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SPECIAL CLASSES OF THREE DIMENSIONAL AFFINE HYPERSPHERES
CHARACTERIZED BY PROPERTIES OF THEIR CUBIC FORM.

LUC VRANCKEN

ABSTRACT. It is well known that locally strongly convex affine hyperspheres can be determined as solu-
tions of differential equations of Monge-Ampeére type. The global properties of those solutions are well
understood. However, due to the nature of the Monge-Ampeére equation, not much is known about
local solutions, particularly if the dimension of the hypersurface is greater then 2. By the fundamental
theorem, affine hyperspheres are completely determined by their metric - and their difference tensor K
which together build the symmetric cubic form C. Following an idea of Bryant [1], we want to investi-
gate affine hyperspheres for which at each point there exist isometries with respect to i preserving this
cubic form. The first non-trivial case is the case that M is 3-dimensional which is also the case which is
investigated further in this paper.

Subject class: 53A15

1. INTRODUCTION

In this paper we study nondegenerate affine hypersurfaces M™ into R"t! equipped with its standard
affine connection D. It is well known that on such a hypersurface there exists a canonical transversal
vector field &, which is called the affine normal. With respect to this transversal vector field one can
decompose

(1) DxY = VxY +h(X,Y)E,

thus introducing the affine metric & and the induced affine connection V. The Pick-Berwald theorem
states that V coincides with the Levi Civita connection V of the affine metric A if and only if M is
immersed as a nondegenerate quadric. The difference tensor K is introduced by

(2) KxY =VxY —VxV

It follows easily that h(K(X,Y),Z) is symmetric in X, Y and Z. The apolarity condition states that
trace Kx = 0 for every vector field X. The fundamental theorem of Dillen, Nomizu and the author, see
[5] implies that an affine hypersurface is completely determined by the metric and the difference tensor
K.

Deriving the affine normal, we introduce the affine shape operator S by

(3) Dxé&=—-SX

Here, we will restrict ourselves to the case that the affine shape operator S is a multiple of the identity,
i.e. S = HI. This means that all affine normals are parallel or pass through a fixed point. We will also
assume that the metric is positive definite in which case one distinguishes the following classes of affine
hyperspheres:

(i) elliptic affine hyperspheres, i.e. all affine normals pass through a fixed point and H > 0,
(ii) hyperbolic affine hyperspheres, i.e. all affine normals pass through a fixed point and H < 0,
(iii) parabolic affine hyperspheres, i.e. all the affine normals are parallel (H = 0).

Due to the work of amongst others Calabi [2], Pogorelov [15], Cheng and Yau [4], Sasaki [17] and Li [11],
positive definite affine hyperspheres which are complete with respect to the affine metric h are now well
understood. In particular, the only complete elliptic or parabolic positive definite affine hyperspheres are
respectively the ellipsoid and the paraboloid.

However, in the local case, one is far from obtaining a classification. The reason for this is that affine
hyperspheres reduce to the study of the Monge-Ampére equations. In this paper we want to make a
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distinction between different affine hyperspheres based on special properties of their difference tensor K.
In order to do so, we apply an idea of Bryant [1] to the case of affine hyperspheres. Namely we want to
make a distinction between different affine hyperspheres based on the number of orientation preserving
isometries preserving the difference tensor K at a given point.

In case that the dimension 1s two, it 1s easy to verify that either K vanishes identically at a point or
K is preserved by rotations by an angle of %” So the first non trivial case is the case that the dimension
of M 1s 3. This is the case that we will consider in this paper. At every point p of M, we can introduce

a symmetric polynomial f, by
oz, y,2) = h(K(ze1 + yeos + zes, xeq + yea + ze3), veq + yes + zes),

where {ey, ea, e3} is an orthonormal basis at the point p. The apolarity condition implies that the trace of
this polynomial with respect to the metric vanishes. As far as such symmetric polynomials with vanishing
trace on a 3-dimensional real vector space are concerned, we quote the following result by Bryant:

Theorem 1. Let p € M and assume that there exist an orientation preserving isometry which preserves
fp. Then there exists an orthonormal basis of T, M such that either

(i) fp =0, in this case f, is preserved by every isometry,

(it) f, = M22® — 3zy? — 32z?), for some positive number X in which case f, is preserved by a
1-parameter group of rotations,

(iii) fp, = 6Axyz for some positive number X, in which case f, is preserved by the discrete group As
of order 12,

(1v) fp = A(x® = 3xy?) for some positive number A, in which case f, is preserved by the discrete group
Ss of order 6

(v) fp = M22® — 3zy? — 3x2%) + 6payz, for some A,y > 0, with A # p, in which case f, is preserved
by the group Zs of order 2,

(vi) fp = M223 — 32y? — 322%) + p(y® — 32y?) for some A, ;1 > 0, with p # /2), in which case f, is
preserved by the group Zs.

In this paper, we will assume that one of the special cases of the above theorem is satisfied at every
point of the hypersphere. The paper is organized as follows. In Section 2, we will deal with the case
that at each point p, either Theorem 1(i) or (iii) is satisfied. The case that M is an affine hypersphere
satisfying either Theorem 1(ii) or Theorem 1(vi) is studied in Section 3, whereas the case that M satisfies
Theorem 1(iv), which also corresponds to Chen’s equality studied in [18], [7] and [9], is considered in
Section 4. Finally, the case that M satisfies Theorem 1(v) at every point is investigated in Section 5. We
will call M an affine hyperpshere of Type k if and only if Theorem 1(k) is satisfied at each point p of M.
To conclude this introduction, we remark that the basic integrability conditions for an affine hypersphere
state that

~

(4) RX,Y)Z =HhLY,Z2)X —h(X,2)Y) - [Kx, Ky]Z,

(5) (VxK)(Y,2) = (VyK)(X, Z).

Remark that by applying an affine transformation, we may always assume that H = €, where € €
{_1a Oa 1}

2. AFFINE HYPERSPHERES OF TYPE (1) ORrR (III)

First, we remark that if M is an affine hypersphere of Type (i) or Type (iii), there exists a local
orthonormal basis {e, e2, e3} such that

K(e1,ea) = Aea, K(ey, e3) = Aeq, K(es,e1) = Xes,
K(e1,e1) =0, K(eq,e3) =0, K(es,e3) = 0.
Substituting this in (4) implies that
R(X,Y)Z = (H + \)(h(Y, Z)X — h(X, Z)Y).

Consequently, Schur’s lemma implies that A is a constant and that M has constant sectional curvature.
Thus, from the classification of positive definite affine spheres with constant sectional curvature, see [12],
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[8] or [19], it follows that M is affine congruent with a positive definite quadric, if A = 0, or with the
affine hypersphere described by #1...2,41 = 1, if A # 0. Summarizing the above we have that

Theorem 2. Let M be an affine hypersphere of Type (i). Then M is affine congruent with a positive
definite quadric.

Theorem 3. Let M be an affine hypersphere of Type (iii). Then M is affine congruent with the flat
affine hypersphere described by 1 ... 2n41 = 1.

3. AFFINE HYPERSPHERES OF TYPE (1I) OR (VI)

In this section, we assume that M is an affine hypersphere of either Type (ii) or Type (vi). This means
that at each point p there exists an orthonormal basis {e1, es, e3} such that

[((61,61) = 2A61, [((61,62) = —/\61, [((63,61) = —Aeg,
K(ea,ea) = —Aey + pea, K(ez,e3) = —pes, K(es,e3) = —Aey — pea,
where A is a positive number and u # V2X. If M is an affine hypersphere of Type (ii) then p = 0,
whereas if M is an affine hypersphere of Type (vi) then u > 0.
Let {ey, e2, e3} denote the orthonormal basis constructed before, and denote by
Ric(Y, Z) = & trace{X — R(X,Y)Z},

the Ricci tensor associated with the affine metric 2. Then, by a straightforward computation using (4)
and the explicit expression for K 1t follows that:

Lemma 1. Let {e1,eq,e3} be the orthonormal basis defined previously. Then it follows that
Ric(er, e1) = € 4 327, Ric(ey, e2) = 0, Ric(es, 1) = 0,
f/{E(ez,ez)ze—l—/\z—i—uz, ﬁ(@z,eg)zo, I/{E(Gg,eg)ZE—FAz—Fﬂz.
As p? # 2)\? we see as a consequence that the 1-1 symmetric tensor field P associated with the Ricci

tensor has at each point two different eigenvalues, one with multiplicity 1, the other with multiplicity 2.

We then have

Lemma 2. Let M be an affine hypersphere of Type (ii) or (vi) and let p € M. Then there exist or-
thonormal vector fields {F1, Ea, Es} defined on a neighborhood of the point p and differentiable functions
A and p, with p? # 2X% and X > 0 such that

K(FE1, E1) = 2)E,, K(Ey, E2) = —AFEy, K(Es, E1) = —AFEs3,

[((Ez, Ez) = —AEl + /,LEQ, [{(Ez, Eg) = —/,LE3, [{(Eg, Eg) = —AEl — /,LEZ

Moreover, if M is an affine hypersphere of Type (ii), then p = 0, whereas if M is an affine hypersphere
of Type (vi), then > 0.

Proof. From Lemma 1 it follows that the eigenvalues of the differentiable operator P have constant
multiplicities. A standard result then implies that the eigendistributions are differentiable. We now take
Ey a local vector field spanning the 1-dimensional distribution and for F; and Ej3 local orthonormal
vector fields spanning the second distribution. As £ is uniquely determined, it follows that there exists
a positive function A and differentiable functions p and v such that
K(FE1, E1) = 20E,, K(Ey, E2) = —AFEy, K(Es, E1) = —AFEs3,
[((Ez, Ez) = —AEl + /,LEZ — I/Eg, [{(Ez, Eg) = —I/E2 — /,LE3, [{(Eg, Eg) = —AEl — /,LEZ + I/Eg.
If M is an affine hypersphere of Type (ii) then p? + v? = 0 and thus the proof is completed. Hence, we
may assume that M is an affine hypersphere of Type (vi) implying that pu? + 1% # 0. Then, if we define
Fy =cosOF, +sinfFs,
F3 = —sinfF, 4+ cos 03,
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we see that the basis {Ey, Fs, F3} satisfies the conditions of the lemma provided that

cos 30 — sin 30v > 0,
cos 30y + sin 36u = 0.

As p? 4+ v?% # 0, it is clear that a differentiable function @ satisfying the above conditions exists. |

In the remainder of this section, we will always work with the orthonormal basis constructed in the

previous lemma. We then introduce local functions ay, ..., s by

Ve, B1 = a1Bs 4 as s, Ve, By = —a1 By + asFs, Ve Bs = —as By — azEs,

€E2E1 = b1 Fy + ba B, €E2E2 = —b1 By + b3l §E2E3 = —baFy —b3Es ;
Vi, F1 = c1 By + coFs, Vi, By = —c1 By + c3Fs, Ve, Bs = —co By — c3Bs,

We now will use the equations of Codazzi (5) and Gauss (4), in order to obtain more information
about the above defined functions.

Lemma 3. Assume that M is an affine hypersphere op Type (ii) or Type (vi). Denote by {E1, Ea, E3}
the corresponding orthonormal basis. Then, we have

Clz:bz:(l‘l:al:o,
b2261,

paz =0,
and the functions A, p and by satisfy the following system of differential equations:

E1 (A) = —4[)1A, El(/,t) = —/,Lbl, El(bl) = —€¢ — b% - 3A2,
Eay(A) =0, Eo(p) = =3pes,  Eo(b) =0,
E3(A) = 0, E3(/,L) = 3/1[)3, Eg(bl) =0.

Proof. We compute (@EIK)(El, Eq) = (@EQK)(El, FE1). On the one hand, we get that

(Ve, K)(Ey, Es) = Vi, (—AE;) — K(NVg, By, Bs) — K(Ey, Vg, Bs)
= —E1 (/\)Ez + 4&1/\E1 — Cll/,LEz + Clz/,LEg,

and on the other hand, we get that

(Vi,K)(By, By) = Vi, (2\E)) — 2K (V g, By, By)
= 2F5(A)E) + 4by AE5 + 4byAEs.

Comparing both sides it follows that

(6) El(A) = —a g — 4[)1A,
(7) Ea(A) = 2a1 A,
(8) asp = 4bsA.
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Similarly, using the other Codazzi equations, it follows that

(9) A(ey — by) = 0,
(10) pba + 1) = —2Xaz2 = —2u(3asz — ba),
(11) p(by — c2) = 2aq A,

(12) AA(ea — b1) = 2pay,

(13) E3(X) = 2Xaa,

(14) Ey(A) = —p(ez — b)),

(15) E3(A) = —p(bs + 1),

(16) Ei(p) = —Aay — pes,

(17) Ey(p) = —A(by — ca) — 3pcs,

(18) Es(pt) = —=A(ex — 3ba) + 3ubs.

Moreover, computing all the components of the Gauss equation in a similar way, we also deduce that

(19) Ealar) — E1(b) = e+ INZ 4 a% + b% + bocy — boas + asby — aseq,

(20) Es(as) — Ei(c2) = e+ 3A a2 + ¢34 boey + baas — ayes + aseq,

(21) Es(az) — E1(bs) = bras + bibs + ar1as — aibs + c2bs — coas,

(22) Es(a1) — Ei(e1) = ases — asea + aras + bicq + ciea + bias,

(23) Ea(ea) — Es(ba) = bres — bzey — asba + azer — babs — cacs,

(24) Ea(e1) — Es(by) = bgea — ezba + areq — arby — e1¢3 — bybs,

(25) Es(as) — Ei(e3) = area — aser + asas + asbs + baeq + cacs,

(26) F1(b3) — Fa(as) = bras — a1bs — ajag — bibs + aszes — czba,

(27) FEs(bs) — Fa(es) = € — A4 207 + b3 4¢3 + azby — azey + bies — bocy.

As A # 0, it follows first from (9) that ¢; = by. We now consider 2 cases. First, we assume that g = 0,
then it follows from (11) and (10) that a; = az = 0. Combining (18) and (9), we get that ¢; = by = 0.
The fact that b; = c2 now follows from (12). In the case that u # 0, we proceed as follows. As ¢; = by
and p # 0, we deduce from (10) that as = 0. As Au # 0, it follows from combining (11) and (12) that
by = ¢2 and @y = 0. Similarly, it follows from combining (10) and (8) that as = b2 = 0. The differential
equations for A and g now follow immediately from the remaining Codazzi equations. In order to obtain
the differential equations for by = ¢3, we use the Gauss equations (19), (23) and (24). These reduce to

El(bl) = —€— 3A2 - b%,
Ez(bl) = 0,
Es(by) = 0.

This completes the proof. O

Remark that, as A > 0, the vector field E; is globally defined on M. As a consequence of the previous
lemma, we see that b; is independent of the choice of F» and E5 and is therefore globally defined on
M. Tt also follows immediately from the previous lemma that the distributions Ty = span{Es, Es} and
Ty, = span{F;} are integrable and orthogonal with respect to the affine metric h. We also get that T5 is
autoparallel and T} is spherical with mean curvature normal —b; Fy. Therefore according to [10] we have
that (M, h) admits a warped product structure M =R x.; N? with f : R — R satisfying

==y
8t 1,

b

6_t1 € —b? —3)\%,
A _ 4by A,
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where f, b; and A only depend on the variable ¢, with % = F, and the curvature of N2 is given by
K(N?) = e (e = N2+ 2u% 4 b?).

which we verify by a straightforward computation is indeed independent of ¢. Remark that it follows

straightforward from the above differential equations that

Z(e =A% +b7) = —2b1(e — A7 +b7),

implying that either ¢ — A? 4+ b2 vanishes identically on M or it vanishes nowhere on M. In the latter
case, we may, by translating f, i.e. by replacing N? with a homothetic copy of itself, assume that
ezf(e X+ b%) = ¢, where € = 1. It is also clear that U; = ef E5 and Us = ef E5 form an orthonormal
basis on NZ.

Next, we introduce a positive function 3, depending only on the variable ¢, by the differential equation:
28=p(b1 + A)
It then follows that

(28) Dg, (eF +€) =0,

(29) Dg,(eF +€) =0,

(30) Dg,(eF +€) =0,

(31) Di, (B(—(b1 + N E1 + &) = B(b1 + A)(—(b1 + A)E1 +€)) + B(e + b + 3N E4

(32) — 2B(by + M)AEy — B(by + A& + 4 A\BE, — ¢BE; =0,
(33) D, (B(=(b1 + M) E1 +€)) = —B(c + b — \*) Es,

(34) D, (B(= (b1 + N E1 +€)) = —B(c + b — \*) Es.

Now we consider different cases. First, we assume that ¢ +b% — A% does not vanish identically on M, in
which case we have seen that the function vanishes nowhere on M. We then have the following theorem:

Theorem 4. Let i : N2 — R3 be a proper, positive definite affine hypersphere and let v : I — R?
be a curve. Let € = %1 denote the mean curvature of the 2-dimensional affine hypersphere and define
F:IxN?=R3: (tu,v) = (71()d(u,v),y2(1)).
(i) If v = (y1,72) satisfies
- (M=) 0
- ey (Vs — 751) <0
- (7 — M72)® = — £ I (s — ),
then M 1s a 3-dimensional positive definite proper affine sphere,
(ii) If v = (y1,72) satisfies
- 727 # 0
- ey (Vs — 5 91) > 0
- = = 1 (01 — ),
then M s a 3 dimensional positive definite improper affine sphere.

Conversely every affine hypersphere of Type (i) or (vi) satisfying e +b? +3X% # 0 can be obtained in this
way.

Proof. As € + b? — A\? vanishes nowhere on M, it follows from (32) to (34) that
(35) ¢ = B(=(by + M) E1 +¢),
defines a map from N? into R*. Moreover, it follows that
D, ¢,(Es) = —p(c + b7 — A*)Dp, E»
= —B(e+ b7 — X)(—(b1 + A\ By + pFBs + bsEs + €)
= 164 (E2) + b3dx(Bs) — (e +b] = \")¢
= j6:(E2) + bade(E3) — e 6.
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Similarly, we obtain that
Dp,¢x(E3) = —b3ps(E2) — p1és(E3),
Dp,¢x(Ea) = (c3 — p1)¢x(E3),
Dp,¢.(Es) = (—c3 — )¢y (E2) — €™ 6.

The above implies that ¢ defines an immersion of N2 as an equiaffine sphere in a linear subspace R3 of
R%. The affine metric introduced by this immersion corresponds with the metric on N2.
Next, we remark that if we put

(36) 0 = e (eF +8) = Z25 (B — (b = N F),
1t follows that
Dg,0 = Dg,d = 0.

Hence ¢ depends only on the variable ¢.
Now, we consider two cases. First, we assume that € # 0. In this case, we may by applying a translation
assume that £ = —eF. Solving then (35) and (36) for F', we find that

Fltu,0) = 8(t) — sty 6. v),
where u and v denote local coordinates on the surface N?. As
D, (Ey — (by = A\)F) = 20E) + & — (—e — b3 — 3AT +4b) \)F — (by — A\ E)
= (3A— b)) By + (b7 + 3AT —4b) ) F
=@BA=b))(F1— (b1 = N F),

it follows that 4’ and § are proportional. As F' is linearly full this implies that § and ¢ lie in mutually
transversal subspaces. Consequently there exists a curve v = (y1,72) in R? such that after an affine
transformation F' can be written as

(37) F(tauav) = (Vl(t)aPYZ(t)¢(uav))a
where ¢ is a positive definite proper affine hypersphere. It follows that
Fu — (0; '72¢u)
Fv = (0;72¢v)~

As F'is an immersion and F itself is a transversal vector field it follows that v, # 0 and (y{y2—v5y1) # 0.
We also have that

Iy = ('Yu'Yz ) = Ft+%ﬂ

Ftu (0 72¢U): %Fu’

Ftv (0 PVZQJ)U): %Fv’

Fuw = (0,726u) = - Fu+ .o Fy 4 o P = 89 (6u, 60) iy
Fuv = (0.920u) = - Fut o Py Fo = (60, 00) iy P
FM:(0,’yz¢w):...Fu+...Fu+~~~Ft—gg(ﬂsu,%)ﬁﬂ

where g denotes the affine metric on the 2-dimensional affine hypersphere. Hence taking into account
that ¢ is an equiaffine sphere with mean curvature €, it follows that F' defines an equiaffine hypersphere
if and only if

"ol "o/

2
Y3(7s — Viv2)® = 1T (s — ),

whereas the condition that the induced metric is positive definite implies that

(/75 — 2 71)€v2y1 < 0.
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This completes the proof in this case. In the case that € = 0, we proceed as follows. We first remark that
(36) reduces to

6(t) = ﬁg b AE1 +F
= bf_;v(g — (b1 +NE)+ F
= mqﬁ + F.
Hence, we still have that
Ft,u,v)=6() — mqf)
As

— by
5/(t) = b= ﬁ(bll—x)(/’ + @(b%-ﬂ)(b
= E1 + ﬁ(bll+>\)¢
=k + m(ﬁf — B(by + M) Ey)

1
=5

and by an affine transformation we may assume that £ = (1,0,0,0) , it still follows that if necessary after
applying a translation we may assume that there exists a curve v = (y1,v2) in R? such that

(38) F(tauav) = (Vl(t)aPYZ(t)¢(uav))a
where ¢ : N? — R3 is a positive definite affine hypersphere. It follows that

Fr = (71, 729),
Fy = (0,720u),
Fy = (0,72¢0).
As (1,0,0,0) is a transversal vector field it follows that v2v4 # 0. We also have that

Fre= (11, 7¢) = F+M%€,
= (0,720u) = zFua

Foy = (0,%6,) = ZF,,
(
(

Fuw=(0,%26ua) = .. Fu+ .. Fy 4. F o+ &g(du, 0u) ZPE,
Fuw = (0,720u0) = - Fu b Pyt Fy 4 Eg(6u, 60) €,
Fuo = (0,726u) = . Fut . Fy + . Fi+ E(0, 60) Z-¢.

Hence taking into account that ¢ is an equiaffine sphere with mean curvature €, it follows that F' defines
an improper equiaffine hypersphere with affine normal (1,0, 0,0) if and only if

5 2
Yo vz = (Y = ),
whereas the condition that the induced metric is positive definite and non degenerate implies that
(V72 = 72 71)éy271 > 0.
which completes the proof of the theorem. O

Next we consider that ¢ = 41 and ¢ + b7 — A? vanishes identically on M. We then have the following
theorem:

Theorem 5. Let v : N? — R3: (u,v) = (u,v, f(u,v)) be an improper positive definite affine hypersphere
with affine normal (0,0,1) and let v : I = R be a curve satisfying

(=2 1)y c,
Ay =i ?
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where ¢ is a non-zero constant. Then, F: I x N? — R3: (t,u,v) = (y1u,y10, 71 f(u, v) + ¥2,71) defines
a proper affine hypersphere, which is positive definite provided

(Vivz — ) #0,
!

(Vivs — Y ve)vim > 0.

Conversely every proper affine hypersphere of Type (ii) or (vi) satisfying € + b3 — A% = 0 can be obtained
mn this way.

Proof. From (28) to (34) it follows that we can introduce constant vectors Cy and Cy such that
eF+&=0Ch,
B(=(b1 + A)E1 + &) = Co.
Hence it follows that
B(=(b1 + AN E1+ CL — eF) = Cs,
or equivalently
(39) (by + \)Ey = —Cof™t 4 Cy — €F.
Using that ¢ + b7 — A\? = 0, we can rewrite the above as
(40) ZF = (b — A)F — eCy(by — A) + Cae(by — A)37".

We now fix an initial value ¢5. As mentioned before, we know that the distribution 7} is integrable. Let
Ny denote the integral manifold through ¢5. As

Dp, Bz = —(b1 + A\)E1 + pB2 + bs B3 + ¢
Dg,E3 = —bsF> — pkEs,

Dg,F2 = (c3 — p) Es,

Dp,Es=(—cs— pu)E2— (by + A)E1 + €.

and
De,(—=(b1 + N E1+¢&) =0=Dg,(—(b1 + A)E1 + &)

it follows that this integral manifold is contained as an improper affine sphere in a 3-dimensional affine
subspace of R* with affine normal a multiple of C3. Moreover, choosing the initial conditions for 2
appropriately, we may assume that the affine normal actually is Cs. Hence by applying a translation and
an affine transformation, we get that

(41) Fto,u,v) = (u,v, f(u,v),0),

where (u,v) — (u, v, f(u,v) defines an improper affine sphere with affine normal (0,0, 1).

As the immersion F itself is nondegenerate it follows from (40) and (41) that the vector C is transversal
to the space spanned by F(tp, u,v). Therefore by applying an affine transformation, it follows that
Cy =(0,0,0,1). We then get immediately from (40) and (41) that there exists a curve v = (v1,v2) such
that

(42) F(ta u, U) = (Pyluapylvapylf(ua U) + 7%71)'
It then follows that
Fe = (yiu, v, 71 F(u,0) + 75,71,
Fu — (’Yl,Oa’YlfuaO)a
F, = (0a71a71fva0)
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and

Fuu :71fuu(0a0a1a0)a

Fuv :71fuv(0a0a1a0)a

Fvv :71fvv(0a0a1a0)a

Fut = %Fua

F’Ut = %F’Ua

_ (Vs =v1'vs)

Ftt — Ft+ ’71 (0,0,1,0)

As

'F—y, F,
0,0,1,0) = =50

we see that the hypersurfaces defined by (42) defines an affine sphere provided that there exist a constant
¢ such that

V(v =vimn)®

=C
2=y ’

where, in order for the immersion to be positive definite and nondegenerate, ~ satisfies moreover:
(7172 — 1175) # 0,
(M7s =) > 0.
O

Finally we deal with the case that M is an improper affine hypersphere such that 62 — A2 = 0. Those
hyperspheres are obtained as in the next theorem:

Theorem 6. Let ¢ : N? — R3: (u,v) — (u,v, f(u,v)) be a positive definite improper affine sphere with
affine normal (0,0,1). Then

F(t,u,v) = (ut,vt,t, f(u,v)t + ct?),

F(t,u,v) = (u,v, fu,v) + ct? %),
where t > 0 and ¢ is a positive constant, define improper affine hyperspheres of Type (ii) or (vi). Con-

versely every improper affine hypersphere of Type (i) or (vi) satisfying b3 —A? = 0 can be locally obtained
mn this way.

Proof. As b? — X2 = 0 and A > 0, we have two cases to consider. First, we assume that b = A > 0. In
this case, the differential equation for § states that

%6 = 2b16a

from which we deduce that we can take 7 = ﬁ. Proceeding as in the previous theorem, we find that
there exist constant vectors Cy and Ca, where C3 is a multiple of (0,0,1,0) and C; is a multiple of

(0,0,0,1) such that

(43) 5l = =57t 52,
and such that the integral surface through the point ¢y is given by
(44) F(to, u,v) = (u,v, f(u,v),0),

where (u,v) — (u,v, f(u,v)) describes an improper affine sphere with affine normal (0,0, 1). Combining
(43) and (44) it is then clear that there exists a curve v = (71, 72) such that

(45) Ft,u,v) = (u, v, fu,v) +91(8), y2(2)).
As

Ft = (0,0,'}/1,'}/§),

Fy = (1,0, fu,0),

Fy, =(0,1, £,,0),
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and

Fuu = fuu(0,0,1,0)= ... Fy — uu—%(o 0,0, 1),
Fuy = fun(0,0,1,0)= ... Fy — fu, (0,0,0,1),
Fow = fuu(0,0,1,0) = ... Fy = f,,24(0,0,0,1),

Py =0,
Fy =0,
Ftt: Ft‘i’%(oaoaoal)’

we see that F' defines an improper affine sphere with affine normal a constant multiple of (0,0,0,1) if
and only 1f
(v = vi’vé)vz —:
71° ’
where ¢ is a constant. It then follows by reparameterizing such that v, (¢) = ¢, if necessary after applying
4
a translation, that y2(t) = ¢t3.
Next, we consider the case that by = —A. By applying an affine transformation, we may assume that
& =1(0,0,0,1). Proceeding as before, we obtain that

Fto,u,v) = (u,v,0, f(u,v)),
where (u,v) — (u,v, f(u,v)) defines an improper affine sphere with affine normal (0,0, 1). As the function
A is deterermined by
(46) ZA=4X >0,
it follows that after a translation of the t-variable, we may assume that A(t) = —=. As Dg, By =
2AE1 4 £,we get that F' is determined by the differential equation:

(47) (’?HF_ 21t6tF+€’

with initial condition F(tg,u,v) = (u,v,0, f(u,v)). As Ey — (by — A\)F is constant along and transversal
to the integral submanifold we may, if necessary after applying an affine transformation, take as second
initial condition that

El(to, u, U) + QA(tO)F(tO, u, U) = (0, 0, 1, 0)

As it follows from (46) that the map ¢ — A is a diffeomorphism, we can take A as a variable. Then the
differential equations reduce to

(48) 16M2E

with initial conditions at the point Ay given by

F(Ao, U, U) = (U, v,0, f(ua U)),

3 0o 1) = (=585, -5k Ay ).

Solving the above differential equation (48), we find that

1
F(A u,v) = Cr(u, v)A™ 2 + Co(u,v) + 41—8/\_25.
Comparing now with the initial conditions it follows that

Ca(u,v) = (0, 0’2A0’48/\ )

101 1 1 3
Ci(u,v) = (urd,vA, —%/\0 2 f(u, v)/\2 - —/\ 2).
Hence applying an affine transformation and a change of variables it is then easy to check that F' is
congruent with an open part of

F(t,u,v) = (ut,vt,t, fu,v)t + dt?)
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Remark 1. Tt is actually quite surprising that a 3-dimensional affine hypersphere of any type (elliptic,
hyperbolic or improper) can be constructed starting from a 2-dimensional affine hypersphere of arbitrary
type. In particular, a 3-dimensional elliptic affine hypersphere can be constructed starting from a 2-
dimensional hyperbolic affine hypersphere. This is not the case when studying minimal Lagrangian
submanifolds of the complex projective space, see [16]. There, it is shown that in order to obtain
a minimal Lagrangian submanifold for which the second fundamental form has a similar form as the
difference tensor in Type (ii) or (vi) one has to start from a minimal Lagrangian submanifold in CP?(4).

Remark 2. If in the previous theorem, we assume that the starting hypersphere is hyperbolic, we see that
a special curve ~ is given by

() = (3¢, 5¢7").
In this case, the resulting solution is the well known Calabi product of hyperbolic affine hyperspheres,
see also [6] and [13].

Remark 3. 1t is well known that a 2-dimensional positive definite improper affine hypersphere can be
locally written as

(4= = G), (5 = GG) + el [ ) - £Re(G(2)2)

where G 1s a holomorphic function. Combining this with the previous theorems yields many explicit
examples of 3-dimensional positive definite affine hyperspheres.

4. AFFINE HYPERSPHERES OF TYPE (Iv)

In this section, we assume that M is an affine hypersphere of Type (iv). This means that at each point
p there exists an orthonormal basis {e1, es, e3} such that

[((61,61) :/\61, [((61,62) = —Aez, [((63,61) :0,

[((62,62) = —/\61, [((62,63) = 0, [((63,63) = 0,
where A is a positive number. From the above expression, assuming that ¢ = %1, it is clear that M
realizes at every point the equality in the following inequality, which was derived in [18] and which states

3k(p) —  sup IA(p (IT) > 2e.
TTEGH (T M)

Here # and K denote respectively the normalized scalar curvature and sectional curvature. Furthermore,
Go(Ty M) denotes the Grassmannian of 2-dimensional subspaces of T, M. This inequality was motivated
by the work of Chen for submanifolds of real space forms ([3]). Tt was shown in [18] that a 3-dimensional
proper affine hypersphere realizes at every point the equality if and only if M is a proper affine hypersphere
of Type (iv). As 3-dimensional elliptic and hyperbolic affine hyperspheres realizing the equality were
respectively classified in [9] and [7], we will restrict ourselves in the remainder of this section to the case

that M is an improper affine sphere, i.e. € = 0.
First, we remark that a straightforward computation shows the following

Lemma 4. Let {e1,e0,e3} be the orthonormal basis defined previously. Then it follows that
ﬁE(@l, e1) = A% I/{E(el, ez) = 0, I/{E(@‘g, e1) =0,
ﬁE(@z, es) = A% f/{E(ez, ez) = 0, }/{E(Gg, ez) = 0.
We again see as a consequence that the 1-1 symmetric tensor field P associated with the Ricci tensor
has at each point two different eigenvalues, one with multiplicity 1, the other with multiplicity 2. As in

the previous section we then can show that there exist orthonormal vector fields {E1, E2, E3} defined on
a neighborhood of the point p and a non vanishing differentiable functions A, such that

K(Ey,Ey) = AEy,  K(E1, Ey) = —AEy,  K(Es, Ey) =0,
K(Es, Ey) = —=AEy, K(FEs, Es) =0, K(Es, E3) = 0.

Remark that the choice of E1 and FE5 is not unique. However it is possible to define two distributions
Ty (the distribution determined by Fs) and the distribution T3 (spanned by Fj and FEs), which will play
a crucial role in the classification. Computing now all components of the Gauss equation, it then follows
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by a long but straightforward computation that the functions A a1, ..., c3 have to satisfy the following

system of partial differential equations:

49) Ez(al) — El(bl) = 2A2 + Cl% + b% + b261 — b2a3 + a2b3 — ascy,

= bycz — bzcr — azba + ascy — babs — caca,
=b

32 — c3ba + aicy — arba — crez — byba,

The number of unknowns in the above equations can be reduced using that K is a Codazzi tensor with
respect to the affine metric. In particular, we can show the following:

Lemma 5. We have

(Z) Cy = C3 = 0,
(ZZ) c1 = %bz,
(ZZZ) as = —bz,
(ZU) b3 = asy.
Moreover, the function X\ satisfies the following system of differential equations:
E1(A) = =3b1A,
EQ(A) = 3&1A,
E3(A) = Cle.
Proof. From

. (Ve K)(Es, Es) = (Vg K)(Ey, Es),
it follows immediately that Vg, F3 = 0. Consequently ¢a = ¢3 = 0. As
(Vi K) (B, Bs) = (Vg,K)(Ey, Fs),
we deduce that K(Fs, %ElEg) = K(F, %EQE;),). As A #£ 0, this implies that
by = —as,
bz = as.
The other equations are obtained similarly. [l
As the connection is torsion free and thus
Ei(E2(\) = Eo(B1(N) = (Ve Bz — Vi, B,
we deduce from the differential equations for A that
(58) Ei(ar) + Fa(by) = —%azbz.

Using the previous lemma, the differential equations given by (49) to (57) now reduce to

(59) Es(ar) — Ey(by) = 2A% + af + b7 + 2b3 + a3,
(60) Es(as) = a3 — b3,

(61) Es(as) — Ei(bs) = 0,

(62) Es(a1) — $B1(b2) = aras — 5b1bs,

(63) E3(bs) = 2asbs,

(64) %Ez(bz) — E3(b) = —%albz — byas,

(65) Ey(as) + Ey(bs) = 0



14 LUC VRANCKEN

Now, we want to solve the above system of differential equations explicitly. In order to do so, we
remark that by dividing M into several parts (and ignoring a set of measure zero), we may assume that
either

() the distribution spanned by Fy and Ej is integrable on M,
(ii) the distribution spanned by F; and E3 is nowhere integrable.

We start with the first case. As the distribution is integrable, it follows that & = 0. In this case, we have
the following theorem:

Theorem 7.

(i) Let ¢ - M? = R3: (u,v) — (u,v, f(u,v)) be an improper affine sphere with affine normal (0,0,1).
Then,

Fu,v,t) = (u,v,t, fu,v) + %tz),
is an improper affine sphere of Type (iv) for which the distribution Ty is integrable.
(i1) Let ¢ - M? — R3: (u,v) — (u,v, f(u,v)) be a proper elliptic affine sphere. Then,
Fu,v,t) = (t¢(u, v), %tz),
is an improper affine sphere of Type (iv) for which the distribution Ty is integrable.

(iii) Conversely, every 3-dimensional improper afffine hypersphere of Type (iv) for which the distri-
bution T} is integrable can be locally obtained in this way.

Proof. As by = 0, we have that both the distributions 7y and 77 are integrable. Hence there exist
coordinates t, u, v such that Fs = J; and J, and 9, span the distribution T;. It follows from (60), (61)
and (65) that the function ay is determined by

ata2 = Cl%,

3ua2 = &Jaz =0.
First, we assume that as vanishes identically. In this case it follows that F(tg,u,v) defines an improper
affine sphere with affine normal §. Moreover, we have that along this surface, F3 is a constant vector.

Hence by applying an affine transformation, we may assume that F(tg,u,v) = (u,v, f(u,v),0), & =
(0,0,1,0) and Es(to,u,v) = (0,0,0,1). Taking into account that

5l = Dp, B3 = ¢,
it follows that F' is congruent with
F(t,u,v) = (u,v,t, fu,v) + %tz).

This completes the proof in this case.

By the differential equation for a2, we may now assume that a» is a nonvanishing function of ¢. If
necessary by replacing Fs with —E3, we may assume that as is positive. Solving the differential equation
explicitly, we may assume that after a translation in the t-coordinate we have that i = —t. It now

follows that F'(tg,u,v) is an elliptic proper affine sphere with affine normal E3 + i&’ Using again that

%F = Dg,F3 =¢,
it now follows easily that we can write

Ft,u,v) = (t¢(u,v), %tz),
where (u,v) — (u,v,¢(u,v)) defines an elliptic proper affine sphere in R3. O

Next, we focus on the case that the distribution 7 is nowhere integrable, implying that the function
by is a nowhere vanishing function. In order to solve the system of differential equations (58)-(65) we
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introduce functions f, aq, as, 51, F2 on M by

(66) f=o8m

(67) pr = Eu(f),

(68) B2 = Ea(f),

(69) (a1 + i)’ = sy,

2 .
where a1 and as are well defined up to multiplication by €3™, due to the nonvanishing of b;. We then
have that

Es(f) = Bs(ip) = -1
Consequently, we deduce that
Es(p1) = Es(E1(f))
= E(Bs(f) + (Ve Br = Vi, Ba) f
= —%bzﬁz + azf.
Similarly, we deduce that

&
®
[Sv]

|
by
[3v]
=
I
[N}
ol
[3v]

|
=
=

|
=
®
&

A straightforward computation, using the above differential equations, then shows that the vector fields

T,U and V defined by
T = Fj3,
U=oa1E1+ 2By + (11 + a22) Es,
V=—aF1+a1Fs+ (—asf + a102) Es,

satisfy that [T,U] = [T, V] = [U,V] = 0. Consequently, we have that there exist local coordinates ¢, u
and v such that %:T:Eg, %:Uand %:V.
Solving now first (60) and (63), which can be rewritten as
2 (as + ibs) = (az + ibs)?,

we find that there exists functions C; and C' depending on the variables u and v such that

—t+C,
(70) U2 = o
(71) bs = —=rcyroe

From the definition of #; and 3; it then follows that C7 is a constant and thus by a translation of the
t-coordinate we may assume that C; vanishes identically. Solving now the differential equation for A, we
find that there exist a function D depending on u and v such that

€D
(72) A= Jiger
Solving the differential equations (61) and (65) for 31 and 32 we deduce that

6 030, CH+0,8,C
1= aital )

— 0uC—030,C
o=t
Using then the differential equations for A to define the functions a; and by, we find after a straightforward
computation that the differential equations (62) and (64) become trivially satisfied. On the other hand,



16 LUC VRANCKEN

the differential equations (58) and (59) imply that the functions C' and D satisfy the following system of
differential equations:

_2p

(73) AC =-20E"37
2

(74) AD=(3+6E"P)E"5".
We now can formulate the following theorem:
Theorem 8. Let S be a open domain in R? and let (C, D) be a solution of the system (73)-(74) such that
C' is a nowhere vanishing function on S. Then S xR can be immersed as an improper affine hypersphere
of Type (iv). Conversely every improper affine hypersphere of Type (iv) for which the distribution Ty is

nowhere integrable can be characterized by giving a pair of nonzero functions satsifying the above system
of elliptic equations.

Proof. We define functions as, bs, oy, as, A, f1, B2, a; and b as described in the previous equations.
We define vector fields 'y, Fy and Fz on S x R by

_ (s3] _ 2] _

El — O€+O€ 8u O€+O€ av ﬁlﬁt
— 57} 25} _

E2 — Oéf-l-Oég 8u + Oéf-l-Oég 81/ BZat

E3 == 3t.

We introduce a metric h on S x I by the assumption that £y, Fs and E3 form an orthonormal basis and
a difference tensor K by

K(Ey, By) = A, K(Ey, Es) = —\Es,  K(Es Ey) =0,

K(Ea, E2) = —AEL + pFa, K(E2 E3) =0, K(Fs, E3) = 0.
We also define a shape operator S = 0. It is then straightforward to check that i, K and S satisfy all the
conditions of the fundamental theorem of [5]. Consequently S x I can be immersed as an improper affine
hypersphere with affine metric & and difference tensor K. Clearly, it is an improper affine hypersphere

of Type (iv). Tt is straightforward to check that the distribution 7} is nowhere integrable. The converse
statement was proved immediately before we stated the theorem. [l

5. AFFINE HYPERSPHERES OF TYPE (V)

Finally, in this section, we assume that M is an affine hypersphere of Type (vi). It is easy to see that
this implies that at each point p there exists an orthonormal basis {eq, e2, e3} such that

K(e1,e1) = Aeq, K(e1,e2) = Aaey, K(es,e1) = Ases,
[((62, 62) = /\261, [((62, 63) = 0, [((63, 63) = A363,

where 0 < Ay = —A2 — Az and 0 # A2 # A3 # 0.

By a straightforward computation we obtain the following:
Lemma 6. Let {e1,e0,e3} be the orthonormal basis defined previously. Then it follows that
f/{E(el,el) = e+ A2+ A2+ o), ﬁ(@l,ez) =0, f/{E(eg,el) =0,
f/{E(ez,ez) :e—l—/\g, ﬁ(@z,eg)zo, I/{E(Gg,eg) :e—l—/\g.

Using the various conditions on As and Az, we see that the 1-1 symmetric tensor field P associated
with the Ricci tensor has at each point three different eigenvalues; all with multiplicity 1. Hence there
exist orthonormal vector fields { F1, E's, Fs} defined on a neighborhood of the point p and a non vanishing
differentiable functions Az, Az, with Ay + Az < 0 and As — Az # 0 such that

K(E1, E1) = —(ha + A3) Eq, K(Ey, Ey) = Ao Fs, K(Es, E1) = A3E3,
K (Es, B) = Ao By, K(Es, Es) = 0, K (Es, Es) = AsE\.
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Computing now all components of the Gauss equation, it then follows by a long but straightforward
computation that the functions A2, Az, aq, .. ., c3 have to satisfy the following system of partial differential
equations:

&

Ey(ay) —
Es(as) — Ei(er
77 FEa — Eq(by
78 - F €3 — ascy + a1a2 + biey + c1ea + bras,

(75) (a1) — E1(b1)

(76) (a2) (c2)

(77) (a2) (b2)

(78) (a1) (c1) = a

(79) Ea(c2) — E3(by) = bycs — bzey — azby + asey — babs — cacs,
(80) (c1) (b)) =b

(81) (a3) (cs)

(82) (bs) (a3)

(8

€4 2 g + Aodz + af + b + bocy — boas + azbs — azey,
€4 202+ Aod3 + a2 + ¢ + bocy + baaz — ajes + azey,

76

a2 =braz + b1ba + ar1az — a1bz + cabs — caas,

ay C1
80 — E3(by
81 Es(as) — Ei(cs
82 Eq(b3) — B

3) Es(b3) — Ea(cs) = € — Aodg + b2 + 2 + agby — azey + byco — bacy.

c1 3¢2 — cgba + ajcy — ajba — crez — byibs,
= ajcy — azc1 + azaz + azbz + bzer + caca,

az) = biaz — a1bs — ayaz — b1bs + azcsz — c3bo,

The number of unknowns in the above equations can be reduced using that K is a Codazzi tensor with
respect to the affine metric. In particular, by a straightforward computation we obtain the following:

Lemma 7. There exists a local function ¢ such that
(Z) b2261:a3:0,
(i) az = (1 — 3%)bs,
(iii) a1 = (—2 — 1)es,
(iv) e3 = cAs,
(U) bl = C/\z.
Moreover, the functions Ay and A3 satisfy the following system of differential equations:

E1 Az) = —CA2(3A2 + Ag)

(
Ea(Xo) = 363/\2(— - 1),
E3(A2) = bg(Aa — A3),
E1(A3) = —cA3(3A3 + Aq),
Ey(As) = cs(h2 — Ag),
E3(As) = 3bshs(1 — 52).
Using the previous lemma, the differential equations given by (77) to (83) now imply that
Ea(c) =0,
Es(c) =0,

E1(es) = —cesAa,
1 (bs) = —bacs,

Es(c3) = 3bses,
Es(bs) = —3b3cs.

If we now introduce a function « by

we deduce from (75) and (76) that

E2(63) = m C (—/\3 + /\zAg) + Ag(b Az - Ag)
(

(

)

—I—/\2(€+/\2(a (C — 1)(2A2—|—/\3)

E3(b3) = sopny (A3 (A2 + Xs) + A3(b
(

+ A2 (e 4+ Az(a = (2 = 1) (Ao 4 2)23) )
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We now compute some integrability conditions. As V is torsion free, we know that for any function
f, the following equations are satisfied:

L(Ba(f)) = B2(E1()) = (Vi B2)(f) + (Ve B1) (f),
E1(Es(f) — Es(By() — (Ve Bs)(F) + (Ve E)(f),
Es(Es(f)) — Es(B2() — (Ve Bs)(f) + (Ve E2)(f).

It is straightforward to check that applying the above principle for the functions Ay and A3 does not yield
any new equations. However, applying this principle for the functions ¢, ¢s and b3 yields the following
system of differential equations for the function a:

I
by

0
0
0

Fay(a) = —aces(1 — i—g),

Eg(Oz) = Ozbg( — i—z),
Er(a) = =555z (e(463A5 (A2 — A3)” + A5(405 (A2 — As)”

+ A2(4e — 3a(Aa + A3) +4(c? — D(AZ + X223 +2A2)))),

of which one can check that the integrability conditions are satisfied.
We now consider several cases. By restricting to an open dense subset of M, we may assume that one

of the following holds:

(i) the functions b3 and ¢ are non vanishing functions. In this case we introduce positive, nonvanishing
functions p1, p2 and p3 by

p1 = (A2A3)” 1,

|>~

Wl

1
pr=rc3 Xy 1A
111
ps=bg 2A3 TA3%.

Wi
o

bl

(i) the function ez vanishes identically on M and the function b3 is a non vanishing function. In this
case we introduce positive, nonvanishing functions p1, p» and ps by

(iii) both the functions b3 and ¢z vanish identically in which case we introduce the function p; by
p1 = (A2A3)” 1,

and the functions p» and p3 are determined by the following integrable system of differential equa-
tions:

Ei(p1) = —chapa,  Ei(ps) = —cAsps,
Es(p2) =0, Es(ps) =0,
Eg(pg) 0, E3(7“h03) =0.

In all three cases, it follows that

(p1E1, poEo] = [paEo, psEs) = [p1 E1, psE3] = 0,
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which implies that there exist local coordinates u, v and w such that

2 =By,
66_1/ — pZEZa
% = p3E3.

Replacing now the Ep, » and Fs derivatives by derivatives with respect to u, v and w, we obtain a
completely integrable system. Using then the existence and uniqueness theorem of affine immersions, we
immediately obtain the following:

Theorem 9. Let M be an affine hypersphere of Type (v). Then, M is completely determined by giving
wnitial conditions for the functions As, Az, bs, c3, ¢ and a at a given point. Conversely,

(i) Given initial values for Aa and A3 at a point, we can construct an affine hypersphere of Type (v)
by assuming that b3 = c3 = 0, a = (¢ — 1)2(As + A3) and € + Azhz(c? — 1) =0

(ii) Given initial values for Ay, Az, bz # 0, ¢c3 # 0, ¢ and « at a point, we can construct an affine
hypersphere of Type (v)

(iii) Given initial values for bs, Aa, Az and ¢ at a point, we can construct an affine hypersphere of
Type (v) by assuming that c3 = 0 and « is determined by

b%(Az — Ag) + AQ(E + /\2(0[ — (62 — 1)(2A2 + /\3)))

REFERENCES

R. L. Bryant Second order families of special Lagrangian 3-folds, preprint

E. Calabi. Complete affine hyperspheres . I. Sympos. math., 10(1972):19-38.

B.-Y. Chen. Some pinching and classification theorems for minimal submanifolds. Arch. Math., 60(1993):568-578.
S.Y. Cheng and S. T. Yau. Complete affine hypersurfaces. I: The completeness of affine metrics. Commun. Pure Appl.
Math., 39(1986): 839-866.

F. Dillen, K. Nomizu and L. Vrancken. Conjugate connections and radon’s theorem in affine differential geometry.
Monatsh. Math., 109(1990): 221-235.

F. Dillen and L. Vrancken. Calabi type composition of affine spheres. Differential Geometry and its applications,
4(1994): 303-328.

M. Kriele, C. Scharlach and L. Vrancken. An extremal class of 3-dimensional elliptic affine spheres. Hokkaido Math.
J., 30(2001): 1-23.

M. Kriele and L. Vrancken. Lorentzian affine hyperspheres with constant sectional curvature. Trans. Amer. Math. Soc.,
352(2000): 1581-1599.

M. Kriele and L. Vrancken An extremal class of 3-dimensional hyperbolic affine spheres. Geom. Dedicata, 77(1999):
239-252.

S. Hiepko, Eine innere Kennzeichung der verzerrten Produkte. Math. Ann., 241(1979): 209-215.

A. M. Li. Calabi conjecture on hyperbolic affine hyperspheres. II. Math. Ann., 293(1992): 485-493.

A. M. Li, U. Simon and L. Vrancken Affine spheres with constant affine sectional curvature. Math. Z., 206(1991):
651-658.

A. M. Li, U. Simon and G. Zhao. Global Affine Differential Geometry of Hypersurfaces, volume 11 of De Gruyter
FEzpositions in Mathematics. Walter De Gruyter, Berlin-New York, 1993.

K. Nomizu and T. Sasaki. Affine Differential Geometry. Cambridge University press, Cambridge, 1994.

A.V. Pogorelov. On the improper convex affine hyperspheres. Geometriae dedicata, 1(1972):33-46.

C. Rodriguez Montealegre and L. Vrancken. Lagrangian submanifolds of the three dimensional complex projective
space J. Math. Soc. Japan, 53(2001), to appear.

T. Sasaki. Hyperbolic affine hyperspheres. Nagoya Math. J., 77(1980): 107-123.

C. Scharlach, U. Simon, L. Verstraelen, and L. Vrancken. A new intrinsic curvature invariant for centroaffine hyper-
surfaces. Beitrdge zur Algebra und Geometrie, 38(1997): 437-458.

L. Vrancken. The Magid-Ryan conjecture for equiaffine hyperspheres with constant sectional curvature, Journal of
Differential Geometry, to appear.



