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Abstract We find a coordinate-independent wave-packet
solution of the massive Klein—-Gordon equation with the con-
formal coupling to gravity in the de-Sitter universe. This
solution can locally be represented through the superposition
of positive-frequency plane waves at any space-time point,
assuming that the scalar-field mass M is much bigger than the
de-Sitter Hubble constant H. The solution is also shown to
be related to the two-point function in the de-Sitter quantum
vacuum. Moreover, we study the wave-packet propagation
over cosmological times, depending on the ratio of M and
H . In doing so, we find that this wave packet propagates like
a point-like particle of the same mass if M >> H, but, if
otherwise, the wave packet behaves highly non-classically.

1 Introduction

Elementary particles in Minkowski spacetime are related to
unitary and irreducible representations of the Poincaré group.
Their notion is thus unambiguous in all Lorentz frames, as the
Poincaré group represents the isometry group of Minkowski
spacetime. It might be then tempting to expect that there is
no well-defined vacuum notion in curved spacetimes. In fact,
Schrodinger argued that particles may be produced in evolv-
ing universes [1]. This quantum effect arises from the
absence of time-translation symmetry, which requires the re-
definition of creation and annihilation operators during time
evolution, while quantum states remain unchanged. A no-
particle state at earlier times may not then be interpreted as an
empty state at later times [2,3]. In addition, a single-particle
state turns into a multi-particle state over time, resembling,
thereby, particle decays in interacting quantum-field models.

In spite of the fact that the observable Universe is dynam-
ically changing all the time, we successfully describe high-
energy processes by using the Standard Model of particle
physics, in which the Poincaré group plays a crucial role [4].
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In the Standard Model, a particle decay may occur if compat-
ible with various conservation laws. In particular, we observe
on Earth that energy, momentum and angular momentum are
conserved in particle scatterings. As an example, the electron
neutrino was foreseen in S-decay from energy—momentum
conservation long before its actual detection [5]. These con-
servation laws are, in turn, related to the space-time trans-
lation and rotational symmetries which are spontaneously
broken in nature. Still, these laws must locally hold, accord-
ing to the equivalence principle, which is in agreement with
the up-to-date observations [6].

It is thus an empirical fact that particles in collider physics
are well defined, even though the observable Universe is
evolving. This could be readily explained if wave functions,
which describe particles, are well localised in spacetime.
Their nonpoint-like support is still testable in gravity, namely
the quantum interference of non-relativistic neutrons was
observed in the Earth’s gravitational field [7]. This obser-
vation is consistent with the Schrodinger equation with the
Newtonian potential. In general, if the Compton wavelength
of particles is negligible with respect to a characteristic curva-
ture length, then the quantum interference induced by gravity
can be described by the coordinate-independent (covariant)
phase factor

B
exp <—iM/ ds) with ds* = guv(x) dxtdx"”, (D
A

where M > 0 is the particle mass, A and B are, respectively,
initial and final positions of the particle which moves along
a geodesic connecting these points [8].

The main purpose of this article is to generalise this result
to the case when the Compton wavelength of particles may be
comparable with the characteristic curvature length. Besides,
particle’s propagation time may be as large as a characteristic
curvature time. Since it is not obvious if this generalisation
is even possible, we shall consider de-Sitter spacetime, in
which one should be able to find a non-perturbative result
due to de-Sitter symmetries.
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Throughout, we use natural units c = G = i = 1, unless
otherwise stated.

2 Adiabatic particles in de-Sitter spacetime

It was elaborated in 1968 how adiabatic particles may be cre-
ated in an expanding universe in linear quantum field models
[2]. In this section, we briefly review this adiabatic-particle-
creation process in the de-Sitter universe in order to introduce
concepts and notations which will be used later on.

Considering de-Sitter spacetime with the Hubble parame-
ter H inflat coordinates (z, X), i.e. the spatial curvature equals
zero in these coordinates, the particle-creation operator can
be defined through the adiabatic modes at past and future
cosmic infinities [3]. Following the recent references [9,10],
one has

t— —o0,
t — +00,

ot
g0 = | 5y e @

A" (Pk, 400

where, in case of the scalar field ® (x) with the mass M and
conformal coupling to gravity,

Pk, —o0 (X) 1
() e
Pk, 400 (X) 1
- (m>22m r(l+ip) JiM(H|:(|Z)) ™. (3b)

where a(t) = ef!! is the de-Sitter scale factor, '(z), Hi(;i) ()
and J;, (z) are, respectively, the gamma, Hankel and Bessel
functions, and

V42 -1 > 0 with v = M/H. 4)

n =

N =

The exact solutions ¢k, —co(x) and gk o0 (x) match, respec-
tively, the adiabatic modes at past and future infinity. These
will be referred to as the past and future adiabatic modes.

The de-Sitter universe turns into Minkowski spacetime
in the limit H — 0. It is straightforward to show in this
case that both asymptotic adiabatic modes turn into the
Minkowski plane-wave solutions up to a phase factor. How-
ever, Pk —oo(X) gives rise to a “preferred” state in de-Sitter
spacetime. In fact, this mode defines the Chernikov—Tagirov
aka Bunch—Davies state [11,12], which we denote by |dS).

This quantum state is a no-adiabatic-particle state at past
infinity (in flat de-Sitter space), in the sense that |dS) is anni-
hilated by a(¢k,—oc0), i-€. @(¢k,—00)|dS) = 0 and
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ik —o0) = +i /E AE" () (B o0 (1) VD)

— () VP —o0 (X)), )

where ¥ is a space-like Cauchy surface and the bar stands
here for the complex conjugation. A normalisable single-
¢@_oo-particle state can be then defined as

d’k ot
1015, —00) = / fo(K) a' (pk,—00)1dS)

(2m)3
a' (¢ f,.—c0)ldS), (©)

where f,(K) is a square-integrable function sharply peaked
at k = p, such that

d*k
@0’
The state |¢f, —oc) does not depend on 7, in accordance with
the Heisenberg picture we have been working in. Therefore,
|dS) is empty with respect to a(¢k,—oo) at all time moments
and the de-Sitter particles are related to unitary and irre-
ducible representations of the de-Sitter symmetry group [13].
These particles may be dynamical, i.e. [¢ £, —oo) depends on
time, only in interacting field models [14-16].

From another side, the de-Sitter mode ¢k oo (X) turns into
alinear superposition of the positive- and negative-frequency
adiabatic modes at future infinity:

(@ fp.—00l@ fp.—00) = H®F = 1. )

@k, —00(X) = A(P400s P—o0) Pk, +00(X)
+B (@400, P—o0) P 400 (X), ®)

where the Bogolyubov coefficients can be found in [9,10].
This leads to

AT (0K, —00) = AP0, P—00) @' (Pk +00)
—B(P+00s P—o00) APk +00)- )

Hence, the adiabatic-particle-number operator N (f,) =
&T(<pfp)&((p f,) changes with cosmic time. In particular, one
has

0, t — —o0,
|B(¢+00> (/Loo)|2,

This means that |dS) is a N-adiabatic-particle state at future
infinity, assuming that

N = floor(|B(¢00, 9—00)1%), (11)

where N can be arbitrarily large, as the Pauli principle does
not apply to bosons. This result is known in the literature as
the cosmological adiabatic-particle creation [2,3].

This particle creation is based on the re-definition of the
particle notion over time (see (2)). The procedure implies
that adiabatic particles are unstable. Specifically, if [¢ £, —oo)
describes a single-adiabatic-particle state at past infinity,
then this state should be re-interpreted as a multi-adiabatic-
particle state at future infinity. In fact, one finds that

(10)

(dSIN (¢7,,)1dS) = { t — 4o0.
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(@ fp—00l N (@ £ +00) |9 1) —00)

=1+ 2|B(@100, 9—00) %, (12a)
(@fp,foo|N(§0f_p,+oo)|(ﬂfp,foo)
= 2[B(P-00s P—o0)|*. (12b)

This result may be called as the cosmological adiabatic-
particle decay.

A particle decay in interacting field models is the process
that may take place if it does not violate various conserva-
tion laws. For instance, we observe on Earth that energy,
momentum and angular momentum are conserved in col-
lider physics. These conservation laws come from space-time
translation and rotational symmetries which are local sym-
metries of the Universe, according to the equivalence prin-
ciple. In contrast, the cosmological particle decay cannot be
a local process: The gravitational field is the only source of
energy which is available for this decay, but the gravitational-
field energy is non-localisable [17].

3 Covariant particles in de-Sitter spacetime
3.1 Motivation

A scattering process in particle physics usually corresponds
to unitary evolution of a N-particle state defined at past
infinity into a N-particle state defined at future infinity. It
is evident though that it is impossible to carry out a scatter-
ing experiment with the asymptotic states, i.e. states defined
at t — =00, in collider physics, bearing in mind that ini-
tial states should then have been arranged at the Big Bang.
This apparent tension between theoretical constructions and
experiments can be eliminated by taking into account that
elementary particles are quantum-field excitations localised
in spacetime, namely they are described by wave packets
with a finite space-time extent. A Wilson cloud chamber is
actually designed to visualise a charged-particle trajectory
which is localised within the chamber and, hence, in space.
Besides, the free neutron decays into a proton, electron and
electron antineutrino, with a mean lifetime of around 103
seconds — free neutrons are also localised in time. For these
reasons, initial/final N-particle states need to be arranged
not at past/future infinity, but rather at a fraction of a sec-
ond before/after the scattering process. This means parti-
cles are essentially non-interacting if their wave packets
are well-separated. This observation also explains why the
Minkowski-spacetime approximation used in theory works
well in practice: The observable Universe locally looks as
Minkowski spacetime and, consequently, particles can be
considered within a local inertial frame, since their support
is normally much smaller than the local-frame extent.

The question of our interest is how the asymptotic states of
collider physics emerge locally in curved spacetime. These

quantum states describe elementary particles which are free
of interactions. In the field model under consideration, this
means that we need to determine a single-particle state which
can describe a scalar particle to move along a geodesic.

One of the fundamental properties of the geodesic equa-
tion is its form invariance under general coordinate trans-
formations. For example, geodesics do not depend on the
coordinate parametrisation of de-Sitter spacetime. However,
in the closed coordinates to cover the entire de-Sitter hyper-
boloid, adiabatic modes at past time infinity and the de-Sitter
modes do not match [9]. The notion of an adiabatic particle
is, in general, coordinate-dependent.

Another basic property of geodesics is that they locally
reduce to straight lines. That is a free-particle trajectory
x(t), where t is the proper time, is locally of the form
x(0) + x(0) 7, where x(0) and x(0) are the particle posi-
tion and velocity at T = 0, respectively. In quantum theory
over Minkowski spacetime, a constant-momentum single-
particle state is described by the plane-wave-mode superpo-
sition. According to the equivalence principle, this descrip-
tion must also hold in a Fermi normal frame related to a
particle geodesic in de-Sitter spacetime if H|At| < 1 and
H|Ax| < 1, where |At| = |Ax| = 0 corresponds to that
geodesic. In particle physics, we have also to require that
HA, < 1, where A is the Compton wavelength of the ele-
mentary particle (see below). Under these premises, quantum
field theory over Minkowski spacetime should adequately
describe this particle locally.

As noted above, gk _oo(x) turns into the Minkowski
plane-wave solution if H — 0. Since the Hubble param-
eter is dimensionful, one needs instead to consider H << M
and H|t| < 1. The first condition is fulfilled by the mas-
sive fields of the Standard Model if H is identified with the
present Hubble parameter, Hy ~ 1072m~!. The second
condition cannot hold for all times. It is known by now that
the dark-energy-dominated epoch has started at around 1016 s
after the Big Bang, whereas the universe age typ ~ 1/Hp is
about 108 s [18]. Therefore, @k, —oo (x) cannot be reduced to
the plane-wave mode all the time over the present de-Sitter-
like epoch. From another side, plane-wave modes are suc-
cessfully applied in particle physics to describe high-energy
scattering processes which were taking place over the entire
semi-classical history of the Universe.

The later circumstance shows that neither ¢k oo (x) nor
@k, +oo(x) are appropriate for our goal. We intend below
to derive a covariant wave-packet solution of the scalar-
field equation,

1
(O +m? - < R())®(x) =0
with R(x) = —12H?, (13)
which can be locally represented through the superposition

of positive-frequency plane waves at any space-time point.

@ Springer
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3.2 Covariant wave packet in Minkowski spacetime

In particle physics in Minkowski spacetime, a particle, which
is localised at X = (T, X) in position space and at P =
(PT,P) in momentum space (with localisation regions in
both spaces related through the uncertainty relation [19]), is
described by the state

d*K
9x.p) s/(zn)3e<KT)6<K2—M2> Fp(K)
KX 3T K)M), (14)

where Fp(K) is peaked at K = P and the state [M) stands
here for the Minkowski quantum vacuum. The particle-
creation operator in momentum space is

a"(K) = —i/d3x(e_iK"‘8,<i>(x) — D) e KT, (15)
1

which satisfies the commutation relation [a@(K), a’(P)] =
27VK?2 + M2 (27)38 (K —P). This straightforwardly follows
from the commutator of the scalar-field operator at different
space-time points. The operators a'(K) and a(K) provide
the standard expansion of the quantum field ®(x) over the
creation and annihilation operators.

The function Fp(K) is chosen in such a way that the state
|¢x. p) is normalised to unity:

L[ d&PK FpEK)F 16
<§0X,P|(/)X,P>—§/(2n)3 N 1. (16)

We refer to the reference [20] for further details.
3.2.1 Gaussian wave packet in Minkowski spacetime
For later applications, however, it proves useful to introduce a

wave packet describing the particle state |px, p). Specifically,
this wave packet reads

d*K T 2 2 —iK-(x—X)
¢X,P(X)E/ O(K")S8(K”— M~) Fp(K)e '),
(2m)3
(I7)

giving rise to

a'(px,p) = —i / d*x (px, p ()3 (x) — D), 9x,p(x)),
t
(18)

which produces the state |pyx p) = &T((px,p)|M). The nor-
malisation condition in terms of the wave packet ¢x p(x)
takes the form

- i/d3X(<ﬂx,P(X)3r¢x,P(x) —Px.p()dex,p(x)) = 1
t
(19)

(cf. (6) and the text below that equation in the reference [1]).

@ Springer

In the absence of self-interaction or interaction with other
quantum fields, &T((px,p) must be time-independent. This
is realised if the wave packet vanishes sufficiently fast in
the limit |[x — X| — oo. Considering a Lorentz-invariant
Gaussian wave packet [21,22], namely

P-K
Fp(K)=Ne 27 with PT = P2+ M2, (20)
where D > 0 is the momentum variance and
2
N= —, (2D
2
o k(%)

where K(z) stands for the modified Bessel function of the
second kind, we obtain

NM?

ox,p(x) = W

2 . n2 4 1
K1<—”,§2 G+idprPa-x -2 - X)2)2)
X

1
2 . 2 4 2
%(iﬂ%ﬂ(x—){)—%(x—xﬂ)
(22)
It follows from ¢x p(x) o |Ax|73 for |x| > |X| and

(04 M*)px. p(x) = 0 that the creation operator a" (¢x.p)
is time-independent in the linear quantum field theory [23].

3.2.2 Wave-packet position in Minkowski spacetime

The trajectory of a freely-moving particle in Minkowski
spacetime is a straight line. The same result holds for the
trajectory of the wave packet gy p(x) (cf. [24]):

(x() = —i/d3x X (px,p ()0 @x p(x) — @x p(X)dpx, p(x))
t
=X+ V)@ -T), (23)
where
V) = 1 [ &*°K |Fp(K)? K
2] @n) UK+ M VK + M2
P
M/D>oo P2+ M2 @4

Thus, ¢x p(x) propagates like a classical (point-like) particle
of the same mass if M > D.

3.2.3 Wave-packet momentum in Minkowski spacetime

Making use of [®(x), D(x")] = i A(x — x')1, where A(x —
x") is the commutator function, we find the stress-tensor
expectation value in the single-particle state |¢x p):
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) B 1
(Ouv) = 20uPx, p OyPx.P — 3 3.0vlpx, pI?

1
-3 mu (180x,p1* — M?|ox p?), (25)

where we have omitted the vacuum stress tensor, as this does
not depend on the wave packet. The energy and momentum,
which are ascribed to the wave packet, are given by

(p (1)) = f d*x (O (x))
t
M? M?
- (Kz(ﬁ) m(ﬁ)) P P,

(pi(t)) = f x (61())
t

() ()

, —— P
M/D — oo

(26b)

The packet ¢x p(x) is thus characterised by the four-
momentum like a classical (point-like) particle of the same
mass and three-momentum if M > D.

3.3 Covariant wave packet in de-Sitter spacetime

The phase factor (1) suggests that a single-particle wave
packet in curved spacetime must be covariant. Its Fourier-
transform representation should then have the following
structure:

d*K
ox.p(x) = / S OKT)S(KAK = M) Fp(K) ko),
27)

where the (upper) index A refers to the tangent frame at X
with the vierbein e/ (X), and

xcloseto X  ;g.o

Ppx k(x) ———> "7, (28)

where o is a shorthand notation for the geodetic distance
o (x, X), so that

Ko = Kao® = e (X)eN(X)Kyo™ = Ko™,  (29)
where
oM = VMo (x, X) = gV (X) dyo (x, X) (30)

is a vector of length equal to the distance along the geodesic
between x and X, tangent to it at X, and oriented in the direc-
tion from x to X [25]. Note, in general, ¢ x x (x) is a function
of dimensionless combinations of the curvature tensor at X
with K7 and oyy.

The covariant wave packet can depend only on K -0 and o,
which is due to the de-Sitter-spacetime symmetries. Without
loss of generality, we look for a solution of (13) in the form

b3 x () 1 2H%0 ¢(K-o, Ro) 31)
X,k (X) = — ;

47i sinhv/2H20 v K-02 —2K2%0
where the Ricci scalar R = —12H?2. Substituting (31) in the
field equation (13) and using

a;;j =1+ 3v2H20 cothv2H?0o, (32a)
a“(K«r);M =Ko, (32b)
. Ko V2H2o
(K-0)h =3H? m[coth\/ZHza - m]
(32¢)
(K-o);“(l(ﬂ);u
_ 2H?%o X2+ K-o? [ B 2H?%o j|
sinh2v2H2o 20 sinh>v2H2o |’ )
(

we obtain on the mass shell, K2 = M?2, that
y(I—y)

92 92
_—— — . :0
<8n2 302 + Sinh?y )¢(n ¢)
with y = %(1-;\/41)2—1), (33)

where we have introduced new variables, namely

~2H?
0 Elntanh[ _ U}, (34a)
VK02 —2K% — K-
£ =In a 1, (34b)
2K20

such those n € (—00,0) and ¢ € [0, 4o00) if 0 > 0 and
—K-0 > ~/2K?20 are fulfilled.

3.3.1 Locally plane-wave solutions in de-Sitter spacetime

The Eq. (33) has infinitely many solutions. One of them reads
+00

bu(n. ) = / dp P V5 (G () — o 1ip (). (35)

o0
where by definition
Pv. ip—1(n) = P~ DOHNIV)
(T2—y —ipIll1+y —ip]
I'[1—ip]

1
><2F1[y, l—y;2—ip; m} (36)

The coefficient to depend only on p and v has been cho-
sen from the following argument. In the observable Universe,
M > Hj holds for the massive fields of the Standard Model

@ Springer
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of elementary particle physics. It is an empirical fact that col-
lider physics is well described by the Minkowski plane-wave
solutions. We must, therefore, obtain a plane-wave solution
e'K9 for ¢y g (x) if H << M and H?|o'| < 1 are satisfied.
Specifically, if v = M/H — oo, then we find from the def-
inition of the hypergeometric function and 8.328.2 in [26]
that

2Fi(y, 1 —yic —Ix])
1—
— = Tld(vV/Ix]) ™ ea1(20/1x]), (37)
where J._1(z) is the Bessel function of the first kind. This

result agrees with 10.16.10 in [27]. Employing 9.131 in [26],
we find that

) 1
2Fl|:)/, 1 —y;2—ip; 1——62"j|
I'[l—ip]
v—ooo [[2—y —ipll[l+y —ip]
miip =D a-ipyni-ip

sinh(mp)
ip=1 2vel
X|:(1 — 6277) 2 Jip_l(——l = 627])
—i n
+€7TP(1 — 6277) 1 Sip Jlip(\/%)] (38)
—e

If we consider H2|a| <« 1, then n approaches —oo, i.e. we
are allowed to set 1 — e2 to unity in this limit, whereas 2ve”
turns into ~/2M2o . Having used 10.4.8 in [27], we obtain

+00
2 .
H&KM
—00
e%Hi(]?)—l( 2M2O'), (39)

where Hi(ﬁll (z) is the Hankel function of the second kind.
With the help of 8.421.2 in [26], we have that

2 1 .
b0, &) TS, 4 iV2M? sinh ¢ ¢—1V2MP0 coshe
H&M
(40)
Substituting this result into (31), we find
H? 1
Px.x (1) L ik @1)

H&M

as required.

The integral over p in (35) can actually be exactly evalu-
ated. Specifically, we obtain from 15.6.7 in [27] and 6.422.12
in [26] that
¢v(n.¢) = lim Bw(%(n, w+¢)— Dy w— ;“)),

w—0
(42)

@ Springer

where by definition

®,(n,¢) = —2+/2mv+/—ef sinhpy ¢~ givefcoshy
KV_% (iveg sinh n). (43)
Considering now the limit v — 0o and then H?|o| < 1, we
obtain ¢y x (x) — K9 where we have made use of the
uniform expansion of K;, (vz) for v — oo found in [30,31].
The ¢y, 1-ip(n)-dependent part of the integrand in (35)
vanishes in the limit v — 0. We therefore consider in the
case v = M/H = 0 that

+00
do(n, ¢) =2 lim / dp e "™y ip 1 ()
—00

+00
dp eiP=DEHHIN i) Py i1 (44)

—00

=2 lim
v—>0

Taking into account 3.328 in [26], we obtain in the massless
(M = 0) case that

tanh 1v2H20
bx.k(x) = —

2
——  exp| Ko
coshv2H2o + 1 < 3V2H?%
(45)

Note, ¢x k (x) turns into the standard plane-wave solution
¢'X9 as in Minkowski spacetime if H 2|o| < 1 holds. This
simple form of ¢x g (x) explains our minimal Ansatz for
the on-shell condition we have assumed on physical grounds
in (27).

3.3.2 In-in and in-out propagators in de-Sitter spacetime

To clarify a non-trivial structure of the n-dependent inte-
grand in (35), we need to compute the Wightman function
that might be associated with this solution. In Minkowski
spacetime, H = 0, the two-point function can be found as
follows:

W, X)|,_, = /ﬁG(KT)S(KZ—MZ)eiK'” (46)
’ H=0 — (27.[)3 :

In the de-Sitter universe, the correlation function may be
defined via the same formula with ¢/ X% replaced by ¢x. x (x),
where K belongs to the cotangent space at X:

1 1
4i2m)* sinhv/2H20

+00

x / dp (v, ip—101) = b, 1-ip (1)

—0o0

W(x, X) =

elip=1¢

/ d*’K
X
VK2 + M2 sinh¢
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_ 7 Iy
4i(27)3 sinhv/2H?0
—+o0
X /dp (¢v, ip—l(r]) - ¢v, l—ip(n))
—00
[ eird 4 olin=2a
x/dq _
1—ip
0
_ HYy(-y) !
87T sinTy  coshv/2H20 — 1
1 hv/2H?2
X2 Fy [y, 1—y;2; %} (47)

Note, in the second line, one can replace +p by —p — 2i
in the e?=29_dependent part of the integrand to get the
delta function §(p) from the integral over ¢, by taking into
account that residues at = — 3i/2 and Fu — i/2 cancel
each other and ¢, +;p+1(n) vanishes exponentially in the
limit Re p — =+o0.

Therefore, ¢, (n, ¢) might be related to the Wightman
function of the Chernikov—Tagirov aka Bunch—Davies state
[11,12]. If we assume that Im(coshv/2H20) < 0, then the
correlation function (47) turns into the in-in propagator. It
was, however, argued in [28,29] that the in-out propagator
should be considered in non-linear quantum field models in
de-Sitter spacetime. This type of the Feynman propagator is
associated with ¢, (41, £)+e "V ¢, (—n, ), which reduces
to ¢y (+n, ¢) if v — oo. Thus, the solution we were looking
for is not unique.

In the massless case, M = 0, the integration over the
Fourier parameters K in the formula of the Wightman func-
tion gives the result (47) if taken in the limit v — 0. The
discontinuity ¢o(n, {) # ¢v—o0(n, ¢) is also present in the
integration over the Fourier parameters. Namely, the integral
over K in the first line of (47) is alone proportional to the
delta function 8 (p) if v = 0, while not if v > 0.

3.3.3 Gaussian wave packet in de-Sitter spacetime

According to our suggestion, the Gaussian wave packet in
de-Sitter spacetime reads

px.p(x) = N/(2 SO(KT)s(k2 )
P-K

xe 202 ¢y g (x), (48)

where D is the momentum variance and A needs to be deter-
mined from the normalisation condition

i /E AT (x) (px,p () VP p (X)

~x.p()Vupx,p(x)) = 1, (49)

where X is a Cauchy surface. Since the wave packet px, p(x)
vanishes as |Ax| ™3 for large |Ax| and is a solution of the
scalar-field equation (13), the normalisation factor does not
depend on the Cauchy surface. Therefore, it generically holds
N =N (M, D, H) (see Fig. 1, left).

Plugging ¢x x (x) found above into (48) and assuming
that M/D > 0, we obtain

iMPN ] 2
px p(x) = 4v(27r)3 dwsinhwe 202 coshw
—00
X<I>u(n,w+v)—.<1>u(n,w—v)7 (50)
cschn sinh v
where 7 has been defined in (34a) and by definition
VP-c?2—-2M?c — P-o
v=In . (&28)
2M?%o

The integral over w in (50) seems not to be generically
tractable. Still, it can be “simplified” with the help of 8.432.1
in [26] and the first formula on p. 86 in [32].

In Sects. 3.2.2 and 3.2.3, we have learned that the Gaus-
sian wave packet in Minkowski spacetime kinematically
behaves as a classical point-like particle if its mass M is much
larger than its momentum variance D. Considering M > D
in (50), we observe that the integrand is extremely suppressed
for |w| = 1. Therefore, if we multiply that integrand by
exp(— w) then (50) remains essentially unchanged in the
case M > D.However, this modified integral can be exactly
evaluated by using 6.653.2 in [26]. Specifically, we get

iM? 2 _1
@x,p(x) = 41)(2;\)/3 /dw sinh w ¢~ 307 W=z
—0oQ
« q)v(n’ w + U) - CDv(’]a w — U)
csch n sinh v
2H’Ncyc_
= W(V C+ 8b+( 1M(X+)K1M(X+))

7)2(ce —c_

—Ve= 0 (Kin G Kin(0))), (52)

where by definition

+(as +bs — 2ci)2), (53a)

1 1 1
XL = E(ai — bi)z ((ai + by + 261)2

—(ax + b — 2c4) 1) (53b)

and

M2
ay = >D7 + b4, (54a)
by = ivet’ cosh, (54b)

@ Springer



189 Page 8 of 13

Eur. Phys. J. C (2021) 81:189

16F . . . . -
S 14f
a
S 12t ]
R
= 1olesceocesscs——— 06— 06— 6—————0]
:E— L
a |
= o8 O M/D = 10, M/H = 100
zZ I M/D = 10, M/H = 10
06 ]
' & M/D =10, MH = 1

0 1 2 3 4 5
Ht

Fig. 1 Left: Numerical calculation of the normalisation factor
N (M, D, H). This plot shows the ratio N(M, D, H)/N(M, D, 0),
where N (M, D, 0) is the Minkowski-spacetime normalisation factor

c+ = ivetVsinh . (54¢)

Numerical computations with ¢x p(x) and ¢x p(x) give us
the same results within numerical error bars. However, it is
worth mentioning at this point that the integrand in (50) is
highly oscillatory. Presumably, this circumstance makes it
non-trivial to do numerics with gy p(x) if used its integral
form.

3.3.4 Wave-packet position in de-Sitter spacetime

Without loss of generality, we intend to consider a free
motion with the initial conditions X = 0 and P =
(vVM? + PZ,0,0, P) (in the tangent frame at X). The posi-
tion of a classical particle of the mass M in this case reads

_ b 2 2 _ 2 4 p—2H1 p2
z(t)—PH(JM + P2~ /M2 4 2P, (55)
where x(#) = y(#) = 0 due to the spatial-translation sym-
metry of the flat de-Sitter universe.

In analogy to the Minkowski case, the wave-packet posi-
tion should follow from

(2(t)) = —i /E AT () 2 (px.p () Vg p ()

—@x,p () Vupx. p(x))
= —ie3H’/d3xz (ox.P ()P p(x)
t

~@x,p () dpx,p(¥)), (56)

whereas (x(¢)) = (y()) = 0 due to the invariance of
@x,p(x) under rotations around z-axis. It should be men-
tioned that gy p(x) is spherically symmetric if P = 0. In
this special case, we immediately obtain z(t) = (z(t)) = 0.

In general, we numerically find that (z(¢)) matches the
classical trajectory if M > D > H (see Fig. 1, right). If
the value of the Hubble parameter H is comparable with
either the momentum variance D or the scalar-field mass
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(see Eq. (21)). Right: Numerical calculation of (z(¢)), where the black
solid curve corresponds to the classical trajectory z(7) (see Eq. (55))

M , then the wave-packet trajectory differs from the classical
geodesic (55). Specifically, the initial wave-packet position
deviates from X = 0 if H is non-negligible with respect to
D. Besides, the wave-packet propagation rate decreases with
increasing H and is negative if H ~ M.

3.3.5 Wave-packet momentum in de-Sitter spacetime

The four-momentum of the classical particle can be directly
found to read

P(t) = VM2 + e2Hip2, (57a)
pir) =e2Hp, (57b)

where p*(t) = p”(t) = 0 due to the initial conditions con-
sidered and the spatial-translation symmetry of flat de-Sitter
spacetime.

Making use of the commutator function in de-Sitter space-
time, one finds that the stress-tensor expectation value in the
single-particle state |px p) is

N

(Ou) = Vuox pVoox,p + V@x,p%(ﬂx,f’

1 2
- § VMV\)|‘»0X,P|

1
— = guw(IVox pl* — (M* — H?)ox pl?),

3 (58)

where we have omitted the vacuum contribution, as this does
not depend on the wave packet. It is straightforward to show
that this energy—momentum tensor is covariantly conserved,
ie. V“(@W) = 0. Since {9;} are three Killing vectors of the
de-Sitter universe, the momentum-conservation law holds,

namely

(pi(t)) = /E dSH(x) (O, (0) = (1) [ dPx (O (x)) (59)
t
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Fig. 2 Left: Numerical calculation of (p,(¢)). The solid straight line
corresponds to the classical result (see Eq. (57b)). Right: Numeri-
cal calculation of (p,(#)). This plot shows (p;(t))/p:(t), where p,(t)
corresponds to the classical energy (Eq. (57a)) with P replaced by

does not depend on the Cauchy surface X (see Fig. 2, left).
Yet, the wave-packet energy,

(i) = /E dTH () (O, (1)) = @ (1) | dx (©(x)) (60)
t

depends generically on cosmic time:

d
a7 (pe (1)) = —H{(p: (1))

+2MPHa’ (1) | dx |px. p (1. %), (61)
t

where we have used V# ((:),w) = 0and ((:),w) — 0 at spatial

infinity (see Fig. 2, right)

We numerically find that both {p’ (¢)) and { p*(¢)) approach
their classical values (57) if the condition M > D > H is
fulfilled, as shown in Fig. 2. If otherwise, but still keeping
M > D, then the wave-packet energy (p’(r)) increases as
compared to p’(r), whereas (p<(¢)) decreases in compari-
son to p*(t). These observations seem to hint that (p*(¢))
is not a vector, meaning (p*(¢))(p, (¢)) might depend on a
coordinate frame. We shall study this issue shortly.

The four-momentum p*(¢) of the classical particle is
proportional to its four-velocity u*(¢), namely p"(t) =
Mu*(t). This formula follows from the energy—momentum
tensor of a point-like particle whose mass density is given
by the Dirac function [33]. This relation implies that z*(¢) =
u®(t)/u'(t) = p*(t)/p'(r), while, in quantum theory, one
has

(1)) = ieH! f &x (px.p (0)3:7x p (x)
t

~@x.p(X)0z0x,p(x)), (62)

where we have taken into account that ¢x_p(x) is a solution
of the field equation (13), which tends to zero sufficiently
fast at spatial infinity. This integral might now be expected
to yield the classical result if M > D > H > 0 is fulfilled
(see Fig. 3).

the wave-packet momentum (p_(¢)). In the case of M/H = 1, the
ratio (p;(¢))/p:(t) appears to be oscillating around 1.165 at Ht €
{6,7,..., 19, 20} with the amplitude 0.018

3.3.6 Wave-packet position and momentum in co-moving
frame

There is a coordinate frame in de-Sitter spacetime, in which
the point-like particle moving along the geodesic (55) with
P # 0 is at rest. This rest coordinate frame can be read-
ily found by considering the de-Sitter-hyperboloid embed-
ding into 5D Minkowski spacetime. Namely, the de-Sitter
hyperboloid corresponds to the hypersurface H>nqpx*x? =
—1, where x“ denote Minkowski coordinates, 7, stands for
the Minkowski metric and the indices @ and b run from 0
to 4. Making use of (A12) in [9], we obtain that the diffeo-
morphism to the rest frame of the point-like particle follows
from the Lorentz transformation

vM?+ P? P
0 ~0 0 3
— 08, 63
X — X i X 7 X (63a)
x' =1 =xl (63b)
X2 = 7= x% (63c)
VM? + P? P
3 ~3 3 0
=’ —— %" 63d
x> = X i X 7 X (63d)
xt = 7t =x" (63e)

where Ht = In H(x? 4+ x*) and Hx = x/(x° + x*). This
coordinate transformation provides #(t) — 7, z(t) — 0
and p(tr) — (M,0,0,0), where t is the proper time to
parametrise points of the geodesic, z(7) and p(t) are, respec-
tively, given in (55) and (57).

The initial conditions X =0and P = (v M2 + P2,0,0, P)
turn, respectively, into X =0and P = (M, 0,0, 0)intherest
frame in which the covariant packet is spherically symmet-
ric. In the absence of Lorentz-type deformations, its position
expectation value coincides with the rest-frame origin. Fur-
thermore, the wave-packet three-momentum also vanishes
for the same reason. Hence, the covariant wave packet does

@ Springer
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Fig. 3 Left: Numerical calculation of (z(¢)) which corresponds to the
velocity expectation value of the wave packet, where the dot stands
for the differentiation with respect to 7. The classical velocity z(z) fol-
lows from (55) and is shown by the black solid curve. Right: This

not propagate in the rest frame, independent on relative val-
ues of the parameters M > 0, D > Oand H > 0.

The rest-frame position of the packet can be computed
from the non-rest-frame perspective and vice versa. In par-
ticular, we have

(F(=Z) = —i/EdE”(X)i“(X) (ox,P () Vux, p (x)

—Px, p(X)Vopx, p(x)), (64)
where X" = X" (x) directly follows from (63). It is worth
emphasising that (x*(X)) depends on the Cauchy surface
¥, rather than on . Still, one might expect that (X" (X))
approximately coincides with (¥#(X)) if the wave packet
manifests itself as a classical particle.

Specifically, in the Minkowski-spacetime limit, i.e. H —
0, we have

vM? + P?
H—0 M
which vanishes if and only if (z(t)) = z(¢). This equality
approximately holds iff M > D, as shown in Sect. 3.2.2.
Now, if we assume H > 0, then (z(z)) can be expected
to approach zero if the packet propagates along the classi-
cal geodesic (55), i.e. M > D > H must be satisfied. If
otherwise, (z(¢)) may be non-vanishing. This discrepancy is
illustrated on Fig. 4, left.!
The rest-frame four-momentum of the wave packet can
also be calculated from the non-rest-frame perspective:

P
(z() (@) =40 1 (65)

! The integrand in (64) turns out to be singular at x = y = 0 and
7 = (P/(WM?+ P2 — M) + exp(—H¢t))/H for all Ht > 0. This
singularity originates from the scale factor exp(H ) which, if expressed
through ¢ and x by using (63), vanishes at those points. Therefore, the
expectation value of 33 (¢, x) = Z(¢, X) exp(H1(t, X)) instead of Z(r, X)
is shown in that figure. This problem is non-existent if those points lie
outside the wave-packet support, e.g., if P/M = 1, that is the case for
a packet whose support is inside the Hubble volume.
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plot shows (p®(1))/{p'(¢)). Point-like particles move with the group
velocity, in particular, z(t) = p?(t)/p’(t) (the black solid curve). The
mismatch between (z(¢)) and (p®(z))/(p’(¢)) becomes non-negligible
it M/H <10

(Pu(D)) = fz dZ (%) (0,,())

= / dX’ (x) o (O1p(x)) (66)
% dxm T

where <@uv (x)) is a second-rank tensor, because @x, p(x)
is a relativistic scalar. In Minkowski spacetime, (p, (%))
coincides with ( ﬁﬂ(i)) in the absence of external forces.
This happens to be the case, since the four-momentum is
then independent on Cauchy surfaces. In de-Sitter spacetime,
their coincidence might be expected if M >> D >> H holds
(see Fig. 4, right).

To summarise, the non-rest- and rest-frame computations
of the position and momentum expectation values are related
like in classical physics if the wave packet behaves as a point-
like particle. According to the numerical calculations, this
requires the Compton wavelength to be much smaller than
the wave-packet localisation size which, in turn, must be neg-
ligibly small relative to the curvature length. The former is
needed for the suppression of quantum features of the packet,
while the later for it to be oblivious to the global geometry.

4 Discussion

Elementary particles are described by wave packets in quan-
tum theory. A wave packet in Minkowski spacetime is usually
constructed through the superposition of positive-frequency
plane-wave solutions of a given field equation [20]. This wave
packet can in turn be associated with an asymptotic state used
in the definition of S-matrix. But, the plane-wave solutions
may exist only locally in non-flat spacetimes. The basic ques-
tion is then how to construct a wave packet to describe a free
elementary particle in the Universe.

In flat de-Sitter spacetime, one believes that the exact solu-
tion (3a) is appropriate for the definition of elementary par-
ticles at past infinity, while the solution (3b) is usually sug-
gested for the description of particles at future infinity. The



Eur. Phys. J. C (2021) 81:189 Page 11 0of 13 189
i i i i i i S L e B e . SN S S S S B S S S S
0.0 © o = 0.015} O P/M=1,M/D =10, M/H = 100
L = Lo P/M = 1, M/D = 10, MH = 10
= [ £ [ ¢
L o2t 1 © ool ¢ & PM=1,MD=10,MH=1
£ g [ 9
o > 0,
2 0 2 LY
= 04 o 4 < 9 L ooosf % .
> = [ £ 8
< » O PM =1, M/D = 10, M/H = 100 N i
T s 1€ ol g o
H PIM = 1, M/D = 10, M/H = 10 7 0000F = e
b <& PIM=1,M/D =10, M/H =1 '
08 L L | | | J ~0.005 L | | L | 1
0 1 2 3 4 5 0 1 2 3 4 5
Ht Ht

Fig. 4 Left: Numerical calculation of (33(r)). In classical theory,
%° = Zexp(H7) implies > = 0 if Z = 0. In quantum theory, this
relation holds in the rest frame, i.e. (3> (7)) = (Z(7)) exp(HT), but not,
generically, in the non-rest frame. This plot shows that the expectation
value of 53 computed in the non-rest frame, (¥°(1)), is close to zero

superposition of each of these modes can certainly be used
to construct Gaussian wave packets. The three-momentum
of these packets are given by the Minkowski result (26b).
Hence, we should assume M > D for each packet. In addi-
tion, we should assume D > H, otherwise these wave pack-
ets have spatial support to be larger than the cosmological
extent of de-Sitter spacetime. In general, any wave packet
should be well localised within the Hubble scale in order to
describe an elementary particle. Repeating numerical calcu-
lations made in the previous sections, we find these two Gaus-
sian wave packets propagate along a curve which approaches
the geodesic (55) if M > D 2 H. In this case, the energy
of the packets also approaches the classical result (57a).

Still, the adiabatic wave packets cannot be locally repre-
sented through the superposition of plane waves and depend
on coordinates used to parametrise the de-Sitter hyper-
boloid. All these mean that the adiabatic wave packets are
locally described by phase factors which may differ from
e M7 where 7 is the proper time. In particular, their on-
mass-shell phase factors depend explicitly on the three-
momentum. Specifically, taking the same initial conditions as
in the previous section, we find that that difference becomes
more pronounced if we increase the ratio P/M for fixed
M/D = 10 and M/H = 100. In fact, expressing ¢ and z
through the proper time 7 and then considering Ht < 1, we
obtain

P2
a(t() = 141+ 55 Hr, (672)
P T
—iMt

The adiabatic-wave-packets phase factors doreduce to e
iff M/H > 1 and P/M < 1. This is no longer the case
if P/M > 1 and PHt/M 2 1 hold. If we now assume
that T ~ 1s, H = Hy ~ 107"¥s7 and M ~ 1MeV,

if M > D > H holds. In this very case, the non-rest- and rest-frame
calculations of 5> agree with each other. Right: Numerical calcula-
tion of (p.(#)). The expectation value of p, computed in the non-rest
frame tends to zero if M > D > H, which agrees with its expectation
value computed in the rest frame

then the discrepancy should appear for P > 10'> GeV. This
result turns out to be counter-intuitive, because high-energy
physics should not depend on the space-time curvature. This
property of the adiabatic wave packets might thereby lead to
non-standard results for flavour oscillations and for the quan-
tum interference induced by gravity. However, Hy is way
too small for any experimental tests of that and, moreover,
the observable Universe can be modelled by de-Sitter space-
time at cosmological scales only. It means this issue should
be studied in Schwarzschild spacetime which approximately
describes the local geometry of Earth (see below for more
details on this point).

The main purpose of this article was to derive a wave
packet which is a relativistic scalar and locally reduces to
the plane-wave superposition at any space-time point, no
matter if that point lies at past or future cosmic infinity or
somewhere in between. These basic properties are required
for a wave packet to be appropriate for the description of
an elementary particle. In particle physics, the Minkowski-
spacetime approximation of the Universe is underlying for
the definition of particles which are related to the uni-
tary and irreducible representations of the Minkowski-
spacetime isometry group [4]. Thus, those properties guaran-
tee that the wave packet locally corresponds to the irreducible
representation of mass M and spin 0. The main result of the
article is that we have found that such a packet does exist
in de-Sitter spacetime. This packet propagates over cosmo-
logical times like a point-like particle of the same mass if
M > D > H (see also Fig. 5), such that the wave-packet
phase is characterised by e *M7 as expected in the semi-
classical limit [8]. If otherwise, it propagates highly non-
classically.

This wave-packet solution, ¢x p(x), gives rise to the
particle-annihilation operator
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Fig. 5 The absolute value of the wave packet ¢x p(x) as a function
of time in Minkowski spacetime (top panel) and in de-Sitter spacetime
(bottom panel), assuming that M/D = 10, M/H = 100 > 1 and
the initial conditions X = 0 with P = (ﬁM, 0,0, M). Note, we
make use of dimensionless time and space coordinates, i.e. Ht and Hz,
where, in Minkowski spacetime, H is merely a dimensionful parameter,

alpx,p) = +i/2d2“(x) (@x.p(V)V, D(x)

—d)Vux,p (). (68)

This operator has two basic properties, namely it does not
depend on the Cauchy surface ¥ and on the coordinates x
used to parametrise the de-Sitter hyperboloid. The former
property comes from, first, the absence of non-linear terms
in the scalar-field equation and, second, the localisation of
@x, p(x) on the Cauchy surface X. The latter property is due
to the covariant character of the Klein—-Gordon product and
the wave-packet solution ¢x_p(x). Thus, a(¢x, p) defines a
coordinate-independent quantum vacuum (a(¢x, p)|2) = 0)
in de-Sitter spacetime, while its Hermitian conjugate defines
a covariant particle state (|gx, p) = at (px.p)|S2)).

The quantum state |€2) is a no-covariant-particle state
which still may be non-empty with respect to the de-Sitter
particles which have been introduced in Sect. 2. To clarify
this issue, the Bogolyubov coefficients need to be computed:

ax,p(k) = —ie’’ / dx (@x,p (X); P, —o0 (X)
t

— Pk, —o0 ()0 px, p (X)), (692)
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while, in de-Sitter spacetime, H is equal to its Hubble constant. In de-
Sitter spacetime, the wave packet (50) evolves as (22) in flat spacetime
for small values of H¢, in accordance with the equivalence principle.
At later times, Ht 2 0.1, the Minkowski and de-Sitter wave packets
behave differently. One can also easily see that the probability to find a
scalar-field particle on the classical geodesic is maximal in both cases

Bx.p(k) = —ied! / d*x (@x,p (X); P, —o0 (X)
t

— Pk, —00 ()31 Px P (X)), (69b)
which are time-independent due to the spatial localisation
of ¢x p(x). Having used the same initial conditions for X
and P as in the previous section, we numerically find for
k = P that ax p(k) is time-independent, while Bx p(k)
fluctuates with time and |Bx, p(k)/ax p(k)| << 1 decreases
if an integration region increases. The same calculations
with @k, —oo (x) replaced by @k +o0(x) yield the Bogolyubov
coefficients which are time-independent. These observations
might mean that |<2) is unitarily equivalent to the state |dS).
In any case, ¢x p(x) is related to the 2-point function in the
de-Sitter state, as shown in Sect. 3.3.2. Specifically, px p(x)
is proportional to that function if D — oo. This turns out to
be analogous to the Minkowski case, namely the packet (22)
is also proportional to the Minkowski 2-point function if the
momentum variance of the wave packet is infinite. In both
cases, the proportionality coefficient is given by the normal-
isation factor.

The de-Sitter universe is not only one curved spacetime
which s of physical interest from the viewpoint of elementary
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particle physics. For example, black-hole spacetimes serve
as a non-trivial background for probing predictions of quan-
tum theory. Field-equation solutions which are commonly
employed to define particles depend explicitly on global sym-
metries of a given black-hole geometry [34]. Still, the observ-
able Universe can locally be approximated by such a geom-
etry only nearby a black hole this geometry is supposed to
describe. Thereby, black-hole global symmetries are local
for the Universe. This circumstance poses a question why
those global symmetries should be “preferred” with respect
to local Poincaré symmetry, taking into account that both are
non-exact in the Universe. Since local Poincaré symmetry
is well known to play a crucial role in elementary particle
physics [4], one might actually need to re-consider those
solutions which are employed to define elementary particles
in black-hole spacetimes. The reason is that those solutions
like @K, —o0o (x) and gk 400 (X) give rise to wave packets which
cannot be everywhere represented locally through the super-
position of plane waves, as required by the equivalence prin-
ciple and collider physics. This might lead to novel results in
quantum-black-hole physics, such as [35,36].

This question does not seem to be unanswerable nearby
Earth, because its local curvature length is around 101! m,
which is 15 orders of magnitude smaller than that of the
observable Universe as a whole. This would naively reduce
the threshold momentum to around 1 GeV, above which the
standard mode solutions in Schwarzschild spacetime may
lead to the local-Lorentz-symmetry violation under certain
experimental conditions. We shall report on this study in one
of our future publications.
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