-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by INRIA a CCSD electronic archive server

archives-ouvertes

Moderate Deviations for the SSEP with a Slow Bond
Xiaofeng Xue, Linjie Zhao

» To cite this version:

‘ Xiaofeng Xue, Linjie Zhao. Moderate Deviations for the SSEP with a Slow Bond. 2021. hal-03145320

HAL Id: hal-03145320
https://hal.archives-ouvertes.fr /hal-03145320

Preprint submitted on 18 Feb 2021

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://core.ac.uk/display/395676477?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://hal.archives-ouvertes.fr/hal-03145320
https://hal.archives-ouvertes.fr

Moderate Deviations for the SSEP with a Slow Bond

Xiaofeng Xue *and Linjie Zhao T

Abstract

We consider the one dimensional symmetric simple exclusion process with a slow bond. In
this model, particles cross each bond at rate N2, except one particular bond, the slow bond,
where the rate is N. Above, N is the scaling parameter. This model has been considered
in the context of hydrodynamic limits, fluctuations and large deviations. We investigate
moderate deviations from hydrodynamics and obtain a moderate deviation principle.

Keywords: exclusion process, slow bond, moderate deviation, exponential martingale.

1 Introduction

The symmetric simple exclusion process (SSEP) with a slow bond was introduced in [6] by
Franco, Gongalves and Neumann to consider the macroscopic effect of the slow bond on the
hydrodynamic profile. They derived from this microscopic system PDEs with boundary condi-
tions, which has become a popular topic recently [1,9,12]. The process evolves on the discrete
ring with N sites, where N is the scaling parameter. There is at most one particle per site.
Particles cross each bond at rate N2 except one particular bond, where the rate is N.

The hydrodynamic limit of the SSEP with a slow bond has been well understood [6,8]. The
hydrodynamic equation turns out to be the heat equation with Robin’s boundary conditions:

Orp (t,u) = Dyp (t, u), t >0, ue T\{0},
Oup (t,07) = Oup (t,07) = p(t,07) —p(t,07), >0, (1.1)
p(0,u) = v(u), ueT,

where T is the continuous ring, 0" and 0~ denote respectively the right limit and left limit
at site 0, and ~y(-) is the initial density profile. Then it is natural to consider the equilibrium
fluctuations and large deviations from the hydrodynamic limit. Equilibrium fluctuations have
been studied in [7] and large deviations in [11] by Franco, Gongalves and Neumann.

To better understand the SSEP with a slow bond, we consider the moderate deviations from
the hydrodynamic limit, which gives asymptotic behavior of the model between the central limit
theorem and the large deviation. As far as we know, the only paper concerned about moderate
deviations from hydrodynamics is [14] authored by Gao and Quastel, where the classic SSEP was
considered. For literatures about theories of moderate deviations, see References [2-4,13,18-20]
and so on.

*E-mail: xfxue@bjtu.edu.cn Address: School of Science, Beijing Jiaotong University, Beijing 100044, China.
tE-mail: linjie.zhao@inria.fr Address: Inria Lille-Nord Europe, France.



A main physical motivation to investigate the moderate deviation theory is due to its appli-
cation in statistical inference. Generally speaking, assuming that 6 is a parameter of a model
in statistical physics while {1J,,},>1 is a series of stochastic elements arising from the random
sample path of the model that can be observed by the researchers, if one can show that ¥,
converges weakly to  under a moderate deviation principle with rate function I(e), then for
any € > 0,

ai
E(ﬂn - 9)‘ > e) ~e w1

2
for sufficiently large n and positive sequence {an},>1 satisfying %= — 0 and %” — 400 as

n — 4+o00. As a result,
an€ an€

O

n n
is a confidence interval of 6 with the advantage that the length of the interval converges to 0
while the confidence level of the interval converges to 1 exponentially as n — —+o0.

Next, we introduce the SSEP with a slow bond and main results. The process evolves on
Ty ={0,1,...,N — 1} the ring with N sites, with the convention N = 0. Therefore, the state
space is {0,1}T~. For each configuration n € {0,1}T~, n(x) = 1 means site  is occupied by a
particle, and n(z) = 0 means site x is vacant. The infinitesimal generator £y of the process is

Lyf(n)=N[Fo ) = ]+ N> D [f(n™ ) = f(n),

€Ty,
rz#—1
where
n(u) ifu#z,y,
nY(u) = {nly) ifu=uz,
n(x) ifu=y

for any = # y. Denote by {n:}+>0 the process with generator £y. We suppress the dependence
of the process {n;}+>0 on N for short.

Equivalently, we can define the process in the following way. For each i # —1, let {Y;(¢)}+>0
be a Poisson process with rate N2 and {Y_1(t)};>0 be a Poisson process with rate N. Assume
that all these Poisson processes are independent. Then at any event moment of Y;(-), (i) and
n(i + 1) exchange their values.

The SSEP with a slow bond has a family of invariant measures indexed by the particle
density. To be precise, let v,, p € [0, 1], be the product measure on Ty with marginals given by

vpin :n(xz) =1} = p, Vo € Ty.

Then, it can be checked easily that v,, p € [0, 1], are reversible measures for the process {n; }:>o.

To define the empirical density and rate functions, we need to introduce some definitions and
notations and then discuss some topological issues. We identify T with [0,1), and thus 0" with
0 and 0~ with 1. By the boundary conditions imposed on the hydrodynamic equation (1.1), it
is reasonable to consider test functions G € C[0, 1] with the property

G'(0) = G'(1) = G(0) — G(1). (1.2)



The result of this paper relies heavily on the above kind of functions, especially trigonometric
functions satisfying (1.2). Define % as

o= (fsn (k. (= 3))} U fosanma ).

where ky, is the unique solution to the equation —% = tan$ in ((2n — 1), (2n + 1)m) for each
n > 1. It can be checked easily that any G € % satisfies (1.2). According to [10, Theorem 1]
given by Franco and Landim, we can prove the set of the above trigonometric functions is a
basis in L? [0, 1], which is crucial to construct the topology of this paper.

Lemma 1.1. The set {sin (k(z — 1/2))}n>1 U {cos (2nmz) }n>0 is an orthogonal basis of
L2[0,1]. - -

We put the proof of Lemma 1.1 in the appendix.
Let .# be the space of linear (not necessarily bounded) functionals on %, endowed with the
following topology: for any o, € #,n > 1, and & € A,
lim o, =< in A if and only if lim 7,(0;) = o/ (0;) for all integers k,
n—-+o0o n—-+o0o

where 0,(z) = sin (ky(z — 1/2)) for n > 1 and §_,(z) = cos (2nmz) for n > 0. The above
topology is metrizable and the metric d (-,-) is given by

d(A, olp) = — o, s .
(Ah) = D TTH o) — o] TN

It can be checked directly that the space .# is complete and separable under the above metric.
Note that a bounded signed measure p on [0, 1] can be identified with an element in .# in the

sense that p(f) = f[o,l] f(x)p(dz) for any f € %.

Remark 1.2. We construct the above topology for technical reasons. Mainly, we cannot show the
uniqueness or existence of the weak solution to a PDE arising from hydrodynamics of the SSEP
with a slow bond under a Girsanov’s transformed measure. However, if we do not distinguish
two measures 1 and po satisfying p1(0,) = p2(0y) for all n, the above PDE can be reduced to
an ODE on M, the existence and uniqueness of the solution to which can be rigorously proved.
For mathematical details, see Section 4 and appendiz. We also underline that pi(0,) = p2(6y)
for all n does not mean py = po under the usual weak topology, since the product of functions on
% may not be in 9 when applying the Stone- Weierstrass Theorem [5, Theorem 7.5.3]. Indeed,
the readers can check directly that the function sin(ki(z —1/2)) sin(ke(x — 1/2)) does not belong
to 9y since the function does not satisfy (1.2).

In the following, we will fix a horizon time T' > 0. Let D([O, T, # ) be the space of cadlag
functions from [0,7] to .# endowed with the Skorohod topology. Define the rescaled central
empirical density Y (du) as



where VN < ay < N, i.e.,

. N . an
lim sup — = limsup — = 0.
Nooo AN Nooo IV

We will regard p := {1} }o<i<r as a random element taking values in D ([0, T}, .#).
Let ¢ be the family of functions G : [0,7] x [0,1] — R with the following forms: there exist
M € N and by, (t) € C1([0,T]), =M < m < M such that

M
G(t,u)= > bu(t)Om(u), (t,u)€[0,7] % [0,1].
m=—M

Then for any G € 4,
0uG(t,0) = 0,G(t,1) = G(¢,0) — G(t,1), Vtel0,T]. (1.3)

We sometimes write Gy(u) for G(t,u). For G € ¢, define the extended Laplacian A as

YT 826, (01) ifu=o0.

Fix a density p € (0,1). Denote by Qi,v the law of {ul¥ }o<t<r with initial distribution v,. Let
Pf)\f be the law of the process {1;}o<¢<7 with initial distribution v,, and Eév the corresponding
expectation. Let E,, be the expectation with respect to v,. For u € D([0,T), #), define

I(p) == Lini(po) + Layn (1),
. =) [N
Loipo) = p{uo(’Y) | }

RIS 2
T ) (1.4)
T4 = 519 {11, 6) = (1= ) [ (G(0) = Gul1))*
Ge¥ 0
T ,1 )
=) [ [ @G dudr}.
o Jo
where
T ~
£r(1sG) = por (Gir) = o (Go) = [ e ({01 + B)G) . (15)
0
Now we are ready to state the main result of the paper.
Theorem 1.3. For any closed set C of D ([0, T], #),
lim sup - 1o QN [C] < — inf I(u) (1.6)
up —5- —1 .
N%oop a?\/ &% e H
and for any open set O of D ([0,T), #),
lim inf > 1 QN [0] > — inf I(p) (1.7)
it g Y08 07 101 = = 100 -



Remark 1.4. We recall the large deviation principle of the SSEP with a slow bond established
in [11] by Franco and Neumann for a comparison. Note that definitions and notations in this
remark are not utilized elsewhere. Let

1
Wiv(du) - N Z ﬁt($)5x/N(dU)a = {va}ogtgﬂ

z€T N

then it was shown in [11] that, roughly speaking,
PN =~ 1) ~ exp {~NJ(n)}

assuming uniqueness for the weak solution to hydrodynamic equation associated to the perturbed
process, where

J(m) = sup {Cr(m) — @y (m)}
HeCh2([0,7]x[0,1])

with ZH(TF) given by

~

T
Ly (m) =(pr, Hr) — (po, Ho) — /0 (pe, (0 + A) Hy) dt

T T
- /0 (008 H,(0) — pr(1)DuHy(1)} dt + /0 (pe(0) — pi(1)) BH(0) di

and @ () given by
T T
Dy(m) = /0 (x(po), (BuH)?) dt + /0 pr(1) (1= pr(0)) & (5H,(0)) dt

T
+ /0 pr(0) (1 = py(1)) 4 (—0H,(0)) dt,

where p; is the Radon-Nikodym derivative of 7 with respect to the Lebesgue measure, 1p(x) =
e —x—1, x(p) = p(1 — p) and §H(0) = Hy(0) — He(1). Since e* —x — 1 = %2 + o(x?)
as |z| decreases to 0 and ZH(W) equals {p(m, H) when H satisfies (1.3), the rate function Iz,
can be intuitively considered as the quadratic part of J about its minimum, which is a common
relationship between large and moderate deviations for many models in statistical physics.

Notation. For deterministic positive sequences {by}n>1, {¢n}n>1 and random sequence
{Xn}n>1, we write b, = o(c,,) if limsup,,_, by/cn, = 0and b, = O(c,) if limsup,, ., bp/cn < C
for some constant C' independent of n. We also write b, = Og(cy,) to stress the dependence on
some parameter G of the constant C. We write X,, = op(c,) if X,/c, — 0 in probability as
n — 00, and X, = Ocxp(Cp) if

1
limsup — log P(|X,| >€) = —o0, Ve > 0.
c

n—-+o0o n



We remark on these last points that the constant throughout the paper may be different from
line to line.

The rest of the paper is devoted to the proof of Theorem 1.3. In Section 2 we give several
super-exponential estimates that are necessary in the proof of upper and lower bounds as a
preparation. Moderate upper bounds are proved in Section 3. Our proof follows a strategy
similar with that introduced in [14], except for some details modified due to technical reasons
caused by the slow bond. First, as introduced above, we have to choose a proper topology and to
consider the empirical density as a random element taking values in the linear functional space
A , instead of the dual of Schwartz functions. Second, an extra super-exponential estimate
(Lemma 2.1) is needed. Third, because of the topology constructed, we have to use a different
version of Minimax Theorem (Theorem 3.2) from the one in [14]. Moderate lower bounds are
proved in Section 4. A crucial step in the proof is the utilizing of a generalized Girsanov’s
theorem to give the hydrodynamic equation of the model under a transformed measure.

2 Super-exponential Decay

In this section, we mainly present three super-exponential estimates that are critical when
making some replacements and proving exponential tightness.

Lemma 2.1. For any continuous function G : [0,T] — R and any §, t > 0,

lim sup —— log BY H / 1 (0)(1 — mu(—1)) — p(1 — p)) G ds
N—oo AN

> 5] = —o0. (2.1)

The same result holds with ns(0)(1 — ns(—1)) replaced by ns(—1)(1 — ns(0)).

Proof. We only present the proof of (2.1) since the rest is the same. For any integer M > 0 and
r € Ty, define nMR(z) (resp. n™1(x)) as the average density over the box of size M to the
right (resp. left) of site z ,

z+M—1

nM’R(x)=% > ), nM’L(af)=% > ).

y=c y=z—M+1
Note that for every integer M > 0,
1(0)(1 = n(=1)) = p(L = p) = (1(0) — n*"(0)) (1 = n(~1))
+" R 0) (" (=1) = n(=1)) + (F(0) = p) (L =™ (=1))
+p(p—n"t(-1)).
Since for any positive sequences {by}n>1 and {cy}n>1,
lim sup L log(by + ¢n) < max {lim sup 1 log by, lim sup 1 log CN} ,
N—oco AN N—oco AN N—oco AN
to prove (2.1), we only need to prove for any ¢ > 0,

lim sup - log PY H / 15(0) = MR(0)) (1= n(~1)) Gy ds
N—oo OGN

> 6} = —00, (2.2)
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lim sup - log BY H / ML(1) oy (~1))C ds

N—oco OGN

>6] = —00,

1
lim sup — log ]P’N [
N—oco OGN

/0(775 R0) = p) (1 —nMH(~1)) Gy ds

> 6] = —00, (2.3)

and

hmsup—logIP’N H/ p(p— nM (—1)) Gsds
N—oco AN

>0] = -
We only prove (2.2) and (2.3), since the remaining two terms are similar.

For any A > 0, by Chebyshev’s inequality, the formula on the left-hand side of (2.2) is
bounded from above by
H L

Since el*l < e 4+ 7% we can remove the modulus in the expectation above. By the Feynman-
Kac formula (see [15, Lemma A.1.7.2] by Kipnis and Landim for example), the second term in
(2.4) is bounded by

Aé 1

=204 o) o {a] [ (0(0) - 0) (1 (1) G

L [ds sup {AGS JRCCREAT) <1—n(—l))f(n)dup—mf;up)},

an Jo f density

where Dy (f;v,) is the Dirichlet form of f associated with v, given by
N (fivp) = (VE (—LnVT )
2 2
= N VIO = VI + NS VTG = V)

z€Tpy,
z#—1
We first write 1(0) — n™'®(0) as a telescope sum,
M-1z-1
n(0) = 37 3 ) —nly+ 1),
=0 y=0

Making the transformations n — n¥¥*!, by Cauchy-Schwarz inequality, we obtain that there



exists a constant C' only depending on G such that for any B > 0,

AG, / (n(0) — MR (0)) (1 — 5(~1)) £(1) dv,

M lz—1
(y +1)) (L =n(=1)) (f(n) — fF(*¥*)) dv,
=0 y=0
M—-1z—1
ABHGHOO Z;) z;)/ \/f \/f(ny:y+1))2dyp
z=0 y=
AllG OoM lz—1
i X 3 | (VIO + VT
<C (ABDN (f,Vp) + AéW)

Taking B = N2471C~!, we bound (2.4) by

inf

_AS A2CtMY . 8°N?
A>0 N

an N2qy 4C%tMan

We prove (2.2) by choosing M = [N/2].
As above, for any A > 0, the formula on the left-hand side of (2.3) is bounded by

il

As before, we can first remove the modulus. By Jensen’s inequality and the invariance of the
measure v,, we bound the above formula by

L (1 /0 dsE,, [exp {AtG, (1R (0) — p) (1 - nM’L(—l))}]> L (25)

By Taylor’s expansion, the expectation in the above formula is less than or equal to

—@ + 1 logE [exp {A
ay  an

/0 (nd"7(0) = p) (1 = ni"(=1)) Gy ds

A2k 2k G
t(g]!). 14 E, [(nM,R(O) B p)2k]

A2k+1t2k+1 | |G| |2k+1

+ >—E, ’UM’R(O) -
;0 (2k +1)! , {

A2kt2k G 2k
< +At|rG|roo>Z(2)€')”
k>0 ’

k>0

2k+1
p| ]

By, [(7(0) - )]

We claim that there exists a constant C'(p) such that

p)zk] < C(][\})Z k;!.

E,, [(n"*(0) -



Since 2F(k!)2 < (2k)!, the expectation in (2.5) is bounded by C' A exp{C A% /M} for some constant
C =C(t,G,p). Therefore, we bound (2.5) by

As  CA? log C' + log A
-—+ + .
any Mapn an

Recall we have set M = [N/2]. We prove (2.3) by taking A = M§/(2C).
At last, we only need to check Equation (2.6) to complete this proof. By Fubini’s theorem,

MR 2k T ket MR
By, [ (1"%(0) = p)*] = /0 2kt% 1P, (|nR(0) — p| > 1) dt.
For 0 <t < 1—pand @ > 0, by Chebyshev’s inequality,
P, (nM,R(O) > t) < 67tM9EVp |:69M(7]M,R(0)—p):| _ (ethEVp {eG(n(O)fp)]>

= (efe(t“) {eep +1- pDM )

M

Let 0 = log % then

P, (nM’R(O) —p>t) < e M7 (2.7)
for 0 <t < 1— p, where
F(t) = —(1 =t —p)log(l —p) + (t + p)log(t + p) + (1 = t = p)log(L — p — 1) — (t + p) log p.
We define .# (1 — p) = —log p. Note that lim;_, .#(t) = —log p and
M
Py, (1"7(0) = p = 1= p) = (P, (n(0) = 1)) = p",
hence Equation (2.7) holds for 0 < ¢ < 1—p and .# is continuous in [0, 1 — p]. It is easy to check
that .#(0) = 0 and .#(t) > 0 for t € (0,1 — p]. By L’Hospital’s rule,
lim (1) = L .
tlo  t2 2p(1 —p)

Hence {gt) is continuous and strictly positive on [0,1 — p]. Let Ji(p) = info<i<1—p ‘]t—(;), which

is strictly positive, then

Py, (nMR(0) — p > t) < e MA0F (2.8)

for all M > 1 and any t € [0,1 — p] by Equation (2.7). Note that P,, (p™®(0) — p>t) =0 for
t > 1 — p, hence Equation (2.8) holds for all M > 1 and ¢ > 0. A similar argument proves that
there exists Ja(p) > 0 such that

P, (n"R(0)—p < —t) < o~ MJ2(p)t?

for all M > 1 and t > 0. Let J(p) = inf{J1(p), Ja(p)}, then

B, [0 - 9)%] = [

0

+oo
2kt 1P, (|n*"™(0) — p| > t) dt

< / T L S .
0 M* (T(p))"
Equation (2.6) follows by taking C'(p) = ﬁ. This completes the proof. O



Lemma 2.2. For any G € C([0,T] x

lim sup — log ]P’N
N—oco OGN

[~

Lemma 2.3. Let G € C|0, 1].

TFE—

778 773 r +

l‘ETN

[0,1]) and any d, t > 0,

1)2 — 2p(1 — p)] G4 (%) ds| > 8| = —c.

Then for any t > 0,

N t
lim sup lim sup TlogIP’i)v [ sup / (1N, G) ds| > A] = —00, (2.9)
A—oo N-—oo Qay 0<t<T |Jo
and for any e, t > 0,
¢
limsup limsup —- log]P’ sup / <uf¥,G> du| > €| = —o0. (2.10)
5—0 N—oo CLN [t—s|<6 |/ s
The proof of [14, Lemmas 2.1 and 2.2] also applies to the above two lemmas. The main

ingredients are the invariance of the Bernoulli product measure v,. For that reason we omit the
proof.

3 Upper Bound

In this section, we prove (1.6) the moderate deviations upper bound. The strategy is first
proving upper bound over compact sets, and then extending to closed sets, which follows from
the exponential tightness.

Fix G € 4. By Feynman-Kac formula (see [15, A.1.7]),

N () YOsf+ Lnf
MY (G) = F0.10) exp{—/o — 7 (s,ms) ds} (3.1)
is a positive mean-one martingale, where
f(t,m) = fa(t.n) == exp QWN > (n(x) = p) Ge (z/N)
z€T N

Notice that

a2

e}

f(t,m) = exp { N

A simple calculation yields that

2
an

(asf + ﬁNf)(SaUs) = f(5,77s) <N<M§785G8>

N [exp { (1)~ 0s(0) (Gs ( 0

+ x;r: N? [GXP{%V(HS(Q?) —ns(x + 1)) (Gs <$;1> ey (;))} _ 1}
ey

10
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Lemma 3.1 (Upper bounds over compact sets). For any compact set K C D ([0,T], #),

N
lim su —lo e < —inf [ 3.8
s - log Q) 1K) < — inf 1(s). 39

Proof. For any § > 0 and any G € ¥, let

Bns = / Z 2N (ne(z m(x—l—l))Z(VNGt; dt—// (1—p) (VGy(w)? dtdu| < 6

ﬂ{ I B(m(—n -mO - -0 (6 () - 6 (;))dt < 5}.

By Lemmas 2.1,2.2 and the assumption ay < N,

N
lim sup —- log ]P’ [Bf 5] = —0o0.
N—o0 aN ’

Therefore, for any v € 4,

N N
lim sup —log]P’N[,u € K| < hmsup—logIP’N [{u € K} N Bng|

N—oco aN N—oo

= limsupa—QlogEf)\f [(MT (G))i Mz (G)l{uNGK}ﬂBN,s}
N

N—oo

Ssglp{{ br(p) +p(1 —p) /T (G+(0) = Gy(1))* dt
(1= p //8Gt 2 qudt — ()}+0(5)

N
+ lim sup —- logEN [MT (G) eXp{a <,Uév7’Y>H .
N—oo CLN N

Because {M;}¥(G)} is a mean one martingale and v, is a product measure, direct calculations
yield that

2 1— 1

lim sup —- logEN [MT (G)exp {GNW[Z)V,’}/)H = p(p)/ v(u)? du.
N—oo a’N N 2 0

Letting § — 0, and then minimizing over G € ¢,~ € %,

T
fim sup 2y log B 5™ € K] < inf sup {—eT<u>+p<1—p> | @0 -awpa

N—oco Qp weeg(; pneK

T 1 B 1
to=) [ [ @6 dud o) + 15 [ .

In order to exchange the supremum and infimum above, we use the following version of
Minimax Theorem proved by Nikaidd.

12



Theorem 3.2 (Minimax Theorem, [16, Theorem 1]). Let X be a linear space endowed with
separative topology and Y a linear space. Moreover, assume X is compact. Let f : X XY — R
satisfy that f(x,y) is convex iny for each fized x, and concave in x for each fized y. Furthermore,
f(x,y) is continuous in x for each fized y. If sup,cx infycy f(x,y) is finite, then

sup inf f(z,y) = inf su T,y).
sup inf f(z,y) Jnf sup f(z,y)

We finish the proof by taking X = K C D ([0,T], #), Y =9 x % and

T
£ (1. (Gon)) = —r() + p(1— p) /0 (Go(0) — Gy(1))? di

T /1 _ 1
o9 [ [ @G dudt - o) + 252 [ w2 du

for any p € X and (G,7) €Y. O

To extend the moderate deviations upper bound to any closed set, it suffices to show the
exponential tightness of the sequence {Qn}n>1, which follows from Lemma 3.3 as in [14].

Lemma 3.3. For any G € 4,

N
lim sup lim sup Tlog]P’i,V ( sup ‘<M£V,G>‘ > A) = —00, (3.9)
A—oo N—oo ) 0<t<T
and for any € > 0,
N
lim sup lim sup TlogIP’i,V < sup |<,uiv - uéV,GH > s) = —00. (3.10)
50 N—oo QY 0<t<6

We first explain why the above lemma implies exponential tightness. For any m € N, k € Z
and any 0, A > 0, define

1
Bia= { sup |pe(0r)] < A}, Bims = { sup | (pe — ps)(O0r)] < m}

0<t<T 0<|t—s|<6
Then by Lemma 3.3, for any n > 0, there exist A = A(n, k) and § = 6(m, k,n) such that

sup Qi,v [B,iA] < e_(“?V/N)"k, sup Qf)v [B/im,é] < e~ (ak/N)nkm.
N>1 N>1

Let

Ky = ﬂ Bk,A(n,k) ﬂ m Bk,m,é(m,k,n)

k>1 k,m>1

It can be checked that K, is a compact set for each n > 1. Moreover, Qf)v [K¢] is bounded by a
multiple of exp{— (a3 /N)n}. This proves the exponential tightness.
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Proof of Lemma 3.3. We first prove (3.9). Since (3.4) and (3.6) are bounded, we only need to
show that

N N t ~
lim sup limsup —- logIP’i,V { sup | log MV (G) + (1), G) + / (1N, AG)ds| > A] = —00,
A—oo N—oo Qan 0<t<T | Ay 0
which is a consequence of
. . N N
lim sup lim sup TlogIP’p sup —logM (G)| > A/3| = —o0, (3.11)
A—oo  N—ooo QA 0<t<T aN
limsup limsup —-logP, | — Z (no(z) —p) G(x/N)| > A/3| = —ox0, (3.12)
A—oc0  N—oo (IN an veTy
and .
N -
lim sup lim sup Tlong)V [ sup / (uY, AG)ds| > A/3} = —00. (3.13)
A—co  N—oo Q) 0<t<T |Jo

Notice that (3.13) follows from Lemma 2.3. To prove (3.11), without loss of generality, we first
remove the modulus since otherwise we can replace G by —G. Then

N Aa?
P]pv[sup 2 — log MM (G )>A/3} —P]pv[sup MtN(G)>exp{ 3]\][\7}]
0<t<T Oy 0<t<T

<tew {4318y [0¥(@)"] < 1o {o (@i +1012) T~ S ]

This proves (3.11). For (3.12), removing the modulus inside the probability as before and then
by Chebyshev’s inequality,

J%Vvlogpf,v 3 (@)~ PG la/N) > Af3

z€T N

N a
< —A/3+ S 1ogBY |exp { XS (m(e) - ) G (w/N)
N

z€T N

:_14/34—ﬁ Z log <1—|—C(§[);?VG(~’E/N) +Oc (;:;))

N z€T N

< A3+ ( ) 3" G(a/N)? + O (%N)

z€T N

This proves (3.12) by letting N — oo and then A — oo.

Next we prove (3.10). Fix A > 0, which will converge to infinity after 6 — 0, N — oco. From
Equations (3.2)-(3.7) with G replaced by AG, we only need to prove (3.10) for the following four
terms:

N ¢ <
A2, log MtN(AG>7 / <Méva AG)ds,
N 0

a [ om0y (¢(3) -0 (H)) @
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and

A e 3 ) -t + 1) (a6 (£)) .

z€T )y,
z#—1

Notice that the proof of (3.11) also applies to the martingale term. The second one follows from
Lemma 2.3. For the last two terms, notice that they are both bounded by C(G)JA. The proof
is complete. ]

4 Lower bound

In this section we give the proof of the lower bound. Our strategy is similar with that introduced
in [14], where a crucial step is to obtain a hydrodynamic limit of our process under a transformed
measure with the exponential martingale given in (3.1) as the Radon-Nikodym derivative with
respect to the original measure of our process with {no(z)}zer, independently distributed.
However, to achieve the above purpose, we utilize a different approach from that introduced
n [14]. In [14], a weakly asymmetric exclusion process is defined as an auxiliary model while in
this paper, to simplify calculations, we turn to apply a generalized version of Girsanov’s theorem
introduced in [17].
For f, g € 9, we define

1
(Flg) = 2p(1 — p) [(f<0> ~ F)(00) = 90) + [ 00 (1) g ()]

For f,g € 9 and 0 <t < T, we define

(f g0 = /0 (F.lgs) ds.

For simplicity, we write ((f, g))r as ({f,g)). To make ((-,-)) an inner product, we write f ~ g if
and only if ((f — g, f — ¢)) = 0 and then define 5 as the Hilbert space which is the completion
of 4/~.

For locally square integrable martingales {M;}s>0 and {N:}i>0, we use {(M,N):}i>0 to
denote the predictable quadratic-covariation process which is continuous and use {[M, N]:}+>0
to denote the optional quadratic-covariation process which satisfies

[M,N]p = lim > (M, — M) (Ny,y, — Ny,) in L2,

sup(ti_‘_l—ti)—)O i

where the limit is over all partitions {¢;} of [0,T]. Note that [M, N] = (M, N) when M and N
are continuous. For any H € C12([0,7] x {0,1}T~), by Dynkin’s martingale formula,

t
AN(H) = H(t, ) — H(0,0) — / (L + 03 H(s,75) ds (4.1)
0
is a martingale and for any Hy, Hy € CY2([0,T] x {0,1}T~),
t
(AN (Hy), AN (Hy))y = / Ln(Hi1Hs) — Hi Ly Hy — Ho Ly Hy ds. (4.2)
0

The following lemma gives clear expressions of I, and Ij,;.
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Lemma 4.1. (i) If Iy, (1) < 400, then there exists 1 € J such that lr(pu, G) = ((G,v)) for
any G € 9 and Idyn( )= %<<¢7 )
(ii) If Lin; (v) < 400 forv e #, t
G eY and

)-
hen there exists ¢ € L*[0,1] such that v(G) = (¢, G) for any

fol d’z(u) du
2p(L=p)

Proof. The proofs of the two parts follow the same strategy, hence we only give the proof of (7).
According to the definition of Iy,

Tayn (1) = Sup {lr(u, G) = (1/2)((G, G))} .

Iini (v) =

If {p(u, G) # 0 for some G such that ((G,G)) = 0, then
1
Tign (1) 519 { 2(41,06) = (6,6} b = sup (1. ) = .
ceR 2 ceR

which is contradictory. Therefore, ¢7(u,-) is well defined on ¥/~. For G € ¢/~ such that
2
G #0, lr(p, cG) — (1/2){{cG, cG)) obtains maximum G0l o= G Therefore,

2((G,G)) ((G,G))
L, G)

Liyn = su

wn (W)= S0 GG

Since Iy, (1) < 400, €r(p, ) can be extended to a bounded linear function on . As a result,
the existence of ¢ follows from Riesz’s representation theorem and Igy, (1) = 3{((¢,)) follows
from Cauchy-Schwarz inequality. O

For ¢ € % and sufficiently large N, denote by v, , the product measure on {0,137 with
marginals given by

an X
VN,¢{77:?7<$) :1}:P+W¢<N), z e Ty,
and by Pg the law of the process {n;};>o with initial distribution v ,. For any G € ¢, denote
by I@g ¢ the probability measure on D ([0, T],{0,1}"~) such that
d ]P’(];f G
N
dPg

= MY (@).

Lemma 4.2. For any G € 4 and any ¢ € 9, {,u,{v}ogtST converges in @gc-pmbabz’lity to
= {1} o<t<r as N — oo, where u® is the unique element in D([O,T],//) such that

{ dtut G (h) =
1

WG (h) = 1 o(u (43)

u (Ah) + (h|Gy),
)h(u) du

foranyh €% and 0 <t <T.
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Remark 4.3. Intuitively but not rigorously, integrating by parts, ,u,tG given by (4.3) should be a
signed measure such that p&(du) = p(t,u) du, where p(t,u) is the solution to the PDE

Buolt ) = Aplt, u) — 2p(1 — P)AGH(w),
p(O,u) = ¢(u)7 0<u<l,
p(t,) €4, 0<t<T.

However, as we have discussed in Remark 1.2, we do not manage to prove the uniqueness or
existence to this PDE. That’s why we only consider u& as the solution to an equation on .4 the
space of linear functionals on 4, the uniqueness and existence of which we can show rigorously.

To prove Lemma 4.2, we need some preparation. For h € ¢, we write

X

Fult) = - 3 (@) — p)he ()

and hence .
AN (F) = (i he) — (i o) — /0 (L + 0) (Y, ) ds.

Lemma 4.4. For any ¢ € %, G,h € Y,
(AN (F), AN ()] = Ocap(ad) (4.4)
under both Pg and ]P’(]#XG.

Proof. We first show that Equation (4.4) holds under Pg . According to the definition of A (F},),

2
AN (F), AN (E)lr = ) [l hs) — (i hs)]
0<s<T
Recall that {Y;(-)}ieT, are independent Poisson processes. If s is an event moment of Y;(-), then

(s’ hs) = (U, hs ) = S (hs (Zjvl> — hs (&)) (ns— (i) — ns—(i + 1)).

an

Consequently, let Cy, = sup |h(t,u)| and Dy = sup [9yh (t,u)|, then
0<t<T, 0<t<T,
0<u<l1 0<u<l

4 Yi(T 16
AN (R A (Bl < 5 S0 S 2 W ey )
N j£-1 N

according to Lagrange’s mean value theorem and the fact that there is at most one particle per
site. By Chebyshev’s inequality, for any 6 > 0,

Yi(T
N2

Py ([AN(Fn), AN (Fp)lr > €) < exp{—baje} E |expQ 46 > )D,% +160CFY_1(T)
i#—1

40 D2

= exp {—fOaje} [exp {NQT (exp { e } - 1) H o exp {NT (exp{160C;} — 1)} .
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Then

1
lim sup —- log]P’g([AN(Fh),AN(Fh)]T > e) < —be.
N—+oo A

This proves Equation (4.4) under ]P’g since 6 is arbitrary.
Now we only need to show that Equation (4.4) holds under @g - According to the definition
of @ﬁ ¢ and Cauchy-Schwarz inequality, for any € > 0,

PY o (AN (Fy), AN (Fy)]r > €) < \/Pg([AN(Fh),AN(Fh)]T > €) \/Eg [(M%V(G))Q]

Recall the expressions of MY (G) given in (3.2)-(3.7). It is not difficult to check that there
exists a finite constant C' independent of N such that MY (G) < e“ ¥ for sufficiently large N.

Therefore, Equation (4.4) also holds under @g G- O

Proof of Lemma 4.2. The existence and uniqueness of solutions to Equation (4.3) are given in
the appendix. It remains to show that Y converges weakly under Pg ¢ to this unique solution

pY as N — oo. To achieve this purpose, we need to investigate the martingale {M;¥ (G)}i>0 in
(3.1) and to utilize a generalized version of Girsanov’s theorem introduced in [17] by Schuppen
and Wong.

Recall the definition of AN (f) in (4.1) and that for any G € ¥,

fatton) =exp 8 % 3 i) - e ()

According to Ito’s formula,

P (0s + LN) fa

i (5,ms) ds} dAN (fa).

dM{Y(G) = fa(0,m0) " exp {_/0

For any t > 0, let
t
~ 1
TRy g —
A e
then B
dMY(G) = M{Y(G) dA (fa). (4.5)
For any local martingale {M;};>o under Pg , let

M; = M; — <M,1~\N(f(;)>t.

By Equation (4.5) and the generalized version of Girsanov’s theorem [17], {]\/Zt}tzo is a local
martingale under Pg ¢ and [M, M] = [M, M] under both Pg and ]P’f;[ - Therefore, for any h € 4,

(il ) =l o) + /0 (D + L) (1, ho)ds + AN () + (AN (), AN (fe))s,
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where {Aiv (Fh)} is a local martingale under I/E;’g o with

>0

[AN(F), AN ()| = [AN(B), AV ()

—

Then, by Lemma 4.4 and Doob’s inequality, AY (F},) = o,(1) under ]@g ¢ and hence

¢ .
(" he) = (1 ho) +/O (05 + L) (s hs)ds + 0p(1) + (AY (Fp), AV (fa)s
under I@gc

Next we calculate (AN (Fy), AN (fa))e. According to the definition of AN (fg) and (4.2),

A (MY (B KV (), = 5o d (W (B AN (1)),

where

A(AN (Fp), AN (fa))e = (En (Fufe) — faLnFn — Fuln fc) dt

By direct calculations,

1
7o (»CN(Fth) — feLNFy — FhﬁNfG> = Iy + 1y,

e Iy = C]LV; i; (me i+ 1) = me(9)) < <> e <Z Xfl»
x<eXP{N(nt(Z+1) < <Z> Gt( >>}_1>
and

tty = 200 = mi-0) (e (5) =1 (3
(oo oo e () -a(§))} 1)

By Taylor’s expansion formula up to second order,
. . 2 1 1
IN = N '7&2_1 (nt(Z) — 7775(1 + 1)) 8uht (N) 8uGt <N> + 0(1)

and

Ty = (m(=1) = 1(0))” (he(0) = ha(1)) (G4(0) = Go(1)) + o(1).

Since (m(7) — me(i + 1))2 =n()) (1 —ne(i+1)) +m(i+1)(1 — (7)), Lemmas 2.1 and 2.2 control
the errors when we replace (;(i) — (i + 1))2 by 2p(1 — p) in Iy and . To be precise, under

N
o T T 1
/ Iy dt =2p(1—p) / / Ouhy (1) 0y, Gi(u) dudt 4+ o(1) + 0ep(an) (4.6)
0 0o Jo
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and

T T
/0 Iy dt = 2p(1 — p) /0 (he(0) — he(1)) (G(0) = Gi(1))dt + 0(1) + Ocap(an).- (4.7)

By Taylor’s expansion formula, it is not difficult to show that there exists a finite constant C

d
independent of N such that —2

dPN
Kol CaN : ¢,G C'aN
v, <e for sufficiently large N. Therefore, i <e for

large N. By Cauchy-Schwarz inequality, Equations (4.6) and (4.7) also hold under @g q Asa
result, under I@g a

(s he) = 0p(1) + (g, ho) + /Ot(as + Ln)(ul, he)ds
t t 1
+ 2/)(1 - p) (/0 (hs(O) - hs(l)) (GS(O) - GS(l))d‘S + /0 /0 8uhs (u) 8uGs (u) du dS) :

Now we calculate (95 + Ly){u, hs). By direct calculations,

N-1

ﬁNWéVahs) :Zj ;<n8(i) -p) (hs <Z—|];T1> + hs (Z]—V1> — 2hy <Jif>>
N N;NN2 (15(0) — ns(~1) <hs (;vl) _ hs(0)> = Iy + IV,
where ; j '
Iy = ij;;l (ns(i) = p) <h5 <z;1> + h (z ]—Vl> — 2h, (&))
and

Vi =2 0 - 0-0) (e () =10 + 0 =) (e () - 0e0))
+ 2= (e () - ).

By Taylor’s expansion formula up to third order,
Iy = (1, Ahg) + o(1).
Since h € ¢, it is not difficult to check that IVy = o(1).

In conclusion, we have shown that under ﬁg G
t
(N he) = op(1) + <uév,h0> +/0 (1N, (85 + A)hg)ds

+2p(1—p)</0 (hs(O)—hs(l))(Gs(O)—Gs(l))dtJr/o /0 8uhs(u)8uGs(u)duds>

= o0+ (') + [, 0+ Bphajas + [ (il
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Specially, when h € ¥,

by = op(1) + () h) + /0 (W, Ahyds + /0 (h]G.) ds

for all 0 < ¢ < T. Note that although the 0,(1) term in the above equation is given for each ¢,
it is easy to check that this 0,(1) term can be chosen uniformly for 0 < ¢ <T. Since

/ d(u du+/tu§(Ah)ds+/0t<h\Gs>ds

by Grownwall’s inequality,

.1 = 00 < (00 [ o202 (00 ="

forall 0 <t<T and m > 1. R
Therefore, to show that N converges in ]P’f;{ o-probability to u in D ([0,T],.#), we only
need to show that

(il / 6(u)h(1) du + 0,(1) (4.8)

under @g g for any h € 4. According to the definition of v , and Chebyshev’s inequality,
it is easy to check that Equation (4.8) holds under Pg . Since MY (G) = 1, p}’ has the same
distribution under Pg and @Q{ ¢~ This finishes the proof. O

Proof of the lower bound. If inf,co I (1) = +o00, then Equation (1.7) holds trivially. So we only
need to deal with the case where inf,co I(n) < +oo. For given € > 0, there exists ¢ € O such
that

Iz‘m’(ﬂg) + Idyn( ) < inf I( ) + €.

neo
By Lemma 4.1, there exists ¢¢ € L?[0, 1] and ¢¢ € J# such that
Jo (¢ (w)? du

:uf) (G) = <¢E’G>7 VG e go? Ting (HB) = 2/)(1 — ,0) s

and
(r(1,G) = (G, v ), VG €9, 1) = S {9,

Let G € ¢4 such that Gy = b;h for some h € % and b € C'[0,T]. By the above formula and
(1.5),

T T
bri () = o) = [ V(s = [ 0s) (s A0) + 1) )
Since b is arbitrary, according to the formula of integration by parts, {u$(h)}o<i<7 is absolutely

continuous and R
{ Dpe(h) = ps(AR) + (hlys),

pi(h) = [ 6 (u)h(u) du (4.9)
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for any h € 4.

Since % is dense in L%[0,1] by Lemma 1.1 and ¢ is dense in #, there exist ¢, € % and
Y, € 9 such that ¢, converges to ¢¢ in L?[0,1] and 1, converges to ¢¢ in J# as n — co. Let
[T D([O,T],///) such that 11, 0(G) = (¢n, G) for any G € 9, and lr(un, G) = ((G,n)) for
any G € 4. According to an analysis similar to that one leading to Equation (4.9), u, is the
solution to the Equation

%:U’n,t(h) /‘nt( ) <h|¢n t> (4'10)
:U’n,()(h) - fo d)n ) U
for any h € %. By Lemma 4.1,
fo Sn(u))? du
Lini(pin, o

and

1 1
Layn (tn) = §<<¢n77/)n>> = L (ftn, Vn) — §<<¢na¢n>>
By (4.9), (4.10) and Grownwall’s inequality, for any 0 <t < T and any integer k,

| 1n 2(01e) = 16| ‘ / (¢ (u ()0 (w) du + (B, ¢ — ")) |elelt,
Consequently, u,, converges to u€ in D ([0,T], #) and

m  (Layn (1tn) + Lini(1n,0)) = Layn (1) + Tini(1f)-

n—-+00

Hence, there exists m > 1 such that u,, € O and

Tayn (ftm) + Lini(m,0) < Lagn (1) + Tini(pg) + €.

Let De = {p: [0r(p, ¥m) — lr(tim, ¥m)| < €} O, then by Lemma 4.2 and Equation (4.10),

Y converges in @gm wm—probability to tm as N — +o0o and hence

N1—1>I—I|—1<>o B (1 € De) =

According to the expression of MY (G) given in Equation (3.7) and Lemmas 2.1 and 2.2,

M ) = o5 {2 (6 ) = 3 (i) + 1)+ ) .

DN
APy om
N

g < e“en for sufficiently large
P

where En = 0¢gp(an) under IP’N As we have shown above,

N, hence En = 0czp(an) under IP’ -
According to the definition of v , , Chebyshev’s inequality and Taylor’s expansion formula
up to second order, it is not difficult to show that

dPy a2 [ [N 62, (u)du a?
- _an (Jo Omlwdw o NL N -
dPy —eXp{ N ( 20(1—p) " eXp{ N (Iml(”m’O)jLeN)}’
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where €y = 0p(1) under @gmwm. Consequently, let

Dy.e= {1V € D} {Enl < e En] < ¢},

then

Nlirilmp¢m7¢m (D) = 1. (4.11)

For sufficiently large N, on D N,es
N N N N
ap,;  dP, dPy _dP), 1

dpgmﬂ/’m dPgm d@gmvwm - dpgm M%V(wm)

> exp{ — (frv <Iim-(um7o) + L1 (fims ) — %«Tbmywm» + 36)}

2 2
a a
= exp { — WN <Iini(ﬂm,0) + Idyn(,um) + 36)} Z exp { — WN (Imz(ﬂg) + Idyn(,tf) + 46)}

a .
> exp { -~ ( inf (Lini(110) + Layn (1)) + 56) }
Therefore, by Equation (4.11),

... N N .. N N s N N (D
I%O%fglong 0] = lﬁr_rgirgof glogﬂj’p (uy € 0) > léglilgf glogPp (Dn.e)

Py
. 14
= amt alog%m,wm [dPg ; 113N5] 2 = b (Lini(p0) + Layn (1)) — 5e.

Since € is arbitrary, the proof is complete. O

A Appendix

A.1 Lemma 1.1

Proof of Lemma 1.1. We use e_,, to denote —(27n)? for n > 0 and use e, to denote —k2 for
n > 1. Let R
9 = {G e C?0,1]: G'(0)=G'(1) = G(0) — G(1)},

then, as we will show at the end of this proof, {en}_—co<n<+oo are all the eigenvalues of A
limited on %. Moreover, 6_ n(z) = cos(2nmz) is the eigenvector with respect to e_, and

On(2) = sin (k,(z — 3)) is the eigenvector with respect to ey.

According to the definition of the operator %W introduced in [10], when W (dz) equals

to Lebesgue measure plus the Dlrac measure at 1, it is easy to check that the domain @W of

d

e dW includes %, while A’ = dz dW . By [10, Theorem 1], all the eigenvalues of -4 e dW form

an orthogonal basis of L?[0, 1] As a result, to complete this proof, we only need to check the
following two claims,

1. {en}-—cocn<+too are all the eigenvalues of A limited on %AO;
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. if f is an eigenvector of -2 s de then f € %.

For the first claim, it is obviously that G = 1 is the eigenvector of A p
0

_ while G # 0 is an

%

with respect to

eo = 0. So, from now on, we assume that A\ # 0 is an eigenvalue of A

eigenvector of A ; with respect to A. We further let H(z) = G(z + 3) for —3 <z < 3. If

%0

A >0, let ¢ = v/, then, since AG = AG and G € %,

for some a1,as € R while H’ (%) =H (—%) =H (—%) —H (%) Therefore, —as = a1 = a for

some a € R while

If a # 0, then
O<clez+e2)=2(e2—-e2)<0

since ¢ > 0, which is contradictory. Hence, we have a = 0 and G = 0, which is also contradictory.
Therefore, A < 0. Let ¢ = v/—A\, then

H(x) = a1 sin(cx) + ag cos(cx)

for some ay,as € R while H' (%) =H' (—%) = H (—3) — H (3). Therefore,

caz sin (g) = 0 and cay cos (g) = —2ay sin (g) .

As a result, if ag = 0, then a; # 0 while c is a oot of the equation —3 = tan §. Else if a 75 0,
then sin (%) = 0 and hence ¢ = 2n7 for some integer n > 1. Consequently, A = —(2nm)? o k2
for some integer n > 1.

For the second claim, if f € Zyy is an eigenvector of -2 s de then there exist a,b, A € R while

f € L?[0,1) such that
! y
/ f(2)dz =0, W (dy) <b+ / f(z)dz> =
0 (0.1] 0

while y
flz) =a+bW(x)+ W(dy)/ f(z)dz
(0,z] 0
for0 <z <1and d—mf—f—)\f, where
if 0 < 1
W) = z f0<z<l,
2 ifx=1.

Hence, f(z) = a + bz + fo ( fo dz) dy for 0 < x < 1. Supplementarily define

) = 505 =tim ) = a+o [ [ 10z dy

11
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then f € C0,1] with f(0) = a and f(1) = a — b since

/01 (/Oy fm)dz) dy = o W(dy) <b + /Oyf(z)dz> —2b— /01 f(y)dy = —2b.

Since f(z) =a+bx + [ (JJ f(x)dz) dy for 0 <z <1,

’x)—b+/0xf(y)dy

for 0 < x < 1. Therefore, f € C1[0,1] with f/(0) = b and f/(1) = b since

IRE

F1(0) = £'(1) = £(0) = £(D). (A1)
Since f = Af in L2[0,1) while f € C[0,1] as we have shown above, we can choose a continuous

version of § and Supplementarﬂy define f(1) = Af(1) such that § € C[0,1]. Since § € C[0,1] and
fl(@)=b+ [ fy)dy for 0 <z <1,

As a result,

(@) =f(x) = Af ()
for 0 <z <1 and hence f” € C[0,1], implying f € C?[0,1]. Consequently, by Equation (A.1),
f € %. This completes the proof. O
A.2 Ezistence and Uniqueness of solution to Equation (4.3)

Proof of the existence. We directly construct a solution to Equation (4.3). For —oo < n < 400,
let {z} }o<i<T be the unique solution to the ODE

{ 4} —enfft <9 |Gy),

Ty = fo x)d,
where e, is defined as in the proof of Lemma 1.1. That is to say,
t
a2l = et / $(2) 0 (z)dz + / e =)(0,,|G)ds
0

Forany f=3%_ i Cn(f)0n € % and t > 0, we define

ui(f) =Y Culf)af

—oo<n< 400

Note that the coefficients {C),(f)} —co<n<+o0o are unique according to Lemma 1.1 and hence the
definition of ;€ is reasonable. Since

,UtG(Hn) =z and M?(Agn) = NtG(enen) = enty,

it is easy to check that u“ is the solution to Equation (4.3). O
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Proof of the uniqueness. Assuming that p and v are both solutions to Equation (4.3), then

11t (0n) — 11(0n)] < ’en|/0 |15 (0) — vs(6n)|ds.

By Grownwall’s inequality,
|/"l/t(9'n,) - Vt(en)| S Oelen|t — 0

for any 0 <t <7T and n > 1. Hence, ;4 = v and the proof is complete. ]
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