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ABSTRACT

The construction of conserved vectors using Noether’s theorem via a knowledge
of a Lagrangian (or via the recently developed concept of partial Lagrangians) is
well known. The formulae to determine these for higher-order flows is somewhat
cumbersome and becomes more so as the order increases. We carry out these for
a class of fourth, fifth and sixth order PDEs. In the latter case, we involve the
fifth-order KdV equation using the concept of ‘weak’ Lagrangians better known for
the third-order KdV case.

We then consider the case of a mixed ‘high-order’ equations working on the Shallow
Water Wave and Regularized Long Wave equations. These mixed type equations
have not been dealt with thus far using this technique. The construction of conserved

vectors using Noether’s theorem via a knowledge of a Lagrangian is well known.

In some of the examples, our focus is that the resultant conserved flows display some
previously unknown interesting ‘divergence properties’ owing to the presence of the

mixed derivatives.

We then analyse the conserved flows of some multi-variable equations that arise
in Relativity. In addition to a larger class of conservation laws than those given
by the isometries or Killing vectors, we may conclude what the isometries are and
that these form a Lie subalgebra of the Noether symmetry algebra. We perform
our analysis on versions of the Vaidya metric yielding some previously unknown
information regarding the corresponding manifold. Lastly, with particular reference

to this metric, we also show the variations that occur for the unknown functions.

We discuss symmetries of classes of wave equations that arise as a consequence
of the Vaidya metric. The objective of this study is to show how the respective
geometry is responsible for giving rise to a nonlinear inhomogeneous wave equation
as an alternative to assuming the existence of nonlinearities in the wave equation
due to physical considerations. We find Lie and Noether point symmetries of the

corresponding wave equations and give some reductions. Some interesting physical
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conclusions relating to conservation laws such as energy, linear and angular momenta
are also determined. We also present some interesting comparisons with the standard

wave equations (on a ‘flat geometry’).

Finally, we pursue the nature of the flow of a third grade fluid with regard to
its underlying conservation laws. In particular, the fluid occupying the space over
a wall is considered. At the surface of the wall, suction or blowing velocity is
applied. By introducing a velocity field, the governing equations are reduced to a
class of PDEs. A complete class of conservation laws for the resulting equations
are constructed and analysed using the invariance properties of the corresponding

multipliers/characteristics.
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Introduction

Marius Sophus Lie was one of the first prominent Norwegian scientists and among
the last of the great 19th-century mathematicians. His main contribution was the
theory of continuous groups of transformations. Lie produced his finest work in

collaboration with Felix Klein and later Friedrich Engel.

Lie worked on transformation groups, which he called finite continuous groups.
These groups, later called Lie groups, possessed a fixed number of parameters but
could be differentiated in any desired order. Lie applied his theory of transformation
groups to show that a majority of the known methods of integration could be intro-
duced all together by means of group theory. He also used transformation groups to
help classify ordinary differential equations and to give a unified method of solution

using group-theoretic considerations.

In 1884, Lie teamed up with Friedrich Engel, a student recommended by Klein and
Mayer, and together they produced a three-volume work on transformation groups,

Theorie der Transformationsgruppen published between 1888 and 1893.

Lie’s influence continued well after his death, with mathematicians like Wilhelm
Killing who continued to work on Lie groups, which Elie Joseph Cartan later revised
and based much of his work on and Hermann Weyl contribution into Lie’s groups in
his papers from 1922 and 1923, and subsequent generalizations of Lie groups gave
them a greater role in new fields like quantum physics, particle physics and quantum

mechanics.
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The notion of symmetries entered the area of conservation law in variational equa-
tions through the work of Emmy Noether. Noether was born on the 23 March 1882

in Erlangen, Germany.

Noether received a Ph.D. degree from the University of Erlangen in 1907, with
a dissertation on algebraic invariants, under the supervision of Paul Gordan. She
worked at the Mathematical Institute of Erlangen. In 1915 she was invited by David
Hilbert and Felix Klein to join the mathematics department at the University of
Gottingen. While in Gottingen, she was approached by David Hilbert to solve the

problem of failure of energy conservation in relativity.

In the paper, Invariante Varlationsprobleme, Noether proved two theorems, known
as Noether’s theorem [1], which revealed the fundamental connection between sym-
metries and conservation laws in physics. This led to a deeper understanding of
laws such as the principles of conservation of energy, angular momentum, etc. The
importance of Noether’s theorem in calculus of variations is that the differential
equations with variational structures are physical models and their variational sym-

metries generate conservation laws.

Noether’s theorem provides elegant formulae for the construction of conservation
laws for Euler-Lagrange equations once the Noether symmetries are known. A La-
grangian of the differential equation is required in order to use the theorem. The
central problem in calculus of variations is the determination of a Lagrangian, so
that the differential equation is then regarded as the Euler-Lagrange equation. This

is regarded as the inverse problem in the calculus of variations, [2, 3].

Applications of Noether’s theorem have yielded numerous results in literature, for
example, [4, 5, 6]. There are also methods which provide conserved vectors without
making use of a Lagrangian. The direct method by [7, 8], which is used to construct
conserved quantities. A recent method for constructing conserved vectors without
the use of a Lagrangian was provided by [9]. A more systematic way of constructing
conserved quantities without the existence of Lagrangians was introduced by [10].

The introduction of partial Lagrangians, partial Euler-Lagrange equations and a
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modified Noether theorem known as partial Noether theorem, was presented for dif-
ferential equations which has the same structure as Noether’s theorem. Conservation

laws are also constructed by utilization of the partial Noether approach.

We discuss the use of these variational techniques on higher-order PDEs. The im-
portance of investigating these sorts of equations, are due to their appearance in
different branches of science and engineering, like plasma physics, fluid dynamics,
quantum theory, nonlinear optics, solid state physics, relativity and financial math-

ematics.
Brief Outline of the Chapters

In the first chapter, we introduce the preliminary mathematics that is needed to
tackle our investigation. We introduce the concepts of Noether symmetries, Noether
operators, Euler-Lagrange operator, Euler-Lagrange equations and conserved quan-
tities.

In the second chapter, we discuss the role of this technique in attaining conservation
laws for the fifth-order KdV, and fourth-order Boussinesq equations. For these and
any high order PDEs, finding conservation laws by first principles can be extremely
tedious. The important point of consideration is the cumbersome formulae that are

required due to the order of the Lagrangians and related functions.

In the third chapter, we consider higher order mixed derivatives and their conser-
vation laws using this technique. The Shallow Water Wave and Regularized Long
Wave Equations are examined due to their highest derivative term being mixed.

These sorts of equations have not been studied before using this technique.

In the fourth chapter, we consider the Vaidya metric that is currently being re-
searched intensively in relativity and astrophysics. We show that a large amount
information can be extracted from a knowledge of the vector fields that leave the
action integral invariant, viz., Noether symmetries. In addition to a larger class of

conservation laws than those given by the isometries or Killing vectors, we may con-
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clude what the isometries are and that these form a Lie subalgebra of the Noether

symmetry algebra.

In the fifth chapter, a special case of the Vaidya metric known as the Papapetrou
model is discussed. A detailed symmetry analysis and invariance study associated

with the Petrov III metric is also carried out.

In the sixth chapter, we consider the classical wave equation in some Lorentzian
space-time backgrounds with the point in mind that the wave equation there may
naturally inherit nonlinearity from geometry. In this study we look at the wave
equation constructed from the Vaidya metric. The wave equation is constructed
by using the D’Alembertian operator on the metric tensor. A detailed symmetry
analysis is carried out on the wave equation leading to the construction of conserve
quantities and higher order symmetries. We construct higher order symmetries using

the recursion operators.

In the seventh chapter, the nature of the flow of a third grade fluid with regard
to its underlying conservation laws is studied. In particular, the fluid covering a
wall is considered. At the surface of the wall, suction or blowing velocity is applied.
By introducing a velocity field, the governing equations are reduced to a class of
partial differential equations (PDEs). A complete class of conservation laws for the
resulting equations are constructed and analyzed using invariance properties of the

corresponding multipliers/characteristics.
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Chapter 1

Preliminaries

1.1 Introduction

In this chapter, we introduce the preliminaries and results that are needed to tackle
our investigation for higher-order PDEs. We introduce the concepts of Noether
symmetries, Noether operators, Euler-Lagrange operator, Euler-Lagrange equations

and conserved quantities.

1.2 Main Operators

We first introduce the reader to, the universal space A of differential functions. A
locally analytic function f(z,wu, uy, ue), -+, ur)) of a finite number of variables is
called a differential function of order k. The space A is the vector space of all

differential functions of all finite orders and forms an algebra.

A total derivative converts any differential function of order k to a differential func-

tion of order k 4+ 1. Hence, the space A is closed under total derivations. There
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are other operators on A and some of the important ones which we will utilize are

explained below.

The summation convention is adopted throughout. Let z = (x!,--- z") be the
independent variable with co-ordinates z°, and v = (u®,---,u™) the dependent

variable with co-ordinates u®. The derivatives of the u with respect to = are

ui® = Di(u®), uff = Dy(u®), -, (1.1)
where
0 0
D = : a a__ 7 ) =1.--- 1.2
axl + U,Z aua —'I_ UZ] au? _|_ 9 Z ) 7n ( )

is the total differential operator. The collection of all first derivatives u; is denoted
by wu(y. Similarly, the collections of all higher-order derivatives are denoted by
u(2), U(3), - - - Following Lie, in group analysis it is expedient to consider all variables
T, U, (1), U(2), Ue), - - - as functionally independent connected only by the differential

relations (1.1). Consequently, the u® are referred to as differential variables.
We denote by z the sequence

2 = (@, u, ugy, U, ) (1.3)

with elements z”,v > 1, for example,
Fd=al, 1<i<n, 2=y 1<a<m,

with the remaining elements representing the derivatives of u. However, in applica-
tion one invariably utilizes only infinite subsequences of z which are donated by [z].
A locally analytic function f(z,u,unmy, ue), -, uw)) of a finite number of variables
is called a differential function of order k and for brevity is written as f([z]). The

space A is the vector space of all differential function of all finite orders. A total
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derivative (1.2) converts any differential function of order & to a differential function
of order k + 1.

Hence, the space A is closed under total derivations D;. The main operators in-
troduced below are correctly defined in the space A. More concisely, this means
that the operators defined as formal sums truncate when they act on differential

functions.

Definition 1: The Fuler-Lagrange operator is defined by

9
ous .’

i1is

(1D, D,

S0~ B 2 a=1,---,m. (1.4)
The operator (1.4) is sometimes referred to as the Euler operator, named after
Euler (1744) who first introduced it in a geometrical manner for the one-dimensional
case. Also, it is called the Lagrange operator, bearing the name of Lagrange (1762)
who considered the multidimensional case and established its use in a variational
sense (see for example, [11] for a history of the calculus of variations). Following
Lagrange, equation (1.4) is frequently referred to as a variational derivative. In the
modern literature, the terminology Euler-Lagrange and variational derivative are

used interchangeably as (1.4) usually arises in considering a variational problem.

Definition 2: The Lie-Backlund operator is given by

.0 0 ,
X=€ostnss €uted (1.5)

This operator is in fact an abbreviated form of the following infinite formal sum,

o, 9, 0 0
X =gt o+ (gt G (1.6)
7 1]
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where the additional coefficients are determined uniquely by the prolongation for-

mulae

C»a = Dz(Wa> +§JU%

)

& = DilDiz(Wa) +§juf‘1i2j (17)

1112

In (1.7), W® is the Lie characteristic function given by
We =n*—&uf. (1.8)

One can write the Lie-Bécklund operator (1.6) in form

% « a « 8 « a
X = €D+ W o+ Di(W) 5+ Dy Diy(W )8U%i2

+o. o (19)

Definition 3: The Noether operator associated with a Lie-Backlund operator X is
defined by

. , ) 0
N =g +W*— +3 D, --- D, (W* L oi=1,, 1.10
5 + (Suia _I_ = 1 s( )auglls t n ( )

where the Euler-Lagrange operator with respect to derivatives of u® are obtained

from (1.4) by replacing u® by the corresponding derivatives, for example,

1) 0 s o
@—%ﬂLZ(—U Dj, --- D (W )8u

) s>1

0

@
1J1-Js

, t1=1,---n, a=1---m.

(1.11)

The operator (1.10) is named the Noether operator. As a consequence of the operator
(1.10), the proof of Noether’s theorem becomes purely algebraic and independent of
variational calculus. The algebraic proof is based on the identity presented in the

next section.
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1.3 Noether Identity

Theorem 1: The Euler-Lagrange, Lie-Backlund and Noether operators are con-

nected by the operator identity
) o) )
X + D;(&") :Wo‘é—+DiNZ. (1.12)
uOé

Here, D;(£) is a differential function which is a sum of functions obtained by total
derivations D; of differential functions &. That is, D;(£") is a divergence of the
vector £ = (€1,--- . €"), in other words, div€ whereas, D; N* is an operator obtained

as a sum of products of operators D; on N¢, that is, it is the scalar product of vector
operators D = (Dy,---,D,) and N = (N',--- N"). The identity (1.12) is called

the Noether identity because of its close relation to Noether’s theorem.

1.4 Noether Generators

Consider a k' order differential equation

Ea(x,u,u(l),u(Q),--~,u(k)) :O, a = 1,---,m. (1.13)

Definition 4: A conserved vector of (1.13) is tuple T' = (T%,---,T™),
T7 =T (x,u,uqy, ue), -, uw) €A, j=1,..n, such that

Di(T") =0 (1.14)
is satisfied for all solutions of (1.13).

REMARK. When Definition 4 is satisfied, (1.14) is called a conservation law for
(1.13).

18



We now discuss conservation laws of Euler-Lagrange equations. That is, differential

equations of the form

oL
%:O, &:1,"'7m, (]_]_5)

where L = L(x,u,uqy, ue@), -, up) € A, I < k, k being the order of (1.15), are
Lagrangians and % is the Euler-Lagrange operator defined by (1.4).

Definition 5: A Lie-Bécklund operator X of the form (1.6) is called a Noether
symmetry corresponding to a Lagrangian L € A if there exists a vector B =
(B',---,B"), B € A, such that

X (L) + LD;(¢") = Dy(B"). (1.16)

If equation (1.16), B* =0, 4= 1,---,n, then X is referred to as a strict Noether

symmetry corresponding to a Lagrangian L € A.

Theorem 2: For a any Noether symmetry X corresponding to a given Lagrangian
L € A, there corresponds a vector T' = (T,.--,T"), T'€ A, defined by

T'=NYL)—- B, i=1,---,n, (1.17)

which is a conserved vector of equation (1.15), that is, D;(T") = 0 on the solutions

of (1.15).

1.5 Noether-Type Generators

Consider a k' order differential system

E%(x,u,upy, ug@y, - umw) =0, a=1---m (1.18)



which is of maximal rank and locally solvable. The following definition is well-known.

REMARK. When Definition 4 is satisfied, (1.14) is called the local conservation law
of (1.18). Also D;T* = Q*E,, is referred to as the characteristic form of conservation
law (1.18) and the function Q = (Q*,---,Q") the associated characteristic form of

the conservation law.

Suppose that equations (1.18) are written as

E,=FE°+E'=0, a=1,---,m. (1.19)

We now introduce the definition of a Partial Lagrangian.

Definition 6: If there exists a function L = L(x, u, uqy, u@), - -, uq)) € 4,1 < k and
non-zero functions f7 € A such that (1.19) can be written as 0L/6u® = fZE} then,
provided Ej # 0, L is called a partial Lagrangian of equation (1.19) otherwise it is

the standard Lagrangian. It is known that differential equations of the form fu—La =
0, a=1,---,m, are Euler-Lagrange equations. We term differential equations of
the form 5T
— = fPF} 1.20
Jus fa B> ( )

as Euler-Lagrange-type equations.

Definition 7: A Lie-Bécklund or generalized operator X of the form (1.6) is called
a Noether-type symmetry operator corresponding to a partial Lagrangian L € A if
there exists a vector B = (B',--- B"), B'e A, B'# N'L+ (% C" constants,
such that

oL

X(L)+ LD;(¢") = wess + Dyi(BY), (1.21)

where W = (W1 ... WW™) W € A are characteristics of X.

If the B¥s are identically zero , then the Lie-Bécklund operator X is called a strict

Noether-type symmetry operator.
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Note that for Euler-Lagrange equations dL/du® = 0, if (1.21) is satisfied, X is a

Noether symmetry generator corresponding to a standard Lagrangian L.

Recall also that for a Noether symmetry generator X corresponding to a standard
L, X is said to leave the functional invariant up to gauge B. It is easy to see from
(1.21) that if X and Y are Noether-type operators, then so is a linear combination of

these operators. Indeed the Noether-type symmetry operators span a vector space.

Theorem 3: A Lie-Béacklund symmetry operator X of the form (1.9) is a Noether-
type symmetry operator of a partial Lagrangian L corresponding to an Fuler-Lagrange-
type system of the form (1.20) if and only if the characteristic W = (W1 ... W™) W< €

A, of X is also the characteristic of the conservation law D;T* = 0, where

T'=NY(L)-B', i=1,---,n, (1.22)

of the Euler-Lagrange-type Equations (1.20).
Proof: We use identity (1.12) and act with it on L to obtain

XL+ Di(¢"L = W"‘;I; + D;N'L (1.23)

u

Since X is a Noether-type symmetry operator of an L corresponding to an Euler-
Lagrange system, we can through the use of (1.21) replace the left hand side of
the last equation (1.23) with W*6L/6u® + D;B* which in turn can be replaced by
W fPEy + D;B* by utilizing (1.20). We immediately get

WeflEL + D;B' = W“;L + D;N°L. (1.24)

ua

From this we have 5L
Di(B"'— N'L) = Wa(w — [PE}) (1.25)

and thus
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: oL
DT =W*(—— — fIE} 1.26
(5.0 — J2EY) (1.26
as a consequence of (1.21) is a conservation law with conserved components 7% =
B — NY(L) of the system (1.20) with characteristic W. The steps are reversible.
This proves the result. O

A further detailed analysis of the operators is completely given below for the scalar
case in two dimensions, viz., (¢,z). This discussion is peculiar to our work in the
sequel as the Lagrangian and conserved flows are of a high order (third-order).
The proofs and finer details of the results are obtainable in [12]. Suppose X =
T(t, z,u)0 + &(t, z,u)0p + ¢(t, x,u)0, is a Noether point symmetry generator with
gauge (f,g). Then the conserved flow (7%, T%) is given by

T' =Lt + Wk + Dy(W)3k + D, (W)5k

5um

+D,Dy(W) 32 + DD, (W) 2 + D, D (W) 52 — f

Ottt OUtza

= Lr+W(& - D2k — D, 22 4 DF L 4+ D20 4 DD, 28)

t Quy T Quie U Qugsr T OUtzr T Quita

+Dy (W) 25 + D, (W) 2E

OUte

+D,Dy(W) 52 + DD, (W) 32 + D, D, (W) 52 — f,
T" = LE+ Wik + Dy(W) 2k + D (W) 2

OUzy

+D,Dy(W) 525 4 DDy (W) 52~ + D, D, (W) 52E

OUgtt SUzzx B g

:L§+W(§TL$_Dt8L_D 8L+D28L+D28L —i—DtD BL)

Ougt T Qugy t Quztt T Qugps T Qutzs

+Dy(W) 2 + D, (W) 2E

SUzg

+DyDy(W) 5L+ DD (W) 2L — g,

(1.27)

where

6 0 0 0 5 0 , O 0
R T T b T T TR

(1.28)

A range of literature pertaining to conservation laws is now available mainly pre-

senting the various methods involved, see [13, 14, 15, 16, 17].
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1.6 Illustrative example

For simplicity we have looked at point type symmetry operators and we have re-
stricted the gauge terms to be independent of derivatives. One can equally well
try to obtain true Lie-Béacklund type symmetry operators and our method still ap-
plies. However, the calculations in this case are quite tedious and best left for a
computer algebra package. The illustrative example in [12], is on the classical heat
equation. Although simple, it is considered a paradigm for evolution equations and

is frequently utilized as a benchmark for one’s approach.

Consider the (1+1) linear heat equation

Up = Uy (1.29)

If we invoke the partial Lagrangian L = u2/2,6L/0u = —u,, so that (1.29) can be
written as u; = —0L/éu and, therefore, 0L/éu can be replaced by —u; in (1.29)
to determine the Noether-type operators, by Definition 7, X = 7‘% + £ % + 776%
corresponding to L. That is,

Coty + (DyT + Dxﬁ)(;ui) = (n — Tuy — &ug)(—uy) + D,B* + D, B2 (1.30)

Expansion of the total derivative operators as well as (, and then separation of the
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derivatives of u yield the over-determined linear system

u? N = 0,
wug 1, =0,
Uz U : = — Tz,
- §=-T (1.31)
Uy : 7=0,
Uy LN = B,Z,
Uy = quv
1 . B} +BZ=0.
The calculations reveal that X = n(t,z)-2 where 7 satisfies the equation

and B' = nu + f(t,z), B? = n,u+ g(t,x),where f; + g, = 0. Weset f =g =
0. The corresponding conserved vector components, by Theorem 3, are 7! = nu
and T? = —nu, + n,u. The corresponding conservation law D, T' + D,T? = 0 is
n(uy — uy,) = 0 with characteristic n which is the characteristic of the Noether-type
symmetry operator X.

Thus, if for example

(1>77 = 1a Tl = u, T2 = —Ug,

(iiyp =t —32%, T'=(t—32*)u, T?=—(t— j2)u, — ux.
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Chapter 2

Conservation laws of Higher order

nonlinear PDEs

2.1 Introduction

The fifth-order KdV, and fourth-order Boussinesq equations are well known exam-
ples from mathematical physics purported to be of ‘high’ order. For these and any
high order PDEs, finding conservation laws by first principles can be extremely te-
dious. Thus, one needs to resort to alternate methods appealing to the underlying
symmetry generators of the equations. If this means the variational route, then there
may be problems such as the existence and determination of a Lagrangian. For the
two cases cited here, we construct ‘weak’ or ‘partial’ Lagrangians and successfully
construct conservation laws. The points to be emphasised is how cumbersome the
formulae required in the determination of the conserved flows due to the order of

the Lagrangians and related functions [18].
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2.2 The fifth-order KdV equation

The particular case that we investigate is the well known generalized fifth-order
KdV, (also known as the KdV-5 equation)

Vrzzzx + QU Vyy + gvvixm _I_ 7”2% + U = 07 (21)

where «, (3, v are arbitrary non-zero constants.

For a variety of combinations of the parameters, (2.1) has been studied using a num-
ber of methods, analytical and numerical. Inc [19] and Abbasandy & Zakaria [20]
made a detailed numerical study using the Adomian decomposition and homotopy
analysis methods, respectively. Several works on the soliton solutions and various
analytical methods have been done, for e.g. Lax [21] (8/2 = 10,a = 20,v = 30),
Sawada-Kotera [22] (5/2 = 5, = 5,7 = 5), Ito [23] (5/2 = 3,a0 = 6,7 = 2).
The well known Kaup-Kuperschmidt equation is based on the case /2 = —15,a =
—15,v = 45. It can be shown that the equation is Hamiltonian for 8 = 2a on the
principle v; = D, (6H), where H = — [(auug, + o/2u2 + ~v/(12)u* + 1/2u2, )dz.

In this section we determined the Lie algebra of point symmetries of equation (2.1)
is given by afy # 0. This result can be compared to the results obtained in the

section that follows,

Xl = 8t7
X2 = 817 (22)
Xy = —20, + 5t0, + 20,.

The commutator table for the symmetries of equation (2.1),
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X, X5 | Xy Xy | X3
X 0 0 |5X;
Xo 0 0 Xo
X3 —5X1 | —Xo| O

(2.3)

The standard third-order KdV equation (KdV-3) is an evolution equation but its
differential consequence admits a Lagrangian [24] and, thus, the KAV equation itself
is construed as a variational equation. We show in section (2.2.1) that one can
do this for (2.1) by which some interesting results regarding conservation laws via
Noether’s theorem are obtained.

2.2.1 The sixth-order expansion of the KdV-5 equation

This analogous study of the KdV-5 equation has not, to the knowledge of the author,
been done before. This may be due to the cumbersome forms of the extended Euler-

Lagrange operators that need to be used.

If equation (2.1) is differentiated by x or if v = u, in (2.1), we get the sixth-order

equation

We firstly determined the Lie algebra of point symmetries of equation (2.4) for
afy # 0, which can be compared to the results obtained via the different methods

presented, viz.,

Xl = 8ta
Xy = F(t)0, whereF (t)isaarbitrary functionoft, (25)
X3 = 8:E7 .

X, =5t0; —ud, + x0,.
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The commutator table for the symmetries of equation (2.4) is given by,

(X X5l | Xy X X3 Xy
X 0 X5 0 5X4
X - X 0 0 | —(F[t] + 5tF'[t])0,
X3 0 0 0 X3
Xy | =5X0 | (Flt] +5tF'[t)d, | — X5 0

The equation in question has a partial Lagrangian

1 1
L= —[iuim + 5 Uy + %ui + guiumx]
so that
oL + + YU Uy + (B—a)
= = Ug S Uz Uz U, Uy Ugrrzre = — Q) UggpUggy-
ou £ 9 s

(2.6)

(2.7)

(2.8)

Now applying the partial Lagrangian to the Noether-type Identity (1.21), the fol-

lowing expression is obtained

XBL) + LDy + D) = (6 — wr — ) oo + (Dif + Dag)

(2.9)

where f and g are gauge functions. The governing equations are obtained from

(2.9), by separating the equations by coefficients. These coefficients are derivatives

of the dependent variable w.
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The separation of monomials are listed as

2
Utumuzxa:

2
utugguwxu:m:a:

2
UpUgaUgry

2

uﬂ?uzxw

3
UpUgya

Ug gz Uzt

U2

rTT
U Uy

Ugp Ugq Uy o
Ut Ugy Uz e
Uz Uggs
Uz Ugry
Uy
uium
uium

u

u

BN W K

U
Uply,
Uy
Uy

1

T’LL?
Tuua
Euus
Eus
Puuus

Tl"

%Sx - %Tt - ¢u>

S, — 45(6s +7) ~ 26, — 66l

(8 —a)t,
(8—a)r,
(8 —a)e,

— 36020 + Earw — 3Prau,
— O,

—2B¢uu;

S8 — 3Bau),

%Sx - %Tt - %¢ua

— 20y + 560,

&t

%533 + %(_gm - Tt) + %Tt - ¢u7

_fu - %gbxa
—Gu — %(bta
—ft = 9a-

(2.10)

From the governing equations (2.10), it can be observed that there are two cases
appearing (i) o # 8 and (ii) a = S.

In the case (i), we obtain no symmetry generators due to £, 7 and ¢ being equal to

zero, therefore producing trivial solutions.

The case (ii), leads to a nontrivial solution. That is, the partial Lagrangian is, in

oL

fact, a Lagrangian of (2.4) due to a = 8, where §& = (8 — @)UggUse, = 0, which

o
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therefore changes the Noether-type Identity to Noether Identity,
XBUL) + L(Dyr + D,€) = (Dof + Dyg). (2.11)

The generators are the corresponding Noether symmetries, viz.,

X=0, W=-u), X=¢9 (W=—¢u,). (2.12)

We now list the corresponding conserved vectors which are obtained from the given

formula in the preliminaries.

(1) X =0 (W=—uw)

1 1

S et it D) + () (),
1 B

> Uran — oty — %Ui — g?@um + SUath,

Ly 74 B

2 TITT 12 — SUL Uz,

u gle

1
T = (—w)(—=us — T3 — iumuxrx + D3 (— s — g“i))

2 37
+  Da(—ut)(=Da(—Upzz — gui)) + Di(_ut)(_umm - gui)7

1

L, s

_ s B
- *ut + UtUgrrze + *utuzx + —UtUgUgrr — UizUggrr — 7T Utz Uz Uzy

2 4 4 4

5 2
_I' UtzzUzza + gutmxux~

Thus,

1
DI+ D,T" = Dt<_§us2nm N %ui - g“i“wm)
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B

1
+ Dx(iuf + UWlUgzgrs + 7utuix + éutuwumx)

(2) X =¢0, (W =—Cu,)

Tt

T$

Thus,

2 4 4

+ Dx<_utxuac:cxa: - Zutxu:cuxz + UtzeUgrx + gutx:cui)a
= 0.
1

_gux(_§u:c)7

1 2

25’“’1‘7

Ly Yoa B B p

2% 8°° 4 4
EUe (U + éumum) + Elr (Ugae + éug) +ug (2l + Lugtigss)
4 8 3 4
1 1
DT+ D,T* = Dyieud)+ Do(—6(het, + Lut + Duu,,)
2 2 12 8

= 0.

REMARK. The conserved vector in (1) is of 'nonlocal’ type for the fifth-order KdV

equation (2.1) when we substitute back to v since, if v = u,, uy = [vdz.
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2.2.2 Traveling Wave reduction of the KdV-5 Equation

We now reduce the KdV-5 equation to a fourth-order equation by taking the sum of
the symmetries from the previous result (2.12). By using the characteristic method
of solving PDEs, we obtain y = x — ct, that is a traveling wave equation. By taking
v = w, we find that v; = —cw’ and v, = w’. Then substituting the derivatives into

the main equation we end up with

w™ + gww”’ + aw'w” + yw?w' — cw' = 0. (2.13)

We then integrate Equation(2.13), which becomes

w" + Eww Zw/2 1 %w/Z 4 %w:%w/ —cw =k, (2.14)

which also can be written as

" /6 " o
+ — + (—
w 9 ww ( 9

_B
1

Jw'? + %w3w' —cw =k, (2.15)

for the study of different cases, which has partial Lagrangian

1
L=—-uw"”+ (% — i)ww/2 + %w‘l - icw2 — kw (2.16)
which has 5L
S0 (a — Bww". (2.17)

(i) For av # B, equation (2.15) has partial Lagrangian (2.16), applying the Noether-
type Identity which is

XPIL) + L(Dyo) = (n—w'o) 5= +(Df). (2.18)
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The separation of monomials are:

3

WyWyy & Ouw)
wgwyy D Tww — 204w,

WyWyy 2Ny — 0y + w(a = f),

wyws, O,

wy, L e — S0y,

Wyy Ny — wn(a = B),

W (s~ D)+ wnala— ) ~woy(§ — 2)
wy o fu Tt (a— g)wny,

1 . —cwn + swdy + Lw'o, — Swo, —

(2.19)

We obtain no symmetry generators since o and 7 are equal to zero - this leads to a

trivial solution.

(ii) For a = 3, equation (2.15) transforms to

W + gww” + gw’Q —+ %wg’w/ — CW = k;

which has the partial Lagrangian
1 "2 6 2 Vo4 1

L=-w"—Sww + Lw*— =cw?® — kw.

2 4 12 2

The separation of monomials are:

3

WyWyy Ty
wzwyy C Nww — 20yw7

WyWyy = 2y — Oy,

wyws, Oy,

wzy © T %va

Wyy © Myys

wg : —%7 - %wﬁnw + iwﬁggp

wy : _fw - %wﬁﬁy,

1 D —cwn + swy + Jwre, — Swlo, — f,.
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This leads to a nontrivial solution, that is, the partial Lagrangian is, in fact, a
Lagrangian of (2.14) and the generators are the corresponding Noether symmetries,

Viz.,

8, (W=uw) (2.23)

with the corresponding conserved vector,

1 1
T = Ew"Z — iww’2 + 112104 — 50@02 + gww’2 + w'w” —w"?,
1 1
= _§w//2 + iww/Q + %Uﬁ . 5Cw2 + w/w///7
such that
D(T) — —w'w" + i(w/i’) + 2ww/w//) + %w:sw/ — cww + w'w" + w/w////’

= i( 3 + 2ww/w//) + %wfiw/ — cww' + w/w////7
_ w/<w//// + iw/Z + gww// + %w?) _ cw),
= 0.
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2.3 The fourth-order Boussinesq equation

The Boussinesq equation which models the behaviour of long waves is sometimes

written as the fourth-order equation

The highest derivative in the equation (2.24) is a singular independent variable
derivative term. Its Noether type symmetries, X = 7(¢,z,u)0; + &(t,z,u)0, +
o(t, x,u)0,, via the partial Lagrangian

L, Lo 1 5

L= JUze — Gl S U, (2.25)
which has 5L )
2
ez 2.26
S 5Ua (2.26)
is determined by (1.20). In this case, X L is a second prolongation of X, viz.,
XL = —%qﬁufc + Ut s + uPugEy + uudé, + uulé+
U?Tt + ug’Tu + uutuiTu + UU UL T, — UpPp—
ut2¢u - UUinu - UUIQSQC - 2um7-uux,tuz,x_
ZTxux,tua:,x - 3ux£UUi7x - 2£xu925,x_ (227>

2 2 3 2
utTuu%x + ¢Uu1'7x - umum,wgu,u - 2uxufﬂ,1‘£$,u_
2
u$ul‘,$§$,$ - utugcu:c,zTu,u - 2utu$u$,x7—z,u_
2
utux,:ch,az + uxux,argbu,u + 2ua:ux,:v¢az,u+

ux,x¢x,x-

35



The separation of monomials gives rise to

Uz We 0 —Tous

Uplpa Uy © —2Tgy,

Uppt) 0 —Euus

Upes 1 =260+ Puu,
Upelly 0 —Eae + 2000,
UggUgt 1 Ta,

uixu:c o Cus

uz, : —%fa: =+ %Tt + Pu,
Ug D Puay (2.28)
utug : —%T + %UTU,

Uty &t

u? L 3Tus

ul o —3E+ quby,

u? : %ufx — %m’t — UQy,
Uy D= fu— ¢,

Uy D= Gu — Uy,

1 = ft— G

The over-determined system has solution

=0, £€=0, ¢=A+ Bt+ Cx+ Dxt,

f=—=(B+ Dx)u+a(z,t), g=—5(C+ Dt)u?+b(z,t)
where a; + b, = 0 and A, B, C' and D are arbitrary constants.

(2.29)

If we choose, for example, A = D = 0 (Noether type symmetry X = (Bt + Cx)0,,
W = (Bt + Cz), f = —Bu and g = —3Cu?), we obtain, via a truncated version of
(1.27), ie.,

T'= Lt + W5z + [D;W = WDjlge — f,

, 2.30
T% = L&+ Wge + [D;W = WDj|5 — g, (2:30)
the conserved density and flux
T = —(Bt+C B
(Bt + Ca)u; + Bu (2.31)

T* = —(Bt + Cx)uuy + Cugy — (Bt + Cx)Ugys + %C’u2
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so that D;T* + D,T% = —(Bt + Cz)(Ugzze + Ullzy + U2 + usg).

2.4 A fourth-order non-linear equation

The Lagrangian, L = fu2, — uuZ, of
Upzze + 2Ullyy + u2 = 0, (2.32)

has been discussed in [17] constructed by the homotopy formula since the Frechet

derivative of Uypep + 2utly, + U2, Viz., D;l + 2uD? + 2u, D, + 2uy, is self adjoint.

As before, (1.27) yields the Noether symmetries which are the translations 0; and
0;. The symmetry x0, — 2ud, is not variational with regard to this Lagrangian.

The conservation laws via translations, via (1.27) are with respect to d; and 0,,

t 1,2 .2
T" = jug, — uuy,

(2.33)

r __
T = 2uutux — UgtUgy + UtUgrs

and

Tt =0,
T = 202+ uu? — UpplUppy + Ugll (234)
— 2%xx T xx Ve xYrre-

Note. If one uses L as a partial Lagrangian for the evolution equation u; = Uzpe +

Qe + u2, so that % = u;, we obtain no Noether type symmetries. In fact, direct
calculations do not yield any either. The point symmetry generators of the equation

are, in addition to translations, 4t0; + 0, — 2u0,.

2.5 Discussion and conclusion

We see that the conserved flows for high-order equations (with Lagrangians and,

equivalently, partial Lagrangians of order greater than one in derivatives) support

37



a formula similar to the well known Noether’s theorem with the proviso that the
higher-order cases have more terms giving rise to the appropriate order of the con-
served flow. Also, in the KdV-5 evolution equation, we resorted to variational tech-

niques usually adopted for the KdV-3 equation.

We used the new modified approach of the Noether identity to find symmetries and
then conservation laws for the high order equations. We know that when considering
the use of the partial Lagrangian, we have to take into account the highest derivative
of the equation, where the highest derivative of the equation must be derived from

the partial Lagrangian.
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Chapter 3

Conservation laws of Higher order

PDEs with mixed derivative term

3.1 Introduction

In the previous chapter we had observed the application of variational and ‘partial-
variational” techniques on higher order equations where no derivatives were of mixed
type. When considering the partial Lagrangian formula, a special point of considera-
tion is the term of the highest derivative; the highest derivative term of the equation

must be derived from the partial Lagrangian.

In this chapter we consider the equations in which the highest derivative terms
are mixed. The equations we investigate are the Camassa-Holms, Hunter-Saxton,
Inviscid Burgers, KAV family of equations, the fourth-order Shallow Water Wave and
Regularized Long Wave equations which has been discussed in [25]. The importance
of the equations lie in many areas of physics, and real world applications, e.g.,
tsunamis are characterized with long periods and wave lengths and as a result they

behave as shallow-water waves, [26].
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3.2 Camassa-Holms, Hunter-Saxton, Inviscid Burg-

ers and KdV family of equations

We now consider the family of equations
a(vy + 300;) — B(Vgar + 20,050 + VVzzz) — YVpze = 0. (3.1)

Even though it represents a class of nonlinear evolution equations, it displays varia-
tional /Hamiltonian properties and would then be subject to, amongst other things,
Noether’s theorem [1]. This is well documented in the case of the KdV equation
[24]. Also, it displays interesting soliton or soliton like solutions. Equation (3.1)
represents a version of the KdV equation (o = 1,5 = 0,7 = 1), the Camassa-Holm
equation (o = 1,8 = 1,7 = 1), the Hunter-Saxton equation (o« = 0,5 = 1,7 = 1)
and the inviscid Burgers equation (o = 1,5 = 1,7 = 0) [28, 29, 30].

We determine the Lie point symmetry generators for equation (3.1) which split into
various cases which are also symmetries for the different equations mentioned above.

For the case (i) the commutator table is also included.

(1) aBy#0:

X1 =8t
X, =0, (3.2)
Xy = (1-22)9, + 220, + 3t0,

(X, X] X X, X3
X 0 0 | 225 43X
. 7 2 (3.3)
X, 0 0 0
X; —%’% —3X,| 0 0
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(1)) a=0, py#0:

X, = (u—l—%)@u—l—xﬁx
Xy =F' ()0, + F(t)o,
X3 =F(t)0, +xF'(t)0, + xF"(t)0,

(i) =0, ay#£0:

Xy = F(t)0,
Xy =0,
X3 = ud,
Xy = (3tu—1x)0,
X5 =F(t)0,
X¢ =zF(t)0,
(w) =0, af#O0:
X1 =0
Xo =10, — ud,
X3 =0,

Note. F(t) is an arbitrary function of t.
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3.2.1 The higher-order expansion of the Camassa-Holms,
Hunter-Saxton, Inviscid Burgers and KdV family of

equations

The method of expansion is employed in this section due to the order of the equation.
The family of equations is of third order, due to this fact a standard Lagrangian
can not be obtained. We seek an alternative approach by modifying equation (3.1).

The order of the equation is thus increased by letting v = u, to obtain

We determine the Lie point symmetry generators of the equation and split these

into various non-trivial cases.

(1) apfy#0:
Xl = 075
X2 = au
X, =0,
X5 =280, + 30, + (v — 22)9,
(X, X,] X, X, X; X, X;
X, 0 0 | Xo+ Xy | 0 |20 43X,
X 0 0 0 0 —
2 7 (3.9)
Xs —Xo—X3 | 0 0 0 | Xo+ X3
X, 0 0 0 X,
X5 | 203X, | 2R X, - X | X, 0
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(1)) a=0, py#0:

X1 - 8u
Xy, = F(t)0,
X; =(2u+ %)au + 20, (3.10)

Xy = F(t)0, + 2F'(t)d,
X5 =2F()0; + (2uF"(t) + 2*F"(t))0y + 22 F(t)0,

(i1i) =0, ay#0:

X, =F(t)o,

Xy =ud,

X3 = F(t)0,

X, =0, (3.11)
X5 =20,

X7 = 6t$8w + 3328u

(iv) v=0, af#0:

X, =0

Xy =0,

Xy =F(t)d, (3.12)
Xy, =ud, —to,

X5 =0,

The modified equation (3.7) displays variational properties with respect to the La-
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grangian

The symmetries and corresponding conserved vectors are
(l) X — at, W = —

The conserved quantities are

Th = =5 (s +10}) — 5(Uatid, + tiatien) — J13,

+(_ut)(_%u:v + guxxac) + <_utx)(_§uxa:)>
(3.14)

T = (_ut)(_%ut 301 ul + 5 Uy + ﬁut:rx + Bu:puxmx + qux:m:)

The total divergence is

Dy(T") + Do (T?)

1
27“11”:):3:23 - qutxuxzm - P)/ux:rutzx + QBua:xutxx
1 B
§ﬁutxuzmz - ﬁutxutmx - §utut2mz + Qﬁuxumzu:pxx (315>
3
/Buxz - Buzuaxxutzz - ﬁuwutxuzaxx

B B
b} UgrUtty — b) Utz Utza

+ + +

Extra terms emerge that require further analysis. By making an adjustment to these

terms, they can be absorbed into the conservation law if we note that

Di(T") + Dy(T?) = Du(vu2,) = Da(Yuratine) + Dao(§ttitiey)
- D (ﬁututmc) + D (ﬁux 295) D:L‘(uxut:r:uxx)
D ( utz) + Dt( utm“zx)

(3.16)

Then by taking these differentials across and adding them to the conserved flows,

this satisfies the conservation law. The modified conserved quantity are now labeled
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T, where Dy(T") + D,(T?) = 0 along the equation, viz.,

TV = T'— Sugiiy,,
T2 = T2 =, + YUl — Ui, (310
L — Bugul, — upup iy, + Sul,
The same applies to the following cases below.
(i) X =0,, W=—-u,
With T = (—u,)(=2us + Ztpes) + (—tpe)(—5uy,) and T? = —%(uuy + ud) —

B (upu2, + upptiyy) — Tu2, 4+ (—up) (= Sy — 2002 + S0, + Buges + Bustipes + Vieas) +

Dy(T") + Do(T?) = —350(Ualtzer — Usalitar), (3.18)
so that, since —%5 (UpUtpzr — UgpUier) has derivative consequences,
—1B(UpUtgrs — UgaUtos) = —3B(Do(ugtize — Di(u2,)), (3.19)
so that a redefinition leads to
' = T'— 1,
(3.20)

- 1
17 = T2+§ﬁu:cumca

(iii) X =n(t)0,, W =n(t)

Here, we get T = (n(t))(— 2ty + Sttze,) and T2 = (n(t)) (=2 (ugue+ul) — 2 (upu, +
Uiallar) — 3u2,) + (4(8)) (= Brugy) + 21 (t)u. so that

Dy(TY) + Do(T?) = —in(t)Buse, (3.21)
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and
o= 1,
(3.22)
T3 = T?+ in(t)Bue.

3.3 The Shallow Water Wave equation

The shallow water wave equation (SWW), models the simplest water waves which

reasonably approximate the behavior of real ocean waves,

Ugzat T QUL Uty + 5utu:m: — Uty — Ugy = 07 (323>

where v and [ are arbitrary constants.

We determine the Lie point symmetry generators of the equation (3.23) and these

are split into various cases with each of their commutator tables.

(i) ap#0:

X1 =0,
Xy =0,
Xz = F(t)0.+ BE(t)0,
Xy =0,

X5 = (22 —ua)d, — tad; + zad,.
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(X, X,] X, X, X3 Xy X5
X, 0 0 X1+ X0+ X5 0 —aX,
X5 0 0 0 —aXy
X3 X1 —Xo— X3 0 0 X1+ Xo+ X3
Xy 0 0 0 2Xs +aXy
X5 aXy aXy | = X1 — Xy — X3 | —2X5 — aXy 0

(1)) a#0, p=0:
X1 =0,
Xy =0y,
X3 = F(t)0,,
Xy =0,
X5 = (22 —ua)d, — tad; + zad,.
(X, X,] X, X5 X3 X4 X5
X, 0 Xo+ X5 0 —aX,
X5 0 0 0 —aXy
X3 -X, — X3 0 0 Xo+ X3
Xy 0 0 0 2X5 + aXy
X5 aX; aXy | — X9 — X3 | —2X5 — aXy 0
(i) a=0, B#0
X1 =0,
Xy =120,
Xy = F(t)0, + BF(t)0,
X, =0,.
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X, X, X Xl x5 | x
X, 0 0 |Xi+Xs| 0
X, 0 0 0 | -0,
X; |-X1—-X3|0 0 0
X, 0 B, 0 0

From the equation (3.23), there are two cases that emerge, viz., (i) a # S and (ii)

a=p.

In case (i) a # 3, we refer to this equation as shallow water wave-1 (SSW-1), and for

case(ii) a = f3, equation (3.23), « is replaced by [, we refer to this case as shallow

water wave-2 (SSW-2), which becomes,

Ugzrt + 5uxuta: + Butumz — Uty — Ugy = 0.

3.3.1 Shallow Water Wave-1

Here, we use the partial Lagrangian

1 1
L= §umum —+ §U§ + §U1Ut — gﬁutui,
for which 5L
(S'U/ ( ﬁ a)“t u
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(3.25)

(3.26)



The separation of monomials gives rise to

2
Uz Uy,

2
utac

2

Uz Usn

2

umc

Utz Ugy
Ut Uz Uty
Uy
Ug Uty

2
T

Ut
Uty

2

Uy

Uy
Uy

1

TIM

Ta:a

Eus

&t

My — s
(28 — a),
(28 — )¢,
(28 — a)n,
§o — 3N,
N = BNy

T — %/D’m - %fa: + %Tm
—Gu + 37 + N,
—fu+ 300,

Jt + a-

(3.27)

From equation (3.27), we observe there are two cases that emerge, (a) o = 23 and

(b) av # 2.
Case (a): a =20
(1) X = 8t, W = —Ut

11,2 1
T = Jug + 5Utlsas

1 1
T? = —uwuy — U7 + Uf U + Upligy — U

2

1
ot — g UzaUtt

2
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The total divergence is given below.

Dt<T1) + Dx(T2) = Dt(%ui + %Utummx)
Dy (—ugtiy — U7 + Utz 3+ Upllpar — FUZ, — SUgalsr),

T
1
iux:puttx

+

1 1
Uz Uty + §umzxutt + §utumzxt — UgUgy — UtUgy —
2 1
—  UtUiy + 26utuazutx + 6“75 Ugy + UtUggrt — guwxxutta
— 1 1
- Ut(“xwzt + QUL Uty + Butua::v — Uy — Uacx) + §utumx$t - §u;rxuactt7

— 1 1
- §utuzxxt - qu:cuxtt-

(3.28)

We observe that extra terms emerge. By making an adjustment, these terms can
be absorbed into the conservation law. The adjustment of these extra terms can be
done by finding differentiable functions that form the extra terms, when they are
differentiated,

Dy(TH) + Dy(T?) = Uligmet — 3UgaUatt, (3.29)

- %Dt<utu$wx) - %Dac(uac:cutt)

Then by taking these differentials across and adding them to the conserved flows,

this satisfies the conservation law

3.30

The modified conserved quantities are now labeled T, where D,(T") + D,(T2) = 0.

T = T' = U,
1,2
Uy

(3.31)
T = T2+%uxxutt

_ 1.2 2 1
= Uy — UF + UFULB + Uplger — U

2
xt

The same consequences apply for the results below.

20



1_ 1,2 1,3 1,2 1
T = —gug + supf — Uz, + 5UsUpey
2 1,2 1 2 1
T = —5Uy + §Utuxﬁ + UpUgyr — 5 Uzz Ust
A 11,2
T - T 2uaca:

_ 1.2 1,3 1.2

(3.32)
P/ 2 1
T2 = T% — SuzlUgy

Case (b): a # 20
(1) X =0,, B'=1iu2(26-0a), B*=0, W=1

T = tuy — 10u2 — Suges + 2u2(268 — )

2 _ 1
T% = Up + FUs — UUz B — Ugas

The total divergence is given by,

Dy(T") + Do(T?) = Dy(3ua — 38u2 — Stigae + 3u2(26 — )
+ D(u, + %Ut — WUy S — Ugat),
= %utm — Ug U3 — %uwx:vt + Uty (28 — @) (3.33)
F Ug + FUts — Ugllye S — WUy S — Usgar,

= (u:m:xt + QU Uy + ﬁutumc — Uty — umz) -1

QUmzxta
_ 1
- _iuxmzt'

From the equation (3.33), ..+ has two derivative consequences,

Uggat — Dt (ux:ca:)

(3.34)



which leads to two pairs of conserved quantities,
(i) X
= %ua? - %ﬁui + %UE(QB - Oz),

(3.35)
T = T
= Uy + %ut - utuwﬁ — Ugat,
(i)
T} = T
7:22 = T2+ tupy 330
o Uz
= Uy U — WS — Gl
(2) X =0,, B'=3ul(26—-a), B*=0, W=—u,
T? = %ui + %utuiﬁ + UgUgat — %uacwuxt
S
= 2+ 2B 2, - B2 o),
(3.37)
TQ - T2 - %uxum:ct
= %ui + %utuiﬁ + Uy Ut -
3.3.2 Shallow Water Wave-2
For equation (3.24), we use the partial Lagrangian
1 1 1 1
L= 5 Utalla + §u§ + ot — iﬁutui, (3.38)
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which has 5L
5= BUgply. (3.39)

The separation of monomials gives rise to

uzum L Ty,

u?, D Ta,

Uty  : u,

Uix o &

UtgUge  © T — o,

Uz Uty 0T,

vpthe PG (3.40)
Ugllyy = 7,

utu;i o & — 3N,

Uty D N — BN,

u? : m—%ﬂm—%iﬁ%n,
Uy C—Gut 5+ s

Uy o= fut %%

1 it e

From equation (3.40), it is clear that 5 # 0 or 5 = 0.

If B # 0 then it is a trivial solution, and if 5 = 0, then equation (3.24) changes to
Ugzzt — Uty — Ugy = 07 (341)

and the partial lagrangian (3.38) becomes a standard Lagrangian

1 1 1
L= 5 Uatlas + §u§ + o Uslt, (3.42)

and the conserved quantities are as follows:

(l) X = at, W = — Uy
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11,2

2 1,2 1
T = —UUyp — Eut + UtUgat — iu
T = T!
_ 1
- 2
T2 —
(i) X =0,, W=—u,
1_ 1,2 1 2 1
T = —juy — Uz, + 5UzUsge
2 1.2 1
T - —§'U,z + UgUggt — §uxzuxt

1
iutumzm

—UtUg

Tl

UgzUtt

UtUgrq

2 1
T + §umutt

1,2 1
— iut + UtUgat — iu

2 1
T — §uxuxxt

1,2
— Uy T UgUggt-

(3.43)

2
xt)

(3.44)

REMARK. From the conserved quantities attained, there are non-zero divergence

terms occur when the conservation law is applied. These extra terms are adjusted

by merely taking the extra terms into derivative functions that can be absorbed into

the conservation law, therefore producing new conserved quantities.
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3.4 The Regularized Long Wave Equation

The Regularized Long Wave Equation (RLW), models soliton waves and is some-
times referred to as the Benjamin-Bona-Mahoney Equation. The regularized long
wave (RLW) equation is an important nonlinear wave equation. Solitary waves are
wave packets or pulses, which propagate in nonlinear dispersive media. Due to dy-
namical balance between the nonlinear and dispersive effects these waves retain a
stable waveform. A soliton is a very special type of solitary wave, which also keeps
its waveform after collision with other solitons. RLW is an alternative description

of nonlinear dispersive waves to the more Korteweg de Vries (KdV) equation,

Viww + 0?0, + v + v, = 0. (3.45)

The RLW equation is a third order equation and for our purposes of investigation
we modify this equation to be compared with the equations we have dealt with thus
far. We do this by differentiating the equation by a spatial variable, x and a time

variable t.

We refer to the modified RLW equation which has either been differentiated by ¢ or
had v replaced with u; as RLW-1,

Ugztt + Ozufum + Uy + Uy = 0. (3.46)

The symmetry generators obtained for the RLW-1 equation are listed below with

two cases for o and its corresponding commutator tables.

(i) a=0
X1 =0
XQ == u(?u
X3 = F(t,x)@u, F;ftxx+th +Ftt =0
X4 = 890
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X, X | X1 [ X ] X5 | X,
X 0 X3 | 0
Xo | 0 |0 |-x5]0 (3.47)
X3 —X3 | X3 0 | X3
Xy 0 0 [—X3] 0
(1)) a#0
X; =0
Xy =0,
X3 =F(x)0,
Xy =0,
XX X [ X X X,
X1 010 0 0
X, oo 0 0 (3.48)
X3 010 0 Xo+ X3
X4 0] 0 |—-Xo— X3 0

We refer to the modified RLW equation which has either been differentiated by x
or had v replaced with u, as RLW-2,

The symmetry generators obtained for the RLW-2 equation are listed below with

two cases for o and its corresponding commutator tables.

(1) a=0
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X1 =0

X2 = Uau
XS :F<t,l')8u, thxm+me+th:O
Xy = aa:
(X, X5 Xq | Xo| X5 | Xy
X 0] X5 | O
X5 0|—-X3|0
X3 | —X3| X5 X3
Xy 0|—-X3|0
(i1) a#0
X1 =0
Xy = F(t)0,
X3 = ax
(X, X5l | Xi | Xo | X5
X 0 |X2| O
X -X5] 0
X3 0
3.4.1 Regularized Long Wave-1
Here, we use the partial Lagrangian
1 1 1
L= iuf‘,ﬂ — §utu$ — §U§7
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(3.51)

(3.52)



for which
oL

S0 = — o Uy (3.53)

Using Noether’s Identity we substitute (3.52) and (3.53)into the expression below,

which we use to find our determining equations and then separate by monomials,

5L
XML+JngP+Dg%:4n—ug1—ug%a;+pﬁﬁ+¢%32 (3.54)

The separation of monomials are:

Uy Uty : gt + utgua

Ut Uty T + Uy T,

u%m SN %fz - %Tta
Uiy, ol

WU AT,

U%um Loam,

Uty Uty © Nuu,

Ul Tha, (3.55)
Uy Uty o Naus

Uty b M

Uy Uy N,

u? DM+ 36+ 3T
Uy L =G — 37

Ut b= fu e e
1 : ft + Gz-

From equation (3.55), it is clear that o # 0 or a = 0.

If o # 0 then it is a trivial solution, and if & = 0, then equation (3.46) changes to

Ugztt + Ut + Uy = 0 (356)
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and the partial Lagrangian becomes a standard Lagrangian. By solving the over-
determined system, we get the symmetries. From the symmetries we calculate the

conserved vectors,

Case (i) X =0, W = —uy
1_ 1,2 | 1,2

T = —ium + iut + UpUtgn

2 1,2
T = Eut + UtUtty — Ut Uty -

Checking if the conservation law holds, i.e.,

Dy(T") + D, (T?)

1.2 , 1,2 1,2
Dt(—§um + sup + Ulhpyy) + Dx<§ut + Ul — Uy,

= U Uty T Ul + UgpUppe + UtUitzr T Ul

+

UteUtte T UtUptzr — UteUpte + Ut Uiza,

UtUgtgy — Utz Utte-

(3.57)

We observe that extra terms emerge. By making an adjustment, these terms can
be absorbed into the conservation law. The adjustment of these extra terms can be
done by finding differentiable functions that form the extra terms, when they are
differentiated.

Thus,

Dy(T) 4+ Dy(T?) = wlsppy — UppUst, (3.58)
= Dt(utut:mc) - D:p(uttutac)-

Then by taking these differentials across and adding them to the conserved flows,
this satisfies the conservation law,

3.59
Dt<T1 — ututm) + DI(T2 -+ uttum) = 0. ( )
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The modified conserved quantities are now labeled T, where D,(T") + D,(T2) = 0.

Tl = Tl — UtUtpa
1.2 1.2
—3U T 53U

(3.60)
T2 = T2 + Up Uy
1,2
iut + Ut Uty -
The same consequences apply for the results below.
Case (ii) X =0,, W = —u,
1_1,2 2
T = UL + Uty + Uglpry — U,
2_ 1,2 _ 1,2
T* = —5ug, — Ju; + Uplyty
T = Tl + Upt Uy
_ 1,2 2
= UL T Uly + UgUtzpy — Uy T UptUig
(3.61)
T2 = T2 — Up Uty
_ 1,2 _ 1,2
= Tl T 3l

Case (ili) X =0,, W=1

1 _ 1

T __§u:c_ut_ut:r;a:
2 _ 1

T = —oUt — Ugg
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The divergence is,

Dt(Tl) + Dx(T2> - Dt(_%um — U — uta::v) + Dm(_%ut - utta:)a

. ) (3.62)
= ToUr — U — Uptex — Utz — Uttzx,
= —Uige-
From the equation (3.62), u,, has two derivative consequences,
U = Di(u
ttrxx t( tzx) (363)
- Dz (Uttz>
which leads to two pairs of conserved quantities
7:11 = Tl + Utzs
= —%uw — Uy
(3.64)
T = T?
= _%Ut — Utta
T = T
_%um — U — Utz
(3.65)
T3 = T°+ uy,
= —%ut

Case (iv) X =t0,, W=t [f=-u g=—1iu
T = —Stuy — tuy — tugey — u
,_Zﬁ2 = —%tut — tutm + Upy — %U
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Checking if the conservation law holds we find that,

Dt<T1) + Dx(T2) = Dt(—%tux — tut — tutm — U) + Dx(—%tut — tutm ‘I— Uty —

_tuttxx-

From the equation (3.66), u,, has two derivative consequences,
tuttmx = Dm (tuttz)
= Di(tuxx) — Dy(uygy)

which leads to two pairs of conserved quantities,

f11 — 71

= —%tuw —tuy — gy — U

le = T2 + tutm
= _%tut + Uty — %U
T21 = Tl + tutm

—%tuw —tu; —u

T22 = T2 — Uy

1 1
= —§tut — tuttm — 5“

3.4.2 Regularized Long Wave-2

Here, we use the partial Lagrangian
1 1

1
L= §umum — iutum — iui
for which
oL 9
— = — QU Uy
ou w
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(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)



Using Noether’s Identity we substitute (3.70) and (3.71)into the expression below,

which we use to find our determining equations and then separate by monomials,

XPL 4 L(D&E + D% = (n — bt — uxfz)(;f: + D,B' + D, B*. (3.72)
The separation of monomials are:
Ugaltr 1 & — Wi,
Ut Uty DT T UgTy,
UtgUzg ¢ N — oy
U3 Uy Coag,
wuiug, QT
W oo,
UtUgp Uz ° Tuu,
Uy Uz © Nt
Ullyw ¢ Taus (3.73)
Ugy: © Mt
Uslte ¢ Tow — 2oas
Uty Y Naas
Uy Uy S M
u /s %Sx — %Tm
Ug TG %7775 = N
uy D= fu = N
1 N P

From equation (3.55), it is clear that o # 0 or aw = 0.

If o # 0 then it is a trivial solution, and if & = 0, then equation (3.46) changes to
Ugrtt + Ut + Uty = O (374)

and the partial Lagrangian becomes a standard Lagrangian. By solving the over-
determined system, these were the only Noether symmetries which were obtained.

From the symmetries we calculate the conserved vectors:
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Case (i) X =0y, W =—uy

1 _ 1,2 1
T = —ium + §utumz

2 1,2
T = Qut + Uy + UpUppy — 5

1,2
SUy

1
= Ut Uy

— 1 1
s T — §utuz’xx
1,2
(3.75)
i 1
7 = T2 + §uttuxa:
_ 1,2 1,2
= §ut + Uy + UpUppy — Eum.
Case (ii) X =0,, W = —u,
1 _ 1,2 1 1,2
2 1,2 1
T = ngg + Ug Utz — §utwumz
1o ol 1,2
_ 1,2 1
- §ux + §uxu:m:x
(3.76)
r2 o2 1
17 T — §umutxac
_ 1,2 1 1
- 5“1 - iutzumm + §uzutxm
Case (iii) X =zd,, W=z, f=—-3u, g=-u
1 _ 1 1 1 1
T" = —5%Uy — 5TUgge + 5Uge + 5U
1 1
T? = — 32Uy — Ty — Tlggy + FUiz + U
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T = T
— 1 1 1 1
(3.77)
— 2 1 1
T2 = T°— Eum + E.I’Utmm
1 1
= —3qU — TUy — 5TUtgy T U

3.5 Discussion and conclusion

We used the Noether identity to find symmetry generators and then conservation
laws for high order equations containing mixed derivatives in the highest term. All
the conserved vectors in the equations with highest order possessing mixed deriva-
tives produce extra terms that become essential parts of the constructed conserved

vector for the equation in question.

Using the variational technique on the Shallow Water Wave equation, we get con-
served flows that produce extra terms when the conservation law is applied. These
extra terms are adjusted and then merged with the conservation law to form new
conserved quantities. These extra terms also occur in the second equation, the Reg-
ularized Long Wave equation. An interesting observation obtained from our results
in that the mixed derivative equations considered produce extra divergence terms.
These extra terms consisted of the product of the characteristic function and the

highest derivative term of the equation in question.

Note. We acknowledge the comments made by Sarlet [27] regarding the findings and
criticism of this chapter and [18]. Our results are not incorrect and the discussion
in [27], in fact, provides a necessary and much needed nontrivial explanation to the
findings. Thus, rather than being negative, we believe that [27] endorses our results.
What was missing, therefore, in our paper [18] was an explanation. Furthermore,
the examples discussed in the chapter are well known and are of interest to wide

audience.
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Chapter 4

Conservation laws of some Vaidya

metrics

4.1 Introduction

In this chapter we will look at the Vaidya metric that is currently being researched

intensively in relativity and astrophysics. In the paper by Lindquist et al [31], a

detailed description on why the Vaidya metric is the most convenient one for the

spherically symmetric solution of the Einstein’s field equations. The Vaidya metric

is given by [32]

2m(u)
r

ds> = —(1— )du? — 2dudr + r?(d6? + sin® 0d¢?), (4.1)

where m(u) is the arbitrary function of the retarded time coordinate u. Following
the coordinates introduced by Finkelstein [33], the metric in (4.1) can be construed
as

2m(u)

2m)y g2 g™ g (14

)dr? +72(d6* +sin? 0d¢?). (4.2)
r T T

ds* = —(1—

Various studies relating to the Vaidya metric have been done, for e.g., the ‘nature
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of naked singularities’ [34], the ‘Carter constant and Petrov classification’ [35] and
references therein which include aspects of the nature of the Killing tensors and the
well known notion of the ‘isometries’ of the metric which are the diffeomorphisms

of the manifold onto itself which preserve the metric tensor [36].

4.2 Lie point Symmetries of the Vaidya metric

The Euler-Lagrange (geodesic) equations associated with the Lagrangian

2m(u)

L=—(1-
( r

Ya? — 207 + r26° + r? sin® 0> (4.3)

corresponding to (4.1) are

—T3<132 +cos 92r3<152 —r362 +ma2

u = 2 )
r

s —2miut2mri—r2i
ro= 2 )
A rd?cosfsinh—274
§ = ritempsnoni (4.4)
é _ —2r¢fhcscbcos §—27¢

o 7 cscfsin 0 )

where ¢ is the derivative of a with respect to the arclength parameter s. The
geodesic equations are constructed by applying the Euler-Lagrange operator onto
the Lagrangian for each variable (¢,r,0, ¢).

The algebra of Lie point symmetries of (4.4) separate into a number of classes based
on m(u). The invariance of differential equations leading to Lie symmetries is now
well documented and can be found in, inter alia, [17]. We list the two cases m(u) = 0
and m(u) = k, with k an arbitrary constant. We note the ‘large’ 35-dimensional Lie

algebra for the first case reduces radically when we consider the Noether symmetries.
Listed below are the Lie symmetries for the two cases.

(i) Case m =0
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Xy = 0

X35 = 50,

Xy = (r+u)o;
X5 = rcosfo,

Xg = 7 cos ¢sin 00,

X7 = rsin ¢sin 00,

X = cos g0y — cot 0 sin g0y
Xog = sin ¢dy — cot 0 cos 0y
X10 =04

X1 = 50,

X2 = (r+u)o,

X3 =rcosfo,

X4 =1rcos¢sinfo,

X15 = rsin ¢ sin 00,

Xi6 = u0, + ro,

X7 = 820, + sud, + rso,

Xig = s(r+u)0s +u(r +w)0y, + r(r +u)o,
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X19 = cos 00, — cos 00, + %sin 00,

Xo9 = scos00, — scos 00, + 2 sin 00y

Xo1 = ucos 0, — (r +u)cos 00, + (rj—”) sin 00y

X9 = 15 cos 005 + rucos 00, + 1% cos 00,

X3 = u + 7 cos® t0, + rsin® td, + cos  sin 60y

Xo4 = sc08 ¢psin 00, — scos ¢sin o, — = cos ¢ cos 09 + = cscf sin 00,

Xo5 = ucos ¢sin 00, — (r + u) cos ¢ cos 00, — H“ cos ¢ cos 00y + Tﬂ) csc 6 sin 00,
Xog = 15 cos ¢ sin 00, + ru cos ¢ sin 00, + r? cos ¢ sin 60,

X7 = rcos ¢sin 200, — 2r cos ¢ cos 0 sin 00, — cos ¢ cos 200y + cot 0 sin pJ,,

Xog = ssin ¢ sin 09, — ssin ¢sin 00, — 2 cos ' sin ¢pdy — = cos ¢ csc 00,

Xo9 = usin ¢sin 09, — (r + u) sin ¢ sin 60, — (r+“ cos 0 sin Oy — T+“) cos ¢ csc 0,
X3 = rssin ¢ sin 09, + rusin ¢ sin 00, + 12 sin ¢ sin 60,

X31 = rsin ¢sin 200, — rsin ¢ sin 200, — cos 20 sin pJy — cos ¢ cot 00,

X3o = 2r cos 2¢sin® 00, — 21 cos 2¢ sin® 00, — cos 2¢ sin 200, + 2 sin 2¢9,,

X33 = 4r cos ¢ sin ¢ sin® 09, — 4r cos ¢ sin ¢ sin? 09, — sin 2¢ sin 200, — 2 cos 2¢d
X34 = — cos ¢sin 09, + cos ¢ sin 00, + % cos ¢ cos 00y — % sin ¢ csc 00,

X35 = —sin ¢ sin 69, + sin ¢ sin 0, + % sin ¢ cos 00y — % cos ¢ csc 80,

(ii) Case m = k, with k an arbitrary constant
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XQ = as
X3 = s@s
X4 = a’u

X5 = — cos ¢p0y + cot O sin @0,
X = —sin ¢pdy — cot 6 cos p0,

which yields the following commutator table

X, X, | Xa | X | X3 | Xy | X5 | Xe
X1 0 0 0 [-X5]Xy |0
X5 0 0 X510 0 0
X3 0 —X5 |0 0 0
X4 X5 |0 0 |0 -X;10
X5 —-X410 0 [Xy |0 0
Xs 0 0 0 |0 0 0

Xlzas
Xy = 0,
XS_au

X4 = — cos ¢p0y + cot 0 sin @0,

X5 = sin ¢Jy + cot 0 cos ¢,
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4.3 Noether Symmetries of the Vaidya metric

The Noether symmetries X = 00, + 70, + p0, + 70y + k0, are given by

XL + L(gs + usfu + 74557“ + 9556 + ¢s€¢>) = (gs + UsGy + TsGr + 9599 + ¢sg¢)7 (45)

where ¢ is the point dependent gauge term. For the Lagrangian,

2m(u)

L=—-(1-
( r

Vi? — 2ar 4 1262 + r?sin? 092, (4.6)

using the formula (4.5) leads to Noether symmetries with variations on m(u).
(i) Case m = 0:
X1 = =550, — tsud, — 3rs0,, g =3u’

2

Xo=—3s0,, g=1iu+r

X3 = —% sin # sin gb&;{—%(s csc 6 sin g—tan 6 cos 0 sin gb)@ﬁ—%f cos f sin (;5894—%% csc 0 cos ¢pOy,

g = rsinfsin ¢

Xy = —% sin 6 cos gzﬁ@u—l—%(s csc 6 cos p—tan 6 cos 0 cos qb)@ﬁ—%f cos 0 cos qﬁ@g—%f csc 0 sin g0y,

g =rsinfcos ¢

X5 = —15c0800, + £scos 00, — 32sinfdy, g =rcosf
X = 80, + %u@u + %r&«, g=20

X7:aS7 g:O

Xg, = usin @ sin ¢d,+csc O(—u sin ¢—2r sin” § sin ¢p-+2u cos? § sin $)0p+(* cos 0 sin ¢+
tan ' sinf'sin ¢ — sectsin @)dp — (% 4 1) csc cos pdg, g =0

Xo. = usin 6 cos 0, +(u tan 6 cos 6 cos ¢p—r sin 6 cos p—u csc 0 cos ¢)d,~+(tan 0 sin 6 cos p—
sectlcos g — % cosfcos @)y + (% +1)cscOsingdy, g=0
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X0 = ucos 00, + (—rcosf —ucos0)d, + (L +1)sinfdy, g=0
Xll* = auu g = 0
X129 = cos 00, — cos 00, + %Sin 00y, g=0

X3+ = sin 0 sin g0, +(— csc 0 cos p+-cos ¢ tan  cos (9)(%—% cos 0 sin Qﬁ@g—% csc 6 cos POy,
g=20

X145 = sin 6 cos ¢, — (csc 0 cos p+tan 6 cos 0 cos ¢)0, —% cos 6 cos ¢ag+$ csc 0 sin g0y,
g=0

X5+ = cos ¢0p — cot Osin 0y, g =0
X6+ = —sin@dy — cot O cos pdy, g =0
Xi7e =0, g=0

The isometries are selected from Noether symmetries which has no arclength pa-
rameter and has a zero gauge function. From this above list, we can easily conclude
that {X; : ¢ = 8...17} form the 10-dimensional algebra of isometries which with
n = 4 corresponds to the maximal %n(n+ 1) = 10-dimensional algebra. That is, the
respective manifold is isometric to one of the following:
(a) the 4-dimensional Euclidean space,
(b) the 4-dimensional sphere,
(c) the 4-dimensional projective space,
(d) the 4-dimensional simply connected hyperbolic space (see [36]). This confirms
the known result that m = 0 is equivalent to the Minkowski metric. Each lead to
conserved quantities from Noether’s theorem, [37]. As a sample case, from X5, we
get

TV = Lo+ (n—1u0)%+ (p—ro)k+ (1 - 90)% + (k — éa)‘g—g —

. ' 4.7
= 2r20cos ¢ — 2r’¢ cot Osin® 4 (4.7)

which, incidentally leads to two of the four Euler-Lagrange equations. The remaining
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symmetries {X; : ¢ = 1...7}, lead to seven new (previously unknown) conserved

quantities. For example, from Xg we get
TO = s(—u%— 27 +r20% + r?sin 02¢%) + (Su — su) (=24 — 27)

(r — 2s7)i — 25612 — 25¢%r2 sin 6 (4.8)
whose total divergence lead to the complete system of Euler-Lagrange equations.
(ii) Case m = k, with k an arbitrary constant
Xi1=0s,, g=0
Xo=0, g=0
X3=0s, g=0
X4 = —cospdy + cotOsinpd,, g=0
X5 = sin@dy + cot @ cospdy, g =0

Here, {X; : i = 2...5} is the algebra of isometries rendering the metric equivalent

to the Schwarzschild metric.

(iii) Case m = m(u), for m(u) an arbitrary function of u
X1=0s, g=0

Xo=0s, g=0

X3 = —cos@pdy + cotOsinpdy, g=0

Xy = sin @0y + cot O cos 0y, g=0

Here, a similar conclusion regarding the algebra of isometries as in (iii).
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For the Vaidya metric with Finkelstein coordinates given by (4.2), the Noether
symmetries are calculated which conclude the subalgebra of isometries. It will be
clear that Lie algebra of point symmetries of the geodesic equations will be as large
as above. Here the Lagrangian is

2m(u)
-
whose corresponding Noether symmetries separate into the same following cases.

L=-(1 yi? — mr(“)uf T+ mr(“))f«? L2024 %sin20¢%  (4.9)

(i) Case m = 0:

X = %!9283 + %su@u + %TS@T, g= %73 — %u2
Xy =805+ sudy + 2r0,, g=1iu+r
X3=0s, g=0

Xy = —%s@u, g=u

X5 = %s(— cot 6 cos 0sin ¢ + csc @ sin )0, + 52 cos O sin ¢y + %fcsc@cos $0y, g =
7 sin 6 sin ¢

Xe = %s(— cot 0 cos B cos ¢ + csc 6 cos )0, + %f cos 0 cos p0y + %f cscOsin gy, g =

r sin 6 cos ¢
X; = %s cos 00, — %f sinf0dy, g =rcosf

Xg = —rsinf cos ¢p9,+u cot 0 cos 6 cos p—u csc 6 cos $p9,—*: cos O cos g+ csc 0 sin P,
g=20

Xg = rsin0sin ¢d,—u cot 0 cos 0 sin ¢+u csc 0 sin g9, —* cos 0 sin gb@g—l—% csc 0 cos ¢Oy,

X190 = —csclcos ¢ + cot  cos ) cos ¢0, — % cos 0 cos pdy + %csc@sinqﬁ&z,, g=0
X11 = —csclsin ¢ + cot 6 cos O sin ¢0, + = cos 0 sin ¢y + %csc@cosgzﬁ&i,, g=20
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X9 = —cos ¢y + cot Osin pdy, g =0

X3 = sin ¢y + cot @ cos 0y, g =0

X1u=0y, g=0

X5 = —rcos00, —ucos0, + *sinfdy, g=0
X6 = —cos 00, + %Sin@c%, g=0

X7 =04, ¢g=0

(ii) Case m = k, with k an arbitrary constant
X1=0s, g=0

Xy = —cospdy + cot0sinpdy, g=0

X3 = sin @0y + cot O cos pdy, g =0

Xy=04 g=0

X5=0, ¢g=0

(iii) Case m = m(u), for m(u) an arbitrary function of u
Xi1=0,, g=0

Xo = —cos Oy + cotOsingd,, g=0

X3 = sin @0y + cotfcos pdy, g=0

X4:8¢, g:O
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4.4 Discussion and conclusion

We have shown that a large amount information can be extracted from a knowledge
of the vector fields that leave the action integral invariant. In addition to obtaining
a larger class of conservation laws than those given by the isometries or Killing
vectors, we can conclude by identifying the isometries and that these form a Lie
subalgebra of the Noether symmetry algebra. We have performed the calculations
on versions (4.1) and (4.2) of the Vaidya metric yielding some previously unknown
information regarding the corresponding manifold. Lastly, with particular reference
to this metric, we concluded that the only variations or classes on m(u) that occur

are m = 0, m = constant and m = m(u).
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Chapter 5

Conservation laws of the Petrov

II1 and Papapetrou metrics

5.1 Introduction

The well known Vaidya metric representing a model for the spherically symmetric
solution of the Einstein equations with geometrical optics stress energy tensor of
radiation is widely discussed in the literature [31, 32, 33]. A special case of the

metric is the well known Papapetrou model [34].

The Petrov classification is a classification of Riemannian spaces according to the
algebraic properties of the Weyl tensor (conformal curvature tensor) and the study
involving the ‘Carter constant and Petrov classification’ is conducted in [35]. These
classifications are important in the physical interpretations of general relativity. For
a non-zero Weyl tensor the various Petrov types are represented by I, II, D, III, N
and O [38]. A Weyl tensor is said to be algebraically general if it is of Petrov type
I, otherwise it is algebraically special. Also, it is said to be non-degenerate if it is
of Petrov type I, II, and III [39].
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Physically the most important Petrov classification type is the algebraically spe-
cial Petrov types. Remembering that symmetries other than the conventional ones
(Killing vectors, conformal Killing vectors, symmetries of the Weyl tensor etc) may
be of interest to understand the physics of such spacetimes, we find Noether sym-
metries of the metric [40]. A detailed symmetry analysis and invariance study asso-
ciated with this particular Petrov III metric, Papapetrou model, will be carried out.
The results obtained are compared with other symmetries of the same spacetime

metric.

5.2 Lie point Symmetries of the Papapetrou model

In this section we summarize results dealing with the Papapetrou model [34] which
is a special case of the Vaidya metric [32], where the mass function is given by

m(u) = u,

ds* = —(

2
1 — Z5)du? — 2dudr + r2(d6? + sin? 0de?). (5.1)
T

The Euler-Lagrange (geodesic) equations associated with the natural Lagrangian

2 . .
L=—(1— 12— 205 + 1262 + 1 sin? 06 (5.2)
T

corresponding to (5.1) are,

—r3¢24cos 0232 —r362+un?

U > )
T
- —2uri42uri—r2i
= 2 )
A rd?cosOsinH—270
é _ —2r¢fhcschcos—2r¢
- rcscfsin 6 )

where & is the derivative of a with respect to the arclength parameter s.
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The Papapetrou model leads to six Lie point symmetries given by,

X1 = 05,
Xy = 04,
X3 = — cos @0y + cot 0 sin ¢p0, (5.4)
Xy = sin @0y + cot 0 cos ¢y,
X5 = s0s,
X6 = ud, + ro,
The algebra of commutators of above symmetries is listed in the table:
X, X5 [ Xy | X | X3 | Xy | X5 | X
X4 0 0 0 |-X5[Xy |0
Xs 0 0 Xy |0 0 0
X3 0 —Xs5 |0 0 0 (5.5)
Xy X5 |0 0 -X; |0
X5 —X4 10 0 | X4 0 0
X 0 0 0 |0 0 0

5.3 Noether Symmetries of the Papapetrou model

In this section we show that we totally recover the information regarding the isome-
tries of the metric from a study of the Noether symmetries associated with the
corresponding natural Lagrangian, L, which preserves the action £ = | L and more.
That is, a larger algebra of generators of symmetries is obtained and, hence, more
conservation laws classified. We also determine the Lie algebra of symmetry gen-
erators of the geodesic equations (Euler-Lagrange equations) which contains all the

above as subalgebras.

With the Lagrangian (5.2), the Noether symmetries for m = 0 are 17 (of which 10 are
isometries) rendering the manifold isomorphic to a Minkowski manifold. The case

m = k leads to a metric equivalent to the Schwarzschild metric. The Papapetrou
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metric coming from m(u) = u admits five Noether symmetries (all gauge functions

equal to zero) given by,

Xl - 887
X2 = 8¢,
X3 = — cos @0y + cot 0sin ¢0,, (5.6)

Xy = sin @0y + cot 0 cos ¢y,
X5 = 50, + %u@u + %r&n.
Here, { X5, X3, X4} form the basis of a 3-dimensional algebra of isometries and X5
provides an extra nontrivial conservation law. Notice that X5 is a linear combination
of X5 and Xg from the list of Lie symmetries. Separately, these are not Noether
symmetries. The extra conserved quantity obtained from this symmetry is given by
T5 = s(—(1— 290 — 20 + r26% + r?sin 02¢%) + (Su — su)(—20(1 — 2) — 27°)
(r — 2s7)i — 2560212 — 2502 sin 62
(5.7)

5.4 Lie point Symmetries of the Petrov type III

metric

In relativity algebraically special Petrov types have interesting interpretations. In
order to understand one of the Petrov type III metrics in more depth, we investigate
Noether conservation laws admitted by one of the Petrov type III metrics defined
by [38],

22 22t2(1 + t2)

ds? = — dt? + 2 fda?
S e + z°fdx” + 7

dy? + dz?, (5.8)

where
f=tP1+2) (5.9)
This is a Ricci, Riemann and Weyl flat metric for both b = 0 or b = 1. For this

metric the Lagrangian is given by,

22

L — _1 _I_ t22€2 + 22{/_2[)(1 + tQ)l_bL.CQ + Z2t2(1_b)(1 + tQ)by'Q + 2':2 (510)
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which gives rise to the geodesic (Euler-Lagrange) equations:

_ﬁtg + 22t2b(1 + t2)1—bx/2 + 2zt2(1—b)(1 + t2)by/2 — 21" =,

_(2z2t2(1_b)(2;2b)(1+t2)by' + 4bz2t(2—(iig;rt2)bty')t/ . 222752(14;)(1 + t2)by//

— 422070 (1 4 #2)by/ 2" = 0,

222¢44/2 222t2bb(1+t2)17b$12 222t2b+1(1—b)(1+t2)17bx/2 Z2t2(17b)(2_2b)(1+t2)by/2
T (1+2)2 t + (1+t2) + t
222t2(17b)+1b(1+t2)by/2 2524 Azt 2 0
) ot =

_<4bz2t2b(1:—t2)1*bm’ + 4(1—b)22t(21111;3t2)1*btx’)t/ . 222t26(1 + t2)1_bx”

—421%°(1 + )1 7022 = 0.
(5.11)

The Lie point symmetries of the this system are enumerated below for some special

cases.
(i) Case b = 0:

Xl - asa

X2 = Sasa

X3 = e Vtzo,,

X4 = eVtz0,,

X5 =+V1+t?zcosxd,, X¢ =1+ t2zsinz0,,

X7 = aﬂm

XS = ay7

Xo = e Y\/1+ 12 cos 20, + — lJt’tQ EL0, — e:}’ff;xﬁz,
X0 = e¥V/1 + t2 cos x0, — €Yt cose 1+tt2 BLY, — eyﬁ‘;g’”ax,

-y / D ol e Yy/1+t2sinx e Ytcosx
Xll = € Y 1+t Slnl’&g—f— t ay+ \/W am,
_ 3 ol e¥V1+t2sinz eYtcosx
X1 = e¥V1 +t2sinx0;, — SRE0, + N Oy,
X3 = 20.,

Xy = 0 5 —ug <19, Xi5 = M@t — e¥t0, — 20,

z
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X5 = U g st + €229,

X7 = M@t — e¥Ysto, — %Gy,

X1 = 520, + 520,

Xig =€ 20, — e t220, + e 2V (t + t*)0,

Xoo = €0, + et?20, — e®(t + t%)0,,

X9 = e Ystz0, + e Yt22t0,,

Xoo = e¥st20,s + e¥t2°t0,,

Xog = —(1 4120, + (t + t7)0;, Xog = V1 + 1227 cos 20, + sv/1 + 12z cos 2,
Xos5 = —V/1 + t2cosx0, + —SBZ_9, + t@“’”&g,

2V 1+¢2
Xog = —sv/ 1+ t2cosx0, + Z‘i/sinﬁQ 0, + 1+52 L0,

Xo7 = —e /1 + 2z cos 20, + e ¥12y/1 + 2 cos 20, + 57%1’ Oy,

Xog = —e¥ty/1 + t2z cos 10, + e¥t2\/1 + t2 cos 20, + e\y/%” Oy,

Xog = (1 + %)z cos 220, — sin 220, — t(1 + t2) cos 220,

X0 = V1 +222sin 20, + sV1+ t2zsinzd, X3 = —v1 + 2sinzd, — Z%ﬁx +

tV1+t2 sinxa

- ts

_ 2 o scoszT stv/14+t2sinx
Xgp = —sV1+1?sinzd, — 27250, + . Oy,

X33 = —e YtV/1 + 22sinxd, + e ¥t*V/1 + 12 sinxd; — e_\/ylti%z@x,
X34 = —e¥tV/1 + 2z sin 20, + e¥t?/1 + 2 sinxd; — eff%‘@x,
X35 = —(1 + %)z 8in 220, — cos 220, + t(1 + t?) sin 2x0;.

(i) Case b = 1:

Xy =0,

Xy = 50,

X3 = e "tz0,,
Xy = e%tz0;,

X5 = V1 + t2z cosyds,
Xo =1+ t?zsinyd,,

X7 = ax7
XS = ay7
Xo = eV T+ 12 cos yo, + —YIHEesy — clinug,
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Xio = V1 + t2 cosyo; — M@ ztsmya

‘ it
Xi1 = e V1 +2sinyd, + & Ht SNy g, + ¢ Ix—frzsy s

X12 = exmsinyat 71+t smy@ —+ x/itl(—:i(_):ya
X13 = 2(927

Xy = Mf‘) €10, + <—0,,

Xi5 = 1+t2>0 "0, — £0,,

X = #&g — e "st0, + %&c,
X17:M8 e’std, ——y,

X5 = 820, + 520,

Xig = e %9, — e 1220, + e 2 (t + t3)0},
Xog = €220, + e*t220, — e**(t + t3)0,,

Xo1 = e %stz0, + e t2%t0,,

Xogo = €%stz0, + e*t2%t0,,

Xoz = —(1+1%)20, + (t + )0,

Xoy = V1 + 1222 cos y0, + sv/1 + t2z cos yO,
Xos = —mCOsya + \8/11.;_/1528 + t\/ﬁcosya

X26 = —SV 1 + t2 Cosy@ + f/ll—lﬁ-?iza + st 1+t COSy&

Xo7 = —e "tV/1 + 2z cosy0, + e xtQ\/l—l——t?cos YO, + jl%nyay,
Xog = —e"t\/1 + 22 cos y0, + e"t>\/1 + t2 cos y0; + 3%/8 ,
Xog = (1 + %)z cos 2yd, — sin 2yd, — t(1 + t?) cos 2yd;,

X30 = V1 + 1222 siny0, + sv/1 + t2z sin y 0,

X3 = —V1 +tZsinyd, — L9, + t@smy&g,

2V 1412
X3 = —sv/ 1+ t?sinyd, — Z“i;fi; 0, + St@sinyaﬁ
X33 = —e /1 + 2z siny0, + e "t2V/1 + 2siny0; — %tj‘;sy@y,

X5y = —e"t\/1 + t22siny0, + e“t>v/1 + 2 sinyd, — © 'Losyc’)
X5 = —(1 + %)z sin 2yd, — cos 2yd, + t(1 + t*) sin 2y8t.

(iii) Case b = £

Xy = 0,

Xy = 50,,

X3 = 520, + s20.,
Xy = 20,
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X5 = —y(?z + Iay,
X6 = aza )
Xo =0,

5.5 Noether Symmetries of the Petrov type III

metric

From the Lagrangian defined by (5.10), we generate the Noether symmetries via the

defining equation
XL + L(gs + tsgt + xsgcc + ysfy + ngz) = (gs + tsgt + xsgx + ysgy + ngz)a (512)

where ¢ is a gauge term. Moreover, in the list below, without the need for further
calculations involving the Lie derivative of the metric, the vector fields marked with
an asterisk (*) are identified as the isometries of the manifold. The isometries are
selected from Noether symmetries which has no arclength variable and has a zero

gauge function.

(i) Case b=0

X1=0,, 9g=0,

Xy =50, + 320, ¢g=0,

X3 = 5520, + 3820., g=32°,

Xy = —%M@t + 1229, + Levstd,, g =evat,

_ 1se7V(1+t?) 1se”Y —y p—y
Xy =570 — 550, + 3¢ Ystd,, g=e Yz,

X¢ = —%mmsmgﬁat + %;Cﬁfﬁzax + %S sinzy/1+120,, g = zV/1+ 2sinz,

z

Xy = —Ltevlilicosey, 4 %Zssﬁirjjz@ + 1scoszV/1+ 20, g=2V1+2cosz,
— 2 _

Xg, = — <20+ ”gf V9, — €18, + e ¥td., g =0,

Xox = —@@ + <0, +evtd,, g=0,

XIO* = 8&:7 g = 07
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Xy = —=HEsine g, cosr g 4 /T +2sinxd,, g=0,

2V 1+t2
Xi9x = ——“1”2‘30”3 — \S/Tfﬁa +V1+t2coszd,, ¢g=0,
Xi3. = —e¥V/1 + 2 cos 20, + eyﬁ?xﬁ + 761“ Ltlcosey g =0,

X14* =eY¥/1 + 2 sin x8t + eylc—i):zxax . ey\/lthtQ smxa g= 07
X15* - 8y’ g = 07
Xige = —€ 91 + 2 cos w0, + sz eWlitieoszy = g — (),

\/1+t2 t
Xiro = e T+ Psinad, + <7520, + < VElirg g —

From the above list, we can easily conclude that the symmetries form a 10-dimensional
algebra of isometries for which with n = 4 corresponds to the maximal %n(n +1) =

10-dimensional algebra. That is, the respective manifold is isometric to one of the

(a) the 4-dimensional Euclidean space, (b) the 4-dimensional sphere, (c) the 4-

dimensional projective space or (d) the 4-dimensional simply connected hyperbolic

space (see [36]). This implies that for b = 0, the Petrov III manifold is isomorphic

to the Minkowski manifold.

(ii) Case b =1

X1=0,, g=0,

Xo = 50, + %Z@Z, g=0,

X3 =150, + $520,, g =32

X, = ;stﬁmya ! \/%8 +hoVIF Psingds, g = =VI+ Psiny
o=~y heraa, g et
X, = 156 (1+t2)at _ lse 3 + 1618@, g = ez,

Xg, = tmsmyﬁ —|— \C/Ols%@ +sinyyv/1 +120,, g =0,
X, = _@@ zSTft Oy + cosyv1+t20,, ¢g=0,
Xigo = — g ) e, g=0,

X = =S5, 1 9 1 ettd., g=0,

Xiw =09, g=0,

Xi3. = —e V1 + 2 cosyd;, — & 1”?2 <249, + < Lsgyﬁ g=0,
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Xigo = e VI F Psingd, + <YLy 4 ety g

vt Oy
T/ 2 cos e®tsin
X5 = —e*V1 + t? cosyo; + el*#ar + ﬁ ,, g=0,

. e®y/ 2 sin e®t cos
X16*:e“"vl—i—t?Slnyat—%ax—l—ﬁ Y g:(),
Xt =0p, g=0,

From this list, we again conclude that the symmetries form a 10-dimensional algebra
of isometries so that the manifold is again equivalent to the Minkowski manifold (see
(36]).

(iii) Case b= 3

X1=0,, g=0,

Xow = =y0y +20,, ¢g=0,
X3 =0y, g=0,
Xp=0,, g=0,

X5 =50, +3520., g=0,

1.2 1 1.2
Xo = 55705 + 5820., g= 3%

(iv) Case All b

X1 2857 9207
X2* :awa g:07
X3* :ay7 g:O

Thus, the most general case of the Petrov III metric admits the two-dimensional
algebra of isometries with the basis being translations in  and y. The particular case
b= % has an additional isometry given by rotation in the x — y plane corresponding

to angular momentum there and further conservation laws from X5 and Xg.
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5.6 Discussion and conclusion

We have shown that a large amount of information can be extracted from a knowl-
edge of the vector fields (one parameter Lie group transformations) that leave the
action integral invariant. In addition, a larger class of conservation laws are found,
other than those given by the isometries or Killing vectors, implying that the isome-
tries form a Lie subalgebra of the Noether point symmetries. Particularly, the metric
(5.8) admits 10 Killing vectors for both b = 0 and 1 respectively. Note that Ricci
curvature tensor, represents the amount by which the volume element of a geodesic
ball in a curved Riemannian manifold deviates from that of the standard ball in
Euclidean space. As such, it provides one way of measuring the degree to which
the geometry determined by a given Riemannian metric might differ from that of
ordinary FEuclidean n-space. More generally, the Ricci tensor is defined on any
pseudo-Riemannian manifold. Like the metric itself, the Ricci tensor is a symmetric

bilinear form on the tangent space of the manifold. We observe that, (5.8) has all
2b(b—1)
t2(14t2)
for both b = 0 and 1. The case b = 1/2 admits six Noether point symmetries of

and is Ricci flat

the Ricci tensor components are equal to zero except Ry =

which three are Killing vectors.
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Chapter 6

Conservation laws of the wave

equation on Vaidya manifolds

6.1 Introduction

The Lie and Noether symmetries of the geodesic equations have been discussed
in detail, in [40] - the more interesting case being the latter since these lead to
conservation laws via Noether’s theorem [1]. We recover the isometries of the metric
from a study of the Noether symmetries associated with the corresponding natural

Lagrangian, L.

The standard wave equation, in (1+3) dimensions, has been extensively studied in
the literature from the point of view of its Lie point symmetries. A detailed sym-
metry analysis of this equation is discussed by Ibragimov [41]. It is well known that
in three dimensional Euclidean space, the linear wave equation admits a maximal

16-dimensional Lie algebra of point symmetries excluding the infinite symmetry.

In this work, we use a purely geometric consideration to construct the wave equation

in a curved background geometry in such a way that the wave equation inherits
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nonlinearities of the respective geometry in a natural way. Keeping in mind that the
wave equation in four dimensional spacetime may be of more physical significance,

we use, for our purposes, the Vaidya manifold.

6.2 The Vaidya metric and the wave equation in

curved geometry

Firstly, we note that the Vaidya metric [32] is given by,

_ 2m(t)

ds? = —(1 )dt? — 2dtdr + r?(d6? + sin” d¢?), (6.1)

for which a special case, m(t) = t, is known as the Papapetrou model [34].

A wave equation on a Lorentzian manifold endowed with a metric g;; is given by

the expression

1 ..
Du(f, t) = goof)go + ig” [goo(&»goo)ﬁj + &jl“f]ak]u(f, t) =0 (62)
where u(Z,t) is some given wave function,
1
FZ = §9km(3jgim + 0iGjm — OmYij) (6.3)

represents the Christoffel symbol, with ¢” is the inverse of the metric g;; with polar

variables 7, 6, ¢, and

—(1—2mmy 1 ¢ 0

r

B 1 0 0 0
Jii 0 0 2 0
0 0 0 7r2sin’@

Consequently, the wave equation in a ‘curved’ Vaidiya background takes the form

—r?sin Ou,; — 2r sin Ouy + 2rsinf(1 — QmT(t))ur + 2sin Om(t)u,
+r2sinf(1 — 2nd

T

(6.4)

)ty + oS Qug + sin Bugg + ugpy = 0.
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We will classify the Lie and Noether point symmetries of this equation and show

the effect of the curved background on the respective symmetry algebras.

6.3 Lie Symmetries

We determine the Lie point symmetry generators of the wave equation (6.4) and
split these into various cases. The principle Lie algebra is stated in (v) below. The
most significant result we note is the reduction in the dimension of the algebra of
Lie point symmetries when compared with the algebra of the wave equation on a
Minkowski manifold. This, as will be seen later, also has consequences on the num-
ber of standard conservation laws (usually first-order) of (6.4). Furthermore, the
number of exact or invariant solutions are reduced drastically. For illustration, we

perform a reduction corresponding to some two-dimensional subalgebras.

(i) Case m =0
Xl - atu

XQ = tat + T@T,
X3 = Uau,

Xy = F(t,r,0,0)0,, where the function F(t,r,0, ¢) satisfies the equation,
Fyy + cos 0Fy + sin 0 Fyg + 2r sin 0F, + r?sinOF,, — 2rsin OF, — 2r?sin 0F,, = 0.

X5 =120, + 2r(r + )0, — 2u(r + t)0,,
XG - 8¢,
which yields the following commutator table
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[Xi, X,] X1 Xo X3 X4 X5 X6
X, 0 X, 0 X4 2X5 — 2X3 0
X5 — X 0 0 (rFy + tFy)0y, X5 0
X3 0 0 0 — X4 0 0
X4 — X4 —(rF, + tF;)0y | Xg4 0 (—=2(r + t)F — 2r(r + t)Fy. — t2F¢)0y | X4
X5 —2X4 + 2X3 — X5 0 | —((=2(r+ t)F = 2r(r + t)Fy — t2F;)8y) 0 0
X6 0 0 0 — Xy 0 0

It is well known that the case m = 0 is ‘isomorphic’ to a ‘flat’ manifold and one
would expect a maximal 16-dimensional algebra - it is clear that the wave equation
is somewhat ‘distorted’ even in this case and the number of conservation laws will

be reduced (see below for a confirmation of this).

(ii) Case m = k, with k an arbitrary constant

Xl - ata
X2 = uaua

X3 = F(t,r,60,¢)0,, where the function F(t,r,0,¢) satisfies the equation, Fyys +
cos OFy + sinOFyy — 2k sin OF, + 2rsin0F, — 2krsinOF,, + r’sinQF,, — 2rsin F, —
2r2sin 0 F}, = 0.

X4 = 8(75.

which yields the following commutator table

X, X X [ X X | X,

X, 0 | 0] Xs
X, 0 |o|l-x5]0 (6.5)
Xy | =X3|X3] 0 |X;

Xy 0 0| —-X3|0

(iii) Case m(t) =t
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X1 = tat + Tar,

XQ = u@u,

X3 = F(t,r,60,¢)0,, where the function F(t,r,0,¢) satisfies the equation, Fyys +
cos OFy + sin0Fyy + 2rsin0F, — 2tsin0F, + r?sin0F,, — 2rtsin OF,, — 2rsin OF;, —

2r2sin 0 F}, = 0.

X4 = 8¢.

which yields the following commutator table

X, X,] X, X, X; X4
X, 0 0| (rF +tF)o,| 0
X, 0 0 — X 0
X5 | —(rF, +tF)0, | X; 0 X;
X, 0 0 — X 0

(iv) Case m = €'

Xl = uau7

Xy = F(t,r,0,0)0,, where the function F(t,r,0, ¢) satisfies the equation,

(6.6)

Fy4+cos O Fy+sin 0 Fpg—2¢' sin O F,+2r sin O F,.—2e'r sin O .. +1% sin O F,,—2r sin O F;, —

2r2sin 0 F}, = 0.

X3 = 8¢.
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which yields the following commutator table

(X, X, 1 Xa | Xo | X3
X 0 |—X2| O
Xo Xol 0 | Xo
X3 0 |—X2| O

(6.7)

(v) Case m = m(t), for m(t) an arbitrary function of ¢

X1 = Uau,

Xy = F(t,r,0,¢)0,, where the function F(¢,r,6,¢) satisfies the equation, Fy, +
cos 0 Fp+sin 0 Fyg+2r sin O F,—2m(t) sin O F,+1r? sin 0 F,,,—2m/(t)r sin O F,,—2r sin 0 F,—
2r2sin 0 F, = 0,

X3 - 8¢

which yields the following commutator table

X, X)X | X | X5
X, |0 |-X]0
X, | X| 0 X
Xs | 0|-X]0

(6.8)

6.4 Reduction of order

We demonstrate two reductions of the wave equation using two-dimensional subal-
gebras for the case m = t. In both cases, this leads to a partial differential equation
in just two independent variables which can be further analysed using another Lie

symmetry reduction or an appropriate, alternative method.
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(ii).

If X; = Xo+ Xy = 0y +ud,, [X1,X1] = 0 so that reducing may begin with

either X; or X;. The respective wave equation

—272 sin O,y — 21 sin Quy + 27 sin (1 — %)ur + 2t sin Qu,

6.9
+r?sin (1 — %)urr + cos Qug + sin Qugg + upy = 0 (6.9

becomes

—2r? sin Qw,, — 2r sin Qw, + 2rsin (1 — 2 )w, + 2t sin Gw,

6.10
+r?sinf(1 — %)ww + cos Owy + sin Gwgg + w = 0. ( )

via the generator X; since
dt_dr_db_do _du
0 0 0 1

leads to the new dependent variable w defined by u = w(t,r,0)e?. From
X, =10, + r0,, we get

dt_dr_d)_ dw
t r 0 0

so that w = W («, #) leads to the partial differential equation

(202 + a? — @) sin W, + (4a® + 2a — 2) sin OW,,

+cosOWy +sin0Wyg + W =0 (6.11)
where o = r/t.
If we first reduce using X4 = 0, we get
—2r2 sin O,y — 27 sin Quy + 2rsin (1 — %)ur -+ 2t sin Ou, (6.12)

+r?sinf(1 — %)uw + cos Bug + sin Ougg = 0

and then Xs = X + X5 = ud, + t0, + r9, leads to
d_dr_do_du
t  r 0 u
so that with invariants o« = r/t and w(f, a) = tu we get the reduced partial

differential equation

(203 + a? — 2a) sin Owea, + (202 + 2a0 — 2) sin Oy,

. . (6.13)
—2a sin Qw + cos Bwg + sin Gwgg = 0.
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6.5 Noether symmetries and conservation laws

Since (6.4) is variational, we determine the Noether symmetries X which are given
by a Killing-type equation

and the corresponding conserved flows (7%, 7", T? T?) via Noether’s theorem. Firstly,
it can be shown that a Lagrangian of (6.4) is given by

L = —r*sin Quu, + ;7’2 sinf(1 — QWZ‘(t))uf + ;sin Oug + ;ui (6.15)
(i). Case m = 0.
(a) X1 =0
T = 3(r?sinfu,u; — u(ugg + cos Bug + sin O(uge + (2, + ru,,
—2uy — ruy)))),
T = —1r?sinf(u.uy — w? + u(—uy + uy)),
T = —% sin O(uguy — uiyg),

T? = 3(—uguy + uyg).

(b) X2 =0,
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T sr2sin O (ugu, — utyg),

TT‘

—%rQ sin O (ug(u, — up) + u(—urg + utg)),

T6’

—% sin @ (upup — uugy),
T¢ = %(—%2 — u(cos Qug + sin 0(ugg + (2w, + rity,
—2(ue + 1ug)))))-
(¢) X3 =u0d, + t0; + ro,

Tt = 1(r?sinOu,(ru, + tuy) — u(tugey + t cos Bug + sin O(tugg
+r((r + 2t)u, + r(r + t)up — t(2ug + rug.))))),

T = —1r(rsin@(u, — ug)(ru, + tuy) + u(ugg + cos fug
+sin O(ugg — r(—uy + up + rug + tuy — tug)))),

T = —L1sinO(ug(ru, + tu) — u(rumg + twg)),

T¢ = L(—up(ru, + tu) + u(ruyy + tugg)).

D=

(d) Xy =120, +2r(r +)0, — 2u(r +t)0,
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K $(2r?sin Gu? — 2 sin Gu, (2r (r + t)u, + t2uy) + w(tugy
+12 cos Qug + sin O(t%ugg + r(2(2r? + rt + t2)u, + r(2r?

2L+ )y — (20 + 1)),

T tr(rsind(u, — w) (2r(r + t)u, + Puy) + u(2(r + tuge
+2(r +t) cos Qug + sin (2(r + t)ugg — r(—2(r + t)u,
+2(2r + t)ug + 2r2us + 2rtug + Pug — tugy)))),

T = 1sinO(ug(2r(r + t)u, + tPuy) — w(2r(r + t)ung + t2us)),

T? = 3(ue(2r(r + t)u, + t2uy) — u(2r(r + t)urg + u)).

(e) X5 =g(t,r,0,¢)0,, where the function g(t,r, 6, ¢) satisfies the equation
oo + cosOgp + sinb(gog + (29, + rgrr — 2(9¢ + 7911)))-

Tt = 7r2sinf(ug, — gu,),
"= T2 Sine(u(_gr + gt) + g(ur - ut))7
T9 = sinf(—ugy + gug),

T = —ugy + gug.

(ii). Case m = k, where k is an arbitrary constant.

(a) X1 = 3t
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T = 5(r*sinfuuy — u(ugg + cos Oug + sind(ugy — 2(k — r)u,
+r((=2k + 1)t — 2up — 1Us)))),

T = —%r sin 0((—2k + r)uyuy — rug® + u((2k — r)ug + rug)),

T? = —% sin @ (uguy — uuyy),

T? = 1(—ugus + utyg).

(b) Xy =0,

Tt = %7"2 sin Q(Ud)ur - uur¢>7
Tr = —3rsin@(uy((—2k + r)u, — rug) + w((2k — 7)urg + 1)),
T = —% sin O (ugug — uugy),

TS — %(—u(f — u(cos Oug + sin O(ugg — 2(k — r)u, + r((—2k
+1r) Uy — 2(up + TU)))))-

(¢) X3 =g(t,r,0,0)0,, where the function ¢(t,r, 6, ¢) satisfies the equation
G + cosOge +sin0(geg — 2(k — 7)gr + 7((—2k +7)grr — 2(g: +791))).

T = 7r?sinf(ug, — gu,),

T" = rsinf(u((2k —r)g, +7g:) + 9((—=2k + r)u, — rwy)),
T = sinf(—ugy + gue),

T? = —ugy + gug.
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(iii). Case m =t.

(a) X1 =09
T' = 1r?sinf(ugu, — uuy),
Tr = —3rsinf(ug((r — 26)u, — rug) + u(—(r — 2t)upg + rug)),
T = —1sinf(ugug — uugy),

T = %(_u¢>2 — u(cos Qug + sin O(ugg + 2(r — t)u, + r((r — 2t)u,,

—2(ug + 1pr)))))-
(b) Xy = udy + 0, + ro,

T = 3(r?sinu,(ru, + tuy) + u(—tugy — t cos Gug + sin O(—tugy
—(r? +2rt — 2tH)u, + (2rt? — r3 — P’ uy, + t(2u; + rug))))),

Tm = $r(sinf(r(2t — r)u? + (r? — rt + 26*)u,ue + rtu?)

—u(Ugpg + oS Qug + sin O (ugg + r(u, — uy)

—12Upy — TtUg + 262U + Tlug))),

T — —% sin 6 (ug(ru, + tug) — u(rupg + tugy)),

T = L—ug(ru, +tug) + u(rues + tu)).

(¢) X3 =g(t,r,0,0)0,, where the function g(¢,r,0, ¢) satisfies the equation
Gos + cosOgg +sinb(ggg + 2(r — t)gr + r((r — 26)grr — 2(g1 + 7G1r)))-
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Tt

r?sin 0(ug, — gu,),

T" rsinO(u(—(r — 2t)g, + rg:) + g((r — 2t)u, — ruy)),
TY = sin®(—ugy + guy),

T? = —ugs + gug.

(iv). Case m = €.

(a) Xy =0,
T' = $r?sinf(ugu, — ut,g),
T = —1rsinf(ue((—2e" + r)u, — rug) + u((2e" — r)urg + ru)),
T = —3sinf(ugup — uugy),
T¢ = %(—uqf — u(cos Qug + sin O(ugg — 2(e' — r)u,

+r((—2e" + r)upr — 2(us + 1us)))))-

(b) Xo = g(t,7,0,9)0,, where the function g(¢,r,0, ¢) satisfies the equation
Gos + cos gy + sinB(ggg — 2(¢* — 1r)g, + r((—2€" + r)gpr — 2(gt + 791r)))-

100



Tt

r? sin 0(ug, — gu,),

T = rsinf(u((2¢' —r)g, +rg;) — g((2¢" — r)u, +ruy)),
T = sin0(—ugy + guy),

T? = —ugs + gug.

(v). Case m = m(t), where m(t) is an arbitrary function of t.

(a) X1 =0y
T' = 3r¥sinO(ugu, — uuy),
T = —3rsinf(ue((r — 2m(t))u, — rug) + u((2m(t) — r)uee + ru)),
T = —1sinf(uguy — uugy),

T? = 1(—uy? — u(cosBug + sin O(ugg + 2(r — m(t))u,
+r((r = 2m(t))upr — 2(ug + 1U81)))))-

(b) X5 = g(t,r,0,¢)0,, where the function g(t,r, 0, ¢) satisfies the equation
9o + €08 0gp +sin 0(gog + 2(r — m(t)) gy +r((r — 2m(t)) grr — 2(g¢ +792r)))-

T' = r%*sinf(ug, — gu,),
T" = rsinf(u(—(r —2m(t))g, + rg:) + g((r — 2m(t))u, — ruy)),
T? = sinO(—ugy + guy),

T? = —ugy + guy.
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6.6 Higher-order symmetries and conserved den-

sities

In the standard (1+3) wave equation, there exists higher-order variational symme-
tries which lead to nontrivial conserved flows. Thus, even though there is a radical
reduction in the number of variational point symmetries and conservation laws, one
could analyse the curved wave equation on a knowledge of the higher order symme-
tries and conservation laws. In this section, we list some of these variational sym-
metries X' = n(z, u, w1y, u(), Ue))0, and nontrivial conserved flows (7°, 77, 7%, T?)
wherein the conserved density is given by T* (see [17] on the discussion on recursion

operators and generalised symmetries).

(i). Case m = 0.
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Xll = (2utt + tuttt + Turtt)aua

T = é(2 sin Qugguy + 27 sin Ou,uy — rupgpur — T €OS Qurguy — 7 Sin Qu,pguy
—2r2 sin Ou,puy — 3 sin Quyppur — 21 sin Qu, + 2Ulpgp — TUMUtpep
—3tustrgy + 2 cos Ouuy — 1 cos u,ug — 3t cos Oupuyg + 2 sin Quigy
—r sin Qu,ugg — 3t sin Ougugge + 87 sin Guuy, + 21 sin Qugguy,
+2r2 sin Qu, g, + 202 sin Qu,p s — 202 sin Quguy, — 61t sin Quguy,
—4r® sin Oug,? + 2rutiygg + 21 €08 Qunyg + 21 sin Quay,gp
+1072 sin Quutyy, — 73 sin Oty + 203 sin Qugtty,, — 372t sin Ougttey,
+273 sin Quttgyp, — 87 sin Quuy + 3t sin Qugguy, — 4r? sin Ou,uy
+67t sin Ou,uy + 3r7t sin Qu,uy — 672t sin Oug gy + ugg(2ur + 2ruy,
+3tuy) + cos Oug(2uy + 2ruy, + 3tuy) + 3tunye, + 3t cos Quuyg
+3t sin Quugge — 7r? sin Qutg, + 67t sin Quuy, — 13 sin Qu, wsy,
+672%t sin Qugyy, — 72 sin Ouiyy,, + 312t sin Quiy,, — 67t sin Quuy

—3r2t sin Qu,wyy — 312t sin Quugy,),

Th = ér(uwutt + cos Quguy + sin Qugeusy + 81 sin Ou, gy + 12 sin Ou,, ugy
—272 sin Quy,uy + Ullgrpp + COS Ul + SIn Outiygg — 71 sin Outty,
+3r2 sin Qu, gy, — 212 sin Quity,, + 71 sin Quuy, + 31t sin Ou,uy
— Ut (Utpp + €OS Ougg + sin O(usgg + (2 + Tty + O + Ty
+3tugst))) + 72 sin Quirg, — 3rt sin QOunsy, + 3rt sin Quugyy),

T? = % sin @ (ug(2uy + rug, + tuwe) — w(2upg + rigee + tugwe)),

T? = %(uq&(Qutt + gy + tug) — w(2Upg 4 U + i) )

(ii). Case m = k, where k is an arbitrary constant.

Xf = U¢ttau,
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Tt = %(—u¢¢¢ut — cos Qugguy — sin Quggpuy + 2k sin Qu,puy — 2r sin Qu,.4
+2kr sin O, gup — r? sin Ourrgur + 2 cos Qugury + 2r sin Quguy
+2sin Qugotry — 4k sin Qu, sy + 41 sin Qu,usy — 4k sin Ou,, g
+2r?sin Ourp sy — 27 SIN QUptry — Uplipg + 2Ulgpg — 27 SIN OUpUyy
+2 cos Ouuggy — sin Ouguspg + 2 sin Ouupgy + 2k sin Qugug, — cos Ouy,
—4r? sin Oupuy, — 4k sin Quay, + 4r sin Qua,4 + 2r? sin Oustiirg
+2kr sin Qugug, — 12 sin Qugy, — 4kr sin Quuy..¢ + 212 sin Outty,4

—4r sin Quugy — 3r? sin Qu,upg + 2r? sin Qugty, — r? sin Qutiy,,),
T = srsinf((—2k + r)uupg — rugupg + u((2k — r)ugrg + rimg)),
TP = Lsin6(uguus — uyey),

T¢ = %(uwutt + cos Quguy + sin OQugguy — 2k sin Ou,uy + 2r sin Ou,uy
—2kr sin Ou,pug + 72 $in Oup gy — 2r% sin Qugugy + 3uguyg
+ cos Quugg + sin Ouuyg — 2k sin Oy, + 2r sin Ouiy, — u(Utge
+ cos Ougg + sin @(uggg — 2(k — r)ug + r((—2k + 1)U — 2rug,)))

—2kr sin Outtgy, + 12 Sin Oty — 27 sin Qg — 272 sin Quagy, ).

(iii). Case m =t.

Xlg = (tut¢¢ + TUrgpg + u¢¢)8u,

Tt = F(tuge® + tutigpes + t cos Buugys + t sin Quuggss + 62 sin Qui,ge
+2rt $in Qut, gy — 2t Sin Qun, g — 313 in O,y gy + 3r° SN QU pe
+72E SN OUutyr gy — 27t i Uty gy — 27t Sin Quirggy — 3r2t sin Quggs
gy (t cos Oug + sin O(tugg + (—3r% + 21t — 26%)u, + rt((r — 2t)u,,
—2(u + 1)) + tug(—ugpp — o8 Ougy — sin @(uggy + 2(r — t)ure
+7((r = 26 U — 2(Usp + TUtrg)))) + 72 SIN QUL ),
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Tr = +r(upe® + Utiggps + c0s Butigsy + sin Ouuggyy — 4r sin Guis, g
+10¢ sin Outt, gy + 312 Sin Ou, gy — 67t SIN OUUpgy — 272 SIN Oy gy
+4rt sin Quttyrpy — 3r? sin Ourppts + 47 sin Ouitsgy + 31t sin Ou, Uiy
—6t% sin Qu, gy — 3t sin Qugtiygs + U (cos Oug + sin O(ugg + (5r
—8t)ur + (1 — 2t)Upr — DU — 2rUsy))) — Ugp(Uppp + COS Ougy
+sin O(uggg + 2(r — t)urg + (1 — 28)Upry — 2(Utg + TUirg))))
+r?sin Outtyr gy — 31t sin Quuy,gg + 6¢2 sin Qutsyr g + 3t sin Quugse),

T = % Sin @ (upgttp + Uo(TUrpg + tUips) — U(Usps + TUrgse + tlioss)),

T = %(—ru¢,¢,¢,ur — 108 Qugyt, — 7 8In Ouggstt, + 21Uppllyg — tUppply
+27 sin Quggtiyg + 2r? sin Ourtyy — 2rt sin Qu,uyg + 273 sin OUrpyy
—4r?tsin Ourptlyy — 3 sin Ouptyrg + 272t sin Ourtyrg + 2tUpptisg
—t cos Qugyu, — tsin Quggpuy — 4r? sin Ourpuy — 21t sin Qu,puy
+2t2 sin Ou,puy — 12t sin Ouppguy + 2rt? sin Ou,guy + 21 cos Ougu,g
+2t cos Quguyg + 2t sin Quggug + 2r? sin Ou,ugy + 4rt sin Ou,uygy,

—4t% sin Ou, sy + 2r2t sin Ourp ey — 4rt? sin Ourptry — 21t sin Qustg
— 473 sin Qu,guy, — 4r2tsin Qugug + 203 sin Ouy,g + 2r2t sin Quyug,.g
g (dugpy 4 cos Oug + sin bugyg + 2ru,gp — 1 cos Oug — 7 sin Ou,gg
—3r? sin Ou,, + 4rt sin Ou,, — 13 8in Oy + 202 Sin Oy, + 2tuggs
—t cos OQuyy — tsin Quggg + 4r? sin Ouy, — 21t sin Ouy,. + 2t sin Ouy,
+2r3 sin gy, + (2rt? — r2t) sin Qug,, + 2rt sin Quy + 27t sin Quy,)
—u(2Uppp — cOs Ougy — sin Ouggy — 61 sin Ou,. s + 68 sin O, + 7rpee
—2r cos Ou,gs — 21 sin Ou,gpy — 972 Sin Oy + 147t sin O,

=273 80 Oy + Ar?E SIN Oty + O SIN Oupy + turgps — 2t COS Ourgg
—2t sin Quygpy + 1477 sin Quyyy + (462 — 4rt) sin Oug,g + 473 sin Ouyyg
=272t $in Oty + A% SN Otgrpg + 47t Sin Qugy + 472t sin Ouyy,g)).

(iv). Case m = €.

X} = Uggp0u,
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Th= —1ir?sinf(uppstts — UWlrpps),

Tr = irsin(uges((—2€" + r)u, — rug) + u((2€" — 1) Urpps + Ttpss)),

T? = §sin(ugsptts — utgpss),

T? = (ugy® + ugg(cos Qug + sin O(ugg — 2(e" — r)u, + r((—2¢" + r)u,,
—2(ut + rugy)))) — ugp(cos Qugg + sin @ (uggy — 2(e" — )urg

+r((—2€" + 1) Upry — 2(Usp + TUsrg)))) + u(cos Bugey + sin O (upgpes
=2(€" = 1)urpg + (26" + 1 )Urrps — 2(Usgg + TUirgg)))))-

(v). Case m = m(t), where m(t) is an arbitrary function of t.
AP = g0
Th= —2r?sinf(uppetls — Wrpps),
T = LrsinO(uges((r — 2m(t))u, — rug) + (2m(t) — 7)utlrpss + Tlitgss)),
T = % SIN O (Uppgtlo — Ullgaps),
T = L{ugs® + upg(cos Oug + sin O(ugy + 2(r — m(t))u, + r((r — 2m(t))u,,
—2(ug + 1)) — up(cos Ougy + sin @(ugay + 2(r — m(t))upe + r((r

—Zm(t))urw — 2(ut¢ -+ rutm)))) + U<COS 0u9¢¢ + sin 0(’&99@5 + 2(
—m(t))urgs + 7((r = 2m(t) ) rrsg — 2(tigg + Tlirgs)))))-
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6.7 Discussion and conclusion

We have considered the classical wave equation in some Lorentzian spacetime back-
ground with the point in mind that the wave equation there may naturally inherit
nonlinearities from the geometry. In this context, we have considered the Vaidya
metric for which a special case is the Papapetrou metric. We have given some
symmetry reductions to show how the wave equation there can be either solved
or reduced to ordinary differential equations using the method of invariants. Also,
some conservation laws were constructed. In the book [41], Ibragimov suggests
that in three flat space dimensions the linear wave equation considered admit a 16-
dimensional Lie algebra of point symmetries excluding the infinite symmetry. In this
study, we show that the wave equations admits fewer symmetries when it is solved
on a curved manifold. A special case to note is m = 0 when the Vaidya manifold
is supposedly ‘flat’. Manifolds that are ‘flat’ need not to lead to the wave equation
admitting the maximal 16-dimensional Lie algebra of point symmetries. Finally,
some higher-order symmetries and associated conservation laws were presented. We
conclude that solving or analysing the nonlinear wave equations in a curved space-
time background using the invariance approach may provide some insight into the

geometry or relativity for different manifolds.
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Chapter 7

Conservation laws of some
third-grade fluids

7.1 Introduction

The mechanics of non-linear fluids present a special challenge to engineers, physicists
and mathematicians since the non-linearity can manifest itself in a variety of ways.
One of the simplest ways in which the viscoelastic fluids have been classified is the
methodology given by Rivlin and Ericksen [42] and Truesdell and Noll [43], who
present constitutive relations for the stress tensor as a function of the symmetric

part of the velocity gradient and its higher (total) derivatives.

In recent years there has been several studies [44]-[51] on flows of non-Newtonian
fluids, not only because of their technological significance but also due to the inter-

esting mathematical features presented by the equations governing the flow.

A discussion of the various differential rate type and integral models can be found
in the books of Schowalter [52] and Huilgol [53] and in the survay by Rajagopal [54].
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The attraction in these models stems largely from the fact that the constitutive
relations, whether we consider second- or third-grade fluids, since these have been
studied most, are that they are derived on the basis of first principles and unlike
many other 'phenomenological’ models suggested in [55] by Reiner, there are no

curve fittings or parameters to adjust.

Although the second-grade fluid model is able to predict the normal stress differences
which are characteristic of non-Newtonian fluids - it does not take into account the
shear thinning and thickening phenomena that many show. The third-grade fluid
model represents a further, although inconclusive, attempt towards a comprehensive
description of of the properties of viscoelastic fluids. With this in mind, the model

in the present paper is a third-grade fluid.

In [56], exact analytical solution for the unsteady flow of a third-grade fluid on a

porous wall was obtained.

Generally, models in fluids are constructed under the assumption of certain conser-
vation laws. It may turn out that the resultant PDE or PDEs, whether linear or
nonlinear, give rise to a number of distinct conserved flows (like density and cur-
rent) and these may result in a number of different solutions. Thus, a knowledge of
the various conservation laws gives one a greater insight into the underlying model.
Also, a deeper understanding of the invariance properties are achieved like poten-
tial symmetries obtained from respective potential systems, [57]. So, aside from
some physical conservation laws, solutions should remain constant along the general

conserved flows (see [58]).

7.2 Preliminaries and basic equations

An incompressible simple fluid is defined as a material whose state of present stress is

determined by the history of the deformation gradient without a preferred reference
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configuration [59]. Its constitutive equation can be written in the form of a functional

T(t) = —p I+ i Fi(s), (7.1)

s=0
where p;I is the undetermined part of the stress tensor and F is the deformation

gradient.

Coleman and Noll [60] defined the incompressible fluid of differential type of grade

n as the simple fluid obeying the constitutive equation

obtained by asymptotic expansion of the functional in (7.1) through a retardation

parameter a. If n = 3, the first three tensors S; are given by

Sl = MAlv
82 = OélAQ + OéQA%, (73)
S; = 1Az + Ba(A1As + AsAy) + B3(trA)A,,

where p is the coefficient of viscosity and aq,as, 81, 52 and (3 are the material

moduli. Ay, Ay and Aj are kinematical tensors defined by

A, = gradV + (gradV)7,

; . (7.4)
Ay = SA 0+ A(grad V) + (gradV)TA, L, n=23,--

where V denotes the velocity field, grad is the gradient operator and % is the

material time derivative which is defined by
d 0
7() ——
dt ot
where 2 is the partial derivative with respect to time. It was shown that if all the

ot
motions of the fluids are to be compatible with thermodynamics in the sense that

(+) + [grad()]V, (7.5)

these motions meet the Clausius-Duhem inequality and if it is assumed that the
specific Helmholtz free energy is a minimum when the fluid is locally at rest, then
1% Z 07 (€3] Z Oa
| a1+ ay | < V24p0s, (7.6)
pr=0=0, p3=>0.
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Therefore, the constitutive relation for a thermodynamically compatible fluid of

grade three becomes

T = _plI + /LAl + OélAQ + OégA% + B3<t7’A%)A1 (77)

If the normal stress parameters a; and s are zeros, then
T = —pi I+ (u+ B3(trA7)) Ay, (7.8)

where the quantity in parenthesis can be thought of as an effective shear-dependent
viscosity. The basic governing equations are the conservation of mass and linear

momentum. These are

)
P 1 div(pV) = 0 (7.9)
ot
and p
Ji = divT + pb, (7.10)

where p is the density and b is the body force. As we are assuming that the fluid

can undergo isochronic motion, (7.9) reduces to

div(V) = 0. (7.11)

On substituting (7.7) into (7.10) and neglecting the body forces, we have

A%
P + gradp = pdivA; + adivAy + apdivA? + Badiv](trA2)A]. (7.12)

We consider an incompressible fluid flow along an infinite plane porous wall. The
x-axis is taken along the wall and the y-axis normal to the wall. Thus, for the flow

under consideration, we seek a velocity field of the form
V = [u(x,t),0,0], (7.13)

where § > 0 indicates the blowing velocity. From (7.11) and (7.13)

00

5. =0 (7.14)
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It is evident from (7.14) that # is a function of time only. Following Kaloni [61] we

have
0 =—-W,, (7.15)

where Wy > 0 indicates the suction and W, < 0 gives blowing. Substituting (7.4),
(7.7), (7.13) and (7.15) into (7.12) and neglecting the modified pressure gradient we
have

Ou ou 0*u Pu Du ou ., 0%*u
Plgr = Wogyl = tap + lgmgy — Wogml +6%(5,) 50

(7.16)

Consider an rth-order system of partial differential equations (PDEs) of n indepen-

dent variables x = (z!,22,...,2") and m dependent variables u = (u!,u?, ..., u™)
G“(l’,u,U(l),...,U(T)):O, /L:L...,Th, (7.17)
where w1y, u(), . . ., u) denote the collections of all first, second, ..., rth-order par-

tial derivatives, that is, uf = D;(u®),uf; = D;D;(u®), ... respectively, with the total

differentiation operator with respect to z* given by

0 0 0
+u +uti—+..., i=1,...,n, (7.18)

D, =+
oxt ! Oue 4 8u§‘

where the summation convention is used whenever appropriate. A current T =

(T, ..., T™) is conserved if it satisfies
D;T" =0 (7.19)

along the solutions of (7.17).

Every admitted conservation law arises from multipliers Q,(x,u, ugy, . . .)
Q.G" = DT (7.20)

such that it holds identically for some current T°. There is a determining system

for finding multipliers (and hence conservation laws) for any given PDE system.

If in (7.17), G* = G} + G such that G} = 2L for some function L, we say L is a

du®
partial Lagrangian for a partially variational system (7.17) - ffa is the Lie derivative
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or Euler operator. That is, for a scalar equation, G = L 4+ Gy, where L = [ L.

Noether type symmetries can then be determined by

X(L)+ LD;(&) =WwW* ;é + Di(g") - (7.21)

for some gauge vector ¢g' and conserved vectors for (7.17) may then be determined
by a formula, viz.,
T'=g¢'— NY(L), i=1,...,n, (7.22)

where N' is the Noether operator (see [16]).

7.3 Conservation laws, multipliers and symme-

tries

In this section we derive the conservation laws of (7.16) using the notions of the
invariance of the multipliers under symmetries of the equation. We separate (7.16)

into three cases.

(i) In the first case we suppose that p = 1, B3 = Wy = 0 so that (7.16) becomes
U = Qlggr + Bty (7.23)

wherein we have replaced a; by a and p by 8. Its algebra of Lie symmetries is
spanned by X = %, Y = 8%, 7 = ua% excluding the ‘infinite’ symmetries. The
conserved flow (7%, T%) of (7.23) satisfies the divergence relation

D,T" + D, T* = Q(t, z, [u]) (uy — QUpes — Buigs), (7.24)

so that 5
@Q(U’t — QUggt — Buxm) = 07 (725)

since the Fuler operator annihilates a total divergence. If we suppose that the highest
derivative of @) is the second derivative, viz., Q = Q(t, z, u, Us, Uy, U, Uge, Ugy ), the

cumbersome and detailed calculations which cannot be presented here, reveal that

113



there are no multipliers of order one and two. What we do obtain are the following
forms of ) = Q);,

Ql = 17 .
Qr = ¢ Vi, (ap) (7.26)

Bt—az—x 2ax

Qs = € a1 (eat4ent) (al)

The next step is to construct the actual and corresponding conserved density 7% and

flux 7*. This may be done by substituting back into (7.24) which again requires
detailed calculations of which the results are presented here. The first one, ()1, is

the obvious one giving rise to the conserved vector (T, T%)

T =
L= (7.27)
7 = —auy — Bu,
or
Tl = - TTH
Lo e (7.28)
¢ = —puy.

The not-so-obvious conserved vectors are obtained via the remaining multipliers.

Corresponding to Qo, we get

t——2
T = (—ouw _ _ous gy 13 o h
? (7625 = Yz — M + 30N , (7.29)
f——Z .
o= fofﬁ o — o - 3&/5 = 20U, = 3fug)e Vel
and corresponding to ()3 we obtain the density and flux
T = S [(Qtg, + (o — 3)u)(e% + e%) + ozum(egfigi — eanT )],
Ty = et o Raua(l - o) + fug(3 — 20)](e2F 4 i) (7.30)

+ [ou(a—1) + Bu(a — 3)|(e=T —ea)]

We have some of the following symmetry or invariance properties of the multipliers

based on the symmetries X, Y and Z above. These are

XleO, YQ1:O, ZQ1:O
XQ2 = Qo YQy = ———Qs, Z@Q2 =0 (7.31)
Btfga;ﬁz 2azx 2z

XQ3:%Q3> YQz=e =1 (et —ea1), ZQ3=0
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Thus, ()5 is ray invariant with respect to X and Y. The multiplier ()3 is ray invariant
under X but not invariant under Y. Both of these multipliers are strictly invariant

under Z. The multiplier @); is obviously, strictly invariant under X,Y, Z.

Invariance of a multiplier under a symmetry implies association of the corresponding

conservation law with the symmetry.

(ii) Secondly, we include Wy # 0 in which case (7.16), with the usual replacements,
becomes
Ut = QUgqt + Buxx + Woux - @WOuxxx (732)

which has the same Lie algebra of point symmetries as in case (i). Following the
procedure above, the multipliers, when differentiated till second order becomes inde-
pendent of derivatives. For example, ray invariance under translation in z, viz., Y,
requires Q = e* f(t, z,u) and it turns out that Q = e f(x + Wyt,u). Substituting
into (7.25) becomes

;u[e’\xf(t, T, ) (U — QUggr — BUigs) + Wotly — aWotlgy,)] = 0. (7.33)

We obtain the following forms of A\ and the corresponding f,

(a) f — ew—i—Wot (Ql — €A1z6x+Wot)’

N, N (WG = 2Woaf +3W5a + %) 15+ 2Woha
b GWOOé ! WoOéHl 3 WoOé
where
Hy = [-24pW3a® + 8Wia® + 24WpaB® — 36WiaB — 12Wia? — 83

1
+ 12(—WO(3(4W5’04 — 12WZa?B + 12Whaf? — 20Wiaa — 43% + 4W3a?
SWEa? + W) 2 Weals
(b)f =1 (Q2 = eM7),

1 2(3W¢ 7)1
)\2 — HQ _|_ 3( 0 «Q + ﬂ ) = /B
6W00é WoOéHQ 3 W()Oé

115



where
]. 1 1
Hy, = [-36WjaB -84+ 12(—W(3(4W§’a + WoB?)))z2Wials
0

It is clear that (); is ray invariant under X and Y since X@Q; = W@, and Y@, =
(A + 1)Q1 whilst Q9 is strictly invariant under X and ray invariant under Y as
X@Q: = 0 and Y@y = \Q>. Both of these are strictly invariant under Z. The

corresponding conserved flows are

(a)

T} [— (AL + D2au 4+ (A + Dowy — oty + 3u]Q,
¢ = [=2Wo(A1 + Dau + Woau, + 3(A + 1)*Woau + (A + 1),
— 3Wo(A + Dau, + 3(A + 1) fu — 200, + 3o, Wo — 3u, 5 — 3uWy]Q

and

(b)

Ty = [=Nau + Xty — Qg + 3u]Qo,

5y = [3)\§auW0 + Aoy — 3houaWy + 3\ fu — 20y, + 3ugaWy — 3u,f — 3uWy]Qs.

This set excludes the obvious conserved vector
(T, T*) = (—u, g + Bug, + Wou — aWoty,)
with multiplier @) = 1.

(iii) It can be shown that the complete version of (7.16) has only the obvious con-

served flow with density and flux given by

T = —u, T = gy + Bug + Wou — aWotiy, + 2B8su>.
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7.4 Conservation laws via partial Lagrangians

In this section, we do a ‘variational” study of the equations with particular reference
to the first case above. Equation (7.23) does not admit a Lagrangian being a scalar
evolution equation nor does it lend itself to a partial Lagrangian environment as it
is of odd order. One way of getting around this is to make a substitution v = v,
so that the resultant equation is fourth order. Then, however, some or all of the
conserved flows that are constructed via a Lagrangian or partial Lagrangian of the
higher order equation may not be reducible down to the equation in « in which case
we have nonlocal flows of the original equation in . Making the substitution, (7.23)

becomes
Vgt — Bvxmc — QUgggt = 0 (734)

for which we choose a partial rather than a total Lagrangian

1
L = — 5 Ul + %vtvmw (7.35)

which, when substituted into the appropriate version of (7.21) leads to a number
of Noether type generators X; with gauge vectors (f;, g;). When these are put into
(7.22), we obtain the conserved flows (T}, TF).

X1 = 6%%87}, f1 = O, g1 = ——ea’y (736)

27 T 2 (7.37)
2by, b :
Ty = (ot o+ 20
V2, 2by 1 V2, 2by b V2, 2by
Xo=eVaea'd,, fo=-——evaea'v, gg=——eVeeav (7.38)
2a a
V2
¢ x 2y, g 1
Ty =evaea' (—5Vs + §Va0z — 7520)
T 2y 2byrq a Va b (739)
TQ =evaea (ivt + 5 Vsat — ﬁvxt + EU)



V2. 2 1 V2. 2% V2. 2
Xg=e Va'eald,, f3=— e Vatealy, gg=——e Vaealy (7.40)

V2, %
L logt( 1 a L
Ti=e " €’ (—3Vs + GVsas + V) (7.41)
— XY=y 2b a a
T?U:c =e Velea t(%vt + 5 Vzat + %Ua:t + gv)
For the case a = 2 and 8 = 1, we obtain an additional result,
1 t( x+1 —(z+1) 1 t( x+1 —(z+1) 1 t( a+1, —(z+1)
Xy = —5e (e +e )0y, f1= —1ve (e —e ), g4 = —ve(e" e )
(7.42)
Ti — _%et(ex—i-l + e—(:v—i—l))(_%vx + Uxmc) + ivet(em—kl _ 6—(r+1)) (7 43)
Ty = —L1et(e" + e ) (Juy + vge + S0) + Sel (e — e @) (v,) '

It can easily be verified that the (7%, T%) are conserved flows of (7.34) but are all

nonlocal with respect to the original equation (7.23).

We will obtain similar results corresponding to the second case above but the third
case does not produce any Noether type generators so that no new conservation laws

are obtained via partial Lagrangians.

7.5 Discussion and conclusion

It is clear that the task of determining and classifying all the conservation laws
of the reduced equation/s of the third grade fluids considered in this section is a
nontrivial one requiring detailed analysis with a number options applied to different
situations. We have used the multiplier approach associated with the conserved
flow as well as the partial variational approach in all the cases, and thus obtained

interesting results which required some tedious calculations.
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Conclusion

We see that the conserved flows for high-order equations (with Lagrangians and,
equivalently, partial Lagrangians of order greater than one in derivatives) support
a formula similar to the well known Noether’s theorem with the provisor that the
higher-order cases have more terms in the Euler operator giving rise to the appropri-
ate order of the conserved flow. Also, in the fifth-order KdV evolution equation, we
resorted to variational techniques usually adopted for the third-order KdV equation.
In general, it would be cumbersome to determine the conserved vector for such a
high-order equation using first principles. We used the modified approach of the
Noether identity to find symmetries and then conservation laws for the high order

equations.

In the third chapter, we considered the equations where the highest order derivative
was mixed. Using the variational technique on the Shallow Water Wave equation, we
get conserved flows that produce extra terms when the conservation law is applied.
These extra terms are adjusted and then merged with the conservation law to form
new conserved quantities. These extra terms also occur in the Regularized Long

Wave equation.

We have shown in the fourth chapter that a large amount of information can be
extracted from a knowledge of the vector fields (one parameter Lie group transfor-
mations) that leave the action integral invariant. In addition to a larger class of
conservation laws than those given by the isometries or Killing vectors, we can con-

clude what the isometries actually are and that these form a Lie subalgebra of the
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Noether symmetry algebra. We have performed the calculations on some versions
of the Vaidiya metric yielding some previously unknown symmetries and conserved
vectors regarding the corresponding manifold. Lastly, with particular reference to
this metric, we concluded that the only variations on m(u) that occur are m = 0,

m =constant, m = u and m = m(u).

Particularly, the Petrov III metric admits 10 Killing vectors for both b = 0 and
b = 1 respectively. Also, the metric has all the Ricci tensor components zero except

Ry = % and is Ricci flat for both b = 0 and 1.The case b = 1/2 admits six

Noether point symmetries of which three are Killing vectors.

We have considered the classical wave equation in some Lorentzian spacetime back-
ground with a point in mind that the wave equation there may naturally inherit
nonlinearity from the geometry. We have given some symmetry reductions to show
how wave equations can be either solved or reduced to ordinary differential equations
using the method of invariants. Also, some conservation laws were constructed. In
three flat space dimensions the linear wave equation admits a 16-dimensional Lie
algebra of point symmetries excluding the infinite symmetry. In this study we show
that the wave equation admits fewer symmetries when it is solved on a curved man-
ifold. We note that manifolds that are ‘flat’ need not lead to the wave equation
admitting the maximal 16-dimensional Lie algebra of point symmetries; the case

m = 0 being noted.

It is hoped that, by fully solving the nonlinear wave equation in curved space-
time background using the invariance approach may provide some insight into the
geometry or relativity for different manifolds. We also presented an alternate method
in finding some higher-order symmetries and associated conservation laws. Finally,
it is clear that the task of determining and classifying all the conservation laws of the
reduced equation/s of the third grade fluids considered in this thesis are nontrivial
requiring detailed analysis with a number of options applied to different situations.
We have done this using the multipliers associated with the conserved flow as well
as the partial variational approach. In all the cases, we have results which required

some tedious calculations.
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