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Abstract

Gowers presents, in his 2000 essay “The Two Cultures of Mathematics”, two
kinds of mathematicians he calls the theory-builders and problem-solvers.
Of course both kinds of research are important; theory building may directly
lead to solutions to problems, and by studying individual problems one
uncovers the general structures of problems themselves. However, referencing
a remark of Atiyah [9], Gowers observes that because so much research
is produced, the results that can be “organised coherently and explained
economically” will be the ones that last. Unlike mathematics, the field of
machine learning abounds in problem-solvers — this is wonderful as it leads
to a large number of problems being solved — but it is with regard to the
point of Gowers that we are motivated to develop an appropriately general
analytic framework to study machine learning problems themselves.

To do this we first locate and develop the appropriate analytic objects to
study. Chapter 2 recalls some concepts and definitions from the theory of
topological vector spaces. In particular, the families of radiant and co-radiant
sets and dualities. In Chapter 4 we will need generalisations of a variety of
existing results on these families, and these are presented in Chapter 3.

Classically a machine learning problem involves four quantities: an
outcome space, a family of predictions (or model),! a loss function, and a
probability distribution. If the loss function is sufficiently general we can
combine it with the set of predictions to form a set of real functions, which

under very general assumptions, turns out to be closed, convex, and in

'In the sequel we use the terms prediction and model interchangeably since the distinction
is largely semantic.
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particular, co-radiant. With the machinery of the previous two chapters
in place, in Chapter 4 we lay out the foundations for an analytic theory of
the classical machine learning problem, including a general analysis of link
functions, by which we may rewrite almost any loss function as a scoring rule;
a discussion of scoring rules and their properisation; and using the co-radiant
results from Chapter 3 in particular, a theory of prediction aggregation.
Chapters 5 and 6 develop results inspired by and related to adversarial
learning. Chapter 5 develops a theory of boosted density estimation with
strong convergence guarantees, where density updates are computed by
training a classifier, and Chapter 6 uses the theory of optimal transport
to formulate a robust Bayes minimisation problem, in which we develop
a universal theory of regularisation and deliver new strong results for the

problem of adversarial learning.

Chapter 1

Figure 1: Dependencies among chapters.
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Chapter 1

Introduction

It is a necessity that, when developing theory, one begins at the bottom,
working upwards to ensure that various desiderata are satisfied before building
on preliminary results. However, in direct opposition, for the purposes of
motivating the decisions when building a theory, it is more helpful to structure
the results in the opposite way, motivating the theory by what it achieves
in those subsequent chapters. These competing demands of motivation and
rigour leave the author with a kind of chicken and egg dilemma. By the
inclusion of this introduction, we hope to provide the reader with some
explanation for the direction of the subsequent chapters, by introducing the

following chapters in a non-linear fashion.

In Chapter 4 we seek to develop the basis for a general theory of classical
machine learning problems. The most basic way to think of such a problem
is the prediction of some kind of distribution over an outcome space. The
goodness of this prediction is evaluated with a scoring rule by calculating the
expected loss or penalty incurred, using a loss function. The prediction itself
may be a distribution, in which case the loss function is a called a scoring
rule, or it may be something more abstract (like a function). It turns out
that the natural convex structure of scoring rules lets us write any kind of
prediction as one of a family of distributions. It is in this way that almost
any kind of model class can be reparameterised using a scoring rule like this,

using a link function; the existence of which is guaranteed through the theory



2 CHAPTER 1. INTRODUCTION

of convex duality (Section 4.3.2). This is one of many results we can achieve
by developing our general theory of learning problems using convex analysis
as a foundation. Some others we cover are ways to ensure scoring rules yield
accurate predictions via properisation (Section 4.3), and how to combine
scoring rules and compute their associated link functions (Section 4.4.2). A
key group of objects of study in the theory of convex analysis are the convex
sets, and so we establish some basic properties of a certain set, associated
with a learning problem called the superprediction set (Section 4.1.1). These
sets have many interesting properties. For example, when the scoring rule is
continuous, these sets are convex precisely when the scoring rule is proper
(Section 4.2.2). More generally these sets are often members of a kind of
unbounded set family, known as the co-radiant sets, and it is for this reason

that we are motivated to study these sets.

The theory of co-radiant sets is often studied in the convex analysis
literature together with their (often bounded) counterpart, the radiant sets.
Every co-radiant set is the complement of a radiant set, and vice versa. The
results mentioned above that are constructed using the superprediction sets
require developing a theory for manipulating the co-radiant sets, and for
completeness we show the companion results for the radiant sets (Chapter 3).
As part of this algebra we have a number of formulas for support and
gauge functions (Section 3.5), but to compute these we need to construct
a theory of duality (Section 3.4), and in turn to produce the theory of
duality we need some simpler formulas for some other gauge (Section 3.3)
and support functions (Section 3.1). Some of these results however require a
somewhat lengthy investigation of the topology of these sets (Section 3.2)
and, in particular, results associated with their asymptotic cones, which are
an object to simplify the analysis of unbounded sets. Even though most
machine learning problems can be represented in a Banach space, in the
convex analysis literature, results of the sort in Chapter 3 are typically proven
in a locally convex, Hausdorff topological vector space. For our results here
to represent a strict generalisation of other related works, we need to be

intimately familiar with the mechanics of these spaces.

The setting of a locally convex, Hausdorff topological space is one of the
most general vector spaces in mathematics; it is endowed with the minimal

structure necessary for the majority of essential results in analysis and convex



analysis to hold (in particular, the Hahn—-Banach separation theorem, and
the Bourbaki—Alaoglu theorem), and we provide an introduction to these
spaces and key results on them in Chapter 2. To manipulate sets in these
spaces in Chapter 3 we have certain results that require the sum of two
sets is closed. Unfortunately for us, we cannot be sure that either or both
of the sets will be bounded, and so we need results on the closure of the
sum of sets (Section 2.4.1). To be able to do study the sublinear functions
on these spaces (in particular the gauge and support functions) we need to
be able to calculate and ensure certain behaviours of their subdifferentials
(Sections 2.4.2 and 2.4.3). Chapter 2 begins with an introduction to all
of the basic concepts we will need for these results, along with some basic

properties.

The theory developed in Chapter 4, while interesting and rich in its foun-
dations, is not general enough to include some more exotic kinds of learning
problems that we introduce by way of example. In a binary classification
task, the Radon—Nikodym derivative can be related to the Bayes-optimal
classifier. Of course being able to compute the Radon—Nikodym derivative
between an initial guess and the true distribution makes performing density
estimation a triviality. It then should not be too surprising that by making
an initial guess at the true distribution and learning a classifier, that we
can learn some information about the Radon—Nikodym derivative. Using
this observation, in Chapter 5 we show how the how a sequence of binary
classifiers can be used to construct density estimates. And by making weak
assumptions about the performance of these classifiers, we can derive strong

convergence guarantees for density estimation.

When performing risk minimisation, instead of fitting a single distribu-
tion, one might instead look at a neighbourhood of distributions called an
uncertainty set — that way if it turns out the data that one has access to
were not completely representitive of the true distribution, the penalty of
the misspecification is not too severe. This kind of risk is called a robust
Bayes risk. Parallelly, there has been interest in regularisation for ensuring
performance against so-called adversarial examples. In Chapter 6 we develop
a general theory of regularisation that explains both of these phenomena.
Using the transportation cost, from the theory of optimal transport, we

formalise a notion of an uncertainty set. It’s then shown with equality
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when the worst case risk over the uncertainty set is equal to the Lipschitz
regularised risk, and in the other cases we prove a tight upper bound result.
As an application we show how adversarial learning may be located within
the robust Bayes framework.

Finally each chapter following Chapter 2 is bookmarked with a brief
introduction and conclusion to summarise the intervening material.

In some ways the task of developing theory can be reflected upon as a
shifting of onus. In a more problem-driven approach to machine learning, the
onus is on the reader to understand a series of problems, and to be familiar
with the panoply of idiosyncratic solutions for each. A theory of machine
learning problems, on the other hand, shifts the onus of understanding the
commonality of problems to the theoretician. It is in this way that when a
new problem arises, or a new question is asked, that we have an array of
tools at our disposal to analyse and compare a new engineering challenge

with the ones we have already thoroughly understood.
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Nonsmooth Analysis






Chapter 2

Technical Preliminaries

Some special sets are [k] & {1,...,k} with k& € N, R & [—o0, +o0],
R>o & [0,00), and R~g & (0,00). For set T and a function f : T — R,
the set of points on which it achieves its infimum is arginf,cp f(t) &<
{t €T | f(t) =inf f(T)}, with argsup;cp f(t) defined similarly. We use the
standard conventions inf ) = +o00 and sup() = —oo. The Iverson bracket is
[ -], which takes the value 1 when its argument is a true proposition and 0

otherwise. All vector spaces are implicitly over the real numbers.

2.1 Topological spaces and their measures

Let X be a topological space, its Borel sigma algebra is %(X) and the
collection of Borel probability measures is (X ). A subset of X is called Gs
if it is the countable intersection of open sets. A net (z;);c; C is a function
from a directed set I to X. When X is Hausdorff and (z;) converges, we use
lim;cs ; to denote its limit. The Dirac measure at € X is 6, A & [z € A]
for A C X.

When Y is another topological spaces, the vector space of Borel measur-
able functions X — Y are collected in the set £o(X,Y). When (X, X, \) is

a measurable space, for p > 1 there is the semi norm

1
Vot senoemy 11,2 ( [I5@PAED)),
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and |f|, & esssup,cx f(z) for f € Lo(X,R). The Lebesgue spaces are

V.

pe[l,o0] - ifp(X, )\) &t {f S .%o(X, R) | |f|p < OO},

with the usual quotient of equivalence under the seminorm. The continuous
functions X — Y are collected in C(X,Y), and the subcollection of bounded
continuous functions is C,(X,Y). When Y is the set of real numbers these
are abbreviated £y(X), C(X), and Cy(X).

2.2 Topological vector spaces

Throughout L is a Hausdorff locally convex topological vector space over the
reals. The set of continuous linear functions L — IR is the topological dual,
L*, and these are connected via the duality pairing (-, -) : L x L* — R.
The weakest topology on L that generates L* is o(L,L*) and the strongest
topology that generates L* is T(L, L*) and coincides with the initial topology
when L is metrisable. Closure operations for sets A C L* with o(L*, L) are

denoted cl” A and A*. The following operations are standard:

A+bE{a+beL|ac A} c- A {calac A}
A+BY | JA+b I-AY | Je- 4,
beB cel

forbe L,ceR, AL BCL, I CR.

A set-valued mapping between sets L and M, denoted F' : L = M, maps
elements of L to subsets of M. By convention its domain is the set of points

de

in L where it is nonempty, dom F' <= {z € L | F(x) # 0}, and its graph is
gr F ¥ {(z,y) € Lx M|z €domF, y € F(z)}.

If G: L = M is another set-valued map, then F'N G is the mapping with
(FNG)(z) € F(xr) NG(x) for all z € L. A selection of F is a function
f i domF — M with f(z) € F(x) for all x € dom F, or equivalently,
grfCerF.

Let f: L — R. The Fenchel conjugate of f is the function f*: L* — R
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with

(") & sup((2,2%) = f(=).
zeL
The lower-semicontinuous closure of f, denoted by f, is the greatest lower-
semicontinuous minorant of f. The upper-semicontinuous closure of f,
denoted by f, is the least upper-semicontinuous majorant of f, and satisfies
f=—(=f). Its e-subdifferential is O.f : L = L*

Ocf(x) = {a" € L* [Vyer : (y—x,a") —e < fy) — f(a)},

where € > 0, 2 € L. The Moreau—Rockafellar subdifferential is 0% 0, and
satisfies 0f = .o Ocf. Its domain is the set dom f < {z € L | f(x) € R}.

Its epigraph and sublevel sets are

epi f & {(z,t) € dom(f) x R | f(x) < t},
leve. f £ {z e L| f(z) <c},

where ¢ € R. The sets lev.. f, lev>. f, and levs. f, are defined analogously.
We let 0 f L —0(—f). This set-valued map is sometimes called the concave
subdifferential or superdifferential [106, p. 308].

If f(cx) = ef(x) for all x € L and ¢ € Rso , then f is positively
homogeneous (or 1-homogeneous). If f(x +y) < f(z) + f(y) for all z,y € L,
then f is subadditive. If f is both subadditive and positively homogeneous
it is sublinear. Alternatively, f is sublinear if and only if it is positively

homogeneous and convex.

Let A be a subset of L. The topological closure is cl A or A, the convex

hull is co A and the closure of the convex hull is @6 A & cl(co A). If
Vesg: ¢c-ACA and A+ ACA

then A is called a cone. If A is a cone then A is pointed if 0 € A. The conic

hull is pos(A) & (0,00) - A, and its closure is likewise pos A. We associate
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to A the following sets:
A° = {a" € L" | Vaea : (a,2%)
AV L {a* € L* | VYgea : (a,2*) > @.1)
AT 2" € L | Vaca : {a,27) |
A" = {z" € L" [Vaea : (a,z7)

These are called the polar, anti-polar, dual cone, and negative dual cone of

A respectively. The barrier cone of A is the set
be(A) € {z* € L* | Vaea @ {a,z%) < oo} (2.2)
When A is convex, its normal cone is a mapping N4 : L = L* defined by
Veea: Na(z) & {z* € L* | Voen : (a—z,2%) <0}, (2.3)

and by convention N 4(z) is empty for = ¢ A.

2.2.1 Ordered vector spaces

When there is an order relation > on L that is compatible with the algebraic

vector space structure,
VaoyzelVis0: © 2>y = tr+ 2>ty + 2, (2.4)

the pair (L, >) is called an ordered vector space. The positive cone is the set
L., % {z€L|xz>0},so that

VeyerL: © 2y < x—y€ L. (2.5)

The relation > is reflexive and transitive if and only if L, is a convex cone.
Equivalently if K is the cone of positive vectors in L, we refer the order
relation associated to K (via (2.5)) by >k and the ordered vector space by
(L,K). Let P C L*. Then P induces an order >p+ on L defined by

vu,’UGL PUZ2pt U = Virep <U,l’*> > <U,ZU*>7 (26)
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and the positive cone L., satisfies L., = P7, justifying the notation >p+.

To see this, observe
2.6
vE L, <= v>p+ 0 29 Varep: (v,2%) >0 <= ve P

Proposition 2.1. Suppose L C £Ly(§2,R) with a topology so that P(£2) C L*.
The ordering induced by P (§2) is the usual pointwise ordering.

Proof. Let u,v € L satisfy u(w) > v(w) for all w € §2 then immediately
u >p v. Next assume u,v € L satisfies u >p v. Then for every Dirac

measure O, there is (u,8,) > (v,d,), or equivalently u(w) > v(w). |

Remark 2.2. The inclusion condition of Proposition 2.1 is trivially verified in
the case where (2 is finite. When {2 is uncountable, more care is needed to
ensure the action of the Dirac measures are continuous with the topology
on L, such as requiring L consist of a set of bounded, measurable functions

with the sup norm.

A K-order interval joining a,b € L, is the set
[a,b]K dof {LL’ €L | a<kgx<g b}

A set A C Lis said to be K-full (or simply full when the order is unambiguous)
if [a,b]x € L for all a,b € A. The order interval admits a convenient

formula
[a,b]k =(a+ K)N(b—K) and A=(A+K)N(A-L),

both of which are simple to derive from (2.5) when A is full. By a full
subset of R™, unless otherwise noted, we mean it is full with respect to the
pointwise order. That is, R’go-full. Every order interval is a (possibly empty)
convex set. The full hull of a convex set is convex. The order interval and
the relationship between fullness and convexity is illustrated in Figure 2.1.
Finally we say that an order unit of K is some point e € K so that for any
x € K there exists ¢ > 0 with ce > x. The order units of a cone are precisely

the points of its relative interior [3, Lem. 1.7].
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1 |
1

. l
! 1

U] [ . @000 L]

| |
! |
| |

@r.. .

a
(a) Not convex, full (b) Convex, not full (¢) Convex, full

Figure 2.1: Pictured are three sets and the order interval [a, b]g2 ~(dashed region)

joining two points a, b belonging to each set (blue). The two shaded regions are the
sets a + IRZZO (green) and b — ]RQZO (purple).

Topologies on ordered vector spaces

In a topological vector space (L, ), the vector space operations are assumed
compatible with the topology. Analogously, there is a convention in which
the order relation is can be compatible with the topology. A convex, proper
cone K C L is said to be T-normal if the topology on L has a base at zero
consisting of K-full sets [3]. A cone is weakly normal (o(L, L*)-normal) if it
is normal for o(L, L*) (consequentially every normal cone is o(L, L*)-normal)
[cf. 3, Thm. 2.26, Lem. 2.28]. When L is finite dimensional, every closed
cone is normal [3, Lem. 3.1].

Similarly given a cone K C L, the K-order topology on L is denoted
7> (K), which is the strongest locally convex topology on K on which every
K-order interval is bounded. If K C L is a cone then K is J-normal if and
only if 7 C 15 (K) [3, Lem. 6.27].

2.2.2 Asymptotic cones

The following is standard [cf. 14, 78, 100, 105, 110, 122, 147-149]. The
asymptotic cone of A C L, is the set

A def {(l €L ‘ H(ti)iEIgR>03(ai)i€IgA t; — 0, tia; — a}, (27)

denoted Ay, [37]. It has been used extensively to study the asymptotic

properties of unbounded sets. If

Aoo = {CL cL ‘ v(ti)ieI§R>03(ai)ieI§A Dt — O, tia; — a},
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then A is said to be asymptotically regular. For a scalar ¢ € R and an interval
I - Rzo define

calae Al ¢c#0
*x A fea b and I«AY | |cxA. (2.8)
Aoo c=0. cel

With this convention if A is closed, so is [0,1) x A. When A is bounded

0x A = {0} as usual. We collect some standard results on asymptotic cones.

2.2.3 Extended real arithmetic

Since the extended real numbers are not a group in the algebraic sense,
certain conventions turn out to be convenient depending on the purpose.
Below, the operations - and 4. are common when working with convex
functions, the subscript coming from epigraph; and the operations -, and +p,
are common when working with concave function, the subscript coming from
hypograph.

We adopt the same conventions as Ward [137] and Zalinescu [146, 150],

namely the operations:

[N
£y

def

0-¢ (+00) = (400) ¢ 0 = +o00, 0-¢ (—00)
0-h (+OO) def (+oo) w0 def 0, 0-h (—OO)

a
@
2

(—00) e 00,

a
@
2

(—00) - 0 L& —o0;

and

with -e, - (resp. +e, +n) agreeing with usual scalar multiplication (resp.
scalar addition) in all other situations. The operations — and —, are defed
similarly, with @ —¢ b & a 4+ (—b) and @ —, b & a +, (—b) for a,b € R.

Remark 2.3. Under these conventions, for a convex function f : L — R, there

"Weidner [138] provides an excellent further discussion on the problems of arithmetic
with the extended reals.
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is [Cf 137, p. 522]
vwedomaf : 8(0 ‘e f)(l’) = Ndomf($) = (8f(m))oo =0x* af(l'),

with our asymptotic set multiplication convention (2.8).2

2.3 Minkowski duality

The following summarises a set of well-known results on the operations in
(2.1) [2, 99, 100, 149, 150]. For a nonempty set A C L there are the following

polar and bipolar results:

A° = (co((0,1] % A))°, A% =7co((0,1] % A),

AY = (eo([1,00) x A))", AV =o([1,00) x A), 2.9
A" = (co((0,00) x A))*, ATt =75((0,00) * A),

A~ = (co((0,00) x A))~, A™" =7¢0((0,00) x A).

When A is a cone A~ = A° and A* = AV. This motivates the introduction
of some classes of sets. The set A is called radiant if (0,1] x A C A, and
co-radiant if [1,00) x A C A. If A is radiant then it is star-shaped if 0 € A,
and co-star-shaped if A is co-radiant with 0 ¢ A [cf. 97, 109, 111, 122, 144,
145]. The co-radiant and co-star-shaped sets are so named because they are
the complements of radiant and co-radiant sets respectively. Clearly if A is

radiant (resp. co-radiant) then so is A° (resp. AY).

It’s well known that radiant sets, convex sets, and cones are asymptotically
regular [e.g. 106, Thm 8.2, 14, Prop. 2.15, 147, Prop. 2.1, 110, §5]. And the
convention (2.8) is common when working with star-shaped or co-star-shaped

sets [cf. 100, 108, 117, 122].

2The operator f — 000 f < (3 f( - )., is also known as the asymptotic subdifferential
99, p. 235).
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(a) Support function (b) Co-support function

Figure 2.2: (a) A radiant set A C R? (extending infinitely south west) together
with two points satisfying z € 004 (z*). (b) A co-radiant set B C R? (extending
infinitely north east) together with two points satisfying = € 9(g(z*).

2.3.1 The support and gauge

To a set A C L we associate the functions 04,(4 : L* — R and py,va :
L — R, with [cf. 100, 150]

oa(z*) = sup(s,2*), Ca(z*) = inf (s, 2");
s€A sed (2.10)
wy(z) Cinf{c >0z €cx A}, valz) Esup{c>0]|x ccx A},

where 04 is the familiar support and the co-support, (4 is easily identified
with —o_g. The function 4 is related to the (Minkowski) gauge of A, and
v 4 has likewise been related to what has been called Minkowski co-gauge.
For every set A the functions n, and v4 are positively homogeneous. When
A is convex [, and — v, are convex. The subdifferentials of the support

and co-support functions are illustrated in Figure 2.2.

Remark 2.4. The exact definition and convention we use comes from Penot
and Zalinescu [100] who conduct a thorough study comparing (2.10) to
their more classical counterparts. Suffice to say that when A (resp. B) is
closed radiant (resp. co-radiant) the function py (resp. vp) is equal to the
Minkowski gauge (resp. co-gauge). This is summarised in Proposition 2.6

below.

We also define the indicator, 14(z), which is co when =z € A and 0

otherwise. The significance of the barrier cone (2.2) is clear in light of
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(2.10):
bc(A) =domoy and —be(A) =dom(y.

The normal cone (2.3) allows to invert some important subdifferentials.

Lemma 2.5. Let A C L*. Then for all x € A,

()) Nea(z) = (004)" (2),

(i) —Nesa(e) = (9Ca) "' (2).

Proof. (i) follows from the Young—Fenchel relation [99, Thm. 3.47] observing
that 0% = Uy = e 4. To invert the co-support (concave) subdifferential note
that (a(z) = 0_4(—z) and d(o_a(—-)) = —00_4, thus (—0o_4) (z) =
N_ea(—z). Let x € A. There is * € N_4(—=) if and only if

VacA : [(—a—l—a:,x*) <0 <= (a—z,—2%) §0] < 2" € —Ny(x).

This shows that N_4(—z) = — Ny (x) and (ii) follows. [ |

The following proposition collects results that are immediate to derive or
appear directly in Penot and Zélinescu [100, Props. 2.3, 2.4] and Rubinov
[110, §2.9].

Proposition 2.6. Let A,B C L, A € R>g. Then

(7) domuy = [0,00) * A, (v) [0,A] %A Clevaypy C[0,A]x A,
(71) lev—guy = Aco, (vi) leverpy C [0, 1] * A Clevay iy,
(i) levsopy = pos A\ Ac, (vii) A C B if and only if ug < py;

(iv) Ha = H,1xAs FA = Hel A

and
(viii) domvy = [0,00) * A, (Z1) YA = V[1,00)x4; YA = Vel 4,
(iz) lev—gva = Ao \ Pos 4, (zii) [N\, 00)xA Clevsyva C [\, 00)*A4,

(z) levsgvg =posA,
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(zii7) levs1va C[1,00) * A Clevsy twiv) A C B if and only if va < vp.

The polarity operations (2.9) induce a duality between the support/co-
support and gauge/co-gauge functions (2.10) which is known as Minkowski
duality [75, 110]. The following is standard or follows immediately from the
bipolar theorem (2.9), [110, Prop. 7.27, 100, Lem. 4.1].> For a nonempty
A C L there is

=g, 040 =Tg, o = 00 11x4, A% = 0u4(0);
(ha) A A Ha, Ha (0,1]xA 14 (0) (2.11)

(=va)* =1_av, Cav =va, Vav = {eopa, A= 9v.4(0).

When A is closed radiant, 04 = p 0o and 040 = py; and when A is closed
co-radiant, (4 = v4v and (4v = v4. These identities are summarised in
Figure 2.3. If (L, | - |) is a normed space then | - | = ug where B is the closed
unit ball in L, or equivalently | - | = oo, and B° coincides with the unit ball

in the dual space L*.

Proposition 2.7 (Minkowski Duality). Assume A, B C L are nonempty

and closed, with A radiant and B co-radiant. Then:

(7) for (z,z*) € pos(A x A°) \ (As X A7)

*

€ 00g(z") —= € 0040(x)

(YA(Z‘*)

> oa0(2) 04(z") = (z,2%);

0 Ao (x)

(i) for (z,2*) € pos(B x BY)

x = . x* =
CBv(:L‘) S 8CB(CC ) < m S 8CBV(SU)

< (po(z) (p(z") = (x,z").

Proof. Since A is closed and radiant 040 = ty and levsg 040 = levsguy =

pos A\ Ax (Prop. 2.6(iii)). Similarly levsgoa = levsgpgo = pos(A°) \

3Compare our definition of the co-gauge with that of Barbara and Crouzeix [15] in light
of (2.11). In essence, the co-gauge of Barbara and Crouzeix is the upper semicontinuous
closure of the co-gauge as defined here. For further discussion on the differences here see
Penot and Zéalinescu [100] and Zaffaroni [145, §5].
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o \%
— —
A A° B BY
[} & & a o A 2 o
o o = 9
R b . . e %Py T,
(a) Support (b) Co-support
o \%
— —
A A° B BY
3 6 o As . « s <
o o = 9
" O\ 7o o vg QO 9, vpv
(c) Gauge (d) Co-gauge

Figure 2.3: Summary of the polar relationships in (2.11) when A, B C L are closed
convex, with A radiant and B co-radiant.

(A°) .- Using the fact that the polar of a radiant set is closed and radiant,

the formula for the asymptotic cone of a closed radiant set gives

9(i 1 °
(49, "2V M exa® = (U - *A> — (pos A)° = (pos A)” = A~
€
>0 e>0

Therefore (z,2*) € pos(A x A°) \ (Ase X A7) if and only if o4v(x) > 0 and
o4(xz*) > 0. By a similar argument, because B is closed and co-radiant
Cpv = vp and levso(pv = levsgvp = posB (Prop. 2.6(x)). Likewise
levs (g = pos(B"Y). Therefore (x,2*) € pos(Bx B") if and only if {gv(x) >
0 and (p(z*) > 0.

Assume —%— € 004(x*). Then

040 ()
oa(z™) = <a: m*> and  040(z) = <w :1:*>
AT N oue(2)” AN Galen) /)
This shows #;*) € 0040(x). By symmetry there is the necessary condition,

and an identical argument, mutatis mutandis, yields the corresponding
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co-support result. |

Barbara and Crouzeix state a similar result to Proposition 2.7 in a
reflexive Banach space [15, Thm. 3.1]. However generalising the Minkowski
duality theory to a locally convex space is straight forward (as illustrated
by the proof of Proposition 2.7) and simplifies the exposition of the analysis
in Section 4.1. The definitions of the co-support and co-gauge we chose
also greatly simplifies the sufficient conditions compared with Barbara and
Crouzeix, whose definition of the co-gauge corresponds approximately to
taking the upper semicontinuous closure of the co-gauge [cf. 100, Prop. 2.3,
2.4, 146, Prop. 1(iii)].

Recall a subset of a topological vector space A C L is said to be bounded
if for every neighbourhood of zero V' € X (0) there is ¢y > 0 so that A C tV
for all ¢ > to. A set is o(L, L*)-bounded precisely when it is bounded.

Proposition 2.8. Let A, B C L be nonempty. Then
(1) Aso =Neso (0,€] x A

(it) Ax is a closed cone, Ao = (cl A)__, and there is always As C pos A

(iit) if AC B, then Aoo C Boo, if A is convez then so is Ao

(iv) {ve L|A+Rsog*xvC A} C A C{vel|A+Rso*xv oA}
(v) Aoc = {0} if A is bounded

(vi) be(A)” = (coA), and be(A) = (co A) L < ((coA) ).

(vit) Let A; C L foriel,

i.) (Mier Ai)o € Nicr(Ai) o, when Niep A; # 0, with equality when

each A; is convex
it.) (Uier Ai)oo 2 Uier(4i) oo
(viit) If A is asymptotically regular, then (A+ B) 2 Ass + B.

These are mostly standard results, and only use the definition (2.7). We

provide either references or direct proofs.

Proof. (i): This is well known to the extent that sometimes (.~ (0, €] x A is
used for the definition of A [16, Rem. 1.56, 147, Prop. 1(i)].
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(ii): Let a € As. Then there exists (a;)icr € A and a convergent net
(ti)ier € Rsp with t; — 0 so that t;a; — a. Thus a € pos A. The other

claims are straight-forward.
(iii): Immediate.

(iv): Let v € L satisfy A+ R>o*v C A. Then forallt >0, and alla € A
there is a + tv € A. Take a; < @ —|— 7,v for a net (ti)ier € Rso with ¢; — 0,
and (a;)ier € A. Then limjest;a; = v, and thus v € Ay. Now assume
v € Aso. Then there exists (¢;)ier € Rso with ¢; — 0 and (v;) € A with
(t;vi)ier — v. Choose any a € A and let a; & (1 — t;)a + t;v;. Then for a

cofinal subnet (a;)jes C co A and limjeja; = a+v. Thus a +v € ¢ A.

(v): Let a € As. Then there exists (a;)ier € A and a convergent net
(ti)ier € Rso with ¢; — 0 so that t;a; — a. If A is bounded then for every
neighbourhood of zero V' € N(0) there exists tyy > 0 so that A C ¢tV for all
t > ty. Pick an arbitrary V' € N (0). As t; — 0 eventually 1/t; > ty for 7 in
some cofinal Iyy C I. Thus t;a; € t;- A C V for all ¢ € Iy,. This shows that
for every V € N(0),there is a subnet (t;a;)icr, that lies entirely within V.
Then because Ny ¢ y(o) V = {0} we have t;a; — 0.

(vi): The first claim is well-known [see e.g. 136, p. 142, 14, Thm. 2.2.1, 61,
p. 868, 65, Prop. 2.2.4], the second follows from the bipolar theorem.

(vii): From (i) there is

(N4) =NEana w (Usa) =NedUa

el e>0 el i€l e>0 el
Therefore
(ﬂAZ) = U Ntr4 Cﬂﬂ U tx4i =(A)
iel oo €>0te(0,¢e] i€l i€l €>0¢€(0,¢] iel
and
(UAZ> = ﬂU(O,E]*AZQUﬂ(O,G]*AZ:U(AZ)OOQ (Al)oo
i€l 00 e>04iel i€l e>0 el el

The equality result is standard, and uses the asymptotic regularity of convex
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sets [e.g. 14, Prop. 2.1.9].
(viii): [148, p. 215, 147, Prop. 2.1, 122, Thm. 3.4] n

Under certain assumptions, the asymptotic cones have nice representa-

tions.

Proposition 2.9. Let A,B,C, K C L with A radiant, B co-radiant, C
conver, and K a cone. Then (i) Aoo = Nesg€- A, (i) Boo = oS B,
(iii) Coo = Nesg € (C — ) for any x € C, and (iv) Koo = K.

These are all fairly standard results. We provide either references or

proofs.

Proof. (i): Proved by Shveidel [122, Thm. 2.2] in R", and the proof in a

topological vector space is the same using nets in place of sequences.

(ii): Pick an arbitrary b € B. When B is co-radiant, for all ¢ € (0, 1] there
is %b € B. Take a convergent net (¢;);c; € Rsq with ¢; — 0. Let b; & tlib
whenever t; < 1 and otherwise b. Then (b;);c;r € B and ¢;b; — b. This shows
b € By and B C By,. Since By is a closed cone pos B C By, and there is

always the reverse inclusion (Prop. 2.8(ii)).

(iii): Direct consequence of the asymptotic regularity of convex sets [14,
p. 27].

(iv): A cone is co-radiant, and the claim follows by an application of (ii).
|

2.4 Some useful results

Throughout the subsequent chapters, there are several results which require
some obscure, or unknown lemmas. Since these are not specific to our

particular applications, we collect them here.

2.4.1 Closure of the sum

The normality of a cone rules out certain pathologies that may otherwise
interfere with analysis on noncompact sets.

Lemma 2.10 is inspired by a result due to Choquet [28, Cor. 16].
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Lemma 2.10. Assume K C L is a normal cone. Let (a;)icr C K, (b;)icr
K. If (a; + b;)icr converges weakly, then so do (a;)ier and (b;)icr-

Proof. 1f either (a;) and (b;) fail to converge weakly then there exist functions
a*,b* € L*\ {0} so that (a;,a*) — oo or (b;, b*) — oo. (If (a;) converges, take
a* to be any element of L* or likewise for (b;).) We may assume (by passing
to a cofinite subnet, or replacing a* or b* with —a* or —b*, if necessary) that
{a;,a*) > 0 and (b;,b*) >0 for all i € I. Let ¢; %< a; + b;. By hypothesis c;
converges weakly.

Since K is weakly normal and L is locally convex, the dual cone, K™, is
generating [3, Lem. 2.29]. That is L* = K+ — K*. Equivalently

Varers3prex+ 1 27 +al € K. (2.12)

For a* and b, let a” and b% be the two vectors that each respectively satisfy
(2.12), and ¢* & a* + a? +b* 4+ b*. Then ¢* € K* and

(ci, *) = (ai + bi, c)
= (aj,a" +af +b"+bL) + (bj,a" +a +b"+b})
= (a;,a”) + (ai, a’ +b* + b)) + (b;, b*) + (b, a™ +a +b%)

If at least one of (a;) or (b;) fails to converge converge weakly,
(@i, aZ) + (bi %) = oo,
while
Vier : {aj,a +b" +b%) + (b, a* +a’ +b7) >0,

because a’ +b*+b% € K and a*+a’ +b € K*. This would be suboptimal,

since we assumed (¢;) converges weakly, yielding a contradiction. |

Lemma 2.10 yields a number of immediate corollaries for the closure of

the sum of two close sets.

Corollary 2.11. Assume K C L is a normal cone. If A,B C K are
o(L, L*)-closed, then so is A+ B.
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Proof. Let (¢;)icr € C % A+ B be a convergent net with limit ¢. Then there
are nets (a;);er € A and (b;);e; € B. Lem. 2.10 proves that both (a;) and
(b;) are o(L, L*)-convergent, and so let a and b be their respective limits in
this topology. Continuity of addition and the fact that o(L, L*) is Hausdorff
implies that ¢ = a + b. Since A and B are o(L, L*)-weakly closed a € A and
b € B. This shows that ¢ € C' and A + B is o(L, L*)-closed. [

Noting that the closure is equal to the weak closure for convex subsets of
separated locally convex spaces [e.g. 112, Thm. 3.12] we obtain the following

corollary.

Corollary 2.12. Assume K C L is a normal cone. If A, B C K are closed

convex, then so is A+ B.

The closure of the sum has been shown with a variety of assumptions [cf.
14, 28], the most common (and restrictive) one being that one of A or B is
compact, however this is not sufficient for our purposes.

We call a cone K C L proper when K N (—K) C {0} and K is convex.

Corollary 2.13. Assume L is finite dimensional, and K C is a closed proper
cone. If A, B C K are closed, then A+ B is closed.

Proof. Immediately the cone K is normal [by 3, Lem. 3.1]. Then Cor. 2.11

shows A + B is closed since L is finite dimensional. [ |

2.4.2 Measurable selections

For this section equip the topological space (L,%) with a sigma algebra
Y and assume (M, ) is another topological space. For a set-valued map

F: L = M, the upper inverse and lower inverse at A C M are
FPA) Y freL|F(z) CA} and FYA) Y {xe L}F(z)NA#0.

It’s convenient to observe F~'(a) = F™({a}) for all a € dom F.
We say F' is upper hemicontinuous® at x € L if for every open U € M
with F'(z) CU, F'P(U) is a neighbourhood of z, and upper hemicontinuous

4A word of warning: upper hemicontinuous mappings are called variously: uppers
semicontinuous, outer continuous, and outward semicontinuous [cf. 7, 13, 26, 99]. We adopt
the terminology and definitions of Aliprantis and Border [2] and Aubin [10].
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on M C L if it is upper hemicontinuous at every x € M. We say F is closed
if gr(F') is closed in the product topology £ ® A .

If F'W(V) € X for every open V € i then F is (X, M )-weakly measurable.
If F™(V) € X for every closed V € J then F is (X, M )-measurable. Finally
F is upper hemicontinuous precisely when F™ takes closed sets to closed
sets [2, Lems. 17.4]. To summarise, when X' is the Borel sigma algebra on
L, % (L), if F is upper hemicontinuous then F"' is a closed mapping and F
is (%8 (L), M )-measurable. When it does not cause confusion, for brevity we
write (£, M )-measurable to mean (% (L), 4 )-measurable.

Lemma 2.14 (Moreau [89, 10, Prop. 8]). Suppose that a convex function
f:L—Ris (L, L*)-continuous on an open subset U. Then the mapping
of : L = L* is upper hemicontinuous on U when L* is supplied with the
o(L*, L) topology.

The Kuratowski and Ryll-Nardzewski [74] selection theorem is the main

tool we use to construct measurable selections in Lemmas 2.16 and 2.18.

Lemma 2.15 (Kuratowski and Ryll-Nardzewski [74, 2, Thm. 18.13]). A
weakly measurable correspondence with nonempty closed values from a mea-

surable space into a Polish space admits a measurable selection.

Lemma 2.16. Assume L is a separable Fréchet space. Let f : L* — R be a
lower semicontinuous convez function, o(L*, L)-continuous on an open set
UCL*. Then 0f: L* = L has a (o(L*,L),t(L, L*))-measurable selection
on U.

Proof. By assumption f is o(L*, L)-continuous on the o(L*, L)-open set U,
therefore 0 f is

o nonempty and closed on U [via 10, Prop. 7, p. 107], and

o o(L*, L)-upper hemicontinuous on U via Lem. 2.14, as the T(L*, L) is
stronger than o(L*, L) topology.

Since 0 f is upper hemicontinuous it is (o(L*, L), T(L, L*))-measurable. Every
measurable set-valued mapping into a metrisable space is weakly measurable
[2, Lem. 18.2]. Since L is a Fréchet space and separable it is also a Polish

space, and the claim follows from Lem. 2.15. |
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Remark 2.17. In practice it is not hard to find an open set U to satisfy
Lemma 2.16. For a Banach space L, a convex f : L — R is continuous on
int(dom f) if either 1.) f is lower semicontinuous, or 2.) L is finite dimensional
[99, Props. 3.3, 3.4].

Lemma 2.18. Assume L is a separable Fréchet space whose dual is o(L*, L)-
separable. Let A C L be convex. Then the intersection mapping NoNP : L =
P has a (t(L,L*),o(L*, L))-measurable selection, for any o(L*, L)-compact
P CL*

Proof. Assume L is equipped with its T(L, L*) topology and L* is equipped
with the o(L*, L) topology.

Let (zi)ier € L and (y;)ier € L* satisfy (x;,y;) € gr(Ny4) for all i € [
and converge in T(L, L*) ® o(L*, L) with limit (z,y). Then for every a € A
and ¢ € I there is 0 > (x; — a,y;) and lim;er(z; — a,y;) = (x — a,y) < 0 and
(z,y) € grN4. Thus gr N4 is closed and N4 is closed.

The set P is compact by hypothesis and so P is a trivially upper hemi-
continuous as a set-valued map L = L*. The intersection of a closed map
with a closed, compact-valued upper hemicontinuous map produces an upper
hemicontinuous map [2, Thm 17.25]. Therefore N4 NP is upper hemicon-
tinuous and weakly measurable (reusing the measurability argument from
the proof of Lem. 2.16). The subspace topology on P is metrisable from the
Banach—Alaoglu-Bourbaki theorem [22, Thm. 3.1.4] and compact, whence
(P,o(L*, L)) is a Polish space, and the claim follows from Lem. 2.15. |

Remark 2.19. When L is a Banach space, separability of L* implies separa-
bility of L [38, Prop. 3.6.14].
2.4.3 The subdifferential of a supremum

In Lemma 2.20 we use a proof by contradiction. Zalinescu [149, Thm. 2.4.14(iii)]

provides a constructive proof assuming, additionally, that f is convex.

Lemma 2.20. Let f : L — R be positively homogeneous. Then 0 f(0) =
0.f(0) for all e > 0.

Proof. We will show 0.f(0) = 0f(0) for all ¢ > 0 using a proof by con-
tradiction. Fix € > 0. Suppose z* € 0.f(0) \ 0f(0). There exists
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y € L with f(y)

< (y,z*) < € — vy(y) whence y € dom f and therefore
0<({y,z") + f(y) <e

Let ¢ % (e4+1)((y,z*) + f(y)) " > 0. Then

(cy,z™) + f(cy) = c({y, 2") + f(y)) = e+ 1> ¢,

a contradiction. This shows that z* ¢ 0.f(0). Thus 0.f(0) = 0 f(0). [ ]

Lemma 2.21 (Hantoute, Lopez, and Zalinescu [61, Cor. 9]). Let (fi)ier
be a nonempty arbitrary family of lower semicontinuous convex functions
L >R, and set f %< supser fi. Then f is closed and for all z € and o > 0

there is

ofz)= () N (CO( U aaeft(z))+NLmdomf(Z))a

LeF(z)e>0 teTe(z)

where F(z) is the collection of finite-dimension linear subspaces of L con-
taining z, and T.(z) L {t € T | fi(z) > f(z) — €}.

Remark 2.22. Observe that, with the notation of Lemma 2.21, there is is

always

Veer: 0f(2) 2 J 0/fil2).

teTo(z)

Lemma 2.23. Let (fi)ier be a nonempty arbitrary family of sublinear lower
semicontinuous convex functions L — R, and set f & sup,er fi. Then f is

lower semicontinuous and sublinear and

0£(0) =0 |J 0£(0).

teT
Proof. Before we can apply Lem. 2.21 we first need to compute some terms.
Since f; is sublinear, there is f;(0) = 0 for every ¢t € T' and

Veso: Te(0) ={t € T'| f1(0) 2 f(0) —e} ={t €T [0 = —¢} =T.

Define the orthogonal complement A+ < {z* € L* | Voea : (a,2*) = 0} of
aset A C L [cf. 149, p. 7, 61, p. 866]. Let N x-(0) denote set of convex
neighbourhoods of 0 in X*. Let S be a linear subspace of L satisfying S+ C V
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for some V € N x«(0). Then

NSﬁdomf(O) = (S N dom f)_
=S+ + (dom f)~

=5+ (ﬂ aﬂ(@))

teT

CV+ (co N 8ft(0)> . (2.13)

teT

Lem. 2.21 yields

ar) "= N o <coU 0f+(0) + Nrdom f(0)>

SeF(0) teT

(2.13) .
C (N d (co U 050 +Vv+ (CO N 8ft(0)> )
(0) o0

VEN x* teT teT

PEW A <co U 9£:(0) + V)
(0)

VEN x teT

teT

It’s easy to see that reverse inclusion always holds, completing the proof. W






Chapter 3

Operations on the Families of
Radiant and Co-radiant Sets

Throughout this chapter, L is a locally convex Hausdorff topological vector

space over the reals. To a set M C RF we associate the two operations

k times

—_——
G, Oar 28 x o x 2l 5 9k

where, for a sequence of sets Aq,...,A; C L,
Om(Ar,. . A E | D mix A (3.1)
meM i€[k]
meM ic[k]

These are called the M -sum and dual M -sum respectively. For each choice
of the set M, they encompass a wide range of operations, most of which have
been studied independently in the binary setting, that is, where k = 2 [44, 45,
117]. With the exception of Gardner, Hug, and Weil [49], analysis has largely
been limited to one several common choices for M, focusing exclusively
on subsets A; C R¥ for i € [k] that are often compact and containing the
origin. The assumptions made by these previous approaches (summarised in

Table 3.1) will prove too restrictive for Chapter 4, and so our goal here is to

29
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(a) (Bp)pel1,o0] (b) (Cp)pelt,o0]

Figure 3.2: Illustration of the families (B} )pe(1,00]5 (Cp)pe[1,o0], When k = 2. Observe
that both families are full and convex, and the sets (B}),c[1,0] are star-shaped,
whereas (B )pe1,00] are co-star-shaped. In (b) the sets each extend infinitely north-
east.

extend a variety of existing results for application to our setting.

Define the following subsets of R¥,

B faeRy |l <1l G freRy |l 21

L {zeRyy||z], =1}

The set {l}k - ]Rgo denotes the singleton consisting of a single vector with
every element equal to 1. The harmonic sum [100] of two sets A, B C L

is

A<>Bd:ef( U t-Aﬂ(l—t)-B) U Ao U B
te(0,1)

Remark 3.1. We have By = [0,1] -¢ I} and C = [1,00) ¢ I1. Consequentially
Propositions 2.6 (iv) and 2.6 (xi) show wup, = u;, and v¢, = vy,.

The vast majority of previous results apply to radiant sets (A;);c[r) with
a radiant set M (Table 3.1). Consequentially, the family (Cp),e[1,0c] makes
no real appearance in most of the literature mentioned. However since
(Cp)pe[lm] consists of co-radiant sets, it should be no surprise that it is quite
relevant when the sets (4;);c[y are co-radiant. The families (B)),c(1,00] and
(Cp)pe[l,oo] are illustrated in Figure 3.2, and some some special cases of @y

and [y are listed in Table 3.3 using these sets.

Remark 3.2. While there is some inconsistency in the operation for the

scalar—set multiplication in (3.1) and (3.2) (Penot and Zalinescu [100] use our
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M @M(Al,...,Ak) M D]\/[(Ah...,Ak)
Minkowski sum {1}’c A+ -4+ Ay Intersection {1}k AinN---NAg
Convex hull I co(A1U---UA,) Harmonic sum I A0 OAL
Direct sum B, - Inverse sum B, -

Table 3.3: Some different operations obtained from @, and Oy by choosing different
sets M, when the sets (A;);c[x) are bounded [117, Prop. 2.2].

asymptotic multiplication convention (2.8), it is considered by Seeger [117]
and Firey [43, 44] and Gardner, Hug, and Weil [49] use classical set—scalar
multiplication — in the case where the sets (A;);c[x) are all bounded, for exam-
ple, when they are compact, the asymptotic multiplication and conventional

multiplication coincide. This is a consequence of Proposition 2.8 (v).

The goal of this chapter is to complete the diagram in Figure 2.3 for sets
in the image of the operations ®,; and [y; with respect to the two polarities
0, V, the two support functions o, {, and the two gauge functions w,v. The

following support, co-support results are proven in Section 3.1:

°C)

Or(Ag,... A ov(04,,..., 0
a4 2 Theorem 3.4 ml A%3.4) )
@M(Al,...,Ak) C() 4 CM(CA177CAk)
Theorem 3.4 (3.5)

The companion gauge and co-gauge results are proven next in Section 3.3
after establishing some topological properties of the M-sum and dual M-sum

in Section 3.2:

H()
Oup(Aq,... A Yo
m (A 2 Theorem 3.19 uM(uA(E,@ uAk)
DM(A]_,...,Ak) V() VM(VA15"'7VAk)'
Theorem 3.20 (3.16)

In Section 3.4 we compute the polarity operations to link the M-sum to



the dual M-sum:

DM(Al, ..

Oar(As, -

(-)°
4 Theorem 3.26 (iii)
- Ap) L)

Theorem 3.26 (iv)

and from the previous polarity results:

@M(Al, .

©r (A, ...

(-)°
s A) 29)
()Y
Ar) (2.9)

33

> Dare (A7, ..., A%)

@MV(A¥>"'>AIZ)>

DMO( Cl)v'--a 2)

O (AY, ..., AY).

Where, as indicated by the equation references, the second row of arrows

follows from the bipolar theorem. In Section 3.5, using the polarity results

of the previous section, we compute the gauge and co-gauge functions of the

M-sum and dual M-sum:

Su(Ar, ..

Oae(A, ...

and

Dum(As, ...

Oae(A, ...

.
Theorem 3.28
0()
aAk')
Theorem 3.28
V.
AR ()
Theorem 3.29
.
s Ar) ¢

Theorem 3.29

(3.25)

(3.26),

(3.27)

(3.28).

We conclude with a discussion of some related results in Section 3.6.
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3.1 Support functions

FOI“Mng and fl,...fk:L%RIQt O'M(fl,...,fk),CM(fl,...,fk):L—>
R, where

o (fiyeeos fr) & Sg%(ﬂh e f1te  temp e fi), (3.4)
v fryooofo) & nirelsz(ml h f1Fh g n i) (3.5)

Therefore
O'M(fl,...,fk) :—CM(—fl,...,—fk). (36)

Occasionally it will be convenient to write (3.4) and (3.5) using a summation
symbol, in this case we assume the summation is with respect to the respective

addition conventions in (3.4) and (3.5).
Proposition 3.3. Let AC L and m > 0. Then Opya = M e 04.

Proof. Since 04 = 0g5 4, it is without loss of generality that we assume A is
convex. We have 0,54 = m-c04 whenm # 0. Whenm =0, mxA = Ay and
Omsd = Ly . It is always the case that be(A) € A, (Prop. 2.8(vi)), therefore
Omxa and m o4 differ only on the set L*\ Ay > z*, when 0p.4(z*) = o0
and m-e 04(z*) = 0. However L*\ A, C L*\ bc(A). Therefore 04(z*) = 0o
for all z € L*\ AL. It follows that 0,44 = m e 04. [ |

Theorem 3.4. Let M C Rgo and A; C L fori € [k]. Let A< @p(Aq, ..., Ap).
Then

orm(04,,...,04,) =04 and Cp(Cayy..o5Ca,) =Ca.

Proof. Let Cpp; & m; x A;, B, def > icfk] Om,i for m € M, i€ [k]. Then
A =Upmem Bm = Unmenm 2icjk) Cm,i, and from the usual calculus of support
functions [12, p. 31], 04 = SUP;eps OB,, = SUPmen Dic[k] 9C,,; and using
Prop. 3.3, 04 = sup,,enmr Zie[k] m; -e 04,. The claim about (4 follows from
(3.6), replacing M with —M and A; with —A; for i € [k]. [
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Corollary 3.5. Let M C Rgo and A; C L fori € [k]. Then

be(®ar(A1, ..., Ap)) = ﬂ be(A4;),
1€[k]
and ®pr(Ax, ..., Ag) is bounded if and only if each of M, Ay,..., Ay are
bounded.

3.2 Topological properties

In order to establish similar results to Theorem 3.4 for the gauge and co-gauge

function, we first need some results about the topology of the dual M-sum.

3.2.1 Closure

We start by giving some mild conditions under which &j; and Uy, are closed.

Proposition 3.6 is simple to derive from Corollary 3.5.

Proposition 3.6. Suppose M C R* and each of A; C L, i € [k] are bounded
(resp. o(L, L*)-compact). Then ®pr(Ax, ..., Ag) is bounded (resp. o(L,L*)-

compact).

Proof. 1f each A; for i € [k] is bounded, then Cor. 3.5 implies Gy (A1, . .., Ak)
is bounded.

Let (z;)ier € ®m(A1,...,Ax) be a o(L, L*)-convergent net with limit
z. Then there is a net (m;);e;r € M with z; € Zje[k-] mi; * Aj. Since M is
closed and bounded (m;) may be assumed (possibly by passing to a subnet)
to converge, so let m be its limit. Then there are nets (a;j);c; C A; for each
J € [k] so that x; = 3 mijaq; for every i € I. Since each A; is o(L, L*)-
compact, the nets (a;j)ier may be assumed to converge with limits a; for

each j € [k]. Thus z = 3¢y m;a;. This shows 7 € ®a(Ar,..., Ax). W

There is another result, similar to Proposition 3.6, when the sets (A;);c[x]

are unbounded.

Theorem 3.7. Suppose L., C L is a normal cone, and M C R’%O is closed
convez, containing an order unit of Rgo. Suppose M and each of A; C L,
fori € [k] are o(L, L*)-closed. Then &p(Ax,...,Ax) is o(L, L*)-closed.
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Proof. Suppose (z;)icr € @ar(A1, ..., Ax) is a o(L, L*)-convergent net with
limit Z. Then there is a net (m;);e; € M with z; € Zje[k} m;j x A; for every
1 € I. Since M is convex and contains an order unit of ]R’go, e, we may
assume m; € ]Rlio for every i € I. To see this, observe that we can construct

another sequence

(67;6 + (1 — ei)mi)iej CMnN RQO with ¢e+ (1 — ei)mi — m, (3.7)

mij * Aj C L., for every (i,j) € I x [k] (via Prop. 2.8(iii)) from (3.7) it
follows that there are nets (ai;)icr € A; C L., for each j € [k] so that

where (€;)icr C (0,1) is chosen arbitrarily to satisfy ¢; — 0. Because

T; = Zje[k] m;ja;; for every i € I.

First assume (m;) converges with limit m € M. Since (z;) and (m;)
converge, Lem. 2.10 shows that so do each of (a;j)ics for j € [k]. Let a;
be the o(L, L*)-limit of (a;;)ier for j € [k]. Thus & = 3 ;¢ mja; and
T € dy(A,. .., Ax).

Next assume (m;) does not converge. We will see this leads to a contra-

diction. Let | - | be any norm on R"™. Then we define the nets

Vier: t; < |m;| and n; & tlmZ

i
Then m;; = t;n;; for (i,j) € I x [k]. Since (n;) is bounded, we may assume
without loss of generality that it converges with limit n. Since (m;) does
not converge, we have t; — co. Another application of Lem. 2.10 shows
that the nets (a;j)icr € Aj converge, with o(L,L*)-limits a; for j € [k].
Thus 3k (nijaij, «*) converges in o(L, L*), whence there exists 2* € L*
with

<$i, .%'*> =1 Z <nijaij,a:*) and t; Z <nijaij,a:*) — Q.
J€[k] J€(k]
This contradicts the assumption that (x;) converges in o(L, L*), and com-

pletes the proof. [ |

Remark 3.8. To our knowledge Theorem 3.7 is the first @ closure result for
unbounded M and unbounded sets (A;);c[- Seeger [117, Prop. 4.3] proves

closure for k = 2 when one of the sets (4;);c[y is bounded. Instead we use
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Lemma 2.10 to ensure closure by requiring the sets are all subsets of a normal
cone.

Theorem 3.7 will be used to verify the closure of the scoring rule operation
we develop in Section 4.4. The use of the o(L, L*) topology is without loss of
generality when the sets (A;);c[x are convex, since the closure of a convex set

in the original topology coincides with the o(L, L*)-closure [112, Thm. 3.12].

Proposition 3.9. Suppose M C Rgo is closed convex, containing an order
unit of RE,, and A; C L., for i € [k] are closed.

(i) If M is bounded then Op(Aq, ..., Ag) is closed.

(ir) If Ay C L., for i € [k] are bounded and o(L,L*)-compact then
O (Ai, ..., Ag) is o(L, L*)-closed.

Proof. Suppose (x;)ier C ®ar(A1,..., Ax) is a convergent net with limit x.
Then by the same argument as Thm. 3.7, in particular (3.7), there are nets
(my)ier € M, (aij)icr € A; for each j € [k] so that x; = mja;; for every
(i,5) € I x [K].

(i): Since M is compact, without loss of generality (m;) may be assumed to
converge in M. Let its limit be m € M. Then because (z;) converges and
x; = myjaq; for all i € I, necessarily the nets (a;);cr converge for j € [k], let
a; be the limit of (a;;)icr for j € [k]. The sets A; for j € [k] are closed, thus
a; € A; for j € [k]. Thus x = mja; € Oy (A, ..., Ag) and Opr(Ag, ..., Ag)

is closed.

(ii): Suppose (x;)icr € ®m (A1, ..., Ag) is a o(L, L*)-convergent net with
o(L,L*)-limit z. Since A; is o(L,L*)-compact for all jnk, it is without
loss of generality to assume (a;j)icsr converge for j € [k]. Let a; be the
limit of (a;;)ier for j € [k]. Then since (x;) converges and z; = m;j;a;; for
all (i,7) € I x [k], the net (m;);e; converges. Let its limit be m. Because
M is closed, m € M. Thus z = mja; € Op(Ar,...,Ag) for j € [k] and
Onr(Ag, ..., Ag) is o(L, L*)-closed. [

Proposition 3.9 (i) essentially uses a straight forward limit argument [cf.
117, Prop. 4.2, 100, Lem. 3.1(b)].
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3.2.2 Convexity

We now show that both of the operations ®,s and Uy; preserve convexity
when M is convex. Gardner, Hug, and Weil provide similar result for @y,
with respect to the domain of compact, convex sets in a finite dimensional
space [49, Thm. 6.1], and our proof strategy is essentially the same, with

some added care to respect our scalar—set multiplication convention.

Lemma 3.10. Suppose (S;)ier and (T})er, are arbitrary families of subsets
Of L. Then ﬂie[ S@ + ﬂjejjjj Q niEI(S’i + TZ)

Theorem 3.11. Suppose M C RF and A; C L, i € [k], are convex. Then

both ®pr(Ax, ..., Ax) and Op(Ay, ..., Ag) are convex.

Proof of Lemma 3.10. Let x € ;e Si +jer 1. Then x = s +r for some
points s,r where s is in every S;, and r is in every 7. Thus x € S; + T for
all 4,7 € I, including the pairs (S;,Tj) with j = i. Consequently x is in the
intersection ;¢ (S; + 13). (Lem. 3.10) W

Proof of Theorem 3.11. Fix arbitrary x,y € @®p(A1,..., Ar). Then there
are m,n € M, such that

x € Zmi*Ai and ye€ an*Aj. (3.8)
i€[k] Jelk]

To show @pr(A1,...,Ax) is a convex set, we need to show tz + (1 —t)y €
@nrr(Ai, ..., Ag) for all t € (0,1). By virtue of (3.8),

Vieoy : tr+(1—-t)y et Z m;x Aj + (1 —t) Z nj*x Aj

i€k] JElk]
= Z(tmi*Ai + (1 —t)ni*A,'). (39)
i€[k]

We have
vze[k] Dtmy % A+ (1 — t)ni *A; = (tmi + (1 — t)nz) * Ay, (3.10)

and thus

Z (tmi *AZ’ + (1 — t)ni *AZ) = Z (tmi + (1 — t)nz) *Ai. (311)
i€[k) iclk]
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39
Finally, convexity of M guarantees tm + (1 — ¢)n € M, and therefore
(3.9)
Vie@ay s o+ (1 -ty € Z (tmi * A+ (1 —1t)n; *Ai)
1€[k]
(321) Z (tmi + (1 — t)nz) * Az
i€k]
c U domixa (3.12)
meM i€[k]

which concludes the proof that @,/(Aq, ..., Ag) is convex.

The proof that Oy (A1,. .., Ax) is convex is very similar. Let z,y €
Oam(Aq, ..., Ag). Then there exists m,n € M such that x € Nick) M * A;
and y € e ny * Aj. Therefore

Vicony s tr+(1—t)y € tﬂmi*Ai—l—(l—t) ﬂnj*Aj

i€ (k] JE[k]
= ﬂtmi*Ai)—l— ﬂ(l—t)nj*Aj
i€(k] JElk]
L3.10
- ﬂ (tm,- * A; + (1 — t)?’LZ' * A@) (313)
i€[k]

From (3.10)

ﬂ (tmi * Ai + (1 — t)ni * Al) = ﬂ (tmi + (1 — t)nz) * Ai. (3.14)
ic[k] i€ (k]

Again the convexity of M guarantees the presence of tm+ (1 —¢)n € M, and
mirroring (3.12)

(3.13)
Viepy s e+ (1-ty € ) (tmi *x A + (1 = t)n; *AZ->

i€[k]

G2 (i + (1 = ) * A

i€[k]
c U N mi*A;,
meM ic[k]

which concludes the proof that (A1, ..., Ag) is convex. (Thm. 3.11) B
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3.2.3 Radiant and co-radiant properties

Just like our results in the previous section, both of the operations @,
and [0y, preserve radiance (resp. co-radiance) when M is radiant (resp.
co-radiant). Propositions 3.12 and 3.13 are essentially immediate, but they
are important to have when characterising the asymptotic cones of sets in

the image of (.

Proposition 3.12. Suppose M C R¥ and A; C L, i € [k] are convex. Then
@Onrr(Ax, ..., Ag) is radiant (resp. co-radiant) if

(i) M is radiant (resp. co-radiant), or
(it) the sets A; are radiant (resp. co-radiant).

Proof. We use the convexity of each of the A; to distribute the scalar ¢ over

the summation

(0,1]-@M(A1,...,Ak): U U C'Zmi*Ai

ce(0,1]meM  i€[k]

- U U S emixa.

c€(0,1] meM ic[k]

If M is radiant then the set (0, 1] gets absorbed into M, if each of A; for
i € [k] is each radiant it gets absorbed into each of them, proving radiance.

Likewise for the set [1,00), to prove co-radiance. [

There are similar properties for [y; absent the convexity assumption,

and the proof is exactly the same.

Proposition 3.13. Let M C R¥ and A; C L fori € [k]. ThenOp(A1,. .., Ag)

is radiant (resp. co-radiant) if
(i) M is radiant (resp. co-radiant), or

(i) the sets A; for i € [k] are radiant (resp. co-radiant).

3.2.4 Asymptotic properties

The behaviour of the gauge and co-gauge functions (2.10) is contingent on

the asymptotic behaviour of the associated sets. Consequentially we need
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some basic results on the asymptotic cones for [y; to complete the main

theorems in Section 3.3.
Lemma 3.14. Suppose M C ]R’g0 and A; C L fori € [k]. Then

(1) Om(A1, - Ak) o 2 Niewy(Ai)oo every A; for i € [k] is radiant or

every A; for i € [k| is convex, and

() Oar(Ar, - Ag)oe € Mic) (Ai) oo if M is bounded or each A; for i € [k]
is co-radiant.

Proof. Let A ¥ Opr(Ay, ..., Ag)

oo”

Assume the A; are each radiant: When the sets A; are each radiant A is

radiant (Prop. 3.13) and we can apply Prop. 2.9(i) to calculate

220N U ﬂemZ*A

e>0meM ’LG }
D) U ﬂ ﬂ miex A;.
meM i€[k] €0
P2.9(i)

i€[k]

Assume the A; are each convexr: Then

P2.8 (v11

As U (ﬂ mZ*A>

meM \ie[k]

P2.8 (vil) U ﬂ(mi*Ai)oo

meM ig[k]

= (A

€[]

Assume M is bounded: Let © € Ax. Then there are nets (x;);er € A and
(ti)icr € Rso with ¢; — 0 so that = = lim;e; t;x;. Therefore there is a net
(m;)ier € M with z; € ﬂje[k] mi; = Aj. If for any j € [k] there is m;; = 0 for
all 7 in a cofinal subset of I, then = € (A4;)_ as desired. So let us assume

this is not the case, that is (m;) C R . Then there are nets (a;;)ic; C 4,
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with x; = m;ja;; for each j € [k] so that

Vje[ks] . 17,IEHIl tl'.fi == 11161?? timijaij.
If M is bounded then we may assume (m;) converges, by passing to a
convergent subnet if necessary. Then t;m;; — 0 and t;m;ja;; — x for all
J € [k]. This shows = € (N;ep(Ai) o and Ao € Nigppy (Ai)so-

Assume the A; are each co-radiant: When the sets A; are each co-radiant, A

is co-radiant (Prop. 3.13), and hence

Aoop2i(ﬁ)u U ﬂemi*Aig U ﬂmi'Uﬁ*Ai: ﬂposAi.

e>0meM ek meM i€[k] >0 ic[k]

Then using Prop. 2.9(ii) we have Aoy C Mg (Ai) - [
There are two immediate corollaries from Lemma 3.14.

Corollary 3.15. Let M C Rgo and A; C L for i€ [k]. If either 1. both
M and the sets A; are bounded for i € [k], or 2. the sets A; are convex and

co-radiant for i € [k], then

1€[k]

Corollary 3.16. Let M C Rgo and A; C Li € [k]. Let A Oyr(Ay, ..., Ag).
(i) If each A; fori € [k] is convex or radiant, then bec A C 2 ic[k] bc A;. (i) If
each A; for i € [k] is co-radiant or M is bounded, then bc A D > iclk] bec A;.

Proof of Corollary 3.15. The second claim is immediate and so we only prove
the first. Lem. 3.14(ii) shows Oar(A1, ..., Ak) o € Nigp(Ai)s when M is
bounded. Since each of the sets (4;);cy are bounded (V;cp(Ai)o = {0}
(from Prop. 2.8(v)). There is always {0} C Opr(Ax, ..., Ag),,, which gives
equality. (Cor. 3.15) &

Proof of Corollary 3.16. Since the asymptotic cone always contains 0, we
have [cf. 149, p. 7]

(m (Ai)oo) _ Z(Ai);o P2.8(vi) Z be A;.
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Using Prop. 2.8(vi) bc A = (A)_,. Since each A; is convex for i € [k] we have
Ao 2 Mier)(Ai) o (via Lem. 3.14(1)) and Ao C (i (Ai)oo if the sets A,
for i € [k] are co-radiant (Lem. 3.14(ii)). (Cor. 3.16) ®

3.3 Gauge functions

Mirroring the approach of Section 3.1, for M C ]R’g0 and fi,...fr: X = R.
Let wy (f1,.. oy fr),var(fi, ..., fx) : L — R be defined by

s (frsooo fi) (@) = wpg 0 (frse oo, i) (@) (3.15)
VM(fl,...,fk>(.%')d£f\/MO(fl,...,fk)(.%'), (316)

for z € ;e dom f;. Forz € L\ﬂie[k] dom f; we define wy;(f1, ..., fr)(z) &
oo and Vs (fi,. .., fr)(®) € —oo. This is a convention that is adopted by
Ward [137] in a similar setting to ours.

To demonstrate Theorem 3.4 we needed relatively fewer assumptions
compared with their gauge counterparts: Theorems 3.19 and 3.20 (which are
proved below). To some degree this is a product of the powerful definition
of the support function, which is always convex, and always lower semicon-
tinuous. By comparison the extended gauge function we have defined can
fail to be both convex and lower semicontinuous. In order to develop a dual
theory for the gauge functions we have already had to appeal to a substantial
amount of mathematical machinery to take care of the corner and asymptotic
cases — the additional assumptions present in Theorems 3.19 and 3.20 reflect
a compromise of mathematical convenience and analytic power. Indeed,
these same conditions are again equally beneficial in Section 3.4 when it
comes to proving Theorem 3.26, which unifies the operations @3; and Uy,
for the convex radiant and convex co-radiant sets. However, before we can

prove Theorems 3.19 and 3.20, we need some preparatory lemmas.

Lemma 3.17. Suppose M C R’;O is convex and contains an order unit of
IPJ;O. Then if x € R*, v € R satisfy

(i) wp(z) <7y, then there is m € M with x < ym, when M is bounded;

(7) var(x) >, then x = 0 or there is m € M and vy (x) > 8 > v with
x > pm, when My, \ pos M = {0}



44 CHAPTER 3. RADIANT AND CO-RADIANT SETS

Proof. By hypothesis M contains an order unit, m, of Rgo. Every order
unit of a cone is an element of the relative interior [3, Lem. 1.7], and the

relative interior of ]R’g0 coincides with its topological interior. Thus m, > 0.

(i): Suppose py(x) < . Then there exists ¢ € [uy(z),y) with x € t x M.
If ¢t = 0 then x = 0 (because M is bounded). Therefore m, satisfies
x = tme < yme. Next, if ¢ > 0 then there is a € M with x = ta. Immediately
x < ta. Taking the interior point me, let m, def %a + (1 - %)mE Then

m, € M by convexity, and ym, = ta + (v — t)m,, therefore x < ym,.

(ii): Let var(x) > =, then there is t € (v, vy (z)] N R>o with z € t x M. If
t =0 then € M \ pos M = {0}. Take any m € M and x > tm. Next, if
t > 0 there is a € M with = = ta. Immediately x > ta and x > ta — Am, for
all A > 0. Let m, & %a +(1 - %)me, then m, € M by convexity, and for all
0 < 8 <t there is fmy, =ta — (t — B)m. € B+ M and = > Sm, when § < t.
In particular for 5 € (max(0,7),1). [

Lemma 3.18. Let AC L, m € R>g. Then

(1) Hmea() < 1 implies () < m
(it) Viwa(z) > 1 implies va(x) > m

Proof. (i): For every v > py(z) = m there is t € [m,v) with z € t x A. If
t =0 then x € A, and m = 0, thus z € mx A. If t > 0 then x ¢ A,

m
t

Hmea(2) = pa(z/m), thus py(z) < m. If m = 0 then w,,, 4 = A, By
assumption p,,, 4(z) <1 < oo and so z € (A)_ . From Prop. 2.6 (xii), we

m > 0, and z € t x A, whence Z!x € m x A. Suppose m > 0. Then

have py(z) = m.

(ii): Suppose m > 0. Then vy,a(x) = va(z/m) and va(z) > m. if m =0
then Vi,a(x) > 1 implies © € As and va(z) > 0 =m. [

For a vector space L and a cone K C L let M,(K) denote the collection
of subsets of L which are convex, K-full, bounded, contain both 0 and an
order unit of K. Let M_(K) denote the collection of of subsets M of K

which are closed, convex, containing an order unit and have pos M = K\ {0}.
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Theorem 3.19. Suppose M € M,(REy), A; C L forie[k]. Let A=
DM(Ala s ,Ak:) Then uM(uAla EER) HAk) > Ha, and

Ha = uM(uAN RS H'Ak) Aad AOO 2 m (Az)oo
i€[k]
In particular, when the sets (A;)icix) are all radiant or conver, As 2

ﬂie[k:](Ai)oo and py = PLM(PLAN ces HAk)'

Theorem 3.20. Suppose M € Moo(]Rgo), A; CL foriclk]. Let A<
O (As, ..., Ag) and assume Aoo € i) (Ai)oo- Then var(vay, ..., vay,) >
V4 and

[oon

Va=Vm(Vay,...,Va,) < [0,00) % AD ﬂ (A;)

1€[k]
In particular, when the sets (A;)icy) are each co-radiant, Ao C (Vi) (Ai) oo
and va = Vp(Vay, ..., vay,) if and only if A O Nigr(Ai)s- When,
additionally, the sets (A;)icr are each conver, Aos = (Nicpp)(Ai)s and

oo

Va=Vvm(Va,,---,Va,).

Proof of Theorem 3.19. Let x € L and v € R satisfy v > u,,(y), where

y & (K- -5 14, )(w). Since M is convex and contains an order unit of RZ,,

Lem. 3.17(i) shows there is m € M with y < ym pointwise. Therefore

P 2.6 (vi)
Vielk] : Ha,(x) <ym; z € [0,79] % mi x A;

and

T € U ﬂ [0,7] xm;x A; C [0,7] - U ﬂ m;*x Ai = py(z) < 7.
meM i€[k] meM i€[k]

We have shown

PreRooVaer t |7 > Har(lays - a ) (@) = 5 > 14 (2)]

= Har(Hays - Ba,) = Ha- (3.17)

Assume wpr(Wa, .- 1, ) = Ha: Pick € L and let y < (pa,, ..., Ha, ) (7).
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We have p,,(y) = 0 precisely when u € My, (Prop. 2.6(ii)) and because M is
bounded My, = {0}. Therefore p,; (0) = 0. If we suppose x € Nicpr) (Ai) oo
then y = 0, and py/(y) = py(z) = 0. This shows v € As and Mgy (Ai) o C
Ao

Assume Aoo 2 ek (Ai) oot From Lem. 3.14(ii) Aso € N;iepp)(Ai)oo Whenever
M is bounded. Thus As = ;e Ai by hypothesis. Suppose z € L and
v € Rsg satisfy 7 > py(x). Then A € [puy(x),y) with x € Ax A. If A =0,
then

re A, = ﬂ (A P 2.6 (ii)
1€[k]

View © ba,(z) =0,

and immediately y = 0. Thus p,,(y) =0 < A. If A > 0, then there exists
m € M with x/\ € ;e mi x Ai. Thus for each i € [k] we have

L3.18(i
e (2/3) <1755 W (@) < Ay,
and in particular, w,, (z) = Am; whenever m; = 0 for i € [k]. Thus y < Am,.
By hypothesis M is full and contains 0, likewise A x M is full and contains 0,
whence y € [0, )\m]]R;; NS Ax M. Therefore uy,(y) < A. We have shown

VyeRso VaeL - [’Y > pypr) = 72> HM(PLAU ceey HA,C)(SC)}

= Mg > par(Bags oo a,)s

which together with (3.17) gives wy = pwpr(Ra,, -5 Ha,)-
The final claim follows from Lem. 3.14(i). (Thm. 3.19) &

Proof of Theorem 3.20. The style of proof is similar to the proof of Thm. 3.19,
however we need some different constructions to accomplish each step. First,
because pos M = IRIEO \ {0} there is My, C pos M = IR’%O (from Prop. 2.8(ii))
and M, \ pos M C RE, \ (RE, \ {0}) = {0}.

Assume Aso C i) (Ai)oo: Suppose z € L and v € R satisfy va(z) > .
Then X € (v, va(z)]NR>p with x € AxA. If A = 0, then v4(z) = 0 and

€A C () (Ai) 2o View) © va;(x) >0,
1€[k]
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and immediately y € Rgo. Thus py,(y) > A > 7. Next, if A > 0 then there
exists m € M with z/A € ;e mi x A;. Thus for each i € [k] we have

VimixA; (x/)\) >1 L3£>(ii) VA; ($) > /\mi.

Therefore y € AM + Rgo- Since M is closed convex, the set [1,00) x M is
closed convex and co-radiant thus ([1,00) * M)_ = pos([1,00) x M) = ]R’;0
(from Prop. 2.9(ii)) thus )\M—HR];O C [\, 00)x M (from Prop. 2.8(iv)) whence
v (y) > A. We have shown

VoeRVaer : [VA(®) > 7 = Var(Vay, .-, va,)(@) 2 7]

= vir(Vay,--5VAa) > VAL

Assume Ve (Ai)o € [0,00)x A: Suppose x € L and v € R satisfy vas(y) >
7, where y & (va,,...,va,)(x). Then X € (7, va(x)] N Rso with y € A x M.
If A =0 then y = 0. Therefore z € N;cp(Ai)o S [0,00) x A and 0 =
var(y) < va(z). Now assume A > 0. Then there exists m € M and 3 > ~
with y > fm. Therefore

P 2.6 (xiii

Vie[k] D va () > Bmy = )x € [B,00) xm; x A;

and

x € U ﬂ[ﬁ,oo)*mi*Ai:[B,oo)‘ U ﬂmi*Ai

meM ie[k] meM ic[k]
= va(z) > 1.

Therefore

VoerVaer (1< VM (Va - Va) (@) = 7 < Va(@)]

= vaur(Vay, -5 va,) <va.

Assume Var(Vay, ..., va,) = va: Choose z € Mgy (Ai)s- Then va,(z) >0
foralli € [k], and (va,,...,va,)(z) € REy = [0,00)xM and vas(va,, ..., va,)(z) <
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0o. This shows

ﬂ (Aj) o Cdomvps(va,,...,va,) =domvy = [0,00) x A,
1€[k]

thus ﬂze[k] (Al)oo < [07 OO) * A

In the final claim we apply Lem. 3.14 (i) to show Aoy C (;e[p)(Ai) - The set
A is also co-radiant by Prop. 3.13 and therefore pos A C A, by Prop. 2.9 (ii),
whence [0,00) x A = Aw. (Thm. 3.20) ®

3.4 Polarity

Up until now the analysis of @&, and Uys has been completely separate, with
results on @), limited to support functions and results on [y, limited to
gauge functions. However we are about to see that the two are connected
via the duality relations introduced in Section 2.3. Let (L,>) be an ordered
vector space.

A function f : L — R, is isotone on T C L if f(z) > f(y) whenever
z,y € T and > y [cf. 137, Def. 2.1]. As usual, when L = R” the ordering is
assumed to be pointwise. It is important for our proof of Theorem 3.26 that
the gauge and co-gauge functions are isotone, fortunately the conditions on
M we used in Section 3.3 for Theorems 3.19 and 3.20 are both sufficient and

(up to closure and/or convexity) necessary to ensure this property.

Proposition 3.21. Assume M C L., is bounded, contains 0, and an order

unit.
(7) If M is full, then wys is finite and isotone on L.,.
(it) If M is closed then w,, is isotone only if M is full.
Proposition 3.22. Assume M C L., is conver.
(1) If pos M = L., \ {0}, then vy is finite and isotone on L.
(7)) If M is closed, then vy is isotone only if M 2 L.

Proof of Proposition 3.21. (i): Let e be the order unit of L., contained in

M. Pick an arbitrary x € L.,. Then for some ¢ > 0 there is ce > z. Because
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M is full, x € Lo, N (ce — L,,) € ¢x M. Thus L., C pos M, and because
M is bounded My, = {0} and L., C [0,00) x M = dom ;.

Suppose z,y € L., with z > y and assume M is full. Choose v € R
with v > pp(z). Then A € [uy(x),v) with z € Ax M. If A = 0 then
x € My = {0} and x > y means y = z = 0, in which case py,(y) = pp, ().
Next if A > 0 then € A\ M. Since M is full, containing 0, so is A x M.
x >y > 0 means that y € [0,2]r_ . Since 2,0 € Ax M, [0,2]r_ € Ax M.
Thus py,(y) < A. We have proven wy,(z) > s (y).

(ii): Assume M is also not full. Then z,y € M and a point z € [z,y]r_
with z ¢ M, in particular, z < y. If M is also closed then p,,(z) > 1. Since

y € M there is uy;(y) <1 < p(z) and py, is not isotone.  (Prop. 3.21) W

Proof of Proposition 3.22. (i): Since pos M = L, \ {0} there is My, C
pos M = L., and [0,00) x M = L., = dom vyy.

Suppose x,y € L., with x > y and assume M is closed convex. Choose
v € R with v < va(y). Then XA € [up(v),7) NR>p with y € A% M.
If 0 = XA > vy(y) then v(y) > 0. If A > 0 then because x > y there
is x € y+ L,,. By hypothesis M is convex with My = L.,, whence
Ak M+ My €A% M and y+ L., C [N\, 00) x M and vp(z) > X. Thus

var(xz) > var(y). Thus vy is isotone.

(ii): Assume My, C L.,. Then some v € L., with v ¢ M. Since M is
closed convex M, is the largest set of points that satisfies M + My, C M
and so m +v ¢ M for all m € M and so vys(m + v) < 1. Pick an arbitrary
m € M. Since v € L., there is v >0 and m +v > m. Since M is assumed
closed and m € M there is vy/(m) > 1 > vy (m + v), and vy is not
isotone. (Prop. 3.22) &

Remark 3.23. With regards to conditions on M of Proposition 3.22 (equiva-
lently Theorem 3.20), observe that when M is closed co-radiant, M, = pos M
(via Proposition 2.9 (ii)), so that v,y is isotone if and only if pos M = L. \{0}.
Equivalently, v, is isotone if and only if M is closed co-star-shaped and
Mo = L.

Corollary 3.24. Assume M C Rgo and A; C L fori € [k] are convex.

(7) If M is full, then wy(KLa,,-..,Ha,, ) @S conver.
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(i) If pos M =RE\ {0}, then vas(Va,, ..., Va,,) is concave.

Before we can proceed, we need a version of the subdifferential chain rule
easy to deduce using our notation and asymptotic multiplication (2.8) from
Ward [137] (viz. Remark 2.3).

Lemma 3.25. Suppose fi,...,fr : L — R are each convex and finite at
ze€ L. Let f < (f1,..., fx) and assume F : R¥ — R is convex, finite and
isotone on the set R & {y e RF ’ Jper : f(z) < y} and finite at f(z). Then
if RNint(dom F') # ()

a(FO { (Z m; efz)
i€[k]

and ©ap(f(z)(0f1(2), ..., 0fk(2)) € O(F o f)(2). In particular, when the f;

are addztzonally positively homogeneous

m e 8F(f(Z))}

O(F o )(0) = @pr(s(0)(0/1(0), ..., 0.fx(0)) - (3.18)

Proof. Most of the above is proven by Ward [137, Thm. 2.6]. The clo-
sure result (3.18) is because O(f1 + -+ + fx)(0) = 01(0) +---+ 0f,(0)
for lower semicontinuous sublinear functions (f;)cpy [146, Prop. 2, 149,
Thm. 2.4.14(viii)]. Ward [137] observes 0(c-e f) = ¢ 0 f with our asymp-
totic convention (2.8). It is well known that the subdifferential of proper
convex functions is o(L*, L)-compact [2, Thm. 7.13] and the o(L*, L)-closure
of the M-sum follows. [

Theorem 3.26. Suppose M C Rg(w A; C L forie€ lk]. Then
(7) @M(Al,...,Ak)oQDMo(ACf,...,Az), and
(ZZ) @M(Al,...,Ak)vQDMV(AY,...,AZ).

Now assume the sets A; for i € [k] are each closed and convex.

(iii) If M € Mo(RE,), then Opr(Ar,. .., Ap)® = @une(AS,..., A3) .

(iv) If M € Mo (REg), then Opr(Ayr, ..., Ap)Y = &y (A7, ..., A)) .
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Proof of Theorem 3.26. (i): Let A & @©p(Aq,...,Ag). Choose z* € A°.
Then for alla € A

T3.4
1> (a,z") <= 1>04(z") > opm(oa,,...,04,)("). (3.19)

Thus (3.19) shows that there is m € M*° with (04,,...,04,)(z*) = m. When

m; > 0 there is

1
04, (%) =m; = Vea: E(a,x*) <1 = Ve, (@,27) <1

(2

and thus © € m; x A7 for each ink. Next suppose there is i € [k] with m; = 0.
Then

A, (2") =0 = wuo(a) =0 = € (A7), =mixA]  (3.20)

This shows z* € Uyenre Niepr mi * A7 = Oae (A5, ..., A7) We obtain the

same result for AV by reversing some inequalities, and observing
Ca(a") =0 &= vpr(a") =0 <= 2" € (4))  =mix A7,
in place of (3.20).

(iii): Let B % Op(Ay,...,Ar). Then ug = ppr(pya,,---, 1y, ) because
the sets (A;);cy are assumed convex and M satisfies the conditions of
Thm. 3.20. The mapping p,; is isotonic and convex under the assumptions
on M (Prop. 3.21). Since each A; is closed convex, w,, is convex and lower

semicontinuous for ¢ € [k]. Therefore we can apply Lem. 3.25 to calculate

2.11

B° 10 oup(0)
T3.19 O(up(Hay,--- ka4, ))(0)

L.3.25 @8LLM(0)(8P'A1 (0)’ T auAk (0))

2.11 *
G B (A3, LA

*

(iv): Let B < Oy (Ayq,. .., Ax). When M is bounded or By, 2 Micpr (As)

we have vg = Vvar(va,,...,va,) because the sets (Ai)ie[k} are assumed

o0?

convex and M satisfies the conditions of Thm. 3.20. Since M is closed by
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hypothesis, — vy = — (v, and
— v (Vay, -, vVa,) =0 (—Vay, .o —Vay)
= sup Zml e (—Vva,). (3.21)
meMY ek

Therefore using Thm. 3.20 and Lem. 2.23

_Bv (2.11) d(—vp)(0)
220 (—var(vays .- va,))(0)
(321
= su mz e (0)

meTe(0) €[]

L2:'23 [€e) U 0 (Z mi e (_ VA'L)) (0) (3’22)

Since 3¢k Mi ve (—Va,;) is positively homogeneous for each m € M,
Lem. 2.20 yields

ae(Z Mi e (—VAi)> (0)=20 (Z mi e (_VAi)> (0),  (3.23)
i€[k] ic[k]

for all m € M and ¢ > 0. Next, like in the proof of Lem. 3.25, for each
m € M there is [via 149, Thm. 2.4.14(viii)]

3 (Z mi e (—VA¢)> (0)= > m;* 0o(— VAi)(O)m
1€[k]

1€[k]

== mixAY (3.24)
i€[k]
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Therefore

(3.23) J o (Z M; - (—VAi)) (0)

meMY i€ (k]
C20% 3 mixAY
meMV i€[k]

= @MV(AY,.. . ,AZ))F,

as claimed, and the proof is complete. (Thm. 3.26) &

Remark 3.27. It is also possible to prove Theorem 3.26 (iii) using a similar
supremum subdifferential approach as is used in the proof of Theorem 3.26 (iv).
However the converse is not true. That is, the Ward [137] chain rule is not
powerful enough for the proof of Theorem 3.26 (iv), because the co-gauge
— v is non isotonic under our assumptions, except when M corresponds to
the harmonic sum (cf. Proposition 3.22). This is the reason the proof of The-
orem 3.26 (iv) is much more complicated than the proof of Theorem 3.26 (iii)
(and much more complicated than the proof of the analogous specialised
result of Penot and Zalinescu [100, Prop. 4.3]).

3.5 Further support and gauge results

Using Theorem 3.26 we can now complete the plan in the roadmap at the
start of this chapter, and compute the support and co-support functions of
sets in the image of [y and gauge and co-gauge functions sets in the image
of .

Theorem 3.28. Let M € MO(RIEO), A; C L each closed convez for i € [k].
Then for each x € L

r=)_ x} (3.25)

O (Ar,nAp) (T) = inf{ sup Y mj e 0, (2;)
1€[k]

mEM ;e k]
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and

x—Z:m} (3.26)

Ha o (Ar,..,AL) (z) = inf{ HM(HAI (71),..., HAk Tr))
1€[k]

where in (3.26) the infimum is over all sequences (x;);ci) © L with z; €
dom py, fori e [k].
Theorem 3.29. Let M € M (RE(), A; C L each closed convez for i € [k]

and additionally either M is bounded or Ao 2 (Vicp)(Ai)- Then for each
r €L

[oohd

x = Z 1:1} (3.27)

i€[k]

COpr (A, Ap) (T) = SUP{ inf > m h Ca, ()

meM 1€[k]

and

x_le} (3.28)

i€[k]

V@i (A, Ap) (L) = SHP{VM(VA1 (1), va,(zr))

where in (3.28) the supremum is over all sequences (;);cy) C L with x; €

dom vy, fori € [k].

Proof of Theorem 3.28. Define the sets

Axd:ef{)\ZO‘xe)\*@MO(Acl)a""A%)}’

and

I, { sup Z m; e 04,(Ti) El(mi)ie[k]QL T x= Z ZEl}
1€[k]

meM i€[k]

From Thm. 3.26 (iii)
T3.26 (iii) .
GDA{(Al,...,Ak)(x) = }’LDM(Al,...,Ak)O = H@on( 1o ,Ao) lnf Ax

For every A € A, thereis x € A - @p0(A7,..., A7) and

HmeMO M Z /\mi*A? <~ HmEA*Movie[k]ariemi*Af L= Z X;.
ic[k] i€ (k]

The condition m € A\ x M° implies ty0(m) = opr(m) < A. Similarly there
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exists a sequence (¥;);cr) C L with z = 37,0 i and z; € m; x A7. Thus
Hae (i) = 04,(zi) < m; for each i € [k]. Since M is assumed full, containing
0, there is y € Ax M° where y & (04,,...,04,)(), thus X > py0(y) =
SUD, e M Zie[k] m; e Y; and sup,,c Zie[k] m; e y; € I, by construction.
This shows for every A € A, there exists v € I, with v < A. Therefore
inf A, > inf I,.

Let v € I,. Then there is (zi)icp) C L with Y cppai = @ and v =
SUPpe s Doiclk] M ‘e OA; (z;). Let y < (04,(71),...,04,(2x)). Then

= sup Y mie 04, (i) = type(y) = y €y x M,
meM 1k

because M° is closed. Let m € v x M° satisfy m = y. Then for each
i€ [k]

m; = 04,(z;) = HAg(l‘z‘) = x; € m; x A7,

again because each A7 is closed for i € [k]. It follows that @ = 3 ,cpy @i €
Dici) M x A7y and 3o mix AP C v - @ae (AT, ..., Ap). This shows that
I, C A, and inf I, > inf A, and completes the proof. (Thm. 3.28) B

Proof of Theorem 3.29. The proof is similar to Thm. 3.28, however the first
half is different owing to the varying conditions on M and so we show it in

full. Firstly note

(MY),, = ( N 1eV21<'am>>oo

meM

= ) (evsi(-,m))

meM

= ﬂ levso(-,m)

meM
=Mt

This is because the sets levsi(-,m) for m € M are each convex, thus
Prop. 2.8(vii) lets us pass the asymptotic cone over the union. The next
equality follows because lev>1(-,m) for m € M are each co-radiant and

Prop. 2.9(ii) gives (lev>1(-,m)), = poslev>(-,m) = lev>o(-,m). Finally
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M+ = (pos M)* = R% because pos M = RE( \ {0} by hypothesis, as it is
assumed M € MOO(IRIEO). Therefore (MV) = Rgo
Define the sets

Axd:ef{)\zo ‘ T € A*@MV(AYa--"AZ)}’

and

El(mi)z‘e[k]gL S = Z :EZ}
1€[k]

r,= {#E% > mice Ca, ()

i€ k]
From Thm. 3.26 (iv)

T3.26 (iv)
CDM(Al,...,Ak)(x> = YO (A1, AR)Y = Ve,v(4],.,A7) = SUp Ay

For every A\ € A, thereis x € X @yv(AY, ..., A)) and

Tmemv : x € Z Ay x A = HME/\*MVViG[k}ElxiEmi*AiV r = Z Zj.
i€[k] i€[k]

The condition m € A MV implies vy;v(m) = (pr(m) > A. Similarly there
exists a sequence (z;);cr) C L with x = >icpe i and z; € m; x AY. Thus
Vay (i) = Ca,(xi) = my for each i € [k]. This shows that y > m, where
y = (04,,...,04,)(x), thus y € m + RE) € A« MY + RE(. Since MV is
closed convex and (MY),, = RE it follows that m 4+ RE; C A« M from
Prop. 2.8(iv). Whence A < v(y) = infenm 32ep ™ e Ca, (2i). This shows
for every \ € A, there exists v € I, with v > A. Therefore sup A, < sup[,.

The rest of the proof now proceeds like Thm. 3.28. (Thm. 3.29) &

Remark 3.30. It is also possible to prove Theorems 3.28 and 3.28 using
the more classical infimal convolution result for the support function of an
intersection [viz. 12, p. 34, also 65, Thm. 3.3.2]. The advantage here is to
show that the assumptions we have already employed (Theorems 3.19, 3.20
and 3.26) are sufficient, whereas the more classical approach would introduce
other assumptions and/or function closures. The necessity of the same
conditions used in Section 3.3 in the proofs of Propositions 3.21 and 3.22 is

evidence for a deeper structure beyond strict mathematical convenience.
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3.6 Related results and conclusion

Penot and Zalinescu [100] study a special case of the dual M-sum called
the harmonic sum [p. 30], where k = 2 and M corresponds to I; C R? (3.3),

which has some unique properties from our standpoint. Namely

Hr, (%) = o (#) =21+ 22 and - Vi (2) = V{1, c0)er (2) = @1 + 22

for all z € R%,. It is also not difficult to verify (0,1] x I; € My(R%,) and
[1,00) % Iy € M. (R%;). Moreover

HaoB = u@(o,uul (A,B) and  vaop = V@[l,oo)*ll (A,B) -

There is (AN B), 2 (®r1,(A, B)), (via Lemma 3.14(ii)), and so we obtain

the following corollaries from Theorems 3.19 and 3.20.

Corollary 3.31 (Penot and Zalinescu [100, Prop. 3.5]). Let A,B C L.
Then

Haotelp = Haop < (AOB), = A N Bx.

Corollary 3.32 (Penot and Zalinescu [100, Prop. 3.7]). Let A,B C L.
Then

VA+hVB = Vaop [O,OO)*(AOB)OO D As N By

In the previous sections we have shown general results for two families
of two operations @y and [j; operating on the families of radiant and co-
radiant subsets of a space L. What differs from our approach in this chapter
versus the others listed in Table 3.1 is that we axiomitise the admissible sets
M. This axiomitisation may not be minimal, however in Chapter 4 we will
encounter a family of sets compatible with the family M. (L,) for some

cone L., C L.
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Chapter 4

Convex Decision Theory

The modern theory of probability was formalised by Kolmogorov in his
seminal 1933 treatise Grundbegriffe der Wahrscheinlichkeitsrechnung [71, 72].
Kolmogorov’s axiomitisation introduced the measure theoretic framework
of Emile Borel to a tradition that began in the early eighteenth century
with Jacob Bernoulli and Abraham de Moivre of using mathematics to
model uncertainty in the natural world [118, 119]. Ever since, the concept
of a probability distribution has remained the platonic object of study for
decision theory, statistics, and (more recently) machine learning. Probability
elicitation [81, 113] is a game in which a forecaster, having private information
about the natural world, is encouraged to make that information public by
revealing a forecast in the form of a probability distribution. The forecaster
then receives a reward as determined by a pay-off function known as a scoring
rule [23, 51, 59, 81, 113].1

The model of probability elicitation is a natural foundation on which to
build a theory of machine learning problems, whereby a risk minimisation, in
the sense of Vapnik [133], is reduced fundamentally to eliciting a probability
distribution. In a general risk minimisation the forecaster is replaced by a

dataset, and the probabilistic forecast takes the form of a statistical model?,

!Jose, Nau, and Winkler [68] provide a detailed discussion comparing families of
common utility functions from the economics literature and families of scoring rules from
the forecasting literature.

2Recall we use the terms prediction and model interchangeably since the distinction is
largely semantic.
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and instead of the maximisation of a reward it is more common to consider
the minimisation of a punishment. However in a large variety of cases, this
alternate representation (namely replacing the distribution by some kind of
model) has been shown to be merely an alternate formulation. Following
Masnadi-shirazi and Vasconcelos [80] there has been a steady stream of
papers abstracting the probability elicitation framework to more and more
more general classes of machine learning problems starting with classical
binary classification problem [viz. 24, 80, 102] and multiclass classification
[141]. The so-called proper—composite representation, coined by Reid and
Williamson [102], has proven an important tool for the analysis and design
of statistical properties in machine learning models [30, 40, 69, 85, 94].
Having decided upon the probability elicitation framework, our next
choice is that of a mathematical structure in which to conduct analysis. In
pursuit of the goal of studying the underlying structures common to a variety
of machine learning problems, our setting will an ordered topological vector
space, with the order inherited from a family of probability distributions.
This is the minimal structure needed to, in Section 4.1, define a general
risk minimisation with a loss function. In Section 4.2 we define the scoring
rules, which are a particular kind of loss function. In Section 4.3 we prove
new results on properisation and the proper—composite representation, thus
locating a large number of machine learning problems within the probability
elicitation framework. Having demonstrated the importance of scoring rules,
in Section 4.4 we show how to use the results of Chapter 3 to generate a new

family of operations on these scoring rules.

4.1 Loss functions

Let V, P, {2 be arbitrary topological spaces. Unless otherwise noted, we
assume L is a vector space of functions L C R* together with a locally
convex, Hausdorff topology. We assume that there is some P C B(£2) N L*
that induces an ordering on L (as in (2.6)). That is, (L, P") forms an ordered
topological vector space.

The sets V and P are called model classes and (2 is the outcome space.
The set P may be thought of as a set of distributions we care to distinguish

between. Some examples of choices of P are listed in Table 4.1. A loss
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function is an operator € : V — L. The quantity €(v,w) & €(v)(w) is
to be interpreted as the penalty when predicting v € V upon observing
the outcome w € 2. The €-risk of v under p is riske(v, p) < (€(v), p).
Classically, a machine learning problem may be posed as the minimisation
of a risk function over an outcome space with respect to a model class [viz.
133]:
o sk ' B

minimise  ris e(v, 1) (B)
The value of the smallest risk over V, riske(u) & inf,ey riske (v, ), is called
the Bayes risk. We omit the qualifying € and p terms in describing these

quantities when they are unambiguous.

Description P
Differing in mean Viwer : [wr(dw) # [wp(dw)
Compact support doocaVuep : 2o compact and p(f29) =1

Absolutely continuous (4.6)  Jrep() : {fdr | f € La(2,7), [ fdr=1, f >0}

Table 4.1: Example choices for the set P.

(a) Common Asplund spaces.

(0} L Asplund
finite Lo(2,R) yes
measurable space Lo(2,0) (M yes
Hausdorff, compact, scattered (2) () yes

(b) Common normal order cones.

L topology P Pt

L@ 0 () [, UANEB®D) | feL(2N)}  nomal
C(0) 1o B(N2) normal

* Yost [143, Prop. 12] shows that C({2) is Asplund and only if {2 is Hausdorff, compact,
and scattered.
11t is assumed that 1 < p < oo, with p,q Holder conjugates, 1/p+1/q = 1.

Table 4.2: Example choices for the outcome space 2, L, P, together with their
properties, where X is a positive measure on {2 equipped with a sigma algebra.
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4.1.1 The superprediction set

For a loss function € : V' — L the (generalised) superprediction set [27, 35,
140, 141] is

sp(€) E{z €L | Fpev: x>pr €(v)},

def

and its closure is denoted Sp(€) = cl(sp €). The geometry of the the superpre-
diction set is deeply related to properties of the underlying decision problem,
in particular properness [140]; classification calibration and consistency [17,
127]; and mixability [40, 69, 85]. We start by giving some general properties
of the superprediction set and its relationship to (B) before analysing the

case where € is a scoring rule, a special kind of loss function, in Section 4.2.
Proposition 4.1. Let € : V — L. Then

(7) sp(€) is full

(17) Ogpe) = Oe(vy +e ‘L;O and Copy = Cevy —h LLJZrO.

Proof. (i): From the definition of the order interval

la,b]p. , =a+[0,b—al,_ =a+L,,N(b—a—L,)Ca+L,. (41)

Ly,

Choose a,b € sp(¢) with b > a (so that [a,b],_ is nonempty). From (4.1)
Ly, € a+ L, Sincea € sp(f), there exists ay € L., and
ae € €(V) sothat a =ap +ay and a+ Loy =ap +ay + Ly, =ap+ L., C

C(V)+ L,

we know [a, b]

(ii): With the usual calculus of support functions [12, p. 31]:

* % O¢(v (_1-*) e L~
o) (%) = 0111, (=2) = 4 )

2 00 —x* ¢ Lgo
thus Copey = Cev) —h tpt - .
Corollary 4.2. Let € : V — L. Then riske and Cgy(e) agree on —be(sp(€)).

There is a natural way in which the superprediction set may be connected

to the co-radiant sets. When the loss functions are bounded mappings in
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the topology on L this connection can be sharply characterised using tools
of Chapter 2. In particular, this is the case when € : V' — L takes values
in the positive cone L.,. The assumption that €(V') C L., is generally not

onerous since, identifying L., with P**, we have
f(v) g LZO e V,U,EPVUEV : riskg(v,,u) Z 0

We will say a loss function € : V' — L is co-radiant if sp(€) is co-radiant.
Theorem 4.3. Let € : V — L_,. Then
(7) sp(€) is co-radiant (co-star-shaped if 0 ¢ €(V')); and

(1) if L., is o(L,L*)-normal and €(V') is o(L, L*)-closed, then sp(f) is
o(L, L*)-closed.

Proof. (i): Choose x € L.,. Then

1 1
Vst : (1—t>m€L>0 = x—;xGLZO = tr >z, (4.2)

where in the final biconditional we used the linearity of the order relation
(2.4) to multiply across t. Since ¢ is assumed to map into L., we have
sp(f) C L,. Let x € sp(f). By assumption there is v € V' with z > €(v)

and

(4.2)
Vis1: ta > x> 1€ (v).

Therefore [1,00) -sp(€) C sp(€). If 0 ¢ €(V) then there is 0 ¢ sp(€) and
sp(f) is co-star-shaped.

(ii): The result follows from Cor. 2.11 applied to €(V) + L.,,. |

Corollary 4.4. If € : V — L is bounded then € is co-radiant if and only if
(V) C L.,.

Proof. The sufficient condition is proven in Thm. 4.3(i). For the necessary
condition assume ¢ is bounded. Then € (V') is bounded (thus €(V'), = {0},
via Prop. 2.8(v)) and sp(€),, = (Ls,)_, = Ls, from Prop. 2.8(ii). If sp(f)
is co-radiant, then sp(¢) C sp(f)_ = L., from Prop. 2.9(ii). |
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4.1.2 Subdifferentiability

In the next section (Section 4.2) we will study a class of loss functions for
which there is a very natural condition to guarantee the subdifferentiability
of the superprediction set co-support function, however it will be convenient
(particularly in Section 4.3 and Section 4.3.2) to verify that the assumption
of subdifferentiability is not onerous. In Theorem 4.5 we see under mild
conditions that the assumption 5Csp({g)(,u) # () is equivalent to assuming (B)

has a minimiser at u.

Theorem 4.5. Let € : V — L. There is

{MEL*

arginf riske (v, p) # @} C dom 5Cg(v), (4.3)
veV

with equality when L., is normal and €(V') C L.

Proof. (4.3): Suppose p € {y' € L* | arginf, oy riske (v, ') # 0}. Then there
is v € arginf,,cy riske (v, p) with (€(v), u) = riske(p) < oo. It follows from
Cor. 4.2 that (€(v), 1) = Ceqvy(p), and €(v) € 0Ce(vy (1)

Assume L., is normal and €(V') C L.,: Suppose y € domgCg(V). There
exists x € 5C5(V) (1) € bd(cot(V)) with (x, ) = Ce(v)(11), consequentially

for k € [n] there are nets
(zik)ier C€(V) C Ly, and  (ti)ier € [0,1]
with

Vier: Z tie. =1 and Z tinTip — T.
keln] keln]

Without loss of generality assume (Z;x)icr converges for k € [n]. Because L.,
is normal, Lem. 2.10 shows that (¢;xx)ier, for every k € [n], converge in
o(L,L*). Let tyxy € co€(V) be the o(L, L*)-limit of (t;xxik)icr for k € [n].
It follows that (z, 1) = > pepn) th{@h, 1)

To see that (xp,pn) = (z,pu) for every k' € [n], suppose that there
is k € [n] where (xy,p) > (z,p). This produces a contradiction in the

optimality of z in the co-support function minimisation, since we would
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obtain

(o) = tilwim) > > uilzy, ),

j€ln] jeln\{k}

where w; = £ (3 ;e (1) tj/)fl for j € [n]\ {k}. Similarly if there is k € [n]
with (zg, p) < (z, ), this also produces a similar contradiction directly.

Consequentially there exists k € [n] with

zp, € arginf(a’, u) = arginf(€(v), u) # 0,
z'et (V) veV

which shows

,ue{,uEL*

arginf riske (v, ) # @},
veV

and proves equality in (4.3). [

In Theorem 4.5 we connected the statistical notion of the existence of a
minimiser for a particular distribution and the purely mathematical concept
of the domain of the co-support function subdifferential. In Proposition 4.6

we leverage some well-known results in convex analysis to yield some new

insights into the existence of a minimiser in (B).

Proposition 4.6. Let € :V — L_,. Then —be(spt) = LZ,. In particular
(7) int(L%,) € dom 5Csp(g), and

3

(7)) dom 5C5p(g), is dense in LT, when L is a smooth Banach space.

Proof. Since € takes values in L., there is
Lzo = (Lzo)oo 2 Sp(f)oo = (€(V) + Lzo)oo = (Lzo)oo = Lzov (4'4)

which shows sp(f),, = L.,. Hence be(spt) = sp(€),, = Lz,, and so
—be(spt) = Li,. A lower semicontinuous convex function on a Banach
space is always continuous on the interior of its domain [99, Prop. 3.3] and its

subdifferential is nonempty at points of continuity [99, Thm. 3.25]. Finally,

3A Banach space is said to be a smooth when its norm is differentiable on the unit
sphere [16, p. 34].
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the Ekeland-Lebourg theorem [99, Thm 4.65] shows that the domain of
the subdifferential of a lower semicontinuous convex function is dense in its

domain for a smooth Banach space. |

4.2 Scoring rules

A scoring rule is a particular, classical, kind of loss function for which the
set of predictions is a subset of distributions on the outcome space [81, 113].4
That is, V = P in the notation of Section 4.1, and 3 : P — L. A scoring
rule 4 is said to be P-proper [51, 62, 81, 113] if

Vuzvep : (3(w), 1) < (3(v), ), (4.5)

and strictly P-proper if (4.5) holds with strict inequality.®
In continuous spaces it is a common practice assume ({2, 7) is a measurable

space and choose some
ngggef{fdw’fesga(g,w),/fdw_l,fzo}, (4.6)

and P, < PY. So that one may work instead with a set of density functions
[viz. 36, 51, 62, 125]. This construction makes it easy to ensure P is a subset
of some space L* that satisfies certain desirable technical conditions like
separability and reflexivity. Another motivation for this relaxation is that
many continuous space scoring rules are only defined on a set of densities —
most notably the logarithmic scoring rule [52].

Unlike other most of the other approaches mentioned we have made no
assumption on the convexity of P. The induced ordering >, however, is the
same whether one takes P or co P (or o P), this is because P = (co P)*"
(see (2.9)). It should be unsurprising, then, to learn that it is without loss of

generality that one may assume P is convex. This is a point we touch on

4Typically in the machine learning literature the name “scoring rule” is used inter-
changeably with “loss function” [24, 127, 141], but it is useful conceptually for our purposes
to draw a distinction. This convention is consistent with Griinwald and Dawid [59] and
others [23, 34, 51].

5In the statistics and decision theory literature [viz. 23, 51, 59, 62, 81, 113] the quantity
—risk, (v, p) is called the expected score under p when predicting v and is often notated
S (v, p) for some v € V and p € P.
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(a) General scoring rules.

Name Symbol a(p)(+) Proper”* P
. 2
Brier score SBr 1-2%(w) + [($2(w)) m(dw) S.P. Py
Pseudospherical 34 —%afl(f %(w)an(dw»*g Q) S.P. P2
Logarithmic? 31 —log d—i (w) S.P. rint Pr

(b) Discrete outcome space scoring rules.

Name Symbol 3(w)(7) Proper* P
Zero—one [i ¢ argmax ¢y 1] P. P([k])
Brier score IBr 1—2u; + Zje[k] (Mj)2 S.P. B([k])
Pseudospherical 34 —pt (Zje[k] M?) B M S.P. PB([k])
Logarithmic? 31 —log(u4) S.P. rint P([k])

* Scoring rules are characterised as either proper (P.) or strictly proper (S.P.) with respect
to the corresponding set P in the adjacent column.

1 It is assumed that « > 1, and «, 8 are Holder conjugates, 1/a+1/8 = 1.

1 The logarithmic score is obtained from the pseudospherical score in the limit as o — 1.

Table 4.3: A selection of common proper scoring rules over the measured outcome
space (§2,7), most of which are collected by Gneiting and Raftery [51]. The set
P, is defined in (4.6). When (2 is finite, 2 ~ [k], it is common to take 7 as the
counting measure, A < |A| for A C 2. Whence P, = B([k]), and we obtain the
formulations in (b). We use the shorthand p; % p{i} for i € [k], u € B([k]).

again in Section 4.3. Some common scoring rules for discrete and general

topological spaces {2 are listed in Table 4.3.

4.2.1 The selection representation

There is a very convenient relationship between proper scoring rules and the

subdifferential which will form the basis of many results in this chapter.
Theorem 4.7. Let 4 : P — L be a scoring rule. Then 3 is
(i) P-proper if and only if 3(u) € 5C3(p) (n) for every u € P, and

(ii) strictly P-proper if and only if 3 is injective and C,(p) is Gateaur
differentiable on P.

Proof. (i): Assume 3 is P-proper. Then for p,v € P there is (3(u), u) <
(3(v). i) and

Vaer: (8(1).p) = InE(8(0). ) = inf (01) = Cogmy (). (47
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Then, for every u,v € P

(3(), ) < (3(0), )+ ((5(0), ) = (5(), 1)
Y (50), =) < Ly () = Loy,

This shows a(v) € 5C6(p)(1/). Now assume 3(u) € 5C5(p)(u) for every
p € P. Then 3(u) € arginf, ¢ ,p)(v, ), which implies the converse claim.

(ii): The subdifferential of a Gateaux differentiable convex function is pre-
cisely the singleton of the gradient [149, Thm 2.4.4]. Thus

Vuep @ arginf (v, 1) = DCy(p) (1) = {3(1)}- (4.8)

veEH(P)
It follows from (4.8) that if 3 is injective arginf,cp(3(v), ) = {p} for all
i € P and & is strictly P-proper. To complete the proof observe that
any strictly proper scoring rule must be injective or else a contradiction is
obtained in (4.5). [ |

Since a strictly proper scoring rule is automatically proper, it follows
from Theorem 4.7 (i) that 4 : P — L is strictly P-proper if and only if it is

injective and

Vuer + 0Cu(p) (1) = {3(1)}-

A version of Theorem 4.7 was first stated (without proof) by McCarthy
[81] for the case of a strictly proper scoring rule, and it since has been noted
by several authors [34, 36, 51, 62, 141]. However most of the works cited do
not make full use of the subdifferential selection representation (Theorem 4.7)
in the same way as we will in the subsequent sections. We obtain immediately

the following straight-forward corollaries, which appear to be new.

Corollary 4.8. Assume & : P — L is P-proper (resp. strictly P-proper).
Then P C —bc 8(P) (resp. P C —int(bc 3(P))).

Proof. From Thm. 4.7 we have dom 5(,3(13) D P. Thereis always dom 5Cé(p) C
dom Cy(py. If 3 is strictly P-proper then Thm. 4.7 shows (,(p) is differen-
tiable on P, therefore C,(p) is differentiable on an open neighbourhood of P
(possibly equal to P itself), and P C int(dom C(p)(p))- [
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If the subdifferential of a convex function is a singleton on an open where
that function is continuous, it is differentiable on that open set [99, Prop. 3.4,
Cor. 3.26].

Corollary 4.9. When L is a normed space, the Bayes risk of every P-proper

scoring rule is continuous on a neighbourhood of P.

Proof. For a strictly P-proper scoring rule 4 : P — L. Because P C
—int(bc 4(P)) (from Cor. 4.8), and the fact that support function is always
lower semicontinuous, it follows [via 99, Prop. 3.4] that C,(p)(x) is continuous

on a neighbourhood of P. |

A Banach space L is called an Asplund space [8] if every continuous convex
function, defined on an open convex subset M C L is Fréchet differentiable
on a Gg set D, that is dense in M. Since continuous convex functions in an
Asplund space are differentiable on a dense subset of their domains, a great

number of P-proper scoring rules are almost strictly proper in these spaces.

Corollary 4.10. Suppose L is an Asplund space and 5 : P — L is P-proper
and injective, with a Bayes risk that’s finite on a neighbourhood of P. Then
there is a dense subset Ps C P for which 3 is strictly Ps-proper.

Proof. By assumption 3 is finite on a neighbourhood U of P. Since L
is an asplund space there is a Gs dense subset D C U on which C,(p) is
differentiable. Define P; %/ D N P. Then 5C3(P) is a singleton on Pj |2,
Thm. 7.17], and Thm. 4.7 shows 3 is strictly Ps-proper. |

4.2.2 Properness and convexity

Theorem 4.3 suggests some basic strategies to establish whether the superpre-
diction set of a loss function is closed.Theorem 4.13 aids in this endeavour by
showing there is a strong relationship between the properness of a continuous
scoring rule and the topology of its superprediction set, both in terms of

convexity and closure.

Lemma 4.11 (Hahn-Banach [12, Thm. 2, p. 27]). Let A be a subset of a

Hausdorff locally convex vector space L. Then

WA={x €L |Vyper: (x,2%) <oa(z")}
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Lemma 4.12 (Fan [41, Thm. 5]). Let P be a compact set in a topological

vector space. Let f be a real-valued function defined on P X P so that

1. y— f(x,y) is lower semicontinuous for all x € P,

2. x— f(x,y) is quasi-concave for ally € P.

Then

minsup f(z,y) < sup f(z, )
yeP zcp zeP

Theorem 4.13. Equip L and L* with topologies so that P C L* is compact
and 3 : P — L is continuous. If 3 is P-proper, then sp(3) is closed and

CONvVeT.

Proof. From the ordering assumption on L, there is € sp(3) precisely when

Jvep: >pr 3(v) = JvepVyuep : (z,p) > <6(V)7:u>

< Jyep: sup(d(v) —x,u) <0
neP

<= minsup(d(v) —z,u) <O0. (4.9)
veP MGP

Since Cop(s) = Co(p) —h tp++ (from Prop. 4.1(ii)), for every z € L we

have

Jnf (@2 —e Cooy () = inf ((@.27) e tpes (@) — inf (3(u).2"))

= inf ((z,2%) — inf (3(n),2")).  (4.10)

r*epPt+t neP
When z € @(sp 3), Lem. 4.11 yields
v .z, ) > inf (5(v) >] @ o< inf suplz— 3(v), )
pepPtt - ) b = JepP y M _,LL€P++VGJIZ y K
= 0 < inf sup(x — 3(v), p)
HeP yep
<= 0 >sup inf (3(v) — x, u),(4.11)
MEPVEP

where in the second line we exploited P C P+,
For x € L let f,(u,v) % (s(v) —x, u). Since 3 is continuous, f,(-,v) is

continuous for all ¥ € P. The Fan minimax inequality (Lem. 4.12) applied
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to f. gives

sup(5(1) — 1) > min sup(5(v) — , ). (112)
ner MEP L,ep
If 3 is P-proper then inf,ep(3(v) —x,pu) = (3(p) — z,p), and (4.12) be-

comes

sup inf (8 (v) — &, ) > minsup(3(v) — z, p). (4.13)
uepveP HEP L,ep

Fix z € co(sp 4) and assume % is P-proper. Then

(4.11) (4.13)
0 > supinf(3(v)—z,u) > minsup(d(v)— z,u).
pepveP HEP L,cp

@9 e sp(2).

This shows that ©6(sp(3)) C sp(3). The reverse inclusion is immediate. W

Results similar to Theorem 4.13 have been claimed or proved by other
authors under a variety of stricter assumptions. It is usually the case that
P is assumed convex or the entirety of P(2), and (2 is assumed finite [23,
35, 51, 62, 85, 125, 141]. The setting of Dawid [35] is the closest to ours,
and provides a brief proof sketch for the case of continuous {2 [35, Lem. 3].
As we have already seen when P is B(£2), the induced inequality is indeed
pointwise (Proposition 2.1) which allows Theorem 4.13 to verify the existing

results mentioned.

4.2.3 Dual characterisations

As we have seen, the properness of a scoring rule can be characterised
in terms of a selection property of a subdifferential of a convex function
(Theorem 4.7). Since the subdifferential of a convex function can be inverted,
Proposition 4.14 provides the following new characterisation of properness.

Lemma 2.5, together with Theorem 4.7 yields a dual characterisation of

properness.

Proposition 4.14. Let 3 : V — L. Then 3 is P-proper if and only if for
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all w € P
HE *Nﬁ(sp 3)(6(,11,))

Proof. From Thm. 4.7 4 is P-proper if and only if 3(u ) € BCSP 5)(n), for all
p € P, which by Lem. 2.5(ii) is equivalent to p € — Neg(sp 5)(3(12)) for all
weP. |

For the co-star-shaped scoring rules there is an additional characterisation,

using the co-radiant Minkowski duality from Section 2.3.

Theorem 4.15. Assume 0 ¢ P and 5 : P — L., is co-star-shaped. Then 3
is P-proper if and only if for all u € P

~

_ _
Csp(;))(,u) S 8\/Sp(5)(é(u)). (4.14)

Proof. Since 3 is co-radiant Sp(3) is closed, co-radiant. Assume 3 is P-proper
and fix p € P. Then Thm. 4.7 implies

Csp(o)(:u) = <é(:u')7,u> (415)

Since 3(u) € pos(sp 3) € Ly, \ {0} and p € P C L%\ {0}, (4.15) implies
(8(u), 1) = Cop(ay() = Vap(syw(p) > 0. Tt follows that p € pos(sp(€)Y).
Thus Prop. 2.7(ii) implies (4.14).

Next assume (4.14) holds and fix p € P. Then

By (3() = m—vwmw(m). (4.16)

Since 4(u) € sp(3) we have Vgg(5)(3(1)) < 1 and (4.16) implies

<5(M)7N> < Csp(é)(:u)' (4'17)

The definition of the co-support function means that (4.17) must be an
equality. Thus 3(u) € 3C5p( »(w) for all p € P and Thm. 4.7 implies 3 is
P-proper. |



4.3. BAYES ACTS, PROPERISATIONS, AND LINK FUNCTIONS 75

4.3 Bayes acts, properisations, and link functions

Let € : V' — L be a loss function. Fix p € P. If there is some v, € V for
which (€(vy), 1) < (€(v), p) for all v € V' then Griinwald and Dawid [59] call
vy, the Bayes act for ;1 [see also 23, 35]. The Bayes act allows two interesting
constructions: One may take an arbitrary scoring rule and reparameterise it
to obtain a proper scoring rule. Brehmer and Gneiting [23] call this procedure
properisation. Even more generally, one may take an arbitrary loss function
and reparameterise it so that it can be described using a proper scoring rule
and what Reid and Williamson [102, 103] call a canonical link function.
The subdifferential characterisation of properness in Theorem 4.7 allows
us to apply the theory developed in Section 2.4.2 to generate several existence

results for these two applications.

4.3.1 Properisation

We say a scoring rule 4p : P — L is a properisation of 4 if

Vuep : dp(p) = 3(v(p))

where the mapping p — v(p) satisfies v(p) € arginf,cp(3(v), u) for all
p € P. Any properisation is automatically a proper scoring rule [23, Thm. 1].

The theory we have established already in Sections 2.4.2 and 4.2 allows
us to state an extremely general properisation result. In Theorem 4.16
and Corollary 4.17 measurability refers to measurability with respect to the
(L, L*)- and o(L*, L)-Borel sigma algebras.

Theorem 4.16. Assume L is a Banach space with separable dual. Assume
P is o(L*, L)-Borel measurable. Let 3 : P — L be a scoring rule with a
Bayes risk function that is finite on a meighbourhood of P. Then there is a
P-proper, measurable scoring rule dp : P — L with the same risk function

as 3, and dp is a properisation of 3 on a dense subset Ps C P.

Proof. For simplicity of notation let F & —00_,(py. If riske is finite on
a neighbourhood U of P then it is continuous on U D P [99, Prop. 3.3]
and P C dom F' [via 99, Thm. 3.25]. Since L has a separable dual it is an

Asplund space [99, Thm. 3.97]. Convex functions that are continuous on
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an open set U of any Asplund space are always differentiable on a dense
G subset Us C U. Any dense subset of U is also dense in P, whence there
exists the dense subset P; % Us N P on which F is single-valued [via 2,
Thm. 7.17]. Using Lem. 2.16 we observe that F' has a measurable selection
on a neighbourhood of P. We denote its restriction to P by 4p : P — L.
Since P is o(L*, L)-Borel measurable, the restriction is measurable.

Since 4p selects F, it is automatically a P-proper scoring rule (Thm. 4.7).
Any Bayes act properisation of 3 is necessarily a selection, and therefore
agrees with dp on Pjs. Finally because the 3 risk function is 1-homogeneous

and dp selects its subdifferential,

Vyep © risky, (@) = risky (u),

[via 149, Thm. 2.4.14(iii)]. That is, the 4 and 3p Bayes risk functions

agree. |

As we have already mentioned in Section 4.2.2, it is a common assumption
(implicit or explicit) to assume the set P is convex. The duality correspon-
dence already ensures the order induced on L via P is the same as the order
induced by €6 P. Similarly, under the fairly mild conditions of Theorem 4.16
we can use the same approach to measurably extend a scoring rule defined

on a nonconvex P. This lends credence to the P convexity assumption.

Corollary 4.17. Assume all the assumptions of Theorem 4.16 are met, and
additionally assume that P is o(L*, L)-closed, 4 : P — L is measurable and

P-proper. Then 3 has measurable extension to ¢o(P) that is €o(P)-proper.

Proof. The corollary follows from the proof of Thm. 4.16 observing that
P C int(dom F') implies co P C int(dom F') because the subdifferential

domain is convex. The extension 4.y may now be constructed using

i) O(n) peP
Ve Pt dext(10) o
OP(IU’) IUS cop \ P7

where 3p(u) is as in Thm. 4.16. Properness follows from Thm. 4.7, and

measurability follows from the measurability of o P \ P. |
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4.3.2 Link functions

The idea of the link function dates to Nelder and Wedderburn [92, see also 82,
§2] who introduced it as part of the definition of a generalised linear model,
wherein the link function connects a prediction with the parameters of an
exponential family distribution. In this sense link functions are a mapping
from a set of predictions V to a set of probability distributions P.

The idea has since been resurrected by Reid and Williamson [103] for
binary classification problems, and Williamson, Vernet, and Reid [141] for
multiclass classification. The setting of multiclass classification corresponds to
a conditional density estimation problem over a discrete topological outcome
space, and will be the subject of Section 4.3.3. However, first we build upon
several ideas from Williamson, Vernet, and Reid [141] in two directions of
generality. Firstly from a discrete to a general topological outcome space,
and secondly from differentiable to suitably finite Bayes risk functions.

As with Theorem 4.16, measurability in Theorem 4.18 is proven with

respect to T(L, L*)- and o(L*, L)-Borel sigma algebras.

Theorem 4.18. Assume L is a Banach space with separable dual, in which
P C L* is o(L*,L)-compact. Let € : V — L be a Borel loss function
with a Bayes risk function that’s finite (resp. differentiable) on a o(L*, L)-
neighbourhood of P. Then there is a Borel function 7 : ©ot(V) — P, a
P-proper (resp. strictly P-proper) Borel scoring rule 3 : P — L and a
o(L*, L)-dense subset Ps C P (resp. Ps = P) so that

Vuep i risky (v, ) = inf risk o (0. 1)
and if € is injective

Vuep; + arginfriske (v, p) = arginf risk o, 0¢ (v, p1).
veV veV

def

Proof. For simplicity of notation let F''= —00_g(yy. If we equip L* with
o(L*,L) then L = (L*,o(L*,L))* [2, Thm. 5.93]. Since L has a separable
dual (by assumption) it is separable itself [38, Prop. 3.6.14]. Since L =
(L*,o(L*,L))* is separable, L* is an Asplund space [99, Thm. 3.97].

By an identical argument to the proof of Thm. 4.16 (observing that P is

o(L*, L)-Borel measurable) F' has a measurable selection on a neighbourhood
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of P which is a P-proper scoring rule when restricted to P (Lem. 2.16) which
we denote 3 : P — L. By construction (cf. the lower inverse in Section 2.4.2)
we have dom(F~! N P) = F(P). From Lem. 2.18 the map F~!1 NP =
—Ngse(v) NP has a measurable selection which we denote 7 : F((P) — P
(the equality is due to Lem. 2.5).

Since risky is differentiable on Uy, it follows that 3 is invertible on Ps with
Us-inverse 7 [cf. 99, Cor. 3.26]. Pick p € Ps. If € is an injection then

vy, € arginfriske (v, ) <= €(v,) € F(p),
veV
because F' is single-valued at p. Next because 3 selects F' we have 3(u) =
€ (vy), and 7(€(v,)) = p. Therefore

Veps 1 arginfriske (v, p) = arginfrisk ,o,o¢ (v, ).
veV veV
If the Bayes risk function is differentiable on U then 3 is strictly proper by
Thm. 4.7 and Ps can be taken to be P. [ |

Theorem 4.18 shows that a great many risk minimisation problems may
be reparameterised in such a way that they can be expressed in terms of
the minimisation of a scoring rule risk over a family of distributions. In
particular, there is a natural way the set of predictions V' can mapped into
an a set of distributions P. The mathematics underpinning this surprising
relationship is just the duality between measures and functions, combined
with the natural concavity of the function Cg(yy. Moreover it argues for the

necessity and generality of proper scoring rules in describing (B).

4.3.3 Decomposable risk minimisation

Until now we have assumed (L, L) is a vector space of functions £2 — R. If
the outcome space is decomposable for some topological spaces X, Y, that is
2 = X xY, then the risk minimisation problem (B) is called regression when
Y is continuous, and classification when Y is discrete [133]. When (2 has such
a structure, we refer to (B) as the decomposable risk minimisation problem.
One possible approach to analyse the the decomposable risk minimisation
problem would be to replace L by a set of functions X x Y — R. The

question then is what ordering is natural to impose on this space. Similarly
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to Section 4.1 we could specify a positive cone P* via a family of measures
P CP(X xY). This approach, however, would not allow us to exploit the
intrinsic structure of the decomposable problem, and yield similar results
to Sections 4.1 and 4.2. Instead, we assume the structure of the preceding
section on on the space Y, and specialise our investigation to the decomposable
loss functions (defined below).

For this section we assume Unless otherwise noted, we assume L is a vector
space of functions L C RY together with a locally convex, Hausdorff topology,
and there is a subset P C L* so that (L, P") is an ordered topological vector
space. Due to the added structure in this setting we refine some of the
notions from Section 4.1. The following conventions end up simplifying the
notation that follows. A loss function is a Borel mapping € : V x X — L
and we let €(v)(x,y) < €(v,z)(y) so that €(v) € Lo(X xY) for all v € V.

The evaluation operator at x € X is
eve : Lo(X X Y) = Lo(Y) with Viegyxxyy: evef = flz, -).

This construction ensures for all x € X that ev, €(v) is a function in L.
Though it is possible to define scoring rules directly on B(X x V), we will
consider scoring rules as mapping P — L, that is, just as we had in Section 4.2
(with §2 replaced by Y).

The evaluation operator generates the pull-back order in Ly(X X Y)

via
Vaex t (evy) H(Lyy) = {f € Lo(X X Y) | evy f € L.}

and so the positive cone in Lo(X x Y) is

(Usex eVa) " (Lay) = {f € Lo(X X Y) | VaexVuep : (evy f,p) > 0}

In particular, observing that the adjoint of the evaluation operator is the

Dirac product,®

(Uq;eX evx)il(Lzo) = {f € -%O(X X Y) | szXquP : <f7 oz XM> > 0}
= (5)( XP)+,

5That is (evy f, u) = (f, 0z xp) for all z € X, u € L*.
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where 8x xP % (J,ex {8z xp | p € P}. Then (£o(X x Y),(8x xP)*) is
an ordered vector space, it is with respect to this ordering that we define

sp(€):
sp(£) 2 {z € Ly(X x V) ] Bev 1 T (5, xpy+ C(0)}-

We now assume V is a collection of functions v : X — Z. A decomposable

loss function, €, is defined using a mapping g : Z — L so that

VoevVayexxy + C(0)(@,y) = g(v(2))(y)- (4.18)

In practice many conditional prediction problems are specified using a loss
function of the form (4.18). With the pull-back order on £y(X x Y') there is

a close relationship between sp(€) and sp(g).

Proposition 4.19. Suppose € : V — L is a decomposable rule loss function
forg:Z — L. Then

sp(h) € | eva(sp€),

zeX
with equality if Z =V(X) € Upey{v(z) € Z |z € X}.

Proof. Choose any z € X and f € sp(€). It follows that there exists
v €V with f >, «py+ €(v). Because ev, is a positive operator, that is,
evy((0x xP)*) C (P*) for all x € X,

f>@6x xpyr C(v) = Veex 1 evy f >p+ evg €(v)

= VaexTev(x) : eve [ 2p+ 9(2),

where V(X) © U,ey v(X). This shows ¢y evsp(€) C sp(g).
Now assume V(X) = Z and choose f € sp(g). It follows that

ezt [ 2pr 9(2) = FojevIapex: f2pr g(vp(xy)) = eva, €(vy).

Let h(z,y) < max{€(vs)(x,y), f(z)}. Then evy, h = f and h >3, «xp)+
€ (v), which shows f € U,cx evesp(€). Thus sp(g) € Uyexevesp(f). W

Corollary 4.20. Let € : V x X — L is a decomposable rule loss function for
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g:Z — L. Then Cgpg) = infrex Cope) (8 X - ), with equality if V(X) = Z.

Proof. For all u € L*, from Prop. 4.19

Cs = inf s
o(g) (1) féﬁ)(g)u 1)

> inf (hy 1)
hEUzEX evg sp(f)

= inf inf h
xng heexglsp(f)< ’M>

= inf inf (h,d;
J?Xheﬁ(ﬁf 82 XH)

= ;g)f{ Csp(f) (8q Xp),

with equality if V(X) = Z. [

4.4 Scoring rule aggregation

It is interesting that in spite of the generality of the notion of a proper
scoring rule, one typically encounters only a handful of concrete examples
in the literature [e.g. 24, 51].7 Consequentially, choosing a scoring rule for
a statistical model itself similarly may present its own problems with some
theorists recommending instead using a combination of scoring rules [84].
We have seen in Chapter 3 that there is a rich structure in the family of
co-radiant sets with the family operations @,; and Ups. It is our hope that
by introducing these operations to the family of proper scoring rules, that

we may contribute simultaneously each of these problems.

In Sections 4.1 and 4.2 we saw that a large number of proper scoring rules
have an analytically simple representation in terms of the superprediction
set, which is convex and co-radiant. By combining the results of Chapter 3
with Sections 4.1 and 4.2 we develop a simple composition operation for the
scoring rules which preserves properness. The rich set of polarity results from

Sections 3.4 and 4.2.3 then lets us calculate the corresponding link functions.

"Most of these are listed in Table 4.3.
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4.4.1 Superprediction sets

Before we can proceed, it is helpful to verify that a large number of scoring
rules have superprediction sets satisfying the conditions of the theorems and

corollaries in Chapter 3.

Proposition 4.21. Let 3 : P — P*\ {0} be o(L*, L)-continuous and P-
proper, where P is o(L*, L)-compact. Then sp(3) € M (P*).%

Proof. Closed and conver: Thm. 4.13 shows that sp(3) is closed and convex.

pos(sp 3) = P™\ {0}:
As part of the proof of Prop. 4.6 we calculated P™ = sp(3)_. There-

o

fore

P} 2 sp(a) \ {0} 2 postsp ) \ {0} (419)
We will now show that pos(sp ) \ {0} = pos(sp 3). Take a o(L,L*)-
convergent net (x;);er C pos(sp 3) with limit x # 0. There are nets (¢;);cr C
Rso and (I;)ier C sp(3) with z; = t;l; for all ¢ € I. If either (¢;) or (I;)
fail to converge, t;(l;,z*) — oo for any z* € sp(4)*, and so both nets must
converge. Let t and [ be their limits, with (/;) converging in o(L, L*). If (¢;)
converges at 0 then z = 0l = 0 which contradicts the assumption x # 0. If
(t;) converges at some t > 0, then ¢;l; — tl. Because sp(9) is closed convex,
it is o(L, L*)-closed.
This shows x € pos(sp 4) and pos(sp 3) is (L, L*)-closed. Because sp(%)
is convex, pos(sp 4) is convex and therefore it is strongly closed. It follows
from (4.19) that pos(sp ) = P+ \ {0}.

Containing an order unit: From Prop. 2.9(ii) (sp(%)),, = P*, and by
assumption sp(4) C PT. Taking any order unit e € P*, and x € sp(3) we
obtain from Prop. 2.8(iv) that e + = € sp(3) and e + x is an order unit of
P |

By the set ]R[zkg) we mean the collection of functions [k] — Rx>o, which is

isomorphic, as a vector space, to IR’;O.

8Recall from Section 3.3 that M, (K) denotes the collection of subsets M of the cone
K which are closed, convex, containing a K-order unit and have pos M = K \ {0}.
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Corollary 4.22. Let 3 : P([k]) — ]R[ZkgJ be continuous and proper. Then

sp(3) € Mo (RE).

Let 31,...,3%: P — L., be a sequence of continuous P-proper scoring
rules, and let 3¢ : P([k]) — IR’%O be a PB([k])-proper scoring rule. Then
Theorem 4.13 and Proposition 4.1 show that sp(3;) is closed, convex and
co-radiant for i € [k] U {0}.? Tt follows from Theorem 3.11, Proposition 3.12,
and Corollary 4.22 that

Bep(30)(SP(31),---,8p(3%)) and  Sgp(s0)7(sD(31)7, ..., sp(d8)7),

are both convex and co-radiant. In this section will find a proper scoring

rule 3g : P — L and link function g : P — L so that

Sp(é@) = EBsp(éo)(sp(él)v ce 7Sp(5k))

and

Vucdom ¢ T(1) € Dlsp(sg) (e (1))-

4.4.2 M-sums of scoring rules
Using Theorem 3.4, Corollaries 3.5 and 4.2 for all 1 € —;cp be(sp 3:)
C4.2 T3.4

riSk5®(M) = Csp(é@) = inf Z My *h Csp(di)(ﬂ)~ (4.20)

Since 3¢, as a selection of 5Csp(30), is defined on PB([k]), we need to
normalise the vector (Cep(s;)(1),-- -5 Cep(s,) (1)) sO that it lies in this set.

Observe

\V/C>0v,u€q3((2) : 5Csp(6k)(clu) = 5Csp(ak)(l‘)

Therefore we define

def

Sl & (Capa1)s - - Cop(on)) (1) € RE,,

9Recall we use the pointwise-ordering on R* to define sp(3o).
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and

1
8|, & ———— % 3|, € B([K]). (4.21)
T g (slw)
The gauge tup(x))(s]u) ensures that 3|, lies in P([k]) for every u € P. Then
using Lemma 2.21 to subdifferentiate (4.20) we have

~ R2.22 —~
acsp(d@)(ﬂ) 2 U Z mg x aCSp(dz)(lu’)
me/a\csp( 30)(5)'#) le[k]
T4.7

5 > 80(8lu) (@) - 2i().

i€[k]

Let us now define

bt P— L with bg(u) > 20(5u) () - 2i(p)
i€[k]

Since 44, enjoys the subdifferential representation it is automatically P-proper
(Theorem 4.7). Next, because (g(4,) = Cﬂasp(ao)(Sp(31)7~.-,Sp(i>k))v taking the
subdifferential at 0 shows To(sp 3a) = TO(Dgp(s0)(SP(31),---,5P(3x))) and
Theorems 3.7 and 3.11 yield

sP(3@) = Dep(50)(SP(31), -, 8P(dk))- (4.22)

4.4.3 Dual M-sum scoring rules

We use essentially the same approach as Section 4.4.2 to compute the
scoring rule 3. However to apply Theorem 3.29 we need to show a sufficient
condition for the asymptotic cone of U, (5,)(sp(31), - - - ,sp(3x)). Since sp(3;)
is convex for each i € [k], Lemma 3.14 shows

L3.14(i)

(Cap(so)(p(31), - o5p(81)) 2 [ (s 80)c.

o ielk]

Similar to (4.21) ait will simplify things to introduce some notation. Let

pk denote a sequence (p1;);er) © L*, so that upy) € (L*)* and

S|u[k] def (Csp(él)(,ul), cey CSp(ék)(Nk))7
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and

1
S def xS . 4.23
e Map(ia) (8ligey) & .

Using Theorem 3.29 and Corollary 3.16, and our notation in (4.23), for
all

C3.16
p € int Z be(sp i) € be(sp o)
i€k

there is

mesp(do)

risk s () T2 sup{ inf Z M *h Cop(s;) (14:)
1€[k]

M_Zﬂi}

i€[k]

= Zuz}

i€[k]

= sup{ Z 60(8’u[k])(i) ‘h Csp(éi)</“)

1€[k]

Next let T'(it) denote the set

{(Hi)ie[n] CL

= 3" sy visko (1) = 3 B0(sluyy ) csp@i)(uz-)}.

ic[k) i€[k]

Then, again using Lemma 2.21, we have

5&5;)(3@)(#) 2 {Z é0(‘§|u[k])(i) ’ éi(ui)

1€[k]

(m,---,uk)GT(u)}-

It is harder to get an exact form for 4 that parallels 34 in (4.22) and
ensures a result like (3.16). To do so one would need to construct a selection
of p+— T(p), however with a selection of this sort, a similar subdifferential

argument to (4.22) would yield the same superprediction set equality.

4.5 Conclusion

Many machine learning problems are not framed in terms of probability
elicitation, but rather as a risk minimisation over some class of functions.

To free ourselves of the constraints of probability elicitation we introduced
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the link functions, grounded in the duality of convex sets, which provides a
means by which we can generalise the probability elicitation framework to an
arbitrary set of predictions in a consistent manner. In many of our theorems
we have made no assumption of differentiability or smoothness, and have
instead exploited the natural concavity of the risk functional to supply these
properties. However, when the stronger assumption of differentiability is
satisfied, we recover the stronger existing results in the literature that have
been provided in a finite dimensional setting. By studying machine learning
problems in the abstract we are forced to consider the shared underlying
structures between problems. An example of the simplicity obtained through
abstraction is encapsulated very nicely in the study of link functions, wherein
the seemingly complicated idea of probabilistic inference just reduces to
finding the inverse of a studied, well-behaved monotone operator.

In convex analysis, Hérmander’s theorem provides a bridge between
sublinear functions and closed radiant sets via the support function. It
is perhaps surprising that such a connection exists, and that there is a
dual calculus for sublinear functions and their corresponding sets. We have
generalised this calculus not only to the family of sublinear operations on a
set of support functions, but with a set of superlinear operations on a set of
co-support functions — the less common concave counterparts. Similarly,
with the introduction of the generalised superprediction set, we can transform
a machine learning problem into a member of a family of sets, the calculus
of which we then inherit.

Contrary to our approach here, much of modern machine learning research
starts with a particular problem that one seeks to solve, whether this is to
build a classifier for a particular domain, or to estimate some quantity of
interest. In the preceding sections we have built a theoretical framework that
goes in the opposite direction; beginning with a fundamental quantity of
interest (the probability distribution) and the simplest means of its discovery
(a proper scoring rule). In order to endow our theory with a rich analytic
structure, we observed and employed deep connections to convex analysis,
nonsmooth analysis, and the theory of co-radiant sets, all of which arise from

our basic premise of probability elicitation with a proper scoring rule.
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Chapter 5

Boosted Density Estimation

In the emerging area of Generative Adversarial Networks (GANs) [53] a
binary classifier, called a discriminator, is used learn a highly efficient sampler
for a data distribution, combining what would traditionally be two steps
— first learning the density function from a family of densities, then fine-
tuning a sampler — into one. Interest in this field has sparked a series of
formal inquiries and generalisations describing GANs in terms of (among
other things) divergence minimisation [5, 96]. Using a similar framework to
Nowozin, Cseke, and Tomioka [96], Grover and Ermon [58] make a preliminary
analysis of an algorithm that takes a series of iteratively trained discriminators
to estimate a density function!. The cost of this approach, insofar as we have
been able to devise, is that one forgoes learning an efficient sampler (as with
a GAN), and must make do with classical sampling techniques to sample
from the learned density. We leave the issue of efficient sampling from these
density as an open problem, and instead focus on analysing the densities
learned with formal convergence guarantees under reasonable assumptions
(Table 5.2). Previous formal results have established a range of guarantees,
from qualitative convergence [58], to geometric convergence rates [129], with
numerous results in between.

In learning a density function iteratively, most previous approaches [e.g.

60, 77, 86, 107, 129, 130] have investigated a single update rule, not unlike

!Grover and Ermon [58] call this procedure “multiplicative discriminative boosting?”.
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Updates Rate (Big-Oh) Assumptions
. S smoothness, Lipschitz,
Dai et al. [33] particles KL(ftw, 110) [33, Thm. 6] measure concentration, etc.
Tolstikhin et al. [129] density log JS(f4«, f40) [129, Cor. 3] updates close to optimal
Grover and Ermon .
density none none
[58]
binar essentially bounded classifiers,
This work Ly log KL (ftx, o) Theorem 5.9 weak learning, weak
classifiers

dominance

Table 5.1: Summary of related works and results in terms of the nature of the
updates, the best quoted rate of convergence, and the structural assumptions.

Ly o(t) @"(t") o) (p"o@)()
Kullback-Liebler KL tlogt exp(t* — 1) logt+1 t
Reverse KL rKL log(t) —log(—t*)—1 -1/t logt — 1
Hellinger - (Vt—1)2 3 -1t -1 11/t Vi-1
Pearson x> (t —1)? t"(44+t7)/4 2(t—1) t2 -1
GAN GAN  tlogt — (t+1)log(t+1) —log(l —exp(t*)) log(z7) _omfﬁv

Table 5.2: Some common @-divergences and their variational components.
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Frank—Wolfe optimisation [46], where a sequence (), an initial point yo and

a set of numbers (ay) C [0, 1] is chosen satisfying

yr = Y(awae + (1 — an)ye—1), (5.1)

for some function 1, so that an objective function (usually a divergence)
is minimised along (y:). Grover and Ermon [58] is a recent exception to
(5.1) wherein alternative choices are explored. Few works in this area are
accompanied by convergence proofs, and even fewer provide convergence
rates [60, 77, 107, 129, 130].

To establish convergence and/or bound the convergence rate all ap-
proaches necessarily make structural assumptions or approximations on the
parameters involved in (5.1). These assumptions can be on the (local) varia-
tion of the divergence [60, 91, 130], the true distribution or the quality of
the updates [33, 58, 60, 77|, the step size [86, 129], the previous history of
updates [33, 107], and so on. Often in order to produce the best geometric
convergence bounds, the update is usually required required to be close to
the optimal one [129, Cor. 2, 3|. Table 5.1 compares the best results of the
leading three to our approach. We give for each of them the updates aggre-
gated, the assumptions on which rely the results and the rate to come close
to a fixed value of Kullback—Liebler divergence (Jensen-Shannon divergence,
for Tolstikhin et al. [129]), which is just the order of the number of iterations
necessary, hiding the other dependences for simplicity.

However, it must be kept in mind that for many of these works [viz. 129]
the primary objective is to develop an efficient black box sampler for py, in
particular for large dimensions. Our objective however is to focus on furtive
lack of formal results on the densities and convergence, and deferring the

problem of learning an efficient sampler.

5.1 From discriminators to densities

Throughout this chapter, (£2, uo) is a Borel space with pg € PB(£2). We de-
note the g absolutely continuous probability measures by (2, po) <
{peP(N2) | p < po} and the target distribution will be denoted p, €

PB(£2, o). For a distributions u,v € P(£2), the Radon—Nikodym deriva-



92 CHAPTER 5. BOOSTED DENSITY ESTIMATION

tive for v is the function dv/du € Lo(92, p) that satisfies vA = [, 9% - dp for
all A € B(£2). For p € P(2) and f € Lo(12) the expectation operator is
E. f = J fdp.

An important tool of ours are the yp-divergences of information theory [1,

32, 104]. For p,v € P(§2) with u < v, the p-divergence of v from p is

e dp
Ly(p,v) & /80<d1/) dv,

where it always assumed that ¢ € £o(R, R>0) is convex and lower semicon-
tinuous, and often additionally the normalisation condition ¢(1) = 0. Every

-divergence has a variational representation via the Fenchel conjugate [viz.

93, also 104]:
d
)= /@w(u) "

- (- v

= sup (/f ’udy—go Ode)

fELY(2,R>0)

= sup  (Bulf]+ B¢ 0 f]). (5.2)

fEfo(Q,Rzo)
The variational representation of a @-divergence has been leveraged by
Nowozin, Cseke, and Tomioka [96] to show the equivalence between the
GAN saddle point objective of Goodfellow et al. [53] and the minimisation

of ¢-divergence.

When ¢ is differentiable, it is a common result that the supremum in
(5.2) is attained for ¢’ o du/dv [53, 96], so that we may reparameterise (5.2)
to obtain the following minimisation problem

minimise  E,[—¢ od] + E,[0* 0 ¢ o d]. 5.3
s ul—¢ o d] [p* 0 ¢’ od] (5.3)

Remark 5.1. The reparameterised problem (5.3) shows that ¢ serves as

a canonical choice for the so-called link function of Nowozin, Cseke, and
Tomioka [96].

The objective in (5.3) is easily identified with the expectation of the loss
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function

€ Lo(2,Rs0) = Lo(£2 x [2],R) where

(=¢'ed)w) y=1

Vaeso(2.R0)  C(d)(w,y) = .
(p*op'od)(w) y=2,

under the joint distribution
def 1
m(dw, dy) = o (ju(de) 81(dy) + v(dw) 85(dy) ).

That is, a classical binary classification problem [17, 24, 95, 102-104], where
the task is to classify samples with the labels {1,2}. In fact, several common
binary classification loss functions can seen to be special cases of (5.3) as
evidenced by Table 5.2, wherein we define the Kullback-Liebler divergence,

which will be most useful in Sections 5.2 and 5.3.

With a smoothness assumption on ¢ we can replace the set £o(£2, R>0)
with £Lo(£2, R~0) in (5.3). We can further reparameterise the set £ (12, R>)
with any bijection to the set £y(f2,R). The exponential function has several
useful properties and so this is the one we use. In the sections that follow,
for every t € IN and dy € Lo(£2, R~q) we let ¢; & log ody, or equivalently for
every ¢; € Lo(2,R) we let d; < exp ocy. The notation reflects that d; refers
to a density ratio and ¢; a binary classifier. With the exponential function
and the GAN divergence (Table 5.2) we obtain the usual logistic sigmoid in
(5.3), that is

minimise E,log(1l 4+ exp(—c¢;)) + E, log(1 + exp(c;)).
migimise 5, 1og(1 +exp(—ci)) + B, log(1 + exp(cr)

The analysis in Section 5.2 proceeds using density ratios, whereas Section 5.3

makes use of binary classifiers.

5.2 Boosted density estimation

We will study a sequence (u:) C B(§2, up), defined for a sequence of func-
tions (dr) C £1(52,R~0), and a sequence of real numbers (o) C [0, 1] that
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satisfies

1
W = —fiy, where z def /dﬂt,
Zt (5.4)

and  fiy(dw) = & (@) - -1 (dw).

For each t € IN the error term is the function ¢; € Lo(£2, Rs0) satisfying

dpty
v Ddi(w) = e (w w
wel? t( ) t( )dlet_l
It measures the optimality of the update d; in the sense that if €, is a constant
function, choosing oy = 1 means that p; = p, (via (5.4)). The goal of the
analysis will be to develop conditions on the sequences (d;) and (o) to ensure

KL (4, p¢) converges at 0 with vigour.

Proposition 5.2. The normalisation factors can be written recursively with
2t = Zt—1 - fdtat d,ut_l.
Proof. We just need to write

Zt 1 ~
o d,ut
Zt—1 Zt—1

1
= 7/d?t dfig—1
Zt—1
= /dft dpg—1
- / A% dpig_1, (5.5)
thus z; = 21 - [ d} dpg—1. [ |

Proposition 5.3 (Cranko and Nock [31]). The distribution p; is an expo-
nential family distribution with natural parameter (o, ..., a) and sufficient
statistic (c1(x),...,ci(x)).

The connection between the sufficient statistics of an exponential family
and deep learning (that is, when (¢;) is a sequence of neural network classifiers)

has also been made elsewhere [viz. 94].
Lemma 5.4. For any oy € [0,1] and ¢ € Lo(2,R>0) we have:

ot Z
exp(Emf1 log e; — rKL(,u*,ut_l)> < 2 < (Ep, &)™

Zt—1
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Theorem 5.5. For oy € [0,1], di € Lo(2,R~0), there is

KL (s, ) < (1 — o) KL(pa, prr—1) + o (log Epi, € — Ey, loger), (5.6)
where e, < (dp, / dpg—1) " dy.

Remark 5.6. Grover and Ermon [58, Thm. 2] assume a uniform error term,
€t = ¢ for some ¢ > 0. In this case Theorem 5.5 yields geometric conver-

gence

Vare,1] © KL, pre) < (1 — ) KL (g, pr—1)-

This result is significantly stronger than Grover and Ermon [58, Thm. 2],
who just show the non-increase of the KL divergence. If, in addition to

achieving uniform error, we let ay = 1, then (5.6) guarantees p; = .

Proof of Lemma 5.4. Since oy € [0,1], by Jensen’s inequality it follows
that

o at d:u
Eﬂz71 dt "< (Em—1 dt) = (/

a
dpr—1 e d'ut1> = (Ep. ). (5.7)

The upper bound on z;/z;—1 follows:

P 5.5 (5.7)
?il (:) Epes d?t < (Eu* ft)at-

For the lower bound on z:/z;_1, note that

log<) @) 10gE,, _, 42
Zt—1

Z Ot E,U«t—l IOg dt

d
= O E,utfl |:10g €t + log<dul:jl):| ’

which implies the lemma. (Lem. 5.4) H

Proof of Theorem 5.5. First note that

1 -~ Zt— Olt
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Now consider the following two identities:

—atlogE,, ¢ < log(zzj), (5.9)

which follows from Lem. 5.4, and

/<log< A ) — oy logdt> dypis (5.10)
dpe—1
= /<log< dpi ) — oy 10g( dps ) — oy log et) d ity
dpse—1 dper—1
=(1—ay) /log< )d,u*—ozt/logetd,u*

= (1 — ag) KL(pis, pit—1) — c Ey, log e

Then
L(ptx, pt) /log( )du*
d sy _
2 (o ) o)
dp—1
d
—/(log( i >—atlogdt> dus — log( = 1)
dprr—1 2t
(5.10) (5.9)
< (1 — ay) KL(fta, p1t—1) + v (log E,, ¢ — E,, log €t),
as claimed. (Thm. 5.5) &

We can express the update (5.6) in a way that more closely resembles
Frank—Wolfe update (5.1). Since ¢; takes on positive values, we can identify

it with a density ratio involving a nonnegative measure as follows

1

pr(dz) < ey(x) - pu(dz) and p & P
Jdpy

Introducing p; allows us to lend some interpretation to Theorem 5.5 in
terms of the probability measure p;. Letting my % dus/ dpo, 7¢ & dpt/ dpo,
then

ot
my o< ditmy_q = ( et> me_1 =7y mi B

mg—1
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Or equivalently,
my = (g logry + (1 — ay)my—1),

where ¥(f) < exp(f( ) — [log(f)duo) for f € Lo(£2). This shows the
manner in which (5.4) is a special case of the general Frank—Wolfe form (5.1),

with updates z; & log r;, and initial point o % po.

Corollary 5.7. If p; satisfies
KL (o, pr) < v KL(pte; 1), (5.11)
for some v € [0, 1], then for any a; € [0, 1]
KL(pa pe) < (1= (1 — 7)) KL(pts pre-1)- (5.12)

Proof. We first show

KL (pta; pe) < (1 = o) KLt pe—1) + o KL (g, 1) (5.13)

By definition ¢, = dp¢/ dus. From Thm. 5.5, the rightmost term in (5.6)

reduces as follows

dp dp
logE,, e —Ey, loge; = log/ dZt At = /log(dzt ) s
* *

d
zlog/dﬁt+/log( ’f*) dyis
dpt
-/ (bg(d‘f*) +log [ dir) dn.
dpy
d
-l f )
Pt
d
:/10g< 1M£~)du*
Tap. Pt
= KL(M*? pt)a

which shows (5.13). The proof of (5.12) is then immediate. [

We obtain the same convergence rate as Tolstikhin et al. [129, Cor. 2]

(geometric) for a boosted distribution p; which is not a convex mixture,
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which, to our knowledge, is a new result. Corollary 5.7 is restricted to the KL
divergence, however, we do not need the technical domination assumption of
Tolstikhin et al. [129, Cor. 2]. From the standpoint of weak versus strong
learning, Tolstikhin et al. [129, Cor. 2] require a condition similar to (5.11),
that is, the iterate p, has to be close enough to u. It is the objective of the
following sections to relax this requirement to something akin to the weak

updates common in a boosting scheme.

5.3 Convergence under weak assumptions

In the previous section we have established two preliminary convergence
results (Remark 5.6, Corollary 5.7) that equal the state of the art and/or
rely on similarly strong assumptions. We now show how to relax these in
favour of placing some weak conditions on the binary classifiers learnt in
(5.2).

Define the two expected edges of ¢; [cf. 95]:

1 1
e_(t) 3 E,, ,[—c] and e, (t)¥ i E,, e,

where b > esssup |¢| for all ¢ € IN, and the essential supremum is with
respect to pg. Classical boosting results rely on assumption on such edges
for different kinds of ¢; [47, 115, 116]. We also assume b < co and |¢;| > 0
for all ¢ € IN. That is, the classifiers have bounded and nonzero confidence.
By construction e_(t),e, (t) € [—1, 1] for every t € IN. The difference of sign
of ¢; is due to the decision rule for a binary classifier, whereby ¢;(w) > 0
reflects that ¢; classifies w € {2 as originating from p, rather than p;—;, and

vice versa for —c;(w).

Assumption WLy (Weak learning). For T € IN there exist v,,v_ > 0 so
that e, (t) > v, and e_(t) > ~_ for allt <T.

The weak learning assumption is in effect a separation condition of .,
and py—1. That is, the decision boundary associated with c¢; correctly divides
most of the mass of uy and most of the mass of y;—q. This is illustrated
in Figure 5.3. Note that if pu;—1 has converged to puy, the weak learning
assumption cannot hold. This is reasonable since as p;—1 — s it becomes

harder to build a classifier to tell them apart. We note that classical boosting
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(a) WL is not violated, e (t),e_(t) > 0 (b) WL is violated, e_(t) < 0

Figure 5.3: Ilustration of WL in one dimension with a classifier ¢; and its decision
rule (indicated by the dashed grey line). The red (resp. blue) area is the area under
the ¢;/b*p (resp. —c;/b*my_1) line (where m,,m;_1 are corresponding density
functions of py and p;—1), that is, e, (t) (resp. e_(t)).

would rely on a single inequality for the weak learning assumption (involving
the two edges) [116] instead of two as in WLy. The difference is, however,
superficial as we can show that both assumptions are equivalent. A boosting
algorithm would ensure, for any given error ¢ > 0, that there exists a number
of iterations 7" for which we do have KL(4, pr) < o, where T' is required to be
polynomial in all relevant parameters, in particular 1/v,,1/v_,b, KL(jx, to)-
Notice that we have to put KL(p, po) in the complexity requirement since

it can be arbitrarily large compared to the other parameters.

Theorem 5.8 (Cranko and Nock [31]). Assume there is WLy, where the

sequence (o)< satisfies

ap = min{l, % log(m) }

Then KL(py, 1) < 0 when

KL (ftx, pto) — 0
Y+7-

T>2-
The question naturally arises as to whether faster convergence is possible.
Define

e(t) ¥ = - E,, loget,

1
b
the normalised expected log-density estimation error. Then we have e (t) =
% - KL (ptny pre—1) + €(t), so controlling e, (t) does not give substantial leverage

on KL (g, 1) because of the unknown e(t). Therefore we can show that that
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an additional weak assumption on e(¢) (not unlike boundedness condition
on the log-density ratio of Li and Barron [77, Thm. 1]) is all that is needed
with WL7, to obtain convergence rates that compete with Tolstikhin et al.

[129, Lem. 2] but using much weaker assumptions.

Assumption WDy (Weak dominance). For T € N there exists I'. > 0 so
that e(t) > =TI, for allt <T.

Under WL and WD7 we are able to obtain a geometric convergence

rate.

Theorem 5.9 (Cranko and Nock [31]). If WLy and WD hold, then

T
Y+ . -
KL (e, ) < (1= —2— mind2, = U) KL, 10).

Note that the bound obtained in Theorem 5.9 is, in fact, logarithmic in

KL (4, po), that is, we have KL(uy, pr) < o when

1), (Klso)
~ 7+ min{2,v_/b} 0

The proofs of Theorems 5.8 and 5.9 are due to Prof. Richard Nock and are

quite lengthy. These can be found in full in the original work this chapter

was based upon [31].

5.4 Conclusion

The prospect of learning a density iteratively with a boosting-like procedure
has recently been met with significant attention. However, the success of
these approaches hinge on the existence of oracles satisfying very strong
assumptions. By contrast, the task of learning a binary classifier iteratively is
well understood and backed by a large amount of research. By leveraging this
understanding for the seemingly disparate application of density estimation,
we are able to improve upon other state-of-the-art guarantees. Finally, since
the work on which this chapter was published [31], in a follow-up, Husein et
al. [67] have shown how density estimation of the form we analyse here can

be adapted to yield strong differential privacy properties.



Chapter 6

Robust Bayes, Regularisation,

and Adversarial Learning

When learning a statistical model, it is rare that one has complete access
to the distribution. More often it is the case that one approximates the
risk minimisation by an empirical risk, using sequence of samples from the
distribution. In practice this can be problematic, particularly when the curse
of dimensionality is in full force, to: 1.) know with certainty that one has
enough samples, and 2.) guarantee good performance away from the data.
Both of these two problems can, in effect, be cast as problems of ensuring
generalisation. A remedy for both of these problems has been proposed
in the form of a modification to the risk minimisation framework, wherein
we integrate a certain amount of distrust of the distribution. This distrust
results in a certification of worst case performance if it turns out later that
the distribution was specified imprecisely, improving generalisation.

To make this concept of distrust concrete, in the notation of Chapter 4, for
a loss function € : V — £0(£2,R) we replace the classical risk minimisation
(B) [on p. 63] with

minimise sup riske (v, v), (rB)
veV veB

where B C B(£2) is called the uncertainty set and (rB) is called the B-
robust Bayes risk [59, §4, 18, 134]. The problem (rB) is an example of a

101
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machine learning problem that is incompatible with the risk minimisation,
and therefore the probability elicitation framework in general. However,
we shall see that for a class of loss functions € : V' — L, and a particular
uncertainty set, B.(u, ) (containing p € B(£2) and depending on r > 0 and
c € Lo(£2,R>0)), there is a function lip, : L — R so that the regularised

objective

minir‘r/lise riske (v, ) + 7 lip.(€(v)), (Reg)
vE

has the same minimisers as the B.(u, )-robust Bayes risk.

There are two reasons we are interested in finding a relationship between
(rB) and (Reg). There is independent interest in the objective function in
(Reg), particularly when C corresponds to the least Lipschitz constant of € (v)
measured with respect to some metric on L. The applications for Lipschitz
regularisation are as disparate as generative adversarial networks [5, 87],
generalisation [42, 55, 142], and adversarial learning [4, 29, 30, 131] among
others [56, 114]. Building a model that is robust to a particular uncertainty
set is very intuitive and tractable. However, the left hand side of (Reg)
involves an optimisation over a subset of an infinite dimensional space,! by
comparison, (Reg) is often much easier to work with in practice. For these
reasons then it is always interesting to note when a robust Bayes problem

admits an equivalent formulation of (rB) in the form of (Reg), or vice versa.

It happens that for the applications mentioned above, the relevant uncer-
tainty set is parameterised by the transportation cost. In Section 6.1 we state
the major definitions to define the transportation cost and its associated
uncertainty set, the transportation cost ball. In Section 6.2 we begin with
a series of technical lemmas before proving we are able to prove our major
result, Theorem 6.5. This result connects (rB) and (Reg) with new generality
and tightness guarantees, applying to a class of models broad enough to
include nonconvex models, such as deep neural networks. In Section 6.3,
we introduce the previously mentioned problem of adversarial learning, and
give a new generalised result showing equality with the transportation-cost-
parameterised uncertainty set from Sections 6.1 and 6.2. This completes the

loop for the problem of adversarial learning and suggests new ways in which

'Except for when B.(u,) is chosen in a particularly trivial way.
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robustness can be learnt for a broad class of models, discussion of which is

postponed to the conclusion, Section 6.4.

6.1 Preliminaries

For the remainder of this chapter we let R & (—co, o0]. Unless otherwise
specified, X, Y, {2 are topological outcome spaces. Often X will be used when
there is some linear structure, compatible with the topology, so that X x Y
may be interpreted as the classical outcome space for classification problems
[cf. 133]. For a measure pu € P(X) its push-forward by f € £Ly(X,Y) is
fup € P(Y), where frpA < pu(f~1(A)) for all Borel A CY. When (£2,d)
is a metric space, the closed ball of radius r» > 0, centred at x € X is denoted
Ba(w,r) & {y € X | d(z,y) < r}.
For two measures p, v € B(£2) the set of (i, v)-couplings is

H(u,y)d:ef{wem(()x Q)’M:/Tr(-,dw), V:/ﬁ(dw, .)}.

For a Borel coupling function ¢ : £2 x 2 — R the c-transportation cost of
v € P() is

coste(p, v) & WeliTIbfL V)/Cdﬂ', (6.1)

and the c-transportation cost ball of radius > 0 centred at u € P(£2) is

Be(p,r) € {v € P(2) | coste(p,v) <1}, (6.2)

and serves as our uncertainty set. When ({2,d) is a Polish space, the d-
transportation cost is called the Wasserstein distance. When d is bounded,
costy completely metrises the o(B(£2), C,(§2))-topology on B({2) [see 135,
Cor. 6.13].

A coupling function ¢ : X x X — R has an associated conjugacy operation
with

fo(@) < sup (f(y) - e(@,p)), (6.3)

yeX

for any function f : X — R. Coupling functions and their conjugates
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have many applications in the theory of generalised convexity and polarities,
including those we have already encountered in Chapters 2 and 3 [cf. 39, 90,
97, 98, 135]. We define the least c-Lipschitz constant [cf. 30] of a function
f:X >R

lip(f) = inf{A > 0| Yoyex : f(z) = f(y) < Ac(z,y)}, (6.4)

so that when (X, d) is a metric space lipy(f) agrees with the usual Lipschitz
notion. When ¢: X — R, for example when c is a norm, we take c(z,y) %
c(x —y) for all z,y € X in (6.1), (6.2), (6.3), and (6.4).

For a function f : X — R there is another function @ f : X — R,
called the convex envelope of f, satisfying epi(co f) = co(epi f). It is the
greatest closed convex function that minorises f. The quantity p(f) &
sup,ex (f(x) —co f(z)) was first suggested by Aubin and Ekeland [11] to
quantify the lack of convexity of a function f, and has since shown to be of
considerable interest for, among other things, bounding the duality gap in
nonconvex optimisation [cf. 6, 70, 76, 132].

Let A™(x) = {a € Ry | Yjepy @i = 1}. When f: R" — R is minorised
by an affine functlon, epi(co f) = co(epi f) means that [cf. 66, Prop. 1.5.4]

for all x € R™

co f(x mf{ Zalf (z4)
i€

1]

a€ A™ (2i)igpnyn C R, @ = Zaiwi}-
1€[n+1]

Consequentially there is the common expression

p(f - Sup{ ( Zazxz) - Zazf(xz>

[n+1] i€n+1]

Q€ AnJrl’ (xi)ie[n+1] - Rn}-

For simplicity of notation in the subsequent sections, for a loss function
¢ : V — L, we identify € at a particular model v € V, with the function
f: 2 =R, so that €(v) = f.

6.2 Robust learning

Duality results like Lemma 6.1 have been the basis of a number of recent
theoretical efforts in the theory of adversarial learning [20, 48, 120, 123], the
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results of Blanchet and Murthy [21] being the most general to date.

Lemma 6.1 (Blanchet and Murthy [21, Thm. 1]). Assume {2 is a Polish
space and fiv ;1 € P(2). Let c: 2 x 2 — R>o be lower semicontinuous with
c(w,w) =0 for allw € 2, and f € L1(82, 1) is upper semicontinuous. Then
for all r > 0 there is

sup /fdy—)i\rg)()\r—i—/f)‘cdu). (6.5)

vEBe(p,r)

The necessity for such duality results like Lemma 6.1 is because while
the supremum on the left hand side of (6.5) is over a (usually) infinite
dimensional space, the right hand side only involves only a finite dimensional
optimisation. The generalised conjugate in (6.5) also hides an optimisation,
but when the outcome space {2 is finite dimensional, this too is a finite
dimensional problem.

The following lemma is sometimes stated a consequence of, or in the proof
of, the McShane-Whitney extension theorem [83, 139], but it is immediate

to observe.

Lemma 6.2. Let X be a set. Assume c¢: X x X — Rxq satisfies c(x,x) = 0
forallz e X, f: X — R. Then

12 1ip(f) <= Vyex: f(y) = Slel)g(f(w) —c(x,y)).

Proof. Suppose 1 > lip.(f). Fix yo € X. Then

vmEX : f(ZL‘) - C(l’,yo) < f(yO)?

with equality when x = yg. Next suppose

Vyex : f(y) = sup(f(2) - e(z,y)),

zeX

then

v:v,yEX : f(y) > f(.%') - C(:E,y) — Vz,yeX : f(ZC) - f(y) < c(x,y)
= 12> lip.(f),

as claimed. [ |
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Lemma 6.3. Assume X is a vector space. Suppose ¢ : X — Rzo satisfies
¢(0) =0, and f: X — R is convex. Then

1> lip,(f) <= Yeso: 0f(X) C 0cc(0).

Proof. Suppose 1 > lip.(f). Then f(z) — f(y) < ¢(x —y) for all z,y € X.
Fix € > 0, z € X and suppose z* € O f(z). Then

Vyex o (y—,27) —e < fly) — f(z) < ey — @)
= Vyex : (y,27) —e < fy+ ) — fz) < cy) — <(0),

because ¢(0) = 0. This shows z* € 0.¢(0).

Next assume 0.f(z) C 0.¢(0) for all ¢ > 0 and = € X. Because f is
not extended-real valued, it is continuous on all of X [via 149, Cor. 2.2.10],
0f(z) is nonempty for all z € X [via 149, Thm. 2.4.9]. Fix an arbitrary
x € X. Then () # 0f(z) C 0¢(0), and

Torcof@) Vyex © flz) — fy) < (z —y,2%)

(6.6)
= Vyex : f(x)— fly) < (z —y,2") < c(z —y),

where the implication is because z* € 9¢(0) and ¢(0) = 0. Since the choice

of z in (6.6) was arbitrary, the proof is complete. |

Lemma 6.4. Assume X is a locally convex Hausdorff topological vector
space. Suppose ¢ : X — R is closed sublinear, and f : X — R is closed

convex. Then there is

1>1
Vyex : sup (f(x) —c(x — y)) _ fly) 1> IPC.(f)
veX 00 otherwise.

Proof. Fix an arbitrary yg € X. From Lem. 6.3 we know
1> lipc(f) < VEZO : 8€f(X) C 850(0).

Assume 0cf(X) C 0¢(0) for all e > 0: Consequentially 0.f(yo) C 0.c(0) =

0cc( - —yo)(yo) for every € > 0. From the usual difference-convex global
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e-subdifferential condition [64, Thm. 4.4] it follows that

zeX

iﬁ(dx—my—ﬂ@)de—yw—ﬂm)z—ﬂm%
0

where we note that c¢(yo — yo) = ¢(0) = 0 because ¢ is sublinear.

Assume 0cf(X) € 0.c(0) for some € > 0: By hypothesis there exists ¢y > 0,
zo € X, and zj € X* with

x5 € 0y f(xo) and & 0¢,c(0).

Using the Toland [128] duality formula [viz. 63, Cor. 2.3] and the usual

calculus rules for the Fenchel conjugate [e.g. 149, Thm. 2.3.1] we have

inf <c($ —yo) — f(:v)) = inf <f*(:c*) — (e(- —ya))*(fﬂ*))

zeX TreX*

= int () - @)+ )
< " (a) = ¢ (a) + (oo, )
< o+ (w0, %) — f(z0) = (a8) + (o, 28)

= €0+ (Zo + o, %p) — f(wo) —¢"(x5), (6.7

<oo

where the second inequality is because z§ € O, f (o).
We have assumed xg ¢ 0.¢(0) 2 0¢(0). Because c is sublinear, ¢* = (o
[149, Thm. 2.4.14 (i)], and therefore ¢*(xf) = co. Then (6.7) yields

inf (e~ o) — f()) < —o0,

zeX
which completes the proof. |

Theorem 6.5 subsumes many existing results [48, Cor. 2 (iv), 29, §3.2,
123, various, 120, Thm. 14] with a great deal more generality, applying to a

very broad family of models, loss functions, and outcome spaces.

Theorem 6.5. Assume X is a separable Fréchet space and fix p € PB(X).
Suppose ¢ : X — Rzo is closed sublinear, and f € £L1(X,u) is upper

semicontinuous with lip.(f) < co. Then for all r > 0, there is a number
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A(f:/iﬂ”; C) Z 0 so that

sup / fdv+ A(f, ) = / Fdp+ rlip,(f). (6.8)
)

veB.(u,r

Moreover
0 S A(fvﬂyra C) S rlipc(f) - {rlipc(@f) - /(f _@f) d,u]+7 (69)

where [ -], L max{ -,0}, so that when f is closed convex A(f, u,r,c) = 0.

Observing that A(f, u,r,¢) > 0, the equality (6.8) yields the upper
bound

sup /fdyg /fdu+rlipc(f). (6.10)
veBe(p,r)

By controlling A(f, u,r, ¢) we are able to guarantee that the regularised risk

in (Reg) is a good surrogate for the robust risk. The number A(f, u,r,c)

itself is quite hard to measure (since it would require computing the robust

risk directly), which is why we upper bound it in (6.9). Proposition 6.6

shows the slackness bound (6.9) is tight for a large family of distributions

after observing

Y resto(xX,R) Vnep(x) : / (f —eof)du < p(f).

Which yields

rlip(f) = [rlipe(co f) — [ (f —eo f)du]
< rlip,(f) = [rlipe(@ f) - o(f)] .

+
for all f € Lo(X,R), u € P(X), and r > 0.
Proposition 6.6. Let X be a separable Fréchet space with Xg C X. Suppose

c: X — Rsg is closed sublinear, and f € ﬂuem(xo)ifl(X, W) is upper

semicontinuous, haslip,(f) < oo, and attains its maximum on Xo. Then

Ve20:  sup A(f,p,rc) = rlip(f) = [rlipe(es f) ~ p(f)] .
HEB(Xo) +
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Remark 6.7. In particular, for any compact subset of a Fréchet space X
(such as the set of n-dimensional images, Xo = [0,1]" C R"™) the bound
(6.8) is tight with respect to the set PB(X() for any upper semicontinuous
fe ﬂuem(xo).%l(X, i). Since the behaviour of f away from Xj is not
important, the c-Lipschitz constant in (6.8) need only be computed here. To
do so one may replace ¢ with ¢, where ¢(x) = ¢(x) for z € Xy and ¢(z) = 0o
for x € X \ Xy, and observe lip;(f) < lip.(f), because ¢ > c.

The extension of Theorem 6.5 for robust classification in the absence of

label noise is straight-forward:

Corollary 6.8. Assume X is a separable Fréchet space and'Y is a topological
space. Fizp € P(X xY). Assumec: (X xY)x (X xY) — Rxq satisfies

((z,y), (', 1)) = colr —2') y=y
o y#y,

where ¢y : X — I_Rzo is closed sublinear, and f € £1(X x Y, ) is upper
semicontinuous with lip,(f) < co. Then for all v > 0 there is (6.8) and (6.9),
where the closed convex hull is interpreted as co(f)(x,y) & co(f(-,y))(z).

It is the first time to our knowledge that the slackness in (6.9) has been
characterised tightly. Clearly from Theorem 6.5 the upper bound (6.10) is
tight for closed convex functions, but Proposition 6.6 shows it is also tight
for a large family of nonconvex functions and measures — particularly the
upper semi-continuous loss functions on a compact set, with the collection of

probability distributions supported on that set.

Proof of Theorem 6.5. (6.8): Since c¢ is assumed sublinear, it is positively
homogeneous and there is ¢(z,x) = c¢(x — x) = ¢(0) = 0 for all x € X.

Therefore we can apply Lem. 6.1 and Lem. 6.2 to obtain

L6.1 . e
sup /fdv =" inf (7’)\+/f d,u)
veB(u,T) A20

< inf(f)(r)\—i— / fACdu> (6.11)

T A>lip,

22 e lip,(f) +/fdu,
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and therefore A(f, u,r,¢) > 0.

(6.9): Thus observing that o f < f, from Lem. 6.4 we find for all z € X

sup (f(z) = f*(x) - )

A€[0,00)
T o) (f(2) - ;g}g(f(y) — @ —y)) = rA)
" acloeo yi?fc(f(ﬂf) — f(y) + Ae(z —y) =)
= /\es[ggo) ylg)f( (f(a:) —c0 f(y) + Ae(z —y) — )\T‘)
tod o )@@ @) = A ip (@) < A
T lip (€5 f) > A
= /(@) = (@) = rlipe(c ). 6,12

Similarly, for all z € X there is

sup (f(z) = f*(@) = rA) < sup (fw) = @) + sup (7))

A€[0,00) A€[0,00) ol
= s (f@) = 1)
A€[0,00)
Aes[g,lio) yex (f(:n) f(y) + Ac(z y))
=2 - Ae(x —
< inf. s (7 = £+ etz )
= inf
X )0 elz—1y) =0
- (6.13)

Together, (6.12) and (6.13) show

/ sup (f—f/\c—r/\) du

A€[0,00)

< min{/(f o f)du — rlip, (3 f), o}. (6.14)
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Then

Alf.peree) = (rliv(n)+ [ fdu) = sw [ rav

veBe(p,r)

(6:11) <rlipc(f)+/fdﬂ) Aé&@)(r)\/fxcdu)

= rlip(f) + sup )/(f‘fm‘wd

A€0,00

< rlip.(f +/ sup f f)‘c—)\r)d

A€[0,00)
(6.14)

=Y rlip(f) + min{ [ -~ rlipc(COf),O},
which implies (6.9). (Thm. 6.5) ®

Proof of Proposition 6.6. Let xo € X be a point at which f(z¢) = sup f(Xo).
Then coste(8ag,82,) = 0 < 7, and sup,cp,(s,, ) J [ dv = f(x0). Therefore

A(f,8aq,7,¢) = rlipe(f) + f(x0) = f(zo) = rlip.(f).  (6.15)

And so we have

' (6.15)
rlip.(f) < sup A(f,pr,c)
1EP(Xo)
T6.5 S
< rlip.(f) — max{rlip.(@o f) - p(f),0}
< rlipe(f),
which implies the claim. (Prop. 6.6) W

6.3 Adversarial learning

Szegedy et al. [126] observe that deep neural networks, trained for image
classification using empirical risk minimisation, exhibit a curious behaviour
whereby an image, x € R", and a small, imperceptible amount of noise,
e, € R™, may found so that the network classifies x and x + ¢, differently.
Imagining that the troublesome noise vector is sought by an adversary seeking
to defeat the classifier, such pairs have come to be known as adversarial
examples [54, 73, 88].
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Let X be a linear space and Y a topological space. Fix p € P(X x Y),
r > 0, and let d be a metric on X. The following objective has been proposed
[viz. 25, 29, 79, 121] as a means of learning classifiers that are robust to

adversarial examples

[ s flatepudexdy) = [ swp @), (6.16)

e€B4(0,7) @eB z(w,r)

where f: X x Y — R is the loss of some classifier, and in the equality we

extend d to a metric on 2 ¥ X x Y with

- d(z,x’ =
(). @y e {0 VY
00 y#y.

The goal of this section is to prove a strong result linking (6.16) to the
distributionally robust risk in (rB). We begin with Proposition 6.9 which
verifies (6.16) is well defined. We then have a technical lemma before the
main result, Theorem 6.11, is proven.

For a Borel measure p € B(42), the completion of % ({2) with respect
to u is denoted % ,(£2). The universal sigma algebra on 2 is U(£2) &
Nuep) Bu(£2). We say a function f: X — Y is universally measurable
if for every open U C Y there is f~1(U) € U(X). Universally measurable
functions can be integrated under a Borel measure because for pu € B(X),
f: X — R is universally measurable if and only if there is a unique Borel
fu: X = R with f(z) = fu(z) for p-almost every z € X [19, Lem. 7.27],
and so we let [ fdu < [ fudp. The push forward of the measure ;1 € B(X)
by a measurable function f : X — Y is the measure fupu € P(Y) with

fan(dy) = pf~1(dy).

Proposition 6.9. If f : 2 = R, g: 2 — Rxo, and ¢ : 2 x 2 — R>q are

Borel, then the function w — SUP,/cp, (w,g(w)) f(W') is universally measurable.

Proof. Let T(w1,w2) = tp, (wy e(wr)) (w2) and fix wi € 2. Since Be(wy, ) is

closed for every r > 0, the level sets

2\ Bg(w1,g(w1)) >0
L0 u < 0,

VueR : 1eV>u T(wly : ) =
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are all Borel, therefore T'(wy, - ) is Borel for every w; € (2.

Let ¢, (w1) & c(wy,ws), fix we € 2 and consider

leveo T'( -, w2) = {w1 € 2| c(wr,w2) < g(wr)}
= {w1 € 2 cwy(w1) < g(wr)}
={w1 € 2|0 < g(wr) — cuy(wr)}

= leVZO(g(Wl) — Cuwy (wl))'

Since g and ¢ are Borel, so is the set lev_gT'( - ,w2). By a similar argument,
it’s clear the set levsoT'( -,ws) is Borel too. This shows that T is a Borel
function. Then for all v € R, using the concave convention co — oo & —oo,

we have

1( s f(w’)>
)

w'eBe(-,9(+)

=levy, ( sup (f(w') —T(- ,w’)))

w'eN

= proj; {(w1,w2) € 2 x 2| f(w2) — T(w1,w2) > u}, (6.17)

where proj; (wi,w2) % wy. Since f and T are Borel, the argument of the
projection in (6.17) is Borel too. The projection of a Borel set is universally
measurable [19, Prop. 7.39, Cor. 7.42.1], therefore w + SUp,/cp (W g(w)) (@)

is universally measurable. |
Lemma 6.10 will be used to show an equality result in Theorem 6.11.

Lemma 6.10. Assume ({2,¢) is a compact Polish space and p € P(£2) is
non-atomic. For r > 0 and v* € Be(u,r) there is a sequence (f;)iew C
Au(r) L {f € Lo(92,02) | [ed(id, f)gp <r} with (f;)4u converging at v*
in o(B(2), C(12)).

Proof. Let P(u,v) < {f € Lo(X,X) | fgp = v}. Since u is non-atomic and

¢ is continuous we have [via 101, Thm. B]

VVG‘B(Q) : feg%i V) / Cd(ld, f)#ﬂ = Costc(M7 y)'

Let 7* < cost.(u, v*), obviously 7* < r. Assume r* > 0, otherwise the
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lemma is trivial. Fix a sequence (ex)renw C (0,7*) with ¢, — 0. For u > 0
let v(u) <+ u(v* — p). Then

coste(p,v(0)) =0 and cost.(p, (1)) = r*,

and because cost, metrises the o(B(§2), C(§2))-topology on P(2) [135, Cor. 13],
the mapping u +— costc(u, v(u)) is o(P(£2), C(£2))-continuous. Then by the
intermediate value theorem for every k € IN there is some wug; > 0 with
coste(p, v(ug)) = r* — €, forming a sequence (ug)renw C [0,1]. Then for
every k there is a sequence (fji)jen C P(p,v(ug)) so that (fr)gp — v(k)

and
li did. f: = inf d(id
lim [ c (id, fik)wp fePtﬁ,u(k))/c (id, fr)#n
= coste(p, v(k))
=" — €.

Therefore for every k € IN there exists ji > 0 so that for every j > jj

/cd(id, fir)wp < r. (6.18)

Let us pass directly to this subsequence of (fj;) ew for every k € IN so that
(6.18) holds for all j,k € IN. Next by construction we have v(ug) — v*.
Therefore (f;x)jren has a subsequence in k so that (fjz)gp — v*. By
ensuring (6.18) is satisfied, the sequences (fji)jew € Au(r) for every k €
IN. |

We can now prove our main result for this section.

Theorem 6.11. Assume (X, c) is a separable Banach space. Fiz p € PB(X)
and forr >0 let

R, (r) = {9 € Lo(X,Rx>o) ‘ /gd,u < r}.
Then for f € Lo(2,R) and r > 0 there is

sup /u (dw) sup fw) < sup /fdy (6.19)
w'e

gERL(r Be(w,g(w)) VGB (17)
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Furthermore if u is non-atomically concentrated on a compact subset of X,
on which f is continuous with the subspace topology, then (6.19) holds as an
equality.

Remark 6.12. It’s easy to see that the left side of (6.19) upper bounds (6.16)
by observing the constant function g, = r is included in the supremum over
R, (r).

Theorem 6.11 generalises and subsumes a number of existing results
[48, Cor. 2 (iv), 124, Prop. 3.1, 124, Prop. 3.1, 120, Thm. 12] to relate the
adversarial risk minimisation (6.16) to the distributionally robust risk in
Theorem 6.5. The previous results mentioned are all are formulated with
respect to an empirical distribution, that is, an average of Dirac masses. Of
course any finite set is compact, and so these empirical distributions satisfy

the concentration assumption.

Proof of Theorem 6.11. When r = 0, the set R,(r) consists of the set of
functions g which are 0 p-almost everywhere, in which case B.(x, g(z)) = {0}
for p-almost all x € X. Thus the left hand side of (6.19) is equal to
J f(z)u(dz). Since c is a norm, ¢(0) = 0, and by a similar argument there is
equality with the right hand side. We now complete the proof for the cases

where r > 0.

(6.19): For g € R,(r), let I’y : X = X denote the set-valued mapping with
Iy(z) < Be(z, g(z)). Let Lo(X,T,) denote the set of Borel a : X — X so
that a(z) € Iy(x) for p-almost all z € X. Let A,(r) & Uger,. () Lo(X, Iy).
Clearly for every a € A, (r) there is

r> /c(:c,a(x))d,u: /cd(id7 a)ufl,

which shows {axpu | a € A,(r)} C Be(p, r). Then if there is equality in (6.20),

we have

sup / sup f(x)= sup sup /fda#u (6.20)

gER,(r) Y z'€ly(x) gER, (1) a€Lo (X, Ty)

= sup /fda#,u

a€cAy,(r)

sup /fdu

- VEBC (p,r)
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which proves the inequality (6.19).

(6.20): To complete the proof we will now justify the exchange of integra-
tion and supremum. The set £y (X, Iy) is trivially decomposable [50, see
the remark at the bottom of p. 323, Def. 2.1]. By assumption f is Borel
measurable. Since f is measurable, any decomposable subset of £y(X, X) is
f-decomposable [50, Prop. 5.3] and f-linked [50, Prop. 3.7 (i)]. Giner [50,
Thm. 6.1 (c)] therefore allows us to exchange integration and supremum in
(6.20).

FEquality in (6.19): Under the additional assumptions there exists v* € P(£2)
with [via 21, Prop. 2]

/fdl/* = sup /fdl/.
vEB.(u,T)

The compact subset where p is concentrated and non-atomic is a Polish
space with the Banach metric. Therefore using Lem. 6.10 there is a sequence
(fi)iew € Au(r) so that

1im/fidu:/fdy*: sup /fdy,
i€lN vEeBe(p,r)

proving equality in (6.19). (Thm. 6.11) H

6.4 Conclusion

Risk minimisation can fail to be optimal when there is some misspecification
of the distribution, such as when working with its empirical counterpart.
Therefore we must turn to other techniques in order to ensure stability
when learning a model. The robust Bayes framework provides a systematic
approach to these problems, however it leaves open the choice as to which
uncertainty set is most appropriate. We avoid this question by showing that
the popular Lipschitz regularisation corresponds to robust Bayes using a
transportation-cost-based uncertainty set. To further justify this choice of
uncertainty set we have seen that there are strong connections linking the
transportation cost uncertainty set to phenomenon of adversarial examples.

To do this we have borrowed tools from the nonconvex optimisation
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literature. In particular the closed convex envelope appears to be of somewhat
novel application in this area. By its introduction we have been able to
maintain tractability while making minimal assumptions about the model
class or loss function so that this theory can be applied to popular exotic

model classes such as deep neural networks.






Symbols

dom f
epi(f)

evy

ACB

tA
Lp(£2,N)

The dual cone of the set A.

The orthogonal space of the set A.

The negative of the dual cone of the set A.

The set [—o0, +00].

The set {1,2,...,k}.

The asymptotic cone of the set A.

The collection of Borel subsets of L.

The barrier cone of the set A.

The set of real, continuous functions on X.

The closure of the set A.

The convex hull of the set A.

The weak closure of the set A.

The d-metric ball of radius r centered at u.

The c-transportation cost of transporting the mass of u to v.
The Moreau—Rockerfellar superdifferential of the function f.
The approximate or e-subdifferential of the function f.

The Moreau—Rockerfellar subdifferential of the function f.
The Dirac measure at x.

The domain of the mapping f.

The epigraph of the function f.

The evaluation operator with ev,(f)(y) % f(z,y) where f €
go(X X Y)

The harmonic sum of A and B.

The indicator function of the set A.

The Lebesgue space of A-measurable functions f : {2 — R for
which |f], < occ.
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The set of Borel mappings X — Y.

The ¢ lower level set of the function f.

The least c-Lipschitz constant of the function f.

The collection of subsets of L which are convex, L. -full,
bounded, contain both 0 and an order unit of L.

The collection of of subsets M of the cone K which are closed,
convex, containing an order unit of K and have pos M =
K\ {0}.

The M-sum of the sets Ay, ..., Ag.

The dual M-sum of the sets A1, ..., Ag.

The gauge of the set A.

The normal cone of the set A.

The neighbourhood filter at x.

The co-gauge of the set A.

The set of probability measures on L.

The positive cone in the ordered vector space (L, >).

The set of couplings joining u to v..

The polar of the set A.

The conic hull of the set A.

The operator sending (1, z2) — 1.

The lack of convexity of the function f.

The support of the set A.

The weakest topology on L that generates L*.

The superprediction set of the loss function €.

The strongest topology on L that generates L*, more com-
monly known as the Mackey topology.

The order topology on L generated by the cone K.

The universal sigma algebra on X.

The antipolar of the set A.

The co-support of the set A.
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Bayes risk 63
binary classifier 93
bounded 19

canonical link function 75
classification 78
closed 24
co-radiant
loss function. 65
set. 2, 14
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loss function. 74
set. 14
co-support 15
cone 9
generating. 22
normal. 12
pointed. 9
conic hull 9
convex envelope 104

convex hull 9
coupling 103
coupling function 103

decomposable

loss function. 79

risk minimisation. 78
density ratio 93
domain

function. 9

set-valued map. 8
dual M-sum 29, see M-sum
dual cone 10

epi-multiplication see asymptotic
cone

epigraph 9

error term 94

evaluation operator 79
expected score 68

Fenchel conjugate 8§

full 11
gauge 2,15
graph 8

harmonic sum 30

indicator 15
isotone 48
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least c-Lipschitz constant 104 regression 78

link function 1,77 robust Bayes risk 3, 101
loss function 62

lower inverse 23
lower-semicontinuous closure 9

scoring rule 1,68
selection 8
set-valued mapping 8

M-sum 29 star-shaped 14
measurable 24 strictly P-proper 68
Minkowski duality 17 subadditive 9
model class 1, 62 subdifferential 9

e. 9

negative dual cone 10

asymptotic. 14
normal cone 10

sublevel set 9

sublinear 9
superprediction set 2, 64
support 2, 15

order interval 11
order topology 12
order unit 11

ordered vector space 10 transportation cost 102, 103
outcome space 1, 62 ball. 102

polar 10

positive cone 10
positively homogeneous 9
proper cone 23
properisation 75
pull-back order 79

push forward 112

uncertainty set 101, 103

universally measurable 112
sigma algebra. 112

upper hemicontinuous 23

upper inverse 23

upper-semicontinuous closure 9

variational representation 92
radiant 2, 14

Radon—Nikodym derivative 91 Wasserstein distance 103
recession cone see asymptotic weakly measurable 24
cone weakly normal 12
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