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Abstract

The assumption of constant volatility as an input parameter into the Black-Scholes option pricing
formula is deemed primitive and highly erroneous when one considers the terminal distribution of the
log-returns of the underlying process. To account for the ‘fat tails’ of the distribution, we consider
both local and stochastic volatility option pricing models. Each class of models, the former being
a special case of the latter, gives rise to a parametrization of the skew, which may or may not
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Chapter 1

Introduction

Since the derivation of an arbitrage-free and risk-neutral closed-form solution to European option pricing
(Black & Scholes 1973), a number of advancements and modifications to the original modelling techniques
have been suggested. These attempt to account for certain behavioural patterns displayed by the under-
lying (equity index in our case) which are contrary to the assumptions that have been made in the original
lognormal one-factor model. The original model is Markovian in nature and consists of a deterministic
drift term (which is the continuously compounded risk free rate in the risk-neutral world) and a term
that accounts for random or volatile behaviour. In pricing European options that have a terminal payoff
dependent on the underlying, the assumptions that are made pertain to continuous trading, transaction
costs, borrowing and lending and the returns distribution of the underlying. At maturity of the option,
and throughout the option life, it is assumed that the terminal distribution of the underlying is lognormal
with a constant standard deviation (volatility). The focus of this thesis is to examine two classes of
models that have been proposed to account for the leptokurtotic terminal distribution of the underlying,

alternatively the non-constant volatility feature.

The first class, local volatility models, are deterministic in nature and can be calibrated using all available
market data (European options, current spot and risk free rate etc.). They are deemed arbitrage-free and
self-consistent yet produce volatility surfaces which, because they are static in nature, do not display the
correct dynamics of the implied volatility skew from which they are derived (this will be seen in Chapter
5). This can be explained by considering the analogy between local volatility surfaces and forward rate
curves. Given that the arbitrage-free short rate for some time henceforth is given by the current expected
value of the forward rate for that time, so too can the local volatility function be seen as the arbitrage-free
expected value of the instantaneous volatility when the underlying is at a particular level at a particular
time henceforth. Forward rates are generally not realised, and to use such a model could be considered
naive, and would possibly result in losses resulting from inaccuracies in hedge ratios. Nevertheless they
are still quite ubiquitous as their implementation is a fairly straightforward task. A unique local volatility
surface is constructed using the traded vanilla options. The surface can then be used to price and hedge
path-dependent (exotic) options on the underlying. The models retain market completeness, as all input

options can be replicated. One can ultimately reach the conclusion that although local volatility models



provide a mechanism to extract the local volatility function, they do not provide any reasonable progress
in terms of skew-modelling. They also lead to errors resulting from interpolation and extrapolation.
These models give rise to a non-parametric surface but fail to explain the existence of the volatility smile
(skew).

Chapter 2 provides a fairly detailed introduction to this class of models. Chapter 3 describes the con-
struction of arbitrage-free binomial trees of spot prices and associated probabilities, local volatilities and
Arrow-Debreu prices (to be defined). In addition the procedure given in (Derman & Kani 1994), further
refinements given in (Barle & Cakici 1995) and (Brandt & Wu 2002) are also discussed. Chapter 4 ex-
tends this notion and allows for further flexibility in the trinomial scheme developed in (Derman, Kani &
Chriss 1996). In Chapter 5, the result presented in (Dupire 1994), which enables the local volatility to be
determined from European option prices, is derived and further extended to allow for the determination
of such data from implied volatility. The chapter culminates in the extensive analysis of the dynamics
of a local volatility model. The implied Black volatility is derived using perturbation techniques from
(Hagan & Woodward 1998). The final result, which is discussed in (Hagan et al. 2002), reveals the flawed
dynamics of these models. It is shown that as the current forward level moves, the implied skew for a
particular maturity moves in the opposite direction, contrary to known (empirical) behaviour. The local
volatility surfaces inferred from vanilla market data are oftentimes unintuitive and lack any reasonable ex-
planation for observed trends. Therefore, in terms of pricing and hedging options, local volatility models

lack robustness and will be inaccurate for such tasks.

The inability of such models to accurately price exotics and hedge vanilla options necessitates the further
advancement and modification of the lognormal model. Thus, we next consider stochastic volatility
models. Most often, these models are chosen for their tractability as well as their pricing and hedging
ability. The calibration of the parameters (usually constant) of each of the models is once again performed
using the traded vanilla options. Calibration, pricing and hedging is a model-dependent procedure. These
models are two-factor and Markovian in nature. The standard Brownian motions may or may not be
correlated, depending on the specification of the model. In accordance with risk-neutral valuation, a
hedge portfolio is constructed to replicate the option value throughout its life, which results in a partial
differential equation for the option value, dependent of the underlying and its volatility or variance process.
Calibration of these models is usually performed via a numerical minimization scheme using the market
vanilla options. Although both local and stochastic volatility models agree on the vanilla inputs, they

generally disagree on the pricing of the exotics i.e. the dynamics of the skew.

This class of models has often been deemed as incomplete as we cannot create a hedge portfolio using
the underlying and risk free asset alone. In general, the procedure of creating a hedge is performed using
options as well as the above-mentioned assets; this completes the market. In Chapter 6, we derive the
partial differential equation and discuss incompleteness with reference to the market price of volatility
risk which arises from the change of measure in risk-neutral valuation. Chapter 7 briefly discusses the
lognormal stochastic volatility model given in (Hull & White 1987). Chapter 8 reviews the model given
in (Heston 1993). A fairly detailed analysis of the Fourier transform technique for option pricing is also
provided. The last model we consider is the SABR model in (Hagan et al. 2002), which is derived and

explained in Chapter 9. This model is particularly attractive in that it provides closed-form solutions to



both vanilla options and their implied volatilities. The authors also assert that it predicts the correct
dynamics of the skew. The PDEs satisfied by contingent claims in the two-factor models given in the
Chapters 7, Chapter 8 and Chapter 9 above, are solved via numerical approximation such as Monte
Carlo simulation (antithetic variates technique and hybrid quasi-Monte Carlo), singular perturbation
techniques as in (Hagan et al. 2002) or other mathematical methods which include the Fourier transform
as in (Heston 1993).

Chapter 10 deals with the calibration and pricing of various vanilla and exotic options. For the local
volatility case, we use the trinomial tree described in Chapter 4 and for the stochastic volatility model,
we use that described in Chapter 9. All Excel VBA modules and dlls that are provided are briefly
described and results are presented. Other VBA code is provided to generate binomial implied tress,
described in Chapter 3 and Monte Carlo simulations of the Hull-White lognormal model and Heston’s
Ornstein-Uhlenbeck model. A full description is provided in this chapter.



Chapter 2

Local Volatility Models: Implied

Binomial and Trinomial Trees

In the Black-Scholes framework (Black & Scholes 1973), the stock price evolves lognormally according to

the stochastic differential equation

% = pdt + odZ (2.1)

where 4 is the expected continuously compounded rate of return, o is the volatility of the stock price,
and dZ is a standard Brownian motion with mean zero and variance dt. Both p and o are assumed
constant. The left hand side of (2.1) is the return provided by the stock in a period dt. Black, Scholes
and Merton (Black & Scholes 1973), (Merton 1973) use no-arbitrage arguments, with the assumption a of
constant riskfree rate, in the valuation of European derivatives dependent on the stock which follows (2.1).
Forming a portfolio that consists of the derivative, and a variable but quantifiable amount of stock, that
ensures the portfolio is riskless over an infinitesimal time period dt, they argue that the portfolio should
earn the riskless rate. The resulting partial differential equation, which governs derivatives dependent on
the underlying traded asset, is then solved with the parameter ¢ being the only input that is not readily

available.

In a discrete-time framework such as (Cox, Ross & Rubinstein 1979) binomial implementation of (2.1),
it can also be argued that at each time step, an equivalent portfolio of the stock and riskless asset must
replicate the derivative at each node to prevent any arbitrage opportunities. The risk-neutral evolution
of the stock is constructed with constant logarithmic stock price spacing, which corresponds to a constant
volatility over the entire life of the option. It can be shown that a necessary and sufficient condition for
arbitrage-free pricing in a complete market is the existence and uniqueness of an equivalent martingale
measure 7. The measure is used to price derivatives as the discounted expected value of the payoff
at maturity. Under this measure, the stock price and all European contingent claims dependent on it,

normalized by the riskfree asset, are martingales.

Vanilla options are generally quoted in terms of implied volatility 3. This is the constant volatility which,

upon substitution into a Black type pricing formula (Black-Scholes, SAFEX Black, Black), will equate



the model price to the market price. Use of ¥ does not imply belief in Geometric Brownian Motion at
that 3, rather that the formula returns the required price. The Black formulae are increasing functions

of volatility, which means that a unique implied volatility per option can always be found.

Since the 1987 crash, it became clear that equity index options with lower (higher) strikes have higher
(lower) volatilities. So, out-the-money puts trade at a higher implied volatility than out-the-money calls.
By the work of (Breeden & Litzenberger 1978), this can be interpreted as a non-lognormal distribution
for the underlying. Thus the relationship between volatility, strike and time to maturity of European
options generates an implied volatility surface X (S,t) that is contrary to the assumption of constant
volatility. Following from this, another surface o(5,t), called the local volatility surface, can be created.
This is the surface which records the standard deviations of returns given a stock price of S at a time
t. In a classical discrete time framework, the volatility, both implied and local, is the same throughout
the tree. At first blush there exists a different tree for every different implied volatility that is quoted.

Rather, what is required is a tree that can be used simultaneously for all options.

There is an analogy of the relationship that exists between the yield-to-maturity and the forward rates
of a discount instrument, and the implied volatility and the local volatilities of an option (Derman, Kani
& Zou 1996). The implied volatility of a European option, which is that implied constant future local
volatility, equates the Black-Scholes price with the market price. Similarly, the yield-to-maturity of a
bond is the implied constant forward capitalization rate that equates the present value of the coupon
and principal payments to the current market price. As one would price a non-input bond by obtaining
the forward curve from the current yield curve and use these rates to discount the coupons, so too can
one use the implied volatility surface of standard European options to deduce future local volatilities
for the valuation of exotic options. This does not mean that local volatilities necessarily predict future
realised volatility accurately, just as forward rates are also seldom realised. By going long/short relevant
bonds, forward rates can be locked in. Analogously, future local volatilities can also be locked in by using

options.

Local volatility models are completely deterministic since all information required for the calibration is
available. The market smile, which refers to the relationship between the volatility, strike and time-to-
maturity of the option, is used as an input to deduce the volatility as a function of the stock price and
time o (S,t). A variation in ¥ implies a variation in o with S and ¢. The model proposes that it is
possible to extract the entire surface o (S,¢) from standard European option prices. So current options

prices uniquely determine the local forward volatilities in the tree.

The idea behind local volatility models is that one can use the discrete set of highly liquid European
options for calibration purposes with the intention of valuing and hedging exotic options. At each node,
the volatility to the next time period can be calculated and this is then the local volatility. The volatility

becomes time- and state-dependent.



Chapter 3

The Derman and Kani Implied

Binomial Tree

The first implied recombining binomial tree was developed in (Rubinstein 1994). It is backward inductive
and uses the actively traded European options, that mature simultaneously, as inputs. Consequently, it
can only be used for valuing other exotic options that expire at the same time as the European options.
This model served as a predecessor to other more complex and useful models. In this chapter, the model
proposed in (Derman & Kani 1994) will be explored. The inputs are actively traded European options
that have various strikes and maturities. This will enable a much wider range of over-the-counter options

to be valued and hedged.

The process described by Derman and Kani is forward inductive, creating a binomial tree with uniformly
spaced time steps. The root of the tree starts at ¢ = 0 with the current spot price, and future time
steps are built using all observable data. At each step, the transition probabilities and prices of the
underlying must be determined. The range of available European option prices, in addition to theoretical
forward prices, are used, since this will ensure the tree is in agreement with the markets’ expectation.
The resulting tree is then risk-neutral in nature. There is one additional degree of freedom that is solved

by a centring condition used in (Cox et al. 1979).

In general, S, ; is the spot price at node (n,4) where n > 0 is the time step and 0 < i < n is the state.
The spot price is Sy . Assuming all information has been calculated up to time step n, at time step
n + 1 there are 2n + 3 unknown parameters: n + 2 stock prices at nodes (n 4+ 1,4) for 0 <i <n+1 and

n + 1 risk-neutral transition probabilities p,, ; from node (n,) to node (n+ 1,7+ 1).
There are 2n + 2 known quantities at ¢,,41:
1. n + 1 theoretical forward prices f,; = Sn,iemt, which is the forward price for time n + 1 at time

n, given that we are at node (n,4). As usual in equity option pricing, the risk free rate is constant

throughout the tree.

2. n + 1 European option prices with valuation date today, maturity 7" = t,4; and strikes S, ; for



0 < i < n. These will generally be obtained by interpolation of the implied volatility obtained from
the market that corresponds to the strike.
The final degree of freedom is assigned to the centring condition.

Using the risk-neutrality of the implied tree, the expected value, one period later, of the stock price at

any node, is its known forward price. Thus

fri = PniSnttiv1 + (1 —Pni) Snt1i (3.1)
Hence
fn,i —On+li = Pnji (Sn+1,i+1 - 5’n+1,¢)
and
Prg = g imiTOntls (3.2)

(Sn+l,i+1 - Sn—i—l,i)

Note that this is an exact generalization of the constant volatility equation

erAt —u
i
_ SemAt— Su
Su — Sd

The option prices are to be interpolated from the market values. They refer to n+ 1 independent options
expiring at t,,11 with strike levels S,, ; and spot Spo. At this strike level, S, ; splits the up and down
nodes at t,41. The node S,t14+1 (Snt1,:) and all those above (below) contribute to the value of a
call (put) option. Although the condition is not explicitly checked, the node is chosen according to the
inequality Sy < Spy1i41 < Snjit1-

Using (3.1), the n + 1 option equations and the centring condition of the tree, the stock prices at ¢,,11,

Sp+1,: and transition probabilities p,, ; for 0 <7 < n can then be determined.

3.1 Arrow-Debreu Prices

The implied tree makes use of Arrow-Debreu prices. A, ; is the price today of a security that pays unity at
period n, state i and zero elsewhere. Thus it is computed by forward induction as the sum over all paths,
from the root of the tree to node (n, 1), of the product of the risklessly-discounted transition probabilities
at each node in each path leading to node (n,7). The Arrow-Debreu prices for the step n + 1, A,41,; are

given by

/\070 =1
pn,n>\n,n for 1=n+1
6TAt)\n+1,z‘ =9 Pni-1Mni—1+ (1 =ppi)An; for 1<i<n (3.3)
(1 — pn,O) )\n,O fOI‘ Z =



S7L+1,’rz,+1

Sn,n
Sn+1,n
Sn,n—l
Sn+1,77.—1
Snt1,i41
Sn,i
SnJrl,i
S, 1,2
Pn,1 ntl,
Sn,l
S 1,1
Pn,0 ntl,
Sh.0 Strike level
Sn+1,0
tn tn+1

Figure 3.1: Constructing Sy41,:, 0 <i <n at t,,41 from 5, ; at ¢,

Let C' (Sp,i,tn+1) and P (Sy, i, tnt1) denote the known (possibly interpolated) market values of European
call and put prices respectively, with strike S, ; and maturity ¢,,1. The value in a binomial context that

assumes constant volatility, with strike K and maturity ¢, is given as

n+1
1\ . .
C (K, tyy1) = e "R ("j >7rﬂ (1—7m)""7 max (S,41,; — K,0)
3=0
and
n+1 n+1 ] )
P (K, tyy) = e "(nHDAL Z ( ; )773 (1—m)" " max (K — S,41.4,0)
3=0

where 7 is the risk-neutral probability of an upward movement throughout the tree.

Analogously, in the case of transition probabilities (the probability of an upward or downward movement

from t,, to t,41) that change throughout the tree

n+1
C (K, tn+1) = Z )\nﬂ,jmax (SnJrl’j — K7 O) (34)

Jj=0
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. 52,0
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A2.0
(i)
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Figure 3.2: Binomial Tree of (i) Stock Prices and (ii) Arrow-Debreu Prices

and

n+1

P (K tns1) =Y Angrjmax (K — Spy15,0) (3.5)
j=0

3.2 Upper Tree

Consider the portion of the tree that extends from the centre upwards. The European call prices,
C (Sp,istnt1), will be required for the evaluation of the stock prices. When the strike is taken to be
Sh,i, it is only necessary to consider the nodes from Sy, 41 ;41 upwards. The interpolated implied volatil-
ity relating to the required strike is then used, for consistency, in the Cox-Ross-Rubinstein binomial tree.

For accuracy, the Black-Scholes formula can also be used. This will be dealt with in §3.7.

Using (3.3)
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SnJrL%
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Figure 3.3: Inductive Procedure for S;,+1,, 0 <i <n when n is (i) odd and (ii) even

c (Sn,iv tn+1)
n+1

= Z )\n+1,j (Sn—i-l,j - K)

j=it1

= eirAt Z ()‘n,jflpn,jfl + )\n,j (1 - pn,j)) (Sn+17j - Sn,l)

j=i+1

+ e_rAt)\n,npn,n (Sn+1,n+1 - Sn,z)

Expanding (3.4) and using (3.3), the call price can be simplified as follows:

10



eTAtC (Sn,ia thrl)

= pn,nAn,n (Sn+17n+1 - Sn,i) + Z ((1 - pn,j) )\n,j +pn,j—1)\n,j—1) (Sn+1,j - Snﬂ)
j=i+1
= > Prjrng (Snyrjr = Sni) = (Snt1j — Sni))

j=i+1

+ Z Anj (Snt1,j = Snyi) + Pnjidngi (Snt1,i+1 — Snyi)

P
n n
= > Prjrng Snirger = Snt1 )+ Y Anj (Sut1y — Sni)
Jj=t1+1 Jj=t+1

+ Pnidngi (Snt1,i+1 — Snyi)

Using (3.1), the price then becomes
erAtC (S’mia tn-‘rl)

= Z Mg (Frg — Snt1j) + Z Anj (Sn+1,5 = Snyi) + Pnjidni (Snt1,i+1 — Shyi)

j=i+1 j=it+1
Thus N
"3 C (Snis tng1) = Prjidngi (Snatiit1 — Sni) + Z Ang (frg — Sni) (3.6)
j=it1

Using (3.6) and (3.2), the stock prices Sy,41,:+1 can be found in terms of Sp41,;:

Spitivt |€73C (Snistnr1) — Z Anyj (frg = Sni) = Anyi (fri — Sng1,i)
j=it1
= SnJrl,i eTAtC (Sn,iathrl) - Z )\n,j (fn,] - Sn,i) - >\n,i (fn,i - SnJrl,i)
j=it1

Finding the stock prices Sy, 41,i+1 in terms of Sy41 ;., the upper node formula is

Snt1,i [€73C (Snivtns1) — Si] = AnsiSni (fai — Snt1,i)

Shati = 3.7
et erAtC (Spiytng1) — 2 — Mni (fri — Snti,i) (87)
where Y; refers to
Z An,j (fn,j - Sn,i)
j=it1

All that is required is to know one initial S, 1,;. This is to obtained from the centring condition that is

discussed below.

11



3.3 Centre of the Tree

At each time step, the starting point is the centre of the tree. There are two cases to consider.

3.3.1 0Odd Number of Nodes

If n is odd, then the number of nodes (n + 2) at ¢, is odd. Select the central node Sn+1’nT+l7 to be the
spot today, So0. The remainder of the upper part of the tree can be found using (3.7). The transition
probabilities can be found using (3.2).

3.3.2 Even number of nodes

If n is even and there are an even number of nodes at ¢, 1, then set the average of the logarithm of the two

central nodes equal the logarithm of today’s spot. So for i = 5, InSp o = % (ln Sn+1,241 +1n SnJrL%).
The centring condition implies that Sy41,2 = Sg’i/5n+17%+1, where S;, ; = Sp,0. Using this condition in
(3.7), fori =%

Snt1,i+1 [ermc (Snyistny1) — Ei] — Spttit1An,i (fri — Snti,)

= Snt1,i [erAtC (Snyirtnt1) = Xi] = An,iSnii (fai — Snt1,i)

Using (3.6) and (3.1) the above becomes
Sn+1,i+1 [eTAtC (Sn,iv thrl) - Ez] - Sn+1,i+1>\n,ifn,i + Sn+1,i+1)\n,isn+1,i
= Snt1,iPn,iAn,i (Snt1,i+1 — Snyi) = M,iSnyi [Pn,iSnt1,i41 + (1 — Pnyi) Snti)
+ An,iSn,iSnt1,i

since [€"2C (Spis tnt1) — Bi] = Pnyidni (Snt1,i+1 — Snsi)

Upon simplification

g 50,0 [e"24C (So,0, tn+1) + An,iSo0 — Xi]
et Anjifni — €mAC (So,0, tng1) + i

(3.8)

After this initial node is calculated, all nodes above it for % 42 < i < n+1 can then be calculated using
(3.6).

3.3.3 Lower Tree

In a manner analogous to the upper part of the tree, the lower part is determined using the interpolated

European put market prices, P (S i, tn+1)-

When the strike is taken to be .S, ;, it is only necessary to consider the nodes from S;,41,; downwards.

12



Using (3.3) and expanding (3.5)
P(Sn,i7t’ﬂ+1)

= Z )\n+1,j (K - SnJrl,j)

Jj=0

=e A Z [Anj—1Pnj—1 + A (1= pnj)] (Sni — Snij)
=1
+ 677‘At/\'n,0 (1 - pn,O) (Sn,i - Sn+1,0)

The put price can be simplified as follows:

6TAtP (Sn,i7 tn+1)
)

An,iPn,j (Sni — Snt1,+1) + Z Anj (1= pnj) (Sni — Sn1,5)

-
I
-

§=0 §j=0
i—1 i—1
= An,jPn.j [(Smi - Sn+1,j+1) - (Sn,i - SnJrLj)] + Z Anj (Smi - Sn+1,j)
j=0 j=0
+ )\n,i (1 - pn,i) (Sn,i - Sn+1,i)
i—1 i—1
= > AnjPnj (Sny1j — Sny1j+1) + Z An,j (Snyi — Snt1,j)
j=0 j=0
+ >\n,i (1 - pn,i) (Sn,i - Sn+1,i)
Using (3.1), the price is then
eTAtP (Sn,iutn+1)
i—1 i—1
= Anyj (Snt1,y — fng) + Z Anyj (Snji = Sny1,) + Anji (L= pni) (Sni — Sny14)
§=0 §=0
i—1
= )‘Thj (Sn,i - fn,j) + )\n,i (1 - pn,z) (Sn,i - Sn+1,i)
§=0
Thus
i—1
€ P (Spistns1) = Ani (L= Pni) (Sni — Sns14) + Z An,i (Snyi = fn,j) (3.9)
§=0

Using (3.2), an expression for the lower nodes in terms of the higher ones can be found according to

eTAtP (Sn,ia tn+1)
i—1

fn,i B Sn K
= Ani {1 - (S = ﬂ (Snyi = Snt1,i) + Z An,g (Snyi = fn,j)

. - S .
+1,5+1 n+1,4 =0

13



Upon simplification

(Snt1it1 = Snt1.4) €2 P (Snistng1)
i1

= Mni (Snt,it1 = fryi) + (Sngt,ite1 — Snt1si) an,j (Sn,i— fn,j)

7=0
Solving for Sy41.4

S = Sptlitl [e”mP (Sn,irtnt1) — Ei] + AniSnyi (fryi — Snt1,i+1) (3.10)
e AP (Spistnt1) — X + AMsi (Fasi — Snt1,it1)

where X; refers to
i—1

Z )\n,j (Sn,i - fn,j)

=0

3.4 Transition Probabilities

Throughout the tree, the transition probabilities p, ; must satisfy 0 < p,; < 1. This is to prevent any
arbitrage opportunities: if p, ; > 1, then S, 11 ;41 will fall below f, ; and similarly, if p,, ; < 0, Sp41,; will
be higher than f,, ;. This leads to the requirement that throughout the tree, f,, ; < Spy1.i41 < foyip1. If
there is a violation of this inequality at node S), 11,41, choose the stock price that ensures the logarithmic
spacing between this node and the adjacent node is the same as that between corresponding nodes at the

previous time step. For ¢ < n,

Snt1,i+1 Snit1
Jp 2ntlitl o Onit

Spt1,i Sh,i
For i = n, if fnn > Snti,nt1, then

ln SnJrl,nJrl _ ln Sn,n

Sn+1,n Sn,n—l
So the above conditions can be written as
o Sn,i+1
Sn+1,i+1 - Sn+1,i S

Sn+1,TL+1 = Sn-‘rl,ni
Sn n—1

3.5 Local Volatility

As usual, we denote the expectation and variance by E[-] and V[] respectively. To calculate the local
volatilities, the binomial nature of the tree with the log-returns are used. If In X evolves to InY with

probability p and to In Z with probability (1 — p), then

EnX]=plhY+(1-p)InZ

14



and

V [ln X]

—E {(mxﬂ _E[nX]?

YY)+ (1=p)(In2)? = [phY +(1-p)n 2

Y)Y +(1-p)(In2)’ =p*(InY)>=2p(1—p)lnYInZ — (1 -p)®(In2)*

The local volatility oy, ; is calculated as the annualized standard deviation of the log-returns at the node

(n,i). The general case in a binomial context is to consider the movement in the tree from In S, ; to

In Sy41,i+1 with probability p,; and to In .S, 11 ; with probability (1 — p, ;). It is clear that E {ln SS%}

differs from E [In Sy, 11 4], for 0 < i < n, by the constant value of In S, ;. It is also the case that V {ln %}

i

and V[In S, 41 ] are equal. This result is invoked for simplification of the calculations. Therefore, since

the volatility is generally taken to be per annum but the period of interest is over At, for 0 <i <n

1 S, i 2
2 n+1,i4+1
Oni = A n,i 1 n,t In :

" tp ' ( b ) |: ( Sn+1,i >:|

1 Sn+1i+1>
Oni = —— /T —pnain [ 2ntlitl 3.11
¢ = T 1)

3.6 Computational Algorithm

Implementation of the Derman-Kani procedure is performed by taking the input, which is the implied
volatility of European options of certain strikes and maturities (generally taken at equally spaced intervals
in time), and producing a risk-neutral binomial tree that describes the evolution of the underlying from
t = 0 until expiry of the final maturity of the given option inputs. The time steps in the tree will be

equal to the expiry dates of the input options.

3.6.1 Input Data

The following data is standard input:

1. Valuation date (taken to be ¢t = 0)
2. Spot on valuation date

3. Expiry date (last maturity date of European options)

15



4. Risk-free rate

5. Implied volatilities relevant to each strike at each time step

3.6.2 Algorithm

1. Taking the valuation date as the root of the tree (corresponding to n = 0), the levels are built up by
starting at the centre. Depending on what level is being built, the first requirement is to determine

whether n, corresponding to the current time step ¢, is even or odd.

* If n = 0 Mod 2, the next level to be built ¢,,41 will have an even number of nodes. Snt1,2 =

S8.0/Sn+1,241 and (3.8) are used to determine the two central nodes.

* Else for n being odd, the number of nodes at ¢, is odd and Sn+1,% = 50,0

2. The remainder of the upper nodes, provided n > 0, are then calculated using (3.7). In order to
calculate the call option prices with strike Sy, ; for i > % +1if n even or 7 > ”TH if n odd, the input
data is recalled. Linear interpolation is performed on the implied volatility of the strikes to find
the volatility that is required to price the options. The necessary interpolation is performed on the
implied volatilities to obtain . Once this value has been deduced from the discrete set of data at
the expiration ¢,11, the Cox-Ross-Rubinstein binomial model is used to price the call option. This

is done to be consistent with the binomial framework; there

n+1
1 ) . . )
C (Snistnyr) = e THDAY (n ; )PJ (1= p)" " max (Sp o d" 7 — S,,;,0)
: J
Jj=0

where p is the probability of an upward movement. The multiplicative up factor, u is calculated by
u = eVt and 1/u = d. It is necessary to calculate the above summation for C (S, ;, t,,+1) using a

loop. Considering the values for j such that So,oujd”_j —5,,: >0, j is solved for.

Use a loop to calculate C (Sy, ;, tn+1). Consider values of j such that SO’Oujd"_j —5ni>0

ujdn_j > Sn,i

— Soo
nu®¥™ > In Snsi
So,0
S N
In 2>
%-—n > So,0

Inu

So,
L
j > 2t =a (3.12)

16



where [-] denotes rounding.

Using a loop that begins at node n + 1 and steps down to node «, the binomial coefficient at j for

each n +1 > 5 > a is determined using the so-called ‘in-out’ recursion relation

() -
(jﬁl) - (?)(niﬁ

Once the option price is obtained, use (3.6) to find the remainder of the nodes in the upper part of
the tree.

The no-arbitrage condition, f,; < Spi1i41 < fnit1, must be checked as each node value is

calculated. If the above inequality is violated, then

* For 1 < n:

Sn,i—i—l
Sn+1,i+1 = Snt1.
Sni

* For i = n:
S -9 Sn,n
n+ln+l — Pn+ln
Sn,n—l

The central and upper part of the tree can be fully determined from the stated procedure.

3. The inductive procedure for the lower part of the tree is initiated from the central portion of the
tree, and then steps downwards until the entire set of nodes have been determined. Provided
n > 0, the first node in this portion of the tree will be calculated using either (3.9) if n is odd or

Spi1,2 =58 0/Snt1,241 otherwise. The remainder of the nodes will all be determined using (3.9).
The procedure is the same as that for the upper part of the tree. The differences arise in the
calculation of the option prices, which are put options in this case.

The put option prices with maturity ¢,,1 and strike Sy, ; for i < § +1if n even or i < "T'H if n odd
must be returned from the input data. The binomial put option price is given by

n+1
1\ . i ) .
P (Snistngr) = e "(mHDAL Z (n M )pj (1 —p)" " max (S, — So.0u?d"179,0)
=0

where p is the probability of an upward movement. The same values are attributed to u and d.

While performing a loop to calculate P (S, ;,tn+1), it is only relevant to consider the values for j
such that Spou/d"™7 — S, ; < 0. From (3.12), it is clear that « —1 > j > 0 since it is the remainder
of the nodes that contribute to the put price. The summation loop begins at j = 0 and continues

upwards to node o — 1. The binomial coefficient is determined using the 'in-out’ recursion relation
n
0

() = O

Jj+1 j)i+1

17
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The no-arbitrage condition, f,; < Spi1,i+1 < fn,i+1, must also be checked as each node value is

calculated. If the above inequality is violated, then

* For ¢ > 0:
Sn,i
Sn+1,i = Sn+1,i+157
n,i+1
* For ¢ = 0:
Sn,O
Sn+1,0 == Sn+1,157
n,l

The entire tree, at t,,+1 is then fully determined. The n transition probabilities and Arrow-Debreu
prices can be calculated using (3.2) and (3.3) respectively. The tree of local volatilities are also

determined using (3.11).

3.7 Barle and Cakici Algorithm Modifications

A number of adjustments in (Barle & Cakici 1995) have been suggested to the above procedure. Con-
sidering the Cox-Ross-Rubinstein binomial tree, there seems to be a higher chance of obtaining negative
probabilities with high interest rates and constant local volatility. To solve this, the time steps can be
made smaller or a tree of forward prices can be built which can then be translated back to the prices
of the underlying. High interest rates seem to pose a similar problem in the construction of the implied

tree. The changes to algorithm are described below.

1. Use the Black-Scholes option pricing formula to calculate the prices of the European options, as
it is computationally faster and converges far better than the C-R-R formula. Moreover, this is
more sensible since the market volatilities are Black-Scholes volatilities, not Cox-Ross-Rubinstein

volatilities.

2. Since negative transition probabilities are to be excluded, it is shown below that the price Sp41 41
is confined to the interval

Jri < Snt1i1 < frjita (3.13)

Instead of (3.13), Derman and Kani assume S, ; < Spy1i41 < Snit1. Another difference is that

strikes are the forward not the spot levels.
Consider the upper portion of the tree:

For the interpolated European call option prices, the strike K is chosen to be f, ; to be consistent
with (3.13). Substituting f,; into the (3.4), we get to be consistent with the above inequality:

n+1

C (fn,ia t7l+1) = Z )\n—i—l,jmax (Sn—i-l,j - fn,ia O) (314)
j=0

Once again, only the nodes from S,1 41 need to be considered. Using (3.3)

n

C (fn,ivtn—i-l) - e—rAt Z [)\n,j—lpn,j—l + An,j (1 _pn,j)] (Sn-‘rl,j - fn,l)
j=i+1

+ eirAt)\n,npn,n (Sn+l,n+1 - fn,z)
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Expanding and using (3.1), the call price can be simplified as follows:

eTAtC (fn,iy tn+1)

n

= Z (1 =Pnj) Anj + Prj—1Anj—1] (Sn+1j — fni)
j=it1

+ pn,n)\n,n (Sn+1,n+1 - fn,z)

= Z Pridng [(Snt1,5+1 = foi) = (Snt1,5 — fni)]

j=it1
n
+ Z An,j (Snt1.5 = frii) + Pridngi (Sntt,i41 — fri)
j=i+1
n
= > Ay ([PrjSniror + (1= pnjg) Snva ] = fai)
j=itl

+ Pnidnyi (Sntt,ie1 — fnyi)

Using the risk-neutral equation for the price of a forward at ¢,, with expiry ¢,41

fri = PniSnttit1 + (1 —Pni) Snt1
The price then becomes
e (fryistnsr) = Z Anyj (Frg = frsi) + Pnidngi (Sntt,i41 — fi)
j=i+1
Now define
Alc = 6TAtC (fn,iatn+l) - Z )\n,j (fn,j - fn,z)
j=it1
So, (3.15) is reduced to
Aic = DPnitn,i (Sn+1,i+1 - fnz)

(3.15)

(3.16)

which is a known quantity. Using the risk-neutrality of the implied tree and substituting (3.2) into

(3.15), the following recursion formula is obtained for the stock prices in the upper portion of the

tree:

n

Spitriv1 | €O (Fristnsr) — Z Mg (g = Fri) = A (fryi — Sn1,)
j=it1

n

= Sni1i [€2C (frsistngr) — Z Myj (frg = fri) | + Ansifnyi (Sngt,i — fnyi)

j=it1
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Upon simplification

Sn—‘rl,iAiC + )\n,ifn,’i (Sn-‘rl,i — fn7i)
AY — N (fryi — Snt1i)

Sn+1,i+1 (3.17)

Consider the lower portion of the tree:

The same reasoning applies to the interpolated European put option prices. The strike is now taken
to be fy;, it is only necessary to consider the nodes from S,,11,; downwards. The put option price

with strike f, ; and maturity ¢,4; is given as

n+1

P (fnistnt1) = Z Ant1,imax (fni — Snt1,4,0) (3.18)
i=0

Using (3.3) and expanding (3.18)

P (fairtnr) =€ ™Y Dajo1pnj1+ Ans (1= pny)] (Fai — Snt1j)
j=1

+ €_Tm)\n,o (I =pno) (fni — Snt1,0)

The put price can be simplified as follows:

eTAtP (fn,z’a tn-‘rl)

.
|
—

An,jPn.j (fn,z - Sn+1,j+1) + Z An,j (1 pn,]) (fn i n+1,j)
=0

=S
Il
= o

An,j [pn,j (fn,i - Sn+1,j+1) + ( — DPn J) (fn i n+17j)]

7=0

+ )\n,z ( pn l) (fn T n+1,i)
i—1

= > A (fni = [PnjSnt+1,541 + (1 = Pnj) Snta,4])
=0

+ Anji (1 - pn,i) (fnz - Sn+1,i)

Using (3.1), the price is then

TAtP (Sn ) n+1)
i—

Z An,j fn A fn,j) + )\n,i (1 - pn,i) (fn,i - S7L+1,i)

[

7=0
Now define
i1
Al = P (frirtns1) = D Ang (Fai = Fng)
=0
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So, the put option price is reduced to
Azl‘j = i (1= pni) (fni — Snt1,) (3.19)

The following recursion formula is obtained for the lower nodes in terms of the higher ones:

Snt1,i+1 — fni
Af = A oo o (fri— Snt1,4)
Snt1,i+1 — Sn+1,i

Snt1,i [Ansi (Sntti01 — fai) — AT
= Mifni (Snstivt — fui) = AP St

Thus,

)\n iJn,i Sn i — Jn,g) — APSn i
Sn+l7i _ ,f , ( +1,i+1 f ,) i -;17 +1 (3.20)
)\n,ifn,i (Sn+1,i+1 - fn,l) - Az

. Centre of the Tree

Instead of the centring condition given by Derman and Kani, it seems more reasonable to allow
the underlying to follow the most likely movement - exponential increase at the risk free rate. So,
instead of having the spine of the tree remain as S o, it bends along with the capitalization implied

by the risk free rate. So for n odd,

— +1)At
Sn_,'_l,n;-l = SO,Oer(n )

If n is even, for i = 3

fn,i =

InS,y1+1InSnp141]

NN

So

2
Snt1,iSn+1,i+1 = fau

The forward price, rather than the stock price from previous time step, is used to take into account

the exponential growth rate at the risk free rate.

Substituting this into (3.17) and solving for the lower node, S, 1 ;, where i = 3 first,

c c 2
Sntt,i41 [AY = Anifngi + AniSnti,i) A7 Sni1,i + AnjifniSnt1i — Ansifn
c 2 c 2
Snt1,i+187 = AnifniSnirivr + Anifni = A7 Snt1i+ AnifniSni1i — A

n,t
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Since AY = p, iAni (Snt1,it1 — fnsi)

Sttt Pridni (Snt1,i1 — Foyi) = Anjifnsil + Anjifrs
= Aicsn+1,i + )\n,ifnﬁiSnJrl,i - )\n,ifgyi

Using (3.2) and

Snttivr — fui = (1 =pni) (Snt1it1 — Snt1i)
Upon simplification
Jni— Snt1
Snt1,i+1 Pt A (L= pni) (Sntt,i41 — Snt1,i)
(Sn+1,i+1 — Sn+1,i)

2
= Snt1i41 i fryi + Anjif i

c 2
= A7 Snt1i + AnifniSnt1i — Anifa

So

2

Ansifri = AniSna1iv1 [Pn,iSnv1i — Sntt,i — Pnifn.il
c 2

= A7 Snt1i + AngifniSnt1i — Anifo

Using the centring condition Sp41,:n+1,i+1 = fﬁ

K
MiSn1i i = Anibnifls = AYSi1i+ MifniSnati — Anif?
n,t n+1,z+1pn,zfn,z n,lpn,lfn,i - 7 n+1,1+ n,zfn,i n+1,: n,0Jn,i

)\n,ipn,ifn,i (Sn+1,z’+1 - fn,z) = AiCSn+1,i + /\n,ifn,isn+1,i - )\n,ifiz‘
Anjifri— friAS ACS,1i+ MifniSniii

The last line follows from a substitution of AY. The node just below the centre, Sp,i for i = Z, can

be solved for according to

fn,i (/\n,ifn,i - AZC)
An,ifn,i + AZC

Spt1,i

So, if the number of nodes is either even or odd, the centring condition gives rise to the remainder
of the nodes of the tree.

. Negative Transition Probabilities

In (Derman & Kani 1994), the problem of obtaining transition probabilities that indicated an
arbitrage opportunity was dealt with by maintaining the logarithmic spacing between adjacent
nodes equal to that of the previous level. Yet, this may still be violating the inequality f,; <
Snt1,i+1 < fn,i+1. To avoid this, a choice of any point between f,, ; and f, ;41 is sufficient. Simply

choose the average of the two forwards.
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3.7.1 Non-Constant Time Intervals and a Dividend Yield

If it is the case that the input data (option expiry times) is not equally spaced, the resulting binomial
tree should display such a feature. The original Derman-Kani algorithm will not be able to allow for
direct modification, as the option prices used to determine the tree of spot prices are calculated using a
binomial tree approach. One would have to perform interpolation to obtain the required data at equally

spaced dates.

A dividend yield can easily be accounted for by slightly modifying the theoretical forward prices (and

European option prices) calculated. At node (n, ), the forward price with a dividend yield ¢ is given by:
fn,i = Sn,ie(riq)At
In the Barle & Cakici algorithm, the additional inputs required are all the options’ expiries. The above

procedure is modified by replacing the constant At with the relevant time interval. Given N option expiry

times and a total time period of T', for non-constant time intervals, we have that

N
T=> At
i=1

where At; = t; — t;—1. Therefore, the forward price at node (n, 1) is given by
fn i — Sn ie(T_Q)At?#l .

3.8 Discrete Dividends and a Term Structure of Interest Rates

(Brandt & Wu 2002) suggest two further modifications to the original algorithm to incorporate discrete
dividends and to allow for a non-constant interest rate. The centring condition and the strikes of the
European options are those suggested in (Barle & Cakici 1995) as this ensures the phenomenon of negative
probabilities associated with the nodes is eliminated from the middle section of the tree. Thus, the

economically interesting region of the tree is unaffected.

Once again, the N nodes of the tree are equally spaced At apart, where At = %, T being the final
maturity. The construction of the tree is identical to that proposed by Derman and Kani. Assuming all

information has been evaluated up to time step t,,, that is:

° Sn,i

e )\, ; are known for nodes (n,i), 0 <i<mn

Consider the upper portion of the tree:

For each S, ;, the movement is to Sy1,4+1 with probability p, ; and to S, ,; with probability 1 — p,, ;,
for %*1 <i<n+lifnisodd,or §+1<i<n+1ifniseven. Assume Sp41,; is known and as before,

fn.i denotes the price at node (n,%) of a forward contract with maturity date ¢,;.

Solve for Sy, 41,41 as follows:
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e Risk-neutrality of the tree implies:

fri = DPniSnttit1 + (1 —Dni)Snt1.
So,

fri— Sn+1,i
Sn+1,i+1 - Sn+1,i

Pni =

e The theoretical forward price with discrete dividends is:
fri = Sni€m B =Dy (3.21)

where 7,41 denotes the interest rate applicable between ¢, and t,41 and D, 1 is the discrete
dividend with ex-dividend date t,,41. If the dividends are paid in-between nodes, the tree is adjusted

by paying the forward value of the dividends at the nodes following the ex-dividend dates.

Let ¢;(K,t,+1) denote the price at node (n,i) of a ‘one step ahead’ European call option that matures

at tn41. Setting the strike as f,, ;,

ci(fuirtni1) = € Ay (Spitivt — fni) (3.22)

Substituting in for p,, ;:

fri— Sn+1,i
Sn+1,i+1 - Sn+1,i

Ci(fn,i7tn+1) = e_rn+1At(Sn+1,i+1 - fn,z)

¢i(frirtni1) (Snativs — Sng1i) = e ™S 11 — fai)

Snttyitt (€i(fristngr) — €A (fri — Sngri)

—Tnt1 A
= Spt1.iCi(frirtnr) — € 2 fr i (Fai — Snt1)
Solving for Sy41,i4+1 in terms of Sy 4:

Sty = Sn+1,iCi(fasistnsr) + €72 f i (Spri — i) (3.23)
b Ci(fryistne1) et 8 (S i — foi) '

Similarly, for the lower portion of the tree:

Let p;(K,t,+1) denote the price at node (n,i) of a European put option that matures at t,;. Setting
the strike as fy, ;,

Pi(foistas) = e 21— po ) (fui — Snt1si) (3.24)
Substituting in for 1 — p,, ; and solving for S;,41,; in terms of Syy1 i41:

Sttt 1Pi(frsis tng1) + €2 o i (fni) — Snirit
Pi(fryistner) +e T A (fr o — Sni1 i)

where0§i§"T'H—lifnisoddandOSig%—1ifniseven.

St (3.25)

Consider the centre of the tree. The conditions pertaining to even and odd nodes are as described in §3.7.
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(i) For n odd, Sn+1,% = fn,i-

(ii) If n is even, then Syy1iSny1,i41 = fr,; for i = %. Using this condition in (3.23), the Sy41i41 can

be solved for:

Sttt [€i(fristngr) + €A (S5 — fi)]

= Snt1.iCi(frsistng1) +e A (Spyti — fri)
Multiplying through by e"»+14%:
Spirit1€ ™ A (Frivtng1) + Snt1,iv1 (Snt1i — fri)
= Sy A (fristna1) + Fri(Snati — fi)
Using (3.22) and fp; — Pn,iSn+1,i+1 = (1 — Pni) Snti,:
Srt1,i41Pn,i (Snt1,i41 — fri) + Snt1,i+1n41,i — Snt1,i+1.fn,i
= Snt1,iPn,i(Snt1,i41 — fni) + fri(Sng1i — fryi)

Upon rearrangement,

Sp41,i41n41,0 — Snt1,iPn,i (Snt1,i401 — fri) — fri(Snt1i — fri)
= Sni1,i+1fni — Sna1,i+1Pn,i (Snt1,i+1 — fnyi)

= Dnifr i PriSnt1,ifni — FriSns1i + fr

= Snt1,i+1fn,i — Ont1,i+10n,i (Snt1,i41 — fryi)
2,1‘(1 — Pnyi) + f?m = fni(fni — PniSnt1,it1)

= Snt1.i+1fn,i — Sn+1,i+1Pn,i (Snt1,i41 — fri)
Therefore,

i,i + Pnifri(Snt1i41 — fni) = Snttit1fni — Snt1,i+1Pn,i (Snt1,i41 — frsi)

Using (3.22) and solving for S,41i41,

Snt1,i+1 (fnz — er"“mci(fn,i»tnﬂ)) = fai (fnz + €T"+1At0i(fn,i,tn+1))

fri (fn,i + 6T"“At0i(fn,mtn+1))
fri — ermerBtei(fr i tngn)

Sntlit1 =
S0, Sp+1,; is then given by

Sni1i = fai/Snt1,it1

_ Jn (fn,i - er"+lAtCi(fn,iatn+l))
fn,i + er"+1AtCi(f7L,ia tn+1)
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In practice, these one-step ahead European option prices, ¢;(fn.i,tn+1) and p;(fni,tn+1) are unknown

but can be inferred from the observed call and put option prices at ty. For strike K, we have
(K, tnp1) = e ¥ pyi(Snpriin — K)T 4 (1= ppi)(Snpri — K)F]
and
pi(K thp1) = e 8, (K — Spirivt) T+ (1= pni) (K — Spt1,i) "]
Since Spy1,k < K = fro i < Snti1,i41, we have for all S, ;41 > K:
(K the1) = € "y i(Snarir1r — K) 4+ (1= pni) (Sngr,i — K)]
and for all S, 41,41 < K:
pi(K tnp1) = e " pu (K = Sppain) + (1= pni) (K — Sngi)]
By equating the risk-neutral forward equation and (3.21),
Spi€™ A — Dyt = puiSnrticn + (1= pni)Snti
Substituting this into the above equations for ¢;(K,t,,11) and p; (K, t,11):

—rnp1At —rpp1At
Ci(K, thy1) = Spi—e MK —eT"m 2D,

Di (K, tn-i—l) = e*TnJrlAtK _ Sn,i + 67rn+1AtDn+1
Rewriting the call pricing equation in terms of the one-step ahead options,
C (fn,ka tn+1)

n
= Z )\n,ici(fn,ka tn-‘rl)
i=k
n

= A,k Ck (fro ks tnt1) + Z AnilSni — € A — e A D ]
i=ht1

Similarly,

P (frk tnt1)

k
= Z )\n,ipi(fn,kv tn-{-l)

=0
k—1
= )\n,kpk(fn,ka t7z+1) + Z /\n,i[eirn*—lAtfn,k - Sn,i + €7Tn+1AtDn+1]
=0

Thus, the one-step ahead option prices can be solved for as

C (fn,k7tn+1) - Z?:kdrl )\n,i[sn,i - e_Tn+1Atfn,k - e—Tn+1AtDn+1]

/\n,k

ck(frkstni1) = (3.26)

and

P (fn,kn tn-i—l) - Ef:_()l )\n7i[e_rn+lAtfn,k: - Sn,i + e_Tn+1AtDn+l]
)\n,k:

pi(fn,kytn+1) - (327)
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The changes that have been made affect the Arrow-Debreu prices as follows:

)\070 =1
e T Ay Ann for i=n+1
>‘TL+1,73 = e_Tn+1At[pn,ifl>\n,ifl + (1 - pn,z) )\n,z] for 1 S 1 S n (328)
e A (1 —pp o) Ao for i=0
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Chapter 4

Implied Trinomial Tree of Derman,
Kani and Chriss

4.1 Introduction

The construction of implied binomial trees extends the Black-Scholes theory by making it consistent with
the observed smile, the result being an implied evolution for the underlying in equilibrium. Yet, these
trees have just enough parameters to be constructed: the tree will be unique up to the specified choice for
the centre of the tree. A unique tree may be disadvantageous in the sense that no-arbitrage conditions
may easily be violated, or an implausible distribution may be obtained. Since not all market prices that
are required for the calculation of transition probabilities are available (there are only a discrete set of
traded options which are used for interpolation), it may be more reasonable to have an implied tree that

may not match every option price, but rather produce a more plausible distribution.

In order to achieve this, the construction of an implied trinomial tree is suggested in (Derman, Kani &
Chriss 1996). These trees are more flexible as they have additional degrees of freedom for parameteriza-
tion. This allows the pre-specification of the state space which corresponds to choosing the stock price

at each node in advance. This can be advantageous if selected judiciously.

The stock price process is assumed to follow the stochastic differential equation:

ds

g = nt)di+o(S.t)dz (4.1)

where p (t) is the expected rate of return at time ¢, o (S,t) is the local volatility function and dZ a
standard Wiener process of mean 0 and variance dt. Since all uncertainty in the volatility is derived from
the stock price, options can still be hedged using stock alone so the valuation is preference-free. The form
of the local volatility function needs to be determined from the market prices of traded options. This
determines the future evolution of the underlying, and all options can be priced ensuring that the model

is consistent with prices of liquid options.
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(2,4) (3,5)

(1,2) (2,3) (3,4)

(0,0) (1,1) (2,2) (3,3)
(1,0) (2,1) (3,2)

(2,0) (3,1)

(3,0)

Figure 4.1: Nodes of the trinomial tree

The expected value of the stock price one time step ahead is the forward price,

fn,i = SnVierAt (42)

where r is the risk free rate and 0 < i < 2n refers to the state at time step t,.

Su = On+1,i+2

Sm = Sn+1,i+1
q

Sd - Sn+1,i

Figure 4.2: A single time step move in a trinomial tree with associated risk-neutral probabilities
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Since the tree is risk-neutral in nature, for 0 < i < 2n

fri = PniSnttit2 + (1= Pni — @ni) Sntitl + @n,iSnt1,i (4.3)

The following distributional properties are required for the determination of the local volatility at each
node: if X ~ ® (uy,0,), then Z = eX is lognormal with (Kwok 1998, §1.3.1)

EZ] = o (pe+%) (4.4)
and
V[Z] = exp(2us+02) [exp (02) — 1] (4.5)
In the risk-neutral environment,

lns(g—’(_t)At) ~ O <<r7 %2) At,a\/ﬂ)

where 02 is the annualized variance rate of the lognormal process. Using (4.4) and (4.5),

E{S(?(_t)At)} At
and
V{S(ZE)M} S Gy

So, the following results hold for the expected value and variance of the stock price at ¢t + At:
E[S (t+ At)] = S (t) e (4.6)
VIS (t+ At)] = (S ()er)? (eazﬁt - 1) (4.7)

If o is the stock price volatility and E [S(t,,+1)|S(tn) = Sn,i| = fn,, then

V[S(tar1)] = E [(S(ta+1) = fui)’]
=i (St = fri) + G (Sntti = fai)” + (1= Di = @) (Snttis1 — fuii)’
Using (4.6) and (4.7),
o (602At - 1) = Pri (Sntt,iv2 = Fai)? + (1= Dri — @ni) (Snst,it1 — i)’

+ @i (Sns1,i = foi)”
= f2,0°At + O (At)® (4.8)

where O (At)? represents higher order terms in At.

(4.8) will be required for the calculation of the local volatility. Clearly, the truncated Taylor expansion

indicates a level of inaccuracy.
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Sn+1,2n+2

Sn,2n S71,+1,2n+1
Sn,2n71 Sn+1,2n
Sn+1,n+3
Sn,nJrl Sn+1,n+2
Sn.n Spt+1,n+1 Centre
Sn,’n,—l Sn—&-l,’n,
S7L+1,n—1
Sn,l Sn+1,2
Sn,O S71,+1,1
SnJrl,O
tn thrl

Figure 4.3: The recombining trinomial tree

The actively traded European put and call prices will be used to determine the second parameter. When
volatilities are not constant, a judicious choice of the state space in an attempt to solve for the transition
probabilities will eliminate the third unknown parameter. Once a a trinomial tree of spot prices has
been constructed, we use the theoretical forwards and relevant European option prices to calculate these

probabilities.

Again, the trinomial tree makes use of the Arrow-Debreu prices (compare §3.1). Recall that A, ; is the
price today of a security that pays unity at period n, state ¢ and zero elsewhere. This time, A,y at

time step ¢,+1 and state 0 <7 < 2n + 2 is given by:
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Dn,2nAn,2n for i=2n+2
Pn2n—1An2n—1 + (1 = Pn2n — Gn,2n) An2n for i=2n+1

€ Nni1i =4 Pri—2Xnic2 + (1= Prjic1 = Gnyi-1) Anyic1 + nidni  for 2<i<2n (4.9)
(1 =Pn0 = @n,0) Ano + Gn,1An1 for i=1
0n,0An,0 for i=0

4.2 Constructing the State Space

The choice of a trinomial scheme provides an additional degree of freedom which allows us significant
freedom in choosing the state space. Depending on the relationship between implied volatility, strike and
time to expiration, the choice of state space may vary from being regular to being skewed. Uniform mesh
sizes are generally adequate when the implied volatility varies quite slowly. If it varies significantly with
strike or time to maturity, it may be necessary to choose a node spacing that changes accordingly and is
skewed. Negative transition probabilities can be avoided by selecting node spacing that incorporates the

skew evident in the market prices at each maturity.

Our strategy will be to first generate a regular trinomial lattice, assuming interest rates and dividend
yields are zero. This translates into a constant time spacing At and logarithmic mesh spacing AS. Then
we modify At or AS at different time and stock levels to capture the basic term- and skew-structures of

local volatility in the market.

In certain cases, it may not be possible to avoid negative probabilities, even if the forward value at
a particular node lies between S,,11,; and Sj41,;42. In such cases, the option price that produces the
negative probability can be overwritten. The implied tree will not fit all option price data but will

necessarily fit the forward prices and hence provide transition probabilities that are in the correct range.

4.2.1 Term Structure Adjustments

First consider the case when there is a significant term structure of implied volatility but no skew structure.

The local volatility is a function of time, o(t). For some constant c, rubber time £ is implicitly defined by

_C£U2U’U, .
t = /0 (u)du, (4.10)

where o(u) is the instantaneous (local) volatility at time u. There is no skew structure.
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If, for example, we have that o(u) = a + bu, where a and b are positive constants, then

t
t:c/ (a + bu) du
0

=c [au + %buﬂé
= catl + %cbf?

—ca + vVcZa? + 2cbt
cb

={=

Alternatively, if

U(u):{gl ifu§u1

o9 ifu>u

as in raw interpolation of yield curves. Then ¢ = cto? if < u;. So,

P 4
 co?’

If t = uy, then t = cuyo?. Lastly, if £ > uq, then

t=c (/OUI o? (u)du + /ut1 O’z(u)du>

= culof + (f, ul) Jg

- t—cuyo?
93

Using rubber time as opposed to standard time transforms the evolution process into a constant volatility
process. This can be shown by defining a new stock price variable S by S (t) := S(t) and a new Brownian

motion Z by

Z(t)=Z <c/0 02(u)du> = ﬁ/o o(u)dZ(u), (4.11)

for some constant ¢; we will make a convenient choice later. So,

dZ (t) = \/eo (D)dZ (D) (4.12)

We need to verify that Z(t) is indeed a Brownian motion.

Suppose we have a probability triple (§2, F,P). Recall the definition of Brownian motion.

Definition 1 (Rogers & Williams 2000) A real-valued stochastic process {Wy : t € RT} is a Brownian

motion if it has the properties

(Z) WO = 0, v Wy
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(11) t — Wi(w) is a continuous function of t € RT, V w;

(iii) For every t, h > 0, Wy — Wy is independent of {Wy, : 0 < u < t}, and has a Gaussian distribution

with mean 0 and variance h.

In (4.12), it is clear { exists and is unique.

Clearly (i) and (ii) are satisfied. For the distributional properties:

=0 (4.13)

E[Z()] =B V&iAEJQQdZOU

This is a result of the martingale property of the It6 integral.

Y {Z(t)} -V

Ve i o(u)dZ (u)

cjg o2 (u)du

—E[t] =t

=E

The second line follows from the It6 isometry (Oksendal 2004, §3.1.5).

For the independent increments: let 0 < 7 < 75 < 73 < 74 and consider

E [(2(7'4) — Z(B)) (Z(TZ) - Z(Tl))]

=E[2()2(n) — Z(m)Z(n2) + Z(13)Z(m1) — Z(m)Z(m0)]

+E c/OT~3 o(u)dZ(u) /OT~1 o()dZ(v)| —E C/OT4 o(u)dZ(u) /OT~1 o(v)dZ(v)
=E lc /OT~4 /(:2 o(w)dZ(u)o(v)dZ(v)| — E C/OT~3 -/0;2 o(u)dZ(u)o(v)dZ(v)
+E c/OT~3 /OT~1 o(u)dZ(u)o(v)dZ(v)| —E c/OT~4 /OT~1 o(u)dZ(u)o(v)dZ(v)
=0

This is as a result of the linearity of E[-], Fubini’s Theorem (Rogers & Williams 2000, §I1.12) and the

fact that Z(¢) is a standard Brownian motion so

E[Z(w)Z(v)] = 0
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Using the definition of scaled time and (4.11),

dS(t) _ d(S(1)

S S()
= +o®d(2(D)
= idZ(t),

by (4.12). Hence, the new stock price variable has a constant volatility of ﬁ

Now ¢ is chosen to ensure that the rescaled and standard times coincide at a fixed future time (usually
the last maturity of the input data), that is we want 7' = #(T"). Thus using (4.10)

T
c:T//O o (u)du (4.14)

In the trinomial tree with N known equally-spaced time points 0 = g, t1, ..., txy =T, the requirement
is to find the unknown scaled time points 0 = ¢y, ¢, ..., ty = T such that U(fk)2Afk is a constant for
all times t5. This ensures the tree will recombine. (Derman, Kani & Chriss 1996) show that this can be
done by solving for 1 < k < N:

k
_Traam

fp= =) (4.15)
Y1 72

The formula for the term structure (4.15) is implicit and hence quite difficult to implement. We now

derive an alternative iterative scheme which will enable all scaled times to be determined explicitly.

The notation for the remainder of this section for variance is as follows:

e o7(t): Implied Black-Scholes variance for an option with maturity ¢.

° 0]20 (t): Forward variance which will be defined below.

e 07(t): Local variance as a function of time.

It will be required that for 1 < k < N
B
éz/ o?(t(s))ds
th-1

is independent of ¢, for some new constant ¢; again, we will choose this in due course.

Since there is no strike structure, the local variance reduces to the forward Black-Scholes implied variance
(Gatheral 2004, §2.4).

So,
/{k o} (t(s))ds = ¢ (4.16)

where ¢ is a constant.
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The implied forward variance at time 0 between ¢ and t + At is given by

o?(t + At)(t + At) — o3 ()t

2 . —
o3(05t,t + At) = A

Taking the limit as At — 0

o}(t) = —ai(s)s

s=t

~N

—
~

N
~+

g

(4.17)

d
ds
d

dt

Then

But,

T
c
So we have that
b=oHT) 1.
. 1
o (T)

Given o;(t1) and o;(ts) at maturities ¢; and to respectively, it is the case that o2(t1)t; < o%(ta)ta.
This must be true to ensure the forward ATM implied volatility between t; and t, is always positive.
Performing linear interpolation on o () or 0%(¢) does not always give rise to positive forward volatilities.
The problem is analogous to that of yield curve interpolation where the interpolation method must be
carefully chosen to ensure that forward rates cannot be negative (Hagan & West 2005). So, U?c(t) < f(t)
and o?(t) < r(t), where r(t) is the risk free yield-to-maturity of a discount instrument maturing at time

t and f(t) is the instantaneous forward rate. The relationship between r(t) and f(t) is

1) = ey

which generalizes to (4.17). So,

r(t) = %/0 f(s)ds
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and
1/t
o3 (t) = ?/ afc(s)ds (4.18)
0
Given two points, 7(t;_1) and r(¢;), the discrete forward rate that is applicable between ¢;_1 and ¢;, fq ;
is given by

r(t)t; —rtj—1)ti—1

faj =
/ ti—tj1

and the discrete forward implied volatility applicable between ¢;_; and t;, 0q,f,;, is given by

o2(t)t; —o2(t;_1)ti_
Ud,f;j:\/ )t = o1yt (4.19)

tj — tj—l

Two satisfactory methods prescribed for yield curve interpolation are raw and monotone convex interpo-
lation (Hagan & West 2005). The raw interpolation method is selected here, as it is by definition that
method which has piecewise constant forward curves, which enables us to find closed-form solutions for
the ATM volatility. The interpolation function for o%(t) turns out to be o%(t) = B + ¢ where B and C
are to be derived below. Given o;(f1) and oy(t2) (two endpoints), the discrete forward implied volatility

04,1:2 is calculated using (4.19). The implied volatility at any time ¢ € [t1,¢2) can be found using (4.18):

¢
a?(t)tz/ U]%(s)ds
0
t ¢
:/ O’?(S)ds—i-/ a]%(s)ds
0 t1
— ;2 2
=o7(t)tr + (t —t1)0g 59

since the interpolation method is raw. Therefore,

o1(t)
t t—t
= \/‘T%(tl) tl JF%U{%JQ
tl (t — tl) Uz(tg)tg — Uz(tl)tl
— 2 e I I
= \/Ul(h) ; + 7 ( P—
_[ot(t)tits — toF(t) +t (07 (t2)ts — 0F(t1)t) — 0F(t2)tats — oF(t1)t]
t(ta —t1)
_[oi(ta)tr —of(t)t | tats (0F(ta) — 0F(t2))
to — 1 t(ta —t1)
=1/B+ % (4.20)

Thus, the implied ATM volatilities for all times between any two points can be found using this method

of interpolation. This method guarantees that the ATM forward volatilities are positive.
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4.2.2 Skew Structure Adjustments

If there is significant skew structure in the implied volatility, but no term structure, we assume the local

volatility is a function of the underlying, o(S). Define a scaled stock price S by

S
S = Spexp |ﬁ/s g;(gc)dx] (4.21)

for some constant c. So,

5 S
InS = InSy+ c/ —dx
So zo(z)

The scaled stock price has constant volatility c. To see this, consider the stochastic equation

d
gS =o0(S)dZ
Use It6’s Lemma (Bjork 2004, §3.5)
Theorem 1 Let X be the process given by
dX(t) = a(X,t)dt +b(X,t)dW;

where a(X,t) and b(X,t) are adapted processes, and let f be a CY2-function. Define the process Z by
Z(t)=f(t,X (t)). Then Z has a stochastic differential given by

0 0 1 02 0
df (X(t),t) = ((‘9{ +a(X, t)a—j: + §b(X, t)26x£> dt +b(X, t)a—i;th (4.22)
Let
r o1
flat) = C/so yon) ™
Then
c
fo= zo(x)
_ o)+ zo ()
fro = ( (z0(x))? )
ft=0
Thus

dnS=(040 — —15%% (7 27V ) 44 50 Caz
xo(x) 2 (S0) So
= —% (0’ + O',S) dt + cdZ

This indicates that there is an induced drift from the relationship between local volatility and the level

of the underlying. Through a choice of a small enough time step, the drift can be accommodated for in a
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trinomial environment, starting from a constant volatility state space. The constant ¢ can be chosen to
be the ATM local volatility, o(Sy »).

Let Sy and §k+1 denote two scaled stock prices at times ¢, and ¢ respectively. We start off in continuous

time and derive a discretization of (4.21) for the upper portion of the tree. Since

. s g
S = Soexp c/ dz|,
s, 2o(x)

and

B Sk+1 1
Sk+1 = Spexp c/ —dz]| .
| /s )

. zo(

So, we get that

B B [ Sk+1 1 Sk 1
Sk+1 = Sk exp _C/So :m(x)dx _C/SO wa(x)dw

B I Sk41 1
= Sk exp c/ dx
‘s, wo@)

B [ Sk+1 1
~ Sj exp ¢ / dx]
S

_O'(Sk) .
& [ ¢ Sk+1
= Spexp EXCh) In S, }

For nodes above the central node, n < k < 2n, we have

7 (Sk) In Slf—H =In Skt

c Sk Sk
Sy) . S
= Sk+1 = Skexp M In ]f+1] . (4.23)
c Sk
while for nodes below the central node, 0 < k < n, we have that
7 (S) In glf“ =In Sk
c S Sk+1
Sk) . S
= Sj = Si1 exp [J(C’“) In g“] . (4.24)
k

When the volatility is constant and equal to ¢, the trees with S and S spacing will coincide. Suppose the
implied skew is determined by the Taylor series expansion up to the linear term: ¥ = 3y + b (K — Kj),
where Y represents the ATM implied volatility, b is the slope which can be interpreted as the percentage
per point increase/decrease in the implied volatility with decrease/increase in strike K, and Kj is the
current index level. To determine the local volatility, o, at level K in the vicinity of Ky, there is the
relation (Derman 1999)

o=+ 2b(K — Kq) (4.25)
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4.2.3 Term and Skew Structure

If the local volatility is a separable function (product) of strike and term structure, scaling is performed on
time and stock price independently. The result is a state space that has a term structure with constant
skew structure superimposed on it. In general, this may work anyway, even if there is not outright

separability.

4.3 Solving for the Transition Probabilities

Let C (K, tp+1) and P (K, t,41) denote the price of call and put option prices, with maturity ¢,+; and
strike K, that are available from market data respectively. As in the binomial implied tree, only a discrete
set of data points that relate price/implied volatility to strike are available. Consequently, interpolation
must be performed on the implied volatility to obtain the value corresponding to the required strike. This
volatility is used to price the relevant option using a constant volatility trinomial tree. This constant
volatility can be selected to be the average of the at-the-money forward volatilities (strike is equal to
the forward/futures value for that maturity). A superior method for pricing is to use the Black-Scholes

option pricing formula.

At time step t,41, the unknowns to be determined are the transition probabilities p, ; and ¢, ; for
0 < i < 2n. There are 2n + 3 stock prices that are chosen, in addition to the 2n + 1 theoretical forward

prices f, ;, using (4.2), and 2n + 1 European option prices that are to be determined from market data.

e The risk-neutral forward equation equation, (4.3), relates the stock prices at each node to transition

probabilities.

e For the upper portion of the tree, the European call options, with strike K, maturity ¢,,11 and spot

Sp,0 being valued at t = 0 are considered. The price can be written as:

2n+2

C (K tny1) = Y Ang1jmax (Spp1; — K, 0)
=0

Expanding this using (4.9)

e"C (K, tyi1)
= pn,2n)\n,2nmax (Sn+1,2n+2 - Ka 0)

+ (pn,2n71>\n,2n71 + (1 — Pn.2n — qn,Qn) >\n¢2n) max (Sn+1,2n+1 - K7 0)
2n

+ P2 Mng2+ (L= Pyt = Gnj—1) Anjo1 + GnjAnj) max (Spy15 — K, 0)
j=2

+ ((1 - pn,O - q”,O) >\n,0 + Qn,lAn,l) max (Sn+1,1 - K7 O)
+ Gn,0An,0max (Sp41,0 — K,0)
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Since a strike of Sy,41,;4+1 for n4+1 < ¢ < 2n is to be selected, the above can be rewritten as

At
€™ C (Snt1,i+1:tnt1)
= DPn.2nAn,2n (Snt1,2n42 — Snt1,i41)

+ (pn,anl)\nanl + (1 — Pn,2n — Qn,Zn) )\n,2n) (Sn+1,2n+1 - Sn+1,i+1)
2n

+ Z (Prj—2Anj—2+ (1 = Prj—1 — @nj—1) Anj—1 + an,jAn;) (Sntij — Snt1i41)
j=it2

Using (4.3), the price can then be simplified

At
e"C (Snttiv1stntt)
2n

= Z Anj (PngSntt1j42 + (1 =P = Gng) Snt1j41 + GnjSnt1,) — Sny1iv1)
j=itl

+ pn,i)\n,i (Sn+1,i+2 - Sn+1,7,'+1)

2n
= Z Anyj (frj — Sntt,it1) + Pridngi (Sntiive — Snt1i41) (4.26)
j=itt

Since the state space is chosen, the forwards and option prices known, the unknown is then p, ;

which can be solve for according to

r 2
"2 C (Spt1,it1s tnr1) = X301 Mg (fag = Snttit)
Pri = (4.27)
Ansi (Snt1,i+2 — Snt1,i+1)

The probability ¢, ; can be solved for by using (4.3)

Gni = fn,i — Pni (Sn+1,i+2 - Sn+1,i+1) - Sn+1,i+1 (4.28)
Snt1,i — Snt1,i+1

e Considering the lower portion of the tree from the central node (S, , at t,) downwards. The
European put option prices with strike K, maturity ¢,41, spot Sp,0 being valued at ¢ = 0, are
required. The price can be written as:

2n+2

P(K, tn+1) = Z >\n+1,jmax (K - Sn+17j’0)
j=0

Using (4.9)
AP (K, 1)
= pn,Qn)\n,QnmaX (K - Sn+1,2n+Za O)

+ (pn,Qn—l/\n,Qn—l + (1 — Pn,2n — Qn,Qn)) max (K - Sn+1,2n+17 O)
2n

+ 3 (Png—2nj2+ (1= Puj1 = @nj—1) Anjo1 + Gnjrng) max (K — Spy1 5,0)
j=2

+ ((1 = Pryo = Gn,0) Anyo + @niAn,1) max (K — S, 41.1,0)
+ @n,0An,omax (K — Sp11,0,0)
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Since a strike of Sy, 41,41 for 0 <4 < n is to be selected, the above can be rewritten as

AP (Snit,ie1, o)
1+1

=D (Pnj—2Anj—2 + (1= Pujo1 = dnj1) Ang—1 + dnjAn,g) (Snt1itr = Sntas)
j=2

+ (1 = Pryo = @n,0) Ao + @i An1) (Snstidr — Snt1,1)
+ ¢n,0 0 (Sn+1,i+1 — Sn+1,0)

Using (4.3),

e (Snt1,i+1:tnt1)
1
Anj (Snt1it1 — (P Sntt g2 + (1= Pnj — @nj) Snt1,j+1 + @njSnti )

%

I
<)

J
+ @nini (Sntt,i41 — Snti)

2

Anj (Snt1,i+1 — frj) + @nidni (Sng1,i+1 — Snt1,i)

o

<.

The only unknown in this equation is g, ;. Solving for this

AP (Spit,it1s tn1) — Z;;E An.j (Sn+1i+1 — fnj)

Anyi (Snt1,i+1 — Snt1,i)

dn,i =

Using (4.3), pn,; can be solved

Jryi + Gnyi (Snt1,i401 — Snt1,i) — Sng1,it1
Spt1,id2 — Sndlitl

Pni =

4.4 Negative Transition Probabilities

(4.29)

(4.30)

(4.31)

If a reasonable choice of state space is chosen, negative probabilities are usually avoided. However, there

are two instances when this may occur:

1. If f,,. lies out of the required range between S,y ; and Sy,41,+2, a riskless arbitrage may exist.

o If fni > Shi1,i+2, then from (4.3) it is clear that either ¢, ; < 0 or p,; > 1

o If f,; < Sn11,i, then either ¢, ; > 1 or p,; <0

2. Negative probabilities may arise as a result of the magnitude of local volatility obtained from the

implied tree. If a very high (low) value is obtained for the call option price C' (Sp+1i41,tn+1) In

(4.27), then a very high (low) value will be obtained for the local volatility o, ;. Since the state

space has already been calculated, the extreme values of local volatility may not correspond to

probabilities that are between 0 and 1. To avoid this, the option price is overwritten and another

is selected that ensures the forward condition, mentioned above, is maintained at each node.
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There are numerous ways to select probabilities between 0 and 1 which ensure the forward condition,
Sn+1,i < fn,i < Snt1,i42, holds at every tree node for 0 < ¢ < 2n. For example, select the middle transi-
tion probability to be 0 and set the up and down probabilities to p, ; = (fni — Sn+1.) / (Sn+1,i+2 — Snt1.4)
and gn; =1 —Dpp ;.

Alternatively, if Sp41,i41 < fn,i < Sn41,i+2 occurs then set

1 fri = Snt,ivt fri — Snti,i
Pni = 3 +

2 | Snt1,i+2 — Snt1,iv1 Sn+lit2 — Sntls

and

1 Spyrive — fi
dni = 3

2 | Snt1,i+2 — Snt1,i ]

and if Sp41,5 < fn,i < Spy1,i41 occurs, set

Pni = 1 fn,i - Sn,i
T, - a
2 [ Snt1,i+2 — Snti1,i ]

and

1 Snyrive = faa Snitirt — fni
dni = 3 +

2 [ Snt1,i42 — Snt1 Snt1,i+1 — Snt1.

In the case that there may be a significant term or skew structure, the mesh of stock prices that is
constructed should not violate the forward price condition. If this occurs, a new state space should be

selected.

4.5 Local Volatility

To determine the local volatility, o, ; at time step n and node (n,4) where 0 < i < 2n, use equations
(4.3) and (4.8). So,

On,i

o \/pn,z' (Sn+1,i+2 - fn,i)Q + Qi (Sn+1,z' - fn,i)2 + (1 — DPnyi — Qn,i) (Sn+1,1'+1 - fn,i)2
B 2 At
7,

(4.32)

4.6 Computational Algorithm

4.6.1 Input Data

The input data, which is identical to the case of the implied binomial tree in Chapter 3, is required for

the specification of the state space.

1. Valuation date (taken to be t = 0)
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2. Spot on valuation date

©w

Expiry dates of all European options

4. Futures (or forward) level corresponding to the valuation date; if this is not provided, the algorithm

uses the theoretical forward rates!
5. Risk-free rate
6. Dividend yield
7. Implied volatilities for various strikes relevant at each time step ¢; for 1 < j < N where t =T
8. The number of time steps in the implied tree N - this does not necessarily have to agree with N.
9. Specification of the nature of the input:

(I) No extreme term or skew structure, normal trinomial state space.
(IT) Term Structure: State space with unequal time steps.

(ITT) Skew Structure: Require ATM implied volatility, slope of the linear function to construct a

state space with nodal spacing that varies vertically.

(IV) Both: A skewed state space is first constructed, followed by a term structure.

4.6.2 Constructing the required state space
Case I: Normal State Space

In this case, there is no extreme term or skew structure associated with the local volatility function. An
underlying constant-volatility trinomial tree will be appropriate for the determination of the transition
probabilities and Arrow-Debreu prices. A single time step of the trinomial tree is constructed from the

combination of two steps of the binomial Cox-Ross-Rubinstein tree.

Consider the Cox-Ross-Rubinstein constant volatility trinomial tree?:

1We will be pricing European and some path-dependent options on the ALSI40 equity index. Most relevant information
is provided by implied skew data (from the South African Futures Exchange, SAFEX, or a dealer) on the futures contracts
on this index that trade. It is also convenient for interpolation purposes as the ATM implied volatility can be found using

raw interpolation on the relative strikes, this is X/F, where X is the strike and F is the ATM futures level.
2Since two steps of a binomial C-R-R tree equates to one step of the C-R-R trinomial tree, then Su? = SU and Sd? = SD,

/At N N X R o,/ At
where u = e’V 2 is the upward movement in a binomial tree of time step % and d =e V2 the downward movement.

2
When one time step in the trinomial tree is At, then U = (e"\/ At/z) = V24t and similarly D = e~V 24t Given that

the risk-neutral probability of an upward movement in the binomial tree over a time step % is given by
e'2 —d
u—d

At —oq At
er2 —e V2
- At At
VT T

then in the trinomial tree of time step A, the probabilities associated with the up, down and middle movements are given

At
2

T =

by py =p=n2,pp =q=(1—m)? and pps = 1 — pu — pp.

44



S = Se° 2At
w =

Sm =8

Sd — Se*d\/2At

2

_ eTAt/Z_e—a«/At/Z
b= eoVAL/2_,—or\/At]2

[ VAR a2 2
1=\ Vam_—ovais
where S is the spot price at the current time step, p and ¢ represent the transition probabilities of an
up and down movement respectively, ¢ is the constant volatility of an ATM option and S, S, and Sy

are the spot prices at the following time step. The movement is shown explicitly in Figure 4.2. The time
steps At = (Expiry Date — Valuation Date)/(N - 365).

The probabilities, as stated above, will not be used. The required transition probabilities, p, i, ¢n,; and
1 —pn,i — Gn,i, are what is required in the implied tree approach. The state space is a platform that can
be selected using the additional degree of freedom. This is a result of selecting a trinomial as opposed to

a binomial tree.

Consider the upper portion of the tree (from Sy11n42 t0 Sni12n4+2) at t = t,11: (4.27) and (4.28) are
used to calculate p, ; and gy, ; for n+1 < ¢ < 2n. For this part of the tree, the European call option prices
are required. Since there is a term structure of implied volatility and the constructed state space has
time intervals which will not always coincide with the input dates, it will be necessary to perform linear
interpolation in the vertical direction (on the strikes) and raw interpolation in the horizontal direction
(on the implied volatilities at a date that is not an input). See Figure 4.4. This is done to obtain the
implied volatility at a non-input strike for an option expiring at a non-input date. To ensure that forward

rates are always positive, the raw interpolation method is required.

Refer to Figure 4.4. To calculate the implied volatility, o;, for strike X and maturity #,;, linear
interpolation is first performed on the implied volatilities o9 and oo (which relates to strikes X7 and X5)
at maturity ¢ to obtain o15. The next linear interpolation is performed on o3 and o4 at maturity 41

to obtain o34. These implied volatilities relate to the strike X at maturities ¢ and tx41.

Consider the calculation of 015 and o34:

X=X XX
012 = X2—X102 X2—X101

X — X3 Xi—X
034

X ot x x5

Then, o7 at t,,1 is calculated using by (4.20):

oy = | et (033 (tk) — 034 (tet1)) n 034 (b1 )trr1 — o5 (tr)tr
tnt1 (tkt1 — tr) trt1 — Tk

Once the implied volatility has been evaluated, either a constant volatility trinomial tree or the Black-

Scholes formula can be used to price the option.
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Figure 4.4: Interpolating implied volatility, o7, for strike X at scaled time ,

The lower portion of the tree (from the central node at #,, downwards) is analogous to the upper portion.
To determine the transition probabilities p,; and g, ; for 0 < i < n, equations (4.31) and (4.30) can
be used respectively. For this portion of the tree, the European put option prices are required and

interpolation is performed on the implied volatility and maturity.

Case II: Term Structure

For construction of the state space, incorporating a term structure of implied volatility is done by applying
the results of §4.2.1. The implied ATM volatility (the strike of the option is the futures or forward price)
is the only input required for construction of the state space, as it is assumed that there is no strike
structure. The resulting implied trinomial tree will have unequal time steps. So, o2 (fk)Afk is to be a
constant for 1 < k < N, where #;, refers to the scaled time and o%(#3) refers to the local variance over

Aty =1t — tr_1. The procedure is described as follows:

e Calculate or read the relative strikes X/F at each of the input dates tjfor 1 <j< N.

e Linearly interpolate X to find the implied ATM volatility at that time - require the implied volatility
that corresponds to the value X/F = 1, where F is the forward/ futures level.

e Perform raw interpolation on the implied ATM volatilities between each time to obtain the forward
implied ATM volatilities. These will be constant between any two input dates as a result of the raw

interpolation method used.
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Once all the forward implied ATM volatilities have been found, use (4.16) to solve for the scaled times by
induction. The necessary calculations are simplified due to the forward implied ATM volatilities being

constant.

Suppose the known scaled time, ;_1, falls between ¢;_; and ¢; and o4, s.; is the constant forward implied
ATM volatility between times ¢;_; and t; (4.5). In order to determine #j, the induction requires a 'Do
While’ loop and a variable, dlocalintegral, that is reset to 0 once each scaled time has been found or until
(4.16) is satisfied. The search for # begins by testing whether the area given by (t; —fk,l)od’f;j is greater
than or smaller than é. If it is greater than ¢, then #; < t;. If not, the variable, dlocalintergral, starting
at 0, is incremented by this area and the search continues by checking whether dlocalintergral + (¢;41 —
tj)oq,f,j+1 is greater then or less than ¢é. So, dlocalintegral is incremented by the discrete amounts until
such time it is equivalent to ¢. The discrete amounts are the areas given in general by 037 I3 jAt. The
loop is only terminated if an increment to dlocalintegral results in a value that is greater than ¢. The

procedure to determine £ can be summerized as follows:
dlocalintegral = 0

Do While dlocalintegral < ¢

e dlocalintegral = dlocalintegral + 037.f;j (t; — tr_1) This brings £ up to t;, j must be incremented to
Jj+1

e Once again, the condition for dlocalintegral is checked.
If dlocalintegral > ¢, then #; < t; and

- ¢ — dlocalintegral .
ty, = 5 & +tp_1 (4.33)
%4, f:j

If dlocalintegral < ¢, then dlocalintegral is incremented by crfi}f;j+1 (tj+1—t;). In this case, the 'while’

loop continues until {), falls between t,,_1 and t,, for 1 < m < N and use (4.33) to determine L.

Once the scaled times have been solved for, they can be used in the calculation of the transition probabil-
ities. The state space (stock price mesh) is constructed using a constant volatility recombining trinomial

tree.

Since there is no strike structure, the implied volatilities of the ATM options for ¢ will be used to price
the options, either using the Black-Scholes formula or the trinomial tree constructed with the unequal
time steps. These volatilities will be interpolated between input dates using raw interpolation to ensure
a2(t)t > 0.

Case III: Skew Structure

We now apply the results of §4.2.2. In the case that the local volatility function is of the form o(S), the
state space is constructed to accommodate a linear relationship between implied volatility and strike. We

assume that there is no term structure. The input requirement is
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Figure 4.5: 1), is calculated inductively by ensuring integrals equate to é, A+ B+ C = ¢

1. The ATM implied volatility 3. Since it is assumed that there is no term structure, the value for

Yo can be taken as an average of all the ATM implied volatilities.

2. The slope of the function (b): this is generally the percentage point increase in ATM implied
volatility per point decrease in the strike of the option. As previously mentioned, this is the Taylor

series expansion.

The procedure is to first construct the nodal prices, S;;, at time step j for 0 <7 < 2j. These are then to
be adjusted using (4.23), (4.24) and (4.25).

Once the trinomial tree (state space) has been completed, the requirement is to determine the transition

probabilities p,, ; and ¢, ; for 0 <i < 2n as well as the Arrow-Debreu prices Apy1; for 0 <i <2n+ 2.

Since the scaled stock price is assumed to have a constant volatility, the input to create the tree will be
some constant volatility, ¥ 475 which will be adjusted by using the linear relationship (4.25). We are
interested in relative changes, not absolute therefore, the futures level at each input will be interpolated
to find the futures at the time indicated by the node tree. Once we have this value, to obtain the local

volatility, (4.25) becomes:

K
o= +2b< 1>.
0 Farnr

This state space is then used to find all the transition probabilities and Arrow-Debreu prices using (4.9).

Case IV Both

The trinomial scheme can easily be constructed to accommodate both a strike and term structure. We
begin by constructing a skewed state space as was described in the third case above. This is then stretched
in time according to the second case above. This is the simplest and most tractable method to obtain a

surface which depicts the observed volatility phenomena.
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4.6.3 Non-Constant Time Intervals and a Dividend Yield

If it is the case that the input data (option expiry times) is not equally spaced, the resulting trinomial
tree should display such a feature. The original Derman-Kani-Chriss algorithm can be altered to allow for
such a modification in the case where the option prices are calculated using Black-Scholes, not a trinomial

tree.

This is done in exactly the same manner as in Chapter 3, §3.7.1.
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Chapter 5

Characterization of Local Volatility

and the Dynamics of the Smile

5.1 Introduction

A risk-neutral diffusion process for the evolution of the underlying is proposed in (Dupire 1994):

% = r(t)dt + o(S,t)dW, (5.1)
where 7(t) is the expected instantaneous stock price return and (S, t) is the local volatility function. W (t)
is standard Brownian motion. Here the spot follows a one dimensional diffusion process, and so the model
is complete (it allows for arbitrage pricing and hedging). Option prices can be calculated by discounting
an expectation with respect to a risk-neutral probability, under which the discounted spot has no drift,
but retains the same diffusion coefficient. In the case of European options, the expectation is taken over
terminal values of the spot, while path-dependent options are priced as discounted expected values of
the terminal payoff over all paths. Knowledge of the prices of path-dependent options is equivalent to
knowledge of the full risk-neutral diffusion, while knowing the European option prices only amounts to
knowledge of the spot distribution at the various option expiry times. The full diffusions contain more
information than the conditional laws, as distinct diffusions may generate identical conditional laws. One
attempts to choose the local volatility function o(S,t) so as to have the model replicate the prices of
European options (for various strikes and maturities) seen trading in the market. The more maturities

we have, the closer we are to knowledge of the full risk-neutral diffusion.

5.2 Kolmogorov Equations

Before examining the local volatility function, it is necessary to derive the forward and backward Kol-

mogorov equations.

We start by developing the theory and intuition behind the backward equation. Let F}V = o (W, : s < t)
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be the sigma-algebra generated by Brownian motion {W; : ¢ > 0}, where, s, t > 0.

Let X be the unique solution that satisfies the integral equation (Bjork 2004, §5.1):
t t
X, =29 +/ u(s,Xs)ds—l-/ o(s, Xs)dWs
0 0
subject to the existence of a constant k, such that for all x,y and ¢, the following hold:

it =) — pt, )l < kllz =yl
lo(t, x) — ot y)ll < kllz —yll,
[t 2) |+ oyl < R+ [l2]),

The solution has the following properties:
1. X is FV-adapted.
2. X has continuous trajectories.
3. X is a Markov process.

Let

u(y,t) = Ex )=y [2(X(T))]
be the expected value of a terminal condition at a time T' > ¢, given that X (¢) = y.

For any function u(X,s), apply Itd’s Lemma (Bjork 2004, §4.10)

du(X(s), s) = uzdX + $uye(dX)? + usds
= (Us + pug + %0'2sz) ds + ou,dWy

Thus,
T T
w(X(T),T) —u(X(t),t) = / (us + pug + 30°Ugy) ds +/ ou dWs
t t
Taking the expected value,
T
Ex(ty=y [2(X(T))] —u(X(¢),1) = / Ey [us + pug + 20%ug,] ds
t

= Ugs + puy + %azum =0

(5.2)

(5.3)

This follows from the fact that Brownian motion is a martingale and (5.2). Thus, for all ¢t < T, u(z,t)
satisfies (5.3) subject to u(z,T) = ®(T). The above PDE (5.3) and boundary condition is the Cauchy

problem. The above result is the Feynman-Ka¢ stochastic representation formula, conditional on the

process o(X(s), s)% being in £2 (Bjork 2004, §5.5).

In the multi-dimensional case (1 < ¢ < n), we have the vector-valued SDE

dX; = pi(X, t)dt + Y 03;dW;,
i

where each W, is an independent Brownian motion for 1 < j < m. Given the following:

o1

(5.4)



e A (column-vector valued) function g : Ry x R™.

e A function C' : Ry x R®™ — M(n,n), which can be written as C(t,z) = o(t,z)o” (t,x), for some

function o : Ry x R® — M (n,d).

e A real valued function ¢ : R® — R.
Then for t < T
u(y: 1) = Ex )=y [2(X(T))]
solves
ug + Au = 0,

with u(z,T) = ®(z). A is the It operator defined for any function g(¢,z) with g € C?(R") as

(Ag) (2) = Y pt )

g 1 & 829
“+3 .Zl Ci;(t,x) (5.5)

T 0x;0x;
i,j=

and is the infinitesimal generator of the n-dimensional SDE (5.4). (By letting f(X,t) = X and applying
a multi-dimensional It6 formula, the original SDE is recovered.) Using the above results, consider the

boundary value problem:

(?;Z + Au) (t,y) =0, (s,y) € (0,T) x R™,

w(T,y) =15(y), y €R”
where I is the indicator function of the set B. Since

u(t,y) = Biy(x () [X (1) = y] = P[X(T) € B|X(t) = y]

we have that X is the solution of the n-dimensional SDE (5.4). Turning this argument around, we obtain

the following proposition:

Proposition 1 Kolmogorov backward equation
(Bjork 2004, §5.10) Let X be a solution to (5.4). Then the transition probabilities P(t,y;T,B) =
P[X(T) € B|X(t) =y] are given as the solution to the equation

(55 +4P) €8 =0, (t.y) € (0.7) x B,

P(t,y; T, B) = Ip(y)-

By writing A\(B) for the Lebesgue measure of the set B, the transition density of the process X is given
by (Etheridge 2002, §4.8)

Pty Toa) = T @P[X(T) e BIX(t) = y]. (5.6)
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This can be thought of as the probability that X(T') = z, given that X (t) = y where ¢t < T. Since X is
a continuous-time Markov process, it has a well-defined transition density function. p must satisfy the

Chapman-Kolmogorov equation which can be written as (Rogers & Williams 2000, §III.1)

p(t,y: T, ) = / p(t, i b1, 20)pltr, o Ty )

for any t; satisfying ¢ < t; < T. Thus, the Chapman-Kolmogorov equation calculates the probability
of p(t,y; T, z) by integrating over all the probabilities of getting from (¢,y) to (T,x) via (t1,21), for all

intermediate positions x1.

There is a corresponding result for transition density functions:

Proposition 2 (Bjork 2004, §5.10) Let X be a solution to (5.4). Assume that the measure P(t,y; T, dx)
has a density p(t,y; T, x)dz. Then we have

dp
<6t +Ap) (t,y;T,x) =0, (s,y)€(0,T)xR",
p(tvy;Ta SU) - 51, ast—1T.

The differential operator is working on the backward variables (¢, ).

In order to present a similar proposition regarding the forward Kolmogorov equation (Fokker-Planck

equation), define the adjoint It6 operator by

(A%g Z ()] + 5 Z Yo [Ci;(t, z)g] (5.7)
i=1 ig=1 """

for any function g(¢,z) with ¢ € C?(R"). Fix two points in time, ¢ and T, where t < T. Let time s be
such that t < s < T.

Proposition 3 Kolmogorov forward equation
(Bjork 2004, §5.12) Let X be a solution to (5.4) with a density p(t,y; T,x)dx. Then p will satisfy the
forward Kolmogorov equation
0
Pty Toz) = A'p(t,y; Toz), (T,z) € (0,00) x R,
p(t,y; T, x) — 0y, asT | t.

The forward Kolmogorov describes the probability distribution by solving an initial-value problem, while

the backward Kolmogorov equation describes the expected final payoff by solving a final-value problem.

5.3 Relationship between Prices and Distributions
In this section, we will derive the expression for local volatility that appears in (Dupire 1994) using

the approach presented in (Derman & Kani 1994). Let ¢ (St, So,T) denote the risk-neutral probability
density function associated with (5.1). It is defined as the probability that the stock price reaches St
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at time T having the initial value Sy at time 0. It satisfies both the backward and forward Kolmogorov
equations with boundary condition ¢ (Sp, S7,0) = 6 (ST — Sp), where d(z) is the Dirac delta function.
These equations are parabolic partial differential equations. The backward equation involves derivatives
with respect to current state and time while the forward equation involves derivatives with respect to
future state and time. The backward Kolmogorov equation requires terminal conditions and is solved

for, backwards in time:

%_11

0? 0
o7 _ 250 (b + S() ¢

52 0So (58)

The forward Kolmogorov (Fokker-Planck) equation requires initial conditions and is solved for T > 0:

72539) — e (579) (5.9)

@leﬁ(
or — 2082

Let Z(0,t) be the discount function given by

Z(0,t) = exp <— /0 tr(s)ds) (5.10)

Now we briefly review the main results of (Breeden & Litzenberger 1978). The collection of European
call option prices, C' (Sp, K,T), with current spot Sy, maturity 7" and of different strikes K, yields the

risk-neutral density function ¢ through the relationship:
C (S, K, T) :Z(O,T)/ & (So, ST, T) (S — K)dSt (5.11)
K

We now use the following well-known formula, the Leibnitz rule, for differentiation of a definite integral

with respect to a parameter (Abramowitz & Stegun 1974):

é(a) Q)o@
2 rwae=r6@.0 2l vy [

da Jy(a) da d w(a) d
LIf we consider the diffusion process of (5.1), Proposition (2) can be applied. For all ¢ < T, we have that
g+w_o
= rso% + 30753 ;S:; %7

where the Itd operator is defined by (5.5).
2Using Proposition (3) and the definition of the adjoint It6 operator (5.7), we have that for all T > ¢ (as the forward

equation relies on initial conditions and describes behaviour forward in time),

ad) *
ar A=
9¢ 9 102 509 _
6T_<_T85T (ST¢)+2852( 519) | =0
1 62 <¢>
ég@ ¢)—7" (ST¢)
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Differentiating (5.11) once with respect to strike:

)
=C (S0, K, T)
_ a% (Z(O,T) Jm [0 (S0 50.7) (57 - K) dST>
= 2(0,7) I, <¢(So,x7T) (0= K) 32— (50, K1) (6~ K) G + [ 0(50.50.7) (- 1>dsT>
—2(0,T) /Oo¢(So,ST,T)dST (5.12)
K

In this case, a = K, ¢(a) and 1(a) are constants, and f (z,a) = ¢ (So, St,T) (ST — K). The first and

second term in the third line above are zero. Differentiating again with respect to strike:

02
WC(SO,Kv T)
. dx

as in (Breeden & Litzenberger 1978). In practice, there are only a discrete set of of option prices and
the continuum is completed using interpolation. The right hand side of the above equation is an Arrow-
Debreu price: it is the price of a security that has a a payoff of § (ST — K). It can be constructed using
butterflies?.

Multiplying (5.9) by Z(0,T) (St — K) and integrating with respect to St yields

20.7) | 90 (50— K) s = 20,7) /| i (; 3652 (25%9) — 7o (Sm)) (Sr— K)dSr (5.14)

Consider the first term on the right hand side of (5.14). We use integration by parts:

/ f'(S7)g(St)dST = f(ST)9( ST / f(St)g'(ST)dST

We use this with f/(St) = 6;2 (025%.¢) and g(Sr) = (St — K). So,

1 9
K T

Z(0,T) .. 0 9
- %a}g& (35 ( 2ST¢) (St — - /K E (Uzs%qﬁ) dST)
Z(0,T)

9 . 8 xT x
= lim <8ST ( 2ST¢) (St — K)|) — 025%(25’1{)

2 Tr— 00
1
= Z(O,T)702K2¢ (S, K,T)
62
OK?2

3A butterfly payoff can be constructed by going long n (European) call options strike K1, going short 2n call options,

= 2K2 C (S, K,T) (5.15)

strike Ko and going long n call options with strike K3, such that Ko — K1 = = = K3 — K». The infinitesimal width results

as n — o0.
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We have used the fact that lim, o, 022"¢ (Sp,x,T) — 0 for n = 2, 3, and (5.13)%.

Now consider the second term on the right hand side of (5.14). Again perform integration by parts with
F/(S7) = 58 (Sr¢) and g(S7) = (St — K). We get

S
~ 2(0,7) / roa- (570) (St~ K)dSy

K T
- / (Sre) dsT)
K K

=7rZ(0,T) /: (St — K) + K) ¢dSt

= —rZ(0,T) lim ((Sch) (ST — K)

= {c (So, K, T) — Ka%C(SO,K, T)} (5.16)

In the second line above, lim, .o (z¢) (z — K) — 0 as was shown in the Lemma (1). In the last line,
(5.11) and (5.12) are substituted in.

4Consider the second term. Since implied volatilities/prices for strikes at zero or co do no exist, one could for example

assume that:
(i) For all strikes K satisfying 0 < K < K, where K is the lowest quoted strike, we have (K, T) = X(K;,T).
(ii) For all strikes K satisfying Kj, < K < oo, where K}, is the highest quoted strike, we have X(K,T) = (K, T).

Obtaining the risk-neutral probability density function (pdf) from such a skew, using the results of (Breeden & Litzenberger
1978), implies that at the above two extremes, a lognormal density function (with a constant volatility) is assumed. If
y = Inz (z > 0) is normally distributed with mean —oco < p < oo and standard deviation o > 0 (at each extreme, mean

and variance will differ), then x is lognormally distributed with pdf
1 1 (ln T — i ) 2
- exp | -1
oV 2T P 2 o

Lemma 1 Forn € N, limg— o0 ¢ (So,z,T) = 0:

We now prove the following lemma:

lim z"¢ (So,z,T)

T —00

1 _ 2
i e <_; (=) )
T—00 o

1
=— lim 2" 'exp | —
0—1/271— Tr— 00

Now, let w =Inx. Then, e* = x and the limit becomes

1 w — [ 2
li w(n—1) 1
oV 2m weso © P 2 o

(SIS
N
=3
2|y
=
N——
)
N——

L w(n — 1)o? — L(w— p)?
= lim exp
o/2m w—oo o?
=0
since
lim (w(n— 1)o? — %(w — ,u)2) = —o0.
w— 00

56



In order to simplify the term on the left hand side of (5.14), we note that

-2 <Z<0,T> /| " o(sr - K)dsT>

= Z(0,T) /K g—? (St — K)dSy — rC (So, K, T)

Therefore,

> 9¢ oC
ZO,T/ 2 Sy — K)dSr = — +rC (So, K,T 5.17
( )K g (1 — K)dSt = =7 (So ) (5.17)

Substituting (5.15), (5.16) and (5.17) into (5.14), we get

oC R 0? 0
78T+TC(SO’K’T)7§U K aKQC(So,K,T)JrT C(SO,K,T)—K—aKC(SO,K,T)
Therefore,

82C oc  aC
ok VoK T or

%(72 (K,T) K*

Solving for the o (K, T)

acC oC

or TR 5.18
1K2 o92C ( . )
27 OK?

o(K,T)=

which is the result proven in (Dupire 1994).

Using the following results, (5.18) can be viewed as the definition for local volatility in (5.1):

1. If (5.1) holds, then the distribution function ¢ (So, K,T') completely determines European option
prices C (Sp, K, T) for all strikes K and maturities T

2. Conversely, call prices completely determine the distribution function using (5.13).

3. The local volatility function o (S,t), for future stock prices S at times ¢, can be determined from
(5.18).

The stock price diffusion process can be entirely determined from knowledge of the stock price distribution

function.

5.4 Local Volatility in terms of Implied volatility

In this section, we will need distinguish between partial differentiation of the form

o S0 +0) = f(a(®),1)
e—0 £ ’

which we denote %, and partial differentiation of the form

lim fla(t+e),t+¢) — f(z(t),1)
e—0 3 ’
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which we denote %. Suppose f = f(z,t) and = = x(¢t). So, f is a function of ¢ alone. Of course
df 9f Ofox
a4 _9f  Ofox 1
it~ ot " ox ot (5:19)

This convention will be followed even if f is not a function of ¢ alone e.g. if f = f(x,t,s), x = x(t), then

lim flz(t+e),t+e,s) — f(z(t),t,s)

e—0 3

will be denoted % in order to distinguish from

i T@(042,5) = f(a(t), 1.

e—0 e

which is %. Of course (5.19) holds again, even though % is a function of both ¢ and s.

(5.18) for local volatility can be extended to include a dividend yield ¢ and is given by (Wilmott 2000,
§25.6):

(5.20)

ac ac
i)« [ET G T
) lKQdZC )
2 dK?

By noting that the implied volatility ¥ is a function of strike and expiry i.e. ¥ = (K, T), the above
partial derivatives can be obtained with respect to X i.e. the local volatility function can be expressed as

a function of implied volatility rather than of option prices.

: ac .
1. Consider S%:

dc _oC | 0C 9%
ar 0T = 9% 0T
Now,

C(S,K,T,%,r,q) = Se T Dd(d)) — Ke " T d(dy)

where t and S are the current time and stock price, T' the expiry of the option with strike K, r and

q are the interest rate and dividend yield respectively and

In2+(r—q+i%?) (T -1

dyg=—L& .
b2 SVT —t
Therefore
dc dd dd
2 gSe1(T—t) —a(T-t) ! (g,) 2L —r(T—t) _ Ke TT-g'(4,)222
o7 qSe ®(dy) + Se D'(dy) T +rKe ®(dy) — Ke d'(dy) I
(5.21)
Looking at % and %:
ddy
dr
_0di 003
9T oz OT
__@%MT—@+Q—q+§ﬁ»sz—-4m%+0u@+%ﬁ)@—@)@%nh¢+2%:)
B »2 (T —t)
X
Y
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which is obtained from the quotient rule. Multiplying out the numerator, X:

X

)
_ 27~
_ZGT(

—;E(r—q+;E2>\/T— - \/ t1n

T—t)m+(r—q+%x )Zﬁ—

S 1
K\/i
ox (T - t)ﬁ(r—q—F;Zz)

K -~ or

First dividing through by ) then simplifying, we get

dd

1 azﬁ 1( 1 2) 1 1.8 1
— = VT —t+|r—q+:%) ————--In—
dT e\ 1T )T 2 KS(T- )T ¢
ox S 1 1
In = —~ 22 T—t)) ———
3T< K+<T " )( )>22\/T—t
% F— 1 r—q+ 332
8T< T 2) 2Tt SYT—t
Thus,
ddy 9d; 0% 1z
a ~or otV T T ayr
) di 1 d; r—gq+ix? 9% 1 X
=~ (VT-t-=)-= - =NT —t—=
aT( 2) 27—t  »JyT—-t 0T 2VT —t
_rmats¥® 1% 1d 0%
VT —t 2VT—=t 2T-t 9Tx%’
Substituting into (5.21) and using the well-known fact that
Se=1T=9¢/(d)) = Ke "I~V (dy) (5.22)
ac
o7 = —qSe” 1T & (d) + rKe " T d(dy)
_ % d 1 d r—gq+ 332
A(T-) g/ (4 VT —t— L) ™ 2
e (1)(8T( S) 2Tt ST -1
152
_Ke_T(T_t)¢/(d2) r—q+3X 1y 1 d 9¥d
SVT—t  2yT—-t 2T—-t OT%
= —qSe 1T 0d(dy) + rKe " TV (dy)
)y 1
Se= 1T (dy) ( =T —t + = 5.23
e [\ g7 T (5.23)

2. The next Greek is called dual delta and is found along similar lines. See (Hakala & Wystup 2002,

§1.8.2) for example. We have that

ac

dK

0%

= Se~ 1T/ (dy) ( oK
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3. Lastly, we require the Greek, dual gamma (Hakala & Wystup 2002, §1.8.2). This is

d2C o2\ d o d 1 92y,
_ q,—a(T—t) g/ Y= — o1 1
Ji? = Se <I>(d1)<(aK> divT t(z VT — >+28KZK+K22 %+6K2\/T t)
(5.25)

Considering the numerator in (5.20) first, and dividing through by the 1 from the denominator:

dc ac

= —2¢Se" 1 TVd(dy) + 2rKe " T =D d(dy)

) 1 x
+2Se_‘1(T_t)<I>’(d1)(a VT —t + 3 )

oT VT — 1
+2(r—q) K <Se «(T=D¢/(d )( ﬁ) (T t>q>(d2))
+2¢ (Se“J(T_t)@(dl) Ke " T=00(dy )
=25e~ 9T (dy) (gim+ =T (r—q) Kﬁ%)

+ 2rKe "T=9®(dy) — 2 (r — q) Ke_T(T VP (dy) — 2qKe " T d(dy)
DX
_ —q(T—1t) g/ v~ — . el
Se o'(dy) (28T\/T t+ +2(r—q)KVvT t@K)
=N

\/T—t

Now, expanding the denominator:

2
K? SKC = K%Se q<Tt)<I>’(d1)< (g}z{) AT —t <‘;} — Tt>

0% dy 1 0%y
2—— VT —
+ 8KEK+K22\/T—t+8K2 t)

=D
- SVT—% , Lt
Multiplying N and D by =", @ to get N’ and D’ respectively,
ox ox
=20 (T —-t)+ X2 +22(r—q) K (T —t) =
N = 20T (T~ 1)+ 57 4 2 (r — q) K (T 1) 5

and

D = KQ(g[%) (T —t) — 2 (T —t) K*VT — td, (gi)z

9%y
2K diVT 1+3(T - K?
+ t+1+3(T —1t) Rie

% 2, 9% x>
_(1—|—Kd18K T—t) +K (T-t)E(W_d1<M> T—t)
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So, o(K,T) is given by

N/

_ 20T (T— 1)+ 52425 (r —q) K (T —t) 5% (5.26)

(14 K Z2VT 1)+ K2(T )% (55— di (32)° VT 1)

The local volatility surface can be used to price exotic options which are not generally traded, to be
consistent with traded instruments. The surface generated from the traded instruments, at time ¢, is the
market’s view of future volatility. In order to reduce any exposure to model error, hedging should be
performed using the same surface (Wilmott 2000, §25.13).

5.5 Dynamics of the Volatility Surface

This section will ultimately reveal the flawed nature of local volatility models, displaying their inability

to correctly predict the dynamics of the skew.

5.5.1 The Forward Measure

Let T be the maturity of a zero coupon bond Z(t,T), for t < T, which will be used as a numeraire for

the valuation of derivatives.

5.5.2 Local Volatility Model

Given the following SDE which describes the dynamics of the forward price of an asset under the forward
measure (Hagan & Woodward 1998),

dF(t) = Sa() A(F)dW (), F(0) = fo (5.27)

where «(t) is a function of time but not state, A(F) is a function of state but not time and fy the time
t = 0 forward price for settlement date t,..,. The European call and put option prices, with expiry ¢, and

strike K, are given by the expected values

Ve 0. fo) = Z(0, 4. )E | (F(t) = K)* |F(0) = fo | (5.28)
Vo (0, fo) = Z(0,1.)E [(K = F ()" [F(0) = fo (5:29)

under the forward measure.6

5Tt is desirable that local volatility surfaces can be separated as was noted in (Derman, Kani & Chriss 1996). A separable
local volatility surface allows the algorithmic generation of a trinomial tree of local volatility, that matches the observed

and modelled implied skew well. This was seen in Chapter 4.
6The expiry date and the settlement date need not be equal.
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For example, in Black’s model, a(t) = op is the quoted volatility of an option and A(F) = F. In this

case, the price of a European call and put option at time ¢ = 0, with expiry ¢., and strike K, are:

‘/(;all(()? fO)
V;ut (07 fO)

Z(0,t.e) (fo®(d1) — K®(d2))
Z(0,t) (K®(—d2) + fo®(—d1)),

with Z(0,t..,) the time 0 discount factor to the settlement date, ¢.., and
12
In % + 50-Bt€x

d =
b2 0BV tex

In order to solve (5.28) and (5.29) in more general cases, singular perturbation techniques can be applied
to obtain either the actual prices or more conveniently, the implied volatility for Black’s model. We will

first review the method of solving differential equations using perturbation techniques.

5.5.3 Perturbation Techniques
Gauge Functions and Ordering

If the limit of a positive function f(g), as e > 0 tends to zero exists, then there are three possibilities
(Nayfeh 1981, §1.3):

1. f(e) =0
2. fe) = A

3. fle) = o0

as € — 0, where 0 < A < 0.

To determine the rate at which a function tends to zero (or infinity), a set of comparison functions (the
rates at which these functions tend to zero or infinity are known) are used. These are termed gauge

functions. The simplest being the powers of ¢,

1,8,62763,...

with
1>e>e2>ed> ...

for small ¢, and inverse powers of €,

with

et <e?
Other gauge functions are: exp(1/e), exp(—1/¢), In(1/e), [In(1/€)]~1, etc. These are required to sup-
plement the powers of ¢ as they tend to zero faster than any power of €. The set of gauge functions

establish the rate at which a function tends to zero or infinity. This is done by comparing the rate at
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which the function tends to zero or infinity with the rate that the gauge functions tend to zero or infinity

respectively.
The order symbols O and o can be classified according to the following:

If the function f(e) tends to zero at the same rate that the function g(e) tends to zero, we have that

f(e)=0(y(e)) as e—0,
if
f(e)

lim——==P 0<|P|<x
=0 g(e)

where g(¢) is the gauge function.

If it is not possible to determine the rate at which a function tends to its limit, but sufficient to determine
the rate with respect to a given gauge function (whether it is faster or slower than the gauge function),

then we have the following:

J(e) = olg(e)) as -0,
if
£(e)

m——==0
=0 g(e)

Asymptotic Sequences and Expansions

Definition 2 An expansion of f(x,€) of the form
f(@€) = fo(x) +fi(@) + & fo(a) + ...+ " fulz) + O™,

as € — 0, is a regular or straightforward perturbation expansion, with € as perturbation parameter.

The function f(x) is a solution to an algebraic, integral or differential equation. f(z,¢) is the perturbed
solution with &’ f;(z) as the jth order solution. The regular expansion is performed up to order 2 or
3 then substituted into the original equation for f(x). The solution is then obtained by equating like

powers of € and solving for each.
If it is not possible to find an asymptotic expansion (to be defined below) for a given function, it will be

necessary to use a general sequence of functions.

Definition 3 Asymptotic Sequence
(Cole & Kevorkian 1981, §1.2) Consider a sequence of functions of €, {¢pn(€)} forn =1,2,.... Such a

sequence is asymptotic if

Pnr1(€) = o(dn(€)) ase— e

for each n. If the sequence is infinite and ¢pn1 = o(dr) uniformly in n, the sequence is said to be uniform

m n.
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Definition 4 Asymptotic Expansion
(Cole & Kevorkian 1981, §1.2) A sum of terms of the form Zle an(x)n(€) is called an asymptotic

expansion of the function f(x,€) to N terms (N may be infinite) as € — €¢ with respect to the sequence

{énle)} if
M
f@.e) = > an(2)gn(e) = o(dn) ase— 2o

for each M =1,2,...,N. Or equivalently,
M—1

f@,e) = Y an(@)pn(e) = O(pn) ase — o

n=1

for each M =2,...,N.

If the order relations hold uniformly in the domain, then the expansion becomes uniformly valid in the
domain. Given a function f(z,¢) and an asymptotic sequence {¢,,(¢)}, each of the a,(x) can be uniquely
calculated using the above definition. Thus,

()
e—eo @ (5)
CLQ(Z) = lim f(x7€) B al(x)d)l (6)

E—EQ ¢2 (E)
i {8 = 0 an(@)én(e)

wle) = i, e (e)

ay(z) =

Solutions for Algebraic, Integral or Differential Equations

Let f(z,¢) be a solution to an algebraic, integral or differential equation, with = the independent variable
and ¢ a small parameter. If the equation cannot be solved for arbitrary €, the solution can be represented as
an asymptotic expansion of the parameter. This is called a parameter perturbation. In the straightforward
expansion given by Definition 2, the term " ! f(2)"*! should be a small correction to the term " f(x)".
Consequently, this type of expansion breaks down when e"*!f, ; = O(e"f,), where n = 0,1, or 2. If
the expansion, using a finite number of terms does not represent the solution for all values of x, then the
expansion is non-uniformly valid for all x. This then leads to singular perturbation problems. These are

the rule, as opposed to the exception (regular perturbation problems).

5.5.4 Solving for Option Prices and Implied Volatility

Let V (¢, f) be the date t value of a European call option, with strike K and expiry and settlement dates
t.. and t,., respectively. As before, F(t) is the forward price process which follows equation (5.27). Under

the forward measure we have
V(t ) = Z(t4.)E [ (F(t) — K) T 1F() = £ (5.30)
Let

Qt.f) = E [(F(t.) — K)" |F(t) = £ (5:31)
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be the expected payoff of the option. The expectation is over the probability distribution generated by
F(t). Q(t,T) must satisfy the backward Kolmogorov equation in §5.2:

Qut S (A ()Qsr =0, t< o, (5.3

subject to the terminal condition
Qlte, f) = (f — K)*. (5.33)

We begin by selecting an appropriate perturbation parameter, ¢ = A(K) < 1, and scale equations (5.32)
and (5.33) by defining

b= P(t) = /t 02 (s)ds, (5.34)
v = alf) = 2( - K), (5.35)
QW) = Q.. (5.36)

Note that in Black’s model, a(t) = op and A(K) = K. Thus it might not be the case that A(K) < 1
in equity markets, while it would be in the interest rate market. This problem is easily resolved by some
normalization procedure that can be applied to A(K') with the inverse procedure applied to «(t). We will

see a similar strategy in Chapter 9.

In terms of the variables z, ¥ and Q, we have

9Q _ 9QaY

ot "oy ot
:—5%&(15),

9Q _ 9Qox

af ‘oz of
Q1 0Q
TR

’Q  2*Q1

92 " 9r% e

For ¢ > 0, (5.32) then becomes

—eQuel(t) + 30%(0A%()) Qe = = 0

~ 1 A%(K +ex) ~
since f = K + ez, and (5.33) transforms to
Q=z, ¢Yv=0. (5.38)

Therefore, in terms of Q(w, x) the option value is given by

V(t, f) = Z(t,t...)A(K)Q (¢(t), J;(_KID )
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By using a Taylor expansion of A(K + ex),

53 2l

[ng

A(K +ex) =

AR Z R

1l
=0 I
A(K—F&‘x) Vi o
f5]$j,
A(K) ;) J!
where
AU(K) )
l/j:m, forj:1,2,...
All expansions will be done up to order 2. Therefore,
2
A*(K +ex) NV
A2(K) i
=07
= (v; > i1y, v
-5 (o) S St
=0 \J° =0 k=07

=1+ v 4+ 2uiex + 255 22 (1 +viex) + ...

:1+2V15x—|—(u12+ug)52x2+...

Substituting this into (5.37):
Qp — % (L4 2viex + (] +12) %27 +...) Quz = 0.
Therefore, for 1 > 0, up to €2,
Go = 3Ga = 120Gus + 327 (7 +12) G+ . (5:39)
subject to
Q=zt, aty=0.
In order to solve for Q, we perform a regular perturbation expansion (with ¢ as the expansion parameter)

according to Definition 2:
Q — 7Q0+5Q1 +€2Q2 +
Substituting this expansion into (5.39), we get

~ 1~ ~ 1 = 1
QY — = ngrsQllz,ffte +€2Q2—2 Q% + ...

2
L oo
:V15x< . +eQl, + 20 —|—...>—|—§5 (Vi + 1) ( . +eQl +¢2Q +)
. . 1 .
= 11exQ%, + 11%2QL, + —&? (V12 + 1/2) 22Q% + ...

2

Equating like powers of ¢, the following hierarchy of PDEs result:

"The powers of the function Q refer to the order of the solution. This notation is used here and in Chapter 9, as the use

of subscripts will be for partial differentiation.
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1. At order 0, we have
Q%—%ngzo, for ¢ >0
Q' ==a" at ¢ =0, (5.40)
which is basically the heat equation.

2. At order e, we have

- 1~ -
QL — QL = ol for 4 >0
Q' =0 at 1 = 0. (5.41)
3. At order £2, we have
50 1o A1 Loy 240
wainz:lesz+§(Vl+y2)x xx? f0r¢>0
QR*=0 at 1 = 0. (5.42)

We begin by solving for Q°. The solution can be obtained using the convolution of the heat kernel with
the initial condition. This method is used in Chapter 9 to solve a similar PDE. Here, we apply the Laplace
Transform Method.

Definition 5 (James 1999, §2.2) We define the Laplace transform of a function f(x) by the expression
oo
LU} = [ e s = Fo) (.43
0

where ¢ is a complex variable and e~%* is called the kernel of the transformation

Clearly, the Laplace transform of the function f(z) exists if and only if the improper integral converges
for some values of ¢. To establish the sufficient conditions on f(x) to ensure the transform exists, we

define the following:

Definition 6 Exponential Order
(James 1999, §2.2.3) A function f(x) is said to be of exponential order as x — oo if there exists a real

number p and positive constants M and N such that
()] < Met?

for all x > N.

The choice of p is not unique. Thus, let the greatest lower bound p. of the set of possible values of u be
the abscissa of convergence of the function f(z). The following theorem provides sufficient conditions
for ensuring the existence of the Laplace transform of a function. They are not necessary conditions and

are restrictive. There exist functions with infinite discontinuities that possess Laplace transforms.
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Theorem 2 FExistence of Laplace transform
(James 1999, §2.2.3) If the function f(x) is piecewise-continuous on [0,00] and is of exponential order,
with abscissa of convergence ., then its Laplace transform exists, with region of convergence R(¢) > p.

in the ¢ domain; that is
@) = [ et = o). R6) >

The inverse transform f(z) of the function F(¢), written £71{F(¢)}, where F(¢) = L{f(z)} can
generally be found in a table of transforms (Abramowitz & Stegun 1974, §29).

Let ¢ = ¢, + i¢; be the integration variable. We begin by taking the Laplace transform of the term Q?p
from (5.40) with R(¢) > 0, and use integration by parts to solve it. The integration is performed with
respect to .

Q%W )y, (o —ow|” * 50 —pv
/0 e dw—(gggo(cz (6, 2)e \0+¢/0 Q°(, )e dw)

lim (Qo(wyx)e‘("”“‘“)‘”‘: + ¢/a Qo(ww)e‘(‘”“@)ww)
0

a—00

(0-a%)+06£{Qw,2)}
{ -+ ¢Q%p,x) x>0

—_~—

$Q%(¢, ) <0

where we have defined Q%) =L {Qo(gb, x) } The requirement that $(¢) > 0 ensures that lima_..o Q°(c, z)e~?*

is zero.

Let Q0 (¢, ) denote the Laplace transform of Q9,. Since the differentiation is with respect to z, we

treat it as a ordinary differentiation and treat ¢ as a constant. Therefore, the ODE to be solved is:

2006, ) — 2 x>0
’ — 2 0 71‘ =
o 20w =g T
For x > 0, the solution is of the form:

Q°(¢,) = CF +PL,

where the CF is the complimentary function and PI, the particular integral. The CF satisfies the ho-
mogenous ODE

d200 —
L) 260y =0

This is a second order ODE with constant coefficients. The solution is of the form
Q(6,) = A(¢)eV?®* + B(p)e V%

where A(¢) and B(¢) are constants of integration which are functions of ¢. For the PI, choose a solution

200 (& 2
of the form Q%;(¢,x) = ax? 4+ bx + ¢, where a, b and ¢ are constants. Noting that %f&”’“ = 2a and

substituting this into the non-homogenous ODE, we get

2a — 2¢ (ax2 + bx + c) = —2zx.
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Equating coefficients, we get

—2¢b = -2,
2a — 2¢c = 0,
—2¢a = 0.
Thus, Q%;(¢,z) = %- Therefore,
Q(0,) = 5+ A)e*P 4 B(p)e " (5.44)
In the case that x < 0, the solution is
Q(¢,x) = C(p)e¥?* + D(¢)e” V%" (5.45)

In order to avoid solutions which grow exponentially at +oo, we set A(¢) = D(¢) = 0. Consequently, the

solution will be bounded and unique.

—
—_~—

To determine the function values B(¢) and C(¢), we equate Q°(¢,x) and % at x = 0. This can
be interpreted as saying that the rate of change of the expected value of the payoff, with respect to the
independent variable, in both the transformed and untransformed space, is equivalent to the expected

value of the payoff at = = 0.

—— [ B¢) >0
Q%(¢,0) = { C6) @ <0 (5.46)
1Q°(,x) _ { 5= VEBB(@)e T 2> 0 (547
dx V26C (¢p)eV29e <0

(5.46) requires B(¢) = C(¢). Using this in (5.47) and setting = 0, we get that

% — V26B(6) = \/26B(0)

= B(6) = 5

1
6226
1

(20)%%

Thus, we have that

— 2 0 1
@ = { ;o } M

Using a table of Laplace transform inversion formulae (Abramowitz & Stegun 1974, §29), we have that

Y =20 (5.48)

Q° (¢, x) = 2® <$> 1\ 5

Vo

where ® (+) is the cumulative normal density function.
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We now note two ways of generating further solutions to PDEs given an initial one. Suppose F (¢, z) is

a previously determined solution to the PDE F, = %Fm Firstly, differentiating ' any number of times

with respect to x and/or ¢ results in another solution (with a different boundary condition). Secondly,

suppose we are trying to solve the PDE:

up(,7) = ey, 7) = My F (3, 2)

We claim u(y, ) = me F (v, ) is a solution, of course it has initial condition u(0,z) = 0. To see this,

j+1
we calculate

B ) ¢j+1 1 62 ¢j+1

~ (mj+1F(¢7ﬂf)> T 392 (mj—|— 1F(¢,$)>

_ ) wj—&-l mwj+1

=m (¢]F(¢7$)+]+1F¢(¢7fﬂ)) - Eszm(w7l’)

= mpI F (), 2).

Let G(¢,x) = Qo. G is a solution to the PDE (5.40); we will use the above tricks to find solutions for

Q1 and Q. In preparation for this, we calculate some of the partial derivatives of G with respect to 1

and x.

Using the product rule of differentiation,

T 1 2 1 2 T
Go=0 (= |+a0——e ™/ _p——¢® /qu)<>
(\/171> V2 V2 Vib
sz = L 7w2/2w

-1 2 x 11 1 2 W24, T2
— —a” /29 : —27/2¢ —a2?/2¢
G x( ‘ >+2\/ﬂ\/@e * o 292

V2r 2¢\/1p

—x? 1 z2
(21/1\/2772/1 + 24/2m + 2w\/2ﬂw)

1 1 2,50 T2
G = + — e_w /2‘/)7
Y 9o 2V 2 V210 22

|
N
QH
<
|
8
M
~
[~}
<
I~
8
=~
Sl
(]
<
~—

Guo = 1 - /20

11 1 2_ 1 2 2_
Gupp = = —re 0 /2 (m 1/}) + e/ L (m 1/}) -

492 2Ty 202\ 4y?

_ 1 e (332 _z/J> (362 B 1) N ;6—962/21# (1/) 92
2wy dap? 29?2 2 V21 4ap3
I Sy <«/)2 — pa? + ot — ya? + 292 — 4¢x2>
T Vg gyt
=L et <3w2 —6ya® + x4>
2my 8yt
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Using the partial derivatives and property (5.49), at O(e), we are solving for Q'. For ¢ > 0, we have

_ 1 -
qup - 5 ;1 = VI:EGIZL’ = —2V1¢Gw1,

with Q' = 0 at 1) = 0. Therefore,

Ql_ 2 ¢2G _ 2G
=25 vz = — V1Y Gyg

=1 9YaxGy (5.50)

At O(g?), we have for ¢ > 0:

S ~ 1
Q5 - iQix =uv2QL, + 3 (V] + 12) 2° Gy (5.51)

In order to simplify this, we begin by finding lem
2

~ 0
;a: = O 2V1¢$G¢

-y ¢872 T 1 6*032/2111
022 U2y
_ond Py

= 22n0 0x2 (xe )

_ v 9 (er2/2w (1 _ ﬁ))
221y Oz 0
__ny (eﬁ/zwx <1 _ f”Q) _ 6x2/2w217>
2219 Y v Y
_nY ety ( A 250)
2,219 2oy 9

2Ly (x3 - wa)
\/Zﬁw

Substituting this into (5.51), we get

~ 1~ vy e — 3x a2
R /w( = >+2(V1+u2)2 o= /20

1 2 z* — 3z 1)
_ z%/2¢ 2 72 2
~ Vam (”1< 20 +2>+2 >
1 2 xt — 2pa? Vo
_ z=/2¢ 2 P2 2
e () 5)

A suitable linear expression using the partial derivatives Gy, Gyy and Gyygy is to be constructed to

1
V21

equate to the coefficient of 1/12 Let JlTwe*“’Q/ W =C. Gy is the only expression which contains a term
with z%. Since we require C'Z; 5 w, we need to take the multiple 41/13wa¢ This results in

C4¢3<3w261/1x2+x4> 0(5643 2 d))

Syt 20

The next term we require is —Cz%. Currently having —3Cz?, we add to the above expression 8)?G .y, =

C(222 — 2%) which gives C (— R %) The final step involves removing the term ——w This is
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achieved by adding the term Gy = %¢. Therefore, we have that

1 2 xt — 2pz?
T [ ) = 4G 8Y°G G 5.52
The same procedure follows for the coefficient of vs, %x2. The partial derivatives to be used will be

c

2
; 2 — C(r2 _ _c _C

multiple 2¢°Gyy = 5 (2° — ). To remove the term —%5 1, add Gy = 5. Therefore,

Gy and Gy, since the highest power of z in the coefficient is 2?. Since we require $?, begin with the

1 a2 v
= /29 52:52 = 202Gy + Gy (5.53)

Using property (5.49), (5.52) and (5.53) are integrated, enabling us to solve for Q2:
3 2 4 8 3 P
AP° Gy + 8V " Gyy + VGy = Y Gy + giﬁ Gy + 7G¢,
2 1
20°Gyy + Gy = SV Gy + 50°Gly.

So, the solution Q2 is:

52 2 (.4 8 3 P 2 3 Lo

Q" =17 (Y Gy + 3V Gy + 5 Gy | 2| 39 Gy + 590Gy (5.54)
We then write this in a concise format. Looking at the coefficient of 2, we have that

8 ’ 302 — 6pa® +a') 8 22— 21

Qi 40p? 22
3 3 2 2 1
e R R R T Lo
b1, 1,
= (8_12W ~5Y )C-

Expressing the above line in terms of Gy and Gy, we get that

} 2 2 i 2 _i 2 _ ﬁ_l 2 i 2 2_i 2
gV Gy + P0Gy — g Gy = | g — gua” + vt — et | O
b1, 1,

The coefficient of v5 is then expanded:

2,3 Lora, — 2u30 (P =Y 2 C
3¢wa+2¢Gw—3¢C( wr )TV

Lo 1 9
== — C.
(61/”” T 1gY )
Rewriting the above line in terms of Gy, we get

1 1 1
<6w332 + 121/12) C= T3 (2¢2® +¢°) C

= — (22> + ) Gy (5.56)

SHIRSS
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Therefore, substituting (5.55) and (5.56) into (5.54), we have

1

SR (2~ ) UGy + v (22 4 ) 6Gy.

~ 1
Q* = 51/121/}23026'1/;1/; + (5.57)

The solution of Q up to O(£2) is then given by substituting (5.48), (5.50) and (5.57) into the regular
perturbation expansion:

Q=Q"°+Q' +2Q%* + ...

1 Ay 412, 2wp— 1R
= G+ enpaGly + e300y + € ( ”212 a2 4 ”212 A w) WGy (5.58)

Define

~ dvy + V2 2y — v}
¢:¢<1+51/1x+52< 212 La? 4 212 11/)>+...).

Then Q(¢,z) can be re-written as Q(¢, z) = G(J),l‘). This is true up to O(¢?). Given the definition of
¥, we can expand G(vf),x) around ):

2 9
Gh) = Glon) + 0 (o v (e 2220 ) 1Y 6y
2 2 2 2
- % (ele +¢? <4V21; SR 21/212 “ ¢> +.. ) Gyy(h,z) + ...
2 9
= G, 2) + e aGy (v, 7) + &2 (4”21; " B 4 w) WGy, 2) + %62V12w2x2Gw¢(1/),x) +...
= Q¢,x)

by (5.58).

Recall the European call option value at time ¢ is given by

V(t, ) = Z(t,10)eQ(,2) = Z(t )G 0) = SZ(t 1) G ew) = Z(t,1.)G (A2(K)D, - K)

which is directly from the definition of  and €. By defining

12 12

2
— A2(K) <1—|—V1 (f— K) 4 D2t vi

2 2V2—V12 9
2 (f - K) +TA (KW-F...),

8By directly substituting G(521/~), ex) into (5.48), we can show that EG(lZJ7 x) = G(EQ’J}, ex). We have that

5G(1/;750) =€ (az@ (1’) + \/1612/2113) '
7 2m
NG
Then,

~ T 2 5
G(52¢% 6%) =cxzd °r + \/wT6—52m2/21/152
1;52 2
=exd z +E\/?e_$2/21/~’_
ﬁ 27
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we find the option value is given by
Vt, f)=Z(tt..)G W', f—K). (5.59)

To obtain the equivalent Black implied volatility, we take f — K to be O(e) and A?(K)y as O(g?) and
use the Maclaurin expansion for small x of \/14+xz =1+ %a: — %xz +.... Up to order &2,

o 2up — V2 9 1, 9
21/27115

24

W=A<K>ﬂ<1+1u1<f—f<>+4”2+”12

2uy — v
12

A(K)\/E<1+;ul (f - K)+ (f — K)* + AZ(K)¢+...>. (5.60)

Given that v; = g’gg, the first two terms of the expansion for \/* are
ARG+ AR LG (-8 =T (AR 4 34w (- B)) . 6oy
Define f,, := £(f + K). By noting that K = f,, — 1(f — K), we can expand A around f,,:
AU = A(Fu = 30— ) = A — 2~ 040 + DS g 4
) = A1)~ S -+ DI g

Then, substituting this into the right hand side of (5.61), we get
1
Vi (a0 + 3450 (- 1))

-V <A<fav> - S0 = VAR + 5(f — KA"(1.)

# 5 7=K) (W) = 5= AL + 5~ KPA(L)) + )
_ o 1 o 2 A,/(fav) 3

- vatr) (1- 3 -k ) o

= VBA) (1 g (- K)) +O)

where, for k=1,2,...,
A®(f,.)
V=77 -
A(f)

Since we are expanding to O (52), the v in the last two terms of (5.60) can be changed to 7, without

affecting the computation since they are O (52) and are both multiplied by A(f,,)v/% which is O (). ?

9By noting that K = f., — 2(f — K), we expand the following:
1 1
A(K) = A(fav) — g(f — K)A (fav) + g(f — K)2A" (fau) + -+

A(K) = A (fu) = 5 = VA" () 5(f = KPPA™ () + ...

N | =

AY(K) = A" (fav) —

N | =

(f = VA" (fus) + (= KA (fu) + ...
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Upon substitution into (5.60),
1 2y2 — 73 272 — 7%
VI = AV (L= g (= KP4 2220 (g k4 22 g )

— Ve (1 2 a2 ) (5.62)

In order to obtain the implied volatility, it is necessary to consider the special case where we start with
Black’s model: dF(t) = opF (t)dW; so a(t) = op and A(F) = F. The value of the option price V (¢, f)
is then given by

V(tvf) = Z(tatset)G(d}Baf - K)7

where /i is obtained by substituting op and F' into the expression for /*, (5.62). We have that

Looking at the remaining four terms of (5.60), we use the above expansions to verify that the substitution of v in place of
v can be done using the fact that (f — K)? and A2(f.,) are O(g?), and A(fa,) is O(e):

1.

v
6

\/E " 1 1" 1 "

= () = U = KA () + 47 = KPA™ (1) +..) (7 = K)?

=0

CAUR (S — K = LEA(R)(f - K

_ _ / 2
AR - K = P )

o _\/QZ 1" 1 " 1 " 2
= 22 (A1) = 3 = KA + 5 = KPA™ () + )

(f — K)?

/N

—1
Al = 3 = K)A(fu) + 5 = KPA" () 4.2 (7= K)?

= 0(e%)

wiS/Q
1

i 3 3/2 _ 2 "
S AN 2 = o A(K) A" (K)

w3/2

1 / 1 " 2
12 (A(fav)_i(f_K)A (fav)+§(f_K)2A (fav)“l‘) .
(47(5) = 50 = IOA" (1) + 5 = KPA™ () 4. )

= 0(&%)

3/2
2%

_w3/2
DY

-1
ﬂAS(KW?’/QV% =

A(K)A'(K)

(A(fav) U E)A ) + (S~ KA () ) :

(A0 = 507 = VA" G+ G F = KPA" (1) + ..

=0(e?)

(0]



A(f.) = fao and V9 = o/t — t. We also note that v; = ﬁ% and v, = 0 for all & > 1. This yields

2

2
Vi = fuon i <1 SEES ' S TSN )

Since G (¥, f — K) is an increasing function of ¢, the Black price will coincide with the correct price

if and only if
VB = VU

Doing this yields the expression for implied volatility:

2
Fuop o — 1 (1 (/- K)o (le—1) +>

12f2 24
= AV (1 $ 2B (R P g ) . (5.63)

Now

(f = K)* o (te—1) (f—K)®  o}(ta—1t)) _
<1— 7 324 +> <1+ 72 + 324 >—1+O(63)

(It is a difference of squares.) Hence, by multiplying both sides of (5.63) by

(f=K)* o} (te—1)
(H 127z ol )

and dividing by f..\/t.x — t, we get

B
VO AL |, 220t 2, 22— o (f = K)*  of(tu—1)
s L B U B A | TS T
ﬁ A(faV) 2 2 (f - K)2 272 - 712 2 O.QB (tex - t)
LA iy (-t )G 22 e+ 2=t
As a separate calculation, note that
VAL 2 2\ ([—K)? 2y2—19f 5 0% (tex — 1)
TVt f. 1+<72271+f§v> o T AU T e
VU A(f) 2
7 f. [14 O(e”)].
So squaring both sides we get
A?(fu
7 = o)
SO
A2
Tt =) =1+ 0]
A2
:’l/J f(a;fav) +O(€4)
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A%(f..)

since 1 — 35— is itself O(€?). Now, returning to the expression for o5, we have at time t = 0, f = f
OB
\/TE A(fW) 2 2 (f — K)2 2 1 AQ(fw)w
= ———"""11 -2 — | — 279 — — | —— 4+ ..
tex —1 fav + V2 71 + ff\, 24 + Y2 " + f.fv 24 +
A(fa\') 2 2 (f B K)2 2 1 aQAQ(faV)(tex - t)
=a————|1 —2 — | — 2v9 — — 5.64
- + 12 71+f3V YR G 71+f3v 2 + , (5.64)
where
1
2 _
R £V
1 for
= a”(s)ds (5.65)
tx — T Jt

The equivalent implied volatility is given by (5.64), and is then used in Black’s formula to price call
and put options. Although the formula is not exact, (Hagan & Woodward 1998) suggest its accuracy is
comparable to that of a tree or PDE approach.

5.5.5 Incorrect Local Volatility Dynamics

Since we are trying to establish the dynamics of local volatility models, we consider the SDE, equation
(2.7) in (Hagan et al. 2002):

dF = 0,,.(F)FdW, F(0) = fo. (5.66)

Here, 0,..(F) is the local volatility which is a function of the forward price only. Black’s implied volatility,
as a function of strike K and the ¢ = 0 forward price fp, is then given by equation (2.8) in (Hagan
et al. 2002):

O’B(K,fo) = 100'10c (fav) (1 + 2142_%(]00 —K)2 + ) .

Let fo be the ¢t = 0 forward price and the implied volatility for a given strike K be o%(K). To first order,
U%(K) = Oloc (% (fO + K))
By translating K = 2F — f, we have that

0% (2K — fo) = 010.(K).

0Given (5.66) to describe the dynamics of the forward price, it is clear that in (5.27), a(t) = 1 (therefore a = 1) and
A(fav) = 010c(fav) fav. So, substituting theses values into (5.64), we get

onti =1 Zesllel ey Lobellod (g, )
= e (o) (14 gy 22 - ke ).
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Suppose the underlying forward value moves from fy at time ¢t =0 to f; at time t =1,

ol (K) =0%2K — fo) = Yo (K),

loc loc

where ¢ _(K) and o

loc loc

(K) represents the local volatilities at times t = 0 and ¢ = 1, as a function of the
strike K, respectively. Then for an option with strike X, the implied volatility predicted by the model

at time ¢ = 0 is given by:

So if f has moved left/right by f1 — fo, then o moves to the right/left. This is contrary to known

observations and so shows that local volatility models are severely compromised.

Therefore, the dynamics are incorrect. A consequence of this is that the delta hedge value, A, will also

be incorrect. Consider Black’s formula for a European call option:

Vean (0, fo) = 2Z(0, t.e) (fo®(d1) — K®(d2))
= BS(anK7O'B(anK)atex)'

Then,
_OV.w OBS  0BSdop

+ .
dfo 0fo  Oop Ofo

The second term is the local volatility model’s correction to the delta risk which is Black’s vega risk

A

multiplied by %GTf' Since the predicted dynamics are in the opposite direction to what is observed, we

can conclude that the sign of this term should be opposite to that calculated. (Hagan et al. 2002) asserts

that the Black model yields more accurate hedges than local volatility models.

' The local volatility, being state but not time dependent, is the same for each strike K at t = 0 and t = 1.
121n international markets, options on futures are not fully margined and hence, the buyer will pay a premium upfront.

Consequently, the pricing formula is the Standard Black (Black 1976) formula for vanilla options. In South Africa, options
are fully margined (no premium upfront) and the pricing formula differs in that there is no discount function. i.e. the price

of call and put options are in (West 20055, Chapter 10):
Vean = fo® (d1) — K® (d2),
Voue = K@ (—d2) — fo® (—d1),
o ¢ex ’

where the current futures level is fo, the strike K, the volatility is ¢ and time to maturity, 1ex = tex — t. Options are

dio =

American, but there are no profitable early exercise opportunities.
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Chapter 6

Stochastic Volatility Models

6.1 Introduction

In the preceding chapters, the focus was on deterministic, non-parametric models that enabled the local
volatility to be determined. Local volatility is, at a future market level and time, (within each model)
the volatility the index must have to ensure current market prices are fair. These models enable the
determination of Arrow-Debreu prices, which are required for the pricing and hedging of path-dependent
or exotic options. However, the models provide results that are contrary to observed phenomena. This
then leads to portfolios that do not contain the correct hedges, and mispricing of options. This will be

discussed in greater detail in Chapter 9.

Another approach to the determination of the future volatility, is rather that of stochastic volatility

(parametric) models.

In the classical Black-Scholes framework, the first fundamental theorem of mathematical finance states
that the pricing model is arbitrage free if and only if there exists an equivalent martingale measure
(EMM) (Bjork 2004, §10.9). Under this measure, the traded assets, normalized by the numeraire (risk-
free asset in general), are martingales. Furthermore, if the market model is complete (every contingent
claim is attainable), the second fundamental theorem provides the result that the EMM will be unique.
Alternatively viewed, every contingent claim can be perfectly hedged with the traded asset and risk-free
asset alone. In an arbitrage-free complete market, the prices of contingent claims can be given as their
discounted expected values under the unique EMM. This means that the discounted value of a contingent
claim is given by the initial cost of setting up the replicating strategy and the gains from trading. It
is assumed that all trading strategies are self-financing and admissible (i.e. the value of the replicating
portfolio is bounded below by zero). The martingale representation theorem is required when constructing

this portfolio.

Finding the EMM can be interpreted as applying Girsanov’s theorem and defining a martingale (Radon-
Nokodym) process, often referred to as the stochastic Doléans exponential (Bingham & Kiesel 2004,
§5.10.3), that changes the drift of the discounted stock price process to zero. So, under the EMM, it
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becomes a martingale and through Itd’s Lemma, any sufficiently smooth function of this process (price
process of the simple contingent claim) will also be a martingale. Using this result, the Feynman-Ka¢
theorem is then applied to this function to obtain the above-mentioned result, the arbitrage-free price of

the claim.

Stochastic volatility models are generally two-factor models where the volatility, as well as the stock
price, are modelled using diffusion processes driven by Brownian motion(s). Since an additional source
of randomness is added to the model, without volatility being a traded asset, the market model be-
comes incomplete. The introduction of variance swaps into the market will complete the market (Hagan
et al. 2002). Incompleteness translates into non-uniqueness of the EMM. Consequently, when Girsanov’s
theorem is applied, there is no unique function (market price of volatility risk, 5\)7 that will ensure the
uniqueness of the EMM. There are a number of different measures which can been used. Each corresponds
to different choices for A. In general, one can choose to maximize utility or minimize risk. In complete
markets, all derivatives dependent on the underlying process will have the same value for A Thus, the
market determines the value for . If A\ = 0, then the market is said to be risk-neutral. This corresponds
to the Minimal Martingale measure. The determination of this parameter is a calibration issue to be

dealt with in subsequent chapters.

Another consequence of incomplete markets is that a perfect hedge cannot be created with traded asset

and risk-free asset alone. Some common processes for the volatility, denoted o; = f(Y;) are:

e Lognormal (Hull & White 1987),
dY, = aY,dt + bY,dZ,

e Ornstein-Uhlenbeck (Fouque, Papanicolaou & Sircar 2000),

dY; = a(m = Yy)dt + BY,dZ,

e Cox-Ingersoll-Ross (Heston 1993),

dY; = k(m' — Yy)dt + v\/Y:dZ,

where the Brownian motion (Zt) that is driving the volatility process is correlated with the Brownian
motion (W) that is driving the asset price equation:

dXt = /,LXtdt + O'tXtth.

The Brownian motions are generally assumed to have instantaneous correlation p € [-1,1]. This is defined

as
AW, 2), = pdt,

where (W, Z)t is defined as the covariation of W; and Z;. For the process X; defined above, (X): =
f(f o2ds, is the quadratic variation of the martingale part. Zt, by using the Choleski decomposition, can

also be written as

Zy = pWi+1-p%Z,

where (Z;) is a standard Brownian motion independent of (W;).
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6.2 Derivative Pricing

In this section, the pricing PDE will be derived according to the method described in (Fouque et al. 2000).
Denote the underlying probability space (€2, F, P), where Q = C ([0, 00) : R2), the space of all continuous
trajectories (W (w), Z:(w)) = w(t) in R, The filtration (F;);>0 is generated by the Brownian motions and
satisfies the usual conditions i.e. Fp contains all P-null sets of F, and the filtration is right continuous.
Using no-arbitrage arguments, the pricing function, P(¢, X}, Y};), of a European derivative will be shown
to satisfy a PDE. The pricing PDE will be derived assuming volatility is a function of a mean-reverting
Ornstein-Uhlenbeck (OU) process. The following equations define the processes of the traded asset and
volatility, X; and f(Y;) respectively:

dXt = [LXtdt + O'tXtth
or = f(Y2)
dY, = a(m — Y,)dt + BY,dZ,

The pricing function is determined by constructing a hedged portfolio of assets. Since there is additional
Brownian motion, it is not sufficient to hedge with the underlying asset alone. One requires another
option with a different expiration date to hedge the volatility risk. The argument is completely familiar

from the elementary theory of interest rate derivatives.

Let P'(t,z,y) denote the price of a European derivative with maturity 77 and payoff function h(Xr,).

The requirement is to find hedge amounts (ay, bt, ¢;) such that
Pl (T17 XT1 ) YT1) = aT1XT1 + leﬂTl +cry PQ(Tlv XT1 ) YTI) (61)

where 3; = e, where 7 is the short-term interest rate and P?(t, X;,Y;) is the price of a European
derivative with the same payoff function h but with a maturity T where T, > T3 > t. The above
equation equates the terminal payoff of the first derivative with the hedged portfolio. This portfolio must
also satisfy the self-financing condition (V¢ < T}):

dP(t, X;,Y:) = azd Xy + byre™dt + c;dP?(t, Xy, Yr) (6.2)
No arbitrage implies that V¢t < T7, the following must always hold:

PYt, X, Y}) = as Xy + bee™ + ¢, P2(t, X4, Y3) (6.3)

A multi-dimensional version of It6’s Lemma is required in order to evaluate the infinitesimal change in

the derivatives with respect to time and the two spacial variables.

Proposition 4 Ité’s Formula
(Bjork 2004, §4.8) Take a vector Wiener process W = (W, ..., W,,) with correlation matrix p as given,

and assume that the vector process X = (X1,...,X,)T has a stochastic integral. Then the following hold:

e For any CY2 function f, the stochastic differential of the process f(t, X (t)) is given by

_ Wy N e LN Pk

ij=1
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with
(dt)? =
dt - dW,; =0, i=1,...,n.
e If k=n and dX has the structure

where p; and o; are scalar processes for i =1,...,n, then
af = of 0% f
af = E*i;‘“a P i3 Pij g o, dt—i—Zal

Using a two-dimensional version of [t6’s formula:

P P P 1 (8 P
dg(t, X,,Y,) = a‘(t]dt+a—ngt+angt 2<a$gd<X>t+289d<X VY +

In general, the quadratic covariation is given by d(X,Y), = ox (¢, X¢)oy (¢, Y:)dt.

Applying this to (6.2) yields

or 1. 25213 P 282P1 aP!
<8t+2f(y)fv R L r >dt+adet+

L P

Oy>

ort
dy

2 2 2 2 D2 2 p2
_(Ct(ap 1f() 20°F + pPaf(y )8P ﬁ2ap>+btre >dt

ot 022
opP
Ay

OP?
—|—<at—|—ct o )dXt+Ct dyrt
Define the following differential operator:
1 02 0?1, 07
D, == 2. 20" o L0
1= 5 f )2 55 + pBf(y) org 50 e
The above can be simplified as

1 1 1
(ap +D,P )dt+ OP x4+ 2F

ot oz oy

0 , oP? OP?
:( (at+D>P2+btrert>dt+(at+6t8 )dXt ay

’L

)

dY;

(6.5)

Equating dZ, and dW, terms is equivalent to equating dY; and dX; terms respectively. So, solving for a;

and ¢;:
OP? oP!
—dY; = —dY,
Ct Ay t Ay t
. aP /oy
" 0P? /oy

as expected (analogously to the hedge arguments in interest rate models).

op! opr?
WdXt = <at + ct——— Oz > dXt
aP'  (OP'/dy\ OP?
= a; = —
oz OP2/0y ) Ox
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Substituting into (6.3) to solve for by,

bt = €_Tt (Pl — atXt — CtPQ)
_ oprt AP /oy\ OP? OP' /oy
_ Tt 1 _ _ _ 2
=[P (5~ (o) 50 ) X~ (aaron ) ™)

Define the Black-Scholes partial differential operator by

Los(F0) = g7 + 5P g+ (o) (6.

(Under the assumption of constant volatility, the price of a European derivative P(t, x) satisfies LgsP = 0
where f(y) = o and satisfies the terminal condition P(T,z) = h(z)). Equating the dt terms in (6.5),
0 0
<8t + D1> Pl =¢ <8t + D1> P? 4 byre™

Substituting in for as, by and ¢;:
9 1
((‘% + Dl) P
B OPY /oy (O 9 1 opP! OP'/oy\ OP? OP' /oy 5
=gy (or+20) P (7= (5~ (o) )=~ (o) 7°)
Gathering terms in P' and P?:

1 0 oP? 1 0 oP?
= (Zip P+l P = (24D ) P2yl P2
9P /0y Kaﬁ 1) T e T } 0P /0y Kaﬁ 1) T e T }

Thus,

1

_ 1 ppt _ 1 2
apl/ayDQP (t,amy) D2P (t,m,y) (67)

- OP2/0y

where D5 is a partial differential operator defined as

0 0
D2:8t+D1+T<$ax—>

which is Lps(f(y)) plus second-order terms from the additional diffusion process.

In equation (6.7), the left-hand side is dependent on T} and independent of T5 while the opposite result
holds for the right-hand side. Consequently, both must equal a function that does not depend on expiry.
Both sides can only be functions of the independent variables. For reasons to follow, this function is

denoted by

a(my)6<(/}@;)p+;\(t,z,y)\/lp2)

where X(t, x,y) is an arbitrary function. For the general case:
dY; = py (¢, Y3)dt + oy (t,Y1)dZ,,

this function is written as

(n—r)
f(y)

iy (y) — oy (6,3) ( o+ Al y) /I pz)
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So, the pricing function P(t,x,y), with terminal condition P(T,z,y) = h(z) must satisfy the PDE:

4 30620 o) 5L 4 320 T
+r (acgl: - P) + (a(m —y) — BA(t, z,y)) %]; 0 (6.8)
where
(=) S, —
Alt,z,y) = ( W) p+ Atz y)v1 p2> (6.9)

The above equation can be grouped according to differential operators:

o 1 5 o 02 0 0?2 1,07 0 0
522 _ )= Ai

i+ pl 0P v (=) pBef) 4 s alm =)+ oA
——
Lps(f(y) correlation Lou premium

The first term is as defined above, the second is due to the correlation of the two processes, the third is

the differential operator acting on a OU-diffusion. The general definition of the operator is given by

1 02 0

where o(t,z) and u(t, x) are the coefficients of Brownian motion and dt of the diffusion respectively. The
fourth term results from the market price of the volatility risk. To see what effect this has on P(¢,x,y),

apply It6’s Lemma:

dP(t Xt7}/t)
OP oP oP
Edt—% D (pxdt + f(y)zdWy) + En (a(m —y)dt + 8 (det +v1- deZt)>
2 2p 2p
+% (f(y)2 22§+2/Jﬁ fly )37+62a )dt
_joP 9P or 1 L 2P PP 0P
(6t+lm8+a( y)8y+2<f(y) 62+25f() o 56y2>)dt
+ (sl + 80 ) awis pVT= iz (6.10)

From (6.8), it is clear that

OP 1. ., ,0°P 92P
§+§f(y) x W*‘Pﬁxf(y)i

1 ,0°P
ey 27 o T
OP OP OP
P—ro—m 1o —y)=— + A =
rP—rao a(m—y) a9 + BA(t, x,y) a9
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Substituting this into (6.10):

+ <f(y)f17?)]; + ﬂp> dWi + By 1 — p?dZ;
= (umap —|—rP—m:a—P + 0 <('u_r)p+;\(t,a:,y) 1 —p2> 8P> dt
x f(y)
+ (f(y)xgi + ﬁp> dWi + By 1 — p2dZ;
— oP oP « oP
= <(“ ") (:cf(y)ax + ﬁpay) + 7P+ A(t,mmmay) dt

+ <f(y)=’ﬂ?; T ﬂp> dWy + /1 — p2dZ,

Looking at the dt term, it is clear that as the volatility risk 3 increases, the rate of return of the option
increases by A multiplied by that infinitesimal amount, in addition to that amount due to the market

price of risk associated with the underlying, % Note in this case f(y) = o;.

6.3 Arbitrage Pricing

6.3.1 Equivalent Martingale Measure

Consider the probability triple (€2, P, Fr) over the finite time interval [0, 7] and a market model that

consists of a risky asset price process S(t) and a risk free asset B(t) for ¢t > 0.

Definition 7 (Bjork 2004, §10.2) A probability measure Q on Fr is called an equivalent martingale

measure for the above market model, with numéraire B(t) on [0,T), if it has the following properties:

e () is equivalent to P on Fr

e The relative price process S(t)/B(t) is a martingale under @ on [0,T)
Let V"(t) represent the value of a portfolio h at time ¢.

Definition 8 (Bjork 2004, §7.2) An arbitrage possibility on a financial market is a self-financed port-
folio h such that

vho) = o,
PVMT)>0) = 1,
PVMT)>0) > 0

We say the market is arbitrage free if there are no arbitrage possibilities
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Theorem 3 The First Fundamental Theorem
(Bjork 2004, §10.14) The model is arbitrage free if and only if there exists an equivalent martingale

measure

So, the existence of an equivalent martingale measure ) ensures that the no arbitrage condition prevails.
(@ may not necessarily be unique. Assuming the interest rate associated with the risk free asset is constant,
then the following theorem is applicable to the relative price process of any contingent claim, denoted

I1(S(t),t), dependent upon the same underlying source of randomness:

Theorem 4 Risk Neutral Valuation
(Bjéork 2004, §10.19)

U@, 51) _ ge [H(T,S(T))}
B(t) B(T)

where @ is a (not necessarily unique) equivalent martingale measure.

Theorem 5 The Second Fundamental Theorem
Assume the market is arbitrage free. Then the market is complete if and only if the equivalent martingale

measure 1S unique.

A unique EMM (equivalent martingale measure) is the requirement to ensure the market is complete.
This can be interpreted as the ability to replicate or hedge any derivative uniquely. In an incomplete
market, the requirement of no arbitrage is not sufficient to to price a derivative uniquely. There may be
several EMMs which price the derivative in a way that is consistent with no arbitrage. Consequently, a
number of different prices may be consistent with the no-arbitrage condition. The next theorem relates

completeness and no arbitrage to the sources of randomness that are present in the market.

Theorem 6 (Bjork 2004, §8.3) Let M denote the number of underlying traded assets in the model
excluding the risk free asset, and let R denote the number of random sources. Generically we then have

the following relations:

1. The model is arbitrage free iff M < R.
2. The model is complete iff M > R.

3. The model is complete and arbitrage free iff M = R.

6.3.2 Martingale Representation Theorem

Alternatively viewed, in a complete and arbitrage-free environment, all contingent claims can be replicated
uniquely. The following two theorems are required in order to determine the replicating portfolio. Since
the price process of the contingent claim is a martingale under the unique EMM, the exact form for the

hedge (amounts of each asset to be held in the multi-dimensional case) can be determined.
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Theorem 7 Representation of Wiener Functionals
(Bjork 2004, §11.1) Let W be a d-dimensional Wiener process, and let X be a stochastic variable such
that

e Xe FY

e E[X]] < oo

Then there exist uniquely determined f%v-adapted processes hy, ho, ..., hgq, such that X has the repre-

sentation

d d
X =E[X]+ Z/O hi(s)dWi(s)

This result leads to the martingale representation theorem.

Theorem 8 Martingale Representation Theorem
(Bjork 2004, §11.2) Let W be a d-dimensional Wiener process, and assume the filtration F is defined as

Fo=FV telo,T)

Let M be any Fi-adapted martingale. Then there exist uniquely determined F-adapted processes h1, ha, ..., hqg

such that M has the representation

d d
M) = MO)+ Y / ha(s)dWi(s)

This result is an existence result and does not give details of the process of h. For the description of h,

consider an n-dimensional process X with the dynamics:
dX(t) = pt)dt+ o(t)dW(t)

where p and o are adapted processes taking values in R™. If we assume M(¢) = f(¢,X;) for some

deterministic smooth function f(¢,x). Applying Itd’s formula yields the following:

a1t x(0) = (9 + Af ) -+ (Tl o0 @)

where A, a partial differential operator, is the It6 operator defined for any function g¢(¢,z) with g €
C?(R") as

B " dg 1 & 0%g

=1 1,7=1
where

C(t,x) = o(t,x)o” (t, )
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and V, (nabla or grad) is defined for g € C*(R") as

99 39}

V:L’g: |:81'1’78.Tn

Now, since f(t, X (t)) is assumed to be a martingale, the drift is zero and

df (t, X (1)) = (V) flo(t)dW (t)

n

af ;
= ) dW* (¢
> g, OO0
So, the integrand h has an explicit description:
Mﬂ:gk%%i:Lz“wd

In order to ensure that the process followed by the discounted asset, and consequently any simple con-
tingent claim dependent on it, is a martingale under the unique EMM, Girsanov’s theorem is required
to ensure the drift of the discounted original process vanishes. Alternatively, the drift of the stock price,

under risk-neutral conditions, becomes the risk free rate.

So, the transformation occurs from the measure P to the EMM @ and a P-Wiener process W¥ can then

be expressed as
AW} = pudt +dW2,

where W€ is a Q-Wiener process. The process ¢; must satisfy the Novikov condition to be defined below.
To change to the risk-neutral measure @ on Fp, choose a non-negative random variable Ly € Fp and
define @ by

% = LT7 on .7:'1“
This can be restated in the following theorem:

Theorem 9 The Girsanov Theorem
(Bjork 2004, §11.3) Let W be a d-dimensional P-Wiener process on (0, F, P, F) and let ¢ be any d-
dimensional adapted column vector process. Choose a fized time T and define the process L on [0,T]
by

dLy = @ LdW/,

Ly = 1,

i.€e.

t t
1
L = exp(/ so?de—§/ ||so?||2ds>.
0 0

EF[Ly] = 1

Assume that

)
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and define the new probability measure QQ on Fr by
% =Lp, onFr
Then
AWP = pudt +dWE,
where W& is a Q- Wiener process.

In the above theorem, the explicit form of L is given by

d t t d
Ly = exp (Z/o @i(s)dWiP(s)—%/O Zg@f(S)dS)

This process is often referred to as the Doleans exponential. It is in fact the market price of risk associated
with the traded asset that all contingent claims are dependent on. Risk-neutral valuation determines the

price of these derivatives.

Lemma 2 The Novikov Condition
(Bjork 2004, §11.5) Assume that the process ¢ is such that

P 1 r 2
E* |exp 2 ), [loe]|2dt | | < 0.

Then L is a martingale and in particular EY [Ly] = 1.

So, when the stock price and the risk free asset satisfy the following:

dS; = pSidt + oS dWrF
dBt = ’T'Btdt

Define L by
dL; = @, LidWF

and setting dQQ = LpdP on Frp, applying Girsanov’s theorem, the dynamics of S under the measure

become
dS; = (4 o) Spdt + oS, dWE

For @ to be an EMM, the instantaneous return of the traded asset S must be the risk free rate. So, to

determine the process ¢, we have
ptopr=r

So, ¢y is the market price of risk, A, associated with the traded asset. There is a one-to-one correspondence
between the EMM @ and A. Under this measure, it can be shown that the pricing function F(t, x) satisfies

the following partial differential equation and boundary condition:
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OF 1 , ,0°F  OF
L2208 08y
ot T30 g Ty T T

F(T,z) = ®(x)

The Feynman-Ka¢ representation formula is required to give the solution to the above system:

Proposition 5 Feynman-Kac
(Bjork 2004, §5.6) Assume that F is a solution to the boundary value problem

2
el W T i

OF
ot 9 w(tvx) + :u‘(tvx)i(tax) - TF(t,l’) = 0,

Ox
F(T,x) = ®(x)

Assume furthermore that the process U(s,Xs)g—f(s,Xs) is in L2, where X is defined below. Then F has

the representation

F(t,z) = e "T7YE,, [®(X7)]
where X satisfies the SDE
dXs = pu(s,Xs)ds+o(s, Xs)dWs,
Xt = T

Thus, after the EMM has been found, the solution to the pricing function is obtained using the above
proposition. Equivalently, the pricing of the derivative under the unique EMM @ is accomplished using

the following risk-neutral valuation proposition (in the one dimensional case):

Proposition 6 Risk-Neutral Valuation
(Bjork 2004, §15.2) Assuming the absence of arbitrage, the pricing function F(t,x) of the claim with
maturity T, ®(X(T)), is given by the formula

F(t,x) = e "TYEP, [9(X(T))],
where the dynamics of X under the EMM @Q are given by

dX(t) = A{p(t, X (@) = A, X(1)o(t, X (1)} dt + o(t, X(t))dW (t)

Here, W is a @Q-Wiener process and the subscripts ¢ and z indicate that X (t) = z. A(¢, X(¢t)) is the
market price of risk process associated with X (t) at time ¢, u(t, X (¢)) and o (¢, X (¢)) are the instantaneous
expected return and volatility respectively. E?gg ['] is the expectation at time ¢ with starting value X (¢) = z
with respect to the EMM Q.

Proposition 7 (Bjork 2004, §15.4) The martingale measure Q is characterized by any of the following

equivalent facts:
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e The local mean rate of return of any derivative process I1(t) equals the short rate of interest, i.e.

the TI(t)-dynamics have the following structural form under @
dli(t) = rI(t)dt + o (t)dW (t)
where W is a Q-Wiener process, and oy is the same under @ as under P.

e With II as above, the process I1(t)/B(t) is a Q-martingale, i.e. it has a zero drift term.

In the standard Black-Scholes environment, the market model is arbitrage free. Since it is also complete,
all claims can be perfectly hedged. The following lemma shows that hedging is equivalent to the existence
of a stochastic integral representation of the normalized claim, X/Sy(t) for ¢t € [0,T]. Here, Sy(t) is a

suitable numeéraire asset and S; (t) refers to the normalized stock price process for 0 < i < N at time ¢.

Lemma 3 (Bjork 2004, §10.15) Consider a T-clam X. Fiz a martingale measure ) and assume that the
normalized claim, X/So(t), is integrable. If the Q-martingale M, defined by

M) = E@ {&fﬂ |.7-‘t}7 (6.12)

admits an integral representation of the form

N t B
M) = x+2/0 hi(s)dSi(s), (6.13)

then X can be hedged using S;(t) for 0 <i < N.

Furthermore, the replicating portfolio for (hi, ha, ..., hy) is given by (6.18) and hg is given by hg =
N -

M(t) = 325y ha()Si(t)-

Considering the case when there is a risk free asset and one traded asset, the above theorems are required
to determine the hedge portfolio. Using the martingale representation theorem, there exists a process
g(t) such that M(¢) (as given by (6.12)) satisfies

dM(t) = g(t)dW(t)

where W is a Q-Wiener process. Under the EMM (@, the normalized stock price process, S (t), is a

martingale and therefore satisfies

dS(t) = S(t)odW(t)
Therefore,
dw(t) = %dﬁ(t)

Tt is also clear from the lemma above that the model is complete if there exists a process hq(t) such that
dM(t) = hi(t)dW(t)
Thus, using these two equations for the martingale M (t), the hedge process hq(t) is found to be
g

m(t) = 0552)
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and

ho = M(t) —hi(t)S(t)

So, in the ordinary Black-Scholes scenario where the market model is arbitrage-free and complete, the
existence and uniqueness of a replicating portfolio suffices through the application of the martingale

representation theorem and Girsanov’s theorem.

6.3.3 Incomplete Markets

In an arbitrage-free market, there exists a market price of risk process which is common to the underlying
and to all derivatives dependent on it. In a complete market, the price of any derivative can be uniquely
determined by the requirement of absence of arbitrage and the uniqueness of the EMM. This means
that the derivative can equally well be replaced by its replicating portfolio. The stochastic volatility
model is that of an incomplete market since volatility is usually not a traded asset. There is another
source of randomness in the model. The no-arbitrage requirement no longer ensures a unique price for
the derivative will be obtained. This can be interpreted as the existence of several possible EMMs and

associated market prices of risk. The price of the derivative is determined by two factors:

e The derivative must be priced in such a way that arbitrage is avoided. All derivatives must be

priced by the same EMM. This property is established in the following proposition:

Proposition 8 (Bjork 2004, §15.1) Assume the market for derivatives is arbitrage free. Then there

exists a universal process A(t) such that, with probability 1, and for all t, we have

HEp—T
OF

= A@)
regardless of the specific choice of the derivative F.

e In an incomplete market, aggregate supply and demand has an effect on the price. This must be
taken into consideration when selecting a particular EMM or equivalently, a market price of risk

(since there is a one-to-one correspondence).

Essentially, the pricing procedure of Proposition 6 is still applicable. What remains to be determined is
the market price of volatility risk, A. These class of models are parametric in nature. The most obvious
way of determining the required parameters is to use existing markets prices. As soon as the parameter
values are such that the models price derivatives consistently, the models can then be used to price and

hedge more exotic options.

The calibration will be dealt with in more detail on a case by case basis in the chapters that follow.
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Chapter 7

Hull-White Model

7.1 Introduction

This chapter will address the stochastic volatility model presented in (Hull & White 1987). It is a

two-factor model in which the variance follows a lognormal stochastic process.

7.2 The Two Factor Model

Consider a derivative f(S¢, V,t) at time t, where the underlying asset has price S; and instantaneous

variance V = o2, which obey the following stochastic processes:

dS = ¢Sdt + o SdW*! (7.1)
dV = pVdt + EVadw? (7.2)
dWdWw? = pdt (7.3)

where ¢ = ¢(S,0,t), p = u(o,t) and & = &(o,t). dW?' and dW? are standard Brownian motions with

correlation p. Assume the risk free rate r is constant.

From Chapter 6, the equation satisfied by a derivative that is dependent on the underlying and its

volatility or variance is given by:

O Ly | ey 2]

o0 f of
En 57 P75V 5y

2 R PR
+ §V8V2+r585+( uv — Ag)

Vaf rf =0,

where in the function (uV — 3\5), 5\(5, V,t) is the market price of volatility risk. The higher the value of
A, the more adverse investors are to take on volatility risk. We assume for simplicity that it has the effect

of being incorporated in the parameters and we redefine p in the above equation.

Thus, any derivative f(S,02%,t) dependent on the underlying asset and associated variance, satisfies the
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partial differential equation (PDE) and terminal condition ®(St) at t =T

of 2 0°f 0% f 2y, 2 f of of
5t VS g T PIESV gse + 1 Vg HrSag +uV s —rf =0
f(Sr,0%,T) =0(Sr) (7.4)

The risk-neutral valuation from Chapter 6 Proposition 6, is applied to the pricing of the derivative f (in

the one dimensional case): Therefore, the price of the option can be expressed as:

f(St,af,t)=e*“T*t)/f(ST,a%,T)p(ST|st,a§)dST, (7.5)

where

T is the maturity of the option;

Sy is the asset price at time t;

oy is the volatility at time t;

p(St ’St, 0?) is the conditional pdf of St in a risk-neutral world given S; and o7;

f(St,0%,T) is the payoff of the option.

7.3 Pricing Under Zero Correlation

Hull and White initially use the simplifying assumption that the Brownian motions are uncorrelated and
that the instantaneous expected return and volatility of the variance V are independent of S. In doing
so, they obtain the option price in terms of an expansion using the moments of the mean variance, V, as

it is not possible to obtain an analytic form for the distribution.

Define V as the mean variance over the life of the option:
_ 1 T
= ﬁ 02 (T)dT (76)
Consider the bivariate normal density function, f : R? — R, given by

f(z,y)

— Mexp [_2(1ip2) ((x ;IMI)Z — 2 (x ;1M1) (9;2M2) n (y;;@)2>‘| (7.7

When p =0, f(z,y) = fx(z)fy (y) where f(z,y) is the bivariate normal density and

fx(x) = \/%01 [—1 <x ;f“ ) 2]

Fri) = e l_l (- ;;tzﬂ

In order to calculate a conditional expectation, we require the following;:

fyix(ylz) = ff(xy)




for any x such that fx(x) > 0. Using the fact that for any three related random variables z, y and z, the

conditional density functions are related by convolution by
paly) = [ alal)h(ely)iz

equation (7.5) can be simplified.

The distribution of St can be written as
p(51102,5) = [ 9(Sr1S:, VN7 151,07
Substituting this into (7.5) yields
18102, = 0 [ [ 1(8109(Sr18. VIW(T1S1,0)dSraV
-/ (ww / f<sT>g<sT|st,v>dsT) B(V[S,02)dV

where it is established that the inner integral is the Black-Scholes option price on a security with mean
variance V. Any path that V follows over the life of the option, whether stochastic or not, still has the
same mean variance, V. Thus, the lognormal distribution depends on the risk free rate, the initial stock
price, term and V. So, any path followed by V still leads to the same V and ultimately, the same terminal

lognormal distribution.

So, it is clear that when S and V' are instantaneously uncorrelated, the distribution of In ‘Z—T, conditional
upon V is normal with mean r (T —¢) — 3V (T — t) and variance V (T —t). This is equivalent to Black-
Scholes with time-dependent volatility: the constant volatility parameter ¢ is replaced by ¢ = VV.

To see this, consider the filtration generated by the stock price and the volatility:
Fi=0(Su, Vo; 0 <u <t), tel0,T]
Since the Brownian motions of the above processes are independent,
Fi=0(Su;0<u<t)Vo(V;0<u<t), te[0,T]

where F V G is the smallest sigma-algebra containing all sets of F and G. Denote the sigma-algebra
generated by V fromt =0tot =T as o(V) = 0(V,;0 < w < T') and denote the payoff function as f(St).
So,

FeCFNo(Vyut<u<T)=0V)Vo(S,;0<u<t), tel0,T)

Considering the arbitrage-free price at time-t and using iterated expectations, as well as the Markov

property of the stock price,

s, (8) = e TIEN [£(S7) |72
_ —(T-RA {]Ei [F(ST) (V) Vo (Su;0 < u < t)] Ift}

= T TOBN [ [£(S1) [o(V) v o(S)] 17
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where the superscript stresses the fact that the EMM of choice is dependent on the parameter A. The
inner expectation is the Black-Scholes computation with time-dependent volatility. In this case, the

solution to the risk-neutral diffusion of the stock price

dS = rSdt + o(t)SdW*

S =Spexp ((r - ‘2/) T+ /OT o—(T)dW}>

Conditional on Sy, the distribution of In(St/Sp) is given by

() - +(-5)e

Therefore, the price of a derivative I1¢(g,.)(t) with time-dependent volatility is given by the Black-Scholes

is given by

price

C(Sy,r,V,T,K) = 8;®(dy) — e " T VKD(dy),

where

dio =

Therefore, given the assumption of zero correlation, the price of the contingent claim at time ¢ is given
by

A _ _—r(T—t)pA [17BS
I}, (t) =e T E [Hf(ST)(t”]:t}

An interesting result due to (Renault & Touzi 1996) gives the result that with p = 0, the implied curve
from from any volatility process, is a smile. The full statement is as follows: In a stochastic volatility
model where (o)i>0 and (Wy);>0 are independent, suppose the risk premium process is a function of Y;
and t but not of X;: e = S\(t, Y:). Then, provided o2 to be defined below, is an L? random variable, the
implied volatility curve I1(K) for fized t, x, T is a smile - that is, it is locally convex around the minimum
T—t)

Konin = xe' , which is the forward price of the stock. Here, T', K and x are the maturity, strike and

current stock price respectively. To retain generality,
_ 1 T 9
02 =— Y,) " ds
= 1o

This result provides a sense of robustness to the general class of volatility models.

7.4 Pricing Under Non-Zero Correlation

Since the assumption of zero correlation between the underlying and its variance is empirically incorrect,

a numerical procedure will be required to solve the PDE with p # 0. Consider the bivariate normal
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distribution function (7.7). The distributional properties of In %—f conditional upon V' depends upon the
path followed by V, not just V.

The first approach to be considered is to use the Antithetic Variable Technique (suggested by Hull and
White) in a pure Monte Carlo simulation. An alternative Monte Carlo Simulation technique, Quasi-Monte

Carlo, will also be used to generate future stock prices to price vanilla and exotic options.

7.4.1 Monte Carlo Simulation: Antithetic Variates Approach

Given the stochastic differential equations for the stock price and the volatility, 1t6’s Lemma (Bjork 2004,
§3.5) can be used to solve for both S and V at time T (the maturity of the option being priced). Given

dS = ¢pSdt + o SdWw*
dV = pVdt + EVaw?
AWrdW? = pdt

as before, where 02 = V. Applying Ité’s lemma can be shown to yield the following solutions:

St = Spexp ((r - ‘;) T+ W%)
_ & 2
Vi =Voexp | [ 1 — 5 T+ Wr

The standard approach to simulate S and V for all ¢t € [0,T] is to discretize the time interval into n
equally spaced smaller intervals At apart, where At = T'/n. Since W}, W2 ~ @ (O7 \/f), forl1 <i<mn:

S; = S;_1exp ((T‘ — VZ21> At + u“/VilAt> (7.8)
V; = Vi;_1exp ((u - SC;) At + peu VAL + /1 — p%n/&) (7.9)

where u;,v; ~ ®(0,1) are independent and p is the correlation between the stock price and the volatility.
The antithetic variates technique increases the efficiency of Monte Carlo simulation by reducing the
variance of the simulation estimates (Glasserman 2004). This particular technique introduces negative
dependence between pairs of replications. In a simulation driven by standard normal random variables,
antithetic variates can be implemented by pairing a sequence of i.i.d. (independent and identically
distributed) ®(0, 1) variables with the negation of the sequence. For a distribution F' symmetric about
the origin, F~1(1 — u) and F~!(u) have the same magnitudes but different signs, u being a uniform
random variable over [0,1]. Essentially, a pair of simulations of the Brownian path is run using the

original sequence and its reflection, resulting in a lower variance.

So, generating sequences u; and v; for 1 < ¢ < n, form the sequences —u; and —v; that are required in
(7.8) and (7.9). Since the price of a call option with strike K and maturity T is to be estimated, the
value of

e (S, — K)t

is to be determined as follows:
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U | —U;
v, |C1] Co
—v; |Cs | Cy

for 1 < 4 < m. Thus, the price of the option can be found from the average of the above estimates
ie. i (C1 4+ Cy + C5+ Cy). The parameters u, &, p, o9 (and possibly A if this is incorporated into the
model) are usually determined from at-the-money European option price data. This process is referred
to as cross-sectional fitting. Denote the set of unknown parameters as Y. In order to determine T, a
least-squares fit to the observed call option prices COP% (K, T) for all strikes K and expiration dates T

in some set k and we solve

miny Xk 1yen (C(K, T3 T) — COBS (K, T))?

7.4.2 Hybrid Quasi-Monte Carlo Simulation

Application of low-discrepancy sequences (LDS) to the generation of sample points for Monte Carlo
sampling leads to quasi-Monte Carlo approaches. These methods have been found to be successful
in high-dimensional integral problems that arise in computational finance (Cheng & Druzdzel 1986).
Discrepancy is a measure of the non-uniformity of a sequence of points in the hypercube [0, 1]¢, where d

is the dimension of the problem. Given that the measure of star discrepancy is:

N d d
1
Dy (x1, 22, ..., zN) = sup — loo i, — vj
wl ) 0<v;<Lje1, ... d N ;]1;[1 0<a] <vj ]1;[1 j
where, for every subset E of [0,1]¢ of the form [0,v;) X ... x [0,v4), we divide the number of points
in E by N and take the absolute difference between this quotient and the volume of F. The maximum
distance is the star discrepancy D% . A sequence of points in [0,1]¢ is a LDS if for any N > 1

(In N)4

N

Dy (z1, za, ..., zn) < c(d) -

where ¢(d) is a constant which depends upon the dimension d. By having the fraction of points within any
subset E of [0, 1] of the form [0, v;) x ... X [0, v4) be as close as possible to its volume, the LDSs will spread
uniformly over [0,1]¢. The traditional Monte Carlo using (pseudo) random numbers, has a convergence
rate of only O (ﬁ} which is independent of d and depends only of the number of simulations N. Quasi-
Monte Carlo rate of convergence can be much faster with errors approaching size of O (%) in optimal
cases. The theoretic upper bound rate of convergence (or maximum error) for the multi-dimensional

LDSs is of O (%) (Dias 2004).

Given a two-factor option pricing model, we require two matrices of ®(0,1) numbers of size (N x M),
where N is the number of sample paths and M is the number of points along each path (usually the
number of days to expiry). Effectively, the dimension is 2 x N x M which is very large. In such cases, it
becomes difficult to construct quasi-Monte Carlo point sets with meaningful equidistribution properties
(Owen 1998).
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We will use a method based on a Latin-Hypercube technique called stratified sampling without replacement
(Vose 2000). It uses Monte Carlo methods to extend quasi-Monte Carlo methods to higher dimensional

problems, thus creating a hybrid quasi-Monte Carlo technique. The procedure is as follows:

1. Construct a one-dimensional LDS (Faure, Halton or Sobol) of length N.

2. Use U(0, 1) random variates to permute the original sequence 2 x M times to construct the columns

of the matrices.

3. To obtain ®(0, 1) random variates, use Moro’s inversion formula (Jackson & Staunton 2001, §12.3).

We will generate a Faure sequence in the above procedure (Faure 1982). Let p be the first prime number

such that p > d and p™ is the upper bound of the sample size. Let c;; = (;) mod p, 0 <7 <i<m. The
base p representation for n =0,1,... is
m—1

n= Z ai(n)pi

7=

where a;(n) € [0,p) are integers. The first coordinate of the point x,, is given by

—j—1

The other coordinates are given by

a;(n) = Zﬁ;l cjar(n) mod p, je€{0,1,...,m—1},

aj(n) = a;(n), je{0,1,...,m—1},
; -1 i
x,:L = Z;nzo a; (n)p J 15
in order of i = 2,...,d. In our case, p = 2 and the VBA algorithm to generate such a sequence can be

found in (Jackson & Staunton 2001, §12.3). To construct the columns of each of the matrices, we use the

algorithm presented by (Dias 2004) to randomly permute the original sequence.

In order to obtain ®(0,1) numbers without damaging the low-discrepancy properties (uniformity and
order), we will use Moro’s inversion formula presented in (Moro February 1995). Moro presented an algo-
rithm that used the (Beasley & Springer 1977) algorithm for the central part of the Normal distribution
and modelled the tails using truncated Chebyschev series. It divides the domain for u ~ U|0, 1] into two

regions:

1. The central region of the distribution, 0.08 < u < 0.92, is modelled as in Beasley and Springer;

2. The tails of the distribution, u < 0.08 or u > 0.92, are modelled with Chebyschev series.

The tail performance is important for out-the-money option problems since the option’s exercise occurs

at the more extreme values, emphasizing the weight of the tail towards the option’s value.
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Chapter 8

The Heston Model

8.1 Introduction

The two-factor model proposed in (Heston 1993) uses a solution technique based on Fourier transforms
(characteristic functions). It allows for arbitrary correlation between the volatility and the returns process.
The volatility follows an Ornstein-Uhlenbeck (OU) process. We will briefly review this process before

proceeding.

8.2 The Mean Reverting Ornstein-Uhlenbeck Process

The mean reverting OU process is an [t0 process with a a linear pull-back term in the drift. It is defined

as a solution to
dY; = a(m —Y;) dt + BdZ, (8.1)

where (Z;);>0 is a Brownian motion, « is the rate of mean reversion and m is the long-run mean of Y.

To obtain a solution to this, first consider e*'Y;. Taking the differential,

d (eo‘th) = e®Y; + e®'dY;,
Therefore,
e“tdY, =d (eatY}) — ey, (8.2)
Multiplying both sides of (8.1) by e®!, we get
edY; = e a(m —Y;)dt + e B3dZ; (8.3)
Together with (8.2) implies

d (eo‘th) = ame®tdt + e*'BdZ,
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Solving for this given that Yy = y:
t t
ey, = y+/ ameo‘sder/ Be**dZ
0 0
t t
=Y, =e %y —|—/ ame~ %) ds —|—/ Be= =94z,
0 0
t
=e My +m (1 - efo‘t) + / Be= =) qz,
0
t
=m+e “(y—m)+ / e~ t=3)dz,
0

To consider the distributional properties, it is clear that the integral fot Be~(t=5)dZ  has mean zero and

2
variance E [(fot ﬁe_a(t_s)dZs> ] By the It6 Isometry (Oksendal 2004, §3.1.5),

2
()

Hence, Y; ~ N (m 4 et (y—m), % (1 _ e—2at)>.

t 2 t 2
_ / (ﬂefoz(tfs)> ds = / 672a(t75)62d5 _ 57 (1 _ 672at) '
0 2

0 «

8.3 Stochastic Volatility Model

The following SDEs are assumed to model the processes of spot asset S; and the volatility /V;:

dS, = pSdt+\/ViSdw} (8.4)
AV, = =BVt + 6dW}? (8.5)
dwlaw} = pdt (8.6)

Using 1t6’s Lemma, let g(t,x) = 22 to determine the process followed by the variance, V;.

gt = 07
Je = 27,
Joz = 2

So,

1
= Vi = 2/V; (= 5/ Vidt + 6dW?) + 8%t
= —28V,dt + 20/ VidW? + §%dt
= (6% = 28V;) dt + 26/ V,dW}
Rewriting this as a square-root process:

AV, = k(0 — Vi) dt + o/ V,dW? (8.7)
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Assume a constant interest rate r. Therefore, the price at time ¢ of a discount bond that mature at time

t 4+ 7 is given by
Z(t,t+71)=€""

As standard arbitrage arguments have already shown in Chapter 6, the value of any contingent claim
P(S,V,t) must satisfy the following PDE:

oP 1 ,8°P PP 1, 0P oP
+(/<;(9—V)—5\(S,V,t))g—€:0

As before, 5\(5 , V., t) is the market price of volatility risk which is independent of the particular contingent
claim. This parameter can be obtained from an existing price and used to price all other claims. The
model selects a functional form of 5\(5, V,t) = AV. So, the PDE a European call option, C(S,V,t), with

strike K and maturity T satisfies is:

ac 1. ,0°C 92C 1, 9°C ac
§+§VS w+poSVasaV+§a VW+T<S&S'_O>
+(H(0—V)—;\V)g—€:0 (8.8)

subject to the following boundary conditions:

C(S,V,T)=(Sr — K)*,

c0,V,T) =0,
eV =1,
rs%(s, 0,¢) + H@%(S,O,t} o C(S,0,4) + %f(s,o,t) _o,
C(S,00,t) = S.
By analogy with Black-Scholes, a solution of the form
C(S,V,t)=SP' — Z(t,T)K P? (8.9)

is proposed. The first term is the present value of the spot upon optimal exercise and the second term is
the present value of the strike payment. Both P! and P? must satisfy (8.8). Let x = InS. Then, as has

been previously shown:
dry = (p— %) dt + VVdW} (8.10)

(8.8) can be rewritten in terms of x as:

oc 1 _0%*C 0*C 1, 0%C vy 0C
+ (n O—V)— Xv) g—c =0 (8.11)
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and the solution (8.9) becomes
C(z,V,t) = e*P' — Z(t,T)K P? (8.12)
Finding all the required partial derivatives of C(x, V,t):
Cp=¢" (P'+P})— ZKP;,
Cuo =€ (P +2P, + P,,) — ZK P2,
Cy =e"P}, — ZK P},
Cyy = e*PLy, — ZK P2y,
Cyvz =¢€" (P\l/ +P\1/x) - ZKP‘%I?
Cy=e"P} — ZKP? —rZKP?
where Z = Z(t,T) = e "(T—1),
Substituting into (8.11 ), we get
1
e"P! —ZKP? —rZKP? + 5V (e* (P'+2P; + P),) — ZKPZ,)
1
+paV (e* (Py + Py,) — ZKPy,) + §a2v (e*Plhy — ZKPpy)
+(r—%)(e" (P'+P})— ZKP}) —r (e"P' — ZKP?)
+ (n @—V)— Xv) (e"PL — ZKPZ) =0

Gathering terms in P! and P?:

e |PL+ (r+ %) P+ (k0= (4 A= po) V) PY + %VPQ}Z +poV P, + %UQVP&,V
—ZK|PP+ (r— %) P} + (/@ O—V)— ;\V) Py + %VP; + poVPE, + %UQVP‘Q,V =0
So, the proposed solutions, P! and P? must satisfy the PDEs:
%V% + pavgjjg‘j/ + %ozvag‘ij + (r +u;V) %Jj
+(a—ij)%+%:0, (8.13)
for j = 1,2, where u; = %, Uy = —%, a==k0,b =K+ P po and by = K + 5\, subject to the terminal
condition:
P (2, V,T) = 1{z5m k}- (8.14)
Thus, for 0 <t < T
Pi(z,V,t) =E2 1|z > InK]. (8.15)

The above PDE (8.13) is the Fokker-Plank equation (Kolmogorov forward equation). Equation (8.14)

can be seen as the conditional probability that the option expires in the money.
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8.4 Solution Technique: Fourier Transform

Define the Fourier Transform and inverse transform of a function f(x), respectively as follows (James
1999):

Definition 9

F{f(x)} = /jo fla)e %dx = F(¢) (8.16)
FUEO) = 5 [ P = 1) (8.17)

where f(z) is absolutely integrable for all ¢ € R and has at most a finite number of maxima and minima,
and a finite number of discontinuities in any finite interval, i = /—1 and ¢ is the transform variable.! In
the following analysis, it is assumed that the Fourier transform variable ¢ = ¢, + i¢;, where ¢, and ¢;
are real, is complex in nature. This is done to ensure the existence of the transformation of the payoff

function. In this instance, the generalized Fourier inversion formula is required:

FUF@O) =5 [ F@)edo (815)
2 i —00

In typical option payoffs, the Fourier transform of the payoff will only exist if ¢; is restricted to a strip of

regularity, a < ¢; < 3. Since the payoff depends only on the underlying, a one-dimensional transform is

required which will enable the two-dimensional PDE to be solved by means of one-dimensional integration.

8.4.1 The Direct Application of the Fourier Technique:
Standard Black-Scholes Model

To gain insight into the effectiveness of the Fourier transform and inversion formulae, a brief outline of
the process will be described below. This facilitates the reasoning behind application of such a technique.
We will consider the standard Black-Scholes pricing model, where the underlying S follows the log-normal
diffusion process with constant volatility o and risk free rate r. Let the log-price process be represented

by z. So,

dS = rSdt+ oSdZ
= dr = (r— %2) dt + odZ

I This definition may vary in terms of:

1. The signs of the exponential being reversed. i.e.
oo . 1 [ )
FU@Y = [ f@ers = o), FUEO) = o [ F@emdo = (@)

2. The constant ﬁ may be split symmetrically as \/% in front of (8.16) and (8.17):

Fif@) = %2; / T f@)eF s = F(g), FUF@) = %2? / ¥ F(@)eFdp = f(x)
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The pricing function of a standard European call option on the underlying, C(x,t), is a solution to the
Black-Scholes PDE with boundary condition:

Ct+ (7‘_%) C.L+%C‘L‘L_TC:O (819)
C(x,T) = (e*T — K)* (8.20)

Here, 0 <t < T, T being the expiry and K, the strike.

Since the payoff depends only on the underlying, a one-dimensional transform is required. Using a

variation of Definition (9), the transform and inverse transform of the pricing function are:

C = Ooeim T T .
C(¢,t)—[m C(a,t)d (8.21)
Clz,t) = % [ e C(g, t)de (8.22)

Substituting (8.22) into (8.19), we get

1 [e.°]
2r J_

e~ (6’:—1— (7'— %2)@—1—%25;;—7"5)@):0

= Ci+ (r=%)Cot 5Cru—rC =0 (8.23)
In the above PDE, the notation @ = %—g, refers to the Fourier transform of the partial derivative. The
requirement is to evaluate the Fourier transform of the partial derivatives: C,, C,,. Since the Fourier
transform is performed in the variable z for fixed ¢, the transform of the partial derivative in ¢ will remain

a partial derivative in ¢ (more precisely, the Fourier transform of %—?, %—(; is %—f).

Using integration by parts and recalling that ¢ = ¢, + i¢;,

/ eimg—cd:v lim eimC(x,t)ﬁ +i¢/ 'Oz, t)da
x a—00 @

—0o0 oo

lim @r+ie0z0 (g, 1)

a—00

) +i¢/ O (x, t)dx

a—00

oo
= lim ei‘ﬁ”e_‘b”C(m,t)r_ya—H(b/ O (x, t)dx
= i¢C

In the above limit, as @ — 00, the term e**® behaves as an oscillating constant. For the limit to exist,
we require ¢; > 0 (this proves to be consistent with the required strip of regularity of the option payoff
to be demonstrated below). We also have that the option price, C(x,t), tends to zero when the asset’s
price tends to zero (or the logarithm of the asset’s price tends to —oc) and C(x,t) tends to the asset’s
price when this tends to co (or the logarithm of the asset’s price tends to oo). Consequently, the limit

goes to zero.

For the second transform, using integration by parts and the fact that % tends to oo when the asset’s
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price tends to oo and zero when the asset’s price tends to zero:

< . 0%C s OC | e, 0C
ipx — 1; ipx . ipx
/ © o2 de all—r>no<> < or o e /_o<> “ bz de

— 00

= —¢2*C
The above limit tends to zero for the same reasons as in the first case. We require ¢; > 0.

We now substitute the above two transformations into (8.23) and get
~ a2\ a2 2 ~
Ci + [(7‘—7>z¢—7 —7‘}020
The above equation is an ODE (variable separable) in ¢ for every fixed ¢. Thus,

ac

@ =l (r-%)wrge)e

Solving this
g = [r— (r— %2) 1o+ ”72¢2} dt
= C(0,t) = C(6, T)exp (=1 + (1= 5 ) io — 5 6*) (T - 1)]

where C(¢,t) and C(¢,T) is the Fourier transform of the option price and payoff respectively. First
finding 6’(¢), T) and recalling that ¢ = ¢, + i¢;:

C(¢,T) :/ € (" — K)tdx
oo o
= / e dr — K e dx
In K In K
e K o
— . z(1+ig) s T ipT
14i¢ alLH;o c InK i ah—{réo ¢ ’mK

The upper limit above does not exist unless ¢; > 1 in the first case and unless ¢; > 0 in the second.

Applying this restriction (¢; > 1),

~ 1 B K )
C(¢,T) = T+io (0—K™%) — i (0-K)
—i¢K1+i¢ + K 1t+io + iqbKH'w’
i) (1+1i9)
K1+i¢
_ _(j)? — (8.24)

The final step is to invert C (¢,1), the option price time t. We require the generalized Fourier transform

since ¢ is complex with ¢; > 1:

Clat) = - /:: 190, Texp [(—r+ (r— % )io — 26%) (T — 1) do

e~ r(T—t) /i¢i+oo K1+
27 idi—co P10

exp [figi)x + (r . %) i (T —t) — T2 (T — t)] d
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Simplifying the transformed payoff using partial fractions, for a and b constants, we get

_K1+i¢ ) b
= Kt {a + }

o(¢ — 1) ¢ o—i
—1=(a+b)¢p—ia
=a= -1,
and b =1
Therefore,
Ke—r(T—t) riditoo ;prig 2 2
C(x,t) = eT /4»— ;7 ey [—iqﬁx + (r - %) ip (T —t)— S ¢* (T — t)} d¢

2

exp {fiqﬁz + (1" — %) i (T —t) — T2 (T — t)] do

2

efr(Tft)
= () + R(L)

Ke—r(T—1) /i¢i+00 iK1
i¢; —00 ¢

The remainder of the calculation involves calculating the real part of the integrals as shown above. A
contour integral is required. The solution to the stochastic volatility model will be provided in detail in
section (8.4.3). The following pricing definition and theorems summarize the above results for general

pricing procedures.

Definition 10 (Grimmet & Stirzaker 2001) The characteristic function of X is the function ¢ : R — C
defined by

$(o) =E[¢9X], i=y—T

So, given the risk-neutral density and distribution function pr(z) and Pr(z) respectively, of the diffusion

process x(T'), we have

wT@ozi/“)a@ﬂf&@o

— 00

0 .
= / e pr(x)da

—00

The characteristic function always exists and the defining integral converges absolutely. It is also uniformly
continuous in ¢. From the above definition, ¥(¢), it can be seen that ¥ (¢) and ¥(—¢) are conjugate
quantities (Kendall 1945, §4.3):

(¥(0) + ¥(=¢)) (8.25)

1
3
= - (9(6) — ¥(=9) (5.26)

Another interesting result is given by the Inversion Theorem:

o] _ =iz
Pr(e) = Pr(0) = o [ (o) o
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Characteristic functions, 1¥(¢), are continuous in ¢ and defined in every finite ¢ interval. It is also the
case that 1(0) = 1.

Let the function f(x) represent a European option payoff that depends only the value of the underlying
at maturity of the option and z(T") = In S(T).

Theorem 10 The Characteristic Formula

(Sepp 2003) We assume that x(T) has the analytic characteristic function yr(p) with the strip of regu-
larity Sy = {¢ : o < ¢; < B}. Next we assume that e=?® f(x) € L*(R) where ¢; is located in the payoff
strip Sy with transform F(¢), ¢; € Sy.

Then, if Sp =S¢ NSy is not empty, the option value is given by

efr(Tft) 1$;+00
fa®) = 5 [ eroFs (5.27)

where ¢ € Sp =Sy NSy.

The derivation of the result is from risk-neutral pricing. Using the definition of the characteristic function,

the generalized Fourier inversion formula and Fubini’s theorem,

J(@(®) =E? [T f(a(T))]

i 400
i / e_id’x(T)F(@d(b}

— o T(T-RQ
2 ihi—o0

e—r(T—t)

2

i¢;+oo
/ EQ [e—wr(T)} F(¢)de

¢pi—00

—r(T—t) idi+o00
_e / Vr(~d)F(6)do

2m ¢i—o0

The whole integrand exists if ¢ € Sp.

8.4.2 Application of the Characteristic Function

Analysis follows that of (Attari 2004). In this section and the remainder of the chapter, the Fourier
transform of Definition (9) will be used. Considering the case of the standard Black-Scholes pricing
model or possibly, a variation thereof (which may include stochastic volatility). Let Sy = Sye"(T—D+2
where where S follows a log-normal diffusion equation with constant risk free rate r and = accounts for
the volatility process. The price of a European call option, C(t, Sy; T, K), with strike K and maturity T,

can be expressed as
C(t, ST K) = e " TIE [(Sr - K)*|
= "T-OE2 [S1|Sp > K] — e " T YEL K|Sy > K]
= S,E? [ew(ﬂT) l2(t, T) > n} e T TOERK 1 |2(t, T) > n]
=5, / " D (1, TY)da(t, T) — e T-D K / " (e, T))d(t, T)

_ Stpl o e*T(Tft)KPZ
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where p(z) is the risk-neutral density associated with z and we define the following:

| efr(Tft)K
n= (")

P! = / b D p(x(t,T))dx(t, T)
P2 = /°° p(x(t,T))dx(t,T)

It is well-known that 0 < P! < 1 and since e®p(z) > 0 for all x, the product can be considered to be
a probability density function. From the above analysis, it is clear that the choice of solution (8.9) is
justified. Similarly, the expressions for P/, j = 1,2 above, are analogous to that in the stochastic volatility
case, (8.15).

If we let 11 (¢) and 12(¢) be the characteristic functions of the density functions e*p(z) and p(x) respec-

tively, then we have

wio) = [ " e p(a)da,

— 00

va(o) = [ " mp(a)da (8.28)

— 00

Substituting into P7 for j =1, 2:

PJ

/n h (;ﬂ / Z ¢j<¢>>e—”¢wd¢> dz
o [ i) ([ )ao

Since the integration variable ¢ must be complex, the solutions, P’ are given by the generalized Fourier

transform:

ipi+00 00
pi—t V() ( / e—mdx) do (8.29)

2 ig;—00

Here, the integration variable, ¢ is in the complex plane. ¢; is required to lie within certain bounds on the
imaginary axis (strip of regularity). In the second line, the order of integration has been changed using
Fubini’s theorem (Rogers & Williams 2000, §I1.12). As a solution, we require the real part of (8.29).

In many financial models, the existence of an explicit formula for the characteristic function exists. Given
these functions, the prices of a wide range of options, dependent on the underlying, can be computed.

These prices are Fourier-inversion integrals which are numerically evaluated.

8.4.3 Solution to the Stochastic Volatility Process
Given that V; and z; follow the risk-neutral diffusions

dey = (r + u; V) dt + VVAW},
dVi = (a —b;V)dt + o/ VidW?
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Consider a twice-differetiable function f(z,V,t) that is given by:
f(@,Vit) = Elg («(T), V(T)) (1), V(1)] (8.30)

for some function g (z(T"), V(T')) where T > t. Using It6’s Lemma,

(1 0f 2f 1 ., 0%f of af  of
af = <2Vax2+pavaxav +30 V8V2+(T+ujv)8z+(a_bj)vav+at) dt
of 11 of 0

By iterated expectations, f must be a martingale:

Elf(z, V1) |Fu] = E[E[g(«(T), V(T)) | F:] | Fu]
= Eg(=(T),V(T)) |Fu]

for 0 < u < t with (.7-})t>0 the filtration that contains all information generated by the correlated

Brownian motions. So it is clear that f, a conditional expectation, is a martingale and therefore
E[df] =0

So, from the above equation, the dt term must be zero. This yields the forward Kolmogorov equation:

%V% + paVaiQaJ;/ + %UQV% + (r +u;V) % + (a—b;V) % % =0 (8.31)
From (8.30), we have the terminal condition:
f(@,V.T) = g(z,V)
If we let
92,V ) = %2 (.32)

then, the solution is the characteristic function (as can be seen from Definition (10)). Thus, for j = 1,2,

[i(®) := fi(z,V,t;0) = ¥;(9)

from (8.28).

Using the fact that the Fourier transform and the solutions, P? for j = 1,2, satisfy the Kolmogorov
forward equation, we can solve explicitly for f;(¢) and invert them to obtain the required probabilities
PJ(x,V,t), subject to the terminal condition from (8.30)

fi(g) = e (8.33)

We are required to find the Fourier transform of the terminal condition as given by (8.14), as done in
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(8.29) is

Py(¢) := Pyj(x,V,T; ¢)
= /oo e~ Pi(z,V,T)dx

— 00

= / e o kyda

—0o0
« .
lim e~ %
A= JInK
—1 : —ipx
=— lim e
Zqﬁ a—00

7

«

In K

a— 00

_ ie—zd)ln K

i
= Ly (8.34)
i
Since ¢ is in the complex plane, the above limit only exists if the imaginary part, ¢; < 0.
The Kolmogorov forward equation is a mixed partial differential equation, which is linear with variable

coefficients. To solve it, a solution of the following form is suggested:

[i(¢) = exp (C(7;¢) + D(1;9)V +i¢x)

where 7 = T — t. Calculating all partial derivatives that are required:

fo=10f,
fow = —0°F,
fv=DFf,
fvv =D,
Jzv =1D9f,

fi=(Ci+VDy) f

Substituting this into (8.31) and dividing through by f,

1 1

—§V¢2 +ipaV D¢ + 5aZVD2 + (r+u;V)ig+ (a—b;V)D+ (Cy + VDy) =0
Gathering terms in V:
Loy, . L 5o . ,

\% —5(;5 +ipoD¢ + 29 D* —b;D+iuj¢p+ Dy | + (irg+aD +Ct) =0

So, from the above it is clear that the following two ordinary differential equations (ODEs) are obtained
1 1 dD
—§¢2 +ipoD¢ + 50—2172 = b;D +iuj¢+ —= =0,

ac'
. Do _
re+aD + 7 0
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subject to

Since dt = —dr,

1 ) ) 1 dD
§U2D2 + D (ipo¢ — b;) + (zuqu - 2¢2) =g
irg +aD = ac
dr
Solving for D first:
dD
=dr

102D2 + D (ipo¢ — bj) + (iuj¢ — 3¢?)
Factorizing the denominator in D,

~(ipod — bj) £/ iprd — b;)* — 4L0? (iujid — 5¢°)

o2

(b) — ipo@) £\ (ipod — b;)* — 0 (20,6 — ?)

2

g

Define the following:

f = \/(ipo'(b - bj)2 — 02 (2iu;p — ¢?)
(bj —ipog) + f

+ _
X" = 2
_ (b —ipog) — f
X = T
. Xt
g = X-
So,
dD 1,
= —o°d
D-xHD-x-) 279
Separating out into partial fractions:
A B 1

DXt 'D-x- (D-X"HD-X")

Equating the numerators:
AD-X")+B(D-X")=1
Multiplying out and equating terms in powers of D, we get:
(A+B)D— (AX~ +BX") =1
= A=-B

andA(X_ —X+) =-1
1

Ao
AT XT o x-
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Now,

xt_ x- _ bi—ipod)+ f (b —ipog) — f

o o
2f
sl
Therefore,
A=
2f
e
2f
Now, the ODE is of the form:
o2dD o2dD 1,
= - — = —o°dr
2f(D-X*) 2f(D-x-) 2
dD dD A
= fdr

Integrating both sides, we get
In(D—-X*)~In(D-X")=fr+k
for some constant k. Since D(0) = 0,
k=1In (fXJr) —In (fX*)

=In—

X-

D—-XT*

nﬁ:fT+ln§

=1

Exponentiating both sides then substituting in for ¢ in the right hand side:

D—-XT* . e
D_x- 9

. X+ .
=D (1 - gefT) =Xt - el X"

Now, it is possible to solve for C'. Looking at
dc
i D+—=0
irg +aD + i
and noting that dt = —dr, we solve the ODE:

c =wr¢+aD
dr
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subject to C'(0) = 0. Therefore,

1—ef7
= 'LT¢ + aX+ 76A
dr 1— gefT
. L 1= el
= dC =ir¢pdr + aX " ————dr
1— gelf™
Consider the integral A
1—ef7
2% ar
1— gel™

To integrate the above expression, a simple substitution and the method of partial fractions is used. Let
z=elT. Then, dx = f:vdT and the integral is equal to
11—z

—dx

frz(1—gx)
Separating into partial fractions,

n B 11—z

v 1—gr x(l-gz)
=A(l-gz)+Bx=1-z
=A=1
and B—g§= -1

=B=g-1
Upon integration and then substituting in for x, we get
1_ N
i i [ G i)
floa- o f
g
=—=|lnx - In(1-gz +l>
f ( ( g > ( )

Agfl In (1 _ gefT> +°

= T —

for some constants [ and . Therefore, the ODE (8.36) is integrated to give:

=ir¢gr +aX" (T— gA_Al In (1 —QefT)) +m
9f

where m is a constant of integration. Substituting in C'(0) = 0, we solve for m.

g—1
0=—aX*L —Im(1-§)+m
9f
g—1
=m = aX+gAiAln(1 -9)
9f
Therefore,

§—1 : §—1
=ir¢T +aX " (TgAA ln(l—gefT> +aX+gAiAln(1—g)
9f 9f

g1 (1—gel™
=ir¢r+aX | 17— 9= m geA
af -9
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Simplifying the term X +9;f, we get

1
g
[ P o <X+—X‘>

Q>
~~»

So,
_aelT
C(1;9) =ir¢T +a <X+’7' — % In (196;)) (8.37)

We can now calculate the required P7(x,V,t) for j = 1,2 as in (8.29).

) 1 ig;+00 K—io
Piav =g [ o s
_1 [Witoo i
= o o fi () p d¢ (8.38)

We only require the real part of this integral, R (Pj (z, V,t)), which will be evaluated using a contour
integral. In doing so, it is necessary to ensure ¢; < 0. The following definitions and theorems from real

and complex analysis are required.

Definition 11 (Rudin 1987, §10.1) Let Q2 denote an open set. Suppose f is a complex function defined
in Q. If zg € Q and if
lim f(z) = f(20)

zoz0 2 — 2
exists, we denote this limit by f'(z0) and call it the derivative of f at zo. If f'(z0) exists for every zy €

Q, then f is holomorphic (or analytic) in Q.

Definition 12 (Rudin 1987, §10.8) If X is a topological space, a curve in X is a continuous mapping
v of a compact interval o, 3] C RY into X; here a < 3. We call o, 3] the parameter interval of v and
denote the range of v by v*. Thus, v is a mapping, and ~v* is the set of all points v(t), for a <t < .

If v(a) coincides with (), then v is a closed curve.

A path is a piecewise continuously differentiable curve in the plane. A closed path is a closed curve which

18 also a path.

Suppose v is a path, and fis a continuous function on v*. The integral of f over v is defined as an integral

over the parameter interval [«, 5] of ~:

B
[ 1= [ s @ar (8.39)
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Theorem 11 Cauchy’s Theorem

Rudin 1987, §10.12) Suppose F € H(Q), the space of analytic functions, and F' is continuous in Q.
( ) pp , P y ,

Then

/ F'(2)dz =0

for every closed path ~ in €.

Theorem 12 Lebesgue Dominated Convergence Theorem
(Goldberg 1976, §11.8B) Let {f,}52; be a sequence of functions in Lla,b] such that

lim f,(z) = f(x) almost everywhere (a <z <b).

n—oo

Suppose there exists g € L]a,b] such that
|fr(2)] < g(z) almost everywhere (a < x <Db).

Then f € Lla,b] and
b

lim [ f, =/ F

n—oo
a

—1 [iitoo i 1
0 (27T G d¢>> = (31)

Define

(8.40)

and let F(¢) = f;(¢) iK% Ty order to evaluate the integral I for ¢; < 0, we use a contour integral given

@
by six parametric curves:

1.T1:9p=k, k€ (myn), formn>0eR;
2. Ty:¢p=n+ip,pe (0,¢) ;

3. T3:¢=k+igi, k € (n,—n);

4. Ty:¢p=—n+ip, p € (¢;,0);

5 T5:¢=k ke (—n,—m);

6. I'g: o =me', 0 € (—,0);

Note, there is a pole (singularity) at ¢ = 0, therefore we require Tg.

Since the integrand is analytic on this contour, Cauchy’s theorem implies that

Zij/r F(é)do =0

To find R(I), the integrals must be evaluated, taking limits as m — 0, n — oc.
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Figure 8.1: Contour integral for the evaluation of I

Consider

/ Flo)io+ | Floe

r

5
n 'Kfit —m ‘Kfit
~ lim /fj(t)Z dt+/ ()t

m—0,n—oc0 t
e K"
_ / ()t (8.41)

Evaluating fr2 F(¢)do. A parameterization of ¢ is required, therefore equation (8.39) is used. Here,
~(t) = n +it for t € [0, ¢;]. We have

i s 7 —i(n4it)
/ F(¢)d¢ = lim fj(n—kit)u(—i)dt
F2 n—oo

i t—in
= lim i(n+it —dt
n—oo [ f]( ) n —iat

Pi Kt—in
= /0 nlingo (fj(n+lt)n+it> dt

Looking at the individual terms as n — oco: f;(n+it) behaves like an oscillating constant, K~ behaves
like a constant and ﬁ — 00. Therefore, as a result of Lebesgue’s dominated convergence theorem (12),
the entire integrand tends to zero as n tends to co. So,

/F F(6)d6 =0 (8.42)
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Similarly, with the parameterization v(t) = —n + i¢; — it for t € [0, ¢;].

i J K i (—ntidi—it)
F(¢)do = li i(—n+ig; —it) ———————
/1“4 (#)de S o fil=n+igi—it) —n +ip; — it

bi in—(t—g;)
—dim [ i) g

n—oo J —’I’L—Z(t—(lsi)

:/0@ lim (fj(—(n+i(¢i_t)))7m> “

n—o00 1 (gﬁl —t

(—0)dt

Thus,
/F F(¢)dg =0 (8.43)

Next, consider the integral along I's. The parameterization is y(t) = t + i¢; for ¢t € [n, —n]. We have

-n J K —i(ttig)

/1“3F(¢>d¢: lim. ; fj(t+i¢i)mdt

¢i—it
= —1 hm / fi t—|—z¢l) ,¢_dt

—n ¢ bitit

=1 lim t+ip;) ——dt
i [ fetrio) S

—n

R Koi—it
¢ lim fi(= (t+i¢i))<(t+i¢i))dt

o -n ) Koi—it

wam¢

The negative sign going from line (1) to line (2) results from reversing the path of integration, going

from line (2) to line (3), a change of variable from ¢ to —t was made. Line (4) to line (5) is a result of a
conjugate symmetry that applies to Fourier transforms. For a real-valued integrable function f, we have
(Lewis 2000)

Fww:/wfmﬂmM=Fe@

— 00
The final results indicates that the real part of this contour integral is in fact the whole integral.

Lastly, consider fFe F(¢)do.

K zme
/ @)dp = hm/ fi(m Z mze’edﬂ
Ts m—0

=— lim/ fj(mew)K_imewdQ

—
771077r

=— /0 lim (f] (mew)K%mem) de

—
_am 0

Since f;(¢) is the Fourier transform of the (risk-neutral) probability density function, we have that
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lim,, o f;(me) tends to 1. Therefore,

— (8.44)

Putting everything together using (8.41), (8.42), (8.43) and (8.44), we find

—1 [iitee zK i ~1
%@/M hie) ) 5 (-, [ Fiome)

_— lim R(F
2 (m—>0n—>oo —;#3‘/ )
-1 i 1K™
=g (me (o0 )d¢)
1 1 ° ZK ¢

~3 (055 )
1 1 ° K~ “15
§+% gfe(fj(¢) B >d¢

By writing R (fj (0) Ki;w) as R (fj (6) efi;;" “ ), we can further simplify the integral:

/_O;% (fjw)e_i;iw) aw=[ n

é is an odd function, cos (¢In K) and sin (¢ln K) are even and odd functions respectively, and using
(8.26), we have that

R (-0)) = 5 (F5(=6) + £5(6) = R(5(6).
SU(-6)) = 5 (15(=6) = F5(6) = ~S(f5(~0))

showing that R(f;(—¢)) is an even function and I(f;(—¢)), odd.

Thus, both terms in the integral above are even functions. Therefore,

—zd)an o] —i¢pIn K
Lo [0

So, PJ(x,V,t) for j = 1,2 can be numerically evaluated as:

_ oo —igIn K
Pl v =g+ o [R50 )@ (3.45)
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8.5 Computational Procedures

Given that the solution to the European call pricing problem is given by (8.12) where, P! and P? can
be found using (8.45), we will proceed to implement a hybrid quasi-Monte Carlo scheme using an Euler-
Maruyama (EM) discretization method. A second approach, which involves the numerical evaluation of

the probabilities, will be to perform Gauss-Legendre integration.

8.5.1 Quasi-Monte Carlo Simulation

The simulation technique employed here will be identical to that of §7.4.2. The risk-neutral diffusion
equations associated with the stock price process and the variance will be discretized using the Euler-
Maruyama method (Higham 2001).

We have

dS; = rSdt + \/ViSdWw}
dVi = &% (0* — V;) dt + o/ VidW}?

where k* = K + A and 6% = ’Q—e;\ which arises from assuming that S\(S’,V,t) = \V as in (8.8). The

Brownian motions Z! and Z2 have correlation p.

A scalar autonomous SDE written can be written in integral form as:

X(t) = X, +/O f(X(s))ds+/O g(X(s)dW(s), 0<t<T.

where the second integral is with respect to Brownian motion and Xg is the initial condition. This can

be rewritten as:
dX(t) = f(X(t)dt + g(X(1)dW (), X(0)=Xo 0<t<T
Discretizing the interval [0, 7] in to N equally spaces intervals At = %, then for j =1, ..., N,
Xj = Xj1 + [(Xj—1)At + g(Xj1) (W(7;) = W(Tj-1))

where 7; = jAt. Using this for the risk-neutral underlying and variance processes above, we have

Sj = Sj_l + (’/‘ — q)Sj_lAt + 1/ ‘/}_15]'_1’&]‘ VAL (846)
Vi = Vioa + 10" = Vi) At o/Vi1 (pus + /1= p20;) VAL (8.47)

Here, u; and v; are the quasi-random ®(0,1) numbers which are generated as in chapter (7.1). The

Choleski decomposition relates the two independent Brownian motions (u; and v;).

Another important consideration is the variance process may become negative. In this instance, it is

necessary either to reflect the value by taking the absolute value, or to absorb it by setting it to zero.

8.5.2 Gauss-Legendre Integration

The simplest form of Gaussian Integration is based on the use of an optimally chosen polynomial to

approximate an integrand f(t) over the interval [—1, 1] (Burden & Faires 1997).
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It can be shown that the best estimate of the integral is then:

1 n
[ =Y arw)
-1 k=1

where t; are designated evaluation points (abscissae), and ¢; are the weights of that point in the sum.
These values are found in tables in (Abramowitz & Stegun 1974, §25.4). A simple linear transformation
can be made that will translate any interval [a, 5] to [—1,1]:
2t —a—f
=" 5-a

such that the integral becomes

A 'B-a (ﬂoe aw)
dt = d.
| swae= [ ESE (P 25T s

The simplest form uses a uniform weighting over the interval, and the particular points at which to

evaluate f(t) are the roots of a particular class of polynomials, the Legendre polynomials, over the
interval. These polynomials are orthogonal on [—1, 1], with respect to the weight function w(t) = 1, and
for each n, the polynomial P, has n distinct zeros which lie in (—1,1). This leads to the result that for
any polynomial P(t) of degree (2n — 1), then

/ P(t)dt =) cx P(ty).
-1 k=1

where
1 n
t—t;
Cp :/ H J dt
1. -t —
j=1,j#k
and tg, t1, ..., t, are the zeros of the nth Legendre polynomial.

These points are not evenly spaced and increasing the degree (number of chosen points to evaluate the
function) of integration improves convergence. Rather than using higher degrees of quadrature, one

increases the number subintervals (each may have some given degree of quadrature).

This method of integration has one significant further advantage in many situations. In the evaluation
of an integral on an interval, it is not necessary to evaluate the function at the endpoints which proves

valuable when evaluating various improper integrals, such as those with infinite limits.

We are required to evaluate the integral:

0o e—i¢1nK
[ (s =)
0

The degree n is chosen to be 16. If the maturity of the option is longer than a year, the default setting
will be to select a total length of 512, dividing it into subintervals of length 8 (i.e. 64 pieces), to be

evaluated as a separate integral. So, the integral can be rewritten as

Z/p 2 (56 ) do - Z/ . (f]@)e_lz“{)m
_ Z Pm — Pm—1 pm ! ch&e (f] _“,S’:M> (8.48)

it

m—1
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where p,, — pm_1 = 8 and p,, = 8m. Here,

~ D DPm-1 7  Pm-1~+DPm
quﬁ 20 — Pm—1— Pm
p Pm—1
and
tAk — Pm 7pm—1tk + Pm—1 +pm
2 2
As before, the weights c; and abscissae ti, for k =1, ..., 16, can be found in a standard table.

The case where we consider shorter dated options can be divided in to two scenarios (the subinterval

length of 8 is maintained in both cases):

1. If the strike is within € of the (forward) ATM range;
2. If the option is either ITM or OTM.
€ can be selected according to desired efficiency and accuracy. In the first case above, the number of

pieces is increased which increases the total length the integral is evaluated over. If the second case above

arises, then the number of pieces is selected to be 64 or more, depending on a suitable criterion.
Once the number of pieces has been calculated, the abscissae t; and weights ¢, are substituted into (8.48).

This procedure is computationally quicker and more accurate than the quasi-Monte Carlo simulation
above (Schébel, R and Zhu, J 1999).

The European call price, C(z,V,t), at time t is given by:

C(x,V,t) = e*P' — Z(t,T)K P?

,
— " <;+71T/0005R(f1(¢)6?;[() d¢> - Z(t,T)K <;+71r/000§}%<f2(¢)6i:;“{> d¢)
—KP<fT( zpm z%( )

Ztk
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Chapter 9

SABR Model

9.1 Introduction

The SABR (stochastic-a5p model) model is a two-factor stochastic volatility model, which allows for
correlation between the underlying and its volatility. Under the forward measure, the following SDEs

model the forward F, and volatility &, processes:

dF = aC(F)dWy, (9.1)
dé = vadWs, (9.2)
dWldWQ = pdt, (93)

where C(F)! is the diffusion coefficient, F'(0) = f and &(0) = a. @ is a 'volatility-like’ parameter, v is
the volatility of volatility (volvol) and as usual p is the correlation between F and a. Clearly, the forward

price is a martingale under the forward measure that will be used for the analysis below.

9.2 Black Volatilities of Vanilla Options Priced with the SABR
Model

We shall spend a considerable amount of effort deriving the price of vanilla options as a function of
o, v, p and C(-); in what is considered to be the typical case C(F) = F?, and so the price of vanilla
options, and hence the skew, becomes a closed form function of o, v, p and 5. We then have a calibration
mechanism: these parameters are chosen so that this skew most closely matches that in the market. The
ease with which this is done makes the model very tractable. Even when the market skew cannot reliably

be observed, methods such as that of (West 2005a) are available.

'In order for the perturbation expansion to be reasonably accurate and work well, C(ﬁ') should be a smooth function

which does not get too close to zero.
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Let V (¢, f,«) be the value of a European call option (on a forward contract) at date ¢ with strike K,
where F(t) = f and &(t) = . The option has exercise date t., and settlement date ¢.,. Then, the

undiscounted value of the option is given by
. + A .
Vit f) =& | (760 - K) [P0 = .60 =a (0.4
:/ / (F — K)p(t, f,a;t., F, A)dFdA, (9.5)
—o0 J K

where p(t, f, a; t.,, F, A) is the probability density function defined by

p(t, fyost., FLAdFdA =P |F < F(t..) < F +dF, A < a(t.,) < A+ dA|F(t) = f,a(t) = a] . (9.6)

The analysis is to be carried out on a small volatility expansion. Therefore, we begin by replacing & — &
and v — ev in (9.1) and (9.2)%

From Chapter 5, Proposition 3, we know that for T > ¢, p follows the forward Kolmogorov equation:
pr = 362 A% (C*(F)p) .o + 2pv (A2C(F)p) 1, + 26207 (A7) , (9.7)
with
p=06(F—[)6(A—a),
at T = t. Here, subscripts refer to partial derivatives. Therefore,
p(t, foite, Fy A) = 6(F — £)5(A - a) + / " pr(t, f, i T, F, AV,
t
Using this, the undiscounted call option price can be re-written as
V(t, f, )
_ /Oo /:(F —K)S(F — f)5(A— )dFdA + /Oo /: /tex(F — K)pr(t, f,o; T, F, A)dTdFdA
o —0 t
—(f-K)*+ /OO /: /tex(F — K)pr(t, f,o; T, F, A)dTdFdA, 9.8)
—o0 t
where we have used the following property of the Dirac delta function:

[ffuwu—aszfmy

2The quantities being perturbed are the volatility and the volvol. In such instances, the perturbation transformations

are of the form:

o — Ex

vV — EV.

In the method of Matched Asymptotic Expansions, we are required to find the distinguished limit which is that power of ¢
that balances the derivatives. In this case, we balance the terms pr and %EQAQ (C2(F)p) g in (9.7). This means choosing

suitable transformation variables (to be discussed in §9.2.1 ) such that we obtain an equation of the form pr =p.. +....
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Substituting (9.7) for pr into (9.8) and by integrating out A from the terms e?pv (A2C(F)p) ., and

FA
1212 (A%p ) aa» We have

V(t, f,q)

(fK)++/O;/:/ttex(FK)

1
+e%pv (AZC(F)p)FA + 5621/2 (AQp)AA

1
56247 (C*(F)p)

dTdFdA

=(f-K)"+ %3 /_Z /: /ttex(F — K)A? (C*(F)p) ., dTdFdA.

This is to exclude the cases of A — +003. By switching the order of integration and then integrating by

parts with respect to F', the undiscounted price then becomes
1 tox e’} [e%e)
V(t, f,a)=(f-K)"+ 552/ / / A*(F = K) (C*(F)p) s dFdAdT
1 tex = xT
=(f-K)"+ 252/ / A? lim ( — K) (C*(F)p) |« — / (C*(F)p),. dF) dAdT
K

r— 00

tex
= (K)o e / / 42 1im ((F— K) (C*(F)p) o[}, — (C*(P)p)},) dAdT
tex
=Ky *;5/ / A2 (0= (0= C*(K)p(t, f, o5 T, K, A))*) dAdT
tex
=(f-K)"+ 55202(K)/ / A2p(t, f,05T, K, A)dAdT
t —00

Simplifying this further, we define

Pt i T K) = [ A, oo, K AYdA (9.9)

3We have that

/j:o /Koo /ttex(F—K)EQPV (AQC'( )p) 4 dTdFdA = oo/ttex F— K)e2pv </jo (AQC(F)p)FAdA) JTdF

K

e}
T

rl-

oo
tex
/ (F — K)&? py hm (A%2C(F)p)
K Jt -

0,

7Lt ([ e [ [ 000 o

I) ATdF

and

=0.

4The cases when F' — oo are not included as limz_. oo p(t, fya; T, x, A) — 0. Thus,

lem (F - K) (CQ(F ) = mln;o ((z — K) (CQ(:v)p(t, f,a;T,:c,A))F) -0

[ =

=0,

- lim (C*(F)p)|y = — lim C*(@)p(t, f, 05T, @, A) + C*(K)p(t, f,o; T, K, A)

Ik

= C*(K)p(t, f, o5 T, K, A).
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From Chapter 5, Proposition 2, for ¢ < T', P satisfies the backward Kolmogorov equation:
P+ %szazCQ(f)Pff +e2pra’C(f) Pro + %EZVQQQPMX =0,
with
P = a(f - K),
for t =T. Since P depends on T —t, not ¢t or T separately, let

T=T—1t,
=dr =dT

If we let 7., = t.. — t, then
1 Tex
Vit o) = (F = K) 4 32C3(K) [ Pr fasK)dr
0

since P depends on the initial condition at 7 = 0 as opposed to the terminal condition at t = T'. Thus,

for 7 > 0, P solves

1 1
P, = 58204202(f)Pff + e2pra’C(f) Pro + 552V2a2Pam (9.10)

subject to the initial condition (7 = 0):
P=ad%(f - K). (9.11)

P is Gaussian probability density function® which is dependent on C(f), the diffusion coefficient. Since
it is asserted in (Hagan et al. 2002) that small changes in the exponent will result in large changes in the
density, the exponent will be expanded. The near-identity transform method is applied by transforming
the dependent and independent variables order by order into a canonical problem, instead of using a

straightforward (regular) expansion to solve the problem order by order.

9.2.1 Multiple Scales Technique

Multiple scales techniques are often applied to ODEs involving the viscous damping of harmonic oscillators

and boundary layer problems in fluid mechanics. We briefly review the technique here given in (Nayfeh

5As can be seen in (Etheridge 2002, §3.1), the transition density function for a Brouwnian motion with zero mean and

variance t given by

1 x—y2
p(O,x;t,y)—@eXp<—( Qt) )

is the solution of a diffusion process satisfies the backward Kolmogorov equation (from Proposition 2) in §5.2. Then P,
which satisfies (9.10) with initial condition (9.11), has solution

P Y (RN €t S
VEreatCR(R)r L\ 2202CR(K)r
_ a (f — K)?
NI <2ac<K>T> ~ (9.12)
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1981, §8.1.3). Let u(t;e) be a solution to an ODE, where the expansion involves multiple independent

variables (scales). So, u is a function of multiple scales, instead of a single variable. So, we have
u(t,e) = alt,et, e%t,...;¢)
We define the different time scales T;, for ¢ > 0 as
T, = 't
Clearly, T}, 1 is slower than Tj, since e"T't < ¢"t. Therefore,
u(t,e) = u(To, T1, Ta, . . . 5€)

The order of the expansion is related to the number of scales. If we require an expansion valid for times as
large as O(s%) (M is a positive integer), then we are required to introduce M + 1 independent variables,
To, Thy ooy Ti-

To obtain the solution to the ODE;, the following procedure is to be followed:

1. Begin by expanding 4 in powers of ¢:

u(t;e) = a(To, Thy «..y Tar;€)
=uo(To, Ty, -, Toar) +eur(To, Ti, -y Tog) + ..+ eMup(To, Th, ..., Tar) + O (eTwr)
(9.13)
The expansion breaks down when Ty, = O(1), i.e. t =0 (EM%)
2. Rewrite < and d2 in terms of aT , for 0 < i < M. We have
d LoT 0 L, 0
dat :; ot aT; :gg aT;” (9.14)

Also,

e Mo 2 M M i-1
0 B i=0

i= =0 j=0

3. Substitute (9.13), (9.14) and/or (9.15) into the ODE and equate like powers of . A system of

M + 1 PDEs is obtained in the variables Ty, T3, ..., Tas for ug, uy, ..., up. As seen in §5.5.4
the PDEs are solved by first integrating with respect to Ty. In doing so, arbitrary functions of
Ty, Ty, ..., Ty are obtained by insisting that for Ty, T1, ..., T,

s

9.2.2 Near-identity Transform Method: Option Price Expansion

To solve for P, the near-identity transform method is applied order by order up to O(¢?), to transform

the problem into a simple canonical problem.

We begin by performing a transformation up to leading order:
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In expanding the exponent of P in (9.12), it is shown that if (f — K) is O(g), then

(f_K)2 g1 1 f dp ?
WQ(I{)T(l_‘_“.)_G%(m/KC(p)) (1+..)

We are now going to transform the independent variables, f and «. This is similar to the process
discussed in §9.2.1, where a new set of independent variables is introduced. Since we are expanding an
exponential (regular perturbation expansions fail), we are required to re-scale (f — K) to be O(g). This is
closely linked with the method of Matched Asymptotic Expansions, when finding the distinguished limit
to balance the inner and outer expansions in a boundary layer problem. In this case, by selecting a new
set of variables judiciously, we can balance the partial derivatives and obtain a solution consisting of a

leading order term which describes the physical situation well.

So, define
1 ! dp
= . @, (9.16)
B (eaz) :=C(f), (9.17)

and change variables from f to z but leave a unchanged. The new independent variables, z and « are
O(1) and we will be looking at the limit as ¢ — 0, with z fixed.

Z2 . . . . . .
So, P = e~z , and we have the following transformation in partial derivatives:

o ., 1 9

df ~ caB (eaz) D2 (9.18)
0 g z0

6Using a Taylor series expansion, we can show that up to O(e),
(f —K)° _ (/f dp )
C*(K) k Clp))
if (f — K) is O(e). For a function h(f), we have:
h(f) = h(K) + R (K)(f - K).

Therefore, when h(f) = fIé %, the expansion becomes

(o) = et ) =G
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and

1 H?

0z 52a232 (eaz) 022

az)
B (eaz) > % * eaBteaz) (eaBl(Eaz) 882) %
)
az)""

B 1 B’ (eaz) 0
- 2202B2 (eaz) (322 T B (eaz) 6z>
2 0 (0 =z0
of b~ Of <aa B aaz)

- (zsaBtaaz a) ( -

"9 ad:0a 0 \ad:
Fon P 2o 2o
da?  a dz0a  a?dz  a?0z2%
The initial condition at 7 = 0, §(f — K) = 0 for all f # K. Looking at (9.16) and (9.17), z = 0 when
f =K, ie B(0) = C(K). Therefore, as a function of z

_82 2z 02 8(2’8) 5872

1

6(f - K)=0(eazC(K)) = W()

3(2). (9.20)

The first equality arises from the definition of the Dirac delta function as an impulse function and the

"To avoid confusion in doing the transformation of the first order partial derivatives, we will refer to variables f, o and z

with temporary subscripts indicating whether they are the new or old variables, then revert back to the original variables.

We have that
1 foa dp
Znew — 7/ -
EQold JK C(P)

Then
0  OzZyew O Otnew 0 1 a 1 17}
Ofora  Oford Oznew * Oford Otmew  €0olaC(fora) O%new  £0to1a B (E0Znew) OZnew
0  Oanew O Ozpew O 0 Znew O
Ootora  O0o1d Onew  Oold OZnew  OOnew B Qola OZnew

Now, fola = f, Qold = Qnew = @ and znew = 2. So substituting these into the above partial derivatives result in (9.18) and
(9.19).
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second equality is from the property:
o0
/ 0(x)dx = 1.
— 00

Thus, the pricing formula becomes
Tex

V(t, f,a)=(f - K)* + 35202(1'()/ P(r,2,0)dr, (9.21)
0

where P is the solution of
1 1
P, = —2®C?(f) Py + 2 pva®C(f) Pro + 552y2a2Paa

2

15 9.5 1 0? B’ (eaz) 0

= ~c%a2B B (N A
9° @ (eaz) €202 B? (eaz) (322 ““B (eaz) 0z

. 1 2 10 20
+5pVaB(EaZ)5aB(€ozz) <5Z(’9a adz  «dz? P

(P2 P ma e,
2 0a?  «a 0z0a 20z «?02?
1 1 B

= §PZZ — 25043((;3:))PZ +epvaP,, — epvP, — zepvP,,

1 1
+ —e202a% Py, — 2V az Py + 2% 2P, + §€2V22:2Pzz
/

1 1 B 1
=3 (1—2epvz+e*°2°) P, — §ea§Pz + (epr — e*v°z) (aP.o — P.) + 5821/2042130@,

for 7 > 0, subject to the initial condition (7 = 0):

2

@ !
P=——194(2)= 0(2).
a0 = ey 0 )
Now, we transform the dependent variable by defining
pP= gC(K)P. (9.22)
Then,
6% ~
pP= P
eC(K)"’

and substituting this into (9.10) and once again using the above partial derivatives, we get that for 7 > 0,
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P solves

a a1y 5 1 9*  Bl(eaz) & o
e T 27 B ) mapr oy (822 O Blean) 92 ) \com)
s L (@ 10 N[ a
+etpraB(eaz) eaB (eaz) (82 Oao adz «wdz?) \eC K)P
_ L (& 10 20\ ( o,
+etpratB(caz) eaB (eaz) (82 Oa adz «w0z?2) \eC( )P

K

1,4 5(0% 22 02 2z 0 2% 07 a -

- g ZI 29 P
+ 25V Y\ 82 T 0 9200 " 020z | a2 022 eC(K)

1 o 4 1 B(eaz) a - a -
=3 zz T & 7Pz a_ Pz

2eC(K) 2" B(eaz) eC(K) +epra (6 eC(K)

1 a ~ 2z a - 1 0% [(aC(K) 4 2z 0 a -
_ = _ = P S22 21 7 P - =

aeC(K) * aeC(K) ZZ) + pt e (8042 ( 5 a da <€C(K) )
L Eoa p % g

a2eC(K) 7 a2eC(K) ~°

1 a , 1 B a . O(K) a -
= — PZZ - PZ Pz Pza

2 2C(K) 2°“ B 20(K) “p”o‘( o)

1 « . zZ  « - 2 « .
- Pz - Pzz 2202 Pa Paas

0zC(K) *  azC(K) ) toeva ( c) 1 om)

I
V)
Q
o
N
Q

)
2z 1 ~ « - . A
T (aC(K) RIS PZ“) T e om) T a2z o(R) PZ)

1 1 B . . N . R .
= EC?K) <2Pzz — Eeang +epv P, + epvaP,, — cpvP, —epvzP,, + e22aP,
1 - 22z ~ 2% - 2 22 A
+ 752V20[2Pao4 - iPz - iPza + iPzz + iPz
2 o? 1o a? a?
o 1. 2 2.9y p 1 EIA 2.2 3 1 oo 2n 3
= P, = 5 (1 2epvz + vz )PZZ QEQBPZ—i—(EpI/ e°v z)aPm—i— 25 v° (a®Pyo + 2aP,
(9.11) at 7 = 0 then becomes
P =4(z),
and the option price is then given as
1 Tex
V(t,f,0) = (/ — K)* + 5eaC(K) / P, 2 a)dr (9.23)
0

Looking at the above PDE for ]5, we see that up to leading order, P solves the standard diffusion
P = %PZZ with P = 0(z) at 7 =0.

8Here, we calculate 8‘9—;2 (EC((XK) }5)

0 « X . a .
dax (eC(K) > = omw Taemwmt

92 1 « A 2 N o ~
> _Y _p)= Pa Pra.
a2 (sC(K) o) > &) T 2om)
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Next, we are required to transform the problem to a standard diffusion at O(e), and then O(g?). The

perturbed solution for 15(7, z,a,¢) can be expanded as
P(r,z,a,¢) = 2PO(7,2) + ePY(7, z,0) + . .

Notice that « enters the problem at O(g) and consequently, all partial derivatives Pa, Pza and P,, are
O(g). Therefore, for 7 > 0 up to O(¢?), the PDE becomes

!

~ ~ 1 ~ ~
P, = (1 — 2epvz + 2?2 ) P,, — QEQEPZ + epral,,

N

%ea%’Pz, we define H(7, z, ) by

In order to remove the term
P =\/C(f)/C(K)H := \/B(eaz)/B(0)H. (9.24)
Finding all the partial derivatives:

P= ( Bleaz) /B(o)H)

_ /B L1 By,
= VBeaz)[BOH: + 5 =i ~By

_ /Beaz)/BOVH. + %«/B(O) /B(Eaz)BZB(?g)Z)ea Bleaz)/Bras)H
= +/B(eaz)/B(0) <HZ + ;Bg((;s;))z?af[) ,

B, = % ( B(zaz)/B(0) (HZ + ;%goff))saH))
= % (VB(2)/B(0)) <H + ;%(S‘;) 5aH> +/B(eaz) /B(O)% <H + %7% ((652‘5)) mH)
= +/B(eaz)/B(0) <;B£((;§;Z))sa (HZ + ;Bg((;iz)) 5aH> +H..
1 B,,(caz) B.(ca2)\? 1 B,(eaz)
Tae <5a Bleaz) = < B(eaz) > ) i+ 2 B(eaz) EaHZ)

= +/B(eaz)/B(0) <sz + MeaHz 1202 <Bzz(€az) B?(caz) > H),

B(eaz) 2B(caz) 4B2(caz)

9The superscripts of P in the perturbation expansion are not powers of that function, but rather orders. This notation

is adopted here, and further on in the text, to avoid confusion of subscripts that will be used for partial differentiation.

132



;L( Bleaz)/B( )(H +;§;§i§5aH>)
ai (VB(a2)/B0)) < ;JZ ((saz)) H> n B(sozz)/B(O)% <H + ;JBBZ(S;Z))”H)
1 aleaz 1 B,(caz

=3 (Eaz)/B( ) B((EO) cay/Bq(caz)/Bleaz) (Hz + 2B((5€az))5aH)

1 B,(eaz) 1 Bz(eaz)
2° Bleaz) 2°“Bleaz)

1 (Bm(aaz) B, (Eaz (eaz) ) )
+ sea £z —

2 B(eaz)

Bean) B0 (5 s 20 (H 3o ) ) + B(saz)/B(0)<H 4 1 B0

+ B(Eaz)/B(O)(H + 5

2 B(eaz) 2 B(eaz) 2° B(eaz)
1  B.(eaz) 1 5 Bialeaz) 1 5  B.(eaz)By(eaz)
Stk kel T P S kel s H
Taee B(eaz) T B(eaz) 9° % B(eaz)

1 B.(eaz) 1 B.(eaz) 1 B.(eaz) 9
B(eaz)/B(0) (Hza + §SZWHZ + iaamHa + ismH +O0(e ))

So, expressing the PDE for P in terms of H, we get that'°

B(eaz)/B(0)H.
1 9 2 2 B’ 5 o B B/2
B(eaz)/B(0 )2 (1 —2epvz + 21°27) <H22+ geoll.+e’a® (op — g | H

1 B aC(K) 1B’
— —ea— B B H, H

il R (eaz)/ (O)( t5gee >

1 B 1 B 1 B

+ v/ B(eaz)/B(0)aepr (Hm—&— 24 H, + Fee H, + 2€§H—|—O( ))

For 7 > 0 up to O(g?),

1 1 B’
H. = (1 — 2epvz +VP22) H,, — 552;)1/04? (zH, — H)

B// 3 B/2 1 BI
2 2
+ e <4B — 8B2) H + epra <Hm + 25aBHa> , (9.25)
with initial condition:
H =§(2).

Using the transformations given by (9.22) and (9.24) for P, the undiscounted option price (9.21) then

10Since we only have derivatives with respect to z and for notational simplicity, we express B, (eaz) as B’ and B, (caz)
as B'.
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becomes
1 Tex
Vit o) = (F = K) + 32CH(K) [ Prsa)dr
0

=(f-K)"+ %EQCQ(K) /OTeX EC(K)P(T,z,a)dT
=(f-K)"+ %5202(.7()/0 h EO?K) v B(eaz)/B(0)H (7, z, )dT
—(f-K) + %sa\/B(saz)B(O) /0 T H(r, 2, Q)dr, (9.26)

using the fact that \/B(caz)/B(0) = \/C(f)/C(K).

Once again, the above PDE in H is independent of a to leading order, and at O(g), it depends on «
through the term epra (Hw + %6@%’Ha). Therefore, the derivatives H,, and H,, are no larger than
O(g) and the last term is no larger than O(e?). Thus, H is independent of a until O(¢?) which implies
that the a derivatives are no larger than O(g2). This then means that the last term is O(g3) which can
then be neglected. To see this, we expand H (T, z, «, €) and substitute it into (9.25) and equate like powers

of a:
H(T,z,0,6) = HO + eH' + 2H? + ...
Then PDE (9.25) becomes:
H? +eH! + *H?
1 22 2\ (170 1 2772 1, B
= 5(1 —2epvz +e*v?2°) (Hy, +eH., +e°H2,) — 38 rag

B
1B// B/2
15 ZBQ> (H° + eH" + £2H?)

(ZHS + stzl + Z€2H22)

1 B’
+ 552p1/a§(H0 +eH' +2H?) + £2a? <

+ epra (Hga +eH!, +e*HZ, + %504%/(}[2 +eH} + €2H2)> (9.27)
At O(1):
HY = SHY.,
= H° = HY(1,2).
At O(e):
H! = —pvzH?, + %Hzlz + praH?,
= —puzHY, + LHY,
= H'= H'(1,2).
At O(e?):
H? =v?2*H?, — pvzH}, — %pya%’zHg + %pua%HO + o? <iBBﬂ - z@lj) H® + pvaH}, + %pyof%,

lBiﬂ 33/2)[{0

=v222HY, — pvzH! — 1pl/ozE,ZHO + 1pl/ozE/HO + a? -
= =2 B % 2 B 4 B 8B2

= H?* = H*(1,2,0).
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From (9.27), we see that the derivatives of H? with respect to o only occur at O(e3). Therefore, they
can be dropped.

So, for 7 > 0, the PDE becomes

1 B/ B// 3B/2
(1 — 2epvz + %12 2) H,, — *EQpV(IE (zH,—H)+ g2 ( ) H. (9.28)

H
T 2 4B 8B

N)\»—l

Clearly, there are no longer any « derivatives in the above equation and consequently, o can be treated

as a constant, as opposed to an independent variable.

We next remove the H, term to O(¢?). By noting that % and %N are constants to leading order, we

replace them with

B'(eazp)
bp=——-, b
Y7 Bleaz)'

_ B"(eaz)

= Bleam)" (9.29)

with the error being O(g)!'. The constant zy will be determined later. Next, we perform another
transformation by defining H by
H = e probiz® /AT (9.30)

Calculating the z partial derivatives of H in terms of H, we get that

H. = g (e€2puo¢b1z2/4ﬁ)
° 0z

. 1 A
_ eezpuab122/4 (HZ + 252pyab12H) )
) g o, L :
H,.=2 ea2p1/04b122/4 H, + 752pyab12H
0z 2
R 1, . 1, A A 1, - 1, .
— ot prab 3¢ prabiz | H, + € pvabizH | + H, ., + 3¢ pvabi H + 5¢ prvabizH,

N . 1 N
— ¢S prabiz’/4 <62puab1sz +H,, + 552p1/ablH + 0(64)>

Substituting this into (9.28) and dividing through by eezp”ablzz/‘l7 we get the following PDE in H for

7> 0:
2 1 2,2,2 2 2 2 1, 2
H, = 3 (1 — 2epvz +¢ ) e“pvabizH, + H,, + 55 pvabi H
1, 2 L, 27 2 2 o1 3.2\ 7
— —e“pvaby | zH, + —e“pvabizH — H | +c“a” | =ba — =b7 | H
2 2 4 8
1 2\ 7 1, . 1, P .
=3 (1 — 2epvz + g2 ) H., + 55 pvabizH, + 15 pvab i H — 55 pvabizH,
1, 2 2 2 3 b2
—|—§8 pvabiH +e”a” | — ~3 b3
£ 1 2,2,2\ f 3 9 2 2 o1 3.2\ 4
= H, = 5(1—25;)1/24—5 )H +18 prabiH + e*a Zb2_§b1 H
HSince
EQzZ = f dp
x C(p)

which is O(e), the error in replacing % and %’/ with constants is therefore also O(e).
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So, using the definition of H, the option price then becomes:

V(t,f,a) = (f — K)" + %som/B(saz)B(O)eE2””o‘b122/4 / H(r,z)dr. (9.31)

0

Next, define a new independent variable x by

(9.32)

1 EVZ df
xi=— e
51//0 V1—2p€+ &2
By using the identity:
du
—_— zln‘u—i—\/uQ—aQ‘ +C,
/ Vu? —a?
where C' is a constant of integration, the above integral can be solved. Begin by completing the square:

€ =206 +1=(E—p)*— (0> —1).

In this case, let v = (£ — p) and a = y/p? — 1. The limits of integration shift by —p. Thus,

g e 2
o :,,/0 Vi—gre
1 [ du

cv —p u? — a?

evz—p

1
:—ln‘u—l— u? — a?
eV —p

zgiy (ln (ayz—[)-f— \/(evz—p)2—(02—1)> —In ("’+\/(_p)2_(p2_1))>

1
= — (ln (syz —p+ /20222 — 2eprz + 1) —In(1—- p))

ev
1 I [ E75 =P + /220222 — 2epvz + 1
=—1In
Ev 1—-p

Using the definitions of the hyperbolic sine and cosine functions, we can solve for evz implicitly. We have
that,

sinha = % (9.33)
cosha = % (9.34)

Then, simplifying the expression above for z:

— 22,2 _ 9 1
cvr = In (51/2 p+ \/sly z epvz + )
- P

(1 —p)et® = cvz — p+ /20222 — 2epvz + 1
1—p)e® —evz+p)? =e222% — 2eprz + 1
p p p
(1= p)2e®7® —2(1 — p)e® (evz — p) + (evz — p)° = 2222 — 2eprz + 1
Squaring the left hand side and simplifying, we get

(1 — p)2e¥® — 2e°7% (evz — p) 4 2pe ™ (cvz — p) + 21222 — 2epvz + p? = e21%2% — 2epvz + 1

(1 7[))26251”: 72€EVI€I/Z+2/)€EV$ +2p€5uw€l/272p2651jz +p2 =1
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Gathering terms in evz on the left hand side, then dividing through first by e*¥*, then by (p — 1) /2,

equation becomes

2e2suac eve

2ev2e " (p— 1) = 1 — p* +2p%e"" — (1 — p) — 2pe

2evz(p—1)=(1=p*) e +2p(p—1) = (1-p)

eve=—(p+t)——+p=(p-1)—

eEl/fL‘ _ e—gVﬂ:’ esum _|_ e—El/m
- 2 —P 2 -1

26z-:um

= sinheve — p (cosheva — 1),

where in the last line, the definitions of the hyperbolic sine and cosine were used.

Once again, we find the partial derivatives of H with respect to the new variable, z = z(2). So, using the
Leibnitz rule (Abramowitz & Stegun 1974), we get
0 _pds 0

0z dz Ox
d

_ 4 L/WL 9
Cdz \ev ), V1—2pE+ &2 ) Ox

1 eV 0
T ev <\/€2u222 — 2epvz + 1) O
B 1 0

B VeE2222 —2epvz + 1 oz’

and

0? 0 (dx O
dPx 9 (dr\® 92
N (d> 922
1 1 262022 —2epv 0 1 0?
2 VER222 — 2eprz 4 1820222 — 2eprz + 1 Oz 21222 — 2epuz + 1 022

1 52 2?2 — epr 0
220222 — 2epvz + 1\ O VE2222 — 2epvz + 10z

Then, the PDE for H(r,x) becomes

- 1 1 0? €202z —epr d\ -~
H.=-(1-2 222 — - — |H
2 ( epvz ey ) 21222 — 2€pI/Z +1\ 0x2 \/52y222 — 25pyz +1 ox
3 A 1 3 A
+ Zezpuabﬂi +e2a? (41)2 — 8b§> H

1 1 212z — epv -~ 3 5 1 3 5
=—-H,, — = H, + ~&%prabi H + %a? (b — b2) H,
2 2\/e2v222 — 2cpvz + 1 g= rem 47 gt

and the undiscounted option price can be rewritten in terms of = by substituting By defining

1(C) ==/ = 2pC + 1 (9.35)

12We use total differentiation, 42, as opposed to partial, g—”z‘, since © = z(2).
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The above PDE can be simplified for (7 > 0) as:

. 1. 1 - 3 - 1 3 -
H, =_H,, — —evl'(cvz)H, + ~&*pvab  H 4+ *a® | ~by — —b? | H (9.36)
2 2 4 4 8
with
H(0,2) = 6(x). (9.37)
In terms of z, the option price (9.31) can be expressed as:
1 Tex
V(t, fa) = (f—K)" + isa\/B(saz)B(O)eEQ"”"blz2/4 / H(r,z)dr. (9.38)
0
The next step is to transform the dependent variable by defining @ by
H:=T1"%(evz(x) Q = (e122% — 2eprz + 1)1/4 Q. (9.39)

To rewrite (9.36) in terms of @, we first note that

d 1
é = ZE = /20222 — 2pevz + 1.
z
Therefore, we find that
g 0 (1)
H, = P (I (evz) Q)
1/2 1 —1/2 / dz
=17%(evz) Qu + 5[ (evz)evl (auz)%Q

=IY2% (ev2) Q, + %I‘l/Q (evz)evI'(evz)I(evz)Q
— 12 (cu2) (Qm + ;EV]’(EI/Z)Q) :
and
0

Hyp = p <Il/2 (evz) Qz + %€VI’(5VZ)11/2 (ev2) Q)

= %EUI/(EZ/Z)Il/Q (ev2) Qu + IY? (ev2) Quw + %EV ( (I"(evz)evI(evz)) IY? (ev2) Q

+I'(evz) (;gull(al/z)ll/2 (EVZ)) Q + I'(ev2) V2 (evz) QI>

= 1'% (evz) (Qm + vl (ev2)Qy + %12 (;I”(euz)l(eyz) + i[’(euz)[’(eyz)) Q) .

13Using the definition of I(¢), we see that

1 20=2p _ C—p .
2V =200+ VP =200+ 1

') =

Thus,

e2v?z — pev

\Ve20222 — 2pevz + 1

evl’(evz) =
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Substituting this into (9.36)4, we get

1'2Q, = %Il/g (Qm +evl'Q, + 202 (;1”1 + 11’1’) Q) - %EVI' (11/2 (QI + ;EVI’Q>)

4
3 o 1/2 2 21 3.2 1/2
+ —efprabi IV Q +e"a” | by — =b7 | [7/°Q
4 4 8
1 1 1 3 1 3
= Qr = 5Quo + e21? <4I”I - 8[’[’) Q+ Z€2puab1Q +e2a? (41)2 — 8b§> Q (9.40)
with
Q(0,z) = é(x), (9.41)

and (9.38) becomes
Vt, f,a)=(f — K)" + %Ea\/B(Eaz)B(O)Il/Q(auz)eez”mblzz/4 /Tex Q(7,x)dr. (9.42)
0

As was done previously, replace z in I(evz), I'(evz) and I”(evz) with a constant zo which will be chosen

later. In doing so, the error is once again O(e). Now, define a constant x by

K= 12 (i]”(syzo)f(ez/zo) - é (I/(EI/ZQ))Q) + sz/abl +a? (ibg — be) (9.43)
Then, for 7 > 0, (9.40) can be simplified to
Qr = 3 Que 210, (9.4
subject to
Q(0,z) = d(x). (9.45)

To solve this, begin by making the substitution:
Q — eEQI{TW
Then,

Q, = e r7 (W, +2W),
2
Quw = €5 "Wy

So, (9.44) becomes
e2kr 2 1 kT 2 e2kT
e (WT+£ /-@W):§e Wee + €°Ke w
1
=W, = §Wm,

which is basically the heat equation with initial condition (9.45). This is commonly referred to as a
Cauchy problem (initial value problem) and can be solved via a convolution of the heat kernel and the
initial condition (Hulley & Lotter 2004, §7.8.2). We first define the heat kernel:

M For notational simplicity, I(evz) = I
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Definition 13 Fundamental Solution
(Hulley & Lotter 2004, §7.8.1) The expression

Ws(r,2z) =

1 < z? )
exp | ——
VAarT P 4t
18 called the fundamental solution of the heat equation, or the heat kernel.

To get the PDE into the standard format, let 7 = %T. Then

oW owor 10w
or  0F Or 207
So, the PDE is now:

W;— = mea
Wo =W (0,2) = d(x).

The solution of this is a convolution of the initial condition, Wy, and the heat kernel:
W(r,xz) = (Wo x Ws(7,-)) () := / W(0,z) * Ws(T,z — y)dy

=/ W (0,2 —y) * Ws(7,y)dy
1 > x?
= \/m/_ooé(x—y)exp (—47__) dy

1 . ( x2>
= X —_——
NN

Now substituting back for 7:

1
W(r,z) = e/

VanrT
So,
1 2 2 1 2 1
Q — e /27’65 KT _15__— == /27
2T v2nT (1—2e2k7+.. .)3/2

The option price then becomes

1 2 2 Tex 1 2 2
V(t, f,a) = (f — K)T + =eay/B(eaz)B(0)I/?(cvz)es Prabiz /4/ e /2T Ty,
(4. f.0) = (f = K)* + 3e0/Baz) BOI(ev2) [ = -

2
15Consider the expansion of e *7 up to O(£2):

2
T =14 %R 4.

! (1 2 2r 4 )73/2 1 2( 3) 2kt +
- = — —&E°RT = - = — = ETRT
(1—%82/€T+...)5/2 3 3 2

So,

as required.
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(9.49)



To simplify this expression, define 6 by

1?2 1
20 :=In ( caz B(saz)B(O)) +1In (x(e:l/z)) + Zszpl/able
z

f—-K
Il/2 .
=0 = fsazK B(Eaz)B(O)mee%mblzzM. (9.50)
- z
Then, (9.49) can be simplified:
V(t, f,a)
=(f-K)"+ 1Eoz B(Eaz)B(O)Il/z(81/2)6520%11122/4 /Tex b e~ %727 7 KT g
2 o V2mr
1f—K [ caz eIV (evz) o 2 Tex ] 2 2
— - K - B B(0 e“prabyz®/4 / —x° /27 e KT
(f T+ 5 <f—K (eaz)B( )7,2 e ; 7TWT6 e T
1f—-K Tex 1 2 29 _2
_ —_ K\t - —x /2T696K'Td 9.51
=By gt [ e e e 0.51)

In order to simplify this expression, the following simplification which is valid up to O(&?), will be used:

1 1
2R _ _ , (9.52)

(1 - %/{527)3/2 (1 — 25273%)3/2

This implies that 2k = 35 . To verify this, we begin by expanding £2-%. Using the Definition (9.32),
we obtain an expansion for 1—2 up to O(e?) by expanding the mtegrand using the binomial theorem

(Goldberg 1976, §8.6):

m
N

H\
[\v]
I

-2
(1206 +¢2) """ df)
—2
1— = (=20 +€%) — ;(—3);(—2p§+52)2+...> dg)

-2
(1+p5—£ + p§ + - )d€>
P
2

Il
~ o~ o~
%hc\

N e

1 1 evz -2

= (’f + 58 - 653 + 50253 . ))

1 2 2 5\
:(z—|—2€l/2 —6(61/) z +2p( ) 23>
1 p 1, 2\
=2 1+ 5V~ & (evz)” + -p~ (evz)
S ?12 (1 + (-2) (gsyz — % (5uz)2 + %p2 (euz)z) + w <p42 (suz)2 +.. ))

;12 (1 — pevz — ip ({—:1/2)2) . (9.53)

Since 20 is already O(g?), we can conclude that the only term that will make a contribution to the

expansion is %. Each of the three terms of €20 will be expanded separately.

1. Consider the first term:




Since
f—K-= 165@/ B(eap)dp (9.54)
0

up to O(e), we expand (f — K)~! as well as B(eaz) to simplify this term.

<5a /0 ’ B(Eap)dp)_l

_ (/ (B<o> +eapB () + “P o) 4 ) dp) i

)

U (e BO) | (a2’ B'(O) o
~ eazB(0) 2 B(0) 6  B(0)

- (za (0 + Frp0+ Elps0

Clearly, the choice of zp = 0 in (9.29) and (9.43) is the sufficient to guarantee accuracy up to O(g).
Therefore, using (9.29), we have that

—1
_ 1 caz (eaz)’
— 1 - -
(F =5 cazB(0) (1 Tt b2>
1 caz (eaz)’ (=1) (=2) { (ea2)® ,
- eazB(0) (12b1 6 b2+ 2 4 it
B 1 caz (eaz)’ (eaz)®
16Since
dz 1 1
df - eaC(f) - eaB(eaz)’
daf
— = Ex Eaz
= - Beaz)

z
= f—-K= aa/ B(eap)dp.
0
Using a Taylor series expansion around z = 0, we have that
z
f—K= aa/ B(eap)dp = eazB(0)
0

=eazC(K).

N

This is consistent with Definition (9.16) of z up to O(e) since up to order ¢, z = ié(;K

<
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Next, consider \/B(evz). Expanding around z = 0:
1/2 (EVZ)2 2
BY2(cvz) = | B(0) + evzB'(0) + B0+

9 1/2
= BY/2(0) (1 +evzby + (ev2) by + .. )

2
= B'2(0) (1 + % <5yzb1 + (81/22) b2> —&-% (—;) % ((euz)2 b+ .. ))
— BY2(0) (1 + %bl + <5V4’z) by — (a’;) b%) (9.56)

Using the property of the natural logarithm that In(ab) = In a+In(b) and the Taylor series expansion

for small x:

2 a3

m(lt+a)=z— o4+ 2 .
n(l+z)==z 2—|—3

we get that

In ( Jff} B(O)B(eaz))

evz (evz)? (evz) 1 eaz (eaz)’ (eaz)?
~In | eazB(0) |1+ bt - b? © 1——"by — ba + b?

cazB 2 6 4

evz (evz)® (ev2)® caz (eaz)’ (eaz)® ,
=1In 1—|—7b1+ 1 by — 3 bl I_Tbl_ 6 bo + 1 bl

evz (evz)? (evz)? ez (eaz)? (eaz)’
=In|1+—"b + by — b +In|1—-—"b) — by + b

2 4 8 2 6 4
_ <€;Zbl n (5u4z)2b2 B (sz/8z)2 b2 ;(esu:)Qb% L )
n —%h _ (50;2)2[)2 n (Eof)zbf _ ; (Eof)zbf L >
N (Eclvg)sz B (Ec;z)zb% (9.57)

Therefore, up to order 2 using (9.53), we have that

3 eaz 1 { (eaz)? 3(eaz)’ 1 3
ﬁln <f—K B(O)B(aaz)) =z ( 1 by — 3 by | =e%a® 162 —=b;

which is clearly €2 multiplied by the second term of (9.43).

(21

The requirement is to expand I'/2 (evz) and x around z = 0 to obtain the expansion up to order

2. The derivatives I'(0) and I”(0) are required for this expansion. Given that

. Consider the second term of (9.50):

1€) = (1—2p6 +62)'2,
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we have that

5 (=206 +8) 7 26~ 2p)
= (1-206+€2) (e - p)
1) = (1—2p6+ &) 2 = (€= p)* (1 - 206 +€2)

I'(¢) =
—3/2

So,

I/(O) = =0
I"0) =1-p*

Using the binomial theorem (Goldberg 1976, §8.6) and expanding around z = 0, we have that

) 1/2
I"2(evz) = <I(O) + evzI'(0) + (EVTZ)I”(O) +.. )

r'0) , (v I'0) )” ’
1(0) 2 1(0)

_ ) <1+5yzl’(0) MCORUONNCD (I’(o))ﬂ.“)

=I'2(0) (1 +evz

> 10) T 1 1o s \70
2
=1- geuz + (EV;) (2—-3p%). (9.58)

Using Definition (9.32) and the binomial theorem, we expand I~!(¢) around z = 0:

r=_ ; I7H(&)de
1 e ! £2 1 -
-2/ <I(O)+§I(O)+2I (0)+...) d¢
_ 1 r'o) & 1"0) o
- guI(O)/O (1+£I(0) Ty 1(0) )
1 evz I'(0) 52 I"(0) , (I'(0) 2
“w (1‘51«» 570 +¢ (1) “')dg
I +£2(321))d§
Tev 0 p 2 P
B 1 p g3 ) Evz

B p (5uz)2 5
=z |14 ceva+-—2 (3p* - 1)

2 6
Therefore,

x p (ev2)” 4 5

~ =1+ gzt —¢ (30 —1). (9.59)

144



So, using (9.58) and (9.59), we have that

In <x]1/2z(gyz)) =In ((1 + gauz - (522)2 (1- 3p2)> (1 - geuz - (EVSZ)Q (3p* — 2)))

2 2
=In (1 + gaz/z — (EVGZ) (1 — 3p2)> +In (1 — geyz — % (3/)2 — 2))

Il
VN
[N S
Q)
|

—
<
SRS
~
(V)
N —
—
I
w
L)
~—
=
—
™
<
N
N
+
SN——

So, using (9.53):

3 IV (cvz) 1 2 (1 3, 5 o (1 3,
an () =g (1-30) = (- 8)

which is €2 multiplied by the first term of s up to order €2, where zy = 0:

0 (1010) - O ) =22 (30 -6 - 7

8
1 3
_ 221 _ 22
—61/(4 8p).

3 /(1 3
p (462;)1/041)122) ~ 152p1/ab1,

3. For last term of (9.50), using (9.53), we have that

which is €2 multiplied by the last term of & up to order 2.

Therefore, (9.52) holds up to O(¢?). Using this to simplify (9.51), we get that

_odr
(1 2e20)*

1f*K Tex 1 2 2
Vit f,a)=(f—K)"+= / e /20
(f0) = (=K + 5 [T

Changing integration variables, let

x
=—>0,
e 2T
|z|
= /g = ,
va V2T
z? q
dq = 52 dr = 7;d7’,
= dr = —_dgq.
q

Changing limits of integration:

145



In doing so, it is important to take the signs of x and f — K into account as ¢ > 0. Since f K > 0, then

f—K:‘f—K _f-KEl _|f-K|
v ENRZTR

So, upon substitution of ¢ and interchanging the limits of integration, we get that

f K / _ 2/2 29 dT
V(t, f, f—-K)* —e e —
(t.10) = ( = TEEETE
1|f—-K| [~ 1 Coae29T —dgq
— + +¢20
_(f_K) _5 ﬁ 222 ‘.’E| ﬁ2T€ qTe 5(1_ﬂ>3/2
q
Lf = K| [ _,i20 TV4 dq
=(f—K)t+= q+e?0
(f ) 2 T % |2|V27 (q — £20)/*
1|f— K] /°° Cgae? dq
— — K\t - q+e<0 )
(f =K)"+ 3 7 ) PP

2Tex

Note that in the second last line,

VG VT[]

@Var  V2alvEr 2

Let § = ¢ — €20, we get that up to order &2,

+1|f K\ ;
29(13/2

V(tvaa):(f_K)+

(9.60)

>~

9.2.3 Equivalent Normal Volatility

In order for (9.60) to be useful, the price will be converted to the equivalent implied Black volatility. This
is achieved in two steps: we first convert to the implied normal volatility, and then convert to the implied

Black volatility.

Consider the ordinary normal model:
dF = o dW, F(0) = f,

where oy is constant. So, there is only one source of randomness and the Gaussian probability density
function describing the evolution of F has a constant standard deviation. Therefore, the diffusion coeffi-
cient, C(f) = 1, ea = oy and v = 0. Much of the last section can be simplified since we are working with

one Brownian motion (one dimension). This means that the expansion that is required is of the form:

1 (f - K)*
——exp| —————— | (1 +...).
2moiT P ( 20%T ( )
Substituting the values of C(f), e and v into (9.60) and (9.50), the option price for the normal model

can be found. A more detailed approach will be given below.

The probability density function, p(t, f; T, F') satisfies the forward Kolmogorov equation for all T’ > t:

1

Pr = io—ipFF (961)
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subject to
p=0(F—f)
at T =t. The undiscounted call option price can then be given by:

F(t) = f] = [P = Rt fitu )IF

K

V(t,f)=E [((ﬁ‘(tbx) _ K)+

Since

tex
Dt fitue F) = 6(F — f) + /t pa(t, £ T, F)dT,

Vit f) = /OO(F ~K) <5(F e+ /ttex ety fT, F)dT) dF

K

:/OO(FfK)é(Fff)dFJr/OO /tex(FK)pT(t,f;T,F)deF
K K t

(K4 L2 Rl AP .

(¢t -8+ 502 [ [P = Kt T Fapar.

The last line results from substitution of (9.61). Now, performing integration by parts with respect to F

’ —/ deF> T
K K

af,/t (0= (0—p(t, f; T K))) dT

and using the fact that lim, .., p(¢, f; T, ) = oo, we get that

V(e s) = (f—K) + 302 [ ((F — K)pe

2 xr—00
1

= (/= E)" +3

tex
=(f-K)"+ %03/ p(t, f; T, K)dT. (9.62)

Since p depends on T'— ¢, let T —t = 7 and 7., = t.. — t. Therefore,

Vi d) = (= K0+ 5k [ ol fiKdr (9.63)
and
pr = %Ufmw
subject to
p=0(F—f)

at 7 = 0. It is also the case, from Proposition (2), that p follows the backward Kolmogorov equation.

For t < T, we have that
1
P+ 50w =0,
1

= Ppr = 50—1%1178
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subject to

p=96(f—-K)

at 7 = 0. By defining

L0 _0:9_1290
of  0f0z oyx0z2
» 0 <1a> 1

af2 — af \oy 0z 02 022
and
1
0(f — K)=d(onz) = —0(2).
On

So, in terms of z,

1,1 1
pT - 2UN O_EIpzz - 2pzz7

with

p=—0(:)

On
at 7 = 0. Using Definition (13), p(7, z) can be solved for. Let 7 = £7. Then

o _opor _1op
or  0ror 207
So, the PDE is now:

p?‘ = pzz7
1
po =p(0,2) = —0d(2).
On
The solution of this is:
p(r2) = (o s pa(r) ()= [ p0,2) sl — )iy
= / (0,2 —y) * ps(T, 2)dy

1 e 22

1 ( 22 )
VAT Toy P 47
Now substituting back for 7:

1 2
_ —z° /27

Z) = ——e€ . 9.64

p(7:2) \V2TTOoN ( )

17Since f — K is of order ¢, z can be expressed as an integral which is correct up to order 2. For simplicity, we use the

above definition. Note that z has the same sign as f — K.
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Substituting this into (9.62), the call option price is then

e~/ g,

V(t,f)=(f—-K)" + UN/ \/—

Let g = 2— > 0. Then dg = —Zdr, and the limits of integration change to

7T=0 =g=00

s _U-K?

2Tex 2027,

T=Te =>q=

Substituting this into the option price and changing the limits of integration, we get that

1 ~ J7
V(t,f)=(f - K)* — —=ox —e~1¥ 1 dq.
G ==K = 572=08 | e "

20% Tex

Using the fact that

_‘f—K‘_If—K_If—K
ST R T Ve

we get that

- 1 |f-K T
V) = (F-K) + S

2V 21 -

K] 1 VT
=(f-K)* 2\/% /f o e” 1Y —dq

GNTex

o _ + 4 |f K| e 1

= (f K) 4f (F=K)? q3/2dq'
202 Tex

To evaluate the above integral, first perform integration by parts:

K| 2 e
4w Ju-2 ¢3/2 ¢

202 N Tex

x

x e—q d
-9 —

20% Tex

K
= |f — K] lim | —2¢~ /%4

4f T—00

203 Tex

K=K =K\ K] [
a 4\/7? 20-1%7_cx P 20—1%17—@: 2\/> (f K)2
_ On/Tex (f —K)? f—K| [® e¢

T Vam OF <‘ 20%7... )‘ 2V i a7 %

To evaluate the second integral, let h = /2¢q. Then hdh = dgq and
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Then,

f - K[ [~ e
4y/m Ju-x2 ¢3/2 da
T Jusm? g

o Tex

VN — KPP\ UK [T _pegpV2hdh
Vor 2027, 2/ h
2 0o
_ ONy/ Tex exp 7(f_K) o |f_K| 67h2/2dh
V27 2027, Vor If-K]|

INVTex

= 0V ((f?ﬂi) -1 - K| (“‘b(g?/?))

where ® denotes the normal distribution, and ¢ denotes the Gaussian density function:

[f=K|
TNV Tex

L e
o(q) : meq :

The option price is then

Vi) =7 - K oo (25 ) -1k (1-0 (L2E]).

ONy/ Tex

ONy/ Tex
Considering the case when f > K, then (f — K)™ = f — K and |f — K| = f — K. Then,

Vi) = (=K omo (I ) — -0 (1-0 (L=5))
f-K

= o/t (ar) w0 ()

Alternatively, if f < K, then (f — K)* =0 and |f — K| = —(f — K). therefore,

Vi) = oo () 1 -0 (1-0 (1)

—owme () + U0 (5

using the property of the cumulative normal distribution function:

O(x) + O(—2z) = 1.

Combining the above two scenarios,

Vit.5) = o7 j;ﬁ) w7 - m ( j;ﬁ) |

(9.66)

By equating the above price which is under the normal model, and that under the SABR model (9.60),

the normal volatility can be found by equating the limits of integration:

(f-K)?

2027, 2T

ex

1 z? 0
i (1 T P
~ =g ()

— %0
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Therefore, we get that

2

B —1/2
Oon = F-K (1 — 25207'CX)
T

- K 0
_ <1 verlnt ) (0.67)

8]

up to O(¢?). From Definition (9.32), we see that

1
— (0+evz+...)

. i/suz dé— B
ev Jo V1 —2p€ 4 £2 Ev

=24 0(e).

So, the above expression for oy can be simplified further to obtain:

Oon = (f_K> <Z> (14> (14 p2+93) Tu +...), (9.68)

where remaining coefficients, @1, 2 and @3 are corrections up to O(g?) and will be derived below.

Using Definition (9.16), we see that

ffK:s:a(ffK)

o g\
- p ) (9.69)
fd o — ' )
z s TZ) (f K i eaC(p)

The next factor, Z, can be expressed using Definitions (9.32) and (9.16):

z EVz

= )
evz—p+/e2v222 —2eprz+1
In =

where, using a Taylor series expansion, we can define ¢ = evz

1 fdi_lsif_K
ca Jg Clp)  aC(f.)

EVZ = EV

(14+0(%), (9.70)

and f,, can be either the geometric (v/fK) or arithmetic average of f and K.
Then,

z P
T n (w—p+\/w2—2pw+1> '
1-p

(9.71)

18Consider that K = 1(f + K) — 1(f — K), then

) =€ (fu = 57 = 1)) = (€ 1) = 30 = KIC (£) + O()) -

7 —1
- C(lf_ ) (1 - +O<52>>
= ﬁ <1+ %(f—K)%/ +O(52)).

K .
Therefore, % is correct up to O(g2).
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The two factors, (9.69) and (9.71), are dominant and the remaining terms (to be derived below) provide

small corrections.
We now derive ¢1, @2 and @3 up to O(e?).
Consider the term e2¢;. This can be equated, up to O(¢?), with the first term of 2 5.

From §9.2.2, (9.53) showed that - = % 4+ O(e?). Therefore, using Definitions (9.50), (9.16) and (9.17),

20 = Zigm ( fgf‘; el f)C(K)) - Z%ln < Jff‘ZK B(saz)B(O)) . (9.72)

Since z = Eaf(;(ﬁv) (1+ O(e?)), we have that

2= (S nvoe)

z eaC (f..)
2,202
_ w (1+0(2) . (9.73)
and
07 (11 0E) = (14 0(). (9.74)
f-K eaC (f.) C(fu)
As in (9.57), we had that
In ( ]f_o‘} B(eaz)B(O)) - (“1)‘;) by — (“:Oéz) b2,
where
by — B'(eazg)
' Bleaz)’
by — B (eazp)
>~ Bleaz)

2o can be chosen to correspond to f,, (i.e. it can be chosen as the midpoint of 0 and z.)

Using (9.54)
f—K= 5a/ B(eap)dp,
0

we will now expand B'/2(0), BY/?(saz) and (9.54) around the midpoint of 0 and ez, ewZ. This corre-
sponds to B (eaZ) = C(f..).

1. Expanding B(0) around eaf = f., up to O(e?), we get

BY2(0) = BY/? (sag tea (o - g))

z 1 z 1 z 1/2
= (B (sai) - iaazB' (5015) +3 (eaz)’ B” (5045) +.. >

12 (o 1 1 ) 1/2
= cay 1- FE0EM + 3 (eaz)” v + ...

1 1 1/1
= BY/? <5a§> <1 — e + 16 (eaz)? vy — 3 (4 (eaz)’~2 + .. )>

1 2vy — v2
= BY/? (z—:aE) <1 —geeem % (eaz)” + .. >
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where

B’ (ea?)
ne B (Eag) ’

B” (sa%)
7 B laz)

. Next, we expand B'/2(caz):

BY2(caz) = B'/? (sag + ea%)

z 1 z 1 z 1/2
= (B (ca) + 520zB (a2 ) + < (ca2)* B (a2 ) + ...
< gag + geazB’ (eag + g (eaz) eag +

1/2
=BV (caZ) (1+ 1501,2 + ! (eaz)® vy + /

z

1 1 1/1
= B'/? (ea§> <1 + 1M + 6 (eaz)? vy — 3 <4 (eaz)’ 2 + .. ))

1 292 — 97
= B'/? (sag) <1 + 1598m + % (caz)* + .. )

Therefore,

1 272 — 73 1 2v2 — 73
B(eaz)B(0) =B (EO&E) (1 + —cazy + R (6&2)2) <1 — zfem SR Ll (5az)2)

2 4 32 32
=B (aaf) XY,
2
where ) )
1 -
X=1+ 1Em + % (eaz)?,
and )
1 2799 —
Y=1- 1M + % (eaz)”.

. Lastly, consider the expression for f — K:

fK—sa/Oz B(eap)dp
:aa/OZB<5a;+ea(p—;>>dp
= e /Oz <B (z—:a%) +5a< — %) B’ (sag) + % (ea)? (p— %)23” (504%) +.. > dp
2

z ? cx ca)? z
:gaB(5a§)/ <1+2(2p—z)'yl+(2) <p2_pz+4>72+...>dp
0

2 3 2 2 #
=ceaB (804%) <p+€2a(p2p2')’}/1+ (53) <p3pQZ+pZ4) Y O)

1
=cazB (sag) (1 + 5 (eaz)? 72)

z 1 2
= = B (sa§> (1 t51 (eaz) 72>
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Then,

— i In ( J K )
22 caz\/B(eaz)B(0)
- _;12 In <B (03) (1 + i (6@2)2V2) B@i);gy)

1 1 1 1 2v5 — 3 1 2v9 — %
== In (1 + 2 (saz)Q'yg) + ) In [(1 + 15 + % (saz)z) (1 — —eazyy + 2 (5042)2)}

4 32
o 1 1 2 1 1 2’72 — ’Y% 2 1 1 2 9
== (24 (eaz) v + .. ) + > (4504271 + 3 (eaz) 5\ 76 (eaz) vi + ...

1 1 22 — 73 2 1/1 2
+ = (—45&271 + — (eaz)” — 5\ 16 (eaz) " vi+...
272 — 373
= %52042 (975)

Converting everything back from B(ea3), we require 71 and 72 in in terms C (f.,.). Thus, we find B'(ea'3)
and B"(ca3):

, zZy d Zy df i _ /
B(5a§)— d(EOé )B<5a2)_ d(EOé%) dfc(fav)_c(fav)c (fa‘/)

" z _ d / _ df d /
B (5045) = d(eaZ) (C(fu) O () = @E (C(fu) C" ()
= () (;}0 (fa») ' (fu) +C () (CZCO <fav>)
= C (fu) (C" (fu))* + C2 (fu) C" (fu)
=9 = (C' (fu) + C(fu) C" (fur) -

Substituting this into (9.75), we get that

1 -K 279 — 372
~—n S _ 22 371 202
z eazy/B(eaz)B(0) 24

= L (P + 0O (1) - 1€ ()
- 2922; B0 (1), (9.76)
where
o= g((j:)) (9.77)
o2 = c;((;)) (9.78)

The next term, €25 is to be equated with the second term of 82%2

1 T
2 _ 1/2
2= In (;I / (sz/z)).
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Since the expressions for £ and I'?(evz) up to O(e?) have already been calculated in (9.59) and (9.58)

respectively, we have that

1
e2py = = In (g (1—2eprvz+ 521/222)1/4>

9 2
= ;12 In ((1 + %p&z/z + (EV(:) (30" —1) +.. ) (1 - %pavz - (81/82) (30° =2) +.. ))

1 1 (evz)? 9 1 14 s (ev2)? 9
—?ln 1—|—§p51/z+ 5 (3p —1)—§p51/z—1p (evz) — 5 (30> —2) + ...
1 (evz)? 9
Z21n<1+ 51 (2=307) + .
2 —3p?
= EZZ/QM (9.79)

24

Lastly, e2p3 is equated with the third term of £2-%. We have that

1 /1 1 B'(eazp)
2 2 2 2
= — — b = - _—
o3 = (45 prabiz ) 1E pra Bleaz)
We choose B(eazg) = B (ea) = C(f.,). Then as before,

B’ (ea2 d 2 df d /

1 1
e2p3 = Ze%va(f (fu) = 1€2pva910 (fa) + - (9.80)

Therefore, up to O(¢?), the normal implied volatility as function of strike K is given as

- 2 a2
ox(K) = ca (ff de) <xzf/1)> (1 + (292249104202 (fur) + 1/2% + ipua@lc (fm)> e2r +.. ) .

K C(p)

(9.81)

9.2.4 Equivalent Black Volatility

The next case, we consider the log-normal model:
dF = eop, FdW, F(0) = f,

where €0y is the volatility. For Black’s model, the undiscounted European option prices, with strike K

and exercise date 7,,, is given by
Vean = f(b(dl) - K(I)(d2)v
‘/put = ‘/call + Z(07 Tex)(K - f)7

with

In £ + 12027,
d1’2 =

€0p\/Tex
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and Z(0, 7., ) is the discount factor. To obtain the implied volatility, we require that C(f) = f and v =0
in (9.67). Since x = z (1 + O(¢)), then
1 fap 1 ( f)
r=z=— — =—1In(=].
€os Ji D €0p K

Also, we have that

o Clh) L
CU) I

and go = 0. Therefore,
2 202 — 07 2 22
E7P1 :T€ O-Bfav+"'
1

z—ﬂgag—k...

Also, o and @3 are zero. Therefore, up to O(g?), the implied normal volatility for Black’s model is given
by

on(K) = f;K 1+ (142 +93) T +-..)
_EO’B(f—K) 1
==~ 7/ (1 - ﬂazagrex +.. ) (9.82)

o (h)

By setting € = 1, the implied volatility can be obtained in the original variables. To obtain the implied
Black volatility for the SABR model, we equate oy in (9.82) and (9.81):

€UB(f—K)< 1 5, >

; 1— —€eopmec + ...
hl(y)

24

_ 2 _ 2

= o (ff de) (isz)> (1 + (292249104202 (fav) +y2% + iPVanc(fav)> 527'ex + )
K C(p)

Therefore,

I FARTRR )

(1 + (2@2;@%@202 (fa) + VQW + ipyaglc’ (fav)> 21, + .. > (1 — 2—14620}237'% + .. ) - .
Now,
(1 + (2&2;0%(1202 (fae) + u2¥ + ipuaglc’ (fav)> 21, +.. ) (1 — iEQUgTeX + .. ) B
- (1 + (2@2;@&202 (fur) + 1/2% + ipyaglC (f,dv)> e2r. +.. ) <1 + Oﬂnggm')é?%}x +.. >
= (1 + <292_Q§4+1/f§”04202 (far) + Vzw + ipz/aglc’ (fav)> e2r. +.. > )
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In the second line, the term —2—40 is being replaced with

292*9% 2 2 _ a*C? (far)
TOL O (fav) = 7247]8&2‘,.
Thus,
an(£) /4 2~ R H1/fL (2 30°)
) ) o (B 5
K C(p)

9.2.5 Stochastic § Model

This is the special case of C(f) = f?. So, the two-factor model is:

dF = caFPdwy,
da = evadWs,
dWldW2 = pdt,

+ i/wa@lc‘ (fav)>

(9.83)

52’fcx + .. )

(9.84)

with F'(0) = f and &(0) = a. To obtain the implied volatility, we substitute the above parameters into

(9.81). We have that

« f -
- f(ff de) af - K) < /K p’ dp)

K C(p)
-1
_ _ 1)
=ea(f — K) 1_ﬁp
K

=ca(f — K)(1- ) (/=7 - K*7) "

_ea(f - K)(1 = 0)
- flB_K1-8

Also, from (9.70),

vf—-K vf-K
S aC(f) o f2

Given that C(F) = F, we have that
C'(F) = BFP,
C"(F) = B(B = 1)F*72,

C'(fu) _ BT B
Ctf) ~ 12 I

= 01 =

C”(fav) ﬂ(ﬂ — l)faﬁ‘f2 ﬁ(ﬁ - 1)'

:>92: = =

C(fu) /L f2
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Therefore,

209 — Q%azcz (fo) = 1 <25(5— 1 52) a2 28

24 T2 2 2
1 (32-28\ ,
T 24 ( f2% ) “
—B(2—B)a?
— 2(4f3;223a 7 (9.87)
1 1
1vaaiC (f.) = vaa%fﬁ — ff”“i (9.88)

Thus, using (9.85), (9.86), (9.87) and (9.88), the implied normal volatility for this model is given by

ca(f—K)Y1—8) [ ¥ —B(2 — B)a? (2-3p%)  prap
o) = SUSINOD () (1 (20 ) ) L),

(9.89)

Using the Taylor series expansion for sinhz = > > é:fll)!, the above can be further simplified, we

expand
_ 199 /TR sinh (L1 (£
f-K=192 stlnh<2ln<K))
B 1 f 1 /1 A 1 /1 \)°

:\/len<[f(> (1—1—2141n2 (£)+m12()1n4 (;;)—i—)

and

K

—20m0% (520 (£)+ 5 (U520 (£)) & (H52m(£)) + )

—(fK)7 (1-f)In (Z{) (1 + (a ;f)z In? (é) + (11;2?4 In* (é) +.. )

f178 — K18 = 202(fK)"F sinh (“ ; D1 (f)>




This then leads to the simplification of flﬁ%

a-pf-x (- N*Km(i) (L4 di10® () + s ' () +--)

PR 0= - (£) (1 S5 (5] + G (£) +)

s (1 + 55 In (%) + 7955 1 (£) t- )
+

(1 S5t () + S () + )
Thus, by taking the geometric average, f., = v/ fK, (9.89) can be simplified to:
5 LIn? (L) + L) +...
_ 8 (1 T2 IJ; 190 | (If() ) Y
ou(K) = ca (FK) (0 (4) + Bt (£ - ) (x(w))

—B2 - 5)a2 2(2=30°)  prap )
<1+ ( 24 (fK) 7 - 24 +4(fK)¥ ETex -1 ] (9.90)

= (fK)

where 1 is given by

y vf-K VVlen<%) 1/<fK)(1;ﬁ>1 f (9.91)
= — = — = — n —_— .
a [l a (K a K)’
using the expansion for f — K up to second order, neglecting higher order terms, and
V=2
/ (U m/J +1+¢—p (9.92)
VE? — 2p§ +1 —-p

To obtain the implied Black volatility, equate the implied normal volatility for the SABR model, oy (K)
n (9.90), with the implied normal volatility for Blacks model (9.82). Substituting in the expansion for
f — K and by noting that since C (f,,) = f~ = (fK)g, from (9.83), we have that
202 — of @?C? (fur a? f28 a?
2 1a2C2(fav):_ (2 ) — _ . — _ 3
24 2412 2472, 24 (fK)

So, we get that

20

159



eon(f — K) (1 _ Lz o >
In(L 24
(%)

= / Lz (L L oaff o2
Ty () (e () s () ) (1 i)

_ 1 f 1 f a?
=eco\/ fK (1+ ﬂlrﬂ <K> + ﬁhﬁ <K> +) (1 - Wg%eer...)

Equating this with (9.90), we get that up to O(g?),

iy L.ooff 1 af f o?
E0R fK(1+241H <K>—|—19201n <K>+> <I—W€2Tex+>

(1—-05)%? (2 - 3P2) pvaf
(1 " (24 (fE)7 EER T A(fK)D? R (9.93)

which is the implied Black volatility as a function of strike when the current forward value is f. By

letting £ = 1, the original units are recovered. By setting K = f, the at-the-money (ATM) Black implied

volatility, with current forward f, is given by

- 8)? o? 2 — 3p°
aATNIZQIUB(f,f)=ﬁ<1+<(1 245) fwari’;f”ng( 24p)u2> Tex+...>. (9.94)

The parameter « is a function of the current futures level and ATM volatility. Assuming we have already

solved for v and p, the above equation can be inverted and « is then found to be the root of a cubic

P,

21Looking at limp .5 W With ¢ and () given by (9.91) and (9.92) respectively, we require L’ Hopital’s rule to show
that limg ¢ ﬁ = 1. Firstly,

v (1;5) i _ K (1 —ﬁ) (1gf") 7(1‘59”) i _ K (1;}3> i
dK  dK (E(fK) ln<K>>_a K 1”(1{) o UE) K’

dyp  d
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equation:

(L= 0)7ex o POVTr
24 f2-28 4f1-5

2—3
o+ (1 + 24/) I/2Tex> a— o f P =0. (9.95)

« is chosen as the either the only real root of the equation or the smallest positive root.

Reformulating the option skew with o,y and not « as an input, we find that the skew volatility is
invariant under %, ie. o(f,K)=0(1,K/f). Therefore, calibration is performed on relative strikes. To
see this, we consider the more general case. For A > 0, we show that o(K, f) = oc(AK, Af). In the above
case, A = % Firstly, consider (9.95), the cubic equation satisfied by a. « is clearly a function of f and

oarm and we require a as a function of X i.e. a = a()). Begin by multiplying this equation by \'~2:

2

1-8)°7ue 1o VTe \1- 2-3 _ g -
(zzlfgzz;/\l Ba?’-i-%)\l fa? + <1+ e VQTCX) M Pa— oI =0,

Multiplying the top and bottom of the first term by A272% and the top and bottom of the second term
by A4, we get

— 2 _ 5
W ()\1—504)3 + m ()\1—5@)2 + (1 + 2 230 VQTex) Al—ﬁa — Oaru ()\f)l_g _ 0’

a(\) = A Pa.

This gives the substitution for o — () that satisfies (9.95). The next step is to make the substitutions
f=Af, K =)MK and o = a()\) into the closed-form formulae for the implied volatility:

So,

1
lim —— = —Z—.

Then, using the Leibnitz rule (Abramowitz & Stegun 1974):

de() _ d /w dg _ L d
dK  dK \Jo & —2pt+1) /42 —2pp+1dK

_ ((2)2 (fK)1=8) 1n2 (%) - ng ()2 n (%) + 1>_1/2 %.

Thus,

im O | (2) 002w (£) <20 05w (L) )71/2%
Koy dK %~f{(<a) (fK) ) ~ 25 UE) m{x) ! dK

= lim (1 . d—w)
K—f dK

In conclusion,

R 2()
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1-8 2 o? vo 273 2
@ (1 + <( 24) (FE)© P + %(pr)’?lfﬁvz + S Vz) Tex) z

e , 9.96
os(f, K) (1102 [1+ [N AN T %} z(2) (9.96)
_ Y-y, L
s i, (9.97)
B 1-2pz+224+2—0p
z(z) =In ( T, ) . (9.98)

Finding the transformed value of z then x(z):

2(\) = (2fE) ln% =z,

A= 504

indicating that x(z) is also left unaltered. Therefore, in terms of A, (9.96) becomes:
_ 1-8)2 (A\'7a)? A8 p8ua
A ﬁa( << -2 (ngK))_[, +i(k2fK)‘(’f_m/2 L2 3p 22 ) 7 .
AAK) = (1-8)/2 (1-B)2 1 2 1Bt 4 s 2(2)
(g ) 14 G2 Loy Oof it L]
= UB(fa K)

Since this hold for any A > 0, it holds for A = %, proving that the skew volatility is invariant under ?

o

The following analysis deal with two cases: the stochastic normal model (8 = 0) and the stochastic

log-normal model (8 = 1).

Stochastic Normal Model

By substituting 8 = 0 into (9.90) and (9.93), the implied normal and implied Black volatilities are

respectively:
9.2
on(f, K) = ca (1 + (227?)5%27% +.. ) , (9.99)

and

ool K) =eal (2 ) (14 o +(2_3p2)u2 27 + (9.100)

T T m(f) @) AfK T2 R A '
where

NN

Stochastic Log-normal Model

Once again, substitute 5 = 1 into (9.90) and (9.93) to obtain the implied normal and implied Black

volatilities are respectively:

B (1 (L L 05,0
ox(f, K) ealn(%> ) (1—!—( 24a +4pa + 51 E T+ -+ ], (9.101)
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and

1 2 — 3p?
ou(f, K) = ca <1 - <4pow + (24p)u2> 27 + .. ) , (9.102)

where

9.3 Monte Carlo under SABR

In this section, we develop a Monte Carlo scheme to price options under the SABR model. Since path-
dependent options have payoffs which depend on the underlying, we will require the SDE of S, and
not F, which is what is given. For European options, the terminal value of S is the requirement and
since S(T') = F(T,T), where T is the maturity of the forward contract, Monte Carlo simulation under the

forward measure can be easily implemented. Under this measure, F'(t) and S(t)/Z(t,T) are martingales??.

9.3.1 SDE of the Underlying

Given the SABR model for the forward F, and volatility &, processes:

dF = aC(F)dWy,
dé = vadWs,
dW1dWy = pdt,
where, as before, C(F ) is the diffusion coefficient, « is a ’volatility-like* parameter, v is the volvol and p
is the correlation between F and &. F'(0) = f and &(0) = . In order to price any path-dependent option
that has a payoff linked to the underlying process, we require the SDE for the underlying S , hot F. Using
the arbitrage free price of a forward contract at time ¢ with maturity t.., we use the multi-dimensional

version of It6’s formula (Bjork 2004, §4.17) to derive the equation for S. Let the constant risk free rate

and dividend yield be r and q respectively.
Since
fz,y,t) =8 = Fem(r—tex—t),

where z = F' and y = &, we get that

fo=e mDle=t) g 0 f, = (r—q) Fe (rmOtext),

fy=0, foy =0, fuy=0.
Therefore,
df = (r — q) Fe™ D= gt 4 g fBe= (= te=t gy,
= dS = (r — q)Sdt + aerDB-Dtex=0) 38 gy,

22The choice of numéraire asset is the zero-coupon bond maturing at time 7.

163



The SABR model can be re-written as:

d$ = (r— q)Sdt + de(T—q)(ﬂ—l)(tex—t)gﬁdWI (9.103)
dé = vadWVy (9.104)
dWldWQ = pdt,

9.3.2 (Quasi-Monte Carlo

As in Chapter 7, we proceed to simulate the process of the underlying given by (9.103) and its volatility
(9.104). The hybrid quasi-Monte Carlo technique will once again be used. Details are given in §7.4.2.

Since a scalar autonomous SDE written can be written in integral form as:

X(t) = Xo + / F(X(s))ds + / g(X(s))dW(s), 0<t<T,

where the second integral is with respect to Brownian motion and Xj is the initial condition, we can

rewrite this as:

dX(t) = F(X(D)dt +g(X()AW(E), X(0)=Xo 0<t<T
Given the interval [0,77] is to be discretized into N equally spaced intervals of size At = L. For j =

1, ..., N, (9.103) and (9.104) are discretised as using the following:

2

Xj=X; 1+ f(Xjo) At + g(X; 1) (W(r;) = W(Tj-1))

where 7; = jAt. Therefore,

S; =81+ (r— @)Sj 1A + Gy 1T DEDEmIANGT /AL (9.105)

G = a1+ vé (pu + /1= 7oy ) VAL (9.106)
Here, u; and v; are the quasi-random ®(0,1) numbers which are generated as in chapter (7.1). The
Choleski decomposition relates the two independent Brownian motions (u; and v;).

so, once (3 has been fixed, we use the at-the-money implied volatility and the current futures level to
find v, p and « as described in Chapter 10. The above scheme can be used to price European as well as
path-dependent options. This can also be used to test the robustness of the SABR model which, after

calibration, yields closed-form solutions to vanilla options.
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Chapter 10

Calibration to Market Data

10.1 Source Data

We consider the equity futures market traded at the South African Futures Exchange (SAFEX). The
data set that will be used for calibration and pricing is the implied volatility skews provided by one of
the major equity option traders as given on 24 March 2005 for the futures contracts. Theses futures are
on the TOP40 index (this index contains the biggest shares which are determined by free float market
capitalization and liquidity).

We will be interested in the pricing of vanilla and exotic (barrier and Asian) options on the underlying

index after calibration has been performed. The March expiry has been selected as it is the most liquid.

Futures options are American and fully margined (there is no initial premium but the options are subject
to margin flow) and hence, the risk free rate does not appear in the pricing formulae given in (West 20055,
Chapter 10):

Vean = f(I) (dl) - Ko (d2)7

Vow = K@ (=dy) — f®(—dy),

f 2
. In w +o Tex
d1,2 - }
TeX

where the current futures level is f, the strike K, the volatility is ¢ and time to maturity, 7., = t., — t.

The maturity of the options and the futures contracts coincide.

10.2 Disk Contents

This section gives a brief description of the Excel spreadsheets and modules that are provided in both

the local and stochastic volatility setting.
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10.3 Local Volatility

Trees.xls is a spreadsheet that contains modules (which are a combination of subroutines and functions) to
implement the implied tree models from Chapters 3 and 4. The ‘Input’ worksheet requires the underlying
spot price at the current date, the expiry (of the final set of option inputs), the constant risk free rate,
a constant dividend yield (applicable in the modules DermanKaniChriss and BarleCakici), skew data
(implied volatility for strikes of liquid options) and a few other parameters that will be dealt with below.
Each module contains a sub that routinely reads all the data in the input sheet and outputs, on a
worksheet that corresponds to that module, a tree of spot prices, a tree of forward values, a tree of
Arrow-Debreau prices, a tree of the associated risk-neutral associated probability of up and/or down
movements within the tree and a tree of local volatilities. The input and output data may vary slightly,

depending on the module.

The following modules are provided:

1. DermanKani: The module provided is discussed in detail in §3.6. The resulting binomial trees

have equal spacing and consequently require that the input expiries are equally spaced.

2. BarleCakici: This module is similar to DermanKani, but has incorporated the modifications
discussed in §3.7. The option expiries can be at unequal time intervals and the underlying can have

a dividend yield.

3. DermanKaniChriss: This module is discussed in detail in §4.6. This local volatility tree will be
used to check whether the vanilla option prices produced by the tree matches the observed data, as
this tree has the added advantages of incorporating a time and/or state dependent implied volatility.
The ‘Input’ sheet has an additional section for this module that incorporates a dividend yield (if
required), a term or strike structure and an input as to the number of nodes required for the tree.
The date of the futures expiry is also an additional input. This module allows for the option prices

to be determined using either a trinomial tree or the Black-Scholes option pricing formula.

4. modDKCExotic: To price the exotic options of choice (up-and-out call option and an asian
call option), the implied trinomial tree as well as the probabilities of the movements within the
tree are required. This module contains the necessary code to do so, using the output of the
DermanKaniChriss procedure. Details of the code that pertain specifically to each of the exotic

options is given below in §10.5.3.

. modMakeSkew: In order to determine whether the local volatility models do in fact demonstrate

ot

self-consistency, skews of various forms to be input into the tree models can be generated and
compared with the output. Required input includes the current spot price, risk free rate, dividend
yield, European option expiries, the ATM implied volatility for the first option expiry as well as the
slope of the skew structure and term structures between each set of consecutive dates. Futures (or
forward) levels are also of relevance in terms of interpolating the relative strikes to assign the ATM

implied volatility to the correct strike (which must also be an input).
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Certain cases, which include option prices or Arrow-Debreau that are equal to zero, lead to the code not
running to completion. These are all numerical issues which arise in certain unpredictable cases. In these
cases, very often minor modifications (for example, changing the number of steps required in the tree)

will result in a valid calibration.

10.4 Stochastic Volatility

The second spreadsheet provided, Stochastic-Models.xls, contains modules that are a combination of
Monte Carlo using the antithetic variates approach (for the Hull-White model), a hybrid quasi-Monte
Carlo technique (for the Hull-White, Heston and SABR models) and Gauss-Legendre integration (for the
Heston model). There are additional functions provided that use SABR hybrid quasi-Monte Carlo to

price the exotic options which is further discussed in §10.5.3 below. The following modules are provided:

1. modHullWhite: This model runs a subroutine that calculates European call and put option
prices using a Monte Carlo simulation with antithetic variates for variance reduction. Full details

are provided in §7.4.1.

2. modHullWhiteQuasiMC: This module uses a hybrid quasi-Monte Carlo technique described in
§7.4.2, to price European call and put options.

3. modHGaussLegendre, modHestonIntegrands and modHestonIntegrals: The first module
contains a subroutine that calls the modules modHestonIntegrands and modHestonIntegrals, which
outputs the prices of European call and put options. These first of two modules is required to
determine the real part of the integrals being evaluated, while the second module integrates the
result using Gauss-Legendre integration described in §8.5.2. The VBA code was obtained from
(Vogt 2004).

4. modHestonMC: This module contains a subroutine that prices the European options using the

above-mentioned hybrid quasi-Monte Carlo technique. Details are given in §8.5.1.

5. modSABRVanilla: This module contains a subroutine that evaluates European option prices
using the hybrid quasi-Monte Carlo technique and the closed-form Black-Scholes option pricing
formula. The input volatility for the second method is given by the SABR closed-form formula for
the implied volatility for a given strike and futures level (after calibration has been performed). We
compare this implied volatility with that obtained, using the Newton-Raphson Algorithm, from the

simulated results.

6. modUpandoutCall and modAsianOption: The first of these modules contains a function that
evaluates an up-and-out barrier call option. The second contains a function that prices an arithmetic
average-rate call or put option. Both do so using the SABR model. This is further discussed in
§10.5.3.

Some other functionality is used within the above modules for the determination of Black-Scholes option

prices, interpolation methods and calibration of the SABR model. The module mwakeupobjects calls
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the appropriate dll, or uses cover functions, where the underlying object is in such a dll. They are as

follows:

DLL Object Use
FMAModels| EquityOption |Used for pricing options and obtaining implied volatility

using Newton-Raphson

FMAModels Utilities Simple mathematical procedures

YieldCurve |Curvelnterpolate | Interpolation (raw)
SABR BuildModel | To obtain the SABR parameters as in (West 2005a)
SABR FitTraderSkew |SABR parameters

FMAModels DateRules To obtain the correct number of business days

when pricing options

SABR SABRfunctions |To evaluate skew volatility, obtain the « parameter

10.5 Model Calibration and Pricing Options

Using the local volatility model (trinomial tree) described in (Derman, Kani & Chriss 1996) and the
SABR stochastic volatility model, we will begin by obtaining the parameters «, 3, v and p for the equity
index data from the dealer for maturities of one and two years. This will be performed according to
(West 2005a). Once these parameters are obtained, we will use the implied model skew in both SABR
and the trinomial scheme to price both European and path-dependent options. The spot value for the
index on 24 March 2005 is 11 963.

10.5.1 SABR Parameters

To obtain an implied volatility skew at the required maturities, we are first required to obtain the SABR
parameters such that the model implied skew matches the dealer provided SAFEX implied skew for the
required maturities! as in (West 20054, §6). The methodology for each parameter is briefly described

below. We note here that the current futures level f and o,y are inputs into the model.

The § Parameter

The value of 3 is estimated from a log-log plot of o(f, f) and f:

Ino(f,f)=lna—(1-6)Inf+...

as given in (Hagan et al. 2002). Analysis of historical trade data (West 2005a) suggest a time weighted
regression scheme. The results for the South African market suggests that 5 = 0.7. Once selected, this

value does not change.

L Another approach is to obtain parameters such that the model implied skew matches historical market trade data which

consists of single trades and trade sets.
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The o parameter

This parameter is a function the current futures level f, the at-the-money (ATM) volatility oaru, 5, p,
v and T,,. Therefore, we have the ATM volatility as an input and use the model to calculate a.. oy i

given by

o (1-5)7 o Lpfra (2-3p%) ,
Oarn = 0s(f, f) = F1-5 <1+ < Y f272ﬁ+1f17ﬁ + 24 Vo Tex | -
Assuming we have already solved for v and p, the above equation is inverted and « is found to be the

root of the cubic equation (9.95):

2

9 _
a? + <1 + Qi)p V2Tex) o — GATMflf'B =0. (10.1)

(1- /8)2 Tox o3 POV
24 f2-28 4f1-8

« is chosen as the either the only real root of the equation or the smallest positive root.

The v and p Parameters

Given that f and o,y are inputs and 3 is chosen and fixed, given values for v and p, we have that «
is no longer an input. We seek values for the input pair (v, p) such that the model best fits the SAFEX
implied skew for one and two year maturities. The Nelder-Mead algorithm minimizes the error expression

from the traded volatilities to the skew implied by the parameters.

10.5.2 Vanilla European Option Prices

Given that the valuation date (24 March 2005) is approximately one year prior to the March 2006 futures
expiry (the third Thursday of the month) and correspondingly two years prior to the March 2007 expiry?,
we want to price a European call option on the underlying TOP40 index for maturities of approximately
one and two years. The vanilla put option price can be calculated using put-call parity. We begin by using
the dealer’s skew data to calibrate the SABR model for the required maturities (obtain the parameters

v, p and ).

The following three methods are used to price both one and two year maturity options:

1. We first perform a hybrid quasi-Monte Carlo simulation described §9.3.2. This uses the parameters
from the calibration to simulate the index movement throughout the life of the option. From the

prices obtained, we back out the implied SABR volatility using the Newton-Raphson algorithm.

2. The next procedure will be to price the required options using the closed-form formula for the
implied volatility given by (9.96). So, op(f, K) and other relevant inputs will be used in the

standard Black-Scholes formulae for European call options.

2By convention OTC option expiries coincide with exchange expiries; and assuming this will avoid the need for interpo-

lation.
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3. The local volatility model described in (Derman, Kani & Chriss 1996) will also be calibrated using
the SABR model implied skew, enabling the prices of the required vanilla options to be determined.
For the one year option, the dealer’s skew for 15 June 2005, 15 September 2005, 15 December 2005
and 16 March 2006 are used as inputs for the determination of the SABR parameters. Once this is
done, the values for o, v and p are used to obtain the SABR implied volatilities for a set of strikes
at the above mentioned option expiries. For the two year option, the above four expiries and the
15 March 2007 skew data will be used.

The input data consists of the following:

1. Valuation date: 24 March 2005.
2. Spot: 11 963

3. Maturity dates:
One year option: 16 March 2006,
Two year option: 15 March 2007.

4. Continuously compounded risk free rate and dividend yields for the one and two years:

Input Value |16 March 2006 | 15 March 2007
r 7.44% 7.75%
q 3.50% 3.50%

5. Calibration using the data discussed in §10.1 yields the following SABR parameters at the input

option expiries:

Dates: | 15-Jun-05 | 15-Sep-05 | 15-Dec-05 | 16-Mar-06 | 15-Jun-06 | 21-Sep-06 | 21-Dec-06 | 15-Mar-07

Jarm 12 050 12 140 12 274 12 366 12 503 12 666 12 833 13 001

Oarm | 14.00% 14.15% 13.50% 14.75% 15.00% 15.25% 15.75% 15.75%
« 2.0373 2.3904 2.2741 2.4727 2.5168 2.5619 2.6508 2.4567
v 118.74% | 90.42% | 84.94% 79.45% 76.90% | 74.14% 71.59% 69.23%
P -54.71% | -78.09% | -70.87% | -63.65% | -62.32% | -60.88% | -59.55% | -58.32%

An example of the skew that is generated by the SABR model, contrasted to the dealer skew, is in Figure
10.1. The entire implied volatility surface from the SABR parameters is in Figure 10.2. The data that it

represents is provided in Trees.xls, "mtm skew” spreadsheet.

Using this surface we obtain a local volatility surface from the Derman-Kani-Chriss as shown in Figure
10.3. This surface will vary depending on whether a term structure, skew structure, both or neither
was used in the construction of the trees. There may also be slight differences if the option prices, used

for determining the probabilities and subsequently the local volatility, are determined using a constant

3SAFEX equity expiries are for March, June, September and December of each year. The dealer provided skews for the
June 2005, September 2005, December 2005, March 2006 and March 2007 expiries. The SABR model was fited to each of
these expiries, and then the parameters found for Mach 2006 and March 2007 were interpolated for June 2006, September
2006 and December 2006. At the time of writing these option expiries had not yet traded in the formal market.
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Figure 10.1: The SABR skew vs the dealer skew for option maturity 16 March 2006

volatility trinomial tree or the Black-Scholes option pricing formula. Increasing the number of nodes
required has the effect of generating more detailed surfaces which can become unlikely or impractical as

a result of interpolation or extrapolation errors.

1. For V_,, with a maturity of approximately one year, we calculate the implied volatility from the
SABR Monte Carlo simulation after calibration performed, the SABR implied volatility given by
the closed-form solution and the implied volatility from the trinomial scheme. This local volatility

models was calibrated using a skew derived from the SABR parameters.

2. For V_,, with a maturity of approximately two years, paucity of data requires the ATM implied
volatility for the futures expiries to be interpolated. We also linearly interpolate p and v, which
can then be used to find «, given the futures levels corresponding the dates. This data is provided

above. Thus, we get the following:

It is important to stress that the implied volatilities may vary slightly in the implied tree scenario. This

is as a result of the method one chooses to construct the tree, as well as the number of nodes required.

10.5.3 Exotic Equity Options

The following two exotic options will be priced:

(i) Up-and-Out Call Option:

This is a single barrier knock-out call option (up option) which entitles the holder of the option
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Figure 10.2: The TOP40 skew, by term and strike, March 2005

to the maximum of difference between the spot at maturity of the option and the strike, and zero.
The option only pays off if the spot remains below the barrier during the life of the option, at the
end of every business day. Note that the barrier must be above the strike for the option to have a

value. The formula for such an option with constant volatility can be found in (Haug 1998, §2.10).

We will be considering a maturity of approximately two years with the SABR, parameters given in
§10.5.2, the barrier option is to be priced via the hybrid quasi-Monte Carlo simulation. This price
will then be compared with the price obtained using the parameterized trinomial implied tree. The
barrier option is checked at each of the constructed nodes in the tree and consequently, the price of
this type of call option decreases as the number of nodes increases. This can be attributed to the
limit of the discrete case being continuous. The continuous time simulation allows for the criterion

to be validated at the end of every business day. As the number of sample paths in the Monte carlo
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Figure 10.3: The local volatility surface obtained from the trinomial scheme. At each time node, for
strikes which are above/below the maximum/minimum strke in the tree at that time node, we simply

extrapolate from the volatility at such maximum/minimum.

simulation increases, the price increases. We will be using 10 000 sample paths for the Monte Carlo
simulation and 20 nodes in the implied trinomial tree. We once again use the data provided by the
dealer for 24 March 2005 to obtain the implied tree. The barrier is checked forward inductively,
setting the probabilities of all paths that lead to a spot price greater than the barrier, to zero. The

option price is then the discounted average of the sum of the probabilities multiplied by each of the

payoffs.
Up-and-Out Call Option Value
Futures 13001.00
Spot 11963
Valuation Date 24 March 2005
Expiry Date 15 March 2007
Barrier 14 000
Strike 10 000
SABR Price 706.83
DermanKaniChriss Price 570.10
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Figure 10.4: The implied volatilities of the one year vanilla option

As we can see, the price differences are quite large and increases as the number of tree nodes

increase, as well as the number of sample paths increase.

Arithmetic Average-Rate Option:

Suppose the underlying is recorded at a few selected dates until maturity. The strike of such an
option is set at the inception of the contract and is constant. At maturity, the holder of the call
option will receive the maximum of the difference between the arithmetic average of all the spot
prices recorded and the strike, and zero. The holder of a put option will receive the maximum of
the difference between the strike and the arithmetic average of all the spot prices, and zero. The

formula for such an option with constant volatility can be found in (Haug 1998, §2.12).

This exotic option is to be priced using the SABR Monte Carlo simulation, as well as the implied

trinomial tree.

We briefly discuss the computational technique regarding the second method. Depending on the
number of nodes N in the constructed tree, there will be 3V paths, each with an associated proba-
bility. For simplicity, we assume the averaging is being performed on the dates that coincide with
the nodes of the constructed tree. For computational efficiency, we limit the number of paths cho-
sen to price the option. It was found that after about 20000 paths the computation time becomes
onerous. If N <9 then 3% < 20000, so all 3V paths will be used. If N > 9, we randomly select 20
000 paths from the total of the 3V paths.

At the terminal nodes of the tree for each of the paths, we require:
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Figure 10.5: The implied volatilities of the two year vanilla option

1. The average of the spot prices that occur at each of the averaging nodes within the tree, which

is simply the sum along the path divided by N*,

2. The probability of the associated path, which is the product of the corresponding up, sideways

or downwards probabilities.

Given a one/two year Asian option (valuation date is 24 March 2005 and expiry date is 16 March
2006/15 March 2007), we construct an eight/sixteen node implied trinomial tree. The terminal
value of the option is taken to be the probability weighted average of the payoffs for each path, and

this is then discounted to find the Asian option price.

The dates that correspond to the nodes of the tree are then used in the SABR Monte Carlo simula-
tion. The averaging will occur over these days. Thus, using the relevant data for parameterization
of the tree and for the simulation, the following prices for the one/two Asian options were obtained

in Figures 10.6 and 10.7 respectively.

10.6 Conclusion

Bearing in mind that a mathematical model is an attempt to approximate reality, we can conclude that if
a particular class of models accomplishes this to a better degree than its predecessor, it would be sensible
to implement it. The model should be parsimonious, transparent and strike a balance between complexity

and analytical tractability.

4By convention, the observed spot price at ¢t = 0 does not contribute to the sum, it is only the subsequent nodes that do.
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Figure 10.6: The prices obtained from the SABR Monte Carlo simulation and the eight node implied

trinomial tree for the Asian option
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Figure 10.7: The prices obtained from the SABR Monte Carlo simulation and the sixteen node implied

trinomial tree for the Asian option

The assumption of constant volatility in the original Black-Scholes model for asset prices is clearly inad-
equate for the above-mentioned purpose. This is evident from a number of observations, primarily the
skew /smile that exists in the (vanilla) derivative markets. To better approximate the observed deviance
from the base model, we have investigated a number of local and stochastic volatility option pricing mod-

els, the local models being a subset of the stochastic models. In principle, these models should output the
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observed vanilla option prices (implied volatilities) as they have been calibrated accordingly. This follows
from the no-arbitrage requirement. Having calibrated the Derman-Kani-Chriss local volatility model and
the SABR stochastic volatility model, it is evident that for strikes further away from the model, the local
volatility model does not perform as well as the stochastic volatility model. This, of course, may vary
slightly, depending on the input requirements for the construction of the tree. The prices for the exotic
options, especially in illiquid markets that do not trade these instruments regularly, cannot be validated.
It is interesting to note that the Asian option prices obtained from both methods were similar, regardless
of the time to maturity. However, large disparities between the OTM vanilla options indicate that the
results from the stochastic models are deemed more credible. The pricing procedure can be achieved in

numerous ways. What is certainly a trickier task is the hedging of such instruments.
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