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Preface

This is a preliminary version of the lecture notes of a course given at the University
Paris-Saclay in 2015-2021, pompously entitled Advanced Continuous Optimization,
in Master classes simply and adequately named Optimization. Despite the use of
the qualifier “advanced” in the title of the lectures, their ambition is rather modest,
when one looks at the amount of subjects taken up and the level of the research
articles, so that we did not keep this qualifier in the title of this document. Naming
the course Intermediate Continuous Optimization would have been closer to the re-
ality of its contents, but would have attracted less students and less readers! To be
more specific, the goal of these lectures is to present and analyze concepts and algo-
rithms in optimization and related domains that are too advanced for being taught
in an introductory course, but that should be known by future engineers spending
a substantial proportion of their activity in continuous optimization or by students
wishing to get involved in the preparation of a PhD thesis in neighboring fields. In
a way, these lectures and the present notes can be viewed as an access road to more
advanced monographs such as [126, 21, 83, 50, 44, 76], to mention a few of our bookish
sources, and a way of filling the gap between basic concepts and research papers in
optimization and nonsmooth systems. Rather than being a collection of results, this
contribution is meant to be didactic by dedicating a substantial part of its contents to
the motivation of concepts and to the presentation of examples and counter-examples.
If these lecture notes have awakened the curiosity of the reader or, better still, have
deepened his/her knowledge, they will have reached their objective.

This compilation presents both theoretical and numerical subjects, in a finite
dimensional setting. Whilst many stated results have they counterpart in infinite di-
mension, we believe that the analysis and algorithmics in finite dimension deserves
some interest. First, it is much easier to address than in infinite dimensional spaces,
often simpler, and can therefore be taught and learned more rapidly. Furthermore,
the knowledge of what is true in finite dimension should allow the reader to make the
differences with the infinite dimension corpus and the access to this one should be
easier, like linear functional analysis presupposes knowledge in linear algebra. Also,
the algorithms, at least those that we shall present in this monograph, find their full
usefulness when they are implemented on a computer, which presupposes finite di-
mension. Readers interested in infinite dimension optimization can pursue the lecture
with [21, 23].

The first chapter, entitled Background, recalls what should be known to read these
lecture notes without difficulty: basic concepts in convex analysis, some less known
results in nonsmooth analysis, which is the reason why we devote a little more space on

iii
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the generalized differentiability, in theoretical differentiable optimization (optimality
conditions and linear optimization duality), and in algorithmics.

Chapter 2, entitled Optimality Conditions, starts with more advanced topics and
covers the optimality conditions of an optimization problem with constraints expressed
by the function inclusion ¢(z) € G, for some function ¢ : E — F defined between two
Euclidean spaces and a closed convex set G € F. First order optimality conditions
are considered in the first place (section 2.1). There, a large part of the analysis is
devoted to Robinson’s constraint qualification, which generalizes to the present setting
the Mangasarian-Fromovitz constraint qualification for sets defined by equality and
inequality constraints. Next, the second order optimality conditions of an optimization
problem with equality and inequality constraints is considered (section 2.2). This
less often taught matter is important for designing, analyzing, and understanding
the behavior of algorithms in nonlinear optimization. They can also be viewed as
a preliminary step in the presentation of second order optimality conditions for the
more general problem described above, which comes next (section ?7).
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1 Background

In these notes, vector spaces are always assumed to have finite dimension; they are
usually denoted by the letters E, F, G, ...

1.1 Notation

The set of nonnegative integers is denoted by N and an interval of integers is de-
noted by
[nl Z’ng] = {nl, ce ,ng},

where we have assumed that the integers ni and no verify n; < no.
The set of real numbers is denoted by R and we note

R:=Ru {—o, +w}, Ry :={teR:t >0}, Ry :={teR:t> 0},
R_:=—-R;,and R__ := —R,,. For a < b in R, one defines the intervals

[a,b] :=={teR:a<t<b},
[a,b) :={teR:a <t <b},
(a,b] :={teR:a <t <b},

b):={teR:a<t<b}

Hence, the last three intervals are empty if a = b.

The set of real vectors of integer dimension n > 0 is denoted by R". Inequalities
in R™ must be understood componentwise; hence, for @ and b € R”, a < b (resp. a < b)
means a; < b; (resp. a; < b;) for all i € [1:n]. We note

R%} :={zeR":z > 0}, R}, :={zeR": 2> 0},

R? := —R%}, and R _ := —R7% .
The Minkowski sum of two subsets P and () of a vector space E is denoted and
defined by
P+Q:={z+y:zeP, yeQ}.

When P is the singleton {z}, we simply write  + @ for {z} + Q. For A € R and
P c E, we note
AP :={)\x:Xe A, x € P}

When A is the singleton {\}, we simply note AP for {\}P. Note that P — P contains 0
but is usually not reduced to {0}, unless P is a singleton. Similarly, P+ P contains 2P,
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but the two sets are usually different, unless P is convex (definition in section 1.2.1
below).

If E and F are two vector spaces, the adjoint of a linear map A : E — F is the
linear map A* : F — E uniquely defined by:

V(z,y) eExF: (A*y,z) =y, Az).

Because of their finite dimension, there is no restriction in assuming that vector
spaces are equipped with a norm, denoted by | - |, or even with a scalar product,
denoted by (-, -). It is the topology associated with this norm or scalar product that
is assumed to equip the vector space. The open and closed unit balls centered at the
origin are then denoted by

B:={zek:|z| <1} and B:={rek: |z| <1}

For z € E and r > 0, we also use the notation B(z,r) := z+rB and B(x,r) := v +rB
for the open and closed balls of radius r, centered at x. The interior of a set S € E
is denoted by int(S), int .S, or S°, and its closure by cl(S), clS, or S. The set of
neighborhoods of a point x € E is denoted by N (z).
In a normed space (E, ||-||), the distance to a set, say S < E, is denoted and defined
at x € E by
dist(z, S) := zl,Iég [ — z|. (1.1)

By definition of the infimum, this distance is infinite when S = &.
When E is a Euclidean vector space, the gradient of a function f : E — R at z,
denoted Vf(x), is the unique vector of E defined from the derivative f'(z) by

(Vf(x),dy = f'(z)-d, YdeE.

Note that the gradient depends on the chosen scalar product of [E, which is not the
case for the derivative.

1.2 Convex Analysis

1.2.1 Convex Set

Let E be a finite dimensional vector space. With two points g and z; of E, one can
form the following segments of E:

[z, 1] := {(1 — t)zo + txy : t € [0, 1]},
[0, 21) :={(1 —t)xg +tx1 : t € [0,1)},
(o, z1] :={(1 = t)zo + ta1 : t € (0, 1]},
(o, 21) = {(1 —t)xo + tz1 : t € (0,1)}.

Hence, when xy = 1, these four segments are reduced to the single point {z¢}.
A set C € E is convex if

V(LL'Q,,Tl) € 02 : [l‘o,xl] cC.
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Convex Sets Calculus

Here are some other convex sets encountered in these notes.

e The Minkowski sum Cq + C5 of two convex sets C7 and Cs is a convex set.

e The product aC := {ax : x € C} of a scalar a € R by a convex set C' is a convex
set.

o If {C;}ier is an arbitrary family of convex sets of a vector space E, then their
intersection M;e;C; is a convex set (but not their union!).

oeIf A: E — F is a linear map between two vector spaces E and F, the direct
image A(C) := {Az : x € C} (resp. the inverse image A~*(C) := {x e E: Az € C})
of a convex set C' of E (resp. of F) by A is a convex set.

e Let C; € E; and Cy € Es. Then, C; x Cs is convex in E; x Eq if and only if Cy
and Cy are convex.

Ezxzamples of Convex Sets

Here are some other convex sets encountered in these notes.
e The unit simplex of R™ is the set

Anzz{:zreR”:eszl, 3:20},

where e = (1,...,1) e R".

e The cone (see below) of positive semidefinite symmetric matrices of order n is
convex and denoted by S7. The notation M > 0 means that M € S7.

e The cone of positive definite symmetric matrices of order n is convex and denoted
by S%_ . The notation M > 0 means that M € S .

1.2.2 Hulls
Affine and Vector Hulls

The affine hull of an arbitrary set P € E is the smallest affine space containing P:
aff P := ﬂ{A : A is an affine space containing P}.

This definition makes sense since the intersection of an arbitrary collection of affine
spaces of [E is an affine space of [E. It can be shown that

aff P = {Zaixi:meN, all x; e P, a € R™, eTazl},
i=1
where we have denoted by e the vector of all ones.
The vector hull of an arbitrary set P € E is the smallest subspace of E contain-
ing P:
vect P := ﬂ{E : E is a subspace containing P}.

This definition makes sense since the intersection of an arbitrary collection of sub-
spaces of E is a subspace of E. It is not difficult to see that

vect P = aff(P u {0}) = {Z ajz; :meN, all z; € P, aeRm}.

i=1
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Conver Hull
The conver hull of an arbitrary set P < E is the smallest convex set containing P:
coP := ﬂ{C : C'is a convex set containing P}.

This definition makes sense since the intersection of an arbitrary collection of convex
sets of [E is a convex set of E. It can be shown that

coP = {Zaixi:meN, all z; € P, a e RT, eTazl}.
i=1

In finite dimension, one can limit m in the previous sum to dimE+1 (Carathéodory
[29; 1907]) and this observation yields the following important implication:

P is compact = co P is compact. (1.2)

But, even if P is closed, co P may not be closed, which motivates the introduction of
the following concept.

Closed Convex Hull

The closed convex hull of an arbitrary set P € E is the smallest closed convex set
containing P:

TP := ﬂ{C : C'is a closed convex set containing P}.

This definition makes sense since the intersection of an arbitrary collection of closed
convex sets of E is a closed convex set of E. It can be shown that

coP =colP.

Conic Hull

Recall that a part K of a vector space E is a cone if Ry . K € K, which means that
there must hold tx € K each time ¢ > 0 and x € K. Hence a cone may or may not
contain zero (this is the reason why ¢ is taken in R, above and not in R, ), which
allows us to talk about the cone of positive definite symmetric matrices. The conical
hull of an arbitrary set P € E is the smallest conver cone containing P!:

cone P := ﬂ{K : K is a convex cone containing P}.

This definition makes sense since the intersection of an arbitrary collection of convex
cones of E is a convex cone of E. It can be shown that

m
cone P = {Z o;x; meN, all x; € P, aeRT} .
i=1
! Rockafellar [125; p. 14] finds it convenient to add the origin to cone P, which makes no
difference with our definition when 0 € P.
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1.2.3 Convex Polyhedron
A convex polyhedron of a vector space E is a set of the form
P={zeE: Az < b}, (1.3)

where A : E — R is a linear map and b € R™. A convex set that can be written as the
set P above is said to be polyhedral. A convex polyhedron is therefore an intersection
of a finite number of half spaces, namely {z € E : (Az — b); < 0} for i € [1:m], hence
it is closed and convex. For P of the form (1.3) and for « € P, one defines

I(z) := {i € [1:m] : (Az — b); = 0}. (1.4)

It is clear that
({zr} = 2) = I(ay) < I(x) for k large. (1.5)

The representation of a polyhedron by (1.3) is qualified as dual, since it involves
linear operators (hence elements of the dual space of E). Such a set has also a primal
representation, which makes use of convex and conic hulls. Indeed, the set P in (1.3)
can also be written in the following form

P =co{x1,...,zp} + cone{yr, ..., Yq}, (1.6)

where {z;};c1.p) are points of E and {y;}e[1.4) are “directions” of E (another name
for a point of E, to quote that it is used here to generate a cone). The converse is
also true: any set of the form (1.6) can be written in the form (1.3). This equivalence
between these representations of a convex polyhedron has been shown by Minkowski.

Proposition 1.1 (polyhedrality properties)

1) Linear transformation if P € E is a convexr polyhedron and T : E — F is
linear, then T'(P) € F is a convex polyhedron.

2) Addition: if Py and Py are polyhedra, then Py + Ps is a polyhedron.

3) Upper semi-continuity of I: for x € P, 36 > 0 such that ' € B(z,§) n P
implies that I(z") < I(z).

1.2.4 Relative Interior

The relative interior of P € E is its interior in aff P equipped with the relative
topology, the one induced from that of E:

riP:={zx e P:3r > 0 such that [B(z,r) n aff P] € P}.

Note that P, € P, does not necessarily imply that ri P, € ri Py, but one has

Pirc P and aff P, =aff P, — riP, cribPs. (17)

In finite dimension, the following holds
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1iC # @,

C convex and nonempty — {aff (1iC) — aff C.

Lemma 1.2 Let C' be a nonempty convez set and x € E. Then,

reriC andyeC = [z,y) S1iC.

Proposition 1.3 (relative interior criterion) Let C be a nonempty convex
set and x € E. Then,

zeriC < VzoeC, 3t>1:(1-t)xo +tx e C, (1.9a)
«— Vageaff C, 3t >1:(1-t)zo +tx e C. (1.9b)

Let C' be a nonempty convex set. Then,

riC' and C' are convex,

aff C = aff C,

riC=C and 1iC =riC. (1.10)

[543

In short, the last identities tell us that, when the two operators “ri” and “cl” act in
sequence on C it is always the last one acting that prevails.

Proposition 1.4 (relative interior calculus) Let E, Eq, Ey, and F be vector
spaces and A : E — F be a linear map.

1) (Cartesian product) If C; € E; and Cy € Ey are convex sets, then
I‘i(Cl X 02) = (I‘iCl) X (I‘iCQ).

2) (Intersection) If (C;)ier is a family of convex sets in E such that mer 1iC;
s nonempty, then
ri(meICi) C NerriC;. (111)

with equality if I is finite.
3) (Linear map) If C € E is a conver set, then




1.2. Convex Analysis 15

ri(A(C)) = A(ri C). (1.12)
4) (Linear preimage) If C  F is a convex set and if the preimage A~1(1iC) # @,

then
ri(A_l(C')) = A_l(ri ).

5) (Multiplication) If C € E is a conver set and « € R, then
rilaC) = a(riC).
6) (Sum) If C; € E and C2 € E are convez sets, then

I‘i(Ol “F CQ) = (I‘i 01) aF (I‘i 02) (113)

A point z in a subset P € E is said to be absorbing® for P if Yd € E, 3t > 0
such that x + td € P. In finite dimension and for a convex set C, one can certify the
interiority of a point by looking along all the directions, since the following holds

zeintC <= «z is absorbing for C. (1.14)

1.2.5 Dual Cone and Farkas Lemma

Let P be a subset of a Euclidean vector space E. The (positive) dual cone of P is
defined and denoted by

Pt :={deE:{d,z)>0, Yz e P}.

It is a nonempty close convex cone. When P = E; is a subspace of E, EBL is the
subspace orthogonal to Eg, denoted by E¢ := {de E: {d,z) =0, Yz € Eg}. A cone is
said to be self-dual if K™ = K. The negative dual cone of a set P is

P :=—-P".
The bidual cone of P, denoted P+, is the dual cone of the dual cone of P:
P++ = (P+)+.

Points in the interior (if any) and relative interior of P* are characterized in
exercise 1.2.10.

The next lemma is of paramount importance for chapter 2. It gives a description
of the closure of the linear image of a convex cone, using dual cones. We have denoted
by A* the adjoint of the linear map A.

2 The terms absorbent point are also used instead of absorbing point.
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Lemma 1.5 (Farkas, generalized) Let E and F be two Euclidean spaces, A :
E — F be a linear map, and K be a nonempty convex cone of E. Then,

AK) = {yeF: A*ye K+}*. (1.15)

Remarks 1.6 1) In general, one cannot get rid of the closure on A(K) in the left-

hand side of (1.15), since the dual cone in the right-hand side is closed, while the
linear map of a nonempty (even closed) convex cone is not necessary closed. Here
is a counter-example, using the circular cone K = R3 (see also section 6.2): the
image of

R% = {J:GR3 cx3 = |(x1,22)]2} by A: R? 5> R%:z+— (x1,22 + x3)

is the non closed cone A(R3) = {z € R?: 25 > 0} U {(0,0)}.

If K is polyhedral, then A(K) is polyhedral (a property recalled in section 1.2.3),
hence closed, so that the closure in the left-hand side of (1.15) can be discarded
(see exercise 1.2.8).

For K = E, one recovers the linear algebra identity R(A) = N(A*)*.

The importance of the Farkas lemma lies also on the fact that it is an existence
result. This is more easily described when A(K) is closed. Then, the identity (1.15)
tells us that, when a vector d has a certain property (i.e., it has a nonnegative scalar
product with any vector y such that A*¥y € K*), there erists a vector x € K such
that d = Ax. In optimization, one uses this lemma to prove the existence of optimal
multipliers (see the proof of theorems 1.40 and 2.6).

Assume that K is a nonempty convex cone. Applying the Farkas identity (1.15)
with A = I, the identity in E = F, yields

Kt =K. (1.16)

The proof of the Farkas identity (1.15) can be obtained by a separation argument
(if the inclusion 2 does not hold, one separates A(K) and a point not belonging to
it by a proper hyperplane). Now, it is not difficult to obtain (1.15) as a consequence
of (1.16), which has been viewed as a consequence of (1.15)! Actually, (1.16) could
also be proved by a separation argument. To deduce (1.15) from (1.16), first observe
that

AK)t ={yeF: A*ye K'}, (1.17)

which is easy to prove. Then, take the dual of both sides of this identity and
observe that, since A(K) is a convex cone, its bidual is its closure by (1.16). The
identity (1.15) follows. O
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Proposition 1.7 (dual cone calculus) Let E be a Euclidean vector space.

1) If Py and P are two nonempty subsets of E, then
Pch — B ) B
2) If P is a nonempty subset of E, then
Pt =R;P)t =(coP)" = (I P)™. (1.18)
3) If P is a nonempty subset of E, then
Pttt =%(R.P). (1.19)

In particular,
Pc ptt,

with equality if and only if P is a nonempty closed convex cone.
4) For nonempty subsets Py and Py of E, one has

(P1 “F P2)+ ) P1+ N P2+,
with equality if 0 € P, N Py. In particular, if K1 and Ko are two nonempty

cones, one has
(K1 + K2)t =K' n K. (1.20)

5) If K1 and Ky are two nonempty closed convex cones, then
(KinK)t =K +K,. (1.21)

6) If (P;)ier is an arbitrary family of nonempty subsets P; of E, then

+
(U Pl') = ([
el iel

7) If (Eq1,<{-, 1) and (Ez2,{:,»2) are two Euclidean spaces, if B1 x By is equipped
with the scalar product {(z1,2), (y1,Y2)) = (T1,y1)1 + (T2, Y2)2, and if & #
Q1 € Ey and @ # Q5 € Es, then

(Q1xQ2)" 2Qf xQ3,
with equality when 0 € cl(Q1) N cl(Q2).

1.2.6 Tangent and Normal Cones

Let C be a closed convex set of a vector space E. The cone of feasible directions to C'

at x € C' is defined and denoted by
TIC=TL(x) := Ry (C —1).
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An element of that cone is called a feasible direction; such a direction d € E is therefore
characterized by the fact that there is a ¢ > 0 such that « + ¢td € C (or, by the
convexity of C, x + td € C for all sufficiently small ¢ > 0). Note that, by convexity
of C, t(C —x) € C —x when t € [0,1], so that one also have Té(:z:) = [1,0)(C —x).
The cone of feasible directions is usually not a closed set. For example, when C' is
the unit closed ball of R?, Ty _1) C' = {z € R? : 25 > 0} U {(0,0)}, which is not closed.
The tangent cone to C at x € C is the closure of the cone of feasible directions. It is

denoted by
T,C=Tc(z) =R (C —x). (1.22)

When z ¢ C, one sets Té(m) = @ and T¢(z) = @. The cone of feasible directions
is not necessary the relative interior of the tangent cone. For example, as indicated
below, when C' is a convex polyhedron, Tf;C’ is identical to the tangent cone T, C,
which is also a convex polyhedron, hence (relatively) closed.

Now, let C' be a closed convex set of a Fuclidean vector space E. The normal cone
to C' at x € C is defined and denoted by

N,C=N¢g(z)={deE: {2’ —2,d)y <0, V' e C}. (1.23)

We also set No(z) = @ when x ¢ C. The following hold

N,C=(T,C)~ and T,C=(N,O) .

Proposition 1.8 (tangent and normal cone calculus)

1) (Intersection) If Cy and Co are closed convex sets of a vector space B and
TAE Cl N CQ, then

Tm(C’l M 02) c Tm Cl N Tm 02, (124&)
Nz(Cl N 02) DN, Cy + N, Cs, (1.24b)

with equalities if 0 € ri(Ch — Cs) or (riCh) N (riCs) # 2.

2) (Product) Let (Eq1,{-,-»1) and (Ea,{-,)2) be two Fuclidean spaces and equip
E; x Eo with the scalar product {(x1,x2), (y1,vy2)) = {x1, y1)1 +{x2,y2)2. If Cy
(resp. Cs) is a closed convex set of By (resp. Eg), then Cy x Cy := {(x1,x2) :
21 € C, 2 € Ca} is a closed convex set of By x By and at (z1,2z2) € Cy % Ca,
one has

T(ml)mz)(Cl X 02) = (Tml Cl) X (Tz2 02), (125&)
N(ml,mz)(Cl X Cg) = (Nwl Cl) X (Nz2 Cg) (1.25b)

The tangent and normal cones to the convex polyhedron P = {z € E : Az < b}
has the following expressions and properties. Recall the notation (1.4): I(x) := {i €
[1:m]: (Az —b); = 0}.
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e Tangent cones:

Tp(z) = Th(z) = {de E: (Ad);) <0}, (1.26a)
I(,Tl) o I(l‘g) - Tp(xl) 2 Tp(l‘g). (126b)
e Normal cone:
Np(z) = cone{A%e; : i € I(z)}, (1.27a)
I(,Tl) - I(l‘g) - Np(xl) - NP(LL'Q). (127b)

We see from (1.26a) and (1.27a) that the tangent and normal cones to a convex
polyhedron are polyhedral.

1.2.7 Projection

Let E be a Euclidean space, with a scalar product denoted by {-,-) and its associated
norm denoted by | - |. For a nonempty, closed, convex set C' in E, the problem

inf y — 2 (1.28)

has a unique solution, called the (orthogonal) projection of x on C. This projection
is denoted by Pc(x). The function Pe : E — C is called the (orthogonal) projector
on C.

Proposition 1.9 (characterizations of the projection) Forx €E and T €
C, one has

T=Pc(r) — {y—-z,z2—2)=>0, VYyeCl (1.29a)
— (y—-z,y—x)=0, Vyel (1.29Db)
— (y—x,z—z)=|z—2z|?> VyeC. (1.29¢)

Remarks 1.10 1) The scalar products in the right-hand sides of the equivalences
(1.29) use each time two vectors among the possible three T —x, y — Z, and y — .
To have a characterization of the projection, it suffices to have a nonnegative scalar
product of y — Z with one of the two other vectors, like in (1.29a) and (1.29Db).
When y — Z is not present, the inequality must be strengthened, like in (1.29¢) to
have a characterization, as shown by the counter-example where C' = [0,1] < R,
x ¢ C, while y and Z are chosen arbitrarily in C' (hence Z is not necessarily the
projection of x).

2) The most often used characterization is (1.29a). Maybe that this is because it
also expresses the optimality condition “f'(Z;y — Z) = 0, for all y € C” of the
optimization problem in (1.28), defining the projection, rewritten inf{f(y) := %[y—

z|?:yeC}. O
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Proposition 1.11 (properties of the projection) The projection on a
nonempty closed convex set C has the following properties:

1) i (1,'1, 1}2) € EQ, <Pc(1}2)— Pc(xl), 1,'2—(E1> = H PC(%’Q)— Pc(xl)HQ,

2) monotonicity : ¥ (x1,12) € E?, (Pc(22)— Po(w1), 22—21) = 0,

3) contraction : V¥ (z1,%2) € B2, | Po(x1)— Po(z2)| < |v1—22].

Remark 1.12 The projector P is a nonsmooth operator. It is even not guaranteed
to be directionally differentiable when the convex set C is arbitrary (see Kruskal [86]
for a counter-example in R? and Shapiro [128] for a counter-example in R?). However,
whatever the convex set C' is, P¢c has directional derivatives at a point = belonging
to C [137]:

VreC, YdeE: Pg(z;d) = Pro) d. (1.30)

It is also worth noting that the projector P¢ is smoother when the boundary of the
convex set C' is smooth in a sense that is described in [69). O

1.2.8 Asymptotic Cone

Let E be a vector space of finite dimension and C be a nonempty closed convex set
of E. The asymptotic cone of C is defined and denoted by

C*:={deE:C+Ridc C}.

This cone has also the following expressions, whatever x € C' is:

C* = {deE:C+dcC}
= {deE:z+RydcC} = ﬂC—x (1.31)
t
t>0
= {dGEIH{Ik}QC,H{tk}ﬂoosuchthat:tc—kad},
k

The formula (1.31) shows that C® is closed.
The asymptotic cone is a nice tool to determine, by calculation, whether a closed
convex set is bounded.

Proposition 1.13 (boundedness by calculation) Let C' be a nonempty
closed convex set. Then,

C' is bounded — Cc* = {0}.
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Proposition 1.14 (asymptotic cone calculus)
1) If K # @, then K is a closed convex cone if and only if K® = K.
2) For an arbitrary collection {C;}ier of closed convex sets C; with nonempty

intersection:
e 0
(mielci) = ﬂielci .

3) Let A:E - F and B : E — G be linear maps, a€ F, be G, K be a nonempty
closed convex cone of G, and

P:={zeE:Ax =a, Breb+ K} # @.

Then,
P*={deE:Ad =0, Bde K}.

Let E be a Euclidean space. The sets S7 and Se € E are said to be strictly separable
if there exists a vector ¢ € E (necessarily nonzero) such that

sup (&,x21) < inf (& x2).

IlEsl IQESQ

Proposition 1.15 (strict separation of convex sets) One can strictly sepa-
rate two disjoint nonempty closed convex sets C1 and Co of a Fuclidean space E
in any of the following situations

1) Cy — Oy is closed,

2) CF A CF = {0},

3) C1 or Csy is compact,

4) C; and Cy are polyhedral.

1.2.9 Convex Function

Let IE be a vector space. The domain and the epigraph of an arbitrary (not necessarily
convex) function f : E — R are the sets defined and denoted by

dom f:={x e E: f(x) < +o0},
epi f :i={(z,a) e ExR: f(z) < a}.

The indicator function of an arbitrary (not necessarily convex) set S < E is the
function Zg : E — R U {400} defined at z € E by

0 ifyes,
+o0  otherwise.

Zs0) - {

By definition, a function f : E — R is convez if its epigraph is convex; it is closed
if its epigraph is closed in E x R; it is proper if it does not take the value —o0 and is
not identical to +00. The set of proper convex functions f : E — R is denoted by
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Conv(E)

and the set of closed proper convex functions f : E — R is denoted by
Conv(E).

A function f : E — R is said to be directionally differentiable in the direction
d € E at a point x € E at which it is finite if the following limit exists in R:

The value f'(z;d) € R is then called the directional derivative of f at x in the di-
rection d. A convex function always has directional derivatives, but these can take
infinite values.

Proposition 1.16 (directional differentiability) Let f : E — R be a convex
function, x € E be a point at which f(x) is finite, and d € E. Then,

1) the function
flot1d) ~ £@) _ o

t€R++'—> 1

est nondecreasing,
2) f'(x;d) exists in R (it can take the values —o0 or 4+0),
3) f'(z;d) = +o0 if and only if x + td ¢ dom f for all t > 0,
4) there holds
£ d) > —f'(a; =), (1.32)

in particular, if one of the two directional derivatives f'(x;d) or f'(x; —d) is
—a0 the other is +c0.

Remarks 1.17 1) According to point 3, one has f/(z;d) = +o0 if and only if f(z +
td) = +oo for all ¢ > 0. but, one can very well have f/(z;d) = —oo, while f(z+td) >
—o for all t > 0. This is the case at z = 0 for the convex function f : R — R
defined at x € R by

|0
=z ifx=0
flz) = {-l—oo otherwise -z (1.33)

and the direction d = 1.

2) Point 4 shows that one can compare f’(x;d) and f’(x; —d) when the function f
is convex. If f is not differentiable at z, in general f’(z;d) # —f'(x;—d). For
example, if f(z) = |z|, € R, one has f'(0;1) = f'(0; —1) = 1.

Function (1.33) allows us to see what formula (1.32) yields with infinite directional
derivatives: f/(0;1) = —oo implies that f/(0; —1) = +0c0 must hold.
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1.2.10 Asymptotic Function

The epigraph of a function f € Conv(E) is a nonempty closed convex set. One can
therefore consider its asymptotic cone (epi f)®. This one has interesting properties.

Proposition 1.18 (asymptotic function f*) If f € Conv(E), then
1) (epif)*® is the epigraph of a function f* :E — R U {+w},
2) for all z e dom f and all de E

o) — tim £ 1) = 1(@)

t—00 t t—00

3) dom f* < (dom f)®,
4) f* e Conv(E).

Proof. 0) Let us start by giving a characterization of the membership to (epi f)*. For
this, take an arbitrary point (x, f(z)) in epi f, which is nonempty when f € Conv(E).
Then,

(d,0) € (epi f)* <= (z,f(x)) +t(d,0)eepif, Vt>0
— f(r+td) < f(x)+t5, Vt>0. (1.35)

o0

1) To be an epigraph, (epi f)
e The first property is that, when (d,d) € (epi f)* and ¢’ > d, it must follow that
(d,8") € (epi f)®. This is actually clear by (1.35).
e The second property is that for any d € E such that {d} x R intersects (epi f)®,
one must have (d, dy) € (epi f)® for

must have two properties.

8o := inf{d : (d, ) € (epi f)*}. (1.36a)

From (1.35), we get
o L 1) = S(2)
t>0 3

By definition of the supremum, one has then f(x + td) < f(z) + tdo, for all ¢t > 0.
This and (1.35) now yield that (d, dp) € (epi f)®.

Denote by f® the function whose epigraph is (epi f)®.

2) Let € dom f and d € E. It is clear that (x, f(z)) € epi f.

Let us show that f®(d) is the value dy given by (1.36a), hence by (1.36a), which
will prove the first equality in (1.34). By the reasoning of the previous point, f*(d) is
clearly dg when {d} x R intersects (epi f)*. When {d} x R does not intersect (epi f)* =
epi f*, both f*(d) and &y take the value = +oo (the first one by definition of the
epigraph of f*, the second one by definition of the infimum in (1.36a) and the fact
that there is no (d, d) € (epi f)®) hence f*(d) = Jp in that case also.

For the second equality in (1.34), just observe that f(z) € R because x € dom f
and f € Conv(E).

3) If d € dom f*, then (d, f*(d)) € (epi f)* and

(1.36D)
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flx+td) < f(z) +tfe(d), Vit>O0,

by (1.35). Since the right-hand side of this inequality is finite for all positive ¢, it
results that d € (dom f)*.

4) First, f* is a closed convex function, since its epigraph is the closed convex
set (epi f)®. Secondly, f* = +oo, since its epigraph (epif)® is nonempty when
f € Conv(E). Thirdly, f > —oo since, by (1.34), for d € dom f*, f(d) is obtained as

a limit of an increasing sequence made of finite values. O

Remarks 1.19 1) The differential quotient [f(x + td) — f(x)]/t is nondecreasing
with ¢. It converges to f’(z;d) when ¢ | 0 and, according to (1.34), it converges to
fe(d) when t — oo.

2) the last identity in (1.34) often provides the easiest way of computing f*(d). Note
however that, unlike the differential quotient, f(x + td)/t is not monotonic with ¢.

3) The inclusion in point 3 may be strict. For the exponential function exp €
Conv(R) : x — exp(x) = e”, there holds exp®(1) = +o0, so that 1 ¢ dom(exp®).
But 1 € (dom exp)®, since domexp = R.

4) The inclusion in point 3 expresses in a compact manner the fact that if f(x+td) =
+o0 for some ¢ > 0, then f*(d) = +co. O

The sublevel set of an arbitrary function f : E — R u {+0} of level a € R is the
set

Lo(f):={zeE: f(z) <a}.

Whilst the asymptotic cone is a useful concept to verify the boundedness of a
nonempty closed convex set, the asymptotic function is useful to verify the bounded-
ness of the sublevel sets of the corresponding function, in particular the nonemptiness
and boundedness of the set of its minimizers.

Proposition 1.20 (existence of a bounded set of minimizers) If f €
Conv(E), then

1) Va e R such that Lo (f) # @, the following holds

[La(f)]” = {deE: f°(d) <0}, (1.37)

2) the following properties are equivalent:

(i) Ja e R: Lo(f) is nonempty and bounded,
(i1) Va e R: Ly(f) is bounded,

(4i7) Argmin f is nonempty and bounded,

(iv) VdeE\{0}: f*(d) > 0.

Proof. 1) Let « € R and x € L,(f), which is assumed to be nonempty. Then,

de (Lo(f))® <= flz+td<a, Yt=0.
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Hence, if d € (Lo (f))®, f*(d) < 0 by using the last identity in (1.34). Conversely,
if f*(d) < 0, then f(z + td) < f(x), for all ¢ > 0, by the monotonicity of the
differential quotient and (1.34). Since f(z) < «, © € Lo (f), this last inequality yields
flx +td) < a, for all ¢ > 0, which shows that « + td € L,(f), for all ¢ > 0; hence,
de (La(f)*.

2) Let us now consider the equivalences.

[(i) = (i7)] By (i) and proposition 1.13, it results that [L,(f)]* = {0} and
therefore {d € E : f®(d) < 0} = {0} by (1.37). Since {d € E : f*(d) < 0} is
independent of «, it results that (Lo (f))® = {0} for all o’ such that Lo (f) # .
Hence, (i) holds.

[(i7) = (it9)] Since f is proper, one can find an « such that L,(f) # @. Then
L. (f) is nonempty and closed (since f € Conv(E)); it is also compact by (i7). As a
result, the function f reaches its minimum at some point Z € L, (f); this point Z is
also a minimum of f on E. Since Argmin f = L,(f) with o« = min f, Argmin f is
compact by (i7).

[(i41) = (1)] Clear with @ = min f.

[(i) = (iv)] By (i), it results that (L (f))® = {0} and therefore that {d € E :
f®(d) <0} = {0} by (1.37). This implies (iv).

[(iv) = (it)] By (i), {d € E: f*(d) < 0} = {0} and therefore (L,(f))* = {0}
each time Ly (f) # @ (by using (1.37)). One deduces (7). O

The implication (iv) = (iii) of proposition 1.20 is often a convenient approach to
show that a function f € Conv(E) has a nonempty and bounded set of minimizers (it
is ineffective if the set of minimizers is unbounded). The technique consists, therefore,
in calculating the asymptotic function f* and in highlighting its property (iv). Hence,
showing the existence a nonempty compact set of minimizers is a task that can be
realized by calculation.

1.2.11 Subdifferentiability

The notion of subdifferentiability of a function f € Conv(E) is based on the following
proposition.

Proposition 1.21 (subdifferentiability) Suppose that f € Conv(E), =z €
dom f and x* € E. Then, the following properties are equivalent:
(1) Vde E: f'(x;d) = (z*,d),
(it) Vye E: f(y) > f(z) + (% y —2),
(ii) « € Argmingeg (f(y) — {z*,y)) = Argmax,eg (%, y) — f(y))-

Definitions 1.22 A function f € Conv(E) is said to be subdifferentiable at a point
x € dom f if their exists 2* € E verifying the equivalent properties ()-(¢i%) of proposi-
tion 1.21. Such an element z* is called a subgradient of f at x. The set of subgradients
of f at x is called the subdifferential of f at x and is denoted by 0f(x). By convention,
Of(x) =@ if x ¢ dom f. ]
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A subgradient is actually an element of the dual of E, which is identified to E
itself in finite dimension (the distinction between E and its dual is important in
infinite dimension but not in our finite dimension framework). Hence, it is better to
see a subgradient as a slope of the function, like for a gradient of a smooth function.

Each of the three equivalent conditions (¢)-(i47) of proposition 1.21 reflects a par-
ticular aspect of the subgradients, offering also a means to calculate them.

1) Condition (7) tells us that a subgradient is the slope of linear function minorizing
f/(z;-). This point of view leads to the following way of computing 0f(x). First,
one computes the directional derivatives of f at x and one determines all the linear
function minorizing if; their slopes are the elements of 0f(x).

2) According to condition (i), a subgradient is the slope of an affine function mi-
norizing f, which has the same value as f at x. This definition is often used to
verify that a particular * € E is a subgradient.

3) Condition (#i7) tells us that «* is a subgradient of f at z if f(-) — (z*,-) reaches
its minimum at z. This point of view leads to the following method to compute
J0f(x). One starts with a slope z* € E; then, one computes the minimizers of
x— f(x) — {a*, z); such a minimizer z is such that z* € df(z).

A function f € Conv(E) is not necessarily subdifferentialbe at all the points in
dom f. For example, the function (1.33) is not subdifferentiable at 0.

Notes

Most results given in this section can be found with their proofs in [125, 66, 22, 67]. The
notions of asymptotic cone and function have been extended to nonconvex sets and
functions, in particular with the goal of providing existence theorems for nonconvex
optimization problems and variational inequalities; see the monograph [7].

Exercises

1.2.1. Constant subsequence of a sequence of subsets of [1:n]. Let {Ix}ren be a sequence
of subsets Ij, of [1:n]. Show that this sequence contains a subsequence {Ij}rex
(hence K is an infinite part of N) such that I is independent of k € K.

1.2.2. Affine hull. Let A be an affine subspace of a vector space E and O € A be relatively
open in A (i.e., open for the relative topology of A). Then, aff O = A.

1.2.3. Scaled sum of convex sets. If C1 and Ca are convex sets of a vector space E, such
that 0 € C1 n C2, then R4 (Cy + C2) = RyC1 + R4 Cs. Give an example, in which
the identity does not hold when 0 ¢ Cy n C.

1.2.4. Dense convex set. Let C be a convex set in a finite dimensional vector space E. Show
that if the closure of C' is E, then C' = E.

1.2.5. Relative interior. Let C' be a nonempty convex set of a finite dimensional vector
space. Then, .
2(riC)=C+riC =C+riC.

1.2.6. Affine hull and relative interior of a convex polyhedron. Let E be a vector space.
Consider the convex polyhedron of E defined by



1.2.7.

1.2.8.

1.2.9.

1.2.10.

1.2.11.

1.2.12.

1.2.13.
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P:={zeE: Az = a, Bx < b},

where A:E — R™ and B : E — R? are linear maps, a € R™ and b € R”. Define the
index set I < [1:p] by

iel <= {zeP:Bux<b}+#0.
and denote its complementary set by I°:= [1:p]\I. Show that
af P={zeE: Az = a, Brex = bre}, (1.38)
riP ={xe P: Bz <bs}. (1.39)

Decomposition of a vector space in the sum of a subspace and a convex cone [129].
Let Eo be a subspace of a vector space E and K be a convex cone of E. Then,

Eo+ K =E — {Eo+vectK=E

Eon (riK) # 2.
Farkas lemma for a polyhedral cone. Let E be a Euclidean space, and Ag : E — R™E

and Ay : E — R™7 be two linear maps. Then,

{d: Apd =0, Ayjd <0} = —{AFAe + AN, : Ap e R™P, X\, e RV} (1.40)

Bidual of a convex cone. Using Farkas lemma, show that if K is a nonempty convex

cone, then Kt* = K.

Interior and relative interior of a dual cone. Let E be a Euclidean (scalar product
and associated norm respectively denoted by ¢-,-> and |- ||), P € E, P™ be the dual
cone of P, and P,gp+) be the orthogonal projector on aff(P™). Show that

deint(PY) <= 3e>0,VzeP:{dx
deri(PY) <= 3e>0,VzeP:{dx

elz|, (1.41a)

=
= e[| Pagpry |- (1.41b)

NSNS

Cone of feasible directions to a convexr cone [129]. Show that if K is a convex cone
and = € K, then T, K = K + R{z}.

Tangent cones to S*. Show that the tangent cone to S at X € S} can be written

Tx ST ={De8":v'Dv=0, Yve N(X)}.

Asymptotic cone. Let E, F, and G be finite dimension vector spaces. Let A: E > F

and B : E — G be linear maps, a € F, b€ G, K < G be a closed convex cone, and
P={xeE:Arx=a, Breb+ K}.

Then, the asymptotic cone of P is given by

P* ={deE:Ad=0, Bde K}.

1.3 Nonsmooth Analysis

1.3.1 Lower semi-continuity

Let E be a finite dimensional vector space and f : E — R be a function. The function f
is said to be lower semi-continuous (l.s.c. for short) on E if for all 2z € E there holds
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f(x) < liminf f(2).

x>z

The function f is said to be closed if its epigraph is closed. These two notions are
actually equivalent.

Proposition 1.23 (Ls.c. function) Let E be a finite dimensional vector space
and f:E — R be a function. Then, the following properties are equivalent.

(i) f isl.s.c. onE,
(i1) f is closed,
(#i7) for all a € R, the sublevel set Ly (f) is closed.

1.3.2 Lipschitz Continuity

Let E and F be two finite dimensional normed spaces and F' : E — [F be a function.
We adopt the following definitions.

o F'is Lipschitz (continuous) on a set V € E if
IL=0, VY(x,2)eV?: |F(z)—F(z')| <L|z—2a].

In this case, we also say that F'is L-Lipschitz on V.
e Fis radially Lipschitz (continuous) at x € E if

AVeN(x), IL=0, Vi'eV: |F(x)-F(")| <L|z—2,

where N (z) denotes the family of neighborhoods of .

o F'is Lipschitz (continuous) near x € E if F' is Lipschitz on some neighborhood
of z.

e Fis locally Lipschitz (continuous) on an open set {2 € R if F' is Lipschitz near any
point of (2.

1.3.3 Differentiability

Let E and F be two normed spaces and {2 be an open set of E. A function F': 2 — F is
said to be Fréchet-differentiable [57; 1911] at a € (2 if there exists a linear continuous
operator L : E — [F such that

1 B
i o (F(x +h) — F(z) - Lh) ~0. (1.42)

Instead of saying Fréchet-differentiable, one also say F-differentiable or simply differ-
entiable. The limit in (1.42) is in F. We have taken care of having the limit for h = 0
to give a sense to the quotient in (1.42). The operator L is then uniquely determined,
is denoted F'(z), and is called the derivative of F' at x. Condition (1.42) can then
also be written

F(z + h) = F(x) + F'(x)h + o(h), (1.43)
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where the small o of h, o(h), denotes a function of h vanishing at zero and verifying
the property
o(h)
im =0,
lilzto ||

where the limit is taken in a normed space depending on the context (here F).
The function F : {2 — F is said to be F-differentiable on §2 if F' is F-differentiable
at each point of f2.

Theorem 1.24 (mean value theorem) Let (2 be an open set of B, x € £2, and
h € E\{0} be such that the closed segment [z, z+ h] S 2. Suppose that F' : 2 —> F
is continuous on {2 and differentiable on the open segment (z,xz + h). Then

IF($+h)—F($)I<( sup IF’(Z)|> -

ze(x,x+h)

Corollary 1.25 Under the assumptions of theorem 1.24, if L : E — F is linear
continuous, it follows that

IF(x+h)—F($)—Lh|<< sup IF’(Z)—L|> [

ze(x,x+h)

Suppose that F': {2 — F is defined on the part 2 € E. We denote by Dp the set
of points of 2 at which F' is Fréchet-differentiable:

Dr := {z € {2 : F is Fréchet-differentiable at x}.

Theorem 1.26 (Rademacher, 1919) If (2 is an open set and F : 2 — F is
locally Lipschitz on §2, then, F' is Fréchet-differentiable almost everywhere on {2,
in the sense of Lebesgue. In other words, the Lebesque measure of 2\Dp vanishes.

Proof. See [49; 2015, chap. 3] for instance. OJ

1.3.4 Multifunction

A multifunction® T between two sets E and F is a usual function from E to P(F),
where P(F) is the power set of F, that is the set of all subsets of F. The adopted
notation for a multifunction is

3 A multifunction may have many other names, like set-valued mapping or multi-valued
function.
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T:-E—oF:2eE—~T(x)<F.
Several concepts are associated with a multifunction 7 : E — F.

e The graph G(T), the domain D(T), and the range R(T) of T are defined by

G(T):={(z,y) e ExF:yeT(x)},
D(T) :={xekE: (z,y) € G(T) for some y € F} = mgG(T),
R(T):={yelF: (x,y) e G(T) for some x € E} = npG(T),

where we have denoted by 7g : (z,y) E ExF— z € E and g : (z,y) e EXF —

y € F, the Cartesian projectors on E and F respectively (these are linear maps).
Notice that G(T) is a part of E x F, not of E x P(F).

e The concept of multifunction is the same as the one of binary relation, which is
defined by the specification of a part G of E x F (the relation, sometimes denoted
xRy, is said to be “true” if (z,y) € G and “false” otherwise). Indeed, one can
associate with a part G of E x F the multifunction T : E — F, defined at = € E by

Te(x) ={yeF: (z,y) € G}.

Then, we have the property that G(7T¢g) = G.
e The image of a part P € E by T is

T(P):= | T(x) = 7 [G(T) n (P x F)]. (1.44)

e The inverse of T is the multifunction T=' : F — E defined at y € F by
T y):={zeE:yeT(zx)}.

The inverse always exists, but it is not true that 77! o T is the identity on E or
that T o T~ is the identity on F! Note that

yeT(x) «— zeT '(y) < (z,9)eG(T) < (y.x)eG(T ).

Here are some commonly encountered properties that a multifunction 7' : E —o F may
have.

e When E, F are vector spaces, T is said to be convez if G(T') is convex in E x F.
This is equivalent to saying that V (zg,21) € E? and Vt € [0, 1]:

T((1—t)zo +tx1) 2 (1 — )T (xo) + tT (7).

Note that

T:E —[F convex

C convex in E } — T(C) convex in F. (1.45)

This is because by (1.44) there holds T(C) = 7r[G(T) n (C x F)] and G(T) is

convex when 7' is convex.
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e When E, I are topological spaces, T' is said to be

— closed at x € E if y € T'(x) when (xg, yx) € G(T) converges to (z,y);
— closed if G(T) is closed in E x F, which amounts to saying that T is closed at
any x € E.

e When E, F are metric spaces, T is said to be upper semi-continuous at x € E if

T(z) +eB

Ve>0, 36 >0, Va'exz+B: @+0B_ 7 "
|

T(&') € T(x) + £B. Q //),

In this definition, B may be the open or closed unit ball at any place.

Notes

A study of Lipschitz continuous functions can be found in [49; 2015, chap. 3], for func-
tions between finite dimensional vector spaces, including a proof of the Rademacher
theorem [115; 1919], and in [4; 2004, chap. 3|, between metric spaces. The results on
the generalized differentiability are taken from [32, 33].

Exercises

1.3.1. Upper semi-continuity of some multifunctions. Let E be a Euclidean vector space.
Show the upper semi-continuity of the following multifunctions.
1)
2) The subdifferential of a convex function f : E — R at z € E is the set df(x) :=
{seE: f(y) = f(x)+{(s,y—=x), Yy € E}. Show that the multifunction 0f : E —o
E : z — 0f(x) is upper semi-continuous at any = € E.

1.4 Optimization

1.4.1 Generic Problem

In a rather general setting, an optimization problem consists in minimizing a function
f:E — R (E is a Euclidean vector space, which is the only restriction) on a (possibly
nonconvex) subset X < E. In other words, one looks for a point z, € E such that

{x*eX,

f(zy) < f(z), VrzeX. (1.46)

Such a point z4 is called a solution to the optimization problem. This problem,
denoted (Px) is written in one of the following manners

{;men)J;(iﬂ) or wlg)f( f(z) or inf{f(z) : x € X}. (1.47)
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The function f is often called the objective of the optimization problem, while the
set X is called its feasible set. A point belonging to X is said to be feasible. The
“smallest value” of f on X, more precisely

val(Px) := ig)f( fx)

is called the optimal value of the optimization problem, while the set of solutions is
denoted by
Sol(Px) or Argmin f(z).
reX

One says that the problem (Px) is bounded if val(Px) > —o0; otherwise, the problem
is said to be unbounded, which occurs when there is a sequence {z;} € X such that
f(z) — —oo. We adopt the following convention

%Ezfa f(z) = +o0. (1.48)
A minimizing sequence for problem (Px) is a sequence {zp}r>1 < X such that
f(zr) — val(Px) when k — 0. By definition of the infimum, such a sequence al-
ways exists when X is nonempty.

Maximizing f is “identical” to minimizing — f (i.e., same solutions, opposite opti-
mal value), so that only the minimization problem will be considered. Furthermore,
one prefers minimization to maximization, because the notion of “convex set” is mean-
ingful (unlike the one of “concave set”), hence the notion of “convex function” (it is
a function whose epigraph is convex), and finally it is more natural to minimize a
convex function than to maximize it. From (1.48), one gets

sup f(x) = —oo.
rED
A point z, satisfying (1.46) is sometimes called a global minimum, to stress the
distinction with a local minimum of f on X, which is a point x, for which there is a
neighborhood V' of x,, such that

Ty € X,
{f(fz*) < f(z), YzeXnV. (1.49)

One also uses the notion of strict local / global minimum, which is a point x, verifying
(1.46)/(1.49) with a strict inequality f(z4) < f(z) when = # .

1.4.2 Peano-Kantorovich Optimality Condition

Let E be a Euclidean space. When z, minimizes a function f on X = E and when f
is differentiable at x,, it is known that

f'(@s) =0.

Such a property of the minimizer x, is called a necessary condition of optimality
(“necessary” since it is implied by the optimality of x,) of the first order (since it
only involves the first derivative of f); this property is abbreviated in NC1. Use the
gradient of f, this can also be written
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which is sometimes called the Fermat optimality condition.

When X # E, some kind of first order approximation of X near x, is also necessary
to get a necessary condition of optimality of the first order. The linearization of X
at x, yields a cone that is called the tangent cone. Note that here X is not necessarily
convex like in section 1.2.6.

Tangent Cone to a Nonconvex Set

Let X be a closed set of E. A direction d € E is said to be tangent to X at z € X (in
the sense of Bouligand) if

T — X

b= X, F{te} 10
172

—d.

The tangent cone to X at x (in the sense of Bouligand) is the set of tangent directions.
It is denoted by
T, X or Tx(z),

with the convention that T, X = @ when z ¢ X.
For x € X, one has

T, X is a closed cone,

X is convex = T, X is convex and T, X =R (X — z).

Therefore, when X is convex, the notions of tangent cones introduced in section 1.2.6
and here coincide, which justifies the similar notation. When X is not convex, one
still have T, X € R4 (X — ).

The normal cone to X at x is then defined by

N, X = (T, X) ™, (1.50)

with the convention that N, X = & when z ¢ X.

Peano-Kantorovich NC1

The following necessary condition of optimality of the first order (NC1) for the generic
problem (Px) is so important for chapter 2 that we present its simple proof. The result
just expresses compactly and at the first order (i.e., using the first derivative) the fact
that f is not decreasing along the tangent directions to X at x, when it is locally
minimized on X at x4 € X.
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Theorem 1.27 (Peano-Kantorovich NC1) If x, is a local minimizer of (Px)
and f is differentiable at ., then

V#(zs) € (Ta, X)*F. (1.51)

Proof. We have to show that (Vf(z«),d) > 0, for all d € T, X. Let d € T, X\{0}
(the previous inequality is trivially satisfied for d = 0). Then, there exist sequences
{zx} € X and {tx} | 0 such that dy, := (x — z4)/tx — d. For large k, x, = x4 + tidy
is close to x4, so that, by the local optimality of x:

flzy + trdy) = f(xy), for large k.

Since f is differentiable at xx, f(zs + tedp) = f(xx) + f/(@x) - (tudi) + o(|tedil)-
Using the previous inequalities yields

trd trd
0< f'(zs)-dp + olltxdsl) = f'(z4) - dp + ollltrdel) ldi|l, for large k.
t [trdk|
Taking the limit when k — o0 now provides f'(zy) - dr, = (Vf(z4),d) = 0. O

NSC1 for Convex Problems

For a convex problem (Px), one has a necessary and sufficient condition of global op-
timality of the first order (NSC1). Recall from proposition 1.16 that a convex function
f:E — RuU{+00} has directional derivatives f(x;d) := limyjo[f(z+td) — f(z)]/t e R
for all x € dom f and all d € E.

Proposition 1.28 (NSC1 for a convex problem) Suppose that X is conver,
that f is conver on X, and that xy € X. Then, x4 is a global solution to (Px) if
and only if

fxe;x —14) 20, VaelX.

The proof is straightforward. It uses the convexity inequality

f(@) = f(xe) + f(xs;2 —a4), VzeX.

1.4.3 Equality Constrained Problem (Pg)

Let E and F be Euclidean vector spaces. The equality constrained problem consists in
minimizing a function f : E — R on the set

Xg:={xek:¢(zx)=0}
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defined by equality constraints thanks to a function ¢ : E — F. The set X is said to
be the feasible set of (Pg). The problem is written

ey { s 1)

Usually the functions f and ¢ are smooth, possibly nonconvex.

Definition 1.29 The problem (Pg) is said to be convez if f is convex and Xg is a
convex set.
Lagrange Optimality Conditions

The following NC1 is often attributed to Lagrange (XVIIIth century). It uses the
Lagrangian of (Pg), which is the function

L:(x,\) €EE X F —l(x,\) = f(z) + A\ e(x)) e R.

We denote by V. ¢(z,\) the gradient of V,¢(-,\) at x. It is a particular case of
theorem 1.40, whose proof is given explicitly.

Theorem 1.30 (NC1 for (Pg)) If x4 is a local minimum of (Pg), if f and c
are differentiable at x4, and if ¢ is qualified for representing Xg at x4 in the
sense (1.53) below, then there exists a multiplier Ay € F such that

Vil(2y, Ay) = 0, (1.52a)
c(zy) = 0. (1.52b)

Definitions 1.31 1) The set Xg can be described by several functions ¢. Some are
better than others. The constraint ¢ is said to be qualified for representing Xpg at

T € XE if
TIXE = T;XE = ./\/(c’(:c)) (153)

There always holds T, Xg € T/, X, but equality is not necessarily guaranteed.
Qualification holds if ¢/(z) is surjective (hence, this is a sufficient condition of
constraint qualification).

2) A vector A\ in (1.52a) is called a Lagrange multiplier or optimal multiplier asso-
ciated with z,. The term “multiplier” comes from the fact that it multiplies the
constraint in the Lagrangian.

3) A point z, satisfying (1.52) for some A, € F is said to be a stationary point.
Sometimes, one says that the pair (x4, Ay) satisfying (1.52) is stationary. O

By definition, the set of optimal multipliers A\, associated with a stationary
point z, of (Pg) is the set defined and denoted by

Ay = { D €F: Vf(zyg) + ¢ (24)"As = 0}.
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It is therefore an affine subspace of I, which is nonempty by definition of the station-
arity of 4. Clearly, this set A, is reduced to a singleton (uniqueness of the optimal
multiplier associated with x,) if and only if ¢/(z) is surjective.

Proposition 1.32 (SC1 for a convex (Pg)) Suppose that problem (Pg) is
convez in the sense of the definition 1.29 and that f and c are differentiable at a
point x4 € E that satisfies (1.52) for some \y € F. Then, xy is a global minimum

of (PE).

Second Order Optimality Conditions

First order necessary conditions allows us to select a set of points that are candidates
for being solutions to (Pg), but these conditions do not even discard a local maximum!
With second order necessary conditions (NC2), the selection is more precise and many
point that are not local minimums are removed from the list of stationary points.

Theorem 1.33 (NC2 for (Pg)) If zy is a local minimum of (Pg), if f and c
are twice differentiable at x, and if (1.52a) holds for some Ay € F, then

Vde Ty, Xp: (V2 L(z4, \s)d,dy = 0. (1.54)

Remarks 1.34 1) With respect to the second order optimality conditions for the
unconstrained problem “inf f(z)”, which read

Vf(zs)=0 —and  V*f(zs) >0,

the NC2 for (Pg) have two major differences:

e it is the Lagrangian ¢ that intervenes in the conditions, not f,

e the Hessian of the Lagrangian is not positive semidefinite in the whole space E
but only in the tangent cone T,, Xp, which is the subspace N (¢/(z4)) if the
constraint qualification (1.53) holds at z.

2) The result does not require any constraint qualification, but claims the inequality
in (1.54) only for the tangent directions d € T, Xg.

3) The inequality in (1.54) is not necessarily true for d € N'(¢/(z4))\ Ts, X (but it
holds in the presence of qualification, by the definition (1.53) of the latter). For
example, if one minimizes —22 on {z € R : 2 = 0}, the unique solution is the
origin, ToXg = {0}, N(/(0)) = R, and V,£(0,0) = 0, but V2_£(0,0) = —2 is
positive negative on R (while it is positive semidefinite on {0}).

Of course, if the constraint ¢ is qualified at x4, one has T,, Xp = N(¢/(z4)) and
the inequality in (1.54) is valid for all d € N(¢/(z))-

4) Asusual, these second order necessary conditions can be used to detect stationnary
points that are not local minimizers. O
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Sufficient optimality conditions of the second order (SC2) for the nonconvex prob-
lem (Pg) are essentially local; they do not guarantee global optimality (compare with
proposition 1.32).

Theorem 1.35 (SC2 for (Pg)) If f and ¢ are twice differentiable at xy, if
(1.52) holds for some Ay € F, and if

Vde Ty, Xp\{0}:  dTV2,L(24, \)d > 0, (1.55)

then x4 is a strict local minimum of (Pg).

Of course, (1.55) is stronger (hence the conclusion holds) if the inequalities hold for

all d e N(¢(z4))\{0}.

1.4.4 Equality and Inequality Constrained Problem (Pgy)

Nonlinear optimization deals with the study of the nonlinear optimization problem,
which consists in minimizing a function subject to equality and inequality constraints.
A generic form of this problem is the following

inf, f(z)
(PE[) CE(LL') =0
cr(z) <0,

where f: E > R, cg: E— R™Z and ¢; : E — R™ are (generally) smooth (possibly
nonconvex) functions. Below it is considered that cg and ¢y are the components of a
function ¢ : E — R™; hence, F and I form a partition of [1:m], mg = |E|, m; = |I|,
and mg + m; = m. As usual, the inequality “c;(z) < 0” has to be understood
componentwise, meaning that it is equivalent to “c;(x) < 0 for all ¢ € I”. The feasible
set of (Pgr) is denoted by

Xgr:={zxeE:cg(z)=0, ¢/(z) <0}.

Definition 1.36 The problem (Pgy) is said to be convex if f is convex and Xpg; is
a convex set. ]

Requiring the convexity of Xp; is less demanding than requiring the affinity of cg
and the componentwise convexity of cj.

Proposition 1.37 (sufficient conditions for Xg; convex) If cp is affine
and cy is componentwise convex, then X gy is conver.

We say that the inequality constraint ¢;(x) < 0, for some i € I, is active at a point
x € Xgr if ¢;(x) = 0. The sets of indices of active and inactive inequality constraints
are respectively denoted by

%) :={iel:cz)=0} and I™(z) :={iel:c¢(x) <0}

We alleviate notation by setting I9 := I°(zy) and Iy := I~ (z4) for a given point
Ty € Xpgg.
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Constraint Qualification

The necessary condition of optimality of Peano-Kantorovich (1.51) makes use of the
tangent cone to the feasible set. Our goal is to see how this condition reads in the
case of the problem (Pgy), so that an analytic expression of T, Xg; is desirable. As
expected, this description of T, Xg; uses the derivatives of the function ¢ defining
the feasible set Xg7.

The tangent cone T, Xpgs is always contained in the linearizing cone

T Xgr:={deE:dy(zx) -d=0, oz (@) - d < 0}, (1.56)

that is

T, Xgr < T;XE[.

One would like to have equality, since then an explicit expression of the tangent cone
is at hand, which makes possible an analytic expression of the optimality (our goal
in this section). This is not unusual, but not always true, since T/, Xg; is a convex
polyhedron, while the tangent cone T, Xg; may not be convex.

Definition 1.38 (qualification of ¢ to represent Xgy) One says that the con-
straint c is qualified for representing Xpr at x if

To Xgr =T, Xgr. (1.57)
O

It is usually difficult to verify directly whether (1.57) holds. To make this frequent
task easier, one has identify a number of sufficient conditions guaranteeing (1.57).
Here are the four mostly used (there are many others).

e (CQ-A) [A for Affinity] cpoo(y) is affine near x,

e (CQ-S) [S for Slater [130]] cg is affine, cjo(s) is componentwise convex, 3% € Xpr
such that cjo(y (%) <0,

o (CQ-LI) [LI for Linear Independence| 3cp 1o ®Vei(z) =0 = a =0,

¢ (CQ-MF) [MF for Mangasarian-Fromovitz [97|] Xcp o) @iVei(z) = 0 and

Qro(g) = 0= a=0.

It is clear that (CQ-LI) implies (CQ-MF), so that the latter is more often satisfied
than the former.

Proposition 1.39 (other forms of (CQ-MF)) Suppose that cg, oy is dif-
ferentiable at x € Xgy. Then, the following properties are equivalent:
(1) (CQ-MF) holds at x,
(14) YveR™, 3de E: dy(z) -d = vg and c’Io(w)(z) d < vy,
(i1i) cg(x) is surjective and 3d € E: cg(x) - d = 0 and clo(,y(2) - d < 0.
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KKT Conditions

The following NC1 is often attributed to Karush, Kuhn, and Tucker [82, 87| (XXth
century). It uses the Lagrangian of (Pgr), which is the function

C:(z,\) R xF s l(z,\) = f(z) + ANe(z) e R.

Because of its importance and because we shall follow the same track for determining
NCI1 for the general problem (Pg) in section 2.1.2; we provide a proof of the following
result, which is very important in nonlinear optimization.

Theorem 1.40 (Karush-Kuhn-Tucker (KKT)) If z, is a local minimum of
(Pgr), if f and c are differentiable at x4, and if ¢ is qualified for representing
Xpgr at x4 in the sense (1.57), then, there exists a Ay € R™ such that

ng(x*, )\*) = O7 (1.58&)
ce(xy) =0, (1.58b)
0< (M) L er(as) <0. (1.58¢)

Proof. Let us alleviate notation by setting J := I°(x4). We have successively

Vi(rs) € (Toy Xpn)™  [(151)]
= (T, Xen)* [constraint qualification (1.57) at x|

= {dp(m )y + S *ziye R ze RV [(1.2.8)].
Hence, there exist vectors y € R™# and z € ler]‘ such that
Vf(zs) = —cp(@s)*y — (as)*2.

The conditions in (1.58) are then obtained by introducing

()\*)z = Zi ifiedJ
0 ifiel\J. 0

Definitions 1.41 1) A vector A\, appearing in (1.58) is called a KKT or optimal
multiplier associated with x,, since it multiplies the constraint in the Lagrangian.
The term “multiplier” comes from the fact that it multiplies the constraint in the
Lagrangian.

2) A point x, satisfying (1.58) is said to be a stationary point. Sometimes, one says
that the pair (x4, Ay) satisfying (1.58) is stationary.

3) The condition (1.58¢c) is special and is known as the complementarity conditions
of the problem (Pg;). With their three operators, they mean the three conditions
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(Me)1 =0, ()\*)-II—C](.T*) =0, and cr(zy) < 0.

Hence “1” expresses the orthogonality with respect to the Euclidean product
in R™. Because of the sign of A\; and cy(z4), the second condition above has
the following equivalent expressions

M)Ter(ze) =0 = Viel: (A)ici(zs) =0
— Viel: (Ci(ac*) <0 — (\)i= o).
In other words, a multiplier associated with an inactive constraint vanishes.
4) One says that strict complementarity holds for a stationary pair (z4, Ay) if
Viel: (ci(a:*)<0 — (A*)Fo). (1.59)

This is a property of (x4, Ay ), which is not necessary guaranteed by the fact that
is a local solution to (Pgr). O

By definition, the set of optimal multipliers A\, associated with a stationary
point x4 of (Pgy) is the set defined and denoted by

A= A € R™ Vi (as) + ¢ (22)* A = 0, (\)pg =0, Az = 0},

It is therefore a convex polyhedron of R™, which is nonempty by definition of the
stationarity of z,. The next proposition provides two properties of this set: a charac-
terization of its boundedness [59] and of its uniqueness [89]. For a given multiplier A4,
the following notation is adopted:

Rt i={iel):(\)i >0 and I :={iell:(\); =0}

Proposition 1.42 (set of optimal multipliers) Suppose that f and c are dif-
ferentiable at a stationary point x4 of problem (Pgy) and that the set of associated
multipliers Ay is nonempty. Then,

1) Ay is bounded if and only if (CQ-MF) holds,

2) for a given Ay € R™, the following properties are equivalent:

(i1) any vector a € RIEI+IL verifying

Z a;Vei(xyg) =0 and oo = 0

2 0
zeEuI*

vanishes,

(i11) ¢ o+ (T4) is surjective and there exists a vector d € E such that
*

(zy)d =0 and c'Igo (z4)d < 0.

/
(& 0+
Eul,

The boundedness characterization is surprizing, since A, is linked to the optimization
problem (Pgr), while (CQ-MF) only depends on the feasible set.
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SC1 for a Convexr Problem

Roughly speaking, the KKT conditions at a pair (x4, \4) are sufficient to guarantee
that x, is a global minimum of (Pgr), provided the problem is convex in the sense of
the definition 1.36. Note that this CS1 does not require a constraint qualification.

Proposition 1.43 (SC1 for a convex (Pgr)) Suppose that problem (Pgr) is
convez in the sense of the definition 1.36 and that f and c are differentiable at a
point x4 € E that satisfies (1.58) for some Ay € F. Then, xy is a global minimum

Of (PE])

1.4.5 Abstract Duality

This section describes various approaches allowing us to make links between two opti-
mization problems, which may seem to have no connection to each other. Sometimes,
the optimal multipliers of one problem are the solutions to the other one, and vice
versa. The most often used scheme to connect two problems is the min-max duality.

Min-max duality

Consider the general optimization problem

(P) it f(2),

where X is an arbitrary set and f : X — R is an arbitrary function. Denote its
optimal value and its solution set respectively by

val(P) and Sol(P).

In the duality context, (P) is called the primal problem, that is the problem that is
first present.
Min-max duality comes into play when f(z) can be written as a supremum:

f(x) = sup p(z,y),
yeY

where Y is some arbitrary set and ¢ : X x Y — R is some arbitrary function. The
function ¢ is called the pairing function. Then problem (P) reads

(P)  inf sup o(z,y).
zeX yeY

The dual problem is then obtained by inverting the order in which the infimum and
the supremum are taken:

(D) sup inf ¢(z,y).
yeY zeX

Denote its optimal value and its solution set respectively by
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val(D) and Sol(D).

Aside from this audacious construction, which allowed us to derive the dual prob-
lem from the primal problem, the two problems may have no interesting links with
each other. Nevertheless, the following so-called weak duality inequality always holds:

val(D) < val(P). (1.60)
Proof. Clearly
Vi'e X, Vy' eY: o y) <@ y)
and therefore certainly
Va'e X, Vy eY: inf o(z,y) < (@', y).
zeX

Fixing ' € X and taking the supremum in 3’ € Y in the two sides, yields

Va'e X : sup inf p(z,y) <sup (', y).
yeY zeX yey

Since the left-hand side is independent of #’, one can take the infimum in 2’ € X in
the right-hand side and keep the inequality. This yields (1.60). O

Given the very general context, this inequality is remarkable. When equality occurs
in (1.60), one says that there is no dually gap between the primal and dual problems.
This fact is not guaranteed. When the inequality (1.60) is strict, the positive value
val(P) — val(D) is called the duality gap; it may be infinite.

A stronger link occurs between the primal and dual problems when the pairing
function ¢ has a saddle-point, which is a point (Z,7) € X x Y such that

V(z,y) e X xY :  @(T,y) < o(Z,7) < ¢(z,7).

In other words, ¢(Z,-) must have a maximum at § and ¢(-, §) must have a minimum
at Z; nothing is required outside the vertical cross ({Z} xY)u (X x {g}). A saddle-point
may be characterized in terms of val(P), Sol(P), val(D), and Sol(D):

Z € Sol(P)
(Z,7) is a saddle-point of p < g € Sol(D) (1.61)
val(D) = val(P).

The set of saddle-points of the function ¢ is a Cartesian product, that is a set of the
form X x Y, where X € X and Y € Y. This means that if (1,%;) and (T2, 72) are
saddle-points of ¢, then (Z1,%2) and (Z2, 1) are also saddle-points of .

The primal and dual problems do not have the same solutions, since these live in
different sets, in X for the former and in Y for the latter. Sometimes, the interest
of the dual problem is that it may be easier to solve than the primal. Then, the
question arises to know how to get a primal solution (what interests the designer of



1.4. Optimization 43

that problem), when a solution to the dual problem is known. The next propositon
explains how to get such a primal solution in the present very general context.

Proposition 1.44 Suppose that ¢ has a saddle-point (T,7). Then,

& # Sol(P) € Argmin p(z,7) and @ # Sol(D) € Argmax ¢(Z,y).
zeX yey

The first claim of the proposition tells us that, if ¢ has a saddle-point and if § is
a solution to the dual problem, the solutions to the primal problem are also the
solutions to the problem inf{y(z,§) : = € X}. Therefore, there are some chance
to recover a solution to the primal problem by solving the optimization problem
inf{o(x,7) : * € X}. Now, this last problem may also have solutions that are not
solution to (P); we call them improper solutions. Analog comments can be made for
the second claim of the proposition.

1.4.6 Linear Optimization Problem (Pr,)

Let E be Euclidean vector space, ce E, A:E — R™ and B : E — RP be linear maps,
a€R™ and b e RP. A linear optimization problem (Pyr,) and its Lagrangian dual (Dy,)
read

inf e (¢, z) SUP(y, )eR™ x RP a'y—b's
(Pr) Az =a and (Dpr) A*y — B*s=c (1.62)
Bx <b 5= 0.

See below to learn how the dual problem is derived from the primal problem using
min-max duality. The optimal value and the solution set of the primal problem are
denoted by val(Pr) and Sol(Pr) respectivement. Similarly, the optimal value and the
solution set of the dual problem are denoted by val(Dy) and Sol(Dy,), respectively.

The existence of a solution to the primal problem (Pr) is characterized by the
following equivalence, in which val(Pr) € R means that the problem (Pr) is feasible
(i.e., its feasible set is nonempty, or, equivalently val(P) < o) and bounded (i.e.,
val(Pr) > —o0).

(Pr) has a solution <= val(Pr)€eR. (1.63)

Proof. Since the left-to-right implication is clear, we only have to prove the reciprocal.
Assume that val(Pr) € R. Then one can find a minimizing sequence (since the feasible
set is nonempty), i.e., a sequence {xy} such that

Azy = a, Bz < b, and {¢c,xky — val(Pr).

Furthermore, the set {{c,z) : Az = a, Bx < b} is a closed interval in R (since it is
the image by the linear map z — {c¢,x) of the convex polyhedron {z € E : Az = aq,
Bz < 0}, hence a convex polyhedron of R; see property 1 of proposition 1.1). Since
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{c,x)y is in that interval and converges to val(Pp), this finite limit belongs to this
interval, meaning that there exists a point Z € E such that val(Pp) = {¢, ), AT = a,
and BZ < b. This point Z is therefore a solution to (Pr). O

The dual problem (Dy) is obtained from the primal problem (Py) using the min-
max duality, with the Lagrangian ¢ as pairing function (denoted ¢ in section 1.4.5).
One can process that way since the primal problem can be written as the following
infsup problem:

inf sup {c,z) —y"(Azx —a) + s (Bx —b). (1.64)
zeE yeR™
seRi

This is because
sup {(¢,x) —y' (Az —a) + 5" (Bx —b) =

yERyn
P
se]RJr

{(c,x) if Av =a and Bx <b
+00  otherwise.

Indeed, first, if Ax = a and Bx < b, y'(Az —a) = 0 and s' (Bx —b) < 0 (since
s > 0) and the supremum value {c¢,z) can be reached by taking any y and s = 0;
next, if Az # a, the infinite supremum is obtained by taking y = t(Az —a), s = 0,
and ¢t — oo; and finally, if Bx € b, the infinite supremum is obtained by taking y = 0,
s = t(Bx — b)" = tmax(0, Bz — b), and ¢t — o0. Problem (D) is then obtained by
inverting the infimum and the supremum in (1.64), to get

sup inf{c,z) —y'(Azx —a) + s' (Bx — b)

yeR™ zek
se]Ri

= sup inflc— A*y+ B¥*s,z)+a'y—b's

yeR™ z€k
p
se]R+
~ a'y—b's if A*y — B¥*s=c
yERl?n —o0 otherwise
se]Ri

= sup aly—b's,
yeR™
P
se]RJr
A¥y_B¥*s=¢

which is indeed (Dy,).
A consequence of the above dualization process is the weak duality inequality (see
(1.60)):

val (D1) < val (Py). (1.65)

The strong duality result refers to the following equivalences:

(Pr) and (D) are feasible <= Sol(Pp)# @ <= Sol(Dy) # @.

(1.66)
When the conditions in (1.66) hold, the primal and dual optimal values are identical
(there is no duality gap): val (Dy) = val (Pr). The implication “(Pr) and (Dy,) are
feasible = Sol (Pr,) # @” is often used to show that the primal problem has a solution.
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5 Algorithmics

1.5.1 Speeds of Convergence

Definitions 1.45 (speeds of convergence) Let E be a normed space and {zx} € E
be a sequence converging to z, € E, different from x,. Then {z\} is said to converge

linearly, if there exist a constant r € [0,1) and an index kg € N such that
Vk=ko: |oxp+1 — x| <7r|ze — 4|,

superlinearly, if
Tr+1 — Tx = o( |2k — @),

quadratically, if
Tpy1 — Tx = O(|og — x*Hz)

Remarks 1.46 1) The speeds of convergence above are sometimes named quotient-

speeds since they are based on an estimation of the quotient |21 — 4| /|2r — T4 |-
Such an estimation is usually obtained by taking the development around z, of
the functions involved in the definition of the problem to solve and by using the
algorithm definition and properties. Sometimes one uses the terms g-linear, g-
superlinear, and g-quadratic convergence, to distinguish them from the r-linear,
r-superlinear, and r-quadratic convergence, which are less demanding notions called
root-speeds of convergence [106].

The property of linear convergence depends on the norm chosen on E (linear
convergence may occur for one norm and not for another one), but not those of
superlinear and quadratic convergences.

Obviously, the superlinear convergence is faster than the linear convergence and
the quadratic convergence is faster than the superlinear convergence.

Superlinear convergence is typically obtained by the quasi-Newton methods (when
everything is going well), while quadratic convergence is typical of Newton’s
method.

To conclude this section, let us mention a property of superlinear convergence

that will be useful in section 4.1.4. We say that two sequences {uy}r>0 and {vk}r=0
in a normed space E converge to zero equivalently, a concept that we denote by

{uk} ~ {’Uk}, if

IC >0, VE=0: C Hug| < |vil <C|url.

Lemma 1.47 (equivalent vanishing sequences) If the sequence {xy} con-
verges to Ty superlinearly, then, {xp11 — xr} ~ {Tr — T4 }.

Proof. Just write xp — xp41 = (T — %) — (X1 — %) = (xx — %) + o2k — 24])
and conclude. O
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1.5.2 Newton and Quasi-Newton Algorithms A

Nonlinear Equation

Consider first the problem of finding a zero of a nonlinear system of equations. A
function F' : E — F between two vector spaces E and F of the same finite dimension
is given and the problem consists in finding a zero of F, that is a point x € E such
that

F(z) =0. (1.67)

Newton’s algorithm computes such a zero approximately (but with high precision)
by generating a sequence {z)} < E, which is expected to converge to a zero of F'. The
procedure is as follows. Given the current iterate xy € E, F' is first linearized at zy,
yielding the affine model of F:

zeB — F(xg) + F'(zx) - (x — 1),

which is a good approximation of F' near xj. Then, it makes sense to take as next
iterate xx41, a zero of this affine map. Hence x4 solves (if possible)

F(xk) + F’(:ck) . (Ik+1 — :Z?k) =0. (168&)

This is a linear system, which is much easier to solve than the original nonlinear
system (1.67). If F' is C! and x4 is a regular zero, that is a zero with a nonsingular
Jacobian F’(xy), then when the current iterate xy is near x, F'(xy) is nonsingular
and the next iterate xp,1 is obtained by

Trpr = Tp — F'(ap) " F (). (1.68b)

These claims are clarified by the local convergence result to theorem 1.48.
Conditions ensuring the local convergence of Newton’s method are given in the
next result.

Theorem 1.48 (convergence of the Newton algorithm) Suppose that F
has a zero xy, that F is continuously differentiable around x, and that F'(xy)
is nonsingular. Then

1) there exists € > 0 such that, if the first iterate x1 € B(w4,¢), the Newton
algorithm (1.68), starting at x1, is well defined and generates a sequence
{zx} converging superlinearly to x,

2) if, furthermore, F is CY! in a neighborhood of x4, the convergence is
quadratic.

A quasi-Newton algorithm operates like the Newton method, except that the Ja-
cobians F’(xy) are approached by a linear operator My, : E — T, by a very specific
technique. This avoids the need of computing the derivatives. Hence, the next iter-
ate xy41 is computed by solving the linear system

F(CL‘;C) + M;g(x;Hl — xk) =0. (1.69)
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Despite the derivatives are not computed, superlinear convergence of the iterates is
usually possible. To prove such speed of convergence, the following Dennis and Moré
criterion for superlinear convergence is valuable. This criterion involves the quality
of Mj, only along the displacement direction xx41 — xk.

Proposition 1.49 (Dennis & Moré criterion for superlinear convergen-
ce) Suppose F is differentiable at one of its zero 4, that F'(xy) is nonsingular,
and that {x} generated by (1.69) converges to x. Then, the following properties
are equivalent

(7) the convergence of {xy} to x4 is superlinear,
(i) [Mr — F'(z4)](@rr1 — 2k) = o([|2rs1 — i)

Proof. Let us start by giving an expression of [My, — F'(z)](xx+1 — xx) that takes
into account the form of the algorithm displacement (zr11 — x1), given by (1.69).
There hold

[My, = F'(zs)] (241 — 1)
= —F(ax) = F'(zs)(@per — ) [(1.69)]
= —Fl(ze)(mr — z) + o(|zx — 24]) = F' () (wrr1 — k)
[F(z4) = 0 and differentiability of F at x|
= —F(z4)(wre1 — z4) + o]z — 24]). (1.70)

[(?) = (i1)] By (4) and (1.70), we get
My — F'(@))@xss — 25) = ofzi — ).
Then (i7) follows by (7) and lemma 1.47.
[(i1) = (¢)] If (44) holds, (1.70) yield
F'(24)(@h1 = o) = 0w — 2.

The nonsingularity of F'(z,) then implies that xp11 — 2% = o(|zr — z4||), which is
the superlinear convergence {x}, yielding (7). ]

Unconstrained Optimization A

Consider now the unconstrained optimization problem ...

1.5.3 Global Convergence in Unconstrained Optimization A

Consider the problem of minimizing a function f : E — R on a Euclidean vector
space E (no constraint):

min f(z).

zelk

The global convergence of an algorithm generating a sequence of iterates {zx}r>1
means that some kind of convergence result for this sequence {xj}r>1 or most often
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for some associated quantities (like the gradients V f(xy)) can be obtained, whatever
the initial iterate x1 is. This concept has to be compare with that of a local convergence
result, which assumes that the initial iterate is close enough to a solution.

The most classical results “only” prove that the sequence of the gradients V f(xy)
converges to zero or, even less, that liminfy_,o |V f(z1)| = 0 (meaning that a subse-
quence of {V f(zx)} converges to zero). It is usually not the case that the sequence of
iterates {xy }x>1 itself converges to a solution to the problem, unless strong assumption
are taken on the function f, like its strong convexity. Nevertheless, if Vf(z;) — 0,
any adherent point of {zj}r>1 is a solution to the problem.

Once a method is able to define a direction of move di € E at the current iter-
ate xi, a globalization strategy can be introduced, which is a technique able to force
convergence from any starting point. The most famous globalization strategies are
the use of line-searches and trust-regions.

Line-search

A line-search algorithm generates a sequence {x} as follows:

e choice of a descent direction at xy, i.e., di € E such that f/(xg) - dp < 0 (stan-
dard examples are gradient, conjugate gradient, Newton, quasi-Newton, and Gauss-
Newton directions; each of these directions has specific properties and are more or
less adapted to a given problem);

e determination of a step-size ap > 0 by a line-search rule to force a sufficient
decrease of f along dj (standard examples are Cauchy, Armijo, Goldstein, and
Wolfe rules; each of these rules is adapted to particular situations, directions, and
specificities of the problem at hand);

e the next iterate is then obtained by zy11 := zp + agdk.

This is a very simple algorithm, but with powerful properties. Its simplicity makes it
more easily adaptable to problems that are more complex than unconstrained mini-
mization.

In the next result, we simplify the notation by abbreviating gi := V f(z).

Proposition 1.50 (global convergence with line-search) Let {x} be a se-
quence generated by the line-search algorithm described above. If {f(xk)} is
bounded below, then
Z lgr|? cos® 6, < +oo, (1.71)
k=1

where O := arccos(—gg, di)/(|gk| |dk|) is the angle between di and —gy.

The property claiming that the series in (1.71) is convergent is called the Zoutendijk
condition [138; 1970]. It provides the contribution of the line-search to the global
convergence. The contribution of the directions dj, is also important and one cannot
conclude any interesting properties without specifying it. Sometimes the analysis is
long and tortuous [61; 1992]. The simplest situation is for the gradient or steepest
descent algorithm, in which dy = —gy; in that case, cosf; = 1 and we obtain that the
series Y., | gx|? is convergent, implying in turn that g, — 0. This is the kind of results
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that is highly desirable. Without assumption like the strong convexity of f, one cannot
guarantee that the sequence of iterates {xy} converges to a point minimizing f (see [62;
2000] and the references therein). Hence, one can say that the gradient algorithm with
line-search is convergent.

Trust-Region A

A trust-region algorithm generates a sequence {xj} as follows:

o choice of a model ¢y, of f around zy,, usually quadratic: ¢y (s) 1= {(gk, s)+2(Mys, s)
(standard models are the gradient, Newton, quasi-Newton, and Gauss-Newton
models);

e determination of a trust-radius A > 0 such that f(zy + si) is sufficiently smaller
than f(xg), where s, € Argmin{pk(s) : |s| < Ax};

o the next iterate is then obtained by zp41 1= z + sg.

Proposition 1.51 (global convergence with trust-region) If f is C! in a
neighborhood of Vq := {z € E : f(x) < f(z1)}, if {f(ar)} is bounded below, and
if {My} is bounded, then liminfy_,o |gi| = 0. If, furthermore, f is C1', then
gk — 0.

1.5.4 Global Convergence for Nonlinear Equations A
Let F : E — E and consider the problem of finding = such that
F(z) = 0.

No algorithm with global convergence (a few exceptions however; e.g., when F' is
polynomial, but the methods are expensive and restricted to problems with a rather
small dimension).

zel

min (w(o) = 5IF@IR)-

An amazing but misleading fact is the following. If V(xy) # 0, the Gauss-Newton
direction
O e Argmin |F(zy) + F'(xx)d|3
deE
is a descent direction of ¢ at zj. May yield false convergence. It is better to use the
trust-region approach: xpy1 = X + Sk, Where

s € Argmin |F(zy) + F'(x1)s|3,

[sl2<Ax

with well adapted trust-radius 4y > 0.






2 Optimality Conditions

There is no more general optimization problem than (Px) in (1.47), in which an
arbitrary function f is minimized on an arbitrary set X (well, there, the set was
supposed to belong to a Euclidean space, which is already a major restriction). In this
chapter, we consider a problem with a little more structure than (Px), but not much:
an additional function c is used to represent the feasible set, which is now defined by
“c(x) € G”, where c is an arbitrary function and G is a nonempty closed convex set.
The goal of the analysis of this chapter is to clarify where and how this function ¢ and
the set GG intervene in the optimality conditions. A remarkable outcome is that the
theory presented in section 1.4.4 for the equality and inequality constrained problem
(Pgr) can be nicely extended to this much more general problem. The abstraction
brought by the considered model will allow us to better figure out the meaning of
the optimality conditions, by highlighting their geometrical structure, and has the
technical advantage of not forcing us to work with indices, which makes the proofs
easier and more elegant. Furthermore, this generalization is also a means to make a
few steps on the way towards the analysis of infinite dimensional problems, which are
perfectly well defined with this abstract setting.

2.1 First Order Optimality Conditions for (Pg)

The first order optimality conditions of an optimization problem are frequently used.
Since they express optimality by a mathematical system made of equalities, inequal-
ities, inclusions, etc, which can be solved, they can be used to compute a solution
analytically, i.e., on a piece of paper, to design algorithms to compute them, to con-
ceive a stopping criterion for the latter, to have properties on the solutions of the
considered problems. For these reasons, their setting is a very important step in the
understanding of an optimization problem.

2.1.1 Definition of the General Problem

Let E and F be two Euclidean vector spaces. We consider the problem

o) {1 1) 1)

where f : E - R and ¢ : E — F are smooth functions, and G is nonempty closed
convex set in F (not necessarily a cone). The letter ¢ is used to recall that the func-
tion intervenes into the constraint and the letter G is introduced to avoid the more

o1
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appropriate but too frequent C and refers to the rather generality of this set. The
feasible set of the problem is denoted by

Xg:={zeE:c(x)eG}=c1(G).

Definition 2.1 (convex (Pg)) The optimization problem (Pg) is said to be convex
if its objective f is convex and its feasible set X is convex.

The following implication holds for the multifunction T: E — F : z — ¢(z) — G.

T is convex == Xg =T 1(0) is convex. (2.2)

Proof. Note the equivalences
reXg <= cr)eG@ = 0eT(x) <= xeT Y0).

Therefore Xg = T71(0) and, according to (1.45), X is convex by the convexity
of T~ (implied by the one of T') and the convexity of the singleton {0}. O

Examples 2.2 A number of optimization problems can be written in the form (Pg).
Let us mention a few.

1) The nonlinear optimization problem (Pgr), presented in section 1.4.4, can be writ-
ten in the form (Pg), by taking F = R™ and G = {Ogmz} x R™7. Therefore,
problem (Pg) generalizes problem (Pgy).

As a problem a little more general than (Pg), we have

inf, f(x)
(Ppp)) 1 ce(x) =0
cr(z) € [1,ul,

where, for some vectors [ and u € R"", [l,u] := {v € R"™ : |
problem reads like problem (Pg), with F = R™ and G = {Ogmz }
2) The linear semidefinite optimization problem reads

< v < u}. This
x [1

[0, u].

ianESn <O, X>
(Pspo) 4 A(X) =0
X >0,

where C € 8", A: 8" — R™ is linear, b € R™ and X > 0 requires that X € S.
This problem can be written in the form (Pg) by taking E = 8™, F = R™ x 8™,
c:XeS" - (AX)—-b,X)eR™ x 8" and G = {Orm} x ST.
The semidefinite optimization problem is analyzed in chapter 6.

3) Let E and F be two Euclidean vector spaces. A composite optimization problem is
an optimization problem of the form

min (g o F)(x), (2.3)

zeR
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where F : E — F is a differentiable function, ¢ : F — R is a function that may be
nonsmooth and (g o F) denotes the composition of g and F; hence (g o F)(z) =
g9(F(x)).

This problem can also be written [110] inf(, o)ecpxr{c € R : g(F(z)) < a} or

inf(, a)eExr @
{ (F(z), ) € epi(g), (2.4)

so that it is of the form (Pg) in (2.1) with E ~E:= Ex R, F ~ F := F x R,
¢:(z,0) € E— (F(z),a) € F and G = epi(g) < F. Note that the reformulation
(2.4) of (2.3) in terms of (Pg) is valid without the need to have g smooth, since this
function appears in (2.4) only through its epigraph. The set G will be nonempty
closed convex set if g € Conv(F).

Conversely, the problem (Pg) can also be written as a composite optimization
problem [71, 110], since it reads

inf f(2) + Zo(c(a))
where Z¢ is the indicator function of the set G. This last optimization problem
is of the form (2.3), with a function F' : z € E — (f(2),c(x)) € R x F and
g:(z,y) eRxF 2+ Zg(y) eR.

Therefore, problems (Pg) and (2.3) are equivalent.

See the subsection Composite optimization in section 2.1.6 for a short analyzis of
the composite optimiztion problem. O

2.1.2 First Order Optimality Conditions

Necessary conditions of optimality of the first order (NC1) for problem (Pg) can be
obtained by using the same approach as for problems with equality and inequality
constraints, which starts with the Peano-Kantorovich condition (1.51) and culminates
in the proof of theorem 1.40. There are some additional technical difficulties, however,
but these can be overcome. This approach requires the computation of the tangent
cone T, X to the feasible set X at x. The first step consists in establishing a link
between this tangent cone and the linearizing cone to X at x, which is the cone
defined and denoted by

T, X¢:={deE:d(x)d € T, G}.

Since it can also be written ¢/ (2) [T, (,) G|, the linearizing cone is a nonempty closed
convex cone, when G is a nonempty closed convex set.

Proposition 2.3 (tangent and linearizing cones) If ¢ is differentiable at
z € Xq, then
T, Xg S T; Xa. (2.5)
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Proof. Let d € T, Xg. One may assume that d # 0, since 0 € T/, X, trivially.
Then, there exist a sequence {zy} € X converging to x and a sequence {t;} | 0
such that (zx — x)/tr — d. Furthermore, ¢ being differentiable at x, one can write
c(xg) = c(x) + d(z)(xg, — x) + o(|zx — z|), so that

c(xg) — c(x)

= — ' (z)d.

Since ¢(z) € G and ¢(x) € G, we deduce from this limit that ¢/(z)d € T, G. O

Equality does not necessarily hold in (2.5), since T, X is a convex set (see the
remark before the proposition), while T, X¢ is not necessarily convex (we have not
required the affinity of the function ¢ defining X¢). This is annoying, since it is the
tangent cone T, X that intervenes in the generic first order necessary condition of
Peano-Kantorovich (1.51), while one would like to take advantage of the analytic ex-
pression of the linearizing cone T’, X¢. Like for the problem (Pgr) (see the subsection
Constraint Qualification in section 1.4.4), the notion of qualification of the function ¢
to represent X is linked to the fact that equality holds in (2.5), but it is not limited
to that property. Recall indeed the technique of proof of proposition 1.40 yielding the
first order optimality conditions of Karush, Kuhn, and Tucker, a technique that will
be also used to prove proposition 2.6 below. The goal is to show that the gradient
V f(z4) belongs to a cone that we want to be explicit. Two ingredients intervene in
this approach:

e the equality between the tangent and linearizing cones, which allows us to make
good use of the expression of the tangent cone given by the linearizing cone,

e the polyhedrality of the linearizing cone, which allows us to discard the closure
operator acting on the set resulting from the use of the Farkas identity (1.15).

In the present case, T’ X is not necessary polyhedral, because we do not want to
impose this restrictive polyhedrality property to G. In order to select the nonconvex
feasible sets for which the proposed approach to establish the first order optimality
conditions can be used, we introduce a so-called constraint qualification assumption,
which precisely ensures the equality between the tangent and linearizing cones (it
is (2.6a) below, nothing new there with respect to the definition 1.38), but also the
closed character of the image by ¢/(z)* of the dual of the tangent cone T, G (it is
(2.6b) below).

Definition 2.4 (qualification of ¢ to represent X) The constraint c is said to
be qualifed for representing X at x € X if ¢ is differentiable at z and if the following
two conditions are satisfied:

T, X¢ = T, X, (2.62)
¢ (2)*[(Teezy G)T] is closed, (2.6b)
where ¢/(z)* : F — E denotes the adjoint linear operator of ¢/(z) : E — F. O

The verification of this constraint qualification (2.6) is a difficult task. In order to
simplify it, a sufficient condition of qualification is introduced and studied in sec-
tions 2.1.3 and 2.1.4.
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Constraint qualifications make possible, like for problem (Pg) and (Pgr), the
obtention of first order optimality conditions, those of theorem 2.6 below. When G =
K is un cone, we shall use the complementarity notation

KtsvluekK

to mean, in a compact manner, that the vectors u and v of IF verify the three properties
uwe K,ve K" and {u,v) = 0. We shall use the following equivalence.

Lemma 2.5 Let K be a closed convex cone in a Fuclidean space E. Then

v+ N, K30 — Ktsvluek. (2.7)

Proof. Since N, K = @ if u ¢ K, the condition v + N, K 3 0 is equivalenet to
ue K and (<—U,u’—u><0, Vu’eK).

Since K is a cone and u € K, one can take v’ = 2u and v’ = %u (or v/ = 0, since 0

belongs to the closed cone K) in the last condition, which therefore implies that
{u,v) = 0. As a result, the previous conditions are equivalent to

u€ K, {u,vy =0, and (<v,u’>2 0, Vu’eK).

It remains to observe that the last condition also reads v e K. O

Theorem 2.6 (NC1 for problem (Pg)) Let x4 be a local solution to prob-
lem (Pg). Suppose that f and ¢ are differentiable at x4 and that c is qualified to
represent X at Ty, in the sense of definition 2.4. Then, there exist Ay € F such
that

Vi(zs) + ¢ ()" X = 0, (2.8a)

If G = K 1is also a cone, (2.8b) becomes

K= 32X Le(zy) e K. (2.8¢)

Proof. Structurally, the proof is similar to the one of theorem 1.40, in a more abstract
setting, however. We have sucessively

V()

m

(Tay Xa)* [Peano-Kantorovich (1.51)]
= (T,, Xa)" [constraint qualification (2.6a) at ]
= {deE:d(xy)d € Tey,) G} [formula (2.5) of T/, X¢l.
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We now apply the Farkas identity (1.15) with A* = ¢/(z4) and KT = T, G. Since
the latter is a closed convex cone, the following holds K = KT (see (1.16)). We get

V(@) € ¢ (@4)*[(Te(uy) G) ] = ¢ (23) [(Te(ey) G) 7,

where we have used the constraint qualification (2.6b) at © = 4. We have shown the

existence of a Ay € —(T¢(p,) G)F = Ne(p,) G (it is (2.8b)) such that (2.8a) holds.
The complementarity condition (2.8c) results from (2.8b) and the equivalence

(2.7), which can be applied since G = K is a convex cone. O

Definitions 2.7 (stationary point) A point z, satisfying (2.8a)-(2.8b) for some
A« € F is said to be a stationary point of problem (Pg). Sometimes, one says that the
pair (zy, Ay ) satisfying (2.8a)-(2.8b) is stationary for problem (Pg). The vectors Ay
in (2.8a)-(2.8b) are called the optimal multipliers associated with x. O

Remarks 2.8 1) If ¢ : E — E is the identity, (2.8a)-(2.8b) reads Vf(zy) €
—N,, G = (T, G)* and one recovers the first order necessary condition of op-
timality of Peano-Kantorovich (1.51). In other words, the conditions (2.8a)-(2.8b)
offer a way of taking into account non simple constraints, in which a function ¢
intervenes.

2) One recognizes in (2.8a) the gradient with respect to x of the Lagrangian of prob-
lem (Pg), which is the function ¢ : E x F — R defined at (z,\) € E x F by

Lz, A) = f(x) + A e(x)). (2.9)

This Lagrangian makes use of the functional part of the constraint ¢(z) € G. The
set G is taken into account by the second condition (2.8b).

3) The condition (2.8¢c) is called the complementarity condition of problem (Pg),
which therefore holds when G = K is a nonempty closed convex cone.

4) Problem (Pg) can be written like problem (Pg) with the polyhedral cone G = K =
{Ogmz} x R™7. Then, the optimality conditions have the form (2.8a) and (2.8¢).
Since K~ = R™# x R}"' | the complementarity condition (2.8c) only intervenes on
the inequality constraints and reads 0 < (A4)r L ¢r(z4) < 0. One recovers the
complementarity conditions of the KKT system (1.58). O

A sibling of the sufficient optimality condition of the first order (SC1) of proposi-
tion 1.43 is given below. Like before, this SC1 does not require a constraint qualifica-
tion. Recall also that the required convexity of X« is ensured by the convexity of the
multifunction z — c(z) — G, see (2.2).

Proposition 2.9 (SC1 for a convex (Pg)) Suppose that problem (Pg) is con-
vex in the sense of the definition 2.1, that f and c are differentiable at x4 € Xq,
and that there exists a multiplier Ay € F such that (x4, As) verifies the first order
optimality conditions (2.8a)-(2.8b). Then, x4 is a global solution to (Pg).
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Proof. By proposition 1.28, since f is a convex function and Xq is a convex set, it
suffices to show that

VeeXg: (Vf(rg),z— x4 =0.
By the first optimality condition (2.8a), this amounts to show that
Vee Xg: Oy, d(x4)(x —24)) <0.

By the second optimality condition (2.8b), A\x € N¢(z,) G = (Te(z,) G)7, so that it
suffices to show that

Vee Xqg: C/(«T*)(xfx*)ETc(m*)G'

Now, by definition of the derivative

.1
d(zy)(r — 1y) = ltlfél n [c(zs + t(x — @4)) — ()]
For ¢t € [0,1], c(xs + t(x — x4)) = c((1 — t)zy + tx) € G (since x4 and x are in the
convex set X¢), so that the right-hand side is in the closure of R (G — ¢(z4)), which
is TC(I*) G. O

2.1.3 Robinson’s Condition

It is not easy to verify that a given function c is qualified to represent X at x € X¢, in
the sense of definition 2.4. Like for the classical problems (Pg) and (Pg;), one knows
sufficient conditions ensuring that qualification. The most famous of them (there are
reasons for that) is the Robinson condition [119], which at z¢ € X reads

(CQ-R)  0e€int(c(zg) + ¢'(z0)E — G). (2.10)

The goal of this section is to analyze and clarify this very rich condition. To arouse
the curiosity of the reader, let us mention that (2.10) reduces to the Mangasarian-
Fromovitz condition (CQ-MF) when the problem (Pg;) is viewed as a particular
instance of problem (Pg); see exercise 2.1.4.

The condition (CQ-R) may look abstruse at first glance, but it is worth the effort
to get familiar with it, since it is useful on several accounts. Its clarification and its
application to the constraint qualification lie on the following important equivalence,
which makes a link between (CQ-R) and the notion of metric regularity of the mul-
tifunction x € E — ¢(z) — G € F, associated with the constraint of (Pg). Recall the
definition and notation (1.1) of the distance from a point to a set.
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Theorem 2.10 (Robinson qualification and metric regularity) If c is
continuously differentiable in a neighborhood of xg € X, then the following prop-
erties are equivalent:

(7) the Robinson condition (CQ-R) holds at x,
(ii) there exists a constant p > 0, such that ¥V (z,y) € E x F near (x0,0), the
following inequality holds

dist(z, ¢ (G + y)) < p dist(c(x), G + y). (2.11)

The meaning of the metric regularity property, given in the condition (i) of the pre-
ceding theorem, is illustrated in figure 2.1: G + y is a small perturbation (translation)

c(z)

dist(c(z), G + v)

Fig. 2.1. Illustration of the notion of metric regularity for the set X¢.

of the closed convex set G, ¢~}(G + y) is then a small perturbation of the possibly
nonconvex feasible set ¢71(G), and the distance from x to the latter is estimated
by means of the distance from ¢(z) to the former. Practically, this estimate may be
interesting, since dist(c(z), G + y) (a distance to a convex set) is usually more easily
computed than dist(x,c (G + y)) (a distance to a possibly weird set).

Before giving a proof of this important theorem, which is long and complex, we
start by giving two of its straightforward corollaries. This is a way of getting familiar
with its meaning.

The first corollary gives an error bound for Xa. An error bound is an estimate of
the distance to a set by a quantity more easily computable (numerically or analyt-
ically). In general, X is a set that is more “complex” than G, if only because G is
convex, which may not the case of X¢ = ¢~ 1(G), which can be tortuous through the
action of the arbitrary function c. The error bound of Robinson (2.12) below gives an
estimate of the distance dist(z, X ), which may be difficult to compute, by the much
simple distance dist(c(x), G).

Corollary 2.11 (Robinson’s error bound for X¢) If ¢ is continuously dif-
ferentiable in a meighborhood of vy € X and if Robinson’s constraint qualifica-
tion (CQ-R) holds at o, then, there exists a constant p = 0, such that, for all x
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near g, the following inequality holds

dist(z, X¢) < p dist(c(z), G). (2.12)

Proof. Just take y = 0 in (2.11) and use the fact that X¢ = ¢~ }(G). O

Robinson’s error bound (2.12) will play a major part in the proof of the fact that
(CQ-R) is a sufficient condition of constraint qualification (proposition 2.21).

The inequalities (2.11) of theorem 2.10 form a family of error bounds for the sets
¢ Y(G +y), with y small enough, which are small perturbations of X. Theorem 2.10
claims that this family of error bounds is an equivalent condition to (CQ-R), while its
corollary 2.11 tells us that the single error bound (2.12) is a consequence of (CQ-R).

The distance to an empty set is infinite (see the remark after (1.1)). Since the
distance in the right-hand side of (2.11) is finite (G is nonempty), the one in the
left-hand side is also finite. This means that ¢=!(G + y) is nonempty for small per-
turbations y of G. It is this stability result for small perturbations that is claimed in
the second corollary. The comments in this paragraph serve as its proof.

Corollary 2.12 (stability of X for small perturbations) If ¢ is contin-
wously differentiable in a neighborhood of g € X and if Robinson’s constraint
qualification (CQ-R) holds at xq, then, for any perturbation y € F close to 0, the
following holds

{reE:c(z)eG+y} +#2. (2.13)

Remark that (2.13) makes no reference to the point xg, which can therefore be an ar-
bitrary point in X satisfying (CQ-R). Exercise 2.1.4 tells us that, for (Pgs), (CQ-R)
is equivalent to (CQ-MF), so that the following example shows that the reciprocal of
the claim of corollary 2.12 is false: stability does not imply (CQ-R). Counsider indeed
the following set

{reR?: —2% <xy <23}

This one reads {r € R? : ¢(z) € G} with ¢ : R? — R? : (21, 22) — (=23 + 29, —23 — 22)
and G = R? . It is nonempty, whatever the translation y of G is, while (CQ-MF) does
not hold at = 0 (because the gradients of the constraints Ve; (0) and Veg(0) are
collinear and opposite).

The rest of this section is entirely dedicated to the proof of theorem 2.10, whose
generality suggests its strength, but also augurs the difficulty of its analysis. The
hurried reader or the reader not interested in the proof can go directly to the following
section 2.1.4. This one only uses from this section the corollary 2.11.
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The proof of theorem 2.10, which will be given on page 70, is the consequence of
two interpretations and two main results (theorem 2.15 and proposition 2.19). The
analysis uses the multifunction toolbox. The following two multifunctions will play a
major part:

T:E—oF:2z—T(z):=c(zx) -G, (2.14a)
To:E—-F:x— Ty(x) := c(xo) + ¢ (x0) - (x — z0) — G. (2.14b)

The multifunction T was already used in (2.2) to provide a sufficient condition ensur-
ing the convexity of the feasible set X = T~1(0), while T} is a kind of linearization
of T at xg, in which only c is linearized, not G. One can now give the scheme of the
proof of theorem 2.10.

1. First interpretation. Since the range of Ty is ¢(zg) + ¢/(z9)E — G, Robinson’s
condition (CQ-R) at z( reads

0 € int R(TQ)

This justifies the introduction of Tjp.

2. First result. For a conver multifunction, like Ty (but not T'), this last condition
turns out to be equivalent to the metric reqularity of Ty at (x0,0) € G(Tp) (theo-
rem 2.15). This means that there exists a constant ug > 0 such that, for all (x,y)
near (xg,0), the following inequality holds

dist(z, Ty ' (y)) < po dist(y, To())-

This notion is clarified below, after its definition 2.14.

3. Second result. When z is close to xq, T is “close” to Ty near x (and reciprocally),
in a sense that will be made precise below. Then, one uses the fact that the metric
regularity of T} is “diffused” to T' (proposition 2.19): there exists a constant p > 0
such that, for (z,y) near (xg,0), the following inequality holds

dist(z, 7~ (y)) < pu dist(y, T(x)).
4. Second interpretation. To get (2.11), it suffices now to observe that
T (y) =G +y) and dist(y, T'(z)) = dist(c(z), G + y).

The first identity results from the equivalences 2/ € T~ 1(y) < y € T(2') = c(2’) —
G < c@') e G+y < 2 € ¢ (G + y); while the second identity comes from
dist(y, T(x)) = dist(y, c(z) — G) = dist(c(x), G + y).

This proof scheme will be resumed in the proof of theorem 2.10 at the end of the section
(on page 70). Let us now establish the results that will allow us to implement it.

We start by giving expressions that are equivalent to the fact that a point yq is
interior to the range of a convex multifunction. As explained in the proof scheme afore-
mentioned (see its steps 1 and 2), this result will be applied to the multifunction Ty
defined in (2.14b), not to T defined in (2.14a), which is generally nonconvex. We shall
need the two important multifunction properties described by the definitions 2.13
and 2.14 below.
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Definition 2.13 (open multifunction) A multifunction 7' : E — F is said to
be open at (zo,yo) € G(T) with ratio p > 0, if there exists a neighborhood W of
(20,90) and a maximal radius rmax > 0, such that, for all (z,y) € W n G(T') and all
7 € [0, rmax], the following holds

y+pr Bp S T(x +r Bg). (2.15)

The ratio p is the quotient between the radius of the ball y + pr By of F that can be
inscribed in the image T'(x + r Bg) and the radius 7. O

By taking r = 0 in the inclusion (2.15), it appears that (x,y) must necessarily belong
to the graph of T, and this fact is indeed assumed in the definition.
The picture in the left-hand side of figure 2.2 illustrates the notion of open mul-

dist(x, 71
slope p ( W) slope > 1/u
T (y)
("E(), Z/O)

Y s ' a(T)  dist(y, T(riy) =

T(z)

Fig. 2.2. Illustration of the notions of open multifunction of ratio p (left) and of metric reg-
ularity of modulus p (right): both notions describe the variation of T'(x) with x; the openness
property makes this description from inside the graph, the metric regularity property makes
it from outside; these are not infinitesimal concepts.

tifunction. One can see the balls centered at y in T'(z + rBg) and T'(z + 2rBg), for
a certain radius r > 0 (they are translated for giving more visibility). The increase
rate of the radius of these balls with r provides the ratio p. This ratio is not an in-
finitesimale notion. Thus, it does not provide the infinitesimal variation of the size of
T(z + rBg) with r, at 7 = 0, but provides an approximation of this variation from
inside the graph of T' (the pairs (x,y) belong to this graph).

Whilst the openness of T describes the variation of T'(z) with z, from inside the
graph G(T'), the metric regularity defined below provides a similar description, but
from outside that graph.

Definition 2.14 (metric regular multifunction) A multifunction 7 : E — F is
said to be metric reqular at (xo,yo) € G(T') of modulus p > 0, if for all (z,y) near
(z0,¥0), the following inequality holds

dist(z, T (y)) < p dist(y, T(x)). (2.16)
This inequality assumes that dist(-, @) = +o0. O

The picture in the right-hand side of figure 2.2 illustrates the notion of metric reg-
ularity and its link with the notion of open multifunction. Note first that, to have
an estimate (2.16) bringing information, it is necessary to have (x,y) outside the
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graph G(T) (otherwise y € T'(x), y € T~(y), and the two distances in (2.16) vanish),
hence not to have (zg, yo) in the interior of that graph, but on its boundary, like in the
picture. We see that the modulus dist(y, T'(z))/ dist(x, T~ (y)) ~ 1/p has a meaning
that is similar to the ratio p in the left-hand side picture.

Note that (2.15) and (2.16) contain existence results. Indeed, when (2.15) holds
and y' € y + prBy, then, there exists an x’ € x + rBg such that y’ € T'(z'): hence, the
inclusion problem “given 3/, find an 2’ such that y’ € T'(2’)” has a solution. Similarly,
when (2.16) holds, dist(x, T~ !(y)) is finite (because dist(y,T(z)) is always finite),
which means that T7!(y) # @ or that there exists an 2’ such that y € T'(z'). In the
proof of the theorem below, we use these openness and metric regularity properties
in that manner.

Theorem 2.15 (open multifunction) Let Bg and By be the closed unit balls
of E and F respectively, T : E — F be a conver multifunction, and (xo,yo) €
G(T). Then, the following properties are equivalent:

(i) yo € int R(T),

(ii) for any r > 0, one has yo € int T(xo + rBg),

(#i7) T is open at (xo,yo) with some ratio p > 0,

(i) T is metric reqular at (xo,yo) with some modulus p > 0.

~— — — —

One can take p = 1/p in point (iv) if p is given by point (ii7).

Before proving this theorem, let us make some remarks on its assumptions and its
meaning.

e The open multifunction theorem above generalizes to convex multifunctions, which
is a nonlinear object, the open mapping theorem on linear continuous maps, which
is a basic tool in functional analysis [24]. This latter result is proposed in the
exercise 2.1.2 as an equivalence between three claims (7)-(i4¢) (its proof in finite
dimension is easy). Its claim (¢) is comparable to point (i) above; its point (i7) is
similar to point (4¢) and (iii) above and it point (¢i7) is related to point (iv) above.

e The convexity of T cannot be discarded without loosing the implications (i) =

(44) and (i) = (iii). Indeed, for the nonconvex multifunction 7', whose graph is
given in the figure below, yo € int R(T"), but yo ¢ int T'(xg + rBg) for small r > 0;

—— 0 + 7B
o

furthermore, T' is not open at (g, yo), since T'(zg + T‘BE) does not contain any ball
in I centered at yg.

e By its equivalence (i) < (iv), the theorem allows us to translate (CQ-R) in a
metric regularity property, which is what we wanted to do, but the equivalence is
limited to convex multifunctions for the while.
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e The equivalence between points (i4i) and (iv) makes explicit the link between open
multifunction and metric regularity, in a rigorous manner. Thus, a large value of p
testifies a fast variation of T'(z) with x, while a large value of u expresses a slow
variation of T'(x) with x.

Proof of proposition 2.15. [(i) = (ii)] Let r > 0. By the convexity de T" and (1.45),
T(xo+ TB]E) is convex. Then, it suffices to show that yg is absorbing for T'(xq + ’I“B]E);
see (1.14). Let p € F. Since yg € int R(T), one can find an o > 0 such that yo + ap €
R(T). This implies that there exists d,, € E such that

Yo + ap € T(xo + dy).

This d,, is not necessarily in rBg. By the convexity of 7', one can scale ap and d,, in
the same proportion. Indeed, because yo € T'(zg), we also have for all ¢ € [0,1] (see
exercise 77?):

(1 =t)yo + t(yo + ap) € T((1 = t)xo + t(zo + da))-

Hence, yo + tap € T(xo + tdy) < T(z¢ + rBg), for t > 0 small enough.
[(i1) = (i4i)] By (it), there exist radiuses o > 0 and 5 > 0 such that

Yo + B Br < T(xo + o Bg). (2.17)

The question now is to know whether such an inclusion is maintained for pairs
(x,y) € G(T) near (x0,yo) and for variable radiuses. Let us show that one can take

yo + BBr prerennenese g ‘\Q(T)
B B . N - B
W = (.’IIQ + CYB]E) X (yo + gB]F) o) slope p = 1=
P = ﬁ Yo —|=—— 9 1
4o W
Tmax = 201 :
Zo \zn + aBg

Indeed, let (z,y) € W n G(T). Observe that, by the definition of W and (2.17):
Y+ gB]F C yo + ﬁB}F o T(LL'Q + OéB]E) (218)
Then, for any ¢ € [0, 1], there holds

y+t8Br = (1-t)y+tly+5Br)

T((1—t)z + t(zo + a Bg)) [T convex, y € T(z), (2.18)]
T(z +t((xog — x) + a Bg))

T(x + 2t Bg) [zo € x + a Bg].

N

N

Making the change of variable t —~ r = 2t«, which is indeed in [0, ryax], we get the
desired inclusion since then t3/2 = rf3/(4a) = pr.

[(i74) = (iv)] One can assume that the neighbothood W of (x¢,y0) and the maxi-
mal radius rmax of the definition 2.13 satisfy

W= (@o,y0) +£(Bs x By)  and  Tiax < o (2.19)
P
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for some € > 0. Let us show that the metric regularity holds at (xg,yo) with the
module 1 = 1/p in the neighborhood W’ of (z,yo) defined as follows

W’ = (20,y0) + € (Bg x Br),  with ¢ < min (s, ’1?:2") . (2.20)

Clearly W' < W, since ¢’ < . Let (z,y) € W’. It suffices to show that the inequality
(2.16) hods with u = 1/p for this pair (z,y). We consider two complementary cases,
illustrated in figure 2.3.

dist(z, T~ (y))

dist(y, T'(x)
Ys ~t--mmmm T
Yo ------= ’

Fig. 2.3. Illustration of the proof of the implication (iii) = (iv) of theorem 2.15: (2.15) is
applied at (zo,yo) in the left-hand side picture (case 1) and at (x,ys) in the right-hand side
picture (case 2).

First case, which works when y is far enough from T(z) in the sense that

dist(y, T(z)) = (1 + p)e’. (2.21)

One can apply (2.15) at (x0,%0) € G(T) N W (red circle in the left-hand-side picture
in figure 2.3), which yields

V7 e [0, rmax]: Yo+ prBr S T(xo+ 7 Bg). (2.22)

Note that y € yo + pr Br, since |y — yol| < &' < prmax ((z,y) € W and &’ < prpax
by (2.20)). One can also write

0 otherwise,
_ Y

=:r EBF

_ y=yo_ ;
y:y0+pM{yyg ity #vo
p

which shows that y € yo + pr Bp with 7 := |y — yol/p < €/p < rmax. Therefore, by
(2.22), there exists a point &’ € z¢ + rBg such that y = T'(z'). We can now estimate
the distance dist(z, T7*(y)) as follows

dist(z, 77'(y)) < Jo—o/| [T ()]
< |z — x| + |20 — 2| [triangular inequality|
< o —wo| + ly—woll  [l2" = ol <7 =y —wol/p]
< €+ %5/ [choice of z and y].
< Sdist(y, T(x)  [(2:21)],
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which is the desired inequality when p = 1/p.

Second case, which works when y is close enough to T'(xz) in the sense that
dist(y, T'(z)) < (1 + p)e’. (2.23)
Then, for any ¢ > 0 sufficiently small, one can find ys € T'(x) such that

ly —ys| < dist(y,T(z))+ 06 [definition of the distance] (2.24)
< (14 p)e [(2.23) and § > 0 small]

< Prmax [(2.20)] (2.25)
<

s [(219)] (2.26)

One can apply (2 15) at (z,ys) (red circle in the right-hand-side picture in fig-
ure 2.3), since (z, y5 € WnG(T). Indeed, (x,ys) € G(T) by construction of ys € T'(z).
Next, |z — zo| < &’ <e, by (z,y) € W and (2.20). Finally,

11
lys — vol < lys =yl + |y — ol < Jetge=¢

where the last inequality comes from (2.26) and from ||y — yo| < &’ < prmax < &/2
(because (x,y) € W/ and by (2.20) and (2.19).

The application of (2.15) at (z,ys) (red circle in the right-hand-side picture in
figure 2.3) yields

Vre[0,rmax]: ¥Ys+prBr S T(z+ 7 Bg). (2.27)

Like in the first case, one can also write

ly —ysl| {722 ity #ys
= ys + ly—ysl
y=b%rr— 0 otherwise,

—_——

=:r €Br

which shows that y € ys + pr Br with 7= |y —ysll/p < rmax by (2.25). Therefore, by
(2.27), there exists a point z” € z + rBg such that y = T'(¢”). This point " allows
us to have the following estimation of the distance dist(z, T~!(y)):

dist(z, T~ (y)) loe =2 [2" e T (y)]
sly—wsl  [2" € x+rBp with r = |ly —ys/p]

L (dist(y, T(2)) +6)  [(224)].

NN N

Since § > 0 can be taken arbitrarily small, one deduces the desired inequality when
w=1/p.

[(iv) = (i)] Let us show the contrapositive. If yo ¢ int R(T), one can find a
y ¢ R(T) as close as desired to yo. For such a y, T~1(y) is empty, implying that
dist(zo, T~ 1(y)) = +o0, so that the inequality (2.16) cannot hold for y close to yo,
since this one would imply that T'(zg) = &, which is in contradiction with the fact

that (xo,y0) € G(T'). O
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The goal of property 2.19 below is to show that the metric regularity property can
“diffuse” from one multifunction to another one close to it, at least for particular forms
of multifunctioins and perturbations, those in which we are interested in, namely T
and Ty in (2.14). We mean by this that, under certain conditions expressing the
proximity of T' and Tp, if Ty is metric regular, T' is also metric regular. It is that
property that allows us to have the metric regularity of T' from that of Ty, and
reciprocally. The result does not require the convexity of the multufunctions under
consideration.

The idea of the proposed proof (there are other possibilities) derives from the

following change in perspective [35]. The metric regularity gives an upper bound of
dist(z, T7(y)). Observe that

reT(y) <= yeT(x) < dist(y,T(z)) =0,

where the last equivalence assumes that T'(x) is closed (this assumption is verified if
the multifunction T is given by (2.14a) and G is closed). Let us introduce the function
@y : E— R, defined at z € E by

o) = pu dist(y, T(2)), (2.28)
with u > 0. We see now that
T—(y) is the set of the zeros of p,. (2.29)
The metric regularity property can then be expressed as follows:
VY (x,y) near (zo,y0) : y has a zero in B(z, p,(z)), (2.30)

where B(z,7) is the closed ball centered at x with radius r.

This viewpoint suggests us to look at conditions ensuring that a function with
values in R has a zero that is not too far from a given point z. We do this by using
two function properties and one lemma.

Definition 2.16 (subcontinuous function) A function ¢ : E — R is subcontin-
wous if, for all sequence {xy} — x such that ¢(x) — 0, one has p(z) = 0. O

A continuous function is clearly subcontinuous.

Definition 2.17 (r-steep function) A function ¢ : E — R, is r-steep at x, with
€ [0,1), if

Va'e B <x, () ) , 32" e B (2, 0(@)): pa”) <ro().
1—r ]
One can express this property as follows: for each point z’ in the ball B(z, p(z)/
(1 — 7)), one can find another point z”, not too far from 2’ (z” € B(a/, p(2'))), at

T
which ¢ decreases significantly (p(z”) < r¢(z')). Note that, assuming ¢(a’) # 0,

p@) —pa”) _ p(') —rea)

= =1_,
EExd o) "
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which provides a guarantee on the decrease of .
As shown by the next lemma, a function having the two preceeding properties has
a zero that is not too far from the point at which it is r-steep.

Lemma 2.18 (Lyusternik) If ¢ : E — R, is subcontinuous and r-steep at
x € dom p, with r € [0,1), then, ¢ has a zero in B(z,o(x)/(1 —1r)).

Proof. Let us construct a sequence {zy}r>0 € E with the following properties:
dist(zr41,25) < o(xg) and 0 < p(zry1) < rp(Tr). (2.31)

Take o = z. Now, suppose that xg, ..., x; have been determined and let us show
how to compute z1. Thanks to the properties (2.31), one has

k—1 k—1 k—1
dist(zg, ) < Z;‘J dist(zi11, ;) < ;3 o(z;) < <§J r ) p(z) < T (2.32)

Since ¢ is r-steep at z, one can find xi41 € E such that (2.31) holds.
The sequence {z}} is a Cauchy sequence, since dist(zx11, ) < 8¢ (z), by (2.31).
Therefore, for positive integers p < g, there holds

dist(zq, xp) < <Z Tk) p(x),

k=p

where the factor of ¢(z) in the right-hand side tends to zero when p and ¢ — oo.
As a result, the sequence {r3} converges: zx — x € B(x,p(z)/(1 — 1)) by (2.32).
Furthermore, taking the limit in ¢(xk11) < ro(xy) shows that ¢(zx) — 0. The
subcontinuity of ¢ now implies that ¢(z) = 0. O

If c is continuous and if the multifunction T is metric regular, then, the function ¢,
defined by (2.28) is subcontinuous and 0-steep:

e it is even continuous since x — dist(y, T'(x)) = dist(y, c(z) — G) = dist(c(z) —y, G)
is the composition of the continuous functions x — c¢(z) — y and dist(-, G),
e it is O-steep by the expression (2.30) of the metric regularity.

It looks now reasonable to think that these two properties are maintained for a small
perturbation of T'. It is the underlying idea of the proof of the next proposition.

Proposition 2.19 (metric regularity diffusion) let ¢: E — F be a continu-
ous function, 6 : E — F be a Lipschitz continuous function of modulus L > 0 in
a neighborhood of a point ¢ € E, and G be a nonempty convex set of F. If the
multifunction

T:E—oF:x—c(z)—G
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s metric reqular at (zo,yo) € G(T) with modulus p < 1/L, then the multifunction

T:E—oF:z—c(z)+dx)—G

is metric reqular at (zo,yo + 0(x0)) € G(T) with modulus /(1 — Ly), i.e., for all
(x,y) near (zo,yo + d(x0)), the following inequality holds

dist(z, 7' (y)) < 7 —MLM dist(y, T'(z)). (2.33)

Proof. One can suppose that §(xg) = 0 since the metric regularity is invariant with
respect to translation of the graph G(T') in E x F. The effects of the continuity are
better seen if the function ¢ in T is made visible. One gets, for all (z,y) € E x F:

T y) = (G+y), T 'y =¢"G+y), (2.34a)

dist(y, T'(x)) = dist(c(z), G + y), dist(y, T(z)) = dist(é(z),G +y).  (2.34b)

The identity (2.34a) comes from the equivalences x € T~ !(y) < y € T(z) & y €
c(z) — G < c(z) e G+y < z€c (G +y). The identity (2.34b) can be obtained by
dist(y, T(x)) = dist(y, c(x) — G) = dist(c(x), G + y).

1) Consider the map

Gy € B> @y (x) := p dist(y, T(x)), (2.35)

which can be compared to the one introduces in (2.28). Let us show the it suffices to
prove the next claim, in which r := Ly < 1:

AU e N(xg), IV e N(yo), ¥V (z,y) e U x V,

S . (2.36)
Py s subcontinuous on E and r-steep at x.

Indeed, by Lyusternik’s lemma (lemma 2.18), , has then a zero in the ball B(z, @, (z)/(1—

7)). Yet, the zet of zeros of 3, is T~'(y) (by the smae reasoning as the one yielding

(2.29); it is here that we use the closure of G). As a result, for all (z,y) € U x V, one

gets (2.33):

dist(z, T~ (y)) < si?yfx: = 17MLM dist(y, T'(x)).

2) It remains to prove (2.36).

By the continuity of ¢ and the continuity of the distance to a convex set, one sees
that ¢, is continuous on E, hence subcontinuous on E.

Let us now determine the neighborhoods U of xg and V of yy such that, for all
(x,y) e U x V, @, is r-steep at x.

e By the p-metric regularity of T at (9, yo) and by (2.34), one can find the neigh-
borhoods Uy of zg and Vi of yg such that, for all (z,y) € Uy x Vi, there holds

dist(z, ¢ (G + y)) < pdist(c(z),G +y). (2.37a)
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e One can also find the neighborhoods U; < U; of xg and Vo € V; of yg such that,
for all (z,y) € Uz x V3, there holds

B(:v, pdist(é(z), G + y)) cl and y—d(x) e V1. (2.37b)

The inclusion in U; comes from the continuity of (x,y) — dist(é(x), G +y) and its
vanishment at (zo,y0) € G(T); the belonging in Vi comes from the continuity of
the map (z,y) — y — d(x) and its value yo at (xo, yo)-

e Finalement, one takes neighborhoods U < U, of 29 and V' < V5 of yg such that,
for all (z,y) € U x V, there holds

B(a:, &
1_

This is again possible by continuity and vanishment of dist(é(z), G +y) at (z,y) =
(0, y0) (like above).

" dist(é(x), G + y)> c Us. (2.37¢)

Let us show that, for all (z,y) € U x V, @, is r-steep at z. Let us fix (z,y) €
U xV.Let 2’ € B(z,py(x)/(1—r)). One must now find 2” € B(z', $, (")) such that
Gy (@) < 1dy(').
o Since 2’ € B(z, @y (z)/(1 — 1)), the definition (2.35) of @, and (2.37c) show that
= U2.
e Since y € V < V», one can apply (2.37b) at (z,y) —~ (2/,y), which yields

B(x/, pdist(é(z), G + y)> c and  y :=y—46(z")e V. (2.38)
e One can therefore use (2.37a) at (x,y) — (2/,y’), which yields
dist(z', ¢ (v + @) < pdist(c(z’),y’ + G).

Since ¢71(y' + G) is closed, this implies that there exists

" ec iy +Q) (2.39)
such that
dist(2’,2") < pdist(c(2)),y’ + G)
= pdist(c(a’),y = 6(2) + G) [y =y —6(a’) by (2.38)]
pdist(c (a:j) G+vy) [¢=c+]
pdist(y. 7)) [(2:345)
= &yla)  [(2:35)]. (2.40)

Therefore, we have found a point z” at an appropriate distance from z’. We still
have to show that this point provides an appropriate decrease of @,,.
e Let us use (2.39), which reads

c@ey +G or (") +6()eG+y. (2.41)

Then,
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dist(y, T'(2")) = dist(c(2"),G + y) [(2.34Db)]
< dist(e(z”) + d(x"), c(z") + 6(2")) [(2.41)]
— dist(3(2"),8(2"))
< Ldist(2”,2")
< a6 [240)]

If the two extreme sides are multplied by p, we get thanks to (2.35):
Py(2") < Lugy(2') = r@y(2).
This is the expected inequality. O

Proof of proposition 2.10. Let Ty be the multifunction defined by (2.14b). Then, we
have seen that
(CQ-R) at xg — 0 € int R(Tp).

The multifunction T is convex, since x — c(xg) + (o) - (x — xo) is affine and G is
a convex set, and (zg,0) € G(Tp), since xg € X¢. Then, one can apply theorem 2.15,
whose equivalence (i) < (iv) yields

(CQ-R) at xg — To is po-metric regular at (zo, 0).

We now apply proposition 2.19, with 7 —~ Ty, T —~ T (the multifunction defined
in (2.14a)) and § : E — F is defined at = € E by

5(z) = e(x) — c(xg) — ¢ (z0) * (x — w0).

Since ¢ is C! in a neighborhood of x¢, & is Lipschitz continuous in a neighborhood
of xq:

[6(") — ()]

le(z") = e(a) = (o) - (2" — 2")|
( _Sup I (=) - 0’(Io)|> |2" — 2]

[o/2"]

N

N

L|a" - '],

where L > 0 can be taken as small as desired, provided ' and z” are sufficiently
close to zg (¢ is continuous), in particular < 1/ug. Then, proposition 2.19 shows that
the metric regularity of Ty at (zg,0) implies that of T at the same point. One can
reverse the roles of Ty and T, since the convexity of one of the multifunctions does
not intervene in proposition 2.19 and L can be taken arbitrarily small by reducing
the neighborhood of z(. As a result, the metric regularity of T at (x,0) implies that
of Ty at the same point. We have shown that

(CQ-R) at zg — T is p-metric regular at (xg,0).

It remains to give an interpretation to the right-hand side of the previous équiva-
lence. This one actually means that, for all (z,y) near (xo,0), the following holds

dist(z, 77 (y)) < pdist(y, T(z)).

Since dist(z, T~ (y)) = dist(z,c (G + y)) and dist(y, T(z)) = dist(c(z), G + y), the
equivalence of proposition 2.10 is proven. O
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2.1.4 Robinson’s Constraint Qualification

Let us recall the Robinson condition (2.42) and write it at a point x € E:
(CQ-R) 0 € int(c(z) + ¢'(z)E — G). (2.42)

The main goal of this section is to show that this condition is sufficient for ensuring
that the constraint qualification conditions (2.6) hold at a given point of X¢. To
achieve this goal, is is useful to have at hand the few equivalent formulations of
(CQ-R), given in the next proposition. Recall some definitions: for a closed convex
set C' and a point x € C, the cone of feasible directions to C' at z reads T/C :=
R, (C — ), while the tangent cone T, C to C at z is the closure of TZC.

Proposition 2.20 (other formulations of (CQ-R)) If ¢ is differentiable at
x € Xg, the following properties are equivalent:

0 € int(c(z) + ' (z)E — G), (2.43a)
d(@E-T! G=F, (2.43b)
¢ (2)E — Te) G =F, (2.43c¢)
(2)E — Ty G =F. (2.43d)

Proof. [(2.43a) = (2.43b)] It suffices to prove the inclusion “2". Let y € F. Then, by
(2.43a), y/t € ¢ (x)E — (G — c(z)) for a sufficiently large ¢t > 0. Hence y € ¢/(z)[tE] —
(G = c(x)] € ¢ (@)E-T! G

[(2.43b) = (2.43¢c) = (2.43d)| These implications are clearly satisfied, since the

sets in the left-hand sides are larger and larger. .
[(2.43¢) = (2.43b)] We start by exploiting the link between Tg(m)G and T, G:

d(z)E — Tf(I)G [definition of T,y G]

C@E-T) G [A+B<4A+B]
d(@)E = Tem) G [T;f@)G S Te(a) G

F o [(2.43d)].

C’(CL‘)E — TC(I) G

N

IN

Taking the closure of all these sets shows that
¢(z)E—T! G =F.

Sonce ¢ (z)E — T({(w)G is convex, this identity certainly implies (2.43b) (see also ex-
ercise 1.2.4).

[(2.43b) = (2.43a)] From (1.14), it suffices to prove that 0 is absorbing for the
convex set C := ¢(z) + ¢/(x)E — G de F. Let y € F. Condition (2.43b) implies that
there exists d € E, y; € G, and « > 0 such that y = ¢/(z)d — a(y1 —c(z)). For t := 1/a,
we get ty = c(z) + ¢'(z)(td) — y1 € C; hence 0 is absorbing for C. O
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Note that, in (2.43b)-(2.43d), one can change the minus sign by a plus, since ¢/(z)E
and F are vector spaces. Conditions (2.43b) and (2.43c) convey the fact that F can
be written as the sum of a subspace, say Fy, and a cone, say K. According to exer-
cise 1.2.7, this is equivalent to saying that

Fo+vect K =TF and Fon (1K) # @.

Proposition 2.21 (constraint qualification by (CQ-R)) If ¢ is continu-
ously differentiable in the neighborhood of a point x € Xg and if the Robinson
condition (CQ-R) holds at this point, then, the constraint c is qualified to repre-
sent Xg at x, in the sense of definition 2.4.

Proof. We must show that (CQ-R) implies the two properties (2.6a) and (2.6b).
[(2.6a)] For this step of the proof, it suffices to use Robinson’s error bound (2.12).
According to proposition 2.3, it suffices to show the inclusion T, X¢ < T, Xg. Let
d € T! X¢. To show that d € T, Xg, it suffices to build a sequence {z;} < X¢g (a
priori a difficult task) and a sequence {tx} | 0 such that (z —x)/tx — d. The followed
approach is illustrated by figure 2.4: thanks to the Robinson error bound (2.12), one

Fig. 2.4. Illustration of the proof of (2.6a) to establish proposition 2.21

can create a sequence {z;} S X¢ := ¢~ !(G) with the desired properties; these are due
to the good feature of the sequence {c(z + ¢1d)} in F, which is to be asymptotically
very close to the sequence {y;}. Here are the details.

Since d is in the linearizing cone T’, X, it satisfies ¢/(z)-d € T.(z) G, which implies
that there exist sequences {yx} € G and {tx} | 0 (it is the good onel!), such that

Yk —t c(w) — c/(;p) -d or C({I;) + C/(x) . (tkd) — Y = o(tk). (2_44)
k

Consider the sequence {z},} < E defined by
T 1= + td.

This sequence is not necessary in X¢; hence the sequence {c(z},)} is not necessary
in G, but it is not far from {yi} (which is in G) asymptotically. Indeed, by the
differentiability of ¢, one has

c(zy) = c(z) + ' (z) - (tpd) + o(tr)
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and therefore, using (2.44),
c(},) = yr + oltk). (2.45)

We now build the appropriate sequence {x;} € X¢ thanks to Robinson’s error bound
(2.12) at xg — x. This one can be applied at . since this point is close to z for
sufficiently large k (and c is C' in a neighborhood of x). It tells us that there exists a
constant g = 0 such that, for sufficiently large k, one has

pdist(e(zy,), G) - [(2.12)]
pdist(e(zy) yx) [y € G]
o(tr)  [(245)].

This implies that there exists a sequence {z} € X¢ such that z = z}, + o(ty). We
have build the desired sequence {z}} since

dist(z), Xg) <
<

rp—x xp—x)  Tp—2  o(ty)
= = d—d.
2% 2% " 23 2% "
[(2.6D)] This step of the proof uses the expression (2.43c) of (CQ-R). We consider
a convergent sequence in the cone K := ¢/(x)*[(T.,) G)*], whose closure has to be
shown:

d(x)* N\ — v, (2.46)

where {Ar} € (T(;) G)*. The goal now is to show that y is in K. In finite dimension,
it suffices to show that the sequence {)\;} is bounded (then, one extracts from it a
convergent subsequence, whose limit is in the closed cone (TC(I) G)*, and one takes
the limit in (2.46), which shows that y € K). One proceeds by contradiction. If {\x}
is unbounded, one can extract a subsequence from {\z/[Ar]|} S (T G)*, which
converges to a nonzero vector (it has unit norm), say p. We see on (2.46) that

verifies
d(@)*u=0 and  pe(TyyG)*. (2.47)

Since p € T, (2.43c) tells us that it can be written p = ¢/(z)d — p for some d € E and
p € Ti(z) G. Therefore,

Il = p, c (x)d — p) = —(u,p) < 0

where we have used (2.47) and p € T.(,)G. This implies that y = 0, which is in
contradiction with the fact observed above, indicating that u # 0. O

2.1.5 Set of optimal multipliers

In the light of the optimality conditions (2.8a)-(2.8b), the set of optimal multipliers
associated with a stationary point x of problem (Pg) reads

A={XeNyy) G :Vf(x)+(x)*) =0}, (2.48)

where we have alleviated notation by dropping the star indices. As an intersection of
a closed convex cone and an affine subspace, this is a closed convex set. This section
gives more properties of this set.
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The next proposition cares about the boundedness of A (hence of its compact-
ness) and, in this sense, extends point 1 of proposition 1.42 from problem (Pg;) to
problem (Pg). It does it by computing first its asymptotic cone A% and then uses
proposition 1.13 to characterize the boundedness of A.

Proposition 2.22 (boundedness of the set of multipliers, Gauvin’s
property) Suppose that f and c are differentiable at a stationary point x of
problem (Pg) and that the set A of associated multipliers is nonempty. Then, the
asymptotic cone of A reads

A® = (Nyzy G) n N(d (2)*) = [ (@)E — Ter) G] (2.49)

It results that, A is bounded if and only if the Robinson condition (CQ-R) holds
at Ty = .

Proof. According to exercise 1.2.13, the asymptotic cone of A is given by the first
identity in (2.49). Now, using point 4 of proposition 1.7, No(;) G = (= T¢(;) G) ™, and
N(d(2)*) = R(c (z))* = (< (x)E)T, we get the second identity in (2.49).

Next, according to proposition 1.13, A is bounded if and only if its asymptotic
cone is reduced to {0}. Hence, we only have to prove

[¢(@)E ~ Ty G]" = {0} <  (CQR). (2.50)

The implication “<” is clear, if we consider the form (2.43c) of (CQ-R). For the
reverse implication “=", take the dual of the two sides of the identity in the left-hand
side of (2.50) and use (1.16) to get cl(c'(x)E — T,y G) = F, which is equivalent to
(CQ-R) by (2.43d). O

The final claim of the previous proposition may look strange since (CQ-R) only
depends on the constraints of the optimization problem (P ), while the optimal mul-
tiplier set A defined by (2.48), which is used to characterize (CQ-R), also depends on
the objective of the problem. Observe, however, that the characterization only uses
the asymptoric cone A%, which does not depend on the objective of the optimization
problem.

Proposition 2.24 [129] below highlights conditions ensuring that A is a singleton,
which is an esoteric way of saying that there is a unique multiplier associated with
the given stationary point x. We pave the way to this uniqueness result by the next
lemma, which gives an expression of the dual cone of ¢/(z)E — [(T(,) G) n A*], where,
for A e F:

X = {ue F i (u, A = 0} = (R{A™.

Note that the a priori larger set ¢/(z)E — T,y G is equal to F, when (CQ-MF) holds;
see proposition 2.20. A comparison with the dual cone of ¢'(z)E — T, G, whose
expression is given in (2.49), may be instructive.
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Lemma 2.23 Let x € E be a feasible point of problem (Pg) and let A € N, G.
Then,

[(Te@) G) 0 AM]H
(¢ @)E — [(Ter) G) n X]) T

— T)\(Nc(w) G), (251&)
N(CI(JI)*) N T)\(Nc(m) G) (251b)

Proof. [(2.51a)| Let us first compute

[(Tey @) 0 ATTF = (Tewy OF + (A} [(1.21)]

= fTﬁ (Ne(@y G) [A € N¢(y) G and exercise 1.2.11]
= —Tax(Nyo) G) [(1.22)].

[(2.51b)] Using property 6 of proposition 1.7, one gets
(¢ @)E = [(Te@) &) n M) = ((@)E)" 0 —[(Te) G) 0 A

One can then conclude by using (¢/(z)E)* = R(c/(2))* = N(c/(x)*), since ¢/(2)E =
R(c(x)) is a subspace, and (2.51a). O

Proposition 2.24 (uniqueness of the optimal multiplier) Let (z,\) €
E x F be a stationary pair of problem (Pg) and denote by A the set (2.48) of
optimal multipliers associated with x. Consider the following properties:

(1) A= {>\}
(i) N(C'( )*) ﬁTA( o@) G) = {0},
(iv) ¢ (z)E —

[(Te@) G) N A*] =F.
) =

Then, (i) < (ii) <= (ii)) < (). If T{(Ne@) G) = Ta(Ne) G), then the four
properties (i)-(iv) are equivalent.

Proof. [(i) = (i1)] Let p € N(d'(2)*) n T{(NC( y G). Tt suffices to show that u = 0.
Since p € T{ (Ne(ey G), it is of the form p = (N — ) for some o > 0 and X' € N, G.
If @ =0, we get u = 0 as desired. Otherwise, A = A + u/«, which satisfies

Vi) +d(@)*N=0 and N eNg,G.

Hence X € A = {\}, implying that A’ = X. Hence u = 0.
[(i) <= (ii)] Let N € A and set p := N — A. It suffices to show that p = 0. Tt
immediately follows from A and X' € A in (2.48) that

d(x)*u=0 and  peT{(Nuy) G).
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Then, (i) implies that u = 0.

[(i1) < (i4i)] This is because Ti(Nc(z) G) € Ta(Ne@) G).

[(i41) = (iv)] Taking the dual of both sides of the identity in (:i¢) and using (2.51b),
we have that the closure of ¢/(z)E — [(Tez) G) n At is F (see (1.16)). Since this last
set is convex, we certainly have (iv) (see exercise 1.2.4).

[(i#i) <= (iv)] Taking the dual of both sides of the identity in (iv) and using (2.51b),
we get (i4).

[Last claim] If T{(NC(I) G) = Ta(Ne(g) G), then (ii) and (i74) are clearly identical
and, therefore, all the properties (i)-(iv) are equivalent. O

Remarks 2.25 1) When G is a convex polyhedron, like in problem (Pgy), its normal
cone N(,) G is also a convex polyhedron (see (1.27a)). Then, the tangent cone and
the cone of feasible directions to N.(,) G are identical (see (1.26a)) and the four
properties (i)-(iv) of proposition 2.24 are equivalent.

2) One can recover the conditions 2.(i%) and 2.(¢i7) of proposition 1.42 for prob-
lem (Pg;) from the conditions (ii¢) and (iv) of the previous proposition. This is
part of the subject of exercise 2.1.6.

2.1.6 Other problems A

In this section, we show how the results obtained for the general problem (Pg) can
be applied to other propblems.

Problem with an additional set constraint A

Let E and F be two Euclidean vector spaces. Consider the problem

min f(z)
(Poc) {7€@ (2.52)
c(z) € G,

where f : E — R and ¢ : E — F are two smooth functions, @) is a nonempty closed
convex set of E and G is a nonempty closed convex set of F. We denote its feasible
set by

Xoag:={reE:2eQ, c(z)eG}.

We now give a series of results, whose proofs are proposed in exercise 2.1.8.

We first look at various adaptations to problem (Pg, ) of the Robinson constraint
qualification assumption (CQ-R) associated with problem (Pg). They are similar to
those given in proposition 2.20.

Proposition 2.26 (constraint qualification) If ¢ is differentiable at a feasi-
ble point v € Xq g, the following properties are equivalent:
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e int(c(x*) + (@)(Q — ) — G), (2.53a
(

The following result gives necessary first order optimality conditions (NC1) for
problem (Pg.¢).

Proposition 2.27 (NC1 for problem (Pg.c)) Let xy be a local solution to
problem (Pg.c). Suppose that f and ¢ are differentiable at x, and that the con-
straint qualification assumption (2.53) holds. Then, there exists Ay € F such that

Vi(@s) + ¢ (2)*As € (Ta, Q)F (2.54a)

As usual, the NC1 become sufficient optimality conditions of the first order (SC1)
for a “convex problem” (Pg ), in a sense specified in the next proposition.

Proposition 2.28 (SC1 for a convex (Pg,a)) Suppose that problem (Pg )
s convex in the sense that f is convex and its feasible set Xq g is convex. Sup-
pose also that f and c are differentiable at a point . € Xg c, and that there
exists a multiplier Ny € F such that (x4, ) verifies the first order optimality
conditions (2.54). Then, x4 is a global solution to (Pg.q).

One can also adapt, from propositions 2.22 and 2.24, the conditions ensuring
the boundedness of the set of optimal multipliers and the uniqueness of the optimal
multiplier.

Proposition 2.29 (boundedness of the set of multipliers, Gauvin’s
property) Suppose that f and c are differentiable at a stationary point x of
problem (Pg,c) and that the set A of associated multipliers is nonempty. Then,
the asymptotic cone of A reads

A® (2.55)
It results that, A is bounded if and only if
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Proposition 2.30 (uniqueness of the optimal multiplier) Let (z,)\) €
E x F be a stationary pair of problem (Pg,c) and denote by A the set (2.48)
of optimal multipliers associated with x. Consider the following properties:

(i) A ={A},

(i)

Then, (i) < (ii) < (ii1) < (iv).

Composite optimization

Let E and F be two Euclidean vector spaces. As already quoted in example 2.2(3), a
composite optimization problem is an optimization problem of the form

(Promp) { gnenz;E (g0 F)(a) (2.56)

where F' : E — F is a differentiable function, g € Conv(F), (g o F') denotes the
composition of g and F [hence (g o F)(z) = g(F(z))] and @ is a nonempty closed
convex set of [E. These assumptions are made in all this section.

Definition 2.31 (convex problem (P.omp)) The problem (Peomp) is said to be
convez if the function (go F') +Z¢ is convex or, equivalently, if go F' is convex on the
convex set (). O

Problem (2.56) is equivalent to (same optimal value, identical x-solution)

min(z,a)E]EX]R «
reqQ
(g0 F)(x) < a.

Since the first constraint also reads (z,a) € @ x R and the second constraint also
reads g(F(z)) < a or (F(z),a) € epi(g), this last problem, and therefore (2.56), is
equivalent to solving

min(m,a)e]EXR «

(z,0) e Q@ x R (2.57)

(F(z),a) € epi(g).

Problem (2.57) is of the form (Pg,¢) in (2.52), so that the results obtained for this
latter problem can be used to determine analog properties for problem (Peomp)-

The proof of the propositions of this section are proposed in exercise 2.1.9.

We start by adapting to problem (FPeomp) the constraint qualification assump-
tions (2.53) associated with problem (2.57). The reason of the need of such a function
qualification might not be obvious when one looks at the formulation (2.56) of the
composite problem. Actually, it is linked to implicit constraints introduced by the in-
finite values that g can take. Observe indeed that the equivalent conditions (2.58) of
the next proposition, in particular its condition (2.58¢), are satisfied if the considered
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point x € I is such that F'(x) € int(dom g) (since then Tp(,)(domg) = F), that is,
when the infinite values of g do not appear in the neighborhood of F(z).

Proposition 2.32 (function qualification) The following properties are
equivalent:

O € int (F(z) + F'(2)(Q — z) — (dom g)), (2.58a)
F'(2)(T{ Q) — T4, (dom g) = F, (2.58b)
F'(2)(Tz Q) — Tr(y)(domg) = T, (2.58¢)
F'(2)(T2 Q) — Tr(z)(domg) =F (2.58d)

and, for any o = g(F(x)), these conditions are equivalent to the Robinson con-
straint qualification (CQ-R) at (x,«) for the constraints of problem (2.57).

Proposition 2.27 for problem (2.57) yields the following necessary optimality con-
ditions of the first order (NC1) for problem (Peomp). Observe that if g is differentiable
at F(z), (2.59) becomes

V(go F)(zx) € (Te, Q)7

which is then the expected Peano-Kantorovich optimality condition (1.51) for problem
(Poomp). This observation should help to understand and remember (2.59).

Proposition 2.33 (NC1 for problem (P.omp)) Suppose that x is a local
solution to problem (Peomp) and that the function qualification condition (2.58)
holds. Then, there exists Ay € F such that

F(z4) X € (Ty, Q) 7, (2.59a)
s € 0g(F(z4)), (2.59b)

where 0g(y) denotes the subdifferential of g at y.

As usual, the NC1 become sufficient conditions of the first order (SC1) for global
optimality of a convex problem (Peomp). It turns out that the appropriate notion
of convexity for problem (Peomp) is the one of definition 2.31 (actually, it has been
introduced for being useful in the next proposition).

Proposition 2.34 (SC1 for a convex (Peomp)) Suppose that problem (Peomyp)
is convex in the sense of definition 2.31, that x4« € QQ and that there exists a multi-
plier My € F such that (x4, \y) verifies the first order optimality conditions (2.59).
Then, x is a global solution to (Peomp)-
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Notes

The condition (2.43c) is reminiscent of the notion of transversality in differential
geometry [109]. The link between the boundedness of the set of optimal multipliers
and (CQ-MF) in nonlinear optimization (point 1 of proposition 1.42, extended to
problem (Pg) by proposition 2.22) was observed by Gauvin [59; 1977]. More on
metric regularity can be found in [44; 2009].

Exercises

2.1.1. Convezr (Pgr). Let G = {Ogme} x R™ and T : R” — R™ : 2 — c(z) — G be
the multifunction associated with the constraint of problem (Pg;). Show that T is
convex if and only if cg is affine and c¢; is componentwise convex.

2.1.2. Open mapping theorem. Let A : E — F be a linear map between the finite dimension
normed vector spaces E and F (the result also holds for infinite dimension Banach
spaces, but is more difficult to prove [24]). Denote by Bg and Br the closed unit
balls of E and F respectively. Then, the following properties are equivalent:

(i) A is surjective,
(ii) 3p > 0 such that pBr € A(Bg),
(#i¢) I > 0 such that: Vy € F, 3z € E such that Az = y and ||z| < uly|.

2.1.3. Ezamples of use of Robinson’s constraint qualification condition. Consider the fol-
lowing sets of the form X¢ := {z € E: ¢(z) € G}, with G € F, and points z¢ € X¢:

1) E=F =R? and c and G are defined by

c(x) = (z1+(z2a—1)% =1, 2] +(22+1)>—1), G =R%, and  zo = (0,0),

2) E =TF =R? and ¢ (2 identical constraints) and G are defined by

c(z) = (x2, x2), G =R%, and zo = (0,0).

For these sets Xg and points zg € Xg,

(i) determine whether Robinson’s constraint qualification condition holds at zo,
without using its equivalence with (CQ-MF),

(4¢) find a mudulus of metric regularity of the multifunction z — c(x) — G at (x0,0)
if any.

2.1.4. Robinson’s constraint qualification condition for (Pgr). Viewing problem (Pgr) as
a particular instance of problem (Pg), show that the Robinson constraint qualifi-
cation condition (CQ-R) is equivalent to the Mangasarian-Fromovitz’s constraint
qualification condition (CQ-MF).

2.1.5. Robinson’s contraint qualification and the primal SDO problem. Let 8™ be the
set of symmetric matrices of order n, which is equipped with the scalar product
(A, B) = tr AB (the trace of AB). Let ST be the cone of §" made of the positive
semidefinite matrices and S}, be the cone of 8" made of the positive definite
matrices. We abbreviate X > 0 for X € St and X > 0 for X € SY .

Consider the primal semidefinite optimization (SDO) problem, written as follows
infxesn (C, X)

(P) L AX)=0b (2.60)
X >0,
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where C' e 8™, A: 8™ — R™ is a linear map, and b € R™. The feasible and strictly
feasible sets of this problem are respectively denoted by

Fp ={XeSt: AX)=0b} and Fp:={XeS}t, : AX) =>4}

We assume that Fp # @.

Let us represent the feasible set of problem (2.60) by Fp := {X € 8" : ¢(X) € G},
where

c:XeS"— (AX)-b,X)eR" xS" and G = {Orm} x S}. (2.61)

Let (CQ-R) denote Robinson’s constraint qualification condition for the above rep-
resentation of Fp.

1) Show that (CQ-R) at Xo € Fp can equivalently be written
(A, I)Sn — {ORm} X TXD Sz = Rm X Sn, (2.62)

where (A, I): 8™ — R™ x 8™ is the linear map X — (A(X), X).
2) Show that if (CQ-R) holds at some point Xo € Fp, then

A is surjective and Fp # @. (2.63)

3) Show that if (2.63) holds then (CQ-R) holds at any point Xo € Fp.
4) Show that if X solves (P) and (2.63) holds then there is a pair (y,S) € R™ x 8"

such that

A*(y)+ S =C, S >0, and  (X,S)=0. (2.64)
Furthermore, the set of pairs (y,5) € R™ x S™ satisfying these three conditions
is compact.

5) Reciprocally, show that if X € Fp is such that the set of pairs (y,S) verifying
(2.64) is nonempty and bounded, then (2.63) holds.

2.1.6. Multiplier uniqueness for two-side inequality constraints. Consider the optimization
problem (Pg), in which F is R™ = R™Z x R™ and

G = {ORmE} X [lvu]v

where for some vectors [ and u € R"7, [l,u] := {v € R™ : 1 < v < u}. Let
(z,A) € E x R™ be a stationary pair of the problem (Pg) and denote by A the set
(2.48) of optimal multipliers associated with z. Define the following index sets

I':={iel:c(x) =1}, I" :={iel:c(z)=u},
I":={iel:c(x)=1l, \i =0}, I":={iel:c(z)=mu, =0}
I':={iel:c(x) =1l N\ <0}, I"T:={iel:c(z)=mu;, N\ >0}

Show that the following properties are equivalent:

(1) A= {A},

(#t) there is no nonzero a € RIPYI“T guch that
Dieporiore @iVei(x) =0, apo <0, and  aruw =0,
(#i7) for any v € R‘EUIZUI“I, there is a d € E such that
Cror— ot (T)d =vg - oput, Cpo(z)d <vpo, and  Cuo(z)d = vywo,
(i) 5o -y yus () is surjective and there is a d € E such that

Ceon-opu+ ()d =0, cho(x)d<0, and cjuo(z)d > 0.
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2.1.7. Multiplier uniqueness for (Pg) with G = S} [129]. Consider the problem (Pg) in
which F is the vector space S™ formed of the symmetric matrices of order n equipped
with the scalar product {-,-): (A,B) € S" x 8" — (A,B) = tr AB € R (the trace
of the matrix AB) and G = SY is the cone of S™ made of the positive semidefinite
matrices. The problem reads

min f(z)
{ c(z) e ST. (2.65)
We also define 8" = —S8%. Let (z,\) € E x 8™ be a stationary pair of (2.65). Let
r := rank(c(x)) be the rank of the matrix c(x) € S™, so that there is an n x (n —r)
injective matrix V such that A (c(x)) = R(V).

1) Show that A is of the form A = VOVT, for some © € S"".
2) Show that rank(A) + rank(c(z)) < n.

From now on, we assume that strict complementarity holds, which means that
rank(X) + rank(c(z)) = n.

3) Show that T (Ne() ST) = Ta(New) ST) = {VOVT : 0 € 8"},
4) Show that = has a unique associated multiplier X if and only if

C@E+{ZeS":V'ZV =0} =S™.

2.1.8. Optimality conditions of the first order for a problem with an additional set-inclusion
constraint. Prove propositions 2.26, 2.27, 2.28, 2.29 and 2.30.

2.1.9. Optimality conditions of the first order for a composite problem. Prove proposi-
tions 2.32, 2.33 and 2.34.

2.2 Second Order Optimality Conditions for (Pgy)

Second order optimality conditions are used to determine whether a stationary point
is a local minimizer or maximizer; sometimes these conditions are not precise enough
to conclude. One makes a distinction between necessary optimality conditions (those
that are implied by a local minimizer) and sufficient optimality conditions (those that
guarantee that a given point is a local minimizer).

The necessary optimality conditions of the second order for the problem with
equality and inequality constraints (Pgy) defined in section 1.4.4 can neither be ob-
tained as easily nor be written as simply as for a problem with only equality constraints
(theorem 1.33). There is a common feature however, which is that it is the Hessian
of the Lagrangian that intervenes in these conditions; the reason is that, like for the
equality constrained problem, the gradient of the Lagrangian vanishes at a local so-
lution to the problem (compare theorems 1.30 and 1.40). But there are two main
differences. First, it is not on the tangent cone to the feasible set that the Hessian
of the Lagrangian is positive semi-definite, but on a smaller one, called the critical
cone (this is further discussed in section 2.2.1). The second difference comes from the
choice of the optimal multiplier that intervenes in the Hessian of the Lagrangian (for
an inequality constrained problem, it is frequent that the set of optimal multipliers
associated with a given solution is not reduced to a singleton): the key observation is
that the optimal multiplier must be chosen according to the given critical direction
(this is further discussed in section 2.2.2).
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Getting second order sufficient conditions of optimality is not a difficult task
(section 2.2.4), but getting the second order necessary conditions of optimality is
much more serious (section 2.2.3). There are many possibilities to establish them.
Our strategy is the following. The approach assumes at once that the Mangasarian-
Fromovitz constraint qualification condition (CQ-MF) holds at the solution. This one
is strong enough to show the existence of paths in the feasible set, emanating from the
considered solution. Then, the behavior of the objective of the problem is examined
along these paths, which allows us to derive weak necessary optimality conditions
of the second order. These optimality conditions can be reinforced in the presence of
stronger constraint qualification conditions. It is the subject of exercise 77 to consider
the case of (CQ-A) and (CQ-LI) and to ask to show that a strong form of the second
order optimality conditions are then obtained (this is not surprising for (CQ-LI), since
then the optimal multiplier is uniquely determined).

2.2.1 Critical Cone

It is tempting to try to generalize the necessary optimality conditions of the second
order of problem (Pg), stated in theorem 1.33, to problem (Pgr). This extension could
be that, at a stationary pair (24, As), one must have (L.d,d) > 0 for all tangent
directions d € T,, Xg; (we have denoted by Ly := V2_{(z4, \s) the Hessian of the
Lagrangian at the considered stationary pair). This result is not correct, since the
tangent cone T, Xgr is not the appropriate one, as shown by the following example

-1
min {—:x€R+}.
z+1

This problem has for unique stationary point (z4,Ax) = (0,1) and the tangent cone
at x, reads T;, Xp;r = R4, so that one can take d = 1 as tangent direction, but
(L4d,dy = —2 has not the right sign. We shall see that (L.d,d) = 0, but for direc-
tions d in a cone that is smaller than the tangent cone.

Looking for a smaller cone, one could imagine it as a tangent cone to a smaller set
than Xpr. Observe now that a solution x4 to (Pgy) also minimises f locally on the
smaller set

Ry
f(z)==1/(z+1) (2.66)

Xpr={veE:cp,pg(x) =0, cppo(x) <0}

Theorem 1.33 tells us that (Lyd,d) > 0 for all directions d € T, X;; and all as-
sociated multipliers Ay € Ay (these are also multipliers of the problem consisting in
minimizing f on Xz ;). We shall see, however, that T,, X, is too small, in the sense
that it does not allow us to establish sufficient optimality condition of the second
order. Consider indeed the problem

Ry
min {—z?: 2z e R, }. f@)=—a? (2.67)

The point z, = 0 is a stationary point of this problem (for arbitrary multipliers
in Ry). Since Xz; = {0}, it follows that T, X;; = {0}. Furthermore, the Hessian of
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the Lagrangian at (24, Ay) is Ly = —2 (for any chosen multiplier). Now, (L.d,d) is
positive for all d in T,, X5,\{0} = &, but 24 not a local minimum of the problem.

The appropriate cone will turn out to be the linearizing cone T7,_(Sol (Pgr)) to
the solution set of (Pgy), written as follows

Sol (PE]) = {LL‘ € Xgr: f(LL') < f(l'*)} (268)

This cone is smaller than the linearizing cone to the feasible set Xg; at x,, but suffi-
ciently large to yield sufficient optimality condition of the second order (theorem 2.39).
It is called the critical cone of the problem.

Definition 2.35 The critical cone of problem (Pg;) at a feasible point © € Xg; is
the polyhedral cone denoted and defined by

C(x) :={deE:dz(x)-d=0, C/IO(JJ)('I) -d<0, f'(z) -d<0} (2.69a)

A direction d € C(x) is called a critical direction at x. We shall use the simplified
notation Cy := C(xy). [

Therefore, the critical cone is the linearizing cone (1.56), with the additional constraint
f'(z) - d < 0 on its directions d.
In the example (2.66), Cy = {0} is smaller than the tangent cone T, Xp; = R.
In the example (2.67), Cyx = Ry is larger than the tangent cone T,, Xz, = {0}. It is
remarkable that the optimality at the second order can be synthetised by means of the
single critical cone, while the two previous problems cover very different situations.
At a stationary pair (z4, Ay), the critical cone at x also reads

Cy = {deE:dg(zy)-d=0, c’li(x*)-dg(), f'(z4)-d =0}, (2.69b)
= {deE:dy ,oi(r4)-d=0, cj,io(:t*)-d<0}, (2.69¢)

ulgf
where we have used the index sets
I := {ieI:ci(xs) =0},

2t = {iel): (\): >0},

I® = {ieI?: (\)i =0}

The expressions (2.69b) and (2.69¢) can be obtained by using the optimality conditions
(1.58). Observe finally that, if strict complementarity holds, in the sense (1.59), the
critical cone simply reads

Cy ={deE:c§Eu]$(:v*)-d=O}, (2.69d)

which is the linearizing cone T/, Xz, (it is a linear subspace in E). Without strict com-
plementarity, the linear subspace (2.69d) is included in Cy, itself included in T;* XEgr.
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2.2.2 Three Instructive Examples

Another difficulty in establishing second order optimality conditions for problem (Pgy)
comes from the fact that the optimal multiplier intervening in the Hessian of the
Lagrangian Ly := V2_{(x4, \s) must be chosen according to the critical direction. In
others words, the proof of theorem 1.33, based on the development of the Lagrangian
£(+,A\y) for an a priori given multiplier A\, no longer works for a solution satisfying
only the Mangasarian-Fromovitz constraint qualification (CQ-MF) (see exercise 77
for the constraint qualification (CQ-A) and (CQ-LI), for which such a technique can
be used). We give three examples to better understand the situation and to learn how
to select the correct sequence of quantifiers to apply to d € Cy and Ay € As.
Consider first the simple two variable problem

min
{m - ;% (2.70)

Its feasible set is represented in the right-hand side above. The problem has for
unique solution z, = (0,0) and there is a unique associated multiplier A\, = 1.
Since the constraint is active at x4, (T4, Ay) is also a stationary pair of the equal-
ity constrained problem min{xy : 75 = 27}, so that the Hessian of the Lagrangian
Ly := V2 (24, \s) = diag(2,0) must be positive semi-definite on the tangent space
{d € R? : dy = 0}. This is the most simple situation that can occur. Below, we shall say
that the strong second order optimality conditions hold, meaning that, for any optimal
multiplier A, (there is a single one here), L, is positive semi-definite on the critical
cone. These conditions are verified if there is a unique multiplier, like here, or when
the constraint qualification conditions (CQ-A) or (CQ-LI) hold (see exercise ?7).

Consider now a variation of problem (2.70), in which a superfluous constraint is
added:

min o
To = x%

(2.71)

To = —%xl.

The second constraint does not modify the solution to the problem, which is again
x4 = (0,0), but there are now several optimal multipliers, forming the set A, = {\ €
R? : A\; + A2 = 1}. By taking the multiplier A, = (1,0), a vertex of A, one ignores
the second constraint, which is appropriate, and one has the preceding result on the
positive semi-definiteness of L, = diag(2,0) on the critical cone Cy = {d € R? :
dy = 0}. In contrast, with Ay = (0,1), the other vertex of A, the Hessian of the
Lagrangian L, = diag(—1,0) is negative definite on Cy. This is normal; with that Ay,
the Lagrangian £(-, \4) can only see the second constraint, hence ignoring the first
one, and (0,0) is only a stationary point of the problem min{z; : z2 > —1x}}, not
a local minimum. Below, we shall say that the semi-strong second order optimality
conditions hold, meaning that, there exists an optimal multiplier A4, such that L, is
positive semi-definite on the critical cone.

An inequality constrained optimization problem is not always as simple as problem
(2.71), in which one can locally (around the solution) discard all the constraints but
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one, while keeping optimality of the solution. Sometimes, each time a constraint is
discarded, the optimality is lost and this phenomenon is reflected in the second order
optimality conditions. Here is an example with three variables:

min 3
x3 = (r1 + 22) (21 — x2) | | |
r3 = (IQ + 3:171)(2:E2 — :El) ‘ ‘ ‘
x3 = (222 + x1) (22 — 321).

(2.72)

The three pictures in the right-hand side above represent, for each of the three con-
straints, the coordinates (z1,x2) giving a positive value of their right-hand side. We
see that, for any nonzero (x1,x2), one of these right-hand side is positive. As a result,
the unique solution to the problem is x, = 0. Furthermore, the set of associated op-
timal multipliers is the unit simplex A, = {\ € Ri : A1 + A2 + A3 = 1}. Finally, the
Hessian of the Lagrangian reads

21 —6()\2 +)\3) 5()\2 —)\3) 0
L(LL', )\) = 5(/\2 — )\3) —2X\1 + 4()\2 + /\3) 0
0 0 0

Whatever is the vector A\, chosen in Ay, L is not positive semi-definite on the critical
cone Cy = {d € R® : d3 = 0}. Indeed, the element (1,1) of Ly has the value 8\; — 6
and the element (2,2) is 4 — 61, so that the positive definiteness of L, would require
to have A; > 3/4 and A\; < 2/3, an impossibility. Below, we shall say that the weak
second order optimality conditions hold, meaning that, for all critical direction d,
there is a multiplier A, (depending on d), such that (L.d,d) > 0.

2.2.3 Second Order Necessary Optimality Conditions

Theorem 2.37 below states necessary optimality conditions of the second order, as-
suming that the Mangasarian-Fromovitz constraint qualification (CQ-MF) holds at
the considered solution. This assumption is not very restrictive, since it is the weakest
of the sufficient constraint qualification conditions presented in section 1.4.4. Theo-
rem 2.39 states sufficient optimality conditions of the second order, without constraint
qualification conditions.

The necessary conditions lie on the examination of the behavior of the criterion f
along paths ¢t — &(t) emanating from the considered solution z at ¢t = 0 and remain-
ing in the feasible set Xz for small positive values of the parameter t. More paths
of this type are considered, more information will be obtained. The approach is the
same for the equality constrained problem (Pg), but it turned out that all the paths
having the same tangent at the origin gave the same second order information for
that problem. In the presence of inequality constraints, for a given tangent direction
de Ty, Xgr, it is useful to distinguish paths having d = £'(0) as tangent at the origin,
but having distinct curvatures h = £”(0). Therefore, for given d and h, one looks for
paths t — £(t) such that

£0)=my, &0)=d, &"(0)=h, &(t)e Xgr, for small t > 0. (2.73)

Tangency and curvature must satisfy compatibility relations so that (2.73) holds. Let
us guess what can be these conditions; the first three (2.74a)-(2.74c) determined below
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are necessary and the last one (2.74d) has a sufficient flavor. Lemma 2.36 will show
that they can be satisfied under (CQ-MF) and that, all together, they are indeed
sufficient to guarantee the existence of a path satisfying (2.73).

Consider first the equality constraints: the map £ must verify cg(£(t)) = 0, for all
small ¢ > 0. Differentiating once the vanishing map t — cg(£(t)), we get 5 (£(¢)) -
&'(t) =0 for all small ¢t = 0. At t =0, (2.73) gives

p(xy) - d=0. (2.74a)

Differentiating once the vanishing map t — 5 (£(t)) - €' (), we get p(E(2)) - (£'(¢))? +
cp(&(t)) - &"(t) = 0 for all small ¢ > 0. At ¢ =0, (2.73) gives

h(xy) - d* + dg(xy) - h = 0. (2.74Db)

Consider now the inequality constraints: the map & must verify ¢;(£(t)) < 0, for all
small t > 0. If i € I\I%(z4), ci(z4) < 0, so that ¢;(£(t)) < 0 for small t > 0 if both
¢; and & are continuous. Consider now the indices i € I9 (24) of the active constraints
at x,. Taking a first order development of the map ¢ — ¢;({(t)) around ¢ = 0 and
using (2.73), we get ¢;(z4)+[c}(z4)-d] t+o(t) < 0 for all small ¢ = 0. Since ¢;(z4) = 0,
dividing by ¢ > 0 and taking the limit when ¢ | 0, we see that we must have

C/I,‘; (r4)-d <0. (2.74c)

Taking a second order development of ¢ — ¢;(£(t)), we see that we must have

t2
ci(zs) +tci(wy) - d+— (¢ (w4) - d® + ¢(z4) - h) + o(t?) < 0.
T \_T_/ 2
= <

Here, one cannot deduce a necessary condition on d and h, but to have satisfaction
of the previous inequality it is sufficient to impose

A (xy)-d* + ci(zy) - h < —ce, (2.74d)

where € > 0 and e is the vector of all ones.

Note that d satisfying (2.74a) and (2.74c¢) is, by definition, a direction of the
linearizing cone to X gy at x4, hence a tangent direction to Xg; at x if the constraints
are qualified at x.

Lemma 2.36 (existence of a feasible path) Let z, € Xg;. Suppose that
cg is C% in a neighborhood of xs, that crg is twice differentiable at x4, and that
Cry 15 continuous at Ts. Suppose also that the Mangasarian-Fromouvitz constraint

qualification condition (CQ-MF) holds at xy. Let € > 0. Then,

1) for alld € Ty, Xgr, there exists h € E such that (2.74b) and (2.74d) hold,

2) for all (d,h) € E xE satisfying (2.74), there exists a path & : t e R — £(t) e E
of class C?, defined for |t| sufficiently small, such that (2.73) holds.

Proof. 1) This is a direct consequence of (CQ-MF), expressed by the point (i7) of
proposition 1.39.
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2) Let Ap := z(xx) be the Jacobian of c¢g at x,. This one being surjective, one
can find a linear operator Z : E — R™ ™ such that

(AZE) :E — R" is bijective. (2.75)
Note that this property implies that N(Ag) n N (Z) = @ and N (Ag) + N(Z) = E,
so that E can be written as a direct sum: E = N (Ag) ® N (Z).

For d € T;, Xgr and h € E given by point 1, one considers the function F :
E x R — R™ defined at (§,t) e E x R by

d € N (e (a))

F(¢.1) (Z(g - xiE(gt)d - %m) |

If F(¢,t) = 0, £ € E is necessarily a point on the manifold c¢'(0), while £ — x, —
td — (t2/2)h is a displacement in the null space of Z, which is complementary to the
null space of Ap, itself tangent to the manifold c¢;'(0) at 4. The path ¢ — &() is
obtained by imposing the nullity of F'(£,¢) and using the implicit function theorem.
By assumption, the function F is of class C? in a neighborhood of (z4,0), F(z4,0) =0
and Fg’(:v*, 0) is nonsingular. By the implicit function theorem, there exists a function
t — £(t), defined for |¢| small, of class C?, such that F(£(t),t) = 0 for all small |¢| and
£(0) = x,. By differentiating once F(£(t),t) = 0 at t = 0, one gets

A\ o (0 _ (Ag
(F)e0=(2) = (%)
because Agd = 0. Therefore, (2.75) shows that &'(0) = d. By differentiating twice
F(&(t),t) =0 at t =0, one gets

(AZE) ¢'(0) = (C%(g;’;)'cp) = (AZE) h,

by (2.74b). Therefore, £”(0) = h. Finally, £(t) € Xpg; for small ¢ > 0, thanks to the
choice of h verifying (2.74¢c) and (2.74d). O

Theorem 2.37 (NC2 for (Pgr) with (CQ-MF)) Suppose that x4 is a local
solution to (Pg;1), that f and cg are C? in a neighborhood of x4, that cjo is twice
differentiable at x4, that cry s continuous at Ty, and that the Mangasarian-
Fromowitz constraint qualification condition (CQ-MF') hods at x. Then
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VdeCy : Jnax (Lyd,d)y >0, (2.76)

%€y

where Ly 1= V2 (x4, \s) is the Hessian of the Lagrangian.

Proof. Let de Cy = Tg* XEgr be fixed. For each choice of h € E verifying (2.74b) and
(2.74d), lemma 2.36 ensures the existence of a path ¢t — &£(t) of class C? satisfying
(2.73). The direction h will be chosen to get the best information. Let us see this. A
second order development of ¢t — f(£(t)) at ¢ = 0 reads

2

FE) = floa) + 0/ (a) - d o S ) - 2+ () - h] + o(s?).

By optimality, f(£(t)) = f(x4), for t = 0 small (since then £(¢) € Xgy), and f'(x4)-d <
0 (since d € Cy). Therefore,

0< %[f”(x*) @t f () - B] + o).

Dividing by t? > 0 and taking the limit when ¢ | 0, we get
0 < f"(z4)-d* + f'(w4) - . (2.77)

To get as much information as possible, it is better to find an h minimizing the
right-hand side of the above inequality. This remark leads us to the following linear
probkem in h € E:

nf f(s) b+ () - @
A(zg) - h+(xy) -d>=0, forieE (2.78)
(zyg) h+c(xg) d*+e<0, forielf.

This problem is feasible (i.e., its feasible set is nonempty, thanks to (CQ-MF)) and
bounded (by zero). Therefore, by (1.63), the problem has a solution and by the sen-
tence after (1.66), there is no duality gap between its optimal value and the optimal
value of its dual: these are both equal and nonnegative by (2.77). The dual problem
is the following linear optimization problem in A € R™

sup {L(xx, N)d,dy + €| 11
)\I; 2 O
Az = 0.

Observe now that the feasible set of this last problem is the set of optimal multipli-
ers Ay. Therefore, we have shown that

0 < max {(Lud,d) + €| (As)1]1-
A €Ay

We have used the operator “max”, since Ay is ocmpact by (CQ-MF). Since € > 0 is
arbitrary and since A is compact, one gets the result by taking ¢ — 0. O
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When (CQ-MF) holds at x4, Ay is compact, so that the condition (2.76) also reads
Vde Oy 3N e Ay (Lyd,d) > 0. (2.792)

It is then said that the weak necessary optimality conditions of the second order hold.
They are satisfied under the assumptions given by theorem 2.37. This is the case in
the example 2.72. If stronger conditions holds, namely

INe €Ay, VdeCy: (Lyd,dy >0, (2.79b)

it is said that the semi-strong necessary optimality conditions of the second order
hold. They are satisfied in example 2.71. If even stronger conditions holds, namely

Vg€ Ay, Vde Cy: (Lyd,dy >0, (2.79¢)

it is said that the strong mecessary optimality conditions of the second order hold.
They are satisfied in example 2.70.

The strong second order necessary conditions of optimality (2.79¢) are clearly
satisfied when there is a unique optimal multiplier, since then (2.79a), (2.79b), and
(2.79c¢) contain the same information and (2.79a) holds by theorem 2.37. These con-
ditions are also satisfied when some constraint qualification conditions stronger than
(CQ-MF) are satisfied. The next theorem claims that this is the case when (CQ-A)
or (CQ-LI) holds; this resultat was the one presented in most textbooks on nonlinear
optimization prior to 1980, say; see [53, 95, 34, 8; 1968-1976] for instance.

Theorem 2.38 (NC2 for (Pgy) with (CQ-A) or (CQ-LI)) Suppose that
is a local solution to (Pgr), that f and c are twice differentiable at xy, and that
the constraint qualification conditions (CQ-A) or (CQ-LI) hold at . Then, the
strong second order necessary conditions of optimality (2.79¢) hold.

Proof. See exercise 77. OJ

The numerical verification of the necessary optimality conditions of the second
order is not an easy task. Even when the semi-strong conditions (2.79b) hold for an
optimal multiplier A, one has to verify that the quadratic form d — (L.d,d) as-
sociated with the Hessian of the Lagrangian is positive semi-definite on the critical
cone Cy, which is polyhedral; in other words, Ly is Cy-copositive [70, 16, 68]. In all
generality, such a verfication is an NP-hard problem [104, 43]. Now, if strict comple-
mentarity also holds, the critical cone reduces to the linear subspace (2.69d) and the
verification of the positive semi-definiteness of d — {(L.d, d) on this subspace is then
a simple linear algebra operation.

2.2.4 Second Order Sufficient Optimality Conditions

The next proposition gives sufficient conditions of optimality of the second order for
problem (Pg;). It is worth noting that these do not call on a constraint qualification
assumption. The fact that the critical cone also intervenes in these conditions is an
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evidence of its relevance. The inequality (2.81) is known as the quadratic growth
property. It tells us that f grows at least quadratically on the “interior” of the feasible
set X EI-

Theorem 2.39 (SC2 for (Pgr)) Suppose that f and cp o are differentiable
on a neighborhood of a point . € E and twice differentiable at x.. Suppose
also that the set Ay of optimal multipliers Ay such that (x4, Ay) verifies the KKT
optimality conditions (1.58) is nonempty. Suppose finally that the following equiv-

alently properties hold (|| - || is an arbitrary norm)
Vd e C.\{0}, 3N € Ay 2 (Lyd,d)y > 0, (2.80a)
35 >0, Vde Cy, AN € Ay 0 (Lyd,dy = 7||d|?. (2.80b)

Then, for all v € [0,7), there exists a neighborhood V' of x4 such that
Vee (Xpr o V\zsl:  f@) > flae) + %Hx — 2. (2.81)

In particular, x is a strict local minimum of (Pgr).

Proof. Let us first show that (2.80a) and (2.80b) are equivalent. It is clear that (2.80b)
implies (2.80a). Let us show the contrapositive of the reverse implication, assuming
that (2.80b) does not hold. Then, there would existts a sequence {dj} < C such that

ldel =1 and  (L(z4, Ax)d, dr) — 0,

where A, is arbitrary fixed in A,. Since C is closed, one could extract a converging
subsequence dy, — d € C\{0}. Then, for any Ay € Ay, we get {(Lyd,d) = 0, for some
d € C\{0}. This contradicts (2.80a).

We prove the main claim of the theorem by contradiction, assuming that one can
find v € [0,%) and a sequence {z;} S X g such that zy — x4, ) # T4, and

J(@x) < flae) + 5 low — 2l (2.82)
Extracting a subsequence if needed, one can assume that with ¢ := ||xx — x|, there
holds
L N
123

Therefore, d € T,, Xpr\{0}. Furthermore, from (2.82) and f(zx) = f(zs) + f'(z«) -
(xr — %) + o(|xr — z4||) (differentiability of f at x4, one gets f'(xy)-d < 0. We have
shown that d € Cy\{0}.

To get a contradiction, we take a second order expansion of the Lagrangian £(-, Ay ),
where A, is the multiplier associated with d by (2.80b):

1
Uns M) = (s M) + 5000 (@0, M) - (@1 = 24)” + oflzn — @),

By the stationarity of z, (see (1.58)), it follows that £(x4,Ax) = f(x4). By the
feasibility of x; and (Ay); = 0, one gets £(xg, A\x) < f(zk), which does not exceed
f(zs) + Z ok — 24]? by (2.82). Therefore,
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Doy — al > 2Lk — ). 21— ) + ok — ).
Dividing by ¢7 and taking the limit yield
(Lyd, d)y < 7]d?,
which contradicts (2.80b), since v < 7 and d € C,\{0}. O

Condition (2.81) is known as the quadratic growth property of f in X g around z.

The equivalent conditions (2.80a) and (2.80b) are called the weak sufficient op-
timality conditions of the second order. Obviously, the conclusion of the theorem is
still true if in (2.80a), Ay can be taken indepently of d:

INg € Ay, Vd e C\{0}: (Lyd, d) > 0. (2.83)

It is then said that semi-strong sufficient optimality conditions of the second order
hold. Obviously also, the conclusion of the theorem remains true, if A4 can be chosen
arbitrarily:

Vg € Ay, Vd e C\{0}:  (Lyd,d) > 0. (2.84)

It is then said that strong sufficient optimality conditions of the second order hold.

A natural question to ask is whether the conditions of the previous theorem not
only ensure that z is a strict local minimum, but that it is also an isolated minimum.
The answer is negative, as shown by the following counter-example [121; (2.5)].

Counter-example 2.40 (strict but nonisolated minimum) Consider the follow-
ing problem in x € R:

6ain 1l i
19 B _ faPsing ifx#0
min {5 2* : ¢(x) = 0}, where clx) = {O otherwise.
The conditions of theorem 2.39 are satisfied at the solution x, = 0 with the multiplier
Ax = 0, since €7 (x4, A\x) = 1 but x4 is not an isolated minimum. Indeed, 0 is an
accumulation point of the feasible set, which reads {0} u {kw : k € N}, and every
feasible point is a local minimizer. ]

The undesirable situation of counter-example 2.40 would not occur if the (CQ-MF)
constraint qualification was added to the assumptions of the theorem; see [121; § 2.

Notes

There are many ways to get second order conditions of optimality. The one followed
here, which is based on the design of paths in the feasible set, on the expression of the
behavior of the objective along these path, and on the dualization of this expression
is the one followed in the short account of Gauvin [60].

Second order optimality conditions for (Pgy) were given in [53; 1968] under restric-
tive conditions. The conditions related here can be found in [72, 13, 15; 1979-1982].
See also the exact penalty viewpoint of Burke [28].
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Exercises

2.2.1. Second order optimality conditions. Consider the following nonlinear optimization
problem in z € R%:
min — (27 + 23)
To = x% -1
1 = 0.

Using the Lagrangian £ : R? x R> — R defined at (z, \) by
é(x7 )‘) = _%(x% + :17%) + )‘1(:17% — T2 — 1) + )\2(—%1),

it can be shown that the first order optimality conditions are verified by the following
primal-dual pairs

=0 and A=0, (2.85a)
z=(0,—-1) and X=(1,0), (2.85b)
= (V2/2,-1/2) and A= (1/2,0). (2.85¢)

Using the second order optimality conditions, determine analytically which of the
points in (2.85) are (strict) local minimum, (strict) local maximum, or undeter-
mined.






3 Perturbation Analysis

3.1 Linear System A
3.2 Nonlinear System A

3.3 Optimization A

Let E and F be a vector spaces, {2 be an open convex set of E, and P be a topological
space. Consider the family of optimization problems

» min, f(z,p)
(Fic) {C(I,p)eK{?

parametrized by p € P, in which f : 2 xP — R and ¢ : 2 x P — F are smooth
functions, and K € F is a nonempty closed convex cone. This problem will be viewed
as a perturbation of a problem of the form (2.1), that is supposed to be recovered
when p is set to some reference parameter py € P, in the sense that f(-,po) = f(-)
and ¢(-,pg) = c¢(-). Here, the set G = K of problem (Pg) is supposed to be a cone,
which was not necessarily the case in chapter 2.

We assume that, for some given point x( € §2, the following smoothness properties
of f and ¢ hold:

e for all p in P, f(-,p) and ¢(-,p) are differentiable on 2,

e f(-,po) and c(+, pp) are twice continuously differentiable on {2,

o f,c, fl, and ¢, are continuous on 2 x P.
We have denoted by f. and ¢, the derivatives of f and ¢, respectively, with respect
to z. Similarly, we denote the second derivatives with respect to = of f and ¢ by f7.
and /., respectively.

From theorem 2.6 and proposition 2.21, it is known that at a local minimizer x € {2
of (Py.) at which the following constraint qualification (CQ-R) holds

0 € int(c(z, p) + ,(z,p)E — K), (3.1)
one can associate a multiplier A € F such that

Vi f(x,p) + d(x,p)*A =0
{Ka/\lC(x,p)eK. (3.2)

Let us introduce the multiplier multifunction A : 2 x P —o F, which is defined at
(x,p) € 2 x P by
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Az, p) :={\eTF: (x,p, \) satisfies (3.2)},
as well as the stationary point multifunction X : P —o (2, which is defined at p € P

by
X(p):={xe: A(zx,p) # o}

Proposition 3.1 (stability of (Px) with a polyhedral K) In the framework
presented above, assume that
(i) P is a subset of a vector space,
(ii) K is a convex polyhedral cone,
(#i7) f., ¢ and ¢, are Lipschitz continuous near some (xo,po) € 2 X P,
(iv) (3.1) holds for (x,p) = (x0,p0), and
) there is a Ao € A(zo,po) such that the strong SC2 holds for (PR’).

(v
Then, there exists a constant L = 0, such that, for all p near py, one has

1) X(p) #
2)

for all e E( ) near xo and all A € A(z,p), one has

dist((:z:, A), {zo} x A(ito,po)) < Lip — po.-

Notes

Proposition 3.1 rephrases corollary 4.3 in [121; 1982].



4 A Few Methods for Nonsmooth Systems

This chapter presents and analyzes algorithms to solve various nonsmooth “systems”
by “pseudo-linearization” techniques. The term systems is vague, but may be viewed
as “mathematical models” in the discussion that follows; the types of systems con-
sidered in this chapter will be clarified in section 4.1.1; they includes variational
problems, variational inequality problems, complementarity problems, first order op-
timality conditions of an optimization problem, nonsmooth equations, to mention a
few of the most important ones. The important qualifier nonsmooth means that these
systems are defined by functions that are not differentiable in the classical sense of
Fréchet, or are defined by multifunctions. The term pseudo-linearization refers to the
fact that this lack of differentiability makes a true linearization impossible, but that
some kind of surrogate is nevertheless available.

It may be instructive to gather the various approaches presented in this chapter
into two classes. Both classes are constituted of algorithms that have a fast speed
of convergence in a neighborhood of a regular solution (a concept to be defined,
which depends on the considered system and algorithm), which is due to the pseudo-
linearization of the systems they solve.

e We gather into the first class, the methods that try to have a rather precise descrip-
tion of the system to solve around the current iterate. The amount of information
collected there gives to the iteration a nonlinear nature. This results in algorithms
that have a rather complex iteration, which may require a rather significant com-
puting effort to be processed (usually more than a single linear system to solve,
certainly). An advantage of these algorithms is that they are often rather easy to
globalize, meaning that one can design convergent versions of these algorithms even
though the starting iterate is far from a solution.

The first example of methods of this class is the Josephy-Newton algorithm for solv-
ing functional inclusions. It is analyzed in section 4.1. Its rather precise description
at the current iterate of the system to solve is obtained by keeping unaltered the
part of the system that is not easy to linearize, the one that involves a multifunc-
tion.

The SQP algorithm of section 5.1 is also a member of the first class of approaches,
since it can be viewed as an application of the Josephy-Newton algorithm to the
first order optimality system of the optimization problem (Pg;), which has equality
and inequality constraints. The SQP algorithm is one of the most frequently used
methods to solve (Pgy). It was mainly developed in the mid-1970s.

The B-Newton algorithm of section 4.2, which solves a nonsmooth system of equa-
tions, has also a complex iteration. This one is due to the nonlinear nature of the
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B-differential that is used to compute the new iterate. When applied to some re-
formulation of the first optimality conditions of a nonlinear optimization problem,
however, it results in a simpler iteration than the SQP algorithm.

e We gather into the second class of methods, those that have a very economical
iteration, in the sense that a single linear system needs to be solved at each itera-
tion.

The semismooth algorithm of section 4.4, which solves a nonsmooth system of
equations, belongs to this second class. The linear system to solve at the current
iteration comes from a choice of local first order approximation of the nonsmooth
system. Despite this poor description, a fast local convergence is also possible,
which is a surprising and remarkable fact. On paper, the description of the algo-
rithm is simple, but in practice the choice of the linear system is not always easy
to determine. It may also be inappropriate, when the globalization of the method
is an issue.

Interior point methods in linear, conic, or nonlinear optimization also belong to
this class of methods, but we shall see them in another chapter, chapter ?7.

4.1 Josephy-Newton Algorithm for Functional Inclusions

The Josephy-Newton (JN) algorithm has been designed to solve functional inclu-
sions. This type of systems is described in section 4.1.1; they include variational
problems (section 4.1.1), variational inequality problems (section 4.1.1), complemen-
tarity problems (section 4.1.1), and various systems of optimality conditions (the
Peano-Kantorovich condition of the general problem (Px) and the first order nec-
essary optimality conditions of the problems (Pg) or (Pgr); see section 4.1.1). The
algorithm is described in section 4.1.2, its asymptotic behavior is analyzed in sec-
tion 4.1.4, and conditions ensuring its local convergence are provided in section 4.1.5.

4.1.1 A Gallery of Problems

Functional Inclusion Problem

Let E and F be two vector spaces having the same finite dimension. In this section,
we are interested in solving a functional inclusion problem', which, by definition, is a
problem that reads in the following manner:

(Pa)  F(z)+ N(z) 30. (4.1)

In this problem model, F' : E — F is a function that is supposed to be differentiable
and N : E — F is a multifunction “sufficiently simple”. This system means that one
has to determine a point x in E such that the set F'(z) + N(z) contains the zero
element of F; one can also say that x is sought such that the vector —F(x) is in the
set N(z). If N is the zero multifunction, one recovers a nonlinear system to solve

! This is the author’s own terminology. One more frequently finds the vaguer terms gener-
alized equation [120, 46] or variational inclusion [2].
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F(z) = 0. One could also incorporate F' in N, hence removing the presence of the
function value F(z) in (Py), without loss of generality, but the linearization method
presented in section 4.1.2 takes advantage of this smooth function; furthermore, N
could not be “simple” with this incorporation.

As we shall see, the system (P;;) models many problems.

Variational Problem

A wariational problem? is a functional inclusion problem of the form (P), in which
F = E and the multifunction N : E —o E is the normal cone map Nx to a nonempty
closed set X € E (the notation N in (Pr) comes from this problem); in other words,
Nx () is the normal cone (1.50) to X at x. The problem reads and can be viewed as
below:

—F(z)

(4.2)

With the convention that N, X = @ when x ¢ X, one looks for a point x € X such
that —F(x) is in the normal cone to X at x.

The first order necessary condition of optimality of Peano-Kantorovich (1.51) is
a variational problem of the form (P,), in which F is the gradient of a function
f + E - R. However, unless the feasible set X is simple, its normal cone is often
too complex for allowing the problem to be solved by the Josephy-Newton algorithm
introduced in section 4.1.2 below.

Variational Inequality Problem

A wvariational inequality problem is a variational problem of the form (P, ), in which the
set X = C is nonempty, closed, and convez. Then, according to (1.23), problem (P.,),
which reads —F(z) € N¢(z), can also be written

—F(x)

rxeC
(Pa) {<F(w),y—x> >0, VyeC.

The presence of the infinite number of inequalities induces the problem name. Now, it
is usually better not to see this problem as one with that infinite number of inequal-
ities, but to see it in terms of multifunction like in (P,).

The system (4.3) can be written like a nonsmooth equation in z (see exercise 4.1.2)

Pe(z — F(z)) — 2 =0. (4.4)

This reformulation of the variational inequality problem is not necessarily advanta-
geous, since the use of the projector P on C in (4.4) often yields a system that lacks
appropriate differentiability properties (see remark 1.12), at a point that the usual

2 One also encounters the denominaltion variational condition [126, 124].



100 4. A Few Methods for Nonsmooth Systems

techniques for solving equations cannot be used. This point of view may change for
particular convex sets C.

An equilibrium problem is a significant extension of a variational inequality prob-
lem. Being given a set X of a topological space E and a function f : X x X — R, one
seeks a point x such that

re X
{f(:v,y) >0, VyeX. (4.5)

We will not talk about this problem in these notes.

Proposition 4.1 (existence of solution for (P.,)) Consider the variation
inequality problem (Py;) in (4.3) with a nonempty closed convex set C, on which F
is continuous. Then, the set of solutions to (Py;) is closed. This solution set is
also nonempty if C is bounded.

Proof. ]

Complementarity Problem

A complementarity problem is a functional inclusion problem of the form (Py), in
which F is a Euclidean space and the multifunction N is defined at 2 € E by N(z) =
Ng+(G(z)), where G : E — F, K is a nonempty closed convez cone of F, K+ is the
positive dual cone of K in IF, and N+ is the application “normal cone to K+”. Then,
by proceeding in the same way as for obtaining (P.,), the function inclusion becomes

Gx)e Kt and (VyeK+ : <F(:v),y—G(:E)>>O>.

Next, taking y = 2G(z) and y = G(x)/2 (or zero, since K is closed) as test elements
in KT above, we see that the problem can be written

(4.6)

This expression means that three conditions must be satisfied at the sought z:
F(z)e K, G(z) e KT, and (F(z),G(z))r = 0.
Constrained Optimization

Let E and F be two Euclidean vector spaces. Consider the problem of the form (Pg):

{ f&n) Jec (;“2 (4.7)
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in which f : E — R and ¢ : E — F are differentiable maps and K is a nonempty closed
convex cone of F. Its optimality conditions at a local solution x € E is the following
system in (z,\) € E x F (see theorem 2.6, in the case when G = K is a closed convex
cone)

Vix)+d(@)*A=0 and K 3\ Lc(x)eK. (4.8)

This optimality system can also be written as a complementarity problem of the
form (P(:P), whose objects are topped by a tilde: the spaces are E = F := E x F, the
function G := Iz, while the function ' : E — E and the set K < E are defined as

E»
follows
Pa) - (Vf @)j(;)(x) A) and K —{0s) x (“K),  (4.9a)

where we have set Z := (z, \). Since Kt = E x K, the system (4.8) reads

Kt3& 1 F(Z) ek, (4.9b)

which is of the form of (Pp) in (4.6).

Since the optimization problem (Pgr), with equality and inequality constraints,
can be written like (4.7) with F = R™E x R™, ¢ = (cg,cs) : E —> R™2 x R™ | and
K = {Ogmz} x R™ | its optimality conditions, the KKT system (1.58), can also be
written as a complementarity problem (4.9b). From (4.9a), it suffices to take  :=
(x,) and

F) i (Vf(””)j(;/)(””)”) and K = {0} x ({0gme} x RTT).  (4.10)

Equality and Inequality Systems

When N is the constant multifunction x € E — {057} x R < R™ = F, where E
and I form a partition of [1:m], the functional inclusion problem (P;,) amounts to
find a point = € E satisfying a system of equalities and inequalities:

Fg(z)=0 and Fr(z) <0.

Nevertheless, as we shall see, the algorithmic approach of section 4.1 will not be
immediately workable to find a solution to such a system, because its solutions are
usually not isolated.

4.1.2 The Josephy-Newton Algorithm

The Josephy-Newton (JN) algorithm is an iterative method to solve the functional
inclusion problem (Py) in (4.1). It generates a sequence {x} < E as follows. Knowing
xy, € E, the next iterate xj1 € E is computed as a solution in z (if this is possible!)
to the functional inclusion (P ), “linearized” in z, namely

F(xy) + F'(zg) - (x — 2x) + N(z) 0. (4.11)

The linearization is only partial: whilst F' is linearized at xj, like in Newton’s algorithm
(1.68), the multifunction N is left unchanged. Such a linearization of (Py) is named a
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JN linearization below. The system (4.11) to solve in x4 at each iteration is therefore
often “nonlinear”, meaning that it is not enough to solve a single linear system to
get one of its solutions. As a result, the algorithm is generally more expensive than
the standard Newton algorithm (1.68) for the system of equations (1.67). One can
also say that the algorithm captures from the system, much more than the linear
approximation of its functions, since N is used without approximation. For future
references, let us write explicitly the functional inclusion verified by xx,1 € E:

F(:L'k) Sl F’(:L'k) o (ka = xk) a4 N(xk+1) 3 0. (4.12)

Now, it may arise that no algorithm is known to solve (4.11) efficiently; in which case,
it is necessary to turn towards other solution approaches.

One can now understand the assumptions required on F and N after (4.1). The
function F' must be differentiable so that its derivative operator F’(x)) can be used
in the definition (4.12) of the algorithm. The multifunction N needs not have dif-
ferentiability properties, but must be simple enough to make the computation of a
solution to (4.12) not too expensive.

4.1.3 Regularity

The standard quadratic convergence result of Newton’s method for finding a zero
of a nonlinear system of equations F'(x) = 0, the one of theorem 1.48, requires the
nonsingularity of F”(x). We would like to extend this assumption to the more com-
plex functional inclusion system (P ) in (4.1), which is not straightforward with
the presence of the multifunction N, in order to ensure quadratic convergence of the
Josephy-Newton algorithm. Getting such an extension is often a matter of rephrasing.

Consider the system F'(x) = 0, for which we rephrase the property of the injectivity
of F'(x), which is equivalent to the nonsingularity of F’(z,) when dimE = dimF.
Observe that, when F(z,) = 0, the definition of the assumed differentiability of F'
implies that

F(x) = F'(z4) (@ = 24) + o( |2 — 2])-

Now, if F'(z,) is injective, this development implies that, for some constant o1 > 0
and o2 > 0, independent of z,

|z —2e| <on =z -z < 02 F(2)].

This property can also be written as follows: there are constants o1 > 0 and oy > 0

such that
(x,p) eExTF

Fz) =p — o — 2] < oalpl.
|z =z« < o

It is this formulation of the injectivity of F'(z,) that we chose to keep as a desired
property of a root x4 of the functional inclusion system, because it makes no use of
the differential of F' at the considered zero x4 and can therefore be applied to F'+ N.
This concept is called semi-stability; it was introduced in [19].
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Definition 4.2 (semi-stability) A solution z to the functional inclusion (Py) in
(4.1) is said to be semi-stable if there are constants o1 > 0 and o9 > 0 such that

(x,p)eExTF
F(z) + N(z) 3 p = |z — 2] < o2fpl-
|z — 24| < o O

In plain words, one can also say that z, is semi-stable if any solution x of the slightly
perturbed system F'(x) + N(x) 3 p that is close to z, depends on the perturbation p
in a Lipschitz manner.

Remarks 4.3

1) The semi-stability is a concept that applies on the “nonlinear” functional inclusion
F(z) + N(z) 3 0, not on its “linearization” F(xy) + F'(z4)(z — ) + N(z') 2 0.
By proposition 4.6 below, we shall see, however, that the semi-stability implies a
property on the linearized functional inclusion and that this property is actually
equivalent to the semi-stability if IV is the normal cone to a convex polyhedron
(proposition 4.7).

2) The semi-stability does not claim anything on the existence of solution to the
functional inclusion F(z) + N(x) 3 p for the considered (z,p). It only requires a
Lipschitz property with respect to the perturbation of the solutions to the per-
turbed system F(x) + N(z) 3 p, if these solutions exist and are close to .

3) The straightforward following observation will have important consequences below.

Proposition 4.4 (isolation of a semi-stable solution) A semi-stable so-
lution to (Pe) is isolated.

Proof. 1t is certainly sufficient to show that, if 2, is a semi-stable solution to (Pg),
the functional inclusion has no other solution than z, in B(zx,01), where a1 > 0
is the constant appearing in the definition of the semi-stability. Let 2, € B(z4,01)
be a solution to (P ). Hence |2), — z4|| < o1 and F(z)) + N(z)) 2 0, so that
|zh — 2| < 02|0], implying that z/, = . ]

4) Semi-stability can also be viewed as a local error bound for the isolated solution
set {xy}, since it also reads: there exist positive constants o1 and oo such that

[z — x| < 01 = |z — 24| < o2 dist(0, F(x) + N(z)). (4.13)

Indeed, taking the infimum in p € F(x) + N(z) in the definition 4.2 of the semi-
stability yields the implication above. Conversely, this implication yields the one
in definition 4.2 since dist(0, F'(z) + N(x)) < ||p| when dist(0, F'(z) + N(x)) 3 p.

5) As expected by its construction, the notion of semi-stability reduces to the injec-
tivity of F’(x,) in the absence of the multifunction N (hence to its nonsingularity
when dimE = dimF).
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Proposition 4.5 (semi-stability and nonsingularity) Assume that N =
0 in (Py) and that F is differentiable at a point xy such that F(z.) = 0.
Then w4 is a semi-stable solution to (Py) if and only if F'(x4) is injective.

Proof. [=] Let d such that F'(z4)d = 0 and set x; := x4 + td with ¢ > 0. Then
F(z¢) = o(t) by the differentiability of F' at z, and F(z4) = 0. The semi-stability
of z, then implies that, as soon as ¢ > 0 is small enough, t||d| = |z; — 24| < o20(t).
Hence, one must have d = 0.

[«] This is a consequence of the reasoning that led to the definition of the semi-
stability (see the discussion before definition 4.2). By the differentiability of F
at x4 and F(z4) = 0, one has

F(x) = Fl(zy)(x — 24) + oz — 24])- (4.14)
By the injectivity of F'(z), there is a constant C' > 0 such that
|F'(z4)h|| = C|h|, VheE. (4.15)

Furthermore, by (4.14), there exists o1 > 0 such that

c
lo —2e s o1 = [F(2) = F(z:)(z = z4) = 5 |2 = z4]. (4.16)

Combining (4.14), (4.15), and (4.16), we obtain
C
le —zsl <01 = [F(@)] > 5 |z —2«].

Setting o9 = 2/C, we see that if (x,p) € E x F verifies |z — 24| < 01 and F(z) = p,
the following holds |z — z4| < a2|p]. O

We have observed that a semi-stable solution to the functional inclusion (P ) is an
isolated solution (proposition 4.4). The next result tells us that it is also an isolated
solution to the functional inclusion, derived from (P ) by linearizing F at x:

F(zy) + F'(z4)(z —24) + N(x) 2 0. (4.17)

We shall see in proposition 4.7 that the reciprocal holds when N is the multifunction
“normal cone to a convex polyhedron”.

Proposition 4.6 (isolated solution to the linearized functional inclu-
sion) Let x4 be a semi-stable solution to the functional inclusion (Py), in which F
is differentiable at x. Then, x4 is an isolated solution to (4.17).

Proof. Let 01 > 0 and o2 > 0 be the constants given by the semi-stability of x..
Suppose that there is a solution x to (4.17) that is arbitrary close to x. Then,
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F(x) + Ne(z) 3 F(x) — F(xg) — F'(24) (2 — 24) and |z — 24| < 01.
By the semi-stability and the differentiability of F' at x,, the following holds
|z — 24| < 02| F(2) = Flay) — F'(24)(x — 24) ]| = o2 — 24]).
This implies that x = x4. Hence a solution close to x4 cannot be different fomr z,. []

We understand that the semi-stability property of a solution z, to the functional
inclusion problem (Py;) is rather restrictive, since it requires in particular that

e x; be an isolated solution to the functional inclusion (Ps) (proposition 4.4),
¢ . be an isolated solution to (4.17), the functional inclusion linearized at z (propo-
sition 4.6).

One of the interests of semi-stability is to identify the situations where the JN algo-
rithm described and analyzed in section 4.1 has fast convergence (proposition 4.9 and
theorem 4.12) and it is known that linearization algorithms, like Newton’s method
(section 1.5.2) or the JN algorithm (section 4.1.2) or the SQP algorithm (section 5.1),
can behave badly when the aimed solution is not isolated.

We conclude this section with characterizations of the semi-stability, when N
is the map “normal cone N¢ to a nonempty convex polyhedron C”; that highlight
the role of the linearized functional inclusion. The condition (iz) will be used for
characterizing the semi-stability of a stationary point of (Pgy) (proposition ??) and
the condition (4i7) for characterizing the semi-stability of a local solution to (Pgr)
(proposition 5.4). Be mindful that the normal cone is evaluated a the point z, in (i4i),
while this evaluation is done at x in (i¢) and (iv).

Proposition 4.7 (charaterization of the semi-stability of a polyhedral
VI) Suppose that E =T and that x. € E is a solution to the functional inclusion
(Pr1), in which F is differentiable at x4 and N is the map normal cone N¢ to a
nonempty closed convex set C' of E. Then, the implications (i) = (i1) = (i) =
(iv) hold for the following claims:

(1) x4 is semi-stable,

(i) @y is an isolated solution to the linearized functional inclusion

F(zy) + F'(z4)(z — z4) + No(x) 20, (4.18)
(#3i) any x € C\{x} verifying

(F(z4),x — 24y =0 (4.19a)
F(zy) + F'(z4)(z — 24) + No(xy4) 20, (4.19b)

is such that (F'(x4)(x — x4),x — x4y > 0,
(iv) the system in x below has no other solution than xy :
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Ne(z) € Neo(xy) (4.20a)
(F(zx),x — 24y =0 (4.20b)
Ry F(xy) + F'(24)(x — z4) + No(z) 2 0. (4.20c)

If C is a nonempty convex polyhedron, then the four properties (i)-(iv) are equiv-
alent.

Proof. [(¢) = (i4)] This is proposition 4.6 for the particular case when N = N¢.
[(i1) = (4i7)] We show the contrapositive, assuming that there exists an z; €
C\{z4} such that (iii) does not hold or

(F(z4),21 — 24) = 0, (4.21a)
F(zy) + F'(24)(z1 — 24) + No(x4) 20, (4.21b)
<F,($*)(I1 —T4),T1 — Ty <0 (4.21c¢)

and show that z; := (1 — t)xx + tz is a solution to (4.18) for all ¢ € [0,1], which
contredicts (7).
Observe first that one has an equality in (4.21c):

(F'(zs) (21 — 24), 01 — 25) = 0. (4.22)

This is because by (4.21b) and 21 € C, one has (F(xy)+ F' (24 ) (21 — 24 ), 21— 24y = 0.
Next, using (4.21a) in this inequality yields (F”(x4)(x1 — T4 ), 21 — T4y = 0, which is
the reverse inequality of (4.21c), hence (4.22).

To show that x; is a solution to (4.18), we have to prove that z; € C, which is
clear by the convexity of C, and that, for all y € C, the following value is nonnegative:

(F(zs) + F'(x) (1 — T4),y — T4y

= (F(zg) + t F'(m4) (w1 — T4),y — T — t(x1 — 74))

= (F(xg) +t F'(x4) (1 — T4),y — T4y [(4.21a) and (4.22)]
(0O F)y - o) [(4210)
0 [1—t>0and F(zx) + Ne(zs) 3 0].

A\

[(i7d) = (iv)] We show the contrapositive: assuming that there exists an a # x4
satisfying (4.20), we find some ¢ > 0 such that x; := x4 + t(x — z,) satisfies

(F(z4), 2t — 4) = 0, (4.23a)
F(zy) + F'(24)(zt — 24) + No(x4) 20, (4.23b)
(F'(z4) (2 — @4), 2 — T4 ) < 0, (4.23¢)

which contradicts (4.19).
Observe already that (4.23a) follows at once from (4.20b). To get (4.23c), we use
(4.20c), which reads for some «a = 0:

{aF(zy)+ F'(zy)(x —24),y —2) =20, VyeCl. (4.24)
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Now (4.23c¢) follows by taking y = z, € C in this inequality, multiplying the left-hand
side by t? (hence z — x4 becomes z; — x4) and using (4.23a). It remains to show
(4.23b), which also reads

(F(zg) + F(xg) (2 — 24),y — x4y =0, VyeC. (4.25)

This is almost the form (4.24) of (4.20c). We axamine two cases.

o If o« > 1, we divide the left-hand side of (4.24) by « and get (4.25) with ¢t = 1/a €
(0,1].
o If € [0,1], instead of (4.24), we use (4.20a) and (4.20c) to get for some a = 0:

(aF(zs) + F(z)( — 24),y — 24y =20, VyeCl. (4.26)
Now, F(x4) + No(2x) 30 (x4 is a solution to (P,,)) implies that
(F(z4),y—z4y =0, VyeC.
Multiplying the left-hand side of these inequalities by 1 — a > 0 and combining

with (4.26), yield (4.25) with ¢ = 1.

[(iv) = (i)] Suppose now that C' is a convex polyhedron. We show the contra-
positive, assuming that x, is not semi-stable and show that the system (4.20) has a
solution = # 4.

Letting the constants ;7 — 0 and 0o — o0 in the definition 4.2 of the semi-stability,
we see that one can find sequences {zx} € E and {pi} S F such that

F(CL‘k) + Nc(.%'k) 3 Pk, (4.27&)

T — Ty With 1 # T4, (4.27b)

Ipkll/lze — 2| — 0. (4.27¢)

Extracting a subsequence if necessary, one can suppose that, with 5 := |z — 24|, we

have (xp —2x)/ty — d. Since xy, € C by (4.27a), it clearly follows that d € T (z4)\{0}.
Let us now take the limit in (4.27a), after the expension of F'(z) around x, and
division by t; > 0:

T — X o\| T — X
e ey ol =l | gy 5 2

tk tk k

tiF(x*) + ()
k

The first term is annoying since t; — 0, but it belongs to R; F(z4) and we can
replace it by that set, while keeping the inclusion. The second term tends to F'(z.)d
and the third one to zero. By extracting a subsequence if necessary, one can fix the
normal cones in the fourth term to a unique one (exercise 1.2.1), which is denoted by
Ne(xi) = Ne(zo) below. Finally, the right-hand side tends to zero by (4.27¢). Since
R4 F(z4) + No(zo) is closed (the sum of two convex polyhedrons is a polyhedron [a
property recalled in point 2 of proposition 1.1], hence closed), we obtain at the limit:

R, F(zy4) + F'(24)d + No(zg) 2 0.
This inclusion resembles (4.20c), which we now try to establish for the point

T =Ty +ed,
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where ¢ > 0 is taken sufficiently small in order to have z € C\{x,}; this is possible
sinced # 0and d € To(zy) = Té (24) by (1.26a). With that z, the preceding inclusion
becomes

Ry F(zs) + F'(z4)(z — 24) + Ne(20) 2 0. (4.28)

For y € C, let us denote by I(y) the set of the indices of the active inequality affine
constraints defining the polyhedron C that are active at y. To get (4.20) and therefore
conclude, it is sufficient to show that

I(xo) € I(x) € I(x4), (4.29a)
(F(xg),x — x4y =0. (4.29b)

Indded, by (1.27b), (4.29a) implies that N¢(zo) € Ne(z) € Ne(xy) and therefore
(4.20a); (4.29b) is (4.20b); and (4.28) and N¢(x¢) € Ne(x) implies (4.20¢).
Consider first (4.29a). Observe that the convergence z — x4 and the fact that
I(xzy) = I(xo) (for the subsequence {z;} having the same I(xy), selected above)
imply that
I(zy) = I(zo) S I(xx).

Therefore, if i € I(xy), it follows that i € I(x,) and that i € I((1—¢/tg)Ts + (e/tk) k).
Since ([1 —e/tg]xs + [e/tr]Tr) = T5 + e(xr — %)/t — X4 +ed = x, we have the first
in clusion in (4.29a). For the second inclusion in (4.29a), we take € > 0 small enough,
so that x = x4 + ed is sufficiently close to x4 to have I(x) S I(xx).

Consider now (4.29b). First, (F(z4),x — 24y > 0, since F(xy) + Ne(z4) 2 0 and
x € C. To get the reverse inequality, we use (4.27a) and z4 € C to get (F(z) — px,
Zx — 2y = 0. Dividing by t; > 0 and taking the limit in & yield {(F(z4),d) < 0 since
(% — zx)/tiy — —d, hence (F(zy),x — x4) < 0 since d = (z — z4)/e. O

Definition 4.8 (strong regularity) A solution x, to the functional inclusion (Py)
is said to be strongly regular if there is a constant e > 0 such that, for all p near zero,
the system

F(zy) + F'(zg)(z —z4) + N(x) 25 p
o — 2l < €

has a unique solution z(p) and z(-) is Lipschitz near zero. ]

This is a much stronger assumption than semi-stability in that it assumes the existence

of a solution for small perturbations p and that this solution is unique.

4.1.4 Speed of Convergence

In this section, we consider a structurally slight but important generalization of the
JN algorithm (4.12), in which the next iterate xy,1 following the current one xy is
computed by

F(xr) + Mi(zk+1 — k) + N(2k41) 30, (4.30)

where M}, € L(E,F) may be the Jacobian F'(zy) or an approximation to it. Hence
this algorithm includes the quasi-Newton vertions of the JN algorithm.
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Let us now highlight conditions ensuring superlinear and quadratic convergence
of the sequences generated by the JN algorithm (4.30). In this analysis, we assume
that a sequence {zy} is generated by the algorithm and that this sequence converges
to a solution x4 to (Ps). These conditions depend on the smoothness of F, on the
quality of the approximation of F'(xy) by My, and on the regularity of the solution
(its semi-stabiity, actually). The conditions on M}, used in proposition 4.9 below have
to be compared with the Dennis and Moré condition for nonlinear systems (proposi-
tion 1.49): fast convergence is guaranteed, provided My, is close to F'(zy) along the
displacement direction x1 — . Nothing is required on the multifunction N; a pos-
teriori, this can be understood by the fact that the algorithm takes all information
from N, not only a kind of linearization like it does for F'.

Proposition 4.9 (sufficient conditions for fast convergence) Let z, be a

semi-stable solution to (Pe). Suppose that F is differentiable in a neighborhood

of x4 and that F' is continuous at x.. Let {xy} be a sequence satisfying the

recurrence (4.30) and converging to ..

1) If (Mg — F'(2z4))(xk+1 — 2k) = o(|zk+1 — zk|), then the convergence of {xy}
is superlinear.

2) If (Mg —F'(z4))(@k+1 —2k) = O(| 21 —2k|?) and if F is radially Lipschitz
at Ty, then the convergence of {xy} is quadratic.

Proof. Let 01 and o2 be the positive constants of the semi-stable solution z; and let
us us simplify the writing by introducing sy := 241 —zx and Ay = (M — F'(24))sk.

0) We want to apply the semi-stability to have an estimate of the updated error
Tk+1 — T, hence having an implication of the form

F(@ks1) + N(@ke1) 3 prtr

[Tre1 — 24| < 01 } = [zps1 — Tl < 02 PRy (4.31)

The fact that |21 — 24| < o1 is guaranteed for large k, by the assumed convergence
of {xx} to z4. For the inclusion in the left-hand side of (4.31), it is natural to start
with the iteration recurrence (4.30), which provides the aforementioned inclusion with

Prr1 = Flzegr) = [Far) + Myse] = Farn) — Flag) = F(24)s5 — Ar.
Therefore, by the implication (4.31), we have
|zk1 — 24|l < o2 Prsa - (4.32)

The goal now is to get an estimate of |pg+1| in terms of |z — x4 |. By the mean value
theorem (corollary 1.25), we have that

|lpr+1] < < SElp] |F' (wr + tsi) — F’(x*)}> Iskl — Ag- (4.33)
tef0,1

)

1) The continuity of F/ at z, and the assumption Ay = o(||sx|) of the case allow
us to deduce from (4.33) that pry1 = o(|sk|). Therefore z511 — xx = o(||sk]) by
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(4.32). We deduce from this estimate that zp11 — zx = o(|zr — 2«|), which is the
mark of the superlinear convergence of {zy}.

2) If F' is L-Lipschitz continuous near x4, and Ay = O(|sx|?), we can esimate
Pr+1 from (4.33) as follows

[Pkl < Lz — @] [se] + O(lsel?) = O((lan — 242,

since s ~ (zp — xy), by the superlinear convergence of {zj} established in point 1
and lemma 1.47. Then, one deduces from (4.32) that zx11 — 2 = O(|zr — z4]?),
which is the mark of the quadratic convergence of {z}. O

The next corollary, whose proof is straightforward, essentially deals with the case
when My, = F'(xy,).

Corollary 4.10 (speed of convergence of the JN algorithm) Suppose that
F is C' in a neighborhood of a semi-stable solution x4 to (P.) and that the
sequence {x} satisfies the recurrence (4.11) and converges to .
1) If My — F'(xy), then the convergence of {xy} is superlinear.
2) If My, — F'(z4) = O(|zr — x«|) and if F' is radially Lipschitz at x,, then the
convergence of {xy} is quadratic.

Proof. 1) Point 1 follows immediately from point 1 of proposition 4.9.

2) T My — F'(24) = Ol — ), then (My — F'(22))(whs1 — o1) = Ol — 4
|zk+1 — zk|), which implies the superlinear convergence of {x} by point 1 of propo-
sition 4.9. Next lemma 1.47 implies that (z —z4) ~ (k41 — zk), from which we have
(Mg, — F'(24)) (2511 —21) = O(| 241 —21[?). Now the quadratic convergence of {z}}
follows from the radial Lipschitz continuity of F’ at x, and point 2 of proposition 4.9.

O

4.1.5 Local Convergence

The preceding section analyzed the speed of convergence of the sequence of iter-
ates {1} generated by the JN algorithm, assuming that such a sequence is generated
and that this one converges to some semi-stable solution to the functional inclusion
problem (Py,) in (4.1). This section clarifies the last two aspects. On the one hand, the
well-posedness of the algorithm is shown, which amounts to ensure that the linearized
functional inclusion (4.11) has a solution. On the other hand, the local convergence of
the algorithm is proved, meaning that the generated sequence converges to the con-
sidered neighboring solution z. For the two goals, the current iterate xj is supposed
to be close to a solution z,, having an additional property.

Whilst the semi-stability of definition 4.2 has a local injectivity flavor, revealed
by propositions 4.4 and 4.5, the hemi-stability defined below has a local surjectivity
interpretation, in the sense that it requires the pseudo-linearized function inclusion
to have a solution at linearization points close to x.
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Definition 4.11 (hemi-stability) A solution x4 to (Py) is said to hemi-stable if for
all a > 0, there exists 8 > 0 such that, for all g € B(xy, ), the following functional

inclusion in x
F(zo) + F'(x0)(z — 20) + N(z) 20

has a solution in B(zy,a). ]

In plain words, x4 is hemi-stable if one can find a solution to the linearized func-
tional inclusion (4.11) that is as close as desired to ., just by taking the point of
linearization zj sufficiently close to x4. It is not claimed that, when x;, is close to x4,
the linearized functional inclusion (4.11) has a unique solution; in particular, this one
could have another solution that is not close to x,. In the next theorem, we use the
phrase “can generate” to express the fact that, when xj is close to an hemi-stable
solution, the JN algorithm takes a solution x;41 to the linearized inclusion (4.11)
that is also close to the solution x.

Theorem 4.12 (local convergence of the JN algorithm) Let z, be a semi-

stable and hemi-stable solution to (Ps). Suppose that F is differentiable in a

neighborhood of xs and that F' is continuous at xs. Consider the JN algorithm

(4.12). Then, there exists an € > 0, such that

1) if the first iterate w1 is in the closed ball B(zy,€), then the JN algorithm can
generate a sequence {xy} in B(xy,e),

2) any sequence {x}} generated in B(xy,c) by the JN algorithm converges su-
perlinearly to x4 (and quadratically if F' is radially Lipschitz at ).

Proof. 0) Let us first fix a few constants in the right order. Let 07 > 0 and o2 > 0 be
the constants given by the semi-stability at x,. Define

p(z,2') = F(2') — F(z) — F'(z)(2' — z).

The mean value theorem (corollary 1.25) allows us to write

Ip(a,a)] < ( sw [P - F’(ar)}) o’ — 2.

By the assumed continuity of F’ at x4, the factor in parentheses can be made as small
as desired by taking x and z’ close enough to x4. Therefore, one can find a constant
a € (0,01] such that

_ 1
x, ¥ € B(wy,a) = |p(x,2")| < oo [ — z|. (4.34)
02
Let 8 > 0 be the constant associated with « by the hemi-stability of z, and set
¢ := min(a, B). B
1) Suppose now that x;, € B(zy,¢€). By the hemi-stability of z, and £ < 3, there
exists a new iterate xy11 € B(Z4, ) such that

F(,Tk) + F/(,Tk)($k+1 - .I'k) + N(.’L‘;H_l) 3 0. (4.35)
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Since this inclusion is the JN algorithm recurrence formula (4.12), the algorithm can
take this zpy1 as the iterate following xj. Therefore, we have shown that the JN
algorithm can generate a sequence in B(wy,¢).

2) Assume now that the JN generates a sequence {ry} in B(z4,¢). Hence the
inclusion (4.35) holds. Let us now apply the semi-stability property of x. It follows
from (4.35) that

F(zpq1) + N(xpgr) 2 F(opy1) — Faw) — F'(2) (@p41 — 21) = p(@r, Tr1)-
Since 41 € B(x4,¢) and € < a < 0y, the semi-stability at x, implies that

|2k — 2l < oalp(an, zia)]
1 _
< 3 |Tk+1 — 2k [(4.34) and zp, xp+1 € B(xy, a)]

1
< 3 |ke1 — x5 + 3 lzr — 4]

Therefore |41 — 24| < 3|2x — 24]. We have shown that ), — .
The superlinear and quadratic convergence speed of convergence follows from
corollary 4.10. O

4.1.6 Globalization by Line-Search A
Notes

Historically, the variational inequality problem (P,;) was introduced by Hartman and
Stampacchia [64; 1966] for solving some nonlinear elliptic partial differential equation
and was subsequently developed in many papers, including [94, 131, 96]. Karamar-
dian [81; 1971] was the first to establish the relationship between the variational
inequality problem (P,) in (4.3) and the complementarity problem (Pp). The ex-
istence result for variational inequality problems, the one of theorem 4.1, is taken
from [46; theorem 2A.1]. Surveys on variational inequality problems can be found
in [63, 50, 76].

Josephy [79; 1979] considers the complementarity problem (Pep), hence a func-
tional inclusion in which the multifunction N is the normal cone to a closed convex
cone K, and shows existence, uniqueness, and convergence of a sequence satisfying
the iterations (4.12), provided the sought solution z is strongly regular in the sense
of Robinson [120]. Bonnans [19; 1994] introduces the weaker regularity condition that
is presented here, namely the semi-stability and hemi-stability of the sought solu-
tion, and so provides the strongest local convergence result of the functional inclusion
problem (Py;) known so far. The results presented in this section are essentially those
in [19]. For an analysis of the local convergence of the inezact JN algorithm, in which
the recurrence formula (4.12) is solved inexactly, we refer the reader to [75]; many
algorithms enter that framework, like the stabilized version of SQP and the linearly
constrained augmented Lagrangian methods. Josephy has also given a Kantorovich-
like existence result based on the iterations (4.12) in [79] and a quasi-Newton analysis
of the algorithm in [80]. Analyzes of the inexact version of the Josephy-Newton algo-
rithm have been undergone in [75, 45].
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Exercises

4.1.1.

4.1.2.

4.1.3.

4.1.4.

Explicit variational problem. Let E be a Euclidean space, X be a (not necessarily
convex) subset of E, and F : E — E be a smooth map. Consider the variational

problem
(Pv) F(x)+Nx(z)>0,

where Nx (x) is the normal cone to X at z. Suppose that F is another Euclidean
space and that X has actually the following form

X :={zekE:c(z)e G},

in which ¢ : E — F is a smooth function and G is a closed convex set of F. Show
that if x4 is a solution to (P,) satisfying

0 € int{c(zs) + ¢ (z+)E — G},
then, there exists Ay in the normal cone to G at ¢(zx) such that

F(zx) 4 ¢ (z4)* A4 = 0.

Equation formulation of a variational inequality problem. Show that x € E is a
solution to the variational inequality problem (4.3) if and only if x solves (4.4).
Normal map reformulations.

1) Variational inequality problem [123]. Show that x € E solves the variational in-
equality problem (P,;) in (4.3) if and only if # = P¢(z) where z € E solves

F(Pc(z)) + z—Pc(z) = 0. (4.36)

2) Complementarity problem. Show that = € E solves the complementarity problem
(Pc) in (4.6) if and only if there is a z € E such that (x, z) solves

F(z) = Pk(2) and G(x) = =Py (2). (4.37)

JN algorithm for a complementarity problem. Let E and F be two Euclidean
spaces, K be a nonempty closed convex cone of F, Kt its positive dual, and F
and G : E — F be two differentiable functions. Consider the complementarity prob-

lem
K>G(z) LF(z)e K. (4.38)

Show that the algorithm that computes the next iterate 41 from the current one xj
by solving the linear complementarity problem in x

K> (G(xk) + G () (@ — xk)) 1 (F(mk) + F () (2 — :ck)) eKt,  (4.39)

is the JN algorithm on a certain functional inclusion problem like (4.1), in which
the multifunction N is the normal cone map to a convex cone; which one?
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4.2 B-Newton Method for Systems of Equations A
4.3 Linearization method for PC' functions A

4.4 Semismooth Newton Method for nonlinear systems

Let E and F be two finite dimensional vector spaces. In this section, we present a
linearization algorithm for solving a nonlinear system of equations of the form

F(z) =0, (4.40)

where F' : 2 — F is a nonsmooth function defined on an open set {2 < E. The
nonsmoothness means here that F' is differentiable, but in a weaker sense than that
of Fréchet. We shall see that a fast (superlinear or quadratic) local convergence can
be obtained if F' is semismooth, a concept presented in section 4.4.3.

Section 4.4.1 presents some examples where such nonsmooth systems occur. It
also discuss an example of function F' showing that the Lipschitz continuity of F' is
not a sufficiently strong assumption for guaranteeing the convergence of the Newton
algorithm, since this one may then cycle whatever the solution proximity of the initial
iterate can be. A first guess of an appropriate smoothness assumption ensuring the
local convergence of a Newton-like algorithm is also presented. Section 4.4.3 defines the
concept of semismoothness and gives some of its main properties. A remarkable one
is that it is transmissible to the minimum or maximum of two semismooth functions,
which makes the concept widespread. The semismooth Newton algorithm is set out
in section 4.4.4 and its local convergence is analyzed.

Prerequisite: generalized differentiability (section 4.4.2).

4.4.1 Motivation, Orientation, Examples

Let us start by giving some examples of problems that can be reformulated as nons-
mooth systems of equations.

Examples 4.13 1) Reformulation of a complementarity problem. Consider the com-
plementarity problem (4.6), in which F = R", K = R", and F and G are re-
named A and B, to avoid confusion with the function F' introduced above:

0< A(z) L B(x) = 0. (4.41)

In this system, A and B : E — R" are two functions defined on a vector space E.
This problem means that one seeks a point = € E such that A(z) = 0, B(z) = 0,
and A(z)"B(z) = 0 (or equivalently A;(z)B;(x) = 0 for all i € [1:n], which
highlights the combinatorial aspect of the problem). Such a problem can be written
in the form of a nonsmooth equation, thanks to a C-function. A C-function (C for
complementarity) is a function ¢ : R? — R such that

ola,b) =0 <= a=0, b=0, ab=0. (4.42)
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Hence ¢(a,b) = 0 expresses the complementarity of the two scalars a and b. The
most frequently encountered C-functions are the C-function “min” and the Fischer
C-function.

e The min C-function is defined by

¢(a,b) = min(a, b).

L (4.43)

It is easy to verify that (4.42) holds for this function. The min function is
concave (minimum of two linear functions) and nondifferentiable at points (a, b)
verifying a = b.

e The Fischer C-function is defined by

(a,b) =+/a? + b2 — (a+Db).

(4.44)

It is also easy to verify that (4.42) holds for this function. This function is
convex (it is the 5 norm of (a,b) minus a linear function) and differentiable
everywhere except at (0,0).

With a C-function ¢, the complementarity problem (4.41) can be written like the
nonsmooth equation

¢(A1(z), Bi(2))
F(z) = : =0.
¢(An (), Bn(z))

2) Reformulation of a variational inequality problem. The variational inequality prob-
lem (4.3), written here &(z) + Neo(z) 2 0, where N¢ is the multifunction “normal
cone to the nonempty closed convex set C”, can be rewritten like a nonsmooth
equation F'(r) = 0 by observing that —®@(x) € N¢(z) if and only if the projection
of £ — @(x) on C is = [47]. Then, it suffices to define F : E — E at x € E by

F(z) =2 —Pe(x — &(x)),
where P¢ is the orthogonal projector on C. Note that the boundary of C' must

have some smoothness to make this approach work (recall remark 1.12).

Another way of reformulating a variational inequality problem as a nonsmooth
equation is to introduce an equation characterizing the point z := x — @$(x) instead
of x. This point of view is examined in the exercise 4.1.3.

Below, we consider the generalization of the Newton algorithm for solving the
nonsmooth equation (4.40) that reads locally

Tpy1 i=xp — Jy TF(2), (4.45)
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where Jj, € L(E,F) is a nonsingular element of the Clarke differential dc F(x)). The
target we fix ourselves is very ambitious, since the iteration (4.45) only requires the
solution to a linear system, which is much less expensive than the JN algorithm,
whose iteration is potentially nonlinear. We shall see that one can take assumptions
on F', often verified, such that locally this algorithm generates sequences that converge
superlinearly or quadratically to a “regular” zero of F. Therefore, one recovers the two
conditions that are required for ensuring the convergence of the Newton algorithm:
a certain smoothness of F' and the regularity of the sought zero, in a sense that still
needs to be clarified.

Let us start by observing that, without an adequate smoothness assumption on F',
the proposed generalization (4.45) of Newton’s method is doomed for failure, even
though the iterates only visit points of differentiability of F', with nonsingular Jaco-
bians. This is what is shown in the next example.

Counter-example 4.14 (nonconvergence of the Newton algorithm for a
nonsmooth equation [88]) We construct a funcion F': [-1,1] € R - [-1,1] € R,
by repeating indefinitely a pattern that is scaled in proportion to its proximity to
the unique zero x4 = 0 of the function. The pattern is designed in order to force the
Newton method to make a cycle, which can be arbitrary close to the zero (the graph
of the function is given on the right-hand side of figure 4.1).

Fig. 4.1. Kummer’s function [88], for which the Newton method makes cycles, as close as
desired to its unique zero x4+ = 0. The function is constructed by repeating the pattern on
the left-hand side, scaling it in proportion to its proximity to the zero.

Here is how this function is constructed. The function is defined on [—1,1], is
continuous and odd (meaning that F(—x) = —F(x) for all z € [—1,1]), so that it
suffices to define it on (0,1] and to set F'(0) = 0. This is done by means of a function
pattern that is piecewise affine on the intervals [1/n,1/(n — 1)] for all integer n > 2,
takes the value 1/(n—1) at z = 1/(n— 1) and the value 1/n at © = 1/n (see the graph
of the pattern in the left-hand side of figure 4.1). This pattern is then reproduced and
scaled to define the function on (0, 1]. Let us denote by
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S S N |
" 2\n n-1) 2n(n-1)
the middle point of the interval [1/n,1/(n — 1)]. This point will be a point of a cycle
for Newton’s method, if F' is affine near m,, with the values

fn(x) = an(z +my,), where a, = 1/(711/(n1;i)mn _ 4712? 1

Indeed, in this case, the iterate that follows m,, is —m,, (because f,(—m,) = 0), itself
followed by m,, (by the oddness of the function); hence the Newton algorithm (4.45)
cycles between m,, and —m,,. The second affine part of the pattern is the function g,
that must take the value 1/n at © = 1/n (so that the connexion with the following
pattern is done continuously) and must have a sufficiently large slope b, (so that
its intersection with f,, occurs at an abscissa lower than m,, (so that the previously
mentioned cycle can still occur). As we shall see, this last condition is satisfied if g,
vanishes at z = mao,, i.e., if

1/n _ 8n—4
1/n—ma, C 4n -3

gn(x) = bn(CC — Map), with b, =

To check that the slope b, of g, is large enough, it suflices to verify that, for any
integer n > 2, we have f,,(m,) < gn(m,), which reads 4n? +n — 1 > 0, an inequality
that is verified for all positive integers.

The function F' so obtained has its graph represented on the right-hand side in
figure 4.1. Its unique zero is xy, = 0. It is Lipschitz continuous on [—1,1], with the
modulus max,, b, = by = 12/5. Since, for all z in the interval [1/n,1/(n—1)], F(z) is
in the same interval, it follows that F(z)/z € [(n — 1)/n,n/(n — 1)] and therefore, by
parity, F’(0) = 1. The C-differential dcF'(0) is the convex hull of the limits of the a,
and b, when n — o0, by the definition 4.15, that is [1/2,2]. This C-differential does
not contain the zero slope. In summary:

F : R — R is Lipschitz continuous and has directional derivatives, (4.46a)
F(0) =0, (4.46b)

F'(0) =1, (4.46¢)

0cF(0) = [5,2] #0. (4.46d)

O

What is wrong with the nonsmooth function F' in example 4.147 Is there no hope
to get local convergence of the Newton algorithm with a nonsmooth function? An
answer is given by the following expression of the error xy41 — x4:

Tkl — Ty = Tj— Ty — lelF(wk) [(4.45)]
= —J,;l[F(:vk)—F(:C*)—Jk(:vk —;v*)] [F(zy) = 0]
= *Jk_l[F(I* Jrhk)*F(.TE*)*thk] [hk = kaiE*].

As a result, if {J; '} is bounded and if
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F(ac* + hk) — F(.’L'*) — Jihi = O(Hth), (4.47)

the superlinear convergence of the generated sequence is guaranteed. Conversely, if
{Jk} is bounded and the generated sequence converges superlinearly, then (4.47) holds.
Hence this condition is almost necessary and sufficient to get superlinear convergence.

The condition (4.47) makes no assumption on the way of choosing Jj (only the
boundedness of {J;} and {J, '} is assumed in the discussion). In the semismooth
Newton algorithm of section 4.4.4 below, Jj, is chosen in dcF'(xy), so that (4.47)
becomes a condition of the generalized differential dc F(x) = dcF(xy + hi), not
a condition on dcF(zy), as an analogy with the Fréchet differentiability condition
“F(x+hy)— F(xy) — F'(x4)hg = o(|hi|)” would incline us to do. This small change
is a fundamental aspect of semismoothness, which takes indeed the condition (4.47)
in its definition 4.20. We shall see that this notion of weak differentiability is to be
shared by a large number of functions, so that superlinear convergence of a Newton-
like method is attainable for many nonsmooth systems of equations. This is good news.

Let us come back to the counter-example 4.14 and show that the condition (4.47)
does not hold at x4, = 0, which explains a posteriori why the local convergence of the
Newton method cannot be guaranteed for the constructed function. The Jacobians Jj
are the slopes a,,, whose inverses a, ! = 2—1/(2n) form a bounded sequence. Consider
now the condition (4.47). If we take a sequence of points hy, € (1/n,y,), where y, is
the abscissa of the intersection of f,, and g,, we have

|bn(hn - an) - bnhn|

|

n—00 |hn n—0 hn
b mo
> i e [hn, < My
n—o0 mn
= ]_7

which is nonzero. Taking h,, = m,, would have given the limit 1/2. Hence, the condition
(4.47) does not hold.

4.4.2 Generalized Differentiability
Definition

Let E and F be two finite dimensional normed spaces and F' : E — F be a function. We
assume that the reader is aware of the notions introduced in sections 1.3.2 and 1.3.4.

Definitions 4.15 (B-differential, C-differential) The B-differential® of F at x
is the set denoted and defined by

0pF(z) :={J € L(E,F) : I{zx} < Dp such that zx, — z, F'(zx) — J}.
The C-differential* of F at x is the convex hull of the B-differential, namely

OcF(x) :=codpF(x). ]

3 The “B” of the B-differential is honoring Bouligand [122].
4 The “C” of the C-differential is for Clarke.
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If I : E — I is differentiable near x € E and if F” is continuous at z, it is clear that
OpF(x) = 0cF(x) = {F'(z)}. But if F is Lipschitz near x and only differentiable at
x, O0cF(x) is not necessarily a singleton (Kummer’s function in section 4.4.1, with its
properties (4.46¢) and (4.46d), will provide an example of this curiosity); nevertheless,
by taking xj = x for all k in the definition of dpF'(x), we see that F'(z) € 0pF(z) in
this case.

We refer the reader to the monograph [32] for a detailed study of the C-differential.
Below, we try to say as little as possible, although enough to cover our future needs.
The notion of upper semi-continuous multifunction used below has been introduced
in section 1.3.4.

Proposition 4.16 (compactness and upper semi-continuity) If F: 2 —
F is L-Lipschitz near x € {2, then

1) dcF(z) is nonempty compact (S LB) and convex,

2) 0cF is upper semi-continuous at x.

Proof. 0) Let us start by showing that |F'(zo)| < L for all g € Dp near z. By the
differentiability of F at xg, it follows that F'(z') = F(zo)+F'(x0) (2’ —x0)+o(|z' —z0]|).
Hence, for small ¢ > 0, there exists § > 0 such that, for 2’ € B(x,d), one has
[F' (zo)(x' —z0)|| < |F(2') — F(xo)| + ez’ — zol| < (L + )|z’ — xo]. We deduce from
this that |F'(zo)| < L + ¢, and next that |F'(zo)| < L since € > 0 is arbitrary.

1) The C-differential is convex by construction. Next, it suffices to show that
0pF () is nonempty, closed, and in LB (since, according to (1.2), the convex hull of
a compact set is compact).

o [0pF(z) # @] Since 2\Dp has measure zero, one can find a sequence {z;} < Dp
converging to x (otherwise there would exists an € > 0 such that « + eB < 2\Dp,
which is in contradiction with the zero measure of f2\Dp). Since the sequence
{F'(xy)} is bounded (point 0), one can extract a convergent subsequence. The limit
of this one is therefore in dpF (), by definition of this last set.

o [0pF(x) is closed] Indeed, if {Jx} < dpF(x) and J; — J, then, for all € > 0,
one can find an index k such that |J; — J| < € and a point zj € Dp such that
|F'(zx) — Jil| < € and |zx — 2| < e. Clearly, when € | 0, the sequence {zx} so
constructed converges to x and F’(xy) converges to J. Hence J € dpF(x).

o [0pF(z) € LB] Any element J € dcF(z) is the limit of operators F'(x},) with a
norm not exceeding L (point 0). Hence |J| < L, by the continuity of the norm.

2) It suffices to show that,
Ve>0, 36>0, Va'ex+dB: 0pF(2)) S dcF(z) +eB.

Indeed, this last inclusion implies the desired inclusion d¢c F'(z') € dcF(z) + B, since
OcF(x) + eB is a convex set.

We proceed by contradiction. If the claim is not true, there exists ¢ > 0 and
a sequence {zy} € E converging to x and elements J, € dpF(z)) that are not in
0pF(x) + eB. Then,

(Jr + §B) n (0pF(z) + §B) = @.
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The fact that Jy, € dpF(x)) implies, by definition, that there is a point &) € Dp such
that |2 — xx| < 1/k and F'(Zy) € Jx + 5§B. On the other hand, since xx — x, the
sequence {F’(xy)} is bounded and, by extracting a subsequence if needed, one can
assume that it converges to some J. Then, one would have z;, — x and F'(z) — J,
so that J € dpF(x). But then F'(Zy) € 0pF(x) + §B for k large. We have the
contradiction since F”(Zx) belongs to the two sets Ji, + 5B and dpF(x) + 5B, which
have been shown to be disjoint. ]

Properties

The standard quadratic convergence result of the Newton method to solve the smooth
system F(x) = 0 requires that the Jacobian F’'(z4) be nonsingular at the sought
root x4 (this has been recalled in proposition 1.48). When F' € C*, this nonsingularity
property is “diffused” to the Jacobians F'(z) if z is close to x4 (this is due to the
continuity of F’ and the fact that the set of nonsingular operators is open), which
makes the Newton algorithm well defined in a neighborhood of a “regular” root of F.
This diffusion property is made precise in the following Banach perturbation lemma,
which is recalled below in the finite dimension setting.

Lemma 4.17 (Banach perturbation lemma) Let E and F be two wvector
spaces, A : E — T be a nonsingular linear operator, and B : E — F be an-
other linear operator sufficiently close to A in the sense that |[A=1(B — A)| < 1.
Then, B is also nonsingular and

4
1-[A-1(B = A)]

1B~ <

In the case of the semismooth Newton algorithm of section 4.4.4, this regularity
assumption becomes the nonsingularity of all the generalized Jacobians in 0¢F (x4 ),
a property that is called C-regularity.

Definitions 4.18 (regular C-differential, C-regular point) The C-differential
OcF(x) is said to be regular if all its jacobians J € dcF(x) are nonsingular. Then,
one also say that the point x is C-regular for F. |

The next proposition shows a property similar to the Banach perturbation lemma,
but for a locally Lipschitz function F': the points close to a C-regular point for F' are
also C-regular and a bound on the Jacobians of their C-differential, and their inverse,
can be given.

Proposition 4.19 (C-regularity diffusion) If F :E — F is Lipschitz near a
C-regular point x € E, then, there are constants C > 0 and § > 0 such that any
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point in B(x,d) is C-regular and

sup  max (|J], [J7Y]) < C. (4.48)
z'eB(z,5)
JeacF(w/)

Proof. 1) Let us first show the bound on |J|. By point 1 of proposition 4.16, we know
that dcF(z) € L. B, for a constant L, > 0 depending on x. We now use the upper
semi-continuity of dcF with the open neighborhood dc F(x) + B of dc F(x): one can
find & > 0 such that, if 2/ € B(x,¢), it follows that dcF(z') € 0cF(x) + B. As a
result, for all 2’ € B(z,¢e) and all J € dc F(2'), we have |J| < L, + 1.

2) Let us now show the bound on |[J~!|. Consider first a particular Jacobian Jy €
Oc F(x). This one is nonsingular by the C-regularity of . By the Banach perturbation
lemma, if |J — Jo| < e(Jo) := 1/(2|J5 ")), it follows that |Jy*(J — Jo)| < 1/2 and
therefore

Bl
1= [Jg ' (J = Jo)

Consider now a cover of dcF(x) by the open sets {J + e(J)B : J € dcF(x)}.
By the compacity of dcF(z) (point 1 of proposition 4.16), one can extract a finite
sub-cover (Heine-Borel-Lebesgue property): one can find m elements J; € dcF(x),
such that the open set

|77 < < 2|75 (4.49)

V= |J (i+e()B)

i€[1:m]

covers ¢ F(z). Remark that the operators in V have bounded inverses: for all J € V|
one has
|77 < ,Iﬁax]2|\JZ1H =: . (4.50)
1€ m

thanks to (4.49). It now suffices to show that dcF(2') € V when 2’ is close to z. To
this end, one uses the compacity of dcF(z) and the upper semi-continuity of o F.
By compacity of d¢F(x), one can find an e > 0 such that

OcF(z)+eBcCV.

Indeed, otherwise, one could find operator sequences {.J;} and {J}'} such that J; ¢ V,
Ji € 0cF(z), and |Jj, — J}| < 1/k. By compacity dcF(z), one can extract a subse-
quence of {J}'} converging to some J € dcF(x). Obviously J;, — J, so that J}, is in
some J; + £(J;)B for some ¢ € [1:m], and therefore J;, € V, which contradicts the
starting assumption.

Finally, by the upper semi-continuity of dcF': one can find a § > 0 such that, if
2’ € x + 0B, one has 0cF(z') € 0cF(x) + eB < V, which is what we wanted to
show. O
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4.4.3 Semismoothness A
Definition

Throughout this section, E and F are two normed spaces and {2 be an open set of E.

Definitions 4.20 (semismoothness) Let F : 2 — F be a function and x € {2.
The function F is said to be semismooth at x if the following three conditions hold:

(SS1) F is Lipschitz near z,
(SS2) F has directional derivatives at z in all directions,
(SS3) when h — 0 in E, one has

sup  |F(z + h) — F(z) — Jh| = o(|h]). (4.51a)
Jedc F(xz+h)

The function F is said to be strongly semismooth at x if it is strongly semismooth at
x with (SS3) strengthened into

(SS3’) for h near 0, one has

sup |F(z 4+ h) — F(x) — Jh|| = O(|h]?). (4.51b)
JeacF(w—ﬁ-h)

The function F : 2 — F is said to be semismooth (resp. strongly semismooth) on a
part P of 2 if it is semismooth (resp. strongly semismooth) at all points of P. O

Remarks 4.21 1) The local Lipschitz continuity of F' at = in (SS1) guarantees that
the Clarke differential dc F is well defined and nonempty near = (point 1 of propo-
sition 4.16), so that its use in (SS3) and (SS3’) makes sense. Property (SS2) is
useful so that the semismoothness enjoys good properties, those given in propo-
sitions 4.23-4.29 below. As announced in the discussion of section 4.4.1, property
(SS3) is the one that ensures the superlinear convergence of the semismooth New-
ton algorithm and property (SS3’) its quadratic convergence (theorem 4.31). We
stress again the fact that, in (SS3) and (SS3’), the Jacobians J are taken in the
C-differential dc F(x + h) and not in dcF(x), as one could be tempted for mim-
icking the Fréchet differentiability; the motivation of this choice has been given in
section 4.4.1.

2) The differential dc F' is not always easy to compute. However, if an overestimate D
of this one is known, in the sense that dcF(2') € D(a’) for all 2/ near the point =
of interest, and if (4.51a) or (4.51b) can be verify with dcF replaced by D, the
corresponding smoothness property will hold.

As shown in the next proposition, semismoothness (resp. strong semismoothness)
can be defined by other properties. More precisely, the assumption (SS3) (resp. (SS37))
can be replace by other assumptions.
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Proposition 4.22 (semismoothness characterizations) Let F : 2 — F
be a function and x € 2. Suppose that F satisfies (SS1) and (SS2). Then the
following properties are equivalent:

(1) F is semismooth (resp. strongly semismooth) at x,
(i) for h — 0, there holds

sup  [|[Jh— F'(z;h)| = o(|h])  (resp. = O(|A|?)),
Jedc F(z+h)

(#3i) for h — 0 such that x + h € Dp, there holds

F'(z + h)h — F'(z;h) = o([h])  (resp. = O(|R[?)).

Proof. O

Properties

Here are a few useful properties of semismooth functions. There is no need to know
them for proving theorem 4.31 giving the local convergence of the semismooth Newton
algorithm, but they are very useful for recognizing the semismoothness of functions
and therefore for knowing whether the convergence result applies to them.

The first property tells us that sufficiently smooth functions are semismooth, which
is somehow reassuring.

Proposition 4.23 (differentiability and semismoothness) If F : 2 —> F
is differentiable near x € 2 and F' is continuous at x (resp. radially Lipschitz
at ), then F is semismooth (resp. strongly semismooth) at x.

Proof. [(SS1)] By the mean value theorem 1.24, for z; and x5 near x, there holds

| F(22) = F(z1)] < (Esup )IF’(Z)> |2 — 2.

(z1,22

By the continuity of F’ at z, the first factor in the right-hand side is as close to
| F'(x)| as desired, by taking 1 and x2 sufficiently close to x. Le Lipschitz continuity
of F near x follows.

[(SS2)| This property is a consequence of the differentiability of F" at x: F'(z; h) =
F'(z)h.

[(SS3)] By the differentiability of F' at 2 and the continuity of F’ at x, we get

F(z +h) — F(z) — F'(x + h)h = (F'(z) — F'(z + h)) h+ o(|h]) = o(||A]).

[(SS37)] Assume now that F” is radially L-Lipschitz at xz. By the mean value
corollary 1.25, for h small, there holds



124 4. A Few Methods for Nonsmooth Systems

|F(xz+ h) — F(z) — F'(z + h)h|

< < e(sup |F'(z) — F'(z + h)) IR ]

ze(x,x+h)

< L ( sup [[(1—t)z +t(z +h) — ($+h)|> [

te(0,1)
< L|h|>
This shows the strong semismoothness of F' at z. O

Proposition 4.24 (semismoothness of a convex function) If f: 2 > R
is convex on the open convex set 2 € E and if x € 2, then f is semismooth at x.

Proof. A convex function is Locally Lipschitz on the relative interior of its domain [65],
hence certainly on {2 in our case. It has also directional derivatives at any point of
its domain (but these can have infinite values), which have here finite values since f
takes only finite values on 2. In addition, dc f(x) is the subdifferential of f at z in
the sense of convex analysis [32; propositions 2.2.6 and 2.2.7]. ... (for the sequel, see
[100] or the prof of [50; prop. 7.4.5(c)]). O

In the proposition below, F : {2 — F is said to be piecewise semismooth at x € {2,
if there is a neighborhood V' of x and semismooth functions F; : V' — T, for ¢ € I with
finite |I], such that, for all ' € V, there is an index i € I such that F(2’) = F;(z').

Proposition 4.25 (piecewise semismoothness) If F : 2 — T is piecewise
semismooth at x € {2, then F is semismooth en x.

The function F' is said to be piecewise affine at x if the pieces in the definition of
piecewise semismoothness are affine.

Proposition 4.26 (piecewise affinity) If F : 2 — F is piecewise affine at
x € {2, then F is strongly semismooth at x.

The semismoothness of a vector-valued function can be deduced from the semis-
moothness of its components.

Proposition 4.27 (componentwise semismoothness) Let Fy : 2 — Fy and
Fy : 2 — sy be two functions with values in the finite dimensional normed
spaces By and Fa, and let x € 2. Then,
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(Fl,F2) 5 x' e — (Fl(x'),Fg(x')) € Fl X ]F2

is semismooth (resp. strongly semismooth) at = if and only if Fy and Fy are
semismooth (resp. strongly semismooth) at x.

Semismoothness is stable by composition.

Proposition 4.28 (semismoothness and composition) If F: 2 - F is
semismooth (resp. strongly semismooth) at x € 2, if r is a neighborhood of
F(z) in F, and if G : 2y — G is semismooth (resp. strongly semismooth) at
F(z), then G o F is semismooth (resp. strongly semismooth) at .

An important asset of the semismoothness is to be stable with respect to the
minimum or maximum of functions, which is of course not the case for the Fréchet
differentiability! Since many nonsmooth functions can be defined by using these op-
erators, these functions are often semismooth.

Proposition 4.29 (calculus) If Fy : 2 — F and F5 : 2 — F are semismooth
(resp. strongly semismooth) at x, then the following functions are semismooth
(resp. strongly semismooth) at x (for the last two, F = R™ and the operators
“max” and “min” act componentwise):

F + Fy, <F1,F2>, max(Fl,F2), and min(Fl,Fg).

Proof. The semismoothness result for F; + F can be obtained by viewing this func-
tion as the composition of x — (Fj(x), Fz(x)), which is semismooth (resp. strongly
semismooth) by proposition 4.27, and the addition (u,v) — u + v, that is linear. Now,
use proposition 4.28 to conclude.

The function (Fy, Fy) is also a composition of semismooth (resp. strongly semis-
mooth) functions, namely z — (Fy(x), F5(z)) like above and the scalar product of F,
which is bilinear, hence C®.

The function max(F, Fy) (the same reasoning holds for min(Fy, Fy)) is still the
composition of x — (Fy(z), Fo(x)) and the function (u,v) € F x F — max(u, v) which
is piecewise linear, hence strongly semismooth by proposition 4.26. O

Here are a few examples and counter-examples of (strongly) semismooth functions.

Examples 4.30 1) We already know that a norm is semismooth, due to its con-
vexity (proposition 4.24). The ¢, norms are, furthermore, strongly semismooth
(exercise 4.4.1).

2) The “min” and Fischer C-functions, (4.43) and (4.44), are strongly semismooth
(exercise 4.4.2).
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3) The projector on a convex set defined by C? constraints is strongly semismooth at
a point of the convex set that satisfies (CQ-LI) (exercise ?7).

4) For an arbitrary convex set C, the projector P may not have directional deriva-
tives at a point not belonging to C' [86, 128] and is therefore not semismooth at
such a point. This is not good news for solving variational inequality problem using
the reformulation in example 4.13(2). Nevertheless, the situation is more favorable
if C is a polyhedron or has a smooth boundary. Also semismooth-Newton-like

algorithms give excellent results by using some kind of pseudo-generalized Jaco-
bians [93; 2018]. [

4.4.4 The Semismooth Newton Method A

The semismooth Newton algorithm is designed to solve the system (4.40), in which
F : 2 — F is semismooth (section 4.4.3). Locally (i.e., near a solution z, to this
system), it consists in generating a sequence {zj} in the open set 2 < E by the
recurrence

Tht1 i= Tk — Jk_lF(xk), (4.52)

where Jj is a nonsingular Jacobian of the Clarke differential dcF(zy). To be well
defined, it is clear that such a Jacobian must exist in the C-differential of F' at the
visited points. But the technique of proof used below requires a little more than that,
namely the boundedness of the sequence of inverses {J, 1 and the property (SS3) or
(SS3’) of the semismoothness. In the terms of theorem 4.31 below, the boundedness
of {J,/'} is ensured by the regularity of dcF(z,) and proposition 4.19.

It is important to observe that the semismooth Newton method is particularly
computationally sober, since it only requires to solve a linear system per iteration,
like the Newton algorithm for smooth systems, but unlike the JN algorithm for func-
tional inclusions (section 4.1.2) or the SQP algorithm for nonlinear optimization (sec-
tion 5.1), derived from the latter. Now, all these algorithms are not used to solve
similar problems and cannot be globalized with the same ease.

Theorem 4.31 (local convergence of the semismooth Newton algo-
rithm) Suppose that F is semismooth at a C-reqular solution x to (4.40).
Then, there exists a neighborhood V' of z. such that, if the first iterate x1 is in
V', the semismooth Newton algorithm (4.52) is well defined and generates a se-
quence {x} in V, which converges superlinearly to xy (and quadratically if F is
strongly semismooth at ).

Proof. The regularity of 0o F'(x4) and proposition 4.19 imply that there exist constants
C1 > 0 and €1 > 0 such that

sup  max (|J],[|J7Y]) < Ch. (4.53)
2€B(xy,e1)
JeacF(I)

By the semismoothness property (SS3) of F' at x4, one can find € € (0,e1] such that
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| F(x) = Fas) = J(& — z4)| < 5= — 2], (4.54)

1
2Ch
when x € B(z4,¢) and J € 0c F(x).

Suppose now that xj, € V := B(x4,¢). Then the algorithm is well defined at this
point since any Jacobian Jj chosen in doF'(xy) is nonsingular (by € < €7 and (4.53)).
A new iterate xp4+1 can therefore be computed by (4.52). One has

Tkl — Ty = T — Ty — Jk_lF(:zrk) = —Jk_l (F(xk) — F(zy) — Jg(z — x*)),

hence
|k =zl < |TH | F(2n) = Faw) = Tz — ). (4.55)

By (4.53) and (4.54), |zp11—4| < 3|2k —24], which shows that 211 € B(zy,e) =V,
the wellposedness of the algorithm, and the convergence of the convergence {xy} to xy.

Then, the semismoothness implies that F(xy) — F(zy) — Jp(zr — z4) = o(||zr —
Zx|), so that zr11 — x4 = o(|zr — z4|) by (4.55) and (4.53). This is the superlinear
convergence of {xy} to z.

In case of strong semismoothness, F(xy) — F(z4) — Ji(zr — 24) = O(|xx — 24 ?),
so that zp41 — 24 = O(|zr —24]?) by (4.55) and (4.53), showing that the convergence
is quadratic. ]

4.4.5 Globalization by linesearch A

It is well known that the Newton direction is a descent direction to the least-squares
merit function. If this surprising local property is not able to ensure global convergence
of the damped Newton iterates to a zero of F', when this one exists, it paves the way to
algorithmic techniques having interesting properties, in particular when trust regions
are used.

This descent property is no longer guaranteed when F' is only semismooth. Never-
theless, when the least-squares merit function is smooth, some interesting properties
can be obtained [78; 1999]. We describe this particular case in this section.

Let us start by giving a concrete example of such a situation, which has numerous
applications.

Here is a short review of what has been explored.

e Jiang and Ralph [78; 1999] analyze semismooth Newton and Gauss-Newton al-
gorithms, globalized with lineaserch or trust regions on the least-squares merit
function, provided this one is smooth (with application to the nonlinear comple-
mentarity problem).

e Ueda and Yamashita [134; 2012| also suppose that the least-squares merit func-
tion is smooth and analyze the complexity of the Levenberg-Morrison-Marquardt
approach for nonsmooth equations (with application to the nonlinear complemen-
tarity problem).

e See also [114; 2016] (with application to the nonlinear complementarity problem)
and many other papers.
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4.4.6 Globalization by trust regions A

4.4.7 Examples of use A

Notes

The notion of semismoothness was first introduced by Mifflin [100; 1977] for real-
valued functions and extended to vector-valued functions by Qi and Sun [112, 113;
1993]. Excellent textbooks have been written on the semismooth Newton method; let
us cite [83, 50, 74, 76; 2002-2014].

Exercises

4.4.1. Strong semismoothness of the {,-norm. For p € [1,00], the {,-norm | - ||, : R™ — R,
defined at x € R™ by

i/p .
lz|p = (Zlgign |xl|p) Pif1<p<oo,
! maxi<i<n |2l if p= o0,

is strongly semismooth.

4.4.2. Strong semismoothness of C-functions. The C-function “min” (4.43) and of Fischer
(4.44) are strongly semismooth.

4.5 Reformulation Methods for Complementarity Problems A

Let E be a Euclidean space, and F' : E — R"™ and G : E — R” be two smooth
functions. The (nonlinear) complementarity problem (CP) consists in finding a point
2 € [ such that

0< F(z) L G(z) = 0. (4.56)

This system means that = must be such that F(z) = 0 and G(x) > 0, componentwise,
and F(z)TG(x) = 0. A more general setting is presented in (4.56); here, we limit our
presentation to the case where the functions F and G take their values in R™ and
the cone K of R™ is its nonnegative orthant R’ (recall that R} is self-dual, meaning
that its positive dual cone (R7)" is R" ). Less or more recent states of the art on the
analysis of complementarity problems and numerical methods to solve them can be
found in [103, 73, 107, 50, 39, 40, 76].

Occasionally, we shall make reference to the linear complementarity problem (LCP)
in its standard form, which reads

0<zl(Mz+q) =0, (4.57)

where its unknown is x € R™, while ¢ € R” and M € R™*" are its data. It corresponds
to the nonlinear complementarity problem (4.56) with F': @ — Mz + ¢ is affine and
G : x — z is the identity operator.

A major difficulty of problem (4.56) (and (4.57)) comes from its combinatorial as-
pect. Since both F(x) and G(z) must have nonnegative components, the orthogonality
conditions F(x)TG(zx) = 0 is equivalent to the n identities
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Vie[l:n]: Fi(2)G;(x) = 0. (4.58)

There are 2" possibilities to realize (4.58), by forcing, for each i € [1:n], either F;(z) of
G;(z) to vanish. This fact yields much difficulty to the algorithms to find a solution.
For instance, even when the functions F and G are affine like in (4.57), finding a
solution is NP-hard [31, 84; 1989-1991].

Since at a solution Z to (4.56), either F'(z) = G(Z) = 0, or 0 = F(z) < G(T), or
F(z) > G(z) = 0, it is natural to introduce the following index sets:

E(x) = {ie[l:n]: Fi(z) = G;(2)},
F(x) = {ie[l:n]: Fi(z) < Gi(z)}, (4.59)
G(x) = {ie[l:n]: Fi(z)> Gi(z)}.

Obviously, these form a partition of [1:n].

The decomposition of the orthogonality condition F(x)TG(x) = 0 into the n com-
plementarity conditions (4.58) also shows that these count for n equations. Indeed, if
the index sets £(Z), F(Z), and G(Z) at a solution Z of (4.56) were known, this solution
would also satisfy the following system of n equations

{E-(x) =0 ifie F(z),
Gi(z) =0 ifieg(z),

where the pair (F(Z), G()) forms a partition of [1:n] and satisfies F(Z) 2 F(&) and
G(Z) 2 G(&), together with the implicit constrains F(z) = 0 and G(z) > 0. Therefore,
the system (4.56) has more chance to be well-posed if dimE = n. It is often the case
that the complementarity system (4.56) is completed by equality constraints; the
system is then called a mized complementarity problem; if there is m such equalities,
it is natural to have dimE = n + m.

Complementarity conditions arise spontaneously in the first order optimality con-
ditions of an optimization problem with inequality constraints and these conditions
can be written like the system (4.56); see (1.58¢) in the KKT system or, more gen-
erally, (??).. The complementarity system (4.56) is also often used to model in part
problems in which several systems of equations are, to some extend, in competition.
The one that is active in a given place and at a given time, corresponding to a com-
mon index of F(z) and G(z), depends on threshold effects; if the threshold F;(x) =0
is not reached, i.e., F;(x) > 0, then the equation G;(x) = 0 is active, and vice versa.
Examples include problems in nonsmooth mechanics and dynamics [1, 25], the phase
transition problem in multiphase flows [98, 99, 12, 41, 9, 27, 10, 11|, precipitation-
dissolution problems in chemistry [26, 85], portfolio management in finance [58], com-
puter graphics [48], meteorology simulation, economic equilibrium, to mention a few.
Surveys on examples of applications of the complementarity problem can be found in
[63, 73, 107, 52, 50].

Many techniques have been proposed to solve (4.56) since the problem was in-
troduced by Cottle in his PhD thesis, dated 1964 [36, 37]. It is out of the scope of
this section to review all of them and we refer instead the interested reader to the
monographs [50, 76]. Below, we limit our account to the algorithms using the two
most often encountered reformulation of (4.56) in the form of a nonsmooth equa-
tion. The reformulation by the Fischer function is examined in section 4.5.1 and the
reformulation using the minimum function is considered in sections 4.5.2 and 4.5.2.
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4.5.1 Fischer-Newton Algorithm

The Fischer C-Function

In this section, we consider the reformulation based on the Fischer [54] C-function
©r : R? - R, defined at (a,b) € R? by

we(a,b) =vVa?+ b2 —(a+D).

This is indeed a C-function since, for two real numbers a and b, ¢r(a,b) = 0 if and
only if a = 0,b = 0, and ab = 0. This function is convex (it is the Euclidean norm plus
a linear function) and is C*, except at (a,b) = (0,0) where it is non differentiable.
The function is strongly semismooth however (exercise 4.4.2).

The equation reformulation of (4.56) using ¢y reads

Py (x) = 0, (4.61a)
where @ : R — R"™ is defined at x by
Pi(2) = pu(F (), G(2)), (4.61D)

where ¢ acts componentwise. A natural merit function associated with the reformu-
lation (4.61) is the least-square function 6 : R™ — R, defined at « € R™ by

0r(0) = 510 (@),

where | - | denotes the Euclidean norm.
We have the following smoothness result.

Proposition 4.32 (smoothness of the Fischer reformulation) If F and G
are CH1, then @ is locally Lipschitz and 0y is C*1.

Proof. See [51, 30]. [

Globalization

A function F : E — E is called a uniform P-function [29] if there is an a > 0 such
that for all z, y € E:

ax (v — i) (Fi(y) — Fi(z)) > ofy - z|?.
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Proposition 4.33 (smoothness of the Fischer reformulation) Suppose F :
R"™ — R" is a C* uniform P-function. Then, for any x € R™ and any J € 0®(x),
J is nonsingular.

Proof. See [77; 1997, proposition 3.2]. O

4.5.2 Newton-Min Algorithm

The Minimum C-Function

In this section, we consider the reformulation based on the Minimum C-function
©Omin : R? = R, defined at (a,b) € R? by

©min(a,b) = min(a, b). ) (462)

This is indeed a C-function since, for two real numbers a and b, @min(a,b) = 0 if and
only if @ = 0, b = 0, and ab = 0. This function is concave (minimum of two linear
functions) and strongly semismooth (exercise 4.4.2).

Plain Newton-Min algorithm

Polyhedral Newton-Min Algorithm

Notes

There are many other C-functions than those used in sections 4.5.1 and 4.5.2 that
have been proposed in the literature. Tseng [133] studies the C-function obtained by
replacing the ¢ norm of (a,b) in the Fischer Function by its ¢, norm.
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5.1 SQP Algorithm for (Pgy)

In this section, we apply the Josephy-Newton (JN) algorithm of section 4.1.2 to the
equality and inequality constrained optimization problem (Pg;), more precisely to
the system formed by its first order optimality conditions. As already observed in
section 4.1.1, this optimality system can indeed be written as a complementarity
problem, which is a special case of function inclusion. This approach yields an algo-
rithm named SQP for Sequential Quadratic Programming, which is one of the most
often used algorithm to solve problem (Pgr), when derivatives are available.

In addition to give a consistent and illuminating way of introducing the SQP
algorithm, this approach is also fruitful. In particular, it offers to possibility to get
the conditions of local convergence inherited from those ensuring the local convergence
of the JN algorithm (theorem 4.12), which were not known before this technique was
introduced in [19; 1994].

For the reader’s convenience, we recall the form of the optimization problem (Pgy):

min f(z)
(Pgr) ci(r) =0, ieFE
ci(r) <0, iel.

In this setting, the vector x to optimize lies in a Euclidean vector space E and the
functions f : E — R and ¢; : E — R defining the objective and the constraints are
supposed smooth. The index sets F and I form a partition of [1:m]: Eu I = [1:m]
and Enl =0.

Here are some more notation. We denote by ¢ : E — R™ the function whose ith
component is ¢;. The cardinality of E and I are denoted by mp := |E| and my := |1,
so that m = mg +my. If v € R™, we denote by vg (resp. vr) the vector of R™Z (resp.
R™1) formed of the components v; of v with index i € E (resp. i € I). Applying this
to ¢, cg : E — R™E (resp. ¢y : E — R™!) is now the constraint function defining the
equality (resp. inequality) constraints. To a vector v € R™, we associate the vector

v# e R™, defined by
(U#)'_{’Ui ifieFE

T\ ifiel,

where v;" = max(0,v;). With this notation, the constraints of (Pg;) read c(z)# =
0, whose interest lies in its compactness (note indeed that x + c(x)# is usually
nonsmooth, so that the difficulty associated with the inequality constraints has been

transferred to the difficulty coming from nonsmoothness).

133
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5.1.1 The SQP Algorithm

Figure 5.1 below gives a flowchart that can allow the reader to see schematically the

(Por) | o [(KED)] __ [(KKT) asarFip] _ _ [(KKT)asa CP
o (5.1) (5.2a) (5.2b)
| | | |

Hybrid Function Josephy- Function
quadratization linearization Newton linearization

(0QP) (KKT’) (KKT) as a FIP (KKT’) as a CP
(5.9) (5.7) (5.4a) (5.4b)
Fig. 5.1. Flowchart of the systems encountered in section 5.1.1.

links between all the systems encountered in this section, which lead to the definition
of the SQP algorithm and its osculating quadratic problem (OQP). The meaning of its
blocs, which refer to formulas not already encountered, will be revealed progressively
throughout the section. A simple horizontal arrow indicates an implication between
the systems; a double horizontal arrow means an equivalence. The labels of the vertical
arrows indicate the type of transformation used to go from the upper box to the lower
one. Even though we do not have all the elements at hand to understand this diagram,
we can already outline it.

1. Most presentations of the SQP algorithm confine themselves to the leftmost two
blocs, hence viewing the osculating quadratic problem (OQP) defined below as a
kind of hybrid quadratization of (Pgr).

2. When, one goes through the first order optimality conditions, the (KKT) bloc
in the flowchart, one gets the first order optimality conditions (KKT’) of the
OQP by a pseudo-linearization, which linearizes the functions in the KKT system,
while keeping its structure. This is probably the fastest and meaningful way of
presenting the SQP algorithm and its osculating quadratic problem.

3. It makes even more sense, and this is what we do below, to view the KKT system
as the functional inclusion problem (5.2a), denoted FIP in the flowchart, and apply
the JN linearization to it. Then, one gets (5.4a), which is actually a functional
inclusion expression of (KKT").

4. The approach made in point 3 on the functional inclusion form (5.2a) of (KKT),
can also be done on its complementarity form (5.2b). The linearization of the
functions appearing in the latter yields (5.4b), which is the complementarity form
of (KKT).

We now expound the approach described schematically in the points 3 and 4 afore-
mentioned, with more precision.

Like Newton’s method for solving an unconstrained optimization method, the
SQP algorithm for solving (Pg;) focuses on the solutions to the first order optimality
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conditions of the problem or its KKT system (1.58), which we recall below for the
reader’s convenience. It is the following system in (2, \) € E x R™:

Vi) +d@)* =0
(KKT) cg(x) =0 (5.1)
0< AL —cs(x) =0.

With the inequality —ey(z) = 0, the last complementarity condition is written slightly
differently than in (1.58), since for the sequel we would like to have A\; and —c¢y(z) to
belong to dual cones (actually to R/, which is self-dual in the sense that (R7'")" =
R™'"). A pair (x,\) solution to this system is called a primal-dual solution and the
primal solution z is also sometimes called a stationary point.

We have seen in section 4.1.1, and this is a fundamental observation, that this
system reads like the following functional inclusion or complementarity problem in
z = (z, A):

F(z) + Ng+(2) 20, (5.2a)
Ktsz 1l F(z)eK, (5.2b)

where
Fz) = (Vf (x)_j(;/)(x)”> and K = {0g) x ({025} x R™).  (5.3)

Because of the importance of this equivalence for this section, let us check it again.
Since K+ =E x (R™= x R"), we have that

o (z,)\) € Kt reads A\; > 0,
o F(z,)\) € K reads V l(x,A\) =0, cg(x) =0, and ¢r(x) <0,
e (z,\) L F(x,A\) amounts then to the complementarity expression A\; L c;(x).

Hence, one recovers indeed (5.1).

The pure JN algorithm (4.11), that is with M}, = F'(zy), applied to the functional
inclusion (5.2a) or to the complementarity problem in (5.2b) leads to determine the
next iterate zgi1 := (Tg+1,Ak+1) from the current one zp := (z, \x) by solving
in z := (x,\) the following linearized functional inclusion problem or its equivalent
linearized complementarity problem:

F(zr) + F'(2)(z — z1) + Ng+(2) 20, (5.4a)
Kt 5z 1 (F(zk) + F'(z1) (2 — 21)) € K. (5.4b)

Let us see the form of this algorithm when (F, K) is given by (5.3). Observe that

P = (M5 ., (5.5

where we simplified the notation by introducing
L(z, \) := V2 0(z, \).

Consider (5.4b).
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e The condition z € K reads like above

Ar = 0. (5.6a)
o The condition F(zy) + F'(zk)(z — z) € K means
A\ f(l‘k, ) + (CL‘;C, )\k (CL‘ - CL‘k) + C’(CL‘;C)*()\ — )\k) =0, (5.6b)
ce(zk) + cg(ar) (@ — x) = 0, (5.6¢)
cr(xg) + ¢ (z)(z — o) < 0. (5.6d)

e Finally, the orthogonality relation z L (F(zx)+ F"(2,)(2—z)) can be expressed by

A1 L [er(zr) + i (an)(z — x)]. (5.6e)
Gathering the conditions in (5.6) yields the system

Vol (g, M) + L(wg, M) (@ — 25) + ¢/ (2p)* (N — M) =
(KKT?) ce(zr) + dp(ag)(x —zx) =0, (5.7)
0< A L [er(zr) + & (zp)(z —ax)] < 0.

We could obtain the same system from the KKT system (5.1) by linearizing its func-
tions and keeping its structure, made of the equalities, inequalities and perpendicu-
larity operator.

Solving (KKT”) is not an easy task: this system is not a classic problem that can be
solved by the usual pieces of software; in addition, the original optimization nature of
problem (Pgr) looks lost in this formulation. This latter observation is in appearance
only, since the fact that the system (KKT’) comes from the linearization of a KKT
system, it is also a KKT system, but now of a quadratic optimization problem. Let us
see this. Note first that it is not the I-component of the multiplier (A — ) appearing
in the first equation of (5.7) that must be nonnegative, but A7, as imposed by the
last condition in (5.7). This is problematic when one tries to see (5.7) as a KKT
system. But there is cure to that difficulty, which consists in eliminating Ay from the
first equation of (5.7) (it appears twice in terms that cancel each other). The system
becomes

V() + L(xg, Aie)(x — x) + ¢ (xp)* A =0,
ce(zr) + dy(zr)(x — zk) = 0, (5.8)
0<Ar L [er(z) + & (xp)(z — 2x)] <O.

Now, it is not difficult to observe that (5.8) is formed of the first order optimality
conditions of the following quadratic optimization problem

min, (V f(zr), (x — 1)) + 35{L(zk, M) (x — z1), (x — z))
ce(zy) + dy(ze)(x —xk) =0
cr(zr) + S (ap)(x — zx) < 0.

Note that the multiplier associated with the linearized constraints is the sought dual
solution A to this problem, not the increment A — \i. For the sequel, it is convenient
to set d = © — xg, so that the previous quadratic problem can also be written as a
quadratic problem in d € E:
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ming{V f(zx),d) + %<Vimf($k, Ak)d, dy
(0QP), ce(zr) + dg(zr)d =0 (5.9)
cr(zr) + & (xk)d <O0.

This problem is called the osculating quadratic problem of (Pgr) at (xg, Ag). Its ob-
jective has a hybrid nature, since the linear term is formed with the gradient of the
objective of (Pgr), while the quadratic term is formed with the Hessian of the La-
grangian of the problem.

One can now specify the local SQP iteration, local means here without globalization
technique like those of sections 5.1.4 and 5.1.5.

Algorithm 5.1 (local SQP) One iteration, from (zx,Ax) € E x R™ to
(T+1, Ak+1) 1s made of the following steps:
1. Stopping test: if the current pair (xg, A;) is satisfactory, stop;
2. QP solve: let (dy, A\g+1) be an appropriate primal-dual solution to the oscu-
lating quadratic problem (5.9), if any;
3. New iterate: set xp11 := o + di and A\gyq := A\gpyq.

This algorithm deserves some remarks.

Remarks 5.2 1) The SQP algorithm decomposes the computation of a solution to
(Pgr) in a sequence of osculating quadratic optimization problems (5.9), easier to
solve than (Pgy). Therefore, the combinatorial aspect of problem (Pg;) (liked to
the determination of the active inequality constraints), is transferred to the OQP,
where it is still serious, but less than in the nonlinear problem (Pg;).

2) The computationally expensive part of the SQP algorithm is the computation of
the solution to the osculation quadratic problem (OQS), which can be much more
comptation time consuming than a linear system. Therefore, we are in the class
of algorithms with an expensive iteration; this is expected since we have seen that
the SQP algorithm is derived from the JN algorithm, which has that property.

3) The OQP is still computationally expensive to solve:

e if Ly * 0, then the OQP is NP-hard,
e if Ly > 0, then the OQP can be solved in polynomial time (by an interior point
method, but this is not necessarily the best approach).

For this reason, many implementations approach the Hessian of the Lagrangian Ly,
by a positive definite matrix (using a quasi-Newton technique for example), see
also section 5.1.4.

4) We shall see in section 5.1.2 that algorithm 5.1 enjoys a local rapid convergence: it
is quadratic if f and c are sufficiently smooth (of class C*1). This means that, once
an iterate is close to a “regular solution” (a notion that will be clarify in the next
section), the convergence to that solution is very fast (less than 5 or 10 iterations,
to give a number), whatever the dimension of the problem is. Furthermore, the
algorithm provides a very accurate approximation to the solution. Nothing is done,
however, in algorithm 5.1 to ensure the convergence if the itnitial iterate (z1, A1) is
not close to a regular solution. This subject is considered in sections 5.1.4 and 5.1.5.
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5) The phrase “if any” in step 2 of the algorithm hides a lot of difficulties that a fully
developed piece of software must overcome. Let us mention the three main ones.

e It may occur that the linearized constraints of the OQP are not compatible,
even if problem (Pg;) is feasible. For example, assume that in (Pg;), n = 1,
mpg = 0, and m; = 2, with the constraints

x=0 and log(z +1) <1,

which is a complicated way of requiring to have = € [0, 9]. The linearization of
these compatible constraints at = 99 reads “x > 0 and 2 + (x — 99)/100 < 17
or “x > 0 and = < —1”, which are not compatible.

e It may occur that the OQP is feasible but unbounded (its optimal value is —0).

e If none of the previous situations occur, the OQS has a solution (like in linear
optimization, since one can show that a possibly nonconvex quadratic optimiza-
tion problem with a real optimal value has a solution [56; 1956, appendix (i)]).
Nevertheless, it may have undesirable solutions. Here is an example. Consider
the following problem in = € R:

min, log(z + 1)
0<z<3.

Its solution is x4 = 0 and there is a unique associated multiplier A, = (1,0).
The OQP at (x4, Ay) reads

ming d — % d?
0<d<3.

This problem has three stationary points: 0, which is a local minimum, 1, which

a global maximum, and 3, which is a global minimum. Clearly, only the first

one is satisfactory (at a solution to a problem any sensible algorithm should
provide a zero displacement).

5.1.2 Local Convergence

Definition 5.3 A stationary pair zy := (24, As) of (Pgr) is said to be semi-stable
(resp. hemi-stable) if z, is a semi-stable (resp. hemi-stable) solution to the functional
inclusion (5.2a) with F" and K given by (5.3).

If (x4, A\y) verifies the KKT conditions, it follows that

Or
P24, M) = Orme |, (5.10)
—cr ()
Lyd+ (x4)*p
F(ag,Ms) + F' (14, M) (d, 1) = —cp(z4)d . (5.11)

—cp(wy) — ¢ (z4)d

where we have used (5.5) and set Ly := L(z4,\s) := V2,£(24, As). The condition
F(2g, M) + F' (24, M) (d, 1) + Nt (24, Ay) 2 0 reads
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Lud+ d (z4)*pu =0,

CjEuIi* (z4)d =0, C/I,?P (22)d <0, crz(z4) + c’I; (z4)d < 0.

Proposition 5.4 (semi-stability of a local minimum) If z, is a local min-
imum of (Prr) and Ay is an associated optimal multiplier, then the following
properties are equivalent:
(1) (wx,Ax) is semi-stable,
(i4) g is the unique optimal multiplier associated with x4 and the second order
sufficient conditions of optimality hold: (L.d,dy > 0, for all d € Ci\{0}.

Proof. 1) We take advantage of the equivalence (i) <> (4ii) of proposition 4.7 to
get another expression of the semi-stability of (x4, Ay ), hence another expression of
point () in the present proposition. To this end, we introduce

(dyp) i=2— 24 = (T — Ty, A — Ay)
and we observe that, with F' defined in (5.3), with (5.10) and (5.11), one has

<F,($*a )\*)(d, 1), (d, N)> = <L*d7 d>7
<F(x*,/\*),(d,,u)>=0 = Hiz = 0.

By the equivalence (i) < (ii7) of proposition 4.7, the semi-stability of (z,Ay) is
equivalent to

one has (L.d,d) > 0 for all (d, 1) € E x R™ such that (5.12a)
(d, 1) # 0, (5.12b)
(As +p)ro =20, pry =0, (5.12¢)
L*d+C/E'u[;(I*)*:u’EUI$ = O, (512d)
de Cy, and crz(zy) + c’I; (z4)d < 0. (5.12¢)
where Cy :={d e E: C’EU[;,<+ (x4)d =0, c}go (24)d < 0} is the critical cone.

2) [(4) = (i3)] Since (4, Ax) is semi-stable, it is an isolated solution to the opti-
mality system (1.58) (proposition 4.4). Since the set of optimal multipliers associated
with z, is convex (it is a convex polyhedron), this one must be a singleton, which
proves the first part of (7).

The set of optimal multipliers associated with x4 being bounded (it is a single-
ton), the constraint qualification condition (CQ-MF) holds (see proposition 2.22 and
exercise 2.1.4). Therefore, by the second order necessary conditions of optimality (the-
orem 2.37), (Lyd,d)y > 0 for all critical directions d € Cy. To show that the second
order sufficient conditions of optimality also holds, we proceed by contradiction, as-
suming that there is a nonzero direction d; € Cy such that (Lydy,d;) = 0. Then, this
direction d; is a solution to the quadratic problem

min{L.d,d)
C’EU[;,<+ (24)d =0

Cllﬁ,ﬁ” (24)d <0,
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whose constraints define critical directions. Since (CQ-A) holds for this problem, its
optimality conditions ensure the existence of a multiplier u; € R such that

(b)ry =0,
Lydy + ¢ (x4)* 1 = 0,
(x*)dl = 07

/
C 0+
Eul,

0 < (lul)]:;() J_ C/I;)‘o ({E*)dl < O

Then (d, ) = t(dy, 1), for t > 0 sufficiently small, verifies (5.12b)-(5.12e) but not
the conclusion {Lyd,d) > 0 in (5.12a). This contradiction shows that SC2 is verified.

3) [(i) < (i7)] To show the semi-stability of (x4, Ax), we show that (5.12) holds. Let
(d, p) verifying (5.12b)-(5.12¢). It suffices to show that d # 0, since then d € C,\{0}
and the conclusion {L.d,d) > 0 in (5.12a) follows from the SC2 that is assumed
in (i¢). We proceed again by contradiction, assuming that d = 0. Then u # 0 by
(5.12b) and it is plain to see by (5.12¢)-(5.12d) that Ay + pu would then be another
optimal multiplier associated with z,, which would contradict the uniqueness of the
optimal multiplier, assumed in (ii). O

Proposition 5.5 (sufficient condition of hemi-stability) If x, is a local
manimum of (Pgr), with an associate multiplier Ny such that (x4, Ay) is semi-
stable, then (T4, Ay) is also hemi-stable.

Proof. By the definition 4.11 of the hemi-stability, one has to show that, for all a > 0,
one can find 8 > 0, such that, for all (zg, Ao) € B((z4, A«), 3), the following inclusion
in (z,\)

(Vf(wo)-ci-(;;():vo)*)\o> N <L(:Cv9(,x>(\3) c/(fgo)*> (i_f\g) + N+ (2,4) 30

has a solution in B((z4, \«), @). This inclusion is the first order optimality system of
the following quadratic optimizatiion problem in x € E:

min (V f (o), z — o) + 3{L(x0, Ao)(z — 20),z — T0)
ce(zo) + cp(zo)(x — o) =0 (5.13)
cr(zo) + ¢ (zo)(x — z0) < 0.

The system (5.13) can be viewed as a perturbation of the quadratic optimizatiion
problem in z € E that is obtained by taking (xg, Ag) = (x4, Ax), namely

min(V f(z4), 2 — 24y + 2(La(x — 24), 2 — T4)
ce(Ty) + p(ze)(@ —24) =0 (5.14)
cr(xx) + i (x4)(x — x4) < 0.

The first order optimality conditions of (5.14) read: there exists A € R™ such that
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Vf(xg) + Ly(z —24) + ¢ (2)*A =0
ce(xy) + g(ze)(x —24) =0
0< AL (cr(zs) + p(zs) (T — 24)) <O.

By the KKT conditions of problem (Pgy), this system is verified by (2, \) = (24, Ax).
Now, by proposition 5.4, the assumed semi-stability of (x4, \s) implies that A, is
the unique optimal mutiplier associated with z, and that the second order sufficient
conditions of optimlaty hold. We deduce from this that first (x4, As) verifies the
second order optimality conditions of (5.14), which are the same as those of (Pgy),
and that (CQ-MF) holds for (5.14) (by the uniqueness of the associated multiplier
and the Gauvin property of proposition 2.22). By proposition 3.1, these properties
ensure that the perturbed problem (5.13) has a primal-dual solution (x, A) (it may
have other undesirable solutions, however), whose distance to (z, Ax) is bounded by
a constant times the norm of the perturbation (xg — 4, Ag — Ax). O

Theorem 5.6 (local convergence of the SQP algorithm) If f and c are
C%1 in a neighborhood of a local minimum x4 of (Pg1), if there exists a unique
multiplier associated with x4, and if the sufficient conditions of optimality of the
second order are satisfied, then there exists a neighborhood V' of (x4, Ay) such
that, if the first iterate (x1,\1) € V, then

1) the SQP algorithm can generate a sequence {(xg, i)} in V,

2) {(zk, A\)} converges quadratically to (T4, As)-

Proof. By proposition 5.4, the uniqueness of the optimal multiplier, and the second
order optimality conditions, (x4, Ay) is a semi-stable solution of (5.2). By proposi-
tion 5.5, this is also an hemi-stable solution. One can then apply theorem 4.12, which
gives the result. O

5.1.3 Exact Penalization

Motivation
A review of penalty techniques

The augmented Lagrangian is a first way of getting an exact penalization, provided one
knows an optimal multiplier (since this is usually not the case, the multiplier method
generates a sequence approaching an optimal multiplier). The underlying idea is to
penalize quadratically a function whose first derivative vanishes at the considered
solution, which is the Lagrangian £(-, Ay ).

Another way of getting an exact penalty function is to do this using a nondif-
ferentiable function. Let us illustrate the idea in the case of the following simple
optimization problem in x € R:

(5.15)

infl—x—%x3
z < 0.
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Fig. 5.2. Nondifferentiable penalization for the problem (5.15) with o = 1, 2, 3 and 4.

Figure 5.2 shows that if the term ozt = ¢ max(0, z) is added to the objective of the
problem, one gets an exact penalty function, as soon as o > 1. This threshold o = 1
comes in the present case from the slope of f at zero. More generally, it is the “slope”
(if this one exists) of the value function at zero that is important, so that it is the
optimal multipliers associated with z, that will play a key role in the determination
of the value of the threshold above which an exact penalty is obtained.

An exact penalty function

In this section, we consider the following penalty function, which is associated with
problem (Pg;):
Oq(x) = f(z) + olc(@)™ s, (5.16)

where ¢ > 0 and | - ||p is an arbitrary norm. The fundamental result is given in
theorem 5.11; it provides conditions ensuring the exactness of @,. Its proof uses the
following three lemmas.

The first lemma is relevant in a larger context than ours, since it highlights con-
ditions for having the directional differentiability of a composition of functions and
shows that the chain rule (5.17) applies in that case. To motivate the Lipschitz as-
sumption taken in the lemma, let us point out that the composition of functions
having directional derivatives may not have a directional derivative.

Counter-example 5.7 (not directionally differentiable composition) Let ¢ :
R — R? and ¢ : R? — R be defined by

z,x?sin(1/z ifx#0 ifyo =0
‘P(‘T):{(() ) if 2 =0 and 1/’(?41’3’2):{81 ifZ;o.

It is plain to see that ¢ is Fréchet differentiable at zero, that v is positively homo-
geneous, hence directionally differentiable at zero, but that ¢ o ¢ is not directionally
differentiable at zero. O
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This counter-example [127; p. 484| shows that the Lipschitz continuity of the second
function of the composition, the function v, assumed in the lemma below, is not
superfluous. It is worth noting that the notion of directional differentiability in the
sense of Hadamard (i.e., [f(x+trdy)— f(x)]/tr converges to the same vector whatever
the sequences {dr} — d and {ti} | O are) is stable for the composition and the chain
rule applies [127; proposition 3.6].

Lemma 5.8 (directional differentiability of a composition) Let E, F,
and G be three normed vector spaces. Suppose that ¢ : E — F has a directional
derivative at x € E in the direction h € E and that ¢ : F — G is Lipschitz con-
tinuous in a neighborhood of w(x) and has a directional derivative at p(z) in the
direction ©'(x; h). Then (pop) has a directional derivative at x in the direction h
and there holds

(¥ o) (x; h) = ¥ (0(x); ¢ (25 h)). (5.17)

Proof. For t | 0, use successively the directional differentiability of ¢, the Lipschitz
continuity of ¢, and the directional differentiability of :

(bop)(x+th) = () +to'(z;h) +o(t))
P(p(x) +ty' (3 h)) + o(t)
= (Yop)(x) + ' (p(x); ¢ (x; h)) + o(t).
The result follows. O

The second lemma explores the differentiability of @, and uses the operator P, :
R™ — R™, defined for v € R™ and v € R_ by

U; ifiEE,
(Pyu); =< uf ifiel andv; =0,
0 ifie I and v; < 0.

to have an explicit expression of @/ (z;d) at a point z that is feasible or (Pgy).

Lemma 5.9 If f and ¢ have directional derivatives at x € E, then @, has di-
rectional derivatives at x. In particular, if x© is feasible for (Pgr), the following
formula holds

O, (z;d) = f'(x;d) + 0] Pe(ayc (w3 d) e

Proof. The directional differentiability of ©, = f + o(|| - |» o (:)# o ¢) comes from
lemma 5.8, the assumptions on f and ¢, and the fact that || - |, and (-)# are Lipschitz
continuous and have directional derivatives.

If x is feasible, ¢(z)# = 0 and we have from lemma 5.8,

g (x3d) = f'(w:d) + o (| - ) (05 () (w3 d)).
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We now observe that
(- 12)(0s0) = lim = (Htvl\p —0) = [vle
and
() (w;d) = (-F) (c(2); ¢ (2;d)) = Peay¢(x:d).
The result follows. O
The third lemma shows that, when o is sufficiently large, @, dominates the La-
grangian £(-, \x) on E (A, is an optimal multiplier associated with z,). Recall that

the dual norm of | - |» for the Euclidean scalar product is the norm || - || : R™ — R
defined at v € R™ by

[vlo = sup vlu.
lul-<1
The generalized Cauchy-Schwarz inequality
VYu, veR™: |u'v| < |ulp |v]o. (5.18)

follows readily from the definition of the dual norm.

Lemma 5.10 If A € R™ satisfies o = |A|p and A; = 0, then, for all x € E, one
has £(z,\) < Oy (z).

Proof. We have successively

Uz, \) = f(z)+ Nz ) [definition of the Lagrangian]
< flz) + ATe(x) [A\r =0 and c(x) < c(x)¥]
< @)+ Ao le@)® e [(5.18)]
< fl@)+ole@®le [IAb < o]

f
= 90’() |:|

Here is the announced result giving sufficient conditions ensuring the exactness
of O, at a solution x, of (Pgr). Assumption (5.19) can only hold if the set of optimal
multipliers A, is bounded, which amounts to say that the Mangasarian-Fromovitz suf-
ficient qualification condition (CQ-MF') holds (see below definition 1.38, exercise 2.1.4
and Gauvin’s property of proposition 2.22).

Theorem 5.11 (exactness of ©,) Let ;. be a local minimum of (Pgr). Sup-
pose that f and c are twice differentiable at x4 and Lipschitz continuous in a
neighborhood of xy. Suppose also that x satisfies the weak second order condi-
tions of optimality (2.80) and denote by A, the nonempty set of optimal multi-
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pliers associated with x. Suppose finally that

o= sup Ao and o> [Ae|lo, for some Ay € A, (5.19)
A€y

Then, x4 is a strict local minimum of the penalty function O, given by (5.16).

Proof. We prove the result by contradiction, assuming that z, is not a strict local
minimum of &,. Then, there exists a sequence {x} such that xy # 4, Tx — x4 and

Oy (z1) < Op(xy), Yk =1. (5.20)

We now want to show that the preceeding inequalities imply that z; must approach x,
along a nonzero critical direction.

Since the sequence {(z — 4 )/||xr — x|} is bounded (here |- | denotes an arbitrary
norm), it has a subsequence such that (xj — z4)/||zr — x| — d, where |d| = 1.
Denoting ty := |xr — x|, one has

T = Ty + tpd + O(tk).

Let us show that d is the desired critical direction.

e On the one hand, because 6, is Lipschitz continuous near x,, the following holds
@U(Ik) = @U(ZC* + tkd) + O(tk).

This estimate and (5.20) show that ©/ (z,;d) < 0. Then, from lemma 5.9, one can
write

f'(@e) - d+ 0| Peg ) (¢ () - d)]» < 0. (5.21)

This certainly implies that
f(xy)-d<0. (5.22)

e On the other hand, from the assumptions, there is an optimal multiplier Ax such
that o > |A«]p. We have

*f/(x*) d = j\l(cl(x*) -d) [Val(zs, ;\*) = 0]
< S\IPc(m*)(C,(JJ*) -d) [(5\*)1 >0 and (5\*)}-0](.’[:*) =0]
< Aslol Py (¢ (@s) - e [(5.18)].

Then (5.21) and o > |Ag|, imply that Peoy)(d(z4) -d) =0, i,

S 70
for i e I,

These and (5.22) show that d is a nonzero critical direction.
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Now, let Ay be the multiplier depending on d, determined by the weak second-
order sufficient condition of optimality (2.80). By this condition and d € C\{0}, one
has

(V2 (x4, s )d, dy > 0.

The following Taylor expansion (use V 4(z4, As) = 0)
2
s e) = Uwe A + 5 (T2, 0 M), d) + 0ft)
allows us to see that, for k large enough,
0 xg, A ) > (T, M) (5.23)
Then, for large indices k, there holds

Oo(r) < Oo(zy)  [(5.20)]
flzs)  [e(ze)® = 0]
U5, Ax) [)\IC(QU*) = 0]

< l(zk, M) [(5.23)]
< Og(xg) [lemma 5.10, o = |A«|lp, and (As)r = 0].
We have shown O, (zr) < ©,(x)), which is the expected contradiction. ]

5.1.4 Globalization by Line-Search for (Pgry) A

Definition of the algorithm

The global extension of the local SQP algorithm 5.1 analyzed in this section replaces
the Hessian of the Lagrangian V2 _{(xy, \y) by a positive definite linear operator My, :
E — E (a property that we condense by the notation My, > 0). Hence, the osculating
quadratic problem (5.9) becomes

ming (V f(zy),dy + 3(Myd, d)
(0QP), ce(zrr) + dg(zr)d =0 (5.24)
cr(zr) + ch(zk)d < 0.

We shall need the KKT system of this optimization problem: if dj, solves (5.24), then
there exists a multiplier A" € R™ (since the constraints are qualified by (CQ-A))
such that

Vf(ibk) + Mydy, + C’(.’L‘;@)*)\SP =0, (5.25&)
ce(zy) + dg(ag)d, =0, (5.25b)
0< (A1 L (er(zn) + ¢ (zp)dy) < 0. (5.25¢)

There are several reasons motivating the choice of making the substitution
V2 (2, A\x) — My, with a positive definite operator Mj,. Some are related to re-
mark 5.2:
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e problem (OQP); has more often a solution; this is actually the case if and only
if its constraints are compatible (Frank and Wolfe [56]); furthermore, there are
techniques that can face the situations where the constraints are inconsistent (but
this is more technical);

o when (OQP); has a solution, this one is unique in di (but not in AZ", whose
uniqueness depends on a constraint qualification);

e problem (OQP); can be solved in polynomial time, which is crucial for the effi-
ciency of the overall algorithm.

The inconvenient of this modification of the direction definition is that the primal-
dual quadratic convergence of theorem 5.6 is normally lost (at least if the Hessian
of the Lagrangian is not positive definite at the solution). Nevertheless, when My, is
updated by a quasi-Newton formula, the convergence is often superlinear and a very
precise solution can be obtained in very few iterations (for quasi-Newton methods
the number of iterations is often roughly proportional to the number of variables,
while with second derivative computation this number is independent of the number
of variables).

Another reason for making the substitution V2_¢(z, A\y) — My, with a positive
definite operator My, is that the SQP direction dj, solution to the above quadratic
optimization problem (OQP)y, is then a descent direction of the exact penalty func-
tion @, at zp, as claimed by the following proposition.

Proposition 5.12 (descent property of the SQP direction) Suppose
that f and c are differentiable at xj, € E, that (di, A\7") € E x R™ is a stationary
pair of the osculating quadratic optimization problem (5.24), and that | -# |, is
convex. Then,

1) O (xk;di) < Ay, where

Ay, := (V[ (xr), di) — ollc(@)# s, (5.26a)
= — (Mydy, diy + A) Te(zi) — olc(zp) |, (5.26b)
< —Midy, diy + (|2 o — 0) le(@r)# 2, (5.26¢)

2) if, furthermore, o = | A% |n, then O} (xk; di) < —{Mydy, di),
3) if, furthermore, My > 0, then O (x;dr) <0,
4) if, furthermore, xy, is not a stationary point of (Pgr), then O (zr; dr) < 0.

Proof. 1) Using lemma 5.8, we get
O (xisdi) = (V f (@), diy + o (|7 o) (c(an); ¢ (zx)dp)-

Let us examine the last directional derivative. One has
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(I 11e) (c(an); () d)

= ltlfg%( Il e(zk) + tc (zr)dg #le —lezn)®»)
_/_/

=(1-t)c(zr)+t(c(zr)+c/ (xr)dr)

<=t e(@e)® e+t (c(er)+¢ (@) di)? o
[convexity of | -# 5]

< —lela) e [(el@r) + ¢ (@r)dr)* = 0],
where we have used the constraints of the OQP (5.24). This gives (5.26a). For getting
(5.26b), we rewrite (V f(xy), dy) as follows
(Vfee)dry = —(Myde,dry — )T (@r)de [(5.252)]
= —(Mydy, diy + (AF") Te(an),
since ¢ (wg)dy, = —cp(xx) by (5.25b) and (AZ") T (zg)di, = —(AZ") Ter(xk) by (5.25¢).
Inequality (5.26¢) is now a consequence of (5.26b) and (5.18).

2) We have to show that, when o = |A?" |5, the last two terms in (5.26b) form a
nonpositive difference. This is indeed the case, since

(AR Te(ar) = alle(r) |

< O Te@n)? —ofel@n) s [(AF)r = 0]
< (Ao = o) el [(5.18)]
< 0 [o=[A"]b].

3) Clear.
4) We proceed by contraposition. If O} (zx;di) = 0, dp = 0 by the inequality in
point 2. Now (5.25) with dj, = 0 shows that (zj, AZ") is a stationary pair of (Pgr). [

The assumption on the convexity of || -# |, in the previous proposition is satisfied
by many standard norm, in particular by the £,-norms with 1 < p < oo, but not by
all the norms. This question is examined in exercise 5.1.2.

The sufficient condition guaranteeing the descent of @, along the SQP direction d,
in point 2 of the previous proposition, namely o > | A" |, recalls the sufficient condi-
tion o > sup{|A«|p : A« € A}, exhibited by theorem 5.11, that ensures the exactness
of the merit function ©,. This is not surprising and reassuring on the correctness of
the analysis.

Observe now that the threshold sup{|A«||p : A\« € A} above which o must be is not
known by the algorithm or the user of the algorithm (it depends on the optimal mul-
tipliers that are not known) but, in a certain way, the values |[AZ" |, evolving along
the iterations, can inform the algorithm on the value that ¢ must have to make @,
exact at the limit point of the generated sequence of primal iterates {z}. This obser-
vation also indicates that the value of o, which is monitored by the algorithm, may
have to be updated during the iterative process. Therefore o depend on the iteration
counter k and is now denoted by oy. Specific update rules are used to ensure that

ok = [A b + 7, (5.27a)
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where ¢ > 0 is some constant safeguard. Typically, one takes
o := max(v/e, |[A\}"[5/100) and o1 := |AF s + 7,

where e is the machine-epsilon. The inequality (5.27a) does not prevent from taking
arbitrarily oy very large, which is both harmful form the numerical efficiency of the
algorithm and for its convergence nalysis (for example, because one can force oy to
blow up without a reason motivated by the behavior of the algorithm). For this reason,
one also requires that the following condition be satisfied:

{A\{"} is bounded = o0y, is constant for k large. (5.27Db)

An example of update rule of oy, satisfying these conditioins (5.27) is the following.

Rule 5.13 (update of o, — I) Given a threshold & > 0, the current OQP
multiplier A?" and the previous penalty parameter oj_1, compute the new
penalty parameter o as follows.

if op_1 = Ao + 53

then o = o0;_1;

else o}, = max(1.505_1, [\ |o + 7);

This update rule has the nice property to eventually fix o3 to a constant value when
the sequence {\Z"} is bounded. It is not without flaw, however, since {o}} is nonde-
creasing and is, therefore, penalized by a badly chosen initial penalty parameter oy
or a high value of the parameter determined far from the solution. For this reason,
one often adds instructions to decrease oy if this one is clearly too large, with respect

to the current [AZ"||,.

Rule 5.14 (update of o — II) Given a threshold ¢ > 0, the current OQP
multiplier A?" and the previous penalty parameter oj_1, compute the new
penalty parameter o as follows.
if op_1 = L1 o + 5);
then oy = (o1 + [N |b +7)/2;
else
if op_1 = | A\ + 73
then o = o0p_1;
else o}, = max(1.505_1, |\ ||» + 7);

With the rule 5.14, property (5.27b) is no longer guaranteed, however, and the con-
vergence result of proposition 5.17 below is no longer ensured.
One can now state a frequently used line-search version of the SQP algorithm.
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Algorithm 5.15 (SQP with line-search) Let 8 € (0,1) and w € (0, 3) be pa-
rameters used in the line-search (typically 8 = 1/2 and w = 10~%). One iteration,
from (g, A, Mi) € EXR™ x R™*™ to (xk+1, Ak+1, Mi+1) is made of the following
steps (the penalty parameter oy, is also updated):
1. Stopping test: if the current pair (xg, A;) is satisfactory, stop;
2. QP solve: let (di, \?") be the primal-dual solution to the osculating quadratic
problem (5.24), if any;
. New penalty parameter: update oy so that (5.27) is satisfied;
4. Armijo line-search: determine oy, := 3% where i, is the smallest nonnegative
integer such that

w

©ary (zr + ardy) < O, (zr) + wapAg, (5.28)

where Ay is given by (5.26);

5. Update Mjy: by some technique (for example, modification of V2_£(z, \;) or
a quasi-Newton update);

6. New iterate: set Tpi1 := xp + apdy and Agp1 = A + a (A — Ak);

Remarks 5.16 1) The algorithm cannot do better than finding a stationary point
of problem (Pgy), in particular because when it starts at such a point it may
compute a vanishing displacement dy (and will do so if M; > 0). Therefore, the
only reasonable stopping criterion in step 1 is to test the approximate satisfaction
of the first order (KKT) optimality conditions (5.1).

2) In the line-search of step 4, instead of giving to the trial stepsizes the predetermined
values % it is better to do interpolation.

Global convergence

Proposition 5.17 (global convergence of the SQP algorithm with line-
search) Suppose that f and c are CY', that | -# ||, is convexr, that the se-
quences {My} and {M; '} are bounded, that at each iteration the OQP (5.24) has
a solution (di, \F"), that the update rule of oy, satisfies (5.27), and that O (xy) is
bounded below. Then, one of the following two complementary situations occurs
1) the sequence {o}} is unbounded, in which case {\;"} is also unbounded,

2) the sequence {0y} is bounded, in which case algorithm 5.15 converges, in the

sense that

Vol(@p, ATT) — 0, clze)® -0, AF)r=0 and (AF)[er(zr) — 0.

Proof. 1) If {01} is unbounded, we see from rule (5.27b) that {A2"} is unbounded.
2) If {0} is bounded, the inequality (5.27a) shows that {\7"} is also bounded.
Then, the rule (5.27b) guarantees that there exists an index k; such that o, = o for
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all k > k1. Now, each iteration after k; forces the decrease in the same function 6.
Since {O,(x)} is bounded below, Armijo’s condition (5.28) shows that

OékAk — 0.

If we show {ay} is bounded away from zero (i.e., aj > « for some a > 0), the
result follows. Indeed, then A, — 0, and with (5.26¢) and (5.27a), we deduce that

dZMkdk — 0 and c(wk)# — 0,

so that the second claim is satisfied. Because M} is positive definite and has a
bounded inverse, d; — 0. Then, from (5.25a) and the boundedness of M}, we see
that V,€(z, AZ") — 0, so that the first claim is satisfied. Furthermore, (5.25¢) shows
that (A\Z"); = 0, so that the third claim is satisfied. Finally, Ay = Vf(zx)"dy —
ole(zg)?|r — 0 and c(zx)* — 0 imply that Vf(zx)Tdr — 0 and, using (5.25a),
(AT (g )dy, — 0. Hence

O Ter(zr) = —O)Te (@), [(5.25¢)]
= (WE(r)dy +o(1)  [(AF) ¢ (zx)dy, — 0]
= —(\)Lep(zy) +o(1)  [(5.25b)]
= o(1),

because {A7"} is bounded and cg(x)) — 0. We have shown the fourth and last claim.

Therefore, it remains to prove that o = a > 0, for all £ and some constant q,
which is a rather technical part of the proof. We can consider the indices k of K :=
{k = k1 : ay < 1}. Then, from the rule determining the stepsize «aj, the Armijo
inequality is not verified for ay := ay/8:

@g(wk + dkdk) > Qg(xk) + wapAyg. (5.29)

Let us expand the left-hand side of (5.29). Using the smoothness of f and ¢, a; < 1,
the convexity of |-# ||, (hence its Lipschitz continuity), (5.25b), and finally (5.26), we
have successively

fae +ande) = flar) + oV f(ze)Tdi + O(a7|di]?)

clxy + apdy) = clxr) + and (zp)dy + O(az||dy|?)
= (1 —ag)e(zr) + ar(clzr) + ¢ (z)dy) + O(a| di?)
le(an + andi)® e < (1= an)lclan) (e + arl(c(zr) + ¢ (zr)dr) ¥ o + O] di|)
= (1 —an)|e(@n)®[e + O(aF| dil?)
Op(xp + ardy) < Og(xk) + arly + Crag|de|?.

Then (5.29) yields
—(1 — w)dkAk < Cl@inkH2.

But Ay, = —df Mydy, + (A2)Te(zy) — ole(xn)? e < —df Mydy < —Csdy|* (bound-
edness of {M, '}), so that we deduce from the above inequality:

ag = (C2/Ch)(1 —w) >0,

because w < 1. The positive lower bound on «j can therefore be taken as a :=
B(C2/C1)(1 — w). This concludes the proof. O
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Admissibility of the unit stepsize A

5.1.5 Globalization by Trust-Region for (Pg) A

Notes A

The analysis of the local convergence of the SQP algorithm, inherited from the one
of the JN algorithm (section 5.1.2), has been taken up from [19; 1994]. This one
gives the local convergence result of theorem 5.6, with the weakest assumptions on
the limit point (uniqueness of the optimal multiplier and SC2) known so far. Before
that, one had results assuming the SC2 and the stronger (CQ-LI) [20; theorem 15.4]
and sometimes strict complementarity ([17; p. 252-256], [20; theorem 15.2], and the
original work [117]).

For the algorithmic issues, we refer the reader to the state of the art by Fletcher [55].

Exercises

5.1.1.

5.1.2.

Nondifferentiable augmented Lagrangian. Let E be a Euclidean vector space. Con-
sider the optimization problem (Pgr) and its Lagrangian £ : (z,A) € E x R™ —
£(z,\) = f(z) + ANc(z) € R. Let x4 be a local minimum of problem (Pgr) at which
the KKT conditions hold and denote by Ay the set of optimal multipliers associated
with x4. Suppose that the weak second-order sufficient condition of optimality holds
at zy. Let | - |» be a norm on R™ and | - |» be its dual norm with respect to the
Euclidean scalar product. Let u € R™ and o € Ry verifying

o= sup A« — plo and o > |As — plo, for some Ay € Ay. (5.30)
Ag€Ay

We want to show that the function @, , : E — R defined at x € E by
Opo (@) = f(2) + u"e(@)” + ofe(2)” |

has a strict local minimum at zy. We propose a reasoning by contradiction.

1. Show that if ©,,, has not a strict local minimum at x4, one can find a sequence
{zx} € E, a sequence of positive real numbers {t;} | 0, and a nonzero critical
direction d such that xy = x4 + txd + o(tx).

2. Show that

FAe € Ay, VEklarge: L(Tg, M) < L(Th, Ax).

3. Get a contradiction.
Norm assumptions. For an arbitrary norm | - | on R™, show that the following
properties are equivalent (the operators |- | and (-)* act componentwise):

() 0<u<v = fuf < o],

(i) u<v = Jut| <[v7],

(#43) v+ |JvT| is convex.
Remark: These equivalences show that the convexity of || -# ||, assumed in proposi-
tion 5.12 is satisfied with the £, norms, 1 < p < o0, since the ¢, norms satisfy (7).
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5.2 SQP Algorithm for (Pg) A

5.2.1 The SQP Algorithm

Consider the optimization problem (Pg) in (2.1) with its Lagrangian £ : E x F — R
defined at (z,\) e E x F by

Uz, X) = fx) + N e(x)). (5.31)

The first order optimality conditions (2.8) at a primal-dual solution (x,A) (we
drop the star indices to alleviate notation) read

Vf(@)+d(x)* =0 and  XeNg(c(z)). (5.32)
Let us show that this system reads like the following functional inclusion
F(z) +N¢(z2) 20, (5.33)

for some variable z, some function F', and some closed convex set C. Observe first
that (5.32) also reads as the following system in z := (z,y,\) e E x F x F:

Vf(x)+d(x)*) =0, A€ Nea(y) and y—c(z) =0. (5.34)

This one can be written like (5.33) in the variable z, where the function F' and the
closed convex set C' are defined by

V() +d(x)*A
F(z) = = and C=ExGxF. (5.35)
y — clx)
Indeed, N¢(z) = Ng(z) x Ng(A) x Np(y) = {Og} x Ng(y) x {0}, so that (5.34) and
(5.33) are the same systems.

The Josephy-Newton (JN) algorithm consists in determining z; := (4,44, A\4)
as a solution to the linearized functional inclusion

F(z)+ F'(2) - (24 — 2) + No(24) 2 0.

We have
L 0 d(x)*
Fiz)= o o -I (5.36)
—d(x) I 0

where L := V2_{(x, ). Therefore, z, is determined as a solution to
Vi) +d@)* A+ Lz —z) +d(@)* Ay —A) =0

A+ (A = A) e Na(ys)
y —clz) = (x)(zy —2) + (y+ —y) =0,

which after elimination of y and A becomes
V() + Lzy —z) +d(x)* Ay =0

A+ € Na(y+)
o(x) + (@) (x5 — ) = Yo
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After elimination of ¥, and the introduction of d = x; — =, we get

{Vf(ac) + Ld+cd(z2)*AL =0
At € Ng(ce(z) + ¢ (x)d).

This system is the first order optimality conditions of the osculating quadratic problem

ming (V f(z),d) + 3 (V2 l(z,\)d, d)

(0QP) { c(x) +d(z)-deq. (5.37)

Algorithm 5.18 (local SQP for (Pg)) One iteration, from (zj, ;) € E x F
to (Zg+1, A\g+1) € E X F is made of the following steps:
1. Stopping test: if the current pair (xy, A;) is satisfactory, stop;
2. QP solve: let (dj, A\Z") be an appropriate primal-dual solution to the osculat-
ing quadratic problem (5.37), if any;
3. New iterate: set Tpy1 := T + dj and A1 1= AR

5.2.2 Local Convergence



6 Self-dual Conic Optimization

Let E and F be two finite dimension vector spaces, and (-, -) be a scalar product on E.
A conic optimization problem is an optimization problem of the form

inf e {c, )
Alx) =1b (6.1)
re K,

where ce E, A: E — F is a linear map, b € IF, and K is a closed cone of E. Hence, one
minimizes a linear function on the intersection of an affine space and a closed cone.

Problem (6.1) may look like a very structured problem, but without more spec-
ifications on K, a problem as general as inf,{f(z) : x € X}, where f : E > R and
X € E, can be written in the form (6.1). This is a consequence of the following two
observations.

e There is no restriction in assuming that the objective of an optimization problem
is linear, like in (6.1). For example, the problem inf,eg{f(z) : * € X} can be
rewritten into the problem inf, yepyr{t : f() < t, x € X} (the equivalence is
about the optimal values and the z-part of the solutions).

e We are now reduced to rewrite a problem of the form inf,cg{(c,z) : x € X} into
the form (6.1). This is done by a technique called conification of X (also called
homogenization [125; § 8], [L18], but we prefer to avoid this term, which is used in
the field of partial differential equations with a completely different meaning). One
introduces the closed cone XV of E x R defined by

XV:i=clXV, where
XVi={(r,a) e ExR:a>0, alze X}.

0 X E

Since XV is clearly a cone of E x R, XV is a closed cone. Furthermore, xz € X if
and only if (z,1) € XV. Therefore, the problem inf,cg{{c,z) : z € X} also reads
inf(, yerxr{{c,2) : (z,a) € XV, and o = 1}, which is in the form of (6.1).

Therefore, to really take advantage of the structure of (6.1), more assumptions must
be given on the cone K.

A certainly much more specific problem is obtained with (6.1) if one assumes
that K is a closed convex cone. This does not imply that problem (6.1) becomes
easy to understand and to solve. A rather fruitful analysis is possible at this level of
generality [14, 116], but in this chapter will limit our presentation to three particular
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self-dual cones K, meaning that they verify K* = K (hence K is necessarily a closed
convex cone).

e A semidefinite optimization problem is obtained from (6.1) when E = S™ is the
space of symmetric matrices of order n and K = S% is the cone of positive semi-
definite matrices. This problem is analyzed in section 6.1.

e A circular optimization problem arises when E = R™ and K = RY is the circular
cone (section 6.2).

e In copositive optimization (section 6.3), the cone is formed of symmetric matrices
(E = 8™ again) whose associated quadratic form is nonnegative on the positive
orthant.

These problems have been meticulously analyzed in the last decades for various rea-
sons. The first reason deals with complexity issues. The first two problems can indeed
be solved in a time that is polynomial in the dimension of the problem. The last one is
NP-hard, despite the convexity of its objective, which is linear, and its convex feasible
set; its computational complexity then comes from the complexity of the boundary
of its feasible set, but the convexity of the latter and the convexity of the solution
set make these problems very attractive to study. The second reason comes from the
fact that many problems can be formulated as one of these three conic problems. If
they can be written like the first two, they can then be solved in polynomial time.
If the problem can be formulated as a copositive optimization problem, they benefit
from the convexity of this problem, which makes it possible to approximate them by
sequences of easier problems. As a last reason, let us mention that many nonconvex
NP-hard problems have semidefinite or circular relaxations. Sometimes, this provides a
rather precise lower bound on their optimal value, which is an important information
in some branching approach to solve them.

6.1 Semidefinite Optimization

6.1.1 Primal and Dual Problems

The Cones ST and ST,

Semidefinite optimization has an unknown belonging to the cone of positive definite
matrices. We denote by S™ the Euclidean space of symmetric n x n real matrices,
equipped with the scalar product

<-, > : (A,B) € (Sn)2 — <A,B> = tY(AB) = Zij AijBij eR,

where tr M := Z?:l M;; denotes the trace of a square matrix M. It is easy to see
that, for A and B € R"*", tr AB = tr BA.

A real symmetric matrix A € 8™ has n real eigenvalues \; € R with which are
associated orthonormal eigenvectors v;, i € [1:n]:

T
A’Ui = )\1"01' and V; V= 5ij7

where 0;; is the Kronecker symbol (6;; = 1 if i = j, 0;; = 0 if ¢ # 7). If we denote
by V e R™ ™ the matrix whose columns are the eigenvectors vy,...,v,, we have
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AV =V A, where A = Diag(\1, ..., \,). Since V is orthogonal, V! = VT and we get
the spectral decomposition of A e S™:

A=VAVT =3 Ny
i=1

The cone of 8™ made of the positive semidefinite matrices is denoted by S%. We
use the notation A > 0 to quote the fact that A € S7. Recall that A > 0 if its
eigenvalues are nonnegative:

A>0 = AeS! <= VYveR": v Av=0 = \A4) =0,

where we have denoted by A(A) the vector of the eigenvalues of A € 8. The cone
of 8" made of the positive definite matrices is denoted by S% . We use the notation
A > 0 to quote the fact that A € ST . Recall that A > 0 if its eigenvalues are positive:

A>0 = AeS8S?, < VYveR"N\{0}: v'Av>0 < AA) >0.

Lemma 6.1 (cones S} and S% )

1) A>0 <= YBeS": (4,B)>0.

2) A>0<=VBeS!\{0}: (4,B)>0.

3) For Aand Be S} : (A,B)=0 < AB=0.

Proof. 1) Let A and B € S. Take B = }, A\;iv;v] the spectral decomposition of B.
Then,

(A,B) = Z Nl A,vw]y = Z A tr(Aviv] ) = Z \i(v] Avy) =0,
i=1 i=1 i=1
where we have used tr(Av;v]) = tr(v] Av;) = v] Av; € R and, finally, the fact that
v Av; = 0 and \; > 0 by the positive semidefiniteness of A and B respectively.

Conversely, by taking B = vv' > 0 for an arbitrary v € R", we get that 0 <
(A,vvT) = v Av, which characterizes the positive semidefiniteness of A.

2) Let A > 0 and B > 0 with B # 0. In the spectral decomposition of B =
Sy )\iviv;r , at least one of the \;’s is positive and the others are nonnegative. Then,
like above, (4, B) = 37" | \;(v] Av;), which is positive since all the v Av; > 0 and all
the A\; > 0, with at least one A\; > 0.

Conversely, assume that (A, B) > 0 for all nonzero B > 0. By taking B = vv" > 0,
with an arbitrary nonzero v, one must have 0 < (A, B) = v" Av, which shows that
A>0.

3) With the spectral decomposition of B = 3" | \jv;v] (the A\;’s are > 0) and
(A,B) = 0, one gets Y, \iv;Av] = 0. Since A € S7, this implies that Av; = 0 when
A; > 0. Then, AB ="' | \;Av;v] = 0.

Conversely, it is clear that AB = 0 implies (A, B) = 0. O

Here are some remarks and properties of the cones S} and S% .
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e Point 1 of lemma 6.1 expresses that fact that S7 is self-dual:
(1) =St
e Point 2 of lemma 6.1 is often used in the form of the following implication
(A,By=0, A>0 and B3>0 = B =0. (6.2)
o The tangent and normal cone to S have the following expressions:

TsS? ={DeS":v"Dv=0, forallve N(A)}, (6.3)
NASE = (NS (A Ny =0} =8 {A}-

e §% . is the cone of 8™ made of the positive definite matrices:
A>0and [pTMv >0, Voe N(A\{0}] = M +7rA >0 for large 7.
This last property is the so-called Finsler lemma.

Problem Definitions

The primal and (Lagrange) dual of the SDO problem read

ianES" <C, X> SUP(%S)GRm «8Sn bTy
(P) { AX)=b and  |(D) { A+ S=C (6.5)
X>0 S >0,

where
« CeS" and be R™,
e A:8" — R™ is linear (A* : R™ — S™ is its adjoint).

Some notation
o Feasible sets:

Fpi={X eS8} : AX) = b},
Fp={(y,S) eR™ x 8" : A*(y) + S = C},
F =Fp X Fp.
e Strictly feasible sets:
Fip={XeS" :AX) =1},
Fpi={(y,S) e R"™ x ST, : A*(y) + S = C},
Foi=Fp X Fp.

e Optimal values: val(P) and val(D). Duality gap: val(P) — val(D)
e Solution sets: Sol(P) and Sol(D).
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One can represent .4 by m matrices A, € 8™ (Riesz-Fréchet representation theo-
rem), as follows

(A1, X)
AX) = : . (6.6a)
(Am, X)
In this représentation, the map A is surjective if and ony if the matrices Ay are linearly

independent in 8™. With the representation (6.6a) and the Euclidean scalar product
on R™, the adjoint A* of A takes at y € R™ the value

A*y) = ) mApeS". (6.6b)
ke[l:n]

Concrete problems usually specify A (resp. A*) using the representation (6.6a) (resp.
(6.6b)), but the theory given in this chapter is easier to develop and present with the
abstract forms (P) and (D) of the primal and dual problems.

The Lagrangian of problem (P) is the function £ : 8™ x R™ x 8™ — R that takes
at (X,y,9) € 8" x R™ x 8™ the value

K(Xuyas) = <CvX> - <y7A(X) - b> - <Su X>
Note that the dual problem can also be written by eliminating the variable S as
follows .
supyE]Rm b Y
(D) {c Z A% (y) > 0.

In that case it is more appropriate to take as Lagrangian of (P) the function that
only dualises the equality constraint:

(X,y) e S" x R™ — (C, X) —{y, A(X) — b).

Proposition 6.2 (consequences of the Lagrangian dualization)
1) val(D) < val(P).
2) (X,y,5) e F = (C,X)>—bTy=(X,8)=>0.
3) (X,y,58)e F,{(X,S)=0
< X € Sol(P), (y,S) € Sol(D), val(D) = val(P),
< (X,(y,9)) is a saddle-point of £ on 8™ x (R x S).

Proof. 1) This is the weak duality inequality (1.60).

2) If (X,y,S) € F, then (C, X) = (A*(y) + 5, X) = (y, A(X))+(X,S) = (y, by +
(X, S). Furthermore (X, S) > 0 since X >0 and S > 0.

3) [=] If (X,y,S) € F, the following holds

bTy < val(D) < val(P) < {C, X).

Since (X,S) =0, bTy = (C,X) by point 2 and therefore equality holds everywhere
above, which implies that X € Sol(P), (y, S) € Sol(D), and val(D) = val(P).

[«<] Clearly, (X,y,S) € F, when X € Sol(P) and (y, S) € Sol(D). Furthermore, by
point 2, (X, S) = {(C, X) — bTy = val(P) — val(D) = 0. O
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6.1.2 Examples of SDO Formulation

Suppose that the principal submatrix A of the square symmetric matrix

A B
K= (BT C)

is nonsingular. Then, the Schur complement of A in K is the matrix denoted and
defined by
(A|K):=C - BTA™'B.

This matrix can also be defined when K is nonsymmetric. It occurs in many circum-
stances [38]. From the block Gaussian factorization of K, which reads

= (i 1) (0 i) 0 117

we deduce that the following characterization of the positive definiteness of K:

A>0

E>0 = {(A|K)>O.

(6.7)

As we shall see, this characterization often occurs in semi-definite optimization. For a
characterization of the positive semi-definiteness of K with a Schur-like complement,
see exercise 6.1.1.

Linear Optimization

Convex Quadratic Optimization

Global Minimization of Polynomials

Consider the problem of finding the global minimum of a real polynomial p € R[z], in
the variable z € R", which reads

inf, <p<a:> = x) , (638)

aeN™

where there is only a finite number of nonzero coefficients p, € R and, for a =

(a1,...,a,) € N the monomial z* is a compact writing for
@ . 00,02 Qn
%=ty Ty

. o : L n )

The degree of the monomial x® is denoted by |a] := " | .

We show below, that when n = 1, problem (6.8) can be rewritten as an SDO
problem. When n > 1, this is usually not the case, but more and more precise SDO
relaxations of the problem can be obtained. SDO relaxations can also be defined for
problems with polynomial constraints; for simplicity and by the need for brevity, we
will not consider that possibility here; see [108, 90, 91, 6, 18, 92| for more complete
presentations.

The optimal value of problem (6.8) can be obtained by solving
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SUPgeRr $
p(z) =s, YzeR™

This problem has a single unknown s € R but an infinite number of constraints,
which is not a desirable feature. This infinite number of constraints “disappears”
if we trivially express them in terms of membership to the cone P of nonnegative
polynomials:
SUPgeRr S

{ p—seP. (6.9)
Normally, we should not have gained much by these trivial transformations, unless
membership to P can be described in a pleasant manner. Let us look at that.

A real nonnegative number p € R can always be written as the square of another
number p = ¢? (take the square root of p for ¢). When p is a nonnegative polynomial,
it cannot be written in general as the square of another polynomial. For example
p(z) = 2% + 1 cannot be written (az + b)?, since one should have both a = b =1 and
ab = 0, which are not compatible conditions. It turn out, however, that for n = 1 a
polynomial p € P can be written as the sum of two squares of polynomials. This is a
remarkable fact and we shall see below why this observation is useful.

Proposition 6.3 (nonnegative univariate polynomial) A univariate poly-
nomial p € R[z] is nonnegative on R if and only if it is of even degree, say 2m,
and reads p = ¢*> + r%, with q, r € R[x], degq = m, and degr < m — 1.

Proof. The given conditions are clearly sufficient. Let us show that they are necessary.
Being nonnegative on R the polynomial is necessary of even degree, say 2m, and
the leading coefficient is positive. There is therefore no loss of generality in supposing
that this leading coefficient is 1. Then the polynomial can be decomposed in m factors
of the form
(x —a)? + b°.

It is indeed the form of (x —r)(x —7) when r and 7 are complex conjugate roots a + ib.
On the other hand, any real root has an even multiplicity (otherwise the polynomial
would have positive and negative values around the root) and each double root is of
the form above with b = 0.

The m factors of the form ¢? + r? are then multiplied successively, by using the
following formula

(7 +77)(¢* +77) = (gja +757)* + (57 = 750)" = @Gr + 7751

By induction, we see that degg; = j and degr; < j — 1. It is indeed the case for
j = 1 since degg; = 1 and degr; = 0. Now, be r vanishing or not, deggq;+1 =
degg; + 1 = j + 1. Finally, if r = 0, degrjy1 = degr; + 1 < j and, if » # 0,
degr;t1 < max(degg;,degr; + 1) < j. O

A multivariate nonnegative polynomial cannot be written as the sum of two
squares of polynomials, but, on a compact set, these can be approached by SOS
polynomials. An SOS polynomial is a polynomial that can be written as a sum of
squares of polynomials and the set of SOS polynomials is denoted by
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Xz].

Since X[z] < P, problem (6.9) can be approached by

SUDger S
{pseE[:z:]. (6.10)

This is a relaxation of problem (6.9) in the sense that its optimal value does not
exceed the one of problem (6.9).

Proposition 6.4 tells us that a multivariate polynomial p € X[z] has a nice repre-
sentation, making use of a positive semi-definite symmetric matrix S. As we shall see,
a consequence of this observation is that problem (6.10) is an SDO problem, so that
we have obtained an SDO relaxation of the problem consisting in finding the global
minimum value of a multivariate polynomial. The proposition uses the vector v, (z),
whose components are the multivariate monomials of degree < m. Since there are

+d—1
("a)
monomials of degree d (it is the number of combination with repetition of d elements
among n), the dimension of the vector v, () is
. (n—1 +d—1\ _ (n+
Ni= (") + (@) +-+ (7)) = ()

T

Hence a polynomial of degree < m can be written s"v,,(z), for some s € RV,

Proposition 6.4 (caracterization of SOS polynomials) A multivariate
polynomial p € R[z] of degree < 2m is a sum of r squares of polynomials if
and only if there exists a matriz S > 0 of order N and of rank < r such that
() = vy (2) T Svp ().

7

degrees deg o; < m. Therefore, on can find vectors s; € R™*! such that

Proof. [=] If p € R[z] is of degree < 2m and reads ,,_, 07, where o; € R[z], the

T

p(x) = D (s]om(@)? = Y, v (@) si5] v (2) = v (@) Svm (@),
i=1 i=1
where S := 3" | s;s] > 0is of rank < 7.
[«=] Conversely, suppose that p(x) = vy, ()T Svpm (), with S > 0 of rank < 7. The
spectral decomposition of S =Y\, sis;r allows us to write

T T

p(x) = Y vn(@) sis]vm(2) = ) (s]vm(@))?,

i=1 i=1
showing that p is the sum of the squares of at most r polynomials. O
Using the above propositions and setting ¢ := —s, problem 6.10 can be written
inf(sﬁt)engrl xR t

p(z) +t = vy (2) T Svpn (), VzeR"” (6.11)
S > 0.
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Knowing p, the first constraint in (6.11) is an affine constraint on the unknown ¢ € R
and the unknown real coeflicients of S, if we impose equality between the coefficients
of the same monomials in both sides of the equality. Therefore, problem (6.11) is
almost in the primal form of an SDO problem. The difference is the free variable ¢,
which is only constrained by the affine constraint in (6.11), not by a nontrivial cone.
This small difference can be dealt with by standard SDO codes.

Rank Relazxation of a QCQP

6.1.3 Existence of Solution, Optimality Conditions

Ezxistence of Solution

In linear optimization, according to (1.63), a finite optimal value guarantees that the
problem has a solution. We have seen this result as a consequence of the fact that
the image T'(P) of a convex polyhedron P by a linear map T is a convex polyhedron,
hence a closed set. This approach no longer works for an SDO problem. Although
T(-) = (C,-) is linear, the feasible set Fp := {X € S" : A(X) =b, X > 0} is not a
convex polyhedron, so that T'(P) may not be closed. As a result, in general

val(P)e R = Sol(P) # @.

See example 6.7-2 below. The existence of solution is then ensured by using some kind
of constraint qualification.

The assumptions of the next proposition can be understood, or at least memorized,
with the following scheme in mind. If 7}, # @, a kind of Slater constraint qualification
(CQ-S) holds for the dual problem (D); hence, the dual solutions of (D), which are the
solutions of (P), must exist and form a bounded set (recall that (CQ-S) is equivalent
to (CQ-MF) or (CQ-R) for convex problems, and use propositions 2.6 and 2.22); this
is point 1 of the proposition (this way of thinking is not quite correct, since it is not
assumed there that the dual problem has a solution). Similarly, if 73 # @, a kind of
Slater constraint qualification (CQ-S) holds for the primal problem (P); hence, the
dual solutions of (P), which are the solutions of (D), must exist and form a bounded
set; this is point 2 of the proposition (this way of thinking is not quite correct, since
it is not assumed there that the primal problem has a solution). Point 3 just gathers
the results in points 1 and 2.

We start with a lemma giving a consequence of the strict primal or dual feasibility.

Lemma 6.5 (consequence of strict feasibility)
1) If 75 #+ @, then any (d, D) € R™ x 8™ wverifying <{b,dy > 0, A*(d) + D = 0,
D >0 and d € R(A) vanishes.
2) If Fi # @, then any D € 8™ wverifying (C,D) < 0, A(D) =0 and D > 0
vanishes.

Proof. 1) Suppose that (d, D) € R™ x 8" verifies (b,d) >0, A*(d) + D =0,D >0
and D € RA). Since FJ # @, there exists an Xy € ST such that A(X() = b. Then,
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0

(Xo, A*(d) + D) [A*(d) + D = 0]
(b, d) + (X0, D) [A(Xo) = b]

(Xo, Dy [b,d) = 0]

0 [Xo >0 and D > 0].

VoWV

Hence (Xo, D) = 0. Now X > 0, D > 0 and (6.2) imply that D = 0. Next, A*(d) =0
and d € R(A) imply that d = 0.

2) Suppose that D € 8™ verifies (C, D) < 0, A(D) = 0 and D > 0. Since F? # &,
there exists a pair (yo, So) € R™ x S}, such that A*(yo) + So = C. Then,

0 = <y, AD))  [AD)=0]
(C,D)—(So, D)  [A*(yo) + So = C]

—(So, D)  [{C.D) < 0]

0 [So > 0 and D > 0].

<
<

Hence (Sp, D) = 0. Now Sy > 0, D > 0 and (6.2) imply that D = 0. O

Proposition 6.6 (existence of compact sets of solutions)

1) Fp x FS #@ == Sol(P) is nonempty and compact.

2) FixFp#@ = Sol(D)n (R(A) x 8™) is nonempty and compact.

3) F* #9g = Sol(P) and Sol(D)n (R(A)xS™) are nonempty and compact.
In all these cases, there is no duality gap: val(D) = val(P).

Proof. 1) [Sol(P) nonempty and compact] Problem (P) reads

Jnf <<p(X) = (C, X) + Ty (X) + Tgn (X)) :
where o 1= {X € 8" : A(X) = b}. The value at D € 8™ of the asymptotic function ¢®
of ¢ reads

¢* (D) = (C, D) + Iy(4)(D) + Zgn (D).

By the implication (iv) = (#ii) of proposition 1.20, Sol(P) is nonempty and compact
if we have that ©*(D) > 0 for all nonzero D or, equivalently, if

AD)=0, D>0, (C,D)<0 = D=0 (6.12a)

By lemma 6.5, this is a consequence of F} # .

[No duality gap| Consider first the case when C' € R(A*) = N(A)* (see figure 6.1,
left). Then, C is perpendicular to A(A), any primal feasible X € F, should be a
solution and the optimal value val(P) should not be affected by a perturbation of
ST, so that Sy = 0 should be an optimal dual variable. Let us check this rigorously.
Indeed, since when C' € R(A*), one can find a yy € R™ such that C = A*(yo), we have
for an arbirary X € Fp: val(P) = (C, X) = {yo, A(X)) = (b,yo). But (y0,0) € Fp,
hence val(D) = (b, yo), which shows the absence of duality gap.
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{Xe8": AX)=b
(C,X) < val(P) — e}

Fig. 6.1. Artistic 2D illustration of the proof of proposition 6.6 (S} is much more complex
than in the given representation): the simple case when C' € N'(A)* (left) and the separation
technique when C' ¢ N'(A)* (right)

Consider now the case when C ¢ R(A*) = N(A)L (see figure 6.1, right). Take
e > 0. It suffices to find a (yo,Sy) € Fp such that {b,yo) = val(P) — €. The dual
variable Sy will be obtained by a separation argument, while yo will result as a by-
product. Consider the two sets

C =87 and Cy:={XeS": AX)=b, {C,X)<val(P) —e}.
These sets

e are closed and convex (clear),

e are nonempty (for Cs, take H € N(A) such that (C, H) < 0 |possible since C ¢
R(A*)| and observe that A(X + tH) = b and {(C, X + tH) — —o0 when ¢t — 0),

e are disjoint (by the definition of val(P)) and

o verify C° n CF° = {0} (indeed, if De C{* =S? and De CP ={D e S": A(D) =
0, (C, D) < 0}, we have D = 0 by (6.12a)).

Therefore, C; and Cy can be strictly separated (point 2 of proposition 1.15): there
exists S7 € 8™ such that

o= sup (81, X) < inf{S1,X)=:p6.
A(X)=b X>0
(C,X)<val(P)—e
Take in the right-hand side X = 0 to get a < 0 and X = tvv' with t — o0 to get
S1 = 0. Next, observe that the problem in the left-hand side is a linear optimization
problem on the vector space 8™, whose optimal value is finite. By (1.63), there exist
multipliers (y1,01) € R™ x R such that

A*(y1) + 81 = 01C, o120  and — b, y1y + o1(val(P) —¢) = a < 0.

We necessarily have o1 > 0, since otherwise, the last inequality would yield {b,y1) > 0
and, scalarly multiplying the first identity by an X € Fp would give <(b,y1) =
—(X, S1) < 0, a contradiction. Now setting yo = y1/01 and Sy := S1/01, we get
(Yo, So) € Fp verifying <b,yo) > val(P) — ¢, as desired.

2) The claim can be shown like in the proof of point 1 (exercise 6.1.2).

3) This is a consequence of points 1 and 2. O

The result in point 2 and 3 of proposition 6.6 simplify if A is surjective, since then
they become
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Fi x Fp # &, A surjective = Sol(D) is nonempty and compact.
F*¢ # &, A surjective = Sol(P) x Sol(D) is nonempty and compact.

If A is not surjective, either b ¢ R(A), in which case the feasible set Fp = @ and
val(P) = +o0, or b € R(A). In the latter case, when A has the representation (6.6a),
one can remove redundant constraints (A, X) = by, and end up with a linear indepen-
dent set of matrices A forming a new surjective operator A. Therefore, numerially,
adding an asumption on the surjectivity of A is not dramatic but, in theory, it is more
elegant and it can be useful to avoid it.

We conclude this subsection by giving some examples and counter-examples re-
lated to proposition 6.6.

Examples 6.7 Here are some situations that can occur (the proof of the claims made
below are proposed in the exercice 6.1.3).

1) A is surjective, (P) has a unique solution, F? # &, val(D) € R but (D) has no
solution, there is no duality gap.

This situation is compatible with point 1 of proposition 6.6. Here is an example
with n =2 and m = 2:

0 1 -1 0 0 O -1
(o) 4= ) 20 h) - (0)
2) A is surjective, FE # &, val(P) € R but (P) has no solution, (D) has a unique

solution but F} = &, there is no duality gap.

This situation is compatible with point 2 of proposition 6.6. Here is an example
with n =2 and m = 1:

2 -1 0 -1
(3 ) () s )

Optimality Conditions

Proposition 6.8 (optimality conditions) Suppose that F # @ or Fi # &,
then

A*(y)+ S =C, S0,
(X, (y,5)) € Sol(P) x Sol(D) «= { AX)=b, X >0, (6.13)
(X,8)=0.

Proof. [=] The first two conditions are the dual and primal feasibility, which is sat-
isfied by a primal-dual solution. The third condition is the absence of duality gap,
guaranteed by proposition 6.6.

[«] This is point 3 of proposition 6.2. |
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6.1.4 Interior Point Algorithms A

Central Path

There are good reasons to generate iterates well inside F7. This is obtained analyti-
cally (not geometrically) by an interior penalization:

Py~ R G e)

supy, sy <b,y) — p1d(S)
(D) - (Du) {A* ((y)Si S =C,

where 1d : S — R is the strictly convex and closed function defined at X by

A(X) = {logdet(X) it X >0

+00 otherwise.
Here are three properties of Id (with X > 0 and H, K € §™):

d'(X) - H=—(X"" H),
d"(X)- (H,K) =(X*HX ' K),
o _
4 =Zgn.

The central path is the smooth curve € : € Ry, — the unique solution to

A*(y)+S=C, S>0,
0,) {AX)=b X>0, (6.14)
XS =ul.

Lemma 6.9 (equivalent definitions of the central path) Suppose that
F° # @ and > 0. Then,
1) X, € 8}, solves problem (P,) if and only if there is a pair (y,,S,) € R™ x
S, such that (O,) holds,
2) (Yu,Su) € R™ x ST, solves problem (D,,) if and only if there is an X, € S},
such that (O,) holds.

Proof. We alleviate the notation by dropping the subscript x4 on the variables.

1) By the convexity of the objective of problem (P,) (Id is a convex function) and
the affinity of its constraint (hence it is qualified by (CQ-A)), X € S solves (P,)
if and only if it verifies A(X) = b and there exists a multiplier y € R™ such that the
gradient of the Lagrangian of the problem vanishes:

C—pX~' = A*(y) =0.

Setting S := puX 1 > 0, we get (O,).
2) By the concavity of the objective of problem (D,,) and the affinity of its con-
straint, (y,S) € R™ x ST, solves (D,) if and only if it verifies A*(y) + S = C and
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there exists a multiplier X € 8™ such that the gradient of the Lagrangian of the
problem vanishes:

b+ A(X)=0  and —puSTt+ X =0.

Hence X = pS™! > 0 and we get also (O,,). O

Proposition 6.10 (existence and smoothness of the central
path) Suppose that F° # @ and p > 0. Then,
1) the system (Oy) has a solution (X, yu, Su), unique in ST x R(A) x S8},
2) the map pe Ry — (X, yYu, Su) € STy x R(A) x St is C®.

Proof. We alleviate the notation by dropping the subscript x4 on the variables.
1) By lemma 6.9, (X, y, S) solves (O,), if and only if X solves (P,) and (y,S) is
a pair of optimal multipliers associated with the constraints of that problem.
Therefore, to prove the existence of a solution to (O,), it suffices to show that
(P,) has a solution. Now, problem (P,) also reads

dnf (9u(X) = (C.X) + pld(X) + T (X)),
where o := {X € §" : A(X) = b}. The value at D € S™ of the asymptotic function ¢}
of ¢, reads

i (D) = (C, D) + Ign (D) + Iy (a)(D).

Like in the proof of proposition 6.6, F;, # @ implies that (D) > 0 for D # 0. By
the implication (iv) = (4i:) of proposition 1.20, ¢, has a nonempty and compact set
of minimizers.

The uniqueness of the solution X, of (O,) comes from the strict convexity of 1d,
which ensures the uniqueness in X,, of the solution to (P,) and the recalled equiv-
alence between the solutions to (P,) and (O,). The uniqueness of S, comes from
the uniqueness of X, and the equation XS, = pf, which determines S,, from X,.
The uniqueness of y,, in R(A) comes from the following observations. Since y only
intervenes in (O,,) through the equation

A*(y)+ S =C,

and since any solution y, can be written y,, = y + ., with y), € N'(A*) and y €
N(A*)E = R(A), (X}, S,) is also a solution to (O,) with its y-component in
R(A). Now, if (X, yu,S,) and (X, y,,S,) are two solutions to (O,) with a y-
component in R(A), h := y/, — y, satisfies h € R(A) and h € N'(A*) = R(A)*, hence
h=0and y, =y,

2) We have just shown, actually, that, when F° # @ and p > 0, (X,,y,, Syu) is
the unique solution to the system

A*(y)+ S =C,

A(X) =b,
XS =ul
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in the open set 8%, x R(A) x St of the vector space S™ x R(A) x S". Thanks to
this system, the smoothness of the map p € (0,+0) — z, = (X,,yu,S,) can be
derived from the implicit function théorem. Indeed, (2., 1) is a zero of F(z, i), where

F: (8" xRA) xS") xR —> 8" xR(A) xS"
is defined at (z,u) € (8™ x R(A) x 8™) x R by

A*(y)+ S -C
F(z,pu) = AX) =0
XS —ul

Since F is infinitely continously differentiable, this smoothness property will be inher-
ited by the implicit function p — z,, provide F.(z,, i) is bijective, or even injective
since for fixed p the dimension of the range space of F' is equal to the one of its
definition space. Therefore, we only have to show that

0 A* T\ [dx
A 0 0o][ld |=0 and d,eR(A)
s 0 x)\ds

implies that (dx,dy, ds) = 0. From the last row, we get dy = —S~!'Xdg, which with
the second row yields AS~'Xdg = 0. Since ds = —A*d, by the first row, we get
ASTIXA*d, = 0. Now S7'X = puS~2 > 0, so that A*d, = 0 and finally d, = 0 by
the fact that d, € R(A). Next dg = —A*d, = 0 and dx = —S~'Xdgs = 0. O

A Convergent Algorithm With Feasible Iterates

A primal-dual path-following interior-point algorithm generates iterates
z 1= (Xk, Yk, Ok) € F*

in a neighborhood V(0) of the central path € (6 € (0,1) is a parameter that deter-
mines the size of the neighborhood). Each iteration proceeds along a Newton direction
aiming a moving point on %, whose central parameter if ofi(z) where ¢ € (0,1) and

e

n

a2

Algorithm 6.11 (interior point scheme in SDO) One iteration, from z :=
(X,y,S) to the next one z; := (X4, y+,54).

1. Newton step: Let d be the Newton direction on a symmetrized version of
(Ooﬁ(z))'

2. Displacement: Determine a large stepsize « > 0 such that z + ad € V(0).

3. New iterate: z4 1= z + ad.
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A Practical Algorithm With Infeasible Iterates
6.1.5 A Nonsmooth Algorithm A

Notes

This chapter owes a lot to the reviews of Alizadeh [3; 1995], Vandenberghe and Boyd
[135; 1996], Monteiro and Todd [102; 2000], Todd [132; 2001] and to the book of
Nemirovskii and Nesterov [105; 1994]. The monographs of Saigal, Vandenberghe and
Wolkowicz [136; 2000], de Klerk [42; 2002] and Anjos and Lasserre [5; 2012] are rich in
information on the theory, algorithms and applications. Monteiro [101; 2003] reviews
methods for solving SDO problems, including approaches that do not use the notion
of interior points.

The proof of proposition 6.3 is taken from [111; 1976 ; VI 44]. The presented proof
of the absence of duality gap in proposition 6.6 is due to Todd [132; theorem 4.1].

Exercises

6.1.1. Schur complement of a positive semi-definite matriz. Let A € §™, C € S™, and
B e R™™™. Denote by AT the pseudo-inverse of A. Show that

A B 4>0
(BT C) >0 — R(B) € R(A) (6.15)
C—-BTA'B »0.

6.1.2. Existence of a nonempty compact solution set and no duality gap. Prove point 2 of
proposition 6.6 and the absence of duality gap in that case.

6.1.3. SDO examples. Prove the claims made in examples 6.7.

6.2 Circular Optimization A

6.3 Copositive Optimization A
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affine hull, 11

— of a convex polyhedron, 26
algorithm

— gradient, 48

— JN (Josephy-Newton), 102, 108
— semismooth Newton, 126

— SQP, 137, 150

— SQP for (Pg), 154

— steepest descent, 48

B-differential

— definition, 118

Banach

— perturbation lemma, 120
bidual cone, 15

— expression, 17

binary relation, 30

C-differential

— definition, 118

— regular, 120

C-function, 131

— definition, 114

— Fischer, 115

— min, 115

C-regular point, 120

circular cone, 16

closed function, 28

closure, 10

complementarity condition, 39
— strict, see strict complementarity
complementarity problem, 128
— linear, 128

— mixed, 129

cone, 12

— asymptotic, 20, 23, 26

— bidual, see bidual cone

— circular, see circular cone

— critical, see critical cone

— dual, see dual cone
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feasible directions, 17
linearizing, 38, 53
normal, see normal cone
tangent, see tangent cone

conification, 155
constraint

active, 37

constraint qualification

affinity (CQ-A), 38, 90

for representing Xg, 35

for representing Xgr, 38

for representing X¢, 54

linear independence (CQ-LI), 38, 90
Mangasarian-Fromovitz (CQ-MF), 38,
57, 80, 87, 88

Robinson (CQ-R), 57

Slater (CQ-S), 38

convergence to zero, equivalently, 45
convex optimization problem
~ (Peomp), 78

(Pr), 35
(Per), 37
(Pa), 52

convex polyhedron, 13

addition, 13

affine hull, 26

dual form, 13

linear transformation:, 13

normal cone, 19

relative interior, 26

tangent cone, 19

upper semi-continuity of the set of ac-
tive inequalities, 13

convex set, 10
critical cone

fOI' (PE[), 84

degree of a monomial, 160
derivative, 28
differentiability
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— directional, see directional differentia-
bility

— Fréchet, 28

differential quotient, 24

direction

— critical, 84

— feasible, 18

directional differentiability, 22

— composition, 143

— in the sense of Hadamard, 143

distance to a set, 10

dual cone, 15

— inclusion, 17

— negative, 15

— of a Cartesian product, 17

— of a convex hull, 17

— of a sum, 17

— of a union, 17

— of an intersection of cones, 17

— self-dual, 15

duality gap, 42

epigraph of a function, 21
error bound

— and semi-stability, 103
— definition, 58

— Robinson for X¢, 58

feasible direction, see direction
feasible point, 32

feasible set, 32

— XE of (IDE)7 35

— Xpgr of (PE])7 37

- X¢ of (Pg), 52

Finsler lemma, 158

Fréchet, 28

function
— closed, 21
— convex, 21

— domain, 21

— epigraph, 21

— Lipschitz (continuous), 143
— piecewise affine, 124

— piecewise semismooth, 124
— proper, 21

— r-steep, 66

— semismooth, 122

— strongly semismooth, 122
— subcontinuous, 66

— subdifferentiable, 25
functional inclusion, 98

— hemi-stable solution, 111

— semi-stable solution, 103
— strongly regular solution, 108

global convergence

— of the SQP algorithm with line-search,
150

gradient, 10

homogenization, 155
hull
— affine, see affine hull
— closed convex, 12

— conical, 12

— convex, 12

— vector, see vector hull

index set

— active constraint, 37

— inactive constraint, 37

indicator function, 21

interior, 10

interval, 9

isolated solution

— of a functional inclusion, 103

— of the optimization problem (Pg), 92

Kronecker symbol, 156

Lagrangian

— equality and inequality constrained op-
timization problem, 39

— equality constrained optimization prob-
lem, 35

— general optimization problem, 56

— semidefinite optimization problem, 159

Lagrangian dual

— linear optimization, 43

lemma

— Banach perturbation, 120

linear map

— adjoint, 10

— of a relative interior, 14

linear preimage

— of a relative interior, 15

linearization

— JN (Josephy-Newton), 102

lower semi-continuous function, 27

Lyusternik, 67

machine-epsilon, 149
matrix
— copositive, 90



minimizing sequence, 32

Minkowski sum, 9

monomial, 160

— degree, 160

multifunction

— closed, 31

— convex, 30

— definition, 29

— domain, 30

— graph, 30

— image, 30

— inverse, 30

— metric regular, 61

— multiplier, 95

— open, 61

— range, 30

— stationary point, 96

— upper semi-continuous at a point, 31
multiplier set

— boundedness for (Pgr
— boundedness for (Pg), 7
— boundedness for (Pg, G)
— uniqueness for (Pgr), 40

E)

N (z), family of neighborhoods of x, 28

Necessary optimality condition

— first order

— — for (Pg) (Lagrange), 35

— — for (Pgr) (Karush-Kuhn-Tucker), 39

for (Px) (Peano-Kantorivich), 34

— — for unconstrained optimization (Fer-
mat), 33

neighborhood, 10

norm

— dual, 144

normal

— map, 113

normal cone

— intersection, 18

— map, 99

— product, 18

— to a convex set, 18

— to a nonconvex set, 33

— to ST, 158

normal-cone-intersection, 18

normal-cone-product, 18

optimal multiplier

— for (Pg), uniqueness, 36

— for (Pgr), bounded, 40

— for (Pgr), uniqueness, 40
optimality conditions for (Peomp)
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— necessary of the first order (SC1), 79

— sufficient of the first order (SC1), 79

optimality conditions for (Pgr)

— necessary

— — of the second order (NC2), 88, 90

— — of the second order (NC2), semi-strong,

85, 90

— — of the second order (NC2), strong, 85,
90

— of the second order (NC2), weak, 86,
90

— sufficient

— — of the second order (SC2), 91

— of the second order (SC2), semi-strong,
92

— — of the second order (SC2), strong, 92

— — of the second order (SC2), weak, 92

optimality conditions for (Pg)

— necessary of the first order (NC1), 55

— sufficient of the first order (SC1), 56

optimality conditions for (Pg,a)

— necessary of the first order (SC1), 77

— sufficient of the first order (SC1), 77

optimization problem

— bounded, 32

— conic, 155

— convex, see convex optimization prob-
lem

— equality and inequality constrained, 37

— equality constrained, 34

— linear, 43

— nonlinear, 37

- (Pg), 35

Pg1), 37, 52 133

PE l,u] )

- semldeﬁmte, 52
— unbounded, 32

pairing function, 41

— in linear optimization, 44

polynomial

- SOS, 161

power set, 29

problem

— complementarity (Per), 100

— — reformulation as nonsmooth equation,
114

— functional inclusion (P ), 98

— optimization, see optimization problem
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variational inequality

— — reformulation as nonsmooth equation,
115

— variational inequality (P.), 113

— variational inequality (P.), 99

— variational (P, ), 99

projection

— contraction, 20

— monotonicity, 20

projector, 19

— Cartesian, 30

quadratic convergence

— definition, 45

— of Newton’s method for equations, 46

of the JN algorithm, 109-111

— of the semismooth Newton algorithm,
126

quadratic growth property, 91, 92

reformulation

— normal map, 113

relative interior, 13

— of a convex polyhedron, 26

saddle-point, 42

Schur complement, 160

segment, 10

semi-continuity

— upper, see upper semi-continuity

set-valued function/map/mapping, see mul-

tifunction

simplex

— unit — of R", 11

small o, 29

St 11

Sty 11

solution

— hemi-stable of (Pgr), 138

— improper, 43

— semi-stable of (Pgr), 138

speed of convergence

— linear, 45

— quadratic, see quadratic convergence

— superlinear, see superlinear convergence

stability

— of a set with respect to small perturba-
tions, 59

stationary point

— for (Pr), 35

— for (Prr), 39

— for (Pa), 56

strict complementarity, 40

— for an ST-valued constraint, 82

strong duality

— in linear optimization, 44

subdifferentiability, 25

subdifferential, 25

subgradient, 25

superlinear convergence

— and equivalent sequences, 45

definition, 45

— Dennis and Moré criterion, 47

— of Newton’s method for equations, 46

— of the JN algorithm, 109-111

— of the semismooth Newton algorithm,
126

tangent cone

— to a convex set, 18

— to a nonconvex set, 33
- to 8%, 158

theorem

— mean value, 29

— open mapping, 80
trace of a matrix, 156

upper semi-continuity

— of a multifunction, 31

— of the C-differential, 119

— of the set of active inequalities, 13

— of the subdifferential of a convex func-
tion, 31

vector hull, 11

weak duality inequality, 42
— in linear optimization, 44

zero of a function, 46
Zoutendijk condition, 48
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