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Abstract

The classical moment problem concerns distribution functions on the real
line. The central feature is the connection between distribution functions
and the moment sequences which they generate via a Stieltjes integral. The
solution of the classical moment problem leads to the well known theorem
of Favard which connects orthogonal polynomial sequences with distribu-
tion functions on the real line. Orthogonal polynomials in their turn arise
in the computation of measures via continued fractions and the Nevanlinna
parametrisation. In this dissertation classical orthogonal polynomials are in-
vestigated first and their connection with hypergeometric series is exhibited.
Results from the moment problem allow the study of a more general class
of orthogonal polynomials. ¢-Hypergeometric series are presented in anal-
ogy with the ordinary hypergeometric series and some results on g-Laguerre

polynomials are given. Finally recent research will be discussed.
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Chapter 1

Classical orthogonal

polynomials

The classical orthogonal polynomials were the first to be studied. Because
they present the simplest case of orthogonality they are used in this chapter
to introduce the various special characteristics of orthogonal polynomials.
Hypergeometric series are presented because of their usefulness in expressing
the classical polynomials. The Chebyshev polynomials are exhibited as a
verification of the properties of orthogonal polynomials. The last part of the

chapter presents the Jacobi, Gegenbauer, Hermite and Laguerre polynomials.

1.1 Basic theory of orthogonal polynomials

In an introduction to generalized Fourier series (cf. [27] p.43 for instance) a

set {¢, }22, of functions of a real variable is said to be orthonormal if

b
/ ¢n¢md$ = (Smn7

0, if m # n,
1, if m #n.

where 0,,, =



Suppose that this set is a set of polynomials and the interval (a,b) is (—1,1).
Let Py(z) = Define py(x) as

() 1 /1 1d
T)=Tr— —F—= r—=dzx,
Y41 V2 )

1
l hen

! 1 Lo | |
D x—dx:/ .CE—dI—/ x—dx/ —dx = 0.
/_1 075 V2 RV
Define P;(z) by

then

Let pi(x) be defined by

_ k:{[/ dx] P )}

and let Py(z) be defined by

Assume that for k,j <n

Then



1
since / Pj(x)Py(x)dr = dj; for k < n. Then by definition of Py(z), for
-1
k<n

/ P, (x)Py(z)dx = dpp.

1
Because the case k& > n is the same as the above with the roles of n and k&

reversed, it is true in general that

/_ () Pu(a)dr = b

1

so that {P,(x)}52, is an orthonormal set of polynomials. This set of polyno-
mials is known as the Legendre polynomials (cf. [41], p.86), and the algorithm
used to obtain them is the famous Gram-Schmidt process (cf. [15], p.13).

Throughout the chapter when referring to a continuous Riemann inte-
grable function w(z) satisfying w(z) > 0 for x € (a,b) it will be assumed
that

b
/ z"w(x)dr < 0o

forn=0,1,2,... (cf. [15], p.2).

Lemma 1.1.1. Let P,(z) be an arbitrary real polynomial of degree m, n =

0,1,2,... and w(x) be continuous and positive on (a,b). Then

/a P2 ()w(a)ds > 0

Proof. No polynomial has infinitely many zeros. Because w(z) > 0 is contin-
uous, there is an interval (between two possible zeros of P,(z), if any exist,
otherwise on an arbitrary closed bounded subinterval of (a,b)) where the
product P?(x)w(x) is greater than € > 0. If § > 0 is the length of this inter-
val then the lower Riemann integral of this product is greater than or equal

to de > 0. O]

Lemma 1.1.2 (cf. [15], p.2). Let P,(z) be an arbitrary real polynomial of

degree n and w(z) be continuous and positive on (a,b). The functional defined

by



on the space of real polynomials (i.e. polynomials with real coefficients) is

linear.

Proof. Let a be a real constant and P,(x), P,,(z) be arbitrary real polyno-

mials of degree n and m respectively. Then

/a ' aPo(2yw(@)dr = o / () (e)de

and

b b b
/ (P (z) + Py (x)w(z)dz :/ Pn(x)w(x)dx—f—/ P (x)w(z)dx
by the linearity of the Riemann integral. O]

Definition 1.1.3 (cf. [42], p.150). Define (-,-) for the functional p by

where P,(x) and P,(x) are arbitrary real polynomials of degree m and n

respectively and r € R.

Lemma 1.1.4 (cf. [2], p2). (-,-) is an inner product on the space of real

polynomials of a real variable.

Proof. Tt is required to verify the following properties.

(b.) (arFi(x) + s P(), Bu()) = ar (Bi(x), Pa(@)) + aa(Pa(), Pu(2)),
(c.) (Pu(x), Py(x)) > 0 for P,(x) not identically zero,

where Pj(z), P,,(x) and P,(z) are arbitrary polynomials of degrees [, m and
n respectively and aq, ap are arbitrary real numbers.
The first and second conditions are obvious consequences of Definition 1.1.3

in terms of the integral. The third condition follows from Lemma 1.1.1. [



With the inner product established it follows by application of the Gram-
Schmidt process that there is a set of polynomials {P,(z)}°, where P,(x)
has degree n for n =0,1,2,... such that

<Pn<x>7pm(x)> = Omn- (1.1.1)

Definition 1.1.5 (cf. [42], p.148). A set of polynomials {P,(x)}>,, where
P,(x) has degree n, satisfying

<Pn<x>7pm(x)> = hyonm (1.1.2)

where h, >0 and (-,-) is generated by w(x) > 0 is called a set of orthogonal

polynomials with respect to the weight function w(x).

In the general case of an orthogonal polynomial set it is not necessary
that h, > 0 (cf. [42], p.148). However, the most interesting work has been
done under the assumption h, > 0 and this assumption is used here. This
assumption is entailed by the choice that w(z) > 0.

It is obvious from the linearity of the functional p that any real multiple
of an orthogonal polynomial is an orthogonal polynomial. In particular if in
(1.1.2) P,(x) is divided by hé, the resulting polynomial satisfies (1.1.1). The
process of multiplying orthogonal polynomials by a real constant is called

normalisation. This changes the value of h,, in (1.1.2).

Definition 1.1.6 (cf. [15], p.7). In the case where h, = 1 the polynomials

P,(x) are said to be orthonormal.

Definition 1.1.7 (cf. [15], p.10). In the case where the leading coefficient of
each polynomial in a set of orthogonal polynomials is 1, the polynomials are

referred to as monic orthogonal polynomials.
The following theorem will be proved in Chapter 2, Section 2.5.

Theorem 1.1.8 (cf. [15], p.12). A set of orthogonal polynomials is uniquely

determined up to constant multiples.



Polynomials constitute a vector space and the concept of a simple set

arises as a natural consequence.

Definition 1.1.9 (cf. [42], p.147). If {P,(x)}>2, is a set of polynomials such
that P,(x) has degree n for each n = 0,1,2..., then {P,(x)}32, is called a

simple set.
A simple set constitutes a linear basis for the space of polynomials.

Lemma 1.1.10 (cf. [42], p.147). Any polynomial can be expressed as a finite

linear combination of polynomials from a simple set.

Proof. Let {P,(x)}%, be a simple set. Let p,,(x) be an arbitrary polynomial
of degree m. Let A, be the leading coefficient of p,,(x) and B,, be the leading
coefficient of P,,(z). Then p,,(z) — g—sz(x) is a polynomial of degree m — 1
or less. This process can be applied to each new polynomial generated in this
way, and the process stops once the constant term has been eliminated in this

fashion, giving

where some of the ¢, may be zero. m

If the simple set {P,(z)}7, is orthonormal then the coefficients ¢, are
determined by ¢ = (pr(x), Pe(x)) (cf. [2], p.18).
An equivalent and useful form of the orthogonality relation can be intro-

duced as follows.

Theorem 1.1.11 (cf. [42], p.148). Let {P,(x)}>2, be a simple set of polyno-
mials. This set is an orthogonal set with respect to the weight function w(x)

continuous and positive on (a,b) if and only if it satisfies
b
/ P, (z)z*w(z)dz =0, k=0,1,2,...,n— 1,
or, using the inner product,

(Py(2),2") =0, k=0,1,2,...,n — 1.



Proof. Suppose that {P,(z)}>2, is an orthogonal set. By definition it is also

a simple set. Consequently

and
k

/ab P, (z)z*w(z)dx = /ab P, (z) Zaipz‘(ai)w(:c)d:c —0

1=0

by linearity of ;1 and because £ < n. If the condition
b
/ P,(z)a*w(z)de =0, k=0,1,2,...,n—1

holds, then because {x¥}2°, is a simple set,

and . . i |
/ P, (z)Py(x)w(z)dr = / P,(x) Z bix'w(x)dr =0

for k < n and then also for k # n because if k£ > n then n takes the place of
k in the above. If kK = n then,

/b P2(z)w(z)dx > 0,

a

since w(x) is positive, continuous and Riemann integrable. O

If a simple set consists of polynomials with real coefficients and the poly-
nomial which is to be expressed as a linear combination from that set also

has real coefficients then the constants ¢, in the expansion are real numbers.

Lemma 1.1.12 (cf [15], p.12). If {P. ()}, is a set of orthogonal polyno-

mials and p,(x) is an arbitrary polynomial of degree n then

(B (2)pn () = Fnpt(Po()2"),

where k, is the leading coefficient of p,(x).



Proof. By Lemma 1.1.10

n—1

p(Pu(@)pn(x)) = p(Po(x){kna” + Z_: ar Py ()

— K(Po(2)") + 3 aup(P(x) Pila)
k=0
= kpp(Py(x)z"). O

Orthogonal polynomials satisfy several useful identities, one of which is

the three-term recurrence relation.

Theorem 1.1.13 (cf. [5], p.244). Let {P,(x)}32, be a set of orthogonal
polynomials corresponding to the functional p (or the weight function w(x)
which generates 1), and let k,, be the leading coefficient of P,(z). Then there
exist real sequences {a,}5,, {bn}oe, and {c,}>2,, such that for n > 1 the

three-term recurrence relation

Poii(z) = (apz + by) Po(x) — ¢ Py (),
Py(x) = ko, P_1(z) = 0 holds. Here ana,_1¢, >0 forn =0,1,2..., and if
h, is as in Definition 1.1.5 then

o kn+1 o Ap+1 hn+1
ap = —F—Cpt1 =

k, a, h,

Proof. Select a, so that P,1(x) — a,zP,(x) has degree n or less. Then

because { P, (z)}>2, is a simple set there exist constants dj, such that
> dpPi(x) = P (2) — anaPo(z).
k=0

Multiplying both sides of this equation by Py(z) for k < n — 1 and applying
u gives 0 = dihy, and because hy, > 0 for £ > 0, di, = 0 for kK <n — 1. Let

¢, = —d,_1 and b, = d,, and the required recurrence results. The choice of



kn—H
K

a, immediately gives a,, = . Multiply the recurrence relation by P, ()

and apply p to obtain

0 = anpu(Pa(2)2 P01 (%)) — capt Pr_y(2)). (1.1.3)

The leading coefficient of xP,_;(x) is

SO

il
o

Substituting for xP,_1(x) in (1.1.3), gives

knflh o h
Gp, n = Cpllpn—1.

Ky,

K — 1
Recognising that ’ L= and dividing by h,_; gives the last part of the
n an—1
result. O

Alternative non-linear recurrence relations have been found for classical
orthogonal polynomials (cf. [17]). The three-term recurrence relation estab-
lishes a connection between orthogonal polynomials and a particular Markoff
process called a birth and death process (cf.[32], [33]). A two term recurrence
relation can be constructed which connects orthogonal polynomials to inverse
scattering theory (cf. [10]).

Another important relation satisfied by orthogonal polynomials is the

Christoffel-Darboux formula.

Theorem 1.1.14 (cf. [5], p.246). If {P.(z)}5%, is a set of orthogonal poly-

nomaials and h;, k; are as in Theorem 1.1.13 with 1 =0,1,2,... then
0 hi K1 (35 - y)hn



Proof. Multiplying the three-term recurrence relation in Theorem 1.1.13 by
Pu(y) gives

P (y) P () = (an + bp) P (2) Pa(y) = cn P () Pa(y).
Swapping x with y gives

Po(2) Prii(y) = (any + bn) Pu(y) Pa(2) — cnPa1(y) Pu().
Subtract the second equation from the first and get

Po(y) Py () — Po(2) Poyr(y) = an(v — y) Po(2) Pa(y)

an hy

(Pa1(y) Pa(2) = P (2) Pa(y)) -

Ap—1 hnf 1

Divide by a,h,(z — y) and take P,(z)P,(y) to one side to obtain

Po(z)Paly) iipn(y)Pn—H(x) — Po(2) Pt (y)

I, an hy, =Y
]- 1 Pn—l(I)Pn(y) _Pn—l(y)Pn(x)
Ap—1 hn—l r—=y .

Summing the terms gives a telescoping series which establishes the result. [

Corollary 1.1.15 (cf [5], p.247). As a particular case of the Christoffel-

Darbouz formula

~ PA(x) ko D) Pa(x) — Py(2) Paga(x)

n

[ hn,

i=0
Proof. This is obtained by taking the limit as y — z and using I’'Hopital’s
rule. O

If k,, < 0 for any n then multiplying P, (x) by —1 makes k,, > 0 and doesn’t
substantially change the three-term recurrence relation. In what follows it will
be assumed that k,, > O.

Because h,, > 0 and k,, > 0 for all n,

P, . (x)P,(x) — Py(z)Pyi1(z) >0 (1.1.4)

10



for all z € R (cf [5], p.247).
The zeros of real line orthogonal polynomials satisfy several useful prop-

erties.

Theorem 1.1.16 (cf [15], p.27). The zeros of real line orthogonal polynomials
are real, simple and are contained in (a,b), where (a,b) is the interval of

orthogonality.

Proof. p(P,(z)) = 0 so it can’t be the case that P,(z) > 0 on (a,b). P,(z)
has at least one zero of odd multiplicity in (a,b). Let m(x) be the polynomial
m(x)=(x —z1)(x —x9) ... (x — )
where x1, 29, ..., x, are the zeros of odd multiplicity of P,(x) in (a,b). If
m < n then p(P,(z)r(x)) = 0 by orthogonality. But P,(z)r(z) doesn’t
change sign on (a,b). If P,(x)m(x) < 0 then —P,(z)r(x) > 0, giving
p(—=P,(z)m(x)) > 0 or u(P,(z)m(x)) < 0. If P,(z)m(x) > 0, it follows that
p(P,(z)m(x)) > 0. Either way there is a contradiction. So m = n i.e. all the

zeros are simple and contained in (a,b) and therefore real as well. [

Theorem 1.1.17 (cf [15], p.28). If {P,(x)}22, is a set of orthogonal polyno-
mials then the zeros of P,(x) and P,.1(x) interlace for all n, i.e. for every

two consecutive zeros of P,y1(x) there is one zero of P,(x) between them.

Proof. From (1.1.4), it follows that P, ()P, (x) > 0 for each zero of P, ().
Since, by Rolle’s theorem, P, (x) changes sign between each of the zeros of
P,.1(x), P,(z) also changes sign between each of these zeros and must have

a zero between each of them. O]

1.2 Hypergeometric series

Gauss was the first to propose the study of series of hypergeometric type. In

1812 he presented a paper which considered the series (cf. [20]),

ab a(a+1)b(b+1) 2

14+ —
TS 2lc(c+1)

11



This sum converges to an analytic function (in some domain) and is denoted

by 2 Fi(a,b;c; z) or

The hypergeometric series arises in the theory of differential equations (cf.
[43], [55]), and can also be used for the representation of several important

sets of orthogonal polynomials.

Definition 1.2.1 (cf. [20], p. xii). The symbol (a),, is called Pochammer’s

symbol and denotes the product

(@)n=]Ja+k-1) (1.2.1)

k=1
where

(a)o =1.

With the Pochammer symbol defined a more concise definition of the

hypergeometric series is possible.
Definition 1.2.2 (cf. [42], p.45). 2Fi(a, b;c; 2) denotes the series

= anbnn
Z()()Z-

— (c)un!

A natural question to ask is: when does the above series converge? The

ratio test suffices to answer this question.

Theorem 1.2.3 (cf. [42], p.45). If a,b and ¢ are neither negative integers
nor zero, then oFi(a,b;c; z) converges for |z| < 1.
Proof. Using the ratio test gives,

i | @1 B (@
n—oo | (C)pr1(n+ 1) (a)n(b)nzm

(a+n)(b+n)
(c+n)(n+1)

zl =2 <1. O

n—oo

Convergence on the unit circle requires conditions on the parameters of

the series.

12



Theorem 1.2.4 (cf. [42], p.46). For |z| = 1, 3Fi(a,b;c;z) converges for
R(c—a—10b) > 0.

The proof of this theorem can be found in [42] on page 46.
Although not a hypergeometric function, the gamma function features

commonly in identities concerning hypergeometric functions.

Definition 1.2.5 (cf. [5], p.6). For ®(z) >0

F(a:):/ t" e tdt.
0

Using analytic continuation the gamma function can be made analytic
everywhere except for poles at the negative integers (cf. [5], p.7). Using the
definition of the Gamma function as an integral it is simple to obtain a well

known reduction formula of the gamma function.

Theorem 1.2.6.
I'z+1) =al'(2).

Proof. Using integration by parts

/ T et = 1 (—e Y — /0 T e,

0
The first term on the right disappears and the second term is zI'(z), as

required. O]

Another identity which will be used in this discussion is the reflection

formula.

Theorem 1.2.7 (cf. [5], p.9).

™

D(2)D(1 - z) =

sin(7z)
The proof uses contour integration and the relation

D(x)0(y) _ [ (

—d
Iz +y) 1+ s)*ty iy

13



Full details can be found in [5] on page 9.
As already mentioned, the hypergeometric series arises in the theory of
differential equations. Specifically it arises as the solution of the so-called

hypergeometric equation (cf. [43]).

Definition 1.2.8 (cf. [43], p.169). The second order differential equation,
(l—2)y" + [y —(a+ B+ zly —aBy =0, (1.2.2)

where o, B and v are complex constants, is referred to as the hypergeometric

equation.

The equation (1.2.2) has a regular singular point at x = 0. Consequently,
the Frobenius method can be used to obtain a power series solution (cf. [43],
[27]). In particular (cf. [43], p.169) there is a solution with exponent zero,

i.e. of the form
n=0

Following the usual steps in power series solutions (cf. [43], p.82)

o oo
= E na,z" 1,y g n(n — 1a,z" 2,
n=1 n=2

so that the equation becomes

in (n — Dayz™* — in(n — Dayz"™ + vinanx”_l
n=2 n=2

n=1

—(a+ 8+ 1)§:nanx” — aﬁianx” =0
n=1 n=0

Note that

oo o0
g n(n — Da,z" ' = g n(n —1a,z"*
n=2 n=0
o0 oo
n—1 __ n—1
Y na,x" =79 na,x
n=1 n=0

14



and

Zn(n—l nT Znn—lanaz

(a+p+1) Znan =(a+p+1 Znan "
Equating coefficients of 2™ gives, for n > 1

_ (a+n—-1)(B+n—-1) N

n(y+n—1)

In particular, if ag = 1 the result is

i.e. the solution is a hypergeometric series, which explains the name given to
the equation.

If @, or b is a negative integer, say —n then o F}(a, b; c; ) is a terminating
series and represents a polynomial in z with degree n. This can be observed

by realising that

n

(=1t = [[(~=n+ k) = 0.

k=0

An important use of the hypergeometric series is its role as a representa-

tion for the classical orthogonal polynomials.

Definition 1.2.9 (cf. [42], p.73). The generalised hypergeometric function is

denoted ,Fy(ay,as, ..., apb1,ba, ... by 2) or

E@

(az)n

n

ai, Qas, ... =i
oFy =) S
bl, bg, Cey q n=0 (b) !

E@

.
Il
—_

Here p stipulates the number of numerator parameters and q the number of

denominator parameters.

An important special case of the generalised hypergeometric function is

obtained from the binomial theorem.

15



The binomial theorem gives the result (cf. [42], p.47),

(—a)(—a—1)(—a—2)...(—a—n+1)(—1)"a™

NE

(1—z) o

i
o

ala+1)(a+2)...(a+n—1)z"
n!

NE

S
I
o

((L)nl‘

ol 1Fo(a; —; ).

WE

i
o

1.3 Chebyshev polynomials

A simple trigonometric identity can be used to derive the orthogonality rela-

tion for the Chebyshev polynomials.
Lemma 1.3.1 (cf. [15], p.1).
T T
/ cosmb cosnbdl = —b,,,
0 2
except for n = m = 0, in which case the integral gives 7.
Proof. Using a familiar trigonometric identity,
1
cosmb cosnf = 5 {cos(m + n)f + cos(m —n)f}.
For m # n
/ cos m# cos nfdf
0

™

+
0

sin(m — n)6

1 1
:§{m+nsin(m+n)9

f=
0

and for m = n, cos(m —n)f = cos0 = 1, so the integral reduces to

1 i
_/ do-"
2 Jo
/cosOcosOd@z/ df = .
0 0

16

m—-n

\)

If m =n =0 then

(1.3.1)

(1.3.2)



The next step in arriving at the Chebyshev polynomials is the fact that

cosnf is a polynomial in powers of cos 6.

Lemma 1.3.2 (cf. [15], p.2). For n a natural number, cosnb is a polynomial
in powers of cos @ with degree n, where degree refers to the highest power in

cosf.

Proof. The proof uses induction. cos( = 1 and cos 16 is a polynomial in cos ¢
of degree 1 trivially. Suppose the statement is true for all m < n. By (1.3.2)
cosnf = cos(n — 1+ 1)0 = 2cos(n — 1)f cos @ — cos(n — 2)6. cos(n — 1)0 has
degree n — 1 by the inductive hypothesis, so cos(n — 1)f cos @ has degree n

and the remaining term does not affect the degree. O]

Definition 1.3.3 (cf. [41], p.71). Using Lemmas 1.5.1 and 1.5.2, the n'"
Chebyshev polynomial T, (x) is defined by

T, (x) = cosnf
where t = cos 6.

Theorem 1.3.4 (cf. [15], pp.71, 252). The Chebyshev polynomials T, (x)

satisfy the orthogonality relation

! 1 T
To(x) () ———=dz = =0mn
[ @ (@) =% = 3

except for n = m = 0 in which case the integral is equal to 7.

Proof. All that is required, is to realise that the substitution = cosf in

(1.3.1) results in dz = —sin #df or

df = —;dx = —;dx. ]

V1 —cos?6 V1—a?
This theorem establishes the weight function,

1
V1—2?

w(z) =

17



which is positive on the interval (—1, 1) as corresponding to the orthogonality
relation of the Chebyshev polynomials.
The relationship T,,(x) = cosnf allows the exact determination of the

zeros of T, (x) for arbitrary n.

Lemma 1.3.5 (cf. [41], pp.71, 252). The zeros of T, (x) are

27 —
COS(M)
n
j=1,2,...,n.

Proof. This statement follows from the fact that the zeros of cosnf in the
interval (0, 7) occur where nf = (2j — 1), or

27 —1
g H—Um
2n
j = 1,2,...n. Using the relation x = cosf then gives the zeros of T, (z).
There are n zeros (so they are simple) and they lie in (—1,1) (so they are

real). O

The above result demonstrates the phenomenon of real, simple zeros con-
tained in the interval of orthogonality, which characterises orthogonal poly-
nomials.

The polynomials T),(z) are, strictly speaking, the Chebyshev polynomials
of the first kind. The Chebyshev polynomials of the second kind are a closely
related family of orthogonal polynomials, which are denoted by U, (z).

Lemma 1.3.6 (cf. [41], p.71).

sin(n + 1)6
sin 6

is a polynomial in powers of cos(0) with degree n.

Proof. Again using induction,

sin 16 _1
sinf
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is a polynomial in cos @ with degree 0. Supposing the statement is true for

m < n, the elementary identity from trigonometry

sin(m + n)# + sin(m — n)f = 2 sin mé cos nd

gives
sin(n + 1) = 2sinnf cos§ — sin(n — 1)0
or
sin(n +1)0  _sinnf sin(n — 1)6
w0 = Yemg S g (13.3)

The first term on the right hand side of (1.3.3) is, by hypothesis, a polynomial
in cosf of degree n — 1 multiplied by cosé (i.e. has degree n). The second
term on the right is a polynomial in cosf of degree n — 2 and substracting

does not affect the degree. O

Definition 1.3.7 (cf. [15], p.5). The Chebyshev polynomial of the second
kind is denoted by U,(x) and

U, (x) = sin(n + 1)6

sin 0

for x = cos@.

Theorem 1.3.8 (cf. [41], p.71). The Chebyshev polynomials of the second
kind U, (x) satisfy the orthogonality relation
1
/ Un(2)Up(2)V1 — 22dx = gémn.
-1
Proof. In a similar approach to the proof for the Chebyshev polynomials of

the first kind the trigonometric representation of the polynomials is used.

/ sin(n + 1)@ sin(m + 1)0do
0
B /7r sin(n + 1)f sin(m + 1)0

sin 6 sin 6

sin? 6d6

_ [ Uy (2)Up (2)V1 — 22d2.
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Because x = cosf and dxr = —sin #df. Using the identity
. . 1
sin(n + 1)fsin(m + 1)8 = E(cos(m —n)f — cos(m + n)f)

the same reasoning as in the proof for T),(x) shows that the orthogonality
condition above holds, and furthermore the exceptional case that occurred
for the T,(x) where n = m = 0 does not occur because sin((n + 1)0) is

indexed from n + 1 rather than n. O]

Lemma 1.3.9 (cf. [41], p.71). The polynomials T, (z) and U, (x) satisfy the

recurrence relations,
Tpia(z) = 2T, () — (1 — 23U, _1 () (1.3.4)

and

Un(x) = 2U,—1(x) + T, () (1.3.5)
Proof. Again invoking trigonometric identities gives the results,
cos(n + 1)0 = cosnb cos § — sinnf sin 0

or
sin nf

1)0 = fcosf — (1 — cos® ) ———

cos(n + 1)0 = cosnb cos — (1 — cos” 0) e

substituting x, T,,(z) and U, (z) in the above gives the first result. Also,
sin(n + 1)8 = cos f sin nh + sin O cos nd

or

sin(n 4 1)6 oD no

- - + cosnb
sin 0 sin 0

giving the second result. O]

Theorem 1.3.10 (cf. [15], p.20). The Chebyshev polynomials T, (z) satisfy

a three-term recurrence relation of the form
Toi1(x) = 22T, (z) — Ty—1(x), n>1.
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Proof. Using the identity
cos(n + 1)8 + cos(n — 1)0 = 2 cosnf cos b,

which is a particular case of (1.3.2) gives the result on substituting = = cos 6

and using T,,(z) = cosnf. O

Theorem 1.3.11. The Chebyshev polnomials of the second kind U, (x) satisfy

the three-term recurrence relation
Upi1(z) = 22U, () — Up_1(x), n>1.
Proof. The relation (1.3.5) immediately gives
T (z) = Uy(z) — U,y (2).
Substituting for T;(z), i = n, n + 1 in (1.3.4) results in
Uni1(2) — 22U, (2) = 2U,(2) — 2°Up_1(2) — (1 — 2*)U,_1 (),

which, after cancelling terms, gives the result. O]

1.4 Other classical polynomials

The classical orthogonal polynomials are important in various applications
and are the most thoroughly studied. The polynomials bear the names of
the famous mathematicians who studied them: Jacobi, Legendre, Laguerre,
Hermite, Gegenbauer and Chebyshev.

In the hypergeometric equation (1.2.2), setting ¢ as the independent vari-
able and replacing «, with —n, § with n + a + 8 + 1 and v with a + 1, the
resulting equation is (cf. [49], p.62)

tl—=)y" +a+1—(a+B+2)ty +nn+a+p+1)y=0.  (1.4.1)

For the purposes of this section the constants a;, # and 7 in the above equation

are real numbers. This hypergeometric equation has a solution of the form,
oFi(—n,n+a+F+1;a+15t).
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L = tto the equation (1.4.1) (cf. [49], p.60)

Applying the substitution

1d d d
with —= 2 — 2 and denoting el by v’ leads to the differential equation
2dt dx dx

1—2)y" +[B—a—(a+B+2)z]y +n(n+a+B+1y=0. (14.2)

This establishes that (1.4.2) has a solution of the form

1—
2 F1 <—n,n+a+ﬁ+1;0z—|—1; 2:6)7

which by previous considerations is a polynomial of degree n.

Definition 1.4.1 (cf. [50], p.151). The Jacobi polynomials are given by the

hypergeometric series

n

1 —
PA) () = ("+O‘)F <—n,a+ﬁ+n+1;a+1;T$>, (1.4.3)
where o > —1 and § > —1.

In the above (cf. [50], p.73)
<a+n) (a+1)(a+2)...(a+n)

n n!

is a normalisation constant and refers to the binomial coeflicient which can

be expressed as a quotient of gamma functions by

(a+n> _Tla+n+1)

n ) nl(a+1) "

Lemma 1.4.2 (cf. [41], p.88). Up to normalisation pioo (x) = P,(x) where
P,(x) is the n'™ Legendre polynomial. Similarly disregarding normalisation

P72 (2) = T(z) and P77 (x) = U, (2).

These polynomials are known as ultraspherical or Gegenbauer polynomials

(cf. [42], p.276).

Definition 1.4.3 (cf. [42], p.276). In the Jacobi polynomial Pfla’ﬂ)(:c) set
a = (. The resulting polynomaial PT(La’a) (x) is called an ultrashperical polyno-

maal.
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Definition 1.4.4 (cf. [42], p.277). The polynomials {C¥(x)}5°, defined by

_1,.1
(QV)nP7(LV 3V =3)

Gy () = v+ l)

are called the Gegenbauer polynomials.

Because orthogonal polynomials are determined up to constant multiples
it is clear that the Gegenbauer polynomials are essentially the same as the

ultraspherical polynomials.

Theorem 1.4.5 (cf. [42], p.258). The Jacobi polynomials
P,(LQ’B)(:U), satisfy the orthogonality relation
1
/ PP ()PP (2)(1 — 2)*(1 4 2)°dz = hnbmn, hn > 0, (1.4.4)
-1

where a, § > —1.

Proof. By definition the Jacobi polynomials satisfy the differential equation

2
(1- x2)%3§“’6) (@) +[B—a—(a+ 8+ 2)x]5—$PT(L“’B)(x)

+n(n+a+ g+ 1)PP(z) = 0. (1.4.5)

Using the fact that § —a— (a+8+2)zx=(1+8)(1 —z) — (1 + a)(1 + z)
and multiplying by (1 — 2)%(1 + z)?, (1.4.5) can be rewritten

2
(1 —z)* (1 + :E)’B“d—P(O"B) (7)

de? ™
+[(1+8)(1—2)— 1+ )1 +2)](1—2)*(1+ x)ﬁj—xpéaﬂ)(x)
+nn+a+p+ 1)1 —2)*(1+z)P PP (z) = 0. (1.4.6)

By the product rule (1.4.6) is

d 1+a 146 9 p(a,
R e LTS
+n(l+a+B+n)(1—2)1+z)’ P> (z) = 0. (1.4.7)

Multiply (1.4.7) by ple?) (x) and substract the same equation with n replaced
by m and multiplied by pLe?) (x) to get equation (1.4.8).
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[Hint: to obtain equation (1.4.8) perform the first differentiation on the right
hand side]

n(l+a+B+n)—m(l+a+B8+m)(1—2)*(1+z)’ P> (z) P ()

(1= 2) (1 ) LR () P ) — P ) S P @)

~dr dx m "

Finally integrate both sides of (1.4.8) to get
1
(n—m)(1+a+pB+n+m) / Py (a) P9 () (1 — 2)* (1 + @) da

n
-1

1
= (= 0+ ) PN @) TP @) — P ) TP @)

-1
It follows that for m # n (1.4.4) is 0 while for m = n the integral is positive

because (1 — x)%(1 + )? is continuous and positive over (—1,1). O

By examining the weight functions of the Legendre polynomials and the
polynomials 7),(x) and U,(z) it is established that these polynomials are
special cases of the Jacobi polynomials. In fact they are ultraspherical poly-
nomials.

An alternative approach to the Jacobi polynomials defines them in terms
of the orthogonality relation. By demonstrating that they satisfy the differ-
ential equation (1.4.5) and that they are the only solution of this equation,
it follows that they have the representation (1.4.3).

Theorem 1.4.6 (cf. [49], p.60). Let P\ (x) be a polynomial that satisfies
the orthogonality relation (1.4.4). Then Pn(a’ﬁ)(x) satisfies the differential
equation,

(1—2®)y' +[B—a—(a+B+2z]y +n(n+a+B8+1)y=0,

Proof. First note that

j_x[(l — )M+ 2 +nn+a+ B+ 11 —2)(1+2)y
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=—(1-2)"A+2)’(a+ D) +2)y + (1 - 2)* (1 +2)"(8+ (1 - 2)y
+(1—2H(1 —2)a(l +2)%y" + (1 —2)a(l +2)’n(n+a+ B+ 1)y

which after collecting coefficients of y and dividing by (1 —)%(1+x)” gives
(1.4.2). Assume that y = P\"?(z).

d

L= 2) T 1+ 2"yl = —(a+ 1)1 - 2)*1+2)’ 1+ )y

+B+DA—2)* (L +2)’ (1 —a)y + (1 —2)*(1+z)°(1—2%)y"

1.e.

3—1:[(1 — )" (1 +2)" Y] = (1 —2)*(1 4 2)°, (1.4.9)

where 2 is a polynomial of degree n. Showing that z satisfies the orthogonality
relation of P\*") (x) establishes that z = APP) (x), where A is a constant.
Let 7(x) be an arbitrary polynomial of degree < n, then
b d
[ G- s ()
1 dx
1
= (1—2)*" (1 +2)" y'n(x)| Y — / (1 =) (1 + )" y'n’ () da.

By definition o« +1 > 0 and  + 1 > 0, so evaluating the first term at —1
and 1 causes it to disappear. This also happens integrating by parts a second
time, giving

/_ 1 y;l—x[(l — o)1 4 2)P U (@) da

If w(x) has degree 0 this vanishes, otherwise, by the same reasoning as in the
calculation of (1.4.9), this is equal to
1
/1 yp(z)(1 — 2)*(1 + z)’dx
where p(x) has degree < n. As a result the integral is zero, so z satisfies the
orthogonality condition and is equal to Ay, where A is a constant. Using the

derivation of (1.4.9) the leading coefficient of z is

(—a— Dnk, + (=8 — Dnk, + (—n(n — 1))k,,
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where £k, is the leading coefficient of y. This gives that A = —n(n+a+5+1),
which proves that P\*") (x) satisfies the differential equation. O

It can be established that P\ (x) is the only polynomial solution of
(1.4.2).

Theorem 1.4.7 (cf. [49], p.61). If y is a polynomial solution of

(1=a)y" +[B—a—(a+B+2)aly +n(n+a+p+1)y=0

then it s a constant multiple of pieP) (x).

The proof of this result can be found in [49] on page 61.
From these results the previously given representation of the Jacobi poly-

nomials as a hypergeometric series is established.

Definition 1.4.8 (cf. [42], p.187). The Hermite polynomials { H,(x)}5°, are

defined by the generating function

_ >\ H, ()t
2wt—t? _ n
€ - Z n
n=0
Theorem 1.4.9 (cf. [42], p. 189). H,(z) satisfies the Rodrigues’ formula

2dn 2
Hn — (1) ——e7T"
(@) = (=1)"e" o—e

Proof. Because H,(z) is the Taylor coefficient of t” in the expansion of g2at—t?

as a Maclaurin series in t it follows that

mn _
Hn<$> = {%62 =t :| .
t=0

The differentiation is with respect to t, so

e H,(z) = {%e(ﬂ”)ﬂ .
t=0

Let  — t = w so that

e 1 () = (—1)" {dn e—wz}m.

dw™

The result follows by multiplying both sides by e*”. O
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As a consequence of Theorem 1.4.9 the orthogonality relation for the Her-

mite polynomials can be derived.

Theorem 1.4.10. The Hermite polynomials satisfy the orthogonality relation
/ Hn(x)Hm(x)e’Ide = NpOmn, (1.4.10)
h, > 0.

Proof. Using the Rodrigues’ formula, the integral (1.4.10) reduces to

/ (—1)"+me® d—e’”‘”2 d—e’mzda:

o dz™ dz™
o0 d’l’L
= (-1)" /_OO %e*zsz(x)dx. (1.4.11)
From
dk 2 2
we_z = P(x)e™"®

for some polynomial P(z), it follows that

A
W }_ =0

for any natural number k. If m < n then integration by parts can be used
to eliminate H,,(z) from the integral (1.4.11) so that the integral is equal to

2

zero. If m = n then because e~ is positive and continuous and HZ(z) > 0

and not identically zero the integral is positive. O]

Let {P,(Ll)(x)}?f:o be the unique (up to normalisation) set of polynomials
satisfying,

/ PO (@) PO (2)a™ b e da = hydum,
0

and let {PéQ)(x)}gozo be the unique set of polynomials satsifying

0

{H,(z)}>, is closely related to these sets.
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Theorem 1.4.11 (cf. [41], p.88). The relation Ha,(z) = AP (22) and the
relation Hopyq(x) = BaP? (22) hold, where A and B are constants depending

on normalisation.

Proof. The orthogonality condition is established. For odd exponents of z
less than 2n

/ pW (LU2) g2 tle=* g — 0

n
—00

2k+1 i5 an odd function

because P,El)(xQ) and e~*" are even functions while
so the integrand is odd and disappears. For even exponents of x less than
2n, the substitution ¢ = 22 gives dt = 2zdzx, 22¥~1 = t*=32% 2. By the same
reasoning as above the integrand is even, so equal to twice the integral from

0 to co. Carrying out the substitution gives
/ P (2?) o e dy = 252 / P (t)t Fsetdt =0
oo 0

by the orthogonality condition for PT(LI)(QZ), so the first part of the result is

established. For even exponents of x less than 2n

/ P(Q)( )J: ezd:v—O

[e.e]

because z is an odd function and the other functions in the integrand are
even so the integrand is odd. For odd exponents of x less than 2n, the same
substitution as in the previous case results in,

/ 2P® (22) 2+ le" dy = 2ty / PR () tF2etdt = 0. O
0

—0o0
The polynomials P (x) and P®(z) are specific examples of a more gen-

eral class of polynomials.

Definition 1.4.12 (cf. [42], p.204). The Laguerre polynomials {L& ()},

are defined by the Rodrigues’ formula

7& a:dn

Li(x) =

n' dxn {efzanra}

Because the polynomials considered here have real coefficients it is stipulated

that o € R. It is also stipulated that o > —1.
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As with the Hermite polynomials the Rodrigues’ formula can be used to

derive the orthogonality relation for the Laguerre polynomials.

Theorem 1.4.13 (cf. [42], p.205). The Laguerre polynomials satisfy the

orthogonality relation
/ Lo (z) LS (x)z%e™ dx = hpdpm, (1.4.12)
0
h,, > 0.

Proof. Using the Rodrigues’ formula the integral (1.4.12) reduces to

L [>~dr
n! J, dx"

(e 2™ ) L2 (z)dw. (1.4.13)

T a+n—k

lime™ =0 and limz =0 so

T—00 z—0
d* >
—(exx"““)} =0
{dxk 0
for any natural number k£ < n. For m < n this fact can be used to elimanate

xT

L2 (z) from (1.4.13) with integration by parts. For m = n, e™* is positive
and continuous over [0, 00) and (L%(z))? > 0 and not identically zero, so the

integral is positive. O]

The discussion of the Laguerre polynomials makes it clear that the poly-

nomials {PW(2)}>, and {P®(z)}2, which generate the Hermite polyno-
_1

mials are, up to normalisation, the Laguerre polynomials {L, 2 (x)}>2, and

1
{L3(z)}5°, respectively.
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Chapter 2

The moment problem

The moment problem requires the generalisation of the Riemann integral to
the Riemann-Stieltjes integral. An important concept for Riemann-Stieltjes
integration is the function of bounded variation which generates the integral.
In particular the functions of bounded variation which are also distribution
functions are important here. The first part of the chapter examines the rudi-
ments of Riemann-Stieltjes integration. Subsequently results are developed
for distribution functions. With the foundations laid the concept of a mo-
ment problem is introduced. It is shown how the Hamburger moment problem
gives rise to a generalisation of the classical case of orthogonal polynomials
and a proof of Theorem 1.1.8 is given. Several examples of moment prob-
lems are given and necessary and sufficient conditions are obtained for the
existence of solutions. The most important result of the chapter is Favard’s
theorem which establishes the connection between the moment problem and

orthogonal polynomials.
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2.1 Distribution functions

Let {zx}32, be a sequence of arbitrary real numbers and {ay } 72, be a sequence

of positive real numbers. Assume that
Z | Pp(zp)ar| < oo
k=0

for an arbitrary polynomial P,(x) of degree n. Define a binary relation (-, -)

on the space of real polynomials of a real variable by

(Pa(), Pu(x)) =Y Pu(@r) P a.
k=0

This binary relation is well defined because of the Cauchy-Schwarz inequality.

By definition

and because of absolute convergence
(1 Pi(x) + 2P (), Po(2)) = oan (Fi(x), Po(2)) + 2 (Pr(), ().

Also, (P,(z), P,(x)) > 0, because all of the terms in the sum are positive.

As a result of this (-,-) is an inner product on the space of polynomials
(cf. [2], p.2), and the Gram-Schmidt process discussed in Chapter 1 can be
applied to obtain a set of polynomials satisfying the orthogonality relation,
> " Pu(ai) Pr(x)ar = hnbpm, hn > 0.
k=0

An example of this phenomenon is the Charlier polynomials (cf. [15], p.4),

which satisfy

a® eta”

k=0

for a > 0 a real constant.
This is a valid case of orthogonality but falls outside the scope of Rie-

mann (or Lebesgue) integration in establishing an orthogonality condition.
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To investigate cases such as this, the concept of a distribution function will
be discussed.
An important concept in the characterisation of distribution functions is

the variation of a function.

Definition 2.1.1 (cf. [44], p.10). Let f(z) be an arbitrary real valued function
defined on the interval (a,b). Let Il be the set of all partitions

m={(zy,z;i1)i=1,2,3,...,n, a=21 <3< ... <z = b}

of (a,b). The total variation of f(x) on (a,b) is denoted by T(a,b) and is
defined to be

n—1
T(a,b) =sup 3 |f(isa) = f(w)].
e i=1

Definition 2.1.2 (cf. [44], p.10). A function f(x) is said to have bounded

variation on an interval (a,b) if T'(a,b) < co.

Definition 2.1.3 (cf. [44], p.10). The indefinite total variation of a function
f(z) on an interval (a,b) denoted T'(x) is defined as T'(a,x).

Non-decreasing functions can be used to totally characterise the class of

functions of bounded variation.

Lemma 2.1.4 (cf.[44], p.10). If T(z) is the indefinite total variation of a
funtion of bounded variation f(x) for the interval (a,b), x, y € (a,b) and
y >z then T(y) = T(x) + T(x,y).

Proof. Inserting a point into a partition of (a,y) can not decrease the sums

n—1

Z | f(@i1) — f(xi)].

i=1
If the point is = then partitions of (a,z) and (z,y) can be considered seper-
ately. This means that T(a,y) = T(a,z) + T'(z,y) which is what was re-
quired. O
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Theorem 2.1.5 (cf. [44], p.10). Every function of bounded variation is the

difference of two bounded non-decreasing functions.

Proof. Let f(x) be a function of bounded variation on the interval (a, b). Then
f(z) is bounded because it has bounded variation. T'(x) is bounded below by
zero and above by T'(a,b). It follows that T'(z) — f(z) is also bounded.

f(x) =T(x) = {T(z) - f(2)},

is the required decomposition. From Lemma 2.1.4 T'(x) is non-decreasing. It
remains to show that for y € (a,b) and y > =z, T(z) — f(x) < T(y) — f(y).

After rearranging this is

fly) = flz) < T(y) = T(x).
T(y) — T(x) = T(x,y) and by definition |f(y) — f(z)| < T(x,y). O

Definition 2.1.6 (cf. [52], p.239). Let f(z) and a(x) be real valued functions
defined on the interval (a,b). Let a = 11 < x5 < ... < x, = b be a partition
of (a,b) and let z; < v; < x441, @ = 1,2,...,n — 1. The Riemann-Stieltjes

integral of f(x) with respect to o(x) is defined by,

[ 5@ =1 3 sofatnen) —ato), @1

where § = max(x; 1 1—x;),1=1,2,...,n—1. The Riemann-Stieltjes integral of
a function exists if the same limit is obtained irrespective of how the partitions

are taken.

The importance of functions of bounded variation in this theory is summed

up by the following theorem.

Theorem 2.1.7 (cf. [52], p.241, [46], p.66). If f(z) is continuous and a(x)
has bounded variation in the interval [a, b, then the Riemann-Stieltjes integral

of f(x) with respect to a(x) exists.
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Proof. f(x) is continuous on the closed interval [a,b] so it is uniformly con-
tinuous. That is, for every € > 0 there is a ¢ such that if

7 = {(xs, ri1)]a = 1 < 29 < ... < xz, = b} is a partition of [a,b] where
the intervals [z;,x;11], ¢ = 1,2,...,n — 1, have maximum length §, then
|f(zig1) — f(x)] <€, i=1,2,...,n— 1. Such a partition will be called an

e-partition. Let S(zg,vy) denote the sum

n—1

> flo{a(ern) — alz)}

k=1
generated by some e-partition 7. Let 1, be a new partition obtained by
adding points to 7 such that z;;1; denotes the [*" point of m; added to 7
between zy, and xy1, xx1 = 2. Let m(k) denote the number of points added
to the interval [z, 441] and set @y k)42 = Tr41. The index [ runs from 1 to
m(k)+2. Let vy be chosen in the interval [y, T 41]. I f(og) — f(vr) = €,
it follows that |ex| < €. S(xg, viy) will be the sum generated by 7. Now

|S (g, v) — S(Tkt, vit)|

n—1 | m(k)+1
= > flom{al@ri) — alze)} — flo{a(@r) — ole)}
k=1 =1
n—1 :m(k)Jrl
= > emfalmrin) — oler)}
k=1 | =1
n—1m(k)+1

<Y Y lalzrin) — alz)| < €T(a,b),

=1

o
—_

where T'(a, b) is the total variation of f(x) on (a,b). Let S(z,v) and S(a,v)
be sums generated by two g—partitions 7w and 7', Let S(x”,v") be generated
by the partition 7" obtained by adding the points of 7 to the points of 7.

Then using the above and the triangle inequality
1S(z,v) — S(z",v")| < gT(a, b) and |S(z',v) — S(2",0")| < %T(a, b),

SO

|S(z,v) — S(2',v")| < €T'(a,b). (2.1.2)
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Let a decreasing sequence of numbers €, > 0, lim ¢, = 0, be given. For each p
p—00

let S(zP),vP)) be a sum generated by an ¢,-partition. For any n > 0, (2.1.2)

gives an NN such that

S (2Pt Pty — 5@ P <, forp> N, n=1,2....
This is a Cauchy sequence of real numbers so

lim S(z®,v®) =T < o0

p—o0

€
exists. If S(z,v) is a sum corresponding to an arbitrary §—partition, then

1S(z,v) — I| < |S(x,v) — S(a:(p),v(p))| + |S(x(p),v(p)) — 1

< €T'(a,b) +n,

so convergence doesn’t depend on how partitions are taken. The Riemann-

Stieltjes integral exists and is equal to I. O

The Riemann-Stieltjes integral satisfies several useful properties some of
which are analogous to properties of the Riemann integral. For instance, the

Riemann-Stieltjes integral satisfies a formula for integration by parts.

Lemma 2.1.8 (cf. [52], p.240). If the Riemann-Stieltjes integral of f(x) with
respect to a(x) on the interval (a,b) exists then the Riemann-Stieltjes integral

of ax) with respect to f(z) exists and,

/f(x)da(l’)=f(b)a(b)—f(a)a(a)—/ a(z)df ().

Proof. The partition m, = {(x;,x;11)|a = 1 < xy < ... < x,, = b} generates
a dual partition choosing v; = a and v,,_; = b (which is permitted in Defini-
tion 2.1.6), m, = {(v;, viy1)]a = v1 < ve < ... < wv,_1 = b}. It can be seen that
the coefficient of a(xy) in (2.1.1) is (—f(vg) + f(vk—1)), except for the case

a(z1) which has coefficient — f(v;) and the case a(z,) which has coefficient

35



f(vn—1). Using these facts, the right hand side of (2.1.1) considered as a finite

sum can be rewritten as

a(b)f(b) — a(a) f(a) + Y alwe)(—f (o) + f(or-1))

— a(®)f(b) - ala)f(a) — 3 alee) (f(x) = fvnr)).

=2

~—

Subsequent partitions m, = {(v;,viz1)|la = v1 < vy < ... < vy_1 = b} can
be chosen arbitrarily with new x; chosen satisfying v,_1 < ), < vi, and the
reduction of the length of the intervals (vg_1, vx) toward zero coincides with

the reduction of the length of the intervals (zy, xxy1) toward zero. O

The following lemmas illustrate the role that the Stieltjes integral plays

as a linear functional.

Lemma 2.1.9 (cf. [52], p.241). The Stieltjes integral is a linear functional

on continuous functions,

/ab[ﬁ( )+ fola /f1 Jda(z /f2 do(x
/a ' e f(@)da(z) = ¢ / " Ha)da(o).

Proof. In the right hand side of (2.1.1) substitute fi(vx)+ fa(vg) for f(vg) so

and

that it becomes

n—1

lim Z(ﬁ(vk) + fo(vi)){a(@ri1) — afzy)}

k=1

—1im > fi(w) {alzeer) — a(e)} +lm S f){alr) - ax).

Similarly

n—1

(lsig(l)z cf (vp){a(zre1) — aap)}

n—1

= Chme vp){e(@r41) — azn)} 0
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In fact any continuous linear functional on the Banach space Cfa,b] of
continuous functions on an interval [a, b] is given by the Stieltjes integral of

the function with respect to a function of bounded variation (cf. [44], p.110).

Lemma 2.1.10 (cf.[52], p.241). The Stieltjes integral is a linear functional
on the function of bounded variation with respect to which the integration is

carried out, 1.e.

/f dlag () + as(x /f Yday (x /f Ydag(x
[ rweati=e [ s@aat

Proof. Again referring to (2.1.1),

and

n—1

lunz flop){(a1(zps1) + ao(xri1)) — (oa(xg) + (k) }

= lim { : fop){on (@) — onae)} + X_: fop{ez(wp4) - Oéz(xk)}}

6—0
k=1 k=1
—1 n—1
(1531 ; fop){aa(zri1) — ar(on)} + }Sg%; o) {az(ri1) — ax(ar)}.
Finally
n—1 n—1

(151_%; flop{ca(@rir) — colar)} = C}Slg[l); flo{a(zrer) — alzy) . O

In what follows the case of indefinite Riemann-Stieltjes integration will

often be used.

Definition 2.1.11 (cf. [52], p.243). The indefinite Riemann-Stieltjes integral

15 defined in analogy with the case for the Riemann integral by,

/Z f@)da(z) = lim lim /abf(x)da(x)

Certain Riemann-Stieltjes integrals can be reduced to Riemann integrals.
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Theorem 2.1.12 (cf. [52], p.241). If a(x) has a continuous derivative o/ (x)
on (a,b) and f(x) is Riemann-Stieltjes integrable with respect to a(x) on (a,b)
then,

[ e = [ rwatwas

Proof. By the mean value property in each interval [z, 24, 1] in (2.1.1) there

is a point vy such that
a(xpy1) — o) = o () (Try1 — ).
Choosing all vy, in (2.1.1) according to this rule gives the result. O

A bounded non-decreasing function is clearly a function of bounded vari-

ation. In fact the variation of such a function a(x) on an interval (a,b) is

a(b) — afa).

Definition 2.1.13 (cf. [15], p.51). A bounded non-decreasing function o(x)

satisfying
/ z"da(x) < 00
forn=20,1,2,... is called a distribution function.

Returning to the example of the Charlier polynomials, if a(z) is taken
. . . . a . .
as a step function with jumps of size T at the non-negative integers k then

from (2.1.1),

Jj—1

| Ple)Puohdate) = iy 3 Pu) Palo{a(aren) - alai))

i=0

where the partitioning is undertaken in the same way asin (2.1.1). If (2;, 2;11)
is an interval where this step function is constant then «(z;11)—a(z;) = 0 and
this interval contributes nothing to the sum. On the other hand if (z;, z;41) is
an interval where only one jump occurs (with fine enough partitions at most
one can occur) then a(z;11) — a(z;) = a—k As the partitions are taken more

k!
finely any interval containing a jump becomes smaller and, in the limit, v; — k
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where k is some positive integer where a jump occurs. Because P, (z)F,,(z)

is a continuous function the result of this limiting process is

/0 P(2) P (2)da(x :%PH

so that the step function generates a Stieltjes integral which corresponds to

k

?r|®

the functional introduced at the beginning of the section.

In a similar way the classical polynomials have continuous Riemann in-
tegrable weight functions w(x) > 0. The indefinite Riemann integral of one
such function over the interval of orthogonality (a,b) gives a function «(x)
which is non-decreasing (because w(x) > 0) and bounded (because w(zx) is
Riemann integrable on (a, b)) and has a continuous derivative everywhere in
(a,b) (by the fundamental theorem of calculus). Theorem 2.1.12 then gives

that for any continuous function f(z) defined on (a,b)

/fda /f da;_/f

so that all classical cases of orthogonality can be represented by Stieltjes

integrals.

2.2 Uniqueness of distributions

A distribution function was defined to be bounded and non-decreasing. Such
a function can be discontinuous but its discontinuities satisfy restrictive con-
ditions. For instance a distribution function can only have countably many
discontinuities otherwise the sum of the jumps at these discontinuities would

have to be infinite (and the function would be unbounded).

Lemma 2.2.1 (cf. [31], p.19). If a(z) is a distribution function on (a,b) and
€ (a,b) then
alc—) = lim a(zr) = sup a(z)

r—Cc x<c
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and

a(c+) = mli)ncn+ a(z) = ix;ﬁa(x),

exist. For ¢ = a only the second relation holds, and for ¢ = b only the first.

Proof. Because a(x) is a non-decreasing and bounded function the set
{a(z)|la <z < c}

is bounded above and non-empty so sup «(z) exists. Let e > 0, then as a
xr<c

property of the supremum there is an x. such that

sup a(z) — a(z.) < €, and because «(z) is non-decreasing, this difference can

r<c
only get smaller for other values of x in (¢ — z, ¢), giving

sup a(z) — € < a(x) < supa(z) < sup a(z) + €,

x<c x<c x<c

for © € (¢ — z,c). Letting € go to zero gives the required limit. Because of
the symmetry between the supremum and infimum, the same approach can

be used for the cases a(c+), a(a+) and a(b—). O

Lemma 2.2.2 (cf. [31], p.20). Let a(z) be a function which is bounded and
non-decreasing on (a,b). Then a(x) has at most countably many discontinu-

ities.
Proof. Let a partition
Aa=To<T1<x9<...<Tp,=020b

of (a,b) be given. Let yx € (vg, Tr+1). Then a(xr+) < a(yr) and a(yp—1) <
a(zr—) so

a(zpt) — al@e—) < ayr) — (yr-1)-

Because a(yy) > a(a+) and a(y,) < a(b—)

a(a+) = ala) < afy) — a(a)
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and
a(b) — a(b—) < a(b) — alyn).

Adding the inequalities over the index k the terms «(yy) are telescoping and

cancel leaving

n

a(at) —ala) + ) _la(wrt) — alze—)] + ab) - ab-) < ab) - a(a).

k=1

Lot Ay = {z € (a,b)|a(z+) — a(e—) > ). Tf {z:}E, C A, then
n

a(b) - (@) 2 Y lalet) - ale-)] > %

so k has to be finite because a(b) —a(a) < oo and the union U A, is therefore
n=1
countable. O

Theorem 2.2.3 (cf. [40], p.2). The complement of any countable set in an

interval (a,b) is dense in that interval.

Proof. Let A = U {a,} be a countable subset of (a,b), and I be an arbitrary
n=1

subinterval of (a,b). Let I; be a closed subinterval of I such that a; ¢ I;. For

i > 1let I; be a closed subinterval of I;_; such that a; ¢ I;. Then ()", I,, # 0,

so the complement of A has non-empty intersection with 1. O

In (2.1.1) the Riemann-Stieltjes integral of a continuous function f(x)

with respect to a distribution function a(x) was defined as

[ 5@t = 1 3 ofaton) - ato),

where 0 = max,, {1 —x}. If a(z) has a discontinuity at a point x, then as
the partitions get finer the contribution made by the point x4 to the integral

is given by f(x4)d, where d is the jump at z4. Because only the jump matters
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and not the specific value of a(zy) a distribution function can take on any
value c in the interval

sup a(x) < ¢ < inf a(z),

r<rg T>Tq
and still generate the same value for the integral of f(x). It seems unrea-
sonable that the same exception could hold for points of continuity. These

considerations are dealt with in the following theorem.

Theorem 2.2.4 (cf. [52], p.243). For the relation

/abf(as)da(x) =0

to hold for all continuous functions f(x) it is necessary and sufficient that
a(z) = ala) for x = b and for all x in (a,b) except countably many points

where a(x) is discontinuous.

Proof. 1f the integral is zero for all continuous functions f(z) then in particu-
lar it is zero for f(x) = 1. In this case the sums that make up the integral are
telescoping for all partitions and the integral is equal to a(b) — a(a), which

gives a(b) = a(a). Now let f(x) be the continuous function

x if a<z<w
fz) =

v if >

0= /av zrda(z) + v/vb do(z).

Using integration by parts gives

then

va(v) — aala) — /v a(x)dr + va(b) — va(v),

and since a(b) = a(a) this is

(v — a)a(a) — / "o (a)dz.
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If v is a point of continuity of a(x) then take the derivative with respect to
v, which gives

afa) — a(v) = 0.

Suppose that a(a) = a(b) = a(v) for v any point of continuity of a(z) in (a, b).
The set of discontinuities is countable, so the set of points of continuity is
dense. As a result the endpoints of intervals in the partitions can be chosen
to miss discontinuities and so that the maximum length of intervals in the
partitions go to zero. The limit exists and is unique because a(x) has bounded

variation. O

Because of this theorem, if a;(z) and ay(z) are distributions whose dif-

ference is constant at a and b and at points of continuity then by Lemma

2.1.9,
/f Yda, (z /f Yda (z /f z) — as(z)) = 0.

2.3 Measure and decomposition

It was seen that some distributions have continuous derivatives, and in this

case the Stieltjes integral reduces to

| twate) = [ st

Some distributions are jump functions and the Stieltjes integral reduces to

> flan)a

These two cases can be generalised and a further case occurs that was not
even treated previously, the case of a singular distribution.

Every distribution function (in fact every function of bounded variation)
generates a measure via, for instance, the Daniell scheme (cf.[46]). An advan-

tage to using measure is that if L2 denotes the collection of functions f(x)
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such that

/fLﬂmvmm@<:m,

[e.9]

where integration is carried out with respect to the measure generated by

a(x), then L2 (x) is a Banach space with respect to the norm (cf. [1], p.34)

i@l ={ [~ it

The question of when polynomials are dense in this Banach space has been
comprehensively dealt with in [8]. Questions relating to Riemann-Stieltjes
integrability and Lebesgue-Stieltjes integrability are dealt with in [29].

The discussion will still focus on the distribution functions that generate
the associated Lebesgue-Stieltjes measures.

Characterisation of the different cases of distributions is closely related to

concepts from Lebesgue measure and integration.

Definition 2.3.1 (cf. [44], p.5). A subset of the real line is said to have
Lebesgue measure zero if it can be covered by countably many intervals, of

any kind, of arbitrarily small total length.
The following lemma will be used to prove Theorem 2.3.4.

Lemma 2.3.2 (cf. [44], p.6). Let g(x) be a function defined in the interval
la,b] such that g(z+), g(x—) and g(x) exist and are finite for the interval
(a,b). For a, g(a+) must exist and be finite and for b, g(b—) must ezist and
be finite. Let G(x) = max{g(z—), g(x),g(x+)} for x € (a,b), G(a) = g(a+),
G(b) = g(b—). Let E be the set of points x € (a,b) such that there is a ( > x
and g(¢) > G(x). Then E is either empty or it is a finite or countable union

of open disjoint intervals (ax,by), satisfying g(ax+) < G(bg)-

Proof. Let xy and ¢ be points satisfying 2o < ¢, G(xo) < g(¢). Because
G(z) > g(z+) there is an interval [zg,z¢ + €) such that G(z) < ¢(() for

x € [xg,x0 + €). Similarly there is an interval (xy — €, x| where this holds.
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Taking the union of the largest possible of these intervals for each such zq gives
the decomposition of E into disjoint open intervals. Let (a, bx) be an interval
in the decomposition and let = € (ay,by). Let z1 be the largest number in
(x,by] such that G(x) < G(xy). If 21 < bg, then the (; corresponding to
x1 would be greater than by. Because by is not in E, G(by) > ¢(¢1), but
G(z1) > G(b) and G(z1) < g((1), so G(x1) < G(x1), a contradiction. It

follows that x1 = by. Letting x — a; gives the result. O

Definition 2.3.3 (cf. [44], p.7). Let h > 0. The lower and upper right

derived numbers . and A, are given by

o fe+h)—fl=) . fle+h)— [f(x)
A, = llI}rLljélp Y . Ar —hl}rln_}glf Y .

The lower and upper left derived numbers Ay and N\; are defined analogously,

with f(x + h) replaced by f(x — h).

A function f(x) has a finite derivative at a point z if all of its derived
numbers are finite and equal. If a set has Lebesgue measure zero it will be
called a null set. A property that holds everywhere except on a null set will

be said to hold almost everywhere.

Theorem 2.3.4 (cf. [44], p.11). Every function h(z), of bounded variation,

has a finite derivative h'(x) almost everywhere.

Proof. The result is first proved for a bounded non-decreasing function f(x).

It is sufficient to prove that

A, < oo and (2.3.1)

A <\, (2.3.2)

almost everywhere. Applying (2.3.2) to the function —f(—z) gives A; < A,
so that

ATS)‘ZSAZS/\TSAT<OO~
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Denote by FE., the set where A, = oo and f(x) is continuous. This set is
contained in the set E¢ of points where A, > C' and f(z) is continuous. Let

x € Ec. Then there is a point ¢ such that
f(Q) = f(x)

(—x
Setting g(z) = f(x) — Cx and G(x) = max{g(z—), g(x), g(x+)} gives

> (C.

G(z) < g(C), by continuity at . By Lemma 2.3.2 E¢ is covered by countably

many disjoint intervals (ag, by) and g(ax+) < G(by,) or

flar+) — Cay, < f(be+) — Cby, or flax+) — Cayp < f(b—) — Cby, if by =,
which gives

Clbx — ax) < f(bet) — flart), or C(by — a) < f(b—) — flar+), if by =b.

Summing the above yields
CZ(bk —ay) < f(b) = f(a),
k

because f(z) is non-decreasing. Because C' can be made arbitrarily large, the
total length of the covering intervals can be made to go zero. As a result, E,
has Lebesgue measure zero. Now, let 0 < ¢ < C' be two given numbers. Let
E. be the collection of points where \; < ¢ and f(x) is continuous. If z is a
point of continuity of f(x) where A\; < ¢ then —z is a point of continuity of

f(=z) where A, > ¢, so for every point of E, there is an h such that

f(zz+h) = f(=2)
h

> C.

If x — h = ( the condition reads
f(=0) — f(=x)
=G
Let gu(x) = f(—) +cx and Ge(z) = max{g.(a—), g.(x), go(a+)}. By Lemma

> c. (2.3.3)

2.3.2, there are countably many disjoint intervals (—bg, —ay) where (2.3.3)

can hold and g(—by+) < G.(—ay) so

f(=bp+) + cby < f(—ax—) + cag,
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which gives
c(—ar +by) < f(—ar—) — f(=bxt).

Reflecting these intervals around the origin gives

flor—) — flar+) < c(by — ay,).

The total length of the intervals (ay, bx) will be denoted by ¥;. Let

go(z) = f(x) — Cz and Ge(z) = max{gc(r—), gc(x), gc(z+)}. For each
interval (ay,by) generate the set of points in (ax,br) where G (z) satisfies
the conditions of Lemma 2.3.2. This set is covered by a collection of disjoint
intervals (ay, byy) for each k. X9 will denote the total length of the intervals

(ags, bry). The following identity then holds
022 S CEl.

To verify this it suffices to recognise that if by, = by for some k then
Go(bk) = go(bg—). Alternately applying Lemma 2.3.2 to the remaining
intervals for the functions g.(x) and go(x) generates a sequence of families of

n = n—1 - 9 n > Q.

The set E.c where f(x) is continuous and A, > C' and \; < ¢ at the same
time is contained in all of the intervals generated above so it has Lebesgue
measure zero. The union of the countable family of sets E.o, for ¢ and C
rational numbers, contains all points where f(z) is continuous and A, > ;.
This is a countable union of sets of measure zero, so it also has measure zero.
The points of discontinuity of f(z) have not been considered, but according
to Lemma 2.2.2 there are only countably many such points so the collection
of them has Lebesgue measure zero. It follows that a bounded non-decreasing
function f(z) has a derivative almost everywhere. By Theorem 2.1.5, every

function of bounded variation is the difference of two bounded non-decreasing
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functions. Using the linearity of the derivative on this decomposition gives

the result. H

Absolutely continuous distributions constitute a very important type of

distribution function.

Definition 2.3.5 (cf. [44], p.51). Let {(ax, Br) iy be a countable collection
of disjoint real intervals where n is finite or infinite. A function f(z) of
bounded variation is said to be absolutely continuous if for any e > 0, there

is a 0 >0, such that

n

Z(Oék —Br) <9

k=0
implies that

n

S flew) — F(B)] <.

k=0

Choosing the trivial covering of a single interval and letting its length go
to zero shows that absolutely continuous functions are necessarily continuous
(cf.[31], p.155).

In this context absolutely continuous functions are a powerful generalisa-

tion of the weight functions that occur in the case of classical polynomials.

Theorem 2.3.6 (cf. [44], p.53). A function f(x), of bounded variation, is
absolutely continuous if and only if it is the indefinite Lebesque integral of its

almost everywhere derivative f'(x).

The proof of this result can be found in [44] on page 50. Because of this

result, if a distribution «(z) is absolutely continuous, then
/ f(z)da(x / f(z
Results on absolutely continuous functions can be found in [51].

Definition 2.3.7 (cf. [44], pp.13, 14). Let {u,}>2, and {v,}2, be absolutely

convergent series and {x,}>, be a countable sequence of points in the interval
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(a,b). The function

flz) = Zun—ir Zvn,

rn<z Ty <T

defined on (a,b) is called a saltus function. It is continuous everywhere except
the points {x,}>2, and has jumps from the left and right at x, equal to u,

and v, respectively.

Jump from the left at x refers to |f(z) — f(z—)|, and jump from the right
at x refers to | f(z+) — f(z)].

From the above definition a saltus function can be badly behaved. For
instance the set {z,,}>°, can be chosen as the rational numbers in (a,b), so
that f(x) has discontinuities which are dense in (a, b).

Let the real numbers in [0, 1] be given by their ternary expansions (ex-

pansions in base three); i.e. if x € [0,1], then
z = 0.a1a00a3 . ..,

where 0 < @; < 2 is a natural number for each 7. The Cantor set is the
set of real numbers with ternary expansions which contain no 1’s (cf. [31],
pp.27-29). A number whose ternary expansion ends with 2000. .. can also be
represented by an expansion which ends 1222.... In this instance the repre-
sentation which ends 2000. .. is chosen. A number whose ternary expansion
ends 0222... can also be represented by an expansion which ends 1000. . ..
In this instance the representation which ends 0222 ... is chosen. The Cantor
set can be obtained constructively.

Divide [0, 1] into three and remove the open middle third. Then remove
the open middle thirds of the remaining outer intervals and at each step re-
move the open middle thirds of the remaining intervals. This algorithm works
because the middle third interval has 0.1 beginning the ternary expansion of
any number contained in it, and the closed outer intervals have 0.0 and 0.2
respectively. At the n'* step, numbers in the remaining intervals have ternary

expansions with no 1’s in the first n places, so that in the limit n — oo the
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Cantgr set is obtained. The total length of the remaining set at each step is
(g) — 0 as n — oo. It follows that the Cantor set has Lebesgue measure
Z€ero.
The Cantor function w(z) maps x = 0.ajas . .. in the Cantor set to

w(z) = 0.byby ..., where b; = % for each ¢ and f(z) is interpreted as the
binary expansion of a real number in [0, 1] (cf. [31], pp.29,30). For x not in
the Cantor set, it follows from the construction that x is in one of the open
intervals removed at some step in the algorithm. The end points of such an
interval are in the Cantor set and the image of the smaller endpoint under
the Cantor function is the same as that of the larger endpoint (cf. [31], p.29).
For x in such an interval let w(z) = w(z’) where 2’ is the smaller endpoint
of the interval. Defined like this the Cantor function is continuous and non-
decreasing (cf. [31], pp.29,30) but not absolutely continuous. On the one
hand it maps a null set (the Cantor set) onto a set with positive measure
(the interval [0,1]) and on the other hand it is constant almost everywhere

(so W'(x) = 0 almost everywhere) and can’t be represented as the indefinite

integral of its almost everywhere derivative.

Definition 2.3.8 (cf. [44], p.53). A continuous function f(z) of bounded
variation satisfying f'(z) = 0 almost everywhere, is called a singularly con-

tinuous function.

Examples of singularly continuous functions are given in [25]. Singularly
continuous functions are often associated with fractal sets. Orthogonal poly-
nomials associated with Julia sets have been used to solve problems related
to singularly continuous distributions (cf. [9]).

The three cases above exhaust the characterisation of distributions and

give rise to a canonical decomposition of distribution functions.

Theorem 2.3.9 (cf. [44], pp.15, 53). Every function f(x) of bounded varia-
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tion can be decomposed into a sum

fx) = j(x) + alz) + s(x),

where j(z) is a pure jump saltus function, a(x) is absolutely continuous and

s(x) is singularly continuous.

j(z) is constructed to have the same jumps and discontinuities as f(z). Using

Theorem 2.3.6,
ofz) = / f(@)dz — f(a),

where f’(x) is the almost everywhere derivative of f(x). The function s(z)
is then continuous and singularly continuous because f’(x) = a'(x) almost

everywhere and j'(z) = 0 almost everywhere (cf. [44], pp.11, 15, 52, 53).

2.4 Stieltjes’ and Hausdorff’s problems

The example of the Charlier polynomials where the function «(z) which gen-
erated the Riemann-Stieltjes integral was a step function, shows the impor-
tance of where the function a(x) is increasing in calculating the value of the
integral. In particular intervals where a(x) is constant can be disregarded in

the calculation.

Definition 2.4.1 (cf. [3], p.46). z is a point of increase (or point of growth)

of a distribution function o(x), if
Ve >0, a(x+¢€) —alx —e) > 0.
Let a(z) be a bounded non-decreasing function satisfying

/ "da(r) < oo,

n =20,1,2,... where the integral is a Riemann-Stieltjes integral. Furthermore

suppose that a(z) is constant for all values of x less than zero (i.e. all points
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of increase of a(z) occur in [0,00)). Then the integral can be rewritten

/OOO z"da(x).

Integrating each ™ generates a sequence of real constants {y, }5° . A natural
question that arises is when an arbitrary sequence of real constants can be

represented by a Stieltjes integral like this.

Definition 2.4.2 (cf. [52], p.327). Given an arbitrary sequence of real con-
stants { i }5° o, the problem of finding a bounded non-decreasing function a(x)
satisfying
/ zda(x) = pp,
0
is called the Stieltjes moment problem, and the constants {u,}5°, are called

moments.

Stieltjes solved this problem and invented the Stieltjes integral in the same
famous paper (cf. [48]). Stieltjes’ problem was a generalisation of a problem
formulated by Chebyshev while studying what he called ‘the limiting values
of integrals’ (cf. [11]).

Definition 2.4.3 (cf. [45], p.8). Let {1, }5° be a sequence of real constants.

The problem of finding a bounded non-decreasing function a(x) satisfying

1
/ xdo(z) = fin,
0
is called the Hausdorff moment problem.

The Hausdorff moment problem is a specific instance of the Stieltjes mo-
ment problem; any solution to a Hausdorff moment problem is also the so-
lution to a Stieljes moment problem. The solution of the Hausdorff moment

problem is related to the theory of totally monotone sequences (cf. [53], [28]).
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2.5 Hamburger’s moment problem

Definition 2.5.1 (cf. [15], p.71). Given an arbitrary sequence of real numbers
{pn}22 0, the problem of finding a distribution function a(x) satisfying,
/ 2"da(x) = fin,

15 called the Hamburger moment problem.

This generalisation of the Stieltjes moment problem was undertaken by
Hamburger in [26]. An immmediate question is whether the solution to a

moment problem is unique.

Definition 2.5.2 (cf. [45], p.9). A moment problem is called determined (or

determinate) if any two solutions are equivalent.

Definition 2.5.3 (cf. [45], p.52). A moment problem is called indeterminate

if there exist solutions which are not equivalent.

Any solution to the Stieltjes moment problem is also a solution to the
Hamburger moment problem.

Because the interval (—1,1) can be linearly transformed into any other
finite interval, the conditions for solving this problem are very similar to the
conditions for solving the moment problem for another finite interval (cf. [4]).
This problem is more general than Hausdorff’s moment problem because a

solution need not also be a solution to Stieltjes” moment problem.

Definition 2.5.4 (cf. [1], p.2). In analogy with the work in Chapter 1 a

functional p is defined on the space of polynomials of a real variable by

k=0 k=0

where py, is the k™ element of a given sequence of moments.

By definition the functional y is linear.
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Definition 2.5.5 (cf. [45], p. xiii). A linear functional p on a space of

functions M is non-negative if whenever f(x) >0 and f(x) € M,

p(f(x)) = 0.

If a(x) is a distribution function it is obvious that

b
/ f(z)da(xz) >0
for any continuous f(x) satisfying, f(z) >0, z € (a,b).

Lemma 2.5.6 (cf. [52], p.244). Let P,(z) be an arbitrary polynomial which
is greater than or equal to zero over (a,b) and not identically zero. Then o(x)
s a distribution function with infinitely many points of increase in an interval
(a,b) if and only if .

/ P,(z)da(z) >0

Proof. The proof is similar to the proof of Lemma 1.1.1. No polynomial has
infinitely many zeros, so there is an interval containing a point of increase of
a(x), such that P,(x) > € > 0 on this interval. «a(z) has positive variation
over the interval equal to €. The contribution of this interval to the integral
is at least e;eo > 0. For the converse if a(x) has finitely many points of
increase then the polynomial p,(x) with double roots at each of these points

and no other roots gives

b
/ pn(z)da(z) = 0. O

Definition 2.5.7 (cf. [1], p.2). A linear functional p on the space of poly-
nomials is called positive if, whenever an arbitrary polynomial P,(x) satisfies

P,(x) > 0 and P,(x) is not identically zero then u(P,(x)) > 0.

So a necessary condition for the Hamburger moment problem to have a
solution is that u be a non-negative functional on the space of polynomials. In
order that the solution have infinitely many points of increase it is necessary

that p be a positive functional on the space.
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To solve the Hamburger moment problem it is necessary to establish which

polynomials are non-zero on the entire axis (—oo, 00).

Lemma 2.5.8 (cf. [41], p.77). Any polynomial P, (x) which is non-negative

on the entire real axis can be represented by,
Po(x) = ¢*(z) + ()
where q(z) and r(x) are polynomials with real coefficients.

Proof. Any polynomial with real coefficients can be factorised into the prod-
uct of linear factors and irreducible quadratic factors. For a polynomial to be
non-negative on the entire real line the linear factors must have even multi-

plicity, and the irreducible quadratic factors must be of the form
(x = 20)* + 45, 0, Yo € R. (2.5.1)

This follows by completing the square and recognising that the polynomial
must be non-negative for x = zy. Because y, is allowed to be 0 (2.5.1)

accounts for pairs of linear factors as well. The identity

(0} + )05 +15) = (mp2 + hlo)* + (prla — p2ly)? (2.5.2)

can be verified by multiplying out both sides. Using (2.5.1) pairs of double
linear factors and/or irreducible quadratic factors have the form of the left
hand side of (2.5.2). The right hand side of (2.5.2) has the form of one of
the factors on the left hand side. Repeatedly applying (2.5.2) reduces the
original polynomial to an expression which has the form of the right hand
side of (2.5.2), where p;, pe, [; and Iy may be polynomials of any degree.
This yields the result. L

Multiplying out the square on one of the polynomials above gives
n n
q2($) = Z Z {L'H_jaiaja
i=0 j=0
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where a; and a; are real numbers arising from the representation
n

q(z) = Z aiz®. Applying u to this sum gives
k=0

n n
(1) =D pyjaia;.
i=0 j=0
Because a; and a; can take on arbitrary real values, the necessary condition
stated earlier, but now specific to the Hamburger moment problem is
n n
Z Z Hitjaia; > 0,
i=0 j=0
for a;, a; arbitrary real numbers.
The non-negativity of these quadratic forms is equivalent to the non-
negativity of determinants generated by the moment sequence. This idea

arises in the theory of real symmetric matrices (cf. [6], pp.479-485).

Theorem 2.5.9 (cf. [45], p.5). For the Hamburger moment problem corre-

sponding to the sequence {,}2, to have a solution, it is necessary that the

determinants
Ho Hi oo Hn
H1 K2 oo Hntl
D, — )
n—1  Hn cee Mop—1
Hn  Hpy1 oo Hop

be non-negative. For the solution to have infinitely many points of increase it

15 necessary that these determinants be positive.

As a convention D_; = 1 unless otherwise stipulated. Let u be a positive
functional defined on polynomials as above. Define (-, ) for real polynomials

of a real variable by

where P,(z) and P,,(z) are arbitrary such polynomials. This definition is

almost the same as that given in Chapter 1 but without appeal to an integral.
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It is easy to establish that (-,-) is linear in both of its arguments, satisfies
(Po(2), Pp(x)) = (Pn(x), Py(z)) and because of positivity, u(P,(z)) > 0 for
any polynomial P,(z) > 0 and not identically zero. As a result, a positive
moment functional p generates a canonical inner product on the space of
polynomials, and the Gram-Schmidt algorithm can be applied to generate a
set of polynomials orthogonal with respect to pu.

Using the moments associated with a set of orthogonal polynomials, it is
a simple matter to investigate uniqueness. This furnishes a proof of Theorem

1.1.8. The coefficients of an orthogonal polynomial satisfy the equations (cf.

4], p.5)
aoglto + arpir + ...+ agpr =0

aoppty + ajpia + ...+ agpipyr =0

aoptk—1 + arp + ...+ agprog—1 = 0.

The system has rank k because Dy_1 > 0 so the solution space is one dimen-

sional.

Lemma 2.5.10 (cf [1], p.4). The n'" orthogonal polynomial associated with

a positive functional is given by the formula

Mo M1 - Hn—a Hn

Hi M2 oo Moo Hngd
Mn—1 HMn .. MH2n—2 H2n—1

1 x ... a7t "

Proof. This can be seen by multiplying the last row by z™, m < n and
applying p. For all m < n the determinant will have linearly dependent rows

and for m = n it will be greater than zero. O]

By Lemma 1.1.12 u(P?(x)) = k,u(P,(z)z") where k, is the leading coef-

ficient of P,(z). pu(P.(z)z™) = D, and expanding along the bottom row in
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the determinant representation above gives k, = D,,_1. These facts give the

determinant representation of the orthonormal polynomials (cf. [1], p.3)

Mo M1 ... HUpn—1 Hn
21 M2 . Hn Hn1
1 . o : .
Mn—1 Hpn ... Hopn—2 Hopn—1
1 oz ... o avt o zn

The proofs of identities such as the three-term recurrence relation, Christoffel-

Darboux formula and properties of zeros given in the first chapter only used
the fact that the positive weight function w(z) generated a positive functional
on polynomials, by means of integration. As a result all of these identities
are established for general orthogonal polynomials orthogonal with respect to
some positive functional.

Counsider the three-term recurrence relation

Poia(z) = (an® + b,) Po(z) — ¢ Ppa(2),

kn+1 Qp hn

and ¢, = )
kn Ap—1 hnfl

If {P,(2)}5%, is an orthonormal set of polynomials, then h,, = 1 and dividing

where for k, the leading coefficient of P,(x), a,, =

the recurrence by a, results in

£Py() =~ Pypr(z) — 2 Py(x) 4 —

n n Ap—1

Pn_l(l').

So the recurrence can be expressed in terms of two sequences {d,,}>°, and

1 b, : .
{en}>, where d, = — and e, = —— for each n. Using the determinant
a

n ap
V Dn—l
vV Dy

> 0 so that d,, > 0

form of the orthonormal polynomials gives k,, =
for each n (cf. [4], p214).

These two sequences can be used to construct an infinite Jacobi matrix

€p do 0 0
do €1 d1 0
0 d1 €9 d2 ’
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which plays an important role in the connection between orthogonal polyno-
mials and distribution functions. This matrix has also been used to connect
the Hamburger moment problem with spectral analysis of Jacobi matrices
(cf. [24]).

Unlike the monic orthogonal polynomials, the orthonormal polynomial of
the n'* degree is not uniquely determined. If P, () is an orthonormal polyno-
mial of degree n then so is —P,(x). By choosing the leading coefficients of the
orthonormal polynomials so that they alternate in sign a set of orthonormal
polynomials can be constructed such that d,, < 0 for each n in the recurrence
relation and Jacobi matrix. However, if it is assumed that k,, > 0 for each n,

then d,, > 0.

2.6 Existence of solutions

Throughout the preceeding discussion an important idea has been the func-
tional generated first by a weight function, then by a distribution function and
finally by a moment sequence. The result that a distribution function gener-
ates a non-negative functional on its Riemann-Stieltjes integrable functions
demonstrated the necessity that the functional associated with a moment se-
quence also be non-negative, because the integral is always an extension of a
moment functional.

If a specific interval is under consideration a slight modification to the
earlier definition of non-negativity is necessary. The linear functional p will
be called non-negative if for f(z) > 0 Va € (a,b), pu(f(xz)) > 0. If pis a
non-negative functional and f(z) > g(z) on (a,b) then f(z) — g(x) > 0 on
(a,b) and u(f(z)) — p(g(z)) = 0, so u(f(x)) = pu(g(x)).

Theorem 2.6.1 (cf. [4], p.127). Let P be the space of real polynomials of a
real variable, (a,b) be a given interval of real numbers (the case of a and b

infinite included) and {xy}72, be the rational numbers contained in (a,b). A
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non-negative linear functional p defined on P can be extended to the set of

functions

() 1 if a<zx<uxg
Wy, () =
' 0 if xp<x<b

preserving its non-negativity.

Proof. Start with w,,. Let P,(z) denote an arbitrary polynomial satisfy-
ing P,(r) < wg,(z) and P, (z) denote an arbitrary polynomial satisfying
Wy () < Pp(x), in particular if P,(z) is 0 and P, (x) is 1 this holds. As a
result there is at least one number ¢ satisfying

Igil(g)u(Pn(w)) <(¢< Ij"fl(a)u(Pm(w))-
Choose an arbitrary such number ¢ and define p(w,,(z)) = ¢. Then it is

shown below that for any polynomial P,(x) in P and real constant ¢ satisfying,
P.(x) 4 cwg,(z) > 0,

(B () + cwyy () = p(Br(2)) + cp(wa, () 2 0,

where = € (a,b). If ¢ > 0 then —1P,(z) is a polynomial less than or equal to
Wy, (x) on (a,b) and by the above

_%M(Pr(x)) < Wy (@),

which gives the required result. If ¢ < 0 then —%Pr(:c) is a polynomial greater
than or equal to w,,(x) on (a,b) and by the above

_%#(Pr(x)) > p(wyy (),

which similarly gives the required result. This process is repeated for w,, ()
except that now the supremum and infimum can be take over linear combi-
nations of polynomials and w,,(x). In this way the process is continued for
wy, (x), k = 2,3,... and because the set of functions {w,, (z)}2, is count-
able and well-ordered each function in the set is included at some step in the

algorithm. 0
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Having extended the functional to this set of functions it is now possible to
construct a solution to the moment problem. The specific problem considered

will be the Hamburger problem.

Theorem 2.6.2 (cf. [1], p.71, [4], p.126). For the Hamburger moment prob-
lem to have a solution it is necessary and sufficient that the moment functional

generated by it be non-negative.

Proof. Necessity has been deomonstrated on page 54. For sufficiency as-
sume that p is a non-negative functional generated by a Hamburger moment
problem and also assume that ;1 has been extended to the set of functions

{w,, (z)}72, discussed above. Define a(x) for x € {x;}32, = Q by,
aln) = (i, (2)).
If 2, > x;, then by defintion w,, () > w,,(x), so
a(zg) > a(z;). (2.6.1)
The rational numbers are dense in R so a(x) can be extended to R by

a(x) = sup azg), (2.6.2)

rEp<x
where xj is a rational number. The function a(x) is non-decreasing and
bounded. The non-decreasing property follows from (2.6.1) and (2.6.2). The

boundedness is ensured because sup «a(z) = p(1) = o and

inf a(z) = pu(0) = 0. Choose points
—B:T0<7'1<...<7'N:B,

where 7, € Q and B > 1 for every j, such that in each interval [7;, T;11],

max 2 — min 2" < e. Construct the functions

mG[Ti,Ti_t,_ﬂ IBG[Ti,TH_l]

Fi() = 3 7wy (0) — s, ()
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If 2| > B then the wy,(x) are equal to the same number (1 or 0) for each
jso Fi(z) = 0. If 2 € (73,741] then w,(z) = 0 for j < i and for j > 4,
wy,,, (¢) = wr, (x) = 1 so that the only non-zero term in the sum is 7/'w-, , ()
i.e. in this case F%(zx) = 7F. Because of the condition in choosing the 7;,
i =0,1,...,N,if =B < 2 < B and k is odd then 0 < 2% — Fi(x) < €
whereas if k is even and —B < z < 0 then —e < 2% — Fi(z) < 0 and if

0<z<Bthen0<zk—F(xr)<e Sofor —-B<z<B
2% — FE(2)] < e

Let n = 2k. For |x| > B, 2F — Fk(z) = 2% and because B > 1 for k

even 0 < 2% < % and for k odd |z*| < % This combined with the other

inequality gives in the entire interval (—oo, 00),

n

|x’C —Ff,(x)| <e+ :1:

§7
or
" x"
—E—e<xk—F]’§(x) <et o
Apply u to both sides to get
p -« p
—En — Jo€ < Hg — Z Ti{a(1) = a(my)} < poe + En
j=0

Letting § — 0 where § = max{7;11 —7;} causes € to go to zero and generates a
(2

k

Stieltjes integral, which exists because " is continuous and «(z) has bounded

variation. The inequality now reads

B
—% < g — /_B:Ekda(x) < ,u_g

Letting B tend to infinity gives the result. [

Theorem 2.6.3. A Hamburger moment problem {j1,,}°°, has a solution with
infinitely many points of increase if and only if the associated functional p is

positive.
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Proof. By the above theorem a Hamburger moment problem has a solution
if and only if the associated functional is non-negative. By Lemma 2.5.6 and
Definition 2.5.7 the solution has infinitely many points of increase if and only

if the associated functional is positive. O]

The strength of this approach is that the same proof with appropriate, but
not substantial, modifications can be used to show that for an arbitrary in-
terval (a, b) on the real line, a necessary and sufficient condition for a solution
to exist is that the functional ;1 generated by the problem be non-negative on

polynomials relative to the interval (cf. [45]).

Lemma 2.6.4 (cf. [41], p.78). Any polynomial which is non-negative in

[0,00) can be represented as
¢*(z) + (@) + a{s*(2) + ()},
where q(z), r(z), s(x) and t(x) are polynomials with real coefficients.

Proof. All roots of odd multiplicity of a polynomial P(z) which is non-

negative for x € [0, 00) are non-positive. P(x) can be factorised with factors
(x — 20)* + 92, To, Yo real, and x + 1, z; > 0.
Either of these factors can be represented by the expression
P+ @+ 2 (i + s7).
The right hand side of the identity

[0} + a7 +2(r] + 83)][p5 + @ + (13 + 53)]
= [(p] + @) 3 + &) + 2°(r; + 57)(r5 + 53)]
+ z[(pf 4+ ai) (15 + 55) + (17 + 57) (5 + 43)]

has two terms which are non-negative on the whole real line. Applying Lemma

2.5.8 then gives the result. [l
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Theorem 2.6.5 (cf. [45], p.5). A necessary and sufficient condition for the

Stieltjes moment problem to have a solution is that

Z Z ,uz-+jaiaj Z 0 (263)

i=0 j=0

and
n

Z Z Hitj4+1A:G5 Z 0, (264)

i=0 j=0
for a;, a; arbitrary real numbers.

Proof. From the above a necessary and sufficient condition for a solution to

exist is that the functional p generated by the problem be non-negative on

[0,00). u(g*(x)) gives (2.6.3) and p(zs*(z)) = p <ZZ$$i+jaiaJ~) which

i=0 j=0

gives (2.6.4). O
Using the criteria for existence of a solution to the Hamburger moment

problem the fundamental theorem connecting orthogonal polynomials and the

moment problem can be established. This result establishes that any Jacobi

matrix ~ _
€p d() 0 0
do €1 dl 0
0 d1 ()] d2 ’

with e, € R and d,, > 0 for all n corresponds to a distribution function a(x).

The polynomials { P, ()}, which satisfy a three-term recurrence relation
2P, (x) =d,Poi1(z) + e, Pr(z) + dpe1 P (),

with parameters {e, } ", and {d,}.>, are orthonormal with respect to a(x).

This result is known as Favard’s theorem.

Theorem 2.6.6 (Favard’s Theorem cf. [4], p.216). Let sequences {d,}>2,
and {e, }2, be given such that e, € R and d, > 0. Then there is a distribu-

tion function a(x) such that the polynomials P,(x) generated by the recurrence
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relation

zP,(x) = d,Pyi1(x) + e, Py (z) + dyy1 Pyv (),

P_i(z) =0, Py(x) = —, where uy > 0 is arbitrary, are orthonormal with
Ho

respect to a(x).

Proof. Because {P,(z)}>°, is a simple set, two arbitrary real polynomials
G(z), H(x) each of degree n, can be expanded as a linear combination of

polynomials Py (z), 0 < k < n such that

Define (-, -) by,

It follows that

4. (G(x),G(x)) > 0, if G(z) is not identically 0.

It is natural to define a functional p on polynomials R(x) by decomposing

R(z) into factors S(z) and T'(x) so that

but for this definition to hold it is must be shown that y takes the same value
irrespective of the decomposition of R(z) into factors. To this end note first

that the three-term recurrence relation gives

$P,([E> = dZP,_H(ZL‘) + elPZ(ZL‘) + d¢_1pi_1(.’B)
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and the trivial sum P;(z) = Z it Pr(x) holds for P;(x), wherei =0,1,2...,n
k=0

and n=0,1,2.... These facts give
(xPi(x), Pe(x)) = (Pi(x), 2Py(x)). (2.6.5)

If G(z) and H(x) are arbitrary polynomials where xG(z) = xZCkPk(x),
k=0
zH(z) = xanPk(x) then (2.6.5) and linearity of (-, ) give
k=0

(zG(x), H(x)) = (G(z),zH(x)). (2.6.6)

Finally if F'(x) is some polynomial of degree not greater than n then

F(z) = Z arz"™ and (2.6.6) leads to the conclusion
k=0

which establishes that p is well-defined. A moment sequence can be defined
by
piv; = p(@™), i=0,1,2,...,7=0,1,2,....

By definition p(P,(x)P,(x)) = (Py(z), Pn(x)) = dum. For this sequence to

generate a distribution function it is sufficient that the quadratic forms,
ZZuiﬂ-aiaj, (2.6.7)
i=0 j=0

where a;, a; are real numbers be non-negative. Equation (2.6.7) is

w(@*(z)) = {q(z),q(x)) > 0 for some polynomial with real coefficients g(z).

The condition is satisfied and a distribution function a(z) can be constructed

so that
/ P, () Py (z)da(z) = dpm,
because the integral is an extension of the functional . O

Conditions have been found which relate the determinacy of a Hamburger
moment problem to the coefficients in the three-term recurrence relation of a

set of orthogonal polynomials (cf. [13]).
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If oy () is a distribution generated by the Jacobi matrix with the choice
po = 1 then as(z) = cay(z) is a distribution generated by the Jacobi matrix
with the choice pg = c¢. Without loss of generality the choice pp = 1 will be
used throughout the rest of the discussion (cf. [1], p.3).

Under this choice of pg, ko the coefficient of the 0! orthonormal polyno-

mial is

k
=1. So d, = — gives

Ho kni1
’ﬁl_”‘lml ki,
di ki ko "
=0 =0

As a result if p, () is the n'™ monic orthogonal polynomial and P,(x) is the

n'" orthonormal polynomial then

Po(x) = knpa(x) = {1:[ dli}pn(:c). (2.6.8)

2.7 The true interval of orthogonality

Theorem 2.7.1 (cf. [15], p.59). If a(x) is a distribution function with in-
finitely many points of increase and { P, ()}, is the set of orthogonal poly-
nomials generated by a(x) on the interval (a,b), then between any two zeros

of P,(x) there is a point of increase of a(x).

Proof. Suppose that there are two zeros z; and x5 of P,(z) such that a(x)

has no point of increase between them. Then the polynomial

1

(x —z1)(x — 29)

Q(z) = P(x)

is non-negative outside the interval (z1,xs), and because a(z) has no points

of increase in (1, x2) this interval contributes nothing to the integral so that

b
/ Q(x)da(zx) > 0.

This contradicts the orthogonality condition because Q(x) is the product of

an orthogonal polynomial and a polynomial of lower degree. O
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This establishes that wherever there are zeros of orthogonal polynomials
there are also points of increase of the associated distribution. It can be
shown (cf. [45], pp.106-113) that a solution of the associated moment problem
exists with all of its points of increase contained in the smallest closed interval
containing the roots of all of the orthogonal polynomials {P,(z)}°,. This
interval is also the smallest interval for which there exists a solution with all

points of increase contained in it.

2.8 The trigonometric moment problem

Instead of the functions {z"}>° , the trigonometric moment problem examines
the functions {e™*}>° . together with a sequence of constants {1, 52 ___,

Vp = V_,. In analogy with the moment problems considered so far, a linear

functional v is defined on linear combinations of these functions (cf. [4], p.1)

v <Z akeik””> = Z V.
k=—n k=—n
Definition 2.8.1 (cf. [23], p.742). Given a sequence of constants {v,}o> _ .,
Uy = U_y the problem of finding a bounded non-decreasing function o(6) such
that
1 2 )
— e™do(x) = vy,
2m J,

15 called the trigonometric moment problem.

Using a generalisation of the approach for the Hamburger moment prob-
lem it can be established that the trigonometric moment problem is solvable
if and only if the functional v is non-negative relative to the interval [0, 27]
(cf. [4], p-180). In the event that a solution ¢ (), with infinitely many points
of increase, exists an inner product can be constructed on the set of complex

polynomials of a complex variable by setting

(Pu(2), Pu(2) = / " P Bo(@®)do (9).
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To verify this it suffices to establish the properties (cf. [2], p.2)

(b.) (aFi(2) + a2 P (2), Pu(2)) = cn(Pi(2), Pa(2)) + a2(Bn(2), Pa(2)),
(c.) (Pu(2), P.(2)) > 0 for P,(z) not identically zero.

The first property can be established directly from the definition by con-
sidering the real and imaginary parts of the integrand. The second property
follows from the linearity of the integral. The third property is a consequence
of the fact that P,(z)P,(z) = |P.(2)]*> > 0 and ¢(2) is non-decreasing and
has infinitely many points of increase.

Using the Gram-Schmidt process a set of orthogonal polynomials given
by {P,.(2)}32, can be constructed. Because the integration is carried out on
the unit circle of the complex plane these polynomials are often called unit
circle orthogonal polynomials (or polynomials orthogonal relative to a circle
(cf. [1], p.182)).

If the moments of a solvable trigonometric moment problem are real then
the resulting distribution can be transformed into a distribution which is the
solution of an ordinary moment problem on the interval (—1,1). Conversely a
distribution function which solves a moment problem on the interval (—1,1)
can transformed into a distribution which solves a trigonometric moment
problem with real moments (cf. [22], p.169, [23], pp.757-760). The connection
between orthogonal polynomials on the real line and on the unit circle has
been used to transfer known facts about distributions on the real line to
distributions on the unit circle (cf.[37]). Analogies between the recurrence
relations for unit circle orthogonal polynomials and polynomials orthogonal
on the real line have been explored (cf. [10], [21]). The trigonometric moment
problem can also be solved using continued fractions. This establishes a
connection between the problem and Schur’s algorithm for bounded analytic

functions in the unit circle (cf. [36]).
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Chapter 3

Continued fractions

The earliest investigations of the moment problem were undertaken with con-
tintued fractions (cf. [48]). They continue to be an important avenue for
research in orthogonal polynomials. The chapter begins with an overview of
essential theorems from the theory of continued fractions. Next, Jacobi con-
tinued fractions are introduced. Jacobi continued fractions have an essential
connection with orthogonal polynomials and the classical moment problem.
This connection is exhibited using asymptotic series. A truncated Jacobi con-
tinued fraction is used to present the limit circle and limit point cases which
arise for indeterminate and determinate moment problems respectively. Fi-
nally the Nevanlinna parametrisation of solutions to an indeterminate mo-

ment problem is presented.

3.1 Basic theory

Definition 3.1.1 (cf. [15], p.77, [19], p.58). Let {a,}5°, and {b,}>°, be

infinite sequences of complexr numbers. A continued fraction is defined as the
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formal expression

ay
bo +

a2
by +

. Qn
Lt
bot
If the sequences are infinite the continued fraction is called an infinite con-

tinued fraction, otherwise it is called a finite continued fraction.

This expression in some instances converges to a complex number. In
order to study convergence of a continued fraction, the fraction is truncated
and the behaviour of the truncated fractions is studied, in analogy with the

partial sums of an infinite series.

Definition 3.1.2 (cf. [15], p.77). Let the sequences above be truncated at the
n'" term, leaving {ax}?_,, {bx}?_o. Then the finite continued fraction
3]
Cn = bO +—
a2
by + ——
Qp,

o,

is called the n'™ convergent of the continued fraction generated by the se-

quences {an}o°, and {b,}5° .

It is difficult to gauge the behaviour of the convergents just by looking
at the continued fraction. It can be shown by back substitution that an
arbitrary finite continued fraction reduces to a ratio of two complex numbers.
A recurrence relation exists to calculate the n'* convergent of an arbitrary
continued fraction by providing an expression for the numerator and for the

denominator.

Theorem 3.1.3 (cf. [19], p.59). Let the n'* convergent C,, of the continued

fraction generated by the sequences {a,}o> | and {b,}>2, be given by the ratio
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Ay
Cn - B_n,

Then A,, and B, satisfy the recurrence relations
An+1 = bn+1An + an+1An71;
Bn+1 = bn+1Bn + anJranfla

where A_1 =1, Ag = by, B_1 =0 and By = 1.

A b
Proof. Cy = by and C; = by + “ Since Cy = it R —0, and
A bl A BO 1
Ay bibo+ar  biAgt+arA .
C,=—= = the hypoth holds for C;. A
TR b0 b By F a1 B, e hypothesis holds for €. Assume
the hypothesis holds for any n'* convergent of an arbitrary continued fraction.

(p41

Chi1 is the same as C), except that b, + is substituted for b, so C] =

n+1
Cp41 is an n'* convergent for some continued fraction and the hypothesis can

used to calculate its value,
(p+1

(bn + )Anfl + anAan

C/ — bn+1

Qp, .
(bn + b :11)an1 + CLanfQ

An_1, Ap_2, B,_1 and B,_5 are not affected by the new choice of b, (because

of the recurrence relation) so,

Qn,
(bnAn—l + anAn—Q) + b_HAn—l
o = et
(ann—l + CLan_g) + b_Bn—l
n+1
An + MAn—l
— bn+1
Bn + MBn—l
bn+1
bn1 .
Multiplying the last fraction by z = gives the result. O]
n+1
Lemma 3.1.4 (cf. [35], p.12). Let
ai
¢=bo+
)
by +
an
+bn +u
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Then

C o An + UAn—l
B Bn + UBn—l .
Proof. In Theorem 3.1.3 simply replace ZnH with u to obtain this result. [
n+1

Lemma 3.1.5 (cf. [35], pp.12,14). If A,, B,, a, and b, are as above for
each n then
Aan_l — An—an = (—1)”_1a1a2 e Qpy,

and

An An—l (—1)”_1(11@2 ..y
— — = > 1. 3.1.1
Bn anl Banfl = ( )

Proof. A1By— AoBy = (biby + a1)1 — (b11)by = ay. Assuming the hypothesis
for n and using Theorem 3.1.3,
An+1Bn - Aan+1 = (bn+1An + anJrlAnfl)Bn
- An(anran + an+1Bn71)
- _a'n—l—l(Aan—l - An—an)

= (=1)"a1as . ..ap0n11.
To get the second part of the result divide both sides by B, B,,_1. O]

It is possible to transform the parameters of a continued fraction while

maintaining the same value for the convergents.

Theorem 3.1.6 (cf. [52], p.19). Let A,, and B,, be the approzimants of the

continued fraction

bo +
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Then the continued fraction

C101
bo + )
C1C202

C1 bl +
CaC3a3

Co2by + ————
o csbs + -

has approrimants A; = cypciCy ... A, and BI’D = coC1Cy - .. cp By, where ¢y = 1.

This means that the approximants of the transformed continued fraction are

the same as the original continued fraction.

Proof. A1 =1, Ay =by, B_1 =0, By =1 are unaffected by the transforma-
tion so A = cpAp and B = ¢oBy. Suppose that the hypothesis holds for k,

then using the formula for computing the approximants A, gives

/ / /
A1 = b Ay + Ceprcrap1 Ay
= bp1Ck41CkCh—1 - - - CoAR + Qg 1Crp1CrCh—1 - - . CoAR_1

= Ch1CkCh—1 - - - CoApt1.
The same reasoning establishes the result for Byi. O

If ax # 0 for each k then the parameters ¢ can be determined so that
cxcx—1a; = 1 and all of the transformed numerators are 1.
Every rational number can be expanded as a finite continued fraction

using the Euclidean division algorithm.

Theorem 3.1.7 (cf. [35], p.1). Let a rational number be given by @,
I
xg > x1 > 0 then there is a finite sequence of parameters {by}p_, which are

positive integers such that

74



Proof. x¢y = byx1 + 19 where x5 < 1 is the remainder after dividing xq by .
Similarly

Ir = bll’g -+ T3

Ty = bQiL’g + x4

T3 = b31174 + Ty

Lp—1 = bn—lxn + Tn+1

Tp = bpTpyiq.

This descending sequence of natural numbers must terminate. For each k

Tp— 1
i -— and the continued fraction expansion follows. O

T

Th41

3.2 Jacobi continued fractions

The parameters of an orthonormal set of polynomials {d, }2°, and {e,}>°,,

d, € R and e, > 0 for each n, generate a Jacobi matrix

€o do 0 0
dy e; di O

o (3.2.1)
0 dl ()] dg

Denote by k, the leading coefficient of the n'* orthonormal polynomial. d,,

n

was defined to be — = . Denote by p,(x) the polynomials satisfying

an n+1
Prsa(®) = (2 — e)pn(a) — B _ypos(2), (3.2.2)
po(x) =1, p_1(z) = 0. Let k—lnpn(a:) = pn(x) then equation (3.2.2) gives
FPala) = (= ea) - Pala) - o 2P )
Multiply by k,, and use d,, = knil to get

dpPrii(x) = (x —e,)Py(z) — dp1 Py (),

1)



Py(x) = ko, P_1(x) = 0. This is the three-term recurrence relation for the

orthonormal polynomials so p,(x) is the n® monic orthogonal polynomial.

Definition 3.2.1 (cf. [52], pp.64,103). A continued fraction

Tr — €y —

T—€ny1 — -

where e, € R and d,, > 0 are sequences associated with a real infinite Jacobi

matriz, is called a Jacobi continued fraction.

The above definition is narrower than the definition found elsewhere (cf.
[54]), but it is sufficient to encompass all cases of this continued fraction
occurring here.

Using Theorem 3.1.3 to compute the approximants A, and B,, gives
An+1 = (27 - en)An - di_lAn—la

Bn+1 - ((L’ - en)Bn - dilen—lv

Ag =0, Ay =1, By =0, By = 1. It is immediate from the preceding
calculations and these formulae that B,, is the n*” monic orthogonal polyno-
mial generated by the Jacobi matrix (3.2.1), and A, is the (n — 1) monic

orthogonal polynomial generated by the Jacobi matrix

€1 d1 0 0
dy ey dy 0

e (3.2.3)
0 dg €3 dg

The Euclidean division algorithm which was used to generate the contin-
ued fraction expansion of a rational number can also be used on polynomials

as the familiar polynomial long division. In a completely analogous way this

76



gives rise to a continued fraction expansion for a rational function. This

analogy is thoroughly developed in [34].

Theorem 3.2.2 (cf. [35], p.248). Let %, be a rational function, i.e. a ratio
0

of two polynomials f1 and fy. Furthermore let the degree of fi be less than
the degree of fo. Then there exist polynomials {bx}y_, such that

h_ !
fO 1
by +

by +

s

Proof. fo = bofi1 + fo where f5 is the remainder after dividing f, by f; and
f2 has degree less than f;. Similarly

Ji=bifo+ f3
fo=0bafs+ fs

fn—l - bn—lfn + fn+1

f n — bnf n+1-
1 1 _
Consequently ﬁ: o= , and in general M =bp_1+ E The
Jo f—‘; 1 k Tk
by + I
f2
required expansion follows. n

The convergents of a Jacobi continued fraction are rational functions and
an equivalent continued fraction representation for the convergents can be
obtained from this algorithm. It is important to determine when an arbitrary

rational function can be written as a Jacobi continued fraction.
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Theorem 3.2.3 (cf. [52], pp.165-167). Let h be a rational function where

Jo
the polynomials f1 and fy are given by

n n—1
f(] = Qgp2 + ap1? + ...+ agy,

n—1 n—2
fi=anz + a122 + ...+ ap,

then the continued fraction expansion of% 1s a Jacobi continued fraction if
0

the determinants

Ay = ago
Ay =an

11 a2 i3
Ay = Qoo Qo1 Qo2

0 an a

11 A1z Az Qa4 Qs
Qoo Aap1 Qo2 Aap3 Qo4
Az = 0 ann a2 a3 aus

0 ap aor ag2 ap3

0 0 an a2 a3

where agy, = a1, = 0 if p > n, are all greater than zero.

Details of the proof can be found in [52] on pages 165-167.

3.3 Asymptotic expansions

Definition 3.3.1 (cf. [39], p.4). Let f(z) and g(z) be functions of a complex
[/ (2)l

variable z. If =——= 1is bounded as z — oo then

19(2)|

or f(2) is O(g(2)).
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Definition 3.3.2 (cf. [5], p.611). Let f(2) be a function of a complez variable

in an unbounded region D of the complex plane and Zakz’k be a formal

k=0
power series. If

f(z)= i arz "+ Ry (2),
k=0

and R,(z) = O(z™") as z — oo in D, then the formal series Zakz_k is
k=0
called an asymptotic expansion for f(z).

Lemma 3.3.3 (cf. [39], p.19). If f(2) has an asymptotic expansion Z foz ™"
k=0

and g(z) has an asymptotic expansion ngz_k then h(z) = f(2)g(z) has an
k=0

[e'S) k
asymptotic expansion Z hiez % where hy, = Z fiGr_i.
k=0 i=0

The proof can be found in [39] on page 19.

If Z a2~ " is an asymptotic expansion for where G(z) is a poly-
k=0

1
G(z)’
nomial of degree n, then the first n coefficients of the expansion must be zero

1
because —— is O(z7").

G(z)

Let ﬁ be a rational function which can be expanded as a Jacobi continued
0

fraction. Let the n'" approximant of the Jacobi continued fraction be denoted
qn(2)

by Q) Referring to (3.1.1) the approximants to the continued fraction
PnlZ
satisfy
wi2) _mle) _ COCBERCBE) B
Pr+1(2)  pa(2) Pr+1(2)pn(2)
_ ddidid; ...l
pn-i—l(z)pn(z)

If a rational function can be expanded as a Jacobi continued fraction then
because it is a finite continued fraction (as can be seen from the expansion

algorithm in Theorem 3.2.2), it is the n'® (and final) convergent of the con-
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z
tinued fraction, ﬁ = n ) As a result

fo pn(Z)
hoa®) e (an) al)
fo pi(2) ;(pk-l—l(z) pk(z)>
d2d2d2d2 di .
_ZZ Pk+1 )

(3.3.2)

This difference is O(27%"!), so the asymptotic expansion of h coincides with

0
; 1
4:(2) up to the coefficient of — (cf. [52], p.167).
z 7

the asymptotic expansion of

pi(2)

. . M ..

Suppose an asymptotic expansion Z 7 1s given, and that the deter-
=0 ~ !
minants

Ho L

H1 K2 o Hngl
D, = : : : (3.3.3)

Hn—1 Hn cee Mon—1

Mn, Hn+1 - Hon

are positive. Construct a rational function (cf. [52], p.168)

_ _ 2n—1
R R A TR e T ik t
»2n+1 o Sk+1 »2n+1"
k=0

(3.3.4)
The numerator and denominator polynomials are
Ji =102 + 2+ 2 TP L oz

fO — 122n+1.

Using the determinant condition it is sufficient for this rational function to

have a Jacobi fraction expansion that

Ag=1>0
Ay =g >0
Mo M1 f2

Ap=|1 0 0 [>0
0 po
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Mo H1 H2 M3 M4
10 0 0 0
As=| 0 po pn pa ps|>0

0O 1 0 0 0

0 0 po m pe

Mo p1 p2 ...t

1 0 0 0

Anir=|0 po p1 ... pigg—y | >0

: 0

0 0 pwo oo fn

Expanding A, down the first column gives

Ay = (1) Sl =D
Mo M1
Similarly
K2 3 a4
As=(=1)| 1 po ps | = D2
Ho H1 M2

In general for k <n+1, Ay = Dy_1 > 0. Ay =tD,,_1 + ¢ where ¢ is a real

constant. For large enough t, A,,; > 0. The rational function ﬁ satisfies
0

the conditions for a Jacobi continued fraction expansion and by (3.3.4) the

297
k1

oo
asymptotic expansion of ﬁ coincides with the aymptotic expansion Z
0 k=0

1
up to the coefficient of —-. Suppose a rational function ﬁ coincides with the
< 0

1 /
asymptotic expansion up to the coeflicient of —; and a rational function —}
< 0

coincides with the asymptotic expansion up to the coefficient of —— where
z

/ /
m > [. Let () d a(2) be the [** convergents of é and ﬁ

an . Then since
pi(2) pi(2) fo fo
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the asymptotic expansion of

p(z)  pi2)
starts at ZZI T the asymptotic expansion of
a(2)pi(2) — q(2)p(2),
must start at . So

a(2)pi(2) — qpi(z) = 0+ Ri(2) (3.3.5)

or qi(2)p;(2) — qi(2)pi(z) = O(z7"). Because qi(2)p(z) — ¢;(2)pi(2) is a poly-
nomial it must be zero to be O(z71)(cf [52],p.169). This shows that there is a
unique formal infinite Jacobi continued fraction associated with an asymptotic
expansion satisfying (3.3.3). Let {u,}°°, be a sequence of moments satisfying
(3.3.3) then this sequence generates a positive moment functional with asso-
ciated orthogonal polynomials. Let p,(z) be the n'* monic orthogonal poly-

nomial associated with the moment functional p generated by the moment
oo n

) 1 . Hr .
sequence. The coefficient of o in the product p,(z) Z ) is Z Mhk—1+iCi

where ¢; is the coefficient of 2" in p,(z). Because yu(z Z [hk—1+iCi,

1
the coefficient of — for k = 0,1,...,n in the above product is 0 (cf. [52],
z

p.196). The product is a polynomial qn(2) added to an asymptotlc expansion

ag
starting with the term with —— gy SO pp(z Z = Z ey
k= k=n

(2
The rational function an(2) coincides with Z

pn<z>

1
—.- Recalling (3.3.2), the n'™ approximant of the Jacobi continued fraction
z n

po up to the term with

generated by this asymptotic expansion also conincides with the expansion up
qn(2)
Pn(2)

is O(z72""1). This gives rise to the identity (3.3.5) with [ replaced with n

1
to the term with ——. The difference between and this n'* approximant
z2n

and ¢)(z) and pj(z) replaced with the numerator and denominator of the
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Qn(z)

pn(2)
approximant generated by the Jacobi continued fraction. It is immediate that

n* approximant. It follows that the function is identical with the n*”

the Jacobi continued fraction generated by the asymptotic expansion is the
same as the Jacobi continued fraction generated by the three-term recurrence
relation for the orthogonal polynomials associated with the moment sequence

(cf. [52], pp.165-167,197).

Theorem 3.3.4 (cf. [52], p.247). If a(x) is a distribution function then the

integral

F(z) = /_ * da(z) (3.3.6)

Y
o 2 X

represents a function which is analytic for z in the upper half plane.

There is a canonical inversion formula for retrieving the distibution func-

tion a(x) from the function F(z).

Theorem 3.3.5 (cf. [52], p.250).

t - j—
llirn S[F (z + iy)]dr = a(s —0) 4+ a(s+0) B a(t —0) +O¢(t+0).
™ y—=0 [ 9 5

where a(s 4+ 0) = hl’r(l) als+x), a(s—0) = liH(l) a(s — x) and similarly for t.
z— z—>

The integrand of (3.3.6) can be expanded using

so in general
1 1 =z T x

z—x 2z 22 2v o 2n(z—x)
This leads to the expansion

4 . 00 nd
/ a(x):@+%+...+“ 1+/ hda(z) (3.3.7)

©Z—T z Z" o 2z —x)

It can be shown (cf. [52], pp.322-324) that (3.3.7) generates an asymptotic

o0
expansion for
e 2T

subsequence of the convergents of the Jacobi continued fraction generated by

in any half-plane (z) > ¢ > 0. Any convergent
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this asymptotic expansion will have the same asymptotic expansion (cf. [52],
p.316). It is known from prior results that the condition that the determinants
D, > 0 is necessary and sufficient for a solution to the moment problem to

exist.

Theorem 3.3.6 (cf. [52], pp.231,324). If a(x) is a solution of a moment

problem with moments {, 152 it can be recovered from a function

F(z)= /oo da(z) (3.3.8)

zZ—XT

—0o0

and the limit of each convergent subsequence of the convergents of the Jacobi
continued fraction generated by the asymptotic expansion of (3.3.8) is one of

the functions F(z).

This leaves open the question of whether there are other functions F(z)

and how to obtain them.

3.4 Limit circle and limit point

Throughout this section it will be assumed that (z) # 0.

Let the Jacobi continued fraction

, (3.4.1)

Z— €y —

be given.
Denote by ¢,(2) and p,(z) the n* numerator and denominator of the
convergents of this continued fraction. Then ¢,(z) and p,(z) are the monic

orthogonal polynomials generated by the Jacobi matrices (3.2.1) and (3.2.3).
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Definition 3.4.1 (cf. [45], p.33). The truncated continued fraction

1

: (3.4.2)

Z— €y —

Z—€py1 — =
-
is called the generalized approximant of the continued fraction (3.4.1).

By Lemma 3.1.4, the truncated continued fraction in (3.4.2) reduces to

1

02 = 241 () — g (2)
i = — )
paz) = —paa(z) DT P)
. . 1
In the equivalence transformation of Theorem 3.1.6 let ¢; = 1, ¢ = T
0

3 .., then the transformed continued fraction of (3.4.1) has

qn(z) as its n'" numerator and pn(z)

dodyds . .. dp—4 dodyds . .. dy 4
tor. Referring to (2.6.8) the denominator is the n'* orthonormal polynomial

as its nt" denomina-

P, (z) generated by the Jacobi matrix associated with the continued fraction.
The transformed n'* numerator will be denoted by @Q,(z). The correspond-
ing truncated continued fraction (3.4.2) under the equivalence transformation

reduces to
Qn(z)T - Qn—l(z)
P,(2)T — P,_1(2)

Substituting P, (z) for p,(z) and @Q,(z) for g,(z) in (3.3.1) gives

Q”(Z) Qn—l(z) 1

P.(z) P,1(2) dp1Py(2)Py1(2)’

or

1

Qu(2)Paa(2) = Quaar(2) Pal2) = 7— (3.4.3)

The three-term recurrence relation for the orthonormal polynomials is

an(Z) = dnpn-i-l(z) + enpn(z) + dn—lpn—l(z)'
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This is a particular case of the recurrence relation
pzp = dizks1 + epze + de—125-1- (3.4.4)

This recurrence relation admits a formula analogous to the Christoffel-Darboux

formula.

Lemma 3.4.2 (cf. [1], p.9). Let zy be a solution of (3.4.4) with the parameter
w and yy be a solution of (3.4.4) with parameter X\, then

n—1

(,u - /\) Z Y2k = dn—l(yn—lzn - ynzn—l) - dm—l(ym—lzm - ymzm—1>a (345)
k=m

holds.

Proof. Multiply (3.4.4) by y, to obtain

p2kYr = drZip1 Yk + exzeYi + dp—12k—1Yk- (3.4.6)
Similarly multiply the relation

AYk = dpYr+1 + €xYr + dp—1Yr—1

by 2 to obtain

AYrzk = AiYps12k + erYpi + dp—1Yk—12k- (3.4.7)
Subtracting (3.4.7) from (3.4.6) gives

(1= Nzryr = di(Yr2rr1 — Ykrr2k) — dr1(Uk-12k — Yr2k-1)- (3.4.8)

The sum is telescoping and the result is obtained. O]

Recall that it is assumed that o = 1. Under this assumption the initial

conditions for the orthonormal polynomials are given by

zZ — €

do

P 1(2)=0,P(2)=1,P(z) =
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The parameters for the difference equation (3.4.4) are real so if P,(z) is a

solution of (3.4.4) then P,(z) = P,(Z) is also a solution. For m = 1 and

substituting Py (z) for zy, Py(z) for yg, z for p and Z for A in (3.4.5) gives

—_

(2 =2) ) |P(2)]* = du-1(Pa(2) Pao1(2) — Pac1(2) Pu())

1

3

B
Il

—do(P1(2)Po(2) — Fo(2) Pi(2)).

The last term on the right is

o (-T2 = (1) - 7 =~ - DIRG

So that

—_

n—

(2 =2) ) 1P(2)* = dus(Pu(2) Paci (2) = Paca(2)Pa(2))- (3.4.9)

iy
o

Theorem 3.4.3 (cf. [1], p.11). For z fized the function

_ Qn(2)T — Qn1(2)
P,(2)T — P,—-1(2)

wp(z,T) ,n=0,1,2,3...

maps the real line onto a circle in the complex plane with centre

and radius

n—1
2 =2 _|Pu(2))?
k=0

Proof. For fixed z, w,(z,7) is a Mobius transformation so the image of the
real axis is a generalised circle in the complex plane. It suffices to compute

the radius and centre.

(Qn(2)Pa1(2) = Qu-1(2) Pu(2)) (Pu(2)T — Poi1(2))
— (Qn(2)Puo1(2) = Qn1(2) Pu(2)) (Pu(2)T — Paoi(2))
=Qn(2)Pu1(2) Pu(2)T — Qu(2) Pu1(2) Pua(2)
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— Qn-1(2)Po(2) Po(2)T + Qu-1(2) Pu(2) Pao1(2)
— Qn(2)Pr_1(2)Po(2)T + Qn(2) Pa_1(2) Pa_1(2)
+ Qn-1(2)Pu(2) Po(2)T — Qn1(2) Po(2) Pa-1(2)

Qn(2)T = Qu-1(2) _ Qn(2)P-1(2) — Qu-1(2) Fu(2)
Pu(2)T = Pui(2)  Po(2)Pu_i(2) — Pa_1(2)Po(2)
~ @n(2)Paa(z) — @naa(2)Ba(z) Pu(2)T — Pooa(2)
Po(2) Py 1(2) = Po_1(2)Po(2) Pu(2)T — Pui(2)

Notice that

|
—_

and the argument of the last term on the right is a function of 7 only, so the

centre is as stipulated and the radius is given by

Qn(2)Pr_1(2) — Qn-1(2) Pa(2) .
Py(2)Py-1(2) — Pu_1(2)Pu(2)

It has been shown in (3.4.3) that Q,(2)Pn.—1(2) — Qn-1(2)Pa(2)= dnl_l' By
(3.4.9)
1 B 1
— )
dn1(Pn(2) Pa-1(2) — Pu1(2) Pa(2)) (2 — 5)2:|Pk(z)|2
k=0
so that the radius is as required. -

The circle w,11(z,7) is contained in the circle w,(z,7) (cf. [1], p.13).

They have a common point because (cf. [1], p.14)

_ @n(2)

Wny1(2,0) = w,(z,00) = Pa()

K, (z) will be used to denote the circumference and interior of the circle

wy (2, 7).
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From the formula for the radius for fixed z, if

> 1B = oo,
k=0

then the circles reduce to a point in the limit, while if

Y IR

then the limit of the circles is a circle. These two cases will be referred to as
the limit point case and the limit circle case. The limit circle corresponding

to z will be denoted by K. (2).

Theorem 3.4.4 (cf. [1], pp.34, 41). The limit circle case corresponds to
an indeterminate moment problem and the limit point case to a determinate

moment problem.

3.5 The Nevanlinna parametrisation

Theorem 3.5.1 (cf. [1], pp.16-19). If the series Z |Py(2)|* converges for

k=0
any z then it converges uniformly on compact subsets of the complex plane.

The same holds for the series Z 1Qr(2)]?

k=0

As a consequence of this theorem if the limit circle case holds for a single
point then it holds for all points z with &(z) # 0. In this section it will be
assumed that the limit circle case holds.

Define four polynomials A, (z), B,(z), C,(z) and D, (2) by

Az dp— 1{Qn 1 O)Qn(z) _Qn(O)Qn 1( )}

(2) = (
B(2) = dn1{Qn-1(0)P.(2) = Qu(0) Po1(2)},
Cn(2) = dn1{Fn-1(0)Qn(2) — Pu(0)Qn-1(2)},
Dn(2) = dn-1{Po1(0) Pu(2) — Pa(0) Poa(2)}-



Lemma 3.5.2. The function w,(0,u) where u is any complex number defines
a Mdobius transformation which maps the half plane I(u) > 0 onto the half
plane S(w,(0,u)) < 0.

Proof. P,(0), P,—1(0), @,(0) and @,_1(0) are real numbers so the M&bius

transformation
Qn(0)u — Q,1(0)
P,(0)u — P,_1(0)

leaves the real line invariant. It is sufficient to show that an arbitrary point

in the half plane &(u) > 0 is mapped to the half plane I(w,(0,u)) < 0.

Qn(0)i — Qn 1(0)
Pa(0)i = P (0)
_ (@n(0)Pa(0) + @n1(0) P

wy,(0,7) =

(Qn(> ()+Qn 1( )Pnl
(P3(0) + P74 (0

So (wy,(0,7)) = ~ P00 T PP (0 < 0. O
Lemma 3.5.3 (cf. [1], p.15). The function,

Qn(2)T — Qu-(2)

P,(2)T — P_1(2)

Wy (2z,7) =

can be expressed as
Cr(2)t — An(2)
D, (2)t — B,(2)’

where t is a real number depending on T.

wy(2,7) =

Proof.

£0,

n 1

so A,(z) and C,(z) are linearly independent combinations of @Q,(z) and
Qn-1(2). As a result any linear combination of Q,(z) and @Q,_1(z) can
be obtained using a linear combination of A, (z) and C,(z). In particular
the linear combination @, (2)7 — @,_1(z) can be obtained in this way, i.e.

a1Cy(2) —agAn(2) = Qn(2)T —Qn_1(z). The same holds for B, (z) and D, (2)
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in relation to P,(z)7 — P,_1(z). Furthermore because A, (z) is the same lin-
ear combination of @,(z) and Q,_1(z) (in terms of coefficients) as B, (z) is
of P,(z) and P,_1(z) and this relationship exists between C,,(z) and D, (z)
also, a1 Dy (z) — asB,(2) = Pu(2)T — Py_1(2). Let t = Z—;, then

Qn(2)T — Qn-1(2) _ a1Cn(2) — a2 An(2)
P.(z)r—P,_1(2)  a1D,(2) — agB (2)
Gt - Au(2)
Dy (2)t — By(z)

The real number ¢ can be calculated explicitly as follows. It is sufficient to
equate the coefficients of Qx(2) and Qx_1(2) in Cy(2)t — Ax(z) and ¢(Qx(2)T—
Qr-1(2)).

O

(Qr(2)T = Qi-1(2)) = tdn—1(Pr-1(0)Qr(2)
— Pe(0)Qk-1(2)) — dp—1(Qr-1(0)Qk(2) + Qr(0)Qr-1(2))
T =dp_1(tPr-1(0) — Qx-1(0))
¢ = dn—1(tP(0) — Qx(0))
(tP:(0) = Qx(0))7 = tP4-1(0) — Qi-1(0)
t(Pe(0)7 = Pe1(0)) = Qu(0)7 — Qr-1(0)

0~ Q0
Py(0)T — Py_1(0)
= w,(0,7)

Using the three-term recurrence formula for the orthonormal polynomials

gives (cf. [1], p.14)

Ant1(2) = dp{@n(0)@n11(2) — @n11(0)Qn(2)}
= Qn(0){(z = €)Qn(2) — dn1Qn-1(2)}
— Qn(2){(=€)Qn(0) = dn1Qn-1(0)}
= dn-1{Qn-1(0)Qn(2) + @n(0)Qn-1(2)} + 2Qn(0)Qn(2)
= A, (2) + 2Q,(0)Qn(2).
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So Apy1(z) — An(z) = 2Q,(0)Q,(2). Similar calculations show that

Bhi1(2) — Bu(2) = 2Q,(0)P,(2)
n+1(Z) - n(z) = ZPn(O)Qn(Z)
Dyi1(2) — Dy(2) = 2P, (0) Py(2).

Because Qo(z) =0, A1(2) =0, and 2Q,(0)Qo(z) = 0,

A2 = A (2) — A(2) = 23 QuO)Qu(2).

1
Qi(z) = o d so Bi(z) = —1, and

Ba(z) = —1+2 ;‘j Qu(0)Pi(2).
Ci(z) =150
Cn(z) =1+ zniipk(o)cgk(z).
Di(z) =0 so o
D, (z) = z:z::Pk(O)Pk(z).

A(z) will be used to denote lim A, (z) and similarly for B(z), C(z), D(z).

n—o0

Theorem 3.5.4 (cf. [52], p.101). The functions A(z), B(z), C(2), D(z) are

entire.
Proof.

n—oo

A(z) = lim An(2) = 2> Qr(0)Qk(2).

By uniform convergence of Z |Qr(2)|* on compact subsets of the complex
k=0
plane, for |z| < M for an arbitrary 0 < € < 1 and for ¢ = 0,1,2,... there is a

natural number N such that for m > N

m-1
€

2P < g
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m-+i

Under these conditions Z |Qr(0)]* < % For |z| < M, Schwartz’s inequality

k=m
gives
m+i m+i m+i
121 Y 1Qk(0)Qk(2) < My | > T 1Qu(0)* ) 1Qk(2)]” < e
Similar reasoning for B(z), C'(z) and D(z) completes the proof. O

For z fixed the Mobius transformation w,(z,u) maps the half plane

S(u) > 0 into the interior of the circle K, (2) (cf. [52], pp.66, 71). Recall

Co(2)w,(0,u) — A, (2)
D, (2)w,(0,u) — By(z)

wy(z,u) =

Because wy, (0, u) maps the half plane &(u) > 0 onto the half plane
S(wn(0,u)) < 0, if w,(0,u) is replaced by any function 6(z) analytic for

J(z) > 0 and for J(z) > 0 satisfying (6(z)) < 0 then the function

will have its values in K, (z) for &(z) > 0 and for each n (cf. [52], p.320). Let

F(z) = lim w,(2).

n—oo

Then

(3.5.1)

(cf. [52], p.320).

In the limit circle case, a function is called an equivalent function of a
Jacobi continued fraction if it is analytic for §(z) > 0 and for &(z) > 0 takes
all of its values inside the limit circles Koo (2) (cf. [52], p.231). Every equiva-
lent function of a Jacobi fraction can be represented by the formula (3.5.1).
Furthermore in the limit circle case every solution of the moment problem
corresponding to a Jacobi continued fraction corresponds to an equivalent

function of the Jacobi continued fraction (cf. [52], pp.324, 326).
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Theorem 3.5.5 (The Nevanlinna Parametrisation cf. [52], pp.321, 326).
If 0(2) is analytic in the upper half-plane and satisfies I(0(z)) < 0 for (z) >
0, or if 0(z) = oo, then the function

is one of the functions F(z) mentioned in Theorem 3.3.6. The function cor-
responds to the Jacobi continued fraction generated by the moment sequence

{n}ey via an asymptotic series. Each of these functions can be represented

F(2)= /°° do(z)

Y
0 BT

by the formula

where a(x) is a solution of the moment problem with moments {j,}>2,. The
solution a(x) corresponding to the function F(z) can be recovered with the
Stieltjes inversion formula. Every solution to an indeterminate moment prob-

lem corresponds to one of these functions F(z).

The Nevanlinna parametrisation gives a complete characterisation of so-

lutions to an indeterminate Hamburger moment problem.
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Chapter 4

Symmetric moment problems

A special case of the moment problem arises when the odd moments are
zero. In the classical cases this is a consequence of the weight function be-
ing even. In general this situation is called a symmetric moment problem.
Every symmetric Hamburger moment problem generates a Stieltjes moment
problem and every Stieltjes moment problem generates a symmetric Ham-
burger moment problem. This connection is presented and used to obtain a
connection between the orthogonal polynomials generated by the Hamburger
moment problem and the Stieltjes moment problem respectively. Symmetric
moment problems give rise to chain sequences. These are special numerical
sequences generated by the parameters of the three-term recurrence relation.

To conclude the chapter basic results on chain sequences are given.

4.1 Symmetric distributions

Definition 4.1.1 (cf. [14], p.332). A Hamburger moment problem {1, }5°,
such that the odd moments jio,+1 are zero is called a symmetric moment

problem.

It will be assumed that all symmetric moment problems considered here

have at least one solution.
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Definition 4.1.2 (cf. [14], p.332). A solution a(x) of a moment problem is

called symmetric if a(—z) + a(z) = C, C a real constant.

Lemma 4.1.3. Let a(x) be a distribution, a,b > 0 and let f(x) be a contin-

uous function, then

b a
f(=x)da(—x) = — /_b f(x)da(z). (4.1.1)

—a

Proof. Let —b < t; < ty < ... < t, = a, be a partition of (—b,a). Let

—a < < Ty <...<x,=>bbea partition of (—a,b) such that x = —t,1_x
for each k. For vy, chosen in [z, T11], —vg iSin [th—g, tnr1—k). Let u,_p = —vy.
n—1 n—1
F=v{a(=zen) — (=)} =D flun-){altnk) = altnsr )}
k=1 k=1

— ()Y fl) {0 ltrir) — altas)}
k=1

— ()Y fualten) — alto),

where the order of summation was reversed for the last step. Constructing
all partitions in this way and taking the limit as the partitions become finer

gives the required identity. O

Theorem 4.1.4 (cf. [14], p.332). Suppose that ay(x) is a distribution func-

tion with moments { i, }o o, tont1 = 0 for each n. Then

x(a) = 5las(x) — ax(=o)

is a distribution function with the same moments as ay(x) and is a symmetric

solution of the moment problem.

Proof. In (4.1.1) let a = b, then

/ o)don () = / " e (2)

—b —b

(—1)"*Ht /_b 2 day (—x) = /b 2" doy ()

b —b
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As b — oo

(1) / " rden (—a) = /_ " indon ().

—00 o0

Using Lemma 2.1.10 the even moments of —a; (—z) are the same as the even
moments of a(x). By hypothesis the odd moments are zero, so in fact all
moments are equal. Again using Lemma 2.1.10 and the assumption about

the odd moments, the moments of

1
ap(r) = §[a1($) — ay ()]
are the same as the moments of a;(z) and as(x) + as(—z) = 0. O

Let a(x) be a symmetric solution of a symmetric moment problem, then

it generates a set of orthogonal polynomials which will be denoted by S,,(z).

Lemma 4.1.5 (cf. [14], p. 332). The polynomials {S,(x)}2, satisfy S,(z) =
(=1)"S,(—x).

Proof. By assumption a(z) + a(—z) = C, C € R. Let as(z) = a(z) +
a(—z) = C, and k,, be the leading coefficient of S, (z). Because as(x) is
a constant function, the integral of any continuous function with respect to
ag(x) is zero. In particular,

0= /oo Sp(—z)(—x)"day(z)

—00

= /_OO Sp(—z)(—z)"da(x) + —z)"da(—x)
(z)

)
= /_OO Sp(—2)(—z)"da(x) — x)"do(z).

| su-al
| si@a)
Thus

/_OO(—l)mSn( z"dao(x / Sp(z)z™da(z) =0 m < n.

[e.9]

It follows that {S,(—x)}52, is a set of orthogonal polynomials corresponding
to a(x). Such a set is determined up to constant multiples, so to establish
the result it is sufficient to note that the leading coefficient of S, (—z) is
(—1)"k,. O
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This result implies that Sy, (z) is a linear combination of even powers of
x and Ss,1(2) is a linear combination of odd powers of x.

Throughout the rest of this chapter it will be assumed that the polyno-
mials S, (z) are monic, i.e. k, = 1. The function a(x) is non-decreasing and
bounded on (—o0,00), so in particular it is non-decreasing and bounded on
[0,00). \/x is non-decreasing on [0, ), so a(y/x) will be non-decreasing on

[0, 00), bounded above by a(c0) < 0o and below by «(0) > —oc.

Lemma 4.1.6. Let f(z) be a continuous function on [0,b], b > 0. Let a(x)
and Y (x) be distributions such that ¢¥(r) = a(y/x).

b3 b
F(%)da(z) = / F(@)du(z). (4.12)

0
Proof. Let 0 = 21 < 20 < ... < 1, = bz be a partition of (O,b%). Let
0=t <ty <...<t,=>bbe a partition of (0,b) such that ¢, = z2. For vy

in [zg, Tpy1] vF I8 in [tg, tey1]. Let uy, = v3.

" FeBan) — alo)} = 3 faalyim) — a(vi)
=3 P () — w8}

If all partitions are constructed in this way, then in the limit the required

identity is obtained. O

Lemma 4.1.7. The moments of a(x) and ¢ (x) are related by

/ Z 2do(z) = 2 /0 " i (a).

Proof. 1f the distribution «(x) has a jump at the point 0 then it contributes
nothing to the calculation of the moments of a(z) because 2" has a zero at 0
for each n.

/_ 2 do(r) = / " o) + /0 " 2da(z)

[e.9] —00
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Letting b — oo in (4.1.2) gives

/_OO r*da(z) = 2 /OO a"dip (). O

00 0

This shows that ¢ (x) is a distribution. Let {P,(x)}3, be the monic

polynomials orthogonal with respect to 1 (x).
Theorem 4.1.8 (cf. [14], p.332). P,(2%) = Sa,(z) for each n.

Proof. Using the linearity of the integral,

/_ " () do () = 2 / " Py () di ()

00 0

=0, for 2m < 2n.

/ P, (z*)x*" M da(z) = 0, for 2m +1 < 2n,

2m—+1 ;

because P, (z?)x is a polynomial with only odd powers of z. {P,(z?%)} is

a set of monic orthogonal polynomials of degree 2n with respect to a(z) so

P, (x?) must be identical to Sy, (x) for each n. O

Because z > 0 for x € [0, 00), the function w(z) given by

w(o) = [ adu(o)

is non-decreasing. Furthermore, w(x) is bounded above by

o0 1
d = —
/0 zdy(z) = Sp,

and below by 0. Using (4.1.2)

/_oo "2 da(r) = 2/000 " xdy(z)

[e.9]
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= 2/ x"dw(x),
0

so w(x) is a distribtion. Let {K,(z)}, be the monic polynomials orthogonal

with respect to w(z).
Theorem 4.1.9 (cf. [14], p. 332). 2K, (2?) = So, 1(x).

Proof. Using linearity

/_OO v K, (2?)z*" M da(z) = 2 /OOO K, (x)x™dw(z)

o0

=0, for 2m+1<2n+1

/ K, (z*)x*"da(x) = 0, for 2m < 2n+1,

o0

because z*™ T K, (z?) is a polynomial with only odd powers of z.
{xK,(2?)}%, is a set of monic orthogonal polynomials with respect to a(r)
such that 2K, (z?) has degree 2n + 1 for each n. Consequently xK,(2?) =

Son+1(z) for each n. O

The process above can be undertaken in the reverse direction. That is,
given a distribution with points of increase contained in [0, 00), a symmetric
distribution with points of increase in (—oo,00) can be constructed. The
polynomials P, (z), K,(x) and S,(x) can also be constructed with the same
relationship existing between them (cf. [12], pp.1-3).

Let v (z) be a distribution with points of increase in [0,00). Then z? is
non-decreasing on [0, c0) so ¥(x?) is non-decreasing on [0, 00). Also, z? is non-
increasing on (—o0, 0), so ¥ (z?) will be non-increasing on (—o0, 0) and —(z?)
will be non-decreasing on (—oo, 0). It follows that a(x) = sgn(x)(z?) is non-
decreasing on (—o00,00). a(z) is bounded above by 1(00) < oo and below by
—1)(00) > —00. a(z) + a(—z) = 0 so using the approach in Lemma (4.1.7)

/_OO r*da(z) = 2/00 x"dy(z)

[e's) 0

/ 2*"da(r) = 0.

[e.9]
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So a(z) is a symmetric distribution associated with a symmetric moment

problem.

4.2 Chain sequences

Definition 4.2.1 (cf. [15], p. 91). A sequence of real numbers {a,}2, is a

chain sequence if there is another sequence {g,}5° _,, such that

0<g1<1, 0<g, <1, n>0

an = (1= gn_1)Gn, n=20,1,2,3....

The sequence {g,}°2_; is called the parameter sequence corresponding to the

given chain sequence.

In some references g, is allowed to be zero for n > 0 (cf. [52], p.79).
This case does not arise in the present discussion and is excluded from the
definition.

It will be shown that there is a connection between Stieltjes moment

problems and chain sequences. The first step is the following theorem.

Theorem 4.2.2 (cf. [52], p.67). Let {d,}>2, and {e,}°, be real sequences.

There exists a real sequence {g,}5° | such that
2 =enenii(l1=gn1)gn, 0<g, <1, n=0,1,2,... (4.2.1)

if and only if e,, > 0 for all n and

n

n—1
Z e +2 Z d;iGiGiv1 > 0,
i—0

=0

where ¢; 1s an arbitrary real number for all 1.
From this result the following can be deduced.

Lemma 4.2.3. The ratio
d2

n

EnCn+l
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is a chain sequence if and only if

n

n—1
D el +2)  diGiia >0,
=0

i=0
where (; is an arbitrary real number for all i, d, # 0 and e, > 0 for all n.

Proof. 1f
d2

n

6nen+1

is a chain sequence, then d,, # 0, e, > 0 for all n and

n

n—1
Yol 2 diGGin 20,
=0

i=0
where (; is an arbitrary real number for all 2. All that remains is to observe

that e, # 0 for each n. If

n

n—1
Yol 2 diGGi 20,
=0

i=0
where (; is an arbitrary real number for all ¢, d,, # 0 and e, > 0 for all n,
then (4.2.1) holds, g, # 0 for all n except possibly n = 0 and g, # 1 for all
n. L

Let a(z) be a solution of a Stieltjes moment problem {u,}7°, with in-
finitely many points of increase and with orthonormal polynomials
{Qn(x)}22,. Let the real parameters of the orthonormal three-term recur-
rence relation be {e, }>°, and {d, }°°,. a(z) satisfies these properties if and

only if d,, # 0 for all n, and
n 2 n n
JU {Z aix’} = Z Z it j+1QiQ5 >0,
i=0 i=0 j=0

where a; is an arbitrary real number for 0 < ¢ < n. Because the polynomials

{Qn(x)}22, are a simple set, (cf. [1], p. 7)

M x{Zaixz} =K x{ZQQz(l’)}

=0
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= Z Z GiGim(rQqi(z)Q;4(x))

i=0 j=0

= Z Z GiCi(didiy1j + €ibij + di—16i-1 ;)

i=0 j=0
n n—1

=) el +2) diGii 2 0.
=0 =0

Setting (x = d; in the above gives e, > 0, £k = 0,1,2,....Because d,, # 0
for each n referring to (4.2.1) gives |e,| > 0 for each n, so e, > 0. Conse-
quently

d2

n

En€ni1

is a chain sequence if and only if {d, }2° , and {e, }°, are the parameters from
the orthonormal recurrence for a set of polynomials generated by a solution
a(x) of a Stieltjes moment problem with infinitely many points of increase.

The polynomials {5, (z)}52, satisfy the three-term recurrence relation

Snt1(x) = 250(x) = ynSn-1(2),

Yo >0n >1, S 1(z) =0, So(z) = 1. The absence of a constant coefficient
of S,,(x) is due to the fact that S, (x) has either only odd powers of z or only
even powers of . It is stipulated here that vy = 0 (cf. [12], p.2).

It is known that the monic polynomials { P, (z)}>°, and {K,(z)}5°, sat-

isfy three-term recurrence relations
Poia(z) = (2 — ) Po(z) — A Poa ()

K1 (2) = (2 = un) K (2) = vp K1 (2),
such that ¢,, u, are real, A\,, v, > 0 and P_;(z) = K_1(z) = 0, Py(z) =
Ko(z) = 1.
Considering the recurrence relation for Sy, (x) and the connection between
Sp(z), P,(x) and K, (z) gives (cf. [12], p.2)

P, (2%) = 2’ Ky (2%) — Yon—1Po1(2?)
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so that when z replaces x2,

Poii(z) = 2K, (2) — Yant1 Pa(). (4.2.2)

The recurrence for Sy, 1(z) gives,

vK,(2?) = 2P, (2%) — Yonr K,_1(2?),
which after first dividing by z and then replacing 2? with x gives
K,(x) = Py(z) — y2n K1 (). (4.2.3)
Solving for P,(x) in (4.2.3) and substituting into (4.2.2) gives for K, (z)
Kn1(z) + Yonp2 Kn(2) = 2K0(2) — Yot 1 Kn(2) — Yont 1720 K1 ()
Ky (I) = (:15 — Yon42 — 72n+1)Kn(x) - 72n+1'72nKn(x)'

Solving for K, (x) in (4.2.2) and substituting into (4.2.3) gives for P,(z)
Poi1(2) + 121 Pa() = 2 Pp(2) — Y20 Pa (@) — Y2201 Fp-1(2)
Poii(z) = (. = y2n41 — Y2n) Pu(®) — Y2nV2n—1Pn-1().

It follows that

Cn = Yon+1 + V20, An = Y2nV2n-1, (4.2.4)
Un = Yont2 + YVont1, Un = Yont+1%2n, N2> 1.
These relations establish that
An+1
CnCn+1
and
Un+1

UpUn+1

are chain sequences. This is because (cf. [12], p.4) 0 < Y2, < Cp, SO Y2, =
In—1Cn and Von+1 = (1 - gn—l)cna glVlng

>\n+1 o Von4272n+1

(4.2.5)

CnCn+1 CnCn+1
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= (1 - gn—l)gn;

in this case g_; = 0 because vy = 0. The same reasoning applies for

Un+1

(4.2.6)

)
UpUn41

except that g_; > 0 has to hold because v; > 0.

Lemma 4.2.4 (cf. [15], p. 92). Let {a,};°, be a chain sequence. If {g,}5°

and {h,}22 | are parameter sequences for {a,}s>, then g, < hy if and only

if g1 < h_y.
Proof.
(1= gn-1)gn = an = (1 — hy_1)hy
SO
% _ 1 — hk—l
D, 1 —gra ‘

The left hand side is less than 1 if and only if the right side side is less than

1; this happens if and only if

-1 < hg_1.
O

Definition 4.2.5 (cf. [15], p. 93). If {a,}5°, is a chain sequence and
{m,}5° | is a parameter sequence corresponding to {a,}>2,, then {m,}>> _,

15 called a minimal parameter sequence if m_; = 0.

By the above lemma this definition amounts to the fact that the parame-

ters {m,, }22 _, are less than any other parameters of the sequence.

Definition 4.2.6 (cf. [15], p. 94). Let {a,}>°, be chain sequence, then
{M,}>2 _ is called a mazimal parameter sequence if My > g, k > —1, for

any other parameter sequence {g, > ;.
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Theorem 4.2.7 (cf. [15], p. 93). Let {a,}%, be a chain sequence. If
{90352 _1 is a parameter sequence for {a,} and g_; > 0 then for every number
h_1,0 < h_y < g_1, there is a corresponding parameter sequence {h,}

for the chain sequence {a,}o2.

In particular the preceding theorem implies the existence of minimal pa-

rameters for a given chain sequence.

Theorem 4.2.8 (cf. [15], p. 94). If {a,}2, is a chain sequence then it has

a mazimal parameter sequence {M,}2 ;.

Theorem 4.2.9 (cf. [15], p. 101). A parameter sequence {M,}>2 | is a
mazximal parameter sequence for a chain sequence if and only if

> MyM; ... M,
1— My)(1—M,)...(1—M,)

= Q.
n=0 (

If the maximal parameter sequence {M,,}>° , corresponding to the chain
sequence {a,}>°, satisfies M_; = 0 then it is also a minimal parameter se-
quence and as a result there is only one parameter sequence corresponding to
{an}nZo-

The parameters of the polynomials P,(x) can correspond to a chain se-
quence with unique parameters because the given parameter sequence for
(4.2.5) satisfied g_; = 0. However, the parameters of the polynomials K, (z)
necessarily correspond to a chain sequence with non-unique parameters, be-
cause the given parameter sequence for (4.2.6) satisfied g_; > 0.

From the prior discussion, the chain sequence (cf. [14], p. 334)

/\n+1
CnCnt1
has minimal parameters m_; =0
Von
Mp—1 = —.
Cn
The chain sequence
Un+1
UnpUp+1
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has non-minimal parameters

_ Ton+l
n = .

Unp

By choosing different parameters 0 < h,, < M, , h,, # g, for each n a new

choice for v, is arrived at via 4 = 0,

Vant1 = hntin
h _
Yon+2 = Un — Von+1-
The same polynomial set K, (x) with recurrence sequences {u,}>°, {v,}5,
corresponds to families of polynomials {S”(z)}>°, and {P"(z)}>, (cf. [12],

p. 5).
Lemma 4.2.10 (cf. [52], p.79). A constant term sequence {a}>2, is a chain
sequence if and only if

0<a<
Proof. Let {g,}52 _; denote a parameter sequence for {a}>° . If a > i, then

1

(1 - gn71>gn > 17

(V1= gn1) = Vgu)* 2 0
s s =g >

gn > 9n—1-

The sequence of parameters is increasing and bounded above so it converges
1 1

to a limit g. (1 —g)g > 1 but if (1 — g)g > 1 then by the above g > ¢, so

1

1—g)g = -

(1-9)g =7

1 1
converge to 1 i.e. the chain sequence is not constant. If 0 < a < T then

. This means that that the terms of the chain sequence must

solving the quadratic equation

g(l—g)=a
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G —g+a=0

leads to

1++1—4a

9= B )

which gives a constant parameter sequence {g}22 _, for the given chain se-

quence. ]

A discussion of results on chain sequences can be found in [18].
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Chapter 5

Moment problems of classical

polynomials

The classical orthogonal polynomials are discussed in light of the previous
work. The Chebyshev polynomials are associated with a symmetric moment
problem and this connection is used to explore the theory introduced in the
previous chapter. Jacobi matrices of the Chebyshev polynomials are given.
Moments are computed for the Chebyshev, Legendre, Hermite and Laguerre
polynomials and it is shown that the moment problems associated with these

orthogonal polynomial sets are determinate.

5.1 Chebyshev polynomials moment problem

The recurrence relation for the Chebyshev polynomials {T,,(z)}>°, was given

in Theorem 1.3.10 by
Toi1(x) = 22T, (z) — Ty (),

with initial conditions

To(x) =1, Ti(z)==z.
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From this it can be deduced that Ts,(z) has only even powers of x and

Ton+1(2) has only odd powers of z. Because {T,,(x)}52, is a simple set,

2n+1

R Z a, T, (z).

k=0
However, because Ty () has only even powers of z, ag, = 0 for 0 < k < n.

1 1
I2n+1

1 " !
——dx = a T r)—=dx =0,
[t =3 [ Tanto) =
because

1
1
Topi1(2)——=dx =0
/_1 on1(2) T

n =0,1,2..., by the orthogonality condition. It is concluded that the mo-
ment problem associated with {T,,(x)}22, is symmetric. For the second kind
polynomials U,(x) the same recurrence relation is satisfied (see Theorem

1.3.11) and the initial conditions are
Uo(l') = 1, Ul(.fE) = 2.

Similar reasoning to the case of {T},(x)}%, shows that {U,(x)}5°, are asso-
ciated with a symmetric moment problem.

Recall that from the orthogonality relation for the Chebyshev polynomials

/1T2<> L, [y e
() ———=dx =
-1 V1—a? m, n=0,

so the orthonormal Chebyshev polynomials are given by

1) = )

T (z) = \/%Tn(x), n > 1.

For the time being let {P,(x)}5°, denote the orthonormal Chebyshev poly-

and

nomials. Then

Py(z) =2zP(x) — \/§P0(m)
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Pyii(x) =22P, — P,_1(z), n>2.

Dividing the above recurrences by 2 and examining the result gives the

Jacbobi matrix associated with the Chebyshev polynomials

0 5 00
1 1
G 0 5 0
0 3 03
1
where e, = 0 for each n, dy = ﬁ, and d, = 27 n > 1 are the sequences

{en}, and {d,}22, from the orthonormal recurrence relation.
For the rest of this section let 7),(z) denote the monic Chebyshev polyno-

mial of degree n. Then
1
Ty(x) = 2Ty (x) — §To(:1:)

1
Toii(x) = 2T, (z) — ZTn_l(I)’ n>2.

1 1
5,’7712177121 The

sequences {c, 22, and {\,}>°,, can then be constructed using the formula

Let the sequence {7,,}5°, be given by 79 = 0, 71 =

(4.2.4). It follows that

A 1 A 1
S S i -
CoC1 2 CnCny1 4

is a chain sequence. The minimal parameters of this chain sequence are

1
m_leandmn:§ n > 0.

These are also the maximal parameters since referring to Theorem 4.2.9

o) oo 1n
momy . 5
nZ: 1—m0 1—m1) 1—mn 222

So this chain sequence determines its parameters uniquely.

+1

l\?l»—t

Recalling that

1
/ U2(2)V1 — 22dx = 7, Vn.
-1
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The Jacobi matrix for the Chebyshev polynomials of the second kind is given
by

0100
3 050
030 3

Let U,(z) now denote the monic Chebyshev polynomial of the second kind.

Then

Upia(2) = 2U(x) — % ().

Let v =10, v, = }l, n > 1. Then the chain sequence
An+1
CnCn+1
is identical to that obtained from the Chebyshev polynomials of the first kind.

Consider the chain sequence

Un+1 1
—=—-, n>0.
UplUpr1 4

This is the maximal constant chain sequence. It can be seen from the cal-
culatiogn for the Chebyshev polynomials of the first kind that the parameters
{%}n_l are the maximal parameters of this sequence (cf. [52], p. 80). The
minimal parameters can be calculated by setting m_; = 0 and noting that

inductively (cf. [52], p. 80)

IR YA
m0—1—5<1—§)
if mn_1—1< — L ) then
2 n+1
1 1
A0 )
_In+1
_§n+2
1 1
_§< _n+2)



From (4.2.4),

Up = =<

2

and the parameters generated by the original choice of {7, }°°, are

Yont1 1

Up, 2

So the original recurrences generate the maximal parameter sequence associ-

ated with the chain sequence.

Theorem 5.1.1. The even moments { o, }5°, of the Chebyshev polynomials
of the first kind {T,(x)}>2, are given by

Proof.
/O7r cos™(0)df = (sin(f) cos®™ 1 (0))7 + (2n — 1) /07r sin?(0) cos®2(6)d6
— (20 —1) /O "(1 = cos?(6)) cos®2(8)df

/ cos™(0)df = n / cos?™2(6)d6.
0 0

2n

Iterating this relation with the initial condition

/ cos’(0)df = ,
0

gives
2n —12n —32n -5 1
cel= 1.1
on 2m—22n—4 2" (5.1.1)
which is the required result. O

The even moments associated with the polynomials of the second kind

{Un(x)}52, are given by
/ cos?™(0) sin*(0)dh = / (1 — cos?(0)) cos®™(6)df
0 0
= / cos?™(0)do — / cos?™*2(0)do
0 0
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= [on — M2n+t2, (5.1.2)

where ji9, is the 2n'® moment associated with the polynomials of the first
kind.

From relation (5.1.1) the moments of the polynomials of the first kind are
all less than 1. Furthermore it is seen from the fact that the even moments
of {U, ()}, are positive and (5.1.2) that the even moments of {T,,(z)}>°,
are a decreasing sequence.

A condition that guarantees determinacy of a moment problem is if the

moments of a distribution grow slowly enough.

Lemma 5.1.2 (cf. [47], p88). Let {u,}>2, be the moments of a solvable
Hamburger moment problem. Suppose there are positive constants C' and R

such that
lpn| < CR™nl,

then the moment problem is determinate.

It can be seen from the above discussion and the lemma that the moment

problems associated with {T,,(z)}>°, and {U,(x)}32, are determinate.

5.2 Legendre moment problem

The moments {p,}52, of the Legendre polynomials are given by

1 1 —1)nt1
un:/ x"dx = (=1)

. n+l n+l
=0, n odd
2
= , m even.
n+1

The moments are all less than 1 and the even moments form a decreasing
sequence. By Lemma 5.1.2 the Legendre moment problem is determinate.

The Legendre moment problem is also a symmetric problem.
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5.3 Ultraspherical polynomials

Definition 5.3.1 (cf. [15], p. 44). Jacobi polynomials P\ (x) which satisfy

a = [ are called ultrashperical polynomials.

It was mentioned earlier that the Chebyshev polynomials of the first and
second kind and the Legendre polynomials are examples of ultraspherical

polynomials. It is known that the weight function for Jacobi polynomials is
(1—2)*(1+2)".

If o« = [ this becomes

(1 - mQ)av
which is an even function. Because of this, all moment problems associated
with ultraspherical polynomials are symmetric moment problems. The ap-
proach used to prove that T,(x) and U,(z) are associated with symmetric

moment problems can be used to prove that a moment problem is symmetric

if and only if the associated monic orthogonal polynomials { P, (x)}5° , satisfy
Foia(x) = wbu(x) = mPoa(2),

Pi(x) =z, Py(x)=1.

On the one hand a symmetric orthogonal polynomial of odd degree is a sum
of odd powers of x and a symmetric orthogonal polynomial of even degree
is a sum of even powers of x so the recurrence and initial conditions hold
in this case. With the recurrence and initial conditions given, the proof for
T, (x) reworded suffices to show that the moment problem is symmetric. A
class of orthogonal polynomials that have a similar recurrence relation to the

symmetric case (except that P;(0) # 0) has been studied (cf. [16]).
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5.4 Hermite and Laguerre moment problems

Define a(z) by

The integrand is positive, so a(x) is non-decreasing. «a(x) is bounded above
by
/ e dy = Nz

o0

2

Using integration by parts and the fact that 2"e™ — 0 as x — oo or

x — —oo then gives that a(x) has finite moments, so it is a distribution.
Because e is an even function 22"'e™*" is 0odd so all of the odd moments of
a(x) vanish; i.e. a(z) is associated with a symmetric moment problem. «(x)+
a(—x) = /7 so a(z) is a symmetric distribution. The polynomials which are
orthogonal with respect to a(z) are the Hermite polynomials {H,(x)}22,.
Because orthogonal polynomials are essentially the same up to normalisation
it is stipulated that the polynomials H, (x) are monic.

Following the discussion in Section 4.1 let ¢(x) be the distribution defined
by ¥(z) = a(y/x) for z € [0,00). Then

— da(y/z) dr = 1x’%e""“"dx.
dx

dip(z)

Let { P, ()}, be the monic polynomials orthogonal with respect to 1(x).
Then P,(x?) = Hoy,(2).
Let w(z) be the distribution defined by

w(o) = [ i)

and { K, (x)}22, be the monic polynomials orthogonal with respect to w(zx).
Then

1
r2e *dr,

N —

dw(x) = zdyp(x) =

and K, (%) = Hapi1 ().
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Let the function v*(z) be defined by,

0 if x <0
v¥(x) = T
(=) / t%etdt if x>0
0

where o« > —1 is a real number. This function is non-decreasing, because
t*e~" is positive for ¢ € [0,00). The integral converges for all z € [0, 00)
and represents the incomplete gamma function y(a + 1, x) (cf. [5], p197). In

particular the total variation of v*(z) is given by

/ t*e tdt =T'(a+ 1),
0

which is finite for all real @« > —1. The discussion in the previous chapter
indicates that it is sufficient to consider the weight function which generates
v®(z). Because of it’s relation with the gamma function it is easy to represent

all of the moments associated with v*(x)

/000 z"dv®(x)

o
= / z"x%e Cdx
0

=T(a+n+1) < oo,

so v¥(x) is a distribution function.
The polynomials orthogonal with respect to v*(x) are the Laguerre poly-

1
nomials {L5(x)}0,. Let o = —5 Then from the orthogonality relations
1 _1
/ Ly?(x)Lp? (a:)x_%e_wdx = hypOmn hp >0
0
/ Po(2) P ()32 Az = gpbmn gn > 0,
0

1
it follows, that L, 2 (2*) = C'P,(2%) = C Hy,(x), C a real constant, which is a
result from Chapter 1.

Similarly from the orthogonality relations

J
0

Sl

(x)Li(x)xée_xdx = hpOpmn hyn >0
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/ Kn(x)Km(:U)a:%e’Id:U = GnOmn Gn > 0,
0

it follows, that L2 (2?) = AzK (2?) = AHs,,1(z), A a real constant.
As in the previous chapter, the moments of «(z) can be related to the

moments of ¢(x) by

/ T o) = 2 / ().

00 0

The moments of () can then be related to the moments of v~2 (z):

1 oo
== / 2" dy ().
2.Jo

/: v*da(z) =T (n + %) :

Lemma 5.1.2 can be used to establish the determinacy of the moment

It follows that

problem associated with the Laguerre polynomials.

The moments of v*(x) are given by
pn =T(a+n+1),

where o > —1 is real. Let m be the smallest integer greater than « then
because I'(z) is an increasing real-valued function for z > 2 real (this can be

seen from the relation I'(x 4+ 1) = aT'(x)),
MNa+n+1)<CiI'(n+m+1),

for all n and a suitably chosen real C; > 0 (because there can only be two

moments before n + a + 1 > 2). Also, '(n+m + 1) = (n +m)!, and

(n+m)! = ﬁ(n + k)n!

k=1

= Pp(n)n! < e™n!
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for large enough n. Choose Cy > 0 such that for all n
F(Oé +n+ 1) < ClCQe"n!.

Then if C = C;C5 and R = e the conditions of Lemma 5.1.2 are established.

Because the odd moments of the Hermite polynomials are zero and the
even moments are moments of Laguerre polynomials, the same constant C'
that was used for the laguerre polynomials satisfies the conditions of the
lemma and for R the choice R = e is sufficient. This shows that the moment

problem associated with the Hermite polynomials is also determined.
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Chapter 6

g-Extensions

g-Extensions are a current field of active research in orthogonal polynomials
and special functions. To begin the chapter the basic theory is provided. The
theory presented is applied to the ¢-Laguerre orthogonal polynomials and the

associated ¢g-Laguerre moment problem.

6.1 Basic hypergeometric series

By assigning a parameter ¢ to a class of special functions, and in particular
to the hypergeometric series, analogues of the functions have been discovered
which preserve many important properties. As ¢ — 1 the original functions
are recovered. These analogues are called g-analogues or g-extensions.
Hypergeometric series are built from Pochammer symbols so it is natural
that in extending the hypergeometric series an extension of the Pochammer

symbol is obtained. This is given by the ¢-shifted factorial.

Definition 6.1.1 (cf. [20], p.3). The symbol (a;q), is called the q-shifted

factorial and is given by

(a;q)n = (1 —a)(1—aq)...(1—ag"™?), n=123,...

(@;0) = [[(1—ag®), gl <1

k=0
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. 1—q"
lim =q
=1 1—g¢q
SO
i (G D _
g—1 (1 —q)"

and in general
(@
Mg

where (a), is Pochammer’s symbol (1.2.1).
Some identities with ¢-shifted factorials will be frequently used in basic

hypergeometric series so they are given here explicitly.

Lemma 6.1.2 (cf. [20], p.6).

v (@59)w
(#0)n = (ag™; q)oo’

Proof.
T - ad®) [T - ad)
(CL; Q)oo _ k=0 k=n
(aq"™; @)oo (aq"™; @)oo
_ (3,9)n(09"; @)
(aq™; q) s
= (a;q)n- 0

-1
Definition 6.1.3 (cf. [20], p. 4). Here the symbol (Z) denotes %

Lemma 6.1.4 (cf. [20], p.6).

n

(@' q)n = (a; Q)n(—a" ) g (3. (6.1.1)

121



n—1
, n n(n —1)
Proof. First note that (2) = 5 = Zk‘ Then
k=0
n—1

=0
1
— H(l _ a—lql—nqk)
k=0
(a™'¢"" @),

where the order of the product was reversed at the third step to get the
result. O]

Lemma 6.1.5 (cf. [20], p.6).

n+1)

(475 0)n = (g )n(=1)"¢ ("2

Proof.
_(nt1 - - - —(5)—mn
(¢: a1 () =TJ — ¢ [[ "¢ @
k=1 k=1
n—1
=[a—a*™
k=0
= (" @),
where the order of the product was reversed for the last step. O

Products of ¢-shifted factorials are common and a compact notation is

used for them.

Definition 6.1.6 (cf. [20], p.6).

(a1,az,...,0m;¢)n = (a1;q)n(a2; Qn - - (Qm; @n

(a1,a9, . m; Qoo = (15 ¢) 00 (2, @)oo - - - (Am; @) oo-
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Letting ¢ — 1 in the series (cf. [20], p.3)

S a5 9)n
#(a". 4" 4% 4, 2) E e,
( ¢ V(4% D

n=

gives the hypergeometric series

o0

F(a,b;c;2) ZC(L n'

n=0
For this reason the series ¢(q%, ¢°; ¢%; q, 2) where |g| < 1 is called the basic
hypergeometric series, where basic refers to the base ¢q. This series is the
extension or analogue of the ordinary hypergeometric series which was antic-
ipated at the beginning of the chapter. The series can be further generalised

by replacing ¢%, ¢® and ¢° by complex parameters a, b and c.

Lemma 6.1.7 (cf. [20], p.3). The series ¢(a,b;c;q,z) converges absolutely
for |z| <1 and |q| < 1.

Proof. The ratio test gives

(@ @Q)ns1(; Qns12™ (¢;9)0(q; O

n=o0 | (& Qns1 (G Dns1 (@3 0)n(b; @)n2"
| (1 —aq™)(1—bg")
nheo ‘ (T—cgm)(1—g")” =l <
for |¢| < 1. O

Definition 6.1.8 (cf. [20], p.4). The generalised basic hypergeometric series
1S given by

’r‘gbs(ahaQa s 7a7";b17 b17 s 7b8;Q7 Z)

oo

St o]

where the symbol (Z) s as above and q # 0 when s+ 1 < r.

The ¢g-binomial theorem is a g-analogue for the ordinary binomial theorem

and can be used to derive a g-analogue of the ordinary exponential function.
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Theorem 6.1.9 (cf. [7], p. 350).

)= N _ (a%9)x
1ol =g, HZ:O (25 4)o0
for|z| <1, |q| < 1.
Proof. Let hy(z) be the series
— (a:q)n
; (¢:9)
Then since (a, q)o = (agq; q)o = 1,
o N aq D _n
=Y 1o
N (1—(1")(aq, Dn-1
N a; G
o (05 Dn
“— (¢ q)n
= —azhgy(2)
Similarly
ule)  hag2) = Y {2 )
- ; (4 @)nr
_ = (a;Q)n—H n+1
; (¢ @)n
— (1= @)2heg(2)
ha(2) = ha(q2)
S0 haq(2) 1=a) and
ha(2) = ha(gz) _  ha(2) = ha(q2)
B A ()

(6.1.2)



ho(2)(z —az +az — 1) = hy(gz)(az — 1)
1—az)

() =

~—h, .
1=2 (¢z)
[teration gives
az;q)n
ho(z) = he(q"z
=) (2, q)n (4"2)
and as n — 0o
ha(Z) — (a’Z7Q>OO ha(o) — (a’z?q)oo
(2:0) 0 (2:0)s0

]

If a = ¢° then as ¢ — 17 in (6.1.2) the ordinary binomial series is ob-

tained, i.e.

1Fo(e;—;2) = Z (C>nz”

n!
n=0

Ramanujan’s sum formula will feature in the following considerations.

Theorem 6.1.10 (cf. [20], p.126).

q,)

Z,—3q

a 0
b

a
n=- <b, q)n (ba g) Zy —, Q)
a [ee]

(]2
—
8
)
S~—
3
3
VRS

=
e
Y

N

b
—’<]z\<1.
a

for

Analogues of the well-known special functions play an important role in
the theory of basic hypergeometric series. In particular the analogue of the

gamma function is used here.

Definition 6.1.11 (cf. [20], p.17). The g-analogue of the gamma function is

defined by

_ <Q7Q>OO o 1—x

0<qg<l.
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It can be shown (cf. [20], p. 17) that

lim ['y(x) = I'(x).

q—1-

Lemma 6.1.12 (cf. [20], p. 17).

1 —
Lo+ 1) = 5= To(a)
Proof.
(¢; @)oo Y
Fo(z+1) = m(l —q)
1—q (¢ 9) oo -
RPN o) TG
1—g*
= 3 _qq T,(z). O

1
Recalling that lim
q—1- 1-— q
of the familiar relation

= x shows that this relation is the g-analogue

['(x+1) =al'(2),
satisfied by the ordinary gamma function. Iteration gives

(@ @) - (2).

Fy(z+n)= i—qr ° (6.1.3)
Lemma 6.1.13.
Ly(z+n) _ (¢"1)n
r,(z) (1—qm
Proof.
Ly(z+n) _ (¢ Ty(@)
r,(x) (1 —¢q)"Ty(x)
(@D

6.2 g¢-Laguerre polynomials

Definition 6.2.1 (cf. [20], p.19). Let 0 < ¢ < 1, then / f(x)dyz is used
0

to denote the series

(1—q) > flg"g" (6.2.1)

n=—oo
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The set of points {¢"}.> . forms a partition of the interval [0, 00) and

n

q" is unbounded for large enough negative n. Furthermore, as ¢ — 17, the

partitions get finer so that in the limit (cf. [20], p.19)

i (1 - ) Z fla = [ r
for any continuous function f(z). For this reason the operator given by (6.2.1)
can be seen as a g-analogue of the Riemann integral on the interval [0, c0).
Suppose a distribution function a(x) is given. Then if ¢ > 0 is a real

constant, ca(z) is still bounded, non-decreasing and has finite moments, i.e.

ca(z) is a distribution function and by Lemma 2.1.10

| t@aea)=c [~ fapdato

Let ¢ be fixed such that 0 < g < 1, and let a(z) be a function constant except
for jumps of size a,q" at the points ¢", where each a, > 0 is chosen so that

the series

Z [Pa(q")angn|

n=—0oo

converges for an arbitrary polynomial P,(z), then a(z) is a distribution func-
tion and so is (1 — g¢)a(x). The constants {a, }>°, can be thought of together
as generated by a weight function w(x) defined so that w(¢™) = a,. The
distribution (1 — ¢)a(z) generates a canonical inner product on polynomials

(-,+) which is given by

Using this inner product a set of orthogonal polynomials corresponding to

the weight function w(z) can be generated. In contrast with the classical

polynomials this weight function only needs to be defined at the points ¢".
The g-binomial theorem can be used to derive a g-analogue of the expo-

nential function. The ordinary binomial series gives

o0 n

z
e® =1 Fy(0;—;2) = Z —.

n!
n=0

127



Definition 6.2.2 (cf. [20], p. 9). Let |z| < 1, |¢| <1 and define e,(z) by

> 2" 1
eq(2) =1 o(0; —;¢,2) = ZO R

By prior considerations lim e, (z(1 — q))= €*.
q—1—

Recall that the Laguerre polynomials satisfied the orthogonality condition
/ Lo (z) LS (x)z%e™ dx = hpdmn.
0

The g-Laguerre polynomials L& (x; q) can be defined by the orthogonality
relation (cf. [38], p.24)

1 o0 A N chx-‘rk
- Ly(q™5q) Ly (g7 q
Ak;m (50l )(—(1—61)61’“;(1)00
a+1.
@D
" (¢;9)n
=0, m#n,
where
0 qka+k
A= .
Z (—(1=9)q" 9)

n=—oo

Using the g¢-integral operator this definition can be written more com-
pactly.
Definition 6.2.3 (cf. [38],p.24). The q-Laguerre polynomials are defined by

the orthogonality condition

—1 ~ (. e . o
A1 =) /0 L(x;q) Ly (25 q)x%eq(—(1 — q)z)dyx (6.2.2)
_@hae
¢"(¢ @n
= 07 m # n,

where A 1s as above.

A can be chosen arbitrarily with the polynomials invariant up to normal-

isation, but for this specific choice of A the 0** moment

o = ﬁ /OOO %, (—(1 — q)z)d,x = 1.
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The classical Laguerre polynomials can be represented by the hypergeo-

metric series
(a4 1),

o ifi(-nat L),
Theorem 6.2.4 (cf. [38], p.21). The q-Laguerre polynomials L% (x;q) can be

represented by

(675 @)n o= (750D (1 = @) (g o)
O (@5 @)r(as @)

a+1.
) _ .
! ) 110" ¢ g, —(1 = ¢)g" T ).

(¢ @)n
Theorem 6.2.5 (cf. [38], p.26). The q-Laguerre polynomials satisfy a three-

Lo(x;q) =

term recurrence relation of the form

@ (1 B qn+1) a
an(ZL’; Q) == (1 _ q)q2n+a+1 Ln—i—l(m; q)
N (1 _ qn) (1 . qn+a+1) L(l(x. q) B (1 _ qn+a) La (a: q)
(1 _ q)q2n+a (1 _ q>q2n+a+1 nA" (1 _ q)q2n+a n—1\""» /"
1— a+1
L(ziq) =1, Li(ziq) = —¢* o+ =) : i]q )

6.3 The ¢g-Laguerre moment problem

Theorem 6.1.10 can be used to calculate the moments {u,}5°, associated

with the ¢-Laguerre polynomials.

Lemma 6.3.1 (cf. [38], p.24).

1-8
s 4 :
) Bk aq”, ——,4;4
q a
S ( = 00 (6.3.1)

k. - q
Pl (LAY OB (qﬁ,a,a;@

Proof. Theorem 6.1.10 gives




for < |z| < 1. Using Lemma 6.1.2, this can be rewritten

x
k b b
(g5 q) oo (b5 4) oo (b7g7x7_;q)
a ax’ ")
)
00 q,—,ar, —;q
(0" oo s \a Tax’")
2 (@) [ q D
k=—0o0 ’ > ((I, — T, _7Q>
a ax’ ")
Setting b = 0, z = ¢” and noting that (0;¢)s = 1 gives the result. O

With this formula a different form for the constant A can be given.

N (—(1 —q)g"*, _g—jq),q; q)oo.
(q““, —(1—4q), ﬁ;q)o@

Theorem 6.3.2 (cf. [38], p. 25). The n'™ moment u, associated with the

q-Laguerre polynomials when it is stipluated that g =1 is given by

n+1
(¢ )ug~ (%)
p 1-qr (6.3.2)
Proof. The n'* moment is given by
1 > n, o
a0-q J, 2"x%q(—(1 — q)x)d,x
N i (¢")"(¢")¢*
A1 = 9)d @)
(—(1 —q)g" q—,q;q>
A q )
n—‘ra—i-l’ —(1- ) )
(qa—l—l’ —(1—1q), —ﬁa —(1- Q)qa+n+l> h> q; C])
N —q° q ’
—(1 = a+1 at+n+l 1— I S
< (1—q)q =g % ,—(1—aq), 1_q,q)oo
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where (6.3.1) was used in the last step. Using Lemma 6.1.2 and cancelling

like terms in numerator and denominator this reduces to

(=1 =q)a* 5 q)n

In Lemma 6.1.4 set a = —¢*™(1 — q) to get

n+1)

(@@ @) (3
(1—q) ’

which is what was required. O]

Lemma 6.3.3 (cf. [7], p.353).

Sl ~ DP(—a)l(a+1)
/0 2%, (—(1 — q)z)dx = ) 0<qg<1l,Ra)>-1

Let € [0,00) and 0 < ¢ < 1, then (1 — ¢)x > 0 and

1
o ~(1 = g)r) = (—(1 = q)z;¢)s
B 1
[Ja - (== q)d")
k=0 1
= = >0
[[a+ @1 =ga)

Let & > —1 and x € [0, 00) then z® > 0. Consequently the function a(x)
defined by the integral

I'y(—a) T
F(—Oé)F(oz+1)/0 z%eq(—(1 = q)z)dz,

where o > —1, 0 < ¢ < 1, exists because the integrand is continuous and

a(x) =

positive and the integral is bounded above by

Ly(—a) < B
MCararD ), “el-anir=1

Because the integrand is positive «(z) is non-decreasing.
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Theorem 6.3.4 (cf. [38], p. 24). The n'* moment of a(z) is given by

- ()

a+1. 2

; Q)nqi
(I—gq)"

(q

Mn =

Proof. First note that

(M) 2 +n(n—1)_n2+2n—n_ n+1
") T 2~ 2 2 )

By Lemma 6.3.3,
R V1Gc)) * atn
= T | e - s
_ Iy(—a)'(—a—n)'(a+n+1)
L (—a—n)(—a)l(a+1)

Lemma 6.1.13 gives
Pq(_a) o (™ @)

Fq(_a - n) B (1 - Q)n

Using a = ¢®*! in Lemma 6.1.4 then gives

n+1)

(=) (=1)"(¢* 5 ghug "
Py(=a—=mn) 1—q)

The reflection formula for the gamma function gives

I'—a—n)Na+n+1) _ 7 sin(—ma —7n)
M(—a)(a+1) sin(—ma) T
_ (—1)"sin(—ma)
sin(—ma)

Combining the above gives

)

(1—q)

an—(")

2

(q

Mn =

]

This establishes that a(z) is a distribution function. Futhermore the mo-

ments of o) are identical with the moments associated with the ¢g-Laguerre

polynomials given in (6.3.2). As a result the g-Laguerre polynomials are or-

thogonal with respect to at least two distributions which can’t be equivalent

because one is continuous and the other discrete (cf. [38], pp.24, 25). The
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moment problem associated with the ¢g-Laguerre polynomials is indeterminate
(cf. [7], p-354).
Denote by ¢(x) the distribution

o) =C / "y (—(1 — q)a)da

I'y(—a)
I(—a)l(a+1)

Y(z) is a solution of a Stieltjes moment problem and an associated symmet-

C:

ric distribution a(z) can be constructed via a(r) = sgn(z)y(2?). Departing
slightly from the notation in the discussion of symmetric moment problems
the polynomial that was denoted by P,(z) will be denoted by p,(x). Then
pn(z) = C1L%(x; q), where Cy is chosen so that p,(x) is monic. The polyno-
mials K, (x) are the monic polynomials orthogonal with respect to xzdiy(z).
These polynomials are just CoLo™!(z;q), where Cy is chosen for the monic
normalisation. The monic symmetric polynomials S, (x) orthogonal with re-

spect to a(z) are then obtained from the relations

Son(z) = pn(xz)

Sony1(z) = oK, (2?).

The recurrence for the ¢g-Laguerre polynomials is given in Theorem 6.2.5.
This is not the monic or the orthonormal form of the three-term recurrence.

Recall that the leading coefficient of LS (x;q) is

"t 4 natn? n
(g q)ng("2 ) et (1 = )
(¢, ¢ n

k, =

Y

and that

'n+1)

(0" @)n = (g )n(—1)"g ("),

so that
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This gives

(g9 af
pn(l') - qn(n+a)<q . 1)nLn<x7 Q)
Rolo) = B3 (10)

qn(n—l—a-‘rl) <q _ ]_)n
The recurrence relation for the polynomials {p, (z)}>°, is then

n(n+ao n n+1 n242n+na+a+1 n+1
L4 ("<q 1) pulz) = — (i il i a | (g—1) P ()
@ On (1 —g)grrot (¢ @)nt1
N (1 +q— qn+1 _ qn+a+1) qn(n+a)<q _ 1)np (x)
(1 —q)g?rtott (¢ 9)n !
(1 _ qn—i—a) qn2—2n+na—a+1(q _ 1)n—1

(1 g)g2nte (@ Qn—1 Pr-1(@).

Dividing the above by
qn(n-‘ra) <q _ 1)n

(¢ Dn

gives (cf. [30], p.159)

(1 + q— qn+1 - qn+a+1)
(1= q)g>rott

ZPn(2) = Pt (z) + Pn()

(1—q")(1—q"")

(1 — q)2qin+2a—1 Pn-1(), (6.3.3)
po(z) =1, pi(z) =2 — %. (6.3.4)

This is the monic form of the recurrence relation i.e.

pn-i—l(x) = (LE - en)pn(x) - di—lpn—l('r)'

and immediately gives the sequences associated with the orthonormal poly-

. \/(1 "))

nomials

(1 _ q>2q4n+2a—1 ?

(1 + q— qn+l o qn+a+l)

T A e
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The polynomials {p,(z)}>°, are the denominators of a Jacobi continued
fraction. The associated numerators {g,(z)}>2, are the polynomials which

satisfy (6.3.4), but with initial conditions

Gp(r) =0, q(z)=1.

From the sets {g,(x)}>2, and {p,(x)}>2, the orthonormal polynomials
{P.(2)}5° and {Qn(x)}32, can be obtained using (2.6.8)

1

Plg)e — —
() dody - dy_,

pn(l’)

Qn(x) = Gn ().

dody ... dp—y

Recall the polynomials used in deriving the Nevanlinna parametrisation

A,z

( n 1{Qn 1 O)Qn(z) _Qn(O)Qn 1( )}
B

(

(

) = (
2) = dn1{@n-1(0)Po(2) — @n(0) Fr-1(2)},
Cn(2) = dn 1 {Pr1(0)Qn(2) — Pu(0)Qn-1(2)},
Dy (2) = dn1{Pa-1(0) P (2) — Pa(0) Poi(2)}-

Theorem 6.3.5 ([38], p.36). Let
Li(w;q) = lim Li(z;q),

then L% (x;q) is an entire function and is given by

(@ @)oo o ¢ (L — @) ()

) T e & e

The functions A(z), B(z), C(z) and D(z) have been computed and are
given by (cf.[30], pp.163-166)

1 —q 0o e qn(n;»l)
A(z) = —
) (g%, —2; Q>oo{nz:; (¢:@)n(1 — g"™)

{(0% @)oo L% (2:0) + (¢ @)oo — (* T Q)oe) LS (2:0) }

- D )~ (50— 00 B L))
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