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Abstract

Let X = [[;Z4 Zy(;) be acted upon by the group , = @72, Zy; of
changes in finitely many coordinates and u a G-measure on X which is
nonsingular for the , -action on X. We consider cocycles on (X,, ,u)
taking values in the az + b group. We give a structure theorem for
such cocycles, we define the mean ratio set which is a closed subgroup
of the az + b group and we exhibit for each closed subgroup a cocycle
whose mean ratio set is the given subgroup.

1 Introduction

The notion of essential range of real-valued cocycle was defined by Krieger
[K] as a subset of [—o00, o0]. He showed that its intersection with (—oo, o) is
a closed subgroup of the real line and that cohomologous cocycles have the
same essential range. Parthasarathy and Schmidt [PS] extended this result
to cocycles with values in locally compact abelian groups. The notion of es-
sential range has been extended to cocycles with values in general nonabelian
locally compact groups, but it is no longer cohomology invariant (see [S1]).
In the case of a multiplicative cocycle with values in BT, the essential range
is also called the ratio set.

In this article, we examine closely the example of cocycles with values in
one of the simplest nonabelian groups, the ax 4+ b group. One motivation for
this is to study the ways an additive and a multiplicative cocycle can interact.


https://core.ac.uk/display/39699419?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

In the next section, we produce a new type of essential range called the mean
ratio set (MRS). In the case of a real-valued cocycle and a measure-preserving
action our definition exactly coincides with the essential range. This closed
subset of [0, 00] X [—o0, 0o] whilst not cohomology invariant, is close to being
so. In fact, if the transfer function is integrable, mean ratio sets are conjugate
in the ax 4 b group by its integral — hence if the integral is the identity (1,0),
the mean ratio set is preserved. Furthermore if W; and W, are cohomologous
with integrable transfer function, then there is a constant transfer function
under which W5 is conjugate to W5 where M RS(W;) = M RS(Ws).

An essential step in the proof, not without independent interest, is a
structure theorem for ax + b-valued cocycles which generalizes theorems of
Golodets [G] and Parthasarathy and Schmidt [PS].

The final section of the paper gives a classification of the closed subgroups
of the ax 4 b-group. As a result we are able to classity the az + b-valued
cocycle in an L'-cohomology invariant way.

This theory is the first step in a new approach to the study of nonabelian
cocycles over X (c.f. [Z]). We believe that it will lead to a new treatment of
recurrence and skew products.

2 The Structure of ax + b-valued cocycles

Let X =T[;2, Xi with X; = Z(;) for some integer ((i) where Z;;) denotes the
integers modulo ((¢). Let B be the o-algebra generated by the cylinder sets.
Let , be the group of finite coordinate changes, that is

, ={v € X :4;, =0 for all but finitely many coordinates ¢}
, acts on X by coordinatewise addition, i.e., (yx); = y; + ;. For k > 0, let
cr={v€, 1y =0forall > k}.

Motivation 2.1. Before commencing our discussion of the ax + b-valued
case, let us briefly recall from [PS] the real-valued case with a , -invariant
measure y. Each R-valued cocycle W on X for the action of , can be written
as

W) = 3 {Bule) = fule)}

where each 3, is , ,-invariant.



Let W¥(vo,2) = Il“l_kl >er, Wi(vo,vz). We say that r belongs to the mean
ratio set of W, MRS, (W) if for every € > 0 and for every set A of positive

measure there is for each kg € N, a set of positive measure B C A and v, €,
so that k& > kg implies

‘Wk(’yo,x) — r‘ < eforall z € B.

It is readily seen that r € MRS, (W) if and only if r € N2, ess.range(W*).

This definition tries to capture the fact that the average value of W is close
to r. However, it turns out that we have achieved nothing new. A sufficient
condition for r to belong to M RS(W) is that for each ¢ > 0, for each £,
and for each , p-invariant set A of positive measure there exists 7o € , 1 and
a , p-invariant set B of positive measure so that |W(~v,z) —r| < € on B.
Using this, one readily sees

Proposition 2.1 For an additive real-valued cocycle W and a , -invariant
measure (1 one has

MRS, (W) = ess.range (W).

Proof: The proof is left to the reader. a
The aim of this section is to extend the above structure theorem and
definition to cocycles with values in the ax + b group.
First, we recall some definition and notation concerning multiplicative

cocycles [BD].

Notation 2.1 In [BD], we considered a family of measurable functions
{G}.} satisfying the conditions of compatibility and normalization, that is,
for any £k <n and any y € , . C, ,

Gr(yx) _ Ga(yw)

Gole) . Gola) (c1)

and |
LS Gy = 1.
|7 k| ~ely

A nonsingular probability measure p on X was defined to be a G—measure

if there is a compatible normalized family {G}}

dp o Y () Gr(yz)

du B Gr(x)



pae e X,and vy €, .

In the case where there is a unique GG—measure p, it is automatically
ergodic, and we say that g is uniquely ergodic. In [BD] proposition 3, we
showed that p is uniquely ergodic if and only if for every continuous function

f on X, the sequence
1

Y Gulya) f(vya)

|7 n|ryan

converges uniformly to a constant.
Given a compatible family {G}} and a family of measurable functions

{Br} on X such that for all v € , i, we have By(va) = Bi(x). Define

_ 5 Gilye) Gi(z)
where Go(x) = 1. Then, Wy, is well-defined, measurable and equals for v € , 4
=/ Gr(vye Gr(x
W) = (G060 - b))

Furthermore, Wy, is an additive cocyle on X for the , ;. action, in the sense
that, for vy, € , 1 we have

Wi(y172, 7)) = Wiy, 2) + Wi(v2, i),
Moreover, the family {W;} satisfies the following compatibility condition

Wiy, z) Wy, )

_ for all C, o ¢2).
Gila) G TS ()

Equivalently,
W,
Wen®h2) _ gy 30, for all 7 € , . (C3),
gk+1(=’1?)

) G ()

th = :

w1 gk+1(l’) Gk(l‘)

Let A denote the ax + b group, that is the underlying space is Rt x B and
group operation defined by: (a,b)(c,x) = (ac,ax + b). The identity is (1,0)
and (a,b)™' = (¢!, —a™'b).



Lemma 2.1 Suppose {G}} is a compatible family, and {Wy} a family of
compatible additive cocycles. Define o :, x X — A by

0= (G Gy

whenever v € , p and x € X. Then o is an ax + b valued cocycle on X for
the

, action.

Proof: o is well-defined by the compatibility conditions, that isif y € | C
then
Ny

(Gt ot - (G5 o)

Also, one can easily verify using the multiplication in A that

0(717271') = 0(7171?)0(727711?)-

Notation: For & > 1 let X* = {z € X : 2y = 23 = ... = 2 = 0}
and ,* =, N X* For € X, let x() = (21,...,2,,0,0,...) and ™ =
(0,...,0, 2pq1, Tpya, ...), where 2y = 0 and 2 = 2. Then, T(n) € ,n and
x = x(n)x(”). Also, if {G} satisfies condition (C1), then for each k, gpi1(x) =

Gry1(w)

GG 1 & invariant (see [BD]).

Lemma 2.2 Given any ax + b valued cocycle o on X for the , action, then
there exists a compatible family of measurable functions {G}.} and a compat-

ible family of cocycles {Wy} such that

i (G5 850

whenever v € ,  and x € X.

Proof: Let o(~,z) = (0‘1("}/, x), o2(Y, :1;)) From the cocycle identity for o one

gets that oy is a multiplicative R valued cocycle, and oy a oy cocycle, in the
sense that o3(y17y2, ) = 09(71, )+ 01(71, ©)o2(Y2, 112). Set Go(x) = 1 and for

k>1,let Gy(x) = o (x(k),x(k)), then for v € , , we have % = o1(y, x).
Also, for any m > k and v € |, %’7”((”;;) = %k(ﬁxﬁ)- Now, for v € . set

Wi(vy,2) = Gr(x)oz(y,x). Using the fact that oy is a oy cocycle one can
easily verify that {Wy} is a family of cocycles satisfying condition (C2).
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Lemma 2.3 Let {W;.} be a compatible family. For k > 0 define

_ Wk+1($(k+1)a fl?(kﬂ))

6k($) - Wk(l‘(k), l'(k))
Jrt1(T)
Then By is ,  invariant. Also, for every v € , . and v € X we have
k-1
Gr(vz) Gr(z)
Wi(y,z) = ( Bu(yzx) — ﬂnx) *
(o) = X (G ) = ) ()
Proof: Let v €, j. Then,
1% x sy
Bu(yz) = k1 (Y (k+1) ) —Wk(’yw(k),:lf(k))
Jrt1(T)
Wiri(v.2) | Wit (hz ), zHHD) k
+ — Wiy, ) — Wiz, 2
Jrt1(T) Jrt1(T) H7,2) Hew )
Wit (2 (g1, 2FHD) k
= : — Wi(z g, 2™
Jrt1(T) Haw )

To verify (*) notice that both sides satisfy the cocycle identity, hence it is
enough to prove only the case v is 2y and x is ¥, Then, = = x(k)x(k) and
for any n < k we have (x(k))(n) =0 and ()™ = 2(*) The left hand side
of (*) has then the form Wj(z ), 2M). Now, the right hand side of (*) is

(
1 (o (2® .
;(gnix;ﬁ“ )~ G )
= Wn+1(x(n+1)7x( i ))

gn+1(x) _g”+1(x)---gk($)wn(x(n)7;1;(”)))

Grt2(@)-gr(2)Wog1 (2 (1), ztrt) — g1 (). g(2 )Wy, w(n)))

+ Wiy, x(k)) — ge(2)Wiq (22, x(k—l))
= gul(2) Wi (o) 7)o Wiy, 2 ®) = gi(0) Wi (), 27Y)
= Wk(:z:(k),x(k)).

Theorem 2.1 There is a one-to-one correspondence between ax + b valued

cocycles on X for the , action and compatible families {Gy} satisfying con-
dition (C1) and {By} with each By a , i invariant function.



3 The mean ratio set

Definition 3.1 Let W be an additive cocyle on X for the , action. Define
1

W0, 2) = 7 > Wi 72).

|7 k|w€Fk

For k > 1, let B* denote the tail o- algebra generated by all cylinders of the
form T2, I where E; = X; = Zy(;) for all « < k. If pis G measure on X and
f a measurable function, we denote by E,(f|B*) the conditional expectation
of f given the sub-o-algebra BF.

Lemma 3.1 Let pp be a G measure on X, then
(i) W* is a cocycle on X for the , action,

(i1) For all o € , ks, W*(70,2) = 0,

(iii) If n > k, we have Eu<%|6’k> = gi—gwk(yo,x).

Proof: (i) Clear since the sum of cocycles is a cocycle.
(ii) Follows from the cocycle identity; for vo € ,  we have

Wk(’}/o?x) = |71k| Zl; W(7077x)
= |71k| ZF: W (o7, ) = W(y,z) =
(iii) From [BD] one has
Wiy, o) o 1 W(v0,77) .
E(Gor ) = T a6 0o)
- 7 5 g
_ Gr(@) ok
= Gn(x)W(’yo,x).



Remarks 3.1

(a) In each variable W* is independent of the first k coordinates, in the sense
that, if 4o € , 1, then for any v € , and € X we have W¥(yvo, z) =
Wk(77 l’) = Wk(77 701;)‘

(b) If W is a cocyle for the , ,, action, then for v € , ,, we define W# (o, z) =
Il“l_kl >oer, W(vo,vx) if B < n, and 0 otherwise.

(c) In [BD1] we defined, for a quasi-invariant measure g on X, p” =
|F1—| > er,, 107, and noted that this is precisely y conditioned on B™.
The above notation is compatible with this.

Clearly the mean ratio sets of g and ™ coincide. Thus, by Proposition
(2.1), for each m, the ratio sets of g and of ™ coincide.

Definition 3.2 Let u be a nonsingular G measure on X and o an ax + b
valued cocycle for the , action which has the form

o (G5 )

whenever v € | and x € X. As before let A denote the ax 4+ b group. An
element (r,s) € A is said to belong to the mean ratio set of o, denoted by
ru(o), if for every € > 0 there exists mo > 1 such that for every A € B with
w(A) > 0 and for every m > mog, there exists a measurable subset B C A
with w(B) > 0 and there exist n > 1 and vo € , , such that the following hold

Gn!'VOl’) —r

(@) < €,

(ii) For every x € B,

(iii) For every x € B, g’:((z)) W (v, ) — 8| < €.

Proposition 3.1 The mean ratio set r (o) is a closed subgroup of A.

Proof: Let (ry,51),(r2,52) € ru(0). We want to show (rq7rz, s14+7152) € r,(0).
Let € > 0, there exists m{, > 1 such that if A € B with u(A) > 0 and m > my,
there exists B C A with p(B) > 0 and there exist a positive integer n; > m
and y; €, ,, such that



(i) Ggil(?x) —ri| <e¢, and
Gz
‘Gnl((x)) Wm(’}/l, ) — 81| < €.

Further, since u(y1B) > 0 we can find C C B with x(C) > 0, and an
integer ny > m and 7, € , ,, such that

(i1) 72C C, 1B, and for every z € C,

Gn2 (721;)

Gn2 (x) — 1| <€,

< €.

((?) Wi (2, ) — 52

Let n = ny +ny and D = ~47'C C B. Then, #(D) > 0 and v991 D C A. Now,

for any x € D we have

‘G”(%%l‘) ey Grlhame) Gr(ne) rir
Gu(z) 17 Gu(naz) Gu(a) 17
an (’}/2’}/11‘) Gm (’}/11}) —
Croy(p7)  Coy(x) 7
< (it e)e+roe=(r1 +ro)e+ ¢
and
théfff )
o) Gy ()| Gl ) m
< (GO = a4 G T ey 0 1) =
G ()
B RTINS

< (r1+ s+ 1)6—|—62.

This shows (rire,s1 + ris2) € ru(o). Now, let (r,s) € r, (o). We want to
show that (r=',—r7's) € r (o). Let € > 0. For any measurable set A with
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#(A) > 0 and any integer m choose a real number N(m) > 0 such that
the set A, = {x € A: |G, (x) — N(m)| < €} has positive measure. Since
(r,s) € r,(o), there exists mg > 1 such that for m > mg we can find B C A,,,
an integer n > m and v € , ,, such that

Grn(yz)

(iii) vB € A, and for every x € B, |7 6

—r| <€, and

‘G x)Wﬁ(’y,x)—s < €.

m
Ga(x)

Let C = yB C A,,, then v7'C = B C A,,. For # € C, since y™'2 € B
Gf(’;(_xl)x) — r| < ¢, which implies that G’é(:(_xlf) —r7l < T(T;)Q, By

the cocycle identity we have W/ (v,v 'z) = —W™(y~ !, z) and for = € C,

we have

Gm(l’) _ 2e
fem Aoy 1‘ < Npm)=: 50 that

)
)
Golz) Gu(v'2)|Gn(v ) )
S G0 G (G T
S| Gulr) Co(e) [Guly~'a)
T e @ 1+ o1 (2)| Gol@)

2¢ S 2¢ 2¢
. ; T
— € — €

This proves that (r~',—r~'s) € r,(¢). The proof that r,(c) is closed is
straightforward since on A we have the product topology.

Definition 3.3 Two ax+0b valued cocycles o and T are cohomologous if there
exist measurable functions o and 3 such that

o(v,2) = (ale), B(x))7 (v, 2)(a(y2), Blya)) .

We call the function («, 3) a transfer function for o and 7.
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Lemma 3.2 For v € ,,, let o(y,2) = (M M) and 7(y,2) =

Gn(z) 7 Gn()
(%n((wxﬁ), VI?S;;)) If o and 7 are cohomologous, then

Gu(yz) _ ale) Fu(yz)
Gu(x)  alyr) Fu(z)

and
Wi(y,2) Va(y, @)

ol Gn(ye)
o -

Ga(x)

Let o and 7 be two cohomologous ax + b valued cocycles each having the
form as given in Lemma 3.2, and with transfer function («, 3). Assume that
the families {G,} and {F), } defining o and 7 respectively are normalized.
Set

+6(z) - Blye).

o a(x)G(x)
Fn(x) N ﬁ ZWOEFn og(’yox)Gn(’}/ol')
and for v € ., ,
oy B ale)Gale) Val.2)
W) = g ) = TR ) T o) Ga(r0e)

oGy, aGy and e

Lemma 3.3 (i) For each positive integer n, the functions

Fn  Fg
are , , tnvartant.
(ii) For each m <n and v € , ,, we have
Fo(x) Fo(x) Fo(x)
Vom — 77 Vm .
Fo(x) ( ) Fm(l') Fn(l') n (7071;)

Lemma 3.4 [If o s p integrable, then defining a measure v on X by
[ a(e)d(o)

— | a(a)du(x),

Ty ale)da(e) Ja

we have that F° is a normalized compatible family, v is an F° measure and
Jory e,

v(A) =

o= (51 57

11



Theorem 3.1 Let o and T be cohomologous ax + b valued cocycles having
the form given in definition 3.3 and with transfer function (o, 3). Suppose
that p is a uniquely ergodic G measure and o, [ are p integrable. Define v as

gwen in lemma 3.4, then ([x adp, [x Bdp)r.(o)([x adu, [x Bdup)™" = r, (7).
In particular, if [y ady =1 and [y pdp =0, then r, (o) = r, (7).

Proof: Without loss of generality we assume that [ady = 1, otherwise we
normalize. Let (r,s) € r, (o) and let € > 0 be given. There exists a positive
integer Ny such that for all m > Ny,

I,lml ZF: a(yz)Gn(yr) — 1‘ <e
and )

and m > N; be sufficiently

uniformly in x. Let ¢, = |M—E|(T—I—E)(El—|—|f EEPR
X

large. If v(A) > 0, then p(A) > 0. Choose sufficiently large real numbers M
and M; such that A2 = {a € A: |G(x) — Mi| < ¢ and |a(x) — M| < e}
has positive measure. There exist B C A°, n > m and 7y € , , such that

B C A° and for every * € B we have ‘%’;((W;) _ r‘ < D and
Gm(z m .
Gn((x))Wn (7071;) — 35| < [CSEFE NOW7

G () 1

W, (Yo, w) = B(y2)Gulv2)
Gn(x) ) ] wg;m
! G (7702
- X Ble)Ga(ye) )
i )

L ZGm(W)a(W)Vn(%W)

bl e, (e

= LS Be)Gale)

|7 m| ~YEly,

_ Gom(x) Gu(yx) 1 ) )
Go(y02) Go(2) |7m|W€ZF:mﬁ(Wo )G (170)

i Fi(2)
- WGZFIM a(ya)Gp(y) Fola)

VO?T(’VO? l’)
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Then,

‘FS(VOJ?) B ‘ Fo(yox) r‘
Fo(x) Fu(x)
Gr(vox) [alyox) 1‘
Gu(z) | o(z)
G(y07)
+ ‘ Go(2) —r|< 2e.
Also,
1 Fo (@) om
o W;m a(ya)Gp(yx) Fo(a) Vor(yg,x) —s — (1 —r) /X ﬂd,u‘
Go(®) 2 m
< (o) W (v, ) — 1
b [y s6mGate - [ s
Gom(x) Gu(yx) 1
~ & e G T WEZF:m B0 ) Gm(y707) — T/Xﬂdﬂ‘
< e
Thus,

F(@) om
T Vo) s = (1= r)/Xﬂd,u‘< 3c.

This shows that (1, [y Bdu)(r,s)(1,— [y Bdu) € r,(7). The other direction is
proved similarly. Hence, (1, [y Bdp)r,.(o)(1, — [y Bdp) = r, (7).

4 Classification and examples

In this section, we classify the closed subgroups of the az 4+ b group and use
the structure theorem from §2 to give examples of cocycles whose ratio sets
correspond to the various possibilities.

The following theorem is perhaps well-known to experts, but we have
not been able to find a convenient reference for it. We include a proof for
completeness.
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Theorem 4.1 Let 'H be a closed subgroup of the ax + b group A. Then H
is one of the following

(i) A itself
(ii) The identity {e}

(iii) For each p € (0,1),{(1,np) : n € 2}

(iv) B={(L,2): z € B}

(v) For each A € RY, X £ 1, {(\",z): 2 € R}

(vi) For each p € B, {(u,p(u—1)):u e rt}

(vil) For each p € R and for each A € RT, A # 1, {(A", p(A" = 1)) :n €Z}

Proof: Let us realize A as the group of matrices of the form { (g i)

Yy
0 0

. ex (eml’—I)
o g)((o " ))

The component of the identity Hy of H is a connected closed subgroup of
A; hence we may identify three possibilities: Ho = A, Ho = {e}, or Hp is
a one-dimensional subgroup. In the first case, H = A and we are in case

(i). In the third case, Ho = {expt (g I(;)) :t € R} with (z,w) # (0,0). If

=0, Ho = {(l,2) : @ € R}. One sees that H/H, is a discrete subgroup
of Bt and we are either in case (iv) or (v). Otherwise, putting u = %, we
have Ho = {(u, u(u — 1)) : v € BT}, We claim that H = H,. In fact, since
conjugation by (1, ) maps Hop into {(u,0) : v € RT}, we may assume p = 0.
Any subgroup containing {(u,0) : v € RT} and an element of the form (ug, s)
with s # 0 is quickly seen to be all of A. Thus H = Hy and we are in case
(vi).

Finally, let us consider the case when Hy = {e}. We claim that H is
generated by a single element. Suppose first that every element of H is of

Its Lie algebra is then {( ) cxL,y € }R}, with exponential map

14
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the form (1,x) with @ € R. Then H is a discrete subgroup of R and we are
in case (ii) or (iii). Otherwise, H contains an element v = (u,y) with u > 1.
Conjugating as above by (1,y) we may assume that y = 0. Thus H contains
{(u",0) : n € Z}. Suppose that H contains also an element of the form (ug, yo)
with logug and log u rationally independent; we may suppose that ug < 1. Let

k

v € Ry be arbitrary and choose sequences {ny}, {mz} so that u" uy* — v

L —ug*
as k — oo. Then (u,0)™ (ug,y0)™* = (v ug™*, ! o )yo) € H for all
k. Letting & — oo, we see that (v, Jo ) € H for all v € R. This
contradicts our assumption that Hy = {e}. We conclude that logue and

logu are rationally related, and so H contains both {(u",0) : n € Z} and
{(1,kyo) : k € Z}. The set of all elements of H of the form (1,w) is then
a subgroup of R containing u"yg for all n € Z. This is necessarily the whole
of R except in the case yo = 0. We have proved that H is conjugate to
{(u",0) : n € Z} for some u and we are therefore in case (vii). 0

(4.2) Using Proposition 3.1 and Theorem 4.1 we now have a limited
number of mutually exclusive possibilities for our mean ratio set, as a closed
subset of [0, 00] X [—00, 00] whose intersection with A is a closed subgroup
of A.

Recall that the possible ratio sets for a cocycle with values in RT are
{1} (type II), BT (type I1I;), for 0 < A < 1, {A\" : n € Z} (type III,) and
{0,1, 00} (type Ilp). For an additive cocycle, we have {0} (type II), R (type
L), for 0 < p < 1, {mu :m € Z} (type II1,) and {—o0, 0,00} (type I1ly.)

In fact, the closed subgroups of A listed in Theorem 4.1 lead to mean
ratio sets of the form R; x Ry where Ry C [0,00] and Ry C [—00, o0] are of
the above type in all cases except types (vi) and (vii) with n # 0. On the
other hand, as observed in the proof of Theorem 4.1, (u, n(u—1)) is conjugate
to (u,0) via (1,n). This leads to

Definition 4.1 Let p be a G-measure and o an A-valued cocycle for the |
action. If the mean ratio set r,(o) has the form Ry X Ry where Ry is of type
X for BT and Ry is of type Y for R then we say that o is of type X x Y.
If ru (o) can be conjugated into a set of this form by an element of the form
(1,n) we say that o is of the type (X x Y)".

The last possibility is realized only if X = III; or III,, and Y = II or Ill,.
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Thus to say that o is of type 11 x I1ly means that its mean ratio set is
{1} x {0,1,00}, to say that o is of type (IIIyx IIly)” means that its mean
ratio set is {(A",n(A" — 1)) : n € Z} U {—00, 00} and to say that o is of type
(IT1; x 11)” means that its mean ratio set is {(u,n(u —1)) : u € R}.

The possible types are then [11y x [T1y, TTxII, ITIyxII, ITxIII\(0 <
A1), Iy x ITIH\(0 <A< 1), ({ILLxD)", 0 < A <1, n €Rand
([T x ITIp)*, (0<A<1), u€r.

Note that 11, x [11, is not possible with 0 < A, ¢ < 1. We denote by

R(p) the ratio set of y with respect to the , action (see [KW], [S1], [S2],
[BDL]).

Theorem 4.2 Let {G,} be a normalized compatible family for which there
exists a unique G—measure . Let 3 € L'(X,u) and define

Wy, x) = Gu(yz)B(yz) — Gol) ().
Then W, is a compatible family of cocycles and

oty = (Galaz), Mol

defines an ax 4 b-valued cocycle. Let n = [ Bdp.
(1) If R(p) =R*, that is p is of type 111, then
ru(o) = {(r,(r=1n) :r € BT}
so o is of type (111, x IT)".

(i) If for some 0 < A <1, R(p) = {\" :n € Z}, that is, p is of type I11,,
then
TM(O-) = {()‘nv ()\n - 1)77) tne Z}v
that is p is of type (111 x IT)".

(ii1) If p is of type I11y, that is R(p) = {0,1,00} and [y fdu = 0 then
ru(0) ={0,1,00} X {—00,0,00}, that is o is of type I11y x [11,
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Proof. It is easily seen from the compatibility of the GG’s that the W, satisfy
condition (C3).

One calculates from the definition that

o), 1 ] Gnlore) ) B
W) = X Guly >{T<W> Bva) = Bl >-}

1

o > Gn(y2)B(ya) — n uniformly in
) m 'Verm
x as m — oo. Now, for any r € R(p), any € > 0 and any A of X of positive p

By unique ergodicity of p we have

1
measure, if myg is sufficienly large (so that | o > Gu(ya)B(ya)—n| < efor
) m 'Verm
any m > mg and any x ), then for any m > myg, there exist n > m,a vy €, 7
G
and a subset B of A of positive measure so that vwB C B, |% —1] <e,
m(x
Gy -
and |m —r| < e. From this it follows that
Ga(x)
G ()
wr —(r—1
is dominated by a multiple of €, thus (r, (r — 1)) € r,(0).
O

Theorem 4.2 does not allow us to construct cocycles whose ratio sets have
ITI; in the second factor. The next theorem will allow this. Before giving the
theorem, let us construct our cocycles. For the rest of this paper we assume
that {G,,} and p satisfy the hypothesis of theorem 4.2.

Lemma 4.1 Suppose u,, is a function on X which depends only on the (n+
1)st coordinate. Set ug =0, and let

un-l-l(x)
Bu(z) = up(ex) — ———=torn =0,1,2,3,---
( ) ( ) gn-l-l(x)
Define a compatible family of cocycles by

Wi = 3 (085, 0 - S5 )

for~ €, .
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Then

Gr(%) om o) = Gm(;) {ug(z) — ur(yox)} ifm <k

Proof. This follows by an obvious telescoping sum argument. O
The following Theorem is based on example 3.3 of [PS] which corresponds
to the case where p is invariant.

Theorem 4.3 Let GG be a normalized compatible family, 1 a uniquely ergodic
G-measure of type T = {I, II, IIl,}. Let {s.} be a sequence of rational
numbers in which each rational occurs infinitely often.

Let
if v, =0

otherwise,

and define Wy, as in Lemma 4.2. Then the resulting cocycle is of type T x
1.

Proof. Let r € R, let A be a set of positive measure and let ¢ > 0. Choose
BCA, kE>mand v €, ] sothat 4B C A,

dp® o vy ()= r
du*

‘d“”o(x)— <e

r| < e,
du ‘

for all x € B.

This is possible by comment following Remarks 3.1.

Choose k; > k so large that there exists v € , j, with u(B N ~yX") >
(1—€)pu(yX* ). (This is possible by Theorem 3.2 of [BDL]). The compatibility
condition (C2) shows that

_ Gal2)
Gk1 (l‘)

whenever k; > k.
Furthermore, by Lemma 4.1, the difference between the right hand side
and

Lm(:]c)u x —riGm(%x)u x
Gute) " Gy o) )
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is dominated by a multiple of ¢. This expression equals

Sk1pZi (l‘) if Tk = 0 7£ (70)1611;161
Sky (pZi (l‘) - TpZi (701;)) if Tk = (70)1611;161 =0
—TSklpZi (701;) if Lky 7£ 0= (70)1611;161
Gz

where pp* (z) = a ((:1;))

Now, since pi (x) is a continuous function, we may choose a set ST’ C
X*+1 of positive measure, and a number qp; so that |p}! (x) — qf!| < ¢ for all
x € S¢'. By the normalization condition, we may assume that ¢;* # 0. Since
the sequence sy, ¢i7 may be chosen to approximate an arbitrary real number,
we are done. O
Remarks. It is an interesting issue to what extent one may generalise other
familiar constructions of ergodic theory from R-valued to A-valued cocycles.
Can one, for example, find a concrete realisation of some of the flows of For-
rest [F] in this setting? We shall address these issues in future publications.
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