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Abstract

The eigenvalue problem (X, 2) — (gy')' (A, z) = Ay(\, z) with boundary conditions

y(A,0) =0,
y'(A,0) =0,
y(A,a) =0,
y' (N, a) +iaXy' (N, a) =0,

where g € C'[0,a] is a real valued function and o > 0, has an operator pencil L(\) =
A2 — iaAK — A realization with self-adjoint operators A, M and K. It was shown that the
spectrum for the above boundary eigenvalue problem is located in the upper-half plane and
on the imaginary axis. This is due to the fact that A, M and K are self-adjoint. We consider
the eigenvalue problem y™® (X z) — (gy/)' (A, z) = A?y(\,z) with more general A-dependent
separated boundary conditions Bj(A)y = 0 for j = 1,---,4 where B;j(\)y = y/Pil(a;) or
B;(\)y = yPil(a;) +ic;adyl@l(a;), aj = 0 for j =1,2 and aj = a for j = 3,4, a >0, ¢; = —1
or €; = 1. We assume that at least one of the B1(\)y = 0, By(A)y = 0, B3(A)y =0, B4(A)y =0
is of the form y/(0) +iea y(0) = 0 or ylPl(a) +icaly¥(a) = 0 and we investigate classes of

boundary conditions for which the corresponding operator A is self-adjoint.
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Chapter 1

Introduction

An important area of Mathematics is the study of differential equations. Differential equa-
tions were introduced in the seventeenth century to describe fundamental laws in Physics [4].
Differential equations are used today in Physics, but also in many other areas such as Engi-
neering, Geophysics, Geography, Economics and others. Differential equations are used for
optimal design of ships, aircrafts and space shuttles. They are used in climatology for studying
climatic changes, to forecast population and economic trends. They also have applications in

Hydrodynamics, in Electricity and Mechanics.

One of the tools for studying differential equations is linear operators. Linear operators are
mostly studied in Hilbert or Banach spaces where notions such as resolvent sets, spectra,
discrete spectra, continuous spectra, eigenvalues and associated eigenfunctions or eigenvector
are discussed. The field of differential operators involves topics such as eigenvalues, eigen-
functions, boundary conditions, regularity, normality, minimality, maximality, boundedness,
compactness, operator graphs, closable and closed operators, symmetric operators, adjoint
operators, self-adjoint operators, operator extensions, operator pencils. We make use of many

of these terms in this research. Relevant terms are defined in Chapter 2.

Extensive research on linear operators exists. For example, Kato [8] has discussed perturbation
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theory of linear operators and Weidmann [19] has studied linear operators in Hilbert spaces.
Furthermore Naimark has discussed linear operators in [17] and [18]. Moller and Zettl have
presented semi-boundedness ordinary differential operators in [14] and symmetric differential
operators and their Friedrichs extension in [15]. Mennicken and Méller have presented their
study on non self-adjoint boundary eigenvalue problems in [12]. Other studies on boundary
eigenvalue problems have been conducted. We consider in this research an eigenvalue problem
with general A-dependent boundary conditions and investigate classes of boundary conditions
which are self-adjoint. Following are summaries of some of the studies describing boundary

eigenvalue problems with A-dependent boundary conditions.

1. Binding, Browne and Watson [1] have considered the Sturm-Liouville equation
ly:=—y"4+qy=2Ay on[0,1], (1.1)

subject to the boundary conditions

y(0)cosa = ¢ (0)sinc, « in [0,7), (1.2)
y Al by,
) = g(l):a)\er—;)\_Ck, (1.3)

where all the coefficients are real and @ > 0, by > 0 and ¢; < 3 < --- < ¢y, N >
0. They have investigated the existence of eigenvalues and the associated oscillation
theory of the problem (1.1) - (1.3). They have studied a transformation, with certain
eigenvalue-preserving properties, from a problem of the type (1.1) - (1.3) to a ‘simpler’
one with a new potential ¢ in place of ¢ and with f(\) replaced by F()\) where F(\) =

T /\‘)‘:}\(“) — f(p) and p is a constant less than ¢;. Some of the results they have obtained

are:

e The eigenvalues of (1.1) - (1.3) are real, simple and form a sequence A\g < Ay < - -

accumulating only at oo and with \g < ¢;.

e If b is decreased and ¢ is increased, then each positive \; > ¢ is increased.
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o If a > 0 is decreased and by, is increased, then each positive A\; > ¢ is increased.

2. Binding, Browne and Watson have considered in [2], again, the Sturm-Liouville equation
subject to the boundary conditions (1.1) - (1.3) defined in [1]. Assuming that a > 0,
they have defined, in the Hilbert space H = Ly(0,1) & CN*!, the inner product

1 N _
_ z _
Y, Z) = / yz + Z —yzkk T YN+1ZN+1
0 k=1

and have posed the boundary value problem (1.1) — (1.3) by considering the operator

ly
c1yr — biy(1) Y
Ly = : where v =| 7
cnYn — bny(1)
v = by() - 3 i v

and the domain of L is
P(L)={Y e H:y,y € AC,y,y" € L3(0,1),y(0)cosa = ¢'(0)sincv, yn4+1 = ay(1)},

where ly = —y” + qy, and AC denotes the space of absolutely continuous functions.

They have proved, with the above formulations, that:

e [ is self-adjoint on H.

e The eigenvalues of (1.1) —(1.3) coincide with those of L, are real and (algebraically)
simple.

e [ is bounded below and has compact resolvent on H.

e The eigenfunctions of (1.1) — (1.3) augmented to eigenvectors of L, form an ortho-

normal basis of H.

3. Kir, Bascanbaz-Tunga and Yanik [9] have considered the operator L(\) generated in the
Hilbert space

LR €)= fa): (o) = [ - [TOR@E + )i < oo

fa()
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by the system
iy + @)y = Ay,
—iyy + @)y = A, T ERY

and the spectral parameter dependent boundary condition
(al)\ + bl)yg(O) — (CLQ)\ + bz)yl (O) = O,

where ¢; i = 1, 2, are complex - valued functions, \ is a complex parameter, a;, b; are
complex constants, b; # 0, i = 1, 2, and |a;|* + |az|?> # 0. They have studied the
spectrum of L(\) and have proved that L(\) has a finite number of eigenvalues and
spectral singularities with finite multiplicities under the conditions |g;(z)| < ce™** < o0,

i=1,2 >0 c>0.

4. Hinton [5] has considered the eigenvalue problem:

ly = %(—(py’)”rqy) = My, (1.4)
cosay(a) +sina(py’)(a) = 0, «a€l0,7), (1.5)
—[Pry(b) = Ba(py) ()] = AlBry(b) — Ba(py') ()], (1.6)

where r, p,and ¢ are real continuous functions on the interval [a, b] with r and p positive;
and the numbers 3, B2, 0, and 3} are real. Hinton has remarked that a self-adjoint

operator A can be associated with the problem defined in (1.4) — (1.6) if the condition

p=010— P15y >0 (1.7)

holds. Hinton has defined in the Hilbert space H = .#?(a,b) ® C a inner product in H
by
b 1
((F1, Fy), (G1,Gy)) = / rFiGy + EF2G2,

the operator A acting on H by

A(Fy, Fy) = (IFy, =1 F1(D) + Bo(p(F7)(D))),
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where

(F\,Fy) € H: Fy, pF| € AC, IF, € £*(r;a,b),
cosaFi(a) +sina(pF)(a) =0, Fy = AR () — BpF)()

P(A) =

AC! is the space of absolutely continuous functions and .#?(r; a, b) is the complex Hilbert

space of Lebesgue measurable functions f satisfying

b
/ r|fI? < oo.
a

Hinton has remarked that Fi satisfies (1.4) - (1.6) if and only if F' = (Fy, 51 F1(b) —
B5(pF)(D)), F € 2(A) and AF = AF. Hinton has observed that A is a self-adjoint

operator and bounded below.
5. Marletta, Shkalikov and Tretter [11] have defined a problem of the form:
N(y) = P(y), y=y(z), z€l0,a], a>0, (1.8)

0 _ a S

where N and P are ordinary differential expressions of order n and p, respectively, with
coefficients, n > p, and BY(y), Bf(y) are linear forms containing the variables y®(0)
and y®(a) with k = 0,1,...,n—1 in the Hilbert space Ly(0,a) x C", where 7 < n is the
number of A\-dependent boundary conditions after a suitable normalization. They have
used eigenvalue problems of fourth order differential operators and pencils of fourth order
differential operators with eigenvalue parameter in the boundary conditions associated

to the above (1.8) - (1.9) problem to investigate the following questions:

e The existence of a function space W densely embedded in Lo(0, 1) such that the
system of eigenfunctions of problems associated to (1.8) — (1.9) is complete and

minimal simultaneously.

e The existence of a function space W and a linear operator T acting in W such
that the eigenvalue and the eigenfunctions of T' coincide with those of problems

associated with (1.8) — (1.9).
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e The construction of pairs (W,T), where W and T are as defined above, (or lin-

earization pair) for problems associated to (1.8) — (1.9).

6. Moller and Pivovarchik [13] have proved that the eigenvalues of the eigenvalue problem
(1.10) with boundary conditions (1.11) — (1.14) lie in the closed upper half-plane and
on the imaginary axis. They have derived a formula for the asymptotic distribution of
the eigenvalues and have investigated the spectral properties of the problem mentioned

above.

In their study, Moller and Pivovarchik [13] have considered the eigenvalue problem:

ly(A,l’) = y(4)()\,l‘) - (gyly()‘?x) = )‘23/0‘7'7:)7 (1'1())

with boundary conditions:

y(A,0) = 0, (1.11)
y"(\,0) = 0, (1.12)
y(\a) = 0, (1.13)
v'(\a) + ey (A a) = 0, (1.14)

where g € C*[0,a] is a real valued function and o > 0. They have stated that the boundary
conditions (1.11) — (1.14) are self-adjoint for the differential expression (1.10) and they have
derived a statement about the location of the spectrum of the eigenvalue problem (1.10)
- (1.14). While Maoller and Pivovarckik [13] have been investigating the spectrum of the
eigenvalue problem (1.10) with boundary conditions (1.11) — (1.14), the eigenvalue problem
(1.10) — (1.14) leads to the quadratic operator pencil

L\) = MM —ia K — A, (1.15)

where A is the differential operator acting in Ly(0,a) & C with domain
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4) _ 1/ 0 0
given by AY = Y (99/) , K = and M =
y"(a) 01 0 0
The spectrum of the operator pencil L(\) can be quite arbitrary. However it has been shown,
in [13], that the spectrum for (1.10) — (1.14) is located in the upper-half plane and on the

imaginary axis. This is due to the fact that A, K and M are self-adjoint and K > 0.

We, therefore, consider in this study the boundary eigenvalue problem (1.10) with more gen-
eral A-dependent boundary conditions and decide to investigate existence of other classes of
boundary conditions for this boundary eigenvalue problem for which the corresponding op-
erator A in the corresponding operator pencil defined in (1.15) is self-adjoint. These classes

will, therefore, be classes of conditions corresponding to self-adjoint main operator.

The organization of this document is as follows: we give a presentation of basic definitions
and properties and also the notion of Sobolev spaces on intervals in Chapter 2. We present
in Chapter 3 the proof of the self-adjointness of the differential operator A defined in the
boundary eigenvalue problem (1.10) - (1.14). We give in Section 4.2 additional definitions and
properties of differential operators, which are used in the remainder of the document. Also in
Section 4.3 we give preliminaries that are needed for the study of conditions correponding to
a a self-adjoint main operator independent of X for the differential expression (1.10). Second
order self-adjoint differential operators with boundary conditions independent of A are widely
studied and well known. However there exists only a few studies on fourth order differential
operators, therefore we study conditions corresponding to a self-adjoint main operator inde-
pendent of A for the differential expression (1.10) in Section 4.4. We give characterizations of
boundary conditions corresponding to a self-adjoint main operator in Section 4.5. In Section
5.2 we recall definitions and properties of closed symmetric operators. We start the discussion
of boundary conditions depending on A corresponding to a self-adjoint main operator in Section
5.3. We study symmetric operators for boundary conditions dependent of A for the differential
expression (1.10) in Subsection 5.3.1. We develop Theorem 5.23 which characterizes symmet-

ric operators, while we discuss the adjoint operators for boundary conditions dependent on A
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for the differential expression (1.10) in Subsection 5.3.2. We give in this subsection the proof
of Theorem 5.41. Theorem 5.41 is derived from Theorem 5.23, for boundary conditions depen-
dent on A corresponding to a self-adjoint main operator for the differential expression (1.10).
We use Theorem 5.41 to characterize classes of self-adjoint boundary conditions dependent on
A for the differential expression (1.10). The document ends with Subsection 5.3.3 where we
develop, from Theorem 5.41, Theorem 5.46 which presents a characterization of self-adjoint

boundary conditions dependent on A for the differential expression (1.10).

To obtain the main results of this study, we consider the differential operator associated
with the boundary value problem with differential expression (1.10) and boundary conditions
Bj(A\)y = 0 for j = 1,--- 4 where B;(\)y = yPl(a;) + ic;ady@](a;) or B;(N)y = yil(a;),
a; =0for j=1,2and a; =afor j = 3,4, a >0, ¢, = —1 or ¢; = 1. We assume that at least
one of By(A)y = 0, Bo(\)y = 0, B3(A)y = 0, By(\)y = 0 is of the form y?(0) +ieayld(0) = 0
or ylP/(a) +iealy!¥(a) = 0. The maximal differential operator A,,q, is defined on Ly(0, a) x C*

M
by Ama:c - Ao

, with domain

Ay

D Ana) =2V = ¥ | yew?0a)},

Doy

where 1 < k < 4 is the number of the B;(\)y = 0 depending on A, a > 0, g € C*[0,q] is a

!/

real value function, M,y = y¥ = 4 — (gy')’. There exist two k x 8 matrices V) and V;
such that VoYr = Doy and VYR = Ayy, see Section 5.3 where Yy is given in Definition 4.12.
Dyy and Ay are respectively the components independent of A and the coefficients of A of k

A-dependent boundary conditions. We, then, define the differential operator T'(U) by

2TW) =3y =| Y |,y eW20,a) and UV =0
Doy

and

TU)Y = AneeY (Y € 2(T(V))),
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where U is the | x 8 matrix defined in (5.16), (I = 4 — k), which represents the boundary
conditions independent of A. We say that the boundary conditions Bj(A)y =0, j =1,--- .4,

correspond to a self-adjoint main self-adjoint if the differential operator T'(U) is self-adjoint.

Since T'(U) C Apqq then A%, .
is T(U)* = T(U), then A?

max

C T(U)*. If the differential operator T'(U) is self-adjoint, that

C T(U) C Ajaz. Hence a necessary condition for T'(U) to be

*
max

if rank(W) = 8 — 2k, see Theorem 5.38, where W = D + (V;'V; — V;*V;) and D is the matrix
defined in (4.21) for n = 4. We assume that rank(W) = 8 — 2k where 1 < k < 4 and we

self-adjoint is that A*  must be symmetric. It is shown that A

maz is symmetric if and only

denote by X the space (N(W))*. We consider the matrices Wy and Uy as respectively the
restrictions of the matrices W and U to X. We prove that the differential operator 7'(U) is
self-adjoint if and only if UxWxU% = 0.

From the above result we give explicit characterizations for boundary conditions corresponding
to a self-adjoint main operator depending on A. We denote by F, the set of p in y[p](()) =0
for the A-independent boundary conditions and by P, the corresponding set for yPl(a) = 0.
Then we prove that the differential operator T'(U) is self-adjoint if and only if p + g = 3 for
all boundary conditions of the form yPl(a;) + iae; \yld(a;) = 0 where ¢; = 1 if (¢ = 0 and
aj=0)or (¢=2anda; =0) or (¢ =1and a; =a) or (¢ =3 and a; = a), ¢; = —1 otherwise,

{073}¢P07 {172}¢P07 {073} gZPa and {172}¢Pa‘

An interesting extension to this study will be to investigate the spectral properties of the
differential expression (1.10). Méller and Pivovarchik [13] have shown that the spectrum for
(1.10) — (1.14) is located in the upper-half plane and on the imaginary axis due to the fact
that A, K and M are self-adjoint and K > 0. Therefore, it will be interesting to investigate
the location of the classes of boundary conditions for the differential operator (1.10) for which

the corresponding operators A, K and M are self-adjoint and K > 0.

In the remainder of the document, we call boundary conditions self-adjoint, if the correspond-

ing operator A is self-adjoint.



Chapter 2

Preliminaries

2.1 Introduction

In Section 2.2 we present basic definitions and properties of linear operators. Section 2.3 deals
with Sobolev spaces on intervals. We provide definitions and properties of test functions,
followed by definitions and properties of distributions in Subsection 2.3.1, while we give defi-
nitions and properties of Sobolev spaces in Subsection 2.3.2. These definitions and properties
are necessary for the comprehension of the content of this document. They are extensively
used to obtain the research results that we present. Other definitions and properties are

presented in subsequent chapters, where they are more relevant.

10
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2.2 Definitions

The following definition is taken from [17, page 3].

Definition 2.1. A linear differential expression is an expression of the form:

(y) = po(x)y™ + pi(2)y" ™ + -+ + pu(2)y

where zﬁ’ pi(z), p2(x), ... ,pn(x) are continuous functions on a fixed, finite, interval [a, 0]

and y € C"[a, b].

The following definition is taken from [17, page 3].

Definition 2.2. If linear combinations:
B;(y) = a%y(a)—l—a{y’(a)—ir- . -—l—oz,];b_ly(”’l)(a)+5éy(b)+ﬁ{y'(b)+- . -+ﬁﬁ;_1y("’1)(b), j=1,....m

of the values of the function y and its first n — 1 successive derivatives at the boundary points
a and b of the interval [a,b] have been specified and the conditions B;(y) =0, j =1,...,m,
are imposed on the functions y € C"|a, b], these conditions which the functions y must satisfy

are called boundary conditions.

The following proposition is taken from [18, page 18].

Proposition 2.3. If the coefficients pr(z), k = 0,...,n of the differential expression l(y)
have continuous derivatives up to the order (n — k) inclusive on the interval |a,b], then there

exists a differential expression 1*(z), where z € C™|a,b] such that

/ I(y)zde = / yF )z + [y, 2], (2.1)

where

n

[y, 2] = (yiF gk — ylen=hiZl) (2.2)
k=1

1s Lagrange’s form,
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[y, 2l. (2.3)
is the difference in the values for the function [y, z|, defined in (2.2), for x = b and

T =a,

3. (2.1) is said to be Lagrange’s identity in integral form.

The following definition is taken from [17, page 7].

Definition 2.4. The differential expression [*(z), defined in (2.1) is called the adjoint of the

differential expression {(y).

The following definition is taken from [18, page 50].

Definition 2.5. If 1 =1*, then l(y) is said to be self-adjoint.

The following proposition is taken from [17, page §].

Proposition 2.6. Any self-adjoint differential expression with real coefficients is necessarily

of even order and has the form

l(y) — (poy(u))(u) + (ply(u_l))(u_l) _|_ “ e + (pu_ly,)/ _I_ puy

where py, pi,...,p, are real-valued functions.

The following remark is taken from [17, page 9].

Remark 2.7. Let By, ..., B,, be linearly independent forms in the variables y,,v., . .. ,yé"_l),

Ybs Ypy - - - ,yé"_l), where yéj) = y@(b) and 4 = y@(a); if m < 2n, we shall supplement these

forms with other forms B,,.1,..., B2, to obtain a linearly independent system of 2n forms

By, By, ..., By,. Since By, By, ..., By, are linearly independent, the variables y,, ., . . . ,y,(l"_l),

Ybs Yps - - - ,yén_l) can be expressed as linear combinations of the forms By, Bs, ..., Ba,.
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If we substitute these expressions in the expression (2.3) which occurred in (2.1), then (2.3)
becomes a linear, homogeneous form in the variable By, Bs, . .., Bo,, and its 2n coefficients are
themselves linear, homogeneous forms, which we denote by V5,,V5_1,..., Vi, in the variables

Zay 2y ,zc(bn_l), Zhy 2y e zén_l). Then (2.1) takes the form

a’

b b
/ I(y)zde = / Y ()t = BiVan + BoVan 1 + - + BnVi. (2.4)

The forms Vi, V5, ..., V,, are linearly independent.

The following definition is taken from [17, page 10].

Definition 2.8. The boundary conditions
Vi=0,Vo=0,....Vo,_n=0 (2.5)

(and all boundary conditions equivalent to them) are said to be the adjoint to the original

boundary conditions

B =0,By=0,...,B, =0 (2.6)

The following definition is taken from [17, page 10].

Definition 2.9. Let L be the operator generated by the expression [(y) and the boundary
conditions (2.6). Then the operator generated by [*(z) and the boundary conditions (2.5) will
be denoted by L* and called the adjoint operator to L.

The following remark is taken from [17, page 10].

Remark 2.10. It follows from (2.4) and the boundary conditions (2.5) and (2.6) that the
equation
b b
/ (Ly)zdx = / y(L*z)dx (2.7)
holds for the operators L and L*, for all y in the domain of definition of L and for all z in the

domain of definition of L*.
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With the notation

(2.7) becomes
(Ly, 2) = (y, L"2). (2.8)

The following definition is taken from [17, page 13].

Definition 2.11. A complex number A is called an eigenvalue of an operator L = L(A),
generated by a differential expression [(y) = Ay and the boundary conditions Bi(y) =
0,...,Bu(y) =0, if there exists in the domain of definition Z(L) of the operator L a function
y not identically zero such that Ly = Ay . The function y is called an eigenfunction, of the

operator L, for the eigenvalue \ .

The following definition is taken from [18, page 17].

Definition 2.12. Let L be an operator defined in a Hilbert space 7.

1. A number ) is said to be in the resolvent set of the operator L if the inverse Ry =
(L — M\I)~! exists and represents a bounded operator defined in the whole space 7.
The operator R) is then called the resolvent of the operator L.

2. All points A not in the resolvent set, are called points of the spectrum of the operator

L. The eigenvalues A\ of an operator belong to its spectrum.

The following definition is taken from [10, pages 4, 5].

Definition 2.13. Let Z(H, H) be the space of linear bounded operators from H into H, where

‘H and H are Hilbert spaces and H is dense in H. An operator pencil is a polynomial A(\) =
l

YDA A in A € C where A, € Z(H,H). If the equation A(\o)y = 0 has nontrivial

q=0

solutions, then A is called an eigenvalue of the operator pencil A, and the corresponding

nontrivial solutions are called eigenvectors related to .



CHAPTER 2. PRELIMINARIES 15
The following remark is taken from Section 1 of [11, page 894].

Remark 2.14. A problem of the form:
N(y) =AP(y), y=ylx), z€l0,a], a>0, (2.9)

B(y) =AB(y), j=1,2,...,n, (2.10)
where N and P are ordinary differential expressions of order n and p, respectively, with
n > p, and BY(y), B}(y) are linear forms containing the variables y*(0) and y* (a) with
k=0,1,...,n— 1 can be viewed as a linear pencil in the Hilbert space Ly(0,a) x C", where
r < n is the number of A-dependent boundary conditions after a suitable normalization.

The following definition is Definition 2.7.4 of [7, page 157].

Definition 2.15. If the domain Z(L) of a linear operator L is dense in a Hilbert space 5,
then L is said to be densely defined. If L is densely defined and its range is contained in a
Hilbert space £, the mapping L*, the adjoint of L has as domain D(L*) ={z € # : Jw €
A (y,w) = (Ly,z) Yy e (L)}

The following definitions are taken from [18, page 13].

Definition 2.16. Let L : 5# — 57 be a linear operator, where ¢ is a Hilbert space. Then

e [ is said to be Hermitian if for all y, z € Z(L) (Ly, z) = (y, Lz) holds.

e A Hermitian operator which is densely defined in a Hilbert space ¢ is called symmetric

operator.

e A symmetric operator L in a Hilbert space 77 is said to be self-adjoint if L = L*.

The following theorem is Theorem 5.32. of [19, page 115].
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Theorem 2.17. If L is a symmetric operator on the Hilbert space 7€ such that

(y, Ly) > Y|ly||* with v € R (respectively ||Lyl| > ~llyl|) for all y € Z(L), then for each
k € (—o0,v) (respectively k € (—~,7)), there exists a self-adjoint extension Ty of L such that
(v, Twy) > kllyl|? (respectively || Tyyll > Kllyll) for ally € D(Ty).

2.3 Sobolev Spaces on Intervals

We assume in this section that a and b are real numbers with a < b. Let 1 < p < o0.

2.3.1 Test Functions and Distributions

The following definition is taken from [12, pages 53, 54].

Definition 2.18. Let I C R be an interval.

e C(I) = C°(I) denotes the space of all continuous functions on I to C. For a positive

integer k, C*(I) denotes the space of k-times continuously differentiable functions on I.

e For f € C(I) the set supp f := {x € I : f(x) # 0} is called the support of f, where the

closure is taken with respect to I.

e Let I be open and let C®(I) := () C*(I). A function f € C*(I) is called a test
k=1
function if its support is a compact subset of I. The space of all test functions on an

open interval I is denoted by C§°([).

Remark 2.19. Mennicken and Méller [12, page 54] identify C§°(I) with a subset of C§°(R) by
setting f = 0 outside of I for each f € C3°(/). And they denote C3°(I) = U CP(K),

KCI, compact

where C3°(K) == {f € C§°(R) : supp f C K}.

The following definition is taken from [12, page 54].
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Definition 2.20. Let I be an open interval. A linear functional u on C§°([/) is called a

distribution on I if for each compact set K C I there are numbers k£ € N and C' > 0 such that

(pu)| <C Y sup|¢P(x)] (¢ € CF(K)),

7=0, zeK

where (¢, u) := u(¢). The space of distribution is denoted by 2'(1).

The following definition is taken from [12, page 55].

Definition 2.21. For u € %'(I), where [ is an open interval, the support of u, denoted
supp u, is the set of points x € I such that for each neighborhood U C I of x there exists
¢ € C§°(U) such that (¢, u) # 0.

The following definition is taken from [12, page 55].

Definition 2.22. Let [ be an open interval and let u € 2’'(I). Then

<¢7u/> = _<¢/7u> (¢ S Cgo([))

defines a distribution u’ on I, called the derivative in the sense of distributions of u. Recursively

for k=1,2,- -

u* D) = (B,

The following theorem is Theorem 3.1.4. of [6, page 57].

Theorem 2.23. I[fu € 2'(X) where X is an open interval on R and if v’ = 0, then u is a

constant.

2.3.2 Definitions and Properties of Sobolev spaces

The following definition is Definition 2.1.1. of [12, page 55].
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Definition 2.24. Let I C R be an open interval, 1 < p < oo and k € N. The space
WP :={feL,(I): Yje{l,....k} f9 e L,(I)}

is called a Sobolev space. Here the derivatives fU) are the derivatives in sense of distributions.

For f € W/ (I) we set
k
|f|p,k; = Z |f(j)|p

Note that Wi (I) = L,(I) and that Ly(I) is a Hilbert space with respect to the inner product

(f.9)= /f x)dz, f g€ Ly(I).

The following remark is Remark 2.1.2. of [12, page 55].

Remark 2.25. Let I be an open interval. Let AC™¢(I) be the set of functions f on I such
that f|x is absolutely continuous for each compact subinterval K of I. Then for k£ > 0,

WE(I) ={f € AC™(I): Vje{l,....k—1} fU) € AC"(I)n L,(I), f® € L,(I)}.

The following proposition is Proposition 2.1.3. of [12, page 56].

Proposition 2.26. Let I C R be an open interval, v € I and g € L,(I).Set

Then G is continuous on I and G' = g in 2'(I).

The following corollary is Corollary 2.1.4. of [12, page 56].

Corollary 2.27. Let k € N and v € Z'(a,b) such that v’ € W[ (a,b). Then u € W[, ,(a,b).
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The following proposition is Proposition 2.1.5. of [12, page 56].
Proposition 2.28. Let I C R be an open interval and k € N\{0}.

1. Let f € Ly(I) and v € I. Then f € WE(I) if and only if there are g € W} ,(I) and

c € C such that
flz) = c+/ gt)ydt (xel).
v

In this case, g = f', f has continuous extension to I, which we also denote by f, and

c=f(7).

2. WE(I) c C*1(I).

The following proposition is Proposition 2.1.6. of [12, page 57].

Proposition 2.29. Let I C R be an open interval and k € N. Then W} (I) is a Banach space
with respect to the norm | |, -

The following proposition is Proposition 2.1.7. of [12, page 57].

Proposition 2.30. For each k € N and 1 <p < q < o0 we have

1. Wl(a,b) € Wl (a,b),
2. Wi 1(0,a) C C¥[a,b],

3. C*la,b] € W!(a,b),

where the inclusions holds topologically, i.e., the corresponding inclusion maps are continuous.



Chapter 3

The self-adjointness of the differential

operator A

3.1 Introduction

We present in this chapter the proof of the self-adjointness of the differential operator A,
defined by Moller and Pivovarchick [13]. Definitions and properties that we present in Chapter
2 are extensively used in Section 3.2 where we prove that the operator A is self-adjoint.
We prove, first that A is densely defined, next that A is a symmetric operator. We, next,
characterize the domain of the adjoint A* of A. Finally we use the characterization of the

domain of A* and the symmetry of A to prove that A is self-adjoint.

20
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3.2 The operator A

Let A be the operator acting in Ls(0,a) @ C with domain

P(A) = {Y ( ,i/ )) cy € WE0,a),y(0) = y"(0) = y(a) 0}7
y'(a

y D — (gy)
y'(a)

Proposition 3.1. A is densely defined.

given by AY = ( ) , where a > 0 and g € C*[0, a] is a real valued function.

w
Proof. Let W = (
c

) € L3(0,a) ® C be such that (Y,WW) =0 for all Y € Z(A), where

(Y, W) = /Oa y(x)w(z)dx + y'(a)c.

Y

Let y € C5°(0,a). Then y/'(a) =0, and Y = ( ) € 2(A),so0

y'(a)
/an(a:)w(:c)dx =0 for all ye C§°(0,a).

Thus w = 0. Let

y(z) = 2%(z — a).

Then
y(0) = y(a) = y"(0) =0
Hence
I € 7(A).
y'(a)
Since

Y () = 42° — 32%a,
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it follows that
y'(a) =a’ #0.

Since w = 0, then

but
y'(a) =a’ #0,
thus
c=0,
SO
0
W = .
Hence
2(A)* ={0}.
Therefore A is densely defined. m

Proposition 3.2. A is a symmetric operator.

Proof. Let Y, Z € 9(A),

(AY.Z) = / W) - (g ()]2(@)dz + " (a) 7 (a)
_ / "y (@) 2(w)dr / (9@ (@) 2(x)dz + ¥ (a)2(a).

Recall that

and
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Then,

692 = WOl - [ ¥
0
— +/ Y ( dr (since z(a) = z(0) =0).
0

But the scalar product
is symmetric, so
Thus

Similarly

The scalar product

is symmetric, so
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Hence

(AY, Z) = (

(y,2Y) = " (@) (@) + [y (2)2" (@) — (4, (92')) + y"(a)'(a)
= (1,2") = (.(92)) = W' (@)Z (@) + [y (2)2" (@)]§ + y"(0)Z(a)
(y, 2% = (92)) = " (@) (@) + [y (2)2" (2)]§ + ¥/ (a)Z(a)

( ))

y, 29 = (92)) = y"(a)2' (@) +y"(0)2'(0) + y'(a) 2" (a) — ¥/(0)2"(0)

= (1.2~ (42)) — (@7 (@) + ¥ (@)2"(0) + 1 (@7 (a)
(since 3" (0) = 2"(0) = 0)

= (1. (z" ~ (92)) +¥(@)Z"(a)

— /O“y(x)[2(4)(x) — (g(2)Z (2))]dz + ' (a)Z"(a)

= (Y, AZ).

Since A is densely defined and (AY,Z) = (Y, AZ) for all Y, Z € Z(A), then according to
Definition 2.16 A is symmetric. m

Remark 3.3. Let g € C'[0,a] be a real valued function. Since the multiplication by g is a

continuous linear operator g- from C'[0, a] into itself, its adjoint (g-)* from (C}(0,a))’ into

itself is well-defined. Let (-,-)c1(0,a) De the sesquilinear form on Cj(0,a) x (Cj(0,a))". Note
that for f € Ly(0,a) and ¢ € C}(0,a),

(99, ez = (99, f)
= (¢, 9f),

so that (¢-)*f = gf. Hence we write

gu = (g-)"u (3.1)

for all u € (C}(0,a)).
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Also note that we have the continuous embeddings with dense ranges
C5°(0,a) = Cy(0, a) — La(0,a),
whence
L(0,a) — (C;(0,a))" — 2'(0,a).
In particular, gu € 2'(0,a) for all u € (C;5(0,a))’.

Lemma 3.4. If z € Ly(0,a) and g € C[0,a], then g2’ € 2'(0,a) and g2' = (gz)' — ¢'z.

Proof. Since z € Ly(0,a) — (C§(0,a)) — 2'0,a) and g € C*(0, a], then according to Remark
3.3
gz € Ly(0,a) — 2'(0,a). (3.2)

Since g € C'[0,a], then ¢’ € C[0,a]. And as z € Ly(0,a), then
gz € Ly(0,a) — 2'(0,a). (3.3)
But according to Definition 2.22 (3.2) implies
(92) € 2'(0,q). (3.4)

Thus (3.3) and (3.4) give
(92) — g’z € 2'(0,a). (3.5)

According to (3.5), for all ¢ € C§°(0,a) we have

(6,(92)" = 9 2)cz00) = (6.(92))cz0.0) = (¢, 9'2)c5e0.0)
= —(¢,92)cz0.0) = (9'5 2)co(0.0)
= —(99",2)cr0.0) — (' 2)co(0.a)
= —(99' + 9'¢, 2)co0.0)
= —((99)". 2)co(0,)
= (99,720
= (¢,97)cs(0,0)-
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Since for all QS € Cgo(oa CL) (¢7 (gZ)/ - g/Z)Cgo(O,a) - (¢7gZI)CO°°(O,a)a then
9'z=(92) — g7 (3.6)

Hence (3.5) and (3.6) give gz’ € 2'(0,a). O
z
Proposition 3.5. If Z = € 9(A%), then z € W2(0,a) and there exists ¢ € C such that
d
20— (g2')

C

A*Z =

Proof. Since Z € Z(A*), then according to Definition 2.15, there exists
w
W = c LQ(O, CL) e C

such that
(AY, Z) = (Y, W),

forall Y € 2(A).

Let vV = |7 € C3°(0,a) @ {0}. Since y € C3°(0,a), thus y”(a) = 0. Then Y € Z(A) and
0

(AY,Z) = (yW = (¢¢/), 2) +¢"(a)d
= "W (9.2 (3.7)

(Y™, 2)cze(0.0) = (99 2) La(0.0)-
Since z € Ly(0,a), then z € 2'(0, a). Therefore

(4))

(y™, 2oz = (=D (Y, 2Y) s 0.0)-

So

(4))

(y(4)7 Z)CgO(o,a) = (ya z C§°(0,a)-
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Since z € Ly(0,a), and g € C[0, a], then according to Lemma 3.4 g2’ € 2'(0, a).

((9v")2) = ((9¥)s2)co0.a)
= _<gy/7z/)05(0,a)

= —(, gZ’)CgO(O,a)-

Hence
((gy/)laz)Lz(O,a) - _(y/’gzl>08°(0,a)
= (_1>2(y7 (gzl)/)cgo((),a)-
Thus
((9y")', Z)LQ(O,G) = (v, (92/)')030(0,@).
Therefore
(AY,Z) = (y, 2(4))Cg°(o,a) — (v, (gzl)l)cgo(o,a)
= (y,2% - (92'))cs=(0,0)- (3.8)
But
(AY,Z) = (Y, W)
— [ v)ate)de + ya)
0
Since
y € C(0,a), ¥(a)=0
Then

(AY,Z) = (Y, W)

= (y,w). (3.9)



CHAPTER 3. THE SELF-ADJOINTNESS OF THE DIFFERENTIAL OPERATOR A 28

From (3.8) and (3.9) it follows that

(AY, Z) = (y,2Y = (92') ) e (0. (3.10)
So (3.7) and (3.10) give
WY = (9v),2) = (1,2 = (92) )= (0.0)- (3.11)
Thus
(v, 2% — (92/)I)03°(0,a) = (va)cgo((),a)-
Then

2B —(g2) = w € Ly(0,a). (3.12)

Let v = 28 — g2/. Then according to (3.12)

v =2W — (g2') = w € Ly(0,a). (3.13)
Let
u(z) = /90 w(t)dt
Then 0
u € Ly(0,a). (3.14)
Thus (3.14) gives
u € WE(0,a). (3.15)

Then v/ — v = w — v = 0. And according to Theorem 2.23 v — u = ¢;, where ¢; denotes a
constant. Thus v = u + ¢;. Whence (3.15) implies 2 — g2/ = v € W2(0,a). But by Lemma
3.4, g2’ = (92z) — ¢’z. Thus

2B —(g2) + ¢z =v € W(0,a) C Ly(0,a). (3.16)
Since Ly (0, a) is a vector space, then (3.3) and (3.16) imply 2 — (gz) € Ly(0,a).
Repeating the above reasoning,

2B — (g2) € Ly(0,a) = 2% — gz € W2(0,a) C Ly(0,a).
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Then
2@ — gz € Ly(0,a) and gz € Ly(0,a) = 2% € Ly(0,0)
= 2z € W;(0,a).
Since
z € W3(0,a)
then,
2 e Wi(0,a).
And since
g € Co,dl,
then
g7 € WZ(0,a),
and thus
(g2') € WZ[0,a] = Ly(0, a).
Since
2 — (g2') € Ly(0,a) and (g2') € W2[0,al,
then
M e W20, d.
As

2 e W20, d,

then according to Corollary 2.27
28 e W20, a),

2" e W3(0,a),
2 e Wi(0,a),

z € W7 (0,a). (3.17)
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Theorem 3.6. The operator A is self-adjoint.

Proof. Let Y € Z(A) and Z = (z) € 9(A*). Then
d

9(x)y'(x)))z(z)dx +y"(a)d

(AY,Z) = /0 a[y(‘*)(x) —
_ [ W (2)z(x)dx - /Oa(g(:v)y’(:v))’Z(:v)dx+y"(<l>d-

X

z € W7(0,a) by Proposition 3.5,

Since
then

W?,2) = Pz~ [ ¥ (@) (2)de

But the scalar product

/0 @) @dr = (5, 2) — [y @)@ + @) @)

is symmetric, so

since
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Also,

The scalar product

is symmetric, so

Then
((9v),2) = [9(0)y'(2)z(2)]5 — [g(x)y(z)Z (2)]5 + (v, (92')")
= g(a)y'(a)z(a) — g(0)y'(0)2(0) + (y, (92")")
y(0) = y(a) =0
Thus
(AY,Z) = (yW,2) = ((99),2) + " (a)d
= (y,2") = (v, (92")) + yP(a)z(a) — y"(a)Z'(a)
+ y'(a)2"(a) + y"(a)d — g(a)y'(a)z(a) — y®(0)2(0) — /(0)2"(0) + g(0)y/'(0)(0)

But

(AY, Z) = (Y, A*Z) = (Y,W) where W — (w> ,

and according to Proposition 3.5

w =2 — (g2').
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So
(AY,Z) = (Y,A*Z)
= (1.2 = (92)) + ¥/ (a)e
Then
y(@e = y(a)Z"(a) + (y¥(a) — g(a)y'(a))2(a) — y"(a)(Z'(a) — d) — ¥ (0)2(0)
+ 1/(0)9(0)2(0) — 3/(0)z"(0).
So

0 = (y¥(a) - g(a)y'(a))2(a) +y'(a)("(a) — &) = y'(a)('(a) — d)
+ (5/(0)g(0) — y*(0))2(0) — ¥/ (0)z"(0). (3.18)

But there exists a polynomial y; such that 3,(0) = 3/(0) = yi(a) = 0, y\¥(a) # 0 and

yi(a) = y!(a) = y;(0) = (0) = 0. Then (‘1) € 2(A) and
y(a)z(a) = 0. (3.19)

Since yf’)(a) # 0, then z(a) = 0, so (3.19) gives
z(a) =0, (3.20)

and (3.18) reduces to

y'(a)(z"(a) — &) = y"(a)(Z'(a) — d) + (y'(0)9(0) — y(0))2(0) = 4/ (0)z"(0) = 0. (3.21)
Also there exists a polynomial ys such that y2(0) = 95(0) = ya2(a) = 0 and y)(a) # 0,
Y2

y4(a) = y3(0) = 557 (0) = 0. Then € 2(A) So
0

yh(a)(2"(a) — &) = 0. (3.22)
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since y4(a) # 0 then (3.22) gives
c=2"(a). (3.23)

And (3.21) reduces to

~y"(a)(2'(a) = d) + (/' (0)g(0) — y**(0))2(0) — ¢/'(0)2"(0) = 0. (3.24)
There exists a polynomial ys such that y3(0) = y5(0) = ys(a) = 0, y5(0) = y3(0) = 0 and

y4(a) # 0. Then v € 2(A) and

0
ys(a)('(a) — d) = 0. (3.25)
Since y4(a) # 0, then (3.25) gives
Z(a)=d (3.26)
Then (3.24) reduces to
(4 (0)9(0) — 4(0))2(0) — y'(0)2"(0) = 0. (3.27)

There exists a polynomial 4, such that y4(0) = 4 (0) = y4(a) = 0, 3,(0) = 0 and yig)(O) # 0,

SO (y4) € 9(A). Then (3.27) reduces to

0
P(0)2(0) =0 3.28
ys~(0)2(0) = 0. (3.28)
Since yf’)(O) # 0, then (3.28) gives
2(0) = 0, (3.29)
and (3.27) reduces to
y'(0)z"(0) = 0. (3.30)

There exists a polynomial ys, such that y5(0) = yZ(0) = ys(a) = 0 and yi(0) # 0. So

(%) € Z(A). Since y5(0) # 0, then (3.30) gives
0

2"(0) = 0. (3.31)
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Hence, from (3.20), (3.23), (3.26), (3.29) and (3.31) we have
2(0) =2"(0) = z(a) =0, ¢=2"(a) and d=Z'(a).

Thus Z € 2(A), so Z(A*) C Z(A). Since A is symmetric, see Proposition 3.2, then according
to Definition 2.16, it follows that A is self-adjoint. O



Chapter 4

Self-adjoint Boundary Conditions
Independent of )\

4.1 Introduction

We present in this chapter characterizations of boundary conditions corresponding to a self-
adjoint main operator independent of \. We present in Section 4.2 maximal and minimal
operators and quasi-differential expressions. We give in Section 4.4 a theorem which char-
acterizes boundary conditions corresponding to a self-adjoint main operator independent of
A and in Section 4.5. We give examples of classes of boundary conditions, corresponding to
a self-adjoint main operator, independent of A. The definitions and properties we present
in Section 4.2 are given in the general case with matrix coefficients from M,,(L;,.(0,a)), the
set of m X m matrices with entries from L;,.(0,a). However for the study we present in this

document, we consider the case m = 1.

35
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4.2  Quasi-Differential Expressions and Maximal and

Minimal Operators

The following definition is taken from Section 2 [14, page 25].

Definition 4.1. Let I = (a,b) be an interval with —co < a < b < oo and let n, m be postive
integers. For a given set S, M, ,,,(S) denotes the set of n x m matrices with entries in S. If

n = m, we write also M, (5), and if m = 1, we write S".

Let

Znm(I) = {A=(ars) =1 € Mn(Mp(Lioe(1))),

a1 tnvertible a.e. for 1 <r <mn-—1,

ars =0 for2 <r+1<s<n}. (4.1)
Let A € Z,, ,,(I). We define
Vo :={y: I — C™ y measurable} (4.2)
and
Y=y (ye Vo). (4.3)
Inductively, for r = 1, ..., n, we define
Vi={yeV1: y[r_l] € (ACic ()™}, (4.4)

Y=l (Y - Z a7 (y € V), (4.5)
s=1
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where a,, 41 := I, the m xm identity matrix; and AC},.(I) denotes the set of complex valued

functions which are absolutely continuous on all compact sub-intervals of I. Finally we set
My = i"yl" (y e V,). (4.6)

The expression M = M4 is called the quasi-differential expression associated with A.

The following remark can be found in Section 2 [14, page 26].

Remark 4.2. For V,, we use also the notations Z(A) and V(M).

The following proposition is Proposition 2.2 [14, page 26].

0
Proposition 4.3. Let A€ Z,, ,,(I) and f € (Ljoe(1))™. Set F' = .
f
(i) If Y € (AC)o.(1))™™ is a solution of
Y' =AY + F, (4.7)
then there is a (unique) y € P(A) such that
ylO)
y — yfl] (4.8)
-1
and
g =7 (4.9)

(i1) If y € 2(A) is a solution of

"= f, (4.10)
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then
y[O]
y[I]
Y = ' € (AC(I))"™™ (4.11)
y[n_l]
and
Y' = AY + F. (4.12)

The following lemma is Lemma 3.1 [14, page 29].

Lemma 4.4. Let I be bounded. Let A, B be k x k complex matriz functions on I, such that
all components of A and B are in L(I). Let F,G be k x m matriz functions on I, such that
all components of F and G are in L(I). If Y = AY + F and Z' = BZ + G and C € M(C),
then

(Z2*CYY = Z*(B*C + CA)Y + Z*CF + G*CY. (4.13)

The following corollary is Corollary 3.2 [14, page 30].

Corollary 4.5. Let the assumptions be as in Lemma 4.4. 1If, in addition, C' is invertible and

B = —C~1*A*C*, then

(Z*CYY = Z*CF + G*CY. (4.14)

The following lemma is Lemma 3.3 [14, page 30].

Lemma 4.6. Let A € Z,, (1) and C := ((=1)"0pni1-sIm)}—y. Let B := —C7'A*C. Then
B e Z, (1) and for any y € Z(A) and z € P(B) we have

2" May — (Mp2)"y = [y, 2] (4.15)

where

—_

n—

ly,z] =" (—1)"“”2}344} yz]. (4.16)

%
Il
=)
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Remark 4.7. The ¢ in Lemma 4.6 is the Kronecker delta.

The following definition can be found in Section 4 of [14, page 31].

Definition 4.8. Let A € Z,, ,,(1).

1. The maximal operator 1" = T4 associated with the matrix A € Z,, ,,,(I) is defined by
Ty=Myuy (ye2(T)), where
P(T) ={y € Lo(I) : y € Z(A), May € Ly(I)}.
2. The pre-minimal operator T = T7 , associated with A is defined by
P(Ty) = {y € Lao(I) : y has support compact},

Toy=Ty (ye2(T)).

3. The closure Tj of 7§ is a linear operator. It is called the minimal operator associated

with A.

Remark 4.9. The minimal operator 7Ty is also denoted T4 .

The following proposition can be found in Section 2 [15, page 53].

Proposition 4.10. If Ty is symmetric, then T4 o =Ta and T3 = Tap.

The following proposition can be found in Section 2 [15, page 53].

Proposition 4.11. Let A € Z,,,(I), Ty be the minimal operator and T4 be the maximal
operator.
1. Ty 1s a 2nm dimensional extension of Tj.

2. Ty has self-adjoint extension and every self-adjoint extension of Ty s an nm dimensional

extension.
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3. FEvery nm dimensional symmetric extension of Ty is self-adjoint.

The following definition is from the proof of Lemma 1.1 [15, page 51].

ylO)
iy Yl Y(a)
Definition 4.12. Let A € Z,,,,(I). Fory € Z(T4), Y = , Yp =
: Y (b)
y[nfl]

The following definition is Definition 1.2 [15, page 51]. It is equivalent to Definition 2.2 and

is the definition we have used to conduct this study.

Definition 4.13. Let [ be an integer with 0 <[ < 2nm. Any [ X 2nm matrix U € M; 9, (C)

with rank [ is called a boundary matrix and the equation
UYr=0 (y€ 2(Ta)) (4.17)

is called a boundary condition. For any such U we define an operator T'(U) from Ly(I) into

itself by

2(TU)) = {ye P(Ts):UYr =0}
Ty = Tay (y€ 2(T(U))). (4.18)

When | =0 we have U =0 and T(U) = Tj4.

The following remark is taken from [15, page 52].

Remark 4.14. From (4.17) and (4.18) it is clear that

Tap CT(U)C Ty (4.19)

The following theorem is Theorem 2.3 [15, page 54].
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Theorem 4.15. Let U be an | x 2nm matriz with rank [ where nm <1 < 2nm.
Then the operator T(U) is symmetric if and only if

N(U) C R(DUY) (4.20)

where N(U) denotes the null space of U, R(DU*) denotes the range of the matrizc DU* and

D 1is the matrix

C 0
D =" ;o C=((-1)6pmr1-slm)r s (4.21)
0 -C
Note that
C = (-1)"tC =~ (4.22)

Remark 4.16. The 0 in Theorem 4.15 is the Kronecker delta.

The following proposition can be found in Section 2 [15, page 54].

Proposition 4.17. T'(U) is symmetric if and only if

ZpDYr =0 forall y,ze 2(TU)) (4.23)

The following proposition is taken from Section 2 [15, page 54].
Proposition 4.18. The following equivalent statements are also equivalent to Proposition
4.17:

(i) ¢¢Dd=0 forall ¢, de N(U)

(i) N(U)LD(N(U))

(iii) D(N(U)) € (N(U))* = R(U")
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(iv) N(U) C R(D~'U*) = R(DU*).

The following theorem is Theorem 2.4 [15, page 55].

Theorem 4.19. Let A, B be | x nm matrices of complex numbers and let U = (A : B) have
rank (. Then the operator T(U) is self-adjoint if and only if

l=nm and ACA" = BCB". (4.24)

4.3 Preliminaries

Let Ay, be the maximal operator defined on W2(0,a) by for y € W2(0,a), Apmecy = y™ —

(g9y')’, where a > 0 and g € C'[0, a] is a real value function.

For y € W2(0,a), let

Yl =y (4.25)
gt = ¢/ (4.26)
yPl =y (4.27)
y =@ — gy (4.28)
gt =y — (gy) (4.29)
Then
Yo =y =Y (4.30)
g =y =y (4.31)
S = (4.32)
But
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So
g = 9 — gy
= yW —(g)
— y[4]_
Therefore
y[O]’ _ y[ll (4.33)
y[l}’ — y[Q] (4.34)
y[2}’ _ y[3] + gym (4.35)
y[3}’ _ y[4] (4.36)
So
ylo yl] 010 0 ylO) 0
yl' yl? 0010 yl! 0
p— p— +
y B y 00 0 0 yl! yl
Let
Z4(O’ (L) = {Q = (QTs)iszl € M4<Ll00(07 a))’
¢rr+1 1nvertible a.e. for 1 <7 <3,
¢s=0 for 2<r+4+1<s<3} (4.37)
Let
01 00
0 010
Ay =
0 g 01
0 0 0O
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Then
Ay € Z4(O, CL).

Let C' be the matrix defined by
C= <<_1)T5r,5—8)§,s=17

where ¢ is the Kronecker delta.

Then
0 0 0 —1
0O 0 1 O
C =
0 -1 0 O
1 0 0 O
Let
where
y[O] (0]
y[ll ~1]
Y = . Z= and Y,z € Z(Anaz)-
y[Q] 52
y[3] 5131

Then according to Moller and Zettl [15]
B(Y,Z) = Z5DYx,

where

44

(4.38)



CHAPTER 4. SELF-ADJOINT BOUNDARY CONDITIONS INDEPENDENT OF A

4.4 The Self-adjoint Boundary Conditions

Let Ay, F and B; be the following 4 x 4 matrices:

a1 Qai2 a3 Qg O 0 1 O
a a a a 00 01
A, = 21 Q22 Q23 Q24  E- and B, —
0 0 0 0 1 0 0 O
0 0 0 0 01 00
where a;j, by, i, k€ {1,2}, j, [ € {1,2,3,4}, are complex numbers.
Note that
bi1 b2 big by
boy bos bes b
E*=FE E*=1 and EB = |+ 2 ™ ™
0 0 0 0
0 0 0 0
Then
ai; Q2 @13 Gy 0 0 0 -1 api; az 0 0
A, CA = (91 Qg2 Q23 A2y 0O 0 1 0 apz ax 0 0
0 0 0 0 0O -1 0 O a3 a3 0 0
0 0 0 0 1 0 0 O aiqs az 0 0
a4y —a1z Q2 —ai1 a;; az 0 0
B Qo4 —Q23 G2 —a21 a2 azx 0 0
0 0 0 0 a3 azz 0 0
0 0 0 0 a1s s 0 O
14011 — 13012 + 12013 — Q11014 Q14021 — Q13022 + A12G23 — (11024
B (24011 — (23012 + (22013 — 21014 A24021 — A23022 + A22023 — A21024
0 0

0 0

bll
b21

0 0 0
0 0
biz b1z bis

b22 b23 bQ4

o o o o

o o o o

45
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Denoting

we have

Defining

we have accordingly

Q11 = 14011 — Q13012 + Q12013 — A11014
Q12 = Q14021 — Q13022 + Q12023 — Q11024
Qo1 = (24011 — Q23012 + A22013 — A21014
Qa9 = (24031 — (23022 + A22023 — A21024,
ajp ag 00
o o 0 0
ACA = 8 T (4.39)
0 0 00
0 0 00
Bu = biabi1 — bizbig + biobis — biibiy
Bz = biaba1 — bizbag + bigbog — bi1bay
B = bosb1 — 523E + bzz@ — borbyy
B = basbar — bozboy + bogboz — b21@7
B Pz 0 0
00
EBC(EB,)" = Ba1 P2
0O 0 00
0O 0 00
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and therefore

0010\ (Bu B 00\ ({0010
ses —pEeseyE — |00 0] P o 0010001
1000[]0 0 0o0f[]1000
0o100/\o o o00/\o100

0 0 00\ (0010 00 0 0

o o oo|looo1] Joo 0 o0

C{Bn Beoof{1 o000l oo sy B

621 52200 0100 00621 522

Proposition 4.20. A,CA} = B1CBj if and only if AyCA} =0 and B;CB] = 0.

Proof.

ACAT =BCB] <= apn=app=09 =axp =0and f1; = 12 =02 = =0
< A;CA] =0and B,CB;] =0.

O

Theorem 4.21. Let U = (A; : By) haverank 4. Then the operator T(U), defined on W} (0, a)
by 2(T(U)) ={y € W(0,a) : UYg =0} and T(U)y = Ay (y € 2(T(V))), is self-adjoint
iof and only of AyC A} = B1CBj.

Proof. According to Theorem 4.19 A;C A} = B,CBj and rank(U) = 4 if and only the operator
T(U) is self-adjoint. O

Remark 4.22. U has rank 4 if and only if (a11, @12, a13, a14) and (as, gz, asz, asy) are linearly

independent and (by1, b1z, big, b14) and (bay, bag, bas, bay) are linearly independent.
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4.5 Examples

4.5.1 Properties

Proposition 4.23. Let By be the matrix such that EBy = Ay where Ay is the matriz defined
in Section 4.4. Then A1C A} =0 if and only if BiCBf = 0.

Proof.

B,CB} =0 < EBCB/E*=0
< EBC(EB))"=0
— A CAT =0

Remark 4.24.

Q11 Qo1

0

a2 axp 0
(A1CA)" =

0

0

o o o o

But
(A;CAY)" = A1C" AT = —A1C AT

So
11 = —0a11
Q12 = —Q91

Qg1 = —Q19

Qigg = —g2.

Proposition 4.25. Let «j, 4,5 € {1,2}, be the entries of matriz A;C A7, see (4.39). Then
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1. a1 = ia and ay = b where a, b € R.
2. g1 = —05_12

3. If there exist k, | € R such that ((a14 = ka1 and asq = kasy) or (a1 = kayy and az =

kass)) and ((a13 = las and ags = lags) or (a1z = lays and ags = lags)), then AyC' A = 0.

4.5.2 Examples

Let A;, B;, i € {1,2,3,4,5,6} be the 4 x 4 matrices such that EB; = A; where A;, i €
{1,2,3,4,5,6} are the following matrices:

1 0 00 1 000 1000
0100 0010 0 001
Al = ) AQ = ) A3 = )
00 00 00 0O 00 0O
00 00 00 0O 00 00
0100 0100 0010
0010 0 001 0 001
A4 = ) A5 = ) AG =
00 0O 00 0O 00 0O
00 0O 00 0O 00 0O
As the entries of the matrices A4;, i € {1,2,3,4,5,6} are real numbers and aj;, 9o are

imaginary pure numbers, then a;; = agy = 0.

1. For A,C'A7,
Oé12:0><0—0><1+0><0—1><0:0.

Since
(91 = —app and g = 0 then ag; = 0.
So
A CA] =0 and according to Proposition 4.23 B;C'B; = 0.
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2. For A,C A3,
@12:OXO—OX0+OX1—1XOZO.

Since

Q91 = —(19 and 19 = 0 then g1 = 0.

So
A;C' A5 = 0 and according to Proposition 4.23 BoC'B; = 0.

3. For A3C A3,
ap=0x0—-0x04+0x0—-1x1=-1.

Since

Q91 = —(12 and 19 = —1 then 91 = 1.

So
AsCA; # 0 and according to Proposition 4.23 B;CB; # 0.

4. For A4CAj,
a9 =0x0—-0x0+1x1—-0x0=1.

Since

Qg1 = —(19 and 192 = 1 then Q91 = —1.

So
A4CA; # 0 and according to Proposition 4.23 B,C'Bj # 0.

5. For A;CA;,
a3 =0x0—-0x04+1x0—-0x0=0.

Since

Q91 = —(19 and 19 = 0 then g1 = 0.

So
AsCA: =0 and according to Proposition 4.23 B;CB: = 0.

50
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6. For AgCAg,
a1 =0x0—-1x04+0x0—-0x1=0.

Since

Q91 = —(19 and 19 = 0 then g1 = 0.

So
AgC'Ag = 0 and according to Proposition 4.23 BsCBg = 0.

Proposition 4.26. Let U be the 4 x 8 matrices U = (A; : B;), where fori,j € {1,2,3,4,5,6},

A; and B; are the matrices defined at the beginning of this subsection.

e Fori,j € {1,2,5,6}, A;CA; = B;CBj = 0 and rank(U) = 4. Then the differential
operators T(U) are self-adjoint.

o Fori,j € {3,4}, AiCA; #0, B;CB; # 0. Then for U = (A; : B;) where i € {3,4} and
j € {1,2,3,4,5,6}, T(U) are not self-adjoint. This is also the case if U = (A, : By),
where | € {1,2,3,4,5,6} and k € {3,4}.



Chapter 5

Self-adjoint Boundary Conditions
Depending On A

5.1 Introduction

We have presented in the previous chapter boundary conditions corresponding to a self-adjoint
main operator independent of the eigenvalue parameter A. We present in this chapter a
characterization theorem (Theorem 5.41) for boundary conditions corresponding to a self-
adjoint main operator depending on A. Boundary conditions depending on the parameter
A are boundary conditions with at least one equation depending on the eigenvalue A. We

consider the differential operator My, defined by

Mayy =y = y® — (gv/), (5.1)

where a > 0, g € C1[0, a] is a real value function. The boundary conditions considered in this

chapter are the following separated boundary conditions
Bi(A)y =0, (5.2)

By(M)y =0, (5.3)
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Bs(\)y =0, (5.4)
By(N)y =0, (5.5)

where the B;(\) are constant or depend on A linearly, and where at least one of the By (),
Bs(X), B3()), Bs(\) depends on A linearly. That is at least one of the equations (5.2) — (5.5)
is of the form 3®(0) 4 iealy@(0) = 0 or yl!(a) + ieary@(a) = 0, where & > 0, ¢ = 1 or
e=—-1,0<p<3and 0 <g<3. Those of the equations (5.2) — (5.5) which do not depend
on \ are of the form y/(0) = 0 or y?(a) = 0.

Here we assume for simplicity that the boundary conditions have a minimal number of terms.
More precisely we assume that either B;(\)y = y/)(a;) + ie;alyl®](a;) or B;(\)y = yPil(a;),
wherea; = 0forj =1,2and a; = aforj =3,4. Let ©1 = {s € {1,2,3,4} : Bs(\)y depends on A}
and ©g = {1,2,3,4}\0;. We know that ©; # (. Let

k= 104]. (5.6)

From the above assumption on A-dependence of the boundary conditions it follows that 1 <
k < 4. We assume that all the numbers p;, ps, g1 are different if 1 € ©; and all the numbers
P1, P2, 1, g2 are different if 2 € ©;. Similarly, we assume that ps, ps, g3 are different if

3 € 0, and p3, ps, g3, q4 are different if 4 € ©,. Define
Doy = (e;4%)(a;)) jeo, and Ary = (y%)(ay));ce, . (5.7)

Theorem 5.41 is used to investigate classes of boundary conditions corresponding to a self-
adjoint main operator with one equation depending on A, two equations depending on A, three
equations depending on A and four equations depending on A respectively. In Section 5.2, we
give definitions and properties of closed symmetric operators while in Section 5.3 we present
properties for boundary conditions, corresponding to a self-adjoint main operator, depending
on A. We study in this section symmetric operators, adjoint operators and give characteriza-
tions of boundary conditions corresponding to a self-adjoint main operator depending on the

parameter \.
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5.2 Closed Symmetric Operators

The following theorem is a part of Theorem 4.3 of [19, page 56].
Theorem 5.1. Let Hy and Hsy be normed spaces. Let T' be an operator from Hy into H,.

We have

sup{|[Tf|[: f € 2(T) |Ifll <1} = sup{[|Tf[|: f € 2(T),[|f]l =1}
= sup{[|Tfl: f € 2(T), |If]] <1}

(where the value oo is allowed). T is bounded if and only if one of these values is finite; if
one is finite, then the others are finite, also, and they are equal to ||T||.
The following theorem is Theorem 4.15 of [19, page 70].

Theorem 5.2. Let Hy and Hy be Hilbert spaces. A subset G of Hy x Hs is the graph of an
operator from Hy into Hs if and only if G is a subspace possessing the following property:

(0,9) € G implies g = 0.

Each subspace of a graph is a graph.

The following definition can be found in Section 5.1 of [19, page 88|.

Definition 5.3. Let H; and H, be Hilbert spaces. Let T" be an operator from H; into Hs.

1. T is said to be closed if its graph G(T') = {(f,Tf): f € 2(T)} is closed in Hy x H.

2. T is said to be closable if G(T) is a graph, where G(T') is the closure of G(T).

The following proposition can be found in Section 5.1 of [19, page 88|.

Proposition 5.4. Let H, and Hy be Hilbert spaces. Let T be an operator from Hy into H.
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1. T is closed if and only if the following holds: If (f.) is a sequence in Z(T) that is
convergent in Hy and the sequence (T'f,) is convergent in Hy, then we have lim f,, €

2(T) and T(lim f,,) = lim T'f,.

2. T is closable if and only if the following holds: If (f,) is a sequence in D(T') such that

fn — 0, and the sequence (T f,) in Hy is convergent, then we have im T f,, = 0.

3. If T is closable, then

P(T) = {f € Hy: there exists a sequence (f,) from Z(T) such that f, — f, for which

(T'f,) is convergent},

Tf=1UmTYf, for f € D(T) defines a closed operator T, called the closure of the operator
T.

4. If T is closed, then N(T') is closed.

5. If T is injective, then T is closed if and only if T~! is closed.

The following theorem is Theorem 5.2. of Section 5.1 of [19, page 89].

Theorem 5.5. Fvery bounded operator is closable. A bounded operator T is closed if and

only if D(T) is closed. If T is bounded, then we have Z(T) = 9(T); The closure T is the

bounded extension of T onto Z(T).

The following theorem is Theorem 5.3. of Section 5.1 of [19, page 89].
Theorem 5.6. Let Hy and Hy be Hilbert spaces. Let T be a densely defined operator from H
into Hy and T™ be the adjoint operator of the operator T'.

1. T s closed.

2. T is closable if and only T* is densely defined; we then have T = T**.



CHAPTER 5. SELF-ADJOINT BOUNDARY CONDITIONS DEPENDING ON A 56

3. If T is closable, then (T)* = T*.

The following theorem is a part of Theorem 5.13. of [8, page 234].

Theorem 5.7. Let X, Y be two Banach spaces and T' € € (X,Y) where €(X,Y) is the set
of all closed linear operators from X to Y. Let us assume that T is densely defined so that
the adjoint operator T* exists and belongs to € (Y™, X*), where X* and Y* are respectively the
adjoint spaces of X and Y. Then

o R(T): = N(T™).

o R(T*)* = N(T).

o [fdim(X) < oo, then R(T*) = (N(T))*.

The following definition can be found in Section 8.1 of [19, page 230].

Definition 5.8. Let T" be a closed symmetric operator on a complex Hilbert space H and
N, =N(i—T*) = R(—i—T)",
N_=N(—i—T"=R(G—T)"

Then N, and N_ are called the deficiency spaces of T and the numbers m, = dim N,

m_ = dim N_ are respectively called the defect index of T" and —i, the defect index of T and

1.

The following theorem is Theorem 8.11. of [19, page 237].

Theorem 5.9. (The first formula of von Neumann). Let T be a closed symmetric operator

on a complex Hilbert space. Then
D(T"Y=D(T)® N, & N_,

T*(fo+ 9+ +9-) =Tfo+igy —ig- for fo € D(T), g+ € N4, g- € N_.
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The following theorem is Theorem 8.12. of [19, page 238].
Theorem 5.10. (The second formula of von Neumann). Let T be a closed symmetric operator

on a complex Hilbert space. Then

(i) S is a closed symmetric extension of T if and only if the following holds:
There are closed subspaces F'y of Ny and F_ of N_ and an isometric mapping V' of F
onto F_ such that
D(S)=D(T)+{g+Vg:g€e F,}

and

S(fo+g+Vg) = Tf+ig—iVyg
= T(fo+g+Vyg) forfoe D(T), g € F,.

(i1) S is self-adjoint if and only if F, = Ny and F_ = N_.

The following theorem is Theorem 8.13. of [19, page 239].

Theorem 5.11. Let T be a closed symmetric operator on a complexr Hilbert space and let S

be a closed symmetric extension of T

(i) S is an m-dimensional extension if and only if Fy is m-dimensional.

(i) If T has defect indices (m,m), then a symmetric extension S of T is self-adjoint if and

only if S is an m-dimensional extension of T'.

5.3 Self-adjoint Boundary Conditions Depending on \

Recall that 1 < k < 4. Define
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Clearly, 0 <1 < 3.

Let A,,.. be the maximal differential operator associated with the boundary value problem

for (5.1) and those boundary conditions from (5.2) - (5.5) which depend on A. The operator

. MAO 0 . .
Apnaz is defined on Ly(0,a) x C* by Apee = , with domain
A 0
Yy 2
D(Apaz) =Y = ,y € Wi(0,a)
Doy

It follows from (5.7) that there are two k x 8 matrices Vy and V; such that VoY = Doy and
ViYr = Ayy, where Dy and A; are as defined in Section 5.1.

5.3.1 Symmetric Operators

For Y, Z € Z(Amac),
<AmamY7 Z> = (MAO?J, Z) + (%YRa VE)ZR)

and
(Y, ApmaZ) = (y, Ma,2) + (VoYr, ViZR),
where
(ViYr,VoZr) = ZpVoViYr
and
(VoYr,ViZr) = Z5Vi"'VoYk.
Then

B(K Z) = <AmaxY7 Z> - <Y7 AmamZ>
= (Mayy, 2z) + ViYr, VoZr) — (y, Ma,2) — (VoYr, V1ZR)
= (Mayy,2z) — (y, Mayz) + (ViYr, Vo Zg) — (VoY&, ViZR)
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= (MAOy7 Z) - (y7 MAOZ) + Z}EVE)*V&YR - ZE‘/Yl*‘/OYR
= (Mayy,2) — (y, May2) + Z5(Vg Vi — Vi'Vp) Vg

But (Ma,y, 2) — (y, Ma,z) = Z3,DYg, see (4.38), where

.4 ¢ 0 r 4
D=1 0 c ) C= ((_1> 57‘,5*3)7‘,3:17

and ¢ is the Kronecker delta. So

B(Y,Z) = ZyDYg+ Z(VeVi — ViVo)Ya.
= Zp(D+ (VgVi = Vi'V0)) Y.

Let
W=D+ (VgVi = Vi'W). (5.9)

Then B(Y,Z) = Z;WYp is the Lagrange identity.

Proposition 5.12. V and Vi are two k x 8 matrices of rank k, V' and V{* are two 8 x k
matrices of rank k. Then VyVy and Vi*Vi are two 8 x 8 matrices of rank k, ViV — ViV is

an 8 X 8 matrix of rank 2k and the matrix W is an 8 x 8 matriz of rank at least 8 — 2k.

Proof. Each non-zero entry of Vj is coefficient of a coordinate of Yz which is factor of the
eigenvalue A of a boundary condition, while each non-zero entry of V; is a coordinate of Yg
which is not a factor of the eigenvalue A. Also the equations of the boundary conditions
depending on A are such that y®(0) + ieay!d(0) = 0 or y?(a) + ica)yld(a) = 0, where
p # q. Therefore each of the positions of non-zero entries of the matrix V4 is different from the
positions of the non-zero entries of the matrix Vi. As the number k is the number of boundary

conditions depending on A, then each of the matrices V and V; has exactly k non-zero entries.

Let

- pit+lite=1,2 N g +1ifi=1,2
@l:{ela"' 79]6}7 Di = and q; = .
pi+5ifi=3,4 ¢ +5ifi =234

(5.10)
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Then
and Vi = (4, ) , (5.11)

1/:17 7k7 ]:17 78

W = (691-(5]',@91.)

where ¢ is the Kronecker symbol.

Z:]-v 7k7 ]:17 78

Hence

‘/0* — (69],(57;’@%_) ) ‘/1* — (57;7?9,->2_1 8 Gt k, (512)

1217781 j:177k J i= )"0,

and

k 8 k
VO*VI = <Z 69351,%5 5]',1995) = 2(60551‘,%5 53',?93)?,;':1- (513)

s=1 i,j=1 s=1

The non-zero entries of the matrix V;V; are at positions row index gg,, column index pg,
with s = 1,--- k. All the numbers p;, po, ¢ if 1 € ©; are different and all the numbers
P1, P2, q1, G2 if 2 € Oy are different. Also all the numbers p3, ps, ¢z if 3 € ©1 and ¢4 if 4 € O,
are different. Thus the numbers py., qs,, s = 1,--- ,k are different. Therefore there are k
different row indices gy, and k different column indices pp, for the matrix V{fV;i. As there are
k different row indices gp, and k different column indices py, for the matrix V{V;, then the
non-zero entries of the matrix V;'V; are on k different rows and k different columns. Thus

rank VV; = k. The matrix

k s k
. B o 8
ViVp = E €0,0i.p5, 0.0, - E :(€9s5iﬁes5j’%s)i,j=1
Z7J:1

s=1 s=1

is the transposed of V{ Vi, so the non-zero entries of the matrix V|*V} are at positions row

index py,, column index gy, with s =1,--- |k and rank V;*Vj = k.
Clearly,
k k
ViVi=ViVo = ) eo.(Oim,0im,)5jm1 = D co.(Gimy, i, )i jmn
s=1 s=1
k
= > o001, 005, — Vipy,Osan, ) i1 (5.14)

s=1

As the non-zero entries of V'V; are at the positions row indices gg,, column indices py, and the

non-zero entries of V;*Vj are at the position indices py,, column indices gy, with s =1,--- |k,
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then the non-zero entries of the matrix V;'Vy — Vi*V; are at positions row index gg,, column
index pp, and row index py,, column index gy, with s = 1,--- k. So the non-zero entries of
Vo'Vi — V"V, are at positions row indices gy, + 1, column indices py, + 1, row indices py, + 1,
column indices gy, + 1 if 0, = 1, 2 and row indices gy, + 5, column indices py, + 5, row indices
P, + D, column indices gy, + 5 if 0, = 3, 4 with s =1,--- | k. But all the numbers p;, p2, 1
if 1 € ©; and ¢, if 2 € ©; are different, also all the numbers p3, ps, g3 if 3 € ©1 and ¢4 if
4 € O, are different, see Section 5.1. Thus all the numbers py,, go., s =1,--- , k are different.

Hence the non-zero entries of V;'Vy — V*V}, are on 2k different rows and 2k different columns.

Therefore rank(Vy'V; — Vi*Vp) = 2k and
8 — 2k <rank W. (5.15)

]

Remark 5.13. Let ©\” = 0, N {1, 2} and ©\* = ©, N {3, 4}. The matrix V;V; — V'V, can

be written
‘/0 ‘/1 - ‘/1 % = )
0 Vs
where
Vo= €0.(8iqp, 410500, 41 — Oipy, +1000, +1)
9,0
and

Vi= > €0.(6igo, 410041 — Oispo, 101,40, +1)-
0,c0'

Proposition 5.14. rank W = 8 — 2k if and only if the following conditions hold:

1. for 0, € ©1, po, + qo, = 3,
2. for 0, € @ﬁo), €p, = (—1)%s,

s

3. for 6, € O, ¢, = (1)t
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Proof. By definition of W rank W = 8 — 2k if and only if rank(D + (V;Vi — Vi*Vg)) = 8 — 2k.
Since (Vy'V1—=V*V}) has rank 2k, see Proposition 5.12 and D is invertible and both V'V, —V*Vj
and D have at most one non-zero element in each row and each column, it follows that
rank W = 8 — 2k if and only if the 2k non-zero entries of Vi'Vi — V|V, cancel 2k non-zero
entries of D at the corresponding positions row indices gg,, column indices py,, and row indices

Do, column indices gy, 05 € O1, see (5.10).

But
c 0 Vo 0
D = and V;'V; = V'V, =
0 —-C 0 V;
So rank W = 8 — 2k if and only if the non-zero entries of V5 cancel some non-zero entries of
C at the corresponding positions row indices gy, + 1, column indices py, + 1, and row indices

pg, + 1 column indices qg, + 1, 0, € @50) and the non-zero entries of V3 cancel some non-zero

entries of —C' at the corresponding positions row indices gy, + 1, column indices pg, + 1, and
row indices py, + 1 column indices gy, + 1, 6, € O\,

The non-zero entries of C' and —C' are on rows ¢ and columns j such that ¢ + j = 5. Then

p

rank W = 8 — 2k if and only if (_1>q65+15‘19s+14’9s+1 + €9s5i,f195+15j,p95+1 =0

(_1)PGS+15p95+17q95+1 — 69552‘71)934_15]'7%3_,_1 =0
. 0
if 0, € @§ )

(pas + 1) + (qes + 1) = 57

—(—1)90st1 . . —
and ( 1) s 5q95+1,1’95+1 + 695(5@7QG5+15J7P95+1 =0,

—1)pos+1 . . —
( 1) ¢ 5pes+17%s+1 + 69551,P95+15J,Q9S+1 =0,

if 6, € ©19.
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So

Do, + o, = 3, if 95 € @1,

rank W =8 — 2k if and only if { (—1)a:+1 4 ¢y =0, (—=1)P0:t! — ¢ =0, if 6, € O,

(—1)Pe*l 4 6, = 0, (=1)% + €, = 0, if 0, € O
Po. + qo, = 3, if 05 € Oy,

= (—1)%, e, = (1Pt = (1)1 = (—1)%:

if and only if if 6, € @50),

€,
€, = (—1)%H eg, = (=1)Ps = (—1)77%s = (—1)%s*!

if 6, € O,
\
(

Po, + qo, = 3, if 0, € Oy,
= (=1)%:, if 6, € O,
e, = (—1)@=tL, it 0, € O

if and only if €y

Remark 5.15. As

cC 0 c* 0
D= then D* = ,
0o —-C 0o -—-C*
but
-C 0
C*=(-)*"*'C = —-Cso D* = =-D.
0 C
Then
we = (D+ (VyVi—Vi'W))"
= D"+ (VgW)" — (W)
= D+ VVo- Vi
= —(D+(VgVi—-WW)) =-W.
Let

N Do+ 1ifi=1,2
@0 = {017"' 70l}7 Doy =
Do+ 5if i = 3,4
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Then
U = (0p,, j)i=1, I j=1,- 8 (5.16)
The following system of equations
B;(A\)y =0 for i € O (5.17)

can be written UYr = 0, where U is the [ x 8 matrix with [ = 4 — k defined in (5.16). Let
T(U) be the operator defined on Z(A,4) such that

a1 =y =Y |,yew?0,a) and UV =0

Dyy

and

TU)Y = ApaY (Y € 2(T(U))).

It follows from Section 5.1 that

W) =y = " |, yewi0.0), y)6;,) =0 for j € O (5.18)
Doy
and
S
(T(U))Y = where Y € 2(T(U)). (5.19)
Ay

The system (5.17) is a system of [ linear equations indedependent of A. The system (5.17)
is also linearly independent, since if ylP(a;) = 0 and ylPil(a;) = 0 are two equations of the

system (5.17), then either p; = p; and a; # a; or p; # p;. Therefore rank U = [.

Remark 5.16. Let Y € Z(A,0:). Then Y € 2(T(U)) if and only if Yz € N(U), where
Y1(0) . .

Yr = and Y] is as defined in (4.8).
Yi(a)

Proposition 5.17. The differential operator T(U) is symmetric if and only if for all Y, Z €
2(TU)), BY,Z)=Z;WYg=0.
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Proof. The differential operator T'(U) is symmetric if and only if (T'(U)Y,Z) = (Y, T(U)Z)
forall Y, Z € 2(T(U)).

But (I'(U)Y, Z) = (Y, T(U)Z) forallY, Z € 2(T'(U))if and only if (T'(U)Y, Z)—(Y, T (U)Z) =
Oforall Y, Z € 2(T(U)). Also B(Y, Z) = Z5W Y. Since B(Y, Z) = (T(U)Y, Z)— (Y, T(U)Z)
for all Y, Z € 2(T(U)), then T(U) is symmetric if and only if B(Y,Z) = 0 for Y, Z €
2(T(U)).

Thus T'(U) is symmetric if and only if Z;WYgr =0 for all Y, Z € 2(T(U)). O

Theorem 5.18. The operator T(U) is symmetric if and only if

W(N(U)) € (N(U))" = R(U").

Proof.

ZiWYg =0 for Ya, Zr € N(U) < (WYg, Zg) =0 for Y, Zr € N(U)
< ZrlWYpg for Yg,Zgr € N(U)
— NU)LW(N())
= W(NU)) c (NU))"

But according to Theorem 5.7 (N (U))* = R(U*).

So ZpWYg =0 for Yg, Zr € N(U) = W(N(U)) C (N(U))* = R(U").

Corollary 5.19. Ifrank(U) =4 — k and T'(U) is symmetric, then rank(W) = 2(4 — k).

Proof. Let rank(W) = h.

Since

rank(U) =4 —k

then
dim(N(U))=8—4—k)=4+k (5.20)
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and
dim(N(U))" =8~ (4+k) =4 — k. (5.21)
Since
W(N(U)) c N(U)*,
then

dim(W (N (U))) < dim((N(U))*) =4 — k.
On the other hand, since dim N (W) = 8 — h, it follows that
dim(W(N(U))) > 4+k— (8 —h) = =4+ k + h.

Thus
—4+k+h<dm(W(NU))) <4-—k. (5.22)

Hence

h = rank(W) < 2(4 — k). (5.23)

It follows from (5.15) and (5.23) that if rank(U) = 4 — k and T(U) is symmetric, then
rank(W) = 2(4 — k). O

Corollary 5.20. Ifrank(U) = 4—k and rank(W) > 2(4—k) then T'(U) cannot be symmetric.

Proof. 1If rank(U) = 4 — k and T'(U) is symmetric then rank(W) < 2(4 — k). Therefore if
rank(U) = 4 — k and rank(W) > 2(4 — k), then T'(U) cannot be symmetric. O

Proposition 5.21. Let rankW = 8 — 2k and rankU = 4 — k, where 1 < k < 4. Then
dim N(W) < dim N(U).

Proof. dim N(U) =4 + k, see (5.20) and
dim N(W) = 8 — (8 — 2k) = 2k. (5.24)

Since 1 < k <4, then 2k <4 + k. Hence dim N(W) < dim N(U). O
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Theorem 5.22. Let rank W = 8 — 2k and rankU = 4 — k. Then T'(U) is symmetric if and
only if W(N(U)) = R(U*).

Proof. Let h =8 — 2k.

1. If T(U) is symmetric, then according to Theorem 5.18
W(N(U)) C (NU))*" = R(U"). (5.25)
On the other hand (5.22) gives
dimW(N(U)) =4 — k. (5.26)
So it follows from (5.21), (5.25) and (5.26) that W/(N(U)) = R(U*).

2. Conversely if W(N(U)) = R(U*), then W(N(U)) C R(U*). And it follows from Theo-
rem 5.18 that T'(U) is symmetric.

Recall that W is defined by (5.9) and that U has the representation defined in (5.16)

Theorem 5.23. Assume that rank(W) = 2(4 — k) where 1 < k < 4, X = (N(W))*,
Wx = pxWix where ix : X — C8® and px : C® — X are respectively the canonical injection
of X into C® and the orthogonal projection of C® onto X. Let U be the matriz of rank | = 4—k
defined in (5.16), and put Ux = Uix. Then the differential operator T(U) is symmetric if and
only if UxWxU% = 0.

Remark 5.24. Let 1 < k < 3. Then Wy is the 2(4 — k) x 2(4 — k) matrix derived from W by
removing the 2k 0’s rows gy, , pp, and the 2k 0’s columns py,, qo,, s = 1,--- , k of the matrix
W. Thus Wx is the matrix obtained from D by removing the corresponding 2k rows gy, , po.

and 2k columns py,, gg., s = 1,--+ , k. Therefore Wx = pxDix. And it follows that

¢y 0
WX = Co or WX == )
0 —Cy
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where

0
Cy € {01,02} and Cl, Cs € , , C
For k = 4, we have Wx = 0.
Proposition 5.25. Let X = (N(W))*, where rank W = 8 — 2k with 1 < k < 4. Then

D(X)C X.

Proof. We know that X = N(W)* = {z € C¥: 2, =0 for i € {ps,,qs,, s=1,---,k}}. For
xr € C® (Dx); = +x;, where i+j=5fori=1,--- ,4andi+j =13 fori =5, - ,8. Now let
r € X. If i =py, and j = @p,, then (Dz); = £z; =0, for s = 1,--- , k. Similarly (Dz); =0
for i = gp, and j =py,, s =1, -+, k. Therefore D(X) C X. O

Proposition 5.26. Let 1 < k < 3 and rank(Wx) =8 — 2k. Then

1. Wi =—Wx.

2. Wi =Wy,
Proof. Let 1 < k < 3 and rank(Wx) = 8 — 2k. Then

1. WX == pXDix.

So
W5 = (pxDix)* = ixD*p.
But
iy =Dpx, px =tix and D* = —D.
Thus

Wi =px(=D)ix = —pxDix = —Wk.
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2. Let WX = pxD~lix. Then

Let v € X. Then
WxWx(u) = (px D Vixpx Dix)(w).

Since u € X and ix : X — C?® is the canonical injection of X into C8, then ix(u) €
ix(X) € C® As D(X) C X see (5.25), then D(ix(u)) € ix(X). But for all v €
ix(X), ixpx(v) =v. SoixpxDix(u) = Dix(u) for all u € X. Then ixpxDix = Diy.
Hence wax<u) = pxD'Dix(u) = pxix(u). As ix : X — C® is the canonical
injection of X into C® and py : C® — X is the canonical projection of C® onto X,
then px(ix(u)) = w. Thus WXWX(U) = u. Since this is true for all v € X, then
WxWy = Ix. Hence Wi' = Wx. As Wy = W, then W' = W},

[
Proposition 5.27. N(U) = N(Ux) ® N(W), where U is the matriz defined in (5.16).
Proof. v € N(Ux) <= Uixx =0 <= ixz € N(U). So
N(U) D> N(Ux) & {0}. (5.27)
But
NW)={zeC®:a;=0fori ¢ {ps,, Go., s=1,--,k}} (5.28)
and
NU)={2eC®:a2;=0 : i€ {p,, j=1,--,1}}. (5.29)

Let # € N(W) and 7 € {1,---,8} such that i = p,,, where o; € ©g for j € {1,--- [}, see
(5.16). Since 0; € ©¢ for j € {1,---,l}, then 0; ¢ O, for j € {1,---,I}. Thus i = p,, ¢
{Pe., Go., s=1,---,k}. Asxz € N(W) and i ¢ {ps,, Go,, s =1,--+,k}, then z; = 0. Thus
x € N(U). Therefore

N(W) c N(U). (5.30)
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It follows from (5.27) and (5.30) that

N(U) > N(Ux) ® N(W). (5.31)

We know that dim N(U) =4 + k, see (5.20), dim N (W) = 2k, see (5.24). But
dmN(Uyx) =8 — 2k — 1 =4 — k. (5.32)

Then
dim N(Ux) +dim N(W) =4 + k. (5.33)

It follows from (5.20), (5.31) and (5.33) that

N{U)=N(Ux)® N(W). (5.34)
U
Proposition 5.28. Let 1 < k < 3 and |l = 4 — k. Then the differential operator T(U) is
symmetric if and only if Wx(N(Ux)) = R(U%).
Proof. Since dim N (W) = 2k, see (5.24), then
dim X = dim N(W)* = 8 — 2k. (5.35)

So
dim N(Ux)t =82k — (4—k)=4—k. (5.36)

We know that dim N(Ux) = 4 — k, see (5.32). Since Wy is invertible, then

dim Wy (N (Ux)) = dim N(Uyx) = 4 — k. (5.37)
(=) For y, z € N(Ux), we have (Wxy,z) = (pxWixy,z) = (Wixy,ixz). For all y,z €
N(Ux), ixy, ixz € N(U) and (Wixy,ixz) = 0, see Theorem 5.18. So

ZWxy =0 (5.38)
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for all y, z € N(Ux). Whence

Wx(N(Ux)) € N(Ux)*. (5.39)
And it follows from (5.36), (5.37) and (5.39) that

Wx(N(Uyx)) = N(Ux)*. (5.40)
Therefore if T(U) is symmetric, then Wx(N(Ux)) = N(Ux)*+ = R(U%).

(=)
CE=NW)* e NW)=Xa& NW).

Wx

0
From the definition of Wy, W = ( ) , where the block decomposition is with respect

0 0
to X & N(W). By Proposition 5.27,

p

v = (u) € X @ N(W), ue NUy)
z, y € NU) = o

y = (U) € X ® N(W), v e N(Ux).
L Yw

So for z, y € N(U),

> WX 0 u
0 0 Tw

() (")

= " Wxu.

(Waz,y) =yWz = (v* Yiv

Since u, v € N(Ux), then v*Wxu = 0, see (5.38). So (Wz,y) = 0. Hence W(N(U)) C
N(U)* = R(U*). Therefore T'(U) is symmetric by Theorem 5.18. O

Proof. ( of Theorem 5.23) We have [ = 4 — k.
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1. Let &k = 4.

(i) Since k =4, then [ =0, U =0 and W = 0. So Uy = 0 and Wy = 0. Therefore
UxWxUx = 0.

(il) Let UxWxUx% = 0. Since k = 4, then rank W = rankU = 0 and so W = 0 and
U = 0. Thus Z;WYg = 0. Therefore, according to Proposition 5.17, T'(U) is

symmetric.
2. (i) (=) Asl1<k<3and!l=4-—k, then according to Proposition 5.28
T(U) is symmetric if and only if Wx (N (Ux)) = R(U%).
But according to Proposition 5.26
Wil =W = -Wx.
Then as | =4 — k,
T(U) is symmetric if and only if W5'Wx(N(Uy)) = W' R(U%).

So
T(U) is symmetric if and only if N(Ux) = W' R(U%). (5.41)

But
W'R(Ux) = R(-WxUy) = R(WxU%). (5.42)

Thus if follows from (5.41) and (5.42) that
T(U) is symmetric if and only if N(Ux) = R(WxU%). (5.43)

Therefore, if
T(U) is symmetric, then UxWxUy = 0.

(11) <<:) If waxU)*( = O, then
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dim N(Ux)*+ =4 — k see (5.36) and R(U%) = N(Ux)* see Theorem 5.7. Then
dim R(U%) = dim N(Ux)* =4 — k. (5.45)
Since Wy is invertible, then it follows from (5.45) that
dim R(WxUy) =dim R(Uy) =4 — k. (5.46)

But dim N(Ux) = 4 — k see (5.32), thus it follows from (5.44) and (5.46) that
N(Ux) = R(WxU¥). Therefore, according (5.43), T'(U) is symmetric.

n
5.3.2 Adjoint Operators
The matrix U considered in this subsection is the matrix U defined in (5.16).
z u
Theorem 5.29. Let A, .. be the adjoint of the mazimal operator A,q,. Let Z = , S
d v

u
Ly(0,a) x C*. Then Z € 9(A?,,.) and AY, .7 = if and only if

max max

1. ze W2(0,a), u= Ma,z.

2. D*Zp+ Vid— Viv =0.

Proof. Let Z= |~ | € 2(47,,.) and A7, Z =

max max

d v

(=)



CHAPTER 5. SELF-ADJOINT BOUNDARY CONDITIONS DEPENDING ON A 74

Apaz ¢ L2(0,a) x C* — Ly(0,a) x C*

M
WZ2(0,a) x C*3Y = i oY
Doy Ay
Af 0 Ly(0,a) x C* — Ly(0,a) x C*

z U
7 = — A L=
d v

Let Y = y), where y € C5°(0,a), then Y € P(Ape). Let Z = (2) € D(AL..)-
0 d

where u € L(0,a) and v € C*.

max

Then

(MAoy>Z> = <Ama:1:}/aZ>
— WA 7

max

= (?Ja U)c(f(o,a).

z
Since Z = € P(Ar,..), then according to Proposition 3.5

max

d
2z € W2(0,a) and u = My, 2. (5.47)
)
Let Y = € P(Anaz), then
Doy

<Amaxy7 Z> - <}/a Al Z> = (MAoyv Z) + (‘/IYR’ d) - (ya MAOZ) - (‘/OYR; U)

max

= (MA0y7 Z) - (y7 MAOZ) + (‘leRa d) - (VOYRa U)
But (Ma,y,2) — (y, Ma,z) = Z3, DYk, see (4.38). So

(AmaaY, Z) — (Y, A% Z) = ZLDYg+ dViYg — v*VpYp

max

= (ZgD +d'Vi —v"Vo)YR
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Since Af .. is the adjoint of A, then (A,..Y,Z2) — (Y, A: Z) = 0 for all Y €

max max

D(Amaz). So
(ZpD+d"'Vi —v*' V) Yr=0for all Y € Z(Anaz)-
Then
YR(D*Zp+Vid—Viv) =0 forall Y € Z(Anaz)- (5.48)
But, for all ¢ € C8, there exists a polynomial y € WZ2(0,a), such that Y = Y e
Doy
D (Apmaz) and

Thus, it follows from (5.48) and (5.49) that
(D Zp+ Vid—Viv) =0 forall ce C.
Therefore
D*Zp + Vid — Vv = 0. (5.50)
(<)

Let z € W2(0,a), u = M,z and D*Zg + V;*d — Vyv = 0. Since D*Zy + Vi*d — Viv = 0, then
Yi(D*Zp+ Viid — Viv) = 0 for all Y € P(Apaz). So (ZiD + d*Vy — v*Vy)Yr = 0 for all
Y € Z(Anaz)-

But

(Z5D + dVi — v Vo)Yg = Z5DYg+ d*ViYr — " VoYa

MAQy7 Z) - (EJ, MAOZ> + (‘/IYRa d) - (‘/OYR7 U)

(

= (MAoya Z) + (‘/leRv d) - (y7 MAOZ) - (‘/()YR, ’U)
(MAoya Z) + (%YRv d) - (yv u) - (%YRa U)
{

Amaxyy Z> - <§/7 V)
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where

V:

v
Since D*Zr + Vi'd — Viv = 0, then (A,,..Y,Z) — (Y,V) = 0. Thus Z € 2(A},,.) and
V=A 7 [

max :

Proposition 5.30. Let Vi and V| be two k x 8 matrices of rank k. Then

1. The maps
|/ c* — C8
v— Vjv
and
‘/1* . (Ck N CS
d— Vid

are injective.

2. R(V§) N R(Vy") = {0}

Proof. 1. Since Vj and V; are two k x 8 matrices of rank & # 0, then V" and V}* are two

8 x k matrices of rank £ # 0. The maps

‘/0* . (Ck N (C8
v— Vi
and
‘/1* : (Ck N (CS
d— Vi'd

are two linear maps. Since V" and Vj* are linear and rank V{j = rank V}* = k, then
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dim R(Vy) = dim R(V}") = k. (5.51)
Thus V' and V" are injective.

2. Since Vj and V; are two k£ x 8 matrices of rank £, then V" and V" are two 8 x k matrices
of rank k. Thus dim(R(Vy) + R(VY)) < 2k. But R(VyVi — ViVy) € R(VY) + R(VY).
So dim R(VyVi — Vi'Vp) < dim(R(Vy) + R(VY")) < 2k. According to Proposition 5.12,
VoVi — Vi*Vp is a 8 x 8 matrix of rank 2k, so dim R(V;'V; — V*Vj) = 2k. Thus 2k <
dim(R(Vy) + R(Vy)) < 2k, then dim(R(Vy) + R(V}¥)) = dim R(Vy") + dim R(Vy*) = 2k.
Hence R(Vy) N R(V}*) = {0}.

]

Proposition 5.31. For allv € C* and d € C* there is z € W}(0,a) such that —DZgr +Vy*d —
Vov = 0.

Proof. For all v € C* and d € C*, Vv € C® and V;*d € C8. So Vjv — V;*d € C8. Since D is
an 8 X 8 matrix, then D(V;v — V;*d) € C8. Thus there exists a polynomial z € W2(0, a) such
that

Zn = D(Virw — Vid). (5.52)

Since D is invertible and D! = — D, it follows from (5.52) that
—DZp+Vid— Vv =0. (5.53)
Proposition 5.32. A,,.. is densely defined.

w
Proof. Let W = € Ly(0,a) ® CF, such that (Y, W) = 0, for all Y € 2(Aaz). Let

y€C(0,a). Then Y = [ 7] € D(Apas) and 0 = (Y, W) = (4, 0)cse(0a). S0 w = 0.
0
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Let ¢ = (¢;)ico,- There exists a polynomial y; such that y[q’ (6;) # 0 and y[qj (6;) = 0 for
J€©y, j#i, where 0 < ¢ <3and 0<¢; <3. Then Y € Z(A,,4,) and
Y, W) = (WY,

= cWYr

= ™ (0,).
Since (Y, W) = 0, then czy[q’](Q =0. As y[qz 91 ) # 0, then ¢; = 0. Since ¢; = 0 for all i € O,
then ¢ = 0. As w = 0, then W = . S0 D(Anaz)t = {0}. Therefore A, is
densely defined.

Corollary 5.33. A’ .. is a closed operator.

T

Proof. Since A,,,, is densely defined, then according to Theorem 5.6 A’ . is a closed operator.

[
Proposition 5.34. A  is densely defined.
w
Proof. Let W = € Ly(0,a) ® C*, such that (Z,W) =0 for all Z € Z(A%,,.).
c
2
Let z € C§°(0,a). Then Z = € D(A,.) and 0 = (Z, W) = (2,w)cge(0,a)- Therefore
0
w = 0. (5.54)

Let d € C*. Then according to Proposition 5.31, for all v € C¥, there exists z € W2(0, a) such
that D*Zr + V;*d — Vv = 0 since D* = —D.

z
In particular, for all d € C* and v = 0 there exists a polynomial z such that € D(A%,..)-

max
d

Then

d: c9(A:,) r =CF (5.55)

max
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But, since w = 0 see (5.54), then

0=(Z,W)=(c,d) =c"d (5.56)

z
for all d € CF, such that there exists z and € D(ALuz)-

max
d

Whence (5.55) and (5.56) imply
c*d = 0 for all d € C". (5.57)
Thus
c=0. (5.58)

Then (5.54) and (5.58) give W = 0. Therefore A’

max

is densely defined. O

z
Proposition 5.35. Let Z = € P(Ax,.), then = € W2(0,a) and there exists ¢ € CF,

max

d
My, 2z
such that A¥r 7 = Ao
c
2
Proof. Since Z = € 9(Arx,.), then according to Definition 2.15, there exists W =
d

€ Ly(0,a) ® C* such that

(Ar Y. Z) = (Y, W) forall Y € Z(A} ..)- (5.59)

Let Y = [V € c(0,0) @ {0}. Then Y € 2(4%,_ ), so
0

(AnaaY: Z) = (Mayy,z)
= WY —(9v),2). (5.60)

Since z € Ly(0,a), then according to (3.11), (5.60) gives

WY = (gy),2) = (4,2 = (92")) ez 0,0)- (5.61)
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Asy = (Y € C5°(0,a), then

0
Y, W) = (y,w)cg 0.0 (5.62)
Thus (5.61) and (5.62) imply
W —(g2) = w € Ly(0,a). (5.63)
It follows from (3.12), (3.17) and (5.63) that z € W2(0,a). Thus w = My, z. O

Proposition 5.36. The differential operator A,q. is closed.

z
Proof. Let Z = € (A, such that A 7 = P . Then according to Proposition

max max

d q
5.35, 2z € W2(0,a) and p = My, 2.

u
Let Y = Y € P(A: ..) such that A* Y = , then, according to Theorem 5.29,

max mazx
C (%

u= Ma,y and D*Yg + V¢ — Vjv = 0. (5.64)
So

(ApaeY, Z) = (Y AL Z) = (Mayy,z) + (v,d) = (y, Ma,2) — (¢,q)

max max

= (MAoy7 Z) - (yv MAOZ) + ('Uv d) - (Cv Q) (565)
But (Ma,y, 2) — (y, Ma,2) = Z5,DYEg, see (4.38). Thus (5.65) gives

(A%, Y, Z) — (Y, A7) = Z5DYg + d*v — ¢'c. (5.66)

max max

Since A** is the adjoint of Af . then

maxr max?

(A% Y, Z) — (Y, A7) = 0.

max max

Thus
ZDYR +dv — q*c = 0. (5.67)
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But (5.64) gives
ZpDYp+ ZpVie — ZRViv =0 < —Z;3DYg + Z3pVie — Z5Viv = 0.
Then (5.67) and (5.68) imply
(ZrVi' = ¢")e = (ZgV5 — d)v = 0.
for all ¢, v € C*.

For v = 0, (5.69) gives
(ZEVI' = ¢")e =0

for all ¢ € C*. Thus, it follows from (5.70) that
q=ViZg.
For ¢ = 0, (5.69) gives
(ZiVi — &Y =0

for all v € C*. Hence (5.72) gives
d - VE)ZR

It follows from (5.71) and (5.73) that

7 € D(Amas) and A 7 = ApanZ.

max

Since (5.74) holds for all Z € 2(A,.), then

max

A e C Ao

max

Since A*

max

sition 5.32), then according to Theorem 5.6 A** is an extension of A,,,,. So

A C A

max*

81

(5.68)

(5.69)

(5.70)

(5.71)

(5.72)

(5.73)

(5.74)

(5.75)

is densely defined (see Propositon 5.34) and A, is densely defined (see Propo-

(5.76)
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Thus (5.75) and (5.76) give
Apaz = Ay (5.77)

max-*

Since A’ .. is densely defined (see Proposition 5.34), then according to Theorem 5.6 A}F,  is

max

closed. Therefore (5.77) imply that A, is closed. O

Proposition 5.37. Assume that 2(A},..) C Z(Amaz). Then codimga,,,.) Z(Ak,..) = 8—2k.

max max

Proof. The map
‘/0* : Ck N (CS
v— Vg

is injective (see Proposition 5.30).

R(Vy) @ R(Vy)*+ = C8. So dim R(Vy) + dim R(Vy)* = dim C® = 8. Hence codim R(V}) =
dim R(V;)* = 8 — dim R(V;) = 8 — k.

According to Proposition 5.31, for all v € C¥ and d € CF, there is = € W2(0,a) such that

—DZp+ Vid—Viv=0. So for all d € C* and for all v € C¥, there exists z € W2(0, a), such
that Vv = —DZpr + V{*d. Let h be the map such that

h . 9(Ar,.) — C®

max

7 = — —DZp+ V'd.
d
Since D is invertible, then the map
'@(Ajnax) - (CB
z
Z = — —DZg
d

is surjective. Therefore h is surjective.

Whence
codimyy2(g,q)xcr Z(Apq,) = codimes R(Vy) =8 — k. (5.78)
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We recall that Z(Apee) =Y = Y ,y € W2(0,a) p where Doy = VoYg, with Vy a k x 8
Doy
. . Y)) |
matrix and Yz a 8 x 1 matrix defined by Yr = , with
Y(a)
y[O]
(1]
e e
y[2]
Yl

So Doy is a k x 1 matrix defined only by y, where y € W2(0,a). Thus Z(A,a:) ® ({0} x C*) =
W2(0,a) x C*. Therefore

codimyy2 (g o) xct 2 (Amaz) = dim({0} x C*) = k. (5.79)

Then (5.78) and (5.79) give codimya,,..) Z(Ar) =8 —k —k =8 = 2k. O

maz) max

Theorem 5.38. Let A}, .. be the adjoint of the maximal operator Ay, and W = (D4 (V' Vi —

max

VitWo)). Then the followings are equivalent

. :
1. A} .. 15 symmetric,

2. rank W =8 — 2k,

3. D(N(W)) > R(D — W).

Proof. 1. (1 = 2) Let A}

rae D€ symmetric.

z
Let Z = € D(Amaz)- Then according to Theorem5.29
d

Z e D(A,,,) if and only if D*Zr+ Vi'd — Vjv =0,

max
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U
where A* 7 = . Since A*

max max
v

A* 7 = Apezs. Sod=VyZr and v =V Zg. Then

max

is symmetric, then Z(A,,..) C Z(Ama:) and

max

7 € .@(A:naz) < D*ZR—FVl*VOZR—VO*VlZR:O
= =D+ VYo~ VW) Zr =0
~— —Wir=0

< Zre N(W).

But according to Theorem 5.7 N(W) = R(W)t. As R(W)t @ R(W) = C8, then
N(W)® R(W) = C®. As the map

Q(Amaz) B (Cg
J — ZR

9(A

is surjective then codimes N(W) = codimga aw) = 8 — 2k, see Proposition

maz)

5.37. But codimcs N(W) = rank W. Therefore rank W = 8 — 2k. Whence if AZ  is

max

symmetric, then rank W = 8 — 2k.
2. (2= 3) Let rank W = 8 — 2k.
Let B=D - W = —(VgVi — V{*V§). Write

B: R(B)® R(B)" — R(B) ® R(B)™,

where
By Bis

BQl BQZ

B p—
and
C® = R(B)® R(B)L.

According to Theorem 5.7 R(B)* = N(B*). But B* = —(VgVi — Vy*'Vp)* = —(VgVh —
ViVy) = —B. So R(B)* = N(—B) = N(B). Let (uv) € R(B) ® R(B)*. Then
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0 Blgv
B = . As v € N(B), then Bjsv = 0 and Bgyv = 0, thus Bjs = 0 and
v BQQU
By 0O u Byu U
By = 0. So B = . Therefore B = . But B € R(B),
By 0 v Baju v
so Byyu € R(B) N R(B)* = {0}. Thus Byju = 0. As u € R(B) was arbitrary, then
Bii 0
By = 0. Therefore B =
0 O
D D
Let D= (" ~|. Then
Dy Dy
I 0 Bii 0 Dy D
wD-1 — N 11 11 Dio
0 I 0 0 Dy Doy

I+ BuDy BuDao
0 I

where [ is the identity matrix in the corresponding spaces.

As rank W = 8 — 2k and D is invertible, then rank W D~! = 8 — 2k. Since rank B = 2k,
then dim R(B)* = 8 — 2k. Thus rank Ipz): = 8 — 2k. As rank WD~ = 8 — 2k and
0 BiiDis

rank IR(B)J- =8 — 21{?, then [ + B11D11 =0. So WDil = . Thus
0 I

0 BiiDio By 0
0 I 0 0

WD ' (D-W)=WD"'B =

Therefore WD~ (D — W) = 0.
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But
WD Y D—-W)=0+<= NW)>RD YD -W))
<~ N(W)> D 'R(D—-W)
<= D(N(W)) D> R(D—-W).
Hence
D(N(W)) D R(D —W).
3. 3=1)

mazx mazx
(%

S W42<Ouaf)7 U = MAOZ and D*ZR —+ ‘/f“d _ VE)*'U = 0. SO

z u
Let Z = ( € 9(A%,,.) such A 7 = . Then according to Theorem 5.29,
d

DZp = Vid — Vyv since D* = —D. (5.80)
Let

B : CrecCk -8

x [
— B =Vie - Viy.
Y Y

Since rank Vi = rank V|* = k, then
dim R(B) < 2k. (5.81)

Let w € C®, x = Vow and y = Viw. Then Bw = V;*Vow — ViViw = Ve — Viy € R(B).
So
R(B) C R(B). (5.82)

As dim R(B) = 2k, it follows from (5.81) and (5.82) that R(B) = R(B). Since d, v € C¥,
then
Viv—Vide R(B). (5.83)
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Whence (5.80) implies that
Zr = D(Viw — Vid) € DR(B). (5.84)
Since D(N(W)) D R(B), then N(W) > D~'R(B) = —DR(B). Thus
N(W) > DR(B). (5.85)
Whence (5.84) and (5.85) imply that WZg = 0. So DZg+VyV1Zr— V"V Zgr = 0. Then
DZr =ViVoZp — Vg ViZpg. (5.86)
It follows from (5.80) and (5.86) that Vi*d — Vv = Vi*Vy Zr — ViViZR. So
Vild = VoZgr) = V' (v = ViZg) € R(V") 0 R(Vy) = {0} (5.87)
see (2) of Proposition 5.30. Thus
Vi(d — ViZg) = 0 and Vi (v — ViZg) = 0. (5.88)

As Vi and Vj" are injective see (1) of Proposition 5.30, then

d=VyZr and v = V, Zp. (5.89)
z
Since z € W2(0,a) and u = My, 2, then Z = € D(Apmaz) and A% 7 = Apan”Z.
d
Therefore A . is symmetric.
U

Corollary 5.39. Let A?, .. be the adjoint of the maximal operator Auqa.. If rank W = 8 — 2k,
then A

e = Amin and A} . = Apa. where Ay, denotes the minimal operator.

min

Proof. If rank W = 8 — 2k, then according to Theorem 5.38 A*  is symmetric. Since A*

max max

is symmetric, then according to Proposition 4.10 A* = A, and A,,.. = A* O

max min®
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Corollary 5.40. Let rankW = 8 — 2k and U be the matriz defined in (5.16). Then the
differential operator T(U) is closed.

Proof. A7 .. 1s aclosed operator, see Proposition 5.36. A4, is a closed operator, see Corollary
5.33. Since rank W = 8—2k, then A} is symmetric see Theorem 5.38. Then A . C T(U) C
Amaz see (4.19) and Corollary 5.39. Thus codimgrwy) Z(A; YD (Al az)

max) max

< COdim@(A

max

But codimg(a,,..) Z(A%,4.) = 8 — 2k, see Proposition 5.37. So codimg @y Z(Ak..) < 8—2k.

max

Then codimg ) Z(Af,..) < 0o. Since A

max max

is a closed operator and codimg )y Z(A54.) <

max

oo, then T'(U) is a closed operator. O

Theorem 5.41. Assume that rank(W) = 2(4 — k) where 1 < k < 4, X = (N(W))*,
Wx = pxWix where ix : X — C® and px : C® — X are respectively the canonical injection
of X into C® and the orthogonal projection of C® onto X. Let U be the matriz of rank [
defined in (5.16), Ux = Uix . Then the differential operator T(U) is self-adjoint if and only
if and UxWxUx = 0.

Proof. 1. Let k = 4. Then [ = 0 and therefore T'(U) is self-adjoint, see (1) of the proof of
Theorem 5.23.

2. Let 1 < k < 3. Since rank(W) = 2(4 — k), then A% . = Anin, see Corollary 5.39.

Thus the differential operator T'(U) is a closed operator with A,,;,, C T(U) C Az, see
Corollary 5.40.

As rank W = 8 — 2k, then

COdim@(A Q(Amm) =8 —2k (590)

maz)
see Proposition 5.37.

(=)

If T(U) is self-adjoint, then T'(U) is an [ = 4 — k dimensional extension of A,,;,, see

(2) of Proposition 4.11. Also T'(U) is symmetric, so UxWxU% = 0 see Theorem 5.23.
Therefore, if T'(U) is self-adjoint, then UxWxU% = 0.
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(<) If UxWxU% = 0, then, according to Theorem 5.23, T'(U) is symmetric.
Note that for all Y € Z(Ana), Y € 2(T(U)) if and only if Yz € N(U), where
Y (0
Yr = © € C8, see Remark 5.16 . But dim N(U) = 4 + k, see (5.20). So
Y(a)
codimes N(U) =8 — (4 + k) =4 — k. As the map
D(Apaz) — C3

J — ZR
is surjective, then

codimg(a,,..) Z(T(U)) = codimes N(U)

= 4—k.

Hence it follows from (5.90) that codimya,,,.) Z2(T(U)) =4 —k = COdim@(Am;” ZAmin) |

Whence if | =4 — k and UxWxUy = 0, then T'(U) is an | = 4 — k symmetric extension

of Apin. Therefore according to (3) of Proposition 4.11 T'(U) is self-adjoint.

5.3.3 Characterization of self-adjoint boundary conditions depend-
ing on A\

Remark 5.42. It follows from (1) of the proof of Theorem 5.41 that if [ = 0, then T'(U) is

self-adjoint.

Remark 5.43. Let ¥y = {1,--- ,8}\{p;,¢ : i € ©1}. Fori =1,--- 1, p,, is the position
of Py, in Wy if Wy is ordered in increasing order. Then Uy = (dp, ;) where i = 1,--- 1 and

jg=1,---,2l. Thus

Ux = (0ip,,) where i =1,--- 2l and j =1,--- 1 (5.91)
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Recall that l

WX = Z(Egséi,rsatsJ - 60-5517,5857«5’]')1-8,;3];, (592)

s=1

where ¢, is as defined in Proposition 5.14.

Then
21 21
— Z Z Z I
UX WX UX - EO’& pau 51 sT's 5ts .7 5i7ts 57’5 7j )5j7ﬁ0v ))U,UZI
i=1 j=1 s=1
21 2l 21 21
- 60'.5 Doy, 5t 51 Té(sta] J>Doy 60'& Doy 5t lts Ts ]5] Doy )uv 1
i=1 j=1 s=1 i=1 j=1 s=1
l l
_ E § l
- ( 60’5 5I§au sT's 5ts 71301; - 60'5 6pau Jts 67’5 71301; )u,v:l
s=1 s=1
l
_ E l
- (EUS (5ﬁou sT's 5ts 7]50'1; - 5ﬁau7ts 57"5 7ﬁav ))u;{}:l (593)
s=1
since

z : Doy 5t 'lrs_ pa ,T's a’nd E : ]pau: Tsﬁav'

Corollary 5.44. Assume that rank(W) = 2(4 — k) where 1 < k < 3, X = (N(W))*,
Wx = pxWix where ix : X — C8® and px : C® — X are respectively the canonical injection
of X into C® and the orthogonal projection of C® onto X. Let U be the matriz of rank I
defined in (5.16), Ux = Uix . Then the differential operator T(U) is self-adjoint if and only
of

l
Z(EUS (5130'1“7”5 5t57ﬁ01} - 5ﬁo'u7ts 5T57ﬁ0v ))Z,U:l = 0 (594)

s=1

Proof. 1t follows from (5.93) and Theorem 5.41 that T'(U) is self-adjoint if and only if

l

Z (60'5 (6ﬁau sT's 5ts 71’301; - 5ﬁau s 57'5 71501, ) )’lu,,’UZI = O

s=1
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Corollary 5.45. Assume that rank(W) = 2(4 — k) where 1 < k < 3, X = (N(W))*,
Wx = pxWix where ix : X — C8® and px : C® — X are respectively the canonical injection
of X into C® and the orthogonal projection of C® onto X. Let U be the matriz of rank I
defined in (5.16), Ux = Uix . Then the differential operator T(U) is self-adjoint if and only
if foralli=1,---,1

B{Boy 5 = 1o, O {rotid) = 1. (5.95)

Proof. By assumption, rank U = [, see (5.16).

(=) I 3y (0u (Op a0t oy — Oy tsOrainn))wms = 0, them b5, 0 6. 5 — G5, 1,01, = 0
foral s=1,--- l,u=1,---,land v =1,--- [, where the 2] numbers r, t; (s =1,--- 1)
are pairwise different. So if p,, = r,, then p,, # ts. Thus at most one of the number p,,
j=1,---,lisin {r;,t;}, i = 1,--- ,I. Since there are | number of sets {r;,t;}, i =1,-- 1
and [ number of p,,, j = 1,---,l, then at leat one number p,,, j = 1,--- [ is in {r;t;},

i=1,---,1. Hence #({ps, : = 1,--- , [} N {ry, t;}) = 1.

(=) Ifforalli=1,--- [ #({ps, : j =1, -+ . 30{rs,;}) = 1, then b, 1,0t 5, —0p, t.0r5,, =
Oforalli=1,---,land j =1,---,1. S0 95, +;0po, = Opsy t:Orsp,, = 0 forall v =1,--- 1,
u=1,---,land v=1,---,[. Whence

o i

l
Z(EUS (6130“,7"3 5t37ﬁov - 5ﬁouyts 57’571301; ))’ZLL,UZ]. = O

s=1
Therefore it follows from Corollary 5.45 that T'(U) is self-adjoint if and only if [ =4 — k and
#{ Do, G =1, 1} {ryti}) = 1. =

Theorem 5.46. Assume that rank(W) = 2(4 — k) where 1 < k < 3, X = (N(W))*,
Wx = pxWix where ix : X — C® and px : C® — X are respectively the canonical injection
of X into C® and the orthogonal projection of C® onto X. Let U be the matriz of rank [ = 4—k
defined in (5.16), Ux = Uiy .

1. Ifl =1, then T(U) is self-adjoint.
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2. If2 <1< 3, then T(U) is self-adjoint if and only if the following are satisfied:
(i) #({ps, -5 € 071 N{0,3}) <1 and #({p,, : j € O} N {1,2}) <1

(ii) #({ps, 1 1 €O} N{0,3}) < 1 and #({ps, : j € O} N {1,2}) < 1.

Proof. We know that [ =4 — k with 1 < k < 3. Also note that

{0,1,2,3\{po., 0., 5 € O =: {ro. to. : s € O 1, +to, = 3} (5.96)
and
{0,1,2,30\{po., to., 5 € O} =: {ro. te, : s € O vy, + tg, = 3}. (5.97)

It follows from (5.95), (5.96) and (5.97) that

#({poj =1 vl} A {172}) <1 and #({po'j =1 al} ﬂ{O, 3}) <1 (598)

1. If I = 1, then p,, = 0 or p,, = 1 or py,, = 2 or p,, = 3. So #(p,, N {0,3}) =1
or #(ps, N {1,2}) = 1. Whence if [ = 1, then according to Corollary 5.45, T(U) is

self-adjoint.
2. If 1 =2, then #0 =2 or #0("” =2 or #0{” =1 and #6\" = 1.

(2i) If #0 = 2, then it follows from Corollary 5.45 that if [ = 2, then T(U) is
self-adjoint if and only if {P; : ¢ € @(()0)} # {0,3} and {P, : i € @(()0)} # {1,2}.
Therefore, if #@(()0) =2 and [ = 2, then T'(U) is self-adjoint if and only if #({p,, :
j €6y’ n{0,3}) < 1and #({p, : j €O} N {1,2}) < 1.

(2ii) If #6(” = 2, then it follows from Corollary 5.45 that if I = 2, then T(U)is self-
adjoint if and only if {P; : i € O} # {0,3} and {P, : i € O} # {1,2}.
Therefore, if #@(()a) =2 and [ = 2, then T(U) is self-adjoint if and only if #({p., :
7 €61 {0,3}) <1and #({p,, : j € O} N{1,2}) < 1.

(2iii) If #0” = 1 and #0 = 1, then {P, : i € O} N {1,2} < L and {P, : i €
oM Nn{0,3} <1, {P:ic0”n{1,2} <1and {P,:ic0”}n{0,3}<1.
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So either {P, : i € O} N{1,2} =1 or {P:i e 6”1n{0,3} =1 and either
(Prico™n{1,2t =1o0r {P,:ic0}n{0,3} =1. Thus it follows from
Corollary 5.45 that if [ = 2, #@(()0) =1 and #@(()a) =1, then T'(U) is self-adjoint.

3. If [ = 3, then either #0” = 2 and #6{” =1 or #6” =1 and #6") =2 .

(3i) If #0 = 2 and #6(” = 1 | then it follows from (1) and (2i) that T(U) is
self-adjoint if and only if #({p,, : j € 0”1 N {0,3}) < 1 and #{ps, 1 J €
o”rn{1,2}) < 1.

(3i) If #0” = 1 and #6(® = 2, then it follows from (1) and (2ii) that T(U) is
self-adjoint if and only if #({p,, : j € O’} N {0,3}) < 1 and #({p,, : j €
oy n{1,2}) < 1.

]

Corollary 5.47. Let U be the matriz of rank [ defined in (5.16) and denote by Py the set
of p in yP(0) = 0 for the A-independent boundary conditions and by P, the corresponding
set for yPl(a) = 0. Then the differential operator T(U) associated with this boundary value
problem is self-adjoint if and only if p+q = 3 for all boundary conditions of the form y[p}(aj) +
ice; Ayl (a;) = 0 where ¢; = 1 if (3 = 0 and a; = 0) or (¢ = 2 and a; = 0) or (¢ = 1 and
aj =a) or (¢ =3 and a; = a), ¢; = —1 otherwise, {0,3} ¢ Py, {1,2} ¢ Fy, {0,3} ¢ P, and
{1,2} Z P,.

Proof. p+ g = 3 for all boundary conditions of the form ylPl(a;) + iae; \yl%(a;) = 0 where
¢j=1if (¢=0and a; =0) or (¢ =2and a; =0) or (¢ =1and a; =a) or (¢ =3 and a; = a),
¢; = —1 otherwise, if and only if rank(WW') = 8 — 2k, see Proposition 5.14.

The above is a necessary condition for T'(U) to be self-adjoint. Under this condition, we have

the following two cases:
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1. Ifl =0, then #({0,3} N Py) = 0, #({1,2} N Py) = 0, #({0,3} N P,) = 0 and #({1,2} N
P,) = 0 and the differential operator T'(U) is self-adjoint, see Remark 5.42.

2. If 1 <1 < 3, then it follows from Theorem 5.46 that the differential operator T'(U) is
self-adjoint if and only if #({0,3} N FPy) < 1, #({1,2} N F) <1, #({0,3}NF,) <1 and
#{1,2}nPF,) <1

Now the statement of this corollary easily follows. O
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