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“Wenn man auf etwas hindenkt, verdickt sich das, was man denkt, bis es nach und

nach sichtbar wird. Wer sich was denkt, denkt das denk nur ich, kein anderer weifs

es, aber dann kommt ein Tag, an dem das Gedachte als Tat oder Ding fiir alle Welt
sichtbar wird.”

Erwin Strittmatter

“Si nous nous arrétions aux seules considérations méchaniques, il nous serait
loisible d’expliquer que I'équilibre de la téte, ainsi placée sur I'empilement des
vertebres cervicales, au lieu de prolonger horizontalement la colonne vertébrale
comme chez les quadrupedes, ne peut s’obtenir que par un allegrement de la partie
antérieure, c’est-a-dire la boite cranienne et son contenu, I’encéphale.”

Gabriel Camps

iii



iv



ACKNOWLEDGMENTS

First and foremost, I would like to express my gratitude to my supervisors Sylvie Reelly
and Christian Léonard, who guided me on the journey of writing this thesis. Their councel,
encouragment and constant availability for discussion were invaluable. It was Sylvie Reelly,
who encouraged me to continue my studies in probability theory and she initially proposed
the project of a Cotutelle. Christian Léonard kindly agreed to endorse me as his graduate
student in Nanterre.

I owe my sincere gratitude to my two home institutions, the University of Potsdam and
the University Paris Ouest Nanterre - La Défense and, in particular, I would like to thank the
respective Faculty of natural sciences of the University of Potsdam and the Ecole doctorale
N°139: Connaissance, langage, modélisation in Nanterre, who agreed to participate in this
joint doctorate. The grant of an allocation de recherche ministérielle by the University Paris
Ouest Nanterre - La Défense is greatfully acknowledged.

My work was also supported by the Deutsch-Franzisische Hochschule/Université Franco-
Allemand. As a member of the Deutsch-Franzosisches Doktorandenkolleg DFD 01-06 entitled
“Applications of stochastic processes”, I was given the opportunity to gain academic experi-
ences through the participation in an international exchange program that greatly facilitated
the contact to renowned researchers from different countries.

During the writing of my thesis I had the great pleasure of being hosted by the Institute
of Mathematics, Lehrstuhl fiir Wahrscheinlichkeitstheorie in Potsdam as well as by the research
group MODAL’X in Nanterre. I would like to emphazise my gratitude for the warm
welcome received.

Last but not least, I would like to thank my family and friends, who supported me
throughout my time as a student. They willingly accepted my decision of becoming a
mathematician and never lost interest in my work.



vi



vii
SUMMARY

This work is concerned with the characterization of certain classes of stochastic processes
via duality formulae. In particular we consider reciprocal processes with jumps, a subject
up to now neglected in the literature.

In the first part we introduce a new formulation of a characterization of processes with
independent increments. This characterization is based on a duality formula satisfied by
processes with infinitely divisible increments, in particular Lévy processes, which is well
known in Malliavin calculus. We obtain two new methods to prove this duality formula,
which are not based on the chaos decomposition of the space of square-integrable function-
als. One of these methods uses a formula of partial integration that characterizes infinitely
divisible random vectors. In this context, our characterization is a generalization of Stein’s
lemma for Gaussian random variables and Chen’s lemma for Poisson random variables.
The generality of our approach permits us to derive a characterization of infinitely divisible
random measures.

The second part of this work focuses on the study of the reciprocal classes of Markov
processes with and without jumps and their characterization.

We start with a resume of already existing results concerning the reciprocal classes of
Brownian diffusions as solutions of duality formulae. As a new contribution, we show that
the duality formula satisfied by elements of the reciprocal class of a Brownian diffusion
has a physical interpretation as a stochastic Newton equation of motion. Thus we are
able to connect the results of characterizations via duality formulae with the theory of
stochastic mechanics by our interpretation, and to stochastic optimal control theory by the
mathematical approach. As an application we are able to prove an invariance property of
the reciprocal class of a Brownian diffusion under time reversal.

In the context of pure jump processes we derive the following new results. We describe
the reciprocal classes of Markov counting processes, also called unit jump processes, and
obtain a characterization of the associated reciprocal class via a duality formula. This
formula contains as key terms a stochastic derivative, a compensated stochastic integral
and an invariant of the reciprocal class. Moreover we present an interpretation of the
characterization of a reciprocal class in the context of stochastic optimal control of unit
jump processes. As a further application we show that the reciprocal class of a Markov
counting process has an invariance property under time reversal.

Some of these results are extendable to the setting of pure jump processes, that is, we
admit different jump-sizes. In particular, we show that the reciprocal classes of Markov
jump processes can be compared using reciprocal invariants. A characterization of the
reciprocal class of compound Poisson processes via a duality formula is possible under the
assumption that the jump-sizes of the process are incommensurable.
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ZUSAMMENFASSUNG

Diese Arbeit befasst sich mit der Charakterisierung von Klassen stochastischer Prozesse
durch Dualitdtsformeln. Es wird insbesondere der in der Literatur bisher unbehandelte
Fall reziproker Klassen stochastischer Prozesse mit Spriingen untersucht.

Im ersten Teil stellen wir eine neue Formulierung einer Charakterisierung von Prozessen
mit unabhingigen Zuwéchsen vor. Diese basiert auf der aus dem Malliavinkalkiil bekan-
nten Dualitdtsformel fiir Prozesse mit unendlich oft teilbaren Zuwéchsen. Wir prasentieren
zusétzlich zwei neue Beweismethoden dieser Dualitdtsformel, die nicht auf der Chaoszer-
legung des Raumes quadratintegrabler Funktionale beruhen. Eine dieser Methoden basiert
auf einer partiellen Integrationsformel fiir unendlich oft teilbare Zufallsvektoren. In diesem
Rahmen ist unsere Charakterisierung eine Verallgemeinerung des Lemma fiir Gauf$sche
Zufallsvariablen von Stein und des Lemma fiir Zufallsvariablen mit Poissonverteilung von
Chen. Die Allgemeinheit dieser Methode erlaubt uns durch einen &hnlichen Zugang die
Charakterisierung unendlich oft teilbarer Zufallsmafse.

Im zweiten Teil der Arbeit konzentrieren wir uns auf die Charakterisierung reziproker
Klassen ausgewdhlter Markovprozesse durch Dualitdtsformeln.

Wir beginnen mit einer Zusammenfassung bereits existierender Ergebnisse zu den
reziproken Klassen Brownscher Bewegungen mit Drift. Es ist uns moglich die Charakter-
isierung solcher reziproken Klassen durch eine Dualitdtsformel physikalisch umzudeuten
in eine Newtonsche Gleichung. Damit gelingt uns ein Briickenschlag zwischen derarti-
gen Charakterisierungsergebnissen und der Theorie stochastischer Mechanik durch den
Interpretationsansatz, sowie der Theorie stochastischer optimaler Steuerung durch den
mathematischen Ansatz. Unter Verwendung der Charakterisierung reziproker Klassen
durch Dualitdtsformeln beweisen wir weiterhin eine Invarianzeigenschaft der reziproken
Klasse Browscher Bewegungen mit Drift unter Zeitumkehrung.

Es gelingt uns weiterhin neue Resultate im Rahmen reiner Sprungprozesse zu beweisen.
Wir beschreiben reziproke Klassen Markovscher Zahlprozesse, d.h. Sprungprozesse mit
Sprunghdhe eins, und erhalten eine Charakterisierung der reziproken Klasse vermoge
einer Dualitdtsformel. Diese beinhaltet als Schliisselterme eine stochastische Ableitung
nach den Sprungzeiten, ein kompensiertes stochastisches Integral und eine Invariante der
reziproken Klasse. Wir prasentieren aufserdem eine Interpretation der Charakterisierung
einer reziproken Klasse im Rahmen der stochastischen Steuerungstheorie. Als weitere
Anwendung beweisen wir eine Invarianzeigenschaft der reziproken Klasse Markovscher
Zidhlprozesse unter Zeitumkehrung.

Einige dieser Ergebnisse werden fiir reine Sprungprozesse mit unterschiedlichen Sprung-
hohen verallgemeinert. Insbesondere zeigen wir, dass die reziproken Klassen Markovscher
Sprungprozesse vermdge reziproker Invarianten unterschieden werden konnen. Eine
Charakterisierung der reziproken Klasse zusammengesetzter Poissonprozesse durch eine
Dualitdtsformel gelingt unter der Annahme inkommensurabler Sprunghohen.
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RésumE

Ce travail est centré sur la charactérisation de certaines classes de processus aléatoires
par des formules de dualité. En particulier on considérera des processus réciproques a
sauts, un cas jusqu’a présent négligé dans la littérature.

Dans la premiere partie nous formulons de facon innovante une charactérisation des
processus a accroissements indépendants. Celle-ci est basée sur une formule de dualité
pour des processus infiniment divisibles, déja connue dans le cadre du calcul de Malliavin.
On va présenter deux nouvelles méthodes pour prouver cette formule, qui n’utilisent pas
la décomposition en chaos de I’espace des fonctionnelles de carré intégrable. Une méthode
s’appuie sur une formule d’intégration par parties satisfaite par des vecteurs aléatoires
infiniment divisibles. Sous cet angle, notre charactérisation est une généralization du
lemme de Stein dans le cas Gaussien et du lemme de Chen dans le cas Poissonien. La
généralité de notre approche nous permet de plus, de présenter une charactérisation des
mesures aléatoires infiniment divisibles.

Dans la deuxiéme partie de notre travail nous nous concentrons sur 1'étude des classes
réciproques de processus de Markov avec ou sans sauts, et sur leur charactérisation.

On commence avec un résumé des résultats déja existants concernant les classes réciproques
de diffusions browniennes comme solutions d’une formule de dualité. Nous obtenons no-
tamment une nouvelle interprétation des classes réciproques comme les solutions d’une
équation de Newton. Cela nous permet de relier nos résultats a la mécanique stochastique
d’une part et a la théorie du contrdle optimale, d’autre part. La formule de dualité nous
permet aussi de prouver une propriété d’invariance par retournement du temps de la classe
réciproque d’une diffusion brownienne.

En outre nous obtenons une série de nouveaux résultats concernant les processus de sauts
purs. Nous décrivons d’abord la classe réciproque associée a un processus markovien de
comptage, c’est-a-dire un processus de sauts de taille un, puis en présentons une char-
actérisation par une formule de dualité. Cette formule contient une dérivée stochastique,
une intégrale stochastique compensée, et une fonctionnelle qui est une grandeur invariante
de la classe réciproque. De plus nous livrons une interprétation de la classe réciproque
comme ensemble des solutions d'un probleme de contréle optimal. Enfin, par une utili-
sation appropriée de la formule de dualité, nous montrons que la classe réciproque d"un
processus markovien de comptage est invariante par retournement du temps.

Quelques-uns de ces résultats restent valables pour des processus de sauts purs dont
les sauts sont de taille variée. En particulier nous montrons que certaines fonctionnelles
dites invariants réciproques permettent de distinguer différentes classes réciproques. Notre
dernier résultat est la charactérisation de la classe réciproque d'un processus de Poisson
composé dés lors que les (tailles des) différents sauts sont incommensurables.
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INTRODUCTION

The theory of reciprocal processes basically evolved from an idea by Erwin Schrodinger.
In [Sch32] he described the motion of a particle diffusing in a thermal reservoir as a
stochastic boundary value problem. He proposed that the solutions of such a boundary
value problem are elements of the reciprocal class associated to a Markov process. This
class contains all stochastic processes that have the same bridges as that reference Markov
process, where the term bridge refers to a process conditioned on deterministic initial and
final states.

In [Ber32] Bernstein noted that the concept of reciprocal processes, or Markov fields
indexed by time, allows to state probabilistic models based on a symmetric notion of past
and future:

“[...] sil'on veut reconstituer cette symétrie entre le passé et le futur [...] il faut
renoncer a I'emploi des chaines du type de Markov et les remplacer par des schémas
d’une nature différente.”

The properties of reciprocal processes and reciprocal classes have been examined in detail
by numerous authors under various aspects.

Many important results concerning the fundamental properties of reciprocal processes
where given by Jamison in a series of articles [Jam70, Jam74, Jam75]. In particular he
characterizes reciprocal Gaussian processes using a differential equation satisfied by their
covariance function. The theory of Gaussian reciprocal processes was amended by Chay
[Cha72], Carmichael, Mass, Theodorescu [CMT82] and extended to a multivariate context
by Levy [Lev97].

Important contributions to a physical interpretation and to the development of a sto-
chastic calculus adjusted to the reciprocal class of continuous diffusions have been made by
Zambrini and various co-authors in their interest of creating a “Euclidean” version of quan-
tum mechanics. In joint work with numerous authors he develops a stochastic calculus
that possesses interesting analogies to the path-integral approach to quantum mechanics as
introduced by Feynman and Hibbs [FH10]. An account is given in monograph by Chung
and Zambrini [CZ01], see also Zambrini’s works with Cruzeiro or Thieullen [CZ91, TZ97].
Moreover Zambrini notes that reciprocal classes are an elegant way to describe the solu-
tions of certain stochastic control problems, see [Zam86]. This interpretation was extended
by Wakolbinger and Dai Pra to different cost functions in [Wak89] respectively [DP91].

Krener initiated his search for reciprocal invariants of the reciprocal class of continuous
diffusions using short-time expansions of transition densities in [Kre88]. Clark remarked
in [Cla90] that these reciprocal invariants are in fact characteristics of the reciprocal classes.
They permit to identify processes belonging to the same reciprocal class. A physical
interpretation of these invariants was furnished by Levy and Krener [LK93].

This thesis deals with the problem of characterizing reciprocal classes of Markov pro-
cesses by duality formulae. In connection with a Brownian motion, such duality formulae
first appeared as an analytical tool in Malliavin calculus: Bismut provided a probabilistic
proof of Héormander’s theorem using a duality formula satisfied by the Wiener measure
in [Bis81]. The term duality formula refers to a duality, or “integration by parts” relation
between a stochastic derivative operator and a stochastic integral operator.

A characterization of the Poisson process as the unique process satisfying a duality for-
mula between a difference operator and a compensated stochastic integral was first given
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by Slivnjak [Sli62] and extended to Poisson measures by Mecke [Mec67]. A similar char-
acterization of the Wiener measure was presented by Reelly and Zessin in [RZ91]. They
characterize the Brownian motion as the unique continuous process for which the Malli-
avin derivative and the Skorohod integral are dual operators.

The first part of this thesis deals with the characterization of processes with independent
increments by a duality formula. This result serves as a basis for the study of reciprocal
classes of Markov processes in the second part.

Section 1 is an introduction to the characterization of stochastic processes by duality
formulae. We present the abovementioned characterizations by Slivnjak and Reelly, Zessin
and extend them to the reference-space of cadlag processes. Our approach is based on a
characterization of the Poisson, respectively the Gaussian law on R as unique probability
distributions satisfying specific integration by parts formulae. These results are also known
as Chen’s Lemma, respectively Stein’s Lemma, see e.g. the monograph by Stein [Ste86].

Section 2is devoted to make explicit an integration by parts formula satisfied by infinitely
divisible random vectors: In Proposition 2.7 we show that if Z is an integrable and infinitely
divisible random vector, then

(0.1) E (f(Z)(Z-b)) = E (AVf(Z)) + E ( f]R f(Z+q) - f(2))qL(dg)).

Here, f : R? — R is a smooth test function and b € RY, A € R¥™ gnud L are the Fourier
characteristics of the infinitely divisible random vector Z. In particular A is non-negative definite
and L is a Lévy measure on RY. This formula is the finite dimensional version of a duality
formula for cadlag processes with independent increments, a formula which is known in
the Malliavin calculus of Lévy processes with and without jumps. Let X be a Lévy process
with integrable increments. In Proposition 2.20 we prove the duality formula

E (F(X) \f[;)[u Uy - (dXt - bdt)) = E (f[;),l] DtF(X) : Autdt)
(0.2) +E ( f (F(X + glLg.17) — FCX))us - thL(dq)) .
[0,1]xRY

Here, F(X) is a smooth functional of the Lévy process and u : [0,1] — R? is a step function.
The vector b is the drift, A is the diffusion matrix and L is a Lévy measure controlling the jumps
of X. The dual operator to the stochastic integral are the Malliavin derivative D;F(X) and the
difference operator F(X + ql,.0)) — F(X). The only known proof of this duality uses a chaos
decomposition of the underlying space of square integrable functionals. We present two
new and simple proofs in Propositions 2.20 and 2.38. The first one underlines the direct
correspondence of infinite divisibility and this kind of duality formulae. The second one
uses a new random perturbation of jumps to define the difference operator.

In Section 3 we show that processes with independent increments are indeed the only
ones that satisfy the duality formulae (0.2). Our main result is a characterization of pro-
cesses with independent increments presented in Theorem 3.4. Let us state the ensuing
characterization of Lévy processes: If X is an integrable process and (b, A, L) are a tuple con-
sisting of a vector, a non-negative definite matrix and a Lévy measure, then X is a Lévy process
with characteristics (b, A, L) only if the duality formula (0.2) holds. This is based on a character-
ization of infinitely divisible random vectors by (0.1) is presented in Theorem 3.1, which
is a generalization of Stein’s and Chen’s lemma. We thus unify and extend the results of
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Section 1. Our method permits us to give a new and simple proof of a characterization of
infinitely divisible random measures on Polish spaces by a factorization of the Campbell
measure, an old result due to Kummer and Matthes [KM70b].

The idea of using duality formulae as a tool to characterize reciprocal classes is relatively
new. It has been introduced by Reelly and Thieullen [RT02, RT05] to characterize the
reciprocal classes of a Wiener measure and of Brownian diffusions.

Our main contribution in this work is the study of the reciprocal classes of pure jump
processes, in particular of jump processes with unit jump size. We underline the relevance
of such characterizations with applications on an optimal control problem and on time-
reversal of stochastic processes.

The second part of this thesis is devoted to the study of reciprocal classes of continuous
Markov processes and Markov processes with jumps. In particular our work contains the
first investigation in the context of jump processes.

We define in Section 4 the notions of reciprocal processes and of reciprocal classes
associated to Markov processes. The concept of a reciprocal class is central in the second
part of this thesis. If (X)o<t<1 is an R*-valued Markov process, the reciprocal class of X consists
of all stochastic processes (Yt)o<i<1 that have the same bridges as X. The term bridge refers to
the law of the process conditioned on fixed enpoints Xo = x and X; = y for x,y € R, We
illustrate these concepts using stochastic processes with discrete time in §4.4. This relates
to the original idea of Bernstein [Ber32], who introduced reciprocal processes as a time
symmetric generalization of Markov chains.

Section 5 is devoted to the study of the reciprocal classes of Brownian diffusions: A
Brownian diffusion X is the solution of the stochastic differential equation

dX; = b(t, Xt)dt + dW,,

where b is a smooth function and W is a Brownian motion. As a new contribution we present the
following characterization of Brownian diffusions. In Theorem 5.14 we prove that a continuous
semimartingale X with integrable increments is a Brownian diffusion if and only if

E (F(X) utht) =E (f DiF(X) - utdt)
[04] [0,1]
d
f u - b(t, Xp)dt + f Z wip | ibj(s, Xo)(@dX;s — bils, Xs)ds)dt
[0,1] 0115 (1]
holds for smooth functionals F(X) and u : [0,1] — R¥ step functions. Our assumptions on X are
minimal to render the duality formula well defined, since we need to define a stochastic
integral on the right side, and all terms must be integrable with respect to the law of X.
Following Reelly and Thieullen [RT02, RT05] this is extended to a characterization of the
reciprocal class of a Brownian diffusion. We then present two applications. In §5.5 we
present formal analogies between the properties of processes in the reciprocal class of a
Brownian diffusion and the motion of a particle in an electromagnetic field in classical
mechanics. The dynamics in the examined processes similar to those of the “Bernstein
processes” introduced by Zambrini [Zam85] and Lévy, Krener [LK93]. We are able to give
a concise physical interpretation of the invariants associated to the reciprocal class of a
Brownian diffusion Clark introduced in [Cla90]: IfE, B : [0,1] x R® — R® denote an electric

+E |F(X)
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respectively magnetic field, and X is a Brownian diffusion with drift b representing the motion of a
particle in a thermal reservoir under the influence of this electromagnetic field, then we are able to
prove that

3 3
1 .

Ei(t,x) = atbi(t, X)+ ]:Zl b]‘(t, x)a]'bi(t, X)+ E ]:Zl ajbi(t, x),i=1,2,3,

B(t,x) = (d2bz —d3by, d3by — d1b3,d1by — dobn) (t, %),

where on the right side of these equations we encounter Clark’s reciprocal invariants. Here, the
motion of the particle is defined as the solution of a stochastic optimal control problem
similar to the one proposed by Yasue [Yas81]. We show that the duality formula characterizing
the reciprocal class of X can then be written as

uyd
E ( j;o ; DiF(X) - us t)

= E (F(X) (f Ur © dXt + <u>t X B(t, Xt) o dXt + <1/l>t . E(t, Xt)dt)) ,
[0,1] [0,1]

[01]

under the loop condition f[O,l] udt = 0, where (u); denotes the primitive of u and odX; is the
Fisk-Stratonovic integral and “ X"’ denotes the cross product of vectors. This equation is a formal
analogue to the Newton equation “directing” a particle through an electromagnetic field,
see Remark 5.53. In the second application we analyze the behavior of the reciprocal class
of a Brownian diffusion with respect to the time-reversal t = 1 —t. Using the characteri-
zation of the reciprocal class by a duality formula due to Reelly and Thieullen, we are able
to identify in Proposition 5.84 the reciprocal class of reversed processes given their initial
reciprocal class. A first result was presented by Thieullen [Thi93, Proposition 4.5], who
identified the reciprocal invariants of a time reversed Brownian diffusion. In the context of
the above mechanical interpretation we infer the following interpretation: If X is a process
in the reciprocal class of a Brownian diffusion with reciprocal invariants identical to the electro-
magnetic fields E(t, x) and B(t, x), then its reversed process is in the reciprocal class with invariants
identical to E(1 — t,x) and —B(1 — ¢, x).

In the study of bridges of jump processes several new problems occur. Let us briefly
mention an important “algebraic” problem: If a real-valued pure jump process is condi-
tioned to start at time ¢t = 0 in a point x € R and to be in y € R at the final time ¢ = 1
after n € N jumps with jump-sizes gq1,...,4, € R\{0}, then y = x + g1 + --- + g,,. Thus an
interdependence of jump-sizes occurs for the bridges, e.g. the n’th jump depends on the
size of first jump through g, = y —q1 — -+ — gu—1 — x. The study of pure jump processes
with unit jump size clearly permits to avoid this problem.

Section 6 is devoted to the study of the reciprocal classes of a Poisson process and of
certain Markov processes with unit jumps: We define “nice unit jump processes” as jump
processes with unit jumps and intensity-ofjumps functions ¢ which are bounded from
below and from above. In particular a Poisson process is a nice unit jump process with
intensity £ = 1. In Theorem 6.58 we are able introduce a new reciprocal invariant associated
to the reciprocal class of Markov nice unit jump processes: Two nice unit jump processes X
and Y with intensities € respectively k have the same reciprocal class, if and only if the reciprocal



invariants
Ee(t,x) = Bi(t,x)  coincide, where  E(t,x) = drlog {(t, x) + €(t, x + 1) — {(t, x).

Our way to characterize nice unit jump processes is based on a duality formula that was first
derived by Carlen, Pardoux [CP90] and independently by Elliott, Tsoi [ET93]. In Theorem
6.69 the reciprocal invariant is shown to appear in a duality formula that characterizes the
full reciprocal class: A unit jump process X is in the reciprocal class of a nice unit jump process
with intensity € if and only if the duality formula

E (P(X) utht) =E (D.F(X)) -E (F(X) n f Be(s, XS_)dXsdt)
[0,1] [t,1]

[01]
holds for smooth functionals F(X) and step functions u that satisfy the loop condition f[o,l] udt = 0.
Here, D,F(X) is a derivative introduced by Carlen, Pardoux and Elliott, Tsoi. In particular
a unit jump process X is a mixture of Poisson bridges if and only if the above duality formula holds
with B¢ = 0. Moreover we show that the reciprocal class contains all solutions to an optimal
control problem under the constraint of a given boundary distribution. Given bounded cost
potentials A : 7 X R — (0, 0) and @ : I x R — R this problem concerns the minimization of the
logarithmic cost function

E (ﬁ | (yelogy: — vilog A(t, Xi-) + O(t, X;-)) dt ],
01

inside the class of unit jump processes X with predictable intensity function y; whose law is absolutely
continuous with respect to the law of a Poisson process, see Proposition 6.81. In Propostion 6.90
we conclude that the minimizer of the above cost function satisfies the above duality formula with
invariant

E(t,x) = drlog A(t, x) + D(t, x + 1) — D(¢, x).

As a corollary we are able to identify the time-reversed reciprocal classes of nice unit jump

processes. We show that if X is a unit jump process in the reciprocal class of a nice unit jump
process with invariant E(t, x), then the reversed process X; := —X(_p- is in the reciprocal class of
a nice unit jump process with invariant E¢(1 — t, —x — 1), see Propostion 6.101.

In Section 7 we propose generalizations of some of our results on unit jump processes
to pure jump processes with different jump-sizes. To avoid interdependence of jump-sizes
of bridges, an incommensurability condition between the jumps is essential: A finite set
Q ¢ RY contains only incommensurable jump-sizes if for any two finite sums of elements of Q
the equality g1 + -+ + gy = G1 + -+ + Gy, implies n = mand (q1,...,91) = (G1,-..,Gn) up to a
permutation of the entries. Under this condition, we show that the reciprocal class of any compound
Poisson process can be characterized by a duality formula, see Theorem 7.36. We also discuss the
reciprocal classes of certain Markov jump processes: X is a nice jump process, if the exists a
bounded function € : [0, 1] X R? x Q — [e, 00) that is differentiable in time such that

Xi-Xo- [ o X ity
[0,£]1xQ

is a martingale, where A is the counting measure on Q. In Theorem 7.54 we are able to compare
the reciprocal classes of nice jump processes without assuming incommensurability of
jumps. Two nice jump processes X and Y with respective intensities { and k have the same
reciprocal class if there exists a function  : [0, 1] xR — R such that logk(t, x, q) = log {(t, x, q) +



U(t, x + q) — P(t, x) everywhere, and if the invariants
EZ(t, X) = ”Z(t, X) coincide, where EZ(t, x) = dlog {(t, x, q) + fQ(t’(t,x +4q,9) = {(t,x,9))A(dg).
In the Appendix we summarize some results from the stochastic calculus associated to

pure jump semimartingales on the space of cadlag paths. This calculus is the basis of many
results in Sections 2, 6 and 7.
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NoTaTion
In this work we use the notation
N:=1{0,1,2,...}, N.:={1,2,...},
R, :=[0,0), R, :=R\{0}, and R? := R\{0}.

Any d-dimensional vector x € R? is considered as a column vector (x1,...,x5)!, where !
denotes the transpose. The scalar product in R? is denoted by

XY :i=x1Y1 + -+ XqY4g, Vx,ye]Rd.

For any x € R? we define the

{1-norm (absolute value): |x|1 :=|x1|l1 + - + |x4l1,
{r-norm (Euclidean norm):  |x| := x% + o+ xﬁ.

Stochastic processes are indexed with time 7 = [0, 1]. All finite and ordered subsets of 1
are collected in

(0.3) Ar={t,={t;,..., tha}€I", 0<Hh<th<---<t, <1, neN}L

We use the shorthands s At := min{s, t} and s V¢ := max{s, t} for s, t € 1. The space of cadlag
processes is

(0.4) D(Z, R := {w : T - R?, wis cadlag).

Cadlag is a shorthand for continue a droite, limité a gauche, which means right-continuous
with left limit. We write D(Z) = ID(Z,R!) if d = 1. We always use the canonical setup:
e The identity X : ID(Z, R?) — ID(Z, R¥) is the canonical process.
e For t € I the time projection of X is Xi(w) = w(t), the jump at time t € 1 is
AX; .= X; — X;_, where we use the left limit X;_ := lim._,o X;_.
e For any 7 C 1 we define ¥ := o(X;, t € 1), in particular (F[o)tes is the canonical
filtration.
We say that the process X has integrable increments with respect to some law IP on
D(Z, RY) if for any t € I the random variable |X; — Xo|; is in LY(IP). As soon as the following
stochastic integrals are well defined, we denote

o the Itd-integral by f[ u; - dX;, and f[ udX; if d = 1.
e the Fisk-Stratonovich-integral by f[ up o dXp.

Let P be a probability on any measurable space (Q, F). If F € IL}(IP) is integrable, we
denote by

IE (F) ::LF(Q))IP(da))

the integral of F with respect to IP. Up- and subscripts on IP are inherited in the notation of
the expectation. The Dirac-measure concentrated on w € Q is denoted by 6.

With O(¢) : Q — R we denote a random Landau notation. In particular (O(¢))>0 is
a family of random variables uniformly bounded by ¢K for some K > 0. This implies
lim,_,0O(¢) = 0 in practically any sense of convergence. With o(¢) we denote the small
Landau notation, which signifies that o(¢)/¢ — 0 for ¢ — 0.

For d,m,n € IN we introduce the following spaces of measurable functions:

° CZ(]R"I, R™): The space of n-times differentiable functions from R? into R™ that are
bounded with bounded derivatives;
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e C'(RY,R™): The space of n-times differentiable functions that have compact support.
Smooth functions are elements of either

Cr(RY,R™) := (| Cp(RY, R™), or CX(RY, R") := () CA(R, R™).
n=1 n=1

We write CZ(le) = CZ(]Rd, R) or C'(R%) = C*(RY,R) if m = 1. We use similar definitions

for functions in time and space, in particular C;’Z(I x RY,R%) denotes the functions f :

7 xR - RY that are one-time differentiable in the time direction and two-times in the

space direction. The partial derivatives are noted by J; f(t, x) in time and by J; f(f, x) for the

derivatives in direction x; for 1 < i < d. Let us define the supremum-norm

forp : R? - R™, ||dlle := sup |p)l;.

xeR4
The space of cylindric, smooth and bounded functionals is
05) S;:= {F :D(Z,RY) - R, Fw) = f(w(tr),..., o), f € CZ"(]R”"Z), T, €A, n€ ]N},

simply § = §; if d = 1. The space of elementary test functions is
n—1
(0.6) &Ej = {u T > RY, u= Z uil,y,,) for some u; € RY, 7, € Ar, ne ]N} ,
i=1
and again & = & ifd = 1.
For any u,v € IL2(dt) respectively w € IL}(dt) and t € 7 we write

{(u,v); := f ususds and (w); := f wsds.
[0,4] [0,t]
We hide the time-index if t = 1, e.g. (w) = f[o 1 wsds for w € IL1(dt).



First part:
Probability laws characterized by integration by parts formulae

1. TWO FUNDAMENTAL EXAMPLES

We introduce two fundamental examples of stochastic processes that can be character-
ized as unique processes satisfying a duality formula: The Wiener process and the Poisson
process. The characterization of the Wiener process in Proposition 1.10 is due to Reelly and
Zessin [RZ91]. The characterization of the Poisson process presented in Proposition 1.21
is due to Slivnjak [Sli62]. We present a new approach for both results that is based on an
integration by parts of the underlying law of the processes increments, which is the Gauss-
ian respectively the Poisson distribution. With this technique we extend characterization
results of one-dimensional random variables, as known in Stein’s calculus, to the setting
of cadlag processes.

1.1. Wiener process.
A Wiener process has Gaussian increments. We use this, to characterize the Wiener
process in §1.1.2 based on a characterization of the Gaussian law introduced in §1.1.1.

1.1.1. Integration by parts of the Gaussian law.

Let (Q, 7, P) be some probability space. A measurable application Z : Q — R is called
a random variable.

There are numerous ways to characterize Gaussian random variables, an account is given
by Bogachev in [Bog98, Paragraph 1.9]. Let us exemplarily mention a characterization result
by Darmois [Dar51]:

Let Z be a random variable and Z' be an independent copy of Z. Then Z is Gaussian
ifand only if Z + Z' and Z — Z' are independent.

We present a different characterization of the standard normal distribution on R that is also
known as Stein’s Lemma. This result extends to a characterization of the Wiener process
by the duality formula known from Malliavin’s calculus.

If Z ~ N(0,1) has standard normal distribution and f € C;°(R) the integration by parts
formula on the real line implies

1 2,1 (R g
(1.1) ]E(f(Z)Z)_\/T_nflRf(Z)ZE dz = mﬁ?f(z)e dx = E(f'(2)).



We call this the integration by parts formula under the Gaussian distribution. It is
essential to us that the converse conclusion also holds, the above integration by parts
formula is only satisfied by the Gaussian distribution.

Proposition 1.2. Let Z be an integrable random variable. If for every f € C;°(R) the integration
by parts formula

(1.3) E(f(2)2) =E(f'(2))

holds, then Z ~ N(0, 1).

Proof. Take a non-negative f € C:°(R) and define F(z) := f(_oo . f(ydy € CP(R). If Pz :=
P o Z~1 denotes the law of Z under PP, then

f]Rf(Z)Pz(dZ) =E(f(2) = E(F(2)) = E(F(2)2) < F@)ll-E (1Z]1) < CjH;f(Z)dz,

for the constant c = E (|Z|;). Therefore Pz(dz) < dz is absolutely continuous, say Pz(dz) =
p(z)dz. The weak derivative p’ of the density function p is defined as the dz-a.e. unique
function such that

f F@p(ez = f f@W Dz, Vf € CER).
R R

But then the integration by parts formula (1.3) implies that p’(z) = p(z)z holds dz-a.e.. The
unique solution of this ordinary differential equation under the condition f]R p(z)dz = 11is
the Gaussian density function, thus Z ~ N(0, 1). m|

This characterization is due to Stein [Ste72], see also the monograph by the same author
[Ste86, Lemma II.1]. The following remark hints to the fundamental idea behind Stein’s
calculus concerning the approximation of normal random variables.

Remark 1.4. Loosely speaking, the distribution of a random variable V is close in distribution to
N(0,1) if for a class of functions f : R — R large enough

(1.5) E(f(V) = E (f(2)).
A real function gy is called a solution to Stein’s equation, if
(L6) 8/ = g(x) = f(x) ~ E(f(2)), Vx € R,

Inserting the random variable V and taking expectations, Stein’s equation then permits to change
condition (1.5) into

E(g/(V)V) = E(g(V)).
Stein provided a solution of (1.6) in [Ste72]. The fact that due to Proposition 1.2 the standard
normal law is the unique probability on R satisfying the integration by parts formula (1.3) thus
justifies Stein’s method of approximation.

Similar characterizations based on an integration by parts formula exist for different
measures. Let us mention a result from the theory of differentiable measures.

Remark 1.7. The characterization presented in Proposition 1.2 of a Gaussian probability measure
is a particular case of a characterization of finite measures that are Fomin-differentiable as developed
by Bogachev and Rockner [BR95], see also Bogachev [Bogl0, Theorem 7.6.3]. A measure 11 on
(R, B(R)) is Fomin-differentiable, if for any Q € B(R) the limit lim,_ %(y(Q + &) — u(Q)) exists
and is finite. The definition uses the translation Q + ¢ := {x + ¢, x € Q}. Clearly any measure
that is absolutely continuous on R with differentiable density is Fomin-differentiable. In particular
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the result by Bogachev and Rockner includes the characterization of the Gaussian law: A normal
random variable is Fomin differentiable with logarithmic gradient z, who appears on the left side of
the integration by parts formula (1.3).

1.1.2. Duality formula for the Wiener process.

The characterization of a probability measure on the one-dimensional space R given in
Proposition 1.2 is now lifted to an infinite-dimensional setting, we characterize a probability
on the space of cadlag processes. This probability is basically the Wiener measure, but
instead of fixing the initial condition Xy = 0 4.s. we admit arbitrary initial laws.

Definition 1.8. A probability measure I on ID(X) is called a Wiener measure if given Xo, for any
{t1,t2, ..., ta} € A the canonical vector (Xy, — Xo, ..., Xt, — X, ,)! has independent components
with Gaussian increments Xt]. - ij—l ~N(Q,tj—tj1),j€{1,...,n}, where ty = 0.

The process X is then called a Brownian motion. In particular a Brownian motion has
independent and stationary increments, but in our definition the initial law P(X, € .) may
be any probability measure on IR. The Gaussianity of increments allows a characterization
of the Wiener process that is very close in spirit to Proposition 1.2.

The space of cylindric, smooth and bounded functionals S is going to take the place
of test functions C;°(R) used in Proposition 1.2. We introduce a derivative of functionals

F(w) = f(w(t1),...,w(ty)) € S in the direction of elementary functions u = Z;’;l uil,s.,,1 €

Eby

si+1]

19)  D;F(w) ::Zaif(w(tl),...,w(tn))n(o,ti](t), and D,F(w) := fj DiF(w)usdt.
i=1

Thisis a true derivative operator in the sense that a product- and a chain-formula of calculus
hold. Moreover it can be interpreted as a Gateaux-derivative, see §2.3.1.

Proposition 1.10. Assume that X has integrable increments with respect to Q. Then Q is a Wiener
measure if and only if the duality formula

(1.11) Eo (P(X) f utht) = Eq (D,F(X))
I
holds for all F € S and u € &.

Proof. Remark that formula (1.11) is well defined: On the left side we have the product of
a bounded functional with a stochastic integral, that in the case u € & reduces to a finite
sum over the increments and is thus in L!(Q). On the right side there is the derivative of F
in direction of # which is bounded by its definition (1.9).

Fix some {t,...,t,} € Ay, without loss of generality we chose u € & and F € S with
u= Z?:_ll Uil s, and F(w) = f(o(t1), ..., w(ty)). Remark that

f(thl"'/th) = f(X0+(Xt1 _X0)1X0+(Xt1 _X0)+(Xt2 _th)l"')
(1.12) = fx,(Xe, = Xo, .-, Xt, = Xt,_),

and thus

n
(1.13) D,F(X) = Z 9ifx,(Xp, = Xo, .., Xp, — X uia(ti — ti_1), where ug := 0, to := 0.
i=1
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If Q is a Wiener measure, we condition on the initial value Xy and get

n—1

1 - -2 —
Xo) = ot fxo(z1, .-, 2Zn) Z”iziﬂ e " -eee MthDdzy - dzy.
n

271)% R P

Eg (F(X) f[ 1sdXs

Integration by parts in the variables z», ..., z, shows that the duality formula holds.

For the converse assume that the duality formula is satisfied under Q. Chose F(w) =
f@(tr) = ()., t) = @(ta-1)) € S with f(z) = gi(z1) - gulza), & € C(R). Fix any
jefl,...,nfand put g; =1, u;_; = 0 for i # j. The duality formula reduces to

IEQ(g](Xt] - th;])uj—l(Xt]' - Xt]-,l)) = IEQ(g;(Xt] - thfl)u]'—l(tj - tj—l))l

and Proposition 1.2 implies that (X;; — X;, ,)/(tj — tj-1) ~ N(0,1) under Q. The same trick
applies to any linear combinations a1 (X, — Xo) + - - - + a, (X, — Xi, ;) with arbitrary factors
a1,...,an € R, thus (Xy, — Xo,..., Xs, — X, ,)" is a Gaussian vector. But then again for any
S1,---,8n € C’Z"(]R), we have

[Eq (gl (Xt = Xo) -+ gj—l(th—l - th—Z)gj+l(th+] - ij) - (X, — th—l)(Xt]' - Xt]q)) =0.

The random variables X;, — Xo,..., X, — X;,_, are mutually uncorrelated and therefore
independent, which ends the proof. m|

The duality formula as presented in Equation (1.11) is a simplified version of a well
known duality from Malliavin’s calculus. It can be extended to arbitrary Gaussian spaces,
larger classes of differentiable functionals F and Skorohod-integrable processes 1. An up
to date account on Malliavin’s calculus is the monograph by Nualart [Nua06].

This duality formula for a Wiener process was first introduced by Cameron as a first
variation of Wiener integrals in [Cam51, Theorem II]. Bismut extended the formula and
used it as an important tool in his approach on Malliavin’s calculus in [Bis81]. Gaveau and
Trauber furnished in [GT82] the interpretation of (1.11) as duality of operators on the Fock
space isomorphic to the space of square-integrable functionals of a Wiener process.

In Proposition 1.10 we underlined the fact, that only a Wiener measure satisfies the
duality relation between the stochastic integral operator and the derivative operator (1.9).
This characterization was first presented by Reelly and Zessin in [RZ91], Hsu extended it to
Wiener processes on manifolds, see [Hsu05]. We presented a new simple proof that is based
on the characterization of Gaussian random variables by an integration by parts formula.
Our approach extends the prior characterizations to the setting of cadlag processes.

1.2. Poisson process.

Analogue to the characterization of a Wiener processes presented in Proposition 1.10
we show that Poisson processes are the only processes satisfying a duality formula in
Proposition 1.21. A Poisson process is defined by its independent increments which have
a Poisson distribution. Analogue to the duality formula of a Wiener process, the duality
formula of a Poisson process (1.22) is based on an integration by parts formula satisfied by
the Poisson distribution, the law of the increments.

1.2.1. Integration by parts of the Poisson distribution.
Assume that the random variable Z ~ $(A) has a Poisson distribution on R with mean
A > 0. Using the explicit form of the probability mass function we see that for every



bounded and measurable function f : R — R

00 B /\I’l 00 B /\Vl
(1.14) E(f(Z)Z) = Z F(n)ne AE = Z f(n+1)Ae AE =EAf(Z +1)).
n=0 n=0
By analogy to (1.1) we call this the integration by parts formula under the Poisson
distribution. Similar to the Gaussian case, the Poisson distribution is the only one satisfying
the above integration by parts formula.

Proposition 1.15. Let Z be an integrable random variable and A > 0. If for every f € C;°(RR) the
integration by parts formula

(1.16) E(f(2)2) = E(Af(Z + 1)),
holds, then Z ~ P(A).

Proof. By dominated convergence the identity (1.16) can be extended to all bounded mea-
surable functions on R. Using f = 1(_e0) we see that P(Z > 0) = 1. Take f = 1),
then

f 1 0)(2)2P2(dz) = f L1 + 1)P2(dz) = f 1 1.0)P2(d2) = 0,
R R R

and therefore IP(Z € (0,1)) = 0. An iteration implies IP(Z € (n,n+ 1)) = 0 for all n € N,
and thusP(ZeN)=1land P(Z=n+1) = %]P(Z =n), ¥n € N. Since IP is a probability
c:=P(Z=0)>0. ThenP(Z =n) = cél—T and by normalization necessarily ¢ = e~*. O

In the context of Stein’s calculus the above result is known as Chen’s Lemma, see [Che75]
and the monograph by Stein [Ste86, Theorem VIIL.1] for a proof under the additional
assumption that Z is N-valued. In our simple proof we showed that this assumption is not

necessary.
Chen provided a solution to the associated Stein-Chen equation
(1.17) gr(0x = Agp(x +1) = f(x) ~E(f(2)), x€ N,

which is a tool to compute bounds on the distance between certain probability distributions
on IN and the Poisson distribution, see Remark 1.4.

1.2.2. Duality formula for the Poisson process.

The above characterization of the Poisson distribution was first known through a similar
characterization of the Poisson process by a duality formula. In our presentation we
reverse this argument, and use the fact that only the Poisson distribution satisfies (1.16) to
characterize a Poisson process by a duality formula.

Definition 1.18. A cadlag process P is called a Poisson process if given Xy, for any {t1,...,t,} €
Ar the canonical random vector (Xy, — Xo, ..., Xy, — th_l)t has independent components with
Xt/. - th_l ~P(tj—tj-1), j€1l,...,n}, wherety = 0.

Note that we do not fix the initial law IP(Xp € .). Next we give a complementary remark
on the distribution of the jump-times of a Poisson process. This will prove to be a key result
in the perturbation analysis of unit-jump processes in Section 6.

Remark 1.19. Define the jump-times Ty := 0 and Tiyy = inf{t > T; : Xy — Xp— > 0} fori > 0
and the inter-jump-times S; := T; — Tj_q for i > 1. If X is a Poisson process, then (S;)i»1 is a
sequence of independent random variables with exponential distribution of mean 1. If we condition
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a Poisson process on the number of jumps made between the times t = 0 and t = 1, then for any
{tr, ...t} €A

(120) IP(Tl = dtl, ooy Tn = dtnIXl - X() = Tl) = n!]l{tl<...<t”}dt1 s dtn.
For a proof of these well known results see e.g. the monograph by Brémaud [Bré99, Theorem 8.1.1].

We now lift the characterization of the Poisson distribution in Proposition 1.15 to the
infinitely dimensional context of a Poisson process on cadlag space.

Proposition 1.21. Assume that X has integrable increments with respect to Q. Then Q is a Poisson
process if and only if the duality formula

(1.22) Eo (F(X) Lut(dXt - dt)) =Eq (‘L:(F(X + 1j17) — F(X))udt
holds forall Fe S, u € &.

Proof. Fix{ty,...,t,} € Arand assume withoutloss of generality that F(w) = f(w(ty),..., w(t,)) €
S, u-= 2?2_11 uil, ., € & Remember that as in (1.12) the functional F can be written as a
cylindric functional on the initial value and the increments, analogue to (1.13) we get
F(X + ]l[t,l]) - F(X)
= f;(() (th - XO + H[O,tl)(t)/ ceey th - th—l + ]l[tn_l,tn)(t)) - f;(o(th - XO/ ey th - th—l)'
If Q is a Poisson process, we condition on the initial value Xy, and by the independence
of increments we know the distribution of the random vector (X;, — Xo,..., Xz, — X, _,)"

explicitly. The derivation of equation (1.22) is the same as that of (1.16), in particular for F
and u as above we get
xo)

I

00 n—1 il . .
- t (ty — t1)2 (tn — by )ln
. . . b1 —(fy— 2 1 —(t,— 1
= on(llr cee ;ln)[ E Uj1j+1]€ tlil_!e (t2 tl).—| e (tn t”"l)n.—T,
i, =0

1. 14!
i1 =1 2 n

and the discrete analog of integration by parts, as presented above Proposition 1.15, applied
to iy, ..., i, shows that the duality formula holds.

Now assume that the duality formula (1.22) holds. By dominated convergence it also
holds for F(X) = f(X,...,X:,) where f is a bounded function. In particular choose
fx,(2) = g1(z1) - - - gn(z) with bounded functions g;. Fix any j € {1,...,n} and put g; = 1,
ui—1 = 0 for i # j. The duality formula reduces to

Eq(8i(Xt; = Xy Juj1(Xy, = Xi;)) = Bo(8(Xy; = Xy, + Dujoa(ty — tj1)),
whichby Proposition1.15implies that Xy, —X;, , ~ #(tj—tj-1). Now take fx, = g1(21) - gnlzn)
but u;_1 =0fori # j:
Eq(g1(Xt, — Xo) -+ gn( X, — X, Juj1(Xy; — Xt,,))
= Eq(g1(Xy, — Xo) - 'gj(ij - ijfl + 1) gn(Xe, — Xp,_uj-1(tj — tj-1)).

Therefore X, — X;, , ~ P(tj—tj-1) conditionally on the random variables X, — Xo, ..., X}, , —

Xty Xty = Xty s Xty — X,y This proves the independence of increments. |
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Let us remark, that instead of a derivative operator as in the Wiener case (1.11) we have
a difference operator on the right side of the duality formula, see §2.3.1 for comments.

The first to present this characterization in the context of pure jump processes with unit
jump-size was Slivnjak [Sli62]. A generalization to Poisson measures on Polish spaces is
due to Mecke [Mec67, Theorem 3.1]. Our short and elementary proof allows to characterize
a Poisson process on cadlag space instead of restricting the setup to processes with values
in N. An interpretation of (1.22) as duality formula on the Fock space has been provided
by Ito [Ito88] and also Nualart, Vives [NV90].






2. INFINITELY DIVISIBLE RANDOM VECTORS AND PROCESSES WITH INDEPENDENT INCREMENTS

In this section, we unify the integration by parts formulae satisfied by the Gaussian law
(1.3) and the Poisson distribution (1.16) and extend them to infinitely divisible random
vectors in (2.8). This new integration by parts formula is the basis of a duality formula
for processes with independent increments, see (2.21). The duality formula already ap-
peared in the context of Malliavin calculus with jumps, with a proof related to the chaos
decomposition of Lévy processes as introduced by Ito [1t656], see e.g. Lokka [Lok04]. We
provide two new and elegant proofs of the duality formula satisfied by Lévy processes,
see Propositions 2.20 and 2.38. As a complement we compare different definitions of the
derivative and difference operator that appear in the duality formula in §2.3.1. In particu-
lar we present a new definition of the difference operator using a random perturbation of
cadlag paths.

2.1. Integration by parts of infinitely divisible random vectors.

Infinitely divisible random variables and vectors were extensively investigated in the
past decades. They first appeared as limit distributions of converging series of random
variables, see Khintchine [Khi37]. The class of infinitely divisible random variables includes
Gaussian as well as Poisson random variables. We begin this paragraph with a short
introduction based on the monograph by Sato [Sat99].

A measurable function y : R? — R? is called a cutoff function if

(2.1) xX@) =g+ o(|q|2) in a neighborhood of zero and yx is bounded.

A Lévy measure L on (RY, B(RY)) is a o-finite measure such that
JﬁMFADu@y<m.
RRY

By definition every cutoff function y is in L?(L).
We are interested in the class of infinitely divisible random vectors.

Definition 2.2. A random vector Z is called infinitely divisible if for every k € IN there exist
independent and identically distributed random vectors Z&V, ..., Z®0 such that

7 has the same law as Z®V + ... 4 70,

The classical Lévy-Khintchine formula gives a representation for the characteristic func-
tion of Z. For any y € RY

ivZ\ _ - 1 iy .
(2.3) logIE(e7 )—1y-b—§7/-Ay+ IRi1(67"?—1—1)/-)((q))L(dq),

where b € RY, A € R" is a symmetric non-negative definite matrix and L a Lévy measure,
[Sat99, Theorem 8.1]. The triple (b, A, L), is called characteristics of Z with respect to the
cutoff function x. Only b depends on the choice of x, [Sat99, Remark 8.4]. If x’ is another
cutoff function, then Z has characteristics (b’, A, L),» with

y:b+l#&%ﬁ—ﬂ@ﬂwm

Example 2.4. We already introduced two important infinitely divisible distributions:

o A Gaussian random vector with mean b and covariance matrix A is infinitely divisible with
characteristics (b, A, 0), for any cutoff function x.
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o A Poisson random variable with mean A > 0 corresponds to an infinitely divisible random
variable with characteristics (Ax(1),0, Ad1})y.

The Lévy-Khintchine formula (2.3) implies the following integrability property.

Remark 2.5. For an infinitely divisible random vector Z we have
(2.6) f (lql2 A |q|1)L(dq) < oo = Zisintegrable.
R¢

In this case we don’t need a cutoff function in (2.3) and take x(q) = q, ¥q € R%. The associated
characteristics will be denoted simply by (b, A, L) and we call Z an integrable infinitely divisible
random vector. A short proof of (2.6) is given in Remark 2.36, using the Lévy-It6 decomposition of
the sample paths of a Lévy process.

The following Proposition presents an integration by parts relation satisfied by integrable
infinitely divisible random vectors. It contains both integration by parts formulae (1.3) and
(1.16) as special cases.

Proposition 2.7. Let Z be an integrable infinitely divisible random vector with characteristics
(b, A, L). Then the integration by parts formula

e EG@E-m-E@v@)E([ ¢@ro- @)

holds for every f € CZ"(]Rd).

Proof. Note that the second term on the right has a sense by (2.6) and boundedness of the
test function f. We are going to prove the equality (2.8) separately for each component of
the d-dimensional random vector Z. Define

£ =€"7, fory,qeR’.

Let 1 < j < d, we can permute differentiation and integration to obtain

(2.9) 9, E (£,(2) =i E (£(2)Z;).
On the other hand the Lévy-Khintchine formula (2.3) implies
(2.10) 9yE (£,(2)) = (i b — (Ay); +i fm 9;(¢7-1) L(dq)) E (£,(2)).

The second term on the right reduces to

~(AN)E (£(2) = i E (AVA(2);).

The last term on the right hand side can be reformulated as

i fR 0 (¢7 - 1) LE (£,(2)) =i E ( fR f (f(z+q) - fy(Z))q]-L(dq)).

Comparing (2.9) and (2.10) and using the above reformulations we get (2.8) for f,. By
linearity the equation holds for all real valued trigonometric functions.

We extend this integration by parts to smooth bounded functions by a density argument:
Take any f € C;"(]Rd) and ¢ > 0. There exists a k > 0 such that E (1z,5¢21Z1) < ¢,
f|q|1>k/2(|q|2 A lgh)L(dq) < € and a fortiori P(|Z]; > k/2) < e/k. By the Stone-Weierstrafs
theorem there exist trigonometric functions that approximate f arbitrarily well for the
norm of uniform convergence on the compact set {7 € R? : lgli < k}, and whose absolute
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value on IR? are bounded by a multiple of | fll. Let ¢ € C;°(R?) be a trigonometric function
such that

ICf = P ppello < €7k, VS = VO ppilleo < €, and lIglleo < 3l flleo,  [IVlloo < BIIV fllco-

Using 1 = 171, <k + Lizp, 5k and 1 = (]1|Z|1§k/2 + ]l|Z|1>k/2)(]l|q|1§k/2 + ]l|q|1>k/2) this proves the four
approximations

o [E(Zf(Z)) - E(ZO(Z)h < E(IZhIf(Z) — $(D)h) < ki + 4llfllwe;
o [E(f(2)) - E(bp(Z)h < E(bhlf(Z) — $(D)h) < e/k + 4| flleot;
o [E(AVf(Z)) - E(Ap(Z)h < E(ARIVA(Z) = VP(D)h) < |ALe + |AL4IV fllwe;

o |E (fpa(f(Z+0)~F(Z)aL@Aq)~E (Jra((Z+q) =)L) < 2 oo (gl Algh)L(dg)e+
8(lIflleo + IV flleo)e + 4(l flloo + IV fllso) fiea (9P A lgh)L(dq)e.

Define

K = max{l+4lflleo, |AL (1 + 4V flleo),
8(Ilflleo + 11V flleo) +2(1 + 2| flleo + 21V flleo) fw(ll?l2 A IQI1)L(d‘1)}-

Since (2.8) holds for ¢ we can use the above approximations to get

EG@Z - ) -E@vi2)-E| [ @+ - @)

< 4Ke.
1

Since ¢ > 0 was arbitrary we end the proof by letting ¢ tend to zero. |

As mentioned in the first section this integration by parts formula is already known for
particular cases in Stein’s calculus, see the comments following Theorem 3.1. We provided
a new and simple proof that only uses the Lévy-Khintchine formula (2.3).

2.2. Duality formula for processes with independent increments.

Using the integration by parts (2.8) satisfied by infinitely divisible random vectors, we
unify and generalize the duality formulae (1.11) of the Wiener process and (1.22) of the
Poisson process: In Proposition 2.38 we prove a duality formula satisfied by d-dimensional
processes with independent increments.

2.2.1. Processes with independent increments - PIL.
We want to find a duality formula satisfied by the following class of processes.

Definition 2.11. We say that the canonical process X is a PII under IP if it has an arbitrary initial
state, independent increments and is stochastically continuous.

Remark that we assume that X is independent of X; — Xy for any t € 7. If X is a PII then
X; — Xp is an infinitely divisible random vector for each t € 7. This is due to the fact that
X; — Xo is decomposable into a so called “null-array” of independent random variables:

X —Xp = (XL —X0)+(Xg —X;)+"'+(Xt—XM).
See e.g. Sato [Sat99, Theorem 9.1] for a complete proof.

Remark 2.12. Let us recall that for any fixed cutoff function x the characteristics (bt, At, Lt), of
the infinitely divisible random vector X; — Xo satisfy some reqularity propertiesin t. Let s < tin 1.
Theorem 9.8 in [Sat99] states, that as functions on 1

(1) by € R with by = 0 and t — by is continuous;
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(2) A; € R™ is a non-negative definite matrix with Ay =0, q-Asq < q- Argand t — q - Asq is
continuous for any q € R? ;

(3) Ly is a Lévy measure on R with Lo(RY) = 0, Ls(Q) < Li(Q) and t — L«(Q) is continuous for
any compact Q € RY,

If the Lévy measure of X; is “integrable” in the sense of Remark 2.5, then X is integrable. In this

case we can add the property

(4) frallaP A lgh)Li(dg) < oo.
If conversely there are (by)er, (At)ter and (Li)ies such that such that conditions (1)-(3) hold, then
there exists a law P on ID(X, R?) such that X is a PII and forany t € I the triplets (by, At, Ly), are
the characteristics of Xy — Xo. Under the supplementary condition (4) we get the existence of an
integrable PII.

The law of a PII is unique up to the initial condition in the following sense: If Q is another PII
having the same characteristics, then IP(.| Xo) = Q(.| Xop) holds P(Xp € .) AQ(Xp € .)-a.e.

We already considered two important processes with independent increments, the
Wiener process and the Poisson process. We extend these and present further fundamental
examples.

Example 2.13. The following examples shall illustrate that the law of a PII can be decomposed into
an initial condition, a deterministic drift, a Gaussian part and a jump part. We will see this again
in the Lévy-Ito decomposition of sample paths (2.35).

o Let Z be any d-dimensional random variable, then the law of the constant process t — Z is
a PII with characteristics (0,0, 0),.

o Letb: I — R be continuous with by = 0, then the law of the deterministic process t + by
is a PII with characteristics (b, 0,0),.

e Let o : T — R be such that condition (2) of Remark 2.12 holds for As := otos and let W
be a d-dimensional Brownian motion with initial value Wo = 0. Then oW has the law of a
PII with characteristics (0, Ay, 0) .

o Let (Yi)i»1 be a sequence of iid d-dimensional random vectors such that Y; ~ p and N a
Poisson process with initial condition No = 0 a.s. that is independent of the sequence (Y)i>1.
Then for any function € : I — Ry such that A; := f[O,t] {dt < oo for all t € I, the process

ZZ"& Y, - ffled X(@)tdtp(dq) has the law of a PII with characteristics (0,0, {dtp(dq)),.

This process is a compensated compound Poisson process with time-changing intensity.
e Assume that the above processes are independent. Let P be the law of the D(Z, R?)-valued

process
Ny,
o Z+ b+ o Wi+ ) Y- f X(@)bdto(dg).
=0 [0,£]xRY

Then X is a PIl with Xo ~ Z and X; — Xo has characteristics (b, Ay, C:dtp(dq)), under IP.

We now present a convenient form of the characteristic function of the increments of a
PII. This characteristic function will be the starting point of the proof of the duality formula
for PII in Proposition 2.20.

We define a natural real-valued integral of cadlag paths over elementary functions
u= Z4;'1:_11 uill(y, 1,11 € Ea by

n—1 n
@19 [udos= Y @) - 0t) = - Y =) -alt), @€ DERY,
i=1

1= l=1



13
with ug = u, = 0 as convention. Define a measure on 7 x R? by
(2.15) L(0,t]x Q) :=Li(Q) forte I,Q € B(IR‘f).

By independence of increments the characteristics of the infinitely divisible random vector
X; — X, for any s < t are (b — bs, At — As, L((s, t] X dg)),. Thus for any elementary function
=Y il €&

N
—_

. , 1
E (exp (z fjus -dXs)) = exp (zuk (b, —by) — Sk (Aty — Ar )k

1

>~
1l

+ fR (" =1 = ity - (@) (e, b ] X dq)).

Define the integral
n—1
(216) fus . dASus = Z U - (Atk+1 - Atk)uk/
I k=1

then we deduce the identity

E (exp (z’quS -dXS)) =exp (ijj:us -dbs — % Lus - dAgug
(2.17) + fj N ("7 =1 — iug - x(q)) i(dsdq)).
XIS

This is the characteristic functional of the PII, it determines law of the PII but for the
initial condition.

2.2.2. Duality formula for PIL.

Using the form (2.17) of the characteristic functional of a process with independent
increments, we unify and extend the duality formulae (1.11) and (1.22) of Wiener and
Poisson process to PII

To state the duality formula we need to define d-dimensional extensions of the gradient
and difference operators appearing in (1.11) and (1.22). Let F = f(w(t1),...,w(ty)) be a
cylindric, smooth and bounded functional in S;. We define a

e derivative operator:

n-1
(218) Ds,jF(a)) = Z 8kd+jf(a)(t1), ey a)(tn))]l(o,tk](s), ] S {1, ey d},
k=0
and D;F(w) := (Ds1F(w),... ,DsldF(a)))t fors e 7I;

e difference operator:

(219) W4F(w) = flolt)+qlpn(s), ..., w(tn) + qlio1(5)) — flw(t), ..., w(tn))
= Flw+qlq) - Flw), forsel, g€ RY.

We constrain the duality formula to the classes of test functions we need for the charac-
terization of PII in Section 3.
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Proposition 2.20. Let X be an integrable d-dimensional PII such that X; — Xo has characteristics
(bt, Ay, Lt). Then the duality formula
(2.21)

E (F(X) (f[ us - d(X — b)s)) =E (L D.F(X) - dAsus) +E (‘fIx]Rf W oF(X)us - gL(dsdq)
holds for allu € &;, F € S

Proof. The demonstration could be based on the result of Proposition 2.7. It will be more
convenient to use the same method of proof, but with the characteristic function given in
(2.17). Assume that X is an integrable PII such that X; — X has characteristics (bs, A¢, Ly).
Take any u,v € &; and let F(X) = exp (i L.US . dXs) be a trigonometric path functional.
Without loss of generality we assume that

[y

n—

1
u= Z uj]l(tj,t]-+1]/ and v = vj]]‘(tj,tj+1]'
=1 j

n—

I
—_

Differentiating E (exp (z’ fjvs -dXs)) in each of the d components of vy and using (2.17)
implies

i E (eiffvsts(thH - ka)) = E (i(bfk+1 - btk) - (Atk+1 - Atk)vk

+if (eivkq - 1) gL((t, trs1] X dC]))IE (eifﬂS'dXs)'
RY

Next we take the scalar product with uy, sum over 1 < k < n — 1 and use the definition
of the derivative (2.18) and difference operator (2.19) to get identity (2.21) for F(X) =
exp (i fI Vs - dXS) and u € &;. The extension from trigonometric functionals to F € S; works
in the same lines as in the proof of Theorem 2.7. ]

We already commented in Section 1 on the first versions of the duality formulae for the
Wiener process and the Poisson process. The fact that Lévy processes without Gaussian part
satisfy (2.21) with A = 0 was first mentioned by Picard [Pic96]. More recently many authors
where concerned with the duality formula on the Fock space and its interpretation in the
chaos decomposition of Lévy processes based on work by It6 [It656]. In this context (2.21)
is a duality relation between a creation operator (stochastic integral) and an annihilation
operator (derivative and difference operator). We will not develop this point of view, but
refer to e.g. Lokka [Lok04] or Solé, Utzet, Vives [SUV07] for the jump case. Our proof is a
new and elegant way to show that the duality formula is satisfied by PII with jumps, since
we do not use the chaos decomposition.

2.3. Definition of derivative and difference operator by perturbation.

In this paragraph we are going to make a small detour from the main subject of this
thesis. We present a deterministic perturbation that leads to the definition of the derivative
(2.18), and a new stochastic perturbation that leads to the difference operator (2.19). These
are used to provide another proof of the duality formula (2.21). In §2.3.3 we briefly
compare the derivative and difference operators defined by perturbation to corresponding
definitions obtained via the chaos decomposition.

To simplify the exposition we constrain the class of reference measures on ID(Z,RY)
to Lévy processes. This restricts the class of perturbations needed to prove the duality
formula.
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Definition 2.22. A Lévy process is a stationary PII, in particular Xy — Xo has characteristics
bt = tb, At = tA, Lt(dI]) = tL(dQ)
or some b € RY, A € R™ symmetric non-negative definite and L a Lévy measure on RY.
Y 8! Y

This implies L(dsdq) = dsL(dg). Since the law of the increments of a Lévy process is
determined by the characteristics of X; — Xy, we just say from now on that the Lévy process
X has characteristics (b, A, L),.

2.3.1. Definition of derivative and difference operator.

In this paragraph we present alternative definitions of the derivative and difference
operator on S, that were given in (2.18) and (2.19). These definitions apply to larger classes
of functionals F.

The following interpretation of the derivative operator (2.18) on S; is well known. Take
some u € &, F € Sy, then for any symmetric non-negative definite matrix A € R™“ the
derivative of F in direction f[O,.] Auds is given by

(2.23) lir%%(F(a)+€ f Ausds)—F(a})): f DF(w) - Ausds, Y € D(I,RY).
&= [0,.] I

Using the Lipschitz regularity of F € S; and the dominated convergence theorem we can
show that this convergence also holds in IL>(Q) for any probability Q on ID(Z,RY): The
derivative can be defined as a Gateaux-derivative.

Denote by 1.2(Adt) the space of functions u : 7 — R? with qus - Augds < co. Given

the non-negative definite matrix A € R™4 and u € 1.?(dt) we define the deterministic
path-perturbation

(2.24) 05 :ID(I,RY) - DI, RY), wr O(w)=w+e f Augds.
[0,.]

Definition 2.25. Let Q be any probability on ID(I,R?), F € 1L2(Q). We say that F is A-differentiable
if there exists a R%-valued process DF € 1.2(Adt ® Q) such that for every u € &, the equality

1
lim = (Fo 6% —F) = thF - Auydt
e—0 € T

holds in IL.2(Q).

If A = Id is the identity matrix, we will only say that the functional F € L?(Q) is
differentiable in direction u with derivative

(2.26) D,F:= f DiF - wydt.
I

Let us note, that A-differentiability depends on the matrix A and the reference measure Q.

Remark 2.27. Take Q on ID(Z,R?) such that for the canonical process X = (X1, Xy) the first
component Xy is a real-valued Wiener process and X, = 0 Q-a.s. Then X is a Lévy process in R
with characteristics

10
b=0,L=0 and A—(O 0).

Let us consider the simple functional F(X) = fi1(X14)f2(Xo4) for some t € I. Then F is A-
differentiable for any function f,, but F is differentiable in direction of the identity matrix only
if fo is differentiable in zero. In both cases fi has to be differentiable in the following sense: Its
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weak derivative (see the proof of Theorem 1.2) is square integrable with respect to the Gaussian
distribution with mean 0 and variance t.

The operator in Definition 2.25 is a true derivative in the following sense.

Lemma 2.28. The standard rules of differential calculus apply:
o Let F, G and FG be A-differentiable in direction u, then the product rule holds:

(2.29) f D«(GF) - Ausdt = G f DF - Auydt + F f D:G - Auydt.
I I I

o Let F by A-differentiable in direction u and ¢ € C,°(R), then ¢(F) is A-differentiable in
direction u and the chain rule holds:

(2.30) f Di(F) - Auydt = ¢/ () f DiF - Audt.
I I
Proof. For the product rule, we remark that
2 ((FG) 0 0~ FG) = G (Fo 0 ~ F) + F= (G o 0 ~ G) + = (Fo 6, F) G o 6~ ),

and in the IL?(Q)-limit the last term converges to zero by the Cauchy-Schwarz inequality:

]E(%(Fo@i—F)(Go@Z—G))le((%(FOQZ—F))Z)EIE((Go@Z—G)Z)%,

where the second term tends to zero a-fortiori.
For the product rule use the Taylor expansion
G(F 0 05) = $(F) + ¢/ (F) (F 0 6, = F) + O((F 0 0, = F)> A1),
and therefore
1 : | ‘ 1 : ,
~ (@) © 0, = ¢(F)) = ¢’ (F)= (F o 0, = F) + —O((F o 0}, = F)" A llp" ),
where the last term tends to zero by Cauchy-Schwarz again. |

Let usnow introduce a definition of the difference operator (2.19) using a non-deterministic
perturbation. We need the following space of elementary space-time test functions:

—_

e
E={n:Tx ]Rf - Ry, 7= L_l]']l(t].,tjﬂ]XQj for i €Ry,QjC ]Rf compact, 7, € Ar,n € Ny¢.
j

1l
—_

The analogue to the deterministic perturbation process (e f[o p Ausds)td used in Definition

225 will be a random processes Y** defined on some auxiliary probability space (0, ¥, IP’)
as follows.

Let i1 = il1 15, 5,]x0 € € and L any Lévy measure be fixed. We consider a family (N°7).-o
of Poisson measures on I x R? with intensity ¢ii(s, q)dsL(dg) living on (Q’, F',P’). Define
the R%-valued compound Poisson process Y¢# = f[O,t]x]Rf gN*"(dsdg). Then the marginals of
Y satisfy

P(Yi" edg) = e @snmbQ 5, (dg) + e((tV 51) A s2)ilLo(q)L(dg) + O(?)]
(2.31) (1 —e((tVs1) As2)it1 L(Q))d0y(dq) + &((t V s1) A sp)it1 L(dg) + O(e?).
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For F(w) = f(w(t1), ..., w(t,)) € Sy the difference operator (2.19) can be derived as follows:

lim L (F@ + Y*") - F(w))
e—0 &

- Z f]Rd (fl@(t) + ), ..., (t) + qj, @(tjs), .., w(ta)) = F@)) -
=1 VR
((tj v s1) As2 = (b1 V s1) A 52)Lo(q )i L(dg))

= f (F@ + q1s1)) — F()) ai(s, q)dsL(dg) = f W, . F(w)i(s, )dsL(dg).
IxR? IxRY

By linearity the same limit exists for all # € & we may define Y7 accordingly. Since
for F € §; the functional F(X) is bounded and Lipschitz the convergence holds in L%(Q)
for any probability Q on ID(Z, R?). Therefore we can define the difference operator by a
perturbation in IL2(Q): For o’ € ()’ fixed and any i € & we define the random perturbation

(2.32) 0 (w’,.) : DI, RY) —» DI, RY, - 60, w) = w+ Y ().

Definition 2.33. Let Q be any probability onID(I, R%), F € IL(Q). We say that F is L-differentiable
if there exists WF € IL?(dt ® L ® Q) such that for every ii € & the equality

lim ~ (Fo 0, -F)= f W, ,Fii(s, q)dsL(dq)
e—0 € TxR?

holds in IL2(Q).

The notion of L-differentiability depends on Q and on the Lévy measure L in the same
way as A-differentiability is dependent on A and Q.

Remark 2.34. The operator \V is not a usual derivative operator in the sense of Lemma 2.28. Take
e.g. functionals F,G € Sy, then

Wi(FG)(X) = FX+qlp1)GX +qly) — FX)G(X)
= G(X) (F(X + qlp1)) - FX)) + FX) (G(X + ql,17) - G(X))

+(FX + qlgay) = FXO) (G(X + qs,17) - G(X))
= G(X)Wi F(X) + FX) W1 1G(X) + Wi ,F(X)W,,G(X)

where the term W ,F(X)W},G(X) is not zero in general.

Other approaches of defining a derivative for functionals of processes with jumps exist.
They use perturbations of the existing jumps of the process instead of randomly adding
jumps. This leads to other operators than the difference operator of Definition 2.33. In
[B]J83] Bichteler and Jacod perturb the jumps-sizes of a reference process. The drawback is
that their Lévy measure has to be absolutely continuous L(dg) < dg. Carlen and Pardoux
as well as Elliott and Tsoi perturbed the jump-times of a Poisson process, in particular they
restricted their approach to L = Ay for some A > 0, see [CP90], [ET93] and §6.2.1. Privault
extended this approach in [Pri9] to Lévy processes with Lévy measure L = Zlle A]-(S{qj}

with A; >0, q; € R? and k € N. Both approaches lead to a true derivative operator in the
sense of Lemma 2.28. In his study of the derivation of jump process functionals [Dec98]
Decreusefond unifies the approaches of perturbing the jump-sizes and jump-times.
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2.3.2. Application: An alternative proof of the duality formula for Lévy processes.

Let X be a Lévy process with characteristics (b, A,L),. As an application of the per-
turbation analysis in §2.3.1 we give another proof of the duality formula (2.21) for Lévy
processes.

It is well known (see e.g. Sato [Sat99, Paragraph 19]) that X admits the Lévy-It6 decom-
position

(235) Xi—Xo=th+ Mf + f )((q)NX(dsdq) + f (9 - X(q))NX(dsdq), P-a.s.,
[0,t]xR? [0,H]xR?

where MX is a continuous martingale with quadratic variation process (tA)icr, NXis a
Poisson measure with intensity dsL(dg) on I x RY and NX is the compensated Poisson
measure. This is an extension of the decomposition in law we introduced in Example
2.13. Before proving the duality formula we use the Lévy-It6 decomposition to derive the
integrability condition presented in Remark 2.5.

Remark 2.36. If X is a Lévy process, the canonical random vector X1 — Xo is infinitely divisible
with characteristics (b, A,L),. Then

(2.37) f (|q|2 A Iqll)L(dq) < oo = Xj — X is integrable.
RY

Proof. Since L is a Lévy measure the condition on the left side of (2.37) is equivalent to
f{lql1>1} lgliL(dq) < oo. Without loss of generality we assume that x(9) = qlj;,<1 in (2.35).

Let us take the contra-position X; — Xo ¢ IL!(IP). This is equivalent to the right side of
(2.35) not being integrable for t = 1. Since b, Mi( and fIx{lqh <1 qNX(dsdq) are integrable, this

implies that f[x lgh>1) gN X (dsdg) is not integrable. This is a contradiction to the integrability
f{|q|1>1; lgliL(dg) < oo, the mass measure of NX. o

Let us now proceed to the proof of the duality formula for Lévy processes using Defini-
tions 2.25 and 2.33 of the derivative and difference operator by perturbation.

Proposition 2.38. Let X be a Lévy process with characteristics (b, A, L), under P. For every
functional F € 1L?(IP) that is A- and L-differentiable and every u € 1L?>(Adt), 0 € 1L2(dt ® L) the
following duality formula holds

]E(F ( f s - M + f ﬁ(s,qwx(dsdq)))
T IxRY

(2.39) = E (f DSP~Ausds) +E ( W, ,F (s, q)dsL(dq)).
I IxR?

%

Proof. First let us explain the use the Girsanov theorem in the proof. Takeany u € E;,0 € &,
then for every ¢ > 0 the process

(2.40) m:fzwﬂﬁ+f (s, q)N*(dsdq), t € I,
[0,4] [0,{]XIR?

is amartingale. We can define its Doléans-Dade exponential as the solution of the stochastic
integral equation

(2.41) qz1+{f GE dY,, tel.
(0,41
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A solution to this equation exists in a pathwise sense and is a uniformly integrable martin-
gale (by Theorem IV.3 of Lepingle, Mémin [LM78]). Therefore G{IP defines a probability on
D(Z,RY). By the Girsanov theorem for semimartingales (see e.g. [JS03] Theorem II1.3.24)
the canonical process X is a PII under GiP and X; — X has characteristics

th+ ¢ f Augds + ¢ f X(q)o(s, g)dsL(dq), tA, ( f (1 + €a(s, q))ds) L(dq)
[0,t] [0,f]XR? [0,t]

4

with respect to x. Using Burkholder-Davis-Gundy inequalities and Gronwall’s lemma we
are going to show that

liml(Gfi—l): f us - dMX + f (s, g)N*(dsdg) = Y1 in IL%(P).
I IxR?

e—-0 &
For any function w : 7 — R we put

lwl; = sup |w(s)ls.
s<t

We show that I%(GS —1) = Y|} converges to zero in L*(P) for ¢ — 0. The positive constant K
may change from line to line. By Burkholder-Davis-Gundy inequalities

0\ 2 *\ 2
)] m((‘ (G~ 1)dY. ))
t [0,.] t
KE Gé‘_—ldes)
(fm( < 1Py
KE GE —1]1)%ds|,
( L (Gt -1 s)

where we used (2.41) at the first line. In the same way we can see that

E ((|Gf - 1|;)2) < &2KE ( t] (1G> ds).

JE((E(GS—D—Y

IA

IA

[0,
Using (2.41) again we get

L3 2 E |*
E ((|G&|t) ) <K (1 + & f[ IIE ((|G_|s)2)ds),
0,t
and by Gronwall’s lemma
E (1)) < ke

"2
) < &’K.
t

We first prove (2.39) for @ = 0, which is the first half of this identity. Given ¢ > 0 the process
X o0 0}, clearly is a PIl and X; o 8], — Xy has characteristics

th+ ¢ f Augds, tA, tL(dq).
[0,¢]

This yields

IE[(I%(GS—D—Y

Now we observe by the Girsanov theorem recalled above that X o 0f, under P has the same
characteristics as X under P* := G{IP. By equality of the characteristic functionals and
initial conditions we get the equality of laws P o X! = P o (X 0 0)71, and therefore

E(F%(Gi—l)):%]E (Fo 65 —F)



20

for arbitrary A-differentiable F. We use the definition of the derivative operator to take
limits, thus

(2.42) E (F(X) f_, ut-de():]E ( f[ DtF(X)-Autdt).

We now prove (2.39) for u = 0. For o € & define the perturbation as in Section 2.3.1, then
the perturbed process X o 6% is a PIl under P ® P’ and X; o 0% has characteristics

th + f Xx(q)o(s, q)dsL(dq), tA, ( (1 + €a(s, q))ds) L(dg).
[0,4]xRY

This is an easy consequence of the fact that the sum of two independent Poisson measures
is still a Poisson random measure and the intensities add up. By Girsanov theory X
has the same characteristics under the measure P := G{IP, which implies IP** o X1t=
(P®TP’) o (X o 65)7L. For an arbitrary L-differentiable F this means

[0,£]

1/ .. 1 =
E (FE (G5 - 1)) = ~Epor (Fo 05~ F).
We can apply the definition of the difference operator to get
(2.43) E (P f a(s, q)NX(dsdq)) =E (
TxRY Ix

Adding (2.42) and (2.43) we get (2.39) for u € &; and all o = 0 — 0, with 71,0, € &.
By density of these elementary functions in L?(Adt) and IL%(dt ® L) and isometry of the
stochastic integral with respect to the martingale M* and the martingale measure NX we
get the result. m|

W F 0(s, q)dsL(dq) | .
R¢

The duality formula (2.39) is extendable to predictable u € L*(Adt ® P) and 7 € L?(dt ®
L®P).

Lemma 2.44. Let X be as in the preceding Proposition 2.38. Then the duality formula (2.39) still
holds for F that is A- and L-differentiable and predictable u € 1L.2(dt ® P), o € L2(dt ® L ® IP).

Proof. Take Fq,F, € S; that are g -measurable and u € L2(dt), o € IL2(dt ® L) such that
u = ulyy and o = 0ly,). Then the duality formula holds for all F that are A- and L-
differentiable and the predictable processes Fiu and F»@ since D,F1 = 0 and W;F, = 0. The
rest of the proof is a monotone class argument. a

2.3.3. Comparison of several definitions of derivative and difference operator.

In this paragraph we investigate the connection between the definition of the derivative
and difference operators by a perturbation and the annihilation operator defined via the
chaos decomposition of Lévy processes. In the purely Gaussian case, a comparison of these
definitions of the derivative operator can be found e.g. in the monograph by Bogachev
[Bog10].

To achieve this, we need to show in Proposition 2.45 that the operators D and W are
closable. With the proof of closability of W we extend a result by Solé, Utzet, Vives
[SUV07], see also the comment after the Proposition.

Proposition 2.45. Let X be a Lévy process with characteristics (b, A, L), under P. Define the
derivative operator and the difference operator as in Definitions 2.25 and 2.33. Then

e the derivative operator D is closable as operator from I1L?(P) into IL?(Adt ® IP);
e the difference operator W is closable as operator from 1L2(P) into IL?(dt ® L ® IP).



21

Moreover for each F in the closure of the domain of \V the difference representation
(2.46) W, ,;F(X) = F(X +ql11) — F(X), dt® L® P-a.e.
holds.

Proof. There is a standard proof for the closability of the derivative operator D using the
duality formula (2.39) for o = 0 (see e.g. the monograph by Nualart [Nua06, Section 1.2]):
Let (Fj)j>1 a sequence of A-differentiable functionals such that lim; .., F; = 0 in L%(P). We
have to show that if lim;_,., DF; = 17 in IL?(dt ® P), then 1 = 0. But using the product rule
from Lemma 2.28 for any G € S, u € &; we can show with (2.39) that

E (f ns-usdsG) = limE (f Dst-usdsG)

jhmlE(chfus-de—ijDsc-usds):0,

which can only be the case if 7 = 0.

To show that WV is closable, we first prove the representation (2.46) for every L-differentiable
functional F. We have already seen that this representation holds for F € S§;. Take
0 = 011(s,5,x0Q € & and let Y? be defined as in Section 2.3.1. Similar to (2.31), we use the
density expansion

E (P(é;(w))) — Z f .F(a) + q1]l[t1,1] 4o q].]l[tjll])e—sﬁl(sz—sﬂL(Q)
=0 (IxRY)]

(£01) 1o(q1)L(dqn) - - - L)L) s, <ty <t <sy) 1 - - - .
The fact that [E’ (|F(a) o 9;) + F(w) | 1) < oo allows us to use the dominated convergence
theorem to show that

i ' (F(05() - F@) = | (@ g1 = F@) ottt i

By the definition of the difference operator as IL?(IP)-limit there exist subsequences (¢ Djz1s
¢j — 0 such that
1 e

lim —E' (Fo 05 -F) = f W, ,Fo(t, q)dtL(dq), P-a.s.,

jooo Ef IxRY
which implies W 4F = F(w + q1,11) — F(w) holds dt ® L ® P-a.e..

The proof of closability of W is oriented on a similar proof for the Poisson process by

Nualart, Vives (see [NV90, Theorem 6.2]). Let (F;);>1 be a sequence of L-differentiable
functionals such that F; — 0in L2(P) and WF — nin L2(dt ® L ® IP). W is closable if 1 = 0.

We can find a subsequence (ji)x>1 such that Fj, — 0P-a.s.and WF; — nholds dt®L®IP-a.e.
By the above representation of WF; we also get

lim W4 (@) = lim (Fju(@ + qlp) - Fju(@)) = 0, dt® L@ P-aee,,

which implies 1 = 0. By a similar limit argument we can prove the difference representation
(2.46) on the closed domain of W. O

We observe from the representation (2.46) that our definition of the closure of the operator
W is equivalent to

(2.47) WF(w) := F(w + gl 1)) — F(w) for every F € L*(P) with WF € L2(dt® L ® P).
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In the literature there are at least two other approaches to define similar derivative and
difference operators.

(1) Starting from definitions (2.18) and (2.19) on S; one shows that the operators are closable
and extends these as operators from IL?(P) into IL2(Adt®IP) respectively L?(dtQL®P). See
e.g. recent work by Geiss and Laukkarinen [GL11] for one-dimensional Lévy processes
with jumps. This is a classic way to define the derivative operator for processes without
jumps.

(2) Introducing a chaos decomposition of L2(IP) and defining the operators as annihilation
operators on the chaos. For the jump case, see [Lok04], [SUV07] and [GL11].

In §2.3.1 we introduced a new approach for Lévy processes with jumps:

(3) Use a deterministic respectively random perturbation to define derivative and differ-
ence operator, see Definitions 2.25 and 2.33. Show that these operators are closable
(Proposition 2.45) and extend these as operators from IL?(P) into IL?(Adt ® IP) respec-
tively L?(dt® L®P). This leads to a difference operator equivalent to the one in defined
in (2.47).

Geiss and Laukkarinen prove that approaches (1) and (2) coincide for one-dimensional

Lévy processes with jumps, their proof applies here as well. Solé, Utzet and Vives show

that (2.47) and the definition of the difference operator on the chaos are equivalent for Lévy

processes without Gaussian part. Using [SUV07, Proposition 5.5] and the closability of W

proved in Proposition 2.45 we deduce that the definition by perturbation we give in (3) is

equivalent to the other approaches (1) and (2).

All three definitions of derivative and difference operator provide a way to prove the
duality formula. We presented two proofs in Theorem 2.20 and Proposition 2.38 that are
new for Lévy processes with jumps. A well known proof of a duality formula for Lévy
processes with jumps is based on the chaos decomposition with annihilation and creation
operators. An abstract algebraic proof of the duality formula on a Fock space isomorphic
to the chaos can be found in [NV90, Proposition 4.2].
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3. CHARACTERIZATION OF INFINITELY DIVISIBLE RANDOM VECTORS AND PII

In this section we prove our main results of the first part of this thesis: Infinitely divisible
random vectors are the unique random vectors satisfying the integration by parts formula
(2.8), and PII are the unique processes satisfying the duality formula (2.21). These are
new results in so far as we use the general setup of integrable random vectors respectively
processes on cadlag space and we unify the Gaussian and Poisson cases presented in Section
1. The uniqueness results imply a one-to-one connection between infinite divisibility and
duality formulae including the derivative and difference operator as defined in (2.18) and
(2.19). We underline this connection in § 3.3 by presenting a new proof of a characterization
of infinitely divisible random measures that was first presented by Kummer and Matthes
in [KM70b].

3.1. Characterization of infinitely divisible random vectors.
The following result is the converse of Theorem 2.7.

Theorem 3.1. Let Z be an integrable random vector. If for every f € CZ"(le) the integration by
parts formula

(3.2) E (f(2)(Z - b)) = E (AVf(2)) + E ( f]R (fZ+9) - f(2))qL(dg)

holds, then Z is infinitely divisible with characteristics (b, A, L).

Proof. We only need that (3.2) holds for trigonometric functions, a subset of CZ"(IRd). For
A € R define
(1) = E (¢"7).
Then
d _ iAy-Z
P) =i E (¢V7y-2),

and since the real and complex component of z - ¢1# are in Cy (R?) we can use equation
(2.8) to get

iq)(A) =i|y-b+ily-Ay+ f (¢™79 = 1)y - qL(dg) | D(A).
dA ]Rf
This is an ordinary differential equation in A with boundary condition ®(0) = 1 which
admits the unique solution

D(A) = exp (i)\y -b— /\Z%y Ay + f (em?"”/ -1-iAy- q) L(dq)).
R!

For A = 1 we recognize the characteristic function of an integrable infinitely divisible
random vector with characteristics (b, A, L), see the Lévy-Khintchine formula (2.3). m|

This characterization is a generalization of the so called Stein’s Lemma for Gaussian
random variables and its analogue for the Poisson distribution by Chen. We presented
these results in Propositions 1.2 and 1.15. Implicitly Chen and Lou already used the above
generalization in [CL87, Theorem 2.1]. Barbour, Chen and Loh considered the compound
Poisson case for Lévy measures with support on R, and derived a solution of the associated
Stein’s equation

g5 — L syt L) = ) ~ E(FZ),
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see Remark 1.4 for the interpretation of such an equation. In [BCL92, Corollary 1] they
conclude that the integration by parts formula for compound Poisson measures charac-
terizes the compound Poisson distribution. Recently Gaussian random vectors have been
characterized by an integration by parts formulae using the solution of the Stein’s equation

x-Vgr(x) - Tr(AHessgf(x)t) = f(x) = E(f(2)),

where Hessg(x) is the Hessian matrix of g¢ and Tr(.) is the trace operator. Different
solutions have been presented by Reinert, Rollin [RR09, Lemma 3.3], Chatterjee, Meckes
[CMO08, Lemma 2] and Nourdin, Peccati, Réveillac [NPR10, Lemma 3.3].

Lee and Shih obtained in [LS10, Proposition 4.5] a similar formula as (3.2) as finite
dimensional projection of an (infinite dimensional) formula characterizing the associated
white noise measure.

Let us give an explicit example of the characterization of an infinitely divisible random
vector. This example will be discussed once more in Section 6 in the connection with
Poisson processes.

Example 3.3. Let Z have a Gamma distribution on R with density ]l(oloo)(q)e“?q“‘l/lﬂ(a) for
some a > 0. Then Z is infinitely divisible with characteristics given by (a, 0, al (g c0) () e~dg).
Theorems 2.7 and 3.1 lead to the following characterizing formula:

E (fZ)Z - ) = F ( |

(0,00

G+~ @) i), Vf €CIR)

Diaconis and Zabell proposed a different characterization based on an integration by parts of the
density function: According to [DZ91] the random variable Z has a Gamma distribution with
parameter « if and only if

E (f(2)(Z-a) =E (f(29)2), YfeC (R

3.2. Characterization of processes with independent increments.
The following result shows that PII are the only cadlag processes satisfying specific
duality formulae. It is the converse of the conclusion of Theorem 2.20.

Theorem 3.4. Let Q be a probability on ID(Z,RY) such that X has integrable increments and
(bt)ter, (Adter and (Li)er be characteristics in the sense that (1)-(4) of Remark 2.12 hold. If for
every u € &y, F € Sy the duality formula

Eq (F(X) ( f us-d(X—b)s)) = Eq ( f DSF(X)-dAsus)
I I
(3.5) +Eq ( f[ » W, F(X)us -ql(dsdq))

holds, then X is a PII with integrable increments and X; — Xo has characteristics (by, At, L) under

Q.

Proof. The proof is similar to the finite dimensional case presented in Theorem 3.1. Assume
that X has integrable increments and satisfies (3.5). Fix any u € &; and define

D(A) := Eq (exp (i/\ f Ug - dXS)) for A e R.
I
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We see that

iq)(/\) Z]EQ ei/\L'us'dXs fus . dXs
i I

i [f Us - dbs +iA f Us - dAsug + f (€9 — 1) -qi(dsdq)] D(A),
I 7 IxR?

where we used the duality formula (3.5) to get the second equality. This is an ordinary
differential equation with initial condition ®(0) = 1. It admits the unique solution

2 : —_
D(A) = exp (i/\ f U - dbs — A— f Us - dAgsug + f (e’A“S'q -1 —idug -q) L(dsdq)).
I 2 Jr IXR?

For A =1 we recognize (2.17) and identify X as PIL O

We already saw in Section 1 that these characterizations are known for the Wiener and the
Poisson case. Recently Lee and Shih proved a similar infinite dimensional characterization
for white noise measures on the dual of the Schwartz space, see [LS10, Theorem 3.7].

Let us present the above result in the important case of a-stable processes.

Example 3.6. A PII is called isotropic a-stable if its characteristics for a given t € I are
(tb,0, (tC/\g|***)dg) for some a € (0,2) and any C > 0 and b = f]Rd qlm%dq. It is well known that
an a-stable process is integrable only if a € (1,2). By Theorems 2.20 and 3.4 the canonical process
X is a-stable under Q for a € (1,2) if and only if X has integrable increments and

Eq (P(X) f ug - (dXs — bds)) = Eo ( f (F(X + gl 0)) = FX)) s - q%dsdq)
I IxRE lq!
holds for all F € Sy and u € &;.

One method to extend the duality formula (3.5) to PII with non-integrable increments is
to cut the large jumps of the process. For any cadlag trajectory @ € ID(Z,RY) the jump at
time t € 7, Aw(t) := w(t) — w(t-), is well defined. Moreover for any k > 0, t € 7 the sum
Y s<t A ()1 jaq(s)>k is finite. This allows us to define the measurable application

W o= w— Z Aw(8) T jpw(s)>k -
s<.

If X is a PII the process XK (w) := X(") is a PII with integrable increments.

Corollary 3.7. Let Q be such that X* has integrable increments for any k > 0. Then X is a PII
with characteristics (b, A, L), if and only if for every u € &5, F € Sgand k > 0

]EQ(F(Xk)( fj usd(Xk—bk)s)) = [Eg ( f] DSF(Xk)-dASuS)

+Eq ( f W, o F(X )us - q]l|q|§KZ(dsdq)),
IxRY

where b’t‘ =by — f]Rf ()((q) - q]1|q|5k) L(dg) € R%.

Proof. Immediate from Theorems 2.20 and 3.4, since X* has integrable increments and
Xf — Xo has characteristics (b’t‘,At, 1yg<kLe(dq)). O

This allows to treat the a-stable processes mentioned in Example 3.6 for the non-
integrable case.
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Example 3.8. Take some a € (0,2). By Theorems 2.20 and 3.4 the canonical process X is isotropic
a-stable under Q if and only if each X* has integrable increments and

Eg (F(X) fj usd(Xk—bk)s)

C
_ . e
- e (fIxIRf (FX + q1p0) = FOE) - g |q|1+adtd‘7)

holds for all F € Sy, u € &y, k > 0 and some C > 0, where

C
k _
by = t‘[Rd q]l|q|sk|qll+adq.

3.3. The non-negative case, characterizing infinitely divisible random measures.

In this section we look at integration by parts formula for non-negative random vectors
and a duality formula for infinitely divisible random measures on polish spaces. With our
presentation we wish to point out the generality of the approaches developed in Section 2
and §3.1,§3.2.

3.3.1. Non-negative infinitely divisible random vectors.

There exists an extensive literature about the characterization of infinitely divisible ran-
dom variables that are positive, see e.g. the monographs by Steutel [Ste70] and Sato [Sat99].
We present a generalization of the integration by parts formula (1.16) of the Poisson dis-
tribution that derives from the integration by parts (2.8) for infinitely divisible random
vectors.

Let Z be an infinitely divisible random vector that is non-negative, P(Z € R?) = 1. Itis
known that the Laplace transform of Z is such that for all y € RY we have

(3.9) —logE (e'V'Z) =y-a+ f (1—e7)L"(dg),
R4\ {0}

where @ € R? and L* is a Lévy measure on RY with
[ v <o, LrERARS =0

The relation between the Laplace characteristics (a,L*) and the Fourier characteristics
(b,A,L), of Z is given by

(3.10) b=a+ f X@L*(dg), A=0, L=L*
R?

Corollary 3.11. Let Z be a non-negative random variable. Then Z is infinitely divisible with
Laplace characteristics (o, L*) if and only if the equation

(¢.12) E (122 = (f@a) +E [ 2+ o).

holds for every f € C°(R%).

Proof. The proof is the same as the proofs of Theorems 2.7 and 3.1, but for the function
fy which is replaced by g +— ¢ and the convergence arguments can be replaced by
monotone convergence. ]



27

3.3.2. Characterization of infinitely divisible random measures.

We show an extension of the characterization given in Corollary 3.11 to infinitely divisible
random measures. Similar to the treatment of cadlag processes on canonical space we
begin with an introduction of the canonical space of random measures over a Polish space
(a Polish space is a separable, completely metrizable topological space).

Let A be a polish space, Ap the ring of bounded Borel sets and A the o-field generated
by Ap. Define the space of all o-finite measures on (A, A) by

(3.13) M := {u o-finite measure on (A, A)}.

The canonical random measure is the identity N : M — M. We equip the space M with
the o-field M := 6(N(A), A € Ap).

Let IP be any probability measure on (IM, M). The notion of infinite divisibility is similar
to the one for random vectors: The random measure N is infinitely divisible under IP is for
any m € N there exists a probability IP,, on (IM, M) such that

(3.14) P =P,

where P} = P, * - - - * P, denotes the m-times convolution product of P,,. Define M, :=
M\{0} and M. = M N IM., (here 0 € M is the measure without mass 0(A) = 0). Remark
that {0} € M. The Laplace transform of an infinitely divisible random measure is of the
following form, see e.g. Kallenberg [Kal83, Theorem 6.1].

Proposition 3.15. If N is infinitely divisible, there exist « € M and a o-finite measure T' over
(M., M.) with fM (u(A) A DI(du) < oo for every A € Ay such that for all & : A — R, we have

(3.16) —log IE (¢~ Ja S@N(a)y — f E(@)a(da) + f (1 — ™ Ja E@HE (),
A M.

where log(0) := —co.
Proof. We refer to the proof presented by Kallenberg. The integrability condition onT given
there is actually f]M (1 — e *NI'(du) < co. This is equivalent to our condition because

1 _ 1 _

Eqs(l—e 7y<gq,9€[0,1] and 5 <(1-e7<1, ge(l, ).

The existence of a and I' can be proven by projection of the Laplace characteristics of the
infinitely divisible random vectors (N(A1), ..., N(A,)) given in (3.9). |

(a,T') are called characteristics of the infinitely divisible random measure N. To state the
characterization theorem we are going to use the following sets of test functions. The set
of elementary functions is defined by

n

Ep = {5 Ao Ry, &= Zéi]lA,», &i€Ry,Aje Ag,n e N}-
i=1

And the set of smooth and cylindrical functionals with compact support is

Sni={F: M - Ry, F(u) = f(u(A1), ..., w(An), f € CZ(RY), Aj € Ag,n € NJ.
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Theorem 3.17. The random measure N is infinitely divisible with characteristics (o, I') under Q if
and only if for all F € Swy, & € Ep the duality formula

]EQ(F(N)Lé(a)N(da)) = IEQ(F(N)LS(a)a(da))

(3.18) +JEQ( | F(N+u)( [ é(a)u(da))l"(d#))-
holds.

Proof. Since the o-field M is cylindrical, N is infinitely divisible if and only if (N(A1), ..., N(A;))!
is infinitely divisible as a random vector in R’} for any Ay, ..., A, € Ay (see also Kallenberg
[Kal83, Lemma 6.3]). Remark that for y € R” we have y-(N(A1),...,N(Ay)) = fA &(@)N(da)
if & =Y, yila, € Ea. By (3.16) the Lévy measure corresponding to (N(A1), ..., N(A,))" is
given by the image I' o ((N(A1), ..., N(A,))")~!. Then we conclude using Corollary 3.11 and
the linearity of (3.18) with respect to &. m|

The above theorem was first proven by Kummer and Matthes [KM70b], applying a
characterization of infinitely divisible point processes proved in [KM70a]. Nehring and
Zessin [NZ12] simplified the proof using a representation of infinitely divisible random
measures by a Poisson measure.

A characterization of the above kind was first known for Poisson measures, a particular
case of an infinitely divisible random measure, see Mecke [Mec67]. The concept of a Poisson
measure generalizes the definition of a Poisson process from the index-set R, to A.

Definition 3.19. Let A be a o-finite measure without atoms on (A, A). Then N is called a Poisson
measure with intensity A under IP if for any A, B € Ay the random variables N(A) and N(B) are
independent with Poisson distribution N(A) ~ P(A(A)) and N(B) ~ P(A(B)).

We now show that Theorem 3.17 implies a corresponding characterization of Poisson
point processes on (A, A) by projection, thus we obtain Mecke’s result.

Corollary 3.20. Let A be some o-finite measure on (A, A) with no atoms. The random measure N
is a Poisson measure with intensity A under Q if and only if for all F € Sy, £ € En

(3.21) ]EQ(F(N) fA é(a)N(da>)=1EQ ( fA P(N+6{a}>5<a>A<da>).

Proof. Suppose N is a Poisson measure with intensity A. Then N is infinitely divisible with
independent increments. Denote by (a,I) its characteristics. Since N is a point process
we have a = 0. By independence of increments the support of I is included in the set of
degenerate integer-valued measures

{y:né{a}, a€A, nelN}: U{y:né{ﬂ}, aeA},

n>1

(see [Kal83], Theorem 7.2 and Lemma 7.3). Thus I can be projected onto some measure A
on N x A in the sense that for every ¢ : M X A — R, we have

(3:2) [ stwon@ordn = [ oo, oA,
M. xA INxA
Putting F = 1 in (3.18) we obtain

A(A) = Eg (N(A)) = fM WA (dp) = AN x A), VA € Ay,
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Extending (3.18) to F = Ly y=noyy, aen) and & = 14 for A € Ap and applying (3.22) to g = Fl4
we see that A(N x A) = A({1} x A) = A(A). Therefore

f gy, a)u(da)L (du) = f 80, a)A(da), g: M XA - R, ,
M.xA A

which implies (3.21).
The sufficiency of the duality (3.21) is due to the identification of the Laplace transform
of a Poisson random measure, similar to the proof of Theorem 3.17. m]

Using € = 14 and F(N) = f(N(A)) for some f € C;°(R) and A € Ay we see that Corollary
3.20 implies the characterization of the Poisson distribution presented in Proposition 1.15.
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Second part:
Characterization of Markov processes and reciprocal classes

4. THE RECIPROCAL CLASSES OF MARKOV PROCESSES

This section serves as an introduction to the second part of this thesis, in which we study
the reciprocal classes of Markov processes. In §4.1 and §4.2 we state the definitions of
Markov and reciprocal processes on ID(Z, R?) and introduce some of their fundamental
properties. In a sense reciprocal processes are Markov fields on 7, they generalize the
concept of a Markov process. The reciprocal property has first been defined by Bernstein
[Ber32]. He followed an idea of Schrodinger [Sch32] to introduce processes with time-
symmetric dynamics. The reciprocal class, as introduced in §4.3, contains all processes
having the same bridges as a reference Markov process. Here a bridge is a process with
deterministic initial and final state. We study the reciprocal classes of continuous Markov
processes in Section 5 and of pure jump Markov processes in Sections 6 and 7.

As a first example we introduce in §4.4 the concept of the reciprocal class of a Markov
chain. The related concept of “reciprocal chains” is identical to the definition of reciprocal
processes in a discrete time setting as originally given by Bernstein. A comparison of the
bridges of homogeneous Markov chains indicates “algebraic” problems that occur when
treating the reciprocal classes of cadlag processes with jumps.

4.1. Markov processes.
The following is a customary definition of the Markov property.

Definition 4.1. Let IP be a probability on ID(Z, R?). We say that P is Markov, if for any t € I and
any bounded F; 1)-measurable functional F we have

(4.2) E (F| Fo) = B (F|Xy), P-as.

It is well known that a Wiener measure has the Markov property. Let us present an
equivalent definition of the Markov property that appears to be time symmetric (see e.g.
the introduction by Meyer [Mey67, Théoréme T4]). The following property is often stated
as the independence of future and past conditionally on the present.

Proposition 4.3. The probability P on ID(I,R?) has the Markov property if and only if for any
t € 1 the o-fields o and Fi1) are independent given X;.
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Proof. Assume that IP is Markov, let t € 7 and F, G be bounded functionals such that F is
Flo0,-measurable and G is ; ;j-measurable, then

E (FGIX;) = E(E (FG [Fj0)|X1) = E (FE (G|Fjo,0)IXy) = E(FE(GIX)IX;) = E (FIX)E (GIXy),

where the use of the Markov property has been marked with an exclamation.
Let on the other hand the o-fields ¥ ;) and ¥|; 1] be independent conditionally on X; and
take bounded functionals F, G as above. Then

E(FG) = E(E(FG X)) = E(E (FIX)E (G X)) = E(FE(G|Xy)),
where the second equality holds by assumption. m|

Next we present a sufficient condition for the Markov property of cadlag processes
whose distribution is absolutely continuous with respect to a Markov process, see e.g.
Léonard, Reelly and Zambrini [LRZ12].

Lemma 4.4. Let IP be Markov and Q be the law of some cadlag process such that Q < IP. Then Q
is Markov if the Radon-Nikodym density with respect to IP factorizes as follows: For any t € 1 there
exist two random variables ay, By that are Fio g~ respectively F; 11-measurable such that Q = a;;IP.

Proof. Assume that Q = a;f;P for ay, f; as above. We prove the Markov property of Q
using Proposition 4.3: For a bounded and ¥ sj-measurable functional F and a bounded
and ¥ 1j-measurable functional G we show that Q(FG|X;) = Q(F|X;)Q(G|X;) holds Q-a.s.
First check that for any bounded ¢ : R — R we have

Eq(¢(XH)FG)
Eq(p(XH)FG)

E (¢(X)FGaupr) = E(P(X)E (FGaipi|Xs)) and

Eq(p(Xy)EQ(FGIX})) = E (¢(Xr)arfiEq(FGIX}))
E (¢(X1)E (a:p:| X)) Eq(FGIX)),

which implies

E (FGapilXe)  E(Fay|X;) E(GBilXy)
E(pilXy) — E(ulXy) EBilX)

Eq(FGIX;) = holds Q-a.s.

since a;f; > 0 Q-a.s. and by the Markov property of IP. If we apply this with G = 1 and then
with F = 1 we get

E (Fay| X;)
E (| X4)

E (Gp:Xi)

—— hol -1.5.
E(px,) 0@

]EQ(HXt) . and lEQ(GlXt) =

which ends the proof. |

Example 4.5. Let IP be a Wiener measure on ID(X1) and {ty, ..., t,} € Ay be arbitrary. Given the
intervals [ay,b1], ..., [an, by] C R we define the measure

0= Lia b1 (Xey) -+ L, p,1(Xr,)
‘ ]P(Xt] € [all bl]l-"/th € [[’Zi’l/ bn])

Clearly Q is a probability on ID(X') and by definition
Q( . ) = ]P( . |Xt1 € [all bl]/ o /th € [ai’l/ bn])

Thus Q is a Wiener measure conditioned to pass through prescribed intervals at given times. A
straightforward application of Lemma 4.4 shows that Q has the Markov property.

P.
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4.2. Reciprocal processes.
The following definition of the reciprocal property is stated as a conditional indepen-
dence condition, close in spirit to the definition of Markov processes in Proposition 4.3.

Definition 4.6. Let IP be a probability on ID(I,R?). We say that P is reciprocal, if for any s, t € I,
s < t the o-fields Fiosjupe1) and Fis ;) are independent given (X, Xt).

Reciprocal processes have a property that looks similar to the Markov property as defined
in Definition 4.1: If IP is reciprocal, then for any t € 7 and any bounded functionals F, G
that are Fo - respectively F;1]-measurable we have

(4.7) E (G| F10) = E(G| X}, Xo) and E (F|Fp,1)) = E(F| X, Xy), P-as.

This is just a consequence of the independence of the o-fields Foy 1] and Fo ¢ given Xo, X;
respectively Fo qupy and F 1) given X;, Xy.

Next we recall some general properties of reciprocal processes. Most of these results
are due to Jamison, who developed a general theory of reciprocal processes in a series of
articles [Jam70, Jam74, Jam75].

Proposition 4.8. Every Markov process is a reciprocal process.

Proof. Assume that IP has the Markov property. Let F, G and H be bounded functionals such
that F is [ s-measurable, G is F[; -measurable and H is ¥; ]-measurable. We repeatedly
use the Markov property in equations marked with an exclamation to get

IE (FGH) E (E(FGH | Fis,))

E(E (FIXs) GE(H X))

E (E (F|Xs) E(G|Xs, X¢) E (H |X}))

E (E (F|Fs1) E (G X5, X¢) E (H |X¢))
E (FE (G |Xs, Xi) E(H X))
E(FE(G|Xs, X;)H).

This implies
E (G| 0suit1)) = E(GIX, X1),
which is the reciprocal property. m|
The converse is not true, we present a counterexample.
Example 4.9. Let IP be the law of a Wiener process with initial distribution P(Xo € .) = %(6{0} +
0q1}). Then the process Q(.) := IP(.|X; > Xo) is not Markov since for any t € T
0=0(X; <1X; €[0,1], Xo =1) # Q(X1 < 1|X; € [0,1], Xp = 0) > 0.
But Q is a reciprocal process, since for any bounded Fs y-measurable functional F we have

QF | Frosuie) = EFEIFosu), X1 = Xo)

Lix,>x)
P, > Xo) (F1Fro,s1ur£11)

Lix,>x,)
P(X; = Xp)
Q(F IXS/ Xf)/

where we marked the use of the Markov property of P with an exclamation sign.

E (F|Xs, Xi)
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Even if reciprocal processes are not generally Markov we can recover the Markov prop-
erty by pinning one of the endpoints.

Proposition 4.10. Let IP be reciprocal. Then the pinned distribution IP(.|Xo = x) is P(Xp € .)-a.s.
well defined and Markov. Likewise IP(.|X1 = y) is P(Xy € .)-a.s. well defined and Markov.

Proof. We present the proof for pinning at time ¢ = 1, the proof for t = 0 is the same.
Take any s € [0,1] and bounded functionals F,G where F is ¥|gs-measurable and G is
Fsj-measurable. For any ¢ : R? - R bounded we have

E (E (FGIX;, X1)p(X)| X1) = E (Fp(X)G|X1)
= E(E (FIX, X)) $(X) E (G| X5, X1) | X1)

which is the Markov property by Proposition 4.3. O

Example 4.11. Let Q the reciprocal distribution defined in Example 4.9. By Proposition 4.10 the
pinned process Q(.|Xo = 0) = P(.|Xo = 0,X; > 0) has the Markov property. This can also be
shown using Lemma 4.4 since IP( . |Xo = 0, X1 > 0) = 2 1[0,00)(X1)IP(. [Xo = 0), where IP(.|Xo = 0)
is the law of a Brownian motion starting in zero.

4.3. Reciprocal class of a Markov process and harmonic transformations.
In this paragraph we associate a class of reciprocal processes to a given distribution IP
that is Markov. The following notations will be used throughout the rest of this thesis:
e The initial law Py(.) := P(Xp € .) and the final law P;(.) := P(X; € .) on R%. The
joint distribution of the endpoints is Pg;(.) := P(Xp € ., X1 € .) on R*.
e The fixed initial condition P*(.) := IP(.|Xy = x), which is Py-a.s. well defined. The
bridges P*¥(.) := IP(.|Xp = x, Xj = y), which are Py;-a.s. well defined
For certain types of Markov processes we may assume that IP* is well defined for every
x € R?, take e.g. a Brownian motion or a Poisson process. In such a context we will say
that the bridge P is well defined for every x € R? and IP¥(dy)-a.s.

Definition 4.12. The reciprocal class R(IP) associated to the Markov distribution P consists of all
cadlag distributions Q that have the disintegration

@13 Q)= [ Py,
R
where P*Y has to be Qo1-a.s. well defined.

The reciprocal class contains all processes that have the same bridges as a reference
Markov process: From (4.13) it follows directly that

(414)  R(P) = {Q probability on ID(Z, RY) such that Q@*¥(.) = P*¥(.) holds Qp-.5.}.
This equality of bridges may be localized on subintervals of 7.

Corollary 4.15. Let Q be an element of the reciprocal class R(IP). Then Q is a reciprocal process
and
Q(. 1Fo,suie17) = P(. 1Xs, Xt) on Fs -

Proof. Assume that the disintegration (4.13) holds. Let s < t, using the Markov property of
P we get

!
Q. 1Frosuita)) = QC. 1 Frosupea, Xo, X1) = P Frosjuie11, Xo, X1) = P(. X, Xi)
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as measures on ¥s . In particular

Q(.1Xs, X¢) = Eq(Q( . 1F70,sjure1)1Xs, Xi) = P(. X5, Xi) = Q. [F10,5u11,11),
we see that Q has indeed the reciprocal property. m|

Example 4.16. Let IP be the law of a Brownian motion with arbitrary initial condition.

o Any pinned Wiener measure IP* is in the reciprocal class of the Wiener measure R(IP). The
endpoint distribution in the disintegration (4.13) is given by

1 ly—x?
P, (dzdy) = Oy (dz) ® —=e™ 2 dy.
01 y {x} \/2—71 y
e The Brownian bridge P*Y starting in x and ending in y is in R(P) for any x, y € R?. Here
the endpoint distribution is just Il’g’ly = Ofx} ® Oyy)-
o The reciprocal process Q(.) = IP(.|X; > Xo) from Example 4.9 is in R(IP) with endpoint
distribution

Qui(dxdy) = P(Xo € dx,X; € dylXy > Xo)
P(Xp € dx, Xy € dy, X1 > Xo)
P(X1 > Xp)

2]1{x2y}]1°01(dxdy)

ly—x?

1
= 21> Po(dx) ® ——e™ 2 dy.

It is easy to see, that the integrability of the increments of X is not conserved in the reciprocal class.

e Let x € R? and wy be any probability on R that does not have a finite first moment and
define Q*(.) := f]Rd P*Yu1(dy) € R(P). Clearly X has integrable increments with respect
to the reference Wiener measure IP. But this is not the case under Q*, the increment Xy — Xo
is not integrable since X1 ~ i .

Let IP be a Markov distribution. We introduce an important subclass of Markov processes
in R(P): Let i : R* - R, be measurable such that E (4(X;)) = 1. Then hIP(.) := h(X;)P(.)
defines a probability on ID(Z, R?) that has the Markov property by Lemma 4.4. Moreover
hIP € R(PP), since for any bounded ¢, ¢ : R — R and a bounded functional F we have
hE (¢(X0)Y(X1)F) = hIE (p(Xo)P(X1)HE (F | Xo, X1)),

and

HE (p(Xo)Y(X1)F) E (¢(Xo)y(X1)h(X1)F)
E (p(Xo)(X1)h(X1)E (F |Xo, X1))

hEE (p(Xo)(X1)E (F | Xo, X1))-

Definition 4.17. Let P be a Markov distribution and h : R — R, be a measurable function such
that E (h(X1)) = 1. Then hIP(.) := h(X1)IP(.) is called h-transform of IP.

The notion of harmonic transformation has been introduced by Doob in [Doo57]. He
used a Wiener measure as reference law and a random time instead of ¢t = 1.

The notion of an h-transform in the context of reciprocal processes has been studied
before by Jamison [Jam74], see also Fitzsimmons, Pitman, Yor [FPY92] and Léonard, Reelly,
Zambrini [LRZ12] for the connection between h-transforms and the bridges of a Markov
process.

Let us note that a partial “converse” to the properties of h-transforms exist.
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Remark 4.18. Fix any initial state Xo = x. Let IP* be Markov and Q" an element of the reciprocal
class Q* € R(IP) such that Q* < IP*. Then Q* is an h-transform of IP* with

X

4Q
hy) = —oe W),
1

since

@)= [ PR = [ PHREIPIEN) = KD )

An h-transform in the sense of Definition 4.17 may be interpreted as the prescription of
a certain endpoint distribution.

Example 4.19. Let IP be a Wiener measure with arbitrary initial distribution pg. Clearly not all
probabilities in R(IP) are h-transforms, the bridges IP*¥ already violate the necessary condition of
absolute continuity with respect to IP. To abbreviate we denote the Gaussian transition kernel by

I

An h-transform changes the endpoint distribution of the reference process as follows.

e For any probability p1(dy) = p1(y)dy on R? we define

d -1
h(y) := ﬁ(y) =p1(y) ( f]R | P(x, y)#o(dX)) -

Then hP is a processes in R(IP) that has endpoint distribution .

o Let h be defined as above, then the initial distribution of the h-transform changes as follows.
Since hlPo1(dxdy) = h(y)Po1(dxdy) we can compute the marginal of the initial state. For
any B € B(RY) we have

]’Z]PQ(B) = fB: R h(y)lPOl(dxdy)

-1
f 1) ( f oz, y)uo(dZ)) o6, Pio(d)dy
BxIR4 R4

WP, y)
f f PNy (),
B{Jr? [o0 0z y)po(dz)
Note that for a pinned reference process the initial law does not change, we have Py = 6y
and h]Pg = (S{X}.

4.4. The reciprocal class of a Markov chain, a basic example.

In this paragraph we transfer the concepts of reciprocal processes and reciprocal classes
to the discrete time setting for processes with finite state space. To justify this transfer
we briefly explain why the dynamical properties of a Markov chain are similar to the
properties of a Markov process in ID(Z, R?) with deterministic jump-times that are constant
between the jumps. The concept of discrete time reciprocal processes was first introduced
by Bernstein [Ber32]. More recently authors have been interested in the classification of
such “reciprocal chains” having Gaussian marginals, see e.g. Levy, Frezza, Krener [LFK90],
Levy, Ferrante [LF02] and Carravetta [Car08].

The toy examples at the end of this paragraph then give a first impression of problems
that arise, when comparing the bridges of pure jump Markov processes in continuous time.
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4.4.1. Embedding of Markov chains using deterministic jump-times.
Let Y = (Y})o<i<m be an arbitrary discrete time process with finite state space {y1, ..., yu} C
RY defined on an arbitrary probability space (Q, A, P).

Definition 4.20. The process Y is Markov if for any 0 < i < m the o-fields o(Yo,...,Y;) and
o(Yi, ..., Ym) are independent given Y;. The process Y is reciprocal if for any 0 < i < j < m the
o-fields o(Yo,..., Y, Y}, ... Yy) and o(Y, ..., Y;) are independent given Y;, Y .

Let us justify the above definitions by an embedding: We fix any 0 < t; < --- < t; <
1 throughout this paragraph. Using these as deterministic jump-times, we define the
continuous time cadlag process Y™ as follows:

Yo, fort € [0, ),
Y1, fort € [ty, fp),

(m) ,_
(4.21) Y= :
Y, fort e [t,, 1].

The process Y is a cadlag process that jumps m-times at the deterministic time points
t,...,tn and is constant in between the jumps. Moreover Y : Q — ID(Z, R?) is measur-
able. Define Py := P o (Y!)1,

Lemma 4.22. The process Y = (Yi)o<i<m is Markov resp. reciprocal if and only if Py has the
Markov property resp. the reciprocal property on ID(Z, RY).

Proof. Let F(X) = f(X,,...,Xs,) € S4. By definition there exist {i1,..., i} C {1,...,m} such
that F(Y™) = f(Yi,...,Y;) and for arbitrary t € I there exists i € {1,...,m} such that
Y™ = ;. Then
Ey(F(X)| Fio,q) = EEY")o(Y",s < t)) = E(F(Yi,, ..., Yi)lo(Y1,...,Y?)
and by a similar computation
Ey(FX)IXt) = E(f(Yiy, .-, Yi)lYi).

The claimed equivalence concerning the Markov property is now immediate. To proof the
equivalence of the reciprocal property for the discrete and continuous time models one
advances in the same fashion. m]

All results from §4.1, §4.2 and §4.3 now apply to the setting of a discrete time process
Y. In particular the definition of the reciprocal class of a Markov chain is again that of a
mixture over the bridges.

Corollary 4.23. Let Y be a Markov chain and Y = (Y;)o<i<m another {y1, ..., yn)-valued random
process. Then Py € R(IPy) if and only if the following decomposition holds:

n
(4.24) P(Y e .)=Y P(Y € .[Yo=yiYn=y)P(Yo =y T =y
ij=1
Proof. Just use the same identification of random variables as in the proof of Lemma
4.22. i

We define the reciprocal class of a given Markov chain as follows.

Definition 4.25. Let Y be a Markov chain. Then we define the reciprocal class R(Y) as the collection
of all {y1, ..., yn)-valued processes (Y)1<i<m that have the same bridges

(426) P(Ye .|Yy= Yi, Y, = yj) =P(Y € .[Yo =y, Y = y;) holds PYoe ., Y€ )as.
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4.4.2. The reciprocal class of a time-homogeneous Markov chain.
Let (Y;)o<i<m be a time-homogeneous Markov chain on the finite state space {y1, ..., yu} C
RY. Denote the initial law and transition matrix by

uolyih) = P(Yo = y)) fori € {1,...,n}, and (pijh<ijen == (P(Y1 = yjIY0 = v))

The reciprocal class of Y is defined by the identity of bridges in (4.26). Let us now study
the bridges of Y for various m,n € N (the number of “jumps” and the number of different
states).

1<i,j<n’

Example 4.27. Let the number of states n € IN be arbitrary, m = 2 and Y, Y be two time-
homogeneous Markov chains. We compute

PikPkj PikPkj
Yoy Pibij Y1 Papij’
where the denominator is just the two-step probability of going from i to j. Define p;;(2) := P(Y2 =
yilYo = yi), then the equality of the bridge between y; and y; is given if and only if
PikPkj _ PikPxj
pii2)  pii(2)

The condition found in the above example is easily extended to arbitrary m € IN.

P(Y1=wlYo=yi, Y2 =y)) = , and P(Y1 = yllYo =y, Yo = yj) =

Vkell,..., n).

Corollary 4.28. Let n,m € N and Y, Y be two time-homogeneous Markov chains. Then Y € R(Y)

if and only if for all 1 < i, j < n we have

PikiPriky * Phuaj  PikaPhiky " Pl
pij(m) B pij(m)

where pij(m) := P(Yy, = yilYo = v)).

(4.29) . V1<ky... kno <1,

Proof. This follows directly from the definition of the reciprocal class through equality of
the bridges. O

In the rest of this paragraph we compare the bridges of different time-homogeneous
Markov chains Y and Y in examples, using the comparison result of Corollary 4.28.

Example 4.30. We study a simple message transmission model, a Markov chain that switches
between two states {11, y»}, where the transition probabilities are given by

a

1-a Y Y a 1-a
D (P A e L |

where a, B, &, € (0,1).

1-p
=OWNO=1
1-a

We use the localization result of Corollary 4.15 and transfer it into the discrete time setting by
Lemma 4.22 to get a necessary condition for the equality of the bridges: For any lengths m € IN of
the Markov chain, it is necessary that already the bridges for m = 2 of Y and Y are identical. Thus
we have to find conditions on a, B, &, B such that

p1ip12 _ a(l —a) B a(l —a)
pup +popn al-a)+(1-a)p  al-a) +(1-a)p

P(Yir=yilYo=y1,Y2=12) =
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This can only be the case if there exists 6 > 0 with

Another necessary condition for the equality of all bridges is

p11p11 _ a I (ba)?
pupi tppn a2+ 1 -a)(1-p)  (6a)? + (1 - 6a)(1 - 6p)

which is equivalent to the quadratic equation

Fl-a)1-p)=1-6a)1-0p) & F(1—-a—p)+6@+p)—1=0.

PYi=wnlYo=vy1,Yo=y1) =

4

If we assume that o, p ~ 1, then the positive solutions to this quadratic equation are

5 a+BtJa+pP—4a+B-1) (a+p)+(@+p-2)
12 = =

2@+p-1) B 2@+p-1) 7
such that
1
01=1, Op = ———
! T -1
are solutions. But it is easy to see, that 6, is too large, since in this case
o
f=—>1 61>
- -1 &

which was an assumption. Thus the reciprocal classes of Y and Y only coincide if « = & and B = .

Example 4.31. Let m,n € IN be arbitrary and let the time-homogeneous Markov chains Y and Y
have the transition probabilities pj; = , pijv1 =1 —aand iy = &, piipa =1 —-afor1 <i<n-1
and pun = Pun = 1.

We may interpret this as a comparison of birth processes with absorption in n. Let us first compare
the bridges from y; to y; for i < j <nand k := j —i < m. Condition (4.29) is

Oém_k(l _ (X)k Il dm_k(l _ &)k
(a1 - (ana - a}’

(4.32)

these bridges coincide. But note that for the bridge from y,_1 to y, we have

1-«a i 1-a
P(Ym = yn|YO = yn—l) P(Ym = ynll?O = yn—l).

P(Y1 =ynlY0o = Yn-1,Ym =Yn) =

The denominator is easily computed as P(Y, = Yn|Y0 = Yn-1) = Z;T:_Ol ak(1-a). Thus R(Y) = R(Y)
ifand only if « = &, even if most bridges coincide in this example: R(Y)NR(Y) contains all elements
Y of either reciprocal class with P(Y,, = y,) = 0.

Example 4.33. Next we consider a random walk on a circle moving in one direction: Let p;; = a,
piimi=1l—aandpy=a piyr=1-dforl <i<n—-1landpy, =a, pn =1—aand pn, = @,
P =1-a.
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Both chains are following the circle y1 — yo — --+ = Y, — y1 — .... To compare the bridges we
have to take into account the difference between the number of states n and the number of jumps m.
If m < n we can arque as in the preceding Example 4.31 that Y € R(Y) for all & € (0,1). But if
n < m < 2n, then condition (4.29) for the probability of going from yy exactly one time around the
“circle” by taking n jumps first and then staying in yy is

PY1=Yist,-r Yu1 = V-1, Yo = Vi, Yot = Yoo Yoo = Yil Yo = i, Yo = Vi)

a1 —a)" " ! ar1-aymr
(=)t (- a) @l - @y + (- ay
Put c:= (mnf!n)!, then the above condition is equivalent to
% (&%) l-a_1-a
(L) +1 T () +1 o a’

which can only be the case if a« = a.

Example 4.34. Let p;i-1 = o, pijivy1 = 1 —aand pii1 = &, Pijs1 = 1 — a for some a, @ € (0,1)
with boundary reflection p1p = P12 = 1 and pyy—1 = Pnpn-1 = 1. This is a birth and death process
with re-insertion of an individual if the population died out and certain death of one individual if
the population has reached the number of n individuals.

1 1-«a 1-«a 1-«a 1-«a
OBOBOBEEONn0
- 1
o o o o

Both chains are (asymmetric) finite random walks on a domain with reflecting boundary. We can
easily check that the reciprocal classes of Y and Y do not coincide if & # & using the localization
result of Corollary 4.15: Assume that n > 4 and m > 3, then

a(l-a) 1 1

P(Y1 =y1,Y2 = yalYo = ¥2, Y3 = y3) = - - 3’
M=y Ya=plo=yYs=y) = og— o T a? ~3-2a 3-2a

where the denominator is computed by
P(Yo=y2,Ys=y3) = PYo=y2,Y1=41,Y2=Y2 Y3 =y3)
+P(Yo =y2, Y1 =y3, Y2 = Y4, Y3 = Yy3)
+P(Yo =12, Y1 =y3,Y2 =12, Y3 = y3).

But this necessary condition is only satisfied if a = @.
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5. THE RECIPROCAL CLASSES OF BROWNIAN DIFFUSIONS

In this section we present a theory of reciprocal classes of Brownian diffusions, which are
defined in Definition 5.6. The objective is to give a synopsis of results by different authors
in a uniform setting in preparation of the treatment of reciprocal classes of jump processes
in Sections 6 and 7. We are able to improve some of these results, and present a new
approach to euclidean quantum mechanics that is based on analogies to classical mechanics.
Since all processes treated in this section have continuous sample paths, we present our
results in the frame of the canonical setup on C(Z, R%), the space of R¥-valued continuous
functions on 1.

In the presentation of §5.1, §5.2 and §5.4 we closely follow the articles by Reelly and
Thieullen [RT02], [RT05]. They characterized the reciprocal class of a Brownian motion
with drift by a duality formula. Their characterization is based on reciprocal invariants in
the sense of Clark [Cla90], we present his result in § 5.3.

We present two applications. In §5.5 we introduce an optimal control approach to
determine the motion of a charged particle in an electromagnetic field. We define the
dynamics of the motion of a charged particle that is immersed in a thermal reservoir
and under the influence of an external electromagnetic field. The effective motion of the
particle is then described by the solution of a stochastic optimal control problem under
boundary constraints in the sense of Wakolbinger [Wak89] and Dai Pra [DP91]. Following
their result we provide a new interpretation of the duality formula as a stochastic Newton
equation. Our approach is closely related to Zambrini’s euclidean quantum mechanics, see
e.g. Zambrini [Zam85], but also Lévy and Krener [LK93] and Krener [Kre97].

A second application is the identification of the behavior of the reciprocal class of a
Brownian diffusion under time reversal in §5.6. This approach by duality formula is an
alternative to the computations of Thieullen, who presented a similar result in [Thi93]. In
combination with the results from §5.5 we see, that the dynamics of a charged particle in
a thermal reservoir are time reversible in the same sense as the deterministic dynamics of
a charged particle in an electromagnetic field.

5.1. The Brownian motion and its reciprocal class.

Throughout this paragraph IP denotes a d-dimensional Wiener measure with arbitrary
initial state on C(Z,RY). We show that R(P) can be characterized as the unique class
of probability measures that satisfies a duality formula. By Theorem 3.4 only a Wiener
measure satisfies the duality formula

(5.1) E (F(X) f[ us-dXs):]E( fj DSF(X)~usds),

for all u € &;, F € S;. Thus this duality cannot hold for arbitrary elements of R(IP).

The common feature of elements of one reciprocal class is the distribution of the bridges:
Any Q € R(IP) admits the disintegration (4.13) with respect to the Brownian bridges IP*¥,
x,y € R%. Reelly and Thieullen proved that the duality formula (5.1) holds for all Brownian
bridges if the class of test functions is reduced. In the sequel we will continually use the
short notation

(u) := f usds, and (u) :=(u);, forany u € ]Ll(dt).
[0,¢]

Lemma 5.2. Let x,y € RY and PV be the law of the Brownian bridge from Xo = x to X1 = v.
Then the duality formula (5.1) holds under P*¥ for all u € E; with (u) = 0and F € S.



42

Proof. Let ¢,y € CZ"(IRd), then

-

- E [o(x0)ex) fI D5F<X>-u5ds)+lﬁ(¢<X0>P<X>V¢<X1>- fj usds),

E (¢(Xo)p(X))E (P(X) f[ g - dX,

= E ¢(Xo)¢(X1)F(X)qus-dXs)

where the second term is equal to zero if (1) = 0. We deduce

O

IE(¢<X0)¢<X1>IE (P(X) fI s - dX, xo,xl))=1E (qb(xo)w(Xl)lE ( fI DyF(X) - s

This duality formula extends naturally to all elements of R(IP) and furthermore charac-
terizes the reciprocal class.

Theorem 5.3. Let X have integrable increments under Q. Then Q € R(IP) if and only if the duality
formula

(5.4) Eg (F(X) ff us~dXs):lEQ ( fj DSP(X)-usds)

holds for every u € E; with (uy = 0 and F € S;.

Proof. Let Q € R(P), F € §; and u € &; with (u) = 0. By the disintegration (4.13) and
Lemma 5.2 we get

Eg (P(X)jj:us-dXs) = j]I;Zd lEx'y(F(X)L:us-dXs)Qm(dxdy)
= f}l;m E*Y (L DSF(X)-ust) Qo1 (dxdy)

= Eq ( fj DSP(X)~usds).

Conversely, let Q have integrable increments such that the duality formula holds. Fol-
lowing the proof of Lemma 5.2 we see that the duality formula still holds with respect to
QY for all x, y such that the bridge is well defined. Take any u € &; and define

D(N) := ]Egy (exp (i/\ j;_ U - dXs)).
Let 71 := u — (u), then ii € &; with (i) = 0 and by assumption the duality formula applies.
We obtain
iEg (exp (i/\ f Us ~dXs) f Us - dXS)
I I
- ilEgy (exp (m f U -dXS) ( f ils - dXs + (y — x) - <u>))
I I

—A]Egy (exp (i/\ L U - dXS) L(us —(u)) - usds) +i(y — x) - (w)D(A)
(i =)+ ) = AP = Ky )) @(A).

’(A)



43

The unique solution of this ordinary differential equation with initial condition ®(0) = 1is

2
(5.5) (1) = exp (z’A(y )y — o () - |<u>|2)).

By Lemma 5.2 the duality (5.4) holds also with respect to IP*¥, in particular the above
computation implies

EYY (exp (i/\ f Ug - dXS))
I

2
exp (i/\(y ~ )+ ) = o () - |<u>|2))

]Egy (exp (iAf]‘us -dXs)).

This identifies (5.5) as the characteristic functional of a Brownian bridge: P*¥ = Q%Y. By
the disintegration formula (4.13) we deduce Q € R(IP). O

In particular an arbitrary Q%Y with fixed endpoint conditions and integrable increments
is the bridge of the Wiener measure IP*Y if and only if the duality formula (5.4) holds for
allF e S;and u € &; with (u) = 0.

5.2. Characterization of Brownian diffusions.
We define the law of a Brownian motion with drift and in particular of a Brownian
diffusion through its semimartingale decomposition.

Definition 5.6. Let b : 7 xC(I,R%) — R? bea predictable process such that IPy( f] |bslids < o0) =
1. Then Py, is the law of a Brownian motion with drift b

if teXi— f bsds  is a Brownian motion under IP),.
[0,]

We say that Py is the law of a Brownian diffusion if there exists b € C;’z(I x RY, RY) such that
bs = b(s, X;).

Remark that analogue to Definitions 1.8, 1.18 or 2.11 a Brownian motion with drift is
defined up to the arbitrary initial condition. The law of a Brownian diffusion IP, is a weak
solution of the SDE

(5.7) dXy = b(t, Xy)dt + dW;,  with initial condition Xy ~ Py,

where W is a Brownian motion. In the sequel of the section we will use the notation

Wt = Xt - f b(S, Xs)dS.
[0,4]

The terminology of a “diffusion” is not standard in probability theory, see e.g. diffusions
as defined in the monograph by Protter [Pro04, Chapter V] and his comments. To justify
our definition, let us mention that

e The boundedness of the drift and Novikov’s condition ensure that the law of a
Brownian diffusion and a Wiener measure with same initial condition are equiva-
lent. Theorem 5.8 provides an explicit form of the density.

e Brownian diffusions are Markov processes, see Remark 5.10.

e We simplify the presentation by choosing b to be bounded with bounded deriva-
tives, even if most results hold in a more general context.



44

e A Brownian diffusion has nice one-time probabilities and transition probabilities.
The densities

pu(s, x)dx := Pyp(Xs € dx), and py(s, x;t, y)dy = Pp(X; € dy|Xs = x),
exist. For small € > 0 we have
o) € C2(le, 11 x R, Ry) and py(, 1, ) € C°([0,£ — €] X R, R,) for all (t, y) € T x R*

The Girsanov theorem is a key tool for the generalization of results presented in §5.1 to
Brownian diffusions. The general Girsanov theorem for semimartingales may be consulted
in e.g. the monograph by Jacod and Shiryaev [JS03, Chapter I11].

Theorem 5.8. Let P}, be the law of a Brownian diffusion, IP a Wiener measure with the same initial
law Py = Py. Then Py is equivalent to IP and the density process defined by P, = GPIP on Fjo 4
has the explicit form

(5.9) Gf:exp( f b(s,xs)-dxs—1 f |b(s,Xs)|2ds).
(0] 2 Jion

In particular Gf > 0 holds P-a.s. forall t € 1.

Using the explicit form of the density we can make sure that Brownian diffusions are
Markov processes.

Remark 5.10. By Lemma 4.4 a Brownian diffusion is a Markov process: For any t € I we can

factorize
exp( f b(s,xs)-dxs—1 f Ib(s,Xs)IzdS)
[0,4] 2 Jio

ex b(s, X) - dX _1 b(s, Xs)ds |,
p >
[t1] [t1]

and then Py, = ayfP, where ay is Fio -measurable and By is F 11-measurable.

a

Bt

Using the Girsanov density (5.9) we derive a duality formula for Brownian diffusions.

Proposition 5.11. Let IP}, be the law of a Brownian diffusion with drift b. Then the duality formula

E, (F(X) f[ us-dXs):IEb ( fj DSF(X)-usds)

d

fut . b(t, Xt)dt + f Z Uijt aibj(sl XS)dW],Sdt
I [i,jzl [t1]

holds for any F € Sy and u € &, where u = (uy, ..., ug)', b= (by,...,ba)".

(5.12) +E, | F(X)

Proof. By Theorem 5.8 the law of a Brownian diffusion IP, is absolutely continuous with
respect to a Wiener measure [P with same initial condition. The Girsanov density G}{
is differentiable in the sense of Definition 2.25: This is proven in the same lines as in
Proposition 2.38 since b is bounded. Take F € S;, u € &;. Since F is bounded the product
F G? is differentiable which implies

(513) E (G‘;F(X) f] us-dxs)=113(c§’ f] DSF(X)-uSds)HE(Gll’F(X) f] Dslog(cl;)-usds),
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since a product formula and a chain formula hold for the Malliavin derivative, see Lemma
2.28. The last term on the right is

f Dy 1og(Gll’) - Ugds
T

= hml( f b(t, X; + eudy) - (dX; + euydt) — f b(t, X;) - dX;
I I

e—0 &

_%( f b(t, X + e{u)e) - b(t, Xy + eu)p)dt — f b(t,Xt)~b(ert)df))
I

= hm (f(b(t X+ e{u)) —b(t, Xp) - dX; + € f b(t, Xi + eu)y) - updt
I

-3 (L:(b(t, Xp + e{ud) — b(t, X)) - b(t, Xy) + (b(t, X; + eu)s) — b(t, Xp)) - b(t, X; + S(u)t)dt)) ,

and we may use a Taylor expansion of the drift b, which implies

. 1[f
= lim-|¢
e—0 &

—& f Zab(t X)ui)ebi(t, Xe)dt + O(e?)

i,j=1

j;ut thtdt+qu,tf Jibi(s, X)(dX s — bi(s, Xs)ds)dt,

1]1

Z(}’b(t X (uiyd X + € f b(t, X;) - usdt

i,j=1

in particular we see that log G? is derivable. Inserting the derivative into (5.13) proves the
assertion. O

In [RZ91, Lemme 3] Reelly and Zessin presented a duality formula that holds for a
Brownian motion with drift that has finite entropy with respect to a Wiener measure. They
also prove a converse: A Brownian motion with drift is the only continuous process that
satisfies the duality formula in the class of processes that have finite entropy with respect
to a Brownian motion.

We are able to characterize the law of a Brownian diffusion IP, as the unique probability
satisfying the duality formula (5.15) in the larger class of all continuous semimartingales
with integrable increments. These are the optimal assumptions in order to render the
duality formula (5.15) well defined, since it contains a stochastic integral.

Theorem 5.14. Let X be a semimartingale with integrable increments under Q and b € C;’z(I X
RY, RY). If for every u € E; and F € Sy the duality formula

Eq (F(X) ff us-dXs):lEQ ( f DSF(X)-usds)
f e - b(t, Xp)dt + f Zult ft dibj(s, Xs- (dxj,s—b,-(s,xs_)ds)dt]]

1]1

(5.15)  +Eq|F(X)

holds, then Q is the law of a Brownian diffusion with drift b.
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Proof. First we remark that the above duality formula is indeed well defined. In particular
the processes s — 8ib]'(s, X;) are bounded and predictable, which renders the stochastic
integral on the right integrable with respect to Q since X has integrable increments.

We prove that W = X — JEO,.] b(s, Xs)ds is a Brownian motion under [Eqg using the charac-
terization of a Wiener measure contained in Theorem 3.4. For this we extend the duality
formula (5.15) to functionals of the type

(5.16) F= f(th —f b(s, Xs)ds, ..., X4, —f b(s, Xs)ds) = fWy,, ..., W) =t E(W),
[0.41] [0,t4]

with f € CZ"(]R”d), {t1,...,ts} € Ay and n € IN. The functional in (5.16) is differentiable in
direction u € &;, since

FoO,-F = f(th + eu)y, — f b(s, Xs + e{u)s)ds, .. ) - f(th - f b(s, Xs)ds, .. )
[0,t1] [04]
d n-1
= Z divjaf (th - f b(s, Xs)ds, ... ) [€<ui>tj -¢ f Vb;(s, X;) - <”>sd5) +0(e?),
i=1 j=0 [0,t1] [04/]

where b = (by,...,b;)" and the gradient is in direction of the space variables: Vb(s,x) =
(01bi(3, %), . .., 94bi(s, x))!. Therefore me may take the L?(Q)-limit

(5.17) lim 1 (FoB;,—F)= thP - udt
e—=0 & T
d n-1
= Z Zaiﬂ'df (th —f b(s, Xs)dS,---)(Wi%j —f Vbi(s, X;) - <M>sdt]-
i=1 j=0 [0,] [04/]

Using Definition 2.18 we may write D, F(W) = f[ D;F(W) - usdt for the first term.

To show that the duality formula (5.15) still holds for the functional F as defined in (5.16)
we need to approximate F by a sequence in S,;. Let (b™),,>1 be a sequence of smooth and
uniformly bounded functions b ¢ C;’M(I x R?, RY) such that ||b — b™)||., — 0 and take
((sg”),sgm), ... ,sf;f)))mznﬂ C Ay a sequence of subdivisions of [0,t,] with sp = 0 and s, = ¢,
such that {t1,...,t,} C {s1,...,8n} and maxi<j<; |si — si_1]1 — 0 for m — 0. Define F,, € S,

by

Fu(@)i= flat) = Y 06", wE")E" =), ..

"<ty

for m > n + 1. By construction F;,(w) — F(w) and D:F;;(w) — D{F(w) converge Q-a.s. By
dominated convergence (5.15) still holds for F as defined in (5.16). Inserting the derivative
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(56.17) into the duality formula (5.15) we get
d
Eqg ?(W)fut~th)—]EQ(?(W)qui,t 8ib(s,Xs).dWsdt]
I I3 [t1]
F(W)fut : th) - Eq (ﬁ(W)f(Vbl(S, Xs) - (u)s, - -, Vba(s, Xs) - (u)s)" - dWs)
I I

thF . thdt)
I

d n-1
thﬁ(W) ' Mtdt) - ]EQ[ Z divjaf Wh,...) Vbi(s, Xs) - <M>sdt]
I — [

i=1 j=0 0,1

Il
i
l©)

Il
x|
©

Il
sl
©

Il
i
©)

ijtF(W) . utdt) - Eg (f[ D:F(W) - (Vby(t, Xy) - (uds, ..., Vba(t, X;) - (u)t)tdt) ,

where the first two equalities are a reorganization of terms in the duality formula (5.15) and
the last two equalities are a reorganization of terms using the explicit form of the derivative
of F given in (5.17). Comparing the second and the last line, we recognize the duality
formula of the Wiener measure with respect to the process W, the cylindric and smooth
functional F € S; and the predictable and bounded process

S (ul,s - Vbl(sz Xs) (U)s, ..., Ugs — Vb,(s, Xs) : <”>s)t1 u €&y

Using the same proof as for Lemma 2.44 we may extend the duality formula (5.15) from
u € & to processes u : I X C(Z,R?) — R that are predictable and bounded. Let v € &;
be arbitrary, we want to find a predictable and bounded u such that the following Volterra
integral equation holds:

(5.18) us = vs + (Vbi(s, Xs), ..., Vba(s, X)) - U dr.
[0,5]

We may find a solution by fixed-point iteration. Let the iteration start with u® = 0 and
u) = 9. The iteration converges since v and Vb; are bounded: Indeed for any ¢ > 0

@™ — w1 elle = (VDG Xs), -+ -, Vba(s, X)) - (" =t 1o 1) lleo
eKIl @™ — u™ Mg lleo,

IA

where K is a global bound of the derivatives of b. Moreover the solution u is the uniform
limit of predictable processes and thus predictable. Inserting the solution u into (5.15),
we see that the duality formula (3.5) holds for the process W under Q. By Theorem 3.4
we conclude that W is a Brownian motion, and by Definition 5.6 we deduce that X is a
Brownian diffusion with drift b. m|

Note that in the proof of Theorem 5.14 the boundedness of b could be replaced by weaker
assumptions, as long as the integral equation (5.18) still has a solution for every v € &;.

Example5.19. Letb € C,°(Z, IRY), such that Py is the law of a Brownian diffusion with deterministic
driftb. Let X be a semimartingale with integrable increments under Q. By the above theorem Q = IPy,
if and only if Qo = Py o and the duality formula

Eg (F(X) fj U - (dXs — b(t)dt)) = Eg ( ff DF(X) - usds)
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holds for every F € Sy and u € &; with {(u) = 0. In this case the result immediately follows from
Theorem 3.4 too.

5.3. Comparison of reciprocal classes of Brownian diffusions.

In this section we present an important result by Clark [Cla90], that permits to compare
the reciprocal classes of Brownian diffusions by invariants. His result is closely connected
to the following semimartingale decomposition of i-transforms of a Brownian diffusion IP;
as computed by Jamison in [Jam75], see also Follmer [Fo188].

Lemma 5.20. Let P, be the law of a Brownian diffusion with drift b € C;’Z(I x R, RY). An
h-transform hIPy, is a Brownian motion with drift

(5.21) o(t, X)) = b(t, X;) + Viogh(t, X;), where h(t,x) = Ey(h(X1)X; = x).

In particular h € CY*(I x RY, R?) and is bounded with bounded derivatives on [0,1 — ¢] x R? for
arbitrary € > 0.

Proof. The density process defined by hlP, = G;IP, on Fjoy is given by G; = E,(h(X1)|X})
since P, is Markov. In particular

622 (0 = Euh(0Xe =0 = [ WP € dyiXe = = [ bpatt 51, iy,

where py(t, x; 1, y) is the transition density of IP,. That p(t, x;1, y) exists, is smooth in (¢, x)
and locally bounded with bounded derivative on [0, 1-¢], ¢ > 0, follows from Hormander’s
theorem, see e.g. the famous probabilistic proof by Malliavin in [Mal78]. Thus h(t, x) is
smooth and h(t, x) > 0 everywhere. We want to write G; in the form of a Doléans-Dade
exponential. By Itd’s formula

d
1
VA(r X,) - dX, + 5 f Z&Z.Zh(r,Xr)dr.

[st] 521

(5.23)  h(t, X;) = h(s, Xs) + f

oih(r, X,)dr + f
[s,t]

[s:t]

But note that h(t, x) is space time harmonic and thus a solution of the Kolmogoroff backward
equation

d

(5.24) Ey(h(t, X1)|Xs) = h(s, Xs) = dih(t, x) + b(t,x) - Vh(t, x) + %Z 812h(t, x) =0,
i=1

and if we insert this into (5.23) we derive the stochastic integral equation

G=1+ f Gs Vlogh(s, Xs) - (dXs — b(s, Xs)ds).
[0,t]
This equation has the pathwise solution
1
Gt = exp (f Vlogh(s, Xs) - (dXs — b(s, Xs)ds) — 5 f |V log h(s, Xs)lzds).
[0,¢] [0,¢]

We multiply this density with G, the density of IP, with respect to the Wiener measure P
given in Theorem 5.8:

Gth = exp (f (b(s, Xs) + Vlogh(s, Xs)) - dXs — % f Ib(s, Xs) + V1ogh(s, Xs)|2ds).
[0,¢] [0,¢]

Since hlP, = G1Gl{]P the general Girsanov theorem implies that /P, is a Brownian motion
with drift c(t, X;) as specified in (5.21). O
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Example 5.25. Let P° be the law of a one-dimensional Brownian motion starting in Xo = 0 and
h(y) = y*. Then E°(h(X4)) = 1, thus the conditions of Lemma 5.20 are satisfied. Moreover

h(t,y) = E°(XCIX; = y) = B2 (X -2 Xe =) + > = > + (1 - b).

Thus hIP° is a Brownian motion with drift c(t, y) = (2y)/(y> + (1 — t)). For t — 1 this drift pushes
the process away from 0, which is understandable since hP’(X; = 0) = 0. Since h-transforms are
in the reciprocal class, we see that the weak solution of the stochastic differential equation
2X
dX; = —————dt + dW,, with Xo =0
Xi+(1-1)
is in the reciprocal class of a Wiener measure.

The fact that h(t, x) is space-time harmonic can be further exploited to compare the recip-
rocal classes of different Brownian diffusions: The following characterization of reciprocal
classes was first developed by Clark in a general framework of diffusions with non-unit
diffusion coefficient, see [Cla90]. We present his proof in the context of Brownian diffusions.

Theorem 5.26. Let P, and IP. be two Brownian diffusions. Then R(P.) = R(Py) if and only if

(i) the “rotational” invariants coincide: \I/lb] (t,y) = \PZC] (t, y) where

(5.27) Wt y) = dibi(t, y) — it y), i, j e, d);
(ii) the “harmonic” invariants coincide: Zy(t, y) = Ec(t, y) where
d d
. 1 .
(5.28) Ej(t,y) = Abilt,y) + Y bioibit,y) + 5 ) ddibitt,y), i € (L, d).
j=1 j=1

Proof. Assume that IP. is in R(IP;). Without loss of generality we let both processes start in
x € RY. Since IP¥ is absolutely continuous with respect to IP; and has the same bridges it is
an h-transform: There exists a function / : R? — R, such that P, = hIP,. By Lemma 5.20
the drift c is of the form c = b+ Vlogh, where & is a space-time harmonic function. Then (i)
is equivalent to
didjlogh(t, y) — d;dilogh(t,y) = 0,

which is known as Clairaut’s theorem or Schwarz’s theorem. Assertion (ii) stems from
the fact, that / is space-time harmonic. Indeed, using the Kolmogoroff backward equation
(5.24) on h(t, y) = ¥ gives

d d
1 1
I +b-Vip+ EZ&§¢+ EZ(ajw = 0.
j:l ]21
We take the partial derivative d; and use djip = ¢cj — b forall1 < j < d:

d
0 = at(Ci - bz) + Z(&lb](c] - b]) + b](&c] - alb]))
=

d d
1
+§ Zl 818](c] - b]) + Zl(cj - b])(alC] - 8ib]-),
J= J=

which properly arranged is (ii).
For the converse, assume that IP; and IP{ are Brownian diffusions with drift b respectively
c such that (i) and (ii) hold. Condition (i) implies that there exists a function i € C'(R¥) such
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that Vi(t, y) = c(t, y) — b(t, y): By the Poincaré lemma closed forms are exact on R terl
being fixed. We may add to i(t, y) any ¢ € C'(Z) and condition (ii) still holds. The choice
of ¢ is specific and comes from the following considerations. Define h(t, y) := e?®+¥(t),
then & is a solution of the Kolmogoroff backward equation (5.24) if

d d
(629 Ay + Y b YAE ) + 5 Y BUy) + @it 1) = A,
i=1 i=1

If we derive the left side by d; for 1 < j < d we can see with d;i) = ¢; — b; and condition
(ii) that the left side indeed does not depend on y € R?. We may chose ¢ such that (5.29)
holds and moreover Ej(h(1, X1)) = 1. This normalization is possible, since if we insert the
Kolmogoroff backward equation satisfied by h(t, y) into the It6-formula (5.23) we see that

h(t,X;) = h(0,x) +f h(s, X;) Vlogh(s, Xs) - (AX;s — b(s, X;)ds)
[0,]

h(0, x) + j[; , h(s, Xs)(c(s, Xs) = b(s, Xs-)) - (dXs — b(s, Xs)ds).

Thus h(t, X;) is integrable and can a-priori be normalized. But then Lemma 5.20 implies
that i(1, X1)IP, is a diffusion with drift ¢, and by uniqueness of the associated martingale
problem we get P} = h(l,Xl)]P’bC. We have shown that the Brownian diffusion P} is an
h-transform of IP} therefore a-fortiori in the reciprocal class R(IPp). ]

Example 5.30. Let P, and IP. be two Brownian diffusions with deterministic driftsb,c € C llj (I, RY).
Following the “harmonic” condition (ii) we have R(Py) = R(P) if and only if t v b(t) — c(t) is
constant.

The invariants (5.27) and (5.28) appear in a duality formula that characterizes the recip-
rocal class of a Brownian diffusion.

5.4. Characterization of the reciprocal class R(IP;) by a duality formula.

In this paragraph we unify the results of §5.2 and §5.3 to present a characterization of
the reciprocal class of a Brownian diffusion by a duality formula. Let us first present a new
complementary result of technical nature concerning the definition of stochastic integrals.

Proposition 5.31. Let P, be a Brownian diffusion, Q € R(Py) be arbitrary. Then Q is a semi-
martingale.

Proof. Take any x,y € R?, we show that ]PZ’y is a semimartingale first. It is well known, that
a Brownian bridge is a Brownian motion with drift, and thus a semimartingale. Now for
any bounded ¢, ¢ : RY — R

Ey (Ey(-1X0, X)@(Xo)$(X1)) = E(Ep(. X0, X1)E(G" | Xo, X1)p(Xo)t(X1))

E (E(.G"|Xo, X0)p(Xo)p(X1))

and thus

E*Y(.Gb)

E*Y(Gb)

Therefore Pz,y < P*¥ and by Girsanov’s theorem le’y is the law of a semimartingale too.
To show that an arbitrary mixture of bridges in the sense of the disintegration formula

(4.13) is still a semimartingale, we use a definition of semimartingales as introduced by

E,"(.) =
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Protter [Pro04]: We say that H : 7 x C(Z, R?) — RY is a simple integrand if it is of the form

n
H = Hol) + Z Hilr, 11
i=1
where 0 = T1 < -+ < Tj41 < o0 are stopping times, and H; € Fjor), Y1 <i < n+1. For
any simple integrand H = Hol; + X.i_; Hil(r,1,,,) we may define the natural real valued
integral
n
th +dX; = Ho- Xo+ Y H;- (Xr,, - Xr),
d i=1
Let (H");»1 a sequence of simple integrands converging to the simple integrand H in

the sense that SUP (1 o) |HO(t, w) — H(t, w)1 converges to zero for i — oco. Then Q is a
semimartingale if any only if the integrals converge in probability:
> e},
1

lim Q (Ai(¢)) =0, forany ¢ > 0, where A;(¢) := { ‘ ngi) -dX, — th - d Xy
i—0o I I

We use the disintegration (4.13) to show that

Zlgglo Q(Ai(e)) = 111)1110 Eq (]Eb (]1A,~(s) Xo, Xl))
= [Eg (}E?o E, (]1Ai(g) | Xo, Xl)) =0,
where the second equation holds by bounded convergence. a

Now we prove that every process with integrable increments in the reciprocal class
R(IPy) satisfies a duality formula which is expressed in terms of the reciprocal invariants
defined in Theorem 5.26. Following the proof of Lemma 5.2 and the well definedness of

the stochastic integral by Proposition 5.31 we can drop a finite entropy assumption used
by Reelly and Thieullen in [RT05].

Proposition 5.32. Let Q € R(IP,) be such that X has integrable increments. Then the duality
formula

IEQ (P(X) L Uy + dXt) = ]EQ (f[ DtF(X) : utdt)
(5.33) ~Eq [F(X) fj ; i [ f[ Y Wis, X)dX;

t,l] ]:1
+ f dt|,
[t1]

holds for all F € Sy and u € E; with (u) = 0.

Proof. Remark, that the above formula is indeed well defined, since Q is a semimartingale
and the characteristics are bounded integrands. We start our derivation with the duality
formula (5.15) under IP,. We exchange

d
) 1 ..
EZ(S,XS) + 5 E 8]-\112’](5,)(5)}615
j=1

dibj(s, Xs)dX s = f WY/ (s, Xo)dXis + f d;bi(s, Xs)dX 5.
[t1] [t1] [t1]
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The last term also appears in the It6-expansion of b(t, X;):

b(t/ Xt) = (1 Xl) - (atbl (S/ XS)/ sy atbd(sl XS))tdS
[t1]

f Z (Qib1(s, Xs), -, Ojbals, X)) dX
(111

f Z(&ZblsX) ., Pby(s, X))\ ds
[t11 %

We insert this expansion into (5.15) and recognize the reciprocal invariants defined in (5.27)
and (5.28):

E, | F(X b(t, X;)d l

b ()»fut (t, t)t+fl;ut
[ d

= E;|F(X) | ff ;ui,t

bi(l,xl)—f[ Z\y (s, Xo)dX 5
. 1 d ..
- CY (s, Xs) + = a'\yw(sl Xs)
f[;,l]( b 2; V)

a‘b]‘(s, Xs)(de,s - b]‘(S, Xs)ds)dtD
[t1]

15

ds dt” .
As in the proof of Lemma 5.2 we apply this identity to the functional F(X)¢$(Xo)y(X1) for
FeSjand ¢, ¢ € CZ°(IRd) and u € &; such that (u) = 0. This shows that (5.33) holds for
all bridges IPg’y . Using the disintegration (4.13) one obtains that (5.33) is indeed true for all
Qe 'R(]Pb) O

We end this paragraph with a partial converse to the above proposition as presented by
Reelly and Thieullen in [RT05]. For the sake of completeness we quote their result including
all the hypotheses: They characterize the elements of R(IP;) in a class of probabilities
on C(Z,R%) that satisfy regularity assumptions. In particular, they assume that Q is a
probability on C(I, RY) such that

o Q has finite entropy with respect to a Wiener measure.
e sup,;|Xih € LYQ).
o Conditional density: Regularity and domination.
(@) VO<t<u<1,VY(xvy) e R there exists a function q such that

Q(X, € dz|X; = x, X1 = y) = q(t, x;71,2; 1, y)dz.

(b) VO<r<1,VY(x,y) e R, 9(0,x;71,2;1,y) > 0.

(c) Ye >0, ¥(s,x) € [0,1— ] xRY, there exists a neighborhood V of (s, x) and a function
ov(r,z,1,y) such that whenever d,, denotes ds, d; or 8?]. fori, jefl,...,d} it holds:
SUP (s ey 19ad(s’, X1, 21, Y)l < (1,2, 1, y), and

Z,1,
Jorcey Jee @+ 12PY0v (2,1, y)(1 + G572 )dzdr < +oo
o Integrability condition on the derivatives of the conditional density.
Let0<s<1-e¢.

(a) f[s,l—a] f]Rd 10aq(s, Xs; 1,21, X0)I(1 + |217)dzdr € ILNQ), where 9, denotes ds or d;j for
1<i,j<d

O [ 1 Jpe 1946, X5 1,21, X0I(L + 2P)dzdr € L2(Q).
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0aq(s,Xs,1,2,1,X1)?
(c) f[s,l—s] f]Rd(l + |Z|2)—Z((S,x,r,;,zl,xl)l) dzdr € LYQ), where 9, denotes ds, 9; or 81-]- for
1<i,j<d

These hypotheses exclude e.g. the bridges ]PZ’y .

Theorem 5.34. Let Q be a probability measure on C(I,R?) such that the above assumptions hold.
If for every F € Sy, u € &; with (u)y = 0 the duality formula (5.33) holds, then Q is in the reciprocal
class R(IPy).

In the last two paragraphs of this section we apply and interpret this characterization
result. Let us first present a continuation of Examples 5.19 and 5.30.

Example 5.35. Let IPj, be the law of a Brownian diffusion with deterministic drift b € C;(I ,RY).
Then the above duality formula (5.33) reduces to

d
E, (P(X) fj ut-dXt):]Eb ( fj DtF(X)-utdt)—IEb F(X) fj Zu,-,t [
i=1

Since b(1) — b(t) = f[”] d:b(s)ds, this is equivalent to the duality formula (5.4) that holds for the
process t — X; — f[O p b(s)ds. By Theorem 5.3 the above duality characterizes the reciprocal class
R(IPy) in the class of all probabilities Q on C(I,R?) with integrable increments.

8tbi(s)dsdt] .

t1]

5.5. A physical interpretation of the reciprocal invariants.

The origin, and an important inspiration for the development of the theory of reciprocal
classes, was an idea of Schrodinger [Sch32]: He remarks certain analogies between the com-
putation of transition probabilities in a reciprocal class and the probabilistic interpretation
of the wave function in quantum dynamics:

“Il s’agit d'un probleme classique: probleme de probabilités dans la théorie du
mouvement brownien. Mais en fin de compte, il ressortira une analogie avec la
mécanique ondulatoire, qui fut si frappante pour moi lorsque je I'eus trouvée, qu’il
m’est difficile de la croire purement accidentelle.”

Schrodinger introduces a time-symmetric formulation of diffusion problems that are usu-
ally posed in the form of Fokker-Planck equations:

“[..] on peut dire qu’aucune des deux directions du temps n’est privilégiée.”

His considerations can be summarized as follows: The motion of a particle in a thermal
reservoir in the absence of external forces is described by the law of a Brownian motion
IP. He interprets this well accepted model as a special solution of a diffusion problem with
fixed endpoint distributions. If instead of the endpoint measure IPy; we want to prescribe
another boundary distribution pp; on the particle, the physical meaningful motion of the
particle will be described by the unique element of R(IP?) with boundary distribution p;.
His choice of dynamics is based on a consideration on the statistics of a large number of
particles, essentially a large deviation argument, an idea made rigorous by Follmer [Fo188].

In this paragraph we want to generalize the original considerations of Schrodinger to
particles moving in a thermal reservoir under the influence of an external electromagnetic
field in dimension d = 3. Our presentation is more formal than strict, allthough we tried to
present the results in a conclusive mathematical frame. We provide an interpretation of the
reciprocal invariants (5.27) and (5.28) of a Brownian diffusion in terms of the electric and
magnetic field in Proposition 5.71. Using this interpretation of the invariants we propose
a new stochastic formulation of Newton’s equation using the duality formula (5.33) in
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Remark 5.72. As a continuation of this idea we can show that our stochastic dynamics are
time-reversible in the same sense as the deterministic dynamics controlled by a Newton
equation, see Proposition 5.84.

Of course our model is highly idealized, we do not claim that any effective physical
behavior of diffusing particles is described by our results. The physical picture of our
model may rather serve as an analogy to the formulation of quantum mechanics, in a
sense proposed by Zambrini and other authors: The setting of a diffusing particle in
an electromagnetic field has been examined among others by Zambrini, Cruzeiro [CZ91]
and Lévy, Krener [LK93]. Both approaches are inspired by formal analogies to quantum
mechanics, but their construction leads to the same type of processes and reciprocal classes
as our construction that is purely based on analogies to classical mechanics. In particular
Lévy and Krener were able to identify the reciprocal invariants of a Brownian diffusion with
the electromagnetic field by a short-time expansion of reciprocal transition probabilities,
see also Proposition 5.76. Let us note that the concept of stochastic mechanics as introduced
by Nelson seems to lead to different kinds of processes for a similar physical problem. This
is due to his alternative definition of the velocity and acceleration of a diffusing process,
see e.g. Nelson’s monograph [Nel85, Paragraph 14].

Our results are based on a stochastic control approach under boundary restrictions
developed by Wakolbinger in [Wak89]. Let us note that a similar control approach has
been studied by Guerra, Morato in [GMB83] for particles under the influence of an electric
field. Their results are based on different methods than Wakolbinger’s and do not underline
the role of the reciprocal invariants.

5.5.1. A particle in an electromagnetic field.

In this paragraph we describe the deterministic motion of a particle with unit mass and
unit charge in an electromagnetic field. There are several ways to describe such a dynamical
problem in classical mechanics. We use the formulation of Lagrangian mechanics as a
variational problem, which we then reformulate as a control problem with boundary
restrictions.

The trajectory of a particle is described by a function w € C?(Z,R3), such that the

velocity: @ = ia) and the acceleration: @ := d—zw
dt’ dt?

are well defined. All admissible trajectories given endpoints x, y € IR® are contained in
T(x,y) = {w € CAI,R% : w(0) = xand w(l) = y}.

The Lagrangian of a particle with unit mass and unit charge in an electromagnetic field is
defined by

L(w(®), w(t), t) = %Id)(f)l2 +a(t) - A(t, w(t)) — O(t, w(t)),

where A € C;’l (I xR3, R%) is the vector potential of the magnetic field and ® € C ;’1 (I'xR3,R)
is the scalar potential of the electric field. In particular we can compute the

(5.36) magnetic field: B(t,z) := (82A3 — d3A;,03A1 — d1A3,01A7 — 82A1)t(t, 2);
(5.37) electric field:  Ej(t,z) := —-0;®P(t,z) — diAi(t,z), i=1,2,3.
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The Hamiltonian action functional associated to the Lagrangian of the motion in an elec-
tromagnetic field is

(5.38) J(w) := fL(a)(t), w(t), bdt = j‘(%ld)(t)l2 +a(t) - Alt, w(t)) - (D(t,a)(t))) dt.
I I
We may now state the general Hamiltonian principle of stationary action.

Definition 5.39. The effective trajectory of the particle moving from a point x € R3 to y € R® in
an electromagnetic field defined in (5.36) and (5.37) is an extremal of the action functional (5.38) in
the class of all admissible trajectories w € I'(x, y).

To state this physical problem as a deterministic control problem with boundary restric-
tions let us assume that the motion of the particle is controlled: The trajectory of a particle
is described by a function w, € C*(Z,R%) that is the solution of an ordinary differential
equation of the form

(5.40) iwc(t) = c(t, wc(t)), where ¢ € CH1 (I x R?,IR?) is the control vector.
dt b
The control condition implies
(5.41) W) = ciltwet), i=1,23,
3
(5.42) ei(t) = drcilt, we®) + Y cilt, we®)jcilt, welt), i=1,2,3.
j=1

Since we want to describe the motion of the particle with given boundary conditions, we
collect all control vectors defining trajectories that have the same endpoint values x, y € R3
in

(543) Te(r,y):={ceC/ T xR, RY) : we(0) = xand @ (t) = clt, we(t)) = wc(1) = y}.

We may now state the Hamiltonian principle of stationary action as a control problem, the
boundary restriction is expressed through the restriction on the set of admissible controls

Te(x, ).

Definition 5.44. A control vector c € I'c(x, y) is called an optimal control if the trajectory w. is an
extremal of the action (5.38) in the class of all admissible trajectories w € I'(x, y).

We are going to see, that the effective trajectory w € C*(Z, R%) is unique, see also e.g. the
introduction by Arnold [Arn78]. The optimal control is unique in the following sense.

Remark 5.45. Let ¢ € I'c(x,y) be an optimal control, then it is unique in the following sense: If
¢ € I'e(x, y) is another optimal control, then w, = we if w:(0) = ws(0) = x, since the minimizing
trajectory is unique.

Deriving a solution of the ensuing Lagrange equations of motion gives a sufficient
condition on a control vector ¢ € I'c(x, y) tobe optimal. Thus the next result is a reformuation
of the Euler-Lagrange equations in terms of “reciprocal invariants”.

Proposition 5.46. Let x,y € R be arbitrary boundary values. The control vector ¢ € T.(x,y) is
optimal if it has

(i) the “rotational” invariant: (\Pg”z(s, wc(s)), ‘If,}’g’(s, wc(s)), \Iff’l (s, a)c(s)))t = B(s, w.(s)) where

(547) W(s,2) = dicj(s,2) — djei(s,2), ij=1,2,3;
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(ii) the “harmonic” invariant: (E}(s, wc(8)), B2(s, wc(s)), E3(s, a)c(s)))t = E(s, wc(s)), where

3
(5.48) Bi(s,z) 1= dsci(s, z) + Z cj(s,z)dici(s,z), i=1,2,3.
=1

Proof. This is just a reformulation of the Lagrange equations of motion. It is well known,
that an admissible path w € I'(x, y) is a critical value of the action functional (5.38) if the
Lagrange equations of motion are satisfied:

d o d . .
0= dta L(a)a)t) 8_a)iL((U'w't)' 1i=1,2,3
3 3
e 0= d)i+atAi+Zd)ja]’Ai—Zd)]‘aiAj+ai(D, i=1,2,3.
=1 =1

For a controlled trajectory w, with ¢ € I'.(x, y) we insert (5.41) and (5.42) to get

3 3
8tCi + Z?:l C]'a]‘CZ‘ = —8tA1- - Z Cj&in + Z C]'aiAj - 81'@, 1i=1,2,3
j=1 j=1

3
(=4 3tCi + 2?21 Cjal'C]' = Z Cj (al’Cj - 8jci + al‘Aj - ain) - 8tAi - al@, i= 1,2,3,
=1

where all functions are evaluated in (s, w(s)). A term-by-term comparison with the defini-
tion of the electromagnetic field gives the result. m]

By assumptions on the electromagnetic potentials the Lagrange equations have a unique
solution, and since the action functional is bounded from below we may presume that this
solution is even the unique minimizer of the action functional.

In analogy to Theorem 5.26, the solutions of the deterministic optimal control problem
for given electromagnetic potentials A and @ and varying boundary conditions x,y € R
are characterized as elements of the same “reciprocal class”. Condition (i) on the invariant
in the above Proposition 5.46 states that \Iflc’] (s, we(s)) = \I’” (5, wc(s)) for i, j =1,2,3. We
would like to formulate condition (ii) in a similar way, to get an identity of the harmonic
invariant Z to the harmonic invariant of a reference control b € Ci’l(f x R3,R3). This
reference control cannot be —A, since generally Z" A(t, z) # —dAi(t, z) — 9;D(t, z) would not
imply the Lagrange equation of motion for the controlled trajectory. Instead we use the
following ansatz

b(t,z) = =A(t, z) + VY (t,z2),

where ¢ € C2(I x R3,IR%), since in this case \I’é] (s, we(s)) = ‘I’;] (s,wc(s)), 1,7 =1,2,3, that
is, condition (i) still holds. The Lagrange equation of motion

3
Eé(s, a)C(S Z C] \I] (S a)C(S ) - Z](S/ a)C(S))) - atAi(S, a)C(S)) - ai®(sl a)C(S))I l = ]-/ 2/ 3
j=1
holds if we find ¢ such that

EL(s, 0c(s)) = EL (s, we(s)) = —AA(s, wc(s)) — 9i(s, we(s)), i = 1,2,3.
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This is implied if ¢ is the solution of the partial differential equation

3
—atAi - aiCD = —atAi + ataﬂ/} + Z(—A]‘ + 8]‘170)81‘(—14]‘ + 8]gb)
j=1
1 3
& 0=0|ap+; Z;(—Aj + ) + @
]:

globally on (s, y) € 7 x R3. Since @ is defined up to a constant we may assume that the
term in the bracket is already zero. Now we reformulate Proposition 5.46 using a reference
control vector.

Proposition 5.49. Assume that there exists a solution ¥ € CY*(I x R3,R%) of the non-linear
partial differential equation

3
_ 1 2
(5.50) 0=d+3 ;(—Aj +90) + @,

such that b(t,z) :== =A(t,z) + Vi(t,z) € C;J (I x R3,R3) is reqular enough. Then c € T(x,y) is
optimal if

(i) the “rotational” invariants coincide: ‘Iféj (s, we(s)) = ‘I’;] (s,wc(s)),1,j=1,2,3;

(ii) the “harmonic” invariants coincide: B (s, w(s)) = E;’] (s, wc(s)),i,j=1,2,3.

Of course the conditions in Proposition 5.46 and 5.49 are only sufficient and do not
guarantee the existence of a controlled trajectory w. that minimizes (5.38). The existence
depends on the solvability of the non-linear partial differential equation (5.50) and the
regularity of its solution.

Before treating the same dynamical problem for a particle in a thermal reservoir, let us
make some remarks for later reference on other physical aspects of the motion of a particle
in an electromagnetic field. The first remark is on the famous time-reversibility of classical
mechanics.

Remark 5.51. Let ¢ € I'c(x,y) be an optimal control vector for the electromagnetic potentials
Ace Cllj’l(f X R, R3) and ® € Cllj’1 (Z x R3,R). The time reversed trajectory is defined by

@c(t) := we(1 —t).

The first question of time-reversibility is, wether @ is a physical meaningful trajectory. The second
question concerns the electromagnetic potential governing the trajectory. We can answer both
questions by observing that %c@c(t) = —c(1—-t,&c(t)) = &(t, (1)) with &(t, y) := —c(1 —t,y), since
this implies

(W32(s, 0(5)), W (s, els)), W2 (5, 0c(5)))

(BL(s, dcls)), E2(5, 0c(6)), EX(s, (5)))

By Proposition 5.46 & is the trajectory of a particle in the same electromagnetic field with reversed
boundary conditions.

—B(1 =5, 0c(s)),

E(1 —s,dc(s)).

Now we give a comment on the problem of finding an extremal contained in Definition
5.44 and an equivalent formulation used in the random setting of the next paragraph.
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Remark 5.52. The minimization of the action functional (5.38) in the class is equivalent to the
minimization of the functional

%fjlc(s,a)c(s))lzds+fIA(s,wC(s))-c(s,a)c(s))ds—fj@(s,wc(s))ds

_ . _1 2 g _
= f[c(s,a)c(s)) wc(s)ds 2‘fjlc(s,a)c(s))l ds+f[A(s,a)C(s)) wc(s)ds ‘L:(D(s,wc(s))ds,

subject to c € T'e(x,y). A similar minimization problem will appear in the stochastic setting of the
next paragraph, where it has the interpretation of an entropy minimization problem.

The last remark is a reformulation of Newton’s equation of motion for a particle in an
electromagnetic field. This “integral” formulation provides an analogue to the duality
formula of Brownian diffusions in the next paragraph.

Remark 5.53. Given the electromagnetic field (5.37) and (5.36), Newton's equation of motion for a
particle of unit mass and unit charge is an equality between the acceleration of the particle and the
Lorentz force

(5.54) @(t) = E(t, w(t)) + @ X B(t, w(t)), were w € I'(x,y),

and we used the cross product of vectors x X y = (X2y3 — X3Y2, X3Y1 — X1Y3,X1Y2 — X211)" for any
x,y € R®. We use a simple integration by parts to give a formulation that does not need the second
derivative of w, thus admitting classes of admissible trajectories that are larger than I'(x, y). Take
any u € & with (u)y = 0, then (5.54) implies

f(u)t ~@(t)ydt = f(u)t - (E(t, w(t) + w(t) X B(t, w(t))) dt
I I

(5.55) o - f] w(t)dt = f] (uys - E(t, w(b)dt + ff () % B(t, (b)) - o(t)dt,

where the equation holds due to integration by parts. Boundary terms vanish because of the loop
condition on u.

5.5.2. A particle in an electromagnetic field immersed in a thermal reservoir.

In this paragraph we describe the motion of a particle with unit mass and unit charge
immersed in a thermal reservoir and under the influence of an external electromagnetic
field. We start with the description of the stochastic Lagrangian mechanics as a variational
problem, then reformulate these as a stochastic control problem. A sufficient condition to
be the solution of the stochastic control problem can be stated using the invariants of the
reciprocal class of a Brownian diffusion.

In the deterministic case we have chosen the class of admissible trajectories such that we
where able to define a velocity and an acceleration. Here we model the motion of the particle
by a Brownian motion with drift, since the drift can be interpreted as velocity. Instead of
endpoints x,y € R® of a deterministic trajectory we prescribe an endpoint distribution
(Xo, X1) ~ po1 on R®. For technical reasons we will assume that the endpoint distribution
and the drift are regular enough: The set of admissible distributions of the particle is

I'(uo1) = {IPb such that X is a Brownian motion with drift b, IP, o = po1 and P, < ]P} .

In particular we exclude bridges. The identification of the velocity of the particle with
the predictable drift b under the law P, allows us to introduce the canonical stochastic
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Lagrangian of the particle diffusing in an electromagnetic field by
1
L(Xi, by, t) = Elbtlz +bi - A, Xi) = O(t, Xi).

We define a stochastic Hamiltonian action functional by

(5.56) J(P,) = E, ( f] L(X,, bs, t)dt) _E, ( f] (%|b,f|2 + b At X)) - D, Xt))dt),

for any IP, € I'(ug1). We may now state the general Hamiltonian principle of least action in
the random setup. This definition is inspired by Definition 5.39, but similar minimization
problems have been associated to stochastic problems of motion before, see e.g. Yasue
[Yas81].

Definition 5.57. The effective distribution of the particle moving between the endpoint distribution
o1 in the electromagnetic field defined in (5.36) and (5.37) minimizes the stochastic action functional
(6.56) in the class of all admissible distributions P, € I'(uo1).

This minimization problem does not always have a solution, since I'(191) may be empty
or the action may be infinite for all distributions in I'(ug1). As for the deterministic case we
will not deal with the question of the existence of a solution.

Let us state this physical problem as a stochastic control problem. Instead of introducing
a control vector ¢ we assume that the particle moves according to the law of a Brownian
diffusion. As the control vector specified the trajectory by (5.40), the drift specifies the law
of a Brownian diffusion IP, as the weak solution of the stochastic differential equation

(5.58) dX; = c(t, Xy)dt + dW;, where c € C;*(I x RY, RY) is the drift.

Here W denotes a Brownian motion. The drift could be called the stochastic control vector.
We collect all drifts that agree with the prescribed endpoint distribution

(5.59) Te(uor) = {c € C;(I X R%, R%) : such that Peg; = pion .-

Clearly {P. : ¢ € I'.(u01)} € I'(to1)- The stochastic optimal control problem is defined as
follows.

Definition 5.60. The drift ¢ € I'.(uo1) is called an optimal drift under the boundary constraints
(Xo, X1) ~ po1 if it minimizes the stochastic action functional (5.56) in the class of admissible
distributions I'(uo1).

We present a solution of the minimization problem of Definition 5.57 for a particular
case: Assume that the particle starts to move from a fixed point x € R3. All admissible
trajectories are absolutely continuous with respect to IP*, therefore the final distribution
p1(dy) = po1({x} X dy) has at least to be absolutely continuous with respect to the Lebesgue-
measure. Thus we look at the motion of the particle with boundary distribution ug; =
to ® u1, where

(5.61) po = O and p1(dy) = p1(y)dy where p1(y) > 0 forall y € R3.

The form of pg; as a product measure is due to the deterministic initial condition. Let us
note, that if 1o is of the form (5.61), then the set of admissible distributions is non-empty
since h(X1)IP* € T'(uo1) with h(z) = (du1/dP})(z), see also Example 4.19.

Using an approach by Wakolbinger [Wak89], we now compute the effective distribution
of the particle. This approach is based on the identification of a relative entropy with the
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stochastic action functional. Given two distributions IP and Q with Q < P on C(Z, R%), the
entropy of Q with respect to IP is defined through

Eg(log G), where Q = GIP.

In particular if IP is a Wiener measure, and Q = P, € I'(ug1), then the relative entropy is

given by
1
Ef(log G) = E} ( f bt-dXt—E f |bt|2dt).
I I

Proposition 5.62. Let L be as in (5.61). Then the effective distribution of the particle is a
Brownian motion with drift b(t, Xy) = —A(t, X¢) + Vlogh(t, X;), where

(5.63) h(t,y) == E*, (h(Xl)exp (L , (q)(s, Xs) + %|A(S, XS)IZ) dt)‘ X; = y),

and we used

ly—x2
2

(5.64) h(y) = pl(y)(Zn)%e_ []Ex'y (exp (— ‘LA(t, Xp)-dX; + f

I

-1
a(t, Xt)dt))] :

Proof. We introduce an auxiliary measure on the canonical space: If P* is the Wiener
measure starting in x € R® put

(5.65) Q" := GAP* with GA? := exp (— f A(t, Xy) - dX; + f CD(t,Xt)dt).
I I

Note that Q* is not necessarily a probability measure. By assumption every Py € I'(por) is
absolutely continuous with respect to IP* with Girsanov density

(5.66) G = exp ( f by - dX, _1 f |bt|2dt).
T 2Jr

Assume that there exists an element P, € I'(101) such that 7 (IP;) is finite. Since

E, (f[ b - (dX; — btdt)) =0 and Ej (fIA(t, X)) - (dX; — btdt)) =0,
we can rewrite the action functional

EX ( f] (%IthZ + by AL X)) - Dt Xt))dt)

IE;( f bt-dXt—% f b2t + f A(t, Xy) - dX; — f q)(t,Xt)dt).
I I I I

Note that this minimization problem is similar to the one in the deterministic setting
proposed in Remark 5.52. Here we encounter the densities given in (5.65) and (5.66), which
implies the entropy formulation

dlP} dp dIP*
P, = 5 o5 6" ~ 10 6**) = o5 752 50| = = {08 T2

I (Py)

We use the multiplication formula

dPy dPy | apy 'V
—50 (@) = — (1)~ (@)
Q @ Q-
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but the first term must be nothing else than the function (y) defined in (5.64): Indeed we
know P} (dy) = p1(y)dy and the endpoint distribution of Q*is

Q' (Lo(X) = EX(Io(X1)GA®) = — f Loe T BN G )dy.
(2m)2 IR

If we insert this into the above representation of the action functional

]I)XO/Xl
(5.67) J(Py) = Ej (log h(X1)) + By [log [dQZoxl D '

The second term is zero if and only if ]PZ’y = Q*Y hold IP; | -a.s. Since the h-transform h(X1)Q*
would satisfy this condition, we only have to show that /(X;)Q" is a Brownian motion with
drift in which case h(X;)Q* € I'(uo1) is the unique minimizer of the entropy, and thus of the
action functional (5.59). We can already remark, that following Lemma 4.4 the h-transform
h(X1)@Q* has the Markov property.

Define h(t,y) as in (5.64), by the Feynman-Kac formula # is a solution of the partial
differential equation

3 3
1
(5.68) o + Z; Ajdjh+ 3 X; P+
J= J=

3
1 2 _
EZ;AJ. +q>}h -0,
]:

see e.g. the monograph by Karatzas and Shreve [KS91]. We use this to rewrite the Ito-
formula

3
1
log h(1, X1) = log h(0, Xo)+ f[ ¢ log h(t, X;)dt+ fj Viog h(t, X))-dXi+5 f[ Z;&]Z.logh(t,Xt)dt,
]:

which implies

h(X1)Q* exp (logh(1, X71) —log h(0, Xo)) o

exp ( f Vlogh(t,Xt)-dXt—% f |V 1og h(t, X;)ldt
I I
1 3
+ | e, X0 | 5 Y I, X + dih(e, Xo)
I 2 =1 J

exp ( f[ (=A+ Vlogh) (t, X;) - dX; — % f_, |(—A + Vlogh)(t, X)) | dt) P

dt) GAPPp*

and we recognize h(X1)©Q* as the law of a Brownian motion with drift b(t, X;) = —A(t, X;) +
Vlogh(t, Xy). O

As mentioned above the Proposition, the original idea of identifying the stochastic
Hamiltonian action functional to a relative entropy is due to Wakolbinger [Wak89]. A
similar optimal control problem, in the case ® = —% Z?:l Aj, has been solved by Dai Pra
[DP91] using a logarithmic transformation approach.

In the above Proposition we showed that for given electromagnetic potentials A and
® the effective distribution of the particle is given by h(X;)Q*. If h > 0 on R3, then
every processes g(X1)Q* with ]Ef‘Q(g(Xl)) = 1 is given by (g(X1)/h(X1))h(X1)Q*, and thus

in the reciprocal class of the Brownian motion with drift h(X;)Q*. Therefore the effective
distribution of a particle in a thermal reservoir given electromagnetic potentials A and @ is
characterized as an element of the reciprocal class of 7(X1)Q".
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We use this fact, to combine the above result with Theorem 5.26 on the reciprocal
invariants and state a necessary condition on the drift c € I'.(ug1) to be optimal using the
invariants of a reference drift b € Cz’Z(I x IR?, IR3) in the reciprocal class of h(X1)Q".

Corollary 5.69. Assume that there exists a solution 1 € C13(I x R®,R%) of the non-linear partial
differential equation

3
1 2 1w,
(5.70) o=&t¢+§(—Aj+ajlp) +§Zaj¢+q>,

with endpoint condition E¥(e¥XVGA®) = 1 such that b(t,y) := —A(t,y) + Vi(t,y) € C2’2(I X
R3,R?) is regular enough. Then the drift ¢ € Tc(uo1) is optimal if and only if

(i) the rotational invariants coincide: \I’IC’] (s,y) = \I/lb’] (s,y),i=1,23;

(ii) the harmonic invariants coincide: Eé(s, y) = Eé(s, y),i=1,2,3.

Proof. Define h(t,y) = e¥®¥, then h is solution of the Feynman-Kac partial differential
equation (5.68). By the proof of Proposition 5.62 we have P} = h(1, X1)Q* and K(1,.) > 0
identically by definition.

Let P} € I'(ug1) such that conditions (i) and (ii) hold. By Theorem 5.26 PP} is in the
reciprocal class of ]PZ“ and thus of the form P, = fl(XQIPZ‘ . Therefore IP, is an h-transform of
the auxiliary measure Q* and with Proposition 5.62 we deduce that c is an optimal drift.

If on the other hand c is the optimal drift we may apply the proof of Proposition 5.62 to
see that IP. is in the reciprocal class of I’, and by Theorem 5.26 the reciprocal invariants of
the two Brownian diffusions coincide. m]

We can reformulate the condition of equality of invariants using the electromagnetic
fields B and E as defined in (5.37) and (5.36). This provides an interesting physical in-
terpretation of the reciprocal invariants. We note also, that this development is precisely
analogue to the deterministic one, see Proposition 5.46.

Proposition 5.71. The drift ¢ € I'c(uo1) is optimal if it has

(i) the rotational invariant: (‘Iff’z(s, Y), \1!}3(5, Y), \I’f'l(s, y))t = B(s, y);

(ii) the harmonic invariant: (E}(S, Y), B2(s, ), E3(s, y))t = E(s, ).

Proof. By condition (i) there exists a ¢ € 02’3(1* X R3,R) such that c(t, y) = —A(t, y) + Vi(t, y)
(closed forms are exact in IR?). Then condition (ii) states that

3 3

‘ 1

EIC = —atAi + ataﬂ,b + Z(—Aj + a]‘gb)ai(—Aj + 8]¢) + E Z 81'9]-(—/1]- + a]gb) = —8tAi - aiCD.
j=1 j=1

Since conditions (i) and (ii) are invariant under electromagnetic gauge, we may assume the

Coulomb-gauge Z;’:l djA; = 0 holds. This implies

3 3
_ 1 a2 LY 2
0=20; 8t¢+§;(A]+8]4)) +§;aj¢+cp .

We proceed as in the proof of Theorem 5.26 to find a function ¢» € C!(Z) such that the right
normalization condition E*(e¥(»*X)GA®) = 1 holds. Thus IP} is an h-transform of Q* and by
Proposition 5.62 the drift ¢ is optimal. m|
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Let us introduce a reformulation of the duality formula (5.33) using the above interpre-
tation of rotational and harmonic invariants.

Remark 5.72. Let us exchange the Ito integral in the duality formula (5.33) by a Fisk-Stratonovich
integral. With respect to the law of a Brownian diffusion 1Py, that is

1

ij _ ij ij
W,(s, Xs) 0 dX;, = \f[t,l] W,(s, Xs)dX s + 5 8j\1’b (s, Xs)ds

[t1] [t1]

for 1 <1i,j < 3. Assume that the drift c € Te(u1) is optimal and let b € C*(I x R®, IR®) be defined
as in Corollary 5.69. Then the duality formula
dt],

]Ex (P(X) f Uy © dXt) ]Ex (f tF(X) . Mtdt)
holds for all F € Sz and u € & with (u) = 0. But identifying the characteristics and the

X)f utf W(s, Xs) o dX; +f Bl (s, Xs)ds
Z‘ l [ tl]Z‘ 2 P ey
electromagnetic field this is equivalent to

j=1
EX ( f] DtF(X)-utdt)

(574) = ]EJC( (F(X) (f U odX; + f(u)t X B(t, Xt) odX; + f{u)t . E(t, Xt)dt)) ,
I I I

(5.73) ~EX|F

where we used the cross product x X y = (xaY3 — X3Y2, X3Y1 — X1Y3, X1Y2 — X2y1)! forany x, y € R3.
Take any t € I and chose F € S3 such that F is Fg ;) measurable and u € Ez such that u = ul ).
Using the computation of the proof of Lemma 2.44 for the predictable process Fu, the above equation
implies

(5.75) ]Ef(—j;utodxt 7:[0,191) :]E?(j;<“>tXB(t/Xt)OdXt+L<u>t'E(t;Xt)dt‘ 7:[0,t])-

By analogy we can identify the duality formula (5.74) with the formulation of Newton’s equation
in Remark 5.53.

Theorem 5.34 may thus be interpreted as a criterion of uniqueness of the solution to the
stochastic Newton equation (5.74).

Before considering the time-reversal of the motion of the diffusion particle, we want to
point out a remarkable result by Krener [Kre97]. He showed that the invariants from the
reciprocal class of a Brownian diffusion appear in a short-time expansion. By Proposition
5.71 this implies that we can locally detect the electric and magnetic field.

Proposition 5.76. Let Q be any process in the reciprocal class of a Brownian diffusion IP,. Then
for small € > 0,6 > 0 the expansion
Xi—e + X Kive — Xi-
Eq (Xi,t—e — 2K+ Xjpae | —— ot =y, ST o 6x)

2 = Yo

(5.77)

3
Ei(1)e? + Y WL x,) (e0)) + O((e v 0)°)
=1

= Ei(t,x,)e% + (x X B(t, x,)); € + O((¢ V 6)°)
holds for any t € (0,1), x,, x € RY.
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We will only give the sketch of a proof using the duality formula (5.33), for the proof of
this and similar results we refer to Krener [Kre97, Theorem 2.1]. Let us note, that the above
short-time expansion may be interpreted as a second derivative of X; in direction x, since
the condition is equivalent to X;_. = x, — 6x and X;,, = x, + Ox, whereas

Xi—e = 2Xp + Xpge = (Xpre — Xip) — (Xp — Xi—e).

Sketch of a proof. By Corollary 4.15 the identity Q(.|X;—, = x, — 0x, Xi4e = X, + 0X) =
Py(. [Xi—e = xo—0x, Xty = Xo+0x) holds on F— 14 It is therefore sufficient to prove (5.77)
for under Py,

Letgp, ¢y € CY (R%). For the derivation of the conditional density on the left side of (5.77)
we have to examine

(578) IEb (¢(Xt+é‘ - Xt—s)lp(Xt—é‘ + Xt+£) (f dXi,s - f dXi,s)) .
[tt+e€] [t—¢,t]

Define the functionals F(X) = ¢(Xi+e — Xi—¢) and G(X) = P(Xi—¢ + Xi1e). By (2.18) the
derivative of FG is

Dis(FG)(X) = 0ip(Xse — Xp—e)P(Xi—e + Xpre) Ljp—g t4£](S)
(5-79) +(P(Xt+e - Xt—s)aill}(xt—e + Xt+e)]l[0,t+g] (5)
Since (Lt t+¢] — Ljt—e,1) = 0 we can apply duality formula (5.73) to (5.78) and get

E, (F(X)G(X) ( f[ i f[ » dxz-,s)):nzb ( ff Dz-,s<FG><X><n[t,t+d<s>—n[t_g,tns))ds)

d
+E, [F(X)G<X> fj (Lt re1(8) = e 1(5)) [ f[ PRAGIRE f[ | Eitr X ds).
S, ]21 S,

The first term is zero by (5.79). In the second term we change the order of integration to get

E, (F(X)G(X) (f[‘tt ! dXis —f{;_ﬂ dXi,S))

d
= B [FO0GE0| [ Y W6 X0~ L) 0 X6
I %
j=1

+£EZ(S/ X))t pre) — ]l[t—e,t]>sd5))-

The rest of the proof is a Taylor expansion around (¢,x,) of the invariants an a careful
treatment of the stochastic integral. m|

Using a similar short-time expansion Lévy and Krener [LK93] where able to identify
the reciprocal invariants with the electromagnetic field. We have been able to give this
identification in Proposition 5.71 using an optimal control approach.

5.6. Time reversal of Brownian diffusions.
The time-reversed canonical process is defined by

(5.80) X = Xq_y, te .

The limit from the left has to appear here, since we are working on the space C(Z, RY), even
if the trajectories of X are a.s. continuous with respect to the reference measures we use in
this paragraph. If Q is any probability on C(Z, RY), we denote by Q := Q o X! the image
of Q under time-reversal. Clearly Q is a probability on C(Z, R?) too.
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Lemma 5.81. The Markov and reciprocal property are stable under time-reversal.

Proof. Let Q be a distribution on C(Z, R?) having the Markov property. Take any ¢ € I and
F,G € §; such that F(X) = f(Xy,,...,X},) is Fjo,q-measurable and G(X) = g(X;,, .. ) is
F1t11-measurable. Remark that Eg (FX)|Xy) = ]EQ(F()A()l)A(t) since

Q. N{X; Q) _QC oX1ni{XieQ)
QX €Q) QX €Q)

Sm

Q(.1X,€Q) = = Q(.oX !X, € Q), for Q € B(RY).

Then
Eo FX)GX)IXy) = Eo(FR Xi)
= Q(f(Xl b fX1,))8(Xsy - Xs,,)
Eq(F(%

%) Eq (G(R)| &)
= By (FX)I X) By (G(X) Xy),

Xl—t)

which is the Markov property of Q.

Now assume that Q has the reciprocal property. Take any s,t € 7,s <tand FFG € §;
such that F(X) is Fjosujs1-measurable and G(X) is ¥sy-measurable. Then the above
computation for the Markov property can be applied, but for the conditioning that is on
(X5, Xi) now. |

In particular time reversed Brownian diffusions still have the Markov property. Nu-
merous authors have been interested in the question, whether the diffusion property is
preserved under time reversal too. Let us quote the following result by Haussmann,
Pardoux [HP86].

Proposition 5.82. Let IP, be a Brownian diffusion, then the image of P, under time-reversal is a
Brownian motion with drift

(5.83) b(t, X;) = —b(1 — t, X;) + Vlog py(1 — t, X;).

In other words: P, = IP;, where IP; is a Brownian motion with drift b and initial condition
Pyo = Py If a Brownian diffusion P} with pinned initial condition is reversed, the
backward process will have a very singular drift when nearing the endpoint since IP;, ; = 6y
in this case. Different initial conditions may lead to densities p;(t, x) that have bounded
logarithmic derivatives.

Assume that there exists an initial condition Py such that be C}]’Z(I x R, RY).
In particular assume that \I/;’] and E; are the invariants of the reciprocal class of a
Brownian diffusion.
In [Thi93, Proposition 4.5] Thieullen identified the reciprocal class of the time-reversed
diffusion IP; using the explicit form (5.83) of the drift and the Kolmogoroff forward equation

satisfied by p,. We present a different proof, to show that this result is connected with the
duality formula (5.33) that is characteristic for the reciprocal class.

Proposition 5.84. Let Q be an element of R(IPy) such that X has integrable increments. Assume
that the image of Q under time-reversal Q := Q o X! satisfies the hypotheses of Theorem 5.34.
Then Q is an element of the reciprocal class R(IP;) with invariants

\ygf(t, x) = ~W(1 ~t,x), and BL(t,x) = Bj(1-,%), for (t,x) € T x R and i, j € (1,...,d).
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Proof. We present a proof using the characterization of the reciprocal class of a diffusion
by the duality formula (5.33). Take an arbitrary F(X) = f(Xy,...,X:,) € Sy and u =
Yl uils, s, € &4 with (u) = 0. Without loss of generality we may assume that n = m and
{tl,. . .,tn} = {Sl,. . .,Sn}. Then

Eq (F(X) f[ Uy - df(t)

n-1
Eq (f(Xl—tlz . S Z u; - (X1-t,, — X1-t,)
i1

Eq (ﬁ(X) L: i - dXt),

where we define £(X) = f(Xi_,,...,X1,) € Sgand 2t = — Y] uila—t,,1-1,] € & with
(f1) = 0. Since Q is in the reciprocal class of I’, we can apply (5.33):

Eq (ﬁ(X) L at-dxt) = Eq ( f] DtP(X)-ﬁtdt)
+]EQ(F(X fzult[f[t”zg/ (s, Xs)d

o
[t1]

The first term on the right side can be rewritten as

n
Eq (thﬁ(X)'ﬁtdf) Eq Zf Ai—1yd+.f (X1, ..., Xip,) - flsds
I i=1 [0,1-¢;]
i1

Eq [Z Aicya+ f Ky, -, X)) - Z uj(tivg — tj)} =IEq (‘f; DiF(X) - Mtdl‘)-
i=1

—1

_b(s Xs) + = Z(? ‘I’ (s, XS))ds

d}

As for the second term on the right side, we remark that £(X) = F(X) under the integration
by Q. Let us first treat the non-stochastic integrals:

Eq | £(X) f””ftu Ei(s, Xs) + = Z&w sX)]dsdt]

A . 1 g
Eq|F(X) fj Ei,(s,Xs)+§Z9j‘I’Z] (SrXs)} (Di)sds

=1

d
. ; 1 ij .
= Eq|F(R) ff E;,(1—s,xl_s)+Ezaj\lf,;fa—s,x1_5>J<ui>1_sds],

=1

and using the relation (il);_s = — f[s,l] u,dr = (u)s gives
A . oINS L R
Eq|F(X) fj (Eb(l —5, %) + EZaj\y;J(l —s,Xs)J<ui)sds]
Eq|FX) | u B} s d vy
o| FX) f[ 1ig L ; {;ba -5,%)+ 3 Z V(- )) dsdt}
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In the last term we have to rewrite a stochastic It6 integral:

d
E(X) f 0 f Y w5, X,)dX;dt | = Bo
I 111 4

We have to check the behavior of the Itd-integral under time-reversal. With {0,1/m, ..., (m—
1)/m, 1} =: {so,...,sm} € Ay we define the sequence of equipartition subdivisions of 7. We
expand the stochastic integral

Eq

d
F(X) ff Y WG, XK ai)dX e
=1

m
ff Wy (s, X)X s = Tim Y W (si, X )05 (Xjsiy = Xio),
k=0
by a Taylor expansion of \I/Z’j (t,x) in the j’th space coordinate

m
Z W (s, X )(3)s, (Xjsirr = Xjs,)
=0

m+1

= Y A = s Xa g )5 (Xjas, — Xjaos)
k=1

m+1

= — Z \I—’Z](l — Sk, Xsk)<ﬁi>1—sk(xj,sk - }A(]’/Sk—l)
k=1
m ..
= - Z \I/lb’](l — Sk, Xsk)<ﬁi>1—sk(Xj,5k+1 - Xjfsk)
k=0

m
=Y 91 = s K)o (R — Kjs)? + ROm).
k=0
The last term is bounded from above by K(X;,,, — X,)? max; |X;,,, — X;,| for some K > 0
and therefore converges to 0 in the LY(Q) limit m — co. The other terms converge to the
backward Itd stochastic integral plus a correction term, thus

f\PZ](S/szﬁi)stj,s _f\yzj(l_S/szﬁi)l—sdxj,s_fgjwzj(l_slf(s)(ﬁih—sds
I I I

- f] W1 = s, Xo)ui)ed R js - f[ WL (1 — 5, Ro)u)sdls.

This proves

Eq

d d
EX) f 0 f W(s, Xs)dX odt
]; t " Z b S ]

8

d d
F(X) f Uj [f Z \I/Z](l -, Xs)df(]‘,s + f Z 8]'\112’](1 -5, Xs)ds
I [£1] 5=
j=1

[t,l] ]:1

dtJ.

Therefore we have shown, that (5.33) holds under Q with respect to the claimed charac-
teristics. An application of the characterization in Theorem 5.34 ends the proof, since the
same duality holds with respect to IP;, and by assumption \I’;] and E; are the characteristics
of the reciprocal class of a Brownian diffusion. m|

The situation is especially time-symmetric if the drift b is deterministic.
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Example 5.85. The reciprocal class of P, = IP; is in general different than the reciprocal class of
the diffusion with drift b(t, x) := —b(1 — t,x). In particular

\I/B(t, x) = \yg(t, x),
but

d d
B0 = Ab— )+ Y b1 Lok~ £x)~ 5 Y Al - 1,)
=1

=1
d 1 d

# b1 —tx)+ Y bi(1—£x)09bi(1—t,2) + 5 Y 9djbi(1 ~ £,x)
j=1 j=1

N
= “B(t’ X).

If on the other hand b € C;(I ,IRY) and Py is the law of a Brownian diffusion with deterministic
drift b, then the reciprocal invariants coincide in the sense that \I/Z] 1-t = \I/;’] (t) = 0 and

E(l-1t)= :;(t).

Let us return to the physical interpretation of §5.5.

Remark 5.86. In dimension d = 3 we may use the interpretation of the reciprocal invariants as
electric and magnetic field. The behavior of a diffusion particle that is immersed in a thermal reservoir
and under the influence of an external electromagnetic field under time reversal may be loosely
describes as follows. If Q describes the motion of a particle in an electromagnetic field given by E(t, x)
and B(t, x) and boundary conditions ugy, then Q is the motion of a particle in an electromagnetic field
given by E(1 —t, x) and —B(1 — t, x) with boundary conditions Qo1 (dxdy) = uo1(dydx). Comparing
this to Remark 5.51 on the time reversal of the deterministic motion, we see that the stochastic
dynamics are reversible in the same sense as the deterministic dynamics.
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6. THE RECIPROCAL CLASSES OF UNIT JUMP PROCESSES

The canonical space of unit jump processes J1(Z), as defined in (6.1), is the subspace
of ID(Z) that consists of counting processes. A typical unit jump process is the Poisson
process, whose law is supported by J1(7).

In [CP90] Carlen and Pardoux introduced a Malliavin calculus for the Poisson process
based on a derivative of its jump times. In particular they derive a duality formula for the
Poisson process that contains a “true” derivative operator in the sense that a chain and a
product formula are satisfied.

We derive similar duality formulae satisfied for Markov unit jump processes, which
leads to our main result in Theorem 6.69: In this section we obtain a new characterization
of the reciprocal classes of Markov unit jump processes as the unique class of processes
satisfying a certain duality formula. This characterization is preceded by a study of the
bridges of Markov unit jump processes, for which we point out the existence of reciprocal
invariants presented in Theorem 6.58. We apply the characterization result to an optimal
control problem and the time-reversal of unit jump processes.

The section is organized as follows. In the first paragraph we give an introduction to unit
jump processes, see also the essential results of stochastic calculus of pure jump processes
in the Appendix. Paragraph 6.2 is devoted to the definition of the derivation operator of
Carlen and Pardoux that acts on jump-times.

In Paragraph 6.3 we study the Poisson process and its reciprocal class. We present a
duality formula satisfied by the Poisson process in Proposition 6.22. Moreover we show
that a Poisson process is the unique unit jump process that satisfies this duality formula.
Our first new result is the extension of this characterization to the bridges of a Poisson
process: By a loop-constraint on the class of test functions we prove that the reciprocal
class of a Poisson process is completely determined as the set of probability measures on
J1(Z) that satisfies a duality formula.

This approach is extended to Markov processes on Ji1(Z). In §6.4 we introduce the
setting of “nice” unit jump processes. These processes are Markov and admit a regular
jump intensity given in Definition 6.46. In Theorem 6.58 we specify a characterizing
reciprocal invariant for them: Two nice unit jump processes belong to the same reciprocal
class if and only if they have the same invariant. Our main result is Theorem 6.69 in § 6.6.
The reciprocal class of a nice unit jump process is then characterized via a duality formula
that contains the reciprocal invariant.

We present two applications of this new characterization. In § 6.7 we introduce an opti-
mal control problem for unit jump processes. The solutions of such a problem are contained
in the reciprocal class of a reference nice unit jump process, thus they are characterized by
a duality formula.

We study the time reversal of unit jump processes in §6.8. This subject has been ad-
dressed before by Elliott and Tsoi [ET90]. They use the duality formula satisfied by a
Poisson process to compute the intensities of time reversed processes, an approach in-
spired by the treatment of time-reversed Brownian motions with drift by Follmer [F6186].
Our approach is different and leads to different results. In particular we compute the
intensity of a time-reversed nice unit jump process and characterize the behavior of the
reciprocal class of a nice unit jump process under time reversal.

6.1. Unit jump processes.
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Throughout this section we consider real valued cadlag processes that have jumps of
unit size 1 and are constant in between the jumps. Instead of working with general cadlag
functions it is natural to focus on the canonical space of unit jump paths

m

(6.1) Jh(Z) = {a) =x+ Z Ly, x€R {ty, ...t} €A, m e ]N}.
i=1

In particular J;(7) € ID(Z) and we use the canonical setup induced by the space of cadlag

functions:

e The canonical unit jump process X : [1(£) — J1(Z) is the identity;
o ¥ :=0(X;, s € 1) for every subset 7 C 1.

We identify w € J1(Z) with the tuple containing the initial condition and the jump-times:
The spaces J1(£) and R X Az are isomorphic through the identification

m
(D 3w=x+)Y lp1 & (.. b)) € RX Az

i=1
The integer random variable that counts the total number of jumps is denoted by 1 :=
X1 = Xo, in particular n((x, {t1,...,tn})) = m. Let T1, T5,... be the consecutive jump-times
of X defined by Ty = 0, Ti(w) = Ti((x,{t1,...,tm})) = tifor1 <i <mand Ti(w) := 0 if i > m,
where co may be interpreted as abstract cemetery time. The knowledge of the initial value
Xp and the jump-times is equivalent to the information given by the canonical unit jump
process.

Lemma 6.2. Let t € T be arbitrary, then
(6.3) 7:[0,1‘] =0(Xo, T1 At, Ty AL,...),
where t A co = t.

Proof. Denote by G| the o-field on the right side of (6.3). By definition Fjo4 = 0 (Xs, s < t).
In order to prove ¥4 C G0, we show that every X; is G[o) measurable if s < t. But

Xs=Xo+ Z Tir<s),
i=1
and Xy as well as the events {T; < s} are Gjos-measurable for any i € IN. For the reverse
inclusion Gjos C o We have to show that Xy as well as (T; A t) for i € IN are Fjo -
measurable. For Xy this is immediate, as for the jump-times we have to use the fact that
AXs = X5 — X,_ is Fipyi-measurable for any s < t and the jump-times may be defined as e.g.
T1 =inf{s > 0: AX; = 1}. ]

Let us point out, that our setup of unit jump processes is more regular than similar setups
of point processes on the line, see e.g. the monograph by Brémaud [Bré81].

Remark 6.4. Usually a point process on the line is defined by a sequence (S;)i>1 of non-negative
random variables, which through T; = S1 + --- + S; define the jump-times of a point process. We
avoid the following irreqularities:

o There is no immediate jump: T1(w) > 0, Vo € J1(Z).
o There are no simultaneous jumps: Ti(w) < Tiz1(w), V1 <i<n—-1,Vw € J1(1).
o There is no accumulation of jumps: n(w) < oo for every trajectory w € J1(I).



71

If we would allow T; = Tiy1, then the trajectory X could have jumps of size 2 or more. An
accumulation of jumps could lead to an “explosion” of the trajectory, which in turn would no longer
be cadlag. For the sake of examining the reciprocal classes, and thus the bridges, of unit jump
processes it is natural to assume that no explosion of the trajectory takes place, since we will have to
condition the processes on finite endpoint values.

Following the above remark, the canonical process X is a semimartingale with respect to
any probability Q on J1(Z). In the Appendix we give a brief introduction to the stochastic
calculus of pure jump semimartingales, see also Remark 7.3. In particular there exists a
predictable process A : 7 X J1(Z) — R of locally bounded variation such that

(6.5) X — Xo — A is a local martingale with respect to Q.
We will call dA the intensity of the unit jump process under Q.

Remark 6.6. Any probability Q on J1(Z) can be decomposed into
67) Q)= [ @),

where Q*(.) = Q(.|Xo = x) as defined in Section 4. Clearly Q*(X; € .) < Oz} * (Xyyeo Opmy), and
with the above decomposition we deduce Q(X; € .) < Qg * (Yy_o Om)) for any t € I. We define
the density of the one-time projection by

Q(X; € dy) =: q(t, y) (QO * [Z 6{711}]) (dy).
m=0

In the case Qg = Oy we have q(t, y) = Q (X; = y) whenever y—x € IN. The transition probabilities
are defined in a similar fashion by

q(s, %t y) =Q(Xi = ylXs =x) fors <t, y—x € N.
Clearly q(t,y) = f]R q(0,x;t, y)Qo(dx). Most of our results concerning the reciprocal classes of

unit jump processes are first proven for Q° with x € R arbitrary and then extended by the
decomposition (6.7).

In §1.2 we presented a first definition of a Poisson process on the space ID(J) with
intensity one. The space of unit jump processes JJ1(1) is large enough to admit a Poisson
process with arbitrary initial condition. In this section a Poisson process will play the role
of reference processes, similar to the role of a Wiener measure in Section 5.

Using Watanabe’s characterization we can identify a Poisson process by its intensity.
Remark that we use the term Poisson process always for a Poisson process with intensity
one.

Lemma 6.8. The probability IP on JJ1(1) is the law of a Poisson process if and only if t — X; — Xo—t
is a martingale.

Proof. First assume that X is a Poisson process with respect to IP. By Proposition 1.21 the

duality formula
E (F(X) f usts) =E (f F(X + ]1[5,1])usds)
I I

holds for any F(X) = f(X:,,..., X;,) € Sand u = Y17 uil,s,,,1 € &. If Fis o s-measurable
and u = 14 for some s < t this implies

E((Xi-X))=EF)t-5) = E(X~X|Foq)=t-s
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which is the martingale property.
If on the other hand X; — X — t is a martingale we may define the process

Y] :=exp (i)/(Xt — Xo) — #(e” - 1))/ VER,

which is the solution of the Doléans-Dade stochastic differential equation
Y/ =1+ j[; ](eiV —1) Y] (dX; - dt),
b

since X only has jumps of unit size. Thus Y” is a local martingale, and since Y is bounded
we get E(Y]) = 1: The characteristic functional of X coincides with that of a Poisson
process. o

In the sense of (6.5) a Poisson process has intensity dt. Throughout Section 6 we denote
by IP the law of a Poisson process.

6.2. Derivative operator for functionals of unit jump processes.

In §5.1 we restricted the path perturbation 0}, (w) = @ + &(u). to directions u € &; with
{uy = f[ udt = 0. These perturbations donotinfluence the final state of the path X; 00, = Xj,
an essential factor in the derivation of the duality formula (5.33) that characterized the
reciprocal class of the Wiener measure.

In the unit jump context the perturbation 05(w’, w) = @ + Y¥?(w’) as defined in (2.32) is
a random addition of jumps of size one. This addition of jumps will influence the final
state Xj o 9; = X; + Y, regardless of the direction of perturbation o € &. For the study
of the reciprocal class of a Poisson process, we therefore have to introduce a different
perturbation.

6.2.1. Definition and properties of the jump-time derivative.
We follow an idea of perturbation of the jump-times that was introduced independently
by Carlen, Pardoux [CP90] and Elliott, Tsoi [ET93].

Definition 6.9. Given a bounded, measurableu : I — Rand small ¢ > 0 we define the perturbation

nft : ]Il(-[) - ]Il(I)I (xl {tll s rtm}) = (xl {tl + 8<u>t1/ sy tm + £<u>fm} N I)
Let Q be any probability on J1(I). A functional F € 1.2(Q) is called differentiable in direction u if
the limit

1 :
(6.10) DyF = - lir% ’ (Fomi, —F)
£—

exists in IL2(Q). If F is differentiable in all directions u € &, we denote by DF = (DiF)ies €
L2(dt ® Q) the unique process such that

D,F = thFutdt = (DF, u) holds Q-a.s. for every u € &.
I

Note that the perturbation is well defined for ¢ small enough, since -1 < ¢u; forall t € 1
implies that the mapping t + t + &(u); is strictly monotone. We defined a true derivative
operator in the following sense.

Lemma 6.11. The standard rules of differential calculus apply:
o Let F, G and FG be differentiable in direction u, then the product rule holds:

Du(FG) = GD,F + ED,G.
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o Let F be differentiable in direction u, ¢ € C, (R), then ¢(F) is differentiable in direction u
and the chain rule holds:

Du((P(F)) = Qb/(F)DuF-

Proof. Let us first proof the product rule: For F and G given in the statement we get

~-D.(FG) hm ((F o 1, )(G o my) — FG)

= Glim—(FonZ—F)+Flim1(Gonft—G)+1im1(Fon§—F)(GonZ—G).
e—0 € e—0 & e—0 €

The last term converges to zero by the Cauchy-Schwarz inequality:

1
2 2\2 1
Q((%(Poni —F)(Gon;—c)) ) SQ((%(FORZ -) ) Q((Goms-GY)*.
As for the proof of the chain rule, we just have to use the Taylor expansion of ¢

%(qb(l—“onf,)—(p ) =o' (F “(Fom —F)+ - ((Fon -F?O() AK,
for some K > 0. Then the second term converges to zero. m|

6.2.2. Fundamental examples and counterexamples of derivability.

By Lemma 6.2 the knowledge of the jump-times and initial condition is equivalent to the
knowledge of the canonical process X. Instead of cylindric functionals F(X) = f(X4,,..., Xt,)
of the canonical process, it is natural in the context of unit jump processes to consider
functionals of the jump-times:

Sy, = {F @) = R, F(x, {t, - b)) = OO H, o baam 1,..0), fECP(RX I, n e ]N}.

For F € §j, we have F(X) = f(Xo,T1 A 1,..., T A 1) under the convention co A1 = 1. We
use the shorthand F(X) = fa1(Xo, T1,...,Tn) == f(Xo, T1 AL,..., Ty A1) €Sy,.

Proposition 6.12. Let Q be an arbitrary probability on the space of unit jump paths JJ1(I). Then all
functionals F(X) = fa1(Xo, Th, ..., Tu) € Sy, are differentiable in direction of any bounded function
u: I — R. The derivative is given by D,F(X) = f[ DF(X) usdt with

mAn

DiF(w) = DiF((x, {t1, ..., tm})) == — Z A+if (Xt tuam, 1, ) Lo g (F).

Proof. Let F(X) = fa1(Xo,T1,...,Ty) € Sp, and a bounded u : 7 — R be arbitrary. By
definition of the perturbation

F(X)om, = fai(Xo, T1 + eu)ry, - .., T + €C0)T,),

where T; + e{u), := o0 if T; = oo already. We use the Taylor expansion to get

nAn

= (F (X) o 5, — F(X)) = Z O14ifa1(Xo, Ta, - .., Tu)udr, + O(€).
i=1

Then dominated convergence gives the IL2(Q)-limit. O
Unfortunately it is fairly easy to find functionals that are not differentiable. The following

example explains why functionals of the type F(X) = f(Xy,,...,X;,) € S are in general not
differentiable.
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Example 6.13. Let IP be the law of a Poisson process. Take F = X; € 1L2(P) for some fixed t € T
and chose u € & such that u > 0 on I and {u); > 0. We define the time-inversion related to the
perturbation 1}, by

(6.14) f (1 + eug)ds = t.
[0,73,(5)]

Then & : I — [0,7t5(1)] is a deterministic function and (t&)~'(t) = t + e{u)i. The perturbed
functional is

Form, =Xu ),
since by u > 0 and (u); > 0 we have ti(t) < t and t(t) — t if ¢ — 0. Since X is stochastically
continuous under IP we get

1
- lir% E(XTTL(D — Xt) =0 holds P-a.s.
&£—>

Thus if a derivative of X; in direction u in the sense of Definition 6.9 exists, it has to be zero: The
IL2(IP)-convergence of the perturbed functional Xq: s would imply the almost sure convergence of a
subsequence to the I1L2(P)-limit. But since the almost sure limit exists and is zero, the IL2(IP)-limit
needs to be zero too. But since t — T;,(t) = &{u) () we get

1 2\ 1 e EWee) 1,
F ((Z(Xf - Xeg) =) ) T2 kZ::;k e i = g (Pl + ero),

which diverges for ¢ — 0. Thus X; is not differentiable in direction u if (u); > 0.

In the next example we present a class of jump-time functionals that are not generally
differentiable.

Example 6.15. Given a sequence (f;);»o of functions fj € C(R X I 7y we define

(6.16) F(@) = (@ (- b)) 2= ) Fi b )L -

j=0
In the canonical form such functionals are conveniently given by F(X) = f,(Xo, Ty, ..., Ty). Using
an alternating sequence of (f;)j=0 we present a specific example of such functionals that is not
differentiable with respect to the bridge of a Poisson process. Take f; = 1 and foj41 = 0 for j € N
andu=1e€&, then

1 1
E |F(X ° 7—[;) - F(X) | = E(]lr]on,ﬁ:q—l + ]lr]onﬁzq—S +... )/

and with respect to a Poisson bridge PY(.) = P(.|Xo = 0, Xy = 1) the a.s. limit of the above is
zero since P} (Ty = 1) = 0. Remark that t&(t) = t/(1 + &) foru = 1. Weuse P! (n=1) = 1to
compute

2\ 2
EO! ((%(F(X o ntt) — F(X)) - 0) ) = %H’”’l(n o} = 0)?

1
= P (X =0)2

NI—=

1
= (P = 0,1 = 11X0 = 0)/P(X; = 1|Xo = 0)
1 e

5\/1+e’
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which diverges for ¢ — 0. We conclude that functionals of the form (6.16) are not in general
differentiable in the sense of Definition 6.9.

In what follows, we are in particular interested in the differentiability of functionals of
the stochastic integral type. Let us remark that the stochastic integral over the canonical
unit jump process is always well defined as the finite sum

Ui
fusts = Z u(T;) for any measurable u: 7 xJ1(7) = R.
I i=1
We define the compensated integral

(6.17) o(u) := fus(dXs —ds), u: I xJ1(I) = R predictable, u(., w) € L(dt), Yo € J1(T).
T

It will be the dual operator of the derivative operator 9 with respect to a Poisson process.
In Example 6.13 we have seen that 6(1o) = X; — Xo — t is not differentiable with respect
to the law P of a Poisson process. In the last two examples we develop conditions that
guarantee differentiability for the compensated integrals o(u).

Example 6.18. Let Q be an arbitrary probability on J1(Z), v € C}J(I ) be deterministic and the
total number of jumps 1 € IL2(Q) be square integrable. Then the functional 5(v) is differentiable in
direction of every u € & with (u) = 0.

Proof. We know that

1 1oy,
o(v) = Zv(Ti) - fvsds, and 6(v) o i}, = Z o(T; + e{uyr,) — fvsds.
i=1 I i=1 I
Under the assumption (u) = 0 we have

t+£<u>t:t—£f ugds <t+eK(l-1t) <1, Vte ],
[t1]

if eK < 1, where K > 0 is a global bound for the absolute value of u. Therefore no n{, = n

identically on JJ1(£) for small ¢ > 0, and we can apply the differentiability of v € C; (Z) to
see that

1 n

(6.19) 11{)11 = (6(v) oy, — 6(v)) = Z‘ v'(T;){uy, holds Q-a.s.

i=1

0¢&
i

Since the increment of X is square-integrable and v’(u). is bounded we can apply dominated
convergence to get the IL%(Q)-convergence. ]

In particular we have seen that the derivative of 6(v) in direction u € & with (u) = 0 is
given by (6.19). We define the process
n
(6.20) Do) = (Did(0))ser, with Did(v) = — Z o'(T)) Lo (t),
i=1
even if 0(v) is not differentiable in directions of bounded u with (u) # 0. An additional
assumption on v will allow differentiation in every direction.

Example 6.21. Let Q be a probability on J1(I) such that n € 1L>(Q) and v € CX(I) in the sense
that v = 0 in a neighborhood of t = 0 and t = 1. Then the functional 6(v) is differentiable in every
direction u € & with respect to Q.
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Proof. By assumption there exists a constant 6 > 0 such that v; = 0 for all ¢ € [25,1 — 25]°.
Define 11-5 = Xj—s — Xo as the number of jumps up to time t = 1 — 6. Then 6(v) =
10 0(T;) - (v), and

i=1
1 M-5 Mm-o M1-5 2 %
Eq [[Z (Z o(T; + e(u)r,) — Z U(Ti)] - Z v,(Ti)<u>Ti] ]

i=1 i=1 i=1

t+ —o(t
< sup {U( “@” 0 v'(t)<u>t} Q(X1-5 ~ Xo)t — 0, for e — 0.
tel
Furthermore if ¢ is small enough such that ¢[{u)1-2s5| < 0 and e[{u)1_s| < 0, then
M-s M1-5°TC;,
Y oTi+ewyr) = Y o+ ),
i=1 i=1
which in combination with the above implies the result. a

We define the derivative of D6(v) of 6(v) as given in Example 6.21 by (6.20).

6.3. The Poisson process and its reciprocal class.

In the first part of this paragraph we prove a duality formula for a Poisson process that
includes the derivative operator introduced in Definition 6.9 on the one hand, and the
compensated integral (6.17) on the other hand. We can prove that Poisson processes are
the only unit jump processes satisfying this formula, a characterization result that uses
a different duality formula as the one given in Proposition 1.21. In §6.3.3 we obtain a
new characterization of the reciprocal class of a Poisson process. This characterization is
achieved under a loop condition on the test functions in the duality formula.

6.3.1. Characterization of the Poisson process by a duality formula.
The integral operator (6.17) and the derivative (6.10) are dual operators in the following
sense.

Proposition 6.22. Let X be a Poisson process under IP. Then the duality formula
(6.23) E (Fo(u)) = E (D,F)
holds for any u € 1L2(dt) and F € IL*(IP) that is differentiable.

Proof. For arbitrary u € & we define the stochastic exponential process G* as the unique
solution of the stochastic integral equation

Gi=1+ sf Gi_usd(Xs —s).
[0,4]

Let us first show that X* := X o 7§, is a Poisson process with respect to the probability
IP¢ := G{IP on J1({). Girsanov’s theorem implies that X has intensity (1 + u;)dt with respect
to IP¢. Take any s < t € 1 then

E4 (X — XE|XE, 7 < s)

E*(Xes ) = X9l Fr0565)1)
Ty, () + eCt)ze ) — Ty (8) — €Uz (o)
t—s,
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where 7;, was defined in (6.14). Therefore t —» X} — X —t is a martingale with respect to IP¢
and its proper filtration. By Lemma 6.8 the law of X® with respect to IP¢ is that of a Poisson
process. We deduce the identity

(6.24) %lE (F o t8(G5 - 1)) = _%E (Fon —F),

for any differentiable F € IL%(PP) since E (F o 5G¢) = E(F). In the limit ¢ — 0 this is the
duality formula: The right side converges to O,F by definition of the derivative. The
convergence of the left side follows from Gronwall’s lemma and the IL?(IP) isometry of the
compensated Poisson integral, which imply

E((G¢ - 1))? < ¢K (1 + f[o ; E (GE - 1)2)%015) < eKetXt,

where ||ul| < K. This permits us to compute

2\2
E ((%(Gi ~1)- 6(u)) ) <K f E (G5 — 1)%)2dt < eK2eK,
[0,1]
The first inequality implies that
1 . ' .
E(F om, —F)(G]-1) = 0in L(P),

since F o & — F in IL%(P). The second inequality implies that %(Gi —1) = 6(u) in L*(IP)
and since F € IL%(PP)

1 1 1
EP om, (G} —1)= E(F om, —F)(G]-1)+ EP(Gi —1) = Fo(u) in L'(P).
The extension of the test functions to u € I.?(dt) follows by a density argument. O

The duality formula (6.23) holds in particular for F € Sy, and u € &. This will be enough
to characterize the distribution of a Poisson process on the space of unit jump functions.

The following theorem is fundamental to us since it is a first step to the characterization
of the reciprocal class of a Poisson process. We give one complete proof and outline
another one. In the first proof, we show that the duality formula “contains” Watanabe’s
characterization of Lemma 6.8. The second proof is an outline of an iteration procedure
to derive the characteristic functional of a Poisson process. This latter approach is due
to Nicolas Privault, who is hereby gratefully acknowledged for sharing his ideas in a
private communication during the conference “Applications of Stochastic Processes VI” at the
University of Potsdam. We extend it to characterize the reciprocal class of a Poisson process.

Theorem 6.25. Let Q be an arbitrary probability on J1(I) with n € ILY(P). If for all F € Sy, and
u € & the duality formula

(6.26) Eq (F(X)5(1)) = Eq (D,F(X))
holds, then X is a Poisson process under Q.

First proof. Lets € I be arbitrary, then there exists a sequence of functions (fj)i>1 € C;°(Z, 1)
with fi|s1] = ssuch that[[fi(.) = (. As)lle — Ofori — co. Forany F(X) = fa1(Xo, T1,...,Th) €
Sy, we may define the jump-time functional F;(X) := f(Xo, fi(T1),..., fi(Tx)) € Sj,. Then
Fi — f(Xo,T1 As,..., Ty A s) uniformly in w. By Lemma 6.2 the functionals F; are Fg -
measurable and by Proposition 6.12 we have that (ODF;(X), 1s;) = 0 holds Q-a.s. for any
t > s. A density argument implies Q(X; — X;|Fos) = t — s such that t — X; — Xo — ¢
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is a martingale under Q. With Watanabe’s characterization presented in Lemma 6.8 we
conclude that X is a Poisson process. m]

Second proof. In the second proof we compute the characteristic functional of Q. We need
two technical results.

Lemma 6.27. Assume that v € CY(I') with v(1) = 0. Then the commutation relation Dy5(v) =
vt + O(x+v) holds, where xvs := —v1[os(t).
Proof. Just use the definition

n

o(xtv) = 6(=v' 1 1(t)) = — Z v (Ti)Ljo,r(f) + f[ lvéds = Do(v) — vy,
£1

k=1
and the last equality is implied by (6.20). m|
Lemma 6.28. For u,v € C'(I) with u(1) = 0 we have (v(xu)",u) = (n+1 —L— (v, u™), where
?J(KLI);Z = f Ot K Uy Ky Uy *+ = Ky, Mtdtl e dtn
IH

= (_1)”Lt](...(Lt]Utlu;Z...u;nu;dtl)...)dtn'
7 /2

Proof. For n = 0 the equation holds trivially. For n = 1 we have

is bounded.

—f o Uy, Ljo ) (F)un, dtdts

fvtlf ut ug,dtrdty

[t1,1]

fvtl (ut +f Uy, U dtz)dt1
.[ [tlll]

(v, u%) — fz Uy, K, Up, U, dtydis.
T

f Ot Kt Uty lltzdtldtz
72

Using the same calculus for arbitrary n € IN we see that

(ww)",u) = f | On e ey Kigllgy == g, Uy Uty by
g+
= (olu)"™,u?) = (o(ku)", u)
= (o(ew)" 2, u%) = 2Ao(kcu)" ™, u?) = (o(ku)", u),
which by iteration proves the result. a

Now we may continue with the second proof of Theorem 6.25. We will compute the
Laplace transform of the random variable 6(u) for u € C°(Z) such thatu > 0. Let A < 0, then
the duality formula holds for F, = exp (/\( (Tl — (u))) € 8y, and u. Considering
Lemma 6.11 the functional F = exp(Ad(u)) is differentiable in direction u. Dominated
convergence implies that the duality formula holds for F and u, since F, — F converges
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Q-a.s. An application of the duality formula and Lemma 6.27 gives
8/\]EQ (6/\6(“)) = IEQ ((S(M)E/w(u))

Eq ((u, D))

AEq ({1, Do(u))e™™)

AEg ((u, u>eA5(u)) + AEq ( f usé(Ksu)dseM(”)),
I

Since x;u, is bounded we can use Lemma 6.27 and the duality formula for F and x;u on the
second term:

d\Eq (em(“)) AEg ((u, u)e)\é(“)) + AEq ( f U, Ktlutzﬂtze)\é(”)dtldtz)
72

AEq ((u, u)eﬂté(u)) + A’Eq (f U, K, utZthé(u)dtldtzeAé(u))
72

AEqg ((u,u)em(”)) + /\ZIEQ (f utlktlut2ut2dt1dtzem(”))
]‘2

+/\2]EQ (‘Lz Up Ky utzé(Ktzu)dtldtzeM(”)) .

Iterating this on the third term, and then on the m’th term we get

I\Eq (eM™) = /\i/\m]EQ (<™, wye'®)

m=0
(o)

= Eq(e"™)eM - 1,u),

where we applied Lemma 6.28 to get the second equality. The unique solution of this
differential equation with initial condition Q(e°) = 1, when evaluated in A = -1, is

Eq (e‘é(”)) = exp ( f (™ +ug — 1)ds) ,
T

for every u € C°(Z), u > 0. Thus by identification of the Laplace transform, the law of the
increments of X on [0 + ¢,1 — €] for small ¢ > 0 is identical to the increments of a Poisson
process. Stochastic continuity implies that Q is a Poisson process. m]

Remark 6.29. In Example 3.3 we mentioned a characterization of an exponential distribution
introduced by Diaconis and Zabell. Following [DZ91] a random variable Z has exponential
distribution if and only if

E(f(Z)(Z-1) =E(f'(2)2),
for every smooth function f € C°(IR). But the duality formula (6.26) applied to a function of the
first jump time f(T1 A 1) and the predictable process u = 1o 1, is

E (f(T1 A1) (1= Ty A1) = =E (f'(T1 A 1)(T1 A Dlr,<qy).
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The duality formula (6.26) may thus be interpreted as a formula characterizing the (truncated)
exponential distribution of the times between the jumps. In contrast, the duality formula (1.22)
characterizes the Poisson distribution of the increments Xy — Xs and thus contains a difference
instead of a derivative operator as dual of the stochastic integral.

6.3.2. The reciprocal class of a Poisson process.
Following Definition 4.12 a unit jump process Q is in the reciprocal class R(IP) of the law
of a Poisson process IP whenever the disintegration

(6.30) Q) = fR P()Qui(dxy)

with respect to the Poisson bridges holds. Note that IP*¥ is well defined if y — x € IN, but
since Q is a probability on JJ; (1) we always have Q(X; — Xp € N) = 1.

In this paragraph we want to examine some examples of processes in the reciprocal
class R(IP). We denote by IP, a Poisson process with intensity a > 0, which means that
under P, the canonical process X has stationary and independent increments with Poisson
distribution X; — X ~ P(a(t —s)). Surprisingly Poisson processes of any intensity are in the
same reciprocal class.

Proposition 6.31. Let IP, be a Poisson process with intensity a > 0. Then the reciprocal class of
P, coincides with the reciprocal class of a Poisson process with unit intensity: R(IP,) = R(IP).

Proof. By the disintegration formula (6.30) we only have to show that P/ = P where
y=x+mmeN. Let0<k; <--- <k, <mand {t,...,t,} € Ay for arbitrary n € IN. Then

]Pi’y(th = X+k1,. . .,th =X+ kn)
= ]Pé(th =x+k1,...,th :X+kn|X1 :x+m)
= Py(Xy =x+ki,..., Xp, = x+ky, X1 = x+m) (P} (X1 = x+m))”"
a1 e (2 = 0)a)2™0 g (= )"t
k! o —kp)! =K
B -t a-tyh
i (k)] =k

does not depend on a. Since 7 = 0(Xs, s € I) is cylindric this implies PyY = P*¥ for any
a>0. O

Clearly IP%(X; € .) < P¥(X; € .) for every x € R. Since IP}, € R(IP) we can write P} as an
h-transform of IP* with

PaXi=y) o o =9 ologa—(a-
6.32 h(y) = =2 =@ el = gly—0)loga—(a-1),
(32 R e A M

In the next example we introduce a Poisson bridge as an h-transform and compute its
intensity.
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Example 6.33. Let IP*Y be the distribution of a Poisson bridge with y —x = m € IN. Foranyt € 1
and 0 < k < m we compute
PYX;=x+k) = P(X;=x+kX1=x+m)
= PPX;=x+k Xy =x+m) P (Xy = x+m))™
_tﬁe_(l_t) _(1 — t)m__k el ﬂ
k! (m—=k! 1m

m\ k m—k
[Pl

which means that X; has a binomial distribution with parameter m and t. By Proposition 4.10 the
Poisson bridge has the Markov property. Let s < t, we may use the above calculus between the
points X, at time s and y at time 1 to compute that conditionally on Xs and Xy = y the random
variable X; — X has binomial distribution with parameter y — X, and E Therefore

= e

EYY (X; - XilFjoq) = EY (X; - Xi|X,)

t—s
= —(y—-X
TV %)
- Xs_
= f 4 ~dr
[5,] 1-s
= ]Exfy(f y_Xr_dr
[,4] 1-7

where the last equality follows from the fact, that

7:[0,5]) ,

y-X
1-r

|

y—Xs
Xs|= .
S) 1-s

We deduce that X — f[o,.] u f[‘ dt is a martingale. In other words
_ U Xt—
1t
Remark that the intensity explodes for t — 1 if the process has not yet reached its final state X1 = y.
Moreover the intensity is

e strictly positive {(t,z) > 0 for y — x > z — x € N and finite for t € [0,1 - ¢], ¢ > 0;

o zero {(.,y) =0on I since P*Y(Xy =y +1)=0forallt € 1.
Note that the bridge IP*Y is an h-transform of IP* with

PXY(Xq = —x)!
lPx(Xl = Z)

This is different from the situation in Section 5: The law of the Brownian bridge is not absolutely
continuous with respect to any Wiener measure on C(I,RY).

X has intensity €(t, X;-)dt :

dt with respect to P*Y.

]l{y}(z).

Example 6.34. Let us now construct the process in R(IP) that starts from zero and has Bernoulli
distribution B, with parameter p € (0, 1) at the endpoint t = 1. As a mixture of bridges this process
is given by

Q(.) = (1= p)P(.) +pIPY().
Equivalently Q = hIP® with

Z(1 — 1-z
= 00
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We want to compute the predictable compensator of X with respect to Q. Clearly Eq(X; — Xi|Xs =
1) = 0 and conditionally on X; = 0 we get

]EQ(Xt - Xs|Xs =0) = IE'Q(Xt - Xs|Xs =0, X1 = 0)Q(X; = 0[Xs = 0)
(6.35) +Eq(X; — Xs|Xs = 0, X7 = 1)Q(X1 = 1|Xs = 0).

The first summand is zero, as for the second we can use the intensity of the bridges derived in
Example 6.33, that is
t—s
Eq(Xi ~ XlX: = 0,X1 = 1) = —,
and explicitly calculate the conditional probability

Q(X: = 0)Q°(X; = 1) _ (-
QN(X; = 0)Q(X; = 0) + QX =0)Q(X1 =1)  (1L-p)+(1-9)p

QX1 =1X;=0) =

to get

Eq(X; — XX, = 0) = (1_S)pf P4
-s 1-ps [5,4] 1-sp

By a similar computations

T
Eq(Lg)(X-)IX: = 0) = Q(X,- = 0}X, = 0) = —S’; forrzs.

)

In particular the intensity is zero if Xs = 1, and on the set X = 0 the intensity grows but does not
explode for s — 1. This growth depends on the value p: A larger probability of X1 = 1 under Q
implies a larger intensity around the endpoint for s — 1 if X; = 0.

Combining these results, we derive the intensity of X under Q, which is

Eq(X: - XslXs) = Eq (f d ]1{0}(Xr—)dr
s 1—7p

We extend the preceding example from a Bernoulli to a Binomial endpoint distribution.

Example 6.36. Let Q be the law in R(IP) with respect to which X starts from zero and has Binomial
distribution By, with parameters k € N and p € (0,1) at the endpoint t = 1. This probability is
defined by the mixture of bridges

L/ o
=) ( i)rf(l =P P,
i=0

The predictable compensator of X under Q is computed by a similar decomposition as in (6.35) and
is equal to

f Ty, k-1y(Xs-)
[0,t]

We see, that the predictable compensator of X for elements of the reciprocal class of a
Poisson process can become arbitrarily complicated. It is therefore all the more surprising,
that the reciprocal class may be characterized by a simple duality formula, as we will see
in Theorem 6.39.

ki k—i 1X_1 kz i— X
pPra—p)" (1 -t)y~ p(l-pf'1-1
)3 k=1 (-X _—1 ] [Z k=) Goxor|%

i=x+1
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6.3.3. Characterization of the reciprocal class of a Poisson process.
The duality formula (6.23) still holds for the bridges of the Poisson process under a loop
condition on the test functions.

Lemma 6.37. Let x, y € R such that y — x € IN. Then the duality formula (6.23) holds under IP*Y
for every F € Sy, and u € & with (u) = 0.

Proof. Take any ¢ € C,°(R), F € Sy, u € & with (u) = 0. Note that the loop condition on u
implies Xj o 1, = X;. Then

E* (p(X1)E*(F(X)o(u)|X1))

E* (Du($(X1)F(X)))
E* (P(X1)EX(D.F(X)IX1)),

where the last equality holds since O, (X;) = 0 and the product formula of Lemma 6.11
applies. ]

We are going to prove a converse of the above lemma in terms of a characterization of the
reciprocal class using techniques similar to the second proof of Theorem 6.25. Therefore
let us first compute the Laplace transform of 6(u) for some u € C1(Z) with respect to the
Poisson bridge P*¥:

]Ex,y(e—é(u)) — ]Ex,y(e_ Z’_yz—lx u(T,-)+<u))_

Denote m = y — x. We only have to use the conditional distribution of the jump times of a
Poisson process given in Remark 1.19 to derive the Laplace transform

E*Y(em T Ty = m!f e T 0oz, o gy, <rddty - dbyy

_ ‘f\e—Z%“@hﬁr.wﬁm

e ",

and therefore

]Ex,y(e—é(u)) — <e—u>y—xe<u>_
It follows that the function A +— E*¥(e%®) defined for A < 0 is solution to the ordinary
differential equation
<LLEA”>
(eM)
with initial condition E*¥(e®)) = 1. We now present our main result in this paragraph
about the reciprocal class of a Poisson process.

(6:38) DB () = | (y = 1)L — () | V(1)

eOé(u

Theorem 6.39. Assume that Q is a probability on JJ(I) such that the number of jumps n € IL}(Q)
is integrable. Then Q is in the reciprocal class R(IP) if and only if the duality formula

(6.40) Eq (F(X)b(u)) = Eq (DuF(X))

holds for every F € Sy, and u € & with (u) = 0.

Proof. If Q € R(IP) we just have to use Lemma 6.37 to prove that the duality formula is
satisfied: Since Q € R(IP) we get

Eo(F000) = [ EVEC000IQn@xdy) = [ EUDLFO0Nun(dxdy) = Eo(DLF(X),

Assume, on the other hand, that the duality formula holds under Q. Then it also holds
under the bridges of Q, see the proof of Lemma 6.37. We want to compute the characteristic
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functional of Q%Y for x, y € R such that the bridge is well defined. For some u € C}(I) with
u > 0 we define i := u — (u). We easily see that 6(i1) = 6(u) — (X1 — Xo — 1){u) and i = xu,
where the operator x;us; = —u{1jos)(t) was defined in Lemma 6.27. Take some A < 0. Then
we can show as in the second proof of Theorem 6.25 that the duality formula extends to
F = M@ differentiated in direction of ii. Using Examples 6.18 and 6.21 combined with the
duality formula we get

Eg(€*"o(@) = B (DM = AEG ( ff fis(us + O(icsu))ds 0.

We iterate this on the derivative of the Laplace transform
XY AS(u) _ XY A6(u)
8A]EQ ey = IEQ (O(u)e™*™)
= Eg'0@e™) + (y - x - DaEy ()

= MEE}’ (]I‘ ils(us + O(xcs1))ds eA‘S(”)) +(y—x— 1)(u>]Egy(eA5(”))
= (y—x = DWEG ") + Aly - )i, wEg (")
+/UE3/ (f iis0(Ksu — Us)ds e/\é(”))
I

= [~ + (= 1)) + (y = DA = W] ) + A7[....].

The quadratic term in A is equal to

/UEgy ( f 1150 (1cs1t — 15)ds eW”))
I

= AzlEgy (fz iy, (i Uy — g (Up, + 5(Ktzu))df1dfzewu))
T

= /\ZlEgy (fz iy, (i Uy, — up) ) (Y — X)ug, + O(kp,u — Mtz))dtldtze/\é(u))
I
= (- 0[50 1) - )| B0 + L]

2
= (y- x)% [(u3) — 3¢ W u) + 2<u>3] Egl (@) + A% 1.

The cubic term in A is equal to

Az]Egy (fz ﬁtl (Ktl Uy, — Uy )6(Kt21/l _ utz)e/\é(u)dtldtZ)
I

- )ﬂEEy (f iy, (1 ey, = e ) (K Upy — 1y ) (Y = X)utgy + 0Ky 1 — “ts))dfldtzdl%em(”))
73
= Py-x) [%<u3, iy — %<u2,a><u> - %(u, iny(u?) + <u,ﬁ><u>2] Eg/ (™) + A*...]
3
= %(y —x) [(ut) = 4uP)uy + 122 ) (w)? - 3w - 6(u)*| B (@) + ... 1.

We want to show that A — Egy(em(”)) satisfies the same ordinary differential equation as

the Laplacian of the Poisson bridge A + ¥ (e10®))

_ (e
(e

in equation (6.38). Define the function

/\u>.

g(A):

=d) log(e
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Then we compute

g(0) = (u),
g0 = @ —(uy
§'(0) = (W) =3y u) +2(u)’
g70) = (uty— 4@y u) + 120 W u)? — 3w — 6¢u)t.

For arbitrary n > 0 we have

(6.41) g"(0) = n! f iy, (icp gy — Upy) - (g Uy, — Up, i, dty -+ dby.
]n

Indeed, the above iteration in powers of A also holds under IP*¥. Therefore the uniqueness
of the solution of the differential equation (6.38) implies that (6.41) has to be true. The
development in A of the derivative of the Laplace transform of Q*¥ gives

IEg (W) = [—(u) +(y - x) (g(O) +AgD(0) + g—? g20) +... )] Eg’ (")
[(y = 08N = ] EG ),

and compared with equation (6.38) we deduce that lEgy (W) = B¥Y(e'°W)) holds Qg1 (dxdy)-

a.s. forall A < 0and u € C{(Z) with u > 0. Since the boundary states Xy, Xy of the bridges
are deterministic, this is sufficient to prove that QY = IP*Y. By identity of its bridges to
Poisson bridges, Q is in the reciprocal class of the Poisson process. |

Animportant example of the above characterization is the application to Poisson bridges.

Example 6.42. Let Q be any probability on J1(X) with Q(Xo = x, Xy = y) = 1. Then Q is the
Poisson bridge from x to y if and only if the duality formula (6.40) holds for all F € Sy, and u € &
with (u) = 0. Here the integrability condition n € IL}(Q) is meaningless, since n = y — x Q-a.s.

Let us note that the condition 1 € L1(Q) in Theorem 6.39 is not a real restriction in the
unit jump setting, since with respect to the bridges Q%Y the number of jumps n =y — x is
deterministic. It is thus always possible to compare the bridges of Q with the bridges of a
Poisson process.

6.4. Markov unit jump processes.

In this paragraph we introduce a class of Markov unit jump processes with an especially
nice intensity: A degree of regularity is required of the reference Markov processes for the
definition of reciprocal invariants. We already mentioned the notion of intensity of unit
jump processes in Remark 6.4. Let us now fix this idea in the following definition.

Definition 6.43. Let Q be any probability distribution on JJ1(X). Then there exists a Q-a.s. unique
predictable and increasing process A with Q(Ag = 0) = 1 such that

(6.44) Eg ( fj usts) = Eq ( fj usdAs)

holds for all predictable and bounded processes u : I X J1(X) — R. The predictable measure dA is
called the intensity.

We refer to Jacod [Jac75, Theorem 2.1 and Theorem 3.4] for the existence and uniqueness
of the intensity. He shows that the intensity characterizes the law Q in the following sense:
If Q' is another probability on J;(Z) with the same initial condition Q) = Qp and with
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intensity dA” such that f]usdAs = quSdA; holds Q-a.s. and Q’-a.s. for any u € &, then
Q = Q'. This is a generalization of Watanabe’s characterization presented in Lemma 6.8 to
all unit jump processes.

Example 6.45. We already know several unit jump process with their respective intensities:

e A Poisson process IP has intensity dt.

o A Poisson process P, with intensity o > 0 as introduced in § 6.3.2 has intensity adt.

o The Poisson bridge IP**Y has intensity u ff dt.

6.4.1. Nice unit jump processes.
We are interested in a particular class of Markov processes on JJ1 (7).

Definition 6.46. Let ¢ > 0 arbitrary and € a function such that
(6.47) £: T xR — [e, ) is bounded, and £(.,x) € C'(Z,Ry) for all x € R.
Then P is called the law of a “nice” unit jump process if X has intensity £(t, X;—)dt under IPy.

We say for short that the nice unit jump process [P, has intensity ¢. The boundedness of
the intensity 0 < ¢ < ||f]lc < K assures that for every t € 7 we have

f [€(s, Xs-) log £(s, Xs—) — £(s, Xs-)] ds < K(|log €| + 1 + K), uniformly for w € J1(Z).
[0,4]

Lepingle and Mémin state in [LM78, Théoreme IV.3] a Novikov condition for jump pro-
cesses. With the above bound their result implies that the law of a nice unit jump process
P, is equivalent to the law of a Poisson process IP in the sense that Py << IP and P < [P,
if P,y = IPg. A convenient form of the Girsanov theorem for semimartingales with jumps
provides an explicit form of the density, see also the Appendix.

Proposition 6.48. Let P, the law of a nice unit jump process and IP the law of a Poisson process
with same initial condition Pro = Py. Then Py is equivalent to IP and the density process defined
by P = GLIP on Fio g has the explicit form

(6.49) Gl = exp(— L ,t](f(s,Xs_)—1)ds)H€(Ti,XTI._).

T;<t
In particular Gt > 0 P-a.s. forall t € I.

Since the density Gf factorizes into an ¥y and an ¥; 1]-measurable part, IP, has indeed
the Markov property, see Lemma 4.4.

Remark 6.50. The preceding Girsanov transformation gives an explicit expression of the density
of the jump-times. Assume IP¢o = Py as above. Then by Remark 1.19 we have

]Pg(Xo S dx, T1 S dtl,. . .,Tm € dtm,Tm+1 = OO)

GiP(Xo € dx, Ty €dty,..., Ty € dty, Tyyy1 = )
{(s,x)ds

f(tZ/ X+ l)e_ f[fl,tz] {(s,x+1)ds .

f(s,x+m—1)dse_ f“m,l] £(s,x+m)ds

Po(dx)e(tr, x)e fom

coilty,x+m—1)e f“m—llfm] o<t <cct,,<1ydty - - - dby.

This completely describes the law of IPy.

Note that in the unit jump context the knowledge of the intensity is sufficient to identify
the process. In particular we have:
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Corollary 6.51. Let Q be any distribution on J1(I) such that 1 € LY(Q) and ¢ be as in (6.47). If
foreveryt € I, u € Ewithu =ulyyand F € Sy, that is Fg y-measurable the formula

(652) Q(Fﬁutht) = Q(Fﬁutf(t,xt_)dt)

holds, then Q is a nice unit jump process with intensity €.

Proof. Thisisjusta particular case of Jacod’s extension of Watanabe’s characterization result
quoted in the comments following Definition 6.43. ]

6.5. Comparison of reciprocal classes of nice unit jump processes.

In Theorem 6.58 we present our main result in this paragraph. We show that the
reciprocal class of any nice unit jump process is characterized by a reciprocal invariant.
Let us first prove an auxiliary result: In §4.3 we showed that h-transforms are Markov
processes that preserve bridges. We are able to compute the intensity of h-tranforms of nice
unit jump processes.

Proposition 6.53. Let P, be the law of a nice unit jump process, h : R — R, be any measurable
function such that E;(h(X1)) = 1. The h-transform hlP; := h(X1)IP; is Markov and has intensity

I’l(t, Xi—+1)

(654) k(t, Xt_)dt = f(t, Xt_) h(t Xt_)

dt, dt®hPsa.e.,

where h(t, x) := E(h(X1)|X; = x).
Proof. We first show that h(t, x) satisfies a Kolmogoroff backward equation.

Lemma 6.55. Let h(t, x) be defined as above. Then h is a solution of the Kolmogoroff backward
equation

(6.56) dih(t, x) = —(t, x) (h(t, x + 1) — h(t, x)) holds Py(X; € .)-a.e., forallt € I.
In particular h(., x) € C'(I).
Proof. We express h(t, x) as

h(t, x) = Z h(x + m)Pe(Xy = x + m|X; = x) = Z h(x + m)pe(t, 31, x + m).

m=0 m=0

Here we use Remark 6.50 and the Markov property of IP; to define the transition probability
pet,x;1,x +m) = Pp(X1=x+m|X;=x)
B f {(t, x)e Jony 35
Im

tm,x+m 1 ftm Lt ]f(sx+m 1)d5 ff 1 {(s,x+m)ds

f f Feltr, ooty D)ty - - dby,
t,1] JI[ttu] [t,t2]

Felby oo b ) = £, ) T g = 1) s

]ltﬁt1<~~<tm§1dt1 Ce dtm

with

f(s,x+m—1)ds€— f[tm,ll f(s,x+m)ds.
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Clearly f«(t1,...,tn, t) is bounded and differentiable in ¢, and therefore so is p(t, x; 1, x + m).
Moreover d;fy(t1, ..., tm, t) = €(x, ) fx(t1, . .., tm, t), which implies

1
—[pe(t +&,x;1,x +m) —pe(t,x;1,x + m)
e P 4

f f fx(tl,...,tm,t+e)dt1---dtm—f fx(t1, ... tm, t)dty -+ - dty,
[t+¢,1] [t+¢,t2] [t1] [t,t2]

1
&
1
= - (fx(tl,...,tm,t+8)—fx(tl,...,tm,t))dt1"'dt
€ [J[t+e1] [t+e,t]
—f f Fett, o by, Oty -ty —
[tt+e] J[ttn] [t,t2]
_f f fx(tli---ltmrt)dtl"'dtm]l
[t1] [t tm] [tt+e]

which by dominated convergence goes to

s—>0 f f t x)fx(tll . tm/ dtl f f(t/ t2/ Tty tm/ t)dtZ e dt
[t1] [tt2] t1] [tt3]

= Ut x)pe(t,x; 1, x +m) = L(t, x)pe(t,x + 1,1, x +m).
The same computations apply to the limit of —%(Pg(t -¢&,x;1,x+m)—pe(t,x;1,x + m)). The
sum over the first term is
Z h(y + m){(t, )pe(t, x; 1, x +m) = {(t, )B (W(X1)IX; = x) = {(t, )h(t, x),
m=0

and the sum over the second term is

Z h(x + m)t(t, x)pe(t, x + 1,1, x + m) Z h(x +1+m—1)(t, x)pe(t,x + 1,1, x + m)

m=1 m=1
= Ut )E (X)X = x + 1)
= {(t,x)h(t,x + 1),
and we see that (6.56) holds. O

Let us resume the proof of Proposition 6.53. Since h(t, x) is differentiable in the time
variable we may apply the Itd-formula

h(t, X) h(s, Xs) + Aih(r, X,—)dr + (h(r, X;) = h(r, X,-))dX,

[s,t] [s,t]

h(s, Xs) + f Oh(r, X, )dr + | (h(r, X,— + 1) — h(r, X,_))dX,
[s,t] [s,t]

h(i’, Xr_ + ].) - h(?’, Xr_)
h(s, X h(r, X, - dX, — €(r, X,-)dr),
R R e R SR

where the last equality follows from (6.56). We recognize the Doléans-Dade differential
equation, and write /(X;) in the form

h , Ag— 1 h ir ]
h(Xl):exp(— fj (%-1)5@,)@-%) h(;TXfiji) 5
-7 1:1 17
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Since hlP, = h(Xl)G{]P and

h(s, Xs + 1) 1 _ W(T;, Xo + i)
€ _ _ s _ 4 _ !
W(X1)GE = exp ( f (5(5, X)Xy 1)ds) H 6Ty Xo+i =Dy,
I i=1
the Girsanov theorem implies that P, has the intensity k(t, X;_)dt given in (6.54). O

Using Example 6.33 we now give a qualitative statement on the intensities of the bridges
of nice unit jump processes.

Remark 6.57. Since for y —x € IN the bridge IP*Y of a Poisson process is an h-transform of IP¥,
we deduce that ]Pif’y is equivalent to PV as a measure on JJ1(X). Therefore a relation similar to
(6.54) holds between the intensity of the Poisson bridge and ¢*Y(t, X;_)dt, which is the intensity of
the bridge Il’;’y . We deduce the following qualitative statements from Example 6.33: The intensity
5Y(t,z) is

e strictly positive {*¥(t,z) > 0 for y —x > z — x € N and finite for t € [0,1 — €], € > 0;

o zero (., y) = 0 on 1 since ]P’{f’y(Xt =y+1)=0forallte 1.

In § 6.6 we prove that these qualitative properties are also implied by a duality formula.
Next we present a comparison of the reciprocal classes of two different nice unit jump

processes. This is anew result, but in the same spirit as Theorem 5.26 for Brownian diffusion
processes.

Theorem 6.58. Let IP; be the law of a nice unit jump process with intensity €. Then the function
(6.59) E(t, x) := dilog €(t, x) + £(t, x + 1) — {(t, x)

is a “harmonic” invariant of the reciprocal class R(IP¢): If IPy is another nice unit jump process then
Er = By if and only if R(Px) = R(Py).

Proof. First assume that R(IPx) = R(P;). Fix x € R, then there exists i : R — R, such that
Py = h(X1)IP} since IP; and IP} are equivalent measures, see Remark 4.18. We know that
relation (6.54) between the intensities k and ¢ holds and that h(t, y) = E;(h(X1)IX; = y) is
space-time harmonic in the sense of (6.56). This implies

9};’(1t(ffy y++1;) ty+ 1)h(t, y Z (2t)]; f(lrf;y +1) d
dih(t, y) _ h(t,y+1) = h(t, )
Wy - YT ey

We subtract the second equation from the first

ht,y+1) (h(t,y+?2) ht,y +1) )
) +(h(t,y+1)—1)5(t,y+1)—(h(t—’y)—1)€(t,y)_0_

In this we can insert

dilog

ht,y+1)  k(t,y) ht,y+2) kit,y+1)

Wty Ly T hEy+1)  fty+1)
which leads to the equality of the invariants (¢, Xi-) = E((t, X;-) holds dt ® IPj-a.s. Mixing
over the initial condition implies the identical equality of invariants.

Assume on the other hand, that I’, and P, are nice unit jump processes such that the
invariants E; and Ex coincide. Clearly the deterministic bridge without jumps coincides

(6.60)
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IP;* = IP”* for any x € R. Using Remark 6.50, we now prove the equality of the bridges
with one jump. In particular

k(t, x)e” f[o,t] k(s,x)dse— f[t/]]k(s,x+1)ds it

1‘[ k(S, X)e_ f[U,S] k(r’x)dye_ j[‘s,1] k(r/x+1)d1’ds

PP N(Ty € dt) =

and an insertion of the equality of the characteristics into the denominator gives
k(t, x)e” Josy Ksx)ds = f 1y (s, x+1)ds
= k(t,x)e f[o,r] 9t log k(s,x)+k(s,x+1)ds+ f[o,q dilog Us ) +l(sx+1)=Ls)ds = f[m] k(s x+1)ds

_ k(O, x) f(t, x)e— f[U,t] [(S’x)dsgf[t),t] t’(s,x+1)dse— fIO,ll k(s,x+1)ds.
200, %)

The same calculus applies to the nominator which implies

]P;{C(Tl € dt|X1 =x+ 1)

k(0, x) — [ Csds [ sxl)ds — [ k(s x+1)ds f k(0, x)
fo,1 [0, % 0,11 (5 ...
[g(olx)f(t,x)e e e dt|/ [f(O,x)g(S'x) ds

[ 0t e Jion €s)ds = fy s+ Dds 4 t] / | f £, e Jiosg €O)r = [y Crxs Dydr ds]
T

= Py(T €dt|X; =x+1),

where we used f[O,t] {(s,x + 1)ds = f[O,ll {(s,x + 1)ds — f[t,ll {(s,x + 1)ds to get the second
equality.
The case of bridges with m jumps could be treated in a similar way. Instead, we will

show that ]P;j is an h-transform of ]P’[f for an arbitrary x € R. Define

k(X + )

o ——— t/ .th t p—1 _.f[‘(),[](k(s/x)_f(s,x))ds’
=0 ot x + ) Dy with o) = ce

(6.61) h(t,x):=c(t), and h(t,x + m) :=

and cis a normalization constant such that [E (i(1, X;)) = 1. Such a normalization is possible
since

-1 . T . .
L+ ])] e [e_ [ty 1—’[ k(L x+ j— 1)t x+j - 1)] .

1 lLx+j-1)

by boundedness assumptions on £ and k. Put y := x + m for any m > 0. The identity of the
invariants implies that

k
0= dlog fgi; Lty + 1) — kit y) - Oty + 1) + £ )
K¢, k(t,y +1 K(t,

& 0=8tlog52t i;+{’(t,y+1)(%—1)—f(t,y)(52t—i;—l).

Since log k(t, y) — log {(t, y) = log h(t, y + 1) — log h(t, y) we get
h(t,y +1) h(t,y +2) ) (h(f,}/ +1) )
_ — 1=ttty -1,
n(t, v) n(t,y +1) EN "hey

which is equivalent to

0 =Jdilog +€(t,y+1)(

h - h(t, hit, — h(t,
8tlogh(t,y+1)+f(t,y+1)( .y ;é)w(lt)y +1))=c9tlogh(t,y)+€(t,y)( .y J;l(lt)y) ¢ y)).
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For y = x the right side is

drlog h(t, x) + £(t, ) "~ Z(lt)x_)h ) 2 e 2) — €0t 2) + €0, ) (’;g 2 - 1) = 0.

Therefore h is a space-time harmonic with respect to IPj in the sense of equation (6.56). But
since k(t, x + m) = hg(f;i%l Le (t, x + m) this implies that P, = h(1, X1)P; is an h-transform for
any x € R, and in turn [P} € R(IP}), the nice unit jump distributions Py and IP; have the

same bridges. ]

Let us illustrate the above result by a comparison of the reciprocal classes of unit jump
processes in two examples.

Example 6.62. In the first example we treat counting processes with exponential decay rate. Take
for example the decay of Ny € IN radioactive particles. 1t is well known, that the mean number of
particles that have not decayed until time t € I is given by Ny ~ e No, where A > 0 is called the
decay rate. This exponential decay property may be loosely stated as

AN}
(663) W = —/\Nt (= Mt(dNt + ANtdt) =0, Yu e é&.

I

Let us assume that the canonical unit jump process X that counts the number of decayed particles
has independent increments. Then

IE} (X) ~ No — N ~ No(1 —¢™*) = No f Ae~ds,
[0,¢]
thus we say that the number of decayed particles is a nice unit jump process with intensity £(t)dt =
NoAe Mdt. We will call this unit jump process an exponential decay process with rate A. The
associated harmonic invariant of the reciprocal class is E¢(t,x) = —A. Thus by Theorem 6.58 any
two exponential decay processes are in the same reciprocal class if and only if the decay rates coincide.

Next we compare time-homogenous nice unit jump processes.

Example 6.64. Assume that X is a nice unit jump process under P¢ such that the intensity £(X;-)dt
does not depend on time. Then X is time-homogenous in the sense that

Pr(Xise € .| Xt =x) = Pp(Xsse € .| Xs =%), Ve>0,s5,te 1.

This property follows from Remark 6.50. If Iy is the distribution of another time-homogenous nice
unit jump process with intensity k(X;-)dt, then

R(Pe) = R(Py) & Ly +1) = {y) = k(y +1) — k(y),
which is only possible if k(y) — £(y) is constant.

6.6. Characterization of the reciprocal class R(IP;) by a duality formula.

Let IP, be the law of a nice unit jump process. We first show that under any probability
in R(IP¢) a duality formula, in which the invariant Z; of Theorem 6.58 appears, holds. With
Theorem 6.69 we present our main result in this section: The duality formula character-
izes the reciprocal class of [P, in the sense that any unit jump process that satisfies the
duality formula (6.70) has the same bridges as the reference process IP,. We underline the
significance of our result with the introduction of two applications in §6.7 and §6.8.
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Lemma 6.65. Let IP; be the law of a nice unit jump process and x,y € R with y —x = m € IN.
Then the duality formula

(6.66) E,Y (F(X)o(w)) = E;Y (D,F(X)) - E,” (F(X) f] us L . Eg(s,Xs_)dXsdt)

holds for all F € Sy, and u € & with (u) = 0.

Proof. Assume that the Girsanov density Gf as defined in (6.49) is differentiable in direction
of u € & with (u) = 0. Using the product rule and the duality formula under the Poisson
measure we deduce

E(F(X)5(u)) = E(GF(X)0(w) = E (G{D.F(X)) + E(GF(X)D,y log GY).

For the last term we have to differentiate the functional

n+1

n
log Gf = [— Z j[; T](f(s,i -1)- 1)ds] + [Z log ¢(T;,i— 1)],
i=1 i-1,1i

i=1
with Tp := 0 and Ty41 := 1. Using Example 6.18 we infer that log Gf is differentiable in

direction u with derivative

n+l i
DylogGl = Y (UT,i-1) =), = (€(Ti1,i=1) = Dz, — Y dilog &(T; i - 1,
i=1

i=1

- f [0 1og €(s, Xs_) + £(s, Xs— + 1) — €(s, Xs_)] (1)sdXs
I

and a change of the order of integration shows that the duality formula (6.66) holds with
respect to IP;.

Using bounded, measurable functions ¢,¢ : R — R we integrate on the endpoint
distributions

Eg(qb(Xow(Xl)P(X) (6<u>+ fj u f[t ) adxs_,s)dxsdt))=1Ef(¢<xo>¢<xl>DuP<X>),

since D,¢(Xo) = Dy YP(X1) = 0. Therefore the duality also holds for the bridges ]Pif’y for
x€Rand y =x+mwithm € N. |

Example 6.67. Let X be an exponential decay process with decay rate A > 0, see Example 6.62.
Then the duality formula (6.66) reduces to

EY (F(X) j; utht):lEg (DuF(X)) + AE) (F(X) fl i f[t . dXsdt)

for F € Sy, and u € Ewith (u) = 0. This is equivalent to

(6.68) E (F(X) ( f up(dX; + /\Xt_dt))) = E) (D.F(X)),
I

which may be interpreted as a probabilistic analogue of (6.63) for the reciprocal class of the exponential
decay process.

The rest of this section is devoted to the proof of the converse of the above lemma in
terms of a characterization of the reciprocal class.
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Theorem 6.69. Assume that Q is an arbitrary measure on J1(I) such that n € LY(Q). Then Q is
in R(Py) if and only if the duality formula

(670)  Eq(F(X)5(w) = Eq (DuF(X)) - Eq (P(X) f " f Ed(s, xs_>dxsdt)
7 Ji
holds for every F € Sy, and u € & with (u) = 0.

Proof. Note that all terms in (6.70) have a sense since Z; is bounded and 1 € L'(Q). To
prove necessity we use Lemma 6.65 and the fact that elements in the reciprocal class are
mixtures of bridges of P, to extend the duality formula to any Q € R(IP;) with integrable
increments, see also the first part of the proof of Theorem 6.39.

For the converse it is sufficient to show that Q* is in R(IP;) for Qp-almost every x € R.
We moreover assume that n < m" is bounded with respect to Q* for some m* € IN, since
the duality formula (6.70) still holds under Q*(. | < m*) for any m* € IN and the bridges
coincide with those of Q*(.) for endpoint values smaller than x +m* + 1.

Denote by dA the intensity of Q*. By dominated convergence the duality formula (6.70)
still holds for any bounded u : 7 — R with (u) = 0. Let u be the indicator function of a
Lebesgue null-set in 7 and put F = 1. We apply the duality formula (since (1) = 0) and get

(0 = [E7f sdXs | = E7 sdAs| = 0.
IEQ((u)) ]EQ(f[u X) EQ(‘Eu ) 0

But the random variable fI usdAs > 0 is non-negative, therefore fI usdAgs = 0 Q%-a.s. which
implies that dA < dt holds Q*-a.s.

In particular there exists a predictable process a : 7 X J1(Z) — R, thatis dt ® Q*-a.e. well
defined such that dA; = a;dt. Let us now compute a nice version of a. Take any F € Sy, that
is F[os;-measurable and u € & such that u = ul fors,t € 7,s < t. We apply (6.70) to F
and i ;= u — (u)(t — s)‘lll(slt]:

EL(FX) | wadr) = ES(FX) | wdX))
[s,t] [s,t]

E(FO08(0) + L EQ(EX) [ ax)

t— [s,4]

X —X
_IEjf2 (P(X) Uy f He(v, Xv_)dXUdr) + f Mr]Eﬁ‘Q (F(X) t— As
[s5,4] 1] [s,1] t—s

+ﬂ]E§Q (P(X) f f Eg(v,Xv_)dder).
t—s [s,t] JIr1]

Fubini’s theorem implies that fors <s’ <t

Ey@) Fos) = ES(— | Bt X )dX,
[s'1]

1
+— |:Xt - Xs + f f E(v, XU—)dder]
t—s [s,8] JIr1]
and taking s” = s gives

1
]E?CQ (—f Ho(r, Xp)dX, + —— [Xt - X + f f Ze(v, XU_)dder] 7:[0,5])
[5,1] t—s [s,8] JIr1]

1 =
B (X=X [ [ 2o Xomar| Fioa).
t—s [5,t] VIs1]

Flos]

~

a(s)

)dr
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In particular this representation does not depend on t € (s, 1]. We conclude that the intensity
of Q* is of the form a(s)ds with

(6.71) a(s) = %]ETQ (]; , (1= =7rE(r,X,-))dX,

7—]0,5]) , ds® Q -ae.

Let us prove that Q* has the Markov property. Take some t € 7 and define Q" := Q*(.[F[0,4)
and Q” := Q*(.|X;), which we interpret as probability distributions on ¥ 1] that are Q*-a.s.
well defined. The integration by parts formula (6.70) still holds if u = ulj;;; and (u) = 0.
Using (6.71) we see that for s > t the point process Q' has intensity a; sds, where

1 -
ay(s) = t—lEQ'( (1= =1Ee(r, X,-)) dX; ﬁO,S])/
-S [s,]
and Q" has intensity a, ;ds with
1
a(s) = —Eq~ (f (1= (t=1E(r, X,-))dX, 7:[0,5])~
t—s [5,4]

By the “tower property” of conditional expectation we deduce a1(s)ds = a(s)ds. Thus the

law of Q*, whether conditioned on g 4 or X;, is the same on F; 1}, in other words #g s and

¥1t1) are independent given X;. This is exactly the Markov property from Definition 4.1.
In particular the intensity of X under Q" is given by

1

(672)  k(s, Xs-)ds, withk(s,y) := +—

E; ( (1~ (t = NEe(r, X)) dXr
° [s4]

where k : 7 X R — R, is a measurable function that is ds ® Q*(X;s € dy)-a.e. well defined.

The measurability of k is a consequence of the measurability properties of the conditional

expectation.

We now check, that the probabilities Q*(X; € y) qualitatively behave like probabilities
in the reciprocal class of IP; in the sense of Remark 6.57. This is necessary to establish a
regular behaviour of Q* and k in view of later computations. Fix any y = x + m withm € N
and define the set 7(y) := {s € 7 : Q*(X; = y) > 0}. Since unit jump functions are cadlag we
immediately deduce that this set is of the form 7 (y) = U;»1[si, Si+1) or Z(y) = Uis1[si, Siv1) U{1}
for some sy <s <.... Using (6.72) in t = 1 we can bound k(s, ) < ﬁ(K +Eq(n)), such that
if s € I(y) we have [s,1) C 7(y): A finite intensity implies a positive probability of staying
in y (this is easy to see using the explicit distribution given in Remark 6.50). If we define
sy := inf{s € 7(y)} then I (y) = [sy,1) or Z(y) = [sy, 1] and k(s, y) < oo for s € I(y). Again by
(6.72) the function s = k(s, y) is continuous on 7 (y) since

XS :y)/

1
o= 5 [ B - (= D2 X KE XX, = )

Clearly Z(x) = [0,1) or Z(x) = [0,1]. Take the smallest y = x + m such that s,;; > 0 and let
Qx(XSyHH =y+1Xs,, = y) =: 6(¢) > 0 for any ¢ > 0 small. Assume that ¢||E¢|| < 1, then
using (6.72) we get the contradiction

1 _ _
0 = ksye1,9) = < (1 = ellEelle) Keypoe = Xey)Xepy = ) = (1= €l2ll)d(e) > 0.

Therefores, =0ors, =1forall y = x +m, m € N.
Let us now compute the first time derivative of k(s, y) for some s € (0,1) and y with
Q*(Xs = y) > 0. To show that k(s, y) is differentiable in s we will use (6.72) to express
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k(s + €,v) — k(s, y), where ¢ > 0 with s + ¢ < 1 (the case “¢ < 0” can be treated in a similar
way). Define

H(s,t)z%f[ ](k(r,Xr_)—ﬁ ]Eg(v,Xv_)dXv)dr.
st S,r

We use the short notation k, = k(r, X,—) and E;, = E/(r, X,-) and the decomposition

f (kr—f Eg,vdXv)dr = f (kr—f Eg,ydxy)di’
[s,t] [s,7] [s+e,t] [s+e,r]
+f (kr—f E(,vdxv)di’—f f Eg,vdder
[s,5+¢] [s,7] [s+e,t] Js,s+¢]

when developing

H(s,t) — H(s + ¢, 1)
(t=s—e) fi (k= [ BeodXo)dr =t =9) [, o (k= ooy EeoddXo) dr

(t=s)t—s—¢)
= _ f[sﬂ’t] (kr - j£5+e,r] Eg/vdXU) dr+(t—s—¢) j[‘s,s+s] (kr - j[‘s,r] E{’,vdXv) dr
_ (t—s)t-s—¢)
a ’f[5+€,i’] [s,5+¢€] Ef,Udder

(t=s)

This can be rewritten into

t — q —
6.73) H(s,t) = H(s + &,t) — —H(s + &,6) + ——H(s,s + ¢) — — > ¢ f g,,dX,.
t—s t—s t—s [ss+e]
We are going to use

ks, ) = S (H(s, D Xs = y) and k(s + &, y) = S (H(s + &, DlXere = ).

But with (6.73) this implies

k(s,y) = Eq (H(s +¢,t)— f EerdX, | Xs = y).
[s,5+¢]

We already know that the intensity k(s, y) is continuous in s € 7 and locally bounded. Thus
the following short time expansions hold:

1 - ek(s, y) + O(?)
ek(s, y) + O(e?)
0(82)/

Qx(Xs+£ = ]/|Xs = ]/)
QX(X5+5 =y+ 1|Xs = y)
QX(XS+£ >y+ 11X = ]/)
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see Remark 6.50. But then

k(s,y) = ]Eﬁ‘Q (H(s+e, ) — f[; ol EerdX,

sty)

- T (H(S e f BepdXr | Xore =y, Xs = y) Q' (Xere = 1, Xe = y)
[s,5+¢]
+1E?‘Q(H(s +ée,t) - f By dX,
[s,5+¢]

+]Ef‘Q (H(s +¢,t)— f E¢dX,
[s,5+¢€]

Xere =y +1,Xs = ]/) Q" (Xsre = y+1Xs =y)

Xsye > y+ 1,Xs = y) Qx(xs+s >Yy+ 1Xs = y)

The first term is

IEE (H (s+¢,t)— f ErdXy
[s,s+¢€]

EG (H(s + &, ) Xste = y) (1 = €k(y, 5) + O(e?))
k(s +¢,y) — k(s + €, y)k(s, y) + O(?).

Xs+e =Y, Xs = ]/) Qx(Xs+£ =Y Xs = ]/)

The second term is

]Eﬁ‘Q (H(s + &, 1) — f B dXy
[s,5+¢]

(k(s + &,y + 1)) (ek(y, s) + O(e%)) = (E(s, y) + O(e))(ek(y, ) + O(e?))
ek(s + &,y + 1)k(s, y) — €E¢(s, )k(s, y) + O(e?).

Xs+e =y+ 1,Xs = y) Qx(Xs+s =y+ 1|Xs = y)

The third term is of order O(¢?). Using these expansions we get

2 (ks + £,9) kG5, )
= k(s+¢&,y)k(s,y) —k(s + &,y + 1)k(s, y) + Ee(s, y)k(s, y) + O(e)
(6-74) - k(S/ y) (k(S, y) - k(S, y+ 1) + E{(S, y)) ’
where the last equality follows from the continuity of k. Under the condition, thatk(t, y) > 0,
this is Ei(t, y) = Z¢(t, y).

In particular (6.74) represents an ordinary differential equation satisfied by k(., y). We
use this to check the qualitative behavior of the intensity under Q* in the sense of Remark
6.57. Assume that k(s, y) = 0 for some s € 7. Since the above ordinary differential equation
in has a unique solution therefore k(., y) = 0 on 7. Thus for y = x + m with Q*(X; = y) > 0
we have k(.,y) = 0 or k(.,y) > 0 on 7, and in the first case Q*(X = y + 1) = 0 whereas in
the second case Q*(X. = y + 1) > O on 7. In particular, by our assumption that n < m" is
bounded Q*-a.s. we know that k(., x + m*) = 0.

The rest of the argument is similar to the second part of the proof of Theorem 6.58. For
Yy =x+n’ <x+m" such that Q*(X; = y’') > 0 we may define

)

m—1 .
k(t,x + _ NS ’
h(t,x) := c(t), and h(t, x + m) := 1jpenr) H {)Etx—Jr;c(t), with c(f) = ce” Jon®¥) Loy s
j=0

)
since in this case c(t) is strictly positive. Here c is a normalization constant such that
Ej(h(1, X1)) = 1, which exists since we work under the assumption that 7 < m" is bounded
under Q*, and k(1, y) is well defined and finite if Q*(X; = y) > 0. If there exists vy’ =
x+n” >y withk(.,y”) =0weputh(,y”’+1) =0. Then for x < y < y” the derivative (6.74)
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implies Ei(t, y) = E¢(t, y). As we have seen in the proof of Theorem 6.58 the function / is a
space-time harmonic

dih(t,y) + £(t, y) (h(t,y + 1) = h(t, y)) = 0.

By Proposition 6.53 the h-transform h(1, X1)IP7(.) is a unit jump process with intensity
k(t, X;-)dt. Since the intensity of a unit jump process characterizes the distribution, we
identify Q* = hlP} as that h-transform, and in particular Q* € R(IP(). |

Example 6.75. In Examples 6.62 and 6.67 we have treated the exponential decay process X with
intensity ((H)dt = Ae~Mdt under Py. The physical description of time-development of the number
of decaying particles was given in (6.63) by

% = —/\Nt (= fut(dNt + ANtdt) =0, Yu e &.
I

On the other hand, following Example 6.67 and the above characterization result, X is an exponential
decay process under Q with n € ILYQ) if and only if

Eq (F(X) ( fj_ wdX; + /\Xt_dt)) = Eq (D.F(X)),

forall F € Sy, and u € & with (u) = 0. The duality formula may thus be interpreted as decay
law. In this context Theorem 6.69 garuantees the existence and uniqueness (up to the endpoint
distribution) of a solution of a decay problem under the condition, that the reciprocal invariant is the
invariant of a nice unit jump process. We will generalize this interpretation of the duality formula
in the next paragraph.

The last two paragraphs are devoted to applications of Theorem 6.69 to an optimal
control problem and to the time reversal of unit jump processes.

6.7. An optimal control problem associated to the reciprocal class.

Numerous authors have been interested in optimal control problems for jump processes,
see e.g. the monographs by Brémaud [Bré81], Qksendahl, Sulem [JS07] or Fleming, Soner
[FS06]. Privault and Zambrini introduced an optimal control problem whose solutions are
elements of reciprocal classes of Lévy processes in [PZ04]. In this paragraph we present a
similar approach to the optimal control of nice unit jump processes. Our results are based
on an entropy-minimization similar to the one used for continuous processes in §5.5.

In a few words the following control problem is the minimization of a cost function given
fixed endpoint distributions. Let 191 be some probability on R?, in the following definition
IP is the law of a Poisson process with initial condition Po(dx) = uo(dx) := poi(dx X R). The
class of admissible unit jump processes is

(6.76) I'(po1) == {Q: a unit jump processes such that Qp; = po; and Q < P}.

Note that this set may very well be empty. A necessary and sufficient condition for
non-emptiness is pp; < Pp;, where Py = ug. By Girsanov’s theorem the condition Q <« IP
ensures that the unit jump process Q has an intensity of the form y;dt, wherey : 7 xJ1(1) —
R is predictable. We will write I, instead of Q. This notation is consistent with the notation
IP; for nice unit jump processes with intensity £(t, X;_)dt.

Given ¢ > 0 and bounded functions A : 7 X R — [g,0), ® : 7 X R — R such that
A(.,x),D(,x) € C’;(I) for all x € R, we define a Lagrangian by

(6.77) L(Xi—, 1, 1) == yrlogys + yrlog A(t, Xi—) — D(t, Xi-).
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The cost function associated to the above Lagrangian is defined by

6.78) J(P)) =E, (j; L(X¢-, ¢, t)dt) =E, (L (yelog ye + vilog A(t, Xi—) — D(t, X;-)) dt).

As in the diffusion case, we will make assumptions on the endpoint distribution. In
particular we assume that ug; = po ® py with

(679) o =y and i1 < Y Spyey with p(fx +1)) > 0, such that Y i (fx + 1)) < oo.
i=0 i>1
Clearly I'(uo1) is non-empty in this case, and for every Q € I'(91) we have n € LYQ). We
may now state the optimal control problem.

Definition 6.80. The optimal control problem consists of minimizing the cost function (6.78) in
the class I'(uo1) of admissible unit jump processes.

Under our assumptions on the endpoint distribution and the cost potential A and @ the
optimal control problem has the following solution.

Proposition 6.81. Let i1 be as in (6.79), then the unique minimizer of the cost (6.78) in the class

I'(po1) is the Markov unit jump process Py with intensity k(t, Xi-) = (eA(t, X; )t Wt X _+1)

WXy where

(6.82) ht,y) = Bf (h(Xl)exp (— f[t § (@(t, Xio) + (AL, Xt_))‘l)dt)‘ X; = y),

and we used

(6.83) h(y) = e(y—x)'u1({y}) []EW (exp (— f (log A(t, X;_) + 1)dX; + f (CD(t,Xt_)+l)dt))]_l
Proof. We introduce an auxiliary measure i)n J1(Z) by '

(6.84) @ := G*® with G := exp (— f] (log A(t, X;—) + 1)dX; + fj ((D(t,Xt_)+1)dt) P~

Note that Q" is not necessarily a probability measure, but is equivalent to IP* by bounded-
ness assumptions on A and @. Every IP}, € I'(uo1) is absolutely continuous with respect to
IP* with Girsanov density

n
(6.85) G’ :=exp (— f (e — 1)dt) H y1, = Lorsoexp (f log ydX; — f (e —1) dt).
7 1 7 7

Assume that (IP;‘,) is finite for some ngi € I'(uo1), then

J,) E, (f] (ytlog vt + yilog A(t, Xi—) — D(t, X;-)) dt)

E, (j; log ydX; — L(yt - 1)dt+ L(logA(t, X))+ DdX; — j;(@(t, X))+ 1)dt) ,
and using the definitions of the densities (6.84) and (6.85) we get
APy gpx dlPy
— TRX y AD) _ mx Y X 4
J®y) =E, (log G’ —logG ) =] (log (W@)) =E, (log(d‘D ))

We use the multiplication formula

dPs drs | eV
15 @) = Tar D) @), Yo el
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but the first term must be nothing else than the function /(y) defined in (6.83): Necessarily
]P; | = i1 and the endpoint distribution of Q is given by

6_1

Q;lc({x +m)) = E¥ (ﬂ{x+m}(X1)GA’cD) — [EXAx+m (GA,CD) —.

AP
de’Xl

The first term is independent of y by the boundary condition in I'(191) and the second
term is zero if and only if lP;’y = Q¥ holds ll’;,l-a.s. But by construction the h-transform
hQ¥ := h(X,)Q* would satisfies this condition and moreover hQ* € I'(uo1).

Let us now identify the form of the intensity of the solution HQ*. We want to write /(X;)
in the form of a Doléans-Dade exponential, therefore we need a Feynman-Kac formula for
unit-jump processes.

Therefore

T(WPy) = B (log (X)) + E

Lemma 6.86. Let A : TXR — [¢,00),®: TXR — R for some € > 0 be bounded and h : R — R4
such that h(X;) € lLl(IPi%), where ]Pii is a unit jump process with intensity A(t, X;_)dt. Then

h(t, y) = ]EE (h(Xl)e_ f[r,l] D(s,Xs-)ds X, = ]/)
is a solution of the Feynman-Kac equation

in particular h(.,y) € CY(Z) forall y = x + m, m € .

Proof. The proof is similar to the proof of the Kolmogoroff backward equation in Lemma
6.55. The explicit definition of h(t, x) may be written as

Y iy +mpS(t v 1,y +m)

m=0

Zh(y+m)f f o | F¥ty et Dt b,
m=0 [£1] VIt tm] [tt2]

h(t,y)

where

fyd)(tlz N t) = A~(t1/ y)e_ f[t,tll(é(S,yHi{(S,y))ds o

. A(tm, Y+ — 1)6_ f[rm_l/rm](@(s,y+m—1)+A(s,y+m—1))dse— J[‘tmlll((i)(s,y+m)+A(s,y+m))ds.
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Clearly fyd’ (t1,...,tm, t) is bounded and differentiable in ¢, and the derivative is given by
IfE(tr, .. tw ) = (D(t,y) + A(t, v) f2(t1, ..., tm, D). This implies

b *9"

- (p3( t+£,y;1,y+m)—p?(t,y;l,y+m))

[f f fo(t1, ot t+ )ty f fo(t, . b, it -t
[t+e,1] [t+e,t2] [t1] [tt2]
O] D
[LH”'..LHQ](@ (t1 bt + €)= fiP (b1, b, D)) by - dbyy
—f f f&(t, b, Dty - dbyy
ivel Jital  Jitt]
—f f fo(t1, .t Dty - dy,
[t,1] Jttm] [tt+e]

which by dominated convergence goes to

M= M= M|

e f o | @)+ A Yt -t Dt
(1] [t2]
_f ff(t,tz,"~,tm,t)dtz...dt
[t1] [t,t3]
= (Dt y) +A(t, y))PE(t, 6 1,x+m) - At }/)sz)(f, y+1;1,y+m).

The same computations apply to the limit of —1(p A(t -&x;1,x+m)— pq’(t x;1,x +m). The
sum over the first term is

Ny +m) @, y) + At P2y Ly +m) = (@G y) + A y)ELBXKn)e P, = )

m=0

(@(t,y) + At y)h(t, y),

and the sum over the second term is

h(y +1+m—1)A(¢, y)pg)(t, y+11,y+m)

gk

Z h(y + m)A(t, y)pj?(t, y+L1Ly+m) =

m=1 1

tYEL X)X =y +1)
t, yh(t,y +1),

and we see that (6.87) holds. O

3
I

[
D

Let us resume the proof of Proposition 6.81. Since (., y) is differentiable and h(t, X;~) > 0
holds hQ*-a.s., we may apply the Itd-formula

log h(1, X1) = logh(0, x) + f&’t log h(t, X;-)dt + flog(h(t, Xi— +1) —logh(t, X;-))dX;.
I 7

Using this we can rewrite

h(Xl)Qx:]l{h(X])>0} exp f&t logh(t,Xt_)dt+flog w dX; | G*AP.
T T h(t, X:-)
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Now we apply the Feynman-Kac equation of Lemma 6.86 with A(t,y) = (eA(t,y))~" and
d(t, y) = —D(t, y) - (eA(t, y))™", then

_ (Mt y+1) 1
dilogh(t,y) = —(eA(t,y)) (h(t—y) - 1) = @t y) = (A, v))
_ (Mt y+1)
(6.88) = —(eA(t, ) (h(t—,y)) - Ot y),
and we get
H0Q" = tucresp [ (- o (M) - o, x0

I, Xee + 1) .
+Llog(W)dXt—fjlog(eA(t,Xt_))dXt+‘L:(CD(t,Xt_)+1)dt)1P

]l{h(Xl)>O} exp ([Z logk(t, Xt_)dXt - L(k(t, Xt_) - 1) dt) IPX,

where k is defined as in the statement of the proposition. By Girsanov’s theorem we
recognize that IP; = h(X1)Q* is a unit jump process with intensity k(t, X;-)dt, moreover Py
has the Markov property since the density with respect to IP* factorizes in the sense of
Lemma 4.4. O

Remark 6.89. Note that the intensity of the solution given by (6.82) and (6.83) has a rather peculiar
dependence on the potentials A and ®. This is due to the fact, that we wanted to keep the form of
the Lagrangian (6.77) as simple as possible, and close to the diffusion case presented in §5.5. If e.g.
we put A := (eA)™! and ® := ® + 1 we get an alternative formulation of the Lagrangian

L(Xe-, yt,t) = yrlogyr — yr — 1 — yrlog A(t, Xi-) — D(t, X;-),

and the intensity of the solution of the associated optimal control problem is then given by k(t, y) =

pe At y+1 .
Alt,y) (fl(ty;)) with

) -1
h(y) = e(y — )l () [W( fj log A(t, X;_)dX; + fj cb(t,xt_)dt)]
and

h(t,y) = E% (h(Xl) exp (— (Dt Xi-) + A(t, Xp-) - 1)dt) ‘ Xy = y).

[t1]
Using the above proposition we may now state sufficient conditions on nice unit jump

processes to be the solution of the optimal control problem in terms of the reciprocal
invariant.

Proposition 6.90. Let o1 be as in (6.79) and assume that there exists a bounded ¢ : 7 xR — R,
such that Y(.,y) € C})(I) for every y = x + m with m € IN, that is solution of the differential
equation

(6.91) 0= Jp(t, y) + (eA(t, y)) eV DVEN + ao(t, y),

and subject to the normalization condition ]Eﬁ‘Q(e‘”(lfxl)) = 1, where QF is defined in (6.84). Define

k(t,y) = (eA(t,y)) le? VDYtV Then a unit jump process Q* € I'(uo1) is the solution of the
optimal control problem if and only if the duality formula

(6.92) Y, (F(X)5(w) = E, (Z)uF(X))—]EE(F(X) fj s L ; Ek(s,Xs_)dXsdt)
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holds for every F € Sy, and u € & with (u) = 0.

Proof. Put h(t,y) := e¥™¥) for y = x + m and m € IN. Then k(t, y) = (eA(t, y))™" h(ht(ty;)l), and
Py = h(1, X1)Q* where h(1,x + m) > 0 for all m € N by boundedness assumption on .
Proposition 6.81 implies that if a unit jump process Q* € I'(uo1) is the minimizer of the cost
function (6.78) then there exists a function 1 : R — R, such that Q¥ = /(X;)Q*. But then
Q= h(l,Xl)‘lfz(Xl)IPz is in the reciprocal class of IPy and thus the duality formula (6.92)
holds.

If on the other hand the above duality formula holds for some Q* € I'(up1), we know
by Theorem 6.69 that Q" is in the reciprocal class of I’} and therefore of the form h(X,)0*
for some /i : R — R,. By Proposition 6.81 we deduce that Q* minimizes the cost function

(6.78). O

Using the Feynman-Kac formula we present a dynamical interpretation of the invariant
&k in terms of the cost-potentials A and @. By (6.88) we have

h(t,y +1)

_ -1 _
at log h(t/ ]/) - (EA(t/ ]/)) h(t, y) q)(t/ y)/
and we insert the definition
4hty+1)
k(t, y) = (eA(t, y)) ' ——=
(t,y) = (eA(t, y)) "t y)
to prove
(693) _E‘k(t/ y) = al‘ IOgA(t, y) + (D(i‘, y + 1) - CD(t, y)

Thus we may re-write the duality formula (6.92) as

ES (FOO8() = Ef (DLF(X))
+I‘Ei‘2 (F(X) f Us (drlog A(s, Xs-) + D(s, Xs— + 1) — D(s, Xs-)) dXsdt)
I [t1]

Let us illustrate this interpretation of the reciprocal invariant in two simple examples.

Example 6.94. The reciprocal class of the Poisson process is characterized by the fact, that the
invariant By = 0 is zero. By (6.93) this is e.g. the case for a constant potential A € [¢, 00) and
deC }7 (). Thus the reciprocal class of a Poisson process contains all minimizers of the cost function

g, = E, (f(yt logy: —yilog A — O(t))dt],
I
under the boundary condition [1o1 = () ® p1 given in (6.79).

Example 6.95. The reciprocal class of the exponential decay process X with rate A > 0 has reciprocal
invariant Zi(t, y) = —A, see Examples 6.62 and 6.67. Using (6.93) this invariant is e.g. associated
to the potentials A(t,y) = ceM with ¢ > 0 and ® € C;(I ). Thus the reciprocal class of the
exponential decay process with rate A > 0 contains the minimizers of the cost function

Jg@®,) =E, (j;(yt logy: — (c+ At)y: — CD(t))dt),

under the boundary condition g1 = Oy ® 1.
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6.8. Time reversal of unit jump processes.
On the space J1(Z) we define the time reversal as follows.

Definition 6.96. Let Q be any unit jump distribution on J1(I). The time reversed unit jump
process Q is defined as the image of Q under the transformation

R]Il(I)_)Hl(I)I a):(xl{tll"'ltm})'_)d\):(_x_ml{l_tml"'ll_tl})'

In comparison to the time reversal of continuous diffusions (5.80) we have to change the
sign of the canonical process to get a process that still jumps up in the sense that if X := XoR
then X; = —X(1_y-. Elliott and Tsoi have investigated time reversed unit jump processes
by computing the backward intensities of the form Q(X;—, — X{|X;) for small ¢ > 0. Our
concept of time-reversal is equivalent, but the results are different than those of [ET90]. We
compute the intensity of a time-reversed nice unit jump process and describe the behavior
of the reciprocal classes of nice unit jump processes under time-reversal.

By definition we have Q(F) = Q(F o R) for any bounded functional F : J1(Z) — J1(Z). If
Q is stochastically continuous the endpoint distribution of the reversed process is

QX € dx, X; € dy) = Q(Xo € —dy, Xy € —dx).

Ifi<n=X;—-Xowealsohave TjoR=1-T ;1.

In the unit jump process context, no derivation of the intensity of a reversed nice unit
jump process similar to the result for Brownian diffusions in Lemma 5.82 seems to be known
yet. We compute a convenient representation of the intensity in the following proposition.

Proposition 6.97. Let IP} be the law of a nice unit jump process startingin x € R. Then Q := PjoR
is Markov and has intensity £(t, X, )dt with
p(1-t,-y-1)

pi(l—t,—y) ’

(698) E(t/ ]/) = f(l -t Y- 1)
with py(t,y) = Py(Xe = y) > 0 fory =x+m, meN.

Proof. Let us remark that P} is the law of a unit jump process with intensity €(¢, X;-)dt if
and only if for every f € C;°(Z X R, R) the process

te f(t, X)) - j{;t] [9¢f(s, Xs=) + €(s, Xs-) (f(s, Xs— + 1) — f(s,Xs-))] ds

is a martingale with respect to IP; (the necessity follows easily from Itd’s formula, for
the sufficiency see e.g. the monograph by Jacod [Jac79]). Take any f € C;°(Z X R) and
g € C°(R), then

E; (f(s, Xs)g(X1) = Ey (f(s, X5)8(s, X5)) Zf(s X +n)g(s, x + n)pi(s, x + n),
=0

where g(s, X;) := [Ej (8(Xp)IX;s) is a space-time harmonic function and py(s, x+n) = pe(0, x;8, x+
n) is the transition probability. We use a trick to develop this term that is also used in the
diffusion case (see e.g. Haussmann, Pardoux [HP86]) to get

;f(t,x+n)g(t,x+n)p’[f(t,x+n)—j[;t T [Zf(rx+n)g(rx+n)p[(r x+n)}dr

Ej (f(t, X1)g(Xt) = j[‘ ; % (Z f@r,x +n)g(r,x + n)py(r,x + n)) dr.
S, n=0
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We may apply the product rule to develop the last term

f [Z A f(r, x + m)g(r, x + m)py(r, x + m)
[s,t]

m=0

+f(r, x + m)dig(r, x + m)py(r,x + m) + f(r,x + m)g(r, x + m)dspy(r, x + m)) dr.

Here we may use the fact that g(t, y) is solution of the Kolmogoroff backward equation and
p;(t, y) of the Kolmogoroff forward equation. The backward equation has been derived in
Lemma 6.55, as for the forward equation we give a similar proof in the following Lemma.

Lemma 6.99. The counting density py(r, x +m) := Py(X, = x+m) is a solution of the Kolmogoroff
forward equation

(6.100) oy (r,x +m) = €(r,x + m = D)py(r,x + m — 1) = £(r, x + m)py(r, x + m).
Proof. Let y := x + m, by definition
pi(ry) = Py(Tw <7, Tpsr >71)

f [g(tllx)e_ f[%] lsx)ds b x+m—1)e f[fm-pfm] (s, x+m=1)ds
[O’r]m

o f[tm/r] t’(s,x+m)ds] 1 j0<t, <et, <rjdty -+ - dbny

f f fX(tll'“/tm/r)dtl“'dtm,
[0,1’] [O,tm] [O,tz]

where f(t1,...,tn, 1) is the defined by the term in the square brackets in the second line.
Clearly o, fx(t1, ..., tm,r) = =€(r,x + m) fy(t1, ..., tm, ¥), which we can use in the expansion

% (F5 + &, 9) - ()

1
= _(f f M fx(tl,...,tm,r)dtl"'dtm
ENJ[0,r+e] JI0,tn] [0,t2]
—f f fx(tl,...,tm,r)dtl---dtm)
[0,7] J[0,t] [0,t>]
1
= —(f f f (fx(t1, .. tmr+€) = feltr, ..., b, 1)) dly -+ - dby
ENJ[0,7] JI0,tn] [0,t2]
+f f M fx(tl,...,tm,r'"g)dtl"'dtm),
[rr+e] JI0,t,] [0,t2]

and for ¢ — 0 this converges to

1
- (P?(V +&,y) =P, y)) - =l ypy(ry) + f f e Foltt, oo by, 1, V)l - - diy,
€ 0,71 J[0,t-1] [0,t]

= —5(7’, ]/)P;(”/ y) + 5(1’, - 1)17?(7’/ Y- 1)/

where the exchange of integration and differentiation is justified by the boundedness of
fx(t1,- -+, tm, r) and its partial derivative in r. m|

Let us now resume the proof of Proposition 6.97. We insert the Kolmogoroff forward
equation (6.100) and the Kolmogoroff backward equation (6.56) to substitute the time
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derivatives of ¢(r, y) and p(r, y)
E; ((f(s, Xs) = f(t, X1)) 8(X1))

= f Z A f(r, x + m)g(r, x + m)py(r, x + m)

(s8] 1= 0
—f(r,x + m)l(r,x + m)(g(r,x + m+1) — g(r,x + m))p’(f(r,x +m)

+f(r, x + m)g(r, x + m)(€(r, x + m — D)py(r,x + m — 1) — {(r, x + m)py(r, x + m)))dr

= fZ(&tf(rx+m)+[f(rx+m) f(r,x+m—1)]
[s,t]

p 1p€(r,x+m 1) N
(r,x+m-— )W)g(r,x+m)pg(r,x+m)

| el
Ohf(r, Xo) + [F(1, X00) = £, Xom = D] €, Xy = )=t = .

E; (—S(Xt) P %)

[s,t]

We can apply this to the time reversed nice unit jump process Q = IP; o R as follows

IEQ ((f(t/ Xt) - f(sl XS))g(XS))
= Ep((f1-Q1-1),-X1-) = f(1 = (1 =), =X1-5)) §(~X1-5))

= -E (f @ f(L =1, -X2) + [f(L =1, —X2) = f(1 = 1, ~(X,— — 1)]
[1-t,1-s]
p;(r/ Xr— - 1)
5(1’, Xr_ - 1)W) d?’)

= —Eg ( f (<9ef(1 =1, Xan-) + [fA =7, Ran) = FA =7, Rap- + 1))
[1-t,1-s5]

pi(r, —Xan- — 1)) J
or,—Ran. —1 ! d
0= ) p(r, =Xa-n-) '

Eqg (‘f[‘ : (atf(r, Xr—) - f(?’, Xr—) (f(r, Xr— +1) - f(}’, Xr_))) dr) ,

where £ is defined as in the assertion of the proposition. Since the equation holds for all
g € C(R) and we already know that Q has the Markov property by Lemma 5.81, the
process

Ft,Xp) - f (0 Kom) = 20, %) (F(r, Kom + 1) = £, %)) ) dr
[0,t]
is a martingale with respect to Q for all f € C;’Z(I X R). ]

In particular the invariant Z(t, y) is well defined. To be able to apply the characterization
of the reciprocal class of Theorem 6.69 we have to assume that there exists an initial
condition P, of the reference measure such that

P, is a nice unit jump process.

This implies that Z; is the invariant of the reciprocal class of a nice unit jump process. The
next result shows how the reciprocal class of a nice unit jump process is transformed by
time reversal.
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Proposition 6.101. Let Q be in the reciprocal class of P;. Then Q is in the reciprocal class of P,
and the reciprocal invariant is given by Ex(s, y) = —E¢(1 —s, -y — 1).

Proof. The idea of this proof is, too identify the reciprocal class of P, by a duality formula
using Theorem 6.69. Take any F = fu1(Xo, T1, ..., Tn) € Sy, and u = Y15 il s, ,,,1 € & with
(u) = 0. Then

EQ(FO031) = Eo fra(Ro, T, T) | usdxs):mg (ﬁ1<X1,T1,...,Tn> | udx)
I I

with FA'(X) = fAl(Xl/ Tl, ey Tm) = f(—Xl, 1_TTI’ ey 1_T(1]—m+1)v1/ 1, ey 1) andl = Z?:_ll ui]l(l—ti+1,l—ti]
with (1) = 0. Clearly (i) = f[t 1 usds = —(u);. Since Q € R(IP;) the duality formula (6.70)
holds, thus

Eg(F(X)5())

Eq(F(X)o(1))

Eo(D:F(X)) - Eq (ﬁ(X) f[ il L . Eg(s,Xs_)dXsdt).

The first term in the last line is
mAn

Eq Z dir1fa (X1, Th, .., Tm)<ﬁ>Ti)
i=1

Eq (DaF(X))

nAm—1
= Egq|- Z Inam-ir1 f(=X1,1 =Ty, ..., 1= Tip_msryv1, 1,..., 1)<ﬁ>T(,]_m+1)v1_,-]
i=0

nAm
- Eq Zai+1fﬂ<xo,ﬁ,...,meum)
i=1

Eg (D.F(X)),

which is best seen under the distinction of the cases 7 < m, n = m and n > m. The second
term in the duality formula can be rewritten into

Eq (ﬁ(X) f iy f Eg(s,XS_)dXsdt) Eq (ﬁ(X) f Eg(s,Xs_)(ft)sts)
I [t1] I

i=1

n
Eq {P(X) Y BT x+i- 1)<a>Ti)

Ui
IEQ [P(X) Zl E{’(]- - Tq—i+1/ xX+i- 1)<ﬁ>1—Tq_i+1)
1=

n
—Eq (ﬁ(X) Z Be(1 = Tyoina, —XT”_,.H)(M)TU_I.H)

i=1

Eq

1

ﬁ(X) Z(_E‘f(l - Ti/ _XTI._ - 1))<u>Tl] ’
i=1

and we may change the order of integration to get

Eq (P(X) f il f Eg(s,Xs_)dXsdt)
I [t1]

Eq (ﬁ(X) f U (—Eg(l—s,—Xs_—l))dXsdt)
7 [£1]

Eq (F(X) f s (—Eg(l—s,—Xs_—l))dXsdt).
7 [£1]
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Thus we have shown that
Eg (F(X)6(u)) = Eg (D, F(X)) — Eg |F(X) | u (=Be(1 =5, -Xs_ —1))dX,dt|,
Q Q Q T (1]

and can apply the characterization of the reciprocal class in Theorem 6.69. The identity
Eu(t,y) = —E¢(1-t,—y—1)isimmediate from (6.98) and the Kolmogoroff forward equation
satisfied by pi(t, y). m]

As was the case for Brownian diffusions in § 5.6 the behavior of the reciprocal class of a
nice jump process under time-reversal is symmetric.

Remark 6.102. Let A : 7 X R — [¢g,00) and @ : T X R — R be the bounded potentials of the
optimal control problem of Definition 6.80. Assume that P, € T'(1o1) is the law of a nice unit jump
process such that the relation (6.93) holds. Then the reciprocal class of Py contains all solutions of
the optimal control problem associated to A and ®@. By Proposition 6.101 we have

E‘f(t/ y) = _:5(1 - t/ —y- 1) = af logA(l - t/ —y- 1) + q)(l - t/ _y) - CD(l - t/ -y - 1)

Thus the time reversed reciprocal class contains all the solutions of the optimal control problem
associated to the potentials At, y)=A1-t,—y—1)and d(t, y) =01 —t,-y).
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7. THE RECIPROCAL CLASSES OF PURE JUMP PROCESSES

In this last section we study the reciprocal classes and bridges of Markov processes with
varying jump-sizes. The only result on this subject known to the author is a work by
Privault and Zambrini. In [PZ04] they derive the semimartingale decomposition of certain
Markov processes in the reciprocal class of a Lévy process with jumps. Our results are
different, since we are interested in the characterization of the whole reciprocal class, and
in particular of the bridges with fixed deterministic boundary conditions. We study pure
jump processes that only use a finite number of different jump-sizes. This setting allows
us to discuss some rather geometrical aspects concerning the distribution of the bridges of
such jump processes.

In the first paragraph we define the space of pure jump processes and present a natural
pure jump distribution, the law of a compound Poisson process. In §7.2 we introduce
the notion of incommensurable jumps, see Definition 7.23. Our main result in the second
paragraph is Theorem 7.36. We are able to characterize the reciprocal class of a compound
Poisson process with incommensurable jumps by a duality formula. In §7.3 we discuss
possible extensions of this characterization to the reciprocal classes of Markov jump pro-
cesses with regular jump-intensities, so called nice jump processes. Without assuming
incommensurability of jump-sizes, we are able to compare the reciprocal classes of nice
jump processes by reciprocal invariants. In addition to an “harmonic” invariant, a “gra-
dient of a potential” condition on the intensity of the nice jump process appears that is
similar to the “rotational” invariant on Brownian diffusions in Theorem 5.26.

7.1. Pure jump processes.

In this paragraph we define the canonical space of continuous time pure jump processes.
This space is large enough to admit the distribution of compound Poisson processes. In
§7.1.3 we prepare the discussion of the bridges of compound Poisson processes with some
examples.

7.1.1. Basic definitions.
Let Q € B(RY) be a finite set of jump-sizes. All finite and time-ordered subsets of 7 X Q
are collected in

AIXQ = {{(t1/q1)//(tmIQm)} € (IXQ)"Z/ O < tl < tZ <. < tm < 1/ m e N}

Remark that the elements of Q are not numbered, a set {(t1,41), ..., (tm, gm)} may contain
several identical jump-sizes. The space of jump processes with jumps in Q is

(71) H(Ir Q) = {C‘) =X+ Z Qi]l[t,-,l] P XE€E Rdl {(tll ql)/ sy (tM/ Qm)} € A[XQ/ me N} .

i=1
This setting includes as a special case JJ1(Z) = J(Z, {1}). Since J(Z, Q) C ID(Z, R?) we use the
canonical setup induced from the space of cadlag functions:

e The canonical jump process X : J(Z, Q) — J(Z, Q) is the identity;
o F.:=0(X;, s € 1) for every subset 7 C 1.

The spaces J(£, Q) and R? x A 7xQ are isomorphic through the identification

I, Q3w =x+) gl (1t tn gn)) € R X Ay,
i=1
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We identify w € J(Z, Q) with the tuple containing the initial condition, the jumps and the
jump-times. The integer random variable that counts the total number of jumps is denoted
by n(w) = n((x, {(t1,91), - ., (tm, gm)})) :== m. Let Tq, T, . .. be the consecutive jump-times of
X defined by Ty := 0, Ti(w) = Ti((x, {(t1,91), - .., (tm, gm)})) = tiif 1 <i < m and Ti(w) := oo if
i > m, where co may be interpreted as abstract cemetery time. The consecutive jump-sizes
are defined by Vi(w) := Vi((x, {(t1, q1), .- ., (tm, gm)})) = qiif 1 <i <mand Vi(w) :==0if i > m.
We define an integer valued random measure on 7 X Q by

7
N¥:= Z (1, V)
i=1

Clearly NX(Z x Q) = n. We define the number of jumps with jump-size in B C Q up to time
te I'byn/ = NX([0,t] x B). Then (nf)te 7 is a unit jump process with initial state n; = 0.
There are several equivalent ways to define the canonical filtration.

Lemma 7.2. The canonical filtration has the following representations
Frog = 0Xo, Vi,..., Vi, Ti A, Ta AL, L)
= 0(Xo, V1,...,Vy,ns with0 < s < t)
= G(Xo,niq} withs <t, q € Q).
wheret € I and t A oo = {.

Proof. Similar to the proof of Lemma 6.2 this follows from the identities

Nt
Xy =Xo+ Zl Vi]l[O,t](Ti) =Xp+ Zl Vi=Xo+ ZQqnl{‘q}' Vte 1.
i> i= ge

Let us also remark that o(ns, s < f) = o(T1 At, To At,...) since 1y = Y51 Ljo,(Th). |
In the Appendix we introduce the distributions of pure jump processes on ID(Z,R¥)

and a stochastic calculus associated to this class of semimartingales. Let us briefly state
the connection of pure jump distributions on ID(Z,RY) and the space of pure jump paths

I, Q).
Remark 7.3. One can easily verify that as a subset of D(I,IRY)

I(Z,Q) = {a) e DI, RY) : NX(I xRY) = NX(I x Q) < 00, X, — X = f
[0, ]xIR4

qNX(dsdq)} ,
since these conditions hold for w € D(I,RY) if and and only if
m
w=x+ Z gily, 1y, for some {(t1,q1), ..., (tm, qm)} € Arxg, m € IN.
i=1

But if X is a pure jump process under the probability P on ID(I,RY), as introduced in Definition
A.1 in the Appendix, we have

]P(Ehf el: X, —Xo# f qNX(dsdq)) =0, and PINX(I x RY) < 00) = 1.
[0,]]xR¢

Thus if moreover NX(I xRY) = NX(I x Q) holds P-a.s., then there exists a probability P on J(Z, Q)
such that P(D’) = P(D’ N J(Z, Q)) for any measurable subset D' C ID(Z, R%). In particular for
Q = {1} we may call X a unit jump process under IP.



111

We can define one-time probability densities and transition densities for any probability
law on J(Z, Q). As a reference measure we use

(7.4) A= Z 6{,7},

q€Q
which will play the role of a reference measure for the distribution of the jumps, similar
to the role the Lebesgue measure dt on 7 for the distribution of the jump-times. Clearly

A(Q) = 1Q| € N, since Q was assumed to contain only a finite number of arbitrary jump-
sizes.

Remark 7.5. Any probability Q on J(Z, Q) can be decomposed into
Q)= [ Qe
R4
Clearly Q*(X; € .) < Oy * (Zf;:o(A(Q))‘mA*m), where "™ denotes the m-times convolution of a
measure with itself. The topological support of this reference measure is
(7.6) Qx::{x+q1+~~~+qm€IRd:ql,...,qmeQ,meN},

which is a countable subset of R?. With the above decomposition we see that Q(X; € .) <
Qo * (ZEZO(A(Q))"“A*’“) forany t € 1. We define the density of the one-time projection by

7.7) a(t,y) [Qo . [Z(A(Q))""A*’” (dy) = Q(X; € dy), y € Qs.

m=0

The transition probabilities are defined in a similar fashion by

905,331, 1)y * [Z(A(Q))"”A*m (dy) = QX = ylXs = ) fors < .

m=0

Since Q is at most countable, the bridge Q*¥ is well defined if and only if y € R? with
Q*(X1 = y) > 0. Therefore each bridge may be written in the form of an h-transform

Ty (X7)
7.8 WY() = ————Q%(.).
73) QO = g = Q)
The difficult task when computing the distribution of the bridge is of course the computa-
tion of the normalizing factor Q*(X; = y). An approach to facilitate these computations is

the following decomposition of bridges.

Remark 7.9. For m € IN define

(7.10) L(x,y) = {ym = (ql,...,qm)t eQ":x+q+ A+ Gm= y}.

This set contains the possible combinations of jump-sizes that add up to y € R? starting from x € R?
with m € N jumps. We necessarily have Q*(X; = y) = 0 for every probability Q on J(Z, Q) if
I'(x,y) is empty for every m € IN. For v, ¥, € Un(x,y) we write y,, = y;, if ym and y;, are
identical up to a permutation of their coordinates. Define I, (x, ) := I'y(x, y)/ =. Then

[o0]

Y, ), QY N(Ve Vi) =yl O i = m))

m=0 y, €l (x,y)

Q*(.)

Z Z Qx(-l(vlw--/vm)tsz/T):m)Qx'y((Vl,...,Vm)tZym,nzm)_

m=0yu€l},(x,y)
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Denote #yy = (i : q = qi, where yy = (q1,. .., qm)"}| the number of repetitions of jump-size q in
the coordinates of ym. Since X¢ = Xo + Xyeq qniq} we may rewrite the above conditional probability
as

(7.11) QA (Viyev, Vi) =y = m) = QA0 = #ym, Vg € Q).

By Lemma 7.2 the joint law of the unit jump processes (n'1', g € Q) determines the law of X up to the
deterministic initial state Xo = x. Thus for y,, € I',;(x,y) the law of the bridge Q™Y is determined
by the law of the bridges of unit jump processes

QU e (Vi Vi) =y, =m) = Q7 € |0\ =ty 07 = 0, Vi € Q).

If the processes ("', g € Q) are independent with respect to Q we have

Q' e 1T =ty =0,¥5€ Q) = Q" € .In" =#gym, g =0).

This is exactly the bridge of the unit jump process n\7 from ngﬂ =0to 77{1q} = #5ym under Q*.

In the next paragraph we introduce an important class of processes for which the unit
jump processes (', g € Q) are independent.

7.1.2. Compound Poisson processes.

We already mentioned compound Poisson processes in Sections 2 and 3. The space of
jump processes J(Z, Q) is large enough to admit compound Poisson processes with jumps
in Q ¢ RY. We present one of the most common definitions.

Let us first remark that every measure L on Q is finite and L < A. In particular there
exists a function ¢ : Q — R, such that L({g}) = €(9)A(lg}) = €(g).

Definition 7.12. Let £ : Q — (0, 00) by any function and define the measure L = €A. Let Py be a
probability on J(Z,Q). Then X is called a compound Poisson process with intensity € under Py if

(n?)te 7 1s a Poisson process with intensity L(Q) and is independent of the sequence V1, V>, ... of
iid random vectors with V; ~ (L(Q))™'L(.).

With the assumption ¢ > 0 we avoid a degeneracy that just reduces the number of jump-
sizes Q used by the compound Poisson process IP,. We will hide the subscript IP = P, if
¢ =1, that is, X is a compound Poisson process with intensity A under IP.

Let us state some other equivalent definitions of a compound Poisson process.

Remark 7.13. Let IP; be a probability on J(Z,Q), £ : Q — (0, c0) and define the measure L(dq) =
£(q)A(dq). Then X is a compound Poisson process with intensity € under P, if and only if

e X is a Lévy process with characteristics ( fQ X(q)L(dq),0,L),, see Definition 2.22.

o NXis a Poisson measure on I x Q with intensity dsL(dq), see Definition 3.19.
e the processes (n'7', q € Q) are independent Poisson processes with respective intensities

(@)
Using Definition 7.12 and Remark 1.19 we provide an explicit form of the distribution of a compound
Poisson process, in particular
]Pg(XO de,Tl S dtl,...,Tm S dtm,Vl = q1/---,Vm =qm, N = m)
(7.14) = Pro(d0)lqr)- - €@me " Plogy, <.t 1ty - - iy,

The distributions of the bridges of a compound Poisson process are more difficult to compute, we
present some examples in §7.1.3.
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A result similar to Watanabe’s characterization of a Poisson process presented in Lemma
6.8 holds. Here we characterize the compound Poisson law by the compensator of the
canonical random measure.

Lemma 7.15. Let £ : Q — (0,00) and L := CA. The probability P; on J(Z,Q) is the law of a
compound Poisson process with intensity € if and only if t — f[o xQ ii(s, 9)(NX(dsdq) — dsL(dq))

is a martingale for any i = ¥~ i1, ... xB; € E.

Proof. Let X be a compound Poisson process with intensity £ under IP;. Then the random
variable f[s,t]x Q ii(r,g)NX(drdq) = quQ f[s/t] i(r, q)dn{,q} is independent of Fjo for any i € &.

Since n'? is a Poisson process with intensity ¢(g) we can derive the expectation

Ef( [ ﬂ(r,q)NX(drdq)‘ ﬁo,s]):f a(r, )drL(dg),
[s,t]xQ [s,t]xQ

hence the martingale property.

For the converse, the martingale property of the random measure (NX(dtdq) — dtL(dq))
implies that (niq} — t0(q))ier is a martingale, and by Watanabe’s characterization Lemma
6.8 it is a Poisson process with intensity £(q). Using @i = u},;.; 15y for g; # q; pairwise
and q1,...,q9, € Q, u € & we compute with the same idea that any linear combination of
the Poisson processes ("', g € Q) is still a Poisson process and the intensities are likewise
additive. Using the characterization result of Jacod [Jac75] mentioned after Definition 6.43
we deduce that X = Xo+}., qn'"' is distributed as the sum of independent Poisson processes
(n'7, g € Q). By Remark 7.13 we deduce that IP; is the law of a compound Poisson process
with intensity £. m|

In Definition 6.43 we have seen that every unit jump process admits a predictable
compensator that characterizes the law of the process. Since Q is finite, this idea is easily
extended to the space of jump processes J(Z, Q). In particular under every probability Q
on J(Z, Q) there exists a predictable random measure A on 7 X Q such that dNX — dA is a
martingale measure in the sense that t — f[O, %0 ii(s, q)(NX(dsdq) — A(dsdq)) defines a local

martingale for any 7 € & We will call dA the intensity of X respectively NX. In particular
a compound Poisson process has intensity A(dsdg) = €(q)dsA(dg) in the above sense.

7.1.3. Examples of compound Poisson processes and their bridges.

Let us first show that we may use the duality formula (2.39) for Lévy processes to identify
the intensity of h-transforms of compound Poisson processes. This provides an important
tool to compute the intensities of bridges of compound Poisson processes. Let us already
note that the representation of the intensity of an h-transform presented in the lemma
below holds in a far more general context: A generalization of this result to Markov jump
processes is given in Proposition 7.50 by a different proof.

Lemma 7.16. Let Py be the law of a compound Poisson process with intensity € on J(Z, Q) and
h: R — Ry be bounded such that E (h(X1)) = 1. Then the h-transform hIP; is a jump process on
J(Z, Q) with intensity

It Xo_ + q)
(7.17) k(t, Xi-, q)dtL(dq) = XD

where h(t, y) .= E,(W(X1) | Xt = y) is Pe(X; € dy)-a.s. well defined for every t € 1.

dtL(dg),
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Proof. Define h(t, X;-) := E (h(X1)|X:-) = E (h(X1)| X¢), where the second equality follows
from stochastic continuity of X under IP,. Since X is an integrable Lévy process with
characteristics ( fQ qL(dq), 0, L) Proposition 2.38 implies that for every bounded functional F

that is #[o 4 measurable and 7 € & such that i1 = i1l 1)@ the duality formula

E, (h(Xl)F fj RO q)(NX<dsdq>—dsL<dq») - E, (F f[ o, +q>—h<xl>>a<s,q>dsL<dq>)

holds. On the right side we may take conditional expectation and use successively a
stochastic Fubini and a Fubini to get

E, (h(Xl)P fj Qa(s,q)NX(dsdq)) E, (F fj Q]Eg(h(Xl+q)|Xs_)ﬁ(s,q)dsL(dq))

E, (F ‘f] 0 h(s, Xs— + q)i(s, q)dsL(dq))

h(s, Xs- _
E, (P f]XQ hEz, XS_;h(S' Xs— + q)i(s, q)dsL(dq))

h(s, Xs_
Ec (h(Xl)F fj Qwa@,q)dswm),

where E/(h(X1 +9)IXs) = E¢(h(X1)|X;s +4) due to the space-homogeneity of the Lévy process.
Since this holds for all bounded F that are #|p -measurable we deduce that X has intensity
(7.17) with respect to hlP,. O

Let us now compare the reciprocal classes of different compound Poisson processes
on J(Z, Q) in some examples. This will provide an introduction to explicit computations
regarding the bridges of compound Poisson processes. The concluding statements at the
end of each example will be quoted at different occasions in this paragraph.

Example 7.18. Let Q = {1,2} and P, be the law of a compound Poisson process with intensity
¢ for some €(1),£(2) > 0. Conditioned on the initial state Xo = 0 we have ]P?(X1 €eN) =1and
IP({?(Xl = m) > 0 for any m € IN, as can be checked with Remark 7.13. Let us first explicitly
compute the distribution of a bridge ]Pg’m( ) =P(.1Xo = 0, Xy = m) for m € N using the form of
an h-transform given in (7.8).

Take e.g. the bridge from Xo = 0 to Xy = 3 then

13(X1)

(7.19) PY3(.) = ———PY(.).
¢ PY(X; =3) ¢
The normalization factor ]P([?(X1 = 3) is computed using
(7.20) Xo=0X1=3={Xo=0)ufnl" =30 =oyu " =1,7* =1},

and the independence of the Poisson processes n'' and n'?':

PoX; =3) = Pttt = 3)PY(n? = 0) + Pyt = DY = 1)

3
e—f’ﬂ)@e—@ +e7 ‘D) @¢(2).

Therefore e.g.
]l{t] <t2}dt1df2
Loy +cye@)

P)*(Ty € dty, Vi =1, Ty €dby, Vo = 2,1 = 2) = {(1)£(2)
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or in the case of 3 small jumps

]l{i’]<t2<t3}dtldt2dt3
%5(1)3 +4(1){(2)

PYX Ty €dty, Vi =1,Ta €dty, Vo =1, T3 €dts, V3 = 1,7 = 3) = ((1)°

Let IP; be another compound Poisson process on (1, {1, 2}) with intensity € given by £(1), €(2) > 0.
Using the above expressions of the distribution of a bridge it is quite difficult to compute conditions
such that ]Pg’m = lf’%m even for m = 3. Let us instead present a more dynamical viewpoint.

To gain insights into the dynamics of the bridge IPg’3, let us compute the intensity (%3 (t, X;—, q)dtA(dq)

of X under 11)2’3 for X;— = 1and q = 1 respectively g = 2 and t € 1. We apply Lemma 7.16 to h
given in (7.19). To derive h(t,y) fory =1,...,3 we see

- 13(X1)
fletmreand ey + €(1)6(2))
]Pg(X1 =3|X; =y)
e (CO+)(Le(1)3 + £(1)£(2))
P)(X1 = 3,X; = y)
PO(X; = y)e O (Le1)? + £(1)£(2))
PY(X; ~ Xt =3~ y)
e+ (Le(1) + £(1)£(2)

h(t, y) Xi = yJ

where the last equality holds since X has independent increments under ]Pg. We use decompositions
like (7.20) to compute all probabilities. Let us just state the results

sty L= DD + A= DD _ yuyery (1 — 0= + )

h(t, 1) L0(1)2 + £2) TP + ()
ht,2) = €l+Q@) L’

Lo+ £2)
h(t,3) = HED+2) 1 .

E)(EEL) + £(2))

With (7.17) we now derive the intensity €°3(t, X,—, q)dtA(dq) of NX with respect to P)°. In X;_ = 1
we get for example

05 R, ()

CELD = = T Ty

0 _ ), ‘2

el = 0@ = aohmr s a - nie

The overall intensity of jumping €°3(t,1,1) + £°3(t, 1, 2) explodes for t — 1, even if (*3(t,1,1) —
1/€(2) is always finite. If £(2) = O the intensity of the jump of size one will grow faster too, but
stays finite.
A necessary condition for the identity of the bridges ]1’2’3 = 1132’3 is then €°3(t,1,1) = £°3(t,1,1)
and €%3(t,1,2) = £°3(t,1,2) forall t € I. But
£(2) {(2)

,3 — 70,3 _ N = _ 7
3(,1,1) = 23(¢,1,1) o (1 t)+m) =(1 t)+g(1),
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thus (1) = at(1) and £(2) = al(2) for some a > 0. We insert this into
O83(1,1,2) = 1%%(t,1,2) © (1-12€(1) + (1 - 1)) = ((1 — )21 + (1 - t)€(1)£(2)),

to see that the intensities are only equal if a = 1, thus €(1) = {(1) and £(2) = €(2). Therefore
compound Poisson processes on (I, {1, 2}) with different intensities always have different reciprocal
classes.

In the above example there are only finitely many types of paths supported by a given
bridge, e.g. to go from 0 to 3 during 7, the pure jump paths which are admitted are only
those with jump-size combinations V1 =1,V =20or Vi =2,V =1or Vi =1,V =1, V3 =
1. In particular n only had finitely many values with respect to the bridges.

Example 7.21. Let Q = {-1,1} and X be a compound Poisson process under Py with intensity €
for some £(=1),€(1) > 0. Then X has the law of the difference of two independent Poisson process
with intensities €(1) respectively €(2). Let us first compute the distribution of the total number of
jumps 1 with respect to the bridge ]Pg’o. Clearly IP?’O(T] €10,2,4,...}) = 1, the total number of
jumps is a.s. pair. Moreover, there are as many jumps up, as there are jumps down

, Ym € IN.

Py = m, " =m)
Py = 2m) = Py = m, i = m) = .
¢ ¢ 1 re g(’ll}:”h =i

By independence of n'=Y and n'") we get

o~ (E+E(-1) (C()e(-1))"
(mh?

1132(17{11} =m, 17{1_1} =m) = (r){ll} = m)]PO(n m) =

Let Py the law of a compound Poisson process on J(Z,{-1,1}) with intensity {. For the equality of
the bridges IPO 0 IPQO it is necessary that up to the normalzzzng factors c™' = 65(1)”(2)1132()(1 =0)

and ¢! = e‘](l)”J(Z)IPg(Xl 0) we have

W = & (—1))" (i1 _ \ﬁ
c(C)E(=1)" = &F(1)E(-1)", ¥m e N & iy~ Ve Vm e N.

This holds if and only if there exists an a > 0 with {(1) = al(1) and £(—1) = a='£(-1), and in this

case we also have c = €. Let us check, that the bridges of IP; and Py coincide in this case for any
a > 0. Using Remark 7.13 it is easy to check that

0 ) = L@v@ T V2 PO
PY(.) = HZ(V) 0(

Since for any n € IN we have

Zoo . _ Z - 5(1)"+ i (=)
0 _ _ 0,.{1} _ 0/,{-1} 1 f 1
i=0 i=0
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we may insert £(1) = al(1) and £(-1) = a~'€(-1) to compute
Liny(X1)

0,n _ 0
PO = R =)

=
(\1

Ly(X7)
—L(Q) Z (al@))*i (a~te(=-1))

i=0 " (n+i)! il i=1

— Ly (X1) : o LQ+LQ a”IPg(.)
i o ()™ (1)
e tQan Y20 o =7
Ty (X1)

_ 0
- Been n)lpf(.)

= PY'(.).

A similar computation shows that ]Px () = ;’y (.) for any x,y € R? with |y — x| € N. Thus the

laws of two compound Poisson processes P, and IP; have the same reciprocal class on J(Z,{-1,1})
if and only if £(1) = a€(1) and {(-1) = a=1(-1) for some a > 0.

In the next example the distribution of n under any bridge will be deterministic. This
simplifies the comparison of the bridges of compound Poisson processes.

Example 7.22. Let Q = {e1, ea} with vectors ey = (1,0),e; = (0,1)" € R? and X be a compound
Poisson process under Py with intensity € for some €(e1), {(e2) > 0. This is a two-dimensional
continuous time random walk with independent motion in both directions. Starting from (0, 0) the
process can reach any point on the lattice IN?. Given a fixed endpoint (n,m) € IN? we have

0,0),(n,m) {er} _ el _ .y —
IP, ”m(ne1 nnlz =m)=1
since {Xy = (0,0), X7 = (n,m)} = {Xo = (0,0), nl"’l =n, 7?{162} = m}. The law of the bridge of the
compound Poisson process is therefore given by the law of the bridges of the Poisson processes

11)20,0),(71,"1)(17{31} c "1]{62} €.)
= P € .1Xo = (0,0), 7" = mPe(n* € .|Xo = (0,0), ' =m),

where n't! and n'®® are independent under PO ™ since n = n + m is deterministic and

I';,.,((0,0), (n,m)) consists of one element. We saw in Proposition 6.31 that all Poisson processes
with different intensities are in the same reciprocal class. We conclude that every distribution of
a compound Poisson process Py on (1, {e1, e2}) with intensity { for some €(e1), £(e2) > O has the
same reciprocal class as Py.

7.2. Compound Poisson processes with incommensurable jumps.

In Example 7.22 we saw that the comparison of bridges of jump processes is made
easier if under any given bridge Q" the number of jumps 1 is deterministic and I7;(x, y)
contains at most one element. Here we generalize this idea introducing the concept of
incommensurability between the jump-sizes. This will provide to be a crucial condition in
the derivation of precise statements concerning the bridges of compound Poisson processes.

We first define the general property of incommensurability for jump-sizes. Then we
apply this concept to identify the reciprocal class of compound Poisson processes: Our
main result in this paragraph is the characterization of the reciprocal class of a compound
Poisson process by a duality formula in Theorem 7.36.
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7.2.1. Incommensurability between jumps.
Incommensurability of jump-sizes is an algebraic condition on the set Q.

Definition 7.23. We say that the jump-sizes in Q are incommensurable if for any q1,...,qm € Q
and q, ..., q, € Qwithm,n € N the equality g1 + -+ qm = q; + - - - + q;, only holds if m = n and
(fh/ s /1]m)t = (qi/ ceey q;lfn)t

Note that the jump-sizese; = (1,0),e; = (0,1) € R? of Example 7.22 are incommensurable.
In the following remark we show how the concept of incommensurability affects the
reference measure A.

Remark 7.24. Let A be the finite counting measure on Q introduced in (7.4). Then the jump-sizes
in Q are incommensurable if and only if the measures A" and A are singular on R? for all
m,n € IN, m # n.

Proof. Assume that the jumps in Q are incommensurable, take n # m, n,m € IN. If there
exists g € R? with A™({q}) > 0 and A™({g}) > O, then there exist q1,...,9,» € Q with
M+ +tqm=qandqi,...,q, € Qwithg] +---+q; = q. But this is a direct contradiction to
the incommensurability property.

Now assume that A" and A™ are singular for each n # m. If Q is commensurable, there
exists m,n € N and ql,...,qm,qi,...,q,’q € Qwithgy +---+ gy, = qi +---+¢;,. But since A
is a discrete measure on Q we have A™({g1 + -+ + qn}) > 0 and A™'({g] +--- + ¢5,}) > 0in
contradiction to the singularity of A" and A™. m|

The following Lemma will provide a decomposition of the bridges of jump processes
in J(Z, Q) in the sense of Remark 7.9. It represents the probabilistic interpretation of the
incommensurability of jumps and is a key result for the characterization of the reciprocal
class of a compound Poisson process.

Lemma 7.25. Let Q be any probability on J(Z, Q). If the jumps in Q are incommensurable then
forany x,y € R? such that Q*(X1 = y) > 0 there exists an m € IN such that n = m Q“Y-a.s. and
I',.(x, y) contains exactly one element.

Proof. Let Q{(y) > 0 such that the law of 1 with respect to Q™Y is not deterministic. Then
there exists at least two different m,n € IN with Q*¥(n = m) > 0 and Q*¥(n = n) > 0. Since
this implies the existence of q1, ..., gm, g7, - - -, g, € Qx Withgi+---+qn = y—x = g} +- - -+q, we
get a contradiction to the incommensurability of Q. The fact thatI',(x, y) contains more than
one element directly contradicts the definition of incommensurability of jump-sizes. O

Let us show that there exists sets of jumps Q that are such that every bridge of a jump
process has a deterministic number of jumps n = m, but I';,(x, y) may contain more than
one element: The condition (41, ..., gm) = (qi, eer, q;n)t of Definition 7.23 is meaningful.

Example 7.26. Let {e1,ez,e3} C R3 with e; = (1,0,0)!, eo = (0,1,0)! and e3 = (0,0,1)! be
incommensurable jumps and define Q := {e1,e2,e1 + e3,e2 — ez} = {eq,e2,(1,0,1),(0,1,1)}. The
jump-sizes in Q are commensurable since e +ex = (e1+e3)+(e2—e3). Note that the number of jumps
is deterministic for any bridge of any jump process with jumps in Q. If this would not be the case, there
would exist y = x+nyeq +nzex +nz(e; +e3)+ng(ex—e3) = x+myeq +moex +ms(e +e3) +mg(ex —e3)
with integer n;, m; € N i =1,2,3,4 and Z?zl n; + Zil m;. But a comparison of coefficients in
front of ey and ey shows that ny + n3 = my + m3 and ny + ng = my + my since {ey, ez, e3} are
incommensurable jumps. Therefore Z?:l n; = Zle m;, in contradiction to the hypothesis that 1 is
not generally deterministic for the bridges of any jump process.
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7.2.2. Duality formula for compound Poisson processes.

If Q = {g} contains but a single jump-size, the space J(Z, {g}) = ]J1(Z) is isomorphic to the
space of unit jump processes. In particular X is a compound Poisson process with intensity £
ifand only if ¢ — niq} = 1 is a Poisson process with intensity £(g). The characterization of the
Poisson process n'7 and its reciprocal class by a duality formula then imply similar results
for the compound Poisson process and its reciprocal class. In §7.2.3 we want to extend
this principle of characterization by duality formulae to compound Poisson processes with
incommensurable jumps. In turn, this paragraph is devoted to the derivation of a duality
formula that holds with respect to a compound Poisson process. The basic idea is to use the
additivity of the duality formula (6.26) with respect to the integrating compound Poisson
distribution and the decomposition X = }. ¢ qn'’". Note that the results of this paragraph
are valid without the incommensurability assumption between jumps.

To present a duality formula we have to start with the introduction of a derivative
operator of functionals on the space of jump processes (1, Q). A functional F : J(7,Q) — R
is called smooth and cylindric if there exists a bounded f : R? x (I x (Q U {0}))" such that
fx, (. q1),(,q2),...) €C(I"), Vx € RY, q1,...,q, € QU {0} and for all w € J(Z, Q) we have

(7.27)  F(w) = F((x, {(t1, q1), - - -, (b, gu)))) := f(x, (t1,91), - - -, (buams Guam), (1,0),(1,0),...).

Define the space of smooth functionals of the jump-times and jumps by
(7.28) Sy :={F : J(Z, Q) — Ris smooth and cylindric as in (7.27)}.

We will also use the canonical formulation F(X) = f(Xo,(T1 A1, V1),...,(Tn A1,V,)) €
Sy. Let us now present two definitions of a derivative operator that acts on functionals
F : J(Z,Q) — R which are complementary. First we define a derivative of functionals
F(w) € Sy as in (7.27), that only operates in the direction of the jump-times associated to
fixed jump-sizes by

DrgF((x, At 1), -+ (s Gm)}))

nAm

(729) = - Z aZif(xl (tlz l]l), ooy (tn/\m/ qn/\m)r (1/ O)l “e )]l[O,ti]x{q,-}(t/ Q)
i=1

This extends the definition of the derivative operator on smooth functionals of unit-jump
processes Sy, if Q = {1}, see Proposition 6.12. Let us give another complementary definition
of this derivative operator by a perturbation.

Definition 7.30. Given a bounded, measurable ii : T X R? — R and a small ¢ > 0 we define the
perturbation 7}, : J(Z, Q) — J(Z,Q) by

(xr {(tlr q])/ R (tI’H/ (/Im)}) = (x/ {(tl + ‘S(a('/ q1)>t1/ ql)/ ey (ti’l’l + (‘f(l/_l(., Qm»tm/ Qm)} N I X Q)
Let Q be any probability on J(Z, Q). A functional F € 1L.*(Q) is called differentiable in direction il
if the limit

DyF = —lin% %(F oy —F)

exists in IL2(Q). If F is differentiable in all directions i1 € E, we can denote the unique derivative by

OF = (D1gF)ser geq € L?(dt ® A® Q), where DyF = DyqFu(t, q)dtA(dq)
IxQ

holds Q-a.s. for every il € E.

The next Proposition explains why these definitions were called complementary.
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Proposition 7.31. Let Q be any probability on (X, Q). Then a functional F(X) € Sy is differentiable
in the sense of Definition 7.30 in any direction @i € E with (ii(.,q)) = 0, ¥q € Q, and the derivative
coincides with (7.29).

Proof. 1f 11 € & with (., q)) =0,q € Q, then for every w = (x,{(t1,91), ..., (tm, gm)}) € J(L, Q)
we have

hm (f x, (t + @, g, q1),---,) = fx, (t,q1), .- .))

mAn

= Z i f(x, (t1,q1), - - A, gy,

mAn

| 955 e 1) s 0 NG
IxQ G2

Since 1 o 7, = n under the condition (i(.,q)) = 0 we have V;omi = V;for 1 <i <5 and
¢ > 0 small enough. The boundedness of f in its time derivatives implies convergence in
L*(Q) for any probability Q on J(Z, Q). m|

Using these complementary definitions of the derivative operator we can give two
complementary proofs of a duality formula that holds with respect to a compound Poisson
process.

Proposition 7.32. Let IP; be the law of a compound Poisson process with intensity € on J(Z, Q).
Then the duality formula

(7.33) E, (P f[ , i(t, g)(N* (dtdq) — dtL(dq))) = B, (D;F)

holds for all it € & and F € 1L?(P) that are differentiable in direction i, respectively for all F € Sy if
the derivative is defined by (7.29).

Proof. Let us first prove the duality formula for 7 € & and F(X) € Sy using (7.29). Since n'?

is a Poisson process with intensity £(g) we have
Y E (P(X [ st - aq)ds>)
7€Q

ZlEf( f D, F(X)ii(s,9) )

7€Q

E, (F(X) f[ Qﬂ(s,v/)(NX(dsdq)—dsL(dq)))

E, ( f @s,qHX)a(s,q)dsA(dq)),
IxQ

where for the second equality we applied the duality formula (6.23) of Poisson processes.

The proof of (7.33) for F € IL?(IP;) that is differentiable in direction # € & is similar to
the proof of the duality formula (6.23) of the Poisson process: First we “compensate” the
perturbation 7§ by a Girsanov transformation of measure. Take some F € ¥ and put
0 = Flxp with s < tand B € Q. Then 0 is a predictable function. By definition of
the perturbation we see that for any i € & we have NX o e ((s, t] X Q)) = NX(w(B?)), with
Bt :={(r,q) : g € B,7%(s,q) < r < t4(t,q)} and 75(t, q) is defined by

f (1 + eti(r,q))dr = t,
[0,75(t)]
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see also Example 6.13 for the unit jump version of this time-inversion. We define a new
probability G*IP on J(Z, Q) by
Ui

Gt =exp ( f[ (a(s, q) — 1)dsL(dq)) H w(T;, V).

i=1
Then

E, ([F f o(r, q)NX(drdq)] o ngG"")
TxRY
= E((FonsN*(B)GY)

= Ee(FomiG) [ 1)1+ entr)irL )

= E/(Fo nEGs)f [T;(t, q) — t5(s,q) + sf i(r,q)dr — sf w(r, q)dr} 1p(9)L(dq)
R [0,z ()] (0,75 (5.1
= [E¢(Fom:G%)(t—s)L(B),

which implies that NX o ¢ is a Poisson measure with intensity dtL(dq) on 7 X Q under G*IP.
We deduce the equality

—E;(Fom; —F)=E;(Fomny (G —1))
for any functional F and any i, since [E, (F o anGS) = [E¢(F). Multiplying both sides with

1/¢ and taking the limit ¢ — 0 proves the duality formula: The convergence arguments are
similar to the ones in the proof of Proposition 6.22. ]

7.2.3. Characterization of the reciprocal class of compound Poisson processes.

Let us first remark, that the duality formula for F(X) € Sy and i € & in turn implies the
martingale property of compensated compound Poisson processes. This result does not
require incommensurability between jumps.

Proposition 7.34. Let Q be an arbitrary probability on J(I, Q) such that n € ILY(Q) is integrable.
Iffor all F € Sy and i1 € & the duality formula

(7.35)  Eq (P(X) f (s, q)(N* (dsdq) - dsL(dq») = Eq ( f D, ,FXi(s, q)dsA(dq))
IxQ IxQ
holds, then Q is the law of a compound Poisson process with intensity L.

Proof. The result is due to the characterization by Watanabe presented in Lemma 7.15. In
particular, if F € Sy is Fos-measurable and @ = i1l 1jxg, then D;,F(X) = 0 and (7.35) is a
statement of the martingale property. ]

We now prove our first main result in this section: The characterization of the reciprocal
class of a compound Poisson process by a duality formula. Here, the fact that the jump-sizes
in Q are incommensurable is essential and necessary.

Theorem 7.36. Let the jumps in Q be incommensurable. Assume that Q is a probability on (1, Q)
such that 1 € ILYQ). Then Q is in the reciprocal class of the law of a compound Poisson process
with intensity € if and only if the duality formula

(7.37)  Eq (F(X) ﬁ o (s, q)(NX(dsdq) - dsL(dq))) = Eq ( fI 0 D ,F(X)i(s, q)dsA(dq))

holds for every F € Sy and i1 € E with (ii(.,q)) = 0 forall g € Q.
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Proof. Note, that the compensation of NX by dsL(dq) is not necessary under the loop condi-
tion:

Ix

|t sig) - st = | ats, N (s, if at, ) =0, Vo < Q.
IxQ Q

Let us first proof the necessity of the duality formula. In this part of the proof, the
incommensurability assumption is not necessary. Under the loop condition (u(.,q)) = 0
we have D;p(Xo) = Dz(X;) = 0 for any bounded ¢, ¢ : RY — R. This implies that the
duality formula holds with respect to the bridges, which in turn implies that it holds in the
reciprocal class of IP; (see also the similar proof of Lemma 6.37).

To prove the converse, let x,y € R? be such that Q¥ is well defined. By Lemma 7.25
n = m Q"¥-a.s. for some m € IN and there exists exactly one y,, = (41, . ..,qm)t € I (x,v).
The duality formula (7.37) still holds with respect to the bridge Q™ by the first part of the
proof. Using Remark 7.9 we decompose the expectation under the bridge

Y Eo (P<X> | ot pant?

7eQ
Z Eg ( f D F(X)ia(s, q)ds
7€Q z

Define F(X) € Sy with fq € C;"(]Rd) and f, € C°(1"), q € Q, as follows:

(7.38) F( At 1), - - - (b ) = fo() H fotiLigmgr)s - o tmanLig=gumnts 1o+ -
7eQ

The derivative of such a functional is given by

Egy (F(X) f] o (s, q)NX(dsdq))

XO = x”]{1q} = #q)/m, Vﬁi S Q)

Xo =x, 77{1‘7} = #5ym, Vi € Q)

Dy gF((x, {(t1,91), - -, (b, Gi)}) = fo(x) H fa(.) (Z Iif (- o t1xig (ts ﬁl)] :

q#q i=1

We apply the duality formula to this kind of functionals and conclude that 17 are inde-
pendent Poisson bridges conditionally on Xy = x,X; = y: First assume that f; = 1 and
i(.,q) = 0for g # g, then the derivative operator D; ; only acts on f; and by Theorem 6.39 '
is a Poisson bridge from 0 to #,), under Q*Y. Using an arbitrary F(X) as defined in (7.38)
we deduce that 7' still has the same law conditionally on (7'?, § # q). Thus (', g € Q)
are independent Poisson bridges under Q%Y. But the joint law of (n{‘i}, g € Q) determines
the distribution of X under Q*Y. Thus we conclude that Q¥ = P*Y, since (r]{”/}, g € Q) are
independent Poisson bridges under IP*¥, see Remark 7.9. a

If the jump-sizes in Q are commensurable, the independence of the processes (1'7, g € Q)
under the bridge IP;’y may fail. As a consequence, the above characterization result may
fail as well. We illustrate this in the following example.

Example 7.39. We resume Example 7.18: The jump-sizes Q = {1,2} are commensurable and P,
IP; are the laws of compound Poisson process on J(Z, Q) with intensities € respectively {. We showed
that if £(1) # £(1) or €(2) # €(2) these distributions do not have the same reciprocal class. Still, by
Proposition 7.32 the duality formula (7.11) holds. Thus for all F € Sy and i € & with (ii(.,q)) = 0
we have

E, (F(X) L 0 (s, q)NX(dsdq)) =1, ( j; QZ)WF(X)IZ(S, q)dsA(dqg) |.
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In particular the same duality formula is satisfied by Pp and P;. This duality formula can not be
fruitful for the characterization of the reciprocal class R(IP¢) on J(Z, {1,2}).

By a similar argument as in the above example we infer the following property of
reciprocal classes of compound Poisson processes with incommensurable jumps.

Corollary 7.40. All compound Poisson processes with incommensurable jumps in Q are in the
same reciprocal class.

Proof. Under the loop condition (ii(.,q)) = 0 the same duality formula holds for any com-
pound Poisson process on J(£, Q). With Theorem 7.36 we conclude that R(IP;) = R(IP;) for
any two compound Poisson processes. ]

7.3. Nice jump processes.

In this paragraph we present a first discussion of the possibility of characterizing the
reciprocal classes of Markov jump processes by duality formulae. In Theorem 7.54 we
present our second main result of this section: We are able to compare the reciprocal
classes of Markov jump processes with regular intensities by reciprocal invariants, without
relying on the incommensurability of jump-sizes.

7.3.1. Definition and basic properties of nice jump processes.
We are interested in a particular class of pure jump Markov processes.

Definition 7.41. Let ¢ > 0 be arbitrary and take a function € such that
(742)  €: 1 xR xQ — [¢,00) is bounded, and £(.,x,q) € Co(Z,R,) forall x e R%, g € Q.
Then Py is the law of a nice jump process if X has intensity {(t, X;_, q)dtA(dq) under IP.

Clearly compound Poisson processes are nice jump processes with £(t,x,q) = £(g), the
notation [P, is thus consistent. In Remark 7.13 we stated that a compound Poisson process
is the sum of independent Poisson process. A similar property does not hold for nice jump

processes: The “sum” of nice unit jump processes (', g € Q) is not necessarily a nice jump
process. Let us illustrate this in the following example.

Example 7.43. Let Q = {1,2} as in Example 7.18 and 7.39. Since X; = Xo + 1711} + 217i2}, the law
of X is determined by the joint law of Xo, 'Y and n'¥. We define a probability Q on J(Z, Q) as
follows. Assume that Qo = oy, 'V is a nice unit jump process with intensity ¢\V(t, nil_})dt and
n'? is a nice unit jump process with intensity €'2\(t, niz_})dt such that n" and n'? are independent.

We may chose £V and €' such that X is not Markov: Let t € T bearbitrary, F = f(Xy,,...,X,) €
S that is Fy; 1]-measurable. This functional has a representation F(X) = F(n'V!, n!?) = f(x + qﬂ} +

217;2}, ...), and we may use the Markov property of 17{” and 17{2] to deduce
Eq(FX) | Fion) = Eo(Fm™,n'™)| Fon)

Eq (F(™,n®) | o, n?)

Eq(F&X) | 0", nf).

But the canonical process X; = x + nil} + 2r]12} contains less information than the condition on

(7.44)

nil} and 1752}: By bounded convergence equation (7.44) holds for all F that are F; 1)-measurable and
bounded. Take e.g. F(X) = 1ix, —x,=1y for t1 > t, then for any n,m € N

1 2 1 1 2 2 1 2
Eq(FO) [0 = m,nf =n)=Q(nf —ni"" = 1,0 = =0 | g} =, = ).
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But on the other hand

Eq (FX) | ni" + nEZ} =m+ n)

Q(ny ’ﬁ” =1, m 0| !+

Zn+’”(12(nt1 =1 ”tl ’h b -0 | ntl} =i 77t2} 4 — )Q(n{” _ ’hZ} e

—m+n)

Q(nil} +T7t = m+n)

All probabilities can be derived using Remark 6.50. To give an explicit numeric example takem =1,
n=0and tW(s,0) =1, (s, 1) = 2, M(s,2) = 3and €?(5,0) = 4, {1%)(s,1) = 2 forany s € I,
and finally put t = 0,5 and t; = 0,6. Then we derive

Qi -n =19 —n? =0| pi =1, =0) ~ 0,11,
and
Q! = =1 - =0 | g + i =1) ~ 0,08,

Thus X is not even a Markov process under Q.

The characterization results of the reciprocal classes of nice unit jump processes by
duality formulae in Section 6 thus cannot be extended directly to nice jump processes. Still,
using an approach similar to the identification of the reciprocal class of a nice unit jump
process by an invariant in §6.5, we will derive a comparison of the reciprocal classes of
nice jump processes in Theorem 7.54. The main technical requisite to obtain this result is
the Girsanov theorem.

The law of a nice jump process P is equivalent to the the law of a compound Poisson
process IP with intensity A = }.,c0 (5. The Girsanov theorem for processes with jumps
provides an explicit form of the density, see also Theorem A.6 in the appendix.

Proposition 7.45. Let IP; be a nice jump process and IP be a compound Poisson process with
intensity A with same initial condition P¢y = Py. Then P, is equivalent to IP and the density
process defined by Py = GEIP on Fq ¢ has the explicit form

e

7.46 Gl = (— £(s, X, —1dAd) (T;, X1, V).
(7.46) !~ exp L/ﬂxQus ? )S(q)g( V)

Let us mention that G{ can be written as a function of the initial state, the jump-times
and jumps only:

n+1

(747) GL = exp [— ; fﬁ ,-,1,T,-]><]Rd(€(s L Xo + Z Vi,q) - 1)dsA(dq)) H OT;, Xo + Z

j=1
where we use Tp = 0 and T4 := 1 to abbreviate.

Remark 7.48. We reformulate the Girsanov theorem to provide an explicit expression for the
distribution of nice jump processes. Define the intensity of X under P, to have any jump at a given
time t € I from the position y € R? by

ot y) = f ey, pAEp = Y 6t v,0).
q€Q

)
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Then the law P, is completely described by
(749) ]P[(Xo € dx, T1 € dtl, V1 =4q1,-- .,Tm € dtm, Vm =qm, M = m)

= Pro(dx)l(ts, x, q1)e hosu 0% bty x + g1, g2)e” Joypy Cocsds

b, X + q1+ + Gt Qm)e_ f[rm_l,tm] é’(s,x+lh+...qm-1)dse— f[tm,” U(s,x+q1++G)ds

Lyt <oct,pdty - - dby,
forany x € RY, {(t1,91), -+, (e, )} € Apxg and m € IN.

7.3.2. Comparison of the reciprocal classes of nice jump processes.
The next proposition generalizes the result of Lemma 7.16 to h-transforms of nice jump
processes.

Proposition 7.50. Let P, be the law of a nice jump process and h : R — R, such that E¢(h(X1)) =
1. Then the h-transform hP; is a Markov jump process on J(Z, Q) with intensity

h(t, Xi- +9q)

(7.51) k(t, Xi-, q)dtA(dq) = €(t, Xi—, q) X

dtA(dg),
where h(t, X;) := E¢(h(X7)|X}).

Proof. Clearly the h-transform hlP; has the Markov property, see also Lemma 4.4. Define
the space-time harmonic function h(t, y) = E; (h(X1)|X; = y) and put G; := h(t, X;). Then
h(t, y) is differentiable in time and solution of a Kolmogoroff backward equation.

Lemma 7.52. Let h(t, x) be defined as in the statement of the above proposition. Then h is a solution
of the Kolmogoroff backward equation
(7.53)

dih(t, x) = —f (h(t,x +q) — h(t,x)) €(t, x,q)A(dq), holds P¢(X; € dx)-a.s. forany t € I,
Q

in particular h(.,x) € C}(Z).

Proof. We omit the proof, since it works in the same way as the proof of Lemma 6.55 in the
unit jump case. Just use Remarks 7.5 and 7.48 on the explicit distribution of IP,. m]

By regularity of h we can apply the It6 formula
h(t, Xy) = h(s, Xs) + oth(r, X,-)dr + f [h(r, Xo— + q) — h(r, X;-)] NX(drdq).
[s,t] [s,t]xQ

But since the Kolmogoroff backward equation holds, we deduce that G; = h(t, X;) is solution
of the exponential stochastic integral equation:

G —1+f G (M—l)(Nx(dsd)—f(sX \dsA(dg)
e oaxo  \ h(s, Xs) 1 St w

which has the explicit solution
h(sl XS— + 5]) ) h(Tl/ XT +V; )
Gt = ex —f (——1 (s, Xs—, q)dsA(dq) —_—.
t p( 0ax0 \ (s, Xs-) 1 1 g W(T;, X1,-)
We just have to multiply the densities G’;]P = GlG‘)IP, which gives

h(S, Xo + 6] ) ) d h(TZ', X1 + Vz')
G1G! = ex —f (fs,X_, ———— —1|dsA(d UT;, X1, Vi) ————,
o p( 1o\ TG XD “@ H 1o V)T, X
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and invoke the Girsanov theorem to identify

h(s, Xs— + q)

k(s, Xs—, q)dsA(dq) = (s, Xs-, q) hG, X0
7 S—

dsA(dg), TPeas.

as intensity of hlP,. |

The fact, that h(t, x) is a solution of the Kolmogoroff backward equation is now used to
compute reciprocal invariants for the law IP,. Our main result in this paragraph is the fact,
that these invariants are indeed characteristics of R(IP).

Theorem 7.54. Let IP; and Py be the laws of two nice jump processes. Then R(IPyx) = R(Py) if and
only if
(i) logk — log ¢ is the “gradient of a potential”: For every x € R? there exists a function
¥ : I x R? — R such that

logk(t,y,q) —log t(t,y,q) = Y(t, y +q) — ¥t y)

holds dt ® Py(X; € dy)-a.e. for all q € Q and such that eV X e L1 (IP}) forall t € 1.
(ii) the “harmonic” invariants coincide: Vg € Q, B [y = ”Z(t, y), with

E1(t,y) = drlog £, 1,4) + fQ (Ut y+0,7) - €t y,7) A@]).

Proof. Assume first, that R(IPx) = R(IP;). Fix x € R?. We prove (i) and (ii) under Py, the
general result for (ii) follows by mixing over the initial condition. There exists / : R > R,
that is everywhere positive such that IP} = h(X1)P} is an h-transform, see Remark 4.18. We
know thatrelation (7.51) holds between the intensities kand £ with h(t, y) = Ej(h(X1)|X; = y),
which by Lemma 7.52 is a solution of the Kolmogoroff backward equation. This implies
condition (i) with potential log h(t, y). Moreover for g,3 € Q this implies

dht,y+q) _ (h(t,y+q+c7)—h(t,y+q))€ AR and
Wtyra fQ Wy a) (t, y +q,))A(d]) an
dh(t,y) _ (h(t,y+f/)—h(t,y)) ot v VAL
Wy fQ "ty) (t,y, 9)\dq).

We take the difference of these two equations and insert

hty+q) kit y,q) ht,y+q+q) kit y+4q,9)
= — and = =
h(t, y) tty,q h(t,y +q) tt,y+q,9)
to get the “harmonic” invariant, condition (ii).
For the converse assume that (i) and (ii) hold. We will show that ]P;f is an h-transform of
]P’{f for arbitrary x € R?. Define

h(t, y) = e c(t) with c(t) = ce” honatCxN=exisAd),

where ¢ is the potential from condition (i) and c is a normalization constant such that
E7(h(1, X1)) = 1. The normalization constant exists by the boundedness of £ and k and the
integrability condition VX e L(IP,) for all t € T. Clearly the relation (7.51) holds since
logh is a potential for logk(t, y,q) — log {(t,y,q) too since c(t) does not depend on y. We
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insert this into the equality of the harmonic invariant, condition (i), which results in

dihlt,y +4) (h(tfy+q+l7)—h(t,y+q)) -
Mby+a) f ht, y+9q) ((t,y +q,9)Adq)

d:h(t, h(t, 7) — h(t,
(7.55) - %ﬁ* fQ ( ¢ y;(’f 5 ¢ y))t’(t,y,qm(dq)

for all ¢ € Q and y € Q,, the support of 6 * (Z;’;’:O(A(Q))_mA*m). In particular

0

dilog h(t,x) + fQ ( (;l(t ;‘7) —1)€(t,x,q)/\(dq)

- f (ks, %) — (s, AW + f (k(s,%,9) - £(5,, D)A]).
Q Q

Since for every y € Qy there exist q1,...4m € Q such that y = x + g1 + --- + g, we invoke
equation (7.55) and deduce that k(t, y) is a solution of the Kolmogoroff backward equation
with respect to ¢. Therefore h(t, X;-) is a martingale under IP; and we may apply the first
part of the proof to identify P, = hlP;. ]

Example 7.56. Let Q = {1,2} and IP; the law of a compound Poisson process with intensity ¢,
where €(1),£(2) > 0. Then E,(t, y) = 0, and a nice jump process Py is in the reciprocal class R(IP¢)

if
drlogk(t, v, q) + Z (k(t,y +q,9) —k(t,y, @) =0, forq=1,2and (t,y) € T x R".
g=12
and there exists a ¥ : R? — R such that
kt, y,q) = £(q)e? @YDV forallt € T,q€{1,2},y € RY.

If we fit the potential 1 into the harmonic invariant, we get the condition

0=0:(Y(t,y+9q) -yt y)+ Z ( eV YDy ity _ (q)ewt,m)—w(ny))
q=1,2

& It y+q)+ f VYT DY YD) £(3) A(dG) = ds(t, y) + f VD=V ED £(5) A(d7),
Q Q
which reduces to the statement, that h(t, y) = log Y(t, y) is a space-time harmonic function.

A “rotational” invariant is hidden in the “gradient of a potential” condition (i) of
the above theorem. It is easy to check that if (i) holds, then the “rotational invariants”
Wt X;-) = Wl(t, X;-) coincide, where

(7.57) \I/Z’q(t, Xi-) = log €(t, Xs— +q,9) —log {(t, X;—, ) — (log {(t, X;— + 4, q) — log £(t, Xi—, q)).

This invariant is called “rotational invariant”, since if £(y) and k(y) only depend on the
position of the process, the condition reduces to

ty+q) —ty) -y +7q) — €y) = k(y + q) — k(y) — (k(y + ) — k(v)),

and thus resembles the rotational condition (ii) of the continuous case presented in Theorem
5.26: On both sides we have the difference of discrete derivative operators.

The equivalence of this identity of rotationals to the gradient of a potential condition (i)
of the above Theorem 7.54 depends strongly on the algebraic properties of the set of jump-
sizes Q. See e.g. Borwein, Lewis [BL92], who examine the gradient of a potential condition
if (Qx, +) has a group structure. Both conditions are meaningless if Q only contains one
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element, therefore only a “harmonic” invariant appeared in the characterization of the
reciprocal class of nice unit jump processes in Theorem 6.58. Let us present a simple
example that implies that the rotational invariant is weaker than the gradient of a potential
condition.

Example 7.58. Let Q € RY be any finite set of jump-sizes and £(t, x,q)dtA(dq) the intensity of a
nice jump process Py. Let k(t,x,q) := €(t, x,q)e? D=1 for some function ¢ : Q — R. It is easy to
check, that the “rotational” invariants coincide ‘I’Z’q(t, X) = ‘I’Z’q(t, x) forany t € I, x € R and
9,3 € Q. But logk(t,x,q) —log {(t,x,q) = P(q) — x - q is not necessarily the gradient of a potential.
Clearly if ¥ : RY — R with ¢(q) — x - g = ¥(x + q) — ¥(x) exists, we fix Y on Q up to a constant
by ¢(q) = Y(q) — P(0) for x = 0. But then for x = q we get P(2q) = 2¢(q) + q - q — Y (0) and on the
other hand Y (2q) = ¢(q) + Y(0), which implies ¢(q) = 2¢(0) — q - q. This contradicts the arbitrary
choice of ¢. Chosing Q = {1,2}, £ : Q — (0, o0) and k(q) = £(q)e?@ for some ¢ : Q — R, we see
that this result is in accordance with the statement of Example 7.18, that the reciprocal classes of
the compound Poisson processes Py and P, coincide if and only if € = k.

In the next proposition we present a duality formula satisfied by any element of the
reciprocal class R(IP¢) of a nice jump process. Note that neither the “rotational” invariant
nor the “gradient of potential” condition appear in the formula.

Proposition 7.59. Let IP; be the law of a nice jump process, Q be any element of the reciprocal class
of ¢ such that n € LY(Q). Then the duality formula

(7.60) Eq (F(X) j;_ Qa(s,q)NX(dsdq))

= ]EQ(Z)L—,F(X))—IEQ(F(X) ff QEé,(s,Xs_)@'t(.,q)>sNX(dsdq))

holds for all F(X) € Sy and i1 € E with (i(.,q)) = 0 for all g € Q.

Proof. The proof is similar to the proof of Lemma 6.65 in the unit jump setting. Using the
product rule satisfied by the derivative operator and the duality formula for a compound
Poisson process with intensity A we derive

E, (P(X) fj , (s, q)NX(dsdq)) = B, (D:F(X)) + E; (P(X)z)ﬁ log G )

if log Gf is differentiable in direction #. By (7.47) we have to differentiate

n i-1
+ [Zl log O(T;, Xo + Zf Vj, V,‘)),
1= ]:

where Tp := 0 and Ty41 := 1. Since (i(.,q)) = 0, the perturbation 7t does not change the
number of jumps, thus log Gf is differentiable and the derivative is

n i-1
+ 21 d;log €(T;, Xo + Zf vV, V(. Vi,
1= 7=

= f E)(s, Xs-)(0(., 9))sN* (dsdq).
IxQ

n+1

i-1
log Gf = (— Z f{; . Q(f(s, Xo + Z Vi, q) — 1)dsA(dq)
i=1 i-1,1i1X

=1

Dy log Gf

i—1 i—1
6Ty, Xo+ ) Vi, q}aa(, Vir, = €(Tioy, Xo + YV, g)a(. vi_1>>nl] A(dg)
=1 =1
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Thus the duality formula (7.60) holds under IP,. We extend this to any Q in R(IP;) with
n € LY(Q) as usually, see also the proof of Theorem 6.69. Take bounded functions ¢, ¢ :
R? - R, then Dip(Xo) = 0 and DP(X;) = 0. The duality formula still holds for the
bridges of IP; since

E; (¢<Xo>¢<x1>F<X> f a<s,q>NX<dsdq>)
IxQ
= E¢ (¢(Xo)Y(X1)DiF(X))
—IE, (<P(X0)¢(X1)F(X) f EZ)(SI Xs- )., ‘1)>sNX(d5dﬁl)) ,
IxQ

But Q can be decomposed into a mixture of the bridges of IP, by Definition 4.12. Thus the
duality formula is also satisfied by Q. |

The duality formula (7.35) does not contain sufficient information to characterize the
reciprocal class of I’,: We already remarked, that neither a gradient of a potential condition,
nor a rotational invariant appear in the formula. An example to refute the idea of a
characterization of the reciprocal class R(IP;) by the duality formula (7.60) was given in
Example 7.39, where two compound Poisson processes with different reciprocal classes
where solution of the same duality formula.
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CONCLUSION

In this thesis we studied the characterization of classes of stochastic processes by du-
ality formulae in various settings. The first part was dedicated to the characterization of
processes with independent increments by a duality formula that is well-established in
Malliavin’s calculus. The second part was devoted to the characterization of the reciprocal
classes of various processes by duality formulae. In particular we were able to present
new results concerning the reciprocal classes of pure jump processes. Let us now point to
various open questions related to this work.

Our first result was a characterization of infinitely divisible random vectors by an inte-
gration by parts formula. Following the ideas of Stein’s calculus, this characterization is a
key to the study of approximations of the distribution of infinitely divisible random vectors.
The next step in the derivation of such approximation results would be the computation of
a solution to Stein’s equation

g7(z)(z = b) — AVgs(z) - fR 87z +0q) — g7(2)qLldq) = f(z) —~E(f(2)).

The distance between the distribution of arandom vector V to an infinitely divisible random
vector Z is then computed using

[ (3/V)(V = 8) = AVGAY) = [V + ) - g5 (VL) )| <
> E(M)-E(@) <,

see also Remark 1.4 and the comments after Theorem 3.1.

Next we have shown, that processes with independent increments are the unique cadlag
processes satisfying a specific duality formula. On the one hand this indicates, that ap-
proaches similar to Stein’s calculus could be applied in the setting of cadlag processes, see
e.g. Chen, Xia [CX04] for results on Poisson process approximation. On the other hand
our characterization result could be used to construct Gibbs-states on the configuration
space ID(Z )Zd. See e.g. Dai Pra, Reelly and Zessin [DPRZ02], who use a duality formula to
show that the set of weak solutions of a class of infinite dimensional stochastic differential
equations coincides with a set of space-time Gibbs fields for a certain potential.

At the end of the first part of this thesis, we give a new proof of a characterization of
infinitely divisible random measures on Polish spaces. Our approach implies that similar
characterizations should indeed hold for arbitrary random objects whose distribution is
fixed by projections on random vectors that have infinitely divisible distributions, e.g.
infinitely divisible random fields in the sense of Lee [Lee67] and Maruyama [Mar70].

The second part of this thesis begins with a recapitulation of a result by Recelly and
Thieullen concerning the characterization of the reciprocal class of Brownian diffusions by
a duality formula, see Theorem 5.34. Our characterization of Brownian diffusions in the
class of semimartingales with integrable increments presented in Theorem 5.14 indicates
that the hypotheses connected to Reelly, Thieullens characterization result might be relaxed.

In his original article [Cla90] Clark derived reciprocal invariants for diffusions with
non-unit diffusion coefficient, that is solutions of the SDE

aX; = b(t, Xt)dt + G(t, Xt)th,

for some b € C°(Z X R?, R%) and o € Cy(Ix RY, R™4) such that o'o — ¢Id is potive definite
for some ¢ > 0. His invariants permit to distinguish reciprocal classes: We presented his
result restricted to Brownian diffusions in Theorem 5.26. A corresponding characterization
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of the reciprocal class of diffusions with non-unit diffusion coefficient by a duality formula
does not yet exist. It would be interesting to note, if such a duality formula still exhibits
the similarities to the deterministic Newton equation presented in Remark 5.72.

We characterized the reciprocal class of nice unit jump processes in the sense of a com-
parison of invariants in Theorem 6.58 and by a duality formula in Theorem 6.69. Both
results might be extended to the reciprocal classes of Markov unit jump processes that are
not nice in the sense that the reference intensity €(¢, X;-)dt is unbounded, ¢ has values in
the whole of [0, o). The dynamical scope of such processes is larger: A unit jump process
must leave a certain state y € R almost surely until a given time t € 1, if ¢ — f[O, e U(r, y)dr
explodes for ¢ — 0. On the other hand, the unit jump process is forced stay in a certain
state y € R almost surely in a given time interval [s, t] C 1 if £(r,y) = 0, Vr € [s, t].

In the last section of this thesis, we characterized the reciprocal class of compound Pois-
son processes by a duality formula in Theorem 7.36 under the assumption of incommen-
surable jump-sizes. We found a reciprocal invariant for nice jump processes in Theorem
7.54 without using the assumption of incommensurability. The first result indicates, that it
should be possible to characterize even nice jump processes with incommensurable jumps
by the duality formula (7.60). It is not verisimilar to prove such results for processes with
commensurable jumps. In Example 7.39 we have given evidence, that the duality formula
(7.35) containing the stochastic derivative of Definition 7.30 is not suited to characterize the
reciprocal classes of jump processes with commensurable jumps. Alternative definitions
of stochastic derivatives might be a key to find a duality formula that characterizes the
reciprocal class of compound Poisson process with commensurable jump-sizes.
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APPENDIX A. STOCHASTIC CALCULUS OF PURE JUMP PROCESSES

In this section we present a few aspects of the stochastic calculus associated to pure
jump semimartingales on the space of cadlag paths. This calculus is the basis of many
results in Sections 2, 6 and 7. In particular we state the Girsanov theorem for pure jump
processes, which is a key to the proof of duality formulae. Our presentation is based on the
introduction to semimartingales by Jacod and Shiryaev in [JS03], the proofs are omitted.

Let X be the canonical process on ID(Z, RY). The random jump measure

N* = Z O1(s,AX))
$:AXs#0

on 7 x RY is well defined.

Definition A.1. Let IP be a probability on ID(Z,R?). Then X is called a pure jump process under
Pif

]P(NX(I x RY < oo) =1 and IP(Ht el :X;—Xo# f qNX(dsdq)) = 0.
[0

HIXIRY

The last condition is an equality of processes two up to evanescence. If X is a pure jump
process under P, it is also a semimartingale since it has finite variation. The space-time
version of Itd’s formula has a convenient form.

Theorem A.2. Let X be a pure jump process under P and f : T xR — R such that f(.,x) € C1(I)
for any x € RY. Then the Ito-formula

f(t, Xt) = f(S, XS) + atf(r/ Xi’—)dr + f (f(r/ X?’— + CI) - f(T', Xr_))NX(dT'dI]) IP_a‘S‘

(5,1 [s,t]xR?

holds for any s <t € 1.

If f does not depend on time, the It6-formula reduces to the canonical sum

FO0 =10 = [ (0 )= )N rdg) = Y, () - F(X,).

(s,tIXIRS s<r<t

Following [JS03, Theorem II.1.8] there exists a predictable random measure Aon 7 xR?

such that
_ X ~ ] .
. (fmwg il N (ds”l”’)) =E ( fj - s, q)A(dsdq))

for any predictable 7 : 7 x R? x ID(Z,R?) — R,. This implies that for any predictable
i1 € LY(A ® P) the process

(A.3) t X = f ii(s, q)(N*(dsdq) — A(dsdq))
[0,£]xRY
is a martingale. It is easy to see, that the solution of the Doléans-Dade integral equation

Y =1+ f Ys_dX is given by t — Y; = H(l + AX).
[0,¢] s<t
This is just an application of the Ito6-formula with respect to the pure jump process Y. The
Doléans-Dade exponential of the compensated process X” has the following convenient
form



134

Theorem A.4. Let X be a pure jump process under P. If X" is the compensated process defined in
(A.3) for some i1 € ILY(A ® P), then the Doléans Dade expontial of X" is given by

Yi=1+ [ YidXi Viel
& Y7 =exp (— [ q)A(dsdq)) Mai(1 + (s, AXS)), Vi € T.

This follows again with It6’s formula, see [JS03, Theorem 1.4.61]. The Doléans-Dade
exponential is an important tool in the formulation of the Girsanov theorem for pure jump
processes.

Theorem A.5. Let X be a pure jump process under P with intensity dA. If Q < P with density G
and density process Gy = E (GF[o,r), then X is a pure jump process under Q with intensity (dA,
where € : T x RY x D(I, R?Y) — R is predictable and satisfies

E ( f u(s, q)€(s, q)Gs_NX(dsdq)) =E ( f u(s, )GsN*(dsdq)
IXR? IxR?
for any predictable ii : T x RY x D(I,RY) — R;.

We say that X is a pure jump process without fixed jumps under P if the intensity A is
of the form
A(dsdq) = dsAs(dg).
In this case the density process G; of the preceeding theorem has the following convenient
representation.

Theorem A.6. Let X be a pure jump process without fixed jumps under P and with intensity
dsAs(dq). Let Q < P with density G and density process Gy = E(G|F|oy) such that X has
intensity {(s, q)dsAs(dq) for a predictable function € € ILY(A ® P) under Q. Then G is the Doléans-
Dade exponential of t — f[o,t] (€(s,q) — 1)(NX(dsdq) — dsAs(dq)), that is

Gt = 1,0 €XP (— f (s, q) - 1)dsAs(dq)) H (s, AXG).
[0,£]xR?

" s<t

If X has fixed jumps, the form of G is somewhat more involved, although G is still a
Doléans-Dade exponential. The following partial converse is one of the main tools in the
derivation of duality formulae in Sections 2, 6 and 7.

Theorem A.7. Assume that the predictable function € : 1 X R?xID(I,RY) — R, is such that the
Doléans-Dade exponential

G=1+ f (t(s,q) — 1)Gs_(NX(dsdq) —dsAs(dq))
[0,t]xRY

is well defined and a martingale. Then X is a pure jump process under the probability G1IP with
intensity (s, q)dsAs(dq).
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Distribution of a... I'e(um) - diffusion drifts, 62
Brownian motion, 3 I'(4o1) - unit jump distributions, 104
Brownian diffusion, 44 I,.(x, y) - jump combinations, 119

Brownian motion with drift, 44
Poisson process, 6, 76

Poisson process with intensity a > 0, 85
nice unit jump process, 92

J(.) - Hamiltonian action/cost function
J (w) - deterministic motion, 57
J (Py) - diffusion case, 61

compound Poisson process, 119 J(IPy) - unit jump case, 105

nice jump process, 132

PII - process with independent increments, 10
Lévy process, 14

Markov process, 31

reciprocal process, 33

W, E - reciprocal invariants of...
‘I/Zj , B} - Brownian diffusions, 50
Wi Z! - deterministic motion, 58
&/ - nice unit jump process, 95
w9, 27 - nice jump process, 135

0(u) - compensated integral, 79

I =10,1] - time index, xxi

A7 - ordered subsets of 7 = [0, 1], xxi

Agzyq - ordered subsets of 7 x Q, 116

f.r udX; - Ité-integral d = 1, xxi

f] u; - dX; - Ito-integral, xxi

IP reference probability
Py - initial distribution, 34
P, - final distribution, 34
Py; - endpoint distribution, 34
IP* - pinned initial condition, 34

P*¥ - pinned endpoint conditions, 34
f[ uy o dX; - Fisk-Stratonovich-integral, xxi P - h-transform, 36

kv - commutation-relation operator, 82

R(P) - reciprocal class, 34
A - jump-size reference measure, 118

O(¢) - Landau notation, xxi 0°, n* - perturbation of...
o(€) - small Landau notation, xxii 0%, - paths, deterministic, 15
X - cutoff function, 8 9; - paths, random, 17

75, - jump-times, 76

Canonical spaces
C(I, RY) - d-dimensional continuous paths, 42
D(Z, R%) - d-dimensional cadlag paths, xxi
ID(J) - one-dimensional cadlag paths, xxi
J1(Z) - unit jump paths, 74
J(Z, Q) - pure jump paths, 116

;. - jump-times and -sizes, 128

Canonical setup
X - canonical process, xxi
AX; -jump at time t € T, xxi
(Fro,)ter - canonical filtration, xxi
NX - canonical jump measure, 18, 117, 141

& - elementary test functions
&4 - d-dimensional, xxii
& - on space-time, 16
C - continuous, differentiable functions
C(R?, R™) - bounded, xxii
C* (R4, R™) - compact support, xxii
S - smooth and bounded functionals
Sy - cylindric, xxii
Sy, - of jump-time, 77
Sy - of jump-time and -size, 127

T(.) - set of admissible...
I'(x, y) - deterministic trajectories, 57
I'.(x, y) - deterministic control vectors, 57
I'(uo1) - diffusion distributions, 61
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