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The smallest supergroup B(K) containing among its generators those of a constraint group X,
the BRST charge, and the corresponding ghost and antighost operators is constructed. The
supergroup B(K) can be enlarged to include the ordinary dynamical variables of the
unconstrained physical system. In a group approach to quantization B(X) generalizes the
ordinary U(1) phase invariance of wave functions. In particular this mechanism reproduces
the essential features of the BRST quantization. When X is diff S the critical values of string
theory are those for which the space of polarized functions on the enlarged BRST supergroup

is not irreducible.

I. INTRODUCTION

This paper is devoted to the general construction and
study of a supergroup B(K) introduced previously,! con-
taining among its generators those of a constraint subgroup
K, the BRST charge and the corresponding ghost and an-
tighost operators. This supergroup will constitute a crucial
ingredient in the framework of a group approach to quanti-
zation (GAQ)>™* to be considered. In fact, B(K) general-
izes the ordinary U(1) subgroup of the Heisenberg—Weyl-
like quantum symmetry, i.e., the phase symmetry of the
wave functions. From a mathematical point of view B(K) is
the fiber of a bigger supergroup, including general coordi-
nates and momenta, with a principal bundle structure. As a
by-product we shall recover the well-known BRST quanti-
zation.> In particular, the group B(diff S') will be en-
larged to a group B(diff S, diff S 'Q.¥R"*~ ) which in-
cludes the phase space operators o for open strings,'° i.e.,
the loop space group .ZR"““~!. Since the condition
0*=H0,0} =0 (Ref. 11) is trivially satisfied in the new
superalgebra, the critical dimension of string theory will
emerge in a nonconventional way. In Ref. 4 it was proved
that the space of polarized functions on the Virasoro group is
not, in general, irreducible. The irreducible Hilbert space
was obtained by just taking the invariant subspace defined by
the orbit of the enveloping algebra through the vacuum. This
space is a proper subspace for those (critical ) values of ¢ and
h for which the Kac determinant vanishes. In the present
case, the critical values of string theory will arise in a com-
pletely similar way. The nonirreducibility of the space of
polarized functions is the group-theoretical translation of
the Q% anomaly.

The use of a group as the essential structure in the quan-
tization of a physical problem has found application in many
areas. Apart from the natural application in the representa-
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tion theory of (infinite-dimensional) Lie groups'? it has
been successful in the treatment of nonlinear problems in
general and in those usually analyzed by means of the inverse
scattering method in particular. Yet for very special cases
that should have been of trivial significance, but where the
standard geometric quantization methods'® are fraught
with difficulties, group approaches show up their skill. This
is the case, for instance, for the quantization of a free-particle
constrained to a circle that is required to describe the dy-
namics of strings moving on a torus,'* or the quantization of
identical particles.® It has also succeeded in quantizing grav-
itational models with basic coordinates obeying (nonstan-
dard) affine Poisson brackets.'® It is needless to reiterate the
clarifying role of a group approach to quantization in relat-
ing symmetry and quantization, dealing with the classical
limit, position operators, etc.?

The group theoretic approach to quantization repre-
sents an improvement of the standard methods in many re-
spects. Of particular significance is the fact that the prescrip-
tion for quantizing physical quantities is neatly stated in
algebraic terms irrespective of the actual form of the basic
commutators of the theory, which is very important for non-
linear problems. Another example is the algebraic formula-
tion of the normal ordering. Once a particular subgroup (de-
nominated polarization subgroup, see Sec. II) is chosen, the
physical operators do automatically appear in normal or-
dered form. This avoids additional regularization proce-
dures and sometimes true infinities,'® i.e., infinities which
seem to be unavoidable from the point of view of the stan-
dard quantization techniques. Moreover, the group struc-
ture provides an adequate framework for incorporating dif-
ferent sorts of constraints which now appear as well-defined
subgroups. Even when no truly symplectic form can be de-
fined as a consequence of the constraints, the Lie product
still provides us with a (generalized) Poisson bracket.

Finally, it must be pointed out that the important struc-
ture in this approach to quantization is the basic associative
law supporting a Lie group, a Lie supergroup or, even more,
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just an algebraic group, rather than the concrete differentia-
ble Lie structure. Indeed the quantization techniques based
on deformation theory of Lie algebras'”'® finish with a non-
Lie associative algebra.'® In the case where the starting point
is just an algebraic group there also appears the possibility of
considering discrete symmetry transformations that play an
essential role in the quantum dynamics'** or, more general-
ly, formal group laws in terms of noncontinuous functions or
even distributions.

This paper is organized as follows. In Sec. II we reexa-
mine the essential ingredients of a specific group approach to
quantization (GAQ) also particularly suited for incorporat-
ing constraints. We show how the (irreducible) Fock space
arises from the space of polarized functions on the group.
Section III is devoted to illustrating the GAQ method by
means of the very simple nontrivial example of the free-parti-
cle constrained by the (non-Abelian) rotation group. In Sec.
1V we seek a supergroup B(K) containing an arbitrary con-
straint group K, the BRST fermionic operator Q, the ghost
and antighost operators, as well as some additional bosonic
operators that are needed to close the supergroup. The gen-
eral set of representations of B(K), dim K < o, is given,
although the mechanism equally well applies in dim K = .
In Sec. V two examples, one for K = SU(2) and another for
K = diff S, illustrate the previous section. The second ex-
ample shows some subtleties arising in infinite dimensions
and the capability of GAQ to handle such systems. Finally,
in Sec. VI we account for the by now almost standard BRST
construction® from our group point of view. It requires en-
larging B(K) so as to incorporate the ordinary coordinates
and momenta of the particular physical system under study.
Of course the structure of the enlarged supergroup depends
upon the algebraic structure of the unconstrained system.
The constrained Galilean particle and the bosonic string will
be analyzed. The second example illustrates the connection
between the nonirreducibility of the space of polarized wave
functions (for d = 26, ¢’ = 24) and the presence of the (Vir-
asoro) anomaly of the theory.

. DYNAMICS ON A GROUP AND CONSTRAINTS

We shall be concerned here with a concrete group ap-
proach to quantization (GAQ) which has been developed
over the last few years™ and which shares many basic fea-
tures with other more or less recent group theoretic quanti-
zation formalisms.!*!®!® The essential idea of GAQ is to
replace the Poisson brackets (or a deformed version of
them) for the basic quantities characterizing a concrete
physical system, for example, x', p;, and H, with the Lie
bracket of a Lie algebra with as many additional parameters
as needed to close the algebra. One notices at once that at
least one new generator must be added to the pair x\p s since
the Poisson bracket

xp} =86, ij=1..n 2.1)
can only be thought of as a Lie bracket of a Lie algebra if the
additional generator 1 is included. This simple phenomenon

leads to the theory of central extensions of Lie algebras.
The next step in GAQ consists of finding a canonical
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association of group parameters with differential operators
acting on complex functions defined on the group. This is
accomplished with the help of the natural structure of right-
invariant vector fields, i.e., vector fields X ® on the group
invariant under the right multiplication R, g = g*a. This is
not the final step because the so-constructed operators usual-
ly provide only a reducible representation of the Lie algebra
(Lie group) and therefore of the original Poisson algebra.
Let us look at an example before going farther into the for-
malism.

The fundamental Poisson brackets for the three-dimen-
sional free-particle are

{x'p} =61, {x'H}=p/m,
{an} = Oy Ij= 1’2,39 (2-2)

and they must be mimicked by using a Lie group. The sim-
plest group whose Lie algebra commutators are of the form
(2.2) is a one-dimensional central extension @m of the rota-
tionless Galilei group G parametrized by the mass m. The
central subgroup may be either the multiplicative group
U(1), parametrized by £eC/|¢ |* = 1, or the additive group
R, parametrized by the real number y. The group law is
written as follows:

B"=B'+ B, BeR,

A"=A"+ A+ V'B, AcR?

V' =V +V, VeR?

£" =¢'¢explitm/B) [AV + BVV 4 3V ]).
Since B, A, and V are supposed to carry the dimensions of
time, length, and velocity, respectively, a constant # with the
dimensions of an action has to be introduced to render the
exponent dimensionless. In (2.3) the group law for G,
g" =g'*g, has been extended by the modified law
& " = ¢ 'texplimé (g',g)/#i] of the (central) subgroup U(1).
The function £(g’,g) satisfies the so-called cocycle condi-
tions:

(2.3)

£(g'.8) +£(g'g8") —£(ggg") —£(gg") =0, (2.4)
&(ee) =0,

required to turn @m g5 E@m (2) into a true group law.
The set of the £’s that are not of coboundary form
£.(g'g) = 8(g'*g) — 8(g’') — 8(g), for a real function & on
G, constitutes an additive group H *(G,U(1)) of dimension
one, parametrized by the mass m. A coboundary can always
be eliminated by a redefinition of &, & =fe %

Differentiating (2.3) from the left at the unity we get the
right-invariant vector fields

& = % ) (2.5)
xR, —%+ —VE,
X, acz/' - 5?7 * %BV’:’
Xk =i %E =,
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from which the operators associated with the quantities B,
A, V, and £ must be derived. Their commutation relations
are

[ng,,X(A)]=O, [st)*X(RV)] <A'),
[X(A ) (A’)] =0, [Xfy)’ (w)] =0, (2.6a)
[X(V)’ wun 1 = (m/h)5,;E. (2.6b)

The fields in (2.5) act as derivatives on complex functions
on G,, satisfying the U(1)-equivariance condition:

Ed=igyY(5*g) = & *P(8), (2.7)
which factors out the dependence on the added variable £.

This completes the Bohr approximation to quantiza-
tion. The procedure has to be continued because the repre-
sentation of (2.2) by (2.5) acting on the 1’s of (2.7) is re-
ducible. A proof of that is the existence of nontrivial
operators commuting with the representation, i.e., with each
one of the operators in (2.5). The vector fields

99 g9 1
JdA JdB dA 2%
are examples of such operators and reducing the representa-

tion requires to kill them on #. The true wave functions are
complex functions on G,, such that

~—— mV?*E

(2.8)

B = i),

W _ 0, (2.9)

aA

v.9¢ 2
mV 0,

o”B + EN + y=
which means ¢ = §<I>(B,V), with & such that
i# 0®/IB = (mV? /2)®, i.e., the Schrédinger equation in

momentum space.
The vector fields (2.8) turn out to be a subalgebra of the
algebra of left-invariant vector fields 2°4(G,, ), on G,,:

L a V'i mVZ._

BT A T T
iy Eoo
X(LA)=£, Xf‘,)_—.%-{-?mA:, (2.10)

Xt =i —3%—5 E.
The vector fields (2.8) constitute the maximal left subalge-
bra containing half the generators appearing in the left ana-
log of the commutator (2.6b) and the kernel of the Lie alge-
bra cocycle, i.e., the linear mapping 2:9 X ¥ - R assigning
m/# to the pair (X ® vy X ( "4+ ) and O otherwise. This sort of
subalgebra will be called in the sequel full polarization subal-
gebra # and generalizes the concept of polarization in stan-
dard geometric quantization'® in that it contains the kernel
of Z to be referred to as the characteristic subaigebra.

The Lie algebra cocycle 2 is the algebraic generalization
of the symplectic form of the Cartan formalism.?® In fact, 3
can be substituted by a differential two-form on G,, taking
the value = at the unity. To do that we take the left-invariant
canonical one-form ¢~ on G,,,

FoIUPL, 4 SLNTL | 9IVFL | LOFL

(2.11)
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It satisfies 3 (X L) = X L,VX Le 2°5(G,, ). Then we select
the U(1) component (vertical component) ¢ *’=6, the
quantization form, and dO|, = 3. A ftrivial calculation
shows that

0= — mAdV — (mV*/2)dB + #d( /iL. (2.12)
The one-form ©, which is invariant under the right-invar-
iant  vector fields (2.5), dO(X®) +d(OXR))
=(iyad + di )0 =L;:0 =0, generalizes the Cartan—
Hilbert-Poincaré one-form of the variational calculus and
defines the Noether invariants

z,‘,fB’8=mV2/2, z'i,&,6=mV, (2.13)
— i?fv,e = mA — mVA.
Our generalized Poisson brackets
lige Oiyr O} =113n 31 (2.14)

reproduce the initial ones (2 2).

The classical “limit™ appears as the dynamical group
G,, corresponding to a central extension of G by the additive
group R. The replacement consists in substituting a real
function § for ¥,

X'=x+x+m[AV+BVVLIVH],  (215)
for the last line in (2.3) and
ES=18(r +8) =y +5@), (2.16)

for (2.7). Now the # constant is no longer needed as y may
carry the dimensions of an action. The effect of (2.16) can be
seen when writing down the “classical operator” X R acting
on the “wave function” S. We get for instance X%,, S = mV
instead of — /#X R (ay ‘¥ = mV and similar expressions for
other generators. For the polarization conditions a differ-
ence also appears:

Xk, 'S=O:>%+ﬁ2v~—-0
which is nothing other than the Hamilton-Jacobi equation
in momentum space. More details about the free-particle as
well as other examples can be found in Refs. 21 and 3.

The procedure so far followed can be repeated with gen-
eral groups or starting with a general set of (perhaps de-
formed) Poisson brackets. In Ref. 22 general formulas are
given to reconstruct a group law from a set of structure con-
stants. Here, in Sec. IV we will have the opportunity of deal-
ing with a nontrivial set of (super)Poisson brackets.

Let us go briefly to the general situation of a Lie group G
before discussing the constrained case which presents an ad-
ditional generalization of GAQ.

A quantum group is a Lie group G that in turnisa right
principal bundle with structure group U(1) or R, with a one-
form © naturally selected among the left-invariant one-
forms.2‘3’22 N

The structure of right principal bundle?* of G means
that its group law can be written in such a way that no un-
primed U(1) (or R) parameter appears in the group law
equations except in the one for U(1) (or R). That insures
that U(1) (or R) only acts from the right on the remainder
(remember that we write for the group law g” = g’+g). The

(2.17)
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case of a central extension is only a particular situation cor-
responding toa physical system with classical limit.

PR Jy 4+~ 4L P PR | antae S
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5 L e#L(G)~Z [for the sake of brevity we will think of a
structure group U(1) parametrized by £&; £&°%( G) is the Lie
algebra of left-invariant vector fields and & =2 (e) is the
usual Lie algebral, is the quantization form and plays the
role of a left-invariant connection form on the principal bun-
dle G—G /U(1). The curvature Q = d© is a presymplectic
form (generalizing the symplectic form of the Cartan calcu-
lus™ ). Unlike a proper symplectic form dO has a kernel. We
call € o =kernel ©Nkernel dO characteristic module of ©
and it turns out to be generated by a basis of a subalgebra
(the characteristic subalgebra) & o of Z*( G).The quotient
(G,0)/¢ o 1 a quantum manifold in the standard geomet-
ric quantization sense'? although we need not take any quo-
tient at all. Indeed the trajectories of the vector fields in & o
are the generalized equations of motion.>*' The Noether in-
variants are given by the right-invariant vector fields
#R(G) through the expression izr O=1.

A full polarization (polarization) & is a maximal hori-
zontal left subalgebra of G containing & (a subalgebra of
% o). The horizontality is naturally defined in terms of the
connection form © and means that © is zero on any vector
field in 2. This prevents & from containing any co-ordi-
nate-momentum pair. The nonexistence of full polarizations
is related to the presence of an anomaly.?*

Wave functionsare (complex) functionson G that satis-
fy the U(1)-equivariance condition from the left (2.7) and
the full polarization condition

Xip=0 VXl . (2.18)

Finally, the physical operators are the right-invariant
vector fields X e 2% (G) acting on ¢ as derivations. We will
not be concerned here with scalar products nor similar de-
tails that are found in Ref. 21.

Note that the group representations obtained in this way
are not necessarily irreducible, although reducing them is
now very simple because we know the explicit form of the
wave functions. For instance, in the infinite-dimensional
case (also for noncompact finite-dimensional groups) one
finds representations that are reducible but not a direct prod-
uct of irreducible components. The full reduction requires
defining a vacuum from which the right vectors (operators)
generate automatically the (irreducible) Fock space 57
(Ref. 4). A vacuum is a polarized wave function that is anni-
hilated by a right polarization (e.g., the right version of a
polarization 7' = 2'"). When this right polarization is the
right version #® of the polarization defining the actual
quantization, the vacuum turns out to be a Dirac-like vacu-
um. We refer to Ref. 4 where it is shown that the space of
polarized functions on the Virasoro group, although it does
not contain any null vector, is bigger than the irreducible
Fock space.

The generalization of the present formalism allowing
for constraints® is quite simple and consists in enlarging the
structure subgroup of G. Taking a subgroup 7 bigger than
U(1) (which for physically interesting cases will contain the
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U(1) group of phase invariance) requires a generalization of
(2.7) taking the general form,

W(g,48) = D@ )YX Ry =dD(X)y, XeT,
(2.19)

where D(dD) is a particular representation of T(.7") char-
acterizing the quantization. Of course ¥ takes its values on
the representation space of 7. One condition in (2.19) corre-
sponds to the U(1) equivariance, and the others are related
to constraints in the usual sense. In order to allow the theory
for general representations D, in particular one-dimensional
ones, (2.19) must be restricted to a particular subalgebra of
. As a subgroup of G, T may contain some co-ordinate—
momentum pair in addition to the T, [ = U(1)] subgroup
and a full polarization subgroup T’ can be defined much in
the same way we defined & (or its corresponding group)
inside & . The actual generalization of (2.7) then consists in
replacing the group T in (2.19) by the minimal subgroup
containing 7, and T,. Once a polarization Z of G has been
fixed we must select the subgroup T, in such a way that its
algebra be contained in the (left) polarization %’ whose
right version define the vacuum. Otherwise a trivial result is,
in general, obtained. More precisely, the algebra 7 in
(2.19) must be restricted to the subalgebra of 7, generated
by

(P'NT, Ty,
where .77, is the generator of 7.

To compare at this point with the Dirac theory of con-
straints we have to restrict ourselves to the case of a group
with the classical limit or, more precisely, to a central exten-
sion. The unconstrained phase space can be recovered as the
manifold M = G /(% ¢ )/T,. The constraint surface of M
would be defined by the equations i3 .0 =0, XReT/T,.
That submanifold could be in general nonsymplectlc (corre-
sponding to first class constraints) and a further quotient by
the kernel of the presympletic form is called for.

It must be noted that the constraint (2.19), which is
nothing other than a T-equivariance condition, is written in
terms of right-invariant vector fields (remember that they
generated finite left translations) although the bundle G
with structure group 7T'is a right principal bundle. Unlike the
polarization condition it does not commute, in general, with
the physical operators. Therefore, only a subalgebra of
& R(a), that of good operators, stabilizes the space of wave
functions (see Ref. 3 for details).

(2.20)

lll. A SIMPLE EXAMPLE: NON-ABELIAN CONSTRAINTS
ON THE FREE-PARTI!CLE

We start again with the Galilei group but this time in-

cluding rotations [parametrized by € such that
{€e] =2 sin(@ /2)]. The formula (2.3) is replaced by
t"=t'+1 R, (3.1)
x"=x"+R'(e)x + Vvt xeR3,

v =v +R'(e)v, veR?

€ =J(1 —e/4)e+J(1 —€/4)e — € Xe/2, eR?,
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" =C'Cexplim[xX’R'V+ t(VR'v+ v?/2) /%),
gel(l),
R(e); = (1 —€/2)8 + V(1 — €/4) 7' " + €,

where a more physical notation has now been chosen. The
application of the GAQ to G,, —G,,/U(1) [U(1) is the
structure group], as in Sec. II, leads to the same results as
before with the only modification that ¥4 (and therefore
#) contains the whole subgroup SU(2). The added polar-
ization condition equations X £, -3 = Ojust say /£ 4(e). In
fact, the left-invariant vector fields associated with € are

— & . i€k
Xf‘e’) = [1 1 4 < aj’ + njf .I—:(?_ (3’2)
L 4 ’ Z o€
and the matrix X’ L‘i has an inverse, so that
X f:; (3Y/9e’)y =0 xmphes V/9e = 0.
The richt.invariant ventar Aaldae V
A JiN ls.llb lll'ullulll- AAYCIAV] I FLWILN N\ 9 § ( )),
X,R [ 1—"52 6'—‘77’!k€k _a_
teh 4 2 1o
a " 8
—_ xk = (3.3)
77 Jk Ix B 77 al}k,

have, however, a nontrivial action on ¢, since although
Y#(e,x) aterm in 3 /Jv still remains which gives the orbi-
tal angular momentum operator.

Let us now consider the right principal bundle structure
(see the comment in the previous section) on G, G,,
—+<G /[SU(2) ® U(1)]. This means that the equivariance
conditions are now different. They are

XE, =2V =iy, (3.4a)
XR - =dD(J)y, (3.4b)

where dD(J’) is the representative of the abstract rotation
generator along €',

As in the unconstrained case the characteristic subalge-
bra of the quantization form &% is generated by
X {,,.X ,,) and the polarization one by (X%, ¥ 5, . X L)

Thus the full polarization condition (2.8) plus (3.4a) say

(¥R, =), d(Expe) = EP(x,0,p,€),p = my,
(X(G) ’X{‘x) ::> )7 I/J(X’t’p!e) = ¢(t:p)9 (3.5)
(X6, =), ¢(np) =exp{ — ™t /2mA}p(p), Yo(p),

where the condition (3.4b) is still left.

Radial motion: Take for dD in (3.4b) the trivial repre-
sentation dD(J) = 0. The condition (3.4b) on the arbitrary
function @(p) tell us

Op
pX—=0=¢(p) = @(|p}).
o0 (p) = ¢(|p|

“l-wave” motion: Now dD will be the irreducible repre-
sentation of SU(2) with integer index /, dD'?. The wave
function is made out of 2/ + 1 identical copies of the until
now arbitrary function @(p), ¢ ": G,, ~C**+ . Equation
(3.4b) implies

(3.6)

[€))

&pm

ZdD(l) (J)¢)(1) (3.7)
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ie., @ P(p) are the 2/ + 1 components of the momentum

wave function of the free-particle moving in /-wave.

V. “BRST” SUPERGROUP

The BRST transformation® was introduced in gauge
field theory as a powerful tool to derive the Ward identi-
ties.?® It has the form of a generalized gauge transformation,
(generated by a fermionic parameter) which leaves invar-
iant the effective Lagrangian including the gauge fixing and
the Faddeev-Popov ghost terms.?®

Using the BRST transformation as an essential ingre-
dient, Batalin, Fradkin, and Vilkovisky® have developedina
series of papers a generalized quantization method for arbi-
trary Hamiltonian consirained systems. In a path integral
approach they construct a generalized BRST-invariant
Hamiltonian (containing new bosonic and fermionic vari-
ables) such that the resulting S-matrix is gauge invariant
and unitary on the subspace of physical states. The impor-
tant feature of this method is that it does not require the
closure of the gauge algebra off-shell. The method has also
been applied to (super)gravity and (super)string theory,
where the Virasoro group plays (in a sense) the role of an
infinite-dimensional gauge group.

In a geometrical analysis of the Yang-Mills case, the
ghost fields were interpreted as Maurer—Cartan forms on the
infinite-dimensional group ® of gauge transformations and
the BRST operator as exterior differential forms on & (Ref.
27).

A complete cohomological interpretation of the classi-
cal BRST formalism for the case of a true gauge theory is due
to McMullan.” There, antighosts arise as part of the Koszul
complex that encodes the fact that the dynamical system is
restricted (by the constraint equations) to a submanifold of
the phase space. Ghosts arise in the gauge group cohomo-
logy to describe the fact that points along gauge orbits on the
constrained submanifold are physically equivalent. The
BRST operator is the differential operator of the resulting
double complex.

Henneaux?® has elaborated on the classical aspects of
Hamiltonian BRST theory and shown that the existence of a
BRST operator is related to the existence of a series of high-
er-order structure functions (associated with a given set of
consiraint functions) satisfying certain identities of Jacobi
type.

Using homological algebra tools, the existence of a
BRST operator can be shown for a large class of constrained
systems,”” in particular, for reducible gauge theories, where
the constraints are no longer independent and hence more
than one generation of ghosts is needed.

For an operator based, but not necessarily standard
quantization of these classical structures one would like to
translate the BRST cohomological description into differen-
tial geometric language. A geometric model for the extended
phase space of the BRST approach for the Lie algebra case
has been given in Ref. 8 in terms of a fiber bundle over the
phase space S with fiber . (G) @ . *(G), the direct sum of
the gauge Lie algebra and its dual. The structure group of
this supermanifold is the orthosymplectic group which the
BRST operator “breaks” down to the symplectic structure
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group of the physical reduced phase space. A complete geo-
metrical formulation is needed to get some control over what
is happening off the constraint surface—a fact that is expect-
ed to be of importance in any quantum theory—and to throw
some light on the question of whether the case of an open
“gauge algebra” is fundamentally different from the case of a
true gauge algebra of constraints.

Our approach here is rather different in that we will not
attempt to explain the “naturality” of the fermionic vari-
ables present in the formalism. On the contrary, our starting
point is an associative formal group law®' (a straightforward
generalization of a local group law) whose variables may
easily be turned into fermionic ones. As far as this math-
ematical structure is concerned, fermionic parameters re-
quire no special motivation and our scheme is simpler in
structure than those involving differential forms on a bialge-
bra joined to the unconstrained solution manifold S, etc.
Moreover, and this is perhaps the most important feature
from the physical point of view, the treatment of general
systems will be quite similar to that of the free-particle or the
harmonic oscillator. In all these cases we look for a super-
group from which the adequate (quantum) constrained dy-
namics is obtained with the help of the GAQ formalism.

First of all we will concentrate on that part of the super-
group which is closely related to the constraint subgroup K,
disregarding the ordinary variables of ¢, x, and p type. Hence,
our results will apply to any physical system whose con-
straint subgroup is known and we will express all formulas in
terms of the group law for the bosonic subgroup K and the
adjoint (and coadjoint) representation of its Lie algebra %".

The smallest supergroup B (K) containing K, the trans-
formations generated by the BRST charge and the ghost and
anti ghost operators contains additional bosonic transforma-
tions.! In fact, although the operators k,, Q \I/ generate an
algebra,>? the one generated by k,, Q, L k=1,
dim K does not close as can be seen by usmg the standard
formulas:

[hok ] =1 P (K% ] =19,
{9, 9%} =481, [k, 9%] = —f, %",  (4.1a)
{@’\/I\ll} = IQ("

where
0 =%k, + 1 £, 0,9+ jeR (4.2)

[see the comment after (4.10) concerning the relative +
sign].

The Jacobi 1dent1t1es reveal the need for a new set of
bosonic operators T to account for the anticommutators
{0, 9*}. These new operators were already considered in
Ref. 33 as additional conceivable BRST invariant operators.
They will play an important role in our theory (see later on
in this section). Adding the new generators

T={0,0+3, (4.1b)
(4.1a) is completed with the following commutators:

[0T1=0, [T:T1=0, [T:9%]=0,

(9,71 = —f@om, [k, = —p,8m H1O

A remarkable property of B(K) is that no anomalous
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term (nontrivial central extension) is allowed for the subal-
gebra %" as a consequence of the anticommutator
{Q,‘I/ }= k In fact, B(K) is the simplest quantum super-
group which forbids any possible central extension of the
constraint subgroup. The fermionic character of Q, l;ll and
* is a consequence of this requirement. In spite of these
considerations the subgroup generated by K, ¥, ¥* could
admit a (negative) anomaly, for instance when K is diff §''.
Another interesting property concerns the new generators
T;. Although they do not have any dynamical content (in
the sense that no central term appears on the rhs of
[ T,,T 1), the subgroup of these new generators affects the
definition of the physical vacuum. Of course B(K) can be
enlarged so as to contain the actual set of coordinate-mo-
mentum pairs of the physical system under consideration
(see Sec. VI).

Our task now consists in finding a supergroup law on the
set of variables £, g, W, W¥, T,,, ¢ in such a way that the
relations (4.1) correspond to the commutators of the, say,
right-invariant vector fields X ® e X4 P X fw,) , X f\!'k)’
XR (r,)> and XR (- Note that SIS(K ) has the structure of a
quantum supergroup, indeed, it is a central extension para-
metrized by A, with dynamical variables V', W,

We now give the supergroup law of Bk ) for a general
constraint group K with vector realization R ' t

R" =R%RY —gf,'R'.RAR 5",
W =Wt RS — g f R IR, WY,

W = WX 4 R MWE - fAR 0 MOT,,

+ g R,
Ty=Ti+R ;"I +qR;™E ¢"=4q +q,
£ =¢'¢expi(A/D{WFR W — WFR WY

+ SR 7T, WOR T g

1 1L ip oem i I AR mp o —
+7qf}kR,,- ‘I’f‘,,‘ll"l/k—{—qf}k\[”R,,’;\l’ R~ 5y*

+ % Gfufon R~ PR WN™T ]

From (4.3) the left- and right-invariant vector fields

(4.3)

agnb i

ag/a g=e agb
4.4)

~ a-”b a .
Xfa) agga ~Ib ’ Xﬁl) =

are easily derived keeping an eye on the even or odd charac-
ter of the variables. They are

Xf‘ll) =R/, %“qX(LL{) %—%R{}W*IE,
qu,,.,)—R.;“aij —qR“'g%—qR.;“:,»
X W ai. _%R;“\WE,
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> _y 0 i wn O
Xfr,->=R-f'ﬁ+R S avr’
J __

X(Lp —’?-a—é_E-‘:, (4.5)
5 d R,j ad 1 ad

rR Y ¥4 s Y 2o gk
Yo =gt XV go =7/ v

+wr aiT, + (A /2)f5, UmYUrE,
R 0 ; bel
Xy =Xy o5 =¥ =
pa | a
— jf;\pz “ j’;TkL,
o> aT,

xr, =9 kT, ‘9+ (fT\I/f YR E

(€ 59 —5‘1” itk a.q‘ k + —
> ad A 5 J

R _ 2w R —

D gk Ty VE X T
¥R =i§i== (4.6)

(© ETa .

where X (L;',) and X f,jj) are the components of the left- and

right-invariant vector fields of the subgroup X,

The GAQ mechanism can now be applied just as a
mathematical tool for working out the representations of
B(K). Before going to the quantization mechanism let us
compute the classical Noether invariants associated with the
symmetries (4.6). Writing the one-form O as

O=9LOXL 4 LWL L §LOXL,
19L(W'):X"L 191‘(T)XL ﬂL(g)X&)’ (4.7)

the condmonse(X(g, y=1, e(X(a,,y othery ) = Olead to the
very smple expression

o=4 (\v* AV 4 W qpry — —f,,,,,\l""\ll" dT, + dg
(4.8)
corresponding to some kind of multi “time” (7)) dynamical
system with Hamiltonians H* = (4 /2)f%  w"¥" (note that
the characteristic subalgebra is generated by X & » and

X&)
The Noether invariants are obtained at once:

x2,@= — (A/2)f,, V"V =0,
IXR 6= —-ﬂ(fk \I’m‘llt“ T"\P"\I/i)Esi,

iyr @ =A(VF +fR¥T,) =i, (4.9)
iyr ©=AW=i,
i)?f“8= — A/}, YW=,

Among them there exist several relations and only {, and {*
are independent. For instance, the classical BRST charge £
can be written for 4 = 1 as

Q=¥ + 3 TP, (4.10)

where it must be stressed that J is the fofal “angular momen-
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tum” invariant & + &, giving rise to the -+ sign in the
expression for 9,33 ‘

Applying our quantization met.‘oﬂ to the present (su-

per)group, the wave functions are complex functions on
B(K) which satisfy

xr - Eié'aig‘y:i‘lf, (4.11a)

XLw=0, VXl (4.11b)

For the particular case of B(X) and irrespective of the di-

mension of X (finite or mﬁmte) there always exists a full
polanzatxon cantammg XL Y Vi=1,..,dimKX,

(X (k,) (\y;},Xf‘Tk) Y, Ljk=1l..,dimX,

(4.12)

and this type of full polarization will be called natural polar-
ization, %2

Solving Eqs. (4.11) for the full polarization 2 ¥ leads to
the following set of Fock states:

IV AL D14 TN G
~EWW W G =1, dim K,
where the weight function W is given by
W = exp(d /2)i(W*V" — FYXYNWIT, ),
The action of the operators X ® on the basic states [1), |¥) is

(4.13)

XD =0, X&) = — /e ew),
(kf)“> =
(k/)!q’)"‘ —fm [q;m) qu;l)‘l>=os
W,ny) iy
Rl 1) =190, T 199 = 2[99,

Xy 11 = — (A7) if," e,
X8 WY = — (A/2)if,,/|W¥¥™m). (4.14)

The expressions for arbitrary states [¥"- - -W™) follow from
the factorization property of wave functions. Looking at
(4.14) we can find relations among operators, for instance

A=1):

‘Y R R
zX(q, =X

iy R R
(k) (‘l’) zf'""X(\!‘) X

S SRS 49 (4.15)

The group B(K) presents a special case since, unlike for
most other groups, the weight function |1) cannot be consid-
ered as the physical vacoum from which the creation opera-
tors generate the state space, This is due to the fact that the
state |1) is not annihilated by all the right-invariant vector
fields associated with the algebra & (of “nonstep” opera-
tors) as is normally required, since X £, 1) 0. Thus an
appropriate vacuum |0) must be chosen from the polarized
wave functions (satisfying X & ¢ 10) = 0if the corresponding
X s lies in ¥4 ). When the constraint group K is finite
dimensional we find the “Dirac sea:”

dim &

0y =¢w [] ¥

i=1

(4.16)
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V. EXAMPLES OF BRST SUPERGROUPS
A. SU(2)-BRST supergroup

The simplest non-Abelian example of a BRST super-
group is B(SU(2)) which will play (in Sec. VI) acentral role
in the study of the constrained quantum free-particle. The
‘E(SU {2)) group law can be derived at once from the general
formulas (4.3) by simply specifying the matrix
R'; =R (€) [see (3.1)] and substituting 5%, by fi. It is
however instructive to write down explicitly the group law
for the parameter e itself. The first line in the expression
(4.3) suggests the ansatz

€"' =€l + g M(€ €)WV (5.1
where €" gy, is the composition law for the SU(2) param-
eterin (3.1). In order to find M we only have to compare the
terms proportional to 4" and antisymmetric in / andj in both
(R'*R)'; and R(€")’;. The solution for €” is

€/ =€y +9R l(e)f[&&m
+ 17 €552y | W5 (5.2)
We see in (5.2) (the situation in the general case is similar)
how the ghosts, along with the pure BRST transformation g,
generate ordinary rotations. A parallel phenomenon was
found in the super-Poincaré group law whose supertransla-
tions generate ordinary translations.*’

The expressions for X~ and X ® are immediately ob-
tained from the general formulas with the replacement
Six =1’ Even more, the entire quantization (representa-
tion) process is obtained from the general one by the same
replacement. Indeed, and as a consequence of the finite di-
mensionality, there is only one (up to equivalence) polariza-
tion which corresponds to the one described in the general
case, i.e., the natural (full) polarization.

B. Diff S'-BRST supergroup

The infinite-dimensional case is in general more compli-
cated because a full polarization leading to a physical repre-
sentation may not exist. Fortunately, a nonfull polarization
may provide the appropriate quantization. The nonexistence
of an adequate full polarization is related to the nontrivial
cohomology of the group K [although the anomalous term
is, of course, forbidden by the structure of the whole group
B(K)]. This is the situation for K = diff S' whose group
law is (see Ref. 4 where the general cocycle is also given):

1~n=l'n+ln+iplplm—p+ (I-P)2/2!lpllmlm..m_p

4 4 z

m 4. mtp=n

(l'p)’/f!lpl'm""l'm’-{-

(5.3)

Using (5.3) it is not difficult to integrate an algebra of the
form

[Ln’Lm] =i(n_m)Ln+m’
[L., L] =in—m)T,, .,
[T..I,]1=0,

irrespective of the explicit form of the generators I',,,, to get
an expression for the vector realization R, acting on the

(5.4)
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parameters ¥ of I',. We obtain y""=¢"+ R (I")Y"
where

ka(l)=afn+ z Bﬁpmlnl_’_'“
n+m=k
1 k L TR L B,
+j_1.n,+~~~+zn,+m=anlmnﬁ’nl 14,
(5.5)

B, =il —n+m],

B, n=F[2nn, —m(n, +n,) +m*],

Bl =P (=Yny o+ (= Y= 1)
X[mny o on_y +mminyon_, +
g eony m e ],

A similar mechanism [raising the index m of T'in (5.4} ] can
be applied to determine R ~:

R - =8 + ﬁﬁ‘,hml"'+---
n+m==k
1 ~ n n

+_ Bﬁnml l...ll+..’
B%  =i[2n+m],
B, L =2[2nmn, +2m(n, + 1) +m?], (5.6)
Dk
B

=i/[2( — k)2

X{mny, +nyny + - +nn; 4 nyn,

4+ npn; +nyn, 00 +n_n)

+2( = kYT oy + o ) + (= KY].
As already mentioned, the structure of B (K) does not allow
any anomalous term to appear in K. Thus for K = diff S/,
the parameter ¢ of the conformal anomaly (central exten-
sion) in the commutator

[Zn,im] =i(n— m)2n+m + &en® —c'm)s, _,,
(5.7)

must vanish. On the other hand, there are no restrictions on
¢’, which parametrizes a family of pseudoextensions (trivial
extensions behaving in the GLAQ-like true extensions).* The
commutation relations for B(diff S') are (4.1) with %,
=y —1(m—n), ., (57) withc=0, and

O9,}=L, — (¢/24)5,,. (5.8)
For ¢’ #0 the characteristic subalgebra &  is

ge = (:‘;f‘lo) ’le‘r,,) > (5.9)
The natural (full) polarization (X%, X oh X (Lq,;) X 1)

has to be discarded because the corresponding (Dirag)
vacuum SWII, " (wedge product) is infinite and the L,
operator is divergent.>® The correct quantization of
%(diﬁ' Sy follows from a new kind of polarizations of
“standard” type®? that are not full polarizations (they can-
not contain all the generators X (LT" , »n€Z). Out of those, only
the following two are not equivalent:

S_(¥yL VL YL VL VL VL
P°= <X(1">°) ’X(w"“’) ’X(w:>o) ’X(Tn,o> ’X(wg)’XW ?

s VL YL VL YL VL (5.10a)
P = <X(/"<"> ’X(w"<°> VE o) ’X(T..>o) ’X(w°> ).

(5.10b)
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Taking (5.10a) as a polarization for the general space of
wave functions one obtains a representation whose weight
function (of the form [0) ~ W where W is a common fac-
tor) behaves as a vacuum invariant under (the mght-polar-
ization generated by) X% ..., X% .., X(q, o X
This is the only choice of polarization leading to a “Q-coho-
mology” of states in the more general scheme of the next
section. We are not going to dwell on the explicit calculation
of the above-mentioned representation of B(diff $'), since
the next section deals with a bigger supergroup having
B(diff S') as its structure group and we will then have to
reexamine the situation in a more physical context.

VL. ENLARGED BRST DYNAMICAL SUPERGROUP

In the last two sections we have been concerned with the
supergroup 8B (K) associated with the constraint group K of
some unspecified physical system. In this section we shall
consider the whole dynamical supergroup B(K; G) from
which the GAQ formalism determines the quanium theory
of the physical system. The notation B(K; G) stands for a
supergroup enlarging B(K) in such a way that it contains
the usual dynamical operators of type %, p, H etc. of a quan-
tum group G of which K is a subgroup. The cases G = G,,
K=80(3)CG,, and G = diff S'@.LR™ -, K= dli’fSI
are two examples of this type that will be studied in great
detail. Indeed, only concrete cases can be extensively ana-
lyzed since the procedure of enlarging B(K) depends very
much upon the basic commutators between %, p, and H
However, a common feature of the enlarged supergroups
B(K; G) is that t they must contain a fermionic (bosonic)
operator kK = [Q,x] associated with each bosonic (fer-
mionic) coordinate- like operator X and a fermionic (bo-
sonic) operator 7 = [Q,p] for each bosonic (fermionic)
momentum-like operator p. Fortunately, [Q,H ] can be kept
Zero so no other new algebra element is needed. These new
operators are entirely analogous to the nondynamical opera-
tors T already introduced in §B(K ) and, even more, to the
operators k which might be thought of as the bosonic part-
ners of the operators W.

BK:G) is a right-principal  bundle B(K:G)
-B(K;G)/B(K) with fiber B(K) and will be regarded as a
quantum group, replacing the standard U(1) phase invar-
iance of quantum mechanics with the supersymmetry B(K)
by means of the condition (2.19) of the general GAQ ap-
proach. The continuity equation is therefore supplemented
by extra Noether currents, one of which is the BRST charge.
The advantage of using this quantum supergroup rather
than G itself, like in Sec. IT1, is that it automatically gives the
Q cohomology in the space of states, thus making easier the
choice of a physical vacuum,

We now apply the GAQ formalism to the two examples
mentioned above, one of which is infinite dimensional. Al-
though the full supergroup law can be given in both cases, its
explicit form is not of interest to us here. Only the expres-
sions for the left- and right-invariant vector fields on
B(K:;G) willbe given. A complete group law can be obtained
by using the general formulas given in Ref. 22 for which the
coefficients in the components of X X and X~ serve as an
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input for fixing the “gauge” freedom of choosing different
parametrizations of the group.

A. BRST-Supergroup-quantization of the SO(3)-
constrained free-particle

In Sec. III A we considered the central extension G, of
the Galilei group G and in Sec. V A the BRST supergroup
associated with the SO(3) subgroup of G, B(SO(3)). We
must now find a consistent way of mixing the Lie brackets of
B(SO(3)) and G,,. The following nonzero brackets can be
added to (4.1) without violating the super-Jacobi identities:

[0%,] =ks (P9} = — itk

(08,1 =% [T8]=ms"%0

[2,¥]) = —m&,1; [J.V]=n/:D
{‘n"‘\’j}='}’77;jk{fk> [-}n”“"]=77f‘jk’?k§

[#:D7] = ~ yp/ W [ W] =0/

[#2,] =’ 0% [B5] = 8%

&, 9= — %% [BY] =56%; (6.1)

where the constant y is forced to be equal to m/A. An indica-
tion of how special the dynamical enlargement procedure
leading to B(su 1(2) ;@m)\ is, is the fact that the analog of the
commutators [ H,¥], [H,¥*] would be nonzero for a non-
free system, for instance the harmonic oscillator.

As already mentioned, we only give here the (exact)
expressions for both left- and right-invariant vector fields
from which the entire quantum dynamics are derived. The
left generators are

¥L ___5_ FL __XLsfa

gy 7 dq ’ (e'y SERE T
3 Y Y R
R T i
3 3 s d
L = — 1 — _ s
Ko =R [a\p*f Tor, " Y aw;*:]

— (A/2)R ~LWE,

Xtr, =R "'~[i+ﬂ’mn 9 ],

aT, avx
X, = ﬁ[-%—q%——qmm" "’ai,,] :
X6, =R “‘.",[—%-—qa—i- qn."mn‘!""ai] — R Y,
Xt 2t 7R | = g7 2
” a\i: A a\?l;l‘)} +mR Y [x
e g O — YOS — W) | B,
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5'(1,‘ ___R~hv_+ LY 5] R“l’ -
{ o 7 av, + 7. [7
d J J
x [ k™ x™ — g kP -2
(" e v )|
+ % mR =gl WM (x" g W) E,
> d d d ;
Xt == 4 8%, — + 6%, — yyiky,
=5 ax) g VT Gy
+ —1—"/7,",( v, J + m[ivz — —1—7f"",,vj‘yk‘¥"]E,
2 or, " 127 T2 |
a
XL =it —=E, 6.2
&) g a; ( )
where use has been made of the already known expressions

2 0
w
=1
g
i}
=]
Q
(=
=]

R(e)) and X (L:, corresponding to
[see (3.1-3.2)]. The right fields are given by

X8, = jq +XR W %—%%N"P*a%j
+ W aaT —x —a%+ j Do V™ VWEE, (6.3)
Xl =X —ﬂu.'*(‘l”%ﬂfg‘%ﬂf%)
=¥ G+ T
+v,aak —i—vj%),
/?fw'>=ai\w—ka,ag*+m ai'*‘ﬂ:k,%
+ (A 72) (95T, W + ¥})E,
X’(Rw:*) =£;&+%wa, X'{zm =aiTi’
X, = ;, Y0k v 8‘(19% +m(v,- —%n,m,kw"’v,()s,
X%, =0%+6'ft a‘i — ytp'v, a\i*
+ mét (vj —%njm_"\ll’"vk)E,
}fﬁ) =%+ ¥ kY, 8\(?/:
+ ¥k arT, —%mmm’f‘l'"'v,i,
X8, = a‘i +5"taal+7/m”s ) Jor TV G
- mey’, W™, E,
X% ='g;» X% =f§—a%55-

The brackets (4.1), (6.1), and the omitted vanishing ones
are automatically satisfied by (6.3) and the same brackets
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but for a global minus sign by (6.2). Another crucial condi-
tion that (6.2) and (6.3) must verify in order to be the left-
and right-generators of a group law is [X £,X ® ] = 0, which
in fact holds.

Tha Aanantizatinn foarm O ic ralenlatad hy T nnlifn
P iw quallubauuu IVUKLLIL \J 1D val\.«ulat\.u Uy UDllls uai I-y
on (6.2) and obviously generalizes (2.12) and (4.8):

O = —m(x—¥Xk)dv—im(v—vX¥)’dr

+ (A 72) (¥*d ¥ + Wd ¥*) — %(\I‘X‘I’)-dT

A4
U.r

. 4 2 16 AN
uv - . (} ]

The Noether invariants are the inner products /5 »© where

X R runs over the whole right algebra. They also generalize
(2.13) and (4.9) for the case K = SO(3):

—~ (A 72)(IXY)¥* — m[¥Xx

—¥X(¥XkK)]v=90,

i}{*,e = — A [P*XV + (TW)¥V] — m(x — PXK) XV

—mvX[FXx +¥X(TXK)]=T,

iys, © =A(¥* — TXW¥) — mvX(x — ¥Xk)=f,
rg,., O =AW=, — (A/)¥X¥=T,

zx,ﬁ)6=m(v—vx\l’)zg,

im)e= —m(x —¥Xk) + mt(v—vXW¥)=p,
zxa)6=m(v—vx‘l‘)><\l’zf,

i}ﬁ)e= —m(x —¥XK) XV + mt(v—vX¥)X¥=n,
ixe ©= —Im(v—vX¥)’=h. (6.5)

All of them can be written in terms of the basic ones g, o, f, {*,

and, in particular, £ assumes the standard form (4.10).
The characteristic subalgebra, which is generated by

left-vector fields in the kernel of both © and d0O, is given by

9 - <X(q) ’Xfe)’:?f‘T) ’x'f‘lc) ’va‘\') ’X,ft) (6'6)
and the following full polarization can be chosen:
P =(G o X by, X L)) (6.7)

According to the general scheme of Sec. II the physical
wave functions satisfy (2.18) with the polarization given in
(6.7) and (2.19) with T = %(SU(Z)). We first solve the po-
larization conditions and (2.19) for just the U(1) generator
of B(SU(2)) (X(g) = {¥) and then the rest of (2.19) (in
this way we can see what would have been the unconstrained
wave functions associated with the fibration
%(SU (2) ;<[~;,,, ) B(SU(2) ;@,,, )/U(1). These equations lead
to

Y=3 C,. . 5P(v—¥Xv)exp[ —i/2(v— Wxv)mt ]

Xexp(i(4/2) [¥*¥ — (¥ X¥)T])
XWIWE g =123, (6.8)
where ® is an arbitrary functionof v — ¥Xvand C, ;,...; are

arbitrary constants. The remaining equations force C,

iy

tobe zero, apart from C,,; which remains free. Developing ¢
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in a power series, only the leading term contributes since the
“Dirac sea” W'¥*¥” in (6.8) does not allow for any addi-
tional power of W.

Therefore, the final wave functions are

¢=§¢)(v)e——i(m/2)v21\quj2\y3’ (69)

where the function ¢ satisfies either (3.6) or (3.7) according
to the particular representation of SU(2) chosen in (2.19).

B. BRST supergroup quantization of the free-string

In this example, B(diff S') must be enlarged so as to
incorporate the transformations generated by the operators
of type X, p for the string. They are the generators of the loop
group in R~ &%, u =0, ...25, neZ. The energy operator
L,=H is already contained in the constraint subgroup
K=diff §'. An admissible Lie superalgebra for the complete
supersymmetry has the following nonzero brackets:

[a4.a7,] = ng”s,, _ ,, 1=3 1;
[EMEm ] = (n - m)zn+ " C'/12n5,,,_ m
=f, "L, — /1218, _ .,
(L8] =mah, ,=F,, (9,9} =57,
A oy A A
(LY, ]=(—m)¥,, . =£, ¥,
[f,,,@;',‘,] = — Qn+m)Trntm= ~ﬁ,km@*k,
[0as] = {09} =L, —c/245,,1
{09+}=17,,
| = ity = Fy it
A ) A
n’Tm] = '—(2n+m) M= nkak’
An’&;r] = - ynmgyv(l\,*n th= 7’2';3: ms k@*s,
{#e,7} = ynmg" T+ "=y 3irF,, T,
{#,9,} = mat  , =F, e [9,T7] = —f,,"0
where the constant ¥ is again fixed to 1/4 (the central exten-
sion parameter for the &’s has been put equal to 1).
The search for an exact expression for both left- and
right invariant vector fields reproducing (6.10) and the
same formulas but for a minus sign can be undertaken fol-

lowing the general method of Ref. 22, as we have done in-
deed for the subgroup diff ' whose exact formal group law

(6.10)

to take advantage of the experience acquired in the previcus
example and the already known exact expressions for
diff $''. We write directly the left fields (keeping the general

constants f&,,, F,, and 4 facilitates the calculations):

¥hy =L xiw - e L
+ ¥ 3;" —a 0"8,‘ + —%ffm,\lf'"w\v;"z
+ -Z%Xf;; Yz,

Fh = XU = 1w (Y oo

k] a ki
+T, +Frfar -2 4 o
aT,,) ( “ darm avr;:’)
¢ o —
+'E (Xf;:) —5,',0):-;
- g _ J A 3
Xb =—+ T, —— + Fimh —
0 = g TIT) Gy T U da,
A : -
+?(f{;Tf,‘\I/*+\IJ,):,
f’w:’=-‘9—ﬁ+7q’:, Xfﬂ):a_?"i’
5 a 4 4 K v
X, =+ Lser,m 2 - L3
@ gan 2 T gy T2 o
——%Ff,,pllf"’ﬂﬁ)E,
Xy = Lsprie S Ly, O
D e 2 our 2 9T,
+ (k/2)SHFS,, Yl E,
5 E
Xt =it-Z =5, 6.11
© §5,§ (6.11)

where the components of the (unextended} diff S'! left gen-
erators are*

L™ __ om . . m-—n
can be found in Ref. 4. However, if we are only interested in X'y, =80+ ilm — m)] ’ (6.12)
the expressions for the left and right algebras, it is far easier  For the right-invariant vector fields we find:
J
a m 4 ¢ 0
R R __ wR Ri =
X “—(—)Tq" Xu"; " —al_m“'}-E(X(l") 8,0)%,
3 3 " a /1 (34 )
R — m R} m [d RIY m=
X("')_R"’ aq,m+ "y aim ——‘2— n iﬁ_g X(i")'—’
% d 4 2] A
X =Rz —g oo — w0}~ 2 (R 9,
e ~\awr ot SV aun )T '
5 J a
> R —_ —lyn mAyys
‘X(T,,} = (R )m(aTm +fsn a\p:)’
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which commute with (6.11).%” (See Ref. 4 for expression of
the matrix u.)

We shall bypass the explicit calculation of the quantiza-
tion form © and guess the characteristic subalgebra ¥ o di-
rectly from the structure constants. The form © could be
exactly computed in a straightforward way and the Noether
invariants derived, but nothing essentially new would ap-
pear with respect to the former example. Hence, we give the
characteristic subalgebra:

ye = <X(q) ,X(IO) 1X(Tm) 9X’f,rf‘) )'

As in the case of B(diff $') no full polarization exists
that leads to a vacuum for which the L, operator is finite.
Hence, we must resort to a nonfull polarization containing
only a subalgebra &/~ of & o . This is related to the existence
of anomalies and could in fact be used as their characteriza-
tion rather than the appearance of central terms in the quan-
tum commutators. Indeed a (super)group like B(diF S
diff S '®.ZR" ) does not allow for such a central term in
the Lie algebra of diff S''. However, the physical anomaly
manifests itself when writing down the operators (XRy,
which turn out to be functions of more than the basic opera-
tors, i.e., those involved in the commutators producing cen-
tral terms (all operators are expressed in terms of the basic
operators as well as those operators whose left counterparts
are in ¥ although not in &/*). Only for critical values of
the constant parameters characterizing the whole algebra all
operators X ¥ can be written in terms of the basic operators
(in our case the &’s, ‘I/*’s, and ‘I/’s see later).

The only (nonfull) polarization leading to the Q coho-
mology (and to unitary representations) is the following
one:

(6.14)

L
(X (q)? (W:oo) b

YL YL YL
X wn<0)9 X(a:<0), X(ﬂ\'o))-

YL
(1"“’)' X(Tn>0)’

(6.15)

(
Equation (6.15) is of standard type and contains (5.10a).
The integration of the polarization equations
X Ly = 0 VX Le 2 will be given to third order in the group
parameters (of course all main results do appear at this lev-
el). The wave functions are
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AL (T») "y
} '1{1'z+ } 2 {le + ...}"/'1...,
(6.16)

where the factors W, and W, of the weight function asso-
ciated with the vacuum are the following

Aldaya, Loll, and Navarro-Salas 3357



W, =1—%i(z LA A 7L

n:0 n<0 nmk <0

XUVYT, +2 3 ;*;\v:w"zk+--~)
n>0

m,k<Q
——[(z Sanal — Y Fh,, SWan
nz0 nz0
mk <0G
- ¥ Fu./=alall* + -),
n<0
k,m>0
W, =W, () ~——qz \P"[n(—l‘“—{-Z >
ns0 ms0

Xmlm —"=m_3
mk>0

mkl ™K =k g )

—n)l T —mlm

+ > (—=m

mz0

+ 3 sr—- 3

Jsrllel 4 )] ,
j+;:l~r=m

Ss>0 S >0
J+s=m
PD=14+——|3 —nl"l-"4 ¥
24 n>0 nm=0

Xnml"™m —r-m

nmk> G
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Here, W, (/) is just the weight function of the Virasoro sub-
groupitselfand W, (1,4,¥) is the weight function that would
correspond to the Bowick-Giirsey subalgebra®® (here gen-
erated by Xu ),XW,,,),XW, ).

The physical operators, the right-invariant vector fields,
are well-defined differential operators acting on (6.16). We
will not write the explicit action of all of them, limiting our-
selves to those calculations that are strictly necessary for
determining the critical values of ¢’ and d (the Sspace-time
dimension). The action of X ® S oys X a0 and X wx , on

m U’
[0) and that ofXR , on |ar) andX(w on |W¥*) are given
by

X000 == nll"y + ZF,, S al)
— AT R 4

—ic ix
—_— [n - w
T n| >+2g" >

O<man

vy —id

Q<ran

Xm(n—m)la,” "a

X(r+nm)|¥r_ W)+, (6.18)

Xfa'""o) ’O) = ZKZ'HV ’a ) +
fPMW=—MW%+~s

X’R, olap) = —ikSFlaban) + 1"y + -

[WP) = —id [WFYP) + 2r—p)[IP~") 4+

\]I'O
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The representation obtained in this way is, in general,
reducible. The reduction can then be achieved by choosing a
vacuum according to the prescription of Sec. Il (the weight
function in the present case) from which the nontrivial ac-
tion of the operators generate the (irreducible) Fock space.
It must be stressed that this construction is rather different
from the ordinary abstract one of the Lie algebra representa-
tion. There, all the states are obtained from the vacuum
through the action of the creation operators which are, by
definition, linearly independent. On the contrary, our states,
in particular the vacuum, are explicit functions on the (su-
per) group whose linear dependence or independence is prior
to the action of the operators. Even more, there is, in general,
no guarantee that every polarized function can be reached
from the vacuum through the action of the group. That
would be true, for instance, for finite-dimensional compact
semisimple groups and for Kac-Moody groups, as a conse-
quence of the Borel-Weil-Bott theorem. A detailed discus-
sion of that problem here associated with the Virasoro sub-
group can be found in Ref. 4. In addition, instead of null
vectors we find true null linear combinations of vector states
and then the carrier space

H( (- u) )P”(XR v() ) (X(q,m 0) )qm(qu,A 0) 'R. : -’0>"
(6.19)

is irreducible. From (6.18) we deduce that the structure of
the state X R, - +-0,|0) is identical with that of the state

{ me~erfw) L0

1

+—2;;g,wXR m Xfa )}IO), (6.20)

although only for special values of d and ¢’ they are propor-
tional;

d=126, ¢ =24 (6.21)
In fact, the lowest orders of (6.20) are
2> (m + k) |wx _ oy 4 ex > (—m)
Ocm< k Osm> —k
X(k+mlay™"a; ") + 3 (m+k)(m—2k)
Osm« k .
1
><|‘fk>—~—2—g,,v Y (=mg(—k—m)l*)
Osms —k

S s S R )

X S (mA k|
Oum<k
Vitgn 5

(—m)(k + m)lak* ma; ™).
2 Oums ~k

For these values, the irreducible carrier space is made out of
states created by just the operators X % A XR £ v and X R )

from the vacuum (similarly, the operators xR oy YR ory» and
X R, also admit a Sugawara-like construction). The critical
values thus appear as a singularity in the carrier space for the
irreducible representations of the corresponding supergroup
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B(diff S', dif S'G.L R~ 1). These results are illustrated
in Fig. 1.

According to our “non-Abelian” quantization mecha-
nism the next step in determining the physical wave func-
tions consists in 1mposmg the T-equivariance conditions

(2.19) with .7~ h(dlﬁ' S'1) restricted to (2.20) which turns
out to be

<(Xlru();X L ()1X$‘ X\pf):XR 9/? Rn,()’

~ mA)) ﬂ./ :—'> = <Xlru07 \pu»OyXR XWO’XITQ‘MO!E>'

They are (the E condition was a]ready imposed)

XR .V =iab,,¥, (6.22)
XR, .,W=0, (6.23)
X5 w=o,

X? ¥=0, (6.24)

where a is a real number [integer if L, generate the compact
U(1) subgroup of diff $'] characterizing the one-dimen-
sional representation dD. Equation (6.23) simply says that
the physical states are “proportional to the ghost vacuum
|0)” (in the sense that there is no excited ghost state) and
therefore (6.22) reproduces the ordinary string constraints
for the already obtained critical values d = 26, ¢’ = 24. In
fact, the Sugawara version of the operator X % 1,,,0 [see the
formula (6.20)] ~:g,, X X WXR_"+fmn X 5.+, acting

on states proportional to 10) Xghosts is restncted to
8o X S ¢ ®_ .. Equation (6.24) then says nothing new

since the operators X § _ are of the form ~X £, X &,

We must point out that the spurious states are generated
by the operators (in the enveloping algebra) of the right
polarization of .7~ = b(diff S') containing those operators
absent from the equivariance conditions (6.22-6.24). They
are eliminated by means of the quotient (in the sense of vec-
tor spaces) given by

X’Rz//~0 (6.25a)
,,,ow ~0, XR on-oth~0, XR ¢ 0, XRn Y~0.
(6.25b)

When the real parameter a characterizing the quantiza-
tion coincides with the critical value ¢’/24 = 1, conditions
(6.22)-(6.24) are compatible with an extra condition

Corpi )
- thr‘ough_ s
“ the: ||,
L Yaeuun

a) d»26, ami, b) d=26,a=1.

FIG. 1. A is the set of polarized wave functions. B is the Verma module.
ANB s the irreducible Fock space. In (a) all the polarized wave functions
can be obtained from the vacuum by the group action. In (b) there are non-
Fock states and the irreducible space is smaller.
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X fgb = 0(@;& =0). Even more, this condition along with
(6.23) implies X %, = 8,1 as a consequence of the com-
mutation relations. The condition (6.25a) eliminates the
spurious states and with the above-mentioned X =0
gives rise to the Q-cohomology of physical states with ghost
number — 1/2 [due to (6.23)]. The remainder, (6.25b),
does not impose any additional condition.

We finally point out that the condition X =0, unlike
in the gauge theories (see Ref. 38 where the electromagnetic
field is studied in a similar way), does not appear directly in
the set of equivariance conditions (6.22)-(6.24) since the Q-
cohomology structure is associated with the critical values
(d=26,a=1).

To conclude we must remark that using additional
BRST generators to describe a particular constrained system
corresponds merely to a different choice of quantum and
structure group and does not lead to essentially new features
from the point of view of our general scheme. For the exam-
ples treated in the present paper, the inclusion of ghost vari-
ables is optional and only leads to a different characteriza-
tion of the physical states in terms of the Q cohomology.
Nevertheless, it does not exclude the possibility that the
search for a quantum group associated with a given con-
strained dynamical system leads to a BRST-like group as the
only solution. That is the case for example of the free electro-
magnetic field where the incorporation into the group law of
the gauge transformation properties of 4, (x),
A, (x)—~A,(x) + d,P(x) requires a nonconventional bo-
sonic generator providing some sort of BRST structure.*®

However, the case of Yang-Mills theory might be quite
different, since due to the non-Abelianness which introduces
a nontrivial interaction among the fields of the gauge group,
the use of anticommuting ghost generators may consider-
ably simplify the search for a closing quantum group. The
application of the GAQ approach to Yang-Mills theory is
also expected to provide some answers to important ques-
tions concerning renormalization and anomalies, and is mo-
mentarily under investigation.
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