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Introduction. Let G/H be a semisimple symmetric space, that is, G is a connected
semisimple real Lie group with an involution o, and H is an open subgroup of the group
of fixed points for ¢ in G. The main purpose of this paper is to study an explicit Fourier
transform on G/H. In terms of general representation theory the (‘abstract’) Fourier
transform of a compactly supported smooth function f € C°(G/H) is given by (see [6])

~

(1) F(m)(n) = 7(fm = (@)m(a)n d,

G/H

H an H-invariant

for (7, Hr) a unitary irreducible representation of G and n € (H_*°)
distribution vector for . Here dx is the invariant measure on G/H. Thus f(7)(y) is a
smooth vector for ‘H,, depending linearly on 1. Our goal is to obtain an explicit version
of the restriction of this Fourier transform to representations (7, Hr) in the (minimal)
unitary principal series (m¢ x, He,x) for G/H, under the assumption that the center of G
is finite. In the sequel [10] to this paper it is proved that a function f € C°(G/H) is
uniquely determined by the restriction of f to this series (a priori it is known that f is
determined by f)

Let 6 be a Cartan involution of G commuting with o, and let g=¢ & p =h & q be the
+1 eigenspace decompositions of the Lie algebra g of GG, corresponding to 6 and o, respec-
tively. Let K = GY, then K is a maximal compact subgroup of G. The unitary principal
series for G/ H is a series of parabolically induced representations mg y = Indg(f @A@ 1),
with P = M AN a minimal o6-stable parabolic subgroup with the indicated Langlands
decomposition, { a finite dimensional irreducible unitary representation of M and A € iag.
Here aq is the intersection of the Lie algebra a of A with g — this is a maximal abelian
subspace of p N g. The unitary principal series for G/H and its non-unitary extension
(allowing A € aj.) was studied in [2]. For the Fourier transform on G/H it is impor-
tant to determine the space C~°°(£:\) of H-invariant distribution vectors for m¢ »; this
is done for A in generic position in [2]. More precisely an explicit bijective linear map
j(&N) from a finite dimensional vector space V(&) (independent of \) to C=>°(&:\) is
determined. Moreover, the dependence of j(£:A) on A € a;. is meromorphic. An explicit
Fourier transform can then be obtained by composing the map (£, A) — j(&: — \) with the
map 17 — f(7r5,_>\)(77) in (1) (see also [32]). If G/H is a Riemannian symmetric space (or
equivalently, if H = K') we obtain in this way Helgason’s Fourier transform for G/K (see
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[29]). In this case the Fourier transform is holomorphic as a function of A, but in general it
is only meromorphic, and it need not make sense for all the representations in the unitary
principal series.

The main result of this paper is the determination of a normalization j°(£:\) of j(£:\)
(with a meromorphic A-dependent normalizing factor), which is regular on ¢a’. The Fourier

q
transform f of f € C°(G/H) can then be defined as above, but with j(£:\) replaced by
J°(&:N), that is we define

~

(2) FEA) = g a(f) 0 7°(6: = A) € Home(V(£), HE- ) )

for £ as above and A € ia; this Fourier transform is then real analytic as a function of A.
When G/H is Riemannian the normalization amounts to a division of the usual Fourier
transform by Harish-Chandra’s c-function (which is known to be non-zero for imaginary
A, see [24, Lemma 29]).

Let us explain in some detail the construction of j°(&£:A) and the proof of its regularity.
Let A(P:P:£:)\) be the standard intertwining operator from mp¢ x = m¢ x to the principal
series Tp . y induced from the parabolic subgroup P opposite to P. It is well known that
A(P:P:£:)\) depends meromorphically on A and is bijective for generic A. We define j°(£:)\)
by jo(&:N) = A(P:P:£:X\)7j(P:£:)), where j(P:£:\) is constructed as j(€:\), but with P
replaced by P. It follows that j°(£:\): V(€) — C~°°(&: M) is again a bijection, for generic
A € ag.. Let ¥ C aj denote the set of roots of aq in g and put

(3) a;(e):{/\ea;c ‘ [(Re\,a)| < ¢ (Va € X)}

for € > 0. The main result mentioned above is

Theorem 1. There exists, for each finite dimensional unitary representation & of M, a
constant € > 0 such that the function \ — j°(£:)\) is holomorphic on aj(¢). In particular,
it is regular on tag.

In order to prove the regularity of j°(£:A) it suffices to consider all the matrix coefficients
formed by it and the K-finite vectors in H¢ x. The set of matrix coefficients formed by the
unnormalized j(£:\) with the K-finite vectors in Hg ) is spanned by (components of) the
FEisenstein integrals, which were defined in [3]. By construction the Eisenstein integrals
E(¢:)\) are K-spherical functions on G/H (that is, functions f taking their values in a
finite dimensional representation space V. for K and satisfying f(kx) = 7(k)f(x) for all
k € K, € G/H). The Eisenstein integral depends linearly on the parameter ¢ in a
certain finite dimensional vector space °C(7), and meromorphically on A € a.. The first
step in the proof of Theorem 1 consists of the identification of a normalization E°(1:))
of E(¢:)\), such that the set of matrix coefficients formed by j°(£:\) with the K-finite
vectors in He » is spanned by components of the E°(1:A). It turns out that E°(¢:A) is
essentially the same as the normalized Eisenstein integral which was introduced in [3].
The normalizing factor, which is End(°C(7))-valued and meromorphic in A, is determined
from the asymptotic behavior of E(t:\) towards infinity along minimal o#-stable parabolic
subgroups (see Proposition 2).

The principal step in the proof of Theorem 1 is given in Theorem 2, which states that
A = E°(¢:)) is regular on iaj. This result is obtained by induction on the split rank
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of G/H (the dimension of aq). The induction results from the existence of asymptotic
expansions of the normalized Eisenstein integral along maximal parabolic subgroups, in
which the principal part is given by a linear combination of normalized Eisenstein integrals
corresponding to symmetric spaces of lower split rank (see Theorem 4). The results of [3],
in particular the unitarity of the c-functions, recalled here in Proposition 5, are crucial.
These preliminary tools and some further basic properties of the Eisenstein integrals are
collected in Sections 1-7. In particular, the proof of Theorem 1 is reduced to Theorem 2
in Section 5. In Section 8 we establish the framework for the parabolic induction, in Sec-
tions 9-11 we discuss some general results about asymptotic expansions of eigenfunctions
depending holomorphically on A, and in Section 12 we define the notion of the principal
part. In Section 13 we state our main result (the above mentioned Theorem 4) about the
asymptotic expansion of the Eisenstein integrals. The proof of this result is carried out in
the subsequent three sections. Finally in Section 17 we give the proof of Theorem 2.

The group G is itself a symmetric space for the left times right action of G x G. In this
case (‘the group case’) the spaces V() are all zero or one dimensional, and the distribution
vectors j°(€:\)n can be identified essentially as multiples of the distribution kernel of the
inverse of a standard intertwining operator (for details, see [9, Lemma 2]). Thus in this
case the regularity in Theorem 1 comes down to the injectivity of this operator for A
purely imaginary, or equivalently, to the regularity of Harish-Chandra’s Plancherel factor
p(A) (for minimal parabolic subgroups). This regularity is stated in [27, p. 142, Lemma
2]. The normalized Eisenstein integrals and their regularity can be found in [25, Thm. 6].
In the development of the general theory for G/H we were very much inspired by these
results of Harish-Chandra for the group case. Another major source of inspiration was
Wallach’s treatment of the asymptotic behaviour of matrix coefficients [35].

We end this introduction by giving some references to related papers that also deal with
harmonic analysis on general semisimple symmetric spaces G/H (for more references we
refer to [6], [28]). For the minimal principal series the H-fixed distribution vectors had
previously been studied in [34], [32] and, in the generality of the present paper, in [2], [3],
[4]. As mentioned, results from these papers are frequently used here. For the non-minimal
(generalized) principal series, which are not considered in this paper, some of the results
of the mentioned papers were generalized in [14], [16], [18]. The discrete series had already
been thoroughly studied, first of all in [21] and [33] (see [6]).

After the results presented here were obtained, there has been a rapid development in
the field. The sequel [10], in which we obtain the most continuous part of the Plancherel
decomposition for G/H, was completed. The Plancherel formula for symmetric spaces of
type G /GR was obtained [23]. Wave packets formed by Eisenstein integrals were studied,
and a new proof of Theorem 1 was given in [5]. Crucial results for the non-minimal principal
series were obtained by Delorme in [19]. Subsequently, generalizations of the unitarity of
the e-functions (the so-called Maass-Selberg relations of [3]) and of the present regularity
theorem (Theorem 1) for the non-minimal principal series were established in [17]. Finally,
in the fall of 1995, the full Plancherel decomposition for G/H was announced by Delorme,
[20]. Simultaneously the present authors announced a proof of the same decomposition,
under the hypothesis of the validity of the above mentioned generalization of Theorem 1
(now established in [17]), [13]. The results of [17] are significant in both approaches, but
apart from this the methods are different. The work in [13] is based on results from [11],
[12]. In [13] we also establish the Paley-Wiener theorem for G/H conjectured in [10]. In
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particular, Theorem 4 of the present paper plays an important role in [12].

1. The Fourier transform. Let G/H be a reductive symmetric space of Harish-
Chandra’s class, that is, G is a real reductive Lie group of Harish-Chandra’s class (cf.
[26]), 0 an involution of G, and H an open subgroup of the group G7 of its fixed points.
This assumption on G/H is somewhat more general than that of the introduction. Apart
from this we use notation as defined above. As usual, the Killing form on [g, g is extended
to an invariant bilinear form B on g, for which the inner product (X,Y) = —B(X,6Y")
is positive definite. We also require the extension to be compatible with o, that is,
B(cX,Y) = B(X,0Y) for all X,Y € g. The inner product (-, -) is extended linearly
to the complexification g. of g.

As above a4 denotes a fixed maximal abelian subspace of p N q, and P = MAN is a
parabolic subgroup whose Levi part M; = MA is the centralizer in G of a,. We denote
the set of such parabolic subgroups by P™". Notice that for P € P™" we have that M
and M are invariant under both involutions 6 and o. Let

Ky=MnK=MnNEK, Hy=MnH, and Hy, =M NH,

then the quotients M/ Ky, My /Kyr, M/Hy; and M, /Hyy, are symmetric spaces.
Furthermore we denote by m¢ x» = mp¢ a the associated representations of the principal
series. Here ¢ belongs to M, the set of (equivalence classes of) irreducible finite dimen-
sional unitary representations of M, and A belongs to aj. (which is viewed as a subspace
of a} by means of (-, -)). We use the following model (‘induction on the left’) for m¢ x:
Let H¢ denote a finite dimensional Hilbert space on which (M) acts (unitarily), and let
C>(&:N) = C®(P:£:)\) denote the space of smooth He¢-valued functions f on G satisfying

f(mang) = a)‘+pp.§(m)f(g), forme M,ae€ A,n € N,g € G,

then ¢ x is the right regular representation of GG on this space. Here pp € a* denotes half
the trace of the adjoint action on n; it is easily seen that actually pp € aj. Similarly we
denote by C'~>(£:\) the space of Hg-valued generalized functions on G satisfying the above
rule of transformation, and by C*>(K:£) and C~>°(K:£) the spaces of smooth, respectively
generalized, H¢-valued functions on K transforming according to f(mk) = &(m)f(k) for
allm € Ky, k € K. Then restriction to I{ gives rise to bijective linear maps from C*°(&:))
and C~>(&:X) onto the corresponding function spaces C°(K:£) and C~>(K:£) on K, for
all A € aj.. The Hilbert space L?(K:£) is defined similarly; the inner product is given by

(4) (o) = [ (gt i

with respect to invariant measure on I{. (Here and in the following sesqui-linear Hilbert
space inner products will be denoted (- |-), and the anti-linearity is in the second variable.)
When viewed as the representation space for m¢  we also denote L?(K:€) by He x.

We denote by X the root system of aq in g, and by W the group Ng(aq)/Zx(aq)
which is naturally identified with the reflection group of X. For the time being we fix a
set W C N (aq) of representatives for the double quotient Zg (aq)\Nx(aq)/Nrnm(aq);
the image of W in W is then a set of representatives for W/Wxnm, where Wrnpg is the
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subgroup Nrng(aq)/Zxnr(aq) of W. The map W > w — PwH sets up a bijective
correspondence of W with the set of open P x H cosets in G. Given an irreducible unitary
representation & of M we denote by V(&) the Hilbert space given by the formal orthogonal
sum

(5) V()= @ HyteeT
weEW

of the spaces of wHyyw ™ !-fixed vectors for £. Here we notice that each w € Nk (aq)
normalizes M and K (but in general not H). Moreover it follows from the lemma below
that if V(&) is non-zero then the restriction of £ to Ky is irreducible (so in particular
£ € M, ), and that we have

wHprw™! w(MNHNK)w™!
M = L (we W)
Lemma 1. There exists a connected normal closed subgroup M,, of M such that
M =KyM,, M,C Hy and wM,w ' =M,
for all w € Ni(aq). In particular

MjwHyw™" o~ Ky Jw(Ky 0 Hy)w ™"

Proof. Let m, be the Lie subalgebra of m generated by mNp. Obviously this is an ideal in
m. Moreover it is Ad w-invariant for w € Ng(aq), and since a4 is maximal abelian in p N q
we have m N p C h and hence m,, C h. Let M, be the corresponding analytic subgroup
of M, then wM,w™" = M, and M, C H are obvious, and M = Ky M, follows from
M =Ky exp(mnp). O

Remark. Under quite general assumptions on the pair (G, H) one has that each of the
summands of V(&) in (5) has dimension at most one. For details about this result, which
we shall not be using here, see [9] and the references given there.

Clearly the elements of C'~°°(P:£:\) restrict to smooth functions on the open P x H
cosets in G, and hence they can be evaluated at each w € W. Moreover, the value at w
belongs to H?HMw_l, and according to [2, Cor. 5.3] the map ev: C~°(P:&:\N)H — V(¢),
given by the product of all these evaluations, is bijective for generic A € aj.. Furthermore,
by [2, Thm. 5.10] this map allows an inverse map

FEN) = J(P:EN): V(E) = C™=(P:£:0)H

which depends meromorphically on A (as a C~*°(K:{) valued map). Thus by definition
we have for n € V() that the H¢-valued generalized function j(£:A\)n on G restricts to the
smooth function

(6) J(EN) () (manwh) = a** P E(m ).,

on PwH = MANwH. (Here 1, denotes the w-component of 1, viewed as an element of
He.) For any real number R we denote

(7) al(P;R) = {) € ai. | Re(\, ) < R, (Vo € X(P))}
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where ¥(P) is the positive system for ¥ corresponding to P. It follows from [2, Prop.
5.6] (and the remark succeeding its proof) that if A + pp € aZ(P;0) then j(£:\)n is the
continuous function on G given by (6) on PwH, w € W, and by 0 elsewhere. Notice that if
G/ H is Riemannian then V(&) is non-zero if and only if £ is the trivial M-representation,
in which case V(£) ~ C. Moreover in this case j(£:\) is essentially the map obtained from
the Iwasawa decomposition G = ANK by ank — a*t?. In particular it is smooth for all
A€ age.

Given two minimal af-stable parabolic subgroups P, P! € P2 (so that their Langlands
decompositions P = M AN and P' = M AN' share the M and the A), there is a standard
intertwining operator A(P':P:£:\) from C™>(P:£:\) to C™°(P":£€:\) (formally given by
integration over N' N N on the left). It depends meromorphically on A and is bijective for
generic A, and by the intertwining property it maps H-invariant vectors to H-invariant
vectors. Consequently we obtain an End(V (¢))-valued meromorphic map A — B(P':P:£:)\)
by requiring commutativity of the diagram

Coo(Pinytl APEEEN oo prig i
(8) j(Ptftk)T Tj(P’:f:A)
V(€ — V().

B(P':P:£:))

The operator A(P':P:£:\) depends on the chosen normalization of the Haar measure
on N' N N. In the following we require that this normalization is as specified in [31, §2].
The purpose of using this particular normalization is to make valid the product formulas
for the standard intertwining operators (cf. (13) below).

By construction the operator B(P'":P:£:\) is invertible for generic A. It is a simple
consequence of the definition of A(P'":P:£:\) that

(9) A(P":P:£:\)* = A(P:P":&: — \).
The main result of [2] (see also [4]) asserts the much deeper analogue
(10) B(P":P:£:\)* = B(P:P":£: — \),

with respect to the Hilbert space structure of V(¢) defined by the orthogonal sum (5).
The normalized map

FOEN) = JO(PEN): V(E) — C7(Pe)!

is now defined as follows. Let ¢(Aq) = ¢(G:Aq) be the positive constant defined by

C(Aq)_l — /NGZPP(HP(")) dn,

where Hp: G — a is the map defined by = € Nexp Hp(x)MK (cf. [3, eq. (122)]). In
the diagram (8) let P' be the parabolic subgroup P opposite to P, and let j°(P:£:\) be
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c(Aq)”! times the map that goes diagonally from the lower right to the upper left corner,
that is

(11)  7o(P:b:)) = e Ay) TFA(P:P:N) o j(Pil)) = ¢ Ag) 1 j(P:6:N) o B(P:P:EN) .

Notice that j°(P:£:)\) is independent of the particular normalization of the Haar measure
dn on N. The two equalities in (11) can be generalized as follows

(12) JPEN) = c(Aq) VAP PEN) T o j(PIEN) 0 B(P:P'EN) T
where P' € P2 is arbitrary (use that

(13) A(P:P:£:\) = A(P:P":£:)\) 0 A(P:P:E:N),

and similarly for B, f. [2, Props. 4.6 and 6.2]).

From (12) and the analogue of (13) for B we obtain the following commutative diagram,
which is analogous to (8)

Coo(Pinytl APEEEN oo prig i
(14) J‘°(P:€:>\)T Tj"(P’:f:)\)
V(€ — V().

B(P':P:£:))

We shall now discuss the singular sets of the meromorphic maps A — j(&:A) and A —
7°(&:A). Let Mg (aq) denote the set of elements p € S(aq) = P(a) which are products of
polynomials of the form A — (A, &) — ¢, where a € ¥ and ¢ € C. The product may be

empty; this means just that 1 € IIx(ay).

Lemma 2. Let P € P, ¢ € M and R > 0 be given. Then there exists a polynomial
p € ls(aq) such that A+ p(A\)j(P:{:)\) is holomorphic on the set aj(P; R). Furthermore
there exists p € Il (aq) such that A — p(A);°(P:{:\) is holomorphic on a3 (R) = a;(P; R)N
ai(P; R).

Proof. For j(£:A\) this is is a consequence of [3, Thm. 9.1]. For j°(£:\) we must also
isolate the singularities of the inverse intertwining operator A(P:P:£:\)7! used in the

normalization (11). Recall (cf. [31, Prop. 7.3], [2, Prop. 4.7]) that for P, P’ € P™* one
defines the meromorphic function A + n(P":P:{:A) € C on aj. by

A(P:P"&:N) o A(P:P:&:0\) = n(P:P:&N.

It follows from [31, Thm. 6.6] that there exists p; € [Ix(aq) such that X — p1(A)A(P:P:£:)\)
is regular on aj(R). Furthermore, by restricting to any K-type occurring in the prin-
cipal series for ¢ we infer from [3, Lemma 16.6] that there exists p; € Ix(ay) such
that A — pa(AMn(P:P:£:\)7! is regular on ai(R). Hence with p = pip; we find that
A= p(NA(P:P:&XN) ™ = p(A\n(P:P:£:)\)"LA(P:P:£:)\) is regular on a’(R). O
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Let dz be a fixed invariant measure on G/H. The Fourier transform f +— f(.f/\) 18
defined by (2) for f € C(G/H), € € M, and A € a’_, that is by

qe?

~

(15) F(&Xn = (2)7°(& = M- w)de € CF(R:E), (g € V(L))

G/H

Then f(.f/\) is linear as a function of 7 and meromorphic as a function of A, and it is regular
on ia; by Theorem 1 (to be proved later). Clearly f + f(f:/\)n is a GG-equivariance, when
C°(K:€) is identified with the representation space Hg°_, for m¢ _x.

Notice that strictly speaking the Fourier transform as defined above depends on the
choice of the set W of representatives for Zx(aq)\Nx(aq)/Nrnn(aq). More precisely, if
W' C Ng(aq) is another set of representatives, and we define the space V'({) as V(§)
above but with W' in place of W, then there is a natural isometry R¢: V(§) — V/(£) (see
[2, Lemma 5.8]). The map j'(£&:\): V'(€) — C=°°(P:£&:\)H | defined as j(£:)\) above, but
with W' in place of W, is then related to j(&:)\) as follows:

(16) J(EA) 0 Re = j(&:N).

Moreover, the same formula holds with j replaced by 7° on both sides. The corresponding

Fourier transform f’(f:/\) is then related to f(£:\) by f’(f:/\) oRe = f(.f/\)

2. Eisenstein integrals. Eisenstein integrals for G/H were defined and analyzed in [3].
In this section we shall give a slightly more general definition and relate it to the previous
one. This more general definition is necessary for the induction procedure in the proof of
Theorem 1.

Instead of working with scalar-valued K-finite functions on G/H it is more convenient
to consider T-spherical functions f on G/H, that is V.-valued functions satisfying

flka) =71(k)f(x), (ke K, € G/H).

Here (7,V;) is a finite dimensional unitary representation of K. We denote by C(G/H:T)
the space of 7-spherical continuous functions from G/H into V;. The function spaces
C>*(G/H:t), C>(G/H:7) and L*(G/H:7) are defined similarly, and they are topologized
in the obvious fashion with the induced topologies from C(G/H) @ V;, C*(G/H) ® V;,
ete. The Eisenstein integral, to be defined below, is a T-spherical function on G/H.

Let M be as in the previous section. We shall now define a space °C(7) which is
analogous to the space °C(M, 1) of cusp forms in [26, Sect 19]. However, since we are
only dealing with minimal o6-stable parabolic subgroups, the actual notion of cusp forms
is inessential. Let 7y denote the restriction of 7 on Ky, then C(M/wHpyw ™ iryr) is
the space of 7ps-spherical functions on M/wHyw™?t, for each w € Nk (aq). We define
°C(7) to be the formal direct sum over w € W of these spaces:

(17) °Clr)= P C®(M/wHyw tiry).
weWw
Given w € W we accordingly write °Cy,(7) for the w-component of the space °C(7), and

if ¢ € °C(7), we write 1), for its w-component. Notice that it follows from Lemma 1 that

i -1
evaluation at e yields a linear bijection of °C,(7) onto er(MﬂI\ﬂH)w , hence we have

(18) OC(T)Z @ er(MﬂI(ﬂH)w_l
wew
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(again the sum is formal; it is not taken inside V). In particular this shows that °C(7)
is finite dimensional. We equip C*°(M/wHyw™l:7y) as a Hilbert space by means of
the L?-inner product with respect to the normalized invariant measure on the compact
symmetric space M/wHyw™!. Regarding (17) as an orthogonal sum we obtain a Hilbert
space structure on °C(7). The map (18) is an isometry if we similarly regard the sum on
its right-hand side as an orthogonal sum.

To a pair (1, A) of elements ¢ € °C(7) and A € a;, we associate a V--valued function

() on G/H by

a*tPrap,,(m)  for x = manwH
(19) J(hiz) = (meMacAncNuweW)
0 for ¢ UpewPwH.

It follows from [2, Prop. 5.6] that if A + pp € ag(P,0) then ;/:(/\) is continuous on G. The
7-Eisenstein integral is then defined by

(20) E(¢:N)(x) = E-(Pap:N)(x) = / T(k);/;(/\:k_lx) dk,
K
for ¥ € G/H. Then ¢ — E(1:)) is a linear map from °C(7) to C(G/H:T).

Notice that the construction of the Eisenstein integrals is ‘functorial’ in the following
sense: Let (71,V7) and (72, V2) be unitary finite dimensional representations of I, and let
® € Homp(V1,V2). Then @ induces a natural map, also denoted by @, from °C(71) to
°C(12), for which we have

(21) Eqr,(®(¢n ):A)(x) = B(Er, (P1:A)(2)), (b1 € °C(m1)).

In particular this means that if (7, V) is reducible then the Eisenstein integral E, decom-
poses as the sum of the Eisenstein integrals corresponding to the reduction components of
T.

We shall now determine the relation of the Eisenstein integrals E(:A) to the distri-
butions j(&:A) of the previous section. First we relate the spaces V(£) and °C(7) to each
other.

Let the finite dimensional unitary representations (7, V;) and (&, He ) be given as above.
In what follows the Frobenius reciprocity theorem plays a prominent role. We shall be
using it in the following formulation. Recall that C(K:£) is the space of continuous func-
tions f: K — H¢ transforming according to f(mk) = &(m)f(k) for k € K and m € Ky,
and that K acts from the right on this space, thus providing a model for the induced rep-
resentation indﬁZM €| iy, - Similarly, let C(K:£:7) denote the space of continuous functions
f+ K — He @ V; transforming according to the rule:

Flmkt') = [6(m) @ () f(R). (kK € K, m e Ky).

Then C(K:£:7) ~ [C(K:£) @ V-]¥, and Frobenius reciprocity asserts that evaluation at
the identity element of K yields an isomorphism of C'(K:£:7) onto the finite dimensional
space [He @ V;]5 . We denote this map by e. Regarding C'(K:£:7) as a Hilbert space by
means of the L2-inner product on K we have that e is an isometry.
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We now define, for each w € W, a sesqui-linear map
(22) C(K:£:71) x H?HMw_l — °Cop(7) = C®(M/wHyw ™ iy )

by mapping the pair (f,n) to the Vi-valued function m — (f(e)|{(m)n) on M. Here
(-]): [He ® V7] x Hg — V7 is the sesqui-linear map obtained from contraction by means
of {-]-)¢. Let H¢ be the linear space conjugate to Hg, then we shall view the above map
(22) as a linear map

C(K:£:7)® ﬂ?HMw_l — °Cy(T).

Of course one has that Hg ~ Hev (as an M-module). This allows one to avoid the bar in
the notations, if one likes. By direct summation over w we get a linear map T — 7 from
C(K:£:7) @ V(€) to °C(), where V() is the linear space conjugate to V(£). We can now
state the relation between °C(7) and the V(¢):

Lemma 3. Let (7,V;) be a finite dimensional unitary representation of . Define for

each £ € M a linear map T + 1y from C(K:£:7) @ V(€) to °C(7) as above by

(23) (Yo )w(m) = (f(e)[E(m)nw)

for f € C(K:£:7),n € V(), m &€ M and w € W. Then the sum over £ € My, of the maps
(dim €)'/24) yields a surjective isometry

@5 C(K:Lm)@ V(E) — °C(T).
Proof. Consider the matrix coefficient map
My @ He @ ﬂngMw_l — C®°(M/wHpyw™).

This map is equivariant for the obvious M-actions and its image is C’go(M/wHMw_l),

the space of functions of left type ¢ in C°(M/wHyw™"). Moreover, (dim £)'/?m,, is an
isometry, by Lemma 1 and the Schur orthogonality relations for K. Let

Cgo(M/wHMw_ler) ~ [Cgo(M/wHMw—l) R VT]KM

be the space of functions in C*°(M/wHyrw ™ irpy) of left type €. (Notice however that
C>®(M/wHyw ™ iryr) is actually not invariant under the left action of M.) Then, again
by Lemma 1, we have that C(M/wHyw ™ :7yr) is the sum over £ € M, of the spaces
C’go(M/wHMw_l:TM). Now m,, provides us with an onto isomorphism

My =My @ Ty, 1 [He @ V,-]KM ® ﬂ?HMw_l — C’go(M/wHMw_l:TM),
and the map T +— (Y1), from C(K:£:7) ® ﬂ?HMw_l to C°(M/wHyw ™ iryy) is easily

identified as 1y, o (e @ I), where e is the Frobenius reciprocity map and I the identity map

on ﬂ?HM ©™" The lemma follows immediately. [
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We denote by °Ce¢(7) the image of C(K:£:7) @ V(€) in °C(7). Then °C(7) = $¢°Ce(T),

and according to the proof above we have

°Ce(t)= P C’go(M/wHMw_l:TM).
weW

Moreover °Ce(7) # 0 if and only if V(&) # 0 and £V|x,, occurs in the decomposition of Ty
into irreducible Kps-types.

Notice that the map T +— 7 also depends on 7 in a functorial way. In fact let ¢/ be
associated to (7;,V;), for j = 1,2, and let ®: Vj; — V, be a K-equivariant map. Then
® naturally induces maps ®: C(K:£:mp) — C(K::7m2) and @: °C(711) — °C(72) and for
f1 € C(K:&:mp) and n € V(&) we have @(;b}l@n) = ¢<21>f1®n'

We are now ready to give the promised relation between E and j. Let £ be given, and

let T=f®@nec C(K:£7)® V(). Then we obtain from (19) and (23) that

er(hmanwi) = a7 (f(e)|E(mIn.),

and comparing with (6) we see that %(/\:gﬂ) = (f(e)|[7(&:M)n)(g)) for all ¢ € G. Hence
by (20) we have

T(k_1)<f(e)|[j(§:A)n](kg)>dk:/<f(k)|[j(§:k)n](kg)>dk-

K

B\ (gH) = /

K

Here (-|-): [He @ Vz] x H¢ — Vi is the before-mentioned contraction. Using the same
contraction we define a sesqui-linear map C(K:£:7) x C(K:£) — V; by

(24) (o) = [ (Fhleti) ar
for f € C(K:£:7), ¢ € C(K:£), and we finally have

(25) E(pr:\)(gH) = (flme x(9)i(ENn), (9 € G),

for T = f@nc C(K:£7)®@ V(). In particular it follows that the Eisenstein integral is a
smooth function on G/H. A priori (25) holds when A + pp € aj(P,0), the range in which
we have defined E(:\) and in which j(&:)\)y is continuous. However since all elements
f € C(K:£:7) are smooth functions on K, the sesqui-linear map in (24) makes sense for
w € CT°(K:£), and hence we get from the results of [2] cited in the previous section, that
A+ E(y:)) extends to a meromorphic C'°°(G//H:7)-valued function on a? . for which (25)
holds (in the generalized sense). Notice that this expression shows that the components
of the vector valued function E(¢:\) are finite sums of (generalized) matrix coefficients of
7(&N)n with K-finite vectors, for all 1) € °C(7).

The expression (25) can also be used to relate the Eisenstein integrals E(P:):)\) con-
structed from different parabolic subgroups P to each other. Using (8) and (9) it is easily
seen that

(26) E(P:qvbf@n:/\) = E(Pl:qvbA(P:P’:5:—>\)_1f®B(P’:P:€:5\)7):/\)7 (Pv P' e 73;rnin)'
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A priori the intertwining operator A(P:P'":£:—X) acts on C (K :{); the action on C'(K:£:7) ~
[C(K:£) ® V;]" is obtained from tensoring with the trivial action on V;.

Notice that if W' is a second choice of representatives for Zy (aq)\Ng (aq)/Nxnr(aq),
then in analogy with (16) it is easily seen that there is a natural isometry R.: °C(7) —

°C(7)" such that
(27) E'(Ryy:\) = E(i:A), (v € °C(7)),

where the quantities with a prime are defined with the new set W' in place of W.

We shall now relate these Eisenstein integrals to those of [3]. Let ¥ be a finite set of
equivalence classes of finite dimensional irreducible representations (p, V), ) of K, and let
Vy = C(K)y be the space of K-finite functions on K, whose isotopy types for the left
regular representation are contained in ¥. Thus by Peter-Weyl theory we have the linear
isomorphism

(28) Vi) V0V,
peE?

where V, is the conjugate linear space to V,. We provide Vy with the inner product as a
subspace of L?(K), and define 7y to be the unitary representation of K on Vy obtained from
the right action. In the above expression for Vy we thus have 7y ~ Zueﬂ 1, @ pV, where
1, is the trivial representation on V,, and where ;¥ is the representation contragradient
to i, realized on V,. The Eisenstein integrals of [3] are obtained by specializing the above
construction of the V;-valued function E;(1:\) to the case where (7,V;) = (19, Vy).

The map ¢ of Lemma 3 can be somewhat simplified in the case when (7,V;) = (79, Vy).
Let C(K:£)y denote the subspace of C(K:{) consisting of the K-finite functions whose
(right) K-types belong to ¥, and let I @ é.: C(K:&:mp) = [C(K:£) @ Vo] — C(K:€)
be the linear map obtained from evaluation of the elements of Vy = C(K)y at e, then
it is easily seen that I @ 6, maps C(I:£:1y) bijectively onto C(K:£)y (use (28)). For
f € C(K:£:1y) and n € V(£) it follows easily from (23) that

(¥ ram)uw(m)(k) = ([(I @ &) fI(R™H)E(m)mw )¢,

for m € M,k € K. We shall henceforth identify C(IK:£:7y) with C(K:£)y by means of
I ® 6., and we write accordingly (cf. also [3, p. 346])

(29) (ron)w(m)(k) = (F(ETHIEmMm)e,  (m € M.k € K).

Specializing (25) to 7y and applying 6. we obtain (as in [3, Lemma 4.2])

(30) Er, (br:M\)(gH)(e) = (flme x(9)i(&Nn), (g € G),

for T = fon € C(K:£)y@V(£), where (-|-) now is the sesqui-linear product (4) on C(K:£).

On the other hand, for general K -representations (7, V), the Eisenstein integral E-(1:)\)
can be expressed by means of the E. (1:\) as follows. Let 9 be the set of K-types occurring
in 7V, and let (79, Vy) be constructed as above. Consider the space Vy @ V; with the K-
representations 7y ® 1, and £y @ 7, where 1, denotes the trivial K-representation on V.,
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and (y denotes the representation obtained from the left action on Vy. Clearly these
representations commute with each other, and hence the space

(31) (Vy @ Vy)(Lo©mIE)

of fixed vectors for the latter action is an invariant subspace with respect to the former
action. It is now easily seen that evaluation in the identity in the first factor of the tensor
product yields a K-equivariant isomorphism of the space (31) onto V.. Let ®: V; —
Vy @ V; be the embedding obtained from the inverse of this isomorphism. It follows from
the functorial property (21) that we have

(32) SE(¢:A) = Eryo1,(2(1):A)
for ¢ € °C(7). Again by functoriality one sees that °C(1y @ 1,) ~ °C(7y) @ V; and
(33) Eryor, (0Qu:A) = Er (:A) @ u

for ¢ € °C(19), u € V. Using these relations we shall sometimes derive properties of the
Eisenstein integrals in the present generality from the corresponding properties in [3].

3. Invariant differential operators. Let D(G/H) denote the algebra of invariant
differential operators on G/H. Let U(g) be the universal enveloping algebra of the com-
plexification of g and recall that the right action of G on C*°(G) induces a homomorphism
r from U(g)" onto D(G/H), whose kernel is U(g)” N U(g)h. In the following we shall
frequently abuse notation by identifying an element D € D(G/H) with any X € U(g)”
for which D = r(X).

Let b be a Cartan subspace for G/H (that is a maximal abelian subspace of q consisting
of semisimple elements), containing a,. Then bNp = a4 and b = by B ay, where by = bNEL.
Let W(b) denote the reflection group of the root system of b. in ge, then the Harish-
Chandra isomorphism v = vg,y for G/H maps D(G/H) isomorphically onto S(b)Wb)
the algebra of invariants for W(b) in the symmetric algebra S(b).

We shall now define a similar homomorphism (cf. [3, Sect. 2])

p:D(G/H) = D(My /Hup ) ~D(M/Hy ) @ S(ag).

Here D(M; /Hyy, ) and D(M/Hyr) denote the algebras of invariant differential operators
on the symmetric spaces My /Hyy, and M/ Hys respectively, and the isomorphism between
D(M; /Hpyy, ) and D(M/Hp )@ S(aq) is obtained from the decomposition my = m@Gaq & ay,
where ay, = anNbh. Let P € P2 be given. We first define a homomorphism

‘wp:D(G/H) — D(My/Hu, )
by the requirement
D —up(D) enlU(g) +U(g)h

(it is used that g = n+m;+b, and elements of D(M; /Hyy, ) and U(my )1 are identified, as
mentioned above for G/H). Let dp(m) = |det(Ad(m)|n)|1/2 for m € My, then dp(ma) =

a’? form € M Ay, a € Ay, where Ay, = exp ay, and Ay = exp aq. In particular we may view
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dp as a function on M /Hyy, and define an operator Tp: D (My /Hy, ) — D(My /Hyy, ) by
Tp(D) = dp' o Dodp. Equivalently Tp is given by Tp = In vty @ Typ, where T, s
the automorphism of S(aq) given by T,,u(A) = u(A + pp) for u € S(aq), A € aq. Now p
is defined by

(34) p="Tpo up.

Notice that b is also a Cartan subspace for the symmetric space My /Hpyy, . Let Wiy, (b)
be the reflection group of its root system and let vy, 11, be the Harish-Chandra isomor-

phism from D(M; /Hyy, ) onto S(0)V31(®) " Then it is easily verified that

(35) VM, /Hur, ©H = VG /H-
In particular it follows that p is injective, and that it is independent of the choice of the
parabolic subgroup P (as already indicated by the absence of P as subscript).

The map wp: D(G/H) —D(M;/Hyy,) is also denoted p'p; by (34), the independence
of yt on P, and the relation dp = dp' we have

(36) pp="Tpop.

Let w € W. Then Ad(w) maps M;/Hyy, onto My /wH y,w™'. Moreover, by conjugation
with w inside U(g) we get a map from U(m; )31 to U(ml)WHle_l, which induces a map
from D(My /Hpy, ) to D(M; JwHpy, w™!). We denote this map by D +— Ad(w)D. Let

ftw = Ad(w) o D(G/H) — D(M; JwHp,w™ ) ~D(M/wHpyw™') @ S(aq).

Let £ € M{. The algebra D (M/wHyw™!) acts naturally on H?HMw_l by &, and thus
we have a homomorphism of algebras

Eo: D(M/wHyw™) — End(H ™),
Let the algebra homomorphism
€): D(G/H) — End(V(€)) © 5(a)
be defined as the direct sum over w € W of the maps (£, @ I)opty. For D € D(G/H)
and A € a;. we denote by u(D:{:\) the endomorphism of V() obtained from p(£)(D) by
evaluation of its S(aq) components in A.
For each w € W and D € D(G/H) we have:
(37) D = ‘piy-1pe(D) € Adw™ (n)U(g) + U(g)h.

By the independence of ¢ on P we have T\ -1 p,, o -1 pw = M, Or equivalently

(I jwiyw-1) @ Tp)o Ad(w) o =1 pw = faw-
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From (6) and (37) it then follows that

(38) D(j(&AMn) = j(EM(p(D:EA)n), — (n € V(L))

for all D € D(G/H), as a meromorphic identity in A € aj, (cf. also [3, Lemma 4.4]).

Being G-equivariant the operator A(P':P:£:\) is in particular intertwining for the ac-
tions of D(G/H) on C~°°(P:&:\)H and C=°°(P":£&:\)H. By the injectivity of j(&:\) (for
generic \), and the fact that p is independent of the choice of parabolic subgroup, we
conclude from (38) and the diagram (8) that

(39) (D:E:X)o B(P":P:£:\) = B(P':P:£:\) o u(D:E:N)

as a meromorphic identity in A. In particular we have that the relation (38) holds for

7°(&:0) as well;
(40) D(j°(&:A)m) = j° (&N (u(D:&:N)m), — (n € V().
For D € D(G/H) let D* € D(G/H) be its formal (Hermitian) adjoint with respect to
the invariant measure dz on G/H. Then by [3, p. 435-436] we have
(41) p(D*:6:N) = p(D:&: — A)* € End(V(€)),

where the asterisk on the right-hand side denotes the adjoint with respect to the Hilbert
space structure of V({). It follows immediately from the definition (15) of the Fourier
transform and (40) that we have

(42) (DFY(EN) = F(EN) o u(DEN),  (f € CX(G/H)),

where D € D(G/H) is the conjugate of D, defined by D¢ = D¢ for ¢ € C°(G/H).

Let (7,V;) be as in Section 2. There is a natural action of the algebra D (M /wHyw ™)
on the finite dimensional space C*°(M /wHyrw ™ i), for each w € W. We thus have a
homomorphism of algebras r,: D(M/wHyw™') — End(°Cy(7)). Let the homomorphism

p(r):D(G/H) — End(°C(7)) @ S(aq)

be the direct sum over w € W of the maps (ry @ I)o 1. Notice that it follows from (23)
that rw (Y fon)w = (¥ fee, ., Jw and hence

(43) M(DTA)¢f®n = ¢f®u(D:£:X)n7

for f € C(K:£:7),n € V(€),and D € D(G/H) (recall that ¢, is anti-linear as a function
of n € V(&)). Using (25) we infer from (38) and (43) that

(44) DE.(¢:\) = Er(p(D:m: A\ \)

for all v» € °C(7), D € D(G/H ), as a meromorphic identity in A € aj. (cf. [3, Lemma 4.5]
for 7 = 71y).

The endomorphisms pu(D:€:\) and p(D:7:A) of V(&) and °C(7), respectively, are diago-
nalizable. More precisely the following result holds. We view by, and ag. as subspaces of
b2, according to the decomposition b = by @ ay.

c?
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Lemma 4. There exists, for each £ € M, a finite set L¢ of elements A € 1bf such that
the endomorphisms (1(D:£:\), for A € a%, and D € D(G/H), of V() are simultaneously
diagonalizable with eigenvalues of the form v(D:A + X)) with A € L.

Similarly there exists, for each finite dimensional unitary representation 7 of K, a finite
set L, C b} such that the endomorphisms p(D:7:\) € End(°C(7)) are simultaneously
diagonalizable with eigenvalues of the form y(D:A + \) with A € L.

Proof. 1t follows from [3, proof of Lemma 4.8 (see the lines following the display (37))] that
the endomorphisms ¢.(D), D € D(M/Hys ), of H?M are simultaneously diagonalizable,
with eigenvalues of the form v/, (D:A) where A € 7by. Conjugating by w we infer
that a similar statement holds for £,(D), D € D(M/wHpw™"'). The statement about
p(D:£:X\) now follows immediately from (35) and the definition of () as the direct sum
of the maps (£ @ I) o f1y, and the statement for 7 is then a consequence of Lemma 3 and

(43). O

4. Asymptotic expansions. Let (7,V;) be as above. It follows from the differential
equation (44) that the components of the vector valued function E,(¢:)\) are D(G/H )-
finite functions on G/H. As such they allow converging asymptotic expansions along
the o6-stable parabolic subgroups of G (see [1]). In this section we recall from [3] some
properties of these expansions, for the minimal o6-stable parabolic subgroups.

Recall the following ‘K AH’-decomposition of G:

G=c | KA(';wH, (disjoint union),
weWw

_|_
q
corresponding to some (fixed) choice of positive system for ¥. Using the decomposition

above we see that the asymptotics of a 7-spherical function f on G/H are determined
from the behavior of f(aw) for ¢ — oo in A(j' and w € W (modulo the behavior ‘along
the walls’ of A(j'w). In the following we fix two parabolic subgroups P,Q € P, The
asymptotic expansion to be explored is that of the Eisenstein integral E(P:):\) along
A('f(Q)w, for all w € W, where A('l"(Q) corresponds to (). Notice that, for a € Ay, the
function m +— E(P:p:\)(maw) belongs to C(M /wH pw™1 : 7p7), by sphericality of the
Eisenstein integral. By (17) we may view it as an element of °C(7).

Let NX(Q) denote the set of linear combinations of the elements from (@) with coeffi-
cients in N. In view of (32), (33) it follows from [3, Lemma 14.1 and Thm. 14.2] that there
exist, for each v € NX(Q) and s € W a unique meromorphic End(°C(7)) valued function
A= poipy(s:A) on af, such that (generically in A)

where cl denotes ‘closure’. Here A(j' = expa,, where a:f is the positive chamber in a4

(45) E(P:p:\)(maw) = a2 Y~ " a " pgpu(s:A)i]w(m)

velE(Q) sew

forw e W, m € M and a € A('l"(Q) The convergence is absolute and uniform on any
subset of MA;;(Q) of the form {ma | a(loga) > e,a € X(Q)}, € > 0. We define the

c-function

Cqip(s:A) = pgpo(s:A) € End(°C(7)).
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Moreover we define the 7j;-spherical function Eq (P:0:\) on My /wHy,w™! by

(46) Equw(Pap:\)(ma) = Y aCoip(s:\)Plw(m),  (m €M, a € Ay),

and call it the (Q,w)-principal part of E(P:up:)). It is easily seen from uniqueness of the
asymptotic coefficients that the c-functions, as well as the principal parts, of E(P:):)\),
depend on 7 in a functorial way, just as we have earlier seen for E(P:p:)) itself (cf. (21)).
The c-functions C'g|p(s:\) allow the following identification in terms of intertwining op-
erators when s = 1. Recall that the intertwining operators A(P:Q:£:\) act on C(K:€:7) ~
[C(K:€) @ V;]® by tensoring their usual action on C'(K:£) with the trivial action on Vj.

Proposition 1. Let £ € M, and let tsg, € °C(T) be given by (23) with f € C(K:£:7),
n € V(). Then

(47) CQlP(lV\)@/’f@n = C(Aq)¢A(Q:P:f:—A)f@B(Q:P:&‘:X)n7

as a meromorphic identity in A € ag..

Proof. Equation (47) with P = Q follows from [3, Prop. 15.7] (use functoriality to gener-
alize from 7y to arbitrary 7). From (26) and uniqueness of the asymptotic coefficients we
obtain

CQ|P(1:/\)¢f®7) = CQ|P/(13/\)¢A(P:P/:5:—>\)—1f®B(P/:P:5:5\)n-
Take P' = Q, then the result easily follows by application of (47) with P = Q and (13). O
In particular we derive from (47), (43) and (39) that

(48) p(D:7:N) o Cop(1:N) = Cgp(1:A) o u( D:7:A)

for all D e D(G/H).

5. The normalized Eisenstein integrals. Let (7,V}) be any unitary finite dimensional
K-representation. We define the normalized Eisenstein integrals E°(i:\) = E2(P:p:)\) €
C(G/H:T), for i € °C(7), A € ag. by (cf. [25, p. 135] in the group case)

(49) E°(P:p:)) = E(P:Cp|p(1:A)_1¢:A).

Obviously E°(¢:A) is meromorphic as a function of A € aZ.

Proposition 2. Let ¢) € °C(7). Then

(50) E°(P:p:\) = E(P":Cppr (1:N) "))

*

ac» where P' € Pmir is arbitrary. Moreover in analogy

as a meromorphic identity in A € a
with (25) we have

(51) E°(Ppr:\)(gH) = (flrpea(9)i*(P:&:Nn), (g€ G),



15 Ll VAN DEN bAN AND ORNRIK sCeonbLioninnULL

for T = f@n € C(K:£7) V(E).

Proof. 1t suffices to prove (50) with v = 7. It follows easily from (12), (9), (25), in
combination with (47) that the right-hand side of (51) equals the right-hand side of (50),
for any P'. Taking P’ = P we obtain both equations. [

In particular, if we take P’ = P in (50) we obtain E°(P:):)\) = E(P:Cp|p(1:A)_1¢:A),
which shows that

(52) E°(P:)p:)\) = EY(Pup:)),

where E' is the Eisenstein integral normalized analogously to [3, Sect. 16].
We can now state our main result about the Eisenstein integrals. Recall that for e > 0

we have defined the set aj(e) by (3).

Theorem 2. Let (7,V;) be given. There exists € > 0 such that the normalized Eisenstein
integral E°(3:)\) is holomorphic as a function of A in aj(¢), for all 1 € °C(7).

The theorem will be proved in Section 17. For the time being let us use it to prove the
regularity of j°(£:\) on ag(e), for some € > 0:

Proof of Theorem 1. Let £ € M, be fixed. It follows immediately from Theorem 2 together
with the normalized version of (30), which reads

(53) B2, (br:\(gH)(e) = (flme a(9)i°(ENm),  (T=fan e CK:£s @ V(E)),

that A\ — (f|7°(&:\)n) € C is regular on a neighborhood of iag, for all K-finite functions
f e C®(K:£) and all n € V(). (Notice however that a priori the neighborhood may
depend on f.)

By Lemma 2 there exists an element p € IIy(aq) such that A — p(A)7°(&:A)y is regular
on a;(1), for each n € V(). We claim that p may be chosen such that all its linear factors
A= (A, a) — ¢ satisfy Rec # 0. This will obviously imply the asserted regularity.

In order to prove the above claim, we assume that p = Ip' where p’ € IIy(ay) and I(\) =
(A, a) — ¢ with Rec¢ = 0. Then it follows from the above consequence of Theorem 2 that
A= (flp(N)j°(€:X)n) vanishes for \ € Z_l(O)Oiaj;, for all KK-finite functions f € C*°(K:£).
By the density of the K-finite vectors in C*°(K:£) we conclude that A — p(A)j°(&:N)
vanishes for A € [71(0) N iag, hence also for A € I=H0)n a’(1) by analytic continuation.
Hence [ is a factor of the holomorphic function A — p(A)7°(&:A) = I(A)p'(A)7°(&:A) on
a;(1), which means that A — p'(\);°(£:A) is also holomorphic on this set.

Using this argument repeatedly we arrive in a finite number of steps at a polynomial p
with the claimed property. O

Notice that it follows from (49), (44), and (48) that
(54) DE°(p:\) = E°(u(D:m:A)h: ).

It follows from this equation and (50) that the normalized Eisenstein integral E°(P:i):))
allows asymptotic expansions similar to (45) for all Q € P2, with coefficients

[Po1prw(5:X) 0 Cppr (1:X) " p] o (m).
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Notice that these coefficients are unique and hence independent of the parabolic subgroup
P' € P In particular the operator defined by

(55) C&P(s:/\) = C’Q|p/(3:/\)Cp|p/(1:/\)_1
is independent of P’ (and hence, in notation analogous to that of [3, eq. (134)], equal
to Céu—g(s:/\)). The (Q,w)-principal part of E°(P::)\) is the 7pr-spherical function on

M, JwHy, w™! given by

(56) EQ w(Pip:N)(ma) = Z aS)‘[C&P(S:/\)@/)]w(m), (me M, ae Ay).

Notice that with P’ = Q and s = 1 in (55) it follows from (47) and (13) that

(57) C§|P(1:/\)¢f®7) = 77Z)A(Q:P:E:—>\))C®B(]3:Q:€:5\)—17)'

The operator C&P(l:/\) can be used to establish a relation between the normalized

Eisenstein integrals E°(P:1):\) for different parabolic subgroups P. In analogy with (26)
we get from (51) and (14) that

E*(PpponA) = Eo(Pl3¢A(P:P/:5:—A)—1f®B(PI:P:5:§\)n3/\)-
Combining with (57) we find
(58) E°(Pup:\) = E°(P":Cp pi(1:N)"Hep:)), (P, P' ¢ P,

6. The spherical Fourier transform. If f and ¢ are 7-spherical functions on G/H
then we define a sesqui-linear pairing by

(Flg) = /G @l de.

whenever the integral makes sense. Furthermore, if f € C2°(G/H:7) then we define the 7-
spherical Fourier transform Ff = Fpf of f to be the meromorphic °C(7)-valued function
on ay. determined by

(59) (FpfN) = (FIE*(Pup: = A)), (X € age, b € °C(7)).

It follows from Theorem 2 (to be proved later) that F f(\) is regular on a neighborhood of
ia;. Notice that in analogy with (42) we obtain from (41) and (54) that for D € D(G/H)

(60) FDHA) = w(D:mNFFA),  (f € CF(G/H:T)).

We shall now describe the relation of this Fourier transform with the Fourier transform
f— fon C®(G/H). We first transform scalar-valued K-finite functions on G/H into
T-spherical ones, for a suitable K-representation 7 (see [26, §26], [30, p. 397] for related
constructions). For any scalar-valued K -finite function f on G/H we define a C'( K )-valued
function ¢(f) on G/H by <(f)(«)(k) = f(kx) for x € G/H, k € K. Let 9 C K be a finite
set, and let Vy = C(K )y be as in Section 2. It is easily seen that if f is K-finite of
isotypes from O, then ¢(f)(z) € Vy for @ € G/H, and ¢(f) is Ty-spherical. We denote
by C°(G/H)y the (closed) subspace of C°(G/H) consisting of the K-finite vectors of
isotypes from ¢, and equip it with the induced topology.
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Lemma 5. The map < is a continuous bijection of C*(G/H)y onto C*(G/H:7y). Its
inverse is given by F +— 6. o F', where 6.: Vy — C is the map obtained from evaluation at
the identity element ¢ € K.

Proof. Easy. O
Proposition 3. Let f € C(G/H)y and let F = (f) € C(G/H:ry). Then for all
€My, TeC(K:£)y@V() and A € ai, we have

(FFOlr) = (FENIT),

where 7 € °C(7y) is determined by (29) and linearity.

Proof. The Hilbert space structure on Vy is obtained from L?*(K). From (59), the defini-
tion of ¢, sphericality, and invariance of dx we find that for any ¢ € °C(7)

FFOI) = [ y [ P B (s = V) o

:/G/H | e B2, (= N k)] did

— [ F@)E2, (i = N(a)e) de.

G/H

Let ¢ € C(K:€)y and n € V(&), and suppose that ¢ = ¢ with T = ¢ @ n. Applying (53)

we now have
(FEA)Y) = /G/H FlgH)(me—x(9)i°(& = Mmle)d(gH) = (F(&:Mnle) = (F(EN)[).

For general T the result follows by linearity. O

7. The action of the Weyl group. Let w € Ng(ay). Since w normalizes M it acts
on (equivalence classes of) representations of M. If f € C(P:£:\) then the left translate
given by [L(w)f](z) = f(w™'a2) belongs to C(wPw ™ :wéw), and the map f — L(w)f
is a bijective intertwining operator for the right actions. Moreover, this map extends to
generalized functions, and hence gives rise to a linear bijection

L(w): C™®(P:£:\) — ¢ (wPw wtwl) .

According to [2, Lemma 6.10] there exists a unitary linear bijection L({,w): V(&) —
V(w¢), independent of P and A, such that the diagram

C=°(P:£:)H ERACOIN C=°(wPw vt
(61) j(P351A)T Tj(wpw_lzwfzw)\)
V(¢) —_— V(wé)

L& w)
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is commutative (in a meromorphic sense in A). Explicitly the map L(£,w) is constructed
as follows. By transference of the left multiplication under the canonical bijection W —
Zr(ag)\Nk(aq)/Nrnn(aq) we equip W with a Ng(aq)-action (recall that Zg(ay) is a
normal subgroup of Ng(ay)). This action is denoted by (w,v) — w - v. If w € Ng(aq),
v € W, we choose an element u(w,v) € Zx(aq) = Ky such that

w-v=u(w,v)wv mod Ngnp(ag).

The map L(&,w): V(&) — V(w€) is given by

L w0l = (wE)(ulw, v)yy, € DT (e Wy e V(6)).

The intertwining operator L(w) commutes with the standard intertwining operators in
the sense that we have

(62) L(w) o A(P":P:£:)) = A(wP w™  rwPw ™ hiwéw) o L(w).

Combining this with the diagrams (8) and (61) we obtain (62) with A replaced by B and
L(w) by L(£,w). Moreover, we obtain that the commutativity of the diagram (61) holds
with j replaced by j°. Consequently we also have that

(63) L(w)o f(P:.f:/\) = f(wa_l:w.f:w/\) o L(&,w),

for all f € C(G/H). Another consequence of the diagram (61) is the following relation
(use (38)):

(64) L(&,w) o p(D:E:N) = pu(D:wéiw) o L(E, w), (D e D(G/H)).

Using Lemma 3 we can combine the maps L({,w) to a linear endomorphism £(w) of
°C(71), for any unitary finite dimensional representation 7 of K. This is defined by

(65) Lw)Pr = V1(w)@L(€,w)] T (T e C(K:&m) @ V(E))

for all £ € My,. Here L(w): C(K:£:7) — C(K:wé:T) is simply given by the left regular
action on functions on K.
By a straightforward calculation, using the relevant definitions, one sees that for every

b € °C(7) one has
(66)  [L(w)d]ww(m) = T(w)bo(w™ mu(w,v)w),  (w € Ng(aq), v €W, m e M).
Lemma 6. The map L is a homomorphism of Nk (aq) into the unitary group U(°C(7)).

Its kernel contains Zp (aq).

Proof. 1t is a straightforward consequence of the definitions that £ is a homomorphism
whose image consists of unitary operators. The assertion about the kernel follows from (66):
If w € Zx(aq) then u(w,v) = w™! and 7(w)p,(w™tm) = 1, (m) by Kys-sphericality. O

We denote the induced unitary representation of W in °C(7) by £ as well.
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Lemma 7. Let P,Q € P™", s,w € W and ) € °C(7). Then

(67) Coip(s:\) = CQ|wpw_1(3w_1:w/\) o L(w) = L(w)o C’w_1Qw|p(w_13:/\),
as a meromorphic identity in A € al.. In particular

(68) CQ|p(83/\) = CQ|3P3—1(1:3/\) o ,C(S) = ,C(S) o 03—1Q3|P(1:/\)'

All these relations hold as well with C' replaced by C°.

Proof. The identities in (68) follow from those in (67) by taking w = s.
It follows easily from (25) and the diagram (61) that we have
(69) E(wPw ™ :L(w):w)) = E(Pup:)\)

for all ¢» € °C(7) (cf. also [3, Lemma 15.4]). Since as remarked the diagram holds as
well for the normalized operator j°, we get from (51) that the relation (69) holds for the
normalized Eisenstein integrals as well. By uniqueness of asymptotics we obtain the first
identity in (67), with C as well as C°.

Let w € Ng(aq), then by (45) we have for each v € W

E(P:p:N)(av) = a  Pwtew Z Z Gt}‘_“[Pw—le|P,u(t3/\)¢]v(e)
pENS (w1 Qu) €W
for a € Aé’(w_le). Applying 7(u(w,v)w) to this expression and using sphericality we
obtain

E(P::\)(u(w, v)wav)
— g v re > D a (W) [Pt Qui e (BNl (w0 u(w, v)w),

pENS(w—1 Quw) teEW
=7 T Y N L0)pu Qi (A (e).
pENS(w—1 Quw) teW
by (66). On the other hand since waw™" € A("l"(Q) we also have
E(P:ap:)\)(u(w, v)wav) = BE(Pap:N\)((waw ™ w - v)

= (waw )77 "N (waw ™) pgipu (5:0)Pw-o(e)

velD(Q) sew
—q v Pe Z Z a® oA V[pQ|P,V(3:/\)¢]w'”(e)’
velB(Q) seW

and hence by uniqueness of asymptotics we conclude

poIpy(s:d) = L(w) °Pw—1Qw|p,w—1,,(w_13:/\)

for all v € NX(Q), s € W. Taking v = 0 we obtain the second expression for Cg|p(s:)) in
(67). Finally, for C° this expression is now immediate from (55). O

The importance of (68) lies in the fact that it allows us to recover the c-functions
Cqp(s:A) and C’&P(s:/\) from the simpler case s = 1, where they are explicitly known
from (47) and (57), respectively. We shall now derive some consequences of (68). First
of all, by combining the normalized versions of (69) and (68) with (58) we arrive at the
following functional equation for the normalized Eisenstein integrals (cf. [3, Prop. 16.4]):
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Proposition 4. We have

(70) E°(Q:C§|P(3:/\)¢:3/\) = E°(P:):\)

for all » € °C(7), s € W, Q, P € P™", as a meromorphic identity in \ € Ue-
By uniqueness of asymptotics it follows from the above that

(71) Cé,w(t:s/\) o C’&P(s:/\) = C§,|p(t3:/\)

for any Q' € P2, In particular, substituting Q' = P and using that C']°3|P(1:/\) is the

identity operator on °C(7), we obtain
(72) 21o(s T 5N ) 0 O p(siA) = L.
The following relation is also a consequence of (68):
(73) Coip(s:\) o p(D:7:\) = p(DirisA) o Coip(s:)), (D € D(G/H)).
For s = 1 this is (48), and in general it is obtained using that
L(w)o p(D:im:)\) = p(Diriw)) o L{w).

The latter equality follows from (65), (64) and (43). Furthermore, from definition (55) we
see that equation (73) holds with C replaced by C°.
Finally another consequence is the equation

(74) Coip(s:A)* = C’p|Q(3_1: —s)\),

as well as the normalized version with C replaced by C°. The proof of (74) is reduced to
the case s = 1 by means of (68) and the unitarity of £(w). For s = 1 it follows from (47),
respectively (57), together with (9), and (10).

The following result (essentially from [3, Thm. 16.3]), which follows immediately from
(72) and the normalized version of (74), is crucial for the proof of the regularity of E° on
A € iag (Theorem 2). It shows that the (Q,w)-principal part Eg, ,(P::)) is regular for
any @ € Prin,

Proposition 5. Let s € W and Q, P € P™" be given. We have
(75) C§|P(3: —N)*o C’&P(s:/\) =1

as a meromorphic identity in A\ € aj.. In particular the operator C’&P(s:/\) on °C(7) is
unitary for A € iag, and it is regular as a function of A in this set.

The asserted regularity is a consequence of the unitarity, in view of the Riemann bound-
edness theorem. Combining (70) and (75) with the definition (59) of the T-spherical Fourier
transform we have

(76) Fof(sA) = Copp(s:A)Frf(A)

forall f € C*(G/H:7),Q,P € P seW.
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8. Non-minimal parabolic subgroups. Up to now we have only considered parabolic
subgroups from the set P2" of minimal o6-stable parabolic subgroups containing A,.
In order to prepare for using induction on the split rank of G/H we shall now consider
arbitrary of-stable parabolic subgroups containing 4,. Let P, denote the set of these, and
let @ € Py be given. Let Q = MigNg = MgAgN¢g denote its Langlands decomposition,
then o leaves the reductive group Mg invariant, and Mq/Hy, = Mq/Mg N H and
MlQ/HMlQ = Mig/Mio N H are reductive symmetric spaces of Harish-Chandra’s class.
The space mg N aq is a maximal abelian subspace of mg N p N g, and its dimension is the
split rank of Mqg/Hy,. If Q is a proper parabolic subgroup of G then this number is
strictly smaller than the split rank of G. The above mentioned induction on the split rank
will be based on these observations. However, for reasons of convenience we mostly work
with Mg rather than Mg.

Let 77;“’15 denote the set of parabolic subgroups P € P™" contained in Q, then it is
casily seen that the map P — P = M;g N P is a bijection of 73;“’15 onto the set Pri*(Mq)
of minimal o6-stable parabolic subgroups of M;¢g containing A,. Moreover, if P has the
Langlands decomposition P = M AN then the Langlands decomposition *P = "M™A*N of
P is given by "M = M, A = A, "N = Mg N N (compare [26, p. 113]).

We shall now relate some of the elements constructed above for the pair (G, o) to the
similar elements for (Miq, 0|, ). We begin with the H-invariant distribution vectors
J(P:£:X) on G and their analogues j("P:£:\) on Myg. Clearly restriction from G to Mg
(or from K to Kg = MgNK in the compact picture) gives a map r¢ of the space C(P:£:X)
into the analogous space C("P:£:\) for M.

Let Wq denote the centralizer of Ag in W. Then Wq ~ Nk, (aq)/ZKQ (aq), and we
see that Wy is naturally isomorphic with the Weyl group of the root system 3(myq, aq).
In analogy with the set W we fix a set Wq C Ng,(aq) of representatives for the double
quotient Zy, (aq)\NKQ (aq)/NKQ nH(aqy). Obviously the natural map Nk, (ag) — Ni(aq)
induces an injection of Zx, (aq)\Nky (aq)/Nrxonm(aq) into Zx(aq)\Nrx(aq)/Nrnm(aq),
and hence this map induces an injection of Wg into W. For simplicity we assume that the
choices of Wg and W have been made such that in fact we have Wg C W. Since as previ-
ously mentioned the basic constructions of j(£:X), E(¢:\) etc. are essentially independent
of the choice of W (cf. (16), (27)), this assumption causes no problems (though of course
it cannot be realized for all ) at the same time).

Let V(§) = V(Mig:€) denote the subspace of V() = @wewH?HMw_l corresponding
to the direct summands labeled by w € Wq, and let prg: V(§) — V() be the (or-
thogonal) projection along the remaining components. Then j("P:£:\) maps V(&) onto
C_Oo(*P:.f:/\)HMlQ for generic A € af, and into C’(*P:.f:/\)HMlQ for all A € a, which satisfy
A+ pp € a3("P;0). Here pp = s tr(adey) € a; is the ‘tho’ of the parabolic subgroup P
of Miq, and a?("P;0) is defined in analogy with (7). It is easily seen that pp = pp — pq,
where pg = 1 tr(ady,) € a;. Moreover we have (pq,a) = 0 for all roots a € S(miq,aq).
It follows that if A\ + pp € aé(P; 0) then A 4 pop € aé(*P; 0). Hence under this condition
on A we immediately have that

(77) rgoj(P:&:N) = j("P:£:N) o pro: V() — C’(*P:f:/\)HMlQ.

The condition on A is important, since in general it does not make sense to restrict a
distribution on G to Miq.
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We shall now consider the relation between the standard intertwining operators for G,

that is, A(Po:Pp:&:N): C®(P:&N) — C°°(Py:€:)), and the similar operators for M.

Lemma 8. Let Q € P, and let P, P, € 77;“’15 Then the following diagram is commutative
for all generic A € aj:

o (Prgn) AEREN - cooip ey
(78) rQl lrQ
O Pen) ATPEN - cooap, ey,

Proof. Let P; have the Langlands decomposition P; = MAN; for j = 1,2. If C > 0,
we write A(Py, Py, C) for the set of A € af, such that (Re\,a) > C for all @ € ¥ with
go C N2 Nny. Then by [2, Prop. 4.1] there exists a constant Cy > 0 such that for all
A € A(Pz, Py, C) the operator A(Py:P;:€:)) is given by an absolutely convergent integral.
In fact, if f € C°(P;:£:)), then

A(Py:Pr:&N)f(x) = / ~ f(nx) dn, (x € G).
Non Ny
Similarly if we write Aq(Pz, P1,C) for the set of A € aj, such that (Re\, o) > C for

every root a of aq in *ny N *ny, then there exists a constant €'y > 0 such that for A €
Ag (P2, Py, C5) the operator A("P,:"P;:£:\) is given by the absolutely convergent integral

A("Py"Py:E: N )g(m) = lN . g(nm) dn, (m € Mig),

for every g € C*°("Py:{:A). Since Py and P are both contained in @, the intersection
P, N Py is contained in Q N Q) = Mg, and we conclude that in fact

(79) Ny N Ny =*Ny N *Ny.

Hence the two integrals above are over the same set. Moreover, the Haar measures dn in
both integrals are the same, and from (79) one also sees that A(P,, P;,C) = Ag(P,, P, C)
for all C' > 0. Hence if C' = max(Cy,Cy), then for A € A(Py, Py, C) the two integrals with
f,g replaced by f, fla,, converge absolutely and are equal for # = m € Mig. This
establishes the result for A contained in the non-empty open subset A(P;, Py,C) of Ue-
Now apply meromorphic continuation. [

Combining (77) for Py, P, and (78) with the diagram (8) and its analogue for Mg, it is
plausible to expect that we have

(80) B("Py:"Py:€:N) o pro = Pro o B(Py:Py:6:X): V(&) — V(€)

for Py, Py, @ as in Lemma 8. However, since (77) was only valid for A in a certain region
depending on P, in general with no overlap to the region for a different parabolic subgroup,
it seems difficult to derive (80) this way. We shall now derive it in another way.
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Lemma 9. Let () € P, and let Py, P, € 77;“’15 Then the endomorphism B(Py:Py:£:)\) of
V(€) preserves the subspace Vg(§), and we have (80) for all generic \ € aj.

Proof. We will prove this proposition by a o—split rank one reduction. The following
lemma paves the way. Recall from [2, Sect. 7], that two parabolic subgroups Py, P, € Pxin
are called o—adjacent if P; # P, and all ag-roots in ny N ny are proportional.

Lemma 10. Let Q € P, and let Py, P, € ;n’lq“) Then Py and P, are o—adjacent if and
only if "Py and P, are 0|y, —adjacent parabolic subgroups of Mq.

Proof. This is immediate from (79) and the definition of adjacency. O

We continue the proof of Lemma 9. There exists a sequence of parabolic subgroups
Pj, 1 < j < n, contained in ;n’lqn), such that Pj = P1, P, = P, and "Pj and "P}, are
(0|Miq)-adjacent for all 1 < j < n. By Lemma 10 the parabolic subgroups P} and P/,

are o-adjacent, and by the product formula for the B-endomorphism in [2, ]Prop. 6.2],
applied for G as well as for Mg, we see that it suffices to prove the result in the case that
Py and P, are adjacent.

Thus assume that Py, Py € 77;“’15 are o-adjacent. Then the aq-roots in ny, N ny are
proportional, and belong to the root system of a4 in m;g. Let a be the smallest aq—root
in ny N0y, and let s, denote the associated reflection in W. Then s, € Wg. Recall from
the previous section the action (w,v) — w - v of W on W, defined via transference of
the multiplication action under the natural bijection W = W/Wgng. In particular, if
v € Wg and w € Wqg, then v-w € Wg. Hence the multiplication by s, maps Wg to
itself. Moreover, it follows from [2, Lemma 7.2] that for every w € W the space V(& w) +
V(€, $q - w) is invariant under B(Py:Pp:£:\). Here V(£,w) denotes the direct summand

H?HMw_l of V(§). In particular this shows that Vg(), as well as it orthocomplement, is
invariant under B(Py:Py:£:0).

In order to verify (80) it now suffices to prove the meromorphic identity
(81) B(Py:Py:£:X\)np = B("Py"Pr:é )y

for n € V(£,w), for all w € Wg. Without loss of generality we may assume that 1 € W.
For n € V(£,1) the identity (81) is a consequence of the fact that the o-split rank one
reduction given in [2, Lemma 7.4] gives identical results for G and for M.

To verify the identity in general we fix an element w € Wgq. Pick v € Nk, (aq) such that
v -1 = w, and observe that conjugation by v preserves c—adjacency and that *(vPv~1) =
v*Po~! for all P € 77;“’8

Recall from the previous section the endomorphism L(&,v) of V(&). It maps V(& u)
isomorphically onto V(v€,v - u), for all u € W, hence in particular V(£,1) onto V(v€, w).
It is easily seen that the restriction of L(£,v) to V() coincides with its analogue Lg(¢, v)
for Mi¢ (one can for example use (77) and the diagram (61)). Let n € V(£, 1), then (81)
has been established above. Applying L(£, v) to it and using (62) (for B instead of A, and
for G as well as for M;jq), we obtain

B(vPyv LivPio il )y’ = B Poo i Pro T inéio ) )y’

foralln' = L(&,v)n € L(E,0)(V (1)) = V(v€,w). Since the o-adjacent pair Py, Py € ;n’lqn),

as well as ¢ and A\ were arbitrary, the proof is complete. O
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Let ¢(Mig:Aq) be defined as ¢(A4q) = ¢(G:Ay) but for the group Mig. It follows
from (77), (11) and (80) that the relation (77) holds as well with j(P:£:\) replaced by
c(G:AQ)g°(P:£:X) and j("P:&:N) by e(Mig:Aq)7°("P:£:)), for A in the same region as before.

The relation between the Eisenstein integral E(P:¢:)) for G and its analogue for Mg
is much more subtle than these relations between the H-fixed distribution vectors (see
Theorem 4 below). However, a simple relation between the c-functions can be derived
from (57) and Lemmas 8 and 9. In order to discuss this we let °Cq(7) = °C(M1q:7T|k,, ) be
the subspace of °C(7) = BuewC>®(M/wHyw™':7) corresponding to the direct summands
labeled by w € Wg, and denote again by prq: °C(7) — °Cq(7) the (orthogonal) projection
along the remaining components. Recall from Lemma 3 the map T +— ¢ 7 from C(K:£:7)@
V(&) to °C(7), and let T + < denote also the similar map (for Mg ) from C(Kq:&T|ry)®
V(€) to °Cq(7). Let e: C(K:£:7) — [He @ Vo ]2 and eq: C(Kg:&:7 K, ) — [He @ Vo ]EM
denote the Frobenius reciprocity maps given by evaluation at the identity, then clearly
the restriction rq maps C(I:{:7) into C(Kq:{:7|x, ), and we have egorg = e. By the
bijectivity of the Frobenius maps we have that rg maps C(K:{:7) isomorphically onto
C(Kq:£:T|Ky ). It is now obvious from (23) that we have

(82) Prg Vion = @Z)rqf@prQ n € °ColT)

for all f € C(K:&7), n € V(). The following result is a generalization of a result
of Harish-Chandra in the group case (cf. [27, p. 153, Lemma 4]), but its proof is quite
different.

Proposition 6. Let Q € P,, andlet P;, P, € 77;“’15 and s € Wq. Then the endomorphism
01032|P1(3:/\) of °C(7) preserves the subspace °Cg(7), and we have

Pro oC']°32|P1(3:/\) = C%2|*P1(3:/\)o Prg,

for generic A € aj..

Proof. For s = 1 this follows immediately from (57), (82), and Lemmas 8 and 9. In
order to obtain it in general we shall use (68) and its analogue for M;g. We need the
analogue of L(s) for Miq. As in the proof of Lemma 9 we have, for v € Ng, (aq), that the
endomorphism L(,v) of V(£) maps V() into Vg(v€), and that its restriction to Vg(§)
coincides with its analogue Lg(&,v) for Myg. From (65) and (82) we conclude that the
map L(s) for s € W preserves °Co(7), and its restriction to this space coincides with its
analogue Lg(s) for Myg. The result follows easily. O

Finally in this section we shall relate the endomorphisms p(D:£:\) and u(D:m:\) of
V() and °C(7), respectively, with their analogues for M;g. We denote these analogues
by u@(D:&:\) and /,LQ(D:T|KQ:/\), respectively, where now D € D(Mig/Hu,, ). Recall
from Section 3 the injective homomorphism p from D(G/H) to D(My/Hpr, ). When
defining this homomorphism we assumed that P = My N = MAN € P2 but actually
the minimality of P was not essential. Repeating the steps of this definition we get an
injective homomorphism

1 =Tgo ug:D(G/H) — D(Miqg/Hn,,)
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determined by
D = uq(D) € noU(g) + U(g)h

and To(D) = dél oDodg for D € D(Mig/Hu,, ), where

1/2

do(m) = |det(Ad(m)|n, )]

form € Miq. Inanalogy with the map yp = ‘up (cf. (36)) we alsolet pgy = ‘ug: D(G/H) —|
D(Miq/Hnr,, ). Then

(83) o =Tqong-

Furthermore, we also have the analogous maps D(Miq/Hu,, ) — D(My/Hay, ) of p, ‘up,

and y'p for the parabolic subgroup *P in M;g. Denoting these by u@, ‘/,L*%, and M;g,

respectively, we have
Ho=Tpo g, pf="Tpou?

where

D — 4$(D) € nU(mg) + Ulmig)(mg Nh).

Since n = *n @ ng it follows from the above that ‘up = ‘/,L*q;3 o ‘ug, and that dp = dwpdg
on M;. Using that dg =1 on Mg one now easily sees that

(84) p=pougq.

In particular this shows that pg actually only depends on the Levi component M;qg of Q.
Furthermore, by inspection of the definitions of p(D:£:X) and p(D:7:\) we see that these
endomorphisms preserve V() and °Co(7), respectively, and that

(85) Prqg o p(D:E:N) = MQ(MQ(D)3§3/\) ° Prg
and
(86) prg o p(D:T:\) = /,LQ(/,LQ(D):T|KQ:/\) ° P,

for all D e D(G/H).

9. The asymptotic behavior of eigenfunctions. In this section we collect some
definitions and results from [3, Sect. 12] and [1, Sect. 5].

Let || - |lo: G — [1,00[ be the distance function defined as follows. Let agy be the
intersection of the root hyperplanes ker o (a € ¥) in ag, and let °aqy be its orthocomplement
in aq. Moreover, put Aqs, = expagqy and Ay = exp°aq. Then Ay ~ U, X Ay, and for
a € Ay, be Ayx we define:

||ab||, = maxa® ellog bl
a€Y

In view of the Cartan decomposition G = K AqH the distance function is now completely

determined by:
\|kah||s = ||a||o, (ke K,a€ Ay, he H).
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We define
| £l = sup ||zl "[f(z)]
zeG

for every r € R and any function f: G/H — C. Moreover, we define C,.(G/H) to be the
space of continuous functions f: G/H — C with || f||» < oo. Equipped with the norm || - ||,
this space is a Banach space. It is invariant under the left regular representation of G.
The associated space C2°(G/H) of smooth vectors is a Fréchet space. In analogy with [7,
(2.7)] it is seen that given D € D(G/H) there exists a constant s > 0 such that D maps
C>X(G/H) continuously into C2 (G/H), for all r € R.

Let b C q be a Cartan subspace containing aq, and let v = vg/p: D(G/H)SS(6)V(®)
be the Harish-Chandra isomorphism, as in Section 3. If v € b}, then we write £;°(G/H ) for
the space of smooth functions f: G/H — C satisfying the system of differential equations:

Df =4(Dw)f. (D eD(G/H)).

If r € R, then the space E5.(G/H) = EX(G/H) N CX(G/H) is a closed subspace of
C(G/H), hence a Fréchet space. We define
£ (G H) = Uy £55/(G/H).

\T

It follows from [3, Lemma 12.3] that the I -finite elements of £°(G/H) belong to this
space. Notice that E75,(G/H) is aD(G/H )-invariant subspace of C*°(G/H).

Recall that b = by @ aq 1s the decomposition of b in £1-eigenspaces for §. According
to this decomposition we view by and ag. as subspaces of bZ. Let A € by, be fixed from
now on, and let A denote a parameter in af.. Let Q = MgAgNg € Ps be fixed, let %(Q)
denote the set of roots a € 3 with go C ng, let agq = ag N a4, and put

b, = {X € agq | a(X) >0 for all a € T(Q)}.

The purpose of this section is to study the asymptotic behavior along qu = exp agq of
functions f € €55, (G/H). Our starting point is the following result. If V' is a finite
dimensional real linear space, then by P, (V) we denote the space of polynomial functions
f:V — C of degree at most m. Let the set Xg(A,\) C a5Hqe be given by

XA ) = {0} U {[w(A +2) = pg = #lag, | w € W(b),u € NS(Q)},

where NX(Q) is the set of linear combinations of elements from (@) with non-negative
integral coefficients. Finally, let d: [0, 00— N be the locally bounded function of [3, Prop.
12.4]. From [3, Thm. 12.8] we have:

Proposition 7. Let A € aj..

(a) Let f € Eﬁ_k’*(G/H) and x € G. Then there exist unique polynomials py ¢(Q|f, )
on agq of degree at most d(|Re A| + |Re€|), for £ € Xg(A, \), such that

(87) flzexptX) ~ Z Pre(Q|f, x,tX) t(X) (t — o0)
€€XQ(Aa>‘)
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at every Xy € agq.

(b) Letr e R, & € Xg(A, \), and put d = d(| Re A|+|Re|). Then there exists a number
r' € R such that f — px¢(Q|f) is a continuous linear map from 5% , (G/H) into
CP(G) @ Pylagq), equivariant for the left regular actions of G on £3%, (G/H)
and CX(G).

Remark. The asymptotic symbol ~, and the phrase ‘at X,’, means the following (cf. [7,
Sect. 3]). There exist, for each real number N, a neighborhood U of X, in agq and
constants € > 0, C' > 0 such that

(88) flaexptX)— > pre(QIfia, tX) ] < gm0

€€XQ (Aa>‘)
Re £(Xo) >N

forall X e U, t > 0.

Before proceeding we list some properties of the coefficients in the expansion which will
be needed in the sequel. Fix A € ai. and f € €55, ,(G/H). An element { € af,. will be
called an exponent along () of f if £ € Xg(A, \) and py ¢(Q|f,-) is not identically zero.
The set of exponents along @ of f is denoted by E(Q|f). By [3, Lemma 13.1] we have

(89) pre(Qlfama, X) = pre(Q|f, v, X +loga)at

for all £ € E(Q|f), v € G, m € Hyp,, X € agq, and a € Agq.

It will be convenient to use the following notations. For a given x € G we denote by
E(Q|f,z) the set of £ € E(Q|f) for which py ¢(Q|f,z) # 0. Then obviously E(Q|f) is the
union over « € G of the sets E(Q|f, x).

We define the partial ordering <¢ on ag,. by

m =g n = n2—m € NZ(Q)|ag,-

The <g-maximal elements of E(Q|f) are called the leading exponents along @ of f; the
set of these is denoted by Er(Q|f). Let £ € E(Q|f) and let 2 € G, X € agq. By (89) the
function ¢ € C*(Myq) defined by w(m) = px¢(Q|f, xm, X) is right Hyy,,-invariant, and
by [3, Cor. 13.3] it satisfies the system of differential equations

(90) 1o(D)e = v(D:A + N, (D e D(G/H)).

Here the map pg: D(G/H) — D(Miq/Huwm,,) is defined by (83).

For general functions f € €55, ,(G/H) the expansion (87) holds asymptotically in the
sense of (88). However, if f is K-finite it follows from the asymptotic theory in [1] that it
actually converges absolutely and locally uniformly in X € agq. Since we shall need also
this theory, we recall the basic properties.

It will be convenient to use the following notations. As above, let € P, be fixed,
and fix a basis , for ag,. If m € NI then we use the usual multi-index notation |m| =
Zvel“ m~. Moreover, if H € ag,,, then we put H™ = Hvel“ v(H)™ . Let ©F be a system
of positive roots for ¥ containing 2(Q). Let A denote the set of simple roots in ©7, and
put A(Q) = ANE(Q). Then restriction to agq maps A(Q) bijectively onto a set A,(Q) of
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linearly independent elements in ap,,. If H € agq then we define the element z(H) € CA(@)
by
2(H)o = e~ ) for a € A(Q).

Let D be the open unit disk in C. Then the map H +— z(H) maps agq into DA(Q),
For the moment let V' be a finite dimensional complex vector space, and let f be an

arbitrary I{-finite V-valued function on G/ H which is also D (G / H )-finite. Then according
to [1, Thm. 5.3], there exists a finite subset S C a5qe Such that the natural map S —

05qe/ ZAHNQ) is injective, and moreover a positive integer d and for each s € S, m € N,
|m| < d, a holomorphic function f ,: DA(Q) v, such that for all H € agq we have:

(01) flespHy= S H"eUDf,  (:(H)).

s€8.Im|<d

Being holomorphic the functions f, ,, have (V-valued) Taylor expansions

fsm(z) = Z Compm 2V, (z € DA,
r€MA, (Q)

Here we have written z* = [],ca0) 26" if 1 = Xnea(g) Hatlag,- Substituting these

Taylor expansions in (91) we obtain the following converging expansion when H € agq :

(92) flexpH) = Z camHmeg(H).

fes_NAr(Q)
|m|<d

Let E(Q|f,e) denote the set of elements £ € S — NA,(Q) for which ¢¢ ,, # 0 for some m.

Let now f € &35, (G/H) be K-finite. The asymptotic theory for K- and D(G/H)-
finite functions just outlined applies to f and thus in addition to (87) we have the con-
verging expansion (92). By holomorphy of the f; ,,, the latter expansion is an asymptotic
expansion if H tends radially to infinity in agq, hence by uniqueness of asymptotics it
coincides with the expansion (87) at # = e. We conclude that

E(Q|f7 6) = E(Q|f7 6) C S — NAT(Q)

and moreover that

pre(@If e, Hy = > cemH™,  (£€E(Q|f.€), H € agq):

|m]<d

10. Transitivity of asymptotics. If P,Q) € P, and P C @, then the expansions along
P and @ of a function f € €%, (G/H) are related. The following theorem gives this
relation. As in Section 8 let 'P = P N Mg, then P has the Langlands decomposition
P =MpAp'™N, where "N = Np N Mq. Let aj];q denote the set of elements H € apq with
a(H) > 0 for all & € ¥(*P) = ¥(P) \ (@), and put Aj];q = exp(aj]}q). In particular we
have aJlSq C a;;q.
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Theorem 3. Let two o6-stable parabolic subgroups P and () be given such that Ay C
PCQ. Let Ae by A €ag., and f € &y, (G/H). Then

E(Q|f) C {nlag, | n € E(P|F)}.

Moreover, if f is K-finite then we have:

(93) pA,f(QLfvavX) - § pk,n(P|f7a7X)
neL(P[f)
nag,=$§

for all £ € E(Q|f), X € agq, and a € Aj];q. The series is absolutely convergent.

Remark. For the Riemannian case (i.e. when H is compact) and if P is minimal, this
result is a consequence of [8, Thm. 3.1]. Notice that in loc. c¢it. it is not required that f
be K -finite, but then the expansions (87) and (93) are asymptotic and need not converge.
We expect that an analogous result should hold in the present case. However, since as
mentioned our applications will be to K-finite functions we do not need such a more general
result. In the proof of Theorem 3 we follow [8].

Proof. We first prove (93). Let f € €55 ,(G/H) be K-finite. Then the asymptotic theory

outlined at the end of the previous section applies to f, and we have

flexpH) = Z pre(P|f, e, H)etH) (H € aJ]Sq).
EEBE(P|fe)

In the following, let Hy always denote an element of aj]}q. Moreover, H; will always

denote an element of agy. Given R we write agq(R) for the set of X € agq with a(X) > R
for all o € A(Q).
Let Hy be fixed for the moment. We fix B > 0 such that for H; € agq(R) we have

Hy+H, € aJISq (here we have used that the roots of A\ A(Q) vanish on agq).

Let H € agq(R) and t > 1. Then substituting H = Hy + tH;, € a"};q in the above
expansion we obtain:

flexp HyexptH;) = Z { Z pae(P|f, e, Hy + tHl)eg(HO) et
n€E(P|f,0)|ag, EEE(P|fe)
E|aQq:n

Notice that the series between square brackets converges absolutely by the holomorphy of
the fs ., in (91). Moreover, again by holomorphy of these functions, the above expansion
is an asymptotic expansion as t — oo. By uniqueness of asymptotics we conclude that

E(Q|f,exp Hy) C E(P|f,¢)|ag,, and that for all n € E(P|f,e)

lagq We have:

Pan(Qf exp Ho, Hy) = Z pre(P|f, e, Hy + Hy)etHo).

EEE(P|f,e)
lag,=n
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This expansion converges absolutely and holds for all H; € agq(R). Since it is polynomial
in Hy, it holds in fact for all Hy € agq. By using the transformation rule (89) we get (93).

To establish the assertion about the set of exponents, notice that for K-finite f we
have proved that E(Q|f,exp Hy) C E(P|f)|ay,- By density of the K-finite functions in
EﬁA’T(G/H), for all r € R, and continuity of the maps f +— px ,(Q|f) and f — px(P|f),
we see that for general f we also have E(Q|f, exp Hy) C E(P|f)|qq,- By equivariance of the
maps f — pxn(Q|f) we conclude from this that E(Q|f,z) C E(P|f) forallz e G. O

|aQq

11. Asymptotic expansions of holomorphic families. The set of exponents occur-
ring in the expansion (87) can be limited drastically if f is part of an analytic family. Let
Qo C a; be an open subset. If f is a function Qo x G/H — C then if A € (), we shall
write fy for the function G/H — C, x> f(A,z). Let A € b}, be fixed.

Definition 1. We define £.(G/H, A,y) to be the space of functions f: Qg x G/H — C

satistfying the following two conditions:

(a) for every A € Qq the function fx belongs to £3% \ (G/H);
(b) for every Ay € Qg there exists a constant r € R such that A\ — f\ maps a neigh-
borhood of \g holomorphically into C2°(G/H).

Notice that, as mentioned earlier, each element D € D(G/H ) maps E75,(G/H) to itself
for all v € aj., and C°(G/H) continuously to C7} ((G/H) for all r € R and some s > 0.
Consequently, D maps the space E.(G/H, A, Q) to itself.

The above mentioned limitation on the set of exponents is expressed in the following
proposition. Let @) € P, be arbitrary. We denote by ¥,(Q) the set of elements in A5

obtained by restriction of an element from %(Q). For A € a. we define the set

X(Q,N) = {(sA = pQ)lagy — 1| s €W, p € NZ(Q)} C adqe-

Proposition 8. Let Qg be an open subset of aj. and let f € &(G/H, A, Q). Then for
every A € Qg we have:

E(Q[fx) € X(Q, ).

Proof. For Q € P this was established in the proof of [3, Thm. 13.7]. (In particular
this means that eqn. (107) in loc. cit. holds for all A € €, and not just for A € aZ.)

Let now @Q be arbitrary, and fix P € P™" such that P C Q. Let A € Qq, and suppose
that £ € E(Q|fx). Then by Theorem 3 we have that { = 7|4, for some n € E(P|f).
Moreover, by the first part of this proof we have that n € X(P,\), hence there exist
s € W and p € NE(P) such that n = s\ — pp — p. It follows that £ = (sA — pp — 1t)]ag,-
Since the roots in X(P) \ 3(Q) restrict to zero on agq we have that pple,, = PQlag, and
ttage € NE-(Q), and hence £ € X(Q, ). O

According to the above result, the asymptotic expansion (87) holds with f replaced by
fr and with Xg(A, \) replaced by the smaller set X(@Q,A). The following result asserts
that the asymptotic expansion for f) obtained in this way depends holomorphically on A
in a suitable sense.
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Proposition 9. Let f € E(G/H, A, Qq), and fix N\ € Qg and § € X(Q, o). For A € Qy,
let =(\) be the the set of elements £ € X(Q,\) of the form

= (3/\ - IOQ)|aQq — M

where s € W and pn € NX,.(Q) satisfy the equation

50 = (3/\0 - IOQ)|aQq - M

Then there exists an open neighborhood 2 C §y of \g and a constant r' € R such that
the map:
(/\7X) = Z pAf(Q|f>\7'7X)

EEE(N)
is continuous from 2 X agq to C°(G), and in addition holomorphic in A.

Proof. For X\ € g, let Z¢(\) be the union of the set {0} N {&} with the set of elements of
the form

£ = [w(A + /\) - pQ”aQq —HE XQ(Av/\)v
where w € W(b) and p € NX,(Q)) satisfy

0 = [0(A +20) = pollag, — 1.

Then according to [3, Thm. 12.9], there exists an open neighborhood Q C Q4 of Ay and a
constant ' € R such that the above assertion holds with Z¢(\) instead of Z(\). (Notice
that in that theorem there is a slight error in the definition of the set Z(\), denoted Z¢(\)
in the present notation.) In view of Proposition 8 it suffices to show that 2 may be chosen
so that

(94) E(0) =Z,(M)NX(Q,))  for Ae.

Obviously the inclusion ‘C’ holds in (94). It therefore remains to prove the converse
inclusion.

Fix a bounded open neighborhood V' of & in ay),. such that VNX(Q,\o)={&}. Then
there exists an open neighborhood U of Ag in §2 such that VN X(Q,\) C Z(\) for A € U.
Shrinking U if necessary, we may also assume that Zg(A) C V for A € Q, from which the
inclusion ‘D’ in (94) then follows. O

Following [3, p. 399] we define

‘age = {A€aie [ (M a¥) ¢Z(Vae D)},

q

where oV = 2(«, @) ta as usual. We recall that ‘af. is the complement of a locally finite

union of hyperplanes. Moreover, if A € ‘af., and s, € W, then s\ —t\ € ZX = s = 1.

Analogously we have the following result.
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Lemma 11. There exists a subset “ag. C ag. with the following properties:

(a) The set “'a}. is the complement of a locally finite union of proper affine subspaces
mal..
qc
(b) Let A € “a!, and Q € P, be arbitrary, and suppose that s,t € W are such that
(sA —1tX) € Z3(Q). Then Wgs = Wqt.

|aQq

Proof. Fix Q as in (b) and let s,# € W. Define V(Q, 5,t) to be the set of A € a; for which
(sA =1tN)]agq € ZE(Q). We claim that for Wos # Wt the set V(Q,s,1) is a locally finite
union of proper affine subspaces. It suffices to establish this claim, for its validity implies
that the desired result holds with “aj. equal to the complement of the union of the finitely
many sets V(Q, s,t) where () is arbitrary and s,t € W, Wgs # Wqt.

Fix P € P™" such that P C Q. Then X(P) is a positive system for ¥ which contains
the set (Q). Let A be the set of simple roots in (P), and put A(Q) = AN X(Q) and
Ag = A\ A(Q). Then agq is the intersection of the root hyperplanes kera, o € Ag. If
a € A, we write w, for the element of the real linear span RY of ¥ satisfying (wq, 3) = 6aps-

If v € a;., then the condition that v|s,, € ZX,(Q) is equivalent to the condition
v € CAg + ZA(Q), which in turn is equivalent to the condition that (v, w,) € Z for every
a € A(Q). From this we see that the set V(Q,s,t) equals the union of the following sets,
parametrized by n € Z2Q) .

V(Q,s,t,n) ={A€aj. | (A —thwa) =ns (Vo A(Q)) }.

Suppose V(Q, s,t,n) = a;.. Then it follows that n = 0 and that for all « € A(Q) we have
57 we = t7lw,. This implies that ts~! centralizes the fundamental weights orthogonal to
Ag, hence belongs to the subgroup of W generated by the reflections s,, a € Ag, i.e. to
W¢. Thus we see that for s,t € W with Wgs # Wot the set V(Q, s,t,n) is a proper affine
subspace of aj., for any n. Since it is clear that the collection of V(Q,s,t,n) is locally

finite this establishes the claim. O

Let €29 be an open subset of aj., and suppose that A € by, f € E(G/H, A, Q). If
A€ Qy, s €Wand u € NE.(Q), then we denote the value at zero of the C*°(G)-valued
polynomial function X PA(sA=p0)lag (@l fx,-, X) by

(95) PQ.u([:5:0) = P (sA=pg)lag,—u(Qlfx, - 0) € CF(G).

Obviously (95) remains unchanged if we replace s by any element from the coset Wgs.
Therefore we shall also use the notation pg ,(f:s:A) for left cosets s € W \W.

Proposition 10. Let A € by, let Qo be an open subset of aj., and assume that f €

E«G/H, A, Q). Let s € W, and i € NE,.(Q). Then for every A € Qg N ‘a;, we have

(96) Pr(sA=p)lagy —1n(@lIx: - X) = pou(fis:A), (X € agq)-

Moreover, pg,u(f:s:)A) is holomorphic as a C'*°(G)-valued function of X on 2o N “'aj. and
allows a meromorphic extension to {g.

If \g € Qq, then there exists an open neighborhood Q of \¢ in Qo and a constant r' € R
such that pg ,(f:s:\) defines a meromorphic C2°(G)-valued function of A on §).

Proof. If Q € P2 thisis just [3, Thm. 13.10]. In the general case we fix P € P2" such that
P C Q. We define a linear representation L of G in E(G/H, A, Q) by Ly(f)a = Ly(fr),
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g € G. The subspace of K-finite elements for this action is denoted by E.(G/H, A, Q) k.
Let K denote the set of equivalence classes of finite dimensional unitary irreducible repre-

sentations of K, and for § € K let ys be its character and put as = dim(6)xs. Furthermore,
let

(@) = [ asBNTepAE
for f € E(G/H, A, ), N € Qo and 2 € G/H. Then f° € £,(G/H,A,Qp)x and we have
(97) A=)

SEK

in the topology of C*°(G/H), for all A € Qg, with r locally independent of A (as in item
(b) of Definition 1).

Fix A € QN aje and let & = (sA = pgllag, — # € X(Q,\). Fix a € AL, . Let
Fe&(G/H A Q). If € ¢ E(Q|fr), then px(Q|f) = 0 and (96) follows. Thus assume
that £ € E(Q|fx). Then the expansion (93) of Theorem 3 holds. By the first sentence of
the proof this implies that

pre(Qlfa. X)= Y pay(Plfr.e0)a”, (a € AL, X €agq).

nEB(P|fy)

nIaQq=£
In particular it follows that X — py ¢(Q|fx,a,X) is a constant function. By continuity
of the map ¢ — px ¢(Q|g,a, X) and density of K-finite functions (cf. (97)) we now infer
that the polynomial X +— px¢(Q|fr,a, X) is constant for all f € E(G/H, A, Q). By
equivariance of the map f + px ¢(Q|fx, -, X ) it finally follows that the polynomial function
X — pre(Qlfr, z,X) is constant for every f and all « € G. This establishes (96).

The assertion about holomorphy is proved as follows. Let A\g € Qo N “a, fix § €
X(Q, \o), and for A € QN “ag, define Z(\) as in Proposition 9. There exist s € W and p €
NX,(Q) such that {o = (sAo—pQ)|ag,—p- Ift € W, v € NE,(Q) and (Ao —p@)|ag,—¥ = &o,
then it follows that (sA\g —tAo)|ag, — # + v = 0. Since Ao € “ag. this implies that © = v
and Wqs = Wot. Hence sA|q,, = tA|ag, for all A € 2, and thus we see that Z(A) has only
one element:

=) = ()~ po)lagn — 1.
From Proposition 9 it now follows that (96) depends holomorphically on A when this
variable is restricted to a suitable neighborhood of Ag.

Finally it remains to prove the assertions about meromorphy. Fix s € W, p € NX,(Q)
and Ao € Qo. Put o = (sAo — p@)lag, — 1+ and let II be the set of pairs (t,1) € Wo\W x
NX,(Q) such that (tAo — pg)ag, — ¥ = - For X € agq and A € QN “ag. we define the
following function in C*°(G) :

o EN= S e O
(t,w)ell
Define Z()) as in Proposition 9. Then for A € QoM “a?, the map (¢,7) = (tA—pg)

is a bijection from IT onto Z(A). Thus, taking (96) into account we see that

(99) BN = Y pae@Ifas X)et,

£€2(N)

|aQq_V
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We now see that by Proposition 9 there exists an open neighborhood 2 of A in £y and
a constant ' € R such that for every X € agq the map A — (X, ) extends to a
holomorphic C2°(G)-valued map on €.

For A € “aj, the elements (t\—pq)|ag, —¥, (t,7) € Il are mutually different. Therefore
the exponential functions e!*~?@ ™" on agq are linearly independent. Thus we may fix
elements X; € agq, [ € II such that the determinant

det( etA=re—1(X0) (t,v)ell, 1e1l)

is a non-trivial holomorphic function of A. By Cramer’s rule this implies that the functions
po.v(f:t:A), (t,v) € Il may be solved as Co°(G)-valued meromorphic functions of A from
the system which arises if in (98) one substitutes for X the values X;, [ € II. O

In the final part of the above proof we have seen that for a holomorphic family of
eigenfunctions the coefficients in the expansion (87) can be retrieved from the coeflicients
Po.ul(f,s, ), s € Wo\W, pp € NE,(Q) introduced in (95). We formulate this result as a

separate lemma.

Lemma 12. Let A € b, let Qg be an open subset of al., and let f € E(G/H, A, Q).

Moreover, let \g € Qq, &0 € X(Q, \o). Then the meromorphic function

(100) A 3 o fish)(@) AP =)

SEVVQ\VV7 vENZ,(Q)
(SAO—PQ”aQq—V:fO

has a removable singularity at A = A\g for every x € G and X € agq. Moreover, it has the
Limit value px,.¢,(Q|fr,, 2z, X )etoX) at Aq.

Proof. Fix 2 € G and X € agq and let ¢(A) be the function given in (100). Define II, Z(X)
and (X, A) as in the final part of the above proof. Then for A € Q¢ N “a;. we have
©(A) = (X, A)(x). The result now follows from (99) by application of Proposition 9. 0O

12. Principal parts of families of eigenfunctions. Let {2 be a non-empty open subset
of al.. Then E(G/H, ) will denote the space of functions f: Q x G/H — C which may
be expressed as finite sums f = >, fa, where A ranges over a finite subset of b, and
where fy € E(G/H, A, Q). If Ay, Ay € bf_ are conjugate under the centralizer Wy, (b) of
aq in W(b), then one readily checks that E(G/H,A1,Q) = E(G/H, A3,Q). On the other
hand if {Aq,..., A} is a finite set of mutually non-Wyy, (b)-conjugate elements of by,
and if f; € E(G/H,A;,Q) (1 =1,...,m), then we claim that Y ., fi = 0 (identically in
AN onlyif fi =+ = f,, = 0. Indeed assume that > ., f; = 0, then applying the operator
D—~(D:A,,+ ) we obtain Ez_ll [Y(D:Ai+A)=v(D:Ay, +A)fix =0, forall D e D(G/H),
A € Q. Invoking induction on m we see that for each ¢ = 1,...m — 1 we have f; = 0 or
Y(D:A; + X)) =~v(D:Ap, + ) for all D €e D(G/H), A € Q. However, the latter possibility
is excluded by the non-Wjyy, (b)-conjugacy of A; and A,,. Hence f; =--- = f,,—1 =0, and
then also f,,, = 0. This establishes our claim.
Thus, abusing notations slightly, we have the direct sum of linear spaces:

E(G/H,Q) = P E(G/H,AQ).
AEBE ./ War, (b)
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Hence by linearity all definitions and results of the previous section extend to families
fe&(G/H,Q).

If V is a finite dimensional complex linear space, then by E.(G/H,V,) we denote the
space of functions f: Q@ x G/H — V all of whose vector components belong to £.(G/H, Q).
Thus

E(G/H,V,Q) ~E(G/H,Q)acV,

and again we see that all definitions and results of the previous section extend to families
f € E(G/H,V,Q) by identity on the second tensor component. This will be used from
now on.

From now on let (7,V;) be a finite dimensional unitary representation of K. Then by
E(G/H,1,Q) we denote the space of f € E,(G/H,V;,Q) which are 7-spherical in the sense
that

alkx) = 7(k) fal2), (r € G/H, ke K, A€ Q).

Let f € E(G/H,7,Q), and let @ € P,. Then we define the Q-principal part of f,
denoted fg, by

(101) fo(xm) =dq(m) > poolfis:A)(m)

SEWQ\W

for m € Mig,A € Q. Clearly fo(X:-) is a smooth Vi-valued function on Miq/Hy,,,
depending meromorphically on A. Furthermore, using the equivariance of the map f —
pQ,o(f:s:\) one readily verifies that fo(A:-) is 7|x,-spherical. Finally we notice that
dg(ma) = dg(m)a’® for m € Myg, a € Agq, and hence it follows from the transformation
rule (89) that

fo(Aima) = dg(m) Z a*? Po.o(fis:A)(m), (m e Mig,a € Agq).
SEWQ\W

The following property of the ¢)-principal part shows that it is closely related to Harish-
Chandra’s notion of the constant term (see [26, p. 153]). Recall that for e > 0 we have
defined the set a’(e) by (3).

Lemma 13. There exists a constant eg > 0 such that if 0 < ¢ < ¢y then the function
A fo(A\im) is regular on af(¢) for every f € E.(G/H,7,0a!(e)) and m € Myq. Moreover,
given a compact subset K C agq there exists € > 0 such that for all f € E(G/H, T, a;(¢)),
m € Mg, and \ € aj(e) we have

(102) eth(X)dQ(m) f(mexptX) — fo(AmexptX) — 0

as t — oo, uniformly in X € K.

Proof. Let ¢ = min,ert, (g)\{o} |V|, then ¢ > 0 can be chosen such that [Re\|q,,| < 6/2
for all A € aé(eo). Let 0 < e < ¢, fix Ny € aé(e) and w € W, and put §o = (wAo — pQ)|agq-
Let II be the set of pairs (s,v) € Wo\W x NX,.(Q) for which (sAo — p@)lag, — ¥ = &o,
then it follows easily that II C W \W x {0}. Hence Lemma 12 shows that the function

A Z Po.o( fis:A)(m)
SEWQ\W
(sAo)lag,=(wAo)lag,
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is regular near Ao, with the limit value px, ¢, (Q]fx,,m,0) at Ag. Since w was arbitrary we
obtain the asserted regularity. Moreover, let a compact subset K C agq be given. Then if
e > 0 is sufficiently small we have (ResA —v)(X) < 0 for all X € K, A € aj(e), s € W,
and v € NX,.(Q) \ {0}. The property (102) is now a consequence of (88). O

The notion of principal part can be extended to meromorphic families of eigenfunctions
as follows. Given a complex manifold U, we write O(U) for the algebra of holomorphic
functions U — C, and M(U) for the algebra of meromorphic functions U — C.

Let M. (G/H,7,8) be the space of maps A — fy, @ — C*°(G/H)® V such that for
every Ay € (Q there exists an open neighborhood €2y of Ay in {2 and a holomorphic function
v € O(€Qy), not identically zero, such that A — p(\)fr belongs to E.(G/H, 1,8).

Then Q ~ M, (G/H,7,Q) defines a sheaf on a;. which is isomorphic to the tensor
product of the O-module sheaves M and Q ~» E.(G/H,7,Q). The principal part map
f — fo is a morphism of sheaves of O-modules and therefore has a unique M-linear

extension to the sheaf M, (G/H,T,-).

13. The principal part of the Eisenstein integrals. It is easily seen that the Eisen-
stein integrals belong to the space of meromorphic families of eigenfunctions just defined,
with € = af.. In fact we have the following stronger result. Recall that for R € R the
set aj(P, R) is defined by (7), and that the set IIx(aq) C S(a;) has been defined above

Lemma 2.

Lemma 14. Let P € Pri» ¢y € °C(7), and R € R. Then there exists a polynomial
p € lls(aq) such that A w— p(A)E(P:¢:\) is regular on aj(P, R). Moreover, if p is any
polynomial in Ily,(aq) with this property, then the family

E,(P:)): (M, z) — p(NE(P:p:N\)(2)
belongs to E(G/H,V,a:(P,R)). In particular it follows that the family A — E(P:u):)\)
belongs to M.(G/H,T,a: ).
The above statements hold as well (with a possibly different polynomial p) when the

FEisenstein integral E is replaced by the normalized Eisenstein integral E° and the set

a: (P, R) is replaced by a;(P, R).

Proof. See [3, Prop. 10.3, Lemma 14.1, and Cor. 16.2] (cf. (52); use functoriality to gener-
alize from 7y to arbitrary 7). O

Corollary 1. Let P € Py, +p € °C(7), z € G, and Q € P,. Then for A € a_ generic we
have the expansion

E(Pap:X)(vexptX) ~ Z PO v (E(P:p:A): S:A)(x)e(SA_pQ_”)(tX) (t — o0)
SEWQ\W,
VENZT(Q)

at every X, € agq, as well as the similar expansion for E°(P:):)).

Proof. By Lemma 14 and the remarks of the previous section we can apply Propositions

7,9, and 10. O
The corollary allows us to define the @-principal parts Eq(P::A) and E(P::\) of the

Eisenstein integrals. If Q € P2 then this notion coincides with the notions introduced in
Sections 4-5, see (46) and (56), with w = 1. From Lemma 13 we now obtain:
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Corollary 2. Let € > 0 and let p € IIx(ay) be a polynomial such that the meromorphic
function A\ + p(A)E(P::)\) is regular on aj(e). Let € be sufficiently small. Then the
function

A= E, o(P:p:X) := p(A)Eg(P::A)

is regular on a} (¢). Moreover, given a compact subset K C agq there exists € > 0 such that
for all m € Mg and \ € aé(e) we have

eth(X)dQ(m)Ep(P:¢:A)(m exptX)— E, g(P:p:\)(mexptX) — 0,
as t — oo, uniformly in X € K.

The above statements hold as well with the Eisenstein integral E replaced by the nor-
malized Eisenstein integral E°.

Our next goal is to determine the Q)-principal part of the normalized Eisenstein integral
for all @ € P,. Notice that it is an immediate consequence of the functional equation (58)
that

(103) E%(P':@/):/\) = Eé(P:C;|P,(1:/\);/):/\).

This will allow us to reduce the problem to the case that ) contains P.

Lemma 15. Let Py, P, € P™" and assume Py, P, C Q). Then for s € W andt € W we
have the following identity of meromorphic functions on ag, :

(104) prg o C']°32|P1(3t:/\) = C%2|*P1(3:t/\) o P o C']°31|P1 (t:\).
Moreover we have
(105) E°("Py: pro[Ch, p, (st:\]: stA) = E°("Pr: pro[Cp | p, (1:A)P]: 1A)
for all ¢ € °C(7).
Proof. Using (71) we may rewrite the left-hand side of (104) as
prg o C']°32|P1 (s:tA)o C']°31|P1 (t:N).
In view of Proposition 6 we may rewrite this in turn as the expression on the right-hand

side. This proves (104). Inserting this expression in (105) and applying Proposition 4 we
obtain the proof of (105). O

In particular we see from (105) with P, = P, = P C @) that the Eisenstein integral
E°("P: prg[Cpp(t: )] tA)

only depends on the coset [t] = Wpt, for any t € W.
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Theorem 4. Let P € P2 and P C Q. Then the Q—principal part of the normalized
Eisenstein integral is given by

(106) EQ(Pap:\) = Z E°("P: prQ[C;|P(t:/\);/)]:t/\)
[HeEWo\W

for all Y € °C(7), as a meromorphic identity in A € ag..

In the group case this result is given in [25, Thm. 7]. In the Riemannian case it is
then obtained by specializing to the trivial I x K-type (see also [22, Thm. 5.9.4]). The
proof will be given in the next three sections. The idea is to show that both members of
the equation are functions in C*°(Miq/Hnr,, 7|k, ) which are annihilated by the same
cofinite ideal in D (Mg /Hr,, ). From this it follows that the two members of the equation
allow converging expansions of polynomial exponential type. We will then determine the
possible leading exponents and the associated leading coefficients, and show that they are
the same for the functions in both sides of the equation. This will finally allow us to
conclude the equality.

14. Asymptotic expansions on M;g. In this section we will study the system of
differential equations on M;q satisfied by the principal parts of the Eisenstein integrals.
We shall see that the solutions to this system have asymptotic expansions, and we shall
determine the possible leading exponents.

Let (7,V;) be a finite dimensional unitary representation of I, and let © be an open
subset of ag.. If D € D(G/H) then it is easily verified that if f € M.(G/H,1,(2), then
the family Df: A — D(fx) belongs to M. (G/H,7,Q) as well. Hence it makes sense to
form its @Q-principal part (Df)q, for any @ € P,. We now have:

Lemma 16. Let f € M.(G/H,7,). Then for all D € D(G/H) we have:
no(D) fo = (Df)q-

Proof. This follows easily from (101), (90) and (83). O
In particular it follows from the differential equations (44) and (54) that we have

(107) (D) Eq(P:ap:\) = Eg(P:u(D:m:A):X)

for all ¢ € °C(7), D € D(G/H), as well as the same relation with E replaced by E°.

Since D(Myq/Hu,,, ) is a finite pg(D(G/H))-module, it follows in particular that
Eg(P:):\) and Eé(P:;/}:/\) are D (Mg /Har,, -finite functions in C*(Mig/Hu, 7|k )-
Therefore the theory of converging expansions of [1] (see Section 9) is applicable.

For the moment assume that FF € C*(Miq/Hu,,: 7|k, ) is a D(Mig/Hu,, )-finite
function. If P € P;'" is contained in @), then P = Mg N P is a minimal o6-stable
parabolic subgroup of Mg containing A,. Let £("P) = X(P) \ £(Q) be the associated
system of positive roots, and let Aj];q be the associated positive chamber in A,. Then

according to (92) the function F has a converging series expansion of the form

(108) F(a) = Z ce.mlog™a ab, (a € Aj]}q).

§;m
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Here { ranges over a set of the form S — NY(*P), where S C a?, is a finite subset, m € N
is a multiindex with |m| < d, and the coeflicients ¢¢ ,, belong to V;. In fact, since the
restriction of F to A, has values in the space VMMENH “the coefficients c¢ ., belong to
that space as well.

Notice that F is determined by the expansion (108), in the sense that if all the coefficients
c¢,m vanish, then ' = 0. Indeed, since the expansion converges, the vanishing of the
coefficients implies that F' vanishes on Aj];q. By sphericality this implies that F' vanishes
on KQAj]}qHMlQ, which is open in Mig. Being Kqg-spherical and D (Mg /Har,, )-finite
the function F' is real analytic, and we conclude that F' = 0.

As before the set of elements ¢ € S — NS(*P), for which there exists m € N' such
that ¢¢ ., # 0, is denoted by E("P|F,e). The set of <+p-maximal elements in E("P|F.¢) is
denoted by E(*P|F,e). Clearly this is a finite set. The function

ar— Z ce.mlog™a ot ¢ YMNENH
E€EL (*P|F,e),m
on Aq is called the leading part along P of F. Notice that if E;("P|F,e) is empty then
F =0 according to the discussion above.

We recall from Lemma 4 that the space °C(7) has a finite direct sum decomposition in
simultaneous eigenspaces for the endomorphisms p(D:7:\), and that every simultaneous
eigenvalue is of the form (D:A + X), with A € bf_. Therefore the following result is of
particular interest to us.

If A € by, let aj.(A) C aj. be the set defined in [3, Eqn. (99)]. Then aj (A) is the
complement of a locally finite union of hyperplanes. In particular it is an open dense subset
of ag..

Lemma 17. Let P € PP, Q € P, and assume P C Q. Fix A € by . Let A € al (A),
and suppose that F' € C*(Miq/Hum,,:T|K,) satisfies the system

(109) po(D)F = ~(D:A 4+ A\)F, (D e D(G/H)).
Then E;("P|F,e) C WA — pwp.
Proof. Suppose that £ € Ef("P|F,e), and let ¢¢ ., € Vi be the coeflicients of the expansion
(108). Fix mg € N such that Ce,my 7 0 and ¢¢ ., = 0 for all m € N with |m| > |mg.
Define p: My /Hy, — V; by

o(kaHy, ) = afr(k)c&mo, (ke Ky, aeAy).

Note that this definition makes sense because M;/Hpy, ~ (Ka/Ky N Har) x Aq (cf.
Lemma 1) and cg p, € VEuNHar

Let 4@ and /,ng be the maps D(Myq /Hnr,,) — D(My/Hyy, ) corresponding to *P (cf.
Section 8). Notice that pp = pp — pg. As in [3, Cor. 13.3] one shows that (109) implies:

g (nQ(D)e = 1 (D:A+ N, (D €D(G/H)).
Using (84) we obtain /,ng opig =T_pq o pi'p. Hence @ := (dg|ar, )~ ¢ satisfies the system
pp(D)p =1(D:A+N)p, (D eD(G/H)).

According to [3, Prop. 13.5] this implies that ¢ has A -exponents contained in WA — pp.
Hence ¢ has exponents contained in WA — p+p, and it follows that £ belongs to this set. [
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15. The leading part of the principal part of the Eisenstein integral. Let @) be
a cf-stable parabolic subgroup containing P € P2, Then from (107) and the theory of
the previous section we see that it makes sense to speak of the leading part along P of
the @)-principal part Eé(P:;/}:/\) of the normalized Eisenstein integral. This leading part
can be determined using transitivity of asymptotics.

Proposition 11. Let P € P2* @ € P,, and assume P C ). Then there exists an open
dense subset ) C ag. such that for all ¢ € °C(7), A € Q the function EQ(P:):\) has the
leading part

(110) ars Yy a TR [C p(uA i (e) € VMR (a € Ay)
ueW

along "P.
Proof. By Lemma 4 and linearity we may fix ¢ € °C(7) so that there exists a A € b}, such
that pu(D:7:\)p = v(D:A+ A for all D € D(G/H), X € a.. Write

F\ = EQ(Pp:A).

Then F) is a function in C*(Miq/Hu,,:7|K, ), which depends meromorphically on A €
a’.. Moreover, from (107) we see that F satisfies the system (109).

Let €2 be any non-empty dense open subset of "aj. such that A\ — F} is regular on {2,
and assume moreover that  C a? (A). From now on we will always assume that A € (2.
By Lemma 17 we know that

(111) E,("P|Fy,e) C WA — pp.

Put fy = E°(P:p:)). Then F)y is the Q-principal part of f. Shrinking Q if necessary

we may assume that also A — fy is regular on §2. According to (101) we have

(112) Fx=dq Y peolfitih)lig.
tEWQ\W

Of course we may replace the set of summation Wqo\W by any set of representatives in
wW.

We will now use transitivity of asymptotics to expand the right-hand side of (112) along
P. Let a € Aj]}q. By definition we have for ¢t € W that

poolfit:A)(a) = p)\,(t)\—pQ)|aQq(Q|f)\, a,0).

By Theorem 3 the latter expression equals

(113) > pAn(P|fx, a,0).

ne€E(P|fy)
7I|aQq=(tk—PQ)|aQq

In view of Lemma 14 we can apply Proposition 8 to f, and hence

E(P|fx) C{vA—pp—v|veW,veNZ(P)}.
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Let n =vA —pp —v (v € W, v € NE(P)). If  has the same restriction to agq as tA — pg,

then since @ C “ag. it follows from Lemma 11 that v € Wgt. Moreover we must then

have that v € NAg, where Ag = A\ £(Q). Thus we see that (113) equals

Z p)\,st)\—pp—y(P|f)\7a70) = Z pP’V(f:St:A)(e)ast)\—pp—y‘

SEWQ,I/ENAQ SEWQ,I/ENAQ

Since dg(a) = a?? and pp = pg + p+p we finally obtain

do(@poo(Ft(@) = Y pea(fistd)(e)a™re .

seWqg ,I/ENAQ

Inserting these expansions for t € Wo\W in (112) we now obtain

Fxa)= > pralfud)(e)a=rw,

uEW,I/ENAQ

By uniqueness of asymptotics this must be the same as the expansion (108) along Aj];q for

Fx. By (111) the leading part is

Z pP,o(f:u:/\)(e)a”)‘_”"P7

ueW

and by (56) (with w = 1) this is identical to (110). O

16. Proof of Theorem 4. We first determine the differential equations satisfied by the
right-hand side of Equation (106). Essentially these differential equations are identical to
the differential equation satisfied by the left-hand side (cf. (107)).

Lemma 18. Let P € P Q € P, and assume P C Q. Then for every t € W and all
Y € °C(1) we have:
1Q(D) E°("P: pro[Cp p(t: M) tA) = E°(P: pro[Cp p(t:A) (DT )]: tA)

for all D e D(G/H).

Proof. This is a straightforward consequence of the differential equations (54), applied to
the Eisenstein integrals for M ¢, and of (86), (73), the latter with C replaced by C°. O

Because of this lemma the theory of Section 14 can be applied to the Eisenstein integral
E°("P: prQ[Cli'P(t:/\);/)]:t/\) on Mg, and we may speak of the leading part along P of
this function.

Lemma 19. Let P € P™" Q € P, and assume P C (). Then there exists an open dense
subset Q) C af, such that for all y» € °C(7), A € Q, t € W the function

E°("P: prg[C p(t:A)i]: 1)
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has the leading part

(114) ars Y a?rr[Chp(uh)dli(e),  (a € Ag)

uEWQt

along "P.
Proof. By (56) the Eisenstein integral E°(*P:)*:t\) has the principal part

ma Z aSt)‘[C%gﬁP(s:t/\);/)*]l(m)

SEWQ

along "P, for all ©* € °Cg(7). If we insert ¢* = prQ[C;|P(t:/\);/)] and use Lemma 15 we
easily obtain (114). O

By summation over Wg\W it follows from this lemma that the function on the right-
hand side of (106) has the leading part

ars Yy a" TR [C p(uA i (e) € VMR, (a € Ay)
ueW

along "P, that is, exactly the same as that of the left-hand side (cf. (110)).

Proof of Theorem 4. Let Fy and Gy denote the left- and right-hand side of (106), re-
spectively. By Lemma 4 we may fix ¢ € °C(7) so that there exists a A € bf_ such that
p(D:m:Ap = y(D:A+ App for all D € D(G/H), A € al.. Let Q be any non-empty open
dense subset of aé’c(A) such that A — F, Gy are regular on ). Then F) and G satisfy
the differential equation (109) for A € €2, and hence by Lemma 17

EL(*P|F)\ — G)\,e) C WA — pp.

Shrinking € if necessary, we may assume that it allows the conclusions of Proposition 11
and Lemma 19. Hence, as mentioned above, F\ and G have the same leading part, and
we conclude that E;("P|Fy — G, e) is empty. This implies that F\ — Gy = 0 for A € Q,
and hence F and G are identical as meromorphic functions in A. O

17. Proof of Theorem 2. Recall that this theorem asserts the regularity of the normal-
ized Eisenstein integrals on a neighborhood of za;. We shall prove this by induction on
the split rank dimaq of G/H.

Let agz = Naex kera and °G = Ny ex(q) ker |x| (cf. [1, Sect. 1]), then Ayx := exp(aqx)
is central in G, and G/H ~ Aqx x °G/(°G N H). For this reason we call Ayy; the vecto-
rial part of G/H. One readily checks from the definition of the Eisenstein integral that
E°(Pp:N)(ax) = aAE°(°GﬂP:¢:/\|ogmaq)(aj), forx € °G/(°GNH), a € Ayx. We thus see
that the assertion of Theorem 2 holds for the symmetric space G/H if and only if it holds
for °G/(°G N H).

In the course of the proof we shall be using the Schwartz functions on G/H (see [3, Sect.
17] for the notion of Schwartz functions on G/H, and for the topology on the Schwartz
space). Let C(G/H:7) denote the Fréchet space consisting of the 7-spherical L*-Schwartz
functions f: G/H — V.. The space C°(G/H:7) is a dense subspace. We need the

following result.
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Proposition 12. Assume that the vectorial part Ay, of G/H is trivial, and let [ €
C>(G/H:1) be a D(G/H )finite function such that for all maximal parabolic subgroups
() € P, containing Ay and all m € Mg and X € agq we have:

lim eth(X)f(m exptX)=0.

t—o00

Then f belongs to the Schwartz space C(G/H:T).

Proof. We start by recalling some further results from [1]. Let P € P™" be arbitrary and
let ¥t = S(P). Let a('f be the associated positive Weyl chamber.

Let Q € P, with @ D P. Then Q is standard with respect to ¥, so that agq is a wall
for af. According to [1, Thm. 5.3] the asymptotic behavior of a D(G/H )-finite function
f € C°(G/H:7) along this wall may be described as follows.

Let *Eq be the intersection of the closure of a('f with mg, and put ﬂ;f = exp(*ﬁé’). Then
there exist analytic functions g¢ : ?l;f X agq — Vr, polynomial in the second component,
such that for all *a € ﬂé’ and all a € qu with *aa € A;f we have:

f(*aa) = Z qe(*a,log a) ab.
3

Here the summation extends over a subset of ag, . of the form 5 — NY,(Q), with S a finite
subset of ag, .. The convergence is absolute. Notice that this expansion is a refinement
of (92); the latter is obtained at *a = e. By uniqueness of asymptotics the functions g
are uniquely determined, and therefore so is the set E(Q|f) of { € af,. such that g¢¢ # 0.
Arguing as in the proof of Theorem 3 (or inspecting [1, proof of Thm. 5.3]) we see that
B(QIf) = B(P|f)lag, for @ 5 P.

If @ is maximal the hypothesis of the lemma implies that for every ¢ € E(Q|f) and
X € agq we have (Reé + pg)(X) < 0. Let now £ € E(P|f). Then {lq,, € E(Q|f) and

since pp has restriction pg on agq it follows that
_|_
(115) Re{+pp <0 on ag,.

If « is a simple root in ©7T, let L, be the set of points X € aq such that a(X) > 0 and
such that $(X) = 0 for all simple roots 5 # «. Then L, = agq for a suitable maximal
oB-stable parabolic subgroup @ D P; in fact Q = Zg(Ly)P. Thus by (115) we see that
Re + pp is strictly negative on L, for all £ € E(Q|f). This being valid for every simple
root it follows that

(116) Ref+pp <0 on cl(ajl')\{O}

(here we have used the assumption that Ay, = {1}). The estimate (116) is valid for each
P e Pri» and all £ € E(P|f). It now follows from [1, Thm. 6.4] that f is square integrable,
and from [1, Thm. 7.3] that f belongs to the Schwartz space. O

Proof of Theorem 2. The main steps of the proof are summarized in the following four

lemmas. If the split rank of G/H is zero then aj. = {0}, G = M, hence G/H ~ M/Hy
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is compact (cf. Lemma 1), and one readily sees that E°(P:¢:0) = +. Thus the statement
is trivially verified for spaces of split rank 0.

Let now G/H be a space of split rank r > 1, and assume that the result has been
proved already for all Harish-Chandra class reductive symmetric spaces of split rank strictly
smaller than r. As we have seen above, we may assume that the vectorial part of G/H is
trivial.

The basic idea of the proof is that the regularity of the Eisenstein integral is governed
by the principal parts of its asymptotic expansions along (maximal) parabolic subgroups
Q. The following lemma asserts that these principal parts are regular for imaginary values
of the spectral parameter.

Lemma 20. Let P € P™* Q € P, \ {G}, and let i) € °C(7). Then as a function of \ the
Q-principal part Eg(P::\) of E°(Pu:)) is regular on ia;.

Proof. Using (103) and the unitarity of the c—function occurring there (cf. Proposition 5)
we see that it suffices to establish the lemma in the case that () O P. But then the principal
part is given by (106). The Eisenstein integrals occurring in the right hand side of (106)
are regular functions of A on iay, by the induction hypothesis, since the split rank of
*Mig/(°MigNH) = Mg/ Hu, is less than r when @ is proper. Moreover, the c-functions
occurring in (106) are also regular, by the unitarity of the e-functions (Proposition 5). O

It is convenient to introduce the set P consisting of all p € IIs(aq) with the property
that the function
A BS(Ppi)) i= p(A)E°(Pup:))

is regular on aé(P, 1), for each ¢ € °C(7). It follows from Lemma 14 that P is non-empty.
To establish the regularity of E°(P:p:\) on aj(e) for some € > 0 it obviously suffices to
show that

(117) p~H(0)Nial =0

for some p € P.

Lemma 21. Suppose that p € P vanishes at Ao € ia;. Then for every i) € °C(7) the
function Ej(P:p:A\o) is D(G/H )-finite and belongs to the Schwartz space C(G/H:T).

Proof. Put E; o(P:\) = p(\)EG(P::\). Then it follows from the lemma above that
B} o(Pp:Ag) = 0 for @ € Py proper. Using Corollary 2 we obtain

lim etre(X) ES(Pap:Ao)(m exptX) =0

t—o00

for all m € Mg, X € agq. The lemma is now an immediate consequence of Proposition
12. O

To complete the proof of Theorem 2 we need the following lemma. Given p € P, we
define, as in [3, Sect. 19], a continuous linear map F, : C(G/H:7) — S(ia;) @ °C(7) by

(Fpf(Nle) = (FIE;(P::A)), (¢ € °C(7)),

for f € C(G/H:T), \ € iag.
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Lemma 22. Let p € P, and let f € C(G/H:7) be a D(G/H)-finite function. Then
Fpof =0.

Proof. Let L € D(G/H) denote the canonical image of the Casimir element (it is the
Laplace-Beltrami operator associated with the pseudo-Riemannian structure on G/H in-
duced by B). Then by D(G/H )-finiteness there exist a positive integer m and constants
ag,...,0m—1 € Csuch that

D:=L"4an L™ "+ +a

annihilates f. In view of (60), which is valid also for Schwartz functions f by the density
of CX(G/H:7) in C(G/H:7), this implies that

(118) u(Dim:N) Fuf(A) = Fo(DFIN) = 0,

for all A € 7af. The End(°C(7))-valued polynomial function A +— u(D:7:)\) on ia; has
highest degree homogeneous part equal to (A, A)™ times the identity operator. Hence
det p1(D:7:\) is not identically zero, and therefore (118) implies that F,f =0. O

Lemma 23. Suppose that p € P vanishes at \g € ia}. Then E;(Pp:)g) = 0 for all
€ °C(r).

Proof. Fix b € °C(7). Then by Lemma 21 the function f := E}(P:up:)\g) is a D(G/H )-

finite T-spherical Schwartz function. From Lemma 22 we then obtain that:

(F1F) = (FIES(Pup:A))a=x, = (Fpf(Ao)lv) =0,

and it follows that f =0. O

We can now complete the proof of Theorem 2 by an argument similar to the one used
in the proof of Theorem 1 (see Section 5). Choose some p € P, and suppose that (117)
does not hold. Then p has a linear factor [ € P vanishing at a point of ia. This factor
must be of the form I(A) = (A, a) — ¢, with @ € ¥ and ¢ a purely imaginary number.
Thus H := [71(0) N ia; is a codimension 1 hyperplane in zaf. Let ¢» € °C(7). Then it
follows from Lemma 23 that E}(P:t):-) vanishes on H, and hence on the connected set
I=10) N aé(P, 1), by analytic continuation. Therefore [ is a factor of the holomorphic
function A\ +— EJ(P:p:)\) on a(’;(P, 1), and by definition it follows that ='p € P. Using
this argument repeatedly we arrive in a finite number of steps at a p € P such that (117)
holds. [

It follows from Theorem 2 that the results of [3, Sect. 19] are valid with 7 = 1 (see loc.
cit. for the meaning of this notation). In particular we get the following result (cf. loc. cit.,

Thm. 19.1).

Corollary 4. The Fourier transform F defines a continuous linear map from C(G/H:T)

into S(ia;) @ °C(T).
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