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Abstract

Self-localization and environment mapping play a very important role in many robotics
application such as autonomous driving and mixed reality consumer products. Al-
though the most powerful solutions rely on a multitude of sensors including lidars
and camera, the community maintains a high interest in developing cost-effective,
purely vision-based localization and mapping approaches. The core problem of stan-
dard vision-only solutions is accuracy and robustness, especially in challenging vi-
sual conditions. The thesis aims to introduce new solutions to localization and map-
ping problems on intelligent mobile devices by taking advantages of novel camera
architectures. The thesis investigates on using surround-view multi-camera systems,
which combine the benefits of omni-directional measurements with a sufficient base-
line for producing measurements in metric scale, and event cameras, that perform
well under challenging illumination conditions and have high temporal resolutions.

The thesis starts by looking into the motion estimation framework with multi-
perspective camera systems. The framework could be divided into two sub-parts, a
front-end module that initializes motion and estimates absolute pose after bootstrap-
ping, and a back-end module that refines the estimate over a larger-scale sequence.
First, the thesis proposes a complete real-time pipeline for visual odometry with non-
overlapping, multi-perspective camera systems, and in particular presents a solution
to the scale initialization problem, in order to solve the unobservability of metric scale
under degenerate cases with such systems. Second, the thesis focuses on the further
improvement of front-end relative pose estimation for vehicle-mounted surround-
view multi-camera systems. It presents a new, reliable solution able to handle all
kinds of relative displacements in the plane despite the possibly non-holonomic char-
acteristics, and furthermore introduces a novel two-view optimization scheme which
minimizes a geometrically relevant error without relying on 3D points related op-
timization variables. Third, the thesis explores the continues-time parametrization
for exact modelling of non-holonomic ground vehicle trajectories in the back-end
optimization of visual SLAM pipeline. It demonstrates the use of B-splines for an
exact imposition of smooth, non-holonomic trajectories inside the 6 DoF bundle ad-
justment, and show that a significant improvement in robustness and accuracy in
degrading visual conditions can be achieved.

In order to deal with challenges in scenarios with high dynamics, low texture dis-
tinctiveness, or challenging illumination conditions, the thesis focuses on the solution
to localization and mapping problem on Autonomous Ground Vehicle (AGV) using
event cameras. Inspired by the time-continuous parametrizations of image warping
functions introduced by previous works, the thesis proposes two new algorithms
to tackle several motion estimation problems by performing contrast maximization
approach. It firstly looks at the fronto-parallel motion estimation of an event cam-
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era, in stark contrast to the prior art, a globally optimal solution to this motion
estimation problem is derived by using a branch-and-bound optimization scheme.
Then, the thesis introduces a new solution to handle the localization and mapping
problem of single event camera by continuous ray warping and volumetric contrast
maximization, which can perform joint optimization over motion and structure for
cameras exerting both translational and rotational displacements in an arbitrarily
structured environment. The present thesis thus makes important contributions on
both front-end and back-end of SLAM pipelines based on novel, promising camera
architectures.
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Chapter 1

Introduction and Contribution

Sensation is one of the most significant functions of almost all creatures, preceding
all other aspects such as cognition, behaviour and thought. For most of the verte-
brates, including humans, they have more than one sensory system. Undoubtedly,
creatures that have keen sensory systems have a tremendous advantage in terms of
searching for food, finding preys, escaping their predator and locating mates. The
evolutionary development of sensory systems, especially the visual system, is closely
related to the external environment that creatures live in. For instance, eagles evolved
a visual system that can find the preys at great distances, and bats evolved a audi-
tory system that can navigate by echolocation in a low light scene. Being inspired
by creatures, a lot of novel sensors are invented aiming at various challenging condi-
tions. Meanwhile, in recent years, intelligent mobile platforms emerged as the next
disrupting technology with a potential to transform our societies similar to the way
this has been done by the invention of the automobile or the introduction of the in-
ternet. Important example applications are given by intelligent vehicles, intelligence
augmentation devices such as smart phones or the Microsoft Hololens, and factory
automation or service robots. The introduction of these solutions will lead to sig-
nificant advantages such as more efficient and cost-effective transportation, partial
or complete automatization of hard, tedious, or dangerous labor, as well as urgently
needed assistance in the health care sector. Such intelligent mobile platforms are
characterized by the fact that, in contrast to pure AI, we are talking about a physical
device that is moving either actively or passively in the real world. The device is
executing a certain task such as navigation in this environment, augmentation of the
environment by virtual elements, or even manipulation of parts of the environment.
Similar to the development of sensory systems in nature, the choice of sensors for
tomorrow’s intelligent mobile platforms needs to be chosen in order to satisfy the
various boundary conditions.

Over the years, the ability of a machine to perceive and localize within its imme-
diate surroundings has been recognized as a fundamental problem of several game-
changing future technologies, and it has been investigated intensively across both
industry and academia. Suppose an intelligent robot is placed into an unknown en-
vironment, the first task of the robot is to know where it is and what its surrounding
environment is. Whether we are talking about a passively moving head-mounted
display in an augmented reality application or an actively navigating self-driving
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2 Introduction and Contribution

vehicle, the 3D perception task remains similar: Process the continuous input data
stream from all the available sensors to solve the inter-dependent problem of Simulta-
neous Localization And Mapping (SLAM). This is typically addressed by employing
one of a few possible exteroceptive sensors, such as regular cameras, RGBD cameras,
or 2D or 3D laser range scanners (i.e. lidars). Due to their high accuracy and ro-
bustness, the lidar-based multi-sensor alternatives represents the standard in many
applications. However, a high price and often complicated design obstruct a large-
scale deployment on close-to-market products, such as passenger vehicles. Hence the
choice of sensor is often the result of combined requirements such as weight, size, or
power restrictions, market restrictions, price restrictions, and sensing capabilities. In
this particular regard, cameras have since ever represented a highly attractive alter-
native. They are small, lightweight, cheap and abundant, consume little energy, and
return rich information about the environment at a potentially high frame-rate.

In this thesis, we looking at visual SLAM, which is a long-standing problem
within the computer vision and robotics communities. Current pure vision-based
solutions lack the level of robustness found in laser-based solutions, and are thus of-
ten complemented by additional sensors such as inertial measurement unit (IMU) on
unmanned aerial vehicles (UAVs), and wheel encoders that measuring the rotational
velocity of the wheels on ground vehicles. However, such sensors are not always the
standard sensing equipment of intelligent mobile platforms, or accessing the signals
of existing sensors such as wheel encoders may be prevented by the manufacturer.
As a result, the development of robust, purely vision-based SLAM solutions remains
a relevant topic in the development of intelligent mobile platforms. The thesis aims
to introduce new reliable solutions to visual SLAM problem on both front-end and
back-end module for intelligent mobile platforms by taking advantages of novel,
promising camera architectures.

1.1 Literature Review

For a complete visual SLAM algorithm, the goal is to accurately estimate the tra-
jectory of mobile platforms and reconstruct the 3D structure of the surrounding en-
vironment simultaneously. The pipeline of visual SLAM can be divided into two
parallel modules: tracking and mapping. This thesis mainly investigates on tracking
module of visual SLAM algorithms, thus we need to introduce an alternative, vision-
based ego-motion estimation, also coined as Visual Odometry (VO) [Nistér et al.,
2004]. The history of solving ego-motion estimation problem for mobile platforms
could be traced back to early 1980s. [Moravec, 1980] firstly solved the ego-motion
estimation problem testing on a planetary rover equipped with a single camera slid-
ing on a rail. This project was motivated by the NASA Mars exploration program,
and the goal is to provide an alternative to wheel odometry to measure the 6-degree-
of-freedom (DoF) motion of all-terrain rovers, in the presence of wheel slippage in
uneven and rough terrains. Although [Matthies and Shafer, 1986; Lacroix et al., 1999;
Olson et al., 2000] investigated on motion estimation problem in the following two
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decades, these are mainly offline implementations and real-time working systems
flourish only after the 2000s. In 2004, the landmark paper Visual Odometry written by
[Nistér et al., 2004] was published and the term VO has become popular in the field
of computer vision since then.

Regardless of VO or visual SLAM, a number of successful works have already
been presented. The conclusion is that that no method is all-powerful and able to
handle the motion estimation problem under arbitrary scenarios. While single cam-
era solutions [Nistér et al., 2004; Strasdat and Davison, 2010; Klein and Murray, 2007;
Mur-Artal et al., 2015; Newcombe et al., 2011b; Engel et al., 2014] are certainly the
most interesting from a more scientific point of view, they are also challenged by
many potential bottlenecks such as a limited field of view, moderate sampling rates,
and a low ability to deal with texture-poor environments or agile motion. In addition
to exteroceptive sensors such as inertial measurement units, the engineering stand-
point therefore envisages the use of stereo [Konolige et al., 2007], depth [Newcombe
et al., 2011a; Whelan et al., 2013; Steinbrücker et al., 2011; Tykkälä et al., 2011], or
even light-field cameras that simplify or robustify the solution of the structure-from-
motion problem by providing direct 3D depth-of-scene measurements. However, for
stereo vision systems, using multiple cameras would potentially require excessive
computational resources and also lead to substantial energy consumption. Besides,
when the distance from the cameras to the observations becomes much larger than
the distance between the stereo cameras, the stereo system would degenerate to the
monocular case and becomes ineffective. We therefore investigate on the essence of
motion estimation problems, starting from the novel camera architectures to provide
reliable solutions.

In order to better understand our contributions in this thesis, we review the re-
cent survey [Cadena et al., 2016] and some representative works are mentioned in
the remainder of this section. They are either the landmark works in their field or
represent the state-of-art approaches.

1.1.1 Feature-based Method

There are two predominant methods in visual SLAM: the feature-based method and
direct methods. The feature-based method can also be divided into filtering methods
and non-filtering methods.

• The most representative work for filtering method is Mono-SLAM [Davison
et al., 2007], which also represents the first work that can recover the 6-DoF
motion of a single camera in real-time. Mono-SLAM uses the extended-kalman-
filter (EKF) as the core estimation approach, and build a map of landmarks with
sparse image features, shown as Figure 1.1. However, there are several limita-
tions to this work. For instance, the filter is prone to divergence and the method
is sensitive to false landmark associations. This work inspires researchers to do
repeatable localization by using filter-based visual SLAM framework, and a lot
of successful approaches such as [Civera et al., 2009] and [Handa et al., 2010]
are proposed based on this framework.
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Figure 1.1: Illustration of (a) a snapshot of the probabilistic 3D map and (b) detected
visually salient feature patches used in Mono-SLAM (source: [Davison et al., 2007])

(a) (b)

Figure 1.2: Illustration of existing keyframe-based methods. Left: A typical operation
of PTAM. (source: [Klein and Murray, 2007]) Right: A system overview of ORB-

SLAM (source: [Rublee et al., 2011])

• Non-filter methods have also been described as keyframe methods. Instead of
using Bayesian filtering, non-filter methods commonly optimize the trajectory
with global bundle adjustment by minimizing the reprojection errors over cam-
era poses and 3D position of landmarks. Among non-filter methods, Parallel
Tracking and Mapping (PTAM) is regarded as the standard for modern feature-
based SLAM system [Klein and Murray, 2007]. PTAM is a pure vision-based
SLAM pipeline designed for augmented reality (AR), and it requires no mark-
ers, pre-made maps or known template. An example of PTAM is shown in
Figure 1.2(a). This approach firstly proposes to split tracking and mapping
tasks into two separate threads, concentrate on processing keyframes to re-
duce redundant computation, and finally uses non-linear optimization methods
as back-end full-map optimization. PTAM outperforms traditional EKF based
methods in both efficiency and accuracy, by relying on efficient keyframe-based
bundle adjustment for pose and map refinement. Although this method only
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works well in the small-scale indoor environment, its implementation style still
highly inspires some state-of-art visual SLAM or VO pipelines like [Mur-Artal
et al., 2015] and [Forster et al., 2014].

• It is worth mentioning that in the open-source communities for visual SLAM,
ORB-SLAM [Mur-Artal et al., 2015] successfully builds a complete and prac-
tical SLAM system by combining many former research results. ORB-SLAM
provides an impressive improvement with PTAM by applying some techniques
in both implementation and theoretical level. An overview of the system is
shown in Figure 1.2(b). Comparing with PTAM, an additional thread for loop
closing is implemented in ORB-SLAM, in order to achieve consistent localiza-
tion and mapping. It automatically selects the thread of calculating homog-
raphy or fundamental matrix on map initialization stage, while manual oper-
ations are required to finish initialization in PTAM. Besides, just as its name
implies, ORB-SLAM utilizes the ORB feature detector and descriptor [Rublee
et al., 2011] rather than image patches used in PTAM, which highly improve
the accuracy and robustness under scale and orientation change. Although
ORB-SLAM is a traditional feature-based SLAM and similar to PTAM, it still
receives much appreciation from both researchers and developers because of
its impressive performance in practice.

1.1.2 Direct Method

A major problem of feature-based methods is that the performance of standard meth-
ods are highly depend on the results of feature extraction, description and matching,
and it always fails in textureless environments. In the contrary of feature-based meth-
ods, direct methods formulate the motion estimation problem by directly optimizing
the image intensity functions between sequenced frames, without sparse feature ex-
traction and matching. Hence they can obtain ideal performance in accuracy and
robustness even though not enough textures appear. Among the direct methods,
there are several successful works are worth to mention.

• In 2011, [Newcombe et al., 2011b] firstly propose a system for real-time cam-
era tracking and reconstruction by estimating the dense depth map at each
keyframe, namely Dense Tracking and Mapping (DTAM). DTAM utilizes the
dense geometric and photometric predictions from the dense surface model
in tracking module, and it proved that feature-based methods can be replaced
with a direct tracking approach. It also exploits hundreds of images avail-
able in a video stream from a single moving camera in order to compute the
dense surface models more efficiently. Although DTAM represents a signifi-
cant advance in the field of real-time visual SLAM, it has prior assumptions
that brightness is constant in all stages of reconstruction and tracking, which
would be sensitive to challenging illumination conditions. Moreover, DTAM
requires excessive computational resources and it can only achieve real-time
performance on GPU hardware.
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Figure 1.3: An overview of the complete LSD-SLAM algorithm. (source: [Engel et al.,
2014])

• Different from DTAM, [Engel et al., 2014] propose a method that can achieve
real-time performance on a CPU, namely Large-Scale Direct Monocular SLAM
(LSD-SLAM). Comparing to DTAM, LSD-SLAM only utilizes pixels that on the
boundaries of structures rather than every pixel over the image sequences. The
major components of the LSD-SLAM algorithm are visualized in Figure 1.3;
There are mainly two novelties of LSD-SLAM, which are explicitly incorporat-
ing and detecting scale-drift by aligning two keyframes on sim(3), and taking
the effect of noisy depth values into tracking with a probabilistic approach.
Similar to DTAM, LSD-SLAM is also proved to be more robust and accurate
than feature-based methods in textureless environments.

Figure 1.4: Illustration of a successful tracking in scenes of high-frequency texture
using SVO. (source: [Forster et al., 2014])
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• Semi-Direct Monocular Visual Odometry (SVO) [Forster et al., 2014] combines
the robustness of direct methods and efficiency of feature-based methods. With-
out explicitly feature extraction and matching, SVO utilizes the pixel intensities
around sparse features, and estimate the 6-DOF motion of a camera with a
direct method, shown as Figure 1.4. Comparing with other methods, SVO is
extremely efficient and it can run at 400 frames per second on a standard desk-
top.

1.1.3 SLAM with Deep Learning

In the past few years, the impact of deep learning in the field of computer vision
is transformational. It has also promoted breakthroughs on visual SLAM problem.
Generally, the state-of-art learning-based visual SLAM approaches can be divided
into two directions:

• The straightforward direction is to use deep learning approaches to replace one
or more modules in standard visual SLAM pipeline, such as feature detection,
depth and pose estimation or loop closure detection [Tateno et al., 2017; Kendall
et al., 2015; Yi et al., 2016]. These works take the advantages of deep learning
methods and highly improve the performance of standard visual SLAM meth-
ods especially in challenging environments.

• Another direction is to learn and employ richer, class-specific models for the
3D geometry of complex, higher-level objects and structural components. Such
features can be readily detected in images using the powerful semantic recog-
nition capabilities given by deep neural networks [Salas-Moreno et al., 2013;
Sünderhauf et al., 2017]. The motivation here is utilizing object-level represen-
tations to replace low-dimensional representations of complex objects, which
not only can improve the accuracy of localization and mapping in complex
environments, but also is of invaluable use for satisfying the higher-level per-
ception needs on intelligent mobile platforms.

Figure 1.5: The flow diagram of CNN-SLAM. (source: [Tateno et al., 2017])
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1.1.4 SLAM with Novel Sensors

Apart from the investigation of new algorithms, the robotics community also in-
vestigate on alternative sensors that can be leveraged for visual SLAM. Despite the
advantageous properties of regular cameras given by low cost, weight and energy
consumption, they also come at a certain cost such as low latency, motion blur and
low dynamic range. A great number of research has been devoted to novel vision
sensors that do not have the above-listed disadvantages. There are a few noteworthy
new sensors and their application for visual SLAM are mentioned below:

Figure 1.6: Illustration of RGB image (left) and depth (right) information captured
by an RGB-D camera. (source: [Henry et al., 2014])

• Light-emitting depth cameras, are also known as RGB-D cameras, which have
been widely used in mobile robots since the advent of the Microsoft Kinect
game console in 2010. An example of an observed frame with an RGB-D cam-
era is shown in Figure 1.6. RGB-D cameras provide high-frequency, dense
depth images by taking the advantages of structure light or time of flight (ToF)
principles, and the prior knowledge about the depth of the scene can signif-
icantly improve the accuracy of monocular SLAM methods. While a number
of successful works have already been presented [Endres et al., 2013; Henry
et al., 2014; Steinbrücker et al., 2011; Kerl et al., 2013], all of these systems can
only operate on indoor environments since the RGB-D sensors are sensitive to
illumination and unapplicable under direct sunlight.

• Event cameras are bio-inspired visual sensors which, unlike regular cameras,
do no longer measure the raw intensity of an incoming light beam, but a quan-
tized version of the relative intensity with respect to a reference time. The
quantization happens at every pixel independently, and an event is triggered
as soon as the absolute value of the logarithm of the relative intensity exceeds
a certain threshold. The asynchronous nature and high temporal resolution of
event cameras mean that the fired event patterns do not suffer from artifacts
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such as motion blur. The result is high performance in highly dynamic scenar-
ios, and very low latency. Furthermore, event cameras have very good high dy-
namic range, which contributes to their strong potential to handle challenging
illumination scenarios. Regarding full SLAM frameworks, one of the notable
works is given by the EVO pipeline presented by [Rebecq et al., 2016], which re-
lies on their earlier proposed EMVS plane sweeping based mapping approach
[Rebecq et al., 2018]. Another notable work is given by [Kim et al., 2016], who
present a real-time filter-based tracking and mapping framework. [Zihao Zhu
et al., 2017] introduced a event-based visual-inertial odometry pipeline. The
proposed method tracks a set of features in the event stream and then using
an Extended Kalman Filter to fuse these tracks. More successful works can be
found in a recent overview of research on event-based vision given by [Gallego
et al., 2020].

(a) (b)

Figure 1.7: Illustration of the performance of regular cameras and event cameras
under high-speed motion. Left: A blurry image captured by regular camera Right:
A visualization of accumulated events over a specific time interval (source: [Scara-

muzza, 2020])

1.2 Motivation and Contributions

While a lot of efforts have been made on purely vision-based localization and map-
ping problem, the conclusion is that only a few of them focus on handling the motion
estimation problem for intelligent mobile platforms. In order to improve the perfor-
mance of tracking on such platforms, we aim to develop efficient, reliable solutions
by taking advantages of novel camera architectures.
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1.2.1 On scale initialization in non-overlapping multi-perspective visual
odometry

In Chapter 2, we start by looking into the motion estimation framework with multi-
perspective camera systems (MPCs). Multi-perspective camera systems pointing
into all directions are cost-effective sensor systems and have already become part
of the standard sensing equipment on modern intelligent platforms. Comparing
with monocular or stereo camera systems, MPCs combine the benefits from differ-
ent directions. If pointing the cameras into different, opposite directions, as shown
in Figure 1.8, the flow fields caused by translational and rotational motion become
very distinctive [Kneip and Lynen, 2013], meaning that MPC solutions are strong
at avoiding motion degeneracies. Furthermore, omni-directional observation of the
environment makes failures due to texture-poor situations much more unlikely. In
contrast to regular omni-directional cameras, MPCs maintain the advantage of not
introducing any significant lens distortions in the perceived visual information. Just
like plain monocular cameras, MPCs also remain kinetic depth sensors. This means
that they have no inherent limitations like stereo or depth cameras, which have lim-
ited range, or—in the latter case—cannot be used outdoors. As a final benefit, MPC
systems are able to produce measurements in metric scale even if there is no internal
overlap in the cameras’ field of view.

TranslationRotation TranslationRotation

Figure 1.8: Similarity (left) and dissimilartiy (right) of disparities caused by different
motion and different camera types. Left: single perspective camera. Right: non-

overlapping multi-perspective camera systems

From the perspective of cost, MPCs are becoming increasingly important in most
recent designs from the automotive or the consumer electronics industry. A large
number of affordable visual onboard sensors looking into various directions to pro-
vide complete capturing of the surrounding environment. An example of the fields
of view of an intelligent vehicle’s visual sensors is shown in Figure 1.9. The drawback
with many such arrangements, however, is that most the cameras do not share any
significant overlap in their field of view. We call those camera arrays non-overlapping
MPCs.

The proper handling of non-overlapping MPCs requires the solution of two fun-
damental problems. As discussed in [Clipp et al., 2008], non-overlapping MPCs



§1.2 Motivation and Contributions 11

front
<latexit sha1_base64="Rla2uI4Ow/KlI4IIPU1YfNXeU3k=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCm4ttEvJptk2NJssyaxQSn+DFw+KePUHefPfmLZ70NYXAg/vzJCZN86ksOj7315pbX1jc6u8XdnZ3ds/qB4etazODeMh01Kbdkwtl0LxEAVK3s4Mp2ks+WM8up3VH5+4sUKrBxxnPErpQIlEMIrOChOjFfaqNb/uz0VWISigBoWavepXt69ZnnKFTFJrO4GfYTShBgWTfFrp5pZnlI3ogHccKppyG03my07JmXP6JNHGPYVk7v6emNDU2nEau86U4tAu12bmf7VOjsl1NBEqy5ErtvgoySVBTWaXk74wnKEcO6DMCLcrYUNqKEOXT8WFECyfvAqti3rg+P6y1rgp4ijDCZzCOQRwBQ24gyaEwEDAM7zCm6e8F+/d+1i0lrxi5hj+yPv8AQ6RjtU=</latexit><latexit sha1_base64="Rla2uI4Ow/KlI4IIPU1YfNXeU3k=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCm4ttEvJptk2NJssyaxQSn+DFw+KePUHefPfmLZ70NYXAg/vzJCZN86ksOj7315pbX1jc6u8XdnZ3ds/qB4etazODeMh01Kbdkwtl0LxEAVK3s4Mp2ks+WM8up3VH5+4sUKrBxxnPErpQIlEMIrOChOjFfaqNb/uz0VWISigBoWavepXt69ZnnKFTFJrO4GfYTShBgWTfFrp5pZnlI3ogHccKppyG03my07JmXP6JNHGPYVk7v6emNDU2nEau86U4tAu12bmf7VOjsl1NBEqy5ErtvgoySVBTWaXk74wnKEcO6DMCLcrYUNqKEOXT8WFECyfvAqti3rg+P6y1rgp4ijDCZzCOQRwBQ24gyaEwEDAM7zCm6e8F+/d+1i0lrxi5hj+yPv8AQ6RjtU=</latexit><latexit sha1_base64="Rla2uI4Ow/KlI4IIPU1YfNXeU3k=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCm4ttEvJptk2NJssyaxQSn+DFw+KePUHefPfmLZ70NYXAg/vzJCZN86ksOj7315pbX1jc6u8XdnZ3ds/qB4etazODeMh01Kbdkwtl0LxEAVK3s4Mp2ks+WM8up3VH5+4sUKrBxxnPErpQIlEMIrOChOjFfaqNb/uz0VWISigBoWavepXt69ZnnKFTFJrO4GfYTShBgWTfFrp5pZnlI3ogHccKppyG03my07JmXP6JNHGPYVk7v6emNDU2nEau86U4tAu12bmf7VOjsl1NBEqy5ErtvgoySVBTWaXk74wnKEcO6DMCLcrYUNqKEOXT8WFECyfvAqti3rg+P6y1rgp4ijDCZzCOQRwBQ24gyaEwEDAM7zCm6e8F+/d+1i0lrxi5hj+yPv8AQ6RjtU=</latexit><latexit sha1_base64="Rla2uI4Ow/KlI4IIPU1YfNXeU3k=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCm4ttEvJptk2NJssyaxQSn+DFw+KePUHefPfmLZ70NYXAg/vzJCZN86ksOj7315pbX1jc6u8XdnZ3ds/qB4etazODeMh01Kbdkwtl0LxEAVK3s4Mp2ks+WM8up3VH5+4sUKrBxxnPErpQIlEMIrOChOjFfaqNb/uz0VWISigBoWavepXt69ZnnKFTFJrO4GfYTShBgWTfFrp5pZnlI3ogHccKppyG03my07JmXP6JNHGPYVk7v6emNDU2nEau86U4tAu12bmf7VOjsl1NBEqy5ErtvgoySVBTWaXk74wnKEcO6DMCLcrYUNqKEOXT8WFECyfvAqti3rg+P6y1rgp4ijDCZzCOQRwBQ24gyaEwEDAM7zCm6e8F+/d+1i0lrxi5hj+yPv8AQ6RjtU=</latexit>

back
<latexit sha1_base64="FALiics4RbAjRXAQE9lhYMFusjA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2Fpol5JNs21okl2SWaEs/QtePCji1T/kzX9j2u5BWx8EHu/NTGZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGtzP/8YkbKxL9gJOUh4oOtYgFoziTIsrG/WrNr/tzkFUSFKQGBZr96ldvkLBMcY1MUmu7gZ9imFODgkk+rfQyy1M3mA5511FNFbdhPt91Ss6cMiBxYtzTSObq746cKmsnKnKViuLILnsz8T+vm2F8HeZCpxlyzRYfxZkkmJDZ4WQgDGcoJ45QZoTblbARNZShi6fiQgiWT14l7Yt64Pj9Za1xU8RRhhM4hXMI4AoacAdNaAGDETzDK7x5ynvx3r2PRWnJK3qO4Q+8zx8BSY4z</latexit><latexit sha1_base64="FALiics4RbAjRXAQE9lhYMFusjA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2Fpol5JNs21okl2SWaEs/QtePCji1T/kzX9j2u5BWx8EHu/NTGZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGtzP/8YkbKxL9gJOUh4oOtYgFoziTIsrG/WrNr/tzkFUSFKQGBZr96ldvkLBMcY1MUmu7gZ9imFODgkk+rfQyy1M3mA5511FNFbdhPt91Ss6cMiBxYtzTSObq746cKmsnKnKViuLILnsz8T+vm2F8HeZCpxlyzRYfxZkkmJDZ4WQgDGcoJ45QZoTblbARNZShi6fiQgiWT14l7Yt64Pj9Za1xU8RRhhM4hXMI4AoacAdNaAGDETzDK7x5ynvx3r2PRWnJK3qO4Q+8zx8BSY4z</latexit><latexit sha1_base64="FALiics4RbAjRXAQE9lhYMFusjA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2Fpol5JNs21okl2SWaEs/QtePCji1T/kzX9j2u5BWx8EHu/NTGZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGtzP/8YkbKxL9gJOUh4oOtYgFoziTIsrG/WrNr/tzkFUSFKQGBZr96ldvkLBMcY1MUmu7gZ9imFODgkk+rfQyy1M3mA5511FNFbdhPt91Ss6cMiBxYtzTSObq746cKmsnKnKViuLILnsz8T+vm2F8HeZCpxlyzRYfxZkkmJDZ4WQgDGcoJ45QZoTblbARNZShi6fiQgiWT14l7Yt64Pj9Za1xU8RRhhM4hXMI4AoacAdNaAGDETzDK7x5ynvx3r2PRWnJK3qO4Q+8zx8BSY4z</latexit><latexit sha1_base64="FALiics4RbAjRXAQE9lhYMFusjA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2Fpol5JNs21okl2SWaEs/QtePCji1T/kzX9j2u5BWx8EHu/NTGZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGtzP/8YkbKxL9gJOUh4oOtYgFoziTIsrG/WrNr/tzkFUSFKQGBZr96ldvkLBMcY1MUmu7gZ9imFODgkk+rfQyy1M3mA5511FNFbdhPt91Ss6cMiBxYtzTSObq746cKmsnKnKViuLILnsz8T+vm2F8HeZCpxlyzRYfxZkkmJDZ4WQgDGcoJ45QZoTblbARNZShi6fiQgiWT14l7Yt64Pj9Za1xU8RRhhM4hXMI4AoacAdNaAGDETzDK7x5ynvx3r2PRWnJK3qO4Q+8zx8BSY4z</latexit>

left
<latexit sha1_base64="fsA20kqaOFiMkimHUGCEtPJkP74=">AAAB63icbZBNSwMxEIaz9avWr6pHL8EieCq7Iuix6MVjBVsL7VKy6WwbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGQ4tnsjEdCJmQQoNLRQooZMaYCqS8BiNb2f1xycwViT6AScphIoNtYgFZzizJMTYr9b8uj8XXYWggBop1OxXv3qDhGcKNHLJrO0GfophzgwKLmFa6WUWUsbHbAhdh5opsGE+33VKz5wzoHFi3NNI5+7viZwpaycqcp2K4cgu12bmf7VuhvF1mAudZgiaLz6KM0kxobPD6UAY4CgnDhg3wu1K+YgZxtHFU3EhBMsnr0L7oh44vr+sNW6KOMrkhJyScxKQK9Igd6RJWoSTEXkmr+TNU96L9+59LFpLXjFzTP7I+/wBKNqOTQ==</latexit><latexit sha1_base64="fsA20kqaOFiMkimHUGCEtPJkP74=">AAAB63icbZBNSwMxEIaz9avWr6pHL8EieCq7Iuix6MVjBVsL7VKy6WwbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGQ4tnsjEdCJmQQoNLRQooZMaYCqS8BiNb2f1xycwViT6AScphIoNtYgFZzizJMTYr9b8uj8XXYWggBop1OxXv3qDhGcKNHLJrO0GfophzgwKLmFa6WUWUsbHbAhdh5opsGE+33VKz5wzoHFi3NNI5+7viZwpaycqcp2K4cgu12bmf7VuhvF1mAudZgiaLz6KM0kxobPD6UAY4CgnDhg3wu1K+YgZxtHFU3EhBMsnr0L7oh44vr+sNW6KOMrkhJyScxKQK9Igd6RJWoSTEXkmr+TNU96L9+59LFpLXjFzTP7I+/wBKNqOTQ==</latexit><latexit sha1_base64="fsA20kqaOFiMkimHUGCEtPJkP74=">AAAB63icbZBNSwMxEIaz9avWr6pHL8EieCq7Iuix6MVjBVsL7VKy6WwbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGQ4tnsjEdCJmQQoNLRQooZMaYCqS8BiNb2f1xycwViT6AScphIoNtYgFZzizJMTYr9b8uj8XXYWggBop1OxXv3qDhGcKNHLJrO0GfophzgwKLmFa6WUWUsbHbAhdh5opsGE+33VKz5wzoHFi3NNI5+7viZwpaycqcp2K4cgu12bmf7VuhvF1mAudZgiaLz6KM0kxobPD6UAY4CgnDhg3wu1K+YgZxtHFU3EhBMsnr0L7oh44vr+sNW6KOMrkhJyScxKQK9Igd6RJWoSTEXkmr+TNU96L9+59LFpLXjFzTP7I+/wBKNqOTQ==</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="sUl6lxzvp9okMpafo/X7D9MOxh8=">AAAB4HicbZDNSgMxFIXv1L9aq1a3bgaL4KrMuNGl4MZlBdsK7VAy6Z02NMkMyR2hDH0FNy4U8anc+TZm2i609UDg45yE3HviTApLQfDtVba2d3b3qvu1g/rh0XHjpN61aW44dngqU/MUM4tSaOyQIIlPmUGmYom9eHpX5r1nNFak+pFmGUaKjbVIBGdUWhITGjaaQStYyN+EcAVNWKk9bHwNRinPFWriklnbD4OMooIZElzivDbILWaMT9kY+w41U2ijYjHr3L9wzshPUuOOJn/h/n5RMGXtTMXupmI0setZaf6X9XNKbqJC6Cwn1Hz5UZJLn1K/XNwfCYOc5MwB40a4WX0+YYZxcvXUXAnh+sqb0L1qhY4fAqjCGZzDJYRwDbdwD23oAIcJvMAbvHvKe/U+lnVVvFVvp/BH3ucPBkOM9w==</latexit><latexit sha1_base64="sUl6lxzvp9okMpafo/X7D9MOxh8=">AAAB4HicbZDNSgMxFIXv1L9aq1a3bgaL4KrMuNGl4MZlBdsK7VAy6Z02NMkMyR2hDH0FNy4U8anc+TZm2i609UDg45yE3HviTApLQfDtVba2d3b3qvu1g/rh0XHjpN61aW44dngqU/MUM4tSaOyQIIlPmUGmYom9eHpX5r1nNFak+pFmGUaKjbVIBGdUWhITGjaaQStYyN+EcAVNWKk9bHwNRinPFWriklnbD4OMooIZElzivDbILWaMT9kY+w41U2ijYjHr3L9wzshPUuOOJn/h/n5RMGXtTMXupmI0setZaf6X9XNKbqJC6Cwn1Hz5UZJLn1K/XNwfCYOc5MwB40a4WX0+YYZxcvXUXAnh+sqb0L1qhY4fAqjCGZzDJYRwDbdwD23oAIcJvMAbvHvKe/U+lnVVvFVvp/BH3ucPBkOM9w==</latexit><latexit sha1_base64="apEYIHJcBrXAqUgcVNRF8mv91Jw=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2veix6MVjBfsB7VKy6WwbmmSXJCuU0r/gxYMiXv1D3vw3Zts9aOsLgYd3ZsjMG6WCG+v7315pY3Nre6e8W9nbPzg8qh6ftE2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3BMZ2UK35dX8hsg5BATUo1BxUv/rDhGUSlWWCGtML/NSGM6otZwLnlX5mMKVsQkfYc6ioRBPOFrvOyYVzhiROtHvKkoX7e2JGpTFTGblOSe3YrNZy879aL7PxTTjjKs0sKrb8KM4EsQnJDydDrpFZMXVAmeZuV8LGVFNmXTwVF0KwevI6tK/qgeMHv9a4LeIowxmcwyUEcA0NuIcmtIDBGJ7hFd486b14797HsrXkFTOn8Efe5w8nmo5J</latexit><latexit sha1_base64="fsA20kqaOFiMkimHUGCEtPJkP74=">AAAB63icbZBNSwMxEIaz9avWr6pHL8EieCq7Iuix6MVjBVsL7VKy6WwbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGQ4tnsjEdCJmQQoNLRQooZMaYCqS8BiNb2f1xycwViT6AScphIoNtYgFZzizJMTYr9b8uj8XXYWggBop1OxXv3qDhGcKNHLJrO0GfophzgwKLmFa6WUWUsbHbAhdh5opsGE+33VKz5wzoHFi3NNI5+7viZwpaycqcp2K4cgu12bmf7VuhvF1mAudZgiaLz6KM0kxobPD6UAY4CgnDhg3wu1K+YgZxtHFU3EhBMsnr0L7oh44vr+sNW6KOMrkhJyScxKQK9Igd6RJWoSTEXkmr+TNU96L9+59LFpLXjFzTP7I+/wBKNqOTQ==</latexit><latexit sha1_base64="fsA20kqaOFiMkimHUGCEtPJkP74=">AAAB63icbZBNSwMxEIaz9avWr6pHL8EieCq7Iuix6MVjBVsL7VKy6WwbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGQ4tnsjEdCJmQQoNLRQooZMaYCqS8BiNb2f1xycwViT6AScphIoNtYgFZzizJMTYr9b8uj8XXYWggBop1OxXv3qDhGcKNHLJrO0GfophzgwKLmFa6WUWUsbHbAhdh5opsGE+33VKz5wzoHFi3NNI5+7viZwpaycqcp2K4cgu12bmf7VuhvF1mAudZgiaLz6KM0kxobPD6UAY4CgnDhg3wu1K+YgZxtHFU3EhBMsnr0L7oh44vr+sNW6KOMrkhJyScxKQK9Igd6RJWoSTEXkmr+TNU96L9+59LFpLXjFzTP7I+/wBKNqOTQ==</latexit><latexit sha1_base64="fsA20kqaOFiMkimHUGCEtPJkP74=">AAAB63icbZBNSwMxEIaz9avWr6pHL8EieCq7Iuix6MVjBVsL7VKy6WwbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGQ4tnsjEdCJmQQoNLRQooZMaYCqS8BiNb2f1xycwViT6AScphIoNtYgFZzizJMTYr9b8uj8XXYWggBop1OxXv3qDhGcKNHLJrO0GfophzgwKLmFa6WUWUsbHbAhdh5opsGE+33VKz5wzoHFi3NNI5+7viZwpaycqcp2K4cgu12bmf7VuhvF1mAudZgiaLz6KM0kxobPD6UAY4CgnDhg3wu1K+YgZxtHFU3EhBMsnr0L7oh44vr+sNW6KOMrkhJyScxKQK9Igd6RJWoSTEXkmr+TNU96L9+59LFpLXjFzTP7I+/wBKNqOTQ==</latexit><latexit sha1_base64="fsA20kqaOFiMkimHUGCEtPJkP74=">AAAB63icbZBNSwMxEIaz9avWr6pHL8EieCq7Iuix6MVjBVsL7VKy6WwbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGQ4tnsjEdCJmQQoNLRQooZMaYCqS8BiNb2f1xycwViT6AScphIoNtYgFZzizJMTYr9b8uj8XXYWggBop1OxXv3qDhGcKNHLJrO0GfophzgwKLmFa6WUWUsbHbAhdh5opsGE+33VKz5wzoHFi3NNI5+7viZwpaycqcp2K4cgu12bmf7VuhvF1mAudZgiaLz6KM0kxobPD6UAY4CgnDhg3wu1K+YgZxtHFU3EhBMsnr0L7oh44vr+sNW6KOMrkhJyScxKQK9Igd6RJWoSTEXkmr+TNU96L9+59LFpLXjFzTP7I+/wBKNqOTQ==</latexit><latexit sha1_base64="fsA20kqaOFiMkimHUGCEtPJkP74=">AAAB63icbZBNSwMxEIaz9avWr6pHL8EieCq7Iuix6MVjBVsL7VKy6WwbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGQ4tnsjEdCJmQQoNLRQooZMaYCqS8BiNb2f1xycwViT6AScphIoNtYgFZzizJMTYr9b8uj8XXYWggBop1OxXv3qDhGcKNHLJrO0GfophzgwKLmFa6WUWUsbHbAhdh5opsGE+33VKz5wzoHFi3NNI5+7viZwpaycqcp2K4cgu12bmf7VuhvF1mAudZgiaLz6KM0kxobPD6UAY4CgnDhg3wu1K+YgZxtHFU3EhBMsnr0L7oh44vr+sNW6KOMrkhJyScxKQK9Igd6RJWoSTEXkmr+TNU96L9+59LFpLXjFzTP7I+/wBKNqOTQ==</latexit><latexit sha1_base64="fsA20kqaOFiMkimHUGCEtPJkP74=">AAAB63icbZBNSwMxEIaz9avWr6pHL8EieCq7Iuix6MVjBVsL7VKy6WwbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGQ4tnsjEdCJmQQoNLRQooZMaYCqS8BiNb2f1xycwViT6AScphIoNtYgFZzizJMTYr9b8uj8XXYWggBop1OxXv3qDhGcKNHLJrO0GfophzgwKLmFa6WUWUsbHbAhdh5opsGE+33VKz5wzoHFi3NNI5+7viZwpaycqcp2K4cgu12bmf7VuhvF1mAudZgiaLz6KM0kxobPD6UAY4CgnDhg3wu1K+YgZxtHFU3EhBMsnr0L7oh44vr+sNW6KOMrkhJyScxKQK9Igd6RJWoSTEXkmr+TNU96L9+59LFpLXjFzTP7I+/wBKNqOTQ==</latexit>

right
<latexit sha1_base64="K7FN+ketbwNJNtidIrt1xy39y04=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3fzeueJayMS9YjTlAcxHSkRCUbRWr4WozEOqjW37i5E1sEroAaFWoPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LCoacxPki2Vn5MI6QxIl2j6FZOH+nshpbMw0Dm1nTHFsVmtz879aL8PoJsiFSjPkii0/ijJJMCHzy8lQaM5QTi1QpoXdlbAx1ZShzadiQ/BWT16H9lXds/xwXWveFnGU4QzO4RI8aEAT7qEFPjAQ8Ayv8OYo58V5dz6WrSWnmDmFP3I+fwD91Y7K</latexit><latexit sha1_base64="K7FN+ketbwNJNtidIrt1xy39y04=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3fzeueJayMS9YjTlAcxHSkRCUbRWr4WozEOqjW37i5E1sEroAaFWoPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LCoacxPki2Vn5MI6QxIl2j6FZOH+nshpbMw0Dm1nTHFsVmtz879aL8PoJsiFSjPkii0/ijJJMCHzy8lQaM5QTi1QpoXdlbAx1ZShzadiQ/BWT16H9lXds/xwXWveFnGU4QzO4RI8aEAT7qEFPjAQ8Ayv8OYo58V5dz6WrSWnmDmFP3I+fwD91Y7K</latexit><latexit sha1_base64="K7FN+ketbwNJNtidIrt1xy39y04=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3fzeueJayMS9YjTlAcxHSkRCUbRWr4WozEOqjW37i5E1sEroAaFWoPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LCoacxPki2Vn5MI6QxIl2j6FZOH+nshpbMw0Dm1nTHFsVmtz879aL8PoJsiFSjPkii0/ijJJMCHzy8lQaM5QTi1QpoXdlbAx1ZShzadiQ/BWT16H9lXds/xwXWveFnGU4QzO4RI8aEAT7qEFPjAQ8Ayv8OYo58V5dz6WrSWnmDmFP3I+fwD91Y7K</latexit><latexit sha1_base64="K7FN+ketbwNJNtidIrt1xy39y04=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA22027dLMJuxOhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3fzeueJayMS9YjTlAcxHSkRCUbRWr4WozEOqjW37i5E1sEroAaFWoPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LCoacxPki2Vn5MI6QxIl2j6FZOH+nshpbMw0Dm1nTHFsVmtz879aL8PoJsiFSjPkii0/ijJJMCHzy8lQaM5QTi1QpoXdlbAx1ZShzadiQ/BWT16H9lXds/xwXWveFnGU4QzO4RI8aEAT7qEFPjAQ8Ayv8OYo58V5dz6WrSWnmDmFP3I+fwD91Y7K</latexit>

x
<latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit>
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Figure 1.9: Example fields of view of a multi-perspective camera mounted on an
intelligent vehicle.

are easily affected by motion degeneracies that cause scale unobservability, such as
straight or Ackermann motion. This is a severe problem especially in automotive
applications or in general during the bootstrapping phase, where no scale infor-
mation can be propagated from prior processing. In conclusion, in order to truly
benefit from the omni-directional measurements of MPCs, the measurements need
to be processed jointly in each step of the computation. This is challenging as clas-
sical formulations of space resectioning and bundle adjustment all rely on a simple
perspective camera model.

1.2.2 Reliable relative pose estimation for vehicle-mounted surround-view
camera systems

While we will present an unprecedented integration of the paradigm of Using many
cameras as one into a full end-to-end real-time visual odometry pipeline in the Chap-
ter 2, there still remains space for further improvements. One remaining problem
is that the success of our joint linear bootstrapping approach still depends on suffi-
ciently good relative rotations estimated from each camera individually at the very
beginning. Therefore further research efforts are required to push generalized rel-
ative pose methods towards a robust recovery of relative rotations even in the case
of motion degeneracies. In Chapter 3, from a more specific perspective, we focus
on a vehicle-mounted surround-view camera system, and notably aims at a solution
to the problem of finding the planar motion of the vehicle. Such non-overlapping
surround-view camera systems often include four fish-eye cameras pointing into the
forward, backward, and side-ways directions, and they are also described by the
generalized camera model.

Among the massive body of existing work on solving relative pose estimation
problem for ground vehicles, no method is all-powerful and able to handle the possi-
bly non-holonomic planar vehicle motion. Generalized relative pose solvers solving
for all 6 degrees-of-freedom have substantial computational complexity and solution
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multiplicity in the minimal case [Stewénius and Nistér, 2005], or require too many
samples and linearizations in the non-minimal case [Li et al., 2008], thus leading to
unstable results under noise. Some generalized solvers even degenerate in the case
of non-holonomic motion [Kneip and Furgale, 2014].

Several relative pose solvers [Scaramuzza et al., 2009; Huang et al., 2019] spe-
cialise in the non-holonomic planar vehicle motion estimation, including solvers de-
signed for multi-camera systems [Lee et al., 2013]. While the aforementioned meth-
ods are very robust, they rely on the ideal assumption of a fixed steering angle;
the centre of rotation as introduced by the Ackermann motion model is however a
dynamic point for the majority of time during which a vehicle is taking a turn. Al-
though a single-view solver relying on the more correct planar motion model has
been presented [Booij and Zivkovic, 2009], a generalized planar motion solver that
simultaneously exploits the information from multiple cameras appears as a gap in
the literature.

1.2.3 B-splines for visual SLAM on non-holonomic ground vehicles

While the two previous points will introduce a complete real-time pipeline for visual
odometry with non-overlapping multi-perspective camera systems, and also focus on
how to reliably solve relative pose estimation problem with such systems in the front-
end module. There is a crucial gap in our proposed pipeline which is to introduce a
robust and accurate back-end optimization approach.

Bundle adjustment plays an essential role in most state-of-the-art feature-based
visual SLAM, and it is typically used for the final refinement stage to approximate
initial scene estimates and remove the scale drift in incremental reconstructions. It
jointly optimizes the 6-DoF camera poses and 3D position of landmarks by minimiz-
ing the reprojection error corresponding to the image distance between the projected
and measured image points. Such objective functions are generally optimized using
non-linear least-squares algorithms. The non-linear problem can be efficiently solved
by implementing iterative methods such as Levenberg-Marquardt, which uses an ap-
propriate initial guess to generate a sequence of improving approximate solutions
and finally converge to a local minimum of the objective function.

From the above, we can see that bundle adjustment is highly depend on a suf-
ficiently good initialization obtained from front-end solvers. However, in contrary
to most public datasets for autonomous driving, such as KITTI benchmark datasets
[Geiger et al., 2013], there are many complicated and challenging scenarios in practi-
cal applications, which makes the failure of front-end relative pose solver very likely.
That is exactly one of the reasons why current pure vision-based solutions always
lack the level of robustness found in laser-based solutions, and are thus often com-
plemented by additional sensors. We notice that the trajectory in visual SLAM frame-
works is commonly represented by a discrete set of camera poses each associated
with one of the captured images. It is clear to observe that the discrete representa-
tion is too general and does in fact not respect the kinematic motion constraints of
ground vehicles. As a result, in order to develop a robust, purely vision-based (or
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inertial-supported) SLAM solutions for self-driving vehicles, in Chapter 4, we take a
specific kinematic constraint on the vehicle motion into account.

For unconstrained motion, a camera has 6-DoF and it represents that the camera
is free to change the orientation/position in 3D space. While for drift-less ground
vehicles shown in Figure 1.10, certain displacements become impossible or only ex-
ecutable as a complex combination of displacements. It could be approximated to a
more restrictive motion model, namely the Ackermann model. This restrictive mo-
tion model essentially reflects the fact that the infinitesimal motion is a rotation about
an Instantaneous Centre of Rotation (ICR) which lies on the extended non-steering
two-wheel axis. It forces the local trajectory to be a circular arc in the plane, and the
heading of the vehicle to remain tangential to the arc. The model depends on only
two parameters, which are the radius of the circle and the inscribed angle of the arc.
This kinematic constraint employs a more restrictive but exact geometric represen-
tation for the kind of smooth trajectory that we have on drift-less, non-holonomic
ground vehicles. The present thesis will introduce a new back-end optimization
framework that relies on continuous-time parametrizations to continuously enforce
the vehicle kinematic constraints.
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Figure 1.10: Kinematic constraints of the Ackermann steering model.

1.2.4 Globally-optimal event camera motion estimation for planar ground
vehicles

In all the aforementioned points, we will investigate how to use multiple regular
cameras as one system to develop a powerful SLAM system. Regular cameras have
been widely regarded as a highly attractive alternative in most SLAM system, how-
ever, despite their advantageous properties from an economic point of view, they
also come at a certain cost (cf. Figure 1.11):

• Regular cameras only measure perspective projections of the environment, and
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the reconstruction of especially the dense geometry of the environment there-
fore proposes a solvable but challenging problem.

• Regular cameras measure at a certain fixed frame-rate, and therefore return the
information with a certain minimum latency.

• Regular cameras suffer from motion blur in situations of high dynamics, a
circumstance that easily occurs for example if mounted on an intelligence aug-
mentation device.

• Regular cameras only measure photometric reflections with limited dynamic
range, thus leading to poor performance in challenging (especially changing)
illumination conditions in one and the same view.

Figure 1.11: Disadvantages of regular cameras: low latency, motion blur, and low
dynamic range. (source: [Scaramuzza, 2020])

Each of the issues above can make failures of existing visual SLAM system developed
for regular cameras very likely. Hence we look into recently emerging sensors that
are capable to deal with the challenging issues above.

In Chapter 5, we look at a new type of camera sensor, namely a dynamic vision
sensor or event camera, which improves the camera performance in the aforemen-
tioned challenging scenario. In contrary to regular cameras, event cameras are neuro-
morphic sensors that do not directly measure the raw intensity of an incoming light
beam, but a quantized version of the relative intensity with respect to a reference
time. The quantization happens at every pixel independently, and an event is trig-
gered as soon as the absolute value of the logarithm of the difference in brightness
exceeds a preset threshold. Figure 1.12 illustrates the basic principle of operation of
event cameras. If neither camera nor environment moves, no events will be triggered
(except noise). As soon as there are relative motion between the camera and the envi-
ronment, it can be clearly observed that events being triggered particularly along the
high-gradient regions in the image. In contrary to regular cameras, the pixels oper-
ate asynchronously and independently of one another. There are no frames, and the
virtual frame rate can be orders of magnitude larger. Every event is associated with a
timestamp read from a central clock, which has a temporal resolution in the order of
1µs. The asynchronous nature and high temporal resolution of event cameras mean
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that the triggered event patterns do not suffer from artifacts such as motion blur.
The result is high performance in highly dynamic scenarios, and very low latency.
Furthermore, event cameras have very good high dynamic range, which contributes
to their strong potential to handle challenging illumination scenarios.

Figure 1.12: Basic principle of operation of event cameras. (source: [Scaramuzza,
2020])

Although event cameras are commercially available since about a decade now,
there are still significant gaps in the literature thus leaving their potential somewhat
unexplored. The computer vision and robotics community maintain a high inter-
est in developing fully convincing large-scale visual SLAM frameworks with single
or multiple event cameras, in order to push the limits of conventional visual SLAM
frameworks and effectively increase the perception abilities of mobile intelligent plat-
forms in challenging real-world conditions.

Regarding localization and mapping with event cameras, some preliminary meth-
ods such as [Mueggler et al., 2015], [Reverter Valeiras et al., 2016], [Gallego et al.,
2017] and [Bryner et al., 2019] are focusing on camera tracking with known priors.
[Gallego et al., 2018] and [Gallego et al., 2019] recently introduced a unifying frame-
work called contrast maximization that allowing the solution of several important
problems for event cameras, in particular motion estimation problems in which the
effect of camera motion may be described by a homography (e.g. motion in front of
a plane, pure rotation). However, all methods above proceed by local optimizations
rather than globally optimal solutions, and contrast maximization for motion estima-
tion is in general a non-convex problem, which means that local optimization may be
sensitive to the initial parameters and may not find the global optimum. The present
thesis is introducing a new globally optimal motion estimation framework for event
cameras.
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Figure 1.13: Contrast Maximization framework. Optimal parameters will maximize
the sharpness of the image of warped events (IWE) (source: [Gallego et al., 2019])

1.2.5 Event camera tracking and mapping by volumetric contrast maxi-
mization

As mentioned in Section 1.2.4, some existing works have employed time-continuous
parametrizations of image warping functions. Based on the assumption that events
are pre-dominantly triggered by high-gradients edges in the image, the optimal im-
age warping parameters will cause the events to warp onto a sharp edge-map in a
reference view called the Image of Warped Events (IWE). The optimal warping pa-
rameters are hence found by maximizing contrast in the IWE. Figure 1.13 illustrate
the principle of the contrast maximization framework. Various reward functions
to evaluate contrast have been presented and analysed in the recent works of Gal-
lego et al. [Gallego et al., 2018, 2019] and Stoffregen and Kleeman [Stoffregen and
Kleeman, 2019], and successfully used for solving a variety of problems with event
cameras such as optical flow [Zhu et al., 2017; Gallego et al., 2018; Stoffregen and
Kleeman, 2017; Ye et al., 2018; Zhu et al., 2019a, 2018b], segmentation [Stoffregen and
Kleeman, 2017; Stoffregen et al., 2019; Mitrokhin et al., 2018], 3D reconstruction [Re-
becq et al., 2018; Zhu et al., 2018a, 2019a; Ye et al., 2018], and motion estimation [Gal-
lego and Scaramuzza, 2017; Gallego et al., 2018]. The main problem with the con-
struction of the IWE is that it relies on a low-dimensional image-to-image warping
function, which—in the case of both translational and rotational displacements—is
only possible if the model is homographic or if knowledge about the depth of the
scene is prior available. The present thesis is introducing a new method that ex-
tending the idea of contrast maximization into 3D, a technique that will enable us
to handle situations in which we perceive non-planar environments under arbitrary
motion and with no priors on the depth of events.

1.3 Thesis Outline

In Chapter 2, 3 and 4, we look into the motion estimation problem with a novel
type of sensor system, namely multi-perspective camera systems. Such systems are
widely equipped on modern vehicles and other intelligent mobile platforms. More
specifically, the chapter is organized as follows:

• In Chapter 2, we propose a complete real-time pipeline for visual odome-
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try with non-overlapping, multi-perspective camera systems, and in particu-
lar present a solution to the scale initialization problem. We firstly introduce
a novel joint linear bootstrapping method in the initialization stage, in order
to solve the unobservability of metric scale under degenerate cases. Further-
more, the present approach uses the measurements from all cameras simul-
taneously at all processing stages including bootstrapping, pose tracking, and
mapping, which can truly benefit from the omni-directional measurements of
multi-perspective camera systems.

• In Chapter 3, we focus on the further improvement of front-end relative pose es-
timation for vehicle-mounted surround-view multi-camera systems. We present
the first generalized relative pose solver for general planar vehicle motion and
non-overlapping multi-camera systems. We present a new univariate objective
function that relies on a parallel evaluation of the epipolar geometry for each
individual camera, rather than simply replacing the motion parametrization
in existing formulations that rely on the generalized essential matrix (which
degenerates in the case of non-overlapping multi-camera arrays). We intro-
duce a modified, iteratively reweighted optimization of the planar motion that
minimizes the geometrically relevant object space error, and we carefully ana-
lyze the behavior of the objective function and its ability to overcome rotation-
translation ambiguities by exploiting omni-directional measurement distribu-
tions and geometrically meaningful residuals. Most notably, the objective func-
tion remains a uni-variate expression, and therefore outperforms two-view
bundle adjustment in terms of computational efficiency.

• In Chapter 4, we explore the continues-time parametrization for an exact mod-
elling of non-holonomic ground vehicle trajectories in the back-end optimiza-
tion of visual SLAM pipeline. We use the B-spline based, smooth, continuous-
time trajectory representation introduced by [Furgale et al., 2015] to represent
the motion of ground vehicles. We introduce different constraints and com-
pare the resulting frameworks against conventional solutions. We demonstrate
a significant advantage in robustness and accuracy on both simulated and real
data.

In Chapter 5 and 6, in order to deal with challenges in scenarios with high dy-
namics, low texture distinctiveness, or challenging illumination conditions, we focus
on the solution to localization and mapping problem on Autonomous Ground Ve-
hicle (AGV) using event cameras. We propose two new algorithms to tackle several
motion estimation problems by performing the contrast maximization approach:

• In Chapter 5, we introduce the first globally optimal solution to contrast max-
imization for unwarped event streams, and apply the idea of homography es-
timation via contrast maximization to the real-world case of non-holonomic
motion estimation with a downward-facing camera mounted on an AGV. We
solve the global maximization of contrast functions via Branch and Bound. We
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derive bounds for contrast estimation functions. The bounds are furthermore
calculated recursively, which enables efficient processing. We successfully ap-
ply this strategy to Autonomous Ground Vehicle (AGV) planar motion estima-
tion with a downward-facing event camera, a problem that is complicated by
motion blur, challenging illumination conditions, and indistinctive, noisy tex-
tures. We prove that using an event camera can solve these challenges, hence
outperforming alternatives given by regular cameras.

• In Chapter 6, we present a new solution to tracking and mapping with an event
camera by continuous ray warping and volumetric contrast maximization, and
validate our approach by applying it to AGV motion estimation and 3D re-
construction with a single vehicle-mounted event camera. We extend the idea
of contrast maximization into 3D. Using a time-continuous trajectory model,
the 3D location of the landmarks corresponding to events is modelled by time-
continuous ray warping in space, and the optimal motion parameters are found
by maximizing contrast within a volumetric ray density field. Our method
is the first to perform joint optimization over motion and structure for cam-
eras exerting both translational and rotational displacements in an arbitrarily
structured environment. We successfully apply our framework to Autonomous
Ground Vehicle (AGV) motion estimation with a forward-facing event camera.
We prove that using only an event camera, we can provide good quality, con-
tinuous visual localization and mapping results able to compete with regular
camera alternatives, especially as visual conditions degrade.
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Chapter 2

On scale initialization in
non-overlapping multi-perspective
visual odometry

In this chapter, we introduce a complete pipeline for motion estimation with non-
overlapping multi-perspective camera systems, and in particular presents a solution
to the scale initialization problem. Multi-perspective camera systems (MPCs) point-
ing into all directions represent an increasingly interesting solution for visual local-
ization and mapping. They combine the benefits of omni-directional measurements
with a sufficient baseline for producing measurements in metric scale. However, the
observability of metric scales suffers from degenerate cases if the cameras do not
share any overlap in their field of view. This problem is of particular importance in
many relevant practical applications, and it impacts most heavily on the difficulty
of bootstrapping the structure-from-motion process. We evaluate our method on
both simulated and real data, thus proving robust initialization capacity as well as
best-in-class performance regarding the overall motion estimation accuracy.

2.1 Related work

The motion estimation problem with MPCs can be approached in two fundamentally
different ways. The first one consists of a loosely-coupled scheme where the infor-
mation in each camera is used to solve individual monocular structure-from-motion
problems, and the results from every camera are then fused in a subsequent pose
averaging module. Kazik et al. [Kazik et al., 2012] apply this solution strategy to a
stereo camera rig with two cameras pointing into opposite directions. The inherent
difficulty of this approach results from the scale invariance of the individual monoc-
ular structure-from-motion results. Individual visual scales first have to be resolved
through an application of the hand-eye calibration constraint [Horaud and Dornaika,
1995] before the individual pose results can be fused. Furthermore, the fact that the
measurements of each camera are processed independently means that the benefit of
having omni-directional measurements remains effectively unexploited during the

21
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geometric computations.
The second solution strategy assumes that the frames captured by each camera

are synchronized, and hence can be bundled in a multi-frame measurement that con-
tains one image of each camera from the same instant in time. Relying on the idea of
Using many cameras as one [Pless, 2003], the fundamental problems of structure from
motion can now be solved jointly for the entire MPC system, rather than for each
camera individually. The measurements captured by the entire MPC can notably
be described using a generalized camera, a model that envisages the description of
measured image points via spatial rays that intersect with the corresponding cam-
era’s center, all expressed in a common frame for the entire MPC. By relying on
the generalized camera model, the problems of joint absolute and relative camera
pose estimation for the entire MPC rig have been successfully solved [Nistér and
Stewénius, 2006; Kneip et al., 2013, 2014; Pless, 2003; Stewénius and Nistér, 2005;
Li et al., 2008; Kneip and Li, 2014]. An excellent summary of the state-of-the-art
in generalized camera pose computation is provided by the OpenGV library[Kneip
and Furgale, 2014], a relatively complete collection of algorithms for solving related
problems.

Despite the fact that closed-form solutions for the underlying algebraic geom-
etry problems of generalized absolute and relative camera pose computation have
already been presented, a full end-to-end pipeline for visual odometry with a non-
overlapping MPC system that relies exclusively on the generalized camera paradigm
remains an open problem. The problem mostly lies in the bootstrapping phase. As
explained in [Clipp et al., 2008], the relative pose for a multi-camera system can only
be computed if the motion does not suffer from the degenerate case of Ackermann-
like motion (which includes the case of purely straight motion). Unfortunately, in a
visual odometry scenario, the images often originate from a smooth trajectory with
only moderate dynamics, hence causing the motion between two sufficiently close
frames to be almost always very close to the degenerate case. Kneip and Li [Kneip
and Li, 2014] claim that the rotation can still be found, but we confirmed through our
experiments that even the quality of the relative rotation is not sufficiently good to
reliably bootstrap MPC visual odometry. A robust initialization procedure, as well
as a complete, real-time end-to-end pipeline, notably, are the main contributions of
this work.

The chapter is organized as follows. Section 2.2 provides an overview of our
complete non-overlapping MPC motion estimation pipeline as well as the joint boot-
strapping and global optimization modules. Section 2.3 finally presents the promis-
ing results we have obtained on both simulated and real data.

2.2 Joint motion estimation with non-overlapping MPCs

This section outlines our complete MPCs motion estimation pipeline. We start with
an overview of the entire framework, explaining the state machine and the resulting
sequence of operations especially during the initialization procedure. We then look
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at two important sub-problems of the initialization, namely the robust retrieval of ab-
solute orientations for the first frames of a sequence, as well as a joint linear recovery
of the corresponding relative translations and 3D points. We conclude with an in-
sight into the final bundle adjustment back-end that is entered once the initialization
is completed.

2.2.1 Notations and prior assumptions

Figure 2.1: Notations used throughout this chapter (best viewed in color). Please see
text for detailed explanations.

We start by introducing the geometry of the generalized camera system. The MPC
frames of a video sequence are denoted by VPj, where j = {1, · · · , m}. Their poses

are expressed by transformation matrices Tj =

[
Rj tj
0 1

]
such that Tjx transforms x

from the MPC to the world frame (denoted W). Let us now assume that our MPC

has k cameras. This leads to the definition of transformation matrices Tc =

[
Rc tc

0 1

]
,

where c ∈ {1, · · · , k}. They permit the transformation of points from the respec-
tive camera frame c to the MPC frame. Assuming that the MPC rig is static, these
transformations are constant and determined through a prior extrinsic calibration

process. We also define the relative transformation T1j =

[
R1j t1j
0 1

]
that allows us

to transform points from VPj back to VP1. We furthermore assume that—given that
we are in a visual odometry scenario and that the cameras have no overlap in their
fields of view—the cameras do not share any point observations. We therefore can
associate each one of our points pi, i ∈ {1, · · · , n} to one specific camera within the
rig, denoted by the index ci. To conclude, we also assume that the intrinsic cam-
era parameters are known, which is why we can always transform 2D points into
spatial unit vectors pointing from the individual camera centers to the respective
world points. We denote these measurements bj

i , meaning the measurement of point
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pi (with camera ci) in the MPC frame VPj. Our derivations furthermore utilize the
transformation Tc

1j, which permits the direct transformation of points from the cam-
era frame c in VPj to the camera frame c in VP1. All variables are indicated in Figure
2.1.

2.2.2 Framework overview
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Figure 2.2: Overview of the proposed visual localization and mapping pipeline for
MPC systems. The flowchart in particular outlines the detailed idea behind the ini-

tialization procedure.

A flowchart of our proposed method detailing all steps including the initialization
procedure is illustrated in Figure 2.2. After the definition of a first (multi-perspective)
keyframe1, the algorithm keeps matching inter-camera correspondences between the
first and subsequent MPC frames until the average of the median frame-to-frame
disparity for each camera surpasses a predefined threshold (verified in the decision
nodes “Is Keyframe?”). Once this happens, we add a second keyframe and compute
all Tc

12 using classical single camera calibrated relative pose computation [Stewénius
et al., 2006]. We furthermore triangulate an individual point cloud for every camera
in the MPC array. Subsequent frames from the individual cameras are then aligned
with respect to these maps using classical single camera calibrated absolute pose
computation [Kneip et al., 2011]. Once enough frames are collected, the initialization
is completed by the joint, linear MPC pose initialization module outlined in Sections
2.2.3 and 2.2.4. Note that individual single camera tracking is only performed in
order to eliminate outlier measurements and obtain prior knowledge about relative
rotations. It bypasses the weakness of methods such as [Kneip and Li, 2014] of
not being able to deliver robust generalized relative pose results in most practically

1Keyframes are simply frames that are retained in a buffer of frames due to sufficient local distinc-
tiveness [Klein and Murray, 2007].
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relevant cases. The actual final initialization step and all subsequent modules then
perform joint MPC measurement processing.

After the initialization is completed, the frames of each new MPC pose are matched
individually to the frames of the most recent MPC keyframe, but the alignment is
solved jointly using generalized camera absolute pose computation [Kneip et al.,
2013]. We keep checking the local distinctiveness of every MPC frame by evaluating
the frame-to-frame disparities in the above outlined manner, and add new keyframes
everytime the threshold is surpassed. To conclude, we add new 3D points everytime
a new keyframe is added, and perform generalized windowed bundle adjustment to
jointly optimize over several recent MPC poses and the 3D landmark positions. This
back-end optimization procedure is outlined in Section 2.2.5.

2.2.3 Initial estimation of relative rotations

The very first part of our computation executes visual odometry in each camera
individually. In order to make use of the relative orientations, we propose to first
eliminate the redundancy in the information. This is done by first combining the
computed orientations with the camera-to-MPC transformations Tc in order to obtain
relative orientation estimates for the entire MPC rig. We now have k samples for the
MPC frame-to-frame orientations in the frame buffer. We apply L1 rotation averaging
based on the Weiszfeld algorithm as outlined in [Hartley et al., 2013] in order to
obtain an accurate, unique representation.

2.2.4 Joint linear bootstrapping

The computation steps until here provide sets of inlier inter-camera correspondences
and reasonable relative rotations between subsequent MPC frames. The missing
variables towards a successful bootstrapping of the computation are given by MPC
positions and point depths. Translations and point depths can also be taken from
the prior individual visual odometry computations [Kazik et al., 2012], but they may
be unreliable, and—more importantly—have different unknown visual scale factors
that would first have to be resolved.

We propose a new solution to this problem which solves for all scaled variables
(i.e. positions and point depths) through one joint, closed-form, linear initialization
procedure. What we are exploiting here is the known fact that structure from motion
can be formulated as a linear problem once the relative rotations are subtracted from
the computation (although results will not minimize a geometrically meaningful er-
ror anymore).

Let us assume that we have two MPC view-points VP1 and VPj. We start by
formulating the hand-eye calibration constraint for a camera c inside the MPC

{
tc = t1j + R1j · tc + R1j · Rc · tc

j1

Rc = R1j · Rc · Rc
j1

(2.1)
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Let us now assume that there is one observed world point pi giving rise to the
measurements b1

i and bj
i inside the camera. The latter now has the index ci. The

point inside the first camera is simply given as λi · b1
i , where λi denotes the depth

of pi seen from camera ci in VP1. We now apply Tci
j1 and transform this point into

camera ci of VPj. In here, the point obviously needs to align with the direction bj
i ,

which leads us to the constraint

(Rci
j1 · λi · b1

i + tci
j1)× bj

i = 0. (2.2)

By replacing (2.1) in (2.2), we finally arrive at

(RT
ci
·RT

1j ·Rci · λi · b1
i )× bj

i − (RT
ci
·RT

1j · t1j)× bj
i = −RT

ci
·RT

1j(tci −R1j · tci)× bj
i . (2.3)

Let us now assume that we have n points and m MPC frames. The unknowns
are hence given by λi, where i ∈ {1, · · · , n}, and t1j, where j ∈ {2, · · · , m}. We
only use fully observed points, meaning that each point pi is observed by camera ci
in each MPC frame, thus generating the measurement sequence

{
b1

i , · · · , bm
i
}

. All
pair-wise constraints in the form of (2.3) can now be grouped in one large linear
problem Ax = b, where

A =




(RT
c1

RT
12Rc1 b1

1)× b2
1 [b2

1]×RT
c1

RT
12

... ...
(RT

cn RT
12Rcn b1

n)× b2
n [b2

n]×RT
cn RT

12
... ... ... ...

(RT
c1

RT
1mRc1 b1

1)× bm
1 [bm

1 ]×RT
c1

RT
1m

... ...
(RT

cn RT
1mRcn b1

n)× bm
n [bm

n ]×RT
cn RT

1m




(2.4)

x =




λ1
...
λn
t12
...

t1m




b =




−RT
c1

RT
12(tc1 − R12tc1)× b2

1
...

−RT
cn RT

12(tcn − R12tcn)× b2
n

...
−RT

c1
RT

1m(tc1 − R1mtc1)× bm
1

...
−RT

cn RT
1m(tcn − R1mtcn)× bm

n




(2.5)

A and b can be computed from the known extrinsics, inlier measurements, and
relative rotations, whereas x contains all unknowns.

The non-homogeneous linear problem Ax = b could be solved by a standard
technique such as QR decomposition, thus resulting in x = (ATA)−1ATb. However,
in order to improve efficiency, we utilize the Schur-complement trick and exploit the
sparsity pattern of the matrix. Matrix ATA is divided into four smaller sub-blocks

ATA =

[
P Q
R S

]
, and our two vectors x and b are decomposed accordingly thus

resulting in x = [xT
1 , xT

2 ]
T and ATb = [

(
ATb1

)T ,
(
ATb2

)T
]T. Substituted into the
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original equation ATAx = ATb, and after variable elimination, we obtain
{

Px1 = ATb1 −Qx2

(S− RP−1Q)x2 = ATb2 − RP−1ATb1
(2.6)

This form permits us to first solve for x2 individually, a much smaller problem due
to the relatively small number of MPC frames. x1 is subsequently retrieved by simple
variable back-substitution.

2.2.5 Multi-perspective windowed bundle adjustment

After bootstrapping, we can continuously use multi-perspective absolute camera
pose computation [Nistér and Stewénius, 2006] in order to align subsequent MPC
frames with respect to the local point cloud. Furthermore, we keep buffering keyframes
each time the average frame-to-frame disparity exceeds a given threshold. This in fact
already constitutes a complete procedure for MPC visual odometry. In order to im-
prove the accuracy of the solution, we add a windowed bundle adjustment back-end
to our pipeline [Hartley and Zisserman, 2004]. The goal of windowed bundle ad-
justment(BA) is to optimize 3D point positions and estimated MPC poses over all
correspondences observed in a certain number of most recent keyframes. The key
idea here is that points are generally observed in more than just two keyframes. By
minimizing the reprojection error of every point into every observation frame, we
implicitly take multi-view constraints into account, thus improving the final accu-
racy of both structure and camera poses. The computation is restricted to a bounded
window of keyframes not to compromise computational efficiency. This form of
non-linear optimization is also known as sliding window bundle adjustment.

Let us define the set Ji = {j1, · · · , jk} as the set of MPC keyframe indices for
which camera ci observes the point pi. Let us furthermore assume that the size of
the optimization window is s, and the set of points is already limited to points that
have at least two observations within the s most recent keyframes. The objective of
windowed bundle adjustment can now be formulated as

{
T̂m−s+1, · · · , T̂m, p̂1, · · · , p̂n

}
=

argmin
Tm−s+1,··· ,Tm,p1,··· ,pn

n

∑
i=1

∑
j∈Ji

‖πci(b̃
j
i)− πci(T

−1
ci

T−1
j p̃i)‖2. (2.7)

where

• Tj is parametrized minimally as a function of 6 variables.

• j ∈ {m− s + 1, · · · , m}.

• πci is the known (precalibrated) camera-to-world function of camera ci. It trans-
forms 3D points in homogeneous form into 2D Euclidean points.

• x̃ = takes the homogeneous form of x by appending a 1.
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• πci(b̃
j
i) is the original, measured image location of the spatial direction bj

i .

2.3 Experimental results

We test our algorithm on both simulated and real data. The simulation experiments
analyze the noise resilience of our linear bootstrapping algorithm. The real data
experiment then evaluates the performance of the complete pipeline by comparing
the obtained results against ground truth data collected with an external motion
tracking system, as well as a loosely-coupled alternative.

2.3.1 Results on simulated data

We perform experiments on synthetic data to analyze the performance of our linear
MPC pose initialization module in the presence of varying levels of noise. In all our
simulation experiments, we simply use 2 cameras pointing into opposite directions,
and generate 10 random points in front of each camera. We furthermore generate 10
homogeneously distributed camera poses generating near fronto-parallel motion for
both cameras. To conclude, we add an oscillating rotation about the main direction
of motion. The maximum amplitude of this rotation is set to either 5◦, 7.5◦, 10◦, 15◦

or 20◦, which creates an increasing distance to the degenerate case of Ackerman
motion. We perform two separate experiments in which we add noise to either the
relative rotations or the 2D bearing vector measurements pointing from the camera
centers to the landmarks. The error for each noise level is averaged over 1000 random
experiments.

In our first experiment, we add noise to the relative rotations by multiplying them
with another random rotation matrix that is derived from uniformly sampled Euler
angles with a maximum value reaching from zero to 2.5◦ degrees. The reported er-
rors are the relative depth error of the 3D points ‖λest‖

‖λtrue‖ , and the relative translation

magnitude error ‖test‖
‖ttrue‖ . The errors are indicated in Figures 2.3(a) and 2.3(b), respec-

tively.
In our second experiment, we simulate noise on the bearing vectors by adding

a random angular deviation θrand such that tan θrand < σ
f , where f is a virtual focal

length of 500 pixels, and σ is a virtual maximum pixel noise level reaching from 0
to 5 pixels. We analyze the same errors and the results are reported in Figures 2.3(c)
and 2.3(d), respectively.

As can be concluded from the results, a reasonable amount of noise in both the
point observations as well as the relative rotations can be tolerated. However, the
correct functionality of the linear solver depends critically on the observability of the
metric scale. Limiting the maximum amplitude of the out-of-plane rotation to a low
angle (e.g. below 5◦) can quickly compromise the stability of the solver and cause
very large errors. In practice, this means that accurate results can only be expected if
we add sufficiently many frames with sufficiently rich dynamics to our solver.
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Figure 2.3: Benchmark of our linear bootstrapping algorithm showing relative trans-
lation and 3D point depths error for different levels of noise in the relative rotation
and 2D landmark observations. The experiment is repeated for different “out-of-
plane” dynamics, which causes significant differences in the scale observability of
the problem. Note that each value in the figures is averaged over 1000 random ex-

periments.

2.3.2 Results on real data

We have been given access to the data already used in [Kazik et al., 2012], which
allows us to compare our method against accurate ground truth measurements ob-
tained by an external tracking device, a loosely-coupled alternative [Kazik et al.,
2012], and a more traditional approach from the literature [Clipp et al., 2008]. The
data consists of two different sequences captured with a synchronized, non-overlapping
stereo rig that contains two cameras facing opposite directions. For further details
about the hardware including intrinsic parameter values as well as the extrinsic cali-
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bration procedure, the reader is kindly referred to [Kazik et al., 2012]. The sequences
are henceforth referred to as the circular and straight motion sequences. In the cir-
cular motion sequence, the rig moves with significant out-of-plane rotation along
a large loop. In the straight motion sequence, the rig simply moves forward with
significantly reduced out-of-plane rotation. Both circular and straight datasets run
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Figure 2.4: (c) and (d): Results of our method on circular and straight sequences col-
lected by [Kazik et al., 2012]. (a): Results of our method without proposed initializa-
tion module on the circular sequence. (b): Results of our method without windowed

bundle adjustment module on the circular sequence.
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at 10FPS. All experiments are conducted on a regular desktop computer with 8GB
RAM and an Intel Core i7 2.8 GHz CPU. Our C++ implementation runs in real-time,
and uses OpenCV [Bradski, 2000], Eigen [Guennebaud et al., 2010], OpenGV [Kneip
and Furgale, 2014] and the Ceres Solver library [Agarwal et al., 2010].

In order to assess the impact of our proposed linear bootstrapping and general-
ized sliding window bundle adjustment modules, we analyze three different algo-
rithm configurations on the circular motion sequence. In our first test—indicated in
Figure 2.4(a)—we do not use our proposed initialization procedure, but simply rely
on the method presented in [Kneip and Li, 2014] to bootstrap the algorithm from
a pair of sufficiently separated frames in the beginning of the sequence. We tested
numerous entry points, but the algorithm consistently fails to produce a good ini-
tial relative translation, thus resulting in severely distorted trajectories. In our second
test—indicated in Figure 2.4(b)—we rely on our linear bootstrapping algorithm to ini-
tialize the structure-from-motion process, but still do not activate windowed bundle
adjustment. The obtained results are already much better, but still relatively far away
from ground truth. It seems that our linear solver is able to produce meaningful ini-
tial values, but—due to the ill-posed nature of the problem—still has some error and
further error is accumulated throughout the sequence. In our final test—indicated
in Figure 2.4(c)—we then also activate the sliding window bundle adjustment, thus
leading to high-quality results with very little drift away from ground truth. Once
a sufficiently close initialization point is given, the non-linear optimization module
is consistently able to compensate remaining scale and orientation errors. Finally,
Figure 2.4(d) shows that the algorithm is also able to successfully process the more
challenging straight motion sequence.

Method Ratio of Norms
Approach by [Clipp et al., 2008] 1.005± 0.071
Approach by [Kazik et al., 2012] 0.90± 0.28

Our Method 0.996± 0.038

Method Vector Error
Approach by [Clipp et al., 2008] 0.079± 0.061
Approach by [Kazik et al., 2012] 0.23± 0.19

Our Method 0.092± 0.049

Table 2.1: Performance comparison against [Kazik et al., 2012] and [Clipp et al., 2008]

Similar to [Kazik et al., 2012] we also calculated the ratio of the norms of the
estimated and the ground truth translations as well as the relative translation vector
error. The results are indicated in Figure 2.5. Table 2.1 furthermore compares our
result against the results obtained in [Kazik et al., 2012] and [Clipp et al., 2008]. It
can be observed that our method operates closest to the ideal ratio of 1 with the
smallest standard deviation with respect to the ratio of norms of the estimated and
ground truth translations. Looking at the relative translation vector error ratio, our
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Figure 2.5: Ratios of Norms of Estimated Translations to Ground Truth and Relative
Translation Vector Errors.

result is very close to the one obtained in [Kazik et al., 2012], and again achieves
smaller standard deviation. The better standard deviation makes us believe that part
of the reason for the slightly worse mean may be biases originating from an imperfect
alignment with ground truth.
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Figure 2.6: Accuracy of the linear bootstrapping technique for various starting points
across the entire circular motion sequence.

As a final test, we consider it important to verify the performance of our linear
bootstrapping algorithm on real data. Rather than applying it just in the very be-
ginning of the dataset, we therefore test if the initialization method can work for
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arbitrary starting positions across the entire circular motion sequence. The test re-
sult of the ratio of norms of estimated and ground truth translations is indicated in
Figure 2.6. The mean value of the ratio equals to 0.956 and the standard deviation is
0.075. We can conclude that, at least on this sequence, the linear initialization module
performs consistently well.

2.4 Discussion

This chapter introduces a complete pipeline for motion estimation with non-overlapping
multi-perspective camera systems. The main novelty lies in the fact that nearly all
processing stages including bootstrapping, pose tracking, and mapping use the mea-
surements from all cameras simultaneously. The approach is compared against a
loosely coupled alternative, thus proving that the joint exploitation of the omni-
directional measurements leads to superior motion estimation accuracy.

While our result represents an unprecedented integration of the paradigm of Us-
ing many cameras as one into a full end-to-end real-time visual odometry pipeline,
there still remains space for further improvements. For example, one remaining
problem is that the success of our approach still depends on sufficiently good rela-
tive rotations estimated from each camera individually at the very beginning. Future
research therefore consists of pushing generalized relative pose methods towards a
robust recovery of relative rotations even in the case of motion degeneracies. A fur-
ther point consists of parameterizing poses with similarity transformations, which
would simplify drift compensation in the case of extended periods of scale unob-
servability.
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Chapter 3

Reliable relative pose estimation
for vehicle-mounted surround-view
camera systems

In the previous chapter, we have seen how to construct a complete real-time pipeline
for visual odometry with non-overlapping, multi-perspective camera systems, as well
as a robust scale initialization procedure. Although our proposed method works im-
pressively well, it is necessary to depend on sufficiently good relative rotations that
estimated from each camera individually at the very beginning. In this chapter, we
look at an efficient and reliable method specifically designed for estimating relative
pose with non-overlapping multi-camera systems, which the motion can be approx-
imated to remain in a plane. Modern vehicles are often equipped with a surround-
view multi-camera system. The current interest in autonomous driving invites the
investigation of how to use such systems for a reliable estimation of relative vehicle
displacement. Existing camera pose algorithms either work for a single camera, make
overly simplified assumptions, are computationally expensive, or simply become de-
generate under non-holonomic vehicle motion. In this chapter, we introduce a new,
reliable solution able to handle all kinds of relative displacements in the plane despite
the possibly non-holonomic characteristics. We furthermore introduce a novel two-
view optimization scheme which minimizes a geometrically relevant error without
relying on 3D points related optimization variables. Our method leads to highly reli-
able and accurate frame-to-frame visual odometry with a full-size, vehicle-mounted
surround-view camera system.

3.1 Related work

The most important related solvers that either exploit the geometry of generalized
cameras [Stewénius and Nistér, 2005; Li et al., 2008; Kneip and Furgale, 2014] or non-
holonomic motion constraints [Scaramuzza et al., 2009; Huang et al., 2019; Lee et al.,
2013] have already been introduced in Section 1.2.2. The 6-point solver presented in
[Stewénius and Nistér, 2005] proposes the solution to the generalized relative pose

35
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problem based on the Gröbner basis theory, and uses 6 ray-correspondences in order
to come up with 64 solutions. Li et al. [Li et al., 2008] provide a linear algorithm
that requires 17 correspondences in general, and 16 or 14 correspondences in certain
special situations to solve the generalized relative pose problem. A solution that
factorizes the generalized relative pose problem as an iterative optimization over
relative rotation is presented in [Kneip and Furgale, 2014]. The first work that exploits
the non-holonomic constraints of planar vehicles to parameterize the motion with
only 1 feature correspondence is given by [Scaramuzza et al., 2009] and extended to
n views in [Huang et al., 2019]. [Lee et al., 2013] furthermore applies the model to
multi-perspective camera systems.

Further related work is given by [Pless, 2003], who is the first to introduce the
paradigm of using many cameras as one, and Lee et al. [Lee et al., 2014], who look
at the generalized relative pose problem with a known reference direction. This
problem is highly related to ours in that it only solves for a one-dimensional degree of
freedom rotation. However, as shown in their chapter, the algorithm again potentially
degenerates for planar vehicle motion, most notably if the relative rotation becomes
identity. Our work is also naturally related to the standard relative pose problem. A
good overview of epipolar geometry is given in [Hartley and Zisserman, 2004]. The
most popular solvers for the relative pose problem are given by [Hartley, 1997] and
[Stewénius et al., 2006]. Another foundational work for ours is presented by Kneip
et al. [Kneip et al., 2013], who are the first to formulate epipolar geometry as an
eigenvalue minimization problem in the space of rotations.

This chapter is organized as follows. Section 3.2 provides a brief review of epipo-
lar geometry and its formulation as an eigenvalue problem. Section 3.3 introduces
our objective functions and solution strategy. Section 3.4 carefully analyze the be-
havior of the objective function and its ability to overcome rotation-translation ambi-
guities by exploiting omni-directional measurement distributions and geometrically
meaningful residuals. Section 3.5 finally demonstrates our results on both simulated
and real data. Our simulations compare robustness, accuracy, and computational ef-
ficiency of multiple algorithms, and demonstrate that our proposed method is able to
outperform in all aspects. The potential of our method is finally confirmed on mul-
tiple real-world datasets, where we demonstrate highly reliable and accurate visual
odometry performance.

3.2 Foundations

This section reviews the basic idea of direct optimization of frame-to-frame rotation.
We start by introducing the geometry of generalized cameras. We furthermore sum-
marize the prior centralized and generalized methods, and conclude with a brief
motivation of our new solver.
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Tb
<latexit sha1_base64="4TkVC8TzXhND+Tl42En9DCDL/Zg=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjJl2s6y4MZlhb6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rNLW9s7uXnm/cnB4dHxSPT3rqySThPZIwhM5DLGinAna00xzOkwlxXHI6SCc3xT+4J5KxRLR1YuUBjGeChYxgrWRfD/GehZGeXc5DsfVGrJRy/NQEyK76baQW5C62/QaDejYaIUa2KAzrr77k4RkMRWacKzUyEGpDnIsNSOcLit+pmiKyRxP6chQgWOqgnyVeQmvjDKBUSLNExqu1O8bOY6VWsShmSwyqt9eIf7ljTIdeUHORJppKsj6UJRxqBNYFAAnTFKi+cIQTCQzWSGZYYmJNjVVTAlfP4X/k37ddgy/c2ttb1NHGVyAS3ANHNACbXALOqAHCEjBA3gCz1ZmPVov1ut6tGRtds7BD1hvn7cLkhk=</latexit><latexit sha1_base64="4TkVC8TzXhND+Tl42En9DCDL/Zg=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjJl2s6y4MZlhb6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rNLW9s7uXnm/cnB4dHxSPT3rqySThPZIwhM5DLGinAna00xzOkwlxXHI6SCc3xT+4J5KxRLR1YuUBjGeChYxgrWRfD/GehZGeXc5DsfVGrJRy/NQEyK76baQW5C62/QaDejYaIUa2KAzrr77k4RkMRWacKzUyEGpDnIsNSOcLit+pmiKyRxP6chQgWOqgnyVeQmvjDKBUSLNExqu1O8bOY6VWsShmSwyqt9eIf7ljTIdeUHORJppKsj6UJRxqBNYFAAnTFKi+cIQTCQzWSGZYYmJNjVVTAlfP4X/k37ddgy/c2ttb1NHGVyAS3ANHNACbXALOqAHCEjBA3gCz1ZmPVov1ut6tGRtds7BD1hvn7cLkhk=</latexit><latexit sha1_base64="4TkVC8TzXhND+Tl42En9DCDL/Zg=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjJl2s6y4MZlhb6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rNLW9s7uXnm/cnB4dHxSPT3rqySThPZIwhM5DLGinAna00xzOkwlxXHI6SCc3xT+4J5KxRLR1YuUBjGeChYxgrWRfD/GehZGeXc5DsfVGrJRy/NQEyK76baQW5C62/QaDejYaIUa2KAzrr77k4RkMRWacKzUyEGpDnIsNSOcLit+pmiKyRxP6chQgWOqgnyVeQmvjDKBUSLNExqu1O8bOY6VWsShmSwyqt9eIf7ljTIdeUHORJppKsj6UJRxqBNYFAAnTFKi+cIQTCQzWSGZYYmJNjVVTAlfP4X/k37ddgy/c2ttb1NHGVyAS3ANHNACbXALOqAHCEjBA3gCz1ZmPVov1ut6tGRtds7BD1hvn7cLkhk=</latexit><latexit sha1_base64="4TkVC8TzXhND+Tl42En9DCDL/Zg=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjJl2s6y4MZlhb6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rNLW9s7uXnm/cnB4dHxSPT3rqySThPZIwhM5DLGinAna00xzOkwlxXHI6SCc3xT+4J5KxRLR1YuUBjGeChYxgrWRfD/GehZGeXc5DsfVGrJRy/NQEyK76baQW5C62/QaDejYaIUa2KAzrr77k4RkMRWacKzUyEGpDnIsNSOcLit+pmiKyRxP6chQgWOqgnyVeQmvjDKBUSLNExqu1O8bOY6VWsShmSwyqt9eIf7ljTIdeUHORJppKsj6UJRxqBNYFAAnTFKi+cIQTCQzWSGZYYmJNjVVTAlfP4X/k37ddgy/c2ttb1NHGVyAS3ANHNACbXALOqAHCEjBA3gCz1ZmPVov1ut6tGRtds7BD1hvn7cLkhk=</latexit>

cj
<latexit sha1_base64="BsejG8Vl1jpIr1e/asbPKAu43Gk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdpjwYvHivYD2lA220m7drMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk5t5vfOESvNYPphpgn5ER5KHnFFjrXs2eByUK27VXYisg5dDBXI1B+Wv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYsShqh9rPFqjNyYZ0hCWNlnzRk4f6eyGik9TQKbGdEzViv1ubmf7VeasK6n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jq0r6qe5bvrSqOex1GEMziHS/CgBg24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwR87nDz8Wjbo=</latexit><latexit sha1_base64="BsejG8Vl1jpIr1e/asbPKAu43Gk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdpjwYvHivYD2lA220m7drMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk5t5vfOESvNYPphpgn5ER5KHnFFjrXs2eByUK27VXYisg5dDBXI1B+Wv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYsShqh9rPFqjNyYZ0hCWNlnzRk4f6eyGik9TQKbGdEzViv1ubmf7VeasK6n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jq0r6qe5bvrSqOex1GEMziHS/CgBg24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwR87nDz8Wjbo=</latexit><latexit sha1_base64="BsejG8Vl1jpIr1e/asbPKAu43Gk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdpjwYvHivYD2lA220m7drMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk5t5vfOESvNYPphpgn5ER5KHnFFjrXs2eByUK27VXYisg5dDBXI1B+Wv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYsShqh9rPFqjNyYZ0hCWNlnzRk4f6eyGik9TQKbGdEzViv1ubmf7VeasK6n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jq0r6qe5bvrSqOex1GEMziHS/CgBg24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwR87nDz8Wjbo=</latexit><latexit sha1_base64="BsejG8Vl1jpIr1e/asbPKAu43Gk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdpjwYvHivYD2lA220m7drMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk5t5vfOESvNYPphpgn5ER5KHnFFjrXs2eByUK27VXYisg5dDBXI1B+Wv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYsShqh9rPFqjNyYZ0hCWNlnzRk4f6eyGik9TQKbGdEzViv1ubmf7VeasK6n3GZpAYlW34UpoKYmMzvJkOukBkxtUCZ4nZXwsZUUWZsOiUbgrd68jq0r6qe5bvrSqOex1GEMziHS/CgBg24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwR87nDz8Wjbo=</latexit>

c0j
<latexit sha1_base64="FABHi5074YCuEKt+jXgCttvfqNk=">AAAB63icbZDLSgMxFIZPvNZ6q7p0EyyiqzIjgl0W3LisYC/QDiWTZtrYJDMkGaEMfQU3LhRx6wu5823MtLPQ1h8CH/85h5zzh4ngxnreN1pb39jc2i7tlHf39g8OK0fHbROnmrIWjUWsuyExTHDFWpZbwbqJZkSGgnXCyW1e7zwxbXisHuw0YYEkI8UjTonNLXoxeBxUql7Nmwuvgl9AFQo1B5Wv/jCmqWTKUkGM6fleYoOMaMupYLNyPzUsIXRCRqznUBHJTJDNd53hc+cMcRRr95TFc/f3REakMVMZuk5J7Ngs13Lzv1ovtVE9yLhKUssUXXwUpQLbGOeH4yHXjFoxdUCo5m5XTMdEE2pdPGUXgr988iq0r2q+4/vraqNexFGCUziDS/DhBhpwB01oAYUxPMMrvCGJXtA7+li0rqFi5gT+CH3+AJ/Ljes=</latexit><latexit sha1_base64="FABHi5074YCuEKt+jXgCttvfqNk=">AAAB63icbZDLSgMxFIZPvNZ6q7p0EyyiqzIjgl0W3LisYC/QDiWTZtrYJDMkGaEMfQU3LhRx6wu5823MtLPQ1h8CH/85h5zzh4ngxnreN1pb39jc2i7tlHf39g8OK0fHbROnmrIWjUWsuyExTHDFWpZbwbqJZkSGgnXCyW1e7zwxbXisHuw0YYEkI8UjTonNLXoxeBxUql7Nmwuvgl9AFQo1B5Wv/jCmqWTKUkGM6fleYoOMaMupYLNyPzUsIXRCRqznUBHJTJDNd53hc+cMcRRr95TFc/f3REakMVMZuk5J7Ngs13Lzv1ovtVE9yLhKUssUXXwUpQLbGOeH4yHXjFoxdUCo5m5XTMdEE2pdPGUXgr988iq0r2q+4/vraqNexFGCUziDS/DhBhpwB01oAYUxPMMrvCGJXtA7+li0rqFi5gT+CH3+AJ/Ljes=</latexit><latexit sha1_base64="FABHi5074YCuEKt+jXgCttvfqNk=">AAAB63icbZDLSgMxFIZPvNZ6q7p0EyyiqzIjgl0W3LisYC/QDiWTZtrYJDMkGaEMfQU3LhRx6wu5823MtLPQ1h8CH/85h5zzh4ngxnreN1pb39jc2i7tlHf39g8OK0fHbROnmrIWjUWsuyExTHDFWpZbwbqJZkSGgnXCyW1e7zwxbXisHuw0YYEkI8UjTonNLXoxeBxUql7Nmwuvgl9AFQo1B5Wv/jCmqWTKUkGM6fleYoOMaMupYLNyPzUsIXRCRqznUBHJTJDNd53hc+cMcRRr95TFc/f3REakMVMZuk5J7Ngs13Lzv1ovtVE9yLhKUssUXXwUpQLbGOeH4yHXjFoxdUCo5m5XTMdEE2pdPGUXgr988iq0r2q+4/vraqNexFGCUziDS/DhBhpwB01oAYUxPMMrvCGJXtA7+li0rqFi5gT+CH3+AJ/Ljes=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="tVA87F9Yxm2VIiG94s3Kg8TeZQY=">AAAB4HicbZDNSgMxFIXv1L9aq1a3boJFdFVm3Nil4MZlBfsD7VAyaaaNTTJDckcoQ1/BjQtFfCp3vo2ZtgttPRD4OCch954olcKi7397pa3tnd298n7loHp4dFw7qXZskhnG2yyRielF1HIpNG+jQMl7qeFURZJ3o+ldkXefubEi0Y84S3mo6FiLWDCKhcUuh0/DWt1v+AuRTQhWUIeVWsPa12CUsExxjUxSa/uBn2KYU4OCST6vDDLLU8qmdMz7DjVV3Ib5YtY5uXDOiMSJcUcjWbi/X+RUWTtTkbupKE7selaY/2X9DONmmAudZsg1W34UZ5JgQorFyUgYzlDOHFBmhJuVsAk1lKGrp+JKCNZX3oTOdSNw/OBDGc7gHK4ggBu4hXtoQRsYTOAF3uDdU96r97Gsq+StejuFP/I+fwCD/oyf</latexit><latexit sha1_base64="tVA87F9Yxm2VIiG94s3Kg8TeZQY=">AAAB4HicbZDNSgMxFIXv1L9aq1a3boJFdFVm3Nil4MZlBfsD7VAyaaaNTTJDckcoQ1/BjQtFfCp3vo2ZtgttPRD4OCch954olcKi7397pa3tnd298n7loHp4dFw7qXZskhnG2yyRielF1HIpNG+jQMl7qeFURZJ3o+ldkXefubEi0Y84S3mo6FiLWDCKhcUuh0/DWt1v+AuRTQhWUIeVWsPa12CUsExxjUxSa/uBn2KYU4OCST6vDDLLU8qmdMz7DjVV3Ib5YtY5uXDOiMSJcUcjWbi/X+RUWTtTkbupKE7selaY/2X9DONmmAudZsg1W34UZ5JgQorFyUgYzlDOHFBmhJuVsAk1lKGrp+JKCNZX3oTOdSNw/OBDGc7gHK4ggBu4hXtoQRsYTOAF3uDdU96r97Gsq+StejuFP/I+fwCD/oyf</latexit><latexit sha1_base64="hYjwUBrwPCP5+HTbEpvfxjK4E2A=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ARXZUZN3ZZcOOygr1AO5RMmmljk8yQZIQy9BXcuFDErS/kzrcx085CW38IfPznHHLOHyaCG+t536i0sbm1vVPereztHxweVY9POiZONWVtGotY90JimOCKtS23gvUSzYgMBeuG09u83n1i2vBYPdhZwgJJxopHnBKbW/Ry+Dis1ry6txBeB7+AGhRqDatfg1FMU8mUpYIY0/e9xAYZ0ZZTweaVQWpYQuiUjFnfoSKSmSBb7DrHF84Z4SjW7imLF+7viYxIY2YydJ2S2IlZreXmf7V+aqNGkHGVpJYpuvwoSgW2Mc4PxyOuGbVi5oBQzd2umE6IJtS6eCouBH/15HXoXNd9x/derdko4ijDGZzDFfhwA024gxa0gcIEnuEV3pBEL+gdfSxbS6iYOYU/Qp8/nouN5w==</latexit><latexit sha1_base64="FABHi5074YCuEKt+jXgCttvfqNk=">AAAB63icbZDLSgMxFIZPvNZ6q7p0EyyiqzIjgl0W3LisYC/QDiWTZtrYJDMkGaEMfQU3LhRx6wu5823MtLPQ1h8CH/85h5zzh4ngxnreN1pb39jc2i7tlHf39g8OK0fHbROnmrIWjUWsuyExTHDFWpZbwbqJZkSGgnXCyW1e7zwxbXisHuw0YYEkI8UjTonNLXoxeBxUql7Nmwuvgl9AFQo1B5Wv/jCmqWTKUkGM6fleYoOMaMupYLNyPzUsIXRCRqznUBHJTJDNd53hc+cMcRRr95TFc/f3REakMVMZuk5J7Ngs13Lzv1ovtVE9yLhKUssUXXwUpQLbGOeH4yHXjFoxdUCo5m5XTMdEE2pdPGUXgr988iq0r2q+4/vraqNexFGCUziDS/DhBhpwB01oAYUxPMMrvCGJXtA7+li0rqFi5gT+CH3+AJ/Ljes=</latexit><latexit sha1_base64="FABHi5074YCuEKt+jXgCttvfqNk=">AAAB63icbZDLSgMxFIZPvNZ6q7p0EyyiqzIjgl0W3LisYC/QDiWTZtrYJDMkGaEMfQU3LhRx6wu5823MtLPQ1h8CH/85h5zzh4ngxnreN1pb39jc2i7tlHf39g8OK0fHbROnmrIWjUWsuyExTHDFWpZbwbqJZkSGgnXCyW1e7zwxbXisHuw0YYEkI8UjTonNLXoxeBxUql7Nmwuvgl9AFQo1B5Wv/jCmqWTKUkGM6fleYoOMaMupYLNyPzUsIXRCRqznUBHJTJDNd53hc+cMcRRr95TFc/f3REakMVMZuk5J7Ngs13Lzv1ovtVE9yLhKUssUXXwUpQLbGOeH4yHXjFoxdUCo5m5XTMdEE2pdPGUXgr988iq0r2q+4/vraqNexFGCUziDS/DhBhpwB01oAYUxPMMrvCGJXtA7+li0rqFi5gT+CH3+AJ/Ljes=</latexit><latexit sha1_base64="FABHi5074YCuEKt+jXgCttvfqNk=">AAAB63icbZDLSgMxFIZPvNZ6q7p0EyyiqzIjgl0W3LisYC/QDiWTZtrYJDMkGaEMfQU3LhRx6wu5823MtLPQ1h8CH/85h5zzh4ngxnreN1pb39jc2i7tlHf39g8OK0fHbROnmrIWjUWsuyExTHDFWpZbwbqJZkSGgnXCyW1e7zwxbXisHuw0YYEkI8UjTonNLXoxeBxUql7Nmwuvgl9AFQo1B5Wv/jCmqWTKUkGM6fleYoOMaMupYLNyPzUsIXRCRqznUBHJTJDNd53hc+cMcRRr95TFc/f3REakMVMZuk5J7Ngs13Lzv1ovtVE9yLhKUssUXXwUpQLbGOeH4yHXjFoxdUCo5m5XTMdEE2pdPGUXgr988iq0r2q+4/vraqNexFGCUziDS/DhBhpwB01oAYUxPMMrvCGJXtA7+li0rqFi5gT+CH3+AJ/Ljes=</latexit><latexit sha1_base64="FABHi5074YCuEKt+jXgCttvfqNk=">AAAB63icbZDLSgMxFIZPvNZ6q7p0EyyiqzIjgl0W3LisYC/QDiWTZtrYJDMkGaEMfQU3LhRx6wu5823MtLPQ1h8CH/85h5zzh4ngxnreN1pb39jc2i7tlHf39g8OK0fHbROnmrIWjUWsuyExTHDFWpZbwbqJZkSGgnXCyW1e7zwxbXisHuw0YYEkI8UjTonNLXoxeBxUql7Nmwuvgl9AFQo1B5Wv/jCmqWTKUkGM6fleYoOMaMupYLNyPzUsIXRCRqznUBHJTJDNd53hc+cMcRRr95TFc/f3REakMVMZuk5J7Ngs13Lzv1ovtVE9yLhKUssUXXwUpQLbGOeH4yHXjFoxdUCo5m5XTMdEE2pdPGUXgr988iq0r2q+4/vraqNexFGCUziDS/DhBhpwB01oAYUxPMMrvCGJXtA7+li0rqFi5gT+CH3+AJ/Ljes=</latexit><latexit sha1_base64="FABHi5074YCuEKt+jXgCttvfqNk=">AAAB63icbZDLSgMxFIZPvNZ6q7p0EyyiqzIjgl0W3LisYC/QDiWTZtrYJDMkGaEMfQU3LhRx6wu5823MtLPQ1h8CH/85h5zzh4ngxnreN1pb39jc2i7tlHf39g8OK0fHbROnmrIWjUWsuyExTHDFWpZbwbqJZkSGgnXCyW1e7zwxbXisHuw0YYEkI8UjTonNLXoxeBxUql7Nmwuvgl9AFQo1B5Wv/jCmqWTKUkGM6fleYoOMaMupYLNyPzUsIXRCRqznUBHJTJDNd53hc+cMcRRr95TFc/f3REakMVMZuk5J7Ngs13Lzv1ovtVE9yLhKUssUXXwUpQLbGOeH4yHXjFoxdUCo5m5XTMdEE2pdPGUXgr988iq0r2q+4/vraqNexFGCUziDS/DhBhpwB01oAYUxPMMrvCGJXtA7+li0rqFi5gT+CH3+AJ/Ljes=</latexit><latexit sha1_base64="FABHi5074YCuEKt+jXgCttvfqNk=">AAAB63icbZDLSgMxFIZPvNZ6q7p0EyyiqzIjgl0W3LisYC/QDiWTZtrYJDMkGaEMfQU3LhRx6wu5823MtLPQ1h8CH/85h5zzh4ngxnreN1pb39jc2i7tlHf39g8OK0fHbROnmrIWjUWsuyExTHDFWpZbwbqJZkSGgnXCyW1e7zwxbXisHuw0YYEkI8UjTonNLXoxeBxUql7Nmwuvgl9AFQo1B5Wv/jCmqWTKUkGM6fleYoOMaMupYLNyPzUsIXRCRqznUBHJTJDNd53hc+cMcRRr95TFc/f3REakMVMZuk5J7Ngs13Lzv1ovtVE9yLhKUssUXXwUpQLbGOeH4yHXjFoxdUCo5m5XTMdEE2pdPGUXgr988iq0r2q+4/vraqNexFGCUziDS/DhBhpwB01oAYUxPMMrvCGJXtA7+li0rqFi5gT+CH3+AJ/Ljes=</latexit>

f j
1

<latexit sha1_base64="S4wQJ8sVzFEb1TxWN5mTmaSx4ZE=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBIvgqsxUpXZXcOOygn1AOy2ZNNPGZjJDklHK0P9w40IRt/6LO//GTDtCFT0QOJxzL/fkeBFnStv2p5VbWV1b38hvFra2d3b3ivsHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG17k6vUb99TqVgobvU0om6AR4L5jGBtpH4vwHrs+Yk/Gzj9u0GxZJftOdASqVXPahdV5GRKCTI0BsWP3jAkcUCFJhwr1XXsSLsJlpoRTmeFXqxohMkEj2jXUIEDqtxknnqGTowyRH4ozRMazdXljQQHSk0Dz0ymKdVvLxX/8rqx9i/dhIko1lSQxSE/5kiHKK0ADZmkRPOpIZhIZrIiMsYSE22KKpgSvn+K/ietStkx/Oa8VK9kdeThCI7hFByoQh2uoQFNICDhEZ7hxXqwnqxX620xmrOynUP4Aev9C8WQkqI=</latexit><latexit sha1_base64="S4wQJ8sVzFEb1TxWN5mTmaSx4ZE=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBIvgqsxUpXZXcOOygn1AOy2ZNNPGZjJDklHK0P9w40IRt/6LO//GTDtCFT0QOJxzL/fkeBFnStv2p5VbWV1b38hvFra2d3b3ivsHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG17k6vUb99TqVgobvU0om6AR4L5jGBtpH4vwHrs+Yk/Gzj9u0GxZJftOdASqVXPahdV5GRKCTI0BsWP3jAkcUCFJhwr1XXsSLsJlpoRTmeFXqxohMkEj2jXUIEDqtxknnqGTowyRH4ozRMazdXljQQHSk0Dz0ymKdVvLxX/8rqx9i/dhIko1lSQxSE/5kiHKK0ADZmkRPOpIZhIZrIiMsYSE22KKpgSvn+K/ietStkx/Oa8VK9kdeThCI7hFByoQh2uoQFNICDhEZ7hxXqwnqxX620xmrOynUP4Aev9C8WQkqI=</latexit><latexit sha1_base64="S4wQJ8sVzFEb1TxWN5mTmaSx4ZE=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBIvgqsxUpXZXcOOygn1AOy2ZNNPGZjJDklHK0P9w40IRt/6LO//GTDtCFT0QOJxzL/fkeBFnStv2p5VbWV1b38hvFra2d3b3ivsHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG17k6vUb99TqVgobvU0om6AR4L5jGBtpH4vwHrs+Yk/Gzj9u0GxZJftOdASqVXPahdV5GRKCTI0BsWP3jAkcUCFJhwr1XXsSLsJlpoRTmeFXqxohMkEj2jXUIEDqtxknnqGTowyRH4ozRMazdXljQQHSk0Dz0ymKdVvLxX/8rqx9i/dhIko1lSQxSE/5kiHKK0ADZmkRPOpIZhIZrIiMsYSE22KKpgSvn+K/ietStkx/Oa8VK9kdeThCI7hFByoQh2uoQFNICDhEZ7hxXqwnqxX620xmrOynUP4Aev9C8WQkqI=</latexit><latexit sha1_base64="S4wQJ8sVzFEb1TxWN5mTmaSx4ZE=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBIvgqsxUpXZXcOOygn1AOy2ZNNPGZjJDklHK0P9w40IRt/6LO//GTDtCFT0QOJxzL/fkeBFnStv2p5VbWV1b38hvFra2d3b3ivsHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG17k6vUb99TqVgobvU0om6AR4L5jGBtpH4vwHrs+Yk/Gzj9u0GxZJftOdASqVXPahdV5GRKCTI0BsWP3jAkcUCFJhwr1XXsSLsJlpoRTmeFXqxohMkEj2jXUIEDqtxknnqGTowyRH4ozRMazdXljQQHSk0Dz0ymKdVvLxX/8rqx9i/dhIko1lSQxSE/5kiHKK0ADZmkRPOpIZhIZrIiMsYSE22KKpgSvn+K/ietStkx/Oa8VK9kdeThCI7hFByoQh2uoQFNICDhEZ7hxXqwnqxX620xmrOynUP4Aev9C8WQkqI=</latexit>

f 0
j
1

<latexit sha1_base64="hVIYsxxIEhQsIgyjqAyvB+vMW7U=">AAAB+HicdVDLSsNAFL3xWeujUZduBovoqiRVqd0V3LisYB/QxjCZTtqxkwczE6GGfokbF4q49VPc+TdO2ghV9MDA4Zx7uWeOF3MmlWV9GkvLK6tr64WN4ubW9k7J3N1ryygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsz8zj0VkkXhjZrE1AnwMGQ+I1hpyTVL/QCrkeen/vHUtW/vXLNsVawZ0AKp107r5zVk50oZcjRd86M/iEgS0FARjqXs2VasnBQLxQin02I/kTTGZIyHtKdpiAMqnXQWfIqOtDJAfiT0CxWaqYsbKQ6knASensxiyt9eJv7l9RLlXzgpC+NE0ZDMD/kJRypCWQtowAQlik80wUQwnRWRERaYKN1VUZfw/VP0P2lXK7bm12flRjWvowAHcAgnYEMNGnAFTWgBgQQe4RlejAfjyXg13uajS0a+sw8/YLx/AaHgkwQ=</latexit><latexit sha1_base64="hVIYsxxIEhQsIgyjqAyvB+vMW7U=">AAAB+HicdVDLSsNAFL3xWeujUZduBovoqiRVqd0V3LisYB/QxjCZTtqxkwczE6GGfokbF4q49VPc+TdO2ghV9MDA4Zx7uWeOF3MmlWV9GkvLK6tr64WN4ubW9k7J3N1ryygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsz8zj0VkkXhjZrE1AnwMGQ+I1hpyTVL/QCrkeen/vHUtW/vXLNsVawZ0AKp107r5zVk50oZcjRd86M/iEgS0FARjqXs2VasnBQLxQin02I/kTTGZIyHtKdpiAMqnXQWfIqOtDJAfiT0CxWaqYsbKQ6knASensxiyt9eJv7l9RLlXzgpC+NE0ZDMD/kJRypCWQtowAQlik80wUQwnRWRERaYKN1VUZfw/VP0P2lXK7bm12flRjWvowAHcAgnYEMNGnAFTWgBgQQe4RlejAfjyXg13uajS0a+sw8/YLx/AaHgkwQ=</latexit><latexit sha1_base64="hVIYsxxIEhQsIgyjqAyvB+vMW7U=">AAAB+HicdVDLSsNAFL3xWeujUZduBovoqiRVqd0V3LisYB/QxjCZTtqxkwczE6GGfokbF4q49VPc+TdO2ghV9MDA4Zx7uWeOF3MmlWV9GkvLK6tr64WN4ubW9k7J3N1ryygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsz8zj0VkkXhjZrE1AnwMGQ+I1hpyTVL/QCrkeen/vHUtW/vXLNsVawZ0AKp107r5zVk50oZcjRd86M/iEgS0FARjqXs2VasnBQLxQin02I/kTTGZIyHtKdpiAMqnXQWfIqOtDJAfiT0CxWaqYsbKQ6knASensxiyt9eJv7l9RLlXzgpC+NE0ZDMD/kJRypCWQtowAQlik80wUQwnRWRERaYKN1VUZfw/VP0P2lXK7bm12flRjWvowAHcAgnYEMNGnAFTWgBgQQe4RlejAfjyXg13uajS0a+sw8/YLx/AaHgkwQ=</latexit><latexit sha1_base64="hVIYsxxIEhQsIgyjqAyvB+vMW7U=">AAAB+HicdVDLSsNAFL3xWeujUZduBovoqiRVqd0V3LisYB/QxjCZTtqxkwczE6GGfokbF4q49VPc+TdO2ghV9MDA4Zx7uWeOF3MmlWV9GkvLK6tr64WN4ubW9k7J3N1ryygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsz8zj0VkkXhjZrE1AnwMGQ+I1hpyTVL/QCrkeen/vHUtW/vXLNsVawZ0AKp107r5zVk50oZcjRd86M/iEgS0FARjqXs2VasnBQLxQin02I/kTTGZIyHtKdpiAMqnXQWfIqOtDJAfiT0CxWaqYsbKQ6knASensxiyt9eJv7l9RLlXzgpC+NE0ZDMD/kJRypCWQtowAQlik80wUQwnRWRERaYKN1VUZfw/VP0P2lXK7bm12flRjWvowAHcAgnYEMNGnAFTWgBgQQe4RlejAfjyXg13uajS0a+sw8/YLx/AaHgkwQ=</latexit>

f 0
j
i

<latexit sha1_base64="95Sm7ZT4r7WmekPvmSFlIgDLfgI=">AAAB+HicdVDLSsNAFL3xWeujUZduBovoqiRVqd0V3LisYB/QxjCZTtqxkwczE6GGfokbF4q49VPc+TdO2ghV9MDA4Zx7uWeOF3MmlWV9GkvLK6tr64WN4ubW9k7J3N1ryygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsz8zj0VkkXhjZrE1AnwMGQ+I1hpyTVL/QCrkeen/vHUZbd3rlm2KtYMaIHUa6f18xqyc6UMOZqu+dEfRCQJaKgIx1L2bCtWToqFYoTTabGfSBpjMsZD2tM0xAGVTjoLPkVHWhkgPxL6hQrN1MWNFAdSTgJPT2Yx5W8vE//yeonyL5yUhXGiaEjmh/yEIxWhrAU0YIISxSeaYCKYzorICAtMlO6qqEv4/in6n7SrFVvz67Nyo5rXUYADOIQTsKEGDbiCJrSAQAKP8AwvxoPxZLwab/PRJSPf2YcfMN6/APcwkzw=</latexit><latexit sha1_base64="95Sm7ZT4r7WmekPvmSFlIgDLfgI=">AAAB+HicdVDLSsNAFL3xWeujUZduBovoqiRVqd0V3LisYB/QxjCZTtqxkwczE6GGfokbF4q49VPc+TdO2ghV9MDA4Zx7uWeOF3MmlWV9GkvLK6tr64WN4ubW9k7J3N1ryygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsz8zj0VkkXhjZrE1AnwMGQ+I1hpyTVL/QCrkeen/vHUZbd3rlm2KtYMaIHUa6f18xqyc6UMOZqu+dEfRCQJaKgIx1L2bCtWToqFYoTTabGfSBpjMsZD2tM0xAGVTjoLPkVHWhkgPxL6hQrN1MWNFAdSTgJPT2Yx5W8vE//yeonyL5yUhXGiaEjmh/yEIxWhrAU0YIISxSeaYCKYzorICAtMlO6qqEv4/in6n7SrFVvz67Nyo5rXUYADOIQTsKEGDbiCJrSAQAKP8AwvxoPxZLwab/PRJSPf2YcfMN6/APcwkzw=</latexit><latexit sha1_base64="95Sm7ZT4r7WmekPvmSFlIgDLfgI=">AAAB+HicdVDLSsNAFL3xWeujUZduBovoqiRVqd0V3LisYB/QxjCZTtqxkwczE6GGfokbF4q49VPc+TdO2ghV9MDA4Zx7uWeOF3MmlWV9GkvLK6tr64WN4ubW9k7J3N1ryygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsz8zj0VkkXhjZrE1AnwMGQ+I1hpyTVL/QCrkeen/vHUZbd3rlm2KtYMaIHUa6f18xqyc6UMOZqu+dEfRCQJaKgIx1L2bCtWToqFYoTTabGfSBpjMsZD2tM0xAGVTjoLPkVHWhkgPxL6hQrN1MWNFAdSTgJPT2Yx5W8vE//yeonyL5yUhXGiaEjmh/yEIxWhrAU0YIISxSeaYCKYzorICAtMlO6qqEv4/in6n7SrFVvz67Nyo5rXUYADOIQTsKEGDbiCJrSAQAKP8AwvxoPxZLwab/PRJSPf2YcfMN6/APcwkzw=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="kXzf/H2kZFWsL1EGK5Qcg4OEj/4=">AAAB7XicbZC9TsMwFIVvyl8phQZWFosKwVQlLDAisTAWif5IbYkc12lNHSeyb5BK1CdhYQAhXoeNt8FpO0DLlSx9OsfWPT5hKoVBz/t2ShubW9s75d3KXnX/oOYeVtsmyTTjLZbIRHdDargUirdQoOTdVHMah5J3wslN4XeeuDYiUfc4TfkgpiMlIsEoWilwa/2Y4jiM8uhsFoiHx8Ctew1vPmQd/CXUYTnNwP3qDxOWxVwhk9SYnu+lOMipRsEkn1X6meEpZRM64j2LisbcDPJ58Bk5tcqQRIm2RyGZq79f5DQ2ZhqH9mYR06x6hfif18swuhrkQqUZcsUWi6JMEkxI0QIZCs0ZyqkFyrSwWQkbU00Z2q4qtgR/9cvr0L5o+JbvPCjDMZzAOfhwCddwC01oAYMMXuAN3p1n59X5WNRVcpa9HcGfcT5/AG4BkcE=</latexit><latexit sha1_base64="XEhi8AALh/vjLNm9JvNMG7+MycA=">AAAB7XicdVBNS8NAFHypX7VWG716WSyip5IopfYmePFYwX5AG8Nmu2nXbjZhdyPU0F/ixYMi/h1v/hs3bYUqOrAwzLzHm50g4Uxpx/m0CmvrG5tbxe3STnl3r2LvlzsqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSZXud99oFKxWNzqaUK9CI8ECxnB2ki+XRlEWI+DMAtPZj67u/ftqlNz5kArpNk4b9YbyF0qVVii5dsfg2FM0ogKTThWqu86ifYyLDUjnM5Kg1TRBJMJHtG+oQJHVHnZPPgMHRtliMJYmic0mqurGxmOlJpGgZnMY6rfXi7+5fVTHV54GRNJqqkgi0NhypGOUd4CGjJJieZTQzCRzGRFZIwlJtp0VTIlfP8U/U86ZzXX8BsHinAIR3AKLjTgEq6hBW0gkMITvMCr9Wg9W2+LugrWsrcD+AHr/QukypHp</latexit><latexit sha1_base64="jOeEieFwpFbIMVxMDHCyQHr2QxY=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1hEVyWpSO2u4MZlBfuANobJdNKOnTyYmQg19EvcuFDErZ/izr9x0kaoogcGDufcyz1zvJgzqSzr0yisrK6tbxQ3S1vbO7tlc2+/I6NEENomEY9Ez8OSchbStmKK014sKA48Trve5DLzu/dUSBaFN2oaUyfAo5D5jGClJdcsDwKsxp6f+iczl93euWbFqlpzoCXSqJ81zuvIzpUK5Gi55sdgGJEkoKEiHEvZt61YOSkWihFOZ6VBImmMyQSPaF/TEAdUOuk8+Awda2WI/EjoFyo0V5c3UhxIOQ08PZnFlL+9TPzL6yfKv3BSFsaJoiFZHPITjlSEshbQkAlKFJ9qgolgOisiYywwUbqrki7h+6fof9KpVW3Nr61Ks5bXUYRDOIJTsKEOTbiCFrSBQAKP8AwvxoPxZLwab4vRgpHvHMAPGO9f9fCTOA==</latexit><latexit sha1_base64="95Sm7ZT4r7WmekPvmSFlIgDLfgI=">AAAB+HicdVDLSsNAFL3xWeujUZduBovoqiRVqd0V3LisYB/QxjCZTtqxkwczE6GGfokbF4q49VPc+TdO2ghV9MDA4Zx7uWeOF3MmlWV9GkvLK6tr64WN4ubW9k7J3N1ryygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsz8zj0VkkXhjZrE1AnwMGQ+I1hpyTVL/QCrkeen/vHUZbd3rlm2KtYMaIHUa6f18xqyc6UMOZqu+dEfRCQJaKgIx1L2bCtWToqFYoTTabGfSBpjMsZD2tM0xAGVTjoLPkVHWhkgPxL6hQrN1MWNFAdSTgJPT2Yx5W8vE//yeonyL5yUhXGiaEjmh/yEIxWhrAU0YIISxSeaYCKYzorICAtMlO6qqEv4/in6n7SrFVvz67Nyo5rXUYADOIQTsKEGDbiCJrSAQAKP8AwvxoPxZLwab/PRJSPf2YcfMN6/APcwkzw=</latexit><latexit sha1_base64="95Sm7ZT4r7WmekPvmSFlIgDLfgI=">AAAB+HicdVDLSsNAFL3xWeujUZduBovoqiRVqd0V3LisYB/QxjCZTtqxkwczE6GGfokbF4q49VPc+TdO2ghV9MDA4Zx7uWeOF3MmlWV9GkvLK6tr64WN4ubW9k7J3N1ryygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsz8zj0VkkXhjZrE1AnwMGQ+I1hpyTVL/QCrkeen/vHUZbd3rlm2KtYMaIHUa6f18xqyc6UMOZqu+dEfRCQJaKgIx1L2bCtWToqFYoTTabGfSBpjMsZD2tM0xAGVTjoLPkVHWhkgPxL6hQrN1MWNFAdSTgJPT2Yx5W8vE//yeonyL5yUhXGiaEjmh/yEIxWhrAU0YIISxSeaYCKYzorICAtMlO6qqEv4/in6n7SrFVvz67Nyo5rXUYADOIQTsKEGDbiCJrSAQAKP8AwvxoPxZLwab/PRJSPf2YcfMN6/APcwkzw=</latexit><latexit sha1_base64="95Sm7ZT4r7WmekPvmSFlIgDLfgI=">AAAB+HicdVDLSsNAFL3xWeujUZduBovoqiRVqd0V3LisYB/QxjCZTtqxkwczE6GGfokbF4q49VPc+TdO2ghV9MDA4Zx7uWeOF3MmlWV9GkvLK6tr64WN4ubW9k7J3N1ryygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsz8zj0VkkXhjZrE1AnwMGQ+I1hpyTVL/QCrkeen/vHUZbd3rlm2KtYMaIHUa6f18xqyc6UMOZqu+dEfRCQJaKgIx1L2bCtWToqFYoTTabGfSBpjMsZD2tM0xAGVTjoLPkVHWhkgPxL6hQrN1MWNFAdSTgJPT2Yx5W8vE//yeonyL5yUhXGiaEjmh/yEIxWhrAU0YIISxSeaYCKYzorICAtMlO6qqEv4/in6n7SrFVvz67Nyo5rXUYADOIQTsKEGDbiCJrSAQAKP8AwvxoPxZLwab/PRJSPf2YcfMN6/APcwkzw=</latexit><latexit sha1_base64="95Sm7ZT4r7WmekPvmSFlIgDLfgI=">AAAB+HicdVDLSsNAFL3xWeujUZduBovoqiRVqd0V3LisYB/QxjCZTtqxkwczE6GGfokbF4q49VPc+TdO2ghV9MDA4Zx7uWeOF3MmlWV9GkvLK6tr64WN4ubW9k7J3N1ryygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsz8zj0VkkXhjZrE1AnwMGQ+I1hpyTVL/QCrkeen/vHUZbd3rlm2KtYMaIHUa6f18xqyc6UMOZqu+dEfRCQJaKgIx1L2bCtWToqFYoTTabGfSBpjMsZD2tM0xAGVTjoLPkVHWhkgPxL6hQrN1MWNFAdSTgJPT2Yx5W8vE//yeonyL5yUhXGiaEjmh/yEIxWhrAU0YIISxSeaYCKYzorICAtMlO6qqEv4/in6n7SrFVvz67Nyo5rXUYADOIQTsKEGDbiCJrSAQAKP8AwvxoPxZLwab/PRJSPf2YcfMN6/APcwkzw=</latexit><latexit sha1_base64="95Sm7ZT4r7WmekPvmSFlIgDLfgI=">AAAB+HicdVDLSsNAFL3xWeujUZduBovoqiRVqd0V3LisYB/QxjCZTtqxkwczE6GGfokbF4q49VPc+TdO2ghV9MDA4Zx7uWeOF3MmlWV9GkvLK6tr64WN4ubW9k7J3N1ryygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsz8zj0VkkXhjZrE1AnwMGQ+I1hpyTVL/QCrkeen/vHUZbd3rlm2KtYMaIHUa6f18xqyc6UMOZqu+dEfRCQJaKgIx1L2bCtWToqFYoTTabGfSBpjMsZD2tM0xAGVTjoLPkVHWhkgPxL6hQrN1MWNFAdSTgJPT2Yx5W8vE//yeonyL5yUhXGiaEjmh/yEIxWhrAU0YIISxSeaYCKYzorICAtMlO6qqEv4/in6n7SrFVvz67Nyo5rXUYADOIQTsKEGDbiCJrSAQAKP8AwvxoPxZLwab/PRJSPf2YcfMN6/APcwkzw=</latexit><latexit sha1_base64="95Sm7ZT4r7WmekPvmSFlIgDLfgI=">AAAB+HicdVDLSsNAFL3xWeujUZduBovoqiRVqd0V3LisYB/QxjCZTtqxkwczE6GGfokbF4q49VPc+TdO2ghV9MDA4Zx7uWeOF3MmlWV9GkvLK6tr64WN4ubW9k7J3N1ryygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsz8zj0VkkXhjZrE1AnwMGQ+I1hpyTVL/QCrkeen/vHUZbd3rlm2KtYMaIHUa6f18xqyc6UMOZqu+dEfRCQJaKgIx1L2bCtWToqFYoTTabGfSBpjMsZD2tM0xAGVTjoLPkVHWhkgPxL6hQrN1MWNFAdSTgJPT2Yx5W8vE//yeonyL5yUhXGiaEjmh/yEIxWhrAU0YIISxSeaYCKYzorICAtMlO6qqEv4/in6n7SrFVvz67Nyo5rXUYADOIQTsKEGDbiCJrSAQAKP8AwvxoPxZLwab/PRJSPf2YcfMN6/APcwkzw=</latexit>

f j
i

<latexit sha1_base64="9VpXeaXEsqV6vMX4Ors87nIm1sU=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBIvgqsxUpXZXcOOygn1AOy2ZNNPGZjJDklHK0P9w40IRt/6LO//GTDtCFT0QOJxzL/fkeBFnStv2p5VbWV1b38hvFra2d3b3ivsHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG17k6vUb99TqVgobvU0om6AR4L5jGBtpH4vwHrs+Yk/G7D+3aBYssv2HGiJ1KpntYsqcjKlBBkag+JHbxiSOKBCE46V6jp2pN0ES80Ip7NCL1Y0wmSCR7RrqMABVW4yTz1DJ0YZIj+U5gmN5uryRoIDpaaBZybTlOq3l4p/ed1Y+5duwkQUayrI4pAfc6RDlFaAhkxSovnUEEwkM1kRGWOJiTZFFUwJ3z9F/5NWpewYfnNeqleyOvJwBMdwCg5UoQ7X0IAmEJDwCM/wYj1YT9ar9bYYzVnZziH8gPX+BRrvkto=</latexit><latexit sha1_base64="9VpXeaXEsqV6vMX4Ors87nIm1sU=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBIvgqsxUpXZXcOOygn1AOy2ZNNPGZjJDklHK0P9w40IRt/6LO//GTDtCFT0QOJxzL/fkeBFnStv2p5VbWV1b38hvFra2d3b3ivsHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG17k6vUb99TqVgobvU0om6AR4L5jGBtpH4vwHrs+Yk/G7D+3aBYssv2HGiJ1KpntYsqcjKlBBkag+JHbxiSOKBCE46V6jp2pN0ES80Ip7NCL1Y0wmSCR7RrqMABVW4yTz1DJ0YZIj+U5gmN5uryRoIDpaaBZybTlOq3l4p/ed1Y+5duwkQUayrI4pAfc6RDlFaAhkxSovnUEEwkM1kRGWOJiTZFFUwJ3z9F/5NWpewYfnNeqleyOvJwBMdwCg5UoQ7X0IAmEJDwCM/wYj1YT9ar9bYYzVnZziH8gPX+BRrvkto=</latexit><latexit sha1_base64="9VpXeaXEsqV6vMX4Ors87nIm1sU=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBIvgqsxUpXZXcOOygn1AOy2ZNNPGZjJDklHK0P9w40IRt/6LO//GTDtCFT0QOJxzL/fkeBFnStv2p5VbWV1b38hvFra2d3b3ivsHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG17k6vUb99TqVgobvU0om6AR4L5jGBtpH4vwHrs+Yk/G7D+3aBYssv2HGiJ1KpntYsqcjKlBBkag+JHbxiSOKBCE46V6jp2pN0ES80Ip7NCL1Y0wmSCR7RrqMABVW4yTz1DJ0YZIj+U5gmN5uryRoIDpaaBZybTlOq3l4p/ed1Y+5duwkQUayrI4pAfc6RDlFaAhkxSovnUEEwkM1kRGWOJiTZFFUwJ3z9F/5NWpewYfnNeqleyOvJwBMdwCg5UoQ7X0IAmEJDwCM/wYj1YT9ar9bYYzVnZziH8gPX+BRrvkto=</latexit><latexit sha1_base64="9VpXeaXEsqV6vMX4Ors87nIm1sU=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBIvgqsxUpXZXcOOygn1AOy2ZNNPGZjJDklHK0P9w40IRt/6LO//GTDtCFT0QOJxzL/fkeBFnStv2p5VbWV1b38hvFra2d3b3ivsHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG17k6vUb99TqVgobvU0om6AR4L5jGBtpH4vwHrs+Yk/G7D+3aBYssv2HGiJ1KpntYsqcjKlBBkag+JHbxiSOKBCE46V6jp2pN0ES80Ip7NCL1Y0wmSCR7RrqMABVW4yTz1DJ0YZIj+U5gmN5uryRoIDpaaBZybTlOq3l4p/ed1Y+5duwkQUayrI4pAfc6RDlFaAhkxSovnUEEwkM1kRGWOJiTZFFUwJ3z9F/5NWpewYfnNeqleyOvJwBMdwCg5UoQ7X0IAmEJDwCM/wYj1YT9ar9bYYzVnZziH8gPX+BRrvkto=</latexit>

..
.

<latexit sha1_base64="l+oqs3tnx50IY64N6z6a7MMuf+I=">AAAB6nicdZDNSsNAFIVv6l+tf1WXbgaL4EJC2kaNu4IblxVtLbShTKaTduhkEmYmQgl9BDcuFHHrE7nzbZy0FVT0wMDHufcy954g4Uxpx/mwCkvLK6trxfXSxubW9k55d6+t4lQS2iIxj2UnwIpyJmhLM81pJ5EURwGnd8H4Mq/f3VOpWCxu9SShfoSHgoWMYG2sG9u2++WKY9fdM++0hgx4dbfu5VBzLzwPVW1npgos1OyX33uDmKQRFZpwrFS36iTaz7DUjHA6LfVSRRNMxnhIuwYFjqjys9mqU3RknAEKY2me0Gjmfp/IcKTUJApMZ4T1SP2u5eZftW6qQ8/PmEhSTQWZfxSmHOkY5XejAZOUaD4xgIlkZldERlhiok06JRPC16Xof2jX7Krha7fSOFnEUYQDOIRjqMI5NOAKmtACAkN4gCd4trj1aL1Yr/PWgrWY2Ycfst4+AciojWc=</latexit><latexit sha1_base64="l+oqs3tnx50IY64N6z6a7MMuf+I=">AAAB6nicdZDNSsNAFIVv6l+tf1WXbgaL4EJC2kaNu4IblxVtLbShTKaTduhkEmYmQgl9BDcuFHHrE7nzbZy0FVT0wMDHufcy954g4Uxpx/mwCkvLK6trxfXSxubW9k55d6+t4lQS2iIxj2UnwIpyJmhLM81pJ5EURwGnd8H4Mq/f3VOpWCxu9SShfoSHgoWMYG2sG9u2++WKY9fdM++0hgx4dbfu5VBzLzwPVW1npgos1OyX33uDmKQRFZpwrFS36iTaz7DUjHA6LfVSRRNMxnhIuwYFjqjys9mqU3RknAEKY2me0Gjmfp/IcKTUJApMZ4T1SP2u5eZftW6qQ8/PmEhSTQWZfxSmHOkY5XejAZOUaD4xgIlkZldERlhiok06JRPC16Xof2jX7Krha7fSOFnEUYQDOIRjqMI5NOAKmtACAkN4gCd4trj1aL1Yr/PWgrWY2Ycfst4+AciojWc=</latexit><latexit sha1_base64="l+oqs3tnx50IY64N6z6a7MMuf+I=">AAAB6nicdZDNSsNAFIVv6l+tf1WXbgaL4EJC2kaNu4IblxVtLbShTKaTduhkEmYmQgl9BDcuFHHrE7nzbZy0FVT0wMDHufcy954g4Uxpx/mwCkvLK6trxfXSxubW9k55d6+t4lQS2iIxj2UnwIpyJmhLM81pJ5EURwGnd8H4Mq/f3VOpWCxu9SShfoSHgoWMYG2sG9u2++WKY9fdM++0hgx4dbfu5VBzLzwPVW1npgos1OyX33uDmKQRFZpwrFS36iTaz7DUjHA6LfVSRRNMxnhIuwYFjqjys9mqU3RknAEKY2me0Gjmfp/IcKTUJApMZ4T1SP2u5eZftW6qQ8/PmEhSTQWZfxSmHOkY5XejAZOUaD4xgIlkZldERlhiok06JRPC16Xof2jX7Krha7fSOFnEUYQDOIRjqMI5NOAKmtACAkN4gCd4trj1aL1Yr/PWgrWY2Ycfst4+AciojWc=</latexit><latexit sha1_base64="l+oqs3tnx50IY64N6z6a7MMuf+I=">AAAB6nicdZDNSsNAFIVv6l+tf1WXbgaL4EJC2kaNu4IblxVtLbShTKaTduhkEmYmQgl9BDcuFHHrE7nzbZy0FVT0wMDHufcy954g4Uxpx/mwCkvLK6trxfXSxubW9k55d6+t4lQS2iIxj2UnwIpyJmhLM81pJ5EURwGnd8H4Mq/f3VOpWCxu9SShfoSHgoWMYG2sG9u2++WKY9fdM++0hgx4dbfu5VBzLzwPVW1npgos1OyX33uDmKQRFZpwrFS36iTaz7DUjHA6LfVSRRNMxnhIuwYFjqjys9mqU3RknAEKY2me0Gjmfp/IcKTUJApMZ4T1SP2u5eZftW6qQ8/PmEhSTQWZfxSmHOkY5XejAZOUaD4xgIlkZldERlhiok06JRPC16Xof2jX7Krha7fSOFnEUYQDOIRjqMI5NOAKmtACAkN4gCd4trj1aL1Yr/PWgrWY2Ycfst4+AciojWc=</latexit>

...<latexit sha1_base64="ddIYBdfHdTTF24P2bPTILd+Ww7w=">AAAB6nicdZDLSgMxFIbP1Futt6pLN8EquBoyZbR1V3DjsqK9QDuUTJppQzOZIckIpfQR3LhQxK1P5M63Mb0IKvpD4OM/55Bz/jAVXBuMP5zcyura+kZ+s7C1vbO7V9w/aOokU5Q1aCIS1Q6JZoJL1jDcCNZOFSNxKFgrHF3N6q17pjRP5J0ZpyyIyUDyiFNirHXrum6vWMKuh/1qBSMLPq7gSwvVi3O/XEaei+cqwVL1XvG9209oFjNpqCBadzycmmBClOFUsGmhm2mWEjoiA9axKEnMdDCZrzpFp9bpoyhR9kmD5u73iQmJtR7Hoe2MiRnq37WZ+Vetk5moGky4TDPDJF18FGUCmQTN7kZ9rhg1YmyBUMXtrogOiSLU2HQKNoSvS9H/0Cy7nuUbv1Q7WcaRhyM4hjPwoAI1uIY6NIDCAB7gCZ4d4Tw6L87rojXnLGcO4Yect0+lBY1I</latexit><latexit sha1_base64="ddIYBdfHdTTF24P2bPTILd+Ww7w=">AAAB6nicdZDLSgMxFIbP1Futt6pLN8EquBoyZbR1V3DjsqK9QDuUTJppQzOZIckIpfQR3LhQxK1P5M63Mb0IKvpD4OM/55Bz/jAVXBuMP5zcyura+kZ+s7C1vbO7V9w/aOokU5Q1aCIS1Q6JZoJL1jDcCNZOFSNxKFgrHF3N6q17pjRP5J0ZpyyIyUDyiFNirHXrum6vWMKuh/1qBSMLPq7gSwvVi3O/XEaei+cqwVL1XvG9209oFjNpqCBadzycmmBClOFUsGmhm2mWEjoiA9axKEnMdDCZrzpFp9bpoyhR9kmD5u73iQmJtR7Hoe2MiRnq37WZ+Vetk5moGky4TDPDJF18FGUCmQTN7kZ9rhg1YmyBUMXtrogOiSLU2HQKNoSvS9H/0Cy7nuUbv1Q7WcaRhyM4hjPwoAI1uIY6NIDCAB7gCZ4d4Tw6L87rojXnLGcO4Yect0+lBY1I</latexit><latexit sha1_base64="ddIYBdfHdTTF24P2bPTILd+Ww7w=">AAAB6nicdZDLSgMxFIbP1Futt6pLN8EquBoyZbR1V3DjsqK9QDuUTJppQzOZIckIpfQR3LhQxK1P5M63Mb0IKvpD4OM/55Bz/jAVXBuMP5zcyura+kZ+s7C1vbO7V9w/aOokU5Q1aCIS1Q6JZoJL1jDcCNZOFSNxKFgrHF3N6q17pjRP5J0ZpyyIyUDyiFNirHXrum6vWMKuh/1qBSMLPq7gSwvVi3O/XEaei+cqwVL1XvG9209oFjNpqCBadzycmmBClOFUsGmhm2mWEjoiA9axKEnMdDCZrzpFp9bpoyhR9kmD5u73iQmJtR7Hoe2MiRnq37WZ+Vetk5moGky4TDPDJF18FGUCmQTN7kZ9rhg1YmyBUMXtrogOiSLU2HQKNoSvS9H/0Cy7nuUbv1Q7WcaRhyM4hjPwoAI1uIY6NIDCAB7gCZ4d4Tw6L87rojXnLGcO4Yect0+lBY1I</latexit><latexit sha1_base64="ddIYBdfHdTTF24P2bPTILd+Ww7w=">AAAB6nicdZDLSgMxFIbP1Futt6pLN8EquBoyZbR1V3DjsqK9QDuUTJppQzOZIckIpfQR3LhQxK1P5M63Mb0IKvpD4OM/55Bz/jAVXBuMP5zcyura+kZ+s7C1vbO7V9w/aOokU5Q1aCIS1Q6JZoJL1jDcCNZOFSNxKFgrHF3N6q17pjRP5J0ZpyyIyUDyiFNirHXrum6vWMKuh/1qBSMLPq7gSwvVi3O/XEaei+cqwVL1XvG9209oFjNpqCBadzycmmBClOFUsGmhm2mWEjoiA9axKEnMdDCZrzpFp9bpoyhR9kmD5u73iQmJtR7Hoe2MiRnq37WZ+Vetk5moGky4TDPDJF18FGUCmQTN7kZ9rhg1YmyBUMXtrogOiSLU2HQKNoSvS9H/0Cy7nuUbv1Q7WcaRhyM4hjPwoAI1uIY6NIDCAB7gCZ4d4Tw6L87rojXnLGcO4Yect0+lBY1I</latexit>

pi
<latexit sha1_base64="Xp0VxfSZL9rfuu0IKI1xHAhtR+Y=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLgxmUF+4DOUDJppg1NMiHJCGXob7hxoYhbf8adf2OmnYW2HggczrmXe3JixZmxvv/tbWxube/sVvaq+weHR8e1k9OuSTNNaIekPNX9GBvKmaQdyyynfaUpFjGnvXh6V/i9J6oNS+WjnSkaCTyWLGEEWyeFocB2Eie5mg/ZsFb3G/4CaJ0EJalDifaw9hWOUpIJKi3h2JhB4Csb5VhbRjidV8PMUIXJFI/pwFGJBTVRvsg8R5dOGaEk1e5Jixbq740cC2NmInaTRUaz6hXif94gs0kzyplUmaWSLA8lGUc2RUUBaMQ0JZbPHMFEM5cVkQnWmFhXU9WVEKx+eZ10rxuB4w839VazrKMC53ABVxDALbTgHtrQAQIKnuEV3rzMe/HevY/l6IZX7pzBH3ifP3AIkeY=</latexit><latexit sha1_base64="Xp0VxfSZL9rfuu0IKI1xHAhtR+Y=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLgxmUF+4DOUDJppg1NMiHJCGXob7hxoYhbf8adf2OmnYW2HggczrmXe3JixZmxvv/tbWxube/sVvaq+weHR8e1k9OuSTNNaIekPNX9GBvKmaQdyyynfaUpFjGnvXh6V/i9J6oNS+WjnSkaCTyWLGEEWyeFocB2Eie5mg/ZsFb3G/4CaJ0EJalDifaw9hWOUpIJKi3h2JhB4Csb5VhbRjidV8PMUIXJFI/pwFGJBTVRvsg8R5dOGaEk1e5Jixbq740cC2NmInaTRUaz6hXif94gs0kzyplUmaWSLA8lGUc2RUUBaMQ0JZbPHMFEM5cVkQnWmFhXU9WVEKx+eZ10rxuB4w839VazrKMC53ABVxDALbTgHtrQAQIKnuEV3rzMe/HevY/l6IZX7pzBH3ifP3AIkeY=</latexit><latexit sha1_base64="Xp0VxfSZL9rfuu0IKI1xHAhtR+Y=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLgxmUF+4DOUDJppg1NMiHJCGXob7hxoYhbf8adf2OmnYW2HggczrmXe3JixZmxvv/tbWxube/sVvaq+weHR8e1k9OuSTNNaIekPNX9GBvKmaQdyyynfaUpFjGnvXh6V/i9J6oNS+WjnSkaCTyWLGEEWyeFocB2Eie5mg/ZsFb3G/4CaJ0EJalDifaw9hWOUpIJKi3h2JhB4Csb5VhbRjidV8PMUIXJFI/pwFGJBTVRvsg8R5dOGaEk1e5Jixbq740cC2NmInaTRUaz6hXif94gs0kzyplUmaWSLA8lGUc2RUUBaMQ0JZbPHMFEM5cVkQnWmFhXU9WVEKx+eZ10rxuB4w839VazrKMC53ABVxDALbTgHtrQAQIKnuEV3rzMe/HevY/l6IZX7pzBH3ifP3AIkeY=</latexit><latexit sha1_base64="Xp0VxfSZL9rfuu0IKI1xHAhtR+Y=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLgxmUF+4DOUDJppg1NMiHJCGXob7hxoYhbf8adf2OmnYW2HggczrmXe3JixZmxvv/tbWxube/sVvaq+weHR8e1k9OuSTNNaIekPNX9GBvKmaQdyyynfaUpFjGnvXh6V/i9J6oNS+WjnSkaCTyWLGEEWyeFocB2Eie5mg/ZsFb3G/4CaJ0EJalDifaw9hWOUpIJKi3h2JhB4Csb5VhbRjidV8PMUIXJFI/pwFGJBTVRvsg8R5dOGaEk1e5Jixbq740cC2NmInaTRUaz6hXif94gs0kzyplUmaWSLA8lGUc2RUUBaMQ0JZbPHMFEM5cVkQnWmFhXU9WVEKx+eZ10rxuB4w839VazrKMC53ABVxDALbTgHtrQAQIKnuEV3rzMe/HevY/l6IZX7pzBH3ifP3AIkeY=</latexit>
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Figure 3.1: Geometry of the generalized camera system.

3.2.1 Notations and prior assumptions

We assume that we have an intrinsically and extrinsically calibrated multi-camera
system. Without loss of generality, each 2D image point can therefore easily be
expressed as a normalized 3D bearing vector. Considering two consecutive frames,
let fj

i and f′ ji be the unit bearing vectors pointing at the same 3D world point pi from
the jth camera at the first and second frame, respectively. Let Rcj furthermore be
the rotation from the camera to the common body frame b, and tcj the position of
camera j inside the body frame. Let tb and Rb furthermore denote the relative pose
of the body frame between two subsequent view-points, such that pi = Rbp′i + tb
transforms points from the second frame b′ back to the first frame b. To conclude,
let tc

j and Rc
j be the equivalent transformation parameters seen from camera j, i.e.

transforming points from camera frame c′j back to camera frame cj.

3.2.2 Brief review of epipolar geometry

The epipolar incidence relationship is given by fjT
i btc

jc×Rc
j f
′ j
i = 0, and most algebraic

solvers therefore minimize the sum of squared errors

argmin
tc

j ,R
c
j

∑
i
(fjT

i btc
jc×Rc

j f
′ j
i)

2 (3.1)

As illustrated in [Kneip et al., 2013], we can apply the scalar triple product rule to the
algebraic incidence relationship, and—by defining the epipolar plane normal vector
as

nj
i = fj

i × Rc
j f
′ j
i (3.2)
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—we easily arrive at the following modified objective for the algebraic energy mini-
mization

argmin
tc

j ,R
c
j

tcT
j

(
∑

i
nj

in
jT
i

)
tc

j . (3.3)

This objective is simple to solve by an eigenvalue minimization of the matrix ∑i nj
in

jT
i ,

which only depends on Rc
j . Furthermore, as illustrated in [Kneip and Furgale, 2014],

the matrix can be augmented to a 4 × 4 matrix to solve for the generalized case.
However, as further explained in [Kneip and Furgale, 2014], this objective is not well
suited for multi-camera arrays, as the latter case leads to a zero energy for iden-
tity rotation in the eigenvalue minimization objective. As further illustrated in [Li
et al., 2008] and [Lee et al., 2014], critical motions with non-overlapping multi-camera
systems even affect linear formulations using the generalized essential matrix. The
following section introduces a solution able to handle all kinds of planar motion.

3.3 Theory

We start by seeing a new uni-variate objective function, which enables the parallel
evaluation of the epipolar geometry for each individual camera as a multi-eigenvalue
problem. We then proceed to see both algebraic and geometric variants of the en-
ergy minimized in our approach, which is optimized over the space of rotations only,
and introduce an iteratively reweighted optimization of the planar motion that min-
imizes the geometrically relevant object space error. The section concludes with the
derivation of the relative translation.

3.3.1 Formulation as a multi-eigenvalue problem

We now proceed to the core of our contribution, which is a novel algorithm for
estimating general planar motion for non-overlapping multi-camera systems. Let nj

i
still be an epipolar plane normal vector, given by (3.2). As illustrated in Figure 3.1, in
the case of a calibrated multi-camera system, we can use the known extrinsic rotation
Rcj to rotate all the observed unit bearing vectors of each camera into a frame that is
still centered at camera cj but has similar orientation than the local body frame. We
can thus obtain an alternative multi-camera system in which all cameras simply have
the same orientation than the local body frame. It can be easily observed that all the
new normal vectors expressed in the body frame and given by

n
bj
i = (Rcj f

j
i)× Rb(Rcj f

′ j
i) (3.4)

still span a plane that is orthogonal to the translation tj. Similar to [Kneip et al., 2013;
Kneip and Furgale, 2014], our target remains a solution to the relative displacement
that depends only on Rb.

In order to enforce all normal vectors of each camera to obey the coplanarity con-
dition, the basic approach consists of stacking the normal vectors from corresponding
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cameras into the matrix Nj = [nj
1 ... nj

i ]
T such that Njtc

j = 0. Thus, the relative
rotation Rb can be derived by jointly minimizing the smallest eigenvalue of the ma-
trices Mj = NjNT

j from each camera. If λMj,min denotes the smallest eigenvalue of
Mj, our final objective becomes

Rb = argminRb ∑
j
(λMj,min)

2, where (3.5)

Mj =
nj

∑
i=1

((Rcj f
j
i)× Rb(Rcj f

′ j
i))((Rcj f

j
i)× Rb(Rcj f

′ j
i))

T. (3.6)

It is important to realize that this objective is different from (3.3) in [Kneip et al.,
2013]. Unless proceeding to a generalization as presented in [Kneip and Furgale,
2014], it is not possible to add all normal vectors to one co-planarity condition as
each camera has a potentially different translation vector, and therefore defines a
different plane for its epipolar plane normal vectors. However, the rotation is the
same for each camera, and—owing to the fact that the eigenvalue formulation only
depends on the relative rotation—we may still jointly minimize all objectives. In
the following, we concentrate on the case of planar motion, for which the relative
rotation has only a single degree of freedom. Note however that the formulation
makes no assumptions about the translation, and may therefore be equally applied
to any relative displacements for which at least 2 of the rotational degrees of freedom
are known (e.g. zero, or measured by an alternative sensor).

We choose the Cayley [Cayley, 1846] parameters v = [0 0 z]T to represent the
rotation Rb, the latter being given as

Rb = 2(vvT − bvc×) + (1− vTv)I. (3.7)

Note that we omit the scale factor as it equally affects all terms in all energies. The
result is a very efficient non-linear optimization over a single parameter only. Note
that the direction of each camera’s relative translation can be recovered by looking
at the eigenvector that corresponds to the smallest eigenvalue. As shown in Section
3.3.3, they can be further used to compute the scaled relative translation between the
two viewpoints once the relative rotation Rb has been found.

Similar to [Kneip et al., 2013], the non-linear problem can be efficiently solved
by implementing a Levenberg-Marquardt scheme. In our constraint (3.5), the only
unknown parameter with respect to the sum of squares of the smallest eigenvalues
is the Cayley parameter z of rotation Rb. Owing to the fact that the angular velocities
of the vehicle’s motion are similar from frame to frame, a starting point for the
optimization is easily given by propagating the relative rotation between the previous
pair of viewpoints. An exhaustive search can be used to initialize the rotation if no
prior is available.
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3.3.2 Object-space error based refinement

For a perspective camera, a purely translational displacement that is parallel to the
image plane can cause a very similar disparity than a pure rotation around an orthog-
onal axis in the image plane, and vice-versa. The hereby described rotation-translation
ambiguity is furthermore amplified by sideways looking, fronto-parallel cameras, es-
pecially if they have a very limited field of view (FoV). The separation into 4 eigen-
value problems that are solved in parallel naturally raises the question of how this
affects the algorithm’s ability to deal with such ambiguities. Though the algebraic
solution is not geometrically or statistically meaningful, it generally leads to satisfy-
ing results at a low computational cost. However, the rotation-translation ambiguity
can easily lead to local minima in the algebraic objective error in the above described
case. In an aim to solve this problem, we introduce an object-space error based objec-
tive as an iterative refinement step. It is to be understood as an efficient replacement
of 2-view bundle adjustment using the more traditional reprojection error. We define
the object-space error as the distance between the rays defined by fj

i and f′ ji . Starting
from the definition of the distance between two skew lines [Gellert et al., 1989], we
derive the geometric object-space error for a single correspondence to be

d =
((Rcj f

j
i)× Rb(Rcj f

′ j
i)) ·~tc

j

‖(Rcj f
j
i)× Rb(Rcj f′

j
i)‖

. (3.8)

~tc
j represents the direction of the relative translation. The optimization problem is

finally given as

{Rb,~tc
j} = argminRb,~tc

j

nj

∑
i=0

(
((Rcj f

j
i)× Rb(Rcj f

′ j
i)) ·~tc

j

‖(Rcj f
j
i)× Rb(Rcj f′

j
i)‖

)2. (3.9)

It is easy to see that the same objective can again be minimized by solving the
iteratively reweighted eigenvalue-minimization problem

Rb = argminRb ∑
j
(λM̃j,min)

2, where (3.10)

M̃j =
nj

∑
i=1

(n
bj
i )(n

bj
i )

T

‖nbj
i ‖2

2

. (3.11)

The proposed object-space error minimization strategy still depends only on the
relative rotation Rb, meaning a one-dimensional optimization space in the case of
planar motion. We confirmed through a series of simulation experiments that the
minimization of the object-space error is much more stable for different FoVs than
the algebraic objective. It can effectively avoid wrong minima caused by rotation-
translation ambiguity. The detailed analysis of the rotation-translation ambiguity
for both forward and side-ways moving cameras can be found in Section 3.4. The
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computational complexity of the presented object-space error minimization objective
is significantly lower than the one of standard two-view bundle adjustment. The
latter not only optimizes over both rotation and translation parameters, but—if using
the classical reprojection error—also over the 3D coordinates of each landmark.

3.3.3 Recovery of relative translation

In order to recover the translation in absolute scale, we start by formulating the hand-
eye calibration constraint for camera cj inside the multi-camera system [Hartley and
Zisserman, 2004]: {

tb = tcj + Rcj t
c
j − Rcj R

c
j R

T
cj

tcj

Rb = Rcj · Rc
j · RT

cj

(3.12)

As mentioned in Section 3.3.1, we can compensate for each camera’s extrinsic rotation
Rcj , and thus obtain the simpler constraint

tb = tcj + tc
j − Rbtcj . (3.13)

For each relative translation tc
j = λj · ~tc

j , directions ~tc
j can be easily computed by

composing Mj and deriving the eigenvector corresponding to the optimized Rb. All
pair-wise constraints in the form of (3.13) can now be grouped into a linear problem
Ax = b, where

A =




~tc
1 −I

... ...
~tc
4 −I


 , b =




(Rb − I)tc1

...
(Rb − I)tc4


 , (3.14)

and x =
[
λ1 . . . λ4 tT

b

]T. A and b can be computed from the known extrinsics and
the relative rotation Rb, whereas x contains all unknowns. The non-homogeneous
linear problem Ax = b can be solved by a standard technique such as singular value
decomposition (SVD). Note that the system shows an obvious characteristic of non-
overlapping multi-camera arrays, namely that metric scale remains unobservable if
Rb = I. The rotation however remains computable.

3.4 Analysis of rotation-translation ambiguity

In this section, we analyse the energy plots of both the algebraic and the geomet-
ric object-space error in different scenarios. We vary the cameras’ field-of-view and
show results for 10◦, 60◦, and 135◦ to evaluate the behavior of each objective func-
tion’s performance. We fix the relative rotation between the two viewpoints to 0
degrees, which is sufficiently general to illustrate the behavior. We furthermore plot
the energy for each individual camera as well as the jointly estimated energy. Our
analysis consists of single random cases for which the energies are depicted in Figure
3.2(a). They are however sufficiently representative to explain the general behavior
of the problem.
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Figure 3.2: Behavior of the object functions under different field-of-views. Top row:
energy plot obtained by algebraic error. Bottom row: energy plot obtained by object-
space error. The field-of-view increases from left to right by 10◦, 60◦, and 135◦ re-

spectively.

In the small field-of-view case, it can be easily observed that sideways cameras
are much more likely to suffer from rotation-translation ambiguities, and as a result
may easily converge to wrong minima. Although the front and back cameras help
to reshape the overall energy plot, the ground truth rotation may still present larger
energy than the global minimum in the joint energy, thus leading to a solution with
a substantial error. By contrast, the global minimum in the object-space energy (cf.
Figure 3.2(d)) is much closer to the real solution. It shows that the geometric error—
though more affected by local minima—takes advantage over the algebraic error in
small field-of-view cases1. In a normal field-of-view scenario, Figure 3.2(b) indicates
that the deviation of the minimum for sideways pointing cameras is diminishing
with respect to the small field-of-view case, and the performance has an overall im-
provement. Minimizing the object-space error continues to show stable convergence
to the correct solution (cf. Figure 3.2(e)). Finally, as can be observed from Figure
3.2(c), the influence of local minima on the plots of the sideways facing cameras is
gradually reduced as the cameras’ field-of-view is increasing. Note that alternative
algebraic solvers are similarly affected, which also explains the reason why the gen-
eralized eigenvalue solver presented in [Kneip and Furgale, 2014] is only suited for
omni-directional measurements in each camera.

1Note that what matters is not the absolute field of view of the camera, but the effective field of view
given by the observations.
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The conclusion of our analysis is that the minimization of the object-space error
is much more stable for different FoVs than the algebraic objective. However, the
object-space error is more affected by local minima, and therefore depends on a good
starting point. Our choice therefore is to execute algebraic and object-space error
minimization in sequence, and—in practice—make sure that the cameras satisfy a
minimum requirement on the field-of-view. The overall accuracy and computational
efficiency of our method, as well as a comparison against standard classical two-view
reprojection error minimization for different fields-of-view, are further investigated
in Section 3.5.4.

3.5 Experimental evaluation

We test our algorithm on both synthetic and real data. Our solver depends on the
planar motion and is designed for non-overlapping multi-camera systems. Our ex-
periments therefore focus on a comparison against previous relative pose solvers
for generalized cameras, which are a 2-point RANSAC algorithm relying on a non-
holonomic motion assumption, the linearized 17-point algorithm, and a generalized
eigenvalue minimization algorithm. In order to demonstrate the benefit of using mul-
tiple cameras pointing into different directions, we also include a comparison against
centralized, single-camera algorithms such as the traditional 8-point algorithm and
1-point RANSAC, the latter again relying on a non-holonomic motion assumption.
We execute different comparative simulation experiments to evaluate accuracy and
noise resilience, the performance of the proposed object-space error based non-linear
refinement, and the performance when embedded into a RANSAC scheme [Fischler
and Bolles, 1981]. We conclude with continuous frame-to-frame motion estimation
demonstrations on both small-scale indoor and large-scale outdoor datasets captured
by a 4-camera system mounted on either a turtlebot or a full-size car (cf. live demo
on Youtube2). Ground truth for the indoor sequence is delivered by a highly accurate
external motion capture system.

3.5.1 Outline of the simulation experiments

The surround-view camera system we investigate in simulation highly resembles the
multi-camera system on real experiments, and has four cameras pointing into all di-
rections (cf. Figure 3.3). The cameras all lie in the same horizontal plane and have
a distance between 0.6 and 1m away from the body origin. In each experiment iter-
ation, we fix the frame of the first viewpoint to coincide with the world frame. We
then add 6 further views by adopting a linearly changing rotational velocity, therefore
generating realistic, non-circular motion trajectories. We finally calculate the relative
displacement between the first and the last viewpoint. The final relative rotation an-
gle lies between 3 and 6 degrees, and the displacement between frames is set to 0.6m.
We generate random correspondences for each camera by defining random 3D land-

2https://youtu.be/mtqFAzmh9E4
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Figure 3.3: Non-overlapping, surround-view four-camera system as analyzed in this
chapter.

marks located within the field of view of each camera in the first viewpoint, assign
random depths between 1 and 8m, and finally reproject the obtained 3D landmarks
into each camera of the second viewpoint. Noise is added to the measurements by
extracting the orthogonal plane of each bearing vector, and adding noise based on a
virtual spherical camera with focal length 800 pixels. Outliers are added by replacing
bearing vectors such that they point towards new, randomly generated landmarks.
We analyze the performance of our method under different conditions, which are a
dynamic rotational velocity, purely translational motion, a varying field-of-view, and
a changing outlier fraction. We execute 1000 random constellations for each exper-
iment, and—due to scale observability issues—report primarily on the accuracy of
the relative rotation estimation.

3.5.2 Comparison against minimal solvers

We compare our method (ME) against state-of-the-art minimal solvers for planar
motion, which is the 2-point RANSAC algorithm by [Lee et al., 2013] (2-pt) and the
1-point RANSAC algorithm proposed by [Scaramuzza et al., 2009] (1-pt). These algo-
rithms adopt the Ackermann motion model, and thus make the assumption that the
motion is non-holonomic with a fixed centre of rotation (ICR) for the entire relative
displacement. As a result, they have a reduced number of required correspondences.
We generate 20 points in each camera for all algorithms, and use the minimal num-
ber of points for each method to solve the problem hypotheses (1 point for 1-pt, 2
points for 2-pt and 3 points per camera in our algorithm). No outliers are added to
the data. We repeat the experiment for changing deviations from pure Ackermann
motion defined by the linearly changing per-frame rotation change ω = 0.04k · i+ω0,
where i = 1, . . . , 6, ω0 = 0.2◦, and k is varied from 0 to 10. The ICR is extrapolated
by assuming the constant forward velocity v = 0.1m per second. The results are in-
dicated in Figure 3.4(a). As expected, our model outperforms as the deviation from
non-holonomic motion is increasing.
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Figure 3.4: Comparison between our proposed method ME and the 1pt, 2pt, 8pt,
17pt, GE method for different perturbation factors. Each value is averaged over 1000

random experiments. Details are provided in the text.

3.5.3 Comparison against non-minimal solvers

We compare our method against alternative non-minimal, generalized solvers (17-pt
[Li et al., 2008] and GE [Kneip and Furgale, 2014]) as well as a central method (8-pt
[Hartley, 1997]) commonly applied in vehicle motion estimation with a forward-
facing camera. We use 5 points in each camera for all generalized algorithms and
8 points in the forward camera for 8-pt. We run only the solvers and do not add
nonlinear refinement. We conduct three types of experiments:

• Significant rotation: The field-of-view of each camera is fixed to 120◦, and the
noise level is varied between 0 and 5 pixels. The results are indicated in Figure
3.4(b). As can be observed, all generalized solvers out-perform the centralized
method, and ME performs better than 17-pt in terms of both the mean and
median error. As stated in [Kneip and Furgale, 2014], GE has been designed for
omnidirectional cameras and occasionally converges into wrong local minima,
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thus leading to an increased mean error with repect to ME.

• Pure translations: We repeat the same experiment but simply force the motion
to be purely translational. The result is illustrated in Figure 3.4(c). As expected,
17-pt and ME maintain a higher level of accuracy than 8-pt. As furthermore
explained in [Kneip and Furgale, 2014], GE is affected by a constant zero energy
for identity rotation. While this leads to perfect performance in this experiment,
it is to be interpreted as a weakness. GE is unable to distinguish small from
zero rotation angles.

• Variation of the field of view: We vary the field-of-view from 15◦ to 165◦. As
shown in Figure 3.4(d), the centralized method 8-pt applied in the forward
facing camera performs better for very small fields-of-view. As explained in
Section 3.3, side-ways looking cameras are affected by the rotation-translation
ambiguity. The effect worsens for a decreasing field-of-view, and potentially
affects all generalized camera solvers. However, as soon as the field-of-view is
sufficiently large (75◦ for our settings), generalized solvers start to outperform.
ME furthermore clearly outperforms other methods and beats 8-pt for any FoV
larger than 30◦.

3.5.4 Behavior of object-space error based refinement

Figure 3.5 shows the comparison between our proposed object-space error minimizer
and standard two-view bundle adjustment. Both depend on a sufficiently good ini-
tialization. However, as stated in Section 3.3.2, standard two-view bundle adjust-
ment reduces reprojection errors over rotation, translation, and structure parameters,
while the proposed joint eigenvalue minimization based object-space error reduc-
tion involves only the rotational degrees of freedom (which—in the case of planar
motion—is only a single degree of freedom). As indicated in Figure 3.5, object-space
error minimization shows comparable performance than 2-view bundle adjustment
for varying fields-of-view. However, owing to its uni-variate nature, the proposed
objective is minimized 8 times faster.

3.5.5 Overall performance within RANSAC

Before moving on to real data experiments, we add a final experiment with outliers
to also compare the behavior with respect to full generalized relative pose solvers if
embedded into a RANSAC scheme. We add up to 30% outliers, and use the same
outlier threshold and inlier verification criterium for each algorithm. We test three
elements including the execution time of each algorithm, the required number of
RANSAC iterations, and the percentage of all true inliers found by each method.
Results are depicted in Figure 3.6. Our method’s processing time is 0.23ms, 17-pt
uses 0.11ms, GE uses 0.3ms, and 8-pt is the fastest at 0.05ms. As already indicated
in [Li et al., 2008], the linear 17-pt method requires too many samples and even 1000
iterations may be insufficient to perform successful inlier identification. Although
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Figure 3.5: Accuracy of the different geometric optimization method and average
execution time.

our method requires more samples (3 points per camera) than GE (8 points) and
8-pt (8 points) and resulting in slightly more iterations, our method also shows high
computational efficiency. It consumes 2 times the time of the linear solver 17-pt and
is 1.5 times faster than GE. To conclude, our solution finds the largest percentage
of all true inliers, which demonstrates that—given a sufficiently large number of
iterations—our method has a low probability to miss the global minimum of the
objective function.

3.5.6 Results on a real multi-camera system

In order to demonstrate the performance of our algorithm on real images, we apply it
to two sequences representing both an indoor and an outdoor example. All datasets
are captured by a fully calibrated and synchronized surround-view multi-camera
system mounted on either a turtlebot (cf. illustrated in Figure 3.3) or a full-size
car. The indoor dataset allows us to compare our method against highly accurate
ground truth captured by a motion tracking system. It provides a mix of character-
istics with both straight forward motion and significant rotation parts. All methods
are embedded into a RANSAC scheme and applied on a frame-to-frame basis. We
use object-space error minimization for ME and standard 2-view bundle adjustment
for all remaining algorithms as a two-view refinement procedure. We do not add a
multi-frame back-end optimization module (i.e. sliding-window bundle-adjustment)
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Figure 3.6: Average number of iterations and found inlier rates.

as this permits the observation of the original performance of each method. Imple-
mentations are made in C++, and use OpenCV [Bradski, 2000] and OpenGV [Kneip
et al., 2014] for image processing and geometry problems, respectively. All experi-
ments are conducted on an Intel Core i7 2.4 GHz CPU with 8GB RAM. Figure 3.7
shows our results obtained on the indoor dataset and compares them against all
alternative algorithms. The following is worth noting:

• The trajectories all suffer from slow error accumulation, which means that all
algorithms successfully process the entire 2000 frames without any gross errors.
Our algorithm ME clearly outperforms both 17-pt and 2pt. Note that 8-pt
and GE are not included in the results, as they are both unable to provide
competitive results.

• The observations concerning rotation-translation ambiguity are consistent with
our prior analysis. We therefore implement a firewall strategy to prevent oc-
casional convergence to wrong local minima. We check the solution obtained
from only the front and back cameras, and compare it against the solution ob-
tained from the entire system. If the two solutions have obvious differences,
we down-weight the energy contribution of the sideways facing cameras. As
shown in Figure 3.7, this strategy leads to the best result.

• Note furthermore that 2pt is confined to the front and back cameras, as we ob-
served that it performs much better than a full 4-camera alternative. Nonethe-
less, it suffers from the strict Ackermann-motion assumption, and leads to a
similar error accumulation like 17-pt.
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Figure 3.7: Evaluation of the dead-reckoned absolute orientation of a real multi-
camera rig moving in an indoor environment. Ground-truth is provided by an Opti-

track motion tracking system.

The real-time execution of the algorithm and further qualitative results on a full-
size vehicle moving outdoors can be found on Youtube3.

3.6 Discussion

Our work stands in contrast with many prior closed-form solutions presented in the
literature, as it relies on an iterative optimization scheme. However, by exploiting
simple linear algebra relationships and the planarity of the motion, the dimensional-
ity of the energy minimization problem is reduced to one, and can hence be solved
very effectively. Furthermore, the fact that the minimized energy depends only on
the rotation parameters and the insight that these parameters are shared between all
cameras permits us to minimize multiple single camera objectives in parallel rather
than a single generalized objective. As demonstrated through our results, the formu-
lation is free of singularities and amenable to highly accurate and reliable, continuous
motion estimation for surround-view camera systems. It is our belief that this con-
tribution must be of interest to the intelligent vehicles community, and direct our
future work towards an extension of the approach over multiple temporal frames,
and further integrated into our previously proposed complete real-time pipeline for
visual odometry with MPC systems.

3https://youtu.be/mtqFAzmh9E4
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Chapter 4

B-splines for visual SLAM on
non-holonomic ground vehicles

In previous chapters, we have seen how to efficiently and reliably estimate the tra-
jectory of generalized camera systems undergo an arbitrary planar motion. The pro-
posed methods provide an attractive solution to localization and mapping on smart
ground vehicles. However, existing methods including the methods that we pro-
posed in the previous chapters are sensitive to the quality of visual inputs, they might
come across challenges under degraded visual conditions, such as poor texture en-
vironments, insufficient field-of-view of cameras, and challenging illumination con-
ditions. Hence, the accuracy and especially robustness of vision-only solutions still
remain rivalled by more expensive, lidar-based multi-sensor alternatives. In this
chapter, we show that a significant increase in robustness can be achieved by tak-
ing non-holonomic kinematic constraints on the vehicle motion into account. Rather
than using approximate planar motion models or simple, pair-wise regularization
terms, we demonstrate the use of B-splines for an exact imposition of smooth, non-
holonomic trajectories inside the 6-DoF bundle adjustment. We introduce different
formulations and compare them in terms of computational efficiency and accuracy
against traditional solutions. We evaluate our method on both simulated and real
data, and thus demonstrate a significant improvement in both robustness and accu-
racy in degraded visual conditions.

4.1 Related work

Most modern solutions to localization and mapping for self-driving ground vehicles
rely on powerful 3D lidars and high-definition 3D maps of the environment [Levin-
son et al., 2007; Wan et al., 2018]. A complete review of lidar-based solutions would
however go beyond the scope of this chapter. We limit our discussion to purely
vision-based solutions. Existing methods using only a single camera may easily
lead to drift accumulation and robustness issues, the frameworks tested specifically
on ground vehicle applications therefore often employ a stereo [Nistér et al., 2006;
Konolige et al., 2007; Howard, 2008; Kitt et al., 2010] or a surround-view multi-camera
array [Furgale et al., 2013; Heng et al., 2018]. The latter is particularly interesting as

51
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it is already commonly installed in modern cars.
We look into the improvement of a purely vision-based solution by taking vehi-

cle kinematics related constraints into the optimization framework. Such techniques
have been already commonly applied to vision-based multi-sensor solutions using
additional odometers to measure the rotational velocity of each wheel. The state-of-
the-art EKF filter [Wu et al., 2017], particle filter [Yap et al., 2011], and optimization-
based [Quan et al., 2018; Kang et al., 2019] solutions rely on a drift-less planar motion
model that derived from a dual-drive or Ackermann steering platform. They perform
relatively high-frequent integration of wheel odometry in order to provide an ade-
quate initial guess on the relative displacement between subsequent views. Censi
et al. [Censi et al., 2013] furthermore consider simultaneous extrinsic calibration be-
tween cameras and odometers. For skid-steering mobile platforms, several works
[Yi et al., 2009; Martinez et al., 2017; Lv et al., 2017] also applied a closely related
vehicle motion model in filtering and optimization-based frameworks. Although the
slippage exists, non-holonomic models relying on the Instantaneous Centre of Rota-
tion (ICR) still explain the motion of skid-steering platforms relatively well [Martinez
et al., 2005], which explain the reason why our methods could potentially be applied
to such platforms. Further related work is given by Zhang et al. [Zhang et al., 2019],
who still relies on a drift-less non-holonomic motion model, but extends the estima-
tion to full 6-DoF motion by introducing the motion-manifold and manifold-based
integration of wheel odometry signals.

When we focus on pure vision-based solutions, the non-holonomic constraints
need to be enforced purely by the motion model, which is much more difficult.
Scaramuzza [Scaramuzza et al., 2009; Scaramuzza, 2011] presents highly robust so-
lutions to estimate the relative motion with a single vehicle-mounted camera by in-
troducing the Ackermann motion model. Huang et al. [Huang et al., 2019] recently
extended the method to an n-frame solver, while Lee et al. [Lee et al., 2013] suc-
cessfully applied it to a multi-camera array. Long et al. [Zong et al., 2017] and Li
et al. [Li et al., 2018] have included similar constraints into windowed optimization
frameworks, which essentially penalize trajectory deviations from an approximate
piece-wise circular arc model.

A more correct model-based imposition of non-holonomic constraints on ground
vehicle motion has been proposed in robotics and control societies. The related works
mostly aim at planning feasible trajectories for drift-less ground vehicles, a challeng-
ing problem if both spatial and temporal constraints need to be taken into account.
An in-depth introduction to the topic is given in [Souéres and Boissonnat, 1998]. The
general idea consists of using continuous-time models for smooth collision-free tra-
jectory planning on non-holonomic curvature-bounded vehicles. For example, Lund-
berg [Lundberg, 2017] introduces clothoid-based smoothing in A* path planning.

From a purely geometric point of view, a drift-less, non-holonomic ground vehi-
cle moves along smooth trajectories in space, and—more importantly—heads toward
the vehicle motion direction. This motivates our use of the continuous-time trajec-
tory model as proposed by Furgale et al. [Furgale et al., 2015]. While parametrizing
a smooth vehicle trajectory, the representation and in particular its first-order differ-
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ential is easily used to additionally enforce the vehicle heading to remain tangential
to the trajectory.

The chapter is organized as follows. Section 4.2 provides a brief review of B-
splines and kinematic motion constraints on drift-less non-holonomic platforms. Sec-
tion 4.3 introduces different realizations of the objective, and Section 4.4 finally con-
cludes with our results on both simulated and real data.

4.2 Preliminaries

This section reviews the basic idea of continuous-time parametrizations, which play
an important role in motion estimation when dealing with smooth trajectories or
temporally dense sampling sensors. There are various alternatives for the basis func-
tions, such as FFTs, discrete cosine transforms, polynomial kernels, or Bézier splines.
In this chapter, we will use the efficient and smooth B-spline parametrization [Piegl
and Tiller, 2012] as already illustrated by Furgale et al. [Furgale et al., 2015]. We start
by reciting the basic form of B-splines and their initialization, and conclude with a
brief review of preliminaries on the non-holonomic motion.

4.2.1 B-splines

According to the definition, a B-spline curve is defined as a linear combination of
control points and B-spline basis functions. The basic form of a pth-degree B-spline
curve is given as follows:

c(u) =
n

∑
i=0

Ni,p(u)pi, a ≤ u ≤ b, (4.1)

where u is the continuous-time parameter, {pi} are the n + 1 control points, and
{Ni,p(u)} are the n + 1 pth-degree B-spline basis functions defined on the monoton-
ically increasing and non-uniform knot vector u = {a, . . . , a︸ ︷︷ ︸

p+1

, up+1, . . . , un, b, . . . , b︸ ︷︷ ︸
p+1

}.

The procedure to compute a point on a B-spline curve for a fixed u value consists of
three main steps:

• We firstly find u’s knot span k in the knot vector u. k is defined such that
u ∈ [uk, uk+1), and an exception is given when u = un+1 in which case k = n;

• Then, we evaluate the basis functions {Ni,p(u)}, which are non-zero only if
i = {k− p, k− p + 1, . . . , k};

• Finally, the values of the non-zero basis functions are multiplied with their
respective control points, and sum up the terms.

It should be noticed that the form of a B-spline and the basis functions are generally
fixed, the shape of the curve is influenced by the control points only.
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In this chapter, we focus on exploring B-spline as a representation for the kind
of smooth trajectory that we have on drift-less, non-holonomic ground vehicles. We
therefore need to discuss B-splines initialization based on discrete sets of camera
poses. The splines are initialized from a set of samples along the curve, and there
is a spline curve approximation algorithm proposed by Piegl and Tiller [Piegl and
Tiller, 2012] for the initialization. We assign a parameter value ūk to each sample,
and define an appropriate knot vector u. The control points can then be solved from
a simple linear system. The detailed steps are as follows:

• Data registration: Suppose we have a set of discrete vehicle poses obtained
from corresponding images by front-end solver, and the timestamp of an indi-
vidual image is used as a parameter value ūk.

• Knot spacing: In order to define the knot vector u, an automatic knot spacing
algorithm (9.69) of [Piegl and Tiller, 2012] is applied in our method. This algo-
rithm guarantees that every knot span contains at least one ūk. From a temporal
perspective, this algorithm will give a nearly uniformly distributed knot vector.

• Least squares curve approximation: Assume that points {d0, . . . , dm} are given,
a pth-degree nonrational curve could be approximated which satisfying that
d0 = c(a) and dm = c(b), and the remaining dk are then used to optimize the
control points in the sense of the least-squares objective

arg min
{pi}

m−1

∑
k=1
‖dk − c(ūk)‖2. (4.2)

• B-spline initialization for rotations: We use the method of Kang and Park
[Kang and Park, 1999], which uses B-splines to approximate unit quaternions.
The basic idea behind this method is to use 4-dimensional B-splines, and then
project the resulting curve onto the unit three-sphere.

4.2.2 Non-holonomic motion

As mentioned in previous Section 1.2.3, the ground vehicle with a non-steering two-
wheel axis commonly undergo non-holonomic planar motion. Under the assumption
that the wheels do not undergo any drift, certain displacements become impossible
or only executable as a complex combination of displacements. This kinematic con-
straint is reflected in the Ackermann steering model and the instantaneous heading
of the vehicle is parallel to its velocity. The constraint has been already exploited
in purely vision-based algorithms, however only based on the approximation of a
piece-wise constant steering angle:

• As proposed by Scaramuzza et al. [Scaramuzza et al., 2009], the motion of a
ground vehicle could be approximated to lies on a plane, and the vehicle have
a locally constant steering angle. The trajectory between subsequent views is
therefore approximated by an arc of a circle, and the heading remains tangential
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to this arc. Hence the motion could be parameterized by the inscribed arc-
angle θ as well as the radius of this circle r, and both the relative rotation
and translation are expressed as functions of these parameters. The matter is
illustrated in Figure 1.10.

• Inspired by [Scaramuzza et al., 2009], Peng et al. [Peng et al., 2019] introduce a
constraint when relative rotations R and translations t under the approximation
of a piece-wise constant steering angle or circular arc model. The constraint is
formulated as follows:

(
(I + R)

[
0 1 0

]T
)
× t = 0, (4.3)

It can be added as a regularization term in a common bundle adjustment frame-
work. We call this the R-t constraint.

The models mentioned above are only an approximation of the original infinitesi-
mal constraints on the velocity and the position of the ICR. In the following sections,
we will look into the use of continuous-time parametrizations to continuously en-
force identity between the body’s velocity direction vb

‖vb‖ and the vehicle’s forward
axis yb, which is the original infinitesimal constraint. We call this the R-v constraint.

4.3 Optimization of non-holonomic trajectories

In order to enforce R-v and R-t constraint, we use a spline to represent the non-
holonomic vehicle trajectory in continuous time. The R-v constraint can be formu-
lated by the first-order differential of the spline, which represents the instantaneous
velocity of the vehicle. We introduce and compare multiple formulations starting
from conventional bundle adjustment.

4.3.1 Conventional Bundle Adjustment (CBA)

Conventional Bundle Adjustment (CBA) boils down to minimizing reprojection er-
rors with respect to directly parametrized camera poses and 3D landmarks. Specifi-
cally, the non-linear objective is given by

min
{tbj
}

{qbj
}

{xi}

∑
i,j

ρ


‖ fp


Tsb

[
R(qbj

) tbj

0 1

]−1

xi


−mij‖2


 ,

︸ ︷︷ ︸
conventional bundle adjustment (CBA)

(4.4)

where

• R(q) is the rotation matrix constructed from quaternion representation q.

• tbj and qbj are optimized pose parameters.

• {xi} are landmarks in homogeneous representation.
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• mij is the observation of landmark i in frame j.

• ρ (·) represents a loss function (e.g. Huber loss) to mitigate the influence of
outliers.

• fp (·) is the projection of {xi} onto the image plane with calibrated cameras.

• Tsb represents the extrinsic parameters that transform observed points from the
vehicle to the camera frame.

As shown in Figure 4.1(a), blue nodes in the graphical model are residual blocks
of re-projection error.

4.3.2 CBA with R-t constraints (CBARt)

We now proceed to the aforementioned the R-t constraint (4.3) in Section 4.2.2, the
constraint can be added as a pairwise, soft regularization constraint into the formu-
lation of conventional bundle adjustment similar to [Zong et al., 2017] and [Li et al.,
2018]. We therefore obtain

min
{tbj
}

{qbj
}

{xi}

∑
i,j

ρ


‖ fp


Tsb

[
R(qbj

) tbj

0 1

]−1

xi


−mij‖2




︸ ︷︷ ︸
conventional bundle adjustment (CBA)

(4.5)

+∑
j

wr‖
((

I + Rbj−1bj

) [0
1
0

])
× tbj−1bj

‖2

︸ ︷︷ ︸
R-t constraint

,

where

• wr is a scalar weight for the R-t constraints.

• Rbj−1bj and tbj−1bj denotes the relative rotation and translation between subse-
quent views.

However, such objectives still optimize a discrete set of poses, and regularizes it
against a piece-wise circular arc model. The graphical model of this formulation is
shown in Figure 4.1(b), and the yellow nodes indicate R-t constraints.

4.3.3 CBA with spline regression (CBASpRv)

We now proceed to introduce a continuous-time model into bundle adjustments.
Although we still use CBA as the basis formulation for optimizing a discrete set of
poses, we replace the previous R-t constraint with a soft, regularising R-v constraint
that using a 3D spline approximated from the optimized positions tb. The objective



§4.3 Optimization of non-holonomic trajectories 57

can now be rewritten as

min
{tbj
}{qbj

}
{xi},P

∑
i,j

ρ


‖ fp


Tsb

[
R(qbj

) tbj

0 1

]−1

xi


−mij‖2




︸ ︷︷ ︸
conventional bundle adjustment (CBA)

(4.6)

+ ∑
j

ws‖tbj
− c1(tj)‖2

︸ ︷︷ ︸
smoothness constraint

+∑
j

wc‖R(qbj
)

[
0
1
0

]
− η(c′1(tj))‖2,

︸ ︷︷ ︸
R-v constraint

where

• P is the set of control points of c1(t).

• c1(t) denotes the alternatingly updated spline.

• tj is the timestamp at jth frame.

• η(a) = a
‖a‖ .

• c′(t) denotes the first-order derivative of c(t).

• ws, wc are scalar weights.

Note that the spline used in objective above is computed by summing over prod-
ucts between control points and the fixed, first-order derivatives of the basis func-
tions. The objective function can also be easily adjusted to the 3-Dof planar case, by
changing the degree of control points from 6 to 3, including a 2-Dof translation on
the plane and a 1-Dof rotation along normal axis. This is indeed the version that is
used in Section 6.4.3 of Chapter 6. The green nodes are combined smoothness and
R-v constraints, shown as in Figure 4.1(c), and CP represent control points.

(a) (b) (c)

Figure 4.1: Graphical models of the different methods: (a) CBA; (b) CBARt; (c)
CBASpRv.
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4.4 Experimental results

In this section, we test our algorithm on both synthetic and real data. The main
purpose of our experiments is to demonstrate the ability of our methods to handle
degraded visual conditions. We therefore analyse the influence of the connectivity
of the graph by varying number of landmarks and number of observations, in addi-
tion to the commonly analysed influence of noise on the image measurements mij.
In order to evaluate both accuracy and computational efficiency of our methods, we
take a few well-chosen, synthetic sequences, and execute different experiments focus
on a comparison against all aforementioned objective functions. We conclude with
tests on popular, real-data benchmark sequences and compare our methods against
an established alternative from the open-source community: ORB-SLAM [Mur-Artal
and Tardós, 2017]. Ground truth for the sequences is delivered by an accurate In-
ertial Navigation System. All our experiments are conducted on a laptop with 8GB
RAM and an Intel Core i7 2.4 GHz CPU, and the C++ implementations use OpenCV
[Bradski, 2000], Eigen [Guennebaud et al., 2010], and the Ceres Solver [Agarwal et al.,
2010] optimization toolbox with automatic differentiation.

4.4.1 Results on synthetic data

We start by using realistic trajectories that directly taken from the ground truth tra-
jectories from KITTI sequences [Geiger et al., 2012]. Both the intrinsic and extrinsic
parameters fp(·) and Tsb are taken from the KITTI sequences as well. However, in-
stead of using original images, we generate synthetic correspondences by defining
uniformly distributed random image points in each view. The number of points de-
notes the local connectivity. We define random depths for these points by sampling
from a uniform distribution between 6 and 30 meters. The corresponding world
points (landmarks) are finally projected into all nearby views to generate all possible
correspondences in the graph. Note that the number of observations per landmark
is however capped by the global connectivity setting. We also perform a boundary
check to make sure that all reprojected points are visible in the virtual views. Finally,
we add zero-mean normally distributed noise to the observations. For each analysis
and noise or connectivity setting, we calculate the mean and standard deviation of
the sliding pair-wise Relative Pose Error (RPE) with respect to ground truth, which
individually analyses rotation and translation errors. The rotation error is calculated
using (2.15) in [Ma et al., 2012]. For the translation error, our evaluation differs from
the one in [Sturm et al., 2012] in that we ignore the scale of the relative translations
which are unobservable in a monocular setting. Results are indicated in the Figure
4.2. We conduct three types of experiments:

• Noise level: The noise level is varied between 0 to 5 pixels. The result is indi-
cated in Figures 4.2(a) and 4.2(d), adding kinematic constraints leads to a large
reduction of errors; the proposed methods using continuous-time parametriza-
tions outperforms CBA in most cases, especially in terms of the translational
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error. Both CBASpRv and CBARt present high robustness against increasing
noise levels.

• Global connectivity: We repeat the same experiments but vary the global con-
nectivity from 3 to 10 frames. As shown in Figures 4.2(b) and 4.2(e), the pro-
posed methods maintain a high level of accuracy as the graph’s global connec-
tivity degrades. CBASpRv and CBARt again outperform CBA for both low and
high connectivity.

• Local connectivity: We vary the local connectivity from 20 to 60 landmarks.
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Figure 4.2: Mean and standard deviation of RPE for different methods on synthetic
data using KITTI-VO-05 ground truth trajectories. The default noise level used in the
experiments is set to 4 pixels, the default global connectivity is set to 3 frames, and
the default local connectivity is set to 40 landmarks. Column 1 analyse rotational(first
row) and translational(second row) errors for varying noise levels, column 2 for vary-
ing maximum number of observations for each landmark, and column 3 for varying

number of landmarks per frame.
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The result is illustrated in Figures 4.2(c) and 4.2(f). As expected, our proposed
kinematic methods still perform significantly better as the number of observa-
tions per frame decreases.

4.4.2 Results on artificial trajectories

In the previous sections, our experiments illustrate that the CBARt method has pro-
vided competitive results when using realistic trajectories. However, taking sparsely
sampled views of course diminishes the validity of the Ackermann motion model.
A lower frame density implies that the piece-wise circular arc-based regularization
of CBARt is less valid and its performance degrades. Here we add additional ex-
periments in which the trajectory is formed by sinusoidal curves in the plane for
better understanding. On average, we place less than 10 keyframes over the span
of a single period, which simulates high dynamics scenario. All other experimental
settings are similar to the previous section. As shown in Figure 4.3, the performance
of CBARt decreases and shows similar performance with CBA. CBASpRv still clearly
outperforms.

4.4.3 Experiments on real data

In order to demonstrate the performance of our methods on real images, we use the
KITTI benchmark datasets [Geiger et al., 2012], which are fully calibrated and con-
tain images captured by a forward-looking camera mounted on a passenger vehicle
driving through different environments. The datasets contain signals from high-end
GPS/IMU sensors, which allow us to compare our results against ground truth. Sev-
eral different sequences are used in order to provide a mix of motion characteristics
reaching from significant turns and height variations to simple forward motion. We
extract ORB [Rublee et al., 2011] features and use the flann matcher from OpenCV.
We furthermore use the 1-point RANSAC method by Scaramuzza et al. [Scaramuzza,
2011] to initialize the motion and identify inlier correspondences for triangulation.
The results for all methods are shown in Figure 4.4. We present individual results for
six different KITTI sequences, which contain a mix of motion characteristics. KITTI-
VO-01 and KITTI-VO-04 are an empty highway and a short straight road segment
resulting in poor or simple graphical models, respectively.

We again evaluate all results as a function of artificially added noise, in order to
measure the influence of degraded visual conditions. The blue dotted line indicates
the error of the initialization. As illustrated in results, CBA generally has the worst
performance, followed by CBARt. CBASpRv provides the best performance, it gen-
erally improves the accuracy, especially in terms of the translational error. Note that
CBARt shows relatively large errors on KITTI-VO-00, which we trace back to a single
difficult, badly modelled subpart of the trajectory between frames 250 and 300. From
a qualitative point of view, several example results are indicated in Figures 4.5(a),
4.5(b) and 4.5(c), which show the comparison between our proposed methods and
CBA with ground-truth, and our proposed methods performs closer to ground-truth
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than CBA.

4.4.4 Comparison against ORB-SLAM

As a final test, we let our kinematically constrained optimization compete against
an established alternative from the open-source community: ORB-SLAM [Mur-Artal
and Tardós, 2017]. RPE results are again indicated in Table 4.1. It is true that our com-
parison against the heavily engineered ORB-SLAM framework does not show any
general advantages, and the results confirm that simple CBA is not able to compete
with ORB-SLAM. While our proposed methods with kinematic constraints perform
on par with and occasionally even outperform ORB-SLAM. It basically depends on
the dataset. Under challenging illumination conditions, the difference can be poten-

CBA CBARt CBASpRv

0 2 4 6 8

noise level

0

0.5

1

1.5

2

2.5

3

rp
e
 r

o
ta

ti
o
n
a
l 
e
rr

o
r(

d
e
g
)

(a)

3 4 5 6 7 8 9 10

global connectivity

0.5

1

1.5

2

2.5

3

rp
e
 r

o
ta

ti
o
n
a
l 
e
rr

o
r(

d
e
g
)

(b)

20 30 40 50 60

local connectivity

0.5

1

1.5

2

2.5

3

rp
e
 r

o
ta

ti
o
n
a
l 
e
rr

o
r(

d
e
g
)

(c)

0 2 4 6 8

noise level

0

0.05

0.1

0.15

rp
e
 t

ra
n
s
la

ti
o
n
a
l 
e
rr

o
r(

m
)

(d)

3 4 5 6 7 8 9 10

global connectivity

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

rp
e
 t

ra
n
s
la

ti
o
n
a
l 
e
rr

o
r(

m
)

(e)

20 30 40 50 60

local connectivity

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

rp
e
 t

ra
n
s
la

ti
o
n
a
l 
e
rr

o
r(

m
)

(f)

Figure 4.3: Mean and standard deviation of RPE for different methods on synthetic
data using more sparsely sampled artificial trajectories. All experimental settings
except the number of keyframes are similar to Figure 4.2. Varying noise levels, maxi-
mum number of observations for each landmark and number of landmarks per frame

are on columns 1 2 and 3 respectively.
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Dataset method mean(t) stddev(t) mean(R) stddev(R)

VO-01

ORB-SLAM 0.1293 0.1676 0.3149 0.4548
CBA 0.0170 0.0413 0.3580 0.5445
CBASpRv 0.0082 0.0046 0.3929 0.4717

VO-04

ORB-SLAM 0.0073 0.0034 0.0451 0.0312
CBA 0.0079 0.0039 0.0775 0.0392
CBASpRv 0.0050 0.0032 0.0784 0.0392

VO-05

ORB-SLAM 0.0098 0.0106 0.0455 0.0264
CBA 0.0233 0.0795 0.1434 0.4881
CBASpRv 0.0111 0.0135 0.1292 0.1898

VO-06

ORB-SLAM 0.0076 0.0074 0.0432 0.0277
CBA 0.0145 0.0411 0.1039 0.2494
CBASpRv 0.0057 0.0065 0.0951 0.0821

Table 4.1: Comparison against ORB-SLAM. Error in t: [m], errors in R: [deg].

tially large. We would like to emphasise that—although ORB-SLAM also uses CBA
in the back-end—it is a heavily engineered framework that performs additional tasks
to reinforce the health and quality of the underlying graphical model. We therefore
again conclude that the addition of kinematic constraints generally models the mo-
tion well, and increases the ability to handle degraded visual measurements.

4.4.5 Computational efficiency

To conclude, we compare the computational efficiency of the different methods. As
indicated in Table 4.2, with automatically differentiated B-spline-based implementa-
tions taking about double the time of conventional bundle adjustment, which is still
acceptable for back-end optimization.

l.c. CBA CBARt CBASpRv
20 9.294 8.963 22.225
30 13.887 15.661 30.790
40 18.162 19.775 57.784
50 22.194 22.555 62.120
60 25.977 25.263 68.009

Table 4.2: Average optimization time in seconds per 50 iterations for the proposed
and the baseline methods. The optimization in simulation is over 1000 frames using
the KITTI-VO-05 trajectory. l.c. denotes the local connectivity, and thus the number
of generated landmarks per frame. The noise level is set to 4 pixels, and the global

connectivity to 3 frames.
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4.5 Discussion

In this chapter, we introduce continuous-time trajectory parametrizations for an exact
modelling of non-holonomic ground vehicle trajectories in bundle adjustment. The
proposed method shows significant improvements on both accuracy and robustness
of monocular visual odometry, especially as the connectivity of the graph or the qual-
ity of the measurements degrades. This work fills the crucial gap in a robust, reliable
motion estimation pipeline on intelligent mobile platforms. Although we only test
our methods with a single camera, it is our belief that our general objective functions
could be integrated into our aforementioned multi-perspective camera systems for
further improvements.
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Figure 4.4: Mean and standard deviation of RPE for different methods on real images
from the KITTI benchmark. The first two rows show rotational errors, while the last
two rows show translation errors. Each column presents results on a different dataset.

before BA (blue dotted line) denotes the initial error before optimization.
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(a) (b) (c)

Figure 4.5: Example trajectory segments for ground truth (Red), CBA (Blue), CBARt
(Magenta), CBASpRv (Green). Left: U-turn on KITTI VO-06. Center: Uneven surface

on KITTI VO-00. Right: Sharp turn on KITTI VO-10.
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Chapter 5

Globally-optimal event camera
motion estimation for planar
ground vehicles

In previous chapters, we have made a lot of efforts on purely vision-based localiza-
tion and mapping problem for intelligent mobile platforms. Our proposed pipelines
take advantages of kinematic constraints, and have developed efficient, reliable solu-
tions on vehicle-mounted, multi-perspective camera systems. Although regular cam-
eras have represented a highly attractive alternative of sensors for powerful SLAM
systems, existing visual SLAM systems with regular cameras still come across chal-
lenges such as high dynamics scenes, changing illumination conditions, etc. In order
to improve the camera performance in the above situations, we look at a new type of
camera sensor, called a dynamic vision sensor, or event camera. Event cameras are
bio-inspired sensors that perform well in HDR conditions and have high temporal
resolutions. However, different from traditional frame-based cameras, event cameras
measure asynchronous pixel-level brightness changes and return them in a highly
discretized format, hence new algorithms are needed. The present chapter looks at
fronto-parallel motion estimation of an event camera. The flow of the events is mod-
eled by a general homographic warping in a space-time volume, and the objective is
formulated as maximization of contrast within the image of unwarped events. How-
ever, in stark contrast to the prior art, we derive a globally optimal solution to this
generally non-convex problem, and thus remove the dependency on a good initial
guess. Our algorithm relies on branch-and-bound optimization for which we derive
novel, recursive upper and lower bounds for contrast estimation functions. The prac-
tical validity of our approach is supported by a highly successful application to AGV
motion estimation with a downward-facing event camera, a challenging scenario in
which the sensor experiences fronto-parallel motion in front of noisy, fast moving
textures(cf. Figure 5.1).

67
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(a) AGV (b) wood grain foam (c) θ = 0 (d) θ = θ̂

Figure 5.1: (a): AGV equipped with a downward facing event camera for vehicle
motion estimation. (b)-(d): collected image with detectable corners, image of warped

events with θ = 0, and image of warped events with optimal parameters θ̂.

5.1 Related work

A good overview of recent research on event-based vision is given by [Gallego et al.,
2020]. In this section, our work aim at fronto-parallel motion estimation of an event
camera. The flow of the events is hereby modelled by a general homographic warp-
ing in a space-time volume, and motion may be estimated by maximization of con-
trast in the image of unwarped events [Gallego et al., 2018]. Various reward functions
that maximize contrast have been presented and analysed in the recent works of Gal-
lego et al. [Gallego et al., 2019] and Stoffregen and Kleeman [Stoffregen and Kleeman,
2019], and successfully used for solving a variety of problems with event cameras
such as optical flow [Zhu et al., 2017; Gallego et al., 2018; Stoffregen and Kleeman,
2017; Ye et al., 2018; Zhu et al., 2019a, 2018b], segmentation [Stoffregen and Kleeman,
2017; Stoffregen et al., 2019; Mitrokhin et al., 2018], 3D reconstruction [Rebecq et al.,
2018; Zhu et al., 2018a, 2019a; Ye et al., 2018], and motion estimation [Gallego and
Scaramuzza, 2017; Gallego et al., 2018]. Our work focuses on the latter problem of
camera motion estimation. However—different from many of the aforementioned
works—we propose the first globally optimal solution to the underlying contrast
maximization problem, an important point given its generally non-convex nature.

The chapter is organized as follows. Section 5.2 provides a brief review of con-
trast maximization framework. Section 5.3 proceed to the core of our contribution,
which is a globally optimal solution to contrast maximization using Branch and
Bound (BnB) algorithm. Section 5.4 applies the globally-optimal contrast maximiza-
tion framework to the real-world case of non-holonomic motion estimation with a
downward-facing camera mounted on an AGV. Section 5.5 finally concludes with
our results on both simulated and real data.

5.2 Contrast maximization framework

An event camera outputs a sequence of events denoting temporal logarithmic bright-
ness changes above a certain threshold. An event e = {x, t, s} is described by its
pixel position x = [x y]T, timestamp t, and polarity s (the latter indicates whether
the brightness is increasing or decreasing, and is ignored in the present work). Our
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method is inspired by contrast maximization framework, which is recently intro-
duced by Gallego et al. [Gallego et al., 2018] as a unifying framework allowing the
solution of several important problems for dynamic vision sensors, in particular mo-
tion estimation problems in which the effect of camera motion may be described by
a homography (e.g. motion in front of a plane, pure rotation). The key idea is that
events are significantly more likely to be triggered by high gradient regions in the
image (i.e. the edges). If the motion is estimated correctly, events which are trig-
gered by the same point will be accumulated by the same pixel in the reference view,
and the resulting Image of Warped Events (IWE) will therefore become a sharp edge
map. The question is how the accumulation is done, and how the sharpness of the
IWE is characterised. Gallego et al. propose to optimize the alignment of the events
by maximizing the contrast in the IWE.

Suppose we are given a set of N events E = {ek}N
k=1. We define a general warping

function x′k = W(xk, tk; θ) that returns the position x′k of an event ek in the reference
view at time tref. θ is a vector of warping parameters. The IWE is generated by
accumulating warped events at each discrete pixel location:

I(pij; θ) =
N

∑
k=1

1(pij − x′k) =
N

∑
k=1

1(pij −W(xk, tk; θ)) , (5.1)

where 1(·) is an indicator function that counts 1 if the absolute value of (pij − x′k) is
less than a threshold ε in each coordinate, and otherwise 0. pij is a pixel in the IWE
with coordinates [i j]T, and we refer to it as an accumulator location. We set ε = 0.5
such that each warped event will increment one accumulator only.

Existing approaches replace the indicator function with a Gaussian kernel to
make the IWE a smooth function of the warped events, and thus solve contrast max-
imization problems via local optimization methods (cf. [Gallego and Scaramuzza,
2017; Gallego et al., 2018, 2019]). In contrast, we show how our proposed method is
able to find the global optimum of the above, discrete objective function.

As introduced in [Stoffregen and Kleeman, 2019; Gallego et al., 2019], reward
functions for event un-warping all rely on the idea of maximizing the contrast or
sharpness of the IWE (they have also been denoted as focus loss functions). They
proceed by integration over the entire set of accumulators, which we denote P . In
this work, we use the Sum of Squares (SoS) as loss function, which is given by:

LSoS(θ) = ∑
pij∈P

I(pij; θ)2 (5.2)

There are also a lot of reward functions, which will not be introduced in the present
dissertation.
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(a) N/E = 0 (b) N/E = 0.02 (c) N/E = 0.10 (d) N/E = 0.18

Figure 5.2: Visualization of the Sum of Squares contrast function. The camera is
moving in front of a plane, and the motion parameters are given by translational and
rotational velocity (cf. Section 5.4). The sub-figures from left to right are functions
with increasing Noise-to-Events (N/E) ratios. Note that contrast functions are non-

convex.

5.3 Globally maximized contrast using Branch and Bound

Let us now proceed to the main contribution of our work, which is a derivation of
bounds on the above objectives as required by Branch and Bound. Figure 5.2 illus-
trates how contrast maximization for motion estimation is in general a non-convex
problem, meaning that local optimization may be sensitive to the initial parameters
and not find the global optimum. We tackle this problem by introducing a globally
optimal solution to contrast maximization using Branch and Bound (BnB) optimiza-
tion. BnB is an algorithmic paradigm in which the solution space is subdivided into
branches in which we then find upper and lower bounds for the maximal objective
value. The globally optimal solution is isolated by an iterative search in which en-
tire branches are discarded if their upper bound for the maximum objective value
remains lower than the corresponding lower bound in another branch. The most
important factor deciding the effectiveness of this approach is given by the tightness
of the bounds.

Our core contribution is given by a recursive method to efficiently calculate upper
and lower bounds for the maximum value of a contrast maximization function over
a given branch. In short, the main idea is given by expressing a bound over (N +
1) events as a function of the bound over N events plus the contribution of one
additional event. The strategy can be similarly applied to other contrast functions,
and we limit the exposition to the derivation of bounds for LSoS in the present thesis.

5.3.1 Objective Function

In the following, we assume that L = LSoS. The maximum objective function value
over all N events in a given time interval [tref, tref + ∆T] is given by

LN = max
θ∈Θ

∑
pij∈P

[
N

∑
k=1

1
(

pij −W(xk, tk; θ)
)]2

, (5.3)
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where θ is the search space (i.e. branch or sub-branch) over which we want to max-
imize the objective. Most globally optimal methods for geometric computer vision
problems find bounds by a spatial division of the problem into individual, simpler
maximization sub-problems (cf. [Campbell et al., 2017]). However, the contrast max-
imization objective is related to the distribution over the entire IWE and not just
individual accumulators, which complicates this strategy.

5.3.2 Upper Bound and Lower Bound

The bounds are calculated recursively by processing the events and one-by-one, each
time updating the IWE. The events are notably processed in temporal order with
increasing timestamps.

For the lower bound, it is readily given by evaluating the contrast function at an
arbitrary point on the interval θ, which is commonly picked as the interval center
θ0. We present a recursive rule to efficiently evaluate the lower bound. For search
space θ centered at θ0, according to the definition of the sum of the square focus loss
function, the lower bound of SoS-based contrast maximization could be given by

LN+1 = LN + 1 + 2IN(ηθ0
N+1; θ0) , (5.4)

where IN(pij; θ0) is the incrementally constructed IWE, its exponent N denotes the
number of events that have already been taken into account, and

ηθ0
N+1 = round(W(xN+1, tN+1; θ0)) (5.5)

returns the accumulator closest to the warped position of the (N + 1)-th event. Note
that the IWE is iteratively updated by incrementing the accumulator which locates
closest to ηθ0

N+1.
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Figure 5.3: (a) Incremental update of the IWE. For each new event e, we choose and
increment the currently maximal accumulator in the bounding box PΘ around all
possible locations W(x, t; θ ∈ Θ). We simply increment the center of the bounding
box if no other accumulator exists. (b) Bounding boxes of two temporally distinct

events generated by the same point in 3D.

We now proceed to our main contribution, a recursive upper bound for the con-
trast maximization problem. Let us define PΘ

i as the bounding box around all pos-
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sible locations W(xi, ti; θ ∈ Θ) of the unwarped event. Given a search space θ ∈ Θ,
for a small enough time interval, if W(xi, ti; θ) = W(xj, tj; θ) and 0 < i < j ≤ N, we
have PΘ

i ⊆ PΘ
j . An intuitive explanation is given in Figure 5.3(b). Hence the upper

bound of the objective function LN for SoS-based contrast maximization satisfies

LN+1 = LN + 1 + 2IN(ηθ̂
N+1; θ̂) (5.6)

≤ LN + 1 + 2QN = LN+1, (5.7)

where QN = max
pij∈PΘ

N+1

IN
(pij) ≥ IN(ηθ̂

N+1; θ̂)

PΘ
N+1 is a bounding box for the (N + 1)-th event. θ̂ is the optimal parameter set

that maximizes LN+1 over the interval Θ. IN
(pij) is the value of pixel pij in the

upper bound IWE, a recursively constructed image in which we always increment
the maximum accumulator within the bounding box PΘ

N+1 (i.e. the one that we used

to define the value of QN . The incremental construction of IN
(pij) is illustrated in

Figure 5.3(a). Note that for N = 0, it is obvious that L0 = L0 = 0. It varies for different
loss function and will be further used for initialization.

Our globally-optimal contrast maximization framework (GOCMF) is outlined in
Algorithm 1 and Algorithm 2. We propose a nested strategy for calculating upper
bounds, in which the outer layer RB evaluates the objective function, while the in-
ner layer BB estimates the bounding box PΘ

N and depends on the specific motion
parametrization.

Algorithm 1 GOCMF: globally optimal contrast maximization framework
Input: event set E , initial search space Θ, branching limit Nb
Output: optimal warping parameters θ̂

1: Initialize θ̂ with the center of Θ,
2: L∗ ← 0 , S ← {RB(E , Θ), Θ}
3: Push S into queue Q, S∗ ← S
4: while i < Nb do
5: if S∗.L,== S∗.L then
6: θ̂← Center of S∗.Θ, break
7: for each node S ∈ Q do
8: Pop S, split into subspaces Sj
9: for all subspaces Sj do

10: {Sj.L, Sj.L} ← RB(E , Θj)
11: if Sj.L > L∗ then
12: L∗ ← Sj.L , S∗ ← Sj

13: Push Sj into Q

14: Prune branches in Q
15: i← i + 1
16: return θ̂
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Algorithm 2 RB: recursive bounds calculation
Input: event set E , search space Θ

Output: lower bound L, upper bound L
1: Initialize accumulator images I and I with zeros
2: Initialize L, L
3: θ0 ← center of Θ

4: for each event ek ∈ E do
5: PΘ

k ← BB(W(·), Θ, ek)
6: Q← maxpij∈PΘ

k
I(pij)

7: ηθ0
k ← round(W(xk, tk; θ0))

8: Update L, L
9: νk ← argmaxpij∈PΘ

k
I(pij)

10: I(νk)← I(νk) + 1
11: I(ηθ0

k )← I(ηθ0
k ) + 1

12: return L, L

5.4 Application to visual odometry with a downward-facing
event camera

Motion estimation for planar Autonomous Ground Vehicles (AGVs) is an important
problem in intelligent transportation [Wang et al., 2020; Peng et al., 2019; Huang
et al., 2019]. An interesting alternative is given by employing a downward instead
of a forward-facing camera, thus permitting direct observation of the ground plane
with known depth. This largely simplifies the geometry of the problem and no-
tably turns the image-to-image warping into a homographic mapping that is linear
in homogeneous space. The strategy is widely used in relevant applications such as
sweeping robots and factory AGVs, and a good review is presented in [Aqel et al.,
2016]. However, the method is affected by potentially severe challenges given by the
image appearance: a) reliable feature matching or even extraction may be difficult for
certain noisy ground textures, b) fast motion may easily lead to motion blur, and c)
stable appearance may require artificial illumination. Many existing methods there-
fore do not employ feature correspondences but aim at a correspondence-less align-
ment or even a full photometric image alignment. Besides more classical RANSAC-
based hypothesise-and-test schemes [Chen et al., 2018], the community therefore has
also developed appearance-based template matching approaches [Dille et al., 2010;
Nourani-Vatani et al., 2009; Yu et al., 2011; Nourani-Vatani and Borges, 2011; Gon-
zalez et al., 2012], solvers based on efficient second-order minimization [Lovegrove
et al., 2011; Zienkiewicz and Davison, 2015; Jordan and Zell, 2016], and methods ex-
ploiting the Fast Fourier Transform [Piyathilaka and Munasinghe, 2010; Birem et al.,
2018], the Fourier-Mellin Transform [Guo et al., 2005; Kazik and Göktoğan, 2011], or
the Improved Fourier Mellin Invariant [Xu et al., 2019; Bülow and Birk, 2009]. In an
attempt to tackle highly self-similar ground textures, Dille et al. [Dille et al., 2010]
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<latexit sha1_base64="oyz3E/J3wKZWp6QSGBgqTESAeko=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLgxmUF+4DOUDJppg1NMiHJCGXob7hxoYhbf8adf2OmnYW2HggczrmXe3JixZmxvv/tbWxube/sVvaq+weHR8e1k9OuSTNNaIekPNX9GBvKmaQdyyynfaUpFjGnvXh6V/i9J6oNS+WjnSkaCTyWLGEEWyeFocB2Eie5mg+DYa3uN/wF0DoJSlKHEu1h7SscpSQTVFrCsTGDwFc2yrG2jHA6r4aZoQqTKR7TgaMSC2qifJF5ji6dMkJJqt2TFi3U3xs5FsbMROwmi4xm1SvE/7xBZpNmlDOpMkslWR5KMo5siooC0IhpSiyfOYKJZi4rIhOsMbGupqorIVj98jrpXjcCxx9u6q1mWUcFzuECriCAW2jBPbShAwQUPMMrvHmZ9+K9ex/L0Q2v3DmDP/A+fwAbKJGu</latexit><latexit sha1_base64="oyz3E/J3wKZWp6QSGBgqTESAeko=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLgxmUF+4DOUDJppg1NMiHJCGXob7hxoYhbf8adf2OmnYW2HggczrmXe3JixZmxvv/tbWxube/sVvaq+weHR8e1k9OuSTNNaIekPNX9GBvKmaQdyyynfaUpFjGnvXh6V/i9J6oNS+WjnSkaCTyWLGEEWyeFocB2Eie5mg+DYa3uN/wF0DoJSlKHEu1h7SscpSQTVFrCsTGDwFc2yrG2jHA6r4aZoQqTKR7TgaMSC2qifJF5ji6dMkJJqt2TFi3U3xs5FsbMROwmi4xm1SvE/7xBZpNmlDOpMkslWR5KMo5siooC0IhpSiyfOYKJZi4rIhOsMbGupqorIVj98jrpXjcCxx9u6q1mWUcFzuECriCAW2jBPbShAwQUPMMrvHmZ9+K9ex/L0Q2v3DmDP/A+fwAbKJGu</latexit><latexit sha1_base64="oyz3E/J3wKZWp6QSGBgqTESAeko=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLgxmUF+4DOUDJppg1NMiHJCGXob7hxoYhbf8adf2OmnYW2HggczrmXe3JixZmxvv/tbWxube/sVvaq+weHR8e1k9OuSTNNaIekPNX9GBvKmaQdyyynfaUpFjGnvXh6V/i9J6oNS+WjnSkaCTyWLGEEWyeFocB2Eie5mg+DYa3uN/wF0DoJSlKHEu1h7SscpSQTVFrCsTGDwFc2yrG2jHA6r4aZoQqTKR7TgaMSC2qifJF5ji6dMkJJqt2TFi3U3xs5FsbMROwmi4xm1SvE/7xBZpNmlDOpMkslWR5KMo5siooC0IhpSiyfOYKJZi4rIhOsMbGupqorIVj98jrpXjcCxx9u6q1mWUcFzuECriCAW2jBPbShAwQUPMMrvHmZ9+K9ex/L0Q2v3DmDP/A+fwAbKJGu</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="V0QQT6OjFpQs6oEpk2h2cxYe2IA=">AAAB6HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScOOygv2BzlAy6Z02NJMJSaZQhr6GGxeK+ETufBszbRfaeiHwcU7CPTmxEtxY3//2Kju7e/sH1cPaUf345LRxVu+aLNcMOywTme7H1KDgEjuWW4F9pZGmscBePH0o/d4MteGZfLZzhVFKx5InnFHrpDBMqZ3ESaEWw2DYaPotfzlkG4I1NGE97WHjKxxlLE9RWiaoMYPAVzYqqLacCVzUwtygomxKxzhwKGmKJiqWmRfkyikjkmTaHWnJUv39oqCpMfM0djfLjGbTK8X/vEFuk7uo4FLlFiVbLUpyQWxGygLIiGtkVswdUKa5y0rYhGrKrKup5koINr+8Dd2bVuD4yYcqXMAlXEMAt3APj9CGDjBQ8AJv8O7l3qv3saqr4q17O4c/433+ANdbkFo=</latexit><latexit sha1_base64="V0QQT6OjFpQs6oEpk2h2cxYe2IA=">AAAB6HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScOOygv2BzlAy6Z02NJMJSaZQhr6GGxeK+ETufBszbRfaeiHwcU7CPTmxEtxY3//2Kju7e/sH1cPaUf345LRxVu+aLNcMOywTme7H1KDgEjuWW4F9pZGmscBePH0o/d4MteGZfLZzhVFKx5InnFHrpDBMqZ3ESaEWw2DYaPotfzlkG4I1NGE97WHjKxxlLE9RWiaoMYPAVzYqqLacCVzUwtygomxKxzhwKGmKJiqWmRfkyikjkmTaHWnJUv39oqCpMfM0djfLjGbTK8X/vEFuk7uo4FLlFiVbLUpyQWxGygLIiGtkVswdUKa5y0rYhGrKrKup5koINr+8Dd2bVuD4yYcqXMAlXEMAt3APj9CGDjBQ8AJv8O7l3qv3saqr4q17O4c/433+ANdbkFo=</latexit><latexit sha1_base64="RtkgvrvmzLkafzwzNhx7xxsEjCA=">AAAB83icbVC7SgNBFL0bXzG+opY2g0GwCrs2pgzYWEYwD8guYXYymwyZnR3mIYQlv2FjoYitP2Pn3zibbKGJBwYO59zLPXNiyZk2vv/tVba2d3b3qvu1g8Oj45P66VlPZ1YR2iUZz9QgxppyJmjXMMPpQCqK05jTfjy7K/z+E1WaZeLRzCWNUjwRLGEEGyeFYYrNNE5yuRgFo3rDb/pLoE0SlKQBJTqj+lc4zohNqTCEY62HgS9NlGNlGOF0UQutphKTGZ7QoaMCp1RH+TLzAl05ZYySTLknDFqqvzdynGo9T2M3WWTU614h/ucNrUlaUc6EtIYKsjqUWI5MhooC0JgpSgyfO4KJYi4rIlOsMDGupporIVj/8ibp3TQDxx/8RrtV1lGFC7iEawjgFtpwDx3oAgEJz/AKb571Xrx372M1WvHKnXP4A+/zBxnokao=</latexit><latexit sha1_base64="oyz3E/J3wKZWp6QSGBgqTESAeko=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLgxmUF+4DOUDJppg1NMiHJCGXob7hxoYhbf8adf2OmnYW2HggczrmXe3JixZmxvv/tbWxube/sVvaq+weHR8e1k9OuSTNNaIekPNX9GBvKmaQdyyynfaUpFjGnvXh6V/i9J6oNS+WjnSkaCTyWLGEEWyeFocB2Eie5mg+DYa3uN/wF0DoJSlKHEu1h7SscpSQTVFrCsTGDwFc2yrG2jHA6r4aZoQqTKR7TgaMSC2qifJF5ji6dMkJJqt2TFi3U3xs5FsbMROwmi4xm1SvE/7xBZpNmlDOpMkslWR5KMo5siooC0IhpSiyfOYKJZi4rIhOsMbGupqorIVj98jrpXjcCxx9u6q1mWUcFzuECriCAW2jBPbShAwQUPMMrvHmZ9+K9ex/L0Q2v3DmDP/A+fwAbKJGu</latexit><latexit sha1_base64="oyz3E/J3wKZWp6QSGBgqTESAeko=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLgxmUF+4DOUDJppg1NMiHJCGXob7hxoYhbf8adf2OmnYW2HggczrmXe3JixZmxvv/tbWxube/sVvaq+weHR8e1k9OuSTNNaIekPNX9GBvKmaQdyyynfaUpFjGnvXh6V/i9J6oNS+WjnSkaCTyWLGEEWyeFocB2Eie5mg+DYa3uN/wF0DoJSlKHEu1h7SscpSQTVFrCsTGDwFc2yrG2jHA6r4aZoQqTKR7TgaMSC2qifJF5ji6dMkJJqt2TFi3U3xs5FsbMROwmi4xm1SvE/7xBZpNmlDOpMkslWR5KMo5siooC0IhpSiyfOYKJZi4rIhOsMbGupqorIVj98jrpXjcCxx9u6q1mWUcFzuECriCAW2jBPbShAwQUPMMrvHmZ9+K9ex/L0Q2v3DmDP/A+fwAbKJGu</latexit><latexit sha1_base64="oyz3E/J3wKZWp6QSGBgqTESAeko=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLgxmUF+4DOUDJppg1NMiHJCGXob7hxoYhbf8adf2OmnYW2HggczrmXe3JixZmxvv/tbWxube/sVvaq+weHR8e1k9OuSTNNaIekPNX9GBvKmaQdyyynfaUpFjGnvXh6V/i9J6oNS+WjnSkaCTyWLGEEWyeFocB2Eie5mg+DYa3uN/wF0DoJSlKHEu1h7SscpSQTVFrCsTGDwFc2yrG2jHA6r4aZoQqTKR7TgaMSC2qifJF5ji6dMkJJqt2TFi3U3xs5FsbMROwmi4xm1SvE/7xBZpNmlDOpMkslWR5KMo5siooC0IhpSiyfOYKJZi4rIhOsMbGupqorIVj98jrpXjcCxx9u6q1mWUcFzuECriCAW2jBPbShAwQUPMMrvHmZ9+K9ex/L0Q2v3DmDP/A+fwAbKJGu</latexit><latexit sha1_base64="oyz3E/J3wKZWp6QSGBgqTESAeko=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLgxmUF+4DOUDJppg1NMiHJCGXob7hxoYhbf8adf2OmnYW2HggczrmXe3JixZmxvv/tbWxube/sVvaq+weHR8e1k9OuSTNNaIekPNX9GBvKmaQdyyynfaUpFjGnvXh6V/i9J6oNS+WjnSkaCTyWLGEEWyeFocB2Eie5mg+DYa3uN/wF0DoJSlKHEu1h7SscpSQTVFrCsTGDwFc2yrG2jHA6r4aZoQqTKR7TgaMSC2qifJF5ji6dMkJJqt2TFi3U3xs5FsbMROwmi4xm1SvE/7xBZpNmlDOpMkslWR5KMo5siooC0IhpSiyfOYKJZi4rIhOsMbGupqorIVj98jrpXjcCxx9u6q1mWUcFzuECriCAW2jBPbShAwQUPMMrvHmZ9+K9ex/L0Q2v3DmDP/A+fwAbKJGu</latexit><latexit sha1_base64="oyz3E/J3wKZWp6QSGBgqTESAeko=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLgxmUF+4DOUDJppg1NMiHJCGXob7hxoYhbf8adf2OmnYW2HggczrmXe3JixZmxvv/tbWxube/sVvaq+weHR8e1k9OuSTNNaIekPNX9GBvKmaQdyyynfaUpFjGnvXh6V/i9J6oNS+WjnSkaCTyWLGEEWyeFocB2Eie5mg+DYa3uN/wF0DoJSlKHEu1h7SscpSQTVFrCsTGDwFc2yrG2jHA6r4aZoQqTKR7TgaMSC2qifJF5ji6dMkJJqt2TFi3U3xs5FsbMROwmi4xm1SvE/7xBZpNmlDOpMkslWR5KMo5siooC0IhpSiyfOYKJZi4rIhOsMbGupqorIVj98jrpXjcCxx9u6q1mWUcFzuECriCAW2jBPbShAwQUPMMrvHmZ9+K9ex/L0Q2v3DmDP/A+fwAbKJGu</latexit><latexit sha1_base64="oyz3E/J3wKZWp6QSGBgqTESAeko=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLgxmUF+4DOUDJppg1NMiHJCGXob7hxoYhbf8adf2OmnYW2HggczrmXe3JixZmxvv/tbWxube/sVvaq+weHR8e1k9OuSTNNaIekPNX9GBvKmaQdyyynfaUpFjGnvXh6V/i9J6oNS+WjnSkaCTyWLGEEWyeFocB2Eie5mg+DYa3uN/wF0DoJSlKHEu1h7SscpSQTVFrCsTGDwFc2yrG2jHA6r4aZoQqTKR7TgaMSC2qifJF5ji6dMkJJqt2TFi3U3xs5FsbMROwmi4xm1SvE/7xBZpNmlDOpMkslWR5KMo5siooC0IhpSiyfOYKJZi4rIhOsMbGupqorIVj98jrpXjcCxx9u6q1mWUcFzuECriCAW2jBPbShAwQUPMMrvHmZ9+K9ex/L0Q2v3DmDP/A+fwAbKJGu</latexit>

Tv
c<latexit sha1_base64="TI0Oe4eGTqQmnRCA8bQFFn6MGYw=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFVJpmnRXdOOyQl/QpmUynbRDJ5MwM6mU0P9w40IRt/6LO//GSVtBRQ8MHM65l3vm+DGjUlnWh5Hb2Nza3snvFvb2Dw6PiscnbRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen405vM78yIkDTiTTWPiReiMacBxUhpadAPkZr4Qdoc4sFsMSyWLLPmOq7rQMus2lXXtjWx7JpTqcCyaS1RAms0hsX3/ijCSUi4wgxJ2StbsfJSJBTFjCwK/USSGOEpGpOephyFRHrpMvUCXmhlBINI6McVXKrfN1IUSjkPfT2ZpZS/vUz8y+slKnC9lPI4UYTj1aEgYVBFMKsAjqggWLG5JggLqrNCPEECYaWLKugSvn4K/yftK7Os+V2lVL9e15EHZ+AcXIIycEAd3IIGaAEMBHgAT+DZuDcejRfjdTWaM9Y7p+AHjLdPdZCTJQ==</latexit><latexit sha1_base64="TI0Oe4eGTqQmnRCA8bQFFn6MGYw=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFVJpmnRXdOOyQl/QpmUynbRDJ5MwM6mU0P9w40IRt/6LO//GSVtBRQ8MHM65l3vm+DGjUlnWh5Hb2Nza3snvFvb2Dw6PiscnbRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen405vM78yIkDTiTTWPiReiMacBxUhpadAPkZr4Qdoc4sFsMSyWLLPmOq7rQMus2lXXtjWx7JpTqcCyaS1RAms0hsX3/ijCSUi4wgxJ2StbsfJSJBTFjCwK/USSGOEpGpOephyFRHrpMvUCXmhlBINI6McVXKrfN1IUSjkPfT2ZpZS/vUz8y+slKnC9lPI4UYTj1aEgYVBFMKsAjqggWLG5JggLqrNCPEECYaWLKugSvn4K/yftK7Os+V2lVL9e15EHZ+AcXIIycEAd3IIGaAEMBHgAT+DZuDcejRfjdTWaM9Y7p+AHjLdPdZCTJQ==</latexit><latexit sha1_base64="TI0Oe4eGTqQmnRCA8bQFFn6MGYw=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFVJpmnRXdOOyQl/QpmUynbRDJ5MwM6mU0P9w40IRt/6LO//GSVtBRQ8MHM65l3vm+DGjUlnWh5Hb2Nza3snvFvb2Dw6PiscnbRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen405vM78yIkDTiTTWPiReiMacBxUhpadAPkZr4Qdoc4sFsMSyWLLPmOq7rQMus2lXXtjWx7JpTqcCyaS1RAms0hsX3/ijCSUi4wgxJ2StbsfJSJBTFjCwK/USSGOEpGpOephyFRHrpMvUCXmhlBINI6McVXKrfN1IUSjkPfT2ZpZS/vUz8y+slKnC9lPI4UYTj1aEgYVBFMKsAjqggWLG5JggLqrNCPEECYaWLKugSvn4K/yftK7Os+V2lVL9e15EHZ+AcXIIycEAd3IIGaAEMBHgAT+DZuDcejRfjdTWaM9Y7p+AHjLdPdZCTJQ==</latexit><latexit sha1_base64="TI0Oe4eGTqQmnRCA8bQFFn6MGYw=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFVJpmnRXdOOyQl/QpmUynbRDJ5MwM6mU0P9w40IRt/6LO//GSVtBRQ8MHM65l3vm+DGjUlnWh5Hb2Nza3snvFvb2Dw6PiscnbRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen405vM78yIkDTiTTWPiReiMacBxUhpadAPkZr4Qdoc4sFsMSyWLLPmOq7rQMus2lXXtjWx7JpTqcCyaS1RAms0hsX3/ijCSUi4wgxJ2StbsfJSJBTFjCwK/USSGOEpGpOephyFRHrpMvUCXmhlBINI6McVXKrfN1IUSjkPfT2ZpZS/vUz8y+slKnC9lPI4UYTj1aEgYVBFMKsAjqggWLG5JggLqrNCPEECYaWLKugSvn4K/yftK7Os+V2lVL9e15EHZ+AcXIIycEAd3IIGaAEMBHgAT+DZuDcejRfjdTWaM9Y7p+AHjLdPdZCTJQ==</latexit>

Tv
c<latexit sha1_base64="TI0Oe4eGTqQmnRCA8bQFFn6MGYw=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFVJpmnRXdOOyQl/QpmUynbRDJ5MwM6mU0P9w40IRt/6LO//GSVtBRQ8MHM65l3vm+DGjUlnWh5Hb2Nza3snvFvb2Dw6PiscnbRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen405vM78yIkDTiTTWPiReiMacBxUhpadAPkZr4Qdoc4sFsMSyWLLPmOq7rQMus2lXXtjWx7JpTqcCyaS1RAms0hsX3/ijCSUi4wgxJ2StbsfJSJBTFjCwK/USSGOEpGpOephyFRHrpMvUCXmhlBINI6McVXKrfN1IUSjkPfT2ZpZS/vUz8y+slKnC9lPI4UYTj1aEgYVBFMKsAjqggWLG5JggLqrNCPEECYaWLKugSvn4K/yftK7Os+V2lVL9e15EHZ+AcXIIycEAd3IIGaAEMBHgAT+DZuDcejRfjdTWaM9Y7p+AHjLdPdZCTJQ==</latexit><latexit sha1_base64="TI0Oe4eGTqQmnRCA8bQFFn6MGYw=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFVJpmnRXdOOyQl/QpmUynbRDJ5MwM6mU0P9w40IRt/6LO//GSVtBRQ8MHM65l3vm+DGjUlnWh5Hb2Nza3snvFvb2Dw6PiscnbRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen405vM78yIkDTiTTWPiReiMacBxUhpadAPkZr4Qdoc4sFsMSyWLLPmOq7rQMus2lXXtjWx7JpTqcCyaS1RAms0hsX3/ijCSUi4wgxJ2StbsfJSJBTFjCwK/USSGOEpGpOephyFRHrpMvUCXmhlBINI6McVXKrfN1IUSjkPfT2ZpZS/vUz8y+slKnC9lPI4UYTj1aEgYVBFMKsAjqggWLG5JggLqrNCPEECYaWLKugSvn4K/yftK7Os+V2lVL9e15EHZ+AcXIIycEAd3IIGaAEMBHgAT+DZuDcejRfjdTWaM9Y7p+AHjLdPdZCTJQ==</latexit><latexit sha1_base64="TI0Oe4eGTqQmnRCA8bQFFn6MGYw=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFVJpmnRXdOOyQl/QpmUynbRDJ5MwM6mU0P9w40IRt/6LO//GSVtBRQ8MHM65l3vm+DGjUlnWh5Hb2Nza3snvFvb2Dw6PiscnbRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen405vM78yIkDTiTTWPiReiMacBxUhpadAPkZr4Qdoc4sFsMSyWLLPmOq7rQMus2lXXtjWx7JpTqcCyaS1RAms0hsX3/ijCSUi4wgxJ2StbsfJSJBTFjCwK/USSGOEpGpOephyFRHrpMvUCXmhlBINI6McVXKrfN1IUSjkPfT2ZpZS/vUz8y+slKnC9lPI4UYTj1aEgYVBFMKsAjqggWLG5JggLqrNCPEECYaWLKugSvn4K/yftK7Os+V2lVL9e15EHZ+AcXIIycEAd3IIGaAEMBHgAT+DZuDcejRfjdTWaM9Y7p+AHjLdPdZCTJQ==</latexit><latexit sha1_base64="TI0Oe4eGTqQmnRCA8bQFFn6MGYw=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFVJpmnRXdOOyQl/QpmUynbRDJ5MwM6mU0P9w40IRt/6LO//GSVtBRQ8MHM65l3vm+DGjUlnWh5Hb2Nza3snvFvb2Dw6PiscnbRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen405vM78yIkDTiTTWPiReiMacBxUhpadAPkZr4Qdoc4sFsMSyWLLPmOq7rQMus2lXXtjWx7JpTqcCyaS1RAms0hsX3/ijCSUi4wgxJ2StbsfJSJBTFjCwK/USSGOEpGpOephyFRHrpMvUCXmhlBINI6McVXKrfN1IUSjkPfT2ZpZS/vUz8y+slKnC9lPI4UYTj1aEgYVBFMKsAjqggWLG5JggLqrNCPEECYaWLKugSvn4K/yftK7Os+V2lVL9e15EHZ+AcXIIycEAd3IIGaAEMBHgAT+DZuDcejRfjdTWaM9Y7p+AHjLdPdZCTJQ==</latexit>

c0
<latexit sha1_base64="XfnF8OhQedef5GKArsLGj9+Pl6I=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ARXZUZEXRZdOOygr1AO5RMmmlDk8yQZIQy9BXcuFDErS/kzrcx085CW38IfPznHHLOHyaCG+t536i0tr6xuVXeruzs7u0fVA+P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk7u83nli2vBYPdppwgJJRopHnBKbWxk9nw2qNa/uzYVXwS+gBoWag+pXfxjTVDJlqSDG9HwvsUFGtOVUsFmlnxqWEDohI9ZzqIhkJsjmu87wmXOGOIq1e8riuft7IiPSmKkMXackdmyWa7n5X62X2ugmyLhKUssUXXwUpQLbGOeH4yHXjFoxdUCo5m5XTMdEE2pdPBUXgr988iq0L+u+44erWuO2iKMMJ3AKF+DDNTTgHprQAgpjeIZXeEMSvaB39LFoLaFi5hj+CH3+AOqRjiQ=</latexit><latexit sha1_base64="XfnF8OhQedef5GKArsLGj9+Pl6I=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ARXZUZEXRZdOOygr1AO5RMmmlDk8yQZIQy9BXcuFDErS/kzrcx085CW38IfPznHHLOHyaCG+t536i0tr6xuVXeruzs7u0fVA+P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk7u83nli2vBYPdppwgJJRopHnBKbWxk9nw2qNa/uzYVXwS+gBoWag+pXfxjTVDJlqSDG9HwvsUFGtOVUsFmlnxqWEDohI9ZzqIhkJsjmu87wmXOGOIq1e8riuft7IiPSmKkMXackdmyWa7n5X62X2ugmyLhKUssUXXwUpQLbGOeH4yHXjFoxdUCo5m5XTMdEE2pdPBUXgr988iq0L+u+44erWuO2iKMMJ3AKF+DDNTTgHprQAgpjeIZXeEMSvaB39LFoLaFi5hj+CH3+AOqRjiQ=</latexit><latexit sha1_base64="XfnF8OhQedef5GKArsLGj9+Pl6I=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ARXZUZEXRZdOOygr1AO5RMmmlDk8yQZIQy9BXcuFDErS/kzrcx085CW38IfPznHHLOHyaCG+t536i0tr6xuVXeruzs7u0fVA+P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk7u83nli2vBYPdppwgJJRopHnBKbWxk9nw2qNa/uzYVXwS+gBoWag+pXfxjTVDJlqSDG9HwvsUFGtOVUsFmlnxqWEDohI9ZzqIhkJsjmu87wmXOGOIq1e8riuft7IiPSmKkMXackdmyWa7n5X62X2ugmyLhKUssUXXwUpQLbGOeH4yHXjFoxdUCo5m5XTMdEE2pdPBUXgr988iq0L+u+44erWuO2iKMMJ3AKF+DDNTTgHprQAgpjeIZXeEMSvaB39LFoLaFi5hj+CH3+AOqRjiQ=</latexit><latexit sha1_base64="XfnF8OhQedef5GKArsLGj9+Pl6I=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ARXZUZEXRZdOOygr1AO5RMmmlDk8yQZIQy9BXcuFDErS/kzrcx085CW38IfPznHHLOHyaCG+t536i0tr6xuVXeruzs7u0fVA+P2iZONWUtGotYd0NimOCKtSy3gnUTzYgMBeuEk7u83nli2vBYPdppwgJJRopHnBKbWxk9nw2qNa/uzYVXwS+gBoWag+pXfxjTVDJlqSDG9HwvsUFGtOVUsFmlnxqWEDohI9ZzqIhkJsjmu87wmXOGOIq1e8riuft7IiPSmKkMXackdmyWa7n5X62X2ugmyLhKUssUXXwUpQLbGOeH4yHXjFoxdUCo5m5XTMdEE2pdPBUXgr988iq0L+u+44erWuO2iKMMJ3AKF+DDNTTgHprQAgpjeIZXeEMSvaB39LFoLaFi5hj+CH3+AOqRjiQ=</latexit>c
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Tc
<latexit sha1_base64="1zZhGZIU2BQM4kcA6IucT97KAF8=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgqiSltLorunFZoS9oQplMJ+3QySTMTIQS+htuXCji1p9x5984aSNU0QMDh3Pu5Z45fsyZ0rb9aRU2Nre2d4q7pb39g8Oj8vFJT0WJJLRLIh7JgY8V5UzQrmaa00EsKQ59Tvv+7Dbz+w9UKhaJjp7H1AvxRLCAEayN5Loh1lM/SDsjshiVK3bVXgKtketGvVZvICdXKpCjPSp/uOOIJCEVmnCs1NCxY+2lWGpGOF2U3ETRGJMZntChoQKHVHnpMvMCXRhljIJImic0WqrrGykOlZqHvpnMMqrfXib+5Q0THVx5KRNxoqkgq0NBwpGOUFYAGjNJieZzQzCRzGRFZIolJtrUVDIlfP8U/U96tapj+H290rrJ6yjCGZzDJTjQhBbcQRu6QCCGR3iGFyuxnqxX6201WrDynVP4Aev9C2rIke0=</latexit><latexit sha1_base64="1zZhGZIU2BQM4kcA6IucT97KAF8=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgqiSltLorunFZoS9oQplMJ+3QySTMTIQS+htuXCji1p9x5984aSNU0QMDh3Pu5Z45fsyZ0rb9aRU2Nre2d4q7pb39g8Oj8vFJT0WJJLRLIh7JgY8V5UzQrmaa00EsKQ59Tvv+7Dbz+w9UKhaJjp7H1AvxRLCAEayN5Loh1lM/SDsjshiVK3bVXgKtketGvVZvICdXKpCjPSp/uOOIJCEVmnCs1NCxY+2lWGpGOF2U3ETRGJMZntChoQKHVHnpMvMCXRhljIJImic0WqrrGykOlZqHvpnMMqrfXib+5Q0THVx5KRNxoqkgq0NBwpGOUFYAGjNJieZzQzCRzGRFZIolJtrUVDIlfP8U/U96tapj+H290rrJ6yjCGZzDJTjQhBbcQRu6QCCGR3iGFyuxnqxX6201WrDynVP4Aev9C2rIke0=</latexit><latexit sha1_base64="1zZhGZIU2BQM4kcA6IucT97KAF8=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgqiSltLorunFZoS9oQplMJ+3QySTMTIQS+htuXCji1p9x5984aSNU0QMDh3Pu5Z45fsyZ0rb9aRU2Nre2d4q7pb39g8Oj8vFJT0WJJLRLIh7JgY8V5UzQrmaa00EsKQ59Tvv+7Dbz+w9UKhaJjp7H1AvxRLCAEayN5Loh1lM/SDsjshiVK3bVXgKtketGvVZvICdXKpCjPSp/uOOIJCEVmnCs1NCxY+2lWGpGOF2U3ETRGJMZntChoQKHVHnpMvMCXRhljIJImic0WqrrGykOlZqHvpnMMqrfXib+5Q0THVx5KRNxoqkgq0NBwpGOUFYAGjNJieZzQzCRzGRFZIolJtrUVDIlfP8U/U96tapj+H290rrJ6yjCGZzDJTjQhBbcQRu6QCCGR3iGFyuxnqxX6201WrDynVP4Aev9C2rIke0=</latexit><latexit sha1_base64="1zZhGZIU2BQM4kcA6IucT97KAF8=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgqiSltLorunFZoS9oQplMJ+3QySTMTIQS+htuXCji1p9x5984aSNU0QMDh3Pu5Z45fsyZ0rb9aRU2Nre2d4q7pb39g8Oj8vFJT0WJJLRLIh7JgY8V5UzQrmaa00EsKQ59Tvv+7Dbz+w9UKhaJjp7H1AvxRLCAEayN5Loh1lM/SDsjshiVK3bVXgKtketGvVZvICdXKpCjPSp/uOOIJCEVmnCs1NCxY+2lWGpGOF2U3ETRGJMZntChoQKHVHnpMvMCXRhljIJImic0WqrrGykOlZqHvpnMMqrfXib+5Q0THVx5KRNxoqkgq0NBwpGOUFYAGjNJieZzQzCRzGRFZIolJtrUVDIlfP8U/U96tapj+H290rrJ6yjCGZzDJTjQhBbcQRu6QCCGR3iGFyuxnqxX6201WrDynVP4Aev9C2rIke0=</latexit>

x<latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit>

y
<latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit>

z<latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit>
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x<latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit>

y
<latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit>

z<latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit>e1
<latexit sha1_base64="DEdAQm0kUbd+/CK90+1LR8v7foc=">AAAB6nicdZDNSgMxFIUz9a/Wv6pLN8EiuCpJEdvuim5cVrS20A4lk95pQzOZIckIpfQR3LhQxK1P5M63MdNWUNEDgY9z7iX33iCRwlhCPrzcyura+kZ+s7C1vbO7V9w/uDNxqjm0eCxj3QmYASkUtKywEjqJBhYFEtrB+DLL2/egjYjVrZ0k4EdsqEQoOLPOuoE+7RdLpEwIoZTiDGj1nDio12sVWsM0i5xKaKlmv/jeG8Q8jUBZLpkxXUoS60+ZtoJLmBV6qYGE8TEbQtehYhEYfzofdYZPnDPAYazdUxbP3e8dUxYZM4kCVxkxOzK/s8z8K+umNqz5U6GS1ILii4/CVGIb42xvPBAauJUTB4xr4WbFfMQ049Zdp+CO8LUp/h/uKmXq+Pqs1LhYniOPjtAxOkUUVVEDXaEmaiGOhugBPaFnT3qP3ov3uijNecueQ/RD3tsnO7aNww==</latexit><latexit sha1_base64="DEdAQm0kUbd+/CK90+1LR8v7foc=">AAAB6nicdZDNSgMxFIUz9a/Wv6pLN8EiuCpJEdvuim5cVrS20A4lk95pQzOZIckIpfQR3LhQxK1P5M63MdNWUNEDgY9z7iX33iCRwlhCPrzcyura+kZ+s7C1vbO7V9w/uDNxqjm0eCxj3QmYASkUtKywEjqJBhYFEtrB+DLL2/egjYjVrZ0k4EdsqEQoOLPOuoE+7RdLpEwIoZTiDGj1nDio12sVWsM0i5xKaKlmv/jeG8Q8jUBZLpkxXUoS60+ZtoJLmBV6qYGE8TEbQtehYhEYfzofdYZPnDPAYazdUxbP3e8dUxYZM4kCVxkxOzK/s8z8K+umNqz5U6GS1ILii4/CVGIb42xvPBAauJUTB4xr4WbFfMQ049Zdp+CO8LUp/h/uKmXq+Pqs1LhYniOPjtAxOkUUVVEDXaEmaiGOhugBPaFnT3qP3ov3uijNecueQ/RD3tsnO7aNww==</latexit><latexit sha1_base64="DEdAQm0kUbd+/CK90+1LR8v7foc=">AAAB6nicdZDNSgMxFIUz9a/Wv6pLN8EiuCpJEdvuim5cVrS20A4lk95pQzOZIckIpfQR3LhQxK1P5M63MdNWUNEDgY9z7iX33iCRwlhCPrzcyura+kZ+s7C1vbO7V9w/uDNxqjm0eCxj3QmYASkUtKywEjqJBhYFEtrB+DLL2/egjYjVrZ0k4EdsqEQoOLPOuoE+7RdLpEwIoZTiDGj1nDio12sVWsM0i5xKaKlmv/jeG8Q8jUBZLpkxXUoS60+ZtoJLmBV6qYGE8TEbQtehYhEYfzofdYZPnDPAYazdUxbP3e8dUxYZM4kCVxkxOzK/s8z8K+umNqz5U6GS1ILii4/CVGIb42xvPBAauJUTB4xr4WbFfMQ049Zdp+CO8LUp/h/uKmXq+Pqs1LhYniOPjtAxOkUUVVEDXaEmaiGOhugBPaFnT3qP3ov3uijNecueQ/RD3tsnO7aNww==</latexit><latexit sha1_base64="DEdAQm0kUbd+/CK90+1LR8v7foc=">AAAB6nicdZDNSgMxFIUz9a/Wv6pLN8EiuCpJEdvuim5cVrS20A4lk95pQzOZIckIpfQR3LhQxK1P5M63MdNWUNEDgY9z7iX33iCRwlhCPrzcyura+kZ+s7C1vbO7V9w/uDNxqjm0eCxj3QmYASkUtKywEjqJBhYFEtrB+DLL2/egjYjVrZ0k4EdsqEQoOLPOuoE+7RdLpEwIoZTiDGj1nDio12sVWsM0i5xKaKlmv/jeG8Q8jUBZLpkxXUoS60+ZtoJLmBV6qYGE8TEbQtehYhEYfzofdYZPnDPAYazdUxbP3e8dUxYZM4kCVxkxOzK/s8z8K+umNqz5U6GS1ILii4/CVGIb42xvPBAauJUTB4xr4WbFfMQ049Zdp+CO8LUp/h/uKmXq+Pqs1LhYniOPjtAxOkUUVVEDXaEmaiGOhugBPaFnT3qP3ov3uijNecueQ/RD3tsnO7aNww==</latexit>

ei
<latexit sha1_base64="S+lGILmTdi/YkJkoSBUYLeeHCDw=">AAAB6nicdZDNSgMxFIUz9a/Wv6pLN8EiuCpJEdvuim5cVrS20A4lk95pQzOZIckIpfQR3LhQxK1P5M63MdNWUNEDgY9z7iX33iCRwlhCPrzcyura+kZ+s7C1vbO7V9w/uDNxqjm0eCxj3QmYASkUtKywEjqJBhYFEtrB+DLL2/egjYjVrZ0k4EdsqEQoOLPOuoG+6BdLpEwIoZTiDGj1nDio12sVWsM0i5xKaKlmv/jeG8Q8jUBZLpkxXUoS60+ZtoJLmBV6qYGE8TEbQtehYhEYfzofdYZPnDPAYazdUxbP3e8dUxYZM4kCVxkxOzK/s8z8K+umNqz5U6GS1ILii4/CVGIb42xvPBAauJUTB4xr4WbFfMQ049Zdp+CO8LUp/h/uKmXq+Pqs1LhYniOPjtAxOkUUVVEDXaEmaiGOhugBPaFnT3qP3ov3uijNecueQ/RD3tsnkJaN+w==</latexit><latexit sha1_base64="S+lGILmTdi/YkJkoSBUYLeeHCDw=">AAAB6nicdZDNSgMxFIUz9a/Wv6pLN8EiuCpJEdvuim5cVrS20A4lk95pQzOZIckIpfQR3LhQxK1P5M63MdNWUNEDgY9z7iX33iCRwlhCPrzcyura+kZ+s7C1vbO7V9w/uDNxqjm0eCxj3QmYASkUtKywEjqJBhYFEtrB+DLL2/egjYjVrZ0k4EdsqEQoOLPOuoG+6BdLpEwIoZTiDGj1nDio12sVWsM0i5xKaKlmv/jeG8Q8jUBZLpkxXUoS60+ZtoJLmBV6qYGE8TEbQtehYhEYfzofdYZPnDPAYazdUxbP3e8dUxYZM4kCVxkxOzK/s8z8K+umNqz5U6GS1ILii4/CVGIb42xvPBAauJUTB4xr4WbFfMQ049Zdp+CO8LUp/h/uKmXq+Pqs1LhYniOPjtAxOkUUVVEDXaEmaiGOhugBPaFnT3qP3ov3uijNecueQ/RD3tsnkJaN+w==</latexit><latexit sha1_base64="S+lGILmTdi/YkJkoSBUYLeeHCDw=">AAAB6nicdZDNSgMxFIUz9a/Wv6pLN8EiuCpJEdvuim5cVrS20A4lk95pQzOZIckIpfQR3LhQxK1P5M63MdNWUNEDgY9z7iX33iCRwlhCPrzcyura+kZ+s7C1vbO7V9w/uDNxqjm0eCxj3QmYASkUtKywEjqJBhYFEtrB+DLL2/egjYjVrZ0k4EdsqEQoOLPOuoG+6BdLpEwIoZTiDGj1nDio12sVWsM0i5xKaKlmv/jeG8Q8jUBZLpkxXUoS60+ZtoJLmBV6qYGE8TEbQtehYhEYfzofdYZPnDPAYazdUxbP3e8dUxYZM4kCVxkxOzK/s8z8K+umNqz5U6GS1ILii4/CVGIb42xvPBAauJUTB4xr4WbFfMQ049Zdp+CO8LUp/h/uKmXq+Pqs1LhYniOPjtAxOkUUVVEDXaEmaiGOhugBPaFnT3qP3ov3uijNecueQ/RD3tsnkJaN+w==</latexit><latexit sha1_base64="S+lGILmTdi/YkJkoSBUYLeeHCDw=">AAAB6nicdZDNSgMxFIUz9a/Wv6pLN8EiuCpJEdvuim5cVrS20A4lk95pQzOZIckIpfQR3LhQxK1P5M63MdNWUNEDgY9z7iX33iCRwlhCPrzcyura+kZ+s7C1vbO7V9w/uDNxqjm0eCxj3QmYASkUtKywEjqJBhYFEtrB+DLL2/egjYjVrZ0k4EdsqEQoOLPOuoG+6BdLpEwIoZTiDGj1nDio12sVWsM0i5xKaKlmv/jeG8Q8jUBZLpkxXUoS60+ZtoJLmBV6qYGE8TEbQtehYhEYfzofdYZPnDPAYazdUxbP3e8dUxYZM4kCVxkxOzK/s8z8K+umNqz5U6GS1ILii4/CVGIb42xvPBAauJUTB4xr4WbFfMQ049Zdp+CO8LUp/h/uKmXq+Pqs1LhYniOPjtAxOkUUVVEDXaEmaiGOhugBPaFnT3qP3ov3uijNecueQ/RD3tsnkJaN+w==</latexit>

e0i
<latexit sha1_base64="6mJojP2GvAa64KJgE/n1/mMegfk=">AAAB63icdZDNSgMxFIXv1L9a/6ou3QSL6KokRWy7K7pxWcHaQjuUTJppQ5OZIckIpfQV3LhQxK0v5M63MdNWUNEDgY9z7iX33iCRwliMP7zcyura+kZ+s7C1vbO7V9w/uDNxqhlvsVjGuhNQw6WIeMsKK3kn0ZyqQPJ2ML7K8vY910bE0a2dJNxXdBiJUDBqM4uf9kW/WMJljDEhBGVAqhfYQb1eq5AaIlnkVIKlmv3ie28Qs1TxyDJJjekSnFh/SrUVTPJZoZcanlA2pkPedRhRxY0/nc86QyfOGaAw1u5FFs3d7x1TqoyZqMBVKmpH5neWmX9l3dSGNX8qoiS1PGKLj8JUIhujbHE0EJozKycOKNPCzYrYiGrKrDtPwR3ha1P0P9xVysTxzXmpcbk8Rx6O4BjOgEAVGnANTWgBgxE8wBM8e8p79F6810Vpzlv2HMIPeW+f8U2OLA==</latexit><latexit sha1_base64="6mJojP2GvAa64KJgE/n1/mMegfk=">AAAB63icdZDNSgMxFIXv1L9a/6ou3QSL6KokRWy7K7pxWcHaQjuUTJppQ5OZIckIpfQV3LhQxK0v5M63MdNWUNEDgY9z7iX33iCRwliMP7zcyura+kZ+s7C1vbO7V9w/uDNxqhlvsVjGuhNQw6WIeMsKK3kn0ZyqQPJ2ML7K8vY910bE0a2dJNxXdBiJUDBqM4uf9kW/WMJljDEhBGVAqhfYQb1eq5AaIlnkVIKlmv3ie28Qs1TxyDJJjekSnFh/SrUVTPJZoZcanlA2pkPedRhRxY0/nc86QyfOGaAw1u5FFs3d7x1TqoyZqMBVKmpH5neWmX9l3dSGNX8qoiS1PGKLj8JUIhujbHE0EJozKycOKNPCzYrYiGrKrDtPwR3ha1P0P9xVysTxzXmpcbk8Rx6O4BjOgEAVGnANTWgBgxE8wBM8e8p79F6810Vpzlv2HMIPeW+f8U2OLA==</latexit><latexit sha1_base64="6mJojP2GvAa64KJgE/n1/mMegfk=">AAAB63icdZDNSgMxFIXv1L9a/6ou3QSL6KokRWy7K7pxWcHaQjuUTJppQ5OZIckIpfQV3LhQxK0v5M63MdNWUNEDgY9z7iX33iCRwliMP7zcyura+kZ+s7C1vbO7V9w/uDNxqhlvsVjGuhNQw6WIeMsKK3kn0ZyqQPJ2ML7K8vY910bE0a2dJNxXdBiJUDBqM4uf9kW/WMJljDEhBGVAqhfYQb1eq5AaIlnkVIKlmv3ie28Qs1TxyDJJjekSnFh/SrUVTPJZoZcanlA2pkPedRhRxY0/nc86QyfOGaAw1u5FFs3d7x1TqoyZqMBVKmpH5neWmX9l3dSGNX8qoiS1PGKLj8JUIhujbHE0EJozKycOKNPCzYrYiGrKrDtPwR3ha1P0P9xVysTxzXmpcbk8Rx6O4BjOgEAVGnANTWgBgxE8wBM8e8p79F6810Vpzlv2HMIPeW+f8U2OLA==</latexit><latexit sha1_base64="6mJojP2GvAa64KJgE/n1/mMegfk=">AAAB63icdZDNSgMxFIXv1L9a/6ou3QSL6KokRWy7K7pxWcHaQjuUTJppQ5OZIckIpfQV3LhQxK0v5M63MdNWUNEDgY9z7iX33iCRwliMP7zcyura+kZ+s7C1vbO7V9w/uDNxqhlvsVjGuhNQw6WIeMsKK3kn0ZyqQPJ2ML7K8vY910bE0a2dJNxXdBiJUDBqM4uf9kW/WMJljDEhBGVAqhfYQb1eq5AaIlnkVIKlmv3ie28Qs1TxyDJJjekSnFh/SrUVTPJZoZcanlA2pkPedRhRxY0/nc86QyfOGaAw1u5FFs3d7x1TqoyZqMBVKmpH5neWmX9l3dSGNX8qoiS1PGKLj8JUIhujbHE0EJozKycOKNPCzYrYiGrKrDtPwR3ha1P0P9xVysTxzXmpcbk8Rx6O4BjOgEAVGnANTWgBgxE8wBM8e8p79F6810Vpzlv2HMIPeW+f8U2OLA==</latexit>

e01
<latexit sha1_base64="bMiQ7x22UKhhNmg9zGNY2oW3rIw=">AAAB63icdZDNSgMxFIXv1L9a/6ou3QSL6KokRWy7K7pxWcHaQjuUTJppQ5OZIckIpfQV3LhQxK0v5M63MdNWUNEDgY9z7iX33iCRwliMP7zcyura+kZ+s7C1vbO7V9w/uDNxqhlvsVjGuhNQw6WIeMsKK3kn0ZyqQPJ2ML7K8vY910bE0a2dJNxXdBiJUDBqM4uf9km/WMJljDEhBGVAqhfYQb1eq5AaIlnkVIKlmv3ie28Qs1TxyDJJjekSnFh/SrUVTPJZoZcanlA2pkPedRhRxY0/nc86QyfOGaAw1u5FFs3d7x1TqoyZqMBVKmpH5neWmX9l3dSGNX8qoiS1PGKLj8JUIhujbHE0EJozKycOKNPCzYrYiGrKrDtPwR3ha1P0P9xVysTxzXmpcbk8Rx6O4BjOgEAVGnANTWgBgxE8wBM8e8p79F6810Vpzlv2HMIPeW+fnG2N9A==</latexit><latexit sha1_base64="bMiQ7x22UKhhNmg9zGNY2oW3rIw=">AAAB63icdZDNSgMxFIXv1L9a/6ou3QSL6KokRWy7K7pxWcHaQjuUTJppQ5OZIckIpfQV3LhQxK0v5M63MdNWUNEDgY9z7iX33iCRwliMP7zcyura+kZ+s7C1vbO7V9w/uDNxqhlvsVjGuhNQw6WIeMsKK3kn0ZyqQPJ2ML7K8vY910bE0a2dJNxXdBiJUDBqM4uf9km/WMJljDEhBGVAqhfYQb1eq5AaIlnkVIKlmv3ie28Qs1TxyDJJjekSnFh/SrUVTPJZoZcanlA2pkPedRhRxY0/nc86QyfOGaAw1u5FFs3d7x1TqoyZqMBVKmpH5neWmX9l3dSGNX8qoiS1PGKLj8JUIhujbHE0EJozKycOKNPCzYrYiGrKrDtPwR3ha1P0P9xVysTxzXmpcbk8Rx6O4BjOgEAVGnANTWgBgxE8wBM8e8p79F6810Vpzlv2HMIPeW+fnG2N9A==</latexit><latexit sha1_base64="bMiQ7x22UKhhNmg9zGNY2oW3rIw=">AAAB63icdZDNSgMxFIXv1L9a/6ou3QSL6KokRWy7K7pxWcHaQjuUTJppQ5OZIckIpfQV3LhQxK0v5M63MdNWUNEDgY9z7iX33iCRwliMP7zcyura+kZ+s7C1vbO7V9w/uDNxqhlvsVjGuhNQw6WIeMsKK3kn0ZyqQPJ2ML7K8vY910bE0a2dJNxXdBiJUDBqM4uf9km/WMJljDEhBGVAqhfYQb1eq5AaIlnkVIKlmv3ie28Qs1TxyDJJjekSnFh/SrUVTPJZoZcanlA2pkPedRhRxY0/nc86QyfOGaAw1u5FFs3d7x1TqoyZqMBVKmpH5neWmX9l3dSGNX8qoiS1PGKLj8JUIhujbHE0EJozKycOKNPCzYrYiGrKrDtPwR3ha1P0P9xVysTxzXmpcbk8Rx6O4BjOgEAVGnANTWgBgxE8wBM8e8p79F6810Vpzlv2HMIPeW+fnG2N9A==</latexit><latexit sha1_base64="bMiQ7x22UKhhNmg9zGNY2oW3rIw=">AAAB63icdZDNSgMxFIXv1L9a/6ou3QSL6KokRWy7K7pxWcHaQjuUTJppQ5OZIckIpfQV3LhQxK0v5M63MdNWUNEDgY9z7iX33iCRwliMP7zcyura+kZ+s7C1vbO7V9w/uDNxqhlvsVjGuhNQw6WIeMsKK3kn0ZyqQPJ2ML7K8vY910bE0a2dJNxXdBiJUDBqM4uf9km/WMJljDEhBGVAqhfYQb1eq5AaIlnkVIKlmv3ie28Qs1TxyDJJjekSnFh/SrUVTPJZoZcanlA2pkPedRhRxY0/nc86QyfOGaAw1u5FFs3d7x1TqoyZqMBVKmpH5neWmX9l3dSGNX8qoiS1PGKLj8JUIhujbHE0EJozKycOKNPCzYrYiGrKrDtPwR3ha1P0P9xVysTxzXmpcbk8Rx6O4BjOgEAVGnANTWgBgxE8wBM8e8p79F6810Vpzlv2HMIPeW+fnG2N9A==</latexit>

v
<latexit sha1_base64="9GJQqpIxrycnmf7p5j4xsmhRYOw=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3U2hhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH4/t5vT1BpXksH800QT+iQ8lDzqixVmPSL1fcqrsQWQcvhwrkqvfLX71BzNIIpWGCat313MT4GVWGM4GzUi/VmFA2pkPsWpQ0Qu1ni0Vn5MI6AxLGyj5pyML9PZHRSOtpFNjOiJqRXq3Nzf9q3dSEt37GZZIalGz5UZgKYmIyv5oMuEJmxNQCZYrbXQkbUUWZsdmUbAje6snr0LqqepYb15XaXR5HEc7gHC7BgxuowQPUoQkMEJ7hFd6cJ+fFeXc+lq0FJ585hT9yPn8A4zOM+g==</latexit><latexit sha1_base64="9GJQqpIxrycnmf7p5j4xsmhRYOw=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3U2hhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH4/t5vT1BpXksH800QT+iQ8lDzqixVmPSL1fcqrsQWQcvhwrkqvfLX71BzNIIpWGCat313MT4GVWGM4GzUi/VmFA2pkPsWpQ0Qu1ni0Vn5MI6AxLGyj5pyML9PZHRSOtpFNjOiJqRXq3Nzf9q3dSEt37GZZIalGz5UZgKYmIyv5oMuEJmxNQCZYrbXQkbUUWZsdmUbAje6snr0LqqepYb15XaXR5HEc7gHC7BgxuowQPUoQkMEJ7hFd6cJ+fFeXc+lq0FJ585hT9yPn8A4zOM+g==</latexit><latexit sha1_base64="9GJQqpIxrycnmf7p5j4xsmhRYOw=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3U2hhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH4/t5vT1BpXksH800QT+iQ8lDzqixVmPSL1fcqrsQWQcvhwrkqvfLX71BzNIIpWGCat313MT4GVWGM4GzUi/VmFA2pkPsWpQ0Qu1ni0Vn5MI6AxLGyj5pyML9PZHRSOtpFNjOiJqRXq3Nzf9q3dSEt37GZZIalGz5UZgKYmIyv5oMuEJmxNQCZYrbXQkbUUWZsdmUbAje6snr0LqqepYb15XaXR5HEc7gHC7BgxuowQPUoQkMEJ7hFd6cJ+fFeXc+lq0FJ585hT9yPn8A4zOM+g==</latexit><latexit sha1_base64="9GJQqpIxrycnmf7p5j4xsmhRYOw=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3U2hhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH4/t5vT1BpXksH800QT+iQ8lDzqixVmPSL1fcqrsQWQcvhwrkqvfLX71BzNIIpWGCat313MT4GVWGM4GzUi/VmFA2pkPsWpQ0Qu1ni0Vn5MI6AxLGyj5pyML9PZHRSOtpFNjOiJqRXq3Nzf9q3dSEt37GZZIalGz5UZgKYmIyv5oMuEJmxNQCZYrbXQkbUUWZsdmUbAje6snr0LqqepYb15XaXR5HEc7gHC7BgxuowQPUoQkMEJ7hFd6cJ+fFeXc+lq0FJ585hT9yPn8A4zOM+g==</latexit>

v0
<latexit sha1_base64="xVR+Lcv4RlUqSv77yFv1wZ13WhI=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF9FQSEfRY9OKxiv2ANpTNdtMu3WzC7qRQQv+BFw+KePUfefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5m9daYayNi9YSThPsRHSgRCkbRWo/j81654lbducgqeDlUIFe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0vd1PCEshEd8I5FRSNu/Gy+6ZScWadPwljbp5DM3d8TGY2MmUSB7YwoDs1ybWb+V+ukGN74mVBJilyxxUdhKgnGZHY26QvNGcqJBcq0sLsSNqSaMrThlGwI3vLJq9C8rHqWH64qtds8jiKcwClcgAfXUIN7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8AUO4jSs=</latexit><latexit sha1_base64="xVR+Lcv4RlUqSv77yFv1wZ13WhI=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF9FQSEfRY9OKxiv2ANpTNdtMu3WzC7qRQQv+BFw+KePUfefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5m9daYayNi9YSThPsRHSgRCkbRWo/j81654lbducgqeDlUIFe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0vd1PCEshEd8I5FRSNu/Gy+6ZScWadPwljbp5DM3d8TGY2MmUSB7YwoDs1ybWb+V+ukGN74mVBJilyxxUdhKgnGZHY26QvNGcqJBcq0sLsSNqSaMrThlGwI3vLJq9C8rHqWH64qtds8jiKcwClcgAfXUIN7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8AUO4jSs=</latexit><latexit sha1_base64="xVR+Lcv4RlUqSv77yFv1wZ13WhI=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF9FQSEfRY9OKxiv2ANpTNdtMu3WzC7qRQQv+BFw+KePUfefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5m9daYayNi9YSThPsRHSgRCkbRWo/j81654lbducgqeDlUIFe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0vd1PCEshEd8I5FRSNu/Gy+6ZScWadPwljbp5DM3d8TGY2MmUSB7YwoDs1ybWb+V+ukGN74mVBJilyxxUdhKgnGZHY26QvNGcqJBcq0sLsSNqSaMrThlGwI3vLJq9C8rHqWH64qtds8jiKcwClcgAfXUIN7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8AUO4jSs=</latexit><latexit sha1_base64="xVR+Lcv4RlUqSv77yFv1wZ13WhI=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF9FQSEfRY9OKxiv2ANpTNdtMu3WzC7qRQQv+BFw+KePUfefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5m9daYayNi9YSThPsRHSgRCkbRWo/j81654lbducgqeDlUIFe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0vd1PCEshEd8I5FRSNu/Gy+6ZScWadPwljbp5DM3d8TGY2MmUSB7YwoDs1ybWb+V+ukGN74mVBJilyxxUdhKgnGZHY26QvNGcqJBcq0sLsSNqSaMrThlGwI3vLJq9C8rHqWH64qtds8jiKcwClcgAfXUIN7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8AUO4jSs=</latexit>

Figure 5.4: Left: The Ackermann steering model with the ICR [Gao et al., 2020]. Both left
and a right turn are illustrated. Right: Connections between vehicle displacement,

extrinsic transformation, and relative camera pose.

propose to use an optical flow sensor instead of a regular CMOS camera.
A critical question is given by the position of the camera. The camera may hang

in the front or rear of the vehicle, which gives increased distance to the ground
plane and in turn reduces motion blur. However, it also causes moving shadows in
the image, and generally complicates the stabilisation of the image appearance and
thus repeatable feature detection or region-based matching. A common alternative
therefore is given by installing the camera underneath the vehicle paired with an
artificial light source (e.g. [Dille et al., 2010; Birem et al., 2018]). However, the short
distance to the ground plane may easily lead to unwanted motion blur. We therefore
consider an event camera as a highly interesting and much more dynamic alternative
visual sensor for this particular scenario.

5.4.1 Homographic Mapping and Bounding Box Extraction

We use the globally-optimal BnB solver for correspondence-less AGV motion pre-
sented in [Gao et al., 2020], which also employs a normal, downward-facing cam-
era. We employ the two-dimensional Ackermann steering model describing the
commonly non-holonomic motion of an AGV. Employing this 2-DoF model leads
to benefits in BnB, the complexity of which strongly depends on the dimensionality
of the solution space. As illustrated in Figure 5.4, the Ackermann model constrains
the motion of the vehicle to follow a circular-arc trajectory about an Instantaneous
Centre of Rotation (ICR). The motion between successive frames can be conveniently
described at the hand of two parameters: the half-angle of the relative rotation an-
gle φ, and the baseline between the two views ρ. However, the alignment of the events
requires a temporal parametrization of the relative pose, which is why we employ the
angular velocity ω = θ

t = 2φ
t as well as the translational velocity v = ωr = ωρ 1

2 sin(φ)
in our model. Note that the time interval t is a parameter that needs to be carefully
adjusted depending on the movement speed of the camera. A shorter time window
does not convey enough information under slow motion, while a longer time win-
dow will diminish the validity of the locally constant velocity model. As an example,
for the experiments presented in Section 5.5, we use 0.04s as the time parameter in
all sequences. The relative transformation from vehicle frame v′ back to v is therefore
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given by

Rv =




cos(ωt) − sin(ωt) 0
sin(ωt) cos(ωt) 0

0 0 1


 and tv =

v
ω




1− cos(ωt)
sin(ωt)

0


 . (5.8)

In practice, the vehicle frame hardly coincides with the camera frame. The ori-
entation and the height of the origin can be chosen to be identical, and the camera
may be laterally mounted in the centre of the vehicle. However, there is likely to be a
displacement along the forward direction, which we denote by the signed variable s.
In other words, Rc

v = I3×3 and tc
v =

[
0 s 0

]T
. As illustrated in Figure 5.4, the trans-

formation from camera pose c′ (at an arbitrary future timestamp) to c (at the initial
timestamp tref) is therefore given by

Rc = RcT
v RvRc

v ,

tc = −RcT
v tc

v + RcT
v tv + RcT

v Rvtc
v .

(5.9)

Using the known plane normal vector n =
[
0 0 −1

]T
and depth-of-plane d, the

image warping function W(xk, tk; [ω v]T) that permits the transfer of an event ek =
{xk, tk, sk} into the reference view at tref is finally given by the planar homography
equation

H
[
xT

k 1
]T

= K(Rc −
tcnT

d
)K-1 [xT

k 1
]T

. (5.10)

Note that K here denotes a regular perspective camera calibration matrix with homo-
geneous focal length f , zero skew, and a principal point at

[
u0 v0

]T
. Note further

that the substituted time parameter needs to be equal to t = tk − tref, and that the
result needs to be dehomogenised. After expansion, we easily obtain

x′k = W(xk, tk; [ω v]T) =
[
x′k y′k

]T
(5.11)

=

[
−[yk − v0 + s f

d ] sin(ωt) + [xk − u0 − f
d (

v
w )] cos(ωt) + f

d (
v
w ) + u0

[xk − u0 − f
d (

v
w )] sin(ωt) + [yk − v0 + s f

d ] cos(ωt)− s f
d + v0

]
.

Finally, the bounding box PΘ
k is found by bounding the values of x′k and y′k over

the intervals ω ∈ W = [ωmin; ωmax] and v ∈ V = [vmin; vmax]. The bounding is easily
achieved if simply considering monotonicity of functions over given sub-branches.
For example, if ωmin ≥ 0, vmin ≥ 0, xk ≥ u0, and yk ≥ v0 − s f

d , we obtain

x′k = −[yk − v0 + s
f
d
] sin(ωmaxt) + [xk − u0 −

f
d
(

vmin

wmax
)] cos(ωmaxt) +

f
d
(

vmin

wmax
) + u0 ,

x′k = −[yk − v0 + s
f
d
] sin(ωmint) + [xk − u0 −

f
d
(

vmax

wmin
)] cos(ωmint) +

f
d
(

vmax

wmin
) + u0 ,

y′k = [xk − u0 −
f
d
(

vmax

wmin
)] sin(ωmint) + [yk − v0 + s

f
d
] cos(ωmaxt)− s

f
d
+ v0 , and

y′k = [xk − u0 −
f
d
(

vmin

wmax
)] sin(ωmaxt) + [yk − v0 + s

f
d
] cos(ωmint)− s

f
d
+ v0 . (5.12)
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Figure 5.5: Simulation Results. (a) and (b) indicate the error distribution for ω and v
over all experiments for both our proposed method as well as an exhaustive search.
(c) and (d) visualise the average error of the estimated parameters caused by adding
salt and pepper noise on the event stream. Results are averaged over 1000 random
experiments. Note that our proposed method has excellent robustness even for N/E

ratios up to 40%.

5.5 Experimental evaluation

We present two suites of experiments. The first one validates the global optimal-
ity, accuracy and robustness of our solver on simulated data. The second one then
applies it to the real-world scenario of AGV motion estimation.

5.5.1 Accuracy and Robustness of Globally Optimal Motion Estimation

We start by evaluating the accuracy of the motion estimation with contrast max-
imisation function LSoS over synthetic data. As already implied in [Gallego et al.,
2019], LSoS can be considered as a solid starting point for the evaluation. Our syn-
thetic data consists of randomly generated horizontal and vertical line segments on
a plane at a depth of 2.0m. We consider Ackermann motion with an angular velocity
ω = 28.6479◦/s (0.5rad/s) and a linear velocity v = 0.5m/s. Events are generated by
randomly choosing a 3D point on a line, and reprojecting it into a random camera
pose sampled by a random timestamp within the interval [0, 0.1s]. The result of our
method is finally evaluated by running BnB over the search spaceW = [0.4, 0.6] and
V = [0.4, 0.6], and comparing the retrieved solution against the result of an exhaus-
tive search with sampling points every δω = 0.001rad/s and δv = 0.001m/s. BnB is
furthermore configured to terminate the search if |ωmax − ωmin| ≤ 0.00078rad/s or
|vmax − vmin| ≤ 0.00078m/s. The experiment is repeated 1000 times.

Figures 5.5(a) and 5.5(b) illustrate the distribution of the errors for both methods
in the noise-free case. The standard deviation of the exhaustive search and BnB are
σω = 1.0645◦/s, σv = 0.0151m/s and σω = 1.305◦/s, σv = 0.0150m/s, respectively.
While this result suggests that BnB works well and sustainably returns a result very
close to the optimum found by exhaustive search, we still note that the optimum
identified by both methods has a bias with respect to ground truth, even in the noise-
free case. Note however that this is related to the nature of the contrast maximisation
function, and not our globally optimal solution strategy.
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In order to analyse robustness, we randomly add salt and pepper noise to the
event stream with noise-to-event (N/E) ratios between 0 and 0.4 (Example objective
functions for different N/E ratios have already been illustrated in Figure 5.2). Fig-
ure 5.5(c) and 5.5(d) show the error for each noise level again averaged over 1000
experiments. As can be observed, the errors are very similar and behave more or less
independently of the amount of added noise. The latter result underlines the high
robustness of our approach.

5.5.2 Application to real data and comparison against alternatives

We apply our method to real data collected by a DAVIS346 event camera, which
outputs events streams with a maximum time resolution of 1µs as well as regular
frames at a frame rate of 30Hz. Images have a resolution of 346×260. We mount the
camera on the front of a XQ-4 Pro robot and let it face downward. The displacement
from the non-steering axis to the camera is s = −0.45m, and the height difference
between camera and ground is d = 0.23m. We recorded several motion sequences
on a wood grain foam which has highly self-similar texture and poses a challenge
to reliably extract and match features. Ground truth is obtained via an Opti-track
optical motion tracking system. Our algorithm is working in undistorted coordinates,
which is why normalisation and undistortion are computed in advance.

Method Line
w[◦/s]

Line
v[m/s]

Circle
w[◦/s]

Circle
v[m/s]

Curve
w[◦/s]

Curve
v[m/s]

SoS 0.5127 0.0086 1.0884 0.0083 3.0091 0.0208
IFMI 145.3741 1.0594 8.1092 0.0243 12.8047 0.0192

GOVO 6.9705 0.2409 4.5506 0.0642 9.8652 0.0590

Table 5.1: RMS errors for different datasets and methods.

We test the algorithm over various types of motions, including a straight line, a
circle, and an arbitrarily curved trajectory. We compare our method with two state-
of-the-art approaches for regular images, namely the correspondence-less globally
optimal feature-based approach (GOVO) from [Gao et al., 2020], as well as the Im-
proved Fourier Mellin Invariant transform (IFMI) in [Xu et al., 2019; Bülow and Birk,
2009]. These two alternatives are frame-based algorithms specifically designed for
planar AGV motion estimation under featureless conditions. Figure 5.1 shows an
example frame of the wood grain foam texture, and Figure 5.6 the results obtained
for all methods. As can be observed, GOVO finds as little as three corner features
for some of the images, thus making it difficult to accurately recover the vehicle dis-
placement despite the globally-optimal correspondence-less nature of the algorithm.
Both IFMI and GOVO occasionally lose tracking (especially for linear motion), which
leaves our proposed globally-optimal event-based method outperforms others. The
qualitative results are shown in Table 5.1, which provides the RMS errors of the
estimated dynamic parameters. It proves that our event-based motion estimation
method outperforms the intensity-camera-based alternatives.

BnB vs Gradient Ascent: We apply both gradient descent as well as BnB to the



78 Globally-optimal event camera motion estimation for planar ground vehicles

0.5 1 1.5 2 2.5 3 3.5 4 4.5

time [s]

-40

-20

0

20

40

60

80

100

120

w
 [
d
e
g
/s

]

0.5 1 1.5 2 2.5 3 3.5 4 4.5

time [s]

0

0.2

0.4

0.6

0.8

1

v
 [
m

/s
]

-0.5 0 0.5 1 1.5 2 2.5 3

X

-2.5

-2

-1.5

-1

-0.5

0

Y

GOVO

GT

IFMI

SoS

0 2 4 6 8 10 12 14 16 18

time [s]

-60

-50

-40

-30

-20

-10

0

w
 [
d
e
g
/s

]

0 2 4 6 8 10 12 14 16 18

time [s]

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

v
 [
m

/s
]

-0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0 0.1

X

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

Y

0 1 2 3 4 5 6 7

time [s]

-40

-30

-20

-10

0

10

20

30

w
 [
d
e
g
/s

]

0 1 2 3 4 5 6 7

time [s]

0.15

0.2

0.25

0.3

0.35

0.4

0.45

v
 [

m
/s

]

-0.2 -0.1 0 0.1 0.2 0.3 0.4

X

-3

-2.5

-2

-1.5

-1

-0.5

0

Y

Figure 5.6: Results for all methods over different datasets. The first two columns are
errors over time for ω and v, and the third column illustrates a bird’s eye view onto

the integrated trajectories.

Foam dataset with curved motion. For the first temporal interval and the local search
method, we vary the initial angular velocity ω and linear velocity v between -1 and
0.8 with steps of 0.2 (rad/s or m/s, respectively). For later intervals, we use the
previous local optimum. Figure 5.7 illustrates the estimated trajectories for all initial
values, compared against ground truth and our BnB search method. RMS errors
are also indicated. As clearly shown, even the best initial guess eventually diverges
under a local search strategy, thus leading to clearly inferior results compared to our
globally optimal search.
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Figure 5.7: Estimated trajectories by our method (SoS), gradient ascent with various
initializations, and ground truth (gt). The table indicates the RMS errors for the best

performing gradient ascent run and SoS.
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5.6 Discussion

In this chapter, we introduce the first globally optimal solution to contrast maxi-
mization for un-warped event streams. To the best of our knowledge, we are also
the first to apply the idea of homography estimation via contrast maximization to
the real-world case of non-holonomic motion estimation with a downward facing
camera mounted on an AGV. The challenging conditions in this scenario favorise
dynamic vision sensors over regular frame-based cameras, a claim that is supported
by our experimental results. The latter furthermore prove that global solutions are
important and significantly outperform incremental local refinement. The recursive
formulation of our bound lets us find the global optimum over event streams of
0.04s within less than one minute, a respectable achievement given the typically low
computational efficiency of BnB solvers.
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Chapter 6

Event camera tracking and mapping
by volumetric contrast
maximization

In the previous chapter, we have introduced the first globally optimal solution to
the problem of non-holonomic motion estimation with a downward-facing cam-
era mounted on an AGV by performing contrast maximization for unwarped event
streams. However, as outlined in the aforementioned chapter, one of the main dis-
advantages of the image-warping based IWE contrast maximization is that it does
not involve any unknown depth parameters. As a result, it is not possible to use
the objective in situations in which the flow at each location in the image is also
a function of the depth. For this reason, we present a new solution to tracking and
mapping with an event camera. The motion of the camera contains both rotation and
translation, and the displacements happen in an arbitrarily structured environment,
the image warping therefore may no longer be represented by a low-dimensional
homographic warping. A new solution to this problem is introduced by perform-
ing contrast maximization in 3D. The 3D location of the rays cast for each event is
smoothly varied as a function of a continuous-time motion parametrization, and the
optimal parameters are found by maximizing the contrast in a volumetric ray den-
sity field. Our method thus performs joint optimization over motion and structure.
The practical validity of our approach is supported by an application to AGV motion
estimation and 3D reconstruction with a single vehicle-mounted event camera. The
method performs at least on par with regular cameras, and eventually outperforms
in challenging visual conditions.

6.1 Related work

Past solutions to vision-based localization and mapping therefore looked at alter-
native solution attempts. Note that there are lots of works on the localization and
mapping problems individually, a listing of which would go beyond the scope of
this introduction. Here we only focus on combined solutions to both problems that
use only a single event camera, and that are able to handle combined rotational and

81
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translational displacements in unknown, arbitrarily structured environments. There
are surprisingly few works that solve this problem, which is proof of its difficulty.
The first solution to this problem is given by Kim et al. [Kim et al., 2016], who pro-
pose a complex framework of three individual filters. Results are limited to small
scale environments and small, dedicated motions. A geometric attempt is given by
Rebecq et al. [Rebecq et al., 2016], who present a combination of a tracker and their
ray-density based structure extraction method EMVS [Rebecq et al., 2018]. However,
the framework alternates between the tracking and mapping solutions, which leaves
open questions as to how to safely bootstrap the system. Zhu et al. [Zhu et al., 2019b]
finally present a promising learning-based approach. It does however depend on vast
amounts of training data, and provides no guarantees of optimality or generality.

The chapter is organized as follows. Section 6.2 provides a brief review of contrast
maximization framework. Section 6.3 introduces how we extend the idea of contrast
maximization into 3D and represent the motion with a continuous-time camera tra-
jectory model. Section 6.4 applies the idea of volumetric contrast maximization to the
real-world case of non-holonomic motion estimation with a forward-facing camera
mounted on an AGV. Section 6.5 finally demonstrates our results on multiple, real
datasets, both the accuracy and quality of the estimated trajectories, as well as the
quality of the implicitly modelled 3D structure are assessed.

6.2 Contrast maximization

We are given a set of N events E = {ek}N
k=1 happening over a certain time interval,

where each event ek = {xk, tk, bk} is defined by its image location xk = [xk yk]
T,

timestamp tk, and polarity bk. Note that the set is ordered, meaning that if E =
{. . . , ei, . . . , ej, . . .}, then ti ≤ tj. We furthermore assume that image warping during
the entire time interval can be parametrized as a continuous-time function of a certain
parameter vector θ, and define the warping function x′k = W(xk, tk|θ) that warps an
event with location xk and timestamp tk into a reference view at tr. For example, if
the camera undergoes pure rotation, and we use a constant rotational velocity model,
the warping of an event into the reference view can be achieved by extrapolating the
relative rotation and the corresponding homography at infinity.

As mentioned in the previous section 5.2, the contrast maximization framework
proposed by [Gallego et al., 2018] aims at optimizing the alignment of the events by
maximizing the contrast in the Image of Warped Events (IWE). The IWE at point x is
defined by

I(x|θ) =
N

∑
k=1

e−
‖x−x′k‖2

2σ , (6.1)

and it is evaluated discretely for each pixel centre location. While the application of a
Gaussian kernel makes sure that events which are closer to a certain pixel contribute
more than events that are further away, it also makes sure that the IWE and its
contrast remain smooth functions of the motion parameters and thus optimizable
through gradient-based methods. According to [Stoffregen and Kleeman, 2019] and
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[Gallego et al., 2019], the contrast or sharpness of the IWE may finally be evaluated
using one of several possible focus loss functions. Here we use the perhaps most
common one, given by the IWE variance

fVar(I) =
1

Np
∑
i,j
(I(xij|θ)− µI)

2. (6.2)

µI is the mean value of I, Np the number of pixels in I, and i and j are indices
that loop through all the rows and columns of the IWE. As neatly visualised by the
heat maps in [Gallego et al., 2019], the highest variance of the IWE gives the highest
contrast location, and thus the optimal motion parameters causing the best alignment
of the warped events.

The framework allows us to tackle several important motion estimation problems
for event-based vision, such as optical flow estimation, motion segmentation, or pure
rotational motion estimation. However, note that for an arbitrary point to be warped
into the reference view, the warping must either be homographic, or the parameter
vector θ must contain the depth for each event at the time it was captured. Both
are rather restrictive towards general camera motion estimation in arbitrary environ-
ments. Current state-of-art contrast maximization methods are therefore only able
to handle a particular set of problems such as motion in front of a plane, or pure
rotation.

6.3 Volumetric contrast maximization using ray warping

Let us now proceed to our main contribution, which consists of extending the idea
of contrast maximization into 3D, a technique that will enable us to handle situations
in which we perceive non-planar environments under arbitrary motion and with no
priors on the depth of events. Our main idea is illustrated in Figure 6.1. We introduce
a continuous-time camera trajectory model as done in Furgale et al. [Furgale et al.,
2015], which parametrizes both the position and the orientation of the sensor as
a smooth, continuous function of time. For a given event, we may then use its
timestamp to extrapolate the position and orientation of the event camera at the time
the event was captured. Combined with the normalised spatial direction of the event
inside the camera frame, each event can be translated into a spatial ray for which
the starting point and orientation depend on the continuous trajectory parameters.
Rather than evaluating the density of points for pixels in the image, we then propose
to evaluate the density of rays at discrete locations in a volume in front of a reference
view. We denote this volumetric density field the Volume of Warped Events (VWE). The
intuition is analogous to the IWE: the assumption is that there is a limited number of
spatial (appearance or geometric) edges that will cause sufficiently large gradients in
the image. Under the optimal motion parameters, the rays of the events will therefore
intersect along those spatial edges and cause maximum ray density in those regions.
In other words, the optimal motion parameters may be found by maximizing the
contrast in the VWE. The important question is again given by how to express the
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ray density in the VWE.
The structure of the VWE field is inspired by the space-sweeping approach of

[Rebecq et al., 2018] et al., who propose to estimate 3D structure regardless of explicit
data associations and photometric information by finding local maxima in a spatial
ray density field. However, their method assumes known camera poses, and they
use an alternative camera tracking scheme in their previous work [Rebecq et al.,
2016]. To the best of our knowledge, we are the first to propose the maximization
of the contrast in the volumetric ray density field, and thus implicitly perform joint
optimization over the continuous camera trajectory parameters and the 3D structure.

dmin
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Figure 6.1: Volume of Warped Events: Events are transformed into rays that are
warped in space based on a continuous-time trajectory model. We evaluate the ray
density in a volume in front of a reference view, and maximize its contrast as a

function of the continuous motion parameters.

6.3.1 Continuous Ray Warping

Suppose our event camera is pre-calibrated and we are given camera-to-image and
image-to-camera transformation functions π(·) and π−1(·), respectively. The latter
transforms image locations into spatial directions in the camera frame, i.e.

fk = π−1(xk). (6.3)

In terms of the extrinsics, the trajectory of the camera is kept general for now and
simply represented by a minimal, time-continuous, smoothly varying 6-vector

s(t|θ) =
[

t(t|θ)
q(t|θ)

]
, (6.4)

where θ still represents a set of continuous motion parameters, t the position of the
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camera expressed in a world frame, and q its orientation as a Rodriguez vector. Note
that the dimensionality of θ is left unspecified for now. However, as will be shown in
Section 6.4, it may indeed have only one or two parameters for certain special types of
planar displacements. Besides their inherently smooth property, the continuous-time
trajectory model has the obvious ability of being able to register information coming
from temporally dense sampling sensors, such as event cameras. The transformation
from camera to world at time t is given by

T(t|θ) =
[

R(q(t|θ)) t(t|θ)
0ᵀ 1

]
. (6.5)

With reference to Figure 6.1, ck represents the camera frame at time tk where a
certain event ek has been captured. The absolute pose of the frame at the time of
capturing ek is given by Twk = T(tk|θ). Now let cr be the reference frame in which
we define the projective sampling volume for the VWE. The absolute pose of cr is
given by Twr = T(tr|θ). The relative transformation is finally given as

Trk =

[
Rr(tk|θ) tr(tk|θ)

0ᵀ 1

]
= T−1

wr Twk (6.6)

=

[
R(q(tr|θ)) t(tr|θ)

0ᵀ 1

]−1 [
R(q(tk|θ)) t(tk|θ)

0ᵀ 1

]
.

Finally, let λ represents the unknown depth along the ray. Any point on the ray
seen from the reference view can be parametrized using the equation

pk(λ) = λRr(tk|θ)fk + tr(tk|θ). (6.7)

6.3.2 VWE and spatial contrast maximization

We are now going back to our question of how to express the ray density in the VWE.
The VWE is defined in a volumetric, projective sampling grid as illustrated in Figure
6.2. Let v be the centre of a voxel. The density of the rays in a voxel is now expressed
as a function of the orthogonal distance between the voxel centre v (expressed in the
reference view) and each individual ray. This spatial point-to-line distance is also
called the object space distance, and it is given by

εr
k(v|θ) = ‖(I−Vk)(R

ᵀ
r (tk|θ)(v− tr(tk|θ)))‖, (6.8)

where we have used the rotation Rᵀ
r (tk|θ) and translation −Rᵀ

r (tk|θ)tr(tk|θ) to trans-
form the voxel centre v into the camera viewpoint at time tk, and the householder

matrix (I−Vk) = (I− fkfT
k

fT
k fk

) to project this point onto the normal plane of the obser-
vation direction fk. An example of object space distances for one voxel is indicated
in Figure 6.2.

Supposing that we have N events, the final VWE is again given in smooth form
by applying a Gaussian kernel and summing up the object space distances of every
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Figure 6.2: Warped rays with object space distances for one example voxel vmnl .

event with respect to the voxel centre v

Vr(v|θ) =
N

∑
k=1

e−
εr
k(v|θ)

2

2σ . (6.9)

The standard deviation σ of the Gaussian kernels is actually not constant, but chosen
as a function of the depth of the corresponding voxel from the centre of the reference
view.

The final optimization objective is again given by maximizing the variance of the
VWE, which expresses the sharpness of the edges reflected in the volumetric density
field

fVar(Vr) =
1

Nv
∑

m,n,l
(Vr(vmnl |θ)− µVr)2. (6.10)

µVr is the mean value of Vr, Nv the number of voxels in the entire volume, and m, n,
and l now iterate through the voxels in the volume. Figure 6.3 visualizes an example
VWE for wrong and correct motion parameters. For correct motion parameters (cf.
6.3(a) and 6.3(b)), the density field presents higher values and more contrast than for
wrong motion parameters (cf. 6.3(c) and 6.3(d)).

6.3.3 Global optimization over longer trajectories

We perform global optimization by simultaneously maximizing the contrast in mul-
tiple VWEs cast from neighbouring reference views. Let {tr1 , . . . , trM} be the time
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Figure 6.3: Volumetric ray density fields for correct ((a) and (b)) and wrong ((c) and
(d)) motion parameters.

instants at which individual VWEs are placed. For simplicity, the time instants are
regularly spaced such that tri+1 − tri = τ1. We furthermore define time intervals
[tri − τ2

2 : tri +
τ2
2 ] for each corresponding field Vri , which define the subset of events

that will be used for registration in that reference view. More specifically, event ek
is used in Vri if tk ∈ [tri − τ2

2 : tri +
τ2
2 ]. The overall global optimization objective

becomes

max
θ

M

∑
i=1

1
Nv

∑
m,n,l

(Vri(vmnl |θ)− µVri )
2, (6.11)

where Vri(v|θ) = ∑
ek∈E

tri +
1
2 τ2

tri−
1
2 τ2

e−
ε
ri
k (v|θ)2

2σ , (6.12)

and E tri+
1
2 τ2

tri−
1
2 τ2

is defined as the subset of all the events ek for which tk ∈ [tri − τ2
2 :

tri +
τ2
2 ]. The global optimization strategy is depicted in Figure 6.4. Note that τ1 may

be chosen such that neighbouring volumes are overlapping, and τ2 may be chosen
such that events are considered in more than just a single volumetric density field (i.e.
τ2 > τ1). These choices make sure that the implicit graph behind this optimization
problem is well connected and effects such as scale propagation take place.



88 Event camera tracking and mapping by volumetric contrast maximization

6.4 Application to AGV with a forward-facing event camera

We evaluate our method on a planar Autonomous Ground Vehicle (AGV), on which
we mount a single forward-facing event camera. Many solutions for the case of a
regular, monocular camera exist, such simple relative pose solvers [Nistér et al., 2004]
or full visual SLAM frameworks [Mur-Artal and Tardós, 2017]. The application of an
event camera promises strong advantages in situations of high motion dynamics or—
as shown in this work—challenging illumination conditions. Our motion estimation
framework is divided into two sub-parts, a front-end module that initializes motion
over shorter segments, and a back-end module that refines the estimate over larger-
scale sequences. Both will be introduced after a short overview of the framework.

6.4.1 Framework overview

A flowchart of our proposed framework detailing all steps is illustrated in Figure 6.5.
The front-end initialization module groups the events into sufficiently small subsets
such that the motion on these subsets can be locally approximated using a simplified
first-order constant velocity model. Furthermore, the front-end performs contrast
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<latexit sha1_base64="h/LCQmO+nS02jWCx8WTfGzXGAFQ=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWAR3FgSEXRZdOOygr1AGsJkOmmHTmbCzIlQQh7DjQtF3Po07nwbp20W2vrDwMd/zmHO+aNUcAOu++1U1tY3Nreq27Wd3b39g/rhUdeoTFPWoUoo3Y+IYYJL1gEOgvVTzUgSCdaLJnezeu+JacOVfIRpyoKEjCSPOSVgLR/CXIc5v/CKIqw33KY7F14Fr4QGKtUO61+DoaJZwiRQQYzxPTeFICcaOBWsqA0yw1JCJ2TEfIuSJMwE+XzlAp9ZZ4hjpe2TgOfu74mcJMZMk8h2JgTGZrk2M/+r+RnEN0HOZZoBk3TxUZwJDArP7sdDrhkFMbVAqOZ2V0zHRBMKNqWaDcFbPnkVupdNz/LDVaN1W8ZRRSfoFJ0jD12jFrpHbdRBFCn0jF7RmwPOi/PufCxaK045c4z+yPn8AVKBkUM=</latexit><latexit sha1_base64="h/LCQmO+nS02jWCx8WTfGzXGAFQ=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWAR3FgSEXRZdOOygr1AGsJkOmmHTmbCzIlQQh7DjQtF3Po07nwbp20W2vrDwMd/zmHO+aNUcAOu++1U1tY3Nreq27Wd3b39g/rhUdeoTFPWoUoo3Y+IYYJL1gEOgvVTzUgSCdaLJnezeu+JacOVfIRpyoKEjCSPOSVgLR/CXIc5v/CKIqw33KY7F14Fr4QGKtUO61+DoaJZwiRQQYzxPTeFICcaOBWsqA0yw1JCJ2TEfIuSJMwE+XzlAp9ZZ4hjpe2TgOfu74mcJMZMk8h2JgTGZrk2M/+r+RnEN0HOZZoBk3TxUZwJDArP7sdDrhkFMbVAqOZ2V0zHRBMKNqWaDcFbPnkVupdNz/LDVaN1W8ZRRSfoFJ0jD12jFrpHbdRBFCn0jF7RmwPOi/PufCxaK045c4z+yPn8AVKBkUM=</latexit><latexit sha1_base64="h/LCQmO+nS02jWCx8WTfGzXGAFQ=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWAR3FgSEXRZdOOygr1AGsJkOmmHTmbCzIlQQh7DjQtF3Po07nwbp20W2vrDwMd/zmHO+aNUcAOu++1U1tY3Nreq27Wd3b39g/rhUdeoTFPWoUoo3Y+IYYJL1gEOgvVTzUgSCdaLJnezeu+JacOVfIRpyoKEjCSPOSVgLR/CXIc5v/CKIqw33KY7F14Fr4QGKtUO61+DoaJZwiRQQYzxPTeFICcaOBWsqA0yw1JCJ2TEfIuSJMwE+XzlAp9ZZ4hjpe2TgOfu74mcJMZMk8h2JgTGZrk2M/+r+RnEN0HOZZoBk3TxUZwJDArP7sdDrhkFMbVAqOZ2V0zHRBMKNqWaDcFbPnkVupdNz/LDVaN1W8ZRRSfoFJ0jD12jFrpHbdRBFCn0jF7RmwPOi/PufCxaK045c4z+yPn8AVKBkUM=</latexit><latexit sha1_base64="h/LCQmO+nS02jWCx8WTfGzXGAFQ=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWAR3FgSEXRZdOOygr1AGsJkOmmHTmbCzIlQQh7DjQtF3Po07nwbp20W2vrDwMd/zmHO+aNUcAOu++1U1tY3Nreq27Wd3b39g/rhUdeoTFPWoUoo3Y+IYYJL1gEOgvVTzUgSCdaLJnezeu+JacOVfIRpyoKEjCSPOSVgLR/CXIc5v/CKIqw33KY7F14Fr4QGKtUO61+DoaJZwiRQQYzxPTeFICcaOBWsqA0yw1JCJ2TEfIuSJMwE+XzlAp9ZZ4hjpe2TgOfu74mcJMZMk8h2JgTGZrk2M/+r+RnEN0HOZZoBk3TxUZwJDArP7sdDrhkFMbVAqOZ2V0zHRBMKNqWaDcFbPnkVupdNz/LDVaN1W8ZRRSfoFJ0jD12jFrpHbdRBFCn0jF7RmwPOi/PufCxaK045c4z+yPn8AVKBkUM=</latexit>

tri+1
<latexit sha1_base64="o+CggZ6BmjBCRrUGbjWexCp+wIs=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARBKEkIuiy6MZlBXuBNITJdNIOncyEmROhhDyGGxeKuPVp3Pk2TtsstPWHgY//nMOc80ep4AZc99uprK1vbG5Vt2s7u3v7B/XDo65RmaasQ5VQuh8RwwSXrAMcBOunmpEkEqwXTe5m9d4T04Yr+QjTlAUJGUkec0rAWj6EuQ5zfuEVRVhvuE13LrwKXgkNVKod1r8GQ0WzhEmgghjje24KQU40cCpYURtkhqWETsiI+RYlSZgJ8vnKBT6zzhDHStsnAc/d3xM5SYyZJpHtTAiMzXJtZv5X8zOIb4KcyzQDJuniozgTGBSe3Y+HXDMKYmqBUM3trpiOiSYUbEo1G4K3fPIqdC+bnuWHq0brtoyjik7QKTpHHrpGLXSP2qiDKFLoGb2iNwecF+fd+Vi0Vpxy5hj9kfP5A09zkUE=</latexit><latexit sha1_base64="o+CggZ6BmjBCRrUGbjWexCp+wIs=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARBKEkIuiy6MZlBXuBNITJdNIOncyEmROhhDyGGxeKuPVp3Pk2TtsstPWHgY//nMOc80ep4AZc99uprK1vbG5Vt2s7u3v7B/XDo65RmaasQ5VQuh8RwwSXrAMcBOunmpEkEqwXTe5m9d4T04Yr+QjTlAUJGUkec0rAWj6EuQ5zfuEVRVhvuE13LrwKXgkNVKod1r8GQ0WzhEmgghjje24KQU40cCpYURtkhqWETsiI+RYlSZgJ8vnKBT6zzhDHStsnAc/d3xM5SYyZJpHtTAiMzXJtZv5X8zOIb4KcyzQDJuniozgTGBSe3Y+HXDMKYmqBUM3trpiOiSYUbEo1G4K3fPIqdC+bnuWHq0brtoyjik7QKTpHHrpGLXSP2qiDKFLoGb2iNwecF+fd+Vi0Vpxy5hj9kfP5A09zkUE=</latexit><latexit sha1_base64="o+CggZ6BmjBCRrUGbjWexCp+wIs=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARBKEkIuiy6MZlBXuBNITJdNIOncyEmROhhDyGGxeKuPVp3Pk2TtsstPWHgY//nMOc80ep4AZc99uprK1vbG5Vt2s7u3v7B/XDo65RmaasQ5VQuh8RwwSXrAMcBOunmpEkEqwXTe5m9d4T04Yr+QjTlAUJGUkec0rAWj6EuQ5zfuEVRVhvuE13LrwKXgkNVKod1r8GQ0WzhEmgghjje24KQU40cCpYURtkhqWETsiI+RYlSZgJ8vnKBT6zzhDHStsnAc/d3xM5SYyZJpHtTAiMzXJtZv5X8zOIb4KcyzQDJuniozgTGBSe3Y+HXDMKYmqBUM3trpiOiSYUbEo1G4K3fPIqdC+bnuWHq0brtoyjik7QKTpHHrpGLXSP2qiDKFLoGb2iNwecF+fd+Vi0Vpxy5hj9kfP5A09zkUE=</latexit><latexit sha1_base64="o+CggZ6BmjBCRrUGbjWexCp+wIs=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARBKEkIuiy6MZlBXuBNITJdNIOncyEmROhhDyGGxeKuPVp3Pk2TtsstPWHgY//nMOc80ep4AZc99uprK1vbG5Vt2s7u3v7B/XDo65RmaasQ5VQuh8RwwSXrAMcBOunmpEkEqwXTe5m9d4T04Yr+QjTlAUJGUkec0rAWj6EuQ5zfuEVRVhvuE13LrwKXgkNVKod1r8GQ0WzhEmgghjje24KQU40cCpYURtkhqWETsiI+RYlSZgJ8vnKBT6zzhDHStsnAc/d3xM5SYyZJpHtTAiMzXJtZv5X8zOIb4KcyzQDJuniozgTGBSe3Y+HXDMKYmqBUM3trpiOiSYUbEo1G4K3fPIqdC+bnuWHq0brtoyjik7QKTpHHrpGLXSP2qiDKFLoGb2iNwecF+fd+Vi0Vpxy5hj9kfP5A09zkUE=</latexit>

⌧2
2<latexit sha1_base64="WL2EYpi5cJFNx136QEtPPvdpLr8=">AAAB+XicbZBNS8NAEIYnftb6FfXoJVgETyUpgh6LXjxWsB/QhLLZbtqlm03YnRRKyD/x4kERr/4Tb/4bt20O2vrCwsM7M8zsG6aCa3Tdb2tjc2t7Z7eyV90/ODw6tk9OOzrJFGVtmohE9UKimeCStZGjYL1UMRKHgnXDyf283p0ypXkin3CWsiAmI8kjTgkaa2DbfqQIzX0k2aBR5I1iYNfcuruQsw5eCTUo1RrYX/4woVnMJFJBtO57bopBThRyKlhR9TPNUkInZMT6BiWJmQ7yxeWFc2mcoRMlyjyJzsL9PZGTWOtZHJrOmOBYr9bm5n+1fobRbZBzmWbIJF0uijLhYOLMY3CGXDGKYmaAUMXNrQ4dExMFmrCqJgRv9cvr0GnUPcOP17XmXRlHBc7hAq7AgxtowgO0oA0UpvAMr/Bm5daL9W59LFs3rHLmDP7I+vwBlbWTnA==</latexit><latexit sha1_base64="WL2EYpi5cJFNx136QEtPPvdpLr8=">AAAB+XicbZBNS8NAEIYnftb6FfXoJVgETyUpgh6LXjxWsB/QhLLZbtqlm03YnRRKyD/x4kERr/4Tb/4bt20O2vrCwsM7M8zsG6aCa3Tdb2tjc2t7Z7eyV90/ODw6tk9OOzrJFGVtmohE9UKimeCStZGjYL1UMRKHgnXDyf283p0ypXkin3CWsiAmI8kjTgkaa2DbfqQIzX0k2aBR5I1iYNfcuruQsw5eCTUo1RrYX/4woVnMJFJBtO57bopBThRyKlhR9TPNUkInZMT6BiWJmQ7yxeWFc2mcoRMlyjyJzsL9PZGTWOtZHJrOmOBYr9bm5n+1fobRbZBzmWbIJF0uijLhYOLMY3CGXDGKYmaAUMXNrQ4dExMFmrCqJgRv9cvr0GnUPcOP17XmXRlHBc7hAq7AgxtowgO0oA0UpvAMr/Bm5daL9W59LFs3rHLmDP7I+vwBlbWTnA==</latexit><latexit sha1_base64="WL2EYpi5cJFNx136QEtPPvdpLr8=">AAAB+XicbZBNS8NAEIYnftb6FfXoJVgETyUpgh6LXjxWsB/QhLLZbtqlm03YnRRKyD/x4kERr/4Tb/4bt20O2vrCwsM7M8zsG6aCa3Tdb2tjc2t7Z7eyV90/ODw6tk9OOzrJFGVtmohE9UKimeCStZGjYL1UMRKHgnXDyf283p0ypXkin3CWsiAmI8kjTgkaa2DbfqQIzX0k2aBR5I1iYNfcuruQsw5eCTUo1RrYX/4woVnMJFJBtO57bopBThRyKlhR9TPNUkInZMT6BiWJmQ7yxeWFc2mcoRMlyjyJzsL9PZGTWOtZHJrOmOBYr9bm5n+1fobRbZBzmWbIJF0uijLhYOLMY3CGXDGKYmaAUMXNrQ4dExMFmrCqJgRv9cvr0GnUPcOP17XmXRlHBc7hAq7AgxtowgO0oA0UpvAMr/Bm5daL9W59LFs3rHLmDP7I+vwBlbWTnA==</latexit><latexit sha1_base64="WL2EYpi5cJFNx136QEtPPvdpLr8=">AAAB+XicbZBNS8NAEIYnftb6FfXoJVgETyUpgh6LXjxWsB/QhLLZbtqlm03YnRRKyD/x4kERr/4Tb/4bt20O2vrCwsM7M8zsG6aCa3Tdb2tjc2t7Z7eyV90/ODw6tk9OOzrJFGVtmohE9UKimeCStZGjYL1UMRKHgnXDyf283p0ypXkin3CWsiAmI8kjTgkaa2DbfqQIzX0k2aBR5I1iYNfcuruQsw5eCTUo1RrYX/4woVnMJFJBtO57bopBThRyKlhR9TPNUkInZMT6BiWJmQ7yxeWFc2mcoRMlyjyJzsL9PZGTWOtZHJrOmOBYr9bm5n+1fobRbZBzmWbIJF0uijLhYOLMY3CGXDGKYmaAUMXNrQ4dExMFmrCqJgRv9cvr0GnUPcOP17XmXRlHBc7hAq7AgxtowgO0oA0UpvAMr/Bm5daL9W59LFs3rHLmDP7I+vwBlbWTnA==</latexit>

V ri
<latexit sha1_base64="os/J0IHqJDFIxOjlL8eK76P/1fs=">AAAB8HicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgi6LblxWsBdpx5JJM21okhmSjFCGeQo3LhRx6+O4821M21lo6w+Bj/+cQ875w0RwYz3vG62srq1vbJa2yts7u3v7lYPDlolTTVmTxiLWnZAYJrhiTcutYJ1EMyJDwdrh+GZabz8xbXis7u0kYYEkQ8UjTol11kPrMdP9jOd5v1L1at5MeBn8AqpQqNGvfPUGMU0lU5YKYkzX9xIbZERbTgXLy73UsITQMRmyrkNFJDNBNls4x6fOGeAo1u4pi2fu74mMSGMmMnSdktiRWaxNzf9q3dRGV0HGVZJapuj8oygV2MZ4ej0ecM2oFRMHhGrudsV0RDSh1mVUdiH4iycvQ+u85ju+u6jWr4s4SnAMJ3AGPlxCHW6hAU2gIOEZXuENafSC3tHHvHUFFTNH8Efo8wdDLpCy</latexit><latexit sha1_base64="os/J0IHqJDFIxOjlL8eK76P/1fs=">AAAB8HicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgi6LblxWsBdpx5JJM21okhmSjFCGeQo3LhRx6+O4821M21lo6w+Bj/+cQ875w0RwYz3vG62srq1vbJa2yts7u3v7lYPDlolTTVmTxiLWnZAYJrhiTcutYJ1EMyJDwdrh+GZabz8xbXis7u0kYYEkQ8UjTol11kPrMdP9jOd5v1L1at5MeBn8AqpQqNGvfPUGMU0lU5YKYkzX9xIbZERbTgXLy73UsITQMRmyrkNFJDNBNls4x6fOGeAo1u4pi2fu74mMSGMmMnSdktiRWaxNzf9q3dRGV0HGVZJapuj8oygV2MZ4ej0ecM2oFRMHhGrudsV0RDSh1mVUdiH4iycvQ+u85ju+u6jWr4s4SnAMJ3AGPlxCHW6hAU2gIOEZXuENafSC3tHHvHUFFTNH8Efo8wdDLpCy</latexit><latexit sha1_base64="os/J0IHqJDFIxOjlL8eK76P/1fs=">AAAB8HicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgi6LblxWsBdpx5JJM21okhmSjFCGeQo3LhRx6+O4821M21lo6w+Bj/+cQ875w0RwYz3vG62srq1vbJa2yts7u3v7lYPDlolTTVmTxiLWnZAYJrhiTcutYJ1EMyJDwdrh+GZabz8xbXis7u0kYYEkQ8UjTol11kPrMdP9jOd5v1L1at5MeBn8AqpQqNGvfPUGMU0lU5YKYkzX9xIbZERbTgXLy73UsITQMRmyrkNFJDNBNls4x6fOGeAo1u4pi2fu74mMSGMmMnSdktiRWaxNzf9q3dRGV0HGVZJapuj8oygV2MZ4ej0ecM2oFRMHhGrudsV0RDSh1mVUdiH4iycvQ+u85ju+u6jWr4s4SnAMJ3AGPlxCHW6hAU2gIOEZXuENafSC3tHHvHUFFTNH8Efo8wdDLpCy</latexit><latexit sha1_base64="os/J0IHqJDFIxOjlL8eK76P/1fs=">AAAB8HicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgi6LblxWsBdpx5JJM21okhmSjFCGeQo3LhRx6+O4821M21lo6w+Bj/+cQ875w0RwYz3vG62srq1vbJa2yts7u3v7lYPDlolTTVmTxiLWnZAYJrhiTcutYJ1EMyJDwdrh+GZabz8xbXis7u0kYYEkQ8UjTol11kPrMdP9jOd5v1L1at5MeBn8AqpQqNGvfPUGMU0lU5YKYkzX9xIbZERbTgXLy73UsITQMRmyrkNFJDNBNls4x6fOGeAo1u4pi2fu74mMSGMmMnSdktiRWaxNzf9q3dRGV0HGVZJapuj8oygV2MZ4ej0ecM2oFRMHhGrudsV0RDSh1mVUdiH4iycvQ+u85ju+u6jWr4s4SnAMJ3AGPlxCHW6hAU2gIOEZXuENafSC3tHHvHUFFTNH8Efo8wdDLpCy</latexit>

V ri�1
<latexit sha1_base64="npSRhJpuTF6armfd2XFhXC3fkZ0=">AAAB8nicbZBNS8NAEIYnftb6VfXoJVgEL5ZEBD0WvXisYD+gjWWz3bRLN7thdyKUkJ/hxYMiXv013vw3btsctPWFhYd3ZtiZN0wEN+h5387K6tr6xmZpq7y9s7u3Xzk4bBmVasqaVAmlOyExTHDJmshRsE6iGYlDwdrh+HZabz8xbbiSDzhJWBCToeQRpwSt1W09Zrqf8XM/z/uVqlfzZnKXwS+gCoUa/cpXb6BoGjOJVBBjur6XYJARjZwKlpd7qWEJoWMyZF2LksTMBNls5dw9tc7AjZS2T6I7c39PZCQ2ZhKHtjMmODKLtan5X62bYnQdZFwmKTJJ5x9FqXBRudP73QHXjKKYWCBUc7urS0dEE4o2pbINwV88eRlaFzXf8v1ltX5TxFGCYziBM/DhCupwBw1oAgUFz/AKbw46L8678zFvXXGKmSP4I+fzByJQkSQ=</latexit><latexit sha1_base64="npSRhJpuTF6armfd2XFhXC3fkZ0=">AAAB8nicbZBNS8NAEIYnftb6VfXoJVgEL5ZEBD0WvXisYD+gjWWz3bRLN7thdyKUkJ/hxYMiXv013vw3btsctPWFhYd3ZtiZN0wEN+h5387K6tr6xmZpq7y9s7u3Xzk4bBmVasqaVAmlOyExTHDJmshRsE6iGYlDwdrh+HZabz8xbbiSDzhJWBCToeQRpwSt1W09Zrqf8XM/z/uVqlfzZnKXwS+gCoUa/cpXb6BoGjOJVBBjur6XYJARjZwKlpd7qWEJoWMyZF2LksTMBNls5dw9tc7AjZS2T6I7c39PZCQ2ZhKHtjMmODKLtan5X62bYnQdZFwmKTJJ5x9FqXBRudP73QHXjKKYWCBUc7urS0dEE4o2pbINwV88eRlaFzXf8v1ltX5TxFGCYziBM/DhCupwBw1oAgUFz/AKbw46L8678zFvXXGKmSP4I+fzByJQkSQ=</latexit><latexit sha1_base64="npSRhJpuTF6armfd2XFhXC3fkZ0=">AAAB8nicbZBNS8NAEIYnftb6VfXoJVgEL5ZEBD0WvXisYD+gjWWz3bRLN7thdyKUkJ/hxYMiXv013vw3btsctPWFhYd3ZtiZN0wEN+h5387K6tr6xmZpq7y9s7u3Xzk4bBmVasqaVAmlOyExTHDJmshRsE6iGYlDwdrh+HZabz8xbbiSDzhJWBCToeQRpwSt1W09Zrqf8XM/z/uVqlfzZnKXwS+gCoUa/cpXb6BoGjOJVBBjur6XYJARjZwKlpd7qWEJoWMyZF2LksTMBNls5dw9tc7AjZS2T6I7c39PZCQ2ZhKHtjMmODKLtan5X62bYnQdZFwmKTJJ5x9FqXBRudP73QHXjKKYWCBUc7urS0dEE4o2pbINwV88eRlaFzXf8v1ltX5TxFGCYziBM/DhCupwBw1oAgUFz/AKbw46L8678zFvXXGKmSP4I+fzByJQkSQ=</latexit><latexit sha1_base64="npSRhJpuTF6armfd2XFhXC3fkZ0=">AAAB8nicbZBNS8NAEIYnftb6VfXoJVgEL5ZEBD0WvXisYD+gjWWz3bRLN7thdyKUkJ/hxYMiXv013vw3btsctPWFhYd3ZtiZN0wEN+h5387K6tr6xmZpq7y9s7u3Xzk4bBmVasqaVAmlOyExTHDJmshRsE6iGYlDwdrh+HZabz8xbbiSDzhJWBCToeQRpwSt1W09Zrqf8XM/z/uVqlfzZnKXwS+gCoUa/cpXb6BoGjOJVBBjur6XYJARjZwKlpd7qWEJoWMyZF2LksTMBNls5dw9tc7AjZS2T6I7c39PZCQ2ZhKHtjMmODKLtan5X62bYnQdZFwmKTJJ5x9FqXBRudP73QHXjKKYWCBUc7urS0dEE4o2pbINwV88eRlaFzXf8v1ltX5TxFGCYziBM/DhCupwBw1oAgUFz/AKbw46L8678zFvXXGKmSP4I+fzByJQkSQ=</latexit>

V ri+1
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Figure 6.4: Global optimization over multiple reference volumes. The volumes may
have spatial overlap. There is an individual time span [tri − 1

2 τ2 : tri +
1
2 τ2] associated

with each reference volume Vri from which events will be considered (marked by
the red, blue and green arrows). The time-spans may have temporal overlap. As
illustrated, two events may hence both appear in two distinct density fields, which

reinforces scale propagation in the optimization.
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maximization using a single VWE only. After a sufficient number of events and ini-
tial relative displacements have been accumulated, our method then proceeds to the
back-end optimization part. The latter initializes a larger-scale, smooth, continuous-
time trajectory model and executes the multi-volume optimization outlined in (6.11).

6.4.2 Front-end single-frame optimization

For the local approximation of the motion, we use a parametrization that is inspired
by [Scaramuzza et al., 2009] and [Huang et al., 2019]. Based on the assumptions of
a driftless, non-holonomic platform, and locally constant velocities, the continuous
motion of the planar vehicle may be approximated to lie on an arc of a circle to which
the heading of the vehicle remains tangential. This motion model is also known as
the Ackermann motion model, and the centre of the circle is commonly referred to as
the Instantaneous Centre of Rotation (ICR). The matter is illustrated in Figure 1.10 of
Section 1.2.3. The model has only two degrees of freedom, which largely simplifies
the geometry of the problem. It is given by the forward velocity v and the rotational
velocity ω.

Figure 6.5: Block diagram of our method containing both the front-end initialization
and the back-end optimization part.



90 Event camera tracking and mapping by volumetric contrast maximization

Using the convention and equations from [Huang et al., 2019] (y axis points for-
ward, x axis to the right), it is straightforward to show that the relative transformation
from a frame at time tk to a nearby reference frame at time tr is given by

Rv
r (tk|θ) =




cos ω(tk − tr) − sin ω(tk − tr) 0
sin ω(tk − tr) cos ω(tk − tr) 0

0 0 1




tv
r (tk|θ) =

v
ω




1− cos(ω(tk − tr))
sin(ω(tk − tr))

0


 .

(6.13)

Given that scale is unobservable, we fix the forward velocity v to the configured
speed of the vehicle (correct scale propagation is taken into account in the later
global optimization scheme). As a result, the local motion initialization scheme over
a single volume has only one degree of freedom, and the parameter vector becomes
θ = ω. Note furthermore that the original Ackermann model requires the camera
to be mounted in the centre of the non-steering axis, which—in practice—hardly
ever is the case. We therefore add the extrinsic calibration parameters Rvc and tvc

which transform points back-and-forth between the camera and the vehicle reference
frames. Finally, the continuous parametrizations for the relative translation tr(tk|θ)
and rotation Rr(tk|θ) are given by

{
Rr(tk|θ) = RT

vcRv
r (tk|θ)Rvc

tr(tk|θ) = −RT
vctvc + RT

vctv
r (tk|θ) + RT

vcRv
r (tk|θ)tvc.

(6.14)

Figure 6.6 shows an example of local, volumetric contrast maximization on a
local subset of the events captured by an event camera mounted on a non-holonomic
platform. It illustrates the variance of the VWE as a function of our unique degree
of freedom ω. As can be observed, the contrast of the VWE peaks at the vertical
dashed line (red), which indicates the groundtruth angular velocity. This behavior is
typical, and the motion parameters can be efficiently solved by local gradient-based
optimization methods once a rough initial guess is given.

6.4.3 Back-end multi-frame optimization

The front-end obviously estimates the motion over short time periods, only, and
furthermore relies on the approximation of locally constant velocities and a circular
arc trajectory. We add a global back-end optimization over the entire trajectory which
relies on a more general model for representing smooth planar motion. We use a
two-dimensional, p-th degree B-spline curve

c2×1(t) =
n

∑
i=0

Ni,p(t)pi, a ≤ t ≤ b, (6.15)
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Figure 6.6: Contrast of VWE over angular velocity for events captured on a non-
holonomic platform.

where the {pi} stand for the n + 1 two-dimensional control points that control the
shape of the smooth, planar trajectory, and the {Ni,p(t)} are the known pth-degree
B-spline basis functions. The basic form of B-splines and their initialization are re-
viewed in Section 4.2.1 of Chapter 4, and readers are also invited to read up [Piegl
and Tiller, 2012] and [Furgale et al., 2015] to see the more foundations of B-splines
and an example application. Here we only focus on establishing the link to our
smooth camera pose functions used in the optimization objective (6.11).

The parameter vector θ may be defined as the stacked control points of the spline,
i.e.

θ = [pT
0 . . . pT

n ]
T. (6.16)

The spline directly models the position in the plane, so we easily obtain

tv(t|θ) =
[

c(t)
0

]
. (6.17)

For planar motion, the orientation is given by a pure rotation about the vertical axis,
and we furthermore exploit the fact that for drift-less non-holonomic vehicles, the
heading of the vehicle remains tangential to the trajectory. If the heading of the
vehicle is still defined as the y axis, and the z axis points vertically upwards, the
orientation of the vehicle is finally given as

Rv(t|θ) =


[

0 1
−1 0

]
ċ(t) ċ(t) 0

0 0 1


 . (6.18)



92 Event camera tracking and mapping by volumetric contrast maximization

Note that only the temporal basis functions depend on time, and that ċ(t) therefore
also is a spline-based function of the same control points. The control point vector
is initialized from the approximate trajectory given by the front end using the spline
curve approximation given by the automatic knots spacing algorithms (9.68) and
(9.69) of [Piegl and Tiller, 2012].

6.5 Implementation and validation

In this section, we briefly introduce implementation details of our method and then
test our algorithm on multiple both synthetic and real datasets. We assess both accu-
racy and quality of the estimated trajectories, as well as the quality of the implicitly
modelled 3D structure.

6.5.1 Implementation details

With respect to (6.9), we don’t consider every event for every kernel, but ignore asso-
ciations when the distance goes above a certain threshold. We utilize the event back-
projection approach proposed in [Rebecq et al., 2018] to efficiently find the neigh-
bouring voxels of a spatial ray. The details of this algorithm can be found in Section
7.1 of [Rebecq et al., 2018]. We furthermore use a simple gradient-ascent scheme to
solve our volumetric contrast maximization problems. Especially in (6.13), the fix-
ation of the forward velocity v leaves the angular velocity ω as the only unknown
parameter, thus making the front-end constraint a uni-variate problem. Owing to the
fact that the angular velocity of the vehicle’s motion is relatively smooth, the starting
point for the optimization can simply be obtained by propagation from a previous
value. If no prior value is available, we simply find one through a Fibonacci search.
Note that τ1 = 0.08s, and τ2 = 2 · τ1.

In order to recover the implicitly modelled 3D structure of the environment, we
simply reuse the Event-based Multi-View Stereo (EMVS) method from [Rebecq et al.,
2018]. We extract the point cloud by first collapsing our VWE into a depth map with
an associated 2D confidence map. The semi-dense depth map is then generated by
adaptive thresholding of the confidence map, followed by conversion into a point
cloud. Several noise filters are applied during the procedure.

6.5.2 Experiment setup

In order to demonstrate the performance of our algorithm, we apply it to both syn-
thetic and real datasets. In the synthetic case, we use large-scale outdoor sequences
from the KITTI benchmark [Geiger et al., 2013] and convert the image sequences into
event data by using the method of Gehrig et al. [Gehrig et al., 2020]. The datasets are
fully calibrated and contain images captured by a forward-looking camera mounted
on a vehicle driving through a city. Experiments on real data are conducted by col-
lecting several small-scale indoor sequences with a DAVIS346 event camera. The



§6.5 Implementation and validation 93

camera is mounted forward-facing on a turtlebot XQ-4 Pro. The camera has a reso-
lution of 346×260. The output event stream has a maximum temporal resolution of
1µs. The camera is fully calibrated, and also captures regular frames at a frame rate
of 30Hz. Implementations are made in C++, and use Eigen [Guennebaud et al., 2010]
and Ceres [Agarwal et al., 2010] to solve the local and global optimization problems,
respectively.

We compare our approach against traditional camera alternatives. Our current
implementation focuses on non-holonomic planar motion, which is why we use the 1-
point RANSAC algorithm for Ackermann motion [Scaramuzza et al., 2009] as a solid
baseline algorithm for the regular camera alternative. We also let our method com-
pete against an established alternative from the open-source community: ORB-SLAM
[Mur-Artal and Tardós, 2017]. Note that we rescale all monocular, scale-invariant re-
sults to align as well as possible with groundtruth, which we obtain from the original
KITTI datasets or an Opti-track system.

It should be noted that a direct comparison against alternative event-based VO/S-
LAM projects is difficult for several reasons. Til date, there are no open-source imple-
mentations and we are the first to even evaluate a monocular, event-based pipeline
on a popular, established benchmark sequence. Furthermore, as stated in Section
III. D of [Rebecq et al., 2016] and Section 3.5 of [Kim et al., 2016], the few existing
alternatives either depend strongly on the quality of an initial 3D map (cf. [Rebecq
et al., 2016]), or suffer from slowly converging depth estimates (cf. [Kim et al., 2016]).
As shown in their experiments, they therefore require hovering motion in front of
the same scene to provide sufficient time for the mapping back-end to converge.
In contrast, our method performs joint optimization of trajectory and structure in
near real-time, and thus successfully handles the continuous forward-exploration
scenario.

6.5.3 Experiment on synthetic data

To prove the effectiveness of our method—which denote ETAM—, we apply it to syn-
thetic sequences generated from the KITTI benchmark datasets [Geiger et al., 2013].
These datasets represent a fairly normal usecase without high motion dynamics or
challenging illumination. We use the publicly available tool proposed by [Gehrig
et al., 2020] to convert the regular videos into events streams. We compare our
method against two alternatives, which is the state-of-the-art ORB-SLAM algorithm
[Mur-Artal and Tardós, 2017] and the classical 1-point Ransac algorithm—denoted
1pt—for planar motion [Scaramuzza et al., 2009]. The evaluation is performed on
sequences VO-00 and VO-07.

The qualitative performance is illustrated in Figure 6.7. All algorithms success-
fully process the sequences without any gross errors, and our system is slightly less
accurate than ORB-SLAM on these high quality datasets. We furthermore believe
that the decrease in performance is mostly explained by the approximate motion
model, which ignores the slight pitch angle variations that could result from un-
eveness of the ground surface. Furthermore, we perform on par with 1pt, which
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also relies on a non-holonomic planar motion model. To the best of our knowledge,
this result is the first to demonstrate a monocular event camera solution that returns
comparable results to regular camera alternatives.
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Figure 6.7: Results for both our method and regular camera alternatives on long
outdoor trajectories

6.5.4 Experiment on real data

In order to demonstrate the performance of our algorithm on real data, we collect
further sequences with a DAVIS346 event camera. The datasets are captured indoors
to simulate different illumination conditions and capture groundtruth via Opti-track.
We first apply them to two shorter sequences in which the camera follows an either
circular (Circle) or purely translational trajectory (Str). Next, we perform a test on a
much longer sequence with more complex motion (Long2). While the first three se-
quences are recorded under good illumination conditions, we conclude with another
sequence with varying lighting conditions by toggling external illumination while
the dataset is recorded (HDR).

ORB-SLAM proves to be fragile when applied to our indoor sequences. The
images have low resolution and the proximity of the structure as well as fast vehi-
cle rotations furthermore induce large frame-to-frame disparities, ultimately causing
ORB-SLAM to break in such forward-exploration scenarios. We therefore assess the
performance by a quantitative comparison of relative pose errors between ETAM and
1pt. Results for all sequences are summarized in Table 6.1. It shows the root-mean-
square or median of all deviations between estimated and groundtruth short-term
relative rotation and translation displacements. Note that—in order to minimize
the impact of unobservable scale—the error of the relative translation is evaluated
by considering only the direction. Furthermore, errors are assessed per time, as it
is clear that larger intervals may lead to more drift. We therefore employ the unit
deg/s for both rotational and translational errors. The best performance is always
highlighted in bold.



§6.5 Implementation and validation 95

method
Circular motion

Rmse(R) Median(R) Rmse(t) Median(t)
1pt 2.4526 2.3330 0.5427 0.0296

ETAM 1.3275 0.6443 0.2826 0.0322

method
Purely translational motion

Rmse(R) Median(R) Rmse(t) Median(t)
1pt 0.6997 0.5300 0.5179 0.0369

ETAM 0.9769 0.6334 0.4637 0.0235

method
Long trajectory

Rmse(R) Median(R) Rmse(t) Median(t)
1pt 1.8516 1.5829 0.1675 0.1718

ETAM 1.6901 1.3417 0.1631 0.1703

method
Challenging illumination conditions

Rmse(R) Median(R) Rmse(t) Median(t)
1pt - - - -

ETAM 1.6042 0.9093 0.0686 0.0084

Table 6.1: Accuracy on different sequences. Unit: [deg/s].

It can be easily observed that ETAM outperforms 1pt on most datasets, and it
is able to continuously track entire sequences with high accuracy even as illumina-
tion conditions become more challenging. In contrast, regular camera based visual
odometry with 1-point RANSAC fails due to poor contrast or motion blur in dark
or varying illumination settings (cf. Figure 6.8). Due to the forward-facing arrange-

Figure 6.8: Challenging illumination conditions. Regular frames suffer from poor con-
trast or motion blur when lights are off (left) or on (right), respectively. Events in

turn preserve the visual information of the structure.



96 Event camera tracking and mapping by volumetric contrast maximization

ment, the purely translational displacement on the other hand triggers much fewer
events than trajectories with rotational displacements, hence the slightly inferior per-
formance for this type of motion.

The qualitative performance is illustrated in Figure 6.9, visualizing the angular
velocity over time, dead-reckoned absolute orientations, and top views of complete
trajectories for both algorithms and groundtruth (denoted gt). The figures in the
left column are from the sequence Long trajectory, and the right ones are from the
sequence Challenging illumination conditions. The absolute orientations and trajectories
all suffer from slow error accumulation, and it can be observed that ETAM shows
better performance than 1pt. Our event-based method is able to work robustly in all
challenging conditions.

6.5.5 Computational efficiency

All experiments are conducted on an Intel Core i7 2.4 GHz CPU. The total cumulative
processing time for each sequence is summarized in Table 6.2. It remains below the
actual length of each dataset, thus indicating real-time capability.

Circle Str Long1 Long2 HDR

Dataset length 14.0s 10.4s 43.3s 40.4s 17.9s

Processing time 8.6s 8.5s 35.6s 24.9s 13.8s

Table 6.2: Processing time in seconds for the proposed method.

6.5.6 Reconstruction result

Figures 6.10 and 6.11 finally visualize reconstruction results of the indoor scene.
Figures 6.10(b) and 6.10(c) show a side perspective and a bird-eye view onto the final
result. The coloured semi-dense points represent the reconstructed structure while
the sparse white points in the centre denote the discretized trajectory. As can be
clearly observed, our method produces a visually reasonable reconstruction similar
to what one would obtain using a sparse or semi-dense method on regular images.
Further visualisations of re-projected point clouds overlayed onto real images are
visualized in Figures 6.11 (a) to (f). The depth of points is indicated by the colour,
which reaches from red for closer points to blue for far-away points. Note that we
clean up isolated noisy points by applying a radius filter. However, no additional
depth fusion strategy is applied.

6.6 Discussion

Our main novelty consists of a single, joint objective that optimizes smooth motion
directly from events, without the need of a prior derivation of 3D structure. This is
achieved by constructing a volumetric ray density field, in which we then maximize
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contrast as a function of smooth motion parameters. As a result, the approach is able
to bootstrap spatial motion in arbitrarily structured environments. The formulation
is tested on the important application of ground vehicle motion estimation, and po-
tential advantages in challenging illumination conditions are verified. While this is
a highly promising result, our next step consists of extending the operation to more
dynamic, full 3D motion, which we believe is possible if using the additional input
of an IMU.
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Figure 6.9: Results for both our method and 1pt-RANSAC on a long trajectory, indoor
sequence (left) and under challenging illumination conditions (right).
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(a) Indoor environment

(b) Reconstructed map

(c) Topdown view

Figure 6.10: Reconstruction of an indoor scene. Figure (a) shows a real image of the
environment. Figures (b) and (c) are different perspectives onto the reconstructed

structure.
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(a) part a (b) part b

(c) part c (d) part c

(e) part e (f) part f

Figure 6.11: (a)-(f) are back-projections of the marked structure parts shown in Figure
6.10 overlaid onto the corresponding images captured under those poses. Warmer

colors indicate closer points, while colder colors indicate larger depth.



Chapter 7

Conclusion

Over the past decade, automated real-time visual localization and mapping has of-
ten been proclaimed as a mature computer vision technology. However, it is only
with the emergence of novel, billion-dollar industries such as autonomous driving,
robotics, and mixed reality consumer products that this technology gets now put to a
serious test. This prompts us to develop more reliable, efficient vision-based systems
based on novel camera architectures.

7.1 Summary and contributions

The present thesis researches the development of several algorithms important for
SLAM techniques based on novel camera architectures. The covered content reaches
from an accurate, efficient visual odometry pipeline for multi-perspective systems to
a robust back-end optimization method based on continuous-time trajectory parametriza-
tions, as well as devising specialized algorithms for novel sensors namely event
cameras, in order to deal with challenging scenarios. The present thesis is looking
into discovering novel theoretical formulations and optimization algorithms that will
gradually unlock the full potential of novel camera architectures. More specifically,
this work addresses the following points.

7.1.1 Improving efficiency, accuracy and robustness

Visual odometry or visual SLAM encompasses a class of modular frameworks that
crucially depend on a number of sub-solutions to be available. The present work has
addressed several of these sub-problems:

• A complete real-time pipeline for visual odometry, as well as a robust scale
initialization procedure for non-overlapping, multi-perspective camera systems
are developed in Chapter 2. Our proposed pipeline differs from loosely-coupled
alternatives, nearly all processing stages in our pipeline including bootstrap-
ping, pose tracking, back-end optimization and mapping use the measurements
from all cameras jointly, which is proven to have superior motion estimation ac-
curacy with multi-perspective camera systems.
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• Based on the idea of Using many cameras as one, in Chapter 3, this thesis has
presented an efficient and reliable frame-to-frame motion estimation method
specifically designed for surround-view, vehicle-mounted multi-camera sys-
tems, that the motion can be approximated to remain in a plane. It successfully
solves one remaining problem in Chapter 2, which is how to robustly recover
the relative rotations for generalized camera model at the very beginning, in-
stead of estimating the relative rotations from each camera individually. The
thesis presents a new univariate objective function by formulating the epipolar
geometry as an eigenvalue problem, which can be effectively solved based on
an iterative optimization scheme. The present work achieves not only competi-
tive computational efficiency but also superior accuracy at the same time. The
demo video can be found on Youtube1.

• In Chapter 4, a robust back-end optimization scheme using B-splines for an ex-
act imposition of smooth, non-holonomic trajectories inside the 6-DoF bundle
adjustment is presented. While a number of successful VO/SLAM frameworks
have already been presented, including the proposed ones in our previous
chapters, they may come across challenges as the connectivity of the graph or
the quality of the measurements degrades. Our method brings a significant im-
provement in robustness by taking non-holonomic kinematic constraints on the
vehicle motion into account. The present work exploits B-spline as a represen-
tation for the kind of smooth trajectory, and evaluated a variety of formulations
that imposing the kinematic constraints in the experiment. The potential of our
method is finally confirmed on multiple publicly available datasets, which has
demonstrated the improvements on both accuracy and robustness of monocu-
lar visual odometry.

7.1.2 Exploration of novel sensors

In order to deal with challenges in scenarios with high dynamics, low texture dis-
tinctiveness, or challenging illumination conditions that typically go beyond the lim-
itation of regular cameras, a new camera architecture is investigated in this thesis.
Event cameras are bio-inspired visual sensors which, unlike regular cameras, do
not measure photometric intensities, but logarithmic, pixel-level, relative brightness
changes. Data is furthermore returned asynchronously in quantized, pulse-like form;
each pixel independently triggers an event whenever the above-mentioned, logarith-
mic quantity exceeds a certain threshold. Owing to their high temporal resolution of
around 1µs, event cameras have very low latency and can capture very fast events.
On the other hand, data in the form of events appears in an unconventional format,
algorithms for event cameras are therefore needed to be specially devised.

• In Chapter 5, the present work looks at the relative pose estimation problem
with a single event camera, which is used for the initialization or bootstrapping
of a VO/SLAM framework if no prior knowledge about the environment is

1https://youtu.be/mtqFAzmh9E4
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available. A globally optimal correspondence-less registration method based
on contrast maximization framework is presented in our work, which primarily
relies on the branch-and-bound optimization paradigm. The practical validity
of our approach is supported by a highly successful application to AGV motion
estimation with a downward-facing event camera. Our method outperforms
regular cameras in such challenging scenarios where the sensor experiences
fronto-parallel motion in front of noisy, fast moving textures.

• In Chapter 6, the present work concludes our thesis with a new solution to
tracking and mapping with an event camera, by exploiting contrast maximiza-
tion in 3D, which can jointly handle the localization and mapping problem of
single event camera by continuous ray warping and volumetric contrast max-
imization in an arbitrarily structured environment. It overcomes one of the
main weakness of image-warping based IWE contrast maximization, which is
that IWE contrast maximization only able to handle a particular set of problems
that can be represented by homographic warping or the depth parameters are
known. The 3D location of the rays cast for each event is parametrized as a
smooth, continuous function of time, and evaluate the ray density in a volume
to find the optimal continuous motion parameters by maximizing its contrast.
Our method is tested on ground vehicle motion estimation with a forward-
facing event camera, it performs joint optimization of trajectory and struc-
ture in near real-time, and thus successfully handles the continuous forward-
exploration scenario. Therefore our method could be considered as a very
important innovation in event-based visual odometry.

7.2 Future Work

By the end of each chapter, we have concluded our contributions and discuss the
potential improvements of our proposed algorithms. In addition, there are several
indispensable extensions to our contributions will be discussed in the following.

7.2.1 Multi-perspective bundle adjustment using B-splines

As mentioned in Section 4.5, our B-spline based bundle adjustment is only tested on
a monocular visual odometry framework, future research therefore consists of tak-
ing generalized camera system into account. Based on the multi-perspective window
bundle adjustment scheme proposed in Section 2.2.5, we introduce the continuous-
time model into multi-perspective bundle adjustments. The formulation (CBASpRv)
which includes alternating spline regression and the R-v constraint has the best per-
formance for graphs with stable connectivity.

We assume that we have a set of MPC keyframe J for which camera ck observes
the point xi. tbj and qbj are optimized pose parameters of MPC frame, and R(q) is
the rotation matrix constructed from quaternion representation q. The objective of
novel bundle adjustment can now be reformulated as:
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where

• {xi} are landmarks in homogeneous representation.

• mck
ij is the observation of landmark i from the respective camera frame ck in

MPC frame j.

• ρ (·) represents a loss function (e.g. Huber loss) to mitigate the influence of
outliers.

• f ck
p (·) is the projection of {xi} onto the image plane with calibrated camera ck.

• Tckb represents the extrinsic parameters that transform observed points from
the vehicle to the respective camera frame ck.

• P is the set of control points of c1(t).

• c1(t) denotes the alternatingly updated spline.

• tj is the timestamp at jth MPC frame.

• η(a) = a
‖a‖ .

• c′(t) denotes the first-order derivative of c(t).

• ws, wc are scalar weights.

The formulation of all aforementioned objective functions proposed in Chapter
4 will be derived in the future, and it would be interesting to test the developed
back-end optimization module on aforementioned vehicle-mounted surround-view
camera systems in practical cases.

7.2.2 Real-time 6-DoF Tracking and Mapping with an Event Camera

The work discussed in Chapter 6 is currently limited to planar AGV motion, and it is
necessary to apply our concept to a 6-DoF scenario. Actually, the problem of full (po-
tentially more agile) 6-DoF motion is significantly harder. Although we truly believe
that our current work represents an important step in the right direction, this scenario
requires further research which we currently conduct. To move one step beyond, we
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believe that it is important to adaptively sample space and thus enable the large scale
optimization of longer trajectories. The intuition here lies in the fact that only ap-
pearance edges will trigger events, and that—as a result—the high-density regions
in the final VWE are likely to align with the corresponding wire-frame structure.
Our goal will be to identify this wire-frame structure to prune density estimation in
uninteresting regions, and thus speed up the estimation by reducing the number of
kernels. We will furthermore aim at adjusting the kernel centers and covariances for
anisotropic weighting of the object space displacement vectors (i.e. displacements
parallel to the 3D edge will be penalized less than displacements orthogonal to the
3D edge). Besides, we consider using the additional input of an IMU, which can
provide an adequate initial guess on the relative displacement between subsequent
views. To conclude, kernel covariances will be used to approximate gradient edges,
information which can then be used in combination with event polarities to per-
form global localization in a given map. This estimation would naturally include the
estimation of first-order dynamics.

7.2.3 Event-camera calibration

For the experiments conducted in Chapter 5 and 6, we notice that accuracy of intrinsic
parameters is particularly important for VO/SLAM systems with event cameras. It
directly affects whether our event-based methods can outperform regular cameras.
In general, camera calibration is a crucial solution of which the quality will impact on
the overall performance within the final application scenario, particularly if talking
about accuracy in the context of a geometric problem.

Inspired by the continuous-time trajectory model used in Chapter 4 and 6, our
principle involves the development of novel, practicable camera calibration methods
that do not involve the need for specialized camera calibration targets with flashing
LED lights used in existing approaches, but merely use a chess-board like pattern.
While a static event camera will not be able to observe any passive calibration tar-
gets, it is clear that we will eventually start to perceive events along the high-gradient
regions of the projected target as soon as there is relative motion between the target
and the frame. Ignoring initialization questions, by knowing the exact calibration
pattern, it therefore becomes possible to jointly optimize continuous motion param-
eters as well as intrinsic parameters by minimizing the distance between each event
and its nearest reprojected edge. From a mathematical point of view, this problem
may be formulated as follows.

We denote the event by ek = {xk, tk, bk}, where xk = [xk yk]
T denotes the position

of the event in the image, tk the time-stamp of the event, and bk its polarity (equals
to 1 if the intensity at that pixel has increased, and to -1 if the intensity decreased).

We furthermore denote the camera pose by the transformation parameters from
the target reference frame to the camera frame. It is given by the rotation matrix
R(θR(t)) and the translation vector t(θt(t)). Note that both are dynamic and vary as
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a function of the minimal 6-DoF continuous-time trajectory parametrization

θ(t) =

[
t(θt(t))

R(θR(t))

]
, (7.2)

The warping function from the pattern to the image plane is therefore given by the
planar homography

H(t, θ(t), K) = K

[
R1(θR(t))

R2(θR(t))
+ t(θt(t))

]
(7.3)

Note that R1(θR(t)) and R2(θR(t)) denote the first and second column of the ro-
tation matrix R(θR(t)). To conclude, let us define the function DF(x) (entered in
homogeneous form) and the nearest edge in the pattern. The final cost function that
permits the optimization of the intrinsic matrix K as well as the parameters θ(t) of
the motion is given by the sum of squared distances between the unwarped event
locations (using the corresponding event time-stamp) and their nearest edge

E = ∑
ek

{DF(H−1(tk, θ(tk), K)[xk yk 1]T)} (7.4)

Note that rather than using a traditional chess-board pattern, it would be beneficial
to use a pattern like the one presented in Figure 7.1, which would ensure that joint
observation of events caused by orthogonal edges would continuously happen. As a
result, the dynamic motion parameters would remain continuously observable.

Figure 7.1: Pattern, procedure and optimization variables for the proposed event
camera calibration
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