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L E T T E R  T O  T H E  E D I T O R  

O n  t h e  B o s e - E i n s t e i n  c o n d e n s a t i o n  o f  a p e r f e c t  g a s  

An a r t i c l e  b y  F o w l e r  a n d  J o n e s  1) on  t h e  B o s e - E i n s t e i n  
c o n d e n s a t i o n  of a pe r f ec t  gas  h a s  p r o m p t e d  a f u r t h e r  i n v e s t i g a t i o n  of t h i s  
p r o b l e m .  

As is well  k n o w n ,  a pe r f ec t  gas,  c o n s i s t i n g  of a v e r y  g r e a t  n u m b e r  N of 
B o s e -E  i n s t e i n par t i c les ,  enc losed  in  a box  of v o l u m e  V, ha s  a 
t r a n s i t i o n  t e m p e r a t u r e  T o , d e f i n e d  b y :  

N ( h 2 ,3/~ co. 

T~2~---~*kT0; = Z~-s""-i -- 2 . 6 1 2  (1) 

a t  w h i c h  t h e r e  is a d i s c o n t i n u i t y  in  t h e  second  d e r i v a t i v e ,  w i t h  r e spec t  to  
t h e  t e m p e r a t u r e ,  of t h e  t o t a l  e n e r g y  E of t he  gas, a n d  be low w h i c h  t h e  
p r e s su re  of t h e  gas  is i n d e p e n d e n t  of t h e  vo l um e ,  as w i t h  a rea l  gas  in  t he  
coex i s t ence  region.  T h i s  p h e n o m e n o n  is t h e r e f o r e  ca l led  B o s e -E  i n-  
s t e i n c o n d e n s a t i o n  2) 3). 

Now t h e  q u e s t i o n  p r e s e n t s  i tself ,  w h e t h e r  t h i s  p h e n o m e n o n  wil l  a lso 
occur  w i t h  a n o t h e r  n u m b e r  w of d i m e n s i o n s ,  or w i t h  a more  gene ra l  f o r m  
of t he  field.  T h e r e f o r e  (while  t a k i n g  t h e  usua l  w e l l - k n o w n  f o r m u l a e  of B o s e 
s t a t i s t i c s  to  b e  cor rec t )  we h a v e  i n v e s t i g a t e d  w - d i m e n s i o n a l  p o t e n t i a l  f ie lds  
of s u c h  a s h a p e  as  to  g ive  s e q u e n c e s  of e i g e n - v a l u e s  of t h e  f o r m :  

h 2 [ - S ? l  I saw-- 1] 
ei = es, ........ = cons t . - -m t a 2 + . . . .  + ~ A  (2) 

where  a is a n u m b e r  b e t w e e n  1 a n d  2; s 1, . . . . .  s w are  t he  w neces sa ry  
q u a n t u m  n u m b e r s ,  a n d  a 1 . . . . . .  a w are  c e r t a i n  " c h a r a c t e r i s t i c  l e n g t h s "  
of t h e  field.  (The lowes t  level ,  w i t h  s I . . . . . .  s w = 1, has  been  t a k e n  as t h e  
zero p o i n t  of t h e  e n e r g y  scale).  F o r  a = 2 t he  p o t e n t i a l  f ield is t h a t  of t he  
w - d i m e n s i o n a l  r e c t a n g u l a r  box ,  w i t h  s ide l e n g t h s  a 1 . . . . . .  aw; for a = 1 we 
o b t a i n  t h e  w - d i m e n s i o n a l  h a r m o n i c  osc i l l a to r  f ield (wi th  a p p r o p r i a t e  choice  
of t h e  c o n s t a n t ,  t h e  a 1 . . . . . .  a w can  be c o n s i d e r e d  as t h e  ha l f - axes  of t he  
(w-d imens iona l  e l l ipsoidal )  c lass ical  " l i v i n g s p a c e "  of t h e  pa r t i c l e s  a t  t he  
lowes t  level) .  

In  an  ar t ic le ,  s t i l l  t o  be  p u b l i s h e d  i), i t  will  be  shown,  t h a t  the occurrence 
and  character o / t h e  t rans i t ion  temperature  T O depend  on the value o / the  n u m b e r  
q = w / a  (quotient  o / t h e  n u m b e r  o / d i m e n s i o n s  and  the exponen t  o / the  q u a n t u m  
n u m b e r  in  the enerz),  e igenvalue) .  F o r  q ~ 1 there is no such po in t  To; /or 
q > 1 a t rans i t ion  po in t  exists ,  a n d  is de f ined  b y  an  e q u a t i o n  

oo 

cons t ,  v. T~-o q = Z ]--q ~ ~(q) (3) 
1 

in w h i c h  v is t h e  q u a n t i t y  
N 

- ( 4 )  

v = l  

The  c h a r a c t e r  of t he  t r a n s i t i o n  po in t ,  is as fo l lows:  Fo r  1 < q < 3/2, 
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E,  d E / d T  a n d  d 2 E / d T  2 a r e  c o n t i n u o u s  a t  T = To; d i s c o n t i n u i t i e s  o c c u r  in  

h i g h e r  d e r i v a t i v e s .  F o r  q = 3/2 ( j u s t  t h e  c a s e  o f  t h e  3 - d i m e n s i o n a l  b o x ,  
w = 3, a = 2), d 2 E / d T  2 s h o w s  a f i n i t e  d i s c o n t i n u i t y ,  fo r  3/2 < q ~ 2 
d 2 E / d T  2 s h o w s  a n  i n f i n i t e  d i s c o n t i n u i t y  a t  T = T 0. F o r  q > 2, t h e  s p e c i f i c  

h e a t  d E / d T  s h o w s  a f i n i t e  d i s c o n t i n u i t y  a t  T = T 0, so  t h a t  we  h a v e  a ; t - po in t .  
A w e l l - d e f i n e d  t r a n s i t i o n  p o i n t  T o a p p e a r s  o n l y  w i t h  a v e r y  g r e a t  n u m b e r  

N of  p a r t i c l e s  ( t h e o r e t i c a l l y  o n l y  fo r  i n f i n i t e  N)  ; t h e  t r a n s i t i o n  t e m p e r a t u r e  

T o is  f i n i t e  o n l y  [ in  t h e  l i m i t i n g  c a s e  N = co] if  v is  f i n i t e .  

F o r  t h e  b o x ,  a = 2, v is  e q u a l  t o  t h e  ( m e a n )  d e n s i t y  o f  t h e  g a s  ( t he  n u m b e r  
• t o  

of  p a r t i c l e s  p e r  u n i t  v o l u m e ,  n = N / I I a v ) .  If, w i t h  N -+ co, v t e n d s  t o  ze ro  o r  
v= l  

i n f i n i t y ,  t h e n  T o a l so  t e n d s  t o  z e ro  o r  i n f i n i t y  r e s p e c t i v e l y ,  i .e . ,  t h e  t r a n s i -  
t i o n  p o i n t ,  w h i l e  b e c o m i n g  s h a r p e r ,  a t  t h e  s a m e  t i m e  t e n d s  t o  ze ro  o r  i n f i -  

n i t y .  T h e  f i r s t  c a s e  o c c u r s  e .g .  w h e n ,  w i t h  a < 2, o n e  k e e p s  t h e  " d e n s i t y "  
tv 

n = N ~ / 7  a v a c o n s t a n t  w h i l e  N - +  co;  t h e  s e c o n d  c a s e  w h e n  fo r  e x a m p l e  o n e  
v= l  

i n t r o d u c e s  N = oo p a r t i c l e s  in  a f i e ld  w i t h  f i n i t e  c h a r a c t e r i s t i c a l  l e n g t h s  

a 1 . . . . . .  • ato (e.g.  a b o x  of  f i n i t e  d i m e n s i o n s ) .  
W i t h  N ~ co a n d  f i n i t e  v, in  t h e  c a s e  q > 1 ( t r a n s i t i o n  p o i n t )  a n d  a t  

t e m p e r a t u r e s  b e l o w  T o , t h e  n u m b e r  N o o f  p a r t i c l e s  in  t h e  l o w e s t  s t a t e  a l s o  
t e n d s  t o  i n f i n i t y ,  in  s u c h  a w a y  a s  t o  r e m a i n  a f i n i t e  f r a c t i o n  o f  t h e  t o t a l  

n u m b e r  N a n d  t h e  f o r m u l a  

N o ( T ) '  
- l - -  ~00 /5/  

h o l d s .  L o n d o n ' s  3) w e l l - k n o w n  f o r m u l a  for  N o / N  is  t h e  s p e c i a l  c a s e  for  

q = 3/2 ( 3 - d i m e n s i o n a l  b o x ) .  
L i k e  F o w 1 e r a n d  J o n e s 1), b u t  u n l i k e  L o n d o n a) we  c a r r i e d  o u t  

t h e  m a t h e m a t i c a l  p r o o f s  a n d  c a l c u l a t i o n s  w i t h o u t  a p p r o x i m a t i n g  t h e  (for  

f i n i t e  N)  d i s c r e t e  e n e r g y  s p e c t r u m  (2) b y  a c o n t i n u o u s  o n e .  O u r  m e t h o d  

c a n  o n l y  be  u s e d  w i t h  p o t e n t i a l  f i e l d s  o f  s p e c i a l  f o r m  (e.g.  w i t h  a r e c t a n g u l a r  

b o x ,  b u t  n o t  w i t h  a b o x  of  a r b i t r a r y  f o r m ) .  F i e l d s  o f  s t i l l  m o r e  g e n e r a l  

f o r m  c a n  p r o b a b l y  o n l y  be  t a c k l e d  w i t h  a " c o n t i n u o u s  s p e c t r u m "  a p p r o x -  

i m a t i o n ;  in  t h a t  c a s e  L o i1 d o n ' s  " m i x e d  c o n t i n u o u s  d i s c r e t e  s p e c t r u m "  

m e t h o d  is  t o  be  p r e f e r r e d ,  a s  i t  a v o i d s  s o m e  of  t h e  m a t h e m a t i c a l  d i f f i c u l t i e s  

w h i c h  a r e  e n c o u n t e r e d  w h e n  a c o m p l e t e l y  " c o n t i n u o u s  s p e c t r u m "  m e t h o d  

is  u s e d .  S . R .  DE C-ROOT *). 
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