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Abstract

Exploitation of the resources available in space is one of the key challenges for future space
exploration. Many of these resources have been recognized as potentially low-cost alternatives
to those launched from Earth. In particular, near-Earth asteroids are among the easiest objects
to reach and could provide resources such as water, liquid propellants electrolysed form water,
semiconductors, and metals. Several studies have shown that a useful quantity of accessible
resources may be available to be transferred into Earth orbit with transfer energies lower than
that required to exploit material from the Moon. To address this problem, different scenarios
can be envisaged to transfer material to Earth orbit or Halo orbits, such as transport of the entire
asteroid or transport of mined material, the optimal choice depending on the particular asteroid
of interest. A further possibility is in situ manufacturing using asteroid resources, for example
to assemble space-structures directly nearby the asteroid or to process water for propellants or
life support.

Motivated by this growing interest in asteroid resource exploitation, this thesis investigates a
novel strategy to deliver a fraction of the asteroid mass into orbit about the asteroid or to escape.
The analysis has its roots in the idea of leveraging the rotational kinetic energy of a rotating body
to lift material, for example with the concept of the space elevator. The elevator is envisaged
as a tethered structure to connect a mass in synchronous (or higher) orbit and the surface of the
body. The tether is in equilibrium by the balance of centripetal and gravitational forces acting on
it; the payload, i.e. mass extracted from the asteroid, is then lifted to the desired altitude along
the tether and, if synchronous orbit is reached, the payload could increase its altitude without
further work required.

A direct evolution of the space elevator is the orbital siphon concept which is the foundation
of this thesis. In this case, rather than a single payload ascending along the tether, a chain of
tether-connected masses is envisaged, where the centrifugal-induced pull due to the body’s spin
can overcome the gravitational force on the payloads, eventually allowing payloads to escape. A
chain of payloads can therefore be envisaged to provide a continuous mass flow from the surface
of a rotating asteroid into orbit (siphon effect): new payloads are connected to the chain while
the top payloads are removed and released into orbit, without the need for external work to be
done.

The siphon, as with the space elevator, can in principle be used as a payload-raising mecha-
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nism on any rotating body. However, contrary to the space elevator, the siphon does not require
external work to lift asteroid material below synchronous altitude. In support of mining opera-
tions, the siphon can be used to raise mined material to a collecting/processing station in orbit
around the asteroid or directly connected to the siphon. Alternatively, the siphon can be used to
release material to escape, without the need to use propellant-based methods.

This thesis therefore will investigate the dynamics of an orbital siphon anchored at an as-
teroid and examine a range of applications in the context of asteroid manipulation and resource
exploitation. Long-term effects of the siphon operation are discussed, showing that this device
allows a significant quantity of mass to be raised to orbit or to escape. It is shown that an optimal
siphon length can be chosen, such that the extracted mass is maximised. Key variables, such as
achievable mass flow rates, tension on the tethers, timescales and anchor forces are discussed.

It is demonstrated that the oscillations of this device resulting from Coriolis forces are
damped and the siphon will eventually align with the local vertical if mass is released to a
collecting spacecraft connected at the top of the siphon. Moreover, it is proposed that the siphon
dynamics could be leveraged to deliver resource payloads to stable equilibria about the asteroid,
with a smaller ∆v than direct transfer from the surface, which may be beneficial in a long-term
mining scenario. Effects of an irregular gravity field on the siphon dynamics are also examined,
using polyhedral shape models of two candidate asteroids. The siphon effect is still generated
for the candidate asteroids analysed, even with motion of the anchoring system on the asteroid
surface, thus allowing the mining location to be moved without interrupting the flow of material
to the collecting spacecraft.

If a large quantity of material is released to escape, the siphon effect may also be exploited
to induce a small variation to the heliocentric velocity of a potentially hazardous asteroid for
impact risk mitigation. It is shown that typical ∆v on the order of 1cms−1 can be achieved
within a time window of a decade. Finally, use of the orbital siphon to generate artificial cavities
for habitats or storage of mined material is discussed.
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Chapter 1

Introduction

Interest towards near-Earth asteroids (NEAs) has been growing significantly over the past few
decades. NEAs are a subset of the near-Earth object class, including any asteroid or comet that
has a perihelion distance of less than 1.3 Astronomical Units.

There are three main factors behind the interest towards NEAs. Firstly they represent the
most direct remnants of the early Solar System [15] and study of them could shed light on
planet formation. Moreover, some asteroids may contain chemical compounds that could have
been precursors to life on Earth [24]. Secondly, a fraction of NEAs have been classified as po-
tentially hazardous, due to their close approaches to Earth. As of October 2020, 2132 NEAs
have been classified as potentially hazardous and 156 of these have a diameter larger than one
kilometre1. An object of this size would have enough energy to deliver catastrophic damage to
our civilisation. Impact craters on Earth provide evidence that such events have already hap-
pened in the past, with dramatic consequences [137]. For example, it is believed that the crater
Chicxulub in Yucatan was caused by a ten-kilmetre-wide asteroid, responsible for an extinction
65 million years ago [46]. The third reason behind the interests in NEAs is related to the re-
sources available from these objects. A variety of materials can be found on asteroids, ranging
from water, volatiles, metals and semiconductors, that could be useful to support future space
activities [110]. For example, materials such as iron, nickel, cobalt, manganese and titanium
could be used for construction of space infrastructures, such as space habitats, solar power sta-
tions or deep-space transportation bases. Other resources such as hydrogen and oxygen from
water can be used to produce propellants or for life-support. Precious metals such as gold or
platinum can also be found. These resources in principle make NEAs extremely valuable.

For all these reasons, identification, classification and orbit determination of NEAs is crucial.
As of 9th November 2020, 24172 NEAs have been discovered (see Fig. 1.1). Among those, 890
NEAs have a diameter larger than 1km. However, smaller objects with a diameter on the order
of 100m or less are difficult to detect and therefore it is believed that the actual population of
NEAs is much larger. Estimation models have been developed to assess the actual distribution

1From https://cneos.jpl.nasa.gov/. Last access: 29th October 2020.
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FIGURE 1.1: Cumulative number of discovered NEAs over time. Credits: Alan B. Chamberlin
- Jet Propulsion Laboratory, NASA.

of NEAs. For example, according to Ref. [134], the NEAs population is estimated to comprise
413±100 million asteroids and only 29% of the objects with a diameter of less than 140 m have
been discovered so far. It is clear that an abundance of invaluable natural resources might be
available in the Solar System.

However, large-scale mining operations on asteroids or their deflection is undoubtedly chal-
lenging, requiring macro-scale manipulation of these objects. The majority of missions to as-
teroids performed so far involved close approaches for scientific analysis, while only a few
involved micro-scale manipulations (such as sample-return missions). Macro-scale manipula-
tion of asteroids has not been performed so far and most of the techniques considered have only
been conceptualised in simulation, including those proposed in this thesis. A novel asteroid
manipulation technique is therefore presented in this thesis, and a range of applications in the
context of asteroid mining and deflection are discussed. Before introducing the idea at the core
of the thesis, a brief overview of past and current missions to asteroids is provided, followed by
a review of the state-of-the-art on asteroid manipulation concepts.

1.1 Exploration of asteroids: an overview of past and current
missions

The first spacecraft to visit an asteroid was the NASA mission Galileo, launched in 1989. Galileo
completed a successful flyby of the asteroids 951 Gaspra and 243 Ida, providing for the first time
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a close range image of an asteroid [52, 73]. The NASA spacecraft Clementine was launched in
1994 to make close observations of the Moon and the NEA 1620 Geographos, however the flyby
of the asteroid was not possible due to a computer failure [95]. In 1997 the spacecraft NEAR
made a close approach to the asteroid Mathilde and one year later reached the asteroid Eros,
completing 230 orbits about it and then touched down on its surface. The spacecraft was still
operational after landing, thus becoming the first spacecraft to soft-land on an asteroid [145].
Three years later, the spacecraft Cassini, directed to Jupiter and Saturn, approached the asteroid
2685 Masaursky, however it only returned a poor quality image [133]. On July 1999 the NASA
Deep Space 1 probe successfully completed a flyby of the asteroid 9969 Braille with a closest
approach distance of just 28.3km [108]. Unfortunately, it released some low-quality images of
the asteroid, due to a computer failure.

In February 1999, the NASA Stardust mission was launched with the primary aim of col-
lecting samples from the coma of comet Wild 2 and also collecting cosmic dust and returning
the samples back to Earth [18]. It was the first small body sample-return mission. Before reach-
ing the comet, Stardust also successfully completed a flyby of the asteroid 5535 Annefrank and
tested the manoeuvres required for the comet flyby. The JAXA spacecraft Hayabusa was the
first to attempt a sample-return mission to an asteroid. Launched in 2003, it reached the asteroid
Itokawa in September 2005, sampled some regolith from the asteroid and returned the material
back to Earth. Approximately 1500 grains of material were collected, with sizes on the order of
10 micrometers and a total mass of less than 1 gram. Hayabusa also released the lander Minerva
in an attempt to land on the surface, however after an accidental command it reached escape
velocity [162]. In 2004, ESA launched the Rosetta mission with its primary lander module Phi-
lae to perform a study of the comet 67P/Churymov-Gerasimenko. Philae performed the first
successful landing on a comet and, before arrival at the comet, Rosetta performed flybys of the
asteroids 21 Lutetia and 2867 Steins [44]. In 2005, NASA launched Deep Impact, with the aim
to analyse the composition of the comet 9P/Tempel by releasing an impactor onto the comet.
The mission was successful, with the impactor hitting the comet surface at a relative speed of
10.3kms−1 [109] (Fig. 1.2a shows the impact plume as photographed by the high-resolution
camera onboard the carrier spacecraft). After the mission to 9P/Tempel was completed, it was
proposed to retarget the spacecraft towards the asteroid 2002 GT, however, communication with
the spacecraft was lost in 2013 and the mission aborted before reaching the asteroid [50]. In
2006 the New Horizon mission imaged the main-belt asteroid 132524 APL on its journey to-
wards Pluto. In 2019, New Horizon reached the contact binary 486958 Arrokoth, which became
the farthest object in the Solar System ever visited by a spacecraft [129]. The NASA Dawn
spacecraft reached and orbited the two largest asteroids in the main belt, Vesta in 2011 and
Ceres in 2015. Dawn was the first spacecraft to successfully orbit two asteroids and the first
NASA mission to use ion propulsion for an exploratory mission, which enabled the spacecraft
to enter and leave the orbit of Vesta [111]. The Chinese probe Chang’e 2 completed a flyby of the
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asteroid 4179 Toutatis in 2012 after orbiting the Moon and reaching the Sun-Earth Lagrangian
point L2 to test the Chinese tracking and control network [72]. In 2013 an ambitious NASA
mission was considered to retrieve a four-metre boulder from the surface of an asteroid and
bring it to a stable lunar orbit, for further analysis via robotic probes or a future crewed mission.
However, the Asteroid Redirect Mission, as the mission was initially termed, was cancelled due
to insufficient funding [41].

In 2018 the probe Hayabusa 2, operated by JAXA, surveyed and took samples from the
asteroid 162173 Ryugu, making it the second sample-return mission, after the first Hayabusa
mission. The samples are expected to return to Earth at the end of 2020. The spacecraft also
carried four small rovers, released to the asteroid to study its surface [57]. In 2016 the third
sample-return mission, OSIRIS-REx, was launched by NASA en route to the asteroid 101955
Bennu. The probe successfully touched the surface and collected a sample via its extendable
arm (Fig. 1.2b) and it is expected to return the sample back to Earth in September 2023 [70].

Several additional asteroid missions are planned. In particular, the Double Asteroid Redi-
rection Test (DART) is a technology demonstrator to be launched in July 2021, to test a kinetic
impactor and subsequent deflection [63]. The target of the mission, 65803 Didymos, is a binary
asteroid system, and DART will impact onto the smaller asteroid (Didymos B) at a relative speed
of 6kms−1. With its mass of 500kg, DART is expected to change the orbit speed of Didymos
by about 0.4mms−1, which will lead to a small change in the trajectory of the asteroid system
centre-of-mass, eventually causing a displacement in the long term. The actual measurement of
the velocity change and assessment of orbit deflection will be made by the ESA spacecraft Hera,
that will arrive at Didymos in 2027, five years after DART’s impact [88].

A technical progression in the asteroid missions can be noted, from flybys to orbiter, then
lander and sample return missions. This set the scene for future large-scale asteroid manipulation
mission concepts, which will be discussed in the next section.

1.2 Asteroid manipulation

The term asteroid manipulation is used here to indicate all possible forms of interactions be-
tween an artificial device (e.g., a spacecraft) and the asteroid. Most past missions discussed
in Sec. 1.1 involved asteroid flybys for scientific exploration, without any physical interaction
between the spacecraft and the asteroid. The three sample-return missions Hayabusa, Hayabusa
2 and OSIRIS-REx represent initial micro-scale examples of asteroid manipulation, as they in-
volve the interaction between the spacecraft and the asteroid for the collection of regolith, in this
case for scientific purposes. The planned DART mission is an example of macro-scale asteroid
manipulation, as it aims at changing the orbit of an asteroid.

On the basis of such interest towards asteroid, several additional manipulation techniques
have been considered, not only for scientific purposes (e.g., collection of samples) but also for
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(a) (b)

FIGURE 1.2: Examples of minor object manipulation missions. (a): Head-on collision of Deep
Impact impactor with comet 9P/Tempel, imaged by the spacecraft high resolution camera. Cred-
its : NASA/JPL-Caltech/UMD. (b): Touch-and-go manoeuvre by the OSIRIS-REx spacecraft
with the asteroid 101955 Bennu. The acquisition mechanism collected at least 60g of asteroid
regolith. Credits: NASA/Goddard/University of Arizona

large-scale engineering operations such as mining or deflection. A review of the main manip-
ulation concepts available in the literature is presented in the following sections, starting from
mining methods and then moving to deflection techniques. A separate section is then dedicated
to a discussion on the creation of artificial internal cavities for material storage or human habi-
tats. Such review is necessary to contextualise the novel asteroid manipulation techniques that
will be discussed later in this thesis.

1.2.1 Mining techniques

Similar to terrestrial mines, mining operations on an asteroid will likely involve the following
phases [163]:

1. Prospecting. Mapping/scanning operations to establish the quantity of material that can
be extracted and the location of such material.

2. Excavation. Removal of material from the asteroid.

3. Transportation. Transfer the excavated material from the ore site to a collection / process-
ing site.

4. Processing. Transformation of the raw material into a form required for the refining pro-
cess. For example, this phase may include breaking boulders into smaller fragments for
transportation.
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5. Refining. Extraction of important resources from the processed material.

6. Storage. Move the processed/refined material into a safe, stable location on the asteroid
(or in orbit around the asteroid) for later use or transfer to Earth.

Contrary to terrestrial mining, however, the micro-gravity environment will challenge most (if
not all) of these phases. For example, an asteroid such as Bennu (see Table 2.1 for physical
properties) has an escape speed at the surface of approximately 0.2ms−1. Any object travelling
at a larger speed is released to escape. Hence, for example, any locomotion system that is not
firmly attached to the surface will have to move at speeds on the order of tens of centimetre
per second, thus posing constraints on mining throughputs. Also, many asteroids are believed
to be rubble-piles, i.e., loose aggregates of grains and boulders held together by weak cohesion
[104, 117]. Thus, any phase requiring anchoring to the surface will be challenging.

A proposed method to avoid anchoring to the surface involves the use of solar concentrators
or lasers. McInnes proposed to use solar concentrators to reflect sunlight onto the asteroid sur-
face and sublimate material [82]. The sublimated material can then be collected and processed.
If the asteroid is metal-rich, part of the extracted material may be used to manufacture additional
reflector surface, thus enhancing the extraction process. A similar concept has been proposed
by Vasile et al. [141], which involves sublimation of asteroid material using lasers.

Alternatively, the entire asteroid can be encapsulated into a film bag with ports that permit
the introduction of telescopic optics to deliver highly concentrated solar thermal power on the
surface of the asteroid [36,94,123,124]. The heat resulting from the solar radiation can excavate
the asteroid via ablation and volatiles are forced to outgas into the encapsulating bag. In this
scenario, the size of the infrastructure needed to encapsulate the asteroid scales with the asteroid
size. Sercel [123] claims that a thousand-tonne asteroid can be entirely mined within a few
months.

Methods involving encapsulation may require complete de-spin of the asteroid for easier
extraction and storage of the resources. This can be achieved by placing a thruster at the asteroid
equator and applying a torque opposite to the asteroid rotation [118]. For example, placing a 5N
thruster at the equator of an asteroid with a radius of 100m, density 2000kgm−3 and 5h rotation
period would require 4 months for complete de-spin [118]. Kang et al. [61,62] suggest to use an
actively controlled space tug to increase the asteroid rotation period. A spacecraft is connected
to the asteroid via a tether and control is achieved via two strategies. Pure tension control is
achieved by varying the tether length and converting the asteroid rotational kinetic energy into
potential energy as the tether length is increased. However, it is shown that this method alone
is not sufficient to completely de-spin the asteroid. A hybrid control strategy is then proposed
by adding a thrust control to the tethered spacecraft which will lead to a complete de-spin of the
asteroid.

On the contrary, asteroid spin-up has also been proposed to enhance asteroid disruption, to
facilitate scientific analysis of the asteroid internal structure and composition or to increase the
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surface-to-mass ratio for easier exploitation of their resources using solar concentrator technolo-
gies [11, 12]. The concept is to spin a satellite connected at the asteroid pole with a tether in a
dumbbell-like configuration. Angular momentum is transferred to the the asteroid by spinning
the tethered system in a direction opposite to the desired rotation direction. The asteroid rotation
rate must be large enough such that the internal stresses overcome the critical stress required for
disruption. It is shown that a 200-metre diameter asteroid can be spun-up and disrupted in less
than 5 years using a tether centrifuge of a few tens of kilometres and using less than 20 tonne of
overall system [12].

Separation or concentration of asteroid regolith according to size or composition may be
required for large-scale in situ resource utilisation. To this end, it is proposed in Ref. [161] to
launch material from the asteroid surface and exploit solar radiation pressure to passively sort
it as a function of the grain size or density. Collection of the material can then be performed
either on the asteroid surface (if the ejection speed is below escape speed) or on-orbit, using
an orbiting collector. Garcia Yarnoz et al. [161] suggest that the method has a potential high
throughput and can be useful for an initial preconcentration of regolith grains prior to more
complex processing methods, although the effectiveness of this method would greatly depend
on the properties of the material, inter-particle forces and the ability of surface rovers to move
in micro-gravity environment.

Mass drivers have also been proposed to control the asteroid rotational state or deflect its
trajectory. In this case, a mass is launched from the asteroid surface, thus exerting a force on
the asteroid to conserve the overall linear momentum of the system. Larger reaction forces can
be achieved using larger masses or launch speeds [17]. With release speeds smaller than escape
velocity, material can be transferred to an orbiting station for storage [87].

Asteroids containing magnetic material can be manipulated using an electromagnetic exca-
vator. Covey [31] proposes an apparatus made of a tube holding a series of magnetic coils,
creating an electromagnetic field which will attract ferromagnetic materials contained in the as-
teroid regolith. Due to the microgravity environment, a relatively weak magnetic field (with
respect, for example, to Earth applications) can be applied to effectively convey particles. The
author notes that no anchoring is required for such operation as the forces pulling the regolith
should be enough to keep the device in contact with the surface. Possible additional applications
of the electromagnetic excavator are for drilling and thrusting (in the latter case the device would
work as a mass driver). Similar concepts are presented in Refs. [2, 3]. In this case the idea is
to apply a rectangular two-phase voltage between parallel screen electrodes with some openings
mounted at the lower end of a tube. Particles agitated by the resulting electrostatic forces are
captured when passing through the screen electrode openings. Other sampling/excavation mech-
anisms have been proposed, using tethers [57, 81], adhesive materials [64, 89] or brush-wheel
devices [14, 91].

Among the main issues for most asteroid-manipulation methods is the transportation of
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mined material to a collector or its temporary storage for processing. In fact, the problem of
gathering material from the surface for later processing is still largely unexplored. This may
become a crucial issue especially in a long-term mining scenario. Direct launch of material to
orbit (for example using mass drivers) is affected by uncertainties when launching material from
the surface (due to perturbations such as an irregular gravity field). Uncertainties in the initial
condition at launch might challenge in-orbit collection of material within the low-gravity envi-
ronment at asteroids. A novel asteroid manipulation concept is presented in this thesis (Chapters
3, 4, 5), where a tethered device is used for propellantless transfer of material from the surface
to a collecting station. Such a device physically connects a point on the asteroid surface to the
collecting station, thus avoiding any targeting issues. Moreover, as will be shown, by releasing
the collected mass to escape, this device can be used for deflecting the asteroid trajectory.

1.2.2 Deflection techniques

Most proposed approaches for the deflection of potentially hazardous asteroids are characterised
by momentum exchange between the asteroid and a reaction mass, in order to alter the asteroid
trajectory. The most discussed deflection solutions include kinetic impactor, nuclear detonation,
laser ablation, gravity tractor, ion-beam shepherd, asteroid thrusting, mass drivers, methods
based on changes on the thermo-optical properties of the surface and tether-based methods.

The kinetic impactor method consists of impacting a spacecraft onto the asteroid surface
[114]. Due to the small mass of the spacecraft with respect to the asteroid, the momentum ex-
changed is mainly due to the high relative velocity between the spacecraft and the target asteroid.
Part of the exchanged momentum also comes from the impact ejecta. Better performance can be
achieved with impact from retrograde orbits, in terms of impact speed and required mass [83].
Belonging to the same category is the smart cloud deflection technique [42]. The "cloud" is a
large number of nano-size spacecrafts released at high relative speed towards the asteroid. The
impact of these small units with the asteroid creates an artificial drag, and therefore an associated
thrust onto the asteroid. By selecting a proper number of nano spacecrafts, the resulting thrust
can be large enough to change the asteroid orbit in the long term. This technique can reduce the
risk for catastrophic fragmentation that might occur with the impact of a spacecraft or projectile
onto the asteroid.

Deflection via nuclear detonation is achieved by a nuclear explosion at a given stand-off
distance from the asteroid surface. The explosion causes local ablation of the asteroid surface
and the momentum due to the expelled ejecta induces a modification of the asteroid trajectory.
This method has been considered to be especially effective for large asteroids and short lead
times [157]. However, possible fracturing of the asteroid may cause unwanted outcomes and,
therefore, knowledge of the shape and composition of the asteroid is crucial for this method.
Moreover, the use of nuclear detonation in space is clearly still controversial [112].

Laser ablation deflection is achieved by illuminating the surface of an asteroid with high
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intensity laser light. The absorbed energy induces sublimation of the asteroid material thus
generating a plume of ejecta. The flow of released material, if properly controlled, produces a
thrust that can be used to modify the trajectory of the asteroid or its rotational state [138, 144].

With the gravity tractor technique, a spacecraft (or a spacecraft formation) hovers in prox-
imity to the asteroid using low-thrust propulsion, causing an acceleration of the centre-of-mass
of the asteroid-spacecraft system [75].

Similarly, for the ion-beam shepherd concept the idea is to perturb the asteroid using a col-
limated beam of plasma [13]. A second propulsion system is required to offset the momentum
transferred to the asteroid. For small asteroids (with a diameter smaller than 100m) the re-
quired spacecraft mass is one order of magnitude smaller than the gravity tractor [13], whereas
comparable performances is observed for asteroids larger than 2km.

With direct thrusting [118] the entire asteroid is turned into a spacecraft, with a set of
thrusters positioned on the asteroid surface applying continuous thrust. This method requires
that the asteroid is firstly de-spun, to avoid a periodic change of the applied force direction.
Clearly, the required thrust level scales up with the asteroid size, thus making this method suit-
able only for smaller asteroids.

Spitale [127] proposes to modify the thermo-optical properties of the asteroid using the
Yarkovsky effect. This effect is caused by the anisotropic emission of photons which produces a
slight force with magnitude proportional to the temperature contrast across the asteroid. Chang-
ing the albedo of the asteroid surface (e.g., by means of paints) changes the intensity of such
acceleration. This method requires timescales on the order of 100 years to achieve significant
deflections [127].

Another proposed deflection method is based on mass drivers [4, 96]. In this case, material
collected from the asteroid is used as a reaction mass to be accelerated and released to escape
to induce a change in velocity of the asteroid. A significant advantage of this method is that
the reaction mass is provided in situ, therefore significantly reducing the launched mass of the
deflection system. Based on this concept, it is proposed in Ref. [16] to achieve deflection by
multiple ejection of boulders from an asteroid.

Finally, another class of methods for deflection is based on the use of tethers. French et
al. [40] propose to connect a long tether and ballast to an asteroid to alter the centre-of-mass
of the system and therefore its orbit. Diversion can be enhanced by cutting the tether at an
appropriate time after attachment to the asteroid [79].

The methods described can be divided into two main categories. Kinetic impactor and nu-
clear detonation are single-event deflection methods, as the entire momentum transfer is applied
at single time. Although the scale of momentum transfer can be large (such as in the nuclear
detonation method), there is a single opportunity for the deflection: in case of failure (e.g.,
insufficient velocity change, unwanted asteroid fragmentation) a new mission has to be resched-
uled. In contrast, all the other methods permit continuous corrections, even though they might
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require longer timeframes for implementation. Moreover, many of the proposed methods will
likely require a large mass of propellant or reaction mass to be delivered from Earth. Table 1.1
presents a summary of all the state-of-the-art asteroid manipulation and deflection techniques
here discussed.

In this thesis, a novel asteroid deflection method will be discussed in Chapter 6. This method
can be classified as a tethered-mass driver and, as with other mass driver methods discussed, it
involves the use of asteroid mass as reaction mass. Similarly to a mass driver, this manipulation
device accelerates mass from the surface of the body to escape. However, it leverages the rota-
tional kinetic energy of the asteroid itself to release asteroid material to escape. Moreover, it can
be adapted to be both single-event and multiple-event.

1.2.3 Asteroids as space habitats

Asteroid manipulation may also be beneficial for the developement of human space settle-
ments [77]. In fact, among the main requirements for long-term sustainability of life in space
are radiation shielding and artificial gravity. Internal asteroid caverns would provide a natural
protection against cosmic rays and the solar wind. Contrary to other habitat concepts (such as
O’Neill cylinders at the Lagrangian points [97]), an advantage of asteroids is that material for
shielding is already available in situ and does not have to be sourced elsewhere. According to
a study in Ref. [51] the minimum level of gravity to provide adequate perception of the upright
direction for humans is approximately 0.15 g. Two main methods have been proposed to obtain
artificial gravity. The first consists in spinning up the entire asteroid such that the required level
of artificial gravity is obtained on the lateral surface of an internal cylindrical cavity [77]. How-
ever, rotation periods on the order of 1 minute are required to generate 0.15 g on a cylindrical
cavern with radius of 100 m [77] and the asteroid may not sustain the body loads due to the
rotation rate. In fact, most asteroids with a size above a hundred meter radius are believed to be
gravity-dominated rubble piles with zero or negligible tensile strength [104]. Also, asteroid ro-
tation periods are usually above 2.2 hours [104] and the spin up process may require significant
amount of energy due to the large inertia of the body. An alternative method to generate artificial
gravity would be to spin up a cylindrical or toroidal structure inside the cavity. In this way, the
rotation of the space habitat is decoupled from that of the asteroid and therefore the requirement
to spin up the entire asteroid is eliminated. Moreover, the microgravity environment at the outer
asteroid surface is preserved, which may be advantageous for manufacturing infrastructures.
Furthermore, excavation of asteroid interiors would be beneficial in a mining scenario, if the
resources to be processed are naturally at a certain depth from the surface. For example, in car-
bonaceous asteroids, water may be available in the form of fluid inclusions [116] and may also
be trapped underneath the surface, where the thermal inertia is larger and the diurnal variation of
the temperature becomes negligible, so that water does not evaporate. Also, in the low-gravity
environment of the asteroid, an internal cavern would offer a confined environment for storage
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TABLE 1.1: Summary of state-of-the art methods for asteroid manipulation.

Main
applications

References Remarks

Solar
concentrator

excavation
deflection

[82]
[139]

Reflect sunlight onto the asteroid
surface and sublimate material.

Laser ablation
spin control
deflection

[43, 144]
[100, 138, 140]

Asteroid surface is illuminated
with a high intensity laser light.
The absorbed energy induces subli-
mation of the asteroid material thus
generating a plume of ejecta.

Electromagnetic
waves

excavation [31]
An electromagnetic field is gen-
erated to convey asteroid regolith
into a collector.

Tethers

spin control
excavation
surface locomotion
deflection

[11, 12, 62]
[81]
[26]
[40, 79]

Tethers permit exchange of forces
or momentum between the asteroid
and a counterweight.

Mass driver
spin control
deflection
transportation

[17]
[4, 16, 17, 96]
[87]

A mass is launched from the aster-
oid surface, thus exerting a force on
the asteroid to conserve the overall
linear momentum of the system.

Solar radiation
pressure sorting [161]

Launch material from the asteroid
surface and exploit solar radiation
pressure to passively sort it as a
function of the grain size or den-
sity.

Thrusters
spin control
deflection

[118]
[118]

Thrusters can be used to exert a net
force on the asteroid for deflection.
Also, a non-zero torque with re-
spect to the centre-of-mass changes
the rotational state of the asteroid.

Kinetic
impactor deflection [42, 83, 114]

Impact a mass onto the asteroid
surface to exchange linear momen-
tum

Nuclear
detonation deflection [157]

Nuclear explosion at a given stand-
off distance from the asteroid sur-
face. Deflection caused by momen-
tum of the expelled ejecta.

Gravity
tractor deflection [75, 156]

A spacecraft hovers in proximity
to the asteroid using low-thrust
propulsion, causing an accelera-
tion of the centre-of-mass of the
asteroid-spacecraft system.

Ion-beam
shepherd deflection [13]

Perturbs the asteroid using a colli-
mated beam of plasma.

Modify surface
thermo-optical
properties

deflection [127]

The intensity of the perturbing ac-
celeration is changed by modifying
the albedo of the asteroid surface,
e.g., by means of paints.
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of mined or processed material, such as propellant manufactured from asteroid-mined water.
An application of the asteroid manipulation concept defined in Chapters 3, 4 and 5 is pro-

posed in Chapter 7 for creation of an asteroid internal cavern.

1.2.4 Commercial interest in asteroid resources and legal regulations

On the basis of this interest in asteroid manipulation and space resource exploitation, legal
treaties have recently been signed to establish clear regulation with respect to asteroid mining.
In 2015, the US Commercial Space Launch Competitiveness Act [10] stated that "A US citizen
engaged in commercial recovery of an asteroid resource or a space resource shall be entitled
to any asteroid resource or space resource obtained", thus giving US space companies the right
to own and use materials from any celestial body. Prior to this, the Outer Space Treaty (1967)
considered outer space as "the province of mankind" and gave countries the freedom to access
all celestial bodies [45].

Luxembourg became the first European country to allow a company to own any resource they
extract from a space resource and showed interest in creating a legal framework and incentives
for companies involved in this sector. Japan, Portugal and the United Arab Emirate entered into
cooperation agreements with Luxembourg for mining operations on celestial bodies. China is
planning to use an asteroid as the base for a permanent space station, and also India is showing
interest in space resources [78].

The first asteroid mining company, Planetary Resources, was founded in 2012. Planetary
Resources aimed at developing a robotic asteroid mining-industry, operating on the basis of a
long-term strategic plan. They planned to first launch space telescopes to locate the best targets
among NEAs, and then establish a fully automated asteroid mining operation. In addition, they
envisioned production of water for an orbital propellant depot. In 2019, Planetary Resources was
acquired by Consensys in 2018, a blockchain software company, and pivoted to other applica-
tions. However, other firms have has been established since then, such as Deep Space Industries
(now acquired by Bradford Space), Ispace, Kleos Space and Deltion Innovation. [78].

1.3 The orbital siphon

In this thesis a novel asteroid manipulation concept, called orbital siphon is investigated in detail.
The concept of the orbital siphon, firstly introduced by Davis and elaborated by McInnes [85],
has its roots in the idea of leveraging the rotational kinetic energy of a rotating body to overcome
its gravity. The idea itself was initially developed by Tsiolovski [101, 135] then improved by
Artsutanov [7] and Pearson [28, 102] with the concept of space elevator, a tethered structure
to raise payloads from a rotating body. Before introducing the orbital siphon concept in detail,
and its application for asteroid manipulation, a brief overview on the space elevator concept and
tethered structures in space is provided.
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FIGURE 1.3: Space elevator.

FIGURE 1.4: Centrifugal (blue dashed line), gravitational (red dot-dashed line) and total (black
line) acceleration acting on the climber of a space elevator anchored to Earth’s equator, as a
function of altitude.

1.3.1 The space elevator

The space elevator was initially proposed as a new method to access space from Earth, as an
alternative to rockets. The elevator comprises a tether anchored at the equator of the Earth and
extending above geosynchronous orbit (Fig. 1.3). The tether is subjected to gravitational force
and to the centrifugal-induced force due to the rotation of the Earth, the two forces having op-
posite directions. If the tether is long enough, the centrifugal-induced force acting on the tether
exceeds the gravitational force and the tether remains balanced. For terrestrial applications,
equilibrium of the forces is achieved with a tether length of approximately 144000km [102],
although this distance can be reduced using a counterweight [38]. Once the cable is deployed, it
can be ascended by a climber. Figure 1.4 shows the gravitational and centrifugal-induced accel-
eration acting on the climber as a function of altitude, for a space elevator anchored to the Earth’s
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FIGURE 1.5: Rotating space elevator.

equator. Below synchronous orbit, the gravitational force is predominant and external energy
must be supplied to the climber. Once the climber reaches synchronous orbit, the centrifugal-
induced force overcomes the gravitational force and therefore the centrifugal-induced force is
sufficient to lift the climber along the cable. If the climber proceeds far enough along the cable,
it would have sufficient mechanical energy to escape from Earth by simply detaching from the
tether. A wide range of studies are available in the literature, investigating design, materials,
tether oscillation anchor location and stability [30, 38, 84, 105, 106, 153, 158–160] mainly for
Earth applications. The most critical component of the space elevator is the tether, requiring a
material with high strength and low density [106]. To date, the only two material candidates for
this structure for terrestrial application are carbon nanotubes [58] and diamond nanothreads [39].
Better performances can be achieved by tapering the tether to have a uniform tensile stress pro-
file [102]. Applications to other systems such as the Moon [71] or Mars moons [154] have also
been proposed.

Knudsen and Golubovic [66, 67] tried to solve the issue of supplying energy to the climber
below synchronous orbit. To this end, they elaborated an interesting solution called the rotating

space elevator. In this case, the elevator is a double rotating tether, as represented in Fig. 1.5. It
is observed that, for the proper tether shape and cable rotation speed, a climber does not require
external propulsion to be transported above synchronous orbit, as the resulting Coriolis forces
on the climber would propel the climber. However, despite the interesting underlying physics,
the authors show that the motion of the climber may induce a morphological transition of the
elevator cable to a chaotic state.

Interest towards the space elevator has motivated research for applications of tethered sys-
tems to asteroids. Mashayekhi et al. [80] studied the oscillations of a tether attached at an aster-
oid, taking into account higher order terms in the gravitational potential. Zhong et al. [166,167]
studied the stability of artificial equilibrium points of a tethered probe system anchored to an
asteroid. Burov et al. [21] found the allowed location of the tether anchor that corresponds to a
given spacecraft position around an asteroid. Other similar studies on the dynamics of pendu-
lums anchored to asteroids can be found in Refs. [5, 19, 20].
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FIGURE 1.6: Orbital siphon.

1.3.2 The orbital siphon and the siphon effect

The orbital siphon is a discrete version of the space elevator. The concept was firstly introduced
by Davis and elaborated by McInnes in Refs. [85, 86]. The initial idea for the siphon occurred
to Davis as a thought experiment. He imagined a series of diggers extracting resources from an
asteroid and transporting the collected material to a collection site at the asteroid equator. As
more material is excavated, the conical heap of collected material would grow until the top of the
heap reaches the synchronous orbit and material would escape due to the excess of centrifugal
forces [85]. This idea then evolved imagining a chain of masses deployed vertically from the
equator rather then the heap and sliding on a support structure (Fig. 1.6). Each mass of the
chain will experience gravitational and centrifugal-induced forces, in addition to the tension
forces from the nearest neighbours in the chain. In particular, masses below synchronous orbit
will experience a larger gravitational force and above synchronous orbit will experience a larger
centrifugal-induced force. As in the space elevator, for an appropriate number of masses, the
chain can be configured to remain in equilibrium, such that the net force acting on the chain is
balanced. If the length of the chain is larger than that required for the equilibrium there will
be an excess of centrifugal-induced force acting on the masses above synchronous orbit. An
orbital siphon effect can then be established, where a new payload is added at the bottom of the
chain while the upper payload is released to a collecting spacecraft or to orbit, such that the total
length of the chain does not change.

The siphon can then be though as a machine that converts the rotational kinetic energy of a
body into translational kinetic energy. Contrary to the rotating space elevator approach, in this
case there is no need to set the tether into rotation to generate Coriolis-induced lifting forces.
Here, the net outwards force on the chain of masses is used to overcome the gravitational at-
traction to the central body and lift material. Authors in Ref. [85, 86] studied the the length of
a siphon anchored to Earth that guarantees radial equilibrium and observed, as expected, that as
the number of masses increases the equilibrium length approaches that of a space elevator, as
defined in Ref. [102].

Longsdon [74] pictured an equivalent concept for fluids, where a pipeline is used instead of
a chain of masses, to raise sea water above synchronous Earth orbit. Speculatively, he showed



CHAPTER 1. INTRODUCTION 16

that the water flux may drive turbines to generate power.

1.4 Application to asteroids and thesis objectives

The siphon, as with the space elevator, can be in principle used as a payload-raising mechanism
on any rotating body. For a fixed body mass, the smaller the rotation period, the smaller the
required siphon length to generate the siphon effect. For long-term siphon operations, it is ex-
pected that the rotation period of the body will increase over time, as more rotational kinetic
energy is converted into translational kinetic energy to raise payload resources. The main objec-
tive of this thesis is therefore to study the behaviour of an orbital siphon anchored to an asteroid
and consider three applications in the context of asteroid manipulation: asteroid mining, asteroid
deflection, and creation of artificial internal cavities, as introduced in Sections 1.2.1, 1.2.2 and
1.2.3 respectively.

In support of mining operations, the siphon can be used to raise mined material to a collect-
ing/processing station in orbit around the asteroid or directly connected to the siphon. Alterna-
tively, the siphon can be used to release material to escape, without the need to use propellant-
based methods or a mass driver. If a large quantity of material is released to escape, the siphon
may also be used as a deflection tool. In this case, the main advantage over traditional deflection
methods is that the reaction mass used for deflection is collected in situ and does not have to be
provided from Earth. Eventually, the siphon could be used for excavation of an internal cavity
underneath the asteroid surface. In this case, wasted material would be delivered to the siphon
to be released to escape.

To achieve the main objective of the thesis, the following goals are also set:

• Undertake a detailed and systematic investigation of the dynamics of the orbital siphon
concept and its interaction with a rotating asteroid.

• For large-scale mining operations, identify any upper bound on the maximum mass that
can be extracted from the asteroid using the siphon effect, using different strategies (e.g.,
fixed or variable siphon length).

• Investigate the effect of the Coriolis forces due to the motion of the chain.

• Study the effect of a counterweight or mass collector at the top of the siphon.

• Discuss the transfer of payload material to stable equilibrium points about an asteroid or
stable periodic orbit, for temporary storage or processing.

• Consider the effect of the irregular gravitational field of an asteroid on the dynamics of
the orbital siphon.
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• For deflection applications, investigate the achievable velocity change that can be imparted
to an asteroid using the siphon and compare this with state-of-the-art deflection methods.

• For asteroid habitat applications, investigate the variation of the internal stresses on the
asteroid during siphon operation and consider the material strength requirements to avoid
collapse of the inner cavity.

1.4.1 Key contributions

This thesis presents the first rigorous and systematic investigation of the mechanics of the orbital
siphon. It is shown that the siphon can be exploited in the context of asteroid manipulation to
lift a significant quantity of mined mass to escape. Upper bounds on the maximum extractable
mass are calculated in detail. The effects of the irregular gravitational field of the asteroid on the
siphon dynamics is considered in detail and it is shown that the siphon can be self-supported,
without the need for additional rigid supports (e.g., trusses), thus reducing the required infras-
tructural mass. In the context of asteroid mining, a novel sorting method is proposed, called the
centrifugal tower, in which the centrifugal-induced force at the top of the siphon is exploited to
sort the lifted regolith by size. Furthermore, the orbital siphon is proposed as a novel asteroid
deflection method. Finally, in the context of asteroid habitats, this thesis analyses the use of
the orbital siphon for excavation of internal cavities inside asteroids. The cavity can be used
as a confined environment for material storage or, more speculatively, to host a space station,
with the asteroid acting as natural radiation shield. Using simplifying assumptions, the internal
stresses on the boundaries of the cavity are calculated and it is shown that a regolith cohesive
strength as low as 4Pa (for a candidate asteroid) is sufficient to avoid disruption of the internal
cavity due to siphon operation.

1.5 Thesis outline

The thesis is divided into eight chapters. The initial chapters are focused on the siphon dynamics
and its interaction with the asteroid (Chapters 3,4,5), whereas the final chapters study applica-
tions for asteroid deflection (Chapters 6) and the creation of artificial internal cavities (Chapter
7).

• Chapter 2 provides an overview of the asteroid gravitational environment for the different
asteroid shape models used in this thesis. The concept of effective potential is introduced,
which combines the effect of the gravitational force and centrifugal-induced force in an
asteroid-fixed rotating frame.

• Chapter 3 investigates the dynamics of a siphon anchored to a spherical asteroid, with
payload masses sliding without friction on a rigid support structure. The effects of the
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collecting spacecraft are not taken into account and it is assumed that the siphon releases
asteroid material into orbit or escape. Adopting simplifying assumptions, the underlying
dynamics of the problem is entirely analytical and is investigated in detail. The variation
of the asteroid angular velocity as a function of the mass removed is found. Conditions
to release material to bound orbit around the asteroid or escape are found. The amount
of mass extractable from the asteroid is discussed, according to a range of strategies.
Candidate asteroids and extraction timescales are discussed. The contents of this chapter
have been partly published in the Proceedings of the Royal Society, Part A [149].

• Chapter 4 takes into account the effect of the Coriolis forces during siphon operation
and investigates the rotational dynamics of a siphon anchored at the equator, with a mass
collector connected at the top of the siphon. The asteroid is modelled as a triaxial ellipsoid
and the effect of different anchor longitudes along the equator is discussed. Eventually, a
method to transfer the collected material to stable equilibrium points or retrograde orbits
for temporary storage is proposed. The contents of this chapter have been published in
Acta Astronautica [146].

• Chapter 5 investigates the dynamics of a non-rigid orbital siphon, modelled as a n-body
tethered structure arranged as a conveyor belt. Tethers connecting consecutive payloads
are modelled as spring-dashpot connections. Contrary to previous chapters, the dynamics
is extended to the three-dimensional space and the modelling of the gravitational field is
enhanced by using polyhedron shape models of two NEAs. Also, the dynamics of a siphon
with moving anchors is considered. The contents of this chapter have been published in
the Journal of Guidance, Control and Dynamics [150].

• Chapter 6 investigates an application of the orbital siphon for asteroid deflection. The
key concept is to collect material lifted by the siphon and use it as a reaction mass to be
released to change the asteroid velocity. Two different release strategies are defined and
discussed. The optimal siphon length required to maximise the deflection ∆v is found.
The contents of this chapter have been published in the Journal of Spacecrafts and Rockets

[147].

• Chapter 7 proposes to use the siphon effect to remove material from an asteroid interior
and create a cavity inside the asteroid, to host habitats or for storage of mined materials. As
in Chapter 3, the variation of the angular velocity of the asteroid as a function of the mass
removed is considered, assuming that the internal cavity retains a spherical shape. Then,
assuming elastic material behaviour, the variation of the internal stresses on the asteroid
is considered and the regions that are most sensitive to structural failure are identified.
Contents of this chapter have been published in Advances in Space Research [148].

• Chapter 8 concludes the thesis and provides a summary of the main findings. Moreover,
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limitations of the current analysis are discussed, as well as proposed direction for future
work.
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Chapter 2

Asteroid effective potential models

This chapter discusses the equations and the mathematical models to represent the main proper-
ties of an asteroid effective gravitational potential (or simply effective potential) for some mass
distribution as used throughout this thesis. The term effective is used to indicate that the grav-
itational potential is amended to include the effects of the centrifugal-induced potential, due to
the asteroid rotation. In fact, most of the analysis in this thesis is performed in an asteroid-fixed
reference frame and it is therefore useful to combine the gravitational potential and centrifugal-
induced potential into a single effective potential. Knowledge of the gradient of the effective
potential is then necessary to derive the net acceleration acting on a point mass in the vicinity
of the asteroid. The effective potential equations are presented for three particular mass distri-
butions: spherical, ellipsoidal and polyhedral mass distribution. These three mass distributions
will be used in subsequent chapters to model the asteroid shape and study the orbital siphon
dynamics. In particular the asteroid effective potential permits the calculation of the net forces
acting on the siphon and the study of the dynamics of material released from the siphon. Basic
dynamical properties stemming from the effective potential calculated for these mass distribu-
tions are discussed, in particular, the integral of motion, zero-velocity curves, the location of
equilibrium points and their stability.

2.1 Assumptions and definitions

Consider a mass distribution M spinning with angular velocity ωωω > 0 with respect to some
arbitrary fixed axis z. Then build a frame x,y,z such that its origin coincides with the centre-
of-mass of the distribution and rotates with the body such that the inertia of the body does not
change with respect to such a frame. Let the z-axis be aligned with the axis of maximum inertia
(here coinciding with the spin axis). The orientation of the x and y axis is not important for
the definition of the rotating frame and it will be specified, whenever necessary, for each mass
distribution considered. This reference frame is termed the rotating frame. Uniform rotation is
assumed, and precession or nutation are neglected. This hypothesis is justified by the fact that,

20
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under energy dissipation, uniform spin about the axis of maximum inertia is the minimum energy
rotation state. The majority of asteroids are found to be in such a rotational state [121]. Also,
assume that the centre-of-mass is not accelerating. Hence, the effects due to the heliocentric
motion of the asteroid are neglected.

The effective potential U at the point r = (x,y,z) is then defined as

U(x,y,z) =V (x,y,z)− 1
2

ω
2(x2 + y2) (2.1)

where V < 0 is the gravitational potential due to the mass distribution considered and−1/2ω2(x2+

y2) is the contribution due to the centrifugal-induced potential. The sign of the potential is de-
fined using the classical convention that the opposite of its gradient −∇U returns the effective
acceleration of a point mass due to gravity and centrifugal-induced force. Let r̃ be the position
of an infinitesimal mass element dm of the mass distribution M . Then, the most general form
of the gravitational potential at the position r due to a mass distribution M is:

V (r) =−G
∫∫∫

M

dm
|r− r̃|

(2.2)

where G = 6.67×10−11 m3 kg−1 s−2 is the gravitational constant. In this thesis it is assumed
that the mass distribution is characterized by a constant and homogeneous density ρ , such that
dm = ρdV , where dV is an infinitesimal element of volume of the mass distribution. Under this
condition, Eq.(2.2) can be rewritten as:

V (r) =−Gρ

∫∫∫
V

dV
|r− r̃|

(2.3)

where V is the total volume of the distribution.
In absence of additional external forces, the dynamics of a point mass in the rotating frame

are then described by:

r̈ =−2ωωω× dr
dt
− dωωω

dt
× r−∇U (2.4)

The first term on the right-hand side is the Coriolis acceleration, the second term represents the
Euler acceleration caused by a change in the angular velocity vector and the third term is the
gradient of the effective potential. In this thesis, the variation of the asteroid angular velocity
magnitude due to operation of the orbital siphon will be considered, however, it will be shown
that dωωω/dt ≈ 0 and the Euler acceleration is always several order of magnitudes smaller than
the other terms. Therefore, the Euler acceleration is neglected. Projecting Eq. (2.4) onto the x,
y, z directions and considering the definition of the effective potential (Eq. (2.1)), Eq. (2.4) can
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be written as 
ẍ−2ω ẏ =−∂U

∂x
ÿ+2ω ẋ =−∂U

∂y

z̈ =−∂U
∂ z

(2.5)

Equations (2.5) can also be expressed in state form:

ẋ = F(x) (2.6)

where x is the state vector
x = (x,y,z, ẋ, ẏ, ż) (2.7)

and

F =



ẋ

ẏ

ż

2ω ẏ−Ux

−2ω ẋ−Uy

−Uz


(2.8)

where the compact notation Ux = ∂U/∂x, Uy = ∂U/∂y, Uz = ∂U/∂ z has been used.

2.2 Mass distributions

This section includes the closed-form solution of the gravitational potential, its gradient and
Hessian stemming from the three mass distribution used in this thesis: spherical, ellipsoidal
and polyhedral mass distribution. For generality, the potential for points inside and outside the
asteroid is provided in all cases.

2.2.1 Spherical mass distribution

A sphere is the simplest shape to model for an asteroid. Let R be the radius of the sphere. In this
case, Eq. (2.3) simplifies to:

V =


−GM
|r|

, |r|> R

−GM
2R3 (3R2−|r|2), |r| ≤ R

(2.9)

where the two cases are associated with a point inside and outside the asteroid and M = ρ4/3πR3

is the mass of the asteroid. The constant factor 3R3 in the second case is added to ensure
continuity of the potential at the asteroid surface |r| = R. The gravitational potential for points
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inside the asteroid is calculated using Newton’s shell theorem [92]. The gradient ∇V and the
Hessian HV of the gravitational potential are therefore:

∇V =


µ

|r|3
(x,y,z) , |r|> R

GM
R3 (x,y,z) , |r| ≤ R

(2.10)

HV =



GM
|r|5

−2x2 + y2 + z2 3xy 3xz

3xy −2y2 + x2 + z2 3yz

3xz 3yz −2z2 + x2 + y2

 , |r|> R

GM
R3

1 0 0
0 1 0
0 0 1

 , |r| ≤ R

(2.11)

The gradient and Hessian of the gravitational potential will be used later to address the stability
of equilibrium points associated with the effective potential. The case of a spherical mass dis-
tribution with a central internal cavity with radius 0 < b < R is also considered in this thesis.
The gravitational potential for points outside and inside the cavity can be calculated again using
Newton’s shell theorem (note that the total mass of the asteroid in this case is 4/3πρ(R3−b3)).
The gravitational potential and its gradient in this case are:

V =



−GM
|r|

[
1−
(

b
R

)3
]
, |r|> R

−GM
2R3

[
2b3

|r|
+ |r|2 +R2−4

b3

R

]
, b≤ |r| ≤ R

−GM
2R3

(
3b2 +R2−4

b3

R

)
, 0≤ |r|< b

(2.12)

∇V =



GM
|r|3

[
1−
(

b
R

)3
]

r, |r|> R

GM
R3

[
1−
(

b
|r|

)3
]

r, b≤ |r| ≤ R

0, 0≤ |r|< b

(2.13)

Again, the constant factors in the potential are included to ensure continuity of V at |r|= R and
|r|= b. Note that the gradient of the gravitational potential inside the cavity is zero. Therefore,
the net gravitational force acting on a point mass inside the spherical cavity is zero.

2.2.2 Ellipsoidal mass distribution

Modelling the asteroid as a triaxial ellipsoid allows the main effects of the body’s irregularities
to be studied. Let α,β ,γ be the semi-major axes of a constant-density ellipsoid centred at the
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origin, such that α > β > γ and with the x-axis along the largest dimension, the y-axis along the
intermediate dimension β and the z-axis along the shortest dimension γ .

From MacMillan [76], the gravitational potential for points outside the asteroid can be writ-
ten as:

V =
3
4

GM
∫

∞

κ

(
x2

α2 + s
+

y2

β 2 + s
+

z2

γ2 + s
−1
)

ds
∆(s)

(2.14)

where
∆(s) =

√
(α2 + s)2 +(β 2 + s)2 +(γ2 + s2) (2.15)

The parameter κ > 0, which is a function of (x,y,z), satisfies:(
1− x2

α2 +κ
− y2

β 2 +κ
− z2

γ2 +κ

)
= 0 (2.16)

Equation 2.16 defines an ellipsoid passing through the point (x,y,z) which is confocal to the
body’s ellipsoid and it has a unique positive root whenever φ(x,y,z,0) > 0. (i.e., the point lies
outside the ellipsoid, as in the present case). For points on or below the surface κ = 0:

V =
3
4

GM
∫

∞

0

(
x2

α2 + s
+

y2

β 2 + s
+

z2

γ2 + s
−1
)

ds
∆(s)

(2.17)

The interested reader is referred to Appendix A for more details on the derivation of Eqs. (2.14)
and (2.17).1 The partial derivative of the potential can then be computed by applying Leibniz’s
rule

Vx =−
3GMx

2

∫
∞

κ

ds
(α2 + s)∆(s)

(2.18a)

Vy =−
3GMy

2

∫
∞

κ

ds
(β 2 + s)∆(s)

(2.18b)

Vz =−
3GMz

2

∫
∞

κ

ds
(γ2 + s)∆(s)

(2.18c)

1Note that MacMillan uses the convention that the gradient of the effective potential (and not its opposite) gives
the net acceleration at the point mass due to gravity and centrifugal-induced force. Therefore the potential given
by MacMillan has the opposite sign to of that reported in Eq. (2.14) and (2.17). The same holds for the polyhedral
gravitational potential given by Eq. (2.20).
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Similarly, the components of the Hessian matrix are:

Vxx =−
3GM

2

∫
∞

κ

ds
(α2 + s)∆(s)

(2.19a)

Vyy =−
3GM

2

∫
∞

κ

ds
(β 2 + s)∆(s)

(2.19b)

Vzz =−
3GM

2

∫
∞

κ

ds
(γ2 + s)∆(s)

(2.19c)

Vxy = 0 (2.19d)

Vxz = 0 (2.19e)

Vyz = 0 (2.19f)

Equations (2.14), (2.17), (2.18) can be expressed in terms of Carlson elliptic integrals [22] for
faster numerical computation (see Appendix C). The components of the Hessian are required to
assess the stability of equilibrium points, to be discussed later.

2.2.3 Polyhedron

Modelling the asteroid as a polyhedron provides a more accurate description of the asteroid grav-
itational potential as it permits the resolution of small scale elements such as craters, overhangs
or voids.

The polyhedron is defined by the coordinates of its vertexes and the connection topology,
describing how the vertexes are connected with respect to each other. Figure 2.1 shows the
polyhedron models of four asteroids: 101955 Bennu, 1620 Geographos, 6489 Golevka and 216
Kleopatra.2 Werner and Scheeres [155] showed how the gravitational potential around a constant
density polyhedron can be reduced to a summation over its edges and faces by applying the
divergence theorem to Eq. (2.3). For a constant-density polyhedron made of triangular faces,
define the following notation (this is taken from Werner and Scheeres [155]):

• For each edge, se is a vector from the field point r to an arbitrary point on the edge.

• For each face, s f is a vector from the field point r to an arbitrary point on the face.

• n̂ f is the normal of the face, directed outward from the body.

• For each edge e, n̂ f
e is the unit vector normal to the edge and to the corresponding face

normal n̂ f . Note that one edge always corresponds to exactly two faces f and f ′ and in
general n̂ f

e and n̂ f ′
e are different.

• For each face, r̂ f
i , for i = 1,2,3, is the vector from the origin to the corresponding vertex

of the face (face vertexes are ordered counter-clockwise with respect to the face normal).
2All the shape models are taken from www.3d-asteroids.space (Last access: 22/10/2020) and are based on radar

observations [37, 93, 125] of the four asteroids.
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(a) 101955 Bennu. (b) 1620 Geographos.

(c) 6489 Golevka. (d) 216 Kleopatra.

FIGURE 2.1: Polyhedral models of the asteroids 101955 Bennu, 1620 Geographos, 6489
Golevka and 216 Kleopatra (see footnote 2 on page 25).
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• For each edge, r̂e
i , for i = 1,2, is the vector from the origin to the corresponding vertex of

the edge.

• For each edge ee is the length of the edge.

The gravitational potential, its gradient and the Hessian are then defined as [155]:

V =−Gρ

2

(
∑

e∈edges
Lese ·Eese− ∑

f∈faces
γ f s f ·F f s f

)
(2.20)

∇V = Gρ

(
∑

e∈edges
LeEese− ∑

f∈faces
γ f F f s f

)
(2.21)

HV =−Gρ

(
∑

e∈edges
LeEe− ∑

f∈faces
γ f F f

)
(2.22)

where the quantities Ee, F f , Le and γ f are defined as:

Ee = n̂ f n̂ f
e + n̂ f ′n̂ f ′

e (2.23)

F f = n̂ f n̂ f (2.24)

Le = ln
re

1 + re
2 + ee

re
1 + re

2− ee
(2.25)

γ f = 2tan−1 r f
1 · (r

f
2 × r f

3)

r f
1 r f

2 r f
3 + r f

1 r f
2 · r

f
3 + r f

2 r f
3 · r

f
1 + r f

3 r f
1 · r

f
2

(2.26)

where the symbols · and × denote the scalar and vector product respectively. See Appendix B
for some insights into the derivation of Eq. (2.20).

2.3 Integral of motion

Multiplying Eqs. (2.5) by ẋ, ẏ and ż respectively and summing all the terms yields:

ẋẍ+ ẏÿ+ żz̈ =−Uxẋ−Uyẏ−Uzż (2.27)

Noting that:

ẋẍ+ ẏÿ+ żz̈ =
d
dt

(
|r|2

2

)
(2.28)

and
−Uxẋ−Uyẏ−Uzż =−∇U · dr

dt
=−dU

dt
(2.29)

Eq. (2.27) can then be written as
d
dt

(
|r|2

2

)
=−dU

dt
(2.30)
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and, integrating with respect to time, the following integral of motion is obtained:

C =
1
2

v2 +U (2.31)

where v=
√

r · r is the magnitude of the velocity of a point mass. The constant C is often referred
to as the Jacobi constant and Eq. (2.31) states that mechanical energy is conserved. Equation
(2.31) can be used as an aid to study the dynamics of a point mass in the rotating frame. In fact,
for a given value of C (which is defined from the initial conditions of the point mass), the quantity
C−U has to be larger or equal to zero, otherwise the term v2 would be negative. The regions
where C−U < 0 are therefore areas where motion is forbidden and the equation C−U = 0
defines three-dimensional surfaces that separate regions where motion is forbidden from regions
where motion is allowed. According to Eq. (2.31), a point mass standing on an equipotential
surface U =C would necessarily have zero velocity: for this reason, the equipotential surfaces
are also called zero-velocity surfaces (ZVSs).

For example, Fig. 2.2 shows the morphology of the ZVSs for the asteroid 6489 Golevka,
modelled as a polyhedron, calculated for different values of the Jacobi constant. For lower
energy levels (Fig. 2.2a), the ZVSs partition the space into two regions of allowed motion,
namely an inner region, close to the mass distribution, and an outer region, far from the mass
distribution. Therefore, if an object is placed inside such inner region, it can never escape the
asteroid, since the ZVSs are trapping the object inside the inner region. Conversely, an object
starting its motion in the external region will never impact the asteroid. For higher energy levels,
these regions are connected, and motion from the inner region to the outer region (or viceversa)
is allowed. Note that far from the mass distribution, V → 0 and therefore C ≈−1

2ω2|r|2. Hence
the ZVSs approach cylinders of radius

√
2|C|/ω2.

The intersection of the ZVSs with a plane are called zero velocity curves (ZVCs). As ZVSs
are often transverse to the xy plane and the equilibrium points (to be introduced later) are in
the xy plane (or have z ≈ 0 for the polyhedron model) it is useful to consider the restriction of
ZVSs to planes. Figure 2.3 shows the ZVCs in the xy plane for the polyhedral models of the
asteroids in Fig. 2.1, for a range of Jacobi constant C (physical properties of the asteroids are
listed in Table 2.1). Figure 2.4 shows the ZVCs for the same asteroids modelled as ellipsoidal
mass distributions. The ellipsoid axes are selected such that, the volume of the ellipsoid is the
same as the polyhedron volume3 constraining the ratios β/α , γ/α , selected from the literature
(Table 2.1). It is apparent that, in proximity of the asteroid surface, the polyhedral models permit
to capture with more accuracy the irregularities of the gravitational field due to asteroid shape.

3Using the divergence theorem it can be shown that the volume of the polyhedron is equal to

1
3

∣∣∣∣∣ ∑
f∈faces

(r f · n̂ f )A f

∣∣∣∣∣ (2.32)

being A f the area of the face.
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(a) (b)

(c) (d)

(e) (f)

FIGURE 2.2: Zero velocity surfaces associated with the effective potential of the asteroid 6489
Golevka, for a range of Jacobi constants.
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(a) Bennu (b) Geographos

(c) Golevka (d) Kleopatra

FIGURE 2.3: Zero velocity curves in the z = 0 plane for the polyhedral models of four asteroids
listed in Table 2.1. Also shown as blue/red dots are the stable/unstable equilibria.

TABLE 2.1: Physical properties of some asteroids. The radius of the equivalent sphere is
calculated such that the volume of the ellipsoid is the same as the polyhedron volume.

Asteroid Density
Rotation
period

Eq. sphere
radius

Ellipsoid model
extent

Polyhedron
details

[kg/m3] [h] [m] [vertexes x faces]

Bennu [119] 1260 4.29 246
β/α = 0.95
γ/α = 0.89 [119] 1348 x 2692

Geographos [99] 2000 5.22 2.56×103 β/α = 0.4
γ/α = 0.4 [56] 2048 x 4092

Golevka [27, 90] 2700 6.02 265
β/α = 0.74
γ/α = 0.74 [90] 2048 x 4092

Kleopatra [23, 98] 4270 5.39 122×103 β/α = 0.34
γ/α = 0.03 [125] 2048 x 4092
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FIGURE 2.4: Zero velocity curves in the z = 0 plane for the ellipsoidal models of four asteroids
listed in Table 2.1. Also shown as blue/red dots are the stable/unstable equilibria.
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Far from the asteroid, the morphology of the ZVCs is similar in the two cases.

2.4 Equilibrium points and their stability

The term equilibrium point (EP) is used to indicate the zeros of the gradient of the effective
potential U in the rotating frame. The definition can be formally extended to the six-dimensional
state-space: a state xeq = (x,y,z, ẋ, ẏ, ż) is an EP if F(xeq) = 0 or, equivalently, if ẋ = ẏ = ż = 0
and

∇U(x,y,z) = (0,0,0) (2.33)

As a consequence, the total force acting on a point mass at an EP is zero and therefore a point
mass placed at an EP remains fixed with respect to the asteroid, therefore describing a circular
synchronous orbit with respect to an inertial reference frame.

For a spherical mass distribution, substituting Eq. (2.10) into Eq. (2.33) gives:
−ω2(x,y,0)+

GM
|r|3

(x,y,z) = (0,0,0), |r|> R

−ω2(x,y,0)+
GM
R3 (x,y,z) = (0,0,0), |r|< R

(2.34)

which yields an equilibrium point at the origin (x,y,z) = (0,0,0) and a locus of equilibria char-
acterised by the equation

x2 + y2 =

(
GM
ω2

)2/3

, z = 0 (2.35)

which is a circumference in the xy plane centred at the origin and with radius (GM/ω2)1/3.
The same procedure can be used to identify the EPs associated to an ellipsoidal mass distri-

bution. Substituting Eq. (2.18) into Eq. (2.33) yields:

x
[

ω
2− 3GM

2

∫
∞

κ

ds
(α2 + s)∆(s)

]
= 0 (2.36a)

y
[

ω
2− 3GM

2

∫
∞

κ

ds
(β 2 + s)∆(s)

]
= 0 (2.36b)

−3GMz
2

∫
∞

κ

ds
(γ2 + s)∆(s)

= 0 (2.36c)

From the last condition (2.36c) it is apparent that, as for a spherical mass distribution, the EPs
are all lying in the plane z = 0. Again, one trivial solution to Eqs. (2.36) is the origin, (x,y,z) =
(0,0,0). Four additional solutions can be found, namely two EPs on the x-axis and two on the y-
axis, both pairs being symmetrical with respect to the origin. For reasons related to the topology
of the phase space in their neighbourhood, the EPs on the x-axis are called saddle equilibrium
points (SEPs), whereas, the EPs on the y-axis are called centre equilibrium points (CEPs), with
evident implications on their stability [47]. The exterior EPs for the ellipsoidal mass distribution
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of the four asteroids listed in Table 2.1 are shown in Fig. 2.4 as dots (the colour is associated to
their stability properties, to be addressed later).

The localization of the EPs for polyhedral mass distributions is more complicated due to
the complexity of the gravity gradient expression (Eq. (2.10)) which depends on the number of
vertices and faces of the polyhedron. In general, more than four exterior EPs can exist in this
case. The four equilibria found with the ellipsoid model can be used as an initial guess to find
the EPs in the polyhedron model. Additional EP can be found using the systematic procedure
described in Ref. [132].

Table 2.2 shows the location of the EPs for the asteroids Bennu, Geographos, Golevka and
Bennu, using the spherical, ellipsoidal and polyhedral mass distribution. For the ellipsoid model,
the distances between the EPs and the asteroid centre-of-mass are indicated. Note that nine
equilibria (eight external and one internal) exist for the asteroid Bennu and, in general, more
than one equilibrium may exist in the interior of the asteroid (for example the asteroid Kleopatra
has three internal equilibria).

2.4.1 Stability of the equilibrium points

The stability at the EPs can be studied by linearising the equations of motion (2.6) in the vicinity
of the equilibria. Let δx = (δx,δy,δ z,δ ẋ,δ ẏ,δ ż) be a small displacement from the equilibrium
xeq such that

x = xeq +δx (2.37)

Since |δx| is small, the effective potential U can be linearised, such that:

U ≈Ueq +Uxδx+Uyδy+Uzδ z+h.o.t. (2.38)

where Ueq is the value of the potential at the equilibrium point and h.o.t. are higher order terms.
Substituting Eqs. (2.37) and (2.38) into Eq. (2.5), remembering that ∇(U) = (0,0,0) at the EPs
and further simplifying yields:

δ ẋ = Ax (2.39)

with

A =



0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
−Uxx −Uxy −Uxz 0 2ω 0
−Uyx −Uyy −Uyz −2ω 0 0
−Uzx −Uzy −Uzz 0 0 0


(2.40)
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TABLE 2.2: Location of the equilibria for the asteroids Bennu, Geographos, Golevka and
Kleopatra, using the spherical, ellipsoidal and polyhedral mass distribution. For the spheri-
cal and ellipsoidal mass distribution, the location of the EP is expressed as a distance from the
asteroid centre. The tags (U) and (S) indicate unstable and stable equilibria respectively for the
polyhedron model.

Sphere Ellipsoid Polyhedron
x y z

Bennu 315 m

SEP
326.41 m

CEP
319.93 m

EP1 (U) 327.71 m 18.68 m -3.22 m
EP2 (U) -150.45 m 286.54 m -7.94 m
EP3 (U) -314.22 m -91.22 m -2.29 m
EP4 (U) -3.66 m -320.13 m -0.07 m
EP5 (U) 128.78 m 290.97 m -2.47 m
EP6 (U) -224.70 m 230.45 m -7.29 m
EP7 (S) 219.67 m -235.16 m -2.83 m
EP8 (U) 161.92 m -279.77 m -1.98 m
EP9 (S) 0.2 m 0.1 m 0.1 m

Geographos 2.19km

SEP
2661.1m

CEP
2023.8 m

EP1 (U) 2819.5 m 232.1 m -14.4 m
EP2 (U) 180.4 m 1965.7 m 10.6 m
EP3 (U) -2651.7 m 195.8 m -0.3 m
EP4 (U) 58.9 m -2025.8 m -17.1 m
EP5 (S) -274.0 m -38.2 m -19.3 m

Golevka 551.1m

SEP
571.0 m

CEP
541.7 m

EP1 (U) 571.4 m -36.2 m -6.2 m
EP2 (S) 6.2 m 547.2 m -0.2 m
EP3 (U) -564.1 m 22.7 m -3.0 m
EP4 (S) 15.2 m -537.8 m -1.1 m
EP5 (S) -2.3 m 3.3 m 2.1 m

Kleopatra 124.9km

SEP
154.1 km

CEP
124.6 km

EP1 (U) 149054.0 m 2954.6 m 237.7 m
EP2 (U) -1330.2 m 108351.4 m -893.5 m
EP3 (U) -150207.6 m 5131.9 m -1332.9 m
EP4 (U) 1005.2 m -109666.6 m -53.4 m
EP5 (U) 6726.1 m -251.7 m -889.5 m
EP6 (S) 62073.5 m 525.5 m 1499.5 m
EP7 (S) -56939.7 m -1160.2 m -593.5 m
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The stability at the EP can therefore be inferred from the roots of the characteristic polynomials
of A, i.e., the roots of the polynomial:

det(A−λ1) = 0 (2.41)

being 1 the 6×6 identity matrix. Equation (2.41) can then be expanded as:

λ
6 +(Uxx +Uyy +Uzz +4ω

2)λ 4

+(UxxUyy +UyyUzz +UzzUxx−U2
xy−U2

yz−U2
xz +4ω

2Uzz)λ
2

+(UxxUyyUzz +2UxyUyzUxz−UxxU2
yz−UyyU2

xz−UzzU2
xy) = 0

(2.42)

The EP is called linearly stable (or simply stable) if all the eigenvalues of the matrix A are differ-
ent and in the form ±iβ j, with β j ∈R, β j > 0, i = 1,2,3. The EP is said unstable if there is
at least one eigenvalue with positive real part. If an EP is stable, the linearised motion of a point
mass in proximity of the EP follows a quasi-periodic orbit [59]. Furthermore, initial condition
can be selected to force periodic or quasi-periodic motion around the EPs [142]. Conversely,
if a point is unstable, depending on the initial conditions of a point mass in the vicinity of the
EP, the resulting trajectories might exponentially depart from the EP. For a more general and
comprehensive classification of the equilibria, the dynamics about EPs and invariant manifolds,
the interested reader is referred to Ref. [59].

Stability of the EPs of a spherical asteroid. In this case, analysis of stability in this case
is straightforward, since Eq. (2.39) admit a closed-form solution. For example, taking the EP
(x,y,z) = ((µ/ω2)1/3,0,0) (the analysis for the other EPs is analogous for symmetry) Eq. (2.39)
becomes: 

δ ẍ = 3ω2δx+2ωδ ẏ

δ ÿ =−2ωδ ẋ

δ z̈ =−ω2δ z

(2.43)

Which admits the closed-form solution [29]:
δx(t) = (4−3cosωt)δx0 +

sinωt
ω

δ ẋ0 +
2
ω
(1− cosωt)δ ẏ0 (2.44a)

δy(t) = 6(sinωt−ωt)δx0 +δy0−
2
ω
(1− cosωt)δ ẋ0 +

4sinωt−3ωt
ω

δ ẏo (2.44b)

δ z(t) = δ z0 cosωt +
δ ż0

ω
sinωt (2.44c)

where (δx0,δy0,δ z0) and (δ ẋ0,δ ẏ0δ ż) are the initial positions and velocity. The term −3tδ ẏ0

on the right-hand side of Eq. (2.44b) indicates a long-term drift in the y direction, if a small
perturbation δ ẏ0 is applied. Therefore, equilibria at synchronous orbit are not stable.
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FIGURE 2.5: Regions of stability of the centre equilibria, for γ = β and γ = β/2, as a function
of β and the asteroid period. The dotted lines mark the region where centre points fall below the
surface of the asteroid.

Using a similar analysis it can be shown that the EP at the centre of the asteroid is stable.

Stability of the EPs of an ellipsoidal asteroid. Substituting the second derivatives of the
effective potential (where the gravitational component of the second derivatives is given by
Eqs. (2.19)) into Eq. (2.40) and calculating the eigenvalues at the four EPs, it can be shown
that the SEPs are always unstable. Conversely, CEPs stability depends on the asteroid semi-
major axes and its angular velocity ω . Figure 2.5 shows the region of stability of the CEPs as
a function of β/α and the asteroid period (in dimensional units, assuming an asteroid density
ρ = 2500kgm−3), assuming γ = β (black line) and γ = β/2 (red line) . For a given set of
shape parameters, the CEPs are unstable beneath the associated curve. The two dotted lines
represent the case where the CEPs fall below the asteroid surface (the dotted black line refers
to the case γ = β , whereas the dotted red line refers to γ = β/2 ). It is apparent that fast-
rotators are generally characterized by unstable CEPs. For γ = β , CEPs are below the surface
for periods between 1.75h and 2.3h in the range of β shown in the figure. The reader is referred
to Ref. [120] for a thorough analysis on stability of EPs of an ellipsoidal asteroid. Stable and
unstable EPs for the ellipsoidal models of the asteroids in Table 2.1 are represented in blue and
red respectively in Fig. 2.4.
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Stability of EPs of a polyhedron. In general, contrary to the spherical and ellipsoidal model,
the non-diagonal components of the Hessian of the effective potential can be non-zero and the
stability properties of the EPs can change with respect to the ellipsoidal asteroid model. EPs
are marked in blue/red in Fig. 2.3 when they are stable/unstable. Also, stability of equilibria is
indicated for each EP in Table 2.2.



Chapter 3

Analytical mechanics of asteroid
disassembly using the orbital siphon

3.1 Introduction

This chapter introduces the analytical mechanics of an orbital siphon anchored to a rotating
spherical asteroid. The fundamental siphon parameters that will be used throughout the thesis
are thoroughly defined here.

The orbital siphon is modelled as a chain of tether-connected payloads sliding without fric-
tion on a rigid rod, and arranged vertically from the asteroid equator. In parallel to such discrete
formulation of the siphon, a continuous mass distribution model is also introduced. Conserva-
tion of angular momentum is used to study the variation of the angular velocity of the asteroid
during siphon operation and then identify the maximum quantity of mass that can be extracted
from the asteroid as a function of the initial asteroid period, using different extraction strategies
(fixed and variable siphon length). Other key parameters, such as the siphon radial velocity and
the timescale for mass extraction are defined. Eventually, some examples related to candidate
asteroids are provided using dimensional variables.

3.2 System description

The model consists of a spherical asteroid with radius R, mass M rotating as a rigid body with
angular velocity ω . A total of n ≥ 2 payload masses (PMs) can slide frictionless along a rigid
truss fixed at a point along the equator of the asteroid, as shown in Fig. 3.1 to generically indicate
material mined from the asteroid. The truss supports the transversal Coriolis force due to the
radial motion of the chain. Each PM is connected to the neighbouring masses by a (massless)
tether with length l and infinite stiffness. The total length of the chain is therefore L = (n−1)l.
The following assumptions are made:

38
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FIGURE 3.1: Model for the chain of masses. The masses of the chain can slide without friction
on a rigid rod anchored to the asteroid equator. Consecutive masses are connected via infinitely
rigid tethers with length l.

1. Each PM is considered a point-like mass δM, such that δM/M << 1.

2. The gravitational interaction between PMs is neglected. The sole gravitational interaction
is between each PM and the asteroid.

3. The density ρ of the asteroid is constant and uniform.

4. The effects of the asteroid’s orbit on the dynamics are neglected.

5. The truss is infinitely rigid, i.e., its deformations and interactions with the chain are ne-
glected.

6. No external forces are acting on the asteroid and chain.

7. The centre of mass of the coupled system of the asteroid and chain is assumed to be
coincident with the centre of mass of the asteroid.

As a consequence of these assumptions, the system has only one degree of freedom, i.e., the
altitude h of the first PM. It is also assumed that mining units are uniformly removing material
from the asteroid and transporting it at the siphon base such that, in the long term, the aster-
oid retains a spherical shape. However, the practical aspects related to mining operation (e.g.,
number of mining rovers, mass rate of transported material, energy required for drilling) are not
taken into account here. The radius and mass of the asteroid will therefore change during mining
operation. From this point, the subscript "0" appended to the, R, M represents the state of that
variable at the beginning of siphon operation.

3.2.1 Forces on the siphon

Within the asteroid rotating frame, each PM is subjected to gravitational and centrifugal-induced
forces, as well as the internal tensions along the tether. It is assumed that the i-th tether connects
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TABLE 3.1: Scale factors for non-dimensional variables. Dimensional variables are obtained
by multiplying the non-dimensional value by the scale factor listed in the table.

Scale factors

Primary units
Distance R0
Mass M0
Time ω

−1
crit

Secondary units

Angular velocity ωcrit
Velocity ωcritR0
Force M0ω2

critR0
Energy ω2

critR
2
0

Linear density M0/R0

the i-th and the (i+1)-th PM. Note that the transversal Coriolis force does not interfere with the
radial motion of the chain if friction is neglected. The overall force on the i-th PM is the sum of
the gravitational and centripetal force and the tether tensions. From Eq. (2.1):

fi =−δM∇Ui + τi− τi−1 (3.1)

where Ui is the effective potential at the i-th PM and τi is the tension on the i-th tether connecting
the i-th and the (i+1)-th PM. Therefore:

fi =−G
MδM

(R+h+(i−1)l)2 +δMω
2 (R+h+(i−1)l)+ τi− τi−1, i = 1, . . . ,n (3.2)

where h is the altitude of the first payload mass. Equation (3.2) can be rewritten in non-
dimensional form by scaling masses, radii and angular velocity by M0, R0 and

√
4/3πρG re-

spectively, such that:

f̄i =

(
− R̄3(

R̄+ h̄+(i−1)l̄
)2 + ω̄

2 (R̄+ h̄+(i−1)l̄
)
+ τ̄i− τ̄i−1

)
δM̄ (3.3)

The upper bar indicates a non-dimensional variable. The angular velocity scale factor

ωcrit =

√
4
3

πρG (3.4)

is here termed the critical angular velocity of the asteroid. When ω =ωcrit the gravitational force
on a particle δM at the equator of the asteroid is equal (in absolute value) to the centripetal force.
Under the current assumption of a spherical asteroid, this parameter only depends on the asteroid
density. For example, taking a density ρ = 2000kgm−3 results in a critical rotation period
2π/ωcrit ≈ 2.3h. If the asteroid is rotating with ω > ωcrit then material at the asteroid equator
can be lifted to orbit or to escape, unless some form of cohesion is preventing particles from
being displaced or the asteroid is a monolithic body [117]. In this chapter, asteroids spinning
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below the critical angular velocities are considered, i.e., ω̄ ∈ [0,1].
Table 3.1 shows all the relevant scale factors used in this and subsequent chapters. Note that

all the scale factors listed as secondary units can be consistently derived from the primary unit

scale factors. Unless explicitly indicated in the text, any variable with the upper bar is scaled
with the scale factors listed in Table 3.11.

The overall force on the whole chain is then:

f̄ =
n

∑
i=1

f̄i (3.5)

Performing the summation, the internal tensions τi vanish and the net resultant force on the chain
of masses is given by

f̄ =
δM̄R̄3

l̄2

[
Ψ

(
R̄+nl̄ + h̄

l̄

)
−Ψ

(
R̄+ h̄

l̄

)]
+ ω̄

2nδM̄
(

R̄− l̄
2
+ h̄+

nl̄
2

)
(3.6)

where Ψ(ζ ) is the polygamma function of order 1, defined in series as [1]

Ψ(ζ ) =
∞

∑
i=0

(ζ + i)−2. (3.7)

The product nl̄ appearing in Eq. (3.6) is related to the normalized length of the chain L̄ = L/R.
In fact:

nl̄ = n
l

R0
=

(n−1)l
R0

+
l

R0
= L̄+ l̄. (3.8)

It can be shown that d f/dh > 0 for every l > 0, n and ω̄ ∈ [0,1]. Hence the overall force
increases with an increase of the altitude of the first mass h. The motion of the chain is described
by

nδM
d2

dt2 h =
n

∑
i=1

fi. (3.9)

Using Eqs. (3.3), (3.4) and (3.6), Eq. (3.9) can be written in non-dimensional form as

n ¨̄h = f̄ (3.10)

where ¨̄h represents the non-dimensional acceleration of the first PM, such that:

¨̄h =
1

ωcrit
2

d2

dt2 h (3.11)

1Note that, for consistency with the rest of the thesis, a different set of scaling factors is used in this Chapter
with respect to Ref. [149].
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FIGURE 3.2: Normalized tension along the tethers for n = 25 (a) and n = 50 (b) at the equilib-
rium ( f = 0). The dotted lines represent the synchronous orbit altitude for the given ω̄ .

Similarly, ˙̄h is defined as
˙̄h =

1
ωcrit

d
dt

h (3.12)

For a given h, if f = 0 the chain will be in equilibrium.
The normalised tensions τ̄i can be calculated solving the system of equations (3.3) once the

chain acceleration ḧ is known from Eq. (3.9) (clearly, if the chain is in equilibrium then ḧ = 0).
Figure 3.2 shows the normalized tension along the tethers at equilibrium ( f = 0) with h = 0 for
three values of ω̄ and n = 25 (3.2a), n = 50 (3.2b), with respect to the normalized altitude h.
Note that the chain length L varies for the angular velocities chosen, according to Eq. (3.6) with
f = 0 and Eq. (3.8). As for the space elevator cable [102], the maximum tension is reached for
the tether crossing the synchronous orbit altitude xsync, which can be expressed as a function of
ω from the definition of synchronous orbit altitude, with the condition

2π√
GM

(R+ xsync)
3/2 =

2π

ω
(3.13)

and using the definition of ωcrit (Eq. (3.4)), to obtain:

x̄sync =
xsync

R
= ω̄

−2/3−1. (3.14)

The non-dimensional synchronous orbit altitude xsync is indicated with a dotted line in Fig. 3.2
for each ω considered. For a given ω the maximum tension becomes larger as the number of
PMs is increased while, for a given n, smaller tensions are found as ω approaches the critical
angular velocity.
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For any q > 0 the function Ψ has the following property:

lim
ζ→+∞

ζ Ψ(qζ ) =
1
q
. (3.15)

Equation (3.15) can then be used to rearrange Eq. (3.6) when the chain length L is fixed and the
number of PMs becomes large. In this case n→ ∞ with l → 0 and, from Eq. (3.8), it can be
shown that

nl̄ ≈ L̄ (3.16)

Upon simplification, Eq. (3.6) becomes

f̄ ∗ =− nR̄2

R̄+ L̄
+ ω̄

2n
(

R̄+
L̄
2

)
. (3.17)

Then, it follows from Eq. (3.17) that the normalized chain length Leq that guarantees equilibrium
of the chain ( f ∗ = 0) depends only on ω̄ and R̄. Solving Eq. (3.17) for f ∗ = 0 with respect to L̄

and considering the positive solution yields:

L̄eq =
1
2

R̄

(√
8

ω̄2 +1−3

)
. (3.18)

If Eq. (3.18) is specialized in the case of the Earth (ω̄ ≈ 0.058) with R̄ = 1 then the equilib-
rium length is the same as the limit found by Pearson for a continuous hanging tower, i.e.,
144201.96km [102]. Clearly, Leq decreases as the angular velocity of the asteroid approaches
the critical angular velocity (eventually it vanishes for ω̄ = 1), while it tends to infinity as ω̄

tends to zero.
Figure 3.3 shows the relative error between Eq. (3.17) and Eq. (3.6) to evaluate the chain

length L̄ at equilibrium, as a function of n and a range of ω̄ , for R̄ = 1. The solution to f̄ = 0
clearly approaches L̄eq as n becomes larger. The relative error is below 3% for ω̄ > 0.5 and
n≥ 50: under such conditions Eq. (3.18) can be regarded as a good approximation to the solution
of f = 0. Moreover, the equilibrium length calculated with Eq. (3.6) is always larger than Leq,
i.e., for a given ω̄ , the equilibrium length of a chain with finite n is always larger than the
equilibrium length of a chain with n→ ∞. Therefore, if f ∗ = 0 for a given ω̄ and L, then f > 0
for any n. However, it should be noted that other parameters not taken into account here, such
as friction between payloads, may change the plot in Fig. 3.3.

If f > 0 (or f ∗ > 0 for large n) then an orbital siphon effect can be envisaged, where a
new payload is attached to the chain and simultaneously the top one is removed. To assess this
scenario, conservation principles are applied to model the dynamics. In particular, conservation
of angular momentum (Sec. 3.2.3) allows the variation of the angular velocity of the asteroid
and chain to be investigated as a consequence of mass extraction, while conservation of linear
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FIGURE 3.3: Relative error when using Eq. (3.17) in place of Eq. (3.6) to find the equilibrium
length of the chain.

momentum together with the kinetic energy theorem (Sec. 3.2.4) allows the evolution of the
chain velocity to be investigated. Conservation of mass is applied to model the mass decrease of
the asteroid. Note that the actual mining techniques used to extract mass from the asteroid are
beyond the scope of this thesis.

3.2.2 Siphon modelled as continuous mass distribution

For analysis to be performed later in this chapter and in the thesis it is useful to redefine the
force equation (3.6) when the siphon is approximated with a continuous mass distribution with
linear density µ . Given a chain with n PMs with mass δM, a continuum approximation can be
found by setting µ = nδM/L. In this case, the sums appearing in Eq. (3.5) are substituted with
the integral:

fcont =
∫ L

0

[
ω

2(R+ x)− GM
(R+ x)2

]
µdx (3.19)

Solving the integral (3.19) and converting to non-dimensional variables using the scale factors
listed in Table 3.1 yields:

f̄cont = L̄µ̄

[
− R̄2

R̄+ L̄
+ ω̄

2
(

R̄+
L̄
2

)]
(3.20)

The non-dimensional siphon linear density µ̄ can be interpreted as the ratio between the mass
of a siphon with length L = R0 (i.e., a siphon with length equal to the initial asteroid radius) and
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FIGURE 3.4: Four-step sequence to model the extraction of a payload mass. In this case a chain
with n = 4 is represented.

the mass of the asteroid M0. As expected the siphon length satisfying fcont = 0 is exactly the
equilibrium length Leq given by Eq. (3.18), calculated for a discrete mass distribution with n→
∞. However, note that a siphon modelled as a continuous mass distribution is not conceptually
the same as a discrete siphon with n→ ∞: in fact, in the former case the mass of the siphon is
finite, in the latter case it diverges to infinity if the PM is fixed.

The siphon linear density µ is also related to the cross section A of the siphon, with larger
µ being associated to larger cross sections. In particular, the total mass of the siphon µL can be
expressed as a function of the siphon cross section as:

µL = AL (3.21)

thus:
A =

µ

ρ
(3.22)

Then,
√

A provides the width and depth of the siphon, modelled as a continuous mass distribu-
tion, assuming a square cross section.

3.2.3 Conservation of angular momentum

The extraction of a PM from the asteroid and the subsequent release of the top PM from the
chain is modelled through a four-step sequence (see Fig. 3.4):
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1. Initially the bottom PM is on the surface, h = 0 (Fig. 3.4a) and, in general, ḣ≥ 0. If f > 0
the chain will lift.

2. The chain has lifted by h = l (Fig. 3.4b).

3. The top PM is released and a new mass δM is positioned at the surface of the aster-
oid. Consequently, the asteroid mass decreases by δM to guarantee conservation of mass
(Fig. 3.4c).

4. The bottom PM is connected to the chain (Fig. 3.4d) so that the chain is in the same
geometrical configuration as step 1, with h = 0.

This sequence is then repeated, with the chain constantly operating with h ∈ [0, l]. A set of steps
from 1 to 4 defines an iteration. Let R j, M j, IA, j and ω j be the radius, mass, inertia and angular
velocity of the asteroid at the j-th step ( j = 1, . . . ,4) of the k-th iteration (to avoid confusion in
notation, the reference to the k-th iteration is omitted at this stage). Similarly, IC, j, h j and ḣ j are
the inertia and position and velocity of the chain. It follows that:

IA, j =
2
5

MiR2
i , j = 1,2,3,4 (3.23a)

IC, j = δM
a j

∑
i=1

(R j +hi +(i−1)l)2, j = 1,2,3,4 (3.23b)

where
a1 = n, a2 = n, a3 = n−1, a4 = n (3.24)

and
h1 = 0, h2 = l, h3 = l, h4 = 0. (3.25)

The mass of the asteroid changes at step 3. As conservation of mass holds, it is assumed that
the sphere loses its outer shell of mass δM and thickness δR to form the new PM which is
then positioned on the equator of the asteroid (although, in practice, the change in shape of the
asteroid due to mass extraction would depend on the process used to gather mass at the base of
the siphon). Hence:

M1 = M, M2 = M, M3 = M−δM, M4 = M−δM,

R1 = R, R2 = R, R3 = R−δR, R4 = R−δR.
(3.26)

Note that M = 4/3πR3ρ and, by differentiation, δM = 4πR2ρδR. Therefore:

δR
R

=
1
3

δM
M

. (3.27)

As no external torques are acting on the asteroid and chain, conservation of angular momen-
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tum holds at each step. Therefore:

(IA, j + IC, j)ω̄ j = (IA, j+1 + IC, j+1)ω̄ j+1, j = 1,2,3. (3.28)

Substituting Eqs. (3.23) and (3.27) into Eq. (3.28) and simplifying yields:

δω̄12

ω̄1
= 5

(
nl̄ +

1
2
(nl̄)2

)
δM
M

+h.o.t. (3.29a)

δω̄23

ω̄2
=

5
6

δM
M

+h.o.t. (3.29b)

δω̄34

ω̄3
= 0 (3.29c)

where δω̄12 = ω̄2− ω̄1, δω̄23 = ω̄3− ω̄2, δω̄34 = ω̄4− ω̄3 and the higher order terms (h.o.t.)
are neglected. Therefore:

δω̄23

ω̄2
=

δω̄23

ω̄1−δω̄12
=

δω̄23

ω̄1

(
1+

δω̄12

ω̄1

)
+h.o.t. =

δω̄23

ω̄1
+h.o.t.. (3.30)

Equivalently, it can be shown that

δω̄34

ω̄3
=

δω̄34

ω̄1
+h.o.t. (3.31)

Hence, by neglecting again the higher order terms, Eqs. (3.29) can be summed to find the overall
angular velocity variation δω̄ = δω̄12 +δω̄23 +δω̄34 between step 1 and 4. Using the approxi-
mation for large n given by Eq. (3.16) finally yields:

δω̄

ω̄
= 5

(
1
6
+ L̄+

1
2

L̄2
)

δM
M

, (3.32)

where the subscript 1 has been removed from ω̄ for clarity. Equation (3.32) dictates that the
overall variation of angular velocity from step 1 to 4 is proportional to the ratio δM/M through
a coefficient depending only on the siphon length L̄.

3.2.4 Chain radial velocity

The radial velocity of the chain is described by the variable ḣ. If f > 0 (Eq. (3.6)) the chain will
rise between step 1 and 2. The work per unit mass W (h) done by the force f to raise the chain
from 0 to h ∈ [0, l] can be written as:

W (h) =
∫ h

0

f
nδM

dh (3.33)
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where the denominator is the total mass of the siphon. From the work-energy theorem:

W (h) =
ḣ2

2
−

ḣ2
1

2
. (3.34)

where ḣ1 is the velocity of the chain at step 1 of the sequence described in Sec. 3.2.3, i.e., for
ḣ = 0. Hence, the velocity of the chain as a function of the position h can be written as

ḣ =
√

ḣ2
1 +2W (h). (3.35)

In particular, at step 2, h = h2 = l. In this case W (l) can be evaluated analytically:

W (l) =
l
2

[
ω

2(ln+2R)−2
GM

(ln+R)R

]
. (3.36)

Then, equation (3.35) simply becomes:

ḣ2 =
√

ḣ2
1 +2W (l). (3.37)

At step 3 the top PM is released from the chain. In the inertial frame there are no external
forces acting on the asteroid and chain (assumption 6), hence conservation of linear momentum
holds. Conserving linear momentum between step 2 and 3 yields (see Appendix E 2)

ḣ3 = ḣ2. (3.38)

Therefore the release of the top mass does not alter the radial velocity of the chain.
At step 4 the bottom PM, which is initially at rest, is connected to the asteroid. Again,

applying conservation of linear momentum between steps 3 and 4 yields:

ḣ4 =
n−1

n
ḣ3. (3.39)

The sequence is then repeated from step one, with a new ḣ1 equal to the last PM velocity ḣ4.
Now, let ḣk

3 be the value of the radial release velocity ḣ3 at the k-th iteration. Then, it follows
from Eqs. (3.37), (3.38) and (3.39) that

ḣk
3 =

√(
n−1

n

)2(
ḣ3

k−1
)2

+2W (l) (3.40)

It can be shown that the recursive sequence
{

ḣ3
k
}

is bound and monotonic and hence converges.

2Note that the derivation presented in Appendix E is for a bucket conveyor chain with ascending and descending
line, as the one modelled in Chapter 4. However, as shown, the final result also holds for the simplified model used
in this chapter.
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Let vl be the limit of the sequence. Its value can be found noting that vl = lim
k→∞

ḣk
3 = lim

k→∞
ḣk−1

3 .

Then vl =

√(n−1
n

)2
v2

l +2W (l), hence

vl =

√
2W (l)

1−
(n−1

n

)2 (3.41)

which represents the normalized radial release velocity of the chain at steady state. The velocity
vl depends on the length of the chain and the normalized angular velocity of the asteroid. Clearly,
ω will change during the transient due to mass extraction (Eq. (3.32)) but, as the steady state is
approached within a few iterations, this variation can reasonably be neglected. Equation (3.41)
can be rewritten in non-dimensional form as:

v̄l =

√
L̄n(L̄+ R̄)(L̄+2R̄)ω̄2−2R̄2

(L̄+ R̄)(2n−1)
(3.42)

Note that the value of vl is finite. Hence, even though the chain is subjected to a non-zero force,
its velocity does not diverge. In fact, although the chain does accelerate between step 1 and 2, its
velocity then decreases at step 4, as a new PM is attached to the chain, in order to conserve linear
momentum. As the tethers are assumed to be rigid, the change in velocity is instantaneous.

Note that vl > 0 for W (l) > 0. By analysis of Eq. (3.36) it is straightforward to show that
W (l) > 0 if L > Leq. It has been noted in Sec. 3.2 that if f = 0 then L > Leq. Therefore, even
if the force on the chain is initially zero at the first iteration, any arbitrary small perturbation
such that ḣ1 > 0 will initialise the lifting process, and the release velocity at steady state will be
positive as dictated by Eq. (3.41).

It is interesting to evaluate Eq. (3.41) when the number of masses on the chain becomes
large. This can be done calculating the limit of Eq. (3.41) for n→ ∞. In non-dimensional form:

v̄∗l = lim
n→∞

v̄l =

√
− L̄R̄2

R̄+ L̄
+

1
2

L̄(L̄+2R̄)ω̄2. (3.43)

When using Eq. (3.43) as an approximation of Eq. (3.42) for the radial velocity of a PM at
release, the relative error depends on n:∣∣∣∣vl− v∗l

vl

∣∣∣∣= 1−
√

1− 1
2n

. (3.44)

This error is lower than 1% for n > 25. Therefore, for large n Eq. (3.43) is an accurate approxi-
mation of the radial release velocity (3.41).
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3.2.5 Radial velocity of a siphon modelled as continuous mass distribution

In this section the equivalent form of the the radial velocity equation in the continuous domain
is found and the results are compared with Eqs. (3.42), (3.43) for the discrete domain. The
procedure is similar to that described in the previous section. In particular, let dv12 = v2− v1,
dv23 = v3− v2, dv34 = v4− v3 be the change in siphon velocity from step (1) to (2), (2) to (3)
and (3) to (4) respectively, where the steps are the same as those described in Sec. 3.2.3. Then,
the overall change in velocity dv14 from step (1) to (4) will be the sum:

dv14 = dv12 +dv23 +dv34 (3.45)

In the following, the values of dv12, dv23 and dv34 are found by invoking the work-energy
theorem and the conservation of linear momentum.

• From step (1) to step (2). The work per unit mass dW done by the gravitational and
centrifugal-induced forces on the siphon to raise it by the amount dh is by definition:

dW =
fcont

µL
dh (3.46)

where the first factor is the external force acting on the siphon calculated in the continuous
domain (Eq. (3.19)) divided by the mass of the siphon µL. From the work-energy theorem:

dW =
(v1 +dv12)

2

2
−

v2
1

2
(3.47)

By neglecting higher order terms and further simplifying, Eq. (3.47) can be written as:

dW = v1dv12 (3.48)

Then, equating Eq. (3.46) and (3.48) yields:

dv12 =
fcont

µL
dh
v

(3.49)

• From step (2) to step (3). As in the discrete siphon case, the release of the top siphon mass
does not change the instantaneous siphon velocity. Therefore:

dv23 = 0 (3.50)

Hence, v3 = v2 = v1 +dv12.

• From step (3) to step (4). As in the discrete siphon case, the connection of the mass
dm is modelled as an instantaneous inelastic contact. Applying conservation of linear
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momentum between step (3) and (4) yields:

µ(L−dx)v3 = µLv4 (3.51)

Then, substituting v3 = v1 +dv12, dv34 can be written as:

dv34 =
dh
L

v1 (3.52)

where the substitution vb = va +dvab is used and the higher order terms are neglected.

Substituting Eq. (3.49) and (3.52) into (3.45) yields:

dv14 =
fcont

µL
dh
v1
− dh

L
v1 (3.53)

Dividing both sides by the infinitesimal time dt required to raise the siphon by dh and further
simplifying yields

dv
dt

+
v2

L
=

fcont

µL
(3.54)

where the subscripts have been removed. Equation (3.54) is the differential equation governing
the radial velocity of a siphon modelled as a continuous mass distribution. Note the damping
term proportional to the square of the siphon velocity. As a new mass element dm is added to
the chain it must be accelerated to speed v. However, the rate at which new masses are being
added scales as v, hence it can be shown that there is an apparent drag term which is quadratic
in v.

Taking a siphon starting from v(0) = 0, and assuming a quasi-static variation of fcont (this
hypothesis will be justified later), Eq. (3.54) admits the close-form solution:

v(t) =

√
fcont

µ
tanh

(√
fcont

µ

t
L

)
(3.55)

Using the non-dimensional scale factors in Table 3.1, Equation (3.55) can be written in non-
dimensional form as:

v̄ =

√
f̄cont

µ̄
tanh

(
t̄

L̄/
√

f̄cont/µ̄

)
(3.56)

Substituting Eq.(3.20) into Eq. (3.56) then yields:

v̄ =

√
1
2

L̄(L̄+2R̄)ω̄2− L̄R̄2

L̄+ R̄
tanh

(
t̄

√
1

2L̄
(L̄+2R̄)ω̄2− R̄2

(L̄+ R̄)L̄

)
(3.57)

Therefore, the siphon asymptomatically approaches the steady state radial velocity
√

fcont/µ̄ .
This was also clear from Eq. (3.54), setting dv/dt = 0. Note that the asymptotic value f̄cont/µ̄
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FIGURE 3.5: Siphon radial velocity as a function of time calculated using the siphon discrete
mass distribution model (red, continuous line, Eqs. (3.37), (3.38), (3.39)), the continuous mass
distribution model (black dotted line Eq. (3.57)), and the discrete model with n→ ∞ (blue dash-
dotted line, Eq. (3.43)).

exactly matches the value given by Eq. (3.43), for the limit of a discrete chain when n→ ∞.
The transient behavior depends on the factor L̄/

√
F̄/µ̄ which represents the time required to

reach 0.76% of the steady state velocity. For example, taking an asteroid with ω̄ = 0.85, R̄ = 1,
L̄ = 1, the siphon reaches 76% of its asymptotic velocity after t̄ = 1.3 and 99% of its asymptotic
velocity after t̄ = 2.64 corresponding to t = 0.5 h and t = 1.3 h respectively, for an asteroid
with density ρ = 2gcm−3. If the transient phase is neglected, the siphon radial velocity can be
therefore approximated by:

v̄≈

√
f̄cont

µ̄
(3.58)

Note that the ratio f̄cont/µ̄ does not depend on the siphon linear density (see Eq. (3.20)).
Figure 3.5 compares the radial velocity of the siphon modelled as a continuous mass distri-

bution (Eq. (3.55)) with the discrete siphon model, for n = 15 (a) and n = 30 (b). In both cases
the siphon is considered initially at rest and results are displayed in dimensional units, consid-
ering the physical parameters of the asteroid Bennu (Table 2.1) and a 200-metre siphon, at the
beginning of siphon operation (R̄ = 1). Also displayed in blue is the asymptotic solution of the
discrete chain model for n→∞ (Eq. (3.43)). It is apparent that the continuous solution provides
a good approximation of the discrete chain behaviour, especially for larger n (Fig. 3.5b)

Figure 3.6 compares the velocities given by Eqs. (3.54), (3.57) and (3.58) for a continuous
mass distribution when the variation of fcont due to material extraction is taken into account.
Again, a 200-metre long siphon anchored at Bennu is considered. As expected, Eq. (3.57)
accurately matches the numerical solution to the differential equation (3.54), confirming the
validity of the hypothesis on quasi-static variation of fcont. Analogous results are obtained by
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FIGURE 3.6: Comparison between Eqs. (3.54), (3.57) and (3.58) for a siphon modelled as a
continuous mass distribution when the variation of fcont due to material extraction is taken into
account.

changing the siphon length and the asteroid angular velocity. Moreover, the siphon reaches its
steady state condition in a timeframe of a few hours and the value of the velocity given by the
three equations coincides at steady state. As it will be shown, typical timescales for long-term
mass extraction are on the order of years. This confirms that, for long-term mass extraction,
Eq. (3.58) can be regarded as a good approximation to the differential equation (3.54).

3.2.6 Energy

The kinetic and potential energy of the asteroid and chain at each step are given by:

K j =
1
2
(
IA, j + IC, j

)
ω

2
j +

1
2

a jδMv2
j j = 1, . . . ,4 (3.59a)

Pj =−
3
5

G
M2

j

R j
−

a j

∑
i=1

G
MδM
Ri + xi

j = 1, . . . ,4 (3.59b)

where the summation indexes a j are the same as in Eqs. (3.24). The first term in K j is due to the
rotational kinetic energy of the asteroid and chain, while the second term is due to the velocity of
the chain in the radial direction. The first term of the potential Pj represents the self gravitational
potential of the asteroid, while the second term is the gravitational potential of the chain (note
that, as the PMs are considered point-like masses, their self potential is neglected).

By substituting Eqs.(3.23), (3.24), (3.26), (3.28) and (3.37) into Eqs. (3.59) it can be verified
that K1 +P1 = K2 +P2, i.e., mechanical energy between steps 1 and 2 is conserved at every



CHAPTER 3. THE ORBITAL SIPHON, ANALYTICAL MECHANICS 54

iteration. Conversely, it can be shown that

(K3−K2)+(P3−P2) = EA +EδM (3.60)

where

EA =−1
6

δMR2
ω

2
1 , (3.61)

EδM =−1
2

δM
(
ω

2
3 (R+L)2 + ḣ2

3
)
+G

MδM
R+L

. (3.62)

EA is the change in kinetic energy due to material rearrangement in the asteroid as each PM is
formed (step 3 in Fig. 3.4): material in the vicinity of the rotation axis (with low moment of
inertia) is moved towards the equator (by means of ideal conservative forces), thus decreasing
the kinetic energy of the system while conserving the total angular momentum. Conversely, EδM

is the mechanical energy of the top mass of the chain when released, which is then lost from the
system asteroid and chain. The energy per unit mass E = EδM/δM of the released material can
be then be written as (see Table 3.1 for non-dimensional scale factors):

Ē =
1
2

ω̄
2
[
(R̄+ L̄)2 + ˙̄h2

3

]
− R̄3

R̄+ L̄
. (3.63)

In the case of a siphon operating at steady state, with the assumption of n→ ∞, ˙̄h3 can be
replaced by v∗l (Eq. (3.43)). Upon using this substitution, Eq. (3.63) takes the form

Ē =− R̄3

R̄+ L̄
+

1
2

ω̄
2
(
− L̄R̄

L̄+ R̄
+(R̄+ L̄)+

1
2

L̄(L̄+2R̄)ω̄2
)

(3.64)

The sign of Ē gives immediate information about the motion of the PMs upon release: if Ē < 0
the motion is bound, whereas for Ē ≥ 0 material is ejected to escape. Note that, if Ē ≥ 0, the
normalized energy is linked to the hyperbolic escape speed v̄∞ of the released PMs through

v̄∞

v̄esc
=
√

Ē (3.65)

where v̄esc is the escape velocity at the surface of the asteroid.
Eventually, by substituting Eqs.(3.23), (3.26), (3.28) and (3.39) into Eqs. (3.59) it can be

shown that mechanical energy is conserved between steps 3 and 4.

3.2.7 Timescale for mass extraction

In this section, the time required to extract a given amount of mass from the asteroid is calculated
using the continuous mass distribution approach. Let dm be the infinitesimal mass released from
the top of the siphon in the time dt. Then, dm is related to dt via the siphon velocity and linear
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density:
dm = µvdt (3.66)

To guarantee conservation of mass, if an element dm is released from the siphon, the asteroid
mass must decrease by the same amount. The infinitesimal mass of the outer shell of the asteroid
is:

dm = 4ρπR2dR (3.67)

Equating Eqs. (3.67) and (3.66) and solving for dt yields:

dt =
4ρπR2dR

µv
(3.68)

Dividing both sides by the timescale factor ω
−1
crit and noting that dm̄ = R̄2dR̄ yields:

dt̄ =
dm̄
µ̄ v̄

(3.69)

The differential equation (3.69) describes the time required to extract the mass dm̄ from the
asteroid. Equation (3.69) can be integrated to find the total time t̄ required to release to escape
the mass m̄ f :

t̄ =
∫ m̄ f

0

dm̄
µ̄ v̄

(3.70)

If the siphon linear density is constant during siphon operation (in the discrete siphon scenario,
this is equivalent to a constant payload mass) the term µ̄ can be taken out from the integral.
Neglecting the siphon radial velocity transient phase, v̄ =

√
f̄cont/µ̄ (Eq. (3.56)). Then, using

conservation of angular momentum, the integrand of Eq. (3.70) can be written as a function of
m̄, the initial angular velocity of the asteroid ω̄0 and the siphon length L̄. The resulting integral
does not admit closed-form solution, therefore numerical integration must be used to evaluate
an approximated solution.

The ratio
ṁavg =

m f

t
(3.71)

represents the average rate at which mass is released from the siphon. This parameter is an
indicator of the required feed rate at which mining rovers have to transfer material to the siphon,
in order to release the mass m f in the time t.

3.3 Siphon operation

Two conditions must be satisfied to guarantee proper operation of the orbital siphon: (a) there
must be an overall centripetal-induced pull on the chain of masses and (b) if a PM is inserted
into an orbit around the asteroid (E < 0) then it must not impact the asteroid later in its motion.
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FIGURE 3.7: Regions of allowed and forbidden motion as a function of the asteroid normalized
angular velocity ω̄ and the normalized chain length L̄.

Assuming that n is large, condition (a) is satisfied if

f ∗ > 0, (3.72)

where f ∗ is given by Eq. (3.17). If the first condition (a) is satisfied, then material will be
inserted either into bound motion around the asteroid or into an escape trajectory, depending on
the sign of the normalized energy per unit mass E , as given by Eq. (3.64). It can be shown that,
when E < 0, condition (b) is verified if (see Appendix D)

r̄p =−
R̄

2Ē

√
1+2Ē ω̄2(1+ L̄)4 > 1, (3.73)

where r̄p represents the periapsis altitude of the the orbit. It is also assumed that, if material
is released into orbit, it is collected by an orbiting platform before performing one period of
rotation around the asteroid, to avoid a collision with the chain. Then, Eqs. (3.72), (3.73) and
(3.64) comprehensively describe the behaviour of the orbital siphon as a function of ω̄ , L and
R̄ (Eq. (3.72) also depends on the number n of PMs but this is irrelevant when only the sign of
f ∗ is considered). These three conditions partition the ω-L plane into regions of allowed and
forbidden motion, as represented in Fig. 3.7 for R̄ = 1, i.e., at the beginning of siphon operation.
The plot does not change significantly for smaller values of R̄. The range of L̄ along the vertical
axis has been limited between L̄ = 0 and L̄ = 1.4 as relevant information about the behaviour of
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the system is contained within this region. However, in principle, there is not any upper bound
on this parameter.

Any configuration falling within the red region (collapse region) is associated with a col-
lapsing chain, i.e., a chain with length smaller than its equilibrium length. Complementary to
the collapse region is the region with the blue boundary (stable region) and it is associated with
chains longer than their equilibrium length. The separatrix between the two regions is the curve
AF (equilibrium curve): if L̄ ∈ AF then L̄ = L̄eq.

The stable region is then partitioned into two sections. The green region encompasses all
configurations releasing PM onto hyperbolic orbits (E > 0). Conversely, material is released into
bound motion around the asteroid (E < 0) for a chain within the yellow region. The boundary
between these two regions is represented by the curve ED, which is associated with parabolic
motion E = 0. Note that this curve partially intersects the collapse region (curve EG): therefore,
for ω̄ < ω̄E material can be released exclusively into hyperbolic orbits. PMs can be placed into
bound motion around the asteroid when the body rotates with ω̄ ∈ [ω̄E ,1] (yellow region). The
coordinates of the point E can be found at the intersection of two curves E = 0 and f ∗ = 0:

ω̄E =

√
2
(√

5−2
)
≈ 0.687, (3.74)

L̄E =
1
2

(√
9+4

√
5−3

)
≈ 0.618. (3.75)

A chain working at point E would release material at escape velocity and, at the same time, be
in its equilibrium configuration.

The condition for impact avoidance (Eq. (3.73)) further restricts the domain of allowed con-
figurations. Any configuration within the impact region (represented with black diagonal lines)
identifies a siphon releasing material into bound motion that will eventually impact the asteroid
(r̄p < 1). Therefore, the domain of the bound motion region is actually reduced to the region
CBDE. Thus, the impact region sets a lower bound for the chain length which cannot be less
than L̄B (see Table 3.2 for a summary of the relevant coordinates of Fig. 3.7).

It can be shown that the region CBDE represents approximately 28% of the bound motion
region. Therefore, almost one third of the possible configurations allowed for bound motion
must be excluded due to the constraint of impact avoidance. Note that the semi-major axis
of the orbit of the released material will increase while the asteroid loses mass [49]. Hence,
material released in the CBDE region will remain bound without impacting the asteroid.

Given the above constraints, two possible strategies can be envisaged for siphon operation
within the allowed region, i.e., a constant-length chain or a variable-length chain. In both cases,
the total amount of extractable mass as a function of the initial angular velocity ω0 can be found
by rearranging Eq. (3.32) as

1
5
(1

6 + L̄+ 1
2 L̄2
) δω

ω
=

δM
M

(3.76)
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and integrating from ω0 to ω < ω0 and from M0 to M, which yields

ξm =
M0−M

M0
= 1− eI (3.77)

with
I =

∫
ω̄

ω̄0

1
5ω ′

(1
6 + L̄+ 1

2 L̄2
)dω

′ (3.78)

The parameter ξm is defined as the extracted mass ratio. Ideally, a complete disassembly of the
asteroid corresponds to ξm = 1 and, by analysis of Eq. (3.77), this requires I →−∞.

It is possible to find an upper bound for ξm when the orbital siphon is releasing material
with Ē ≥ 0, using simple energy balance considerations. In fact, for an asteroid spinning at
ω = 1, its rotational kinetic energy K = 1

2

(2
5MR2)(GM/R) = 1

5GM2/R is exactly one third
of its gravitational binding energy Pbinding = 3

5GM2/R3. Assuming that this kinetic energy is
entirely used to remove subsequent layers of the asteroid to escape, material can be extracted
from the asteroid until the radius Rmin < R is reached, such that:

∫ R

Rmin

−G
MδM

R
=−1

5
G

M2

R3 . (3.79)

By solving Eq. (3.79), Rmin =
5
√

2/3R which corresponds to

ξm = 1− (2/3)3/5 ≈ 21.6%. (3.80)

Although the siphon can work at different energy levels, Eq. (3.80) represents a useful indicator
of the maximum theoretical quantity of material which can be released to escape.

In the following sections, the extracted mass ratio is studied for different scenarios: L̄= const

(Sec. 3.4), Ē = const (Sec. 3.5.1) and f̄ = const (Sec. 3.5.2). The symbol ξm is used to indicate
the maximum ξm when ω̄ is on the curve BCF in Fig. 3.7.

Undoubtedly, a constant-length chain represents the best choice when considering practical
implementation (for example, through conveyor systems). However, as shown in the next sec-
tion, the best performance in terms of extracted mass is obtained for siphons with variable-length
chains (within the simplifying assumptions underpinning this model). Then, the optimal choice
will be a trade-off between maximizing the extracted mass or increasing the complexity of the
system.

3.4 Constant-length siphon

If the non-dimensional chain length L̄ is constant during the extraction sequence (iso-length

extraction), the integral I from Eq. (3.78) can be trivially solved analytically and the extracted
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FIGURE 3.8: Contour of the maximum extracted mass ratio ξ max
m as a function of the initial

normalized angular velocity ω̄0 and the normalized chain length L̄ for a constant-length siphon
(Eq. (3.82)).

mass ratio becomes

ξm = 1−
(

ω

ω0

)1/γ

(3.81)

with γ = 5(1/6+ L̄+ L̄2/2). For a given L̄, Eq. (3.81) indicates the amount of extracted mass
when the asteroid has decreased its angular velocity from ω̄0 to ω̄ . It has been noted from
Fig. 3.7 that the final angular velocity ω̄ cannot be arbitrarily small: when the curve BCF is
reached the siphon can no longer work (unless the chain length is allowed to increase, but this
case is studied in the next section). Solving Eq. (3.81) for ω̄ , substituting into Eqs. (3.17) (if
L̄≥ L̄C) and (3.73) (if L̄ < L̄C) and setting for f ∗ = 0 and r̄p = 1 respectively yields:

(1−ξ max
m )2/3

(1−ξ max
m )1/3 + L̄

+ω
2
0 (1−ξ

max
m )2γ

(
(1−ξ

max
m )1/3 +

L̄
2

)
= 0, L̄≥ L̄C (3.82a)

1+
(1−ξ max

m )1/3

2
Ē −1 [1+2Ē ω̄

2
0 (1−ξ

max
m )2γ(1+ L̄)4]1/2

= 0, L̄ < L̄C (3.82b)

Solving Eqs. (3.82) for ξ max
m returns the maximum mass fraction that can be extracted from

an asteroid with initial angular velocity ω0, using a siphon with constant length L̄. Figure 3.8
shows a contour of ξ max

m as a function of ω̄0 and L̄. The maximum extractable mass ratio is
approximately 0.077 and corresponds to L̄ = L̄H ≈ 0.405 for an asteroid initially spinning at
ω̄0 = 1. Thus, for an asteroid initially spinning at its critical angular velocity, up to 7.7% of its
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TABLE 3.2: Coordinates of relevant points in Figs. 3.7 and 3.8.

A B C D E H I L M
ω̄ 1 1 0.827 1 0.687 1 0.834 0.768 0.896
L̄ 0 0.128 0.281 0.240 0.618 0.405 0.405 0.405 0.293

mass can be lifted from the asteroid using the siphon effect In this case, material is released with
Ē > 0, until ω̄ < ω̄I , where material is released into bound motion around the asteroid. The
red dashed line indicates the optimal L̄ which maximizes ξm as a function of ω̄0. Note that for
ω̄0 < 0.82 the optimal chain length must be larger than the radius of the asteroid.

To perform the entire extraction into bound orbits, ω̄0 must be within ω̄M and 1. In this case,
the optimal chain length varies between L̄B and L̄D with extracted mass ratios up to 5%.

Note that ξ max
m < 0.08, hence the non-dimensional asteroid radius R̄ > (1− 0.08)3 ≈ 0.97.

Therefore, it is reasonable to assume R̄≈ 1 in all the equations used in this and previous sections.
In particular, Eq. (3.82a) admits the closed-form solution:

ξ
max
m = 1−

[
1

ω̄2
0

1
(1+ L̄)(1+ L̄/2)

] 1
2γ (3.83)

which can be used to quickly estimate the extractable mass as a function of the initial asteroid
angular velocity ω̄0 and the siphon length L̄.

3.5 Variable-length siphon

In this section the effects of a chain with variable length are investigated. In theory, L̄ can be
changed following any path with decreasing ω̄ in the allowed region of Fig. 3.7. In particular, in
Sec. 3.5.1 L̄ is varied by keeping the release energy Ē constant (iso-energy), while in Sec. 3.5.2
by keeping the force f ∗ constant (iso-force) and equal to zero (i.e., the siphon is working along
the equilibrium curve).

The choice of these paths is motivated by the following reasons. By analysis of the iso-
energy curves it is possible to understand the maximum ξm with the minimum energy necessary
to escape (Ē = 0) and compare it with other energy regimes. Conversely, the iso-force curve
at equilibrium offers insight into the maximum amount of extractable material by keeping the
chain length at the minimum allowed. In the latter case, then, the variation of angular velocity
at each step of the sequence described in Sec. 3.3 is minimized (Eq. (3.29)).

3.5.1 Iso-energy siphon operation

In this scenario L̄ and ω̄ vary according to Eq. (3.64) with E= const. The domain of possible
iso-energy curves is restricted between Ē ≈ −0.219 and Ē = 1 (Fig. 3.9). When Ē > 1 the
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FIGURE 3.9: Domain for the iso-energy curves in the ω̄-L̄ plane. The dashed lines represents
the optimal iso-energy obtained for four different ω̄0.

iso-energy curves never cross the equilibrium curve, thus leading to a degenerate case of an
infinitely increasing chain (for Ē = 1, the two curves ideally intersect at ω̄ = 0, where L̄→ ∞).
Conversely, when Ē < −0.219 the iso-energy curve would cross the impact region. The lower
iso-energy curve passes through the point C (the iso-energy curve through B has lower energy
and would therefore cross the impact region).

The extracted mass ratio can be found by solving Eq. (3.64) for L̄ and then substituting into
Eq. (3.78). Equation (3.78) is then integrated from ω̄0 to ω̄ < ω̄0 where the iso-energy curve
crosses the equilibrium curve. Figure 3.10a shows a plot of ξ max

m as a function of Ē within
the energy domain for some values of the initial angular velocity ω̄0. The maximum ξ max

m

is obtained for ω̄0 = 1, Ē = 0.224 and is approximately 11%. For any other initial velocity
ω̄0 < 1 the energy of the optimal iso-energy curve is larger and ξ max

m decreases. For ω̄0 = 0.7
the maximum extractable mass is less than half the maximum found for ω̄0 = 1. In any case,
optimal iso-energy extraction requires Ē > 0, therefore material is released on a hyperbolic
trajectory with a hyperbolic excess speed which is at least half the escape velocity at the surface
(Eq. (3.65)) 3. It is also apparent from Fig. 3.9 that ω̄ decreases significantly from the beginning
to the end of the iso-energy curve.

For a given energy, the normalized length of the chain varies between a minimum (when

3Note that as material is extracted the escape velocity at the surface varies. However the ratio between the
hyperbolic excess velocity of the released PM and the escape velocity remains constant, as dictated by Eq. (3.65)
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FIGURE 3.10: (a) Extractable mass as function of Ē for different ω̄0. (b) Variation of L̄ on four
optimal iso-energy curves corresponding to different ω̄0.

ξm = 0) and a maximum (when ξm = ξ max
m ), as represented in Fig. 3.10b for different ω̄0. For

ω̄0 = 1, the final chain length is comparable with the radius of the asteroid, however for lower
ω̄0 the final length becomes much larger (approximately five times the radius of the asteroid for
ω̄0 = 0.7). On the contrary for negative energies, L̄ < 1.

For a given ω̄0, the iso-energy with Ē = 0 provides extractable ratios comparable with the
optimal case only for ω̄0 close to 1 (Fig. 3.10a). Eventually, when ω̄ < ω̄E extraction in bound
orbits is not allowed.

3.5.2 Iso-force siphon operation

In this section the case with f ∗ = 0 is analysed, which is the best-case scenario to maximize
the amount of extractable mass. In fact, it is apparent from analysis of Eq. (3.77) that ξm is
maximum when I (Eq. (3.78)) is minimum (note that I < 0, since ω̄ < ω̄0 and the integrand
is always positive for any L̄ > 0). Given ω̄0 and ω̄ , the integral I is minimized when L̄ is
minimum, i.e., when f ∗ = 0. In this case, although the siphon is initially in equilibrium for
h = 0, an infinitesimal perturbation can initialize the siphon effect, since the equilibrium is
unstable. Again, it is assumed that n→ ∞: in this case L̄ varies along the equilibrium curve in
Fig. 3.7. Note that, the section AC of the equilibrium curve is also the boundary of the impact
region: for a chain operating in such conditions, material would be released into an orbit with
periapsis equal to the radius of the asteroid. For this reason, AC is excluded from the domain of
this analysis, meaning that ω̄0 ≤ ω̄C. However, if ω̄0 ∈ [ω̄C,1], the point C can be approached
through the lower iso-energy curve (Fig. 3.9).

The extracted mass ratio in this scenario is evaluated by substituting Eq. (3.18) into Eq. (3.77),
where the integral I is evaluated from ω̄0 ≤ ω̄C to ω̄ < ω̄0. The maximum ξm is evidently
found when the initial angular velocity is the maximum allowed in the domain just defined, i.e.,
ω̄0 = ω̄C.
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FIGURE 3.11: Extractable mass for three iso-force curves (at f ∗ = 0) as a function of L̄. The
dashed black line marks the transition between negative and positive release energy Ē .

The blue curve in Fig. 3.11 represents the evolution of ξ max
m as a function of L̄, assuming

that ω̄0 = ω̄C (and, accordingly, L̄ = L̄C). The theoretical maximum extractable mass is reached
when the chain is infinitely long and is approximately 12% of the asteroid initial mass. However,
when the chain has reached twice the radius of the asteroid, the extracted mass ratio has already
reached 85% of the theoretical maximum. The process releases PMs into bound orbits between
L̄C < L̄ < L̄E and into a hyperbolic trajectory for L̄ > L̄E . It is apparent from Fig. 3.11 that
almost half of the extractable material is released into a bound orbit. Clearly, if ω̄0 < ω̄C then
L̄0 > L̄C and ξm will be lower than 12%. For comparison, the red curve on Fig. 3.11 shows the
evolution of ξm from ω̄0 = ω̄E .

It is interesting to evaluate ξ max
m taking into account the section AC of the equilibrium curve,

as a measure of the maximum disassembly capabilities of the orbital siphon. In this case, a
body rotating with ω̄0 = 1 is considered and the equilibrium curve is followed from point A (see
orange curve in Fig. 3.11). Then, Eq. (3.77) has an analytical solution for this scenario:

ξ
MAX
m = lim

ω̄→0+
ξ

max
m = 1− exp

[
3

20

(
log48+

√
6log(5−2

√
6)
)]
≈ 0.23. (3.84)

This value is almost twice the maximum extractable mass found for ω̄0 = ω̄C. It is apparent
from Fig. 3.11 that more than half of this material would be extracted inside the impact region,
using chains with maximum length up to L̄C ≈ 0.281. Hence, the impact avoidance constraint
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FIGURE 3.12: Siphon non-dimensional radial velocity v̄ as a function of the extracted mass,
for a range of initial angular velocities ω̄0.

excludes a valuable region which would enable large mass extraction with Ē < 0. However, it
is easy to show that a chain with a braking mechanism at the base, which reduces to zero the
radial velocity of a PM at release, would move the impact region inside the collapse region, thus
increasing the overall range of allowed configurations. In this case, not only the orbital siphon
works in the range ω̄ = 1 and ω̄ = ω̄C but also braking may be used in principle to generate
power.

Although not directly comparable, it is interesting to observe that ξ MAX
m in Eq. (3.84) is close

to the theoretical 21.5% specified in Eq. (3.80), found from basic energy balance considerations.
In this case, ξm is slightly larger as part of the extraction is performed with Ē < 0, thus releasing
material into bound orbit and not to escape. In both cases, however, ξm is always below one
quarter of the initial mass.

3.6 Mass flow rate, timescale and discussion

Figure 3.12 shows the non-dimensional siphon velocity as a function of the extracted mass, for
a range of initial angular velocities ω̄0. The velocity represented is that given by Eq. (3.43)
and a constant length siphon is considered, with the length chosen to maximize the extractable
mass. (Sec. 3.4). The velocity is maximum at the beginning of the siphon operation and then
progressively decreases as more mass is extracted. Note that, towards the end of the siphon
operation the velocity drops to zero, as the siphon approaches its equilibrium condition. For
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reference, a non-dimensional velocity v̄ = 1 corresponds to approximately v = 7.5cms−1 for
an asteroid with density ρ = 2000kgm−3 and radius R0 = 100m; the velocity scales with the
asteroid radius R0. Figure 3.13a shows, in dimensional units, the maximum extractable mass
ξ max

m (coloured contour) and the average mass rate ṁavg required to extract ξ max
m (black curves)

as a function of the asteroid radius and the asteroid period, taking an asteroid density ρ =

2000kgm−3. The average mass rate is calculated assuming an operational time of 10 years.
The black dots represent candidate near-Earth asteroids4 with radii between 50 and 500 m and
rotational periods between 2.33 and 10h (the lower end of the period corresponds to the critical
angular velocity for an asteroid with density ρ = 2000kgm−3). As expected, a larger mass can
be extracted from fast rotators and larger asteroids. However, a larger asteroid also implies larger
average mass flow rates, on the order of tens of kilograms per second. Figure 3.13b shows the
siphon width

√
A (see Sec. 3.2.2) and the siphon length as a function of the asteroid radius and

the asteroid period. The siphon width varies between 10 and 50cm, whereas the siphon length
varies between 100 and 3000m, for the selected range of asteroid radius and period. Table 3.3
shows the extractable mass and required siphon length for some candidate asteroids with radii
in a range between 246m and 858m. The extractable mass is in the range between 108 and
1011 kg, showing that in principle a large amount of mass can be lifted from asteroids using the
orbital siphon.

The mass rate ṁavg is an important design parameter and clearly depends upon the technol-
ogy of the mining units transferring material from the surface of the asteroid to the siphon and
the physical properties of the asteroid. The mass rates ṁavg represented in Fig. 3.13a appear quite
large when compared to mining rates suggested in the literature (e.g., Ref. [126] suggests mining
rates between 300 and 1000 kg/day). However it must be noted that these large mining rates are
associated with a complete siphon operation, with extracted mass between 107 and 1011 kg in
a time frame of 10 years, for the selected range of asteroid radius and period. Reference [143]
suggests a total mined mass during a single trip to an asteroid on the order of 5×105 kg, at least
two order of magnitude less than the maximum extractable mass for an asteroid with radius in
the range 50∼ 500 m.

Figure 3.14 shows how the extraction time t changes as a function of the extracted mass,
for a range of siphon linear densities µ and the associated average mass rate ṁavg required.
The radius and rotational period of the asteroid Bennu (see Table 3.3) are here chosen. The
extraction time required varies almost linearly with respect to the extracted mass (note that a
logarithmic scale is used on both axes), suggesting that for a given siphon linear density µ the
average mass flow rate is independent of the extracted mass. For example, with an average mass
rate of 1.26×10−2 kgs−1, 5×105 kg of asteroid material can be lifted in 1.24 years, or with an
average mass flow rate of 1.26×10−1, 5×105 kg of asteroid material can be lifted in just 46
days. Those mining rates are much smaller than that shown in Fig. 3.13a for complete siphon

4Data taken from https://ssd.jpl.nasa.gov, accessed on 23rd July 2020

https://ssd.jpl.nasa.gov


CHAPTER 3. THE ORBITAL SIPHON, ANALYTICAL MECHANICS 66

(a)

50 100 150 200 250 300 350 400 450 500

3

4

5

6

7

8

9

10

5

5

5

1
0

1
0

1
0

1
0

20

20

20

20

50

50

100

500

5
0
0

1000

1
0
0
0

1500

2000

3000

(b)

FIGURE 3.13: (a) Maximum extractable mass and average mass rate as a function of the as-
teroid radius and the asteroid period. (b) Siphon width and siphon length as a function of the
asteroid radius and period. In both cases an asteroid density ρ = 2000kgm−3 is assumed.
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FIGURE 3.14: Extraction time as a function of the extracted mass, for a range of siphon linear
density µ .

operation, and are closer to the mining rates suggested by Ref. [126].
However, when compared to lifting material using standard propulsion systems, the orbital

siphon concept becomes effective for a large quantity of mined mass to be lifted from the surface.
As an example, assuming the entire extractable mass ∆M of the first asteroid in Table 3.3 is sent
to escape, a propellant mass mprop = ∆M M f

1−M f
= 8.7×107 kg is required, where the propellant

mass fraction is M f = 1− e(−vesc/vexhaust) and vesc, vexhaust are the escape velocity and effective
exhaust velocity respectively (in this case it is assumed vexhaust = 4.2kms−1, as in Ref. [35]).
Then, the siphon becomes more efficient than the propulsion system when its mass msiphon is
less than mprop and, although an estimate of the siphon mass has not been provided here, it is
reasonable to assume msiphon << mprop.

It should be emphasized that the energy required to transport material from different regions
of the asteroid to the siphon base has not been considered here. Although this problem requires
detailed additional investigation, the energy requirements could be minimized if multiple orbital
siphons are envisaged, distributed along the equatorial region of the asteroid.

3.7 A speculative thought experiment: the fluid orbital siphon

Longsdon [74] envisioned an orbital siphon concept for fluids as a thought experiment, where
a pipe is used instead of a chain of masses, to raise sea water above synchronous Earth orbit.
Speculatively, he has shown that the water flux may drive turbines to generate power. Again of
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TABLE 3.3: Extractable mass and siphon length for some candidate asteroids (see footnote 4
on page 65). The extracted mass is calculated assuming an asteroid density ρ = 2000kgm−3.

Asteroid Radius Period ω̄ Extr. mass Siphon length
[m] [h] [kg] [m]

164121 (2003 YT1) 858 2.34 1.00 4.03×1011 357
185851 (2000 DP107) 432 2.78 0.99 3.63×1010 184
2102 Tantalus (1975 YA) 824 2.38 0.98 3.36×1011 384
7822 (1991 CS) 801 2.39 0.98 3.06×1011 378
66251 (1999 GJ2) 611 2.46 0.95 1.23×1011 341
387733 (2003 GS) 172 2.47 0.95 2.72×109 97
334673 (2003 AL18) 285 2.48 0.94 1.21×1010 166
7025 (1993 QA) 249 2.51 0.93 7.83×109 152
99907 (1989 VA) 700 2.51 0.93 1.72×1011 433
303174 (2004 FH11) 752 2.52 0.93 2.11×1011 473
162000 (1990 OS) 200 2.54 0.92 3.90×109 129
154029 (2002 CY46) 560 2.55 0.91 8.36×1010 372
7482 (1994 PC1) 526 2.60 0.90 6.57×1010 377
137062 (1998 WM) 632 2.58 0.90 1.17×1011 439
138127 (2000 EE14) 377 2.59 0.90 2.46×1010 264
141432 (2002 CQ11) 120 2.60 0.90 7.66×108 86
35107 (1991 VH) 464 2.62 0.89 4.40×1010 345
162483 (2000 PJ5) 453 2.64 0.88 4.00×1010 346
263976 (2009 KD5) 392 2.66 0.88 2.53×1010 309
88188 (2000 XH44) 686 2.69 0.87 1.31×1011 560
3671 Dionysus (1984 KD) 750 2.71 0.86 1.69×1011 625
5797 Bivoj (1980 AA) 200 2.71 0.86 3.20×109 167
209924 (2005 WS55) 930 2.73 0.86 3.15×1011 797
(2002 BM26) 420 2.70 0.86 2.98×1010 348
7889 (1994 LX) 840 2.74 0.85 2.28×1011 733
66391 Moshup (1999 KW4) 658 2.76 0.84 1.07×1011 592
5381 Sekhmet (1991 JY) 468 2.82 0.83 3.62×1010 450
85628 (1998 KV2) 388 2.82 0.83 2.06×1010 373
274138 (2008 FU6) 374 2.85 0.82 1.79×1010 371
388838 (2008 EZ5) 189 2.86 0.82 2.31×109 189
(2013 WT44) 326 2.88 0.81 1.16×1010 336
9856 (1991 EE) 500 3.04 0.77 3.59×1010 600
86819 (2000 GK137) 401 3.02 0.77 1.89×1010 472
162463 (2000 JH5) 524 3.02 0.77 4.21×1010 617
1862 Apollo (1932 HA) 750 3.06 0.76 1.19×1011 916
86829 (2000 GR146) 912 3.10 0.75 2.07×1011 1147
140158 (2001 SX169) 283 3.14 0.74 5.98×109 369
207945 (1991 JW) 212 3.15 0.74 2.48×109 277
345705 (2006 VB14) 203 3.20 0.73 2.10×109 278
68350 (2001 MK3) 897 3.27 0.71 1.71×1011 1292
152564 (1992 HF) 141 3.28 0.71 6.63×108 204
2340 Hathor (1976 UA) 150 3.35 0.70 7.53×108 228
101955 Bennu (1999 RQ36) 246 4.30 0.69 2.00×109 386
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FIGURE 3.15: A fluid orbital siphon anchored to Earth.

course speculatively, such a structure could also be used to offset the sea level rise due to melting
glaciers and ice sheets. A preliminary assessment of the scale of such infrastructure is provided
in this section and an application in the context of asteroid resource exploitation is discussed.

Assume a pipe with diameter dpipe stands vertically from a point on Earth equator to orbit as
represented in Fig. 3.15. Let A be a point on Earth at sea level far from the pipe inlet and B be a
point on the outlet. Assuming the pipe is filled with water and that the resulting flow is steady and
isoentropic (any turbulence or heat radiation is neglected), then the Bernoulli principle applies.
The sum of all forms of energy on a streamline is then conserved, in particular:

v2

2
+

p
ρW

+U = const (3.85)

where v is the velocity at a point on the streamline, p is the pressure, ρW is the water density
(here assumed equal to 1000kgm−3) and U is the effective potential (defined by Eq. (2.1)), in-
cluding the effect of gravity and centrifugal-induced force due to the Earth’s rotation. Assuming
a spherical Earth model:

U =−1
2

(
2π

TE

)2

r2− GME

r
(3.86)

where TE = 24h, GME = 3.986×1014 m3 s−2 are the Earth’s rotation period and gravitational
parameter respectively and r is the distance between a point on the streamline and the center of
the Earth. Note that a generalized version of the Bernoulli principle has been used, to include the
effects of the conservative gravitational field and centrifugal force [9]. Since A is far from the
pipe inlet, it can be assumed that the velocity of the water at this point is zero. Then, specifying
Eq. (3.85) between points A and B and solving for vB yields:

vB =

√
2GME

(
1
rB
− 1

rA

)
+

1
2

(
2π

TE

)2

(r2
B− r2

A)+
pA

ρW
(3.87)

where pA = 101325Pa is atmospheric pressure, pB = 0 and rA = RE = 6378km is the Earth’s
radius. If the pipe has constant cross section, for conservation of mass the water velocity is
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FIGURE 3.16: Velocity of the water as a function of the pipe length.
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FIGURE 3.17: (a) Required water velocity inside the pipe to counteract a sea level rise of 3.3
mm/year, as a function of the pipe diameter. (b) Required pipe length to achieve such velocities,
as a function of the pipe diameter.

the same throughout the pipe. Therefore, vB = vwater is the velocity of the water at any point
inside the pipe. To guarantee positive velocity, the term under square root must be positive. The
minimum pipe length Leq (the same symbol as the siphon equilibrium length is used for analogy)
to guarantee positive water velocity is Leq = 1442018.29km. This value is approximately 130m
smaller than the equilibrium length of a terrestrial space elevator or, equivalently, an orbital
siphon modelled as a continuous mass distribution (Eq. (3.18)). The small difference is due to
atmospheric pressure. Figure 3.16 shows the velocity of the water inside the pipe as a function
of the pipe length. For lengths above Leq, the water velocity rapidly increases.

In order to estimate the required pipe cross-section and water velocity to compensate for sea
level rise, assume for simplicity that the Earth is entirely covered by water. Let mwater be the
mass of water resulting from melting of a given amount of ice and ∆R the resulting sea level
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rise. Let R0 be the original sea level before the ice melting, measured with respect to the Earth’s
center. For simplicity assume R0 ≈ RE . Then:

mwater = ρW
4
3

π
(
R3

E − (RE −∆R)3) (3.88)

Assuming ∆R << RE , Eq. (3.88) can be approximated as

mwater = 4ρW πR2
E∆R (3.89)

Now, the flow rate of melting ice in unit time ∆t is:

ṁwater =
mwater

∆t
= 4πR2

EρṘsea level

(3.90)

The factor Ṙsea level = ∆R/∆t is the sea level rise per unit time. According to NASA, sea level is
rising at a rate of 3.3mm per year.5 The mass flow rate ṁpipe of water exiting from the pipe is:

mpipe = SvwaterρW (3.91)

where S = πd2
pipe/4 is the cross section of the pipe. Setting ṁwater = ṁpipe with Ṙsea level = 3.3

mm/year, the allowed combinations of pipe cross-sections and required velocities to compensate
for sea level rise can be found as:

Svwater = 4πR2
E Ṙsea level (3.92)

which is independent of the water density. Figure 3.17a shows the required water velocity as a
function of the pipe diameter. For a pipe diameter in the range between 1 and 100 m, the required
water velocity changes by four orders of magnitude, in the range between 10 and 104 m/s. Figure
3.17b shows the length of the siphon needed to achieve such velocity. It is interesting to note
that for pipe diameters larger than approximately 20m the required siphon length is independent
of the pipe cross section and equal to 144203km.

Figure 3.18 shows the variation of the pressure inside the pipe as a function of the altitude for
a pipe with length 144203km. The maximum pressure is reached at geosynchronous altitude and
it is approximately 5×1010 Pa. For reference, the strength σpipe required by a pipe with diameter
dpipe and thickness δ to withstand the pressure p can be found using Barlow’s formula [69]:

σpipe =
pdpipe

2δ
(3.93)

A 20-metre diameter pipe, with thickness of 1 m would require a strength of 50GPa. The

5https://climate.nasa.gov/vital-signs/sea-level/ Accessed on 22 November 2020

https://climate.nasa.gov/vital-signs/sea-level/
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FIGURE 3.18: Pressure of the water flowing inside the pipe, as a function of the altitude. A
pipe with length 144203 km is assumed.

strength of a carbon steel tube, commonly used for process piping, is three orders of magnitude
smaller, approximately 0.4GPa [130], suggesting that stronger materials are required. Carbon
nanotubes, proposed for the construction of space elevator, have a strength of approximately
1.3GPa [38]. In analogy with the space elevator design [102], the material strength requirements
may be reduced using a tapered pipe. In this case, carbon nanotubes may be a suitable choice for
the pipe material, although further analysis is required. Additionally, other phenomena not con-
sidered in this simple analysis should be included in future studies to verify the actual feasibility
of such a concept, such as cavitation, phase change, heat transfer, compressibility, supersonic
flow and anchoring.

3.7.1 Application to asteroids

It is instructive to analyse the same problem applied in the context of asteroid resource exploita-
tion. In this case the magnitude of the gravitational and centrifugal-induced forces involved is
much smaller than those for terrestrial applications, and therefore the required pipe length and
material strength are significantly reduced. Such a liquid orbital siphon could be used to trans-
fer liquids or propellant from the surface of the asteroid to a fuel depot or collecting spacecraft
docked at the upper end of the pipe. For example, taking the asteroid Bennu (details in Table
3.3), Fig. 3.19a shows the achievable mass flow rates of water that can be transferred from the
asteroid surface, as a function of the pipe diameter and its length, using the method outlined in
the previous section. The smaller length on the vertical axis is the minimum length required to
initialise a positive mass flow rate of fluid to orbit, in this case approximately 154m. It is also
assumed that the water is not initially pressurised (pA = 0). Mass flow rates on the order of tens
of kilograms per second can be achieved with pipe diameters in a range between 0.1m and 1m
and siphon lengths below 230m.
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(a) (b)

FIGURE 3.19: (a) Mass flow rate of water that can be lifted through a liquid siphon anchored at
Bennu, as a function of the pipe diameter and the pipe length. (b) Maximum pressure and water
velocity on the pipe as a function of the pipe length.

Figure 3.19b shows the maximum water pressure (achieved at synchronous orbit) and ve-
locity as a function of the pipe length. As expected, the required pressure is several orders of
magnitude smaller than that required for terrestrial applications, suggesting that application of
this concept to asteroids is more feasible. The velocity of the water is on the order of cm/s,
similar to the radial velocity of a discrete siphon (Sec. 3.6). Assuming Bennu contains ap-
proximately 8% water mass fraction (this is an estimate for C-class hydrated asteroids [113]), a
220-metre long pipe with a 0.9-metre diameter could raise processed water from the surface of
Bennu for approximately four years (the asteroid angular velocity variation due to siphon oper-
ation has been neglected here for simplicity) at a rate of approximately 50kgs−1 (Fig. 3.19a),
with maximum pipe pressure on the order of 4Pa (Fig. 3.19b). This suggests that conventional
pipe material may be used for asteroid applications.

Despite the significant simplifications used in this preliminary study, it is reasonable to con-
clude that liquid siphons may be a viable solution for transportation of fluid resources from the
asteroid surface, and therefore this analysis offers scope for further future investigation. How-
ever, further work such as thermal analysis would be required to ensure that the liquid does not
solidify during transfer. On the other side, it must be verified that the liquid pressure is large
enough to avoid vaporisation.



Chapter 4

Orbital siphon rotational dynamics and
material transfer to equilibrium points

4.1 Introduction

This chapter discusses the effects of the siphon equatorial oscillations due to the Coriolis forces
acting on the chain. Also, a collecting spacecraft connected at the top of the siphon is envisaged
to collect material resources lifted by the siphon. The asteroid is modelled as a rotating tri-axial
ellipsoid and the effects of the asteroid shape on the siphon dynamics are studied, by changing
the semi-major axes of the ellipsoid. Moreover, different anchor longitudes are considered.
Eventually, a method is proposed to exploit the equatorial Coriolis-induced oscillations of the
siphon to transfer payload masses from the collecting spacecraft to the stable equilibrium points
associated with the effective potential of the ellipsoidal asteroid, where a catcher would collect
the material.

4.2 Asteroid model

An asteroid of mass M is modelled as a triaxial ellipsoid with semi-major axes α ≥ β ≥ γ and
constant density ρ , rotating with constant angular velocity ω about the axis with largest inertia.
A co-rotating reference frame is defined such that the x-axis lies along the largest dimension
α , the y-axis lies along the intermediate dimension β and the z-axis lies along the smallest
dimension γ , parallel to the angular velocity vector. The asteroid gravitational parameter GM is
then defined as

GM =
4
3

πGραβγ (4.1)

Similar to chapter 3, a set of non-dimensional variables is used, indicated with an upper-bar
symbol. Distances are here scaled by the largest semimajor axis α (such that ᾱ = 1) and the

74
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time is scaled by ω
−1
crit , where

ωcrit =

√
GM
α3 (4.2)

The parameter ωcrit is defined in analogy with Eq. (3.4). It is effectively the square root of the
ratio between the centripetal acceleration and the gravitational acceleration acting on a particle
at the longest end of the ellipsoid, assuming that the entire mass of the asteroid is concentrated
at the origin. The mass scaling factor is chosen here as the mass on a payload of the siphon,
which will be defined later in Sec. 4.3.

The effective potential given by Eq. (2.1) combines the effects of the centrifugal-induced
potential and the gravitational acceleration for a rotating ellipsoid. In non dimensional-units, the
effective potential can be written as:

Ū =
1
2

ω̄
2(x̄2 + ȳ2 + z̄2)+V̄ (4.3)

being V̄ the non-dimensional gravitational potential:

V̄ =
3
4

∫
∞

κ

(
1− x̄2

1+ s
− ȳ2

β̄ 2 + s
− z̄2

γ̄2 + s

)
ds√

(1+ s)2 +(β̄ 2 + s)2 +(γ̄2 + s2)
(4.4)

Note that, by using non-dimensional coordinates, the effective potential Ū at any point at the
asteroid is completely defined by the three parameters β̄ , γ̄ and ω̄ .

4.3 Orbital Siphon model

Here, the orbital siphon is arranged as a chain of 2n masses, divided in a lifting-side (LS) and a
descending-side (DS), each one with n masses, as represented in Fig. 4.1. The former contains
bucket masses mb filled with payload masses mp to be lifted, whereas the latter contains the
empty buckets mb going back to the asteroid for refilling. Each bucket is connected to its two
neighbours with a tether, and two pulleys at the two endpoints (at the anchoring point and at the
top of the chain) connect the LS with the DS. The bucket chain slides without friction on a rigid
rod with length L, which allows rotation on the equatorial plane with respect to the fixed anchor
point A. At the top of the rigid rod a collecting spacecraft (CS), here modelled as point mass
Mcs, collects the payloads released by the LS. Note that the CS mass Mcs increases over time, as
more payloads are released.

It is assumed that all the payloads have constant mass mp. Therefore, an element on the LS
will have a mass mls = mb +mp whereas an element on the DS has mass mds = mb. Moreover,
it is assumed that the mass of the asteroid remains constant, implying that the removed mass is
small.

Some additional assumptions are made.
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FIGURE 4.1: Orbital siphon model. Rotations are measured positive in the counter-clockwise
direction.

1. Any friction due to the bucket-pulley interaction is neglected.

2. Other external perturbations (e.g., third-body perturbation, solar radiation pressure) are
not considered.

3. The dynamics is restricted to motion in the equatorial plane x− y.

4. The tethers connecting consecutive buckets are assumed massless and infinitely rigid, with
constant length l.

As a consequence of the last assumption, the entire LS and DS are effectively treated as rigid
bodies sliding on a rod and the overall dynamics of the siphon can be described via two gener-
alised coordinates: the rotation of the siphon θ and the distance h of the first bucket mass of the
LS from the anchor point. All rotations are assumed positive when measured from the x-axis in
the counter-clockwise direction.

4.3.1 Siphon radial force

The coordinates of the i-th mass (1≤ i≤ 2n) on the chain can now be written as

xi = rA cosφA +hi cos(φA +θ) (4.5a)

yi = rA sinφA +hi sin(φA +θ) (4.5b)
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where θ is the angle between the chain radial unit vector ûr and the line OA (see Fig. 4.1) while
rA and φA are the polar coordinates of the anchor point, related by the ellipse equation written
with respect to its centre:

rA =
β√√√√1−

[
1−
(

β

α

)2
]

cos2(φA)

. (4.6)

The parameter hi is the distance between the i-th bucket and the anchor point A, which can be
written as a function of h1, such that

hi =

h1 +(i−1)l, 1≤ i≤ n

L− (h1 +(i−1)l), n+1≤ i≤ 2n
(4.7)

where the first and second case corresponds to payload masses (PMs) on the LS and DS respec-
tively. The force fi acting on the i-th element of the chain in the radial direction ûr is given
by

fi =

 mls(∇U(hi) · ûr +hiθ̇
2 +2ωθ̇hi), 1≤ i≤ n

−mds(∇U(hi) · ûr +hiθ̇
2 +2ωθ̇hi), n+1≤ i≤ 2n

(4.8)

The internal tension forces are not explicitly listed here as they will vanish in a summation to be
performed later.

The first term of Eq. (4.8) (∇U(hi) · ûr) is the force associated to the gradient of the effective
potential U . The second (hiθ̇

2) and third (2ωθ̇hi) terms are due to the chain dynamics and are
non-zero if the chain is rotating with θ̇ 6= 0. In particular, the term hθ̇ 2 is the centrifugal-induced
acceleration due to the rotation of the siphon with angular velocity θ̇ , while the last term is the
Coriolis acceleration in the direction ûr, associated with the velocity θ̇h in the û⊥ direction.
Note that the contribution of the terms involving the chain angular velocity θ̇ is negative for
−2ω < θ̇ < 0, ∀ i ≤ 1 ≤ n. Therefore, if the chain is rotating in the clockwise direction with
angular velocities up to two times the angular velocity of the asteroid, then the chain rotation
induces a net radial force contribution opposite to ûr. The unit vectors ûr and û⊥ can be written
as a function of the anchor longitude and the chain angle as:

ûr =

{
cos(φA +θ)

sin(φA +θ)

}
(4.9a)

û⊥ =

{
−sin(φA +θ)

cos(φA +θ)

}
(4.9b)
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Then, the overall radial force acting on the chain can be written in non-dimensional form as

f̄ =
n

∑
i=1

[(
∇Ū(h̄i) · ûr + h̄i

˙̄
θ

2
+2ω̄

˙̄
θ h̄i

)]
+

−
2n

∑
i=n+1

[
D
(

∇Ū(h̄i) · ûr + h̄i
˙̄
θ

2
+2ω̄

˙̄
θ h̄i

)]
.

(4.10)

where the ratio between mds and mls has been defined with the symbol D due to its significance
in later analysis:

D =
mds

mls
=

1
1+ mp

mb

(4.11)

Note that D can be written as a function of the ratio between the payload mass and the bucket
mass and D ∈ [0,1]. When the siphon is loaded with small payload masses mp→ 0 then D→ 1
(see Eq. (4.11)) and the contribution of the DS on the radial force is maximum, whereas if the
mass of the payload is much larger than the mass of the bucket then D→ 0 and the DS effect on
f becomes negligible. In particular, if D = 1 and the LS and DS are aligned (this occurs when
h1 = l/2) then the radial force is zero, regardless of the other parameters. Note that in the siphon
model studied in this chapter the CS does not influence the radial force.

4.3.2 Siphon torque

While material is moving towards the CS, Coriolis forces due to the motion of the LS (DS) will
induce a clockwise (counter-clockwise) torque. The torque Ti due to the i-th element of the chain
with respect to the anchor point can be written as

Ti =

 mls
[
∇U(hi) · û⊥−2(ω + θ̇)ḣ1

]
hi, 1≤ i≤ n

mds
[
∇U(hi) · û⊥+2(ω + θ̇)ḣ1

]
hi, n+1≤ i≤ 2n

(4.12)

The first term ∇U(hi) · û⊥ is the contribution due to the gradient of the effective potential U in
the transversal direction û⊥. The second part 2(ω + θ̇)ḣ is the contribution due to the Coriolis
force in the direction û⊥ due to the motion of the chain (note that this contribution is opposite
between LS and DS, since the buckets are travelling in opposite directions in the two cases).

Similarly, the torque generated by the CS with respect to the anchor point is

Tcs = McsL∇U(L) · û⊥ (4.13)

where ∇U(L) is the gradient of the effective potential at the location of the CS. Then, the overall
torque T of the system chain and CS is the sum Tcs +∑

2n
i=1 Ti and can be expressed in non-
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dimensional form as:

T̄ = M̄csL̄∇Ū(L̄) · û⊥+
n

∑
i=1

[
∇Ū(hi) · û⊥−2(ω̄ + ˙̄

θ) ˙̄h1

]
h̄i+

+D
2n

∑
i=n+1

[
∇Ū(h̄i) · û⊥+2(ω̄ + ˙̄

θ) ˙̄h1

]
h̄i

(4.14)

Note that if ˙̄
θ > −ω̄ , the Coriolis torque (proportional to (ω̄ + ˙̄

θ) on Eq.(4.14)) is always neg-
ative (i.e., inducing a clockwise rotation, opposite to the asteroid rotation). The limiting case
˙̄
θ =−ω̄ corresponds to the scenario where the angular velocity of the siphon has the same mag-
nitude as the angular velocity of the asteroid however with opposite direction: in this case, the
global Coriolis torque vanishes.

4.3.3 Siphon dynamics

The overall siphon dynamics are then described by the combination of the translational chain
motion h1 and the rotation θ and can be written in non-dimensional form as:

n(1+D) ¨̄h1 = f̄ (4.15a)[
2n

∑
i=1

m̄ih̄2
i + M̄csL̄2

]
¨̄
θ = T̄ (4.15b)

where f̄ and T̄ are the radial force and torque on the siphon, given by Eqs. (4.10) and (4.14)
respectively. Note that the two equations of motion are coupled, where f̄ is a function of θ and
˙̄
θ , and T̄ a function of h̄1 and ˙̄h1. From now on, when the context is clear, the subscript 1 will
be omitted from the generalized coordinate h1.

Equations (4.15) are non-autonomous, non-linear and non-homogeneous differential equa-
tions and do not admit a closed-form solution. They can be numerically integrated from an initial
state

{
h(t0), ḣ(t0),θ(t0), θ̇(t0)

}
and an initial CS mass Mcs,0. Let

{
h(t1), ḣ(t1),θ(t1), θ̇(t1)

}
be

the state when h = l, i.e., when the top payload has reached the CS and a new empty bucket from
the DS has reached the anchor point. As in Chapter 3 it is assumed that the payload to be added
to the chain has zero velocity within the rotating frame. By modelling this event as an inelastic
collision, the new velocity of the chain ḣ after a new payload is added is given by ḣ(t1)(n−1)/n

(see Appendix E). Then, the new state after this event will be{
0,

n−1
n

ḣ(t1),θ(t1), θ̇(t1)
}

(4.16)

A new integration can then be performed with the updated velocity and CS mass Mcs(t1) =

Mcs(t0)+mp, and the process is iteratively repeated. Note that the translational degree of free-
dom h is bounded between 0 and l. As a compact notation, the subscript 0 will be used in the
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following sections to indicate a variable at the beginning of the simulation.

4.3.4 Siphon rotational damping

The siphon rotational dynamics, Eq. (4.15b), can be rearranged as:

I ¨̄
θ + c ˙̄

θ + k(θ) =−c (4.17)

where

I =
2n

∑
i=1

m̄ih̄2
i + M̄csL̄2 (4.18)

c = 2h̄1

(
n

∑
i=1

h̄i−
2n

∑
i=n+1

Dh̄i

)
(4.19)

k = T̄ +
n

∑
i=1

(
∇Ū(h̄i) · û⊥−2ω̄

˙̄h1

)
h̄i+ (4.20)

+
2n

∑
i=n+1

D
(

∇Ū(h̄i) · û⊥+ ω̄
˙̄h1

)
h̄i

The first and third terms on the left-hand side of Eq. (4.17) represent the inertia and the stiffness
of the siphon respectively, and they linearly increase with the CS mass Mcs. The second term,
c does not depend on the CS mass but on the current chain mass distribution and the chain
velocity θ̇ . Since 0 ≤ D < 1 by definition (Eq. (4.11)), the term within square brackets in
Eq. (4.19) is always positive, for any choice of n and L. Then, the sign of c depends on the
sign of the siphon radial velocity, which is positive if the orbital siphon effect is generated (i.e.,
f > 0, Eq. (4.10)). Therefore, the term c can be thought of as a damping term, responsible
for attenuation of the siphon oscillation and it is due to the Coriolis forces associated with
the rotation of the chain. This behaviour is typical of frictionless pendulums with a moving
mass (see, for example, Ref. [131]). Note that the term c also appears at the right-hand-side of
Eq. (4.17). Since c > 0, the term −c effectively represents a torque in the clockwise direction,
which induces the chain to rotate opposite to the direction of the asteroid rotation. Therefore,
the motion of the chain has a double effect on the system: (1) it attenuates the amplitude of the
siphon oscillation and (2) forces the siphon to rotate clockwise.

As more mass is delivered to the CS and Mcs � 0, the term c (not depending on Mcs) be-
comes negligible with respect to I and k, therefore it is expected that the damping is gradually
reduced over time. Although a formal stability analysis of the system is not performed here,
such qualitative comments will be helpful for interpretation of the numerical simulation results
presented in Sec. 4.5.



CHAPTER 4. SIPHON EQUATORIAL OSCILLATIONS 81

4.4 Approximations for a continuous chain

In the following sections a set of parameters are defined, where the LS and DS are approximated
with continuous mass distributions with linear densities µls = nmls/L and µds = nmds/L. In this
scenario, the parameter D can also be written as the ratio between the two densities µds/µls. It
will be shown that such approximations can be exploited to quickly analyse the effects of the
asteroid shape on the siphon dynamics.

4.4.1 Siphon equilibrium length

In analogy with Eq. (3.18), the siphon equilibrium length is defined as the length Leq such that
the overall radial force f is zero when the siphon orientation is fixed (θ̇ = 0) for continuous
mass distributions along the LS and DS. In such a scenario the radial force given by Eq. (4.10)
can be written as the integral

fcont = (µls−µds)
∫ L

0
∇U · ûrdχ (4.21)

where the discrete variable hi is replaced with χ , which varies continuously in the range [0,L]
and represents the distance of a generic point on the (continuous) chain with respect to the
anchor point. Then, Leq can be found by solving fcont = 0, i.e.,

∫ Leq

0
∇U(χ) · ûrdχ = 0. (4.22)

When L = Leq the gravitational and centrifugal-induced forces acting on the DS and LS balance,
removing any orbital siphon effect. In general, Eq. (4.22) does not admit a closed-form solution,
due to the integrals in ∇U , related to the gravitational component of the effective potential.
However, if β̄ = γ̄ = 1, and θ = 0 then Eq. (4.22) simplifies to Eq. (3.18) found in Chapter 3
for an orbital siphon anchored to a spherical asteroid. As in Chapter 3 it can be shown that if
L > Leq then f > 0 for any n≥ 2 (with h1 > l/2). Therefore, to guarantee the siphon effect, it is
necessary to ensure that L > Leq for the angle θ (or the range of angles) at which the siphon is
operating.

Figure 4.2 shows Leq for φA ∈ [0,2π] considering an asteroid rotational period of 5h, assum-
ing θ = 0,∀φA and β̄ = γ̄ = 0.5 (Fig. 4.2a), β̄ = γ̄ = 0.9 (Fig. 4.2b). If the top of the siphon is
contained within the shaded region then f < 0 and the siphon effect cannot be generated. Note
that the shaded region contains the EPs and the minimum length in the region φA ≈ π/2 is larger
than that for φA ≈ 0 when the asteroid is more prolate.

Figures 4.3a and 4.3b show the equilibrium length Leq as a function of the asteroid period
for anchoring longitude φA = 0 (a), φA = π/2 (b) and a range of β̄ assuming γ̄ = β̄ and the chain
normal to the surface (θ = 0) in both cases. As expected, the equilibrium length increases (al-
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FIGURE 4.2: Representation of Leq assuming θ = 0 (thicker line) for an asteroid with period
5h and β̄ = γ̄ = 0.5 (a), β̄ = γ̄ = 0.9 (b). To guarantee the orbital siphon effect the chain length
must extend beyond the shaded region. Center (C) and Saddle (S) equilibrium points are also
represented.

most linearly) with the asteroid rotational period. In fact, larger rotational periods will decrease
the effect of the centrifugal-induced acceleration in the effective potential, thus increasing the
altitude of the EPs and requiring longer chains for equilibrium. When the chain is anchored
at φA = π/2 the equilibrium length becomes longer, as shown in Fig. 4.2 (the difference with
respect to the case φA = 0 is more evident for more prolate ellipsoids). It can be shown that
when γ̄ < β̄ the equilibrium length decreases for a given period.

Figures 4.3c and 4.3d show the equilibrium length as a function of the chain angle θ for
anchoring longitude φA = 0 (left), φA = π/2 (right) and a range of β assuming again γ = β . It is
apparent that when θ 6= 0 the equilibrium length increases (the plot is the same for θ ∈ [0,−π/2]
due to symmetries and the case with φA = π and φA = 3π/2 would be equivalent to φA = 0
and φA = π/2 respectively). Larger (smaller) asteroid densities will also increase (reduce) the
magnitude of the gravitational acceleration thus increasing (reducing) the equilibrium length.

4.4.2 Siphon steady state velocity

The siphon steady state velocity vss is defined as the velocity of the chain when the time t→ ∞

for a given fixed θ , using a continuous mass distribution for the chain. From Eq. (3.41):

vss =

√
2W

1−
(n−1

n

)2 (4.23)
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FIGURE 4.3: (a), (b): Equilibrium length Leq as a function of the asteroid period for anchoring
longitude φA = 0 (a) and φA = π/2 (b) assuming θ = 0 in both cases. (c), (d): Equilibrium
length as a function of the chain angle θ for anchoring longitude φA = 0 (c) and φA = π/2 (d)
assuming θ = 0 and a rotation period of 5h.
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where W is the work per unit mass done by the gravitational and centrifugal-induced forces to
pull the chain up by the distance between two consecutive payload masses l:

W =
∫ l

0
a dl (4.24)

where a is the acceleration of the chain. For a continuous mass distribution n→∞, l→ L/n→ 0
and the work per unit mass becomes

W = a
L
n

(4.25)

where the acceleration can be written as

a =
fcont

(1+D)L
(4.26)

with fcont given by Eq. (4.21). Note that the denominator of Eq. (4.26) is the overall mass
of the siphon under the continuous mass distribution approximation, comprising the LS and
DS. Substituting Eq. (4.25) into Eq.(4.23) and calculating the limit for n→ ∞, the steady state
velocity can be written in non-dimensional form as:

v̄ss =

√
1−D
1+D

(∫ L

0
∇Ū(χ̄) · ûrdχ̄

)
(4.27)

When D = 1 (i.e., the LS is unloaded) it can be seen that vss = 0. Similarly, if the chain length

is equal to the equilibrium length then, by Eq. (4.22)
∫ L

0
∇U(χ) · ûrdχ = 0 and again vss = 0.

Conversely, when the ratio mp/mb � 1 (D→ 0) the chain velocity is maximum, for a given
asteroid, chain length, anchor longitude and angle θ . The terms including θ̇ do not appear in
Eq. (4.27) as the steady state velocity is defined for fixed θ . Note that the same result given by
Eq. (4.27) could have been obtained using Eq. (3.58), with µls +µds in the denominator to take
into account the combined mass of the LS and the DS.

It is instructive to simplify Eq. (4.27) in case of a spherical asteroid (β̄ = γ̄ = 1), which
admits the closed-form solution

v̄sphere
ss =

√
1−D
1+D

[
1
2

ω̄2(r̄2
L−1)− r̄L−1

r̄L

]
(4.28)

where r̄L =
√

1+ L̄2 +2L̄cosθ is the distance between the CS and the center of the asteroid.
Setting D = 0 and taking the chain normal to the asteroid surface (θ = 0), Eq. (4.28) reduces to
Eq. (3.43).
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TABLE 4.1: Baseline simulation parameters. All units are non-dimensional. The selected
siphon length corresponds to 1.5Leq. The parameter ω corresponds to an asteroid with density
ρ = 2500kgm−3 with rotation period of 5 h.

Asteroid
Angular velocity ω 0.84

Extent
β 0.5
γ 0.5

Siphon

Length L 0.96
Initial CS mass Mcs,0 100
Number of payloads 2n 70
Initial state

{
h0, ḣ0,θ0, θ̇0

}
{0,0,0,0}

DS to LS mass ratio D 0
Anchor longitude φA 0

4.4.3 Siphon equilibrium angle

This parameter is defined as the angle θeq such that the overall torque T with respect to the
anchor point is zero, when the chain is approximated with a continuous mass distribution and
ḣ = vss. As it will be shown in Sec. 4.5, θeq is an indicator of the average oscillation θ of the
siphon. From Eq. (4.14), substituting the sums with integrals, θeq can be found as the solution
of

L̄2

2
(D−1)v̄ss(θeq)+ L̄2M∗cs∇Ū(L̄) · û⊥+(1+D)

∫ L̄

0
∇Ū(χ̄) · û⊥χ̄dχ̄ = 0 (4.29)

where v̄ss(θeq) is the steady state velocity calculated at the equilibrium angle. Here M∗cs is the
mass of the CS scaled with respect to the total mass on the LS of the siphon.

4.5 Results

In this section the orbital siphon dynamics (Eqs. (4.15)) are integrated for a given choice of
asteroid and siphon parameters. Unless explicitly specified in the text, the baseline simulation
parameters are listed in Table 4.1. Whenever the context is clear the upper-bar notation is re-
moved from non-dimensional variables.

Figure 4.4 shows the angle θ (Fig. 4.4a), siphon angular velocity θ̇ (Fig. 4.4b), chain velocity
ḣ (Fig. 4.4c) and CS mass Mcs (Fig. 4.4d) as a function of time for two different initial states:{

h0, ḣ0,θ0, θ̇0
}
= {0,0,0,0} (case A) and

{
h0, ḣ0,θ0, θ̇0

}
=
{

0,vss,θeq,0
}

(case B). In case A,
the siphon is initially aligned with the local vertical and is at rest. In case B, the siphon is
initialized at its equilibrium angle θeq for the initial CS mass Mcs,0, and its initial velocity ḣ0 is
the steady state velocity at θeq. Figures 4.4a and 4.4c also show the equilibrium angle θeq (blue,
dashed line) for the current CS mass at time t and the steady state velocity vss respectively. Some
relevant information can be inferred:

1. The siphon exhibits a damped oscillatory behaviour. In both cases, the siphon angle θ
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FIGURE 4.4: Siphon angle θ (a), non-dimensional siphon angular velocity θ̇ (b), non-
dimensional chain velocity ḣ (c) and non-dimensional CS mass Mcs, (d), as a function of time.
The blue dotted curve in Figs. 4.4a and 4.4c represent the instantaneous equilibrium angle
(Eq. 4.29) and the steady state velocity (Eq. (4.27)) respectively. The time is in non-dimensional
units, with scale factor ω

−1
crit .



CHAPTER 4. SIPHON EQUATORIAL OSCILLATIONS 87

(a) (b)

FIGURE 4.5: Siphon trajectories in the phase space (θ , θ̇) for a 33-day simulation, for different
initial conditions,

{
h0, ḣ0,θ0, θ̇0

}
= {0,0,0,0} (a) and

{
h0, ḣ0,θ0, θ̇0

}
=
{

0,vss,θeq,0
}

(b). The
insets are close-up views near (θ , θ̇)≈ (0,0).

oscillates about the equilibrium angle θeq, and θeq→ 0, as t → ∞. The amplitude of the
oscillations is smaller if the siphon is initialised at the equilibrium angle (case B).

2. The period of the oscillations is comparable with the asteroid period.

3. The chain velocity changes at two different frequencies (see Fig. 4.4c): a lower frequency
is associated with the variation of the siphon angle θ (which regulates the magnitude of
the net radial force on the chain) while the higher frequency is due to the bucket refilling.
Note that at each bucket refilling, the chain velocity changes according to Eq. (4.16). In
the long term, the chain velocity does not diverge but oscillates about an average value
which is well approximated by vss.

4. The CS mass varies almost linearly over time and it is slightly larger in case B due to the
larger velocity of the chain at the beginning of the simulation.

As anticipated in Sec. 4.3.4, the damping effect is progressively reduced as the mass of the CS
increases and the siphon exhibits stable oscillations about θeq. Figure 4.5 shows the results of a
longer simulation (33 days) in the phase space (θ , θ̇) for case A (4.5a) and B (4.5b). The initial
state at t = 0 is marked with a cross. As expected, the equilibrium of the system gradually shifts
towards (θ , θ̇) = (0,0) and the damping effect is progressively reduced over time.

Figure 4.6 shows the siphon angle (a) and velocity (b) if material is released at the top of
the siphon, rather than being collected at the CS. In this case, the CS mass remains constant and
therefore the CS torque does not increase with Mcs as in the previous case. Again, the siphon
oscillates about the equilibrium angle with period comparable to the asteroid period, however,
in this case the equilibrium angle θeq does not decrease to 0 as t → ∞. The initial amplitude
of the oscillation is significantly reduced when the siphon is initialized at the equilibrium angle
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FIGURE 4.6: Siphon angle θ (a) and chain velocity ḣ (b) as a function of time assuming material
is not collected at the CS but released to escape.
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FIGURE 4.7: Siphon angle θ (a) and chain velocity ḣ (b) as a function of time for different CS
mass at t = 0, Mcs,0 = 0, Mcs,0 = 100, Mcs,0 = 1000.

θ = θeq. In the long term, the chain angle θ reaches the asymptotic value θeq < 0. The steady
state velocity is slightly smaller than the case represented in Fig. 4.4c: in fact, the siphon force is
smaller if the chain is not aligned with the local vertical, and therefore vl is reduced (Eq. (3.58)).

Figure 4.7 shows the siphon angle and chain velocity as a function of time for variable initial
CS masses Mcs,0. The initial CS mass influences the amplitude of the oscillations, in particular,
the initial overshoot. As the initial CS mass increases, the Coriolis torque becomes negligible
with respect to the centrifugal-induced torque caused by the CS, thus reducing the magnitude of
θ .

Figure 4.8 shows the siphon angle and chain velocity as a function of time for variable
mass ratios D. The mass ratio D mainly affects the chain velocity. As D increases, the ratio
between the mass of the payloads and the mass of the buckets decreases as dictated by Eq. (4.11),
thus reducing the radial force on the chain (Eq. (4.10)), eventually reducing its velocity. As a
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FIGURE 4.8: Siphon angle θ (a) and chain velocity ḣ (b) as a function of time for D = 0,
D = 0.2 and D = 0.5.

0 10 20 30 40 50

-30

-25

-20

-15

-10

-5

0

5

(a)

0 10 20 30 40 50

0

0.1

0.2

0.3

0.4

0.5

0.6

(b)

FIGURE 4.9: Siphon angle θ (a) and chain velocity ḣ (b) as a function of time for n = 20,
n = 50 and n = 80.

consequence, also the steady state velocity decreases, as predicted by Eq. (4.27).
Figure 4.9 shows the siphon angle and chain velocity as a function of time for n = 20,

n = 50 and n = 80. The number of payloads affects the magnitude of the Coriolis torque on
the chain: more payloads on the chain will lead to larger oscillations. The chain velocity is
almost unaffected even though as n increases the variation of ḣ between consecutive bucket-
refilling events slightly decreases (Fig. 4.9b): in fact, by increasing n with a fixed chain length,
the distance l between consecutive buckets decreases and therefore the frequency of payload
refilling increases.

Figure 4.10 shows the siphon angle and chain velocity as a function of time for the two
siphon lengths L = 1.2Leq and L = 1.7Leq. A larger chain length will cause a larger radial
velocity. Note that, although the oscillations have slight different phases, the period of the
oscillations does not vary significantly between the two cases.
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FIGURE 4.10: Siphon angle θ (a) and chain velocity ḣ (b) as a function of time for L = 1.2Leq
and L = 1.7Leq.

It has been noted that the parameters θeq and vss are good approximations of the siphon
angle and the chain velocity at steady state. Moreover, the CS mass varies almost linearly with
time. Therefore, it is instructive to investigate how the equilibrium angle and chain velocity
vary as a function of the CS mass Mcs, by varying other parameters such as the asteroid shape
and the anchor longitude. Figure 4.11 illustrates the variation of θeq and vss as a function of the
CS mass for a range of chain lengths L and anchor longitudes (φA = 0, φA = π/4, φA = π/2),
taking an asteroid with β = γ = 0.3 and other parameters as indicated in Table 4.1. Figure 4.12,
shows the same parameters, with β = γ = 0.8. The siphon length is here chosen as a function of
the minimum siphon length Leq, calculated for θ = 0 (1.1Leq (black curve), 1.5Leq (dashed red
curve) and 2.5Leq (dotted blue curve)). To guarantee impact avoidance with the surface of the
asteroid, the equilibrium angle θeq cannot exceed the threshold angle θlim, which depends on the
anchor location and β . The parameter θlim is defined as the angle between OA and the tangent to
the anchor point in the equatorial plane, in the direction shown in Fig. 4.13 (the complementary
angle to θlim is not considered, since the siphon will rotate clockwise due to the Coriolis torque).
For a siphon anchored at the longest or shortest equatorial end, θlim =−π/2 independent of β ,
whereas for φA = π/4, θlim ≈ −50deg when β = 0.3 and θlim ≈ −70deg when β = 0.8. In
all the cases represented, the equilibrium angle decreases as the CS mass increases and vss is
constant when the ratio M∗cs between the CS mass and the LS of the siphon is larger than 102.
In particular, for φA = 0 or φA = π/2, θeq → 0 as the CS mass increases, and this holds for
any L > Leq and does not depend on the asteroid shape. Note that at these anchor locations,
the direction θ = 0 corresponds to the local vertical. Conversely, the effect of the asteroid shape
influences θeq for intermediate anchor locations: the equilibrium angle for large values of the CS
mass decreases for prolate bodies and this effect is enhanced if the siphon length is close to the
equilibrium length (see Figs. 4.11c and 4.12d). The equilibrium angle is not defined for some
small values of M∗cs. In these cases, the siphon might exceed θlim during the initial overshoot and
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FIGURE 4.11: Equilibrium angle θeq as a function of the CS mass M∗cs, for a range of anchor
longitudes and β = γ = 0.3.
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FIGURE 4.12: Equilibrium angle θeq as a function of the CS mass M∗cs, for a range of anchor
longitudes and β = γ = 0.8.
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FIGURE 4.13: Maximum siphon angle θlim.

impact onto the asteroid surface. For longer chains, a larger initial CS mass is required to ensure
|θeq| ≤ |θlim|. Therefore, for a given initial CS mass the siphon cannot be arbitrarily long: it is
possible to define an upper bound on the siphon length that guarantees impact avoidance with
the surface. Note that a lower bound also exists, to ensure that L > Leq.

In summary, the following remarks can be made:

• An orbital siphon effect is generated if the mass on the LS is larger than the mass of the
DS (i.e., when D < 1): the buckets on the LS are therefore pulled towards the CS while
buckets on the DS cycle back to the anchor for refilling.

• The minimum siphon length required to generate the siphon effect depends on the anchor
location. Smaller chains can be used when the siphon is anchored at the longest equatorial
end.

• The orbital siphon effect introduces torques with respect to the anchor point, inducing
damped oscillation of the chain. In the long term the equilibrium angle approaches the
local vertical (for chains anchored at the longest or shortest equatorial end).

• As for a non-rotating siphon (Chapter 3), the radial velocity of the chain does not diverge,
although a positive force is always acting on the LS. This is due to conservation of linear
momentum during the bucket refilling process.

• The behaviour of the discrete chain can be approximated by a continuous mass distribu-
tion. This allows an estimation of the equilibrium angle and the chain radial velocity as
a function of the CS mass and asteroid shape. The equilibrium angle approaches a con-
stant value when the mass of the CS is large. In particular, if the siphon is anchored at
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the longest or smallest equatorial end, the siphon tends to align with the local vertical.
However, if material is released to orbit or escape rather than being collected to the CS,
the equilibrium angle is negative, although the oscillation are still damped.

• Similarly to the results obtained in Chapter 3, by increasing the siphon length, the radial
velocity of the chain increases and therefore the rate of payload material released to the CS
also increases. As expected, larger chain velocities are achieved when the ratio D→ 0, i.e.,
when the mass of the buckets becomes negligible with respect to the mass of the payloads.
In dimensional units, for siphon lengths comparable with the asteroid largest semi-major
axis, the chain velocity is on the order of centimetres per second. For example, taking the
asteroid Bennu (details in Table 2.1), a siphon with length L = 0.6α has a radial velocity
of approximately 2.5cms−1.

4.6 Transfers to equilibrium points

It has been shown that as the siphon delivers material to the CS it will eventually reach a condi-
tion of stable oscillation and the velocity of the chain does not diverge. Due to the requirement
L > Leq a released mass cannot intersect either the asteroid or any EP, and will eventually escape
from the asteroid. This is a useful scenario if the material has to be sent to a higher energy orbit
or to escape.

The existence of equilibrium points, however, offers scope for further analysis. It has been
shown in Sec. 2.4 that if the period of the asteroid is above a critical value depending on its
shape, the CEPs are stable. Under such conditions, these points could be used in principle as
gravitational depots for material. Taking advantage of these equilibria may therefore be useful
in a large-scale mining scenario. For example, CEPs might host an orbiting catcher, receiving
material from the siphon, for temporary storage or further processing.

Transfer of material to EPs may also be beneficial if the mined asteroid is a rubble pile with
low cohesive strength [117], thus reducing the anchor force required to hold the orbital siphon
to the asteroid surface. A conservative estimate of the required anchor force, assuming the CS
mass Mcs is much larger than the mass of the siphon, is Mcsω

2(α + L), i.e., the centrifugal-
induced force acting on the CS, for anchoring at the longest equatorial end (φA = 0) and θ = 0.
For example, for a siphon with length L = Leq anchored at the asteroid Bennu (Table 2.1), the
anchor force (in Newtons) scales as 10−6Mcs. Achievable anchor forces on rubble piles are on
the order of 10N for cohesion levels of 10Pa [87]. In a large-scale mining scenario, where the
processed mass is larger than 103 tonnes, the required force to keep this mass at the CS would be
on the order of 102 N, hence one order of magnitude larger then the value suggested in Ref. [87].

A possible mechanism to deliver material to the CEPs is by employing a mass driver from
the surface. Although the energy requirements are expected to be very small (due to the low-
gravity on a typical near-Earth asteroid) it will be shown that the orbital siphon mechanism can
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offer in principle a more energy efficient way to deliver payloads to the CEPs.
As an example, the analysis proposed in the following sections is referred to the asteroid

Bennu (Table 2.1) which has stable CEPs under the triaxial ellipsoid model.

4.6.1 Material transfer from the surface to a stable CEP

The minimum amount of energy required to send material to any location around an asteroid
from a given position at the surface can be derived analytically. In particular, let E0 be the total
energy per unit mass at the initial location of the material and let Ec be the energy per unit mass
at the CEPs (note that the two CEPs have the same energy due to symmetry in the ellipsoid
model). If a change in velocity ∆v is applied at the initial point then, in order to intersect the
CEP, the energy of the transfer trajectory should satisfy

E0 +
1
2

∆v2 ≥ Ec (4.30)

If Eq. (4.30) is not satisfied, then the position of the CEPs would be inside the forbidden region
associated with the zero velocity curve of the transfer trajectory. Using dimensional units applied
to the asteroid Bennu, a transfer from the longest end of the ellipsoid to the CEP requires ∆v≥
6.1cms−1, whereas a transfer from the shortest end to the CEP requires ∆v > 5.9cms−1. Let
∆vmin

direct = 5.9cms−1 be the minimum of these two values, which will be used in later analysis.
Figure 4.14 shows an example of such trajectory in the asteroid rotating frame, for several

departure longitudes. The trajectories are obtained by solving a boundary value problem (with
constraints on the initial and final position) and controlling the initial ∆v at the departure on
the surface. Here, ∆v1 represents the change in velocity required to insert the particle into the
trajectory, whereas ∆v2 is the change in velocity required to stop the particle at the equilibrium
point.

4.6.2 Exploiting siphon dynamics to transfer material to a stable CEP

The proposed strategy is now to exploit the siphon dynamics to induce oscillations to the chain in
order to increase the energy of the CS and make the CEP accessible, using a swing-and-release
technique.

A possible method to avoid the intrinsic damping observed in Sec. 4.5 is to stop the chain
during the counter-clockwise rotation of the siphon, to avoid the Coriolis torque which would
reduce the oscillation amplitude. In particular, for a siphon anchored at φA = 0 with θ0 = 0:

1. While the LS delivers material to the CS, the Coriolis torque will induce a clockwise
rotation (θ̇ < 0).

2. When θ̇ = 0 the chain is stopped, so ḣ = 0.
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FIGURE 4.14: Example of low-∆v transfer trajectories with a range of time of flight (TOF)
from the surface of the asteroid Bennu to one of the two CEPs.

3. As no Coriolis torque is now acting on the siphon (due to the braked chain), the siphon
operates like a standard undamped pendulum, reaching θ̇ = 0, without reducing the oscil-
lation amplitude.

4. When θ̇ = 0 the chain brake is now released an the process repeated.

The maximum velocity which can be reached by the CS depends on the maximum amplitude
of the chain θmax and on the length of the chain L. The maximum amplitude θmax must guar-
antee L > Leq(θmax) where Leq(θmax) is the equilibrium length calculated at θ = θmax. In any
case, θmax < π/2 is necessary to avoid contact between the siphon and the asteroid surface. The
length L is chosen such that, when θ = 0, the CS velocity vector is tangent to a periodic orbit
(PO) passing in close proximity to the CEPs. The PO is selected from the family displayed in
Fig. 4.15a. These orbits are direct POs generated using standard differential correction algo-
rithms. Suitable initial conditions were found via Ref. [120] and a continuation method was
used to extend the family. Figure 4.15a shows some of the POs passing in close proximity to the
CEPs. The orbits of this family are particularly interesting as they cross the x-axis with ẏ = 0,
and therefore they match the velocity direction of the CS when θ = 0. In particular, the trajec-
tory represented in red, intersects both CEPs. This PO, with a period of 12.62h, is selected as
a candidate transfer trajectory which will deliver material from the CS to one of the two CEPs,
where an orbiting catcher is envisaged to capture the transferred material. It can be shown,
using the stability index method explained in Ref. [55], that this periodic orbit is stable. The
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(a) (b)

FIGURE 4.15: (a): Family of periodic orbits around Bennu. The trajectory intersecting the two
CEPs is marked in red. (b): Velocity of the periodic orbit intersecting the CEPs. Lower value of
the velocity are reached at the intersection with the CEPs.

velocity of this PO as a function of time is represented in Fig. 4.15b using dimensional units.
The maximum velocity vpo = 13.8cms−1 is reached at the crossing with the x-axis, whereas the
lowest velocity is reached at the intersection with the two CEPs. The selected PO crosses the
x-axis at x̄ = 2.02 and therefore, with the siphon anchored at φA = 0, the siphon length must be
L̄ = 2.02−1 = 1.02, i.e., L = 288m. The maximum angle θmax which guarantees L > Leq(θmax)

is θmax = 80.3deg.
Figure 4.16 shows the chain angle (a), CS velocity magnitude (b) and CS mass (c) as a

function of time, during the angular acceleration of the siphon using the sequence described
above, assuming n = 40, M̄cs,0 = 50 and D = 0. The braking phases are plotted with a red line.
It takes approximately 175h to reach the maximum amplitude θmax and the CS mass at this
point is M̄cs, f = 1937. In such conditions, the maximum velocity reached by the CS at θ = 0 is
vmax

cs = 12.2cms−1. Note that variations of the initial CS mass (that depends on the volume of
material the CS can host, the mass of the processing units and other sub-systems) will clearly
affect M̄cs, f and the time required to reach θmax. In particular, larger Mcs,0 will lead to a larger
final mass and longer time to reach the maximum amplitude.

Once θmax is reached, two different methods are proposed to deliver material to one of the
two stable CEPs. In the first scenario, the entire CS is released from the siphon and inserted
into the PO intersecting the CEPs (Fig. 4.17a), whereas in the second scenario the CS remains
attached to the chain and sub-units of payload material are inserted into the PO intersecting the
CEPs (Fig. 4.17b).

Scenario 1 The entire CS is released from the siphon and inserted into the PO by applying a
small ∆v = vpo−vmax

cs = 1.6cms−1. The CS will then release the material to a catcher located at
one of the two CEPs while the siphon oscillation is reduced through a dissipation mechanism at
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FIGURE 4.16: Chain angle (a), CS velocity (b) and CS mass (c) as a function of time during
the acceleration process. The red lines represent the braking phases, when ḣ = 0.
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FIGURE 4.17: Two proposed release scenarios to transfer payload material from the siphon
to the CEP. (a): the entire CS is released from the siphon once the maximum CS velocity vmax

cs
is reached. (b): a payload unit is released from the CS, while the CS remains attached to the
siphon.

the anchor. After one period of the PO, the CS will dock with the siphon, transferring its angular
momentum and thus inducing a rotation on the siphon. Assuming a perfectly inelastic impact,
the siphon angular velocity θ̇ after docking will be

θ̇ =
Mcs,0Lvpo

∑
2n
i=1 mis2

i +Mcs,0L2
(4.31)

The delivery of payloads to the CS then restarts, until M f is reached again and the process
continues. Note that, due to θ̇ 6= 0 after the CS docking, the time to reach θmax will be shorter
in this phase.

The overall outcome of this process is the periodic transfer of material from the asteroid
surface to a CEP with ∆v < ∆vmin

direct .

Scenario 2 In this scenario, the material collected is organized into sub-units with mass δm,
then accelerated by the CS through a spring system or a linear actuator to reach vpo. When a
single unit δm is released, the siphon angular velocity decreases to conserve the overall angular
momentum: (

2n

∑
i=1

mis2
i +McsL2

)
θ̇1 =

(
2n

∑
i=1

mis2
i +(Mcs−δm)L2

)
θ̇2 +LδMcsvpo (4.32)

where θ̇1 and θ̇2 are the siphon angular velocities before and after the ∆v. If δm << Mcs and
the inertia of the chain is much smaller than the inertia of the CS (which is true at the end of the
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acceleration process) then

θ̇2 ≈ θ̇1

[
1− δm

Mcs

∆v/L
θ̇1

]
. (4.33)

If the chain is stopped while the masses δm are inserted into the PO, the angular velocity of the
chain would decrease at each unit release according to Eq. (4.33) (since the CS mass Mcs would
decrease). This problem can be circumvented by continuously delivering mass to the CS (using
the same sequence described at the beginning of this section) while releasing units δm after each
period of oscillation of the siphon. Nonetheless, since it is not possible to tune δm such that the
rate of incoming/outcoming mass to/from the CS is the same, part of the material delivered to
the CS has to be sent to escape, in order to keep the CS mass constant.

Using Eq. (4.32) coupled with the siphon equations of motion (4.15) it can be shown that
δm = 1.65 units of mass can be transferred to the CEP every 6.4h at the cost of 56 units of mass
released to escape in the same amount of time, while keeping ∆v < ∆vmin

direct .
The large ratio between the escape mass and the released mass in the second scenario makes

such solution less viable than the first one. However, a combination between the two methods
can be used. Whenever a large fraction of material has to be delivered to the CEPs for storing,
the method described in Scenario 1 is used. Conversely, if a large fraction of material has
to be released to escape (e.g., waste) the double release sequence described in Scenario 2 is
used. Although both methods pose a number of undoubtedly challenging engineering issues
that should be further discussed and the effects of additional perturbations (e.g., solar radiation
pressure) should be included in the future models, this preliminary study has shown that the
siphon dynamics can be leveraged to deliver resource payloads to the stable equilibrium points
with a smaller ∆v than direct transfer from the asteroid surface using mass drivers, which can be
beneficial in a large-scale mining scenario.

4.6.3 Transfers to retrograde orbits

It was noted in Sect 2.4 that fast rotators are characterised by unstable CEPs. In this case,
material transfer to CEPs would not be effective, since small perturbations, for example due to
solar radiation pressure, will cause the material to migrate from the equilibrium point towards
the asteroid or to escape. Moreover, when considering more complex asteroid shape models,
the stability of the centres might be very sensitive to small variations in the asteroid gravity field
and shape [122]. A different strategy for material transfer into orbit can be envisaged if CEPs
are unstable, taking advantage of retrograde periodic orbits. Retrograde orbits rotate opposite to
the asteroid (with respect to inertial space) and they are generally more stable than direct orbits
or EPs [120].

In this case, the orbiting catcher would be placed on a stable retrograde orbit intersecting the
CS when θ = 0, and material is periodically transferred from the CS to the orbiting catcher, each
time the catcher completes one revolution around the asteroid (or at multiples of the revolution
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FIGURE 4.18: (a) Stable periodic retrograde orbits around Bennu. (b) Velocity profile for the
periodic orbit displayed in red. The largest velocity is achieved at the intersection with the x
axis.

period).
For simplicity, an example referred to retrograde orbits around Bennu is proposed here,

however this method can be easily extended to other asteroids with unstable CEPs. Figure 4.18a
shows a family of retrograde periodic orbits around Bennu. A lower bound on the minimum
orbit altitude can be defined to ensure that a siphon with L > Leq can reach the orbit. In principle
any stable orbit in the family above such minimum altitude can then be selected as the nominal
catcher orbit, even though higher orbits will have a larger relative velocity with respect to the
asteroid, thus increasing the required energy for transfer to the catcher. Take, for example, the
red orbit in Fig. (4.18a) that intersects the x-axis at the same point as the direct orbit used in the
previous section, for transfers to CEPs. Figure 4.18b shows the velocity of the red periodic orbit
over one period. At the intersection with the x-axis, the velocity is approximately 34cms−1,
more than two times larger than the velocity of the direct orbit in Fig. 4.15a passing through
the same point. However, using the same swing-and-release technique described in the previous
section, an additional ∆v ≈ 21cms−1 is required to match with the velocity of the catcher at
the intersection with the x-axis. In comparison, the minimum ∆v for insertion into the same
periodic orbit from the asteroid surface (calculated using Eq. (4.30)) is approximately 32cms−1,
suggesting that, even in this case, the siphon might reduce the overall ∆v requirements in a large-
scale mining scenario.



Chapter 5

Dynamics of a non-rigid orbital siphon
anchored at a near-Earth asteroid

5.1 Introduction

This chapter studies an extension of the siphon model presented in Chapter 4. In particular,
the siphon is modelled as a non-rigid chain of buckets, with consecutive buckets linked by
spring-dashpot connections (rather than rigid tethers) without a support structure and the siphon
dynamics is extended to three-dimensional space. It is shown that, even without a rigid support
structure, the orbital siphon effect is still generated, and the dynamics is similar to that described
in the previous chapter. Moreover, the gravity field of the asteroid is modelled using a potential
closed-form solution for arbitrary constant density triangular-faced polyhedra, for two candidate
near-Earth asteroids. As in the previous chapter, a spacecraft is connected to the top of the
siphon, collecting the material released by the buckets and its effect is included in the dynamics.
The siphon behaviour is studied with both a fixed and moving anchor. In the second case,
the base of the siphon moves on the asteroid surface with constant velocity. This allows the
mining location to be moved without interrupting the flow of material being delivered to the
collecting spacecraft. Eventually, preliminary granular dynamics simulations are performed to
investigate the behaviour of the material upon release to the collecting spacecraft. In particular,
it is proposed to exploit the centrifugal-induced force at the collecting spacecraft as a driving
force to sort asteroid material by grain size.

5.2 Dynamical model

In the scenario presented in this chapter the chain of masses is designed similar to a bucket con-
veyor (see Fig. 5.1), with consecutive buckets connected to neighbouring buckets via massless
elastic tethers with axial Young modulus E, constant cross section S, viscosity coefficient C and
unstrained length l. The siphon length L is defined here as half the unstrained length of the

102
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chain loop, i.e., L = nl/2. Buckets on the lifting side (LS) are filled with payload masses mp,
i.e., raw material mined from the asteroid. The descending side (DS) of the siphon hosts empty
buckets, returning to the asteroid surface for refilling, after having released their payload mass
to the CS, which is physically connected to the siphon through a pulley. Another pulley at the
anchor ensures continuous cycling of the buckets. It is assumed that the pulley size is much

FIGURE 5.1: Dynamical model of an orbital siphon anchored to a rotating asteroid. For clarity
the siphon is represented on the asteroid x− y plane.

smaller than L and their mass is neglected in this model. This choice offers significant savings
in computational time with respect to a finite-size pulley. In fact, a finite-size pulley would re-
quire modeling of the tether with intermediate nodes, separated by a distance smaller then the
diameter of the pulley itself, thus considerably increasing the number of degrees of freedom of
the system. Any friction between the tether and the pulley is neglected.

When a bucket reaches the anchor pulley, it is refilled with a new payload. In Chapters 3 and
4 this event was modelled as an inelastic impact, resulting in a discontinuous velocity change of
the system (note that the "waiting" payload is at rest with respect to the siphon, in the asteroid
reference frame). This choice may cause numerical instabilities in this model. Hence, the bucket
refilling is modelled using a spring-dashpot connection between the bucket and the new payload.
Then, the first bucket mass on the LS and the corresponding payload mass are considered as
separate point masses, with position vectors r1 and rp1 respectively, connected via a spring with
stiffness k and damping constant c. Once the bucket reaches a sufficient altitude, the payload is
then attached to the bucket. Here, it is chosen to attach the payload to the bucket when another
bucket reaches the anchor. For all the other buckets on the LS, the mass of the payloads is simply
summed to that of the bucket, without considering two separate masses.

It is assumed that the size of the CS is small with respect to the distance between the anchor
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and the CS centre-of-mass. For this reason, the CS is also modelled as a point mass, located in
the same position as the upper pulley. Although this choice does not allow a model of the CS
attitude, this approximation permits the effect of the CS mass variation (increasing over time, as
more payload masses are released) to be included into the siphon dynamics.

Let xyz be the asteroid rotating frame centred on the asteroid centre-of-mass with the x, y

and z axes corresponding to the principal axis of smallest, intermediate and largest inertia. Let
ri be the position vector from the origin to the i-th bucket of the chain. The equation of motion
of the i-th bucket is then

r̈i +2ωωω× ṙi +ωωω× (ωωω× ri) = ∇V (ri)+ fi
tether/mi (5.1)

where fi
tether is the total force generated by the two tethers connected to the i-th bucket. In this

chapter the asteroid is modelled as triangular-faced polyhedron and, therefore the gravitational
potential in given by Eq. (2.20). The term mi is the mass of the buckets, including the payload
mass if the bucket is travelling on the LS. Note that the acceleration of the asteroid centre-of-
mass due to the asteroid orbit is neglected in Eq. (5.1).

The potential V can be amended to include the centrifugal potential (Eq. (2.1)) such that the
equations of motion reduce to

r̈i +2ωωω× ṙi = ∇U(ri)+ fi
tether. (5.2)

By extension, the equations of motion of the entire dynamical system, including the CS and
the payload mass mp1 attached to the bucket closest to the anchor are

r̈i +2ωωω× ṙi = ∇V (ri)+ fi
tether/mi (5.3a)

r̈cs +2ωωω× ṙcs = ∇V (rcs)+ fcs
tether/Mcs (5.3b)

r̈p1 +2ωωω× ṙp1 = ∇V (rp1)+ fp1/mp1 (5.3c)

where rcs is the position vector of the CS, fcs
tether represents the tether forces acting on the CS, fp1

includes the contact forces used to model the interaction between the new payload mass attached
to the chain and the first bucket mass on the LS. Note that for the bucket closest to the anchor
pulley, fi

tether includes the force −fp1 due to the interaction between the bucket and the payload.
Equations (5.3) can be reduced to a form suitable for numerical integration :

ẋ = Bx (5.4)

where x = {uuu, u̇uu}, and uuu is a vector containing the coordinates of the buckets, the CS and the
first payload mass:

u =
{

x1,y1,z1, . . . ,xn,yn,zn,xcs,ycs,zcs,xp1,yp1,zp1
}T (5.5)
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The matrix B contains time-dependent terms due to inertial forces, gravitational forces and ten-
sion forces. Equation (5.4) can be numerically integrated in a given time range for a given
initial state x0. Integration is interrupted when a bucket reaches a pulley, to modify the direction
of the velocity of the bucket intersecting the pulley. In particular, the following two cases are
considered:

1. A bucket reaches the CS pulley. The payload mass mp contained within the bucket is
summed to the CS mass. The direction of the velocity of the bucket is then changed such
that it is parallel to the vector connecting the CS with the first bucket on the DS closest to
the CS. The velocity magnitude is not changed.

2. A bucket reaches the anchor pulley. Let i0 be the index of this bucket. A payload mass mp

is connected to the i0-th bucket via a spring-dashpot connection characterized by stiffness
k and damping constant c. The direction of the velocity of the i0-th bucket is then changed
such that it is parallel to the vector connecting the anchor with the first bucket on the
LS closest to the anchor. The velocity magnitude of the bucket is not changed. The
spring-dashpot connection between the (i0 +1)-th bucket and the corresponding payload
is removed, by fixing the payload to the bucket.

5.2.1 Tether tension forces

Let q j be the relative displacement between the j-th and ( j+1)-th mass of the chain, so that

q j = (x j+1− x j)î+(y j+1− y j)ĵ+(z j+1− z j)k̂. (5.6)

Here î, ĵ and k̂ are the unit vectors parallel to the x, y and z directions. Then, the tension forces
fs

j acting on the j-th mass are modelled according to Hooke’s law, and therefore depend on the
displacements q j and q j−1:

fs
j = ESε j

q j

|q j|
−ESε j−1

q j−1

|q j−1|
. (5.7)

Here, ε j is the strain of the j-th tether, given by

ε j =


(|q j|− l)

l
if |q j|> l

0 if |q j| ≤ l
(5.8)

Note that the tether cannot support axial compression, thus the tension vanishes when the tether
becomes slack.

If the j-th tether is in contact with one of the two pulleys, let qa
j = rP− r j be the relative

displacement between the j-th mass and the pulley, where rP = {xP,yP,zP} is the position vector



CHAPTER 5. NON-RIGID ORBITAL SIPHON 106

of the pulley and qb
j = r j+1−rP is the relative displacement between the pulley and the ( j+1)-

th mass. It is assumed that the tension on the j-th tether is constant between the two sections
qa

j and qb
j . Note that this is an approximation, as the pulley normally alters the tensions on

the tether if friction at the tether-pulley interface is considered. Therefore, the assumption of
a constant tension of the tether intersecting the pulley node is equivalent to assuming that the
tether is sliding over the pulley. In this case the strain along the tether is given by

ε j =
|qa

j |+ |qb
j |− l

l
. (5.9)

5.2.2 Tether damping forces

It is assumed that the damping forces are proportional to the strain rate ε̇ j. From Eq.(5.8) it can
be shown that:

ε̇ j =


q̇ j ·q j

|q j|l
if |q j|> l

0 if |q j|< l
(5.10)

where
q̇ j = (ẋ j+1− ẋ j)î+(ẏ j+1− ẏ j)ĵ+(ż j+1− ż j)k̂ (5.11)

Then, the total damping force contribution to the motion of the j-th mass is given by

fd
j =Cε̇ j

q j

|q j|
−Cε̇ j−1

q j−1

|q j−1|
(5.12)

If the j-th tether is in contact with one of the two pulleys, the strain rate ε̇ j is obtained by
taking the time derivative of Eq. (5.9), under the assumption that the damping force remains
constant over the tether crossing the pulley:

ε̇ j =
1
l

qa
j · q̇a

j∣∣∣qa
j

∣∣∣ +
qb

j · q̇b
j∣∣∣qb

j

∣∣∣
 (5.13)

Then, the total tether force acting on the j-th mass is given by

f j
tether = fs

j + fd
j (5.14)
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5.2.3 Tether forces on the collecting spacecraft

The dynamics of the CS is governed by Eq. (5.3b). Using the notation introduced above, the
force fcs

tether acting on the CS is written as

fcs
tether = (ESε j +Cε̇ j)

qb
j

|qb
j |
− (ESε j +Cε̇ j)

qa
j

|qa
j |

(5.15)

where the index j in this case refers to the tether in contact with the pulley. Note that any other
external force generated by the contact between the released material and the CS is neglected.

5.3 Case studies

Simulations are now performed considering the two near-Earth asteroids 101955 Bennu and
6489 Golevka. The physical properties and details of the polyhedral models used are given in
Table 2.1. Figures 2.1a and 2.1c show the shape models of the two asteroids. Bennu has a
spinning top-shape and a ridge along the equatorial region. Bennu is the 4-th most profitable
known asteroid for mining purposes1 within the near-Earth asteroid population. Golevka has a
more irregular shape and hence it represents an interesting case study for the orbital siphon, to
understand how the gravitational field influences the siphon dynamics.

It is assumed that both asteroids are principal axis rotators [90,119], i.e., their angular veloc-
ity vector is aligned with their maximum moment of inertia axis (here the z axis) and therefore
maintain a constant angular velocity in the absence of external torques. Precession and nuta-
tion are neglected as the majority of asteroids in a complex rotational state are characterized
by a slow rotational rate [121] (unlike Bennu and Golevka) and therefore are not suitable for
this application: a slow rotation rate would be associated with very large orbital siphon struc-
tures [149].

Figure 5.2 shows the magnitude of the effective acceleration |∇U | on the surface of the two
asteroids. For Bennu the effective acceleration is larger at the poles and lower at the equatorial
region (this trend is typical for spheroidal asteroids). In fact, close to the poles, the centrifugal-
induced acceleration is small and thus the gradient of the effective potential V is mainly influ-
enced by the gravitational field. Moving away from the poles, the centrifugal-induced accel-
eration increases, thus competing with the gravitational acceleration and reducing |∇U |. The
map of |∇U | does not follow the same pattern on the surface of the asteroid Golevka, due to its
more irregular shape. The acceleration is minimized in a region close to 90 deg longitude at the
equator and is larger at the north pole. Although not directly represented here, the vector ∇U

points inward across the surface of both asteroids.
The effective acceleration is related to the minimum length (called equilibrium length in

1According to asterank.com (Date accessed: 11/10/2019)
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FIGURE 5.2: Effective acceleration |∇V | at the surface of Bennu (a) and Golevka (b). A black
circle indicates the selected anchor location for the two bodies.
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FIGURE 5.3: Equilibrium length of equatorial chains anchored on Bennu (a) and Golevka (b)
as a function of the anchor longitude and the number of buckets.

analogy with the previous chapters) the siphon must have to guarantee the siphon effect. Fig-
ure 7.3 shows the equilibrium length for Bennu (5.3a) and Golevka (5.3b) for equatorial anchor
positions, as a function of the anchor longitude and the number of payload masses. Here the
equilibrium length is calculated assuming that the two sides of the chain are coincident and
normal to the z-axis. Note that equatorial regions with smaller equilibrium lengths are also
characterized by a smaller effective acceleration at the surface (see Fig. 5.2). The anchor longi-
tude which minimizes the equilibrium length is approximately 6 deg for Bennu and 80 deg for
Golevka. Larger siphon lengths are required for Golevka due to its larger density and rotation
period (in fact, the effective acceleration for Golevka is on average one order of magnitude larger
than Bennu). Note that the equilibrium length decreases with more buckets. This is consistent
with results found in Chapter 3. It is important to emphasize that the equilibrium length will
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change depending on the current chain configuration. Values shown in Fig. 5.3 are used as a
reference for the selection of suitable chain lengths for the following case studies:

Scenario 1. Bennu: orbital siphon with a fixed anchor. The simulations are performed for
three cases, varying the siphon length and/or payload mass

Case (a): mp = 34kg, L = 99m.

Case (b): mp = 126kg, L = 99m.

Case (c): mp = 34kg, L = 124m.

Case (d): mp ∈ [17,34] kg, L = 124m.

The number of buckets n is set to 35. The two different payload masses for cases
(a), (b), (c) correspond to the mass of asteroid material which can be filled in a
cubic bucket with size 30cm or 46cm. The bucket mass is calculated assuming
the bucket is made of Aluminium 7075-T6 with a density of ρ = 2810kgm−3

and each face has a thickness of 1mm. This leads to mb = 1.5kg for the smaller
bucket and mb = 3.5kg for the larger bucket. The orbital siphon is anchored
at 0 deg longitude at the equator. In case (d), new PMs to be connected to the
siphon have random masses between 17 and 34 kg (taking a uniform probability
distribution). Note that both the siphon lengths used in this scenario are larger
then the equilibrium length for this longitude, as shown in Fig. 5.3a. In all cases
the initial mass of the CS is assumed to be 800kg.

Scenario 2. Golevka: orbital siphon with a fixed anchor at 90 deg longitude at the equator. A
595m chain with 105 payloads is used for the simulation. Again, note that such
a length is larger than the equilibrium length shown in Fig. 5.3b for an equatorial
siphon at the indicated longitude. A 30cm side cube is used for this simulation,
corresponding to a payload mass mp = 73kg (note that in this case more mass can
be filled in the 30cm bucket due to the larger density of Golevka). In this case
two scenarios are studied, to analyze the effect of the CS mass at the beginning
of the mass transfer process:

Case (a): Mcs(t = 0) = 1600kg,

Case (b): Mcs(t = 0) = 2400kg.

Scenario 3. Bennu: orbital siphon with moving base. The siphon base undergoes a constant
velocity translation on the asteroid surface, for example to move to a new mining
location without interrupting the flow of transported material. The initial base
point is the same as Scenario 1 and two cases are here considered:
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FIGURE 5.4: Definition of azimuth and elevation angles, used to define the orientation of the
CS with respect to the anchor point. For illustration, the siphon is represented here as a straight
line.

Case (a) Longitudinal motion of the anchor base, with siphon length 99m.
The anchor is moved by 60m over the surface in the positive y

direction, with constant anchor velocity 1×10−3 ms−1.

Case (b) Latitudinal motion of the anchor base, with siphon length 124m.
The anchor is moved by 30m over the surface in the positive z

direction, with constant anchor velocity 1×10−3 ms−1.

In both cases the payload mass is 34kg and the initial mass of the CS is 800kg.

The siphon is initialized by arranging the LS and DS buckets starting from the anchor point and
following a straight line, parallel to the segment OA (Fig. 5.1), with the first bucket coincident
with the anchor point. The siphon initial deployment and LS loading are not taken into account
here: the LS buckets are already loaded with payloads at the beginning of the simulation. All the
buckets are initialized with zero velocity. In each simulation, the tether stiffness and damping
are ES = 21100N, C = 2500Ns (values taken from Ref. [164]), while k = 300N/m and c =

200Ns/m.
The siphon orientation is measured with respect to the CS (in general the chain shape will

deform in the three dimensional space), using the local azimuth and elevation defined as in
Fig. 5.4. Note that the elevation is defined with respect to the the plane passing through the
anchor point and normal to the spin axis (which corresponds to the equatorial plane in Scenarios
1, 2 and 3a).

In all simulations the asteroid mass is considered constant and the effects of long-term mass
removal are not taken into account, since the removed mass fraction is small.
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FIGURE 5.5: Scenario 1, cases (a), (b), (c): CS azimuth (a), CS elevation (b), CS distance from
anchor (c), chain average velocity (d) and z-coordinate of bucket #1 (e) as a function of time.

5.4 Results

Scenario 1. Figure 5.5 shows the CS azimuth, CS elevation, CS distance from the anchor,
average chain velocity (defined as (1/n)∑

n
i=1 |ṙi|) and the z coordinate of bucket #1 for a 28h

simulation, for cases (a), (b) and (c). The Coriolis forces due to the chain motion initially causes
a clockwise rotation of the chain (opposite to the asteroid rotation) and the amplitude of such
oscillations is eventually reduced over time (Fig. 5.5a). A similar trend can be observed for
the CS elevation (Fig. 5.5b). The variation of the CS elevation is due to the irregularities of
the gravitational field, especially in close proximity to the asteroid, where buckets are deflected
in the z direction (see also Fig. 5.5e) and the consequent oscillation is propagated to the other
buckets of the chain and eventually to the CS.

The average chain speed (Fig. 5.5e) reaches a steady value after an initial transient. The
radial deceleration is due to payload refilling and is similar to the effect described in Chapters 3,
4: when a new payload mass is added at the bottom of the siphon, this mass is accelerated by the
bucket while the average chain speed decreases to conserve the linear momentum of the system.
Hence, although the uppermost masses of the LS are generating a net radial force, the average
chain speed does not diverge, due to the deceleration phase caused by bucket refilling. Such
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FIGURE 5.6: Scenario 1, case (d): CS azimuth (a), CS elevation (b), CS distance from anchor
(c), chain average velocity (d) and z-coordinate of bucket #1 (e) as a function of time.

a braking effect introduces elastic forces on the siphon, which are propagated along the entire
chain. The higher frequency variations on the average chain speed are a consequence of this
effect. The dashed line in Fig. 5.5 represents the steady state speed predicted by the analytical
model described in Chapter 3, using Eq. (3.43)2. This matches quite accurately the average
chain speed after approximately 10 hours of simulation time in all cases.

Figure 5.6 shows the CS azimuth, CS elevation, CS distance from the anchor, average chain
velocity and the z coordinate of bucket #1 as a function of time for Scenario 1, case (d). In this
case, the average chain velocity at steady state does not oscillate with respect to a constant value
as in cases (a), (b) and (c) in Scenario 1. This result is expected, since the siphon is loaded with
random masses. Results for other parameters are similar to the previous cases.

Figure 5.7 is a view of the siphon from the positive z axis at the beginning of the fourth,
fifth and sixth loop of the chain (the chain completes a loop when bucket #1 reaches the anchor
after completing an entire ascent on the LS and descent on the DS) for Scenario 1, case (a). The
siphon is transversally stretched, due to the opposite direction of the Coriolis forces on the two
sides of the chain, which contributes to keeping the two sides separated. It has been verified that

2Here, the radius R and ω of the spherical asteroid (used in Eq. (3.43)) are chosen such that the gravitational
acceleration and the centrifugal-induced acceleration are matching with that of the polyhedron model at the anchor
point.
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FIGURE 5.7: Scenario 1, case (a): orbital siphon as viewed from the positive z axis.
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FIGURE 5.8: Tension force on the tether #1 during the third loop of the chain for Scenario 1,
cases (a), (b) and (c).

buckets on opposite sides do not collide.
Figure 5.8 shows the tension force on the tether connecting bucket #1 with bucket #2 during

the third loop of the chain for all three cases. Overall, the tension force is very small, less than
0.2N on average and with peaks below 2N for Scenarios 2 and 3. The peaks are associated
with a new payload being attached to the bucket entering the LS: this can cause the tether to
lose tension and become slack, even though the overall stability of the analysed scenarios is not
compromised. The amplitude of the peaks depends on the current configuration of the chain. In
general, the tension force on the tethers increases for larger chain length or payload mass.

Figure 5.9 shows the magnitude of the relative position between the new payload and the
bucket after connection at the anchor, referred to Scenario (1), case (a). Connection of the first
eight payloads at the beginning of the third cycle is displayed here as reference: the other cases
exhibit equivalent characteristics. After an initial peak, corresponding to the payload being
accelerated by the chain, oscillations are damped within a few seconds after the connection.

Scenario 2. Figure 5.10 shows the CS azimuth, CS elevation, CS distance from anchor, av-
erage anchor speed and the z coordinate of bucket #1 for a 50h simulation, in the two cases
considered.

Again, as in the previous scenario, the siphon rotates clockwise, opposite to the asteroid
rotation, due to the Coriolis forces. After an initial transient, the CS azimuth is reduced and the
chain tends to approach the local vertical (see also Fig. 5.11). It is interesting to observe that
the variation of the CS elevation is rather small, although the asteroid shape is quite irregular.
Therefore, it is plausible that the centrifugal-induced forces on the uppermost payloads are large
enough to counteract the z component of the gravitational force on the lowermost masses. The
difference between Scenario 2, case (a) and Scenario 2, case (b) is not significant. The CS
elevation in case (b) is slightly smaller in amplitude, due to the larger centrifugal-induced force
available at the CS.

Figure 5.11 is a view of the siphon from the positive z axis at different timesteps for Scenario
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FIGURE 5.9: Relative position between new payload and bucket after connection. Connections
of the first eight payloads at the beginning of the third cycle are shown.

2, case (a). The situation here is analogous to Fig. 5.7. In this case, the transversal stretching is
larger at the beginning but is reduced over time. No collision between buckets on opposite sides
was detected for these simulations.

Scenario 3 Figure 5.12 shows the CS azimuth, CS elevation, average anchor velocity and the
z coordinate of bucket #1 for a 58h simulation of Scenario 3, case (a) and Scenario 3, case (b).
The dotted vertical lines mark the interval when the siphon base is moving.

For the longitudinal base motion, the siphon changes its orientation to follow the direction
of the centrifugal-induced force, which is parallel to the vector OA (Fig. 5.1). The chain average
velocity is larger during the base motion phase and then reduces once the base is fixed. The
larger chain velocity is due to the additional centrifugal-induced force caused by the moving
anchor. The amplitude of the CS azimuth is reduced over time once the siphon base is fixed.

When the anchor is moving towards the positive z axis a significant change is noted in the
CS elevation: the chain bends slightly southward (see Fig. 5.12b and Fig. 5.14). This effect is
caused by the misalignment between the gravitational force and the centrifugal-induced force
when the anchor moves northwards: the centrifugal-induced force on each bucket will keep the
siphon perpendicular to the spin axis whereas the gravitational force is (approximately) pointing
towards the asteroid centre-of-mass, thus their sum has a net negative (positive if the siphon was
moving southward) z component. This same effect has been noted in Ref. [153], where the static
behaviour of a non-equatorial space elevator was analysed for Earth applications.

Figures 5.13 and 5.14 show the siphon at four different times during the simulation. Note
from Fig. 5.13 that the siphon orientation adjusts during the anchor motion to follow the radial
direction of the centrifugal-induced force. Moreover, for latitudinal motion, the bending effect
is evident from Fig. 5.14. No collision was detected between buckets on opposite sides.
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FIGURE 5.10: Scenario 2: CS azimuth (a), CS elevation (b), chain average velocity (c) and
z-coordinate of bucket #1 (d) as a function of time.

It should be noted that the speed of the anchor is about one order of magnitude smaller with
respect to the average chain speed in the cases simulated here. It is plausible that, for a larger
anchor speed, the average chain speed will increase even further during the translation phase,
possibly introducing instabilities and/or collision between buckets on opposite sides.

5.5 Discussion

Following the results, two key remarks can be made. First, stability of the orbital siphon is
achieved when the siphon is anchored at an irregularly shaped asteroid. This result is consistent
with Ref. [80] where oscillations of a tether attached to an irregularly shaped celestial body were
studied, taking into account C20 and C22 in the spherical harmonic expansion of the gravitational
potential. Secondly, the siphon effect can be generated using a self-supporting tether-structure,
without the payloads sliding on a rigid rod or a support tether: such a siphon architecture reduces
the scale of infrastructure mass with respect to a siphon with support structure. Moreover, the
lifting side and descending side of the siphon do not interfere or touch in all the cases presented
here, due to the opposite direction of the Coriolis forces on the two sides.
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FIGURE 5.11: Scenario 2, Case (a): orbital siphon as viewed from the positive z axis.

FIGURE 5.12: Scenario 3, case (a) (blue) and Scenario 3, case (b) (red): CS azimuth (a), CS
elevation (b), chain average velocity (c) and z-coordinate of bucket #1 (d) as a function of time.
The dotted vertical lines mark the interval when the siphon base is moving.
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FIGURE 5.13: Scenario 3, case (a): orbital siphon as viewed from the positive z axis.

The siphon dynamics can be divided in two phases: a transition phase and a steady state
phase. During the transition phase the chain accelerates and the siphon rotates with respect to
the anchor point. A key aspect of this phase is the progressive reduction of the siphon azimuth
(see Fig.5.4 for azimuth definition), with the chain gradually aligning with the local vertical.
This effect was also observed in the model in Chapter 4 that studied the siphon rotation with
payload masses constrained to slide along a rigid support. It is observed in Chapter 4 that
the siphon oscillates about an axis, passing through the anchor, where the net torque produced
by the inertial and external forces with respect to the anchor cancels out. Here, although the
siphon is non-rigid, the dynamics appears similar. The Coriolis forces generate a net clockwise
torque, shifting the equilibrium towards negative azimuth values. The equilibrium axis then
asymptotically approaches the direction of zero azimuth as more mass is delivered to the CS
and the torque produced by the centrifugal forces on the CS with respect to the anchor point
counteracts the Coriolis torque. In the following steady-state phase the average chain speed
reaches an asymptotic value (small oscillation are still observed here mainly due to undumped
motion in the z direction). This steady state speed matches quite accurately the value predicted
by Eq. (3.43), which was derived in Chapter 3 for a siphon with payloads sliding on a non-
rotating structure and ranges from 2 to 4cms−1 for the scenarios presented here.

It is instructive to compare the CS azimuth with the chain angle defined with the model in
Chapter 4. Figure 5.15 compares the CS azimuth (black line) with the chain angle θ (red dotted
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FIGURE 5.14: Scenario 3, case (b): orbital siphon as viewed from the negative y axis.

line) for cases (a), (b) and (c) in Scenario 1 (θ is calculated using the model presented in Chapter
4, approximating Bennu as a spherical asteroid with equivalent radius R and angular velocity ω

calculated as stated in footnote 2). Also shown is the equilibrium angle θeq (blue dash-dotted
line) as defined in Sec. 4.4.3. As noted, in both cases the amplitude of the oscillations is reduced
over time and the chain tends to approach the local vertical although, for the self sustaining
siphon model studied in this chapter, the damping effect is more pronounced. This may be due
to the the energy dissipated by the tethers. In fact, the tethers connecting consecutive payloads
were considered rigid in the model defined in Chapter 4, whereas they are modelled here as
spring-dashpot connections. Also note that the frequency of the oscillations is similar in the two
models.

Although seemingly small, the mass flow rate of material delivered to the CS, can be in-
creased by using larger payload masses. For example, using a 34kg payload mass on Bennu the
average mass flow rate is 288kg/hr (Scenario 1, case (a)), whereas for a 126kg payload mass
the mass flow rate raises to 1005kg/hr (Scenario 1, case (b)). One of the major disadvantages
of large payload masses is the larger bucket volume required to host the material (in relation to
the asteroid material density), which increases the structural mass of the siphon and hence the
costs to deliver the infrastructure to the asteroid. Other possible drawbacks of larger buckets are
related to the bucket-cable attachment, and the sliding motion of the cable through the two pul-
leys in case of larger attachments. Further studies are required to investigate these engineering
issues in detail.

As noted in previous chapters, by using longer siphons the average speed of the chain in-
creases (compare case (a) and (b) in Scenario 1), as the chain will benefit from larger centrifugal-
induced force on the uppermost masses, thus in principle increasing the mass flow rate. How-
ever, it has been observed that if the chain length increases after a certain threshold (which
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FIGURE 5.15: Comparison between the CS azimuth and the chain angle calculated with the
model in Chapter 4.
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FIGURE 5.16: Interference between LS and DS for a siphon anchored at Bennu with length
L = 150m and other parameters as in Scenario 1. Top view from the positive z axis.

depends on the asteroid, anchor location and tether properties) the two sides of the chain can
interfere causing unwanted bucket collision. Figure 5.16 shows an example of a siphon with
length L = 150m anchored at Bennu, with other parameters as in Scenario 1, case (a). The LS
and DS are interfering in proximity of the CS. This problem may be circumvented by dissipating
residual oscillation through dampers located in proximity to the anchor and the CS. However, a
laterally constrained siphon (as considered for the models studied in Chapters 4 and 5) would
not experience this issue, as any oscillation in a direction perpendicular to the structure would
be damped by the structure itself, without propagating through the chain.

For the chain velocities considered here, the tension on the tethers is of the order of 1N. The
small magnitude of the tension force is a consequence of the small length-scale of the structure
involved, when compared to similar concepts applied at larger scales such as the space elevator
for terrestrial applications.

The required anchor forces have the same order of magnitude as the tether forces. Accord-
ing to recent work on anchor mechanisms for asteroid landing and mining operations, proposed
anchoring devices can withstand much larger forces. For example, area-of-effect softbots [87]
are soft-robotic spacecrafts with a large and flexible surface area to exploit the dynamical envi-
ronment at rubble pile asteroids: a 1m2 softbot can generate a 10N net force to remain anchored
to the asteroid surface [87]. Other recent research on asteroid landing [165] compares the be-
haviour of different anchor tips in different media, claiming anchor forces between 36N and
178N.

The dynamics of a siphon with a moving base was also investigated. In particular, the be-
haviour of a siphon undergoing small longitudinal and latitudinal anchor displacement on the
surface of the asteroid Bennu has been analyzed. For a small base velocity (1×10−3 ms−1)
a siphon undergoing longitudinal motion tends to remain parallel to the radial direction de-
fined by the centrifugal-induced force. Latitudinal surface motion causes a significant change
of the CS elevation (Fig. 5.14), due to the misalignment between the gravitational force and the
centrifugal-induced force. In both cases, the siphon has to be long enough to generate the orbital
siphon effect at the desired final anchor location.

A siphon with a moving base may be a convenient solution to move the entire infrastructure
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to a different mining location without interrupting the delivery of material to the CS. However,
this scenario calls for several engineering challenges. Among them is the efficient locomotion
of the base on the asteroid surface, which is clearly influenced by small-scale surface features,
e.g., boulders or cavities. An interesting solution is the recent grappler concept proposed in
Reference [26]. The key idea is to create a net-like mechanism by connecting multiple bi-stable
array elements (called grapplers) that would grip variable asteroid terrain. In this case, the
siphon base would move along an articulated structure defined by multiple grapplers adhering to
the asteroid surface. The small siphon anchoring force requirements make the grapplers a viable
solution to address the problem of a siphon with moving base.

The power requirements to perform locomotion manoeuvrers on the surface will depend in
general on the projection of the anchor force on the anchor velocity direction, the magnitude of
the anchor velocity and any friction involved. Neglecting friction, in principle an anchor force
of 1N in the direction of motion3 requires a power of 1×10−3 W to move the siphon at a speed
of 1×10−3 ms−1.

Another significant engineering challenge is the deployment of the orbital siphon system. A
proposed deployment scenario (see Fig. 5.17) is to station the CS in proximity to an equilibrium
point around the asteroid (a) and then deploy the tether to the surface (b). The tether is then
anchored to the surface (c). To avoid deflection caused by inertial forces during the tether de-
ployment, motion control is required in this phase, for example by using a propulsion system
attached at the bottom of the tether. If a net-like structure is to be used to control the locomotion
of the siphon base on the asteroid surface, this has to be landed in advance: the siphon anchoring
device would then be attached to the grappler system. Once the anchor is fixed, the CS is raised
to reach the desired siphon length. Buckets are attached to the tether by cycling the tether using
external torque applied to the pulleys. In this phase, the siphon structure can be exploited to land
mining equipment (e.g., mining rovers) onto the surface. The LS of the siphon is then filled with
material. When all the LS buckets are filled with payloads, the orbital siphon effect is initialized
and the anchor base is translated to the desired location (d).

5.6 Material release to the collecting spacecraft

In previous models, the CS and the payload units were modelled as a point mass. However,
asteroid regolith is composed of particles with sizes in the millimetre to centimetre regime [48].
Also, several studies have shown that cohesive forces between grains might exist (mainly van der
Waals forces) [117], which may influence the behaviour of the regolith under static or dynamic
conditions. More detailed models are required to shed light on the dynamics of granular material
during the release phase, to design an efficient release system and prevent material loss at the CS.

3Note that, in general, the component of the anchor force in the direction of anchor motion will be much smaller
than the component normal to the asteroid surface.
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(a) (b)

(c) (d)

FIGURE 5.17: Concept of system deployment. (a) The CS approaches one of the asteroid
equilibrium points. (b) The tether system is released. (c) Anchoring and bucket attachment (d)
Buckets on the LS are filled with payload material.

Moreover, industrial-scale utilisation of asteroid resources will likely require regolith sorting by
size. In terrestrial applications, sieving processes are based on gravity or electrostatic separation.
Vibrating structures are often used to enhance the separation process of material by gravity.
However most of the gravity-driven separation method are no longer applicable in microgravity,
or will have a reduced performance.

Here, it is proposed to exploit the centrifugal-induced force at the CS as a driving force to
convey particles to a collection unit and filter them by size. Figure 5.18 shows a high-level
subdivision of the CS at the top of the siphon. A first section, here called regolith collector is
needed to collect the material released by the buckets and convey material to the subsequent sec-
tions. The sorting tower is connected to the regolith collector and it is envisaged as a cylindrical
structure used for material sorting: particles are accelerated by the centrifugal force due to the
asteroid rotation and sieved according to their size. The final sections are dedicated to material
processing and storage.

In the following some key aspects of the first two stages, i.e., regolith collector and sort-
ing tower, are discussed showing preliminary results using Discrete Element Modelling (DEM)
simulations for a few test cases. A DEM is a numerical method used to simulate the mechanics
of a granular medium, modelled as a collection of finite-size particles (in this case, the aster-
oid regolith) interacting via collisions, subjected to an external force field (e.g., gravity) and
constraints (e.g, fixed/moving walls). The method applies Newton’s second law to simulate
the behaviour of the particles under the external force field. Position, velocity and forces on
the particles are calculated at every time-step using an explicit integration method [65]. When
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FIGURE 5.18: Collecting spacecraft preliminary architecture

particles are colliding, the contact dynamics are modelled using non-linear spring-dashpot mod-
els, taking into account the deformation area between two colliding spheres (or a sphere and a
wall). Other methods exist where particles are treated as rigid spheres, without elastic defor-
mation (these methods are called hard-sphere DEM [152], in opposition to the former, called
soft-sphere DEM [33, 34]). In this section, soft-sphere DEM simulations are used to analyse
the behaviour of particles upon release and filtering through the sorting tower. The open-source
software LIGGGHTS is used to produce the simulations [65]. In order to define a granular
agglomerate of particles the following physical properties are required by LIGGGHTS: the par-
ticle density, their shape (here spherical particles are only considered for simplicity) and size,
the Young’s modulus of the particle material, the Poisson’s ratio, the coefficient of restitution
and the coefficient of friction [65]. Additionally, LIGGGHTS permits modelling of cohesion
between particles, in the form of a force fcohesion applied to two colliding spheres, proportional
to their contact area, such that:

fcohesion = kcohesionAcontact (5.16)

The contact area Acontact for the cohesion model is the area of the circle corresponding to the
intersection of the colliding spheres (see Ref. [107], Eq. (13)). The coefficient kcohesion is called
the cohesion energy density and is measured in J/m3.

Figure 5.19a shows the schematics of the particle collector used as a test case for a regolith
release simulation. The collector is envisaged as an inverted conical hopper. The incoming
siphon bucket releases material upon rotation from the upper pulley. The centrifugal-induced
forces due to the asteroid rotation as well as the force induced by the bucket rotation on the
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FIGURE 5.19: Regolith collector (a) and sorting tower (b). Not to scale.

TABLE 5.1: Physical parameters of the granular material used in all DEM simulations

Particle density 2000kgm−3

Young’s modulus 6×106 Pa
Poisson’s ratio 0.25
Coefficient of restitution 0.1
Coefficient of friction 0.3

pulley will cause material migration towards the upper outlet of the collector. As in Scenario
(1), case (a) (Sec. 5.3), a cubic 30cm-side bucket is chosen and the velocity of the bucket is set
to 2 cm/s, consistent with the steady-state radial velocity of a 99-metre long siphon anchored at
Bennu. For simplicity, it is assumed here that the siphon elevation and azimuth angles are both
zero. Under these conditions, the net acceleration acting at the CS altitude is 2.6×10−5 ms−2.
The parameters used for the DEM simulation are listed in Table 5.1 and are based on Ref. [68]
(the Young’s modulus is reduced here for computational purposes).

Figure 5.20 shows six still frames of the material release sequence with kcohesion = 0 and par-
ticles with 1cm radius. It is apparent that most of the material migrates immediately towards
the upper end of the hopper. A fraction of material remains inside the collector but slowly mi-
grates towards the upper end due to the centrifugal-induced acceleration caused by the asteroid
rotation. Figure 5.21 shows results for a simulation with a non-zero cohesion energy density
(kcohesion = 25×103 Jm−3). In this case, particles tend to collect in small agglomerations and
the release process appears to be more efficient: less particles are dispersed before exiting the
outlet (this is clear when comparing Figs. 5.20e, 5.20f with 5.21e, 5.21f).

Figure 5.19b illustrates the geometry of the sorting tower. After exiting the regolith collec-
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(a) (b) (c)

(d) (e) (f)

FIGURE 5.20: Particle release to regolith collector, with kcohesion = 0.
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(a) (b) (c)

(d) (e) (f)

FIGURE 5.21: Particle release to regolith collector, with kcohesion = 25×103 Jm−3.
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(a) (b) (c) (d)

FIGURE 5.22: Sorting tower, with cohesionless particles. The filter allows screening of parti-
cles with radius smaller than 1.5 cm. Larger particles are represented in red.

tor, material enters the sorting tower through the inlet, indicated with a blue arrow. A spike then
provides the incoming particles with a transversal velocity, such that finer grains can be sieved
through the conical filter. Larger grains remain trapped inside the conical filter and exit through
the coarse outlet. A second filter is envisaged at the end of the conical filter to allow any remain-
ing fine grain trapped inside the cone to be removed. Figures 5.22 and 5.23 show four still frames
of the release process for particles with kcohesion = 0 and kcohesion = 10×103 Jm−3 respectively
and variable particle radii between 3.3mm and 1.9cm, assuming a d−3 size distribution, being
d the diameter of the particles [115]. Larger particles are trapped inside the internal converging
cone, while smaller particles are sieved and released to the top outlet. The filter allows filtering
of particles with a radius below 1.5cm (represented in green). Particles with a radius larger than
1.5cm are represented in red. In these simulation, 2200 particles are released four times from
the inlet, with 30s delay between subsequent releases. The magnitude of the release velocity
is again 2cms−1. It is apparent that most fine particles are released through the upper outlet,
although a small fraction of them remain trapped inside the filter and are later released through
the coarse grain outlet. In the case with cohesion, a larger fraction of fine particles exit through
the coarse grain outlet, thus reducing the overall performance of the sorting tower.

Figure 5.24 shows the efficiency of the sorting tower for the two cases discussed (contin-
uous black line). The efficiency is defined here as the percentage of sorted fine particles: a
100% efficient scenario corresponds to all fine particles being released from the fine particle
outlet. Also shown are the efficiencies in the case of longer siphons, producing a larger effective
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(a) (b) (c) (d)

FIGURE 5.23: Sorting tower, with kcohesion = 10×103 Jm−3. The filter allows screening of
particles with radius smaller than 1.5 cm (represented in green). Larger particles are represented
in red.

acceleration: the red dashed line and blue dot-dashed line correspond to a siphon with length
1.3km and 15.5km respectively (and corresponding effective accelerations of 2.6×10−4 ms−2

and 2.6×10−3 ms−2 respectively). No upper bound on the time is chosen, to allow all particles
to exit through one of the two outlets. As expected, a larger effective acceleration associated with
a longer siphon leads to faster and more efficient sorting. Efficiency is above 95% percent in all
cases without cohesion. For the case with kcohesion = 10×103 Jm−3 some finer grains remain
attached to larger grains due to cohesive forces and exit through the coarse grain outlet, thus
reducing the overall performance of the sorting tower. It can be observed that by further increas-
ing kcohesion, the efficiency is progressively reduced until eventually a macro-agglomeration of
particles is generated inside the conical filter which prevents larger grains from exiting through
the coarse outlet.

Although this preliminary analysis is far from a comprehensive description of the problem
and only a few test cases have been considered, the broad conclusions that can be derived are
the following:

• The centrifugal-induced acceleration at the CS may be exploited to sort regolith by size.
This operation may be beneficial in large-scale mining scenarios.

• Longer siphons will benefit from larger centrifugal-induced accelerations at the sorting
tower thus the efficiency and speed of the sorting process will increase. However, note that
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FIGURE 5.24: Percentage of released fine particles as a function of time for kcohesion = 0 (a)
and kcohesion = 10×103 J/m3 (b) and a range of effective accelerations.

long conveyor-belt siphons may undergo collisions between the ascending and descending
side (Sec. 5.5), thus compromising the whole siphon operation process.

• The efficiency of the sorting process is above 95% for the cohesionless cases analysed
here.

• Cohesion between particles may facilitate the release of material at the regolith collector,
however reducing the efficiency of the sorting process, since a fraction of the finer grains
remain attached to larger grains without exiting the conical filter in the sorting tower.

Future work will require a more detailed parametrisation of the problem, where different ge-
ometrical configurations of the sorting tower are considered, to optimise the efficiency of the
sorting process. Furthermore, different particle shapes should be used, for a more realistic char-
acterisation of the regolith. It would also be of interest to consider multiple-stage sorting towers,
with multiple levels of filters at different altitudes, to enable multiple separation of grains.



Chapter 6

Deflection of asteroids by leveraging
rotational self-energy

6.1 Introduction

In this chapter it is proposed to use the orbital siphon effect to change the asteroid orbit. The
key idea is to collect material lifted by the siphon and use it as a reaction mass to be released to
change the asteroid velocity, thus reducing the impact hazard of a potentially hazardous aster-
oid. If material is raised to a sufficient altitude, its mechanical energy overcomes the threshold
required for escape, therefore simple release of the collected mass without any additional energy
input is sufficient to induce a change in the asteroid velocity. In particular, two different release
strategies are considered and discussed: (i) single mass and (ii) multiple mass release. In the first
case the largest possible quantity of reaction mass that can be collected using the siphon effect
is released. In the second case, rather than releasing the reaction mass once, smaller quantities
of mass are collected and released multiple times. For generality, the analysis is extended to
asteroids spinning above their critical angular velocity. For this reason, since the collected mass
may become significant in case (i), its gravitational effect on the siphon is taken into account, as
well as the displacement of the system centre-of-mass.

6.2 Model

The system is composed of four main elements: the asteroid to be deflected (primary), the
orbital siphon, the collected mass (secondary), and the support tether (Fig. 6.1). The asteroid is
modelled as sphere with uniform density ρ , radius R, rotating with angular velocity ω , with the
spin axis normal to the orbital plane. The secondary body is the material collected at the top of
the siphon. It is assumed that the material is held together by a net-like or deformable structure
which expands as material is collected. Detailed modelling of the secondary, including its shape,
is outside the scope of this thesis; here, for simplicity, the secondary is treated as a sphere.

131
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FIGURE 6.1: Orbital siphon model.

A support tether connects the secondary to the primary and provides the necessary tension
to prevent the secondary from escaping. The support tether is anchored at a point on the equator
of the asteroid and it is assumed to be massless and inextensible.

The orbital siphon is modelled as a continuous mass distribution with linear density µ and
total length L. Contrary to Chapter 3, here the mass of the secondary is allowed to increase to
non-negligible values, allowing the centre-of-mass to be displaced significantly. Moreover, the
gravitational interaction between the secondary and the siphon is taken into account.

In general, the motion of the siphon will induce Coriolis forces, causing oscillations of the
support tether in the equatorial plane. However, it has been shown in Chapter 4 that such oscil-
lations are damped, and when the mass collected on the secondary is approximately two orders
of magnitude larger than the mass of the siphon, the siphon is effectively aligned with the local
vertical (Sec. 4.5). In this chapter, the collected mass on the secondary is much larger than the
mass transported on the siphon and therefore the initial oscillation phase is neglected. Therefore,
the support tether (and also the siphon) is assumed to remain normal to the asteroid surface at
the anchor point.

6.2.1 Force on the siphon

Let M = 4/3πρR3 and m = 4/3πρr3 represent the primary and secondary mass at some time
during siphon operation. Let dm be an infinitesimal element of mass of the siphon, x its distance
from the primary and dx its length. Within an asteroid-fixed reference frame, the element dm is
subjected to gravitational and centrifugal-induced forces. The gravitational force acting on dm

can be written as:
d fg = G

(
m

(H− x)2 −
M
x2

)
µdx (6.1)

where H = R+L+ r is the distance between primary and secondary centre-of-mass. Note that
the first positive component is due to the attraction towards the secondary, which enhances the
siphon effect. Likewise, the centrifugal-induced force acting on the same mass element can be
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written as
d fc = ω

2(x− xb)µdx (6.2)

where xb is the distance between the centre-of-mass of the system and the center of the primary:

xb =
mH

M+m
(6.3)

From this point, the subscript “0” appended to a variable represents the state of that variable at
the beginning of siphon operation. Hence, for example, R0 and M0 represent the initial radius
and mass of the asteroid, respectively. The two forces can be written in non-dimensional form
using the scale factors listed in Table 3.1 (note that all scale factors are here referred to the
primary), such that:

d f̄g =

(
m̄

(H̄− x̄)2 −
M̄
x̄2

)
µ̄dx̄ (6.4)

d f̄c = m̄ω̄
2(x̄− H̄)µ̄dx̄ (6.5)

Contrary to previous chapters, here ω > ωcrit is allowed for the sake of generality (the critical
angular velocity ωcrit is given by Eq. (3.4)). Then, the total force acting on the siphon is given
by the integral

f̄ =
∫ R̄+L̄

R̄
(d f̄g +d f̄c) (6.6)

Upon simplification, Eq. (6.6) can be written as:

f̄ = µ̄

[
L̄(1− R̄3)2/3

L̄+(1− R̄3)1/3 −
L̄R̄2

L̄+ R̄
+

1
2

L̄
[
L̄+2R̄+2(R̄3−1)(L̄+ R̄+(1− R̄3)1/3)

]
ω̄

2

]
(6.7)

Due to the continuous mass distribution, the siphon is effectively treated as a rigid body and the
force f̄ is applied at its centre-of-mass. Note that Eq. (6.7) can also be written as a function of
the secondary mass by applying the substitution

R̄ = (1− m̄)1/3 (6.8)

Equation (6.8) follows from the conservation of mass M̄ + m̄ = 1. As in previous chapters, the
force f̄ must be positive to enable siphon operation, i.e., directed towards the secondary:

f̄ > 0 (6.9)

The siphon length L̄eq that leads to f̄ = 0 is the equilibrium length and corresponds to the
minimum length to guarantee the siphon effect. Figure 6.2 shows the equilibrium length as
a function of the asteroid angular velocity ω̄0 and the secondary mass m̄. The black curve,
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FIGURE 6.2: Siphon equilibrium length as a function of the angular velocity for a range of
secondary masses.

corresponding to the case m̄ = 0 is the same equilibrium curve found in Chapter 3 for a siphon
without a secondary mass. It is apparent from Fig. 6.2 that a larger secondary mass decreases
the equilibrium length for a given angular velocity. Note that if m̄ = 0.5, the condition f̄ = 0
is verified for any L̄. In fact, the condition m̄ = 0.5 implies that the system is symmetric with
respect to its rotation axis.

6.2.2 Support tether tension

The tension on the support tether can be found by considering the equilibrium of the forces at
one of its ends. It must be stressed that the support is modelled as a massless, inextensible tether
and therefore its tension is constant over its length. The equilibrium of forces acting on the
anchor point of the primary can be written as (the same result is obtained by considering the
equilibrium on the attachment to the secondary):

Mω
2xb−G

Mm
H2 − τ = 0 (6.10)

where the tension force τ is considered positive when the tether is in tension. The first term
appearing in Eq. (6.10) is the centrifugal-induced force due to the rotation of the primary with
respect to the centre-of-mass of the system and the second term is the gravitational attraction be-
tween the primary and the secondary. Clearly, a larger angular velocity will increase the tension
in the tether, whereas a larger gravitational attraction between the primary and the secondary
will reduce it. Solving Eq. (6.10) for τ and dividing both sides by the force scale factor (see
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Table 3.1 ), the resulting non-dimensional tension becomes:

τ̄ = m̄(1− m̄)

(
ω̄

2H̄− 1
H̄2

)
(6.11)

The condition τ > 0 must be verified to ensure the tether is always in tension. Such a
requirement can be translated into a lower bound for the angular velocity:

ω̄ >

√
1

H̄3 (6.12)

It will be shown that Eq. (6.12) is a necessary condition to enable insertion of the secondary
mass to escape.

6.2.3 Conservation of angular momentum

If the inequalities (6.9) and (6.12) are satisfied, material is transferred from the primary to the
secondary. Conservation of angular momentum can be invoked to evaluate the variation of the
angular velocity of the system in response to the transfer of a given quantity of mass ∆m from
the primary to the secondary. Then, let the subscripts 1 and 2 refer to a variable before and after

the transfer of material, respectively. Neglecting the mass of the siphon, the inertia of the system
in the two states can be written as:

Ii =
2
5
(MiR2

i +mir2
i )+Mix2

b,i +mi(Ri +L+ ri− xb)
2, i = 1,2 (6.13)

where
M1 = M; M2 = M−∆m;
m1 = m; m2 = m+∆m;

(6.14)

Note that Ri and xb,i can be written as a function of ∆m through Eqs.(6.3) and (6.8). Conservation
of angular momentum therefore requires that

I1ω1 = I2ω2 (6.15)

Setting M = M0, it follows ∆m = m and Eq. (6.15) can be further simplified and written in
non-dimensional form:

ω̄2

ω̄1
=

2

5
(

m̄(1− m̄)
(
L̄+ m̄1/3 +(1− m̄)1/3

)2
+ 2

5

(
m̄5/3 +(1− m̄)5/3

)) (6.16)

Equation (6.16) describes the variation of the angular velocity of the system from the initial
condition M̄1 = 1, m̄2 = 0 to the final condition M̄2 = 1− m̄, m̄2 = m̄ as a function of the
secondary mass. Note that, if the secondary mass is small (m→ 0), linearisation of Eq. (6.16)
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FIGURE 6.3: Angular velocity ratio ω̄1/ω̄2 as a function of the secondary mass for a range of
siphon lengths L̄.

reduces to the angular velocity ratio found in Chapter 3 for an orbital siphon releasing material
to orbit.

Figure 6.3 shows the angular velocity ratio ω̄2/ω̄1 as a function of the secondary mass m̄ ∈
[0,1] for a range of siphon lengths. As expected, the ratio strictly decreases for m̄ ∈ [0,0.5].
Clearly, the plot is symmetric with respect to m̄ = 0.5, i.e., if the secondary mass could be
increased beyond M0/2, the system would recover its initial angular velocity ω0 when the entire
asteroid mass is transferred to the secondary.

Substituting Eq. (6.16) into Eq. (6.7) with ω2 = ω and ω1 = ω0 allows the change of the
siphon force as a function of the asteroid initial angular velocity ω0, the siphon length L and
the extracted mass m̄ to be seen. As an example, Fig. 6.4 shows the variation of the non-
dimensional siphon force (here divided by µ̄) as a function of the secondary mass for a range
of initial angular velocities ω̄0 and taking L̄ = 0.5. When the siphon force is zero, the system
has reached its equilibrium, thus arresting the siphon effect (unless the siphon length is changed,
however variable length siphons are not consider here). Clearly, larger initial angular velocities
permits the collection of a larger mass on the secondary. It can be verified that, if ω0 is large
enough to reach m̄ = 0.5, then F < 0, for any m̄ ∈ [0.5,1]. Therefore, self sustaining mass flow
from the primary to the secondary is not possible for m̄ > 0.5.

Siphon operation for a continuous mass distribution can be modelled by the three-step se-
quence shown in Fig. 6.5. If a net force f > 0 is acting on the siphon, it will accelerate in
the direction of the secondary (from step (a) to step (b) in Fig.6.5). The radial velocity v of
the chain for a siphon modelled as a continuous mass distribution is related to the radial force
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FIGURE 6.4: Siphon force as a function of the secondary mass, for a range of initial angular
velocities, taking L̄ = 0.5.
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and the siphon linear density, via Eq. (3.58), with f̄cont here given by Eq. (6.7). As in previous
chapters, the initial transitory phase is neglected.

The manipulation time tman required to collect the mass m f on the secondary is related to the
siphon radial velocity and linear density via Eq. (3.70).

6.3 Primary deflection

In this section the variation of the kinetic and potential energy of the system before and after
detachment of the secondary from the support tether is considered, to study the fraction of
rotational kinetic energy of the primary that can be converted into translational kinetic energy.
Let E0, E−, E+ and E∞ represent the total energy of the system before the siphon operation
starts (0), after collection of a mass m on the secondary (−), after release of mass m from the
secondary (+) and, when the secondary has reached the sphere of influence of the primary after
its release (∞).

The total energy of the system in the initial state 0 can be written as

E0 =
1
2

(
2
5

M0R2
0

)
ω

2
0 −

3
5

GM2
0

R0
(6.17)

where the first term is the total rotational kinetic energy of the primary while the second term is
the gravitational self-energy of the primary. Upon delivery of mass m to the secondary, the total
energy becomes (neglecting the mass of the siphon)

E− = K−r +P−sel f ,p +P−sel f ,s +P−mutual (6.18)

where K−r is the total rotational kinetic energy of the system (including primary and secondary),
P−sel f ,p and P−sel f ,s are the gravitational self-energies of the primary and the secondary respectively
whereas P−mutual is the mutual gravitational potential energy between two masses. The rotational
kinetic energy can be written as:

K−r =
1
2

(
2
5

MR2 +Mx2
b +

2
5

mr2 +m(D− xb)
2
)
(ω−)2 (6.19)

The angular velocity ω− is obtained via conservation of angular momentum (Eq. (6.16)). The
mutual gravitational potential P−mutual is:

P−mutual =−G
Mm
H

(6.20)

It can be verified that E−−E0 < 0. In fact, part of the kinetic energy of material reaching the
top of the siphon is lost due to the inelastic impact with the secondary.

Upon detachment of the secondary from the siphon, the primary and the secondary are re-
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leased with velocity magnitudes ∆v+p and ∆v+s , such that the total angular momentum before and
after release is conserved:(

2
5

MR2 +Mx2
b +

2
5

mr2 +m(D− xb)
2
)

ω
−=

2
5

MR2
ω

+
p +xbM∆v+p +

2
5

mr2
ω

+
s +(D−xb)m∆v+s

(6.21)
The angular momentum is evaluated with respect to the axis passing through the system center-
of-mass and normal to the orbital plane. The variables ω+

p and ω+
s represent the angular velocity

of the primary and the secondary after release. Eq. (6.21) is verified if

ω
+
p = ω

− (6.22a)

ω
+
s = ω

− (6.22b)

and

∆v+p = ω
−xb (6.23a)

∆v+s = ω
−(H− xb) (6.23b)

Equations (6.22a), (6.22b) dictate that the two bodies will spin about their respective center-of-
mass with angular velocity ω−, i.e., the same angular velocity about the system center-of-mass
before release. The total energy of the system after release is then:

E+ = K+
r,p +K+

r,s +K+
t,p +K+

t,s +P+
sel f ,p +P+

sel f ,s +P+
mutual (6.24)

where
Kr,p =

1
2

(
2
5

MR2
)
(ω+

p )
2, Kr,s =

1
2

(
2
5

mr2
)
(ω+

s )2 (6.25)

are the rotational kinetic energies of the primary and secondary after release respectively, and

Kt,p =
1
2

M(∆v+p )
2, Kt,s =

1
2

m(∆v+s )
2 (6.26)

are the corresponding translational kinetic energy. Substituting Eq. (6.22) and (6.23) into Eq. (6.24)
yields E+ = E−, i.e., in absence of the energy losses during detachment, the total energy of the
system is conserved.

Assuming two body dynamics after release, the total energy of the system is conserved. In
particular, E∞ = E+. Since the rotational kinetic energies and self-energies of the two bodies
play no role in the subsequent dynamical evolution of the system (their value is conserved and
they cannot be further exchanged into other forms of energy within the system) let E = E+−
K+

r,p−K+
r,s−P+

sel f ,p−P+
sel f ,s be the sum of translational kinetic energy and mutual potential upon

release, which is conserved and regulates the subsequent orbital behaviour of the two bodies.
In particular, if E > 0 primary and secondary will have enough energy to escape each other.
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Conservation of the energy E from state + to ∞ yields:

1
2

M(∆v+p )
2 +

1
2

m(∆v+s )
2−G

Mm
H

=
1
2

M(∆v∞
p )

2 +
1
2

m(∆v∞
s )

2 (6.27)

where ∆v∞
p and ∆v∞

s are the velocity magnitudes or the primary and the secondary with respect
to the system center-of-mass when the two bodies are sufficiently far apart, i.e., at the the sphere
of influence. The value ∆v∞

p represents the effective change in velocity imparted to the primary
due to the release of m, taking into account the gravitational interaction between the two bodies
within the sphere of influence. In order to solve Eq. (6.27) for ∆v∞

p , conservation of linear
momentum is invoked 1:

∆v+s =
M
m

∆v+p (6.28)

Inserting Eq. (6.28), (6.23) and (6.3) into Eq. (6.27), after some algebraic manipulation, the
magnitude of the primary hyperbolic escape velocity can be written in non-dimensional form
as:

∆v̄∞
p = m̄

√
(ω̄+)2H̄2− 2

H̄
(6.29)

As expected, ∆v̄∞
p is proportional to m̄, suggesting that the collection of a larger secondary mass

will increase the momentum exchange between the two bodies, thus contributing to a larger
change in velocity of the primary. However, a larger m̄ also implies a larger reduction of the
asteroid angular velocity at release (Eq. (6.16)), thus reducing ∆v̄∞

p .
It is instructive to observe that the condition of secondary escape E > 0 can also be expressed

as a lower bound for the angular velocity at release:

ω̄ >

√
2

H̄3 (6.30)

where the superscript + has been removed from ω for simplicity. By comparing Eqs. (6.30)
and (6.12), it is apparent that the condition of secondary escape E > 0 is sufficient to guarantee
positive tension of the support tether τ > 0.

Moreover, by comparing Eq. (6.29) with (6.23a), the primary hyperbolic excess velocity can
be written as a function of its release velocity:

∆v̄∞
p = (∆v̄p)

+

(
1− 2

H̄3ω̄2

)
(6.31)

The factor 2
H̄3ω̄2 can be interpreted as a gravitational dragging coefficient, written as a function

of the distance between the two bodies and the angular velocity of the system at release. When
H̄3ω̄2 = 2 ∆v̄∞

p = 0, and the secondary is inserted in bound motion around the primary.
Figure 6.6 shows in green the region of secondary escape (E > 0), as a function of ω̄ and

1It is emphasized that Eq. (6.28) is relating the magnitudes of the velocities. From a vectorial point of view
∆vs =−M

m ∆vp. Note that Eq. (6.28) clearly holds also for Eqs. (6.23)
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L̄, for m̄ = 0, m̄ = 0.01, m̄ = 0.05 and m̄ = 0.12. The orange region is associated with the
secondary being inserted into a bound orbit about the primary with E < 0. The red region
represents the combination of ω̄ and L̄ leading to an inverted mass flow, from the secondary to
the primary ( f < 0, Eq. (6.7)). For larger m̄ the E < 0 region gradually shrinks and for m̄ > 0.12
the secondary can only be released to escape. The black contour on the E > 0 regions represents
the value of the gravitational dragging factor. The black dotted line indicates the condition for
zero tension on the support tether (τ = 0, Eq. (6.10)). The region with f > 0 is also characterized
by a positive support tether tension τ > 0.

In the following sections, the superscript ∞ is removed and the hyperbolic excess velocity of
the primary is simply indicated indicated with ∆v̄p.

6.3.1 Upper bound for ∆v̄p

It is instructive to observe that the velocity change of the primary ∆v̄p admits a theoretical upper
bound due to energy conservation. In fact, assuming that the entire rotational kinetic energy
could be converted into translational kinetic energy:

1
2

(
2
5

M0R2
0

)
ω

2
0 =

1
2

M0∆v2
max (6.32)

where ∆vmax is the maximum ∆vp achievable under these conditions and again the term in brack-
ets on the left hand side is the asteroid moment inertia. Then:

∆v̄max =

√
2
5

ω̄0 (6.33)

For example, an asteroid with density ρ = 2000kgm−3, radius R0 = 250m and period 4h admits
a ∆vmax = 0.069ms−1. This theoretical upper bound will be compared with ∆vp to assess the
practical performance of the orbital siphon for deflection.

6.3.2 Deflection distance

The Clohessy-Wiltshire (CW) equations [29] are used to assess the primary deflection achieved
through release of the secondary mass. Here it is assumed that the initial heliocentric orbit of the
primary is circular with zero inclination. The CW equations describe the motion of a point (in
this case, the primary) with respect to a reference frame (in this case, the unperturbed position
of the primary before any manipulation occurs). Let X −Y be a reference frame centred on the
unperturbed position with the X-axis parallel to the Sun-asteroid direction and the Y -axis in the
direction of motion (Fig. 6.7). Let Xp,Yp be the position of the primary in this frame and Ẋp,Ẏp

its velocity. Analogous variables are defined for the secondary, with subscript s. Then, the CW
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FIGURE 6.6: Regions of secondary escape (green), release to bound orbit (orange) and siphon
with negative force (red), as a function of the asteroid velocity ω̄ and the siphon length L̄.
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FIGURE 6.7: CW reference frame.

equations for the two masses upon secondary release can be written as

Ẍi = 3ω
2
orbXi +2ωorbẎi +ai,X , i = p,s (6.34a)

Ÿi =−2ωorbẊi +ai,Y , i = p,s (6.34b)

where ωorb = 2π/trev, where trev is the heliocentric orbit period of the asteroid, and ai,X ,ai,Y

are the additional accelerations caused by the mutual gravitational interaction between the two
masses. Here, the mutual gravitational terms are neglected and the primary is assumed to be
released with the appropriate velocity magnitude at the sphere of influence (Eq. (6.29)). Thereby,
Eqs. (6.34) can be solved in closed-form to find the state of the the primary as a function of
time [29]. Using the scaling factors in Table 3.1:

X̄p(t)

Ȳp(t)
˙̄Xp(t)
˙̄Yp(t)

=


4−3cos ω̄orbt̄ 0 1

ω̄orb
sin ω̄orbt̄ 2

ω̄orb
(1− cos ω̄orbt̄)

6(sin ω̄orbt̄− ω̄orbt̄) 1 − 2
ω̄orb

(1− cos ω̄orbt̄) 1
ω̄orb

(4sin ω̄orbt̄−3ω̄orbt̄)

3ω̄orb sin ω̄orbt̄ 0 cos ω̄orbt̄ 2sin ω̄orbt̄

−6n(1− cos ω̄orbt̄) 0 −2sin ω̄orbt̄ 4cos ω̄orbt̄−3




X̄0,p

Ȳ0,p
˙̄X0,p
˙̄Y0,p


(6.35)

where (X̄0,p,Ȳ0,p,
˙̄X0,p,

˙̄Y0,p) is the initial state of the primary. The parameter
√

X̄p(t)2 + Ȳp(t)2

therefore represents the total deflection of the primary at the time t̄ away from its unperturbed
position. As noted, it is assumed that

√
˙̄X2 + ˙̄Y 2 = ∆vp. As regards the direction of the velocity

vector and the position X0,p,Y0,p it is assumed that: (i) the velocity at the sphere of influence is
parallel to the release velocity and (ii) the position vector (X0,p,Y0,p) coincides with the release
position. It will be shown that the primary trajectory resulting from these approximations does
not differ significantly from that obtained by numerical integration of Eq. (6.34), thus making
assumptions (i) and (ii) valuable approximations for this preliminary analysis. The primary
release position is therefore completely defined by the angle θ between siphon and the X-axis.
Here, it is chosen to release the secondary when θ = 0 to ensure that the direction of ∆vp is



CHAPTER 6. ASTEROID DEFLECTION 144

parallel to the Y -axis, i.e., in the direction of orbital motion. This changes the period of the
resulting orbit and therefore increases the long-term drift with respect to the unperturbed path
[4, 32]. Note that, using this model, θ = π would lead to an equivalent deflection trajectory, but
symmetric with respect to the X-axis.

6.3.3 Deflection scenarios

Two deflection scenarios are considered: single (SR) and multiple (MR) secondary release. In
the SR scenario, a secondary mass m f is collected at the secondary and released once. The
secondary mass m f and siphon length are selected in order to maximize the effective release
velocity of the primary ∆vp. In the second case a smaller ∆m (to be chosen) is collected and
released multiple times, until the siphon reaches equilibrium ( f̄ = 0, Eq. (6.7)). The siphon
length is chosen in order to maximize ∆vp, taken as the sum of the primary hyperbolic excess
velocities at each release. In both cases the total deflection that can be achieved in a given
time window twindow is calculated, for a given asteroid initial angular velocity ω̄0, siphon linear
density µ and heliocentric orbital period (that defines the parameter ω̄orb).

For a SR release scenario (see Algorithm 1):

1. The time tman (manipulation time) required to collect the secondary mass ∆m is computed
via Eq. (3.70).

2. If θ 6= 0 at the end of mass collection the system rotates by an additional phasing time

tphasing, until the siphon is aligned with the X-axis of the CW frame.

3. If tman + tphasing ≥ twindow, the siphon cannot raise the required secondary mass within
the allocated time window and the total displacement of the primary is zero. Similarly,
if tman + tphasing ≤ twindow the secondary mass is released and the deflection is computed
using Eq. (6.35).

The MR case is analogous, with steps 1 to 3 being iteratively repeated with the selected ∆m, until
the siphon reaches equilibrium (see Algorithm 2 for more details.) Note that, in the MR scenario,
at each release the centre-of-mass of the system instantaneously changes to the centre-of-mass
of the primary.

From this point, the total operation time, being the sum of the manipulation time and the
phasing time, is indicated with the symbol ∆t. Table 6.1 recaps all the time symbols used in this
chapter.

As an example, Figures 6.8 shows the deflection trajectory in the CW frame for an asteroid
with ω̄0 = 0.65, µ̄ = 2.87×10−7 (this corresponds to a siphon with linear density 150kgm−1

on an asteroid with radius 250m) and ω̄orb = 2.66×10−4 (corresponding to an asteroid with
density ρ = 2000kgm−3 with an orbital period of 1 year), for a SR (a) and MR case (b). For
the SR, the total m̄ f that maximizes the primary release velocity is m̄ f = 0.027. In the MR case,
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FIGURE 6.8: Single (a) and multiple (b) release deflection trajectory in relative orbital frame
of primary and secondary masses.
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input: ω̄0, ω̄orb, µ̄

output: deflection

begin
(Xp,Yp, Ẋp,Ẏp) = (0,0,0,0) ;
tman← time to collect m f ;
if mod (θ ,2π) 6= 0 then

tphasing← phasing time required to reach mod (θ ,2π) = 0;
end
∆t = tman + tphasing;
if ∆t < twindow then

(X0,p,Y0,p, Ẋ0,p,Ẏ0,p) = (Xp,Yp, Ẋp,Ẏp)+(−xb,0,0,vp,∞);
(Xp,Yp, Ẋp,Ẏp)←Eq. (6.35) ← (X0,p,Y0,p, Ẋ0,p,Ẏ0,p);

end
deflection =

√
X2

p +Y 2
p ;

end
Algorithm 1: Single Release deflection.

∆m = 2×10−3 is chosen. In each case, the initial part of the secondary trajectory is included
for completeness.

Figures 6.9 shows the difference between the deflection trajectory calculated using Eq. (6.35)
and by numerical integration of Eq. (6.34) taking into account the mutual gravitational acceler-
ation terms. Note that the end points are very close in both cases. The same degree of accuracy
can be verified by choosing different values of ω̄0, µ̄ and ω̄orb.

6.4 Results

Figure 6.10 shows the quantity of mass that can be collected at the secondary m̄ f , given the
siphon length L̄ and the initial angular velocity of the primary ω̄0. Each region represents the
states (m̄ f , L̄) that can be reached for the indicated initial angular velocity intervals. For ex-
ample, the point (m̄ f , L̄) = (0.1,1) lies within the region ω̄0 > 1, meaning it is not possible to
collect more than 10% of the initial asteroid mass if the primary is spinning below the critical
angular velocity (ω̄0 = 1). As expected, a larger initial angular velocity is needed to collect
larger secondary masses. For an asteroid spinning at its critical angular velocity, (ω̄0 = 1), the
maximum mass fraction that can be collected at the secondary is m̄ f = 0.08, which is consistent
with the results found in Chapter 3. The minimum angular velocity required for collecting half
of the asteroid mass m̄ f = 0.5 is approximately ω̄0 = 1.56. Therefore, an asteroid should spin at
more than 56% of its critical angular velocity to enable separation of half of its mass using the
orbital siphon. Assuming an asteroid density of ρ = 2000kgm−3 this is equivalent to a rotation
period of 1.5h.
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input: ω̄0, ω̄orb, µ̄

output: deflection

begin
doIterate = True;
(Xp,Yp, Ẋp,Ẏp) = (0,0,0,0) ;
while doIterate do

Fend← siphon force after collection of ∆m;
if Fend < 0 then

Reduce ∆m such that Fend = 0;
doIterate = False;

end
tman← time to collect ∆m ;
∆t = ∆t + tman;
if mod (θ ,2π) 6= 0 then

tphasing← phasing time required to reach mod (θ ,2π) = 0;
∆t = ∆t + tphasing;

end
if ∆t < twindow then

(X0,p,Y0,p, Ẋ0,p,Ẏ0,p) = (Xp,Yp, Ẋp,Ẏp)+(−xb,0,0,vp,∞);
(Xp,Yp, Ẋp,Ẏp)←Eq. (6.35) ← (X0,p,Y0,p, Ẋ0,p,Ẏ0,p);

else
doIterate = False;

end
end

if ∆t < twindow then
(X0,p,Y0,p, Ẋ0,p,Ẏ0,p) = (Xp,Yp, Ẋp,Ẏp);
(Xp,Yp, Ẋp,Ẏp)←Eq. (6.35) ← (X0,p,Y0,p, Ẋ0,p,Ẏ0,p);

end
deflection =

√
X2

p +Y 2
p

end
Algorithm 2: Multiple Release deflection.

TABLE 6.1: Time symbols used in this chapter.

Symbol Description
tman Manipulation time required to raise the mass m f to the secondary in a SR scenario.

tphasing
Phasing time required to align the siphon with the X-axis of the CW frame after the
collection of the secondary mass m f .

∆t Sum of tman and tphasing.

twindow Maximum allowed ∆t.

trev Heliocentric orbit period of the asteroid.
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FIGURE 6.9: Comparison between primary trajectory obtained using Eq. (6.35) (solid black)
with respect to numerical solution of Eq. (6.34) (red).
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FIGURE 6.10: Isocurves of asteroid initial angular velocity ω0 as a function of the siphon
length and the secondary mass.

Figure 6.11 shows the primary velocity change ∆v̄p as a function of the released secondary
mass m̄ f and the siphon length for ω̄0 = 0.7 (a), ω̄0 = 1.56 (b), in a SR release scenario. In
general, a larger secondary mass (and a larger siphon length) enables a larger ∆v̄p, since the
displacement between the primary and the system barycenter increases. At the same time, how-
ever, a larger secondary mass (or longer siphon) implies a lower angular velocity of the system
ω̄ at the end of the siphon manipulation, thus increasing the gravitational dragging factor (see
Eq. (6.31)). Then, the maximum ∆v̄p is a tradeoff between these two opposite effects and, in
general, the siphon length required to maximize ∆v̄p does not match that required to maximize
m̄ f . For example, in the case ω̄0 = 1.56, the siphon length needed to approach the half mass
separation point (m̄ f = 0.5) progressively decreases, thus increasing the gravitational dragging
effect at release and reducing ∆v̄p: the optimal ∆v̄p is reached for a siphon length L̄≈ 0.5, with
a total collected mass m̄ f = 0.22.

The black and red contour show the non-dimensional time t̄man and maximum support ten-
sion respectively. Here t̄man is multiplied by the factor µ̄ to eliminate dependence on the siphon
linear density (see Eq. (3.70)). As expected, both time and tension are maximized at the largest
m̄ f allowed for the given ω̄0.

Figure 6.12 compares ∆v̄p (a), operation time µ̄∆t̄ (b), total released mass (c) and final
angular velocity (d) between SR and MR (taking ∆m̄ = 1×10−4 for MR), in the condition of
maximum ∆v̄p. It is apparent that the MR scheme enables a larger velocity change in a shorter
time. This is due to the fact that, by releasing smaller masses multiple times, rather than a single
larger mass once, the gravitational dragging effect is reduced and, even though the total released
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FIGURE 6.11: Primary release velocity (colored contour), manipulation time tmanµ̄ and max-
imum support tether tension τ as a function of the secondary mass m̄ f and the siphon length
L̄.
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FIGURE 6.12: Primary ∆v̄ (a), time (b), released mass (c) and siphon length (d) as a function
of the asteroid non-dimensional angular velocity ω̄0.

mass is smaller in the MR case (Fig. 6.12c), the overall achievable ∆v̄p is larger. The blue dotted
line in Fig. 6.12a represents ∆v̄max (Eq. (6.33)), i.e., the theoretical primary velocity change that
would be obtained if the rotational kinetic energy of the asteroid could be entirely converted
into transitional kinetic energy. For example, at ω̄0 = 1 the ∆v̄p obtained by a SR siphon is
only 0.11∆v̄max. This difference is due to two unavoidable limits of the proposed strategy: the
gravitational dragging at release, and the residual angular velocity of the asteroid at the end of
the manipulation process (Fig. 6.12d). In particular, with a fixed length siphon, the asteroid
will always retain a final non-zero rotational kinetic energy at the end of the release process,
(between 40 and 60 percent of the initial angular velocity, depending on the release scenario
and the initial angular velocity) that cannot be further exploited, since the siphon has reached its
equilibrium state ( f̄ = 0, Eq. (6.7)).

Figure 6.13 illustrates the dimensional values of the primary ∆vp (a), operation time ∆t (b),
tension (c) and siphon length (d) as a function of the asteroid initial rotation period, taking an
asteroid density ρ = 2000kgm−3 with radius 250 m (black curves), and 500 m (red curves).
Again, each plot refers to the condition of maximum ∆vp. For an asteroid of radius 250 m,
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∆vp varies between 1.5 and 0.3cms−1 when its period ranges form 2.3 and 6 hours with opera-
tion time ∆t below 8 years. Note that, from the definition of the scale factors, ∆vp ∝ ωcrit ∝

√
ρ

and t ∝ ω
−1
crit ∝ 1/

√
ρ , i.e., a larger asteroid density increases the ∆v of the primary while also

increasing the mass transfer time requirements. Figure 6.13c indicates that the support tether
tension can vary by several orders of magnitude when comparing the SR and MR methods. For
example, an asteroid with radius R0 = 250m requires a support tether tension τ = O(105) N
for the SR case which drops to O(103) N for the MR case. In general, τ increases with shorter
rotational periods and this becomes more noticeable for a larger asteroid radius. Note from the
force scaling that τ ∝ M0ω2

c R0 ∝ ρ2R4
0, hence the tension is strongly influenced by the asteroid

density and its radius. Figure 6.13d shows that the siphon length in the MR case is slightly
smaller with respect to the SR case. Moreover, in both cases, L is smaller than the radius of
the sphere of influence (represented with a dotted line in Fig. 6.13d) and, in general, it can be
verified that this holds true even for larger asteroid radii. Therefore, the siphon is always within
the sphere of influence of the asteroid, thus justifying the choice of neglecting solar gravitational
perturbations in this preliminary analysis. Note that the asteroid density does not influence the
siphon length required to maximize ∆v̄p and, from the distance scale factor, L ∝ R0.

Figure 6.14 shows the siphon linear density required to divert an asteroid by 1 Earth radius
within a time window twindow of 5 years (first row), 10 years (second row), 15 years (third row),
as a function of the asteroid period, for a range of asteroid radii R0 = 250m (first column),
R0 = 500m (second column), R0 = 1000m (third column), for the SR case (black line) and the
MR case (with ∆m̄= 5×10−3 (red line) and ∆m̄= 1×10−4 (blue line)). The range of allowed µ

has been limited to 2×103 kgm−1, thus any scenario requiring a larger µ is not represented here.
It is apparent that the MR scheme significantly reduces the minimum µ . Moreover, lower values
of ∆m̄ further reduce the siphon linear density. For a fixed requirement on the total displacement,
larger µ are required in the SR case to increase the mass throughput to the secondary and achieve
the required deflection within the given time window. At the same time, however, if the collected
mass is too large, the gravitational dragging effect may reduce the overall ∆v̄p. This explains
why the minimum µ can significantly increase for shorter periods in the SR case. In general,
lower values of siphon linear density are allowed for smaller asteroids. It is interesting to observe
that for a given time window and asteroid radius there is an upper bound on the asteroid period
at which µ → ∞. For example, it is impossible to deflect a 250-metre asteroid by 1 Earth radius
in 5 years if its initial period is longer then 3 hours (not even using hypothetical siphon with
infinite linear density). Such upper bounds on the asteroid period approaches the critical period
(i.e., 2π/ωcrit) for smaller asteroids.

Figure 6.15 shows the isocurves of minimum siphon linear density to deflect an asteroid by
1 Earth radius (black curve) as a function of the asteroid radius and period, combined with the
isocurves of primary release velocity (red dashed curve) and siphon length (blue dot-dashed), for
a time window of 10 (a) and 20 (b) years. Note that regions with lower µ are also characterized
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FIGURE 6.13: Primary ∆v̄p, manipulation time, support tether tension and siphon length as a
function of the asteroid period, using dimensional units.
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FIGURE 6.14: Required siphon linear density to divert an asteroid by 1 Earth radius, for differ-
ent asteroid radii and time windows.
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TABLE 6.2: Relevant dimensional parameters for the deflection of the asteroid 263976 (2009
KD5) (radius 393 m, period 2.66 hours) by 1 Earth radius in 10 and 20 years, using a MR
strategy, with ∆m̄ = 1×10−4.

10 years 20 years
Siphon linear density [kg/m] 118 24
Total ∆vp [cm/s] 1.15 0.63
Average ∆vs [cm/s] 60 54
Average mass rate [kg/s] 34 8
Number of releases 214 106
Released mass % 0.0213 0.0105
Siphon length [m] 670 670
Max tension [kN] 8.4 8.4

by a smaller siphon length. Figure 6.15 clearly shows that smaller and faster rotating asteroids
are preferred candidates for such deflection methods, with a smaller siphon linear density and
siphon length requirements.

The siphon linear density is also related to the cross section A of the siphon, with larger µ

being associated to larger cross sections (see Eq. (3.22)). For a siphon linear density ranging
from 20 to 400 kg/m,

√
A ranges from 10 cm to 45 cm. Nevertheless, a siphon modelled as

a discrete chain of payloads will clearly have a larger cross section, depending on the distance
l between consecutive payloads. Assuming that payloads are stored within buckets of cubical
shape, it can be shown that the size of the payloads is 3

√
µl/ρ , where, to avoid superposition of

consecutive payloads, l≥
√

µ/ρ . For example, taking a distance between payloads of l = 0.5m,
for the same range of µ , the size of the payload ranges from 17cm to 46cm. The total number
of payloads then depends on the length of the chain.

6.4.1 Case study and discussion

Table 6.2 shows relevant parameter in dimensional units, referred to the MR deflection of the
potentially hazardous asteroid 263976 (2009 KD5) (radius 393m, period 2.66 hours2) with
twindow = 10 years and twindow = 20 years by 1 Earth radius, assuming an asteroid density
ρ = 2gcm−3. Figure 6.16 also shows the trajectory in the CW frame for the 10 years de-
flection case. The siphon linear density drops by approximately one order of magnitude when
the time windows are doubled in duration. This implies a reduction of both the siphon cross
section and the mass flow rate of material being lifted on the siphon, taken as the ratio between
the total released mass and the required time window. The required mass flow rates range from
8 to 34kgs−1 for the scenario presented. Such rates clearly depend upon the technology of the
mining units transferring material from the surface of the asteroid to the siphon and the physical
properties of the asteroid. For example, surface irregularities, boulders or cavities could inter-

2From, https://ssd.jpl.nasa.gov/sbdb.cgi, accessed on 14th May 2020



CHAPTER 6. ASTEROID DEFLECTION 156

Time window: 10 years

0.01

0.0
1

0.02

0.02

0.04

200 300 400 500 600 700 800 900 1000 1100 1200

Asteroid radius [m]

2

2.5

3

3.5

4

4.5

5

5.5

6

A
s
te

ro
id

 p
e
ri
o
d
 [
h
]

15
0

1
5
0

25
0

250 250

25
0

40
0

400

400
Siphon linear density [Kg /m]

v
p

 [m/s]

Siphon length [m]

500

2500

2500

5000

(a)

Time window: 20 years

0.005

0.0
05

0.01

0.01

0.02

0.02

0.04

200 300 400 500 600 700 800 900 1000 1100 1200

Asteroid radius [m]

2

3

4

5

6

7

8

A
s
te

ro
id

 p
e
ri
o
d
 [
h
]

20

50

50

50

50

10
0

100

100

20
0

200

Siphon linear density [Kg /m]

v
p

 [m/s]

Siphon length [m]

500

2500

2500

5000

5000

(b)

FIGURE 6.15: Isocurves for siphon linear density (black), ∆vp (dashed red) and siphon length
(dot-dashed blue) as a function of the asteroid radius and period, for a MR release scenario, with
∆m̄ = 1×10−4 and asteroid density ρ = 2000kgm−3.
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FIGURE 6.16: Primary trajectory for a 10 years deflection of asteroid 263976 (2009 KD5) by
1 Earth radius.

fere with the motion of surface rovers. Use of multiple siphons, anchored at different points
on the asteroid equator, would significantly reduce the overall travel distance of surface rovers,
thus enabling larger mass throughputs. In any case, the required mass flow rate significantly
decreases for larger time windows or, in general, when the required deflection ∆v decreases. In
cases where an asteroid has a close approach to Earth followed by a later return, the required
change in velocity may be orders of magnitude smaller than 1cms−1 [75], thus significantly
reducing the required mass flow rate.

The alignment of the siphon with the local vertical was among the assumptions of the model
developed in this chapter. In Chapter 4 it was shown that Coriolis forces due to payload motion
actually induce damped oscillations in the equatorial plane and such oscillations are completely
damped out when the mass of the secondary is approximately two orders of magnitude larger
than the mass of the siphon. In general, the damping timescale is much smaller than the time
between consecutive releases. For example, for the 20-years deflection case, it can be shown
via Eq. (3.70) that the time required to reach the condition m = 100µL is on average just 3%
of the time between consecutive releases. Therefore, the timescale for damping out the equa-
torial oscillations is much smaller than the time between consecutive releases of the secondary
mass. It is therefore reasonable to assume that the siphon is aligned with the local vertical for
the entire extraction sequence and, in particular, when the secondary is released. A similar ar-
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gument can be made for the other case scenario and, more generally, for SR cases and MR cases
with ∆m̄ > 1×10−4. However, more care must be taken if the parameter ∆m̄ is smaller than
1×10−4: in this case, the time between consecutive releases could decrease to values compa-
rable to the timescale for damping out the equatorial oscillations (since less mass is collected at
the secondary for each release) and a more accurate model taking into account Coriolis forces
may be required. Equatorial oscillations can also be reduced by using an additional counter-
weight connected to the top of the siphon via a tether, using a method similar to that described
in Ref. [151]. Additionally, as noted in Chapter 4, the minimum mass of the secondary at the
beginning of siphon operations cannot be arbitrary small, in order to avoid impact of the siphon
with the asteroid surface during the initial oscillation phase. Practically, the minimum initial
mass of the secondary should be (approximately) at least one order of magnitude larger than the
mass of the siphon (see Sec. 4.5 and Fig. 4.123). In the MR scenario, this requirement can be
met by retaining a fraction of the asteroid mass at the secondary at the moment of release, such
that the condition m = 10µL is always verified at the beginning of each new siphon operation
phase.

The maximum support tether tension is 8.4kN in both cases. A Kevlar tether (density
1440kgm−3, maximum tensile strength 3.6GPa [6]) with cross section of 1cm2 can withstand
such tension, with a total tether mass of approximately 10kg. It must be stressed that the tether
tension can vary significantly depending on the asteroid radius, period and the released mass
∆m. Therefore a range of very different scenarios and requirements can emerge depending on
the asteroid physical characteristics.

The total released mass is approximately 2% and 1% of the asteroid initial mass for a 10 and
20-year deflection scenario respectively. This corresponds to approximately 5×106 and 1×107

tonnes of material. This reaction mass is much larger than that required by other deflection
methods. However, it must be emphasized that the reaction mass is entirely collected in situ,
and clearly that is one of the main advantages of the orbital siphon deflection method.

An estimate of the size of the buckets can be made using the equations described in the
previous section. For example, assuming cubic buckets and a 1 m distance between them, each
cubic bucket would have a side length of approximately 39 cm for the 10-year deflection scenario
and 23 cm for the 20-year deflection scenario. The mass of the buckets will depend on the
selected material and the thickness of each bucket face. However, depending on the average
grain size of the asteroid material, buckets can be designed as a wire mesh thus significantly
decreasing their mass and therefore the siphon structural mass to be launched from Earth.

Typical secondary escape velocities are between 54 and 60cms−1, much larger than the total
∆v of the primary. Considering the secular term only in the CW equations, the total secondary
displacement in time ∆t is 3∆vs∆t. Therefore a secondary released with escape velocity ∆vs =

3Fig. 4.12 is related to a slightly oblate asteroid, and not a spherical asteroid as in this model. However, results
for a spherical asteroid would not differ significantly from Fig. 4.12 and the same conclusion holds.



CHAPTER 6. ASTEROID DEFLECTION 159

54cms−1 would be displaced by approximately 8 Earth radii per year. It is therefore reasonable
to assume that the secondaries will always miss the Earth. More accurate analysis, taking into
account orbital eccentricity and inclination is left for future work.



Chapter 7

Excavation of artificial caverns inside
asteroids by leveraging rotational
self-energy

7.1 Introduction

This chapter is intended as an extension of Chapter 3, with material mined from the asteroid
interior rather than the external surface, to generate an internal cavity. A cavity inside an as-
teroid would be a natural radiation shield against cosmic radiation [77] for habitation and may
also serve as a confined environment for storage of mined material such as water ice or other
processed volatiles such as propellants. To this end, it is proposed to use the siphon effect to
excavate an artificial cavity in the asteroid interior. An artificial tunnel excavated from a point
on the asteroid equator to its centre, contains the orbital siphon which is used to remove material
from the asteroid interior to escape. In the first part of this chapter, the maximum quantity of
mass that can can be excavated is calculated and compared with results found in Chapter 3 for a
siphon anchored at the asteroid surface. In the second part, the variation of the internal asteroid
stresses due to the internal void is analysed. Assuming elastic material behaviour, a closed-form
solution for the stress tensor is found. Then, using a yield criterion for geological materials,
regions inside the asteroid that are more sensitive to structural failure are identified.

7.2 Model

The asteroid is modelled as a sphere with radius R, uniform density ρ and angular velocity ω .
An artificial tunnel, excavated from a point on the asteroid equator to its centre, contains the
orbital siphon, with length L > R (Fig. 7.1). It is assumed that the cross-section of the tunnel
is small compared to the radius of the asteroid, hence the change of asteroid mass and inertia
due to the presence of the tunnel can be neglected in this case. As in Chapter 3, the siphon is

160
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FIGURE 7.1: Orbital siphon model.

modelled as a chain of n tether-connected payloads each with mass δM where the mass of the
tethers is neglected. Mining units extract material from the asteroid interior and transfer it to the
siphon. For simplicity, the internal cavity is assumed to be spherical, with time varying radius
b < R. The siphon is assumed to keep a fixed orientation, normal to the asteroid surface. This
implies that the masses are sliding without friction on a support structure to avoid rotation of
the siphon caused by the Coriolis acceleration resulting from the motion of the chain. Such a
support structure can either be a rigid rod or a tether anchored at the base of the siphon and kept
in tension via a counterweight, as discussed in previous chapters.

7.2.1 Force on the siphon

Within an asteroid-fixed reference frame, each payload mass is subjected to a gravitational force
directed towards the centre of the asteroid and a centrifugal-induced force, in the opposite di-
rection. Let xi = b + (i− 1)l be the distance between the i-th payload mass and the centre
of the asteroid, where l = L/(n− 1) is the constant length of the tethers connecting consecu-
tive payloads. The gravitational and centrifugal-induced forces can be written respectively as
(Sect. 2.2.1):

fg,i =


−G

4
3

πρ
x3

i −b3

x2
i

δM, if xi ≤ R

−G
4
3

πρ
R3−b3

x2
i

δM, if xi > R
(7.1)

and
fc,i = δMω

2xi (7.2)
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Then, the total force acting on the siphon will be the sum

f =
n

∑
i=1

( fg,i + fc,i) (7.3)

Internal tether tensions are not explicitly listed in Eq. (7.3) as they will vanish in a summation to
be performed later. From this point Equation (7.3) can then be written in non-dimensional form
using the scale factors listed in Table 3.1

f̄ =

(
ω̄

2x̄i−
n∗

∑
i=1

x̄3
i − b̄3

x̄2
i
−

n

∑
i=n∗+1

1− b̄3

x̄2
i

)
δM̄ (7.4)

where the upper bar indicates a non-dimensional variable. The variable n∗ represents the number
of payload masses below the asteroid surface, i.e., the largest positive integer satisfying:

b̄+(n∗−1)l̄ < 1 (7.5)

Upon simplification, Eq. (7.4) can be written as:

f̄ =
δM̄
l̄2

[
b̄3

Ψ

(
1+

b̄
l̄

)
+(1− b̄3)Ψ

(
n+

b̄
l̄

)
−Ψ

(
n∗+

b̄
l̄

)]
+

δM̄
2
[
n(L̄+2b̄)ω̄2− (l̄n∗+2b̄)(n∗−1)

]
(7.6)

where Ψ is the polygamma function of order 1 (Eq. (3.7)). When the condition

f̄ = 0 (7.7)

is satisfied, the total gravitational and centrifugal-induced forces are balanced and the chain is
in equilibrium. Figure 7.2 shows the variation of the function f̄/δM̄ with respect to the siphon
length L̄, for an asteroid with ω̄ = 0.7, n = 30 and a range of inner radii b̄. It is apparent that,
for a given ω̄ , n and b̄, two equilibria exist. The smaller equilibrium corresponds to a siphon
entirely contained within the tunnel, i.e., with its top mass below the asteroid surface. The larger
equilibrium corresponds to a siphon extending outside the asteroid surface. If the radius of the
inner void is larger than a certain threshold, which depends on ω̄ and n, the siphon force is
always positive and no equilibrium exists. It can be shown that the inner equilibrium is stable
in the radial direction whereas the outer equilibrium is unstable. This implies that an orbital
siphon effect cannot be generated for a sub-surface orbital siphon. Additionally, a sub-surface
orbital siphon would not release the top masses outside the asteroid, and would not be suitable
for mass extraction purposes. Therefore, only siphons extending outside the asteroid surface are
considered here.
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FIGURE 7.2: Non-dimensional siphon force as a function of the siphon length, for ω̄ = 0.69,
n = 30 and a range of inner radii b̄.

7.2.2 Approximation for a continuous chain

It is useful for later analyses to rewrite Eq. (7.6) by approximating the siphon with a continuous
mass distribution with the same length L and linear density µ = nδM/L, as done in Chapter 3.
This is obtained by substituting the sum in Eq. 7.3 with an integral over the length of the siphon.
It can be shown that, under these conditions, the total force can be written in non-dimensional
form as

f̄cont =
1
2

[
(b̄−1)(b̄2 + b̄−2+3L̄(b̄+1))

L̄+ b̄
+ L̄(L̄+2b̄)ω̄2

]
µ̄ (7.8)

Figure 7.3 shows the siphon equilibrium length Leq as a function of the non-dimensional aster-
oid angular velocity ω̄ using the continuous mass distribution approximation (continuous lines),
compared with the discrete chain case (dashed lines and dotted lines, corresponding to n = 10
and n = 30 respectively) for a range of inner radii b̄. It is apparent that the equilibrium solu-
tion found with the continuous mass distribution approach is an accurate approximation of the
discrete chain case. As expected, the equilibrium length increases with a larger asteroid angular
velocity. Moreover, a larger internal cavity reduces the asteroid mass and also the gravitational
force acting on the chain, thus decreasing the equilibrium length.

7.2.3 Siphon operation: conservation of angular momentum

If the net force on the siphon is positive the chain will lift and an orbital siphon effect can be
envisaged, where new payloads are connected at the bottom of the chain while upper payloads
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FIGURE 7.3: Equilibrium length (non-dimensional units) of the siphon as a function of the
non-dimensional angular velocity ω̄ for a range of inner radii b̄, using the continuous mass
distribution approximation (continuous lines), compared with the discrete chain case (dashed
lines and dotted lines, corresponding to n = 10 and n = 30)

are released. In analogy with Chapter 3, the extraction of a PM from the asteroid and the sub-
sequent release of the top payload mass from the chain can be modelled through the following
four-step sequence (see Fig. 7.4):

1. The chain is initially in the configuration (1) with x1 = b and will subsequently lift if
f > 0.

2. The chain is in the configuration (2), with x1 = b+ l.

3. A new payload mass δM is connected at the bottom of the siphon. To guarantee conserva-
tion of mass, the inner radius b increases by δb > 0 such that, the mass of the outer shell
with thickness δb is equal to δM.

4. The top mass is released from the chain.

This sequence is then repeated. Let b j, M j, IA, j, IS, j and ω j be the inner radius, asteroid mass,
asteroid inertia, siphon inertia and asteroid angular velocity at the j-th step of the sequence
described above. Then:

IA, j =
2
5

M j
R5−b5

j

R3−b3
j

(7.9)
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FIGURE 7.4: Siphon operation sequence

and

IS, j =



δM
n

∑
i=1

(b j +(i−1)l)2, j = 1

δM
n

∑
i=1

(b j + il)2, j = 2

δM
n+1

∑
i=1

(b j +(i−1)l)2, j = 3

δM
n

∑
i=1

(b j +(i−1)l)2, j = 4

(7.10)

where M1 = M2 = M, M3 = M4 = M−δM and r1 = r2 = b, r3 = r4 = b+δb.
As no external torques are acting on the asteroid and chain, conservation of angular momen-

tum holds at each step. Therefore:

(IA,1 + IS,1)ω1 = (IA,2 + IS,2)ω2 (7.11a)

(IA,2 + IS,2)ω2 = (IA,3 + IS,3)ω3 (7.11b)

(IA,3 + IS,3)ω3 = (IA,4 + IS,4)ω4 +δM(r4 +nl)2
ω3 (7.11c)

Substituting Eqs. (7.9) and (7.10) into Eqs. (7.11) and further simplifying (see Appendix F for
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details), Eqs. (7.11) can be written as:

δω̄12

ω̄1
= 5

b̄5

1− b̄5

[
3
2

(
1+

L̄
b̄

)2

− 1
2

]
δ b̄
b̄

(7.12a)

δω̄23

ω̄1
=−5

2
b̄5

1− b̄5
δ b̄
b̄

(7.12b)

δω̄34

ω̄1
= 0 (7.12c)

where δω̄12 = ω̄2− ω̄1, δω̄23 = ω̄3− ω̄2, δω̄34 = ω̄4− ω̄3 and the higher-order terms are ne-
glected. Again neglecting high-order terms:

δω̄23

ω̄2
=

δω̄23

ω̄1−δω̄12
≈ δω̄23

ω̄1

(
1+

δω̄12

ω̄1

)
≈ δω̄23

ω̄1
. (7.13)

and equivalently
δω̄34

ω̄3
≈ δω̄34

ω̄1
(7.14)

Hence, each contribution given by Eqs. (7.12) can be added to find the overall angular velocity
variation δω̄ = δω̄12 +δω̄23 +δω̄34 between step 1 and 4:

δω̄

ω̄
= 5

b̄5

1− b̄5

[
3
2

(
1+

L̄
b̄

)2

−1

]
δ b̄
b̄

(7.15)

Note that the right-hand side of Eq. (7.15) only depends on the inner radius b̄ and on the length
L̄ of the chain.

7.2.4 Siphon radial velocity

It was shown in Chapter 3 that the momentum exchange between the mass to be connected to
the chain and the rest of the chain induces a deceleration of the siphon which eventually causes
the siphon to reach a bound steady state velocity. For a siphon modelled as a continuous mass
distribution, the steady state velocity can be written as a function of the radial force and the
siphon linear density (Eq. (3.58)). Substituting Eq. (7.8) into Eq. (3.58) yields:

v̄ =
1√
2

√
(b̄−1)(b̄2 + b̄−2+3L̄(b̄+1))

L̄+ b̄
+ L̄(L̄+2b̄)ω̄2 (7.16)
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FIGURE 7.5: Regions of positive (green) and negative (yellow) energy of the material released
from the siphon for a range of internal radii b̄, as a function of the asteroid angular velocity ω̄

and the siphon length L̄. Also shown in red is the region associated with negative siphon force,
calculated using Eq. (7.8).

7.2.5 Energy of the released material

Following the analysis in Chapter 3, the energy per unit mass E of the material released at the
top of the siphon can be expressed as:

E =−4
3

Gρπ(R3−b3)
1

b+L
+

1
2
[
ω

2(b+L)2 + v2] (7.17)

where the two terms represent the gravitational and kinetic energy of the released payload re-
spectively. Equation (7.17) can be conveniently written in non-dimensional form as:

Ē =−1− b̄3

1+ L̄
+

1
2
[
ω̄

2(b̄+ L̄)2 + v̄2] (7.18)

Assuming two-body dynamics upon release, the sign of Ē determines the fate of the released
material, i.e., if it will escape the asteroid or be inserted in orbit around it. Figure 7.5 shows
the region of positive (green) and negative (yellow) release energy. Also shown in red is the
region where the siphon effect cannot be generated due to a negative radial force, calculated
using Eq. (7.8). The dotted black line is the continuation of the contour line E = 0 inside the
f < 0 region. For b̄ = 0 material can only be released to escape, whereas for b̄ > 0, release to a
bound orbit is possible only below a maximum siphon length, depending on b̄ and the angular
velocity of the asteroid.

7.2.6 Maximum internal volume

Equation (7.15) can be integrated from ω̄0 to ω̄ f (left-hand side) and from b̄0 = 0 to b̄ f (right-
hand side) to obtain the angular velocity variation of the system as a function of the radius of
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the internal cavity, such that
ω̄

ω̄0
= exp(−I ) (7.19)

where

I =
∫ ¯̄b f

0
5

b̄4

1− b̄5

[
3
2

(
1+

L̄
b̄

)2

−1

]
db̄ (7.20)

Since I > 0 for any L̄ > 0 and 0 < b̄ f < 1, the angular velocity of the asteroid exponentially
decreases as the radius of the internal cavity increases. If the length of the siphon is constant,
Eq. (7.19) admits a closed-form solution, however, due to the length of the resulting expression,
it is not explicitly reported here. Then, for a given siphon initial angular velocity ω̄0 and siphon
length L̄, the parameter b̄ f ,max = max(b̄ f ) satisfying the condition f̄ = 0 (with the angular ve-
locity calculated via Eq. (7.11)) represents the radius of the largest internal spherical cavity that
can be excavated by exploiting the orbital siphon effect. Equivalently, m̄ f = b̄3

f represents the
fraction of mass that has been removed, scaled with respect to the initial asteroid mass M0.

Figure 7.6a shows the extractable mass m̄ f as a function of the siphon length L̄ for a range
of initial asteroid angular velocities ω̄0. As for the scenario analysed in Chapter 3, an optimal
siphon length which maximizes the extractable mass exists. As expected, the optimal chain
increases with decreasing asteroid angular velocity: an asteroid with slower spin rate would
require a larger chain to generate enough centrifugal pull to initialize the siphon effect. Figure
7.6b shows the maxima of Fig. 7.6a as a function of the asteroid initial angular velocity and the
results are compared with that of Chapter 3, for the case of material extracted from the asteroid
outer surface with a siphon anchored at equator. The maximum extractable mass for the internal
siphon case is approximately 4.9% of the initial mass of the asteroid for ω̄0 = 1, corresponding to
an internal spherical void of radius b̄ = 0.36, requiring a siphon length L̄ = 1.28. The maximum
extractable mass for an external siphon is always larger, irrespective of ω̄0. This is due to the fact
that a siphon anchored at the asteroid equator benefits from a larger centrifugal-induced force
and therefore the minimum length required to initialize the siphon effect is smaller. Hence the
term δω/ω is smaller for a siphon anchored at the equator (compare Eq. (7.15) with Eq. (3.32)).

Figure 7.7 shows the non-dimensional energy of the released material as a function of the
non-dimensional inner radius b̄, for different asteroid initial angular velocities ω̄0. The siphon
length is chosen such that the extractable mass is maximised. It is apparent that for any ω̄0 ≤ 1
material is always released to escape (Ē > 0), i.e., release to bound orbits is not possible.

7.2.7 Timescale

The total time required to extract the mass m̄ f is related to the siphon radial velocity and siphon
linear density µ̄ via Eq. (3.70) for a siphon modelled as a continuous mass distribution. Using
the velocity equation (7.16) with the conservation of angular momentum (7.19), the integrand of
Eq. (3.70) can be written as a function of m̄ (or, equivalently, as a function of b̄). The resulting
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FIGURE 7.6: (a) Extractable mass as a function of the siphon length for a range of initial
angular velocities. (b) Maximum extractable mass as a function of the initial angular velocity,
compared with the results from Chapter 3, for a siphon anchored at the asteroid equator.
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FIGURE 7.7: Non-dimensional energy Ē of the released material as a function of the non-
dimensional inner-radius b̄, for different asteroid initial angular velocities ω̄0. The siphon length
is chosen such that the extractable mass is maximised.
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FIGURE 7.8: (a) Variation of Bennu rotation period as a function of the inner radius. (b) Siphon
velocity (black) and force per unit linear density (red) as a function of the inner radius.

integral does not admit a closed-form solution and an approximate solution can be obtained via
numerical integration.

7.3 Case study

Relevant results in dimensional units related to the asteroid Bennu are now provided (see Table
2.1 for physical details of the asteroid). The radius of the spherical cavity that can be created
inside Bennu by extracting mass using a constant length siphon is b f ,max = 66m (approximately
one quarter of the outer radius), corresponding to a total extracted mass m f = 1.5×109 kg and
requiring and optimal siphon length L = 803m, approximately three times the radius of the
asteroid. Using Eq. (7.17) it can be shown that material is released to escape for all b̄ ∈ [0, b̄ f ].
Figure 7.8a shows the variation of the asteroid period as a function of the inner radius using the
conservation of angular momentum (Eq. (7.11)). The final asteroid rotation period at the end of
the manipulation process is approximately 1.5 longer than the initial period.

Figure 7.8b shows the radial velocity of the siphon (Eq. (7.16)) as a function of the radius
of the inner cavity (black curve) as well as the siphon force per unit linear density fcont/µ (red).
The velocity is on the order of cm/s, comparable with previous results for a siphon anchored at
the asteroid surface (Chapter 3). It drops to zero towards the end of the manipulation process,
when the radial force on the chain approaches zero and the siphon reaches its equilibrium state.

Figures 7.9a and 7.9b show the time required to generate a cavity with inner radius r and the
average mass flow rate as a function of r, for a range of siphon linear densities µ . For example,
a 27-meter radius cavity, corresponding to approximately 105 tonne of removed material, can be
excavated in 6.2 years, for a siphon linear density µ = 1kgm−1, or 45 days, for µ = 50kgm−1.
The required instantaneous mass rates are below 9kgs−1 for µ ≤ 50kgs−1 (Fig. 3.12). Clearly,
such mass rates depend upon the technology of mining units transferring material to the siphon
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FIGURE 7.9: Manipulation time (a) and instantaneous mass rate of lifted mass (b) as a function
of the inner radius r, for a range of siphon linear density µ .

and the physical properties of the asteroid. According to [126], an equipment mass of 5 tonnes
could process 1000 tonnes of asteroid regolith per day, or 11.5kgs−1 which is larger than the
maximum rate shown in Fig. 7.9b, suggesting that the siphon can be fed with the required mass
rates for the test cases considered here.

As noted in Fig. 7.8a, the asteroid retains a residual angular velocity at the end of the ma-
nipulation process that cannot be further exploited if the siphon length is constant. However,
by allowing the siphon length to increase, it is possible to leverage the residual rotational ki-
netic energy of the asteroid to further increase the volume of the internal cavity. For example,
Fig. 7.10a shows the variation of the asteroid period as a function of the radius of the internal
cavity when a siphon of variable length is used. The length L is chosen as a function of the
equilibrium length, which increases during siphon operation (see Fig. 7.3). Figure 7.10b shows
the length of the siphon as function of the inner radius. The dotted vertical line represents the
maximum radius of the inner cavity that can be excavated with a constant-length siphon. As
expected, larger cavities can be created in this case. For example, taking L = 1.2Leq, leads to a
cavity with a radius of approximately 82 m. Clearly, when L is closer to the equilibrium length,
larger cavities can be excavated. However, the case L = Leq represents an ideal limiting scenario,
since the siphon would constantly experience zero net force by definition in this case.

The case L = 1.65Leq leads to an equivalent result as the constant length siphon case. More-
over, it should be noted that by changing the shape of the cavity, the angular velocity equation
(7.19) would change accordingly, thus in principle changing the maximum extractable mass m f

and therefore the volume of the internal cavity. The key parameter here is the resulting inertia
of the spherical asteroid with the internal cavity: if, for a given void volume, this parameter
is maximised (or, in turn, the inertia of the cavity is minimised), then the angular velocity of
the system comprising the asteroid and the siphon at the end of siphon operation is maximised,
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FIGURE 7.10: Variation of asteroid rotation period (a) and siphon length (b) for a variable-
length siphon. The dotted vertical green line in Fig. 7.10a indicates the maximum radius of the
internal cavity that can be excavated using a constant length siphon.

according to conservation of angular momentum and, therefore, a larger amount of mass can be
extracted. For example, a cylinder with height h and cross section diameter d would have half
the inertia of a sphere with diameter d if h = 4/15d. Although it is expected that the resulting
cavity volumes will not change significantly from the values found in the present preliminary
analysis for a spherical cavity, further studies are require to apply the present concept to different
cavity shapes.

7.4 Analytical modelling of structural failure

As shown in the previous sections, the creation of a void in the interior of the asteroid alters
the physical characteristics of the body: its rotation period increases due to conservation of
angular momentum and its mass is reduced. Therefore, it is expected that the distribution of
internal stresses on the asteroid will change. This section provides a simple analytical model
developed using a continuum mechanics approach to explore the variation of internal stresses
due to the presence of an artificial cavity of variable size in the interior of the asteroid. Then,
using the Druker-Prager failure law [25], the internal regions more sensitive to structural failure
are identified.

A set of simplifying assumptions is made such that a closed-form solution for the internal
stresses can be found. Firstly, material behaviour is assumed to be elastic-perfectly plastic,
and therefore the effect of material hardening after yielding is not taken into account. The
same spherical asteroid shape is assumed, as in the previous section. The only two body loads
considered are those due to gravity and the asteroid rotation. The effects of the tunnel containing
the siphon or that of any anchoring device are not considered in the derivation of the internal
stresses. Also, it is assumed that the gradual increase of the inner cavity volume is quasi-static
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(so that any time-dependent change of the stress due to additional inertial forces is neglected)
and any local variation of internal stress due to the interaction between mining units and the
asteroid is not taken into account.

7.4.1 Elastic stress solution

A method described by Barber [8] is adapted to find a closed-form solution for the stress tensor
on an axisymmetric body subjected to arbitrary axisymmetric tractions, in this case the self-
gravity of the asteroid and centrifugal-induced force due to the asteroid rotation. Barber uses a
method that involves harmonic functions to describe the displacement of the body. Eventually,
through the stress-strain relationship, such displacements are then linked to the stresses.

Let %,Θ,φ define a spherical coordinate system with origin at the asteroid centre-of-mass,
where % is the radial distance from the centre, Θ ∈ [0,π] is the co-latitude (with Θ = 0, Θ = π

being the latitude of the poles and Θ = π/2 being the latitude of the equator) and φ ∈ [0,2π]

is the longitude. Let σi j denote the stress tensor. A sufficiently general solution to σi j can be
written in terms of the body force potential in the form (Ref. [8], pages 259 and 270):

σ%% =
νU

1−ν
+

∂ 2Γ

∂%2 + % cosΘ
∂ 2ψ

∂%2 −2(1−ν)
∂ψ

∂ %
cosΘ+

2ν

%

∂ψ

∂Θ
sinΘ (7.21a)

σφφ =
νU

1−ν
+

1
%

∂Γ

∂%
+

cotΘ

%2
∂Γ
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+

cos2 Θ

% sinΘ

∂ψ

∂Θ
+(1−2ν)

∂ψ

∂%
cosΘ+

2ν

%

∂ψ

∂Θ
sinΘ (7.21b)

σΘΘ =
νU

1−ν
+

1
%

∂Γ

∂%
+

1
%2

∂ 2Γ

∂Θ2 +
cosΘ

%

∂ 2ψ

∂Θ2 +(1−2ν)
∂ψ

∂%
cosΘ+

2(1−ν)

%

∂ψ

∂Θ
sinΘ

(7.21c)

σΘ% =
1
%

∂ 2Γ

∂Θ∂%
− 1

%2
∂Γ

∂Θ
+ cosΘ

∂ 2ψ

∂Θ∂%
+(1−2ν)

∂ψ

%
sinΘ− 2(1−ν)

%

∂ψ

∂Θ
cosΘ (7.21d)

σφ% = σφ% = 0 (7.21e)

where Γ and ψ are two potential functions satisfying

∇
2
Γ =

(1−2ν)U
1−ν

(7.22a)

∇
2
ψ = 0 (7.22b)

and U is the body force potential. The conditions defined by Eqs. (7.22) ensure that the equilib-
rium equations are satisfied whereas Eqs. (7.21) represent the stress-strain relations, expressed
as a function of the potentials Γ and ψ (the interested reader is referred to Ref. [8] for addi-
tional details). The body potential U associated with the gravitational and rotational loads is, in
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spherical coordinates, given by

U =
4
3

Gπρ
2
(

1
2
%2 +

b3

%

)
− 1

2
ρ %2

ω
2 sin2

Θ (7.23)

Traction-free boundary conditions are imposed at the outer and inner surface, i.e.

σi j(%= b,Θ,φ)n̂ = 0 (7.24a)

σi j(%= R,Θ,φ)n̂ = 0 (7.24b)

where n̂ is the normal to the surface. Therefore, the goal is to identify two harmonic functions Γ

and ψ that simultaneously satisfy: (i) the equilibrium equations given by Eqs. (7.22) and (ii) the
boundary conditions (Eq. (7.24)) upon substitution of the stress-strain Eqs. (7.21). To this end,
first note that the function Γ can be decomposed in the sum Γp +Γh, representing the particular
and homogeneous solution to Eq. (7.22a) respectively. It can easily be verified that the particular
solution

Γp =
%4 ρω2(1−2ν)(5cos2Θ−3)

280(1−ν)
+

4
3

πρGρ
2 2ν−1

ν−1

(
%4

40
+

b3 %

2

)
(7.25)

satisfies Eq. (7.22a). In order to find the homogeneous solutions Γh and ψ , these are written
in terms of spherical harmonics with coefficients to be found in order to satisfy the boundary
conditions Eq. (7.24). In particular, the functions Γh and ψ can be written as:

Γh = A1 %
−1 +

1+3cosΘ

4
(A2 %

2 +A3 %
−3)+A4 %

4 9+20cos2Θ+35cos4Θ

64
(7.26)

ψ = cosΘ(B1 %+B2 %
−2)+B3 %

3 3cosΘ+5cos3Θ

8
(7.27)

where A1, A2, A3, A4, B1, B2 and B3 are coefficients to be determined. The specific spherical
harmonics to be used are chosen to enable the boundary conditions to be satisfied. Substituting
ψ and Γ = Γp +Γh into Eqs. (7.21) and then imposing the boundary condition Eq. (7.24) forms
a system of 7 linearly independent equations in the 7 unknowns A1, A2, A3, A4, B1, B2 and
B3. Solving for the coefficients and then substituting the potentials Γ, ψ back into Eqs. (7.21)
permits the stress tensor σi j to be found (see Appendix G for intermediate steps). Scaling the
stresses by the factor 4/3Gπρ2R2, the resulting stress tensor can be written as a function of the
asteroid angular velocity ω̄ , the Poisson ratio ν , the radial distance %̄ and the co-latitude Θ (see
Appendix G). Due to the symmetry of the problem, the stress is independent of the longitude φ

and it is symmetric with respect to the equatorial plane. It is important to note that the particular
case of b = 0 returns the classical solution for the stress field of an homogeneous elastic rotating
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sphere [60]:
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(
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(7.28a)
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σΘ% =−
(2ν +3)

(
%2 −1

)
ω2 sin2Θ

2(5ν +7)
(7.28d)

7.4.2 Failure law

Granular materials have zero or little tensile strength but can withstand considerable shear stress
if under pressure. The pressure p is formally the average of the principal stresses σ1,σ2,σ3, i.e.,
p= (σ1+σ2+σ3)/3. Such pressure dependence is the consequence of the interlocking between
the granular particles: in order to trigger failure, particles have to slide over one another and the
confining pressure resists such motion [54]. A common pressure-dependent criterion to assess
failure of geological material is the Druker-Prager criterion, which is formally an extension of
the von-Mises criterion by introducing the influence of the pressure at failure. The Drucker-
Prager model states that failure is achieved when [25]:

αI1 +
√

J2− s≤ 0 (7.29)

where I1 and J2 are the stress invariants

I1 = σ1 +σ2 +σ3 (7.30)

J2 =
1
6
[
(σ1−σ2)

2 +(σ2−σ3)
2 +(σ1−σ3)

2] (7.31)

Note that I1 is proportional to the pressure p; the term
√

J2 is related to the shear stresses [25].
The two coefficients α and s are macroscopic properties of the granular assembly. They can be
related to the angle of friction φ and the cohesion c via [25] :

α =
2sinφ√

3(3− sinφ)
(7.32)

s =
6ccosφ√

3(3− sinφ)
(7.33)
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The cohesion is formally the shear strength at zero pressure. The angle of friction is associated
with the interlocking between particles in the granular medium (see Ref. [25]). Similarly to
Ref. [53] two types of cohesion are distinguished: the actual cohesion and the critical cohesion

c∗. The former is a macroscopic property of the asteroid while the latter is defined as the value
of the cohesion at which Eq. (7.29) is verified with the equality:

c∗ =

√
3(3− sinφ)

6cosφ

√
J2 +

1
3

tanφ I1 (7.34)

The critical cohesion is an indicator of possible failure: if the actual cohesion c is smaller than
c∗ at any point on the asteroid interior, the asteroid may structurally fail.

7.4.3 Results

Following Ref. [53] the Poisson ratio is fixed at 0.25 and a range of angles of friction between
20deg and 45deg are considered. Figures 7.11 and 7.12 show the distribution of the non-
dimensional critical cohesion c̄∗ in the xz plane at the beginning (left column) and at the end
of siphon operation (right column), taking an angle of friction φ = 20deg and 45deg respec-
tively, for a range of initial angular velocities (ω̄0 = 0.6, ω̄0 = 0.8, ω̄0 = 1). The final angular
velocity and radius of the internal cavity are calculated with the method described in Sect 7.2.6
assuming a constant and optimal siphon length, and their values are indicated in the title of each
figure. The red dotted lines mark the contour lines characterized by c∗ = 0 and a red dot indi-
cates the location of max(c̄∗) in the cases where max(c̄∗) > 0. Some relevant information can
be inferred. When b = 0 the weakest point, i.e. the point with highest max(c̄∗), is located on
the outer surface of the asteroid for lower initial spin rates (at the poles for low angle of fric-
tion or at the equator for higher angles of friction) whereas it is at the centre of the asteroid for
higher spin rates. At low spin rates and large angles of friction the entire asteroid is character-
ized by negative stress (such as in the case ω̄0 = 0.6 and φ = 45 deg), meaning that no cohesion
is required for the asteroid to avoid structural failure. At the end of the manipulation process
(b > 0), the location of the most weak point is on the inner surface, in all the cases represented
where max(c̄∗)> 0. At lower angular velocities, the distribution of the stresses does not strongly
depend on the latitude. This result is expected since gravity is the predominant body force at
slow spin rates. However, at larger angular velocities, the distribution of c̄∗ varies significantly
with latitude and, for the cases represented here, the equator of the inner cavity is the point with
highest sensitivity to failure.

Figure 7.13 shows the magnitude of the maximum critical cohesion (coloured contour curves)
on the internal surface %̄ = b̄ as function of the internal radius b̄ and the angular velocity, for
φ = 25 deg (a), φ = 35 deg (b), φ = 40 deg (c), φ = 45 deg (d). Here, the critical cohesion is
reported in dimensional units, assuming an asteroid with the same density and outer radius R as
Bennu (Table 2.1). Also shown as dashed black curves is the variation of the angular velocity
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FIGURE 7.11: Non-dimensional critical cohesion c̄∗ at the beginning (left column) and the end
(right column) of siphon operation, assuming a friction angle φ = 20 deg.
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FIGURE 7.12: Non-dimensional critical cohesion c̄∗ at the beginning (left column) and the end
(right column) of siphon operation, assuming a friction angle φ = 45 deg.
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(a) (b)

(c) (d)

FIGURE 7.13: Contours of the maximum critical cohesion (in Pa) on the surface of the inner
cavity %= b as a function of the inner radius and the asteroid angular velocity, for a range of
angles of friction, as indicated in the title of each figure. The dashed black curve also show the
variation of the asteroid angular velocity as a function of b̄, for some values of ω̄0. The shaded
regions indicate the latitude of max(c∗) (max(c∗) > 0): Θ = 0 (i.e., at the poles) for the green
region and Θ = π/2 (i.e., at the equator) for the blue region. The right-hand y-axis shows the
asteroid rotation period 2π/ω , taking an asteroid density ρ = 1260kgm−3.

of the asteroid as a function of the inner radius considering the effect of the orbital siphon, for
different initial angular velocities. Each dashed black curve is obtained via Eq. (7.19) taking a
constant-length siphon, such that the final radius of the internal cavity is maximized. The right
y-axis shows the period of the asteroid (the asteroid period 2π/ω is completely defined from ω̄

if the asteroid density is fixed). Also, the shaded regions show the co-latitude at which the max-
imum critical cohesion is achieved (when max(c∗ > 0)): Θ = 0 (i.e., at the poles) for the green
region and Θ = π/2 (i.e., at the equator) for the blue region. In general, the critical cohesion
is not a strong function of the internal radius, since the contour lines are approximately hori-
zontal (with some exceptions for low angular velocities and angles of friction, as in Fig. 7.13a).
Therefore, since the angular velocity of the asteroid strictly decreases during siphon operation
according to Eq. (7.19) (see the dashed black lines), it follows that the maximum critical co-
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hesion c∗ in the internal cavity decreases during the material removal process. For example,
assuming an initial angular velocity ω̄0 = 0.7 and φ = 35 deg (Fig. 7.13b) the critical cohesion
at the beginning of siphon operation (b̄ = 0, marker A) is approximately 2.1Pa, then it decreases
to 1.5Pa for b̄ = 0.18 (marker B) and eventually to 0.8Pa at the end of siphon operation (marker
C). This is consistent with the fact that both body loads (due to gravity and rotation) decrease
during siphon operation and therefore the failure conditions are relaxed at larger b. If the initial
asteroid angular velocity is close to the critical spin, the location of the most weak point changes
from the poles to the equator of the internal cavity as b increases. This effect is most noticeable
at larger angles of friction (see for example the black dashed line in Fig. 7.13c starting from
ω̄ = 1, intersecting both the green and the blue region). Figure 7.14 is equivalent to however the
contour of the maximum critical cohesion is calculated at the outer surface, %̄ = 1. As already
suggested by Fig. 7.13 the maximum critical cohesion on the outer surface is always lower than
the %̄= b̄ case. It can be verified this is true for any b̄ < %̄≤ 1, thus confirming that the internal
cavity is the most sensitive to failure. In general, at large angles of friction the asteroid equator is
more sensitive to failure than the poles. Therefore, since the siphon operation does not increase
the critical cohesive strength, the minimum level of cohesive strength the asteroid should have
to avoid failure corresponds to the maximum critical cohesive strength for b = 0, at the begin-
ning of siphon operation. For example, assuming an initial asteroid period equal to the nominal
Bennu period (see Sec. 7.3), a minimum level of cohesion of approximately 4 Pa is required
to avoid failure of the internal cavity. This is a conservative value calculated for φ = 25 deg
(Fig. 7.13a), however the requirement on the minimum cohesive strength is reduced for higher
angles of friction.

Therefore, according to this preliminary model, the presence of the internal cavity does not
challenge the structural stability of the asteroid as the cavity is generated. Further studies are
then required to verify how external effects that were not taken into account in this model (e.g.,
siphon anchor forces, plastic behaviour of the asteroid material after yielding, stresses due to the
mining rovers, non-spherical asteroid and cavity shape) may change the stress distribution.
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FIGURE 7.14: Contours of the maximum critical cohesion (in dimensional units, Pa) on the
asteroid surface %= R as a function of the inner radius and the asteroid angular velocity, for a
range of angles of friction, as indicated in the title of each figure. The dashed black curve also
show the variation of the asteroid angular velocity as a function of b̄, for some values of ω̄0. The
shaded regions indicate the latitude of max(c∗) (max(c∗)> 0): Θ = 0 (i.e., at the poles) for the
green region and Θ = π/2 (i.e., at the equator) for the blue region. The right-hand y-axis shows
the asteroid rotation period 2π/ω , taking an asteroid density ρ = 1260kgm−3.



Chapter 8

Conclusions and future work

In this thesis a novel method for asteroid manipulation, the orbital siphon, has been investigated
in detail, and possible applications have been discussed in the context of asteroid mining and
deflection. In particular, Chapters 3, 4 and 5 analysed the behaviour of the siphon under different
sets of approximations of the asteroid gravitational field and focussing on different operational
aspects (e.g., maximum extractable mass, equatorial oscillations, transfer to equilibrium points),
whereas Chapters 6, and 7 analysed specific applications. In the following sections, the conclu-
sions drawn from each chapter are reported.

8.1 Chapter 3

In Chapter 3 the analytical mechanics of the orbital siphon has been investigated in detail, with
a focus on the maximum quantity of mass that can be disassembled from the asteroid using the
siphon effect. It has been shown that a vertical chain of masses can be envisaged to overcome the
surface gravity of a rotating body and can be used to lift material collected at the surface without
the need for external work to be done. Under specific conditions, the centripetal-induced force
on the uppermost masses can be large enough to lift the lower masses. Thus, by releasing the top
mass of the chain and adding a new payload mass at the bottom, an orbital siphon mechanism
is initialized, and a stream of masses can be released with a range of energies, which depend
on the physical characteristics of the asteroid (its angular velocity and density) and the chain
(its length). In particular, material can be released into bound orbits around the asteroid and
into parabolic or hyperbolic trajectories. However, only fast rotators with an angular velocity
larger than approximately 68% of their critical angular velocity can release material into bound
motion. It has been observed that the velocity at which payload masses are raised does not
diverge, under the assumption that the new payload masses are connected to the siphon at zero
velocity in the asteroid rotating frame.

Two strategies of mass extraction have been investigated, involving chains with constant
and non-constant length. Optimal chain configurations for these cases have been discussed. In

182
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optimal conditions, the maximum extractable mass is within approximately 8 and 12% of the
initial mass of the asteroid, where larger values are possible for fast rotators and variable-length
chains. However, it has been noted that longer chains also increase the complexity of the system
when considering practical implementation.

8.2 Chapter 4

In this chapter the effect of the Coriolis forces due to the radial motion of the orbital siphon has
been considered. Moreover, the effect of the anchor location on the siphon dynamics has been
taken into account by modelling the asteroid as an ellipsoid and a collecting spacecraft at the
top of the siphon is envisaged for collection of payload masses. It was shown that the siphon
effect induces a torque on the chain with respect to the anchor, thus inducing oscillations of the
siphon in the equatorial plane with a period comparable to the asteroid period. As more mass is
delivered to the collecting spacecraft at the top of the siphon the amplitude of these oscillations
is reduced over time, the siphon aligns with the local vertical and the radial velocity of the
chain of masses reaches a constant value, which is consistent with the findings in Chapter 3. If
material is not transferred to the collecting spacecraft but it is released to orbit or to escape, the
siphon does not align with the local vertical, but the amplitude of the oscillations is still damped.
Similar dynamical behaviour has been observed in the literature for frictionless pendulums with
a sliding mass.

It has been observed that prolate asteroids require a larger minimum chain length if the
siphon is anchored at the shortest end. Thus, for a prolate asteroid, the best anchor location
for the siphon is the longest equatorial end, where the centrifugal-induced acceleration at the
surface is larger.

It is shown that the siphon dynamics can be leveraged to deliver resource payloads to the
stable equilibrium points or stable retrograde orbits with a smaller ∆v than direct transfer from
the asteroid surface using mass drivers, which can be beneficial in a large-scale mining scenario.
Such stable points and orbits could serve as gravitational depots for material, waiting to be
further processed or stored for later collection, while the siphon keeps raising resources from
the surface of the asteroid.

8.3 Chapter 5

In this chapter the siphon was modelled as a set of discrete masses connected by elastic tethers
without any support structure and motion is allowed in the three-dimensional space. Moreover,
the gravity field is modelled using a polyhedral model of two candidates near-Earth asteroids.

It has been shown that the orbital siphon effect is still generated with the polyhedral models
used and the dynamics is similar to that described in Chapter 4 for a rigidly rotating siphon.
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This is a key result, as the proposed self-supporting siphon architecture reduces the scale of
infrastructure mass with respect to a siphon with a rigid support. However, it has been observed
that long structures may cause interference between the two sides of the siphon and this may
compromise siphon operation. Moreover, the irregularities of the gravitational potential do not
introduce instabilities to the orbital siphon system or irregularly bend the chain in the scenarios
analysed. As in previous chapters, the chain average velocity does not diverge but reaches a
steady state, due to the constant deceleration accompanying each bucket refilling. It was shown
that the period of the oscillations and the velocity at steady state quite accurately match the
values found in the previous chapters. Therefore, the models developed in Chapters 3 and 4 can
be used as preliminary tools to investigate specific properties of the siphon, such as maximum
long-term extractable mass, steady-state radial velocity, transient equatorial oscillations and ∆v

required for transfers to equilibrium points.
The dynamics of a siphon with a moving anchor base has also been considered. It has been

shown that the siphon effect is still generated. This would allow the mining location to be moved
without interrupting the flow of material to the collecting spacecraft.

Finally, a preliminary study of the particle release process has been performed, using Dis-
crete Element Method (DEM) simulations. In particular, it has been proposed to exploit the
centrifugal-induced force at the collecting spacecraft to sort regolith particles by size. The effi-
ciency of the sorting tower, as the sorting device was named, has been considered for a few test
cases, varying the cohesive properties of the asteroid regolith and the centrifugal acceleration
on the tower (which depends on the length of the siphon). It has been shown the efficiency of
sorting is above 95% in all test cases where the regolith is assumed to be cohesionless. However,
non-cohesionless regolith may facilitate the creation of macro-aggregates inside the filter thus
reducing the overall performance of the sorting tower. As expected, longer siphons will benefit
from a larger centrifugal acceleration thus leading to better performances.

8.4 Chapter 6

In this chapter it was shown that the orbital siphon effect can in principle be exploited for asteroid
deflection purposes. In particular, it has been shown that better performance can be achieved
when the asteroid mass is released in multiple small fractions, rather than a single release of a
larger mass. This allows a reduction of the linear density of material being transported on the
siphon and the tether tension for a given time window and deflection distance. A smaller siphon
linear density implies a lower siphon bulk mass and a smaller tension reduces the anchor force on
the asteroid. The multiple mass release scenario also enables a reduction of the overall volume
of the mass collected at the top of the siphon, making the problem of handling the collected
material easier. Secondly, although not directly considered here, the repeatability offered by the
multiple release scheme offers more margin in case of errors in the release direction.
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A typical ∆v on the order of 1cms−1 can be achieved in a time window of a decade, with
siphon linear densities on the order of 100 kg/m. Larger ∆v can be obtained for fast-rotators and
larger asteroids, as they retain more rotational kinetic energy. However, the asteroid size has a
direct impact on the time requirements, i.e., larger asteroids can be deflected with a larger ∆v but
within a longer time window. Contrary to other siphon applications, here the tether tension is
much larger, due to the large mass collected at the top of the siphon. For the test cases considered
in this chapter, it is suggested that a Kevlar tether with a cross section of 1cm2 can withstand
the required tension.

8.5 Chapter 7

In this chapter the use the orbital siphon as a conveyor structure to create an artificial spherical
cavity inside an asteroid has been proposed. It is shown that, for a Bennu-like asteroid, with a
radius of 256 m and rotation period 4.26 hours, a constant length siphon can be used to raise to
escape 1.5×109 kg of asteroid material corresponding to an internal cavity with a diameter of
132m requiring a siphon with a length of 803m. The time required to complete the manipula-
tion process depends on the siphon linear density. For example, a siphon with a linear density of
20kgs−1 can lift 106 tonnes of asteroid material to escape (corresponding to a 57-meter radius
cavity) in approximately 10 years, with instantaneous mass rates smaller than 4kgs−1 . Assum-
ing that the internal structure of the asteroid behaves elastically and using the Drucker-Prager
yield criterion for geological materials, a closed-form solution for the stress tensor for points
inside the asteroid was found. It was shown that the internal cavity is the region most sensitive
to structural failure. However, as the internal cavity expands during siphon operation, the con-
ditions for failure are relaxed. The required minimum cohesive strength to avoid failure is then
evaluated at the beginning of siphon operation, and it is approximately 4 Pa for a Bennu-like
asteroid.

8.6 Summary of findings

A detailed and systematic investigation of the orbital siphon dynamics and its interaction with
a rotating asteroid has been undertaken. In particular, it is shown that the orbital siphon can be
used to raise mined material from the asteroid surface without need for external work. The radial
velocity of the siphon does not diverge but reaches a constant value at steady state, on the order
of cm/s for candidate asteroids. It is shown that, at most, 8% of the asteroid mass can be lifted
from the asteroid surface using a constant length siphon. For a siphon with a 10kgm−1 linear
density, approximately 30×103 t of material can be lifted in one year for a Bennu-like asteroid.

Coriolis forces due to the motion of the chain of masses cause the chain to rotate opposite
to the direction of the asteroid rotation. However, it is shown that such oscillations are damped.



CHAPTER 8. CONCLUSIONS AND FUTURE WORK 186

This effect is beneficial in a real-case mining scenario, as the horizontal anchor forces are re-
duced. Furthermore, if a collecting spacecraft is used to collect mass at the top of the siphon,
the siphon tends to align with the local vertical.

It is demonstrated that the siphon dynamics can be exploited to transfer payload resources to
equilibrium points around the asteroid, that may be used as temporary mass depots for material,
waiting to be further processed or stored for later collection. The energy required to send ma-
terial to these equilibria is smaller than that required for direct transfer from the surface using
other methods (e.g., mass drivers), which can be beneficial in a large scale mining scenario.
Also, granular dynamics simulations showed that the centrifugal-induced forces acting on the
collecting spacecraft can be exploited to sort regolith by size. A preliminary model of sorting
tower has been proposed and it is shown that cohesion between the particles may affect the
efficiency of the sorting process.

It is shown that a bucket-conveyor siphon can operate without any support structure and also
the anchor of the siphon can be moved on the surface of the asteroid without interrupting the
siphon effect.

It has been proposed to use the orbital siphon as a novel method for asteroid deflection. By
releasing the mass collected at the top of the siphon, the asteroid velocity changes. It is shown
that a typical heliocentric velocity variation on the order of 1cms−1 can be achieved (enough to
deflect an asteroid in a circular orbit at 1 Astronomical Unit by 1 Earth radius in 10 years), if the
siphon linear density is on the order of 100kgs−1.

Finally, use of the orbital siphon for excavation of a cavity inside the asteroid has been
proposed. For a Bennu-like asteroid, a cavity with a diameter up to 132m, using the siphon to
lift to escape the mined material. It is shown that the minimum asteroid cohesive strength to
avoid possible disruption of the the cavern is approximately 4Pa for a Bennu-like asteroid. It is
proposed to use the cavity for material storage or, more speculatively, to host a space station.

8.7 Future work

The research presented in this thesis has satisfied the objectives outlined in Chapter 1, by inves-
tigating in detail the behaviour of the orbital siphon and discussing possible applications in the
context of asteroid manipulation. However, simplifications were often used to allow an easier
mathematical treatment of the problem. Moreover, many aspects of the orbital siphon applica-
tions were just preliminarily outlined. Therefore, directions for future research are discussed
here.

Mining strategies. In Chapter 3 the effects of long-term siphon operation have been discussed
assuming that a spherical asteroid is uniformly mined along its entire surface, such that its
spherical shape is retained. This choice permitted a significant simplification of the problem and
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a closed-form expression for the variation of the asteroid angular velocity as a function of the
extracted mass was found. However, in a real scenario, only a fraction of the asteroid surface
might be mined, for example only material within a given range from the asteroid anchor, in
order to minimize the locomotion of mining rovers transporting material to the siphon. In this
case, the variation of the asteroid angular velocity as a function of the extracted mass may be
different from that found in Chapter 3 due to fact that the asteroid inertia changes depending
on the shape of the mined region. Moreover, it would be interesting to identify the geometry of
the mined region that minimizes the loss of asteroid rotational kinetic energy (thus maximizing
the extractable mass) or that minimizes the energy required for material transportation, as a
function of the power available to the mining units and their number. Ideally, in a scenario where
the extractable mass has to be maximised, mining of material in proximity of the poles should
be avoided, since transportation of large quantities of mass from the vicinity of the spin axis
to the equator would further reduce the rotational kinetic energy of the asteroid. Additionally,
use of multiple siphons anchored at different positions along the equator could be considered.
This would reduce the energy required by the locomotion units to deliver material to the siphon
base. Similarly, in relation to the excavation of internal cavities, another interesting development
would be to consider non-spherical cavities, such as cylindrical cavities and examine how this
changes the inertia of the asteroid during siphon operation.

Material transfer to the siphon. In general, the problem of transferring material to the siphon
base should be carefully considered, since this will influence the mass flow rate of material that
can be raised by the siphon (thus impacting on extraction time-scales). Although it was sug-
gested in Chapter 5 that the siphon base could be moved to different surface locations, specific
conditions might arise where locomotion of the entire siphon might compromise its stability
(e.g., due to large boulders on the surface or other obstacles). Key variables for future analysis
would include: number of mining rovers/locomotion units, volume of material that each unit
can transport, energy required for moving material from different asteroid locations or to frag-
ment the material if required (for example, in case a large boulder has to be lifted but it does not
fit within a siphon bucket) and the maximum velocity of the locomotion units on the asteroid
surface.

Orbital siphon at irregularly rotating asteroids. The effect of procession and nutation of
the asteroid on the siphon dynamics has not been considered in this thesis, justified by the
fact that most asteroids are in a uniform rotational state about the axis of maximum inertia.
However, it would be of interest to consider the effect of non-uniform asteroid rotation in the
siphon dynamics and verify if the siphon effect is still guaranteed under these conditions. Non-
equatorial oscillations will likely arise with non-uniform asteroid rotation, and self-supporting
siphons may experience interference between the ascending and descending side of the bucket
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conveyor. The use of damping mechanisms at the anchor should be considered to minimize
unwanted oscillations.

Granular dynamics simulations. Chapter 5 preliminarily investigated the problem of mate-
rial release to the collecting spacecraft and material sorting, using DEM simulations. However,
results were provided for a few test cases: additional work is required to verify the feasibility
of sorting material by considering different geometrical configurations of the sorting tower and
using non-spherical particles models. Additionally, further work is required to understand the
role of cohesion in granular material flows in microgravity.

DEM simulations can be extensively exploited for other purposes within the context of this
thesis. Possible applications include the analysis of the regolith dynamics inside the buckets,
and its coupling with the siphon dynamics. Moreover, the problem of filling the buckets at the
siphon base should be thoroughly considered using granular simulations. Key aspects of this
problem will include the careful examination of the regolith-bucket interaction, while the bucket
is moving along with the siphon. The filling process must be optimised in order to avoid any
loss of material, by considering different refilling options and bucket shapes. DEM simulations
can also be used to investigate the behaviour of large agglomerations of regolith at equilibrium
points, expanding the work undertaken in Chapter 4. In particular, it may be interesting to verify
the maximum size of a large agglomerate of regolith at an equilibrium point, such that it does
not scatter into orbit but it is kept together by self-gravity and cohesive forces. Eventually, in
the context of internal asteroid cavities, the entire asteroid could be modelled as a collection of
particles and extraction of material from the asteroid interiors would be modelled as a discrete
removal spherical particles. DEM simulations can also be used to validate the analytical results
obtained in Chapter 7.



Appendix A

Gravitational potential of a constant
density ellipsoid

The main steps to obtain the gravitational potential due to an ellipsoidal mass distribution are
outlined here. The interested reader is referred to [76] for a exhaustive and comprehensive
derivation.

The gravitational potential at a point outside the asteroid can be obtained by first calculating
the potential for an interior point and then using Ivory’s theorem [128] to extend the potential
to exterior points. Computation of the potential for interior points is explained here and then the
technique to extend it to exterior points is briefly outlined.

Let the surface of the ellipsoid be defined by the equation

ξ 2

α2 +
η2

β 2 +
ζ 2

γ2 = 1. (A.1)

Also let r = {x,y,z} be the position vector of a point P interior to the asteroid at which the
potential has to be computed and s,φ ,θ a set of polar coordinates with origin in P, such that:

ξ = x+ scosφ cosθ

η = y+ scosφ cosθ

ζ = z+ ssinφ

(A.2)

Then, from the definition of the gravitational potential (Eq. (2.3)):

V =−ρ

∫ dm
s

=−ρ

∫
π/2

−π/2

∫ 2π

0

∫ s1

0
cosφdθdφds

(A.3)

The upper limit s1 defines the distance between P and the points on the surface of the ellipsoid,
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and it therefore varies with the angles θ ,φ . The parameter s1 can then be evaluated by substi-
tuting Eqs.(A.2) into Eq. (A.1). Upon substitution and simplification, Eq. (A.2) reduces to a
second-degree equation in s1. The solution of interest is

s1 =
−B+

√
B2−AC

A
(A.4)

where 

A =
cos2 θ cos2 φ

α2 +
cos2 θ cos2 φ

β 2 +
sin2

θ

γ2

B = x
cos2 θ cos2 φ

α2 + y
cos2 θ cos2 φ

β 2 + z
sin2

θ

γ2

C =
x2

α2 +
y2

β 2 +
z2

γ2 −1

(A.5)

Therefore Eq. (A.3) becomes:

V =−1
2

ρ

∫
π/2

−π/2

∫
π

0

2B2−AC−2B
√

B2−AC
A2 cosθ dθ dφ (A.6)

Substituting Eqs. (A.5) into Eq. (A.6) yields:

V =−ρ

∫
π/2

−π/2

∫
π

0

(
cos2 θ cos2 φ

α2
x2

α2 +
cos2 θ cos2 φ

β 2
y2

β 2 +
sin2

θ

γ2
z2

γ2

)
cosθ

A2 dθdφ

+
1
2

ρC
∫

π/2

−π/2

∫
π

0

cosθ

A
dθdφ

(A.7)

By defining:

V0 =
1
2

ρ

∫
π/2

−π/2

∫
π

0

cosθ

A
dθdφ (A.8)

then V can be rewritten as

V =
1
α

∂F
∂α

x2 +
1
β

∂F
∂β

y2 +
1
γ

∂F
∂α

z2−CV0 (A.9)

Note that by substituting x = y = z = 0 into Eq. (A.9) yields, V = V0, i.e., V0 represents the
potential at the center of the asteroid. Equation Eq. (A.8) can then be further manipulated and
simplified

V0 = παβγ

∫
∞

0

ds√
(α2 + s)2 +(β 2 + s)2 +(γ2 + s)2

(A.10)

such that the potential V finally becomes:

V =
3µ

4

∫
∞

0
Θ(x,y,z,s)

ds
∆(s)

(A.11)
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with

Θ(x,y,z,s) =
x2

α2 + s
+

y2

β 2 + s
+

z2

γ2 + s
−1 (A.12)

∆(s) =
√

(α2 + s)2 +(β 2 + s)2 +(γ2 + s2) (A.13)

and µ = 4/3ρπαβγ is the gravitational parameter. Equation (A.11) represents the potential at
a point at the interior of the asteroid. If the point P is exterior to the asteroid, the potential
can then be obtained using Ivory’s theorem. The idea is to consider an ellipsoid confocal to
the original ellipsoid passing through the point where the potential is evaluated. A one-to-one
correspondence between the two ellipsoids can then be defined such that the potential at the
exterior of the body can be written as:

V =
3µ

4

∫
∞

κ

Θ(x,y,z,s)
ds

∆(s)
(A.14)

where κ is the largest root of the equation:

Θ(x,y,z,κ) = 0 (A.15)

and depends on the point where the potential is evaluated.
The partial derivative of the potential can then be computed by applying Leibniz’s rule. For

example, the derivative with respect to x:

Vx =
3µx

4

∫
∞

κ

ds
(α2 + s)∆(s)

− 3µ

4
Θ(x,y,z,κ)

κx

∆(κ)
(A.16)

however note that Θ(x,y,z,κ) = 0 by definition, and therefore the derivatives become:

Vx =
3µx

4

∫
∞

κ

ds
(α2 + s)∆(s)

(A.17)

Vy =
3µy

4

∫
∞

κ

ds
(β 2 + s)∆(s)

(A.18)

Vz =
3µz

4

∫
∞

κ

ds
(γ2 + s)∆(s)

(A.19)



Appendix B

Gravitational potential of a constant
density polyhedron

The gravitational potential of a constant-density polyhedron (Eq. (2.20)) derived here, highlight-
ing the main steps in the derivation presented by Werner and Scheeres [155]. For a more detailed
insight, the reader is referred to the cited paper.

Recall the definition of the gravitational potential given by Eq. (2.3) and let s = r− r̃ be a
vector from the field point r to a point on the mass distribution r̃. Using the identity

div
(

1
2

ŝ
)
=

1
s

(B.1)

where ŝ = s/s and s = |s| and using the divergence theorem, Eq. (2.3) can be rewritten as

V =−1
2

Gρ

∫∫∫
V

div ŝ dV

=−1
2

Gρ

∫∫
S

n̂ · ŝ dS
(B.2)

where S is the boundary of the region V and n̂ is the normal to the surface S. Hence, thanks to
the divergence theorem, the integral over the volume of the mass distribution is substituted by
an integral over the boundary of the volume. Now, for the case of a polyhedron, the integral can
be expressed as a sum of integrals over the faces of the polyhedron, such that:

V =−1
2

Gρ ∑
f∈faces

∫∫
f
n̂ f · ŝ dS

=−1
2

Gρ ∑
f∈faces

∫∫
f
n̂ f ·

s
s

dS
(B.3)

where n̂ f is the normal to the face f . Now define a triad of unit vectors, î, ĵ, k̂, such that k̂ is
aligned with n̂ f and the direction of the two remaining unit vectors is not relevant. Let s =
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∆xî+∆yĵ+∆zk̂. Then, the product n̂ f · s is constant over the face and equal to ∆z. Therefore, it
can be taken out of the integral:

V =−1
2

Gρ ∑
f∈faces

n̂ f · s f

∫∫
f

1
r

dS (B.4)

where s f is the position vector from the field point to any point on the face (recall that any point
can be selected, where n̂ f · s is constant, for example a point on the edge).

The integral
∫∫

dS/s can then be written as:

∫∫
S

1
s
=
∫∫

S

(
1
s
+

∆z2

s3

)
−
∫∫

S

∆z2

s3

=
∫∫

S

(
s2−∆x2

s
+

s2−∆y2

s

)
dS−∆z

∫∫
S

∆z
s3

(B.5)

Using Green’s theorem and noting that n̂ f · s f = ∆z:

∫∫
S

1
s
=
∫∫

S

(
∂

∂∆x
∆x
s
+

∂

∂∆y
∆y
s

)
dS− n̂ f · s f γ f

=
∮

C

1
s
(∆xd∆y−∆yd∆x)− n̂ f · s f γ f

(B.6)

where C is the boundary of the face and γ f = ∆z
∫∫

S ∆z/s3 is the solid angle subtended by the
planar region S when viewed from the field point. The parameter γ f can be written as a function
of the distances between the field point and the vertexes of the face, as indicated by Eq. (2.26)
(see [155], Section 2.5 for the proof.)

Consider the first term in the sum. Being an integral over each contour on each face, it can
be written as a sum of integrals over each edge e∮

C

1
s
(∆xd∆y−∆yd∆x) = ∑

e∈face’s edges

∫
e

1
s
(∆xd∆y−∆yd∆x) (B.7)

The coordinates (∆x,∆y) of a point on the edge can be written as (∆xe+σ cosαe,∆ye+σ sinαe),
where ∆xe and ∆ye are the coordinates of a fixed point along the edge, σ is the distance from such
a fixed point and αe is the angle between the edge and the face î axis, such that sinαe = n̂ f

e · î.
The unit vector n̂ f

e is the normal to the edge e and the face f . With these substitutions:

∑
e∈face’s edges

∫
e

1
s
(∆xd∆y−∆yd∆x) = ∑

e∈face’s edges
(∆xe sinαe−∆ye cosαe)

∫
e

1
s

ds

= ∑
e∈face’s edges

n̂ f
e · r̂ f

e

∫
e

1
s

dσ

(B.8)

where r̂ f
e is the vector from the field point to the fixed point on the edge e of face f . The
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integral
∫

e 1/sdσ is the potential of a straight one-dimensional wire and its value is known from
MacMillan [76]:

L f
e =

∫
e

1
s

dσ = ln
a+b+ ee

a+b− ee
(B.9)

where a and b are the distances from the field point to the two edges and ee is the length of the
edge. Therefore, summing up:∫∫

S

1
s

dS = ∑
e∈face’s edges

L f
e n̂ f

e · s f
e − γ f n̂ f · s f (B.10)

and, substituting back into Eq. (B.4):

V =−1
2

Gρ ∑
f∈faces

n̂ f · s f

∫∫
f

1
s

dS

=−1
2

Gρ ∑
f∈faces

n̂ f · s f

[(
∑

e∈face’s edges
L f

e n̂ f
e · s f

e − γ f n̂ f · s f

)
− γ f n̂ f · s f

] (B.11)

After some algebraic manipulation involving simplifications over common edges of two differ-
ent faces (see [155] pages 322 - 325), Eq. (B.11) can be further reduced to:

V =−1
2

Gρ

(
∑

e∈edges
Lese ·Eese− ∑

f∈faces
γ f s f ·F f s f

)
(B.12)

where Ee = n̂ f n̂ f
e + n̂ f ′n̂

f ′
e , and where f , f ′ are the two faces associated with the edge e, n̂ f , n̂ f ′

are the two normals to that face and n̂ f
e , n̂ f ′ are the normal to the edge and parallel to the faces

f and f ′ respectively. The dyad F f is defined for each face as the product F f = n̂ f n̂ f .



Appendix C

Carlson elliptic integrals

The gravitational potential for a constant density homogeneous ellipsoid (Eq. (2.14)) can be
re-written as:

V =
3µ

4

∫
∞

0

[
x2

α2 +κ + s
+

x2

β 2 +κ + s
+

x2

γ2 +κ + s

]
ds

∆(κ + s)
(C.1)

with ∆(κ + s) is defined according to Eq. (2.15). The required Carlson’s elliptic integrals are RF

and RD, defined as [22]:

RF(x,y,z) =
1
2

∫
∞

0

ds√
(x+ s)(y+ s)(z+ s)

(C.2)

RD(x,y,z) =
3
2

∫
∞

0

ds

(z+ s)
√

(x+ s)(y+ s)(z+ s)
(C.3)

Then, the potential V can be written as a function of the elliptic integrals RF and RD:

V =
1
2

µx2RD(β
2 +κ,γ2 +κ,α2 +κ)+

1
2

µy2RD(γ
2 +κ,α2 +κ,β 2 +κ)

+
1
2

µz2RD(α
2 +κ,β 2 +κ,γ2 +κ)− 3

2
µRF(α

2 +κ,β 2 +κ,γ2 +κ)

(C.4)

Similarly, the potential derivatives can be written as:

Vx = xRD(β
2 +κ,γ2 +κ,α2 +κ) (C.5a)

Vy = yRD(γ
2 +κ,α2 +κ,β 2 +κ) (C.5b)

Vz = zRD(α
2 +κ,β 2 +κ,γ2 +κ) (C.5c)

The algorithms for computing the functions RF and RD can be found in Ref. [103].
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Appendix D

Impact condition for released material

Let v⊥ and vr be the radial and tangential velocities at release respectively. Then v⊥ = ω̄R and
vr is given (in its normalized form) from Eq. (3.43). If material is released into an orbit with
eccentricity e and semi-major axis a then:

E =−GM
2a

=
v2
⊥+ v2

r

2
− GM

R+L
< 0 (D.1)

where E is the (constant) specific energy of the orbit and a its semi-major axis. At the periapsis
rp:

E =
h2

2r2
p
− GM

rp
(D.2)

where h = vprp is the angular momentum per unit mass of the orbit and vp is the velocity at the
periapsis. Since rp =

h2

GM
1

1+e [136], Eq. (D.2) becomes:

E =−1
2
(GM)2

h2 (1− e2). (D.3)

The angular momentum per unit mass is also equal to the product h= v⊥(R+d), hence Eq. (D.3)
can be written as:

E =−1
2

(GM)2

v2
⊥(R+L)2 (1− e2). (D.4)

Moreover, the periapsis rp of the orbit can be expressed as a function of the semi-major axis and
the eccentricity:

rp = a(1− e). (D.5)

Solving Eq. (D.1) and (D.4) for a and e respectively and substituting into Eq. (D.5) yields, after
simplifications:

r̄p =−
R̄

2Ē

√
1+2Ē ω̄2(1+ L̄)4 (D.6)
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where the non-dimensional scale factors are those listed in Table 3.1. Then, if r̄p ≤ 1 material
will impact the asteroid.



Appendix E

Modelling payload refilling

The radial velocity of the chain after the top payload is released and a new one is connected at
the surface bucket is calculated, modelling the refilling event as an inelastic collision.

Figure E.1 shows the chain configuration before (a) and after (b) the refilling event, for a
chain with n = 4. The absolute velocity of each mass on the siphon before (superscript I) and
after (superscript II) the refilling event is:

v̄I
i = ṡIûr + ω̄× r̄i (E.1a)

v̄II
i = ṡIIûr + ω̄× r̄i (E.1b)

where ri is the distance between the i-th mass and the centre of the asteroid. Similarly, the
absolute velocity of the waiting payload (wp) and the released payload (rp) are

v̄wp = ω̄× r̄wp (E.2a)

v̄rp = ṡIûr + ω̄× r̄rp (E.2b)

where it is assumed that the waiting payload is at rest on the asteroid surface. Then, conservation

Á�]�]vP
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��Ço}��

IÕ EIã
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�����}]�

�µ�(���

FIGURE E.1: Chain with n = 4 before (a) and after (b) the surface bucket is refilled with a
payload.
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of linear momentum dictates:

m̄wpv̄wp +
2n

∑
i=1

m̄iv̄I
i = m̄rpv̄rp +

2n

∑
i=1

m̄iv̄II
i (E.3)

where the masses of the waiting payload and released payload are the same m̄wp = m̄rp = m̄p,
whereas m̄i = m̄b + m̄p for a mass on the LS and m̄i = m̄b. Substituting Eqs. (E.1a) and (E.2a)
into Eq. (E.3), performing a scalar product with ûr on both sides and using non-dimensional
variables yields:

nṡI +DnṡI = nṡII +(1−D)ṡI+nDṡII (E.4)

Then, further simplifying:

ṡII =
n−1

n
ṡI (E.5)

Note that the result is independent of the mass ratio D.



Appendix F

Conservation of angular momentum

• Step 1→ 2 (Eq. (7.11a)). Substituting Eqs.(7.9) and (7.10) into Eq. (7.11a) and collecting
MR2 on both sides yields:

2
5

1− r̄5

1− r̄3 +
δM
M

n

∑
i=1

x̄2
i =

[
2
5

1− r̄5

1− r̄3 +
δM
M

n

∑
i=1

(l̄ + x̄i)
2

](
1− δω

ω

)
(F.1)

From M = 4/3ρπ(R3− r3), it follows by differentiation:

δM
M

= 3
r̄3

1− r̄3
δ r̄
r̄

(F.2)

Substituting Eq. (F.2) into (F.1), neglecting higher order terms and further simplifying
yields:

δω12

ω1
= 5

r̄5

1− r̄5

[
3
2

(
1+

nl̄
r̄

)2

− 1
2

]
δ r̄
r̄

(F.3)

Assuming that the number of payloads is larger the term nl̄ effectively represents the total
length L̄ of the siphon:

δω12

ω1
= 5

r̄5

1− r̄5

[
3
2

(
1+

L̄
r̄

)2

− 1
2

]
δ r̄
r̄

(F.4)

• Step 2→ 3 (Eq. (7.11b)). Substituting Eqs. (7.9) and (7.10) into Eq. (7.11b) and collecting
MR2 on both sides yields:

2
5

1− r̄5

1− r̄3 +
δM
M

n

∑
i=1

x̄2
i =

2
5

1− δM
M

1− r̄5
(

1+ δ r̄
r̄

)5

1− r̄3
(

1+ δ r̄
r̄

)3

+
δM
M

n+1

∑
i=1

(δ r̄+ x̄i)
2

(1− δω

ω

)
(F.5)
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Under the assumption δ r̄/r̄ << 0 it follows that

1− r̄5
(

1+ δ r̄
r̄

)5

1− r̄3
(

1+ δ r̄
r̄

)3 =
1− r̄5

1− r̄3

[
1+
(

3
r̄3

1− r̄3 −5
r̄5

1− r̄5

)
δ r̄
r̄

]
+o
(

δ r̄
r̄

)
(F.6)

Substituting Eqs.(F.2), (F.6) into Eq.(F.5), neglecting the higher order terms and further
simplifying yields:

δω23

ω1
=−5

2
r̄5

1− r̄5
δ r̄
r̄

(F.7)

• Step 3→ 4 (Eq. (7.11c)). The results follows immediately noting that IA,3 = IA,4 and
IC,4 = IC,3−δM(r̄+(n−1)l̄)2:

δω34

ω1
= 0 (F.8)



Appendix G

Stress tensor

Substituting the potentials Γ = Γp +Γh (Eqs. (7.25) (7.26)) and ψ (Eq. (7.27)) into Eqs. (7.21)
yields (note that all variables here are non-dimensional although the upper bar notation is re-
moved to improve the readability):

σ%% =
1

560(ν−1) %5

{
20cos(2Θ)

{
%2 [%3 (42A1(ν−1)+ %2 (105A4(ν−1)+42B3(ν−1)ν +(5ν−6)ω2)

+28B1
(
2ν

2−3ν +1
))
−28B2

(
ν

2−6ν +5
)]

+252A2(ν−1)
}

+280A1ν %5 −280A1 %
5 +1680A2ν−1680A2 +1120A3ν %2 −1120A3 %

2 +

+525(ν−1) %7 cos(4Θ)(7A4 +4B3ν)+945A4ν %7 −945A4 %
7 −560b3

ν %4 −560B1ν %5 +560B1 %
5

−1680B2ν
2 %2 +4480B2ν %2 −2800B2 %

2 +420B3ν
2 %7 −420B3ν %7 −4ν %7

ω
2 +56ν %7

+72 %7
ω

2−168 %7}
(G.1)

σφφ =
1

140(ν−1) %5

{
%2 {%2 [% (−140A1(ν−1)+ %2 (−315A4(ν−1)−210B3

(
ν

2−1
)
+13νω

2

−42ν +11ω
2−14

)
−280B1(ν−1)ν

)
−70b3]−140A3(ν−1)+70B2

(
2ν

2−5ν +3
)}

−5cos(2Θ)
(
105A2(ν−1)+ %2 (%5 (105A4(ν−1)+42B3

(
3ν

2−2ν−1
)
+(5ν +1)ω2)

−42B2
(
2ν

2−3ν +1
)))
−315A2(ν−1)

}
(G.2)

σΘΘ =− 1
560(ν−1) %5

{
140cos(2Θ)

(
%2 (%3 (6A1(ν−1)+4B1

(
2ν

2−3ν +1
)
+ %2 (6B3

(
ν

2 +ν−2
)
+νω

2))
+B2

(
−4ν

2 +6ν−2
))

+21A2(ν−1)
)
−280A1ν %5 +280A1 %

5 +420A2ν−420A2 +560A3ν %2

−560A3 %
2 +525(ν−1) %7 cos(4Θ)(7A4 +4B3ν)−315A4ν %7 +315A4 %

7 +280b3 %4 +560B1ν %5

−560B1 %
5 −1680B2ν

2 %2 +3080B2ν %2 −1400B2 %
2 +420B3ν

2 %7 −420B3ν %7 −92ν %7
ω

2

+168ν %7 −24 %7
ω

2 +56 %7}
(G.3)
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σΘ% =
1

28(ν−1) %5

{
sin(Θ)cos(Θ)

(
%2 (%3 (−84A1(ν−1)+3 %2 (−35A4(ν−1)−28B3(

ν
2−1

)
+2(1−2ν)ω2)−56B1

(
2ν

2−3ν +1
))

+56B2
(
ν

2−1
))

+336A2(ν−1)−105(ν−1) %7 cos(2Θ)(7A4 +4B3ν)
)} (G.4)

The boundary conditions (Eq. (7.24)) can be written as:

σ%%(% = b) = 0 (G.5a)

σ%%(% = 1) = 0 (G.5b)

σΘ%(% = b) = 0 (G.5c)

σΘ%(% = 1) = 0 (G.5d)

Equations (G.5) can then be written as the following set of linearly independent equations (these are ob-

tained upon substitution of Eqs. (G.1), (G.2), (G.3), (G.4) into Eq. (G.5) and then equating the coefficients

of the trigonometric terms to zero):

280A1(ν−1)+1680A2(ν−1)+1120A3(ν−1)+945A4(ν−1)−560B1(ν−1)

−560B2
(
3ν

2−8ν +5
)
+420B3(ν−1)ν−4

(
ν
(
140r3 +ω

2−14
)
−18ω

2 +42
) = 0

+280A1(ν−1)r5 +1680A2(ν−1)+1120A3(ν−1)r2 +945A4(ν−1)r7−560B1(ν−1)r5

−560B2
(
3ν

2−8ν +5
)

r2 +420B3(ν−1)νr7−4r7 (
ν
(
ω

2 +126
)
−18ω

2 +42
) = 0

42A1(ν−1)+252A2(ν−1)+105A4(ν−1)+28B1
(
2ν

2−3ν +1
)

−28B2
(
ν

2−6ν +5
)
+42B3(ν−1)ν +(5ν−6)ω2

= 0

42A1(ν−1)r5 +252A2(ν−1)+105A4(ν−1)r7 ++42B3(ν−1)νr7+

28B1
(
2ν

2−3ν +1
)

r5−28B2
(
ν

2−6ν +5
)

r2 +(5ν−6)r7
ω

2
= 0

−84A1(ν−1)+336A2(ν−1)−105A4(ν−1)−56B1
(
2ν

2−3ν +1
)

+56B2
(
ν

2−1
)
−84B3

(
ν

2−1
)
+6(1−2ν)ω2

= 0

336A2(ν−1)−105A4(ν−1)r7−84A1(ν−1)r5−84B3
(
ν

2−1
)

r7

−56B1
(
2ν

2−3ν +1
)

r5 +56B2
(
ν

2−1
)

r2 +6(1−2ν)r7
ω

2
= 0

7A4 +4B3ν = 0
(G.6)

Solving the system of equations (G.6) for A1, A2, A3, A4, B1, B2, B3, substituting the results into

Eqs. (G.1), (G.2), (G.3), (G.4) and further simplifying yields (this computation can be easily performed
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with a symbolic algebra software, e.g., Mathematica):

σ%% =
−10

(
%2 −1

)
νb6 +3

(
%3 −1

)
c60b5 +

(
−3 %5 +

(
%2
(
%3 −10 %+10

)
−1
)

ν +3
)

b3− %3
(
%2 −1

)
c59

10 %3 c53c65

+
1

10 %5 c53c64c66c69

{
ω

2 (−c31 %
5 +c33 %

2 +30c29
)

b13

−2ω
2 (c31 %

5 −c33 %
2 −30c29

)
b12

+ω
2 (c31 %

7 −3c31 %
5 +c32 %

2 +60c29
)

b11

−ω
2 (c39 %

7 +3c40 %
5 +c37 %

2 −30c29
)

b10

−3 %2
ω

2 (−c31 %
5 +5c34 %

3 +56c59
)

b9

−2ω
2 (c38 %

7 +c35 %
5 +15c29

)
b8

+ω
2 (c41 %

7 −c31 %
5 +168c59 %

2 −60c29
)

b7

+ω
2 (6c36 %

7 +c31 %
5 +c37 %

2 −60c29
)

b6

−2ω
2 (3c36 %

7 −c35 %
5 +c33 %

2 +15c29
)

b5

+ %2
ω

2 (−c41 %
5 +15c34 %

3 −c32
)

b4

+ %2
ω

2 (2c38 %
5 +3c40 %

3 −c33
)

b3

−3 %5 (%2 −1
)

ω
2c31b2

−2 %5 (%2 −1
)

ω
2c31b

− %5 (%2 −1
)

ω
2c31

−5(b− %)(%−1)ω2 cos(2β )
[(
−c16 %

4 −c16 %
3 −c16 %

2 +18c29 %+18c29
)

b9

+(%+2)
(
−c16 %

4 −c16 %
3 −c16 %

2 +18c29 %+18c29
)

b8

+
(
−2c16 %

5 −5c16 %
4 +10c42 %

3 +10c1 %
2 +72c29 %+36c29

)
b7

+
(
−3c16 %

5 +6c2 %
4 +c7 %

3 +2c6 %
2 +72c29 %+36c29

)
b6

+
(
c4 %

5 +6c3 %
4 +4c5 %

3 +2c6 %
2 +72c29 %+36c29

)
b5

+
(
15c8 %

5 +6c3 %
4 +c7 %

3 +10c1 %
2 +54c29 %+18c29

)
b4

+ %
(
c4 %

4 +6c2 %
3 +10c42 %

2 +2c3 %+18c29
)

b3

− %2 (3 %3 +5 %2 +3 %+1
)

c16b2

− %3 (2 %2 +3 %+1
)

c16b

− %4 (%+1)c16
]

c65
}

(G.7)
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σΘΘ =
−10

(
%2 +ν

)
b6 +3

(
2 %3 +1

)
c60b5 +

(
c59−2 %2

(
3ν %3 + %3 +10ν %−5

))
b3 +2 %3

(
c60 %

2 +c59
)

20 %3 c53c65

+
1

20 %5 c53c64c66c69

{
−ω

2 (2c31 %
5 +c68 %

2 +15c29
)

b13

−2ω
2 (2c31 %

5 +c68 %
2 +15c29

)
b12

−2ω
2 (c10 %

7 +3c31 %
5 +c68 %

2 +15c29
)

b11

−ω
2 (4c10 %

7 +6c40 %
5 +c13 %

2 +15c29
)

b10

+6 %2
ω

2 (−c10 %
5 −5c34 %

3 +28c59
)

b9

+ω
2 (4c9 %

7 −4c35 %
5 +15c29

)
b8

+2ω
2 (c12 %

7 −c31 %
5 −84c59 %

2 +15c29
)

b7

+ω
2 (12c43 %

7 +2c31 %
5 +c13 %

2 +30c29
)

b6

+ω
2 (−12c43 %

7 +4c35 %
5 +2c68 %

2 +15c29
)

b5

−2 %2
ω

2 (c12 %
5 −15c34 %

3 −c68
)

b4

+ %2
ω

2 (−4c9 %
5 +6c40 %

3 +c68
)

b3

−6 %5
ω

2c62
(
c30 %

2 +c63
)

b2

−4 %5
ω

2c62
(
c30 %

2 +c63
)

b

−2 %5
ω

2c62
(
c30 %

2 +c63
)
+

5ω
2 cos(2β )

[(
−2c16 %

5 −5c42 %
2 −21c29

)
b10

+2
(
−2c16 %

5 −5c42 %
2 −21c29

)
b9

−2
(
−c16 %

7 +c15 %
5 +5c42 %

2 +21c29
)

b8

−2
(
−2c16 %

7 +c14 %
5 +5c42 %

2 +21c29
)

b7

−2
(
−3c16 %

7 +5c16 %
5 +5c42 %

2 +21c29
)

b6

−
(
6c18 %

7 +10c16 %
5 +10c42 %

2 +21c29
)

b5

−10 %2 (c17 %
5 +c16 %

3 +c42
)

b4

+
(
−6c18 %

7 −8c16 %
5 −5c42 %

2)b3

+6 %5 (%2 −1
)

c16b2

+4 %5 (%2 −1
)

c16b

+2 %5 (%2 −1
)

c16
]

c65
}

(G.8)
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σφφ =
−10b6

(
ν+ %2

)
+3b5c60

(
2 %3 +1

)
+b3

(
c59−2 %2

(
3ν %3 + %3 +10ν %−5

))
+2 %3

(
c60 %

2 +c59
)

20c53c65 %3

+
1

20c53c64c66c69 %5

{
b13

ω
2 (4c24 %

5 +c19 %
2 −45c29

)
+2b12

ω
2 (4c24 %

5 +c19 %
2 −45c29

)
−2b11

ω
2 (−c22 %

7 −6c24 %
5 −c19 %

2 +45c29
)

−b10
ω

2 (−4c22 %
7 −12c21 %

5 +c20 %
2 +45c29

)
+6b9 %2

ω
2 (c22 %

5 +10c45ν %3 +28c59
)

+b8
ω

2 (4c27 %
7 +8c23 %

5 +45c29
)

+2b7
ω

2 (c28 %
7 +2c24 %

5 −84c59 %
2 +45c29

)
+b6

ω
2 (24c46 %

7 −4c24 %
5 +c20 %

2 +90c29
)

+b5
ω

2 (−24c46 %
7 −8c23 %

5 −2c19 %
2 +45c29

)
−2b4 %2

ω
2 (c28 %

5 +30c45ν %3 +c19
)

−b3 %2
ω

2 (4c27 %
5 +12c21 %

3 +c19
)

−6b2c62 %
5

ω
2 (c47 %

2 +c44
)

−5c65ω
2 cos(2β )

[
15b10c29

(
c54 %

2 +1
)

+30b9c29
(
c54 %

2 +1
)

+2b8 (c67 %
7 +15c42 %

2 +15c29
)

+2b7 (2c67 %
7 +15c42 %

2 +15c29
)

+6b6 (c67 %
7 +5c42 %

2 +5c29
)

+3b5 (2c26 %
7 +10c42 %

2 +5c29
)

+30b4 %2 (c25 %
5 +c42

)
+3b3 (2c26 %

7 +5c42 %
2)

+6b2c67 %
7

+4bc67 %
7

+2c67 %
7]

−4bc62 %
5

ω
2 (c47 %

2 +c44
)
−2c62 %

5
ω

2 (c47 %
2 +c44

)}
(G.9)
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σΘ% =−
1

c69 %5

{
ω

2 sin(β )cos(β )
[
b10 (−c48 %

5 +5c50 %
2 −12(2ν +3)

)
+b9 (−2c48 %

5 +10c50 %
2 −24(2ν +3)

)
+b8 (c48 %

7 −3c48 %
5 +10c50 %

2 −24(2ν +3)
)

+2b7 (c48 %
7 −2c48 %

5 +5c50 %
2 −12(2ν +3)

)
+b6 (3c48 %

7 −5c48 %
5 +10c50 %

2 −24(2ν +3)
)

+b5 (3c52 %
7 −5c48 %

5 +10c50 %
2 −12(2ν +3)

)
+5b4 %2 (3c51 %

5 −c48 %
3 +c49

)
+b3 (3c52 %

7 −4c48 %
5 +5c50 %

2)
+3b2c48 %

5 (%2 −1
)

+2bc48 %
5 (%2 −1

)
+c48 %

5 (%2 −1
)]}

(G.10)

with:

c1 = ν
3 +9ν

2 +ν−12

c2 = 10ν
3−3ν

2−19ν +12

c3 = 10ν
3 +9ν

2−13ν−6

c4 = 30ν
3 +9ν

2−48ν +9

c5 = 10ν
3 +27ν

2−4ν−33

c6 = 10ν
3 +63ν

2 +14ν−87

c7 = 40ν
3 +72ν

2−34ν−78

c8 = 2ν
3 +3ν

2−2ν−3

c9 = 50ν
3 +175ν

2−127ν +6

c10 =−50ν
3−25ν

2 +118ν +21

c11 =−150ν
3−50ν

2 +259ν

c12 = 50ν
3 +625ν

2−154ν +87

c13 = 150ν
3 +50ν

2−343ν +279

c14 =−40ν
3 +36ν

2 +88ν−84

c15 =−30ν
3 +27ν

2 +66ν−63

c16 =−10ν
3 +9ν

2 +22ν−21

c17 = 6ν
3−39ν

2−30ν +63

c18 = 10ν
3−37ν

2−36ν +63

c19 = 50ν
3−50ν

2−91ν +123

c20 =−50ν
3 +50ν

2 +7ν +129

c21 = 25ν
3−40ν

2−39ν +42

c22 = 25ν
3 +35ν

2−33ν−91

c23 = 25ν
3−40ν

2−32ν +21

c24 = 25ν
3−40ν

2−53ν +84

c25 = ν
3−19ν

2 +7ν +11

c26 = 5ν
3−51ν

2 +15ν +31

c27 = 25ν
3 +65ν

2 +213ν−199

c28 = 25ν
3 +155ν

2 +951ν−523

c29 = 2ν
2 +ν−3

c30 = 10ν
2 +19ν +3

c31 = 35ν
2−4ν−63

c32 =−50ν
2−68ν +54

c33 =−25ν
2−34ν +27

c34 = 7ν
2−12ν +21

c35 = 35ν
2−46ν +63

c36 = 10ν
2−9ν +27

c37 = 25ν
2 +118ν−279

c38 =−65ν
2 +31ν−18

c39 =−70ν
2 +8ν +126

c40 = 35ν
2−32ν +21
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c41 = 155ν
2−112ν +261

c42 = 4ν
3−7ν +3

c43 = 50ν
2−3ν +9

c44 = 10ν
2−2ν−24

c45 = 5ν
2−8ν−5

c46 = 5ν
2 +41ν−18

c47 = 5ν
2 +14ν +13

c48 = 10ν
2 +ν−21

c49 = 4ν
2 +10ν +6

c51 = 2ν
2 +5ν +3

c52 = 2ν
2−3ν−9

c53 = 10ν
2−7ν−33

c54 = (ν−1)

c55 = (2ν−1)

c56 = 5ν
2 +7

c57 = 25ν
2−49

c58 = 25ν
2−7

c59 = 50ν

c60 =
2 −98

c61 = (ν−3)

c62 = (3ν +1)

c63 = 5ν
3−7ν

2

c64 = (5ν−7)

c65 = (−7ν−9)

c66 = (b−1)

c67 = b3−1

c68 = b2 +b+1

c69 = 5ν
3−7ν

2−5ν +7
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