the two
boundaries. The claim then follows from the maximum principle.

Let g+ be as in (4.4.12) and set

Fx)=1-k1 (K+x1—g41(x)),

for some constant K to be determined. It is straightforward to check that g* does
indeed satisfy £g* = 0, as well as the required inequalities on the boundary, pro-
vided that K is either sufficiently large or sufficiently small. This concludes the

proof. O

We now use the result of lemma 4.5.3 to prove lemma 4.5.2. This is done

using the strong Markov property in conjunction with success/failure trials.

Proof of Lemma 4.5.2. Consider the two hyperplanes that delimit .%, and two fur-
ther hyperplanes at distance m from ., with m a sufficiently large constant to be
determined later. We then break the process into excursions from 0.%; to 9.7
and back.

More precisely, we define two sets of stopping times {o};'},, and {¢}'},, re-
cursively by 07" = inf{t > 0: X(t) € 0% m}, ..., ¢;} = inf{t > o}/ : X(t) € 4},
ot 1 = inf{t > @' : X(t) € 0%+ m}. We furthermore denote by .7, the c-algebra
generated by trajectories of X up to the time ¢} and by .%, the o-algebra generated
by trajectories of X up to the time 0}, ;. We also denote by T, the first hitting time
of the set v and by () the first hitting time of the set 0.4.

It follows from the ellipticity of X and the resulting smoothness of its tran-
sition probabilities that there exists some p > 0 such that

inf Pi(x,v)=2p>0.
xg(,}qu(xv) p
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Furthermore, it is straightforward, for instance using a comparison argument with
a process with constant drift away from the interface and using the continuity of
paths, to show that

lim sup Py(07" <1)=0. (4.5.1)

m—o0 xe,ﬂn
It follows that we can choose m large enough so that the probability appearing in
(4.5.1) is bounded above by p. As a consequence, for such a choice of m, one has
the almost sure bound

P(ty <opiq| Fn) 2 p. (45.2)

On the other hand, it follows from Lemma 4.5.3 that the probability that the process
hits 9.4 between ¢/ and ¢ is bounded from above uniformly by B = O(k™1) so
that, almost surely,

P(t® < ™ | Fu) < By - (4.5.3)

Note furthermore that by construction the event appearing in (4.5.2) is .%,-measurable.
Denote now by Y, a Markov chain with states {—1,0,1} such that {£1} are

absorbing and such that P(Y,,41 = —1|Y, =0) = p, P(Yy41 = 1|Y, = 0) = B

As a consequence of (4.5.2) and (4.5.3), it is then possible to couple Y and X in such

a way that the following two implications hold almost surely:

(Y, =0and Y, 1 = —1} = {¢" <7, <o, <7®}

{opig <79 < ¢l <1} = {(Ya = 0and Yy pq = 1)}

It follows that the probability of entering « before the hitting time (%) is bounded

from below by

P(t, < 70) > P(lim Y, = -1) = —F |
(7 < 7 2 P(lim v, = 1) = P

Since p is fixed and B = O(k™!), this quantity can be made arbitrarily close to 1.
This shows that the set 7y is recurrent for X. Since furthermore X has tran-

sition probabilities that have strictly positive densities with respect to Lebesgue

measure (as a consequence of the ellipticity of the equations describing it), recur-

rence follows from [MT93, Theorem 8.0.1]. O
We now use this result to prove
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Proposition 4.5.4. X — pi — 0ask — oo.

Proof. The idea is to use the fact that, before the process exits .4, it has had suffi-
cient amount of time to forget about its initial condition by visiting a small set on
which a strong minorising condition holds for its transition probabilities.

Fix a value B > 0. Our aim is to show that there then exists kg > 0 such that

x,k

say, for every k > kj. Since pi’k = 1— p, the claim then follows. We restrict
ourselves to the bound for p since the other bound can be obtained in exactly the
same way.

The argument is now the following. It follows from the smoothness of tran-
sition probabilities that there exists a neighbourhood 7y of the origin such that the

transition probabilities at time 1 for X, starting from 7 satisfy the lower bound

p(y) = inf Pi(x,y),

xey
with [p, g1 0(y)dy > 1— /2. It then follows immediately that for x € 7, one
has p* > p%% — /2 —P,(3t <1 : X(t) € 9.%). For arbitrary x, it therefore
follows from the strong Markov property that
p > pY —B/2—supPy (3t <1: X(t) € %) — Px(X hits 0.5 before 7) .
yey
The last term can be made smaller than /4 by Lemma 4.5.2. The remaining term
P,(3t <1 : X(t) € %) on the other hand was already shown to be arbitrary
small in (4.5.1). ]

We next show that the invariant measure of the process converges to that of

the relevant periodic process with increasing distance from the interface.

Proposition 4.5.5. Let A denote a bounded measurable set and denote by u the (unique
up to scaling) invariant o-finite measure of the process X. Denote furthermore by y+
the invariant measure of the relevant periodic process, normalised in such a way that
1+ ([k, k+1] x T4=1) = 1 for every k € Z. Then there exist normalisation constants g
such that,

Him ([p(A+K) = qrpe (A)] + [u(A = k) —g-p-(A)]) = 0. (4.5.4)
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(Here k is an integer.) Furthermore, this convergence is exponential, and uniform over the

set A if we restrict its diameter.
Remark 4.5.6. We used the shorthand notation A+ k for {x +k : x € A}.

Proof. We restrict ourselves to the estimate of (A + k), since the one on yu(A — k)
is similar. For fixed k > 0, we introduce the sequence of stopping times given by
cp(()k) = inf{t > 0 : X;(t) = k} and then recursively o) = inf{t > 4),(]‘) | Xq(f) —
k| =1}, 4)7(1]21 = inf{t > o X1(t) = k}. This allows us to define an embedded
Markov chain Z*) on T4 by setting zP = 1x ((,b,(qk)), where I1(x,y) = y for
(x,y) € R x T4,

We similarly define an embedded Markov chain Z for the process X*. (By
periodicity of X, the choice of k is unimportant for the law of Z, so that we drop
its dependence of k.) Denote by 71(%) the invariant measure for Z*) and by 7 the

invariant measure for Z. We then define o-finite measures ., and u¥) on R x T~1

through the identities
(k) 7" (k)
(B = /T i - /0 15(X(s)) ds 7¥) (dx) , (45.5)
o1
peB) = [ e [ 100X () =k ds (d) (4.5.6)

(Here and below we make a slight abuse of notation and identify elements x €
T~ with the element (0,x) € R x T9~1)) It follows from [Has60, Thm 2.1] that
1) is invariant for the process X and p is invariant for X*. Therefore, there
exist constants ¢, > 0 such that ) = ¢, since the invariant measure for X is
unique up to normalisation. Note that by translation invariance of X, 4 does
not depend on k.

Note that we can assume without any loss of generality that A C {x : x; >
0} (it suffices to shift it by a finite number of steps to the right in (4.5.4)). In this

case, we can rewrite (4.5.5) as

<P<k>
AR = [ B [ (X -Rdsa@x).  @57)

This is because X(t) = X1 () fort < Ul(k) and, if X(Ul(k)) < k, then

ol

o

14(X(s) —k)ds =0,



whereas if X (Ul(k)) > k, then X(t) = Xt (¢t) fort < 4>§k). This shows that the claim
follows if we can show that |7t — 770 ||ry — 0 as k — oo and there exists a constant
Ceo Such that ¢y — Ceo.

Let us first show that the latter is a consequence of the former. Setting By =
[k, k+1] x T?1, we have ¢ 1 /cx = u® (By1) /%D (Bisq). On the other hand a
straightforward trial/error argument allows one to show that E, |, 04)10 14(XT(s))ds
is bounded uniformly over x € T?-1. It then follows immediately from (4.5.7) that

there exists a constant C such that

19 (Bisa) = u(Bo)| < Cllw = ¥y,

and similarly for |+ (B, 1) — u(By)|. It follows that provided that
Y0 ||t — 1|1y < o, one does indeed have ¢y — oo

Denote now by P the transition probabilities for Z and by P(¥) the transition
probabilities for Z(*). Then, we can write P = QR, where R is the Markov kernel
from T9~1 to {—1,1} x T9~! given by R(x, A) = P,(X*(07) € A) and Q is the
Markov kernel from {—1,1} x T9~1 to T4~ given by Q(x, A) = P (X" (¢) € A)
for X1(0) = 0,070 = inf{t > 0: |Xy(f)| = 1} and ¢ = inf{t > oy : X1(¢t) = 0}.
Since the diffusion X is elliptic, both Q and R are strong Feller and irreducible.
It follows from the Doeblin-Doob-Khasminskii theorem [DPZ96, Proposition 4.1.1]
that P(x,-) and P(y, - ) are mutually equivalent for any x,y € T9~1. Furthermore,
it follows from the Meyer-Mokobodzki theorem [DMS83, Sei01, Hai07] that the map
x — P(x,-) is continuous in the total variation topology. We conclude that the
map (x,y) — ||P(x,-) — P(y,-)|ltv reaches its maximum and that this is strictly
less than 2, so that P satisfies Doeblin’s condition. It follows that there exists a

constant 77 < 1 such that P has the contraction property

||Pvy — Pvalltv < 17]jv1 — vallTv ,

for any two probability measures v, v, on T4, Therefore, if we can find constants

¢ such that

sup [|P(x,-) = P® (x,)|ltv < &, (4.5.8)
xeTd-1
then we have
I — n® v < P = PO gy + |[P® — PO 7E) |1y (4.5.9)
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<nllm— 7" |y +ex,

so that ||1 — 7% ||ty < e/ (1 — 7). The problem thus boils down to obtaining
(4.5.8) for an exponentially decaying sequence ¢.

It follows from the same calculation as in Lemma 4.5.3 that the probabil-
ity that X reaches the interface .#, before time ¢§k) when started on the hyper-
plane {x; = k} is bounded from above by O(1/k). This yields the “trivial” bound
ex < O(1/k), which unfortunately isn’t even summable. However, a more refined

analysis allows to obtain Proposition 4.5.7 below, thus concluding the proof. [
Proposition 4.5.7. There exists a constant p € (0,1) such that e < O(p").

Proof. The intuitive idea behind the proof of Proposition 4.5.7 is that if the process
goes all the way back to the interface then, by the time it reaches again the plane
{x1 = k}, its hitting distribution depends only very little on its behaviour near the
interface. In order to formalise this, let us introduce the Markov transition kernel
Q. from T4~ ! to T¢~! which is such that Q, (x,-) is the hitting distribution of
the plane {1} x T~ for the process X started at (0, x). Similarly, we denote by
QU*(x, -) the hitting distribution of the plane {k} x T~ for the process X started
at (¢, x).

For a fixed integer £ > 7, our aim is to show that Q%f(x, - ) gets very close
to Q’i‘g(x, -). Here, we denote by Qﬁ the kth iteration of the Markov transition
kernel Q. With these notations at hand, define the quantities

we= sup [[Q%(x, ) — QL (x, )l
xeTd-1
Note now that since, for fixed ¢, the probability that X reaches the interface .%
before time 4)§k) when started on the hyperplane {x; = k} is bounded from above
by O(1/k), we have

er < sup QM (x, ) = Qu(x, v (4.5.10)
xeTd-1
C _ C
<~ sup [|Q%(x,-) — QN (x|t < —e,
k xeTd-1 k

so that it suffices to obtain an exponentially decaying bound on the ay’s.
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We now look for a recursion relation on the a;’s which then yields the re-
quired bound. We have the identities Qlk = Qk-1kQtk=1 and Q’f[e = Q4 Q’f[g_l.

It follows from the triangle inequality that one has the bound
1Q 82 — Q4 oty < (@ = Q) Q™ orlr (45.11)
+11Q+ (@18 — Qo) v -

At this stage, we note that by exactly the same reasoning as for P, the kernel Q

satisfies Doeblin’s condition. Therefore, there exists a constant 7 < 1 such that

|Q+v1 — Qywalltv < 7fllvi — v2fl1v,

for any two probability measures vy, v2. This and the definition of a; immediately
implies that the second term in (4.5.11) is uniformly bounded by 7a;_;. On the
other hand, it follows from (4.5.10) that the first term is bounded by %(xk, so that

C
ap < Tk + -1,
for some fixed constant C. The claim now follows at once. O]

Finally, the last estimate that we need is the following. Denote by T the first
hitting time of the interface d.#, and fix an arbitrary smooth positive function ¢
that is supported in the interval [1,2]. Set furthermore ¢, (x) = n=2¢(n"1x;) and

@, (x) = n72¢p(—n"'x;). Then we have:
Lemma 4.5.8. With the above notations, setting ¢ = flz ¢(x) dx, we have
"ot _ 29
B [ o (Xl at = S5 0,
uniformly for all x € {£n} x T Lasn — oo,

Proof. Again, we only consider the expression for X, the one for X_ follows in
the same way. It follows from standard homogenization results [BLP78, PS08] that
the law of n~1 X (n%t) converges weakly as n — o to the law of Brownian motion
with diffusion coefficient DE. It thus follows from [Bog07, Cor 8.4.2] that the law of
n~1X, (n’t), where X, is stopped at the first hitting time of .#, converges weakly
as n — oo to the law of Brownian motion stopped when it reaches the hyperplane

A.
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Denoting this limiting process by X%, an explicit calculation allows to check
that Ey [, @(XT(t))dt = T when x; = 1. Now, for any fixed T > 0, the map
Pr: X — fTAT T (X(t)) dt is continuous, so that

TAT (

Ex J, T o (X4 () dt converges as 1 — oo to [y 0 X (t))dt. Letting T — oo

concludes the proof. O

We now have all the tools that we need to show that the exit probabilities

from the interface converge to the desired limiting values.

Proof of Proposition 4.5.1. Similarly to the proof of Proposition 4.5.5 we use a repre-
sentation of the invariant measure y in terms of an embedded Markov chain. This
time, we consider the stopping times

gy = inf{t > 0 \x1< )| = 1} and then 7 = inf{t > ¢ : (X1 ()| = K},
431(1]21 = inf{t > k) . |X1(t)] = 5}. Denoting as similar to before by 7(*) the
invariant measure of the embedded Markov chain Z,S") = X(q?,(]”) (which is now a

Markov chain on afn), we set

4’1
(k)
/a % / )) ds® (dx) . 4.5.12)

Again, the measures ji(K) differ from p purely through a scaling factor, so that there
are constants Cy such that 7i¥) (B) = C,uu(B) for every measurable set B.
The idea now is to evaluate i¥) (goki) in two different ways and to compare

the resulting answers. First, we note from Proposition 4.5.5 that

Ck
1 (p) = T (g9 + O .
On the other hand, combining Proposition 4.5.4 and Lemma 4.5.8 with the defini-
tion (4.5.12), we see that

ZPSE)q?

+
Dll

w9 () = +o(1) (4.5.13)

as k — oo. Combining these two identities, we see that

pik 11‘7+ +o(1),
p D19~

thus concluding the proof. O
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4.6 Computation of the drift along the interface

This section is devoted to the computation of the drift coefficients «; along the
interface. Denote by 7" the first hitting time of 0.4, by the process X. With this
notation, recall that, by (4.4.4), we have the identity

n

T
% = lim E, /0 bi(X,)ds, (4.6.1)

n—oo n

provided that this limit exists and is independent (and uniform) over starting

points x € .%;.

Proposition 4.6.1. The expression on the right hand side in (4.6.1) converges to the ex-

pression given by (4.2.4), uniformly in x € %,

In order to show this, we will use the same construction as in the proof of
Proposition 4.5.1. In particular, recall the definition (4.5.12) of the measures fi(¥),
which are nothing but multiples of the invariant measure y, as well as the sequence
of stopping times cf),(qk) and &,S"). Denote furthermore by ﬁ,sk) the invariant measure

for the process on 9.%; with transition probabilities P(x, A) given by
P(x, A) £ P, (X)) € Alr" > ¢y . (4.6.2)

Our proof will proceed in two steps. First, we show that the limit (4.6.1)
exists and is equal to the value (4.2.4) given in the interface, provided that we start
the process X in the stationary measure ﬁ,sk) and let k — co. In the second step, we
then show by a coupling argument similar to the proof of Proposition 4.5.4 that the
expression in (4.6.1) depends only weakly on the initial condition as n gets large,
thus concluding the proof.

Before we proceed with this programme, we perform the following prelim-

inary calculation:

Lemma 4.6.2. One has the normalisation

lim k230 ([—k, k] x T+ 1) =2( 22 4 P=) Z g
k—o0 <DT1 Dll)

where the coefficients p+ are as in (4.2.2). In particular, if y is normalised as in the intro-

duction, then one has k= 1fi%) ~ Bu for large values of k.
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Proof. We know from Proposition 4.5.5 that u(dx) — p4(dx) at exponential rate as
x1 — =00, so that on large scales y behaves like a multiple of Lebesgue measure on
either side of the interface. Furthermore, we know from Proposition 4.5.1 that the
corresponding normalisation constants satisfy the relation (4.2.2). Combining this

with the fact that fi¥) is just a multiple of y, the result then follows from (4.5.13).

O
Using this result, we obtain:
Proposition 4.6.3. The limit
T o
o= Jim Jim 2B [, BK) 4.
exists and is equal to
B /IR o () + L) (), (4.6.3)

where g is the function fixed in Section 4.3 and the constant B is as in Lemma 4.6.2.

Remark 4.6.4. Note that if ¢ is any smooth compactly supported function, then the iden-
tity [ L¢(x) p(dx) = 0 holds. As a consequence, the expression (4.6.3) is independent of

the choice of the compensator g.

Proof. It follows from the definition of ﬁ,(qk) and the strong Markov property of X

that one has the identity

B = (k) ny\ M qggk)/\rn =
lEﬁ(k) / bJ(Xs) ds = Z (]P~(k) ((Pl <T )) ]E~(k) / b](XS) ds
n 70 m>0 " Tt Jo
43(’()/\1_11 ~
IEﬁ_(k) 0 ! b]'(XS) ds
= n ") . (4.6.4)
P(¢; > 1)
Note now that it follows from Lemma 4.5.3 that
PGP > ") =k/n+0(1/n). (4.6.5)

Since lim;, . g;(X(7"))/n = 0 and furthermore, using the same argument as in

4.5.9, we have lim;, .« || 70 — 7o) |lrv = 0 for every k > 0, so that

n

.1 T 1
lim _E~<k>/0 b](XS) ds = lim _lEﬁ(k)

n—oo 1 Ty n—oo mn n

n

JACESEEETNC
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1 T
= lim —]E~(k)/ b](Xs)dS
0

n—oo 11 Ty
7(K) A
) 1 ¢ AT"
= (k)
1 -
= %Eﬁ(k)/() b](XS)dS

1 7 ~
- k R xTd~1 bj(x) ‘Ll(k)(dx) . (4.6.6)

Here, we used (4.6.4) and (4.6.5) to go from the second to the third line and we
used the definition of the i) to obtain the last identity. The claim now follows

from Lemma 4.6.2. O
We can now complete the
Proof of Proposition 4.6.1. In view of Proposition 4.6.3, it remains to show that

™ ™
fim l‘]Ex/ b(Xs)ds—]Ey/ b(Xs)ds| =0,
0 0

n—oo 1
uniformly over x,y € .%;,. Fix an arbitrary value of k > 7 and consider again the
transition probabilities P given by (4.6.2). Since they arise as exit probabilities for
an elliptic diffusion, we can show again by the same argument as in the proof of
Proposition 4.5.5 that P satisfies the Doeblin condition for some constant #, namely
||Pvy — Pva||tv < (1 —17)||v1 — 12|y, uniformly over probability measures v; and

Vs on E)Jq. Note now that one has the identity

E%ﬂww¢=2(flH@P<HW%A%”M&ws

m>0 0<l<m
— 7 (k) wypr 7
=Y P.(pn’ <T")Ep, b(X;)ds, (4.6.7)
m>0 0
where we denote by P, (resp. [E;;) the probability (resp. expectation) for the pro-
cess X started at P"(x, - ).

Note now that we have the identity

Pe(@) <) = Pa(@ <T") + Py, (), < 7") -

m—_

Also, by choosing k sufficiently large (but independent of 1), we can ensure that
there exist constants ¢, C > 0 such that

C - (k c
1—Z§1Px(q>§)<r”)§1—£,
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uniformly for x € .%; and for n sufficiently large. It also follows from the contrac-

tion properties of P that
X (% k n = (k n m
L@ <) P < )| <20-9)",

uniformly over x,y € .9,.

Combining these bounds, we obtain for every £ < m A n the estimate
~(k ~(k K¢
[Pa(fi’ <T") = Py(fi’ <) < —+201-7)".
In particular, there exists a constant K, such that we have the uniform bound
50 _ oy _p sk oy o KO Km ey
Po(f’ <) =Py’ <1")| < = /\(1 n) ,

valid for every m > 0 and every n sufficiently large. Summing over m, it follows

that
Y [P < T =Py (¢l < T)| < Kv/n,

m=0
for a possibly different constant K.
On the other hand, it is possible to check that there exists a constant C (de-
pending on k) such that
§ A
E [0 bx)as| <c,

uniformly over x € .%, so that

gﬁgk) AT q~>§k> AT"
’HE"/O b(xs)ds—E%/O b(X.) ds| < 20(1— )"

m

Inserting these bounds into 4.6.7, we obtain

TH

(Ex/of”b(xs)ds—nzy/o b(X.) ds| gzcn;O(1—q)m+c\/ﬁ,

so that the requested bound follows at once. O

4.6.1 Bound on the second moment

In order to conclude the verification of the assumptions of Theorem 4.2.4, it re-
mains to show that the second bound holds in (4.4.4). For the non-rescaled process,

we can reformulate this as
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Proposition 4.6.5. For every i > O, there exists a constant C > 0 such that the bound
2
E,||Y(t") —y||” < Cn?,
holds for every n > 1 and every initial condition y € 9.

Proof. 1t follows from (4.3.1) that
E,|Y(t") -y <2]Ey”/ B(X,) dsH +21EyH/ (X)) dW(s )Hz. (4.6.8)

It follows from It6’s isometry that the second term is bounded by CIET", which in
turn is bounded by O (n?) by a calculation virtually identical to that of Lemma 4.4.5.

It remains to bound the first term, which we will do with the help of a de-
composition similar to that used in the proof of Proposition 4.5.1. For two constants
¢ > 0and a > 0 to be determined, we set ¢9 = 0, 0, = inf{t > ¢, : |Xq1(t)| =
c+a},and ¢, = inf{t > 0,1 : |X1(t)| = c}. Define furthermore

=inf{fk >0 : 0, >7"}.

Since b is supported in a bounded strip around .%, we can make c sufficiently large

so that the first term in (4.6.8) is bounded by some multiple of

k=0 k=0

N 2 N
EV(Z(Uk - <Pk)> < \|EyNEy ) (ok — ¢i)*

< \/lEyN3 ilEy((ak — ¢r)*| N > k)Py(N > k) .

k=0
Note now that since oy, is the exit time from a compact region for an elliptic diffu-
sion, there exists a constant C such that [E,, ((O’k — (Pk)4 | N > k) < C, uniformly in

y. Furthermore, it follows from Lemma 4.5.3 that if 4 is sufficiently large, then
c
le(N>1)§1—E,

for some constant ¢ > 0, uniformly in y. The strong Markov property then imme-
diately implies that P, (N > k) < (1 — %)k, so that N is stochastically bounded by

a Poisson random variable with parameter O(n) and the claim follows. O
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4.7 Well-posedness of the martingale problem and char-

acterization of the limiting process

The aim of this section is to show that the martingale problem associated to the
operator £ as defined in Theorem 4.2.4 is unique and to characterise the corre-
sponding (strong) Markov process. Our main tool is the following general result

by Ethier and Kurtz [EK86, Theorem 4.1]:

Theorem 4.7.1. Let E be a separable metric space, and let A: 2(A) — By (E) be linear
and dissipative. Suppose there exists A > 0 such that

CEZzN—A)=2(A), 4.7.1)

and such that C is separating. Let y € &7 (E) and suppose X is a solution of the martingale
problem for (A, ). Then X is a Markov process corresponding to the semigroup on C
generated by the closure of A, and uniqueness holds for the martingale problem for (A, ).

See also [BP87] for a more general result on the well-posedness of a martin-

gale problem with discontinuous coefficients. This allows us go finally give the

Proof of Theorem 4.2.4. Since we already know from the results in the previous two
sections that limit points of X¢ solve the martingale problem associated to £, it
suffices to show that this martingale problem is well-posed and that its solutions
are of the form (4.2.6).

For this, we somehow take the reverse approach: first, we construct a so-
lution to (4.2.6) and we show that this is a Markov process solving the martin-
gale problem associated to £. We then show that this Markov process generates a
strongly continuous semigroup on Co(IR%), whose generator is the closure of £ in
Co. Since Cy is separating and since generators of strongly continuous semigroups
are dissipative and satisfy (4.7.1) by the Hille-Yosida theorem, the claim then fol-
lows.

In order to construct a solution to (4.2.6), let M+ be matrices satisfying
MiMZL = D* and such that

(1)

vy My

126



for some vectors v+ € R"! and some (d — 1) x (d — 1) matrices M. (This is al-
ways possible by the QR decomposition.) We then first construct a Wiener process

W and a process X; such that

dX1 = (1x,<0\/ D11 + 1x,501/D17) AW () + (p+ — p—) dL(t),

where L is the symmetric local time of X at the origin. This can be achieved for

example by setting X; = ¢(Z), where
\/Df; ifx>0,
g(x) = - ,
D;; otherwise,
Z is a skew-Brownian motion with parameter
P+y/Dn
p= = —
p+y/ D +p-4/Dpy

and W is the martingale part of Z. Given such a pair (X1, W), we then let W be an

independent d — 1-dimensional Wiener process and we define pathwise the R%~!-

valued process X by

t - - - t
X(t) :/0 (1, <0M- + 1x,50M+) dW (1) +/0 (1g,<00- +1x,50v+) AW(t)
t
+&/duﬂ,
0

where &; = a;1. Since we know that skew-Brownian motion enjoys the Markov
property, it follows immediately that X; is Markov, so that X = (X, X) is also a
Markov process. Applying the symmetric Itd-Tanaka formula to f(X) it is further-
more a straightforward exercise to check that X does indeed solve the Martingale
problem for L.

The corresponding Markov semigroup {P;};>0 maps Co(R?) into itself as
a consequence of the Feller property of skew-Brownian motion [Lej06]. Further-
more, as a consequence of the uniform stochastic continuity of X, it is strongly
continuous, so that its generator must be an extension of £. Since the range of £

contains Cg*(IR?), which is a dense subspace of Cy(IR?), the claim follows. O

In this chapter we make an attempt to generalize the approach of the pre-

vious chapter to the situation of a reflected diffusion process where the interface
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reflecting the particle sits at an angle to the period with an irrational tangent. At
present this remains a work in progress, in some sense it is ‘close’ to solution but

so far ultimately the ergodic results presented are insufficient.
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Chapter 5

Homogenization of a diffusion
process reflected at an angle with

irrational tangent

Consider the diffusion process in the half plane R = {x € R? : x; > 0} given by,
Xm+/ )) ds + W(t +/) (s))dL?, (5.0.1)

where b, v are d dimensional vectors with ; = 1, W is a d dimensional Brownian
motion and LY(¢) is the two sided local time of X(t) on x; = 0, given by,

1t
0 1
L7(#) = lim o5 A Lio,s)(X(s)) ds .

For this SDE there is pathwise uniqueness of solution and hence uniqueness in
law of solution from [LS84]. In addition, assume that -y is C! and periodic in every
direction contained in the hyperplane x; = 0, and that b is periodic in the sense
that there exists an orthonormal basis of vectors for R?, &, i = 1,..., d, such that
b(x +¢&) = b(x) forall i, x € R%. Itis also assumed that the angle between ¢; and x;
has an irrational tangent for at least one i since otherwise we would be in the same
situation to that explored in [Tan84]. The usual centering condition is in force, i.e.

we have [ bdu = 0, for y the invariant measure of the diffusion given by
%+/ )) ds + W(t) .
We will denote the generator of V by L.
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Then under a diffusive rescaling X; = eX,»;, the weak limit in continuous

path space in RY, C([0,00), RY) of the family of processes,

= Xo+ - /( )d+w +/ ( ))dLOS()

for LY¢(t) the two sided local time of X¢(t) on x; = 0, as ¢ — 0, is studied.

In order to carry out this homogenization the framework established in
[FW93] will be used once again. This time however in one sense the situation is
more simple in that it is no longer necessary to establish convergence of the prob-
abilities of exiting on the left or right of a large neighborhood of the interface since
there is only one direction to exit the multidimensional vertex this time. In order
to attempt to obtain the expected point of exit in all other coordinate directions,
inspiration is drawn from the method implemented in [HM10a], but this time we
cannot roll the process up’ to allow the state space to become a tube. Previously,
an invariant measure of an embedded Markov chain (a process obtained from the
returns of the full process) on the boundary of the interface 0%, was obtained with
these identifications, to which there was convergence in total variation norm of
this Markov chain. Instead one has to be clever about choosing a suitable state
space on which to consider a similar embedded Markov chain. The Markov pro-
cess in this case is formed on a subset of the 2d — 1 dimensional cube with the
subspace topology. As in [HM10a] this is again as a result of forming the product
of identifications with the position in the periodic cell that gives the drift times the
position occupied in the interface. This part of the proof is incomplete at present
though, since we cannot verify one of the hypotheses of the ergodic result that it is
suspected can be used. The verification of tightness is quite simple apart from the

local time term since there is an everywhere defined corrector.

5.1 Tightness where we have the angle of the interface

at a angle with an irrational tangent

As in the multidimensional case, the main tool in the proof of Theorem 5.1.2 is the

following result [HM10a], which is very similar to [SV79, Thm 1.4.6]:
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Proposition 5.1.1. Let & be a family of probability measures on Q = C(R.,R%) and
denote by x the canonical process on (). Assume that

lim sup P(|x(0)] >R)=0.
R0 pep ( )

Furthermore, for any given p > 0, let Ty = 0, and define recursively T; 1 = infy~+, |x(t) —

x(T;)| > p. Assume that the limit
(lsirr(l)ess sup P [1,41 — T < 0|F,| =0, Pas.,on{t, <o}, (5.1.1)

holds uniformly for every P € & and everyn > 0. Then the family of probability measures
P is tight on ().

Theorem 5.1.2. The family of processes X for fixed x € RY is tight in the space C([0,c0), R%).

Proof. In order to use Theorem 5.1.1, first correct the process using the periodic
corrector, the existence of which follows from the centering condition on b, i.e.
there is a function ¢ such that £Lg = —b. So now considering Y¢(t) = X®(t) +
eg(e71X(t)), then by the It formula, Y¢(t) satisfies,

w=ea() o527 over+ [ (5o

foro =14/, ¥ = v+ V7. Instead of being a reflected diffusion process in the
half plane, Y¢(t) is a process in the set D¢ = {x : x = y + e¢(e"ly), y € RL}, but
convergence in the Wasserstein metric, in R? for instance, implies that tightness of
YE(t) is equivalent to tightness of X4(f).

Pa(Tust =T < 8] 75) = P, ) (599 [YE() — YEO)] > p )
t<

< sup]Px sup ‘/ e 1XE(s dW(s)‘ > g)

0<t<é
+sup]P sup ’/ ) dLY* >B)
0<t<s 2
1
< C1 sup [Ey sup </ (5.5) (e ' XE(s)) ds)2
p x 0<t<s /0
+supsup Py (171§ > £) 512)
€ X
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using the Burkholder Davis Gundy inequality together with the Chebychev in-
equality. In addition,
1

sup Ey sup U;(ﬁ) (e XE(s)) ds>z < ||5.7]wV3 ,

x 0<t<s

which implies that the first term on the RHS of (5.1.2) satisties the hypothesis of
Theorem 5.1.1.
Consider the SDE satisfied by the local time of the first component,

X (t) = %/Ot bi(e 1 X%(s)) ds + e W(t) + LO(t) . (5.1.3)

In order to obtain tightness, using Proposition 5.1.1, it is sufficient to have a uni-
form (over ¢, and initial point) modulus of continuity for L%¢(t). Where we say that
a family of processes Y have a uniform modulus of continuity (over the family
and initial point), if given p > 0, § > 0, there exists a 6 = (p, ¢) such that,

supsup sup P(|Yi(t) — x| > p) < &. (5.1.4)
x iel 0<t<6

In order to do this we will obtain a uniform modulus of continuity for the terms
other than the local time term in (5.1.3). Noting that everywhere away from the
boundary we simply have the periodic situation, we can obtain a uniform modulus
of continuity for X; exactly as in [HM10b]. For the term e;.W; we proceed exactly
as above for the stochastic integral term using the Chebychev inequality followed

by the Burkholder Davis Gundy inequality. The only problematic term is therefore,

1 / by (71X (s)) ds (5.1.5)

€.Jo

For e < &p/4||g1/|co, we will add a term to this of the form e¢(X®(t))g1(e 71 X¢(¢))
where 0 < ¢ < 1 smooth, satisfies ¢(x) = ¢(e1.x) is 0 in 4, and 1 outside F 1),

for some k > 0. Using It6’s formula we have,

% /ot b1(e ™' X%(5)) ds + ep(X*(£)) (e X*(1))
1 t.

_1 /Ot By (e~ X¥(s)) ds

£
t

+ V(pg1)(e7"X(s)) dAWs + ep(X*(0))g1 (e X(0)) ,
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where b(-/¢) has support contained within Hk+1)e- By the same argument once
again we have a uniform modulus of continuity of the stochastic term above. To
show that the term of bounded variation has a bound above for t = J in expectation
of Cv/3, it can be shown that the expected time up to 6 spent in Hk+1)¢ is bounded
above by Ce\/d by reusing the calculation from [HM10a] (noting that we have an
identical comparison result to that in [HM10b] for a reflected diffusion process).

Hence taking

3(p, &) = min{(5p)*/ 1611 |0 1b1leo, (G0)*/16C (1B [lo0)?,
(€0)2/16 7 Pllooll 7 811100, (30)? / 16}

we have (5.1.4) for (5.1.5). With the verification of the uniform modulus of conti-

nuity of the local time term, the proof of tightness is complete. O

5.2 Main Theorem

The theorem that it is suspected we could use to identify the weak limit point of the

tamily X{ is adapted from [HM10a] and based on the famous theorem of [FW93],

Theorem 5.2.1. Let L be a second order differential operator on I = {x € R% : x; > 0}
with bounded coefficients and let D' be a set of test functions over I whose members are
bounded and have bounded derivatives of all orders. Denote the hitting time of the set

{x1 < €} by T°. Suppose that for any function f € D" and for any A > 0, the bound
Ex [ 17 F(X4(1) ~ F(X(0)
+ /O Y (AF (X)) = Lif (X°(1)) ) dt] —0(k(e)), (521

holds as ¢ — 0, uniformly with respect to x € 1. Assume furthermore that the rate k is
such that lim,_,0 k(e) = 0.

Condition 1: Assume that, for every A > 0 there exist functions uy € D' such that
Luy(x) = Auy(x) holds for x € [ with 0 < x1 < 1and such that uy(x) = 1forx; =0
and x; = 1.

Assume that there exists a rate 6 = 6(e) — 0 such that 5(¢)/k(e) — ooase — 0
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and such that for A > 0,

IE; |:/000 ei)\tl(_(glfg) (Xi(t)) dt:| — 0 (522)

as ¢ — 0, uniformly in the initial point. Assume furthermore that there exist constants a;
and C such that

1 1
5 Ex [Xf (') ‘xf] = &, 5—21‘5?[(?{?( — X; 2} C, (5.2.3)

for j > 2. Again, the limit is assumed to be uniform over x € Sy as ¢ — 0, and the
inequality is assumed to be uniform over all e € (0,1] and all x € F.
Let then D be the set of continuous functions f: R? — R such that the restriction

of f to I belongs to D’ and such that the gluing condition
d
91f(0+) + ) a;9;f(0) =0, (5.2.4)
=2

holds. Then, for any fixed f € D, tg > 0and A > 0,

A(e) = esssup

S| [ e M [ () ~2r ()
=M £ (XE (1)) ‘ 9[0,%]} ' 0 (5.2.5)

as e — 0, uniformly with respect to x € {x € RY : x1 > 0}. In particular, every weak

limit of X¢ as € — O satisfies the martingale problem for L.

Compared to the corresponding theorem in [HM10a], this time we have only
one edge to worry about and hence p_ = 0, p+ = 1. Therefore the resulting gluing
conditions on x; = 0 are dependent on the «; only.

We will now demonstrate how, given a sufficiently good ergodic result, it
would be possible to apply this theorem.

Note that by the calculations in [HM10a] we have (5.2.1) and the existence
of the functions that satisfy Condition 1 immediately. In addition by identical ar-
guments to those in [HM10a] on one side of the interface only this time, we also
have (5.2.2) for § = &* for 1/2 < a < 1. It remains to verify (5.2.3). We will begin

with the second expression,

134



Lemma 5.2.2. Recasting the problem as in [HM10a], for T" the escape time of X (t) from

%, we have,

Ex | (X;(") = x)*| < cn?,

forj=1,...4d.
Proof. Assuming that we have a bound of the form,
Ey[Lo(t")] < C'n? (5.2.6)

then the bound will follow by an identical calculation to that in [HM10a]. Fix
0 < ¢1 < ¢z, and a smooth function ¢ : Ry — R4, such that for 0 < x < ¢y,
¢$(x) =0, and for x > ¢, ¢(x) = 1. Studying the first component, inspired by the
approach in [HM10a], we introduce a smooth corrector §1(x) = ¢(x1)g1(x). Then

we have,

X(0) + @u(X() = [ BX() ds+ [ 0(X(s)) aW(s) + 1),

for by = by + Lg; with support inside of .%, and & = el + /¢;. Now we have that,

o 2
E[LO(T")]? <4E.[Xq(T") + §1(X(7"))]? + 4E, {/0 b(X(s)) ds]
n 2

+4F, [ /0 ' &(X(s))ds]

The first term on the RHS is bounded above by 4(n + ||g||1)?, the second and third
terms are bounded above by Cn? by the arguments presented in [HM10a, Proposi-

tion 6.5] which implies (5.2.6) and hence completes the proof. O
Now for the problematic first expression in (5.2.3),
Proposition 5.2.3. We have that the limit,

o1
= limy S| G () — ]

exists uniformly over the initial point x.
Remark 5.2.4. We will attempt to verify the value of «; as a limit involving the

invariant measure of an auxiliary Markov process but this expression is not partic-

ularly instructive, even if it were shown to be true.
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Let us now introduce the series of auxiliary discrete time Markov processes
that we suspect could be used in the proof of Proposition 5.2.3.

First the state space, M, of the auxiliary Markov processes, which we will
denote by Z(*). The state space is a subset of R~ with the topology inherited
from R??~1 and then we make some identifications. The projection of M onto
the last d coordinates is equal to the unit cube with periodic identifications, C &
T9, delimited by the sides ¢;. In other words to construct C, identify all points in
R? that differ by é;, i = 1,..., d, using the map 7 : R? — C. The position in
the last d coordinates will then represent the position with regard to the periodic
drift of a point on .4 in a loose sense. Next, assume that the reflection term has
periodicity given by the vectors lie;, [; € R, i = 2,..., d and identify all points in
{x1 = 0} that differ by l;e; under the map 7 to form C; = T, a rectangle with
periodic identifications. The first d — 1 coordinates will then be used to represent
the position in the period of the interface reflection term for a point on .% in a
loose sense. For each point x € C form the set Ay = N,{y € m({x; = 0)} :
Jz € {xy = 0}, 1(z) = y,|x — (z)| < 1/n} we then form the state space as
UyeeAx X x C C;p x C. For x € m({x; = 0}) we clearly have Ay # @, moreover
for such points Ay simply differs by a translation. If x ¢ 7({x; = 0}), then by
the hypothesis on the angles subtended by the vectors &; we have that for all n, the
set {y € m({xy = 0}) : 3z € {x1 = 0}, ;(z) = y,|x — (z)| < 1/n} is non-
empty, it contains z,, say. Moreover any limit point of the z, is a member of Ay,
hence Ay is also non-empty in this case. For x, x’ € C we have that Ay and A,/
differ by a translation and in addition, we have the property that for any x, Ay is
invariant under any translation of C; = 7r;({x; = 0}) that takes any member of A,
to another member of A. This implies it is the same set of translations of C; that
permutes A, for all x € C. We also have continuity in the following sense, there
exists z, € Ay,, X, — x (in C) and z/, — z’ (in C)) only if z’ € A,. This implies
that M = U, _=Ax X x is a closed subspace of C; x C in the subspace topology. As
a closed subset of a compact space, M is compact.

Consider the series of stopping times qbék) = inf{t > 0: X(t) € {x =
0}}, ol = inf{t > ¢\ : X(t) € {x1 = K}}...0 = inf{t > oV X(t) €

n—1

{x1 = 0}}, a,gk) = inf{t > ¢,(1k) : X(t) € {x1 = k}}, and the embedded Markov

136



process on {x; = 0}, X (gb,(qk)). We can extend this Markov process on {x; = 0} to
a Markov process on C; x C by moving the period relative to the interface. Using
the translation properties of the Ay, we can consider X (¢,(1k)) as a Markov process
on M instead of on C; x C by restricting the extension to M. This is the Markov

process we will denote by Z*) and explore the ergodic properties thereof.

Remark 5.2.5. In the case of oblique reflection we would have M = p x C = C and
for any number of ergodic hypotheses on the periodicity /; of the reflection terms
in relation to the &;, we would have M = C; x C. It might be that the complication
introduced by using M instead of simply introducing ergodic hypothesis so that
M = Cj x C is too much, but assuming a sufficiently good ergodic result this

would be how to get maximum generality.

We then use this result in a similar fashion to [HM10a], replicating the stages.
Fix any ¢ > 0.
Using the optional stopping theorem, and the corrected process Y*

T{)

E[X¢(v) — %)) — Ex [/0

By pathwise uniqueness of solution to SDEs such as that satisfied by X¢, [LS84],
for X, and X¢,, LO¢(t) is equal to eL?(e~2t) for LY the local time of X, and L° the

F(e71X(s)) dLO'g(s)] ‘ =0(e) .

local time of X,.
We set up the discrete time Markov process on C; x C, X (q’)t(k)). Then we

have, that, for 4)]@ the j th successive escape from .% after making a return to .%,

%)

im et |5 f7<s—1XS<s>>dL0'€<s>}
—,;ggolax[ [ S s )
R

(k)

bt [ M)A

Applying the strong Markov property at times (])](k) , this becomes,

%k

tim B [ L1y o B ol [ axenace]| 622
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Denote X™ as a process derived from X on R%. For m = (my,my) € M we take
v(- + 1ymq) and b(- + 13my) instead of the usual reflection and drift terms in (5.0.1)
and denote the local time of X’lﬂ as LO'Y, 11 as the inclusion of C; in R? and 1, as
the inclusion of C in R¥. Basically X is the process obtained when we translate the
periodic reflection term within {x; = 0} and the periodic drift term to make a point
specified by the coordinate (11, my) the new origin and contained in {x; = 0}.

More precisely X™ is given by,
t t }
X™(t) = / b(X™(s) + 1amy) ds + W(t) +/ Y (X™(s) 4 1ymy) dLO%(s) .
0 0

Denote the escape time of X™ from .4 as /. Assume that we have the results of

the following two lemmas.

Lemma 5.2.6. We have that

li(m) : = K~ 1Bo [ X7 (o) + g (X)) — & (0)]

— g k1 [ 7 (RE)) + 7R AL (5
(5.2.8)

is a continuous bounded function of m € M and is in fact bounded over k also, for all

i=2,...,n Where §" = g(- + 1ump), ¥" = (- + 1ymy) and " = 7 §"5™.

Lemma 5.2.7. We have uniform weak convergence to an invariant measure u®) on M of
the discrete time process X (cp](k)) forall k. That is, given a continuous bounded function f
on M and a & > 0, we have that there exists an N (&) such that for all n' > N

B [f(x(0p)] - M| < &
forall x € M.

If we take 7, j, dependent on k, sufficiently large, we have the weak conver-

gence

(k) (k)
Lo <o X07) = g oy (5:29)

uniformly in the initial point. This follows from Lemma 5.2.7 since we only need a

tixed number of steps for weak convergence irrespective of the initial distribution
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thanks to Lemma 5.2.7 so we have (5.2.9) by considering the distribution of X (4)}@1)
conditioned on 4)]@1 < 7" for [ large. We will use this in an identical fashion to
[HM10a].

More precisely, first, using the scale function of a Brownian motion of which
the first component of X after correction away from the interface and subsequent
time change, is, we have Py [(,bgk) <t =1-(k4+c1)/(n+cz)). ¢; are bounded
above by a constant C > 0. Thus we choose k so that C/k < ¢. Now, for x such

that x; = 0, if 71; x 7w(x) = m then we have, by definition of X",
_ T‘%

E, lf1 / 7,-(XS)dL2]

ot [ )+ 47 (X)L

=K | 5 / )dL® X]

Then we take 7 sufficiently large compared to k so that for N(&/ 2) in Lemma 5.2.7
for f given by the RHS of (5.2.8) (1 — (k+ C)/(n — C))N€/2) > 1 — &/2||f||c0, then
we have, using the Strong Markov property at 4)](1(),

Z]Ex [1{4’;?N(€/z T"}f< ( ]+N ‘:/2))>]

j=0

= D1y Bl + R
]>

= Y11= k/n) N o [f]
j>0

+ (1= k/n) ™NE2R(E)] + R"(E k,n)

for [R(§)] < & IR'(O)] <28, [R"(,k,n)| < 3C(|| fllew +V)n/k* < 3Z(||fllo +1)n/k
for ¢ sufficiently small. Hence we have that (5.2.7) is equal to,

nlgl;lo E, {kn1 Z k/”)jkil]Enk {/OT% ’?i(XS)dLS'}?” + K(¢)
% .
5, wxs)dLS'X] 1K)

for |K(¢)| < 5(||f]le + 1) for n (dependent on k, §), k (fixed, dependent on ¢)
sufficiently large, making n larger if necessary so that (N(&/2)||f|lck/n) < ¢ to
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make the error due to the first N(&/2) terms less than ¢, all estimates uniform over
the initial point x.

¢ > 0 is arbitrary so this completes the proof of convergence to a (as yet
unidentified limit) on the assumption that the Lemmas 5.2.6 and 5.2.7 hold. We

will now investigate these lemmas, beginning with the proof of Lemma 5.2.6,

Proof of Lemma 5.2.6. A word on notation before we begin, for the process X™, the
superscript m € M gives the position of the interface relative to the period and by
definition of X™, we center the process so that the position in the interface/period
specified by m becomes the origin. X" without specification of initial point, in this
case X™ is assumed to start at 0 and under the measure E, this is the process Xm
started at x.

We proceed as in [HM10a]. Fix i > 2. Set k1 = 4||¢|| + 1. Then for x € .4,

7% the escape time from .% of X™ we will consider,
kUE [X (7)), (5.2.10)
by considering for k > k1 + 2||¢||e + 1, for x € %,
— Sm [ ~(k
K E % ()]
using the Strong Markov property at times &,5"“ for n such that 5’,21(1) < %, where
we denote the corresponding series of stopping times for X™ to 4),(1’() and a,gk) with a
tilde. First a uniform bound on (5.2.8) for all 1 < k < k1 + 4]|g||ec + 1. This follows
from the It6 formula since we have,
Ko [ X" (24)]
o _——
=k E, {/ b1 (X™(s) + 1my) ds} + kME [LF ((”Té ))} ,
0

from this we obtain,
_ %’ % X (k)
k=Eqg [/0 by (XY + 1omy) ds} +Eo [L"* (0 )] -

By using the comparison argument from [HM10b] we have that for k bounded, the
expectation of the escape time from .% for any initial point is uniformly bounded

by K.t say, which implies that,

Eo |L%% (o) ] < K+ Ke1b1 o - (5.2.11)
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This implies that for this restricted set of k, (5.2.8) is bounded above by,

- - X k
K BilleKet + k[l ill ool | L% () |
<I1billooKet + 1 7ille (1 + Ketl |1 o) ,

using (5.2.11). Denote the quantity on the RHS by Kj,. Moreover, this also implies
bounds in L'. Now, for any k > ki + 4|¢|| + 1 we have,
FE[E )] kR T Rl - 2 )
¢k 2%
X I A A — X (6 A 7]*)1 .

(5.2.12)

Applying the Strong Markov property at the times (,bn ) to the first term in (5.2.12)
gives,
KE, { L, @) - % 0)] 1 . (5.2.13)

X (i1
oV <%

Now from above we have that for all x/,
~ - k ~
B[ (o) - X(0)] | < K,

and that lP[(p( V< 4] < [(k —ky +2||g]leo) / (k — 2||g|ls0)]", using the fact that the
first component of the process under the map x — x + §"(x) is a time changed
Brownian motion in conjunction with the scale function of a one dimensional dif-
fusion as in [HM10a]. This gives a bound of Ki, (k — 2||g|lco) /k(k1 — 4[[g]lec) <
Ky, / (ki — 4[/g]|«o) on the modulus of (5.2.13).

Similarly, applying the Strong Markov property at times a,S ) , the expecta-
tion of the second term is bounded above in modulus by,

K1 Z IP[ 1 < Tﬂ sup |Ex [XT (§37 A TH) _xi]
{x:x1=k1}

<2Hg||oo(k—2||g|!oo)
k(ky —4{[g]le0)
2[|g [l

(k= 4lglle)

using the corrected process as in [HM10a] again.
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We will denote the bound produced on (5.2.10) in this manner by K — 1 —
2||¢]|co- This implies that (5.2.8) is bounded above by K — 1.

Moving onto the continuity of (5.2.8) in m € M, first we will construct from
the original (uncorrected) process X, an additional slightly modified process X,
m' € M, that we will compare with X", m € M. The construction of these two
processes makes comparison computationally easier. Note that in general, due to
the computation we perform, we cannot express X" as X" with a different starting
point x € R?, as the periodic drift has been shifted relative to the interface once
again between X" and X" as can be seen by the definition of X" below. Firstly,
we will use the ideas of [LS84] to show proximity between X" and X™ in the
supremum norm up to time T.

First the definition of X'. Consider two points m, m' € M. m will form the
initial point for X" as before and m’ will be an initial point for X in a sense we

will now define. We define X" as,

Al

t A !/
X" =i (my —m) ~|—/O b(X™ () + 1pmy — 13 (my — my)) ds + W(t)
o ,
+/O V(X" (s) + 11my) dL%%(s),

for LOX the local time of )Aq”/ at 0. Note from the definition of X™, X™ we have that
XM = X" 41y (m) —my).

Then for fixed T > 0, with the help of calculations similar to [LS84, proof of
Proposition 4.1], we will analyze supy,_r |X}" — X"|. For 7y the projection onto
the first coordinate, set ¢(x) = ¢(mr1(x))m(x) for p : R — R a smooth positive
function with ¥(z) = 1 for |z| < 1/2, ¢(z) = 0 for |z| > 1. Consider the real
valued process ® given by,

O(F) e MPEX" D) +o(X" (1))

A ]

x (X™(1) = X" ()T (A(X™(E) + AX™ (1)) (X™(t) = X" (1)),
(5.2.14)

for A a constant we will choose later and A = 4;;, A > V1, a periodic symmetric C?

matrix field, the existence of which is assured by [LS84, Lemma 4.1] such that,
A(x)y(x +umy) =er, (5.2.15)
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for all x € {7r1(x) = 0}, and since the domain we are considering is convex, for all

x € {x; =0}, x € R,
(A(x)(x —x"), y(x +1mq)) <0.

In addition, since ¥ € C%2sois A by [LS84, Lemma 4.1]. There exists Cy > 0 such
that, for all x, x’ € {x; =0},

—Colx — X'+ (A(X) (x —x'), y(x +1umy)) <0. (5.2.16)

For compactness of the following formulae we will denote X" (s) — X" (s) as X,
A(X™(s)) + A(X™ (s)) as Ax, and A(¢p(X"(s)) + ¢(X™ (s))) as Ax(s). Then we
apply the It6 formula to (5.2.14), which gives,

D(t) =11 (my —m))T(A(0) + A(ug (m) — my))ig (my — mj)
—A[/t Ax()XT Ay XEq(s) ds

+/ KT Ay XsEa(s) dW(s)

+A2/ MO XT Ay XoEs(s) ds

+/ ORT(AL(R™(5)) + AL (K7 (5))) K ds

b [ MR (A(R(6) + AR (5))) X, VY

+ /0 MO KT Ay (X7 (5)) Koy (X7 () + 1ymy ) dLOX (5)
+ [ e ORE A (R Ky (R (5) + ) ALK 5
—A/ “AXORT Ap 1 (5) KB i (s) ds

42 / OV XT Ay [B(X™ () + 1am»)
— (X" (s) 4 1oy — 11.(m}, — my))] ds
+2 [ e MOXT Ay y(X7(s) + my) dLO%(s)

-2 e‘AX(S)f{STAXSfy()A(m/(S) + 1ymq) dLO'X(s)

— A [ 0 ¢(X"(s))e ORI Ax Royr (R™(s) + tymy ) ALV (s)
0
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where E; denotes the terms derived solely from differentiation with respect to the
drift and Brownian motion terms of the exponential term, A; denotes the terms
derived solely from the derivatives of the matrix field term and Ag;, E4; denote
the cross terms from these two terms. All such terms are bounded. Denote the
stopping time when sup,, | X" — X™| = 1 by 1. Note that the C; may change
from line to line but always denote constants. Hence we have, fors < t, E[®(s A T)]

is bounded above by,
11 (my = m) T (A(0) + A1 (my — m1)))ua(my — )|
+Cy(1+A+ADE { / T AR () +p(R7 (1)) R, 2ds’
0
+ Co(|ma — my| + |my — my|)E[s A T]
SAT S !
“E{% / o MR Ry o (AL () + ALOK())
T %' (s'))) T S (o 0%/
+/ s'))+p(X™ (s )))XSIAXS/ [’y(Xm(s )+ 1ymq) AL (")
= (X"() + ) AL ()]
_/\/ )+<P(Xm( )))X AX/XS/[dLOX( )+ dLOX( )]},
noting that we have y; = 1. The last term is at least as large in modulus as,
W /SAT o MPRT () +o (X" (s M|, |2[ dL0X (') + AL (s )] ’
0

from the properties of A. Provided we choose Av — 2C3||y||e > 2Cp, we then have,
for c = e 2M9lley, > 0,
E[|Xsnc|*] <E[®(s)]
<t (my —my)"(A(0) + A(ll(mﬁ — m1))n (my —mj)
+ CE [/S e~ Me(X" (s N+E (s |Xs /\T|2 ds’
0

+ Co([ma — ma| + [my — mi])s .
We can then conclude using Gronwall’s inequality that,
E “Xs/\r |2]

<™ty (my —my) T (A(0) + A (my —my)))u (my — m)

+ ¢ 1Co(|ma — mh| + |my — mi|)t
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t
2y [ [oa(omy — )T (A() + Alss (o — m3)) s (my — )
+ Callmy — mh| + |my — mi|)s]e” =) ds,

which can be made arbitrarily small by making |m; — m}| + |my — m}| sufficiently

small. Denote this bound by c(m).

We then study sup,; P(s) using the bound we have on E [D?S AT |2} for all
0 <'s < t. Hence we have, E[sup)_ ;.. P(s)] is bounded above by,

| (my — my)T(A(0) + A(n (m) — m1)))n ( my)]
+C1(/\+A2)1E[/Ome‘)‘(4’(xm())+ 2%, 2 ds}+C4\/ c(m)
+ Ca(Jma — my| 4 [my — my|)t

+2E sup {c3/0 MO TR oo (LX) + LOX (1)

0<s<tAT
+/ )+ (s XD Axl[fy(Xm( ')+ 1nmy) dLOX(s')
(R (&) + ) ALV
B A/ X"’ —|—(P(Xm (s )))XEAXS/XS/ |:dLOX( )-|— dLOX( )i| } ’

by applying the Burkholder Davis Gundy inequality to the stochastic integral term
this time. We then have,

E { sup ‘XSAT‘Z} <E { sup P(s A T)]

0<s<t 0<s<t
<uy(mq —m})T(A(0) + A(‘l(mll —my)) i (my — my)
OE { /te_umm( D+ O[5, 2 ds}
0

+ Co(|mp — mh| + |my — mi|)t + Cyy/tc(m) .

We can then conclude that,

E [ sup |Xs/\1”2:| <c Yy (my — m))T(A0) + Ay (my — my))i1 (mq — m))

0<s<t
+ ¢ 1Crte(m) 4 ¢ Cyy/te(m)

e 1Co(|ma — mih] + |y — |t

which can be made arbitrarily small by making |m; — m}| + |my — m}| sufficiently

small.
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To re-iterate what we have shown up to this point is that given T, { > 0,
there exists a (T, &) > 0such that up to time T for [m; — m}| + |my —m}| < (T, E),
P[supgr | Xs| > &] < & We will now apply this to complete the verification of
Lemma 5.2.6 by bounding the probability of being in ‘bad” sets where the prox-
imity of these two processes in the supremum norm is not sufficient to give the
proximity of the quantity in the expectation in (5.2.8).

By a comparison argument similar to [HM10b] we can obtain a T({) such

that, for any m € M,
P[3s € [0,T(5)]: K'(s) & [0,k+1]] > 1—&/2K.

Note that this implies the same inequality for X" for any m’ € M by definition of
the two processes. Now what we do is given an index for X", m = (mq,m,) € M,
for X" restrict ourselves to indices m’ € M such that |my — m}| 4 |my — m}| <
O(T(E),n) NE. Where 0 < 1 < ¢/2K is sufficiently small so that given any ini-
tial point x such that x; < 7, m' € M, we have a probability under Py, 1 —
¢ /2K, dependent only on the noise, for the cube of side ¢ centered on the point
(k—=¢/2,x,...,x4) (denote this by C¢) that 74 = 7%, T4 is the hitting time of
4 by X™ and 7 is the escape time of X™ from the Cz. For instance this fol-
lows from choosing # sufficiently small so that there exists a t' > 0 (small) so that
Pol{supy<ecy (W) > 1} 0 {supgcycy W)+ [bllst’ < 8/2}] > 1-8/2K
Choosing 7 in this fashion the same will hold for X™.

Consider (Ték)’mm = min{aék)(f(m),aék)(f(m/)} with the obvious notation
that U(gk)(f(m) denotes (Ték) for X™ and correspondingly for X", If Uék)’mm < T,
4(n) > Tfor t4(n) = inf{t > 0: |X| > 5}, o (X™) < o (&), and

X (g (%) + 7% (X (- + o (X)) ) £ X" (0 (X)),

denote this set union the corresponding set with X", X" reversed as E. We have

P[E] < ¢/2K. In addition, denote,

7y (X™) + 7% (X (- + g (X™)) )
or,

oy (X) + 7% (- + o0 (X™)) )
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Jmin

as relevant by 7¢. Now on E := E° N {U(gk) < T} N{t4(n) > T}, we have,

R (o (X)) = (e (X)) | < ¢

and Py[E] >1—¢/2K—§/2K—¢&/2K > 1—2¢/K.
Hence if we denote 71; + ¢ as ¢, for 71; projection onto the ith component,

we have,
_ A m k) rom A (rm k m
B g (X (067 (X)) = g (R (e (X)) |
-1 ) am (om (k) (om
Sk HIE|:1{0'ék)'mmZT}ﬁ{TX(l’])>T}<gi (X ((7'0 (X )))
A (M k) rom A [ rm k) /<
B [1egiy<my (81 (X707 (X)) = g (27 (07 (*7))) )]
A (M k) <rm A ( om k) <m
+ B [1e (87 (X(0” (X)) — g (X7 (e (X™))) ]
s ¢ (k) em om' ¢ (k) (m!
+E|(1+ I Dglle) 1| X" (0" (X)) = £ (0 (X)) ]|
<4¢+ (1+[IDglle)€ s
using the Strong Markov property at the times T, T3 (17) and 7° respectively in the
first three terms on the RHS together with the bounds of K — 1 on k™1 Ey [¢" (XT%( wny) —
8" (x)] derived above.
Now from the definition of X", X" we have that X" = X" + 1 (my —my).
Therefore if we have |my — m|| + |my —m}| < 6(T(E),n) A ¢ we have that,
— am (pm ( (k) gm am’ (gm' (k) m!
e[ (R e (5%m) | - B g (X (o) (X))
<4¢ + (14 [|Dglle0) + & + | DglleoG
<47+ (1+2[Dgllw)S ,

which from the definition of X" proves Lemma 5.2.6. O

In order to prove Lemma 5.2.7 it is suspected that the following result can

be used,

Theorem 5.2.8. Consider a discrete time Markov process Z on a compact state (metric)
space M. Assume that we have the Feller property, i.e. that for any continuous f we have

Ex[f(Z(1))] is a continuous function of x. We denote the oscillation of a function f as,

| fllosc = sup f(x) — xig\fdf(x) .

xeM

147



Then Z admits an invariant measure on M, y, moreover if and only if condition (C) holds
this is the unique invariant measure of Z and we have uniform (over the initial point) weak
convergence to the invariant measure, i.e. we have that given any continuous bounded f,
¢ > 0, there exists N(&) € IN such that, foralln > N(§),

sup|Ex[f(Z(n))] —p| < ¢
xeM

Condition (C): there exists ¢ > 0 fixed (over J, x, y) such that given 6 > 0, any x,
y € M, there exists a finite collection of disjoint subsets of M, V; ny such that M = UnV(Sx ny ,

SUP,, SUP,, d(u,v) < ¢ and there exists a(6) € IN (independent of x, y) so that
¥, min{P,[Z(a(5)) € V; /], Py[Z(a(6)) € Vyu1} > c.

Proof of Theorem 5.2.8. We begin by proving condition (C) implies uniform weak
convergence.

Firstly we have existence of an invariant measure from the proof of [LS06,
Proposition 3.1]. This result gives the existence of the invariant measure of a con-
tinuous time Feller process that has some positive occupation property of a com-
pact set but the proof generalizes without modification to discrete time.

Since we have now established the existence of an invariant measure, the
proof of the result will be complete if we can show that there exists fixed 0 < A < 1,
such that given any continuous bounded g, for any x, y € M, there exists m(g) € IN

such that,

|Ex[g(Z(m))] — Ey[g(Z(m))]| < Allgllose (5.2.17)

Now given any bounded continuous function f, we have, forany j € IN, j > m,

we have, for x, y € M,

[Ex[f(Z(7))] = By[f(Z(G)]| =|Bx[Bz(jm(py Lf (Z(m()))]]
— Ey[Ez(j—m(s) [F(Z(m(f))]]|
<Al fllosc »

using the Markov property since we have ||E.[f(Z(m(f)))]llosc < Al f]]osc-
Now we simply iterate this procedure by taking ¢ = E.[f(Z(m(f)))] in
(5.2.17) followed by,

8 = B | Bz(m.[f(z(m(f))) [f(Z(m(f)))H,
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in (5.2.17) and so on using the Markov property. In other words we use the se-
quence of functions given by fy = f with iterative step f,, = E.[f,,—1(Z(m(f,-1)))]

in (5.2.17). Proceeding in this manner we obtain that,
tim [E.(7(Z())) e < fim A7 Fse = 0.

Thus we have that given ¢ > 0 there exists K(¢) € IN such that for any x € M that,

(A2~ w(H| < [[BLF(ZG)] - ByLAZGD]| mldy) <&

for j > K(¢). This implies uniform convergence to the invariant measure.

So now it remains to verify (5.2.17). Given the continuous bounded function
¢ choose J small enough so that for |u — v| < 4, |g(u) — ¢(v)| < ||€llosc/2. Then,
given x, y, if we set V¥ = U, V¥ for Vi C {Zy(a(d)) € ng;‘;f} C O, such that
P[VY] = min{P[{Z(a(d)) € ngﬁ/ ], P[{Zy(a(d)) € ng ]. Use the corresponding
definition for V;/ and V¥

|E[8(Zx(a(0)))] - E[8(Zy(a(5)))]]

= |E[1v+8(Zx(a(8))) + L(v+)c8(Zx(a(9)))]
—E[lyvg(Zy(a(9))) + L(vv)c8(Zy(a(9)))]]

< [E[ly~g(Z(a(6)))] — E[1yvg(Zy(a(5)))]]
+|E[1(yx)c8(Z(a(8)))] = E[L(yv)eg (Z (W)))H

< ;UE[lv,fg(Zx(ﬂ((S)))] E[1y18(Zy(a(8)))]] + (1 = c)lIgllosc

[
<8l (1) gl

=(1—1¢c/2)||8llosc -

Hence we have (5.2.17) with A = 1 — ¢/2. This proves one direction of the theorem.

Now for the other implication. A word on notation, c/(A) will denote the
topological closure of the set A and B(x, ) denotes the open ball of radius r cen-
tered at x. Assume we can construct a finite cover of M by closed V*" such that
SUp,, SUp,, ey, d(u,v) < 27% and u(Uy,0V,) < 1/2. In addition, assume we
have the existence of a set of continuous functions, indexed by k, 0 < f; < 1 such

that p(fy) > 1/2 and fy = 0 on UpdVy,. Studying fi; = fily,, fori = 1ton,
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and choosing a(27%) = N such that E.[f:(Z(j))] > u(fi;)/2 forall x,i,j > N,
the result is clear, we have verified condition (C) for ¢ = 1/4. Then the Vj , are
constructed as follows, given k we want u(U,dV; ,) < 2751 so we pick any point
x € M and for some 27¥2 < r < 27¥=1 we have that u(dB(x,r)) < 27%72),
we denote such a ball by B;. Set Vi1 = cl(B;). Inductively we pick any x; €
M \ Ujcl(Bj) and then choose B;, B = B(x;,r) such that p(9B(x;,r)) < 271!
for 2752 < r < 27F=1 then we set Vi ; = cl(BjN M \ (Uj<1Vi,;))- By compactness
M is covered by a finite number of these Vj; hence this inductive process eventu-
ally comes to an end. Then we construct the function fi by considering the series
of continuous functions given by f]i(x) = min{2/d(x, U,0Vj,),1} as j — oo. By the
dominated convergence theorem we have the existence of a j such that p( f,i) >1/2

and we simply take f; = f,i forsuchaj. O

Remark 5.2.9. There is no attempt to produce a rate for this convergence and the

rate produced by any such method is liable to be appalling.

Remark 5.2.10. As a simple example illustrating the application of this theorem
consider the following situation. Take T? and draw a line of irrational slope on T2,
L, that without loss of generality we will assume passes through 0. L is a dense set
in T2. If we consider a standard Brownian motion B starting from 0 on the line L
then we can use the above theorem to show that on T2, we have uniformly in the

initial point x € L,
B+x=u,

for u Lebesgue measure on the torus, with the obvious definition of vector addition
on the torus. This is achieved by extending this process to a process on the torus,
given by B, = B + x, x € T?, and then applying Theorem 5.2.8. So we just have
to verify the Feller property, condition (C) and that Lebesgue measure is indeed an
invariant measure for the process B.

First the Feller property, this is clear from the fact that a.s. for all t > 0, x,

x’ € T? we have,

A A

|Bx(t) = Bu(t)| = |x — x| .
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Secondly, we have to verify condition (C). For this, given 6 > 0, our J-net in this
case does not need to exhibit dependence on x, ¥ and we can simply choose a
uniform n x n grid forn > 5~1. To show condition (C) we will use the fundamental
Weyl equidistribution theorem. Let ¢ : R?> — R4, 0 < 9(x) < 1 be such that for
(x1,%2) € R?, we have ¢(x) = 1ontheset {x: 1/4 < x; <3/4,1/4 < x, <3/4}
and ¥(x) = Owhen x € {x; < 0}U{x; > 1} U{x, < 0}U{x, > 1}. For
(i,j), 1 <i,j < man n~ ! x n7! cell in our é-net denote the continuous function
p(n(x — (ni,n"1j))) by gi; and the corresponding n~! x n~! cell on which it
is non-zero as ¢;;. We will apply the fundamental Weyl equidistribution theorem
[Tao09] to g;; using as the map T, translation by al for any fixed a € R, where we
denote the unit vector in the direction of L as [. The fact that the two components
of al, (x1,a) are independent over the rational numbers implies that there is no
non-zero character (continuous homomorphism T? — T, which therefore is of the
form (x1, x2) — n1x1 + nyxy) of the 2 dimensional torus x such that x (a1, ap) = 0.
Therefore by the fundamental Weyl equidistribution theorem we have that for any
x € T?, x + nal is equidistributed on T2. Hence for all x € T? we have an Nij(x),

such that for all n > Nj;(x),

1 & 1
— Y 8ii(T"(0) > S (s - (5.2.18)
k=1

Owing to the continuity of g;; we have that,
1 n
LY 8i(T()
k=1

is a family of functions over which we have uniform continuity in x. Therefore
by compactness we have a single Nj;, such that for any n > Nj; and any x we
have (5.2.18). We use this to show that given any point x € T?, if we take i, as
normalized Lebesgue measure on the line segments [x, x -+ nalf], then, there exists

an NZ.’]. such that for any x we have, n > NZ.’].,

1
i (8ij) > Z1(8ij) - (5.2.19)

This is clear by taking the normalized Lebesgue measure on the line segment of

[x, x + al) of both sides of (5.2.18) for n > N;j; hence we set Ni/j = Njj.
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The standard Brownian motion has a probability density that satisfies the
condition p;(0,y) > cit~1/? for y € [—cpt!/?, cot1/?] for some fixed constants ¢y, ¢
arising from the standard normal distribution. For n € IN, we are going to consider

14! on the line segment from x

the set of times {(na/c,)?} and the density cicon™
to x + nal. For each pair (i,j) we have an N;; that gives a corresponding result to
(5.2.19), so taking N = max; ;) Njj + 1, we have that at time (Na/c3)?, for any x,
y € T?,
cic cic
me IP.[B; € c;j] >me E:[gii(B)] ! 22;4 Sij) 1 2

Z=X,Y Z=X,Y

which is precisely condition (C).
Lastly, the fact that normalized Lebesgue measure is the unique invariant
probability measure follows from the fact that any unique invariant measure must

be translation invariant since,

Bx+y(t) =B:(t)+y,

and that Lebesgue measure is the unique translation invariant measure on the

torus.

Remark 5.2.11. Note that in the previous example since the process is translation
invariant we have equicontinuity of the semigroup in time and hence can use a
slight modification of [KPS, Theorem 1] to give uniform convergence to the invari-

ant measure immediately.

Remark 5.2.12. This example provides the clue as to how Theorem 5.2.8 may be
used to complete the proof. Under appropriate ergodic assumptions (maybe the
framework is too general) if we have a lower bound on the embedded Markov
process X (cpt(k)) as it spreads out along the interface as above then we would be
able to deploy Theorem 5.2.8 as above to complete the proof of the homogenization
result. It is unknown to the author at this point how to proceed toward obtaining

such a result, although it seems likely to the author that such a result would hold.
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5.3 Well-Posedness of the martingale problem and char-

acterization of the limiting process

By application of Theorem 5.2.1, contingent on the completion of Proposition 5.2.3
we would have the existence of a limiting process that satisfies the martingale

problem given by the differential operator,

where Dj; is a d X d matrix given by,

Djj = /Td<5ik+akgi)(5kj+akgj)dy ,

on the space of functions that are bounded, have bounded derivatives of all orders
and in addition satisfy (5.2.4). Proceeding almost identically as in [HM10a], we
construct a solution to the martingale problem corresponding to £ to show that
the domain of definition of the martingale problem is sufficiently large and then
apply the result by Ethier and Kurtz [EK86, Theorem 4.1]. The solution in this case
is given as follows: let M be a matrix satisfying MMT = D and such that

()

v M

for some vector v € R*'and a (d — 1) x (d — 1) matrix M. (This is always possible
by the QR decomposition.) We then first construct a Wiener process W; and a
process X such that

dXy; = /D dW(t) + dL(t),
where L is the symmetric local time of X at the origin. This can be achieved for

example by setting X1 = h(Z), where

h(x) = \/D>f1x

Z is a reflected Brownian motion (also known as a skew-Brownian motion with
parameter 1), and W is the martingale part of Z. Given such a pair (X;, W), we
then let W be an independent d — 1-dimensional Wiener process and we define

pathwise the lR‘i_l—valued process X by
- b t t
X(t):/ MdW(t)+/ vdW(t)+5c/ dL(t)
0 0 0
15

3



where &; = a; 1. Thus a solution (which can be shown to be the only solution) to
the martingale problem associated to £ has been characterized. The argument that
gives uniqueness of solution to the martingale problem corresponding to £ then

proceeds word for word as in [HM10a] and will not be repeated here.
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Chapter 6

Convergence of Marginal

Distributions for coupled oscillators

Consider the following system,

dqo = podt,

dpo = [—qolqo0l* 2 — a(qo — q1) — ypo] dt + /27 To AWy,

dqy = p1dt,

dpy = [—q| @[ % — a(q1 — q0)] dt + /2y Ty dWy, (6.0.1)

where Wy, W; are independent standard Brownian motions. Where necessary for
compactness of notation, we will refer to the process

(po(t),qo(t), p1(t),q1(t)) as U(t) € R* and the generator of U will be denoted by L.
We will analyze this system in the context of the results of [Hai09]; by a refinement
of the methods introduced in [HMO09], it was shown in [Hai09] that such a system
admits an invariant measure if either k < 2, or, if k = 2 but the coupling constant
is sufficiently large, a> > T;(®?)~!. ® is a corrector, away from the origin it is the
solution to the equation Lg® = —g, which is used to approximately decouple the
two oscillators. We denote L for the generator of a free oscillator, —q|q[2k—28p +
pd;. The aim of this article is to study the regime where no invariant measure
exists. In this case, the ‘cold” oscillator denoted by the 0 variables and the ‘hot’
oscillator denoted by the 1 variables asymptotically decouple as t — oo due to the

increasing energy of the hot oscillator like in [Hai09].
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For k > 2, we will show that the cold oscillator still admits a limiting distri-
bution and for k > 2 we have weak convergence to this distribution. Furthermore
we can express it as the invariant measure, fi, of a related process given by the bar

variables below,

dgo = podt,
dpo = [—qo|q0/* % — ago — ypo] dt + /2y To dWy, (6.0.2)

where W is a standard Brownian motion. The existence of ji follows from the
Lyapunov functional method in [HMO09] for instance. The weak convergence of
the cold oscillator is the content of Theorem 6.1.1, the proof of which is the aim
of section 6.1. In addition to weak convergence, we also have convergence in an
ergodic sense and by this we mean that, for f continuous and bounded,

lim %/[)Tf(po(s),qo(s)) ds = ]sz(u) dia(u), as..

T—oo

This is the content of Theorem 6.2.1, and section 6.2 is devoted to the proof of this
statement.

Fork = 2,a% < Ty (®?) !, the result is slightly different since the corrector ®
no longer vanishes with increasing energy. Weak convergence of the 0 variables in
this case is expected but any such result would necessitate establishing whether the
periods of the 1 variables become sufficiently mixed over time in order to eliminate
the influence of ® in a weak sense. We do however have the ergodic convergence,
which is the content of Theorem 6.3.5 and section 6.3 contains the proof of this
theorem.

We also show in section 6.4 that the energy of the hot oscillator H; grows
linearly in time and that, after a suitable rescaling, its distribution for large times
approaches that of the square of a Bessel process multiplied by a prefactor (or
we could consider it as a time changed squared Bessel process), the parameter of
which can be computed explicitly. This is the content of Theorem 6.4.1. For k > 2,

consider,

X(t) = /Ot yT1ds + /()t(quTl(pz))%\/i(s) dW(s), (6.0.3)
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and for k = 2,

Y() = [ (T~ ye2(@)ds + [ yTp)IVY() aWGs), (604

Then for k > 2 we have the weak convergence, for H = p?/2 + q2%/ 2k,

Hy(T)
T

= X(1),

and for k = 2, T > a?(®?),

Hy(T)
1T = Y(1).

The dimension of the squared Bessel process in the case k > 2 is then
2/(p?) and the prefactor is 7Ty (p?) /2. In the case k = 2, T; > a?(®?), the dimen-
sion of the squared Bessel process is then

2(yTy — a?(®?)) /v Ty {p?) with the same prefactor as for the case k > 2.

6.1 k > 2: weak convergence of the 0 variables to i

6.1.1 General Strategy

For (6.0.1), in the case k > 2, we will show for any initial point
(p0(0),90(0),p1(0),41(0)), the zero variables (po(t),qo0(t)), exhibit weak conver-
gence to the invariant regime for the system given above in (6.0.2). We have a
different result for k = 2.

The general strategy is to show that given € > 0, and a bounded continuous
function f of (po, g0), the process at a large time T'(e) has a high probability, 1 — ¢,
of being at a sufficiently large energy in the 1 variables so the equations in the
1 and 0 variables will “decouple”. When the equations decouple we will have
convergence to within € of the integral of f against the distribution of py, g0, at the
end of a fixed smaller time interval ¢(e) providing H; = %% + % does not re-enter
a compact set (dependent on €) and we have a sufficiently good initial distribution
at the beginning of the small fixed time interval in the 0 variables. We wait until the
initial (before starting the fixed time interval on which we expect convergence of

the 0 variables) energy in the 1 variables is large enough so that the probability of
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the process re-entering the compact set where we do not have sufficient decoupling
within ¢(€) is less than e.

Upon completion of the details of this strategy, we then have,

Theorem 6.1.1. For k > 2, we have the convergence, for bounded continuous f,

Ex[f(po(t), q0(t))] — A (f),

as t — oo, for any initial point x = (po(0),4q0(0), p1(0),41(0)). # is the invariant
measure of the bar variables py, go above. In other words we have weak convergence of the

distribution of the cold oscillator, (po(t), qo(t)), to fi.

The strategy of proof for Theorem 6.1.1 is the following. First, we show
tightness of the 0 variables, then the convergence of the 0 variables to the regime
given by i in the high energy regime for the 1 variables, then we show the existence

of advantageous lower bounds on Hj, the energy of the 1 variables.

6.1.2 A priori bounds on the cold oscillator

In this subsection we will consider k > 2 not just k > 2. We copy the methodology
of [Hai09] here. We introduce the tilde variables, o, §o. §o is the integral with
respect to time of fp = po + aP (g1, p1), for (g1, p1) the unique centered solution
(as defined in [HMO09]) to Ly®P = —g+ R(p,q). Ly is the generator of the dy-
namics corresponding to the Hamiltonian %2 + qz—Zlf. R is a function that averages
out to 0 over the level sets of H, is equal to 0 outside a ball containing the origin,
and has all of its derivatives approaching those of g at the origin. The function R
is required, since without it, lack of smoothness at the origin of the coefficients of
Ly is a barrier to the smoothness of ® [Hai09]. The corrected variables py, §o then

satisfy
dq() = Po dt
dﬁo = [—6]0|(]0|2k_2 —uqo — ’)’po} dt + v/ 29Ty AWy + Rq dt + RodWy,
(6.1.1)

Where Ry, R; given by
Ry = a*(q0 — q1)0,® + “’YTla%qD

158



Ry = ay/29T10,9D,

and are of order Hfi"_l (Hglk +1). Note that pg differs from py by a term of order
Hl% E: from [HMO09].
Remark 6.1.2. For k > 2, it might seem at this point that we lose control of how
go relates to go, but in reality we will only be using this approximation over fi-
nite time intervals of prescribed length. We will then use lower bounds on the 1
variables to ensure that §p and g are close over this finite time interval when they
are considered as having corresponding initial values at the start of this finite time
interval.

Then consider the test function, Ey(fo, q0) = %% + % + 0&@ + 0poqo + C for
0 <0 < (v/2) A1like in [Hai09] and C > 0 large enough to make E, positive.

LEy = — g + ay®Po + 7To — a®qo|qo[* > — abD o + 5 — Py
- . 1
— 045 — Baqp — 6y foqo + abyPqo + Ry fio + Ribgo + E(Rz)z-
6.1.2)

This is negative outside of a compact set in the 0 variables, since the coefficients of

all leading order terms are negative. The leading order terms in (6.1.2) are of order
1
Ey whereas the stochastic terms of Ej are of order E?,

(ﬁ() + qu)(\/ 29Ty AWy + dewl).

Lemma 6.1.3. Consider k > 2. For any initial condition
x = (po(0),40(0),p1(0),41(0)), given € > 0, there exists a time T(e,x) > 0 and a
compact set K(€) C R? independent of the initial condition, such that at all times T >

T (€, x) we have,

Py [(po(T),q0(T)) € K(€)] >1—e.

Proof. We already have a Lyapunov function for the 0 variables, Eg. Hence by

Chebychev we have the required result. O

Lemma 6.1.4. Consider k > 2. Given € > 0 and a polynomial pglqu forky, ky € Z,

there exists a compact set Ky, o C R? (dependent on the indices ky, ky) such that,
1 /T ki N ko
7 | 1k, ((pols), a0(s)) v ()af () ds < e, (6.13)

159



for T sufficiently large almost surely.

Proof. Basically what we are going to do is time change Ej and then compare to a
suitable one dimensional SDE where we will have this result by virtue of Birkhoff’s
ergodic theorem, then reverse the time change and this will give the required re-
sult. Initially, choose a large compact set K’ C R, such that outside of K’, we have
that the drift is less than —2k(29Ty + ||R2||%) Eo, for k > 0 a constant sufficiently

small. Then the process we will make the comparison with is |F| given by,
dF = —ksgn(F) +R'dt +dW,

for W a standard Brownian motion, and R’, |R’| < k, a smoothing term that is
zero outside a small neighborhood of the origin (smaller than K’) such that | —
ksgn(F) + R'| < kand —ksgn(F) 4+ R’ is smooth everywhere including the origin,
which gives the existence of strong solutions for the SDE satisfied by F.

The time change we will use on E is the obvious one,

T, = inf{s > 05 [ (po(s") + 000l P27 Ty + (Ra('))?) d' > t},

and by application of the time change we end up with a process with diffusion
coefficient 1 and drift outside of K’ of less than —k. Note that this transformation
of the SDE is possible since the time change is continuous by the occupation times
formula applied to (g + 040)>.

With an appropriate choice of Brownian motion for F as in [HM10b] and a
matching choice of initial conditions for F relative to Eyg, we have that Eq(T;) <
|F(t)| + 2|K'|, for |K’| the largest element in K.

By the continuous time Birkhoff ergodic theorem (for instance see [KS07])
applied to F, we have that, for compact sets K" sufficiently large,

lim sup % /OT Lr\gr (F(s))(|F(s)| + 2|K’|)k71+% ds < ([K"|)7le as,

T—o0

(6.1.4)

since by the existence of a Lyapunov function for F, we have the existence of an
invariant measure for this process, and in addition from [Hai09, Theorem 3.4], we

have the existence of a unique (hence ergodic) invariant measure. Therefore the
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application of the Birkhoff ergodic theorem is justified. Then we simply choose
the set K” such that the invariant measure of the complement R \ K” is less than
(|[K"”|)~'e, where the modulus denotes the size of the maximal element. This is
possible since the invariant measure of the complement decays exponentially in
the size of K” due to F having ¢¥'*| as a Lyapunov functional for 0 < k' < k.

To transfer this statement from one about F to one about Ej there are two
issues with the time change T; that we must deal with when choosing our compact
set Kp 4. The first is that we do not end up with the situation T; = oo for some t < oo
since then we may not explore enough of the path of F to have the convergence of
the proportions assured along the paths of F. The second is that we have an upper
bound on the inverse time change for the expansion of times outside of K” relative
to those inside.

The first point. This is not a problem since the result is immediate on this
portion of the probability space when K, ; = {(x,y) € R?: Eg(x,y) € |K”|+ 2K’}
is made larger if necessary so that it is larger than a compact set outside of which
we have (fo(s") + 0g0(s'))*(27To + (Ra(s'))?) > ¢ > 0 for some fixed c. This
is easily possible if we choose R so that ||Rz||ee < 27Tp, for instance R(p,q) =
C(H(p,q))gand ¢ : R — Ris 1 on a sufficiently large neighborhood of 0. Then we
expand K, ; if necessary so that {(x,y) : x> + |y| > (|[®||e + 1)?} C Ky . Explicit
calculation then gives that (6.1.3) is bounded above by (c|K”|)~'e in this case.

The second point. Note that for Ey outside of a sufficiently large compact
set, (fo(s') +090(s"))?(27To + (Ra(s'))?) varies between clEé and ¢y E, for ¢y, ¢ >
0 constants, dependent on the precise definition of ®. Hence we expand K" if
necessary to include this set and be such that sup{(x + ® + 0y)?>(2yTy + || R2||%) :
(x,y) € R?, Eo(x,y) € K"} < co]K"|. Assume F spends less than 1/2 of the time
outside K” a.s. as time tends to infinity which is clearly possible by choosing K"
sufficiently large from (6.1.4). Then we choose K, ; = {(x,y) € R? : Eo(x,y) €
|K"| + 2K’} and thus have almost surely, for ¢ sufficiently large,

T; /Tt s),q0(s )))P (S)qkz(s)ds

< [, (o) a0(T)) ()| + 20K 2028,
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_26(|K"] +2K')
o1 ([K”| + 2K" )k

K//|)—1€

since then we have Ty > t/2¢;(|K”| + 2K”) by explicit calculation using the time
spent by F in K. This proves the result. O

6.1.3 Stage 2: Convergence of the cold oscillator in distribution

When the hot oscillator is at high energy, we will show convergence of the 0 vari-
ables by showing proximity of the 0 variables and bar variables (using the tilde
variables as an intermediary) over a finite time '(¢) for given € > 0, then using
the weak convergence of the bar variables to their invariant measure in that time.
More precisely if we desire weak convergence of the 0 variables at the large time
T we will study the 0 variables in the time period [T — #(€), T] and show weak
convergence to fi.

What we do at this point is fix our #'(€) so that for the bar variables, with
bounded initial conditions, the integral of f with respect to the distribution of the
variables py, Jo is within € of the integral against the invariant measure. We have
exponential convergence of the bar variables to their invariant distribution with
prefactor given by Ej at the beginning of the time interval from the existence of
the Lyapunov function Ey(po, o) giving a spectral gap [Hai09, Theorem 3.4]. If we
assume an exponential rate of convergence given by { > 0, then denoting E at the

beginning of the time interval by Eo(T — t'(€)),

t'(€) = {1 (log Eo(T — t'(€)) — loge) .

Moving back to the 0 variables of which we seek convergence, since f is bounded
we can ignore what happens on the rest of the probability space where we do not
have good bounds on the 0 variables at T — #'(¢).

The difference pg — fy is quite clear and now we will study the error term
Po — Po. Studying (6.1.1) we can see that the difference between these variables
and the variables given in (6.0.2), when Wy = W, is given by the remainder terms

Ry, Ry plus the effect of the difference between py, fo and go, §o.
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Lemma 6.1.5. For every compact set K C R?, every € > 0 and every T > 0, there exists
a compact set K' C R? so that if (po(0),40(0)) € K and (p1(0),41(0)) & K', we have
P( sup (17o(t) = po(t)] +1do(t) — (D)) > €) <e,
0<t<T
where (Po, Go) solves (6.0.2) with respect to the same Brownian motion as that driving the

0 variables, Wy, and py(0) = po(0), §o(0) = §o(0).

Proof. Denote ey(t) = supy,;|fo(s) — Po(s)|. What we want is that within the
time interval of length T, the processes (po,q0), (Po,4o) and (po, Jo) remain with
high probability 1 — €/3, within an energy of (K, ¢, T). This is certainly the case
when [ is sufficiently large, at least as large as (2k — 1)¥(2k)%*~2, from a simple
calculation using Eo(fo, o) for (po,q0), (Po,do), and Eo(po, Go) for (po, do), looking
purely at the Brownian motion part (neglecting the negative drift). We can conduct
a similar analysis using the bounds on the 0 variables with H; which changes on a
scale of Hll/ 2 over finite times, hence by choosing K’ sufficiently large (dependent
on T) we can assume that the 1 variables are outside of K'/2 over the interval of

time of length T. Therefore e, satisfies,

t t/ t
eo <(I +1x)/ (/ eo ds) ar’ —i—/ yeo dt’
0 0 0

t t
+sup/0 dewl(t')‘+/0 IR, |dt’

s<t

t 2 2%\ k2
P1 | 11 AN,
+(l—i—0¢)/O<C1[ supK/<—2—|——2k) }t)dt
(p1.91) €5

¢ P2 g2k P2
+ / Ci1y sup (?1 + 2_1k) dt’,
0 (Plﬁh)%KT,

for some constant C; bounding ® over one period at energy 1. Simplifying, this is

less than,
t t _ 2
/0(1_|_a)t’e0dt’—|-/0 yeo dt' + 3e 1C(HR2|]R2\I<7’||OOT)2

t g 1_1
# Il g ot [t a4 (er] s B )ar
(P1a1) €5

on 1 — € of the probability space, for C a constant sufficiently large which exists by

the Burkholder Davis Gundy inequality combined with the Chebychev inequality.
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By Gronwall’s inequality eg is bounded above by,

3¢ 71C||Ralgay | T2 + [|Rilay 1o T

l 1.1
+ (§T2+%T2+7T) (cll sup H} ZD
(Pwh)%%/

T 2 3 1
+ [ (pt+m)efzir <3€ 1Rl T2+ [Ri e o

=

)

+ (étz + gtz + 'yt> (C1 { sup H
(P
for B = I + a. We therefore have a quantity with a prefactor of,

2 2k 1.1
O( sup <%+%>k 2),
(pra) 2%

noting the bounds on Hj throughout this time interval with probability 1 — €. The
prefactor tends to zero with increasing K’. This completes the proof of the bounds
on supo,<7 [Po(t) — Po(t)].

The part of the theorem involving supy ;.1 |§o(t) — o(t)| follows since this

is then bounded above by Tey. O

For the bar variables we have the weak convergence to the stationary regime
given by the invariant measure of the bar variables, ji. Given a bounded contin-
uous function f, compact set K C R?, and € > 0, we simply take #'(€) to be a

bound above on the time taken from any initial condition in the tilde variables

(P0(0),40(0)) = (po(0) +®,40(0)), (po(0),40(0)) € K, until,
‘]E(ﬁo(o),tio(O))[f(ﬁO(tl(e))/qo(tl(e)))] —/fdﬁ‘ <e.

Then from the Lemma 6.1.5 for H; sufficiently large at the start of the time interval,

the error |E5(0),4,(0)) Lf (Fo(t), Go(t))] — E 5y(0),30(0) Lf (Po(t), do('))]] is less than
|| flloc€ + || Df ||co€ Within the time interval [0, #'(€)]. Hence we have

‘]E(ﬁo(o)/%(o)) £ (Po(t'(€)), Go(t' (€)))] — /fdﬁ‘ < |Iflle + | Df [|e + e,

for the energy of the 1 variables, Hy, sufficiently large at time 0. Hence for the 1

variables sufficiently large at time 0 noting the bounds supy (¢ [Po(s) — fo(s)| =
1

1.1 11
O(Hy ?*(0))and SUP)<s<p/(c) 1q0(s) —go(s)| = O(H{ *(0)), wehave ’E(po(o),qo(o))[f(PO(t/(e))/‘
[ fdji| <||fllo€ + ||Df]|co + 2¢. This is the content of
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Proposition 6.1.6. For every compact set K C R?, every € > 0, there exists a time t(€)
and a compact set K' C R? so that if (po(0),40(0)) € K, (p1(0),41(0)) & K', we have

for a bounded continuous function f,

EE (g (0),90(0)) Lf (Po(t' (€)), q0('(€)))] — /fdﬁ‘ <e

where i is the invariant measure of the system given in (6.0.2).

6.1.4 Stage 3: Advantageous Lowers Bounds on H;

In this section we study the behavior of the 1 variables (p1, 1) with a view to com-
pleting the proof of Theorem 6.1.1, giving the weak convergence of the distribution
of the 0 variables. It is sufficient to show that given any compact set K’, contain-
ing 0 in R?, initial conditions for the full process U(t), and time t', we can find a
sufficiently large time T(K’, U(0),t') such that at time T the process (p1(t),q1(t))
is outside of K’ and it does not re-enter K’ in the time interval (T, T + #'] with arbi-
trarily large probability. We show this by looking at an appropriate test function.
Note that @ is again a function of the 1 variables. For k > 2, start with the function,

2 2k 2 2852 2
~ _ P, N, a1 —q0)° _afd® agp
Hy = B + _2k + —2 lXpoCD —_ . (6.1.5)

2 2

Then we have,

dHy =Ty + a®(qolq0[*~* + ago + vpo)
—a’po(go — 71)9p® — &’ ®(qo — 1)9, P
— YT (apeds® + a?(0,P)* + a9, dD) dt
+ p1v/27 T AWy — a®+/29To dWy
— appdp®+/27 Ty dW; — a? @0, P+ /29 Ty dW; .
(6.1.6)

Proposition 6.1.7. Consider k > 2, with a> < T (®?)~! for k = 2. Given any compact
set Ky, C R?, we have,

: 1T

lim sup T /o 1y, (p1(s),q1(s))ds =0 as.. (6.1.7)

T—o0
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Proof. The proof of this follows from the more general statement,

Theorem 6.1.8. Fix 6 € (0,1]. Given the solution to an SDE in R"™ n, m € N,
generating a filtration Fy, for b € R"™, o an (m + n) x | dimensional matrix, b, o

smooth, W an | dimensional standard Brownian motion, | € N,
dX(S) =b(X(s))ds+ o (X(s))dW(s),

where the first n variables are bounded in the sense that for every € > 0, 3K, (e) C R", a

compact set such that,

S e
lljgigf?/() g, o) ((x1(t), ., xn(t)) dt > 1 —€  as.. (6.1.8)

Assume that we have a smooth function f : R"™™ — R such that for every compact
set K' in R™, there exists a € R so that f(x) > a for x = (x1,...,Xp+m) implies
(Xp+1, -+  Xnem) & K'. Consider the SDE satisfied by f(X). Assume that for f(X)
outside of an interval of the form K, = (—o0,kp|, ko € R, we have that there exists
an Fr, Brownian motion B, and a time change Ty continuous for f(X(T;)) ¢ Ky, with
T; > ct for some ¢ > O, sufficiently large t a.s. (the size of t for this to occur not uniform
over the probability space), such that if Ty < T are two Fr, stopping times which satisfy
f(X(Ty)) ¢ Ky for 1y <t < T, then,

FX(T)) 2 FX(0) + (1= w)3+2 [ VZdB(s) (6.19)

In other words, in some sense we have a favorable comparison with the square of a Bessel
process of dimension 9.

Assume also that given any Ky = (—o0,k1], k1 € R, if (x1(0),...,x,(0)) € K,
K], C R" compact again, and f(X(0)) € Ky, there is a time tos.(K1,K],) > 0, such that
there is a non-zero probability p(Ky,K},) > 0, that after tes., f(X) ¢ Ky independent of
the initial value of (X1, ... Xy+m) and entirely dependent on the independent increment of
the noise in time t,sc.

Then we have, for every compact set K, C R™,

. 1 (T
lim sup 7 /s 1k, (g1 (t), .- Xpem(8))) dE =0 as..
T—o0

Remark 6.1.9. The condition (6.1.9) is a condition that results from a favorable com-

parison due to larger drift.
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Proof of Theorem 6.1.8. Fix a compact set K;;, C R™. If we can show that givene > 0,
1 /T
hr;fljp 7/, 1k, ((cpg1(t), - - Xngem())) dE <3¢ as.,
then we are done.

There is ana > 0 such that f(x) > aimplies (x,41,...,%n) & Ku. Setk € R
to be such that, K, = (—o0,k}] := (—o0,a) UKy C R (K; from the statement of the
theorem). Then set 0y = inf{t > 0: f(X(t)) & 2K}}, ¢po = inf{t > 0p : f(X(t)) €
Ki},.., o0 = inf{t > ¢, ¢ f(X(t)) € 2K}, ¢ = inf{t > 0, f(X(F)) € K}},
with the obvious meaning for the multiplication of sets by constants.

What we are going to show is,

hr";ljolip % 7/lil)(an AT —¢,1ANT) <3€ as., (6.1.10)
with¢_; =0.

At any point in the probability space w € () we build a new process Y € R
(no longer continuous, cadlag instead) by taking the portions of paths of f(X)
between the times [0, ¢,,) in order, but with an increased time between these in-
tervals. Between these time intervals we construct the process as follows. We will
denote the uniform bound below on the probability of escape from 2K} with the
first n coordinates in K, (€), given in the statement of the theorem, as p > 0. Where

Ky (€) is given by (6.1.8).

e Step 1: first we ask if (x1(¢n), ..., xn(¢n)) € Ky(€), if it is not we wait until it
is, at time ¢, + ¢ say. Then if f(X) is still in 2K/, at time ¢, + ¢ we take the
path of f(X) from ¢y, to (¢pn + ¢ + tesc) A 0yp1, butif f(X) & 2K at ¢ + ¢
then we conduct independent success/failure trials with success probability
p over time intervals of length t,s. to determine the time of escape (we take
the path from ¢, to (¢, + ¢) A 0,41 = 0,1 and then leave Y stationary until

these trials are over).

e Step 2: if it is the case that (x1(¢n, ..., Xn(¢Pn)) € Ku(€) then we take the path

e Step 3: repeat the two steps above until escape from 2K}, has occurred.
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It is clear from the above construction that Y spends longer than f(X) in 2K} in
any given time interval. Using a further process Z, we are now going to bound
above almost surely the proportion of time spent in 2K}, by Y. Firstly we are going
to discount the portion of the paths of Y where we are waiting for the condition
(x1(¢n, - -, xn(Pn)) € Ku(€) to become true in between escape attempts, then this
is at most € as a proportion of total time remembering that time progresses more
slowly for Y than X in terms of how much of the path of X is seen by Y in any given
time interval. We then only allow a successful escape if the noise of X is within the
p of the probability space that guarantees an escape designated in the statement of
the theorem and embark on extra trials if an escape occurs whilst the noise is not
in this set. To make this precise, take the path from Y and perform modification of

the sections of path between time intervals of path that are taken from f(X) during
[T, ).

e STEP 1: cut out all portions of path in Step 1 above where we are waiting for

(x1(pn +1), ..., %0 (pn + t)) € Ky(€) to become true.

e STEP 2: At every piece of path giving a re-entry to K} and subsequent escape

of Y from 2K}, perform one of the following two steps:

e STEP 2(i): If the escape was due to extra trials added in Step 1, retain this
piece of path from Y.

e STEP 2(ii): If the above fails to hold then ask if the noise was in the designated
proportion of size p of the probability space over the time f.. If so retain the
path of Y up to escape with a waiting time at the end of this portion of path
to allow completion of the last interval of time of length f.;.. If not then
wait a length of time after ¢, given by independent success failure trials of
length t.c after an initial time t,s. before resuming the path of Y along the

next excursion.

Z is again constructed from the portions of paths of f(X) between the times [0y, ¢»)
in order but the time in between is the time given by independent success/failure
trials with success probability p (derived directly from the noise of the process X)

over time intervals of length f.. to determine the time of escape. (6.1.10) for Z is
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at least as large as (6.1.10) for Y minus 2e pathwise, owing to the addition of extra

trials for Z. For this process Z we have that (6.1.10) is almost surely bounded above

by,
1 Nz(T)
= ) Mz, (6.1.11)
i=0

for Mz ; a series of independent geometric distributions with probability of success
p, and for 07, pZ the corresponding series of stopping times to 0y, ¢, as above but

for Z instead,

n=0
Using the strong law of large numbers applied to,

1
Nz(T)

Ngz(T)
Y, Mg,;.
i=0

(6.1.11) is almost surely less than, for large enough T,

Nz(T)(p~' +e)
T ,

(6.1.12)

since Nz(T) — o0 a.s. as T — oo since any geometric distribution is almost surely
finite.
We will now use a lemma regarding the square of a Bessel process of dimen-

sion J to show that (6.1.12) tends to 0 a.s..

Lemma 6.1.10. Let Z be a squared Bessel process of dimension 6 € (0,2]. Given a compact
set K' = [0,k'] C R and a larger compact set K" = [0,k"] C R, 0 < k' < k", set
¢, = 0,08 = inf{t > 0: Z(t) € K"}, ¢ = inf{t > 0p : Z(t) € K'},...,
oz = inf{t > ¢Z | : Z(t) & K"}, 97 = inf{t > 0Z : Z(t) € K'} and Nz(T) =
Y=o Lpz 1y, then

lim sup Nz(T) +1

=0 as.. (6.1.13)
Tooo T = Yus00f AT —¢Z AT

Proof of Lemma 6.1.10. For Z by the Strong Markov Property, we have that for n >
L,

Exlo? — 97 1] = Egz [of] = Ewlof],
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and ¢ with the initial point k' is a series of independent identically distributed
random variables. Hence by the strong law of large numbers we have that, since

— ¢? can easily be shown to have finite expectation,
1 N
N Z oz —¢Z |) = Ep[of] >0 as., (6.1.14)

as N — oo. In addition for all N, we have that,
N T

L@ AT =gl AT) < | ez as.

We have that the RHS of the above equation tends to zero a.s. when divided by
T which follows from the ratio ergodic theorem for recurrent continuous Markov
processes in R of [Der54]. Therefore so does the LHS. Now if Nz(T) — coas T —
oo for this point in the probability space, for T (dependent on the probability space)
sufficiently large the LHS is a.s. greater than (1 — €)Nz(T)Ey [0Z] from (6.1.14). If

the assumption fails to hold then the result is clearly true. Hence we have NZT(T) —
Nz(T)+1

Ty 2\ (07 -7 )

Remark 6.1.11. The quantity (6.1.13) is the number of stopping times in a time in-

0 which implies

— 0as T — oo a.s. as required. O

terval of length T — Y,_o0% AT — ¢7? A T where the process skips the intervals
(o1, 077).

We construct a squared Bessel process of dimension J as follows, we take
the driving Fr, Brownian motion from comparison in the intervals T; € [07Z, ¢Z]
from the time ¢ until the squared Bessel process hits kb, and then fill in these
independent excursions using paths of a squared Bessel process driven by a series
of independent Brownian motions with initial points k) and terminal point 2k.
z

The excursions are independent since the times o7,

times cf [RY91, Exercise 3.21 Chapter IV].

correspond to Fr, stopping

Taking K = K; and K’ = 2K; in the above lemma for the square of the
Bessel process of dimension J just constructed, and observing the bounds on the
time change T; from which we obtain 07 > (1 — €)c(c7 — Yj<n0 cp] ) for n
sufficiently large. This gives the a.s. convergence of (6.1.12) to zero and completes

the proof of the theorem. O
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We are going to apply the above theorem to

U(t) = (po(t),qo(t), p1(t),q1(t)) € R* with n = m = 2. We will start with the case
k > 2. Consider the equation satisfied by the test function H = H — KoEo(Po, q0)
where Ky > 0 is a constant and Hj is as in (6.1.5). Ifll is less than H; and we claim
that the one dimensional SDE satisfied by H; has positive drift (bounded away
from 0) when H is outside of an interval of the form (—o0,k;), k1 > 0 sufficiently
large. This claim is verified as follows, studying the leading order terms in Hj,
when Hj is large, then Hj is large. The only way of having a negative drift greater
in magnitude than Tj, noting that every term has a prefactor in the 1 variables
that tends to zero as H; tends to infinity, is if the 0 variables are large. If the 0
variables are large the positive drift terms vp3 + 042 arising from Ey dominate all
other drift terms in the 0 variables. Hence when I:Il is sufficiently large the drift
term is strictly positive and bounded away from 0 which verifies the claim. We
use the positive drift outside of such a set to demonstrate the reluctance of the
1 variables to occupy a compact set using Theorem 6.1.8 by setting f = H; and
making a comparison after a time change.

Recall that the martingale part of H is given by

Ko(=po — 640) (v/2yTodWo + Ro dW1)
—a®\/29To dWo + p1/ 27Ty AW,
— apodp®+/27 Ty AW — a?>®0,D+/29T; dW; .
We now verify the hypotheses of Theorem 6.1.8. The non-zero probability of escape

from any compact set is given by the following lemma,

Lemma 6.1.12. Consider k > 2. For any t' > 0, compact sets Ky, K1 C R? with

nonempty interiors, there exists a small probability p > 0 (dependent on t', Ko, Ky) such
that if (po(0),4q0(0)) € Ko and (p1(0),41(0)) € Ky, then

P((p1(t'), q1(t) & K1 & (po(t'),q0(t")) € Ko) > p .

Proof. Fix a target point U’ in the interior of Ky x K{. Then, for every starting point
Up in Ko x K1, we can find an instance of (Wy, W;) such that the corresponding

solution to (6.0.1) satisfies U(#') = U’. The claim then follows from the continuity
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of the solution map with respect to (Wp, W;), combined with the fact that Wiener

measure has full support. O

Now for the second part. We have that outside a large set K; C R of the form
(—o0, k1), the process I:Il is equal to, for Ky small enough so that KoC; < yT; /4 for

C; the constant involved in the Lyapunov condition satisfied by Eg, LEy < C; — cEy,

" T
Al = % dt + by dt + Ko(v/27To) (— Po — 0q0) dWp — ad /27Ty dW,
+ pP1v 2’)’T1 dWl — Dépoaqu\/ 2’)’T1 ClWl

— zxchapcbv 29Ty dWq — Ko(ﬁo + GqO)Rz AWy ,

where b is positive and at least as large as cKoE(p/2 for ¢ > 0 the prefactor of Ey

involved in the Lyapunov condition on Ej. Let K] C R be such that,

: 17 2 2k

hrTnjolip 7 Jo (1—=1g)(po(t) +q0° (1) )dt <1 as. (6.1.15)
Being loose for a second with notation about the starting time. We will use the
following time change, for comparison with a squared Bessel process, we want T;

to have the same rate as T/ for H; outside the set K/ given by Ky U2K| C K/ =
(—o0, k) C R, differing by possibly a linear factor,

T ll’lf{ / { Ko \/2’)/T0)( PO — 9[]0 - (XCD\/Z’)/TO
+ [p1V/29T1 — aped,@/29T; — 6>P, /29T

— Ko(ﬁo + qu)Rz]z}{4ﬁ1 (S)}il ds > i’} . (6.1.16)

The LHS of the inequality is continuous in time and zero only on a set of Lebesgue
measure zero. That this is zero only on a set of Lebesgue measure zero follows
from the occupation times formula applied to the first integrand on the LHS. This
time change results from studying the SDE satisfied by H; and then making a
time change to replace the integrand in the stochastic integral by 1. Since the inte-
grand in (6.1.16) is zero only on a set of Lebesgue measure zero, the time change is

continuous. On making this time change outside of the set K}’ we end up with,

dA, (T)) = by dt + /By (T) dW(s) (6.1.17)
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for some constant b, > by > 0, considering the two cases where (2YK3Tp +
2(Kol||Rz|leo)? + 1) Hy is less than H /2(Ko + 1) and larger than P:I1/2(K0 +1) sep-
arately. In the process, making K/’ larger if necessary to obtain these bounds using
the leading order terms. Where the existence of such a Brownian motion is guar-
anteed from the description of the time change as a time change for \/IfI»l, the
expression for which we then square back again using Itd’s formula to get back to
an expression for Hj. The conversion of the Stieltjes integral with respect to dT]
to one with respect to dt follows from the fact that Stieltjes measure can be shown
to be absolutely continuous with respect to Lebesgue measure as P is zero only
on a set of zero Lebesgue measure. So we set Ty in between excursions from K"
as having the same rate as T;. Then we will use f = Hj in Theorem 6.1.8 with a
squared Bessel process of dimension b, /2.

When H; is inside K, the time change simply advances to the point in time
at which f = aH; has made its escape from a slightly larger set. More specifically,
for j € IN we have a series of stopping times ¢, and ¢;, where we have ¢_; = 0,
oo = inf{t > 0: aHy & K/ +1}, ¢ = inf{t > 0p : aHy € K!'},..., 0y = inf{t >
fp1 1 aHy ¢ K{ +1}, ¢p = inf{t > 0y : aH; € KY}. Then we choose the
time change T; as follows, we progress immediately to the terminal time ¢}, in the
intervals [¢,—1,04], n € N, i.e when T; = ¢,,_1, and in the intervals [0y, ¢r), we
progress at rate given by (6.1.16). Therefore by a simple comparison argument,
for instance using the Itd6 formula applied to \/Ifz (cf [HM10b]) we have (6.1.9),
outside of K{ + 1, using the driving Brownian motion from (6.1.17) with a time
change with a factor greater than a positive fixed amount except where Hy is large.
In other words the Brownian motion we use in Theorem 6.1.8 is the DDS Brownian

motion of the appropriate martingale term with T; as the DDS time change,

t =
/0 Zl[gnqun) [K()(\/ 2’)/T0)(—f)0 — Oqo) — D(q)\/ 2’)/T0] [2 Hl]_l dWO
t
+ /0 ;1[%@”) [Pl AV 2’)/T1 — Dépoapq)\/ 2’)/T1 — ocZQDBPCIDV 2’)/T1

— Ko(fio + 640) Ro) [2\/51]—1 AW, .

This is not a problem with regard to the condition T; > ct for some ¢ > 0, by

(6.1.15), we have an average rate of at least, for A; the inverse of the time change
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T, T 1
Z 2 2k
YT+ 1+ yT+ DT [T - 1) (”02(5) + %zf)) ds

S 1
1+ 1+ (2’)/T1 + 1)
a.s. ast — oo, for Ko < (49Tp + 2)~1/2, K/ sufficiently large.

(6.1.18)

Noting the bounds on the 0 variables given by Lemma 6.1.4 completes the
verification of the hypotheses of Theorem 6.1.8, hence we can apply it to Hi. The
form of the error terms in the context of Lemma 6.1.4 when comparing H; to Ple
proves the result.

Moving onto the case k = 2, a?> < Ty(®?)~!, we have to use additional
correction terms in this case in order to get rid of terms that we previously had
convergence to 0 of in the case k > 2, specifically those terms in the 0 variables that

arise as a result of applying the generator to —apy®. Consider H; given by,

2 ok N2 2 2
H S U lX—(ql 90)° apod — Y2 o

2 2k 2 2 2

+a¥ (golqo* 7 + ago + po) + > 1¥P — a’1E,
where LY = —® and LE = —P? + (P?). We set .inl = H; — KoEp again, for K
slightly modified so that Ky = [(yT} — a?(®?))/4C;] A (49Ty + 2)'/2. Applying
It6’s formula we have almost the same form of stochastic terms and drift terms as
before and hence an almost identical argument applies to f = Hy, where we use
a corresponding time change to T;. The only difference in the argument required
is due to the term ad,%¥qo|qo|> which appears to thwart the bounding of the drift
away from 0 after the time change T/ outside of the set K’ by being of greater order
in the 0 variables than Hy. Except that if we make the compact set K7’ sufficiently
large then for I:Il outside of K{, we have H; > KoHy/2, thus implying (noting the
order of 9,¥) that a9,¥qo|qo|* is bounded above by a fixed constant (dependent
on ¥, Ko, «), so actually this is a constant order term and an identical argument

then applies. O

Proposition 6.1.13. Given fixed t' > 0, € > 0, compact K C R?, there exists T' > 0
sufficiently large such that for all T > T’,

P[3s, T <s < T+t,Hi(p1(s),q1(s)) € K] <€
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Proof. We will retain the notation from the previous proof. Note that by defining
the set K} in the previous proof large enough we can obtain that a similar time
change to T;, T§, is arbitrarily close to a constant factor time change with arbitrarily
high probability for ¢ sufficiently large, € sufficiently small. In other words, if k' >
0 is large enough, for large enough times, small €, the factor of the time change,
Tf /t, that we can use to compare Hitoa squared Bessel process is arbitrarily close
to the constant,
4T,(1) 2
27T1A§p(1) 7T (p?)’

over an arbitrarily large proportion of the probability space. In verifying this we
will use the result of Lemma 6.3.1 regarding the proximity of the trajectories of
the 1 variables at high energy and that of an isolated oscillator. A?p(l) denotes the
inverse of a time change similar to T/ for an isolated oscillator at energy 1 at the
end of one period T,(1) i.e. the inverse of the time change given by T} = inf{s :
Jo(p(s"))?>/H(s")ds' > t}. (p?) denotes the ergodic average of p? over one time
period for an isolated oscillator.

This fact regarding the time change Tf, is the content of the following two

lemmas,

Lemma 6.1.14. Fix t' > 0, ¢ > 0, and a compact set Ko C R2. Assume that the 0
variables are within the compact set Ko at time 0. Then if the energy Hj is sufficiently
large initially at time O (lower bounds on Hy dependent on €, Ky), we have, for A} the

inverse of the time change T{ above,

1
Ay = 57T (p?)s

]P[sup >e}<e

0<s<t

This leads to the following lemma.

Lemma 6.1.15. Fix € > O, then for Tc > 0 sufficiently large we have,

P||T; — =T T,

|: T€ ")/T1<p2> € > Cle €:| < Cze

where Cq, Cy constants and Ty is defined exactly as Ty except that we choose K| such that,
: 1t po(t) | az ()
hrTnjoljp 7/, (1-— 1K£)( > + P ) dt <e as. (6.1.19)

instead of 1.
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Remark 6.1.16. The reason for this choice of K| dependent on € is to limit the aver-

age rate of the inverse time change to T;.

Remark 6.1.17. It may seem counterintuitive to prove a statement about a time
change through a local statement about the inverse of the time change, but the
proof of Lemma 6.1.15 is conducted using the inverse to Ty, Af, for reasons that

will become apparent.

Taking the result of these two lemmas for granted, we have from a compari-
son argument similar to that in [HM10b], and the definition of the time change T},
that there exists a Brownian motion (the DDS Brownian motion mentioned previ-

ously) W driving a squared Bessel process starting at 0 such that,
FIX(TF)) = Z(¢) - (6.1.20)
Now if K is sufficiently large, we have

Hi(p1(t),q1(t)) < Ck = sup Hi(p1,q1),
(p1.q1)€K

which implies that
Z(A§) <2Cx+CHo+k{ +1, (6.1.21)

where C is a constant, for Af the inverse of T;.

Given € > 0 small, we will use (6.1.21). We rescale time and space by
2/9Ti{p*)T and look at Z(1), the tilde denoting that it is the rescaled squared
Bessel process that is also a squared Bessel process of the same dimension itself.
Choose k’, k" € R large enough so that P[2Cx + CHy(T) + k{ +1 > k"] < €, which
is possible by Lemma 6.1.3, and then k’ such that the probability of 2Cx + CHy + kY
exceeding k' in time #' from an initial condition in k” is less than e (this follows
from the form of the SDE satisfied by Ep). Then we finish the result by bound-
ing the oscillations in probability over a small time in the future or past ~ €
resulting from errors in the time change in order to bound the probability that
Z(A€) < 2Ck + CHy + k{ + 1. We have, for T sufficiently large dependent on ¢
such that P[|Z(1)| < ¢] < €, at least as large as max{4k” /Ty (p?)c, (yT1(p?) +
2Cie)t' /CiyTi(p*)e — 2(Cje)?}, for C) = 39T1 (p*)Cy,

P inf H; (S) < Ck
T<s<T+t
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<P[|B(1)| <

+P| sup 2Cx+CHy+Kk/ +1> k’}
‘T<s<T—|—t’

+TP ‘Ae —17T1 ()T| >cgeT]

1
P[40~ 7T 1)

> C{e(T+t’)]

+ 1P sup |Zs = Z1_scre| > c}
L1-2C1e<s<1+3Cje

The first term is bounded above by € by construction, the second is bounded above
by 2€ by construction, the third and fourth are bounded above by 2Cye by Lemma
6.1.15 and the last one converges to zero as € — 0, T — oo by tightness of Z on the

space of continuous paths. O
Now the proof of the lemmas,

Proof of Lemma 6.1.14. The inverse to T}, is given by, for appropriate P?,

t 4T, P?
0 2H1

A; = L(s)ds. (6.1.22)

Now we have that, for all § > 0, for H;(0) sufficiently large,

Hi(s)
H,(0) 1'

+ sup
0<s<t

igz; —1‘ <5} >1-9,

]P{ sup

0<s<t!

which follow easily from the order of change of Hy over a finite time being Hy and
the fact that H; changes by order H%/ 2, therefore if H;(0) is sufficiently large de-
pendent on Hy(0) we have this result. We therefore have bounds on sup_, Ho(s)/ H%/ %(s)
as small as we like with arbitrarily high probability by choosing H; (0) sufficiently
large. This implies that P? behaves like p? when H;(0) is large and Hp(0) is not.

If we let the series of stopping times ¢, be given by ¢ = T,(H1(0)),...,¢n =
Cn—1 + Tp(Hi(Gn—1)) as in Lemma 6.3.1, then from above, for H;(0) sufficiently
large, we can exchange A/ for A; given by

€n+1/\t ’)’Tlp
A / — 1 _gs 6.1.23
- Z A 2H Cn) ( )

at an error of at most € /3 with probability atleast 1 — e /2. By Lemma 6.3.1, if H;(0)

is sufficiently large we can exchange the trajectory of p; within the times [y, §;y41]
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for p in the case of an isolated oscillator and the sum of the supremums of the
errors in p? on the scale of H;(0) is less than €/2y T’ with probability at least
1 — €/2. The supremum of the errors from the trajectory of an isolated oscillator is
certainly less than the sum of the supremums within each interval. The intervals
[&n, Cnt1] are complete periods for the isolated oscillator, and the corresponding
inverse time change for the isolated oscillator has a fixed rate r (independent of
the energy or starting position in the period) over each of them. The length of any

period is at most [infy<s<y Hl(s)]l/Zk—l/Z

and the rate of progression of (6.1.23) for
an isolated oscillator is at most yT7 /2.
By the above discussion we have the convergence of (6.1.22) for t = t' to
within € of t’ on 1 — € of the probability space where H; (0) is sufficiently large.
So now with an isolated oscillator at energy 1 we have that the rate of A?p )

at the end of one period T,(1) is equal to,

where T/ denotes the corresponding time change for an isolated oscillator at en-
ergy 1 and A%, () denotes the inverse at the end of one period T,(1). We then

have,

Hence we have,

which completes the proof. O

Proof of Lemma 6.1.15. Given € > 0, fix any . > 1. To prove the lemma we will
study the inverse time change.

Start with Ky sufficiently large so that the proportion of time spent inside
Ko by the 0 variables is at least 1 — € for T sufficiently large almost surely, from
Lemma 6.1.4. Then choose K; sufficiently large (at least as large as K{ + 1 we use
in the production of the time change T;) such that we have the result of Lemma

6.1.14 substituting €2 for € over a time interval of length ¢ = .. For T sufficiently
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large we can choose a series of stopping times #1, ..., t,,(7), n(T) = [(1 —2€)T/t.],

such that
IP[H;(t,) ¢ Ky and Hy(t,) € KoVn] > 1—€2.

We then have that the intervals (¢;,t; + t.) in which we have the proximity of the
inverse, discarding those intervals where the inverse is not within € of the constant
time change, cover a proportion of T greater than (1 — e —2¢) > 1 — 3¢ (for € small)
by Fubini’s theorem, with probability at least 1 — € — €2 > 1 — 2e.

Looking at Af with regard to proximity to the constant time change with rate
vT1{p?) /2, the only potential problem is where the inverse time change proceeds
at a fast rate in between these intervals and on those intervals where the bound
from Lemma 6.1.14 fails to hold. For K}, K{ sufficiently large, the inverse time
change is bounded in rate by 2y T; + 2Ty except where Hj is outside of K} and H
is outside of K{'. Choose T sufficiently large so that with probability 1 — € we have
the bounds of € on (6.1.19). When IfIl is outside of K{ on the time interval [1p, t],

the inverse A% is given by,

/t 1312(8) dS+A€
o Hy(s) o

where 1y is a random time. Studying P, Hjy, the LHS of (6.1.19) bounds T~ (2eyT1 +
cyTp) ! € R times the contribution to the average rate of the inverse time change
where Hj is outside of K/, above the rate of 2y Ty. For ¢ a constant less than (K}') ™1
for the choice of K} dependent on ¢, K/ increasing as € — 0. Then noting the cover-
age of the intervals of length . and the definition of T}, we have immediately that
for time T sufficiently large, with probability 1 — 2¢ — € the inverse AS = (TS)™!
is within the range (7T1(p?)(1 — 3e — €*)T/2,9Ty(p*)T/2 + (2cyTy + cyTo)eT +
6ey(Ty + T1)T). Converting this to a statement about T§ completes the proof. [

6.1.5 Putting all the parts together: proof of Theorem 6.1.1

Consider given € > 0. Put € into Lemma 6.1.3 to obtain a set K(€) and a time T'(¢),
for the 0 variables to occupy after time T(e). Next input €, K(€) into Proposition

6.1.6 to obtain a time #'(¢) and a compact set K’(¢) for the 1 variables not to occupy.
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Then finally inpute, #(¢), K'(¢) into Proposition 6.1.13 to obtain a large time T’ (¢).
Then for all times ¢ larger than T'(e) 4 t'(€) + T(e), we have using the Strong
Markov property,

‘ E (1 0),30(0),p1 01,1 (0)) Lf (Po(£), 40 (£))] = / fdp ‘
:‘ E (o (8),a0 (D)1 (1,1 () Lf (P (£(€)), g0 (£ (€)))] — /fdﬁ‘ <€+2[flle,

where i is the invariant measure of (6.0.2) and f = t — t/(€). This completes the

proof.

6.2 Ergodic Averaging for k > 2

The various stages remain the same as for weak convergence except the conver-
gence section is somewhat modified and the requirement on the energy H; is also
slightly different. For H;, we need it to be large an increasingly large proportion of
the time as opposed to at the end of the time interval with increasingly high prob-
ability. We can approximate any continuous and bounded f in the limit as time
tends to infinity by functions of compact support from Lemma 6.1.4. By taking the
positive and negative parts of f, we can assume the f we are dealing with is posi-
tive. Given an f of compact support we can approximate it uniformly by smooth
functions of compact support, hence we will assume that f is positive, of compact

support and smooth from now on.

6.2.1 Modification to the convergence stage, stage 2

Assume we are given € > 0. Then we modify this stage in a way that means in
the next subsection we are looking for a compact set K; outside of which the error
given by ¢y in Lemma 6.1.5 above is sufficiently small on a large proportion of the
probability space, over a longer length of time, which we call ¢, again. t. > 1
is such that the proportion of time where the distribution of (py,jo) integrated
against f differs from that against the invariant measure of the bar variables i by

less than €, is less than €. This is taking into account the time taken for convergence
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from an initial distribution in the bar variables corresponding to the tilde variables
initially in the compact set K’ derived from K given by,

T
limsup T~ i 1ke(po(s),qo(s))ds < €/2 as.. (6.2.1)

T—o0
Set K" = {(x,y) € R?: Jk| < ||®|lw, (x+ky) € K}. (6.2.1) follows from Lemma
6.1.4. Then in other words, by the uniform convergence to the invariant measure

on compact sets [Hai09], ¢, is such that for all t > ¢,

op / g 0 200 (o(s) o (s)] ()| >e 45 < €. (6.2.2)
(Po,q0) €K’

We want K; to be such that for the initial conditions in the 1 variables outside of
Kj, ey over the time period t. is greater than €/t. on at most € of the probability
space (see the last stage in this section). We are going to break time into a series of

intervals of length t. that cover a large proportion of the time.

6.2.2 Putting it all together

Theorem 6.2.1. For k > 2, we have the following almost sure convergence for f(po, go)

continuous and bounded,

1 /T )
T/o f(pols),qo(s))ds — | flu)dp(u). (6.2.3)

Proof. Assume sufficiently nice f as usual, i.e. positive, smooth, compactly sup-
ported.

Given € > 0. Choose K, K, t, as in the first subsection. In addition, choose
Kj such that on K{ we have [a®| < €/(t. + 1) and over a time period of length
te, for eg = |po — Po| where pp and py start at the same point as before, and initial

conditions in the 1 variables outside of Kj,

sup P eo > €/t <€,

(po.q0) €K

Po40) [

since the calculation bounding ey (Lemma 6.1.5) is dependent on the initial condi-
tions in the 0 variables only through the bounds on Hy which can easily be seen to

uniform over compact sets in the 0 variables. Designate the series of time intervals

of length t, by setting t; = inf{t > 0: (po(t),q0(t)) € Ko, (p1(t),q1(t)) & K1}, ...,
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ty = inf{t > t,_1+tc: (po(t),q0(t)) € Ko, (p1(t),q1(t)) & K1}. By Lemmas 6.1.4
and 6.1.7, these intervals cover at least 1 — € of T for T sufficiently large and satisfy
IToU(t;) € Ko, IT1U(t;) € Ky, for Iy the projection onto the 0 variables (the first
two coordinates), with a corresponding definition of Il;. On 1 — € of the probabil-

ity space, artificially setting (fo(t:), qo(f)) = (Po(ti), do(ti)), Jo(t:) = qo(t:),

E [ o) ds - [ Fpo(e), d0(e) ds | < 2Df e

tct c Jit

The portions of the probability space where this does/does not hold are indepen-
dent over the intervals [t;,t; + tc], as one can observe by studying the calculation
bounding ¢p, Lemma 6.1.5; it is entirely dependent on the noise in the interval
[t;, t; + tc]. Therefore by the law of large numbers for T sufficiently large at a cost
of €| fleo + 4||Df ||oo€ + 2€|| f || a.s., we can consider, for n the number of the in-

tervals [t;, t; + tc],

l

bt
”tc Ztc / F(Po(s),do(s)) ds , (6.2.4)

instead of the LHS of (6.2.3), where we artificially set

(Po(ti), qo(t:)) = (Po(ti), go(ti)) ,

and the noise for the bar variables is exactly that from the tilde/original variables
over the time period [t;,t; 4 t.], i.e. Wy = Wy. The bar variables obey (6.0.2) over
the time period [t;, t; + t.].

We would prefer it if the distributions of the initial points in (6.2.4) were
independent distributions given by the measure i instead of
(Po(ti), do(t;)) so that we could use the strong law of large numbers. We can do
something similar though.

We will now use the well known method of proof of the law of large num-
bers [Ete81]. Consider a set of bounded positive random variables X; (which
means we do not have to bother with the truncation of the random variables),
an increasing sequence of ¢ algebras F;, such that X; is F;,1 measurable. Then we

have,

Lemma 6.2.2. With the set up as above,

lim inf E[X;| F;] <11m1nf—ZX < limsup — ZX

i—00 n—oo 1M : N—00
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<limsupE[X;|F;] as..

i—00

Proof of lemma. Fix a > 1, € > 0. Letk, = |a” |. We prove the lemma as follows,

© T X — Y E[X|F|
n;l]l’{ . >e}
oo b X, — ko 1 E?
:;p[‘z Xi ZgllE[le” >e2]. (6.2.5)
We have,
ky kn
i=1 i=1
k kl’l
~E ) (X~ EXi17]) + 2) Y E[(Xi — E[X|F]) (X; — E[X|F])]
=1 i=1j>i

K
=E ) (X; — E[X;|F])*
i=1

+2k2"Z]E[IE[(Xi ~ E[X)|A]) (X; - E[X;|7)) | 7] | -

i=1j>i

We have forj > i,

E[E[(X; — E[X|F]) (X; — E[X|5])| 7]
~E|(X; — E[X{|F]) (E[X;| 5] - EIX|F}])| =0,
and therefore using the Chebychev inequality the RHS of (6.2.5) is bounded above
by,

co X~ E[X|F])’ & 2
2 i ey < ¥ 41Xy < oo

Hence by the Borel Cantelli lemma for any € > 0, only finitely many of the events,

ky kn
|Zi:1 Xi - Zi:1 ]E[XZUEIH >e, (6.2.6)
kn
are true a.s.. We will now use the lacunary property of the sequence k,,. We have,
from (6.2.6) and the positivity of the Xj,
| ?:1 Xi .
—(liminf E[X;|F;] —¢) < == —= a(limsup E[X;|Fi] +¢) ,

X i—oo i—00
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for any ¢ > 0, &« > 1, a.s. for n sufficiently large. This implies,

e e
liminf E[X;|F;] < lim inf% < limsup % < limsup E[X;|Fi],
n—o0 .

1—o0 n—o0 i—00

a.s.. L]

In (6.2.4) we are now in the situation of Lemma 6.2.2. The X; are given by,

We set F; = F;,. Then by (6.2.2), we have, by Fubini’s theorem,

. f<ﬁo<s>,qo<s>>ds—ﬁ<f>1<||f||ooe+e. 6.27)
(Po,Go)€K’ 0

Therefore we obtain using the Strong Markov property that the value of,
titte
Eguante! || FPoE)q0(0) 5| ~EXI7],
is within || f||«€ + € of fi(f) for all i by (6.2.7). Therefore by applying Lemma 6.2.2
we find that (6.2.4) is within || f|lc€ + 2€ + 2| f||€ Of fi(f) a.s. for e < 1/2 and
hence the LHS of (6.2.3) is within 6| f||«€ + 26 + 4||Df|| of fi(f) a.s. for any
€ > 0. This proves (6.2.3).
U

6.3 Ergodic Averaging for k = 2, T; > a?{®?)

The two stages involved in ergodic averaging from the case k > 2 remain the
same. Specifically we show that when the energy of the first oscillator is high
we have convergence with high probability of the ergodic average for the tilde
variables over a time interval when H; is sufficiently large at the beginning of the
time interval. In addition we show that a high proportion of the time is spent in

the region where Hj is large.

6.3.1 Ergodic averaging of the 0 variables when H; is large

We want to proceed in the same way as for the case k > 2 except we now have

the problem that go(t) — §o(f) = O(t) and po(t) — po(t) = O(1), i.e. since the
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value of ®(p1,q1) is of the order H) we don’t have the convergence to zero of the
supremum of ® over one period at high energy.

In order to get round this problem we use that the integral over one period
of a free oscillator of @ is zero, the decreasing period of the free oscillator with
increasing energy (H 217«’%) for k > 1 and the proximity, in an appropriate sense at
least, between the trajectories of the 1 variables and those of a free oscillator over

a short period of time.

Lemma 6.3.1. Tnke k > 2. Assume that we are given € > 0. Denote the trajectory of the
free oscillator with initial configuration (x,y) € R? as (P(xy) (), d(xy)(t)). The series of
stopping times G, are given by 1 = Tp(H1(0)),..., ¢n = Cu—1 + Tp(H1({n-1)). Given
the trajectory of p1, q1, € > 0 started at p1(0), 1(0), the sum of errors of p1, q1 from the

trajectory of a free oscillator p, q over each period, satisfies,

§)— s
P (1 (0),41(0)) Z sup P1(s) p(r’i(én)m(én))( )
En<t En<s<Eui1 Y H{ (0)

191(8) = 9(p1 (2091 (20)) (8))] > 2E'(H1(0),K,€)| <e,

+ ) T
Cn<t! Cn§s§§n+1At’ lek (0)

where E'(y, K, €) — 0as y — co. Note that the probability above is entirely dependent on

the noise in [0, t'].

Proof. Set p1 = p1 + a®(po, qo). Looking at the error in p over one time period on
the scale of the energy of the 1 variables to the power 1/2, e,(s) = Hl_l/z(pl (Cn),q1(Gn)) supg, <

P(p1 (@) (@n) ()]s en(s) s
bounded above by,

1 - -
G ood, p1(u) —ad(pr(u), q1(4)) + a®(Po(u), go(u))

1
~ Py @) ]+ 75—~ (2| Pllee) . (6.3.1)
(e0a(en 01+ Fi7a s

For ¢ < s < Guy1, set p1 = pi(s) — a@(pi(s),91(s)) + a®(fo(s),q0(s)), f1 =
q1(€n) + fgn P1 dt and,

éu(s) = Hy V2(En)  sup  [p1(u) = Plpenaien) W] -

EnSUSSAZna A
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Note that a simple calculation can be used to show that for H; (p1(0),41(0)) (which

we will denote by H;(0)) sufficiently large, the probability of H; doubling or halv-

ing over the time period t is less than €/3. Both of these probabilities dependent

on the noise in [0, #]. Now using these facts, we will use Gronwall’s inequality to

bound the sum over n such that &, < , of the ,(&,.1 A t'). Fors < &,.1,

en(s) =H; 2(&n)  sup |p1(u) = Pipyanm @) (W]

Cn<u<sACuAY

§H11/2(€n)/ sup M%k_l(v) - q%ﬁf(lé‘n)m(én))(v)‘ ds’

n¢n<ov<s’

Eutl
+ HV2(8,)C+ HOV2(,) /g R dt

t
+HV2(E,)  sup / (R +29Ty) dW,
Cn<t<Cu+1 n
H1/2 tR AW,
+H; '“(n) sup 0 dWp
En<t<Epi1|/Gn
S
<2H;V20) [ sup |0 N(0) — L o ()] d
n ¢y <v<s’
_|_CIH%—l/k—l/2+1/2k—1/2+1/2k—1/2(0)+2Hl—1/2(0)c
gnJFl t
+2H1‘1/2(0)/ Rdt +2H712(0)  sup /(R’—l—Z'yTl)dWl
n éngtgén‘f'l n
t
+2H;Y2(0)  sup RodW,| ,
Cn<t<gn+1 Cn

for appropriate bounded remainder terms R, Ry, R/, C’, with probability at least

1 — €/3 since we have used the bounds in probability of H;(s) in terms of Hy(0).

Now we have that,

Hence,

Josup 13N ©) e ()45

Cn Cn<v<s’

S
< 2(2k — 1) (2k)2-2/K /271720 / 6 (1) dut .

énls) <4(2k = 1) (20 24H V% (0) [ () du

n

&t
+2H;12(0)C” +2H1_1/2(0)/ Rdt

t
(R/ + 2’}”T1) dWl

+2H1_1/2(0) sup :

én Stgén—«-l
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t
+2H;2(0)  sup RodWp| .

En<t<guyr Y
We have,
t t
sup / RodWp| < Zmax sup Ry dW
n En<t<Cni1 n " <t<Eyq Y Cn
t
SZZ sup /RodWO .
n 0§t§t’+O(Hl(0))1/2k_l/2

Therefore summing over 1, dealing with the stochastic integral terms as indicated
by the above, then using the Burkholder Davis Gundy inequality, gives, with prob-
ability at least 1 — ¢,
O(Hl/Zk—l/Z(O
Y éuls) < O(H; V2 (0)) [ Y-é(u) du+ O(H /2 (0)),
n

0

which, by Gronwall’s inequality gives that

Y éu(s) < O(H;V/%(0) +/

< O(Hy '/*(0)),

O(HYZ=1/2( s
(Hl—l/k(o))eO(Hf 0)) gg

which completes the result for the velocity variable p noting that the sum of the
second terms in (6.3.1) is O(H%/Z_l/zk_l/z(O)) = O(Hl_l/Zk(O)). The result for
q follows from that for p by noting that we are simultaneously multiplying and

dividing the error in p by O(H}/2~1/%), O
Then Lemma 6.3.1 can then be applied to give,

Lemma 6.3.2. For Hy sufficiently large at the beginning of a time interval of length t' we

have,

S
sup D(p1(u),q1(u))du <e, (6.3.2)
0<s<t/
with probability 1 — € dependent on the noise in [0, t']. Where how large H1(0) has to be

is dependent on the length of the time period t'.

Proof. From Lemma 6.3.1 and the bounds on infy—,<y Hi(s) as discussed in the
proof of that lemma, we have that on at least 1 — € of the probability space, for

Hi(0) sufficiently large, the LHS of (6.3.2) is bounded above in modulus by,
21/2_1/2k||<I)||ooH11/2k_1/2(0)
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4 21/2 12k gl/2K=172(0) || DD || o E' (H (0), K, €) — 0,

as Hj(0) — oo since the supremum of the errors over one time interval [§,, {,,+1] is
certainly less than their sum. This proves the result. Denote the LHS of the above

expression by Eg(H1(0)). O

Now we are in a position to show that the tilde variables can be made as

close as desired to the bar variables when the energy is large.

Lemma 6.3.3. Given € > 0,t' > 0. For sufficiently large Hy(0) dependent on the bounds
on (Pop(0),G0(0)), we have that
P| sup |po— po| + sup |§o—4qo| > €| <€, (6.3.3)
0<s<t/ O<s<t/
where both sets of variables start from the same initial conditions and driving Brownian
motion, i.e. Wo = Wy, in addition §o(0) = qo(0). The probability in (6.3.3) is entirely

dependent on the noise in the interval [0, t'].

Proof. We prove the statement about p, the one concerning g is simply the inte-
grated version over a fixed time interval. Let ¢j(s) = supyy—, |Po(s’) — po(s')]-
Then we have,
sup max{(2k —1)|70(s) |2, (2k = D|fo(s) ¥} +a+1,
0<s<t

is bounded above by K say, with probability at least 1 — € /3, which combined with

Lemma 6.3.2, means, with probability 1 — 2¢/3, we have,

S
/ R, dW;
0

+ sup
0<s<t

tops t t
ep(t) §K/ / eé(s’)ds’ds—i—/ vepds + '/ Ry ds
0 J0 0 0

t
/ v ds
0

The calculation proceeds essentially as in section 1 except we end up with,

+a/OtKEq>(H1(O))ds b a

" /O ' KEo(Hy (0)) ds + avEq(Hy (0)) (6.3.4)

term both added to and as a prefactor in the integral against the exponential term
in the previous calculation. We have that (6.3.4) tends to zero as Hj(0) increases,

which implies the result. OJ
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The above lemma gives us proximity of the tilde and bar variables as we
have for the case k > 2.

Now use this result by showing the ergodic averages involving the bar vari-
ables and the ordinary variables exhibit a familiar relationship (if you are familiar

with the averaging over a fast variable paradigm of homogenization).

Lemma 6.3.4. Given € > 0, t' > 0, initial condition (po(0),q0(0)). Consider the bar
variables with initial condition (fy(0),§o(0)) as in Lemma 6.3.3. We have, for continu-
ous bounded f, with probability greater than 1 — € (dependent on the noise in the inter-

val [0,t']), for H1(0) sufficiently large, dependent on the bounds on the initial condition

(P0(0),40(0)),

L #wots) a0t s
| Ty(1)
[ mm o) - a@(pla). qo(e)) duds| <€, (639

where Ty (1) is the time taken for one period of the free oscillator at energy 1 and p, q are

the corresponding trajectories.

Proof. Again we approximate f by smooth compactly supported f as the energy
of the 0 variables and tilde variables are less than K with high probability, 1 —
€/5 (K dependent on the bounds on the initial condition (po(0),40(0)), € and ¢).
With probability 1 — €/5 dependent on the noise in the interval [0, | we have that
info<s<p Hi(s) > H;1(0)/2 for Hy(0) sufficiently large.

We have that,

" Fpo(ea0(s))ds = [ F(pos) — a(pa(s),an (5)) () ds,
(6.3.6)

by definition. We can swap g for §o in (6.3.6) at a cost of |Df||«Ee(H1(0)) with
probability at least 1 — €/5 dependent on the noise from Lemma 6.3.2. With prob-

ability 1 — €/5 dependent on the noise in [0, ], we have,
t/
[} £005) = 019,01 (9), 1) s
t/
= || f(ols) — a@(pa(s),41(5)), duls)) ds| < 7,

189



from Lemma 6.3.3 for H;(0) sufficiently large. Therefore the expression we will be
considering the value of is given by,

I _

7 J, f(Po(s) — a®(p1(s), q1(s)). Go(s)) ds - (63.7)
We reuse the stopping times ¢, from Lemma 6.3.1 here once again. By studying
the SDE satisfied by the bar variables, through the tightness of the one measure
tamily Wy on the space of continuous paths we have, with probability 1 —€/5
dependent on Wy during [0, '], for Hy(&,) sufficiently large (which follows from

the observation on infy<;<y Hy (s) above),

_ _ €
sup sup  [Po(s) — po(t)] < 4Dfllw (6.3.8)

n: G <t' $n<s<t<gyi1

since by choosing H; (0) sufficiently large, we have made the largest interval [§y, &,11)
as small as required with probability at least 1 — € /5. Therefore we can swap pg for
the cadlag process Y, 1z, = .,)(5)Po(Gx) in (6.3.7) at a cost of €/4. So we are now
evaluating,

1
t' Jo

A (D e ()P0(En) — (1 (), 1(5)), 20(5)) s

Using the result of Lemma 6.3.1 again, this differs from the second term on the

LHS of (6.3.5) by,
IDf|leoEa(H1(0))/t +€/4,

with probability at least 1 — €/5 (the same portion as in the application of Lemma
6.3.2) dependent on the noise in the interval [0, '], the first term of which tends to
0 as H; — oo, thus proving the result. All of the bounds in probability are entirely
dependent on the noise in [0, '], hence so is the overall probability of the result

holding. O

From Lemma 6.3.4 and the exponential convergence of the bar variables to

the invariant measure, we then have the convergence as H;(0) — oo, of

5| [ Fnts) (s s
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to

p(1)
/ ﬁ/f Y (o — ab(p(), g(u)), 90) dudt,

for a sufficiently long time fixed interval T. Both T and the required size of H1(0)
dependent on the bounds on the initial condition (po(0),40(0)).

Thus we have an equivalent result in this case as for the case k > 2.

6.3.2 Putting it all together

Theorem 6.3.5. For k = 2 and Ty > a(®?), we have the following almost sure conver-
gence for f(po,qo0) continuous and bounded,

1 /T 1 Tp(1)

Ty FPo)a0)ds = [ty [7 flu = a(t) dedp(a)
Proof. This proof is almost identical to that in the case k > 2 except that the er-
godic average with respect to the normal variables compared to the bar variables
involves a corrector term averaged over one period of the isolated oscillator, i.e. we

use Lemma 6.3.4 to make the substitution f(-) — (T,(1))"? OTp(l) f(-—ad(t))dt

in the previous argument. [

6.4 Convergence of [ to a squared Bessel process

In this section we will prove,

Theorem 6.4.1. For k > 2, consider,

X(t) = /Ot yTids + /Ot(27T1<p2>)%&(s) dW(s) , (6.4.1)

and for k = 2,

V() = [ (T~ ve(@)ds + [ T(p?)

Then for k > 2 we have the weak convergence,

Hy(T)
1T = X(1),

Nl—

VY(s)dW(s). (642)

and for k = 2,




We are going to prove this theorem by substituting H; for H; and then time
changing Hj in order to convert it to a process close to a fixed multiple of the
appropriate squared Bessel process in between sets of stopping times where Hj is
outside of a compact set. Then we will build a new process close to the multiple
of the appropriate squared Bessel process out of these excursions, B2. We will then
show that we have a map between H; and B2 that becomes close to a constant
factor time change for large times. Using the reluctance of H; to occupy a compact
set, we will use a pair of comparisons to show that B2 is trapped between the
appropriate multiple of two squared Bessel processes with dimension close to the
limiting squared Bessel process. At a fixed large time with high probability we
find B2 at a large value, well away from the compact set. Then we use the map
between H; and B2 when B2 is outside of a compact set to show that we have a

corresponding distribution for Hj.

Remark 6.4.2. Notice that we are considering H and not ﬁl now, the reason for this
is we no longer need absolute bounds below on the quantity we are considering,

we simply want the perturbation of the drift averaged over time to converge to 0.

Remark 6.4.3. As far as identifying the solution to (6.4.1), this is a (271 (p?))~! di-
mensional squared Bessel process accelerated by a time change by factor 2~ 1Ty (p?).
Correspondingly (6.4.2) isa (7T; — ya?(®?)) (27 19Ty (p?)) ~! dimensional squared
Bessel process accelerated by a time change by factor 2~ 19T (p?).

Proof of Theorem 6.4.1. Without loss of generality we assume a fixed (non-random)
initial condition in IR*. We consider a similar sequence of time changes to T¢ con-

sidered earlier, T, et Ky(€) = (—o0,ky(€)] be such that,

. 1 /T
limsup = | Tkg(e) (P5(5) + q3(s)) ds < e

T—o00
Consider the series of stopping times (7,? Y cpf ! given by qbl_ii =0, aéq '=inf{t >0:
Hy(t) > 2K'}, ..., fl = inf{t > U,fll . Hy < K}, (Tf_h = inf{t > 4)5[1 : Hy > 2K’}
for k' = ky(€) + C for C > 0, larger than H; (0), sufficiently large for Lemma 6.4.4 to
hold. When T; e 1o oF1) we have similarly to (6.1.16), T, 1 on the interval

[(T,Ilq iy 4)5 '] as the solution of, for k > 2,
~ s
T — inf{s : / {29 To[a®@]? + 29Ty [p1 — apodp®
On
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— P9, ®]*} [Hy(s")] 1 ds’ > t} (6.4.3)

and fork = 2,

On

Tf’"’Hl — inf{s : /S {29To[a® + ay¥)* + 29Th[p1 — apod,®
— oczd>8pq) - wap‘f(QO|QO|Zk—2 + ago — vpo)
+ a2y (3, ¥ Py, ®@) — a®y9pE]* } [Hy(s')] 1 ds' > t}
(6.4.4)

For k > 2, using the explicit expression for ® in the modified polar coordinates
from [HMO09], we see that the set of zeroes of ® in R* has zero Lebesgue measure
(it is only 2 points in the trajectory of the isolated oscillator at energy 1). From the
existence of a density with respect to Lebesgue measure we have that the occupa-
tion time of the set of zeroes of ® over any finite time [Hai09] is zero a.s., hence the
integral of the quadratic variation of the numerator in (6.4.3) is non-zero over any
finite time interval a.s.. In the case k = 2, we have an extra ay¥ for the quadratic
variation of Wy term. The zeroes of [® + 7%]? in R* are also of null Lebesgue
measure. This can be seen for instance using the polar coordinates of [HM09] and
noting that since ® is zero only on a set of 6 of null Lebesgue measure the set of
radii for which ® = —vY is of non null Lebesgue measure in 6 is countable due to
the scaling of ¥ (meaning these non null sets Lebesgue sets in 6 minus the zeroes of
® are disjoint). The set of radii for which this occurs is therefore of null Lebesgue
measure, which implies that the set of zeroes of [® + 7¥]? is of null Lebesgue

en,H .
T,”"" are continuous.

measure in R*. This implies that the times changes

We are going to use the process time changed in these intervals to build a
new process. Construct B2, as follows, take the excursions of the process H; (T} ’Hl)
in the time intervals [(7,? L gl '] in order, and place them end to end.

Now we need some properties of B2, in order that we can analyze the effect
of the drift perturbing it from the process X or Y (dependent on whether k > 2
or k = 2) using Lemma 6.4.7. When B2, is on an excursion we have an obvious
map between the time of the process B2. and that of H;. Define the sets of stop-

ping times &,, ¢, = 0,41 as above but for the process B~2€. Now we have direct

correspondence between Hj () in the intervals [0y, ¢i1] and B2, in the intervals
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[0, Pn] given by time the change T} e, to go from paths of Hy(t) to those of

B2, we take, k¢ : R — R, given by,

~ H H
t— 0y —og ' + AT
t—o, !

then, for t € [(Tf n (p,lj !, we have,

Hy(t) = B2(k6(t)) . (6.4.5)

We map all times in the intervals | f Yy ot '] to 0,,. We will denote the right contin-
uous inverse which is a time change by F¢ : R — R. By the same argument as in

Lemma 6.1.15 we have the stronger result that,

Lemma 6.4.4. For T sufficiently large, C3, Cy, constants,

T

O m )

IP{ sup ‘ > C3€T€:| < Cyue
0<T<T.

Consider now the form of the SDE satisfied by B2, for 1, T € [0, Opp1]

B2:(12) — B2%(m1) =c[F(m2) — F¢(T1)]
LTy (s)E(s) d
Fe(my) ; i1 i)\

+/: VE2(s) dW(s)

where c is equal to 1/2(p?) for k > 2 and (yT; — ya?(®?)) /29T (p?) for k = 2.
E(s) are the error terms in the drift given below.
It will be shown below in Lemma 6.4.6 that,
1 T
li?jotjp T/o 1[afl,¢fl}(s)|E(s)| ds=0 as. (6.4.6)
For sufficiently large t we therefore have, by Lemmas 6.4.4 and 6.4.6 that with
probability at least 1 — 2Cye,

1 Fe@®)
. /0 L1 ()| ds < e (6.4.7)

We have, rescaling so that the situation is defined on the time interval [0, 1],

Belmt) _ Bet) (e 1oy - (i)
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Fe(t’l'z

)
+ et ;1051/%1;1](5)13(5) ds

| :2 RaE G 265“/) AW (s')

for0 < 7 < 1, <1, tny, try € [04,0,41] for some n, W a Brownian motion de-
pendent on t. From Lemma 6.4.4 and (6.4.7) we have that the condition on the
finite variation terms (6.4.9) is satisfied with probability 1 — 3C4e€ for € = &2, € suf-
ficiently small, t dependent on € sufficiently large. In addition we have that (6.4.8)
is satisfied for t sufficiently large dependent on € and the given initial conditions,
H1(0).

So it just remains to verify the lower bounding condition (6.4.10) in order
to apply Lemma 6.4.7 to B2.(st)/t. So we set c(¢) to be such that for the squared
Bessel process of the same dimension (dependent on k > 2 and &, (®?) for k = 2)
as Z in the comparison (6.1.20) we have (6.4.10) when we replace c¢(g) with 2¢(g).
We will use the following strengthening of Lemma 6.1.15 which holds in the case

k = 2 also,

Lemma 6.4.5. Fix € > 0, then for T, > 0 sufficiently large we have,

2
TS — —T' > C1€Te] < Che

]P[ gt YT1(p?)

0<T<Te

where Cy, Ch constants.

which follows from the proof of Lemma 6.1.15 as it stands. We use this in
conjunction with (6.1.20) which holds for k = 2 also and gives lower bounds on
H; and therefore since H; < Hy, Hy also. Consider composing the two maps
A€ o F¢(+) to map from paths of B2, to those of H;(T¢) up to a large time T, then
this map is within C5Te of 1/4 times the identity map with probability Cee in the
same sense as above. Given a sufficiently large time T for this to hold, at least as
large as either compact set inside of which we have discontinuities for the time
changes T¢, F¢ divided by c(g) /2. Rescale time and space by 1/T. Then we end up
with another squared Bessel process of the same dimension defined on the time

interval [0,1] (it is really approximately defined on [0,1/4]), Z, from the scaling
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property of squared Bessel processes. For 0 < t < 1 if,
o ((AS o FE(tT

then we have B2:(tT)/T > c(c). Noting the error bounds on the map A€ o F¢(-),
we use the modulus of continuity of Z on [0,1] to complete the verification of
(6.4.10). In particular, if we denote the modulus of continuity of Z on [0,1] as w5
and let C, be such that Plw:(C,.) < ¢(¢)] < ¢/2, hence if B%(tT)/T < c(c) for
Cse < C¢ we have that B2:(tT)/T < c(c) implies Z(t/4) < 2¢(c). Integrating up
with respect to t gives (6.4.10) for T sufficiently large provided Cge < (/2) and
Cse < 3/4.

Therefore we can apply the result of Lemma 6.4.7 to B2:(tT)/T, which when
combined with (6.4.5) and Lemma 6.4.4 gives the required weak convergence for
T sufficiently large. This completes the proof of the result contingent on the proof
of the two lemmas.

Now the two lemmas giving the missing results.

Collect together the bad drift terms, for k > 2, E is given by,

a®(qo|q0[* 2 + ago + vpo) + a®po(q1 — 70)9,® + 3 @(g1 — 90)2pP
— 7T1([xpoa§cb + a%(9,P)* + ocZB%CI)CI)) ,

and for k = 2, E is equal to,

a?po(qg1 — 40)9p® + (g1 — 40)3p PP + (g0 — 71)3p¥ (qolgo[* 2 + g0 + vpo)
+ &39(q0 — q1)9pPY + &> (q0 — 41)PIF + &>y (g1 — 0)9pE
+ 'yTl(—ucha%CI) — ocz(apcb)2 — aZG%CIKD + aagw(qquo\%* + ago + vpo)

+ oczfya%,‘lfcb + oczv‘I’af,CI) + 2azyap‘1fapq> — (xzq/a%,E)

|2k—2

+a¥ (polqol* 2 + apo — vq0lq0/* 2 — vago — ¥*po) ,

these are of the form f(p1,41)g(po,qo) where f(p1,91) — 0 as |(p1,91)| — oo and
g is a polynomial.

Moving back to the drift terms of the form fg.
Lemma 6.4.6. The drift terms of the form f g above satisfy,

T
limsup% 1fg|(s)ds =0 as..
0

T—o0
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Proof of Lemma 6.4.6. Take arbitrary € > 0. First, by Lemma 6.1.4 there exists a
compact set Ky C R? such that

1 T
limsup 7 [ 15 ((p0(s),90(s)))Ig](Po(s), qo(s)) ds < & as..

T—co
We designate a compact set K; C IR? such that when the 1 variables are outside
of K, we have that the prefactor in the 1 variables is less than €/||g|k, ||, and we
choose T’ large enough so that for all larger times, the proportion of time spent in
Kj is less than €/||g|k,|l. We end up with the bound, for a generic term fg, for
T>T,

1 /T
limsup = | |f(p1(s), 1(5))g(po(s), q0(s))| ds

T—o0

. 17
<limsup = |- (T2, + 12k 1f (P1(5), 91(5)) [y e |8 (Po(s), qo(s)) | ds

T—o0

stimsup & [ £(p1(5),1(5)) g e g (po(s), ao(5))

T—o0

<(llflleo€ +€) + || fll o€ ,
a.s.. O]

Hence we have shown almost surely that the time averages of the modulus
of the non-constant drift terms tend to zero.
Now for a lemma which gives the robustness of the square of a Bessel pro-

cess with respect to the appropriate form of perturbations.

Lemma 6.4.7. Assume that the cadlag process Y° (continuous outside of [0,6]) satisfies
the expression Y°(t) = as + Sy + f(f 2./1Y(s)| dW5(s). Where the starting point of Y°,

ag, satisfies,
as < 0. (6.4.8)

Sy is a cadlag process of bounded variation, continuous when Y° is outside of [0,5]. S;

satisfies for any 0 < 7 < 1 < 1, Y outside of [0, 5] in the interval [T, ),
k(Tz — Tl) -0 < STZ — ST1 < k(T2 — T1) +9, (6.4.9)

Assume also that we have uniform lower bounds over the perturbed processes, i.e. that

given ¢ > 0 there exists 8 > 0 and a small set c(¢) such that with probability at least
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1—g¢ fors <d,
2
/0 Lo (Y2(s)) ds < ¢.. (6.4.10)

Set X4 c(t) = kit + f(fZ\/ |X(s)| W4 ¢ 5(s). Then for 6 < ¢ sufficiently small, we
have, with probability at least 1 — ¢, fork —¢ < k_ . < ki <k+g, [t+(¢)| < 2g, and
t(6) random with |t(5)| < d a.s.,

Xog(1=t(6) Y (1+£8) < XT4(1+£(c)) -
which in turn implies the weak convergence as 6 — 0,
Yo (1+ () = X(1),

for X given by X(t) = kt + f0t2\/X(s) ds.

Proof. In order to prove this we will conduct a comparison when the larger process
(in each comparison) is on an excursion from a small compact set.

We will conduct the comparison between Y% and X ¢ in detail, the compar-
ison between Y° and X_ . is similar.

Given ¢ > 0, set k. = k+ ¢, and let ¢ > 0 be sufficiently small such that
with probability at least 1 — ¢/4, the time spent by X  in the set [0, 2c] up to time
2,is less than ¢ (cf Lemma 6.1.10, for squared Bessel processes dimensions of larger
than 2 the required part of this result holds since the process is then transient).

Construct a cadlag process X ¢ (t) as follows, begin with initial point 2c and
let §y = inf{t > 0 : X, *(£) < c} for Xy *(£) = 2c+ kit + [11/ X (s) dWs(s).
In the time interval [0, ¢;) we take the path of XT¢(t) the same as Xj “(t). The
inductive step is then given by setting ¢, = inf{t > ¢, : Xjfl(t) < c} for

~ t ~ 5
X;:z% (pn—1+1t) =2c+kit+ /0 \/Xr—zigl (Pn—1+5) dWs(Pn—1+5),

and in the time interval [, 1, §,) by taking the path of X4(t) the same as that of
Xjfl (). By adding independent squared Bessel bridges between the independent
excursions, we can extend the excursion process to a full squared Bessel process
of dimension k;, X*¢. What we will show is that there exists a ¢ > 0 such that

XF6(t) > YO(t) + & First we choose ¢ sufficiently small so that the process Y?
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starts at an initial point somewhere in the interval [0, ¢/2]. To make the comparison
easier, we will compare VXF6 and VY? (away from 0). Remembering that at all
times X+¢ > ¢, by choosing ¢ sufficiently small, { < c/4, we can assume that
Y? > ¢/2 on any portion of path that may be of interest (where Y° approaches
within a distance of ¢ of XIF'G). In addition, until the path of Y? intersects that of
X+, by bounds in probability (1 — ¢/4 say) above on squared Bessel processes
we have bounds on both X% and Y above by C > 0 and below in a bounded
region where the square root function is smooth with probability at least 1 — ¢/4.
Noting these bounds it is easy to see that for & sufficiently small if Y? is within 2¢&
of X6, and assuming a drift term of kt instead of the bounded variation term then
we would have VY% — VX7 has a negative drift of at least 2. So we form the
series of stopping times gbg =inf{t > 0: XT4(t) — Y°(t) < &}, ag = inf{t > 0:
XT(E) = YO(t) > 28}, ..., ¢5 = inf{t > o°_, : XF(t) — YO(t) < &}, 0f = inf{t >
4:,% 0 XTE(H) — YO(t) > 2&}. We will of course be studying the interior of the time
intervals [¢5, 0%] and showing that the paths of Y? and X*(t) never intersect.

If we relax the continuity assumption on the finite variation term, then it is
clear that the largest drift is given by a finite variation term with the mass of the as-
sociated Stieltjes measure concentrated at the times when we have the largest drift
term that it is allowable for the mass to be centered on by the restriction (6.4.9). We
have that the situation differs from a mass of § somewhere in each time segment
of length J/k in that allowable combinations are in bijection with those where the
mass can move one time segment to the left or stay put, where moving to the site
designated as -1 equates to removal and the mass at -1 is assumed to move to
the left. This follows by a simple combinatoric argument after dividing time into
segments of length J/k using the condition (6.4.9) looking at the occupation of seg-
ments that are occupied by at least one mass of  in between two unoccupied time
segments. We must have all time segments in between with single occupation ex-
cept for one time segment which must have a double occupation where we have a
mass that stays put followed by one that moves one space to the left. Choose ¢ such
that 26 /k < w(c3/?¢/\/2,¢/4) for w bounds on the modulus of continuity of the
family of squared Bessel processes with dimensions in the range [k/2,3k/2] with

probability atleast 1 — ¢ /4. Tightness of this family of squared Bessel processes fol-
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lows for instance from Prohorov’s theorem combined with pathwise convergence
that occurs when we have convergence of dimension [RY91, Chapter IX section
3]. A simple contradiction argument shows that for J sufficiently small in the time
intervals [¢° A (14 ¢),0% A (14 ¢)], XF6(t) — Y(t) > & — /(2C/c)d > 0 for &
sufficiently small. This implies that the paths of X*<(¢) and Y?(t) do not cross in
the time interval [0, 1 + ¢], which implies the first part of the inequality.

The second part of the inequality follows from an almost identical argu-
ment except that this time we are using the excursions of Y? from a small set, the
required property of which are given by (6.4.10), and the Brownian motion driving
the squared Bessel process is constructed by sticking together the Brownian mo-
tions that drive these excursions i.e. using an appropriate DDS Brownian motion
as before.

The weak convergence follows for instance from the tightness in the space
of continuous paths of the family of squared Bessel process with dimensions in the
range [k/2,3k/2] together with bounds above on the probability of Y°(1 +t(4)) €
0, b] following from the distribution of X*¢(1) and bounds below following from
the distribution of X~¢(1). O

With the completion of the proof of the lemmas, the proof is now complete.

]
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Chapter 7

Concluding remarks

With regard to the homogenization problems, I would like to finish the proof of the
homogenization result studied where the period sits at an angle with an irrational
tangent to the interface from which it is reflected but it is at present unclear to me
how to proceed forward in obtaining the necessary ergodic result to complete the
scheme. Even once this has been completed there is the problem of an analogous
homogenization problem to that studied in the second chapter where the interface
is no longer reflecting but we have two periodic regions either side of an interface
region that sits at an angle with an irrational tangent to the period. This would
require yet more inventiveness to get convergence of the probabilities of exiting
either side of a large neighborhood of the interface.

Originally, before attempting the coupled oscillator problem that became
the final chapter of this thesis, I tried (and failed) to prove the conjecture of [Hai09]
regarding the existence of the invariant measure of a chain of 7 oscillators. In par-
ticular that the borderline value of k is 2n/(2n — 1) but there were no convincing
ideas for a general scheme as to how to approach such a problem. The correctors
as constructed in [HMO09] can seemingly no longer be used nor is does there ap-
pear to be an obvious analogy to the correctors. It would be interesting to find an
approach to resolve this conjecture.

On that note I would like to conclude this thesis.
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