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Abstract: This paper discusses the question of heat flux distribution between bristle package and
rotor during a rubbing event. A three-dimensional Computational Fluid Dynamics (3D CFD) model
of the brush seal test rig installed at the Institute of Thermal Turbomachinery (ITS) was created.
The bristle package is modelled as a porous medium with local non-thermal equilibrium. The model
is used to numerically recalculate experimentally conducted rub tests on the ITS test rig. The ex-
perimentally determined total frictional power loss serves as an input parameter to the numerical
calculation. By means of statistical evaluation methods, the ma in influences on the heat flux distribu-
tion and the maximum temperature in the frictional contact are determined. The heat conductivity of
the rotor material, the heat transfer coefficients at the bristles and the rubbing surface were identified
as the dominant factors.

Keywords: brush seal; rubbing; heat flux distribution; porous media; CFD

1. Introduction

Over the years, brush seals have been well established for use in stationary turbo-
machines and aircraft engines. The design processes are still based, to a large extent, on
the manufacturers’ experience. The aim of the design process is to obtain a brush seal
that is subject to minimal wear during operation, but it is still stiff enough to achieve
the required pressure reduction in steady-state operation (see Ref. [1])). According to Aksit
and Tichy [2], the wear of brush seals, similarly to other sliding contacts, depends on three
ma in factors:

Material selection:
The choice of tribological partners determines, among other things, the coeffi-
cients of friction and wear properties. These are mainly defined by yield strength,
modulus of elasticity, hardness, surface quality, and formation of oxide layers.

Contact mechanics:
The contact loads are of particular importance here. They are determined by
the seal design, the operating parameters, and effects, such as blow-down, pressure
stiffening, and hysteresis.

Heat transfer:
In particular, the temperature level in the friction contact has a direct effect on the me-
chanical and physical material properties of the sliding partners and the tribochemi-
cal reactions, such as the formation of oxide layers. The temperatures in the friction
contact are determined by the level of the ambient air temperature and the heat
input during the contact with the seal. These changes also indirectly affect the fric-
tion coefficient µ. In addition to the knowledge of the heat input in friction contact,
the distribution of heat fluxes between the bristle package and the seal and, subse-
quently, the distribution within the bristle package are also important. In brush
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seals, these distributions are strongly influenced by cooling effects due to leakage.
In the following, only the third factor, the heat transfer, will be discussed.

Already, in 1988, Gorelov et al. [3] recognized that a reduction of the leakage rate
results in a significant heating of the brush seal. Accordingly, even small amounts of
air are sufficient to cool the bristles adequately. The heat transfer within the package
is comparable to that of a heat exchanger (see Ref. [4]). In this respect the diameter of
the bristles and the cavities between the bristles play a decisive role.

With the help of a numerical flow simulation with modelling of the bristle package
as a porous medium, Doğu and Aksit [5] calculated temperature profiles in the bristle
package as a function of directly specified heat inputs in the friction contact. The maximum
temperatures always occur at the bristle tips and decrease exponentially in radial direction
to the level of the air inlet temperature. In the axial direction, a very uniform temperature
distribution was determined. However, the authors assumed an isotropic heat conduction
in the package. In reality, this is strongly anisotropic due to the orientation of the bristles
and the bristle spaces. The highest radial temperature drop was found in the area of
the back plate. The convective cooling effect increases due to higher leakage rates at high
pressure differences. This, in turn, reduces the temperature level and increases the radial
temperature gradient.

Demiroglu and Tichy [6] developed a semi-empirical equation in closed form to
calculate the contact forces. This was used to calculate the friction power (see Ref. [7]):

Pfric = µ · FN · u. (1)

In order to validate the equation, rub tests were carried out and the temperatures at
the rotor and at the downstream bristles were measured by infrared thermography. Because
the part of the equation used is only valid without a pressure difference applied, no flow
was applied in the validation measurements. The calculated frictional power served as
an input variable for a finite element analysis. Therefore, the assumption was made that
the heat flux between the rotor and seal is split in a ratio of 50:50. This was justified with
similar heat conduction coefficients and an identical contact surface. However, further
measurements have shown that this assumption is no longer valid under pressurisation.
In this case, the heat flux distribution changes very much in favour of the bristles.

On the same test rig that was used by Demiroglu and Tichy [6], Ruggiero et al. [8,9]
carried out steady-state, pressureless rub tests with brush seals with non-metallic bristles
of aramid and carbon fibres. By means of a subsequent FE analysis, the heat input into
the rotor was determined by iteratively adjusting this value until the calculated temperature
gradients matched the measured ones. Following Demiroglu’s and Tichy’s hypothesis
that, in the absence of flow through the seal, the heat flux distribution mainly depends
on the thermal conductivity of the materials, Ruggiero et al. [8] assumed that, due to
the low thermal conductivity of Kevlar, almost all of the heat should flow into the rotor.

Qiu and Li [10] used a numerical flow simulation to calculate the pressure forces.
They did not resolve the individual bristles, but modelled the entire package as a porous
medium. The contact forces were iteratively calculated with an FE model, taking into
account the friction and deflection of the bristles. The frictional power was determined
according to Equation (1). A constant friction coefficient of 0.24 was used. The resulting
frictional power served as input for the Computational Fluid Dynamics (CFD) simulation.
For the heat transfer in the bristle package, they assumed a local thermal equilibrium,
i.e. the local air temperature corresponded to the bristle temperature. In a subsequent
publication, the assumption of a local thermal equilibrium was replaced by an equation
considering the convective heat transfer in the bristle package (see Ref. [11]). In order to
determine the heat transfer coefficients at the bristles, they used correlations for banks
of staggered tubes, as done by Doğu and Aksit [5]. The calculations showed an increase
in the maximum temperatures in friction contact with increasing differential pressure,
but a lower mean temperature in the package. With increasing speed, the maximum
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temperature and the mean temperature in the package also increased. As the temperature
increased, a reduction in leakage was found. This is explained by a decreasing density of
the streaming fluid.

Pfefferle et al. presented an instrumentation concept for the measurement of rotor
temperatures during rubbing [12]. They placed thermocouples below a radially thin-walled
rotor at six axial positions. For redundancy, the instrumentation was mirrored at a cir-
cumferential position offset by 180°. The thermocouple tips were welded to the rotor
and the thermocouple lines were fixed with spot-welded sheets. In order to calculate
the heat input into the rotor, an FE model was created and the heat input, as a boundary
condition of the simulation, was iteratively varied until the best possible agreement be-
tween the experimental and numerical temperature curves was obtained. During the tests,
the resulting total frictional power was calculated by subtracting the power measured
before and during the rubbing. The difference between total frictional power and rotor
heat input results in the heat input into the bristles and the air. Pfefferle [13] published
the results of these tests. The tests were carried out with four seals of the clamped design,
which are identical in design. Over all tests, it was calculated that 60–90% of the total
frictional power goes into the rotor. Pfefferle [13] tried to model the transient behaviour
of the experimental rubbing tests with a duration of 30 s in an additional simplified FE
model in order to investigate these heat flux distributions in more detail. He was able to
show that the transient test procedure leads to more heat being conducted into the rotor
by up to 9% than would be the case in steady-state operation. A variation of the heat
transfer coefficients showed that only for αb < 100 W/(m2 K), more heat is conducted into
the rotor. Pfefferle [13] explains this by an anisotropic arrangement of the bristles in axial
and tangential direction, which results in little or no flow through parts of the bristle
package (see also Ref. [14]). Pfefferle [13] believes that the worn bristle package itself
provides a further explanation: agglomerated wear material at the bristle tips and severely
deformed bristles reduce the leakage flow in the area in direct contact with the rotor. Both
reasons lead to a reduction of convective heat transfer due to the reduced flow velocities.
This is in contradiction to the correlations for banks of staggered tubes previously used for
brush seals to calculate the heat transfer coefficients (see Refs. [11,15,16]).

The work by Pfefferle [13] was continued at the ITS in the subsequent years on
a modified test rig (see Refs. [17–20]). The experimental investigations that were presented
in these publications with subsequent calculation of the rotor heat input using an FE model
demonstrated the influence of the geometry and operating parameters, as well as the degree
of contamination of the bristle package on the heat flux distribution. When considering
all of the experiments, it can be concluded that, in most cases, a large part of the frictional
power generated is dissipated into the rotor.

The aim of this paper is to show the ma in factors influencing the heat flux distribution.
The knowledge gained will be used to verify whether, as assumed by Pfefferle [13], the heat
transfer coefficients at the bristles are significantly lower than that predicted by the cor-
relations usually used for banks of staggered tubes. For this purpose, selected rub tests
with seal 1 at different differential pressures are numerically simulated. The calculations
include seal and rotor as well as the flow fields upstream and downstream of the seal.
Hildebrandt previously published this numerical study (see Ref. [21]). The experimental
results of the rub tests with this seal were published in [18].

Several approaches are available for modelling the flow in the bristle package. Besides
the semi-empirical approaches (“bulk flow models”) and models with fully dissolved
bristles, calculation approaches in which the bristle package is modelled as a porous
medium have been established. When modelling the real geometry, the complete flow
channels between the bristles within the package have to be meshed. Because of the small
wire diameters in combination with high packing densities, this means an increased
modelling and calculation effort. Furthermore, it is difficult to model the axially and
radially variable bristle spacing according to a real brush seal. The approach of modelling
the bristle packing by means of a porous medium overcomes the problems of this dynamic
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movement and the complex structure of the bristle package. For this reason, the following
calculations are based on a modelling of the bristle package while using a porous medium.

2. Basic Equations for Calculating Flow Losses and Heat Transfer in Porous Media

The equations that are used to calculate the leakage flow of a brush seal are described
below. Outside the bristle package, the usual Navier–Stokes equations are used. To account
for the flow resistance that the bristles exert on the fluid, an additional resistance force ~Fr
per unit volume is defined within the bristle pack:

~Fr = −Aµ~v− Bρ|v|~v. (2)

This resistance is composed of a viscosity and an inertia term. Equation (2) is based
on the results that were obtained by Darcy [22] and Forchheimer [23], and it is called
the Forchheimer equation in its basic form. Because of the anisotropic composition of
the bristle package, the flow losses are also directional. For example, the losses parallel
to the longitudinal axis of the bristles are significantly lower than those transverse to
the longitudinal axis of the bristles. However, they are largely responsible for the radial
pressure gradient in the bristle package. As a result, the tensors A and B each consist of
three elements:

A =

ax 0 0
0 as 0
0 0 an

, B =

bx 0 0
0 bs 0
0 0 bn

. (3)

The coefficients are related to a local coordinate system, which is defined relative to
the individual bristles. The ma in directions ex, es, and en are defined, as follows:

• ex: parallel to the x-axis of the test rig,
• es: parallel to the bristle longitudinal axis, and
• en: perpendicular to x-axis and bristle longitudinal axis.

For the determination of the coefficients ai and bi, the findings from Ergun [24] can be
applied, who investigated the flow through porous media in a Reynolds number range
relevant to brush seals. According to Ergun [24], Equation (2) can be represented for
the isotropic case as pressure loss over the height of the layer bed in the following way:

∆p
L

=
α̃ · µ · (1− ε)2

d̃2 · ε3
·V +

β̃ · ρ · (1− ε)

d̃ · ε3
·V2. (4)

The coefficients ai and bi are, thus, proportional to (1− ε)2/ε3 and (1− ε)/ε3, respectively.
The variable ε represents the porosity of the medium through which the medium flows. It
is defined as the ratio of the void volume to its total volume:

ε =
Vf

Vtot
= 1− Vs

Vtot
. (5)

The porosity used for brush seals is described, in detail, in Section 2.2.
The diameter d̃ shown in Equation (4) represents the equivalent sphere diameter:

d̃ =
6
av

, (6)

av =
A
V

=
db · π · l

1/4 · d2
b · π · l

=
4
db

. (7)

On the basis of measurements with packed beds of spherical particles, Ergun [24] suggests
the factors α̃ = 150 and β̃ = 1.75. With respect to the wire diameter db of the brush seal,
Equation (6) gives the factors α = α̃/d̃2 · d2

b = 66.7 and β = β̃/d̃2 · d2
b = 1.17. In order to

obtain a better match with the application under consideration of the brush seal, which resembles
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a cylinder packing, Chew and Hogg [25] and Proestler [26] suggest the factors α = 80 and
β = 1.16.

The coefficients ax and an or bx and bn can be represented according to Equation (4), as follows:

ax = an =
α · (1− ε)2

d2
b · ε3

=
80 · (1− ε)2

d2
b · ε3

, (8)

bx = bn =
β · (1− ε)

db · ε3 =
1, 16 · (1− ε)

db · ε3 . (9)

Chew et al. gave the loss coefficient as along the bristle axis [27], based on a comparison
of experimental and numerical results, with a ratio of 1:60 to the losses transverse to
the bristle axis. In contrast, Proestler [26] calculated an analytical expression assuming
the pressure reduction of a laminar flow in non-circular pipe sections. Proestler [26]
calculated the factor as, as:

as =
32 · ε · (1− ε)2

d2
b · ε3

=
32 · (1− ε)2

d2
b · ε2

. (10)

The dissipative losses along the bristle axis are neglected and the factor bs is set to
zero. The numerical calculations performed in this paper use the loss coefficients according
to Proestler [26] .

2.1. Energy Conservation Equations

In general, two cases can be distinguished for heat transfer in porous media: The simple
case of thermal equilibrium between the solid and the fluid and the case where there is a signif-
icant temperature difference between the two. In the case of a typical flow through the bristle
package of a brush seal, strong forced convection occurs between the bristles and the leakage
air, so that the second case applies. This is modelled using a double cell approach. Such an
approach defines a fixed zone that spatially coincides with the porous fluid zone. This solid
zone only interacts with the fluid in terms of heat transfer. The conservation equations for
energy are separately solved for the fluid and solid zones. The conservation equation solved
for the fluid zone is in accordance with Nield and Bejan [28]:

(1− ε)(ρc)s
∂Ts

∂t
= (1− ε)∇ · (λs∇Ts) + αfsafs(Tf − Ts) (11)

and for the solid zone

ε(ρcp)f
∂Tf
∂t

+ (ρcp)~v · ∇Tf = ε∇ · (λf∇Tf) + αfsafs(Ts − Tf). (12)

αfs is the heat transfer coefficient between the fluid and the solid and afs is the specific
surface area of the solid. Relating to the wire package of a brush seal, afs equals to:

afs = (1− ε)
db · π · l

1/4 · d2
b · π · l

= (1− ε)
4
db

= (1− ε) · av. (13)

With regard to the heat conduction within the bristle package, it should be noted that,
similar to the loss coefficients, it is also directional. Perpendicular to the longitudinal axis
of the bristle, an effective heat conduction λeff can be calculated, which results from a series
connection of the heat conduction of the solid and fluid (see Ref. [29]):

1
λeff

=
ε

λf
+

(1− ε)

λs
, (14)

λeff = λs,x = λs,n = λf,x = λf,n =
λf · λs

(1− ε) · λf + ε · λs
. (15)



Energies 2021, 14, 1888 6 of 25

Equations (11) and (12), in combination with Equation (15), lead to:

(1− ε)(ρc)s
∂Ts

∂t
= (1− ε)[

∂

∂x
(keff

∂Ts

∂x
) +

∂

∂s
(ks

∂Ts

∂s
)

+
∂

∂n
(keff

∂Ts

∂n
)] + αfsafs(Tf − Ts),

(16)

ε(ρcp)f
∂Tf
∂t

+ (ρcp)~v · ∇Tf = ε[
∂

∂x
(keff

∂Tf
∂x

) +
∂

∂s
(kf

∂Tf
∂s

)

+
∂

∂n
(keff

∂Tf
∂n

)] + αfsafs(Ts − Tf).
(17)

2.2. Porosity of the Brush Seal

Referring to a cylinder packing, as in the case of a brush seal, the porosity can be
expressed, as follows:

ε = 1−
π · d2

b · ρp

4 · B · sin(λ)
. (18)

In Equation (18), it was neglected that the porosity is dependent on the radius. Because
the circumferential area increases with increasing radius, but the number of bristles remains
constant, the porosity increases in the outward radial direction. According to Qiu et al. [11],
the porosity as a function of the radius can be calculated, as follows:

ε(r) = 1−
ρpπDR(∆r/sin(λ))(πd2

b/4)
(π(r + ∆r)2 − πr2)B

= 1−
ρpπDRd2

b/sin(λ)
4B(∆r + 2r)

.

(19)

For ∆r → 0 follows from Equation (19):

ε(r) = 1−
ρp · π · DR · d2

b
8 · B · r · sin(λ)

. (20)

In addition to the fixed geometric parameters, such as the wire diameter db, the rotor
outer diameter in relation to the package centre DR, and the laying angle λ, the porosity
also depends on a size that changes depending on the operating pressure applied, namely
the package width B (see Refs. [30,31]). Consequently, this size must be taken into special
consideration when calibrating the model (see Section 4). Here, it is neglected that the laying
angle λ also changes during rubbing, due to the radial deflection of the bristles. However,
the changes are very small.

3. Description of the Model

In Figure 1, the computational doma in of the numerical calculations is shown. It con-
sists of a 0.5° section of the ITS brush seal test rig (see Ref. [18]).

Periodic boundary conditions are set in circumferential direction because of the rota-
tional symmetry. The calculation doma in includes the rotor, the test seal, the axial brush
seal, a part of the seal holder, and the flow areas upstream and downstream of the test seal.
The test seal is modelled as a porous medium, assuming that there is no thermal equilib-
rium between the bristles and the fluid. The axial brush seal is also modelled as a porous
medium, assuming that there is a thermal equilibrium. The calculation doma in starts at
a radius of 50 mm. The recalculation of the experimental tests by means of the FE analyses
(see Refs. [17–19]) has shown that the areas further inwards are only slightly thermally
affected within the rubbing period of 30 s.
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r

x

Inlet (ptotal, T)

Outlet test seal (pstat, T)

Outlet axial

seal (pstat, T)

αRotor2

1

αCasing,downstream4
αCasing3

αCasing,
upstream

q̇tot(t)

hBP

Bmax

Bmin

Figure 1. Computational doma in of the numerical model; Fluid ( ), Solid ( ), Porous media ( ).

At the inlet, the total pressure and temperature are set according to the respective
measured values from the experiments. At the outlets, the static pressures and temperatures
are specified. At the outer surfaces 1 – 4 , appropriate heat transfer boundary conditions
are defined. Along the outer contour of the rotor, a circumferential speed corresponding
to the tests is set. In the detailed section in Figure 1, it can be seen that the specific total
frictional power loss q̇tot is applied to the contact area between the seal and rotor:

q̇tot(t) =
Ptot(t)

A
· (1− ε). (21)

This quantity is based on the measurement of the total power loss during the experi-
ments. Similar to the temperatures at the inlets and outlets, it is defined as time-dependent
and specified as a boundary condition. The heat flux distribution will be self-adjusting
due to the prevailing conditions. In the detailed section, it is also evident that the package
width is not constant over the height. In the clamping area, the package width is defined to
the minimum package width (see Section 4). The package width increases towards the in-
side and it reaches its maximum value at the contact point to the rotor. This specification is
based on own observations and descriptions by other authors (e.g. Ref. [30]). A narrow
gap was defined between the bristle package and the back plate, thus reducing the contact
height of the bristles on the back plate hBP. In various publications (e.g. Refs. [32–34]), it has
been described how the bristle package bends in axial downstream direction below the back
plate when a pressure difference is applied. As a result, there is a bending in the upper area
in the upstream direction and, thus, a reduction of the contact surface. This effect is to be
replicated by reducing the contact surface in the model. The contact height at the back plate
has an influence on the radial pressure drop and, thus, on the pressures in the pressure
relief chamber, as well as on the heat transfer.

The axial position of the seal relative to the rotor is adjusted individually for all test
cases, analogously to the experiment. In addition, the determined rotor elongation is taken
into account to adjust the gap below the back plate as closely as possible to the gap during
the rub tests.

3.1. Investigated Test Cases

The numerical test cases that are examined are based on rub tests of seal 1 under
variation of the differential pressure (see Ref. [18]). The bristle package consists of bristles
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of Haynes 25 with a bristle diameter dB of 0.07 mm, a package density ρp of 200 Bpmm
and a seal inner diameter of 300 mm. The laying angle of the bristles λ is 45◦. The rotor is
made of Inconel 718 and it has a diameter of 299.5 mm on the right front edge. The cone
angle of the rubbing surface is 2.95◦. The pressure difference was varied in the steps of
1.0, 2.5, 4.0, 5.5 and 7.0 bar. The choice was made for these test points, because the largest
influences on the heat flux distribution have been observed in the experiment when varying
the pressure difference and the heat transfer coefficients at the bristles αfs = αb must change
over a wide range.

The heat transfer coefficients αb are determined according to correlations for banks of
staggered tubes by Gnielinski [35], Žukauskas [36], and Mart in [37]. Appendix A describes
the calculation of the coefficients. Figure 2 shows the calculated values. The mean values
were used for the numerical simulations. The error bars, which span an interval of ±50%,
show that the correlations yield very different results. The heat transfer coefficients were
assumed to be constant in the entire bristle package.
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Figure 2. Heat transfer coefficients at the bristles αb; Gnielinski [35] ( ), Žukauskas [36] ( ),
Mart in [37] ( ), Average values ( ).

Besides the heat transfer coefficients at the bristles, the porosity ε is a very important
parameter of the modelling. The porosity was calculated according to Equation (20), i.e.,
the radial dependence of the porosity was taken into account. Furthermore, it was taken
into account that the bristle package tapers with increasing radial height. In Figure 3a,b, it
can be seen that the consideration of these effects has a very large influence on the porosity.
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Figure 3. Distribution of porosity ε in the bristle package with consideration of: (a): width, (b):
radius, (c): width + ax. compression, and (d): width + radius + ax. compression

The first figure shows the values of porosity under sole consideration of the variable
package width. Because of the package width Bmin defined as the minimum possible
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width in the area of the clamping, the porosity decreases strongly towards the inside.
If it is also taken into account that the available space increases with increasing package
height, the decrease in porosity is much less pronounced (see Figure 3b). To further take
into account that the bristle package in the area of the back plate is compressed more than
the bristles upstream when a pressure difference is applied, the porosity was modified
according to Equation (22):

ε(r, x) = ε ·
(

1 +
B(n−m)

n + 1

)
− ε

xn

Bm , with n = 0, 5; m = 0, 45. (22)

Figure 3c shows the porosity when considering the package width and the weighting
according to Equation (22). In the last contour plot, all of the effects are finally combined (see
Figure 3d).

3.2. Mesh Independence Study

A mesh independence study was carried out in order to assess the influence of the cre-
ated mesh on the quality of results. The analysis was performed for the medium pressure
difference level of 4.0 bar. The mass flow, the heat flux distribution, and the maximum
temperature in the friction contact serve as comparative values.

A total of four meshes with different resolutions were compared. The k−ω-SST model
was used to model the turbulence. Within the bristle package, laminar calculations were
performed. This assumption is valid due to the low Reynolds numbers (see Refs. [38–40]). This
is also confirmed in this study. Within the package, the Reynolds numbers based on bristle
diameter were well below 1000. They only reach this order of magnitude in the region near
the back plate gap where the highest velocities are present. At first, a steady-state solution was
calculated without the imposition of a heat flux boundary condition. The fluid properties
were assumed to be compressible. Subsequently, a transient calculation is performed for
30 s with time-dependent specification of the total frictional power loss and temperatures
from the experiment. In Table 1, the results are summarized in relation to the mesh with
the highest cell number:

Table 1. The results of mesh independence study

# Cells Mass Flow Rate HFD Max. Temperature at Rubbing Contact

890,000 −4.43% −1.96% +5.7 K
1,760,000 −3.18% −0.84% +4.9 K
3,600,000 −0.94% +1.26% −0.4 K
7,960,000 - - -

For the following simulations, the computational mesh with 3.6 million cells was used.

4. Calibration of the Numerical Model

The adaptation or calibration to the experimental data is inherent in the modelling
of the bristle package by means of a porous medium. Because the geometry of the bristle
package changes during operation as a function of the differential pressure, the leakage
characteristics must first be calibrated. Once the numerical model has been calibrated,
it can be validated using further measurement data (see Section 5). In the present study,
the leakage mass flow and pressures in the pressure relief chamber must be adjusted. For
the calibration of the leakage mass flow, the porosity of the bristle pack ε is the decisive
parameter. A variation of the porosity is achieved by adjusting the package width B.
Because the package width in the clamping area was set to the minimum value Bmin,
the calibration is done by varying the package width Bmax (see Figure 1). The minimum
package width Bmin is calculated from:
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Bmin = d +

√
3

2
· db

(
ρp · db

sin(λ)
− 1
)

. (23)

Because the bristle package is compressed depending on the pressure difference
applied, the porosity also changes in the same way. Therefore, calibration must be carried
out separately for each pressure stage. Figure 4a shows the results of the calibration
of the leakage mass flows as discharge coefficients. The comparison of the numerically
calculated values with the values from the experiments shows a very good agreement
and, thus, a good adaptation to the experiments. Only at a pressure difference of 2.5 bar,
the calculated flow rate is below the experimental value. The experimental value is most
likely an outlier. A comparison of the two experimental measurement runs carried out
confirms this suspicion. Because the actual course of the leakage mass flow for this
pressure is not known and a linear course between the values at differential pressures of
1.0 and 4.0 bar is not necessarily present, the average package width from the package
widths at differential pressures of 1.0 and 4.0 bar bar was used. In Figure 4b, the respective
underlying package widths Bmax are plotted over the pressure difference. It becomes
apparent that, above a pressure difference of about 5.0 bar, the package is not compressed
any further and the maximum sealing effect is achieved. Furthermore, it is clear that,
even at the highest pressure differences, the package width is still significantly larger than
the theoretical minimum package width Bmin.
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Figure 4. (a): Discharge coefficients from experiment ( ) and numerical simulation (CFD) ( )
under variation of the pressure difference; (b): Package width depending on the pressure difference
( ), Bmin ( ).

When adjusting the pressures in the pressure relief chamber, the contact height of
the package at the back plate hBP plays a decisive role in addition to the porosity of the pack-
age or the package width. The contact height has a significant influence on the radial
pressure drop and, thus, the chamber pressures. In Figure 5a, the calculated and mea-
sured chamber pressures are plotted over the absolute pressure upstream of the seal.
After adjusting the contact heights according to Figure 5b, the chamber pressures are
within the measuring range. This is spanned by the deviations of the measured values
at the circumferential positions of 0 and 180°. The decrease in the contact height with
an increase in the differential pressure could, be explained by an increase in the axial
deflection of the bristles and, therefore, also appears to be physically plausible, as described
in Section 3.
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Figure 5. (a): Pressures in the pressure relief chamber as a function of the inlet pressure, experiment
( ), CFD ( ); (b): Contact height at the back plate hBP depending on the pressure difference.

5. Validation of the Numerical Model

In this section, the model will be validated. Several comparison variables are available
in order to be able to check whether the model reflects reality accurately. One of these
variables is the pressure distribution in axial direction. In the absence of own measurement
data, the results by Schur et al. [31] and Bayley and Long [41] are used. In particular,
the results shown by Schur et al. [31] are suitable for a comparison, since one of the tested
bristle packages corresponds exactly to that of the seal 1. In Figure 6a–e, the normalized
pressures below the bristle packs are plotted over the normalized package width.

In general, the measured values of Schur et al. [31] are well matched. The pressure
gradient increases in the area of the back plate, whereby this effect increases with increasing
pressure difference. In Figure 6f, this can be clearly seen when looking at the numerically
calculated pressure profiles. The differences between the measured values and the calcula-
tions can be explained by different operating conditions. In the experiments conducted by
Schur et al. [31], a circumferential speed of 47 m/s was present, while the measurements by
Bayley and Long [41] were carried out purely statically. In the simulation, a circumferential
speed almost twice as high as the value referred to by Schur et al. [31] is set. However,
Schur et al. [31] could show that, with increasing speed, the pressure level also continues
to rise. Furthermore, the measured values of the investigations by Schur et al. [31] are only
available up to a pressure difference of 5.0 bar.

Altogether, the flow and pressure conditions can be simulated very well with the nu-
merical model according to the experimental tests. The assumption of a rigid bristle package
or the omission of the calculation of the bristle bending does not represent a significant
impairment.

The measured temperatures within the rotor structure are used for validation because
the flow variables are of less interest than the distribution of heat input in the rotor and
seal. In addition, a comparison of the heat flux distributions are useful. The heat flux
distribution is defined as the ratio of rotor heat input and the measured total frictional
power loss:

heat f lux distribution =
rotor heat input

total f rictional power loss
. (24)

The values of the heat flow distributions of the current numerical simulation are
compared with those of the corresponding experimental tests (see Ref. [18]). For the experi-
ments, the total frictional powers were measured and the rotor heat inputs were calculated
by means of FE analyses.
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Figure 6. Norm. pressure under the package plotted against the norm. package width, (a): CFD ( ),
Schur et al. [31] ( ), both ∆p = 1.0 bar; (b): CFD ∆p = 2.5 bar ( ), Schur (2018) ∆p = 2.0 bar ( ),
Schur et al. [31] ∆p = 3.0 bar ( ), Bayley and Long [41] Rp<3.8 bar ( ); (c): CFD ∆p = 4.0 bar
( ), Schur (2018) ∆p = 3.0 bar ( ), Schur et al. [31] ∆p = 5.0 bar ( ); (d): CFD ∆p = 5.5 bar
( ), Schur et al. [31] ∆p = 5.0 bar ( ); (e): CFD ∆p = 7.0 bar ( ), Schur et al. [31] ∆p = 5.0 bar
( ); (f): CFD ∆p = 1.0 bar ( ) – ∆p = 7.0 bar ( ).

In Figure 7a–e, the experimental rotor temperatures are plotted together with the rotor
temperatures that are determined from the numerical simulations for all five test cases.
In addition, the temperature curves of the FE analysis are shown. In each case, the points
in time within the contact duration of 30 s are shown, where the highest temperatures
occurred.

While the temperature differences between the experiment and the FE analysis are
very small as a matter of principle, there are stronger deviations between the experiment
and numerical simulation, especially at low pressure differences. At higher pressure
differences above 5.5 bar, the profiles aga in agree very well. In order to check at this
point whether the hypothesis by Pfefferle [13], namely the overestimation of the heat
transfer coefficients at the bristles by the correlations for banks of staggered tubes, is correct,
calculations with heat transfer coefficients of αb = 100 W/(m2 K) and αb = 1000 W/(m2 K)
have been performed for the first two pressure levels. The experimental temperature level
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is reached in the case of a heat transfer coefficient of αb = 100 W/(m2 K) and a pressure
difference of 2.5 bar. The calculated temperatures are too low for all other cases.

320

340

360

380

400

420

440

460

0.10.20.30.40.50.6
Axial measuring position / rotor width [ - ]

Te
m

pe
ra

tu
re

[K
]

(a)

320

340

360

380

400

420

440

460

0.10.20.30.40.50.6
Axial measuring position / rotor width [ - ]

Te
m

pe
ra

tu
re

[K
]

(b)

320

340

360

380

400

420

440

460

0.10.20.30.40.50.6
Axial measuring position / rotor width [ - ]

Te
m

pe
ra

tu
re

[K
]

(c)

320

340

360

380

400

420

440

460

0.10.20.30.40.50.6

Te
m

pe
ra

tu
re

[K
]

Axial measuring position / rotor width [ - ]

(d)

320

340

360

380

400

420

440

460

0.10.20.30.40.50.6
Axial measuring position / rotor width [ - ]

Te
m

pe
ra

tu
re

[K
]

(e)

0

20

40

60

80

100

0 1 2 3 4 5 6 7 8

H
ea

tfl
ux

di
st

ri
bu

ti
on

[-
]

Pressure difference [bar]

(f)

Figure 7. (a–e): Measuring points from experiment ( ), Fit of the measured values from experiment
( ), FE-Analysis ( ), CFD with αb = adjusted ( ), CFD with αb = 100 W/(m2 K) ( ), CFD
with αb = 1000 W/(m2 K) ( ); (f): Heat flux distribution under variation of the pressure difference,
Experiment ( ), CFD ( ), CFD (target) ( ), (a) ∆p = 1.0 bar, (b) ∆p = 2.5 bar, (c) ∆p = 4.0 bar,
(d) ∆p = 5.5 bar, (e) ∆p = 7.0 bar.

The findings from the comparison of the rotor temperatures are also well reflected
by the differences in the heat flux distributions (see Figure 7f). The trend is quite well
matched and the level of the heat flux distributions corresponds approximately to that of
the experiment or FE analysis. Assuming that the slope of the experiment or FE analysis
profile is correct, the heat flux distributions of the numerical simulation should follow
the dotted line ( ). For this purpose, the values from the experiment or the FE analysis
( ) were transposed upwards until they corresponded to the value from the numerical
simulation at the operating point with a differential pressure of 5.5 bar. This operating point
was selected because the best agreement between numerical simulation and experiment
was found there. If the dotted line ( ) is used as a comparison level, it becomes clear
that too little heat is introduced into the rotor at low pressure differences in the case
of numerical simulation. In the case of the additional calculations with heat transfer
coefficients of αb = 100 W/(m2 K) or 1000 W/(m2 K), this level ( ) is almost reached
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(not drawn in the diagram). However, other factors must also play a role, because, as
shown above, the rotor temperatures are still calculated significantly too low.

6. Results of the Sensitivity Study

So far, the comparison of the calculated and experimental results has shown that, at low
pressure differences, the amount of heat into the rotor is underestimated by the numerical
simulation. This seems to be a first indication that the heat transfer coefficients at the bristles
were chosen too high. However, the fact that the temperature differences persist if the heat
transfer coefficients are significantly reduced suggests that other effects or factors must also
have a significant influence on the heat transfer. A possible explanation would be that the con-
tact areas have been chosen too large and, thus, the specified specific total frictional power
loss becomes too small (see Equation (21)). The package width or porosity are coupled with
the leakage flow and they have been calibrated. However, a closer look at the bristle packages
shows that in reality, not all of the bristles have exactly the same length. Therefore, it is possible
that individual bristles do not come into contact with the rotor and consequently do not
contribute to the conversion of the total frictional power loss. Photographs of the undersides
of the bristle packages confirm this assumption (see Figure 8). This becomes particularly clear
in the photograph shown in Figure 8a). In the area marked with the letter A, the bristles
show clear signs of rubbing, whereas large parts (B) show no traces. Additionally, in the other
pictures, a clear gradation of the bristles can be seen. It seems quite plausible that this effect
especially occurs at low pressure differences.

(a) (b) (c)

Figure 8. Zones with different contacts on the running surface; (a): Proctor et al. [42], (b): @ ITS,
(c): Buscher [43].

A screening test was carried out for the test case at a medium pressure difference of
4.0 bar in order to investigate and quantify the influences. In addition to the influencing fac-
tors already identified, namely the heat transfer coefficients at the bristles αb and the contact
surface A, the thermal conductivities of the materials of the bristles, the rotor and the seal
housing were varied. The variation of the contact area was achieved by adjusting the spe-
cific total frictional power loss. Furthermore, it was examined whether the adjustment of
the contact height of the bristles on the back plate hBP has an influence. The latter factor
was varied in three steps from -10% over 0% to +10%, while the variation of the thermal
conductivities covers the range of ±5% supplemented by an additional step at 0%. This
corresponds approximately to the scattering of the available material data of the materials
used. The heat transfer coefficients were varied in steps from -50% over 0% to +50%.
This is roughly in accordance with the fluctuations in the predictions of the correlations
under consideration. The maximum reduction of the contact area was estimated with -30%
and the maximum increase in the contact area with +5%. For the central point, the contact
area was −12.5%. The underlying test design complies with a definitive screening design,
therefore comprising 13 tests.

The influences of the factors on the heat flux distribution and the maximum tempera-
ture in friction contact were investigated. The results of the investigation are summarized
in a ma in effect diagram in Figure 9. Regarding the heat flux distribution, it can be concluded
that the heat conductivities of the two direct friction partners (λBristle, λRotor) as well as the heat
transfer coefficients at the bristles αb have a clear influence. The influences of the contact
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surface A and the thermal conductivity of the seal housing λSeal play a minor role. Adjusting
the contact height of the bristles on the support ring hBP does not result in a change in the heat
flux distribution. This factor also has no influence on the maximum temperature in the friction
contact. The contact temperature is mainly determined by the thermal conductivity of the rotor
material λRotor and, to a greater extent, by the contact surface A.
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Figure 9. Main effect diagrams for heat flux distribution ( ) and maximum temperature in rubbing
contact ( ).

A Pareto diagram of the standardized effects can be considered in order to be able to
check which factors are significant (see Figure 10a,b). In this diagram, the absolute values
of the standardized effects are shown in the order of their influence. The standardized
effect is the observed effect divided by its standard deviation. The result corresponds to
the t-value and is thus a measure of the significance of the effect. The selected significance
level is α = 0.05. This results in a t-value of the reference line of 2.45. If the bar of an effect
extends beyond the reference line, it is significant. In the case of the heat flux distribution
(see Figure 10a), this means that the heat transfer coefficients at the bristles are the decisive
factor. The thermal conductivities of the rotor and bristle materials have a similarly strong
effects and are also statistically significant. From the Pareto diagram for the maximum
rubbing temperature in the friction contact as response variable (see Figure 10b), it is clear
that the rubbing surface is the decisive factor by a large margin. The thermal conductivity
of the rotor material is slightly significant.
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Figure 10. Pareto diagrams of standardized effects, significance level α = 0, 05, A: hBP, B: λBristle,
C: λRotor, D: λSeal, E: αb, F: A, (a): Response variable: Heat flux distribution, (b): Response variable:
Max. temperature in rubbing contact.
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The results of the screening test, in which the ma in influencing factors have been
identified, are now to be transferred to all five test cases in order to obtain the influence
of the pressure difference. The factors heat transfer coefficients at the bristles αb, thermal
conductivity of the rotor material λRotor and the contact surface A are to be examined more
closely. The thermal conductivity of the bristle material λbristles was excluded, because
the number of simulations to be performed had to be reduced. This limitation seems
to be justified, since a similar effect on heat flux distribution is expected, as the thermal
conductivity of the rotor material and the magnitudes of the effects are nearly the same.

The simulations were varied in accordance with a response surface design in the form
of a central composite test plan. The design of a central composite design consists of
a cube with two levels per factor. In addition, test points in the form of a star are also
investigated. The star, starting from the central point, is created by varying the individual
factors. Because the experimental points of the star exceed those of the cube, each factor
is varied on five levels. With this type of experimental design, first- and second-order
terms can be estimated. The range of the experimental design, in relation to the star points,
corresponds to that of the screening test.

Figure 11 shows the effects of the three factors on the response variables heat flux dis-
tribution and maximum temperature in friction contact for all five test cases. As expected,
the amount of heat that is introduced into the rotor increases as the thermal conductivity
of the rotor material increases and decreases accordingly as the convective heat transfer at
the bristles increases. The influence of the contact surface is only significant at low differential
pressures. As a tendency, the changes of the varied parameters have less effect on the target
value with increasing pressure difference. Thus, the effect of the pressure difference outweighs
the three factors examined. This is not the case when evaluating the effects on the maximum
temperature in the rubbing contact. Still apparent is the disproportionately strong influence of
the contact surface on the temperature in the rubbing contact.
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Figure 11. Main effect diagrams for heat flux distribution (top) and maximum temperature in rubbing
contact (bottom); ∆p = 1.0 bar ( )−∆p = 7.0 bar ( ).

In Figure 12a,b, the results of the simulation are plotted as standardized effects over
the pressure difference. Instead of a Pareto chart, a line chart was chosen. The reference line at
t = 2.23 still represents the limit above which an effect is considered significant. Only those
factors are shown in the diagrams whose effects are significant at least one pressure difference.
In the case of heat flux distribution (see Figure 12a), it is clear, as outlined above, that the effects
decrease significantly with increasing pressure difference. Except for the contact area A ( ),
all applied factors rema in significant. The heat flux distribution is, however, increasingly
determined by the increased pressure level and the convective heat transfer in the bristle
package, which has increased in absolute numbers. Interaction effects between the individual
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factors are not significant. With regard to the maximum temperature in the contact area,
the effects are not dependent on the pressure difference (see Figure 12b).
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Figure 12. Standardized effects over variation of the pressure difference, significance level α = 0.05,
λRotor ( ), αb ( ), A ( ), λRotor × λRotor ( ), αb × αb ( ), A× A ( ), λRotor × A ( ),
Reference line ( ), (a): Response variable: Heat flux distribution, (b): Response variable: Max.
temperature in rubbing contact.

If the knowledge gained is transferred to the results that are discussed in Section 5, this
means that a reduction of the heat transfer coefficients at the bristles, as well as a reduction
of the contact area, should mainly affect the temperatures and heat flux distributions at
low pressure differences. The corresponding values at high pressure differentials should
show significantly smaller changes when varying the factors.

The parameter values listed in Table 2 were transferred to the five test cases and
the numerical calculations were repeated in order to reduce the deviations in the temper-
ature profiles between experiment and numerical simulation. In a first step, the thermal
conductivity of the rotor was assumed to be constant. In any case, there is no change
between the test cases, since the experiments always involved the same seal and the same
rotor. However, if the thermal conductivity varies, the assumed values from Table 2 would
probably have to be adjusted again, in order to achieve a match of the temperature profiles.

Table 2. Parameters of the numerical simulation

Test Case Heat Transfer Coefficient Rubbing Area Thermal Conductivity

∆p αb A λRotor

1.0 bar −96.5%
(
102 W/(m2 K)

)
-17.5% ±0%

2.5 bar −85%
(
585 W/(m2 K)

)
-10% ±0%

4.0 bar −77.5%
(
1148 W/(m2 K)

)
-5% ±0%

5.5 bar −65%
(
2170 W/(m2 K)

)
±0% ±0%

7.0 bar −50%
(
3650 W/(m2 K)

)
±0% ±0%

In Figure 13a–e, the experimental rotor temperatures are plotted with the temper-
atures determined from the numerical simulations for all five test cases over the axial
measuring position. The time points within the rubbing period of 30 s at which the highest
temperatures occurred are shown. It is clear that the simulated temperatures at low pres-
sure differences now correspond to the experimental values. At high pressure differences,
the numerically calculated temperatures increase as compared to the original calculations,
but they are still very close to the measured temperature values.

Additionally, the curve of the heat flux distribution over the pressure difference
(see Figure 13f) now follows the slope resulting from the evaluation of the experimental
data by means of the FE analysis. The values of the heat flux distribution that result
from the results of the numerical simulation are now always higher than those of the FE
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analysis. There can be many reasons for this. Finally, it has to be considered that two
numerical calculations are compared with each other, which can never exactly represent
reality, despite careful verification and validation of the models. In Figure 13f, error bars
are shown for a range of ±10%.
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Figure 13. (a–e): Measuring points from experiment ( ), Fit of the measured values from experiment
( ), FE-Analysis ( ), CFD ( ); (f): Heat flux distribution under variation of the pressure differ-
ence, Experiment ( ), CFD ( ), (a) ∆p = 1.0 bar, (b) ∆p = 2.5 bar, (c) ∆p = 4.0 bar, (d) ∆p = 5.5 bar,
(e) ∆p = 7.0 bar).

7. Conclusions

The aim of the numerical analysis of the heat flux distribution was to identify the cru-
cial factors for the heat transfer at the seal. The chosen approach was to model the bristle
package as a porous medium. For the calculation of the porosity, in addition to the pack-
age width and radial height, an axial weighting was used for the first time to take that
the bristle package is more strongly compressed under pressure in the vicinity of the back
plate into account. Another new feature is the quantitative validation of such a model
with experimental data from brush seal rub tests. Among other things, the calculations
should serve to verify the applicability of the often used correlations for calculating the heat
transfer coefficients at the bristles on the basis of banks of staggered tubes.
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After the evaluation of the results, it has been shown that it is quite possible that
the correlations for banks of staggered tubes used for brush seals significantly overestimate
the heat transfer coefficients αb. Besides the reasons already mentioned by Pfefferle [13]
(see Section 1), the oblique flow of the bristles also has an influence here. When applying
the correlations, a straight inflow is always assumed. Publications by Moreno and Sparrow
[44] and Žukauskas [36] show that the Nusselt numbers decrease with increasing inclina-
tion. According to Žukauskas [36], the Nusselt numbers can decrease by approximately
20% with an oblique flow of 45°. If the oblique flow is increased to 80°, the values decrease
to just above 40%. As a result of the swirl that is caused by the rotor rotation and especially
by the laying angle of the bristles, a straight inflow or flow through the bristle pack is not
ensured to a large extent. Especially in the area close to the back plate, the flow follows
very strongly the laying direction of the bristles (see Ref. [45]). Furthermore, the assump-
tion of isotropic heat transfer coefficients throughout the package is a rough assumption.
In addition, the correlations for calculating the heat transfer coefficients assume an average
flow velocity in the package. In all literature sources applying these correlations to brush
seals, this mean velocity is calculated by relating the total leakage mass flow to the gap
area between the back plate and rotor. This results in average velocities that are too high.
When compared to a bank of staggered tubes, the bristle package of a brush seal exhibits
locally strong pressure and velocity differences. As a result, although very high convective
heat transfer coefficients are conceivable on a localized basis, on average, the correlations
overestimate the values.
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Abbreviations
The following abbreviations are used in this manuscript:

a Normalized transverse bristle spacing, -
A Rubbing area, m2

A Viscosity tensor, 1/m2

ai Loss coefficient relating to viscosity, 1/m2

av, afs Specific surface, -
A1 Transversal bristle spacing, m
A2 Diagonal bristle spacing, m
b Normalized longitudinal bristle spacing, -
B Package width, m
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B Inertia tensor, 1/m
bi Loss coefficient relating to inertia, 1/m
c Normalized diagonal bristle spacing, -
c Specific heat capacity, kJ/(kg K)
cp Specific heat capacity at constant pressure, kJ/(kg K)
C1 Constant, -
C2 Constant, -
d̃ Equivalent sphere diameter, m
db Bristle diameter, m
DR Rotor diameter referred to the centre of the package, m
fA Empirical arrangement factor, -
FN Total contact force of the bristles in radial direction, N
~Fr Resistance in porous medium per volume unit, kg/(m2 s2)
hfh Gap height under back plate (fence height), m
hBP Contact height of the bristles on the back plate, m
l Bristle length, m
Lchar Characteristic length, m
m Constant, -
ṁBS Leakage mass flow through bristle package, kg/s
n Constant, -
Nx Number of bristles in axial direction, -
NΘ Number of bristles in tangential direction, -
Pfric Friction power, W
Ptot Total frictional power loss, W
q̇tot Area-specific heat flux, W/m2

r Radial coordinate, m
S Bristle centre distance, m
t Time, s
t t-value, -
T Temperature, K
u Rotor surface velocity, m/s
v, V Flow velocity, m/s
V Volume, m3

w
Average flow velocity in the porous medium related to the back plate
gap, m/s

Greek Symbols
α Level of significance, -
αb Heat transfer coefficient at bristles, W/(m2 K)
αfs Heat transfer coefficient between fluid and solid, W/(m2 K)
αRotor Heat transfer coefficient at the rotor, W/(m2 K)
δ Bristle spacing, m
∆ p Pressure difference, N/m2

ε Porosity of the bristle package, -
λ Bristle laying angle, deg
λ Thermal conductivity, W/(m K)
λeff Effective thermal conductivity of bristle material, W/(m K)
λBristle Thermal conductivity of bristle material, W/(m K)
λSeal Thermal conductivity of seal casing material, W/(m K)
λRotor Thermal conductivity of rotor material, W/(m K)
µ Dynamic viscosity, kg/(m s)
µ Coefficient of friction, -
ν Kinematic viscosity, m2/s
ρ Density, kg/m3

ρp
Package density (bristles per millimetre of circumference, unit in text:
Bpmm), 1/m
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Dimensionless quantities
Hg Hagen number
Lq Lévêque number
Nu Nusselt number
Nu1 Nusselt number of a single tube in cross-flow
NuBundle Nusselt number of a plain tube bundle in cross-flow
NuD Nusselt number of a tube bundle in cross-flow
Pr Prandtl number
ReΨ Reynolds number of a tube bundle according to Gnielinksi [35]
ReD,max Reynolds number of a tube bundle according to Žukauskas [36]
Subscripts
D Diagonal
f Fluid
L Longitudinal
lam Laminar
max Maximal value
min Minimal value
n Direction perpendicular to the x-axis and longitudinal bristle axis
s Solid
s Direction parallel to the bristle longitudinal axis
stat Static quantity
T Transversal
tot Total
t, total Total quantity
turb Turbulent
x Direction parallel to the x-axis of the test rig
Abbreviations
BP Back Plate
CFD Computational Fluid Dynamics
FE Finite Element
HFD Heat Flux Distribution

Appendix A. Calculation of the Heat Transfer Coefficients at the Bristles

The heat transfer coefficients αb are determined according to correlations for banks of
staggered tubes by Gnielinski [35], Žukauskas [36], and Mart in [37]. Knowledge of the bris-
tle spacing is required to apply the correlations. The characteristic quantities are shown
in Figure A1. The assumptions are made that the bristles are staggered and the bristle
spacing is identical at the same radial height in all directions (A1 = A2 = δ).

SL

Row 1 Row 2 Row 3 Row 4

SD

ST

A2

A1
A2

d

A1

A1
sin(λ)

A

Cut A-A

λ

A

Figure A1. Arrangement of bristles in bristle package.
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To calculate the bristle spacing δ, four equations with four unknowns are available.
The bristle width B is known in relation to the radial bristle height.

1. Number of rows in flow direction Nx:

Nx =
B− db

SL
+ 1 (A1)

2. Bristle spacing in flow direction SL:

SL =
√
(db + δ)2 − 1/4(db + δ)2 =

√
3

2
(db + δ) (A2)

3. Bristle spacing δ:

δ =

(
πDR

NΘ
− db

sin(λ)

)
sin(λ) (A3)

4. Number of bristles in circumferential direction NΘ:

NΘ =
N
Nx

(A4)

Appendix A.1. Calculation of Heat Transfer Coefficients According to Gnielinski

The average Nusselt number of a cross-flow plain tube bundle is calculated according
to Gnielinski [35] from the average Nusselt number of a cross-flow single tube multiplied
by an arrangement factor fA:

NuBundle = fA Nu1. (A5)

For a single tube, Equation (A6) applies:

Nu1 = 0.3 +
√

Nu2
1, lam + Nu2

1, turb, (A6)

with
Nu1, lam = 0.664

√
ReΨ, 1

3
√

Pr (A7)

and

Nu1, turb =
0.037 Re0.8

Ψ, 1 Pr

1 + 2.443 Re−0.1
Ψ, 1 (Pr(2/3) − 1)

. (A8)

The Reynolds number is calculated according to:

ReΨ, 1 =
w Lchar

Ψ ν
, 10 < ReΨ, 1 < 106. (A9)

The characteristic length is Lchar =
π
2 db. As void fraction Ψ the average porosity of

the bristle pack is used. The velocity w related to the fence height is calculated as follows:

w =
ṁBS

ρ π
(
(DR

2 + hfh)2 − DR
2

2) . (A10)

In Pr a is the thermal conductivity of the flow medium.

Pr =
ν

a
, 0.6 < Pr < 103 (A11)

In the case of staggered arrangement, the arrangement factor fA is:

fA = 1 +
2 db
3 SL

. (A12)
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The material properties of the flow medium are related to the average temperature of
the inlet and outlet of the bristle package.

Appendix A.2. Calculation of Heat Transfer Coefficients According to Žukauskas

The average Nusselt number for heat transfer in a cross-flow tube bundle is calculated
according to Žukauskas [36] as:

NuD = C1 C2 Rem
D, max Pr0.36

(
Pr
Prs

)1/4
. (A13)

The correlation is valid for: 0.7 . Pr . 500 and 10 . ReD, max . 2× 106 and a number of
tubes in axial direction of Nx ≥ 20. All material properties of the flow medium, with the exception
of Prs, are related to the average temperature of the inlet and outlet of the bristle package.

For a staggered arrangement with ST/SL < 2 and 103 < ReD, max < 2× 105

C1 = 0.35
(

ST

SL

)1/5
and m = 0.60. (A14)

applies.
C2 = 0.99 since Nx < 20. The Reynolds number is calculated as:

ReD, max =
wmax db

ν
, (A15)

with
wmax =

ST

ST − db
w. (A16)

For w, Equation (A10) applies.

Appendix A.3. Calculation of Heat Transfer Coefficients According to Martin

An alternative to the approaches by Gnielinski [35] and Žukauskas [36] is the calculation
approach by Mart in [37]. The method used is based on the so-called Lévêque analogy. This
links the pressure loss and the heat transfer coefficients.

The following applies to staggered tube bundles:

Nu = 0.404 Lq1/3, (A17)

with the Lévêque number for b = SL/db < 1:

Lq = 0.92 Hg Pr (4 a b/π − 1)(b c), with a =
ST

db
=

SD

db
= c. (A18)

The Hagen number is:

Hg = Hglam + Hgturb (1− exp(1− (ReD, max + 200)/1000)), (A19)

with

Hglam = 140 ReD, max

(
(b0.5 − 0.6)2 + 0.75

)
/
(

a1.6(4 a b/π − 1)
) (A20)

and
Hgturb = ft,s Re1.75

D, max + ft,n Re2
D, max, (A21)

where ft,n for Nx >10 becomes zero



Energies 2021, 14, 1888 24 of 25

For ft,s

ft,s = 1.25 + 0.6/(a− 0.85)1.08 + 0.2 (b/a− 1)3

−0.005 (a/b− 1)3.
(A22)

applies.
For ReD, max, Equation (A15) is valid.
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