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Nonlocal diffusion © 2016 Published by Elsevier Ltd.
Fractional diffusion

Keywords:
Nonlocal flux

1. Introduction

Given a stochastic process X;, which may represent various processes such as the diffusion process, stochastic coagulation
process, or continuous time random walk (CTRW), there are many methods to derive the evolution equation of its probability
density function (PDF) f = f(x, t), which represents the probability that the system of interest is in the state x at time t. A
general master equation in differential form may be written as [1]

t
ﬂ(x,t’):/ f [K(x’,x,t—r)f(x’,r)—K(x,x’,t—r)f(x,r)] dx'dz, (1.1)
0 R"

where K is a memory-dependent nonlocal transition kernel [2] for general, and possibly non-Markovian, processes. For
Markov processes which have no memory effect, Eq. (1.1) reduces to

. — /, , I, _ , /’ . d /’ 1-2
fix 0 = [ [rx ore.n -y x, o] ax & rEEDBACK O

where y (X, X, t) denotes the transition rate from X’ to x at time t. In the discrete time form, (1.2) is often reformulated as

f(x’ t) _f(x7 t’) = /];" I:p(xly t,; X, t)f(xls t/) - p(xv tl; )(7 t)f(x7 tl)] dx’s (13)
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where p(X/, t’; X, t) represents the transition probability (TP) of a particle moving from X’ at time t’ to X at time t; the first
part of the right hand side represents the incoming flux and the second part is the outgoing flux. Notice that

/p(x, t;x,Hdx' =1,

the master equation (1.3) can thus be equivalently interpreted as the Chapman-Kolmogorov equation (CKE). There have
been many works on the study of the evolution of Markov processes using the CKE, see for instance [3,4]. In [5], a
nonlinear Fokker-Planck equation (FPE) of Markov processes is derived from the master equation in the gain-loss form by
characterizing the transition probability. Master equations can also be applied to study non-Markov processes. For example,
an equivalence is established between generalized master equations and continuous time random walks in [1]. In general,
for either Markov or non-Markov processes, the master equation is completely determined by the transition kernel. For
example, Taylor expansion of transition probability on CKE can be applied to derive the evolution equation of some Markov
processes, but such a technique does not apply when there is nonlocal or non-Markovian effect [3,4]. On the other hand, it
is possible to derive the evolution equation from the master equation (1.3) through a Taylor expansion on the PDF instead
of the transition kernel. In this paper, we will mainly focus on the Markov process though our method can be extended to
non-Markov process by taking into account the time integral over memory kernel terms. We present the derivations of the
evolution equations for some Markov stochastic processes from the master equation in gain-loss form (1.3). Our approach
is to consider a nonlocal flux as that in [6-8]. A key ingredient is to obtain an expression of the transition probability (TP)
either explicitly or implicitly that is valid for both the local and nonlocal settings associated with complex transport and
diffusion processes. We verify the derivations in the later sections. A particular application is a consistent derivation of spatial
inhomogeneous stochastic coagulation process. In what follows, we present the generalized master equation framework in
Section 1.1; then we apply it to some classical stochastic processes in Section 2 and relating stochastic processes involving
nonlocal effect with nonlocal master equations in Section 3; this generalized master equation framework can be unified
under the recently developed nonlocal vector calculus, and the details are given in Section 4; furthermore in Section 5, we
establish rigorously a result on joint stochastic processes and show how the generalized master equation can be applicable
to certain type of coupled dynamical system.

1.1. Generalized master equation framework

To present our approach, let us review the concept of conservation law. Assume f (X, t) is the PDF of a physical quantity
X = X; such as heat, energy and mass. The total amount of X in aregion £2 € R" at time t is

/ f(x,t) dx.
XeNR

X is conserved if it is only gained or lost through the domain boundaries without external sources. Let the vector field F(x, t)
be the flux. The conservation law implies that the rate of change of the density plus the divergence of the flux is equal to 0,
o Vi-F=0 14
o T Ve F=0. (1.4)
The transport equation, the diffusion equation and the wave equation, can be derived from the principle of conservation
law given the explicit form of the flux. Nevertheless, as discussed in [7,8], the flux F adopted in (1.4) is a local notion which
is not always suitable for a general process X;. On the other hand, it is possible to determine the TP p(x/, t’; X, t) which
represents the probability that a particle is transferred from x’ at time t’ to x at time t. In [8], a notion of nonlocal flux was
introduced to account for more general, nonlocal spatial interactions. The discussion here is intended for time-dependent
processes but the principle is similar. We begin by rewriting the conservation law in a gain-loss form. Given a stochastic
process X; with its PDF f (x, t) representing a conserved physical quantity which is only gained or lost through the domain
boundaries, then the quantity change in this domain £2 fromtime t’ tot (t' < t) equals the net flux. The generalized equation
of conservation law is written as

| rana- [ jata=s@ro=si@dn -5 @, (15)
XefN2 XeR
where £ and # ™ represent the incoming flux and outgoing flux in the region £2 from t’ to t respectively, and ¥ (£2, t’, t)

is the net (nonlocal) flux for the region 2 or between £2 and £2¢ (the complement of £2). More specifically, we write the
incoming flux 1 (2, t’, t) in the region £2 in terms of the TP

Fr@,t, 0= f p(X, t'sx, f (X, t') dx'dx, (1.6)
x'en¢

XeN

and the outgoing flux ¥~ (£2, t’, t) by

F(R,t,t)= / f p(x, t'; X, £)f (x, t') dx'dx. (1.7)
xef2 Jx' efne
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Combining these two terms, we have an explicit form of the flux #(£2, t/, t):
F(2,t,1) =/ / [p(x’, t;x, Of X, t) —px, t'; X, O)f (x, t’)]dx’dx (1.8)
xef2 Jx ene

=[] [ tix or o) - pox . 0 ) e (19
xeR Jx eRn
Introduce the function F(x, t’, t) as
Fx, ', 6) = f [P, €5 %, DF &, ¢) = pCx, €5 X, OF (x, )] X (1.10)
x'eRM
and notice that Eq. (1.5) holds for any region £2, we have the strong pointwise form of the master equation

fx, ) —f(x, t) =F(x,t',t) (1.11)
Note that fx, ern P(X, t’; X/, t) dx’ = 1, the master equation (1.11) matches with the Chapman-Kolmogorov equation (CKE)

foen = [ pec. i ore, ) ax. (112)
x' eRM
Furthermore, we have the master equation in differential form
. F(x7 t” t)
X, t) = lim ——= 1.13
fix. ©) -t At ( )

provided the limit exists.
When a stochastic process is homogeneous and symmetric in space and time (take Brownian motion as an example),
namely

p(xl7 t/; X, t) =f(x - x/y t— t/) =f(x/ - X, t— t/) = p(x7 tl; x/, t)y

the master equation (1.11) is simplified as
f&x,0) —f(x,t) = fx—x,t -, t") - f(x,t) dx’

IR"
f(x, ) 1

Py fX —x,t—tH(X —x)"dx’
X' eRM

I
i[Me <

n=1

Z "f (x t/) L[ & ang ak,

XeRM

where At =t — t’. Then we have the master equation in the form

S "f(x t) 1 EXZ)

fix,t) = lim Z , (1.14)

nl At

where E(X},) is the n-th order moment of stochastic process X; at time t = At. If we can find the moments explicitly, the
evolution equation can be defined accordingly.

In the next section, the formulation (1.5)-(1.13) will be validated by deriving the evolution equations of some stochastic
processes.

2. Master equations for some classical stochastic processes

For a number of stochastic processes studied in the literature, we know that p(X/, t’; X, t) only depends on the local
points x, X' and time, and so does the corresponding evolution equation. The derivation of the master equations for these
processes is standard results from textbooks [9,10]. However, to show how the new formulation process (1.5)-(1.13) can
be performed, here we give a complete derivation of the master equation for the one-dimensional Fokker-Planck and Lévy
dynamics as an example.

2.1. Fokker-Planck equations

Consider the following Fokker-Planck equations (for drifted Brownian dynamics)

dX, = v(X;, t)dt + V20 dW, 2.1)
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tracking the position of a diffusing particle in R! at time t, where o is a constant and W, is a standard Brownian motion. For
a small time step At = t — t/, we approximate the current position by forward Euler method,

Xe =X +v(X, At + 20w, (2.2)
where w = W, — Wy ~ N(0, At) is Gaussian. Applying Taylor expansion on (2.2), we can further write X; as
Xe =X + v, thAt + X —x)0v(x, ')At + 20w, (2.3)

which can be treated as a normal distribution with mean x’ + v(x, t") At + (X' — x) 9,v(x, t’) At and variance 20 At. Then the
TP reads

. 1 [x — X — v(x, ')At — (X' — x)d,v(x, t’)At|2)
X, thx,t) = ———exp| — s 2.4
p( oAt p( 2o AL (2.4)
and the master equation is
fx,t) = /p(x’, tx, Of &, t") dX =1+ 11+ Il + O(At?), (2.5)

where

1= f Pt x, Of (x, t') dX = f(x, t)[1 — dv(x, ') At] + O(AL?),

11 =fp(x’, ' x, )X — x)0f(x, t) dX = —v(x, t')Atdf (x, ') + O(AL?),

(* —x)?

il =fp(x', t';x, t) Bf (%, t)) dX' = 0 At f (x, t') + O(AL?).

by simple calculation. Moving f (x, t’) inI to the left hand side of (2.5), dividing two sides by At and taking the limit At — 0,
we obtain the Fokker-Planck equation

af(x, t) = —8x(v(x, Of %, t)) + 0 0ef (%, 1) (2.6)

Similar derivation can be applied on many other processes such as Lévy process. The key ingredient in the new
formulation is to find the TP p(X/, t’; X, t) and then derive the flux function F.

2.2. Lévy process

If X is a one-dimensional Lévy process, then by Lévy-Itd decomposition, it can be decomposed into three independent
parts [11,12]

X(6) = (bt + vZoW,) + f

|x|<1

xN(t, dx) + f xN(t, dx) (2.7)

[x]=1

where N(dt, dx) is the Poisson random measure, N (dt, dx) = N(dt,dx) — v(dx)dt is the compensated Poisson random
measure, and v is the Lévy intensity measure defined on R and concentrated on R \ {0}, satisfying

f ** A Du(dx) < 0.
R\{0}

To derive the master equation governing the dynamics of the PDF f (x, t) for the Lévy process in (2.7), we can study the

three independent parts separately. First of all, the drifted Brownian part bt + /20 W; make a contribution similar as in
(2.6):

— O (bf (x, 1)) + 0 9uf (x, 1). (2.8)
Secondly, the Poisson integration flxl>1 XN (t, dx) is a compound Poisson process which can be rewritten as
f N(t, dx) = ) AX(u) xjn=1(AX (u)) (2.9)
[x=1 o<u<t

where y is the characteristic function, AX(t) = X(t) — X(t—) is the jump process associated with the Lévy process and
X (t—) is the left limit at the point t. Then the transition rate for this compound Poisson process is

. | S . 1 . 1
AI}TO A—tp(x X, t) = Alggo A—tp(O, 0; Ax, At) = AIETO A—tP(r < At)u(Ax)
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where 7 is the waiting time for the compound Poisson process which is exponentially distributed random variable, T ~
exp(—At), with A = v({|x| > 1}), and u is the law for the jump size random variable AX (7) which is given by [11,12]

_v({x = 1)NB)

w(B) = (2.10)
v({lx] = 1})
Notice that
P(t < At) =1—P(t > At) = 1 — exp(—AAt) = LAt + O(At?),
the transition rate becomes
; 1 R _
AI%TO Ep(x s x, t) = v(AX).
Hence the right hand side of Eq. (1.13) reads
1
lim —F(x,t',t) = f(x—2z,t) —f(x,t)v(dz) (2.11)

At—0 At 1z|>1

which is the contribution of the Poisson integral fl XN(t, dx). Thirdly, since the compensated Poisson integral

Jiy<1 ¥N(t, dx) is of the form,

x[>1

f xﬂl(t,dx):/ xN(t,dx)—t/ xv(dx) =1+11,
[x[<1 x| <1

|x]<1

hence I makes a contribution of the form

(Fx—z,t) = f(x, ))v(dz), (2.12)

|z|<1

which is similar as (2.11). Il is a drift term and makes a contribution of the form

0uf (x, t) zv(dz). (2.13)

|z]<1

Finally the combination of (2.8), (2.11), (2.12) and (2.13) yields the master equation for the Lévy process (2.7),

0 (0, 0) = =B (B (x, 1)) + 0 3uaf (1, 1) + / [Fee=2.0 =1 0 + X280 .0 (o) (214)
R\{0}

which is consistent with the results in [13,14]. The above equation gives rise to space-fractional equation. We refer to

[15,16] for further studies. In the case of b = o = 0 and a symmetric measure v, we may view the nonlocal master equation

as a nonlocal diffusion equation, see related discussions in [17,18].

3. Nonlocal equations for stochastic processes

The TPs of stochastic processes involving nonlocal effects depend on the density distribution in part of the entire space
R™. In this section, we present one example of such a stochastic process, the stochastic coagulation process, whose evolution
equation can also be derived by the master equation (1.11).

3.1. Stochastic coagulation equation

Stochastic coagulation equations [19] are also called as Smoluchowski equations [20] or population balance equations
[21,22], which are often used to describe the rate of change of the concentration in time in a dynamic coagulation process
and have been applied to a wide range of topics, such as aerosol growth, polymerization problems, and the kinetics of
platelet aggregate formation and disaggregation. For example, researchers used them to study the heterotypic aggregation
kinetics of platelets and neutrophils, most notably in the uniform shear field [21,22]. In [23,24], we applied it to model the
polymorphonuclear neutrophils (PMN) and tumor cell adhesion in nonuniform shear flow in the parallel-plate flow chamber.

To begin with, we consider the spatially homogeneous coagulation equation. Let N = N(x, t), x € R! be the particle
volume density function representing the concentration of the particle of volume x at time t. The continuous coagulation
equation reads

1 X o0
Ne(x, t) = 2 fo B, x—=yNy, )N(x —y, t)dy — /0 B(x, Y)N(x, t)N(y, t)dy (3.1)



2502 Y. Zhao et al. / Computers and Mathematics with Applications 71 (2016) 2497-2512

with an initial condition
N(x,0) = No(x) > 0, (3.2)

where B(x, y) is called a coagulation kernel which describes the intensity of aggregation between particles of volumes x
and y. The first term on the right-hand side of Eq. (3.1) indicates the fact that a particle of volume x can only be generated
if two particles of volumes x — y and y (y < x) aggregate. The second term says that each particle of volume x disappears
after aggregating with any other particle. The coagulation kernel B(x, y) is assumed to be non-negative and symmetric,
i.e. B(x,y) > 0and B(x,y) = B(y, x) for all (x, y). In this paper, we only focus on the coagulation process, and ignore the
fragmentation assumption, namely, the particle volume, as a function of time t, keeps non-decreasing. The complexity of
the system (3.1)-(3.2) is determined by the form of B(x, y).

A discrete version of the coagulation equation describing the rate of change of the concentration N(i, t) of the particles
with i monomers is given by:

NG E) T h, o o N

=3 2 BUI=DNGONG—j,0) = Y B ING, ONG, )

j=1 j=1

with an initial condition N(i, 0) = No(i), (i = 1, 2, 3, ...). Here 8(i, j) is the coagulation kernel in discrete version.

The coagulation equations have various stochastic and deterministic formulations such as Chapman-Kolmogorov
formulation, Marcus-Lushnikov formulation [19,25-27], and conservation law formulation [28] for spatially homogeneous
coagulation equation. Sabelfeld [29] derived the spatially inhomogeneous equation by Lagrange model. In this section, we
will derive the coagulation equation (3.1) from two different approaches—CKE (1.12) and conservation law.

3.2. Chapman-Kolmogorov equation

Coagulation kernel S(u, v) is the incoming flux of particles per unit time for unit concentration. For the spatially ho-
mogeneous case, we assume particles are uniformly distributed, therefore, 8(u, v)N(v, t) is the coagulation number per
unit time between the target particle of volume u and other particles of volume v at time t. This leads to the probabilistic
interpretation of the coagulation kernel 8(u, v) [25,30,31]. More specifically, for small time At,

e B(u, v)At stands for the probability of occurrence of aggregation per unit volume between particles of volume u and
those of volume v during a time interval of length At;

e For a target particle of volume u, 8(u, v)N (v, t) At gives the probability of the target particle of volume u adhering to a
particle of volume v in the next infinitesimal time interval (t, t + At) per unit volume, and 8 (u, v)N (v, t)dvAt gives the
probability of the target particle of volume u adhering to a particle of volume v to v + dv in the next infinitesimal time
interval (t, t + At) per unit volume;

e B(u, v)N(u, t)N(v, t)dudvAt presents the average number of aggregations per unit volume between the particles of
volume u to u + du and those of volume v to v + dv during (t, t + At).

The probability representation of the coagulation kernel reveals the particle interaction theory in the stochastic coagulation
system. It helps us to set up the stochastic coagulation model, and may apply the Monte Carlo method to simulate the
stochastic system.

In a stochastic coagulation system, we focus on one particular particle and track its growth on size. Let X; be a stochastic
process representing the volume of this particle at time t. This stochastic process is a Markov process since the growth of the
particle volume at time t + At only depends on the volume at time t. Let the PDF of this stochastic process be f (x, t). Notice
that f (x, t) At is the probability that X; = x during the time interval (¢, t + At), and 1/x gives the number of particles per
unit volume, so f (x, t) At /x provides the average number of particles of volume x per unit volume during the time interval
(t, t + At), which is the same as N(x, t) At. Hence, f (x, t) and N(x, t) are connected via

N(x,t) = f(x,t)/x. (3.3)

Assume the particle volume X; = x, then as we discussed in the circular bullets of the preceding paragraph, the probability
that this particle will adhere to a particle of volume y in the next infinitesimal time interval (t, t 4+ At) is 8(x, y)N(y, t) At.
Hence, the probability that it will be unattached to any particle is 1 — f0°° B(x, y) AtN(y, t)dy. If it sticks to a particle of
volume y, then its particle volume will increase to x + y at time t + At, thatis, X(yor = x + y. Otherwise, if there is no
coagulation event taking place, X; 4+ will remain being x.

In general, we assume that the particle volume at time ¢ is x. Then the TP of the coagulation process, the probability that
a particle of volume x at t becomes volume x + y att + At, is given as:

Bx, y)AIN(y, t), y>0
o0
px,t;x+y, t+At)=31— / B(x,z)AtN(z,t)dz, y=0 (3.4)
0
0, y<0
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or in other words
B(X,x—x)AtN(x — X, t), x>x
o0
p, thix,t)=1{1— f B(X,X)AtN(x, t)dx, x=x (3.5)
0
x<X

where t = t’ + At. Therefore, the density function f (x, t + At) satisfies the CKE (1.12):

f&x,t) = ‘/Xﬂ()(,x—x’)AtN(x =X, Of ¢, thdx' + (l - foo B(x, X) AtN (%, t)dfc)f(x, t. (3.6)
0 0

Rearranging terms yields

f(x’ t) _f(X! t/)
At

Taking the limit on the left-hand side as At — 0 and noting the relation (3.3) yields an equation of f (x, t) as follows:

= /-xﬂ(x/,x—)()N(x—x’, HOf (&, t"dx —[ooﬂ(x, X)f (x, )N, t)dx'. (3.7)
0 0

fixt) = / ’ Mf(x—x/, Of (X, dx — f ~B ("’,’()f(x, Of (¥, tdx' (38)
0 X —X 0 X
For the first integral on the right hand side of (3.8), we have
/ BEX=X) 0 o tx— ¥,y
- _f M/)f(x’, Of & — %, d¥ + f Mf(x’, 0f ¢ — ¥, t)d¥
f Mf(;( Of (x — X, )dX + - f Mf(:( Of (x — X, £)dx’
(X fx—x, t)
f pet, x =y DTE= D g,
therefore, Eq. (3.8) becomes
iy =5 [ o= R 000 - [T D o, o 69)

Divide the two sides of (3.9) by x, and apply the relation (3.3), we have
Ni(x,t) = % /: BX,x —X)NX,t)N(x — X, t)dx — /Ooo B(x, X )N(x, )N, t)dx' (3.10)
which is exactly the continuous coagulation equation (3.1) except that y is replaced by x" here.
3.3. Formulations as conservation laws
It is pointed out in [28] that the coagulation equation can be written in terms of the conservation law:

) )
Ef(x, t) + 5F(x, t) =0, (3.11)

where the flux F(x, t) is given by

Fx, t)=f0 ﬁ(’;y)f(y Of ', H)dy dy. (3.12)
x=y

We will re-derive the flux formulation and reveal its relationship with (1.12). Recall the original definition of the net flux
in Eq. (1.5). For arbitrary x € R, select the region £2, = [x, 0o) and set F (§2,, t/, t) to be the net flux to this region £2, from
t’ to t. Notice that the particles monotonically grow on size in the coagulation process, therefore the outgoing flux is zero,
namely F ~(£2, t/, t) = 0. Therefore we have

F (24, t', 1) =F (82, t', 1)

- f f P, ¢ 2, OF (v, ) dzdy
R\2 J 2

=At[0 / B,z —y)N(z —y, O)f (v, t') dzdy. (3.13)
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Dividing At on both sides of Eq. (1.5) and sending At — 0 yields

o0 a X o0
/ gf(x,t)dx=-/;/ BW,z—y)Nz —y, t)f(y, t) dzdy (3.14)

right hand side of which is exactly the flux F (x, t) in (3.12) by the change of variable y’ = z — y. Taking the first order spatial
derivative on both sides of (3.14), we obtain the evolution equation formulated in conservation law (3.11),

fwn =3 [ [ p0nz-yNG -y 0.0 azay. (315)
Eq. (3.15) implies the coagulation equation (3.1). Indeed, set

Mo = [ oz —yNG -y, 070z
and apply the differentiation rule under the integral sign

o | Moy =men + [* Mo,

consequently
9 X poo
a_/ / ,B(y,z—y)N(Z—y,t)f(y,t)dZdy
X Jo Jx
zf ﬂ(X,Z—X)N(Z—X,t)f(X,t)dZ—-/ ﬂ(y,x—y)N(x—y,t)f(y,t)dy
X 0

- fo B, NG, DF (x, 1) dy — fo Blx—y, NG, OF (x—, ) dy

where the last step is due to the change of variables. Accordingly the conservation law (3.15) becomes

fe(x, t)=—/0 B, YN, t)f (x, t) dy+f0 Bx—y,y))Ny, )f (x —y,t)dy

whichis identical with (3.8) by noticing N(y, t) = f(y, t)/y. Then the calculationin (3.8)-(3.10) leads us again to the spatially
homogeneous coagulation equation:

1 X o0
N0 =2 A B(x—y, NG, ONGx — y, £) dy — ﬁ B, YN(x, DNy, £) dy.

4. Nonlocal fluxes, a nonlocal vector calculus and nonlocal conservation laws

In this section, we will review some recently developed theories in nonlocal vector calculus and relate them with our
generalized master equation framework (1.5)-(1.13).

Introducing nonlocal operators like nonlocal gradient, nonlocal divergence and nonlocal curl operators in some recent
works [7,6,8], the standard (local) calculus is generalized into a nonlocal vector calculus, from which the nonlocal fluxes,
nonlocal conservation laws and nonlocal advection-diffusion problems are well established. In what follows we will give a
brief review on the nonlocal calculus and nonlocal conservation laws (see the details in [7,6,8] and the references therein)
and show the connection with our generalized master equation framework (1.5)-(1.13). For the sake of brevity, in this
section, we suppress explicit reference to the time dependence of variables.

4.1. Nonlocal fluxes

For any point X € R" and an integrable v (X, y), the nonlocal flux density at X into £2 is defined as

f v(x, y)dy, V2 CR". (4.1)
2

With such a definition, one can easily verify the following equivalent statements:
e (X, y) is an antisymmetric function, i.e., ¥ (X, y) = —¥ (¥, X);
e there are no self-interactions, i.e., [; [5 ¥ (X, y) dydx =0, V2 C R";
e for regions £2,, £2, C R", both having nonzero volume, one has the nonlocal action-reaction principle: f P fgz v(X,y)

dydx + fﬂz fﬂl ¥(X,y) dydx = 0.
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For any two open regions £2; C R" and £2, C R" both having nonzero volume, the (scalar) interaction or nonlocal flux from
£2, into §2, is defined by

fg [ vy ayex w2

The nonlocal action-reaction principle states that the flux from 2, into £2, is equal and opposite to the flux from £2, into £2;.
The flux is nonlocal because the interaction may be nonzero even when the closures of £2; and §2, have an empty intersection,
unlike local flux which is possibly nonzero only when £2; and £2, have a nonempty common boundary 92, = £, N £2,.
Special forms of nonlocal fluxes will be illustrated later in the derivation of master equations for joint stochastic processes.
More properties of nonlocal fluxes and comparisons with local fluxes can be found in [8].

4.2. A nonlocal vector calculus

Given the mappings v(x, y), (X, y): R" x R" — R with & being antisymmetric, i.e., ¢(x, y) = —a(y, X), the action of
the nonlocal divergence operator D on v is defined as

DW)(X) = /}; . (v(x,y) +v(y,x) - (x,y)dy, x€R" (4.3)
where D(v) : R" — R.

Given the mapping u(x) : R" — R, the adjoint operator D* corresponding to D is the operator whose action on u is given
by

D*Ww(x,y) = —(u@) —uX)ax,y), X yeR" (44)

where D*(u) : R" x R" — R¥, and we view —D* as a nonlocal gradient.
Let O(X,y) = O(Y, X) : R" x R" — R¥*k denote a second-order tensor satisfying ® = @7, then

DO - D*'u)(x) = —2/

(u@y) —u)ax,y) - (0(,y) - ax,y)) dy, xeR"
]Rn

where D(O© - D*u) : R" > R.lety = a- (O - @), and L(u) = —D(O - D*u), then for u(x) : 2 — R, the action of the
linear operator £ on the function u(x) is simply

Lu@) =2 f @) — u@)y(x, y) dy (45)

which is a composition of nonlocal divergence and gradient operators so that if @ is the identity tensor, .£ can be interpreted
as a nonlocal Laplacian operator.

4.3. Nonlocal conservation laws
Let £2 denote a bounded, open set in R". Nonlocal conservation laws have the form
d - ~
a] q(x, t)dx = [ b(x, t)dx — F (82, §2;;q), VL2 C 2,t>0 (4.6)
2 2

where q(x, t) is the intensive quantity in some subdomain §£2 C R", b(x, t) denotes the source density for q in £2, 2, is the
interaction region corresponding to £2, and most importantly O is the flux operator defined as

Fronloc (821, §225 q) = f f (v(x,y) + v(y, X)) - a(x, y)dydx, £21, 2, CR" (4.7)
21 J82;

which gives the nonlocal flux from £2; into £2,. Here the vector v(x, y) has to be related to q through a constitutive relation.
By taking £2, = £2 and §2, = £2,, the nonlocal flux can be written as follows:

_ [ v, y) +v(y, X)) - a(x, y)dydx

Tnonloc(fz, 521;61) =/
8Ja,

== f /_(v(x, y) + vy, X)) - a(x, y)dydx
2y V2

=- / / ~ (v, y) +v(y, %) - a(x, y)dydx, V2 C 2,
29 J LUy
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so that the conservation laws (4.6) become

/—dx—l—/ N (v)dx = /( +;D(v))dx=/.bdx, V2 C 2, (4.8)
24 2

where a nonlocal Gauss theorem [8] has been used, and from which it follows that, because Qis arbitrary in £2,

)
a—? + D) =b, Vxe. (4.9)

The interaction vector v is related to the intensive quantity q through a constitutive relation. If taking v = xD*(q), one can
obtain the nonlocal diffusion equation [17,6,7].

d
a—z +kDD*(q) =b, Vxe .

4.4. Generalized master equations as nonlocal conservation laws

Back to our generalized master equation framework (1.5)—(1.13). Comparing (1.5)-(1.13) and (4.6)-(4.9), our generalized
master equation framework can actually be unified to the nonlocal conservation laws by taking the source term b(x, t) = 0
and

=0 (D'q) —puq (4.10)

where g : R x R" — R* describes the nonlocal convection which is symmetric and translational invariant. Indeed, after
inserting (4.10) into (4.9) and applying the definition of £ (v) in (4.3), the conservation law (4.9) reads

qe(x, t) + f Y (X, ¥)ax, t) — y(y,X)q(y, t) dy =0 (411)
IR"
where the kernel y : R" x R" — R s of the form [7]

y =2a-Oa—pu-a. (4.12)

Our generalized master equation in differential form (1.13) is identical to (4.11) when taking y as the transition rate

p(x, t; X, t')

= lim ——= 413
y®,X) = lim =2 (413)

where the time variable in y is suppressed as we mentioned before.

On the other hand, for the applications of generalized master equation framework, we rather adopt the pointwise form
(1.11) instead of the differential form (1.13) and (4.9) in most of the examples in this paper because it is easier to find the
transition probability p than the transition rate y. However, when having the cases where the transition rate can be simply
found, one can easily apply the differential form (1.13) to derive the master equations.

Let X (t) be a finite-range nonsymmetric Markov jump process. More precisely, let X (t) denote the position of a diffusing
particle at time t and u(X, t) be the probability density function. It is a jump process confined in £2, the jump size is at most
€, and the jumps are not symmetric, namely, the TP p(X/, t’; X, t) is not symmetric on x and X'. Once the particle leaves £2, it
will not re-enter. Assume the transition rate exists and only depends on the spatial distance

p(X,t'; x, t)

y(X,x) =y x—x) = AIETO A (4.14)

According to (1.13), it is easy to verify that u(x, t) satisfies
ur(x, t) = f [ye&x—x)u, t) — y* & —x)u(x, )] dx’ (4.15)
x'eR

which is exactly the nonlocal convection-diffusion equation in [7]. Here the y ¢ (x) is compactly supported when |x| < € so
that the particle jumps on a size of no larger than e.

Additionally, if we consider a Markov jump process X (t) in R" (without confinement in §2), where X(t) denotes the
position of a diffusing particle at time t, and assume the transition rate is in the form of Lévy jump intensity

yX,X) =¢px—X) x [x—x|7*" (4.16)
where 0 < @ < 1. Then the PDF u(x, t) satisfies a nonlocal fractional diffusion equation [32]:

(X, £) = / [u(x’, £) — ux, t)]y(x,:d) X’ (4.17)
Rn

and « indicates the nonlocal fractional Laplacian in n dimensions. This is consistent to the derivations given in Section 2.2.
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5. Coupled dynamical system

In this section, we will apply the formulations (1.8)-(1.13) to the system in which two stochastic processes are coupled
together. Based on the results presented in this section, we derive the spatially inhomogeneous coagulation equation, and
also study the gene regulation in a stochastically changing environment.

5.1. Formulation
Let us consider a coupled system Z(t) = (X;(t), X2(t)) where X;, X; are two random processes, and X, depends on X; as
follows:
dX; = V(X,, t)dt + CdX; (5.1)

where V is a smooth function, and C is a constant independent of X; and X5. For this coupled system, we can define fq(") the
n-times joint probability density in g random processes (g = 1, 2) similar as the single random process case [9] by denoting

() (D 1) . () (n) (1) (1) (n) (n)
fq"(x1 ,...,xfz ct s XX, ) dxg cdx(P L dxg L dx

as the probability that X;(t;) € (xﬁl),xﬁl) + dxﬁl)),.... Xq(t) € (x,(,”,xf,l) +d (1)),...,X1(tn) € (xﬁ"’,xﬁ") +

dx(l")), ey Xq(tn) € (x((,"), xfI") + dxf,")). For instance, if fz(z) (X}, X, t'; X1, Xp, t) is the two-times joint PDF describing the
random system (X1, X3), the two-times joint probability density of the random process X, alone reads

1(2)(x/2v tl; X2, t) = //fz(Z)(xl]v xlz’ t/; X1, X2, t)di]dX],

where and hereafter the integration domain for each variable is R" and is omitted for the sake of brevity. In other words,
we can obtain the joint probability density of the assigned random processes by integrating over the other processes.
Additionally, we may express the TP in the following way:

Definition 5.1. For a coupled system of random processes (X;(t), X>(t)), we denote by p(X], X}, t’; X1, X, t) the TP of
(X1, Xp) from t’ to t, which is defined by

2 2
C F2 X, %), t'; X1, X, £) FP X, %), t'; X1, %o, £)
p(x7x,yt;xl$x2’t): = .
172 M) or o 41 @) ol o 1.
5 (X, X5, t) [ 57X, X5, t'; X1, Xo, t)dx1dx,

What is more, since we are considering the coupled system (X;(t), X, (t)) with one-way dependence (5.1) between X; and
X,, the joint (or transition) probability density in X, conditioned by X, is important in our discussion.

Definition 5.2. For a coupled system of random processes (X1 (t), X»(t)), we denote by fx, x, (x2, t|x], t’) the conditional PDF
of X, at t given X; at t’, which is defined by

2
[H2 X, %, t'; X1, X,, t)dX,dx,

fX X (x27 t|x/ s tl) = (52)
21X1 1 fl(l)(x’l, t’)
and when t’ = t, we define fx, x, (X2, t|X1, t) by
()} Q) (o) ' 4 ! 1o/
(X1, X2, 1) L7 (X, X, t'; X1, Xy, £)dX; dx
S &Kz, t]xy, 1) = =2 = S50 %, 2 1, (5.3)

O, t) P, 1)

Definition 5.3. For a coupled system of random processes (X1 (t), X»(t)), we denote by px; (x;, t’; X;, t) the TP of X; from t’
to t, which is defined as

Q2) (! 4.
’ ’ ( '7t 7xiy t) .
px; (X;, t'; X4, ) = % i=1,2 (5.4)

Definition 5.4. For a coupled system of random processes (X;(t), Xz(t)), we denote by px, x, (X}, t'; X2, t|X], t') the condi-
tional TP of X, from t’ to t given X;, which is defined by

Dxyix; (X, £ Xo, X, £) = fp(xﬁ, X5, t's Xq, Xo, £)dX. (5.5)
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With all the above notations, we have the following lemma, which is simply the conditional version of the CKE:
Lemma 5.5. Given a coupled system of stochastic processes (X(t), Y (t)), and assume Y (t) depends on X (t) as
dY = V(Y, t)dt + dX (5.6)
where V is a smooth function in terms of both Y and t. Then the conditional PDF fyx(y, t|x/, t") and the conditional TP
pyx(Y, t' =y, t|X/, t') as defined in Definitions 5.2 and 5.4 satisfy
f pyix (¥, 5y, tX, O)fyx (¥, E'1X, £)dy = frix (v, tIX, ). (5.7)

Proof. By Definitions 5.1-5.4, we have,

LHS — f [Py tixy, Ddx [P,y )
fz(l) &,y,t) l(]) , t')

1
=5 / f2(2)(x’, Y.t x,y, t)dy'dx = fyx(y, t|x, t') = RHS
17, t)
which implies the conditional version of the CKE. O

To make our notation simple without inducing any ambiguity, from now on we will drop off the subscript and superscript
from joint probability density fq("). For instance

e f(X,y, t) represents the one-time joint probability density in two random processes X and Y;
o f(X,y,t'; X,y, t) represents the two-times joint PDF in two random processes X and Y;

o f(X,t;y,t)isdefined by f(X, t';y, £) = [[ 2 X, ¥, t’; X, y, t)dydx.
For a coupled system of random processes (X(t), Y(t)) satisfying the one-way dependence (5.6), the conservation law
reads

/ [f x,y,t) - f(x,y, t’)] dxdy = F(2x x 2y,t',t), (5.8)
2x xRy
where the flux  (£2x x 2y, t’, t) is defined as:

F(Q2x x Qy,t',t) = f dxdyf dx’d)/[p(x’, V.U xy, OfX, Y, t) —px,y, t'; X, ¥, Of (X, y, t’)]. (5.9)
Qx xRy ]R;?X]Rg

Notice that we use subscripts X, Y inR™, R" to associate the integral variable with the integral domain. For the same purpose,
we sometimes put the differentials together with the integral signs in order to indicate the correspondence between the
integral variable and integral domain.

Now let us introduce the main theorem which we will apply onto two examples in the next sections.

Theorem 5.6. Given a coupled system of stochastic processes (X(t), Y(t)). Assume Y (t) depends on X(t) by (5.6), and the TP
p(X,y,t'; Xy, t) satisfies

p(X, Y, tx,y, t) = px(X, t'; %, 8) - pyx (¥, £y, £[X, £) (5.10)
then the net flux F (2x x Ry, t’, t) can be simplified as

f(.QX X .Qy,f/,t) = .'Fx(.Qx,y, ['/, t) dy+ Ty(ﬂy,x, tl,t) dx. (511)

2y 2x

Here the nonlocal fluxes Fx (£2x,y, t', t) and Fy(L2y, X, t’, t) are constructed as follows

Fx(2x,y,t, t)=/ de dx/[Px(Xl, tsx, Of X, 5y, 1) —pxX, t; X, Of (x, t';y, t)],
2x IR;?

‘?’Y(QY‘ X, tly t) = / dYI dy I:PY|x(!/, tl; y, th, t/)f(x’ y” t/) - PY|x(Y, t/; 3/’ t|x9 tl)f(x’ y, t/)]~
Ry Re

One may check that the properties given in Section 4.1 are satisfied. Furthermore, we have the pointwise master equation for the
coupled system as

fx,y,t) —f(x,y,t) =/ [px(X’, tsx, Of X, ty, t) —px(x, t'; X, Of (x, t;y, t)]dX’
Rm

X

+ ,/1;" I:pY|X(yv t,’ y, t|x7 tl)f(xv y,’ t’) - pY|X (y’ t/; y’ t|x7 t,)f(x1 y, tl)]dy/ (512)
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or in the differential form

1
fxy.0) = fim = [ [, 0F 0. ) = e, X, D () e
At—0 At R

: 1 / / / /
+ lim —[ [pnx(i,t;y, tx, )X, ¥, t) —pyx(¥, t'; ¥, tIX, £)f (X, Y, t’)]dy-
At—0 AL ]R’,;

Proof. By adding and subtracting one term to Eq. (5.9), we have
T(.Qx X Qy, t’, t)

= [ ey [ axay[pody.rixy 0F Y. - by, Xy OF Y )]
Rx xRy RmXR'}}

X

+[pey, 5 X,y 0F @ ¥, 0) — Py, £ X, ¥, OF 6y, )]
=141
For the part I, we apply Eq. (5.10) and Lemma 5.5,

[= f dy // dx,dx/ dY,[PX(XI, t/y X, t)pY|X(y7 t/9 y, tlx,7 t,)fx(xly t’)leX(y7 t/|iv t/)
Ry 2x X]R;(" ]R';,
— Px(6 £5 X, OPyx (Y, €5, % O Oy Y 1, )]
— [ oy [ axaxfpt,vix 05,0 [ pued' ¢y, i O VI Oy
Qy Q2 xRY R}

— DPx (x7 t,7 XI, t)fx(x! t’) / leX(y/7 t’! y, t|x1 t’)leX(y/’ t,lx’ t’)dy]
Ry

—[ oy [ e, vix 0ROy, eix. )
Qy 2xxRY
= Px( 5 X, DX O)fyx (¥, %, )]
=[ dyff didX[px(x/,t/;x, Of X, ty, t) —px(x, t'; X, Of (x, t5y, t)]
Qy 2y xRY

= Fx(2x,y,t', t) dy.
2y

Part Il is easier,

n=[ o [[ avay [ ax[pcy.cixivormy. o) - pwytix.y. oy )]
2x Qy)(]Rg ]R;("
=/ dX// dy'dy [f(x,s/, t/)/ pxy,t;x,y, )dx — f(x,y, t’)f p(x,y, t’;:i,s/,t)dX’]
2x QyXIRe IRZ' R;("

= [ e [ avay[poxv. ey tix VL6 = puxy. 5.t OF 0.y, )]
2x .nyIR’\}

= }-y(ﬂy,x, t/,t) dx.
2x

The master equation (5.12) is a direct consequence from the form (5.11). Notice that when At — 0, we have
fx thy ) > fxy,t) =fxy,t),

hence the master equation in differential form holds as well. O

5.2. Spatially inhomogeneous coagulation equation

Consider an inhomogeneous coagulation process:

7 = (’S(:) , (5.13)
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where S; represents a stochastic coagulation process, and X, describes a stochastic particle motion in R" satisfying the
Fokker-Planck dynamics:

dX; = V(X, t)dt + v/20dW,,

and the PDF is f (X, s, t). In this coupled system, the coagulation process S; depends on the particle motion X; through the
coagulation kernel 8 = B(s, s’, X). The TP of the inhomogeneous coagulation process Z is given by:

p(xlv slv tl; X, s, t) = Px(x/, tl; X, t) : ple(S’v t/; S, tlx,v t/)v (5'14)

where px (X, t’; X, t) represents the transition probability of the particle motion in R", and psx (', t'; s, t[X/, t) represents
the coagulation probability from (s’, t’) to (s, t) at position X/, and reads

At
o S,;‘3(5’, s—s,X)fX,s—5,t), s’ <s,
Jogl, VN % 1
P SO =1 1ot [T 1060 5x OF W8 OE, 5 =5, 5-19)
0
0, s’ >s.

Now we can derive the spatially inhomogeneous coagulation equation. First of all, Eq. (2.6) implies

1
lim — [px(X’, tyx, Of (X, s, t') —px(X, t'; X, Of (X, 5, t’)] dx’
At—0 At ]R;'

=_v,. (v(x, Of X, s, t)) +oAS X, s, 0).

Similar as the derivation for the homogeneous coagulation equation in Section 3.1, we have

1
lim — / [p5|x(3’, t's s, tIx, t)f (x, 5", ') — psix (s, t'; ', f (X, s, t’)] ds’
At—0 At Rs

_ % /s b5, x)f(x, S, fx,s—5,t) i foo ﬁ(s’sif,’x)f(x, s e s 0.
0 0

s s—¢

Apply Theorem 5.6 and the relation N(x, s, t) = f(X,s, t)/s, we finally have the spatially inhomogeneous coagulation
equation,

1 s o0
N (x, s, t) =5 [ B(s',s— s, X)NX, s, t)N(X,s — s, t)ds’ — / B(s,s',X)N(x, s, t)N(X, s, t)ds’
0 0

— V- (vX, E)N(X,s,t)) + 0 Ay N(X, s, t). (5.16)

5.3. Dynamics in randomly varying environments

The stochastic processes in the examples we study previously are all Lévy processes, which means dX; is independent
of increment and stationary. In this section, we will study some non-Lévy processes in R". For instance, if dX;/dt = R,
where R, is a Markov process, then X, is not Lévy process because dX; does depend on different time t. In this case, we need
to introduce a new state variable for R, so that we can derive its evolution equation more conveniently by studying the
coupled dynamical system. For example, a stochastic model is proposed in [33] to study gene regulation in a stochastically
changing environment. This model is formulated by a differential equation driven by a continuous time two-state Markov
process. The system is written as
dX;
dt
where X; is the expression level, u is the degradation rate and R; is a Markov process with two states rp, r; € R" which
represents the environmental inputs. The authors write the density function as the sum of two marginal density functions
which corresponds to two states ry and r; respectively.
Actually we can study for a more general system. Mathematically, we assume the system is governed by the equation

dXr = w1 (Xe, DAt + pa(Xe, AW, + u3(Xe, £)dZ; + pa(X:, R, (5.18)

where W, is a Brownian motion and Z; is a CTRW. R; is a continuous time, continuous state, and time homogeneous Markov
jump process with exponential waiting time between jumps. We assume R; is independent of X;. Furthermore, we also
assume the transition rate ¢(r’; r) from state r’ to r exists, i.e.:

pr(™, t';1, t)

AT (5.19)

o) = fm,
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In the present paper, we only consider the simple case that X, follows
dX;
— = uXe, t) + R (5.20)
dt
and denote by f (r, X, t) the PDF for this system. The joint TP for this coupled system (X;, R;) is
pX, v, t %, 1, £) = pr(, ¢ 1, O)pxr (X, 5 X, |1, )
=pr(,t';r, t)(S(x —X —uX, thAt — r’At)

S(x' —
— (@, s 1, ) — X —X0) (5.21)

where Xg is the root of g(X') = x — X' — u(X/, t')At — rAt = 0 for small time step At =t — t’. And X, approaches x as At
converges to 0. Then we have

lim —— / [pR(r/,t'; r, OF(F, %, t') — pg(r, £ ¥, OF (T, X, t’)] dr’

At—>0 At Jgm

= [ [seinr@xe) o v x )] ar (5:22)

]Rm
due to the assumption (5.19). Furthermore,
1
lim — / [quz(x' X, e O)f (X, ) — pxir(X, 5 X, tr, £)f (r, X, t’)]dX’
]Rn

At—0 At
_ lim - fx,%,t)
At—0 At \ 14 Vi - w(Xo, t') At

— f(r, %, )V - (X, t) — Vif (5, X, 1) - (u(x, t) + r)

- f(r, X, t'))

=_v,. ([r + & DX, r)) (5.23)

where the Taylor expansion for f (r, Xg, t’) around X is applied on the second equality.
According to Theorem 5.6, we can combine Egs. (5.22) and (5.23) and obtain the density equation

fot Ve @+ wn = [ (pEIOFE .0 — oIef 5. 0) o (524)
r'eR™M
Now let us consider the discrete case. Assume R; is a finite states Markov process with n states {r;}_,. Denote the
Q-matrix, i.e., infinitesimal generator by Q and the transition probability matrix by P(t). Py (t) represents the TP from state
r’ to r within transition time t. By the fundamental knowledge of continuous time Markov process, we know P’ (t) = P(t)Q
and

— lim 1- Pn'(t) —1i Pr’r(t)
I = t—0 t ’ rr = t—0 t ’
where g = —Qy represents the transition rate from state r tor, and g,/ = Q,/; represents the transition rate from state r’

to r. Similarly we have the evolution equation:

£ %0 + Vo ([T & DY (%,0) = —af 0%, 0 + Y aeef (%, 0). (5.25)
r'#r
If the drift term p(x, t) = —ux as in [33] and the Markov process only has two states ro, ry, and the infinitesimal generator
is given by

—Ao Ao
M M)
then we reproduce the PDEs as in [33]:

fe(ro, X, t) + Vx - [(ro — ux)f (ro, X, )] = —Aof (vo, X, t) + Af (r1, X, 1),
fe(r1, X, t) + V- [(r1 — uX)f (r1, X, £)] = —A1f (11, X, ) + Aof (Ko, X, ).
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6. Summary

In this paper, we presented some generalized local and nonlocal master equations for various stochastic processes. We
illustrated the applications of this framework to both classical cases such as Fokker-Planck equations and Lévy process, as
well as nonlocal models such as stochastic coagulation equation. The formalism can be viewed as one of the examples of the
recently developed nonlocal vector calculus. Most importantly, Theorem 5.6 arising from our study for the coupled system of
stochastic processes has been proved and applied to spatially inhomogeneous coagulation processes and some dynamics in
randomly varying environments. Our work has been limited to processes defined in the entire space. It is natural to consider
the effect of the bounded domain as in the case of [32,6]. Extensions to non-Markovian processes are also possible and these
interesting topics will be studied in the future.
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